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ABSTRACT 

L will denote a completely distributive lattice with an order reversing involution. 

The concept of an L-uniform space is introduced. An extension theorem concerning 

L-uniformly continuous functions is proved. A characterisation of L-uniforrnizability, 

involving L-complete regularity is given. With respect to L--completely regular spaces 

it is shown that the topological modification of an L--completely regular space is 

completely regular. Furthermore it is shown that the topologically generated 

L-topology of a completely regular space is L-completely regular. 
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PREFACE 

In this thesis we consider the extension of the notion of a uniform structure on a set to 

an L-fuzzy environment. From the outset we omit the word fuzzy and L will always 

denote a complete lattice which for most of the time is required to be completely 

distributive with an order reversing involution. 

L-uniform spaces were defined by Hutton ([6)). A considerable part of this thesis deals 

with his paper ([6]). In the context of L-uniform spaces L will always be a completely 

distributive lattice with an order reversing involution. 

Chapter 0 is a preliminary chapter. All lattice concepts and results needed in this thesis 

appear in Section 1. The definition of an L-topology with most of its basic properties is 

given in Section 2. 

In Chapter 1 we begin by considering an alternative approach to the theory of uniform 

spaces. Briefly, we show how a subset of the Cartesian product of a set, containing the 

diagonal set, can be treated as a special type of set mapping. We call this approach, in 

which a uniform structure is viewed as a collection of these mappings, a uniform 

mapping approach to the theory of uniform spaces. Hutton ([6]) generalised this special 

type of set mapping to a set mapping of L-sets. This generalisation is dealt with in 

Section 2. Section 3 contains the definition of an L-uniform structure on a set. 

Analogues in an L-setting of uniform topology and uniformly continuous functions are 

considered. In this section we assign to each uniformity an L-uniformity. Subspaces of 

L-uniform spaces, weak L-uniformities and product L-uniformities are the operations 

on L-uniform spaces dealt with in Section 4. Hutton's ([6],[7)) extension of the unit 

interval, the L-unit interval I(L), plays an important role in the characterisation of 

L-uniformities. The L-unit interval I(L), with an L-uniformity on it which induces its 

natural L-topology, is discussed at length in Section 5, the final section of this chapter. 

Katetov ([8],[9]), using an insertion type lemma, proved that a bounded real-valued, 

uniformly continuous function defined on a subspace of a uniform space can be extended 

to the entire space. His lemmas can be easily applied to L-uniform spaces but his 

constructions of a function which uniformly extends a uniformly continuous function 

relies to a large extent on the algebraic properties of the real line. Having considered 

the situation in a more lattice theoretic setting, we have been able, in Chapter II, to 

prove an L-version of his result, in which the unit interval is replaced by the L-unit 

interval I(L). 
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It is worth noting that Kubiak ([12)) was able to prove an L-Tietze extension theorem 

using the same lemmas . In Section 1 of Chapter II, we state and prove Katetov's 

lemmas. A function which L-uniforrnly extends an L-uniformly continuous function 

defined on a subspace of an L-uniform space is constructed in Section 2. 

In Chapter III we consider L--completely regular spaces. We begin, in Section 1, by 

proving a le=a of Hutton's which motivates his definition of L--complete regularity. 

Hutton's characterisation of L-uniformizability in terms of L--complete regularity and 

weak L-topologies generated by collections of I(L )-valued L--continuous functions is 

given. In Section 2 the usual questions of subspaces and products of L--completely 

regular spaces are considered. 

The final chapter, Chapter IV, deals mainly with the topological modification of 

L--completely regular spaces. Kubiak ([11]) extended the Lowen ([16]) functors wand t 

to L-topological spaces. The functor w assigns to each topology an L-topology known 

as the topologically generated L-topology. Conversely the functor t assigns to each 

L-topology a topology known as the topological modification. In both these 

assignments the upper interval topology on a complete lattice is used. In Section 1 the 

upper interval topology is defined and a useful base for this topology is found when L is 

a completely distributive lattice. 

In this chapter we show firstly that the functor w maps the category of completely 

regular spaces into the category of L--completely regular spaces. Secondly we show that 

the functor t maps the category of L--completely regular spaces into the category of 

completely regular spaces. 

In Section 2 these two functors are defined and their properties which are needed in this 

chapter are proved. We do not use categorical methods to analyse these functors, in fact 

we treat them rather as mappings than functors. 

Working with the unit interval I as a lattice, Katsaras ([10]) constructed for each 

uniformity an I-Uniformity which induces the topologically generated I-topology. We 

extend this construction to completely distributive lattices in Section 3. This result 

allows us to prove that the topologically generated L-topology of a completely regular 

topology is L--completely regular. 
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Kubiak ([11]) proved that the topological modification of the L-unit interval I(L), is a 

compact Hausdorff space. This crucial result is proved in Section 4. Using an L-version 

of an embedding lemma and the extension of the To axiom to L-topological spaces we 

give a new proof of Liu's ([14]) result that an L-Tychonoff space (an L--completely 

regular, L-To space) can be embedded in a cube ofI(L). This embedding is preserved in 

the topological modification. This enables us to prove that the topological modification 

of an L-Tychonoff space is Tychonoff. This material forms part of Sections 5 and 6. 

Using an L-To modification technique in which we are able to modify an L--completely 

regular space into an L-Tychonoff space, we prove that the topological modification of 

an L--completely regular space is completely regular. Section 8 contains a 

counterexample, showing that for many of the properties of the functors in Section 2 

completeness of L is not sufficient. 

All topological concepts and results used in this thesis are well known. As such we have 

not referenced any topological concepts. All of these concepts and results may be found 

in S. Willard's General Topology, ([3]). 
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CHAPTER 0 

LATTICE AND L-FUZZY CONCEPTS 

0.1 LATTICE CONCEPTS 

We shall use the following definition of a lattice. 

DEFINITION 0.1.1 ([1]: 0.1.6, [2] : 1.1.1) 

A partially ordered set (P, ~) consists of a non-empty set P and a relation ~ which 

is reflexive, antisymmetric and transitive. If all elements of P are comparable under 

~ ) that is a ~ f3 or f3 ~ a for all elements a, f3 E P, we call P a chain. If a ~ f3 and 

aj f3we write a < f3. 

• 
We define an opposite relation ~ op on P by the condition that for all a, f3 E P, we have 

a ~ op f3 if and only if f3 ~ a. 

Thus (P, ~Op) is a partially ordered set. We write pop for short. Let <P be a statement 

about partially ordered sets. If we replace each occurrence of ~ by ~ op we get the dual of 

<P. Observe that <P holds in (P,~) if and only if the dual of <P holds in (P, ~OP). This is 

known as the Duality principle. 

0.1.2 DEFINITION ([1]: 0.1.1, [2] : 1.1.2) 

Let (P, ~) be a partially ordered set, H ~ P, a E P. Then a is an upper bound of H if 

f3 ~ a for all f3 E H. An upper bound a of H is the least upper bound of H or 

supremum of H if for any upper bound f3 of H, we have a ~ f3. We shall write 

a = sup H or a = VH. The concepts of lower bound and greatest lower bound or 

infimum are defined dually. We denote the infimum of H by inf H or IIH. The 

supremum of the empty set (which if it exists is the same as inf P) is called the 

bottom element and is denoted by O. The infimum of the empty (which if it exists is 

the same as sup P) is called the top element and is denoted by 1. 

• 
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A diagram of (P,~) represents the elements of P with dots. . The dots representing a 

and {3 are joined with a line if a ~ {3 or {3 ~ a. If a ~ {3, the dot representing {3 occurs 

higher up than the dot representing a. Let P = {O,l,a,{3} and 

~ = {(O,O)i(O,a)i(O,{3)i(O,l)i({3,l)i(l,l)i( a, a) i({3,{3)}. 

Then the diagram of (P,~) is given by 

1 • 
a • • fJ 

• ° 
0.1.3 DEFINITION ([1]: 0.1.8, [2] : !.l.4) 

A partially ordered set (L,~) is called a lattice if 

a V {3 = sup{ ai{3}, a A {3 = inf{ a,{3} 

exists for all a, (3 E L. 

If V A, AA exists for each A ~ L then L is called a complete lattice. 

• 
We shall often simply write (L,~) as L. Concerning complete lattices we have, 

0.1.4 PROPOSITION ([1]: 0.2.2) 

Let (L,~) be a partially ordered set. Then the following are equivalent. 

(i) L is a complete lattice. 

(ii) For each H ~ L we have that vH exists. 

(iii) For each H ~ L we have that AH exists. 

(iv) L has a top element and for each non--empty H ~ L we have that AH exists . 

(v) L has a bottom element and for each non--empty H ~ L we have that vH 

exists. 

• 
We now describe certain subsets of a lattice. 
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0.1.5 DEFINITION ([1]: 0.1.3) 

Let L be a lattice and A!; L be a non-empty subset. 

(i) A is a directed set if for each pair a, fl E A there exists, E A such that as" 
as ,. 

(ii) A is a filter base if A is a directed set in LOP. 

(iii) A is an upper set if for a, fl E L, as fl and a E A implies that fl E A. The 

notion of a lower set is defined dually. 

(iv) A is a filter if A is an upper set and a filter base. 

(v) For a E L letj a = {fl E L : as fl},! a = {fl E L : fl Sa} . 

• 
If we set TOP a = {fl E L : as op fl}, then T op a = ! a. 

Similary ! oPa = {fl E L : as OPfl} = T a. When we refer to a filter on the underlying set 

of L we mean a filter of subsets of L. 

0.1.6 DEFINITION ([1]: 1.3.11) 

An element a in a lattice L is called prime if and only if ,A fl S a implies, S a or 

fl S a. An element is coprime if and only if it is prime in LOP. We denote the set of 

prime elements by PRIME(L), and the set of coprime elements by COP(L). 

• 
In Chapter IV we shall make extensive use of the way below relation on a complete 

lattice. 

0.1.7 DEFINITION ([1]: 1.1.1) 

Let L be a complete lattice. We define the relation « on L by 

a < < fl if and only iffor directed subsets D!; L satisfying fl S V D 

there exists, E D such that as,. 
We say a is way below fl if a < < fl. For a E L, 

f a = {fl E L : a « flH a = {fl E L : fl < < a}. 

• 
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0.1.8 PROPOSITION ([1]: I.1.2) 

In a complete lattice L we have the following statements for a, {3, A, '"( E L : 

(i) a« {3implies a~ {3. 

(ii) A ~ a« {3~ ,"(implies).« '"f. 

(iii) a« '"(and{3« ,"(implies aV (3« '"f. 

• 
We now consider a few examples of how the way below relation behaves on different 

types of complete lattices. These examples appear in ([1]:I.1). 

(a) Let L be a finite complete lattice. Then every directed subset has a maximum 

element. Thus for each a E L we have a < < a. 

(b) Let L be a complete chain. Then a < < {3 if and only if a < {3 or if a = {3 then 

V {'"( E L : '"( < {3} = (3. 

0.1.9 PROPOSITION 

Let L be a complete lattice. Then for a E COP(L) and A ~ L, a < < vA if and only if 

there exists '"( E A such that a < < '"(. 

PROOF 

Suppose that a < < V A but that for each '"( E A, a < < '"f. Therefore for each '"( E A 

there exists a directed subset D1 such that '"( ~ V D1 and for each), E D1, a i A. Let 

S be the set of suprema of all finite subsets of U D
1

. Then S is a directed subset of 
'"I E A 

L and vA ~ v (v D
1

) = VS . Since a« VA there exists A E S such that a ~ A. 
1 E A 

n 
The element A is of the form. V A1 ., A1 . E D1." Therefore a ~ ).1 . for some i ·since a 

1=1 1 1 1 1 

is co-prime. This contradicts the statement that a i A, for each), E D1." Thus for 
1 

some '"( E A, a« '"(. The converse follows trivially from (O.l.S(ii)). 

• 



0.1.10 DEFINITION ([lJ: 1.1.6) 

A complete lattice L is continuous if for each Ct E L, 

Ct = V {.8 E L : {3 « Ct} 

= V ! Ct. 
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• 
Observe that in a continuous lattice L if Ct j: {3 then there exists 'Y E L such that 'Y < < Ct 

and 'Y j: (3. 

(c) A strictly increasing infinite chain is a chain (P,~) in which for each Ct E P there 

exists {3 E P such that Ct < (3. Let L be a complete lattice. Then L is said to 

satisfy the ascending chain condition if L contains no strictly increasing chains. 

This can be shown to be equivalent to every subset of L having a maximal 

element . A maximal element of a directed subset is a maximum element. 

Therefore if L satisfies the ascending chain condition we have Ct < < Ct for each Ct 

E L. Thus L is continuous. 

(d) Let L be the complete lattice described in the diagram below. 

o 

Every chain in L contains it supremum. Therefore L satisfies the ascending chain 

condition. This implies that L is continuous. However LOP does not satisfy the 

ascending chain condition. The set {1/2n : n ~ 2} is a strictly increasing chain in LOP. 

Further, the only element way below 1/2 in L"P is 1. Hence LOP is not continuous. 

Continuous lattices obey an order density type of property described in the proposition 

below. 

0.1.11 PROPOSITION ([lJ:1.1.18) 

Let L be a continuous lattice. Then for Ct, {3 E L, 

Ct < < {3 and Ct f. {3 implies that there exists 'Y E L such that 

Ct < < 'Y < < {3 and Ct f. 'Y. 

• 
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0.1.12 COROLLARY ([lJ:1.1.19) 

Let L be a continuous lattice and a, fJ E L. Then if a < < fJ there exists 'Y E L such 

that a« 'Y« fJ· 

0.1.13 DEFINITION ([2J: 1.1.5, VII. 1.10, [lJ: 1.2.4) 

Let L be a lattice. 

• 

(i) If for any a, fJ, 'Y E L, the identity a A (fJ V 'Y) = (a A fJ) V (a A 'Y) holds, L is 

then said to satisfy the distributive law or to be a distributive lattice. 

(ii) If L is complete and for any family {ajk: j E J, k E K(j)} ~ L, the identity 

A V a'k= V A a· . 
j E J k E K(j) l 'P E ~ K(j) j E J lcp(J) 

J 

holds, then L satisfies the completely distributive law and L is called a 

completely distributive lattice. 

• 
0.1.14 PROPOSITION ([2J:1.1.5, VII.1.10) 

(i) L is distributive if and only if LOP is distributive. 

(ii) L is completely distributive if and only if LOP is completely distributive. 

• 
Thus the duals of the identities appearing in (0.1.13) hold in the relevant lattices. 

Observe that by (d) if L is continuous then LOP is not necessarily continuous. 

In a completely distributive lattice L, the infinite distributive law 

aA(VA)=v{aAfJ : fJEA} forA~L, 

holds ([2] : VII.L10) . 

The next proposition shows that continuous lattices are completely distributive in a 

directed sense. 

0.1.15 PROPOSITION ([lJ : 1.2.3) 

Let L be a complete lattice. Then the two statements below are equivalent. 

(i) L is continuous. 



(ii) For any family {ajk : j E J, k E K(j)} ~ L where for each j E J, 

{ajk : k E K(j)} is a directed set, the identity 

A 
jEJ 

holds. 

V a'k = V 
kEK(j) J rpE II K(j) 

j E J 

0.1.16 COROLLARY ([1]:1.2.5) 

. A aj1p{j)' 
J E J 

If L is completely distributive then L is continuous. 
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• 

• 
The concepts of complete distributivity, distributivity and continuity of a lattice are 

linked in the proposition below. 

0.1.17 PROPOSITION ([1]:1.3.15) 

Let L be a lattice. Then the following statements are equivalent. 

(i) L is completely distributive. 

(ii) L is continuous and every element can be written as the supremum of 

coprimes. 

(iii) L is distributive, L and LOP are continuous. 

• 
0.1.18 PROPOSITION ([1]:1.3.14) 

The prime elements of a completely distributive lattice L are order generating in the 

sense that for each a E L, 

a = A {,8 E PRIME(L) : a ~ ,8}. 

• 
From (0.1.17(ii)) we have that in a completely distributive lattice L, for each 

a E L, a = V q a n COP(L)). Using (0.1.17) we are able to give examples of completely 

distributive lattices. 
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(e) Every element of a complete chain is coprime and by (b) every complete chain is 

continuous. Therefore by (O.1.l7(ii)) a complete chain is completely distributive. 

Thus the unit interval I with its usual ordering is a completely distributive 

lattice. 

(f) The lattice described in (d) fails to be completely distributive since its opposite 

lattice is not continuous. 

Our next lemma, originally a lemma of Hutton ([6]), is crucial in this thesis and shall be 

used frequently . 

0.1.19 LEMMA 

Let L be a completely distributive lattice. For each a E L, there exists a subset B( a), 

which satisfies 

(i) a=VB(a). 

(ii) If A ~ L and a ~ VA, then for each 1 E B( a) there exits fJ E A such that 

I~ fJ· 

PROOF 

Let a E L. Set,j = {A ~ L : a $ VA}. Allowing the elements of ,j to index 

themselves we have by the complete distributive law that 

A V 1 = V A rp(A). 
AE,j7E A liE II A AE,j 

A E,j 

Clearly a ~ A V I' Since {a} satisfies a ~ V {a}, we have that 
AE,j7 EA 

a = A V T For each 11 E II A put a'l' = A rp(A). Then 
AE,j7E A AE,j AE,j 

a = V {a'l' : cP E II A} . For every A ~ L satisfying a ~ V A, we have for each 
A E,j 

rp E II A, that CP(A) E A and that a'l' ~ rp(A) . Therefore {a'l' : cP E II A} is a set 
AE,j AE,j 

satisfying (i) and (ii). 

• 
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0.1.20 DEFINITION ([11]) 

Let L be a complete lattice. A function ' : L --. L satisfying 

(i) a ~ {3 implies {3' ~ eI , 
(ii) (eI) ' =a, 
for a, (3 E L is called an order reversing involution. 

0.1.21 PROPOSITION ([11]) 

Let ' be an order-reversing involution on L. Then ' satisfies de Morgan's laws: 

(i) ( V a)' - A a' 
aEA aEA 

(ii) ( A a)' - V eI 
aEA aEA 

• 

0.2 L-FUZZY CONCEPTS 

In this section X,Y will denote non-empty sets and L will denote a complete lattice with 

an order-reversing involution ' . 

0.2.1 DEFINITION ([5],(19]) 

A function p, : X --. L is called an L-fuzzy set. 

• 
From this point onwards we shall omit the adjective fuzzy and simply prefix any 

concept pertaining to L-fuzzy sets with L. Further, in cases where no confusion will 

result, we altogether omit L. We shall, where possible, use the Greek letters 1], A, p" II 
to denote L-sets. 

The collection LX of L-sets is itself a complete lattice with an induced partial ordering 

given by 

p, ~ II if and only if p,(x) ~ II(X) for each x E X 

and an induced order-reversing involution given by 

p,' : X --. L, p,' (x) = (p,(x))' . 
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Since this induced partial ordering on LX is given pointwise, all lattice theoretic 

properties of L such as continuity and complete distributivity are inherited by LX. 

When dealing with L-concepts we shall virtually always require that L have an 

order-reversing involution. Therefore when working in a L-frame work we shall always 

assume that L has an order reversing involution. We denote the bottom element of LX 

by Q and the top element by 1. Let A ~ X, a E L. The L-set alA is defined by 

{

ax E A 
al A (x) = ° otherwise' 

when a = 1, we write 1 A ' When L = {O,l} = 2, we shall use A and 1 A interchangably. 

We treat 2X as the power set .9'(X) on X and also as the collection of {O,l }-sets. That 

is we r~gard 2X as a lattice under inclusion with union and intersection as sup and info 

We shall use 2(X) to denote the collection of finite subsets of X. 

0.2.2 DEFINITION ([19),[5]) 

Let f : X -I Y. This function induces two L-set mappings. If Ji. E LX, then its image 

C' (Ji.) under f is the L-set defined by 

C'(Ji.)(y) = V p.(x) for y E Y. 
x EX: f (x) = Y 

If vE LY, then its reverse image ft-(v) underfis the L-set given by 

ft-(v)(x) = v(f(x)) for x E X. 

• 
When L = {O,l}, the above definition reduces to the usual definition of the image and 

reverse image of a subset under a function . In some cases where we deal simultaneously 

with 2X,2 Y and L X,LY for some lattice L other than 2, we shall use the notation 

f(A) = {y E Y : y = f(x) for some x E A}, 

f-I(B) = {xE X: f(x) E B} for A E 2X, BE 2Y. 

The main properties of these L-set mappings are given in the proposition below. 

0.2.3 PROPOSITION 

Let f: X -I Y. Further let Ji., Ji.1 E LX, v, vI E LYand 

{Ji.j : j E J} ~ LX, {vk : k E K} ~ L Y. 
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(i) C'(Q) = Q. 
(ii) If p.~ P.l' then C'(p.) ~ C'(P.l)· 

(iii) C'(v p.j) = v C'(p.j). 
J J 

(iv) C'(A p.j) ~ ~ C'(p.). 
J J 

(v) If v~ vI' then f!-(v) ~ f!-(vJ 

(vi) f!-(V vk) = V f!-(Vk)· 
k k 

(vii) f!-(A vk) = A f!-(vk)· 
k k 

(viii) p.~ f!-(C'(p.)), with equality iff is one to one. 

(ix) C'(f!-(v)) ~ v, with equality iff is onto. 

(x) f!-(v) = f!-(v), . 

(xi) f!-(C'(p.)') ~ p.' . 

• 
We now introduce the L-concepts of topology and continuity. 

0.2.4 DEFINITION ([4],[6]) 

An L-topology 7 on X is a collection of L-sets satisfying the following three 

condi tions : 

(LTl) Q, IE 7. 

(LT2) For any subset {p.j : j E J} ~ 7 , we have ~ p.j E 7. 

J 
(LT3) For p., V E 7, we have p. A v E 7. 

The pair (X,7) is called an L-topological space or more simply an L-space. Elements 

of 7 are referred to as L-open sets. An L-set p. is called an L-closed set if p.' E 7. 

Let Y ~ X. Then for p. E LX let P.I y denote the restriction of p. to Y. Then 

71 y = {P.I y : p. E 7} is an L-topology on Y and is referred to as the subspace 

L-topology induced by 7. 

• 
We use the Greek letters 6, 7 to denote L-topologies. If 6 C 7 we say that 6 is weaker 

than 7 and 7 is stronger than 6. Observe that the class of {O,l }-topologies is precisely 

the class of topologies in the usual sense. 
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We reserve the symbol b. to denote a topology. To every topology b. on X we can 

assign an L-topology defined by 

x(b.) = {lA: AE b.}. 

0.2.5 DEFINITION ([4]) 

Let (X,r), (Y,O) be L-spaces. Then f: X ---i Y is L-continuous if and only iffor each 

v E 0, we have f I-(v) E r. If f is a bijection, then we say that f is an 

L-homeomorphism if f- I and fare L-continuous. On some occasions we will write 

that f is (r,o)-L-continuous. Suppose e : (X,r) ---i (Y,o) is one to one and 

L-continuous. Then e-I if (0 I e(x)' r)-L-continuous, we say that e is an 

L~mbedding. 

• 
Let b. be a topology on X. A collection B ~ b. is a base for b. if b. can be recovered from 

unions of subcollections of B. Any collection rfJ' ~ 2x generates a topology on X in the 

sense that the collection of finite intersections of elements of rfJ' forms a base for some 

topology on X. That is any collection of subsets is a subbase for a topology. The 

validity of these statements depends directly on the fact that 2x is a completely 

distributive lattice which allows us to write 

In our more general setting of a complete lattice we can at best do the following. 

0.2.6 PROPOSITION ([11]) 

Let rfJ' ~ LX. Then we define the L-topology generated by &' to be the weakest 

L-topology r containing rfJ'. Then 

r = n {o ~ LX: 0 is an L-topology and rfJ' ~ o}. 

We refer to &' as a subbase of 7. Conversely for an L-topology 7 on X, &' ~ 7 is a 

subbase for 7 if 7 is the weakest L-topology containing rfJ'. 

• 
If L is completely distributive, then LX is completely distributive. In this improved 

situation we have 
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0.2.7 PROPOSITION ([4]) 

Let L be completely distributive and let T be an L-topology on X. Then we define 

$ ~ T to be a base for T if each /L E T can be written as the supremum of a 

subcollection of T. 

(i) A collection $ ~ LX is a base for some L-topology on X if and only if 

1 = V /L and for each /L, 1.1 E $ ,/L II 1.1 can be written as the supremum of a 
f.L E$ 

sub collection of $. 

(ii) Let &' ~ LX be a subbase for some L-topology on X. Then 

is a base for T. 

PROOF 

$( &') = { II /L: A E 2( &')}, 
/H A 

It is enough to recall that since LX is completely distributive we have that 

(V /Lj) II (V 1.Ik ) = V (/Lj II 1.Ik)' The proof is then an exact copy of the usual 
j k j ,k 

topological proof. 

0.2.8 PROPOSITION ([6]) 

Let int : LX -i LX, with L completely distributive, satisfy 

(101) int(l) = 1, 
(102) int(/L) ~ /L, 

(103) int(/L II 1.1) = int(/L) II int(1.I), 

(104) int(int(/L)) = int(/L), 

for /L, 1.1 E LX Then 

is an L-topo!ogy. 

• 

• 
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0.2.9 DEFINITION ([11]) 

(i) Let {7"k : k E K} be a collection of L-topologies on X. Then the weakest 

L-topology 7" containing each 7"k is denoted by V 7"k. This topology has U 7"k 
k k 

as a subbase. 

(ii) Let f : X -+ (Y,O). The weak L-topology generated by f is defined to be the 

weakest L-topology making L--continuous and is denoted by f !-(o). This 

L-topology has {f!-(v) : v E o} as a sub base. 

(iii) Let.A be a collection of functions f : X -+ (YfA). The weak L-topology 

7" w(.A ) is defined to be ~ f !-( of)· Therefore 7" w( A) is the weakest 

L-topology making each f L--continuous. 

(iv) Let {(Xj' 7") : j E J} be a collection of L-spaces. The product L-topology 7" 

on II Xj is defined to be ~ 7r'j( 7"j) where 1I"j : II Xj -+ Xj is the j'th projection 
J J J 

mapping. 

(v) Let f : (X,7") -+ Y. The strong L-topology generated by f is defined to be 

the strongest L-topology on Y making f L--continuous and is denoted by 

[""'(7"). As in the topological case £""'(7") is given by 

£""'(7") = {VE LY
: fl-(v) E 7"}. 

When f is onto, we refer to £""' (7") as the quotient L-topology. 

• 
With regard to L--continuity we have the following unpublished result of U. Hohle which 

appears in Kubiak ([11 D. 

0.2.10 PROPOSITION 

Let (X,7"), (Y,O) be L-spaces and rfI ~ 0, a subbase of o. Then f is L--continuous if 

and only iffor each vE rfI, f!-(v) E 7". 
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PROOF 

The forward direction needs no proof. Conversely r' (T) contains rtf> which implies 

that ,,~ C' (T). Therefore f is L-continuous. 

• 
The topological result that the composition of two continuous functions is a continuous 

function extends to L-spaces. That is the composition of two L-continuous functions is 

an L-continuous function. In view of (0.2.10) we have 

0.2.11 PROPOSITION 

A function f : X --i ~ Xj is L-continuous if and only if 7rj 0 f is L-continuous for each 
J 

j E J. 

PROOF 

The forward direction is clear since the composition of two L-continuous functions is 

L-continuous. Conversely we have that for each j E J> f I-(~(/1-)) E T for each /1- E Tj" 

But {~(/1-) : /1- E Tj> j E J} is a subbase for the product L-topology on ~ Xj' Therefore 
J 

by (0.2.10) f is L-continuous. 

