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Abstract

Reliability analysis plays a fundamental role in assessing the lifetime behaviour of components, sys-
tems, and materials. In the Bayesian approach, the uncertainty about model parameters can be mea-
sured using the posterior distribution. This study presents a comparative analysis of two life dis-
tributions, the Weibull and Birnbaum-Saunders distributions under Bayesian reliability theory. The
study focuses on the derivation of posterior distributions using a range of objective priors, including
the Jeffreys prior, divergence prior, reference prior, and the probability matching prior, for both com-
plete and type I right censoring cases. These priors are derived from the Fisher information matrix
for both models, and the properness of the resulting posterior distributions is examined both graph-
ically and analytically. Markov Chain Monte Carlo techniques, including the Metropolis-Hastings
sampler, Gibbs sampler, and the Metropolis-within-Gibbs algorithm, are employed to simulate from
the posterior distributions of the model parameters. Convergence of the posterior samples is assessed
using standard diagnostics such as the trace plots, the Gelman-Rubin convergence diagnostic, and the
Geweke diagnostic. Simulation studies are conducted to assess model performance across different
sample sizes and priors, with evaluation based on coverage rates and mean interval lengths. Predictive
reliability analyses are performed to analyse the ability of both distributions to predict future lifetimes.
Applications include fitting and evaluating two fatigue lifetime datasets using both the Weibull and
the Birnbaum-Saunders distributions. Bayesian estimation is carried out, and posterior summaries are
analysed to assess parameter behaviour, credible intervals, and overall model fit. Model comparison
using the deviance information criterion (DIC) is performed to determine which distribution provides
a better fit and more stable parameter estimates.

Keywords: Bayesian inference, Bayesian reliability theory, Birnbaum-Saunders distribution, Cen-
soring, Coverage rate, Credibility Interval, Divergence prior, Gibbs sampler, Jeffreys prior, Likelihood,
MCMC, Mean interval lengths, Metropolis-Hastings sampler, Posterior convergence, Posterior diver-
gence, Predictive reliability, Reference prior, Weibull distribution.
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Chapter 1

Introduction

1.1 Overview

This thesis looks at how Bayesian methods can be used to study the reliability of systems or compo-
nents. Reliability analysis plays a crucial role in many industrial and engineering applications, where
accurate modelling of system lifetimes is essential for maintenance planning and risk assessment. In
many real-life cases, data may be censored, which makes traditional statistical methods less effective.
Such challenges commonly arise in practical settings such as manufacturing systems and reliability
testing, motivating the need for flexible Bayesian approaches that can adequately account for uncer-
tainty and limited data. In industries like aerospace and manufacturing, where lifetime predictions of
critical components are essential for safety and cost efficiency, censored data often complicates tradi-
tional reliability analyses. By using Bayesian methods, which can handle uncertainty from incomplete
data, this study aims to provide more accurate models for real-world applications such as turbine fail-
ure prediction and quality control in production lines. The Bayesian approach helps to deal with these
problems by combining background knowledge with observed data to form a posterior distribution.
The focus of this thesis is on comparing two important life distributions, the Weibull distribution and
the Birnbaum-Saunders distribution. Different types of priors are studied and derived, including the
Jeffreys prior, the divergence prior, the reference prior, and the probability matching prior. The corre-
sponding posterior distributions are derived, and their properness is evaluated. Predictive reliability is
also calculated from the posterior distributions to see how the reliability of a system changes over time.
Furthermore, a simulation study was conducted to evaluate the frequentist properties of the Bayesian
estimators. In particular, the study focused on the coverage rate and mean interval length of the 95%
credible intervals for the model parameters under different prior specifications and sample sizes. The
simulation results provide insight into the performance of each prior, especially for small sample sizes.
In the application section, two lifetime examples were conducted to illustrate the practical implemen-
tation of the Bayesian methods under complete data. Posterior summaries, credibility intervals, and
posterior curves were presented for each case.

1
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1.2 Objectives

The main objectives of this thesis can be summarised as follows:

• This study aims to compare different life distribution models within the Bayesian framework.

• To investigate the Fisher information matrix for both the Weibull and Birnbaum-Saunders distri-
bution, which serves as the foundation for constructing objective priors.

• To derive the reference prior, Jeffreys prior, probability matching prior and the divergence prior
for each distribution.

• To derive and analyse the relevant posterior distributions under complete data and type I right
censoring.

• To conduct simulation studies, focusing on coverage rates and mean interval lengths.

• To derive the predictive reliability.

• To demonstrate the practical application using two real lifetime data examples.

• Conduct a sensitivity analysis for the choice of prior.

1.3 Contributions

Given the objectives, the principal contributions of the study are summarised as follows

• The derivation of the divergence prior for the Weibull distribution from the Fisher information
and proving that the corresponding posterior is proper under no censoring and type I right cen-
soring.

• The derivation of the reference prior for the Weibull distribution using the algorithm by Berger
and Bernardo (1992) and proving that the corresponding posterior is proper under no censoring
and type I right censoring.

• The derivation of the probability matching prior for the Weibull distribution, which was shown
to be equivalent to the reference prior.

• The derivation of the full Fisher information matrix for the Birnbaum–Saunders distribution
for complete data. The derivation presents every algebraic step omitted in previous work by
Lemoine (2019) and provides closed-form expressions for the expected second derivatives of the
log-likelihood. These results are reported in full in Appendix A.2.
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• The evaluation of the objective priors for the Birnbaum-Saunder distribution using the Fisher
information matrix, and the demonstration that the priors lead to improper posterior distribution
under complete data.

• Assessment of posterior convergence using Markov Chain Monte Carlo (MCMC) diagnostics,
including trace plots, the Gelman-Rubin diagnostic, and the Geweke diagnostic test.

• Evaluation of the coverage rate and mean interval length of the posterior credible intervals to
assess the accuracy and efficiency of Bayesian inference under different prior specifications.

1.4 Outline

This study focuses on the comparison of two important life distributions: the Weibull and Birnbaum–
Saunders distributions within a Bayesian reliability framework. Both models are widely used in reli-
ability analysis and fatigue life modeling. The objective of this research is to investigate the posterior
behaviour, parameter estimation, and reliability performance of these models using simulation and real
data applications. The comparison is performed under complete data conditions, using non-informative
and weakly informative priors, and inference is conducted through MCMC methods implemented in
OpenBUGS (version 3.2.3) and R (version 4.5.1). All simulations and analyses were conducted using
R (version 4.5.1), R. Core Team (2025) and OpenBUGS (version 3.2.3), Lunn et al. (2009).

In Chapter 2, a detailed literature review is presented, outlining the theoretical developments and
previous studies related to Bayesian reliability analysis, life distributions, and objective prior construc-
tion, as well as the implementation of MCMC methods and assessments of MCMC convergence.

In Chapter 3, the Weibull distribution is introduced and discussed in detail. The chapter presents its
probability density and reliability functions. Posterior distributions were derived using non-informative
priors. The properness of the posterior is evaluated both numerically and graphically both under com-
plete data and type I censoring to ensure valid inference. Simulation studies are conducted to assess
parameter coverage probabilities, and mean interval lengths.

In Chapter 4, the Birnbaum-Saunders distribution is introduced and discussed in detail. The chap-
ter presents its probability density and reliability functions. Posterior distributions were derived using
both non-informative and weak informative priors. The properness of the posterior is evaluated both
numerically and graphically both under complete data and type I censoring to ensure valid inference.
Simulation studies are conducted to assess parameter coverage probabilities, and interval lengths.

In Chapter 5, the application of the Weibull and Birnbaum-Saunders models to complete lifetime
datasets. The objective is to estimate α and β for both distributions and to evaluate distributions
using the deviance information criterion (DIC). Two examples are analyzed: the first example uses a
small dataset to illustrate the Bayesian estimation process, and the second example applies the same
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procedure to a larger dataset of 101 fatigue lifetimes. Posterior summaries, credible intervals, density
plots, and Q-Q plots are presented for both distributions.

In Chapter 6, the main findings of the study are summarised, including the performance of different
objective priors for the Weibull and Birnbaum-Saunders distributions across varying sample sizes. The
chapter also discusses MCMC convergence issues observed in small sample sizes. Finally, Chapter 6
presents recommendations for future research.

Appendix A contains the derivations of the Fisher information matrix for both the Weibull and
Birnbaum–Saunders distributions. Detailed calculations are provided for the complete data case, in-
cluding the second-order derivatives of the log-likelihood functions with respect to the distribution
parameters.

Appendix B contains the evaluation of properness of the posterior distribution when using the
reference prior for the Birnbaum–Saunders distribution when there is no censoring.

Appendix C contains the R and OpenBUGS code for Bayesian simulation and application of the
Weibull and Birnbaum-Saunders distributions.



Chapter 2

Literature Review

2.1 Background and Related Studies

The modelling of lifetime data through parametric distribution is fundamental in reliability theory,
survival analysis, and fatigue life modelling. Among various lifetime distributions, the Weibull and
Birnbaum-Saunders distributions are widely studied due to their ability to capture failure mechanisms.

2.1.1 Bayesian Analysis of the Weibull Distribution

The Weibull distribution, defined by a shape and scale parameter, is one of the most commonly used
lifetime models due to its flexibility in representing increasing, decreasing, or constant rates. Bayesian
approaches for the Weibull parameter estimation often rely on assigning prior distributions for the
parameter, such as Gamma, Jeffreys, or reference priors, and then deriving posterior inferences us-
ing computational methods, including Gibbs sampling or other MCMC techniques, Kundu and Mitra
(2016).

• Kundu and Mitra (2016) provide a detailed Bayesian inference framework for the Weibull model
with left truncated and right censored data, using Gibbs sampling to compute Bayesian estimates
of both shape and scale parameters, along with credible intervals and predictive densities.

• Ramos et al. (2020) investigate objective priors, including the Jeffreys prior and the reference
prior, and derive sufficient conditions under which improper priors produce a proper posterior
distribution for the Weibull parameters when data is censored.

Objective Bayesian methods for Weibull parameters and functions have been discussed in the context of
reliability analysis, highlighting derivations of the Jeffreys prior, the reference prior, and other objective
priors to improve inference under limited or censored data, Consonni et al. (2018).

Although Bayesian methods for estimating Weibull parameters have been widely studied, includ-
ing posterior properties and simulation-based approaches, there are still few studies that compare the

5
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posterior behaviour of the Weibull distribution with other lifetime distributions, under different pri-
ors and censoring schemes. In particular, comparisons focusing on predictive reliability and coverage
performance are limited.

2.1.2 Bayesian Analysis of the Birnbaum-Saunders Distribution

The Birnbaum-Saunders distribution, defined by a shape and scale parameter, is a lifetime model origi-
nally developed to describe fatigue failure processes, Birnbaum and Saunders (1969a). It is particularly
suitable for modelling positively skewed lifetime data arising from cumulative damage mechanisms.
The Birnbaum-Saunders distribution was proposed to model fatigue life, based on crack growth under
cyclic loading. It has since been widely used in reliability and lifetime studies and has been the focus
of numerous Bayesian estimation approaches.

• In the literature, Bayesian methods have been used for inference in the Birnbaum-Saunders fa-
tigue life model. These studies focus on parameter estimation, posterior analysis, and reliability
measures, and demonstrate that the Birnbaum-Saunders distribution is well-suited for modelling
fatigue life data, Achcar (1993). In addition, Bayesian analysis of the Birnbaum-Saunders dis-
tribution has been considered in situations where only partial information about the data is avail-
able, Xu and Tang (2011). These studies develop Bayesian inference procedures for parameter
estimation and reliability analysis when complete failure times are not fully observed, such as
under censoring or limited data conditions. The results show that the Birnbaum–Saunders dis-
tribution remains flexible and effective for modelling fatigue life data even when information is
incomplete.

• Early work on Bayesian Birnbaum-Saunders estimation under reference priors and computa-
tional methods demonstrated that Bayesian estimators can outperform classical methods, includ-
ing maximum likelihood estimation for certain parameter settings, Xu and Tang (2010).

• Recent studies also investigate improved Bayesian inferences for right-censored Birnbaum-Saunders
data, leveraging Gibbs sampling under the Jeffreys and reference priors and comparing perfor-
mance across varying sample sizes and censoring levels, Jayalath (2024). These studies conclude
that Bayesian inference for the Birnbaum-Saunders distribution under right-censored data, im-
plemented via Gibbs sampling with the Jeffreys or reference priors, provides stable and accurate
estimates, with performance improving as sample size increases and censoring decreases.

• Recent scientometric reviews show that the Birnbaum-Saunders distribution has been widely
adopted for lifetime analysis, extended to regression and multivariate models, and studied using
Bayesian and other estimation techniques, Victor (2025).
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• Smit (2021) developed Bayesian dual-stress accelerated life testing models using the generalised
Eyring model with one thermal and one non-thermal stressor. The Weibull and Birnbaum-
Saunders distributions were used as lifetime models, with likelihoods accommodating uncen-
sored, type I, and type II censored data. Posterior distributions were mathematically intractable,
requiring MCMC methods for inference and convergence checks via trace plots and the Brooks-
Gelman-Rubin diagnostic. Model fit was assessed using the DIC, and predictive reliability and
Bayes factors were explored. The study highlights sensitivity to prior choices, recommending
flat priors when prior knowledge is limited.

In industries like aerospace and manufacturing, where lifetime predictions of critical components are
essential for safety and cost efficiency, censored data often complicates traditional reliability analyses.
By using Bayesian methods, which can handle uncertainty from incomplete data, this study aims to
provide more accurate models for real-world applications such as turbine failure prediction and quality
control in production lines. Although both the Weibull and Birnbaum-Saunders distributions are widely
used in reliability analysis, direct Bayesian comparisons of these models under different censoring
schemes and objective priors remain limited. In particular, the behaviour of posterior coverage and
predictive reliability has not been thoroughly examined, especially for small sample sizes or heavily
censored data. Furthermore, the application of Bayesian model selection criteria, such as the DIC,
across real-world and simulated reliability scenarios is still sparse. By addressing these gaps, the
present study contributes to the reliability literature by systematically comparing the posterior inference
and predictive performance of the Weibull and Birnbaum-Saunders distributions within a Bayesian
framework using objective priors.

2.1.3 Reliability Function

The function R(t) is the probability that the time to failure is higher than or equal to t for a given value
of t ≥ 0. Let T be the time at which a failure event occurs. If T is a non-negative random variable
which has a (continuous) cumulative distribution function (CDF) denoted by F (t) , and a corresponding
probability density function (PDF) denoted by f (t) , then the reliability function is given by

R(t) = P(T ≥ t) = 1−F (t) ,

where T ≥ 0, R(t)≥ 0, F (0) = 0, and lim
t→∞

F (t) = 1. Another significant function related to the life
distribution is the failure rate, or hazard function, h(t) , and is given by

h(t) =
f (t)

1−F (t)

=
f (t)
R(t)

.
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Reliability plays a crucial role in the design of products and systems, and to estimate how depend-
able a proposed design will be, engineers employ various modeling approaches, including probabilistic
models that assess system reliability, Ruggeri et al. (2008). As stated by Ross (2014), the reliability
theory is mainly concerned with the determination of the probability that a system, consisting possibly
of several components, will operate adequately for a given period of time in its intended application.

2.1.3.1 Predictive Reliability

The predictive reliability predicts the probability that a future unit will survive after a specified time,
given the observed data and prior information. The predictive reliability is given by

R(tu|data) =
�

R(tu|θ)π (θ |data)dθ , (2.1)

where R(tu) is a reliability function at some time tu.
The evaluation of R(tu|data) can be done as follow

1. Sample θ from the posterior a sufficiently large number, say N times.

2. The integral in equation 2.1 can be calculated by the Monte Carlo average

R(tu|data)≈ 1
N

N

∑
n=1

R
(

tu|θ (n)
)
, (2.2)

which is the expected reliability at time tu, using the posterior sample{
θ (n)

}
, n = 1, ...,N.

2.1.4 Censoring

According to Leung et al. (1997), censoring occurs when incomplete information is available about
the survival time of some systems. Censoring is a common phenomenon in survival analysis and
reliability studies, where the exact time of an event of interest is not observed or unavailable, Klein
and Moeschberger (2003). These methods allow researchers to account for censored observations and
estimate the survival function, hazard rate, or other quantities of interest. There are several types of
censoring, but the most common ones are: right censoring (type I and type II), left censoring and
interval censoring.

• Tian et al. (2024) defines right censoring arises when one or more units have not failed when the
data are analyzed and occur for different reasons. Right censoring is a widely utilized approach
in survival analysis and reliability studies, which involves several distinct types of censoring
schemes.



CHAPTER 2. LITERATURE REVIEW 9

• Type I right censoring is defined by Gijbels (2010) as censoring that occurs if an experiment
is started at a given time for a set of components or items, and the experiment is stopped at a
predetermined time.

• Type II right censoring occurs when an experiment is continued until a predetermined number
of the subjects under study have failed, Gijbels (2010).

• According to Klein and Moeschberger (2003), left censoring happens when the event of interest
occurred between two time points, but the exact time is unknown. For example, if a subject
reports that the event happened sometime last month.

• Smit (2021) defines interval censoring occurs when the exact failure time of an item is unknown,
but it is known to lie within a specific time interval.

The focus of this thesis will be on no censoring and type I right censoring. Under type I right censoring,
each observation i consists of the pair

datai = (ti,δi) ,

where ti is either an exact failure time or a censored time, and

δi =

1, if ti is an exact failure time,

0, if ti is a right censored observation.

Let f (ti|θ) denote the probability density function of the specified lifetime distribution with pa-
rameter vector θ , and let R(ti | θ) denote the corresponding reliability function. The likelihood of each
observation is then

{ f (ti|θ)}δi {R(ti | θ)}δi ,

so the likelihood for the complete sample is

L(α,β |t) =
n

∏
i=1

{ f (ti|α,β )}δi {R(ti|α,β )}1−δi . (2.3)

Let r denote number of failures in the sample, the data may be reordered such that the first r

observations correspond to failures

δ1 = · · ·δr = 1, δr+1 = · · ·δn = 0.

Substituting these values into equation 2.3, the likelihood with respect to type I right censoring can
be rewritten as

L(α,β |t) =
r

∏
i=1

{ f (ti|α,β )}
n

∏
i=r+1

{R(ti|α,β )} ,
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where r is the number of failures and n is the sample size.

2.2 Bayesian Statistics

The foundational concepts of Bayesian statistics originated with the work of Bayes (1763). In his
essay, he described Bayes Theorem using inverse probability and explained how subjective views or
a researcher’s understanding may be used to make statistical inferences. This explanation gave rise to
what are now referred to as posterior and prior beliefs. Prior beliefs are initially stated regarding an
event, and these are subsequently adjusted or revised to form posterior beliefs as additional information
becomes available. Spiegelhalter and Rice (2009) mentioned that, the Bayesian statistical methods are
commonly used when there is no other choice but to incorporate quantitative prior judgements because
there is a lack of data on a particular feature of a model or because it is necessary to make assumptions
about the biases involved in order to accept the shortcomings of some evidence. Within the context
of Bayesian statistics, existing knowledge is formulated as a prior distribution and combined with
observed data as a likelihood function.

2.3 Bayesian Inference

Bayesian inference considers the data to be fixed, and unknowns parameters say θ , are treated as ran-
dom variables and follow some distribution. The prior distribution, denoted as π (θ), expresses the
belief or knowledge about the possible values of θ before any data is observed. Bayesian inference
utilizes prior knowledge along with the observed data (likelihood), Ellison (2004). According to Gel-
man (2002), the prior distribution is a key part of Bayesian inference and represents the information
about an unknown parameter that is combined with the probability distribution of new data to yield the
posterior distribution which in turn is used for future inferences and decisions involving θ . The likeli-
hood function is the joint probability density of observed data viewed as a function of the parameters
of a statistical model. It is denoted as L(θ |data), where θ represents the model parameters and data

is the observed data. In Bayesian statistics, once a prior is selected, it is combined with the likelihood
function to calculate the posterior distribution.

The posterior distribution for continuous random variables will be

π (θ |data) =
L(θ |data)π (θ)�

L(θ |data)π (θ)dθ
. (2.4)

The posterior distribution for discrete random variables will be

π (θ |data) =
L(θ |data)π (θ)

∑L(θ |data)π (θ)
, (2.5)
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where θ is the parameter vector, π (θ) denotes the prior distribution, L(θ |data) is the likelihood
function and the denominator is the normalizing constant.

By using Bayes rule the posterior distribution can be written as

π (θ |data) ∝π (θ)×L(θ |data)

posterior ∝prior × likelihood.

Bayesian inferences are derived from the posterior distribution. The posterior distribution state
what can be said about unknown parameters of interest given available data and prior knowledge.
The posterior can be used for making predictions about future events, van de Schoot et al. (2021).
According to Spiegelhalter and Rice (2009), a complete posterior distribution report is the accurate and
definitive outcome of a statistical analysis. Prior selection is one of the most difficult and challenging
problems in Bayesian analysis.

