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ABSTRACT 

Various notions of compactness in a fuzzy topological space have been introduced by 

different authors. The aim of this thesis is to compare them. We find that in a T2 space (in 

the sense that no fuzzy net converges to two fuzzy points with different supports) all these 

notions are equivalent for the whole space. Furthermore, for N-compactness and 

f-compactness (being the only notions that are defined for an arbitrary fuzzy subset) we 
t:i;.YiJ" _oy.-r 

have equivalence under a wea:ltef condition, namely, a T2 space in the sense that every 

prime prefilter has an adherence that is non-zero in at most one point. 
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PREFACE 

In this thesis, we compare all those notions of compactness, in a fuzzy topological space, 

that have been introduced so far ([1], [3], [10], [12], [19]). Whilst we restrict ourselves to 

fuzzy sets with values in the closed unit interval, we would like to point out that many of 

our results can be extended to fuzzy sets with values in completely distributive lattice ([3], 

[27]). 

In this comparison, category theory techniques are not employed. 

In Section 1 of Chapter 0 we give the definition of a fuzzy topology and some of its basic 

properties. We would like to mention here that we do not require our fuzzy topology to 

include the constants ([10]). In Section 2 we define what is meant by a fuzzy point and 

discuss its neighbourhood structures, namely the Q-neighbourhoods and the 

R-neighbourhoods. We finish this section by giving different types of a fuzzy Hausdorff 

(T 2) space and the implications that exist amongst them. 

In Section 1, Chapter I we define what is meant by a fuzzy net and its subnet. We then 

give some of their properties that will be used in the sequel. In Section 2 we give definitions 

of a prefilter and prime prefilter and discuss their properties. Section 3 of this chapter deals 

with the relationship between the prefilter and the fuzzy net theories. We, in fact, show 

how a prefilter can be constructed from a given fuzzy net and vice versa. We complete this 

section by briefly mentioning Lowen's Convergence Theory using prefilters ([13]) and his 

definition of a T2 space [14], to conclude that his (Lowen) notion of a T2 space is much 

~i:""'''' 1 :)';'' _ 'wei\*€r than the ones introduced in Chapter O. 

In Chapter II Section 1 we give two definitions of compactness, namely, fr-Compactness 

and a*--compactness. We find out that the two are only defined for the whole space, being 

a very restrictive concept. We discuss some of their properties and show that 

fr-Compactness is a "good extension" whilst a*--compactness is not. 

In Section 2 we show that for fr-Compactness, the Alexander subbase lemma and the 
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Tychonoff Theorem holds and show by means of counter-examples that this is not the case 

for a*--<:ompactness. 

In Chapter III we give yet another two definitions of compactness, namely the strong fuzzy 

compactness (section 1) and the ultra-fuzzy compactness (section 2). These are also 

defined for the whole space. We show that the two are good extensions and that the 

Tychonoff Theorem holds for both of them. 

Section 1 of Chapter IV gives the first notion of compactness defined for an arbitrary fuzzy 

subset, namely, N--<:ompactness . Amongst other properties of N--<:ompact fuzzy sets, we 

show that N--<:ompact sets attain their maxima. This property is used in the 

characterisations of N--<:ompactness by prefilters. We also show that N--<:ompactness is a 

good extension. In Section 2, we give characterisations of N--<:ompactness by prefilters and 

prime prefilters. These characterisations enable us to deduce the Tychonoff Theorem much 

more easily than it was done using fuzzy nets given ([19]). 

In Section 1 of Chapter V we introduce yet another notion of compactness defined for an 

arbitrary fuzzy subset, namely f--<:ompactness. We give some of its properties and in 

particular, show that f--<:ompactness is also a good extension. In Section 2 we show that the 

Tychonoff Theorem holds for f--<:ompactness. Secondly we show that for f--<:ompactness, it 

really does not matter whether or not our fuzzy topology includes constants. 

In Chapter VI we compare for the whole space, all these notions of compactness that we 

found to be good extensions. We find a condition that gives the , equivalence of all these 

notions. Lastly, we show that for a Hausdorff space in the sense of [14], N--<:ompactness and 

f--<:ompactness are equivalent for an arbitrary fuzzy set. 
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The following concepts and small contributions are original ones which in some cases were 

achieved with the assistance of Dr. Chadwick: 

Definition 0.2.3, Theorem 0.2.7, Theorem 0.2.10, Corollary 0.2.11, Theorem 1.1.13, 

Theorem 1.3.6, Theorem II.1.9, Lemma 11.1.10, Lemma III.1.3, Theorem II1.1.4, 

Theorem II.2.6, Lemma II1.2.7, Proposition IV.1.2, Theorem IV.1.4, Lemma IV.1.11, 

Theorem IV.1.12, Theorem IV.2.2, Theorem IV.2.3, Theorem V1.1.21. 
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CHAPTER 0 

FUZZY TOPOLOGICAL SPACES 

.QJ. PRELIMINARIES 

Throughout this work X will be a base space consisting of at least one point, and we denote 

by I the closed unit interval [0,1] . The fuzzy sets on X, i.e. the elements of IX, will, in 

general , be denoted by the symbols /1,v,)..,IJ, etc, the exceptions being that if c E I, the 

constant fuzzy set with value c will sometimes be denoted by c. If no confusion is likely to 

arise and if A ~ X, then the fuzzy set that is I on A and 0 elsewhere (i.e. the characteristic 

function of A) will be denoted by I A' We will always denote the fuzzy set that is 0 

everywhere on X by OX' 

If /1,V,E IX we will write /1 ~ v if for each x E X, /1(x) ~ v(x) provided no confusion is likely 

to arise. 

If /1 E IX then the complement, /1' , of /1 was defined in [26] to be IX-/1. It is clear that this 

complementation is a pseudo-complementation in the sense that /1 II /1' = Ox and /1 V /1' 

= IX do not hold in general. 

It can also be verified that the de Morgan's laws hold in IX i.e. if I1j E IX for each i E J then 

(i) (V /1.)' = II /1~ and 
iE J 1 i=J 1 

(ii) (/\ /1,)' =V /1" 
iEJ 1 iE J 1 

We first gi ve 

0,1.1 DEFINITION ill 

A fuzzy topology on X is a collection 0 of fuzzy sets in X which satisfies the following 

conditions: 
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OX' IX E 0 

If p" /J E 0 then p, A /J E 0 

(i) 

(ii) 

(iii) If J is an index set and /J. E Hor each j E J then V /J. E o. 
J jEJ J 

0.1.2 DEFINITION ill 
If 0 is a fuzzy topology on X, then the pair (X,O) is called the fuzzy topological space or fts 

for short. 

In [10] Lowen changes condition (i) of definition 0.1.1 namely OX' IX E 0 to (il' CEo for 

all c E I, so that his definition of a fuzzy topology is the one with conditions (i)' together 

with (ii) and (iii) of definition 0.1.1. 

He gives several reasons why he requires this alternative definition, the most important one 

being that with this change, the constant functions between fuzzy topological spaces are 

continuous (as with "crisp" topological spaces), whereas with definition 0.1.1 this is not the 

case in general. 

0.1.3 DEFINITION ill 
If (X,O) is a fts, then each p, E 0 is called a 5-open fuzzy set and p,' is called a 5-closed 

fuzzy set. 

If no confusion is likely to arise, we will simply refer to a S-open (O-closed) fuzzy set as an 

open (closed) fuzzy set. 

In the sequel, we will often denote the collection {p,' : p, E o} by 0' . Thus, if 0 is a fuzzy 

topology, then 0' is the collection of closed fuzzy sets. 

By analogy with ordinary topology, the indiscrete fuzzy topology contains only Ox and lX' 

while the discrete fuzzy topology contains all the fuzzy sets on X. 
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0.1.4 DEFINITION ill 
Let 8 and 8 be two topologies on X. If the inclusion relation 8 C 8 holds, then we say 8 

1 2 1 - 2 2 

is finer than 8, or 8 is coarser than 8 . Hence if 8 is finer than 8 the 8 -open (8 - dosed) 
11 2 2 11 1 

fuzzy sets are also the 8 -open (8 --closed) fuzzy sets. 
2 2 

In the sequel, we will sometimes write sup J.I and inf J.I to denote sup J.I(x) and in f J.I(x) 
xEX xEX 

respectively. Sup J.I is sometimes called the height of J.I, or the maximum of J.I, while inf J.I is 

sometimes called the minimum of J.I. 

0.1.5 DEFINITION ll1l 
Let (X,8) be a fts . A subfamily {j of a is called a base for a if for each II E a there exists 

{311~ {jsuch that II = V{jll = sup {A: A E {jll}' 

A subfamily S of a is called a subbase for a if the family 

{3 = { A J : J is a finite subfamily of S} is a base for a. 

It is clear from definition 0.1.5 that if S is a subbase for a fuzzy topology a on X, then for 

each II E a there exi sts A. , .. .. , A. E S such that 
J1 In . 

J 
II = V (>,. A .. .. A A. ) 

~J J1 In . 
J 

In the sequel, we will often write 'If; E 2({3), if 'If; is a finite subfamily of {3 and [nJ (n E IN) will 

always denote the set {1,2, .. . ,n} . 

0.1.6 DEFI NITION ll1l 
Let (X,a) be a fts and A ~ X. If aA = {J.lA : J.lE a}, where J.lA is the restriction of J.I to A 

then a A is clearly a fuzzy topology on A and (A,a A) is called a subspace of (X,a). 
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0.1. 7 DEFINITION ill 
Let 1', Vj E IX (j E J). Then the collection {Vj : j E J} is called a cover for I' if I' ~ V {Vj : j E 

J}. If J ~ J such that I' < v{v. : j E J }, then the collection {I" : j E J } is called a subcover 
o - J 0 J 0 

of {jtj : j E J} . A cover is called open if each member of it is an open fuzzy set. 

0.1.8 DEFINITION ill 
Given f: X -i Y, we define the fuzzy set t (v) (v ElY) in X by t (v) (x) = v (f(x)) for all 

xE X. Converseley, if jtE IX then the fuzzy set ['(I') in Y is defined by 

{

SUP {I' (x) : xE{t(y)}}, 
f'(jt)(y) = 

o otherwise 

for all y E Y, where {t(y)} = {x EX : f(x) = y} . 

The follOwing can easily be verified. 

0.1.9 PROPOSITION 

Let f: X -iy. Then 

t (z/) = (t(v))', for any vE IY. 

[' (jt') ~ (['(1'))' for any I'E IX. 

If v , v ElY such that v ~ v then t (v ) ~ t( v ). 
1 2 1 2 1 2 

If I' , jt E IX such that jt ~ I' then [' (I' ) ~ ['(I' ). 
1 2 1 2 1 2 

v~ [' (t(v)), for any vE IY. 

I'~ t([' (1')), for any I'E IX. 

if {t(y)} f 0 

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) If f: X -i Y and g :Y -i Z and), E IZ, then (g 0 ft().) = t(t().)), where g 0 f is 

the composition of f and g. 
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0.1.10 DEFINITION ill 
Let (X,6) and (Y,o') be fts and f: (X,6) --< (Y,o'). Then f is called fuzzy continuous, if for 

each II E 0', t( II) E 6. 

In the sequel we will often say a function is continuous instead of fuzzy continuous. 

0.1.11 PROPOSITION 

Let f : (X,6) --< (Y, 6) and g : (Y,6 ) --< (Z,6 ). 
1 2 2 3 

If both f and g are continuous then the composition g 0 f is a continuous function from 

(X,6) to (Z,6 ), i.e. if A E 6 then (g 0 ft (A) E 6. 
133 1 

0.1.12 PROPOSITION 

Let f : X --< Y and {lI
j 

: j E J} c I Y. Then 

(i) t (sup II.) = sup t(II.) 
jEJ J jEJ J 

(ii) t (inf II.) = inf t (II.) . 
jEJ J jEJ J 

0.1.13 DEFINITION ll1l 
Let (X,6) be a fts and I" E IX. Then sup {II E 6: II ~ I"} is called the interior of I" and 

denoted by 1"0, and inf {II E 6' : II ~ I"} is called the closure of 1", denoted by '{t. 

It is obvious from Definition 0.1.13 that 1"0 is the largest open fuzzy set contained in I" and 

'{t is the smallest closed fuzzy set containing 1". 

0.1.14 PROPOSITION 

Let (X, 6) be a fts and I" E IX. Then 

(i) 1"0 = IX - (IX - 1") 

(ii) '{t = IX - (Ix -1")0. 

The proof is similar to that of the corresponding result in "crisp" topology. 
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Given a topology r on X, we can generate a fuzzy topology, 

w( r) = {tt E IX : ; < a, 1] E r for all a E [O,l>} on X. 

That w( r) is indeed a fuzzy topology (also in the Lowen sense) on X can easily be seen. It is 

also clear that the w( r) open fuzzy sets are precisely all the lower semi continuous functions 

Ji-: X -i [0,1] and the w( r)- closed fuzzy sets are the upper semicontinuous functions II : X 

-i [0,1]. 

(X,w( r)) will often be called the (natural) fuzzy topological space generated by the crisp 

topological space (X,r). 

On the other hand, starting with a fuzzy topology 0 on X, we can generate a crisp topology 

ito) on X as the weak topology on X with ia(o) = {; <a,l] : Ji- EO}, a E [0,1> as base. 

In fact, for each aE [0,1>, ia(O) itself is a topology on X. 

We observe that if aE <0,1] thenia(O) = {J" [O,a>: liE Ol}. 

0.1.15 THEOREM 

If E is a set, and (Fj , r)jEJ is a family of topological spaces and {f} jEJ is a family of 

functions f . : E-i F. then sup t (w(r.)) = w (sup t. (r .)), 
J J jEJ J J J 

where t. (r.) = {t. (A) : A E r.}. In particular, for each j E J, w(t. (r.)) = t. (w( r.)). 
JJ J J JJ J J 

See [11] Theorem 1.4 

0.1.16 THEOREM 

If E is a set (Fj' 0j)jEJ is a family offts and {9jEJ is a family offunctions 

f.: E-i F. then supt. (i(o.)) =i (sup t. (0.)), where t. (0.) = {t·(tt): Ji-E 0.} 
J J jE J J J jE J J J J J J J 

In particular, for each j E J, i(~ (0)) = ~(i((O)) 



7 

See [11] Theorem 1.5 

Suppose we are given a topology r on X, we can also generate a fuzzy topology M r) on X 

as follows: 

Let w( r) = {I A : A E r} 

It is clear that w( r) is a fuzzy topology on X and hence (X,w( r)) is a fts. 

If 1 A E M r) then A E r and since for each a E [0,1>,1::\ <a,l] = A E r, we have that 

1 A E w( r). Therefore 

0.1.17 PROPOSITION 

If (X, r) is a topological space, then l,!!.( r) ~ w( r) . 

In the sequel we sometimes use 1 A and A, where A ~ X, interchangeably i.e. we will 

sometimes say "A is fuzzy open" instead of 1 A is fuzzy open. 

The next result can easily be proved. 

0.1.18 PROPOSITION 

Suppose (X, r) is a topological space; then 

(i) i(w(r))=r 

(ii) i (Mr)) = r 
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Let {X. : j E J} be a non-empty collection of non-empty sets and let X =I1 X
J
. be the 

J jEJ 

product set. 

Thus , the elements of X are those functions 

f: J --; U X. such that for all j E J, f(j) EX .. 
jE J J J 

For each j E J, we define the projection maps, II j' such that II j : X --; Xj as follows : 

II P) = f(j) for all f E X. 

It is clear from the fact that each Xj is non-empty, we have that II j is surjective for each 

j E J. 

Suppose J.! E IX and j EJj then II t(J.!) : Xj --; I is the fuzzy set on Xj defined as follows: 

For each t E Xj, IIj (J.!) (t)= sup {j.t.(f) : liP) = t} (as defined in 0.1.8) 

= sup {J.!(f) : f(j) = t} (since liP) = f(j)) 

Since each II j is surjective we have that {J.!(f) : f(j) = t H 0, hence sup {J.!(f) : f(j) = t} 

exists. 

X. 
Conversely, suppose v E I J, then IIj (v) : X --; I is a fuzzy set on X defined as foll ows: 

For each f E X, II": (v)(f)= v (II .(f)) (as defined in 0.1.8) 
J J 

= v(f(j)). 

The fact that for each j E J, II j is a function from X onto Xj' together with Proposition 

0.1.9 give us the next simple result that will often be used in the sequel. 

0.1. 19 PROPOSITION 

(a) 

(b) 

( c) 

IIj (lIj(J.!) ~ J.!, for all J.!E IX 
X. 

IIj (lIj (v)) = v, for all v E I J 

sup J.!(f) = sup II~ (J.!)(f(j)) = sup 1I~(J.!) ( t), for all J.!E IX. 
{EX {EX J tEXj J 



( d) 

( e) 

(f) 

(g) 

(h) 
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Jt , Jt E IX and Jt ~ Jt implies IT"" (Jt ) ~ IT""
J
. (Jt ) 

12 12 Jl 2 
X . 

II, II E I J and II ~ II implies IT': (II) ~ IT': (II). 
12 12 Jl J2 

If {lie: eEL} is an indexed family of fuzzy sets in Xj, then 

IT': (inf lie) = inf II':(lIo) and IT': (sup lie) = sup II': (lie) ' 
J eE L eE L J ~ J eE L eE L J 

IIj (p.) ~ IIj (Jl), for all Jt E IX. 

X. 
IIj (v) ~ II; (II), for all liE I J 

Suppose now that each Xj is equipped with a fuzzy topology OJ' then the product fuzzy 

topology II 6., is defined as the weakest fuzzy topology on the product set,n X ., such 
jEJ J tE~ J 

that all the projection maps, II j' are continuous. 

A base for II o. is given by the collection of all fuzzy sets in II X . of the form mi n II~ 
jE J J jE J J j E J J 

o 
(II .), where J is a finite subset of J and for each j E J , II· Eo .. 

J 0 0 J J 

Equivalently, a closed base is given by the collection of all fuzzy sets of the form max II': 
j EJ J 

o 
(>. .), where J is a finite subset of J and for each j E J , ).. EO' . . By this we mean that, if 

J 0 0 J J 

0= II 0., then every klosed fuzzy set is an infimum of sets of the form max II': (). .). 
jE J J j E J J J 

o 

Let II · E I Xj (j E J), then the product n II. is the fuzzy set on X = II X . defined by 
J tE~ J jEJ J 

(n""II.) (f) = inf II . (f(j)) = inf III- .(II.)(f). 
jEJ J jEJ J jEJ J J 
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0.2 CONCEPT OF A FUZZY POINT AND ITS NEIGHBOURHOOD STRUCTURE. 

0.2.1 DEFINITION [24] 

A fuzzy set J.L in X is called a fuzzy point if it takes the value 0 for all y E X except at 

exactly one point, say, x E X i.e. J.L E IX is a fuzzy point if 

{

)'(0<)'51) ify=x 
J.L(y) = 0 otherwis e 

We then denote J.L by x)., where the point x E X is called the support of J.L and A is the value 

of J.L. 

It is sometimes more convenient to denote x). by )'1x' which is self-explanatory. 

We also use symbols such as p, e, q, etc to denote fuzzy points. 

X* will always denote the collection of all fuzzy points in X. If p is a fuzzy point then V(p) 

denotes the value of p. e.g. If p = a1x ' then V(p) = a. 

0.2.2 DEFINITION ll1l 
A fuzzy point xa is said to be contained in a fuzzy set J.L (or, to belong to J.L) denoted by 

xa E J.L if a 5 J.L(x). By xa ~ J.L, we mean that the relation a 5 J.L(x) does not hold i.e. a > 

J.L(x). 

It is clear from Definition 0.2.2 that every fuzzy set is the supremum of all its fuzzy points. 

It is also clear from the definition of J.L' , where J.L E IX, that if p E J.L then p ~ J.L' does not 

hold in general. 
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In [19J Wang gave definition of what he called a remote-neighbourhood, as follows: if (X,O) 

is a its, p a fuzzy point, then II is called an R-nbd of p if p ~ II and II E Ii' . 

In this work, we give a more generalised form of that definition as 

0.2.3 DEFINITION 

Let (X,O) be a fts and p, E IX. Then p, is called an R-nbd of a fuzzy point p if there is II E 0' 

such that p ~ II and p, ~ II. 

The collection of all R-nbds of a fuzzy point p is called the R-nbd system of p. 

It is clear from definition 0.2.3 that Ox is an R-nbd of every fuzzy point in X, whereas IX 

is not an R-nbd of any fuzzy point in X. 

0.2.4 DEFINITION ll1l 
A fuzzy point xA is said to be quasi---{:oincident with a fuzzy set p" denoted by xA q p" 

if A > p,' (x) i.e. A + p,(x) > 1. 

It is obvious from definitions 0.2 .2 and 0.2.4 that if xA q p, then xA ~ p,' , and conversely. 

