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l. 

OlAPI'ER 1 

:rnrrooucrrON 

Stanislaw Lesniewski (1886 - 1939) was professor of Philosophy of 

1-IJathana.tics · at the University of Warsaw frcrn 1919 until his death . He 

played a leading role in the Warsaw school of logic and had a lasting 

influence on many of its me:nl:ers. The calibre of his work led Jordan 

to make the following appraisal: "The most thorough, original, and 

philosophically significant attempt to provide a logically secure found­

aticn for the whole of mathematics canes fran Lesniewski. "1) 

Lesniewski, did, hONever, not develop his system merely to add alternative 

calculi to those already in existence. He ai.rred at the construction of 

"logically secure" systems v.hich WJUld l:::e considered reliable for deductive 

needs and for scientific investigation. Ulti.rnately, he wanted to provide 

a foundaticn of mathematics vtrich -w:::>uld solve the problems presented by the 

paradoxes discovered in other systems. It was indeed his intial analysis of 

Russell's paradox (this paradox arises when considering the class of classes 

which are not elements of themselves) that induced Lesniewski to construct 

his system of mereology. In this system he describes the "collective" 

interpretation of "class", having concluded that a confusion of the "collective" 

and ~'distributive" notions of "class" was to a large degree responsible for 

the paradox. These notions are descril:::ed in chapter 5, as is his mereology. 

Lesniewski constructed his first description of :rrereoloy in colloquial 

language and in the absence of a secure logical fonndation. In order to 

effectively distinguish l:::etween the collective and distrib.ltive notions of 

class, further description of the distributive noticn was necessacy. He 

therefore fonnalized the distril::utive concepts in his theory of ontology. 

Henceforth "ontology" will l:::e used specifically to refer to this theory of 

Lesniewski. 

Finally, the construction of protcrilletic (a system of propositional logic) 

provided a sotmd logical fourrlaticx for Lesniewski's ontology and mereology. 

Protothetic, together with his prescribed rules of procedure and his grarrmar 

of semantic categories, also facilitated the fonnalization of his systems 

in a logically rigorous manner. 
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Mereology thus incorporates and i s based an protothetic and ontology. 

To depict thi s f act, the systems will be dealt with in their hierarchic 

deductive order rather than in the historica l order of their deve lop­

ment. The refore protothetic i s considered i n chap ter 3 , and ont ology 

in chapter 4. The g rarrmar of semantic cat egories i s a prerequisi te 

for protothetic and ontology, and will be introduced in chapter 2. 

We will return to the problems which initiated the developnent of 

Lesniewski' s systems in the final chapter. A solution to Russell's 

paradox in tenns of Lesniewski' s systems will therefore l::e outlined in 

. chapter 6. 

Despite its quality, !.Bsniewski' s v.ork for a long time remclined 

relatively unknown outside Poland. There are a numl::er of reasons for 

. this. Lesniewski, l::eing a perfectionist, was loath to publish his 

theories in unccxrpleted fonn. When he did, hovever, publish, he 

con<Ensed all his terminological explanaticns and his directi \les for 

prototh:=tic and ontology into 24 pages of Latin abbreviations, ncn­

standard technical tenns and non-standard lCXJical symbols. Although, 

he intended elal::xJrating on these later, they vere in fact the only 

descripticns published in his lifetime. A high degree of precision 

and conciseness was obtained in these published accounts; but this very 

conciseness had the effect of ccxrplicating matters for the reader and 

discouraged further investigation - readers baulking at the effort of 

deciphering his work. These published ootlines, hc:Mever, make up mat 

Luschei calls the "cornerstore of !.Bsniewski' s foundation" (pg. 44 of 

[1-i] ) • 

Further carrplicating ma.tters is the fact that the ab::we articles vere 

published in a Polish journal with differently abbreviated French and 

Polish narres. The articles thernselves ~re, in addition, provided with 

Polish titles despite being written in German. 

Adili.ticoal reasons for !.Bsniewski' s v.ork being relatively unknown are 

. that none of his articles ~re publisffid in English and that even his 

few extant publications are difficult to ac:x;ruire. The major reason 

v.ould, however, seem to be the devastation brought about by the Seoond 

Vbr ld War. Only a few of Lesniewski' s papers survived the war. His 

lecture notes and unpublished manuscripts, for example, ~re destroyed 
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in the uprising of 1944. In this way most of his valuable research into 

log-ic and the foundaticns of mathematics was lost. 

The post-war reconstruction efforts and investigations of researchers 

such as So:tocinski, Lejewski, Luschei, Slupecki and more recently Clay 1 

have made Lesniewski 1 s WJrk more accessible. Woodger' s English 

translation of Tarski 1 s earlier papers has also helped in this regard. 

Many plblications of the above-mentioned researchers 1 are, ho.....-ever, not 

available locally. 

All of the researchers acknowledge that one of Lesniewski 1 s most 

fundarrental achieverrents was the developrent of his deductive systems 

(protothetic, ontology and rrereology) .. An atterrY?t is made in the 

chapters which follow to give a brief account of a few salient features 

of these systems. 

NCYI'ES: 

1) Jordan, Z: "The Developrrent of Ma.thernatical Log-ic and of Log-ical 

Positivism in Poland bet.....-een the two Wars", 

London, 1945. The quotation is fran page 24 and is 

cited by Luschei in [14], 3.10 
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CHAPI'ER 2 

BACKGroUND AND EXPLANATORY NarES 

Before proceeding with the investigation of Lesniewski' s deductive 

theories, it seems necessary to outline the milieu· '\iithin which it will 

re carried out. This chapter therefore aims at providing background 

information, introducing prer~site theories and clarifying the 

tenninology and notation to l:e used. 

2 .1 The Nature of Deductive Systems 

This question has a long history. Kilrnister in [9] considers Aristotle' s 

view that a 11deductive science .. could be regarded as a set of sentences S, 

satisfying the following candi tions: .. 

(i) each sentence in S refers to a set of real objects; 

(ii) each sentence in S is tJ:ue; 

(iii) S contains the lo::;ical ccnsequences of any ~ meml:ers of S; 

(iv) S contains sare undefined tenns whose neaning is obvious and in terms 

of which any other terms of S can be defined. 

(v) S contains sane unproved sentences, whose truth is obvious and fran 

which other sentences of S can l:e proved ... 

These ronditions i.rrq;:>ly much of what is still regarded as desirable in a 

deductive system. However, as KiJmister points out, with the advance of 

scientific knowledge and the experimental method it becane necessary to 

distinguish retv.een what he tenns II EIIpirical SCience II 1 in which 

experinental verificaticn could replace conditions (iii), (iv) and (v), 

and "rational science" , in which conditicn (i) was no longer required. 

In this context mathematics v..ould be regarded as "rational science 11 
• 

In Lesniewski's systems condition (i) v..ould, h~ver, l:e desirable 

(cf. § 2.2). The characterization of KiJmister' s "rational science" 

corresponds closely to what might otherwise be te:r::rred an "uninterpreted" 

deductive system, and that of the original 11deductive seience11 (where 

condition (i) is included) to an "interpreted .. deductive system. The 

Lesniewskian systems .....-ere intended to l:e of the latter type. 
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The "undefined tenns" of condit ion (iv) are often called "primitive 

te:rms" and are introduced into a system by the "unproved sentences", 

carm:m.ly te:rned axic:rns, of conditioo (v). The "other sentences" which 

may te proved fran these axians are in tUITI the theorems, derived 

according to given rules of procedure (inference). 

An anologous approach to deductive systems is to consider the systems 

as languages (cf. [25] ) in which all the "sentences" · have teen so 

arranged, that fran a small numl::er of initial ones (the axic:rns), the 

rest may be derived via applications of given directives for their 

construction and directives according to which one sentence may te 

regarded as a conse::ruence of others. Such a language may te termed a 

calculus. 

Lesniewski aimed at reducing the primitive basis (axioms and procedural 

directives) of his deductive systems to a single axian of minimal length 

and a minimal number of directives satisfying his principles. Further­

rrore in his systems both axians and theorems - thusfar called 

"sentences" of the language - are tenred "theses". 

Lesniewski (cited in §4 of [14] ) descr.fr.es his approach to deductive 

systems as follows: 

II ........ in formulating deductive theories I try to express a series of 

thoughts on this or that subject in a series of meaningful propositions, 

and to deduce the individual propositioos fran others according to 

principles of inference I take as 'intuitively' binding. And I know of 

no :rrore effective neth:xi to aCXIUaint the reader with my 'logical 

intuitions' than to 'formalize' the deductive theory presented "Which, 

'fonna.lized' , in no way ceases to consist solely of nea"lingful 

propositicns that are for ne intuitively valid." 

Fran this descripticn tw:> further issues an se:- the question of 

"intuitionist" versus "fonnalist" approaches to mathematics (this will 

te considered in §"2.2) and onre again the gc:es>-Jon of "interpreted" 

versus "uninte:rpreted" theories. Lesniewski's intenti on that his 

theories be inte:rpreted in a specific way , foll0ws this view of inter­

preted "mathematical sciences" as being "deductive theories conceived 
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to cx:xrprehend the diverse reality of the "WOrld in ideally exact laws ." 

On the other hand, he considered uninterpreted fonnal systems to 1::e "free 

from <COntradiction and prolific in generating theorems, l::ut lacking any 

intuitive scientific connection with r eality. " 

2.2 Philosophical Background: 

A fundarcental problem in the philosophy of mathematics is the explanation 

of the relation between mathematics and reality. Different approaches 

to this problem are mirrored in the "WOrk and judgem:mts of rna.thematicians 

and philosophers, including Lesniewski, his supporters and his 

detractors. In considering evaluations of Lesniewski's 'WOrk, it is 

the.refo.re wise to l:ear in mind the philosophical bias from which they 

a.re made. A number of approaches are relevant here. 

The so-called "Platonists" regard abstract entities as having an existence 

independent of the mind. They see "ideal" objects as rep.resenting a 

nurnl:er of individual objects and possessing the characteristics cxxmon 

to them all. On the other haJ"4, according to the "naninalist" approach, 

abstract entities are denied existence and only entities known fran 

experienCE are admitt\ed. Bei:w3en these approaches is that of the 

."conceptualists" who reduce all entities to an "existence in the :rnirrl." 

'l"vP further opposing approaches require attention. These are 

"intuitionisn" and "fonnalis:n". Intuitionists "WOuld admit the existence 

only of mathematical entities which are "constructible" out of what is 

intuitively -well-fotmded. The fonnalist, however, does not concern 

himself with the existence or non-existence of the entities with which 

he is "WOrking, but nerel y with manipulating these entities according to 

given rules. This fonnalist approach has been CCITpa.red to a "garre 

played with symbols." 

In cxnsicE.ring Lesniewski' s v;ork in relation to this wide range of 

approaches, it is necessary to note two facts at the outset. These 

are: (a) that the "larels" outlined above are sarewhat arbitrary and 

may mean diffe:rent things to different users; and (b) that Lesniewski 
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preferred not to l:e labelled in this way. 

Luschei sees Lesniewski as having ncminalist tendencies, but as 

expressing these "constructively" and "linguistically". The reason for 

this view is that Lesniewski did not deny the existence of abstract entities; 

but instead oonstructed the logical basis for his systems in such a way 

that within the accarpanying language, it is :fOssible to descril:e asP=ctS 

of reality without referring to abstract entities. Lesniewski further-

more rejected platonic ideas of "ideal" objects and ~uld ccnsider an 
11 ideal object" as representing only itself. He regarded his systems 

as "flexible grCMing organisms" with FOtentials, anologous to that of 

natural languages, for indefinite growth. They were, havever, finite at 

any particular stage. Each of Lesniewski"s systems were, in fact, 

successfully based on a single axian and a finite numl:er of directives, 

mich dete.r:mined at the outset 1 the rules according to mich the systems 

could be extended. 

I.esniewski' s systems do not presuppose the existence of anything and are 

rigorously fonnalized. en the other hand, Lesniewski severely 

criticized the "pure fonnalist's gane" and considered a "sense of 

reality" to be vital in logic. He therefore stressed the fact that 

inte:rpretatian was of para:rrount importance in his CMn systems. He was 

pragmatic to a certain degree - in Luschei' s ~rds: "to the extent one 

nrust be to survive" . He, h~ver 1 at the sane t.iroe considered it necessary 

to counter-balance utilitarian needs with philosophical clarity. 

Clearly, it would be difficult to classify Lesniewski's ~rk in terms of 

any one of the various approaches. He, himself 1 writes: "I should see 

no cootradiction in asserting that I construct my system in a radically 

'fonnalist' fashion just l:ecause I am a confinred 'intuitionist'." It 

therefore seems advisable to let such a "criss-cross" l) classification 

of Lesniewski' s rigorously fo:r:malized intuitive logic suffice. 

The chapters which follow, largely steer clear of the dangerous area of 

opinions based on differing philosophical approaches. 

lurking in this area may l:e illustrated by an ex.anple. 

