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Except where it is clear from the text that I am describing 

the work of others, or where it is obvious that I am making 

a survey of existing knowledg~ about the ionosphere, the work 

described in this thesis is my own. 
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INTRODUCTION 

"Oh learn to read what silent love has writ ••• 11 

Shakespeare: Sonnets. 
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INTRODUCTION. 

The behaviour of the ionosphere during a solar eclipse 

is of great interest because radiation from the sun is the 

cause of ionization in the upper atmosphere and it is useful 

to be able to conduct experiments where this radiation is cut 

off and restored in a knmm manner. 

Experimental results, especially those dealing with the 

F2 layer, have proved puzzling . Cusps which cannot be ex-

plained appear on the records obtained from ionosphere sounders 

and in the F2 region the electron density at a given height 

shows a maximum after the eclipse where one would expect it 

simply to rise to a steady value. 

An attempt is made in this thesis to explain some of the 

anomalies in terms of tilts in the ionospheric layers and 

minima of electron .density or 11 valleys 11 between the ionospheric 

l ayers . The problem is attacked theoretically. 

Part I deals with the theoretical background to ionospheric 

physics in general and to this problem in particular . Standard 

methods of dealing with radio propagation in the ionosphere as 

well as some methods developed by the author are discussed. 

Part II deals directly with the effects of a solar eclipse 

on a theoretical ionosphere. Ionograms which would be obtain-

ed in the theoretical ionosphere are constructed. These are 

scaled by standard methods to show where errors may arise . 
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It appears that tilts in the layers have only a snall 

el'fact. The effect of the valley is, hm.Jever, e:xtremely 

important, giving rise to the apparent maximum of electron 

d•:msity in the I'2 layer at a given height after the eclipse. 

'i'hic me;dnr.lm eoes not in fact exist but arises frcm an errc:­

in tJ-.o scaling method which i gnores tha possibility of a 

So~~ rc~orc3 taken during the so:ar eclipse of 25 Decanbe~ 

1954 h:1c.ra been scalP-d. They support the conclusionR r e<?.ched 



12. 

PART I. 

THEORETICAL BACKGROUND 

11 •Sectaris quid?' dixit Porcellus appropinquans. 

' 11 'lnterrogo ipse me. I pse me interrogo: quid? ' 11 

Winnie Ille Pu. 
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CHAPTER I. 

THE . IONOSPHERE. 

l. A Brief History. 

Before 1901 it was generally thought that radio waves 1-1ere 

only useful for short range communication since they 1..rere known 

to travel in straight lines. In 1901 MARCONI found his faith 

justified when he succeeded in the apparently i mpossible task of 

transmitting a radio signal across the Atlantic Ocean . Attempts 

were made to explain the success of the experiment by investiga­

ting the effects of diffraction of the radio waves around the 

earth. The calculated effects were, however, much too small to 

explain the facts, and in 1902 KENNELLY (1) and HEAVISIDE (2) 

independently suggested the exis tence of a conducting layer in 

the upper atmosphere. The radio wave might then be reflected 

back and forth between this layer and the ocean, and so be trans­

mitted round the curved surface of the earth. In 1881 BALFOUR­

STEWART (3) had proposed a similar layer to account for magnetic 

disturbances. 

It was in 1924 that the existence of this so-called KENNELLY-

~VISIDE layer was proved experimentally beyond doubt. APPLETON 

& BARNETT (4) observed the interference between the direct signal 

from a BBC transmitter and the signal reflected from the IillM~LLY­

HF~VISIDE layer. Shortly afterwards an experiment was performed 

by BREIT & TUVE (5) which showed that, if a transmitter emitted a 
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pulse of radio waves, a receiver placed :near it received two 

pulses or sometimes more. This indicated that the first pulse 

vias that received by direct transmission along the ground, while 

the others which arrived a little later 'Were reflections f'rom 

the Kennelly-Heaviside layer . The method of Breit and Tuve is 

the basis of modern techniques used to investigate this region 

of the atmosphere which is now called the ionosphere as proposed 

by vTATSON-vJATT . 

_2. Jhe Structure of the Ionosphere. 

It •:as soon established that the Keune lly-Hea vis ide layer 

ov1od its properties to the ionization or the atoms of the upper 

atmosphere. The early experiments of Breit and Tuve shm.red that 

it was not a simple region of ionization as t-las first thought but 

that it P•d a ccmplicated structure. Appleton's early experi-

mr:nts shmred that at least two regic:1s existed. It is n01.r known 

that there are three main regions. These are shown in Fig.l 

which depicts a typi~al distribution of electron density with 

height . Electrons are the only type of charged particles which 

affect the propagation of electro-magnetic radiation appreciably, 

except at very l ow frequencies since their mass is so much less 

tl;an that of the positive ions, and we are therefore concerned 

only with electron density. At a hei ght of about 60 km. is the 

D region which has a comparatively low electron density - less 

than 104 e le~tronR per cubic centimetre. Next comes the E layer 
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h{km;'\,----------------"'To=--" 

300 
F2 

OL-~----------------------------~~ 
104 10' 10• N (em·•) 

09 2·8 9·0 ~(Mc/3.) 

FIGURE 1: A typical distribution of electron density with 

height. The horizontal axis is calibrated in electron den-

sity and in plasiD9. frequency. 
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at a height of about 100 km. to 120 km. It is marked by a 

rapid increase of electron density \-lith a \-Jell d.J.fincd maxi· :..:m 

at the top of the layer . I t is the po~tion of the ionosph~re 

which corresponds to the old Kennelly-Heaviside region. 

this is the F region which is a single lay~~ during th3 ni:~~ , 

but which often splits into two s t~~~ata, the Fl an::1 F2 regie:~-, 

during the day. 

The distribution given in Fig.l is typical. 

rmmerical values of the electron densi 0y may va-:y c orsidera1JJ.y 

with time of day, season, year, or geo3Ta:::->hi~ pc:::.~t:~on . Th-:) 

main features are nevertheless always the r~r,. 

2 . The Forrn t ion of_ tQ_e I on?.:.z~.Q_ LCl.~~.f .• 

There is strong experimental e\-ldc~ce th."..t -, .1c 

density in the E and Fl layers is co:·.trolled t :- -::>:-

electron density at a given height t:· ·.dergoes cl~.:·:c-:;" 1., e ·· -. ~ ..... n?.!. 

and latitude variations . 

the value of the maximum electron density in an i c·.:8S;:'h'Jx-ic 1< -:::-

and sunspot number. Solar control of t he F2 1 'J.~-:>:: is t :.T no 

means so obvious. However, RATCLI:;;'FE ( 6) has eval::c.ted the tota l 

elec tron content of a vertical col~~n thro~gh th8 F2 r 2eion tela~ 

its maximum and has hence established th1.t the to·~~ l_ rr':·1..,~r c:'.' 

electrons behaves in a regular mann')r tdth resi-J~-=:t to the s·..:.: . 

If we agree that radia tio~ fro:::~ t he sun procl:..:~os th3 i ·---; __ 

zati on \ole must still decide whether electrorn2.gmtic radiati r.::-1 or 
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a stream of particles from the sun is the controlling f actcr. 

Observations of the ionosphere during solar ccli~ses cculd pro-

vide the answer. Very soon after the eclipse begins the elcc-

tron density at a given height in the E and Fl lc-ycrs b;.;gir.0 to 

fall off, reaching a minimum ncar the max:bum of t~1e cptio.:-.1 

eclipse. It then rises as the sun ' s disc i s aga:·.n e·:po-:ecl . 

This means that the ionizing agent travels frc'11 t he EPn t o the 

earth l;l.t approximately the speed of Eght . Particles trave l -

ling near the speed of light -vrould, on account of 7-ho:J_r E:.x-L:.'o::ne­

ly hi gh energy, penetrate deep i nto the a t!:.csp~..>ro o~d p:;.•o.- ·:::':l 

ionization at a very m-uch la;.;..:;:;.· l eve l than iJ cbL,:;:;.~ir-.:;J . ~Il 

fact, if particles were the controlling mecb.a.nism o::.' ionizc..t:. -::.~1 , 

their velocity Hould be such that th,.:: ir transit t:.L3 'Tc-- ld be of 

the order of sever al hours if t h3 c'userved effects Here to be 

produced. 

radiation is the controlling factor i n producinz the I: .:.. -:1d I l 

layers . Of course ionizati on by strea!ns of p:?rt::.cle3 is r.. ~~-

excluoed a s a contributory factor . 

It is not so easy to be dc;:sr::-- t ic about the Do.:o of fvT.;:~·tic-:1 

of the F2 l ayer. H is likely, as sugge-s ted by RA'ICLIF.l:''E (7), 

that electron production in the whole F r egion is cor.t~ollc~ qy 

electromagnetic radiation f r om the eu n . 

The rate of production of e lee t rc:-::; in an a t ::-:C·::' pl:: :~o c c1:­

sisting of a single gas at u niform temperature, u nder th.; actioi1 

of gravity, over a flat earth, was :investigated by CF.JI_Fi..IAN (8 )(9) . 
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It can be seen qualitatively that the rate of production must 

reach a pe~k at a certain height. Suppose ue have radiation 

from the sun falling on such an atmosphare . Further, suppose 

that only one type of ionizing process occurs . As the radia-

tion penetrates deeper into the atmosp~ere, the density of the 

gas increases, and thus more ions are formed for a given amount 

of radiation. The number of ions produced i s also dependent 

on the amount of i onizing radiation available. Since this is 

absorbed as it penetrates, less is available as the depth of 

penetration increases. The nett result is that initially the 

ion density increases as the radiation penetrates, a maximum is 

reached when the second effect becomes dominant, and thereafter 

the ion density decreases . We thus get a definite maximum in 

the rate of ion production at a particular height. It shou.ld 

be noted that the rate of production is also dependent on the 

solar zenith angle as this decides the thickness of atmosphere 

through which the radiation must pass before reaching a given 

height. 

Chapman's expression for the rate of ion production, q, is 

where 

q = qm exp(l- z- e- z secx) 

qm = BI
00 

cosx /H exp(l) 

B = number of electrons produced when unit 

energy is absorbed. 

I = pa·er 
00 

flux per unit area, incident fTO!:l 

above at an angle X to the zenith . 

(1.1) 
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z = normalized height 

= (h - ~)/H 

h = height 

~ = height of the layer maximum 

H = RT/Mg 

R = 
T = 
M = 

the gas constant 

the absolute temperature 
the. w~i~H of I t)l't molu.ule. ol= #.e, g.:.~ 
bho Hloloo tllar '•Jeight @f ths ~a:s 

g = the accel erati on due to gravity. 

Two different combinations of r adiation and ionizable gas 

are thought to give rise to theE and Fl l ayers . 

vlhile electrons are being produced by the above mec h.anism 

they are also being lost . The chief loss mechanisms can be 

pictured as the recombination of electrons and positive ions, 

and the attachment of el ectrons to neutral molecules. 

Consider recombination first . If vle have an electron 

density of N electrons/cm3 then ther e are also N positive ions 

per cm3• The rate of recombination is proportional to the elec-

tron density and to the positive ion dens i ty. If the constant 

of proportionality is a then the rate of r ecombination is given 

by 

dN 
dt (recombination) = (1.2) 

a is known as the recombination coeffici ent. 
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The rate of attachment is proporti onal only to the electron 

density if we can suppose that the number of neutral molecules 

is sufficient ly large to be unaffected by the number of atoms 

which are i oniz8d. If t he constant of proportionality is {3 

then · 

dN (attachment) == - {3 N 
dt 

(1..:3) 

We can now write down an expression for the time rate of 

change of the electron density at a given height: 

.£lli = q - ex N2 - {3N dt (1.4) 

If recombination is the dominant mechanism of electron loss 

this reduces to 

(1.5) 

and if attachment is the dominant mechanism to 

dN __ {3N q -dt (i.6) 

Eclipse measurements, where the rate of production varies 

i n a known manner, have indica ted that i n the E and Fl layer s 

recombination is predominant. Various workers have found 

values for ex of the order of 10-8 cm3 sec -1. At t empts to 

decide whi ch mechanism was dominant in the F2 region have yield-

ed results wh..ich are inconclusive but 1-1hich favour attachment as 

the chief mechanism. 

There ar e two major difficulties in the above simple _picture. 
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Firstly,no simple recombination process corresponds to a 

value of a as high as 10-8 cm3 sec -l in the E and Fl layers. 

Secondly~ no known atmospheric gas absorbs any known solar 

radiation so strongly that a peak could be formed as high as 

the F2 peak. 

BATES & MASSEY (10)(11) have proposed an electron loss 

mechanism which resolves the first of these difficulties. In-

stead of the relatively simple processes of recombinat ion and 

attachment they suggest that the positive oxygen ion exchanges 

charge with a neutral oxygen molecule, leaving a positively 

charged ion and a neutral atom. A free electron then com-

bines with the charged molecule and dissociates ~t into two 

neutra 1 a toms. 

The equations of the reactions are 

+ 
0 + hv -+ 0 + e (ionization) 

a+ + + 0 02 -+ 02 + 

+ o
2 

+ e -+ Ql + 0" (electron loss) 

If the electrons are produced at a constant rate, q, it can be 

shown that when equilibrium has been set up 

q = 
~ aynN 

aN + yn 

where a andy are constants, n is the density of o2 molecules, 

and the other symbol s have the meanings given previm1sly. 

At low levels n is large and at high levels it is small. 

Thus at the levels of the E and Fl layers, where y n >> aN, 
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6\e.. equation ~ reduces to 

q = ex N
2 

( l. 7) 

and the electron density behaves as if it were determined by 

a recombination coefficient, ex • Bates and Massey estimated 

ex from theory and found that it could wel l be of the order of 

10-8 cm3 sec-1 • This approach also suggested a way out of 

the second difficulty, the mode of formation of the F2 layer. 

In the case where N ex >> ny- at high altitudes where most of 

the atoms are ionized - equation (1.6) reduces to 

q = ynN = (3 N, say (1.8) 

Here the loss coefficient is y n, and since n decreases u~..rards 

so does (3 • In other words we have an attachment-like process 

\vhere the attachment coefficient, (3 , decreases with height. 

BRADBURY (12) considered the distribution of electrons with 

altitude Hhen the loss coefficient is a function of height. 

RATCLIFFE (7) describes \..rhat happens when the F2 layer is 

assumed to be a so-called Bradbury layer. He shO\vs that under 

the practical conditions the electron concentration in the F2 

layer should increase Upivards without limit. The F2 maximum 

is thought to be the result of a so-called 11ambipolaru diffusion 

process, due to the concentration gradient of the pos itive ions. 

Positive and negative ions diffuse together at the same rate due 

to electro-static interaction. 

It thus seems that we can Hork on the assumption that elec-
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tron loss in the E and Fl layers is due to a recombination­

like process and in the F2 region to an attachment-like pro-

cess. 

~. Magneto-Ionic Theory. 

Since the ionosphere plays a vital part in the propagation 

of radio waves, and since our knowledge of it is obtained almost 

entirely from radio measurements, it is important to understand 

haw propagation is affected by the ionization. 

Magneto-ionic theory deals with the propagation of electro­

magnetic waves through a gas consisting of neutral molecules, 

throughout which an equal number of positive ions and of elec­

trons are uniform~ distributed, in the presence of a uniform 

magnetic field. 

None of these conditions obtains in the ionosphere. The 

electron density is not uniform and the magnetic field varies 

with height. 

A complete discussion of the propagation of electro­

magnetic radiation in the ionosphere requires a complicated 

full-wave treatment. However, it is possible, without any 

significant inaccuracy, to assume that at each level the wave 

behaves as if it were in a homogeneous medium, since generally 

neither the electron density nor the magnetic field changes 

appreciably within a distance of several wavelengths. 

The velocity of the wave at any point can be described qy 
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means of a refractive index, n. APPLETON (13)(14) and HAR'.IREE 

(15) independently derived an expression for the refractive in-

dex. The equation is now known as the Appleton-Hartree equation. 

It gives an expression for the complex refractive index, n, in 

terms of the wave frequency, the electron density, the magnetic 

field, and the frequency of collision of electrons with heavy 

particles . 

n
2 = l-

The full expression is 

X 

1-..rhcre 

1 - iZ - tY~(l-X-iZ) :': [ * 4(1-X-iZ)
2 

+ Y~ J t 
(1.9) 

n = p, - i x , the complex re frac ti ve index 

p, = phase refractive index = c/v 

X = atterruation factor 

c -- velocity of electromagnetic radiation .iJ.LvacuQ_ 

v = velocity of electromagnetic radiation in the 

medium 

'T 
A = ~~ 2 ... f 

YT = y sin e, YL = Y cos e, 
z = v/21Tf 

f = wave frequency 

f -0- plasma frequency = 

y 

fH = gyro frequency = Be/21Tm 

= f/f 

v = frequency of collisions of electrons vli th heavy 

particles. 
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N = electron density 

e = charge on the electron 

m = mass of the electron 

c
0 

=electric permittivity of free space 

J.lo = magnetic permi ttivity of free sp:tce 

B = magnitude of the magnetic induction in the medium 

= J.t H if the relative magnetic permeability of 
0 

the medium is unity. 

e = angle made by the magnetic field with the direction 

of the r adiation. 

Rationalized units are used in the above . 

Deri vations of the equation using modern nomenclatur e are 

given by RATCLIFFE (16) (unrationalized unit s) and BUDDEN (17) 

(r~tionalized units) . 

In most cases 'l.olith which we shall deal collisions may be 

neglected and the Appleton-Hartree equation takes the form: 

2 
n = 1 X 

(1.10) 

The equation is extremely complicated and we shall discuss 

a s:mple case and some approximations before investigating it 

fully. We note, however, that i t is double valued giving rise 

to two waves known, by analogy with doubly refracting media in 
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optics, as the ordinary a nd extraordinary waves. The plus 

sign i n the denominator corresponds to the ordinary wave and 

the mirrus to the extraordinary except in the special case where 

the vlaVe normal coincides with the direction of the i mposed 

field. 

2· £!~gation when the Earth's Magnetic Field is Neglecteq . 

If we ignore the earth ' s magnetic field then Y = 0 and 

equation (LlO) takes the much simpler form, 

n
2 = l -X ( 1.11) 

In this case we see that if X < l (or if f~ < f
2

) then 

n2 is pos itive and n is real, that is n = J1 and x = 0. If 

X > 1 (or f2 > f 2) then n2 is negative and n purely imaginary, 
0 

that is n = X and J1 = 0. The physical interpretation of this 

is that when n is real the wave is propagated with its phase 

veloci ty given by a phase refractive index J1, while \.Jhen n is 

imaginary so-called 11 evanescent11 waves occur and there is no 

transport of energy. Of course if collisions are considered 

n may be complex. If we then consider some field quantity 

F F -iknz th . . = 0 e en, s~nce n = J1 - l X , 

F = F e-ikp z 
0 

-kxz e 

and this represents a \-lave travelling with velocity c/11 and 

attenuated as it travels at a rate which is determined by X . 

Hhen n is purely imaginary and evanescent waves occur the 

phase velocity is infinite and the field components vary har-
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manically with time, but there is no vari ation in space and 

hence no t r a nsport of ener gy. 

I f we consider a wave entering a strat ified dispersive 

medium such as we have been considering at an angle of inci-

dence, i , we see that i f Snell 's Law is obeyed then 

J.L sin 8 = sin i (1. 12) 

where 8 i s the angl e vJhich the wave normal makes with the nor mal 

to the stratificati ons of the medium. Reflection "~.Till occur 

when 8 = 0 or when 

Jl = sin i (1.13) 

I n the limi ting case of normal incidence lvhen i = 0 the 

wave is reflected when J.L = 0. To prove this rigorously it 

is necessary to use full wave t heory as gi ven by BUDDEN ( 1.8). 

Even when the magnetic field i s not neglected, and the refractive 

index is given by equation (1.10), reflection can be shown to 

take place where fJ. = 0. 

In our s i mpl e model, negl ecting the earth ' s field, the 

only zero in n occurs lvhen f = f
0

, the plasma frequency . This 

happens when 

f = 

I f we substi tute numerical values for the c onstants in this 

equation we obtain the useful relati on: 

N = 1 . 24 X l04r2 ( 1.14) 

at the reflection point, wher e N is i n el ectrons per cubic 
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centimetre and f in megacycles per second. 

6 . The Quasi-Transverse (QT) and Quasi-Longitudinal (QL) 

A.Quroxima tions. 

In practical cases the Appleton-Hartree equation is 

cumbersome and calculation of values of n laborious and time-

consuming . Two approximations, first suggested by BOOKER 

(19)~ are often used. 

The quasi- longitudinal approximation holds when 

<< ( 1.15) 

It is generally quoted as 

2 
n = l - X ( 1.16) 

1 -
. 7 + 
~4-1 -

However, as has been pointed out by t he author, (20), equation 

(1.16) is incorrect as can easily be seen by considering the 

denomina tor of the second t erm of equation (1.9) : 

1 - iZ - Yi/2(1 - X - iZ) 
l 

(~/(1 - X - iZ)
2 

+ Y~)2 + 

1·Then t he inequality (1.15) holds this becomes 

l - iZ - Y~ 2( 1 - X - iZ) + 

and Yf/2(1 - X - iZ) is not necessarily negligible compared 

with YL. In fact if we assume the numerical condition sug­

gested by RATCLIFFE (21) that the inequality is satisfied if 

the larger quantity is nine times the smaller, then Y~2(1-X-iZ) 

may be as large as Y U 3 . The correct approxima. tion if <.Je 
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assume (1.15) is thus~ 

X 

1 - iZ - Y~/2(1 -X - iZ) ± Y1 
(1.18) 

and the wave does not behave as if it were propagated along 

that direction. It will only behave as if it were when 

( 1.19) 

It is in this form that BUDDEN (22) quotes the condition for 

the QL approximation. 

The QT approximation is valid when 

' 2 
yT4j L;iL 2 > > 1 - X - iZ I 

and not only - as BUDDEN (22) suggests - t.rhen 

It takes the form 

n 
2 = 1 - X/ [ 1 - iZ + ( 1 - X - iZ) cot 2 

f) J 
for the ordinary wave a nd 

n2 = 1- X 

1 - iZ - yT2/(l - X - iZ) 

(1.20) 

( 1.21) 

(1.22) 

( 1. 2.3) 

for the extraordinary wave. These expressions can be com-

pared with those for truly transverse propagation when the 

direction of the wave normal is perpendicular to the direction 

of the magnetic field. These expressions are 

n2 = 1 - 1 X 
- iZ ( 1.24) 
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for the ordinary wave, and 

X ( 1.25) 
1 - iZ - Y2/(l - X - iZ) 

for the extraordinary wave. 

Ue see that for the extraordinary v1ave the QT expression 

is analogous to the expression for the transverse case vlhile 

for the ordinary wave an extra term, (1 - X - iZ) cot2B is 

added to tqe denominator of the second term in the QL expression. 

The necessity for including this term was pointed out qy ~rliTE-

HE:AD (23). It only becomes negligible when e is near to 90°, 

that is when propagation is nearly transverse. 

I t should be noted that the QT and QL approximations, 

equations 1.16, 1.22, and 1.23, do not only hold when propa-

gation i s nearly tram;verse or nearly longitudinal but over a 

much wider range of conditions, although not so vTide a range 

as suggested by RATCLIFFE (24) i n Fig.8.1 of his book because 

of the r eason pointed out above. 

1. The Complet~ression for the Complex Refractive Index. 

RATCLIFFE (25) gives a very full discussion of the be-

haviour of the refractive index, n, in terms of a graphical 

representation. Ue shall concern ouselves only with the 

zeros of n and with the question of "YJhether there exists a 

definite value of n for a given electron density, i.e. far a 

given value of X. We shall henceforth ignore collisions. 
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Let us consider the expression (1.10) .::8 rolatcd t.o an 

ionosphere where the electron density i s a function of height 

only. If a wave is incident vertically on this ionosphere 

it will be split into ~<~o waves , the ordinary and the extra­

ordinary, which will travel vertically with a phase velocity 

at any point given by the value of n obtained from equation 

(1.10) at that point. Since the angle of inci dence is zero 

the direction of the wave normal will, by Snell's law, r emain 

vertical. The wave vrill then ba reflected where f.L = 0 . 