Furthermore 

0.2.5 DEFINITION ll1l 
A fuzzy set p, is said to be quasi---{:oincident with a fuzzy set II, denoted by p, q II if there 

exists x E X such that p,(x) > v' (x), i.e. p,(x) + v(x) > 1. 

Since p,(x) > v' (x) implies v(x) > p,' (x), we have that p, q II implies II q p,. Hence if p, is 

quasi---{:oincident with II then p, and II are quasi---{:oincident (with each other). 
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We can now give 

0.2.6 DEFINITION ll1l 
Let (X,6) be a fts and J.L E IX Then J.L is called a Q-neighbourhood, (Q-nbd, for short) of a 

fuzzy point p, if there exists v E 6 such that p q v and v ~ J.L. 

The collection of all Q-nbds of a fuzzy point p is called a Q-nbd system of p. 

The next result shows that there exists a duality between the R-nbd and the Q-nbd. The 

straightforward proof is omitted. 

0.2.7 THEOR.EM 

Let (X,6) be a fts and J.L E IX. Then J.L is an R-nbd of a fuzzy point p if and only if J.L' is a 

Q-nbd of p. 

In [17] Pu and Liu gave extensions of some important results in general topology using the 

Q-nbds, so, because of Theorem 0.2.7 we will give without proof some of the results in [17]. 

But, before we do this, we would like to point out that the definitions that we will be using 

(ones given in terms ofR-nbds) are equivalent to the ones in [17] (ones in terms of 

Q-nbds). This is indeed the case, and we give an illustration: 

We will now give two definitions of an adherence point of a fuzzy set, and show that the 

two definitions are in fact equivalent. The first one is given in terms of Q-nbds whilst the 

second one is in terms of R-nbds. 

0.2.8 U:) DEFINITION l!1l 
A fuzzy pointe is called an adherence point of a fuzzy set J.L if every Q-n bd of e is 

quasi---coincident with J.L. 



13 

0.2.8 Lhl DEFINITION um. 
A fuzzy point e is called an adherence point of a fuzzy set Jl if for each R-nbd 1/ of e we 

have that Jl ~ 1/, does not hold. 

0.2.9 PROPOSITION 

Definitions 0.2.8 (a) and 0.2.8 (b) are equivalent. 

PROOF 

Suppose x). is an adherence point of Jl in terms of definition 0.2.8 (a) and let 1/ be an R-nbd 

of x).. 

By Theorem 0.2.7 we have that z/ is a Q-nbd of x). . Hence by our assumption z/ q Jl. i .e. 

there exists some y E X such that Jl(Y) > I/(y) which in turn implies Jl ~ 1/ does not hold. 

Conversely, suppose x). is an adherence point of Jl in terms of definition 0.2.8 (b) and let 1/ 

be a Q-nbd of x).. 

By Theorem 0.2.7 we have that z/ is an R-nbd of x).' Hence by our assumption, Jl~ z/ 

does not hold. 

That is, there exists ayE X such that Jl(Y) > v (y) which clearly implies that Jl q 1/. 

From now on we will be using Definition 0.2.8(b). 

0.2.10 THEOREM 

A fuzzy point pEp, if and only if Jl is not an R-nbd of p. 

PROOF 

"=i" Suppose pEp, = inf {I/E 0' : I/~ Jl}. 

Hence, for all 1/ E 0' with Jl ~ 1/ we have that p E 1/, so that by definition 0.2 .3, Jl cannot be 

an R-nbd of p. 

"~" Suppose Jl is not an R-nbd of p. 
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Hence for all l/ E 0' with /-t ~ l/ we have that p E l/. In particular p E '{to 

0.2.11 COROLLARY 

'{t = V {p : p is an adherence point of /-t}. 

PROOF 

Follows at once from the fact that /-t is not an R-nbd of p if and only if for each R-nbd l/ of 

p we have that /-t j: l/ if and only if p is an adherence point of /-t, together with 

Theorem 0.2.10. 

Next we give different definitions of a Hausdorff (T 2) space and investigate the 
c'?,J 

implications that might exist amongst them. For further details we refer t9/ [8), [9),[16),[17] 

and [18]. 

0.2.12 DEFINITION 11m. 

Let (X,o) be a fts . Then (X,o) is T2 if for any two fuzzy points xa and y c with different 

supports, there exists R-nbds, l/x and l/y of xa and y c respectively, such that l/x V l/y = 1. 

0.2.13 DEFINITION ll1l 

Let (X,O) be a fts . Then (X,O) is T2 iffor any two fuzzy points xa and y c with different 

supports, there exists Q-nbds, l/x and l/y of xa and y c respectively, such that l/x" l/y = O. 

0.2.14 DEFINITION M 
Let (X,o) be a fts. Then (X,O) is T2 if for any two fuzzy points xa and y c with different 

supports, there exists l/ ,l/ E 0 such that x E l/ , y E l/ and l/ "l/ = O. xy axcy xy 
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0.2.15 DEFINITION ll.§l 

Let (X,o) be a fts. Then (X,o) is T2 iffor any two fuzzy points xa and y c with different 

supports there exists IIx' lIy E 0 such that IIx(x) = 1 = lIy(Y) and IIx(z) + lIy (z) $ 1 for all 

zE X. 

0.2.16 DEFINITION ill 
Let (X,O) be a fts. Then (X,O) is T 2 if for any two "crisp" points, x, y E X, x * y there 

exists IIx' lIy E 0 such that IIx(x) = 1 = lIy(Y) and IIx II lIy = O. 

In [8] and [9] a fts satisfying definitions 0.2.14, 0.2.13 and 0.2.15 are called fuzzy Hausdorff, 

q-fuzzy Hausdorff and fuzzy Hausdorff (M & B) respectively. 

We can now give 

0.2.17 THEOREM 

(i) Definition 0.2.12 is equivalent to Definition 0.2.13 

(ii) Definition 0.2.14 implies Definition 0.2.13 but not conversely. 

(iii) Definition 0.2.14 implies Definition 0.2.15 but not conversely. 

(iv) Definition 0.2.16 implies Definition 0.2.15 but not conversely. 

(v) Definition 0.2.16 is equivalent to Definition 0.2.14. 

(vi) No implications exists between Definition 0.2.13 and 0.2.15. 

(i) Follows at once from Theorem 0.2.7 

(ii) See [9] Theorem 5.5 (2) 

(iii) See [8] Theorem 3.5 (1) (a). 

(iv) Straightforward. 

(v) Straightforward. 

(vi) See [8] Theorem 3.5 (1) (b) together with Examples 3.4 and 3.6 (for 

coun ter-examples) . 
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0.2.18 THEOREM 
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(i) (X, r) is Hausdorff if and only if (X,w( r)) is Hausdorff with respect to definition 

0.2.14. 

(ii) If (X,O) is Hausdorff with respect to definitions 0.2.13 and 0.2.14 then (X,i(o)) is 

Hausdorff but not necessarily conversely. 

(iii) (X, r) is Hausdorff if and only if (X,w( r)) is Hausdorff with respect to 

definition 0.2.13 . 

(iv) (X, r) is Hausdorff if and only if (X,w( r)) is Hausdorff with respect to definition 

0.2.15. 

(v) If (X,O) is Hausdorff with respect to definition 0.2.15 then (X,i(o)) is Hausdorff but 

not necessarily conversely. 

PROOF 

(i) See [18] Theorem 3.2 

(ii) See [9] Theorem 4.4 and Theorem 5.3 

(iii) See [9] Theorem 5.2 

(iv) See [9] Theorem 3.1 

(v) See [8] Theorem 3.2 

As a consequence of Theorems 0.2.17 (iv) and 0.2.18 (v) we have the following. 

0.2.19 THEOREM 

If (X,O) is Hausdorff with respect to definition 0.2.16 then (X, i(u)) is Hausdorff but not 

necessarily conversely. 
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CHAPTER! 

FUZZY NET THEORY AND PREFILTER THEORY 

1.1 FUZZY NETS AND FUZZY SUBNETS 

Ll.1 DEFINITION ll1l 
Let D be a non-void set and ~ be an order relation. If for every m,n E D there exists p E D 

such that p ~ m and p ~ n then ~ is said to direct D and the pair (D,~) is called a directed 

set. 

A simple example of a directed set is (IN, ~), where IN is the set of natural numbers and ~ is 

the usual order on IR, the set of real numbers. 

1.1.2 DEFINITION ll1l 
Let (D ,~) be a directed set and X be any set. Let X* be the collection of all fuzzy points in 

X. Then a function S : D -i X* is called a fuzzy net in X. In other words, a fuzzy net is a 

pair (S ,~) such that S is a function from D into X* and ~ directs the domain of S. 

For nED, we will often denote S(n) by Sn' and hence a fuzzy net S is often denoted by 

{Sn : nED}. If no confusion is likely to arise, we will, in the sequel, write "net" instead of 

"fuzzy net" . 

I.1.3 DEFINITION .uru. 
Let (X,O) be a fts . For a fuzzy net S = {Sn : nED}, let An be the value of Sn' i.e. V(Sn) = 

An' Then we obtain a "crisp" net {An : nED} in the half open interval <O ,lJ. {An: nED} 

will be called the value net of S and denoted by V(S). If V(S) converges to a real number 

a E <0,1]' then we say S is an a-net. In particular, if An = a holds for all nED, then we 

say that S is a constant a-net. It is clear that any constant a-net is itself an a-net but 

not conversely. 
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I.1 .4 EXAMPLE 

Let D = IN, X = IR and for each nED, let 

Put S = {Sn : nED}. 

1 
if x = Ii 
otherwise 

Since V(Sn) converges to ~ (as n --i 00), we have that S is an ~-net. 

1.1.5 DEFINITION ll1l 
A fuzzy net T = {Tm : mE E} in X is called a fuzzy subnet of a fuzzy net S = {Sn : nED} 

if there is a function F : E --i D such that 

(1) T = S 0 F i.e. for each m E E, Tm = SF(m)· 

(2) For each nED, there exists mE E such that, if k E E and k ~ m then F(k) ~ n. 

It is clear from definition 1.1.5 that a fuzzy subnet of an a-net is itself an a-net. 

1.1.6 DEFINITION .[.:ill). 

Let S = {Sn : nED} be a fuzzy net in X and J.L E IX. Then we say S is in J.L if Sn E J.L, for 

each nED. 

If for each nED there exists mE D such that m ! n and Sm E J.L, we say S is frequently in 

J.L. We also say S is eventually in J.L if there exists NED such that Sn E J.L for each n ~ N. 

The statements that: S is outside, frequently outside, and eventually outside J.L, are defined 

analogously. 
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U .7 PROPOSITION [1] 

Let S = (Sn : nED} be a fuzzy net in X and IL E IX, then 

(i) S is frequently in IL if and only if S has a subnet in IL. 

(ii) S is frequently outside IL if and only if S is not eventually in IL. 

(iii) S in eventually outside IL if and only if S is not frequently in)t. 

The above Proposition will be used in the sequel often without further explanation. 

U.8 DEFINITION l.llil 

Let (X,D) be a fts. Then a fuzzy point e in X is called a limit of a fuzzy net 

S = {Sn : nED} in X (or S converges to e, in symbols S --I e) iffor each R-nbd, v, of e, 

we have eventually Sn ~ v, (i.e. there exists NED such that n ~ N implies Sn ~ v). It is 

easy to see that if S --I e and T is a subnet of S then 

T --I e also. 

U.9 DEFINITION l.llil 

Let (X,O) be a fts. Then the fuzzy point e in X is called a cluster point of a fuzzy net S = 

{Sn : nED} in X (or S clusters at e, in symbols S OJ e), if for each R-nbd, v, of e we have 

frequently Sn ~ v, (i.e. for each nED, there exists m E D such that m ~ nand Sm ~ v) . 

I.1.10 THEOREM 

In a fts (X,o) a fuzzy point e E Jt if and only if there is a fuzzy net in IL converging to e. 

PROOF 
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1.1.11 COROLLARY 

Let (X, 0) be a fts and jJ E IX. Then jJ is closed if and only if whenever 

S = {Sn : nED} is a fuzzy net in p. with S ---i e we have e E jJ. 

PROOF 

Follows at once from the fact that p. is closed if and only if p. = Jl, together with Theorem 

1.1.10. 

1.1.12 PROPOSITION 

In a fts (X,O), if a fuzzy net S converges to a fuzzy point x)., then for every a E < 0,).], 

S also converges to x a. 

PROOF 

Suppose S = {Sn : nED} is a fuzzy net in (X,o) such that S ---i x). and let a E <0,).]. 

For any R-nbd, v, ofxa there exists O"E 8' such that xa~ 0" and v~ 0". 

Since a ~ ). and xa ~ 0" we have that ). ~ a> cr(x). So that x). ~ 0". 

But v ~ 0". Therefore v is an R-nbd of x).. 

From S ---i x). , we have that Sn ¢ v eventually. 

Hence S ---i xa. 

The next Theorem is valid for a T2 fts using Definitions 0.2.12, 0.2.13, 0.2.14 and 0.2.16 . 

1.1.13 THEOREM 

A fts (X,D) is T2 if and only if no fuzzy net in (X,D) converges to two fuzzy points with 

different supports. 
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PROOF 

We give a proof for a space that is T2 in the sense of Definition 0.2.12. 

For sufficiency we suppose that S = {Sn : nED} is a fuzzy net converging to two fuzzy 

points xa ' y c with different supports. Then for any R-nbds vx and Vy of xa and y c 

respectively, we have that Sn t Vx and Sn t Vy eventually. Hence Sn t Vx V vyeventually, 

which clearly implies that v V v 'f 1. x y 

Therefore (X,6) is not T2. 

To prove the necessity part, we suppose there exist fuzzy points e and e , with different 
I 2 

supports such that for any R-nbds v, A of e and e respectively, v V A 'f 1. Therefore 
I I I 2 I I 

there exists x E X such that v (x) < 1 and A (x) < 1. Let v (x) V A (x) = a, so that a < 1. 
I I I I 

Choose f3 such that a < f3 < 1. Then f3 > v (x) and f3 > A (x). Hence Xf.l t v and Xf.l t A . 
I I 1"11"1 

We assume without loss of generality that v , A E 0' . Thus v, A are R-nbds of Xf.l. 
I I I I I" 

For each v , A denote xf.l by S( v , A ), and let 0 e and 0 e be the neighbourhood systems of 
I I I" I I I 2 

e and e respectively, which are directed by the inclusion of fuzzy sets. Consider the 
I 2 

product set (ll e x 0 e ' ~) where "~" is defined as: 
1 2 

(v x A ) ~ (v x A ) if and only if v ~ v and A ~ A . 
1122 2121 

It can easily be shown that (0 e x II e ' ~) is a directed set and hence 
I 2 

S = {S( v , A ) : (v , A ) E (0 x 0 , ~)} is a fuzzy net in X which clearly converges to both 
I I I lee 

I 2 

e and e . 
1 2 '3 

For the other definitions we refer to Theorem 0.2.17 (v) together with [Ml] Theorem 4.2.4. 

However, for a T2 fts given in Definition 1.1.15 we have 

I.1.14 THEOREM 

If no fuzzy net in (X,o) converges to two fuzzy points with different supports, then (X,6) is 

T2, but not conversely. 
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The next result will frequently be used in the sequel. 

1.1.15 THEOREM 

In a fts (X,6) a fuzzy point e is cluster point of a fuzzy net S if and only if S has a subnet T 

converging to e. 

PROOF 

See [17] Theorem 13.2. 

1.1.16 DEFINITION ll.B 

Suppose S = {Sn : nED} and T = {Tn: nED} are two fuzzy nets with the same domain 

D and for each nED, Sn and Tn are fuzzy points with the same support; then we say that 

Sand T are similar nets. Suppose S is an a-net converging to xa (a E <0,1]). If for each 

c E <0,1] the constant c-net similar to S converges to xc' then xa is called a transitive 

limit of S. 

>'let 
It is clear from definition 1.1.16 that any _t is similar to itself. 

We can now give 

1.1.17 PROPOSITION 

Let (X,6) be a fts. If for some a E <0,1] and some x E X, the fuzzy point x is a transitive 
c..",-,,-c. ... ~ "" t a 

limit of th~a-net S = {Sn : nED}, then the "crisp" point x is a limit of the "crisp" net 

{xn : nED} in (X,i(6)), where xn is the support of Sn (n ED). 

PROOF 

Let U be an open neighbourhood of x in (X, i(6)). Therefore by definition of i(6), there are 

I1j E 6' and cj E <0,1] (j E [k]) so that 

xE n U.!; u, 
jE [k] J 

where Uj = {t EX: I1j (t) < c}, j E [k] . 
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Therefore, 1/ . (x) <c., for each j E [k) i.e. Xc ~ I/J" j E [k). 
J J j 

This implies that 1/. is an R-nbd of x ,for each j E [k). 
J cj 

By the assumption of the theorem, the constant c.-net {xn : nED} (j E [kJ) converges to 
J cj 

x . 
c· 
J 

Hence there exists an Nj E D such that X~j ~ I/j' holds for each n ~ Nj (j E [kJ). That is, 

I/
j 

(xn) < cj or xn E Uj' for each n ~ Nj. Choose NED so that N ~ Nj for each j E [k) . 

Then xn E n u. ~ U, holds for each n ~ N. 
jE [k) J 

Hence x is a limit of the "crisp" net {xn : nED}. 

The next Proposition is valid for Definitions 0.2.12, 0.2.13, 0.2.14, 0.2.16. 

1.1.18 PROPOSITION 

Let (X,D) be a T2 fts and S a fuzzy net in X. If S --! xa and S CD yc' then x = y. 

PROOF 

Suppose S is a fuzzy net such that S --! x a and S CD Y c· 

By Theorem 1.1.15, S has a subnet T converging to y c' i.e . T --! Y c· 

Since S --! xa and T is a subnet of S, we have that T --! xa' 

By Theorem 1.1.13, the fact that (X,6) is T2 implies that x = y. 

The following concept will be used in the seq ue!. 

1.1.19 DEFINITION ill 
Let S = {Sn : nED} be a fuzzy net; then the characteristic, c(S), of S is defined by 

c(S) = in f sup V(Sm)' 
nED~n 

It is clear from definitions 1.1.19 and 1.1.3 that if S is an a-net, then c(S) = a. Also, if Sis 

any net, then there exists a subnet T of S such that T is a c(S)-net provided c(S) > O. 
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li PREFILTERS AND PRIME PREFILTERS 

1.2.1 DEFINITION l11l 
A prefilter on X is a non--empty subset 1 of IX such that 

(i) 0X~ 1 

(ii) . If /1» /12 E 1 then /11 /\ /12 E 1. 

(iii) If /11 E 1 and /1 E IX such that /11 ~ /1, then /1 E 1. 

1.2.2 DEFINITION l11l 
A prefilterbase on X is a non--empty subset B of IX such that 

0X~ B. (i) 

(ii) If fJ ,fJ E B then there exists fJ E B such that fJ ~ fJ /I fJ . 
1 2 1 2 

It is clear from the above definitions that any prefilter is a prefilterbase. 

Suppose B is a prefilterbase on X. 

Put <Ii> == {VE IX: fJ~ /1 for somefJE B}. 

We claim that <Ii> is a prefilter on X. In fact, if /1 , /1 ,E <Ii> then there exists fJ, fJ E B 
1 2 1 2 

such that fJ ~ v and fJ ~ /1 . 
1 1 2 2 

Thus, fJ /I fJ ~ /1 /I v . 
1 2 1 2 

Now since B is a prefilterbase, fJ ,fJ E B implies there exists fJ E B such that fJ ~ fJ /I fJ 
1 2 1 2 

Therefore fJ ~ /1 /I /1 , for some fJ E B. That is v /I v E <Ii>. 
1 2 1 2 

SinceB * 0 and B ~ <Ii>, we have that <Ii> * 0. Also, Ox ~ B implies Ox ~ <Ii>. 

Lastly, let /1 E <Ii>, /1 E IX such that /1 ~ /1, then there exists fJ E B such that fJ < /1 . 
1 1 - 1 

Clearly fJ ~ /1 and hence /1 E <Ii>. 

Therefore <Ii> is a prefilter on X. 
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It is therefore clear that given any prefilter base, B, we can construct a prefilter <13> called 

the prefilter generated by B. We say that B is a base for <13>. 

1.2.3 EXAMPLE 

Let p, E IX, P, f. O. Then it is clear that {p,} forms a prefilterbase on X, and that 

{lJ E IX : 1/ ~ p,} is the prefilter generated by {p,}. 

As a special case, we take p, = alx ' a fuzzy point in X, then {I/ E IX: a\ E I/} is the 

prefilter generated by {p,}. 

1.2.4 DEFINITION uru. 
Let B be a prefilterbase. The characteristic ofB is c(B) = inf sup 1/. 

z-fB 

It is clear that if B is a prefilterbase, then c(B) = c( <13», once we note that 

inf supA=inf sup 1/. 

AE <13> z-fB 

It is also easy to see that if B is a base for the prefilter '1, then c('J) = c(B). 