• 
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CHAPTER I 

L-UNIFORMITIES 

INTRODUCTION 

In this chapter we examine in some detail Hutton's ([6]) extension of the concept of a 

uniform structure on a topological space to L-spaces. Each section begins with a 

paragraph describing its contents . 

1.1 : A MAPPING APPROACH TO THE THEORY OF UNIFORM SPACES. 

In this section we show how a uniformity Il on X, a non empty set, can be interpreted as 

a collection of union-preserving, increasing mappings from 2X to 2x which map the 

empty set to itself. We begin, after having recalled some standard definitions and 

terminology, by defining a lattice structure on this collection of mappings. We then 

establish a lattice isomorphism between this collection and the subsets of Xx X 

containing the diagonal set. Next we show how a uniformity I) on X can be expressed in 

terms of a collection of these mappings. This approach is generalised in sections 2 and 3 

to the case where 2 = {O,l} is replaced by a completely distributive lattice. We 

conclude by finding eqnivalent formulations of the concepts of uniform topology and 

uniform continuity in this mapping approach to the theory of uniform spaces. These 

formulations will serve as motivation for analogous concepts in our generalised setting. 

By diag(X) we mean the diagonal set {(x ,x) E XxX : x E X} and DIAG(X) denotes the 

set {M ~ XxX : diag(X) ~ M} of subsets of the Cartesian product XxX. We refer to 

elements of DIAG(X) as surroundings . 

1.1.1 DEFIN1TION 

For M, N E DIAG(X) 

(i) The composition of M and N is defined to be 

M 0 N = {(x,y) E XxX : (x,z) E M and (z,y) E N for some z EX}. 

(ii) The inverse of M is the set 

M-l = {(x,y) E XxX: (y,x) EM}. 



(iii) For x E X, M( x) denotes the set 

{y EX: (x,y) EM}. 

This is extended to A E 2x as follows 

M(A) = U M(a) 
aEA 

= {yE X: (a,y)E Mfor some aE A}. 

1.1.2 PROPOSITION 

Let M,N E DIAG(X). 

(i) M(0)=0. 
(ii) A ~ M(A) for A E 2X. 

(iii) M( U A) = U M(A) for J6 ~ 2x. 
AEJ6 AEJ6 

(iv) (M-1t 1 = M. 

(v) If M ~ N then M(A) ~ N(A) for A E 2x. 

(vi) For A, BE 2X
, M(A) ~ B if and only if M-l(X/B) ~ X/A. 

(vii) M(X/M-l(A)H X/A for each A E 2x. 

(viii) M-l(A) = n {B E 2x : M(X/B) ~ X/A} for A E 2x. 
(ix) M 0 N(A) = N(M(A)) for A E 2x. 

PROOF 

Parts (i) - (v), (ix) are straightforward. 
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• 

(vi) Suppose M(A) ~ B. Let y E M-l(X/B). Then there exists x E X/B such 

that (x,y) EM-I. This implies that (y,x) E M. If yEA then 

x E M(A) ~ B, which is impossible. Thus y E X/A and we have 

M-l(X/B) ~ X/A. Conversely if M-l(X/B) ~ X/A then by what we have 

just shown, 

(M-l)-l(X/(X/ A)) ~ X/(X/B), 

that is M(A) ~ B. 

(vii) Apply (vi) to M-l(A) ~ M-l(A) and use the fact that (M-1t 1 = M. 
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(viii) By (v) M-I(A) ~ B if and only if M(X/B) ~ X/A. Therefore 

M-I(A) = n {B E 2x : M-I(A) ~ B} 

= n {B E 2x : M(X/B) ~ X/A}. 

• 
Let x,y, z E X and M, N E DIAG(X). If (x,y) E M we say that "the distance 

between x and y is less than M". If (x,z) E M and (z,y) E N then (x,y) E MoN. 

This can be taken as an axiomatization of the triangle inequality. The set M(x) can 

be thought of as "the ball centred at x with radius M". 

1.1.3 DEFINITION 

A uniformity on X is a subfamily Il of DIAG(X) which satisfies the following 

conditions: 

(Ul) If VEil and V ~ WE DIAG(X), then W E ID . 

(U2) If VI' V2 E ID, then VI n V2 E ID. 

(U3) For every V E ID there exists W E H) such that WoW ~ V. 

(U4) For every V E I) there exists WEll) such that W-I ~ V. 

The pair (X,ID) consisting of X and a uniformity II) on X is called a uniform space. 

A family B ~ ID is called a base for the uniformity ID if for every V E ID there exists 

WEB such that W ~ V. 

A collection B ~ DIAG(X) is a base for some uniformity on X if and only if the 

following conditions are satisfied. 

(BUl) For every VI' V2 E B there exists V E B such that V ~ VI n V2. 

(BU2) For every V E B there exists WEB such that WoW ~ V. 

(BU3) For every V E B there exists WEB such that W-I ~ V. 

1.1.4 DEFINITION 

• 

Let d{ iX) denote the collection of mappings F : 2x 
-----i 2x satisfying the following 

conditions: 



(HI) 

(H2) 

(H3) 

F(0) = 0 . 

A ~ F(A) for A E 2x 

F( U A) = U F(A) for A ~ 2x 
AEA AEA 

1.1.5 PROPOSITION 
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For F, G E dt2(X) define F~ G to mean F(A) ~ G(A) for each A E 2x Then dt2(X) 

is a complete lattice. 

PROOF 

By virtue of the fact that the inclusion relation ~ on 2X is a partial order relation we 

have that ~ partially orders dt 2(X). Let 6 : 2X 
-t 2x be defined by 6(A) = A for 

each A E 2X, and 1 : 2x 
-t 2X be defined by 1(A) = X for A of 0 and 1(0) = 0. Then 

6, 1 E dt 2(X) and are the bottom and top elements of dt 2(X) respectively. To show 

that dt 2(X) is a complete lattice it suffices to show that every non-empty subset has 

an infimum and a supremum. 

To show that every non-empty subset of dt 2(X) has an infimum, consider an 

arbitary non-empty subset {Fj : j E J} ~ dt2(X). Define F : 2X 
-t 2x by 

F(A)= U nFj({a})forAE2X. 
a E A j 

We check that F satisfies (HI) , (H2), (H3). The very definition of F ensures that 

F(0) =0. IfxE X, thenxE Fj({x}) for each jE J , so that xE ~ F/{x}) . Thus for 
J 

A E 2x , A ~ U n Fj( {a}) = F(A). This establishes (H2). Let A ~ 2X, then 
a E A j 

F( U A)= U nFj({a})= U U nFj({a})= U F(A). 
AEA aEUA j AEAaEAj AEA 

This proves that F satisfies (H3). Hence FE dt2(X) . For each j and A E 2X, 

F(A)= U ~Fj({a}H U Fj({a})= Fj(A) . 
aEAJ aEA 

Therefore F ~ Fj for j E J . This implies that F is a lower bound of {Fj : j E J} . To show 

that F is the greatest lower bound, that is F = il!f Fj, let G E dt2(X) satisfy 
J 

G~ Fj for alljE J . 
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Then for A E 2X 

G(A) = U G({a}H U n Fj({a}) = F(A). 
aEA aEAj 

Hence G ~ F, proving that F = inf Fj. 
J 

Although for a partially ordered set with a top element it is sufficient to assume the 

existence of infima of non-empty sets, we shall explicitly show the existence of 

arbitary suprema in difiX). 

Let {Gj : j E J} ~ dif 2(X), Define G : 2x 
-j 2x by 

G(A) = ~ Gj(A) for A E 2X. 
J 

Again we must check that G satisfies (HI), (H2) and (H3). Since Gj(0) = 0 for each 

j, we obtain G(0) = 0. Hence G satisfies (HI). Let A ~ 2X, then A ~ G/A) for j. 

This implies that A ~ ~ Gj(A) = G(A). Thus (H2) is satisfied. Let A ~ 2X, then 
J 

G( U A) = U Gj( U A) = U U Gj(A) = U U Gj(A) = U G(A) 
AEA j AEA jAEA AEA j AEA 

Therefore G satisfies (H3). 

Clearly Gj ~ G for each j E J. Suppose that FE dif 2(X) satisfies Gj ~ F for all j E J. 

Then for A E 2x we have that 

G(A) = ~ Gj(A) ~ F(A). 
J 

Thus G is the least upper bound, that is G = sup Gj. 

• 
We observe that for F,G E dif2(X), F V G is given by (F V G)(A) = F(A) U G(A) but 

F /I. G is not given by F(A) n G(A) in general. This is shown in the counterexample 

below. 



COUNTEREXAMPLE 

Suppose that X consists of three elements xI' X2, x3. Let F,G E d6'2(X) be such that 

Then 

F( {xI}) = {xI} , 

F({~}) = X, 

G({XI}) = X, 

G( {x2}) = {x2}. 

F( {xI,x2}) n G( {xI,x2}) = X, but 

2 
FA G({xI'~}) = U F({xi}) n G({xi}) = {xl ,x2}. 

i=1 
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• 
In later sections where 2 is replaced by L, an arbitary completely distributive lattice and 

F,G : LX ---; LX, we shall find it necessary to define mappings given by 

(F A G)(J.!) = F(J.!) A G(J.!) and (F V G)(J.!) = F(J.!) V G(J.!). Confusion may arise when 

we define a lattice structure on the generalisation of d6' 2(X) to L. To eliminate any 

possibility of this occurring we shall replace the symbols A, V on d6' 2(X) by t:J., V 

respectively and maintain these symbols when 2 is replaced by L. 

In the next proposition we construct a lattice isomorphism of DIAG(X) onto d6'2(X), 

1.1.6 PROPOSITION 

The mapping if> : DIAG(X) ---; d6' 2(X) given by 

if>(M)(A) = M(A) for ME DIAG(X), A E 2X 

is a lattice isomorphism. The inverse of if> is given by 

if>-I(F) = U {{x} x F( {x}) : x EX}. 

PROOF 

We have from (1.1.2(i)-(iii)) that for each ME DIAG(X), if>(M) satisfies (HI), (H2), 

(H3) respectively. Thus if> is well defined. 

To show that if> defines a one to one correspondence between DIAG(X) and d6' 2(X) it 

is enough to check that 

(i) for each FE d6'2(X) there exists MF E DIAG(X) such that if>(MF) = F, 

and then that 
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(ii) for each N E DIAG(X) we have that Mq,(N) = N. 

(i) Let FE dt 2(X) and define MF to be the set U {{x} x F( {x}) : x E X} noting 

that MF(a) = F({a}) for any aE X. Since {x} ~ F({x}) we have that 

diag(X) ~ MF. Thus MF E DIAG(X). 

For each A E 2X
, 

q,(MF)(A) = MF(A) 

= u MF(a) 
a E A 

= U F({a}) 
a E A 

= F(A) 

This implies q,(MF) = F. 

(ii) Let N E DIAG(X), then 

Mq,(N) = U {{x} x q,(N)( {x}) : x E X} 

= U {{x} x N(x) : x E X} 

=N. 

Therefore the inverse mapping of q" q,-1 : dt iX) -< DIAG(X) is given by 

q,-I(F) = MF. By (L1.2(v)) q, is order preserving. If F S G then 

F( {x}) ~ G( {x}). This inequality implies that MF ~ MG' Thus q,-1 is also 

order preserving. Since q, and its inverse q,-1 are both order preserving, q, is a lattice 

isomorphism. 

• 
1.1.1 DEFINITION 

For F, G E dtiX) define 

(a) FoG = q,(q,-I(G) 0 q,-I(F)) . 

(b) F-l = q,([q,-I(F)rl) . 

1.1.8 PROPOSITION 

Let M, N E DIAG(X), FE dt2(X). 

(i) q,(Mtl = q,(M-l), q,-I(F-l) = MFI. 
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(ii) F-l(A) = n {B E 2X : F(X/B) ~ X/A} for each A E 2x. 

(iii) q,(M 0 N) = q,(N) 0 q,(M), q,-l(F 0 G) = q,-l(G) 0 q,-l(F). 

PROOF 

These formulae are easily deduced from the definitions of FoG, F-l and the fact that 

q, 0 q,-l, q,-l 0 q, are the identity mappings on Jl6'2(X) and DIAG(X) respectively. As 

an illustration we prove (ii). 

Let A E 2X, then F-1(A) = q,([q,-l(F)]-l)(A). By (1.1.2(viii)) we have that 

Wl(FW1(A) = n {B E 2X : q,-l(F)(X/B) ~ X/A} 

But q,-l(F)(X/B) = F(X/B). Hence 

F-l(A) = n {B E 2x : F(X/B) ~ X/A}. 

1.1.9 DEFINITION 

• 

Let III be a uniformity on X. A mapping FE JI6' 2(X) is called uniform with respect to 

I) if q,(V) = F for some V E ID. 

• 
We now show that the uniform mappings of a uniformity describe it just as well as its 

surroundings do. 

1.1.10 PROPOSITION 

The collection ..0 (Ill) = q, .... (ID) of all uniform maps of a uniform space (X,ID) has the 

properties : 

(i) If DE ..0(0) and D ~ E E Jl6'iX) then E E ..0(ID). 

(ii) If D1,D2 E ..0(ID), then Dl!::. D2 E ..0 (Bl). 

(iii) For each D E ..0(ID) there exists E E ..0(ID) such that Eo E ~ D. 

(iv) For each DE ..0(ID) there exists E E ..0(ID) such that E-l ~ D. 

Conversely, given a family ..0 ~ Jl6'2(X) satisfying (i) - (iv) then 

1l(..0) = {V E DIAG(X) : V = q,-l(D) for some D E ..0} 

= W1r'(..0) 

is a uniformity on X whose collection of uniform maps is ..0. 
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PROOF 

Bearing in mind that q> is a lattice isomorphism and considering the properties of q>, 

q> -l as listed in (U.8), properties (i) - (iv) are formulations of (Ul) - (U4) in c1I2(X) 

under the mapping q>. Conversely (Ul) - (U4) are also formulations of (i) - (iv) in 

DIAG(X) under the mapping q>-l 

• 
We must now find suitable criteria for uniform continuity of a functi on in terms of this 

uniform mapping method of generating a uniformity. 

1.1.11 DEFINITION 

Let (X,Il I), (Y,il 2) be uniform spaces and f : X --< Y. Then f is uniformly continuous 

if for each W E 1)2 there exists V E OJ such that V ~ (fxft(W). 

1.1.12 DEFINITION 

For f: X --< Y, and each G E c1I2(Y) define f!-(G) : 2x 
--< 2x by 

f!-(G)(A) = f!-(G(C'(A))). 

1.1.13 PROPOSITION 

• 

• 

Let q>x,q>y denote the lattice isomorphisms of DIAG(X) onto c1I2(X) and DIAG(Y) 

onto c1I2(Y) . Then for N E DIAG(Y), G E c1I2(Y), f: X --< Y we have: 

(i) f!-(G) E c1I2(X). 

(ii) q>x((fxft(N)) = f!-( q>y (N)). 

(iii) q>x-l(f!-(G)) = (fxf) !-(q>y-I(G)) . 

PROOF 

(i) ' We check that f!-(G) satisfies (HI), (H2) , (H3). 

(HI) f!-(G)(0) = f!-(G(C'(0))) 

= f!-(G(0)) 

= f!-(0) 

= 0. 



(H2) Let A E 2X, then 

A ~ fl-(C'(A)) ~ fl-(G(C'(A))) = fl-(G)(A). 

(H3) Let J6 ~ 2X, then 

fl-(G)( U A) 
A E J6 

Therefore fl-(G) E db"2(X). 

= fl-(G(C'( U A))) 
A E J6 

= fl-(G( U C'(A))) 
A E J6 

= fl-( U G(C'(A))) 
A E J6 

= U f l- (G(C'(A))) 
A E J6 

= U fl-(G)(A). 
A E J6 

Let A E 2X. 

(ii) <1>x((£Xf) !-(N))(A) = (fxf) !-(N)(A) . Now 

(iii) 

(£X f) !-(N) = ((x,y) E XxX: (f(x) , f(y)) EN}. Hence 

(fxf) !-(N)(A) = {y EX: (f(a) ,f(y)) E N for some a E A} 

= f!-({z E Y: (f(a),z) EN for some a E A}) 
= f!-(N(C'(A))) 

= f!-(<1>y(N)(C'(A))) 

= f!-(<1>y(N))(A) . 

= f!-(G)(A) 

= f!-(G(C'(A))) 
= f!-(<1>./(G)(C'(A))) 

Then retracing the appropriate steps in (ii), we get that 

<1>x1(f!-(G))(A) = (fxf) !-(<I»;I(G)). 

1.1.14 PROPOSITION 
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• 

Let (X'~I) and (Y,1D 2) be uniform spaces. Then f : X ---l Y is uniformly continuous if 

and only if for each E E 6(~2) = <1>y'" (~2) there exists D E ..0 (~ 1) such that D ~ f!-(E). 
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PROOF 

Suppose f is uniformly continuous. Let E E 6'(~2)' Then <I>yl(E) E ~2 which implies 

that there exists V E ~ such that V ~ (fxf) f-( <I>yl(E)) . By (1.1.12(ii)) and since <I>x is 

order preserving we have that 

<I>x(V) ~ ff-(<I>y(<I>yl(E))) = ff-(E) . 

But <I>x(V) E .0 (Ill). Therefore there exists D E .0(IIl) such that D ~ ff-(E). 

Conversely let W E !l2 and suppose that for each E E 6' (Ill 2) there exists D E .0 (Ill I) 

such that D ~ ff-(E). Therefore there exists DE .0 (Ill I) such that D ~ ff-(<I>y(W)). 

Then by (L1.12(iii)) and the fact that <I>il is order preserving this inequality implies 

that 

~ <I>il(ff-( <I>y(W))) 

= (txf) f-(<I>yl(<I>y(W))) 

= (fxf) f-(W). 

This establishes the uniform continuity of f. 

• 
Every uniformity III on X induces a topology r~. More exactly we have the following 

very standard result. 

1.1.15 THEOREM 

For every uniformity III on X the family 

r~ = {A E 2x : for every a E A there exists V E III such that V( a) ~ A} 

is a topology on X. 

1.1.16 PROPOSITION 

For A E 2x , 

int (A) = U {B E 2x : there exists V E III such that V(B) ~ A} 
r~ X 

= U {B E 2 : there exists D E.0 (~) such that D(B) ~ A} 

• 

\ 
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PROOF 

Let C = U {B E 2X : there exists V E I) such that V(B) ~ A}. For every x E C there 

exists B E 2X and V E OJ such that x E B ~ V(B) ~ A. Since V E 0 there exists WE 0 

such that WoW ~ V. This implies 

x E W(x) ~ W(W(x)) ~ V(B) ~ A. 

Thus x E W(x) ~ C. Hence C E TU)" Further C ~ A. Therefore C ~ int~ (A). 
o 

Conversely for x E int ~ (A) there exists an open set 0 such that x E 0 ~ A. Since 0 
Il 

is open there exists VEil such that V(x) ~ O. Thus x E V(x) ~ A. This implies 

x E C. We therefore have int (A) ~ C. Hence int (A) = C. 
1'1) TO 

The fact that <1> -1(1)) = 91(0) and (<1>-1) -I( 91(0)) = Hl ensures that 

C = U {B E 2X : there exists DE 91(ID) such that D(B) ~ A}. 

L2 : A CLASS OF MAPPINGS FROM LX TO ITSELF. 

• 

In order to generalise the uniform mapping approach to the theory of uniform spaces in 

a systematic fashion, we must first describe, for an arbitary completely distributive 

lattice L and set X, a collection of mappings from LX to itself which retain the essential 

aspects of J't2(X) . This approach is that of Hutton's ([6]) . Slight imperfections of some 

of his original definitions were observed by Liu ([14]) and corrected. Proofs of the main 

results in this section are those of Hutton's, with the exception of 1.2.5 and 1.2.7, which 

are those of Liu. The results 1.2.11 and from 1.2.13(ii) onwards are our own. 

Throughout this section and all later sections L will denote a fixed completely 

distributive lattice and X will denote a fixed non-empty set. 

1.2.1 DEFINITION 

Let J'tL(X) denote the collection of mappings F: LX --; LX which satisfy 

(LH1) F(Q) = Q, 
(LH2) P, ~ F(p,) for each p, E LX, 

(LH3) F( V p,) = V F(p,) for .A ~ LX 
p,E.A pE.A 

• 
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The set 1 x is just the partially ordered set of functions Jj, : X -I 1 under the pointwise 

ordering. As noted previously all lattice theoretic properties of 1 are inherited by 1 x . 

Consequently 1X is a completely distributive lattice. Therefore dt L(X) is an instance of 

the following object. 

1.2.2 DEFINITION 

Let $(1) denote the collection of functions f: 1 -I 1 which satisfy 

(a) 

(b) 
(c) 

f(O) = 0, 
a~ f(a) for each aE 1, 

f( V a) = V f( a) for A ~ 1. 
aEA aEA 

• 
In terms of the above definition dtL(X) = $(1X). We also observe that $(1) is closed 

under ordinary composition of functions. That is if f, g E $(1) then fog: 1 -I 1 where 

fo g(a) = f(g(a)) is an element of $(1). Also note that (c) implies that if a~ ,8 then 

f(a) ~ f(,8) for each f E $(1). 

1.2.3 DEFINITION 

For f, g : 1 -I 1 define f ~ g to mean that f( a) ~ g( a) for each a E 1 . 

• 
This relation ~ is a partial order relation on 1 L Therefore ($(1). ~) is a partially 

ordered set. 

The following lemma is important for its various applications. One of its consequences 

is the fact that ($(1),~) is a complete lattice. 

1.2.4 LEMMA 

1et f : 1 -I 1 satisfy 

(i) f(O) = 0, 
(ii) a ~ f( a) for each a E 1, 

(iii) f( a) ~ f(,8) for a, ,8 E 1, a ~ ,8. 
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The function £* : 1 -! 1 defined by 

£*( a) = A V f(-y) 
A~L:VA=a ,EA 

is an element of $(1). Further £*(a) = V f({3) where B(a) ~ 1 is defined in 
fJ E B(a) 

(0.1.18). The greastest g E $(X) satisfying g S f is £*. 

PROOF 

We first verify that £* E $(1) by showing that £* satisfies requirements (a), (b) , (c) of 

(1.2.2) . 

(a) The only set A ~ 1 which satisfies V A = 0 is the empty set or {O} . 

V f( ,) = V 0 = 0 and f(O) = 0 by (i) . Thus £*(0) = o. 
,E0 

However 

(b) 1et a E 1 and A ~ 1 such that V A = a. By (ii) for each, E A we have 

,S f( ,). This implies that a = V,S V f( ,). Therefore 
,EA ,EA 

(c) 

as A V f(,) = £*(a) . 
A~L:VA=a ,EA 

We first show that £* satisfies (iii) and that £*( a) = V f((J). 
(JE B(a) 

Suppose as (J and B ~ 1 satisfies VB = (J. 1et A = {aA , : ,E B}. Since 1 

is completely distributive 

V A = a A (V B) = a. 

This implies that 

£*(a) S V f(A) = V f(aA ,) S V f(-y) . 
.lEA ,EB ,EB 

This inequality holds for each B ~ 1 satisfying V B = (J. Thus £*( a) S £*((J). 

By definition of B( a) we have that for each A ~ 1 satisfying V A = a and 

each (J E B( a) there exists, ,E A such that (J S ,. Since f satisfies (iii) this 

means that for each (J E B( a) there exist, E A such that f((J) S f( , ) S f( a). 
Hence 

v f({3) S V f( ,). 
fJEB(a) lEA 



Therefore since V B( a) = a, we have that 

f*(a)= V f(fJ). 
fJ E B(a) 

Let aE L be of the form a = V aj ' To verify (c) we must show that 
j E J 

f*(a) = V f*(aj)' Since f* satisfies (iii) we have V f*(aj) ~ f*(a). 
jEJ jEJ 

Let A = ~ B( aj). Then 
J 

V A = ~ (V B(aj)) 
J 

Thus 

f*( a) ~ V f( 'Y) 
'YEA 

= V a· . J 
J 

= a. 

= V V f(fJ) 
j E J fJ E B(aj) 

= V f*(aj)' 
j E J 

Let g E $(L) such that g ~ f. Suppose A ~ L and V A = a, then 

g(a)= V g('Y)~ V f(-y)~f(a). 
'YEA 'YEA 

This implies that g( a) S f*( a) ~ f( a) for each a E L. We therefore conclude that 

g ~ f* S f and that f* is the greatest such g. 

1.2.5 PROPOSITION 

$(L) is a complete lattice. 

PROOF 
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• 

Let 6 : L -! L be defined by 6( a) = a for each a E L, and i : L -! L be defined by 

l(a) = 1 for a E L/{O} and 1(0) = O. Then 6, 1 E $(L) are the bottom and top 

elements of $(L) respectively. To show that $(L) is a complete lattice we must 

show that every non-empty subset of $(L) has an infimum and supremum in $(L). 

Let v6 = {fj : j E J} be an arbitary non-empty subset of $(L). Define f: L -! L by 

f(a) = A f/a). 
J 



We show that f satisfies requirements (i), (ii), (iii) of 1emma 1.2.4. 

(i) 

(ii) 

(iii) 

f(O) = A £.(0) = 0 • J 
J 

1et aE 1. Then a~ fj(a) for eachj E J. This implies a~ A fj(a) = f(a). 
J 

For a, (3E 1 satisfying a~ (3, we have that fj(a) ~ fj((3). Thus 

f( a) = ~ fj( a) ~ ~ fj((3) = f((3). 
J J 
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By the 1emma f* E .21'(1) and for any g E .21'(1) satisfying g ~ fj for each j E J, we 

have that g ~ f* ~ f. Hence f* = i~f fj. 
J 

As noted in the proof of (U.5) it is sufficient to prove the existence of infima of 

arbitary non--empty sets of .21'(1). We shall nevertheless prove the existence of 

suprema of arbitary non--empty subsets of .21'(1) . 

1et !iJ = {gk : k E K} ~ .21'(1) be non--empty. Define g : 1 ........ 1 by g( a) = V gk( a). 
k 

Then g(O) = V gk(O) = 0 and a~ V gk(a) = g(a) for aE 1. For A ~ 1, 
k k 

g( Va) 
a E A 

= V gd V a) 
k aEA 

=V V gk(a) 
k a E A 

= V V gk( a) 
a E A k 

= V g( a). 
a E A 

Thls proves that g E .21'(1). Suppose now that f E .21'(1) and gk ~ f for each k E K. 

Then for a E 1, g( a) = V gk( a) ~ f( a). Therefore the supremum of !iJ exists and is 
k 

given by g. 

• 
We note that showing the existence of suprema of subsets .21'(1) does not require the use 

of complete distributivity. We can therefore define .21'(1) for a complete lattice 1 and 

prove that .21'(1) is complete. However in this situation we will not have an explicit 

formula for the infimum of a subset of .21'(1). 



For this reason we restrict our attention to $(L) for completely distributive lattices. 

1.2.6 DEFINITION 

For a finite subset {fi: i = 1, ... ,n} ~ $(L) we denote 

(i) 
n 

the infimum of {fi : i = 1,· .. ,n} by t:. fi, and in the case of n = 2 by 
i=1 

n 
(ii) the supremum of {fi : i = 1,· .. ,n} by v fi, and in the case of n = 2 by 

i=1 

1.2.7 PROPOSITION 

Let f, fl, g, gl E $(L). 

(i) f t:. g(a) = II f(al) V g(a2) for aE L. 
a l V a2 = a 

(ii) If a E COP(L), then f t:. g( a) = f( a) II g( a). 

(iii) If flo fl ~ f and glo gl ~ g then (£1 t:. gl) a (fl t:. gl) ~ f t:. g. 