For the ordin::.ry '"ave this zero in f.L (and hence in n) 

occurs wh"!n X = 1. This mbalJS that reflection takes place 

where tho probinc frequency is equal to the plasma frequency 

P': is th ~ caGe \<Jh!]n there is no magnetic field . 

Fe~: tha 'JXtl-ac::-dim.ry 1:ave i<Je h!lve t1v o possibilities . 

~:r':ln I < 1., 0::.~ the '"ave frequency is greater than the gyro-

r:~ .... q-..lc:"!:::-,-, n ::: 0 when X = 1 :!:. Y. The case vrhen X = l -:- Y 

-i_:; not of J.::: :~ ~1 interest since in the ionosphere the extra­

f'l'c' ·~_ilA.r:.r '·eve is reflected at X = l - Y before i t reaches this 

~~\?·.-·,1. Thi; cane do0s, however , f or:n the basis of one ex-

~---lan2.ti<'·1 c"' t he so- called Z-trace given by ECKERSLEY (26) and 

:?..YDED~ I~ (27)(28) . ~J~1en Y > 1, or the wave frequency is less 

th".:1 th~ g·.To-fl'equency, n = 0 when X ~ 1 + Y. In many iono-

r~p~: ~ :::-c sc::J.ors th8 low:::r frequency limit i s greater than the 

c·, _·ofreq'_,en~~l and th"'.ls this case doas not occur as often as 

-tho firct . 
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There is an infinity in n for the extraordinary wave 

1-1hen Y < 1 at X = (1 - Y
2
)/(l - YL 2), and for the ordinary 

wave when Y > 1 at the same value of X. These would corres-

ponu to an infinite velocity of energy propagation. These 

c ases cannot occur in practice as the wave must always be re-

fleeted before such a value of X is reached. 

Suppose noH the vlave is incident obliquely on the iono-

s phere . By Snell 1 s Law it 1-rill be deviated . The value 

of the refractive index depends on the angle which the wave 

nor ma l makes with the magnetic field and this complicates the 

problem considerably. BOOKER (29) has shown that oblique 

incidence can be studied in terms of a quantity, q, defined 

by 

q = n cos() ( 1.26) 

By Snell ' s lavJ 

n sine = sin i (1.27) 

fo:::- bot'l ord:~nary and extraordinary waves. Then, if n is 

con~~der~d as a vector inclined at an angle e to the vertical, 

q is itn vertical component and sin i its horizontal component. 

Thus, j_f q can be :found at some point , n and () may be derived 

from 

2 2 . 2. 
n = q + s~n ~ (1.28) 

and 

te.n e = ( 1.29) 
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Booker showed that q is one root of a quartic equation, 

known as the Booker quartic. 

g. _Grou12 and Phase Velocity. 

As we shall see in Chapter 2, the most valuable way of 

investigating the ionosphere is based on the timing of radio 

frequency pulses as they travel through the medium. Such 

pulses can be represented by a Fourier integral. The 

Fourier function has a maximum at the t-lave frequency and only 

frequencies near this play a significant part in propagation 

of the pulse. As is shown in standard textbooks on t-lave 

motion, the energy in such a pulse will not in general be 

propagated with the phase velocity, u, but with a gr_oup vela-

For a wave of frequency f and phase velocity u the 

velocity of propagation of the group is given by 

1- - g_ 
u - df ( 1.30) 

By analogy wi th the phase refractive index 1..re define the group 

refractive index, 11', by 

11' = c/U 

Equations (1.30) and (1.31) lead to 

11 ' = /1 + f.lliL 
df 

(1.31) 

(1.32) 

It is interesting to note that i n the case of no magnetic 

field where 112 = 1 - X = l - f
0

2/r2 
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J.LJ.L I = l ( 1.33) 

SHIN!J and vllli..IE (30) have calculated J.L' for South East 

Er.~land for a number of values of X and Y. The basis of the 

ii.::vthod is differentiati on of equation (1.10) viith respect to 

f and substituti on i n equation ( L32) getti ng 

_________ 1 _______ _ 

1-L ' == J.L[l-='J[l-YT2/(l-Xr·~ fYT4/ 4(1-X )
2 

+ Y1
2 s t X 

(1.34) 

rh") aut.ho:::', ;.:sing tho method of Shinn and Whale, had calcula-

Values of Y from 

-~ = 0 . 100 to "'1. = 0.500 at intervals of 0 . 025 have been used. 

-:·-.r nrc~ V<''le o=- Y a 1:umber of values of J.L ' w0re calculated 

cc:..·:.~c.s :- ~ :1:3.iL·.:; t c; values of:: ranging from X = 0 .01 to X = 0.98 

To calcule.te only one va'2..u e of f.J.,' 

t::.1:cs acout o .. ,,., :1.::--:..· so an electronic computer 1.-ras of course 

ThJ Z~BRA co:n~uter of the South African Council 

for Sc':<:.:-t...:_fic e.::d Industrial Resec..rch was used for the compu-

D;)t:.>.i lf' of th3 program 'lASed and the computation are 

Th~1 results were in tah.llar form as 

:::-~p"tJUcd by the co::~putcr biJt arc shown graphically for con;reni-

em e i li figu:-os 2 and 3 • Not all the values of Y are shown 
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in the figure to avoid crowding it. Figure 2 shmvs f1 1 plot-

ted against X for the ordinary ray and Figure 3 f1 1 against 

X/(1-Y) for the extraordinary ray. It will be not ed that 

p 1 is plotted on a scale which is proportional to 1/ f1 1 so 

that large values of f1 1 can be included. 

Since f1 1 is infinite when f1 is zero it is often useful to 

use the quantity f1 1 t, as suggested by MILLINGTON (31) , where 

2 
t = 1 - X ( 1. 35 ) 

for the ordinary ray, and 

t 2 = 1- _.L_ 
1- y 

(1.36) 

for the extraordinary r ay; This quantity tends to a finite 

limit as f1 1 tends to infinity. This limit is 

f1 1t = cosece (1.37) 

for the ordinary ray, and 
2- y l 

flit = 1 - y J 
2 + 2 cos2e 

(1.38) 

for the extraordinary ray, as is proved in Appendix B. 

The author has calculated values for fl't for both ordi-

nary and extraordinary rays, using the ZEBRA computer for 

values of f1 1 which were not calculated in the normal course 

of events. The results are shown in figures 4 and 5 for the 

ordinary and extraordinary rays respectively. 

9.. Obligue Incidence and Lateral Deviation. 

BOOKER (32)(33) has discussed this problem. The root 
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X 

lo() 1·5 2 3 4 6 10 Cl) 

Jl' 

FIGURE 2 : f.l' versus X for the ordinary ray. The parameters 

shO\m are va lues of Y. 
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.. 
1·0 2-0 3·0 60 10 CD 

fA' 

FIGURE 3: X for the extraordinary r ay. 
l - y 

The 

parameters sho\oTn are values of Y. 
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)J't 2·4 

O·~L---0.1.2 ___ o....L.·4 ___ o.J..·6 ___ o..J·_e __ ---!,.o 

t 

FIGURE 4: ~ r t versus t for the ordinary ray. The par ameters 

shown are va lues of Y. 
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FIGURE 5: ~ · t versus t for the extraordi nary ray. 

parameters shown are values of Y. 

The 

1·0 

·t .. 
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of the Booker quartic equation, q, describes phase propagation. 

A peculiar result is that reflecti on docs not :.n general t e.::e 

place where q = 0 , that is to say when tho vlave nor"'lal is hari-

zc:1tal, but at a different level. This is becc.uso the ra:? 

direction (which defines the gL~cup pat~ ) and the direction of 

the v:ave normal do not in general coincide. Reflection k.l:a:::: 

place 'ltlhon the J'.rJ:Y becomes horizontal. In tl:e special case c~~ 

vertica l pro;.J.gation q := f.1, and the ra~? direction r.nd Fave non·_.l 

coincide . Bool<:er shm..rs that both ordina.ry and extraordinary 

ra;-s are dev).a ted fro:n the vertical plar:G. 

case of vertical i ncidence -~.J·!a l'ays are also devia·~ · -d la·(;erall;r, 

the o:-dinary ray tm1ards the naarer r.:ag;.1etic pole and t ho e:At:.:-a~ 

ordinary ray towards the equator. 

ac-vi.:-. tion may be r.s lR.rge as 50 km. 

I n some ca ses th:Ls b .ttJr:.l 
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CH.l!.Pl'Ert II. 

RADIO EXPLORATION OF THE I01JOSPHERE. 

}. g;x_2er.;imental Methods. 

Modern methods of investigating the ionosphere are almost 

exclusively based on the method of BREIT & 'IUVE (5). A train 

of pulses is tran~mitted . This travels directly to an adjacent 

receiver and also by way of reflec t ion from the ionosphere. The 

time delay between the tvJO trains of pulses so received is 

m3asured and an estimate of the height of reflection can be r.~~z 

from the relatior:~.hip 

2h 1 = ct (2.lj 

'\oThere h 1 is the apparent or virtual height, c the velocity of 

light, and t the time taken for a pulse to travel to the r e­

flection ;mint and return, a distance of 2h 1 • The height of 

r eflection, h ' , obtained in this way is not the true height of 

the ionospher e layer because as soon as the wave reaches the 

i onosphere its gro~p velocity decreases and is no longer equal 

to c so that it suffers retardation. The virtual hsight is 

thus alway~ greater than the true height of the layer . The 

calculation of the true height from the virtual height is a 

complicated p~ocess which will be discussed in Chapter III. 

,5. The V :i:rtua 1 He ighJ!. 

Consider a slab, thickness dh, height h, in a horizonte.lly 

stratified ionosphere. A ray passing through it will travel 
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with a group velocity U where 

U = c/ f.L 1 (1.31) 

The time~ dt, taken for it to pass through the slab will be 

given by 

dt = dh/U (2.2) 

The total time taken for the group to travel from the ground, 

through the ionosphere, to be reflected, and to return to the 

ground will then be h 

t = 2/}n/U or ct = 2 !c f.L I dh 
., 0 

But by (2.1) ct = 2h 1 and thus 

hi = t f.LI dn ( 2.3) 

This relationship is the basis of all methods of deter-

mining the true height from the experimentally determined vir-

tual height. 

In the case of no magnetic field equation (2.3), in combi-

nation with equation (1.33), becomes 

h' = (db/{" 

] • The Pulse EqU:iJ2.I.!L'3_nt. 

( 2.4) 

A typical ionosonde consists of four main components; -

(a) A transmitter which is able to transmit a train of 

pulses, the carrier frequeroy of which may be varied continuous-

ly and autorratically. 

(b) A receiver which is capable of receiving these pulses, 

and which automatically remains tuned to the transmitter as it 
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s-v1eeps through its frequency range. 

(c) An antenna system, preferably directional, but not 

necessarily so. 

(d) So~e method of displaying the results in permanent 

form. This usually takes the form of an oscilloscope dis-

play 1-rhich ffi'3.7 bo photographed, giving a g::L~aph of virtual 

height ..Y§ frequency. 

We shQll desc~ibe briefly the ionosonde operated at Rhodes 

Universi t~r to obtain records during the solar eclipse of 25· 

D2cember 1954. This instrument is typical of its kind . It 

has since bren modified to improve its frequency range, power 

o~tpJt~ and - to some extent - its reliability. \ole shall 

give spcificc.tio:1s a.r: t h3y were on 25 December 1954. 1~. full 

der:!ription of the eqi.l::i_pr'1ent is given by McEUIIN~fi (34). 

Th:i s trans::1~.ttec1 p-llse-:; of length 100 mi crosecondf> an::l 

spac..;.-cc ?D mil liseconds. These 1.-mre obtained b~· squaring 

a~d C:~. ffere1~J.::.ia ting the ua ve fro::! the 50 c/ s .!\. .C • rrains. The 

pc:-rer inpu:. to the aerial vias nonin1lly about 2 kilowatts. 

The frequency range was fro~ 1.5 Mc/s to 15.0 Mc/s, c overed 

in a sin;le bnnd by the method due to WADLEY (35). Essent~~ally, 

a f:_·:ed o:::~illatc-r of frequency 30 Mc/s beating against a 

vari abl e o::-cilla tor w:i.th frequency range 3L5 Mc/s to ~5.0 Mc/s 
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2 . The Receiver. 

This 1-1as designed to receive the pulses without being 

saturated by the strong ground pulse. The same variable 

oscillator as was used in the transmitter was the local osci­

llator of a superheterodyne receiver giving an intermediate 

frequency of 30 Mc/s with the incoming signals of 1.5 Mc/s 

to 15 .0 Mc/s . In this way transmitter and receiver remained 

tuned to one another and the frequency could be SvJept over the 

'"hole range by the rotation of a single condenser. 

£. The Displgy Svste1. 

The method used in the Rhodes University ionosonde f~~ 

displaying the records is a standard one which is almost uni-

versa lly in :use. As an understanding of its operation is 

essential to a proper insight into records, or ionograms, 

obtained from it, we shall describe it in some detail. 

The received pulses are displayed on a cathode ray oscillo-

scope. This could have a sweep equal to the interval between 

pulses . Since this ~nterval is 20 milliseconds a maximum 

virtual height of 3,000 km . could be recorded . This is un­

necessary as the maximum virtual height recorded under normal 

conditions is very much less than this. It is therefore 

desirable to have the whole width of the oscilloscope trace 

corresponding to something like 1,500 km. If the time base 

were merely amplified so that only the first half was displayed 
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on the screen distortion might arise. A delay type time base 

of the form shown in Figure 6a is therefore used in the Rhodes 

University ionosonde . We now get a display on the screen as 

shown in Fig .6b . The large pulse on the left is the ground 

pulse, while the other pulses are, from left to right, the 

pulse received after one reflection f~om the ionosphere, the 

pulse received after it has been reflected from the ionosphere, 

the earth, and the ionosphere again, and so on. Usually 

absorption prevents more than the f i rst t1-10 or three from be­

ing seen but this is not i mportant as th3 only pulses 1-1hich are 

normally of interest are the ground pulse and the first reflec-

tion. All the scr een except the portion between the dotted 

lines is masked . A camera, which has a device for moving the 

film continuously in the dir ection of the ar row, is placed in 

front of the screen and operated while the transmitter and re-

c·ei ver sweep through their frequency range . The time base is 

of course recorded over the whole width of the film except at 

those ~oints where there are discontinuities on account of t he 

pulses. These discontinuities leave their t race on the film, 

a reccr~ of the variation of h 1 with f thus being obtained . In 

addition frequency and height marks are recorded on the film at 

intervals. The frequency marks are supplied by a 500 kc/s 

oscillat or which provides a wave rich in harmonics. This pro-

duces audio beats with the main variable oscil lator, the 60th 

harmonic beating with 30 Mc/s, the 6lst with 30 . 5 :He/ 3 and s o on. 
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FIGURE 6a: Del ay type time base. 

i= 

FIGURE 6b: The display on the oscilloscope screen. 
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Beats also occur with the second harmonic of the variable 

cscillator so that a frequency mark is, in fact, produced 

every 0.25 Mc/s. The height marks are produced by a 3 lcc/s 

m.cilla tor which is m::-,de to produce a series of pulses on the 

t:!.!I'.e bc.:... 3 of tb oGcillosccpe. The time delay b3tvTeGn 

the:.se plses i r. ·
3

, ~OO sec ., corresponding to a distance of 

lC'J I·rn. f er a vravo travelling with the velocity of light and 

th;lS to ::. virtuc.l height of 50 km. These marks are only 

aj;~liGd to the C''"lcilloscope when the frequency mark is appli ed. 

:.!':~.-;. 7 shc~·s hcv the calibration marks on a normal record 

~!e c.re nc· . ., in a position to discuss the form of the iono-

r::r::>m: c··· h '-f records • 

. ? . _'\ht:'c :f.o:;:_::l_..Q:Ci_l].e_h 1 - f C~tye_§. 

SuDposs vTe mYe an electron distri bution such as t hat 

Suppo~o a n io~osonde with its frequen~y 

~ .. reep-~n.::; f:eYJ e.b o-.it l Me/ s to about 12 Me/ s is used to prob·J 

·:~h.is c~~ :JtriLution co Th8 10\·Ter horizontal scale in Figure 1 

shGH.:; t:1e plasir.!'l. frec.;_uencies corresponding to the electron 

cgnritics in the upper hori zontal scale. 

C omic~::: th3 ordin:u-y ray. It is reflected when its 

freqt.irn~-:::- b3~ c:·rs equal ·~o the pla~ !a frequency. Normally 

it"J:..~y little re:clcction is observed from the D region b;.1t vThcn 

-~.:~"!.3 fl~equc~lcy ree chss a va lue corresponding to point A in tho 
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The frequency cal ibrati ons . 
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Typical h 1- f distribution. 

Typical -daytime record . 
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figure reflection is first observed . Most of the retarda-

tion takes place when the wave frequency is close to the plasma 

frequency. This me~ns that when the slope, dh/df0 , is small 

there will not be a great deal of retardation since for most 

of its path the plasma frequency is well removed from the wave 

frequency. Near point B, hm-Tever, the slope, dh/df0 , is large 

and for a considerable portion of its path the ray i s in a region 

where the plasma frequency is near to the wave frequency. There 

is a great deal of retardation and h' vlill be considerably great-

er than h, rising to an extremely large value when the point B 

is r eached and the ray penetrates the E layer. Now as the 

L·equency increases the retardation decreases so that the virtual 

height onc0. more decreases. The curve shows similar characteris-

tics at point C, the maximum of the Fl layer. At D it finally 

penetrates the ionosphere and no further reflections are observed . 

The extraordinary ray behaves in much the same manner. The 

frequency wtuch is reflected at a given height is, however, dif-

ferent since reflection takes place where X = 1 - Y 

or 

or (2.5) 

so that for a given frequency, f, the extraordinary wave is re-

fleeted at a loVTer electron density. The result is that the 

extraordinary h '-f curve is shifted to the right. In figure 

8 the h' - f curve which Jould be obtained from a distribution 
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such as that in figure 1 is shown. Figure 9 sh~~s a 

typical daytime record obtained by the Rhodes Ionosonde. 
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CHAPTER I II. 

THE REDUCTI ON OF IONOG~IS . 

The only experimental data obtai nable in normal circum-

stances are th3 h'-f c~rves supplied by an ionosonde. Frc~ 

these we must obtain so:"!le idea of the distribution of elec-

t :::-cn:::: w:·_th height. We knovr that 

h 1 f.t 1dh 
0 

f.l ' i:: c.1 com plica. te-I func ~_;_on cf f, N, and H \-1 hile N is a 

D.mction of h. I t is thus possibl€. in principle tc :Jnl "3 tl--.~ 

€-;ua tion fo:~ h. Because of the co:nplicated nature of the ex-

7-~c=~~on ~c~ M' an analytic solution of equation (2.3) is im-

F:::-ssible . Numer:tcal methods of one k i nd or another must be 

2. fl 1L.Q1=-:_tlin_e _ _()f the Types of Method Used. 

A co::1pl €. t o survey of methods of finding N-h profiles from 

h 1-f curve3 is given by THO}~S (36). A very complete list of 

refe~ences is included in the survey. 

1-'Jthoc.s of a ttacking the problem can be divided into ·~hree 

·c.ypes : 

(a) Model methods: A layer of the i onosphere is assvm8d 

to h~ve a sh~pe [UCh that substitution into (2.3) gives an 
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integ:'al which can be evaluated analytically. An h 1-f curve 

is calculated for the assumed distribution and co~pared with 

the observed curve. It is made to fit the observed curve as 

well as possible by choosing the parameters appropriately. It 

b~s the great disadvantage that an ionospheric layer is not 

a1-vn::.:-s \-Tilli ng to be thrust into a mould which suits the 

r. -:-.. thorr9. tic ian. These methods are now chiefly of historical 

inte~est hn.ving largely been superseded by methods in the 

other two sr·oups. 

(b) Di rect inversion of eauatio~ (2.3): The equation 

:!8 ..;_:nrorte c to give an analytic solution for h. The expres-

s~ .. c::-1 fo::.~ h tb-;n tal~es the form of an integral ""'hich must be 

This is dang by a nume~ical method . KELS0 1s 

r.") t h·::---::! (37) j_s typical of these and in its simple form (ignor·­

i r _: t t: 0'3.l'th 1s nagnetic field) has been used in some of the 

I t is described belcH in 

( c ) I;e.mi.~2.t~on r 8thods: The l~-h profile :i.s divided in­

t o a :T ... ~~·· .. ::-Dr of hc!'izontal lam.i.natic'1s and some assmr.ption is 

:--:'('r~ o..·i:'-:·!t the she.tA-'3 of the cu:>:-ve within the lamination. 

Fr.-;.•::>..11~- tb5.s is that N or f 0 is limar with h although TITHERIDGE 

(.33) for cor.v~r.ience in calculation uses a linear variation of 

The nhape assumed is imrea teria 1 pro·:.rided that 

·:;-3 1:J..n:!..::J:>.t5.om are sufficiently thin. Any degree of accuracy 

~2.:r bJ e.tt3.ir.0d by taking a sufficient rrumber of laminations. 
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If the thickness of a lamination is 6h the inb£".:-c:..l (2.3) 

can be replc.ced by a s12m 

h' =~ f.l.' 6 h (3.1 ) 

The principle was first , .... sd by 1-lLJRRA:..: & ECG (39)(1;.0) 

in 1937. 

very inpr!~tant. 

of the revival. 

ure nc:1 t~·p::..cal of the cL;.ss. ~ . 
Ct.J.:: ·-

cussl d in sc:::- .3 c.:. -!iai2. bslc'..,r as it is us~d extcr.::;:'. -- J-r h1 t.:: ... : 

T-
' ''-

th~ ~ thes-'_s. 

h 

, 
1.1:"J.2'!'8 h ' ir c.9f:0.:1:::d to be an even fur:ction of x"~·, ·; .. :·.'r ~.-, ·~ .. -~ 
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possible since it is normally defined only for positive 

values of the frequency, f, i.e. for positive values of 
.!.. 

X2 so that we are free to define it for negative valu.Gs 
..!.. 

of X2 so that the desired condition is fulfilled. 

The substitution 

cos2 (3 :::: X (3 .3) 

is then made, getting 

h ::; 1 c h'd e 
7T 

where h 1 is nov1 a function of COS (3 • By dividing tr_; h' 

curve into n equal steps in e the function to be integr&te~ 

is replaced by a polynomial. On this basis Kelso, uR~~~ 

the Gauss-Christoffel quadrature formula, sho>JS that 

h' k (3 . 5) 

where h is the real height corresponding to a frequ,.,ncy f 1;: 

at which the virtual height is h\; the set of fre1ucmic~ 

fk are given by 

fk ::; f cos 2k - 1 
2n 

k being an integer between 1 and n . 

(3.6 ) 

The number of terms in the polynomial is n and the 

larger we make n the more accurate the fit. In pre ~tice 

it is found that if the h 1-f curve is reasonably smooth n ::: 5 

is sufficiently accurate. If the curve ccntains any cu'"' ::::: 
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then it is better to take n = 10. 

In practice all that is needed to determine the true 

height at a frequency, f, is the average of the virtual 

heights at a number of frequencies, fk 1 each of which is a 

fixed fraction of f. If we plot fk ~· f we get a set of 

straight lines from which the fks corresponding to any f 

can be read. Figure 10 which is based on Kelso's figure 

1 shovJS these lines for n = 5 and n = 10 . 

k · Titheridge 1s Method. 

The N-h curve is divided into a series of heights 1 ~' 

corresponding to a set of virtual heights ~~ at a given 

series of frequencies fr. If Jl 1 is the mean value of r,n 

fl 1 over the lamination h 1 t o h for a probing frequency r - r 

fn then from equation (2.3) 

-- 1 
r = 

fl r' n ~ - hr - 1 

hr-1 
NO\-J at any frequency the virtual height is given by the height 

of the bottom of the ionosphere, h01 plus the sum of the vir-

tual path lengths in each lamination up to the nth. If ue 

let 6 ~ = ~ - ~ _ 1 then we get the following set of equa­

tions for the virtual heights corresponding tor= l, r = 2, ••• 

• • . r. 



s.oo 
t, llk/Sec.l 

4.00 

56. 

z.oo s.oo 
t, Ilk/tee.) 