It is sometimes useful to extend this concept slightly: 

If p, E IX and B is a prefilterbase then 

B = {p, A 1/ : 1/ E B} mayor may not be a prefilterbase. 
1 

(e.g. if p, = Ox then for each I/E B, p,A 1/ = Ox and hence Ox E B
1
, so that B is not a 

prefilterbase) . 

We define c(B,p,) to be c(B ) ifB is a prefilterbase and zero otherwise. 
1 1 

In all cases c(B,p,) = Inf sup p,A 1/: 

L-EB 

If P, A 1/ = ° for some 1/ E B, then c(B, p,) = O. On the other hand, if p, A 1/ f. a for every 

1/ E B then the collection B = {p, A 1/. 1/ E B} is a prefilter base. We write (B,p,) for the 
1 

prefilter it generates. 
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Hence c(B ,f.L) is the characteristic of the prefilter generated by B , if it exists. 
1 

It is easy to see that ifB is a base for a prefilter 1, then for any f.LE IX, c(1, f.L) = c(B,f.L), 

whether or not the prefilter (B,f.L) exists, and ifit does exist we have (1, f.L) = (B, f.L). 

1.2.5 DEFINITION uru. 
Let 1 be a prefilter on X such that c(1) = a. Then 1 is called an a-prefilter. 

1.2.6 DEFINITION u.ru. 
Let (X,t5) be a fts and B a prefilterbase on X. Then the adherence of B is defined as 

AdhB = inf ii. 
I-€B 

It is clear that if B is a prefilterbase, then we have 

AdhB = Adh <8>. 

1.2.7 DEFINITION u.ru. 
Let (X,t5) be a fts and B a prefilter base. Then a fuzzy point alx is called an adherence point 

ofB, if a1x E Adh B, i.e. a1x E ii, for all v E B. 

The next result is a useful identity for prefilters. 

1.2.8 PROPOSITION [1] 

Let f.L ,f.L E IX and let 1 be a prefilter on X. 
1 2 

Then c(1, f.L1 V f.L2) = max {c(1,f.L), c(1,f.L)}. 

PROOF 

For any VE 1, we have f.L II v~ (f.L V f.L) II v and hence sup (f.LllI v) < sup ((f.L V f.L) II v), 
1 1 2 - 1 2 

so that we have c(1,f.L) = inf sup (f.L II v) ~ inf sup ((f.L V f.L ) II v) 
1 1-€1 1 1-€1 1 2 

= c(1, f.L V f.L ) 
1 2 
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Similarly c(J, JL ) ~ (J, JLl V JL ) 
2 2 

Then max {C(J, JL ), C(J, JL )} ~ C(J, JL V JL ) 
1 2 1 2 

On the otherhand, let IJ , IJ E J, 
1 2 

Therefore, sup (JL A IJ) V sup (JL A IJ ) 
1 1 2 2 

~ sup (JL A (IJ A IJ )) V sup (JL A (v A IJ )) 
1 1 2' 2 1 2 

= sup [(JL A (IJ A IJ )) V (JL A (v A v))] 
1 1 2 2 1 2 

= sup [(JL V JL ) A (IJ A IJ )] ~ c (J, JL V JL ) 
1 2 1 2 1 2 

and hence inf (sup (JL A IJ ) V sup (JL A IJ )) ~ c(J, JL V JL ) 
vvEJ 11 22 12 

l' 2 

But inf (sup (JL A IJ) V sup (JL A IJ )) 
V v EJ 1 1 2 2 
l' 2 

= inf sup (JL A IJ) V inf sup (JL A v ) 
v EJ 1 1 IJ E J 2 2 

1 2 

= c(J, JL ) V c(J, JL ) 
1 2 

= max {c(J, JL ), c(J,JL )} 
1 2 

so that, max {c(J,JL), c(J,JL )} ~ c(J,JL V JL) 
1 2 1 2 

Suppose f: X ----; Y, J is a prefilter on Y and JL E IX, 

Then c(J, ['(JL)) = inf sup (((JL) (y) A v(y)) = inf sup ((JL) (f(x)) A lJ(f(x)) 
u=J yEY u=J xEX 

= inf sup n['(JL) (x) At (1J)(x) = inf sup Ji.(t) A nlJ)(t) = inf sup JLA nlJ), 
u=J xEX u=J tEX u=J 

Remark 

Let B = {nv) : v E J}. 

If c(J, ((JL)) > 0, thenB is a prefilterbase on X such that c(J, ((JL)) = c(B,JL), 

For the case when c(F,t (JL)) = 0, the result holds, trivially, 
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I.2.9 PROPOSITION 

Let (X,6) be a fts, J be a prefilter consisting of closed fuzzy sets and fJ, E IX Then 

sup (fJ,A AdhJ)~ c(J,fJ,). 

PROOF 

Let B be a base for J' consisting of closed fuzzy sets . 

Then sup fJ, A Adh J = sup fJ, A Adh B = sup inf fJ, A v = sup inf fJ, A 1/. 

vEB vEB 

But for any x E X, i nf (fJ, A 1/) (x) ~ i nf sup fJ, A 1/. 

vEB vEB 

= c (B,fJ,) = c(J, fJ,). 

Hence sup i nf p, A 1/ ~ c(J ,fJ,). 
vEB 

So that, sup (fJ,A AdhJ) ~ c(J,p,). 

I.2.10 DEFINITION .u.ru. 
Let J be a prefilter on X. Then J is called a prime prefilter , if whenever 1/ , 1/ E IX and 

1 2 

1/ V 1/ E J , we have either 1/ E J or 1/ E J. 
1 2 1 2 

It is clear that ifJ is a prime prefilter and 

1/ V 1/ V .... V 1/ E J, where 1/. E IX for each i E [n], then 
1 2 n 1 

1/i E F for some i E [n] . 

I.2.11 LEMMA [1,13] 

Let J be a prefilter. Then there exists a prime prefilter 9 such that J ~ 9 and c(J) = c(9). 
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We assume c(l) > O. 

The collection B = {u <£,1] : v E 1, 0 < £ < c(1)} is a filterbase. Let V be a ultra-filter 

finer than B. 

ThenB = {VA 1A : VE 1, A E V} is a prefilterbase. 

Let 9 = <8>. 

Clearly 1 ~ 9 and hence c(l) ~ c(9) . 

On the other hand, let 0 < £ < c(l). 

For any vE 1, A E V we have A n U <£,1] * 0, and hence sup vA 1A > £. 

It follows that , c(9) = c(B) = in f sup v A 1 A ~ £. 

AEV 
vE1 

Since this holds for any £ such that 0 < £ < c(l), we have that c(9) ~ c(l). 

Therefore c(9) = c(l) 

It remains to prove that 9 is prime. 

Let v V v E g. Then there exists v E 1, A E V such that v A 1A ~ v V v . 
1 2 1 2 

Let A = {x EX : (v A 1A) (x) ~ v (x)} and A = {x EX: (v A 1A) (x) ~ v (x)}. 
1 1 2 2 

Then A U A = X, so either A E V or A E V . Suppose A E Vj then vA lAnA E Band 
1 2 1 2 1 1 

V A IAn A ~ v, so that v E g. Similarly A E V leads to v E g. 
1 1 2 2 

1 

Hence 9 is prime. 

If c(l) = 0 the proof is similar but one considers instead the filterbase 

B = {u <0,1] : vE 1}. 

Let {X. : j E J} be a family of non-void set and X =II X " 
J jEJ J 

Let 1 be a prefilter on X and 

II j : X --< Xj (j E J) be the projection maps. 
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Since for each /I E 1, /1* 0, we have that IIj (/I) * 0, for each j E J. 

Let /I , /I E 1 . 
1 2 

Then II .... (/I /\ /I ) ~ II: (/I ) /\ II: (/I ) and hence the collection {II: (/I) : /I E 1} is a 
J12 JI J2 J 

prefilterbase on Xj (j E J). 

We denote the prefilter generated by {IIj (/I) : /I E 1} on Xj (j E J) by 1 j ' 

We can now give 

1.2.1 2 THEOREM [1,13) 

For each j E J, let J.!. E I J and let J.! = J.! .. x . a 
J jE J 

If1 is a prefilter on X, then Inf c(1., J.!.) ~ c(1,J.!) . 
jEJ J J 

PROOF 

Suppose 1 is a prefilter on X, and let t E Xj' 

ThenIIj (J.!)(t) = sup {J.!(f) : f(j) = t} 

~ sup {J.!/f(j)) : f(j) = t} = J.!P)· 

Now, for any /I E 1 , we have J.!/\ /I~ J.! and J.!/\ /I~ /I. 

By Proposition 0.1.19 (d) we haveIIj (J.!/\ /I) ~ IIj (J.!) andIIj (J.!/\ /I) ~ IIj (/I ) for each jE J. 

Therefore IIj (J.! /\ /I) ~ IIj (J.!) /\ IIj (/I), for each j E J. 

But IIj (J.!) (t) ~ J.!P)' for all j E J , t E Xj implies that IIj (J.!) ~ J.!j' for all j E J . 

Thus, IIj (J.! /\ /I) ~ IIj (J.!) /\ IIj (/I) ~ J.!j /\ IIj (/I), for all j E J . 

Using Proposition 0.1.19 (c) we obtain 

c(J ,J.!) = inf sup (J.!/\ /I) (f) = inf sup II: (J.!/\ /I) (t). 
~1 fEX ~J tEXj J 

~ inf sup (J.! ' /\ II .... (/I)) (t) = inf sup J.! ' /\ II: (/I) = c(1., J.! .). Since this is true for each j E 
~1 tEX. J J ~1 J J J J 

J 
J , we conclude that inf c(1., J.! .) ~ c(1,J.!). 

jEJ J J 
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1.2.13 THEOREM [1,13) 

LetJ be a prime prefilter on X. Then (i) Adh 1" II Adh l j, and 
jEJ 

(ii) for each j E J, 1 j is prime. 

PROOF 

(i) We first note thatII Adh 1. = inf II'": (Adh 1.). 
jEJ J jE J J J 

For each j E J and 1/ E 1 we have: 

II'": (Adh 1.) = II'": (inU:(I/)) = inf II'": (11:(1/)) 
J J J vEl J vEl J J 

~ inf II'": (1I:(v)), where the last inequality is true since the continuity of II . 
lACl J J . J 

implies IIj(v) S IIj(I/). 

It then follows that II'": (Adh 1.) > inf v = Adh 1. 
J J - lACl 

Taking the infimum over all j E J we get II Adh 1. ~ Adh 1 t 
jEJ J 

On the other hand, let 1/ Eland let A be a basic closed fuzzy set with 1/ < A. 
o 0 -

Then A has the form A = max II'": (A.), where A. is closed in X. (i E [nl). 
IS iSn Ji Ji Ji Ji 

Since 1 is prime and A E 1, we have II'": (A.) E 1 for some k E [n). 
Jk Jk 

Hence>.. = II: (II'": (A. )) E 1k and we have inf II'": (Adh 1.) S II'": (Adh 1. ) S II.+- (,X. ) 
Jk Jk Jk Jk jEJ J J Jk Jk Jk Jk 

= II'": (A. ) < A. 
Jk Jk -

This holds for all basic closed fuzzy sets A such that 1/ < A. 
0-

So we have inf II'": (Adh 1.) S v . 
jEJ J J 0 

Since 1/ E 1 was chosen arbitrarily, we haveII (Adh 1.) = inf II'": (Adh 1.) S Adh 1. 
o jE J J jE J J J 
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The proof of (i) is complete. 

X. 
(ii) Suppose A, A E I J, A V A E 1 .. We can choose VE 1 such that IT: (v) ~ A V A . 

12 12J J 12 
Therefore II'": (A ) V IT'": (A ) = II'": (A V A ) ~ II'": (II: (v)) ~ v and hence 

Jl J2 J12 JJ 
II'":(A ) V II':(A ) E 1. 

J 1 J 2 

Since 1 is prime, either IT'": (A ) E 1 or IT'": (A ) E 1. 
J 1 J 2 

Hence either A = II: (II'": (A )) E 1. or A = IT: (II': (A )) E 1 .. 
1 JJI J 2 JJ2 J 

Therefore 1 j is prime. 

1.3 THE RELATIONSHIP BETWEEN THE PREFILTER AND THE FUZZY NET 
THEORIES. --

It; 

In [13J Lowen introduced the theory of convergence using prefilters, he then proved in [~J 

that his theory and the one using fuzzy nets [17J are equivalent in the sense that one 
, ;; 

completely determines the other. For further details we refer to [13], [16], and [17J. 

In Section 1.1 and Section 1.2 we gave the definitions of a fuzzy net and a prefilter on X, 

respectively, and discussed some of their properties . 

The purpose of this section is to see how the two theories are related. We will show how a 

prefilter can be constructed from a given fuzzy net and vice versa ([15]). 

We proceed as follows: 

Given a fuzzy net S = {S : nE D} in X let vN = sup S (NE D) andB = {vN : NE D}. 
n ~N n 

Then clearly B * 0 and Ox ~ B. 

Now, let vN ,vN E B. 
1 2 

Since (D, ~) is a directed set, N ,N E D implies that there is an NED with N ~ Nand N 
1 2 1 

>N. 
- 2 



Therefore, liN A liN 
1 2 

= sup 8 A sup 8 
n>N n m>N m 

- 1 - 2 
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~ SUp 8 A s up 8m = liN' 
~N n ~N 

8ince liN E B we have that B is a prefilter base. 

Let P(8) = {ll E IX : 0' ~ II for some 0' E B} i.e. P(8) = <B> .. 

Then P(8) is a prefilter, called the prefilter associated with the fuzzy net 8. 

On the other hand, starting with a prefilter 1 on X, let D = {(x,l» : I> E 1 and I>(x) > O} 

and define an order relation ">" on D as follows: If (x, 1», (x , I> ) E D, then 
- 1 1 2 2 

(x ,I» ~ (x , I> ) if and only if I> ~ I> . 
1 1 2 2 1 2 

It can easily be verified that "~" is a partial order on D. 

We claim that (D,» is a directed set. In fact, if (x, I> ), (x , I> ) E D, let I> = I> A I> and 
- 1122 312 

choose x such that I> (x ) > O. Then the fact that (x , I> ), (x , I> ) E D implies that I> ,J1. E 
3 33 1122 12 

1, I> = J1. A J1. E 1 . From I> (x ) > 0 we therefore have that (x 1» E D. It is obvious from 
3 1 2 33 33 

the defirrition of J1. that we have /1 < /1 and J1. ~ J1. . 
3 3- 2 3 1 

Therefore (x , J1. ) ~ (x, J1. ) and (x ,/1 ) ~ (x , J1. ). 
3311 3322 

Let N('J) : D -; X* be given by 

N('J) (x,/1) = J1.(x) 1x' 

Then N('J) = {J1.(x)lx : (x,/1) E D} is a fuzzy net in X, called the fuzzy net associated with 

the prefilter 1 . 

1.3.1 PROPOSITION 

Let X be a non-void set, 1 be a prefilter on X and 8 a fuzzy net in X. Then P(N('J)) = 1 . 
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PROOF 

By definition, P(N(l)) is the prefilter generated by the prefilterbase 

B = {v(x,tL) : (x,tL) E D} where for each (x,tL) E D, v(x,tL) = sup {tL (x )1x : (x ,tL ) ~ (x,tL)} 
I I I I I 

= sup { tL (x ) 1 : tL ~ tL and tL (x ) > O} 
I I \ I I I 

= sup { tL (x ) 1 : tL ~ tL and x E { <0,1)} 
I I xl I I I 

= sup sup tL (x ) 1 = sup tL = tL . 
tL StL XE{ <0,1] I I XI tL EJ I 
tLIE'J I I 1 

1 tL StL 

Hence, P(N(l)) 

1 

= {vE IX: O"S v for some O"E B} 

= {v E IX: tL S dor some tL E 'J} 

= 'J. 

The next theorem shows that the adherence points of the prefilter associated with a given 

fuzzy net are precisely the cluster points of that net and vice versa. 

1.3.2 THEOREM 

Let (X,8) be a fts, 'J a prefilter on X and S a fuzzy net in X. Then 

(i) alx E Adh P(S) if and only if S ID a1x 

(ii) a1x E Adh'J if and only if N(l) ID a1x ' 

(i) 

"=}" suppose a1 E Adh P(S) and 0" is an R-nbd of a1 . x x 

Then by definition 0.2.3 there exists tL E 8' such that a1x ~ tL and tL S 0". 

Hence tL = P, and a1x ~ p,. 
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From al E Adh P(S) we get /1 ~ P(S). Hence, for each NED, /11 liN = sup S ,i.e. for 
x ~N n 

each NED there is n ~ N such that Sn ~ /1. Hence, for each NED there is n ~ N such that 

Sn ~ (J'. Which implies that S ~ (J', frequently. 

Since (J' was chosen arbitrarily we have that S"' alx ' 

"¢=" Suppose S"' alx and let II E P(S). 

Then there exists some NED such that II ~ liN' 

By definition of liN we have that Sn E liN for each n ~ N. 

Thus Sn E II for each n ~ N, i.e. S is eventually in II. 

Suppose alx ~ ii. 

Then the fact that v is closed would imply that v is an R-nbd of al . 
x 

Since al is a cluster point of S, we have that S ~ v frequently. 
x 

By Proposition 1.1.7 (ii) S is not eventually in ii which clearly contradicts the fact that S is 

eventually in II. Therefore alx E ii. 

Since this is true for each II E P(S) we have that alx E Adh P (S). 

(ii) alx E Adh 1 if and only if alx E Adh P(N(1)) (by Proposition 1.3.1) if and only if 

N(!)", alx (by (i) above). 

We also have a simple 

1.3 .3 THEOREM 

Let (X,6) be a fts, 1 a prefilter on X and S = {Sn : nED} a fuzzy net in X. Then 

(i) c(P(S)) = c(S) 

(ii) c(N(1)) = c(1). 
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PROOF 

(i) It is clear from Section I.l that c(B) = c( <.8» = c(P(S)) where B = {liN : NED} 

and for each NED, liN = sup S . 
n~N n 

Therefore we only need to show that c(B) = c(S). 

Now, c(B) = inf sup lI= inf sup liN = inf sup (sup S ) = inf sup V(Sn) = c(S) . 
vEB NED NED ~N n NED ~N 

The proof of (i) is complete. 

The proof of (ii) is similar and hence omitted. 

In Section 0.2 we gave several definitions of a T2 its, and discussed the relationships 

between them (Theorem 0.2.17) . In Section 1.1 we showed that for definitions 0.2.12, 

0.2.13,0.2.14, and 0.2.16, the T2 property is equivalent to the statement; "No fuzzy net 

converges to two fuzzy points with different supports" (Theorem I. 1. 13). 

In [13J Lowen gave a definition of a limit of a prefilter as follows : 

I.3.4 DEFINITION [13J 

Let 1 be a prefilter and P m(1) be the set of all minimal prime prefilters finer than 1, then 

we define the limit of1 by lim1(x) = infAdhB. 
BEPm(:t) 

Lowen proposed a concept of a T2 space which amounts to: 

1.3.5 DEFINITION M 
A fts (X,D) is T2 if and only if each prime prefilter has an adherence that is non-zero in at 

most one point. 
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The following result is true for definition 0.2.12, 0.2.13, 0.2.14, 0.2.15 and 0.2.16. 

1.3.6 THEOREM 

Let (X,D) be fts. !ffor every prime prefilterr on X, the adherence ofr is non-zero in at 

most one point then (X,b') is T 2' 

(Thus T2 in the sense of Lowen implies T2 in the sense of Definitions 0.2.12, 0.2.13, 0.2.14, 

0.2 .15, 0.2.16). 

Suppose the hypothesis of the theorem is true and let S be a fuzzy net in X such that S -i 

* x and S -i Y for some x ,y EX . a cae 

We only need to show that x = y. The result then follows from Theorems 0.2.13 and 0.2.14. 

From S -i x a ' we have by [15] Theorem 4.10 is that Xu E lim peS). 

Similarly y c E lim peS). 

By Definition 1.3.4 we have lim peS) = in f Adh g. 
gEP (P(S)) 

~ m 
Hence xa ' YcE Adhg, for eachg E ~ (P(S)) . 

By the hypothesis of the Theorem, x = y. 

, J 
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CHAPTER II 

a AND a*COMP ACTNESS 

INTRODUCTION 

In this chapter we introduce two types of fuzzy compactness, namely, fr-{;ompactness and 

a* -compactness (a E I). In Section 1 we discuss their properties and show that 

fr-{;ompactness is a good extension, while a*-campactness is not. In the last section we 

obtain a Tychonaff Product Theorem for fr-{;ompactness and show by means of an example 

that far a*-compactness, this is not true in general. 

* 11.1 Q AND Q -COMPACTNESS. 

II.Ll DEFINITION ill. 