2.4 Non-informative Prior Distributions

In this thesis the focus will be on non-informative priors. Non-informative priors are frequently im-
proper, meaning they do not integrate to one, and are also referred to as objective, vague, or flat
priors. Lemoine (2019) state that non-informative priors are distributions that are flat over the entire
real number line and thus contain little or no information. Bayesians use non-informative priors when
there is desire to analyze data without using any information that might be available to specify a prior
distribution also known as objective Bayesian analysis, Tian et al. (2024). There is little effect of non-
informative priors on the posterior distribution, Sadok et al. (2023). Sadok et al. (2023) state that using
a non-informative prior is recommended since it is flexible and can cover a variety of distributions.
The following objective priors will be considered in this thesis: the Jeffreys prior, divergence prior,
reference prior, and the probability matching prior.

2.4.1 The Jeffreys Prior

In Bayesian statistics, the Jeffreys prior is regarded as a non-informative prior distribution for a param-
eter space. It was proposed by Jeffreys (1939) and is proportional to the square root of the determinant
of the Fisher information matrix. The Jeffreys prior is expressed as

πJ (θ) ∝
√
| H (θ) |, (2.6)

where H (θ) denotes the Fisher information matrix.
The Jeffreys prior, even if there is more than one parameter, is well known to be invariant to

reparameterization. In Bayesian statistics, by saying “invariance” it means that if π(θ), the PDF of θ ,
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is a specific prior distribution for the parameter of interest t(θ), and ψ is a one-to-one transformation
of θ , then the transformed prior, π(ψ) will also be that specific prior, Datta and Ghosh (1996). This
is a well-known weak prior that is frequently applied in situations when the unknown parameters are
poorly understood.

2.4.2 The Divergence Prior

The divergence prior was developed by Ghosh et al. (2011), it maximizes the distance between the
prior and posterior by using a chi-square divergence distance metric. This prior has been successfully
applied to a vector field of orientated unit tangents for vessel pathlines as a regularisation constraint,
Zhang et al. (2019). The divergence prior is proportional to the fourth root of the determinant of the
Fisher information matrix. The divergence prior is given by

πD (θ) ∝| H (θ) |
1
4 . (2.7)

2.4.3 The Reference Prior

Bernardo (1979) proposed the reference prior, which was then further developed by Berger and Bernardo
(1989). Finding appropriate, non-informative priors in multiparameter issues is challenging since typ-
ical non-informative priors, like Jeffreys prior, might have characteristics that unexpectedly drastically
affect the posterior distribution, Harvey and Van der Merwe (2018). In recognition of this problem
Bernardo (1979) proposed the reference prior, and further developed by Berger and Bernardo (1989).
The reference prior method is also derived from the Fisher information matrix. The reference prior is
the prior that, according to the experimental data, maximizes the predicted Kullback-Leibler distance
between the posterior distribution and the prior distribution. It is invariant under a one-to-one transla-
tion in the parameters, Ramos et al. (2017). The algorithm of Berger and Bernardo (1992) may then
be described as follows

The parametric statistical problem in which the random observation T which has a density
f (t|θ) , where θ ∈ Θ ⊂ RK is the unknown parameter is considered. It is assumed that
the Fisher information matrix

H (θ) =−Et|θ

[{
∂ 2

∂θi∂θ j
log f (t|θ)

}]
exists and has rank k, so that

S (θ) = H−1 (θ) ,

also exists. Often, we will just write H and S.

It is assumed that the θi are separated into m groups of sizes n1, ...nm



CHAPTER 2. LITERATURE REVIEW 13

θ(1) = (θ1, ...θn1),θ(2) = (θn1+1, ...θn1+n2) , ...,

θ(1) =
(
θNi−1+1, ...θn1

)
, ...,θ(m) =

(
θNm−1+1, ...θk

)
,

where N j= n1+....+n j for j = 1, ...m.

Then S is denoted as

S =



A11 A⊺
21 . . . A⊺

m1

A21 A22 . . . Am2

. . .

. . .

. . .

Am1 Am2 . . . Amm


Note that h1 ≡ H1≡ A−1

11 and B j =
(
A j1....A j( j−1)

)
, for j = 2, ...,m, iterative expressions

for computing these quantities, in general, are

h j =
(

A−B jH j−1B⊺
j

)−1

H j =

(
H j−1 +H j−1B⊺

j h jB jH j−1 −H j−1B⊺
j h j

−h jB jH j−1 h j

)
.

In the improper case we proceed by specifying a nested sequence Θ1 ⊂Θ2 ⊂ ... of compact
subsets of Θ such that

∞⋃
l=1

Θ
l = Θ,

where Θ represents the parameter space.

Define

π
l
m
(
θ[∼(m−1)]|θ[m−1]

)
= π

l
m
(
θ(m)|θ[m−1]

)
=

| h
1
2
m (θ) | 1l

Θ l(θ[m−1])

(
θ(m)

)
�

Θ l(θ[m−1])
| hm (θ) | 1

2 dθ(m)

.

For j = m−1,m−2, ...,1, define
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π
l
j
(
θ[∼( j−1)]|θ[ j−1]

)
=

π l
j+1
(
θ[∼ j]|θ[ j]

)
exp
{

1
2E l

j
[
log
(
| | h j (θ) |

)
|θ[ j]

]}
1

Θ l(θ[ j−1])
(
θ( j)
)

�
Θ l(θ[ j−1])

exp
{

1
2E l

j
[
log
(
| h j (θ) |

)
|θ[ j]

]}
dθ( j)

,

where E l
j
[
g(θ) |θ[ j]

]
=
�

g(θ)π l
j+1
(
θ[∼ j]|θ[ j]

)
dθ[ j], where the integral is over the

range
{

θ [∼ j] : θ[ j],θ(∼ j) ∈ Θl} .
Define the m-group reference prior by

πR(θ) = lim
l→∞

π l (θ)

π l (θ ∗)
,

where θ ∗ is some point in Θ1.

2.4.4 The Probability Matching Prior

The probability matching prior was firstly proposed by Welch and Peers (1963). A probability match-
ing prior is a prior distribution where the posterior probabilities of certain regions perfectly or sub-
stantially overlap with their coverage probabilities, Datta and Sweeting (2005). By using such a prior,
Bayesian credible areas will be guaranteed to have exact or approximate frequentist coverage. Datta
and Ghosh (1995) derived a differential equation which a prior must satisfy if the posterior probability
of a one sided credibility interval for a parametric function and its frequentist probability agree up to
O
(
n−1) where n is the sample size. They proved that the agreement between the posterior probability

and the frequentist probability hold if and only if
k
∑

i=1

∂

∂ pi
{ηi (θ)π (θ)} = 0. Reasons for using the

probability matching prior is that it provides a methods of constructing accurate frequestist intervals
and it could also be useful for comparative purposes in Bayesian analysis.

It is well known that the following method can be used to derive the probability matching prior:

1. Determine the inverse of the Fisher information matrix.

2. Suppose the goal is to find a probability matching prior for a function t (θ), then deter-
mine

∇
⊺
t (θ) =

[
∂ t (θ)
∂θ1

,
∂ t (θ)
∂θ2

, ...
∂ t (θ)
∂θk

]
(2.8)

and
∇t (θ) =

[
∂ t (θ)
∂θ1

,
∂ t (θ)
∂θ2

, ...
∂ t (θ)
∂θk

]⊺
.
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3. Define

η
⊺ (θ) =

∇
⊺
t (θ)H−1 (θ)√

∇
⊺
t (θ)H−1 (θ)∇t (θ)

.

4. The prior π (θ) is a probability matching prior if and only if the differential equation
k
∑

i=1

∂

∂θi
{ηi (θ)π (θ)}= 0 is satisfied.

2.5 Bayesian Application in Reliability Theory

Bayesian inference has been successfully applied in reliability analysis, where it facilitates the model-
ing and prediction of the lifetime or performance of systems and components, Ruggeri et al. (2008).
Hamada et al. (2008) mentioned that Bayesian reliability presents modern methods and techniques for
analysing reliability data from a Bayesian perspective. The authors mentioned that the adoption and
application of Bayesian methods in virtually all branches of science and engineering have significantly
increased over the past few years. This increase is largely due to advances in simulation-based com-
putational tools for implementing Bayesian methods. Bayesian reliability methods permit the formal
incorporation of pertinent supplementary information about the parameters of interest in a statistical
analysis beyond that contained in the sample data, Martz (2014). According to Al-Bossly (2020),
the development of Monte Carlo Markov Chain methods, lead to huge improvements in computa-
tional capabilities which in turn lead to increased use of Bayesian methods in reliability applications.
Bayesian inference in reliability theory has several advantages, including the ability to incorporate prior
information, account for uncertainty, and make probabilistic statements about unknown parameters.

2.6 MCMC Methods

The posterior distribution of many complex Bayesian models is intractable, meaning it cannot be
expressed in closed form Smit (2021). As a result, MCMC techniques, which are computational
algorithms that can produce samples from complex posterior distributions have been developed,
Hamada et al. (2008). A Markov chain is a sequence of random variables T (1),T (2), ..., where for
some τ, the next state T (τ+1)only depends on the current T (τ), and not on all the previous states
T (1),T (2), ...,T (τ−1). The Markov property can be expressed as

P
(

T (τ+1) = t | T (1) = t(1),T (2) = t(2), ...,T (τ) = t(τ)
)
= P

(
T (τ+1) = t | T (τ) = t(τ)

)
.

For some arbitrary starting value T (0), a Markov chain T (τ)can be generated using a transition distribu-
tion, that has stationary distribution f , to guarantee that

{
T (τ)

}
converges in distribution to a random

variable from f , Robert et al. (1999). The MCMC methods discussed in this thesis include the MH



CHAPTER 2. LITERATURE REVIEW 16

sampler, and Gibbs-within-MH sampler.

2.6.1 Metropolis-Hastings (MH) Sampler

The MH algorithm is one of the most fundamental and widely used MCMC methods in Bayesian
computation. It was originally proposed by Metropolis et al. (1953) to simulate the states of a physical
system in statistical mechanics using a symmetric proposal distribution. Hastings (1970) expanded the
method’s use in Bayesian statistics and beyond by generalising it to accommodate asymmetric proposal
distributions. The MH algorithm is used to generate samples from a complex target distribution π (θ |t),
typically a posterior distribution, when direct sampling is infeasible.

Here is how the Metropolis-Hastings algorithm is used

1. Choose a starting value for which π

(
θ (0)|t

)
> 0, represented by θ (0).

2. In the sequence θ
(τ−1), create a candidate point (or proposal) θ

∗ from the preceding
state using a jumping distribution (or proposal distribution), which is a conditional
density represented by q

(
θ
∗|θ (τ−1)

)
at time τ . The probability of jumping from θ

∗

back to θ
(τ−1) is denoted by q

(
θ
(τ−1)|θ ∗

)
. The proposal distribution the proposed

distribution must meet specific requirements, such as the resulting Markov chain being
irreducible and a periodic, and it should be simple to simulate from.

3. Calculate the probability that the candidate point will be accepted as the next state in
the sequence, known as the acceptance probability, denoted by ρ, and defined as

ρ = min

1,
π (θ ∗|t)q

(
θ
(τ−1)|θ ∗

)
π

(
θ
(τ−1)|t

)
q
(

θ
∗|θ (τ−1)

)
 .

4. From the distribution U (0,1), simulate a value u. As the subsequent state in the se-
quence, the candidate point is approved if u ≤ ρ . If u > ρ , the candidate point is
rejected and the sequence’s state stays the same.

θ
(τ) =

θ
∗ with probability ρ

θ
(τ−1) with probability 1−ρ

5. Set τ = τ + 1 and go back to Step 2 to proceed to the following state in the se-
quence. Repeat a significant number of times, say N, to produce the Markov chain
θ
(1),θ (2),...,θ (N).
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2.6.2 Gibbs Sampler

The Gibbs sampler is one of the most widely used MCMC algorithms, and it was initially presented by
Geman and Geman (1984) in the context of image processing. The Gibbs sampler creates a Markov
chain by separating the parameter vector into subvectors, and then sampling each subvector condi-
tional only on the current values of all the other subvectors. Let π (θ | t) be the posterior distribution
with d−dimensional parameter vector θ= {θ1,θ2, ..,θd} , and denote the full conditional posterior
distributions by π (θτ | t,θ1,θ2, ..,θi−1,θt+1, ...,θd). Both the posterior and full conditional posterior
distributions need only be defined at least up to proportionality. The Gibbs sampler is performed as
follows

1. Select arbitrary starting values θ (0) =
{

θ
(0)
1 ,θ

(0)
2 , ...,θ

(0)
d

}
for each parameter.

2. Sample new values for each parameter from the corresponding full conditional posterior distri-
bution. The full conditional distribution are updated for each new parameter value sampled. This
is done in succession as

Sample θ
(1)
1 from π

(
θ1 | t,θ (0)

2 ,θ
(0)
3 , ...,θ

(0)
d

)
Sample θ

(1)
2 from π

(
θ2 | t,θ (0)

1 ,θ
(0)
3 , ...,θ

(0)
d

)
... ... ...

Sample θ
(1)
i from π (θi | t,θ1,θ2, ..,θi−1,θi+1, ...,θd)

... ... ...

Sample θ
(1)
d from π

(
θd | t,θ (0)

1 ,θ
(0)
2 , ...,θ

(0)
d−1

)
.

After a new value is sampled for each parameter to find θ
(1)
1 =

{
θ
(1)
1 ,θ

(1)
2 , ...,θ

(1)
d

}
, one iteration

of the Gibbs sampler has been completed.

3. Repeat Step 2 a large number of times, say N times, conditioning only on the most recent values
of all other parameters, to obtain a Markov chain of simulated parameter values θ (1),θ (2), ...,θ (N).

2.7 MCMC Convergence

MCMC diagnostic techniques are required to determine whether Markov chains will converge to a
stationary distribution, Roy (2020). Smit (2021) state that Markov chain was started to produce a suf-
ficient number of samples, and then the initial subset of the samples is eliminated referred to as the
burn-in. Therefore, determining a Markov chain’s convergence is crucial for determining the chain’s
suitable burn-in. This section outlines a few MCMC diagnostics that can be used to determine whether
Markov chain convergence or MCMC sampling is stopped. Convergence of the Markov Chain Monte
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Carlo algorithm was assessed primarily through visual inspection of trace plots. Trace plots display
the sampled values of each parameter across iterations and are a standard diagnostic tool to evalu-
ate whether the chain has reached a stationary distribution. For each simulation run, trace plots of
the posterior samples of the scale and shape parameter were examined. A well mixed trace plot is
characterized by rapid oscillation and absence of apparent trends or drifts, is taken as evidence of
convergence. The chains that exhibits poor mixing were discarded and re-run with adjusted tuning pa-
rameters or starting values. Additional diagnostics such as the Gelman-Rubin convergence diagnostic
and the Geweke diagnostic were used to supplement visual checks where necessary. Autocorrelation
plots were used to assess the degree of dependence in the samples. Rapid decay of autocorrelations to
zero was considered a positive indication of good mixing. The Gelman-Rubin diagnostic Gelman and
Rubin (1992) assesses convergence by analyzing two or more parallel MCMC chains. When a shrink-
age factor, denoted by R̂ is close to 1, it suggests that the chains have converged. Geweke (1992)
suggested a diagnostic test for checking the convergence of the mean of each parameter separately
from the sampled values of a single chain. This diagnostic applies a simple Z test to check whether the
means estimated from two different subsamples of the total MCMC output are equal. The parameter
with ||Z||≤ 2 suggest no significant difference between the means of the initial and final segments of
the chain, indicating convergence.

2.7.1 Trace plot

Trace plots provide a simple visual method for evaluating a Markov chain’s convergence. Trace plots
are produced for each parameter separately and evaluate the chain, but it is also useful to monitor
the Markov chains jointly, either the total parameter vector, Lesaffre and Lawson (2012). To check
convergence of a chain, Gelfand and Smith (1990) proposed the thick pen test, if the trace plot can be
covered by a thick pen then the chain has converged. Figure 2.1 shows a trace plot that passes the thick
pen test, indicating good mixing and convergence. Figure 2.2 displays a poorly mixing chain that fails
the thick pen test. This lack of convergence implies that the posterior was not fully explored.

Figure 2.1: Trace plot that converges example (Image from Spiegelhalter et al. (2014).
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Figure 2.2: Trace plot that does not converges example (Image from Spiegelhalter et al. (2014)).

2.7.2 Autocorrelation

The autocorrelation function describes how values in a sequence are related at a specific lag m, and its
estimates, denoted by ρ̂m, are graphically displayed using an autocorrelation plot, Lesaffre and Lawson
(2012). When the autocorrelation decreases only slowly with increasing lag, the mixing rate is low.
When autocorrection is close to zero, then MCMC sampling is done in an independent manner.
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Figure 2.3: Example of autocorrelation when independency is high.

2.7.3 Gelman-Rubin Diagnostic

The Gelman-Rubin diagnostic Gelman and Rubin (1992) uses two or more samples created in parallel
to verify if the chain has converged. This test is an ANOVA-type diagnostic, calculating a shrinking
factor R̂. A value around one signifies convergence. Figure 2.4 presents a Gelman-Rubin plot where
clear convergence is achieved around 6500 iterations. The potential shrinking factor approaches 1,
indicating alignment between chains.
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Figure 2.4: Example of Gelman-Rubin plot, where convergence occurs around 6500 iterations.

2.7.4 Geweke Diagnostic

A diagnostic test was proposed by Geweke (1992) to verify that the mean of each parameter, indepen-
dently from the sampled values of a single chain converges. He suggested using MCMC output to see
the set of simulated data as a time series in order to construct this test. To determine whether the means
estimated from two distinct subsamples of the overall MCMC output are equal, this diagnostic uses a
straightforward two-test. The observations from the start and finish of the created chain are referenced
in these subsamples. In Figure 2.5, most Z-scores lie within the standard normal bound which is +2
and −2. This implies that the chain has reached its stationary distribution.
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Figure 2.5: Example of Geweke plot that illustrate convergence.

2.8 Life Distributions in Reliability Analysis

A life distribution, according to Harris and Singpurwalla (1968), is an effort to represent the lifespan
of a component. Life distributions constitute a group of probability distributions utilized in reliability
engineering and survival analysis, Smit (2021). In this thesis, some of the most commonly used life
distributions, namely the Weibull distribution and Birnbaum-Saunders distributions, will be considered
and discussed. The Weibull distribution will be discussed in Chapter 3. The Birnbaum-Saunders
distribution will be discussed in Chapter 4.



Chapter 3

The Weibull Distribution

Weibull (1951) provided the first formal definition of the Weibull distribution. The Weibull distribution
is one of the most widely used and studied life distributions in reliability theory, Smit (2021). It is
widely employed in the analysis of lifetime or survival data, as well as in characterizing phenomena
that exhibit monotonic failure rates, Carrasco et al. (2008). This distribution is known to have special
cases, such as the exponential and the Rayleigh distribution. For β = 1, the Weibull distribution is well-
known to be the same as the exponential distribution with a constant failure rate. For β = 2, the Weibull
distribution is well-known to be the same as the Rayleigh distribution with a monotonically increasing
failure rate. If the shape parameter β is larger than one, the failure rate function is increasing; if the
shape parameter is smaller than one, the failure rate function is decreasing, Li et al. (2011). Akram and
Hayat (2014) state that this distribution has been proven to be a successful model for many product
failure mechanisms because it is a flexible distribution.

A random variable that is continuous T is said to have a Weibull distribution if its PDF is defined
by

f (t|α,β ) =
β

α

( t
α

)β−1
exp
{
−
( t

α

)β
}
, t > 0, (3.1)

where β shape parameter and α scale parameter , β > 0, α > 0. In the context of this model, the
parameter vector θ = (α,β ).

The Weibull CDF is given as

F (t|α,β ) = 1− exp
{
−
( t

α

)β
}
, t > 0, (3.2)

and the corresponding reliability function is given by

R(t|α,β ) = exp
{
−
( t

α

)β
}
. (3.3)

23
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The likelihood for the Weibull distribution with no censoring is given as

L(α,β |t) =
n

∏
i=1

β

α

( ti
α

)β−1
exp
{
−
( ti

α

)β
}
.

The likelihood for the Weibull distribution with respect to type I right censoring is given as

L(α,β |t) =
n

∏
i=1

{
β

α

( ti
α

)β−1
exp
{
−
( ti

α

)β
}}δi{

exp
{
−
( ti

α

)β
}}1−δi

,

where, for observation i, datai = (ti,δi) , ti is either a failure time or a right censored time, δi = 1 for an exact

failure time, and δi = 0 for a right censored observation.

The Fisher information matrix for the Weibull distribution is given by

H (α,β ) =

[
nβ 2

α2 −n(1+γ1)
α

−n(1+γ1)
α

n(1+2γ1+γ2)
β 2

]
, (3.4)

where γ1 =
�

∞

0 log(y)exp(−y)dy and γ2 =
�

∞

0 log2 (y)exp(−y)dy.

The Fisher information matrix for the Weibull distribution was also derived by Sun (1997) and the
detailed derivations are provided in Appendix A.1.

Figure 3.1 shows possible shapes for the PDF of the Weibull distribution for various values of the
parameters α and β , and the corresponding reliability functions are shown in Figure 3.2.
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Figure 3.1: Probability density function of the Weibull distribution for various values of α and β .
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Figure 3.2: Reliability function of the Weibull distribution for various values of α and β .