FIGURE 10: Kelso's diagr ams giving frequencies, fk, at 

which heights must be read for obtai ning the t r ue height 

at a frequency fv• 

4 .00 
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h' 0 = ho 

h'l = h + J.L
1
12 6hl 0 

' 
h'2 = h + J.L'r 2 6hl + J.L 

1
2,2 6h2 0 , 

•••••••••••••••••••••••• ••••• •••••• 0 •• 

h'r = ho + f-L'r,r 6 h1 + f-L'z,r 6~ + ••••••• • 

J.L 1 6h r,r r (3.8) 

By subtracti on 

A hi = Il l 6h 
u 1 ,- 1,1 1 

................ .... .. ........ ...... ...... ... . 

(3.9) 

Now write f3 r, n = J.L 
1 
r, n-1 - r<n 

and --/3 = J.L l r = n (3.10) 
n,n n, n 
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and the equations (6 .7)becomes 

6 h r 1 = /3 116 h 

0 0 000 0 000000 D 0000 0 0000 0 0 000 0 

6 h I = /3 6 h - /3 6h -n nn n n- l , n n-1 

- f3 n 6h - . . . . - {3 1 6 h1 r , r ,n 

Solving these successivelY 

h = h' 
0 0 

6hl 
__ l _ 

6h 1 

- /3 l 1 1 

' 
6h2 

l 
[6h 12 /312 6~] =/322 

+ 

' ' 
•• • • • • • • •• •• •• • • • • •• • • • 0 ••• • ••• •• • • 

6~ - _L_ [6h ' n + -{3nn 
' 

n-1 J 
2j /3 6h 
r =l r,n r 

(3.11) 

(3.12) 

I f the coefficients, {3 , are known it is easy to obtain 

6h1,6 h2,6 h3, etc . successively f r om the above equations . 

I n practice it is found that only when r i s not much smaller 

than n, i s f3 of any importance so that summati on of only a few 

terms is necessary. 
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j. The Ca.].Qula tion of T.il.bsu:idge 1 s Coefficient§, f3 • 

The method suggested by Titheridge for calculating the 

coefficients, {3, for a given locality involves making an 

approximation for the quantity p r . Since exact values of 

j1 1 were available for Grahamstown, having been calculated 

by the author as described in section 8 of Chapter I, this 

was unnecessary. f3 r, n in the lamination hr-l to ~ -v1as 

found by getting P'r,n-l and P'r,n from Figure 2 or Figure 

3 f or the ordinary or extraordinary ray respectively, and 

calculating the difference. The method adopted by the 

author for the calculation of the coefficients is described 

below. 

First a set of frequencies must be chosen to define the 

boundaries of the laminations. It was decided for compari-

son purposes to take the same number of laminat ions as did 

Titheridge. The frequencies chosen were given by 

fn = A log (1 + ~) (3 .13) 

where n goes from 1 to 25 and A is a constant chosen so that 

f 25 = 6 Mc/s. After the calculation of the coefficients it 

was found that owing to an error in Ti theridge 1 s p:1.per this 

was not the form of the expression giving the frequencies 

which Titheridge himself had used. However, this was not 

important as any frequency interval which gives values of 6 h 

which are not too wildly unequal is sufficiently good. 
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For the ordinary ray the values of Y corresponding to 

the various frequencies were first cal culated . Values of 

Xr~ the value of X corresponding to the mean value of N in 

the rth lamination when the probing frequency is fn' were 

calculated for each fn, and are shown tabulated in Table 1. 

Next the values of ~'r,n corresponding to each value of X 

were found. It was assumed in doing this that the varia-

tion of iJ with h in each lamination was linear . ~'n n was 
' 

found by a rather more compl icated calculation since \.Je can-

not assume that near the reflection point the mean value of 

~ ' corresponds to the mean value of X in the lamination. 

The method of calculating f.1 1 n n is described below. 'fhe 
' 

values of f.1 1 r n are shown in Table 2. Finally the coef-
' 

ficients, f3, are found from Table 2 by cross subtraction be-

tween the columns according to equation (3.10) . {3 is tabu-

lated in Table J. 

For the extraordinary ray the procedure appears t o be 

slightly more complicated. The frequencies defining the 

boundaries of the layers are plasma frequencies . The extra-

ordinary ray frequencies which correspond to them (i.e. the 

frequency of the extraordinary \-J3.Ve which is reflected at the 

level which has that plasma frequency) mus t now be calculated 

from equation (2.5) . Values of Y and 1-Y are now found for 

these frequencies. The quantity X/(1-Y) is now calculated 

and the values of f.1 1 corresponding to this value of r,n 
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X/(1- Y) found from Figure 3. However, it can easily be 

shown from equation (2.5) that the quantity X/(1-Y) for the 

extraordinary ray at a given pl asma frequency is equal to 

the quantity X for the ordinary ray at the same plasma fre-

quency so that the values of X in Table 1 can be used as 

values of X/(1-Y) and the values of J.l 1 and hence {3 found. 

11 1 for the extraordinary ray is shown in Table 4 and {3 
~""" r n 

' 
in Table 5 . The values of {3 n,n must be found as described 

belm.J. 

J.l ' vari es extremely rapidly with N in the last lami-

nation before it is reflected. I ts value at the bottom of 

the lamination is likely to be about 3 or 4, while at the re-

flection point it is of course infinite. It only attains 

extremely large values over a very small part of the lamina-

tion near the top. For this reason the mean value of f-l' in 

the lamination is considerably higher than the value of f.l' 

which corresponds to the mean value of N in the lamination. 

The follm1ing approach is therefore adopted. 

Ordinary Ray: 

By equation (2.3) 

6 h' = I hn J.'' dh (3 .14) n 
hn-1 

= ( J.l ' dh dX 
dX 

xn 
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where Xn is the value of X corresponding to the value of N 

at the bottom of the lamination. The value of Xn given 

in Table 1 is this value and not the value corresponding to 

the :ucan val ue of N in the laminati on. Nm-1 if ve once 

rr:c:;.~e assume that N - and therefore X - varies linearly vTith 

h within tho lamination then dh/dX is constant so tl'1.at vTe 

get 

1 
i 

= .9h 1 cJ. 
X 

n 
Equation (1 .. 35) "~ 

') 

t'-- =: l - X 

D::i.fferentia ti:r.6 

2t dt = , ··r - a... 

S:lb~.;titutir.g ::.:1 (.3.15) 

j.L I dX 

6 h . j.1 • - -·2·~-t 
0 f J.L ' t dt 
t n 

~ut if dh/dl is con3tant 

dh/C~ = 6[1}6 X 

= 6 h/(1-X ) n 

= 6h/t2 n 

( 3.16 ) 



Thus (3.16) becomes 

b,h' n -Eh = 
n 

2 
t2 n 

63 . 

t f-l 1t dt (3.17) 
0 

But b. h 1 r/ b. hn is by definition equal to -0 n, n' the mean value 

of the refractive index in the lamination so that equation 

(3.17) is an equation giving f-l 1n n• The integral can easily 
' 

be found by using Figure 4. The method adopted by the · 

author \.Jas to evaluate the integral by means of a planimeter 

and hence calculate J.L 1 n
5 
n 

shown in Tables 2 und 3. 

= /3n n· 
' 

The values obtained aro 

Extraordinary Ray: 

An exactly analogous procedure is adopted . Equation 

(3.15) applies to tho extraor di nary as 1.,rell as to the ordi-

nary ray except that the upper limit is 1-Y instead of unity. 

Equation (1.36) is 

t 2 = 1 - ~·-
1-Y 

Differentiating 
dX 

2t dt = -
1-Y 

for a given value of Y. Substituting in (3.15) 
t 

b. h' n 

n 
= +2-l~( 1-Y) r p,lt dt 

0 

Thus f-l I 
n,n 

tn 

= g~~Yl ! f-l 1 t dt 
0 



But t,X = 1-Y-Xn so that this becomes 

I 

f-l n, n = 

as before. 

2 
t2 n 

tn 

I 1-l't dt 
0 

(3 . 18) 

Tithcridge in his paper shows h~! the coefficients 

/3r,n rapidly become negligible in co:~parison with !3n,n 

as r decreases. Only the few largest coefficients near 

t~:"l botto'!l of Tables .3 and 5 need be considered . To im-

pr~:e a~curacy the low~r coefficients in the tabl e may be 

increased to co~pensate for the neglected upper coefficients 
n 

so that the value of ~ f3 remaim unchanged . The coef-
~ r, n 

r=.L 
:::'i8ientr. for the ordinary ray, modified in this manner, are 

shown in Table 6 and those for the extraordinary ray in 

Table 7. 
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T}l,BIE 1: Tables of X and Y corresponding to the frequencies 

chosen for the evaluation of the Titheridge coefficients. 

fH = 0.82 Mc/s. 

··-- · ·-· 
n 1 2 .3 4 5 6 7 8 
fl 0.95 1.62 2.14 2. 56 2.9.3 .3 . 24 .3 . 51 .3.76 
Mc/s 
y 0.862 0. 506 0 . .38.3 0 • .348 0.280 0. 25.3 0. 2.34 0. 218 

0 0 .069 0.0.39 0.027 0 .021 0.017 0.015 0. 01.3 
0 • .34.3 0 • .360 0. 252 0.192 0.157 0.1.34 0. 117 

0.572 0. 5.39 0.411 0 • .3.36 0.287 0. 250 
0.695 0.644 0 . 526 0 .448 0 • .391 

0.769 0 .718 0.612 0.5.3.3 
0.817 0.772 0.67.3 

0.850 0. 806 
0.87.3 

n 9 10 11 12 1.3 14 15 16 
f1 .3 . 98 4 .19 4 • .38 4.54 4.70 4.85 5.00 5.1.3 
Mc/s 
y 0.206 0.196 0.187 0 .181 0.174 0.169 0 .164 0.160 

0.010 0 .009 
0.094 0.086 
0.201 0.184 
0 • .314 o. 288 
0. 429 0 • .39.3 
o. 542 0.496 
0.649 o. 594 
0. 752 0.689 
0.85.3 0.781 
0.905 0.870 

0.916 

0.009 0.008 0 .008 
0.080 0.075 0.070 
0.171 0. 160 0. 150 
0.268 0. 250 0. 2.35 
0 . .366 0 • .341 0 • .320 
0.462 0.431 0 .404 
0.55.3 0.516 0.484 
0.641 0.598 0. 562 
0.727 0.678 0.6.37 
0.810 0.756 0.710 
0 .891 0 .8.31 0.781 
0.925 0.900 0.845 

0.9.32 0. 907 
0. 9.39 

0.007 0.006 
0.066 0 .06.3 
0.141 o. 1.34 
0. 220 0. 210 
0 • .301 0. 286 
0 • .381 0 . .361 
0.455 0. 4.32 
0.528 0.502 
0.599 0. 569 
0.667 0.6.34 ' 
0, 7.34 0.698 I 

0.795 0.756 
0.85.3 0.811 
0.912 0.866 
0.944 0.972 

0.948 
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Table l continued~ 

n 17 18 19 20 21 22 . 23 24 
f1 5. 26 5.39 5.49 5. 59 5. 71 5.81 5.91 6 .00 
l ·~c/s 
y 0.153 0 .152 0. 149 0 .147 0.144 0 . 141 O.U9 0.137 

x1 0.006 0.006 0 .006 0.006 0.005 0.005 0.005 0.006 
x2 0 .060 0.057 0 .055 0.053 0.051 0 .049 0 .047 0 .046 
x3 0 .128 0.122 0.117 0 .113 0.108 0 .105 0.101 0.098 
x4 0. 200 0.190 0.183 0.177 0 .169 0 .164 0 .158 0.155 
x5 0. 272 0. 259 0. 250 0 . 241 0 . 231 0.223 0. 216 o. 209 
x6 0 .344 0.328 0. 316 0.305 0.292 0 . 282 0 . 273 0. 264 
x7 0.412 0.392 0.378 0.364 0 .349 0. 337 0. 326 0.315 
Xg 0 .478 0 .455 0. 438 0 .423 0 .405 0. 391 0.378 0 .397 
x9 0. 542 0. 516 0.497 0. 479 0.460 0 .444 0. 479 0.416 
x10 o.603 0. 514 o. 554 0 . 534 0. 512 0 . 494 0.478 0.463 
x11 0.664 0.632 0. 509 0.588 0. 563 0 . 544 0.526 0. 571 
x12 o. 719 0.685 0.660 0.637 0 .610 0 .589 0. 570 0. 552 
x13 o. 772 0.734 0.708 0.683 0.655 0 .632 0.611 0. 591 
X14 0.824 0.785 0. 756 0.730 0 .69~ 0 .675 0.653 0.633 
x15 o. 877 0.835 0.805 0. 776 0.744 0 . 719 0.695 0.674 
x16 0.927 0 .883 0.851 0.821 o. 787 0 .760 0.735 0. 712 
x17 0.952 0 .929 0.895 0.864 0.828 0 . 799 0 . 773 0. 750 
X18 0.956 0.941 0.908 0.870 0.840 0 .812 0. 787 
X19 0.959 0.947 0.908 0.876 0.847 0. 820 
X2o 0.962 0 .949 0 .909 0 .879 0.852 
X21 0 .964 0.950 0 .914 0.838 
X22 0.966 0.950 0.921 
X23 0.968 0.952 
X24 0.970 

-- - - -----

:r·. _rr -:z 2; f..L 1 e t 'i'i theridge frequencies ftJr ordin __ ;:y r f'.y . 

~ .. -... -- ·-· - ····· ·- - -- __ fH ~ 0.8~ ~~(~· -- -· - -
f 0 .948 1.621 2.143 2. 570 2.931 3. 243 ;3 . 573 3.765 
n 1 2 3 4 5 6 7 · ~ 

-J 

r=-=1 2. 347 1.02 1.01 1.01 1.01 1.01 1-.01 1.01 
2 3 .177 1.15 1.11 1.09 1.03 1.07 1.06 
'"' ;) 4. 007 1.28 1.19 1.15 1.12 l.ll 
4 4 .837 1.41 1.28 1.22 1.19 
5 5.667 1. 54 1.33 1.31 
/ 
0 6.497 1.67 1.47 
7 7.327 1.80 
8 8.157 I 

- ------- --~ ~ - ·- - --- -·-· - ··-- . -. . ·- __ ...., . ... ·- .... 
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·- - -- ~ . .. .. 

f 3.988 4.191 4 . 378 4.552 4.713 4.864 5 . 006 5.139 
n 9 10 11 12 13 14 15 16 

r=1 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 
2 1_.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 
3 1.10 l.L9 1.08 1.07 1.07 1.07 1.07 1.07 
4 1.17 1.15 1.14 1.13 1.12 1.11 l.10 1.09 
5 1.26 1.22 1.20 1.18 1.17 1.16 1.15 1.14 
6 1.39 1.33 1.29 1.26 1.23 1.21 1.19 1.17 
7 1.56 1.45 1.39 1.34 1.31 1.28 1.25 1.23 
8 1.93 1.64 1.53 1.46 1.42 1.38 1.34 1.32 
9 8.987 2.06 1.75 1.60 1.51 1.46 1.40 1.36 

10 9 . 807 2 . 19 1.85 1.67 1.58 1.50 1.46 
11 10.627 2. 32 1.94 l. 75 1.64 1.55 
12 11.447 2.45 2.01 1.80 1.69 
13 12. 267 2.58 2.08 1.86 
14 13.087 2.71 2.14 
15 13.907 2.84 
16 14.727 

- -- -. --~ .. ---- ---

f 5.266 5.386 5 . 500 5.609 5. 713 5.813 5.908 6.000 
n 17 18 19 20 21 22 23 24 

r=1 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 
2 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 
3 1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.07 
4 1 .09 1.08 1.08 1.08 1.08 1.08 1.08 1.08 
5 1.13 1.12 1.12 1.11 1.11 1.11 1.11 1.11 
6 1.16 1.15 1.14 1.13 1.12 1.12 1.11 1.11 
7 1.21 1.20 1.19 1.18 1.17 1.16 1.15 1.15 
8 1.30 1.28 1.27 1. 25 1.24 1.23 1. 22 1.21 
9 1.34 1.32 1.30 1.28 1.27 1.26 1. 25 l.?-4 

10 1.42 1.33 1.36 1.34 1.32 1.30 1.29 1.28 
11 1.50 1.46 1.43 1.40 1.37 1.36 1.35 1.33 
12 1.61 1.54 1.30 1.47 1.44 1.41 1.39 1.37 
13 1. 75 1.65 1.59 1.55 1.51 1.47 1.44 1.42 
14 1.92 1.80 1.71 1.65 1.59 1.55 1.52 1.49 
15 2 . 21 1.93 1.85 1.76 1.68 1.62 1.58 1.54 
16 2.97 2.26 2.06 1.93 1.80 1.73 1.66 1.62 
1715.537 3.10 2 . 38 2 . 14 1.96 1.85 1.74 1.68 
18 16.347 3. 23 2.54 2. 18 2.00 1.90 1.81 
19 17.157 3.36 2.54 2.23 2.04 1.93 
20 17.967 3.49 2.59 2 . 25 2.08 
21 18 . 767 3 .62 2 .60 2. 31 
2?. 19.567 3. 75 2.75 
23 20 .367 3.88 
24 21.167 

- ----·--- - -- -----·-- - ---· -- -- --- -· -·---- --- - ·- --- - ·· -----
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Tl..BIE 3: Titheridge 's coef ficients (3 , ordinary ray. 

fH = 0 .82 Mc/s. 

f 0 . 948 1.621 2 . ]4.3 2 .570 2.931 3.243 3 . 5li:) 3 . 765 I 

n 1 2 3 4 5 6 7 8 

r=1 2.347 1.33 0 . 01 0.00 0.00 O.Ou o.oo o.oo 
2 3.177 2.03 0.04 0 .02 0 .01 0 .01 0.01 
3 4.007 2 . 73 0 .09 0.04 0 .03 o .o~~-

4 4.837 3 . 43 0 . 13 0 .06 0 . 03 
5 5 .667 4.13 0.16 0 . 07 
6 6 . 497 4 . 83 0 . 20 
7 7.327 5. 53 
8 8.157 

- . - - ~ .. -. . .. ~ . - . - . . -

f 3.983 4.191 4.378 4 . 552 4.713 4.861;. 5.006 5.139 
n 9 10 11 12 13 14 15 16 

1~:·=1 0 .00 0.00 0 .00 0.00 0 .00 0 .00 o.oo 0.00 
2 0 . OJ.. 0.00 0.00 0 .00 o.oo 0.00 0 .00 0 .00 
3 0.01 0.01 0 .01 0.01 0.00 0.00 0 .00 o.oo 
4 0.02 0.02 0 .02 0.01 0.01 0.01 0.01 0.01 
5 0 .05 0 .04 0 .02 0.02 0.01 0.01 0 .01 0 .01 
6 0.03 0 .06 0 .04 0.03 0 .03 0.02 0.02 0 .02 
7 0.2/. 0.11 o.os 0 .05 0 .03 0.03 0.03 0 .02 
G 6 . 23 0.29 0 . 11 0.07 0.04 0.04 0.04 0.02 
9 8.98'7 6.93 0 .31 0 . 15 0 .09 0 .05 0.06 0 .04 

10 9.807 7 .62 0 . 34 0.18 0 .09 0.08 0.04 
1.1 10.627 -S.31 0 . 38 0.19 0 . 11 0.09 
12 11.447 9 . 00 0 . 44 0 . 21 0 .11 
13 12.267 9 . 69 0.50 0. 22 
14 13 . 087 10.3:) 0 . 57 
15 13 "907 11. 07 
16 1L~. 727 

. - . - · -- 4 • • ·- - - ··- .. ·- . ·- . 

f 5 . 266 5.386 5. 500 5 .609 5. 713 5.813 5.908 6.000 
n 17 18 19 20 21 22 23 24 

r==1 0.00 o.oo 0 .00 0 .00 o.oo 0.00 0 .00 0 . 00 
2 o.oo 0 .00 0 .00 0 .00 o.oo o.oo 0 . 00 0 .00 
3 0.00 o.oo o.oo 0.00 0.00 0.00 0.00 o.oo 
4 0.00 0.01 0.00 0 .00 0.00 0 .00 0.00 o.oo 
5 0.01 0.01 c.oo 0 .01 0 .00 0.00 0 .00 o.oo 
6 0 .01 0.01 0 .01 0 . 01 0.01 0.00 0.01 0.00 
7 0.02 0 .01 0 .01 0 .01 0.01 0.01 0.01 0 .00 
8 0 . 02 0 .02 0.01 0.02 0 .01 0 .01 o.o: 0.01 
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f 5.266 5.3·'0 5. 500 5 .609 5.713 5.813 5.908 6 .000 
n 17 18 19 20 21 22 23 24 

r =9 0.02 0 .02 0 .02 0 .02 0.01 0.01 0 .01 0 .01 
10 0 .04 0.04 0 .02 0 .02 0.02 0 .02 0 .01 0.01 
11 0 .05 0 .04 0 .03 0 .03 0.03 0.01 0 .01 0.02 
12 0.08 0.07 0.04 0.03 0 .03 0.03 C.02 o . o~~ 
13 o.n o.n 0.05 0.04 0.04 0.04 0.03 0 .02 
14 0 . 22 0. 12 0 .09 0 .06 0.07 0 .04 0 .03 0 .03 
15 0.63 0.23 0. 13 0 .09 0 .08 o.C6 0 .04 0 .04 
16 11.76 0. 71 0 , 20 0 .13 0 .13 0 .07 0.07 0 .04 
17 15.537 12.44 0. 72 0. 24 0 .18 0 .11 0 .11 0 .06 
18 16.347 :-:' . 2.2 0 .69 0 .36 0 .18 0, 10 0 .09 
19 17.157 13 . 80 0.82 0 .31 0.19 0. 11 
20 17.967 14.48 0.90 0.34 0 .17 
21 18. 767 15 . 15 1.02 0.29 
22 19 .567 15. ~2 1.00 
23 20 ,J67 16 , /r9 
24 21 .167 

TABIZ 4: J-L I for the extraor dinary ray at the Titheridge fre-

qucncies . fH = 0 . 82 Mc/s . 

fo ' \.). C)/~8 1.621 2. 143 2.570 2. 931 3 . 243 3 . 518 3 . 765 
jT'"', - r 

.~ 1. L:J.,,J 2 , 082 2.592 3.013 3.369 3 .679 3.952 '~ -193 .1.. 

v } .( r~3 : . ~~?9 3 .J.f14 ~ . 722 2.1,34 2 . 2?.9 ?. .C75 ~-. 9~~3 ..!.. 

n 1 2 3 4 5 6 7 8 

I 

J-L 11 2 . 4~0 1.920 1.04 1.03 L02 1.015 1.01 1.01 
'' I 2 ~998 2.155 1. 203 1.15 1.11 1.09 1 .076 . 2 
f-L I J 3.509 2.387 L395 1.275 1.22 1.18 

' J-L :4 4.013 2.616 1.55 1.41 1.325 
J-L t::, 4. 510 2 .842 1.71 1.53 

. J-L ' " 5.000 3.065 1.86 
' J-L 16 5 . 483 3 . 285 . 7 
' p r 5.959 

8 
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Table 4 continued ~ 
... - . .... -- ·-· --- - -· - -- -- . .. -

' fo 3.988 4 .191 4 .378 4 . 552 4. 713 4 . 364 5 .006 5 . 139 
! max •. 
' fx ~ 4. 419 4 .621 4 .807 4 .981 5 .141 5 . 291 5 . 430 5 . 565 
' ' y 1.856 1.775 1.706 1.646 1.595 1.550 1. 510 1.473 
· n 9 10 11 12 13 14 15 16 
' ; 
Jl 11 ; 1.01 1.01 1.008 1.008 1.008 1 .007 1 . 007 1 . 007 
Jll2 1.07 1.06 1.055 1.051 1.045 1.04 1.04 1.04 
jl I 3 : 1.155 1.141 1.125 1.115 1.108 1.10 1.09 1.09 

. Jl 14 1. 275 1.24 1 . 215 1.191 1.172 1.165 1.151 1 . 145 
J..L 

15 ! 1..435 1.37 1 . 325 1.290 1.26 1.24 1.22 1 . 2)6 
. Jl 16 ' 1.66 1 . 545 1.465 l.L;J7 1.365 1.33 1.305 1..2$0 
. Jl 17 2 . 02 1.78 1.65 1.55 1.49 1.44 1.398 1.365 

Jl 18 3 . 502 2 . 16 1.92 1.77 1.64 1.565 1.51 1.470 
Jl 19 6 .4.28 3 . 716 2 . 33 2 . 03 . 1847 1.73 1.65 1.585 
Jl 110' 6 . 890 3 . 927 2. 43 2 . 15 1.95 1.32 1.725 

. Jl 111. 7.345 4 .135 2. 58 2.25 2 .05 1 .905 
Jl 112 7.793 4 . 340 2 . 72 2 . 35 2.145 

. Jl r . 8.234 4.542 2 .85 2 . 43 113 8 .668 4.741 3 . 00 Jl 14 
Jl 

1
15· 9 . 095 4 .937 

Jl 116 9 . 515 

- ··- -- --. .. - -

. fo 5.266 5.386 5 . 500 5 .609 5 . 713 5 .813 5 .908 6 . 000 
ma..x . 
f -- ' 5.695 5 .810 5 . 925 6 . 030 6 . 140 6 . 235 6 . 330 6 . 425 ..-. 