Let (X,6) be a fts and a E 1. The collection li ~ 6 will be called an a-shading (resp. 

a*-£hading) of X if, for each x E X there exists Ji, Eli with Jj,{x) > a (resp. Ji,(x) ~ a). 

A subcallection 1 of an a-shading (resp. a*-£hading) li of X that is also an a-shading 

(resp. a*-£hading) is called an a-subshading (resp. a*-£ubshading) of li. 

II.1.2 DEFINITION ill. 

(a) Let (X, 0) be a fts and a E [0,1> . Then (X,o) is said to be fr-{;ompact if each 

a-shading of X has a finite a-subshading. 

(a*) Let (X, 0) be a fts and a E <0,1]. Then (X, 0) is said to be a*-compact if each 

a*-£hading of X has a finite a*-£ubshading. 
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It is clear from the above definitions that 

(i) If X is finite then every fts (X, OJ is both a and a*--compact . 

. (ii) If 6 is finite then every fts (X, 6) is both a and a*--compact. 

However, [3] Example 2.2 shows that in general no implications exists among these various 

notions of compactness. 

II.1.3 DEFINITION ill. 
Let a E I , and II ( IX. Then II is called a--centered, iffor all J.l , ..... , J.l Ell, there exists 

- 1 n 

x E X such that ~(x) ~ ex' , for all k E [n] . 

Also, II is called a*--centered, if for all J.l , .. .. . , J.l Ell, there exists x E X such that 
1 n 

~(x) > ex' , for all k E [n]. 

II.1.4 THEOREM 

Let (X, 6) be a ft s. 

(a) (X, 6) is a--compact if and only if for every a--centered system 1 of closed fuzzy sets in 

X, there exists x E X such that v(x) ~ ex' , for all v E 1 . 

(a*) (X, 6) is a*--compact if and only if, for every a*--centred system 1 of closed fuzzy sets 

in X, there exists x E X such that v(x) > a' for all v E 1. 

PROOF (a) 

=l: Suppose J is an a--centered system of closed fuzzy sets in X such that , for each x E X 

there is v E J with v(x) < ex' . We will show that (X, OJ is not a--compact . 

Let II = {v:v E J}, so that II ~ 6. 

We claim that II is an a-tihading of X with no finite a-tiubshading. In fact, if 

vj , .. ... , v~ E 11, then the fact that J is a--centered implies that there is an x E X such that 

vk(x) ~ ex' , for all k E [n]; i.e. vk(x) ~ a, for all k E [n] . It is evident from the definition ofJ 

that 11 is an a-tihading of X. 
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Therefore (X, OJ is not fr-Compact. 

i= Suppose 11 is an a-shading of X with no finite a-subshading. 

Then J = {It' : It E 11} is a collection of closed fuzzy sets in X. 

We claim that J is fr-Centered. In fact, if It' , ..... , It' E J then {It , ..... , It } ~ 11 is not an 
1 n 1 n 

a-shading of X. That is, there exists an x E X such that t1:(x) ~ a for all k E [n]. Hence 

J1-k(x) ~ a' , for all k E [n]. 

But the fact that 11 is an a-shading of X implies that, for each x E X there is It E 11 with 

It(x) > a. 

Hence It' E J and It' (x) < a' . 

The proof of (a) is complete. 

The proof of (a*) is similar and is hence omitted. 

As a consequence of Theorem 11.1.4 we give 

IL1.5 COROLLARY 

Let (X, 8) be a fts. 

(cr) (X, OJ is a-compact if and only if for every a-centered system J of fuzzy sets in X, 

there is an x E X such that >:(x) ~ a' holds for all A E J. 

(a*) (X, 8) is a*-compact if and only iffor every a*-centered system J offuzzy sets in X, 

there is an x E X such that >:(x) > a' holds for all >. E J. 

Next we show that a and a*-compactness are inherited by closed "crisp" subsets. We 

would like to point out here that the fact that this is only true for "crisp" subsets makes 

these notions very restrictive. Nonetheless we give 

II.lo6 THEOREM 

Let (X, 8) be an fts and F ~ X closed. 

(cr) If (X, 8) is fr-Compact, then F is a-compact as a subspace of (X, 8). 

(a*) If (X, 0) is a*-compact, then F is a*-compact as a subspace of (X, 8). 
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PROOF (a) 

Suppose (X,D) is ~ompact and F ~ X. 

Then by definition 0.1.6, (F,bF) is a subspace of (X,b), where bF = {J.L A IF : J.L E b}. 

We will show that (F,bF) is ~ompact. 

Letl' ~ bF be an a-shading of F. 

We claim that B = {J.L V IF' : J.L E 1I} is an a-llhading of X. 

In fact, if x E X then either (i) x E For (ii) x E F' . 

(i) Case ~E F 

Then the fact that 1I is an Cl'--shading of F implies that there exists /1 Ell with /1(x) > a. 

Therefore J.L V IF' E Band (/1 V IF') (x) = /1(x) V IF' (x) = /1(x) V 0 = /1(x) > a. 

(ii) Case ~ E F' 

Then IF' (x) = 1, so that for each J.L Ell, (J.L V IF' )(x) = /1(x) V IF' (x) = J.L(x) V 1 = 1 > a, 

and clearly J.L V IF' E B. 

Therefore B is an a-shading of X. 

By ~ompactness of X we have that B has a finite a-subshading 

{J.L
t 

V IF" .... , J.Ln V IF' : I1c Ell, k E [nl}. 

We claim that {/1 , .. .. , /1 : u, Ell, k E [nl} is an a-llubshading ofll. In fact, ifxE F then 
In' j{ 

x E X, and hence there exists k E [nl such that (11c V IF' ) (x) > a . 

i.e. a < l1c(x) V IF' (x) = l1c(x) V 0 = I1c (x). 

Therefore {/1 , ... , /1 : u, E 1I} is a finite a-subshading oW. 
I n 'j{ 

Hence (F, bF) is compact. 

The proof of (a)* is similar and is hence omitted. 

Next we show that in a T2 space (Definition 8.2.12, 8.2.13, 0.2.14, 8.2.15, 0.2.16), 

Cl'--Cornpact and a*-<:ompact subsets are closed. 



II.1.7 THEOREM 

Let S be a crisp subspace of a T2 fts (X, 6). 

(a) If Sis O!-Compact, then S is closed in X. 
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( a*) If S is a* -com pact, then S is closed in X. 

PROOF (a). 

Suppose S is O!-Compact. Let XES' . 

We will show that there exists j), E 0 such that j],(x) = 1 and j), ~ l S" 

(In 'ReV! sf Tkeerem Q.2.17 we enJ.y need to GGR-Si4er a T2 SflQoo-gi-ven-b-y-tleJffii.t4Bn-0-"2 . .J6) 

For each yES there exists j),X, VX E 0 such that 
y y 

J.!x(x) = vX(y) = 1 and J.!x A VX = O. 
Y Y Y Y 

Hence Ax = {v~ A lS : yES} is an O!-Shading of S. 

By O!-Compactness of S, Ax has a finite O!-Subshading {~A l S' .... , ~ A lS}' 
1 n 

=0 

So that j),x A (v x V .... V ? ) = O. 
Yl Yn 

For each Z E S, there exists a Yk E S with ~k (z) > a ~ 0, for some k E [nl. 

Then j),x( z) = 0 and hence J.!x ~ 1 S' . 

Therefore l S' = sup {j),x : XES' } which implies that l S' E O. 

Hence S is closed in X. 

The proof of (a*) is similar and is hence omitted. 
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Next we show that a and a*--compactness are invariant under continuous mappings. 

11.1.8 THEOREM 

Let (X, 6) and (Y,u) be fts, and f : (X,b') ----< (Y, u) be a continuous mapping. 

(a) If (X, 6) is a--compact, then ['(X) is a--compact as a subspace of (Y, u). 

(a*) If (X, 6) is a*--compact, then ['(X) is a*--compact as a subspace of (Y, u). 

PROOF (a) 

Suppose X is a--compact. 

We assume, without loss of generality that f is a surjection. 

Let lJ ~ u be an a-shading of Y. 

We show that t'(lJ) = {t'(jt): jt E lJ} is an a-shading of X. 

Let x E X, then f(x) E Y, so that there exists jt E lJ such that jt(f(x)) > a. i.e. t'(jt)(x) > a. 

Since f is continuous, we have that t'(lJ) ~ 6 and hence t'(lJ) is an a-shading of X. 

By a--compactness of X we have that t'(lJ) has a finite a-subshading 

{f +-(jt ), .... , t'(jt )}. 
I n 

We claim that {jt , ... , jt } is an a-subshading of 11. In fact, if y E Y then thefact that f is 
I n 

onto implies that there exists an x E X such that f(x) = y. 

Hence there exists some k E [n] such that t'(~) (x) > a. 

That is, ~(y) = ~(f(x)) = t'(~) (x) > a. 

Therefore Y is a--compact. 

The proof of (a*) is similar and is hence omitted. 
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Lastly, we show that a--<:ompactness is a "good extension" in the following sense: 

II.1.9 THEOREM 

Let (X, 1) be a topological space, a E [0,1> and K ~ X. Then the following statements are 

equivalent. 

(a) K is compact in (X, r). 

(b) K is a--<:ompact as a subset of (X, w (1)) 

(c) K is a--<:ompact as a subset of (X, J£ (1)). 

Before we prove Theorem 11.1.9 we first need a simple 

II.LlO LEMMA 

Let 0 and 0 be two fuzzy topologies on X such that 0 ~ 0 . 
1 2 2 1 

Then if K ~ X is a--<:ompact (resp. a*--compact) as a subspace of (X, 0) then it is 

a--<:ompact (resp a*--compact) as a subspace of (X,D ). 
2 

PROOF of Theorem II.1.9 

(a) =l (b) : Suppose K is compact in (X, 1) and let II ~ w (1) A = {/LA: /L E w (1)} be an 

a-shading of K. 

Therefore for each x E K there exists /LE II such that /L(x) > a. i.e. x E r <a,l]. 

This together with the fact that /L E {vA: v E w (1)} implies r <a, 1] E 1, so that 

{r < a, 1] : /L Ell} is an open coverfor K. 

By compactness of K, there exists {tlj <a,l] : ILj E 11, i E [nn covering K. It is clear that 

{/L , .... , /L } is an a---shading of K. 
1 n 

Therefore K is a--<:ompact as a subspace of (X, w (1)) . 

(b) =l (c) : Follows from the fact that J£ (1) ~ w (1) together with Lemma II.LlO . 

(c) =l (a) : Suppose K is a--<:ompact as a subspace of (X, J£ (1)) and let M ~ 1 be a cover 

for K. 
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Therefore, for each x E K, there exists U E M such that x E U. 

This implies lUnK (x) = 1 > a. 

Hence {lunK : U E M} = {lU A lK : U E M} is an CHlhading for K. 

By fr-Compactness we have {lU ' .... , lU } CHlhading K. It is clear that {U
1
'···· Un} 

1 n 

is an open cover for K. 

Therefore K is compact in (X, 1). 

a* -<:ompactness is not a good extension as seen in the next 

II. 1. 11 EXAMPLE W. 
If X is infinite and r is the finite complement topology on X, then (X, w (1)) is not 

a*-<:ompact for any a E <0,1]; indeed if a is <0,1], choose a family {An: n E IN} of subsets 

of X such that for each n E IN, An has a countable complement and such that {An: n E IN} 

covers X, but no finite subfamily does. 

For each n E IN put A' = {xn, xn, .... } and define a fuzzy set v by v (x) = a, for all n 1 2 n n 

xE An and vn (xj) = a-1' j = 1, 2, ..... 

Now, let n E IN. If f3 < a then there exists jo E IN such that a-1 > a' ~ a-1o' for all 

j> j , and hence v"" [O,P] = {xn, ... , x~ } 
o n 1 J o 

On the other hand if f3 ~ a then V;; [O,,B] = X. 

The fact that r is the finite complement topology on X implies that v E w( r). Since this is 
n 

true for each n E IN we have that for all n E IN, vn E w( r). 

Let x E X. Then the fact that {An: n E IN} is a cover for X implies that there exists an 

n E IN such that x E An' and thus vn(x) = a. 

This shows that {vn : n E IN} is an a*-shading of X in w(r). But for any K E 2(1N), 

let 1I = {vk : k E K}. 

We claim that 1I is not an a*-shading of X. In fact if y E X \ LJ Ak then for all k E K 

there exists jk E IN such that y = xk and hence vk(y) = a - E < a. 
Jk Jk 
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Therefore (X, w( r)) is not a*-compact. 

On the other hand we have that (X,1) is compact. 

II.2 THE TYCHONOFF THEOREM 

We first show that for a-compactness, we have an extension of the Alexander Subbase 

lemma in general topology and show by means of an example that this is not true in 

general for a*-compactness. 

We will need 

II.2.1 DEFINITION ill 
Let (X, 6) be a fts. The collection 11 ~ 6 is said to have the a-finite union property (a-FUP 

in short) if, for any finite sub-collection {t\, ... , Jtn} ~ 11, there exists an x E X such that 

Jt1 (x) V ....... V Jtn(x) ~ a. 

The next Lemma will be used in the sequel. 

II.2.2 LEMMA 

Let (X, 6) be a fts and a E [0,1>. Then X is a-compact if and only if no 11 ~ 6 having the 

a-FUP is an a-shading of X. 

PROOF 

"==},, Suppose X is a-compact and let 11 ~ 6 have the a-FUP. 

Suppose 11 is an a-shading of X. Then by a-compactness of X there exists {Jt
l
' .... , Jtn} ~ 11 

such that, for each x E X we have I'x(x) > a, for some k E [n]. 

But then Jt (x) V ..... V Jt (x) > a. Contradicting our assumption that 11 has the a-FuP. 
I n 

"F" Suppose no II ~ 6 having the a-FUP is an a-shading of X, and let 11 ~ 6 be an 

a-shading of X. By hypothesis of the theorem, II does not have the a-FUP. 

Suppose 11 has no finite a-subshading. Then for every {Jt
l
, ... , Jtn} ~ II there exists ayE X 

with I'x(y) ~ a, for all k E [n]. 
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Then we have that f.L
1
{y) V .... V f.Ln{y) ~ a, contraclicting the fact that Ii does not have the 

a-F\JP . 

II .2.3 THEOREM (ALEXANDER SUBBASE LEMMA) 

Let (X, 6) be a fts, S be a subbase for the fuzzy topology 6 and a E [0,1>. If every 

a-shacling of X consisting of members of S has a finite a-subshading, then X is 

a-compact . 

PROOF 

Suppose Ii ~ 6 has the a- F\J P and let 

1 = {B : Ii ~ B ~ 6 and B has the a- F\JP} . 

Then (1,0 is a non-empty partially ordered set that is inductive. 

Appealing to Zorn's Lemma we have that 1 has a maximal element, 1J. 

To prove the thoerem, it suffices to show that Ii is not an a-shacling of X. We can then 

apply Lemma 11.2.2 to conclude that X is a-compact. 

Since Ii ~ 1J ~ 6 we need only show that 1J is not an a-shacling of X. 

We claim that no subcollection of S that has the a-FUP is an a-shacling of X:- In fact if 

C ~ S has the fr- FU P and is also an a-shacling of X, then by the hypothesis of the theorem, 

there would exist a ,.... a E C such that for all x E X, ak{ x) > a, for some k E [n J. Hence 
1 n 

(J (x) V .. .. V (J (x) > a for all x E X. This clearly contradicts the fact that C has the 
1 n 

a-F\JP. 

Since1J has the fr-FUP,1J A S is a sub collection ofS that has the fr-F\JP. Hence1J A S is 

not an a-shading of X. Which implies there exists p E X such that f.L{p) ~ a, for all 

/l-E1JAS . 

We will show that v(p) ~ a, for all VE 1J, so that 1J is not an a-shacling of X (as we wanted 

to Show). 
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In order to accomplish this, it is sufficient to show that for each U E 'P, there exists 

S C 'P II S with v< V S . It will then follow that u(p) ~ Ii(P), for some liE S ,whence v- - v U 

v(p)$a. 

We first show that 0 \ 'P satisfies the following two conditions: (i) if Ii, v E O\'P then 

Ii II v E O\'P (ii) if Ii E O\'P and v E 0 with Ii ~ v then v E O\'P:-

(i) Let Ii, vE 0 \ 'P. 

Then'P V {Ii} and'P V {v} do not have the a-FUP, by the maximality on. 
Therefore, there exists U , .. .. , U + E 'P such that for each x E X, 

I m n 

u1(x) V .... V um(x) V /i (x) > a and um+! (x) V ..... V um+n(x) V v(x) > a. 

Put U = U V .. ... V U + . 
1 m n 

Then (u V /i) (x) > a and (u V v)(x) > a. 

Thus, (u V (/i II v)) (x) > a, so that /i II v ~ 'P which implies that /i II v E 0 \'P. 

(ii) Suppose now that /1- E 0 \'P and v E 0 with /i ~ v. 

Again'P V {Ii} does not have the a-FUP. 

Hence there exists 0' .. .. , 0' E 'P such that for all x E X, 
I I 

(a V .. .. . V 0' V /i) (x) > a. 
I n 

But then, (a V ..... V U V v)(x) > a, for all x EX. 
1 n 

Hence v E 8 \'P . 

Now let 0' E 'P and /i , .... , /i E 0 such that /i II ..... II /in ~ 0'. 
I n I 

We claim that 1\ E 'P for some k E [nJ :-

In fact, if for all k E [nl, lJ" E 0 \'P, then by (i) we have that /1- II .... . II /i E 0 \'P , so that (ii) 
'K I n 

implies 0' E 0 \'P, which contradicts the fact that U E 'P . 

To complete the proof let U E 'P. 

Then O'E 0 and Uf 1 (otherwise, if U = 1 then the fact that 'P has the a-FUP would imply 

that there exists an x E X such that O'(x) ~ a, which would then imply that 1 ~ a, a 

contradiction, since a E [0,1» . 



49 

Therefore by definition of a subbase for 6 we have that: (7 = V (>.. II ..... II >.. 1 
j=J J1 In) 

where),. E S, for each j E J and k E [nJl 
Jk 

Therefore for each j E J we have that),. II .... II >'J' ~ (7. 
h n· 

J 
Hence there exists some k. E [n.J such that),. E 11. 

J J Jk. 
J 

Thus, (7 < V ), .. 
- jEJ Jk. 

J 
The result therefore follows from the fact that each),. E 1111 S . 

Jk. 
J 

The Alexander subbase lemma is not true in general for w-compactness, as seen in: 

II.2.4 EXAMPLE 

Let X be an infinite set. For each x E X and each n E IN define a fuzzy set (7n
x

: X -; I as 

follows:-

where a E <O,lJ is fixed. 

Let S = {(7n
x

: n E IN, x EX}. 

(7n (y) = 
x {

a-~ n' 
a 

if Y = x 

otherwise 

Then S forms a subbase for a unique fuzzy topology, 6(S) on X. 

Since a of 0, it is clear that for all (7n E S we have that (7n (y) < a, for all y E X. 
x x 

Therefore by definition there is no a-shading consisting of members of S. 

We will however show that X is not a*-compact. 

CD 

For each x E X, let /1- = V (7 . 
x n=l nx 

We claim that {/1-x : x E X} is an a-shading of X. 

CD CD 

In fact, ifp E X, choose /1- E {/1-x : xE X}. Then /1- (p) = V (7n (p) = V (a-~) ~ a. 
p p n=l p n=l n 
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But if {It , .... , It } is any finite subcollection of {It x : x E X}, choose y E X \ {x , ... . xn}· x x 1 
1 n 

<D 

Then for all k E [nl we have Itx (y) = V lTn (y) = 0 < a. 
k n=l xk 

Therefore X is not a*--compact. 

The next result shows that the Tychonoff theorem holds for a--compactness. 

11.2.5 THEOR.EM (TYCHONOFF THEOR.EM) 

The product space of the indexed family {(Xj, 6) : j E J} of fts is a--compact, if and only 

if, for each j E J, (X., 6.) is a--compact . 
J J 

The direct implication follows from Theorem lL1.8 and the fact that the projection maps 

are continuous and onto. 

To prove the converse we apply Theorem II .2.3 to the subbase S = {II'": {It ·):j E J and 
J J 

It · E 6.} of the product fuzzy topology 6(S) on X = ]~I x .. 
J J j=J J 

We will show that every a-shading of X consisting of members of S has a finite 

a-subshading, or equivalently, no C ~ S having the a-FUP is an a-shading of X. 

Suppose C ~ S has the a- F\Jp and for each j E J let II j = {It E 6j : IIj(lt) E C} . 

We claim that each II . has the a- F\J P . 
J 

In fact, if It , .... , It Ell ., then the fact that C has the a-FUP implies that there exists an 
1 n J 

f E X such that IIj (ltl)(f) V, .... , V IIj (ltn) (f) ~ a, i.e. Itl (xj) V .. .. V Itn(xj) ~ a, where 

Xj = f(j). 

