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IN'.PRODUCTIOH. 

In his paper B.K.H<:>..rrison concludes Nith the observation th<:>.t 

his" solutions ••• • ••• are presented as ra1·1 material for further 

research in General Relativity". In the same spirit, the 

present uork started out as an attempt to process that ravi 

material in a production-line po1;ered by a computer. 

Harrison's solutions uould be fed in at one end, and ' the 

finished product, as yet undecided, . v10uld a.ppea.r at the other. 

In the event , hol-1ever, the project became more like an exercise 

in quality control, to continue t he analogy. A search uas 

made for algebrai c cri tcria >·rhich 1;ould distingui sh b etv>een 

those sol utions >·Thich were acceptable for further analysis t·Ti th 

particular reeard to Gravitational r adi ation, and those which 

1-1ere not. Regrettabl y, no crite:r-ia could be found Hhich 

char acterised radiative solutions uneQuivocally, and, a.t the 

same time , lent themselves to a computer approach. 

The result is that the discussion of radiative solutions has 

had to be releg&.tcd to an ap:penclix (Appendix 1), Hhile the 

main body of the vrork is concerned t·ii th the determination of 

those quanti ties (the Nm·rman-Penrose scalars) ·Nhich >·JOuld seem 

to be the foundation of any fu';;-are compui;er-based analysis of 

gravitation~! r~diation. 

Chapter 1 is 8-n account of the unc.erlying mathematica l 

formula tio:J., defininc; the terr.1s, concepts and processes involved. 

In Chr.ptcr 2 the tr;:;.nsformation of some of the ideas of Chapter 

1 into computer softHare is presented. Chapter 3 i s concerned 

i·:i th the specific mctric s (the rb.rrison metrics) and the extent 

to \•ihich tl:cy lu:.ve heen processeclc 

The project h<:>.s le[•.ned heavily on :p2.pers l)y Harrison( 1), for the 



"rq.vT material", by D' Inverno and Russell-C l ark( 1), •·rho pioneered 

the techniques and classified the Harrison metrics, and by Sachs 
' 

(1), for the treatment of gravitational r adiation. Hm·1ever, the 

analysis of diagonal metrics, the special tetrad of Chapter 2 and 

the results in Appendix 2 are neHo 

I \vould l ike to express my appreciation to Dr D. R.I>!atravers fo r 

hi s meticulous supervision and for introducing me to General 

Relativity i n the first pl ace, to Professor C.Jacobsz, for his 
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and to Professor Braae fo r his interest · and support. 
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Ms Y. Reynolds for the typing, I·lrs Seager for the photocopyi ng and 

my parents, r.Ir J, G, Greener and Drs. r.~ . H. ~-lilliams and P . D.Terry for 

their constant encouragemento 
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CHAPTER 

MATHE~1ATICS 

I . The Mathemat ical Framework 

Fundamental to the study of gr avi tat i on in this context ~s 

the assertion that the geometry of space- time is Riemannian. The 

components ·of the metric tensor, g .. ' 
~J 

in a coordinate neighbourhood 

of the manifold, are rel ated to the fundamental form 

i j 
g . . dx dx 
~J 

of the space . The s i gnature of the metric tensor is taken as +2 

(I. I) 

and the summation convention ~s assumed . A metric t ensor for which 

g.. = 0 ' 
~J 

for all ~ 1 J ( 1. 2) 

is known as a "diagonal " metric. Non-:-zero components are funct ions 

of class C2 of the coordinates . 

The Christoffel symb.ols are defined by 

[ij,k ] = ~(g.k . + g.k . -g .. k) 
~ 'J J '~ ~J ' 

( 1 • 3) 

where the comma denotes partial differentiation, and 

~r[ .. ] g Jk,r (I. 4) 
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where the 
ij 

g represent the contravariant components of the metric 

tensor. The Riemann (or curvature) tensor [Synge (I)] 

R .. k 
~J m 

= 

the Ricci tensor 

R .. 
~J 

and the curyature invariant 

R 

k 
R . 'k' 

~J 

are all geometrical constructs which are determined by t he metric 

tensor. \Vhile the metric itself contains the geometrical, and 

therefore physical information about the particular space-time ~n 

question, these constru\ ts often have to be employed to develop 

significant insight into the space-time geometry . 

Einstein's equations 

R .. - ~ g .. R 
~J ~J 

kT .. 
~J 

(I • 5) 

(I. 6) 

(I. 7) 

(I. 8) 

where T.. is the energy-momentum tensor, provide the fundamental 
~J 

l ink between the "geometry'' and the "physics" of the space-time . 

These may also be written, with a little ·manipulation [Lawden (I)] 

R.. = k( ! g .. T - T .. ) 
~J ~J ~J 

(I • 9) 

If the space ~s a vacuum space i.e. devoid of 

all energy ~n the form of discrete masses ana electromagnetic 

radiation 

consequently 

then the energy-momentum tensor must be zero, and 

R .. 
1J 

0 (I . I 0) 
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Conversely, if R . . = 0 , 
1J 

then the metric describes a vacuum space, 

or is, loosely, a ' 'vacuum metric" . 

The problem of gravitation would appear to be solved! The 

"geometry" can be deduced from the "physics" us1ng (1.9), or the 

11physics 11 can be deduced from the 11geometry 11 using (1.8) . Unf or-

tunately, Einstein's equations form a very formidable set of non-

linear partial differential equations [ Synge (I) Ch. 4] , and once 

solved, it is not always easy to extract the physical information 

from the metric . It becomes pertinent therefore to ask just how 

much information can be obtained fro~ an exact solution to the 

equations (1.8) . 

As out l ined above , it is a fa1rly simple matter to establish 

whether or not a metric describes a vacuum space, us1ng only the 

techniques of c l assical differential geometry. Before discussing 

other useful techniques, it is appropriate to dwell a little further 

on the properties of a vacuum metric. 

There are a number of symmetries inherent in the curvature 

tensor [Synge (I)] which reduce the number of independent components 

of that tensor t o 20 . The symmetry rela~ions are 

R. 'km 
~J 

R. 'krn 
~J 

= 

+ 

-R .. k J1 m 

R.k . 
1 m] 

+ 

= 

R. ' k 1m] = 

= 

0 ' 

~mij ' 

'vhile a convenient s et of independent components 1s given by 

(I. I I) 

(I. I 2) 
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R1 2 1 2 R1 21 3 R1 21 4 R1 2 2 3 

R1 2 3 4 R1 31 3 R1 31 4 Rt 3 2 3 

R1 41 4 Rt 4 2 3 R14 24 R14 3 4 

R2 3 2 4 R2 3 3 4 R2 4 2 4 R2 4 34 

If the metric is a vacuum metric , then 

R . . 
~J 

k 
R. 'k 
~J 

km 
g R . 'k 

m~J 

R1 2 2 4 

Rt 3 3 4 

(!. 13) 
R2 32 3 

~434 

0 ' (1. 14) 

which are 10 independent linear equations in 20 unknowns . Consequently, 

a vacuum curvature tensor has only lO independent components. For the 

diagonal case, of particular interest in this work, this figure is 

reduced to S independent components. This is shown below explicitly, 

since certain identities which arise out of the calculations will be 

required later on. 

The first thing to notice ~s that, if the metric H diagonal 

then k = m ah.;rays, and therefore every component \vhich appears in 

(1 .14) must have at least one repeated numerical index. Hm.;rever, 

two of the set (1. l3) (i.e. ~2 34 , ~4 23 ) do not have this property, 

which leads to the suspicion that these may be zero . Indeed, from 

( 1. 5), 

(I . IS) 

but if the metric ~s diagonal, no Christoffe l symbol with three 

differen t numerical indices can be non-zero, and therefore, by 

inspecti on, R1 2 34 = 0. A similar argument holds in the case of 

R1 4 2 3 • 
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Now, 'vriting out (I. 14) explic itly, the c omponents become 

R11 
22 3 3 -4 4 = 0 (I • 16) = -g R1 2 12 - g R1 3 I 3 - g R1 414 ' 

Rl; 3 3 R -8 I 3 2 3 44 R 8 14 24 = 0 ( 1. 17) 

R1 3 = 2 2 R 8 12 2 3 44 R -8 1434 = 0 (I. 18) 

R14 = 8
2 2 

R1 2 2 4 + g
3 3 

R1 3 3 4 = 0 (I. 19) 

R2 2 = 11 R g 121 2 3 3 R - 8 2323 44~ - g 4 2 4 = 0 ' (I. 20) 

~3 = g
1 1 

R1 2 1 3 4 4 R + g 2434 0 (I . 21) 

~4 8
1 1 

R1 2 1 4 + g3 3 R2 3 3 4 0 (1.22) 

R3 3 = · 8
1 1 

R1 3 1 3 · - 8
2 2 ~ 3 2 3 - 8

4 4 
R3 4 3 4 = 0 (I • 23) 

' 

R34 8
11 

R1 3 1 4 8
2 2 ~ 3 2 4 0 ' (I. 24) 

~4 11 R 8 1414 2 2 R - 8 2424 3 3 R - g 3434 ::: 0 ' 
(I . 25) 

where the symmetry conditions (I .I I) have b een used. 