The dangers 

In strongly 

criticizing vtlat he considered to be "careless fonna.lisn" , Lesniewski 

antagonised certain fo:r:malists. Having criticized the directives for 
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Chiv'Zistek' s propositional calculus and also having pointed out a 

contradiction in this calculus, he elicits the following c:x:mrent fran 

Chiwistek: " ....... throughout Lesniewski's life there was, on the 

whole, no tine when he understood the concept of class" (cited in § 

3 . 10 of [14J ) . Luschei, ho.vever, carments that "Chivli..stek demonstrated 

chiefly that he was too pure a formalist to appreciate the force of 

Frege 1 s and Lesniewski 1 s argurrents ... " ( §3 .10 of [14] ) . 

Lesniewski 1 s work may, ho.vever, also be evaluated by considering whether 

his s ystems achieve what he set out to Clo. In chapter 6 we therefore 

consider his solution to the problem which spaxked off the developnent 

of his deductive systems - Russell's paradox. 

2. 3 Notation 

The notation of [1] is adopted, except that the universal quantifier 

will be represented by square brackets, " [ •.. ] " , containing the 

variables which are to occur in its scope. FurtherrrDre, brackets, 

used as ptmctuation symbols, will, where necessm:y, be given subscripts 

to denote how they are paired. For example, (1 .... (2 . . .. ( ... ) ... . . )
2 
.. . )

1
. 

The only aim in using these subscripts is to avoid confusion. 

The Peano-Russell symbolism, which is used in many of the references, 

differ s from that adopted here chiefly in that it uses "dot-notation" 

instead of parentheses for ptmctuation; uses the symbol " = " instead 

of " ++" for co-i.rrplication; and uses a dot instead of "!\" for conjunction. 

As Lesniewski made no categorial (cf. §2 . 5) distinction between "pro:per" 

and "cCIIIIDn" nanes, this distinction will also not be made in the 

notation used here for naninal variables. Snall letters of the Latin 

alphab?t will be used throughout. 
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2.4 Terminology 

In most cases the rreani.ng of tenns will 1::e explained when these tenns 

are first used. Moreover, a knowledge of tr->nn:inology used by texts 

such as [1] and [18] is assumed. Ccmrents <rre, hCMever, made here alx>ut 

a few tenns. 

(a) Individuals: These are descril:ed by Whitehead and Russell as 

things "restitute of c::x::IIY?lexity". The term's obvious connotations 

of "singleness" and "specificness", should also 1:e noted. 

(b) Variables: Syrnl::xJls which do not have a fixed "rreaning11 are called 

variables. The different rreanings which the variables may assurre 

are referred to as its values. Variables may thus 1:e used to 

represent (asSI.lllE as values), inter alia, different propositions , 

functions and narres. They will then respectively 1:e referred to 

as: p.ropositimal variables, functorial variables and naninal 

variables. 

(c) 
·'1 

~1"'"""-'(:(.;..t., """ . 
Constants: Constants do have a definite denotation or "meaning" . 

They are introduced into Lesniewski' s systems either by means of 

axioms (in which case they are terrred primitive), or by neans of 

definitions. Their neaning is dete:rmined explicitly .bY the 

definitions or implicitly by the axians. In this sense v.B also 

speak of constant narres, constant functors, and constant functions 

( cf. §4. 2. 2, : §3. 2. 1. and §4. 2. 3 . ) 

(d) Propositions: For an extended discussim of proposi lions, see 

§ 5. 3 of [14] . Lesniewski te:med individual indicative clauses 

or sentences of a language : proposi tians. Proposi ticns -w=re in 

addi ticn required to have a definite neaning and to 1::e either true 

or false. If in a deductive system each proposition is, as 

required here, either true or false, the system may 1:e tenned 

bi -valued (or bi-valent) . This te.rm follows fran the fact that the 

truth-value of a proposition may 1:e said to 1:e truth if it is 

true, and falsehood if it is false. 
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(e) Functors, functions and arguments: Functors are discussed rrore 

fully :in § 2. 5. ve use a sinple example to illustrate the sense :in 

which these terms are used. SUppose the variable "p" represents a 

proposition. Then cxmsider: 11 -:lp11
• In this expression 11 l..p" is 

terned a function, 11 -:1 11 a ftmctor , and 11P1
' the argurrent of the 

functor. A functor plus its argurrent(s) therefore jointly make 

up the function. A more precise description of the functor used 

in the above exarrple ~uld be: proposition-fanning functor of one 

proposi tirnal argurrent ( cf. § 2. 5) . S:ilnilar l y, the frmction in the 

exarrple may be tenred a propositional function. 

(f) Thesis: A thesis may be regarded as a provable prop:>sition. 

Lesniewski temed both axioms and theorems: "theses" ( cf. § 2 .1) . 

(g) Definens and definiendurn: Definiendum is used to refer to mat is 

being defined in a definition and definiens to that which it is 

defined as being equivalent to (cf. §3.2.3. and §4.2.2). 

2. 5 Semantic categories: 

In their "Principia Mathernatica", Whitehead and Russell develop a 

"theory of lo:rical typ=s". This theory seerred useful to them in the 

first instance because of its "ability to solve certain oontra¢lictions .•. " 

(pg. 37 of [24] ) . Among these oontradictions which the theory is able 

to "solve", is Russell 1 s paradox. A simplified description of the way 

in which this theory provides a solution to Russell 1 s paradox is 

supplied in [9]. In tenus of this description, individuals will be objects 

of typ: 0, sets of individuals will be objects of typ= l, sets of objects 

of typ: 1 will be of type 2, etc. It is furthennore only valid to assert 

that x is a IIEI11b=.r o£ y if y is of a typ= exactly one greater than than 

the typ: of x. In view o£ the fact that the totality of a oollection is 

of a typ: di£ferent £ram that of the members of the collection, this 

ensures that the R.lssell paradox is avoided. 2) 
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The fonna.l asp:;ct of the role :p=rformed by the notion of "semantic 

category" in the construction of a logical system, is analogous to that 

of Whitehead and Russell's "~". Its origin and content, ~ver, 

correspond more closely to the idea of "part of speech" in the 

grarrmar of natural languages. In fact, Lesniewski relieved his theory 

of sanantic categories to have linguistic justification indep:;ndent of 

the role it plays in the avoidance of paradoxes. 

The theory postulates a potentially infinite hierarchy of semantic 

categories. There are n.D fundarrental categories: the categ'ory of 

narres, and the category of staterrents (profX)sitions). In the 

. categ9ry of narres no distinction is made l:e~ "proper" and "cc:mron" 

names referring to a single object (cf. §4.2.1. ). 

'We now note that, roughly speaking, a functor may l:e considered as an 

operator which op:;rates on meml:::ers of categories to produce rnanbers of 

other (or the sane) categories. These functors may be classified into 

categories and we proceed to consider these categories. The categories 

of functors are detel!tlined by: 

(a) the numl:er of arguments the functor has; 

(b) the categories of \\bich these argurrents are representative; and 

(c) the category of the referent 
3 ) of the expression :vt.'lich results 

from the application of the functor to its argurnent(s). 

Examples of categories of functors are: 

(1) the category of those fm1ctors \\bich o:p=rate on a single argurrent 

representing rrernl::ers of the category of narres, and \\bich produce 

expressions whose referents are rr.errlbers of the category of statements 

(propositions) ; 

(2) the category of those functors which operate on tv.o arguments, 

roth representing members of the category of names, and mich 

produce expressions \\bose referents are rrembers of the category of 

statarents; 
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(3) the category of those functors which ot:erate on one argurrent 

representing mem1::ers of the category of statements (prepositions) 

and which produce expressions, the referents of which are also 

members of the category of statements; and 

( 4) the category of those functors which operate on one argurrent 

representing rrernl::x:!rs of the category described in (1), and mich 

produce expressions, the referents of which are also ~rs of the 

category descril:ed in (1). 

In the notaticn of Adjukiewicz as used in [7], the symbol "n" designates 

the category of names and the symlx>l "s" the category of statarents 

(propositions). The different categories of functors are designated by 

appropriate canbinations of these symlx>ls and the symb::>l "/". The 

categories of exarrples (1) to (4) VOlld res::t:ectively, re designated by: 
11 s/n" , 11 s/nn" , "s/ s" and "s/n/ I s/n". Thus, in the designation of a 

category of functors, the syrnl:x>l(s) which appear to the right of the 

largest group of adj aoent strokes ( .. / ") , designate, for each argument 

of the functors, the category 'Whose mernl:ers are represented by the 

argument. The symbol (s) which appear(s) to the left of the . la...."gest group 

of adj aoent strokes, designate the catego:ry of the referents of the 

expression produced by the operation of the functors. 

Grzegorczyk (cf. [8] ) claims that Lesniewski constructed the theory 

of semantic categorie s 11'When studying the semantic categories of 

expressions of everyday speech". Examples from natural languages to 

illustrate the above notions therefore seem appropriate. Exarrples of 

Irlernl:ers of the categocy of ncnres (designated by "n" ) are: "Jack" and 

"mathematician" . The sentence: "Jack is a mathematician;,, is a member of 

the category of staterrents (designated by "s") . Trerefore, " ..... is a 

mathematician" .is an example of a functor which is a rre.rnb=r of the 

category of ftmctors designated by n s/n". For, clearly it produces the 

statement: "Jack is a mathematician", men operating on the argument 

"Jack" • An exarrple Of a rrBrnrer Of the category designated by 11S/S 11 
I 

is: "It is not the case that .... ". Here, the functor could, for exarrple, 

operate on: "Jack is a mathematician .. , to produce: "It is not the case 

that Jack is a mathematician. " 
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We give one further example fran English. The adverb: "diligently", 

in the sentenCE: "Joe diligent! y worked" , rna~ be seen as ~ example of 

a nember of the category of functors designated by "s/n//s/n". In this 

case, the functor: "diligently worked" (an example of a rranber of the 

category designated by "s/n"), is produCEd fran the argument: "~rked" 

(also nember of the category designated by "s/n") . 

Consider, finally, the following examples fran set theory (these 

exarrples are taken fran ['7]) : 

cateoory designation Examples 
-

n x, y 

s X e:y 

s/n •• e; y 

s/nn .... ~ . .... 
s/nn//s/nn the "/" in: . . . . . t ....... 

s/s ~ ( ........ ) 

Further examples may be found in chapter 3 of [7]. Examples in 

Lesniewski 1 s own systems will emerge as these systems are discussed 4) • 

Lesniewski in fact provided extensive directives for the construction of 

a logical gramnar of semantic categories (cf. chapter 7 of [}.4] ) • In 

tenns of this gramnar, new semantic categories may be added indefinitely, 

at any stage of the <Xlllstruction of a logical language. This must be done 

according to his directives ( cf. § 3 . 2. 3 . ) • It is, hCMever, seldan 

necessary in practiCE to go beyond the first few levels of the language 1 s 

construction . At each of these levels, the language contains only a finite 

number of categories. This will in fact be the situation where referenCE is 

made to serncmtic categories ~ later chapters. 
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NarES: 

1) This rather apt tenn is due to Luschei. 

2) Kilmister points out that this solution is not accepted by all 

mathematicians. Cf. also chapter 6. 

3) The tenn "referent" in: " ... :referent of the expression", is used to 

nean: "that to which the expression refers ... 

4) It will frequently be necessary to :refer to functors of the category 

"s/s" and "s/ss". The functors will, respectively, be tenned: 

"propositicn-fonning functors of one propositic:nal a.rgurrent" and 

proposition-fanning ftmctors of tv.D propositional argurrents." 

(cf. § 2. 4 (e)). 
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CHAPI'ER 3 

ProroTHEI'IC 

3.1 Introducto!Y Remarks 

Protothetic may re roughly characterized as a bi -valued system of 

prqx:>sitirn.al logic. It fonns the basis of Lesniewski's logic and 

is presupposed by both his cntology and rre.reology. It was, hov..ever, 

cnly after he had canpleted the ccnstruction of his ontology and 

nereology, that Lesniewski tackled the problem of developing a strong 

system of propositicnal logic to serve as a basis for the formalization 

of his systems. He expounded his theory of protothetic in the following 

papers: { 5 } , { 8 } and { 9 } • 

Protothetic goes reyond even the so-called extended sentential 

calculus l), and its characteristics are such that Lejewski (cf. [ ll] ) 

concludes that it is: ". . . the most carprehensi ve logic of 

prqx:>si tims ever ronstructed. " This chapter will, hov..ever, only outline 

a few of the more .ir!portant features of the system~ 

A few explanatory remarks are necessary refore proceeding with the 

description of protothetic. These are : 

(a) that in the description below, "S.C. 11 will refer to a traditional 

system of propositional calculus such as that expounded in [23] or 

[ l]; 

(b) that only bound variables occur in Lesniewski's theses (he regarded 

f:ree variables as superflous) ; 

(c) that because Lesniewski did not introduce the existential quantifier 

into this systan, the symbol 11 Jn will cnly be used below as an 

abbreviation for: 11 J..[ •••. J J..". 
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3.2 Description 

3.2.1 Enriching the Prgpositional Calculus 

One way of formalizing rretalogical staterrents (i.e . statements about 

a logical system) is the extensicn of the original system to acca:modate 

the rretalogical material. The S.C. can be enriched in this way cy the 

additicn of a new type of variable. The introduction of such a new type 

of variable in Lesniewski's protothetic, enriches it beyond the limits 

of the extended S.C. 