3.1 The Posterior for the Weibull Distribution using the Jeffreys
Prior

In this section, the posterior distribution for the Weibull distribution using the Jeffreys prior will be de-
rived, when there is no censoring and when there is type I right censoring. Additionally, the properness
of the resulting posterior distribution will be examined.

Using the definition of Jeffreys prior in equation 2.6, the Jeffreys prior for Weibull distribution is
given by

πJ (α,β ) ∝
1
α
. (3.5)

The joint posterior of α and β for the Weibull distribution given the observed data using the Jeffreys
prior when there is no censoring is given by

πJ (α,β | t) ∝ β
n
α
−(nβ+1) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
. (3.6)

The joint posterior of α and β for the Weibull distribution given the observed data using the Jeffreys
prior when there is no censoring is proper, Sun (1997).
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The conditional posterior of α given β and t is given by

πJ (α|β , t) ∝ α
−(nβ+1) exp

{
−

n

∑
i=1

( ti
α

)β

}
, (3.7)

letting u = αβ in the previous expression, then u = αβ ∼ Inv−G
(

n,
n
∑

i=1
tβ

i

)
.

The conditional posterior of β given α and t is given by

πJ (β |α, t) ∝ β
n
α
−(nβ ) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
. (3.8)

The joint posterior of α and β for the Weibull distribution given the observed data using the Jeffreys
prior under type I right censoring is given by

πJ (α,β |t) ∝ β
r
α
−rβ−1

{
r

∏
i=1

tβ−1
i

}
exp

{
−

n

∑
i=1

( ti
α

)β

}
. (3.9)

The conditional posterior of α given β and t is given by

πJ (α|β , t) ∝ α
−rβ−1 exp

{
−

n

∑
i=1

( ti
α

)β

}
, (3.10)

letting u = αβ in the previous expression, then u = αβ ∼ Inv−G
(

r,
n
∑

i=1
tβ

i

)
. The conditional

posterior of β given α and t is given by

πJ (β |α, t) ∝ β
r
α
−rβ

{
r

∏
i=1

tβ−1
i

}
exp

{
−

n

∑
i=1

( ti
α

)β

}
. (3.11)

The posterior of α and β for the Weibull distribution given the observed data using the Jeffreys
prior under type I right censoring is proper, it was shown by Southey (2015).

The conditional posterior of α given β and t has a known form, and the conditional posterior of
β given α and t has an unknown form therefore, a standard Gibbs sampler cannot be used. Instead, a
Gibbs sampler with a MH step (Metropolis-within-Gibbs) can be employed. This occurs both in the
complete data case and under type I right censoring.
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3.2 The Posterior for the Weibull Distribution using the Diver-
gence Prior

In this section, the posterior distribution for the Weibull distribution using divergence prior will be de-
rived, when there is no censoring and when there is type I right censoring. Additionally, the properness
of the resulting posterior distribution will be examined.

Using the definition of the divergence prior in equation 2.7, the divergence prior for Weibull distri-
bution is given by

πD (α,β ) ∝
1

α
1
2
. (3.12)

The joint posterior of α and β for the Weibull distribution given the observed data using the diver-
gence prior when there is no censoring is given by

πD (α,β | t) ∝ β
n
α
−(nβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
. (3.13)

The conditional posterior of α given β and t is given by

πJ (α|β , t) ∝ α
−(nβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}
, (3.14)

letting u = αβ in the previous expression, then u = αβ ∼ Inv−G
(

n− 1
2β
,

n
∑

i−1
tβ

i

)
.

The conditional posterior of β given α and t is given by

πD (β |α, t) ∝ β
n
α
−(nβ ) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
. (3.15)

The joint posterior of α and β for the Weibull distribution given the observed data using the diver-
gence prior under type I right censoring is given by

πD (α,β |t) ∝ β
r
α
−rβ− 1

2

{
r

∏
i=1

tβ−1
i

}
exp

{
−

n

∑
i=1

( ti
α

)β

}
. (3.16)

The conditional posterior of α given β and t is given by

πD (α|β , t) ∝ α
−(rβ+1) exp

−

n
∑

i−1
tβ

i

αβ

 ,
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letting u = αβ in the previous expression, then u = αβ ∼ Inv−G
(

r− 1
2β
,

n
∑

i−1
tβ

i

)
.

The conditional posterior of β given α and t is given by

πD (β |α, t) ∝ β
r
α
−rβ exp

{
−

n

∑
i=1

( ti
α

)β

}{
r

∏
i=1

tβ

i

}
.

The conditional posterior of α given β and t has a known form, and the conditional posterior of
β given α and t has an unknown form therefore, a standard Gibbs sampler cannot be used. Instead, a
Gibbs sampler with a MH step (Metropolis-within-Gibbs) can be employed. This occurs both in the
complete data case and under type I right censoring.

Theorem 3.1. The joint posterior of α and β for the Weibull distribution given the observed data using

the divergence prior when there is no censoring is a proper distribution.

Proof. For the posterior to be proper, this must hold

∞�

0

∞�

0

cβ
n
α
−(nβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
dαdβ = 1,

where c is the normalising constant.
For the above to be true, it must be shown that

∞�

0

∞�

0

β
n
α
−(nβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
dαdβ < ∞.

Now

∞�

0

∞�

0

β
n
α
−(nβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
dαdβ =

�
∞

0
β

n

{
n

∏
i=1

tβ

i

}�
∞

0
α
−(nβ+ 1

2)

× exp

−

n
∑

i=1
tβ

i

αβ

dαdβ .

Consider

�
∞

0
α
−(nβ+ 1

2) exp

−

n
∑

i=1
tβ

i

αβ

dα =

�
∞

0

(
α

β

)−n
α
− 1

2 exp

−

n
∑

i=1
tβ

i

αβ

dα,

and let u = αβ , then du = βαβ−1dα and dα = αdu
βu .
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Now

�
∞

0

(
α

β

)−n
α
− 1

2 exp

−

n
∑

i=1
tβ

i

αβ

dα =

�
∞

0
(u)−n

α
− 1

2 exp

−

n
∑

i=1
tβ

i

u


αdu
βu

=
1
β

�
∞

0
(u)−n−1

α
1
2 exp

−

n
∑

i=1
tβ

i

u

du

=
1
β

�
∞

0
u−n−1u

1
2β exp

−

n
∑

i=1
tβ

i

u

du

=
1
β

�
∞

0
u−
(

n− 1
2β

+1
)

exp

−

n
∑

i=1
tβ

i

u

du.

The expression above follows Inverse Gamma with parameters n− 1
2β

and
n
∑

i=1
tβ

i , then this follows

1
β

�
∞

0
u−
(

n− 1
2β

+1
)

exp

−

n
∑

i=1
tβ

i

u

du =
1
β

Γ

(
n− 1

2β

)( n

∑
i=1

tβ

i

)−
(

n− 1
2β

)

Then

∞�

0

∞�

0

β
n
α
−(nβ+1) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
dαdβ =

∞�

0

β
n

{
n

∏
i=1

tβ

i

}
β
−1

Γ

(
n− 1

2β

)( n

∑
i=1

tβ

i

)−
(

n− 1
2β

)
dβ

=

∞�

0

β
n−1

Γ

(
n− 1

2β

) {
n
∏
i=1

tβ

i

}
(

n
∑

i=1
tβ

i

)n− 1
2β

dβ .

Note that for large β , Γ

(
n− 1

2β

)
→ Γ(n) < ∞, then it must be shown that

∞�

0

β
n−1

{
n
∏
i=1

tβ

i

}
(

n
∑

i=1
tβ

i

)n− 1
2β

dβ < ∞.

Let tk < max(T1,T2, ....,Tn) =tmax
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�
∞

0
β

n−1

(
n
∏
i=1

tβ

i

)
(

n
∑

i=1
tβ

i

)n− 1
2β

dβ ≤
�

∞

0
β

n−1

(
n
∏
i=1

tnβ

i

)
(

n
∑

i=1
tβ

i

)n− 1
2β

dβ

≤
�

∞

0
β

n−1

(
tnβ

k

)
(

tβ
max

)n− 1
2β

dβ

=

�
∞

0
β

n−1

(
tnβ

k

)
(tmax)

nβ t
− 1

2
max

dβ

∝

�
∞

0
β

n−1

(
tnβ

k

)
(tmax)

nβ
dβ

=

�
∞

0
β

n−1 (tk)
nβ

(tmax)
nβ

dβ

=

�
∞

0
β

n−1 exp
{

βn log
(

tk
tmax

)}
dβ .

Since tk < tmax ⇐⇒ tk
tmax

< 1 then log
(

tk
tmax

)
< 0, then the expression above follows Gamma with

parameters n and −n log
(

tk
tmax

)
, it implies that

�
∞

0
β

n−1 exp
{

βn log
(

tk
tmax

)}
dβ < ∞,

as a result
∞�

0

∞�

0

β
n
α
−(nβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
dαdβ < ∞.

This completes the proof, and we can conclude that the posterior is proper.

Theorem 3.2. The joint posterior of α and β for the Weibull distribution given the observed data using

the divergence prior under type I right censoring is a proper distribution.

Proof. To show properness of πD (α,β | t) the following should be true

∞�

0

∞�

0

cβ
r
α
−(rβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
r

∏
i=1

tβ

i

}
dαdβ = 1,

where c is the normalising constant.
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For the above to be true, the following must be shown

∞�

0

∞�

0

β
r
α
−(rβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
r

∏
i=1

tβ

i

}
dαdβ < ∞.

Now

∞�

0

∞�

0

β
r
α
−(rβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
r

∏
i=1

tβ

i

}
dαdβ =

∞�

0

β
r

{
r

∏
i=1

tβ

i

} ∞�

0

α
−(rβ+ 1

2)

× exp

−

n
∑

i=1
tβ

i

αβ

dαdβ .

By letting u = αβ then du = βαβ−1dα, this follows

∞�

0

∞�

0

β
r
α
−(rβ+ 1

2) exp

{
−

n

∑
i=1

( ti
α

)β

}{
r

∏
i=1

tβ

i

}
dαdβ =

∞�

0

β
r−1

{
r

∏
i=1

tβ

i

} ∞�

0

u−
(

r− 1
2β

+1
)

× exp

−

n
∑

i=1
tβ

i

u

dudβ .

Consider the expression
∞�

0

u−
(

r− 1
2β

+1
)

exp

−

n
∑

i=1
tβ

i

u

du,

the expression above follows Inverse Gamma distribution with parameters r− 1
2β

and
n
∑

i=1
tβ

i .

Then this follows
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0
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n
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)β

}{
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∏
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i

}
dαdβ =

∞�
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∏
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i

}
Γ
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2β

)

×
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∑
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i
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(

r− 1
2β

)
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For large β , Γ

(
r− 1

2β

)
→ Γ(r)<∞, then it remain to show that

∞�

0

β
r−1

{
r

∏
i=1
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i

}{
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∑
i=1

tβ

i

}−
(
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It is well known that

∞�

0

β
r−1

{
r

∏
i=1

tβ

i

}
{
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)dβ .

If there is tk such that tk < max(T1,T2, ....,Tn) =tmax, this follows
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since 1

t
− 1

2
max

is a constant, this is true
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β r log
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The above expression follows Gamma distribution with parameters r and − log
(

tk
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)
, since tk <

tmax⇐⇒ log
(

tk
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< 0, then,
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Which results in
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2) exp

{
−
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∑
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tβ
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}
dαdβ < ∞.

This completes the proof, and we can conclude that the posterior is proper.

3.3 The Posterior for the Weibull Distribution using the Refer-
ence Prior

In this section, the posterior distribution for the Weibull distribution using the reference prior will
be derived, when there is no censoring and when there is type I right censoring. Additionally, the
properness of the resulting posterior distribution will be examined. Sun (1997) derived the reference
prior for the Weibull distribution using a different approach. In this work, I applied the one-at-a-time
algorithm to derive the reference prior and obtained the same result. The reference prior is derived
using the algorithm of Berger and Bernardo (1992).

The inverse of the Fisher information matrix is given by

H−1 (α,β ) =

 α2(1+2γ1+γ2)

nβ 2(γ2−γ2
1)

α(1+γ1)

n(γ2−γ2
1)

α(1+γ1)

n(γ2−γ2
1)

β 2

n(γ2−γ2
1)


=

[
A11 A12

A21 A22

]
.

Thus,

h1 =A−1
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=
nβ 2 (γ2 − γ2

1
)

α2 (1+2γ1 + γ2)
,

and

h2 =
(

A22 −B2H1B
⊺

2

)−1

=

[
β 2

n
(
γ2 − γ2

1
) − α (1+ γ1)

n
(
γ2 − γ2

1
) nβ 2 (γ2 − γ2

1
)

α2 (1+2γ1 + γ2)

n
(
γ2 − γ2

1
)

α (1+ γ1)

]−1

=
n(1+2γ1 + γ2)

β 2 .
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Let α ∈ (a,b) and β ∈ (e, f ), where a and b are the bounds of α parameter and e and f are the bounds
of β parameter. The conditional reference prior for β given α is

π
l
2 (β | α) =

| h2 |
1
2

f�
e
| h2 |

1
2 dβ

=
| n(1+2γ1+γ2)

β 2 | 1
2
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β 2 | 1
2 dβ

=
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The joint working prior is defined as
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Now the expectation can be simplified as
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Now, let C1 = log
(

f
e

)
C+ log

{√
n
(
γ2 − γ2

1
)}

−log
{√

γ +2γ1 +1
}
, then this follows
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The reference prior is given by

πR (α,β ) =
π l (α,β )

π l (α∗,β ∗)

∝
β−1α−1

log(ba−1)

∝
1

αβ
.

The joint posterior of α and β for the Weibull distribution given the observed data using the refer-
ence prior when there is no censoring is given by

πR (α,β | t) ∝ β
n−1

α
−(nβ+1) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
. (3.17)

The joint posterior of α and β for the Weibull distribution given the observed data using the refer-
ence prior when there is no censoring is proper, Sun (1997).

The conditional posterior of α given β and t is given by

π (α|β , t) ∝ α
−(nβ+1) exp

−

n
∑

i−1
tβ

i

αβ

 ,
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letting u = αβ in the previous expression, then it is obtained that, u = αβ ∼ Inv−G
(

n,
n
∑

i−1
tβ

i

)
.

The conditional posterior of β given α and t is given by

π (β |α, t) ∝ β
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α
−nβ exp
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i

}
.

The joint posterior of α and β for the Weibull distribution given the observed data using the refer-
ence prior under type I right censoring is given by

πR (α,β |t) ∝ β
r−1

α
−rβ−1

{
r

∏
i=1

tβ−1
i

}
exp

{
−
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∑
i=1

( ti
α

)β

}
. (3.18)

The joint posterior of α and β for the Weibull distribution given the observed data using the refer-
ence prior under type I right censoring is proper.

The conditional posterior of α given β and t is given by

π (α|β , t) ∝ α
−(rβ+1) exp

−

n
∑

i−1
tβ

i

αβ

 ,

letting u = αβ in the previous expression, then it is obtained that, u = αβ ∼ Inv−G
(

r,
n
∑

i−1
tβ

i

)
.

The conditional posterior of β given α and t is given by

π (β |α, t) ∝ β
r−1

α
−rβ exp

{
−

n

∑
i=1

( ti
α

)β

}{
r

∏
i=1

tβ

i

}
.

The conditional posterior of α given β and t has a known form, and the conditional posterior of
β given α and t has an unknown form therefore, a standard Gibbs sampler cannot be used. Instead, a
Gibbs sampler with a MH step (Metropolis-within-Gibbs) can be employed. This occurs both in the
complete data case and under type I right censoring.

3.4 The Posterior for the Weibull Distribution using the Probabil-
ity Matching Prior

In this section, the posterior distribution for the Weibull distribution using the probability matching
prior will be derived, when there is no censoring and when there is type I right censoring. Additionally,
the properness of the resulting posterior distribution will be examined. Sun (1997) established that the
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reference prior of the Weibull distribution is the third-order probability matching prior. I now derive the
reference prior for the Weibull model using the Datta and Ghosh (1995) algorithm, the result coincides
with Sun (1997) reference prior, which was showed to be third-order probability matching prior.

The inverse of the Fisher information is given by

H−1 (α,β ) =

 α2(1+2γ1+γ2)
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 .
Suppose the parameter of interest is t (θ)= α, then
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as a results
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The probability matching prior is given byT

πPMP (α,β ) ∝
1

αβ
.
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Since
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simplified to
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The joint posterior of α and β for the Weibull distribution given the observed data using the prob-
ability matching prior when there is no censoring is given by

πPMP (α,β |t) ∝ β
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α
−(nβ+1) exp
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( ti
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The conditional posterior of α given β and t is given by

π (α|β , t) ∝ α
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letting u = αβ in the previous expression, then it is obtained that, u = αβ ∼ Inv−G
(
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tβ

i

)
.

The conditional posterior of β given α and t is given by
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The joint posterior of α and β for the Weibull distribution given the observed data using the prob-
ability matching prior under type I censoring is given by

πPMP (α,β |t) ∝ β
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α
−rβ−1

{
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∏
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i

}
exp
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The conditional posterior of α given β and t is given by

π (α|β , t) ∝ α
−(rβ+1) exp
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letting u = αβ in the previous expression, then it is obtained that, u = αβ ∼ Inv−G
(
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)
.

The conditional posterior of β given α and t is given by

π (β |α, t) ∝ β
r−1

α
−rβ exp

{
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∑
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}{
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.

The conditional posterior of α given β and t has a known form, and the conditional posterior of
β given α and t has an unknown form therefore, a standard Gibbs sampler cannot be used. Instead, a
Gibbs sampler with a MH step (Metropolis-within-Gibbs) can be employed. This occurs both in the
complete data case and under type I right censoring. These posterior distributions coincide with those
obtained using the reference prior, and in both cases, they are proper.

3.5 Assessment of Posterior Convergence through MCMC for the
Weibull Distribution

This section outlines the simulation procedure used to evaluate the performance of Bayesian inference
for the Weibull distribution under various objective priors. The study focuses on estimating the shape
and scale parameters of the Weibull distribution using MCMC techniques under different sample sizes.
Simulations were conducted under no censoring or complete data and type I right censoring. The
simulated datasets were generated using various combinations of the true Weibull parameters: scale
parameters, α ∈ {0.5,2,5} , and shape parameter, β ∈ {0.8,5,8} . A total of T = 20000 iterations
were performed for each simulation, with a burn-in period of T/2. The convergence of the chains
was monitored using a trace plot, the Geweke diagnostic Z-score, and the Gelman–Rubin diagnostic.
Autocorrelation plots were used to examine the dependence of the sampled β on the chosen initial
values of the Markov chain. See Appendix C.1 for the R code.
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Algorithm. 3.1 Simulation procedure for the Weibull distribution

Case 1: Complete data

• Step 0

Simulate t from Weibull distribution with true parameters and fix the sample size n.

• Step 1

Initialize

Choose α(0), β (0)> 0, tuning parameter σ , iterations T.

• Step 2

Sample α|β , t (Gibbs step)

Compute S =
n
∑

i=1
tβ

i

Draw u ∼ Gamma(n, rate = S)

Set α = u−
1
β

• Step 3

Update β | α, t

Propose
log(β ∗)∼ N

(
log(β ) ,σ2)

Compute the log-posterior kernel for β

log(π (β |α, t)) = n ln(β )+(β −1)
n

∑
i=1

ln(ti)−nβ ln(α)−
n

∑
i=1

( ti
α

)β

.

Accept β ∗ with probability

min{1, exp [log(π (β ∗|α, t))− log(π (β |α, t))]} .

repeat τ = 1, ...,T. Discard burn-in and use remainder of samples for inference.

• Step 4
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Repeat

Iterate Steps 2–3 for τ = 1, ...,T.

After discarding burn-in iterations, use the remaining samples to estimate the posterior
distributions of α and β .

Algorithm. 3.2 Simulation Procedure for the Weibull distribution

Case 2: Type I right censoring

• Step 0

Simulate t from Weibull distribution and choose sample size n, also note that r is the
number of failures. A threshold of C = 2.5 was used.

• Step 1

Initialize

Choose α(0), β (0)> 0, tuning parameter σ , iterations T.

• Step 2

Sample α|β , t

Compute S =
n
∑

i=1
tβ

i .

Draw u ∼ Gamma(r, rate = S) .

Set α = u−
1
β

• Step 3

Proposal density

Propose log(β ∗)∼ N
(
log(β ) ,σ2) .

Compute

log(π (β |α, t)) = r ln(β )+(β −1)
n
∑

i=1
ln(ti)–rβ ln(α) −

n
∑

i=1

( ti
α

)β .

Accept β ∗ with probability: min{1, exp [log(π (β ∗|α, t))− log(π (β |α, t))]}.

• Step 4

Repeat

Iterate Steps 2–3 for τ = 1, ...,T.

After discarding burn-in iterations, use the remaining samples to estimate the posterior
distributions of α and β .
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3.5.1 Complete Data

In this subsection, the convergence and posterior behaviour of the Weibull parameters α and β are
evaluated under complete data. The convergence will be evaluated using the trace plots, the Gelman-
Rubin diagnostic plot, and the Geweke diagnostic. These diagnostics are applied to both shape and
scale parameters.