PROOF 

(i) Let h : L ---+ L be defined by 

h( a) = II f( al) V g(~). 
al Va 2 =a 

For aE L 

f t:. g(a) II V f(-y) II g(-y) 
HL:VA = a "lEA 

< II [f( al) II g( al)J V [f( ( 2) A g( ( 2)J 
a l Va 2 =a 

< 1\ f( al) V g( ( 2) 

a I V a2 = a 

= h(a). 
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According to Lemma 1.2.4 to show that h = £ 6. g, it will suffice to show that 

(a) h~£lIg 

(b) hE ..t"(L). 

(a) Let a E L. Then 

h(a) II f( a l ) V g( ( 2) 
ul V u2 = U 

~ [£( a) V g(O)] II [f(O) V g( a)] 
= £(a) II g(a) 

=£lIg(a), 

since £(0) = 0 and g(O) = o. 

(b) It is clear that h(O) = 0 and a~ h(a) . Let a = V aj ' For each j let 
j E J 

Bj = {(al, aj) E LxL: al V aj = aj}' 

For cP E II Bj put 
J 

CPI = V 1f1(cp(j)), CP2 = V 1f2(CP(j))· 
j j 

Then CPI V CP2 = V 1f1(CP(j)) V 1ficp(k)) = a. Let 
j, k E J 
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A = {( CPI,CP2) : cP E ~ Bj} and $ = {( al ,(2) E Lx L : a l V a2 = a}. We have 
J 

just shown that A ~ $. Conversely suppose that a l V a2 = a. For each aj 

we have that aj = aj II (al V ( 2) = ( aj II a l ) V (aj II ( 2) . Thus 

~ [(aj II a l ) V (aj II ( 2)] = a. 
J 

Let cP : J ---; ~ B j be defined by CPol = (aj II ai' aj II ( 2)· Then cP E ~ B j and 
J J 

CPI = ai' CP2 = a2• Therefore $ ~ A , proving that A = $. 
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From the complete distributive law we have 

= V . A. f(~) V g( a~) 
J at V a~ = aj 

= A V [£(7rI(<,o(j))) V g(7r2(<,o(j)))] 
~ E IT Hj j 

J 

= A f( V 7r1( cp(j))) V g( V 7r2( <,o(j))) 
~ E ~ Hj j j 

J 

= A f( CPI) V g( CP2) 
~ E IT Hj 

J 

= A f( a l ) V g( ( 2) 

(al'a 2) E $ 

= h(a). 

Therefore h E 1(1). 

(ii) 1et a E COP(1). If a l V a2 = a, then either a l = a or a2 = a. This 

implies that f(a) A g(a) S f(al) V g(a2) . Using the formula 

established in (i) f(a) A g(a) S £ b. g(a). But £ b. g(a) S £(a) A g(a) . 
Thus £ b. g( a) = f( a) A g( a) . 

(iii) We have that fl b. gl S fl and £1 b. gl S gl . Therefore if fl a fl S £ and 

glo gl S g we have that (£1 b. gl) a (fl. b. gl) S flo fl S f and 

(£1 b. gl) a (£1 b. gl) S glo gl S g. Hence 

(£1 b. gl) a (£1 b. gl) S f b. g. 

• 
Motivated by (Ll.8(ii)) we define an "inverse" o£ an element o£ 1(1 ). 

I.2.8 DEFINITION 

For f E 1(1) define £-1 to be the function £-1 : 1 --; 1 given by 

£-I(a) = A {,8E 1: £(,8') Sci} . 

If f- I = £ we refer to £ as a symmetric element o£ 1(1) . 

• 
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1.2.9 PROPOSITION 

Let f, g E .$'(L), a, (3 E L 

(i) f( a) ~ (3 if and only iff-1((3/) ~ ci. 

(ii) f-1 E .$'(L). 

(iii) (£"1)"1 = f. 
(iv) f ~ g if and only iff-1 ~ g-l 

(v) (f 0 g)"l = g-l 0 f-1. 

PROOF 

(i) The forward direction follows directly from the definition of f-1. Conversely 

suppose f-1((3/) ~ ci. Then a ~ (f-1((3/))'. Therefore 

f(a) ~ f((f-1((3/))') 

= f([ II bEL: f( 1) ~ (3}]') 

= f( V bEL: f( ,) ~ (3}) 

= V {fC'Y) : ,E Land f( ,) ~ (3} 

~ (3. 

(ii) By definition of f-1 we have that f-1(0) = O. If f((3' ) ~ ci, then since 

(3' ~ f((3') we have that (3' ~ ci which implies a ~ (3. Thus 

a~ II {(3E L : f((3/)~ ci} =f-1(a). 

This establishes (a), (b) of (I.2.2). 

Let a = V a j . Then for (3 E L, 
jEJ 

if and only if f-1( a j ) ~ (3 for each j 

if and only if f((3') S aj for each j 

if and only if f((3/) S ~ aj = (~ aj)' 
J J 

if and only if f-1(~ aj) S (3. 
J 

Thus V f-1(aj) = f-1(~ a). This shows that f-1 satisfies requirement (c) of 
J J 

(I.2.2). Hence f-1 E .$'(L). 



(iii) We have that 

(f-Itl( a) 

for each a E L. 

= A {i3 E L : f-l (i3' ) SeX} 

= A {i3E L: f(a) S i3} 
= f( a) 
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(iv) If f S g then g(i3') S eX implies f(i3') S a' for a, 13 E L. Thus U( a) S g-I( a) 

for each a E L. Therefore f- I S g-I. Conversely if f-I S g-I then by what we 

have just shown (f-I)-I S (g-I tl But (f-Itl = f and (g-Itl = g. Hence f S g. 

(v) Let a, 13 E L. Then 

f a g(i3') S eX if and only if f(g(i3')) S a' 
if and only if f-I( a) S g(i3')' 

if and only if g(i3') S (f-I( a))' . 

Therefore (f a gtl (a) = g-I(f-I(a)) = g-I a f-I(a). 

I.2.10 PROPOSITION 

For f, g E .2'(L) 

PROOF 

Let a ELand let C( a) denote the set bEL: f /'::,. g( i) S a'}. Then 

(f /'::,. gtl(a) = A C(a) 

and for each 7 E C( a) 

f /'::,. g( i ) = A f( a l ) V g( ( 2) 

aI Va 2 =7' 

We may write C( a) as 

C(a) = bE L: as V f(al)' A g(a2n 
aI Va 2 =7' 

= bEL: for each 13 E B( a) there exists ai' a2 E L such that 

a l V a2 = 7' and 13 S f( all' A g( ( 2)' }, 

where B( a) is the set defined in (0.1.18). 

• 



For each f3 E B( a), put 

Hi3 = h E L : there exist a p a2 E L such that a l V a2 = l' 
and f(al)~f3', g(a2)~fJ/} 

Fi3 = bE L: f(i) ~ f3/} 

Gi3 = bE L: g(i) ~ f3/}. 

Since f3 ~ f( al)' II g( ( 2)' is equivalent to f( al) ~ f3' and g( ( 2) ~ f3', it follows that 

eta) = n Hi3 
fJEB(a) 

Observe that f-I(f3) = II Fi3 and g-l(f3) = II Gi3 . By (I.2.9(i)) this implies that 

f(( II Fi3)') ~ (3' and g(( II Gi3)/) ~ f3'. 

Hence 

( II F 13) II ( II Gi3) E Hi3 . 
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Each 'Y E Hi3 is of the form 'Y = 'Yl II 'Y2 where f( il) ~ f3' and g( 12) ~ (3' . This implies 

that 'YI E Fi3 and 'Y2 E Gi3 . Thus II Fi3 ~ 'YI and II Gi3 ~ 'Y2' which implies 

( II F 13) II ( II Gi3) ~ 'YI II 'Y2' Therefore 

II Hi3 = (II Fi3) II (II Gi3) 

= f- l(f3) II g-I(f3). 

If we can show that 

II C(a) = V (II Hi3), 
fJ E B(a) 

we will have 

= II C( a) 

= V (AHi3) fJ E B(a) 

- V f-l(f3) II g-l(fJ) 
fJ E B(a) 

= f-l I::J. g-l( a) 

To prove that A C( a) = V ( A Hf3) we show that 
fJ E B(a) 

(i) V IIHf3~IIC(a). 
f3 E B(a) 

(ii) IIC(aH V AHf3 
fJ E B(a) 
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(i) For each (3 E B( a) we have C( a) ~ Hr>' Thus A Hr> ~ A C( a) for each 

(3 E B( a) . Hence V A Hr> ~ A C( a) . 
fJ E B(a) 

(ii) For each (3 E B( a), let 

It'r> = A Fr> = £-1((3) 

and 

From the complete distributive law 
2 

= V A Ii' 
fJ E B(a) i=l r> 

= A V ''ll . 
'(i E {i,2}B(a) fJ E B(a) (r»,r> 

Let cpE {1 ,2}B(a). Put 

a i - V Ii for i = 1,2. 
fJ E '(i-i(i) ,p 

Then = V f-l((3) 
fJ E '(i- i(!) 

= rt( V (3), 
fJ E '(i-i(!) 

Applying (I.2.9(i)) to the above, we have 

£(cit ) ~ (V (3)', 
fJ E '(i-i(!) 

and 



Therefore 

f /::,. g((a1 V ( 2)') ~ f((a1 V ( 2)/) A g((a1 V ( 2)') 

~ f( a'1) A g( a2) 

~(V (3)'A( V (3)' 
/3 E 1"-1(1) /3 E 1"-1(2) 

=( V /3)' 
/3 E 1"-1({1,2}) 

= a' . 
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This implies, when using the original definition of C( a), that a1 V a2 E C( a) . 

Further a1 V a2 = V "fl{'(f3) f3' Therefore 
/3E B(a) , 

A C(a) ~ A (V "fl{'(f3) (3) 
I" E {1,2}B(a) /3 E B(a) , 

= V (A H(3) . 
/3 E B(a) 

• 
We now return to the special case of .z'(LX) = d6'L(X), 

1.2.11 LEMMA 

(i) For a E COP(L) and x E X we have 

F /::,. G(a Ixl = F(a Ixl A G(a Ixl 

(ii) F = G if and only if F(a Ix) = G( a Ix) for a E COP(L), x E X. 

PROOF 

(i) For a E COP(L) and x E X we have have a Ix E COP(L X). Therefore (i) is 

an application of (I.2.7(ii)) in .z'(LX). 

I 
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(ii) The forward direction is obvious. 

Conversely since each a: E L can be written as the supremum of a subset of 

COP(L), (0.1.17), we can write each J.L E LX as 

J.L= V 
xEX 

Thus F(J.L) . 

Hence F = G. 

V a: Ix 
a E (! J.L(x)) n COP(L) 

= V V F(a: IJ 
x E X a E (1 /L(x)) n COP(L) 

= V V G(a: IJ 
xEX aE(1/L(x))nCOP(L) 

= G(/L) for each J.L E LX. 

Motivated by (I.1.12) we make the following definition. 

1.2.12 DEFINITION 

Let Y be a non--€mpty set and f : X -I Y. Then for each G E eM L (Y) let 

fl--(G) : LX -I LX, 

be defined by f I-- ( G) (J.L) = f I--(G(r' (J.L))) for J.L E LX 

1.2.13 PROPOSITION 

Let G, G1, G2 E eML(Y) and f : X-I Y. 

(i) fl--(G) E eML(X). 

(ii) G1 ~ G2 implies fl--(G 1) ~ fl--(G 2). 

(iii) fl--(G 1 !::. G2) = fl--(G 1) !::. fl--(G 2). 

(iv) 

(v) 

PROOF 

(i) 

fl--(G
1

o G
2

) 

[fl--(G)tl 

(LHI) : 

(LH2) : 

(LH3) : 

~ fl--(G 1) 0 fl--(G 2). 

= fl--(G-l). 

f I-- (G )(Q) = f I-- (G( r' (Q))) = f I--(G(Q)) = f I-- (Q) = Q. 

J.L~ fl--(r'(J.L)) $ fl--(G(r'(J.L))) = fl--(G)(J.L) for J.LE LX. 

Let J.L = ~ J.Lj E LX, then 
J 

• 

• 



= f .... (G(f"·( ~ jtj))) 
J 

= f .... (G( ~ f"'(jt))) 
J 

= f .... ( ~ G(f"'(jtj))) 
J 

= ~ f .... (G(C·(jtj))) 
J 

= ~ f .... (G)(jtj). 
J 

(ii) Let jt E LX. Then G1 $ G2 implies G1{C'(jt)) $ G2W·(jt)). Therefore 

f .... (G1)(jt) = f .... (Gj(f"·(jt))) $ f .... (G2(f"·(jt))) = f .... (G2)(jt)· 

(iii) By (1.2. l1(ii )) it suffices to show that 
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f .... (G 1 !::. G2)( a lxl = f .... (G 1) !::. f .... (G2)( a lxl for each a E COP(L), x E X. 

By (I.2.11(i)) we have that 

= f .... (G 1 !::. G2(a If(x))) 

= f .... (G1(a If(X)) 1\ Gia If(x))) 

= f .... (G1(a If(x))) 1\ f .... (G2(a If(x))) 

= f .... (G1)(a Ix) 1\ f .... (G2)(a lxl 

= f .... (G1)!::. f .... (G2) (a q. 

(iv) Let jt E LX, then 

f .... (G1) 0 f .... (G2)(jt) = f .... (G1W·[f .... (G2(C·(jt)))])) 

$ f .... (G 1(G2W·(jt)))) 

= f .... (G1 0 G2)(jt). 

(v) It will suffice to show that [f .... (G)]-l $ f .... (G-l). Indeed if we replace G by 

G-l in the above inequality we will have that [f .... (G-l)]-l ~ f .... ((G-1)-1). Then 

since (G-1t1 = G and by (I.2.9(iv)) we have that 

f .... (G-l) ~ [f .... (G)]-l. 
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To prove that [ff-(G)]-I ~ ff-(G-I), we show that [ff-(G)tl(l') ~ ff-(G-I)(I') 

for each I' E LX. By (I.2.9(i)) this is equivalent to showing that 

ff-(G) ([ff-(G-I)(I')]') ~ 1" . 

Now 

=ff-(II {liE LY : GCII')~ ce'cl'))'}) 

= II {ff-CII) : liE LY and GCII') ~ CC'CI'))'}. 

We have that C'Cff-(v)') ~ V for vE LY and ff-CC'(I')') ~ 1". Thus 

ff-(G)([ff-CG-I)(I')]' ) 

= ff-(G) (V {ff-(v)' : liE LYand G(II') ~ CC'(I'))'}) 

=ff-(G(V {C'(ff-(v)'): vE LY andG(II')~ (C'(I'))'}) 

~ ff-(G Cv {v' : vE LY andG(II')~ CC'(I'))'}) 

= ff-( V {G(II') : vE LY and G(II') ~ cr'(I'))'}) 

~ ff-CC'CI')') 

~ 1" . 

• 
We now show how each F E dif2CX) can be extended to an element of difLCX). We begin 

with a simple proposition. 

1.2.14 PROPOSITION 

For each I'in LX let C .. be the subset of X defined by 

Then 

(i) 

(ii ) 

(iii) 

CQ =0. 

I' ~ lC . .. 

C .. = n {B E 2
x : I' ~ IE}' 

If I' is of the form I' = V I'j' then 
jEJ 

C .. = . U C ... ' 
J E J J 
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PROOF 

We can write Ci-L as Ci-L = {x EX: a < tL(x)}. Parts (i) and (ii) then follow easily. 

To prove part (iii) let p, be of the form p, = V p,j ' Now for x E X, p,(x) > a if and 
j E J 

only iffor some j E J p,j(x) > O. Thus Ci-L = . U CI'.' 
J E J J 

1.2.15 DEFINITION 

For FE tR 2(X) let GF : LX --< LX be defined by 

GF(p,) = IF(C~ for each p,E LX 

1.2.16 PROPOSITION 

Let F, F 1, F2 E tRiX). Then 

(i) 

(ii) 

(iii ) 

(iv) 

PROOF 

GF E tRL(X), 

GF t:. F = GF t:. GF ' 
1 2 1 2 

(i) We check that GF satisfies (LHl), (LH2) and (LH3). 

(LHl) GF(Q) = IF(CQl = IF(0) = 10 = Q. 

(LH2) P, S lcl'S IF(Ci-L) = GF(p,) for each p, E LX 

(LH3) Let p, = V Itj' then 
j E J 

GF(It) = IF(C~ = IF( u C ) = lu F(C ) = ~ IF(C ) 
ji-Lj j I'j J i-Lj 

= ~ GF(ltj)' 
J 

• 

• 
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(ii) By (1.2.11) it is enough to show that 

GF !:l F (0< IJ = GF (0< IJ II GF (0< Ix) for each aE COP(L) and x E X. 
I 2 1 2 

If 0< = 0 then the above clearly holds for each x E X. Therefore let 0< * 0 and 

xE X. Then C 1 = {x}. Furthermore FI!:l F2({x}) = FI({x}) n F2({x}), 
0< x 

Hence 

(iii) Let Jl in LX then 

GF 0 GF (Jl) 
I 2 

= IF1({X}) n F2({X}) 

= lF1({X}) II lF2({X}) 

= GF (0< Ix) II GF (0< lJ. 
I 2 

= GF (IF (C )) 
1 2 !' 

= lF1(F2 (C~) 

-1 
- Flo F2(C!') 

= GF F (Jl) . 
1 0 2 

(iv) Again it will suffice to show that [GF1-1 S GF+ If we replace F by F-I and 

use (1.2.9(iv)) we get that GF-1 S [GF1-1 . As in the proof of (I.2.l3(v)) to 

prove that 

[GFtl S GF-Io we show that GF((GF-1(Jl))') S Jl'. We have that 

(GF-1(Jl))' = IX/F-1(C!,)' Therefore GF((GF-1(Jl))') = IF(X/F-1(C!'))' 

By (1.1.2(vii)) we have F(X/F-I(C!')) ~ X/C!' and since Jl S lc we also have 
!' 

that lx/c!' S Jl'. This all implies that GF((GF-1(Jl))') = IF(X/F-1(C!')) S JlI . 

• 
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1.3 : L-UNIFORMITIES AND L-UNIFORM SPACES. 

Using the appropriate results in Section I as motivation we define the concepts of 

L-uniformity and L-uniforruly continuous. We also defined the allied concepts of 

L-uniform base and L-uniform subbase. Next we assign to each L-uniformity on a set 

an L-topology via an interior operation. In this assignment L-uniforruly continuous 

functions become L-continuous. We conclude this section by assigning an L-uniformity 

to each uniformity on a set. We study in some detail the L-uniformity assigned to the 

uniformity which induces the natural topology on the unit interval. 

All material in this chapter with the exception of 1.3.5, 1.3.9 - 1.3.11 is that of Hutton 

([6]). 

1.3.1 DEFINITION 

An L-uniformity on X is a subfamily fiJ C J{ L (X) which satisfies the following 

conditions. 

(LUI) If D E fiJ and D ~ E E J{ L (X) then E E fiJ. 

(LU2) If D 1, D2 E fiJ, then Dll:l D2 E fiJ. 

(L U3) For every D E fiJ there exists E E fiJ such that E 0 E ~ D. 

(LU4) For every D E fiJ there exists E E fiJ such that E-1 ~ D. 

A family !iJ ~ fiJ is called a base for the L-uniformity fiJ if for every D E fiJ there 

exists E E.;o such that E ~ D. A collection .;0 ~ J{ L(X) is a base for some 

L-uniformity on X if and only if 

(LBUI) 

(LBU2) 

(LBU3) 

For every D1, D2 E .;0 there exists E E .;0 such that E ~ Dl and E ~ D2. 

For every D E .;0 there exists E E !iJ such that E 0 E ~ D. 

For every D E .;0 there exists E E .;0 such that E-l ~ D. 

A collection c!I' ~ J{ L (X) is a subbase for some L-uniformity on X if and only if 

n 
.;0 ( c!I') = { I:l D i : n E IN and DiE c!I'} is an L-uniform base. 

i=l 

Conditions (LUI) and (LU2) can be combined and stated as 

(LUl') fiJ is a filter on (J{ L(XH). 



Similary condition (LBUI) can be stated as 

(LBUI') 3J is a filter base on (d6'L(X), ~). 
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An L-uniform space is a pair (X, fiJ) consisting of a non-empty set X and an 

L-uniformity fiJ on X. 

• 
1.3.2 PROPOSITION 

Let (X, fiJ) be an L-uniform space. Then int fiJ : LX ---+ LX where 

int fiJ(/1» = V {VE LX: for some D E fiJ, D(v) ~ /1>} 

is an interior operation on X. Hence 

T fiJ= {/1>E LX: /1> = int fiJ(/1>)} 

is an L-topology on X and shall be referred to as the L-topology on X induced by fiJ. 

PROOF 

We show that int fiJ LX ---+ LX satisfies the reqnired properties of an interior 

operation (0.2.8). 

(IOI) : 

(I02) : 

(I03) : 

For /1> E LX and D E fiJ we have that /1> ~ D(/1». Thus D(l) = 1. This 

implies that int fiJ(l) = 1. 

Let /1>, vEL X be such that for some D E fiJ we have that D( v) S /1>. Then 

v ~ /1>. Therefore int .0(/1» ~ /1>. 

Let /1>, vEL X. From the definition of int fiJ' if /1> ~ v then 

int.0 (/1» ~ int.0 (v). Thus int.0 (/1> A v) ~ int fiJ (/1» A int fiJ (v). To 

reverse this equality suppose that /1>1' VI E LX such that there exists 

D1, D2 E .0 satisfying D1(/1>I) ~ /1> and D2(v1) ~ v. Then 

~ D2(/1>1 A VI) A D2(/1>1 A VI) 

~ D1(/1>I) A D2(v1) 

~ /1> A v. 
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Thus J.!1 II VI ~ int g; (J.! II v). Since L is completely distributive we may 

write 

int g;(J.!) II int g; v) = V {Ill II VI: for some D l' D2 E g;, 

D I (Ill) ~ Il, D 2 (1l2) ~ v}. 

By what we have previously shown this implies that 

int g;(J.!) II int g;(v) ~ int g;(J.! II v) . This proves that 

int g;(J.!) II int g;(v) = int g;(J.! II v). 

(104) : Let J.! E LX. By (102) we have that int g; (int g; (J.!)) ~ int g; (J.!). To 

reverse the inequality let VE LX and D E g; such that D(v) ~ J.!. Since 

DE g; there exists E E g; such that E a E ~ D. Thus 

v ~ E(v) ~ E(E(v)) ~ D(v) ~ J.!. This implies that v ~ E(v) ~ int g;(J.!). 

Therefore v ~ int g;(int g;(J.!)). Hence int g;(J.!) ~ int g;(int g;(J.!)). 

• 
1.3.3 COROLLARY 

Let $ be a base of g;. Then for each J.! E LX 

int g;(J.!) = V {v E LX: for some E E $, E(v) ~ J.!} 

= V {E( v) : vEL X and E a E( v) ~ J.! for some E E $}. 

PROOF 

Let J.!E LX and let AI-' = {VE LX: for some D E g;, D(v) ~ J.!} . Thus 

int g;(J.!) = V AI-' and for each v E AI' there exists Dv E g; such that Dv(v) ~ J.!. Since 

$ is a base there exists Ev E $ such that Ev a Ev ~ Dv' 

This implies that 

v~ Ev(v) ~ Ev(Ev(v)) ~ Dv(v) ~ J.!. 

Thus AI' ~ {v E LX: for some E E $, E(v) ~ J.!} and 

{Ev(v) : v E AJ ~ {E(v) : v E LX and E a E(v) ~ J.! for some E E $}. 

We therefore have that 
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and 

int .0(p,) 5. v {E(v) : v E LX and E a E(v) 5. p, for some E E .2} 5. int .0 (p,). 

This completes the proof. 

• 
1.3.4 DEFINITION 

An L-space (X, T) is said to be L-uniformizable if there exists an L-uniformity .0 on 

X such that T.0 = T. 

• 
The following proposition will prove useful when we consider weak L-uniformities 

generated by collections of functions in Section 4. 

I.3.5 PROPOSITION 

Let (X,.0) be an L-uniform space. Then .0 has a base .2 ~ .0 such that for each 

EE.2,E .... (LX)~ T.0. 

PROOF 

For each D E .0 we define the mapping int .0 (D) : LX -I LX given by 

int .0(D)(p,) = int .0(D(p,)). 

It is easy to see that int .0(D) satisfies requirements (i), (ii), (iii) of (1.2.4). That is 

int .0(D)(Q) = Q, P,5. int .0(D)(p,) for p,E LX and int .0(D)(p,) 5. int .0(D)(v) for 

X 
p" vEL , p, 5. v. 

Therefore by (1.2.4) 

(int.0(D))*: LX-I LX, 

given by (int .0(D))*(p,) = V int .0(D)(v) belongs to J6'L(X). Since 
11 E B (/k ) 

int .0(D)(v) E T for each v E B(p,) we have immediately that (int .0 (D))*(p,) E T .0. 

Furthermore (int .0(D))* 5. D. Let .2 = {(int .0(D))* : DE .0}. If we can show that 

$~ .0, then by the previous inequality we will have that $ is a base for .0. To 

this end let DE.0. There exists E E.0 such that E a E 5. D. We then have that 

E(/k) 5. int .0(D(/k)) = int .0(D) (/k) 5. D(p,) 
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By (1.2.4) it follows that 

E ~ (int .0(D))* ~ D. 

This implies that (int .0(D))* E.0, whence $~ .0. 

• 
1.3.6 DEFINITION 

Let (X,.0 ) and (Y, B) be L-uniform spaces. Then f : X -I Y is L-uniformly 

continuous if and only iffor each E E B there exists D E.0 such that D ~ f f-(E). If f 

is a bijection, then we say that f is an L-uniform isomorphism if and only if f, f·1 are 

L-uniformly continuous. 

• 
We observe that as in the uniform case for f : X -I Y to be L-uniformly continuous it is 

enough to show that if $ ~ B is a base for B, then for each E E $ there exists D E .0 

such that D ~ ff-(E). 

1.3.7 PROPOSITION 

Let (X,.0) and (Y, B) be L-uniform spaces. Let ctf be a subbase for B. Then 

f : X -I Y is L-uniformly continuous if and only if for each E E ctf there exists D E .0 

such that D ~ ff-(E). 

PROOF 

The forward implication follows directly from the definition since ctf ~ B. We now 

consider the reverse implication. We are given that 
n 

$ ( ctf) = { D. Ei : n E IN and Ei E ctf} is a base for .0. By the observation 
i=l 

preceeding the proposition to show that f : X -I Y is L-uniformly continuous it is 

sufficient to show that for each E E $ (ctf) there exists D E.0 such that D ~ f f- (E). 
n 

Let E E $ (ctf). Then E is of the form E = D. Ei· For each Ei there exists Di E.0 
i=l 

n n 
such that Di ~ ff-(EJ By (I.2.13(iii)) we have that D. ff-(Ei) = ff-( D. EJ This 

i=l i=l 
n n 

implies that D. Di ~ f 1-( D. EJ 
i=l i=l 

exists DE.0 satisfying D ~ fl-(E). 

n 
But D. Di E .0 . 

i=l 
Thus for each E E $ ( ctf) there 

• 
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1.3.8 PROPOSITION 

Let f : (X,.0) ---; (Y, e) be L-uniformly continuous. Then f : (X .r.0) ---; (Y,r e) is 

L-continuous. 

PROOF 

Let 1-£ E r iff and AIJ. = {v E L
Y 

: Ev(v) ~ 1-£ for some Ev E 6'}. Since 1-£ E r 6' we have 

that 1-£ = int 13 (1-£) = V Aw For each v E AIJ. ' f I-(Ev) E.0 since f is L-uniformly 

continuous and 

fl-(Ev)(fl-(v)) ~ fl-(Ev(v)) ~ fl-(I-£) . 

