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Abstract

This thesis examines the left-invariant control affine systems of full rank, evolving on the
three-dimensional Heisenberg group Hs. Such systems are classified under state space
equivalence, detached feedback equivalence and strongly detached feedback equivalence;
a complete list of equivalence representatives is obtained. The equivalence of cost-
extended control systems corresponding to left-invariant optimal control problems on Hj
with fixed terminal time, affine dynamics, and affine quadratic cost is also considered.
To left-invariant optimal control problems on Hs with quadratic cost, one may, via
the Pontryagin Maximum Principle, associate a quadratic Hamilton-Poisson system
on the (minus) Lie-Poisson space h3j_. Homogeneous and inhomogeneous quadratic
Hamilton-Poisson systems are investigated. These systems are classified up to an affine
isomorphism. Furthermore, the stability nature of the equilibria of the systems are
analysed and explicit expressions for all integral curves are determined.
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Introduction

Mathematical control theory (including geometric and optimal control theory) examines the under-
lying mathematical principles, theory and problems concerning the analysis and design of control
systems and has far reaching application, most notably in engineering. Further applications are
found in the areas of robotics, economics, chemistry, biology, ecology and medicine.

A control system is a family of differential equations, evolving on some state space, parametrized
by control parameters. In fixing a control, the system becomes a single nonautonomous ordinary
differential equation, the solution of which is completely determined by its initial state and called an
admissible trajectory of the control system. Each control (in general) provides a different admissible
trajectory. The set of all admissible trajectories form the attainable set of an initial state. To
characterize such attainable sets is the first basic problem in control theory: the Controllability
Problem. As soon as the possibility of reaching a state is realised we try to do it in the best way:
the Optimality Problem [6)].

Optimal control theory began in 1697 with the solution to the brachystochrone problem by
Johann Bernoulli [44]. The essential foundation of optimal control theory is that of the Pontryagin
Maximum Principle, developed by L.S. Pontryagin and his group in the late 1950s, which gives the
fundamental necessary conditions for optimality in optimal control problems. In its original form
the Pontryagin Maximum Principle had serious limitations; it is geometric control theory (which
began in the late 1960s with the study of (nonlinear) control systems using concepts and methods
from differential geometry (cf. [6], [25], [43])) that forms a theoretical foundation for extensions of
the maximum principle to optimal control problems on arbitrary differential manifolds [25]. From
a geometric view point, a differential equation is a vector field and so a control system is viewed as
a parametrised family of vector fields on a manifold.

Of particular interest are invariant control systems on Lie groups in which case the vector fields
are invariant. Invariant control systems on Lie groups were first considered in 1972 by Brockett
[20] and by Jurdjevic and Sussmann [27]. These systems still model a large class of problems while
allowing the use of Lie theory.

Recent attention has been drawn to invariant control affine systems on low dimensional Lie
groups, as well as the optimal control problems associated to such systems. These systems have
been used to model specific problems such as Euler’s elastic problem [[42], [26]], the control of
spacecraft [38] and the motion of a free rigid body [11]. A more general approach has also been
considered: The classification of three-dimensional Lie groups under state space equivalence and
detached feedback equivalence ([4], [7], [12], [13], [14], [16]) as well as the consideration of the
associated optimal control problems. In particular, this has been done by considering cost-extended
control systems corresponding to certain invariant optimal control problems on Lie groups and the
classification of such systems ([19], [17]). An invariant optimal control problem on a Lie group may
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2 Introduction

be lifted to a family of Hamilton-Poisson systems on the cotangent bundle. For several classes of
such systems, the Pontryagin Maximum principle reduces the family of Hamilton-Poisson systems
on the cotangent bundle to a single Hamiltonian system on the dual Lie algebra ([17], [19], [6]).
(Here the Poisson structure is the Lie-Poisson structure.)

A number of quadratic Hamilton-Poisson systems have been considered by several authors
(12], [3], [40], [34], [9], [10]). The integration of quadratic Hamilton-Poisson systems is of great
significance in the investigation of the extremal controls of invariant optimal control problems as
(as noted by the authors of [17] and [19]) the problem of determining the extremal controls for a large
class of invariant optimal control problems reduces to the study of the integral curves of a quadratic
Hamilton-Poisson system on the dual Lie-Poisson space. The equivalence of Hamilton-Poisson
systems on Lie-Poisson spaces has also been investigated. For instance, the orthogonal equivalence
of systems on so(3)* ([22]), linear equivalence of Hamilton-Poisson systems ([19], [17]) and the
classification of a class of Homogeneous quadratic systems on se(2)* ([5]) and on se(1,1)* ([8]).

In this thesis we consider (left-)invariant optimal control problems on the (three-dimensional)
Heisenberg group Hs. The central focus is on the classification of such systems; on finding explicit
expressions for the integral curves of the associated Hamilton-Poisson systems and determining the
stability nature of the equilibria for each of these systems. We outline the topics covered.

Chapter 1 introduces the Heisenberg group Hs and investigates several of its (topological and
algebraic) properties, the results of which are well known but essential in a thorough investigation
of the optimal control problems on Hs. Topologically, Hs is simply connected and connected
(important properties in control theory). We determine the Heisenberg Lie algebra hs and the
group of Lie algebra automorphisms Aut(hs) (The group of Lie algebra automorphisms plays a
crucial role in the classification of systems in later chapters.). We also calculate the adjoint and
coadjoint of orbits Hs.

In chapter 2 we classify all left-invariant control affine systems on Hz under state space equiv-
alence, detached feedback equivalence and strongly detached feedback equivalence. In each case
the classification may be done at the level of the Lie algebra and is carried out in this way. Class
representatives are selected and the controllable systems on H3 are determined.

Chapter 3 covers the left-invariant optimal control problems with affine quadratic cost and fixed
terminal time associated to the systems of chapter 2. This is done by considering the associated cost-
extended control systems and the equivalence of these systems. We use the associated Hamiltonian
on the cotangent bundle to determine the optimal controls of the optimal control problem.

Chapter 4 is devoted to the classification of Quadratic Hamilton-Poisson systems on the Lie-
Poisson space h3_. We begin by considering equivalence up to linear isomorphisms of the ho-
mogeneous systems and note that for such systems this is the same as equivalence up to affine
isomorphisms which we term affine equivalence. Based on the classification of homogeneous sys-
tems we arrive at the classification of inhomogeneous systems under affine equivalence.

Finally, in chapter 5 we investigate the class representatives of the Hamilton-Poisson systems
of chapter 4. We determine the stability nature of the equilibria for each of the systems and find
explicit expressions for the integral curves of the systems, all of which are expressible in terms of
elementary functions. The extremal controls for a class of optimal control problems on Hz may be
obtained from these integral curves.

Appendix A contains a summary of the Lie theory and control theory relevant to this thesis.
Appendix B contains a table collecting the results of the classification of the left invariant control
affine systems of chapter 2. Mathematica 8 has been used to assist with calculations; the code may
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be found in appendix C.

Original Contributions
To the best of our knowledge, the following contributions are original:

Chapter 2. The classification of all full-rank left-invariant control affine systems on Hs under
state space equivalence ( lemmas 2.2.11, 2.2.12, 2.2.13 and 2.2.14 and propositions 2.2.15, 2.2.16 and
2.2.17 and corollary 2.2.18); the characterisation of strongly detached detached feedback equivalence
and the classification of all full-rank left-invariant control affine systems on Hj3 under strongly
detached feedback equivalence (section 2.4); the comparison of state space, detached feedback and
strongly detached feedback equivalence class representatives (propositions 2.5.1 and 2.5.2);

Chapter 3. The classification of controllable two and three-input homogeneous cost-extended
systems on Hs under cost-equivalence (propositions 3.1.9 and 3.1.13) and the calculation of the
extremal controls of these systems (propositions 3.1.10 and 3.1.14).

Chapter 4. The calculation of the linear Poisson symmetries for each homogeneous Hamilton-
Poisson system (proposition 4.4.2); a complete classification of all inhomogeneous quadratic Hamilton-
Poisson systems on h3_ under affine equivalence (theorems 4.4.4, 4.4.5, 4.4.6 and 4.4.7).

Chapter 5. A complete stability analysis of all quadratic Hamilton-Poisson systems on h3_ (propo-
sitions 5.2.1, 5.2.2, 5.2.3, 5.2.4, 5.2.5, 5.3.1, 5.3.2, 5.3.3, 5.3.4, 5.3.5, 5.3.6, 5.3.8, 5.3.9 and 5.3.10);
the calculation of explicit expressions for all integral curves of all quadratic Hamilton-Poisson sys-
tems on hji_ (propositions 5.2.6 and 5.3.7).

Notation

Lie groups (with the exception of H3) are written using upper-case characters in a sans serif typeface
(e.g., G). Lie algebras (with the exception of h3) are written using lower-case letters in Fraktur
typeface (e.g., g). The following notation will also be used:

1 identity element of a Lie group.
C*°(M) the set of (smooth) real-valued functions on a smooth manifold M.
(-,-) natural pairing g x g, (p, X) — p(X) between g* and g.
T¢ tangent map (differential) of a smooth map ¢ between manifolds; the tangent
map at x is denoted T ¢.

(S) linear span of a subset S C g of elements By, ..., By € g.

Lie(S) Lie algebra generated by S C g, i.e., the smallest Lie subalgebra containing S.
dF linearisation of F' € C°°(M); the linearisation at x is denoted dF'(z).

DX linearisation of the vextor field X; the linearisation at a point x is denoted DX (x).
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Chapter 1

The Heisenberg Group Hj

This chapter introduces the three-dimensional Heisenberg group Hs. It investigates various alge-
braic and topological properties of Hs (particularly those properties pertaining to control theory).
We begin by introducing two isomorphic forms of the Heisenberg group and the isomorphism be-
tween them and show that Hs is a (matrix) Lie group.

H3 is shown to be diffeomorphic to R?. In so doing, the topological properties of Hs, namely that
Hs is connected, simply connected and non-compact, are established. We then draw our attention
to the algebraic properties of Hs; first calculating its Lie algebra hs and the group of Lie algebra
automorphisms Aut(hs). (Aut(hs) is used in chapter 2 in the classification of left-invariant control
affine systems.) We proceed to calculate the adjoint and coadjoint representations of the group Hs
on the Lie algebra hz and its dual Lie algebra b, respectively. We show that the centres Z(H3)
and Z(bh3) are non-trivial and show that Hs and b3 are nilpotent, completely solvable, solvable, not
simple, not semisimple and that Hsz is unimodular. The exponential map exp : hs — Hs (which is
shown to be a diffeomorphism) is determined.

Lastly, we calculate the adjoint and coadjoint orbits of Hs by making use of the previously
calculated adjoint and coadjoint representations.

1.1 Lie Group Hj

The 3-dimensional Heisenberg group denoted H3 is the set R? = R x R x R with group law

1
(w1, 20, 23) (Y1, Y2, y3) = (1 +y1 + §(x2y3 — T3Y2), T2 + Y2, 23 + Y3). (1.1)

For convenience we define the polarised 3-dimensional Heisenberg group as

1 29 a1
Hy =14 [0 1 3|21, 29,23 €R®
0O 0 1

where the group law is standard matrix multiplication.

1.1.1 PROPOSITION. Hgs is a matrix Lie group.
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PROOF. For brevity we let

1 T2 T
m(x1,x2,23) = [0 1 x3
0O 0 1

Then m(xq, J:Q,xg)_l = m(—x1 + xows, —x2, —x3) € Hy. Also m(z1, z2, z3)m(y1,y2,y3) = m(x1 +

Y1 + x2ys3, x2 + y2, 23 + y3) € Hg. That is Hs is a subgroup of GL(3,R). We have left to show
that Hs is closed in GL(3,R). Let (gn)nen be a sequence in Hs where g, = m(x1,, Ton,, T3,) with
limy, 00 gn = g. If g ¢ GL(3,R) we have nothing to show. Suppose g € GL(3,R) with lim,, o0 z1, =
x1, limy 00 2, = w9 and lim,_,o 23, = x3. Then g = m(xy, z9,x3) where x1,z9, 23 € R since
R is closed. That is ¢ € Hs and H3 is a matrix Lie group. (The calculations were performed in
Mathematica, see section C.1.1.)

PROPOSITION. The Heisenberg group Hs is diffeomorphic to R3.
1 ro I
PROOF. Define the map h3y : R® — Hs, (z1,22,23) — [0 1 w3|. Let 2 = (21, 72,23) and
0 0 1
Y= (yla 92,y3) then
1 22 m I v2 un
hg(.r) = hg(y) — [0 1 23| =10 1 y3| <= z=y
0 0 1 0 0 1
1 29 a1
Hence hj is both well-defined and injective. Suppose g = |0 1 3| € Hs3 then x = (x1, z2,x3)
0 0 1

is an element of R? such that h3(x) = g. Hence h3 is surjective. Now R? and H3 are both 3
dimensional smooth manifolds and hjs is a bijective map. It therefore follows from the inverse
function theorem on manifolds that Hj is diffeomorphic to R? (e.g., [30]).

PROPOSITION. Hg and Hsz are isomorphic.
PRroOOF. For brevity let
1 T2 T
m(z1,z2,23) = |0 1 a3
0 0 1

Define the mapping ¢ : Hs — Hs, (z1, 22, 23) — m(x1 + %a:ng, x9,x3). ¢ is both injective and well
defined. Indeed

1 1

m(zy + 5962%3,332,133) =m(y1 + §y2y3,y2,y3)

x1 + %$29€3 =5+ %Z/ﬂ/s
= T2 =12
r3 =1ys3

> (w1, 22,23) = (Y1, Y2, Y3)-



Chapter 1. The Heisenberg Group Hs 7

Also ¢ is surjective. For all m(x1,x9,23) € Hs, (x1 — %.’E2$3,$2,$3) € Hs such that ¢(x; —
%33‘2.%3, xo,x3) = m(x1,x2,x3). Now ¢ is a group homomorphism

1
o((x1, 22, 23), (Y1,Y2,93)) = ¢(21 + y1 + 5 (T2y3 — T3Y2), T2 + Y2, 23 + ¥3)

2
1 1
=m(z1 +y1 + 5(3«"23%3 — x3y2) + 5(162 +y2) (23 + y3), T2 + y2, 3 + y3)

1
=m(x1 + y1 + x2y3 + 5(1‘2% + y2y3), T2 + Y2, T3 + y3)

1 1
=m(z1 + %273, T2, x3)m(y1 + §ygy3,y2,y3)

= ¢(21, 22, 23) (Y1, Y2, Y3)-
Finally, since hs : R® — Hs is a diffeomorphism we have that ¢ is a diffeomorphism. Hence
¢ : Hs — Hs is a Lie group isomorphism.
1.1.1 Topological properties

In section 1.1 we showed that Hs is diffeomorphic to R3. It therefore inherits the topological
properties of R3. We collect these properties in proposition 1.1.4.

1.1.4 PROPOSITION. Hs3 is connected, simply-connected and non-compact.

PROOF. From proposition 1.1.2 we have that Hs and R? are diffeomorphic; moreover the topo-
logical properties of connectedness, simply-connectedness and non-compactness are preserved by
diffeomorphisms. The result follows.

1.1.2 Algebraic properties

In this section we first determine the Lie algebra of H3 and its automorphism group. We then prove
several properties of both H3 and its Lie algebra.

1.1.5 PROPOSITION. The Lie algebra of Hs s

0 Tro I
hs=< 10 0 z3|,z1,22,23 €R
0 0 O
PROOF. For brevity let
1 29 a3 0 20
m(z1,z2,23) = |0 1 a3 and M(xi,z2,23)= [0 0 x3
0 0 1 0 0 O

Consider the map g : (—e€,€) — Hs,t — m(x1(t),z2(t), z3(t)) with z1(0),22(0),z3(0) = 0. Then
g(0) = 1 from which it follows that ¢(0) € T1Hs = b3 but g(0) = M (41(0), £2(0),23(0)). Conversely
suppose X = m(x1,xe,x3) then g : R — Hs, t — g(t) where g(t) = m(x1t, zot, x3t) is a curve in Hj
such that ¢(0) = M(x1,z2,x3).
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Define the standard basis of h3 as
0 0 1 010 000
Ey=1(0 0 0|, Ex=1|0 0 0|, E3=1]0 0 1
000 000 000

The commutator relations of the standard basis are given by [E2, F3] = Ey and [E1, Es] = [E1, Es] =
0. We denote the dual basis by (Ef)?_; where each E} is defined by (Ef, E;) = &;5, i,j = 1,2,3.
Elements of h3 will be written as column vectors and elements of the Heisenberg dual Lie algebra
b3 will be written as row vectors.

LEMMA. Let x = (x1,72,23), Y = (y1,%2,%3) € R®. R® equipped with the operation ® : R? x R3 —
R3, (x,y) > (—23y2 + 2293,0,0) is a Lie algebra.

PROOF. Let x = (21,72,23), Yy = (y1,¥2,¥3),2 = (21, 20, 23) € R3. Now @® forms a Lie bracket on
R3 since it is:
1. skew symmetric:
X Oy = (r2y3 — 13Y2,0,0) = —y O x.
2. bilinear:

We show that it is linear in the first argument, bilinearity then follows from skew symmetry.

(x+y)D®z=(x14+y1,22+ Y2, 23+ ys3) Oz
= ((xg + y2)23 — (x3+ y3)22, 0,0)
= (2223 + Y223 — 2322 — Y322,0,0)
= ((w223 — ¥322) + Y223 — Y322,0,0)
=x0Pz+yOdz.

Also

A O y) = Mx2ys — 2392,0,0)
= ()\$2y3 - )‘x3y27 07 0)
=XXDYy.

3. Satisfies the Jacobi identity:

xO(y0z)+yd(z0x)+z0 (x0Yy)
=X O (Y223 — Y322,0,0)
+y O (2223 — z322) + 2 O (x2y3 — 23Y2,0,0)
= (0,0,0).

We will denote the Lie bracket on R3 defined by @ as R%. If we let i,j,k denote the usual basis on
R? then
jok=i, i®j=iok=0,
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1.1.7 PROPOSITION. b3 and ]R% are isomorphic Lie algebras.

PrROOF. We show that

0 x99 1
P b3 — R%v 0 0 T3 | (-7)1,.%2,.%3)
0O 0 O

is a Lie algebra isomorphism from hs — R3. Let X,Y € b; where X = x1F1 + 22F2 + x3F3 and
Y =y1F1 + yoFo + y3E3 and let a, 5 € R. Firstly ¢ is a linear map:

p(aX + BY) = o((ax1 + By1) Er + (aze + By2) B2 + (axs + Bys) E3)
= (axy + By1, axs + Bya, axz + Pys)
= a(z1, 22, 73) + B(Y1,Y2,Y3)
= ap(X) + Be(Y).

Secondly ¢ preserves the Lie bracket. It is enough to show that the Lie brackets of the basis
elements are preserved. Note that ¢(E1) =1, p(F2) = j and ¢(E3) = k. Then:

P([E1, Bo]) = ¢(0) =0 =10 j = [p(E1), p(E2)],
o([E1, E3]) = p(0) =0 =10k = [p(E1), p(£3)],
o([B2, E3]) = p(E1) =i=j Ok = [p(E2), p(E3)].

And so we have that ¢ is a linear map from B3 to R% that preserves the Lie bracket. Also
dim h3 = dim R3. Hence h3 and R? are isomorphic Lie algebras.

By representing our Lie algebra on R? we have that the basis elements are given as

1 0 0
El: 0 5 EZZ 1 5 E3: 0
0 0

1
with commutator relations:

[E1, E») =0, [Ea, E3] = E4 [E1, E3) = 0.

1.1.8 PROPOSITION. In terms of the standard basis (Ei)§:1 the automorphism group of b3 is

VW3 — 3wz V1 Wi
Aut(bg) = 0 Vo2 W2

|v1, v2, U3, w1, w2, w3 € R, vows — vawy # 0
0 V3 W3

PROOF. (The calculations were performed in Mathematica, see section C.1.1.) Let ¢ € Aut(h3).
We represent ¢ as
Y11 P12 Y3
= a1 Yoo a3
Y31 Y32 Ps3
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in terms of the standard basis (El)f’:1 Now, 1 preserves the centre of h3 i.e. 1 preserves the span

of Fy (refer to proposition 1.1.10) and so

YE1 = AF, for some A € R
Y Y2 iz |1 P11 1
= |21 Y22 o3| [0 = |¢21| = A |0
P31 P32 P33 |0 P31 0
= 21,731 = 0.
Also v preserves the Lie bracket. From which it follows that
Y [Ea, B3] = [V E2, Y E3|
= VB = [YEs, 3]
P11 —123132 + Y2233
0 0
which yields
—1ho3th30 + Yo2tP33 Y12 Yi3
P = oo a3
P30 P33

Since v is invertible we have that detv = (—ta31b32 + ¢22¢33)2 # 0. Setting 1o = v1,920 =
V2, Y32 = V3, Y13 = w1, P23 = we and P33 = w3 gives

-UQZU3 —V3wg2 V1 Wi
Y= 0 ve wal,
0 v3 W3

V1, U2, V3, W1, W2, W3 € R7

vows — v3wsy # 0.

Finally we verify that every automorphism of the above form preserves the Lie bracket. Let A =

al b1
as| and B = [by| be arbitrary elements of hs then

as | b3

Vw3 — Vw2 U1 Wi a by

Y- [A Bl = 0 vy w2 az| , b2

0 V3 w3 as bg

—agbs + agbs (—agbg + a2b3)(—2}3w2 + ’U2w3)
0 0

On the other hand,

AoV + agws
agv3 + azws

[ A B =

= 0
0

[ [agv1 + agwy + a1 (—vzwa + vaws)

bovi + bswy + bl(—vng + ’Ugwg)
; bavg + bawa
bavs + b3ws

(—agbg + agbg)(—vgwg + ’Ug’wg)

— - [A,B].
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The result follows.

1.1.9 PROPOSITION. Let

1 Tro I 0 Tro I
g=10 1 z3| €Hs, and X=|0 0 =x3| €bs.
0 0 1 0 0 O

In terms of the standard basis (Ei)g’zl, the adjoint representations of Hy and b3 are

1 —x3 29 0 —x3 x2
Ady= (0 1 0 and adx =10 O 0
0 0 1 0 0 0

PROOF. (Mathematica was used to facilitate calculations, see section C.1.1.) The i column of
the matrix Ad, is given by the image of E; under Ad, written in coordinates. Now

0 0 1
AdEy =gFig ' =10 0 0| =F
0 0 0
_0 1 —XI3
AdyEy=gFyg ' =10 0 0 | =—23E + B
00 0
_0 0 T2
AdgE3 = gE3g_1 =10 0 1| =a2FE;+ Ejs.
0 0 0
From which it follows that )
1 —T3 X2
Ad,= (0 1 0
10 1

Now suppose
1 wg(t) wl(t)
g(-) i (—€,€) > Hg, t=> |0 1 ws(?)

0 0 1
with ¢(0) = 1 and ¢(0) = X. Then as ad is the linearisation of Ad (proposition A.1.14), we have
that
d 0 —11)3(0) TDQ(O) 0 —Ir3 X2
adx = 2| Adyy= [0 0 0o |=]0o 0o o
=0 0 0 0 0 O 0
1.1.10 PROPOSITION. The centres of Hs and b3 are given by
1 0 = 0 0 =z
ZMH) =410 1 0||zeRY and Z®s)=¢ |0 0 0|]zeRr
0 01 0 00
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PRrROOF. For brevity let

1 29 11 0 22 =
m(x1,x2,22) = [0 1 x3 and M(xzy,x9,23) = |0 0 a3
0O 0 1 0O 0 O

Suppose g € Z(H3) then ghg™!

arbitrary. Then

= h7 Vh € H3' Let g = m(x17x27x3) and h = m(y17y27y3)7

ghg™t = h <= m(zaxs +y1 — v3(22 + Y2) + T2y3, Y2, Y3) = m(y1,Y2,Y3)
> Yox3 = Tay3, Vy2,y3 € R
< x9,23 =0.

Hence Z(H3) = {m(0,0, z)|z € R}. (See section C.1.1 for the supporting Mathematica code.) Now
Z(h3) is the Lie algebra of Z(H3) (see proposition A.1.7 ). Let

g(-) : (—€,€) = Hs, t — m(w(t),0,0)
such that ¢g(0) = 1 then ¢(0) = M (w(0),0,0). The result follows.

DEFINITION. Let A, B be subgroups of the group G. Then (A, B) denotes the subgroup of G
generated by all elements ghg~'h~! for g € A, h € B. i.e.

(A,B) = {Hgihigﬂh;l!gi €A he B}.
=1

PROPOSITION. Hj is nilpotent of class 2 (refer to section A.1.6).

PRroOOF. For brevity let

1 T2 T
m(a:l,xg,xg) =10 1 T3
0 0 1

We compute the elements of the descending central series
Hy = C°H3 > C'H3 > CPHg -

where C""!1H3 = (H3, C"H3) (using Mathematica (see section C.1.1)). We have that C°Hz = Hz =
{m(z1,x2,x3)|r1, 22,23 € R}. Consider g,h € Hs with g = m(x1,z2,23) and h = m(y1,y2,y3).
Then g=' = m(—x1 + @23, —x2, —23) and h™' = m(=y1 + y2y3, —y2, —ys)and ghg~'h~! =
m(—x3y2 + x2y3,0,0) from which it follows that

01H3 = {m(217070)|21 € R} .
Let g = m(x1, 22, 73) € H3 and let b’ = m(z,0,0) € C'H3. Then g~ = m(—x1 + 213, —22, —73),
=t = m(~2,0,0) and gh'g~'h'~t = m(0,0,0) = 1, i.e., C?Hs = {1}. Hence Hj is nilpotent of

class 2.

COROLLARY. b3 is nilpotent
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PROOF. Hj is a connected and simply-connected Lie group (proposition 1.1.4) with Lie algebra bhs.
From which the result follows (see section A.1).

PROPOSITION. b3 is completely solvable
PRrROOF. Recall that

0 —T3 T2
adx =10 0 0

0 0 O
0 Tro T
for X = |0 0 x3| € bhs. The eigenvalues of adx are all zero and therefore real for every X € bs.
0 0 O

Hence b3 is completely solvable. The eigenvalues were calculated using Mathematica (see section

C.1.1).
PROPOSITION. Hs is solvable.

PRrROOF. Although this follows from proposition 1.1.12 we give a direct proof here. For brevity let

1 o2 T
m($1,$2,$3) =10 1 X3
0 0 1

We compute the elements of the sequence of normal subgroups
H3>H§1)>H§2)>-~ .

where Hgl) = (Hs,Hs3) and Hgkﬂ) = (Hgk),Hgk)) using Mathematica (see section C.1.1). We
show that the sequence terminates at 1 and hence that Hs is solvable. We have that Hy =
{m(x1, z2,x3)|x1, 22,23 € R}. Consider g,¢ € H3 with g = m(z1,22,23) and ¢' = m(y1,y2,y3).
Then g~ = m(—x1 + zow3, —x2, —x3), ' = m(—y1 + y2y3, —y2, —y3) and gg'g~'g' = m(—z3y2 +
x2y3,0,0). Accordingly

HY = {m(z,0,0)|z € R} .

Let h = m(21,0,0), &' = m(22,0,0) € H{"Y. Then h~! = m(—21,0,0), K'~! = m(—2,0,0) and
hh'h=th" = m(0,0,0) = 1. Hence HéQ) = {1}. The result follows.

COROLLARY. b3 is solvable.

PrOOF. This follows from Hs being a connected and simply-connected Lie group. (See section
A1)

PROPOSITION. Hj is exponential.

PROOF. b3 is completely solvable (proposition 1.1.14). Hence Hj3 is exponential (proposition
A.1.18).
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PROPOSITION. Hjs and b3 are not simple.
PROOF. Z(b3) is nontrivial and therefore a nontrivial ideal of hs.
PROPOSITION. Hj and b3 are not semisimple.

PrOOF. This follows directly from h3 not being solvable. A direct proof is however given. We show
that Z(h3) is a nontrivial solvable ideal of h3. For brevity let

0 Tro I
M(.’L’l,xg,xg) =10 O I3
0 0 O

Let g = Z(h3)={M (#,0,0)|z € R}. Let X = M(21,0,0), Y = M(22,0,0) € Z(h3). Then [X,Y] =
M(0,0,0). We therefore have that

[9,0] = {0}
That is Z(h3) is a solvable ideal. Hence H3 and h3 are not semisimple. (Mathematica was used to
perform the calculations (see section C.1.1).)

PROPOSITION. Hg is unimodular
0 —x3 xo

PRrROOF. Recall that adx = |0 0 0| for X =x1F1 + x9Fs + x3FE3 € h3. Clearly tradx = 0.
0 O 0

By proposition A.1.20, Hs is unimodular.

PROPOSITION. The exponential map exp : hs — Hs is given by
1 T9 X1+ %Zl‘gxg
X— |0 1 T3
0 0 1

where X = v1E1 + x9Fy + x3F3.

PROOF. We determine exp X by making use of the series expansion of the matrix exponential, i.e.,

XTL
exp X = —
= n!
So
O.’L‘g.%'l 100.%2.%3 1000
expX =140 0 =z3 +§ 00 O +§ 0 0 O +---
0 0 0 00 0 {0 0 0
1 ) 1‘14—%1'2.%3
=10 1 x3 € Hs.
0 0 1
PROPOSITION. The exponential map exp : hs — Hs is a diffeomorphism.

PROOF. Hj is exponential (proposition 1.1.17). Hence exp : hs — Hg is a diffeomorphism.
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1.2 Adjoint and Coadjoint Orbits

In this section we calculate the adjoint and coadjoint orbits of Hs. The supporting Mathematica
code can be found in section C.1.2.

We begin by briefly recalling the necessary theory of adjoint and coadjoint representations. For
further details see subsection A.1.5. Let G be a matrix Lie group with Lie algebra g. Let g* denote
the dual Lie algebra of g. The adjoint representation of G on g is the map Ad : G — GL(g),g —
Ad, where

Ady:g—g, X gXgh

The coadjoint representation of G on g* is the map Ad* : G — GL(g"),g9 — Ad;,l. Here
Adj-i : g" — g" is the dual map of Ad,-1, ie.,

<Ad;,1p,x> = (p,Ad, 1 X).

The adjoint orbit through an element X € g is then the similarity classes Otb(X) = {AdgﬂX | g € G}.

Comparably, the coadjoint orbit through p € g* is the set Otb(p) = {Adz_lp lg7te G}.
The following two propositions determine the adjoint and coadjoint orbits of Hs.

1.2.1 PROPOSITION. The Adjoint orbits of Hs through X = x1FE1 + xoFs + x3F3 € hs are of 2 types,
namely

1. a single point Otb(X) = x1Ey, when xzo = x3 = 0.

2. the straight line Otb(X) = {(—xoys + x1 + yox3)E1 + xoFs + x3F3 | y2,y3 € R}, when x4
and x3 are not simultaneously equal to zero.

PROOF. Let
1 y2 w0
g= 10 1 y3| €Hs.
0 0 1

Then from proposition 1.1.9 we have that the adjoint representation is given by

1 —ys wye
Adg= (0 1 0
0 0 1
It follows that
1 —y3 y2] [= 1+ x3y2 — T2Y3
Ang = |0 1 0 To| = €T
0 0 1 | I3 I3

= (21 + 23y2 — 22y3) E1 + x2Fy + x3F3.

Hence when z9 = 23 = 0 we have Otb(X) = 21 F; and when z9 and z3 are not both zero we have
Otb(X) = {(—z2y3 + 71 + yow3) B + 22 B> + 23E3| 32,93 € R}.

The orbits are shown in figures 1.1
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Figure 1.2: Coadjoint orbits

1.2.2 PROPOSITION. The coadjoint orbits of Hs through p = p1E] + poE5 4+ p3E3 € b3 are of 2 types,
namely

1. the single point Otb(p) = p2E3 + p3sE3, when p; = 0.

2. the plane Otb(p) = {p1 EY + (p1y3 + p2) E5 + (—p1y2 + p3)E5|y2, y3 € R}, when p1 = constant #

0.
I yv2 un 0 z2 = 1 —y2 —y1+y2u3
PROOF. Letg= |0 1 y3| €Hzand X = [0 0 =z3| € bs. Then g_l =10 1 —13
0 0 1 0 0 O 0 0 1

Hence from proposition 1.1.9 we have that

1 y3s —u2
Adgr=[0 1 0
0 0 1
And so
I ys —y2| |11 1 — w3Y2 + T2Ys3
Adg1 X =10 1 0 To| = T9
0 0 1 T3 3

=x1 — x3y2 + r2y3Fh + xoFo + x3E5.
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Let p = p1 EY + p2 E5 + p3E3 € b then

(Ad;-1(0), X ) = (p, Ady1 (X))
= (D1 ET + p2E5 + p3E3, (w2ys + w1 — yox3) By + 22 Eo + 23E3)
= p1(x2y3 + 1 — y2x3) + paa + P33
= (mE] + (mys + p2)E5 + (—p1y2 + p3)E3, X) .

Therefore Ad; 1 (p) = p1E} + (p1ys + p2) B3 + (—p1y2 + p3) E3.

The coadjoint orbits are shown in figure 1.2.
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Chapter 2

Classification of Control Systems

In this chapter we classify all full-rank left-invariant control affine systems evolving on Hs under
state space equivalence, detached feedback equivalence, and strongly detached feedback equivalence.
Each equivalence relation is defined for left-invariant control affine systems on connected Lie groups
and various properties of the equivalence relations are shown. Each equivalence relation establishes
a one-to-one correspondence between the trajectories of equivalent systems. In each case we show
that the classification may be done at the level of Lie algebras and carry the classification out in
this way. We also look at the relationship between the three equivalences.

The most natural equivalence relation of a control system is equivalence up to coordinate changes
in the state space. This type of equivalence is termed state space equivalence. Left-invariant control
affine systems on the Euclidean group SE(2) and on the semi-Euclidean group SE(1, 1) have been
classified under state space equivalence in [1] and [7], respectively.