Figures 3.3, 3.4, and 3.5 represent the autocorrelation plots for β under various priors for n = 10,
40, and 200, respectively. For the small sample size n = 10, autocorrelation remains high across
several lags, indicating slower mixing and stronger dependence between successive samples due to the
influence of initial values. As the sample size increases, autocorrelation declines more rapidly toward
zero, reflecting improved mixing and greater independence among posterior samples.
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Figure 3.3: Autocorrelation for various priors when n = 10.
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Figure 3.4: Autocorrelation for various priors when n = 40.
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Figure 3.5: Autocorrelation for various priors when n = 200.

Figures 3.6, 3.7, and 3.8 represent the trace plots for α and β parameters under a sample size
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n = 10, when the Jeffreys prior, divergence prior, and the reference prior are used, respectively. For
n = 10, the thick pen test confirms that the chains for both α and β have successfully converged when
these three priors are used. It can be observed that the chains for α converge more quickly compared
to those for β . Across all posterior distributions, the α chains exhibit rapid mixing and have reached
a stable state around their posterior means. Figures 3.9, 3.10, and 3.11 represent the trace plots for
the α andβ parameters under a sample size of n = 40, when the Jeffreys prior, divergence prior, and
the reference prior are used, respectively. For n = 40, the thick pen test further confirms satisfactory
convergence for both α and β , across all priors. The trace plots indicate that the chains mix well and
stabilize more quickly than in the n = 10 case, reflecting the improved efficiency of posterior sampling
with increased sample size. Overall, both parameters display consistent convergence behaviour and
stable posterior means.

0 5000 10000 15000 20000

0.
5

2.
0

3.
5

Trace: alpha

iteration

al
ph

a

Posterior alpha

alpha_post

D
en

si
ty

0.5 1.5 2.5 3.5

0.
0

1.
0

0 5000 10000 15000 20000

1
2

3
4

5

Trace: beta

iteration

be
ta

Posterior beta

beta_post

D
en

si
ty

1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

Figure 3.6: Trace plot and probability density function of α and β when n = 10 using the Jeffreys prior.
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Figure 3.7: Trace plot and probability density function of α and β when n = 10 using divergence prior.
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Figure 3.8: Trace plot and probability density function of α and β when n=10 using the reference prior.
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Figure 3.9: Trace plot and probability density function of α and β when n = 40 using the Jeffreys prior.
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Figure 3.10: Trace plot and probability density function of α and β when n= 40 using the divergence prior.
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Figure 3.11: Trace plot and probability density function of α and β when n =40 using the reference prior.

Figures 3.12, 3.13, and 3.14 present the trace plots for the α and β parameters under a sample size
of n = 200, when the Jeffreys prior, divergence prior, and the reference prior are used, respectively.
When n= 200, the thick pen test demonstrates an excellent convergence for both α and β . The MCMC
chains from all three posterior distributions, producing a very solid and uniform band for each parame-
ter around their posterior mean values. This indicates that the initial values have no influence , and the
chains are efficiently sampling from the stationary posterior distribution. The large sample provides
high precision in posterior estimates. There are no noticeable differences that are observed in the trace
plot patterns when the Jeffreys prior, the divergence prior, or the reference prior are used; each yields
similar chain behaviour for both parameters.
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Figure 3.12: Trace plot and probability density function of α and β when n = 200 using the Jeffreys prior.
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Figure 3.13: Trace plot and probability density function of α and β when n =200 using the divergence prior
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Figure 3.14: Trace plot and probability density function of α and β when n= 200 using the reference prior.

Figures 3.15, 3.16, and 3.17 present the Gelman-Rubin diagnostics for α and β when n = 10, when
the Jeffreys prior, divergence prior, and the reference prior are used, respectively. Figures 3.18, 3.19,
and 3.20 present the Gelman-Rubin diagnostics for α and β for n = 40, when the Jeffreys prior, the
divergence prior, and the reference prior are used, respectively. Figures 3.21, 3.22, and 3.23 present
the Gelman-Rubin diagnostics for α and β when n = 200, when the Jeffreys prior, divergence prior,
and the reference prior are used, respectively.
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Figure 3.15: The Gelman-Rubin plots for α and β when n = 10 using the Jeffreys prior.
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Figure 3.16: The Gelman-Rubin plots for α and β when n =10 using the divergence prior.
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Figure 3.17: The Gelman-Rubin plots for α and β when n = 10 using the reference prior.
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Figure 3.18: The Gelman-Rubin plots for α and β when n = 40 using the Jeffreys prior.
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Figure 3.19: The Gelman-Rubin plots for α and β when n = 40 using the divergence prior.
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Figure 3.20: The Gelman-Rubin plots for α and β when n = 40 using the reference prior.
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Figure 3.21: The Gelman-Rubin plots for α and β when n =200 using the Jeffreys prior.

10000 12000 14000 16000 18000 20000

1
.0

0
0

1
.0

0
5

1
.0

1
0

1
.0

1
5

1
.0

2
0

1
.0

2
5

last iteration in chain

s
h

ri
n

k
 f
a

c
to

r

median

97.5%

alpha

10000 12000 14000 16000 18000 20000

1
.0

0
1

.0
5

1
.1

0
1

.1
5

last iteration in chain

s
h

ri
n

k
 f
a

c
to

r

median

97.5%

beta

Figure 3.22: The Gelman-Rubin plots for α and β when n = 200 using the divergence prior.
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Figure 3.23: The Gelman-Rubin plots for α and β when n = 200 using the reference prior.

The Gelman-Rubin diagnostic plots were constructed above to further confirm the convergence of
both the shape, β , and scale, α parameters under a sample size of 10, 40, and 200. The Gelman-
Rubin diagnostic plots for both parameters α and β indicate that the shrink factor approaches 1 as the
number of iterations increases, confirming convergence. For a small sample size n = 10, the shrink
factor requires more iterations to be at a stationary point or to reach 1. As the sample size increases,
the shrink factor for both parameters converges to 1 more quickly, indicating that a large sample size
leads to clear convergence across chains.

Figures 3.24, 3.25, and 3.26 present the Geweke diagnostics for α and β for n = 10, when the
Jeffreys prior, divergence prior, and reference prior are used, respectively.
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Figure 3.24: The Geweke plots for α and β when n = 10 using the Jeffreys prior.
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Figure 3.25: The Geweke plots for α and β when n = 10 using the divergence prior.
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Figure 3.26: The Geweke plots for α and β when n = 10 using the reference prior.

Figures 3.27, 3.28, and 3.29 present the Geweke diagnostics for α and β for n = 40, when the
Jeffreys prior, divergence prior, and reference prior are used, respectively.
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Figure 3.27: The Geweke plots for α and β when n = 40 using the Jeffreys prior.
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Figure 3.28: The Geweke plots for α and β when n = 40 using the divergence prior.
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Figure 3.29: The Geweke plots for α and β when n = 40 using the reference prior.

Figures 3.30, 3.31, and 3.32 present the Geweke diagnostics for α and β for n = 200, when the
Jeffreys prior, divergence prior, and reference prior are used, respectively.
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Figure 3.30: The Geweke plots for α and β when n = 200 using the Jeffreys prior.
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Figure 3.31: The Geweke plots for α and β when n = 200 using the divergence prior.
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Figure 3.32: The Geweke plots for α and β when n = 200 using the reference prior.

For the Geweke diagnostic plots of α and β parameters, the results showed that as the sample
size increased, the proportion of Z-scores falling within the (−2,2) range also increased for all three
priors used, indicating improved convergence. For smaller sample sizes, there were more instances of
Z-score outside this range, indicating slower mixing. For a large sample size, the Z-scores were more
in the acceptable bounds, reflecting strong evidence of convergence for both parameters.

3.5.2 Type I Right Censoring

In this subsection, the convergence of the MCMC chains for the Weibull model under type I right
censored data will be assessed. The convergence will be evaluated using the trace plots, the Gelman-
Rubin diagnostic plot, and the Geweke diagnostic. These diagnostics are applied to both shape and
scale parameters.

Figures 3.33, 3.34, and 3.35 present the autocorrelation plots for various priors when n = 10, r = 9,
n = 40, r = 36, and n = 200, r = 175, respectively. Under type I right censoring, a similar pattern
is observed, when n = 10 and r = 9, the autocorrelation for β remains high across multiple lags,
indicating slow mixing and strong dependence between samples. As the sample size increases or as
the censoring threshold C allows more failures to be observed, the autocorrelation of β declines more
rapidly toward zero, suggesting improved mixing and greater sample independence.
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Figure 3.33: Autocorrelation for various priors when n = 10 and r = 9.
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Figure 3.34: Autocorrelation for various priors when n = 40 and r = 36.
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Figure 3.35: Autocorrelation for various priors when n = 200 and r = 175.

When there is type I right censoring, the same pattern holds. When n = 10 and r = 9, the autocor-
relations for β , take more time to reach zero, indicating slow mixing and strong sample dependence.
As the sample size increases or the censoring threshold C is high enough to observe more failures, the
autocorrelation of beta decays more rapidly towards zero, indicating independence.

Figures 3.36, 3.37, and 3.38 present the trace plots for α and β parameters under a sample size
n = 10 and failures r = 9, when the Jeffreys prior, divergence prior, and the reference prior are used,
respectively. For the case of type I right censoring, the trace plots for α and β under the three prior
choices indicate that the chains for α converge quickly compared to those for β . Figures 3.39, 3.40,
and 3.41 present the trace plots for α and β parameters under a sample size n = 40 and failures r = 36,
when the Jeffreys prior, divergence prior, and the reference prior are used, respectively. When n = 40
and the number of observed failures is 36, there are no noticeable differences that are observed in the
trace plot patterns when the Jeffreys prior, divergence prior, or the reference prior is used, each yields
similar chain behaviour for both parameters. The trace plots for both α and β become much tighter
and show rapid mixing, the chains settle around their posterior means. The thick pen test is achieved
for both chains of each posterior, meaning the posterior distribution has converged.
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Figure 3.36: Trace plot and probability density function of α and β when n = 10 and r = 9 using Jeffreys prior.
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Figure 3.37: Trace plot and probability density function of α and β when n = 10 and r = 9 using divergence
prior.



CHAPTER 3. THE WEIBULL DISTRIBUTION 65

0 5000 10000 15000 20000

1
2

3
4

5
6

Trace: alpha

Index

a
lp

h
a
_
p
o
s
t

Posterior alpha

alpha_post

D
e
n
s
it
y

1 2 3 4 5 6

0
.0

0
.5

1
.0

1
.5

0 5000 10000 15000 20000

1
2

3
4

5

Trace: beta

Index

b
e
ta

_
p
o
s
t

Posterior beta

beta_post

D
e
n
s
it
y

1 2 3 4 5
0
.0

0
.2

0
.4

0
.6

Figure 3.38: Trace plot and probability density function of α and β when n = 10 and r = 9 using reference prior.
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Figure 3.39: Trace plot and probability density function of α and β when n = 40 and r = 36 using the Jeffreys
prior.
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Figure 3.40: Trace plot and probability density function of α and β when n = 40 and r = 36 using the divergence
prior.
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Figure 3.41: Trace plot and probability density function of α and β when n = 40 and r = 36 using the reference
prior.
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Figures 3.42, 3.43, and 3.44 present the trace plots for α and β parameters under a sample size
n = 200 and failures r = 175, when the Jeffreys prior, divergence prior, and the reference prior are
used, respectively.
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Figure 3.42: Trace plot and probability density function of α and β when n = 200 and r = 175 using the Jeffreys
prior.
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Figure 3.43: Trace plot and probability density function of α and β when n = 200 and r = 175 using the diver-
gence prior.
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Figure 3.44: Trace plot and probability density function of α and β when n = 200 and r = 175 using the refer-
ence prior.

When n = 200 and r = 175, under type I right censoring, the trace plots for both α and β show
excellent mixing, with chains fluctuating strongly around their posterior means. The thick pen test is
achieved for each parameter, confirming that the distributions being sampled have converged.

Figures 3.45, 3.46, and 3.47 present the Gelman-Rubin plots for α and β when n = 10 and r = 9,
when the Jeffreys prior, divergence prior, and the reference prior are used, respectively. For the sample
size n = 10 and r = 9, the shrink factor values approach 1 slowly, and more iterations are required
before convergence is achieved. The shrink factor values for β approach 1 faster than α across all
priors and sample sizes used in this thesis.
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Figure 3.45: The Gelman-Rubin plots for α and β when n = 10 and r = 9 using the Jeffreys prior.
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Figure 3.46: The Gelman-Rubin plots for α and β when n = 10 and r = 9 using the divergence prior.
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Figure 3.47: The Gelman-Rubin plots for α and β when n = 10 and r = 9 using the reference prior.

Figures 3.48, 3.49, and 3.50 present the Gelman-Rubin plots for α and β when n = 40 and r = 36,
when the Jeffreys prior, divergence prior, and the reference prior are used, respectively. For the sample
size 40 and r = 36 failures, the shrink factor values approach 1 faster, indicating convergence.
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Figure 3.48: The Gelman-Rubin plots for α and β when n = 40 and r = 36 using the Jeffreys prior.
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Figure 3.49: The Gelman-Rubin plots for α and β when n = 40 and r = 36 using the divergence prior.
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Figure 3.50: The Gelman-Rubin plots for α and β when n = 40 and r = 36 using the reference prior.

Figures 3.51, 3.52, and 3.53 present the Gelman-Rubin plots for α and β when n = 200 and r = 175,
when the Jeffreys prior, divergence prior, and the reference prior are used, respectively.
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Figure 3.51: The Gelman-Rubin plots for α and β when n = 200 and r = 175 using the Jeffreys prior.
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Figure 3.52: The Gelman-Rubin plots for α and β when n = 200 and r = 175 using the divergence prior.
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Figure 3.53: The Gelman-Rubin plots for α and β when n = 200 and r = 175 using the reference prior.

For the sample size 200 and r = 175 failures, convergence is achieved faster, with shrink factor
values equal to 1 after some few iterations. Across all sample size, there is no noticeble difference in
the Gelman-Rubin diagnostic plots for both parameters when comparing the Jeffreys prior, divergence
prior, and the reference prior effect.

Figures 3.54, 3.55, and 3.56 present the Geweke plots for α and β when n = 10 and r = 9, when the
Jeffreys prior, divergence prior, and the reference prior are used, respectively. Figures 3.57, 3.58, and
3.59 present the Geweke plots for α and β when n = 40 and r = 36, using the Jeffreys prior, divergence
prior, and the reference prior, respectively. Figures 3.60, 3.61, and 3.62 present the Geweke plots for
α and β when n = 200 and r = 175, using the Jeffreys prior, divergence prior, and the reference prior,
respectively.
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Figure 3.54: The Geweke plots for α and β when n = 10 and r = 9 using the Jeffreys prior.
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Figure 3.55: The Geweke plots for α and β when n = 10 and r = 9 using the divergence prior.
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Figure 3.56: The Geweke plots for α and β when n = 10 and r = 9 using the reference prior.
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Figure 3.57: The Geweke plots for α and β when n = 40 and r = 36 using the Jeffreys prior.



CHAPTER 3. THE WEIBULL DISTRIBUTION 76

10000 11000 12000 13000 14000 15000

−
2

−
1

0
1

2

First iteration in segment

Z
−

s
c
o
re

alpha

10000 11000 12000 13000 14000 15000

−
2

−
1

0
1

2
First iteration in segment

Z
−

s
c
o
re

beta

Figure 3.58: The Geweke plots for α and β when n=40 using the divergence prior.
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Figure 3.59: The Geweke plots for α and β when n=40 using the reference prior.
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Figure 3.60: The Geweke plots for α and β when n = 200 and r = 175 using the Jeffreys prior.
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Figure 3.61: The Geweke plots for α and β when n = 200 and r = 175 using the divergence prior.
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Figure 3.62: The Geweke plots for α and β when n = 200 and r = 175 using the reference prior.

When there is type I right censoring, the Geweke diagnostic results follow a similar trend, but the
presence of censoring slightly delays convergence due to reduced information from censored obser-
vations. For n = 10 and r = 9, the high proportion of Z-scores for both α and β falling outside the
acceptable range (−2,2), indicating slower mixing across all three priors specified. As the sample
size or observed failures increase, the proportion of Z-score falls outside the range (−2,2) decreases
noticeably. This pattern reflects clear convergence, as larger sample sizes yields most Geweke diag-
nostic Z-scores for both parameters within the acceptable bounds, suggesting satisfactory mixing and
convergence.

3.6 Simulation Study for the Weibull Distribution

This section presents the simulation study conducted to evaluate the performance of Bayesian infer-
ence for the Weibull distribution under both complete data and type I right censoring scenarios. For
each simulation, data were generated by sampling t from the Weibull distribution with specified true
parameters, with scale parameter α ∈ {0.5,2,5} , and shape parameter, β ∈ {0.8,5,8} . The focus of
the simulation study is on evaluating the performance of different priors in terms of coverage rates and
mean interval lengths for the Weibull parameters, which serve as the primary criteria for assessing effi-
ciency and accuracy under different sample sizes and censoring conditions. The selected sample sizes
are commonly used in simulation studies to represent small, moderate, and large samples, allowing
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comparison with existing reliability and Bayesian inference studies in the literature.

3.6.1 Complete Data

In this subsection, the performance of the Jeffreys prior, divergence prior, and the reference prior will
be compared for different sample sizes, for the chosen sample sizes of n = 10,40, and 200. Their
performance will be evaluated using the coverage rate and the mean interval length. A model with
the shortest mean interval length and coverage very close to 95% also known as the nominal level, is
considered to be the best. For each simulated true parameter values (α,β ) , the coverage probabilities
were recorded as Cα for α and Cβ for β . The mean interval lengths were recorded as Lα and Lβ ,

respectively.

Table 3.1: Coverage rate and interval length for α and β when n = 10 using the Jeffreys prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9369 0.9425 0.9275 0.8702
2.0 0.8 0.9387 0.9386 3.6911 0.8723
5.0 0.8 0.9351 0.9392 9.2380 0.8726
0.5 5.0 0.9340 0.9388 0.1453 5.4063
2.0 5.0 0.9329 0.9400 0.5768 5.4603
5.0 5.0 0.9359 0.9457 1.4416 5.4488
0.5 8.0 0.9335 0.9402 0.0910 8.7513
2.0 8.0 0.9379 0.9409 0.3664 8.6834
5.0 8.0 0.9356 0.9419 0.9147 8.7010

Average 0.9395 0.9409 1.9325 5.0074

Table 3.2: Coverage rate and interval length for α and β when n = 10 using the divergence prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9294 0.9363 1.2547 0.9284
2.0 0.8 0.9294 0.9381 5.0466 0.92505
5.0 0.8 0.9309 0.9354 89.0336 0.9327
0.5 5.0 0.9391 0.9353 0.1382 5.7795
2.0 5.0 0.9349 0.9348 0.5567 5.7334
5.0 5.0 0.9360 0.9330 1.3924 5.7401
0.5 8.0 0.9341 0.9390 0.0863 9.1980
2.0 8.0 0.9305 0.9391 0.3467 9.1556
5.0 8.0 0.9301 0.9369 0.8712 9.1299

Average 0.9327 0.9364 10.9696 5.2803.
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Table 3.3: Coverage rate and interval length for α and β when n = 10 using the reference prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9494 0.9300 0.9969 0.8489
2.0 0.8 0.9495 0.9294 3.9686 0.8513
5.0 0.8 0.9464 0.9309 9.9302 0.8518
0.5 5.0 0.9483 0.9269 0.1578 5.2720
2.0 5.0 0.9469 0.9278 0.6261 5.3272
5.0 5.0 0.9492 0.9363 1.5641 5.3130
0.5 8.0 0.9465 0.9307 0.0989 8.5342
2.0 8.0 0.9515 0.9276 0.3986 8.4709
5.0 8.0 0.9496 0.9307 0.9949 8.4886

Average 0.9486 0.9300 2.0820 4.8840

Table 3.4: Coverage rate and interval length for α and β when n = 40 using Jeffreys prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9470 0.9477 0.4160 0.3967
2.0 0.8 0.9482 0.9496 1.6662 0.3971
5.0 0.8 0.9447 0.9476 4.1599 0.3983
0.5 5.0 0.9446 0.9456 0.0665 2.4845
2.0 5.0 0.9425 0.9486 0.2663 2.4818
5.0 5.0 0.9427 0.9489 0.6663 2.4814
0.5 8.0 0.9449 0.9486 0.0418 3.9692
2.0 8.0 0.9482 0.9475 0.1669 3.9739
5.0 8.0 0.9477 0.9483 0.4177 3.9704

Average 0.9457 0.9481 0.8884 2.2837

Table 3.5: Coverage rate and interval length for α and β when n = 40 using the divergence prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9414 0.9473 0.4374 0.4031
2.0 0.8 0.9410 0.9439 1.7571 0.4029
5.0 0.8 0.9436 0.9454 4.3873 0.4036
0.5 5.0 0.9447 0.9496 0.0661 2.5105
2.0 5.0 0.9443 0.9438 0.2641 2.5174
5.0 5.0 0.9450 0.9472 0.6610 2.5111
0.5 8.0 0.9428 0.9483 0.0413 4.0106
2.0 8.0 0.9474 0.9439 0.1651 4.0191
5.0 8.0 0.9471 0.9457 0.4135 4.0115