As is the case in the extended S.C., a quantifier is introduced in 

protothetic. Lesniewski chose to introduce only the universal quantifier. 

It should also be noted that Lesniewski considered quantifiers as single 

units, in the sense that a formula in protothetic will have the for:m: 

[x1 , x2 , .•..... ,xJ ¢ (x
1

, ..... ,xn) and not the fonn: 

[x1] [~] . . . . . . [xn] ¢ (x1 , x2 , ....... , xn) . Furthermore, there are no 

vacuous quantifiers in protothetic. 

Lesniewski then goes further and introduces what have been teJ::m:rl 

"functorial variables" (cf. §2. 4). These variables as their narre suggests, 

stand for functors. Thus, for example, if "f" is such a variable and 

"p" a propositional variable, then: f (p) may represent any function of · 

"p", such as: l..p,~ etc. In the simplest case, Lesniewski added 

functorial variables which may take as values only the constant (definite) 

functors: negation, falsum, verum and assertium. These are all 

proposition fanning functors of one propositional argurrent. They will, 

res,Fectively, be denoted by the follCMing symbols: "J..", "fl", "vr", 

"as". If "p" is a propositional variable, then the truth-values 

(cf. §2. 4 (d)) of the functions formed fran these functors and their 

a.rgurne.nts, are as depicted in table l. In the table, the symbol "O" 

indicates falsehood and the sy.rnl:x:>l "1" indicates truth. 

p J..p fl (p) vr(p) as (p) 

0 1 0 1 0 

1 0 0 1 1 
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In view of the fact that the truth-value of each of the frmctions is 

constant with res:p=ct to the truth-value of the argurrent, the four 

functors are terrred: "constant". Clearly, the different colurms of the 

table exhaust all possible pairings of 0 and 1. It therefore follCMS 

that these four functors are the only constant functors of one 

propositional a..rgtnrent, which exist in a bi -valued system of lCXJiC. 

The addi ticn, to the extended S.C. , of functorial variables with their 

possible values restricted as described here, resulted in what w= shall 

tenn: the "restricted system of protothetic". 

Sabcx:inski points out in [21] that the restricted system of protothetic 

could be based on the follCMing axiorratic assumptions: 

(i) · an axian system of the ccnplete prop:>si tional calculus with the 

.implicator as the only primitive (undefined) functor; and 

(ii) the additional axiom, 

Al : [p,f] { f( [u] (u)) -+(
1 

f( [u] (u) ++[u] (u))-+ f (p)) 1 } 

( 

may n<M be regarded as asserting that if the truth-value of "f(O)" is 

truth, and the truth-value of "f (1)" is truth, then the truth-value of 

"f (p)" is truth for all values asst.lm2d. by "p" (i.e. for all propositions) 2). 
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Ax.ian Al is tenned: the principle of bivalency for propositions. Tarsk.i, 

ho.vever, sh~d that it could be replaced in the axiom system by the so­

called law of extensionality for propositions, viz. 

AZ: [p,q,f] { (Ifr+q) + (f (p) +f (q))} 

I n Nl, "p" and "q" are propositional variables and 11 f" is a ftmctorial 

variable. In future \I.e shall continue to use syml::x::>ls such as: 
11p 11

, 
11q 11 and "r", for propositional variables and "f", "g" and "h", 

for functorial variables. 

Different systems of protothetic :rray be obtained by enriching the 

restricted system outlined above . This enrichment can be acccnplished 

by altering the restriction on the values the ftmctorial variables 

may assume. Functorial variables may, for example , be all~d to 

represent ftmctors of two or more propositional argmrents. In 

Lesniewski • s final system of protothetic, ftmctors of any kind allowed 

by the theory of semantic categories, could be represented. 

3.2.2. Coinplicaticn as the only primitive term 

Lesniewski wished to construct a system of protothetic in which the 

co:inpl icator was the only primitive functor. He, however, only embarked 

on this project once Tarsk.i had shown it to be feasible. 

Tarsk.i in his article: "On the primitive term of logistic" (see [23] ) , 

poses the questic:n whether it is "possible to construct a system of logistic 

in which the sign of equivalence is the only primitive sign". He 

proceeds to prove results which provide a positive answer to this question. 

The £easibility of Lesniewski's project was therefore dem:nstrated. 

The system of protothetic with the coirnplicator (sign of equivalence) as 

the only primitive term, was originally based on the following three 

axians: 
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A3: [p,q,r] {(
1 
(p~ r) ++ (q~ p)) 1 ~ (r~ q)} 

It is worth noting that in A5, "f" and "g" represent functors of two 

propositional variables. 

The above axian system carp lies with Lesniewski 1 s view that the axian 

system of a deductive theo:ry should involve as few as possible primitive 3) 

semantic categories. Indeed in the above axians only two semantic 

categories are involved: the category of propositions (e.g. the 

propositions represented by "p", "r" and "r ~ q") and the category 

of proposition fanning :functors of two propositional variables (e.g. the 

functors represented by II f" and " ++"). It is furthe.r:rrore clear I that 

the only primitive tenn occurring in the axian system, is the coimplicator. 

The use of the coimplicator as lone primitive tenm also makes it 

possible to state defini lions as theses of the system. The vocabulary 

of protothetic is expanded in this way, without the use of an additional 

sign for definitional equivalenre. The directives goveming definitions 

will l:e discussed in § 3. 2. 3 . At this stage we may, ho~ver, mention a 

few examples. These are: the definition of "0" a.S " [u] (u) ++ O" 

( cf. § 3. 2 .1) ; and the following defini liens of the four constant functors 

for one pl:"'p)si tional argument: 

(i) [P] { p ++ as (p) } 

(ii) [P] {(p ++ o) ++ l.p } 

(iii) [P] { (p ++ p) ++ vr(p) } 

(iv) [P] { "l(vr(p)) ++ fl(p) } 

Lesniavski 1 s method of defini ticn (using the coimplicator) has not 

escaped criticisn. Prior, for example, relieves that it is "wrong­

headed" and feels that a "grave objection to it is that it makes it 

difficult to distinguish re~ the definitic:ns of a system and 
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addi tianal axians" (chapter 4, § 4 of [ 18] ) . On the other hand, in 

oonstructing a deductive system based on only one primitive term, it is 

irrq;x:>rtant to ensure that another nndefined term does not creep into 

the system. The possibil ity of this happening is increased by using a 

term, distinct fran the chosen primitive term, as a special term of 

definitional equivalence~ Tarski points out that the choice of the 

ooinplicator as a primitive term has the advantage that it makes it 

possible to guard against the above danger in a strict manner . Furth~ 

more, he feels that it enables one to give the definitions "a form as 

natural as it is convenient, that is to say the f orm of equivalences" 

(article l of [23 J). Clearly, I.esniewski 1 s method of definition 

requires further explanation. ' Ccrrrrent is therefore deferred until this 

has been dealt with in the next section. 

3. 2.3. Rules of Procedure 

There is actually only cne rule of procedure. It may, h<:Mever, be 

divided into five sets of directives. Before discussing these directives, 

we state the rule in sunmarised form. Terms used in the rule will also, 

where necessacy, be explained when the directives are discussed. The 

rule states that a fo.:rnula 4) F may be added to a system of protothetic 

as a new proved thesis, if and only if it results frc:rn one and only one 

of the follCMing five condi lions being met: 

1) F is a w=ll-fonred definition. 

2) A thesis B fran which F can be obtained by a distribution of its 

(B 1 s) main quantifier, i s in the system. 

3) T~ses B and C fran which F can be obtained via modus ponens , are 

in the system. 

4) A thesis B fran which F can be obtained by substitution, is in the 

system. 

5) F is a thesis of extensianali ty for rrernbers of semantic categories 

other than that of propositions. The semantic categories in question 

must, hCM:ver, already have meaning in the system. 
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Each of the sets of directive implied by the above conditions merit 

individual consideration. 

l) o:: recti ves for aefini tion : I n protothetic a definition will te 

"well-formed", as required by condition (l) above, if it is constructed 

according to the directives to be outlined here. Such a well-formed 

definition may then in terms of the rule be automatically asserted 

as a proved thesis of protothetic. Streng and precise directives 

for the oonstruction of defintions are therefore provided, in order 

to guard against the possibility of defective definitions teing 

incluaed in the system and leading to contradictions. The 

preciseness of these directives would also seem to sorre extent to 

weaken the validity of Prior' s "grave objection" ( cf. § 3. 2 . 2 . ) • 

The directives pe:r:mit only the definition of s.llnple constant terms 

(i.e. not quantifiers, etc). They may generally be fo.D11Lllated in 

. the following way 5) : 

A definition assurres the fonn [a1 , a2, .. . . 1 an] (0 +-+ l/J ) , 

where "0 .. is the definiens, " lJ! " the definiendmn1 the coimplicator 

the main functor 1 and " [a1 , a 2 , .. . .. 1 an] " the main quantifier. 

The following conditions and restrictions are imposed on the 

Clefinition ':s constituents: 

{a) The main quantifier may in sane cases (cf. (c) bela.v) te omitted. 

A definition frcm 'Which the main quantifier is absent, is t.enred 

an "absolute" protothetical definition. When , as above, the 

main quantifier is present, the Clefinition is te:r:rred a "relative" 

protothetical Clefini tion. In the latter case, the variables 

occuring in the main quantifier are required to be representative 

of semantic categories which already have meaning in the system 

(i.e. categories which are primitive or categories of vtrich at 

least one :rrember has already teen Clefined as a constant in the 

system) • Each of these variables is furthenrore required to 

occur in both 0 and l/J • 
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(b) The definiens is a fonrula in which all variables are 

representative of semantic categories v-hich already have 

meaning in the system. All constants occuring in the definiens 

must either have reen previously defined or be the primitive 

:functor (the coimplicator) . 

(c) In the case of absolute protothetical definitions , the 

definiendum is a new .constant without argurrents. In the case 

of relative protothetical definitions, hCMever, the definiendum 

is a new constant which may have variable a.rgurrents 6) • Only 

variableS which alsO relong to the main quantifier are 1 hOWeVer 1 

pennitted. The definiendum may not contain quantifiers. 

The following two exarrples (taken fran [ 21] ) may serve to illustrate 

carpliance with the above directives: 

(i) [u J (u) +-+ 0 

In (i) , the new constant "O" is defined. Clearly it has no argurtEnts. 

Hence as there is no main quantifier in (i), it is an example of an 

absolute definition. In (ii), -w= assume that 11 A 11 (conjunction) 

has already reen defined. The main quantifier is present in (ii) 

and hence this example is a relative definition. The new constant 

being defined is: 11 A111 
• We may also note that as requied by 

condition (c) above, the variables representing its arguments all 

also occur in the main quantifier. 

In view of the strong directives for definition, laid dawn by 

Lesniewski, Prior' s concern ( §3. 2. 2. ) about distingUishing bet-w=en 

definitions and other theses, does not seem to have much justification. 

Condition (c), for example, implies that a constant which is reing 

newly defined, is always taken up in the definiendum. As the 

definiendum occurs on the right hand side of a definition's main 

functor, this provides one means of recognizing a definition. 
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The directives for definition facilitate the indefinite extension 

of the number of semantic categories oocuring in a system of 

protothetic. For, suppose a new constant Which belongs to a semantic 

category not yet represented in the system, is reing defined. Then 

the definition of the new constant autorratically provides a new 

semantic category with meaning in the system. In exarrple (ii) 

above, the definition of " A1" would add a category of propositicn­

fonning functors of four propositional arguments. 

2) Directives for the distribution of quantifiers: The remarks alx>ut 

quantifiers at the start of § 3. 2 .1 should be tome in m.ind \\hen 

considering these directives. Now, suppose that there is in the 

systeqt a thesis B, having the fo:rm: [ a1 , a 2 , .•..... , · an ] ( ¢ ++ 1/J) • 

Here " ¢ " and 11 1/J " are fo:rmulas of protothetic. Furthenrore, 

the variables: a i ( i = 1, 2 , ...... , n) , of the main quantifier 

each occur either in ¢ or in 1/J or in both of these. The directives 

provide for a fonnula F to l::e asserted as a proved thesis of 

protothetic if it can be derived from B by the distribution of the 

main quantifier, or any part of the rrain quantifier, l::e~en the 

a.rgurrents of the main coi.nplicator. Each of the following fonrnllas 

may l::e derived fran B in this way: 

etc. 

etc. 

etc. 

[ al, a2 ' ....... , an J ( ¢ ) ++ [ al, a2 , .....• , an J ( \jJ ) 
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Clearly, if the main quantifier of B contains n variables (these 

are distinct), there are 2n - 1 distinct fonnulas which nay be 

Cieri ved in the above way. If F is any one of these fonnulas 1 it 

may, in terms of the directives, be asserted as a newly proved 

thesis of protothetic. 

3) M:xlus Ponens {detach:rrent): The directives for modus ponens in 

protothetic differ slightly from those usually found in the S.C. 

The directives may be fonnulated as follows: A new proved thesis 

F 1 having the fonn tjJ , may be added to the system if there are in 

the system theses B and C which, respectively, have the fonns 

¢ ++ tjJ and ¢ . '.fle directives thus allCM nodus ponens only if the 

main ·functor of ·B is cotmplication and not merely implication. 