Eliminate R1_212 between (1.16) and (1.20) ,giving, with some 

manipulation 

82 2 84 4 R1 3 1 3 + g2 2 83 3 Rt 4 1 4 + g1 1 84 4 R2 3 2 3 + g1 t 83 3 R2 4 2 4 = 0 , (I • 26) 

where, because the metric is diagonal, g11 = (g11 )- 1 , etc. Similarly, 
\ , 

eliminate R343 4 between (1.23) and (1.25) t o g~ve -
82 2 g4 4 R1 3 1 3 - 81 1 g4 4 Rz 3 2 3 - 83 3 g2 2 R1 4 1 4 + g1 1 83 3 Rz 4 2 4 = 0 • (I. 27) 

Adding (1.26) and (1.27) 

(I. 28 ) 

and subtracting 

82 2 g 3 3 R1 4 1 4 - - 81 1 84 4 R2 3 2 3 (1.29) 

which show the d e p end e nc e on Rz 4 2 4 and R2 3 2 3 • 
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~ 212 , Ra 434 can be obtained by substitution. A useful identity 

arises out of (1.28) and (1.29), namely that 

= ( 1. 30) 

(a) Decomposition of the Curvature Tensor. A set of four linearly 

independent, complex unit vectors, 
i i i l. 

Q , m , n , p , is called a null 

t e trad if the conditions 

Q. Qi l. l. = m.m = n.n 
l. l. l. 

i 
0 p.p = ' l. 

hold. Furthermore, if 
i _i 

p = m is th~ complex conjegate of 

Qi, ni are real, and if the orthogonality conditions 

Q.n 
l. 

l. _i 
= - m.m 

l. 
-1 ' 

(1.31) 

i 
m , and 

(I. 32) 

are imposed, then the null tetrad becomes a Newman-Penrose null tetrad 

[ Newman and Penrose ( 1) ] • 

It is convenient in the tetrad notation to employ a Greek suffix 

to denote -a particular tetrad, v1.z. 

z . en 
= (Q., n., m., iii.) 

l. l. l. l. 
( 1. 33) 

and these indices (i.e. the Greek indices) can be raised or lowered 

with the flat-space metric 

0 -I 0 0 

ex~ -1 ·o 0 0 ( 1. 34) 1l = 1l ex~ 
0 0 0 

L 
0 0 0 

'J 
\. 
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The tetrad components of the metric tensor are defined by 

whence 

g . . 
~J 

g . . 
~J 

= 

= 2.n. 
~ J 

2. n. + m.ffi . + m.m. 
J ~ ~ J J ~ 

(!. 35) 

(!. 36) 

Transformations of the tetrad which preserve the or t hogonali t y 

conditions (equat i on (1. 32)) are limited to a six-parameter r estri cted 

Lorentz group [Janis and Newman (I)] as follows: 

A) A two-parameter group of null rotations about 

2. = 2, 
~ ~ 

m. = m. + a 2. , 
~ ~ ~ 

n . n. + am . + am. + a a 2. 
~ ~ ~ ~ ~ 

B) An ord i nary Lorentz transformation ~n the 2.n . 
~ ~ 

a spatial rotation in the m.m . plane: 
~ ~ 

' 2. = A 2. 
~ ~ 

I' A-t n . = n. 
~ ~ 

m. = 
i tP e m. 

~ ~ 

where A and if> are real functions. 

C) A two-parameter group of null rotations abou t 

- -2. = 2. + bm. + bm. + bbn . 
~ ~ ~ ~ ~ 

m. = m. + bn. 
~ ~ ~ 

n. -· n. 
~ l. 

2. 
~ 

plane , 

n. 
~ 

(I. 37) 

and 

(I. 38) 

( 1 • 39) 

I 
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The curvature tensor of a vacuum metric can be resolved into five 

complex t etrad components [Newman and Penrose (1) ], known as the 

Newman-Penrose scalars, 

'l'o = 

= 

= 

= 

= 

i j k m 
- R . . km£ m Q m 

l.J 

• • .! 
1. J J m 

- R . . kmQ n Q m 
l.J 

I 

_ 1 ( 0 i j 0k m 0 i j Lm ) 
~ R. 'km x. n x. n - x. n m m , 

l.J ' 

i j Lm 
- R •. kmn Q n m 

l.J 

Lj Lm 
- R. 'k n m n m 

l.J m 

This resolution of the curvature tensor leads to 5 complex (or 10 

real) components which are independent, and therefore, in v1.ew of 

( 1. 40) 

(1.41) 

(!. 43) 

( 1 • 44) 

the previous result (page 4), contain all the information about the 

-curvature. 

(b) The Spinor Formalism. A full discussion of sp1.nor algebr a 

appears 1.n Pirani (2), and the reader is referred to this for more 

details. 

Spinors are the elements of a two-dimensional complex "spin"-

space. Transformations in this space form a double-valued represen-

tation of the homogeneous Lorentz group. With every Lorentz trans-

formation in ~!inkowski space 

i 11. J m -~ • m 
J 

(1. 45) 

where the small Roman indices (i.e. t he tE:nsor indices) i, .1 have the 

range 1 to 4, there is associated a pair of spin traniformations 



A 
'TI -+ 

B 
'TI 

A -A -B 
11 -+ L B 11 
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(I. 46) 

(1.47) 

where the second representation J.s merely the conjugate representation 

(since spin-space is complex) and the capital Roman indices (the spin 

indices) have the range 1 to 2. 

"contravariant" spinors. If QB 
A 

The above transformations apply to 

is the reciprocal of LB , then 
A 

a "covariant" spinor transforms according to 

· B 
QA 11B ' 

(}. 48) 

or 
-B -

llA -+ Q J.L A . H 
( 1. 49) 

To avoid confusion be tween these representations, the indices of 

spinors which transform according to the conjugate representation 

will be primed, and will be dra\vn from the end of the alphabet. 

Spinors of order greater than one may contain any number of contra­

variant or covariant indices of either representation. 

transforms 

AX' 
T B = QD CY' 

B T D' 

Thus AX' 
T B 

( 1. 50) 

The properties of spinors are sought by analogy \-lith those of tensors 

and in particular, inner and outer products, symmetrization and anti-

symmetrization are preserved by spin transformations. 

The transition from tGnsors to spinors may be accomplished 

by means of Infeld-van der H.::.erden connecting quantities, represented 

by 
AX' 

0 
i for a contravariant index, and by 

l. 

OAX' for a covariant 

index . A typical mixed secord-rank tensor t~us b ecomes 
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= 
· AX' ' 1. a a J T 

1. BY I j (I. 51) 

The connecting quantities are defined 1.n a local Cartesian 

coordinate frame. Usually they form a set of Pauli spin-matrices 

although often a coordinate- or spin-transformation is required to 

bring them into such a form. 

For a tensor of rank four 

R. 'k l.J m 

and in particular, if 

BAW'BX 1 CY'DZ' 

B. 'k = R. 'k , the curvature tensor of a 
l.J m l.J m 

vacuum.metric, it can be shoun [Pirani (2)] that RAW ' BX'CY'DZ' 

can be written 1.n terms of a symmetric four-spinor, v1.z. 

RAW'BX'CY'DZ' = 

(I. 52) 

(I. 53) 

where eAB 1.s the bvo-dimensional Levi-Civita alternating symbol. 

The independent components of such a symmetric four-sninor are 

'¥1 1 I 1 , 'if1 I I 2 , \{'l I 2 2 , '111 2 2 2 , '¥2 2 2 2 i . e. 5 complex, or 10 real 

components , in accordance with the previous repres entations of the 

vacuum curvature tensor. 

2 . The Mathematical Structure 

The Significance of the Curvature Tensor. Geometry provides the 

conceptual key to the problem of gravitation, and the curvature tensor 

is the mathematical key to geometry [ Synge ( 1) Intro. p. viii] . The 

reason for this lies in the denands made by t he postulates of relativity , 

namely, that in zeneral different gravitational fields may only be 
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distinguished by the v~riations in the field quantities (the principle 

·of equivalence) 1 
, and that these variations should manifest the::~selves 

as tensors (the principle of covariance) [Pirani (2)] . These demands 

are most simply met by the curvature tensor, and it is natural that 

any search for a method of distinguishing between different space-times 

should begin with a study of the structure of this tensor [Pirani (1)] 

A convenient decomposition of the curvature tensor splits it 

into two pArts, the trace (or Ricci tensor), and the trace free part 

(or Weyl tensor) [ Plebanski and Stachel (1)] . The information con-

tained in the curvature tensor is spread out over these a~o entities, 

and in order to characterize the curvature tensor, it is necessary to 

develop a classification scheme for both. 