. Y ' 1.440 1.411 1.384 1.360 1.336 1.315 1 . 295 1 . 276 
: n I 17 13 19 20 21 22 23 '?.4 
j 

1-t '1 i 1.007 1.007 1 . 006 1 .006 1.006 1.005 1. 005 1.005 
. Jl 1 2 ' 1. 0 38 1 . 0.35 1.0.35 1.03 1.03 1.03 1.03 1.03 
Jl 13 "1.08 1.078 1.075 1. 07 LC65 l.C65 1.06 1.06 

1 Jl 1 4 ; 1. 135 1.128 1 . 125 1 . 115 1.11 1 . 108 1. 105 1.10 
J1 15 1.195 1.18 1.175 1.165 1.155 1 . 152 1 .145 1 . 143 
Jl l6 1.26 1.248 1. 235 1 . 220 1.205 1.200 1.190 1 . 180 
Jl 17 ·1.34 1..315 1.298 1.230 1.265 1. 25 1 . 2/+ 1.23 

. Jl 1 8 ·1.43 1.395 1 . 365 1.350 1.325 1.31 1 . 298 1 . Z77 

Jl:9 . 1.525 1.490 1 . 455 1.420 1.398 1.375 1.355 1.34 
. Jl 10' 1.645 1.590 1.548 1 . 505 1.475 1.45 1.425 1.405 
. J.L ' 11"l.800 1.72 1.66 1.605 1.560 1 . 525 1.498 1.465 
. Il l 12: 1. 99 1 .875 1.79 1.72 1.66 1 .615 1.575 1.542 
. Jl I 1J. 2' 2~ 2.08 1.948 1.85 1.?75 1.72 1.67 1.62 
Jl l14· 2.55 2. 32 2.13 2 .02 1.92) 1.84 1.77 1.71 
Jl 1 3. 05 2.67 2 , 40 2 .. 22 2.085 1 . 975 1.900 1.825 

' Jl 115 5 130 3.20 2 .. 75 2 . 51 2 .28 2 . 16 . 2. 05 1.955 16 . • 
·- -- ... . -· 
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Table 4 continued~ 

f
0 

5 . 266 5 .386 5 . 500 5 .609 5. 713 5 .813 5 . 908 6.000 
max . 
fv · 5 ,695 5 ,310 5 ,925 6.030 6 . 140 6,235 6 .330 6 . 425 
y" 1.440 1.411 1.384 1.360 1.336 1.315 1.295 1.276 
n : 17 18 19 20 21 22 23 24 

. J-L :17: 9 . 928 5. 320 3 . 30 2.85 2. 56 
J-L 13 10.334 5 . 507 3 . 43 2 .92 

2. 385 2. 22 
2.65 2. 45 
3 .05 2.75 

2. 11 
2. 29 
~ . 52 J-L :19. 10 . 733 5 .691 3 . 53 

II 11.126 5 • 872 3 .68 3 . 13 2.80 
6 .050 3 .81 3 . 22 

' ,_ 120 
: J-L 21 11. 513 

I 
J-L 22: 

' /J- I 23 ' 
11.894 6.225 3 . 90 

12. 269 6 . 398 
1.2.639 I . 

fJ- 24· 

TABLE 5: Tither idge 1s Coeff icients , {3 , for the extraordinar y 

r ay. f H = 0 ,82 Mc/s. 

f 0 0 . 948 1.621 2.143 2. 570 2. 931 3 . 243 3 . 518 3.765 
fx 1.443 2.082 2.592 3 . 013 3.369 3 .679 3.952 4 . 198 
y 0.568 0 .394 0 . 316 0 . 272 0 . 243 0 . 223 0.208 0 . 195 
n 1 2 3 4 '5 ' 6 7 8 

r=1 2. 480 0 ,560 0 .880 0.010 0.010 0 .005 0 .005 0 .000 
2 2.998 0 . 843 0 .952 0 . 053 0.040 0 .020 0 .014 

n 

3 3. 509 1 .122 0.992 0 . 120 0 .055 0 .040 
4 4 . 013 1.397 1 .066 0 , 140 0 .085 
5 4. 510 1.668 1.132 0 .180 
6 5 . 000 1. 93.5 1. 205 
7 5 . 483 2.198 
8 5 -959 

3.988 4.191 4.378 4 . 552 4.713 4 .864 5 . 006 5.139 
/+. 419 4.621 4.807 4 •. 981 5.141 5 . 291 5 . 430 5 .565 
0 .186 0.178 0 .171 0 .165 0 . 160 0 . 155 0 . 151 0 . 147 

9 10 11 12 lJ 14 15 16 

r=1 0.000 0 .000 0.000 0 ,000 0 .000 0.000 0.000 0 .000 
2 0 .006 0.010 0 .005 0 .004 0.006 0.005 o.ooo o.ooo 
3 0,025 0 .014 0.016 0 . 010 0 .007 0 .008 0 .010 0 .000 
4 0 . 050 0 .035 0 . 025 0 .024 0 .014 0.012 0~014 0 ,006 
5 0 . 095 0 .065 0 .045 0 .035 0 .030 0 .020 0 .020 0.014 



72. 

Table 5 continued: 
- . . - - .. - ... - - - ... 

fo 3 . 988 4 .191 4 .378 4. 552 4 . 713 4 . 864 5.006 5.139 . 
?c 4 . /+19 4.621 4 .807 4.981 5. 141 5.291 5'.430 5. 565 

0 . 186 0.178 0.171 0. 165 0 .160 0 .155 0 . 151 0 .147 
n 9 10 11 12 13 14 15 16 

r=6 Oo200 0 . 115 0 .080 0 . 05J 0 .042 0 .035 0.025 0 .025 
7 1.265 0 .240 0 . 130 0 .100 0 .060 0 .050 0.042 0 .033 
8 2 .457 1 .342 0 . 240 0 .150 . 0. 130 0 .075 0 .055 0 .040 
9 6 . 243 2.712 1 .336 0 . 280 0.183 0 .117 0 .080 0.065 

10 6 . 890 2. 963 1.497 0 .300 Oo200 0 .130 0.095 
11 7 . 345 3 . 210 1.555 0 .330 0 , 200 0 .145 
12 7.793 3 . 543 1.620 0 .370 0 , 205 
13 8 . 234 3 .692 1.692 0 . 370 
14 8 .668 3 .927 1.741 
15 9 .095 4. 158 
16 ') . 515 

fo 5. 266 5 .386 5 . 500 5.609 5.713 5. 813 5.908 6 .000 

} 5.695 5 .810 5.925 6 .030 6 . 140 6 . 235 6 .330 6 . 425 
0 . 144 0. 141 0 .138 0.136 0 .134 0 .132 o. 130 l; . 128 

n 17 18 19 20 21 22 23 ~4 

r=1 0 .000 0.000 0 .000 0 .000 o.ooo 0.000 0.000 o.ooo 
2 0 .002 0 .003 0 .000 0.005 0.000 0 .000 0.000 0 .000 
3 0 .010 0.002 0 .003 0 .005 0.005 o.ooo 0 .005 0 .000 
4 0 .010 0 .007 0.003 0 .010 0.005 0 .002 0.003 0 .005 
5 0 . 011 0 .015 0 .005 0.010 0.010 0 .003 0 .OCfl 0 .002 
6 0.020 0 .012 u .013 0.015 0 .015 0 .005 0 .010 0 .010 
7 0 .025 0.025 0.017 0.018 0.015 0.015 0 .010 0 .010 
8 0.040 0.035 0.030 0 .015 0.025 0 .015 0.012 0 .021 
9 0.060 0 .035 0 .035 0.035 0 .022 0.023 0 .023 0 .015 

10 0 .080 0.055 0.042 0.043 0.030 0 .025 0.025 0 .020 
11 0 .105 0 .080 0 .060 0.055 0 .045 0 .035 0 .027 0 .033 
12 0 .1;5 0 .115 0 .085 0 .070 0 .060 0.045 0 .040 0 .033 
13 0. 260 0 .140 0.132 0 .098 0 .075 0 .055 0.050 0 .050 
14 0. 380 0 . 230 0 .190 0 .110 0 .100 0.080 O.CfiO 0 .060 
15 1 . 887 0 . 450 o. 270 0 . 180 0 .135 0 .110 0 .075 0 .075 
16 4 .385 1 .930 0 .450 0, 240 0 . 230 0 .120 0 .110 0 .095 
17 9 .928 4 .608 2.020 0 . 450 O. :c)O 0 .175 0 .165 0 .110 
18 10.334 4 .827 2.077 0 .480 0 . 270 0.200 0.160 
19 10. 733 5.042 2. 161 0 . 510 0 .300 0 . 230 
20 11.126 5. 254 2 .192 0 .550 0 .330 
21 11. 513 5.463 2 . 240 0. 590 
22 11.894 5 .669 2.325 
23 12. 269 5.871 
24 12.639 
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TABlE 6; Simplifi ed Titheridge Coeffi ci ents. Or di nary Ray. 

n 

f 

n 

I f 

' 11 

L' 
~ 

fH = 0.82 Mc/s . 

.. ·- .. --. - '" . - .. . 
1 2 3 4 5 6 7 8 

0 .948 1.621 2.143 2. 570 2.930 3 . 243 3 .518 3. 765 

0 .01 0 .04 0 . 11 0.18 0. 26 0.32 
1.33 2. 03 2. 73 3 .43 4.13 4.83 5.53 

2. 35 3. 13 4.01 4.84 5.67 6.50 7.33 8. 16 

-. . -

9 10 11 12 13 14 15 16 

3.988 4.191 4.378 4.562 4.713 4.864 5.0C6 5.139 

0.36 
0.41 0. 53 0.58 0 .64 o. 70 0.84 1.00 0.66 
6.23 6 .93 7.62 8.31 9.00 9.69 10.38 11 .07 
8 .99 9 .81 10 .63 11.45 12. 27 13 . 09 13.91 14,73 

17 18 19 A) 21 22 23 2L, 

5. 2S6 5 -386 5. 500 5.609 5.713 5. 813 5.908 6 ,000 

11.76 12. 4), 13 .12 13 .80 1.4.48 15 .15 15 . 82 16 . 49 
15.54 16.35 17.16 17.97 18.77 19.57 20 . 37 21.17 
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TABLE 7: Simplified Titheridge Coefficients. Extra ordina.ry 

Ray. fH:::: 0.82 Mc/s. 

-· .. . . - . . ~ . .. .. . -· . 
n 1 2 3 4 5 6 7 8 

f 0 .948 1.621 2 . 143 2.570 3 931 3 . 243 3 . 518 3. 765 

0.20 
0.88 0.96 1.05 1.23 1.35 1.32 

0 .56 0 .84 1.12 1.40 1.67 1.94 2e20 
2. 48 3.00 3.15 4.01 4.51 5 .0() 5.48 5.96 

I 

9 10 11 12 13 14 15 16 n 

f 3 .983 4.191 4 .378 4 .• 552 4 . 713 4 . 864 5. Ocx5 5 . 139 

0 . 23 0 . 29 0.30 0.36 0 . 40 0 . 43 0 . 48 0.51 
1.41 1.53 1.62 1.80 1.93 2. 05 2. 15 2 . 21 
2. 1/J 2. 71 2. 96 3.21 3.45 3.69 3 .93 Ll .• 16 
6 . 43 6 . 89 7.35 7.79 8.23 8.67 9.10 9 . 5~ 

~· ... . ... 
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CHAPTER IV. 

THE VAllEY AMBIGUITY. 

1. Limi tations of Scaling Methods. 

Two unjustified assumptions are made when applying the 

scaling methods described in Chapter III . First it is 

assumed that below the lower frequency limit of the ionosonde 

there is no ionization. Second it is assumed that the N-h 

curve increases monotonically. JACKSON (44) and TITHERIDGE 

(45) give methods whereby these assumptions are made unneces­

sary. Both involve the use of the extraordinary ray. The 

principle in the case of the lmv level ionization and in the 

case of the so-called valley effect i s much the same. We 

shall discuss only Titheridge 's method of dealing with the 

valley since the valley effect is the only one of the two 

with iorhich this thesis deals and Tithe ridge 1s method is bas L­

ally the method used to attack the problem. 

_g. Ti theridge ' s Method for Dealing with a Valley. 

The basis of the method is as follows . First the h' - f 

record for the ordinary ray is scaled to obtain an N-h curve. 

This curve shows no valley. It is used to compute an h'-f 

curve for the extraordinary ray. Because of the extra re-

tardation produced by the valley the computed h'-f curve is 

lm1er than the real one. The difference in height bet\.1een 

the two curves is found at a rrumber of frequencies. It is 
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convenient to use the same frequencies as ,.,rere used to perform 

the Titheridge scaling . From this difference, 6, the amount 

which must be added to the true height at each frequency can be 

found . As a first approximation it can be assumed that 6 is 

directly proportional to the thickness of the valley and inde-

pendent of the valley shape. Titheridge shows that this is 

true provided that the valley is not too deep, i .e . provided 

that the minimum of electron density in the valley is not much 

l ess than the l ayer maximum. The value of 6 is found for a 

standard valley of 10 km thickness and constant electron density. 

The value of o , the di fference in height between the computed 

and true height profiles is also found. This gives a set of 

coefficients as are shown in Table 8 . The calculat ion of these 

coefficients is shown in appendix C. Since 6 and o in any 

record are both approximately proportional to the valley thick-

ness ue can find the constant of proportionality, k , by evalua-

ting 

(4.1) 

The amount which must be added to the height at each frequency 

is then k6' at that frequency. 
0 

The method which Titheridge suggests for computing the 

h 1-f curve for the extraordinary ray from the N- h curve obtained 

in the scali ng is to use the coefficients i n Table 5 in con-

junction with equations (3 . 11). The coefficients are simpli-
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fied as described in section 6 of Chapter III. The author 

has tried this method and finds it subject to considerable 

inaccuracy for the following reasons. 

In reducing an h'-f record each height difference can 

be calculated to an accuracy of about 0 . 1 km. This is not 

a serious error and is not cumulative . In the reverse pro-

cess, where we scale an N-h curve to give an h'-f curve, a 

different set of circumstances obtains. We have from the 

equatiom (3.11) that 

n 
:r, f3r,n 6h:r­

r=l 

6 hn is typically about 5 km. and {3 n n something of the order 
' 

of 10. T!rus f3n,n 6hn is of the order of 50 km. and known 

to an accuracy of about 2 or J% since this is the accuracy of 

6. h. The sum "£,{3 6 h i s of the same order of magnitude and 

is known to the same degree of accuracy (about 1 or 2 km.). 

6h'n is given by the difference of these two quantities and 

is about 5 or 6 km. in magnitude with a possible error of 4 km. 

Since the value of h' depends on all the values of 6h ' at 

lower frequencies, the error in h ' so calculated may be very 

large . Now 6 is the difference between the true h '-f curve 

and the derived one which may, as we have seen, be many kilo-

meters in error . 6 is typically only a few kilometers in 

magnitude so that it is obvious that the method lends itself 

to gross inaccuracy. It is necessary to use a more accurate 
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method to obtain the extraordinary h'-f curve. 

J. Method of Obtaining the Extraordinary h 1-f Curve from 

an N-h Curve. 

It is possible to write down equation (2.3) in the form 

h i -n - (4.2) 

when the ionosphere is stratified with stratifications of 

thickness 6 h. In this expression each term is known to an 

accuracy of about 0.1 km. and errors are not cumulative. 

Using the values of ~' given in Table 4 for the laminations 

corresponding to the Titheridge frequencies, it is easy, by 

means of a desk calculator, to evaluate the sum to a far 

greater accuracy than by the method of section 2, from the 

values of 6h found in the scaling of the h '-f profile for 

the ordinary ray. Further, the accuracy of any one value 

of h 1 is independent of the accuracy of the others so that 

errors may be removed by smoothing. 
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T.n.BLE 8: The values of 6. and o at various frequencies for a 

square valley of 10 km. thickness at a plasma fre-

quency of 4 Mc/s • 
·-- .. - -- . - · ·- ·-·-- · - -· -·- -- -

fo 4.191 4.378 4. 552 4. 713 4.864 5.006 5.139 

6. 0 12.8 7.4 5.8 5.1 4.1 5. 2 5. 5 

0 
0 

8.6 7.6 7.0 6.5 6.1 5.9 5.8 
- -· -- ·- -. - -- .. - --- - ----

fo 5.266 5.386 5.500 5.609 5. 713 5. 813 5.908 6.000 I 

6.0 6.4 

0 5.8 
0 

5. 9 6 .0 6 . 1 6.2 6.3 6.3 6.4 
-- -- -- - .... -- -
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PART II. 

THE EFFECTS OF SOLAR ECLIPSES . 

nover that valley hang the discouraging clouds of 

confusion •• •. 11 

11 Pilgrim's Progress. il 
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CHAPTER V. 

SOME EXPERIMENTAL RESULTS. 

1· Early observations • 

Until rapid methods of scaling h'-f records became 

available most workers dealt only with the behaviour of the 

critical frequency and virtual height during eclipses . Any 

attempt to scale the records obtained in order to deduce the 

electron density profile would not have been of very great 

value becaus~ in the first place, the early model methods were 

not sufficiently accurat~ being based for the most part on the 

assumption of a parabolic layer and, in the second plac~ the 

amount of computation required to provide an adequate amount 

of control data would have been prohibitive. The development 

of methods such as Kelso's (37) method encouraged rather more 

extensive investigation of the variation of electron density 

with height. We shall concern ourselves largely with the 

observations of SZENDREI & McELHINNY (46), (47), (48) and 

McELHINNY (49), (50) . These were taken on 25 December 1954 

at Rhodes University using the ionosonde described in Chapter 

II. We shall also discuss the results of MI NNIS (51) and 

SAVITT (52). 

2· The Results of Savitt . 

SAVI TT (52) analysed ionosphere soundings taken during 

the solar eclipse of 2J May 1947 at Bocayuva in Brazil using 



82. 

MANNING 1 s method (53). He plotted graphs of electron density 

~~~ time at various real heights in the F region of the 

ionosphere. His results are shown in Figure 11. It will 

be noted that after the eclipse the electron density is higher 

than that on the control days. Savitt explained this by 

suggesting that the F layer descended during the eclipse bring-

ing greater electron densities to lower levels. 

]. The Results of Minnis. 

MINNIS (51) analysed ionosphere soundings taken during the 

solar eclipse of 25 February 1952 at Khartoum using Kelso 1s 

methoc'1 .• He plotted the same quantities as Savitt . His graphs 

of electron density versus time are shown in Figure 12a. Control 

data taken a few days before are shown in Figure l2b. 

~· The Solar Eclipse of 25 December 19~. 

The eclipse was annular. Grahamstown l ay within the belt 

of annu lari ty. At the eclipse maximum 85.8% of the,. solar d:i.sc 

was covered. The times of various phases of tho eclipse are 

shO\m in Table 9. 

TABlE 9: Times of contact at various heights. South African 

standard time is used. (SAST = UT + 2 hours). 
. 

I I 

Height (km.) I 1st contact 2nd contact 3rd contact 4th contact 

100 0646 0800 0807 0935 
200 0645 0758 0805 0934 
300 0643 0757 ' 0803 0932 I I 

I I 
I 

-j 

' 
1 
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u~--,-~====~~~~~~====~~--------~--, " • r 

~~~~--J--:s:~~~ 
\ 

' i~!:Sl~~~q~ 
~ .. 

FIGURE 11: Savitt ' s curves of the variation of electron 

density uith time at various fixed heights, during the eclipse 

of 20 May 1947, compared uith control data . 
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2. :J:he results of Sz~ndrei and IvfcElhi nny. 

Szendrei and McElhinny took readings on thirty control 

days centred on the eclipse days. Th9 readings were taken 

every 15 mi~Jtes f r om 0500 to 1000 SAST and at hourly inter-

vals for the rest of the day. During the eclipse ikcL' 

r~adings were taken at ~-minute intervals. 

Kelso ' s method of scaling the records was adopted, ig-

noring the earth 's magnetic field. Every record was scaled 

unless it was impossible to do so. The variation of the 

o:!.3ctron demity at a fixed height with time wc.s plotted. 

{A.Jing to absorption at the lower frequencies no significant 

change in tha true height of the E layer could be dGtect.od so 

that the E lc.yer ~r.east:r9ments are bc:=:ed on me::tnure!""~nts of tr~ 

...,~~,i_r-.':rc. ·:a l11o of the electron densi-ty in the E layer. Curves 

showing the variation of elec tron ctensi ty with time at V3.riot·:-: 

f i xed h::dghts in the F2 layer are shown in Figure 13. Th'3y 

are compared with the curves which show the mean bc>.::>.viour of 

tha electron density on the control days. 

In the E layer Szendrei and McElhinny investigated the 

c!:fects of non-uniform radiation from the sun 1 s disc and temp-

erature variations during the eclipse. The analysis in terms 

of tem~erature variation was unsuccessfUl but that in terms of 

non-::mifor ... 1 radiation from the sun's disc was rather more Sl:c -

cossfUl. Later McEI.HI~"":-:l (49), (50) performed more detailed 

v1crk on the basis of this mode 1 and obtained theoretical cuT.·.;es 
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electron density vlith time at various fixed heights during the 

eclipse of 25 December 1954 compared with control data. 
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showing the variation of the maximum electron density '"ith 

time at Grahamstown, Cape Town and Johannesburg . The agree-

ment with the practical results is good. The value of the 

recombination coefficient was chosen so that the minimum value 

of the electron density -vras the same for both theoretical and 

practical curves. The curve calculated on the basis of uni-

form radiation from the sun's disc is displaced to the right 

of the experimental curve while that calculated on the basis 

of non-uniform radiation agrees with the experimental curve 

rather well. An estimate of a 1 the recombination coeffic.ient 

was made for the E layer by choosing that value of a which 

gave the best fit to the experimental results. If uniform 

radiation from the sun's disc was assumed, a value of 7 x 10-9 

cm3 sec- 1 was obtained for Grahamstown and if the non-uniform 

solar model was assumed a value of 1.5 x 10-8 cm3 sec-1 was 

obtained. Another model where some of the radiation came from 

outside the sun's disc was also discussed by McElhinny and gave 

results very similar to those given by the first model, the re­

combination coefficient being 4 x 10-8 cm3 sec-l if this model 

was assumed. 

In the Fl layer calculations were made on the assumption 

that the radiation from the sun's disc was uniform. Curves 

'.rere calculated from equations 1.5 and 1.6. It was found 

that the best fit to the experimental curves was obtained •rhen 

recombination rather than attachment was effective. The re-
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combination coefficient ·.rhich gave the best results was 

-9 3 -1 5 x 10 em sec throughout the Fl layer . Not very much 

work was done on the assumption that the source of radiation 

was not distributed uniformly over the sun's disc. The Fl 

layer was obscured for the middle part of the eclipse and its 

behaviour for that time was uncertain . 

Figure 14 shows the best fit of the theoretical curves 

to the experimental curves for the F2 layer, assuming that 

attachment \.Tas effective. A similar fit was obtained assum-

ing recombination . It will be noticed that the attachment 

coefficient decreases with height as is suggested in section 3 

of Chapter I. The fit is poor. It will be noticed that 

there is a maximum of electron density when the eclipse is 

nearly over • 

.Q. Discussion. 