Furthenrore 1 tl:l=y do not penni t detach.rrent under quantifiers. 

4) Directives for substitUticn: The directives p:nnit substitution 

for variables bound by an initial quantifier. The variables in the 

quantifier are adjusted accordingly. Exanples are: 

fran ~ 1 p] { f (p) ++ f (p) } nay be inferred [ p] { ""lp ++ ""1p } ; and 

from [f1 p] { f(p) ++ f(1f(2f(p)) 2) 1 } ~may by substitutioo, 

according to the directives 1 conclude say: 

[p]{"lp. ++ ""1(1 ""1(21.p)2)1}. 

Furthenrore 1 if a substitution is to be made for a variable which 

occurs in the nain quantifier of a thesis, only the following may 

be substituted: 

(i) a constant which has already been defined in the system, and 

(ii) a fonrula 1 satisfying the require:rrent that its constituents 

represent only merrbers of semantic categories which already 

have neaning in the system. 

As has been pointed out previously, a senantic category is said to 

have "neaning" in the system if it is primitive or if at least one 

of its members has been previously defined as a constant in the 

system. We will tenn a fonuula whidl rreets the requirerrents of 

(ii) 1 "neaningful". 
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5) Directives for eY. ':ensionality: A thesis of extensionality may 

autanatically :te asserted as a proved thesis of protothetic. The 

extensionality thesis for propositions is: 

This thesis differs fran the "law of extensionality" for 

prc:posi tians in §3. 2. 1. The reason is that in § 3 . 2 .1, we v.ere 

working in a system which had the .inplicator as sole primitive 

functor; wh8reas we are now working in a system which has the 

co.inplicator as sole primitive functor. The thesis El, above , may 

be independently derived in the system. For thi s reason the 

directives for extensionality do not include El or any extensionality 

thesis for pr<J.P)sitions. The directives do, however, provide 

extensionality theses for members of all other sanantic categories 

miCh already have :rreaning in the system. Although they are 

sonewhat :rrore ccnplicated, these extensionali ty theses have a structure 

similar to the one for propositions. 

We give one e xarrple of an extensionality thesis for rcernbers of a 

category of functors of n argurrents . Let "f" and "g" :te variabl es 

representing rcernbers of this category of functors of n arguments . 

Then we may state an appropriate extensionality thesis as foll CMs: 

E2: [f,g] { [a1 ,a2 , ...... 1 an] (1 f (a1,~ , ...... , ~) ++ g (a1,~, ... , an)) 
1 

+--+ [ ¢) (2 ¢ < f > ++ ¢ < g > ) 2 } 

where 11 ¢ 11 is representative of rrernbers of a category of proposition 

fanning functors of one argument from the same category as the one 

of vbich "f" and "g" are representative. 

3.2.4 Develgprnent of a single axiom for protothetic 

The axicrns of protothetic and ontology, together with the rule of 

procedure cutlined in § .3. 2. 3. 1 cxnstitute Lesniewski ' s prim:i. ti ve logical 

basis. Lesniewski sought to reduce the number and length of axioms in 

this basis ( cf. § 2 .1) • This problem, as it pertains to protothetic, 
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is consieered here. 

In s:i.rrpJ ifying the axiom system, it is necessary to have a neans of 

ensuring that the s:i.rrplified systen remains a canplete axian system of 

protothetic. This was achieved by checking that the s:i.rrplified system 

net the conditions of a rretathearem vbich asserts cx:xnpleteness provided 

its cx:mditions are net. The original rretatheorem implied by 

Lesniewski in his v.ork, was later found by Sobocinski (cf. [21] ) to 

l::e replaceable by a rretatheorem with v.eaker conditicns. Sobocinski's 

netatheorem is fo:r:rrn.1lated explicitly as follows: 

An axian system of protothetic, having rules of procedure inferentially 

equivalent to that descril::ed in §3 . 2. 3 . , constitutes a carrplete system 

if in its field the following conditions are satisfied: 

1) The tV-10 theses 

2) 

[u] {u) ++ [u] (u) and 

[p,q] { p ++ (1 ( q ++ p) ++ q) l } 

are provable. 

The principle of bi-valency for propositions is provable as a 

metarule stating that if a fm:mula 11 ¢ (p) 11 has a meaning in the 

system and the ·fo:r:rrD..llas 11 ¢ ( [u] (u))" and 11 ¢( [u] (u) ++ [u] (u))" 

have already l::een proved, then the fonrnila 11 [p J ( ¢ (p))" is also 

a thesis of the system. 

We note that the first of the theses of condition (l) is explained in 

§ 3. 2 .1. The principle of bi-valency for propositions is also stated 

in §3.2.1 (axian Al). 

By 1923 it was possible to base protothetic on a single axian. This 

first single axian for protothetic could replace the three axians 

(A3 - A5) given in § 3 . 2. 2. The new axian consisted of 290 signs in 

genuine Lesniewskian symbolism. The problem of reducing its length was 

to prove difficult. The shortest single axian Lesniewski was able to 

, construct _ for protothetic before his death, had a length of 62 signs in 

his symbolism. It :rray be transcribed as follows: 
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In this axiom "f" represents prop:>sition-fo.rming functors of two 

proposi ticnal argurrents. 

A shorter single axian for protothetic was, hCMever, established by 

Sobocinski in 1945. This axiom is made up of 54 signs in Lesniewski an 

symbolism. It may be transcribed as follows: 

This axiom of Sobocinski, together with the rule of procedure described 

in 3.2.3, constitutes an adequate basis for protothetic. It also 

displays the eccnany res ired by Lesniewski. 

3.3 Cann:mt 

The m:::>st controversial evaluation of protothetic is probably ccntained 

in [8 J . ~rze:Jorczyk' s ccmrents in this article have been criticized by 

both Sobocinski and Luschei. Sobocinski' s cx:::nm:mt ( cf. [21] ) on 

Grzegorczyk' s evaluation is that "it seems that several of his remarks 

are too hastily fonrulated". This carrrent seems to be justified in 

view of the examples which follow. 

Grzegorczyk argues that: " .... the deduction of theorems in protothetic 

is not interesting for the mathematician. We know beforehand what these 

theorems may tell us. It is w:>rth while to' -know that protothetic exists, 

but in practical deduction VwB can make use of less elaborate systems. " 

Luschei resp:>nds (cf. § 6.5 of [14] ) to this argurrent by drawing an 

anology with the situation of using only "Basic English" for our 

a:mnn.micative needs. A rrore inportant p6int mentioned by Luschei, 

is that if a simpler system without functorial variables v.Bre to be used, 

Sobocinski's single axian for protothetic w:mld have to be written as a 
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conjrmcticn ,.of 128 tautologies. Grzegorczyk' s rather subjective carrnent 

regarding the interest theorems in protothetic have for mathanaticians, 

is also countered by Luschei. Luschei points to an example in 

Grzegorczyk' s o,.,n paJ;er which shows that the contention about 

"reforehand" knowledge on which the cc:.:nment rests, is false. 

In evaluating the above remarks, a matter vklich should not be overlooked, 

is the relationship of protothetic to Lesniewski 1 s other systems. It 

would seem tmwise to relegate protothetics to the ranks of the 

rmnecessary, as Grzegorczyk has done, without considering vklether any 

other 11less elaborate" deductive system would constitute an adequate 

and equally effective basis for ontology and rrereology. 

A further contentious corrrrent of Grzegorczyk is that it is difficult to 

prove the cxnpleteness of protothetic and that "according to some 

logicians, it is even irrpossible to prove." A completeness proof for 

protothetic is, h~ver, facilitated by the :rretatheorerns of Lesniewski 

and Sobcx::inski, rrentioned in § 3. 2. 4. A proof of ccrnpleteness may also 

be formd in an article by Slupecki in "Studia Logica", vol. l, 1953. 

It is worth noting, in conclusion, that protothetic may be shown to be 

consistent relative to the carplete classical propositional logic. This 

follows as it may re proved that eve:ry thesis of protothetic is 

translatable into a classical tautology. Taking matters a step further, 

ontology and rrereology may again l:e proved consistent relative to their 

basis, protothetic. 

In ·this brief overview of protothetic V-B have only scratched the surface 

of an extensive theo:ry. The aspects touChed on here, do, however, 

illustrate sarething of the nature of this basis of Lesniewski 1 s logic. 

NCJI'FS: 

l) A <Escription of the extended S.C. can be found in article lV of [23] . 



29. 

2) Cf. the familiar tautology of S.C. (lemna 1.8 1 chapter 2 of [l]): 

"'1 ¢ + (¢ + \jl ) where "¢" and "l/J" are fonnulas of S.C. 

3) A .semantic category is said to be primit ive if its rrerrbers are 

represented by sane constituent of an axian. 

4) No explicit definition of a fonnula of protothetic could be found 

in the :references consulted. For a system of protathetic with 

co~lication primi. ti ve 1 the follo.ving definition seems, ho.vever, to 

correspond with the sense in vbich the tenn is used. We let a 
11string'' be a finite set of symbols of the language of protothetic. 

Then: . 

(a) A string of the fonn" p or f (p11 p2 1 •••• 1 pn) where "p" and 

. II II •t• nal "abl and "f" • P1 , p2 1 ••••• •. 1 p n are propos1 10 var1 es 1s a 

functorial variable representing a functor of n argurtE11ts, is 

a fonnula. 

(b) If¢ and \jJ are fo:rmulas 1 then so are¢++ \jJ and ~]¢, where "x" 

is a propositional or functorial variable. 

(c) A string is a fonnula if and only if it follo.vs fran a finite 

number of applications of (a) and (b) . 

The above recursive definition was constructed in a rranner anologous 

to the definitions of f onnulas of S.C. and P.C. in [l]. 

5) Lesniewski' s directives for defini tian are very nruch more ccxrprehensi ve 

and extensive than the scmewhat superficial outline we provide. 

6) This case may give rise to the so-called "nrult-link" functors. In 

addi tian to their ather roles in protothetic, multi -link functors 

prevent ambiguities of grouping. They, h<Mever, present a canplication 

which we pave chosen not to introduce in oor outline of protothetic. 

For details see §7.1 of [14] and pp. 58 - 59 of [21]. 
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CHAPrER 4 

4 .1 Introductory remarks 

Lesniewski' s Irereology presupposed a logic of names. Lesniewski there­

fore in 1920 constructed an axiomatic foundation for such a logic of 

narres (cf. § 4. 2). In this way the theory he later called: "ontology" , 

carre into reing. As nentioned in chapter 1, we use the tenn "ontology" 

to refer specifically to Lesniewski' s ontology. Lejewski, in 

ccnsiderin:f the subject :ma.tter of ontology, descril:es it as "a theory 

of what there is". Fran this description also errerges the aptness of 

the narre "ontology" for this theory. Indeed, the theory's interpretation 

was intended to re ontological (in the philosophical sense) and the theory 

contains concepts of existence and identity. 

Opinions expressed about ontology differ greatly. The authors of [ 7] 

discuss ontology as a "less spectacular atterrpt" at rectifying shortcanings 

of traditional set theory by rewriting the underlying logic. On the 

other hand, Luschei consid=rs the system of logic forrred by ontology 

in conjunctioo with protothetic to be " ••• ccnparable in scope and~ 

to 'Principia Mathematica' as a foundation for classical mathematics . .. " 

(Pg. 28 of [14]> . Furthennore , I.ejewski is of the opinion that ontology 

is the "most carrprehensi ve logic of narres" ( cf. [ 11] ) . 

Fbnnally, cntology :ma.y be obtained fran protothetic by the addition of 

one axian and a few further directives. The new axian furthe:r:rrore 

introduces only one new primitive (undefined) tenn. A ccnprehensive 

exposition of Lesniewski's directives for the construction of ontology 

can be found in chapter 7 of [ 14] . Lesniewski ' s own articles on the 

subject include: { 3 } , { 4}, { 6 } and § 11, vol. XXXIV of {2} . The most 

jroportant of these articles is {2 } . The description in §4. 2 will largely 

follON Lejewski (cf. [12] ) , by introducing the ontological vocabulary 

with the aid of an appropriat e table of diagrams. The axians and other 

theses of the system will be considered after this. 
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4.2 Description 

4. 2.1 The Ontological Vocabulary 

~s of the semantic category of narres play an :important part in 

ontology. Lejewski makes use of an "ontological table" to illustrate 

vmat he tenns the "semanti cal status" of sarre of these names and of 

canbinations of narres. By introducing the vocabulary of ontology in this 

way, it is possible to avoid problems of interpretation vklich could result 

frcan a translation into English of the original descriptions. Furthe:r:rrore 

this rrethod follows a successful precedent: Euler' s use of circles in 

explaining the logic of Aristotle (Syllogistic). Euler·' s circles 

(cf. chapter 5 of [13] ) 'W)uld, for example, interpret (i) an expression 

of the fonn: "all a is b"; and (ii) the syllogism: "if all m is b and 

all a is m, then all a is b", as: 

(i) (ii) 

We note at this stage that we will use symbols such as: "a", "b", "c", 

for variables representing narres. 