The classification of the vley l t ensor is called the 11Petrov 

Classification" after Petrov who first developed it. Work on a 

classification of the Ricci tensor has been done by Petrov (1) and 

Plebanski and Stachel ( 1) . This t~ork is concerned solely with exac.t 

solutions of the vacuum equations and therefore only the Weyl tensor 

will be discussed. 

The Weyl t ensor is defined by [Pirani (1)] 

w. 'k 
~J ·m 

= 
1 

R .. k - g. [kR ] . + g. [ R ] . - - g. [ g ] . R , 
~J m ~ m J J k m ~ 3 ~ m"k J 

( 1 • 54) 

The Principle of Equivalence: 1he effects of a gravitational field 
are indistinguish~ble from those of inertial forces by means of 
purely local experiments [Trautm?.n (1)] . Non-local experiments 

· imply a knot.: ledge of the spatial variations in the field. 
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and the following algebraic properties 

w. 'k l.J m - W. ' k 
Jl. m 

w.. + w.k . + w. 'k l.Jkm 1 mJ l.mJ 

1 w.k . = o. 
J 1. 

- w .. k 
l.JlU 

0 ' 

= wk .. ml.J 

For a vacuum metric, R = R .. = 0, so the Heyl tensor is identical 
l.J 

to the curvature tensor and the Petrov Classification provides a 

complete characterization of the space-time. 

The Petrov Classification. There are four main techniques for 

perforJIJing the Petrov Classification. These are: 

(i) The Matrix Hethod 

(ii) The Tensor Method 

(iii) The Method of the Newman-Penrose Scalars 

(iv) The Spinor Hethod. 

(1.55) 

(I. 56) 

(1.57) 

Each of these four methods will be briefly reviewed with the ultimate 

aim of discussing their relative merits in the context of a computer 

system. 

(i) The Matrix Method was the original method used by Petrov (I), 

and also discussed by Geheniau (I), Debever (I) and Synge (2). A survey 

of this method, together \vith methods (ii) and (iv) appears 1.n Pirani (I). 

The approach used here follows that of Synf;e (2), who shmvs that, if 

D 
('1 . 58) = 

then the eigenvalues of the 6 X 6 determina.ntal equation 
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km 

F · = 
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km 
Xg. ' k F , 

l.J m 
( 1. 59) 

where Fkm is any skew-symmetric tensor, will be s i mi l ar for curvature 

tensors of the s arne class. The word 11
S imi lar 11 

l.S used here in the 

sense that there wi ll be the same number of distincts and the same 

number of coincident eigenvalues in each case. The classification 

is based on the relative numbers of distinct and coincident eigen-

values, together with the resulting (distinct) eigenvectors [Pirani (1) ]. 

Firs·t however, the whole problem is mapped into a complex 

Euclidean 3-space ~.,here several simplifications result. This 1s 

achieved by correlating the pairs of numerical indices of the inde-

pendent components of the curvature tensor \vi th single numbers as 

follows: 

(23)-+ 1, (31)-)- 2, (12)-)- 3, (14)-)- 4, (24)-)- 5, (34)-)- 6. 

( 1. 60) 

[ for example Rt 21 3 4 R3 2] 

The resulting quantities become the elements of a symmetric 

6 X 6 matrix \V . If these are expressed.in coordinates which give 

g .. = o.. at a point 1n space-time, and for ~vhich the time coordinate 
l.J 1J 

CX4, by convention) is imaginary, then every single appearance of the 

matrix suffixes 4,5,6 denotes an imaginary element. Whence the matrix 

W can be written, 

c :) (1.61) 

where M and N are symr1etric 3 X 3 trace-free matrices with M real and 

N imaginar y. Furthermor e , the ske~.;-syn:~etri c t ensor Fij becomes a 
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column matrix (using (-1 . 60)) , 

F (1.62) 

where G ~s real and H ~mag~nary. Equation (1 . 59) thus becomes 

= (1.63) 

where I ~s a 6 dimensional identity matrix, or , 

MG + NH = AG, 
( J. 64) 

NG + MH AH. 

Adding, 

(M + N) (G +H) A (G +H) 
( 1. 65) 

or det (K - AI) = 0 

where K = N + N is a syunnetric, complex 3 X 3 matrix . The number of 

dis t inct eigenvalues and eigenvectors of K indicates the Petrov Class. 

l 
Petrov Type I II D III 

I zeNro Ei genvalues all distinct 2 equal dis tinct zero 

Distinct Eigenvectors 3 3 2 I 2 

If the eigenvectors are mapped back into space-time, it ~s 

discovered that. there i s a correspondence bet~1een the Petr ov types 

and the configurations of the result i ng four null vectors [ LudHig (I)] . 

This corresponGence may b e illustrated thus: 
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Petrov Type 
Distinct Coincident 

Null Directions 
Null Vectors Null Vectors 

I 4 4 

II 2 2 3 

D 2 pairs 2 

III 3 2 

N 4 

The . last column above reflects the number of null directions 

which are defined by the four null vectors produced by the mapping. 

(ii) The Tensor Method, due to Sachs ( 1), originated Hi th a 

statement to the effect that "In every empty space-time, there exist(s) 
• 0 

at least one and at most four direction(s) k~ f 0, Hhich obey 

k m 
k [ i R j] krn [ p k q] k k = ·o ' 

(]. 66) 

(1.67) where k. ki = 0 " 
~ 

These "directions" are kno-.;.m variously as "Debever vectors" [ Pirani (I)] 

or princip\e null directions [Sachs (~) ] . Israel ( 1 , p . SO) has shown ,., 
.. •',.. 

-. 

that these principle null directions correspond directly to the null 

directions encountered in the Matrix method above. 

The classification follmvs that of (i), but in fact, curvature 

t ensors of classes other . than Class 1 satisfy certain supplementary 

equations given by Sachs (I) . These are as follows: 
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j k 
R. 'k [ k ] k k 
~J m n 0 ' 

j k 
R. 'k [ m ] m m = 0 , 
~J m n 

~n addition to (1.68), 

k 
R . . k[kk] 
~J m n 

0 

m 
R. 'k k = 0 
~J m 

(1. 68) 

( 1. 69) 

( J . 70) 

(1.71) 

A curvature tensor w·hich satisfies any particular equation of the set 

(!.66) , (1.68), (1.69), (1.70) and (1.71) will satisfy all the preceding 

equations of the set, so that, moving down the set a degree of special-

ization becomes apparent. In fact, all classes but Class I are referred 

to collectively as " algebraically special". This concept is often 

r epresented in the form of a "Penrose Diagram" in which the arrovrs 

indicate increasing specialization . 

I 

/~ 
II~D 

~ ~ 
III~ N -> 0 

Class 0 here r e fers to the flat-space case 

R. ' k 
~J m 

0 

(iii) The Method of the Ne~an-Penrose Scalars mves its 

( 1. 72) 

existence to the work of Ke~,,man and Penrose (1), Janis and Newman (1) 

and Ludwig (1) . The Newm . .m-Penros e s calars (e qua t i ons (1.40) to (1.44)) 

may be subjected to th e transformations (1.37), (1.38) and (1.39) w·ith 

the following results [Jan i s and Nc\,'man (I)] : 
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for (1.37); % - 'l'c> 

'~'t '1'1 + a '~'o ' 

'l':z :: '~"z + 2-a '~'1 + a2% , (1 .73) 

'113 = '113 + 3a '~'2 + 3a2 '~'1 + a3 'l-'o 

'114 = '1'4 + t•a '~'3 + 6 a 2 'l'2 + . 4a3 'li3 + a4% . 

for (1.38); % = A_2 e 
2il/> 

% 

'111 = X e 
ir/> 

'111 ' 

% = '112 ' 
(1.74) 

% = ~..-1 e 
-i¢ 

% 

'114 ~..-2 -2i</> 
'1'4 = e . 

for (I. 39); 'llo :: % + 4b '111 + 6b2 
'i-'2 + 4b3 '1'3 + b4 '1'4 

'lit = '111 + 3b '~':z + 3b2 'i'3 + b3 \{t4 , 

'112 = 'l':z + 2b '113 + b 2 '1'4 ( 1 . 75) 

~3 = % + b '114 , 

'114 :: '114 

In the first of equations (I . 75), '110 i s a quartic function of b. 

Thus, there a re at most four values of b for Hhich 

0. (1.76) 

·' \ b however, is a t ransforr>i<:tion parar..eter for, in particular, the null ( 

vector Q. , and according to Nc\:man and Penrose ( l), if '1"!0 = 0 , 
~ 
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then Q. ~s a principl·e null direction. Therefore, if equation ( 1. 76) 
~ 

has four distinct roots, then there are four principle null directions 

and the curvature tensor is of Type I. Alternatively, by comparison 
~ 

with the table on page 15, 

2 dis tinct and 2 coincident roots => Type II, 

2 pairs of coincident roots => Type D, 

distinct and 3 coincident roots => Type III, 

and 4 coincident roots => Type N. 