Since Xj is a--compact for each j E J, we have that llj cannot be an a-shading of Xj" 

Therefore for each j E J, there exists p. EX. such that "(p .) < a for all /I Ell .. 
J J "'J-' "'J 
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Define p = rr p. E X and for each j E J define C. = {II': (11) : 11 Elf.}. Then C = V C j" 
j;;J J J J J jEJ 

For each j E J and IIj (11) E Cj we have IIj (11) (p) = Il(II j (p) = J1(p) S u. 

Therefore C is not an a-shading of X. 

Next we show that for a*--compactness, the Tychonoff Theorem does not hold. We will in 

fact give an example to show that a*--compactness is not invariant under finite products. 

II.2.B EXAMPLE 

Let X be any non-empty set, Y be a non-degenerate bounded closed interval of real 

numbers and u E <0.1]. 

For each (3 E < 0,1>, define the fuzzy set 

11(3 : X -I I by 

lI(3(X) = a(l-,8), for all x E X. 

Let r denote the usual topology on Y and for each U E r define the fuzzy set 

lTU: X-I I by 

{

u ifxE U 

lTU(x) = 0 othe r wise 

Let bX be the fuzzy topology on X with subbase {1I,8: (3 E <0,1>} and by be the fuzzy 

topology on Y with subbase {lT
U 

: U E T}. 

Then bX = {C S u: C is a constant fuzzy set} U {lX}' 

We claim that (X, bX) is a*--compact. 

In fact, if If ~ bX is an a* -shading of X, then for any fixed x E X there exists Ilx E If such 

that Ilx (x) ~ u. 

Since Ilx E If ~ bX ' we have by defintion of bX that Ilx = C, where C is a constant fuzzy set 

* ~ a. Clearly {C} is a finite a -subshading. Therefore (X, bX ) is u*--compact. 
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By the Heine-Borel Theorem, it is clear that (Y, r) is compact. 

We claim that (Y, oY) is a*-compact. In fact, if Ii ~ 0Y' is an a*-shading of Y, then for 

each y E Y there exists j1E Ii such that J1(Y) ~ a, that is, y E l[a,1]. Clearly, J1E Ii ~ Oy 

implies l[a,1] E r. 

Hence the collection Vi[a,l] : J1 E Ii} is an open cover for Y. 

By compactness ofY, {l[a,1]: J1E Ii} has a finite subcover, {l[a,l], .... ,l[a,l]}. 
1 n 

It is easy to verify that {J1 , ... , J1 } is an a*-subshading of Ii. 
1 n 

Therefore (Y, Oy) is a*-compact. 

We will show that the product space (X x Y, Ox x 8y) is not a*-compact. 

For each y E Y, let B(y,(3) be an open ball in Y of radius (3 and define a fuzzy set 

0y: XxY-d by 

0y = V {1/(3x (}'B(y,(3): 0 < (3< l} where 1/(3 A (}'y = II: (1/(3) A II:((}'U),II
1
: X x Y ---i X and 

II : X x Y ---i Yare projection maps. 
2 

Since 1/(3 is fuzzy open in (X, OX) and (}'B(y,(3) is fuzzy open in (Y, Oy) we have that 0 y is 

fuzzy open in (X x Y, Ox x Oy). 

It is clear from the definition of 1/(3 and that of (}'u that on X x {y}, 0y ~ a. 

We claim {O y : y E Y} is an a-tlhading of X x Y. 

In fact, if z = (x,y) E X x Y, then Oy(z) ~ a. 

That is, for each x E X; Y E Y, there exists a 0y such that 0y(x,y) ~ a. 

Therefore {Oy : y E Y} is an a*-shading of X x Y. 

But for any n E IN, {O , ..... , 0 } is not an a*-shading of X x Y. 
Y1 Yn 

In fact, ify E Y \ {y , .... , y } then on X x {y} thefuzzy set 0 = 0 < a, for all kErn] . 
1 n ~ 

Therefore {8 y : y E Y} has no finite a-tlubshading. 

That is, (X x Y, Ox x oY) is not a*-compact. 
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CHAPTER III 

STRONG FUZZY AND ULTRA-FUZZY COMPACTNESS. 

INTRODUCTION 

In this chapter we examine yet another two definitions offuzzy compactness . We discuss 

their properties and show that the two are good extensions and that the Tychonoff 

Theorem holds for these notions. We also give their characterisations in terms of fuzzy 

nets . 

IIU. STRONG FUZZY COMPACTNESS 

Motivated by the definition of a-compactness and its properties, we adopt the following 

definition. 

III.1.1 DEFINITION ~. 

A fts (X, 6) will be called strong fuzzy compact if it is a-compact for each c¥ E [0,1>. 

It is clear, from the above definition, that most of the results which we have for 

a-compactness are carried through to strong fuzzy compactness. 

We will for example show that strong fuzzy compactness is invariant under continuous 

mappings. 

III.1.2 THEOREM 

Let (X, 6) and (Y,u) be two fts, f : (X, 6) --I (Y, u) a continuous mapping. If (X, 8) is 

strong fuzzy compact, then ['(X) is strong fuzzy compact as a subspace of (Y, u) . 
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PROOF 

Suppose (X, 0) is strong fuzzy compact. 

Therefore (X, 0) is Ck-Compact for each 0< E [0,1>. 

By Theorem 11.1.8 we have that ['(X) is Ck-Compact for each o<E [0,1>. Thus, {'(X) is 

strong fuzzy compact, as a subspace of (Y,u). 

III.1.3 LEMMA 

Let 8 and 8 be two fuzzy topologies on X such that 0 ~ o. If K ( X is strong fuzzy 
I 2 2 I -

compact as a subspace of (X,8) then it is strong fuzzy compact as a subspace of (X,O ). 
I 2 

Strong fuzzy compactness is a good extension, as seen in the next 

III.1.4 THEOREM 

Let (X,7) be a topological space and K ~ X. Then the following statements are equivalent. 

(a) K is compact in (X, 7) 

(b) K is strong fuzzy compact as a subspace of [X, w (7)) 

(c) K is strong fuzzy compact as a subspace of [X, l!d. (7)). 

d) K is ,8-<:ompact as a subspace of [X,w (7)) for some /3E [0,1>. 

Apply Theorem II. 1.9 for each level 0< E [0,1>. 

!IL1.5 THEOREM 

Let (X, 0) be a fts; then (X, 0) is strong fuzzy compact if and only if one of the following 

statements hold: 

(1) For each 0< E [0,1> ,if 1I ~ 8 and V 1I > 0< then 1I has a finite subfamily 1/1 with V 1/1 > 0<. 

(2) For each 0< E < 0,1 Lif 1I ~ 0' and A 1I < 0< then 1I has a finite subfamily 1/1 with A 1/1 < 0< 



55 

PROOF 

Follows at once from the fact that (1) and (2) are equivalent, together with the definition 

of strong fuzzy compactness. 

Up to now, we have been characterising strong fuzzy compactness in terms of fr-Shadings. 

Next we give a characterisation of strong fuzzy compactness by fuzzy nets . 

III .1.6 THEOREM 

The space (X, 5) is strong fuzzy compact if and only if every constant a-net has a cluster 

point with value a, for each a E <0,1]. 

PROOF 

"::j" Let S = {S : nED} be a constant a-net without a cluster point of value a in X. 
n 

Therefore, for each x E X, a 1 is not a cluster point of S, i.e. there exists an NED and x x 

an R-nbd, lJ , of a 1 with S E lJ ,for all n > N . x x n x - x 
1 k Suppose x , .. .. , x E X. 

Then there exists an NED such that Sn E lJ i' for all i E [k], and all n ~ N. 
x 

By definition of an R-nbd we have that for each x E X there exists CT
X 

E 5' such that 

alx ~ CTx and lJx ~ CT
X

' 

PutB = {CTx : xE X}. 

Since each CT x E 5' , we have that B ~ 5' . 

From a Ix ~ CT
X

' we have that CTX(X) < a, for each x E X. 

Therefore, A B < a. 

On the other hand we have that for any ..p = {CT , •••• , CT k} ~ B, Sn E A ..p for some n. It 
Xl X 

follows that A ..p < a is not true. 

Therefore by Theorem III. 1.5 we have that (X, 6) is not strong fuzzy compact. 
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"¢=" Suppose (X, Ii) is not strong fuzzy compact. 

Then by Theorem HI.1.5, there is an a E <0,1] and B ~ 8' such that II B < a, but for any 

'fi E 2(B), II 'if! < a does not hold i.e. there is an x E X such that >.(x) ~ a, for all >. E 'fi. 

Therefore there exists a fuzzy point alx E II 'fi. 

Let us write alx as S'fi and in 2(B), we introduce an order as follows: 

'fi ~ 'fi if and only if 'if! ~ 'fi . 
1 2 1 2 

Then 2(B) is directed by '~' and so S = {S'fi: 'fi E 2(B)} is a constant a-net which satisfies 

the condition that for each (closed) fuzzy set vE 'fi, S'fiE v. 

Let y E X. 

Then II B < a implies there is v E B such that v(y) < a .. .......... (*) 

SiI)ce v E B implies that v is a closed fuzzy set and since aly ~ v by (*) we have that v is an 

R-nbd of a ly" 

Put'fi = {v}. 
o 

Then for any 'fi ~ 'fi 0 we have S'fi E II 'fi ~ II 'fi 0 = v. 

Hence, Ct ly is not a cluster point of S. 

Since y E X was arbitrary, it then follows that the constant a-net S has no cluster point of 

value a in X. 

Lastly we show that for strong fuzzy compactness, the Tychonoff Theorem holds. 

III.1.7 THEOR.EM (TYCHONOFF THEOR.EM) 

The product space of the indexed family {(Xj' 8) : j E J} offts is strong fuzzy compact if 

and only iffor each j E J, (X., 6.) is strong fuzzy compact. 
J J 

Apply Theorem II.2.5 at each level a E [0,1>. 
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III. 2 ULTRA-FUZZY COMPACTNESS 

III.2.1 DEFINITION .u.m 
Let (X, 6) be a fts. Then (X, 6) is called ultra-fuzzy compact if [X, i (6)] is compact. 

III.2.2 PROPOSITION 

Let (X, 6) be a fts. 

(1) If X is finite, then (X, 6) is ultra-fuzzy compact. 

(2) If 6 is finite then (X, 0) is ultra-fuzzy compact. 

Next, we show that ultra-fuzzy compactness is inherited by closed crisp subsets (c.f. 

Theorem II. 1.6). 

III.2.3 THEOREM 

Let (X, 6) be a fts and F ~ X be closed. If X is ultra-fuzzy compact, then F is ultra-fuzzy 

compact as a subspace of (X, 0). 

PROOF 

Suppose X is ultra-fuzzy compact and let 1 = {A n F : A E i (o)} . 

Then (F 1) is a subspace of [X, i (6)]. 

Let 11 ~ 1 be an open cover for F i.e. F = lJ B. 
BEll 

We will show that F has a finite subcover. 

From BEll, we have that there exists an AB E i (0) such that B = AB n F. 

Hence X = F U F' = U (ABnF)UF' = U (ABUF') n (FuF') = U (ABUF'). 
BEll BEll BEll 

Since F' E i( 0) we have that H = {ABUF' : ABE i( a)} is an open cover for X. 

By compactness of X, we have that H has a finite sub cover 

n 

{AB uF' , .... , AB U F' 
1 n 

: AB E i(o), k E [nn, that is X = lJ 
k k=l 

(AB U F'). 
k 
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n n 

Hence, F = X n F = lJ (AB U F') n F = 
k=l k 

lJ (AB n F) U (F' n F) 
k=l k 

n n 

= lJ(AB nF)= LJBkwhereBk=AB nFE11,kE[n] . 
k=l k k=l k 

In a Hausdorff space (definitions 0.2.12, 0.2.13, 0.2.14, 0.2.15, 0.2.16), ultra-fuzzy compact 

subsets are closed. 

III.2.4 THEOREM 

Let (X, 6) be a Hausdorff fts, and F ~ X. If F is ultra-fuzzy compact as a subspace, then it 

is closed in X. 

Suppose F is ultra-fuzzy compact as a subspace of (X, 6) . Then F is compact as a subspace 

of [X, i (6)]. By Theorem 0.2.18 [X,i( b)] is Hausdorff. 

Therefore F is closed. 

Next we show that ultra-fuzzy compactness is invariant under continuous mappings. 

III .2.5 THEOREM 

Let (X, 6) and (Y, (1) be two fts, and f: (X,6) ---4 (Y, (1) be a continuous mapping. If (X,6) 

is ultra-fuzzy compact, then f'(Y) is ultra-fuzzy compact as a subspace of (Y, (1). 

We assume, without loss of generality that f is surjective. 

Suppose (X, 6) is ultra-fuzzy compact and let 11 ~ i( (1) be an open cover for Y. 

By Theorem 0.1.16 we have that t(i(I1)) = i(t(I1)) ~ i(6) and hence t (/1) ~ t (i(I1)) 

~ i( 6), so that, t(11) is an open cover for X. 

By compactness of [X,i (6)] we have that t(11) has a finite sub cover 

{t(Al ), ··· , t(An): Ak E 11, k E [n]} 
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We claim that {A , .... , A : Ak Ell, k E [n]} is an open cover for Y. In fact, if y E Y then 
1 n 

the fact that f is surjective implies that there exists an x E X such that y = f(x). Hence 

x E t(Ak), for some k E [n] . 

That is, y = f(x) E Ak, for some k E [n] . 

Therefore Y is compact, which implies Y is ultra- fuzzy compact . 

The ultra-fuzzy compactness is a good extension as shown in the next 

III .2.6 THEOREM 

Let (X,1) be a topological space and K ~ X. Then the following statements are equivalent: 

(a) K is compact in (X, 1) 

(b) K is ultra-fuzzy compact as a subspace of [X, w (1)] 

(e) K is ultra-fuzzy compact as a subspace of [X, w (1)] 

Before we prove Theorem III.2.6, we first need a simple 

III .2.7 LEMMA 

Let 0 and 0 be two topologies on X such that 0 ~ 0 . If K ~ X is ultra-fuzzy compact as a 
1 2 2 1 

subspace of (X, 0) then it is ultra-fuzzy compact as a subspace of (X, 0 ). 
1 2 

PROOF of Theorem III.2.6 

(a) =} (b) : Follows at once from Proposition 0.1.18 (i) 

(b) =} (c) : Follows from Lemma III.2.7 

(e) =} (a) : Follows from Proposition 0.1.18 (ii). 

The Tychonoff Theorem is valid for ultra-fuzzy compactness. 

III .2.8 THEOREM (TYCHONOFF THEOREM) 

The product space, (X, 0) of the indexed family {(X., 0.) : j E J} of fts is ultra-fuzzy 
J J 

compact if and only if each (X ., 0.) is ultra-fuzzy compact . 
J J 
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PROOF 

Since the projection maps are continuous and onto the necessity part of the Theorem 

follows at once from Theorem III.2 .5. 

To prove the sufficiency part, suppose for each j E J, (Xj' 6) is ultra-fuzzy compact. 

Therefore, (X ., II i(6.)) is compact . 
J jEJ J 

By Theorem 0.1.16, we have that 

II i(O.) = i (II 6.) = i(6) . 
jEJ J jEJ J 

Thus, [X, i( 6)] is compact. That is (X, 6) is ultra-fuzzy compact. 

Lastly, we give a characterisation of ultra-fuzzy compactness by fuzzy nets. 

III.2.9 THEOREM 

Let (X, 6) be a fts. Then (X, 6) is ultra- fuzzy compact if and only if each Q-net (Ct E 

<0,1]) has a convergent subnet with a transitive limit of value Ct. 

PROOF 

"==l" Suppose X is ultra-fuzzy compact and let Ct E <0,1]. 

Now [X, i(6)] is compact. 

Let S = {Sn : nED} be an Q-net in X and for each nED let xn denote the support of Sn' 

Therefore f = {xn : nED} is a crisp net in X. 

By compactness of X, f has a subnet tJ = {xn(m), mE E} converging to some x E X. 

Clearly T = {Sn(m) : mE E} is a subnet of S. 

We will show that Q Ix is a transitive limit of T. 

Since a constant c-net is a c-net, we will in fact show that if T' = {Tn(m):m E E} is a 

c-net similar to T, then T' -; c1x' for each c E <0,1]. 

Let v be an R-nbd of c Ix where c E <0,1]. 

By definition of an R-nbd, there exists u E 6' such that c Ix" u and v ~ u i .e. 

u(x) = c < c and v(x) ~ u(x) . Choose Co such that c1 < Co < c. 
I 
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Put U = {t EX: u( t) < CO}. 

Since i(8) = sup {i,B (8) :,BE <0,1)} where iP(o) = p.'- [O,,B> : A E o'}, we have that 

x E U and U E i( 8). 

Hence there is an M1 E E such that xn(m) E U for each m ~ MI. 

Since T' is a constant c-net, we have that V(T ( )) = c > C for all m E E. n m 0 

Therefore for each m > M we have that u(xn(m)) < Co < V (T ( )). 
- 1 n m 

Hence Tn(m) ~ u eventually. 

From II $ u, we have that Tn(m) ~ II eventually. 

Therefore T' ---< C 1x. 

"<=" suppose each a--net (aE <0,1]) has a convergent subnet with a transitive limit of 

value a and let f = {xn : nED} be a crisp net in (X, i(o)). 

For a fixed a E <0,1]' take a constant a--net S = {a \n : nED}. 

By the assumption, 0 has a subnet T = {a 1 xn(mf mE E} having a transitive limit a 1x. 

Hence by Proposition 1.1.17, x is a limit of the crisp net g = {xn(m) : mE E} in [X, i(O)]. 

Since g is a sub net of the fuzzy net f, we have that f CD x. 

Hence [X, i( 0)] is compact. 

Therefore (X, 8) is ultra-fuzzy compact. 
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CHAPTER IV 

N-COMP ACTNESS 

INTRODUCTION 

In this chapter we define a notion of fuzzy compactness called N-compactness. Whereas all 

of the notions of compactness discussed so far are only defined for the whole space, 

N-compactness is defined for arbitrary fuzzy subsets. In the first section we show that: 

N-compactness is inherited by closed subsets, the continuous images of N-compact sets are 

N-compact, N-compactness is invariant under finite suprema, N-compactness is a good 

extension and N-compact sets attain their maxima. In the last section, we give a 

characterisation of N-compactness using prefilters and show that for N-compactness the 

Tychonoff Theorem holds. 

IV.I. N-COMPACTNESS 

IV.I.1 DEFINITION WU 

Let (X,o) be a fts and J.! E IX. Then J.! is called N-compact if each a-net (a E <0,1]) in J.! 

has a cluster point in J.! with value ct. 

In particular if J.! = IX is N-compact, we will say (X,O) (or simply X) is N-compact. 

Obvious from definition IV.I.1 is the fact that in every fts, the fuzzy set Ox is always 

N-compact, furthermore we have 

IV.I.2 PROPOSITION 

In every fts, each fuzzy point is N-compact. 

Let (X,O) be an fts. An a-net in a fuzzy point x), amounts to a crisp net in [0,),] with 

limit ct. 
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IV.I. 3 EXAMPLE 

Let X be any set and 0 = 0' = {u E IX: u(x) = c, for all x E X, c E [O,l]} . Then (X ,o) is 

N-compact. In fact we will show that for each x E X and each a E <0,1]' the fuzzy point 

p = al is a cluster point of every a-net S = {S : nED} in X. x n 

Let II be an R-nbd of p. Then there exists aCE [0,1] such that II ~ C and p ~ C. 

Hence alx ~ C i.e. a> C. Since S is an a-net, V(Sn) ---; a. Which implies V(Sn) > C 

eventually . 

Hence Sn ~ C eventually, so that Sn ~ II eventually. Thus, Sn ~ II frequently . 

Therefore S Q) p. 

N-compactness is closed under finite suprema. 

IV.I.4 THEOREM 

Let (X,b') be a fts and J.!,II E IX. If both J.! and II are N-compact, so is J.! V II. 

Suppose both J.! and II are N-compact and let S = {Sn : nED} be a a-net (a E <0,1]) 

in J.! V II. Therefore there exists a fuzzy subnet T of S in either J.! or II. 

We assume without loss of generality that T is in J.!. 

Since S is an a-net so is T. Hence by N-compactness of J.!, there is a fuzzy point p E J.! such 

that V(p) = a and T Q) p. Hence p E J.! V II and S Q) p. 

Therefore J.! V II is N-compact . 

The above theorem is valid only for a finite supremum as shown in the next 

IV.I.S EXAMPLE 

Let (X,b') be a fts and J.! E IX. 

Clearly J.! = sup {p : p E J.!} and by Proposition IV.I.2 each p E J.! is N-compact. 

Since this is true for any fuzzy set J.!, we can choose J.! such that J.! is not N-compact . 
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We do however have, as a consequence of Theorem IV.1.4 

IV.1.5 PROPOSITION 

Every fuzzy set with a finite support is N-compact. 