The use of Lej·ewski' s cntological table to depict the semantical status 

of names, constitutes a considerable extension of Euler's ideas. 

Lejewski' s ontological table for single names and pairs of narres is 

depicted below. Diagrams for a::xnbinations of three or :rrore names 

may re developed in a similar way. 

In the table diagrams Sl - S3 indicate the semantic al status of sinq le 

na:rres. Diagram Sl depicts what Wcx:dger tenred "illlshared" names. These 

are names which refer to only one specific object in a particular 

can text - e.g. (continued overleaf, below diagram) 
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Ontological TaMr 

a a a 

b 6 
Sl. S2. S3. 

a b a b a h a b 

v \ )/ 
Pl. P2. P3. P4. 

a b a b a b a h 

\I 
PS. P6. P7. P8. 

a b a b a b a h 

0 @ 
P9. PlO. Pll. Pl2. 

a b a b a b a b 

'ocf 'ol 
Pl3. Pl4. PlS. Pl6. 

''Aristotle", "the point (1,1) ", "Gtmfire Hill". Diagram S2 depicts 

the so-called "shared" narres. There are narres which refer to (are 

"Shared" by) I!K)re than one object - e.g. "man", "student", "house". 

'I'h= introduction by Lesniewski of the group of names depicted by 

diagram S3, has wider irrplications. These will re discussed at the 

end of § .. 4. 2. 2. Diagram S3 depicts the so-called "fictitious" names: 

These are names of objects which do not exist in reality. They fall 

into the category of names on the basis of their rehaviour, despite 

referring to no real existing object. Examples are: "unicom", "goblin", 

"Supennan". An especially important fictitious name (cf. § 4.2.2.) used 

by LesniEMski is: "object which does not exist." 
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Diagrams Pl - Pl6 depict the semantical status of pairs of narres. We 

give an example for each case. 

Ntnnl::er of di aqram Narre represented by "a" .Narre represented by "b" 

Pl Julius Caesar 

P2 John Jane 

P3 John man 

P4 house Groote Schuur 

PS Rover (narre of dCXJ) vegetable 

P6 vegetable Nap:>lecn 

P7 Politician (name of a horse) unicorn 

P8 centaur Napoleon 

P9 autarobile :rrotor-car 

PlO dog animal 

·Pll fruit apple 

Pl2 man student 

Pl3 vegetable animal 

Pl4 man rn:inotaur 

Pl5 SUf.ennan Am::rrican 

Pl6 goblin unicorn 

Tre ontological table wil1 re put to further use as an aid to 

introducing a ntnnl::er of prop:>sition-fonning functors of one or tw::> 

nominal argurrents. By "naninal'' arguments , w= mean arguments 'Which 

are narres. We will, hCMever, first introduce the only primitive 

(undefined) functor of ontology in a fo:rnal manner. Other functors 

which fonn part of the ontological vocabulary will be discussed in 

§ 4.2.3. 

4. 2 • 2 Fonnal additions; 1 Existence 1 concepts and Fictitious 

Names 

The single axiom subjoined to protothetic also introduces the sole 

primitive tenn, " e: ", into the system. The only additional directives 
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are a number of additional extensionality theses and directives for 

ontological definition. The protothetical directives are also adapted 

to ontology. 

I.esniewski originally based ontology on the f ollowing single axian: 

Bl: [a,b] {(a e: b) ++ (
1

(3c)(c e: a) A [c](
2

(ce:a) -+ (c e: b ) )
2 

A [c,d] 

It should 1:e noted that in the al::xJve axic:rn " ( 3 c)" is used rrerely as an 

al:breviation for "l. ( [ c Jl .... ) ". Before discussing the axian, v.e 

consider the primitive functor represented by the symbol " e: ,, . This 

functor is called the functor of singular inclusion and is the only 

primitive functor in I.esniewski' s original systan of ontology. It is 

provided with rreaning by the al::xJve axic:rn and corresponds in natural 

language to the Polish copula: "jest". Its "meaning" is also 

approximated by the Latin copula: "est". The English "is", however, 

can 1:e used in so many ways that ambiguities may creep into an English 

translation. This is due in part to the fact that the artic les: 11 a 11 and 

"the", are obligatory in English copulative constructions. If, despite 

this problem, v.e approximate a rendition of " " in English as the 

copula, ":i..s", or as this copula plus an article, then the expression: 

"b e: c", may 1:e rendered as: "b is c" or "b is a c". 

The ontological table is used to detennine the tnlth-value of a 
' I 

praposiii:.ic:n of the type represented by: "a e: b". Such a proJ;Osition will 

re regarded as J:eing true, if and only if the semantical status of the 

pair of narres represented by "a" and "b" is depicted by diagram Pl or P3. 

This implies that the propJsition is tnle, if and only if "a" represents 

an unshared narre, and the specific single obje ct this narre has as 

referent, is also named by the name which "b" represents. We list a 

few exartl?les fran natural languages. 
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a £ b diagram truth-value 

Iulius est harro P3 truth 

Iulius est Caesar Pl truth 

Canis est animal PlO falsehood 

Supennan is an .Arrerican Pl5 falsehood 

One is an integer P3 truth 

~ nON retw:n to the axian Bl. In tenns of the axian the assertion: 

"a is a b" ( .. a£ b") 1 is true if and only if: 

(i) 

(ii) 

{iii) 

sanething is an "a" 

every "a" is a "b" 

for every "c" and "d" 1 if the "c" is an "a" and the "d" is an 

"a", then the "c" is a "d". 

Condition (iii) can clearly only be met if there is only one "a". 

This reguirerrent, together with condition {i) 1 ircplies that "a" represents 

an unshared name. Condition (ii) implies that the referent of the name 

represented by "a" 1 should also be narred by the narne represented by "b11
• 

The axian therefore also justifies the ~terpretation we gave 11 a£ b" 

in tenns of the ontological table. 

Lesniewski was successful in achieving his aim of shortening the single 

axian of ontology. He was eventually (1929) able to show that the 

fol.lowing shorter axian could serve as the single axiom of ontology: 

Once again, 11 
( j c) 11 is used to abbreviate 11 l. ( [ c J ""1 • • ••• ) ". We will 

continue to use this abbreviation. 

~ now tul:n to the directives for ontological definition l). 'Ihe purpose 

of mtological definition is the introduction of special constant names 

(cf. § 2.4 (c)) or naninal functions (i.e. functions made up of name­

fanning functors and their argurrents). If the tenn to be introduced 
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is 11 T 11
, an ontological defini tim will give an equivalent for 11 an ". 

An ontological definition rreeting the condi lions outlined below, may, 

in tenns of the directives, irrrrediately be asserted as a new, proved 

thesis of ontology. 

An ontol6gical definition assurres the fonn: 

[a, ..... ]{ (ae:T) +-+ (
1

(ae: a) A_ ¢(a))
1

} 

In the definitim 11 T 11 either represents a narre V\hich is being defined 

as a ccnstant, or it represents a nominal function. In the first case the 

na:rre (constant) represented by II T II is re:;Iilired not to occur in any 

previous thesis. In the second case, the function is required to consist 

of a functor which is a constant tenn not occuring in any previous thesis, 

and of argurrents. These argurrents Im.l.St be representative of semantic 

categories V\hich have already been introduced in previous theses. In the 

defini ticn, no variable may occur more than once in "a £T " . Further­

more, 11 0 · (a)" represents a propositicnal expression in which every 

a::mstant bel6ngs to protothetic or occurs in at least one previous thesis 

of ontology. Variables occuring in " 0(a)" represent l.llErobers only of 

serrantic categories which already have rreaning in the system. Detailed 

oonditims which an ontological definition is required to meet, may be 

found on page 272 of [ 14] . It may be noted that, whereas in the case 

of protothetical defini ticn the definiendum occurred on the right hand 
c 

side of the main coinplicator, ~ have in the case of ontolgical definition 

adopted the conventim that it occur on the left hand side~ 2
) 

The e.x.ariY?les which follow, may serve to illustrate ontological definition. 

They are also of particular significance in an investigation of 

Lesniewski' s approach to notions of "existence 11
• 

El: [a ] { (a e:V ) +-+ (a e:a)} 

E2: 

E3: [a,b] { (ae:N(b)) +-+ (
1

(a£a) A ""1 (a£b))
1

} 
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In El and E2, constant narres, represent ed by the constant terms " V 11 

and 11 b. " , are being defined. We may interpret "a EV " and "a Eb. " as 

respectively saying: "a is an object" and "a is an object v.hich does 

not exist". In E3, "N (b)" is a nominal ftmction, with the functor "N" 

a constant. Here, "a E N (b)" may be redered as: "a is non-b". 

Before considering the way in which Lesniewski deals with "existence" , 

-we outline two other approa.ches. Lesniewski' s approa.ch may then be 

CC!tpared with these. The linguist, John Lyons, points out that "to 

say that a particular word ... 'refers to an object' implies that its referent 

is an object which 'eXists' (is 'real') ..... " (pg. 425 of [15] ) . 

When saying an object "exists", he neans that it should be possible to 

descrire the object's physical properties. He takes the noticn of 

"physical existence" to re the ftmdamental "neaning" of the tenn: 

"existence". He, hCMever, considers it possible to extend the use of the 

tenn: "existence". The exarrple, Lyons gives, of such an extension, 

is useful for our pmposes. He states: " . . . . although there are no 

such objects (v.e will assurre) as goblins, unicorns or centaurs, we can 

quite reasonably ascribe to them a fictional or Ieythical 'existence' in 

a certain kind of discourse .... " 

Bertrand Russell explains "existence" in tenns of the so-called "theory 

of descripticns" (pg. 303 of [6] ) . By "descriptian" he xreans the 

designation of a person or object by "sorre property which is supposed 

or knCMn to re peculiar to him or it". In the statement: "Scott was the 

author of Waverley ", such a descriptian is constituted by "the author 

of Waverley". In tenns of the theory, we may only assert that what is 

referred to in such a descriptian (the "peculiar property") exists. 

Hence, v.e may assert: "The author of Waverley exists". On the other 

hand, Russell points rut that "to say 'Scott exists' is bad grarrmar ... ". 

It is "bad gramnar" as in Russell's symbolic logic, "existence" does not 

occur as a predicate. To express the idea that "Scott exists", we 

wculd in Rlssell' s logic have to write sanething like: 

(] x) (S (x) A H (x)) 

where S is the property of having the naxre Scott and H is the property 

of reing human. If -we wanted to refer to the "existence" of the Scott 
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Who w:rote Waverley 1 in particular 1 VvB might write: 

(]x) (S(x) A H(X) A W(x)) 

Where W is the property of being the author of Waverl-ey. 

Let us nCM consider the position in Lesnisvski' s ontology. Lesniewski 

intrcxluces a numl:::er of so-called "functors of existence" into ontology. 

These functors all have names as a.rgurrents and fonn propositions which 

assert the "existence" ofj:;.hese narnes. One of these functors is ------ -· --- - ......... _ .. - . . .. " 
needed for our present discussion. This functor is represented by "ex" 

and is introduced :.into the system by the following protothetical definition: 

[a] {1.(
1 

[b] ""l(b £a))
1 

++ ex(a) } 

We note that "ex (a)" may re rendered as "a exists". The definition 

therefore says that for all nan 1 it is not the case that all "b' s" are 

not "a", if and only if "a exists". The assertion "~ (a)" is considered 

to l::e true if and only if the semantical status of the narre represented 

by "a" is depicted by diagram Sl or S2 of the ontological table. We 

will introduce other "functors of existence" in § 4. 2. 3. 

In Lesniewski' s ontology, the introduction of the constant " V " , makes 

it possible to say "a EV " , i.e. to say "a is an object" . Saying this, 

h~ver, inplies that the referent of the narre represented by "a", exists. 

'!his correspcnds to the vie.v of Lyons that if VvB say a "word" (therefore 

also a narre) refers to an object, VvB in fact assert that the referent of 

the word (narre) exists. In tenns of the cntological definition El, we 

may, hov..ever, cnly say "a is an object" if "a is a" . It is possible to 

shaw in ontology that the reg:uirement that "a be a" is equivalent to a 

require:m:mt that "ex (a)" be true (cf. pp 295 - 296 of [18] ) • TOO 

assertion "a is a" is therefore tnle, if and only if the narre represented 

by "a", is a shared or an unshared name. It is not true' if the name 

represented by "a" is a fictitious narre. Thus, as the name "Scott" is 

not a fictitious narre, VvB may assert that "Scott is an object". This 

assertion implies that the man referred to by the name "Scott" exists. 

Hence, VvB may cmclude that "Scott (the man) exists". Lesniewski, 

therefore seems to allow "existence" to be used as a "predicate" in the 
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linguistic sense, e.g. in the statement "Scott is an object", the 

predicate is: "is an object". 

Lesnie,.;rski' s vie,.;r of objects vmich do not exist also seems to cane close 

to Lycns' view that they may re assigned a "fictional existence" . 

Indeed, Lesniewski admits fictitious names (cf. §4.2.1) to his 

semantic category of narres, and in a sense provides them with ontological 

status by defining such a fictitious name as a ronstant. Consider, in 

this regard, the c3efinition E2 of the "object mich does not exist". 