This implies that fl-(v) ~ int .0(fl-(I-£)) for each vE Aw Thus 

fl-(I-£) = V f .... (v) ~ int .0(f .... (I-£)) ~ fl-(I-£). 
vE AIJ. 

This means fl-(I-£) E r.0' which proves that fis L-continuous. 

We now assign to each uniformity on a set a related L-uniformity. 

1.3.9 PROPOSITION 

Let (X,ID) be a uniform space. 

(i) The collection 

..$1Il = {Gn : DE .0(IIl)} 

where .0(IIl) = <li(IIl) and Gn is given in (1.2.15), is an L-uniform base on X. 

(ii) If B is a base for III then 

(iii) 

..$B = {GE : E E ..$(B) = <li(B)} 

is a base for the L-umformity generated by ..$1Il. 

The L-topology r..$ induced by ..$1Il is precisely the L-topology 
III 

X
rlll 

= {I A : A E rill} · 

• 
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PROOF 

(i) The collection .0 (ID) is a filter on dif 2(X) and by (1.2.16(ii)) 

GD b. GD = GD b. D' Hence.$ID is a filter base on difL(X). For 
1 2 1 2 

DE .0(ID) there exists E1, E2 E .0(ID) such that El 0 El ~ D and E;1 ~ D. 

Therefore by (1.2.16(iii) - (v)) we have that GE 0 GE ~ GD and 
1 1 

(G
E 
tl ~ G

D
. Consequently .$ID is an L-uniform base on X. 

2 

(ii) We have that .$ B ~ .$ID and for each G
D 

E.$ID there exists G
E 

E.$ B such 

that G
E 

~ G D' Thus .$ B is a base for the L-uniformity generated by .$ ID' 

(iii) Applying (1.3.5) to the special case of L = {O,1} = 2, we have that there 

exists a base $ ~ .0 (ID) of .0 (ID) such that for each E E $ , E ... (2X) ~ TID' 

Then by (ii) and (1.3.3), we have for J.t E LX, 

int $ (J.t) = V {GE(v) : v E LX and GE 0 GE(v) ~ J.t for some E E $}. 
ID 

But GE(v) = IE(Cvl where Cv = n {B E 2
x : v ~ IB}' Hence GE(v) E X

TID
. 

Therefore int Q) (J.t) EX, proving that TOle X . To reverse the 
..., III TID .AJ ID TID 

inequality, let A E TID' Then by (1.1.15) 

A = U {B E 2X : there exists DE .0(ID) such that D(A) ~ B}. 
Therefore 

I A = V {IB : there exists GD E $ID such that GD(IB) ~ 1 A} 

~ int $ (IA) 
ID 

~ IA' 

This implies that lA E T Q) Hence X ~ T Q) • 

"" ID TID"" ID 

A base for the unique uniformity ID on the interval I is given by B = {V. : f> O} where 

V. = {(x,y) E IxI : ! x-y! < fl. If we let W. = {(x,y) E IxI : x - f < y}, then 

V. = W. n W~I. Let D. = <Ji(V.) and E. = <Ji(W.). 

• 



Concerning D., E. we have the following proposition. 

1.3.10 PROPOSITION 

(ii) For J1. E LX and Wf Q. 

PROOF 

(a) GE• (J1.) = \rll _ £,1] where rll = sup {r E I : J1. $ 1[r,1]} and if 

r ll - f < 0 then (rll - £,1] is taken to be 1. 

(b) (GE/l(J1.) = 1[0,£ 11+£) wherel 11 = inf{ £ E I : J1. $ 1[0,~} and if 

1 < £ 11 + f then [0,£ 11+£) is taken to be 1. 

Part (i) is a consequence of (1.2.16). We now prove (ii). 

(ii) (a) By definition GE.(J1.) = 1E.(C~ where CIl = n {B E 2
x

: J1.$ 1B}. 

We have that E.(C~ = U E.(x) 
x E Gil 

= U (x-f,l] 
x E Gil 

= (inf CIl-E,l]. 

If J1. $ l[r,I]' then CIl ~ [r,l] which implies that r $ inf CIl" But 

inf CIl E {r E I : J1. $ l[r,I]} since J1. $ 1CIl $ l[inf C
Il
,1]" Thus 

r ll = inf CIl" This proves that GE (J1.) = 1( _ 1]' 
E. I~ E, 

= U E;l(x) 
X E Gil 

= U [o,x+£) 
X E Gil 

= [0, sup CIl+f). 
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Arguing along the same lines as in (a) we conclude that 

f. .. = sup C ... Hence (GE/l(/k) = 1[0, f. .. +f)" 

Summarizing what we have done so far, we have 

1.3.11 PROPOSITION 

The L-uniformity on I generated by $ID has as a base 

$B = {GE !:::. (GE tl : f> O} 
• • 

where the action of GE ' (GE tl on elements of L1 is given in (1.3.10). 
• • 

1.4 : OPERATIONS ON L-UNIFORMITIES. 
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• 

• 

In this section three operations on L-uniform spaces are examined. We first consider 

subspaces of L-uniform spaces. Next we consider weak L-uniformities generated by 

collections of functions and products of L-uniform spaces. 

Unlike the uniform case the definition of a subspace L-uniformity is a non-trival 

matter. Most of what is done here has appeared in Rodabaugh's paper ([17]). In this 

paper he claims without proof that his "subspace L-uniformity" may in fact not be an 

L-uniformity. He is incorrect and we give a proof to this effect. We proceed as follows. 

Let Y be a subset of a set X. For each L-set /k ELY, we define an extension J1x of /k 

to X: 

{ 

/k(x) 
/kX : X -I L, /kx(x) = 0 

if x E Y 

otherwise. 

Conversely given A E LX, we define Ay to be the restriction of A to Y, that is Ay = AI yo 

If /k ELY, we define the complement /kc of /k relative to Y to be the L-set : 

/kC: Y -I L, /kC(y) = (/k(y))' for y E Y. 



We list some obvious properties: 

1.4.1 PROPOSITION 

Y X Y X 
Let f.i, vEL ; 1/, A E L ; A ~ L ; B ~ L . 

(i) 

(ii) 

(iii) 

(iv) 

(f.ix)y = f.i, f.ic = (f.ixl' y ,[((f.ixl' )yl" = f.i, [((f.iC)xl' ly = f.i . 

(f.iC)x$ (f.ixl' , (AY)X$ A . 

v $ f.i implies Vx $ f.ix ' 1/ $ A implies 1/y $ Ay . 

1.4.2 DEFINITION 

For each F E c%L(X) define the function Fy : 

F y : L y -< L y , F y(f.i) = F(f.ix)y for each f.i ELY . 

1.4.3 PROPOSITION 

Let E, FE c%L(X). 

Then : 

(i) {Fy : FE c%L(X)} ~ c%L(Y) . 

(ii) IfE$ F then Ey$ Fy . 

(iii) Eyo Ey~ (E 0 E)y. 

(iv) (FOI)y = (Fytl . 

PROOF: 

Parts (i) and (ii) are straightforward. We shall prove parts (iii) and (iv). 

(iii) Let f.i ELY. Then Ey 0 Ey(f.i) = Ey(Ey(J.!)) = E(Ey(J.!)x)y ,but 

Ey(f.i)x = (E(f.ix)y)x $ E(f.ix )· 
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• 

• 
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We therefore have 

Ey 0 EyUL) $ E(E(ILx))y = (E 0 E(ILx))y = (E 0 E)y(JL) . 

Thus Ey 0 Ey $ (E 0 E)y . 

(iv) Note that it is sufficient to show that (F-1)y $ (Fytl. Since replacing F by 

F-1, we get Fy $ ((F-1)ytl This implies (Fy )-1 $ (F-l)y' If JL ELY, then 

(Fy )-I(JL) = A {v E LY : Fy(v") $ JLC}. 

Let vEL y such that Fy(v") $ JLc, then Fy(vC)x $ (JLC)x $ (1Lx)" But 

Fy(v")x = F((v")x) A ly and (JLx )' (x) = 1 for all x E X/Y. 

This implies that F( (v")x) $ (JLx )' . 

We have that 

F-1(JLX ) = A {>. E LX: F(>.') $ (JLx )')' 

Hence F-1(JL
X

) $ [(v")xJ/ . It follows that 

(F-l)y(JL) = F-1(JLX )Y $ [((IIC)x)' Jy = II . 

We can now conclude that (F-l)y(JL) < (Fyt1(JL) , and therefore the 

inequality (F-1)y $ (Fyt1 follows. 

• 
The reason for choosing our particular extension ILx of JL ELY, is now apparent. The 

inequality (JLC)x $ (JLx )' is crucial to (I.4.3.(iv)). This inequality and other crucial 

inequalities of the form (lLy)x $ JL needed later on would not be available with another 

form of JLx . 

1.4.4 PROPOSITION 

Let (X,.0) be an L-uniform space and Y ~ X. Then 3J y = {Dy : D E .0} is an 

L-uniform base on Y, and the L-topology T 3J generated by 3J y coincides with the 
y 

subspace L-topology T .01 y . 
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PROOF: 

By (I1.1.3(i)) $ y ~ ,R L(Y)' To show that $ y is an L-uniform base it remains to 

show that: 

(a) $y is a filter base, 

(b) For each G E $ y there exists 

(i) HE$ySuchthatHo H~ G, 

(ii) HE $y such that H-l ~ G. 

(a) Let Gt ,G2 E $y' then there exists Dl,D2 E 9) such that 

Gi = (D;}y for i = 1,2. 

Since 9) is an L-uniformity Dt !:J. D2 E 9) and further Dt !:J. D2 ~ Di for 

i = 1,2. Then (D l !:J. D2)yE $y and by (1.4.3(ii)), 

(Dl !:J. D2)y ~ (D;}y = G i for i = 1,2. 

(b )(i) If G E $ Y' then there exists D E 9) such that Dy = G. Since 9) is an 

L-uniformity there exists E E 9) such that E 0 E ~ D. Now Ey E $ y 

and by (1.4.3(iii)) Ey 0 Ey ~ (E 0 E)y' But (E 0 E)y ~ Dy by 

(1.4.3(ii)) . Thus Ey 0 Ey ~ Dy . 

(ii) Let G E $y' then Gis of the form G = Dy ' where D E 9). Since 9) is an 

L-uniformity there exists E E 9) such that E-l ~ D. Then by 

(1.4.3(ii), (iv)), we have (Ey )-1 ~ Dy = G. 

First observe that if D E 9) such that D .... (Lx) ~ T 9)' then Dy""(LY) ~ T 9) I Y' 

Therefore since we may write each JJ, E T $ as 
y 

JJ, = V {Dy(v) : vE LY
, Dy 0 Dy(v) ~ JJ, and DE $} 

where $ is a base of 9) for which D .... (L x) ~ T 9) for D E $, (1.3.5), we have 

immediately that T $ y ~ T 9) I Y' 

We conclude by showing the reverse inclusion T 9) I Y ~ T $ y' To show this let 

JJ,E T 9)1 y' Then JJ,is ofthe form AI Y where A E T 9)' 
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Let A).. = {1/E LX: there exists D E 9) such that D(1/) ~ >'}. 

Then since >. E r 9)' >. - v 1/. 
1/ E A).. 

for some D E 9), D( 1/) $ >.. Thus Dy( 1/y ) $ >'y. 

Consequently V 1/y S int $ (>'y) S >'y. But >'y = V 1/y. 
1/ E A).. y 1/ E A).. 

Hence >'y = int $y (>.y). Thus r 9)[ y ~ r $y. 

• 
We can now formally define a subspace L-uniforrnity. 

1.4.5 DEFINITION 

Let (X, 9)) be an L- uniform space and Y ~ X. The induced subspace L- uniforrnity, 

denoted by 9)y , on Y is that L-uniformity on Y having as a base 

$y={Dy :DE.0}. 

• 
We now turn to the problem of defining an L-uniforrnity on a set X induced by a 

collection of functions from X to a corresponding collection of L-uniform spaces. 

1.4.6 PROPOSITION 

Let v1 be a collection of functions , where each function f is a function from X to an 

L-uniform space (Yf , 9) f)· 

(i) Then 
n 

$(X) = { /:; f~(Di): f; E v1, D; E 9)f' n E IN} 
i=l ; 

is an L- uniform base on X. 

(ii) The induced L-topology r $ (X) is given by the weak L-topology r w( v1 ) 

generated by v1. 
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PROOF 
n 

(i) The set $ (X) is clearly a filter base on d{ L(X), Let f:::. ft(D;) E $ (X). 
i=1 

For each i there exists El, E~ E g; f such that 
i 

(a) 

(b) 

E! 0 E! < D· 
1 1 - 1 

( E~)-l< D. 
1 - 1 

By (1.2.13) we have 

(a') ft(ED 0 fl-(ED ~ ft(D i) 

(b') (ft(ED)-1 ~ ft(DJ 

Relations (a'), (b') together with (I.2.7(iii)) and (1.2.10) imply that 

and 
n n 

( f:::. f.I-(E~))-1 < f:::. f.I-(D.) 
. 1 1 -. 1 I' 
1=1 1=1 

Hence $(X) satisfies the requirements of an L-uniform base. 

(ii) For each f E.A let $ f ~ g; f be a base of g; f satisfying the conditions of 

(1.3.5). ThatisforeachDE$f'D .... (LYfH Tg;. Then 
f 

n 
$(X) = { f:::. ft(D i) : fi E.A, Di E $f, n E IN}. 

i=1 i 

is a base for the L-uniformity generated by $(X). By (1.3.3) for jJ, E LX 

int $(X)(jJ,) = V {E(v) : v E LX, E E $(X) and E 0 E(v) ~ jJ,}. 
n 

Let E E $(X) and v E LX Then E is ofthe form f:::. ft(D;) where 
i=1 

Di E $f· Then by (1.2.4) 
i 

E(v) = V ft(D!)(A) " ... " fnl-(Dn)(A). 
A E B(v) 

For each i and A E B(v), 

ft(Di)(A) = ft(Di(ft(A))) 

where Di(ft(A)) E T g;f.· Therefore ft(Di)(A) E TW( .A)' 
I 
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This implies that E(v) E r w( A)' Hence int $(X)(J1-) E r w( A)' Thus 

r $ (X) ~ r w( A)' Conversely since each f E A is L-uniformly 

continuous with respect to $(X), we have r w( A) ~ r $(X)' 

An immediate corollary is that products of L-uniform spaces are L-uniformizable, 

1.4.7 COROLLARY 

Let {(Xj'.0) : j E J} be a collection of L-uniform spaces. Then 

n 
$(~ Xj) = {,/::" 'lfj,<-(D i): jiE J, Di E.0 j ., nE IN} , 

J 1= 1 1 1 

• 

where 'lfj : II j Xj ---; Xj is the j'th projection mapping, is an L-uniform base on ~ Xj 
J 

which generates the product L-topology, 

• 

1.5: THE L-UNIT INTERVAL I(L) 

Hutton ([6],[7)) invented the L-unit interval. This section is a thorough treatment of 

his construction. All definitions and results are essentially his . We begin immediately 

with a definition. 

1.5.1 DEFINITION 

A function f : IR ---; L is said to be monotonically decreasing if 

f(t) ~ f(s) for all s < t. 
We define 

f(H) = V f(s), f(t-) = A f(s) for t E IR 
t<s s<t 

These generalised right-hand and left-hand limits induce the monotonically 

decreasing functions 

f + : IR ---; L, f - : IR ---; L 

where f +(t) = f(H), C(t) = f(t-) for t E IR. 

• 
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1.5.2 PROPOSITION ([11]) 

Let f,g : IR -+ L be monotonically decreasing. 

(i) For s, t E IR and s < t we have that 

f(H) ~ f(t) ~ f(t-) ~ f(s+) ~ f(s) ~ f(s-). 

(ii) For t E IR, 

f(H) = V f(s+) = V f(s-) 
t<s t<s 

f(t-) = A f(s-) = A f(s+). 
s < t s < t 

(v) £ + = g + if and only iff - = g-. 

PROOF 

Part (i) follows directly from the fact that f is monotonically decreasing and the 

definition of f(H), f(t-) for t E IR . Using (i) the proof of (ii) is straightforward. Parts 

(iii) and (iv) are consequences of (ii), and (v) is a special case of (iv). Part (vii) 

follows from (vi) by duality. To prove (vi) let t E IR. Then 

(fV g)+(t) 

(f+vg+)(t) 

= V £(8) V g(8), 
t < s 

= (V f(SI)) V ( V f(S2)) 
t<SI t<S2 

Suppose that t < 81, t < 82. Let 8 = rnin{ 8p 82}. Then t < 8 ~ 81 and 

t < 8 ~ 82. Thi8 implie8 that 



Therefore 

In a similar manner we have that 

$ V f(s) V g(s) 
t < s 

$ V f(SI) V g(S2) ' 
t<81,82 

= V f(s) A g(S) 
t < 8 

= V f(SI) A g(S2) ' 
t<8 p 82 

Since L is completely distributive we then have 

V f(SI) A g(S2) 
t < 8 p S2 

= ( V f( s)) A ( V g( s)) 
t<8 t<8 

= f(H) A g(H) 
= (f+ A g+)(t) 

This proves that (f A g)+(t) = (f + A g +)(t). 

I.5.3 DEFINITION 

Let 11 denote the collection 

{f: Ul-t L : f is monotonically decreasing, f(O-) = 1 and f(1+) = O}. 

We define an equivalence relation on 11, For f, g E 11 : 

f N g if and only iff = g -. 

61 

• 

The L-unit interval I(L), is then defined to be the set of equivalence classes of the 

equivalence relation N on 1
1

, We usually write f in place of [~. Consistency then 

requires that we re-define our notion of equality in 11 so that f = g if and only if 

f = g-. 

• 
We note that by (I.5.2(v)) that for f, g E 1

1
, f N g if and only iff + = g +. Next we 

define an injective mapping of I into I(L). 
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1.5.4 PROPOSITION 

The mapping 
e : 1 -----. 1(1) 

given by e(t) = l(--tIl,II' is injective and in the special case of 1 = {a,l} = 2, e is 

bijective. 

PROOF 

First note that for tEl, (l(--tIl,t])- = l(--tIl,t]' 1et t 1,t2 be two distinct points in I. 

Without loss of generality we may assume that tl < t 2· Therefore 1(--tIl,tlt2) = a and 

1( ](t2) = 1. Hence e(tl) f e(t2)' This proves that e is an injective mapping. To 
-ro,t2 

prove that for 1 = {0,1} e is a bijection, it remains to show that e is surjective. 1et 

fE 1({a,l}) and put t f = supf-1(1). Thenf- = l(--tIl,trl = e(t f )· Thereforee(t f ) = f . 

• 
When defining an 1-topology on 1(1) we shall obviously require that in the special case 

of L = {a,l} the mapping 

e: (I, X(lI.)) -----. I(L) 

is an {O,l}-homeomorphism, where lI. is the standard interval topology. 

1.5.5 DEFINITION 

For t E IR define the L-sets 

(i) Rt : I(L) -----. L, Rt(f) = f(t+) , 

(ii) 1t : I(L) -----. L, 1 t(f) = (f(t-))' . 

• 
Observe that for t < 0, Rt = 1 and for t ~ 1, Rt = Q. Also note that for t ~ 0, Lt = Q 

and for t > 1, Lt = 1. 

1.5.6 PROPOSITION 

(i) For 0 ~ t < 1, e .... (R t ) = 1(1,1], 

(ii) For 0 < t ~ 1, e .... (1 t ) = 1[0,1)' 
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(iii) Let T be some L-topology on I(L). If the L-llets Rtl e(I}' Ltl e(I} for tEl are 

open in the relative L-topology TI e(I} on e(l) then 

e-1 : (e(I), TI e(I}) --i (I, X(t.)) is L-<:ontinuous. 

PROOF 

(i) Let 0 $ t < 1. Then for s E I, 

= Rt (l( ]) -m,S 

= (l(-m,st(t) 

_ { 1 for t < s 
- 0 for s $ t 

= 1( }(t) -m,S 

= l(t,l](s) 

Thus e .... (Rt ) = l(t,l]" 

(ii) Let 0 < t $ 1. Then for s E 1 

_ {O for t $ s 
- 1 for s < t 

= l[O,t}(s). 

Therefore e .... (L t ) = l[O,t)" 

(iii) The collection {l[O,s}' l(t,l] : 0 < s $ 1 and 0 $ t < 1} forms a subbase of 

X(t.). Therefore to show that e-1 : e(l) --i 1 is L-<:ontinuous it suffices to 

show that (e-1
) .... (l[O,s))' (e-1

) .... (l(t,l]) are open in the relative L-topology 

TI e(I} for 0 < s $ 1 and 0 $ t < 1. 



By (i) and (ii) we have 

(eo!) !-(I(t,IJ) = (eo!) !-(e !-(Rt)) 

= Rtl e(I) ' 

= (eo!) !-(e !-(15)) 

= 1s1 e(I)" 
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Thus for eo! to be 1-continuous we require that Rtl e(I)' 1tl e(I) be open in 

• 
Our next proposition is essentially a restatement of (1.5.2) in terms of Rt, 1t and 

therefore can be easily verified. 

1.5.7 PROPOSITION 

1et s, t E IR, A ~ IR. 

(i) V Rt = ROnf A if A is bounded from below, otherwise V Rt = 1· 
tEA 1 tEA 

(ii) V 1t = 1 A if A is bounded from above, otherwise V 1t = 1 
tEA sup tEA 

(iii) 

• 
1.508 DEFINITION 

(i) The 1-topology 

Tr = {Rt : t E IR} 

is called the right-hand interval 1-topology on 1(1). 

(ii) The 1-topology 

T£ = {1 t : t E IR} 

is called the left-hand interval 1-topology on 1(1). 
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(iii) The common refinement 7r V 7 l is called the interval L-topology on I(L) and 

is denoted by 7I(L)" 

• 
From the definition of 7I(L) and (1.5.6) we have immediately 

1.5.9 PROPOSITION 

The mapping 

e: (I, X(.t.)) ----I (I(L), 7I(L)) 

is an L-embedding. In the special case of L = {D,l}, e is an {D,l}-homeomorphism. 

• 
We now define an L-uniform base on I(L) which generates the L-topology 7I(L) on I(L) . 

As we can see from previous results (I, X(t.)) can be treated as a subspace of I(L). The 

L-sets Rt, Lt can be thought of as extensions of the L-sets l(t,I]' l[O,t) from I to I(L) . 

Keeping within this framework it would seem natural to try to define an L-uniform base 

on I(L) in which each element can be treated as an extension of some 

GE t. (GE t! E $ B' With this in mind we are motivated by the analysis of 
• • 

!lJ B' (1.3.9), to make the next definition. 

1.5.10 DEFINITION 

For J1- E L I(L) let SIll-" .2' I-' ~ IR be defined as 

SIll-' = {t E IR: J1-~ L~}, .2'1-' = {BE IR : J1-~ R~} . 

• 
Observe that if J1- = Q then SIll-' is un bounded from above and .2'1-' is un bounded from 

below. 

1.5.11 PROPOSITION 

Let J1- E L1(L) and wi' Q. 

(i) SIll-' is bound above by 1 and tl-' = sup SIll-' E SIll-" D ~ tl-" 
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(iv) If j.£ is of the form j.£ = . V j.£j, j.£j f. Q, then tlJ. = . inf tlJ. .. 
JEJ JEJJ 

(v) For s < 1, s $ tR with equality for 0 $ s < 1, and for s $ 1, s $ tL, with 
s s 

equality for 0 $ s $ 1. 

(vi) For 0 < t, sL $ t with equality for 0 < t $ 1 and for 0 $ t, sR' $ t with 
t t 

equality for 0 $ t $ 1. 

PROOF 

Parts (iii), (v), (vi) are self evident and part (ii) follows from (i) by duality. To 

prove (i) let j.£ f. Q. Since L~ = Q for 1 < t and Lo = 1 we have that ~ IJ. is bounded 

by 1 and 0 $ sup ~ w Furthermore since j.£ $ L't for each t E ~ IJ. we have that 

" < A L' ,. - t 
t E ~IJ. 

- L' - sup ~IJ.. 

Therefore tlJ. = sup ~w 

To establish (iv) let j.£ = . V j.£j, j.£j f. Q. For each j we have by (i) that j.£j $ 1't . 
J E J IJ.j 

Therefore 

V"· <V1' . ~ - t 
J j IJ.j 

< L, f t - In 
. IJ.. 
J J 

Thus i~f tlJ.. E ~ w If t E ~ IJ. then t E ~ ~ IJ.: 
J J J J 

This implies that tlJ. $ iI.1f tlJ... Hence since iI.1f tlJ.. E ~ IJ. we have that tlJ. = inf tIL.· 
J J J J J J 

• 



1.5.12 DEFINITION 

For f > 0, define 
B. : L1(L) --I L1(L) 

by B.(It) = Rt -f for wi Q and B.(Q) = Q. 
JJ. 

I.5.13 PROPOSITION 

Let f, f l , f2 > o. 
(i) 

(ii) 

(iii) 

(iv) 

(v) 

B. 0 B. = B. + •. 
I 2 I 2 

For It E L1
(L) and It * Q we have that 

B.(It) = B.(Lt ). 
JJ. 

The inverse B~I of B. is given by 

B~I(It) = Ls + f for It * Q and B;I (Q) = Q. 
JJ. 

(vi) For s < 1, B.(Rs) = R
S
_

f 
and for 0 < t, B;I(Lt) = LHE" 

(vii) (B. /:,. B;Ir'(L1
(L)) ~ TIM 

PROOF 

(i) By definition B.(Q) = Q. For It * Q we have that 

It ~ Rtlt- f · 

67 

• 

This implies that It $ BE(It)· Thus BE satisfies requirements (LHl), (LH2) . 

Let It * Q be of the form It = V Itj . We wish to show that 
jEJ 

BE(It) = . V B.(ltj). Since BE(Q) = Q we may assume that each Itj * Q. 
J E J 

By (1.5.11(v)) we have that tJJ. = . inf tJJ. .. 
J E J J 



Therefore 

= R . f 
In tl'--£ 

j E J j 

= V R 
j E J tl'-j-£ 

= V BE(ltj)' 
jEJ 

This proves that BE satisfies (LH3). Hence BE E $L(I(L)) . 

(ii) The inequality BE (It) ~ BE (It) holds trivially for It = Q. Suppose that 
I 2 

wI Q. Since EI < E2 we have that tl'- - E2 < tl'- - EI· This implies that 

BE (It) = Rt ~ Rt = BE (It)· 
I I'-0E I I'-0E2 2 

(iii) For Wt- Q we have 

BE a BE (It) 
I 2 

= B. (Rt _ ) 
I I'- £2 

=R 
tl'--(EI+E2) 

= B + (It). 
EI E2 

(iv) If Itt- Q, then tl'-~ 1 by (1.5.11(i)) . Then by (1.5 .11(v)) we have that 

68 

tL' = tw This implies that B.(L't ) = Rt _ . But BE(It) = Rt -E' 
t I'- I'- E I'-

I'-

Hence B.(It) = B.(L't ). 
I'-

(v) Since B. E $ L(I(L)) we have that B~I E $ L(I(L)) . Therefore B~l(Q) = Q. 

Suppose that wi Q. By definition 

B~l(lt) = A {II E LI(L) : BE(v') ~ It'} . 
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Suppose that the only v E LI(L) satisfying B.(z/) S J1.' is v = 1. This 

situation will occur for large €. If we can show that 1 < s,,+ € we will have 

that Ls + = 1 and consequently B~l(J1.) will be correctly given by L +. 
I' € S" € 

Suppose that s,,+€ S 1. Then Ls + + 1 and B.(L' + ) = R . But J1. S R' . 
It € S" € S" s" 

This implies that B.(L~ +€) ) S J1.'. This contradiction proves that 
I' 

Suppose that there exists v+ 1 such that B.(z/) S J1.'. We may then write 

Let v E L1(L) l{l} such that B.(v' ) S J1.'. Since v+ L we have that 

II' + Q. Therefore B.(z/) = B.(Lt ) and v' S 1't . 
VI v' 

This inequality implies that Lt S v. Hence 
v' 

= II {Ls : B.(L~) S J1.'} 

= II {Ls : RS_€ S J1.' } 

= II {LS+f : J1. S R~} 

= II {LS+f : S E .Z',,}. 