Average 0.9441 0.9461 0.9103 2.3100
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Table 3.6: Coverage rate and interval length for α and β when n = 40 using the reference prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9493 0.9464 0.4194 0.3950
2.0 0.8 0.9505 0.9465 1.6795 0.3954
5.0 0.8 0.9463 0.9484 4.1929 0.3965
0.5 5.0 0.9460 0.9446 0.0675 2.4740
2.0 5.0 0.9432 0.9461 0.2701 2.4721
5.0 5.0 0.9451 0.9444 0.6760 2.4709
0.5 8.0 0.9461 0.9454 0.0424 3.9527
2.0 8.0 0.9501 0.9438 0.1694 3.9566
5.0 8.0 0.9494 0.9473 0.4240 3.9543

Average 0.9473 0.9459 0.8824 2.2742

Table 3.7: Coverage rate and interval length for α and β when n = 200 using Jeffreys prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9456 0.9497 0.1815 0.1721
2.0 0.8 0.9460 0.9466 0.7266 0.1722
5.0 0.8 0.9455 0.9489 1.8147 0.1720
0.5 5.0 0.9462 0.9454 0.0291 1.0775
2.0 5.0 0.9479 0.9436 0.1166 1.0764
5.0 5.0 0.9478 0.9438 0.2916 1.0769
0.5 8.0 0.9469 0.9443 0.0182 1.7221
2.0 8.0 0.9470 0.9478 0.0729 1.7228
5.0 8.0 0.9495 0.9448 0.1824 1.7209

Average 0.9469 0.9465 0.3815 0.9903

Table 3.8: Coverage rate and interval length for α and β when n = 200 using the divergence prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9525 0.9489 0.1835 0.1739
2.0 0.8 0.9470 0.9518 0.7343 0.1738
5.0 0.8 0.9535 0.9481 1.8368 0.1737
0.5 5.0 0.9481 0.9512 0.0293 1.0849
2.0 5.0 0.9506 0.9457 0.1171 1.0849
5.0 5.0 0.9516 0.9498 0.2928 1.0860
0.5 8.0 0.9513 0.9525 0.0183 1.7356
2.0 8.0 0.9488 0.9502 0.0732 1.7368
5.0 8.0 0.9489 0.9467 0.1829 1.7380

Average 0.9503 0.9497 0.3854 1.1086
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Table 3.9: Coverage rate and interval length for α and β when n = 200 using the reference prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9497 0.9506 0.1831 0.1735
2.0 0.8 0.9504 0.9478 0.7330 0.1736
5.0 0.8 0.9490 0.9498 1.8304 0.1733
0.5 5.0 0.9488 0.9472 0.0293 1.0860
2.0 5.0 0.9493 0.9450 0.1174 1.0851
5.0 5.0 0.9500 0.9453 0.2936 1.0854
0.5 8.0 0.9495 0.9464 0.0184 1.7361
2.0 8.0 0.9474 0.9508 0.0734 1.7367
5.0 8.0 0.9505 0.9476 0.1837 1.7337

Average 0.9494 0.9480 0.3842 1.1087

When the sample size is n = 10, the performance of the three objective priors differs in terms of the
coverage and mean interval length. From Table 3.1, it can be observed that the coverage rates are close
to the nominal level for both α and β , and the shortest mean interval lengths for α are obtained when
the Jeffreys prior is used. The shortest interval length is obtained for α when α = 0.5 and β = 8.0,
with Lα = 0.0910. When the divergence prior is used, undercoverage and mean interval lengths are
wide, see Table 3.2. When the reference prior is used, the coverage rates are close to the nominal level,
and mean interval lengths are shorter for α, and undercoverage for β , but better than those in Table
3.2, see Table 3.3. This means the Jeffreys prior is recommended when we have small sample sizes
and the interest is in both α and β .

When the sample size is increased to n = 40, the coverage rates become closer to 95% when the
Jeffreys prior, divergence prior, and the reference prior. When the Jeffreys prior and the reference prior
are used, they provide the shortest mean interval lengths for both α and β , meaning the Jeffreys prior
and the reference prior are performing well. See Tables 3.4, 3.5, and 3.6. When the sample size is
large, n = 200, the coverage rates for all priors are very close to the nominal level of 95% and the
mean interval lengths become shorter for both α and β . See Tables 3.7, 3.8, and 3.9.

The priors were also compared using the average of coverage probabilities of α and β , respectively,
along with the averages of their corresponding mean interval lengths. When n = 10 and the Jeffreys
prior is used, the coverage is close to the nominal 95% for both parameters, with a 0.9395 coverage
rate for α and 0.9409 for β , with a mean interval length of 1.9325 for α and 5.0074 for β . The mean
interval lengths increase with a combination of larger parameter values, indicating more uncertainty
as scale or shape parameters increase. When the divergence prior is used, the lowest coverage rate is
produced, 0.9364 for α and 0.9364 for β , it generates wider intervals for α , 10.9696, and a longer
mean interval length for β compared to others. When the reference prior is used, the best coverage
for α is obtained at 0.9486, with a mean interval length of 2.0820, though coverage for β is lower at
0.9300, with a mean interval length of 4.8840. For small sample sizes, when the Jeffreys prior is used,
it provides a good performance for both parameters; the divergence prior is unreliable for small sample
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sizes.
When the sample size is increased to n = 40, the results for all three priors used became more

consistent, with a coverage rate close to the nominal rate of 95% and the mean interval lengths decrease
compared to the sample size of n = 10. When the Jeffreys prior is used, the coverage rate is 0.9457 for
α and 0.9481 for β , with relatively short intervals (0.8884 for α and 2.2837 for β ), reflecting accurate
inferences. When the divergence prior is used, the coverage is very similar, 0.9441 for α and 0.9461
for β , with slightly wider intervals of 0.9103 for α and 2.3100 for β . When the reference prior is
used, the coverage reaches 0.9473 for α and 0.9459 for β , with the shortest intervals ( 0.8824 for α

and 2.2742 for β ). Thus, when n = 40, all three priors yield nearly identical results, with the reference
prior offering a slight advantage in efficiency. When the sample size is large, n = 200, the coverage
rates for all priors are very close to the nominal rate of 95% and the mean interval lengths become
shorter. When Jeffreys prior is used, the coverage for α is 0.9469 and for α is 0.9465, with a very
short mean interval length of (0.3815 for α and 0.9903 for β ). When the divergence prior is used, the
coverage rates are again nearly similar to those when the Jeffreys prior is used, with minor differences
in the mean interval length. When the reference prior is used, the results are also closely aligned.
Overall, when the sample size is large, n = 200, the choice of prior is negligible.

3.6.2 Type I Right Censoring

In this subsection, the performance of the Jeffreys prior, divergence prior, and the reference prior will
be compared for different sample sizes when there is type I right censoring. Their performance will
be evaluated using the coverage rate and the mean interval length. A model with the shortest interval
length and coverage very close to 95% also known as the nominal level, is considered to be the best.
For each simulated true parameter values (α,β ) , the coverage probabilities were recorded as Cα for α

and Cβ for β . The mean interval lengths were recorded as Lα and Lβ , respectively.

Table 3.10: Coverage rate and interval length for α and β when n = 10 and r = 9 using the Jeffreys prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9368 0.9431 1.0069 0.9332
2.0 0.8 0.9316 0.9378 3.9817 0.9349
5.0 0.8 0.9350 0.9406 9.9815 0.9360
0.5 5.0 0.9351 0.9397 0.1544 5.8465
2.0 5.0 0.9379 0.9428 0.6209 5.7841
5.0 5.0 0.9350 0.9411 1.5435 5.8484
0.5 8.0 0.9358 0.9457 0.0979 9.2700
2.0 8.0 0.9340 0.9417 0.3909 9.3027
5.0 8.0 0.9330 0.9399 0.9754 9.3351

Average 0.9349 0.9414 2.0837 5.3545
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Table 3.11: Coverage rate and interval length for α and β when n = 10 and r = 9 using the divergence prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9299 0.9349 2.4641 1.0019
2.0 0.8 0.9243 0.9401 5.8529 0.9952
5.0 0.8 0.9251 0.9342 2.2666 1.0024
0.5 5.0 0.9305 0.9352 1.4773 6.2037
2.0 5.0 0.9253 0.9314 5.9112 6.1886
5.0 5.0 0.9286 0.9362 1.4813 6.1789
0.5 8.0 0.9307 0.9376 9.2075 9.9856
2.0 8.0 0.9338 0.9359 3.6839 9.8772
5.0 8.0 0.9307 0.9320 9.1971 9.9047

Average 0.9288 0.9353 4.6158 5.7048

Table 3.12: Coverage rate and interval length for α and β when n = 10 and r = 9 using the reference prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9306 0.9298 1.10254 0.9065
2.0 0.8 0.9311 0.9269 4.36217 0.9084
5.0 0.8 0.9482 0.9303 10.93085 0.9091
0.5 5.0 0.9504 0.9273 0.1699 5.6781
2.0 5.0 0.9527 0.9263 0.6837 5.6226
5.0 5.0 0.9492 0.9255 1.6995 5.6813
0.5 8.0 0.9523 0.9339 0.1081 9.0097
2.0 8.0 0.9481 0.9272 0.4315 9.0389
5.0 8.0 0.9451 0.9301 1.0768 9.0698

Average 0.9453 0.9286 2.2850 5.2027

Table 3.13: Coverage rate and interval length for α and β when n = 40 and r = 36 using the Jeffreys prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9434 0.9486 0.4374 0.4210
2.0 0.8 0.9472 0.9460 1.7623 0.4201
5.0 0.8 0.9441 0.9483 4.4118 0.4199
0.5 5.0 0.9430 0.9422 0.0704 2.6232
2.0 5.0 0.9472 0.9462 0.2821 2.6181
5.0 5.0 0.9466 0.9487 0.7026 2.6342
0.5 8.0 0.9462 0.9448 0.0441 4.2012
2.0 8.0 0.9455 0.9492 0.1763 4.2046
5.0 8.0 0.9457 0.9479 0.4420 4.1930

Average 0.9454 0.9469 0.9254 2.4150
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Table 3.14: Coverage rate and interval length for α and β when n = 40 and r = 36 using the divergence prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9455 0.9500 0.4461 0.4262
2.0 0.8 0.9438 0.9465 1.8654 0.4271
5.0 0.8 0.9470 0.9471 4.6572 0.4261
0.5 5.0 0.9466 0.9442 0.0697 2.6619
2.0 5.0 0.9473 0.9440 0.2789 2.6618
5.0 5.0 0.9451 0.9433 0.6964 2.6638
0.5 8.0 0.9449 0.9461 0.0435 4.2557
2.0 8.0 0.9429 0.9432 0.1743 4.2543
5.0 8.0 0.9389 0.9500 0.4354 4.2602

Average 0.9448 0.9450 0.9630 2.4486

Table 3.15: Coverage rate and interval length for α and β when n = 40 and r = 36 using the reference prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9453 0.9471 0.4414 0.4188
2.0 0.8 0.9492 0.9450 1.7785 0.4180
5.0 0.8 0.9477 0.9464 4.4530 0.4179
0.5 5.0 0.9463 0.9403 0.0716 2.6111
2.0 5.0 0.9481 0.9405 0.2867 2.6052
5.0 5.0 0.9488 0.9454 0.7141 2.6203
0.5 8.0 0.9496 0.9410 0.0449 4.1823
2.0 8.0 0.9476 0.9473 0.1793 4.1834
5.0 8.0 0.9484 0.9447 0.4494 4.1731

Average 0.9480 0.9442 0.9354 2.4033

Table 3.16: Coverage rate and interval length for α and β when n = 200 and r = 175 using the Jeffreys prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9471 0.9510 0.1953 0.1858
2.0 0.8 0.9505 0.9476 0.7830 0.1857
5.0 0.8 0.9463 0.9495 1.9558 0.1858
0.5 5.0 0.9506 0.9480 0.0313 1.1628
2.0 5.0 0.9460 0.9511 0.1252 1.1611
5.0 5.0 0.9488 0.9472 0.3131 1.1612
0.5 8.0 0.9480 0.9507 0.0196 1.8613
2.0 8.0 0.9534 0.9471 0.0783 1.8600
5.0 8.0 0.9464 0.9481 0.1958 1.8594

Average 0.9486 0.9489 0.4108 1.0692
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Table 3.17: Coverage rate and interval length for α and β when n = 200 and r = 175 using the divergence prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9514 0.9475 0.1968 0.1860
2.0 0.8 0.9453 0.9453 0.7864 0.1860
5.0 0.8 0.9466 0.9487 1.9651 0.1860
0.5 5.0 0.9471 0.9511 0.0313 1.1628
2.0 5.0 0.9489 0.9545 0.1252 1.1609
5.0 5.0 0.9502 0.9487 0.3129 1.1618
0.5 8.0 0.9496 0.9525 0.0196 1.8597
2.0 8.0 0.9495 0.9465 0.0783 1.8618
5.0 8.0 0.9490 0.9490 0.1957 1.8607

Average 0.9486 0.9493 0.4124 1.0695

Figure 3.63: Coverage rate and interval length for α and β when n = 200 and r = 175 using the reference prior.

α β Cα Cβ Lα Lβ

0.5 0.8 0.9476 0.9498 0.1956 0.1856
2.0 0.8 0.9507 0.9486 0.7842 0.1857
5.0 0.8 0.9472 0.9491 1.9587 0.1855
0.5 5.0 0.9512 0.9477 0.0314 1.1619
2.0 5.0 0.9458 0.9490 0.1256 1.1602
5.0 5.0 0.9494 0.9471 0.3141 1.1600
0.5 8.0 0.9486 0.9496 0.0196 1.8601
2.0 8.0 0.9535 0.9454 0.0786 1.8582
5.0 8.0 0.9469 0.9485 0.1964 1.8578

Average 0.9490 0.9483 0.4116 1.0683

When the sample size is n = 10 and r = 9, the performance of the three priors differs in terms
of the coverage and mean interval length. From Table 3.10 and Table 3.12, it can be observed that,
for parameter α , the reference prior provides the coverage rates averaging at 0.9453 which is very
close to the nominal level with a mean interval lengths averaging at 2.2850. Jeffreys prior has slightly
lower coverage rate (0.9345) with the shortest mean interval length (2.0837), when the divergence
prior is used, it provides undercoverage and wider mean interval lengths, see Table 3.11. For β ,the
Jeffreys prior performs best in terms of coverage rate and produces reasonably short interval lengths.
The reference prior has undercoverage (0.93) with shorter mean interval length of 5.2027, whereas the
divergence prior shows undercoverage averaging at 0.9353 and the widest interval lengths averaging at
5.7045. These results indicate that no single prior is uniformly best for both parameters. The Jeffreys
prior tends to produce shorter intervals, particularly for small samples, while the reference prior may
give better coverage for α . The divergence prior generally produces wider intervals and slightly lower
coverage for small samples. Therefore, the choice of prior should be considered separately for each
parameter rather than generalized.



CHAPTER 3. THE WEIBULL DISTRIBUTION 87

When type I right censoring with r failures is considered, the performance of the three objective
priors is evaluated based on the sample size and number of observed failures. When the sample size
is n = 10 and r = 9, when the Jeffreys prior is used, it produces coverage rates that are close to the
nominal level for both parameters, with 0.9349 for α and 0.9414 for β , and the shortest mean interval
lengths of 2.0837 for α . When the divergence prior is used, it produces the coverage of 0.9288 for α

and 0.9353 for β , and produces wider intervals of 4.6158 for α and 5.7048 for β compared to others.
When the reference prior is used, it provides the best coverage of 0.9453 for α and low for β at 0.93,
and the shortest mean interval lengths of 5.2027 for β . For a small sample size or few observed
failures, the Jeffreys prior performs well for both parameters; the divergence prior is not recommended
for a small sample size or when there are few failures, and the reference prior is recommended when
the focus is on α . When n = 40 and r = 36, the results for all priors become close to each other. The
coverage rates are close to the nominal level of 95%, and interval lengths become shorter compared
to n = 10 and r = 9. When Jeffreys prior is used, coverage is 0.9454 for α and 0.9469 for β , with
the shortest mean interval lengths of 0.9254 for α and 2.4150 for β . When the divergence prior is
used, the coverage is very similar, 0.9448 for α and 0.9450 for β , with slightly wider mean interval
lengths of 0.9630 for α and 2.4486 for β . When the reference prior is used, it provides an average
coverage rate of 0.9454 for α and 0.9469 for β , with the shorter mean interval lengths of 0.9254 for α

and 2.4150 for β . This shows that as the number of observed failures increases relative to the sample
size, the inference becomes much better and the differences between objective priors vanish. When the
sample size is large, n = 200 with r = 175, coverage rates for all priors are very close to the nominal
level, and interval lengths become shorter. In conclusion, the Jeffreys prior and the reference prior are
performing well for all sample sizes.

3.7 Predictive Reliability for the Weibull Distribution

This section presents the predictive reliability analysis based on the Weibull distribution under both
complete and type I right censoring. The objective is to evaluate how well the Weibull distribution
predicts future lifetimes using the posterior estimates of the model parameters. Predictive reliability
values are computed using the Jeffreys prior, the divergence prior, and the reference prior for different
sample sizes. The results are summarised and compared in tables and plots to assess the impact of
prior choice and sample size on predictive performance. The predictive reliability for the Weibull
distribution is given by

R(tu|t) =
∞�

0

∞�

0

π (α,β |t)R(tu | α,β )dαdβ , (3.21)

where R(tu | α,β ) is the Weibull distribution reliability function at time tu, given in equation 3.21.
This expression is analytically challenging. Given the posterior draws

(
α(n),β (n)

)
, n = 1,2, ...,N,
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from the MCMC simulation, the integral in equation 3.21 can be evaluated by the Monte Carlo average

R(tu|t)≈
1
N

N

∑
n=1

exp

{
−
(

tu
α(n)

)β (n)}
.

3.7.1 Complete Data

In this section, the predictive reliability for the Weibull distribution will be evaluated within a Bayesian
framework using the prior distribution specified above for the shape β , and scale α parameter.

Tables 3.18 and 3.19 summarise the predictive reliability values for sample size n = 10 and n = 40,
respectively, when the Jeffreys prior, divergence prior, and the reference prior are used.

Table 3.18: Predictive reliability table for various priors when n = 10.

Time Jeffreys prior Divergence prior Reference prior
1 1 1 1
2 1 1 1
3 0.9991 0.9997 1
. . . .
. . . .
. . . .

145 0.0582 0.0762 0.1925
146 0.0561 0.0732 0.1839
147. 0.0541 0.0703 0.1755

. . . .

. . . .
299 0.0387 0.0403 0.0454
300 0.0376 0.0392 0.0443
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Table 3.19: Predictive reliability table for various priors when n = 40.

Time Jeffreys prior Divergence prior Reference prior
1 1 1 1
2 1 1 1
3 1 0.9999 1
. . . .
. . . .
. . . .

145 0.0938 0.0582 0.0823
146 0.0892 0.0554 0.0782
147 0.0847 0.0527 0.0743

. . . .

. . . .
299 0.0220 0.0218 0.0224
300 0.0200 0.0204 0.0212

Figures 3.64 and 3.65 illustrate predictive reliability curves for the Weibull distribution using three
non-informative priors specified when sample size are 10 and 40 respectively. The predictive reliability
curves decreases from one to zero as time increases.

When the sample size is 10, the predictive reliability curves show difference among three priors, the
predictive reliability when using the divergence prior yields slightly higher estimates than the predictive
reliability when using the Jeffreys prior across time, whereas predictive reliability curve when the
reference prior is used lies just below the predictive reliability curve when the Jeffreys prior is used.
This spread reflects the great uncertainty when sample size is small. As the sample size increases,
n = 40, the predictive reliability curves for all three are overlapping almost perfectly. This indicates
that larger samples size lead to more precise reliability predictions.
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Figure 3.64: Predictive reliability when n = 10.
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Figure 3.65: Predictive reliability when n = 40.
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3.7.2 Type I Right Censoring

In this subsection, the predictive reliability for the Weibull distribution under type I censoring will be
evaluated, using the Jeffreys prior, divergence prior, and the reference prior for the shape β , and scale
α parameters. The posterior predictive reliability curves and tables were generated for sample sizes
n = 10 and n = 40.

Tables 3.20 and 3.21 summarise the predictive reliability values for the sample sizes n = 10 and
n = 40, respectively, when the Jeffreys prior, divergence prior, and the reference prior are used.

Table 3.20: Predictive Reliability for various priors when n = 10 and r = 9.

Time Jeffreys prior Divergence prior Reference prior
1 1 1 1
2 0.9998 0.9998 0.9996
3 0.9995 0.9995 0.9990
. . . .
. . . .
. . . .

145 0.1932 0.1983 0.1955
146 0.1880 0.1929 0.1906
147. 0.1829 0.1876 0.1858

. . . .

. . . .
299 0.0387 0.0403 0.0454
300 0.0376 0.0392 0.0443

Table 3.21: Predictive Reliability for various priors when n = 40 and r = 36.

Time Jeffreys prior Divergence prior Reference prior
1 1 1 1
2 1 1 1
3 1 1 1
. . . .
. . . .
. . . .