A weaker equivalence relation is that of detached feedback equivalence in which case invariant
feedback transformations of the controls are permitted. In doing so, detached feedback equivalent
systems still have the same set of trajectories (up to a diffeomorphism in the state space) but these
trajectories are parametrised differently by admissible controls. Detached feedback equivalence is a
generalisation of feedback equivalence [18]. The classification under detached feedback equivalence
of all left-invariant control affine systems evolving on three-dimensional Lie groups as well as on
the orthogonal group SO(4) have been done in ([12],[13],[14],[15]) and [4], respectively.

Strongly detached feedback equivalence has been introduced as a slightly stronger equivalence
relation than detached feedback equivalence. Strongly detached feedback equivalence has the added
condition that the drift be preserved.

2.1 Invariant Control Systems

We briefly recall the theory of left-invariant control affine systems as discussed in section A.2.
An /l-input left-invariant control affine system is a pair ¥ = (G,Z) where G is a (real, finite
dimensional) Lie group and the dynamics Z : G x R — T'G are left invariant. Such a system is of
the form

g=2(g9,u) = g=(1,u) = gA+u1gB1+. .. +uwgBy, ¢g€G, u,...,us €R, A/By...,Byeg (2.1)
with By, ..., By linearly independent. An admissible control u(-) : [0,7] — R’ is a piecewise

continuous map. The trajectory corresponding to an admissible control u(-) : [0,T] — R’ is

19
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an absolutely continuous curve g(-) : [0,7] — G such that ¢(t) = Z(g(t),u(t)) for almost every
t € [0,T]. The pair (g(-),u(-)) will be called a controlled trajectory. A is the drift of the system.
The trace of the system is ' = A +T° = A+ (By,...,B;). A system is called homogeneous
if A € T° and inhomogeneous otherwise. For convenience, an f-input homogeneous system
will be referred to as a (¢,0) system and an inhomogeneous system will be referred to as a (¢,1)
system. A system is of full rank if its trace generates g i.e. Lie(I') = g (a necessary condition for
controllability). Hereafter, we shall always assume that the systems under consideration have full
rank.

PROPOSITION. Consider the left-invariant control affine systems
g=gA+u1gB1+ ...+ uygBy where A, B1,...,By € g.

Suppose g is a three-dimensional Lie algebra. Then

1. Any (1,1) system with trace T' = A + (B) has full rank if and only if A, B and [A, B] are
linearly independent.

2. Any (2,0) system with trace I' = (By, Ba) has full rank if and only if B1, By and [By, Ba] are
linearly independent.

3. Any (2,1) system has full rank.

ProOOF. 1. For such a system we have that A and B are linearly independent. Suppose [4, B] €
(A, B) then Lie(T') = Lie({A,B}) = (A, B) # g. For the converse, suppose A, B, [A, B] are
linearly independent then dim(Lie(I")) = dim(Lie {A, B, [A, B]}) = dim(g). That is Lie(I") =
g.

2. (Similar to above). B; and By are linearly independent. Suppose [By, B2| € (Bj, B2). Then
Lie(T') = Lie({B1,B2}) = (B1,B2) # g. Conversely, if By, By and [By, Bp] are linearly
independent then dim(Lie(I")) = dim(Lie { By, Ba, [B1, B2]}) = dim(g). Therefore Lie(T") = g.

3. For such a system A, By and By are linearly independent, and so
dim(Lie(T")) = dim(Lie({A, By, B2})) = dim(g). That is Lie(I') = g and the system is of full

rank.

2.1.2 PROPOSITION. Let ¢ € Aut(g). T' has full rank if an only if - T has full rank.

PROOF. Suppose I' C g. Then Lie(T') is a subalgebra of g containing I'.  Now ¢ : g — g is
a Lie algebra automorphism and therefore maps subalgebras to subalgebras. Hence 1 - Lie(T")
is a subalgebra containing 1 - I'. The smallest subalgebra containing ¢ - I' is Lie(¢) - I). Hence
Lie(¢) - T') C 9 - Lie(T'). On the other hand Lie (¢ - I') is a subalgebra containing v - I'. Now ™! is
a Lie algebra automorphism and so 1 ~!Lie(¢ - I') is a subalgebra containing ¢~*(¢) - I') = I'. The
smallest Lie algebra containing T is Lie(T) i.e. Lie(T') C ¢~ 1Lie(y) - T) so ¢ - Lie(T') C Lie(s) - T').
Hence 1 - Lie(I') = Lie(¢) - I'). Suppose I' has full rank then Lie(I') = g. Now ¢ € Aut(g).
Lie(¢)-T') = 1-Lie(T") = ¢-g = g. Conversely suppose ¢ -I' (where 9 is a Lie algebra automorphism)
has full rank. Then Lie(y) - T') = g and ¢! is a Lie algebra automorphism. Hence Lie(I') =
Y~ 1Llie(y) - T) = ¢~'g = g. That is I is full rank if and only if ¢ - " is full rank.
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2.2 State Space Equivalence

In this section we consider state space equivalence of the left-invariant control affine systems dis-
cussed in section 2.1

DEFINITION. Let G be a connected Lie group and let ¥ = (G, Z) and ¥’ = (G, Z’) be left-invariant
control affine systems with the same input space R’. Then ¥ and ¥’ are state space equivalent
(or S-equivalent for short) if there exists a diffeomorphism ¢ : G — G such that the diagram

id
GXRZMGXRZ

76— TG
T¢

commutes. That is
Ty -Z(g,u) = = (4(g),u), forgec G anduc R

First we show that S-equivalence is indeed an equivalence relation.
PROPOSITION. S-equivalence is an equivalence relation.
PRrROOF. Consider three systems ¥ = (G, E), ¥’ = (G,Z') and ¥’ = (G,Z").

1. S-equivalence is reflexive:

Let ¢ = idg. Then Ty¢ = idr,c. So Ty¢ - E(g,u) = Z(g,u) = E(é(g),u). That is ¥ is
S-equivalent .

2. S-Equivalence is symmetric:
Suppose ¥ is S-equivalent to X'. Then there exists a diffeomorphism ¢ : G — G such that

Ty -E(g,u) = E(6(9),u), Vg€ GueR.
Now Ty is a linear isomorphism and is therefore invertible so we have (T,¢) ! such that

(Tyd) ™" - Tyo - E(g,u) = (Ty¢) " - Z(¢(g), u)
= E(g,u) = (Ty0) " -Z(dlg),u), Vg€ GuecR"

Also (Ty¢)™! = Typ¢~ ' (Lemma A.1.11), so we have

[1]

Tzzﬁ(g)(z)il ' E/(¢(g)7 ’LL) - E(gv U,) - E(¢71(¢(9))7U’)7 V(b(g) S Ga u € Re-
Hence if X is S-equivalent to ¥ then Y/ is S-equivalent to X.

3. S-equivalence is transitive.

Suppose ¥ is S-equivalent to ¥’ and that ¥’ is S-equivalent to X”. Then there exist diffeo-
morphisms ¢; and ¢2 such that

Tg¢1 . E(g7u) = E/(¢1(g)7 U)
Tydo - Z(g,u) = =" (¢2(9),u), VgeGue RE.
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Let ¢ = ¢ 0 ¢1. Then for every g € G and u € R
Ty -Z(g,u) = Ty, ()92 - Tyé1 - E(g,u) (proposition A.1.10.)
=Ty, (%2 - E'(01(9),u)
=Z"(¢2 0 ¢1(g),u)
="($(9), w).
Hence if ¥ is S-equivalent to ¥’ and ¥’/ is S-equivalent to X" then ¥ is S-equivalent to X".

S-equivalence is thus an equivalence relation.

Next we show that S-equivalence establishes a one-to-one correspondence between the controlled
trajectories of equivalent systems.

=/

PROPOSITION. The controlled trajectories of two S-equivalent systems ¥ = (G, Z) and ¥’ = (G, Z’)
are in a one-to-one correspondence.

PRrROOF. Let (g(-),u(:)) be a controlled trajectory of 3. Since ¥ and ¥/ are S-equivalent we have
that there exists a diffeomorphism ¢ : G — G such that Ty¢ - =(g,u) = Z'(é(g(+)), u(-)), Vg € G,
u € RY. We will show that (¢(g),u) is the unique controlled trajectory of ¥’ corresponding to
(9(+),u(-)) of X. Indeed, for almost every ¢

d )
7:209() =Ty0 - 9(t)
= Ty¢ - E(g(t), u(t))
== (g(g(t)), u(t)).
Hence (¢(g(+)), u(-)) is a controlled trajectory of ¥’. We have left to show that controlled trajectories

are mapped both injectively and surjectively from 3 to X'. Firstly, suppose ¢(g1(-)) = ¢(g2(+))
where g1 (-) and ga(-) are trajectories of ¥. Then since ¢ is a diffeomorphism and therefore invertible

we have that ¢i1(-) = ¢ 'é(g1(-) = ¢ '¢(g2()) = ga(-). Next, let (¢'(-),u(-)) be a controlled
trajectory of X'. Then (¢~ 1(¢'(+)),u(-)) is the corresponding controlled trajectory of ¥ mapped
to (¢'(+),u(-)) by ¢ x Idge. Hence the controlled trajectories of ¥ and ¥’ are in a one-to-one
correspondence.

Below are two technical lemmas used in showing that the classification under S-equivalence may
be done at the level of Lie algebras.

LEMMA. Let ¢ be a diffeomorphism and let Ly : G — G, h +— gh be the left translation by g € G.
Then
TooTLy=TLyyg) oTo.

PRrOOF.
¢(Lg(h)) = &(gh)
= d(g9)¢(h)
= Ly(g¢(h)
= ¢ol, :L¢(g) o¢
= T¢oTLy=TLyy oT¢. (PropositionA.1.10.)
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LEMMA. Let ¢ : G — G be a diffeomorphism. Then
= Ty(Lya)-1 0 ¢) - E(g,u) = E(Ly)-1 © $(9), ).

PROOF.

[1]

Ty(Lyay—1 0 d) - E(g,u) = Z' (L)1 © d(g), u)
= Tyg Loy © Ty - E(g,u) = Ty(g) Lor)—1 - E'(6(9), 1)
= Ty¢-E(g,u) =Z'(¢(9), u).

(1]

In the proposition which follows we verify that a controllable system cannot be S-equivalent to a
system which is not controllable and vice-versa.

PROPOSITION. If ¥ = (G,Z) and X' = (G,Z’) are S-equivalent then X is controllable if and only if
Y is controllable.

ProOOF. Without loss of generality we may assume that ¢(1) = 1 (lemma 2.2.5). Let A and A’
denote the attainable sets of ¥ and Y’ respectively. Suppose X is controllable i.e. A = G. We show
that this implies A’ = G and hence that ¥’ is controllable. Firstly,

A ={d(T)|d():[0,T] = Gis a trajectory of &', ¢’(0) =1}.

Now since ¥ and X' are S-equivalent (with respect to the diffeomorphism ¢ say) we have that the
trajectories of ¥ and X’ are in one-to-one correspondence. That is for the trajectory ¢'(+) : [0,7] —
G, ¢'() = ¢(g(+)) for exactly one trajectory g(-) : [0,7] — G. Hence

A ={¢(g(T)) | g() : [0,T] — G is a trajectory of &, g(0) = 1}
= ¢(A) =G

By interchanging the roles of ¥ and Y in the above argument one is able to show that X is
controllable if ¥’ is controllable. The result follows.

THEOREM. (CF. [18]) For a simply connected Lie group G, ¥ = (G,Z) and X' = (G,Z') are state
space equivalent if and only if there exists 1) € Aut(g) such that

P -Z2(1,u) =Z(1,u).

PROOF. Assume X and X/ are state space equivalent. Then there exists a diffeomorphism ¢ : G — G
such that

Tyd-E(g.u) = ='(¢(9),u), Vge€GueR,
from which it follows that Th¢-Z(1,u) = Z'(¢(1),u). We may assume ¢(1) = 1 since if this not the
case we can replace ¢ with the diffeomorphism Lgq)-10¢: G — G (refer to lemma 2.2.5.) Clearly

(L¢>(1)*1 o d))(].) =1so

T1¢ ’ E(]_,U) = E/((b(l)?u) = E/(17U)7 Voue RE'
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It remains to be shown that T7¢ is a Lie algebra automorphism. ¢ : G — G is a diffeomorphism so
from proposition A.1.9 T7¢ is a linear automorphism; also T3 ¢ preserves the Lie bracket: Using the
notation where the left invariant vector field Z, := Z(-,u), u € R and noting that the pushforward
by ¢ preserves the Lie bracket of vector fields we have

¢*[Eu7 Ev] = [¢*Eua ¢*Ev]

This, together with left invariance gives

P [Eua Ev](¢(1)) = [¢*Eu(¢(1))7 ¢*Ev(¢(1))]

= Ti¢- [Eu,5](1) = [T - Eu(1), Trg - Eu(1)]

— Tio- [Eu(l)v Ev(l)] = [T1¢ (1)7T1¢ ’ Ev(l)]'
Similarly T1¢ - [24(1), [E,(1),2w(1)]] = [Th¢ - Eu(1), [T1¢ - E4(1),T1¢ - Zy(1)]] and similarly for
higher order commutators. We have that I' = {Z,(1) : u € R’} and Lie I' = g hence the elements

Z.(1),u € R! generate g and so Ty ¢ is a Lie algebra automorphism.
Conversely suppose that 3¢ € Aut(g) such that

¥-Z(1,u) =Z'(1,u).

Since G is simply connected there exists a diffeomorphism ¢ : G — G such that T3¢ = 1) (refer to
theorem A.1.9). Therefore we have

Ted-E(g,u) =Typ-ThLy - =(1,u) by left invariance
=T1Lgg) - Trop- =(1,u) by lemma 2.2.4
=T1 Ly - E'(1,u) by assumption
=Z(¢(g),u) by left invariance.

Hence ¥ and Y/ are state space equivalent.
PROPOSITION. Let X and X/ be S-equivalent. Then X has full rank if and only if X' has full rank.

PROOF. Recall that I' = im=(1,-). Now from theorem 2.2.7 we have that X is S-equivalent to X'
if and only if ¢ - Z(1,u) = Z'(1,u) for all u € R’. The result follows from proposition 2.1.2

PROPOSITION. For a simply connected Lie group G with Lie algebra g, two systems ¥ = (G, E) and
¥ = (G,Z') (where E(1,u) = A+ wuiB1+ ...+ wBg and Z'(1,u) = A+ wi B + ... + wB)) are
state space equivalent if and only if

P(A) = A

¥(Bi) = B;.
PROOF. From theorem 2.2.7 we have that two systems 3 = (G, E) and X' = (G, Z’) are state space
equivalent if and only if ¢ - =(1,u) = Z'(1,u) that isif - (A+ w1 B1 +...wB;) = A+ w1 B] +wB,

for all u € RY. Since 1 is linear we have

Y(A) + P(urBy) + ...+ Y(uBy) = A" +u By + ...+ uB) for all u € R
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Choose (ui,...,us) = (0,0,...,0) = P(A) = A
Choose (ug,...,ug) = (1,0,...,0) = YA+ By)=A"+B] = ¢(B1) = Bj
Choose (ug,...,us) = (0,0,...,1) = Y(A+ By) = A + B, = (By) = Bj.

The proposition which follows shows that a homogeneous system cannot be S-equivalent to an
inhomogeneous system and vice-versa

2.2.10 PROPOSITION. If Y and Y are S-equivalent the systems are either both homogeneous or both inho-
MOogeneous.

PROOF. If ¥ and Y/ are S-equivalent there exists a Lie algebra automorphism 1 : g — g such that
- A= A" and that ¢ - B; = B} for i = 1,...¢ and hence that A = ¢ 1A', B; = ¢~ - B} for
i=1,...L. Therefore 0 € T if and only if 0 € T".

2.2.1 Classification under S-equivalence

We use proposition 2.2.7 in order to classify the full-rank left-invariant control affine systems on
Hs (2.1) under S-equivalence. When convenient, a system specified by

3 3 3 3
E(1,u) = Z a; B + uyp Z b;E; + us Z ¢ Ei + us Z d; E;
=1 =1 =1 =1

will be represented as
ap by ¢ di
az | ba co do
asz | b3 c3 d3

In doing so the evaluation of ¥ - Z(1,u) becomes a matrix multiplication. Recall from proposition

1.1.8 that in terms of the standard basis (Ei)?zl the automorphism group of b3 is

VW3 — V3W2 V1 Wi
Aut(bz) = 0 vg  wa| |v1,v2,v3, w1, we, w3 € R, vows — vzwy # 0
0 V3 W3

We begin with four lemmas which greatly simplify the classification of systems.

al bl
2.2.11 LEMMA. 2 vectors A= |as| and B = |ba| € b3 generate bs if and only if asbs — asbs # 0.
as b3

PROOF. b3 is 3 dimensional and so in order for two vectors A and B to generate the entire Lie
algebra b3, A, B and [A, B] must be linearly independent. Now

a2b3 — bzag
[A,B] = 0
0
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Hence vectors A and B generate bg if and only if

ar br agbz — baag

a9 bg 0 = (a2b3 - a3b2)2 75 0.
as bg 0
al bl
2.2.12 LEMMA. For any two vectors A = |as| and B = |by| € b3 which generate b3 there exists
as bs
Y € Aut(hs) such that

al b1 0 0
Y- lag baf =11 0
as bg 01

PrROOF. From lemma 2.2.11 agbs — baas # 0. Consequently
—agbs + asbs 0 0
P = 0 by —ba| (detey = (azbs — asb3)* #0)

0 —a3 a9

is an automorphism such that

a; by —ajazby + ajagbs  —agbibe + azbibs
- | ay by | = —azbs + azbz 0
— 0 —asba + azbs
Also
1 —a1 —by
(a3bz—azb3)? (a3b2_1a2b3)2 (asba—az2b3)? 1
=l 0 a0 (det‘z’?:msbz—w*@
0 0 “asbatazbs

is an automorphism such that

—aiasbs + ajagbs —aszbiby 4+ asbibs 0 0
o - —agba + asb3 0 =10
0 —agby + asbs 01
ay bl 0 0
Hence 1 = 15 0 91 is an automorphism such that ¥ - |as bo| = |1 0
as 53 01
00

2.2.13 LEMMA. The only ¢ € Aut(hs) which preserves |1 0| is ¢ = 1.
0 1
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VW3 — V3w V1 Wi

PROOF. Let ¢ = 0 vy wy| € Aut(hs), arbitrary. We have that
0 V3 W3
VW3 — v3wW2 V1 W1 0 0- _0 0-
0 vo wo| (1 O] =11 0
0 V3 W3 0 1_ _0 1_
V1 wl_ -0 0-
= (v wo| = (1 O
U3 w3 | _0 1_
from which it follows that
VW3 — v3wa V1 W1 1 0 0
0 Vo w2 = 010
0 V3 W3 0 0 1
ai by
2.2.14 LEMMA. If two vectors A = |as| and B = |by| do not generate b3 then there images ¢ - A and
as b3

¥ - B do not generate bs.

PROOF. Let 9 be an arbitrary element of Aut(hs). Then

ap b [vows —vgwa v1 wi| [a1 by
V- laz ba| = 0 vy wa| [az by
as b3 L 0 V3 W3 as b3
[agu1 + azwy — ajvswa + aqvews  bovy + bgwy — bivzws + bivaws
= agV9 + azwsq bovg + bywo
i asvs + azws bavs + bsws

Since A and B do not generate hs we have that asbs — beaz = 0 (lemma 2.2.11). Using this fact we

show that (agua + azws)(bavs + bsws) — (bova + byws)(agvs + asws) = 0 and hence that 1 - A and
1 - B do not generate bs.

(agv2 + agwa)(bavs + bzws) — (bava + bswa)(agvs + azws)

(a2b2v2v3 + asbsvaws + agbawovs + agbzwaws) — (baagvavs + baazvaws + bgaswavs + bsazwows)
(agb3 — baas)vows + (asbe — bsaz)wavs

=0.

2.2.15 PROPOSITION. Any (1,1) system is state space equivalent to the system
2D By 4 uFs.

PRrROOF. The system must satisfy the full-rank condition. The result therefore follows immediately
from lemma 2.2.12.
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PROPOSITION. Any (2,0) system is state space equivalent to exactly one of the following systems

S20 By +7Es + w1 By + usEs, 1,72

Here each parameter parametrises a distinct family of class representatives.
PROOF. Such a system has Z(1,u) = 2?21 a; B +uq Z?:l b;E; + us 2?21 cE;, ui,us € R, where

Z?:l a; E; € <Z§’:1 b, E;, Z?Zl c,EZ> In order for the full rank condition to be satisfied Z§:1 b, E;
and Z?Zl c; B must generate hz so from lemma 2.2.12 the system is state space equivalent to

for some a), a5, ay € R. From linear dependence we have that a] = 0. Hence any (2,0) system is
state space equivalent to

Z’(y2177(’)y)2 1 Fe +vFE3s+uiFas4+usFEs  uj,ug € R

where 71 = a4 and 72 = a§. From lemma 2.2.13 and proposition 2.2.9 we have that for (y1,72) #
(71, 7%) the systems are distinct.

PROPOSITION. Any (2,1) system is state space equivalent to exactly one of the following systems:
Efizﬂ,’yz caFB1 + 71 By + o FE3 + ui o 4+ us Es, — bgeo + bacs 75 0 (2.2)
Zg&{zﬂ By +u B3+ UQ(O[El + ’71E3), — bscog + bacg = 0, —azbs + asbs 75 0 (2.3)
Z:(g?&l) : By +uiaF + uoEs, — b3cg + bacg = 0, —asbs + asbg =0 (2.4)

O, Y1, Y2, UL, U2 € R,Oz % 0.

Here each parameter parametrises a distinct family of class representatives.

PROOF. Such a system is given has Z(1,u) = 2?21 a; B +uy Z?:l b E; +us Z§:1 B, ui,us € R,
where Z?:1 a; B; ¢ <Z§’:1 b E;, 2?21 ciEi>, which is represented by the matrix

ar | b1
a9 b2 C2
az | bg c3

We consider the 4 cases:
1. —bsca + bacs # 0 in which case columns 2 and 3 generate b3 (lemma 2.2.11).

2. —bscy + bacg = 0, —agbs + agbs # 0 in which case columns 1 and 2 generate hs (columns 2
and 3 do not)(lemma 2.2.11).

3. —bsca+bacs =0, —agbs + a2bs = 0, —agce + ascs # 0 in which case columns 1 and 3 generate
b3 (columns 2 and 3 as well as 1 and 2 do not)(lemma 2.2.11).
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4. —bzco 4+ bacg = 0, —agby + aobs = 0, —azcy + ascz = 0 in which case columns 2 and 3, 1 and
2 and 1 and 3 do not generate hs (lemma 2.2.11).

Each case is covered below.

1. (=bsca + bacs # 0). Columns 2 and 3 generate bs.

From lemma 2.2.12 we have that the system is state space equivalent to

o) a |0 0

2,1 ]

21,017’}’1 2 o 7 1 O
7210 1

where a # 0 since the system is inhomogeneous. From lemma 2.2.13 and proposition 2.2.9
we have that for (a,y1,72) # (¢/,7],74) the systems are distinct.

2. (=bscy + bacg = 0, —agbs + azbs # 0). Columns 1 and 2 generate bs.
From lemma 2.2.12 we have that the system is state space equivalent to
00 le
110 0/2
0|1 c3
for some ¢},c5,¢5 € R. Now ¢ # 0 from linear independence and from lemma 2.2.14 we

have that columns 2 and 3 do not generate b3 hence ¢, = 0 (lemma 2.2.11). The system is
therefore state space equivalent to

21 .
2,&,’71 :

o = O
o QR

0
0
I m

where o = ¢} # 0, 71 = ¢4. From lemma 2.2.13 and proposition 2.2.9 we have that for
(a,11) # (¢, 7)) the systems are distinct.

3. (—=bsgca + bacs = 0, —asby + agbs = 0, —agca + azez # 0). Columns 1 and 3 generate hz. From
lemma 2.2.12 we have that the system is state space equivalent to

0|, o
118, 0
0, 1

for some b}, b5, b5 € R. From lemma 2.2.14 we have that columns 1 and 2 as well as columns
2 and 3 do not generate hz hence b5, b5 = 0. From linear independence b} # 0. The system is
therefore state space equivalent to

2,1)
zg,g .

O = O
o O Q
= o O

where o = b} # 0. From lemma 2.2.13 and proposition 2.2.9 we have that for o« # o/ the
systems are distinct.
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4. (=bsca + bacs = 0, —asby + agbs = 0, —asca + azes = 0). We represent the system as

al bl C1
az | ba ¢
az | bg c3
Now
a1 b1
ag by co| = —asbacy + agbsey + asbica — ajbsca — agbics + arbacs
az bz c3

= (—agby + a2b3)c1 + (azca — age3)by + (—bzca + bacs)aq

Hence columns 1, 2 and 3 are linearly dependent and the system is not a (2,1) system.

Finally, we verify that the systems 2.2, 2.3, 2.4 are not equivalent.

Suppose 252&1)71 +, 18 S-equivalent to Eéi’yl/)w,. Then there exists ¢ € Aut(hs) such that o -
sy ’ ST
':‘(271) — ’:‘(271) 3
“Lam,w(l’u) = Hzﬂ,%(l,u), ie.,
VoWsg — V3Wg V1 Wi a0 0 [ y1v1 + Yowr + a(—v3ws + vows) | v1 wy
0 v W 7|l = MV2 + Y2w2 v w2
0 vz w3 72 |0 1 L 7103 + Y2w3 vz w3
[0]0 o
=[1]0 O
LOf1 %

But this gives vows — vswy = 0. These systems are therefore not equivalent.
Suppose D 21

Loy 18 S-equivalent to X5/ Then there exists a 1 € Aut(bhs) such that ¢ -
—(2,1 —1(2,1 .
:g,ayzn,w(l?u) = :3(704,)(1,1;), ie.,
VW3 — V3We V] Wi a0 0 M1 + Yowia(—vswy + vows) | v1 wy 0la 0
0 vy wWo 7|1l 0= Y1v2 + Yow2 vo wp | =10 O
0 U3 W3 Y210 1 Y1U3 + Yows V3 W3 010 1

Again the determinant vews — vswe = 0 and these systems are not equivalent.

Lastly, suppose Eé?&l’)% is S-equivalent to Eg(’ll). Then there exists v € Aut(hs) such that

—_ 2,1 —_ 2’]_ .
Yo :'§7a,2yl (17 u) = :'3(70/)(1, U), 1.e.,

VoWsg — V3Wo V1 Wi 010 « v] | w mw + a(—vzws + vows) 0|lca" O
0 V2 W2 110 0 = V2 | W2 Y1w2 = 1 0 O
0 V3 W3 01 m v3 | w3 Y1ws 00 1

Once again the determinant vows — v3ws = 0 and these systems are not equivalent.
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2.2.18 COROLLARY. Any (3,0) system is state space equivalent to exactly one of the following systems

M E1 4+ v2E2 + v3E3 + ui (aE1 + y4FE2 + V5 E3) + ue Ea + ugEs, —c3dy +cod3 #0  (2.5)

1 E1 4+ v2E2 + v3E3 + ui Ey + ugEs + us(aE1 + v4E3), —c3dy + cod3 =0, (2.6)
— bscg + bacs #0

v1E1 + v FEy + v3E3 + uy By + usaFy + usEs, —cady + cod3 =0, (2.7)

— bgeg 4+ bacg = 0.

where a,Yy1,%2,73,74,75 € R, a # 0. Here each parameter parametrises a distinct family of class
representatives.

Table 2.1 summarises the results of propositions 2.2.15, 2.2.16, 2.2.17 and corollary 2.2.18.

2.3 Detached Feedback Equivalence

This section introduces detached feedback equivalence of left-invariant control affine systems on a
connected Lie group and shows that the classification may be done at the level of the Lie algebra.

2.3.1 DEFINITION. Let G be a connected Lie group and let ¥ = (G, E) and ¥/ = (G, Z’) be left invariant
control affine systems with the same input space RY. Then ¥ and ¥’ are detached feedback
equivalent (or DF-equivalent for short) if there exist diffeomorphisms ¢ : G — G and ¢ : R — R*
such that the diagram

G x R 2%, G x RY

TG —— TG
T¢

commutes. That is,
Ty¢-E(g,u) = Z'(6(9), (u)) Vg €G, ueR

2.3.2 PROPOSITION. DF-equivalence is an equivalence relation.
PRrROOF. Consider three systems ¥ = (G, E), ¥’ = (G,Z’') and ¥/ = (G, Z").

1. DF-equivalence is reflexive:
Let ¢ =idg and ¢ = idge. Then Ty¢ = idt,g for every g € G. Hence

Hence, ¥ is DF-equivalent to itself.

2. DF-equivalence is symmetric:
Suppose X is DF-equivalent to Y/, then there exists a diffeomorphism ¢ : G — G such that

Tyé-Z(g,u) = Z(p(g), p(u)), Vg€ G,ucR"
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Also, T, ¢ is a linear isomorphism and is therefore invertible so we have the linear isomorphism
(T,¢)~! such that

(Tg(ﬁ)il Typ-E(g,u) = (ng))il
— E(gvu> - (Tg(b)_l
Now (Ty¢)~! = Ty(g¢~ ' (Lemma A.1.11) so we have
Tyq0~" - E'(6(9), p(w) = E(g,u) = E(6(8(9)), ¢~ (p(w))), Vo(g) € G,d(u) € R,
Hence, if 3 is DF-equivalent to ¥/, then ¥/ is DF-equivalent to .

o(9), (u))
(9(9), p(u)).

1o

(1]

3. DF-equivalence is transitive:
Suppose ¥ is DF-equivalent to ¥’ and that Y’ is DF-equivalent to ¥”. Then there exist
diffeomorphisms ¢; and ¢2 and ¢ and o such that

{Tg¢1 -Z(g,u) = Z(d1(9), 1 (w))
Tys - ' (g,u) = Z"(¢a(g), pa(u)), Vg€ G uc R

Let ¢ = ¢p2 0 1 and ¢ = g 0 ¢1. Then for every g € G and u € R*

Ty -Z(g,u) = Ty, (992 - Tyé1 - =(g,u) Lemma A.1.10
= Ty,(9)92 - E(01(9), p1(u))
=E"(p20 ¢1(g), p2 0 p1(u))
=E"(6(9), p(u)).

Hence, if ¥ is DF-equivalent to ¥’ and X’ is DF-equivalent to X", then ¥ is DF-equivalent to
7.

DF-equivalence is thus an equivalence relation.

2.3.3 PROPOSITION. If Y and X' are DF-equivalent, then the controlled trajectories of ¥ and ¥/ are in a
one-to-one correspondence.

PROOF. Suppose (g(+),u(-)) is a controlled trajectory of ¥ we have that

g(t) = E(g(t), u(t)).

Since ¥ and ¥/ are DF-equivalent, there exist diffeomorphisms ¢ : G — G’ and ¢ : R® — R¢ such
that

Ty¢-E(g,u) = Z(¢(g), e(u)) Vg€ G,ucR"

We will show that (¢(g(-), ¢(u(-))) is the unique controlled trajectory of 3’ corresponding to the
control pair (g(+),u(-)) of X. Firstly, for almost every ¢
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and so (¢(g(+),¢(u(+))) is a controlled trajectory of ¥’'. Let (g1(-),u1(+)) and (g2(+),u2(-)) be con-
trolled trajectory of ¥. Suppose ¢(g1(:)) = ¢(g2(+)) and that p(u1(-)) = ¢(ua(-)) then by applying
¢~ and ¢! we have that g1(-) = g2(+) and uy (-) = ua(-). Hence trajectory-control pairs are mapped
injectively from X to ¥'. Let (¢'(-),u'(+)) be a controlled trajectory of X’ then (¢~ 1(¢'(+)), o~ 1(v'(+)))
is the corresponding controlled trajectory of 3 mapped to (¢'(-),%(:)) by ¢ x ¢. Hence controlled
trajectories are mapped surjectively from ¥ to ¥’ and the controlled trajectories are in a one-to-one
correspondence.

In order to be able to prove that a system which is controllable cannot be DF-equivalent to
a system which is not controllable and vice-versa and also to prove that the classification under
DF-equivalence may be done at the level of Lie algebras we require two technical lemmas.

LEMMA. Let ¢ be a diffeomorphism and let Ly : G — G, h — gh be the left translation by g € G.
Then

TooTLy=TLyg oTe.

PROOF.

= T¢poTLy=TLyy oT¢ (PropositionA.1.10.).

LEMMA. Let ¢ : G — G and ¢ : R® — R be diffeomorphisms. Then

Ty¢ - E(g,u) = Z'(¢(9), p(u))
= Ty(Lgny-109) 2 E'(Lyay-1 0 ¢(9), o(u)).

PROOF.

Ty(Lg1y-1 © @) - E(g,u) = E'(Ly1y-1 © ¢(g), ¢(u))
= Ty Lpy-1 © Ty¢p - E(g,u) = Ty(g) L)1 - E'(¢(g), (u)) Lemma 2.3.4 and left invariance
= Ty -E(g,u) = E'(¢(g), p(u)).

(1]

ProposITION. If 3 = (G,
if X 1s controllable.

) and X' = (G,Z') are DF-equivalent then X is controllable if and only

PRrOOF. Without loss of generality we may assume ¢(1) = 1 (lemma 2.3.5). Let A and A’ denote
the attainable sets of ¥ and ¥’ respectively. Suppose X is controllable i.e. A = G. We show that
this implies A’ = G and hence that Y’ is controllable. Firstly,

A ={d(T)|d():[0,T] — Gis a trajectory of &', ¢'(0) =1}.
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Now since ¥ and X' are DF-equivalent (with respect to diffeomorphisms ¢ and ¢ say) we have
that the trajectories of ¥ and X’ are in one-to-one correspondence. That is for the trajectory
g ()0, T] = G, ¢'(-) = ¢(g(+)) for exactly one trajectory g(-) : [0,7] — G. Hence

A ={¢(g(T)) | g() : [0,T] — G is a trajectory of &, g(0) = 1}
= ¢(A) =G.