In all cases the results predicted from theory for the E 

and Fl layers agree reasonably i-Te 11 with the experimental re-

sults. The position in the F2 layer is not so happy. The 

electron density fluctuates considerably and in some cases 

there is doubt whether there is any eclipse effect in the F2 

region at all since many of the effects observed could just 

as well be due to random fluctuation in the electron density. 

Further, the h 1-f records obtained by many workers show 

puzzling cusps and extra traces. 
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It should be noted that both Savitt 1s N-t curves and 

those of Szendrei and McElhinny show that the value of the 

electron density in the F2 layer after the eclipse is high­

er than it should be. The curves of Szendrei and McElhinny 

shov1 a definite maximum . Those of Savitt may well do the 

same but no scaling of the records was performed after the 

i onosphere had apparently returned to more or less normal 

conditions. The maximum in Minnis's curves after the 

eclipse is the normal one occurring some time after midday 

when the sun is past its zenith. If there were any maxi-

mum after the eclipse it would be masked by this. 

The puzzling features discussed above stimulated the 

work performed in this thesis . We shall continue in the 

following chapters by describing the methods adopted to try 

to explain some of them and the results achieved . 
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CHAPTER VI. 

THE BEHAVIOUR OF A THEORETICAL I ONOSPHERE 

DURING AN ECLIPSE . 

~· Introduction. 

MUNRO & HEISLER (53) first suggested that some of the 

unusual featur es shown by eclipse rec~rds might be on account 

of tilts developing in the ionospheric layers during the 

eclipse. Since the electron density in general increases 

with height in the ionosphere it is obvious that any localised 

reduction in electron density as would be caused by an eclipse 

must produce t i lts i n the surfaces of constant electron density. 

These tilts would cause the rays to be deviated from the verti­

cal so that the virtual heights would be incorrectly measured. 

MINNIS (54) criticised the above on the grounds that any 

errors so produced would be negli gible but his view was itself 

questioned by GLEDHILL (55). As is shown i n this thesis 

Minnis 1s contention may well be correct, though his arguments 

supporting this view are not necessarily so. 

GLEDHILL (56) therefore computed the effects of an eclipse 

on a typical electron di stribution and so constructed a map 

showing isoelectronic contours in the ionosphere . The remain-

der of this chapter is concerned with the details of Gledhill 1s 

computation and the results obtained by him. 
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g. The Ionosphere Model. 

The electron distribution was based on one of the records 

taken by Szendrei and McElhinny at Grahamstown on one of the 

control days. The record chosen was taken at about the same 

time of day as the commencement of the eclipse . It v1as simpli-

fied to some extent. The E layer was assumed to be a Chapman 

layer with a scale height of 10 km. and a maximum at 120 km. 

The m~~imum electron density in this layer was supposed to be 

This E layer was joined smoothly onto the 

bottom of the F layer with no valley between them . It Has 

assumed that recombination was effective at all heights and not 

attachment. The recombination coefficients •mre based on 

those obtained by Szendrei and McElhinny but were modified to 

lie on a smooth curve between the layer s. The figures used 

in the model are shown in Table 10. The electron density at 

any fixed height was then assumed to follow the equation 

dN = fq - ex N2 
dt (6 .1) 

which follows directly from equation (1.5) if q, the rate of 

production of ions, is replaced by fq, where f is the unobscured 

fraction of the sun ' s disc. The ini tial conditions assumed by 

Gledhill ,.,ere that a steady state had been reached before the 

eclipse started, i.e . dN/dt = 0 and thus q = cxN2 initially. 

Further q was assumed to remain constant thr oughout the eclipse, 
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TABLE 10: Data for the ionosphere model. 

Height Electron density a 
(km) (cm-3) (cm3/sec) 

300 49.0 X 104 2.5 X 10-11 

2'30 48.0 3 

260 44 .0 5 

240 38.0 15 

220 24.0 40 

200 23.0 150 

180 22.5 500 

160 19.5 500 

140 14.0 700 

130 10.3 1000 

120 10.0 1000 

110 7.0 1000 

100 1.1 1000 
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equivalent to neglecting the rotation of the earth. . The 

values used for f vTere those for the solar eclipse at Grahams­

t~vn on 25 December 1954, calculated by Szendrei and McElhinny 

and shown in Figure 31 of McElhinny ' s thesis (50) • 

..2 . E.":l...§Ults . 

Gledhill solved equation (6 .1) TIQ~erically, step by s tep, 

throughout the eclipse at selected heights. Figure 15 shows 

the resulting curves at given heights throughout the eclipse. 

F~om these he f ound N-h curves at a number of times during the 

-;clipse. These are shcvm in Figures 16 and 17. It Hill be 

ncted that, as a r esult of the crossing over of the curves for 

180, 200 and 220 km. , a valley forms between the Fl and F2 layers 

af'tel1 th3 maximum of t he eclipse. 

Jt. !h3.Jonosph~~ I?· 

~om these curves Gledhill constructed a map showi ng t he 

io~oRph~re at poi nts along the central line of the eclipse. 

:Lhe earth 1s curvature vJas neglected and it was assumed that the 

undisturbed i onosphere had the same value a t all points be fore 

the onset of the eclipse. Thus before the eclipse the iso-

e lectr'J .1ic surfaces would be horizontal planes. It i.Jas 

us~~ned that the shadow of the eclipse moved from west to east 

at a velocity of 40 km ./min . Now consider a given point A on 

the central line of the ecli pse . At a point B, 40 km. east 
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of A, the state of the ionosphere is that which will exist 

at A a minute later vlhile at a point C, 40 km. west of A, its 

state is that which existed at A one minute earlier. Thus 

if we plot curves of height on a vertical scale versus time 

on a horizontal scale for various electron densities and if 

we make a unit of 40 ¥~. on the vertical scale equal in length 

to 1 minute on the horizontal scale, then it is obvious t hat 

th3 h-t curves represent isoelectronic contours during the 

eclipse. Portions of the map so deduced by Gledhill are shown 

5.n Figure 18 . It will be noted that there are sharp tilts in 

the coni~~,-~··:-s especially after the eclipse maxinrum. 

2. Discus§j.on. 
. 

In view of the behaviour shovm by the theoretical iono-

sphere described above it is desirable to investigate the 

effects Hhich the tilts in the layers have on supposedly verti-

cal incidence soundings and also the effect of the valley be-

t\-leen the Fl and F2 layers on the scaling of the records. The 

investigation of these problems carried out by the author is 

the subject of the remainder of this thesis. Chapter VII 

deals with ray tracing i n the ionosphere when the earth's mag-

netic field is neglected, Chapter VIII with the effect of the 

valley, ignoring the earth's field, Chapter IX vrith tho exten-

8~.0n of the '.T-::>r'-: to incJ.urle the effects of the e8rth's field, 

and Chapter X with the scaling of some practical records. 
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CHAPTER VII. 

RAY TRACING IN AN IQNQSPHERE vliTHOUT 

MAGNETIC FIELD • 

}. Introduction. 

In an ionosphere where the layers are tilted as in Figure 

19 the rays which return to the starting point are not in gener-

al vertical. Types of pa. th which may occur are shown in Figure 

19. Type (a), although not vertical, reaches the reflecting 

layer at normal incidence and thus retraces its path. Type (b) 

t ravels along a curved path and although i t does not retrace its 

path it returns to the starting point. In each case if "'e use 

Snell's Law to trace the path of the ray through the ionosphere 

we can find the virtual height by evaluating the integral in 

equation (2.4) (with different limits) along the path of the ray . 

This is best done by dividing the path into small segments and 
n 

evaluating the sum, ~ 6 s/ f.l- r' along the ~th where f.1- r is 
r=l 

the mean value of 11- in the rth segment. 11- r can be found by 

assuming a linear variation of N in each segment and finding the 

value of 11- corresponding to the mean value of N in the segment. 

Since 11- is given by equation (1.11) which can, if collisiong are 

neglected, be written in the form 

f.l- 2 = 1 - (7.1) 

2 
N may be found most conveniently by plotting f.1- y~ N, for 
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FIGURE 19: Types of path which may occur in an ionosphere 

vlhere the stratificati ons are not horizontal. 
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various values of f. These curves are a family of straight 

lines, shown in Figure 20. 

The chief error in tracing rays of type (b) vJOuld occur 

when the ray was reflected. Since Jl varies rapidly in this 

region a~plication of Snell's law is difficult unless incon-

veniently small segments are taken. The errors arising from 

assuming that this portion of the path was the arc of a circle 

were investigated by examining the paths of rays i n ionospheric 

layers which gave analytic solutions for the path of the ray. 

2· Dif ferential Equation for the Path of a Ray in a Hori-

zontally Stra tified Ionosphere. 

Consider a horizontally stratified ionosphere. Let a 

ray travel in a vertical plane, the (x-z) plane say. Suppose 

the line x = 0 represents the bottom of the ionosphere a nd the 

ray enters the ionosphere at the point ( 0 ,0) at an angle a 0 • 

Suppose ·that the tangent to the ray makes an angle a with the 

z-axis at a point (x,y) in the ionosphere. 

Obviously dx/dz = tan a (7 . 2) 

From Snell's la'l.r ,.,.e have that 

Jl sin a = sin a 
0 

( 7 .3) 

cos a = (7.4) 

If "'e combine (7.2), (7.3) and (7 . 4) we get 
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FIGURE 20: 1/ vs N for various values of the probing 

f'requencyy f, when the earth 1s field is ignored. 
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dx/dz 

sin ex 0 

=·, 2 -.2 
~ 11 - s~n ex 0 (7.5) 

which is the differential equation which must be solved to 

find the path of a ray in an ionosphere where f1 is a function 

of z. 

2. .'r..b'"1_1~n~ar Laver. 

APPLETON (57) firct computed the paths of rays in iono-

spheres 1-1here the e lee tron density was a simple function of 

height. The linear layer was one of the cases considered by 

him. 

If the variation of the plasma frequency (and hence the 

electron density) is given by 

f 2 = Az 0 

so that the refractive index is given by 

11 2 = l - Az/f 

then, by substituting in equation (7.5) and integrating, 

Appleton shoHed that the equation of the path was 

2 4 sin2ex r4 [ 2 2 J X = _____ .Q__ cOS ex 
0 

- Az/ f 
A2 

(7.6) 

(7.7) 

(7.8) 

(The equation is derived in a different form by Appleton). 

Figure 21 shows the path of a ray of frequency 3 Mc/s, 
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FIGUR2:; 21: 
The path of a r ay in a linear layer. The curve 

is the true path. 
The points plotted are obtained by the 

graphical construction f == JMc/s . A == tkm-l sec-1 . .Angle of 
0 incidence == 30 • 
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-1 
incident at an angle of 30° on a linear layer, where A= 0 . 25km. 

1-Ic/ s. Also shown is the path plotted by considering the iono-

sphere to be made up of a number of s l abs, each of constant f.l, 

and applying Snell ' s law at the boundaries of each slab. , The 

maximum of the ray is approximated by the arc of a circle tan-

gent to the ray and to the l evel where f.l = sin:x
0

• As can be 

seen from the diagram an error of 1 . 2 km. is introduced in the 

point of emergence of the ray. Since ionosonde records are 

r~rely accurate t o better than 2 km . this error is negligible • 

. 4• .I.hg Parabolic Layer . 

This is not the parabolic layer considered by Appleton 

(57). The vertex of the parabola in the case considered by 

him was at the base of the ionosphere and the electron density 

increased upwards without limit . The parabol a considered 

here has its vertex at a height a in the layer, this being a 

maximum in the electron density. 

to a real ionospheric layer . 

This layer approximates 

Suppose the plasma frequency (and hence the electron den-

sity) varies according to 

f2 
0 = Az (a-z) ( 7.9) 

where a and A are constant s . Then the r efractive index is 

given by 

f.l2 1 - Az(a-z)/f2 
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and from equation (7.5) 

d:x/dz = 1 
A2 

f sino: 0 
..l. 

[ r 2 cosi:x/A - h(a-h) J 2 

f sin::x0 ---------------- ~-----------------= J... [ ) 2 1 2 _? 2 j J ~ A 2 ( h - ~ - ( ~ - 1- cOS a: A) 

If the layer is not penetrated f 2 < r2
0 

(max), (the value 

of the plasma frequency when z = a) and therefore the quantity 

[ (a2/4) - (r
2 

cos
2
a:jA) J is positive . 

Thus 
1 

(C + x)A2 l = cosh-
ta-h 

[ 
2 2 2 ]

1 

-ta, - f cos a:jA 2 

where C is a constant of integration. Now, if at h ::: 0 

..l. 

2ta~T cosh X A2 = 
[ 1 2 f sina:

0 ~ - f cos a:jA 2 

Then c = 0 

and the equation of the ray is 

= cosl1 (7.10) ta-h 
[ia-2

- f
2 

cosi:xN 

If the layer is penetrated, irThich occurs when f 2 > r2 
0 (max), 

then the quantity [ -ia-2 - r 2 cos2a:jA J is positive and i n 

the same way the equation of the ray is 

sinh (7.11) 
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I th 1 2 2 2 I n e limiting case where 48- = f cos a: d A the equation is 

~ - h ~ exp[/!~m0] (7.12) 

and the ra.y neither penetrates the layer nor is reflected from 

it but approaches the level of maximum electron density asymp-

totically. 

Figures 22 and 23 show rays in a parabolic layer, both 

the true path and the path obtained by approximating the top 

portion of the ray by the arc of a circle as previously described 

being sho1m. Of especial interest is Figure 23 which shows 

that even when the f r equency is 0.995 of the critical freque·ncy 

of the layer the last part of the curve (i.e. that part within 

107~ of the maximum height reached) may be approximated by a 

circle of appropriate r ,n_dius with an error of only 1 km. in the 

position of the point where the ray emerges from the layer . 

The sum ~ {;)...§ 
j.t 

, was evaluated along the true path and 

the approximate path in Figure 23. This gave a value of h 1 

of 34.4 km. in the first case and 33.1 km. in the second case. 

This er ror is negligible. 

_2. fl'lY Trgcing in an Ionosphere where the Variation of N with 

A number of attempts were made to trace rays such as that 

shoJn in Figure 2lb. The errors in each case were fairly large. 

The ray which returned to the starting point had to be found by 
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FIGURE 23: The path of a ray in a rarabolic layer. The 

curve is the true path. The points plotted are obtained by 

graphical construction. f = 5.7Mc/s. a= 20km. A= ~-lMc/s . 

Angle of incidence = 30°. 
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trial and error. Further, in every case there was a ray path 
l'f 

such as that shown in Figure ~a possib1o, along which the vir-

tual rath length was less than that for a path of the type 
,q 

shown in Figure ~b. Ray paths of type (a) were therefore 

exclusively considered since they would give rise to the main 

trace on an h'-f record although those of type (b) could possibly 

cause extra traces and cusps on the record. The method of ray 

tracing which was adopted was as follows:-

It is assumed that the ray is normal to the reflecting 

layer at the point of reflection. Starting at the reflection 

point by making an intelligent guess about its position we trace 

a ray do'~>mvrards and observe where it reaches the ground. By a 

process of trial and error we trace further rays until we find 

one which passes through the desired point on the ground. In 

practice it is usual to find the correct reflection point on 

the second attempt. To trace the ray a table such as that 

shown in Table 11 was set up. Ue measure the true path length, 

1..rhich is of course slightly greater than the height of the layer 

at that point, and calculate the virtual path length by evalua­

ting the sum ~ ~s along the ray, assuming a linear variation 

of electron density with height in each lamination. I n the 

topmost lamination where ~ = 0 at one boundary the value of 1 
~ 

which corresponds to the mean value of N is not the mean value 

of ~ in the slab because 
~ 

1 goes to infinity at the one boun­
~ 

dary • If we assume that N is linear with z, which is tr~e 
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TABlE 11: }iethod of ray tracing. 

N.lo4 (1) ( 2) (3) (4) 

cm-3 
Angle of Angle of Angle of 1-11 

incidence refracting incidence (from 
with layer with on layer graph) 

vertical. horizonta 1. = (1)- (2). 

5.95 18.1° 16.9° 1.20 0.006 
5.90 17.4° 0 14.2° 0.015 3.2 
5.80 10.8° 0 8.8° 0.028 2.0 
5.60 6.8° 1.00 0 0.052 5.80 
5.0CJ 3.5° 0.8° 2.70 0 .120 
4.00 2.1° 0.6° 1.50 0.250 
3.00 1.50 0.3° 1.20 0.415 
2.00 1.20 0 ')0 1.00 0.580 •""o 
1.00 1.00 0.1 0.9 0.745 

N.lo4 (5) (6) (7) (S) 

cm-3 112 . Angle of Angle of 
(from 111SJ.n( 7) refraction refl~c:..ctod 
graph) sin(?)= --- from ray uith 112 

layer. vertical=( 7 )+ ( 2) 

5.95 0.015 0.00836 0.5° 17.4 ° 
5.90 0.028 0.1320 7.6° 0 

10.80 
5.80 0.052 0.0830 4.8° 6.8 
5.60 0.120 0.0439 2.5° 3.5° 
5 .oo 0.250 0.0226 1.30 2.1° 
4.00 0.415 0.0158 0.9° 1.50 
3.00 0.580 0.0150 0,9° 1.20 
2.00 0.745 0.0143 0 .8° 1.00 
1.00 0.910 0.0129 0.7° 0.8° 
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enough except near the critical frequency we can proceed to 

find the mean value of6z/f.J, for the topmost slab as folloHs : -

vle nrust evaluate the integral 

zo 

I = ! dz/f.i, 
0 

(7.13) 

where z = 0 at the bottom of the last section of the path and 

z = z 0 at the reflection point. 

If f.1, 1 is the value of f.1, at the point z = 0 He may write 

z 0 dz 

1 = .f {1 - (foff)2 

0 '\! . 2 
Since N is linear with z 1 (fo/f) = az-b where a and bare con-

stant 

dz = ~ f o d (.£g) 
a f f 

When z = z
0 

foff = 1, and when z = o 
2 2 

f.t 1 = 1 - (fjf) 

so that the integral becomes 

1 
I = 2 J (fo/f) d(fjf) 

a rl - (foff)2 
,[l-11_20 

Let fjf = sin f) 

thus d( fo/ f) = cos f) dB 

and so 1T/2 

I = 2 I -1 11-~-2 
sine de 

a 
s1n '\J - 1 _ 

2 -1 ~ 2 = cos sin 1 - f.i,l 
a 

= ~~ 



At z = 0 

at z = z 
0 

and thus 

az 
0 
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2 
1-J-1.1 = 

+ 1 
2 

- J-1.1 = 

a = 

I = 

-b 

1 

HL 
zo 

2zjJJ.1 ( 7 .lL:.) 

Thus the value of 6z/ fJ. in the last l amination is 2zc/JJ.1 wheru 

z 0 is the thickness of the lamination and J-1.1 is t he value of fJ. 

at the bottom of the lamination. 

near th0 critical frequency where the layer may not b3 

l:i_near vlithin the lamination we can calculate a similar resu.lt 

faT a parabolic layer. We can represent the layer v1hich ~s 

p:.re.bolic in N by one I.Jhich is linear in f 0 , 

f,jfc = az - b (7.15) 

-.;l:cr c f is tb0 critical frequency of the layer and a :- :~'i b ::;~3 
c 

c or.nk.nts. He therefore get 

ro that 

= a?i - b 

d(foff) = afc dz 
f 

1,-hf"reupon I is given by 

I = J_ 
afc 



I 

At z = 0 

At z = z 
0 

= 

= 

= 

~ 

_f_ 
afc 

_f._ 
afc 

_f_ 
afc 

_L 
afc 

_L 
.c> 
J.c 
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11 

. -1 ( ~0) s~n I 

,,.,h - f..ll2 

[~ - sin-l 
Ff-ll

2 J 
sin- 1 f-ll 

f-ll ( 1 +f..l~~) 

jl 
2 -b - f..ll = 

-
f/fc = az 0 + ( f/ fc ) j 1 - f..ll2 

a= L 1 - t{ l - -j1;; 2 
fc zo 

~ 

f f..ll2 

2z0 fc if f-ll is sufficiently 
small 

I "' 2zo - --
f-ll 

(7.16) 

which reduces to equation ( 7 .14) if f.ll is sufficiently sma 11 

vle can justify this formula by means of a rrumerical example . 

First ,.,re know an analytic expression for the virtual height in 

a paraboli c layer of the form given in equation (7 .9). APPLE-

TON (57) first calculated this. In the symbols we have adopt-

ed the expression is 

h
-1 a/z 

cos J a 2/4 - f
2
/A 

h' = f (7 .17) 

Suppose that the constants in the formula have the values, 
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a = 200 km, fc = 4 . 0 Mc/s, A = 1.6 x 10-3 (Mc/s) 2km-2 . 

For a value of f of 3 .0 Mc/s we ha·,·e from equation 

(7 .17) 

h ' = 72.7 km. 

The author has evaluated h ' by computing t he sum "£6 s/ J.L • 

I f it is assumed that in the last slab J.L i s that value which 

corresponds to the mean value of N in the slab we get 

h ' = 64. 3 km. 

If vTe use equation ( 7 .lL, ) to get the value of J.L in the last 

slab we got 

h I =:: 71.2 :~· .. 

vrhich i s very much closer to the true value , 

In unott.:)r example where f is much closer to th.; criti­

c~l freqv ... ~t?-:,·, say f = 3.8 Mc/s "'e gf.'lt 

h 1 = 174. 0 lon. 

in th3 cx~ct case, 

h 1 = 151.9 km. 

in the case \-Thare we assume that the val ue of J.L in the last 

Glab i s that which corresponds t o t!:.e mean value of N in the 

h 1 = 165 .7 km. 

wh3re equation (7.16) is applied in the last slab . 

{: . Result.~.! 

Typical rays t r aces according to the method of this chapter 
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are shO'tm in Figure 24. As can be seen, the rays which are 

deviated most from the vertical are those which have a fre­

quency which is neax to the cr itical frequency of the Fl layer. 

All other rays are refl ected at ver y near l y vertical inci dence . 

The errors caused by assuming vertical incidence are negligible 

in all cases except where the ray i s deviated considerably from 

the vertical. H01.;ever, the retardation for these r ays is very 

large so that the incorrect vir tual heights fall very near the 

cusp in the h 1-f record. In the Kelso method of scaling it 

is wise to select the scali ng points so that none of the fre­

quencies at '\-Jhich the virtual heights are read falls on a cusp 

as this can lead t o seri ous errors . Thus the effects due to 

deviation from vertical incidence do not make themselves felt 

in a Kelso scaling . For this reason it v1as decided that it 

woul d be adequate to assume vertical incidence for the remain­

der of the work . The h 1-f records calcul ated by the method 

of this chapter are considered together with those calculated 

by assuming vertical incidence . 
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CHAPTER VIII. 

THE EFFECT OF THE VALlEY ON VERTICAL INCIDENCE SOUJ:-IDINGS 

vlHEN THE EARTH 1S MAGNETIC FIELD IS IGNORED . 

}.. Method . 

We have seen in the previous chapter that the effect of 

ignoring deviati on of rays from the zenith is negligible. 

The form of the ionograms which would be obtained at any time 

during the eclipse could be found simply by evaluating the time 

delay of the echo, using the curves in Figures 16 and 17. This 

was done by evaluating t:,.s/~ for success ive thin slabs of the 

ionosphere, 6 s in thickness. Over each of these except the 

topmost the refractive index was assumed constant and equal to 

that corresponding to the average electron density in the slab. 

The average value of ~ in the topmost slab was found from equa­

tion (7.14)or (7.16). The values of 6s/~ were summed from 

the ground to the level in the ionosphere at which the ray was 

reflected, thus giving the time delay of the reflected pulse. 

The calculation was repeated for a number of frequencies and 

hence the form of the ionogram at the given time was plotted. 

The resulting ionograms were scaled by Kelso's method (37), 

ignoring the earth's field. This was done at a fairly large 

number of frequencies to eliminate scatter in the points scaled. 

This scatter occurs because of the number of scaling points 

which have sampling frequencies near cusps, so giving spuriaus1y 
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high values. The N-h curves so obtained were those which 

would have been obtained by workers scaling, by Kelso's 

method, h'-f records obtained during the eclipse. They 

differed from the correct N- h curves shown in Figures 16 

and 17 because of the presence of the valley which the 

Kelso method of scaling ignores. 