145 0.2351 0.2363 0.2338
146 0.2285 0.2297 0.2273
147. 0.2221 0.2232 0.2209

. . . .

. . . .
299 0.0320 0.0318 0.0324
300 0.0300 0.0304 0.0312
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Figure 3.66: Predictive Reliability when n = 10 and r = 9.
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Figure 3.67: Predictive Reliability when n = 40 and r = 36.

Figures 3.66 and 3.67 illustrate predictive reliability curves for the Weibull distribution using
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three non-informative priors specified when sample size are 10 and 40, respectively. Across all non-
informative priors specified in this thesis and sample sizes, the predictive reliability curves decrease
from 1 (at time zero) towards 0 with increasing time, as expected for survival functions.

For n = 10 and r = 9, the predictive reliability when using the divergence prior yields slightly
higher estimates than the predictive reliability when using the Jeffreys prior across time, whereas the
predictive reliability curve when the reference prior is used lies just below the predictive reliability
curve when the Jeffreys prior is used. When n = 40 and r = 36, all three curves overlap closely. As
the sample size increases, and the number of observed failures increases, the difference vanishes, and
the choice among the Jeffreys, the reference, and the divergence priors has a negligible impact on the
predictive reliability curve.



Chapter 4

The Birnbaum-Saunders Distribution

The Birnbaum–Saunders distribution, also known as the fatigue life distribution, is a probability dis-
tribution used extensively in reliability applications to model failure times. It is named after Birnbaum
and Saunders (1969b). This distribution was developed to model failures due to cracks. In reliabil-
ity applications, the Birnbaum-Saunders distribution is often used to simulate failure times, Achcar
(1993). According to Xu and Tang (2011), the Birnbaum-Saunders distribution was created with the
exhaustion process taken into account, something that many other popular life distributions occasion-
ally fail to achieve.

The PDF of the Birnbaum–Saunders distribution is given by

f (t|α,β ) =

√
t
β
+
√

β

t

2
√

2παt
exp

− 1
2α2

(√
t
β
−
√

β

t

)2
 , t > 0. (4.1)

In the context of this model, the parameter vector θ = (α,β ) . The CDF of a two-parameter
Birnbaum–Saunders random variable T can be written as

F (t|α,β ) = Φ

[
1
α

{(
t
β

) 1
2

−
(

β

t

) 1
2
}]

, 0 < t < ∞, α, β > 0, (4.2)

where the parameters α and β are the shape and scale parameters, respectively.
The corresponding reliability function is given by

R(t|α,β ) = 1− Φ

[
1
α

{(
t
β

) 1
2

−
(

β

t

) 1
2
}]

,

where Φ(·) denotes the CDF of the standard normal distribution. The likelihood for the Birnbaum-

94
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Saunders with no censoring is given as

L(α,β |t) =
n

∏
i=1

√
ti
β
+
√

β

ti

2
√

2παti
exp

− 1
2α2

√ ti
β
−

√
β

ti

2
 .

The likelihood for the Birnbaum-Saunders with no censoring can be rewritten as

L(α,β |t) ∝ α
−n

β
−n

n

∏
i=1

{(
β

ti

) 1
2

+

(
β

ti

) 3
2
}

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

For the detailed derivations see Appendix B.1. The likelihood for the Birnbaum-Saunders distribu-
tion with respect to type I right censoring is given as

L(α,β |t)=
n

∏
i=1


√

ti
β
+
√

β

ti

2
√

2παti
exp

− 1
2α2

√ ti
β
−

√
β

ti

2



δi [
1−Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]]1−δi

,

where, for observation i, datai = (ti,δi) , ti is either a failure time or a right censored time, δi = 1 for
an exact failure time, and δi = 0 for a right censored observation. The Fisher information matrix for
Birnbaum-Saunders was derived by Lemoine (2019) and is given by

H (α,β ) =

 2n
α2 0

0
n
(

1+
(

α
√

π

2 −π exp
{

2
α2

}
[1−Φ( 2

α )]
)
(2π)−

1
2

)
α2β 2

 . (4.3)

The detailed derivations are provided in Appendix A.2.
Figure 4.1 shows possible shapes for the PDF of the Birnbaum-Saunders distribution for various

values of the parameters α and β , and the corresponding reliability functions are shown in Figure 4.2.
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Figure 4.1: Probability density function of Birnbaum Saunders distribution for various values of α and β .
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4.1 The Posterior for the Birnbaum-Saunders Distribution using
the Jeffreys Prior

In this section, the posterior distribution for the Birnbaum-Saunders distribution using the Jeffreys prior
will be derived, when there is no censoring and when there is type I right censoring. Additionally, the
properness of the resulting posterior distribution will be examined.

Using the definition of Jeffreys prior in equation 2.6, the Jeffreys prior for Birnbaum-Saunders
distribution is given by

πJ (α,β ) ∝
1

αβ

(
1

α2 +
1
4

) 1
2

,

see Lemoine (2019).
The joint posterior distribution of α and β given the observed data using the Jeffreys prior when

there is no censoring is given by

πJ (α,β |t) ∝ α
−n−1

β
−n−1

(
1

α2 +
1
4

) 1
2 n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

(4.4)
The conditional posterior of α given β and t is given by

πJ (α|β , t) ∝ α
−n−1

(
1

α2 +
1
4

) 1
2

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

. (4.5)

The conditional posterior of β given α and t is given by

πJ (β |α, t) ∝ β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti

)}
. (4.6)

The joint posterior distribution of α and β given the observed data using the Jeffreys prior under
type I censoring is given by

πJ (α,β |t) ∝ α
−r−1

β
−r−1

(
1

α2 +
1
4

) 1
2 r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

×
n

∏
i=r+1

{
1− Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]}

.

The conditional posterior of α given β and t has an unknown form and the conditional posterior
of β given α and t has an unknown form therefore, a standard Gibbs sampler cannot be used. This
situation motivates the use of alternative MCMC techniques, such as the MH algorithm, to sample
from the joint posterior distribution.
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Theorem 4.1. The joint posterior of α and β for the Birnbaum-Saunders distribution given the ob-

served data using the Jeffreys prior when there is no censoring is an improper distribution.

Proof. If the following result holds

∞�

0

∞�

0

πJ (α,β |t)dαdβ = ∞,

then the posterior distribution is improper.
Using the well-known binomial approximation, the term

(
1

α2 +
1
4

) 1
2

,

can be approximated as
1
α

(
1+

α2

8

)
=

(
1
α
+

α

8

)
≥ 1

α
.

Thus,

∞�

0

∞�

0

πJ (α,β |t)dαdβ ∝

∞�

0

∞�

0

α
−n−1

β
−n−1

(
1

α2 +
1
4

) 1
2 n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

× exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dαdβ

≥
∞�

0

∞�

0

α
−n−1

β
−n−1 1

α

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

× exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dαdβ .

Rewrite the integral as

∞�

0

∞�

0

α
−n−2

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dαdβ =

∞�

0

∞�

0

HJ (α,β )dαdβ .
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Let u = α2 then α = u
1
2 , dα = u−

1
2 du
2 , then this follows

∞�

0

∞�

0

HJ (α,β )dαdβ =
1
2

∞�

0

∞�

0

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2
+

(
β

ti

) 3
2
]

u−(
n+1

2 +1) exp

{
− 1

2u

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dudβ

==
1
2

∞�

0

∞�

0

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2
+

(
β

ti

) 3
2
]

Γ
( n+1

2

)
[

1
2

n
∑

i=1

(
ti
β
+ β

ti
−2
)] n+1

2
dβ .

Let C =
Γ( n+1

2 )

2( 1
2)

n+1
2

, then

1
2

∞�

0

∞�

0

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2
+

(
β

ti

) 3
2
]

Γ
( n+1

2

)
[

1
2

n
∑

i=1

(
ti
β
+ β

ti
−2
)] n+1

2
dβ =

∞�

0

C
n
∏
i=1

[(
β

ti

) 1
2
+
(

β

ti

) 3
2
]

[
1
2

n
∑

i=1

(
ti
β
+ β

ti
−2
)] n+1

2
β n+1

dβ .

Define

h(β ) =
C

n
∏
i=1

[(
β

ti

) 1
2
+
(

β

ti

) 3
2
]

[
n
∑

i=1

(
ti
β
+ β

ti
−2
)] n+1

2

β n+1

=

C
n
∏
i=1

[
β

3
2

{
1

β t
1
2

i

+ 1

t
3
2

i

}]
[

n
∑

i=1
β

(
ti

β 2 +
1
ti
− 2

β

)] n+1
2

β n+1

=

Cβ
3n
2

n
∏
i=1

{
1

β t
1
2

i

+ 1

t
3
2

i

}

β
n+1

2

[
n
∑

i=1

(
ti

β 2 +
1
ti
− 2

β

)] n+1
2

β n+1

=

C
n
∏
i=1

{
1

β t
1
2

i

+ 1

t
3
2

i

}
[

n
∑

i=1

(
ti

β 2 +
1
ti
− 2

β

)] n+1
2

β
3
2

.

The simplification of h(β ) is obtained by factoring out powers of β from both the numerator and the
denominator.

Taking limits,

lim
β→∞

h(β )

β− 3
2
=

C
n
∏
i=1

[
1

t
3
2

i

]
[

n
∑

i=1

(
1
ti

)] n+1
2
.
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Thus, as β → ∞,

h(β ) = O
(

1
β

)
.

For large K
∞�

0

h(β )dβ ≥
∞�

K

h(β )dβ → ∞.

This completes the proof, and we can conclude that the posterior is improper.

4.2 The Posterior for the Birnbaum-Saunders Distribution using
the Divergence Prior

In this section, the posterior distribution for the Birnbaum-Saunders distribution using the
divergence prior will be derived, when there is no censoring and when there is type I
right censoring. Additionally, the properness of the resulting posterior distribution will be
examined.

Using the definition of divergence prior in equation 2.7, the divergence prior for the Birnbaum-Saunders
distribution is given by

πD (α,β ) ∝

(
2n2

α2β 2

[
1

α2 +
1
4

]) 1
4

,

where 2n2

α2β 2

[
1

α2 +
1
4

]
is the determinant of the Fisher information matrix for the Birnbaum-Saunders

distribution.
The divergence prior for the Birnbaum-Saunders distribution can be rewritten as

πD (α,β ) ∝
1

α
1
2 β

1
2

(
1

α2 +
1
4

) 1
4

. (4.7)

The joint posterior distribution of α and β given the observed data using the divergence prior when
there is no censoring is given by

πD (α,β |t) ∝ α
−n− 1

2 β
−n− 1

2

(
1

α2 +
1
4

) 1
4 n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

The conditional posterior of α given β and t is given by

πD (α|β , t) ∝ α
−n− 1

2

(
1

α2 +
1
4

) 1
4

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

. (4.8)
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The conditional posterior of β given α and t is given by

πD (β |α, t) ∝ β
−n− 1

2

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti

)}
. (4.9)

The joint posterior distribution of α and β given the observed data using the divergence prior under
type I right censoring is given by

πD (α,β |t) ∝α
−r− 1

2 β
−r− 1

2

(
1

α2 +
1
4

) 1
4 r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

×
n

∏
i=r+1

{
1− Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]}

.

The conditional posterior of α given β and t has an unknown form and the conditional posterior
of β given α and t has an unknown form therefore, a standard Gibbs sampler cannot be used. This
situation motivates the use of alternative MCMC techniques, such as the MH algorithm, to sample
from the joint posterior distribution.

Theorem 4.2. The joint posterior of α and β for the Birnbaum-Saunders distribution given the ob-

served data using the divergence prior when there is no censoring is an improper distribution.

Proof. If the following result holds

∞�

0

∞�

0

πD (α,β |t)dαdβ = ∞,

then the posterior distribution is improper.
Using the well-known binomial approximation, the term

(
1

α2 +
1
4

) 1
4

,

can be approximated as
1

α
1
2

(
1+

α2

16

)
=

(
1

α
1
2
+

α
3
2

16

)
≥ 1

α
1
2
.
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Thus,

∞�

0

∞�

0

πD (α,β |t)dαdβ ∝

∞�

0

∞�

0

α
−n− 1

2 β
−n− 1

2

(
1

α2 +
1
4

) 1
4 n

∏
i=1

[(
β
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) 1
2
+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dαdβ

≥
∞�

0

∞�

0

α
−n− 1

2 β
−n− 1

2
1

α
1
2

n

∏
i=1

[(
β
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) 1
2
+

(
β
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) 3
2
]

exp
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2α2

n

∑
i=1

(
ti
β
+

β
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−2
)}

dαdβ

=

∞�

0

∞�

0

α
−n−1

β
−n− 1

2

n

∏
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[(
β
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) 1
2
+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
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(
ti
β
+

β
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dαdβ .

Rewrite the integral as

∞�

0

∞�

0

α
−n−1

β
−n− 1

2

n

∏
i=1

[(
β
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) 1
2
+

(
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) 3
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]
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∑
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(
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+

β
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dαdβ =

∞�

0

∞�

0

HD (α,β )dαdβ .

Let u = α2 then α = u
1
2 , dα = u−

1
2 du
2 , then this follows

∞�

0

∞�

0

HD (α,β )dαdβ =
1
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∏
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∑
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∏
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∑
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(
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2
dβ .

Let C =
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n
2

, then
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∏
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1
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(
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β
+ β
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2
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Define

h(β ) =
C

n
∏
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β
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) 1
2
+
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2
]

[
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(
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β
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)] n

2
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2

=

C
n
∏
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[
β

3
2

{
1

β t
1
2

i

+ 1

t
3
2

i

}]
[

n
∑

i=1
β

(
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β 2 +
1
ti
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β

)] n
2

β n+ 1
2

=

Cβ
3n
2

n
∏
i=1

{
1

β t
1
2

i

+ 1

t
3
2

i

}

β
n
2

[
n
∑

i=1

(
ti

β 2 +
1
ti
− 2

β

)] n
2

β n+ 1
2

=

C
n
∏
i=1

{
1

β t
1
2

i

+ 1

t
3
2

i

}
[

n
∑

i=1

(
ti

β 2 +
1
ti
− 2

β

)] n
2

β
1
2

.

Taking limits,

lim
β→∞

h(β )

β− 3
2
=

C
n
∏
i=1

[
1

t
3
2

i

]
[

n
∑

i=1

(
1
ti

)] n
2
.

Thus, as β → ∞,

h(β ) = O
(

1
β

)
.

For large K
∞�

0

h(β )dβ ≥
∞�

K

h(β )dβ → ∞.

This completes the proof, and we can conclude that the posterior is improper.

4.3 The Posterior for the Birnbaum–Saunders Distribution using
the Reference prior

In this section, the posterior distribution for the Birnbaum-Saunders distribution using the reference
prior will be derived, when there is no censoring and when there is type I right censoring. Additionally,
the properness of the resulting posterior distribution will be examined.

The reference prior was derived by Xu and Tang (2010), using Berger and Bernardo (1992) algo-
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rithm. The reference prior for the Birnbaum Saunders distribution is given as

πR (α,β ) ∝ α
−1

β
−1,

by Xu and Tang (2010).
The joint posterior distribution of α and β given the observed data using reference prior when there

is no censoring is given by

πR (α,β |t) ∝ α
−n−1

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

The joint posterior distribution when using the reference prior is improper, Xu and Tang (2011).
The conditional posterior of α given β and t is given by

πR (α|β , t) ∝ α
−n−1 exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

, (4.10)

letting u=α2in the previous expression, then it is obtained that, u=α2 ∼ Inv−G
(

n
2 ,

1
2

n
∑

i=1

(
ti
β
+ β

ti
−2
))

.

The conditional posterior of β given α and t is given by

πR (β |α, t) ∝ β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti

)}
. (4.11)

The joint posterior distribution of α and β given the observed data using reference prior under type
I censoring is given by

πR (α,β |t) ∝α
−r−1

β
−r−1

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

×
n

∏
i=r+1

{
1− Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]}

.

The conditional posterior of α given β and t has a known form and the conditional posterior of β

given α and t has an unknown form therefore, a standard Gibbs sampler cannot be used. Instead, a
Gibbs sampler with a MH step (Metropolis-within-Gibbs) can be employed.
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4.4 The Posterior for the Birnbaum–Saunders Distribution using
the Probability Matching Prior

In this section, the posterior distribution for the Birnbaum-Saunders distribution using probability
matching prior will be derived, when there is no censoring and when there is type I right censor-
ing. Additionally, the properness of the resulting posterior distribution will be examined. Kang and
Kim (2025) established that the reference prior of the Birnbaum-Saunders distribution. I now derive
the reference prior for the Birnbaum-Saunders model using the Datta and Ghosh (1995) algorithm, the
result contradicts with Kang and Kim (2025).

The inverse of the Fisher information is given by

H−1 (α,β ) =

 α2

2n 0

0 α2β 2

n
(

1+α(2π)−
1
2 g(α)

)
 .

Suppose the parameter of interest is t (θ)=α, then this is the case

∇
⊺
t (θ) =

[
∂ t (θ)

∂α

∂ t (θ)
∂β

]
= [1 0] .

Now

η
⊺
t (θ) =

∇
⊺
t (θ)H−1 (θ)√

∇
⊺
t (θ)H−1 (θ)∇t (θ)

The numerator part

∇
⊺
t (θ)H−1 (θ) = [1 0]

 α2

2n 0

0 α2β 2

n
(

1+α(2π)−
1
2 g(α)

)
=

[
α2

n
0
]
,

and the numerator part without a square root

∇
⊺
t (θ)H−1 (θ)∇t (θ) =

[
α2

n
0
][

1
0

]
=

α2

n
,

as a results

η
⊺
t (θ) =

 α

n
√

1
n

0

 .
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The probability matching prior is given by

πPMP (α,β ) ∝
1

αβ
.

since

∂

∂α
{η1 (θ)π (θ)}+ ∂

∂β
{η2 (θ)π (θ)}= ∂

∂α

 α

n
√

1
n

1
αβ

+
∂

∂β

{
0

1
αβ

}

=
∂

∂α

 1

nβ

√
1
n

+
∂

∂β
{0}

∂

∂α
{η1 (θ)π (θ)}+ ∂

∂β
{η2 (θ)π (θ)}=0.

The joint posterior distribution of α and β given the observed data using probability matching prior
when there is no censoring is given by

πPMP (α,β |t) ∝ α
−n−1

β
−n−1

n

∏
i=1
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ti

) 1
2

+

(
β

ti

) 3
2
]

exp
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2α2
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∑
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(
ti
β
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β

ti
−2
)}

.

The joint posterior distribution of α and β given the observed data using probability matching prior
under type I censoring is given by

πPMP (α,β |t) ∝α
−r−1

β
−r−1

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

×
n

∏
i=r+1

{
1− Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]}

.

The probability matching prior for the Birnbaum–Saunders distribution, derived using the algo-
rithm of Datta and Ghosh (1995) was found to coincide with the reference prior for this model. Since
the posterior distribution obtained under the reference prior is improper, the corresponding posterior
distribution arising from the probability matching prior is also improper.

4.5 Assessment of Posterior Convergence through MCMC for the
Birnbaum-Saunders Distribution

In this section, the posterior distributions corresponding to the objective priors, include the Jeffreys
prior, divergence prior, and the reference prior are examined for different sample sizes using MCMC
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methods. The selected sample sizes are commonly used in simulation studies to represent small, mod-
erate, and large samples, allowing comparison with existing reliability and Bayesian inference studies
in the literature. It is well established in the Bayesian literature that the use of objective priors for
the Birnbaum-Saunders distribution often leads to improper posterior distributions. These results have
been showed mathematically, now the purpose of the present convergence assessment is therefore to
numerically verify these results using MCMC simulation. In Bayesian inference, verifying the proper-
ness of the posterior distribution is a fundamental requirement. A posterior distribution must integrate
to one in order to be considered valid for inferences, if it is improper, any resulting estimates, credible
intervals, or predictive assessments become meaningless and should not be used. See Appendix C.3
for the R code.

4.5.1 Model Definition

This subsection defines the Birnbaum-Saunders model, its reparameterization into log-space, and how
the stable log-likehood is computed to avoid numerical issues. The model assumes that (t1, ..., tn > 0)
are i.i.d from the Birnbaum-Saunders variables with shape (α > 0) and scale (β > 0).

4.5.1.1 Reparameterization

To simplify, parameters are trasnformed to an unconstrained space
η = log(α), ζ = log(β ), with Jacobian | J |= αβ =eη+ζ .
The computations are done in log-space for the following reasons

• Numerical Stability: Logarithms convert products into sums, preventing underflow in posterior
calculations.

• Simplified Acceptance Computation: Acceptance probabilities depend only on log differences,
which are numerically safer.

• Removal of Constraints: Transforming to (η ,ζ )= (log(α) , log(β )) eliminates positivity con-
straints and allows Gaussian proposals.

• Interpretation in Log-Space: Log-space corresponds to multiplicative changes in (α,β ), aligning
with the natural scaling of the Birnbaum-Saunders model.

• Convergence is invariant under smooth one-to-one transformations. You run the chain on (η ,ζ )

= (log(α) , log(β )). If the chain in (η ,ζ ) converges (or drifts), then the transformed variables
(α,β )=

(
eη ,eζ

)
also converge (or drift).
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4.5.2 Log Posterior (unnormalized) for each Prior

This section explains how the log-posterior is derived for each of the three priors after transforming to
log-space.