By interchanging the roles of ¥ and ¥’ in the above argument one is able to show that ¥ is
controllable if ¥’ is controllable. The result follows.

THEOREM. (CF. [18]) For a simply connected Lie group G, two systems ¥ and ¥ are detached
feedback equivalent if and only if there exists ¢ € Aut(g) such that ¢ - T =T".

PROOF. Suppose ¥ and Y’ are detached feedback equivalent. Then there exist diffeomorphisms
¢:G— Gand ¢ : RY — R such that T,¢ - Z(g,u) = Z/(é(g), p(u)) for every g € G and u € R
From which it follows that T1¢ - Z(1,u) = Z/'(¢(1), ¢(u)). We may assume ¢(1) = 1 since if this is
not the case we can replace ¢ with the diffeomorphism Lg1)-1 06 : G — G (ref. to lemma 2.3.5).
Clearly (Lg(1)-10¢)(1) = 1.

We show that Th¢ - T' = I'. Firstly, using the notation where the left invariant vector field
Zu = 2(hu), T = {E,(1)|u € R}. We have that Ty¢ - Z,(1) = B (1) €T for all u € R* and
so T1¢-T' CTV. Also, ¢ is a diffeomorphism hence by theorem A.1.9 we have that T7¢ is a linear
isomorphism. Therefore dim(7T1¢ -T') = dim(T") and Th¢-T' =T".

It remains to be shown that T3¢ is a Lie algebra automorphism. We already have that T3¢ is
a linear isomorphism T3¢ : g — g and is therefore a linear automorphism. We have left to show is
that Th ¢ preserves the Lie bracket. Noting that the pushforward by ¢ preserves the Lie bracket of
vector fields we have

o [\:m \:v] = [(b*:m ¢*:v]~

This, together with left invariance gives

Similarly T1¢ - [24(1),[E,(1),Ew(1)]] = [T1¢ - Eu(1),[T1¢ - E4(1),T1¢ - Z4(1)]] and similarly for
higher order commutators. Now I' = {Z,(1) : u € R’} and Lie(I") = g. The elements =, (1), u € R
therefore generate g and so T3¢ is a Lie algebra automorphism.

Conversely, suppose 1) is a Lie algebra automorphism such that ¢ - I' = I'". Then there exists
a Lie group automorphism ¢ : G — G such that Th¢ = 1 (cf. [23]). Also, Z'(1,-) : R — g is
an injective mapping; by restricting the codomain g to IV i.e. Z/(1,-) : R® — I = imZ'(1,-) we
obtain a bijective and therefore invertible map. Suppose the inverse is given by & : TV — Z/(1, ).
Let ¢ : R = R’ be the diffeomorphism defined by ¢(u) = ¢/ (T1¢ - 2(1,u)). Then Ty¢ - Z(1,u) =
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(Y Hp(u)) =2 (1,0(u)) (or ¢ -E(1,u) = Z'(1,¢(u))) for every u € R. Therefore we have
Ty¢ - =(g,u) = Ty¢ - g=(1, u)
=Ty¢-T1Lg-E(1,u)
-Th1¢-E(1,u) Lemma 2.34
= Ty Ly - E(1, u)
='(1, p(u))
=Z((9), (u)).

Hence ¥ and Y/ are detached feedback equivalent.

LEMMA. For a simply connected Lie group G, two systems ¥ = (G,E) and ¥/ = (G, Z') are detached
feedback equivalent if and only if - A € IV and ¢ - T =T"9.

PROOF. Suppose ¥ and Y/ are detached feedback equivalent then there exists 1) € Aut(g) such that
¢ - T=I"(refer to theorem 2.3.7) so

v-Aey - T =T
ie.p- A=A+ B for some B in I'.
Also
V- T=0 (A+T%) =¢p - A4+ T =A+ B +¢ . T0=1"= A"+ 17"
— B +¢-T°=7" — 4. I°=T" (since B’ € I'?).
Conversely, suppose 1) - A € I” and 1 - T'Y = I'"°. Then
V- T=0 (A+T) =9 - A4+ T =A+ B +T0=4"+T7°=T".
The result follows from theorem 2.3.7.

PROPOSITION. If ¥ and ¥/ are DF-equivalent the systems are both homogeneous or both inhomo-
geneous.

PROOF. Suppose the traces of ¥ and ¥’ are given by I and I" respectively. ¥ and X’ being DF-
equivalent implies that there exists a Lie algebra automorphism ) : g — g such that ¢ -I' = I'" and
I' = ¢~ TV, Therefore if 0 € T, then 0 € I'. Alsoif 0 € IV, 0 € T.

The following proposition enables us to use the classification of inhomogeneous systems to obtain
a classification of homogeneous systems under DF-equivalence.

PROPOSITION. Let ¥ be a full rank (¢,0) control affine system with trace I' = (B, ..., By). Suppose
{EZ@_LI)M € I} is an exhaustive collection of equivalence representatives of DF-equivalent (£ —1,1)
control affine systems with traces given by I'; = A* + <B{, ce B§_1>. Then ¥ is DF-equivalent to
a system with trace (I';) for at least one i € I.
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PROOF. Recall that two systems X and ¥’ having traces I and I" respectively are DF-equivalent
iff Jp € Aut(g) s.t. ¢ -T'=T". Let I' = (A, By,..., Be—1). Then {A, {B;},_17—} are linearly inde-
pendent and A+ (By,...,By_1) isan (£/—1, 1) affine subspace of g. Now I' = (A + (By, ..., Br_1)).
Also since {21@—1,1) |i € I} is a complete list of equivalence representatives of DF-equivalent (£—1,1)
systems there exists ¢ € Aut(g) such that ¢ - (A + (Bi,...,Bi_1)) =T for some i € I. Therefore

Y- I'=v¢ - (A+(B1,...,Bi— 1))y = (- (A+ (B1,...,Br—1))) = (I'y).

Hence ¥ is DF-equivalent to a system with trace I = (I';) for some i € I.

2.3.1 Classification under DF-equivalence

PROPOSITION. Any (1,1) system is DF-equivalent to the system
D = B, + uFs.
PROOF. Such a system has trace ' = A+TV = Z?:l a; E; + <Z?:1 blEZ> From the Full rank con-

dition we have that the set {Z?:l a; E;, Z?Zl b E;, [Z?Zl a; E;, Z?:l bl-EZ} } is linearly independent
ie. {Z?Zl a; F;, Z?Zl biE;, (agbs — bgag)El} is linearly independent. From which it follows that

ar by agbz —asbo
as bg 0 = (a2b3 — a3b2)2 7& 0.

as b3 0
Hence

—agbs + aobs 0 0
0 bs  —by| > (det(%) = (agbs — azbz)® # 0)

()

0 —as a9

is an automorphism such that
1/}1 I = al (a2b3 — ang) E1 + (agbg — agbg)EQ + <bl (a2b3 — agbg) E1 + (agbg — CL3[)2)E3> = al(agbg —
ang)El + ((Igbg — a3b2)E2 + <b1E1 + E3> =T’ and

1 ai 1
—azba+asbs azba—azbs a3zba—a2zb3 .
= % = V-
v 0 —asbz+a2b3 0  det () (agbe — a2b3)2 70
0 0 1

is an automorphism such that ¢y - TV = E5 4+ (E3). The result follows from theorem 2.3.7.
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PROPOSITION. Any (2,0) system is DF-equivalent to the system

2(2’0) = u1 By + us Fj3.

PROOF. Such a system has trace I’ = <Z§:1 a; E;, Zg’zl bZEZ> From proposition 2.3.10 and propo-

sition 2.3.11 we have that such a system is DF-equivalent to the system with trace I' = (Es, E3).
The result follows.

The lemma which follows is used in determining the defining conditions for the (2,1) systems.
LEMMA. LetT = Z?Zl a; E; + <Z?:1 b E;, Z?:1 ciEi> be the trace of a (2,1) system then
b263 — b302 =0 F; € FO.

PROOF. Suppose bacg —bsco = 0. From linear independence b; and ¢; are not simultaneously equal
to zero. Suppose b3 = 0 which implies b = 0 or ¢3 = 0 and from linear independence the result
follows. Similarly for c3 = 0. Suppose b3, cg # 0 then

(blE1 4+ boFEs + bsFE3,c1E1 + coFy + 63E3>
= (b1csEy + bacsEa + csbsEs, c1bsEq + bsca Ea + bscs Es)
= ((bicg — c1b3)E1, c1bsEy + bycaEo + bscs E3)
— E; € I (from linear independence).

The converse follows from linear independence.

PROPOSITION. Any (2,1) system is DF-equivalent to exactly one of the following systems
2%2,1) = FE1 +ui1 Fs 4+ ug Es, Eq ¢ o
2%2’1) = Fy +uiF| + usEs, FE € o,

PROOF. Such a system has trace I = Z?:1 a; B+ <Z?:1 b E;, Z?Zl clEZ> We consider the 2 cases
Ey ¢ T%and By € T°.

1. By ¢ T, It follows from lemma 2.3.13 that bacz — bsco # 0. Hence

bsco — bacg bieg —bics
0 —C3 Co ) (det(d}l) = (b302 — b203)2 75 0)

0 —bs bo

()

is an automorphism such that
P-T'= (bl(a263 — agcg) + a1 (5362 — bgCg))El + (a302 — CLQC3)E2 + (a3b2 — agbg)Eg
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+ <(b302 — bQCg)EQ, c1 (b3C2 — bQCg)El + (b203 — b302)E3> = a/1E1+<E2, aFr+ E3> = F,, where
ay = bi(ages — agez) + ai(bsca — bacs) — ¢1 # 0 from linear independence. Therefore

1 c
a0 )
o g o | (s = g #0)

0 0 1

is an automorphism such that v, - IV = E; + <iE2,E3> = Fj + (E», E3). The system is

therefore DF-equivalent to the system 252’1) (refer to theorem 2.3.7).

2. B € I'° From lemma 2.3.13 bycs — b3y = 0. From linear independence, it follows that

ar b

as by co| = ci1(agbs — azba) 4 bi(azca — azcs) + ai(bacs — bsca)

az by c3
= Cl(agbg — a3b2) + b (a302 — CLQCg) 75 0.
(a) Suppose agbs — asbe =0 = agco — azes # 0. Then
—azcy + a2C3 a3cp —asCy
P = 0 s e |» (det(yr) = (azes — ases)® #0)

0 as —a9

is an automorphism such that
Y1 - T' = a1(azes — azea) By + (a3ca — ages)Bo + (bi(agez — azea) By, (asca — agc3) E3) =

(a362 — a203)E2 + <E1, E3> =TI". Also

1 0 0
= 1 _
e e 0 , (det(tp) =1+#0)
0 0 ascCa — agC3

is an automorphism such that 19 - TV = Ey + (F1, (azca — ascs)E3) = Es + (Eq, E3) and
(2,1)

from theorem 2.3.7 the system is DF-equivalent to the system ¥57.
(b) Suppose —asbs + azbz # 0. Then
agbg — a2b3 —a3b1 a2b1

P = 0 “by by |, (det(¥1) = (agbs — asb3)® £ 0)

0 —as as



Chapter 2. Classification of Control Systems 39

is an automorphism such that 11 - I' = aj(agby — a2b3) E1 + (a3by — agbs) Eo
+ ((agbs — agbe) E3, (c1(asba — agbs) + bi(azcsz — azcz)) By + (azez — azca) Es)
= (a3b2 — agbg)EQ + <E37 E1> =TI'. And
1 0 0
P2= |0 L 0 , (det(zp2) =1 #0)
a3b2—a203

0 0 a3b2 - a2b3

is an automorphism such that ¢y - IV = Fs + ((asbe — asbs)Es, E1) = Fs + (E1, Es) and
the system is DF-equivalent to the system Eg’l) (theorem 2.3.7).

We have left to verify that our two systems are not equivalent. Recall from lemma 2.3.8 that
two systems with trace I' = A +T? and IV = A’ +I"0 are DF- equivalent if and only if there exists
an Lie algebra automorphism 1 such that ¢ - T? = I and ¢ - A € I'. The traces of systems 252’1)
and Zéz’l) are given by I'y = A1 +T' = B+ (Es, E3) and T'y = Ay +TY = Ey+(E, E3) respectively.
We apply an arbitrary automorphism

L2Ww3 — v3wz2 V1 W1
lb - 0 V2 W2
0 vy W3

to I'{ and set it equal to Ty i.e. ¢ TV = (v1Ey + vaEy + v3E3, w1 By + waEy + w3E3) = Ty =
(E1, E3) which yields vo = wy = 0 and det ¢ = 0. The two systems are therefore not DF-equivalent.

2.3.15 REMARK. Any (3,0) system is DF-equivalent to the system

Y60 — 4y By + us By + u3Es.

2.3.16 PROPOSITION. Any full-rank left-invariant controllable control affine system on Hs is DF-equivalent
to exactly one of the following systems

2(2’0) =u1Fy + us Fs, 2%2’1) = F1 4+ ui1 Ey + usEs, 2(3’0) =w F1 +usEy + usFEs.

PROOF. A system X evolving on a completely solvable, connected and simply connected Lie group
G is controllable if and only if Lie(I'°) = g (proposition A.2.3). The result follows from propositions
2.3.11, 2.3.12, 2.3.14, 2.3.15.

Table 2.2 summarises the results of propositions 2.3.11, 2.3.12, 2.3.14 and remark 2.3.15.
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2.4 Strongly Detached Feedback Equivalence

2.4.1 DEFINITION. Let G be a connected Lie group and let ¥ = (G,E) and ¥/ = (G, Z') be left invariant
control affine systems with the same input space RY. Then ¥ and ¥’ are strongly detached
feedback equivalent (or SDF-equivalent for short) if there exist diffeomorphisms ¢ : G — G and
¢ : RY — R such that ¢ is a linear map and that the diagram

G x R 2%, G x RY

TG —— TG
T¢

commutes, i.e.,
Tyo-2(g,u) = Z'(6(9), (u), Vg€ G,ueR"
2.4.2 PROPOSITION. SDF-equivalence is an equivalence relation.
PRrROOF. Consider three systems ¥ = (G, E), ¥’ = (G,Z') and ¥’ = (G,Z").

1. SDF-equivalence is reflexive:
Let ¢ = idg and ¢ = idge. Then T¢ = id,c. Hence

Ty - E(g,u) = E(g,u) = E(6(9), p(u)).
That is, X is SDF-equivalent to itself.

2. SDF-equivalence is symmetric:
Suppose ¥ is SDF-equivalent to ', then there exist diffeomorphisms ¢ : G — G and ¢ : R —
R’ where ¢ is a linear map such that

Ty¢ - E(g,u) = E'(6(9), p(u)).

Now T},¢ is a linear isomorphism and is therefore invertible so we have the linear isomorphism
(Ty¢)~* such that

(Ty9) ™" - Ty6 - Eg,u) = (Ty9) ™" - E(8(9), 0 (w))
= E(g,u) = (Ty0) "' - E'(6(g), (u).
Now (Ty¢) ™! = Ty(g¢~" (lemma A.1.11) so we have

Ty~ -2 (8(9): p(w)) = E(g,u) = (¢~ (8(9)), ¢~ Vo(g) € G, p(u) € R".
Hence if ¥ is SDF-equivalent to ¥’ then ¥’ is SDF-equivalent to X.

3. SDF-equivalence is transitive:
Suppose ¥ is SDF-equivalent to ¥/ and that ¥’ is SDF-equivalent to Y. Then there exist
diffeomorphisms ¢; and ¢9 and ¢; and o where ¢ and @9 are linear maps such that

{ngn -Z(g,u) = Z(d1(g), o1 (u))
Ty - E'(g,u) = Z"(¢2(9), p2(u)).
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Let ¢ = ¢ 0 ¢ and ¢ = o 0 1. Then for every g € G and u € R¢

Tyo - Z(g,u) = Ty, (g)P2 - Tyt - Z(g, u)
—T¢1(g ¢2 - E'($1(9), p1(u))
= E"(¢2 0 61(9), p2 0 p1(u))
"(0(9), p(u)).

Hence if ¥ is SDF-equivalent to ¥/ and ¥’ is SDF-equivalent to X" then ¥ is SDF-equivalent
to Y.

[I] [I

SDF-equivalence is thus an equivalence relation.

2.4.3 PROPOSITION. The controlled trajectories of SDF-equivalent systems 3 = (G,Z) and X' = (G,Z’)
are in a one-to-one correspondence.

PROOF. Let (g(-),u(:)) be a controlled trajectory of ¥. Since ¥ and ¥’ are SDF-equivalent we
have that there exist diffeomorphisms ¢ : G — G and ¢ : RY — R’ such that Tyo - Z(g,u) =

='(¢(9), p(u)) and Ty¢ - E(g,0) = Z'(¢(g),0). We will show that (¢(g()), ¢ (u())) is the unique
controlled trajectory of ¥’ corresponding to (g(-),u(-)) of X. Firstly, for almost every ¢

So9(1) = Ty6 (1)
= Ty Z(g(t),ul?))
= 2 (Blg(0)) pu(0)).

Hence (¢(g(+)), ¢(u(-))) is a controlled trajectory of ¥'. We show that controlled trajectories are
mapped both injectively and surjectively from ¥ to ¥’. Suppose ¢(g1(+)) = ¢(g2(+)) and ¢(u1(+)) =
©(us2(+)) where (g1(+),u1(-)) and (g2(), ua(+)) are controlled trajectories of 3 then since ¢ and ¢ are
diffeomorphisms and therefore invertible we have that g1(-) = ¢~ 1¢(g1(-)) = ¢ d(g2(-)) = g2(-)
and u1(-) = o to(ui(-)) = o Lp(uz(+)) = ua(-). Next let (¢'(-),u/(+)) be a controlled trajectory in
¥/ then (¢~ 1(¢'(+)), o~/ (-)) is the corresponding controlled trajectory in ¥ mapped to (¢'(-),u'(+))
by ¢ x . Hence the controlled trajectories of ¥ and ¥’ are in a one-to-one correspondence.

2.4.4 LEMMA. Let ¢ : G — G and ¢ : RY — R? be diffeomorphisms and let Ly:G— G, h— gh denote
the left translation by g. Then

1.
Ty¢-Z(g,u) = Z'(6(9), 0(u), Vg€ GueR
= Ty(Lyy-1 0 ¢) - E(g,u) = Z/(Lgay-1 0 ¢(g), p(u), Vg € G,ue R
2.
Tyd-=(g,0) = E(4(9),0), VgeG
&= Ty(Ly1y)-1 0 9) - E(g,0) = Z'(Ly1)-1 0 #(9),0), VgeG
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PROOF. 1. From theorem A.1.10 and left invariance:

Ty(Lyy-1 0 d) - E(g,u) = E'(Lyny-1 © ¢(g), o(u))
= Ty Loa)y-1 - Typ - E(g,u) = Ty Loy-1 - Z'(9(9), p(u))
= Ty¢-E(g,u) = Z'(¢(9), p(u)).

Ty(Lyay-109) =

( Lg1)-1 © 9(9),0)
= Ty L)1 - Ty9 - =(g,

(

(

) ==

) =Z(¢(1)"1¢(g),0) (theorem A.1.10)
= Ty Lpa)-1 - Tgp - E(9,0) = Ty(g)Lpay-1 - Z'(6(g9),0)  (left invariance)
)

=Z/(¢(9),0).

— T,$ -2

2.4.5 PROPOSITION. If Y = (G,Z) and ¥’ = (G, Z') are SDF-equivalent then X is controllable if and only
if ¥/ is controllable.

PRrOOF. Without loss of generality, we may assume ¢(1) = 1 (lemma 2.4.4). Let A and A" denote
the attainable sets of 3 and ¥’ respectively. Suppose ¥ is controllable i.e. A = G. We show that
this implies A’ = G and hence that Y’ is controllable. Firstly,

={J'(T :[0,T] — G is a trajectory of ¥', ¢'(0) = 1}.

Now since ¥ and ¥/ are SDF-equivalent (with respect to diffeomorphisms ¢ and ¢ say) we have
that the trajectories of ¥ and X’ are in one-to-one correspondence. That is for the trajectory
g ()0, T] = G, ¢'(-) = ¢(g(-)) for exactly one trajectory g(-) : [0,7] — G. Hence

A ={¢(g(T)) | g() : [0,T] — G is a trajectory of &, g(0) = 1}
= ¢(A) = G.

By interchanging the roles of ¥ and Y in the above argument one is able to show that X is
controllable if ¥ is controllable. The result follows.

2.4.6 LEMMA. Let ¢ : G — G be a diffeomorphism and let Ly : G — G, h — gh denote the left translation
by g. Then

T¢oTLy=TLyy oTé.

PROOF.

= ¢olg=Lggo¢
= T¢oTLy=TLyy oT¢, (theorem A.1.10).
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THEOREM. For a simply connected Lie group G, two systems ¥ = (G,Z) and ¥’ = (G,Z) having
traces T = A+T9 and I" = A’ + T respectively are SDF-equivalent if and only if 3 ¢ € Aut(g)
such that

p-T'=T" and - -A=A.

PROOF. Suppose ¥ and ¥’ are SDF-equivalent. Then there exist diffeomorphisms ¢ : G — G and
¢ : RY — R? such that Ty¢ - Z(g,u) = Z'(¢(g), p(u)) and Ty - Z(g,0) = ='(¢(g),0) for every g € G
and u € R, So we have

I
(1]

"(¢(1),0(u), VueR’
"(¢(1),0).

Tr¢-
and Ti¢-

L]

1,u
(1,0)

I
(1]

We may assume that ¢(1) = 1 since if this is not the case we can replace ¢ with the diffeomorphism
Ly1)y-10¢: G — G. Refer to lemma 2.4.4. Clearly Lyq)-1 0 ¢(1) = 1. Therefore

Tv¢ -

(1,u) = Z'(1,p(u)), YVueR
and Ti¢-Z=(1

(1,0) = Z'(1,0).

[ [1

Since Z(1,0) = A and Z'(1,0) = A, T1¢ - A = A’. Next we show that Th¢ - T' = T". Firstly, using
the notation where the left invariant vector field =, := Z(-,u), I' = {Z,(1)|u € R’} and for all
u € R Thg - Zy(1) = E:&(u)(l) eIV and so Th1¢ - T' CTV. Also, ¢ is a diffeomorphism. Hence by
theorem A.1.9 we have that Th¢ is a linear isomorphism. Therefore dim(71¢ - T') = dim(I) and
Tip-T =T

It remains to be shown that T3¢ is a Lie algebra automorphism. We already have that T3¢ is
a linear isomorphism T7¢ : g — g and is therefore a linear automorphism. Also, T7¢ preserves the

Lie bracket. Noting that the pushforward by ¢ preserves the Lie bracket of vector fields we have

o [\:m \:v] = [(b*:m ¢*:v]~

This, together with left invariance gives

Similarly T1¢ - [24(1),[2,(1),Ew(1)]] = [T1¢ - Eu(1),[T1¢ - Ev(1), T1¢ - Z4(1)]] and similarly for
higher order commutators. Now I' = {Z,(1)|u € R’} and Lie(T') = g. The elements Z,(1), u € R
therefore generate g and so Ty ¢ is a Lie algebra automorphism.

Conversely, suppose 1) is a Lie algebra isomorphism such that ¢ - T' = I and that ¢ - A = A’.
Then there exists a Lie group automorphism ¢ : G — G such that T3¢ = ¢ (cf. [23]). Let & be
the inverse of the map Rf — T u — Z/(1,u) — A’. Let ¢ : R® — R be the linear map defined by

o(u) =& (T1¢- (E(1,u) — A)). Then T1¢ - E(L,u) — T1¢- A= (&) (p(u)) = Z'(1,p(u)) — A" (or
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Tié-Z(1,u) = Z'(1,¢(u))) for every u € Rf. Therefore we have

= 9¢ ’ T]-LQ ) E(lv U)
-Th1¢-Z(1,u) lemma 2.4.6

Also, since ¢ is linear

Ty¢-Z(g,0) = Z'(6(9), ¢(0)) = E'(¢(9),0)

Hence ¥ and ¥/ are SDF-equivalent.

2.4.8 PROPOSITION. For a simply connected Lie group, two systems ¥ = (G,Z) and ¥’ = (G,Z') are
SDF-equivalent if and only if

{wA):A'
@D'<B1,...,Bg>:<Bi,...,B2>.

PROOF. Suppose X and ¥’ are SDF-equivalent then there exists ¢ € Aut(g) such that ¢ - T' =T"
and 1) - A = A'(proposition 2.4.7) so

T =p(A+T)
= T = y(A) + (1)
= A +T70 = A + (1
= (") =T"
< ¢ (B1,...,B)) = (B},...,B)).

Conversely, suppose ¢ - A = A’ and ¢ - T? = I'" then

$(T) = (A +T7)
= ¢(A) + (1)
=A+1"°
=T

The result follows from theorem 2.4.7.

2.4.9 PROPOSITION. If ¥ and X' are SDF-equivalent the systems are both homogeneous or both inhomo-
geneous.

PROOF. This follows immediately from the fact that ¢ - A = A’.
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2.4.1 Classification under SDF-equivalence
When convenient, an element A = 23:1 a; E; of h3 will be represented as a column vector, i.e.,
ai

A = |qy|. In doing so the evaluation of - A becomes a matrix multiplication. The lemmas which

as
follow assist in the classification of full-rank left-invariant control affine systems on Hs.

al b1

2.4.10 LEMMA. 2 wectors A= |qy| and B = |p,| € b3 generate bz if and only if azbz — azbz # 0.
as b3

PROOF. h3 is 3 dimensional and so in order for two vectors A and B to generate the entire Lie
algebra b3, A, B and [A, B] must be linearly independent. Now

azbs — baas

Hence vectors A and B generate bg if and only if

a1 br agbz — baag

az by 0 = (agbs — agba)? # 0.
ag bs 0
al b1
2.4.11 LEMMA. For any two vectors A = |q,| and B = |py| € bz which generate b3 there exists
as b3

¥ € Aut(hs) such that
¢A:E2 and ¢B:E3

PROOF. From lemma 2.4.10 asbs — boag # 0. Consequently

—aszba + agbs 0 0
P = 0 by  —by| (detey = (azby — azbs)® # 0)

0 —as as
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is an automorphism such that

a —aiasby + ajazbs b1 —agb1ba + azbibs
(R as = —asby + agbs and 1) - by| = 0
as 0 b3 —agby + asbs
Also )
1 —aq —by

(agb2—a2b3)?  (agzba—a2b3)?  (azba—a2b3)? 1

— 1 - -

v 0 —asbatazbs 0 (det v2 (azbg — agbs)* 7 0>
1
L 0 0 —azba+azbs

is an automorphism such that

—ajasbs + ajagzbs 0 —asbi1bo + agb1b3 0
(X —agby + asbs =11 and 1y - 0 =10
i 0 0 —agby + aobs 1
ai b1
LEMMA. If two vectors A = |q,| and B = |p,| do not generate b3 then there images ¢ - A and
as bs

- B do not generate bs.

PROOF. Let 9 be an arbitrary element of Aut(hs). Then

VW3 — V3w V1 Wi aq asV1 + azwi — ajv3we + a1vaws
P - A= 0 Vo Wy as| = asv2 + asws
0 V3 w3 as asv3 + asws
Also
VW3 — V3Wa V1 Wi b1 bovy + bgwy — brvgwe + bivsws + bivows
Y-B= 0 Vo Wy by| = bovg + b3wo
0 V3 w3 b3 bovsg + bsws

Since A and B do not generate hs we have that asbs — beaz = 0 (lemma 2.4.10). Using this fact we
show that (agva + azws)(bavs + bsws) — (bava + b3wa)(agvs + asws) = 0 and hence that 1) - A and
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1 - B do not generate bs.

(agug + aswz)(bavz + baws) — (bavg + bsws)(azvs + azws)

=(a2bav2v3 + az2bsvaws + agbowavz + azbzwows) — (baagvavz + baazvows + bzaswavs + bzagwaws)
=(agbs — beas)vaws + (azba — bsaz)wavs

=0.

PROPOSITION. Any (1,1) system is strongly detached feedback equivalent to the following system
Y By + uFs. (2.8)

PROOF. The system must satisfy the full rank condition. The result therefore follows immediately
from lemma 2.4.11.

PROPOSITION. Any (2,0) system is strongly detached feedback equivalent to exactly one of the
following systems

2%2’0) By +ui Ey + us B (2.9)
EgZ,O) s u1Bo + uo Es. (210)

PRrROOF. The trace of such a system is given by I' = Z?:l a; B+ <Z?:1 b E;, 23:1 clEZ> Now since

the system is full rank vectors Z?Zl b; F; and 23:1 ¢; F; must generate hs so from lemma 2.4.11 we
have that there exist 1) € Aut(hz) such that @ - T = 322 a/E; + (Ey, E3) for some d},aly, a} € R.
From linear dependence we have that

ab 00

ay 1 0|=0<+= d =0

ay 0 1
So we have that the system is strongly detached feedback equivalent to

> a’2E2 + a/3E3 + w1 By + us Fg

which is a system with trace IV = a4 Es + a4 E3 + (E», E3). At this point we split the case into 3
cases namely

1. Case 1: a4 # 0. Then
1 0 0

v=1lo L o (dety=1#0)

7
2

IS)

/ /
0 —a3 ay

is an automorphism such that ¢-(abEo+a5E3) = E9 and ¢-(Es, E3) = <iE2 — a4 Es, a’2E3> =
(E9, E3). Hence from proposition 2.4.8 the system is SDF-equivalent to E%’O.
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2. Case 2: ab, = 0,a # 0. Then

-0 0
’ 1
=10 0 ai, (det@b:ﬁ#o)
3 a3
0 1 0

is an automorphism such that v - a5E3 = E and ¢ - (Eq, E3) = <E3, a—léE2> = (E», E3) and

the system is SDF-equivalent to EgQ’O) (proposition 2.4.8).

3. Case 3: a4 = a3 = 0. In this case we have that the system is SDF-equivalent to Ef’o).

We verify that ZgQ’O) is not SDF-equivalent to Egz,o)' Suppose there exists ¥ € Aut(hs) such that
Y- Fy =0 and ¢ - (Fy, E3) = (E9, E3). Now, since 1) is a linear map 1) - E5 # 0, a contradiction.

2.4.15 PROPOSITION. Any (2,1) system is strongly detached feedback equivalent to exactly one of the fol-
lowing systems

ng) : By + By 4+ u1 By 4 ugE3
=PV 2 By + ui By + usE

2§2,1) By +ui1 B3 + us B

PROOF. Such a system has trace given by I' = Z?Zl a; E; + <Z?:1 biEj, Z?Zl cZ-Ei>, where the set
{Z?Zl a; E;, Z‘?:l b E;, Z?Zl ciEi} are linearly independent. We divide this case up into 4 cases:
1. Columns 2 and 3 generate hs in which case —bsgca + bacg # 0.

2. Columns 1 and 2 generate h3 (Columns 2 and 3 do not) in which case —bsca + bacg = 0,
—agby + asbs # 0.

3. Columns 1 and 3 generate hs (Columns 2 and 3 as well as 1 and 2 do not) in which case
—bscg + bocs = 0, —agby + agbs = 0, —agcs + aocs 75 0.

4. Columns 2 and 3, 1 and 2 and 1 and 3 do not generate hg in which case —bsco + bacg = 0,
—agby + asbs = 0, —asgco + ases = 0.

Each case is covered below.

1. (=bsca + bacs # 0) columns 2 and 3 generate bs.
From lemma 2.4.11 we have that this system is SDF-equivalent to the system with trace
' =37 | a\E; + (Ey, E3). From linear independence we have that

T
aiy 10 0
ay |1 0 |=d)#0.

ay |0 1
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So
20 0
' 1
v=10 1 0 (detyp = # 0)
(ay)?
0 0 =
1

is an automorphism such that ¢« (a} E1 + a4 Ea+a5Es) = E1+ayEs+ %Eg = E1+7vEs+72F3

and 1 - (Ey, F3) = <E2, a—1,1E3> = (FE9, E3) for v = ab,vy2 = % We further divide this case
into 3 cases.
(a) 2 #0
1 0 0
v=10 0 | (dety=1#0)
0 —2 m

is an automorphism such that ¢ - (Ey + v1E2 + v2F3) = Ey + Eo and 1) - (Ey, E3) =
—v9Fs, %Eg + '71E3> = (FE», E3) and the system is SDF-equivalent to 252’1) by propo-
sition 2.4.8.

(b) 12=0,7 #0

1 0 0
v=l0o L 0| (dety=1+#0)
0 0 m

is an automorphism such that - (E1+71Ez) = E1+Es and ¢ (B, Fs) = <711E2, 71E3> —
(E9, E'3) and the system is SDF-equivalent to ZgQ’l) (proposition 2.4.8).

(¢) 71 =2 = 0. In this case we have that the system is SDF-equivalent to 252’1).

2. (—bsca + bacg = 0, —asbe + agbs # 0) columns 1 and 2 generate hs.
From lemma 2.4.11 we have that such a system is SDF-equivalent to the system with trace

I" = Ey + <E3, 23 c’-Ei>. From linear independence we have that

=1 "1

00 ¢
10 &|=c#0.
0 1 d

Also from lemma 2.4.12 we have that columns 2 and 3 do not generate b3, hence ¢, = 0. The
system is therefore SDF-equivalent to the system with trace I = Ey + (E3, ¢\ Ey + ¢4 E3) =

Ey + (E1, E3). That is the system is SDF-equivalent to Zi(f’l).
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3. (=bsgca + bacs = 0, —asby + agbs = 0, —asca + azez # 0) columns 1 and 3 generate bs.
From lemma 2.4.11 we have that such a system is SDF-equivalent to the system with trace
I"=FEy + <Z?:1 b E;, E3>. From linear independence we have that

0 v 0
1 b 0f=-by#0.
0 v 1

Also from lemma 2.4.12 we have that columns 2 and 3 do not generate hs therefore b, = 0. The
system is therefore SDF-equivalent to the system with trace I'' = Ey + (0] 1 + Uy E3, Es) =

E5 + (Eq, E3). That is the system is SDF-equivalent to Z:(,)Z’l).