By reading off the electron density at fixed heights 

from the N-h curves, obtained from the Kelso scaling, graphs 

vTere plotted showing the apparent variation of the electron 

density during the eclipse. 

_g. Re~1~],. t~. 

Figure 25 shows one of the N-h curves obtained by a 

Kelso scaling at a t ime during the latter part of the eclipse 

when a valley was present . It is compared with the true dis­

tTibution at the same time . The curves for the true height 

obtained by Kelso scaling have been smoothed to eliminate the 

irre6ularities due to sampling frequencies falling near a 

cusp. This has been done as suggested by PIGGOTT (58). The 

effect of the valley is greatest just above the critical fre­

quency ,.,here the retardation is greatest . 

Figure 26 shows the variation of electron density with 

time at various fixed heights. It is taken from the paper by 

GlEDHILL &: \.JALI<ER (59) which describes the work of this chapter . 

It shows that there is a large apparent maxi mum in electron 
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density in the lovrer F2 layer during the second half of the 

eclipse . The electron density returns to normal some time 

after the optical eclipse is over . At greater heights the 

effect is smaller but still noticeable. At the height 200 

km., which falls in the valley, the apparent curve is decep­

tive, looking rather like the true one but 1..ri th much too 

rapid a r ec overy after the minimum. Be lmr the valley the 

~pparent curves coincide with the true ones. 

J . Dis~~ion. 

Figu:re 26 should b3 compared with Figure 14 which shOivS 

the experimental curves of Szendrei and McElhinny. There is 

great similarity between the two. The maximum after the 

m~ddle of th3 optical eclipse appears i n both figures leaving 

little doubt that a valley formed between the Fl and F2 layers 

c~~ing the eclipse of 25 December 1954. 

MI:::TIS 1s curves shown in Figure 12 do not shaH a definite 

Tho maximum which does appear also appears on the 

control record and is due merely to the fact that the eclipoe 

took -place ncar noon so that the rate of production at that 

time F :-1.8 maxir.rum. 

SLVITT ' s curves, shown in Figure 11 do, hmrever, shoT:! ~one 

siGns of a maximum a:'·:.c:- the centr e of the optical eclipse. 

He has not analy·;ed a large enough number of records to show 

1vhether this is indeed a maximum or merely a rather higher value 



of electron density than usual . However, the high value 

could easily be spurious and due to a valley rather than to 

the descent of the F layer as suggested by Savitt . 

Since from the above it seems highly likely that a 

valley formed between the Fl and F2 layers during the eclipse 

of 25 DecembBr 1954,it was thought desirable to investigate 

th~s line further, including the effects of the earth's mag­

n~tic field and using TITHERIDGE 1s (45) method to eliminate 

the effect of the valley. 
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CHil.PTER IX. 

THE EFFECT OF THE VALLEY ON VERTICAL INCIDE!ICE: SOUNDHIGS 

WHEN THE EARTH 1S FIELD IS CO~JSIDERED. 

].. Hethod. 

A similar treatment to that described in the previmts chap­

ter was used except that the effect of the earth's magnetic 

field was included and the valley effect considered. 

Because of the considerable lateral deviation of r ays inci­

dent vertically on the ionosphere when vie include the effect of 

the earthrs ~~gr.~tic field one would expect that the effects of 

tilts in the layers \·Jould be quite considerable because of the 

comparatively large angles of incidence which the ray makes with 

the layers . As mentioned in Section 9 of Chapter I, the later-

a l deviation rr.J.y be as large as 50 lan. for the extraordinary 

ray. The question therefore arises as to whether one is justi­

fied in assuming vertical incidence. We should note that the 

deviation is i n the magnetic meridian which is approximately at 

right angles to the path of the eclipse. This means that the 

horizontal component of the ray is unaffected by the tilts. ThG 

vertical component will be affected to much the same extent as 

is the vertical ray when the effects of the earth's field are 

ignored. \rle have seen in Chapter VII that this effect is small. 

The assumption of vertical incidence is thus not very far from 

the truth. 



126. 

The method used to consider a given N-h curve was as 

follows:-

The curve was divided into a number of laminations whose 

boundaries were determined by the Titheridge scaling frequen­

cies. At each frequency the virtual height was calculated 

by evaluating the sum, }jf..L ' 6h, for both the ordinary and extra­

ordinary ray. This gave an h' - f curve corresponding to the 

given N-h curve . The ordinary h'-f curve was scaled by 

Titheridge's method, giving an N-h curve which did not include 

the effect of the valley. This was then used to find an 

apparent h'-f curve for the extraordinary ray and the effect 

of the valley was assessed as described in Chapter IV. Since 

all measurements were taken at the same set of frequencies the 

calculations could easily be made without the necessity of 

making numerous gr aphical measurements. 

g. Results. 

Tables 1..2 to 15 show values of the virtual height and of 

the true height obtained by a Titheridge scaling, correspond­

ing to true heights at various times throughout the eclipse. 

Figure 27 shows a typical curve. Figure 28 shows the variation 

of electron density with time at various fixed heights. If the 

valley is i gnored 1r1e once more find a large apparent maximum in 

the electron density in the F2 layer during the second half of 

the eclipse. If the val1ey is taken into account this maxi-
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T_ .• BIE 12: Titheridge Dealing in model ionosphere DO mins. 

aftor onset of eclipse. 

h by h 1 X··~rave h 
f True h ' Ti.t.heridge h ' ignoring corrected 

height h. 0-·1va vo sca1Ling . X-m~.ve. valley . for valley. 

Mc/s km. km. km. km. km. km. 

0.948 90.9 105.6 90.9 107 ,o 
1.621 96 .1 107.6 96.1 116.5 
2.143 101.3 117.8 101.3 120.8 
2.570 129.5 239.7 129.5 223. 1 
2.930 138 .3 192.4 138.3 217.8 
3.243 148-5 218.4 14$.6 223.2 
3.518 159.7 21./:>.9 159.6 250.5 
3. 765 176.2 299 .9 174.0 295.1 
3.988 221.3 438.6 199.9 465.3 4D7.4 219.3 
4.191 223.8 309 .0 205 .8 366.7 353.0 222 .9 
4.378 226.2 304.9 211.0 335 .6 330.8 226.1 
4.552 229.0 304.9 215 .1 331.0 324.6 228 .9 
4. 713 :231.7 308.0 218.7 328.2 321.9 231.6 
4.864 234.6 314.4 222.1 330.6 322.9 231~. 7 
5 .0 .. )6 237.8 323.0 225.5 336.6 326.9 32'7 .8 
5.139 241.0 329.5 228.7 342.7 330.6 21~1 . 0 
5.266 244.4 337.9 231.9 349.7 334.8 21/: .• 2 
5.386 247.6 343.8 235.0 247.7 
5.500 251.1 356.7 238.3 251.4 
5.609 255 .0 372.8 241.9 25!.).5 
5.713 259.1 386.6 245 .8 259.9 
5.813 263.5 403.5 250.0 265.3 
5.908 269.0 437.7 255 . 4 270.0 
6.000 274.1 666.0 260 .o 
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T.h.BLE 13: Titheridge scaling in model i onosphere 150 !i!ins . 

after onset of eclipse . 

h by h 1 X-vTaVe h 
f 'I'rue h ' Titheridge h ' ignoring corrected 

h3ight h. 0-vTave. scaling . X-1-1a ve . valley. for val ley. 

Mc/s km. km . km . km. km. km. 

0.948 90.8 105.3 90.8 1C6 .8 
1.621 95 .1 104.7 95.1 113.6 
2.143 98.1 107.9 98.1 111.0 
2.570 104.0 123.0 104. 0 127.1 
2.930 132.7 270.0 132.7 245.0 
2. 243 140.1 198.7 140.1 227.3 
3.518 147.8 214.4 147.8 221.6 
3.765 158.4 25/ .. . 5 158 .2 253 .0 
3.988 173.5 320.2 173.1 309 . 7 
4.191 223.0 477.7 200.7 501.5 438.7 221.6 
4.378 225.7 327.3 206.6 392.4 373.9 225 .1 
4.552 228.5 321. 2 211.8 356.6 345.8 22:5 .8 
4.713 231.1 .. 321.3 216.0 350.0 339.7 231.8 
4.864 221: .• 4 325.6 219.8 348.0 337.3 234.6 
5.006 237.5 329.9 223.2 349.9 336.6 237 .5 
5.13g 2'L0 o 7 3~6.t1 226.5 354.0 338.9 2 ·.o .6 

~45 .9 229.8 359.6 342.3 243.9 
~ . j .... ~ 247 .6 354.5 233.1 '147 . 4 
5.500 251.3 366.4 236 .6 251.2 
5.609 255.2 379.1 240 .3 255.1 
5.713 259.4 394.3 244.3 259 .4 
5.813 263.<) L:.ll. 2 248.0 263.9 
5,908 ,..., (.'• •). 

l(.>u , u 43lo7 253 . 4 268.7 
6.000 274.1 454.3 258.6 274.2 
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TABI..'8 l4: Titheridge scaling in model ionosphere 180 mins. 

after onset of eclipse . 

h by h 1 X-\vave h 
f True h' Ti t heridge h ' ignoring corrected 

height h. O-w ave sea ling. X-vJave. valley. for valley 

Mc/s km. km. km. km. km. 1cm . 

0.948 90.4 1011-.4 90.4 105.8 
1.6~n 94.4 103.3 94.4 112.0 
2.143 98.3 110.7 93.3 113.1 
2.570 102.0 117.7 102. 0 119.7 
2.930 131.1 269.6 131.1 241.6 
2.243 137.1 187.8 137.1 218.4 
3.518 144.0 204.3 144.0 210 .8 
3.765 152.0 228 .o 151.8 230.3 
3.988 161,5 259.J 161.1 258.7 
L~.191 179.5 365.9 178.9 341.8 
4 .378 227.2 528.0 207.4 538.8 478.2 224,0 
4. 552 229.0 334.3 212 . 2 4D7 .6 391.3 227.5 
4.713 230.7 320.3 216.2 362.4 354.0 ?.30 .4 
4.864 232.9 322.2 219.6 353.1 34.5.1 232.9 
5.006 235.6 328.2 222. 8 352.9 342.0 235.7 
5.139 2.38 .!.,. 322.9 225.8 354.4 341..3 238.4 
5.266 241.7 .344. 9 229.1 360.6 .345.5 241.7 
5 • .386 245.4 354.5 232.4 245 • .3 
5 .500 249.3 .373 .4 236 .3 249. 4 
5.609 253.7 389.5 240.4 253 .7 
5.713 258 . .3 40.l.y ,O 244. 8 258 . .3 
5 .81.3 26.3.1 1~20.4 249.4 263 .1 
5.908 268.9 L,53. 9 255 .1 263. 8 
6.000 274.1 4.58 .5 260 . 2 274.2 
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TABLE 15: Titheridge scaling in model ionosphere 210 mins . 

after onset of eclipse. 

h by h 1 X-wave h 
f T:.:ue h i Titheridge h ' ignoring corrected 

height h. 0-wave. scaling. X-wave. valley. for valley. 

Mc/s km. lan. km. km. km. km. 

0 .948 90.1 103.7 90.1 105 .0 
1.621 94.6 104.6 94.6 112.9 
2.143 9\.~t 2 109.8 9S.2 112.8 
2.570 102.1 11S.6 102.1 120 .1 
2.930 131.1 269.1 131 .1 241.5 
2.243 138.1 194.2 138.1 223 .3 
3.518 144.0 l98.7 14/.~ . 0 208. 4 
3. 765 151.4 222.8 151.5 225 .3 
3 .988 160.5 25/~.9 160.5 253 .7 
4.191 172.0 300. 2 171.9 294.0 
4.378 222.2 635 .6 212 .1 568.7 537 .5 221.8 
4.552 225 .0 343 .3 216 .4 427 .6 419.0 225 .3 
4.713 227.3 325 .7 220 .4 367.2 367.1 228.7 
4.864 230.0 326.9 223.6 357 .5 354.7 231.3 
5.006 233.1 322.7 226 .7 357.3 350. 2 234.2 
5.139 236.2 336.3 229 .5 358.4 347.5 237.0 
5.266 239.9 350.7 232.8 366.0 352.3 241.2 
; . 386 243.7 359.8 236.1 243.6 
5.5C:O 247.9 375.9 239 .8 247 .4 
5.609 252.4 391.9 243.8 251.5 
5.713 257.5 414.9 248.4 252.3 
5.813 262.9 434.3 253.4 261.4 
5.908 268.8 459 .7 259.0 267 .o 
6 .000 274.3 ;JJ7. 9 264.2 272.3 
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FIGURE 27~ A typical N-h curve obtained from a Titheridge 

scaling. Upper full curve: t rue profile. Lower full 

curve~ apparent profile when valley is ignored . Dashed 

curve : profile obtained vlhen valley correction is inclu,ded. 
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f:i:;·:ed heights in the model ionosphere obtained b:r Titheridge 

Gcnling. Full c·urve: true variation . Dashed curve ~ Apparent 
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vc.lley correction is made dogs not differ significantly frc:n 

the true v~riation . 
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mum no longer appears and the derived variation of the Glec­

tron density at any height agrees very well with the true 

variation. 

]. Discussion. 

We see that Titheridge's method is very successful in 

removing effects which occur because of the presence of a 

valley between two layers. If we do not take the valley 

into account the same errors occur as in the case when the 

earth 1 s field -vras ignored and the ar.guments of Chapter VIII, 

Section 3, apply. When Titheridge's method is used we get 

a true picture of the variation of the electron density. 

In Chapter X we apply this method to some of the iono­

grams obtained by SZENDREI & McELHINNY during the eclipse of 

25 December 1954 at Grahamstown. 
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CHAPTER X. 

SOME EXPERIMENTAL RESULTS. 

1 · The Scaling of some Ionosphere Eclipse Records. 

Some of the records I.Jhich were taken during the solar 

eclipse of 25 December 1954 have been scaled by the author, 

using Titheridge 1s method and correcting for any valley which 

might have been present. 

The records chosen were all taken in the latter half of 

the eclipse bec8.U8e it seemed likely fron the thx .:.·etical wo::k ----

described in the previous chapters that this would be ~>Th3re 

the presence of valleys would be most likely. Six of the best 

records taken between 0845 and 1015 hours, South African Stan-

durd Time, were used . Sporadic E reflections m:tsked portions 

of the Fl layer in many of the records and i n most cases the 

Fl e:-::traordj_nary trace was almost entirely missing. Even 

Hhen portions did appear these i-:ere invariably at the hi;5h fre-

quency end of the Fl trace. This made it difficult to dis-

tinguish between the effects of a valley bet•,.,reen the Fl and F2 

layers, one between the E and Fl l ayers, and l01>1 level ioniza­

tion '·!hose density was lower than could be detected by the 

ionosonde. Because of this the correction applied for the 

valley was, of necessity, fairly crude. 

Lm.,r level ionization 1-1as partially corrected for \Then 

poosible by examining ~hose portions of the Fl extraordinary 
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trace which vlere present. vlhen the theoretical extraordi-

nary trace had been constructed on the assumption that no 

valley existed, the Fl portion was compared with that of the 

experimental trace. If they did not agree because of 101.·! 

level ionization the vlhole of the F2 trace in the theoreti­

cal curve vias raised or lowered by an appropriate amount. 

This correction takes no ace aunt of the distribution of the 

lovl-level ionization nor indeed of the different amount by 

vlhich it would retard different frequencies, thus it only 

served to remove gross inaccuracies introduced by low-level 

ionization. More accuracy could only be obtained by taldng 

a very much greater number of scaling points so that more fell 

on the small portions of the Fl extraordinary trace Hhich had 

been recorded. This would necessitate the calculation of a 

ne\.J set of Titheridge coefficients. A full analysis of 

low-level ionization and of valleys bet.reen the E and Fl layers 

might then be po3sible. 

The N-h curves so obtained are shown in Figure 29. In 

each case the lOl·!er curve is that which would be obtained if 

the valley were ignored and the upper is that obtained Phen 

the effect of the valley is included. A valley was present 

in all but one of the r ecords scaled. In this one, taken 

at 0905 hours, a valley may have been present but, if so, it 

was sw~ller than the error produced by the crude method of 
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FIGURE 29 : N-h curve~ obtained by Titheridge scaling from 

ionogral!ls taken at vari ous times during the eclipse of 25 

December 1954. The u pper curve in each c ase has been cor-

rected for a valley. Times are South African Standard 

Time . 
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correcting for low-level ionization. From these curves the 

true and apparent 'l;n.riations of electron density with time at 

various fixed hei ghts in the F2 layer 'llere plotted. These 

are shm.m in Figure 30. The curves are compared with those 

obtained by Szcndrei and McElhinny using Kelso 1 s method. 

g. B,~ults. 

In Figure .30 it will be noticed that the electron density 

at a given height, obtained qy the Titheridge method of scal­

ing is somewhat lrnyer than that obtained by the Kelso scaling 

e\yen 1t1h::m the valley is not taken into account . This is 

probably due t o the fact t hat the Kelso method does not take 

the earth 1 s magnetic field into account. However, the 

general features of the cur ve obtained by the Kelso scaling 

and that obtained by the Titheridge scaling ignc~ing the 

val ley are the same . Both shm1 the same spurious rna._-x:i.J::rum 

during the later stages of the eclipse . When the va lley 

correction is introduced this maximum disappears. 

Curves shouing the variation of electro~ density when 

recombination is the dominating mechanism of electron loss 

and when attachment is the dominati ng mechanism have a lso 

been plotted in Figure .30. These were calculated from equa­

tions (1.3) and (1.6). q was obtained from the control day 

data given by Szendrei and McElhinny; it Has calculated at 

various times during the eclipse on the assumption that dH/dt 
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FIGURE 30: The variation of electron density 1;1i th t i rt:e at 

various fixed heights during the eclipse of 25 December 1954. 

Upper curve : Titheridge scaling, no correction for valley. 

Lower curve : Titheridge scaling 1;1i th valley correction . 
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was zero at those times on the control days. This assumes 

that equilibrium had been reached at these times on the con­

trol days. It vlill be seen that at 220 km. and 240 lcm. tl:3 

experimental curves follovJ the recombination curve fairly 

closely. The agreement i s much better th~n that found by 

Szendrei and HcElhinny. However, in view of the erro:·s in 

estimating the thickness of the valley, attachment could 

nonetheless be the dominating mechaninm of electron loss. At 

260 km. the agreement is not good . Only the curve assuming 

recombination is shown. That assuming attachment j ,: · :··:)t vc:::-j-

different from it and neither agrees vlith the exparir:ental 

curve. This might be due to the fact that the greatest e~~ors 

introduced by the correction made for the low-level ionization 

vJould be at the high frequency end of the record. 'l'h0 values 

of the recombination coefficient and attachment coefficient 

used are not very different from those used by Szendrci and 

HcElhinny. 

It is interesting at this point to note that VILA (60) has 

analysed records taken during the acli~se of 2 CJtober 1~59. 

His curves of the variation of electron density Hith time e:i:. 

given heights shovl maxima very similar to those C:l the cur-_,-c:"l 

of Szendrei & McElhinny. These maxima he interprets as bcir.g 

caused by valleys as suggested by Gledhill and ~JaU:8r. He 

proposes to anelyse them by the methods described in this 

thesis. 
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It may thus be concluded that the results obtained by 

scaling ionosonde records during an eclipse may well be 

erroneous unless allO\oJance is made for the valleys which 

occur betv1een the layers and for low-level ionization. It 

may v.Tell be that a more detailed analysis will show thc.1..t 

the behaviour of the F2 layer is much more regular than has 

been thought unti 1 novT to be the case . 
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CHAPTER XI. 

§OME SUGGESTIONS FOR FURTHER RESEARCH. 

The most urgent task arising from the work described in 

this thesis seems to be a full analysis of the records obtain­

ed during a solar eclipse, including an analysis of control 

day data. The records obtained by Szendrei and McElhinny 

might yield very valuable results if so treated. It would 

be best if Titheridge coefficients which had more scaling 

points falling in the Fl region ·111ere used. 'I\renty-five equal 

frequency intervals would probably be the best choice. This 

,.,rould mean that the points would not be so crowded at t he high 

frequency end. It would be preferabl e if the correction for 

lmT-level ionization were improved and also if the shape of 

the valley were taken into account. It is conceivable, hrn.,r-

ever, that the accuracy of the ionograms themselves might not 

justi~J the extra precision so obtained. 

The effects of tilts in the layers should also be investi­

gated further. It seems doubtful whether tilts such as those 

described have any great effect on the virtual heights obtain­

ed but they may Hell cause the extra cusps observed on some 

eclipse records. Further, only tilts in the line of the 

eclipse have been considered. Tilts may also develop in a 

line perpendicular to the line of the eclipse. These uould 

probably not be so pronounced because the changes in the amount 
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of incident ionizihg radiation along this line would not be 

as gr eat as along the line of the eclipse. However, because 

of the lateral deviation of the rays i n the magnetic meridi an 

the angle 0f incidence of the ray on the tilts may be fairly 

large and the effect on the line of propagation, and hence on 

the path length, may be considerable. An investigation on 

these lines might ther efore be profitable. 

When irregularities caused by tho valley and by the tilts 

have been r emoved it might be interesting to see uhether any 

remaining irregularities are caused bJ non-uniform r adiation 

from the sun's discs . 

Investigati ons along these lines, perhaps lvi th the help 

of an electronic computer to do some complicated ray tracing, 

could do a great deal to explain the capricious behaviour of 

the F2 layer. 
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APPENDIX A. 

J.L ' and J.L 2 were computed for both ordinary and extra­

ordinary waves on the ZEBRA electronic computer of the South 

African Council for Scientific and Industrial Research. 

Simple code was used. The program is given belCJ\IT for refer­

ence. The symbolism is that given in the Stantec Zebra Pro­

gramming Manu a 1 . 

Values of X from 0.01 to 0.98 at intervals of 0 . 01 for 

each value of Y from 0 .100 to 0 . 500 at intervals of 0.025 H'ere 

used. The value of the angle of dip used was 64° 36 1 • Re-

sults ·Here printed out t o ten figures in floating point form 

as this was the only form convenient in the simple code. 

The values of J.L 1 for the ordinary and extraordinary waves, 

rounded off to three decimal places, are given in Tables 23 and 

24. 
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PROGRAM. 

Instruction Tape: 

y TJ04 H306 T309 NORlOO 
QlZLOl V0304 DR800 H310 A3 
Q2L0100 i.302I A3 D309 V2 
Q3L0250 Zl URlOOO 'IR300I KR800 
+017 TR500 Zl H307 VRlOOO 
HR250 SR500 TR200I V303 T310 
T5 TP.600 H3 V303 HR800 
U0250 ER400 NORlOO T308 VR.200 
+098 V2 U307 H3 T3C9 
Hl SJOl V303 SRlOOO H310 
Z4 UJ05 VJOJ V308I D309I 
V5 AR500I T308 T.:08 TR400 
TJOl TR700 H3 H3 C~5Z9 
V0301 HJ05 SR900 S5 P01UOO 
T301 .lli600I V308 T349 :··JR900 
VOJOl 'l'R800 t--.:500 1-:noo POR;'OO 
':'302 BR400 SR900 D349 Z9 
El VRlOO Nornoo S3I ?C:llOO 
Z5 N2 A3 E04 PCRlOOO 
V5 UJ06 V2 H4 POR.L:DO 
T303 D::1700 KR700 TR400 +1 
H3 A3I VR900 X5 H02:)0 
s:rnoo UR700 TJlO Q4HJ08 -:-1 
r:.a.wo Zl HR700 DR600 Xl 
1.~303 'LUOO v=tlOO SRlOOO Yl:CO 
V2 

:>··~·oer Tc.p3: 

-~ • 429 2 ( c oo e ) 
·!-2 
+l 
0 
I 
+. 01 (values of X follow) 
etc . 
+oC)d 
y 
-:- .1 (values of Y follow) 
otc. 
+.5 
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TABLE 16. 