-L - S,,+f' 

(vii) Let J1. E L1(L). Then by (1.2.4) 

B. t::. B~l(J1.) = V B.(A) II B~l(A). 
A E B(J1.) 

For each A E B(J1.) we have that B.(A) II B~l(A) = Rs II Lt for some 

s,t E IR . Hence B.(A) II B~l(A) E TI(L)" This implies that 

B. t::. B~l(J1.) E TI(L)" 

• 

• 



1.5.14 PROPOSITION 

The collection 

$(1(1» = {B< f'" B~l : E > O} 

is an 1-uniform base on 1(1). 1et .'P(1(1» denote the 1-uniformity generated by 

$(1(1». The 1-topology T .'P(I(L)) induced by .'P(1(1» is precisely TI(L)" 

PROOF 

By (1.5.13) $(1(1» is a chain of symmetric elements of d6'L(1(1». Therefore 
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$ (1(1» satisfies (1BU1), (1BU3) . By (1.5.13(iii» B</2 a B</2 $ BE" This implies 

that B~/2 a B~/2 $ B~/2. Then using (I.2.7(iii» we have that 

B</2 f'" B~/2 a (Be/2 f'" B~/) $ Be f'" B;t. 

Thus $ (1(1» satisfies (1BU2). Hence $ (1(1» is an 1-uniform base on 1(1). By 

(1.3.3) we have that for f.L E 1I(L1, 

int .'P (I(L))(I') = V {Be f'" B~l(lI) : II E 1I(L) and (Be f'" B~l) a (Be f'" B~l(II» $ I' for 

some E > O} 

By (1.5.13(vii)), (Be f'" B~1r'(1I(L) ~ TI(L)" Thus int .'P(I(L))(I') E TI(L)" 

This implies that T .'P«I(L)) ~ TI(L)" For t E IR, 

R = V R 
t E > 0 t+E 

$ V Be(Rt+) 
E > 0 E 

$ Rt 

and 

1 - V 1 
t E>Ot-E 

< V Wl(1 ) 
-E>O e t-E 

$ 1 t · 

Therefore by the definition of the interior operation int .'P(I(L)) we have that 

int .'P(I(L))(Rt ) = Rt and int .'P(I(L))(1 t ) = 1 t . 



Hence 1"1(L) ~ 1" .0(I(L))" 

Therefore 1"1(L) = 1" .0(I(L))" 

We show how G
E 

and Be are related. 
e 

1.5.15 PROPOSITION 

Let £ > 0 and let e : I -i I(L) be the mapping defined in (1.5.4). Then 

(i) e I-(Be) = G
E 

. 
e 

PROOF 

(i) Let I-" E LI and wi Q. First note that for tEl, 

1-"5. l[t.lJ if and only if e -;(1-") 5. L't· 

Therefore te -;(1-") = SUp{tEI: 1-"5. l[t,IJ}' Hence 

Be(e -;(1-")) = Rt _ and GE (1-") = l(t - IJ ' 
e -;(1-") £ e e -;(1-") £, 

Therefore 

Thus e !-(Be) = G
E e 

(ii) From (i) we have for I-" E Le(l) 

(e-1) !-(G
E 

)(1-") 
e 

= e I-(Be(e -;(1-"))) 

- e I-(R ) 
- t -; -£ 

e (1-") 

=1 
(te -; (1-")-£, IJ 

= GE (1-"). 
e 

= (e-1) I-(G
E 

[(e-1) -;(1-")]) 
e 

= (e-1) !-((e I-(BJ)[(e-1) -;(1-")]). 
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• 



Then 

Hence 

= e t--(B.(e -i((e-1) -i(Ji.)))) 

= e t--(B.(I1(L)))' 

= (e-1
) t--[e t--(B.(I1(L)))] 

= B.(I1(L)l.(I) 

= (B.) e(I) (Ji.) . 
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• 
Next we show that not only is e an L--embedding, it is also an L-uniform embedding, in 

the sense that e, e-1 are both L-uniformly continuous. 

I,5.16 PROPOSITION 

The mapping 

e : (I, ..0ID) --; (I(L), ..0(I(L))) 

is an L-uniform embedding and in the case of L = {O,l}, e is {O,l}-uniform 

isomorphism. 

PROOF 

For each € > 0 we have by (1.5.15) and (1.2.12) that 

e <-(B~I) = (GE tl, • 
(e-I) t--((GE.n = ((B.)e(Ir· 

Therefore since {B., B~I : € > O} and {GE ' (GE )-1 : € > O} form subbases for the 
• • 

L-uniforrnities ..0(I(L)) and ..0 1D , we have by (1.3.7) that e and e-1 are L-uniformly 

continuous. Hence e is an L-uniform embedding. In the case of 

L = {O,l}, e(l) = 1({O,l}). Thus e: 1--; 1({O,l}) is an {O,l}-uniform isomorphism . 

• 
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We close this section with a result concerning 1(L)-valued L-continuous functions 

which will be needed in Chapter III. 

1.5.17 PROPOSITION 

Let (X,7) be an L-space and f,g : X -; I(L) be L-continuous functions. 

(i) fAg: X -; I(1) is 1-continuous. 

(ii) f V g : X -; 1(1) is 1-continuous. 

PROOF 

(i) Since {Rt,1t : t E Ill} from a subbase for 71(L)' to show that fAg, f V g are 

1-continuous it is sufficient to show that (fA g) "'(Rt), (fV g) "'(Rt) E 7 and 

(f A g) "'(1t), (f V g) "'(1t) E 7 for t E Ill. We will only show that 

(f A g) "'(Rt ), (fV g) "'(1 t ) E 7. 

The corresponding results for f V g can be proved in exactly the same way. 

1et t E Ill, then for x E X 

and 

Therefore 

(f A g) "'(Rt ) 

and 

= Rt(f(x) A g(x)) 

= (f"'(Rt) A g "'(Rt))(x) 

= 1 t(f(x) A g(x)) 

= (f(x)(t-) A g(x)(t-)), 

= (f(x)(t-))' V (f(x)(t-))' 

= (f"'(1 t) V g"'(1t))(x) . 

This proves that fAg is 1-continuous. 

• 
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CHAPTERll 

EXTENDING ICLCVALUED L-UNIFORMLY CONTINUOUS FUNCTIONS. 

INTRODUCTION 

The aim of this chapter is to show that an L-uniformly continuous function from a 

subspace of an L-uniform space to I(L) can be extended to the whole space. 

Using a series of lemmas on binary relations Katetov ([8]. [9]), showed how a bounded 

real-valued uniformly continuous function defined on a subspace of a uniform space can 

be extended to the entire space. His first lemma deals with a special type of binary 

relation on the collection of subsets of a set, and can easily be extended to L-sets. By 

defining a relation on an L-uniform space satisfying the conditions of an L-version of 

Katetov's first lemma, we are able to use his second lemma, an insertion type lemma, to 

obtain a parallel L-version of his result . 

In section 1, we give an L-version of Katetov's first lemma, and state and prove his 

second lemma. 

The final section, section 2, is devoted to showing how an L-uniformly continuous 

I(L)-valued function from a subspace of an L-uniform space can be extended to the 

whole space. This section is our own work. 

Thoughout this chapter L will be assumed to be a completely distributive lattice, unless 

otherwise stated. 

ll.1 KATETOV'S LEMMAS 

We begin with a definition. 

II.l.l DEFINITION ([8] ,[9]) 

Let X,Y be two sets and let p , e be two binary relations defined on X and Y 

respectively. 
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(i) The induced binary relation p~ is defined as follows: 
y 

For f, g EX: 

f p~ g if and only if f(y 1) P g(y 2) for each y l'y 2 E Y satisfying y 1 ~ Y 2' 

(ii) If A, B ~ X such that a p b whenever a E A, bE B we write A p B. 

(iii) We say that p satisfies the Interpolation Property (IntP) if given finite 

subsets A, B ~ X such that A p B, then there exists c E X such that 

A pc, c P B. 

• 
11.1.2 DEFINITION 

Let (X,.0) be an L-uniform space. Define a binary relation P.0 on LX in the 

following way : 

For /1-, vEL X : /1- P.0 v if and only if there exists D E .0 such that D(/1-) ~ v. 

11.1.3 PROPOSITION 

Observe that 

(i) /1- P.0 v implies /1- ~ int .0(v) . 

(ii) /1- ~ /1-1 P.0 VI ~ v implies /1- P.0 v for /1-, /1-1' v, VI E LX 

11.1.4 PROPOSITION 

P.0 satisfies (IntP) . 

PROOF 

Let {/1-1 ; .. . ; /1-m} , {VI ; •• • ; vn} be finite subsets of LX such that 

/1-i P.0 Vj for i E [1 .. m], j E [1 .. nl . 

• 

• 



Thus for each i, j there exists Dij E.0 such that Dij(l>i) ~ Vj' 

n m 
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Since .0 is an L-uniformity E = t::. (t::. D ij) E .0 and therefore there exists El E .0 
j=1 i=1 

such that E1 a E1 ~ E. Set 

m 
). = V El (1);)­

i=1 

Then for each I>i, I>i ~ El (I>i) ~ ).. Hence 

I>i P.0). for i = 1", . ,m. 

We also have that 

m 
=E/V E1(1);)) 

1=1 

m 
= . V (E1o E1)(I>;) 

1=1 

m 
~ V E(JLi)' 

i=1 

n m 
But E(l>i) = t::. ( t::. Di)(l>i) < Dij(l>i) ~ vi' Hence E1().) ~ vj , and we therefore 

j=1 i=1 

have that 

). P.0 Vj for j = 1" .. ,m. 

We have now shown that for any two finite sets A, B ~ LX such that A P.0 B, then 

there exists). E LX such that 

A P.0 )., ). P.0 B. 

This proves that P.0 satisfies (IntP). 

• 
For a relation to satisfy (IntP) is a strong requirement. In the unit interval the strictly 

less than relation <, satisfies (IntP). In the class of completely distributive lattices as 

the following example will show, the way below relation «, does not always satisfy 

(IntP). 
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11.1.5 EXAMPLE 

Add the three points {ai' a2, a3} to the unit interval I to obtain the lattice L 

described in the diagram below 

L: • • a2 a3 

• 1 

l 
The lattice L is complete with top element al and bottom element O. The following 

condition in a complete lattice (O.1.17(ii)) is equivalent to complete 

distributivity : 

the lattice is continuous and every element can be written as the supremum 

of a collection of co-prime elements. (1) 

Let D ~ L be a directed subset such that ai $ V D. Then it can readily be seen that 

either al E D or ai E D. 

It therefore follows if we let < <L denote the way below relation on L, that ai < <1 ai 

for i = 1,2,3. It can also be easily seen that «11 1= «1' where «I denotes the 

way below relation on 1. Combining these two results it follows that L is a 

continuous lattice. 

All the elements of I remain coprime in L, and a2,a3 are also coprime. To see the 

latter, consider for example a2. If a, {J E L such that a2 $ a V {J, then a V {J = a2 or 

a V {J = al' Hence 

Thus either a2 $ a or a2 $ {J. Since a1 = a2 V a3, we have that every element in L 

can be written as the supremum of coprimes less than or equal to itself. According to 

(1) L is a completely distributive lattice. 
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Now 1 «L ai for i = 2,3. Suppose that «L satisfies (IntP). Then there exists 

aE L such that 1 «L a «L ai for i = 1,2. This implies that 1 ~ a~ a2 A a3, thus 

a = 1. The set [0,1) is directed in Land V[O,l) = 1, but for each t E [0,1), t < 1. We 

can therefore not have that 1 < <L 1. This contradiction proves that < <L does not 

satisfy (IntP). 

• 
Binary relations satisfying (IntP) and induced binary relations of the type described in 

(IL1.1(i)) occur in some well known areas of mathematics. 

ll.1.6 EXAMPLE 

For any topological space (X,£,.) define p on .9"(X) by 

A p B if and only if A c B. 

Then p satisfies (IntP). To see this let {AI j ••• j Am} and {BI j ••• j An} be two 

finite subsets of .9"(X) such that 

Ai p Bj for i E [1 .. m], j E [1 .. nl 

m m 
Then Ai~ Ai~ U Ai~ Bj . 

i=l 
Let C = U Ai' then since C is closed, we have Ai p C 

i=l 

and C p Bj for all i,j. 

If (X,£,.) is a normal space, then for any pair of disjoint closed subsets A and B, a 

family {U d : d E Qo} of open subsets indexed by Qo' the set of dyadic rationals, can 

be constructed satisfying: 

(i) Ud~Ud~Ud ford l <d2· 
I I 2 

(ii) A~UdandUdnB=0. 

Thus dl < d2 implies U d P U d' Let < be the strictly less than relation on Qo and 
I 2 

let f: Qo --i .9"(X) be defined as f(d) = Ud. Then f f f. 

• 
We need some additional definitions: 
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n.1.7 DEFINITION ([8J,[9]) 

Let X be a set and p a binary relation on X. The induced binary relation p is defined 

by: 

For x, y E X, x P y if and only if y P z implies x p z and v p x implies v p y for z, 

vE X. 

• 
The induced relation p is transitive: 

Let x, y, z E X such that x p y, y p z. Suppose u E X such that u p x. This implies 

up y (since x p y), which in turn implies u p z (since y p z). If v E X such that z p v, we 

have y p v, which implies x p v. Therefore x p z. 

n.1.8 EXAMPLE 

Let L be a continuous lattice, then the induced relation «, is precisely~. To show 

this let fJ1, fJ2 E LI such that fJ1 < <fJ2• Since L is continuous, 

fJ1 = V {a E L : a < < fJ1}. But for each a E L satisfying a < < fJ1, we have a < < fJ2. 

Hence since a < < fJ1 implies a ~ fJz, we have fJ1 = V {a E L : a < < fJ1} ~ fJ2. 

Conversely, if fJ1,fJ2 E L such that fJ1 ~ fJ2, then if a E L such that a < < fJ1 we have 

immediately that a < < fJ2 since fJ1 ~ fJ2• Similarly if fJ2 < < a, then fJ1 < < a. 

n.1.9 PROPOSITION 

The binary relation P!lJ on LX where (X,!lJ) is an L-uniform space has the following 

property: 

jJ, ~ v implies jJ, P!lJ v for jJ" vEL x. 

This follows directly from (1L1.3(ii)). 

n.l.l0 DEFINITION ([8],[9]) 

Let p be a binary relation on a set X. Then the relation p is said to have 

(i) the property (I) if the following holds: 

if M,N ~ X are countable, and there exists X,y E X such that 

M P x, x p N, M p y, y P N, 

then there exists z E X such that 

M p z, z P N. 

• 
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(ii) the property (L) iffor any finite A ~ X there exists x, y E X such that 

(1) A P x and x p z whenever A p z. 

(2) Y P A and z p y whenever z p A 

for z E X. 

• 
We have the following L-version of Katetov's first lemma: 

II.loll LEMMA 

Let X be a set and p a binary relation on LX such that 

(i) P satisfies (IntP), 

(ii) for /1-, vEL X : /1- $ v implies /1- p v, 

(iii) for /1-, vEL X : /1- p v implies /1- $ v. 

Then p satisfies (I) and (L). 

• 
Before we prove this lemma we note that the relation p 9J on LX, where (X, 9J) is an 

L-uniform space, satisfies (i) , (ii) and (iii) of (11.1.11). By (II.l.4) P 9J satisfies (IntP) , 

requirements (ii) and (iii) follow from (II. log) and (IL1.3(i)) respectively. 

PROOF OF LEMMA 

PROPERTY (Il 

Let M = {/1-i : i E IN}, N = {Vj : j E IN} be countable subsets of LX, and suppose that 

there exists /1-, vEL X such that 

/1-i P /1-, /1- P Vj ' /1-i P v, V P Vj for i,j E IN . 

Since /1-1 P v and p satisfies (IntP), there exists ).1 E LX such that 

/1-1 p ).1 , ).1 P V 

(1) 

(2) 

By (1) we have v p VI , which implies that ).1 p vI' Consider the sets {/1-,\}, {VI} ' 

From (1) we have that /1- p vI and we have already shown that ).1 p vI' Hence 



Applying (IntP) we have that there exists 11! E LX such that 

{f.t, A!} P 11!, rh P II! 

Together with (2) we now have: 

f.t! P \ , 11! P II! , f.t P 11! , A! P II, \ P 11!· 

Suppose now that Ak' 11k E LX, k = 1,2, ... , n have been found such that 

(Sn) f.ti P >-; , l1i P IIi , f.t P l1i' Ai P II, Ai P l1j 

for i,j E [1 .. n]. 

By (4) this can be done for n = 1. 

We have by (1) that /.tn+! P f.t , and by (Sn) f.t P l1j for j = I,· .. , n. 

Therefore by definition of p, f.tn+! P l1j for j = 1,·· . ,n. Also by (1) we have that 
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(3) 

(4) 

f.tn+! P II. Thus f.tn+! P {11!;··· ;110 , II}. Applying (IntP) there exists An+! E L such that 

f.tn+! P Ao+!' An+! P II and Ao+! P l1i for i = I,· .. ,n. (5) 

By (So) we have >-; P II for i = 1,·· · ,n and by (1) II P IIn+!. This together with (5) 

(in particular the fact that Ao+! P II) and the definition of p implies Ai P IIn+! 

for i = 1,··· ,n+1. By (1) f.t P IIn+! · Therefore {f.t, \; ••• ;An+!} P 1I0+!' and applying 

(IntP) there exists l1n+! E LX such that: 

J1. P 110+!' Ai P 110+! and 110+! P IIn+! for i = 1,. · . ,n+l 

We now check that (Sn+!) holds, 

(Sn+!) f.ti P Ai' l1i Pili' J1. P l1i' >-; P II, >-; P l1j 

for i,j E [1 .. n+l]. 

By (Sn) and (5) J1.i P Ai' Ai P II holds for i = 1,··· ,n+l. Similarly by (Sn) and (6) 

(6) 

l1i Pili' f.t P l1i holds for i = I,· .. ,n+1. Finally (Sn) together with (5) and (6) shows 

that >-; P l1j holds for i,j E [1 .. n+l]. 

We have shown that S! holds and if Sn holds for n E IN, then Sn+! holds. Therefore by 

induction Sn holds for all n E IN. 
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Let A = v Ai' Then for each i E IN, Ai ~ A. By (ii) this implies that Ai p A. Hence 
iEIN 

since /1-i p Ai it follows that 

/1-i p A for i E IN . (7) 

Let j E IN. Then for each i E IN , Ai P 1/j' By (iii) this implies that Ai ~ 1/j' Hence 

A = ~ Ai ~ 1/j' By (ii) we have A p 1/j' But 1/j P Vj' Thus by definition of p, 
I 

A P Vj for all j E IN. (8) 

Using (7) and (8) we see that there exists A E LX such that 

M P A, A P N. 

This proves that p satisfies (I) . 

PROPERTY (L) 

Let M = {/1-lj' .. j/1-n} be a finite subset of LX. Let 

n n 
/1-= II /1-i' V= V /1-i 

i=l i=l 

By (ii) we have /1- pM, M P v. 

Suppose that A E LX and A p M. By (1ntP) there exists 1/ E LX such that A p 1/ and 

1/ p M. By (iii) since 1/ p /1-i' it follows that 1/ ~ /1-i for i = 1" .. ,no Hence 

n 
1/ ~ II /1-i = /1-, and by (ii) this implies 1/ p /1-. But A p 1/. Thus by definition of 

i=l 

We have therefore shown that 

/1- p M, and A p /1- whenever A p M for A E LX. 

The same sequence of steps appropriately relabelled establishes 

M p v and v p A whenever M p A for A E LX. 

We now state and prove Katetov's second lemma. 

• 



83 

ll.1.12 LEMMA 

Let p be a binary relation on X possessing properties (I) and (L). Let Y be a 

countable set and let ~ be a transitive, irreflexive relation on Y. Further let p~ be the 

induced relation described in (ILl.1(i)). Let f, g E XY such that 

(ii) If Yo E Y and U = {fey) : y ~ Yo}' V = {g(y) Yo ~ y}, then 

Up f(yo) and g(yo) p V. 

Then there exists hEX Y such that 

PROOF: 

The set Y is countable, so we can arrange the elements of Y in a sequence 

{Yn: n E IN}. Let M = {fey) : y btl, N = {g(y) : Yt ~ y}. Then by (i) and (ii) 

M P f(Yt) , f(Yt) p N, M p g(Yt), g(Yt) P N. 

An application of (I) will yield xt E X such that 

Set h(Yt) = Xt. We then have 

y ~ Yt implies fey) p h(Yt), 

Yt ~ y implies h(Yt) p g(y), 

for y E Y. 

Suppose that for k = 1,. .. ,n, h(Yk) has been defined such that 

y ~ Yk, k = 1,. .. ,n implies fey) p h(Yk) 

(Tn) Yk ~ y, b = 1,. .. ,n implies h(Yk) p g(y), 

Yi ~ yj' i,j E [1 0

• n] implies h(Yi) p h(Yj)' 

for Y E Y. 

(1) 

(2) 

(3) 
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The relation e is irreflexive. Thus y! e h Therefore by the latter and (3), (Tn) 

holds for n = 1. 

Consider the following sets 

Mn+1 = {h(Yk) : k = 1"" ,n and Yk e Yn+1} U {f(y) : y e Yn+!} 

Nn+! = {h(Yk) : k = 1"" ,n and Yn+! e Yk} U {g(y) : Yn+! e y} 

An+! = {h(Yk) : k = 1"" ,n and Yk e Yn+!} U {f(yn+!)} 

Bn+! = {h(Yk) : k = 1" . . ,n and Yn+! e Yk} U {g(yn+!)}· 

Using the fact that e is transitive and (Tn), (i) we have 

Applying (1) to the finite sets An+!, Bn+! there exists x, Y E X such that 

An+! P x and x p z whenever An+! p z, 

Y p Bn+! and z p Y whenever z p Bn+!, 

forzEX. 

Using part (ii) of the hypothesis of the lemma we have 

{f(y): y e Yn+!} P f(y n+!) and g(Yn+!) P {g(y): Yn+! e y}. 

Now f(yn+!) E An+! and An+! P x. Thus by the transitivity of p we have 

(4) 

(5) 

{f(y) : y e Yn+!} P x, since f(Yn+!) P x. Since Mn+! ~ An+! U {f(y) : y e Yn+!} we have 

Similarly since p is transitive, g(y n+!) E Bn+! and y p Bn+! we have that 

y p {g(y): Yn+! e y}. We also have Nn+! ~ Bn+! U {g(y) : Yn+! e y}. Hence y p Nn+!· 

Combining (4) and (5), Mn+! P x and y p Nn+! we have 

(6) 

Applying (I) to (6) there exists xn+! E X such that 

(7) 
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Setting h(Yn+l) = lSt+I' we see that (Tn+l) holds. We have shown that (Tl) is true 

and that if (Tn) holds for n E IN, then (Tn+l) holds. Therefore by induction (Tn) holds 

for all It E IN. The function 

so constructed satisfies 

II.2 EXTENDING I(L)-VALUED L-UNIFORMLY CONTINUOUS FUNCTIONS. 

Let (X,.0) be an L-uniform space and Y ~ X. Let 

f: (Y, .0y ) ---; I(L) 

• 

(2.1) 

be an L-uniformly continuous function. In this section we shall use the results of (ILl) 

to construct an L-uniformly continuous function 

F : (X,.0) ---; I(L) 

such that FI Y = f. 

We first prove a lemma which will simplify matters greatly. 

For uniform spaces we have the following: 

Let (Z,IIl) be a uniform space and g: Z ---; 1. Then g is uniformly continuous if and only 

if for each E > 0 there exists V. E III such that 

V.(g-l([t,lJ)) ~ g-l((t-E,l]) for each t E 1. 

This translates into L-uniform spaces as 

II.2.2 LEMMA 

Let (V, r) be an L-uniform space. Then g : (V, r) ---; I(L) is L-uniformly 

continuous if and only iffor each E > 0, there exists D. E r such that 

DE(g f- (L't)) ~ g f- (Rt-E) for all t E IlL 



PROOF 

Since {BE' B~I : E> O} forms a subbase for the natural L-uniformity on I(L) and 

(g t-(BE))-I = g I-(B~I) for E > 0, we have by (L3.7) : 
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g : (V, r) ---< I(L) is L-uniformly continuous if and only if for each E > 0 there 

exists DE E Ysuch that DE $ { (B'). 

(==}) : Let E> 0, then there exists DE E Ysuch that DE $ { (BE). 

Consider the L-liet { (L't), t E Ill. We will show that 

DE({ (Lt)) $ gt- (Rt-.l for all t E IR. 

= { (BE(g-l ({ (Lt )))) 

$ {(BE(L't)) 

$ { (Rt -E)· 

The last inequality cannot be replaced by equality since if t > 1 then 

BE(1't) = Q and there may exists v E V that 

{ (Rt-E)(v) = g(V)((t-E) +) * o. 
Thus DE(g l-(1't)) $ g t-(BE) (g I-(LI)) $ g I-(Rt_E). Hence (1) follows. 

(1) 

(¢=) : Let E > 0 then there exists DE E Y such that DE({ (1't)) $ { (Rt-E) for 

all t E IR. We now claim that 

(2) 

Let J1 E LV. If J1 = Q then DE(J1) = DE(Q) = Q and (2) holds trivially. Suppose 

therefore that J1 * Q. Let 

(3) 

Since J1 * Q we have sup AI! E IR. In fact for J1 * Q, t (J1) $ L~ fails for r > l. 

We also have that 

(4) 



Thus sup AiJ. E AiJ. and JJ. S g t-(1' sup A)' Now 
iJ. 

D.(JJ.) S D.(g t-(L~up A)) 

< t-(R ) - g sup A-E iJ. 

= g t-(B.(g -I (JJ.))) 
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= g t-(B.)(JJ.) (5) 

We have from (5) that (2) holds for all E > O. This proves the L-uniform continuity 

of g. 

• 
We now return to (2.1). Since f: (y,fiJ y ) --< I(L) is L-uniformly continuous, we have 

by Lemma II.2.2 that for each E > 0 there exists E. E fiJ y such that 

E.(ft-Wt)) S ft-(Rt_) for all t E ilL Recall from (1.4.5) that :i1 y = {Dy : DE fiJ} forms 
• 

a base for fiJ y' Thus for each E E fiJ y there exists D E fiJ such that Dy S E. We 

therefore have that for each E > 0 there exists D. E fiJ such that 

(D.)y (ft-(1't)) S ft-(Rt_) for all t E Ill. In addition we always have ft-(Rt) S ft-Wt) . 
• 

Hence (D.)y(ft-(Rt)) S ft-(Rt_ ) for t E Ill . 
• 

Collecting the results obtained in the above paragraph we have: 

For each E > 0 there exists D. E .0 such that 

(2.3) 

Now (D.)y (ft-(Rt)) = D.(ft-(Rt)x)y' If JJ. E LX and vEL y such that JJ.y S v, then JJ. S 

Vx V 1x / y Thus D. (ft-(Rt)x) S ft-(Rt-)x V 1x / y for all E> 0 and t E Ill. If we let 

vt = f t- (Rt)x V 1x / y and JJ.t = f t- (Rt) we have 

D.(JJ.t) S vt- for all E> 0 and t E III (2.4) 
• 

Writing this in terms of the relation P fiJ defined on LX, (II.1.2), 

JJ.t P.0 vt-. for all E > 0 and t E Ill. (2.5) 
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1et Q
D 

be the set of dyadic rationals (each rational of the form d = k/2n , 

k = 0,1,.· . ,2n , n E IN). Then for d1,d2 E QD such that d1 > d2, it follows that 

Jld P g; /J d . 
1 2 

Define the functions q" W : Q
D 

---; 1 X by 

(2.6) 

1I.2.7 PROPOSITION 

(i) q,(d1) P g; w(d2), 

(ii) q,(d1) ~ q,(d2), w(d1) ~ W(d2). 