This does not, hONever, :rrean that if ~ wish to express the non-

existence of, say, a "unicorn" or the "King of South Africa", v.e may 

assert: "The unicorn (King of South Africa) is an object mich does not 

exist." To discover the reason for this, an examination of the definition 

of the "object vbich does not exist" , is necessary. We will henreforth 

also refer to :the "object which does not exist" as a "non-existent 

object." 

In tenns of definiticn E2, it is true to say: "a is a non-existent 

object", if and only if tv;o conditicns are :rret: 

(i) "a is a" ; i.e. "ex(a)" is true; and 

(ii) "it is not the case that a is a". 

It was pointed rut earlier that the first of these conditions can re met 

if and only if the semantical status of the name represented by "a" is 

depicted by diagram Sl or S2 of the ontol6gical table. Therefore if "au 

represents a fictitious narre (the semantical status of such names is 

depicted by 83)', condition (i) is not :rret. Thus, it is not true to say: 

"a is a nan-existent object", men "a" represents a fictitious name 

(e.g. "King of South Africa"). Hence, it is false to say the referent 

of a fictitious narre does not exist. Condition (i) above is also 

the ccndition which has to re met for it to l:::e true to say that the 

referent of the narre represented by "a" exists. Therefore it is also 

false to say that the referent of a fictitious narre exists. The fact 

that v.e may assert neither the "existence", nor the "non-existence" of 

the referent of a fictitious narne, coincides with the idea that the 

referents of fictitious narnes have only a "fictional existence". The 

second rondition will not be :rret if "a" represents a shared or an 
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unshared name (i.e. a narre which is not fictitious). This ensures that 

if the referent of the narre represented by "a" is "real" (i.e. "exists"), 

we ·cannot assert that 11 a is a non-existent object". Together 1 the two 

oonditicns .inply that it is false to assert of any kind of name that it 

is a "non-existent object". 

The position of fictitious names in Lesniewski"s logic may 1::e 

surrrnarized by noting that if "a" represents a fictitious name, it will 

always 1::e false to say "a£b", no ma.tter what name 11b" represents. 

In this regard, we may in conclusion cx::rment on the function defined 

in E3. In tenns of E3, it is true to assert that "a is non-b" if and 

cnly if "it is not the case that a is b" and also "a is a". The latter 

requirerrent clealy i.trplies that if "a" represents a fictitious name, 

then it is always false to assert "aEN (b) ". Thus to say 11 a is non-b", 

differs from saying "a is not b" (" l. (aEb) "), as the latter statanent is 

always true if "a" represents a fictitious name. Thus, the statement: 

"unicorn is non-rnan11 
1 is false, but the stat€'11EI1t: "it is not the case 

that unicorn is man 11 
1 is true. 

4.2.3 More Functors 

Additional functors may 1::e introduced by means of protothetical 

definitions .in tenns of the primitive functor ("£"). Examples of four 

types will be considered (cf. also [12] and appendix 1 of [18]). We use 

" ( 3 c)" solely as an abbreviation for " '"1 ( [ c] l. . ... ) ". 

1) Functors of inclusicn: 

(a) The functor of strom inclusion: This functor may 1::e 

f represented by the symbol 11 c " and is introduced by the thesis: 

[a,b] { (
1 

( 3 c) (cEa) A [ c] (2 (cEa) + (cEb)) 
2

) 
1 

++ (ac b)} 

The expression "ac b" may 1::e interpreted as "every a is b". 

A proposition of this type will be considered true if and only 
..... 

if the senantical status of the names represented by "a" and 

"b" is depicted by one of the diagrams: Pl, P3, P9 or PlO, on 
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the ontological table. 

(b) The ftmctor of weak inclusion: The syrril:x>l "U" will 

be used for this functor. It is defined by the following 

thesis: 

In English the assertion "aUbl'l may be rendered as "all a is b". 

It is considered true if and only if the referents of "a" and 

"b" have their semantical status depicted by one of the 

diagrams: Pl, P3 1 P8, P9, PlO, PlS or Pl6. Nobice that the 

distinctim ret¥.een this functor and ftmctor (a) oopends on 

the sernantical status of "a". 

2) FUnctors of exclusicn: 

The counterparts of the primitive functor and the above ex:a:rrple 

are considered. 

(c) The· functor of singular exclusion: This functor may be 

represented by the syrril:x>l "i". It occurs in expressions of 

the type "a,ib" ("a is not b") and may re introduced as follows: 

[a1 b] { (
1 

(aEa) A l. (aEb)) 
1 

++ (a,ib)} 

"a,ib" is regarded as true if and only if the semantical status 

of the referents of "a" and "b" is depicted by one of 

diagrams: P2 , PS or P7. 

(d) The ftmctor of strong exclusion: The introductory thesis is: 

The assertion "a¢b" may re rendered as "every a i s not b" 

in English and is considered true if the semantical status of 

the referents of "a" and "b" is oopicted by one of diagrams 

P2 1 PS, P6, P7, Pl3 or Pl4. 
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(e) The functor of strong exclusicn ("ft'): Here the definition 

is: 

[a,b]{[c] (
1 

(ce:a) +""l(cE:b))
1 

++ (a}fu)} 

The expression "aJ&b" is read "no a is b" and is considered tnle if 

and mly if one of diagrams P2, PS, P6, P7, P8, Pl3, Pl4, Pl5 

or Pl6 illustrates the sernantical status of the n.arres represented 

by "a" and "b". 

3) Flm.ctors of identity and existence: 

One exarrple of a functor of identity and two examples of functors 

pf existence will re provided ( cf. also the functor of existence 

introduced in § 4. 2 . 2 . ) 

(f) The functor of singular identity: The symbol "I" will l:e used 

f0r thiS functOr 1 whiCh may }:e introduced by the theSiS! 

[a,b]_{(
1

(aE:b)ll. (be:a))
1 

++(alb)} 

The expressicn "alb" may l:e read as "the a is the same object 
' 

as the b" and is considered ~e if and only if the sernantical 

status of the narres represented by "a" and "b" is depicted by 

diagram Pl. 

(g) The functors of existence: The tWJ functors of existence which 

w= have not yet introduced, occur in the frmctions: 

"sol (a)" - "there exists at nost one a " 

"ob(a)" "there exists exactly one a" 

These functors may, respectively, l:e Clefined as follCMs: 

[a] {[b,c] (
1 

(
2

(be:a) II. (ce:a))
2 

+ (be:c))
1 

++ sol(a)} 
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The assertion "sol (a)" will te regarded as true if and only if 

the semantical status of the narre represented by "a" is .. 

illustrated by diagram Sl or S2; while "ob(a)" will te regarded 

as true if and only if diagram Sl depicts the semantic status 

of "a". 

4.3 Ccmnent 

Grzegorczyk c:x::mm211ts on ontology fran a historicist point of view. He 

praises Lesniewski ':s fonm.1lation of directives for the cc:nstruction of 

ontology as "an achieve:rrent of historical value". He is, hONever, 

of the opinion that the history of mathematics took a different course 

sim::e the tine of ontology's Clevelopnent. As a result, he regards 

ontology as having lost virtually all its value. It would seem, 

hCMever, that onto~ is a theory with muoh rrore versatility t.hail 

that with 'Which Grzegorczyk credits it. Luschei, for example, points 

out that it is possilile to construct within ontology much of 

arithrretic, number theory, analysis, abstract algebra and other 

theories of classical mathematics (cf. §6.2.3 . of [t4J ) . In 

additicn it would seem possible to adapt parts of this "theory of 

nanes" for use in linguistics. 

In cx:rnparing ontology to set theory, the authors of [17] conclude that 

ontology should be seen as a rival for, rather than a variant of set 

theory. They base this conclusion on the fact that "E", the primitive 

tenn of ontology, does not represent class-membership. Despite this 

conclusion, they do point out that certain theorems of set theory may 

be translated into ontology, and vice versa. They are unable to decide 

just hCM important a rival for set theory ontology is. Their overall 

irrpressicn of ontology is, hc:Mever, rather negative. In spite of this, 

the authors do agree that "Lesniewski has convincingly sho.vn that the 

standard arguments leading to logical ant.llronies cannot be reprcduced, 

in any of the various plausible refhrasings, in his system; sene of 

the counterparts of these argurrents fail to canply with the theory of 

semantj_c categories, others require certain steps v;hich are not viable 

in ontology". Thus as is the case in their mereological interpretation 
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(we discuss this in chapter 6) , the problems presented in other 

systems by these paradoxes, are successfully renoved in their ontological 

intexpretaticn. 

NCY.rES: 

1) The directives ~ outline are for a system of ontology based on 

Bl as single axian. 

2) We adopt this convention as in virtually all the references the 

definiendum of ontological definitions occurs on the left hand side 

of the main rn.implicator. Exceptions are refere'bes describing 
" Lesniewski's early ~rk on rnereology. Here, narre-fonning functors 

of IIEreology are intrcrluced by definitions (of the ontological 

type) in "Which the definiendum occurs on the right hand side of 

·the main co.implicator and the definiens on the le£t hand side 

(cf. [10] and [22]). See also§ 5.2.2. 
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OiAPI'ER 5 

MEREDLCGY 

5.1 Introductory I€rnarlcs 

'.lbe first deductive them:y to be developed by Lesniewski was rrereology. 

He started developing the theocy in 1914. In 1916, he pub~d his 

first outline of rrereology in {1}. Further details appeared in {2}. 

IDgically and rrathernatically, rrereology presupposes the basis p:roto­

thetic· and ontology later created for it. Mereology may be described as 

an '1extrerrely general extralogical theocy" based on p:rotothetic and 

ontology. 

As pointed out in chapter 1, Lesniewski's in depth analysis of Russell's 

paradox sparlred off the devel0fm2!1t of nereology. It is therefore not 

surprising that in rrereology the concept : "the ingredient of the whole" 

(treated as a relation between individuals) , is central. Indeed to cbtain 

rrereology from its basis of p:rotothetic and ontology, the ooncepts : 

"ingredient of" and "class of" need to be introdUCEd. Nonnally the forrrer 

is the sole primitive term of the system and the latter is introd.uced by 

definition. The interpretation of these concepts is a key concern both 

in rrereology and the description belcw. 

5. 2 rescription 

5. 2 .1 Distributive versus Collective Interpretation of Class Expressicns 

A careful differentiation between "oollective" and "distributive" 

interpretations of class expressions is a fundarrental requirerrent in an 

investigati<n of aspects of rrereology - a theory in which the collective 

use of such e:xpressions is formalized. A confusion of these distributive 

and oollecti ve oonceptions was indeed oonsidered by Lesniewski to be 

characteristic of certain naive set theories and rroreover to be one of 

the characteristics instrurrental in allcwing logical paradoJ(E.S such as 

that of Rl.lssell to arise. Nagel and Newman express a similar opinion when 

in oornrenting on Rl.lssell' s paradox, they rerrark : 

"This fatal oontradiction results from an uncritical use of the apparently 

pellucid notic:n of class" (pg. 24 of [17] ) . 

Consider therefore the expression : 



46. 

"a is an ingredient of the class of b ' s" • 

We procEed to distinguish between its distributive and collective 

interpretatirn.s. 

1) Distributive interpretation Interpreted in this way the ex-

pressicn irrplies rrerely that "a" is a ''b" . It thus serves only to 

"predicate a definitive property of any rrerrber elerrent of the corresponding 

distributive class" (I.esniEMSki as cited by Lusdl.ei in §3. 3.2 of [14] ) • 

'!his end may be acoonplished in ontology which enbodies the distri-.butive 

use of the copula (" £") for singular predicaticn ( cf. the interpretation 

of "a £ b") • 

2) Collective interpretation : Here the expressicn inplies that "a" 

is part of the cbject of which every ''b" is a part, and of·which every 

part has a part in oorrrron with sate ''b.... Iesniewski 's term "ingredient" 

seens particularly appropriate to describe this relationship of a part to 

a whole which is a specific individual literally consisting of its oon­

stitu;mt (collective) parts (its ingredients). The notion of "the class 

of b' s" is therefore also introduced in rrereology as a totality which 

is an individual literally made up of the ''b's". 

'!be exarrples which follOw should further clarify the concepts. 

i) 'lhe distributive class of the provinces of South Africa has only 

the individual provinces, i.e . Ca];e, O.F.S., Natal and Transvaal, 

as nenbers. · To say the Cap= is an ingredient of this set is thus 

also equivalent to saying : "the Cape is a province of South Africa". 