4. (—bsco 4+ bacs = 0, —asby + asbs = 0, —azce + azes = 0) no 2 columns generate bs.
Now

ap by
ay by o | = —agbaci + agbscr + agbica — arbzco — azbics + arbacs
az bz c3

= Cl(—agbg + agbg) + bl(agcg — a263) + CL1(—b302 + bgCg)

Therefore the columns are not linearly independent and this is not a (2,1) system.

We have left to verify that the systems are not equivalent. Let

Vw3 — v3w2 V] Wi
Y= 0 ve  wo| € Aut(bsz), arbitrary.

0 V3 W3

Suppose 252’1) and 252,1) are SDF-equivalent. Then ¢ - (E1 + E2) = E1 and ¢ - (Ea, E3) € (Ea, E3).

Now ¢ - (B} + Eg) = (—wavs 4+ vows + v1)E1 + vo E9 + v3E3. Therefore vg = v3 = 0 and det ¢ =0
a contradiction. Suppose Ef’l) and ng’l) are SDF-equivalent. Then v - (Ey + E2) = E» and
P <E2, E3> S <E3, E1>. Now - <E2, E3> = <1)1E1 + voEy + vsE3, w1 Eh 4+ wae By + w3E3>. Therefore
ve = wo = 0 and det1) = 0 a contradiction. Finally suppose Egz’l) and 25)2,1) are SDF-equivalent.
Then ¢ - By = Ey and ¢ - (E9, E3) € (E3, E1). Now ) - E1 = (vaws — vswa)E7 which cannot equal
E5, a contradiction. Our 3 systems are therefore distinct.
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2.4.16 PROPOSITION. Any (3,0) system is strongly detached feedback equivalent to exactly one of the
following systems
(3,0)
X777 By + u1 By 4 ugEoy 4 u3Es
Zgg’o) By +ui By +usEs + usEs
Z:())S’O) cur B + ug o 4+ usEs.

PROOF. Such a system is has trace given by I" = Z?:l a; FB; + <Z§:1 b E;, Z§:1 aFE;, Z?:1 dZEZ>
From linear independence we have that the system is SDF-equivalent to the system with trace
I’ = 2?21 aE; + (E1, Ea, E3). We use proposition 2.4.8 in carrying out the classification and
consider the four cases below.

1. ab # 0. Then

1 —j—é 0
v=10 i 0 (detyp =1+#0)

/ /
0 —a3 ay

is an automorphism such that v - (a] E1 + a4 E> + a5E3) = E and
V- (B, By, Ey,) = <E1, ~8 By + LBy — ai B, a'QE3> — (E1, By, E3). The system is therefore

SDF-equivalent to Zg&o) .

2. a4, =0, a§ # 0. Then

10 9
as
=10 0 L | (dety=1#0)
3
0 a4 O

is an automorphism such that ¢ - (a] E1 + a5E3) = E9 and
b - (E1, By, Es) = <E1,agE3, 9B+ ai,E2> — (Ey, Es, E3). Therefore the system is SDF-
3 3

equivalent to Ef”o) .

3. ay =a5 =0, a} #0. Then

4 00
' 1
Yv=10 ai, 0 (detyp = —5 #0)
1 al
0 0 1

is an automorphism such that ¢ - (¢} F1) = E; and
V- (B, Fy, E3) = <GL,E1, =B, E3> = (E1, B, E3). Therefore the system is SDF-equivalent
1 1

to 2(23’0).
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4. a} = ah = af = 0. The system is SDF-equivalent to 22(33,0).
Finally, we verify that the systems E§3’0), Eg3’0), E§3’O) are not equivalent. Suppose 223’0) is
SDF-equivalent to Eg&o)‘ Then there exists 1) € Aut(hs) such that ¢ - By = (vows — wevs)Ey = Es

which cannot happen. A contradiction. Also since % is linear Zg?,,o) cannot be SDF-equivalent to

either Eg&o) or 2%3,0). The three systems are therefore distinct.
Table 2.3 summarises the results of propositions 2.4.13, 2.4.14, 2.4.15 and 2.4.16.

2.5 Full Classification

2.5.1 PROPOSITION. 1. Any (1,1) system which is DF-equivalent to the system

Ey + ui E3

is SDF-equivalent to the system
Ey +ui Fs.

2. Any (2,0) system which is DF-equivalent to the system
u1 By + ua B3
is SDF-equivalent to exactly one of the following systems

Es +uiEh1 4+ usEs or uiEs+ uoEs.

3. Any (2,1) system which is DF-equivalent to the system
Ey +ui1 By +ug B
is SDF-equivalent to exactly one of the following systems

Ey+ Ey +uiEy +usk3  or By +ui By + ug B3,

Any (2,1) system that is DF-equivalent to the system
Es +ui Bq + ug B3

is SDF-equivalent to the system
Es +ui 1 4+ uoEs.

4. Any (3,0) system that is DF-equivalent to the system
ur By 4+ ugFy + ug B3
1s SDF-equivalent to exactly one of the following systems

Es +u1 By 4+ us By + usEs or
F1 +ui Eh 4+ us By + ugks or
ur 1 4+ ug By + uzEs.
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PROOF. We use proposition 2.4.8 in the classification.

1. Since the system is DF-equivalent to the system FEs + ujFE3 and of full-rank we have from
proposition 2.4.11 that the system is SDF-equivalent to the system FEs + uq E3.

2. Since the system is DF-equivalent to the system u;FEo + ugE3 and a (2,0) system we imme-
diately have that the system is SDF-equivalent to the system with trace I' = as Fs 4+ azFE3 +
(bgEy + b3 E3, coFs + c3E3). The system is full-rank therefore columns 2 and 3 generate b3
and so from lemma 2.4.11 we have that the system is SDF-equivalent to the system with trace
" =41 FEs 4+ v2F3 + (E9, E3). At this point we split the case into three cases.

(a) Case 1: 72 # 0. Then

v=10 0 L | (dety=17#0)

is an automorphism such that ¢ - (71 Fy + 72 E3) = Eo and
-(Eo, E3) = <72E3, 7%EQ + —71E3> = (Fs, E3). The system is therefore SDF-equivalent
to the system Fo + u1E1 + usFs.

(b) Case 2: 79 = 0,71 # 0. Then

1
" 0 0 )
Y = L og| (et =—5 #0)
71 /71
0 0 1

is an automorphism such that 4 - y1 By = By and 4 - (Es, Es) = < %EQ,E3> — (E», Es3)
and the system is SDF-equivalent to Fo + w1 Fo + usEs3.

(c) Case 3: 41 = 72 = 0 In this case we have that the system is SDF-equivalent to u; Eo +
U2E3.

We verify that 252’0) is not SDF-equivalent to 29’0). Suppose there exists 1 € Aut(hs) such
that ¢ - Fa = 0 and ¢ - (Eq, E3) = (F2, E3). Now, since v is a linear map ¢ - Es # 0, a
contradiction.

3. From the system being DF-equivalent to the system FEj + uiFo + usFE3 we have that the
system is SDF-equivalent to the system Z?:l a;E; + (baEo 4 b3 E3, coEy + c3F3) with

al 0 0
as by cy| = ai(bacs —bzcy) #0

az bz c3
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from linear independence. Hence

bsco — bocg 0 0
)= 0 c3 —Co (det ¢ = (bgca — b203)2 #0)

is an automorphism such that ¢ (a1 F1 +a2Ea+asEs) = a1 (bsca —bacs) E1 — (agca+agcs) Ea —
(CL3b2-|—CL2b3)E3 = CLllEl—I-CLéEQ-f-CLgEg for some a'l, CL/2, aé € R and 1/)<b2E2 + bsEs3, coFs + 03E3>
= ((—bsca + bacs) Ea, (bsca — bacs)Es) = (Eq, E3). From linear independence

afb 00

ay, 1 0/=ay#0.

ay 0 1
So
o 00
v=10 1 0| Getv= i £0)
0 0 &
4

is an automorphism such that ¢-(a} E1+a5Es+a4 E3) = Ey+ayE2+ %Eg = F1+v1 Ea+v2Fs3,

= ab,y2 = Z—?, and v - (Ea, E3) = <Eg, ai,E3> = (B9, E3). We divide this case into three
1 1
cases.

(a) 72 #0
1 0 0
v=10 0 | (dety=1%0)
0 =72 m

is an automorphism such that ¢ - (Ey + v1E2 + v2F3) = Ey + Eo and 1) - (Ey, E3) =
<—72E3, 712E2 + 71E3> = (FE», E3) and the system is SDF-equivalent to F1+ FEo+uj Fo+
us F3.

(b) 72 =0, 71 # 0. Then

1 0 0
v=10 L 0 (detyp =1+#0)
0 0 m

is an automorphism such that ¢-(E1+7v1 E2) = E1+Es and ¢ (Es, E3) = <7%E2, 71E3> =
(E9, E'3) and the system is SDF-equivalent to Eq + Ea + ui Fa + ugEs.
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(¢) 71 =2 = 0. In this case we have that the system is SDF-equivalent to Ej +uj Es+us Es3.

We have left to verify that the systems are not equivalent. Suppose F1+ Es+ui Es+us F3 and
Ej +uy Es+ug B3 are SDF-equivalent. Then there exists ¢ € Aut(hs3) such that - (E; + Eq) =
FEq1 and ¢ - <E2, E3> € <E2, E3>. Now 1 - (El + Eg) = (—wgvg + vows + ’U1)E1 + voFy + v3 .
Therefore vo = v3 = 0 and det ) = 0 a contradiction.

Suppose the system is DF-equivalent to the system Fs+uj Eq 4 usF3 then the system is SDF-
equivalent to the system Zf‘:l a;F; + (b1 By + c3E3,c1 By + c3E3). From linear independence
ap by ¢
as 0 0| =az(bscr —bics) #0.

a3 by c3

Clearly b3 and c3 are not simultaneously equal to zero.

(a) Assume b3 # 0. Then

_ —azbi+aibs
by —eshitabs g

Y= o0 —bg 0 (det v = b3 # 0)

0 e

a2z

is an automorphism such that ¢- (a1 E1 +asEs+asEs) = —agbsEy = a4y Es, afy = —asbs #
0 and - (b1 By + b3E3, c1 By + c3E3) = (b3E3, (—bscy + bicz)Ey + c3Es3) = (Ey, E3). Now

1 0 0
=10 L o |, (detyp=17#0)
2
0 0 d

is an automorphism such that ¢ - abEy = Eo and ¢ - (E1, E3) = (E1,a5E3) = (E1, E3)
and the system is SDF-equivalent to Fo + uiEq + usEs3.

(b) Assume b3 = 0 then ¢3 # 0. Then

—ascitaics

—c3 o c1
Y= 0 —eg 0 (det 1 = c3 # 0)
0 _ag 1

a2

is an automorphism such that ¢- (a1 E1 +asEa+asE3) = —agscs By = abyEy, afy = —ascs #
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0 and ¢ . <b1E1, ClEl + 63E3> == <—b163E1,03E3> == <E1, E3> Then as in (a)

1 0 0
v=10 g 0|, (detyp=170)
0 0 d

is an automorphism such that ¢ - abEy = Eo and ¢ - (E1, E3) = (E1,a5E3) = (E1, E3)
and the system is SDF-equivalent to Fos + u1 F1 + usEj3.

4. Such a system is SDF-equivalent to the system that has trace
I = Z?Zl a; By + <Z§:1 b E;, Z?Zl B, Z?:l dZEZ> From linear independence the system

is SDF-equivalent to the system with trace IV = 2?21 viE; + (Eq, Ea, E3). We split this case
up into the following cases.

(a) 72 # 0. Then

~
1 —7—; 0

v=1lo L o (etyp=1%#0)
0 =73 7

is an automorphism such that ¢ - (y1 E1 + 2 E2 + 13FE3) = E2 and
V- (B1, Ba, B3,) = <E1,—%E1 + %E2 —73E3772E3> = (E1, B2, E3). The system is
therefore SDF-equivalent to Eo + w1 E1 + usFEy + ugFEs.

(b) 75 =0, v3 # 0. Then

.
-1 0 2

1 =
0o o L (detyp =1 0)
0 7

is an automorphism such that ¢ - (71 E1 + v3E3) = Eo and
b - (E1, Ea, Es) = <E1,73E3, 1LE + %E2> = (Ey, B3, Bs) = (Ey, s, Es). Therefore
the system is SDF-equivalent to Fos + w1 F1 + us Es + usEs.

(¢) 2=73=0,7 #0. Then

1
L0 0 1

1 —-

= 0| (dety 7%#0)
0 1

is an automorphism such that ¢ - (71 E1) = Fy and
b - (1, B, By) = <%E1, L, E3> — (Ey, E», E3). Therefore the system is SDF-
equivalent to F1 4+ u1 Fq + usFy + usFs
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(d) v1 =2 =3 = 0. The system is SDF-equivalent to uj Ey + ugFy + uzEs.

We have left to verify that three systems are not SDF-equivalent. Suppose Es + uiF1 +
ugFy + usE3 is SDF-equivalent to Ej + ui By + uaEa + uzEs. Then there exists ¢ € Aut(hs)
such that 1 - Eq = (vows — wev3)F1 = Ey which cannot happen. A contradiction. Also since
1) is linear uy B + ug Fo 4+ uzE3 cannot be SDF-equivalent to either of the other two systems.
The three systems are therefore distinct.

2.5.2 PROPOSITION. 1. Any (1,1) system that is SDF-equivalent to the system
Fo 4+ ui s

is S-equivalent to the system
FEs + uq Fs.

2. Any (2,0) system that is SDF-equivalent to the system
By +ui1 By + ug B3
is S-equivalent to exactly one of the following systems
1By 4+ y2F3 +ui By + ugE3, i 4 ~3 # 0.

Here each parameter parametrises a distinct family of class representatives.
Any (2,0) system that is SDF-equivalent to the system

u1 By + ua B3

is S-equivalent to the system
u1 By + us Fs.

3. Any (2,1) system that is SDF-equivalent to the system
Ei+ Es +ui By +us B
is S-equivalent to exactly one of the systems
2, .2
aFBy +mEy +vE; +uwiBy +ugkEs, a#0,7% +7% #0

where each parameter yields a distinct S-equivalence class.
Any (2,1) system that is SDF equivalent to the system

FEi1+ui1Ey 4+ usEs

is S-equivalent to the system
aF1 4+ u1Es + uo Es3.

Here each parameter parametrises a distinct family of class representatives.
Any (2,1) system that is SDF-equivalent to the system

Es +u1 By + ug B3
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is S-equivalent to exactly one of the following systems

Ey +uiaFy + ua B3
Ey +ui By + u2(aE1 + ’}/1E3) « 7é 0.

Here each parameter parametrises a distinct family of class representatives.

. Any (3,0) system that is SDF-equivalent to the system

Ey +u1 By + ugEs + usEs
s S-equivalent to one of the following systems

11 E1 + 2By + v3E3 + ui (b + vaEa + v5E2) + ugBa + uz E3
nEL +v2E2 +v3E3 + uiaEy +uir By + ug B

v1E2 + v2Ey + v3E3 4+ u1 Ey 4+ ugFs + us(aEy + v4E3)

7 E2 +v2F2 +y3E3 + ui1 B + usaky + usks

W5 # 0,95 + 98 #0,a #0.

Here each parameter parametrises a distinct family of class representatives.
Any (3,0) system that is SDF-equivalent to the system

Ei +u1 By +ugEy + uz b3
is S-equivalent to exactly one of the following systems

a1 B+ ul(aQEl +v1Ee + ")/QEQ) + uo By + ugFs
a1 By +uioe By + w1 By + ug B3
a1 By + w1 By + u1 B3 + ug(e E1 + 71 E3)
a1 By + w1 Fo + ugas By + usEs
a1, as # 0.

Each parameter yields a distinct S-equivalence class.
Any (3,0) system that is SDF-equivalent to the system

ur By + ua By + uzE3
is S-equivalent to exactly one of the following systems

ui(aEy +v1Ey + 72 E2) + ugEy + ugEs
wrol + w1 Bo + us Bs
u1 By + ua Es + ug(aEy + 1 E3)
u1 By + uga By + uz B3
a #0.

Here each parameter parametrises a distinct family of class representatives.
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ProoF. 1. Since the system is SDF-equivalent to the system Fs+ u; F3 and of full-rank we have
from proposition 2.2.12 that the system is S-equivalent to the system Fo + uj Fs.

2. Immediately we have that the system is S-equivalent to

al 0 0
az | by c2
az | bg c3

with a; = 0 from linear dependence. Also a2 and a3 are not simultaneously equal to zero since
Y(agFy + agEs) = Ey. And so from lemma 2.2.12 we have that the system is S-equivalent to
the v1 Ey + v F3 + uy Eo + ug F'3 where 'y% + 'y% # 0. From lemma 2.2.13 we have that each v,
and 2 yield non-equivalent classes.

Consider the case where the system is SDF-equivalent to the system ujFEy + usF3. We
immediately have that the system is S-equivalent to the system

00 O
0 b2 (&)
0 b3 C3

since ¢ - (a1 E1 + agFy + azE3) = 0. Columns 2 and 3 must generate hs and so from lemma
2.2.12 we have that the system is S-equivalent to the system wuq FEo + uoFs.

3. Suppose the system is SDF-equivalent to the system Eq + E9 + u1FEs 4+ us F3 then we imme-
diately have that the system is S-equivalent to the system

ai 0 O
as by co
a3 by 3
Now
aiz 0 O
az by cg| = a1(bacz — bzca) # 0.
a3 bz c3
And so

b302 — 5203 0 0
P = 0 c3 —cy| (det ¥y = (bgca — bacs)? # 0)

0 bs —bo
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is an automorphism such that

a1 |0 0 aq(bgcy — bacs) 0
Y1 | ag | by e | = —agcy + agcg | —bgco + bacy

ag | b c3 —asgby + aobs 0

Also
=" 0
Yo = 0 Yy 0 ; (det Py = —
0 0 vy
is an automorphism such that
aq(bgcy — bacs) 0 0 i
Y2+ | —asco + ages | —bzca + bacs 0 =
—agbe + azbs 0 bgca — bacy

where a} # 0 from linear independence.

u1 E9 + us E3 we have that

for some ¢ € Aut(bhs). That is

0
0

b362 — bQCg

1

Since the system

a} 1

Y- lah| = |1

ak 0
—v3wg + Vw3 vV Wi -a/l 1
0 vy Wy ay| = |1
0 v3 w3 _ag 0

/ / / /
asV1 + azwi — a1V3W2 + ajvaws
ahve + abw
202 3 W2

ahv3 + asws

(bzca — bacs)?(—bzca + bacs) 7

—bsca+bacs

agca—azes | |
bzca—bacs

azba—asbs
—bsca+bacs

ay
aj

s

)

al

0 0
10

01

is SDF-equivalent to F1 + Eo +
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which on solving yields

a/ _ _ —U3wWi+U3wa+vi w3 —vaws3
1 (v3wa—vaw3)?
! __ w3

a2 = “hzwatvaws
! V3

a3 = Lzwa—vows

and we see that a), and af are not simultaneously equal to zero since if they were det(¢)) =0
and the system is S-equivalent to aFy + 1 Eo + Y9 F3 + u1 Fs + us F3 with o # 0, ’y% + ’y% #0.
From lemma 2.2.13 we have that «,~; and o yield non-equivalent classes.

Suppose the system is SDF-equivalent to the system Ej + uyFo 4+ us F3 then we immediately
have that the system is S-equivalent to the system

al 0 0
a9 bQ C2
as | by c3

We may proceed as above until the point where we have shown that the system is S-Equivalent
to the system

ai |0 0
ay |1 0
ay |0 1

with @} # 0 from linear independence. Since the system is SDF-equivalent to the system
Ey + ui1 By + ug B3 we have that

!/
ay 1
. !/ —
Y- |d 0
!/
as 0
for some v € Aut(hs) in other words
/
VW3 — V3w V1 Wi ay 1
. / —
0 Vo W9 as| = 10
/
0 U3 wWs as| _0_
alvr + d o, / 1
9U1 + A3wi — G1V3W2 + a3v2W3
— ahve + ajws =10
/ + / 0
CL2'U3 a3w3 ] el
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which on solving yields
1

/ —_—
a; = V3W2 —V2W3
ay =0

A
az =10

and so the system is S-equivalent to the system aF7 + u1 Es + usEs3, a # 0 and from lemma
2.2.13 we have that different « yield distinct systems.

Suppose the system is SDF-equivalent to the system Fs+ui Fq +uoE3. We immediately have
that the system is S-equivalent to

ar [ b1 <
a9 0 0
az | bg c3

From linear independence we have that
ap b1
as 0 0|=az(bzci —bicg) #0.
as b3 C3

Clearly b3 and c3 are not simultaneously equal to zero.

(a) Suppose bg = 0 then c3 # 0 and

—c3 %;Hucs e
=1 0 —c3 0 (det ¢y = c3 #0)
0 —Z—z 1
is an automorphism such that
ar | b1 < 0 —bics 0
Y-l ay| 0 0 | = | —ages| 0 0
az3| 0 «c3 0 0 c3
and
—é 0 0
w0 gk 0| (@etm= g 20)
0 0o 4
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is an automorphism such that

0 ——b103
¢?' —aoC3 0
0 0

0

C3

b1

ascs
1 0 0
0 0 1

b = 0 from linear independence and the system is S-equivalent to the system Fo +

ascs

uraF + uoFs3, a # 0 and from lemma 2.2.13 we have that « yield distinct equivalent

classes.
(b) Assume bs # 0. Then

1 aszbi—ai1bs b1
a2b3 a3b3 a2b3
pu— i
L 0 - 0
_ a3 1
0 a2bs b3
is an automorphism such that
bgc1—bics
al bl C1 00 ang
Y-la|0 0 |[=]1/0 0
as b3 C3 01 gi

and the system is S-equivalent to Fy + uj E3 + ua(aEy + 1E3), a # 0, 71 € R from
lemma 2.2.13 we have that a and v, yield distinct equivalent classes.

4. Suppose the system is SDF-equivalent to the system Fo + uiE7 4+ usFEs 4+ ugFE3 then from 3
above we immediately have that the system is S-equivalent to one of the following systems

a1 B + a2Es + a3Es 4+ ui(aFEy + y4Ey + v5E2) + ugEay + usEs
a1Eo + aoFy + asFEs3 + uiaFEy + usEo + ugFEs3

a1Fy + asFa + azE3 + u1 Bz + uzs B3 + ug(aly + 14 E3)

a1 By + asFs + a3 B3 + w1 By + usaFy + uz B3,
ai,as,a3,a, 4,7 € R, 2 +752, #0,a #0.

Also since the system is SDF-equivalent to the system FEs + w1 Ey + us Es + uzE3 we have that
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for some 1 € Aut(hs) and so we have that

VW3 — v3wo2 V1 W1 al 0
0 V2 W2 “lag| = |1
0 V3 W3 a3_ _0_
asv1 + azwy — a1vswsy + a1vows ] —0_
— agVy + azws =11
asV3 + a3ws ] _0_
which on solving yields
= -
92 = iz, Yo
as = U3

V3 W2 —V2W3

From which we have that as and ag are not simultaneously equal to zero since if they were dety = 0
and so we have that the system is S-equivalent to one of the following systems.

ME1L + 7By +y3E3 + ui(aby +y4E2 + 5 E2) + ua By + uzE3
7MEL + 2 F2 +y3E3 + uiaky + ugFa + ugEs

B2 +v2Es + v3E3 + ui1 By 4+ ug B3 4 ug(aEy + v4E3)

Y1 E2 + Yo Fa + v3E3 4 u1 By + usaF 4+ uz B3

V1,72, 73,759 € R, 98 +93 # 0,9 +92 A0 #0.

and from 3 above we have that each «a,y; yield distinct classes.

Consider the case where the system is SDF-equivalent to the system FEq + ui1 E1 4+ usFo + usEs
then from 3 above we immediately have that the system is S-equivalent to one of the systems

a1Ey + aaFs + asEs + ui(aEy + vaEs + 5 E2) + usEs + usEs

a1 By + a2Es + a3E3 + uwiaEy + us By + uszFs

a1Ey + asla + azE3 + u1 By + uz E3 + uz(aby + 14 E3)

a1FBy + asFy + asEs + ui Ea + usaE] +usks, ay,az,a3,a,v4,7 € Ria # 0.

Now
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for some 1 € Aut(hs). In other words we have that

VW3 — V3W2 V1 W1 al 1
0 Vo W9 “lag| = [0
0 V3 W3 CL3_ _O_
a2v1 + azwi — a1v3wWs + a1v2ws ] _1_
< a9 + azws =10
a2v3 + azws ] _0_
which on solving yields
ar = _m
ag = 0
az = 0.

Hence the system is S-equivalent to exactly one of the following systems

a1 By +ui(ae By + 1 E2 + 72 E2) +u2 By + uzF3
a1 By +ujasE) + usEs + usEs

a1 E1 4+ u1 By 4+ uy B3 4 ug(ag By + 71 E3)

a1 By +up Es + usasFy + usFEs

at,a2,71,72 € R, ag,az # 0.

From 3 above the systems are distinct.

Suppose the system is SDF-equivalent to the system ui F7 + usEs + ugF3 then from 3 above we
have that the system is S-equivalent to one of the following systems

a1 By + a2Eo + a3Es 4+ ui(aFy + v4FEy + 5 E2) + usEo + usEs
a1B1 + aslBr + a3bs + ujaly + ugs By + uz ks

a1By + az B + azE3 + u1 By + ug B3 + uz(ab) + v4E3)

a1FEo + aoFEo + asFE3 + u1Eo + uoay + usEs

ai, a9, a3, V4,75, ¢ € R, a # 0.

Now
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for some ¢ € Aut(hs) but v is a linear map, therefore a; = aa = ag = 0 and we have that the
system is S-equivalent to exactly one of the following systems

ul(OzEl +v1FEe + ’)/QEQ) + us By + us ks
uraky + ug By + uz b3
u1 By + ugEs + us(aEy + v1E3)
w1 Fo + uoaBy + usFEs
a #0.

We collect the results of propositions 2.5.1 and 2.5.2 in the table B.1.
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2.5. Full Classification

Table 2.2: Full classification: detached feedback

System | Equivalence classes

(1,1) | 70D = By + (B3)

(27()) F(270) = <E27E3>

2,1) | TPV = By + (B, B3)

FgZ,l) — E2 4 <E1,E3>

(3,0) | '3 = (Ey, By, E3)

Table 2.3: Full classification: strongly detached feedback

System | Equivalence classes

(1,1) | 2D 2 By + uFs

(2,0) | 29 By 4wy By + usEs
220wy By + ug B

2,1) | SV B+ By + w1 By + up B
S By 4+ ui By + ug B
21 By + uy B3 + ug By

(3,0) | 23 By 4w By + up By + usBs
2(23’0) : By +ui By +usEs + usEs
2(33’0) cur By 4 ug By + uzEs




Chapter 3

Classification of Cost-Extended
Control Systems

After classifying all full-rank left-invariant control affine systems (specifically under detached feed-
back equivalence) on Hs in chapter 2, a natural next step is to consider the associated left-invariant
optimal control problems with specified cost and boundary conditions (see section A.3). In this
chapter we consider optimal control problems with fixed terminal time and affine quadratic cost on
Hs:

() =E(g(t),u(t)), ¢():[0,T] = Hs u(-):[0,T] = R, (3.1)
9(0) =90, 9(T)=g1, go,91 € Hs fixed, T > 0 fixed,
T
J(u(+)) = / x(u(t))dt — min. (3.3)
0

Here x : R® — R, u+ (u—p) "Q(u—p), p € R and Q is a positive definite £ x £ matrix. In order to
investigate such a problem, we associate a cost-extended control system (3, x) with boundary data:
g(0) = go, g(T) = g1, T. Cost-extended control systems have been considered in [17]. We also
look at the associated Hamiltonian function on T%Hsz = Hs X b3 (section A.3) and determine the
optimal controls. It is the Pontryagin Maximum Principle (PMP for short) which provides necessary
conditions for optimality. Cost-equivalence establishes a one-to-one correspondence between the
optimal controlled trajectories and also establishes a one-to-one correspondence between the normal
extremal curves.

3.1 Cost-Extended Control Systems

Suppose we have a left-invariant optimal control problem specified by (i) a left invariant control
affine system (chapter 2) ¥ = (G, E), (i7) an affine quadratic cost function y : R — R, and (1)
boundary data: ¢(0) = go, g(T') = g1, and fixed terminal time 7" > 0. Formally,

§(0) =Z(g(0)u(t). 9(): 0.7) > G u():[0.7] - B, (3.4)
g(O) = 9o, g(T) =91, go, g1 € G ﬁXGd, T>0 ﬁXGd, (35)
T
T(ul) = / (u(t))dt = min. (3.6)
0

69
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Where y : R = Ryu v (u—p) ' Q(u — ), p € R and Q is a positive definite £ x £ matrix. To
the optimal control problem 3.4-3.5-3.6 we associate a cost-extended control system which is
the pair (X, x) specified by the boundary data. A means of classifying such systems is by cost-
equivalence.

DEFINITION. Two cost-extended systems on a connected Lie group G with the same input space
R (X = (G,Z),x) and (X' = (G,Z'), x'), are cost equivalent (shortly C-equivalent) if there exists
a diffeomorphism ® = (¢, ¢) : (X, x) = (X, x):

©:GxR = GxRY,  (g,u) = (6(9), o(u))
where ¢ : G — G is a diffeomorphism and ¢ : R — Rf is an affine isomorphism such that the
diagrams

GxR—25GxRY and R—Z5R

76— TG R——R
T¢ Or

commute (67 is a dilation by r.). That is

Ty9-Z(g,u) = Z'(¢(g), p(u)) and rx(u) = x'(¢(u))

for some r > 0.
PROPOSITION. C-equivalence is an equivalence relation.

PROOF. Let (X, ), (X,x') and (X", x”) be cost-extended systems on G. Cost equivalence is

1. Reflexive.
® = (¢,¢) where ¢ =Idg : G = G, g+ g (Ty¢ = idy) and ¢ = Idge : R® = R u > uis a
diffeomorphism such that Ty¢ - Z(g,u) = Z(g,u) = Z(¢(g), p(u)) and x(p(uw)) = x(u). Hence
(3, x) is C-equivalent to (X, x).

2. Symmetric.
Suppose (X, x) is C-equivalent to (X',%’) then there exists a diffecomorphism ® : G x R —

G x R, (g,u) = (¢(g),¢(u)) such that Ty¢ - E(g,u) = E'(¢(g),p(u)) and rx(u) = x'(¢(u))
for some r > 0. We have that

Toyd ™" - ((9), p(u)) = (qus -1 ~E/(¢)(g),<p(u)) (lemma A.1.11)
(Tg9)™" - Ty9 - E(9, )
=E(g,u) = Z(¢'9(9), ¢ p(u)).

Let r’ > 0 then
X (p(u)) = r'rx(u)
= 7"x(e Yp(u)) forr” =rr’ >0

Hence @1 : G x R = G x RY, (g,u) — (¢~ (g), ¢ (u)) is a dlffeomorphlsm such that

Ts)¢~ " - E((g), p(u) = E(¢7'(g), ™ 'o(u)) and T’X (o(w)) = r"x(¢ " p(u)) for r" > 0.
Hence (3, y’) is C-equivalent to (X, x).
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3. Transitive.
Suppose (X, x) is C-equivalent to (X', x’) and (X', x’) is C-equivalent to (X", x”) then there
exist diffeomorphisms ¢; and ¢2 and ¢ and @9 such that

{Tm-( W =09 ) { (w) =
Ty62 - (9. u) = Z'(62(g). 2(u)) ¥ (u) =

Let ¢ = ¢2 0 ¢1 and ¢ = 2 0 1 then
ngbE(g,u)

[I]

= X'(p1(u))
= 1'X"(p2(u))

= for 7,7 > 0.

=Ty, (902 - Tyé1 - =(g,u) Proposition A.1.10

= T4, (992 - E'(61(9), p1(w))
=E"(¢2 0 ¢1(g), p2 0 p1(u))
=Z"(¢(9), p(u)).
Also
rx(u) = X' (¢1(u))
=7'X"(pa(p1(u)))

//(
=1"X"(p(u))

— 7"x(u) = X" (o(u)) forr” = % > 0.

Hence (3, x) is C-equivalent to (X7, x”).

Thus C-equivalence is an equivalence relation.

The controlled trajectory (g(-),u(-)) is a virtually optimal control trajectory (shortly VOCT)
of (X, x) if it is a solution of the associated optimal control problem. Also, (g(-),u(-)) is a extremal
controlled trajectory (shortly ECT) of (X, x) if it satisfies the necessary conditions of the maxi-
mum principle (Refer to section A.3.4.). Propositions 3.1.3 and 3.1.4 show that the VOCTs as well
as the ECTs of C-equivalent systems are in one-to-one correspondence.

PROPOSITION. If (X, x) is C-equivalent to (¥,
dence.

X') then their VOCTs are in one-to-one correspon-

PROOF. (Refer to section A.3.4.) Let (g(-),u(-)) be a VOCT of (X,x) we will show that (¢ o
g(:),p ou(:)) is the unique VOCT of (¥, x’) corresponding to (g(:),u(-)). First we show that
(pog(-),pou(-)) is the unique trajectory-control pair of 3’ corresponding to (g(-), u(-)) of X. Since
(,x) and (¥',x’) are C-equivalent there exist isomorphisms ¢ : G — G and ¢ : R — R’ such that

Tyd - E(g,u) = Z'(¢(g), ¢(u)) and rx(u) = x'(¢(u)) for some r > 0. For almost every t we have
Co(0(1)) = Ty - (1)
=Ty ¢ - E(g(t),u(t)) = E'(6(g(t)), ¢ (u(t))).