IV.1.7 THEOREM 

Let (X,8) be a fts. If I-" E IX is N-compact, then 

(a) I-" /\ (J is N-compact for each closed fuzzy set (J. 

(b) I-" /\ Cis N-compact for each constant fuzzy set C. 

PROOF 

Suppose I-" is N-compact and a E <0,1). 

(a) Let (J E 8' and S = {Sn : nED} be an a-net in I-" /\ (J. 

Then S is in both I-" and (J. 

By N-compactness of 1-", there exists a fuzzy point pEl-" such that V(p) = a and S CD p. 

We claim that p E (J. Otherwise, if p ~ (J, the fact that (J E 8' would imply that (J is an 

R-nbd of p. Hence from S CD P we have that Sn ~ (J, frequently, which clearly contradicts 

the fact that S is in (J. 

(b) Let C be a constant fuzzy set and S = {Sn : nED} be an a-net in 1-"/\ C. 

Then as in (a) there exists a fuzzy point pEl-" such that V(p) = a and S CD p. 

Put P = alx ' 

We claim that p E C. Otherwise if p ~ C then a> C(x) = C. 

Since S is an a-net, we have that V(Sn) > C eventually, i.e. Sn ~ C, eventually, which 

clearly contradicts the fact that S is in C. 
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As a corollary to Theorem IV 1.7, we have that N--compactness is inherited by closed 

subsets. 

IV.1.8 COROLLARY 

Let (X,O) be a fts and J.l E IX. If J.l is N--compact, then each closed fuzzy subset of J.l is 

N--compact as well. 

The following two results are immediate consequences of Definition IV 1.1 and Theorem 

1.1.15. 

IV.1.9 THEOREM 

Let (X,O) be a fts and J.l E IX. Then J.l is N--compact if and only if each a-net (a E <0,1]) 

contained in J.l has a subnet converging to some fuzzy point in J.l with value a. 

IV.1.10 THEOREM 

Let (X,O) be a fts and J.l E IX. Then J.l is N--compact if and only if each fuzzy net contained 

in J.l has a cluster point in J.l with value a E <0,1]' whenever its value net has the crisp 

cluster point a. 

The following simple result will be needed in the sequel. 

IV.1.l1 LEMMA 

Let ° and ° be two fuzzy topologies on X such that ° ~ ° and J.l E IX. If J.l is N--compact 
1 2 2 1 

in (X,o) then it is N--compact in (X,o ). 
1 2 
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From now on let us agree on the following notation: 

If 11 E IX and t E I, we will write Ilt = {x EX: Il(x) ~ t}. 

It is thus clear that if 0 ~ t < sup /1 then Ilt * 0. 

IV.1.12 THEOREM 

Let (X,T) be a topological space and /1 E IX. Then in the following statements, we have the 

implications. 

(a) ~ (b) ~ (c). 

(a) 11 is N-compact in [X,w(r)]. 

(b) /1 is N-compact in [X,~)]. 

(c) For each 0 < (3 ~ 1, every net in /1(3 has a cluster point in /1(3' i.e. /1(3 is compact for 

each 0 < (3~ 1. 

(a) ~ (b): Follows from Lemma IV.1.ll. 

(b) ~ (c): Suppose 11 is N-compact in [X, Mr)], 0 < (3~ 1, and 

f= {xn : nED} is a crisp net in 11(3. 

Hence for each nED, we have xnE 11(3 i.e. Il(xn) ~ (3. 

Therefore x~ E /1, for each nED. 

Put S = {x~ : nED}. 

Therefore S is a constant ~net in /1 and hence, by N-compactness of /1. there exists x(3 E /1 

such that S (]) x(3. 

From x(3 E /1 we have that /1(x) ~ (3 i.e. x E /1(3. So that f has a cluster point in /1(3 and hence 

11(3 is compact . 

The reverse implications in Theorem IV 1.12 are not true in general as seen in the next 

example ([1]). 
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IV.1.13 EXAMPLE 

Let X = I and 1 = {0, X, {I}}. Let Ji: X --< I be given by Ji(x) = x, for each x E X. 

Put F = [0,1>. 

Therefore F E l' and hence IF is closed in rA1)· 

Since sup (Ji A IF) = 1 and for each x E X, (Ji A 1F)(x)< 1 we have that Ji A IF cannot attain 

its maximum. 

It will later be shown (Theorem IV 1.15) that an N--compact fuzzy set attains its 

maximum and hence Ji is not N--compact by Theorem IV 1.7(a). 

On the other hand, Jit = {XE X: Ji(x)~ t} = {XE X: x~ t} = {XE X : t~ x~ I} = [t,l] is 

compact in (Xl) for each tEL 

We do however have that N--compactness is a good extension: 

IV.l.14 THEOREM 

Let (Xl) be a topological space and K ~ X. Then the following statements are equivalent. 

(a) K is compact in (Xl). 

(b) K is N--compact in (X, w(1)) 

(c) K is N--compact in (X, rA1)) . 

If Ji = 1K in Theorem IV 1.12, we have that Jia = Ji(J = K and hence condition (c) in 

Theorem IV l.12 reduces to the statement that" each net in K has a cluster point in K"; 

which is equivalent to the compactness of K. So, in view of this, we are only left to show 

that (a) =l (b). 

To do this, suppose K is a compact in (Xl) and let S = {Sn : nED} be an a-net 

(a E <0,1]) in 1K . Let xn denote the support of Sn' for each nED. 

Put f = {xn : nED}. 
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Then f is a crisp set in K and hence by the compactness of K we have an x E K such that 

f <D X. 

We claim that S (I) xa' In fact, if 1I is a R-nbd of xa then there exists u closed in (X,w(r)) 

such that x a ~ u and 1I ~ u. 

Then clearly a> u(x) and hence we can choose (J such that u(x) < (J < a. 

Since u is closed in (X, w(r)), it is upper-semicontinuous on X, so that 

G = {t EX: u(t) < (J} is open in (Xl) and xE G. 

From f (I) x, we have that xn E G frequently. 

That is, for each Nl E D there is an nED such that n ~ Nl and xn E G. 

Also, since S is an a-net, there is an NED such that V(S ) > (J for each n ~ N . 
2 n 2 

n 
Therefore, there is an nED such that n ~ N , n ~ N and u(x 0) < (J < V(S ). 

o 0 1 0 2 n 
Hence Sn ~ u, frequently, which implies that Sn ~ lI, frequently. 

Clearly xa ElK' 

Therefore K is N-compact in (X, w(r)). 

Next we show that N-compact sets attain their maxima. 

IV.l.lS THEOREM 

Let (X,D) be a fts and J.L E IX. If J.L is N-compact, then there exists an x E X such that 

p{x) = sup J.L. 

Suppose J.L is N-compact and let sup J.L = a. If a = 0, we are done. 

Suppose now that a E <0,1]. 

For each k E IN, choose xk E X such that J.L(xk) > a -~ ......................... * 
Denote by Sk the fuzzy point with support xk and value J.L(xk). From * we get an a-net 

S= {Sk : k E IN} in J.L. By N-compactness of J.L, S has a cluster point a Ix E J.L. 

Hence a ~ J.L(x). 
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On the other hand, we have by definition of a, that a ~ JI.(x). 

Therefore J-I(x) = sup JI.. 

Theorem IV l.15 together with Corollary IV l.8 give: 

IV.l.16 COROLLARY 

Let (X,5) be an N-{;ompact fts. Then each closed fuzzy set in X has a maximum and each 

open fuzzy set in X (as a function) has a minimum 

and the following well-known classical result:­

IV.l.17 COROLLARY 

Let (Xll be a compact topological space. Then the lower semi continuous (upper 
(~.ss;... nte. 

semi continuous ) functions from (X1l into I ft&¥e their minima (maxima). 
c:: s,r ... n"l e.-

More especially, the continuous functions from (Xll into I ha¥e both maxima and minima. 

Lastly, we show that N-{;ompactness is invariant under continuous mappings. 

IV.l.18 THEOREM 

Let (X,5) and (Y,a) be fts, f : (X,D) -i (Y,a) be a continuous mapping and 0 E IX. Then if 

o is N-{;ompact in (X,D), ['(0) is N-compact in (Y,a). 

Before we prove Theorem IV l.18 we first need a simple 

IV.1.19 LEMMA 

Let (X,5) and (Y,a) be fts, f: (X,5) -i (Y,a) be a mapping, 1IE IY and 0 = t(1I). 

Then for any fuzzy point p in X satisfying p ¢ 0, the image f(p) is a fuzzy point in Y 

satisfying f(p) ¢ 11. 
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Proof of Theorem IV 1.18 

Let T = {T : nED} be an Q-net (aE <0,1]) in II = ['(0) . 
n 

For each nED, let yn be the support of Tn' 

Then ['(O)(yn) = sup {O(xn) : xn E {t(yn)}}. 

Hence, for each k E IN, there exists xn E {t (yn)} ~ X such that O(xn) > lI(yn) -l 
Furthermore, since Tn E II, for all nED, we have that lI(yn) ~ V(Tn) ' 

Therefore O(xn) > V(Tn) -~. 

For each nED and each k E IN choose a fuzzy point S(n,k) E 0 such that 

V(Tn) - ~ S V(S(n,k)) S V(Tn); f(S(n,k)) E T and f(S(n,k)) has support yn ..... .... . * 
Put E = {(n,k) nED, k E IN} and define an order on E as follows : 

(n ,k ) ~ (n , k ) if and only if n ~ nand k ~ k . 
1122 1212 

It can be shown that E is directed by "~ II and hence S = {S(n,k) : (n,k) E E} is a 

fuzzy net in O. It follows from the fact that T is an Q-net together with * that S is in fact 

an Q-net in O. By N-compactness of 0, there exists a fuzzy point alx E 0 such that S ro 

o<lx' 

Let y = f(x) . 

Then 0< ly is a fuzzy point in Y such that aly E ['(0). 

We claim that T ro 0<1 . In fact, if A is an R-nbd of 0<1 then there exists {3 E rT such that 
y y 

o<ly ¢ {3 and AS {3. Since f is continuous, J.l = t({3) E 6' . 

From 0<1 ¢ {3 it follows that 0< > {3(y) and thus J.l(x) = (t({3))(x) = {3(f(x)) = {3(y) < 0< 
y 

i.e. o<lx ¢ JI. . Hence the fact that JI. E 6' implies that J.l is an R-nbd of o<lx' 

For each NED, K E IN, S ro alx implies there exists (n,k) E E such that (n,k) ~ (N,K) 

implies S(n,k) ~ JI.. 

By Lemma IV 1.19, f(S(n,k)) ¢ {3 and hence f(S(n,k)) ¢ A, from AS {3. 

By * we have that T ¢ A. So that T ro a 1 . 
n y 

Therefore II is N-compact. 
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IV.2 CHARACTERISATIONS OF N-COMPACTNESS BY PRE FILTERS AND THE 

TYCHONOFF THEOREM 

In this section we give characterisation of N-mmpactness by means of prefilters and 

deduce the Tychonoff Theorem from them. We find that the proof using prefilters is much 

shorter than the one using fuzzy nets ([19)). 

IV.2.1 THEOREM 

Let (X,6) be a fts and Ji. E IX. Then Ji. is N-compact if and only if each a-prefilter 1 (C/ E 

<0,1)) has an adherence point C/ Ix E Ji. whenever Ji. E 1. 

PROOF 

II=} II Suppose Ji. is N-compact and let 1 be an a-prefilter (C/ E <0,1)) on X with Ji. E 1. 

Hence C/ = c('J) = in f sup lI. 

llEl 

Since Ji. E 1, we have sup(Ji. II lI) ~ C/ for each II E 1. Hence for each II Eland each k E IN we 

can choose a fuzzy point A ly E Ji. II II such that A > C/ -~. 

Furthermore, A can be chosen such that A < C/ + ~. 

Therefore, for each II Eland each k E IN we can find a fuzzy point A 1 E Ji. II II such that 
y 

C/-~< A < C/+~ ............... .. ..... * 
Choose and fix such a Al and denote it by S(lI,k) . 

y 

Put D = {( lI, k) : II Eland k E IN} and define an order on D as follows: 

(ll ,k ) ~ (ll , k ) if and only if II < II and k > k . 
1 1 2 2 1- 2 1- 2 

It is easy to see that "~ II directs D and hence S = {S(lI,k): (lI,k) E D} is a fuzzy net in Ji.. 

From * it follows that S is in fact, an a-net in Ji.. 

By N-compactness of Ji., there exists a fuzzy point C/1x E Ji. such that S <D C/1x' 

To show that C/1x E Adh 1 let 0' be an R-nbd of C/1x and II E 1, K E IN. 

Then from S <D C/1x' there exists (lI,k ) E D such that (lI, k ) > (ll K) implies S(lI k) ~ 0'. 
1 1 1 1 - , l' 1 
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But S(v, k ) E v A Jl- and v ~ v so that S(v, k ) E V. 
111 11 11 

Therefore vi cr, which implies alx E Adhl. 

"F" Suppose the hypotheses of the theorem is true and let S = {Sn : nED} be a a-net 

(a E <0,1)) in Jl-. For each NED let vN = sup {Sn : n ~ N} and put 1 = {v E IX : v ~ vN 

for some NED}. 

It is easy to see that 1 is a prefilter on X and since Jl- ~ sup {Sn : nED} we have that Jl- E 1. 

We claim that 1 is an a-prefilter. In fact, if f > 0 the fact that S is an a-net implies that 

there exists NED such that I V(Sn) - a I < f, for each n ~ N. 

Hence -f + a < V(Sn) < f + a, for each n ~ N. 

From definition of vN and the fact that V(Sn) < f + a for each n ~ N we have that 

sup (vN ) ~ f + a. 

So that inf sup v ~ f + a ........ .. .......... (1) 
vEl 

On the other hand, for each vEl there is an nED such that v n ~ v. 

Choose n 1 E D such that n 1 ~ n and n 1 ~ N. Therefore v n ~ v n ~ v. From the fact that 
1 

V(Sn) > - f + a, for each n ~ N, we have that V(vn ) > - f + a. 
1 

It follows that inf sup v ~ - f + a ................. (2) 
vEl 

From (1) and (2) together with the fact that f> 0 was arbitrary we have that 

c(l) = in f sup v = a, i.e ... 1 is an a-prefilter. 
vEl 

By the hypothesis of the Theorem we have that there exists a fuzzy point al E Jl- A Adh 1. x 

We claim that S [J) al . In fact, if cr is an R-nbd of al ,the fact that al E Adh 1 implies 
x x x 

that v $ cr does not hold for each vEl. 

Hence for each NED, vN ~ cr does not hold, i.e. there exists n ~ N such that Sn ~ cr so 

that S ~ (J frequently. Hence S [J) al . n x 
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Theorem IV 2.1 characterises N-compactness by means of fr-prefilters (CH <0,1]). Next 

we' give a characterisation of N-compactness by arbitrary prefilters. 

IV.2.2 THEOREM 

Let (X, 8) be a fts and p, E IX. Then p, is N-compact if and only if for each prefilter J on X 

the following two conditions are satisfied. 

(a) sup (p, A Adh 1) ~ c(J, p,) 

(b) p, A Adh J attains its maximum. 

"==} II Suppose p, is N-compact and let J be a prefilter on X. 

(a) If p, A II = 0 for some II E J, then c(J,p,) = 0 ~ sup (p, A Adh 1). 

Suppose C(J,II) * O. So that by definition inf sup p,A 11* 0 and hence sup p,A 11* 0 for each 
lkJ 

liE J. Thus p,A 11* 0 for each liE J . Therefore c(J, p,) = c(1) . 

Let c(J ,p,) = Ct. 

Then Ct E <0,1] and (J, p,) is therefore an fr-prefilter on X such that p, E (J,p,). 

Since p, is N-compact, Theorem IV 2.1 guarantees the existence of a fuzzy point Ct1 E P, x 

such that Ct Ix E Adh (J,p,) . 

We claim that Ct1x E AdhJ. In fact, if liE J and cris an R-nbd of Ctlx ' then the fact that 

Ct1x E Adh (J,p,) implies there exists y E X such that (p,A II) (y) > u(y), which clearly 

implies that v(y) > u(y). Thus J ro Ct1x i.e. Ct1x E Adh J . 

Therefore Ct1x E p, A Adh J i.e. Ct ~ (Jt A Adh J) (x). 

Hence c(J ,p,) = Ct~ (p,A Adh1)(x) ~ sup (p,A Adh1). 

(b) By definition Adh J = in f D. 
lkJ 

Hence Adh J E 8' . 

Since p,is N-compact, Theorem IV 1.7 (a) implies that p,A AdhJ is N-compact. 

Hence by Theorem IV 1.15, p,A AdhJ attains it's maximum. 
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"<=" Suppose the two conditions (a) and (b) are satisfied and let 1 be an a-prefilter on X 

(O:E <0,1]) with P.E 1. 

From (b) there exists an x E X such that (p. A Adh 1)(x) = sup (p. A Adh 1) ~ c(l,p.) by (a) 

and c(l,p.) = c(1) since p. E 1 = 0:. Therefore o:lx E p. A Adh 1. 

By Theorem IV 2.1, we have that p. is N-comapct. 

Next we give a characterisation of N-compactness by the prime prefilters. 

IV.2.3 THEOREM 

Let (X, 5) be a fts and p. E IX. Then p. is N-compact if and only if each prime prefilter 1 on 

X satisfies the following two conditions. 

(a) sup (p.A Adh1) ~ c(l, p.) 

(b) p. A Adh 1 attains it's maximum. 

"=},, Follows at once from the fact that a prime prefilter is a prefilter together with 

Theorem IV 2.2 

"<=" Suppose the two conditions are satisfied and let 1 be an a-prefilter on X with J1 E 1. 

By Lemma 1.2.11 there exists a prime prefilter Q on X finer than 1 and such that c(Q) = 

c(1) = 0:. 

By (b) p. A Adh Q attains its maximum. 

Therefore there exists some y E X such that (p. A Adh Q)(y) = sup (p. A Adh Q) 

~ c(Q, p.) by (a) = c(Q) since P.E Q = 0:. Thus o:ly E p.A AdhQ. 

Since Q is finer than 1 we have that Adh Q ~ Adh 1, which then implies a1y E p. A Adh 1. 

Hence p. is N-compact by Theorem IV 2.1 
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For N--compactness, the Tychonoff Theorem holds. 

IV.2.4 THEOREM ( TYCHONOFF THEOREM) . 

The product space (X,8) of the indexed family {(Xj' 8) : j E J} of fts, is N--compact if and 

only if for each j E J, (Xj' 8) is N--compact. 

Since the projection maps are both continuous and onto, the necessity part of Theorem IV 

2.4 is a consequence of Theorem IV 1.18. 

The sufficiency is a consequence of a much stronger Theorem IV 2.5 below. 

IV.2.5 THEOREM 

Let J be an index set and suppose for each j E J, Itj E IXj is N--compact. Then the product 

set II It · is N--compact in II X .. 
jEJ J jEJ J 

We only need to show that the conditions in Theorem IV 2.3 are satisfied for each prime 

prefilter 1 on X. 

Suppose each It· (j E J) is N--compact in X. and let It = II It · and X = II X .. 
J J jE J J jE J J 

Let 1 be a prime prefilter on X. By N--compactness of Itj we have that 

sup (ltj A Adh 1) ~ C(lj'ltj) (j E J) .. ... .. .. ... .. .. (1) 

For each jE J, choose t.E X. such that (It· A Adh1 .)(t.) = sup (It· A Adh1.) .. ... (2) 
J J J JJ J J 

Define hEX by h(j) = t j, j E J. 

(a) Sup (It A Adh 1) ~ (It A Adh 1) (h) = It(h) A (Adh 1) (h) 

= i.nf It/h(j)) A n Adh 1k)(h) by Theorem 1.2.13 (i) 
JEJ tE~ 

= ~nf Itj (h(j)) A inf (Adh1k) h(k) = inf (It· A Adh1 .)(t.) 
JEJ kEJ jEJ J J J 
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= inf sup (J1- ' /\ AdhJ'.) (by (2)) ~ inf c(J ',J1-') (by (1)) ~ c(J ,J1-) by Theorem 1.2.12. 
jEJ J J jEJ J J 

(b) As in (a) above, we have that (J1-/\ Adh 1)(h) = inf sup (J1-./\ Adh J .) 
jE J J J 

= sup inf (J1-. II Adh J .) 
jE J J J 

= sup (inf J1- . II inf Adh J.) (using the fact that IX is completely distributive) 
jEJ J jEJ J 

= sup (J1-/\ Adh 1) 

Therefore J1- is N-compact in X. 