(iv) The Spinor Method was developed by Penrose ( 1) , fo1lmving 

Witten (1) • . Ar i sing from the form of the curvature spinor as expressed 

in equation (1.53), an analysis is made of the syn~etric sp~nor ~(ABCD)' 

An invariant may be formed as follows, 

(!. 77) 

where ~ 1s arbitrary. This invariant is ~n fact a quartic equation 

as may be seen by considering 

= = c1, n (I. 7 8) 

Then if the total symmetry inherent in is 

= ~1 1 l 1 + 4~ ~1 1 1 2 + 6~ 2 
'IJt! 1 2 2 + 4~ 3 ~1 2 ?. 2 + ~ 4 

'IJI2 2 2 2 , 

( 1. 79) 

and the quartic form emerges. Any quartic can b e Hritten as a 

product of linear factors 
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¢ (0 = ( 0:'1 + ~ 0:2) (13 1 + ~{32)(11 + ~~2) (o 1 + ~0 2) 

= tA ~ ~B ~C 0 ~D 
O:'A B 1c D (I. 80) 

or (':V - O:'(A ~B 1c 0D)) 
{ ~B ~C ~D :::: 0 • (1.81) 

ABCD 

If t ~s arbitrary, then 

~ABCD (I. 82) 

These 1-spinors, O:'A etc., correspond to the Debever. vectors of (ii) 

[ Pirani (I) ] , and consequently the classification emerges from their 

multiplicity. 
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Petrov Type RABCD -· 

I o:(A ~B 'YC 
0
D) 

II o:(A ~ ~c 'YD) 

D o:(A ~ . ~C ~D) 

III o:(A % ~ ~D) 

N o:A % o:c on 
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CHAPTER II 

CONFUTATION. 

1. It is natural to look to the computer as a means of eliminating 

much of the tedium and some of the human error inherent in the 

considerable manipulative dem~nds made by the analyses described in 

the previous chapter. The brief exposition of ' the four main 

techniques for the Petrov classification has been eiven fo~ the 

purpose of malcing a comparative study "'rith an eye to effecting a 

computar-based classification scheme. 

In the con-text of computer programming, it is often the simplest 

approach that is ·the most efficient in the long run. The reason 

behind this is that an in-tricate algorithm ca n invite time-consuming 

slips in the logic of the programme or in the manipulation of the 

language. A further consideration i s that, in a l ar ge computer 

system, efficiency is often linked to ·the demands made by the 

programme on the system. A small, fast programme r~ceives a higher 

~riority than a larger,time-consuming prograrr~e, and can conse~uently 

be run more often. Lastly, if a l arge number of data-sets are to be 

handled by the same programme, the fewer the elements to be generated 

by the data for each run, the better. Thus it is desirable to try to 

free specific steps in the process from the particular properties of 

any given data-seto In comparing the four classification schemes, 

these criteria of "simplicity","brevity11 and "generality" respectively 

l'Till be invoked. 

The first question to ask vTi th regard to setting up an algor ithm is, 

What sort of problem is it? The ansHers are; for the matrix: method, 

it is an eigenvc.lue problem in complex Euclidean 3-space (eq_uation 

(1.65)). - i.e. the solution of a cubic; for the tensor method, it is 

the simultaneous solution of thirty-six fourth order equations 
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(equation (1.66)); ~nd for both the Spinor and the Nevman-Penrose scalars 

methods, it is the solution of a quartic equation (e~uations (1.80) and 

(1.76) respectively). Application of the "simplicity" criterion 

indicates that the tensor method should be rejected in favour of the 

other three. 

promising. 

On the same basis, the matrix method seems to be the most 

Synge (2) has given what is, in effect, an algorithm for the matrix 

method. There are many steps involved-in setting up the eigenvalue 

problem, including the reduction of the metric (locally) 

to Minkov-rski form and the inversion of the result ing transformation 

matrix (see Synge(2) for details). Another disadvantage is that the 

eigenvectors must be transformed back into space-time, should the 

principal null directions be required. .In contrast , the methods 

involving the solution of a quartic require fe1.-rer steps (see 2.3) and 

thus, on the grounds of 11brevity", the m~trix method may be r e jected. 

~1e requirements of the spinor method are that a suitable set of van 

der \faerden connecting quanti ties, dependent on the metric tensor 

(~nput data), be found and that (as 1-rith the matrix method), should the 

principal null directions be required, a transformation back into space­

time is necessary • . The Ne1-rman-Penrose scalars method requires that a 

suitable null-t:e:tTad, also dependent on the metric,but less intricately 

so,(see 2.2) be set up. Thus,on the grounds of "gener ality", the 

methoo. of the Nevrman-Penrose scalars may be selected in preference 

to the Spinor method. 

It must be remembered, hoHever, that the process is alegebr aic Hhile 

computers are numeric machines, and therefore a special compiler, or 

languace, is r equired to deal Hith t he "algebr aic manipulation" . 

Computer systems adapted for such uork hc.ve been in existence for some 

time (Tobey,Bobrol:& Zilles ( 1)), ~nd sone have reached a high degree 

of sophistication (Barton, Bourne & Horton (1) ), bu.t a detailed 

kno\·Jl ed&e of the operation of the conputer is not, in gencra.l, required 
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for such systems. The techniq_ues involved differ sufficiently 

from the conventional programming techniq_ues to impose a slight 

reorientation of attitude on the programmer, and equally, the 

programmes Nritten differ sufficiently from the conventional 

analytic modes of mathematical operation (vide Chapter I), to 

require some preliminary adaption 1·<hich is the subject of this 

chapter. 

2. The Decomuosition of the Curvature Tensor. 

It is usual, 1-rhen decomposing the curvature tensor into the 

NeNman-Penrose scalars, to· select a tetrad t-lhich has special 

properties 1·1i th regard to the space-time under consideration 

( Ne>.zman & Penros e (1)). However, for a computer programme >vhich 

is designed to process a number of different metrics, this approach 

is inappropriate. Instead it is preferable to find some more 

general .tetrad in terms of tvhich all the curvature tensors can be 

decomposed. Although this may cause problems in an attempt to 

interpret the metrics physically 1
, in a straightfori·rard algebraic 

task like the Petrov Classification no difficulties arise . 

Taking into account the simplificcttions a lready mentioned (that 

only diagonal vacuum metrics are to be considered), it is possible 

to find a tetrad of the Ne1·nnan-Penrose type Hhich reduces the total 

~umber o{ com~utations required for the analysis. It is simplest 

to treat the Hholly real and the· com:::>lex elements of this tetrad 

separately. The complex elements arc dealt vri th f irst. Nevrman 

& Unti(l) state that, if a..j and bj a~e tHo orthogonal space-like 

unit vectors, then 11Y1j (in the notation of Chapter 1) can be 

1. See Ne1·rman &Penrose(l) or Sachs(l ), for instc,nce , 1-rhere a 

"speci a l" tetrad requires an affine pc:..ramcter .. 

• 
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calculated as follmv-s, 

where r-:r. 
By a sui table choice . of af & b· J ' 

namely 

a. · 
J = ( 0 1 o, I<;)~; , 0) I 

b· ~ 
::: (o, o, o, J ~~~ ) l 

which is permissibl e since the metric is diagonal, 

~ · 'becomes J 

tm · J ( Q 1 Q 

;m . :; 
J 

[o , 0 I -i /9qX ). 
Since the· l'rhole t etrad must obey (see eq_uation(1.36)), 

the choice of -mj and ;;n. ~ above implies 'that the last tvro 

components of L j and IY\. j can 'be set eq_ual to zero. Thus 

(2.6) provides three eq_uations in the four unkn01-ms £, , 1:~. , 
I'(\. I ' 'h. 1.. • 

If '1\.2, i s arbitrarily chosen as I . and su'btituted into (2.6), 

then 

1· J 
:::. ( <ju 

~ ffi:. ~· 
q~ 

) 0 I 0 
) J 

and 
/"(\. . 

~ = (~~ 1 ) 0, 0 ). 

It is easily verified that the tetrad defi ned by (2.7), (2.8), 

( 2.4) and (2.5) obeys the conditions (1.31) and (1.32). 

(2.1) 

(2.2) 

(2.3) 

(2.6) 

(2. 8) 
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The ·Newman-Penrose scalars, \·Then >vri tten out explicitly in terms 

of this tetrad, take the form 

't :: -Ji c~ 3u 
( R,~,l 

<)l3 
- ~) 

~ .. It + (~-~H 
~) 

~'f .. 
• I 

+i fii c~ Rot.,>..!t.) '1-i. {c~ +-......., 
~~~ ~~!l ~ .... rc; '))~'I~ '311 

+ ~~ ~II 
c~.,1.U ~ R.~1.5) J] ' 

'K = ~ [ 1€ c f2.. 11. i l + l. R.. 11..1Lj 1.;r.:=j-: ----j v;;;, .res; .. 

+ ( ~ .... l.l -m + L ~~L'>.~ )] 

~ ' 
LV: _l. [ R11.•1. . l R 1 1..~, 

g~~ J -::.. 

j ~- ~L~ :2... 3 .. ~a ~H ' .* ~ [M ( ~~~·: R..t 1.. l4 ) -:: .fi.~,, ~ L 
~ 5" 

- ( fZttt3 
I, ~)] -~ ~ · - ' 

il(:: -~ r~ .('f!,.,'),, -i<•t.•t.) + /R"LSL) 
'f~ ~u J" Sn 'Juc.. l 5H 

-1 if:: 
~~~ 

-+ ,f£i.. CR1!11.4 
By invoking equations (1.17), (1.24), (i.30) and the 

R~~,4 + 

) 

'R '1..L,1.!l_) 
g .... 

argument immediately after equation( 1.15)' \fo ' r1. and ~ 
can be rendered in terms of the kno1-m i ndependent components. 