'lhe rollecti ve class of the provinces of South Africa, hc:Mever 1 in 

addi ti.cn has as ingredients any ami trcu:y part or rollection of 

ru::bitrcu:y parts of these provinces (e.g. Graharcstc:Mn, the Karoo, the 

~rt harl:x:mrs, national parks) and the totality of provinces 

(South Africa itself). '!he latter ingredient is the sane individual 

as the collective class itself, as are the totality of all parts of 

provinces, etc. 

ii) A collection such as a team of rugby players may be interpreted as 

a distributive class in which case its only ingredients will be each 

of the 15 individual players. Interpreted as a collective class 1 

hc:Mever, ingredients would also inclme, for exanple, the back-line, 

the fo:rwards, the tight forwards, the halves and the whole team 

itself. 
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Additicnal characteristics of rollective classes need to be made specific 

here. !my rollective class of individuals (its ingredients) is literally 

nade up of these and is itself an individual. Thus , it folla.lS that the 

individual which is the oollective class of its ingredients, ceases to ex­

ist in the absenre of these ingredients. A cx:mron example is that of a 

forest vanishing with its trees • In this sense, it is therefore rreaning­

less to speak of an "errpty" oollective class.1) Furtherrrore, as any 

individual is the sarre individual as the totality (oollective class) of 

itself and eve:ry individual is an ingredient of itself, there is no class 

which is not an ingredient of itself. Henre, in rrereology there is no 

such d:>ject as the class of classes which are not ingredients of them­

selves ( cf. dlapter · 6) • 

The notions introdured above will be illustrated formally in §5.2.2. 

5.2.2 Fbrmalization 

!.. ' . """' 

'"--' Fbnmlly 1 rrereology may be built onto its foundation of protothetic and 

mtology by stbjaining the rrereological axian system and adapting the 

ontological and protothetical directives to it. No further directives are 

neoessacy. 

Axiom systans for rrereology nay be based on a variety of primitive functors 

(e.g. "ingredient of" and "class of"). If, as is nost cx::mrcon 1 the functor: 

"ingredient of" 1 is taken as the sole primitive tenn, then axian Cl, 

belcw, may serve as an adequate, single characteristic axiom for rrereology 

(cf. [4] ) • This single axicm is stbjoined to the basis provided by 

protot:hetic and ontology. We will use the synbol "ll" to denote the 

primitive tenn "ingredient of". 

Cl : [a 1b ]{ {aqJb) ~ (
1 

(2 (ae:a) A (be:b)) 2 A (
3 

{be:lJh) -+ [c,d] c
4 

(be:c) ++ !e] (
5 

(ee:d) ++ [f](
6

(fe:c)-+ (fe:lJe)}
6 

A [f]{
7

(fe:lJe)-+ 1(
8
[g,h]l(

9
(ge:c) A 

<he:11f) A {he:lJg) > g> a> 7> 5> 4 -+ (ae:lld) > 3> 1} 

An ontological definition nay then be used for the introduction of the 

notion "class of". 'Ihis definition may be Cieri ved by oonsidering the 

inplicaticns of the oollective interpretation of "class". '!he synbol ''k" 

will be used to represent the functor "class of". FbllCM.i.ng Prior (cf [18] ) 

four inplications of the oollecti ve interpretation of "a" being a 

"class of b • s" may be isolated for our purpose ( cf. § 5 • 2 .1) 
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i) '!he "class of b's" is an individual literally rrade up of all the 

''b's" ; i.e. 

(a£kb} ~ (aca} 

i.e. if the "a" is a ''class of b's" then the "a" is an indiv-

idual. 

ii) In the absence of ingredient ''b 's" , the "class of b 's" <bes not 

exist. The forrralizaticn of this inplication asserts that if there 

is a "class of b's" then there is at least one ingredient ''b", viz. 

iii) If anything is a "b 11
, it is an ingredient of the 11 class of b' s"; 

i.e. 

(ae:kb) ~ [c] (1 (ce:b) ~ (cq.1a)) 1 

iv) Mr:f individual which is an ingredient of the "class of b 's", rrrust 

have an ingredient in cormon with sare ''b" - forrralized this yields 

It is also neoessazy to note that the oonverse of i.nplication (iii) does 

not hold. That is, it is not the case that each ingredient of the 11class 

of b's" is necessarily one of the "b 's". Ha.vever, (iv) does allow 

. for this possibility. In this case, the ingredient 11
C" of the "class of 

b's" is itself a ''b" and hence "d" and "e" woold sinply be the sarre 

individual as "c" - this is possible as in nereology all individuals are 

ingredients of therrsel ves. We nay also rote that under a distributive inter­

pretation, the oonverse of i.nplication (iii) would have been required to 

hold. 

'!he four i.rcplicatians above are jointly equivalent to the expression : "the 

a is a class of b' s" • Their conjuncticn ney therefore be used as the 

definiens of an appropriate ontological definition, viz. 

OC : [a,b] { (ae:kb) ++ (1 (at:a) A <Jc) (ce:b) A [c] <2 (ce:b) ~ (CElla)) 2 A [c] <3 
(CElla) ~ <3d,e) (4 (dEb) A <s (eElld) A (eEllC)} s> 4) 3} 1} 

We have used " <3 c) " and " <.3 d ,e) " as abbreviations for "1 ( [ c] l ... ) " 
and "1 ( [d,e]1 •.• ) ", respectively. 

It is furtherrrore provable from this definition and the single axLan of 

nereology that if an application of the eJq?ression ''kb" is possible, it . 



49. 

is unique. It may therefore be interpreted as "the class of b's". 

'1he single axiom i nclu:Jed in the above approach to the fonralizatian of 

nereology is rather carrplicated. An outline of an alternate axicxn system, 

a:mtaining nore axiorrs, but also yielding nereology when subjoined to 

ontology, might therefore serve to make the properties of the primitive 

teon, "ingredient of11
, nore apparent. '.Ihe follcwing set of axians is used 

by Clay in [31: 

I [a,b ,c] { (
1 

(aqJb) A (bq.tc)) 
1 

+ (aq.tc) } 

II [a,b 1 { (a£llb) + (be:b) } 

I:M: [a,b1 { (ae:kb) ++ C1 (ac:a) A [d] C2 (dro) +(dElla)) 2 A [d] (3 (dEJ.Ia) + ( 3 e,f) (
4 

(ee:b) A 

III:[a,b,c){(
1

(aikc) A (bEkc))l ~ (aib)} (fEJ.Id) A (fEJ.1e))4)3} 

IV : [a,b) { (ae:b) + ( 3 c) (ce:kb)} 

'!be abbreviaticns " ( 3 c) " and " ( 3 e, f) " are also used here, res:t:ecti vely 

for "1 ( [ c] 1 ... ) " and "1 ( [ e, f 1 l ... ) " . 'lhese abbreviaticns will be used 

throughout this chapter. The functor "I" which cq;pears in III, was 

introduced as exanple (f) in §4.2.3 • In the above axiom system, 

axi.CIIS I and II depict properties of the primi. ti ve functor. Defini tim 

IM introdu::es the term "k" which is also used in axians III and IV. 

In 1920, Iesniewski constructed an axiom system (carprising four axi.arcs) 

using "11" as sole primitive tenn. I.esni~ 's original (1916) axian 

~stern, hc:Mever, used a ft.mctor which is denoted by "pt" in [ 10 1 and 

[22] , as sole ·primitive ft.mctor. The term "pt" is interpreted as "part 

of". '!he follONing thesis shCMS the relationship between "11" and "pt" • 

'lbus, "a is part of b" if and only if "a is an ingredient of b" , 

but "a" is oot identical with "b" itself. 'Iherefore, with the except­

ion of ''b" itself, all ingredients of ''b" are "part of b 11
• 

Iesniewski' s original axiom system oonsists of four axiorrs. 'Ihe first two are 

Ml: [a,b,c]{(1 (a£pt(b)) A (b£pt(c))) 1 + {ac:pt{c))} 

M2: [a,b]{(aEpt(b)) + C1be:N{pt{a)))
1

} 

Iesni~ reeds to use "11" and ''k" in the remaining two axiars. He 

thel:efore first introdures "11" as a defined term, and then in a second 

definition defines ''k" in tenrs of "ll". Both these definitions are of 
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t:l1e ontqlogical type. At this stage, the ronvention, hcwever, seerrs to 

have been that the definiendum be written en the right hand side of a 

<Efiniticn's main roinplicator (cf. note 2, chapter 4). The definition 

of "~ 11 in terms of 11pt 11 therefore had the form : 

Note that ll·vt• represents "or". The definition of 11k" was the sane as 

OC, except that it was given with the definiens on the left hand siee and 

the definiendum on the right hand side of tre ooinplicator (cf. [10] and 

{22]). 'fue rerraining axi.crrs of Lesniewski's original axi.crn system are 

M3 : [a,b,c]{ (
1 

(a£kc) A (bEkc)) 1 + (alb)} 

M4 : [a,b]{ (ae:b) + ( 3 c) ~ct:kb)} 

Another i.nportant nere.ological functor defined by Lesniewski, is introduced 

by definition DE. 

'!be definition is given with the definiendum on the right hand side. 'Ihe 

exl?ression : " a e: extr (b) " , may be read as "a is outside b" • '1he def­

inition asserts that "a is outside b" if and only if "a.. and ''b" have 

no cututOil ingredients. Iesniewski proved that "extr" rould be useq as the 

sole primitive term of nereology, and constructed an appropriate axi.cm 

system in 1921. 

A ffM theses to illustrate further properties of the "ingredient" and 

"class" cxmcepts, conchrle this section : 

T2 . [a,b ,c]{ c1 (ae:Jjb) A (be:}lc) ) 1 + (ae:~c) } . 
T3 [a,b,c] (1 (aq!b) A (be:c)) 

1 
+ (aqlkc) } 

T4 [aH (ae:a) + (ae:}la) } 

TS . [a,b] { (ae:b) + (aJka)} . 
T6 : [a,b]{ (aEkb)+ (a:Dcb)} 

T7 [a,b,c] (1 (a£kc) A (bEkc) A l(ae:Jjb)) 1 + (ae: 6 ) } 
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5.3 M=reology and Boolean Algebra 

Formally, strong similarities exist between rrereology and extended systerrs 

of Boolean algebra (cf. article XI of [23] for a description of such a 

system). In fact according to Tarski they differ only in one respect -

that the axic:m:; of rrereology inply
2

) that "there is no individual corres­

pc:nding to the Boolean algebraic zero" • That is, there is oo individual 

which is an ingredient of every other individual. HCMever, ronsider Boolean 

algebraic inclusion as the relation in a nodel B of the extended system of 

Boolean algebra with dare.in B. A nodel for rrereology may be cbtained by 

:rerroving the zero elerrent from B and also substituting rrereological 

ingredience for its "correlate", Boolean algebraic inclusion. Cc:nversely, 

suwase A is a nodel for rrereology with d::>nain M. 'Ihen, by replacing 

ingredience with inclusion, adding a new elenent to M and postulating 

that this element is included in evecy other elerrent of M, it is possible 

to cbtain a nodel for the extended Boolean algebra. 

Tarski 's carparisan of the nodels as outlined above, does, hCMever, also 

seem to be open to S<::fte of the criticism which will be levelled at 

Grzegorczyk' s proof that these nodels are the sarre. Grzegorczyk ( cf. 18] ) 
. 

oonsiders a syste:n of axic:m:; for "rrereology", with primitive term : "ingr", 

defined as : 'a ingr b ~ a is a part of b or a is identical with b' • 

The expressic:n "a ingr b" is read as : "a is an ingredient of b". He 

then conpares this axian system to one for Boolean aigebra. He defines 

"ingr" in tenns of Boolean algebraic inclusion between elerrents other than 

the zero elerrent of Boolean algebra. This definition of the tenn "ingr" and 

a definition of "the set of all those 'non-errpty' cbjects which are to be 

discussed in rrereology" {designated by "Z"), are then added to his axi.an 

system for Boolean algebra. A proof that 11elerrenta:ry rrereology" (based on 

his axian system) is 11 an axiorratic theory rontaining all those and only 

those theorerrs of Boolean algebra which are rrereological prop:>si tions" , 

follCMS . 11M:reological p:rq:x::>Sitions 11 is the term he uses to describe prov­

able prcpositic:ns {in the system of Boolean algebra enriched by the def­

initial.S of "Z" and "ingr") which contain "Z" and "ingr" as the 

"only extralogical tents 11
• 

'Ihe nost fundanental criticism which can be made of Grzegorczyk 's proof is 

that the primitive term, "ingr", he introdures, does not coincide with the 

primitive term of IesiT8'1Ski 's rrereology. In representing "a is an ingred­

ient of b" by "a ingr b 11
, the "is an" and "ingredient of" {represented 

respectively, by "e: 11 and ·"ll" in §5.2.2) are conflated into one. Clay 
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sees this as an elimination of the "is" and henre the n::>tion of dist rib­

utive class. The vital role of the aJpula, ''is", in the distributive 

interpretation of "class" expressions, was rrentioned in - § 5.2.1. Even if 

"ingr" is seen :rcerely as a ronflation of "£" and "ll", the result is that 

the distributive and rollective notions of class becorre ronfused and that 

wh~t Clay terns the "interplay between the two notions", is lost. This 

deficiency is serious as it allc:MS the fundarrental prd:>lems rrereology ained 

to solve to threaten onre rrore. 

Tarski 's description (cf. note 1, article XI, §1 of [23] ) of the prim­

iti ve relaticm of "the part to the whole" 3) as the "rorrelate of Boolean 

algebraic inclusion'', similarly seerrs open to an interpretation in which the 

''is" ("£") is absm:bed into the "part of" relation. 'lllis can be seen from 

Tarski 's renditioo of the expression "x < y" as "the elerrent x is in­

clueed in the elerrent y" ; thus including "is" in the interpretation of 

"~", his synbol for inclusion. Although the rontrast between inclusion 

("<") and ingredienre ("Ell") as regards the need for the oopula, "is", 

seems to have been overlcx;ked here, Tarski, him3elf, is explicit as regards 

the separation of "is" and "ingredient of" in other articles - e.g. article 

II of {23]. 