PROOF 

(i) 

(ii) Since d1 > d2 implies Rd ~ Rd , we have f .... (Rd ) ~ f .... (Rd ). Therefore 
1 2 1 2 

f .... (Rd )X ~ f .... (Rd )X' It now follows that q,(d1) ~ q,(d2) and w(d1) ~ W(d2)· 
1 2 

• 
We now wish to show that q" W satisfy the requirements of Katetov's insertion lemma 

(I1.1.12). By the remarks preceding the proof of (11.1.11) we know that P g; satisfies (I) 

and (1). The set Q
D 

is countable and the relation> on Q
D 

is irreflexive and transitive. 

It therefore remains to show that: 

1I.2.8 PROPOSITION 

(i) 

(ii) 

> q, P g; W. 

If do E QD and U = {q,(d) : d > do}, V = {w(d) : do > d} then 

U P g; q,( do) and w( do) P g; V. 
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PROOF 

(i) This we have already proved in (1I.2.7(i)). 

(ii) By (11 .2.7(ii)) we have that for d > do, 4>(d) S 4>(do) and for do > d, 

w( do) $ w( d). Since J1. S v implies J1. P.0 v, it follows that U P.0 4>( do) and 

w( do) P.0 V. 

• 
We can now apply Katetov's insertion lemma. This lemma yields S : Qn --4 LX such 

that : 

i<. > - - > - - > ,T. ... P .0 .::., .::. p .0 .::. , .::. p .0 '" (2.9) 

Define F : X --4 I(L) by 

1 t < 0 

F(x)(t) = 
V 3(d) (x) 

t$d 
dE Qn 

0$ t $ 1 
(2.10) 

o 1 < t 
for t E [I!. 

II.2.11 PROPOSITION 

PROOF 

It suffices to show that for each y E Y, F(y)(t+) = f(y)(t+) for all t E IR. Since 

f(y)(t+) = F(y)(t+) = 1 for all t < 0, f(y)(t+) = F(y)(t+) = 0 for all t ~ 1, for 

each y E Y we need only consider t E [0,1). 



Let y E Y and t E [0,1). Then 

F(y)(t+) = V F(y)(s) 
s > t 

= V V 3(d)(y) 
s>td~s 

dE Qn 

= V 3(d)(y) 
d>t 
dE Qn 
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(1) 

Let dE Qn such that d > t. Then since Qn is dense in [0,1] there exists dl ,d2 E Qn 
such that d > d l > d2 > t. Since cI> ~ .0 3, 3 ~ .0 tIt we have cI>( d) P.0 3( dl ), 

3( d l ) P.0 w( d2). This implies that cI>( d) ~ 3( d l ) ~ tIt ( d2). 

Therefore: 

V cI>(d) ~ V 3(d) ~ V tIt(d) 
d>t d>t d>t 

(2) 

Recalling that cI>(d) = fl-(Rd)X and tIt(d) = fl-(Rd) V 1x / y , we see that, for Z E Y, 

cI>(d)(z) = f(z)(d+) = w(d)(z) for all d E Qn' (3) 

Then we have that 

f(y)(t+) = V f(y)(d+) = V cI>(d)(y) = V w(d)(y) 
d>t d>t d>t 

(4) 

d E Qn d E Qn d E Qn 
Thus combining (1), (2), (3) and (4) we have 

f(y)(t+) = V 3(d)(y) = F(y)(t+) 
d > t 
dE Qn 

• 
1I.2.12 PROPOSITION 

F: (X,.0) ........ I(L) is L-uniformly continuous. 
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PROOF 

By Lemma II.2.2, it suffices to show that for each f > 0, there exists D. E g; such 

that D.(FI-(1't)) ~ FI-(Rt_) for all t E IR. To show this it suffices to show that for 
• 

each n E IN there exists D1J 2n+1 E g; such that 

D1J n+l (FI-(L't)) ~ FI- (R ) for all t E IR. 
2 t - l/2n -l 

(1) 

Let n ~ 1. Since:::: ~ g; ::::, for k = 0,1" .. ,2n +1 - 1 there exists Dk E g; such that 

(2) 

2n+l_l 

6. Dk . We have D 1J n+l E g;. We now establish (1). 
k=O 2 

If t > 1, then FI- (L't) = Q and since D1/2n+l (Q) = Q, (1) holds for t > 1. 

If t < l/2n -l , then FI- (R ) = 1, and (1) holds trivially. We need therefore 
t_1/2n-l 

only consider t E [ l/2n-l, 1]. 

Let t E [ l/2n-l, 1] and x E X. Then FI- (L~)(x) = F(x)(t-) = 1\ F(x)(s) 
s > t 

But Q
D 

is dense in [0,1]. Thus 

F(x)(t-) = 1\ F(x)(s) = 1\ F(x)(d). 
s>t d>t 

dE QD 

(2) 

By definition F(x)(d) = V ::::(d' )(x). And since :::: ~ g; ::::, we have ::::(d') ~ ::::(d) 
d' > d 
d' E QD 

for all d' E Q
D 

satisfying d' ~ d. 

Therefore F(x)(d) = ::::(d)(x). Hence 1\ F(x)(s) = 1\ ::::(d)(x). 
s>t d>t 

dE Q
D 

All this implies that 

P+- (1't) = 1\ ::::(d). 
d > t 

(3) 

dE QD 
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Let ko = max{k : k E [1 .. 2n+l-lJ and k/2n+l < t}, since t E [ l/2n-l, IJ 

we have ko ~ 3 and t - lhn-1 < ko-lhn+l. The latter follows since 

t - kohn+1 ~ lhn+l, , which implies t -Ihn-I ~ ko-3h n+1 < ko-lhn+l . 

Then F'"" (L't) = II :=:(d) ~ :=: ( kohn+I). We have by construction of DII n+1 : 
d > t 2 

DII n+I(F'""(L't)) ~ Dk (:=: (kohn+I)) ~ :=: ( k,,1hn+1 ). (4) 
2 0 

(5) 

Combining (4) and (5) we have: 

D1/2n+1 (Fl- (L;)) ~ Fl-(R ). 
t - Ihn-I 

(6) 

We have now established (1) and this concludes the proof. 

• 
We can now state the results of this section in the following theorem. 

II.3.13 THEOREM 

Let (X,91) be an L-uniform space and Y ~ X. Then if f : (Y, 91 y) ----i I(L) is 

L-uniformly continuous there exists an L-uniformly continuous function 

F : (X, 91) ----l I(L) 

such that 

• 
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CHAPTERm 

L-UNIFORMIZABILITY AND L-COMPLETE REGULARITY 

INTRODUCTION 

In the opening section, we first consider a lemma of Hutton's ([6]) which no doubt 

motivated his definition of L-complete regularity. In addition we show that the class of 

L-completely regular spaces is, as in the topological case, the class of L-spaces having 

enough I(L )-valued L-continuous functions to determine their L-topologies completely. 

All material in this section is that of Hutton. 

The second section deals mainly with products of L-completely regular spaces . Our 

proof of the fact that products of L-completely regular spaces are L-completely regular 

is based on that of Liu ([15]). In this chapter the lattice L will be assumed to be 

completely distributive and X a non-empty set. 

m.l : A DEFINITION OF L-COMPLETE REGULARITY AND A CHARACTERISATION 

OF L-UNIFORMIZABILITY. 

We begin i=ediately with Hutton's motivation of his definition of L-complete 

regularity. 

m.Ll LEMMA 

Let (X,9J) be an L-uniform space and D E 9J Suppose D(I-£) ~ v for 1-£, v E LX. 

Then there exists an L-uniforrnly continuous function f: X -; I(L) such that 

1-£ ~ f .... (L'I) ~ f .... (Ro ) ~ v. 

PROOF 

Before we begin, we establish some notation. For Dn E 9J indexed by n E IN, we take 

AI <0 A2 for \,A2 E LX to mean Dn(AI) ~ A2. 

Let 1-£0 = v, 1-£1 = 1-£ and Do = D. 



Since 9J is an L-uniformity there exists Dl E 9J such that Dl 0 Dl < Do . Set 

/11/2 = D1(/11)' then 

/11 <1 /11/2 <1 /10' 

Continuing, there exists D2 E 9J such that D2 0 D2 < D1· Setting /11/4 = D2(/11/)' 

/13 / 4 = D2(/11)' we have 

/11 <2 /13/4 <2/11/2 < 2 /11/4 <2/10' 

Therefore by induction, for n E IN : 

there exists Dn E 9J such that Dn 0 Dn ~ Dn-1 and a collection 

{/1p/2n : p = 0,1,. .. ,2n} satisfying 

/11 <n /12n-l/2n <n . . <n /11/2n <n /10. 

By replacing Dn by D1/ n and setting /1-1/ n = 1 for each n E IN, we have for 
2 2 -

p = 0,1,. .. ,2n 

D1/2n (/1p/2n) $ /1p-l/2n ' 

Denoting the set of dyadic rationals by QD we define the function f : X --+ I(L) by 

1 t < 0 

f(x)(t) = 

V /1d(x) 0$ t$l 
t < d 
dE Q

D 

o l < t 

From the definition of f 

Therefore 

/1(x) = /11(X) ~ f(x) (t) ~ /1o(x) = v(x) for 

O<t~l,xEX. 
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To show that f is L-uniformly continuous, we use Lemma 11.2.2. According to this 

lemma we need only show that for each dE QD /{o} there exists D E 9J such that 

D(f<-(L't )) ~ f<-(Rt-d) for each t E IR. 

Each d E QD / {O} can be written in the form p/2n where p! 3, n! 2. 

With the latter condition on p and n, we claim that 

D1/2n (f<-(L't )) ~ f<-(Rt-(p/2n)) for t E IR. 
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To prove our claim we must consider four cases. 

CASE 1 : phn 5. t < 1 

Choose m such that mhn 5. t - (phn) < m+[hn . Then m+phn 5. t. But since p ~ 3 

and t < 1, we have m+3/2n 5. m+p/2n 5. t < l. 

Consider the following sketch : 

From the sketch we see that 0 < 05. [/2n and t - (phn) + 0 + [hn = m+2hn. 

Since m+2hn < m+phn 5. t, we have t-(phn) + 0 + [hn < t. 

By the construction of {D[hn : n E IN} and {J1d : dE Qn}, 

D[hn(J1t-(Phn) + 0 + [hn) 5. J1t-(phn) + o· 
But 

and 

Hence 

D[hn (ft-(L't)) 5. D[hn (J1t-(Phn) + 0 + [hn) 5. J1t-(Pf2n) + 05. ft-(Rt_(Phn)) 

CASE 2 : t < phn. 

If t < phn, then t-{P/2n) < O. But ft-(Rs ) = 1 for s < o. Hence 

D[hn (ft-(L't )) 5. ft-(Rt_(Phn)) holds trivially. 

CASE 3: t = 1 

By imposing the condition n ~ 2, we have ensured that 0 < 1 - 3 hn. 

Since 

and 



we have 

DI/2n(f .... (1'1 )) ~ DI/2n(ll-2n-l/2n) ~ Il-2n-2/2n ~ f .... (RI-(3hn)) ~ f .... (RI-(phn))· 

CASE 4: t > l. 

When t > 1, then f .... (L't ) = Q. Therefore Dlhn (f .... (L't )) = Q and the inequality 

Dlhn (f+-(1't )) ~ f+-(Rt-(p/2n)) holds trivially. 

We can now prove 

ill.1.2 PROPOSITION 

Let (X,.0) be an L-uniform space and J.L be an open L-set in the L-topology 
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• 

r.0' generated by .0. Then there exists a collection {J.Lj : j E J} of L-sets and a 

corresponding collection {fj : X -; I(L) : j E J} of L-<:ontinuous functions which 

satisfy 

(a) V J.Lj = J.L , 

(b) J.Lj ~ ft(1'1 ) ~ ft(Ro) ~ J.L. 

PROOF 

Let AIL = {v E LX: there exists D E .0 such that D(v) ~ J.L}. Since J.L E r.0 we have 

J.L = V v. By Lemma 111.1.1, for each v E AIL' there exists an L-<:ontinuous 
v E AIL 

function f,; : X -; I(L) satisfying 

v ~ f,; .... (1'1) ~ f,; .... (Ro) ~ J.L. 

• 
Hutton then went on to define L-<:omplete regularity. 

ill.1.3 DEFINITION 

Let (X, r) be an L-space. Then X is L-<:ompletely regular if for each J.L E r, there 

exists a collection {Vj : j E J} of L-sets and a corresponding collection 

{fj : X -; I(L) : j E J} of I(L )-valued L-<:ontinuous functions which satisfy 
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(a) ~Vj=/l-, 
J 

(b) Vj ~ fj(L'l ) ~ fj (Ro ) ~ /l- for j E J . 

• 
We note that when L = {O,l}, then Definition III.1.3 is equivalent to the usual complete 

regularity. Let (X,ll) be a topological space, that is a {O,l}-topology, which is 

{O,l}-completely regular. For any closed subset A ~ X, there exists a collection of 

subsets {Bj : j E J} and continuous functions {fj : X ----+ I : j E J} such that 

(a) ~Bj=X/A, 
J 

(b) Bj ~ fjl({l}H fjl((O,11H X/A. 

Therefore for each x ¢ A there exists a continuous function f : X ----+ I such that 

f(A) = {O} and f(x) = 1. 

Conversely suppose that (X,ll) is completely regular. Let G be an open subset. For 

each x ¢ X/G there exists a continuous function fx : X ----+ I such that fx(x) = 1 and 

f.(X/G) = O. Then x E f;I({l}) ~ f-1((0,1]) ~ G. Conditions (a) and (b) of 

{O,l}-complete regularity are then satisfied by {{x} : x E G} and 

{fx : X-'! I: xE G} . 

ID.1.4 DEFINITION 

Let (X, r) be an L-space. Then the collection {f : (X, r) ----+ I(L) : f is L-continuous} 

will be denoted by C(X,I(L)). The weak L- topology generated by C(X,I(L)) will be 

denoted by r C(X,I(L))" 

• 
From the definition of L-complete regularity, it follows that if (X, r) is L-completely 

regular then r C(X,I(L)) = r. The converse is true and will be proved later. 

From (1.4.6) together with the fact that r C(X,I(L)) ~ r we have 



ill.1.5 PROPOSITION 

The subset £' (X) ~ di!' L (X), where 

n 
£,(X) = { I:l ft(B. I:l B~l ) : Ei> 0, n E IN and fi E C(X,I(L))} 

i=l i i 

is an L-uniform base on X and r C(X,I(L)) = r £'(X) ~ r. 
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• 
We have now prepared the way to prove a characterisation of L-uniformizability. In 

general topology two criteria for uniformizabili ty of a topology are that the topology be 

completely regular or be given by the weak topology generated by the collection of real 

valued, bounded continuous functions . By replacing the unit interval by the L-unit 

interval we have exactly the same criteria for the L-uniformizability of L-topologies. 

ill.1.6 PROPOSITION 

Let (X,r) be an L-space. Then the following are equivalent: 

(i) (X, r) is L-uniformizable, 

(ii) (X,r) is L-completely regular, 

(iii) (X,r) has the weak L-topology generated by C(X,I(L)). 

PROOF 

We have already (i) ==* (ii) ==* (iii) . Now if rC(X,I(L)) = r, then by (IIL1.5) 

r = r £,(X). Thus (X,r) is L-uniformizable. This proves that (iii) ==* (i). 

ill.2 : SUBSPACES AND PRODUCTS OF L-COMPLETELY REGULAR SPACES 

• 

We now look at some basic questions about subs paces and products of L-completely 

regular spaces. 

ill.2.1 PROPOSITION 

Let (X,r) be an L-completely regular space and A ~ X. Then the induced 

L-space (A, r A) is L-completely regular. 

• 
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In (II.4.4) we showed that a subspace of an L-uniformizable space is uniformizable. 

Thus the above result follows as a consequence of (III .1.6). We shall nevertheless give 

an explicit proof below. 

PROOF OF (ID.2.1) 

Let A ErA' then A is of the form A = Itl A' It E r. Since (X, r) is L-<:ompletely regular 

there exists a collection {Vj E LX: j E J} of L-sets and a corresponding collection 

{fj : X -< I(L) : j E J} of L-<:ontinuous functions such that 

(a) V Vj = It , 
jEJ 

Now ~ Vjl A = A, and for each j E J 
J 

Vjl A ~ (fjl AtW! ) ~ (fjl At(Ro) ~ A 

and fj l A E C(A,I(L)) . This proves that (A ,r A) is L-<:ompletely regular. 

ID.2.2 PROPOSITION 

• 

Let {(Xj,rj) : j E J} be a collection of L-<:ompletely regular spaces indexed by the 

set J . Then ( II Xj,r), where r denotes the product L-topology, is an L-<:ompletely 
J 

regular space. 

• 
Again the above result follows as a consequence of (III .1.6). In (1.4.7) we show that the 

product of a collection of L-uniformizable spaces is L-uniformizable. Hence the above 

result follows from (IIL1.6). We give an explicit proof below. 

PROOF OF (ID.2.2) 

Since L is a completely distributive lattice, the set 

n 
{ . II ?tj . (/.Ij,) : n E IN, ji E J and /.Ij. E rj J 

1=1 1 1 1 1 



of L-sets forms a base for the product L-topology r on ~ Xj . Let 
J 

n 
/l = A ~ J/lj) be a basic open L-set. For each ji there exists sets 

1=1 1 1 

{vj.k: k E KJ ~ L Xji and {fj .k : k E KJ ~ C(Xj )(L)) satisfying 
1 1 1 

(a) 

(b) 

By the complete distributive law 

n 
= A ;: (V v· k) 

. J. k K J. 1=1 1 E . 1 
1 

n 
= A V ;: (v. k) 

. 1k K J. J. 
1= E i" 

n 
= V A ;: (v. ) 

n i=l J i J i4'(i) 

rp E II Ki 
i=l 

n 
We now show that for each /(J E II Ki there exists an L-continuous function 

i=l 

f : ~ Xj -! 1(L) such that 
J 

This will complete the proof of the L-complete regularity of (II Xj,r). 

n 
Let /{J E II Ki . For each /(J(i) the function 

i=l 

satisfies 

J 

100 
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Set f'P = fj a 'lrj . From (1.5.17) we have that the infima of a finite collection of 
(i) i'P(i) i 

lr--<:ontinuous I(L)-valued functions is lr--<:ontinuous. Thus since fm is the 
T(i) 

n 
composition of two L--continuous functions, we have that A f'P E C(~ Xj,I(L)) . 

i=1 (i) J 

Furthermore we have that 

and 

Now 

for i = 1,. .. ,no 

Hence 

n 

n 

n n 
(A f,n t(L') = A f .... (L'), T( .) I . '1'(.) I i=1 1 1=1 1 

$ ?!J .(fj . . .... (L'I )) 
1 1'1'(1) 

= f .... (1' ) 
'I' (i) I 

$ ?!J .(fj ...... (Ro)) 
1 1'1'(1) 

A ;: (v ) . 1 J . J . 
1= 1 1 

n 
= (A f t(L') 

i=1 'P(i) I 

n 
$ A (f'P .... (Ro)) 

i=l (i) 

Thus f = A f'P is the required function. 
i=1 (i) 

• 



CHAPTER IV 

THE TOPOLOGICAL MODIFICATION OF ~OMPLETELY REGULAR 

L-SPACES AND THE TOPOLOGICALLY GENERATED L-TOPOLOGIES 

OF COMPLETELY REGULAR SPACES 

INTRODUCTION 
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Lowen ([16)) observed that for any topological space (X,b.) the collection of lower 

semi continuous functions f : X ---I I, is closed under arbitary suprema and finite infima. 

Therefore this collection constitutes an I-topology on X. For an I-topological space 

(X, r) Lowen also considered a weak topology generated by the collection r of I-sets. 

The resulting topological space is called the topological modification of (X, r). With 

varying success Kubiak ([11)) extended these concepts to more general types of lattices. 

These extended concepts are dealt with in Sections 1,2. Section 8 contains a 

counterexample which we have constructed, which shows that completeness is not a 

sufficient condition for many of the propositions in Section 2. In Section 3, using our 

extension of Katsaras's ([10]) construction of I-uniformities from uniformities to 

completely distributive lattices, we show that the topologically generated L-topology of 

a completely regular space is lri:ompletely regular. Section 4 contains Kubiak's ([11)) 

result that the topological modification of the L-unit interval I(L), is a compact, 

Hausdorff topology. Using our own embedding lemma, developed in Section 5, we are 

able to reprove Liu's ([15]) result that L-Tychonoff spaces can be L-embedded in a cube 

of I(L). This is done is Section 6. This result allows us to prove that the topological 

modification of L-Tychonoff spaces are Tychonoff. Having extended a To-modification 

technique to L-spaces, we are able in Section 7 to prove that the topological 

modification of an L-completely regular space is completely regular. 

IV.l THE UPPER INTERVAL TOPOLOGY 

Let (X,b.) be a topological space. The collection 

lsc(X,I) = {f : X ---I I : f is lower semicontinuous} 

of functions is closed under arbitary suprema and finite infima. Hence lsc(X,I) defines 

an I-topology on X. 
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To extend the concept of lower semicontinuity to an arbitary complete lattice 1, we first 

need to define a topology on 1 which reduces to the upper interval topology when 1 = 1. 

We shall also need to define topologies on complete lattices analogous to the lower 

interval topology and the interval topology on 1. We make this the subject of our next 

definition. 

IV.Ll DEFINITION ([2]: 11.1.8, VIL1.11) 

1et 1 be a complete lattice 

(i) The upper interval topology u(1) is the smallest topology for which all sets 

of the form 1/ ~ a, a E 1, are open. 

(ii) The lower interval topology is defined to be u(1°P). That is the smallest 

topology for which all sets of the form 1/~ oPa = 111 a, a E 1, are open. 

(iii) The common refinement u(1) V u(1°P) of the upper and lower interval 

topologies is called the interval topology. 

• 
All these topologies occur naturally on complete lattices and reduce to the familiar 

topologies on the unit interval I when 1 = 1. We make note of the following easily 

verifi ed fact s. 

(a) The interval topologies on 1 and 1°P coincide. 

(b) The interval topology on 1 can be equivalently defined as the smallest topology 

for which all sets of the form 

[a,,B] = {r E 1 : a $ '"( $ ,6}, 
are closed. 

We are now able to extend the concept of lower semicontinuous I-valued functions from 

a topological space to a complete lattice. 

IV.1.2 DEFINITION 

1et (X,l:.) be a topological space. The collection 

Isc(X,1) = {f: X -11: fis (l:.,u(1))-continuous} 

of functions is referred to as the collection of lower semi continuous 1-valued 

functions on X. 

• 
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IV.1.3 DEFINITION ([1), II:l.l0, III: 1. 5) 

Let 1 be a continuous lattice 

(i) The topology which has as a base 

$(L) = {T a: O"E 1} 

is called the Scott topology and is denoted by 0"(1). 

(ii) The common refinement O"(L) V u(LOP) of the Scott topology and the lower 

interval topology is called the Lawson topology and is denoted by >-(1). 

• 
In fact the Scott topology is defined for any complete lattice 1, and then it can be shown 

that when 1 is a continuous lattice $(1) forms a base for the Scott topology on L. 

We shall now show that when L is completely distributive u(L) = O"(L). This fact then 

provides us with $(1) as a base for u(L). 

In this section and in section 3 we shall need to know some of the topological properties 

of the interval topology on a complete lattice. To determine these properties we use the 

characterisation of ultrafilter convergence. 

IV.1.4 LEMMA ([2): VII.l.ll) 

Let 1 be a complete lattice and .Y a filter on the underlying set of 1 . Then 

V (AF) ~ A (VF). 
FE.Y FE.Y 

If L is completely distributive, equality is achieved when .Y is an ultrafilter. 

PROOF 

Let {asl : t E Ts and s E S} be a subset of 1 . Then we always have 

V A a ()< 
tp EIlTs S E S srp s -

A V asl ' with equality being achieved when L is 
S ESt E Ts 

S 

completely distributive. 

Applying this to our situation we get 

V (A rp(F)) ~ A ( Va) (1). 
tpEII F FE.Y FE.Y aE F 

FE .Y 
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Let G E.'? Then for each FE.'?, GnF ~ 0. Thus II GnF ~ 0 by the Axiom of 
FE.'? 

Choice. For each cp E II GnF, we have AG ~ A cp(F). But II GnF ~ II F. 
FE.'? FE.'? FE.'? FE.'? 

Hence for each FE.'? there exists cp E II F such that AF ~ A cp(F). Thus together 
FE.'? FE.'? 

with (1) we have: 

V (AF) < V (A cp(F)) < A (VF). 
FE.'? 9lEII F FE.'? FE.'? 

FE.'? 

Suppose now that.'? is an ultrafilter. Then for each cp E II F, the set 
FE.'? 

(2) 

G<p = {cp(F) : FE.'? } meets every FE.'? Therefore G<p E.'? From (2) we then have 

V (AF) = V (A cp(F)). When L is a completely distributive lattice we have 
FE.'? 9lEII F FE.'? 

FE.'? 

equality in (1) and the required result, V (AF) = A (VF), follows. 
FE.'? FE.'? 

• 
IV.LS PROPOSITION ([2] : VILLll) 

Let L be a complete lattice and .'? an ultrafilter on L. Then.'? converges to a E L in 

the interval topology if and only if V AF ~ a ~ A VF. 
FE.'? FE.'? 

PROOF 
n 

A basic closed set in the interval topology is of the form U [a;,t1J. 
i=l 

n 
Let U [a;,t1J E.'? Since.'? is an ultrafilter, for at least one i E [1 .. n], [a;,t1;J E 5': 

i=l 

Together with Lemma IV. 1.4 we have a; ~ V (AF) ~ A (VF) ~ t1;. Every closed 
FE.'? FE.'? 

set belonging to .'? is the intersection of a collection of basic closed sets. 

Thus every closed set of .'? contains [ V (AF), A (VF) J. 
FE.'? FE.'? 

If a E [ V (AF), A (VF)], then a E n {F : FE.'?}. But an ultrafilter converges to 
FE.'? FE.'? 

each of its adherence points. Thus .'? converges to a. 
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Conversely, suppose.:? converges to a. If there exists FE.:? such that AF { a, then 

Lil (AF) is a nbd of a which does not meet F. But this contradicts the fact that .:? 

converges to ll!. Hence V (AF) < ll!. The proof that ll! ~ II (VF) follows 
FE.:? FE.:? 

similarly. 

IV.lo6 COROLLARY ([2): VII. loll) 

Let L be a complete lattice. 

(i) The interval topology is compact. 

(ii) If L is completely distributive, the interval topology is Hausdorff. 

PROOF 

• 

(i) By Lemma IV.1.4 for an ultrafilter .:?, the set [ V (AF), A (VF) 1 is 
FE.:? FE.:? 

non-empty. Therefore by the previous proposition every ultrafilter is 

convergent. Hence the interval topology is compact. 

(ii) A necessary and sufficient condition for the interval topology to be Hausdorff 

is that each convergent ultrafilter have a unique limit. By Lemma (IV.1.4) 

for each ultrafilter.:? on L, II (VF) = V (AF). Thus by the previous 
FE.:? FE.:? 

proposition the limit of each ultrafilter is unique. 

• 
We also need to consider various properties of the Lawson and Scott topologies on 

continuous lattices. 