T}1e equivalence of certain terms i n some of the expressions 

c an be exploited to yield 

r. _j_ (A + y) - 4 

r. _.fl' Q (13 + c) ' - -~ 

* 
_j__ ( R,~,} + ~ ... ... ) -:: 
'l..~ .. ~'l ~) 

R.1.3'2..4) 

(2.9) 

(2.10) 

(2. 11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

J • t,_ 
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y; .[l .9- ( B c), = - (2.17) "l.. 5 ....... 

and 
( t4 = _J_ (A J) ) ' (2.18) 5!",.. 

lvhere 

Q = ~ ~ 
, (2.19) 

A = <!lu ( 11...~.} - rz ...... . ) , . (2:20) ~ 

~~~ <J ~} '?l+ .. 

D = 2M-~ .. (~ ~n + l.. fi 5"= 1 .. j .... ~~" R. ~~·~ ) (2.21) 

B -::. A !')h c~ ~ + L ~) .rr.; .. ' (2~ 22 ) 

c :: 
( R1t.1.J 

~ + (, 
R.t-z.')..t. ) 
~ .. (2~23) 

3. The Petrov Classification. 

Because of the theory of the solution of quartic polynol!lials 

is so "~ell-developed (Archbold( 1)), the Petrov classification by · 

means of the Nemnan-Penrose scalars can be performed >vi thout 

finding the explicit roots of the quartic or the corresponding 

principal null directions. It is possible, from the coeff icients 

of the quartic (1~76), to define a set of four quantities as 

follol·Ts, 

' 
J :::; 'Vo r. .·'}{ ' 

'f, ~ * 
'\K * * 9 ::: to~~ 3 fot.t f 1 \}1;3 ' 

(2.24) 

(2.25) 

(2.26) 
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H 

Conditions for the quartic to have any number of distinct or 

coincident roots depend on various identities involving :I , 
T, S and \-t • The details are to be found in Archbold( 1), 

but the :precise relationship betw·ecn the i dentities and the 

number of distinct and coincident roots (and therefore the 

Petrov types- see Chapter 1) is reflected in the table pelovro 

Identity Humber of' Eq:ual Roots Petrov T;yJ?e 

I' ===- 21 Jt 
"fo"- :C - I~ H" =/=- 0 

err- ~ =!=- 0 

I:a:f:sO 

~Joot"H1:o 

0 I 

JI 

3 

4- N 

D'Inverno and Russell-Clark (1) have created an algorithm by 

means of Hhich a space-time may be classified once its "HeHman-

Penrose scalars are 1-::noHn. Essentially, the algorithm enables 
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the cor.rputer to place the metric into its position in the ta'ble. 

Schematically, the aleori thm may be represent eel 2-s a flOi·v­

d,iagram (D'Inverno & Russell-Clark (1)). The diamond-shaped 

blocks represent decisions to be m~de by the computer, the path 

of action depending on the results of the decicion. 

H 

This algorithm is easily progranmed, and, in theory, the 

c l assification is quite ntrD-ichtfo~:ard, but in practice 

several problems renain. All computer systeF.s have limited 

storage space a~d available l.l?J.Chinc-time, and e,lgebraic 

manipulation compilers are capable of stretchin~ both of these 

to the limit. This is due to c:.n effect 1:noHn e.s 11 exprens ion 

s1-.rell", Hhere expressions held i n storG in the course of 

manipule,tion becooe um!c.nagr.bly l ar _je. The reo.son for this .~ ~I 
I 

that the oy>erat ion of sinplifyine; nn algebraic expression is 
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essentially a human one. Often the simplifier has some i dea of 

\vha.t his expression \·Till look like, and this "intui tion11 cannot be 

replaced by a nachine. Consequently, the unsimplified expressions 

become very large and their manipulation uses prodigious amounts of 

machine time. 

There ar e several ways of dealing vli th thi.s problem. One is to 

make use of "automatic simplification" facilities 1·1hich most systems 

·have to a greater or lesser degree (r.:oses( 1)). These facilities 

perform basic simplification tasks, (e.g. setting the product of 

anything rrru.ltiplied by zero equal to zero),and thus they serve t o 

reduc.e expression size someHhn.t . An additional, and more direct 

approach,is to breruc the anal ysis up into segments and a ttempt to , 

simplify the in:ter mediate expressi ons "by hand", after Hhich the 

resul ting reduced expressions can be input into the next step of the 

process. This is clearly a compromise bet1-1een a .totally manual 

(pencil- and- paper) process and its totally machine-based equivalent , 

but in the circumstances it is the only available course of action. 

This approach >·ras adopted in section 2 .• 2 Hhere, before calculating 

i';, l{r. , etc., the "intermediate" quantities A , "B etc. \>Jere obtained. 

In the same v1ay, it is possible to insert intermediate quant i ties into 

the present analysis . 

Let k , l and M be given by 

Y< -= ** \If.* (2.28) 

L ::. r.t t.~ 
' 

(2. 29 ) 

M :: ·~~ "1!,\f< (2.30) 
whence 

I = M - 3 L 
' 

(2.31) 

,. 
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+ ' ( 2.32) 

and 

\ffo K -21/f,H, (2.33) 

>-There,as before , H :::: lVo * '/(1 
, ( 2.34) 

This device truncates the analysis so that a simplification step 

can be interposed between the cal culation of K , L , M and H , 
and that of :t , :1 and S . 

It may happen that such attempts do not simplify the expressions 

suffic1ently to make their manipulation practicable , and further 

limiting measures must be resorted to. · D'Inverno &Russell-Clark 

( 1), fo r instance, >-Jer e forc ed to i nvestigate the r oots of the qua rtic 

for some metrics at a single point "in space- time . Since the 

condition for algebraic speciality is an identity (see table above), 

i f it is violated any>·Jhere , then the metric can..l"lot be a l gebraically 

special. 

4• Conclusion. 

In the present study the Harrison met-rics (Harrison(l) ) have 

motivated ·the investi~tion of classific<:>.tion techniques and. in 

particular, the processes \·.'hereby these .may be made programmable
1

• 

The deciding facto r in favour ·of the He'!-man-Penrose scalars 

method vras the fact that the classification could be performed 

vrithout actually so l vinG the quartic uhiich it entail s . 

1. The Harrison metrics have already been classified by D'Inverno 

and Russell-Clark (1) using the 1l"eKman·-Penrose scalars method. 

( see Chapter III) 
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If the roots of the quar·l;ic can be dcri ved, then it is possible to 

open up a much richer vein of investieation, since each distinct 

root yields a principal null direction explicitly (via equation 1.39). 

The principal null directions of the Weyl tensor form the basis of a 

preliminary investigation into the gravitational radiation 

characteristics of a metric (Pirani (2)). The theoretical groundHork 

of this investigation was laid dmm in Sachs (1), and many results 

( most of which appear in Unti & Torrence (1)) have follov1ed. .P>. 

brief summary of this theory is given in _App~ndix 1. 

Unfortunately, it 1·rould appear that the solution of a quartic Hi th 

algebraic coefficients of the complexity encountered in the Harrison 

metrics is not practicable, and therefore the principal null vectors 

are unattainable using this appr oach. .Attempts to limit the 

investigation to a single point in space-time (thereby yielding _ 

numerica l coefficients for the quartic.) have proved unsatisfactory 

owing to the difficulties involved in drawing generalized conclusions 

from particular results. No key identity such as that used by 

D'Inverno & Russell-Clark (1) in their Hork (see section 2.3) could 

be established in this connection. 

Ho\'Iever, it is thought that the results both of D' Inverno & Russell­

Clark (1) and the present study, discussed in the next chapter and 

, presented in-Appendix 2 are uorth recording in themselves, although 

1 the possibility of fur-ther analysis should not be precluded. 
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CHAPTER III 

THE HAR.."USOU 1IETRIC S. 

1. Harrison(l) has found a number of solutions to the field equations. 

These metrics constitute a class of so lutions ,,ri th the follovling 

properties. 

1) All are independent of one space-like coordinate taken 
3 to be X.. 

2) All are invariant under a transformation 

Consequently, the 3~3 are all zero, and a simple coordinate 

transformation yiel ds 

Therefore the metrics are diagonal. 

3. All· have a "'linked-pair" form, 

where .t, = -1, .t,..-= ~3 = .e." :: o to designate the 

signature , and ~,~ , ~4 are space-like coordinates. The 

summation convention ha s been suspended. 

(3.1) 

Harrison (1) suggests that this functional rela tionship (the 11 linked­

pairs11 form) may imply radiative solutions1 • 

Property (2) dictates that Einstein's e~uations in vacuo (equation 1.10) 

should reduce to seven differentia l f equations, s ince 11,:!, R l.) and (.(.,., Uj 
(equations 1.18,1.21 and.1.24 respectively) vanish automatic8,lly, by 

the same sort of reasonin~ as that immedi~tely after equation (1.15). 

The linked- pairs restrict ion implies that these equations take the form, 

o, (3.2) 

1. See Appendix 1 for a t ·reatment of null- vectors ( l-Ihich could arise 

from the linked pairs) tanr;ent to null geodesics, and their role a s 