That is (¢(g(+)), o(u(+))) is a trajectory-control pair of ¥'.
trajectory-control pairs of . Suppose ¢(g1(+))

Let (gl
= ¢(g2(+)) and that o(

(), u1(+)) and (g2(-),ua(:)) be
u1(+)) = p(uz(-)) then we have
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91() = ¢ 1 (@(g1())) = ¢~ (d(92())) = g2() and ua (") = ¢~ (w(ur(")) = ¢~ (p(ua(
Next we show that (¢(g(+)), ¢(u(-))) is the unique VOCT of (¥, x’). Since (g(-), u(
we have that

Now

T
o) = [ (¢ oe)utt)
T T
= r/ x(u(t))dt < T/ x(v(t))dt for some r > 0 and Vo(t) € RY.
0 0

That is ¢(g(-), ¢(u(+))) is a VOCT and VOCTSs are mapped injectively.

Next we show that VOCTSs are mapped surjectively. Suppose (¢/(-),u/(+)) is a VOCT of (X', x/)
we show that there exists a VOCT (g(-),u(-)) of (X, x) such that (¢'(-),u'(-)) = (¢ o g(-),p o u(-)).
Since ¢ is an isomorphism, there exists g € G such that ¢(g) = ¢’(0). Hence there exists a trajectory-
control pair (g(-), o~ (u'(-))) of ¥ such that g(0) = g. We show that ® maps (g(-), o~ (x/(+))) to
(¢'(),u'(-)). We have

S0la(0) = Ty0- (1)
= Tg(t)(b E(g(t)a(pi (u/(t)))
=Z(p(g(t)), (o M u/(t))
=E(p(g(t)),u'(t)).

Now ¢(g(-)) and ¢'(-) solve the same Cauchy problem and are therefore equal. Next we show that
(g(-), 71w/ ())) is a VOCT of (%, x). Suppose (g(-), o 1 (/(+))) is not a VOCT of (X, x). Then
there exists another controlled trajectory (h(-),v(-)) such that h(0) = ¢(0), h(T) = g(T), and

T T
T(w()) = /0 y(w(B)dt < /0 e LW () = T~ (@W().

Hence (¢ o h(-),pov()) is a controlled trajectory of (X', x") such that for some r > 0

T T
T (e(v(-) =/0 (X’O@)(v(t))dtZT/O x(v(t))dt
T T
< 7"/0 X7 (W())) :/0 (X 0 @) (¢~ (W' (t))dt = T'(/(1)).

This contradicts the fact that (¢/(-),%/(-)) is a VOCT of (X', x’). Hence (g(-), o1 (v/(+))) is a VOCT
of (X,x). VOCTs are therefore mapped both surjectively and injectively and the VOCTs are in
one-to-one correspondence.

3.1.4 PROPOSITION. If (X, %) is C-equivalent (X', x") then their ECTs are in one-to-one correspondence.
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PRrROOF. Let (g(-),u(:)) be a ECT of (£, x) we will show that (¢og(-), pou(-)) is the unique ECT of
(3, x) corresponding to (g(-),u(-)). First we show that (¢ o g(-), o u(-)) is the unique trajectory-
control pair of ¥’ corresponding to (g(-),u(+)) of 3. Since (X, x) and (¥, x’) are C-equivalent there
exist isomorphisms ¢ : G — G and ¢ : R® — R’ such that Ty¢ - Z(g,u) = = (¢(g), p(u)) and
rx(u) = x'(¢(u)) for some r > 0. For almost every t we have

C6(0(1)) = Ty 401

=Ty ¢ - E(g(t), u(t) = E'(d(g(t)), p(u(t))).

That is (¢(g(+)), p(u(+))) is a trajectory-control pair of ¥'. Let (g1(-),u1(-)) and (ga(-),ua(:)) be
trajectory-control pairs of . Suppose ¢(g1(+)) = ¢(g2(+)) and that go(?EH)( ) = ( 2(+)) then we have

91() = 7 Hd(91()) = 671 (d(92() = g2() and wr (") = o~ (p(wr (")) = o™ (p(ua())) = ua(").
Next we show that (¢(g(+)),¢(u(+))) is the unique ECT of (¥/,x’). The Hamﬂtoman functions

associated to (3, x) and (X', x’) are given by
Hy(g,p) = p(E(u, 1)) = x(v) and  Hy (¢ p) = p'(E'(v, 1)) = X' (u),

respectively. Since (g(-),u(-)) is a ECT we have that there exists p(-) : [0,7] — g* such that {( )=
(9(t),p(t)) satisfies conditions A.5 and A.6 of theorem A.3.6. From the condition &(t) = ) (&(t))
we have (cf. [25])

9(t) =E(g(t),u(t)) and  p(t) = ad"E(u(t), 1) - p(t).

Let g'() = ¢og() and /(-) = pou(). Let p(-) = r(Tya)¢~")" - p(-) and &'(t) = (¢'(t), ' (t)) where
r is the unique constant associated with ®. We show that &'(-) satlsﬁes conditions A.5 and A.6.
First we show that ¢'(-) satisfies A.5. From above we have that $¢(g(t)) = Z'(6(g(t)), p(u(t))).
We have left to show that p/(t) = ad*Z(1,4/(t)) - p'(t). For A € g,

ad"='(1,4/(t)) - p'(t) - A = ad E'(1,0/ (1)) - 1(Tyyd™1)* - (1) - A
=1 (Tyaye )" p(t) - ([E'(1,4/ (1)), A))
=rp(t) - (Tyy¢~" - [E'(1,4/ (1)), A]).-
Also
P(t) - A=r((Tyaye™ )" (1)) - A
=rp(t) Ty~ - A)
= (ad"E(1, u(?)) -p(t))(T¢<1>¢_1 - A)
=rp(t) - [E(1,u(t)), Tyayo ™" - A]
=rp(t) - (Tyayo™* [”/( Ju'(1), A]).
Accordingly

p(t) - A=ad*E(1,4/ () - p'(t) - A

Hence p/(t) = ad*=(1,4/(t)) - p'(¢).
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Next we show that £'(-) satisfies A.6. Suppose & (t)~ does not satisfy A.6 i.e. there exists v/ € R

and ¢ € [0, 7] such that H wip(g'(t t),p'(t)) < BIACNAC £)). Then
(00 (@),0' (1) < Hyy(g' (D), 0 (1))
= PO)E1LJD)) - X (@) < O)E1()) - X' (')

= (Tyyd™ ) pl0) - (B (LU D) — X D) < r(Tynyd™ ) - pld) - (E(L,0(D) — X ()

= () (T~ -E'1,0(0) —rxoe (WD) <rpd) - (Tywye ' - (E'(1,V(D) —rx o™ (V(D)
= (1) - (E(1,u(®) —rx o™ op(u(d) < rp(d) - (E(1,¢7 (V1) —rx o™ (v(D)
= p(t)- (1, (D)) — x(u(®) < p(E) - 21, ¢~ (V' (#) — x 0~ (V'())
= H,q(90),p() < Hpmr((1)) (9(d), p(1))-

Which contradicts the fact that £(-) satisfies A.6. That is ECTs are mapped injectively.

Next we show that ECTs are mapped surjectively. suppose (¢'(+),'(+)) is an ECT of (X', x/) we
show that there exists an ECT (g(+), u(-)) of (X, x) such that (¢'(:),u'(:)) = (¢og(), pou(-)). Since
¢ is an isomorphism, there exists g € G such that ¢(g) = ¢’(0). Hence there exists a trajectory-
control pair (g(-), o~ 1(u'(-))) of ¥ such that g(0) = g. We show that ® maps (g(-), ¢~ 1(v'(*))) to
(¢'(+), 4 (+)). We have

S0lo(0) = Ty0 - (1)
=Toyd - E(g(t), o (v'(1)))
= Z(p(g(t)), (po v Hu'(t))
= Z(d(g(t)), ' (1))

Now ¢(g(-)) and ¢'(-) solve the same Cauchy and are therefore equal. Next we show that

(9(-), e LW/ (-))) = (g(-),u(-)) is an ECT of (X,x). Since (¢'(-),«/(-)) is an ECT, there exists
P'(+) : [0,T] — g* such that £'(t) = (¢'(t),p'(t)) satisfies conditions A.5 and A.6 of the maximum
principle (theorem A.3.6). From condition A.5 we have that

[1]

gt)=EZ(g'(t), W' (t)) and p/(t)=ad"='(1,4'(t)) p'(t).

Let p(-) = L(Th¢)* - /() and &(t) = (g(t), p(t)) (where r > 0 is the unique constant associated to
®). First we show that £(-) satisfies A.5. We have that §(t) = Z(g(t), »~*(«/(t))) and so we have
left to show that p(t) = ad*=(1,u(t)) - p(t). For A € g,

ad*Z(1,u(t)) - p(t) - A = ad’S(1, u(t)) - %(quﬁ)* P)- A
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Also
p(t) - A=—((Tvg)" - §'(1) - A
p'(t) - (Tag- A)
(ad"E'(1,u/(1)) - p'(1))(T16 - A)
pt)- [E'Q,u'(), Tre - A]
1

= p/(t) (Trg - [2(1,u(t)), A]).

1
r
1
"
1
T
1

And so p(t) = ad*=(1, u(t)) - p(t) - A.
Finally, we show that £(-) satisfies A.6. Suppose this is not the case, i.e., there exists v € R’
and ¢ € [0, 7] such that Hu(g)(g(f),p(f)) < Hyp (g(t),p(t)). Then

= T
3
] —~
Q
—
N
=
—~
=

Which is a contradiction to the fact that &’(-) satisfies A.6.
Hence ECTs of C-equivalent systems are in one-to-one correspondence.

3.1.5 PROPOSITION. (CF. [17]) Two cost-extended control systems (X, x) and (X',x") on a simply con-
nected Lie group G are C-equivalent if and only if there exists a Lie algebra automorphismy : g — g
and an affine isomorphism ¢ : RE — R such that ¢ - T =T" and x' o o = rx for some r > 0.
PrOOF. This follows directly from proposition 2.3.7.

3.1.6 COROLLARY. (CF. [17]) If (¥, x) and (¥',X) are C-equivalent, then ¥ and X' are DF-equivalent.

3.1.7 DEFINITION. For an /-input left-invariant control affine system 3 on a simply connected Lie group
G, let Ty denote the group of feedback transformations leaving > invariant. Formally,

To = { € AI(R) : 30 € Aut(g), ¥ - E(1,u) = (1, p(w)) }

3.1.8 THEOREM. (CF. [17]) (%,x) and (X,X') on a simply connected Lie group G are C-equivalent if
and only if there exists ¢ € Ts, such that X' = rx o ¢ for some r > 0.
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PROOF. Suppose (X, x) and (X, x’) are C-equivalent. Then there exists ¢ € Aut(g) and an affine
isomorphism @ : R — R’ such that ¢ - Z(1,u) = Z'(1, @(u)) as well as a constant 7 > 0 such that
X' o @ = rx(proposition3.1.5). Therefore, p = g~! € Ty, and X' = ry o ¢.

Conversely, suppose there exists some @ € Ty, such that x' = ry o ¢! for some r > 0, i.e.,
X' 0@ = rx. Since ¢ € Ty there exist ¢ € Aut(g) such that ¢ - Z(1,u) = Z(1,¢(u)). The result
follows from proposition 3.1.5.

3.1.1 Classification under C-equivalence

Recall from proposition 1.1.8 that the automorphism group of Aut(hs) is given by

VW3 — Vw2 V1 Wi

AUt(h3) = 0 V2 W2 U1, V2, U3, W1, W2, W3 S Ra VW3 7é V3wW2

0 V3 W3

PROPOSITION. Any controllable two-input homogeneous cost-extended system on Hs is C-equivalent
to exactly one of the following systems

[1]1
=
S

Il
g
&
+

~
no

&

E(l, u) = u1Fo + ugFs
2 = (u1 — 1)2 +Ug.

PROOF. Let (X, x) be a controllable two-input homogeneous system. We have that any two-input
homogeneous system is DF-equivalent to Z(1,u) = u1E> + uzF3, therefore by corollary 3.1.6 we
have that the system is C-equivalent to (2(2’0), Xo) for some cost function yo. We determine Tsy2.0).
Since Hj is simply connected we have that dAut(Hs) = Aut(hsz). Now

vowsg —v3we wv1 wi| |0 0O U] Wi
0 vo wo| |1 O = [vg wo
0 vy ws| [0 1 U3 Ws
and
0 0 y 0 0
P11 P12
1o = |p11 ¥12
P21 P22
01 B V21 P22
P11 P12 . . _ — .
Here = . Since there must exist ¢ € Aut(hs) such that ¢ - Z(1,u) = Z'(1, o(u)) it
P21 P22

follows that 11922 — 129021 # 0 with no further restrictions and we have that Ts@.0 = GL(2,R).
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al b
Now xo : u+— (u— pu)TQ(u — p) for some positive definite matrix ) = . We transform xo

b a9
by composing it with elements of T52.0.
From positive definiteness of QQ we have that a; > 0, as > 0 and ajas — b> > 0 and so

! 0
b2
al—T 1
¥1 = : ) det Y1 = — # 0
b 1 b2
as albe 2 @2 <a1 - E)

is an element of GL(2,R) such that

x1(u) = (xo 0 p1)(u) = (u— /)7 (u— )

for some i/ € R2. If i/ = 0, then (X, x) is C-equivalent to (£(*0), 5;) (by theorem 3.1.8). Suppose
' # 0. There exists a > 0 and # € R such that p} = acosf and p, = asinf. Hence,

acos —asinf
w2 = € Tx20) and

asin@ ocosf

-
1 1 1

xz(u) = —5(x10p2)(u) = [ u— u— = (u1 —1)* +uj.

Therefore (X, x) is C-equivalent to (59, ¥5) (by theorem 3.1.8).
The systems (20, %1) and (239, ¥,) are distinct. Indeed, suppose (30, 5,) is C-equivalent
to (29 ¥y). Then there exists ¢ € Tx such that Yo = ry; o ¢ for some r > 0. Let ¢ =

P11 P12

€ Ts;. Then
Y21 P22
X2 =TXx10¢
T T
u1l Y11 P12 Y11 P12 U
= (ug —1)? +ul =
Uug Y21 P22 Y21 P22 u2

= uf —2up +1+u3 =1 (ufpi; + 2uiuspiiprs + uspls + uis) + 2uiusparpas + UsP3,) -

Setting (u1,u2) = (0,0) yields 1 = 0. Hence, (X9, x;) is not C-equivalent to (X9, xy).
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1. For the system
E(l,u) = ulEQ + U2E3

3.1.10 PROPOSITION.
i:(270)721 :
( ) Xa = u% + u%

5 (03 +13).

the extremal control is given by u; = pa and ug = p3, where H(p) =

2. For the system
(%, Xa) :

E(l, u) = u1 By + us F3
Yo = (u1 — 1)% + u3,

the extremal control is given by uy = pa + 1 and ug = p3, where H(p) = pa + % (p% + p%)

1. The associated Hamiltonian function on T*Hs is given by

1 2 1 2
— SUy + u1p2 + u2pPs3.

PROOF.
= ——U
L9

1
Hi(g,p) 5

1
Setting the partial derivatives of H.;? (g, p) with respect to u; and ug equal to zero yields

Uy = p2
Uz = p3.

1
On substituting back into H (g, p) we have
1
H(p) =5 (v +p3) -

2. The associated Hamiltonian function on T*Hg is given by
5 1 2 1,
Hi(g,p)=—5(u1 —1)" - U2 T uapy + ups.

1

1
Setting the partial derivatives of H;; (g, p) with respect to u; and ug equal to zero yields

up =ps+1
U2 = pP3.

1
On substituting back into H (g, p) we have
1
H(p) = pa+ 5 (b3 +15) -

3.1.11 PROPOSITION. Any controllable two-input inhomogeneous cost-extended system on Hs is C-equivalent

E(l, u) =F1 +ui o+ usFsg

to exactly one of
2(2’1)7 Xa) :
( ) YXo(u) = (ug — a)? + ud.

Here each o parametrises a distinct family of class representatives.
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PROOF. Let (X, x) be a controllable two-input inhomogeneous system. We have that any such
system is DF-equivalent to 3(1, u) = E1 + u1 Ey + ugEs, therefore by corollary 3.1.6 we have that
the system is C-equivalent to (£, xq) for some cost function xo. We determine T5(2.1). Since H
is simply connected we have that dAut(Hs) = Aut(bh3). Now

VW3 — V3Wwy V1 W1 1 00 VW3 — V3w V1 W1
0 Vy W2 0 1 of= 0 Vy W2
0 V3 W3 0 0 1 0 V3 W3
and
00 0 0
P11 P12
10 = |p11 P12
P21 P22
0 1 Y21 P22
P11 P12 . ) — — .
Here = . Since there must exist ¥ € Aut(hs) such that ¢ - Z(1,u) = Z'(1, o(u)) it
P21 P22
follows that 11922 — @12¢021 = 1 with no further restrictions and we have that 751 = SL(2,R).
ai
Now xo : u+— (u—p)TQ(u — p) for some positive definite matrix @ = . We transform yq
b as

by composing it with elements of T5.1).
From positive definiteness of QQ we have that a; > 0, as > 0 and ajas — b> > 0 and so

b

Tar

p1 = , (det p1 = 1)
0 1

is an element of SL(2,R) such that

aq 0
x1(u) = (xo © 1) (u) = (u—p')T (u—p)
2
0 ag — ZT
for p/ = @7 (). Also
(ara2-0%)'"* 0
g = var Jar ,  (detya =1)

0 a

is an element of SL(2,R) such that

1 10

x2(u) = m(?ﬁ o p2)(u) -

Il
—
<
|
t\
~
—~
N
|
t\
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aq
for u' = 5 (o7 (1)). O(2) preserves 1. Suppose ' = for some oy, as € R. Then

a2

cosf) —sind
3 = € 0(2)
sinf@ cosf

with

3 cosf) sinf

Y3 =

—sinf cosf

Now
L cos@ sinf| |og o cosf + agsinf
— /
N =
—sinf cosf| |ao —a sin @ + a9 cosf

Solving for # such that —a;sinf + ag cosé = 0 we get

a1
0 = arccos | —————
(x/a% + a%)

If a1, a0 = 0 there is no need for simplification. In the case where either a; or as # 0 we have

o
that | —2L—| < 1 and so arccos ( aL ) is defined and there exists 6 such that ¢, - u/ =
‘ Vai+ad a3+a3 2 0

- 1
for some @ € R (In fact a = y/af +a3 > 0). Therefore Yo = m;@(gpl o 9 0 (p3) and
Xa(u) = (u1 — a)? + u3. We verify that ris o ¢ # Yo for any a # o/, r > 0, and ¢ € Tge1). Let

Y11 P12
SD =
Y21 P22

Then
Yoo (1) = X0 0 @(u)  Yu € R
— (u — o/)2 + u% = ru%«p%l — 2ru1ag0%1 + ro&pfl + 2ruiugp11 P12 — 2rusp11P12

2 92 2 2 2 2 2
+ rujpis + ruipy — 2rujapy; + rafey + 2rujuzpsr o2

— 2rusaupol pos + ru%go%z, Yui,us € R.
Setting (u1,us2) = (o/,0) yields
ra’el) — 2raa’ ot + ra*pl + ra’ ey — 2raa’ vy, + ra’ps, = 0.

Which on solving yields r = 0 or (¢11,¢21) = (0,0) when o # o'. Hence the systems (@D 740)
and (231, v,) are not C-equivalent.
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3.1.12 PROPOSITION. For the system

{E(l,u) = FE1 +uiFEs 4+ usEjy

2(271)’ \ :
( Xa) Xo = (u1 —a)?+u3, a>0
the extremal control is given by u; = a + p2 and uz = p3, where H(p) = p1 + aps + % (p% —f—p%).

PROOF. The associated Hamiltonian function on T*Hj is given by

1 1 1
H;(g,p) = —§(U1 —a)? - §U§ + p1 + u1pa + uaps.

1
Setting the partial derivatives of H.} (g, p) with respect to u; and ug equal to zero:
a+py—u =0
ps—u2 =0
yields
U] = o+ P2
u2 = p3.
1
On substituting back into Hy (g, p) we have

1
H(p) :p1+06p2+5 (p%—i‘p:%,)-

3.1.13 PROPOSITION. Any controllable three-input homogeneous cost-extended system on Hs is C-equivalent
to exactly one of

S(3,0) < 2(1,u) = w1 By + uaEs + uzEs
(Z ' 7X0£1,CY2) : _ 2 2 2
Xat,a(U) = (u1 — 1) + (u2 — a2)® + us3.
Here each oy, s > 0 and each parameter parametrises a distinct family of class representatives.

PRrROOF. Let (X, x) be a controllable three-input homogeneous system. We have that any such
system is DF-equivalent to E(l, u) = u1 By +uy B2 +ug E3, therefore by corollary 3.1.6 we have that
the system is C-equivalent to (2(3’0), Xo) for some cost function xo. We determine Tsys,0). Since H3
is simply connected we have that dAut(Hs) = Aut(hs3). Now

Vw3 — V3wWe V1 Wi 1 00 VW3 — V3wWe V1 Wi
0 Vg W9 0 1 0of= 0 vy W2
0 vy ws| |0 0 1 0 V3 w3
and
1 0 O |p11 w12 13 P11 P12 P13
0 1 0] |p21 @22 w23| = |p21 P22 ¥23

0 0 1| |p31 @23 @33 P31 P23 P33
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P11 P12 P13
Here |91 @90 o3
Y31 P23 P33

it follows that

VW3 — V3w2

Tso) = 0

0

Now xo : u — (u—p)TQ(u— p) for some positive definite matrix Q) =

U1

V2

U3

w1

w2

w3

= . Since there must exist ¢ € Aut(h3) such that ¢ - Z(1,u) = Z'(1, p(u))

1, V2,03, w1, w2, w3 € R,

= Aut(bz).
vow3 — v3wa # 0 ut(hs)
al b1 b2
by as bs|- We transform

bg b3 as

Xo by composing it with elements of 75 ,0). From positive definiteness we have that a; > 0,a1a3 —

b3 > 0. Therefore

—a3zby+bobs

a1 a1a3—b§ _b2
e1= 10 1 0 |, (deter=aj+#0)
0 BEy @
is an element of 75,0 such that
x1(u) = (xo 0 ¢1)(u)
a3 0 0
_ (U o ,LL/)T 0 _a3b%+b2(a2b2—2blb3)-‘;a1(—agag-l—b%) 0 (u o /J,/)
ajaz—b;
0 0 al (a1a3 — b%)
for p/' = @7 (). Also
() 0 0 |
(o (o —13))
Y 1
P2 = 0 0 Vorss b | (detpp = — #0)
3
0 L 0
i 1<a1a3—bg) ]
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is an element of 7T5(s,0) such that

100

xa(w) = (xooprow)(uw) = (- [ 0 1 0 [(w—p"

0 0 B
a 2 a — a —a2a, 2
for p" = o3 (o7 () and B = — bitba(azbe lebj’H 1(cazasthf) > 0 from positive definiteness of
ay
Q. Also,
VB 0 0
p3= |0 B 0|, (detos=p3+#0)
0 0 1
is an element of 75,0 such that
B 0 0
1 1 ImN\T " myT n
x3(u) = B(X2°<P3)(U) = B(U_” ) {0 B of(w—p")=(u—p") (u—p")
0 0 p

for u" = o3 (05 (o7 (u))). Let p = ay. There exists az > 0 and 6 € R such that p4' = agcosf
and p4' = agsinf and

$Ya= 10 cosf@ —sinb

0 sinf cosd
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is an element of 75 s,0) such that
T
a1 Qaq
xa(u) = (x3 0 @4)(u) = U—SOZI g cos b U—SDZI a9 cos
a9 sin @ o9 sin 0
_ T
1 0 0 a1 1 0 0 a1
=|lu— 10 cos@ sinf| |agcosb U— 10 cosf sinf| |agcosb
0 —sinf cosf| |agsind 0 —sinf cosf| |agsind
- T
a7 a1
=lu— |ag U— |y :(U1—01)2+(u2—a2)2+u§.
0 0
We may assume «q > 0. Since if a3 < 0 then
-1 0 0
ps=10 1 0
0 0 -1
is an element of 753,00 which serves to change the sign of ;. Indeed,
T
o1 aq
(aops)(w) = |u—w5" lag| | @395 [u—v5" |y
0 0
_ T
-1 0 0 o -1 0 0 o
=lu—10 1 0 a9 u— |10 1 0 o)
0 0 -1 0 0 0 -1 0
_ T
—Qq —Q
= u — a9 u — 9
0 0
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Hence by theorem 3.1.8, (X, x) is C-equivalent to (2(3’0),)_@17&2). Finally, we verify that for
(o1, a9) # (o, ), that the systems (249, ¥4, .0,) and (2(3’0),2%,%) are distinct. Suppose
(G0 Xay.ap) is C-equivalent to (2(3’0),)20/170/2). Then there exists ¢ € T5s0) such that Xor o =
TXa1,a0 © ¢ for some r > 0. Let

VW3 — v3wz V1 Wi
Y = 0 Vo W2

0 V3 W3
Then
)Zo/l,océ = TXai,a2 O @

= (ur —ah)? + (uz — ah)? +u = r(uf (o] + 03 + o) + 3 (wi + w3 +w3)

+ (ulvng — U1V2wW3 + a1)2 =+ Oé% + QUQ(U3(’I)1’U}1 =+ vowo + v3w3)

— v1(u1v3wa — Uv2W3 + Q1) — Vaa2)

— 2U3(’w1 (u1v3w2 — U1V2wW3 + Oq) -+ 1U2042)).
On solving, we have that a; = o, = ag and r = 1. Hence (339 x,, »,) and (2(3’0),20/1,0/2)
are not C-equivalent.

PROPOSITION. For the system

$3.0) o JE@,u) = ur By 4 uaEs + uzEs
( 7Xa1,oc2) _ 2 2 2
Xoi,a2 (u) = (ul - al) + (UQ - 042) + u3,
the extremal control is given by uy = p1 + a1, uy = p2 + ag and uz = p3 where H(p) = a1p1 +
aaps + 5(p} + p3 + p3)-
PRroOF. The associated Hamiltonian function on T*Hg is given by

1 1
Hi(g,p) = ~3 ((u1 — o) + (ug — ) + u%) + uip1 + ugp2 + usps.

Setting the partial derivatives of Hu% (g,p) with respect to ui, ug and ug equal to zero:
p1—ur+a;3 =0
p2—uz+az=0
ps—uz =0
yields
up =p1+ oy
uz =p2 + a2
uz = p3-

1
On substituting back into H (g, p) we have

1
H(p) = cup1 + aapa2 + 5(1?% +p3 +p3).
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Chapter 4

Classification of Quadratic
Hamilton-Poisson Systems

In chapter 3 we looked at the optimal control system 3.1-3.2-3.3 associated with left-invariant control
affine systems on Hjz (chapter 2) with affine quadratic cost x : RY = R,u — (u — p)' Q(u — p),
where 1 € RY and Q is a positive definite ¢ x ¢ matrix. We did this by considering the associated
cost-extended control system.

In this chapter we consider the same optimal control problem but with the cost function being
a positive definite quadratic form on R’ given by x : R — R,u — u' Qu where Q € R is a
symmetric positive definite matrix. Our optimal control problem is therefore

g(t) =E(g(t),u(t)), ¢(-):[0,T] = Hg u(-):[0,T] = R, (4.1)
9(0) =g0, 9(T)=g1, go,g1 € Hzfixed, T > 0 fixed,
T
T(uft)) = /O T (H)Quit) dt — min. (4.3)

We investigate the above optimal control problem by looking at its associated quadratic Hamilton-
Poisson system.

To the optimal control problem 4.1-4.2-4.3 we associate a (lifted) Hamilton-Poisson system on
b3 via the Pontryagin Maximum Principle (refer to section A.3). From theorem A.3.7 the extremal
controls of 3.1-3.2-3.3 are linearly related to the integral curves of the quadratic Hamilton-Poisson
system (h3_, Ha o) where

Hao(p) =p(A) + Q(p)- (4.4)

Here A € h3 and Q is a positive semidefinite quadratic form on h3_. The problem of determining
the extremal controls of 4.1-4.2—4.3 is thus reduced to the problem of finding the integral curves of
the Hamilton-Poisson system 4.4.

This chapter’s primary concern is with the classification of such systems. We classify the
homogeneous systems (systems where A = 0) under affine equivalence. (This has been done in [17].)
Based on the equivalence of homogeneous systems, we classify the inhomogeneous systems (A # 0)
under affine equivalence. Affine equivalence establishes a one-to-one correspondence between the
integral curves of equivalent systems.

87
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4.1 Preliminaries

We briefly recall the necessary concepts and notation of Hamiltonian formalism and Lie-Poisson
spaces as discussed in sections A.3.2 and A.3.3 and specifically look at the Lie-Poisson space b3.

Let g be a Lie algebra. The minus Lie-Poisson structure on its dual Lie algebra g* is given
by

{F.GYp) = = (adipyp. G (D))
=—(p,[dF(p),dG(p)]), pE€g",F.GeC™(g").

We have that dF(p),dG(p) € g™ and are therefore identified with elements of g. Hence [, -]
denotes the usual Lie algebra bracket. We denote the Lie-Poisson space (g%, {-,-}) as g*. To each
H € C*(g*) we associate a unique Hamiltonian vector field H on g* specified by

—

HIF) = {F,HY, VFeC®(g").

A Casimir function is a function C' € C*°(g*) such that {C, F'} = 0 for all F' € C*°(g*). A linear
Poisson automorphism is a linear isomorphism 1 : g* — g* such that {F,G}oy) = {F o9, G o ¢}
for all F,G € C*(g*). The linear Poisson automorphisms are exactly the dual maps of the Lie
algebra automorphisms.

4.1.1 The Heisenberg (minus) Lie-Poisson space

The Heisenberg (minus) Lie-Poisson space is denoted h3_. We will write elements of the Lie algebra

hs as column vectors with respect to the standard basis (Ei)?zl and elements of h3 as row vectors

with respect to the standard basis (E; )?:1- From proposition A.3.3 we have that the equations of
motion for a Hamiltonian H with respect to the minus Lie-Poisson bracket on h3 may be written
component-wise as

p1=—(p,[E1,dH(p)])
p2 = — (p, [E2,dH (p)])
p3 = — (p, [E3,dH (p)]) -

PROPOSITION. C': p — py is a Casimir function on (hs,{, })

PROOF. E; € Z(bh3) (proposition 1.1.10) and therefore, by proposition A.3.4, EY* = C is a Casimir
function.

REMARK. Recall that for any Casimir C' and for any function f : R — R, the function f(C) is also
a Casimir function. Hence C? is also a Casimir function.

PROPOSITION. The linear Poisson automorphisms of b3 are

VW3 — V3w V1 W1

0 Ve wo | > U1, V2,03, W1, w2, w3 € R, vows — v3wa # 0

0 V3 W3



4.2.1

4.2.2

Chapter 4. Classification of Quadratic Hamilton-Poisson Systems 89

PROOF. The Lie algebra automorphisms of h3 are

VW3 — V3w V1 W1

Aut(hsz) = 0 vy wsy | »V1,V2,V3, w1, w2, w3 € R, vaws — vzwz # 0

0 V3 W3

Now from proposition A.3.5 we have that the linear Poisson automorphisms of h3 are exactly the
dual maps of Aut(hs). Because Aut(hs) are invertible matrices we have that there dual maps are
merely there transposes but since we (by convention) write elements of the Lie algebra as column
vectors and elements of the dual algebra as row vectors the result follows.

4.2 Quadratic Hamilton-Poisson Systems

DEFINITION. A quadratic Hamilton-Poisson system is a pair (g*,H4 o). Here g* is a Lie-
Poisson space and H 4 ¢ is a Hamilton function

Haop): " =R, pr—p(4)+ Qp).
A € g and Q is a quadratic form on g*.

When the Lie-Poisson space is understood, we shall identify a Hamilton-Poisson system with its
Hamiltonian function. For us Q will be a positive semidefinite quadratic form on g* and

1
Hyo(p) =pA+ §prT

where ) € R™ "™ is the symmetric positive semidefinite matrix associated to Q. If A = 0, the system
is called homogeneous. In which case we will drop the A in H4 ¢ and denote such a system by
Hg. If A # 0, the system is called inhomogeneous. Let Hy o = p(A) + Q(p) = La(p) + Ho
and note that La(p) is linear. Then the Hamiltonian vector field of H4 ¢ at a point p € g* is
I:?AQ(p) = La(p) + Ho(p). Indeed, from proposition A.3.3 and since ad* : g — gl(g*) is a linear
map we have that

Hao(p) = adi(z,,110)() (P)
= adgy () +arg () (P)
= adyp, ) (P) +adam,,, ()
= La(p) + Ho(p).

We introduce a natural equivalence relation on quadratic Hamilton-Poisson systems namely affine
equivalence which establishes a one-to-one correspondence between the integral curves and equilib-
ria of equivalent systems.

DEFINITION. Two quadratic Hamilton-Poisson systems H4 g and Hp r on g* are affinely equiv-
alent(or A-equivalent) if there exists an affine isomorphism ¥ : g* — g*, p — Yy(p) + ¢ such
that

TU-Hog=Hprol

where T'W denotes the tangent map of . Alternatively, W - H 4,0 = H BRroV.
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PROPOSITION. Affine equivalence is an equivalence relation.

PRrROOF. Let Hy o, Hpr and He s be quadratic Hamilton-Poisson systems on g* . A-equivalence
is
1. Reflexive.
idg« : g* — g%, p > p is an affine isomorphism such that Tidg« - Hq, g = Hp g oidg«. Hence
Hy g is A-equivalent to Hy g.

2. Symmetric.
Suppose H4 o is A-equivalent to Hpr then there exists an affine isomorphism ¥ : g* —
g*,p — Yo(p) + ¢ such that ¥ - ﬁA’Q = I;TB,R o U from which it follows that ¥~!: g* — g*,
p > Uol(p) — ¥yl (q) is an affine isomorphism such that ;! - ﬁB,R = ﬁA’Q o U~! Hence
Hp  is A-equivalent to H 4 g.