Ordinary ray group refractive . d . fl ' J.n J.ces , 0 • 

X \ Y 0.100 0.125 0.150 0.175 0 . 200 0 . 225 

0 . 01 1.004 1.004 1.004 1.004 1.004 1.004 
0.02 1.009 1.008 1.008 1.008 1.007 1.007 
0 . 03 1.013 1.012 1.012 1.011 1.011 1.011 
0.04 1.017 1.017 1 . 016 1 . 015 1.015 1.014 
0.05 1.022 1.021 1.020 1.019 1.019 1.018 
0.06 1.026 1.025 1.024 1.023 1.023 1.022 
~- :· : ) 1.031 1.029 1.029 1.028 1.027 1.026 
0.08 1.036 1.034 1.033 1.032 1.031 1.030 
0.09 1.041 1.039 1.037 1.036 1.035 1.033 
0 .10 1.01~5 1.044 1.042 1.040 1.039 1.037 

0,11 1.050 l.04B 1.046 1 . 045 1.043 1 . 041 
Oco12 1.055 1.053 1 .051 1.049 1.047 1.046 
0.13 1.060 1.058 1.056 1.054 1.052 1.050 
0,.1J~ 1.066 l.CX)3 1 . CX)O 1.058 1.056 1.054 
0 . 15 1.071 1.068 1.065 1.063 1.061 1.058 
0.16 1.076 1.073 1.070 1.068 1.065 1.063 
0 . 17 1.082 1 . 078 1.075 1.072 1.070 1.067 
0.18 1.087 1.084 1.080 1.077 1.074 1 ,072 
0 . 19 1.093 1 . 089 1.085 1.082 1 . 079 1.076 
Oo20 1.098 1.094 1.091 1.087 1.084 1.081 

0 , 21 1.104 1.100 1.096 1.092 1 . 089 1 . 086 
0 . 22 1.110 1.106 1.101 1.098 1.094 1.091 
0 . 23 1.116 1.111 1.107 1.103 1 . 099 1. 095 
0.24 1.122 1.117 1.113 l.:i.08 1.104 1.100 
Oo25 1 . 129 1.123 1.118 1.114 1.110 1.106 
0.26 1.135 1.129 1.124 1.119 1.115 1.111 
0 . 2'7 1.141 1.136 1.130 1 . 125 1.120 1.116 
0,,28 1.148 1.142 1.136 1.131 1.126 1.121 
0 . 29 1.155 1.148 1.142 1.137 1.132 1 .127 
0 . 30 1.16?. 1.155 1.149 1.143 L137 1.132 

0.31 1.169 1.162 1.155 1.149 1.143 1.138 
0 . 32 1.176 1.168 1.162 1.155 1.149 1.144 
0.33 1.183 1 . 175 1 .168 1.162 1 .155 1.150 
o.y. 1.191 1.183 1.175 1.168 1.162 1.156 
0.35 1.198 1.190 1.182 1.175 1 . 168 1.162 
0.36 1.206 1.197 1.189 1.182 1.175 1. 168 
0.37 1.214 1.205 1.196 1.188 1.181 1.175 
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X \ Y 0 .100 0.125 0.150 0 .175 0.200 0.225 

0.38 1.222 1.212 1.2.01~ 1.195 1.188 1 . 18}_ 
0.39 1.230 1.220 1.211 1.203 1.195 1.183 
0 . 40 1.239 1.228 1.219 1 . 210 1.20.2 1.194 

0.41 1 • .247 1.237 1.227 1 • .218 1.209 1. ~')1 

0 . 42 1..256 1.?.45 1.235 1 • .2.25 1.217 1.209 
0.43 1..265 1..254 1 • .243 1..233 1.224 l . 2l6 
0 . 44 1.275 1..263 1.251 1.241 1.232 1.223 
0.45 1.284 1.?72 1.260 1..249 1 • .240 1..231 
0 . 46 1.294 1. .281 1.269 1..258 1.243 1 • .239 
0 .47 1.304 1.290 1 • .278 1.267 1.256 1.247 
0 .4.8 1.314 1.300 1 • .287 1.275 1..265 1 • .255 
0.49 1.3.25 1.310 1 • .297 1 • .285 1 • .273 1. ~03 
0 . 50 1.3.:;6 1.3.20 1.306 1..294 1.282 1..271 

0.51 1.347 1.331 1.316 1.303 1..291 1.~81 
0.5.2 1.358 1.34.2 1.3.27 1 . 313 1.301 1..290 
0.53 l.J70 1.353 1.337 1.3.23 1.311 1.2~) 

0.54 1.38::. 1.304 1.348 1.334 1.321 1.309 
0.55 1.394 1.376 1.359 1 . 344 1.331 1.318 
0 . 56 1 . 407 1.388 1.371 1.355 1.341 1 . 328 
Or 57 1 . 420 1 . 400 1.383 1.367 1.352 1.339 
1·, 58 1.1~31+ 1.413 1.395 1 .378 1.363 1.350 
0 ., ):- 1.4/~ 1.426 1.407 1.390 1.375 1.361 
0 .. 60 1.462 1 .440 1.420 1.403 1.387 1.372 

0.61 1.477 1.454 1.434 1.416 1.399 1.384 
0.6.2 l./+93 1.469 l.L~ 1.429 1.412 1.39? 
0.63 1.508 1 . 484 1.462 1.442 1 . 425 1 , /~09 
0.64 1.525 1.500 1.477 1.457 1.439 1.422 
vJ)5 1.542 1.516 1.492 1.471 1 . 453 1.~.36 
0.66 1.560 1.533 1.508 1 . 437 1.468 1.451 
0 /r' .o. 1.579 1.550 1.525 1.503 1.483 1.465 
0.68 L.:-',~ 1.50~ 1.5.':2 l.5l9 1 . 4·-:~ 1..' .. ~ .. _ 
0 . 69 1.618 1.587 1.560 1.536 1.516 1.49? 
0 . 70 1.639 1.607 1.579 1.554 1.533 1.511,. 

0.71 1.660 1.6::'7 1.598 1.573 1 . 551 1.532 
0 .. 72 1.683 1.649 1.619 1.593 1.570 1.551 
0 , 73 1 . 707 1.671 1.640 1.614 1.591 1.571 
0.74 1.732 1.695 1.663 1.636 1 . 612 1.592 
0 ,.., .. . {') 1.758 1.720 1.687 1.659 1.635 1.614 
0 . 76 1.786 l. 711.6 1.712 1.683 1.659 1.638 
0.77 1.815 l. 77/" 1.739 1 . 709 1.684 1.663 
0.78 1.846 1.803 1.767 1. 737 1 . 712 1.691 
0 . 79 1.879 1.83/" 1.797 1. 7~7 l. '71: ·~ 1.7;) 
0.80 1.914 1.868 1.830 1.799 1.773 l. 752 
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X. y 0. 100 0 . 125 0 .150 0 .175 0.200 0 . 225 

0.81 1.952 1 .906 1.865 1.833 1.808 1 . 786 
0 ,82 1.992 1 .942 1 .903 1 .871 1.81;£ 1 . $.26 
0 .83 2.035 1 .984 1.944 1.912 1 .888 1.869 
0.84 2.082 2 . 030 1.989 1.958 1.935 1.918 
0 .85 2. 133 2.080 2 .040 2 .010 1.988 1.973 
0 .86 2.189 2. 136 2 .096 2 . 068 2. 049 2. 036 
0.87 2. 252 2.198 2. 160 2.135 2.119 2. 110 
0,88 2. 323 2. 269 2.234 2 . 212 2 . 201 2.198 
0.89 2.403 2.352 2 .321 2 .305 2.301 2.305 
0,90 2.496 2.450 2.426 2.418 2.423 2. 438 

0.91 2.608 2.569 2 .555 2. 560 2. 579 2.607 
0 .92 2.744 2. 719 2.721 2. 744 2.782 2 .830 
0.93 2.919 2 .916 2.944 2 .994 3. 060 3 . 137 
0 . 94 3. 156 3.189 3.258 3 .351 3.459 3.577 
0.95 3.500 3.598 3. 734 3.894 4 .068 4 . 2L~8 
0.96 4.057 4. 272 4 .524 4. 795 5 .071 5.30 
0 .97 5. 103 5. 545 6 .007 6 . 462 6.895 7 . 299 
0 .98 7.560 8 . 465 9 . ~93 10 . 023 10.653 11.190 

=~- \ y o. 250 0.275 0.300 0 .325 0.350 0.375 
.. 

0 .01 1.003 1.003 1.003 1.003 1.003 1.003 
0 .02 1.007 1.007 1 .00.6 1.006 1.006 1.006 
0.03 1.010 1.010 1.010 1 .009 1.009 1 . 009 
0 .04 1 . 014 1.013 1.013 1.013 l.OJ 2 ,_ . 012 
0.05 1.017 1.017 1.016 1.016 1.015 1.015 
0 . 06 1.021 1.020 1.020 1.019 1.018 l.018 
0.07 1 .025 1.024 1.023 1.022 1.022 1.021 
o.ca 1.028 1.028 1.027 1.026 1.025 1.024. 
O.C9 1.032 1.031 1 . 030 1.029 1.028 1.02'7 
0.10 1 .036 1.035 1 .034 1.033 1.032 1.031 

0.11 l. r:. ') l.C'.:'9 1.037 1.036 1.0.:'.~ 1.034 
0 . 12 1.044 l.C-43 1.041 1.040 1.039 1.037 
o. 13 1.0!.$ 1.046 1.045 1.043 1 . 0.~2 1.041 
0.14 1.052 1.050 1.049 1.047 1 . 046 1.044 
0.15 1.056 1.054 1.053 1.051 1.049 1.04.8 
0 . 16 1.061 1.058 1.057 1.055 1.053 1.051 
0.17 1.064 1.063 1 .061 1.059 1.057 1.055 
0 .18 1.o69 1.067 LC65 1.063 l.06J. 1.059 
0 . 19 1.074 1.071 1 .069 1.067 1.065 1.063 
0 .20 1.07!3 1.075 1.073 1 . 071 1.068 1 . 066 
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X \ :Y 0 . 250 0 . 275 0 .300 0 . 325 0 . 350 0 .375 

0 . 21 1.083 1.080 1.077 1.075 1.072 1 . 070 
0 .22 1 . 087 1.084 1..082 1.079 1.077 1.074 
0 . 23 1.092 1.089 1.086 1.083 1.081 1.078 
0.24 1.097 1.094 1.091 1 . 088 1.085 1.082 
0 . 25 1.102 1.098 1.095 1 . 092 1.089 1 . 037 
0.26 1.107 1.103 1.10') 1.097 1.094 1.091 
(l . 27 1.112 1.108 1.105 1 .101 1 .098 1 . 095 
0 . 28 1.117 1.113 1.109 1.106 1.103 1 . 099 
0.29 1 . 122 1.118 1.114 1 .111 1.107 1.:'..0/~ 
0.30 1.12C 1.123 1.119 1.115 1.112 1.109 

0.31 1.133 1.129 1 .124 1 . 120 1.117 1.113 
0.32 1.139 1.134 1.130 1.125 1.122 1.118 
0.33 1.144 1 .139 1.135 1.131 1 .127 1 . 123 
0 .34 1.150 1 .145 1 . 140 1.136 1.132 1 . 128 
0 . 35 1.156 1.151 1 .146 1.141 1.137 1.133 
0 -~ . - ' 1.162 1.157 1.151 1.147 1 . 142 1.1.31 
0.37 L 1 .63 1.1.(>3 1.157 1.152 1.147 l.ll3 
o . ;8 1 . 175 1.169 ::.. .163 1 . 158 1.153 1.149 
0 .39 1.181 1.175 1.169 1.164 1.159 1.154 
o.w 1 .188 1 . 181 1.175 1 . 170 1.:1.64 1.160 

O. L,.1 1 .. 191. 1 .138 1.181 1.176 1.170 1.165 
0~42 1.201 1.194 1.188 1.182 1.176 1.171 
0.1:.3 1.208 1 . 200 1. 19/~ 1 . 188 1.183 1.177 
0,4 ':. L2l5 1.208 1 . 201 1.195 1.189 1.183 
0? 45 1n223 1.215 1.208 1 . 201 1.195 1.190 
0 . 46 1.230 1.222 1.215 1.208 1.202 1.196 
0.-47 1.238 1.230 1 . 222 1.215 1o209 1~203 

0.48 1 . 2.46 1.23'7 1.?..?0 1 . 222 1.216 1.210 
0 .49 1.254 1.245 1.237 1.230 1 .223 1 . 217 
0.50 1.26~ 1.253 1.245 1.237 1.230 1 . 224 

0.51 1.271 1n261 1.253 1 . 245 1.238 1.231 
0 .52 1.279 1 .27'J 1.261 1.253 1.246 1.239 
Oc53 1.Z38 1 . 279 1.270 1.261 1.254 L247 
0 .54 1. 298 1.288 1.278 1.270 1.262 1.255 
0 • .)5 ::.. • .307 1.297 1.287 1~279 1.271 1.263 
0.56 1.317 1c306 1.297 1 . 288 1 . 279 1.272 
0.57 1.32? 1.316 l.3CXS 1 . 297 1 . 289 1.281 
0.5G 1.337 1.326 1.316 1.307 1 . 2'7S 1.290 
0.59 1o3L:B 1.337 1.326 1.317 1.308 1.300 
0 ,Ef) l.35S 1.347 1.337 1.327 1.318 1.310 



~9. 

-x y 0 . 250 0 .275 0.300 0.325 0 . 350 0.375 

0.61 1.371 1.359 1.348 1.338 1.329 1.320 
0.62 1.383 1 . 370 1.359 1.349 1.340 1.331 
0.63 1 . 395 1.382 1.371 1.361 1.351 1 . 343 
0.64 1.408 1.395 1.383 1.373 1.363 1.3.5';. 
0.65 1.421 1.408 1.396 1.385 1.376 1.367 
1.66 1 . 435 1.422 1.410 l.3J9 1.389 1.320 
1.67 1.450 1 . 436 1.424 1.412 1.403 1.394 
1.68 1.465 1.451 1.438 1.427 1 .41? 1.J.C8 
1.69 1.481 1.467 1.454 1.442 1.432 l.L::-~4 
1.70 1.498 1.483 1.470 1.459 1.449 1.440 

1.71 1.515 1.500 1.487 1.476 1.466 Llt.57 
1.72 1.534 1.519 1.506 1.494 1.484 1.476 
1.73 1.553 1.538 1.525 1.514 1.504 1.495 
1.74 1.574 1.559 1. 546 1.535 1 . 525 1.517 
1.75 1.596 1.581 1 . 568 1.557 1.548 1.5/;.0 
1.76 1.620 1.605 1.592 L581 1.572 "!..5S5 
1.77 1.646 1 .630 1.618 1.608 1.599 1.592 
1.78 1.673 1.658 1.646 1.637 1.629 1.622 
1.79 1.703 1 . 689 1.677 1.668 L661 1.656 
1.80 1.736 1.722 1.711 1.703 1.697 I.6c;3 

1.81 1 . 771 1.759 1.749 1 . 742 1.737 1. 73L:. 
1.82 1.811 1.800 1.791 1.786 1.783 1.781 
1.83 1.856 1.846 1.239 1.836 1.834. 1.835 
1.84 1 .906 1 .898 1.894 1.893 1.891;. l.8S7 
1.85 1.963 1.958 1.957 1.959 1.963 l . c;'.J'/ 
1.86 2. 030 2.028 2 . 031 2.036 2. 044 2 . 055 
0 .87 2 . 108 2.111 2.119 2.129 2.142 2 . 157 
0 .88 2 . 202 2.211 2. 22L~ 2.241 2.261 2. 282 
0 .89 2.317 2.334 2.355 2.380 2.407 2.437 
0.90 2.460 2.1)37 2.519 2.555 2o593 2,6]2 

0 .91 2 . 643 2.685 2.731 2.781 2.832 2.885 
0.92 2.886 2.948 3 .013 3 . 081 3 . 150 3.220 
0.93 3 . 221 3.309 3.400 3.493 3.586 3.6'r7 
0.94 3 . 701 3.827 3. 951~ 4.C80 4 , 203 4.32~ 

0 .95 4.429 4.608 4.783 4.952 5.113 5 • 26r/ 
0.96 5.607 5.858 6.094 6 .316 6.522 6. 713 
0 . 97 7.668 8.004 8.307 8.580 8.824 9.042 
0.98 11.647 12.033 12. 362 12.641 12.879 13 .OG4 
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X\1_ Oi400 0.425 0.450 0.475 0.500 

0.01 1.003 1.003 1.003 1.003 1.003 
0.02 1.006 1.005 1.005 1.005 1.005 
0.03 1.009 1.008 1.008 1.008 1.008 
0.04 1.011 1.011 1.011 1.010 1.tno 
0.05 1.014 1.014 1.014 1.013 1.013 
0.06 1.017 1.017 1.016 1.016 1.016 
0.07 1.020 1.020 1.019 1.019 1 .. 018 
0.08 1.024 1.023 1.022 1.022 1.021 
0.09 1.027 1.026 1.025 1.024 1.024 
0.10 1.030 1.029 1.028 1.027 1.027 

0,11 1.033 1.032 1.031 1.030 1.030 
0.12 1.036 1.035 1.034 1.033 1.032 
0.13 1.040 1.039 1.037 1.036 1.035 
0.14 1.043 1.042 1.041 1.040 1.038 
0.15 1.0/jJ 1.045 1.044 1.043 1.042 
0,16 1.050 1.049 1.047 1.0/jJ 1.045 
0.17 1.053 1.052 1.051 1.049 1.048 
0.18 1.057 1.055 1.054 1.052 1.051 
0.19 1.061 1.059 1.057 1.056 1.054 
0.20 1.064 1.063 1.061 1.059 1.058 

0.21 1.068 1.066 1.064 1.063 1.061 
0.22 1.072 1.0'70 1.068 1.066 La)5 
0.23 1.076 1.074 l.CY72 1.070 1.0q8 
0.24 1.080 1.078 1'.076 1.074 1.072 
0.25 1.084 1.082 1•079 1.077 1.rf75 
0.26 1.088 1.086 1.083 1.081 1.079 
0.27 1.092 1.090 1.087 1.085 1.08.3 
0.28 1.097 1.094 1.091 1.089 1.087 
0.29 1,101 1.098 1.095 1.093 1.091 
0.30 1.105 1.102 1.100 1.097 1.095 

0.31 1.110 1.107 1.104 1.101 1.099 
0.32 1.115 1.111 1.108 1.106 1.103 
0.33 1.119 1.116 1.113 1.110 1.107 
0.34 1.124 1.121 1.117 1.114 1.112 
0,35 1.129 1.125 1.122 1.119 1.116 
0.36 1.134 1.130 1.127 1.124 1.121 
0.37 1.139 1.135 1.132 1.128 1.125 
0.38 1.144 1.140 1.137 1.133 1.130 
0.39 1.150 1.146 1.142 1.138 1.135 
0,40 1.155 1.151 1.147 1.143 1.140 
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- X-\Y 0.400 0.425 0.450 0 . 475 0.500 

0.41 1.161 1.156 1.152 1.148 1.145 
0.42 1.166 1.162 1 . 158 1.154 1.150 
0.43 1.172 1 . 168 1.163 1.159 1.156 
0.44 1.178 1.174 1.169 1.165 1.161 
0.45 1.184 1.180 1.175 1.171 1.167 
0.46 1.191 1.186 1.181 1.177 1.173 
0.47 1.197 1.192 1.187 1.183 1.179 
0.48 1 . 204 1.199 1.194 1 . 189 1.185 
0.49 1.211 1.205 1.200 1.196 1.191 
0.50 1.218 1.212 1.207 1.202 1.198 

0.51 1.225 1.219 1.214 1.209 1.205 
0.52 1.233 1.227 1.221 1.216 1.212 
0.53 1.240 1 . 234 1.229 1 . 224 1 . 219 
0.54 1.248 1 . 242 1.237 1.231 1.227 
0.55 1.257 1.250 1.245 1.239 1.234 
0.56 1.265 1.259 1.253 1.243 1 . 243 
0 .57 1.274 1.267 1.262 1. 256 1.251 
0 . 58 1.283 1 . 277 1.271 1.265 1.260 
0.59 1.293 1 . 286 1.280 1.274 1.269 
c.GC) 1.303 1.296 1 . 290 1.284 1.279 

0.61 1.313 1.306 1.300 1.294 1.289 
0.62 1.324 1 . 317 1.310 1.305 1.299 
0 . 63 1.335 1.328 1.322 1.316 1.311 
0.64 1.347 1.340 1.333 1.327 1.322 
0.65 1.359 1.352 1.346 1.340 1.335 
0 .66 1.372 1.365 1.359 1.353 1.34-3 
0.67 1.386 1.379 1.372 1.367 1.362 
0 .68 1.400 1.393 1.387 1.381 1.376 
0.69 1.416 1.409 1.402 1.397 1.392 
0.70 1.432 1.425 1.419 1.414 1.409 

0. 71 1.449 1.443 1.437 1.432 1.427 
0 .72 1.LP8 1.462 1.456 1.451 1.447 
0 .73 1.488 1.482 1.476 1.472 1.468 
0 . 74 1.510 1.504 1.499 1.495 1.491 
0.75 1.533 1.528 1.523 1.519 1.517 
o. 76 1.559 1.554 1.550 1.547 1.544 
0.77 1.587 1.582 1.579 1.577 1.575 
0.78 1.616 1 .614 1.6U 1.610 1.609 
0.79 1.652 1.649 1.643 1.647 1.648 
0 .80 1.690 1.688 1.688 1.689 1.690 
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-- .~-· y 
.u .. \ __ 0 ./;.CO 0.425 0.450 0;475 0.500 

0.81 1.733 1.733 1.734 1.736 1.739 
o .s;2 1.782 L783 1.786 1. 790 1.795 
0.83 1.837 1.841 1.846 1.853 1.860 
0. 21.,. 1.902 1.908 1.916 1.925 1.935 
0 .85 1.977 1.987 1.998 2.010 2.023 
:::: .• 8S 2.067 2.081 2.095 2.111 2.128 
0 • .87 2.174 2.193 2.213 2.233 2.255 
o., ec 2c305 2.330 2.356 2.382 2.409 
o. t ) 2.468 2.50') 2.533 2.567 2.601 
0<90 2.673 2. 715 2.758 2.800 2.81J 

0.91 2.939 2.993 3.047 3.100 3.153 
0.92 3.290 3.359 3.428 3 ./+95 3.560 
0.93 .3 0 768 3.856 3.942 4.025 4.106 
Oo.94 L,.Las 4.550 4•657 4.759 4.856 
On95 5.413 5.551 5.681 5.803 5.917 
Q r / Cl ·,. o 6.980 7.053 7.203 7.341 7. 1.:,.68 
0 (' 1 

o ' I 9.233 9.4n 9.570 9.711 9.837 
0.92 13.260 1].412 J..3. 545 13.661 D.763 
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TABLE 17. 

Extraordinary ray group refractive indices, J.L 1..,. . 
~· 

- x -·\ Y 0 . 100 0 . 125 0.150 0.175 0.200 0. 22:) 

0 .01 1.006 1.006 1.007 1.007 1.008 1.()(.)£' 
0.02 1.012 1.013 1.014 1.015 1.015 1.016 
0 . 03 1.019 1.020 1.021 1.022 1.023 1 . 02:i 
0 .04 1.025 1.026 1.023 1.030 1.o:n 1.033 
0 .05 1.032 1.033 1.035 1.037 1.0/;0 1.042 
O.C6 1.038 1 .040 1.043 1.045 1 0 ·r'). • t.:.~ l.05l 
0.07 1.045 1.048 1.050 1.053 1 . 056 1.060 
0 .08 1.052 1.055 1.058 1.061 1.065 1.069 
0.09 1.059 1.062 1.066 1.070 1.074 1.078 
0.10 l.C66 1.070 1.074 1.073 1.033 ' n>'.'"' ~- :· ... .. .· 

0.11 1.073 1.077 1.082 1.0£0 1.09?. LO<;c; 
0 .12 1.081 1.085 1.070 1.096 1.102 !. • . I_C'r' 

0.13 1.088 1.093 1.099 1.105 1.111 1 . 119 
0 . 14 1.096 1.101 1.107 1 . 114 1.121 1.12) 
0 .15 1.104 1.110 1 . 116 1.123 1.131 L J/.0 
0.16 1.112 1.118 1.125 1.1.33 1.1 .. n 1 .. l 5.i 
0.17 1.120 1.127 1 .134 1.143 1.152 l.~L-J2 
0 .18 1 . 128 1 . 136 1.144 1,153 1.163 ' 

. ' 
l. ,. I . ' 

0 .19 1.137 1.145 1 .153 1 .~63 1.174 1. 'IJ~S 
'JQ 1 . 145 1.154 1.163 1.174 l . , _85 1 .. "' ··· .... . ..... 