propagation vectors for GT~vitational radiation. l"lhile the idea is 

attractive, the precise consequences of thiG assertion are not yet 

clear. 
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. 
VThere F~ and ~i. are formed from A~, n~ r.nd their derivatives, 

t. goes from 1 to 3 , and the summation convention again 2.pplies . 

Harrison( 1) succeeded in finding the v<hole class of these solutions 

by the separation of the variables . The time-like coordinate is 

separated out, reducing F~, S l- t o f unctions dependent on one of 

the space-like v2.riabl es only. Further separation yields eisht 

mutually exclusive solutions to the e~uations. 

is then restored to these solutions. 

The time depeno.ence 

This process need only be applied to a single member of· equations 

( 1.10) ( R1.11 = o), the resulting six values of A.:, 'B i, bei ne; 

substituted back i nto the other six equations to establish their 

precise algebraic dependence on the coordinates. Any solutions 

shovring a t \·ro-varia ble ("degenerate" in Harrison termino l ogy) 

rather than a three-variable dependence , together 1·1i th certain 

flat-space sol ut i ons Nhich arose, \·Jere disca.rded on the grounds 

that trio-variable solutions are comparutively >va l l - understood and 

flat-space metrics are unrealistic. 

The r emai ning s ixteen so lutions, together vli th fourteen generuted 

therefrom by complex c oordinate t r ansformations, and a further 

ten solutions obtained by substituting cosh. x~ and ..Q.x.." for s~h. "X-i. 

· eve!'"'JV1here it appears , vrer e presented in Harrison( l) . These 

. solutions \·rere class ified as folloHs. 
. 1 

Type I - each non-zero component of the metric i s 

. the product of three factors , Hith sub-classification 

into: 
I ·- A·- 1 and 2 , involvint; components in ''hich 

all factors are dependent on 2. single variable. 

and I - B ·- 1 to 4, Hi th components in Hhich at 

l east one factor is dependent on a single 

variable , c>.nd at le<:1st one dependent on a 

l inear combination of tvm variables. 

1 . This does not refer to the Petrov typeo 
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Type II - e~ch component is a product of t1-ro 

f actors, one dependent on a singl e variable, 

the other on a function of tv10 variables, at 

least one of them quc.dratic. 

II- A - lto 7, in Hhich the single­

v ariable factor is dependent on ~4 
, the 

other factor being dependent on -x..' and -x. "1. • 

II - B - 1 to 3, in ,,rhich -:x..' is the variable 

pertaining to t he single-variabl e factor, and 

~~ and ~4 the vari abl es in the second fac t or . • 

II - C - 1 to 4, in Hhich x..~ i s agai n t h e 

si.ngle variable but x."l. and -x} are - the 

va riables of the second facto r. It is not 

clear ho•v this ·departure from the stated 

independence of. the metric on ~~ coraes about , 

nor how the time-dependence vanishes. 

Nevertheless, those are still three-variable 

metrics. 

Type III - 1 to l Oo These solutions are degenerate 

in the sense that they are solutions l·:hich 

were obtained using the technique outlined 

above but -vrere subsequentl y discover ed, by means 

of coordinate transformations, to be dependent 

on only t\·IO variabl es. 

Two groups , D1 Inverno and Russell-Clark(l ) and Barton and Fitch(l) 

have done subsequent •·mrk on the Harrioon metrics . Both attempted 

a compute r-based Petrov classification of the metrics. D'Inverno 

and Russell-Clar1:(1) , follm·ring the approach out lined in Section 

2.3 succeeded in performing the classification, h ;;.vine; first 

checked that the solutions >·rere indeed vacuum solutions . They 

discovered that four of the metrics(I - B- l(b)
1 ,r- B - l(c ) , 

1. The l abels. (a),(b) and (c) refer to solutions containing 5~\, 
c..osl... ,~,'and ~x.~ respectively, as mentioned :previously. This 

notation is due to D'Invcr·no and Russell-Cla rk (1). 
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I - B - 2 and III -6) 1·rere , in f act, non-vacuum solutions. 

appear's that their i nclusion is the result of computational 

and not because the method fails (r.ratravers (~)). 

· : 
' 

Solutions I - A 

r e-labelled III 

1 1 and 2 Here found to be degenerate and hence 

11 and III 12 respectively. In all, tHenty 

one of the vacuum solutions, both degenerate and non- degenerate 

'\'Tere established as Petrov Type I, fourteen as Type D and one as 

Type N. All these solutions are listed in Appendix 2. 

Fina lly, D'Inverno and Russell-Clark placed the Type D metrics into 

their Kinnersley (1) c l asses ( see D'Inverno and Russell-Clark (1) 

for detail s ) • As far as i s knO\m, this r epresents all the published 

'\'JOrk on the Harrison metrics to date. 

2. Further Hork 

Additional computational 1·rork on the Harrison metrics uas undertaken 

as a result of a hm- month student ship at the Nation<el Research 

Institute for r.~athematical Sciences , Council for Scientific and 

Industrial Research, Pretoria. The installation included an I.B.M •. 

360/60 computer eq_ui pped Ni th a 11 ha.nds-on:11 card-reader 2.nd line­

printer, and 256 K (bytes) immediate access core-store \'Ti th an 

additional 100 K back-up store. This machine Has equipped -. ~i th a 

FORI<IAC compiler, based on PL/1, 1·1hich uas used for the processi ng of 

some of the Harrison metrics. 

The FORKl~oC language is one of the most pouerful symbolic m::mipulators 

generally available (Tobey et al(l)). It is not <.>.s efficient 2.s the 

more- specialised "relativity11 manipulP.tors (Barton 2..nd Fitch (1)), 

. 1. This poin-t is also mnd.e in F!arrinon( 1) (Footnote P 1289). 
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bUt is more versatile. It exploits the list-processing 

properties of some of the PL/1 functions, a.nd. itself possesses 

functions vri th the folloving essential capabilities. 

(i) It allovlS for the storage of mathematical expressions, 

both as "atoms" (unknoHn o.lgebraic quantities) or as 

"variables". (strin~s of atoms linked by the conventional 

a l gebraic oper;;,tors). Variables can be output either in · 

edited form, for ease of reading, or unedited form, coded 

for use in some other FORHAC progr2mme. 

(ii) It can perform the elementary al~ebr~ic operations 

of addition, multiplication, subtraction or division of 

variables or atoms. 

(iii) It a llO\'lS for the substitution of variables .into 

one another, or into atoms, of atoms into one another, or 

indeed of actual numerical va lues into atoms . 

(iv) It contains certa in automatic simplification 

capabilities such as the elimination from a variable of 

tHo a-toms of opposite sign. _ f\ '0 J3 + C -] ~ A :: c. . 
(v) I-t contains certain user-controlled simplification 

capabilities, a lloHing, for instance, for the expansion 

of exp ress ions l·ri th numerical exponents , 

(A + B) 1_ -/ A ~ + 2 A 3 + s ,__ ' 
and the collection of like terns in an expression 

A 'D + A c. -?> A (13 + c..) • 
(vi) It allous for the differentiation of expressions 

vTi th respect to variables or ator:1s 1.·ri t hin t hose 

expres s ions, recot;11i s ing the func t ion2-l nc:.ture of certain 

variable-names such a s Sri-.! (x), EX'P(x) etc. 

These specifications, cor;:bined v<i th the standard pro &ramming 

techniques conto..ined in PL/1 (eg looping and branching) provide 

a pov1erful means t-rhereby general information ( non-zero 
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components of the Riemann tensor,or indeed, the Petrov class (see 

Chapter 2)) about metrics c an be p rocessed Hith precision and 

speed. Unfortunately, the programmes do take some time to devise, 

and, in ·the t 1vo months ava ilable, it uas not possible t o accompl ish 

I. the entire prograr.~me of Hork, providing a confirmation of the results 

given in Section 3.1. Instead of arriving at a complete Petrov 

classification of a ll the Harrison r:~et rics, it 1·ras possibl e only 

to obtain the Nev~an-Penrose Scalars (see Chapter 1) for a 

sel ected s et of the solutions. 

Th e bas is of selection i·Tas as follm.•rs; 

A) Those metric s listed as non-vacuum by D' Inverno c:md 

Russell -Glark(l) 1·rere rejected on the grounds that the 

ann-lysis, as presented in Chapter 2 (and therefore, as 

programned in FOPJ:AC) did not appl y to non- v:1cuurn metrics. 

Metrics so eliminated Here I - B- l(b)&(c), I- B - 2, 

III - 6. 
B) Those metrics containing un_lmoi m a na l ytical forms 

( see Harrison (1)) Here eliminated on the grounds t hat it 

>·rould be impossible to assess the sie;ni f icance of these 

metrics until more vras knot:n about the analytica l fo rms 

involved . The metrics rejected i n this Hay v1e r e II - A -4, 

II - A 5, II - A 6, II - .A- 7, I I- B- 2, II- B- 3, 
II - C - 3, and II - C - 4• 
C) III 2 Has rejected on the grounds that it Has not 

listed i n di agonal form. 

D) The (b) and (c) versions (correspondinG t o co5h -x.." and 