3. Transitive.
Suppose H 4 g is A-equivalent to Hp and Hp R is A-equivalent to Hg s then there exist
affine isomorphisms ¥ : g* — g*, p = Yo(p) + ¢ and ¥’ : g* — g*, p — Y{(p) + ¢ such
that ¥y - HAQ = HBRO\I/ and ¥, HBR = Hggo\I/’ Therefore ¥/ o ¥ : g* — g*,
p = U (To(p) +¢q) + ¢ = (¥ - \Ilo)( )+ ¥4(g) + ¢ is an affine isomorphism such that
U - - ﬁA,Q = - ﬁB,R ol = ﬁas o U o W. Hence Hy g is A-equivalent to Hes.

Thus A-equivalence is an equivalence relation.

PROPOSITION. Let Hy o and Hpr be two systems on g*. If Hyg and Hpr are A-equivalent
then the integral curves of Hy o are in one-to-one correspondence with those of Hp .

PROOF. Suppose Hj o and Hp g are A-equivalent then there exists ¥ : g* — g%, P Uo(p) + ¢
such that ¥y - HAQ = HB’R o W. Let p(-) be an integral curve of HA,Q ie. p(t) = HA’Q( (t)). Wi
show that W(p(-)) is the unique integral curve of H B,R corresponding to p(-). Indeed

d .
S w(p(t)) = Ty v -5l

= Wo - Ha,o(p(1))

= Hp (¥ (p(1)))-
Therefore ¥(p(-)) is an integral curve of ﬁBR. Suppose ¥(pi(:)) = ¥(p2(:)) where pi(-) and
p2(+) are integral curves of Hy o then pi(-) = U1(U(pi(+)) = ¥ (¥ (pa(-))) = p2(-). Hence
integral curves are mapped injectively. Now suppose p/(-) is an integral curve of H BR 1le., p(t) =
Hpr(p'(t)). We show that U~ (p/(-)) is an integral curve in H4 o corresponding to p/(-). We have
that

Ly 1) = Ty - (1)

dt
=0y Hpr(¥' (1))
= Ha oV (' (1))

Hence U—1(p/(+)) is an integral curve in H4 o corresponding to p/(-).
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PROPOSITION. Let Hy o and Hpr be two systems on g*. If Hao and Hp are A-equivalent
then the equilibrium points of Hx o are in one-to-one correspondence with those of Hp .

PRrROOF. Suppose Hj o and Hp R are A-equivalent then there exists ¥ : g* — g*, p — \IJO( )+ q
such that Wy - Hy 0= Hg R o ¥. Now suppose p, is an equilibrium point of Hy 0 le. Hy 0(pe) =
0. Then Hpr(¥(p.)) = Wo - Haolpe) = 0 (since Uy is a linear map). That is ¥(p.) is an
equilibrium point of H 4,0- Suppose V(p.) = ¥(g.) where p. and ¢, are equilibrium points of
ﬁA7Q. Then pe = V=1 (U(pe)) = ¥ 1(¥(q)) = ge. Equilibrium points are therefore mapped
injectively from Hj o to Hp . Suppose p. is an equilibrium point of ﬁB,R ie. ﬁB’R(p’e) = 0.
Then Har(¥'(p.)) = U5 - Hpr(p,) = 0. That is ~1(p}) is an equilibrium point of H4 o
and the equilibrium points of H4 ¢ are mapped surjectively to those of Hp r. We have that the
equilibria of H A,0 and H B,R are in one-to-one correspondence.

PROPOSITION. (CF. ([17],[19])) Let Hao be a quadratic Hamilton-Poisson system on g*. Then
Hy o is A-equivalent to

1. Hy g oW, for any linear Poisson automorphism W : g* — g*.
2. Hy o+ C, for any Casimir function C': g* — R.
3. Ha,g, for any v # 0.
PrRoOOF. 1. Let F' € C*°(g*), arbitrary. Then, for a linear Poisson automorphism V¥ : g* — g*,

(HpgoW)[F]=Hpg[F|oW ={F Hyg}oV
={FoV,HygoV}=H AQO@[FO\I/]
Z(\I’-HA,QO@[F]-

Which holds for all F' € C*°(g*) (since F was arbitrary). Hence W - Hy g o . Hagol.
That is H4 o is A-equivalent to Hy g o V.
2. Again let F' € C*°(g*), arbitrary. Then, for a Casimir function C : g* — R,
Hao+ ClF| = {F,Hag +C}
={F, HA7Q} +{F.C}
= {F.Hao} = HaolFl.

That is Hy o + = ﬁA,Q. Therefore H 4 g is A-equivalent to Hq g + C.

3. We show that ¥ : p — 1p is a linear isomorphism such that W - ﬁA’Q(p) = ﬁA,,«Q o U for all
p € g*. Firstly

. 1~ 1- 1 -
V- Hapo(p) = ;HA,Q(P) = ;LA(P) + ;HQ(P)
1-

1 k
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On the other hand since dH,g(p) = rdHg(p) = dHg(rp) and also since L4 and ad* are linear
we have that

N _, 1 = 1 _ 1
HA,TQ © ‘I/(p) = HA,TQ <7’p> = LA <rp> + HrQ <7‘p>
1- 1
=-L d -
. A(p) +a aH, (1) <TP>

1- § 1

1. 1

That is U - Hao(p) = Haroo V.

4.3 Classification of Homogeneous Systems under A-Equivalence
We begin with a technical lemma.

4.3.1 LEMMA. Let @) be a symmetric positive semidefinite matrixz and let ¥ : p — pip be a linear Poisson
automorphism. Then YvQv is a positive semidefinite matriz.

PROOF. By definition Q is positive semidefinite if ' Qz > 0, Vx € R™. Let € R™ then

e'YQyTz = (¥ 2) Q)
=y'Qy (for some y € R")

>0 (from positive semidefiniteness of Q).
Therefore Q1" is positive semidefinite if Q is positive semidefinite.

We will use proposition 4.2.6 in carrying out the classification.

4.3.2 THEOREM. Any homogeneous quadratic Hamilton-Poisson system Hg on b3_ is A-equivalent to
exactly one of the following systems

1 1
Ho(p) =0,  Hi(p)=-p3,  Ha(p) = 5(1)3 +p3).

PROOF. Let Hg(,) = %prT be an arbitrary Hamilton-Poisson system, where

al b1 bg
Q= bi as b3l a,az,az > 0

b2 bg as
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Since Q is positive semidefinite we have that all principal minors of Q are non-negative from which
it follows that

a2a3 — b% 2 0
ajas — b% Z 0
aiag — b% Z 0.

We consider the cases a3 = 0 and asz # 0 separately. Suppose a3 = 0; Immediately we have
bs = by = 0. If ag = 0 then b; = 0 and

1 1 1
Ho(p) = 5 C*(p) = 5pQp" — Saupt
ap 0 Of |p1
1 1,
=g Pt p2 p3| |0 0 Of |p2| = 5%P
0 0 0| |ps
:OZH()(p)
Suppose a2 # 0. Then
b
Ve = 0
. _ 1 —
Uy ip=pr, 1 0 7= 0 (det 1 = az # 0)
0 0 as

is a linear Poisson automorphism such that
aias — b% 0 0
QYL =] 0 10
0 00

Therefore Hg o Wy(p) — 3(araz — b3)C?(p) = H1(p). Suppose a3 # 0. Then

—az3 0 by
Uoiprspa, 2=10 0 1 |, (detey=ai+#0)
0 a3 —b3
is a linear Poisson automorphism such that
as (a1a3 - bg) 0 as(—asby + babs) ay 0 bl
V2Qiy = 0 a 0 =10 a5 0

a3(—a361 + 6263) 0 as (a2a3 — b%) b/2 0 aé
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If a, = 0, then from positive semidefiniteness (see lemma 4.3.1) b, = 0 and

1 0 0
Us:iporpds ¥s=10 = 0 | (detpz =1 #0)
0 0 a3
is a linear Poisson automorphism such that
ab 00
UstaQa i3 = |0 1 0
0 00

Therefore Hg o (U5 0 U3)(p) — 3a,C*(p) = Hi(p). Suppose a} # 0. Then

1 0 by
Vs Vaa(a;)"” .
Vyip—pha; Ya= 0 0 — ; (detypy = — #0)
a3 azas
1
0 &m0 ]
is a linear Poisson automorphism such that
-allag—(b%f ; 0-
a3(a})
VasQua s = | o 1 0
0 0 1

a'al— (b 2
Therefore Hg o (U5 0 Wy4)(p) — 12:;(&(,)22)02(17) = Hs(p).
3

We have left to verify that our three systems are not A-equivalent. (The supporting Mathe-
matica code may be found in section C.2.) Clearly Hy(p) is not A-equivalent to either Hi(p) or
Hs(p). Suppose there exists an affine isomorphism ¥ : p — W (p) + g, Yo(p) = py» where ¢ = [1;5]

such that (¥g - Hy)(p) = (Hy o ¥)(p) for all p. Now

Y13p1p2 — Y12p1P3
V- Ha(p) = | thospipa — oap1p3

Y33p1P2 — P3201P3
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and
0
o Y(p) = 0
(Y1101 + Y12p2 + Y13ps + q1) (Y2101 + Yazp2 + Ya3ps + g2)

and so we have

YP13p1p2 — P12p1p3 = 0
Yagp1p2 — Poop1p3 = 0
Y33p1p2 — Y3ap1p3 = (Y11p1 + Y12p2 + Y13ps + q1) (Ya1p1 + Yaop2 + 1Pasps + ¢2)

for all p. By equating coefficients of p1ps and pips in the first two components we have 113 = Y19 =
a3 = 120 = 0. With these substitutions det 1)=0. The two systems are therefore not A-equivalent.

REMARK. Let Hg be a homogeneous quadratic Hamilton-Poisson system on h3_ then there exists
a linear Poisson automorphism ¥ and k € R such that Hg o ¥ + kC? = H; for i = {0, 1,2} where

Ho(p) =0, Hi(p) = 3p3, Ha(p) = 1 (93 + p).

4.4 Classification of Inhomogeneous Systems under A-Equivalence

PROPOSITION. Let (h5_,Ha o) be an inhomogeneous quadratic Hamilton-Poisson system on bj_.
Then Hy o is A-equivalent to the system L + H; for i ={0,1,2} and some B € bs.

PROOF. From theorem 4.3.2 we have that there exists a linear Poisson automorphism ¥ : p — ¥p,
k € R and exactly one i € {0,1,2} such that Hg o W + kC' = H; as a result we have that

HA,QOW—FkC:LAO‘I/—i-Hgo\I’-i-kC:Lw.A—i-HZ':LB—FHZ‘

where B =1 - A and so Hx o is A-equivalent to Lp + H; for i = {0, 1, 2}.

We carry out the classification of inhomogeneous systems by classifying the inhomogeneous systems
associated with each H; and then verifying that none of these systems are equivalent. A linear
Poisson symmetry for a Hamilton-Poisson system Hg on h3_ is a linear Poisson automorphism
U : p+— py such that Hg o ¥ = H,g + kC,r # 0,k € R for some Casimir C. We begin by
determining the linear Poisson symmetries for each H;. These maps leave each H; invariant up to
a dilation or the addition of a Casimir. We are therefore able to use these maps to simplify the
linear part L4 of the inhomogeneous systems while leaving the homogeneous part invariant.

PROPOSITION. The linear Poisson symmetries of each H; for i € {0,1,2} are the linear Poisson
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automorphisms U@ : p s pp @) where for each H;, @ is of the form given below

VW3 — V3w V1 W1 VW3 0 w1
Hy : 1/}(0) = 0 Vo Wy | s Hy : ¢(1) = 0 Vg Wy >
0 V3 W3 0 0 w3

:Fvngvg 0 0

Hs : ¢(2) = 0 vy  tus

0 vz FUo

PROOF. Now 1 !
Ho(p) = pQop"', Hi(p) = inmT, Hy(p) = 51062219T

where
000 000 000
Q=10 0 0/, =101 0|, Q=010
000 000 00 1
Let
VW3 — V3W3y V1 Wi
Y= 0 v2 w2
0 U3 wWs
1. Hy

Clearly all Linear Poisson automorphisms W : p — p1) of h3_ preserve Hy.

2. Hy
let ¥ : p— py be an arbitrary linear Poisson automorphism of h3_ then

U% V1Vy V103
(Hlo‘l’)(p)zgp vivy V3 vav3 p'

V1V3 VU3 ’Ug

From which it follows that v; = v3 = 0 and vows # 0. In which case we have
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which is a dilation of Hi(p) by v3.

3. Ho
v% + w% V12 + wiwz  V1v3 + wiws
1 2 2 T
Hyo¥(p) = 5]9 V1V2 + wiw2 vy + wj VU3 + wows | P
V1V3 + wiws VU3 + wows vg + w%

In order for Hy(p) to be preserved we have the conditions

v1v2 + wiwg = 0
v1v3 + wiws =0
VoU3 + wows = 0

v3 4+ w3 = v3 +wi #0

Which on solving yields v; = w; = 0, we = Fv3, w3 = Fve with these substitutions

0 0 0
HyoU(p) ==p |0 (v2+ w?) o |p'
0 0 (v2 + w?)
1
=5 (v3 +w3) (b3 + p3)

= (v3 +w3) Hy o U(p)

which is a dilation of Ha(p) by a factor of (v3 + w3) and so we have

$v% F v§ 0 0
1/}(2) = 0 vy Fuj

0 vz Fug

4.4.3 COROLLARY. Any inhomogeneous quadratic Hamilton-Poisson system (h5_, Ha o) is A-equivalent
to the system L + H; for B =19A for some ¢ € ) and i = {0,1,2}.

4.4.1 Inhomogeneous systems associated with H,

4.4.4 THEOREM. Any inhomogeneous quadratic Hamilton-Poisson system on h3_ of the form Hy g =
L4+ Hy is A-equivalent to exactly one of the systems

@) =0,  HO(p) = p,.
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a1
€ hs3. From corollary 4.4.3 we have that such a system is A-equivalent to

PROOF. Let A = |q,

as
the system Lg + Hy where B = 1 - A for some ¢ € 1(9). We consider three cases

1. a3:a2:0.

ai
and L(p) + Ho(p) = a1p1. Hence by subtracting the Casimir C(p) = a1p;

Then A= |

0
we have that the system is A-equivalent to the system H(go) (p) = 0 (proposition 4.2.6.).

2. a3:0,a2750.

a

Then A = |q,| and

0
L 0 0
ag 1
=10 L o|e€d?, det()=—~5#0
a2 a2
0 0 1

is a linear Poisson symmetry such that

Hence Ly. a(p) + Ho(p) = %m + p2 and by subtracting the Casimir C(p) = %pl we have that
© (p) = p2. (proposition 4.2.6).

the system is A-equivalent to the system H;

3. as 7&0.



Chapter 4. Classification of Quadratic Hamilton-Poisson Systems 99

ai
Then A = |q,| and

as

a2

0 1 -

is a linear Poisson symmetry such that

Hence Ly.a(p) + Ho(p) = —Z—;pl + p2 and by adding the Casimir C'(p) = g—;pl we have that
the system is A-equivalent to the system Hfo) (p) = p2. (proposition 4.2.6). Also, the two

systems are clearly not A-equivalent.

4.4.2 Inhomogeneous systems associated with H;
4.4.5 THEOREM. Any inhomogeneous quadratic Hamilton-Poisson system on b3_ of the form Hy g =
Ly + Hy is A-equivalent to exactly one of the following systems

1 ) 1
HY (p) = ps + 5193

1 1 1
H (p) = 5193, HY (p) = po + 51)5,

ai
PROOF. Let A = |q,| € b3, a1,a2,a3 € R, arbitrary. From corollary 4.4.3 we have that such a

as
system is A-equivalent to system Lp + H; where B = 1 - A for some ) € (). We consider the

three cases below.

1. a2:a3:0.

ai
Then A = | o | and La(p)+Hi(p) = aip1+3p3. Hence by subtracting the Casimir a;C(p) =

0
a1p1 we have that the system is A-equivalent to the system Hél) (p) = %p% (proposition 4.2.6.).
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2. a3:0,a27é0.

aq
Then A = |q,|. Hence

0

is a linear Poisson symmetry such that

Y-A= 11

—a
= @y P1 We

Therefore Ly.4(p) + Hi(p) = Z—;pl + p2 + %p% By subtracting the Casimir Z—;C’(p)
have that the system is A-equivalent to the system H {1)(]9) =py+ %p%

3. as 75 0.
ai

Then A = |q,| and

as
L 0o 0
as 1
p=10 1 —2| eyl (det(w)=27é0)
as as
0o 0 L
as

is a linear Poisson symmetry such that

v-A=10

Hence Ly.a(p)+Hi(p) = Zp1+ps+ %p% Therefore by subtracting the Casimir $2C(p) = Zp1

we have that the system is A-equivalent to the system Hél)(p) =p3+ %p%
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We verify that the three systems are distinct. (The supporting Mathematica code may be found

in section C.2.) Suppose Hél) is A-equivalent to Hl(l). Then there exists an affine isomorphism
U :p s WUo(p) + g, Yo(p) = py where ¢ = [¢);] such that

Uy - BV (p) = 8 0 w(p),

i.e.,
T T
Y13p1p2 0
Yozpipa| = 0
Y33D1P2 (—=Y11p1 + Y12p2 + Y13ps + q1)(—1 — Yo1p1 — Va2 — Ya3P3 — G2)

for all p1,ps,p3 € R. By comparing the coefficients of pips in the first two rows we have that
113 = o3 = 0 and by comparing the coefficients of p; and py in the third rows we have that
P11 = Y12 = 0. Hence dety = 0 and the systems Hél) and Hfl) are not A-equivalent. Next

suppose Ho(l) is A-equivalent to Hz(l). Then there exists an affine isomorphism ¥ : p — ¥o(p) + ¢,
Wo(p) = pp where ¢ = [¢);5] such that

Uy - HV (p) = A 0 0(p),

ie.,
T T
P13P1D2 0
pogpip2 | = —111p1 — Y12p2 — Y13P3 — @1
P33p1P2 (111 + Y12p2 + Y13p3 + q1) (Y2101 + Y22p2 + Ya3p3 + q2)

for all p1,ps,p3 € R. Comparing the coefficients of pi,ps and p3 in the second row yields ¥1; =
112 = 113 = 0. Hence det ) = 0 and the system Hél) is not A-equivalent to Hél). Finally suppose

Hfl) is A-equivalent to H2(1) then there exists an affine isomorphism ¥ : p — W (p) +q, Yo(p) = py
where ¢ = [¢);;] such that

W - BV (p) = AY 0 W(p)

that is
T T
—12p1 + YP13p1D2 0
—192p1 + Ya3pip2| = 0
—1)32p1 + Y33p1P2 (—¢11p1 + Y12p2 + Y13ps + q1)(—1 — Yo1p1 — a2 — Ya3p3 — q2)

for all p1, p2, p3 € R. Comparing coefficients of p; and p1p2 in the first two rows yields 12 = 913 =
tha9 = 1ho3 = 0. Therefore

Yin 0 0
det(y)) = ¥o1 0 0 |=0.

P31 P32 P33
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Hence H fl) is not A-equivalent to Hél). The three systems are therefore not A-equivalent.

4.4.3 Inhomogeneous systems associated with H,
4.4.6 THEOREM. Any inhomogeneous quadratic Hamilton-Poisson system on b3_ of the form Hy g =
L+ Hy is A-equivalent to the following system
2 1 2 1
Hy(p) = 3 +p3),  HY(0) = p2 + 5 (03 +p3).
ai

PROOF. Let A = |q,| € b3, a1,a2,a3 € R, arbitrary. From corollary 4.4.3 we have that such a

as
system is A-equivalent to system Lp + Hy where B = 1 - A for some ) € ¥(2). We consider the

three cases below.
1. ag = az = 0.

ay
Then A = | o | and La(p) + H2(p) = a1p1 + %(p% + p3). Hence by subtracting the Casimir

0
a1C(p) = a1p1 we have that the system is A-equivalent to the system H(g2) (p) = %(pg —l—pg)

(proposition 4.2.6.).

2. a3:0,a2750.

ay
In this case A = |, |. Hence

0
4% 0 0
2

v=1o0 L ofev?, @ww=4¢®
a2 a2

o o0 L

is a linear Poisson symmetry such that
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And so, Ly.a(p) + Ha(p) = Z—épl + p2 + %(p% + p3). Hence by subtracting the Casimir
%C(p) = Z—épl we have that the system is A-equivalent to the system Hl(Q) (p) = p2+%(pg+p§).

3. as 7& 0.
ay
In which case A = |q,| and
as
a%;;a% 0 0
° a% + a%
_ 1 _
R I CCRE= )
1
0 —& &
and
L 0 0
()
3
1 1
Yo = 0 2 0], |det(y) = 170
1+% a3
E (1+3)
3
0 0 L,
I 1+é_
are linear Poisson symmetries such that
ai
a§+a§
Yoo A= | 1
0

p1+po+ %(p% + p3). Therefore by subtracting the Casimir

D (p) =

Hence Ly, yp,.4(p) + Ha(p) = a;ﬁag
C(p) = ﬁlﬁpl we have that the system is A-equivalent to the system H
2 3

aj
2 2
as+aj

p2 + 3(p3 + p).

We have left to verify that the systems are not equivalent. (The supporting Mathematica code may
be found in section C.2.) Suppose HSQ) is A-equivalent to the system H fQ). Then there exists an

affine isomorphism V¥ : p — Wo(p) + ¢, ¥o(p) = py where 1) = [1;;] such that

Uy - HP (p) = H? 0 W(p)
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ie.,
T T
Y13p1p2 — Y12p1P3 0
Yasp1ip2 — Yoopips | T (—=11p1 + Y12p2 + P13ps + q1) (Y3101 + Y32p2 + Vs3ps + q3)
33p1p2 — V32P1P3 (—tb11p1 + P12p2 + Y13p3 + q1)(—1 — Y211 — Y2op2 — Y23p3 — ¢2)

for all p1,p2,p3 € R. By equating the coeflicients of pips, pips in the first rows we have that
113 = P12 = 0 and by equating the coefficients of p; in the third rows we have that ¢1; = 0. Hence
dety =0 and Hé2) is not A-equivalent to the system H £2).

4.4.4 Inhomogeneous systems

In this subsection we verify that the systems of theorems 4.4.4, 4.4.5, 4.4.6 are distinct.

THEOREM. Any inhomogeneous quadratic Hamilton-Poisson system on b3_ is A-equivalent to ex-
actly one of the following systems.
0 0 1
a1 (p) =0, 1 (p) = p2, HV (p) = 3,
1 1 1 9 1
H{ (p) =P+ 575, a2 (p) = s+ 5, HY? (p) = 5 (P2 +p3)
> 1
H (p) = pa + 5 (03 + ).

PROOF. (The supporting Mathematica code may be found in section C.2.) Clearly no system is

A-equivalent to the system H(()O). Suppose H(gl) is A-equivalent to H {0). Then there exists an affine
isomorphism V¥ : p — Wo(p) + q, Yo(p) = py» where ¢ = [1);;] such that

Uy - HV (p) = A 0 w(p),

ie.,
T T
VY13p1D2 0
Yospipe| = 0
V33P1D2 Y11p1 + Y12p2 + 13ps + @1

for all p1, p2, ps € R. Comparing the coefficients of p1,ps and ps in the third row gives 111 = Y12 =
113 = 0. Hence dety = 0 and Hél) and H{O) are not A-equivalent. Suppose Hfl) is A-equivalent
to H{O). Then there exists an affine isomorphism ¥ : p — Wo(p) + ¢, ¥o(p) = pyp where b = [1);]
such that
(1 (0
o A (p) = " 0 W (p),
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ie.,
T T
—13p1 (=1 — p2) 0
—o3p1 (=1 —p2)| = 0
—33p1 (=1 — p2) Y1101 + Y12p2 + 13ps + @1

for all p1,p2,p3 € R. By comparing the coefficients of pi,ps, ps and pips in the third rows we
have that 111 = —133 = 0 and that 12 = 913 = 0. Hence detty = 0 and the system Hfl) is not
A-equivalent to the system Hfo). Suppose Hél) is A-equivalent to the system H {0). Then there

exists an affine isomorphism W : p — Wo(p) + ¢, Yo(p) = py» where ¢ = [1);5] such that

vy - HV (p) = AV 0 w(p),

ie.,
T T
—12p1 + V130102 0
—oop1 + Yospip2| = 0
—132p1 + P33p1D2 Y11p1 + Y12p2 + PY13p3 + 1

for all p1, ps, p3 € R. Comparing the coefficients of p; and pipe in the first and second rows yields
P19 = P13 = Yoo = Y23 = 0. Hence det 1) = 0 and the systems Hél) and Hfo) are not A-equivalent.

Suppose H(g2) is A-equivalent to the system H {0). Then there exists an affine isomorphism V¥ : p —
Yo(p) +q, Yo(p) = py where ¢ = [1/1”] such that

o - 75 (p) = H” o ¥ (p),

i.e.,
T T
Y13p1Pp2 — P12P1P3 0
Yospip2 — Ya2p1ps| = 0
V33p1P2 — P32P1P3 Y11p1 + Y12p2 + Y13ps + @1

for all p1,ps,p3 € R. Comparing the coefficients of p1, po and ps in the third rows we have that
P11 = Y12 = P13 = 0. Hence dety = 0 and the systems Hfo) and HéQ) are not A-equivalent.
Suppose H F) is A-equivalent to H ;0). Then there exists an affine isomorphism ¥ : p — Wy(p) + ¢,

Uo(p) = py where ¢ = [1);;] such that

Vo - B (p) = H” 0 w(p),
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ie.,
T T
—13p1(—1 — p2) — 12p1p3 0
—Po3p1(—1 — p2) — Yoopips| = 0
—33p1(—1 — p2) — ¥32p1p3 Y11p1 + Y12p2 + 13ps + @1

for all py,po,p3 € R. Comparing the coefficients of pi, p2,p3 and pipo in the third row we have

that ¥11 = 933 = 0 and Y12 = 113 = 0. Hence det ¢ = 0 and the systems Hl(o) and H£2) are not

A-equivalent. In theorem 4.4.5 we showed that H(gl) is not A-equivalent to either Hl(l) or H2(1).

Suppose H((]l) and H(()2) are A-equivalent. Then there exists an affine isomorphism ¥ : p — ¥y(p)+q,
Uo(p) = pyp where ¢ = [1);;] such that

i.e.,
T T
Y13p1p2 — Y12p1P3 0
Yosp1p2 — Yo2p1p3| T 0
V33p1p2 — VY32P1D3 (Y1101 + Y12p2 + Y13ps + q1) (Y21p1 + Yoopa + Yosps + q2)

for all p1,po,p3 € R. Comparing the coefficients of pips and pips in the first two rows we have

that ¥13 = Y12 = P93 = Yoo = 0. Hence dety = 0 and Héz) and Hél) are not A-equivalent.

Suppose Ho(l) is A-equivalent to H §2)_ Then there exists an affine isomorphism ¥ : p — ¥q(p) + ¢,

Uo(p) = pyp where ¥ = [1);;] such that

ie.,
T T
—13p1(—1 — p2) — P12p1p3 0
—3p1(—1 —p2) — Yaapip3| = 0
—133p1(—1 — p2) — P32p1p3 (Y1101 + Y12p2 + P13ps + q1) (Y2a1p1 + Y2op2 + Yo3ps + q2)

for all p1,p2,p3 € R. comparing the coefficients of p; and pip3 in the first two rows yields 113 =
Y12 = o3 = 199 = 0. Hence det) = 0 and the systems Hél) and H£2) are not A-equivalent. In

theorem 4.4.5 we showed that H {1) and Hz(l) are not A-equivalent.Suppose H fl) is A-equivalent to

HéQ). Then there exists an affine isomorphism ¥ : p — ¥o(p) + ¢, Yo(p) = p where ¢ = [1);;] such
that
= (2 ~(1
o - Ay (p) = H" 0 U(p),



Chapter 4. Classification of Quadratic Hamilton-Poisson Systems 107

ie.,
T T
Y13p1p2 — Y12p1P3 0
Yosp1p2 — Yo2p1p3| = 0
V33p1p2 — Y32p1P3 — (Y1101 + 1202 + Y13p3 + q1) (—1 — 21p1 — Y2op2 — Pa3p3 — q2)

for all p1,p2,ps € R. Comparing the coefficients of pips and pips in the first two rows yields
P13 = Y12 = Po3 = Y2 = 0. Hence det ¢y = 0 and the systems Hl(l) and Hé2) are not A-equivalent.

Suppose H {1) and H 1(2) are A equivalent. Then there exists an affine isomorphism ¥ : p — W¥4(p)+q,
Wy (p) = pi where ¢ = [t;;] such that

Vo- A (p) = Y 0 w(p),

ie.,

_ T
—13p1 (=1 — p2) — Yrap1ps

—1po3p1 (=1 — p2) — Yoap1p3

| —33p1 (=1 — p2) — ¥32p1p3
_ T
0

= 0

|— (Y11p1 + Y1op2 + Y1sps + q1) (=1 — Y21p1 — Y2opa — Ya3ps — o)

for all p1,p2,p3 € R. Comparing the coefficients of p; and pips in the first two rows gives 113 =
192 = 123 = 19y = 0. Therefore det) = 0 and the systems Hfl) and Hl(z) are not A-equivalent.

Suppose Hél) is A-equivalent to H(g2). Then there exists an affine isomorphism ¥ : p — ¥(p) + ¢,
Vo (p) = py where 1) = [1);j] such that

Uy - B (p) = A 0 w(p),

ie.,
T T
Y13p1p2 — Y12p1P3 0
Yosp1p2 — Yoop1p3| = —Y11p1 — P12p2 — P13p3s — 1
VY33p1p2 — V32p1P3 (Y1101 + Y12p2 + P13ps + q1) (Y2101 + a2p2 + Y23p3 + ¢2)

for all p1, p2, p3s € R. Comparing the coefficients of pi, ps and ps in the second rows gives ¥11, Y12 =
113 = 0. Therefore det 1) = 0 and the systems Hél) and HSQ) are not A-equivalent. Suppose Hél)
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and H §2) are A-equivalent. Then there exists an affine isomorphism ¥ : p — Wy (p) +q, Yo(p) = py
where ¢ = [¢);;] such that
(2 =(1
o - Ai? (p) = Hy" 0 W(p),

ie.,
T T
—13p1 (=1 — p2) — Y12p1p3 0
—tho3p1 (=1 — p2) — Yoopips| = —Y11p1 — Y12p2 — Y13p3 — 1
—th33p1 (=1 — p2) — Y32p1ps (Y1101 + Y12p2 + Y13ps + q1) (Y2101 + Pazpa + Pasps + q2)

for all p1,p2,p3 € R. Comparing the coefficients of pi1,ps, p3 and pips in the second rows yields
P11 = P93 = 0 and 12 = Y13 = 0. Hence dety = 0 and the systems Hél) and H£2) are not
A-equivalent. Finally, theorem 4.4.6 shows that systems Hg and H 12 are not A-equivalent.



Chapter 5

Stability and Integration of
Hamilton-Poisson Systems

This chapter examines the stability nature of the equilibria as well as the integration of the
Hamilton-Poisson systems discussed in chapter 4. (Stability and integration of quadratic Hamilton-
Poisson systems on the (minus) Lie-Poisson spaces se(1,1)* and so(3)* have been investigated in
[8] and [5], respectively.) For each equilibrium point we investigate spectral as well as Lyapunov
stability (see section A.4). Spectral instability may be used to show Lyapunov instability; it turns
out however that all equilibrium points are spectrally stable. We therefore show Lyapunov insta-
bility directly by finding a suitable integral curve. Lyapunov stability is shown by the (continuous)
energy-Casimir method (section A.4). In all cases, the Hamilton-Poisson systems could be inte-
grated in terms of elementary functions. The supporting Mathematica code for this chapter may
be found in section C.3.

5.1 Preliminaries

In order to determine stability we will need a means of measuring distance. We will therefore need
a norm function. Since b3 is finite dimensional all norms are equivalent. We will make use of the

Euclidean norm ( for p = p1 Ef + poEj + psE%, |Ipl| = /p3 + p3 + p3).
5.2 Homogeneous Systems

5.2.1 Stability and integration of H;(p) = 1p3

The equations of motion of the system Hi(p) = %pg are

p1 =0
p2 =0
D3 = p1p2.

The integration of these equations is immediate. On solving we get the integral curve p(t) =
(c1,c2,c3 4 c1cat) for c1,c9,c3 € R. From above, we see that the equilibrium states of H; occur
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when pips = 0, i.e., the equilibrium states of H; are et = (0,m,u) and es” = (v,0,p) where
n,v, u € R, with v # 0 (since this is covered by the case e]").

PROPOSITION. The equilibrium points el* and 5" are spectrally stable.

PrOOF. Firstly the linearization of the vector field Hi at pis

And so

7]00

which has all eigenvalues as zero. Hence e]" is spectrally stable. Also

DHi(ef") =10 0 0

which has all eigenvalues as zero. Hence e is spectrally stable.
2
PROPOSITION. The equilibrium points e and e5* are Lyapunov unstable.
1 2

PROOF. 1. e]*. We consider the cases n = 0 and 7 # 0 separately. Consider the case n # 0.
Fix a neighbourhood U of €] and let V' C U be any neighbourhood contained in U. In order
to prove instability we need an integral curve with initial point p(0) € V but with p(t;) ¢ U
for some t;. Consider the integral curve p(t) = (d,n,u + dnt). Clearly p(0) = (J,n, u).
Now since ||p(0) — el""|| = § we can find a § sufficiently small such that p(0) € V. Now
limg oo |[p(8)]1? = limy_s00 (6% + 1? + (u + 6nt)?) = 62 + 0% + limy_o0 (1 + dt)? = co. Hence
there exists ¢ > 0 such that p(¢;) ¢ U.
Now consider e(l)’” . Again fix a neighbourhood U of eo“ Let V' C U be any neighbourhood

contained in U. Then the integral curve p(t) = (\[6 \fé 1+ 26%t) has p(0) = (\[5 \[6 1)

and ||p(0) — el"|| = 8. Therefore there exists a § such that p(0) € V. But limy_,o |[p(t)|| =
limtﬁoo((\}i5)2 + (\%5) + (p+ 30%t)?) = (%5)2 + (ﬂé) + limy o0 (1t + 56%t)? = 00. Hence
3t; > 0 such that p(t1) ¢ U and the equilibrium point is unstable.