Let ℓ(η ,ζ )=∑
i

log f
(

ti|α = eη ,β = eζ

)
.

4.5.2.1 Reference Prior

πR (α,β ) ∝1/αβ . After the Jacobian cancels

log
∼
πR= ℓ(η ,ζ ) .

4.5.2.2 Jeffreys Prior

πJ (α,β ) ∝(αβ )−1√
α−2 +1/4. After Jacobian cancellation

log
∼
πJ = ℓ(η ,ζ )+

1
2

log
(
e−2η +1/4

)
.

Stable computation
If (η > 0):

(
− log2+0.5log

(
1+4e−2η

))
.

If (η < 0):
(
−η +0.5log

(
1+0.25e2η

))
.

4.5.2.3 Divergence Prior

πD (α,β ) ∝(αβ )−1/2 (
α−2 +1/4

)1/4. After Jacobian cancellation

log
∼

πD= ℓ(η ,ζ )+
1
2

η +
1
2

ζ +4log
(
e−2η +1/4

)
.

The last term is half of the Jeffreys adjustment term.

4.5.3 Random-Walk MH

This section outlines how the random-walk MH sampler explores the posterior in log-space using
Gaussian proposals.

4.5.3.1 Initialization

Set η0= log(α0), ζ0 = log(β0), and compute initial log
∼
π (η0,ζ0) .
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4.5.3.2 Proposal and Acceptance Step

For each iteration (t = 1, ...,T )

• Propose η
′
= η + N

(
0,s2

η

)
, ζ

′
= ζ +N

(
0,s2

ζ

)
.

• Compute log
∼
π

(
η

′
,ζ

′
)

.

• Accept with probability min
(

1,elog
∼
π

(
η
′
,ζ

′)−log
∼
π(η ,ζ )

)
.

• Store αt = eη , βt = eζ and return the full trace of (αt ,βt).

4.5.4 Role of Tuning Parameters

This section explains how the sampler’s tuning parameters influence exploration and stability.

4.5.4.1 Base Step Size

A base step size for η = log(α), controls how aggressively proposals move in log(α). Larger values
increase tail exploration but can reduce acceptance.

4.5.4.2 S_eta_multipliers

Per-chain scaling factors applied to base step size . Used to vary proposal scales across chains for
convergence testing.

4.5.4.3 Proposal Standard Deviation

Proposal standard deviation for ζ = log(β ); smaller for stability as β typically varies on a slower scale.

4.5.4.4 Over-Dispersed Initial Values

Chains start from widely separated (α,β ) pairs to reveal divergence if the posterior is improper.

4.5.5 Multiple Chains and Diagnostics

This section describes how multiple chains and diagnostics are used to assess convergence and detect
drift.

4.5.5.1 Running Multiple Chains

Independent chains with different initializations and proposal scales are run to test for convergence.
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4.5.5.2 Diagnostic Visualization

• Trace plots for log(α) and log(β ) .

• Sequential R̂ plots to detect late-stage divergence.

The sequential R̂ diagnostic is adopted as a tool for determining when the Markov chains have reached
convergence and whether they stay converged.

Figure 4.3 presents the traces plots of logα and logβ for a sample size n = 10, corresponding to
the Jeffreys prior, divergence prior, and the reference prior, respectively. For logα , the six chains all
show a strong upward linear trend without mixing, whereas for logβ , the chains are double in length
compared to those of logα , and pointing downwards without mixing. The posterior chains when the
Jeffreys prior, divergence prior, and the reference prior are used for the Birnbaum-Saunders distribution
cannot be covered by the thick pen, indicating that the posteriors fail to converge.

The trace plots of logα and logβ for n= 10 under the three priors show unstable and non-stationary
behavior, indicating divergence or lack of convergence. Figure 4.4 presents the traces plots of logα

and logβ for a sample size n = 40, corresponding to the Jeffreys prior, divergence prior, and the
reference prior, respectively. The trace plots of logα and logβ for n = 40 under the three priors show
unstable and non-stationary behavior, indicating divergence and lack of convergence. Figures 4.5
presents the trace plots of logα and logβ for a sample size is n = 200, corresponding to the Jeffreys
prior, divergence prior, and the reference prior, respectively.

The trace plots of logα and logβ for n = 200 under the three priors show unstable and non-
stationary behaviour, indicating divergence or lack of convergence. As the sample size increases, the
chains tend to diverge further from one another. The chains cannot be covered by the thick pen test,
illustrating that, even as the sample size increases, the chains remain poorly mixed and fail to converge.
These results indicate that posterior inference for the Birnbaum-Saunders distribution using objective
priors is unreliable, as the chains fail to converge and do not adequately explore the parameter space.
This has important implications for the study, as it suggests that estimates of α and β may be biased
or highly variable, and alternative sampling strategies or priors may be necessary for robust inference.
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Figure 4.3: Trace plots of logα and logβ when n=10 using the Jeffreys prior, divergence prior, and the reference
prior, respectively.
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Figure 4.4: Trace plot of logα and logβ when n =40 using the Jeffreys prior, divergence prior, and the reference
prior, respectively.
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Figure 4.5: Trace plot of logα and logβ when n = 200 using the Jeffreys prior, divergence prior, and the refer-
ence prior, respectively.

Figures 4.6, 4.7, and 4.8 present the sequential R̂ plots of logα for a sample size n = 10, when the
Jeffreys prior, divergence prior, and the reference prior are used, respectively. From Figure 4.6, it can
be observed that R̂ values start high, then drop to 1, and from 2000000, they increase again, showing
clear divergence. From Figures 4.7 and 4.8, it can be observed that R̂ values start high, then drop to 1,
and from 2250000, they increase again, showing clear divergence.

Figures 4.9, 4.10, and 4.11 present the sequential R̂ plots of logα for a sample size n = 40, when
the Jeffreys prior, the divergence prior, and the reference prior are used, respectively. From Figures
4.9, 4.10, and 4.11, it can be observed that R̂ values start high, then drop to 1, and from 1500000, they
increase again, showing clear divergence.

Figures 4.12, 4.13, and 4.14 present the sequential R̂ plots of logα for a sample size n = 200,
when the Jeffreys prior, the divergence prior, and the reference prior are used, respectively. It can be
observed that as the sample size increases, the majority of R̂ values fluctuate above 1 throughout the
iteration, rather than staying close to 1. It is clear that the convergence is not met.
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Figure 4.6: The sequential R̂ plot of logα when n=10 using the Jeffreys prior.
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Figure 4.7: The sequential R̂ plot of logα when n=10 using the divergence prior.
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Figure 4.8: The sequential R̂ plot of logα when n = 10 using the reference prior.
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Figure 4.9: The sequential R̂ plot of logα when n = 40 using the Jeffreys prior.
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Figure 4.10: The sequential R̂ plot of logα when n = 40 using the divergence prior.
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Figure 4.11: The sequential R̂ plot of logα when n = 40 using the reference prior.
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Figure 4.12: The sequential R̂ plot of logα when n = 200 using the Jeffreys prior.
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Figure 4.13: The sequential R̂ plot of logα when n = 200 using the divergence prior.
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Figure 4.14: The sequential R̂ plot of logα when n = 200 using the reference prior.

4.6 Alternative Prior Distributions and the Corresponding Poste-
rior Distributions for the Birnbaum–Saunders Distribution

In this section, the posterior behaviour of the Birnbaum–Saunders distribution under two different
prior distribution choices is examined, since it has been shown in the Bayesian literature and in the
previous section that the use of non-informative priors leads to an improper posterior distribution,
making them unsuitable for Bayesian inference. To overcome this issue, the weak informative priors
proposed by Xu and Tang (2011) are considered, and it is shown in this section that the resulting
posterior distributions are proper and, therefore, valid for Bayesian analysis. Xu and Tang (2011)
established posterior distribution properness under type II censoring. In this section, their approach is
used to examine the properness of the corresponding posterior distributions, this is done on both the
no censoring case and the type I right censoring case.

These priors are given by

π1 (α,β ) =
π (β )

α
(4.12)

and
π2 (α,β ) =

π (α)

β
. (4.13)
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It is assumed that

π (α) ∝ α
−2a1−2 exp

(
− b1

α2

)
, π (β ) ∝ β−a2−1 exp

(
−b2

β

)
,

where a1,a2, b1, b2 > 0 are hyperparameters controlling the prior information.
Then

π1 (α,β ) ∝ α
−1

β
−a2−1 exp

(
−b2

β

)
, π2 (α,β ) ∝ β−1α−2a1−2 exp

(
− b1

α2

)
.

The joint posterior distribution of α and β given the observed data using the prior in equation 4.12
when there is no censoring is given by

π1 (α,β |t) ∝ π (β )α
−n−1

β
−n

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

The conditional posterior of α given β and the data for the above joint posterior distribution is
given by

π1 (α|β , t) ∝ α
−n−1 exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

The conditional posterior of β given α and the data for the above joint posterior distribution is
given by

π1 (β |α, t) ∝ π (β )β
−n

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

The joint posterior distribution of α and β given the observed data using the prior in equation 4.12
under type I censoring is given by

π1 (α,β |t) ∝π (β )α
−r−1

β
−r

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

×
n

∏
i=r+1

{
1− Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]}

.

The joint posterior distribution of α and β given the observed data using the prior in equation 4.13
when there is no censoring is given by

π2 (α,β |t) ∝ π (α)α
−n

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.
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The conditional posterior of α given β and the data for the above joint posterior distribution is
given by

π2 (α|β , t) ∝ π (α)α
−n exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

The conditional posterior of β given α and the data for the above joint posterior distribution is
given by

π2 (β |α, t) ∝ β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

The posterior distribution of α and β given the observed data using the prior in equation 4.13 under
type I censoring is given by

π2 (α,β |t) ∝π (α)α
−r

β
−r−1

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

×
n

∏
i=r+1

{
1− Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]}

.

Theorem 4.3. The joint posterior of α and β for the Birnbaum-Saunders distribution given the ob-

served data using the prior in equation 4.12 under no censoring is a proper distribution.

Proof. The joint posterior of α and β for the Birnbaum-Saunders distribution given the observed data
using the prior in equation 4.12 under no censoring is given by

π1 (α,β |t) ∝ π (β )α
−n−1

β
−n

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.

To show that the posterior is proper, this must be true

∞�

0

∞�

0

cπ (β )α
−n−1

β
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n

∏
i=1

[(
β
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2
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ti

) 3
2
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exp

{
− 1

2α2

n

∑
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(
ti
β
+

β

ti
−2
)}

dαdβ = 1,

where c is the normalising constant.
For the above to be true, the following must be shown

∞�

0

∞�

0

π (β )α
−n−1

β
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n

∏
i=1

[(
β

ti
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2

+
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β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
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(
ti
β
+

β

ti
−2
)}

dαdβ < ∞.
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Taking integration of π1 (α,β |t) with respect to α, it is obtained that

∞�

0

π1 (α,β |t)dα ∝

∞�

0

π (β )α
−n−1

β
−n

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dα

= π (β )β
−n

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
] ∞�

0

α
−n−1 exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dα

By letting λ = α2, the integral is transformed to

∞�

0

π1 (α,β |t)dα ∝π (β )β
−n

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
] ∞�

0

λ
− n

2−1 exp

{
− 1

2λ

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dλ

=

Γ
(n

2

)
π (β )β−n

n
∏
i=1

[(
β

ti

) 1
2
+
(

β

ti

) 3
2
]

[
1
2

n
∑

i=1

(
ti
β
+ β

ti
−2
)] n

2

=

c1π (β )β−n
n
∏
i=1

[(
β

ti

) 1
2
+
(

β

ti

) 3
2
]

[
n
∑

i=1

(
ti
β
+ β

ti
−2
)] n

2
= H (β ) ,

where c1 =
Γ( n

2)

[ 1
2 ]

n
2
. It remains to be shown that

∞�

0

H (β )dβ < ∞.

By examining the limits
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lim
β→0

n
∏
i=1

[(
β
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) 1
2
+
(

β
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) 3
2
]

β n

[
n
∑

i=1

(
ti
β
+ β

ti
−2
)] n

2
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β→0

β
n
2

n
∏
i=1

[(
1
ti

) 1
2
+ β

t
3
2

i

]

β n

[
β−1

n
∑

i=1

(
ti +

β 2

ti
−2β

)] n
2
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β→0

β
n
2

n
∏
i=1

[(
1
ti

) 1
2
+ β

t
3
2

i

]

β n− n
2

[
n
∑

i=1

(
ti +

β 2

ti
−2β

)] n
2

=

n
∏
i=1

[(
1
ti

) 1
2
]

[
n
∑

i=1
(ti)
] n

2
.

lim
β→∞

n
∏
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[(
β
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) 1
2
+
(

β

ti

) 3
2
]

β n

[
n
∑

i=1

(
ti
β
+ β

ti
−2
)] n

2
= lim

β→∞

β
3n
2

n
∏
i=1

[
1

β t
1
2

i

+
(

1
ti

) 3
2

]

β n+ n
2

[
n
∑

i=1

(
ti

β 2 +
1
ti
− 2

β

)] n
2

=

n
∏
i=1

[(
1
ti

) 3
2
]

[
n
∑

i=1

(
1
ti

)] n
2
.

Hence as β → 0 or β → ∞, H (β ) = O (π (β )).

Since π (β ) is integrable, then
∞�

0

H (β )dβ < ∞,

proving that the posterior is proper.

Theorem 4.4. The joint posterior of α and β for the Birnbaum-Saunders distribution given the ob-

served data using the prior in equation 4.13 under no censoring is a proper distribution.

Proof. The posterior of α and β for the Birnbaum-Saunders distribution given the observed data using
the prior in equation 4.13 under no censoring is given by

π2 (α,β |t) ∝ π (α)α
−n

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

.
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To show that the posterior is proper, this must be true

∞�

0

∞�

0

cπ (α)α
−n

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dβdα = 1,

where c is the normalising constant.
For this to hold, it must be shown that

∞�

0

∞�

0

π (α)α
−n

β
−n−1

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti
−2
)}

dβdα < ∞.

For any 0 < ε < 1, the integral can be decomposed as

P =

∞�

0

∞�

0

π2 (α,β |t)dβdα =

∞�

0

ε�

0

π2 (α,β |t)dβdα +

∞�

0

1
ε�

ε

π2 (α,β |t)dβdα +

∞�

0

∞�

1
ε

π2 (α,β |t)dβdα

= P1 +P2 +P3.

Firstly it must be shown that P1 < ∞. Thus, for any ε < min
(

1,
n
∑

i=1

ti
4n

)
,

P1 =

∞�

0

ε�

0
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−n

β
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n

∏
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[(
β
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) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1
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n

∑
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(
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β
+

β
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)}
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≤
∞�

0
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β
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∏
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[(
1
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2

+

(
1
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) 3
2
]
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{
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∑
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(
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≤
∞�

0

ε�
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π (α)α
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β
−n−1

n

∏
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[(
1
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) 1
2

+

(
1
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) 3
2
]

exp

{
− 1
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n

∑
i=1

(
ti
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)}
dβdα.
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Letting k =
n
∏
i=1

[(
1
ti

) 1
2
+
(

1
ti

) 3
2
]
, it follows that

P1 ≤
∞�

0

∞�

0

π (α)α
−n

β
− n

2−1k exp

{
− 1

2α2

n

∑
i=1

(
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)}
dβdα

=

∞�

0

π (α)α
−nk

∞�

0

β
− n

2−1 exp

{
− 1

βα2

n

∑
i=1

(ti
4

)}
dβdα

= k

∞�

0

π (α)α
−n Γ

(n
2

)[
1

α2

n
∑

i=1

( ti
4

)] n
2

dα

∝

∞�

0

π (α)α
−n 1

α−n dα.

Hence,

P1 ∝

∞�

0

π (α)dα < ∞,

since π (α)is integrable.
Next, it is required to show that P2 < ∞.

Since π (α) is integrable, a constant c2 > 0 exists such that π (α)< c2. Then,

P2 <

1
ε�

ε

∞�

0

β
−n−1c2

n

∏
i=1

[(
β
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) 1
2

+

(
β
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) 3
2
]
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{
− 1

2α2
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∑
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(
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β
+

β
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=

1
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ε
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∏
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[(
β
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) 1
2
+
(

β
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) 3
2
]

[
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∑

i=1

(
ti
β
+ β
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−2
)] n

2
dβ < ∞,

where c3 =
Γ( n

2)

2[ 1
2 ]

n
2

. For ε < min
(

1, 1
ti
,

n
∑

i=1

ti
4n

)
,the results follows.

Next, it is required to show that P3 < ∞.

P3 =

∞�

0

∞�

1
ε

π (α)α
−n

β
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n

∏
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[(
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) 1
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(
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2
]
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{
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2α2
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∑
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(
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β
+
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)}

dβdα.
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Note that if 0 < ε < then, 1 < 1
ε
< ∞. For large beta,

n

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]
≤
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∏
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[(
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+

(
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]

=
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∏
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[
2
(

β

ti

) 3
2
]
.

It is obvious that, (
ti
β
+

β

ti
−2
)
≥
(

β

ti
−2
)
.

Thus,

P3 ≤
∞�

0

∞�

1
ε

π (α)α
−n
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n

∏
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[
2
(

β
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2
]
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{
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∑
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(
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∝

∞�

0

∞�
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ε
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−n

β
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∑
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(
β
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∑
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(
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since

exp

{
1

2α2

n

∑
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(
β
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−2
)}

≥ exp

{
1
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n

∑
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(
β
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)}
implies that,
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{
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n

∑
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(
β
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)}

≤ exp

{
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∑
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(
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)}
.

Now

P3 <

∞�

0

∞�

0

π (α)α
−n

β
n
2−1 exp

{
− β
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n

∑
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(
1
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=

∞�

0

π (α)α
−n Γ
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2

)[
1
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n
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(
1
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dβdα,

using Gamma function.
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P3 ∝

∞�

0

π (α)α
−n

α
ndα

=

∞�

0

π (α)dα < ∞.

since π (α) is integrable. This completes the proof.

Theorem 4.5. The posterior of α and β for the Birnbaum-Saunders distribution given the observed

data using the prior in equation 4.12 when there type I right censoring is a proper distribution.

Proof. The posterior of α and β for the Birnbaum-Saunders distribution given the observed data using
the prior in equation 4.12 when there is type I right censoring is given by

π1 (α,β |t) ∝π (β )α
−r−1

β
−r

r

∏
i=1

[(
β
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) 1
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+
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(
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×
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∏
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{
1− Φ

[
1
α

{(
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−
(

β

ti

) 1
2
}]}

.

To show that the posterior is proper, this must be true

∞�

0

∞�

0

π1 (α,β |t)cdαdβ = 1,

where c is the normalising constant.
For the above to be true, the following must be shown

∞�

0

∞�

0

π1 (α,β |t)dαdβ < ∞.

Now
∞�

0

∞�

0
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0
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∏
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≤
∞�

0
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Taking integration of π1 (α,β |t) with respect to α, it is obtained that

∞�

0

π1 (α,β |t)dα ≤
∞�

0

π (β )α
−r−1

β
−r

r

∏
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]
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r

∑
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+

β
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] ∞�

0
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∑
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(
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β
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dα.

By letting λ = α2, the integral is transformed to

∞�
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∏
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∑
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∏
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∑
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∏
i=1

[(
β

ti

) 1
2
+
(

β

ti

) 3
2
]

[
r
∑
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(
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2
= H (β ) ,

where c1 =
Γ( r

2)

[ 1
2 ]

r
2
. It remains to be shown that

∞�

0

H (β )dβ < ∞.
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By examining the limits

lim
β→0
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∏
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.
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.

Hence as β → 0 or β → ∞, H (β ) = O (π (β )).

Since π (β ) is integrable, then
∞�

0

H (β )dβ < ∞,

proving that the posterior is proper.

Theorem 4.6. The posterior of α and β for the Birnbaum-Saunders distribution given the observed

data using the prior in equation 4.13 when there is type I right censoring is a proper distribution.

Proof. The posterior of α and β for the Birnbaum-Saunders distribution given the observed data using
the prior in equation 4.13 when there is type I right censoring is given by

π2 (α,β |t) ∝π (α)α
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∏
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.
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To show that the posterior is proper, this must be true

∞�

0

∞�

0

cπ2 (α,β |t)dβdα = 1,

where c is the normalising constant.
For this to hold, it must be shown that
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0
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∞�

0

∞�

0

π (α)α
−r

β
−r−1

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

×
n

∏
i=r+1

{
1− Φ

[
1
α

{(
ti
β

) 1
2

−
(

β

ti

) 1
2
}]}

dαdβ

≤
∞�

0

∞�

0

π (α)α
−r

β
−r−1

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

× exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

dαdβ .

For any 0 < ε < 1, the integral can be decomposed as

P =
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0

∞�

0
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0
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ε
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0
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= P1 +P2 +P3.
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Firstly it must be shown that P1 < ∞. Thus, for any ε < min
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2β

)}
dβdα.