Clay investigates the relationship between rrorels of nereology and ronpl.ete 

Boolean algebra in great detail. He notes firstly that as the logical 

basis of Bo:>lean algebra is usually not protothetic and ontology as in the 

case of nereology, an investigation of this kind needs to be placed within 

a precise context. Thus, for exanpl.e, in view of the fact that Lesniewski 

avoided existential postulates , it is neresscuy to use a defini tian of 

Boolean algebra which diffexs from the normal in that it does not postulate 

the existence of any non-zero elerrent. 

Clay oonsiders the staterrents that : 

a) rrereology is a ronplete Boolean algebra with zero deleted ; and 

b) that any ccrrpl.ete Boolean algebra with zero deleted, is a system of 

rrereology. 

He proves staterrent (a), but roncludes that (b) is false in the sense 

that it is necesscuy to be "unreasonably restrictive" in the definition of 

a Boolean algebra (with zero deleted) for which rrereology is able to de­

pict the structure. 
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5.4 Ccmrent 

.An inportant requirerrent for a deductive theo:cy is ronsistency. We rrent­

icned in earlier dlapters that nereology rray be proved ronsistent relative 

to ontology and protothetic. Acrording to Scbocinski, Lesniewski in fact 

constructed an interpretation of nereology in the real nurrber system. 

'nUs construction: did not survive. Clay, in [ 3] , havever, attenpts a 

reconstruction. It differs from Iesniewski 's original ronstruction only in 

that Clay makes use of a subset of the real nurrbers for the ronstructicn of 

his interpretation, whereas Lesniewski p:rd:>ably used the whole set of real 

nunbers. '!his difference does, as Clay points out, not effect the question 

of CXI'lSistency. Clay introduces the real nurrber system via an axiom system 

in ontology.. This makes it pcssible to regard the real nurrbers as cbjects 

in ontology. By successfully c:x::ostructing an interpretation of nereology 

in te:ms of these axiars for the real nurrbers, the axicns of ontology and 

·the rules of p:rocedure for ontology, Clay establishes the relative ron­

sistency of the two systens. 
4

) 

'nle fact that the above ronstructian is possible and that axicms for the 

real nurrbers rray be formulated in ontology, is in itself an indicator of 

the :functicnality of Lesniewski's systems. Indeed, Iesniewski intended his 

systerrs to be used practically in :fhl.losOfhl.cal or scientific wm::k. 

1-Ereology provides the ronreptual and fonnal. apparatus for an investigatioo 

of the foundatlans of geonet:ry (in the traditional sense) and for the 

foiillalization of certain enpirical sciences. Consider, for exanple, 

Tarsk:i' s solution (article II of [23 ] ) to the p:rd:>lem of establishing the 

foundations of a "georret:cy of solids"S) • In this solution, Tarski bases 

the gearetry of solids on nereology. A further exarrple is Woodger' s use of 

nereology in his attercpt at fonna.lizing biology in [25] • G) 

We nay note here that Iesniewski ronsidered his axianatization of the 

collective use of "class11 eJq?ressions to follCJN in the Cantorian tradition, 

Consider, for exanple, Cantor's view that "any set of distinct things can 

itself be regarded as a unity, a thing in which thooe things are ingredients 

or constituent elerrents" (cited in §4.10 of [14] ) . Lesniewski and cantor's 

oonceptians of 11class" did not, ha,.,rever, rorrespond in eve:cy :respect. 

Lesniewski :required a greater degree of precision in his fonm.llatians of 
11class" eJq_:>ressions. '!he preciseness of the treatnent and of the fonnal­

izatioo of the "ingredience11 and "class11 notions in nereology, nakes nereology 

useful in arq investigation in which a clear ronceptualization of these 
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' notions is essential. 'nle role of rrereology in solving the prc:blern 

presented by Russell's paradox is discussed in chapter 6. 

Notes 

1) From previous descripticns it may seem that an anology exists between 

the well-kncwn set theoretical idea of· "subset of a set" and the 

cx:>llective interpretaticn of "ingredient of a set". However, such an 

anology would break dcwn here, as in set theory the errpty set is a 

subset of evecy set. 

2) This is providing it is assurred that at least two distinct individuals 

exist. It should, h&ever, be noted that rrereology itself makes no 

existential judgarents of this kind. 

3) Tarski 's "part" is what we have thusfar ter:rred "ingredient". 

4) Newman and Nagel·' s corments an relative cnnsistency proofs, in chapter 

2 of [ 17] , should, h~ver, be oonsirered here. 

5) Tarski describes this as a system of georcetcy "destitute of such 

gecmetrical figures as points, lines, and surfaces, and admitting as 

figures only solids - the intuitive correlates of open (or closed) 

regular sets of three-di..rrensianal Euclidean georcetcy". 

6) It is worth noting that, although Woodger designates "P" to renote the 

relation "part of", he interprets ".x:Py" as "x is part of y". The 

copula, "is", is therefore oot, as required in rrereology, clearly 

~ated (by a separate synbol) from the "part of". 
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CliAPI'ER 6 

RESOLuriCN OF RUSSELL's PARAOOX, AND FINAL COM1ENT 

Russell's paradox was prd:>ably the nost fundarrental of the paradoxes 

disoove:red in Cantor's ("naive") set theory. I.esniewski carre into contact 

with this paradox in Lukasiewicz 1s . "O Zasadzie Sprzecznooci u A:rystotelesa: - ~-· .. 
Studi.um k:rytyczna", Kraka-~, 1910 ("On the principle of contradiction in 

Aristotle : a critical study") • Luschei ( cf. § 4. 9 of [ 14] ) renders 

Lukasiewicz's forrralization of the paradox as 

"M::>st classes are not elenents of therrselves but, as collecticns, poosess 

properties quite different fran the properties dlaracterizing their a-~n 

elenents. The oollection of rren is not a man • • . • Certain classes , ha-~­

ever, sum as the class of classes , apparently are exceptions to the rule. 

Since there are non-enpty classes, having at least cne elem:mt, the class 

of non-enpty classes for exarrple is non-empty, and consequently an elerre.nt 

of itself. Na-~ consider the class K of classes not elerrents of therrselves 

Since a class is an elerrent of class K if and only if not an elerre.nt of 

itself, class K is an elerre.nt of itself if and only if not an elenent of 

itself. Is or is not K an elerrent of itself? If it is, then it also 

is not. So it is not. Yet if it is not, then it also is. Either of the 

possible altemati ves leads to a contradiction that it both is and is not. 

'Mla.t is to be done about it?" 

\'bat \'bitehead and Russell did about it was to construct the "Theory of 

Iogical Types" rrenticned in §2.5. 'Ihe "axiom of reducibility" required 

by this theory was, ha-~ever, according to Kilmister (cf. dlapter 7 of [9] ) , 

oot acceptable to many mathematicians. 

'Mla.t Iesniewsk.i did about it lead, as outlined in mapter 1, to the 

develc.prcent of the deductive systems described in the previous chapters. 

In tems of these systerrs the prd:>lem presented by the paradox is seemingly 

successfully solved. 

We pointed out, in §5.2.1, that in nereology, there is no such cbject as 

the class of classes whim are not ingredients of therrsel ves. " In § 4 . 2. 2, 

we rrenticned that any staterrent of the form "aEb" is false if "a" rep­

resents a fictitious naJ:t¥:. Therefore, if we let "K" represent "the 

d:>ject which is the class of classes whim are oot ingredients of therrselves", 

the statenent : ''K is an ingredient of K", is false. It was also 
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'pointed out, in §4.2.2, that the denial of a staterrent of the above type, 

would always be tn:e. 

'Ihe argurrent nay be presented in a rrore formal manner, as follONs 

Iet the syrrbol "x" represent the "c:bject which is not an ingredient of 

itself". We introduoo the "c:bject which is nat an ingredient of itself" 

by the foll.c:Mi.ng definition : 

It is a thesis of rrereology that 

T4: · [a){ (a£a) * •(aqJa)} 

Hence, it fol~ONs from :eN that 

It therefore follONs fran the discussicn of ''~" in §4.2.2, that the 

asserticn "a£x" is always false. 'Ihis agrees with the fact that every 

individual is an ingredient of itself. It is, hONever, also a thesis of 

nez:eology (Clay's axian IV) that 

T9: [a,b ]{ (a£kb) + (]c) (c£b) } 

Hence, by swsti tuticn, we get 

TlO: [a]{ (ae:kx) + ( J c) (ct:x)} 

A statenent of the typ: "a£x" has, havever, been shONn to be false in all 

cases (for all "a") and therefore, in particular, also "cEx" is false. It 

therefore follONS from TlO that the staterrent "a£kx" is always false 

{is false for all "a"). Thus, in particular, ''kxEkx" is also false. 

NON, from T4 it follONS that 

(kxe:kx) -++- (kxqlk.x) 

and so as ''kx£kx is false, the assertion "kxq.Jkx" is false. Therefore 

the asserticn : " I (kxq.tkx) " , is true. 

It has thus been shONn that it is false to assert that the class of "oojects 

which are not ingredients of therrselves" is an ingredient of itself, arrl 

.. 
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also that it is true that it is not the case that this class is an in­

gredient of itself. In particular, this applies to the class K of classes 

which are "not ingredients of therrselves". 

Final Ccmtent : As illustrated abo\e, one of the fundarrental prcblerrs in 

cantorian set theory is avoided in Lesniewski's systerrs. HCM effective 

Lesniewski' s systerrs al."'e as a foundation for matherratics , will, hCMever, 

finally dep:md on the shape and size of the ''buildings" which can be erected 

on this foundation. Although the possibilities seem pranising, there are as 

yet too fev of these "buildings" in use to pass final judgercent. 

Notes 

1) M9reology enbodies the collective interpretation of "class" expressicns. 

Under a distributive interpretation, it is possible to dedure that the 

ootological status of the "class of classes which are not ingredients of 

therrselves", is the sarre as that of the "cbject which dces not exist." This 

foll.avs from 

i) the fact that a distributive interpretation of the stat:errent "a 

is an ingredient of the class of cbjects which are ingredients of 

thercselves", yields : "a is an d>ject which is not an ingredient of 

itself". 'Iherefo:re, in particular, under a distributive interpretation, 

"K is an ingredient of itself if and only if K is K and K is 

not an ingredient of itself" 

ii) the ccmrents on ontological definition and existence ooncepts in 

§4.2.2 
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APPENDIX 

Lesniewski 1 s Published Work 

Works referred to in the text as well as rrost :Of his other im:x:>rtant 
publications are listed belCM. 'Ihe listing is in chronological order. 
(Publications before 1916 are omitted - rrost of these were later 
repuc1iated by Lesniewski). 

{1} "Podstawy og6lnej teorii mnogosci I" (Foundations of general theo:ry 
of m:mifolds or colleGtive sets I) 1 M::>scCM (1916). 

. {2} "O pcrlstawach matematyki" (on foundations of mathenatics) in 
"Przeglad Filozoficzny" 1 vol. xxx (1927); vol. xxxi (1928); vol. 
xxxii (1929); vol. xxxiii (1930); vol. xxxiv (1931) , vJarszawa . 
.. 

{ 3} "tber Funktionen 1 deren Felder Gruppen mit Riicksicht auf diese 
Funktionen sind", in "Fundm!enta . Mathenaticae", vol. xiii, 
Warszawa (1929) . 

{ 4} "Uber Functionen, deren Felder Abelsche Gruppen in Bezug auf diese 
Fuktionen ·. sind" 1 in "Fundarrenta Mathenatiae" 1 vol. xiv, Warszawa 
(1929). 

{5} "Grundzuge eines neuen Systems der Grundlagen der Mathematik" 
(§ 1 - ll), in "Fundarrenta Mathenaticae", vol. xiv, Warszav-m 
(1929) • 

.. 
{6} "Uber die Grundlagen der Ontologie" 1 in "Corrptes rendus des 

seances de la Societe des .Sciences et des Lettres de Varsovie" , 
Classe III, vol. xxiii 1 ~7arszawa (1930). 

{7} "Uber Lefinitionen in der sogenannten 'Iheorie der Leduktion", in 
"Conptes rendus des seances de la Societe des Sciences et des 
Iettres de Varsovie" 1 Classe III, vol. xxiv, Warszawa (1931) . 

{8} "Grundzuge eines neuen Systems der Grundlagen der Mathematik" 
(§12) , in "Collectanea Logica"-, vol. I (1938) - '!his journal was 
destroyed with its Warsaw printing house in war. Offprints of 
this article and {9} survive in Harvard College Libra:ry. 

{ 9} "Einlei tende Berrerkungen zur Fortsetzung rreiner Mitteilung u. d. T. 
'Grundzuge eines neuen Systems der Grundlagen der Mathematik 1 ", in 
"Collectanea Logica", vol. I (1938) - cf. {8}. 
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