0.21 1.154 1.163 1.173 1 . 1.84 1..19'7 1~~"10 

0.22 1.163 1.173 1.1e'~ 1.195 1.?03 l. 2~'.3 

0.23 1.172 1.183 1.194 l.2G ,· 1.220 , ,..,-: ~ 
J.. ... r .......... 

0.24 1.182 1.193 1 . 205 1.218 1 . 233 1 . .. ~ ~ 
.... o- r / 

0 .25 1.191 1.203 1.216 1.231 L:?.'.S L :-::S3 
o . 26 1.201 1. 21L~ 1.227 1 . 242 L2)S l,'c(_77 
0. 27 1.211 1.224 1. 239 1.255 1.27~ L 292 
0.28 1.222 1.235 1n251 1.267 ln22S L'>307 
0.29 1.232 1.247 1.263 1.280 L.?'JO 1.3Z~ 

0.30 1.243 1.258 1.275 1.294 1.315 1.338 

0.31 1. 254 1 . 270 1 . 288 1.308 1.3]') 1.3)5 
0 .32 1.266 1.282 1.301 1.322 1..345 1.3'72 
0 . 33 1.277 1 . 295 1.315 1.33? J ,. ]61 ! .... ?8:: 
0 . 34 1.289 1.308 1.329 1.352 1 ') .-, ... 1,1:.0'7 • ./ f !5 

0 .35 1.302 1.321 1.3/.;.3 1.367 1 . .395 l.L:2'S 
0.36 1.314 1.335 1.358 1.384 1.413 'i . • 446 
0 .37 1.327 1.349 1.373 1 .400 1.1 .. 31 J. r L,~;{:J 
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- X-\ y 0.100 0.125 0.150 0.175 0.200 0 .225 

0.38 1.340 1.363 1.389 1.417 1 . 450 1 . 486 
0.39 1.354 1.378 1.405 1.435 1.469 1.508 
0.40 1.368 1.393 1.422 1.453 1.489 1.531 

0.41 1.383 1.409 1 .439 1 . 472 1.510 1.551, 
0.42 1.398 1.425 1.457 1.492 1.532 1.578 
0 . 43 1.413 1.442 1.475 1.512 1.555 1.604 
0.44 1.429 1 .460 1.494 1.534 1.578 1.630 
0.45 1 . 446 1.478 1.514 1 . 556 1.603 1.658 
0.46 1.463 1.496 1.535 1.579 1.629 1.687 
0.47 1 . 480 1.516 1.556 1.602 1.656 1 . 717 
0.1..,8 1.493 1.536 1.578 1.627 1.634 1.750 
0.43 1.517 1.557 1.602 1.653 1. 713 1 .783 
0.50 1.537 1.578 1.626 1 .680 1.744 1.818 

0.51 1.557 1.601 1.651 1.709 1 . 776 1.856 
On 52 1 . 578 1.624 1.677 1 . 739 1.810 1.895 
0.53 1,600 l.6L,9 1.705 1.770 1.847 1.937 
0.54 1.623 1.6'74 l. 734 1.803 1.885 1.982 
0 . 55 1.647 1.701 1 . 764 1.838 1.925 2. 030 
0.~6 1.672 1.729 1.796 1.874 1.968 2.081 
0.57 1.698 1.758 1.829 l.9JJ 2. 014 2. 136 
0 ,58 1.725 1.789 1.865 1.955 2.062 2.194 
0 . 57 1.753 1.821 1 . 902 1.998 2.115 2 . 258 
Oc60 1.783 1.856 1.942 2.045 2.171 2.327 

O,f.l l ,...., L .. 1.892 1.984 2 .095 2.232 2. 403 
0~62 1.34'/ 1.930 2. 029 2 .149 2. 297 2 .485 
J,63 1.882 1. 970 2.077 2 . 207 2 . 369 2.577 
0.6/.1- 1.919 2.014 2 . 128 2.269 2.447 2.673 
0 . 65 1 . 958 2.060 2.183 2.337 2.533 2. 792 
0 .66 2. 000 2.109 2.243 2.411 2.628 2 .920 
0 . 67 2.044 2.161 2 .307 2.492 2. 735 3 . 066 
0 .68 2.091 2.218 2.378 2 . 582 2.854 3.235 
0.69 2.141 2 . 280 2.454 2 . 682 2 .990 3.433 
0,70 2.196 2.346 2.539 2 . 793 3.146 3.670 
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- X\ .L 0 .100 0.125 0 .150 0.175 0.200 0 .225 

0.71 2.254 2.419 2 .632 2.919 3.327 3 .961 
0 .72 2.317 2 . 499 2.737 3 . aJ3 3 .542 4 .327 
0 .73 2. 386 2 .587 2 .854 3 .230 3 . 802 4.810 
0.74 2.4£2 2.685 2 .989 3 . 426 4.125 5.487 
0 .75 2 . 545 2.794 3.141 3.660 4 -541 6.536 
0.76 2.637 2 . 918 3 .320 3.947 5.106 8.501 
0.77 2 . 739 3.060 3 . 552 4.310 5 -932 14.849 
0.78 2. 854 3.224 3. 789 4 . 789 7.317 00 

0.79 2 .985 3 .416 4.108 5.462 10.431 
0 .80 3 .136 3.647 4.521 6 .505 00 

0 . 81 3.312 3 .931 5.081 8.463 
0 . 82 3.520 4.289 5 . 903 14.790 
0 . 83 3 . 773 4 .764 7. 282 00 

0.84 4 . 087 5 .431 10.388 
0 . 85 4.494 6.469 00 

0 . 86 5.048 8.421 
0.87 5.864 14-738 
0 . 88 7 . 237 00 

0.89 10.337 
0.90 00 

--X\ "f. - 0.250 0 . 275 0.300 0.325 0.350 0.375 

0.01 1.009 1 . 009 1.010 1.011 1.011 1.012 
0.02 1.017 1 . 019 1.020 l.021 1.023 1.025 
0.03 1.026 1.028 1.030 1.032 1 . 035 1 .038 
0.04 1 . 035 1.038 1.041 1.044 1.047 1.051 
0.05 1 . 045 1.048 1.051 1.055 1.059 1 .064 
0.06 1.054- 1.058 1 .062 1.067 1 . 072 1.078 
0.07 1.064 1.068 1.073 1.079 1.085 1.092 
0 . 08 1.074 1.079 1.085 1.091 1.098 1.106 
0 .~9 1.084 0.090 1 . 096 1.104 1.112 1.121 
0.10 1.094 1.101 1.108 1.117 1.126 1.136 

o.11 1 .105 1.112 1.121 1.130 1.140 1.152 
0. 12 1.116 1.124 1.133 1.143 1.155 1.168 
0. 13 1.127 1.136 1.11/J 1.157 1.170 1.185 
0 .14 1.138 1.148 1.159 1.172 1.186 1.202 
0 .15 1.150 1.160 1.173 1 .186 1.202 1.219 
0 .16 1.161 1 .173 1.186 1.201 1.218 1.237 
0.17 1.174 1.186 1.201 1.217 1.235 1.256 
0 .18 1.186 1. 200 1.215 1 . 233 1 . 252 1 .275 
0. 19 1.200 1.214 1.230 1.249 1.270 1.295 
0 . 20 1 .212 1.228 1.246 1.266 1.289 1.315 
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- )( \ Y_ . 0 .250 0 .275 0 .3CO 0.325 0 .350 Op375 

0 .21 1.225 1.242 1.262 1.283 1.308 1.336 
0 .22 1 .239 1.257 1.2'18 1.301 1.328 1.358 
0 . 23 1.253 1.273 1.295 1.320 1.348 1.381 
0.24 1.268 1.289 1.312 1.339 1.369 1.405 
0.25 1 . 283 1.305 1.330 1.359 1.391 1.429 
0 . 26 1.298 1.322 1.349 1.379 1.1~14 1.455 
0 . 27 1.314 1.339 1.368 1.400 1.438 1.481 
0 .28 1.331 1.357 1.388 1.422 1.462 1.506 
0.29 1 . 348 1.376 1.408 1.445 1.483 1.537 
0 ~30 1.365 1.395 1.1;.29 1.469 1.51/;. 1.5~7 

0 . 31 1.383 1.415 1.451 1.493 1.542 1.599 
0 . 32 1.1;02 1 .436 1.474 1 . 519 1.571 1.632 
0.33 l.LV-1 1.457 1.498 1.546 1.601 1.666 
0.34 1.441 1.479 1.523 1.574 1.633 1.703 
0.35 1./~62 1.502 1.549 1.603 1 . 6G6 1. 7/~1 
0 . 36 1 .483 1.526 1.576 1.633 1.701 1. 73J_ 
0.37 1.505 1,5t:;l 1.604 1.665 1..738 1. 821.~ 
0,38 L529 1.5'17 1.633 1.699 1.776 1.869 
0.39 1.553 1.604 1.664 1.734 1 . 817 1.917 
0.40 1 o578 1.632 1.696 1.771 1.861 1.963 

0 cL:.: 1 .604 1.662 1 .730 1.810 1.906 2.023 
Oe42 1.631 1.693 1.765 1 . 852 1.955 2. oe2 
0 . 43 l .660 1 .726 1.803 1.896 2 . 008 2.145 
0 . 4) •. 1.698 l. '760 1 . 843 1.943 2.063 2.213 
0 . 45 L722 1.797 1.885 1.993 2.123 2 . 286 
0.46 1. 755 1.835 1.930 2 .046 2.163 2. 367 
0~4.7 1.790 1.875 1.973 2.103 2 . 258 2.455 
0.48 1.826 1.918 2.029 2.164 2 .334 2.551 
0 .49 1.865 1.964 2. 083 2 . 231 2.41? 2.659 
0 . 50 1.907 2.013 2.142 2.303 2.508 2.779 

0.51 1.9;0 2.065 2. 205 2.381 2.609 2.91 1
:-

1) . 52 1 . 997 2.121 2.273 2.467 2.721 3.067 
0 . 53 2.047 2. 181 2. 348 2 . 562 2 . 31./:J 3o245 
0 . 54 2.100 2.246 2.429 2.667 2 .989 3 . 452 
0 . 55 2.158 2.316 2.512 2. 784 3.152 .3 .. 699 
0 ~56 2 . 219 2.393 2.617 2 . 917 3 .342 4.001 
0.57 2.286 2.477 2.727 3 . C68 3.566 1~ .• ~30 
0~58 2.359 2.570 2.850 3.242 3.836 4.879 
0 . 59 2.439 2 .673 2.990 3-446 4 . 170 5 .5-:-5 
Oc'SO 2.526 2.789 3 .151 3 .689 4.599 6.651 
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-
X \ '!:_ _ 0. 250 0 . 275 0 . 300 0 .325 0.350 0 . 375 

0 .61 2. 623 2.919 3 .337 3 .986 5.179 8.660 
0.62 2.731 3.067 3 . 558 4.361 6.026 15.135 
0.63 2. 853 3.239 3 .824 4 . 853 7.446 00 

0.64 2. 991 3.440 4.154 5.542 10.611 
0 .65 3 . 149 3.680 4.579 6 .606 00 

0.66 3 .333 3.973 5. 152 8 . 596 
0 :67 3.550 4-344 5 . 991 15 .016 
0 .68 3.813 4.831 7.392 00 

0.69 4.140 5.513 10.538 
0.70 4.560 6 . 569 00 

0.71 5 . 128 8.545 
0. 72 5.960 14.923 
0.73 7.352 00 

0.74 10.479 
0.75 00 

-
X\ Y O.L~OO 0.425 0.450 0.475 0.500 

0.01 1.013 1.014 1.016 1 . 017 1 . 019 
0 . 02 1.027 l.029 1.032 1.035 1.038 
8 .03 1.041 1.044 1.048 1.053 1.058 
0 .04 1.055 1.060 1.065 1.072 1.079 
0 .05 1 . 070 1.076 1 . 083 1.091 1.10() 
0.06 1.084 1.092 1.101 1.111 1 . 122 
0 .07 1 .100 l. 1G9 1.119 1.131 1 . 1/~5 
0.08 1.116 1.126 1 .133 1.152 1.168 
0.09 1.13~ 1.144 1.158 1.174 1.192 
0 .10 1 . 148 1.162 1.178 1.196 1.217 

o.n 1.166 1.181 1.199 1.219 1.243 
0. ·: . .?. l.l£3 1.200 1.220 1 .243 1.270 
0 .13 1.201 1.220 1.242 1. 26~ 1.298 
O .lL~ 1.220 1.241 l. 2:)5 1.293 1.372 
0.15 1.~39 1.262 1.289 1.320 1.357 
0 .16 1.259 1.284 1.313 1.348 1.388 
0 .17 1.280 1.307 1.339 1.376 1.420 
0.18 1.301 1.331 1.365 1.406 L451:. 
l) .19 1.323 1.355 1.393 1.437 1.1~90 
0 .20 1.3/l-6 1.381 1.422 1.470 1.527 
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X \ y_ 0.400 0.425 0.450 0 .475 0.500 

0.21 1.369 1.407 1.451 1.504 1.566 
0.22 1.394 1.434 1.482 1.539 1.607 
0 . 23 1.419 1.463 1.515 1.577 1.651 
0 . 24 1.445 1.493 1. 549 1.616 1.696 
0.25 1.473 1.524 1. 585 1.657 1.744 
0 .26 1.501 1.557 1.622 1.700 1.795 
0. 27 1.531 1.591 1.661 1.740 1.849 
0. 28 1.562 1.626 1 .703 1.795 1 .907 
0 . 29 1.595 1.664 1.746 1.846 1.969 
0.30 1.630 1.704 1.792 1 .901 2.035 

0.31 1.666 1. 745 1.841 1.959 2.106 
0 .32 1.704 1 . 789 1.894 2.022 2.183 
0.33 1.743 1.836 1.949 2. 089 2.266 
0.34 1.785 1.886 2.008 2.161 2.356 
0-.35 1.830 1.939 2.072 2.240 2.456 
0.36 1.878 1.995 2.140 2.325 2. 565 
0 .37 1.928 2.055 2.214 2.418 2.686 
0.38 1 .982 2.120 2 . 295 2.520 2.322 
0 .39 2.039 2.190 2.382 2.633 2.976 
0.40 2.101 2. 266 2.478 2. 760 3.151 

0.41 2.167 2.348 2.584 2.902 3.354 
0 .42 2.239 2.439 2.702 3 .063 3.593 
Oo4.J 2.317 2.538 2.833 3.248 3.880 
0 . 44 2.402 2.648 2.982 3.465 4.235 
0 . 45 2.495 2.771 3.152 3. 723 4.688 
o.L!J 2.598 2.909 3 .350 4.037 5.299 
0 .L:.7 2.713 3.066 3.583 4.431 6.186 
0.48 2.841 3. 247 3.363 4.947 7.663 
0. 49 2.987 3 .458 4. 210 5.666 10.965 
0 . 50 3 .153 3. 710 4.653 6.775 00 

0. 51 3. 31.P 4.017 5.251 8.841 
0.52 3.574 4 . ~.03 6.121 15.483 
0 .53 3.849 4.910 7.527 00 

U.54 4.188 5.616 10 .318 
0. 55 4.624 6.706 00 

0.56 5. 212 8 .740 
0. 57 6.069 15.289 
U.58 7.498 00 

0. 59 10.702 
0.60 00 
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APPENDIX B. 

The quantity J-L't can easily be calculated for both the extra-

ordinary and the ordinary ray except in the limiting case when 

J-l ' = oo and t = 0 • In this section we derive expressions 

for these quantities . 

Ordinar:v Ray: 

We shall first adopt a simple approach based on the QT 

approximation which will be valid provided that f3 < 40° at 

X = 1. 

For the ordinary ray we have that the QT approximation is 

2 _ l X 
jJ. - -

1 + (1-X)cot2e 
( 1.22) 

= 1 - X 
cosec2e - X cot2 e 

f 2 
= 1 -

0 

r2 cosec2e - f 2 cot2e 0 

.9JJ 
2ff0 cosec2e 

2jJ. = . . df 
[ r2 cosec2e - f

0 

2 cot2e ] 
2 

= 2X cosec2 f) 

Now jJ. r = 1-L+ f 41; df (1.32) 
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Let t2 = 1 - X 

so that 

2 2 2 2 2 
fJ- /t = cosec () / [cosec () - X cot ()] 

. . t/ fJ- = (cosec2 
() - X cot2e )~/cosec () 

2 2 J/2 
fJ- 't = /J-t + X cosec() /(cosec () -X cot () ) 

• 

.As t -+ O, fJ- t -+ 0, and thus 

fJ- ' t 
2 2 3/2 

-> cosec() /(cosec () - cot () ) 

i.e. g 1t = cosec (} 

A more rigo:t<:::·:J approach yields the following : -

Equation (1.34)~ written in a slightly different form 

.!r: 

2t JJ-'t=--· 
fJ-

( 
2 2 2 22 2~ 1-'L _ ...J-L_ + (1-U(l- f.L )Y cos e + JJ-t. 

D D SD . 

( l) 

wnere D = 2(1-X) - Y2 sin2e + S 

and S = + jy4 ~i-n4 () : -- 4Y2( 1-~); ~~s-2 ~ for the ordinary 

ray. 

a nd 

vJe i10'1:T :.:.~st find Lim_u't. 
t -+o 

VIe first find the limits as 

2 
fJ- /D. 
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tl . • • 1.~.1....-. 
2 X fl. = 1 - ------ - --- - -- ---. - .. --·- . -- . 

1- Y~ sin%/2(1-X) +jY4sirffl/4(1-X)2+Y2 cos2{) 

(1.10) 

New t
2 = 1-X and t is small. 

1 - t
2 

2-1 - - - ·· - ----- - .. ------- -- -- ----
fl.-- 2 2 2/4 4 4? 2 

1- Y sin C7 /2t + '\ Y sin(} /4t + y- co:J {) 

~1- 2 2 2 2 2-
t 2 - ty2 sin {] + t Y sin {) + t cot {) 

(Note that this i s mathorn.ti cally exe.ctly the sa.!Jl9 as maki ng a 

QT approxirr:--.tion) . 

2 2 2 
~ J. - (1- t )(1-t cot{)) 

2 2 = t cosec e 

,) • • Q ( 2) 

2 
( l · - )/'· 

... • -:ot~ · - _ ;· . :.. 

-> 1 e.S t -t 0 • . ... ( 3) 
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l/Ln: 
2 2 2 I 2 2 2 J.t /D = t cosec {} 2t (1+t cote) 

-+ t cosec2e as t -> o. 

Now from (1), (2), (3), and (4) 

(1 
1 2 2 2) 

j.t 't 2 sine 
y cos (} = - 2 cosec e + 
y2 sin2 e 

(1 
2 

cot
2 e) = 2 sine - t cosec e + 

= 2 sine (1- t cosec
2
e- 1 + cosec2 e) 

or ~ = cosec tl as before. 

!j!xtraordinary Ray: 

In this case 

2 X 
t = 1-- = 1-X-Y = _g_ 

1-Y 1-Y 
say, where c 

1-Y 

is small near the reflection point. Equation (1.10) for 

the extraordinary ray can then be written 

2 
j.t 

1- y- € 

- ( Y4sin4e 2 2 ) t - - + y cos e 
4(Y+ c )2 

(4) 
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= 1 - 1 - y - t 

1 -
_
2
1y sJ.· n2.a (

1 
c ) y (-.---( --1~--2-)2--1-~in4e ) -} 

v - y - 1 - 1;"S1n e - 2- -y- t 

~ 1 -
1 - y- t 

= 1 
1 - y - € -~~= -t-Y sin2e ---1.-~--:---t--Y- s....:l=-.n-2 e + ( t s i n2e + t __ §.i :~~ 

' (11 .2.a 

!:!! 1-J.::Y:::. . .c-
1-Y 

-:r s].n v 

[
1 - (t sin2 e + t _s5n

4
e ) -L J 

(1-t sin~) 1- Y 
' 

2 [ _/ 2 + .1. sin4 e ) t2J -- 1 - (1 - t ) 1 \ t sin e 4 1 _ t sin2e 

2 ( 1 2 .1. si~ ) !'! 1 - 1 + t 1 + -:cr sin e ~- ~ .. - --
1 - t sin2 e 



cr 

and thus 

= 1 - t §in~ + t sin4e 

1 - t sin2 e 

1 
= 1 J.. • -z-; - 2 s1n u 

I 
1 2--

'\ 1 - 2 sin e 

Now for t~e extraordina:~~ r~y S as defined above is negative 

G O t hat 

vJhen t = 0 

2Y(1-Y) 

~nr1 Qi_n"'~ _,; .. --: 0 fa:':' th~ extraordinac-y ray when t = O, 1-10 have 

tl"~:>..t f.1. 
2/D = 0 -.rhen t = 0 . Now for the extra0rdJne.-cy r ay 

C'q:,a ·cion ( 1) above talc8s the form 

p}t = 2,;t (1 - X2 - J12 - i1-X2)(l-:_M.~)2-~~~qss2.~ 2 \ ·:- 1-L ·:t.o 
f.J.D Y~·sin4e + !;I (1-X) 2cos c/ 

~~J ~t ~ = 0 this is 

f.l't 

--- - "2-
- ,?_{!._=_}: .. ~ilL~ ( Y( 2-Y) 

2Y(1-Y) \ 
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p 't = it=il ·!.~ + t cos2 0. ( 1 + cosiJ -
2
cos

2
e ) 

. 1 + cos e 

l 

The exp:-ossion i~ given in this form vl~- thcut proaf cy TITH:L'2tiDC.:; 

( 38). 



APPENDiX C. 

To calculate the coefficients in Table 8 it was assu:-:?d 

th~t the iono~phere was stratified in two l~yc~s, each li~~a~ 

w~th respr~t to frequency. 

h 

f -" ro:- -o < 

~2.5 f
0 

+ 100 

4 . 0 Hc/s. 

'!'h'3 7G.llE'y W3.S supposed to h<>.ve f = 3. 7_: Nc/ :'3 e.nd t~ 
0 

h .30f
0 
+ 80 

fc:~ f 0 > 4.0 Mc/n. 

The ordinary and e-x:h·aord:i. n2.!'~' io~~"'~rc:.m"' ,.. :-:r:·- -r-~ :::~.; "'? 

·;:,o t ::: ..... c:-;_stri1:ution we:re construct-ed by evalu<>.ting 'f,J.-1. 16 s c'·, 

the Ti-' hcridge frequencies" The ordinary recc~d was ~caleC. 

L:-,~ '!'i·~:;'Jrid.;'3 1 s r.:cthod givir.g a distributio~1 1.-1hich differe·:1 

;:,-:- c:·. Jv~') true distribution by an amount 

?he calculation is sho'm in Table 13. 
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TABLE 18: Calculation of 6
0 

and 6'
0

• 

h 
~·com-

f h h I comput.0d h I 
puted from 

6 0 X curve with 
from h

0 
1 

no valley 

3.988 189.6 246.8 189.6 251.1 251.1 0 0 

4.191 205.7 28.3.4 197.1 290.1 277 . .3 12·.8 8.6 

4 • .378 211..3 293.8 20.3. 7 300 .6 29.3.2 7.4 7.6 

4.552 216.6 .301.9 209.6 .308.5 .302.7 5.8 7.0 

4.71.3 221.4 .309 .1 214.9 .315.7 310.8 5.1 6.5 

4.864 225.9 .316 • .3 219.8 322.6 .318.5 4.1 6.1 

5.006 2.30.2 322.5 224.3 .329.5 .324.3 5.2 5.9 

5 .1.39 2.34. 2 328.2 228.4 .3.36.0 330.5 5.5 5.8 

5.266 2.38. 0 .3.34.6 232.2 341.5 3.35 .1 6.4 5.8 

5.386 241.6 .339.6 235.7 5.9 

5.500 245.0 345.4 239.0 6.0 

5.609 248 • .3 351.3 242.2 6.1 

5.713 251.4 .355.5 245.2 6.2 

5.81.3 254.4 .360.4 248.1 6.3 

5.908 257.2 364.1 250.9 6.3 

6 .ooo 260.0 369.1 25.3 .6 6.4 
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