2. es” Fix a neighbourhood U of es* and let V' C U be any neighbourhood contained in U.
Once again, in order to prove instability we need an integral curve with initial point p(0) € V/
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but with p(¢1) ¢ U for some ¢;. Consider the integral curve p(t) = (v,0, u + ovt). Clearly
p(0) = (v, 0, 1). Now since ||p(0) —e*|| = § we can find a § sufficiently small such that p(0) €
V. Now limy o0 [|[p(t)[|? = limy o0 (2 + 0% + (1 + 6vt)?) = 12 + 6% + limy_s o0 (0 + d1t)? = 0.
Hence there exists ¢ > 0 such that p(t1) ¢ U and e”* is an unstable equilibrium point.

5.2.2 Stability and integration of Hs(p) = 1(p3 + p3)
Stability

The equations of motion of the system Ha(p) = (p3 + p3) are

p1=0
D2 = —D1P3
D3 = p1p2.

The equilibrium points of the system are e = {0,7n, u} and €5 = {u,0,0}.

PROPOSITION. e™* = {0,n,u} and e’ = {u,0,0} are spectrally stable.

PROOF. The linearization of the vector field ﬁg is

0 0 0
DHa(p) = —-p3 0 —p1
p2 p 0
Hence
0 0 0
DHy(e]") = —u 0 0
n 00

which has eigenvalues all zero. Hence the equilibrium point e”* is spectrally stable. Also

0 0 0
DHy(eb) = |0 0 — 1
0 —u O

which has eigenvalues {0, —ui, —ui} which clearly has non-positive real parts. The equilibrium
point e} is therefore spectrally stable.

PROPOSITION. The equilibrium point el'*' is Lyapunov stable.
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PROOF. Let Ha(p) = £(p3 + p3) be our Hamiltonian and C(p) = p? our Casimir function. Then
H™Y(H (™) nC™HC(e™) = H™H(H (0,7, 1)) N C~H(C(0,n, 1))

1 1
_ H—l (,'72 + /~L2> OC_I(O)

2 9
:(Oéﬂ?aﬂ)m(o?ﬁa’)/)a O‘?B:WER
= (0,m,p).

Hence by theorem A.4.4 e"* is stable.
PROPOSITION. The equilibrium point € is Lyapunov stable.

PrROOF. We make use of the continuous Energy-Casimir method (refer to theorem A.4.4). Let
Hs(p) = 3(p3 + p?) be our Hamiltonian and C(p) = p? our Casimir function. Now
H ' (H(eM)nC™H(C(e") = H'(H(,0,0)) N C~H(C(1,0,0))
=HH(0)nC™ (1)
:(a,0,0)ﬂ(u,%B), a,v,B€R
= (Mv 0, 0)

Hence e* is Lyapunov stable.

Integration

PROPOSITION. If p(-) : (—€,€) — b3 is an integral curve of Hy = %(p% + p2) with p1(0) = ¢ for
some ¢ € R then

PROOF. Since p; = 0 and p;(0) = ¢ for some ¢ € R we have that p;(t) = ¢. And so we have

{m@——ww>
p3(t) = cpa(t).

pa(t)
Now let P(t) = . The solution to the equation

p3(t)
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is

B _cos(ct) sin(ct)} p2(0)

_sin(ct) cos(ct)

B p2(0) cos(ct) — p3(0) sin(ct)
(

_p3(0) cos(ct) + p2(0) sin(ct)

The result follows.

5.3 Inhomogeneous Systems

5.3.1 Stability and integration of Hfo) (p) = po
Integration

The equations of motion of the system H fo) (p) = po are

p1=0
p2=0
P3 = D1.

The integration is trivial and we have that p(t) = (c1, ca, c1t + ¢3) for ¢, ¢a,c3 € R.

Stability
From the equations of motion it follows that the equilibrium point of H §0) is em* = (0,7, ).

5.3.1 PROPOSITION. The equilibrium point e* is spectrally

PROOF. The linearisation of the vector field I;Tl(o) at p is

which has eigenvalues all zero. Hence e""* is spectrally stable.

5.3.2 PROPOSITION. The equilibrium point e]"' is Lyapunov unstable.
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PROOF. Fix a neighbourhood U of e]* and let V C U be any neighbourhood contained in U. In
order to prove instability we need an integral curve with initial point p(0) € V' but with p(t;) ¢ U
for some t;. Consider the integral curve p(t) = (6,n,t + p). Clearly p(0) = (J,7, 1). Now since
[[p(0) — el*|| = § we can find a & sufficiently small such that p(0) € V. Now lim;_,o ||p(t)||* =
limg o0 (62 + 1% 4+ (6t + p)?) = 62 + 12 +limg_ oo (6t + p)? = co. Hence there exists t; > 0 such that
p(t1) ¢ U and the equilibrium point e]"** is Lyapunov unstable.

5.3.2 Stability and integration of H\" (p) = p, + D3
Integration

The equations of motion of the system H fl)(p) =p2+ %p% are

p1 =0
p2 =0
D3 = p1 + p1p2

The integration is trivial and we have that p(t) = (¢1, co, (c1 + c1c2)t + ¢3) for ¢, 2,3 € R.

Stability

From the equations of motion we have that the equilibrium points of H fl) are e = (0,7, 1) and

es” = (v,—1, ) where n, v, u € R, with v # 0 since this is covered by the case e}

PROPOSITION. The equilibrium points e* = (0,n, u) and es* = (v, —1, u) are spectrally stable

PROOF. The linearisation of the vector field H 1(1) at p is

0 0 0
DHP@=| 0o 0 0
l+ps ;1 O
Hence
0 0 0
DA (™) =| 0 0 0
1+n 0 O

which has eigenvalues all zero. Hence " is spectrally stable. Also

00 0
(0
DHP "y =10 0 0
00 0

which has eigenvalues all zero. Hence es* is spectrally stable.
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PROPOSITION. The equilibrium points el* and ex* are Lyapunov unstable.

PRroOOF. 1. e*. We consider the cases n = 0 and 1 # 0 separately. Consider the case 1 # 0.
Fix a neighbourhood U of €] and let V' C U be any neighbourhood contained in U. In order
to prove instability we need an integral curve with initial point p(0) € V but with p(t1) ¢ U
for some t;. Consider the integral curve p(t) = (6,7, (6 + ov)t + ). Clearly p(0) = (d,n, p).
Now since |[p(0) — e]*|| = 6 we can find a ¢ sufficiently small such that p(0) € V. Now
limy o0 [|P(4)]? = limy 00 (0% + 12 + (6 +60)t 4+ 1)?) = 6% + 0 +limy 00 (6 +60)t 4+ 1) =
Hence there exists ¢; > 0 such that p(¢;) ¢ U.
Now consider ). Again fix a neighbourhood U of e]*. Let V C U be any neighbourhood

contained in U. Then the integral curve p(t) = (\[5 f5 (\1[(5 + 16%)t + ) has p(0) =

(\[5 \[5 w) and ||p(0) — 61“|| = 0. Therefore there exists a ¢ such that p(0) € V. But
limy o0 |[p(2)]| = hmt_,oo((\%é) (%5) + (p+ 36%)%) = (%5) (%5) +hmt_,oo(%5+
$02)t + p)? = co. Hence 3t; > 0 such that p(t1) ¢ U and the equilibrium point is unstable.

2. es”. Fix a neighbourhood U of es* and let V' C U be any neighbourhood contained in U.
Consider the integral curve p(t) = (v, —1 + 0,0t + p). Clearly p(0) = (v,0, ). Now since
|[p(0) —e5*|| = § we can find a § sufficiently small such that p(0) € V. Now lim;—, ||[p(t)||> =
limy oo (12 + (=14 6)% + (v6t + p)?) = V% + 62 + limy— 00 (v6t + p1)? = 0o. Hence there exists
t1 > 0 such that p(t1) ¢ U and es” is an unstable equilibrium point.

5.3.3 Stability and integration of H\"(p) = p; + D3
Integration

The equations of motion of the system Hz(l)(p) =p3+ %p% are

p1 =0
P2 = —p1
D3 = p1p2.

The integration is trivial and we have that p(t) = (c1, —ci1t+ca, _%C%tQ +creat+es) for c1, co,c3 € R.

Stability
It follows from the equations of motion that the equilibrium point of I-_Iél)
n, € R.

is e™* = (0,7, ) where

PROPOSITION. The equilibrium point e* = (0,n, u) is spectrally stable.

7 (1)

Proor. The linearisation of the vector field Hy ' at p is

0 0 0
DHO(p)=|_p, 0 0

p2 p1 O
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Hence

000

(0
DHEP ™ =10 0 0
n 0 0

which has eigenvalues all zero. Hence e""" is spectrally stable.

PROPOSITION. The equilibrium point e* is Lyapunov unstable.

PROOF. Fix a neighbourhood U of /" and let V' C U be any neighbourhood contained in U.
Consider the integral curve p(t) = (6, =0t + 1, —%52162 + ont + p). Clearly p(0) = (6,7, ). Since
I[p(0) — e7*|| = § we can find a ¢ sufficiently small such that p(0) € V. Now lim¢ . ||p(t)]|*> =
My o0 (624 (5t +1) 2+ (— 3822+ 0mt+11)?) = 6% +1my o0 (5 4+1)? +1imy o0 (— 262>+t +p)? = o0.
Hence there exists t; > 0 such that p(¢t;) ¢ U

5.3.4 Stability and integration of H” (p) = p, + 203 +p3)
Integration

The equations of motion of the system H1(2) (p) = p2 + 5(p3 + p}) are

p1 =0
D2 = —D1P3
p3 = p1(1+ p2)

PROPOSITION. If p(-) : (—€,€) — b} is an integral curve ofH{Q)(p) = po+ 2 (p3+p3) with p1(0) = ¢
for some c € R then

PROOF. Since p; = 0 and p1(0) = ¢ for some ¢ € R we have that p;(¢t) = ¢. And so we have

{Pz(t) = —cps(t)
Ps(t) = e(1 + pa)(t)-

pa(t)
Now let P(t) = . We then have that

p3(t)
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0 - 0
Let A = and B = . Also let H(t)=P(t) The solution to the equation
c 0 c
H(t)= AH(t)
is
0 —c
H(t) = H(0) exp t
c 0
cos(ct) —sin(ct)| |p2(0)
sin(ct)  cos(et) | |p3(0)
p2(0) cos(ct) — p3(0) sin(ct)
p3(0) cos(ct) + p2(0) sin(ct)
-1
Let M = —A7'B = . Then
0
p2(0) cos(ct) — p3(0) sin(ct) — 1
Py — sty a— [POESED —psOsintet)
p3(0) cos(ct) 4 p2(0) sin(ct)
The result follows.
Stability
The equations of motion of the system H1(2) (p) = p2 + 5(p3 + p}) are
p1 =0
P2 = —p1P3
p3 = p1(1+p2)
from which it follows that the equilibrium points of ﬁg) are e = (0,n,u) and €5 = (v, —1,0),

n, i, v € R and v # 0 since this case is covered by e} = (0,7, ).

5.3.8 PROPOSITION. The equilibrium points e = (0,0, 1) and €4 = (v, —1,0) are spectrally stable.

PROOF. The linearisation of the vector field szg(l) at p is

0 0 0
(0
DA (p) = —p3 0 —pl

I1+p2 ;1 O
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Hence
0 0 0
(0
DAV (M) =| -y 0 0
1+n 0 O

which has eigenvalues all zero. Hence " is spectrally stable. Also

0 0 O

=(0 v
DHf )(62) =0 0 —-v
0 v O

which has eigenvalues 0, —iv and iv which have all real parts zero. The equilibrium point ef is
therefore spectrally stable.

5.3.9 PROPOSITION. The equilibrium point e]"' is Lyapunov stable.

PROOF. Let Hj(p) = p2 + 5(p3 + p}) be our Hamiltonian and C(p) = p? our Casimir function.
Then

H'Y(H (M) nCHC (M) = HTHH (0,7, 1)) N CHC(0,n, 1))
=H! (77 + %n2 + ;ﬁ) nc=(0)

:(a7n7u)m(07ﬁ77)7 Q7577€R
gmu)'

=(0,n,p) =e
Hence by theorem A.4.4 e""* is stable.
5.3.10 PROPOSITION. The equilibrium point ey is Lyapunov stable.

PROOF. Let H}(p) = p2 + 5(p3 + p3) be our Hamiltonian and C(p) = p? our Casimir function.
Then

Hil(H(eg)) N Cil(c(eg)) = Hil(H(M -1, 0)) N Cil(C(% -1, 0))

=H! <—1 + %(—12 + 02)> NCc~?)

_ g <—1> e )

2
:(Oé,—l,O)ﬂ(V,B,’}/), OZ,B,’YG]R
= (v,—1,0) = €5.

Hence by theorem A.4.4 e} is stable.



Conclusion

In this thesis we examined the left-invariant control affine systems on the (three-dimensional)
Heisenberg group Hs; characterizing such systems under suitable equivalence relations and in-
vestigating the associated left-invariant optimal control problems with fixed terminal time, affine
dynamics and either affine quadratic cost (looking at the associated cost-extended systems) or
quadratic cost (viewing the associated Hamilton-Poisson systems).

Chapter 1 viewed H3 showing that it is a matrix Lie group diffeomorphic to R? and investigated
several of its topological and algebraic properties. These properties have already been shown by
other sources (see for example [21]) but are crucial in the investigation of control systems on Hs.
In particular, we showed that Hj is connected, simply-connected and non-compact. Proposition
A.2.2 shows that connectedness is a necessary property of a group for the systems evolving on it to
be controllable. Also, H3 being simply-connected simplified obtaining a global (and not just local)
classification of the systems on it . We determined the Heisenberg Lie algebra hs and its auto-
morphism group Aut(hs) which was used in the classification of systems in later chapters. Aut(hs)
being six-dimensional allowed for a great deal of manipulation in the classification of these systems.
We showed that the centres of Hs and hs are non-trivial which enabled the (almost) immediate
determination of a Casimir function on h3_ (see proposition A.3.4). The adjoint representations of
Hs and b3 were calculated which were later used in determining the adjoint and coadjoint orbits of
Hs. H3 and h3 were shown to be nilpotent, completely solvable, solvable, unimodular, exponential,
not simple and not semisimple. It was also shown that the exponential map exp : hs — Hs is a
diffeomorphism.

In chapter 2 we considered all full-rank left-invariant control affine systems evolving on Hg; or-
ganising these systems under three natural equivalence relations: state space equivalence, detached
feedback equivalence and strongly detached feedback equivalence. The results obtained for state
space equivalence showed that such a classification requires a fairly large number of parameters.
Detached feedback equivalence led to exactly five class representatives, only three of which per-
tained to controllable systems (suggesting that such an equivalence was perhaps more feasible).
These equivalence classes were

u1 s + ug B3, Ei1 +uiEo + ug B3, u1 B +ugEo + ug b3,

Strongly detached feedback equivalence, was a slightly stronger equivalence relation than that
of detached feedback equivalence and led to nine class representatives. By restricting to those
which were controllable systems seven class representatives were obtained (none of which required
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parameters). Namely the systems
Es +u1 Ba + ug Es, u1 B + uz E3, E1 + B3 +u1 Es + ua B3,
Ey 4+ ui1 By + ugEs, Es +ui1 By +u2Es + usbs, Ey 4+ ui1 By +ugEs + usEs,
ur By + ua By + uz 3.
Chapter 3 examined the cost-extended control systems corresponding to the class of left-

invariant optimal control problems on Hsz with fixed terminal time, affine dynamics, and affine
quadratic cost. The optimal control problems were formally given by

g=g(A+wiBy + - +wBy), g€&HsucR
9(0)=g0, 9(T)=qn

T
J —/0 X (u(t))dt — min.

Here x : RY — R,u(t) — (u(t) — u)Q(u(t) — p), p € R* | Q a positive definite £ x ¢ matrix.
The associated controllable cost-extended systems (X, y) were classified under cost-equivalence.
We realised that if (X, x) and (X', x’) were cost-equivalent then ¥ and ¥’ were detached feedback
equivalent (corollary 3.1.6) and therefore used the classification of chapter 2 to carry out this
classification obtaining the following class representatives (containing one single parameter family
and one two parameter family):

(2(270),)_(1) : {E(l,u) = ulEQ + U2E3

(520, 1) : (L,u) =u1 By + us B3
, X2 = (u1 — 1) + u3.
(5D ) (Lu) = By +u1 B +uzE3
o Yo(u) = (u1 —a)? +ud, a>0,
(569 Lo an) : (1,u) = w By + w1 Es + us B3
’ Xon,a (W) = (1 — a1)® 4 (ug — a2)® +u3, a1, a9 > 0.

[1]

We determined the associated Hamiltonian on T*Hs for each system from which we obtained the
extremal controls.

Chapter 4 studied the quadratic Hamilton-Poisson systems on h3_ of the form Ha o(p) =
p(A)+ Q(p) where A € h3 and Q is a positive semidefinite quadratic form on h3_. We first classified
the homogeneous systems Ho under linear equivalence and as a result had the classification of these
systems under affine equivalence. Three class representatives were found namely

1 1
Ho(p) =0,  Hi(p)=5p3,  Ha(p) = (03 +ph).
These class representative were used in determining the affine equivalence class representatives of
the inhomogeneous systems of which there are seven:

1 1 1
HYp) =0, HYp)=ps, Hilp)==p3 HY (D) =po+ =ps+ =p

2 aP2 Ty
1 1 2 1 2 1
HS )(p)=p3+§p§, H (p) = §(p§+p§), 7 (p) =p2+§(p§+p§)-
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(An inhomogeneous system may in fact be affinely equivalent to a homogeneous system.) The
Hamilton-Poisson systems considered are exactly those systems arising from the study of optimal
control problems of the form

Gg=g(A+u B+ +wBy), gecHsueR, (5.1)
g(0) =go, g(T)=g1, T >0 fixed,
T
j:/ X (u(t))dt — min (5.3)
0

where x(u) = u'Qu and @ € R’ is positive semidefinite. The extremal controls of the above
optimal control problems are linearly related to the integral curves of the Hamilton-Poisson systems
investigated (theorem A.3.7). Accordingly, finding the extremal control trajectories of such an
optimal control system may be reduced to the study of the Hamilton-Poisson system (g*, H4 o).

Chapter 5 was concerned with the stability and integration of the Hamilton-Poisson systems of
chapter 4. This chapter investigated the (spectral and Lyapunov) stability nature of the equilibria
of all homogeneous and inhomogeneous systems showing that all systems are spectrally stable.
Lyapunov instability was shown directly by finding a suitable integral curve. The (continuous)
energy-Casimir method was used to prove Lyapunov stability. Explicit expressions were found
for the integral curves of all the associated Hamiltonian vector fields. (In all cases the integral
curves were expressible in terms of elementary functions.) In doing so, we essentially determined
the extremal controls (up to an affine isomorphism) of all optimal control problems of the form
5.1-5.2-5.3.

As mentioned in chapter 2, left-invariant control affine systems on the Euclidean group SE(2)
and on the semi-Euclidean group SE(1,1) have been classified under state space equivalence in [1]
and [7], respectively; all such systems evolving on three-dimensional Lie groups as well as on the or-
thogonal group SO(4) have been classified under detached feedback equivalence in ([12],[13],[14],[15])
and [4], respectively. The classification under strongly detached feedback equivalence (with excep-
tion to this thesis) has, as of yet, not been considered. It appears feasible to classify all left-invariant
control affine systems evolving on three dimensional Lie groups under strongly detached feedback
equivalence but not necessarily under state space equivalence due to the strength of the equiva-
lence relation. The classification of such systems on higher dimensional Lie groups under detached
feedback equivalence is realizable. Cost-equivalence of a number of cost-extended control systems
on several Lie groups has been done in [17]. The classification of cost-extended systems on the
Lie groups not considered is worth while. The equivalence, stability and integration of quadratic
Hamilton-Poisson systems on the (minus) Lie-Poisson spaces se(1,1)* and s0(3)* have been inves-
tigated in [8] and [5], respectively. It would again be feasible to consider the equivalence, stability
and integration of quadratic Hamilton-Poisson on further (minus) Lie-Poisson spaces.
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Appendix A

Review of Prerequisites

A.1 Lie Theory

In this section we review the basic notions of Lie theory. In particular, we look at Lie groups, Lie
algebras and the relationship between the two. This section draws a great deal on [23] but also on
(28], [24], [41], [31], [35].

A.1.1 Lie groups

A Lie group G is a smooth manifold equipped with a group structure, such that the group
operations on G are smooth i.e. the multiplication and inversion maps p: G x G, (g,h) — gh and
t:GxG, g+ g~ ! are smooth. A (real, finite-dimensional) matrix Lie group is a closed subgroup
(closed under products, inverses and nonsingular limits) of the general linear group GL(n,R) of nxn
invertible matrices. An abstract subgroup H of G is called a Lie subgroup of G if it is an immersed
submanifold of G and is called a closed Lie subgroup of G if is an embedded submanifold of G.
H is normal if it is normal as an abstract group of G.

We will denote the centre of a Lie group G as Z(G). Z(G) is a normal subgroup of G and is
defined as Z(G) = {g € G:ghg 'h~! =1 for every h € G}.

A Lie group homomorphism is a smooth map ¢ : G — G’ between Lie groups G and G’ such
that ¢(g192) = ¢(g1)P(g2) for every g1,g2 € G. A Lie group homomorphism which is bijective is a
Lie group isomorphism and a Lie group isomorphism with G = G’ is a Lie group automorphism.
A Lie group isomorphism is a diffeomorphism which preserves the group structure.

A.1.2 Lie algebras

A (real, n-dimensional) Lie algebra g is a n-dimensional vector space equipped with a bilinear,
skew symmetric map [-,-] : g X g — g, the Lie bracket, satisfying the Jacobi identity: [X,[Y, Z]] +
Y, [Z, X]|+[Z,[X,Y]] =0 for every X,Y,Z € g. A subset h C g is called a Lie subalgebra if it is
a Lie algebra in its own right. An ideal b of g is a subalgebra of g closed under Lie brackets with
arbitrary members of g. That is for every X € h and Y € g, we have [X,Y] € b.

We will denote the centre of g by Z(g). Z(g) is an ideal of g and is defined as Z(g) =
{X eg:[X,Y]=0forevery Y € g}
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The Lie algebra generated by a subset I' of g will be denoted as Lie(I"). Lie(T") is the smallest
Lie algebra containing I' that is

Lie(F) = span{Al, [Al,Ag], [Al, [AQ,Ag], s ,[Al, [AQ, ceey [Ak—hAkH .- H A el ke N} .

A Lie algebra homomorphism is a linear map 1 : g — g’ between Lie algebras g and g’ that
preserves the Lie bracket: ¢ - [X,Y] = [¢- X ¢ - Y] for every X,Y € g. A bijective Lie algebra
homomorphism is a Lie algebra isomorphism and an isomorphism with g = ¢’ is a Lie algebra
automorphism. The group of all automorphisms of g is denoted Aut(g).

A.1.3 The relationship between Lie groups and Lie algebras

Let G be a Lie group. The tangent space of G at the identity is given by

T1G = {g(0)|g() is a smooth curve in G, ¢g(0) = 1}. T1G is a vector space. T1G equipped with the
Lie bracket [X,Y] = XY — Y X, VX,Y € T1G is the Lie algebra of G and is denoted g. It turns
out that 771G and the tangent space at g € G i.e. T,G are isomorphic Lie algebras. For any g € G
a left translation is a map L, : G = G, Ly(h) = gh. Ly is in fact a diffeomorphism. Now each
vector field X at g € G is an element of T;;G; also we have the following result

PROPOSITION. (CF. [31]) IfY € T,G then there exists a vector field X such that X(g) =Y.

A vector field is left-invariant if 7}, L, - X (h) = X (gh) for every g, h € G. In matrix notation this
is equivalent to the condition gX (h) = X (gh). As a result we have that every left-invariant vector
field is of the form X (g) = gA for some A € g. We have the following result.

PROPOSITION. (CF. [41]) Let G be a matriz Lie group with Lie algebra g. Let X(g) = gA and
Y (g) = gB be left invariant vector fields on G. Then [X,Y](g) = g[A, BJ.

That is the Lie bracket of two Left-invariant vector fields is itself left-invariant. Left-invariant
vector fields on a Lie group G equipped with the Lie bracket of vector fields: [X,Y][f] = X[Y[f]] —
Y[XI[f]],f € C*(G) form a Lie algebra which is isomorphic to the Lie algebra g = 7T7G. The
isomorphism is defined as

left-invariant vector field X (g) = g4 < X(1)=A € g.

It is via the exponential map exp : g — G that we are able to relate the Lie algebra g to the Lie
group G. The exponential for an n x n matrix X is defined as the power series
oo
Xk
exp X = Z —, X e€g.

k!’
k=1

The series for exp X is absolutely convergent. We have the following results.

PROPOSITION. ([23]) There exists a neighbourhood U of 0 € g and a neighbourhood V of 1 € G
such that the exponential mapping takes U diffeomorphically onto V.

PROPOSITION. ([24]) If G is a connected matriz Lie group, then every element g of G can be written

in the form
qg= XXz eXm

for some X1, X9, X3 € g.
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We review the relationships between normal subgroups and ideals as well as the link between Lie
group homomorphisms and Lie algebra homomorphisms.

THEOREM. (CF. [23]) Let G be a Lie group with Lie algebra g. If H is a Lie subgroup of G, then
the Lie algebra of H is a subalgebra of g.

THEOREM. (CF. [23]) Suppose G is a connected Lie group with Lie algebra G. A connected Lie
subgroup H of G is normal if and only if the Lie algebra of H is an ideal of g.

PROPOSITION. (CF. [23]) The centre Z(G) of a connected Lie group G is a normal close Lie sub-
group whose Lie algebra is the centre Z(g) of g.

Tangent maps

THEOREM. A Lie group homomorphism ¢ from a connected Lie group G to a Lie group H is uniquely
determined by its tangent map at the identity.

THEOREM. (CF. [45], ) Let G and G’ be Lie groups with Lie algebras g and g’ respectively.

1. If ¢ : G — G is a Lie group homomorphism, then Ty ¢ : g — g’ is a Lie algebra homomorphism
and for X € g
o(exp X) = exp[T16(X)].

2. If ¢ : G — G is a diffeomorphism then T1i¢ : g — ¢’ is a linear isomorphism.

3. If G is simply connected, then for every Lie algebra homomorphism 1) : g — g’ there exists a
(unique) Lie group homomorphism ¢ : G — G’ such that T1¢p = 1.

PROPOSITION. ([45]) Let ¢1: G — Gg and ¢2 : Go — Gg be Lie group diffeomorphisms. Then
T(¢1 0 p2) =Th10To.
LEMMA. Let ¢ be a diffeomorphism then
(Tye) ™ = T¢(g)¢71'
PRrOOF. Let X, € T;G then
Tog9™" Tyt Xy = To(@ ' - Xo(g) = Xy

The result follows.

A.1.4 Compactness, connectedness and simply connectedness of Lie groups

A Lie group is said to be compact if it is compact as a topological space. That is, for every open
cover of G there exists a finite subcover. Explicitly, we have that for every open cover {U,}aca
of G there exists a finite subset J of A such that {U;};c; covers G. A topological space X is
disconnected if there exist two disjoint non-empty open sets H and K (i.e. H # (), K # () and
HNK =0)in X such that X = HUK. A topological space is connected if it is not disconnected.
A Lie group G is disconnected\connected if it is disconnected\connected as a topological space.
A Lie group G is path-connected if for any two points gg, g1 € G there exists a smooth curve
g(+) : [0,1] — G such that g(0) = go and ¢g(1) = g1. For a Lie group G connectedness and path-
connectedness are equivalent. Indeed, we have
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PROPOSITION. ([23]) A Lie group G is connected if and only if it is path connected.

G is simply connected if it is path connected and for any two paths g¢(-) : [0,1] — G and
h(-) : [0,1] — G with g(0) = h(0) and g(1) = h(1) there exists a deformation of g(-) to A(-).
A deformation of a path g(-) : [0,1] — G to a path A(:) : [0,1] — G is a continuous function
H : G x[0,1] — G such that H(-,0) = ¢g(-) and H(-,1) = h(:). Every Lie algebra has a unique
simply connected Lie group associated with it. Indeed, we have the following result.

THEOREM. ([23]) A simply connected Lie group is determined up to an isomorphism by its Lie
algebra.

A.1.5 Adjoint and coadjoint representations

An action of a Lie group G on a manifold M is a smooth mapping ¢ : G x M — M such that
1. 9(1)X = X, for all X € M; and
2. ¢(g1)0(g2) X = ¢(g192) X, for all g1,92 € Gand X € M.

The orbit of an element X € M is given as O(X) = {®(g)X | g € G}. The orbits form a partition
of M. Let V' be a vector space over R and let GL(V') be the group of invertible linear transformations
of V. A representation of a Lie group G is a pair (V,¢) where ¢ is a Lie group homomorphism
¢ : G — GL(V). Any representation of a Lie group G defines a natural action over its vector space.
That is G x V — V, (g9, X) — ¢(9)X, where ¢(g) € GL(V). ¢ being a homomorphism ensures that
this is indeed a Lie group action. The representation of G on g given by Ad : G — GL(g), g — Ad g
where
Adg:g—g, Xw—gXg !

is called the adjoint representation of G. Ad is a Lie group homomorphism. We will write Ad ¢
as Adgy. The adjoint orbits of G are similarity classes Otb(X) = { gXgtlge G} and define an
equivalence relation on g; X ~ Y if Y € Otb(X) i.e. there exists g € G such that ¥ = AdyX.
Again let V' be a vector space over R and let gl(V') be the Lie algebra of GL(V'). A representation
of a Lie algebra g is a pair (V,1) where v is a Lie algebra homomorphism ¢ : g — gl(V'). The
representation of g on g given by ad : g — gl(g), X — ad X where

ad X :g—gY — [X,Y]

is called the adjoint representation of g. We will denote ad X as adx. There is a natural relation
between Ad : G — GL(g) and ad : g — gl(V). We have the result.

PROPOSITION. ([45]) The tangent map at the identity of the adjoint representation of the Lie group
G is the adjoint representation of the Lie algebra g. That is T1Ad = ad.

We now look at the dual maps of Ad and ad. Let g* denote the dual Lie algebra of g. The
coadjoint representation of G on g* is defined as Ad* : G — GL(g*),g — Ad* g~!. We denote
Ad*g~! as Ad}p Here Adz,l : g* — g is the dual map of Ad 1. That is

<Ad;_1p,X> = (p, Ady1 X).
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The coadjoint orbit through p € g* is Otb(p) = {Adg_l(p)|g_1 € G}. The tangent map at the
identity of the coadjoint representation of G on g* is ad* : g — gl(g*),X — ad® — X. Here
ad*—X : g* — g*. We denote ad® — X as ad” y. ad” y is the dual map of ad_x. That is

(ad* xp,Y) = (p,ad_xY).

A.1.6 Classes of Lie groups and Lie algebras

We review several different classes of connected Lie Groups and Lie algebras. The references for
this section are [45], [23], [28] and [24].

Let A, B be subgroups of the group G. Then (A, B) denotes the subgroup of G generated by
all elements xyz 'y~ ! forx € A,y € B. i.e.

n
(A,B) = {Hiﬂiyﬂilyil|$i €Ay € B}~
i=1
If A and B are normal subgroups of G then (A, B) is itself a normal subgroup of G. Let C°G = G
and let C""1G = (G, C"G). The descending central series of normal subgroups is

G=0Gr>ClG> OG> - - .

If there exists a positive integer n such that the descending central series terminates with C"G =
{1}, G is nilpotent of class n. The derived series of Lie group G is given by the sequence of
normal subgroups

GGV >G@ ...

were G = (G,G) and G+ = (G GK)). G is solvable if the derived series is finite and
terminates at {1}. That is, G = {1} for some n. Then G is solvable of class n.

A Lie algebra can also be classified as nilpotent and/or solvable. Let C'g = g and C"*lg =
[g,C"gl, the ideal of g generated by all Lie brackets [X,Y] with X € g and Y € C"g. The
descending central series of ideals of g is given by

g=C%np>Clg>--- .

A Lie algebra g is nilpotent if there exists a positive integer n such that the descending central
series terminates with C"g = {0}. g is nilpotent of class n. The derived series of a Lie algebra g
is given by the sequence of ideals

g g >g? ...,
where g("*t1) = [g(™ g("] the ideal of g(™ generated by all Lie brackets [X,Y] with X,Y € g(™.
A Lie algebra g is solvable if there exists a positive integer n such that the derived central series

is finite and terminates with g" = {0}. g is solvable of class n. For connected Lie groups we have
the following results.

THEOREM. ([45]) Let G be a connected Lie group with Lie algebra g. g is solvable if and only if G
s solvable.

THEOREM. ([45]) Let G be a connected Lie group with Lie algebra g. G is nilpotent if and only if
g is nilpotent.
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A Lie group G is completely solvable if for any g € G all eigenvalues of the adjoint operator Ad,
are real. A Lie algebra g is completely solvable if for any X € g the adjoint operator adx has only
real eigenvalues. For connected Lie groups we have the following result

THEOREM. Let G be a connected Lie group with Lie algebra g. G is completely solvable if and only
if g is completely solvable.

A Lie group G is called exponential if the exponential map exp : g — G is a diffeomorphism. A
Lie algebra g is exponential if the simply connected Lie group with Lie algebra g is exponential. We
have the following implications concerning the classes of Lie algebras (adapted from [23], [28],[36]).