IV.lo7 PROPOSITION ([l],III:l.lO) 

The Lawson topology ).(L) on a continuous lattice L is compact and Hausdorff. 

PROOF 

(a) To prove the compactness of )'(L) we use the Alexander subbase theorem : 

X is compact if and only if there is a subbase &' for X such that each cover 

of X by elements of &' has a finite sub cover. 
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The collection of sets <tI' = {f a : a E 1} u {1 Ii a : a E 1} forms a subbase 

for A(1). 1et {f aj : j E J} U {1/j ak : k E K} be a cover of 1 by elements of 

<tI'. Then 

U 1/j ak = 11 U j ak = 1/j a, 
kEK kEK 

where a = V ak' Now 0< ~ 1/j a, thus for some j E J, a E f aj ' 
kEK 

Since 1 is continuous there exists {3 E 1 such that a j < < {3 < < a. 

Furthermore since {3 < < a = V ak there exists a finite subset 
kEK 

{ak : i E [1·· nn ~ { ak : k E K} such that {3 ~ ak V ... V ak' We now 
i 1 n 

claim that 
n 

1 = f a j U ( U 11i ak ) . 
i=l i 

1et {3 E 1 such that {3 ~ f O<j' then ak V • • • V ak ~ {3. This means that for 
I n 

some i E [1·· n], ak ~ {3. Thus (3 E 11i ak . 
i i 

(b) To show that A(1) is Hausdorff let a,{3 be two distinct elements of 1. 

Without loss of generality we may assume that a ~ {3. Since 1 is continuous 

there exists aD E 1 such that aD < < a and aD ~ {3. Then the sets faD, 1/j aD 

are disjoint neighbourhoods of a and (3 respectively. 

• 
IV.1.8 PROPOSITION 

If 1 is a continuous lattice, then u(1) ~ 0-(1). 

PROOF 

A typical subbasic open set in u(1) is of the form 111 a, a E 1. 1et {3 E 111 a. Then 

{3 ~ a and since 1 is continuous there exists {30 E 1 such that {30 < < {3 and {30 ~ a. 

Now f {30 ~ 1/1 a and {3 E f (30' Thus 1/1 a is open in the Scott topology 0-(1) on 1. 

We therefore have that every subbasic open set in u(1) is open in 0-(1 ). Hence 

u(1) ~ 0-(1). 

• 
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We now have at our disposal sufficient properties of the interval, Lawson and Scott 

topologies to prove our main result. 

IV.lo9 PROPOSITION 

Let L be a completely distributive lattice. Then 

a(L) = u(L). 

• 
Before we proceed with the proof of this proposition, we shall need the following lemma. 

IV.l.l0 LEMMA 

Let L be a continuous lattice whose interval topology is Hausdorff. Then every upper 

closed set is closed in the lower interval topology, u(L OP). 

PROOF 

By (IV.lo8), u(L) ~ a(L). Thus the Lawson topology )'(L) is always stronger than the 

interval topology. But by (IV.lo7) ),(L) is a compact topology, which implies that 

the interval topology on L is compact. Therefore since compact, Hausdorff topologies 

are maximal we have that the Lawson and interval topologies are identical. 

Let U be an upper closed set in L. If a ¢ U, then for each fJ E U, fJ i a (U is an upper 

set). But L is continuous. This means that for each fJ E U, there exists 0)3 E L such 

that 0)3 < < fJ and 0)3 { a . The collection {f 0)3 : fJ E U} of open sets forms an open 

cover of U, a closed subset of a compact space. Therefore since U is compact there 

exists a finite subcollection 
n n n 

{T 0)3. : i E [1 .. nl} which will cover U. Now a ¢ . U i 0)3. and U ~ U f 0)3. ~ . U i 0)3.-
1 1=1 1 1=1 1 1=1 1 

n 
Let Uo. = U i 0)3. We can then write U as 

i=l i 

where each U 0. is a basic closed set in u(LOP). Therefore U is a closed set in the lower 

interval topology, u(LOP) . 

• 
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PROOF OF PROPOSITION 

Completely distributive lattices are continuous (0.l.16) . If 1 is completely 

distributive then 1°P is completely distributive (0.l.14) . Hence 1 °P is continuous. 

By (IV.1.6) the interval topology on 1°P is compact and Hausdorff, we may therefore 

apply 1emma IV.l.10 to 1°P. Since da: aE 1} is a base for 0"(1) to show that 

0"(1) ~ u(1) it will suffice to show that each of the sets 1 IT a, a E 1, are closed in the 

upper interval topology, u(1). 

1et a E 1. As noted in the proof of the above lemma, T a is an open set in the 

interval topology topology on 1. Thus 1/T a is a closed set. Furthermore since 1/T a 

is a lower set in 1 and the interval topologies on 1 and 1°P coincide, we have that 

1/T a is a closed upper set in the interval topology on 1°P. By 1emma IV.l.10 1/T a 

is closed in u((1°P)OP). But (1°P)OP = 1. Thus 1/T a is closed in the upper interval 

topology, u(1). 

• 
The following appears as an exercise ([1] : III.3.22) : 

If 1 is a continuous lattice, then u(1) = 0"(1) if and only if the 1awson topology ),(1) 

and interval topologies coincide. 

This appears to hinge on a result quoted without proof in ([2]: VII.l.13). This result 

states that in a complete lattice 1 for which the interval topology is Hausdorff, every 

upper closed set is closed in the lower interval topology, u(1°P). 

The dual of this result can then be used to prove the result appearing in the exercise. 

As 1emma IV.l.I0 indicates we can only prove this result for continuous lattices. The 

lattice 1°P of a continuous lattice 1 is not generally continuous. However if 1 is 

completely distributive then 1°P is continuous. Using this fact, we are able to prove 

(IV.l.9) for completely distributive lattices. 

We close this section with the following proposition which will be needed in section 2. 

IV.l.U PROPOSITION ([U}) 

If 1 is completely distributive, then 

II : (1,u(1)) x (1,u(1) -! (1,u(1)) 

is continuous. 
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PROOF 

Recall (0.1.18) that for any ao E L, ao = II (1 ao n PRIME(L». Thus the inverse 

image of any sub basic closed set! ao is given by 

= {(a,.8) E LxL: all.85 ao} 

= {( a,.8) E Lx L : a II .8 5 II (1 ao n PRIME(L))} 

= {(a,.8)E LxL: all.85 p forallp~ aoandpE PRIME(L)} 

=n {(a,/3)E1xL:a5por/35p} 
p ~ a 0 

p E PRIME(L) 

= n (!pxL) U (Lx!p) 
p ~ a 0 

p E PRIME(L) 

which is closed in u(L) x u(L). Thus II is continuous. 

IV.2 TOPOLOGICALLY GENERATED L-TOPOLOGIES AND 

TOPOLOGICAL MODIFICATIONS OF L-TOPOLOGIES. 

• 

We can now extend Lowen's natural way of associating an I-topological space with a 

given topological space and vice-versa, to a much larger class of lattices. In this section 

L will be assumed to be a complete lattice. All definitions and propositions in this 

section are those of Kubiak ([11]). 

IV.2.1 DEFINITION 

(a) Let (X,.6.) be a topological space. The topologically generated L-topology, 

denoted by w(.6.), is the L-topology generated by lsc(X,L). 

(b) Let (X, T) be an L-topological space. The topological modification of T, 
denoted by i (T), is the weakest topology on X with respect to which the 

collection T of L-sets are continuous from X to (L,u(L». 

• 
From this definition we make the following observations. 

(a) If .6. 1 ~ .6. 2 then w(.6. 1H w(.6. 2), and ifrl ~ T2 then i( TIH i( T2). 



(b) If 6. is any topology on X such that each /H r is (6., u(L) )-continuous then 

£(r) ~ 6.. 

IV.2.2 PROPOSITION 

If L is completely distributive, then w(6.) = Isc(X,L). 

PROOF 

By (IV.l.l1), the operation A : (L,u(L)) x (L,u(L)) -i (L,u(L)) is continuous. 

Let f,g E Isc(X,L) and define 

F : X -i Lx L, F(x) = (f(x),g(x)). 
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Then F is continuous. Thus the composition A a F = fAg is continuous. Therefore 

Isc(X,L) is closed under finite infima. Secondly, let {fk : k E K} ~ Isc(X,L). To show 

that V fk E Isc(X,L), it will suffice to show that (V fk)-l(l a) is closed in (X,6.) for 
k E K k 

each a E L. The continuity of V fk will then follow since {l a : a E L} forms a subbase 
k 

for the closed sets of (L,u(L)). 

= {x EX : V fk(x) S a} 
k 

= {x: fk(x) S a for all k E K} 

= n fkl(l a) 
k 

But for each k E K, fkl(l a) is closed and thus (V fktl(l a) is closed. We now see that 
k 

Isc(X,L) is closed under arbitary suprema and finite infima. Hence Isc(X,L) is an 

L-topology. 

• 
IV.2.3 PROPOSITION 

Let (X,6.) be a topological space and (Y,r) be an L-topological space. 

(a) 6. ~ £(w(6.)) and when L is completely distributive, then L{w(6.)) = 6.. 

(b) r~ w(L{r)). 
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PROOF 

(a) Let U E tl. Consider the characteristic function lu of the set U. The 

collection Tu = {G ~ L : (lut1(G) E tl} is a topology on L which contains 

the defining subbase of u(L). Indeed let a E L, then 

(lut1(L/l a) = {U if a < 1 
o if a=l 

Thus u(L) ~ Tu' Hence lu is (tl, u(L))--eontinuous and therefore lu E w(tl). 

Now any topology making lu continuous with respect to (L,u(L)) for each 

U E tl, must contain tl. Hence tl ~ .(w(tl)). When L is a completely 

distributive lattice w(tl) = Isc(X,L). The topology ~w(tl)) is defined to be 

the weakest topology on X making each j}, E w( tl) = Isc(X,L) continuous with 

respect (L,u(L)). Therefore .(w(tl)) ~ tl. 

(b) Let j},E r, by definition of .(r), j},E Isc((YAr)),L). But 

lsc( (YAr)),L) ~ w(.(r)). Hence r~ w(.(r)). 

• 
The inclusion in part(b) of (IV.2.3) cannot be generally reversed. The reason being that 

topologically generated L-topologies will always contain the constant L-sets. For 

example: let X be a non-empty set, then the discrete L-topology, r = {Q,D, is an 

L-topology which does not contain all the constant L-sets . 

IV.2.4 PROPOSITION 

(a) Let f: (X,rl) -; (Y,rz). I£fis L--eontinuous, then fis 

(.( r[)A rz))--eontinuous. 

(b) Let f: (X,tl[) -; (Y,tl z). If f is continuous, then f is 

(w(tl[),w(tl z)) - L--eontinuous, and the converse holds when L is completely 

distributive. 



PROOF 

(a) A subbase for the open sets of L( 1'2) is given by the collection 

S = {p.-l(L/la) : P.E 1'2' aE L} . Now 

f-l(p.-l(Lfl a)) = (fl-(p.)tl(L/l a) 

for each p.-l(L/l a) E S. But since f is Iri:ontinuous, fl-(p.) E 1'1' Hence 

(fl-(p.)tl(L/la) E t.(T1). This proves that fis (t.(TI),L('T2))-{;ontinuous. 

(b) Let p. E lsc(Y,L), then fl-(p.) = p. 0 f E lsc(X,L). Now 
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{p. E LY : fl-(p.) E w(t. I)} contains lsc(Y,L) and is an L-topology on Y. Thus 

it must contain W(t.2) ' Hence whenever p. E w(t.2), f I-(JL) E W(t.l) ' This 

proves that fis (w(t. 1),w(t.2))- L--{;ontinuous. When L is completely 

distributive L(w(t.;)) = t.i for i = 1,2. Then applying part (a), if f is 

(w(t. I),w(t.2))-L-{;ontinuous, then f is ( t.(W(t.l)),L(w(t.2)) )--{;ontinuous. 

Thus f is (t. 1,t. 2)--{;ontinuous. 

• 
In (Ill.1.6) we showed that when L is completely distributive, L-{;ompletely regular 

spaces have the weak L-topology generated by their collections C(X,I(L)) of 

I(L )-valued, Iri:ontinuous functions. To study the topological modifications of such 

Hpaces we must consider the topological modification of weak L-topologies generated 

by collections of functions. 

In Propositions IV.2.5 - IV.2.7, L will be assumed to be completely distributive. 

IV.2.5 PROPOSITION 

Let {Tk : k E K} be a collection of L-topologies on X. Then 

PROOF 

By observation (a) following Definition IV.2.1, we have for each k E K, 

t.( Tk) ~ L(V Tk)' Thus V L( Tk) ~ L(V Tk)' 
k k k 
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Since L is completely distributive, each Il E V rk is of the form Il = V Ilj where each 
k j E J 

Ilj is of the form Ilj = .AI II . . II .An' where {A i : i E [1 .. nn ~ U rk ' If we can show that 
k 

each Il E V rk is (V t.( rk),u(L))-continuous, we will then have that t.(v rk) ~ V t.( rk) 
k k k k 

and this shall complete the proof. 

To this end let Il be as described above. Let j E J and consider Ilj = .AI II .. II .A n' 

Each .Ai is (V L(rk),u(L))-continuous, then since II : LxL -I L is continuous we can 
k 

argue as in (IV.2.2) to show that Ilj = .AI II .. II .An is (V t.( rk),u(L))-continuous. We 
k 

also proved in (IV.2.2) that supremum of a collection L- valued, u(L)-continuous 

functions is continuous. Thus Il = V IlJ' is (V t.( r k), u(L))-continuous. 
j k 

• 
IV.2.6 PROPOSITION 

Let f : X -I (Y,r) . Then 

t.(fl-(r)) = f-I (t.(r)) , 

where f-I(L( r)) is the weak topology given by f: X -I (Y,L( r)) . 

PROOF 

By (IV.2.4(a)), we immediately have that f : ( X,L(t( r)) ) -I (Y,L( r)) is continuous, 

thus f-I(t.(r)) ~ L(fl-(r)). But by (IV.2.4(b)), fis 

( W(f-I( L( r) )) , W(L( r)) )- L-continuous . Therefore f 1-( r) ~ w(f-l( L( r) )) . 
Hence t.(fl-(r)) ~ t.(w(f-I( L(r) ))) = f-I(L(r)) . 

• 
IV.2.7 PROPOSITION 

If {(Xk,rk) : k E K} is a collection of L-topological spaces and {fk : X -I Xk : k E K} 

a collection of functions. Then 
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PROOF 

Applying (IV.2.5) to V f;;( 7"k), we get J,Y f;;( 7"k)) = V L(f;;( 7"k)) . Then applying 
k k k 

(IV.2.6) to each L(fkt-( 7"k)), we arrive at the required result. 

• 
In the closing section, section 8, we will give a counterexample of a lattice L which is 

not completely distributive and for which some of the propositions in this section 

requiring complete distributivity, do not hold. 

IV.3 TOPOLOGICALLY GENERATED L-UNIFORMITIES. 

Working with the unit interval I, it was shown by Katsaras ([10]) that to every 

uniformity ID on a set X, there corresponds an I-uniformity. The I-topology generated 

by this I-uniformity is then precisely w( ll) where II is the topology generated by ID . 

Using the way below relation «, we can extend this correspondence to completely 

distributive lattices. 

In this section L will be assumed to be a completely distributive lattice. 

Let X be a non--empty set. Further let 

Lp(X) = {a Ix : a E L, x E X}. For each W E DIAG(X), define 

x 
Kw : Lp(X) -I L , Kw( a lxl = a lW(x) 

We extend Kw to LX by defining 

Kw(lk) = V Kw(~x)lxl for I> E LX 
xEX 

IV.3.3 PROPOSITION 

(a) {Kw : WE DIAG(X)} ~ d'6' L(X) . 

(b) For U, WE DIAG(X). 

(i) IfU ~ W then Ku ~ Kw' 

(ii) KU a KU ~ KU a u· 

(iii) (KWt1 = KW-1-

(3.1) 

(3.2) 
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PROOF 

Parts (a) and (b)(i) follow directly from (IV.3.I) and (IV.3.2) and their proofs shall 

not be given here. 

b(ii) : For each a Ix E Lp(X) 

KU 0 Ku(a Ix) = Ku(a IU(x)) = y ~ U(x) a Iu(y) ' 

Now y E U(x) implies U(y) ~ U 0 U(x) . Therefore 

Ku 0 Ku(a Ix) = y ~ U(x) a Iu(y) ~ a Iu 0 u(x) = Ku 0 u(a Ix) ' 

By (IV.3.2) it now follows that Ku 0 Ku(Ji) ~ Ku 0 u(Ji) for each 

x JiE L . 

b(iii) : To show that (Kwt1 = KW-b it will again suffice to show that 

(Kwt1( a IJ = KW-1( a IJ for each a Ix E Lp(X). By definition 

= A{VE LX : Kw(v) ~ (a IJ / } 

= A{VE LX : Kw(v )(x) ~ a/ }. 

Let A denote the set {v E LX : Kw(v )(x) ~ cI}. 

Now Kw(v )(x) ~ cI 

if and only if V v (y) Iw( )(x) ~ cI 
y EX Y 

if and only if for each y EX : Vi (y) Iw(y)(x) ~ cI 

if and only if for each y EX : (y,x) E W implies Vi (y) ~ al 

if and only iffor each y E W-l(x) : V (y) ~ a l 

if and only iffor each y E W-1(x) : a ~ v(y). 

Thus a Iw-1(x) E A and for each v E A, a Iw-1(x) ~ v. 

Hence (KW)-l (a Ix) = a Iw-1(x) = Kw-1(a q . 

IV.3.4 PROPOSITION 

Let ID be a uniformity on X. Then $(ID) = {Kw : WElD} is an L-uniform base. 

• 
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PROOF 

Let $ denote $(ID). To show that $ is an L-uniform base, we must show that 

(a) 

(b) 

(a) 

(b)(i) : 

(b)(ii): 

$ is a filter base on eN L(X), 

for each Kw E $, there exists 

(i) Ky E $ such that Ky 0 Ky ~ Kw. 

(ii) KU E $ such that (Kutl ~ Kw. 

Let K ,Kw E $ . Then WI n W2 E ID. But WI n W2 ~ Wi for i = 1,2. 
wI 2 

Thus by (IV.3.3(b)(i)) 

KWln W
2 
~ KW

i 
for i = 1,2. 

If WEill, there exists VElD such that V 0 V ~ W. By (IV.3.3(b)(ii)), 

Ky 0 Ky ~ Ky 0 y and then by (IV.3.3(b)(i)) Ky 0 y ~ Kw. 

For each WElD, W-l E ID. By (IV.3.3(b)(iii)), (Kwtl - Kw+ 

Therefore there exists Ku E $ such that (Ku tl ~ Kw. 

• 
IV.3.5 DEFINITION 

Let (X,ID) be a uniform space. Then the topologically generated L-uniform space, 

denoted by (X,w(ID)), is that L-uniformity having $(ID) as an L-uniform base. 

• 
This correspondence preserves uniform mappings. 

IV.3.6 PROPOSITION 

Let (X,1D 1), (Y,1D 2) be two uniform spaces. Then f : (X,1D 1) -+ (Y,1D 2) is uniformly 

continuous if and only iff: (X, w(1D 1)) -+ (Y, w(1D 2)) is L-uniformly continuous. 

PROOF 

Suppose that f is uniformly continuous . Then for each V E 11)2' there exists WE ID[ 

such that W ~ (fxftl(V) . We now show that KW ~ fl-(Ky ). 



Let a Ix E Lp(X), then 

ft-(Kv)(a q = f t- (Kv(f"""'( a Ix))) 

= ft-(Kv(a If(x))) 

= n a IV(f(x))) 

= a If-1(V(f(x))) 

= a l(fxf)-l(V)(x) 

~ a Iw(x) 

= Kw(a Ix)· 
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Thus KW ~ f t-(Kv ). Hence f is L-uniformly continuous. Conversely suppose that f 

is L-uniformly continuous. Let V E 11)2' then there exists WE ID 1 such that 

Kw ~ ft-(Kv)· Thus Kw (1J ~ ft-(Kv)(lx) for each x E X. But 

Kw(lx) = Iw(x) ~ ft-(Kv)(lx) = l(fxf)"l(V)(x)· 

Therefore W ~ (fxf)-l(V) . This proves that f is uniformly continuous. 

• 
IV.3.7 PROPOSITION 

Let (X,t.) be a topological space and II) a uniformity on X compatible with the 

topology t.. Then the L-topology T w(1D ), generated by w(ID), is precisely w( t. ). 

PROOF 

Firstly we will show that T w(il) ~ w(t.). Since L is completely distributive 

w( t.) = lsc(X,L). It will therefore suffice to show that each J1 E T w(lD) is 

(t., u(L))-continuous. 

Let J1 E T w(1l) and a E L. By (1.3.3), there exists a collection 

{(Dj' J1) : j E J} ~ j\'(ID) x LX such that J1 = ~ D/J1j). If x E J1-1(L/l a) then there 
J 

exists j E J such that J1j(x) { a. Now Dj is of the form Kw ' where WE ID. 

The set W(x) is a nbd of x and if y E W(x) : 

J1j(x) = J1j(x)lW(x)(y) ~ Kw (J1j(x)lJ(y) ~ Kw (J1j)(y) ~ J1(Y)· 



Thus J.L(Y) {a. Hence W(x) ~ J.L-'(L/l a). The L-set J.L is therefore 

(t.,u(L) )-continuous. 

Conversely, let J.L E w( t. ). To show that w( t.) ~ T w(ID ), we show that 

int w(1D )(J.L) = J.L. The lattice L is continuous. Therefore for 

Xo EX, J.L(Xo) = ViaE L:a« J.L(xo)}· Suppose that aE L such that a« J.L(xo). 

By (0.1.12) there exists {3E L such that a« (3« J.L(xo). The collection 
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iT a: a E L} forms a base for the open sets in u(L) by (IV.1.9). Thus J.L-I(f (3) is an 

open set in X containing xo' hence for some W E ID, W(xo) ~ J.L-I(f (3). 

Let vEL be defined by 

V(x) = A {J.L(Y) : y E W(x)}. 

Then 

and 

a < < (3 ~ A J.L(y) = v(xo) 
Y E V(xo) 

Thus a« v(xo) ~ intw(ID)(J.L)(xo) ~ J.L(xo). It now follows that 

for all Xo E X, a« intw(ID)(J.L)(xo) ~ J.L(xo) for aE {aE L: a« J.L(xo)}. This 

implies that J.L = intw(ID)(J.L). 

• 
IV.3.B COROLLARY 

If (X,t.) is a completely regular topological space then (X,w(t.)) is an L-completely 

regular space. 

PROOF 

We have that a topological (resp L-topological) space is completely regular (resp 

L-completely regular) if and only if it is uniformizable (resp L-uniformizable). Let ID 

be a uniformity on X compatible with the topology t.. Then by (IV.3.7) the 

topologically generated L-topology w( t.) and the L-topology induced by w(1D) 

coincide. Thus (X,w(t.)) is L-completely regular. 

• 
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The converse of the above corollary is true and will be proved as a corollary to a more 

general result appearing in (IV.7). 

IVA THE TOPOLOGICAL MODIFICATION OF THE Ir-UNIT INTERVAL I(Ll. 

In due course we shall show that for a class of L--completely regular spaces satisfying a 

certain separation condition, we can L-embed each member in a cube of the L-unit 

interval I(L). In the topological modification, this L-embedding translates into a 

topological embedding. Therefore a thorough study of the topological modification of 

the L-unit interval I(L), is necessary. 

The definitions and propositions of this section are those of Kubiak ([11],[13]). We shall 

again assume that L is a completely distributive lattice. 

First we need to recall the definition of Helly's space. The subspace X of II consisting of 

all monotonically increasing functions with the subspace topology is called Helly's space. 

Henceforth LI will denote I copies of (L,u(L) V u(LOP)). By using the generalised 

concepts of left and right hand limits, and extending the construction of Helly's space in 

II to L I, we construct an Irilpace L-homeomorphic to I(L). The topological 

modification of this L--space is then homeomorphic to the topological modification of 

I(L). Consequently a detailed investigation of this L--space will reveal much about the 

topological modification of I(L). 

IV.4.1 DEFINITION 

Let HL be the collection 

{f ELI : f is monotonically decreasing} 

of functions. Then (HL,'% L) is called Helly's space with the subspace topology, ,% L' 

• 
To agree with the definition of I(L), we consider instead the monotonically decreasing 

functions of LI However recalling that L and LOP are homeomorphic with respect to the 

interval topology on L and LOP, we have that HL and HLoP ' the subspace of 

monotonically increasing functions of L \ are homeomorphic. To see this let 

I{J: L ---; LOP, I{J( a) = a. 
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Then for a~ (3, cp({3) ~op cp(a) . The mapping cpis then a homeomorphism between Land 

LOP. Then 

is the required homeomorphism between HL and HLoP ' 

IVA.:! PROPOSITION 

(HL,,N L) is a compact, Hausdorff space. 

PROOF 

By (IV.1.6), (L, u(L) V u(LOP)) is compact and Hausdorff. Thus by Tychonoff>s 

product theorem and the fact that products of Hausdorff spaces are Hausdorff, L I is a 

compact, Hausdorff space. To prove that HL is compact, we need only show that HL 

is closed. !ffE L1/HL, then there exists s, tEl such that s < t and f(t) i f(s) . Since 

L is continuous, there exists aE L such that a« f(t) and a i f(s). The open set 

V = 'lr;l d a) n 'lr;l (LIT a), 

contains f. 

We shall now show that HL n V = 0. Suppose hE HL n V, then 

a« h(t) and a i h(s). But a« h(t) implies a~ h(t). This implies that a~ h(s) 

since h( t) ~ h( s). Therefore we have a contradiction. Hence HL n V = 0. This 

proves that HL is closed. Furthermore subspaces of Hausdorff spaces are Hausdorff. 

Therefore (HL,,N L) is a compact, Hausdorff space. 

IV.4.3 DEFINITION 

(a) For each f E HL and tEl, let 

f(H) = V{f(s): t < s}, f(t-) = A{f(s): s < t} 

(since v0 = 0, A0 = 1 we have f(1+) = 0, f(O-) = 1) 

• 
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(b) Define the relation N on HL as follows. For f, g E HL : 

f N g if and only if f( H ) = g( H) for each tEL 

• 
The relation N is obviously an equivalence relation. We define (HLI N ,6.) to be the 

quotient space whose elements are the equivalence classes for N • 

IV.4.4 DEFINITION 

The natural 1- topology 8, on HLI N is the 1-topology generated by 

{ - - HLI N } Rt, Lt E1: tEl , 

where ilt> 1t are defined by ilt([fj) = f(H) and 1t([fj) = f(t- )' for each [fj E HLI N • 

• 
IVA.S PROPOSITION 

(HLIN ,8) is 1-homeomorphic to (1(1), TI(L))' 

PROOF 

Let cp : I(L) -; HLI N ' cp([fj) = [fl Il · Recalling the construction of 1(1), (1.5), it is 

clear that cp is a bijection. Furthermore,p (ilt) = Rt, ,p (1t) = 1 t for all tEL Thus 

cp is 1-continuous. But 

(cp-It(Rt ) = 1 ~ for t < 0 
Rt for tEl 

Q. for 1 < t 

(cp- It(1 t ) = I ~ for t < 0 
L t for tEl 

1 for 1 < t 

This proves that cp-I is 1-continuous. Hence cp is an 1-homeomorphism. 

• 



IV.4.6 PROPOSITION 

8~ w(L'.) . 

PROOF 

To show the inclusion we show that for each tEl, 1t and Rt belong in 

w(L'.) = lsC(HL1N ,L) . Then since 8is the L-topology generated by 

{Rt, 1t E L HLI N : tEl} and w(L'.) is an L-topology, we have then that 

8~ w(L'.) . 