The converse of Theorem IV 2.5 is not true in general as seen in 

IV.2.6 EXAMPLE 

Let (X,8) and (Y,o-) be fts , J.! E IX and !I ElY. If J1- = 0 then clearly J1- x !I = 0 which is 

N-compact in (X x Y, 8 x 0-) for any fuzzy set lJ ElY, even if !I is not N-compact . 
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CHAPTER V 

f-COMP ACTNESS 

INTRODUCTION 

In this chapter we introduce yet another notion of fuzzy compactness for an arbitrary fuzzy 

set, namely, the f-<:ompactness. In the first section we show that f-<:ompactness is 

inherited by closed fuzzy subsets, invariant under continuous mappings, invariant under 

finite suprema, a good extension and we also give a characterisation of f-<:ompactness by 

fuzzy nets. In the last section we show that for f-<:ompactness, the Tychonoff theorem 

holds. Lastly, we show that for f-<:ompactness it really does not matter whether our 

topology includes the constants ([10]) or not (definition 0.1.1) . 

V.l. (-COMPACTNESS. 

V.l.l DEFINITION ill 

Let (X,D) be a fts and /l E IX. Then /l is called f-<:ompact if for every prefilter J on X we 

have sup (/l A Adh 1) ~ c(J,/l). 

In particular, if /l = IX is f-<:ompact, we will say (X,D) (or simply X) is f-<:ompact as a fts, 

i.e. (X,D) is f-<:ompact iffor every prefilter J on X we have sup (Adh J) ~ c(J). 

V.l.2 PROPOSITION 

Let (X,D) be a fts and /l E IX. Then the following are equivalent: 

a) /l is f-<:ompact. 

b) For every prefilter base B on X, we have sup (/l A Adh B) ~ c (B, /l). 

c) For every prefilter J on X with /l E J, we have sup (/l A Adh 1) ~ c(J). 



(a) ~ (b): 

(b)~ (a): 

(a) ~ (c): 

(c) ~ (a): 

V.1.3 THEOREM 
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Follows at once from the equalities Adh B = Adh <8>, 

c(B,J1) = c( <8> ,J1) for any prefilterbase B on X. 

Follows at once from definition V.l.1 together with the fact that any 

prefilter is a prefilterbase. 

Let 1 be any prefilter on X with J1 E 1. Then c(l,J1) = c(1) and hence 

(c) follows from the f-compactness of J1. 

Assuming (c) let 1 be any prefilter on X. 

If c(1,J1) = 0, then sup (J1A Adh1) ~c(1,J1). 

Suppose now that c(1,J1) > O. Then (1,J1) is a prefilter and J1 E (1,J1). 

Moreover, 1 ~ (1,J1). So that Adh1 ~ Adh (1,J1). Applying (c) we get 

sup (J1A Adh1) ~ sup (J1A Adh (1,J1)) ~ c(l,J1). 

Hence J1 is f-compact. 

Let (X,O) be a fts and J1 E IX. Then J1 is f-compact if and only if for each prefilter 1 on X 

such that J1 Eland every E E <O,c(1» there is a fuzzy point p such that p E J1 A Adh 1 and 

V(p) = c(1) - E. 

PROOF 

"==>" Suppose J1 is f-compact and let 1 be a prefilter on X such that J1 E 1 and 

E E <O,c(1». 

By Proposition V.l.2 (c) we have that sup (J1A Adh1) ~ c(1) > c(l) - E. 

Choose Xo E X such that (J1 A Adh 1)(xo) > c(1) - E and let p be the fuzzy point with 

support Xo and value c(1) - E; then V(p) = c(1) - E and p E J1 A Adh 1. 

"F" Let 1 be any prefilter on X such that J1 E 1 and c(1) > 0, let E E <O,c(1) > and choose 

a fuzzy point p E J1 A Adh 1 such that V(p) = c(1) - E. 
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Therefore sup (11 II Adh 1) ~ sup p = c(1) - f. Since this is true for each E E <O,c(1», we 

obtain sup (11 II Adh 1) ~ c(1). 

The result holds trivially when c(1) = O. 

Therefore 11 is f-compact. 

It is easy to see that the following result is true. 

V.I.4 PROPOSITION 

In every fts, each fuzzy point is f-compact. 

Next we show that f-compactness is closed under finite suprema. 

V.I.5 THEOREM 

Let (X,8) be a fts and 11, II E IX. If both 11 and II are f-compact, 80 is 11 V II. 

PR.OOF 

Let J be any prefilter on X. Put (J = 11 V II, where both 11 and II are f-compact. Then (J ~ 11 

and (J ~ II, hence sup (11 II Adh 1) ~ sup ((J II Adh 1) and sup (II II Adh 1) ~ sup ((J II Adh 1). 

Therefore sup ((J II Adh 1) ~ sup (11 II Adh 1) V sup (II II Adh 1) 

~ max {c(1,1l),c(1,1l)} by f-compactness of 11,11 

= c(1, 11 V II) by Proposition 1.2.8. 

Hence sup( (11 V II) II Adh 1) ~ c(1 11 V II), that is, 11 V II is f-compact . 

It is clear that the above Theorem is only valid for a finite suprema; to see this, we replace 

N-compactness by f-compactness and Proposition IV.1.3 by Proposition V.1.4 in Example 

IV.I.6. 
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We do however have 

V.l.6 THEOREM 

Let (X,O) be a fts and /1- E IX. If 0 is finite, then /1- is f-compact. 

PROOF 

Suppose 0 is finite and let 1 be any prefilter on X. 

Suppose {ii: vE 1} = {ii, ... , ii : vk E " k E [n]} 
1 n 

Let v = v /I .... II v . 
o 1 n 

Then by definition of a prefilter we have that vEl. o . 

Hence sup (/1-11 Adh 1) = sup (/1-11 min ii.) ~ sup (/1-/\ v ) ~ c(l, /1-). 
i~i~nl 0 

Therefore /1- is f-compact. 

Next we give 

V.l. 7 THEOREM 

Let (X,D) be a fts. If /1- E IX is f-compact, then 

(a) /1-/\ v is f-compact, for each closed fuzzy set v. 

(b) /1-/\ a is f-compact, for each constant fuzzy set a. 

PROOF 

Suppose /1- is f-compact. 

(a) Let v E IX be closed. 

For all (J E IX we have that v /\ (J ~ v /I CT, and since v is closed we have v /\ CT closed, and 

hence v /\ (J ~ v /\ CT 

Let 1 be any prefilter on X such that /1- /\ vEl. 

For each (JE " we have that sup (VII (J) ~ sup (/1-11 vII (J) > 0, in fact v~ Ji.II v which 

implies vEl so that (1, v) = 1. 
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We have c[(:!,v), Jk] = i nf (Jk A v A Il) = c(n (since Jk A £lEn · 
llE1 

By f--compactness of Jk, we have sup (Jk A v A Adh n = sup (Jk A v A 0-) ~ sup Jk A v A Il 
llE:! llE1 

= sup [JkA Adh (1,£1)] ~c[(1,v),Jkl = c(:F). 

Hence Jk A v is f--compact. 

(b) Again, assuming Jk is f--compact, let a E I and:! be any prefilter on X. 

We have sup (Jk A a A Adh n = a A sup(Jk A Adh n ~ a A c(1,Jk) = a A inf (sup(Jk A v)) 
vE:! 

= inf (aA sup(JkA v)) = inf sup (aA JkA v) = c(:!, JkA a). 
vE1 vE:! 

Hence Jk A a is f--compact. 

As a corollary to Theorem V.1.7 we have that f--compactness is inherited by closed fuzzy 

subsets. 

V.1.8 COROLLARY 

Let (X,8) be a fts and Jk E IX. If Jk is f--compact, then each closed fuzzy subset of Jk is 

f--compact as well. 

V.l.9 PROPOSITION 

Let (X,8) be a fts and Jk E IX. If Jk has a finite support, then Jk is f--compact. 

V.l.ID PROPOSITION 

Let (X,8) be a £ts, Jk E IX and:! a prefilter on X which has a base consisting of closed fuzzy 

sets . Then if Jk is f--compact we have sup (Jk A Adh n = c(1,Jk) . 

Follows at once from definition IV.l.l together with Proposition I.2.9. 
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V.1.11 THEO REM 

Let (X,D) be a fts and /1 E IX Then /1 is f-compact if and only if for every prefilterbase B 

consisting of closed fuzzy sets, we have sup (/1/\ Adh B) = c(B,/1) 

if and only if sup inf /1/\ 11 = inf sup /1/\ 11. 

lJEB lJEB 
PROOF 

"==}" suppose /1 is f-compact and let B be a prefilterbase on X consisting of closed fuzzy 

sets. 

Then by Proposition V.UO and the fact that Adh <B> = Adh Band c( <B>,/1) = c(B,/1) 

the result follows . 

"<=" Let 1 be any prefilter on X, and put B = {v : 11 E 1). 

Therefore sup (/111 Adh B) = c(B ,/1). 

But Adh B = Adh 1 and since B ~ 1 we have that c(B, /1) ~ (1,/1), 

Therefore, sup (/1/\ Adh 1) = sup (/1/\ Adh B) =c(B,/1) ~ c(l,/1) ' 

Thus /1 is f-compact. 

Next we give a characterisation of f-compactness in terms of fuzzy nets . 

V.1.12 THEOREM 

Let (X,D) be a fts and /1 E IX. Then /1 is f-compact if and only if for every fuzzy net S in /1 

and every f E <O,c(S», there exists a cluster point p of S such that p E /1 and 

yep) = c(S) - f. 

"==}" Suppose /1 is f-compact and let S = {Sn : nED} be a fuzzy net in /1. 

For each nED, put 11 = sup S .. 
n ~n m 

Then B = {1In : nED} is a prefilterbase on X, and since Sm ~ /1, for each m E D we have 

1In ~ /1 for each nED. 

Hence c(B,/1) = inf sup 1In /\ /1 = inf sup 11 = inf sup V (S ) = c(S). 
nED nED n nED m~n m 
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By f--<:ompactness of J1, we have sup (J1, A Adh B) ~ c(S). Let E E <O,c(S» and choose Xo E X 

such that (J1, A Adh B) (xo) > c(S) - E. 

Let p be the fuzzy point with support Xo and value c(S) - E. Therefore p E J1" 

V(p) = c(S) - E and p E Dn for all nED. 

We claim that p is a cluster point of S. Otherwise, if p is not a cluster point of S, there 

exists an R-nbd A of p such that pEA eventually. 

That is, there exists nED with Sm E ~ for all m ~ n. 

But A being an R-nbd of p implies there exists (J E 8' such that p ~ (J and A ~ (J. So that, 

Sm E A for all m ~ n implies vn = s up ~ A. 
m~n 

Hence p E Dn ~ X ~ (J, which contradicts the fact that p ~ (J. 

Therefore p is a cluster point of S. 

"<=" Suppose the hypothesis of the Theorem is true and let 1 be any prefilter on X. 

Let E E <O,c(:r» and for each vEl, choose Xv E X such that (J1, A v) (x) > c(:r) - E/2. 

Let Sv denote the fuzzy point with support Xv and value c(:r) - E/2. 

Therefore S v E J1, A v for all vEl. 

If F is directed in the natural way, we have that S = {Sv : v E J} is a fuzzy net in J1, with 

characteristic c(:r) - E/2. 

By the hypothesis, there exists a cluster point p E J1, of S such that V(p) = (C(1)-E/2)-E/2 

= C(:r)-E. 

It remains to show that p E Adh 1 so that by Theorem V.lo3 we have that J1, is f--<:ompact. 

To do this, let v E 1. If v* E 1 and v* ~ v then S v* ~ J1, A v* ~ J1, A v. 

Therefore S is eventually in v and we conclude that p E D. 

Since vEl was arbitrary, we have p E Adh 1. 

Therefore J1, is f--<:ompact. 
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Making use of Theorem V.1.12 we can establish some of our earlier results more simply in 

terms offuzzy nets. 

As an illustration, we give a result concerning nested families of closed fuzzy sets. 

V.1.13 THEOREM 

Let (X,6) be a fts, It E IX be f-<:ompact and D be a directed set. Suppose {An: nED} is a 

family of closed fuzzy sets such that 

(i) 

(ii) 

(iii) 

An ~ It for all nED. 

n l ~ n 2 implies An ~ An . 
2 I 

in f sup A > O. 
nED n 

Then there exists a fuzzy point p such that p E An for all nED. 

PROOF 

Put a = in f sup A and let 0 < E < a. 
nED n 

For each nED choose xn E X with An (xn) > a - E/2 . 

Let Pn be the fuzzy point with support xn and value a - E/2 . Then S = {Pn : nED} is a 

fuzzy net in It with c(S) = a - E/2. 

By f-<:ompactness of It, there exists a cluster point p of S such that pElt and V(p) = 

(fr-Ef2) - t/2 = a-E. 

If n l > n2 E D and n l ~ n2 then A ~ A . So that V (p ) = a - E/2 < A (x ) ~ A (x ). n l n2 n l n l n l n2 n l 

Hence Pn E An for all n l ~ n. 
I 

Since p is a cluster point of S, we conclude that p E '\n = An' Otherwise, if p ¢ An' for some 

nED then the fact that An is a closed fuzzy set would imply that An is an R-nbd of p . 

From S CD P we therefore have that Pn ¢ An frequently. That is, there exists some n l ~ n 

such that Pn ~ A . This contradicts the fact that pEA for all n l ~ n . 
In . n l n 

Therefore p is the reqnired fuzzy point. 
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V.l.I4 LEMMA 

Let 01 and 02 be two fuzzy topologies on X such that 02 ~ 01' If /1 E IX is f--compact in 01 

then it is f--compact in 02' 

V.l.IS THEOREM 

Let (X,1') be a topological space and /1 E IX. Then the following statements are equivalent. 

(a) /1 is f--compact in w(1'). 

(b) /1 is f--compact in w(1'). 

(c) If ° < s < t ~ 1, then every net in /1t has a cluster point in /1s' 

PROOF 

(a) =} (b) : Follows at once from Lemma V.1.14. 

(b) =} (c) : Suppose /1 is f--compact in w( 1') and let Q = {x.>, : .>, ED} be a net in /1t' 

O<s<t~l. 

Let P.>, denote the fuzzy point with support x.>, and value t. Then S = {P.>, : .>, E D} is a 

fuzzy net in /1 and c(S) = t. 

By f--compactness of /1 in !;!{ 1') together with Theorem V.l.I2 we have that S has a cluster 

point p in /1 with value s. 

Let x denote the support of p. 

Then x E /1s ' 

We claim that Q CD x. In fact, if G is open and x E G then I G, is closed in !;!{ 1') 

and p ~ I G,. Hence IG, is an R-nbd of p. From S CD P we have that P.>, ~ I G, frequently. 

So that x.>, E G frequently i.e. x is a cluster point of Q. 

(c) =} (a): Suppose condition (c) is satisfied and S = {Sn : nED} is a fuzzy net in 

/1, E E < 0, c(S». 

By extracting a subnet if necessary, we may assume that V(Sn) ~ c(S) - E/2, for 

each nE D. 
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Let xn be the support of Sn for each nED; then for all nED, xn E JI-t where 

t = c(S) - E/2. 

Put s = c(S) - E. 

By condition (e) we have a cluster point x E JI-s of a crisp net {xn : nED} in JI-t. So that 

fJ,(x) ~ s = c(S) - E. Let p be the fuzzy point with support x and value c(S) - f. Then p E JI-. 

Let A be an R-nbd of p. 

Then there exists cr closed in w( T) such that p ~ cr and A ~ cr; hence cr(x) < c(S) - E. 

Choose a E [0,1] such that cr(x) < a < c(S) - E. Since cr is closed in w( T), it is upper 

sernicontinuous. Therefore G = {y EX: cr(y) < a} is T-open and x E G. Since x is a cluster 

point of {xn : nED} we have that xn E G frequently . But then cr(xn) <a <c(S)- E <V(Sn) 

frequently. Hence Sn ~ cr frequently, which implies Sn ~ A frequently. 

Therefore p is a cluster point of S. 

f-compactness is a good extension as seen in the next 

V.l.lB THEOREM 

Let (X, T) be a topological space and K ~ X. Then the following statements are equivalent. 

(a) K is compact. 

(b) K is f-compact in w( T). 

(c) K is f-compact in w( T). 

PROOF 

If fJ, = lK then condition (c) of Theorem V.l.lS is equivalent to the compactness of K, and 

hence Theorem V.l.lB is a special case of Theorem V.l.lS. 

Lastly we show that f-compactness is invariant under continuous mappings. 

V.l.17 THEOREM 

Let (XA) and (Y,02) be fts, f: (X A) --< (Y,02) be a continuous mapping and 

fJ, E IX. If Ji is f-compact then the image f' (Ji) is f-compact as well. 
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PROOF 

Let 1 be a prefilter on Y and suppose J.! E IX is f--compact. 

If c(l,r(J.!)) = 0; then we are done. 

Suppose now that c(l,r(J.!)) > 0 and letB = {t(v): vE n· 
ThenB is a prefilterbase on X and c(l/(J.!)) = c(B,J.!) by the remark preceding Proposition 

1.2.9. 

Thus, sup (r(J.!) 1\ Adh1)(y) = sup inf (r(J.!) 1\ iI) (y) = sup infr(J.!) (y) 1\ iI (y) = sup 
yEY yEY lIEl yEY xEX 

inf r(J.!) (f(x)) 1\ iI (f(x)) = sup inf r(J.!) (f(x)) 1\ t(iI)(x) 
lIEY xEX lIEF 

~ sup inf J.!(x) 1\ t(v)(x) (by continuity off) 
XEX lIEJ 

= sup (J.! 1\ Adh B)(x) = c(B,J.!) = c(J/(J.!)) 
xEX 

Therefore r (J.!) is f--compact. 

V.2 THE TYCHONOFF THEOREM 

We first give a characterisation of f--compactness using prime prefilters . 

V.2.1 THEOREM 

Let (X,o) be a fts and J.! E IX. Then J.! is f--compact if and only iffor every prime prefilter J 

on X we have sup (J.! 1\ Adh 1) ~ c(J ,J.!). 

PB.OOF 

"~" Follows at once from the fact that a prime prefilter is a prefilter together with 

definition V.l.l. 

"<=" Suppose the hypothesis of the theorem is true and let 1 be any prefilter on X. 

If c(l,J.!) = 0, then we are done. 

Suppose now that c(l,J.!) > O. Then the prefilter (J,J.!) exists. 



88 

By Lemma 1.2.11 we have that there exists a prime prefilter 9 on X such that (1,J.l) ~ 9 

and c(9) = c(1,J1.). Clearly J1. E 9 and hence c(9) = c(9,J1.) = c(1,J1.). Also 1 ~ 9 and hence 

Adh9 $ Adh1. 

Therefore sup (J1. II Adh 1)~ sup (J1. II Adh 9) = c(9,J1.) = c(1,J1.). 

V.2.2 THEOREM 

X. 
Let J be an index set and for each j E J, let (Xj' 6) be a fts. Then if each J1.j E I J is 

f--compact in X., the product setIIJ1.' is f--compact in IIx .. 
J jEJ J jEJ J 

PROOF 

Suppose each J1.. is f--compact in X., and let J1. = ~. and X = n X" 
J J jEJ J tE1 J 

Let 1 be any prime prefilter on X. 

By f--compactness of each J1.j' we have that for each jE J, sup (p,j II Adh 1) ~ c(1 j' p,/ 

Let f> O. For each jEJ, choose tj E Xj such that 

(p,j II Adh 1)(9 > c(1j, p,) - f ........................ (*) 

Define gE X by g(j) = \ 

Then sup (p, II Adh 1) ~ (J.l II Adh 1)(g) = J1.(g) II (Adh 1) (g) = inf J1.. (g(j)) II (Adh 1)(g) 
jEJ J 

= inf J1. . (g(j)) II (n Adh1k)(g) (by Theorem 1.2.13) 
jEJ J ~E~ 

= inf J1..(t.) II inf (Adh1k) (tk) 
jEJ J J kEJ 

~ [i.nf c(1., J1..) - fl II [inf c(1k, ~) - fl (by(*)) ~ c(1,J1.) (by Theorem 1.2.12) 
JEJ J J J kEJ J 

Since f > 0 was arbitrary we have that sup (J1.11 Adh1) ~ c(1,J1.). 

By Theorem V.2.1 we have that p, is f--compact. 

The converse of Theorem V .2.2 is not true in general as seen in the next 
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V.2.3 EXAMPLE 

Let {(Xj' 9 : j E J} be an indexed family of fts. 

X. 
For each j E J, let JL/ I J 

suppose JL . = 0, jo E J. 
Jo 

Then the product set IIJL' = 0 is clearly f-compact. 
jEJ J 

But for each j E J \ {jo}, JLj may be selected arbitrarily, and hence they need not be 

f-compact. 

We do however have that the converse of Theorem V.2.2 is valid for fuzzy sets of the same 

height. 