PROPOSITION. For a Lie algebra g, the following chain of implications holds.
g is nilpotent = g is completely solvable — ¢ is exponetial —> g is solvable.

A Lie algebra g is simple if [g,g] # 0 and g has no proper ideals. That is 0 and g are the only
ideals of g. A Lie group G is simple if its Lie algebra is simple. A Lie algebra g is semisimple if
it has no nontrivial solvable ideals and a Lie group G is semisimple if its Lie algebra is semisimple.
We have the following result.

PROPOSITION. If g is semisimple then it is not solvable.

Lastly, G is unimodular if the Left Haar measure on G is also right-invariant. Below is a charac-
terisation for connected unimodular Lie groups.

PROPOSITION. ([33]) A connected Lie group G is unimodular if and only if the trace of the adjoint
operator adX is zero for all X € g.

A.2 Left-Invariant Control Affine Systems

The main references for this section are [6],[25] and [41].

A left-invariant control affine system is a pair ¥ = (G, =), where the state space G is
a (real, finite dimensional) Lie group. Such a system consists of a family of left-invariant vector
fields on G in which the vector fields are affinely parametrised by the controls and the dynamics
Z: G x RY = TG are left invariant. Formally our systems are of the form

E(g,u) = gA+ui1gBy + ...+ u2gBy
g2(1L,u) =g(A+u By +...+uB;) geG, uecR' AB....Bieg

g

The product gZ(1,u) stands for the image of the element Z(1,u) € g under the tangent map of
the left translation Th Ly : g — T,G.

Each admissible control is a piecewise continuous curve u(-) : [0,7] — R of some control
set RY. The trajectory corresponding to an admissible control u(-) : [0,7] — R’ is an absolutely
continuous curve ¢(-) : [0,7] — G such that ¢(t) = =(g(¢t),u(t)) for almost every t € [0,7]. The
Carathéodory existence and uniqueness theorem of ordinary differential equations guarantees the
existence of local trajectories. Also for left-invariant systems the left translation of a trajectory is
itself a trajectory.
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Here the parametrisation map Z(1,-) : R — g is an injective map i.e. By, ... By are linearly
independent.

The trace of the system is the image set I' = im=(1,-) which is the affine subspace of g
given by I' = A+ T = A+ (By,...,B;). A system is called homogeneous if A € T'° and
inhomogeneous otherwise. For convenience, an ¢-input homogeneous system will be denoted by
(¢,0) and a inhomogeneous system will be denoted by (¢,1). A system is of full rank if its trace
generates g i.e. Lie(I') = g.

The attainable set (from the identity 1 € G), denoted A, is the set of all terminal points g(T")
of all trajectories g(-) : [0,7] — G with ¢g(0) = 1. Formally,

A={g(T):9():]0,T] — Gis a trajectory, g(0) = 1}.

A system ¥ is controllable if for every gg, g1 € G, there exists a 7' > 0 and a trajectory g : [0, 7] —
G such that g(0) = go and g1 = g(T"). We have the following result.

THEOREM. ([41]) X is controllable if and only if A= G.

We also have the following necessary conditions for a system to be controllable.

PROPOSITION. ([41]) Suppose ¥ is controllable. Then G is connected and ¥ has full rank.

Concerning a completely solvable, connected and simply connected Lie group G we have the fol-
lowing characterisation of controllability

PROPOSITION. ([41]) A system X evolving on a completely solvable, connected and simply con-
nected Lie group G is controllable if and only if Lie(T'?) = g.

A.3 Optimal Control Problems on Lie Groups

In this section we briefly recall the key concepts in dealing with optimal control problems on Lie
groups. The main references for this section are [6],[25] and [29]. Also, section A.3.1 draws on [31]
and sections A.3.2 and A.3.3 draw on [32] and [25].

A.3.1 Trivialisation of the cotangent bundle of a Lie group

Recall that for a Lie group G the left translation Ly : G — G, Ly(h) = gh is a diffeomorphism and
that its tangent map is linear isomorphism of the form T)L, : T),G — Ty, G. The dual of T, L, is
the linear isomorphism given by (T),Ly-1)" : TG = T7,G, £(-) = (£ 0 ThLg-1)(-).

Now the diffeomorphism @ : G x g* — T*G, (g,p) + (T1Ly-1)* - p provides a trivialisation of
the cotangent bundle. That is ® : G x g* — T*G is a diffeomorphism such that

1. the diagram

Gxg* TG

commutes. Here m : TG — G is the natural projection m : TyG — {g} and pr; : G x g” is the
projection onto the first coordinate. Indeed m o ®(g,p) = g = pr;(g,p).
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2. the restriction ®(g,-) : g* — T, G, p — ®(g,p) is a linear isomorphism. This follows from the
fact that ThLy-1 : T7G — T, G is a linear isomorphism.

This enables us to identify T*G with G x g*. In so doing functions on 7T*G become functions on
G x g*. For a function F on T*G, dF'(p) will be the differential of the restriction of F' to g=constant.

A.3.2 Hamiltonian formalism on Poisson manifolds

Let M be a smooth manifold. A Poisson structure on M is bilinear, skew symmetric map
C*®(M) : C®°M x C®(M) — C*°(M) satisfying

1. the Jacobi identity, i.e., {F,{G,H}} +{G,{H,F}} + {H,{F,G}} =0
2. {-,-} is a derivation in each factor, i.e., {FG,H} = {F,H}G + F{G, H}

for all F,G and H € C*°(M). A manifold M equipped with a Poisson bracket {-,-} is called a
Poisson Manifold. A Poisson manifold is therefore the pair (M, {-,-}).

To each Hamiltonian function H € C°°M we associate a Hamiltonian vector field H specified
by its action on smooth functions:

—

H[F] = {F,HY, YFeC®M).

(The Hamiltonian vector field is unique.) The triplet (M, {-, -}, H) is a Hamilton-Poisson system.

An integral curve of a Hamiltonian vector field H on M is an absolutely continuous curve &(+)
that satisfies the equations of motion, i.e., £(t) = H(£(t)). From the Carathéodory existence and
uniqueness theorem for ordinary differential equations, we have that there exists a unique solution
to the initial value problem

EC)(t) = HE®), €(0) =& € M.

A Casimir function C' € C*°(M) is a function which Poisson commutes with every other function
on M, that is, {C,F} = 0 for all F' € C°°(M). Equivalently, C' generates trivial dynamics, i.e.,
C = 0. For any Casimir C' and for any function f : R — R, the function f(C) is also a Casimir
function. A Casimir is a constant of motion. We have the following result.

PROPOSITION. ([32]) Let C be a Casimir function. Then C is constant along the integral curves
of all Hamiltonian vector fields.

Another constant of motion is provided by the Hamiltonian function.

PROPOSITION. ([32]) Let p(-) be an integral curve of the Hamiltonian vector field H. Then H(p(t)) =
H, i.e., H(p(t)) is constant in time.

This result is known as the conservation of energy. Both Casimir functions and Hamiltonian
functions play an important role in the analysis of the stability of systems, as we shall see in section
Ad4.
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A.3.3 The Lie-Poisson space g*

Let g be a Lie algebra and g* its dual Lie algebra. g* equipped with the (minus) Lie-Poisson
bracket(or (minus) Lie-Poisson structure) defined by

{F,G}-(p) = = (adip(yp. 4G (D))
=~ (. [dF(p),dG(p))), F,G e C™(g")

where [+, ] is the Lie bracket on g is a Poisson Manifold. ( dF(p) and dG(p) are linear functions on
g* and are therefore elements of g** = g.) The pair (g*, {-,-}-) is the (minus) Lie-Poisson space
which we will denote as g* . We have that

PROPOSITION. ([32]) The equations of motion for a Hamiltonian H with respect to the minus Lie-
Poisson bracket on g* are given by

p = adgy, (p)-

That is, in coordinates the Hamiltonian vector field of H : g* — R is given by H = ad;‘}H(p) (p)
and the equations of motion may be written component-wise as p; = — (p, [E;,dH (p)]),i=1,...,n
where (E;)?_; is a basis for g.

For Casimir functions (refer to subsection A.3.2) on g* we have the following result.

PROPOSITION. For any X € Z(g), X™ : g* = R, Y* — Y*(X) is a Casimir function.
PROOF. For any F' € C°°(M) we have that
{X™ F}(p) = —p-[X,dF(p)]=—-p-0=0.

A linear Poisson automorphism is a linear automorphism V¥ : g* — g* which preserves the
Lie-Poisson bracket, i.e., {F,G} oW = {F oW, GoV}, for every F,G € C*(g*). The Linear Poisson
automorphisms are directly related to the Lie algebra automorphisms as shown in the proposition
below.

PROPOSITION. ([32]) A linear map v : ¢ — g is a Lie algebra automorphism if and only if its dual
P* gt — g% is a linear Poisson automorphism.

That is the linear Poisson automorphisms are exactly the dual maps of the Lie algebra automor-
phisms.

A.3.4 The optimal control problem

For us, an optimal control problem consists in minimising some cost functional over the trajectories
of a control system subject to boundary conditions over a fixed time. Let X be a left-invariant con-
trol affine system as described in section A.2. An invariant optimal control problem associated
to X is specified (i) the control system X, (i) the cost functional J(u(t)) = f(;[ x(u(t))dt, where
the cost function y : R — R is a positive definite quadratic form and (7i7) the boundary data,
ie., g(0) =0, g(T) = g1 for some fixed time 7" > 0. We seek to minimise the cost functional J
among all possible admissible controls u(-) : [0,7] — R for which the corresponding trajectory
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g(+) : [0, T] — G satisfies the boundary conditions g(0) = go and g(T") = g1. The pair (g(-),u(-)) is
called the controlled trajectory. An optimal control problem may therefore be written as

g(t) =E(g(t),u(®)), g():[0,T] =G, wu(-):[0,T] =R, (A.1)
g(0) =90, 9(T)=g1, go,q € G fixed, T > 0 fixed, (A.2)
T
J(u() = / x(u(t))dt — min. (A.3)
0

In general a solution to the optimal control problem is not guaranteed.

The Hamiltonian lift

Each left-invariant vector field Z on G may be canonically lifted to a Hamiltonian vector field as
follows. To each vector field Z on G we associate a Hamiltonian H= which is a function on T*G
defined by

Hz(g,p) = (9,p) - E(9) = p - (TyLyg—1 - E(9))-

The vector field ﬁg is called the Hamiltonian lift.

This idea may be extended to a family of cost extended Hamiltonians. Consider an optimal
control problem as given by A.1-A.2 —A.3. We associate a family of cost extended Hamiltonians
{HY|v € R,u € R’} where each H” : T*G — R is defined as

H} (&) = (€. Bulg)) +vx(u)

—
—
—
—_
=
—

= (P, Eu(1)) +vx(u), &=(g9,p) €T"G. (A.4)

The Hamiltonian functions H} (g,p) = HY(p) are G-invariant.

Pontryagin Maximum Principle

It is the Pontryagin Maximum Principle (PMP for short) which provides necessary conditions for
the optimality of the optimal control problems. An optimal control problem is lifted via the PMP
to a family of invariant Hamiltonian functions on the cotangent bundle 7*G which is then reduced
to a single Hamiltonian system on the minus Lie Poisson space g* . We state PMP in terms of the
above Hamiltonian functions A.4

THEOREM. (CF. [29]) Suppose (§(t),u(t)), t € [0,T] is a solution to the optimal control problem
A.1-A.2-A.3. Then there exists a nontrivial pair: (v,&(+)) # 0, v € R, &£(-) : [0,T] — T*G with
£(t) T; )Gt € [0,T] such that the following conditions hold for almost every t € [0,T)]:

&(t) = Ha(£(1)) (A.5)
an(&@) = max H!(&(t)) = constant, v < 0. (A.6)

An optimal trajectory ¢(t) : [0, 7] — G is then the projection of the integral curve (-) : [0, 7] — T*G
of the (time-varying) Hamiltonian vector field H I O

If v # 0, the integral curve £(+) is called a normal extremal as is its corresponding trajectory
control pair (g(-),u(:)). If v =0, £(-) and its corresponding trajectory control pair (g(-),u(:)) are
called abnormal extremals.
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Suppose the maximised Hamiltonian is smooth. Then the PMP eliminates the control parameter
u from the family of Hamiltonians and reduces the problem to the study of solutions of a single
G-invariant Hamiltonian function on TG = G x g*. The G-Invariance of H allows a reduction
of the Poisson structure of 7*G to a Poisson structure (the (minus) Lie-Poisson structure (see
subsectionA.3.3)) on the dual space g*. The extremal controls are related to the integral curves of
the vector field H. Hence the investigation of the extremal controls may be reduced to the study
of the Hamilton-Poisson system (g*, H).

Consider an optimal control problem A.1-A.2-A.3 with dynamics =(1,u) = A+u; Bi1+...+u;By
and cost function x(u) = (u — p) "Q(u — u) where Q € R is symmetric positive definite. Let B be
the n x ¢ matrix where the i** column of B is the coordinate vector of B; in the basis of g. Then
=(1,u) = A + Bu. By an application of the PMP we have the following result.

THEOREM. ([17],[19]) Any normal extremal trajectory control pair (g(-),u(-)) is given by g(t) =
Z(g(t),u(t)), u(t) = Q7'BTp(t). Here p(-) is an integral curve of the Hamilton-Poisson system on

*

g specified by
1 _
H(p) =p(A+ Bp) + 5pBQ™'B'p’.

Clearly when p = 0 we have
1 -
H(p) = p(4) + 5pBQ™'B p".

REMARK. Since Q is a positive definite matrix and B does not have full rank in general, BQB' is
a positive semidefinite matrix.

Accordingly, finding the extremal control trajectories of such an optimal control system may be
reduced to the study of the Hamilton-Poisson system (g*, H4 o) where

Hy o =p(A)+ Q(p).

Here A € g and Q is a positive semidefinite quadratic form on g* . The equations of motion for the
controlled trajectory (g(-),u(:)) on T*G take the form

A.4 Stability of Dynamical Systems

This section introduces (nonlinear) stability and spectral stability on Poisson manifolds (section
A.3.2). The definitions and theory draw on [32] and [37].

Let (M,{:,-}) be a Poisson manifold and let X be a smooth vector field. An equilibrium
point of X is a point p. such that X(p.) = 0. Hence the unique integral curve £(-) starting at pe
is constant. That is to say (t) = p. for all t. The stability analysis of equilibrium points involves
looking at the trajectories starting near the equilibrium point. An equilibrium state p. is said to
be stable when trajectories which start near p. remain near p.. Formally
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A.4.1 DEFINITION. Let DX (p.) denote the linearization of X at p.. We say that an equilibrium point
pe of a vector field X is

1. Lyapunov stable if for every neighbourhood U of p. there exists a neighbourhood V' C U
of pe such that for any integral curve £(-) starting in V i.e. £(0) € V then £(¢t) € U, Vt > 0.

2. Lyapunov unstable if it is not Lyapunov stable. That is there exists a neighbourhood U
of pe such that for every neighbourhood V' C U of p, there exists an integral curve £(-) with
€(0) € V such that £(¢1) ¢ U for some t; > 0.

3. spectrally stable if all eigenvalues of DX (p.) have non-positive real parts.

4. spectrally unstable if it is not spectrally stable.

We have the following result linking spectral stability and Lyapunov stability

A.4.2 PROPOSITION. ([32]) If an equilibrium point is Lyapunov stable then it is spectrally stable.

Which is useful in proving Lyapunov instability. Otherwise Lyapunov instability can be shown
directly by finding a suitable integral curve. The energy-Casimir method gives sufficient condi-
tions for an equilibrium point of a Hamiltonian vector field to be Lyapunov stable.

A.4.3 THEOREM. (ENERGY-CASIMIR METHOD, CF. [37]) Suppose pe is an equilibrium point of a Hamil-
tonian vector field H on M corresponding to a Hamiltonian function H € C°°(M) and that there
exists a Casimir function C such that d(H +C)(pe) = 0 and d*(H +C)(p.) is (positive or negative)
definite then p. is Lyapunov stable.

A useful extension of this method is the continuous energy-Casimir method.

A.4.4 THEOREM. (CONTINUOUS ENERGY-CASIMIR METHOD, CF. [37]) Let p. be an equilibrium point
corresponding to the Hamiltonian vector field H of the Hamiltonian H. Then if

HY(H(p.)) ﬂ Ci_lci<pe> = Pe
i=1,k

for any local Casimir functions C; around the point p. then p. is Lyapunov stable.
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Tabulation of results

The table B.1 collects the results of chapter 2.
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Table B.1: Classification of full-rank left-invariant control affine systems on Hg

System | DF-equivalence classes | SDF-equivalence classes S-equivalence classes (a # 0,7; € R)
(1,1) | BEa+uE3 Es + u1 B3 By +u Es
(2,0) | u1Fs+ usE3 Ey +uiFEy +ug B3 Y1E2 + 2 E3 + u1 By + usF3, 3 ++43 #0
u1 By + ug B3 u1 By + ug B3
(2,1) | E1 + wEs 4 uEs Ey+ By +uiEy+usBs | aFy + 1By +7Fs +ui By +usFEs, 2 ++2#0
E1 4+ u1Es + ugE3 ol +uiFy + us B3
Es +u1E1 + u2E3 Es +u1E1 + ugE3 Es + uiaFy + ugE3
Es 4+ u1 Es 4+ ug(aFy + 1 E3)
(3,0) | wiBy +ugks +usks | By +uirEy +ueBy +usEs | 1B+ 72 By + v3E3 + ui(aby + 4Bz + v5 B2 + ug o + us E3)

v1E1 + v FEy + v3Es + uwjaE] + usEy + usEs
Y1 E2 + v2E2 + v3E3 + u1 B2 + ug B3 + ug(aEy + y4E3)

v1E2 + o By + 3 B3 + ui1 By + usakh + ugE3, 42 +43 #0,73 ++2 #0.

E\ +ui By + usEs + ugEs

aFy +ui(aEy + 1 Ey + 2 Es) + us By + ugEs
aF +uiaE) +usEs + uzEs
aB) +u1 By + u1 Es + ug(aEy + 71 E3)

aFy + ui Ey + usaEy + usEs

u1 By + ug By + uz 3

ui (B + 1 B2 + v2E2) + uaEa + usEs
uial) + ug By + uz B3
u1Fo + U2E3 + U3(aE1 -+ ’ylEg)

u1 By + uga By + uz B3

9¢1



Appendix C

Mathematica Code

Wolfram Mathematica 8 was used to produce the graphs of the adjoint and coadjoint orbits and
to assist in calculations. This section includes the code for the graphs of the adjoint and coadjoint
orbits as well as the code for calculating the Hamiltonian vector fields of chapter 4. The input is
given in bold while the output is not.

C.1 Heisenberg group

The code in this section was used in the calculations of chapter 1

C.1.1 Lie Group Hj

Hs is a Lie group.

1 x2 x1
Inverse 0 1 x3 //MatrixForm

0 0 1

1 —x2 —x1+x2x3

0 1 —x3

0 O 1

1 x2 x1 1 y2 yl

0 1 x3 |.| 0 1 y3 |//MatrixForm

0 0 1 0 0 1

1 x24y2 x1+4+yl+x2y3

0 1 x3 +y3

0 0 1

Automorphism Group of b3

v2w3 —v3w2 vl wl
P = 0 v2 w2 |;
0 v w3
cc[A_,B]:=A.B - B.A;
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0 a2 al 0 b2 bl al bl
A= ;B=| 0 0 b3 |;AA=| a2 |;BB=| b2 |;
0O 0 o0 a3 b3
ccl|A, B //Matrleorm
0 0 —a3b2+ a2b3
( 00 0
00
—a3b2 + a2b3
. //MatrixForm
(—a3b2 + a2b3 )(—v3w2 + v2w3)
0
0
{¥.AA//MatrixForm, ¢).BB//MatrixForm}
a2vl + a3wl + al(—v3w2 + v2w3) b2v1l + b3wl + bl(—v3w2 + v2w3)
a2v2 + ad3w?2 , b2v2 + b3w?2
a2v3 + a3w3 b2v3 + b3w3
0 a2v2+a3w2 a2vl+a3wl +al(—v3w2 + v2w3)
cc [( 0 0 a2v3 + a3w3 ) ,
0 0 0
0 b2v2+b3w2 b2vl + b3wl + bl(—v3w2 + v2w3)
( 0 0 b2v3 + b3w3 >] //MatrixForm//Simplify
0 0 0
0 0 (a3b2—a2b3)(v3w2 —v2w3)
00 0
00 0
Adjoint representations
1 x2 x1
g=| 0 1 x3 |;
0 0 1
0 01 010
{g. ( 0 0 O | .Inverse[g]//MatrixForm,g.| 0 0 0 | .Inverse[g]//MatrixForm,
0 0O 0 0O
0 0O
g.| 0 0 1 | .Inverse[g] //MatrixForm}
0 0O
0 01 0 1 —x3 0 0 x2
000 ) , /] 00 0 1] 0 0 1
0 0 O 0 0 O 00 O
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Centres
1 x2 x1 1 y2 yl 1 x2 x1
0 1 x3 |.| 0 1 y3 | .Inverse 0 1 x3 //MatrixForm
0 0 1 0 0 1 0 0 1
1 y2 x2x3 4yl —x3(x2 + y2) 4+ x2y3
0 1 y3
0 0 1
1 y2 yl 1 y2 x2x3+yl—x3(x2+y2)+ x2y3
Solve 0 1 y3 |==[0 1 y3 ,{x1,x2,x3}
0 0 1 0 o0 1
Solve::svars : Equations may not give solutions for all “solve” variables. )) {{x?) — %}}
Nilpotency
1 x2 x1 1 y2 yl 1 0 z
g=[0 1 x3 |;sh=|(0 1 y3 |;hY=(0 1 0 |;
0 0 1 0 0 1 0 01
{Inverse[g]//MatrixForm, Inverse[h|//MatrixForm}
1 —x2 —x14x2x3 1 —y2 —yl4y2y3
0 1 —x3 , 1 0 1 —-v3
0 0 1 0 O 1

g.h.Inverselg|.Inverse[h|//MatrixForm//Simplify
1 0 —x3y2+ x2y3
01 0
00 1
Inverse[h’|//MatrixForm
1 0 —=z
01 0
0 0 1
g.h' Inverse[g].Inverse[h'] //MatrixForm//Simplify
1 00
010
0 01

Complete Solvability

0 —x3 x2
Eigenvalues 0 O 0
0O o0 0

{0,0,0}
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Solvable
1 x2 x1 1 y2 yl 1 0 z1 1 0 z2
g=10 1 x3 |;¢=[0 1 y3 |;:h=[01 0 ;hY=1 0 1 0 ;
0O 0 1 0O 0 1 0 0 1 00 1

g.g’ . Inverselg|.Inverse|[g'] / /MatrixForm//Simplify
10 —X3y2 + x2y3

01

00

h.h' Inverse|h Inverse[h’ //MatrixForm//Simplify
100

0

1

01
00

Semisimple

0 0 zl
Zi=| 00 o0 |;Z2=

o o O
o o O
o o

J:==A.B - B.A;
, ZZ]//Matrleorm

C.1.2 Adjoint and coadjoint orbits

Adjoint orbits

1 —y3 y2 x1
0 1 0 |.| x2 | //MatrixForm
0O O 1 x3
x1 + x3y2 — x2y3
x2
x3

The code below was used in producing the graphs of adjoint orbits shown in section 1.2

adjoint1l = ListPointPlot3D[Table[{x, 0,0}, {x, —1,1,0.25}], PlotStyle — PointSize[Large];
adjoint2 = ParametricPlot3D|[Table[{x,y, z}, {y,{-1,—.5,.5,1}},{z,{—1,—-.5,.5,1}}],

{X, -1, 1}];

Opts = {Axes— True, BoxRatios — {1,1,1},PlotRange — 1.05{{—1,1},{-1,1},{—-1,1}},
Boxed — False, ImageSize — Small, AxesLabel— {Ej, E5, E;} LabelStyle — Directive
[Medium]|, AxesEdge — {—{1,1},{1,—-1},{1,1}}, FaceGrids—
{{-1,0,0},—{0,-1,0},{0,0,—1}} Ticks — None}; Viewv = {0,0,1}; View = 2{1, —2,0.5};
Optsl = Flatten[Append|[Opts, {ViewVertical — Viewv, ViewPoint — View}|];
Show|adjoint1, adjoint2]
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Coadjoint orbits

1 y2 yl
g=| 0 1 y3 |;Inverselg]//MatrixForm
0O 0 1
1 —y2 —yl4+y2y3
0 1 —-v3
0 0 1
1 y3 —-y2 x1
0 1 0 .| x2 | //MatrixForm
0 O 1 x3
x1 — x3y2 4 x2y3
x2
x3

The code below was used to obtain the graphs of the coadjoint orbits shown in section 1.2
coadjointl = ParametricPlot3D[Table[{x,y,z}, {x,{-1,-.5,.5,1}}],{y, 1,1}, {z, —1,1},
Mesh — 4];

coadjoint2 = ListPointPlot3D|[Table[{0,y,z},{y,—1,1,0.25},{z,—1,1,0.25}],

PlotStyle — PointSize[Large]|;

Opts = {Axes— True, BoxRatios — {1,1,1},PlotRange — 1.05{{—1,1},{-1,1},{-1,1}},
Boxed — False, ImageSize — Small, AxesLabel— {Ej, E3, E5} LabelStyle — Directive
[Medium]|, AxesEdge — {—{1,1},{1,—-1},{1,1}}, FaceGrids—
{{-1,0,0},—{0,-1,0},{0,0,—1}} Ticks — None}; Viewv = {0,0,1}; View = 2{1, —2,0.5};
Optsl = Flatten[Append[Opts, {ViewVertical — Viewv, ViewPoint — View}]];
Show|coadjoint1, coadjoint2, Opts1]

C.2 Equivalence of Quadratic Hamilton-Poisson Systems
For p € b3, let U : p— Wo(p) + ¢, Vo(p) = py where ¥ = [1);;]. In this section we determine
Yo H(p) and Ho¥(p)

for the quadratic Hamilton-Poisson systems on h3_. The results of which are used in chapter 4 in
the verification that the systems are not A-equivalent. The Mathematica code follows.
BF[M_]:=MatrixForm[M];
FS:=FullSimplify;
cc/A_, B |:=A.B-B.A;
0 y x
M[{x_,y_,z_}]:= [0 0 z]|;
0 0O
E1=M[{1,0,0}]: E2=M[{0,1,0}}; E3=M[{0,0,1}];
Minv[MM_|:=Module[{ss, z1, z2, 23},
ss = Solve[MM = =z, E1 + z2E2 + z3E3, {z1, 22, 23}|;{z1, 22, 23} /.ss[[1]]|; Minv[M[{x, y, z}]];
Base = {E1,E2,E3};
PP = {P1, P2, P3};
aq = {q1,4q2,q3};
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PB[F_, G_|:= — pp.MinvQcc[MQD[F {pp}|, M@D[G,{pp}]];

Hvec[H_]:=Table(PB(p;, H), {i, 3});

Hvec[H_,v_|:=Hvec|[H]/.{p1 — P1,P2 — P2,P3 — p3}/.{p1 — V[[1]],p2 — V][[2]],p3 — V][[3]]};
Hamilton Poisson systems.

HO= 0; H1= 3p52; H2= 3(p$2 + p52); HO1= p; H11= p; + 3p52;

H12= p3 + 3p52;H21= p3 + 3(p32 + p42);

P11 12 P13
P= |21 P22 23| ;
$31 32 133
{MatrixForm[y).Hvec[HO0|], MatrixForm|[y.Hvec[H1]], MatrixForm[.Hvec[H2]],
MatrixForm[v).Hvec[HO01]], MatrixForm|[¢¥.Hvec[H11]], MatrixForm[¢).Hvec[H12]|,
MatrixForm[¢).Hvec[H21]|}
O [|¥13pip2| [¥13p1p2 —¢12pips| [¥13p1
{ 0, |¥23p1p2| , |¥23p1p2 — ¥22p1ps | , |¥23p1 | ,
0] |¥33pip2] [¥33p1p2 —¥32pip3| |¥33p1

—13p1 — 1 —po —12p1 + ¥13p1p2 —13p1 — 1 — pa — Y12p1p3
—23p1 — 1 —pa2| , | —¥22p1 + Y23p1p2 | , | —¥23p1 — 1 — pa — 22p1p3
—133p1 — 1 —po —32p1 + ¥33p1p2 —133p1 — 1 — p2 — ¥32p1p3

{vecHO = MatrixForm[Hvec[HO, ¥.pp + qq]|, vecH1 = MatrixForm[Hvec[H1, ¥>.pp + qq],
vecH2 = MatrixForm[Hvec[H2,v{.pp + qq]], vecH01 = MatrixForm|[Hvec[HO01,.pp +
qq]], vecH11 = MatrixForm[Hvec[H11,.pp+qq]], vecH12 = MatrixForm[Hvec[H12, ¢ .pp+
qq|], vecH21 = MatrixForm[Hvec[H21, ¥.pp + qq]]}

0 0
{ 0], 0 ;
0] |¥1lp1 +¢12ps +¢13ps + q1Yp21p1 + ¢22ps + ¢23p3 + 2

0 0
—11py + 12ps + P13p3 + q1¢31p1 + ¥32p2 + ¥33p3 + g3 | 0 ,
| Y11py +12ps + P13p3 + q1p21p1 + 22ps + 23p3 + g2 Y11p1 +Y12ps + Y13p3 + @1
i 0
0 )
| —Y11py +¥12p2 +P13p3 4+ q1 — 1 — ¢21p; — 22py — 23p3 — 2
[ 0

—11p; —P12ps — Y13p3 — 1 ,
| Y11p1 + 12p2 + ¥13p3 + q1¢21p1 + 22p2 + ¥23p3 + qo

0
—¢11p1 + ¢12ps + ¥13p3 + qyp31p1 + ¢32p2 + ¥33p3 + g3 }
| —¥11py +¥12py + Y13p3 +q1 — 1 — ¢21p; — 22ps — ¢23p3 — q2

C.3 Stability and Integration of Hamilton-Poisson Systems

Below is the code used in determining the stability nature of the equilibria of the Hamilton-Poisson
systems as well as the code used in finding explicit expressions for the integral curves of the systems.
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Hvec [3p2/2] //FullSimplify //MatrixForm
0
0

p1p2
D [{0,0 p1p2} {{p1,Pp2,p3}}] //MatrixForm

Eigenvalues , Eigenvalues

(10
|

I © o
S O O
S O O

{{0,0,0},{0,0,0}}

Ha(p) = 5(p} + pd)

Hvec [} (p2/2 + p3"2)] //FullSimplify //MatrixForm

0
—P1P3
p1p2
D [{0, —p1ps, P1P2} . {{P1. P2, P3}}] //MatrixForm
0 0 O
-p3 0 —p
p2 p1 O
0 0 O
Eigenvalues - 0 0 , Eigenvalues
n 00
H1(O)ZP2

D [{0,0,p1},{{pP1,P2,P3}}] //MatrixForm
0 0
0 0
1 0
0 0O
Eigenvalues 0 0O
1 00

{0,0,0}

S O O

R oo

S O O
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H{Y(p) = pa + 173

Hvec [p2 + 3p2/2] //FullSimplify //MatrixForm

0
0
p1(1+p2)
Matrleo rm, D [{0,0,p1 + p1ip2}, {{pP1, P2, P3}}| //MatrixForm
0 0 0
0 0 0
1+p2 p1 O
0 00 0 0O
Eigenvalues 0 00 , Eigenvalues 0 0O
1+n7 0 O 0 0O

{{0,0,0},{0,0,0}}

H{D(p) = ps + 13

Hvec [ps + 3p2/2] //FullSimplify //MatrixForm

0
—D1
p1p2
D [{0, —p1,p1P2}; {{P1, P2, pP3}}] //MatrixForm
0 0 0
-1 0 O
p2 p1 O
0 0 O
Eigenvalues 0 0O
n 0 0
{0,0,0}

H (p) = po+ L0} + p2)

Hvec [p2 + 3 (p2"'2 + p3”2)] //FullSimplify //MatrixForm

0
—P1P3
(14 p2)
D] {0 p1p3,p1 (1+p2)},{{p1,p2,p3}}] //MatrixForm
0
—D3 -n
l+p2 pr O
0 00 00 O
Eigenvalues - 0 0 , Eigenvalues 0 0 —v
1+n7 0 O 0O v O

{{0,0,0}, {0, —iv,iv}}
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Integration of %(p% + p3)

0 -—cl
A= a 0 ’
MatrixExp[At]//MatrixForm
< Cos[ct] —Sin][ct] >

Sin[ct]  Cos|ct]

Integration of ps + 1(p3 + p3)

cl O cl
(-1 {03}
MatrixExp[At]//MatrixForm
Cos[clt] —Sin[clt]
( Sin[clt]  Cos|clt] )
Cosclt] —Sin[clt] p20
( Sin[clt] Cos[clt] > ' < p30 )
//MatrixForm
p20Cos|clt] — p30Sin[clt]
< p30Cos|clt] + p20Sin|clt] )
Pt — < p20Cos[clt] — p30Sin][clt]
p30Cos|clt| + p20Sin|clt]
—1 4+ p20Cos[clt] — p30Sin[clt]
( p30Cos]clt] 4+ p20Sin|clt] )
Reduce[plp3 == 0&&pl + plp2 == 0, {p1l, p2, p3}]
(p2 == —1&&p3 == 0)||pl ==
cans = {p2'[t] == —cp3[t], p3[t] == c(1 + p2[t])};
sol = DSolveleqns, {p2, p3}, t|//FullSimplify
{{p2 — Function [{t}, C[1]Cos[ct] — Cos[ct]* — C[2]Sin[ct] — Sin[ct]?] ,p3 — Function[{t},
C[2]Cos[ct] + C[1]Sin[ct]] } }

A:< 0 —cl );B:( 0 >;M:—Inverse[A].B

> + M/ /MatrixForm
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