~~~ ) of III - 4, III - 7, III - 9 and III - 12 were 

eliminateQ to s~ve time . 
_..._. .......... ----

The rernainincr metrics '\'Tere processed as far as t he lTevman-Penrose 

scalars, :1nd are presented in Appendix 2 . The processing >·ras 

achieved 1·:i th four pro grammes connected by unedited FOR!:AC i nput/ 
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output data-lirucs in the form of punched cardso 

Programme 1. (HARHi) separated out the non- zero metric components 

from the form given in Harrison(l), and expressed 

then a s FCm:.AC variables. 

Programme 2. ( ~~YL) carried out the a nalysis as far as the relevant 

components of the Riemann tensor (eQuation 1.5). 
This involved the first 2.nd second derivatives of 

the metric components. All the symmetries inherent 

in the Christoffel symbols (equations (1.3),(1.4) 
including those brought about by the diagonal 

character of the metric, i·iere exploited, reducing 

the machine-time, at the cost of some intricate 

programming.. The symmetries i nherent in the 

Riemann tensor Here not used as only the eight 'l•lell­

specified components Here required (see Chapter 2), 
and these ;·rere computed direct l y from the Christoffel 

symbols. 

Programme 3. was not g~ven a general name because this stage in 

the process Has one in l'lhich an incli vidual programme 

\·las ivri tten for each metric, in an attempt to cut 

Proeramme 4. 

d 
. . 1 .. 

oun on e:>:press~on- s~ze • In general , expressions 

v1ere completely expanded and inSl)ected, subseq_uent 

programming being tailored to fit the requirements 

of each expression in turn. On aver~ge , these 

programmes succeeded in reducing the size of the 

expressions by a f a c t or of about t;·ro- thirds. 

( QUARTIC ) Has a FO}_TI.'I.AC version of eq_ua.tions (2 . 14) 

to (2.23). UnfortUL~ately, an ~!in the 

progrc:.mming, discovered subseq_uently, he.s meant that 

1. A technic<>.l report (unpublished) made to HoR. I. i:.s. by the 
author 2.t the time this i·:or~c vr2.s done li:::;ts the largest expressions 
output by UEYL 2.s occupying about 30 lines of print-out. 
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the output of QUARTIC has been abandoned, and the results 

appearing in Appendix 2 h~ve been calculated by hand. 

3. Conclusion . 

Research in General Relativity can follo1v one of tuo lines . 

Either new ideas and techniques can be tried out on solutions 

>vhich are already establ ished and vrell-understood, or, ne>v 

solutions can be sought. The Harrison metrics are ne>·T in the 

sense that their properties are comparatively unknot-m and there 

are many methods of approa.ch Nhich could be adopted in the hopes 

that one or more of these solutions >-rill prove physically 

fruitful. 

It is unfortunate that, in the pr esent >·mrk, no decisive results 

were forthcomin0~ enabling a selection of the more interesting 

metrics to be made. Hmvever, the Ne1·man-Penrose scala.rs, \'Thich I 
I 

appear in Appendix 2 , ma.y prove to be a useful foundation for ' 

future \'mrk. It should be remembered that they are expressed in 

terms of a part·icula.r, and coordinate-dependent tetra.d ( equations 

(2.4),(2.5),(2 .7) and (2.8), the properties of Hhich are not fully 

understood. An invest i gation of the implications of this tetra.d, 

whose main advantage is · the ease v-ri th 1·1hich it can be set up in 

a computational context,could be a pro~itable future line of 

approach. 

The attractions of symbolic raanipula.tion to the student of General 

Relativity should become app;:-.rent from an inspection of Appendix 2. 

The sheer size of the expressions is dauntinG enough, and these 

are fairly simple metrics. It is thoueht that the verGatility of 

a language like FO!r~C does not ouh;eie;h the obvious advantat;es of 

the· more specialised relativity ~aneuages (Barton c~itch(l)), 
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althouv1 neither approach can overcome entirely the formidable 

simplification problems. HeloT algorithms like that of D' Invcrno 

and Russell-Clark(l) (see Chapter 2) are required. These \·;ould 

exploit other modes of analysis and 2.dd significantly to the 

scope and sophistication of these languages. l 
~ 

~ , 
~ 

I 
I 
I 
I 
I 

I 
i 

I 
I 



ABSTllACT. 

Several alterna tive mathernv..tical forr:mlations of the Petrov 

classification of rnetrics in General Relativity are 

axamined. One, involving the Hm·;nan- Penrose scc.l2-rs, is 

selected, tot;ether u i th a tetrad 1d th specia l properties 

pertaining to diagonD-1 metricn, for a computer-based analysis. 

Using a comput e r, the :rim-man- Penrp ac scal? r s 2.re calculated 

for certain of the Harrison metric s, but the ano.lysis has 

not been carried through to the Petrov c l e,ssification. 
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APPE:illiX I 

Gravit.-.tioncl Hcdiutiona 

The study of gravite-tionn.l radiation und. of rc:.diativc solutions 

forms an important pc.rt of current research in gravitction. 

The reasons for this lie in the continuec. e.tte~pts to unite 

relativity, through a studjr of 11 [;rc.vi-ton::;11 s Hith the c:uantum 

theory(Suchs(2)), c::.nd 1:ri th the investication of the claima of 

Ueber( 1) to hc::.ve detected gr<1v i tr.tion<?.-1 uaves. -

The concept of radiation a rises out of e l ectromagne-tic theory, 

in uhich a 1·rave ncy b e vim;ed as r, surface of diseontinui ty in 

the ( electromce;-netic) field, \\"hich propc:.r;c.tes ui th the funda.mental 

velocity ( Pirani(3) ). J)y direct analoey, a gravitationc:-.1 mwe i s 

consi dered to be present if, across a null h;ypersurfacc, there 

exist d isconti nuit i es in the curvature tensor. 1-:<l.thematica lly, 

this is ju s t a char2..c-teristic initial value problem, since 2. 

solution is specified on a characteristic sur face t:--.nr;ent to 

t he local light-cone·- i.e. a null hy:persurface (Sc-.chs(2)) . 

In the theory of partial differential equc.tions, tl'. e Cn.uchjr 

data for e~uations of the type considered here are propag<1tcd 

· along curves lyine; in the characteristic ::,urface , cr·.llcd 

bichar<:lcteris tics(Pirani(2)). Physic2.lly, these b i chr.ract eristicc 

are equivalent to "rays" alone >·rhich the Have is prop:>.c -.tecl. 

For this reason, the <lnalysis uhich follo;:s belo~1 i::; referred to 

as the "Rc:w Optics" of n. gr<1vit~tional fie ld (Pir::).ni(2)) a 

· A null hypersurface i s defined by the ec;_uation 

0 
I 

( Al. l) 

0 

is the ec:uation of n. hyp ersurf2.ce in space-time ( Hen:-~r.n c';Unti( 1)) . 

~ . 
If ~ is defined as 

( AL 3) 



n L 

then A is the tangent field to a congruence of null geodesic s 

><l'hich are bichar<tcteristics of the null hypersurface lA.. (S;;rn(;e(l)). 

This can be verified by observing that (Al.l) :ls just the H:-.r.li lton­

J acobi equation for null- geodesics, vJhenc e the Euler-Lacranc;e 

equations may be H:ei tten (I·1atravers( 1) ) 

o, 

"1-There it assumed that the conc;ruence may be affinely par<tmetrized 

(Pirani( 2)). 

Now that the null hypersurface and its biclln.rn.cteristics have been 

defined i n the space- time, i-t is necessary to find out if the 

curvature tensor suffers a discontinuity across the hypersurface . 