Let p : HL ---i HLI N denote the quotient map of HL onto HLI N . 

From standard quotient theory a sufficient condition for 1t ,Rt to be 
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(L'., u(L))-{;ontinuous is that 1t 0 p, Rt 0 p be (0'ifL' u(L))-{;ontinuous. To show this 

it will suffice to show that the sets (1t 0 pt1(! a), (Rt 0 pt1(! a) are closed for each 

a E L. We have that 

= {fE H
L

: f(t-)' ~ a} 

= {f E HL : ( A f(s)) ' ~ a} 
s < t 

= {f E HL : V f(s)' ~ a} 
s < t 

= {fE HL : V 7rs(f)' ~ a} 
s < t 

= {fE HL : a' ~ 7rs(f) for s < t} 

= ( n 7r;l(j at)) n HL, 
s < t 

and similarly (Rt 0 pt1(! a) = ( n 7r;1(! a)) n HL. Now! a and j a' are closed 
t < s 

subsets in the interval topology on L and each projection mapping 7r" rEI, is 

continuous with respect to the interval topology. Thus (1t 0 pt1(! a) and 

(Rt 0 pt1(! a) are closed subsets of (HL' O'if L) . 

• 
IV.4.7 COROLLARY 
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PROOF 

By (IV.4.6), 8~ w(b.). Hence t(8) ~ t(w(b.)) = b.. 

• 
Our main result is : 

IV.4.S PROPOSITION 

(H
LI

", AD)) is a compact, Hausdorff space. 

PROOF 

A quotient space of a compact space is always compact. Therefore (H
LI

", ,b.) is 

compact. Compactness is preserved under weakening of topologies so by (IV.4.7), 

(H
LI

", A D)) is compact. 

Before proving that (H
LI

", AD)) is a Hausdorff space, recall from (1.5.2) that if 

[fj, [g] E 1(1), then f(H) ~ g(H) for each t E III if and only iff(H) ~ g( t-) for each 

t E Ill. 

Since HLI '" is the collection {[fl r] : [fj E I(1)}, we have that this result holds in HLI '" 

with the restriction t E 1. 

Let [fj,[g] be distinct in H
LI

",. By the above, without loss of generality, we may 

assume that there exists t E I, such that f(H) ~ g(t-). Once again since L is 

continuous, there exists aE 1 such that a« f(H) and a~ g(t-). Then 

g( t- ), ~ cY!. The sets 

are open neighbourhoods of [f] and [g] respectively. The sets U, V are disjoint as well. 

Indeed if UnV '* 0, there exists [h] E HLI'" such that a« h(H) and h(t-) ' ~ cY!, 

which implies a ~ h(t-). But a« h(H) implies a~ h(H), and h(t+) ~ h(t-) . 

This contradiction proves that unv =0. We have shown that any two distinct points 

in HLI'" can be separated by two disjoint open sets. Therefore (H
LI

", ,t( 8)) is 

Hausdorff. 

• 
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IV.4.9 PROPOSITION 

b. = L{O). 

PROOF 

The identity mapping i : (HLIN ,b.) ---i (HLIN ,£(6)) is a continuous one to one map 

from the compact space (HL IN ,b.) onto the Hausdorff space (HL IN ,t( 0)). Hence i is 

a homeomorphism. 

• 
IV.4.lO COROLLARY 

(I(L), £( 7
I
(L))) is a compact, Hausdorff space. 

PROOF 

The mapping cp : (I(L), £( 7I(L))) -! (HLI N ,6) described in (IV.4.5) translates into a 

homeomorphism in the topological modification of I(L) and HLI N' Since the 

homeomorphic image of a compact, Hausdorff space is compact and Hausdorff, it 

follows that (I(L),£( 7I(L))) is compact and Hausdorff. 

• 
IV.4.11 COROLLARY 

Let (r,7r ) denote the cube IT I(L) given the product L-topology. Then (r,£( 7r )) 
j E J 

is a compact, Hausdorff space. 

PROOF 

The product L-topology is the weak L-topology given by the projections 

{7I"j : j E J}. That is 7r = V ~ (7I(L))' By (IV.2.7), £(7r ) = V 7I";I(£(7I(L)))' The 
J J 

required result then follows by Tychonoff's product theorem and the fact that 

products of Hausdorff spaces are Hausdorff. 

• 
As mentioned earlier we shall define a class of L-completely regular spaces for which 

each member can be L-embedded in a cube of 1(1). 



126 

Then by a corollary in the next section the topological modification of each of these 

~ompletely regular spaces is embedded in a cube of the topological modification of 

I(L), which is a compact, Hausdorff space. 

IV.S AN L-EMBEDDING LEMMA 

Let L be completely distributive. As in the topological case, with a simple extra 

condition on the generating collection of maps, any L-space with a weak L-topology can 

be L-embedded as a subspace of the product of the range L-spaces. 

IV.S.l DEFINITION 

If, for each k E K, fk : X --I Xk, then the evaluation map e : X --I II Xk induced by 
k 

the collection {fk : k E K} is defined as follows: 

For each x E X, k E K, 

A collection {fk : k E K} of functions on X will be said to separate points in X if and 

only if whenever x f. y in X, then for some k E K, fk(x) f. fk(y). 

• 
IV.S.2 PROPOSITION (L-EMBEDDING LEMMA) 

Let (x,i) be an L-space. For each k E K, let fk : X --I (Xk,Tk)' Then the evaluation 

map e: X --I II Xk is an L-embedding if and only if X has the weak L-topology given 
k 

by the functions fk and the collection {fk : k E K} separates points in X. 

PROOF 

Our proof depends essentially on the way below relation < < and the observation 

that, for each k E K, 7rk 0 e = fk. 

(~): First suppose e is an L-embedding. If X,y are distinct in X, then e(x) f. e(y). 

This implies that for some k E K, [e(x)lk f. [e(y)h- Therefore fk(x) f. fk(y). 
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Thus the collection {fk : k E K} separates points in X. We will first show 

that V ft (Tk) ~ T and then that T ~ V ft (Tk) ' 
k k 

Let k E K, then fk = 7rk 0 e. Thus fk is (T, Tk)-L--continuous. Hence 

V ft (Tk) ~ T. 
k 

Conversely let J.LE T . For each x EX, J.L(x) = V{aE L : a « J.L(x)}. Let 

x E X and a E L satisfying a «J.L(x) . Since e is an L-embedding, e-+(J.L) is 

an open L4let in the relative L-topology on e(X). 

Since L is completely distributive e-+(J.L) is of the form . V Vj' where each Vj 
J E J 

is itself of the form 

Now 

a« e .... (e-+(J.L))(x) = ~ vj(e(x)) = J.L(x) . 
J 

Put S = { V v/e(x)): A E 2(J)}. The set S is then a directed subset of L 
j E A 

and vS = J.L(x). Since a « J.L(x) and J.L(x) = vS, there exists A E 2(J) such 

that a~ V vj(e(x)). 
j E A 

and 
n· 

= e .... ( V v) = V A J ft(J1k )(x) ~ J.L(x) . 
j E A j E A 1=1 1 1 

Therefore J.L can be written as the supremum of elements of v f .... (Tk). Thus 
k 



(<=): This half of the proof is a duplication of the usual topological proof. 

If x f- y in X, then for some k E K, fk(x) f- fk(y) . Hence 

[e(x)lk f- [e(y)h· Thus e is one to one. 

Since X has the weak L-topology given by {fk : k E K}, we have for each 
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k E K, 7rk a e = fk is an L-continuous function. This proves that e is 

L-continuous. Finally we must show that for each J.t E T, e-+(J.t) is open in the 

relative L-topology. 

Since L is completely distributive and e is one to one it will suffice to show 

for each ft(J.tk)' k E K, J.!k E Tk that e-+(ft(J.!k)) is an open L-set in the 

relative L-topology on e(X). But 

e-+(ft(J.tk)) = (7rkl e(X)t(J.tk)' 

is an open L-set in the relative L-topology. 

• 
IV.5.3 COROLLARY 

If the evaluation map e : X -i II Xk is an L-embedding then in the topological 
k 

modification e is an embedding. 

PROOF 

If e is an L-embedding, then by (IV.5.2) the L-topology T on X is given by 

T = V i'k( Tk) ' By (IV.2.7) 
k 

Furthermore, {fk : k E K} separates points in X. Thus X has the weak topology given 

by {fk : X -i (Xk, i( Tk)) : k E K} and this collection of functions also separates points 

in X. By the standard topological embedding lemma, the evaluation mapping e is an 

embedding. 

• 
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IV.6 L-To L-SPACES AND L-TYCHONOFF SPACES. 

A topological space (X,t.) is a To -space if and only if whenever x,y are distinct in X, 

there is an open set containing one and not the other. Liu ([15]) translated this 

separation axiom to L-spaces. We use a well known equivalent definition ([18]) . 

Throughout this section we will assume L to be completely distributive. 

IV.6.1 DEFINITION 

An L-space (X,T) is an L-To space if and only if whenever x and yare distinct in X, 

then there is an open L-set J1. such that JJ.(x) j J1.(y). 

• 
Part (a) of the following proposition appears in ([15]). 

IV.6.2 PROPOSITION 

(a) The L-unit interval I(L) with the right hand topology Tr, is L-To. 

(b) (I(L)), .( 7"r)) is a To -space. 

PROOF 

Suppose [f), [g] are distinct in I(L). Then for some t E IR, f(t+) j g(t+) and without 

loss of generality we may assume that f(t+) ~ g(t+) . Thus Rt([f)) j Rt([g]), proving 

that (I(L),7"r) is L-To. Further let a = g(t+). Then Ri1(L/! a) is an open 

neighbourhood of [f) in .( Tr) not containing [g]. Therefore (I(L),.( Tr)) is To . 

• 
Let (X,t.) be a topological space. Since the characteristic function of a subset A of X is 

lower semi continuous if and only if A is open, we have that X has the weak topology 

given by Isc(X,I). From this observation we can conclude that X is T if and only if 
. 0 

Isc(X,I) separates points in X. By replacing 1 with I(L) we have similar results in 

L-topological spaces. 



Let (X,r) be an L-topological space. For each /1- E r define 

f/1- : X -i 1(L) , f(x) = [Ap,(x)l 

1
1 r < 0 

= /1-(X) 0 ~ r ~ 1 

o 1 < r 

Then f/1- is (r,rr) - L-<:ontinuous since 

t < 0 

o ~ t ~ 1 

1 < t 

Let LSC(X,1(L)) denote the collection 

{f: X-i 1(L): fis (r,rr) -L-<:ontinuous}. 

Thus X has the weak L-topology given by LSC(X,1(L)). 

An easy consequence of the above is : 

IV.6.3 PROPOSITION 
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(X,r) is L-To if and only if X has the weak L-topology given by LSC(X,I(L)) and 

the collection LSC(X,1(L)) separates points in X. 

PROOF 

As shown above every L-topological space (Y,8) has the weak L-topology given by 

LSC(Y,I(L)). We need therefore only show that (X,r) is L-To if and only if 

LSC(X,I(L)) separates points in X. Suppose (X,r) is L-To' then 

{flL: /1- E r} ~ LSC(X,1(L)) separates points in X. Conversely let x,y be distinct in X. 

Then there exists f E LSC(X,1(L)) such that f(x) of f(y). Therefore for some t E III 

f(x)(H) = fl-(Rt)(x)f fl-(Rt)(y) = f(y)(H). 

But f I- (Rt) E r. This proves that (X, r) is L-To. 

• 
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Concerning products and subspaces we have the following easily verified propositions of 

Liu ([15]). 

IV.6.4 PROPOSITION 

(a) 

(b) 

Subspaces of L-T topolouical spaces are L-T . o o· 0 

Products of L-T L-topological spaces are L-T . o 0 

Applying our L-embedding lemma to the L-To L-topological spaces we have: 

IV.6.5 PROPOSITION 

(X,1') is L-To if and only if X can be L-embedded in a cube of (I(L),1'r) ' 

PROOF 

• 

(==}): Suppose (X,1') is L-To then by (IV.6.3) X has the weak L-topology given by 

LSC(X,I(L)) and this collection separates points in X. Applying (IV.5 .2), 

the evaluation mapping 

e : X-- II I(L) 
f E LSC(X,I(L)) 

is an L-embedding. 

(¢=o): Subspaces of L-T L-topological spaces are L-T . 
o 0 

• 
IV.6.6 PROPOSITION 

If (X,1') is L-To then (X,L( 1')) is To' 

PROOF 

In the proof of the preceeding proposition we saw that e : X -- II I(L) is an 
f E LSC(X,I(L)) 

L-embedding. By (IV.5.3) e is an embedding in the topological modification. Thus 

(X,L( 1')) can be embedded in a cube of a To -space (I(L),L{ rr))' This proves that 

(X,L( r)) is To ' 

• 
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Alternatively if (X,r) is L-To' then for two distinct points x,y there exists J.! E r such 

that J.!(x) of J.!(y). Let a = J.!(x), and without loss of generality we may assume that 

J.!(x) = a ~ J.!(y). Then the open set J.!-l(L/l a) is a neighbourhood of y not containing x. 

Thus (X,L( r)) is To' 

IV.6.7 DEFINITION ([15]) 

An L-completely regular L-topological space (X,r) which is L-To shall be called an 

L-Tychonoff space. 

• 
IV.6.S PROPOSITION 

If (X,r) is L-Tychonoff, then C(X,I(L)) separates points in X. 

PROOF 

Let X,y be distinct in X. Then there exists J.! E r such that J.!(x) of J.!(Y) . But since X 

is L-completely regular , there exists a collection {fk : k E K} ~ C(X,I(L)) such that 

V ft(R ) = J.!. Thus for some k E K, fk(x) (0+ ) of fk(y)(o+) which implies that 
k 0 

fk(x) of fk(y)· 

• 
In general topology Tychonoff spaces are precisely those which can be embedded in a 

cube of the unit interval. Replacing the unit interval by the L-unit interval, we 

have: 

IV.6.9 PROPOSITION 

(X, r) is L-Tychonoff if and ouly if X can be L-embedded in a cube of (I(L), rI(L))' 

PROOF 

(\'=): Products of L-completely regular spaces are L-completely regular (III.2.2), 

and products of L-To spaces are L-To' Therefore a cube of (1,(L),rI(L) is 

L-Tychonoff, (the L-space (I,(L),rI(L)) is L-To since rr C rI(L)) ' Hence 

(X, r) is L-Tychonoff. 
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(~): We know from (I1I.1.6) that (X,r) has the weak L-Topology given by 

C(X,I(L)) and from (IV.6.8) C(X,I(L)) separates points in X. Applying the 

L-embedding lemma (IV.5.2) we have that the evaluation mapping 

e : X-l ITI(L) 
f E C(X,I(L)) 

is an L-embedding. 

• 
IV.6.10 PROPOSITION 

If (X, r) is L-Tychonoff, then (X,L(r)) is Tychonoff. 

PROOF 

In the proof of (IV.6.9) we saw that e : X -l II I(L) is an L-embedding. By 
f E C(X,I(L)) 

(IV.5.3) e is an embedding in the topological modification. Further by (IV.4.9), 

IT I(L) with the product topology V 'lfil(L(r I(L))) ' is a compact, Hausdorff 
f E C(X,I(L)) f E C(X,I(L)) 

space. Thus (X,L(r)) is Tychonoff. 

• 
Using a different type of L-embedding lemma, Liu proved Proposition IV.6.9. He 

showed that if (X, r) is an L space and {fk : X -l (Xk' rk) : k E K} distinguishes L-points 

and closed L-sets in the following sense: 

If for each x E X, a ELand /1- a closed L-set satisfying a ~ /1-( x) there exists k E K such 

that 

a ~ ft(/1-)(x), then the mapping 

e: X-l IT Xk 
k 

is an L-embedding if {fk : k E K} separates points. He then went on to show that if 

(X,r) is L- Tychonoff, then C(X,I(L)) satisfies the conditions of his lemma. 



N.7 L-T IDENTIFICATION OF L-BPACES 
o 
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It is well known that each topological space can be modified into a To space by 

identifying points with identical neighbourhood systems. This simple technique is very 

useful since a large number of topological properties are preserved and inherited from 

the modified space. Using (III.6.3) we extend this technique to L-spaces. In this 

section we are mainly concerned with showing that the L-To modification of an 

L-mmpletely regular space is an L-Tychonoff space, and that if the topological 

modification of the L-To modification of an L-space is completely regular then the 

topological modification of the original L-space is completely regular. The main result 

of this chapter stating that the topological modification of an L-completely regular 

space is completely regular then follows eaSily. 

Let L be a completely distributive lattice. 

N.7.1 DEFINITION 

Let (X,7) be an L-space. Let N be the relation on X defined as 

x N y if and only if for each f E LSC(X,I(L)) : f(x) = f(y). 

The relation N is an equivalence relation, and (XI N ' 71 N ) shall denote the quotient 

L-space given the L-topology 71 N ' induced by the quotient map p : X -i XI N • 

The follOwing lemma will help prove that (XI N ' 71 N ) is an L-To space. 

N.7.2 LEMMA 

The quotient L-topology 71 N is the weak L-topology given by 

S = {f : XI N -i I(L) : f E LSC(X,I(L))} 

where {([xl) = f(x) for each [xl E XI N • 

PROOF 

Since each f E LSC(X,I(L)) is constant on each ofthe equivalence classes 

{[xl: x E X}, each { is well defined. 

• 



First we show that S ~ 1SC(Xj N ' I(1)). 1et f E S, to show that f is 

(7"j N ' 7" R) - 1-<:ontinuous it will by (O.2.9(v)) suffice to show that for each 

tEll! /" (f f- (Rt)) is an open L-set in (X, 7"). But 

/" (f f- (Rt)) = Rt 0 fop = Rt 0 f = f f- (Rt), 
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is an open 1-set in 7", since f E 1SC(X,I(1)). Hence the weak 1-topology given by S 

is contained in 7"j N • 

Conversely, let p, E 7"j N ' then /" (p,) E 7". Define f/"(p,) : X ---i I(1) as in the 

paragraph preceeding (IV.6.3) . Then p, = (f /"(p,l (Rt) for 0 ~ t ~ 1, and 

f /"(p,) E S. This implies that 7"j N is contained in the weak 1-topology given by S. 

Therefore 7"j N is precisely the weak 1-topology given by S. 

• 
IV.7.3 PROPOSITION 

PROOF 

Suppose [xl f [y], then for some f E 1SC(X,I(1)), f(x) f f(y). Thus there exists tEll! 

such that f(x)(H) f f(Y)(H). This implies that f f-(Rt)([x]) f f f-(Rt)([y]) . But by 

(IV.7.2) f f-(Rt) is an open 1-set in 7"j N. Hence by the definition of L-To 1-spaces 

(Xj N ' 7"j N ) is an 1-To 1-space. 

• 
We shall now refer to (Xj N , 7"j N ) as the 1-To modification of(X,7"). 

Using the L-To modification technique we show 

(a) if (X,7") is 1-<:ompletely regular then (Xj N ' 7"j N ) is 1-<:ompletely regular, 

(b) if (Xj N ' L{ 7"j N )) is completely regular then (X,L{ 7")) is completely regular . 
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rv.7.4 PROPOSITION 

If (X,T) is 1--completely regular then (X IN ,TIN) is 1-Tychonoff. 

PROOF 

Since 1-Tychonoff spaces are 1-To' L--completely regular spaces we need only, by 

(IV.7.3), show that (XI N ' TI N ) is L--completely regular. 

Suppose j.t E TI N ' then r(j.t) E T. Since (X,T) is L--completely regular, there are 

collections {vk : k E K} of L-sets and {fk : X ........ I(L) : k E K } of L--continuous 

functions such that : 

V vk = r(j.t) and for each k E K 
k 

vk ~ ft(L'l) ~ ft(Ro) ~ r (j.t). 

For each fk' k E K let fk be defined as in Proposition IV.7.2 

(since C(X,I(1)) ~ LSC(X,I(L)), fk is well defined). 

For each t E IR 

Hence fk is (TI N ' TI (L))-1- continuous. 

Let k E K and x E X. Then 

(i) ft(L'I)([x]) = ft(L'I)(x) ~ ft(Ro)(x) = ft(Ro)([x]) 

and ft(Ro )(x) ~ r (j.t)(x) = j.t([x]), 

(ii) p-l (vk)([x]) = V vk(y) ~ V ft(L'I)(Y)' But 
yE[X] YE[X] 

fk E C(X,I(L)) ~ LSC(X,I(L)) . Thus fk is constant on the set [xJ. 

Therefore 
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(iii) Since p is onto we have 

V p-i (vk ) = p-i (V vk ) = p-i (/ (JL)) = JL. 
k k 

Combining (i), (ii) and (iii) we have a collection {/ (vk ) : k E K} of L--sets and 

a collection Ok : XI N -----. I(L) : k E K} of (rl N ' r1(L»)- L-continuous functions such 

that: 

and for each k E K 

This proves that (XI N ' rl N ) is L-completely regular. 

• 
IV.7.5 PROPOSITION 

Let (X,r) be an L--space. If (XIN ' t,(rIJ) is completely regular, then (X,.(r)) is 

completely regular. 

PROOF 

We must show that whenever A is a closed set in (X,.( r)) and x t A, there is a 

continuous function f: X -----. 1 such that f(x) = 1 and f(A) = O. 

By (IV.6.3) we have that, r = V f f-(r r) Thus by (IV.2.7) 

t,( r) = V f - 1 (t( 7" r)) . 

f E LSC(X,I(L)) 

f E LSC(X,I(L)) 

The topology t,( rr) has as a subbase the collection 

{Ri1(L/l a) : t E IR and a E L}. 

Therefore 

W(Ri1(L/l a)) : f E LSC(X,I(L)) , t E IR , a E L} 

forms a subbase for .( r). 

Let A be closed in (X,L( r)) and x t A. Since A is closed there must exist a basic open 

set such that x E U and UnA = 0. 
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The set U is of the form 

n 
U = n fi1(Rt1(L/l eli)) 

i=l i 

where eli ELand fi E LSC(X,I(L)). 

_ n_ 
The set U = i~l fil(Rt~(L/l eli) is an open set in (XI N ' L( 1'1 J). We claim that 

un p(A) = 0. Suppose otherwise. Then since p(U) = U, there exists u E U and 

a E A such that [u] = [a]. Thus fi(u) = fi(a) for i = 1,. .. ,n. This implies that a E U, 

a contradiction since UnA = 0. We have now that [x] E U and Unp(A) = 0. Thus 

[x] ~ P(AJ. Since (XI N ' L( 1'1 N )) is completely regular there is a continuous function 

h: XI N -I I 

such that h([x]) = 1 and h(P(AJ ) = O. 

By (IV.2.4(a)) p : X -I XI N is (L( 1'), L( 1'1 N ))-continuous. Define the function 

f:X-II 

by f = hop. Then f is continuous and f(x) = h([x]) = 1 and f(A) = f(p(A)) = O . 

Finally our main result: 

rv.7.6 PROPOSITION 

Let (X,1') be L-completely regular, then (X,L( 1')) is completely regular. 

PROOF 

• 

By (IV.7.4) (XIN ' 1'I N ) is L-Tychonoff. Then by (IV.6.1O), (X IN ' q1'lN )) is 

Tychonoff. Applying (IV.7.S) we have (X, L( 1')) is completely regular. 

• 
rv.7.7 COROLLARY 

(X,t.) is completely regular if and only if (X,w(t.)) is completely regular. 
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PROOF 

(~): Proved in (IV.3.8). 

(¢=): If (X,w(6.)) is L-{;ompletely regular, then by (IV.7.6) ( X,.(w(6.)) ) is 

completely regular. But since we have assumed that L is completely 

distributive, t(w(6.)) = 6.. 

IV.S A COUNTEREXAMPLE 

We construct a continuous, non-distributive lattice L with an 

involution, and a topological space (X,6.) for which Isc(X,L) ~ w( 6.). 

• 

order reversing 

Thi s then show~ , 
that continuity and therefore also completeness are insufficient conditions on a lattice 

for Isc(X,L) and w( 6.) to coincide. 

Let L be the lattice given by the diagram 

L: , n E IN 

The operation' : L ----i L defined by 

0' = ii' = 0 and n' = n for n E IN , 

is an order reversing involution. It is easily seen that L is a complete lattice with an 

order reversing involution. 

IV.S.I PROPOSITION 

( a) L is not distri bu ti ve. 

(b) L is a continuous lattice. 
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PROOF 

(a) 1et p,q,r be distinct in IN. Then p A (q V r) = p, but 

(p A q) V (p A r) = 6 V 6 = 6. Thus p A (q V r) t- (p A q) V (p A r), proving 

that 1 is not distributive. 

(b) By example (c) in (0.1) it is sufficient to note that 1 contains no strictly 

increasing infinite chains. 

The upper topology u(1) on 1 is the topology is generated by 

ctI = {1/!n : n E IN} U {IN U {i}}. 

The collection of all finite intersections of elements of ctI forms a base for u(1). Thus 

$(u(1)) = {1} U Hi} U (IN/A) : A E 2(1N)} 

is a base for u(1). We can now observe the following about u(1) : 

• 

(i) Each non--empty open set U of u(1) will contain a tail of IN. That is there 

exists n E IN such that {n+k : k E IN} ~ U. 

(ii) No open set other than 1 itself will contain 6 and each non--empty open set 

contains i. 

The product topology on 1x1 has as a base 

Thus for each non--empty W E u(1) x u(1) there exists (m,n) E IN x IN such that 

{(n+k, n+l) : k,l E IN} ~ W. 

IV.B.2 PROPOSITION 

The operation 

A : 1 x 1 --! 1, 

is not continuous. 

PROOF 

1et U be a subbasic open set. If A -l(U) where open in 1x 1, then A -l(U) would contain 

a tail of IN x IN. 
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Thus there exists (m,n) E IN such that 

{(m+k, n+l) : k, I E IN} ~ A -leU). Therefore A -leU) contains two distinct elements of 

IN, say p,q. Then p A q = 6 E U, a contradiction. 

• 
Knowing now that A : Lx L ---; L is not continuous, we construct a topological space 

(X, b.) such that lx(X,L) ¥ w(b.). 

Define f, g : IN ---; L by f(l) = g(l) = i and fen) = n, g(n) = n+1 for n E 1N/{1}. 

Let b. be the weak topology on IN generated by f,g with respect to the upper interval 

topology u(L) on L. A base for b. is given by taking all finite intersections of elements 

of &'(b.) = {f-I(U), g-I(U) : U E u(L)}. Each non-empty element of &'(b.) will contain 

1 and a tail of IN. We have that 

fAg(n)={: n=l 

o n ~ 2 

Let U be a non-empty open set of (L,u(L)) other than L. Then (f A g)-leU) = 1 since 

6 ~ U and i E U. Since each open subset of (1N,b.) contains a tail of IN, (f A g)-leU) is not 

open. Thus fAg is not continuous. But f, g E Isc(IN,L) ~ w(b.), which implies since w(b.) 

is an L-topology that fAg E w(b.). We therefore have 

Isc(IN,L) ¥ w( b.). 

The topology L(w(b.)) on IN will make fAg continuous with respect to (L,u(L)), thus 

b. ¥ L(w(b.)). 

Therefore continuity of our lattice is not a sufficient condition for Proposition IV.2.2 to 

hold for all topological spaces. 

We can also use this example to show that continuity of our lattice L, is insufficient to 

have L(V Tk) = V L( Tk) for a collection of L-topologies {Tk : k E K} on a set X, 
k k 

(Proposition IV.2.5). 

Let Tf = {i ; Q ; f} and Tg = {i ; Q ; g}. Then Tf,Tg are L-topologies on IN. The 

topology b. can be equivalently defined to be L( Tf) V L( Tg). But fAg is (L( Tf V T g)' 

u(L))--continuous. Hence L( Tf) V L( Tg) ¥ L( Tf V Tg). 
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