V.2.4 THEOREM 

X. 
Let J be an index set and (Xj' OJ) be a fts for each j E J. Suppose for each j E J , JLj E I J 

and sup JL . = a, where a E 1. If:fL. is f-compact, then JL . is f-compact for each j E J. 
J jE J J J 

PROOF 

Suppose JL = :fL. is f-compact in X = IIx. and let k E J. 
jE J J jEJ J 

By Theorem V.1.17 and the fact that the projection maps II j are continuous we have that 

Ilk (JL) is f-compact. 

We only need to show that Ilk (JL) = ~. 

For each t E Xk' Ilk (JL)(t) = sup {JL(f):fE x, f(k) = t} = sup {inf JL . (f(j)):f(k) = t} ~ 
jEJ J 

~(t). 

Thus Ilk (IL) ~ ~. 

On the other hand, let t E Xk and E > O. 

For each j E J, j f. k choose t . E X. such that IL · (t.) > a-f. 
J J J J 

Define f E X by f(j) = tj for j f. k and f(k) = t . 
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Then Uk (J1-) (t) ~ J1-(f) = inf J1- .(f(j)) = inf J1- .(t .) II '1c(t) ~ (a-e) II '1c(t). 
jEJ J j:J J J 

j/k 

Since this is true for each e > 0 we have Uk (J1-) (t) ~ a II '1c(t) = '1c( t) . That is Uk (J1-) ~ '1c' 

Therefore Uk (J1-) = '1c' 

Since this is true for each k E J, the result follows. 

For f-compactness, the Tychonoff Theorem holds: 

V.2.5 THEOREM (THE TYCHOIiOFF THEOREM) 

The product space of the indexed family {(Xj, 8) : j E J} of fts is f-compact if and only if 

each (Xj' 8) (j E J) is f-compact. 

PROOF 

The necessity follows at once from the fact that the projection maps are both continuous 

and onto together with Theorem V.l.17. The sufficiency is a consequence of Theorem 

V.2.2. 

Since the fuzzy topology that we have been using (Definition 0.1.1) is the one by Chang [2], 

we next show that for f-compactness, we can also use the fuzzy topology by Lowen [10] . In 

short, we will show that for f-compactness, it does not matter whether we use one 

definition or the other i.e. if olir fuzzy topology is augmented by including the constants, in 

an obvious way, f-compact sets are not affected. 

We adopt the follOwing notation: 

Let (X,D) be a fts and denote by f, the weakest fuzzy topology on X which includes both 8 

and the constant fuzzy sets. A closed base for f is then given by the collection {c V ). : C a 

constant fuzzy set and ). a closed fuzzy set in (X ,D)} . 
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V.2.6 THEOREM 

Let (X,6) be a fts, tf be the fuzzy topology generated by 6 together with the constant fuzzy 

sets and let Jt E IX. Then Jt is f-<:ompact in 6 if and only if it is f-<:ompact in tf. 

PROOF 

"F" Follows at once from the fact that 6~ tf together with Proposition V.1.14. 

"=},, Suppose Jt is f-<:ompact in 6 and let J be any prefilter on X such that Jt E J . 

Choose a prime prefilter 0 on X such that J ~ G and c(J) = c(O). 

Since Jt E J, we have that Jt E 0 and hence c(O ,Jt) = c(O). 

For any fuzzy set II the tf -<:losure, v, of II is given by v = inf {c V II: II ~ C V .A, c a constant 

fuzzy set and A closed in tf} . 

Let II EO. If II ~ C V )., c constant, A closed in 5, then c V A EO . Now 0 is a prime prefilter 

implies that either CEO or A EO. 

Thus, if CEO we have c V A ~ c = sup c ~ c(O). 

On the other hand if .A EO, then c V ~ .A ~ Adh 50, where Adh 50 denotes the 6-adherence 

ofO . 

Combining the two cases we have c V A ~ c(O) II Adh50, for all c V A such that II~ c V A, c 

a constant and A-<:losed in 5. Hence v ~ c(J) II Adh 50 . Since this holds for all II EO, we 

have Adh 50 ~ c(O) II Adh50. Hence AdhtfO ~ c(O) II Adh50. 

Finally, sup Jtll Adhtf1 ~ sup Jtll (c(O) II Adh50) = c(O) II sup (Jtll Adh50) ~ c(O) by the 

f-<:ompactness of Jt in 5. Since c(O) = c(J), f-<:ompactness of Jt in tf follows . 
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CHAPTER VI 

A COMPARISON OF DIFFERENT NOTIONS OF COMPACTNESS IN A FTS. 

INTRODUCTION 

In this chapter we will mostly restrict ourselves to the whole space and compare all those 

notions which we found to be good extensions. We give the implications that might exist 

amongst them and lastly, we find out that for a T2 (Definitions 1.2.12, 1.2.13, 1.2.14, 1.2.16) 

space all these notions are equivalent. 

VI.l. COMPARISON OF DIFFERENT NOTIONS OF COMPACTNESS IN A FTS. 

VI.1.1 PROPOSITION 

(X,S) is fr-Compact if and only if (X, ie/oj) is compact, where aE [0,1> . 

PROOF 

This follows at once from the fact that the collection (3 ~ ° is an a-£hading of X if and only 

if the collection {tt <a,l] : J1 E (3} is an open cover for X. 

VI.l.2. THEOREM 

Suppose (X,O) is ultra-fuzzy compact; then it is strong fuzzy compact . 

Follows from the fact that for all a E [0,1> , i( 0) 2 i a( S) together with Proposition VI.1 .1 

VI.l.3 PROPOSITION 

Suppose (X,O) is strong fuzzy compact and a E [0,1>; then it is fr-Compact. 
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We also have 

VI.l.4 THEOREM 

Suppose (X,O) is N-<:ompact, then it is strong fuzzy compact. 

PROOF 

Follows at once from the fact that a constant fr-net is an fr-net together with Theorem 

III.l.6 and definition IV.l.l. 

The converse of Theorem VI.l.4 is not true in general as seen in the next 

VI.l.5 EXAMPLE 

Let X = <0,1> and define a fuzzy set>. : X ----; I by >.(x) = x for each x E X. 

Let 6 be a fuzzy topology generated by all the constant fuzzy sets and >.. 

Therefore 6 = {constant fuzzy sets, >., J.tx } where for each x E X the fuzzy set J.tx : X ----; I is 

given by: 

J.t (y) = {y x x 
ify ~ x 
ify > x. 

It can easily be seen that if a E [0,1>, then (X,a) is fr-Compact. 

Since this is true for each a E [0,1>, we have that (X,a) is strong fuzzy compact . 

On the other hand we have that>. E 0, hence 1 - >. E 6' . 

Since sup {(l->')(x) : x E X} = 1, but for each x E X, (l->')(x) < 1, we have that 1->' does 

not attain its maximum. Therefore Corollary IV.l.1B implies that (X, 6) is not N-<:ompact. 

An obvious question to ask is: under what conditions will the converse of Theorem VI. 1. 4 

be true? 

This is answered in the next 

VI.l.B THEOREM 

Suppose (X,6) is strong fuzzy compact, then it is N-<:ompact if and only if each closed 

fuzzy set attains its maximum. 
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PROOF 

The necessity part follows at once from Corollary IV.L16. To prove the sufficiency suppose 

(X,6) is strong fuzzy compact but not N-compact. Then there exists a E <0,1) and an 

a-net S = {Sn : nED} without any cluster point of value a. 

Therefore, for each x E X there is an R-nbd II of a1 such that SEll, eventually. x x n x 

Thus, there exists an NED such that SEN holds for all n> N . By definition of an x n x - x 

R-nbd, for each x E X, there is (]x E 6' such that a1x t (]x and IIX ~ (]x· 

Let fJ= {(]x: xE X}. 

Therefore fJ ~ 6' and since (]x(x) < a we have that A fJ < a. The fact that (X,6) is strong 

fuzzy compact together with Theorem IILl.5 implies that fJ has a finite subfamily 

?/J= {(]x1, ... , (]xk} with A ?/J < a. 

Let (] = A ?/J. 

Then (] E 6', and we will show that (] has no maximum. 

In fact, if NED so that N ~ N i for all i E [k), then Sn E (] holds for all n ~ N. 
x 

By definition of an a-net, for any E > 0 there is an x E X such that (](x) > a-E. 

On the other hand, since (] < a, (](x) < a holds for all x E X. 

Hence (] has no maximum. 

Vr.L 7 THEOR.EM 

Suppose (X,6) is ultra-fuzzy compactj then it is N-compact. 

PR.OOF 

This follows at once from the fact that a transitive limit is a limit, together with Theorems 

III.2.9 and IV.L9. 

That the converse is not true in general is seen in the next 
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VI.l.S EXAMPLE 

Let X = IN. 

For each a E <0,1>, there exists an n E IN such that 

n-l<a< n . 
n - n-l 

Choose ai E [ n~l, a) (i E [n)) and put 

( )() {
a if a > n 

A a, aI' ... , an x = a
i 

if x = i, i E [nJ. 

Let 6 be the family consisting of all the complements I-A of these fuzzy sets as well as the 

fuzzy sets Ox and IX' 

It can easily be seen that 6 is a fuzzy topology on X and hence (X,6) is a fts . 

Since i( D) is the collection of all subsets of X, we have that i( 6) is a discrete topology on X 

and hence (X,i(D)) is not compact . Which implies (X,D) is not ultra-fuzzy compact. 

( ) 
n-l n 

On the other hand, let S be an a-net in X,6. Ifn < as n+l ,then for m > n the fuzzy 

point with support m and value a is a limit point of S. 

If a = 1, then every fuzzy point with value a is a limit of S. 

Therefore (X,D) is N-compact. 

VI .l.9 THEOREM 

Suppose (X,6) is N-compact, then it is f-compact. 

Follows at once from Theorem IV.2.2 together with definition V.l.l. 

The converse is not true in general: 

VI.l.lO EXAMPLE 

Let X = <0,1> and A : X -I I be a fuzzy set defined by A(x) = x for each x E X. 

Let 6 = {O, A,I} . 

It is easy to see that the fuzzy set I-A does not attain its maximum and since I-A E 6' , we 

have by Corollary IV.l.16 that (X,6) cannot be N-compact. 
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But since ° is finite, we have by Theorem V.1.6 that (X,D) is f ... mmpact. 

We do however have 

VI. 1.11 THEOREM 

Let (X,O) be a fts and J.L E IX be f-compact . Then J.L is N-compact if and only if J.L A A 

attain its maximum for every closed fuzzy set A. 

"~" Suppose J.L is N-compact and let A be any closed fuzzy set in X; so that by Theorem 

IV.1.7 J.LA A is N-compact. Then by Theorem IV.1.I5 we have that J.LA A attains its 

maximum. 

"<=" Suppose J.L is f-compact and J.L A A attains its maximum for each closed fuzzy set A. 

Let 1 be any prefilter on X such that J.L E 1 and c(1) > o. Therefore by f-compactness of J.L 

we have that sup (J.L A Adh 1) ~ c(1) > o. 

But Adh 1 is a closed fuzzy set, so that the assumption of the theorem implies that 

J.L A Adh 1 attains its maximum, at some Xo E X. 

That is, (J.L A Adh 1)(Xo) = sup (J.L A Adh 1) ~ c(1) > o. Thus c(1) Ix E J.L A Adh 1 . 
o 

Therefore by Theorem IV.2.I J.L is N-compact. 

Taking J.L = IX in Theorem VI. 1. 11 we have the following 

VI.1.I2 COROLLARY 

Suppose (X,O) is f-compact; then it is N-compact if and only if each closed fuzzy set 

attains its maximum. 

In view of Theorem VI.1.6 and Corollary VI.1.2, an obvious question is: Is there any 

implication between the strong fuzzy compactness and the f-compactness for the whole 

space? Before we answer the question, we need a few results . 
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We firstly need 

VI.1.13 DEFINITION ll.Ql. 

Let (X,o) be a fts. Then (X,D) is fuzzy compact if for every family (3 ~ 0 and for each a E I 

such that sup J.L ~ a and for each f E <O,aJ there exists a finite subfamily (30 of (3 such that 
J.LE(3 

sup J.L~ a- f. 

J.LE (30 

In [10J Lowen requires the fuzzy topology to include the constants and hence many results 

which he has for fuzzy compactness are only valid for that type of a topology. Since in our 

fuzzy topology (definition 0.1.1) we did not require the constants to be included, we would 

like to point out here that we will only use those results that are also valid in our case. 

In [13J Lowen gives a characterisation of fuzzy compactness as 

VI.1.14 THEOREM 

Let (X,O) be a fts. Then (X,O) is fuzzy compact if and only if for each prefilter J on X we 

have sup Adh J ~ c(J). 

See [13J Theorem 5.1 

Motivated by this, in [lJ Chadwick gives the definition off-compactness (Definition V.U) 

and proves that f-compactness reduces to fuzzy compactness where fuzzy compactness is 

meaningful. He in fact, gives the follOwing result: 

VI.1.1S THEOREM 

Let A be a subset of X and let fl A = {IJ A : IJ E fl} be the fuzzy topology on A consisting of 

the restrictions to A of members of fl, where (X,fl) is a fts. Then (A,fl A) is fuzzy compact if 

and only if 1 A is f-compact. 
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See [1] Proposition 2.2 

In particular, if we take A = X then we have 

VI. l.16 THEOREM 

A fts (X,S) is f-compact if and only if it is fuzzy compact. 

In [12] Lowen gives the following result: 

VI.l.17 THEOREM 

If (X,5) is strong fuzzy compact, then it is fuzzy compact. 

In view of Theorem V.2.6, our question is then answered in the next 

VI.l.1B THEOREM 

If (X,O) is strong fuzzy compact, then it is f-compact. 

Follows at once from Theorem VI.l.16 and Theorem VI.l.17 in view of Theorem V.2.6. 

The converse of Theorem VI.2.17 (equivalently, Theorem VI.l.1B) is not true in general as 

shown in the next example ([12]). 

VI. l.19 EXAMPLE 

Let X = I, for all x E X n Q, let x = p/q, where p and q have no common factor. 

Put v~ = s/q + l/q lx' for all s E IN , 0 ~ s ~ q - L 

Let 0"1 = {Ix : x E X, x irrational} 

0"2 = {v~ : x E X n ~, x = p/ q, s E IN, 0 ~ s ~ q - I} 

Let ° denote the fuzzy topology on X generated by 

0" = {a : a a constant fuzzy set} U 0"1 U 0"2 . 
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Then in [12] Lowen shows that 

(i) (X,D) is fuzzy compact (equivalently f-compact). 

(ii) For each aE [0,1>, ia(D) is a discrete topology on X. 

It is thus clear from (ii) that (X,D) is not a-compact for some aE [0,1>. Hence (X,D) is not 

strong fuzzy compact . 

Putting together the foregoing arguments we have the following implications : 

Ultra-fuzzy compactness a-compactness 

N-compactness strong fuzzy compactness 

f-compactness <==~; fuzzy compactness 

We have showed by means of counter--examples that the arrows above are not reversible in 

general. It is therefore of interest to know a condition (if any) which would guarantee the 

converses of the above implications. We seek a condition that will give the equivalence 

between strong fuzzy, ultra-fuzzy, fuzzy and N-compactness. 

To do this, we only need to find a condition that would "force" fuzzy compactness to imply 

ultra-fuzzy compactness (since then, all the above notions would be equivalent). 

This will be done in the following way: 

STEP 1: 

STEP .f.: 

Fuzzy compact ==} strong fuzzy compact . 

Strong fuzzy compact ==} ultra-fuzzy compact: 

As seen in the next 
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VI.1.20 THEOREM 

Let (X,6) be a T2 fts in the sense that no fuzzy net converges to two distinct fuzzy points 

(see Theorem 1.1.13). Then fuzzy compactness, strong fuzzy compactness, N-compactness 

and ultra-fuzzy compactness are equivalent. 

PROOF 

STEP 1 

Suppose (X,D) is a T2 fuzzy compact fts and let S = {x~: nED} be a constant a-net in 

(X,D) (aE <0,1]). Since a constant a-net is an a-net we have by Theorem V.1.12 that for 

each f E <O,a>, S has a cluster point Xa-f' 

By Theorem 1.1.15 we have that S has a subnet T f converging to xa-f ' T f is a constant 

a-net as well, hence for each k E IN we can apply the fuzzy compactness again to have 

Ya-Elk such that T fro Ya - f/k' 

By Propositon 1.1.18 we have that x = y. 

Therefore for each k E IN, xa-f/k is a cluster point of S. Suppose v is an R-nbd of the fuzzy 

point xa' Hence there exists CTE 6' such that x a ¢ CT and v~ CT. We have a> CT(X) ~ vex). 

By choosing k E IN suitably large we have a - f/k > CT(X) ~ vex), which implies v is an 

R-nbd of the fuzzy point xa-E/k' 

We claim that xa is a cluster point of S. In fact, if v is an R-nbd of xa then for some k E IN 

(suitably large) we have that v is an R-nbd of xa-f/k' 

Since xa-f/k is a cluster point of S we have that S ¢ v, frequently . Which implies xa is a 

cluster point of S. 

Therefore by Theorem IIL1.6 we have that (X,6) is strong fuzzy compact . 

STEP ~. 

Suppose (X,6) is a T2 strong fuzzy compact fts and let f = {xn : nED} be a crisp net in X. 

We can construct a 1-net S = {x~ : nED} in (X,6). 

By strong fuzzy compactness of (X,6) we have that S has a cluster point Xl' 

Suppose T = {x~(m) : mE E} is a subnet of S converging to Xl' 
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By Propostion 1.1.17 we only need to show that Xl is a transitive limit of T. In fact, if R = 

{xn(m) : mE E} is a constant a-net (a E <0,1]) similar to T, then by strong fuzzy 
a 

compactness of (X,D) it follows that R has a cluster point Ya' 

rt is clear that y is also a cluster point of T, and hence by Proposition 1.1.18 we have that a 

x = y. Hence xa is a unique cluster point of R with value a . 

We claim that R -I X . Otherwise, there would exist on R-nbd, lI, of X such that R E lI, a a 
frequently. That is, for each ME E there is an m ~ M for which x~(m) E lI. 

Pick R* a subnet of R in lI. 

Then clearly R* is a constant a-net as well, and thus by strong fuzzy compactness of (X,o) 

we have that R * has a cluster point Ya' Since II is an R-nbd of x a' there exists (1 E 0' such 

that xa ~ (1 and II ~ (1. Since (1 is a closed fuzzy set, we see that Ya E (1. But xa ~ (1 would 

imply that R has two distinct cluster points with value a, a contradiction. 

Hence R-I xa' 

Therefore Xl is a transitive limit of T. 

Since N--compactness and f--compactness are the only notions defined for an arbitrary 

fuzzy set , an obvious question is: 

"Under what condition will N--compactness and f--compactness be equivalent for an 

arbitrary fuzzy set in X?" 

This is answered in the following 

VI.1.21 THEOREM 

Let (X,b') be a fts. If (X,D) is T2 in the sense that every prime prefilter has an adherence 

that is non-zero in at most one point (see Theorem 1.3.6) and J1. E IX, then J1. is f--compact 

if and only if J1. is N--compact . 
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PROOF 

"~,, Suppose /1 is f-compact and let l' be a prime prefilter on X. We only need to show 

that /1 II Adh l' attain its maximum; since by f-compactness of /1 together with Theorem 

IV.2.3 we will have that /1 is N-compact. 

If Adh l' is zero everywhere on X then the result holds trivially. Otherwise, the fact that 

(X,6) is T2 implies that there exists Xo E X such that (Adh1) (xo) f 0 and for each y EX, 

Yf xo; (Adh1)(y) = O. Hence sup(/111 Adh1') = (/111 Adh1) (xo). 

Therefore /1 II Adh l' attains its maximum (at xo). 

"<==" Follows from definition V.1.l together with IV.2 .2. 
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E.Z. MORAPELI 

ERRATA PAGE 

"partial fulfillment" instead of "fulfillment". 

line 2i "stronger" instead of "weaker". 

CHAPTER III 'fJ is replaced by -. 

line 6i "weaker" is replaced by "stronger". 

"advise" is replaced by "advice" . 

line 91 we include reference [3]. 

line Ii "see [17] Theorem 11.1" is replaced by "see [17] 

Theorem 11.1 and remark after Theorem 0.2.7". 

line 5i "[8]" instead of "[19]". 

line lli "that any a-net ... " is replaced by "that any net... " 

line 7i "limit of the a-net ... " should read "limit of the 

constant a-net" . 

line 11 "prefilter-base" should be "prefilterbase". 

line 2! "\I" should read "=". 

line 10! "[16]" should be "[15]". 

line 11! "the one using fuzzy ... " should read "the one of Pu 

and Liu using fuzzy nets ([17]) ... " 

line 12! "[16]" should read "[15]" . 

line 2i "p "should read IIp " . m m 

line 2i we omit Definitions 0.2.12, 0.2.13, and 0.2.15. 

Omit line 7! (In view of Theorem ..... ). 

lines 10! and 11! "into I have .. . " should read "into I assume" . 

No.15 "The relations between .. .. " should read "The relation 

between ... ". 
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