The means to this end lies in a statement, due to Sachs(l), vlhich 

may be paraphrased thus 

"A vacuum metr ic is said to have "Geodesic Rays" i f one l 
of the principal null directions of the curvature tensor 

to geodesics -i. e. obeys (Al o4)•" 

This is r einfor ced by hro theorems : 

(i) " All a l gebraically special vacuum metric s have geodesic 

r ays, but , t here exi st algebraically general vacuum f i e l ds 

>·Ti th geode sic rays. 11 (Sachs ( 1) ) ~ 

( ii) " For algebraical ly specia.l met r i cs, vThich a r e degenerate 

in the sense thn.t at least one of the principal nul l 

directions corresponds to the r epented roots of the quartic 

(1.76), i t is this degenerate .ciirection uhich is tan{!ent to 

the geodesics" (Adapted from Pirani(2)) . 

For the purposes of the folloHing discussion, the existence of 
1 geodesics r ays for a metric of type I will be taken as a criterion 

1. It seems thnt ex<1ct ,physicc.lly rc2.listic radic.tion fields can 
onl y be of type I (Pir<1ni(2), P364). 

7 
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for the existence of radiation1
• 

In order to unravel more of the structure pertaining to 

radiative metrics, it is useful to consider the folloHine 

"experiment" , (Sachs(l)). 

Consider a small object in a null geodesic congruence 

illuminated by some source of light. Suppose that the 

shadoi"l cast b'<J the object is observed on a screen and 

compared t·li th a parallelly displaced projection of the 

object, at the screen. Then, depending on the particular 

(radiation) properties of· the space-time, the shado·N l can 

differ from the projection in size, shape and orientation. 

Mathematically,these differences are expressed by three 

"optical" parameters, expansion, shear and tHist, respectively. 

These parameters are obtained from the concruence of null ,, 
geodesics , the tangents being given 'UIJ -t- , as follov1s: 

expansion e :: -t l ( • ~ 
J , ('Ale 5) 

tvlist 

w "" [t lc i.; iJ 1 i.;~JY,_ 
' 

(Al.6) 

shear 

. I o- I = ( -i l U ;j) 1 ~; i e"J\ (Al. 7) 

In particular, the definitions (Al.5), (Al.6) and (Al.?) 

hold for geodesic rays ( Sachs(l))~ 

It is noiv proposed ·!;hat metrics. ;·•hich admit geodesic rays be 

classified, folloHina Unti & Torrence(l), according to the 

restrictions i·rhich may or may not be imposed on the optical 

parameters. l:uch 1;ork has been done i n this direction. In 

particular, the Goldber g-Sachs Theorem ( ~!eHman &. Tc:mburino(l)) 

asserts that, for all alGebraically specie:.! vacuum mctrics, o- = 0 · 

N'ei·nnan ~~Tamburino(l) ha.ve ~ :orked i·rith mctrics ~rhich admit a 

·- ·-- ~ ____________________ .,. _., _________ ., _____ _ 
1. In fact~ a restriction h i.'.,S been intraduced here, since this 

criterion properly lJcloncs to 11 out.g-oins" re,die>tion - see Sachs( 1). 
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"hypersurface orthogonal" congruence of rseodesic r2.ys. Pirani( 2) 

has sho\'ffi that t:h.is is equivalent to requirin& the_t the congruence, 

has zero t~·risto The accompanyin~ table outlines the cl::'ssific.ation 

together with references to the literature pertinent to ench class, 

and a brief dincussion. 

Class Parameters 

1. e:: 0 I W : 0 I (J: 0 

2. 6::01 W::O, a-~o 

3o ~-: 0 I W =I 0 1 (]-:: 0 · 

4. e = o , w "F o , cr-t o 

5• e i Q 1 {..):: 0 1 (j"":: 0 

6. e 't 0 1 W ~ 0 I () T 0 

8o 

Discussion 

Algebr.aically specic>.l, 
hypersurface orthogonal 
rays. Plane symmetry. 

Not permitted by the 
field equations. 

Not permitted by the 
· field equ2.tions. 

Rays satisfy wl. = o-'2 

(cylindrical syr.~etrJ). 

Algebraically special, 
hypersurface orthoconal 
rays, al l of Hhich develop 
line singularities. 

a )Hypersurface orthogonal 
r ays 1·:hich satisfy e ... 1 o-'1. 
(spherical symnetry) and 
\'Thich do not clepend on 
arbitra~J functions. 
b) Hypersurfa.ce orthogona.l 
rays ~;hich satis:fy e ... = o-'1. 
(cylindrical symmet~J) and 
vThich do not depend on 
arbitrary functions. 

Algebraically special 
solutions · 

References 

Kundt(l) 

Unti&Torrence(l) 

Unti&Torrence(l) 

Unti&Torrence(l) 

Robinson and 
Trautman(l) 

};eHman and 
Tamburino (1) 

Nevnnan,. ·unti 
and Tamburino(l) 
Kerr(l) 

'1. 'L 1 
Solutions satisfy e + w :: o- Unti and 
(cylindrical symmetry) Torrence (1). 

The conclusions vrhich can be dra;vm from this table are disa!)pointing. 

A realistic radiation metric ouGht to be al~cbraically General, 



spherically syrametric e.nd depend on <rbi tr2-ry func -~ions (Unti 

and Torrence(l)). In the t~ble, 

classes 1, 5 and 7 are algebraically special 

classes 4, 6b and 8 ELre cylindric2-lly symr.wtric 

classes 2, 3 and 5 are al~ebr2-ically una cceptable and 

class 6a clo es not depend on arbi trarJ functions. 

Consequently, the criterion thtd radi::!.tive metrics must be ·l;l:ose 

type l metrics ,.;hich admit geodesic ra;>'S leads to an inter-esting 

set of solutions, none of \'Thich ::!.re physically reQ.lizable. :Si ther 

the concept of gr2..vi tational re.dia tion mur;t be rejectecl -totally, 

or the tenets of the theory must be re-examined. Apart f:ro:n 

the · fact that Heber' s (l)_ results must somchou be explained, t h e 

former course is contrary to very \videly held vieHs a nd strH::cs 

at the roots of field .theories in generQ.l. A return -must, 

therefore, be mc>.de to the original assumptions on Hhich the 

theory is based. 

The first of these assump-t ions is the.t Q. graviational i'IaVC CQ.n 

be considered ~s a surfa ce in spe.ce-time, across >·ihich the 

curvature tensor is discontinuous. It is not very e a sy to modify 

this vim·r vli thout drastically v.ffectinc; the Hhole theory of 

relativity, s ince it is based on the :fundc.mentc-.1 postulates (Pirani(2))o 

The second assumption is that the discontinuity should be 

propagated vrith the fundanent~l velocity. Aeaiu, this assumption 

is uorth retaining since it is difficult to accept the idea th~t 

it could be propa.go.tcd faster,· ancl there is no re2.oon to suyrpose 

that it should. travel more slO'iil y. · 

The third assumption requ ires that the 1-;::we be :prop<'-G<-'.t ed along 

a geodesic r ay. Hhile this 2.ppe2.rs reasonable c nouch b'<J [malogy 

Hith electrom<'-c;netic theory, it should be remenbered that the field 

eq_u2,tion:::: (unlil::c -~l:.c electrorr:::r,net ic c:::.ce) arc non-linear, e.nU. 

perhe?,ps a re-cxaminct ion i ::; c;--.llecl . for~ Inter:prot eel ph~rsico:.lly, 

the non-line:-.ri·i;~r of tl:.o field cq_u~tio:::.s meai18 th<t a gr<:vi t;-d;i.on<l 

ficltl r;cner<'.tes its m-:n :~ic1tlo It i~ roason~blc, therefore, to 
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expect that a disturbance in the field should initiate other 

disturbances (Sc.chs(l)). This phenomenon, kno\om as "back­

scatter" (Penrose(2)), seems to be inevitable, and implies that a 

v1avefront is not propagated entirely alone a geodesic ray 

(Bardeen & Press(l))o 

The final assumption upon 111hich the theory hangs· involves the 

restriction to outgoing r adiation. Clearly, if backscattering 

is present the radiation vrill be mixed and thus the outgoing 

condition is no longer valid. 

In searching for a new characterization of radiation, it should 

be remembered that the foregoing analysis is not completely 

valueless since it holds in the linearized (ArnoHitt, Deser & 
l:lisner(l)) and asymptotic apprqximations (Eelimc.n & Unti (1)), 

and also, the optical parameters have clear physical interpreta-tions. 

An interesting extension to the theory is found in Sachs(l), Hhere 

me-tries -vri th "asymptotically geodesic rays" are sugc;ested as possible 

radiative candidates. The method of testing a metric for 

asymptotically geodesic rays (comparable to Al~4) is more 

complicated than for the exact exposition given above. In 

particular, an affine parameter, ,,:hose existence vias assumed above, 

must be found explicitly. 

Anothe·r teclmique ,,rhich has r·eceived attention recently involves 

the analysis of perturbations (test~fields) imposed on a given 

background metric. It is usual to select the Sch\orarzschild metric 

(Kundt & HeHman( 1)) for r;rhich the He~Iman-Penrose scalars can be 

expanded in terms of spherical harmonics, exploiting the knm-m 

spherical symmetry of the solution (Bardecm& Press( 1)). 
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