Letting k =
r

∏
i=1

[(
1
ti

) 1
2
+
(

1
ti

) 3
2
]
, it follows that

P1 ≤
∞�

0

∞�

0

π (α)α
−r

β
− r

2−1k exp

{
− 1

2α2

r

∑
i=1

(
ti

2β

)}
dβdα

=

∞�

0

π (α)α
−rk

∞�

0

β
− r

2−1 exp

{
− 1

βα2

r

∑
i=1

(ti
4

)}
dβdα

= k

∞�

0

π (α)α
−r Γ

( r
2

)[
1

α2

r
∑

i=1

( ti
4

)] r
2

dα

∝

∞�

0

π (α)α
−r 1

α−r dα.

Hence,

P1 ∝

∞�

0

π (α)dα < ∞,

since π (α) is integrable. Next, it is required to show that P2 < ∞.
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Since π (α) is integrable, a constant c2 > 0 exists such that π (α)< c2, then this holds

P2 <

1
ε�

ε

∞�

0

β
−r−1c2

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

dαdβ

=

1
ε�

ε

c2c3
r

∏
i=1

[(
β

ti

) 1
2
+
(

β

ti

) 3
2
]

[
r
∑

i=1

(
ti
β
+ β

ti
−2
)] r

2
dβ < ∞,

where c3 =
Γ( r

2)

2[ 1
2 ]

r
2

. For ε < min
(

1, 1
ti
,

r
∑

i=1

ti
4r

)
, the results follows.

Next, it is required to show that P3 < ∞.

P3 =

∞�

0

∞�

1
ε

π (α)α
−r

β
−r−1

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
ti
β
+

β

ti
−2
)}

dβdα.

Note that if 0 < ε < then, 1 < 1
ε
< ∞. For large beta,

r

∏
i=1

[(
β

ti

) 1
2

+

(
β

ti

) 3
2
]
≤

r

∏
i=1

[(
β

ti

) 3
2

+

(
β

ti

) 3
2
]

=
r

∏
i=1

[
2
(

β

ti

) 3
2
]
.

It is obvious that, (
ti
β
+

β

ti
−2
)
≥
(

β

ti
−2
)
.

Thus,

P3 ≤
∞�

0

∞�

1
ε

π (α)α
−r

β
−r−1

r

∏
i=1

[
2
(

β

ti

) 3
2
]

exp

{
− 1

2α2

r

∑
i=1

(
β

ti
−2
)}

dβdα

∝

∞�

0

∞�

1
ε

π (α)α
−r

β
−r+ 3r

2 −1 exp

{
− 1

2α2

r

∑
i=1

(
β

ti
−2
)}

dβdα

≤
∞�

0

∞�

1
ε

π (α)α
−r

β
−r+ 3r

2 −1 exp

{
− 1

2α2

r

∑
i=1

(
β

2ti

)}
dβdα,
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since

exp

{
1

2α2

r

∑
i=1

(
β

ti
−2
)}

≥ exp

{
1

2α2

r

∑
i=1

(
β

2ti

)}
implies that,

exp

{
− 1

2α2

r

∑
i=1

(
β

ti
−2
)}

≤ exp

{
− 1

2α2

r

∑
i=1

(
β

2ti

)}
.

Now

P3 <

∞�

0

∞�

0

π (α)α
−r

β
r
2−1 exp

{
− β

α2

r

∑
i=1

(
1

4ti

)}
dβdα

=

∞�

0

π (α)α
−r Γ

( r
2

)[
1

α2

r
∑

i=1

(
1

4ti

)] r
2

dβdα,

using Gamma function.

P3 ∝

∞�

0

π (α)α
−r

α
rdα

=

∞�

0

π (α)dα < ∞.

since π (α) is integrable. This completes the proof.

4.7 Assessment of Posterior Convergence through MCMC for the
Birnbaum-Saunders Distribution

This section outlines the procedure used to evaluate the performance of Bayesian inference for the
Birnbaum-Saunders distribution under two weak informative priors. The study focuses on estimating
the shape and scale parameters of the Birnbaum-Saunders distribution using Markov Chain Monte
Carlo techniques under different sample sizes, n = 10, n = 40, n = 200. Simulations were con-
ducted under no censoring or complete data, and type I right censoring. The simulated datasets were
generated using various combinations of the true Birnbaum-Saunders parameters: shape parameters,
α ∈ {0.1,0.25,0.5} and scale parameter, β ∈ {0.2,1,0.75} to evaluate the performance of Bayesian
inference across different distribution shapes and scales. By considering combinations of α and β , the
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study examines estimator behaviour and posterior performance under diverse scenarios, ensuring that
the results are robust and not specific to a single parameter setting. The hyperparameters for the prior
distributions were chosen to be 10−3, representing weakly informative settings. A total of T = 20000
iterations were performed for each simulation, with a burn-in period of T/2. The convergence of the
chains was monitored using the trace plot, the Geweke diagnostic Z-score, and the Gelman–Rubin
diagnostic. See Appendix C.2 for the R code.

Algorithm. 4.1 Simulation procedure for the Birnbaum–Saunders model using the prior in equation

4.12.

• Step 0

Simulate t from Birnbaum-Saunders distribution with true parameters and fix the sample
size n.

• Step 1

Initialize

Choose α(0), β (0)> 0, tuning parameter σ , iterations T.

• Step 2

Sample α|β , t (Gibbs step)

Compute S =
n
∑

i=1

(
ti
β
+ β

ti
−2
)

Draw u ∼ Gamma
(n

2 ,rate = S/2
)

and set α = 1/
√

u

• Step 3

Update β | α, t

Propose
log(β ∗)∼ N

(
log(β ) ,σ2)

Compute the log-posterior kernel for β

log(π (β |α, t))=−(n+a2 +1) log(β )− b2

β
+

n

∑
i=1

log

{(
β

ti

) 1
2

+

(
β

ti

) 3
2
}
− 1

2α2

n

∑
i=1

(
ti
β
+

β

ti

)
.

Accept β ∗with probability

min{1,exp [log(π (β ∗|α, t))− log(π (β |α, t))]} .
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• Step 4

Repeat

Iterate Steps 2–3 for τ = 1, ...,T. After discarding burn-in iterations, use the remaining
samples to estimate the posterior distributions of α and β .

When using the prior in equation 4.13, Substitute u ∼ Gamma
(
a1 +

n
2 ,rate = b1 +S/2

)
and

log(π (β |α, t)) = (n+1) log(β )+
n
∑

i=1
log
{(

β

ti

) 1
2
+
(

β

ti

) 3
2
}
− 1

2α2

n
∑

i=1

(
ti
β
+ β

ti

)
.

Algorithm. 4.2Simulation procedure for the Birnbaum-Saunders model using the prior in 4.12 under

type I right censoring.

• Step 0

Simulate a complete datase t f ull from the Birnbaum-Saunders distribution with true pa-
rameters and fix the sample size n.

• Step 1

Determine the type I censoring threshold C as the 70th percentile of the simulated data

C = quantile
(
t f ull,0.7

)
.

• Step 2

Split the data into

t f ail={ti : ti ≤C}

tcens={ti : ti >C}.

r = length
(
t f ail
)
.

• Step 3

Initialize

Choose α(0),β (0), iteration T.

• Step 4
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Compute the log-posterior kernel for both α and β

log(π (α,β |t)) =−(a+ r+1) log(β )− (r+1) log(α)− b
β
+

r

∑
i=1

log

{(
β

ti

) 1
2

+

(
β

ti

) 3
2
}

− 1
2α2

r

∑
i=1

(
ti
β
+

β

ti

)
+∑(log(1−Φ(∗))) ,

where Φ(∗) = pnorm
(( 1

α

)
×
((

tcens
β

) 1
2 −
(

tcens
β

)− 1
2
))

.

• Step 5

Propose

log(α∗,β ∗)∼ MvN

(
log(α∗)

log(β ∗)
,Σ

)
,

where Σ is a covariance matrix.

• Step 6

Acceptance Region

Accept α and β with probability

min
{

1, exp
(

log
π (α∗,β ∗|t)
π (α,β |t)

)}
.

• Step 7

Iteration

Repeat Steps 4–6 for τ = 1,2, ...,T to obtain posterior samples for α and β .

4.7.1 Complete Data

This section presents the posterior distribution for the Birnbaum-Saunders with parameters α and β

when prior choices π1 (α,β ) and π2 (α,β ) are used under no censoring. The analysis was conducted
for sample sizes n = 10, n = 40, n = 200, for each case, the trace plots and the posterior densities,
and the convergence diagnostics (Gelman-Rubin and Geweke) will be evaluated.

Figures 4.15, 4.16, and 4.17 present the trace plots and posterior density functions for α and β

using the prior in equation 4.12 for n = 10, n = 40, and n = 200, respectively. The figures illustrate
that the chains mix and pass the thick pen test, and the posterior densities become more concentrated
around their means.
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Figure 4.15: Trace plot and probability density function of α and β when n = 10.
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Figure 4.16: Trace plot and probability density function of α and β when n = 40.
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Figure 4.17: Trace plot and probability density function of α and β when n = 200.

Figures 4.18, 4.19, and 4.20 present the trace plots and posterior density functions for α and β

when the prior in equation 4.13 is used for n = 10, n = 40, and n = 200, respectively. The trace plots
for both α and β show that chains mix well and pass the thick pen test, which means that convergence
has been reached. It is observed that as the sample size increases, there is no constant trend.
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Figure 4.18: Trace plot and probability density function of α and β when n = 10.
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Figure 4.19: Trace plot and probability density function of α and β when n = 40.
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Figure 4.20: Trace plot and probability density function of α and β when n = 200.

Figures 4.21, 4.22, and 4.23 present the Gelman-Rubin plots for α and β using the prior in equation
4.12 for n = 10, n = 40, and n = 200, respectively. The plots indicate that the R̂ values approach 1 for
both α and β , confirming satisfactory convergence of the chains across all sample sizes.

Figures 4.24, 4.25, and 4.26 present the Gelman-Rubin plots for α and β when the prior in equation
4.13 is used for n= 10, n= 40, and n= 200, respectively. The plots indicate that the R̂ values approach
1 for both α and β , confirming satisfactory convergence of the chains across all sample sizes.
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Figure 4.21: The Gelman-Rubin plots for α and β when n = 10.
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Figure 4.22: The Gelman-Rubin plots for α and β when n = 40.
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Figure 4.23: The Gelman-Rubin plots for α and β when n = 200.
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Figure 4.24: The Gelman-Rubin plots for α and β when n = 10.
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Figure 4.25: The Gelman-Rubin plots for α and β when n = 40 .
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Figure 4.26: The Gelman-Rubin plots for α and β when n = 200 .

Figures 4.27, 4.28, and 4.29 present the Geweke plots for α and β when the prior in equation 4.12
is used for n = 10, n = 40, and n = 200, respectively. Figures 4.30, 4.31, and 4.32 present the Geweke
plots for α and β when the prior in equation 4.13 is used for n = 10, n = 40, and n = 200, respectively.
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Figure 4.27: The Geweke plots for α and β when n = 10.
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Figure 4.28: The Geweke plots for α and β when n = 40 .
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Figure 4.29: The Geweke plots for α and β when n = 200.
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Figure 4.30: The Geweke plots for α and β when n = 10.
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Figure 4.31: The Geweke plots for α and β when n = 40.
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Figure 4.32: The Geweke plots for α and β when n = 200.

The Z-score for all sample sizes (n = 10,40,200) mostly lie within the ±2 range, indicating that
the chains have reached convergence for when both priors from equation 4.12 and equation 4.13 are
used.
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4.7.2 Type I Right Censoring

This section presents the posterior distribution for the Birnbaum-Saunders with parameters α and β

when prior choices π1 (α,β ) and π2 (α,β ) are used under type I right censoring. The analysis was
conducted for sample sizes n = 10, n = 40, n = 200, for each case, the trace plots and the posterior
densities, and the convergence diagnostics (Gelman-Rubin and Geweke) will be evaluated.

Figures 4.33, 4.34, and 4.35 present the trace plots and posterior density functions for α and β

when the prior in equation 4.12 is used under type I right censoring for n = 10, n = 40, and n = 200,
respectively. Figures 4.36, 4.37, and 4.38 present the trace plots and posterior density functions for
α and β when the prior in equation 4.13 is used under type I right censoring for n = 10, n = 40, and
n = 200, respectively. When both priors are used and under type I right censoring, the trace plots for α

and β show that the chains mix well and pass the thick pen test, indicating that convergence has been
reached. It is observed that as the sample size increases, there is no consistent trend in the posteriors,
although the distributions become smoother and narrower, providing more reliable estimates.
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Figure 4.33: Trace plot and probability density function of α and β when n = 10.
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Figure 4.34: Trace plot and probability density function of α and β when n = 40.
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Figure 4.35: Trace plot and probability density function of α and β when n = 200.
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Figure 4.36: Trace plot and probability density function of α and β when n = 10.
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Figure 4.37: Trace plot and probability density function of α and β when n = 40.
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Figure 4.38: Trace plot and probability density function of α and β when n = 200.

Figures 4.39, 4.40, and 4.41 present the Gelman-Rubin plots for α and β when the prior in equation
4.12 is used for n = 10, n = 40, and n = 200, respectively.
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Figure 4.39: The Gelman-Rubin plots for α and β when n = 10.
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Figure 4.40: The Gelman-Rubin plots for α and β when n = 40.
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Figure 4.41: The Gelman-Rubin plots for α and β when n = 200.

Figures 4.42, 4.43, and 4.44 present the Gelman-Rubin plots for α and β when the prior in equation
4.13 is used for n = 10, n = 40, and n = 200, respectively.
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Figure 4.42: The Gelman-Rubin plots for α and β when n = 10.
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Figure 4.43: The Gelman-Rubin plots for α and β when n = 40 .
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Figure 4.44: The Gelman-Rubin plots for α and β when n = 200 .

For all sample sizes (n = 10, 40, 200) and when both priors 4.12 and 4.13 are used under type I
right censoring, R̂ values were very close to 1, indicating that the MCMC chains have converged.
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Figures 4.45, 4.46, and 4.47 present the Geweke plots for α and β when the prior in equation 4.12
is used for n = 10, n = 40, and n = 200, respectively.
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Figure 4.45: The Geweke plots for α and β when n = 10.
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Figure 4.46: The Geweke plots for α and β when n = 40 .



CHAPTER 4. THE BIRNBAUM-SAUNDERS DISTRIBUTION 153

10000 12000 14000

−
2

−
1

0
1

2

First iteration in segment

Z
−

s
c
o

re

alpha

10000 12000 14000

−
2

−
1

0
1

2

First iteration in segment
Z

−
s
c
o

re

beta

Figure 4.47: The Geweke plots for α and β when n = 200.

Figures 4.48, 4.49, and 4.50 present the Geweke plots for α and β when the prior in equation 4.13
is used for n = 10, n = 40, and n = 200, respectively.
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Figure 4.48: The Geweke plots for α and β when n = 10.
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Figure 4.49: The Geweke plots for α and β when n = 40.
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Figure 4.50: The Geweke plots for α and β when n = 200.

Geweke diagnostics were also computed for α and β to assess convergence within each MCMC
chain. For all sample sizes (n = 10, 40, 200) under type I right censoring, the Z-scores mostly lie within
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the ±2 range, indicating that the chains have reached convergence for both when priors 4.12 and 4.13
are used.

4.8 Simulation Study for the Birnbaum-Saunders Distribution

This section presents the simulation study conducted to evaluate the performance of Bayesian infer-
ence for the Birnbaum-Saunders distribution under both complete data and type I right censoring sce-
narios. For each simulation, data were generated by sampling t from the Birnbaum-Saunders distri-
bution with specified true parameters, shape parameters, α ∈ {0.1,0.25,0.5} , and scale parameter,
β ∈ {0.2,1,0.75}. The focus of the simulation study is on evaluating the performance of different pri-
ors in terms of coverage rates and mean interval lengths for the Birnbaum-Saunders parameters, under
different sample sizes and censoring conditions.

4.8.1 Complete Data

In this subsection, the performance of the prior in equation 4.12 and the prior in equation 4.13 will
be compared for different sample size, for the chosen sample sizes of n = 10,40, and 200. Their
performance will be evaluated using coverage rate and interval, a model with the shortest interval
length and coverage very close to 95% also known as nominal level is considered to be the best. For
each simulated true parameter values (α,β ) , the coverage probabilities were recorded as Cα for α and
Cβ for β . The mean interval lengths were recorded as Lα and Lβ , respectively.

The following tables represent the coverage rate and mean lengths for α and β when the prior in
equation 4.12 is used.

Table 4.1: Coverage rate and interval length for α and β when n = 10.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9528 0.9407 0.1022 0.0269
0.25 0.20 0.9524 0.9412 0.2572 0.0680
0.50 0.20 0.9517 0.9401 1.1426 0.1351
0.10 1.00 0.9493 0.9393 0.1025 0.1349
0.25 1.00 0.9499 0.9409 0.2575 0.3407
0.50 1.00 0.9498 0.9365 2.8729 0.6760
0.10 0.75 0.9481 0.9342 0.1021 0.1008
0.25 0.75 0.9542 0.9441 0.2679 0.2547
0.50 0.75 0.9490 0.9336 2.2796 0.5034

Average 0.9508 0.9389 0.8205 0.2489
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Table 4.2: Coverage rate and interval length for α and β when n = 40.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9503 0.9378 0.0453 0.0124
0.25 0.20 0.9449 0.9448 0.1129 0.0310
0.50 0.20 0.9531 0.9488 0.2264 0.0609
0.10 1.00 0.9531 0.9375 0.0452 0.0617
0.25 1.00 0.9571 0.9430 0.1132 0.1554
0.50 1.00 0.9500 0.9457 0.2264 0.3049
0.10 0.75 0.9478 0.9343 0.0452 0.0462
0.25 0.75 0.9491 0.9463 0.1132 0.1166
0.50 0.75 0.9464 0.9433 0.2267 0.2288

Average 0.9502 0.9424 0.1283 0.1131

Table 4.3: Coverage rate and interval length for α and β when n = 200.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9479 0.9499 0.0196 0.0051
0.25 0.20 0.9480 0.9433 0.0492 0.0132
0.50 0.20 0.9484 0.9488 0.0983 0.0262
0.10 1.00 0.9522 0.9442 0.0197 0.0256
0.25 1.00 0.9530 0.9385 0.0491 0.0658
0.50 1.00 0.9512 0.9438 0.0983 0.1308
0.10 0.75 0.9487 0.9493 0.0197 0.0191
0.25 0.75 0.9508 0.9454 0.0491 0.0494
0.50 0.75 0.9473 0.9489 0.0983 0.0981

Average 0.9497 0.9458 0.0557 0.0481

The following tables represent the coverage rate and mean lengths for α and β when the prior in
equation 4.13 is used.

Table 4.4: Coverage rate and interval length for α and β when n = 10.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9460 0.9348 0.1022 0.0269
0.25 0.20 0.9550 0.9428 2.5769 0.0681
0.50 0.20 0.9456 0.9334 1.6418 0.1346
0.10 1.00 0.9484 0.9399 1.0221 0.1346
0.25 1.00 0.9491 0.9405 2.5679 0.3400
0.50 1.00 0.9441 0.9339 2.3454 0.6687
0.10 0.75 0.9477 0.9321 1.0196 0.1007
0.25 0.75 0.9549 0.9425 3.0428 0.2548
0.50 0.75 0.9458 0.9397 3.2599 0.5020

Average 0.9485 0.9377 1.9532 0.2478
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Table 4.5: Coverage rate and interval length for α and β when n = 40.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9512 0.9301 0.0453 0.0121
0.25 0.20 0.9434 0.9392 0.1129 0.0306
0.50 0.20 0.9533 0.9461 0.2264 0.0605
0.10 1.00 0.9528 0.9488 0.0453 0.0605
0.25 1.00 0.9467 0.9407 0.1132 0.1535
0.50 1.00 0.9517 0.9425 0.2266 0.3028
0.10 0.75 0.9461 0.9443 0.0452 0.0453
0.25 0.75 0.9515 0.9440 0.1133 0.1153
0.50 0.75 0.9463 0.9406 0.2267 0.2269

Average 0.9492 0.9478 0.1283 0.1119

Table 4.6: Coverage rate and interval length for α and β when n = 200.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9476 0.9490 0.0197 0.0132
0.25 0.20 0.9471 0.9463 0.0492 0.0132
0.50 0.20 0.9487 0.9472 0.0983 0.0256
0.10 1.00 0.9521 0.9375 0.0197 0.0256
0.25 1.00 0.9535 0.9390 0.0491 0.0658
0.50 1.00 0.9503 0.9477 0.0983 0.1308
0.10 0.75 0.9481 0.9452 0.0197 0.0191
0.25 0.75 0.9499 0.9494 0.0491 0.0494
0.50 0.75 0.9476 0.9490 0.0983 0.0981

Average 0.9495 0.9466 0.0557 0.0489

The coverage rates and mean interval lengths were found using the prior in equation 4.12 and the
prior in equation 4.13, under different sample sizes, n = 10, n = 40, and n = 200. The coverage rates
obtained from the simulation study are close to the nominal level of 95%, even for a small sample size,
indicating that the Bayesian credible intervals are reliable. The mean interval lengths increase with
a combination of larger parameter values, indicating more uncertainty as scale or shape parameters
increase. The average interval lengths are getting smaller as the sample size increases. When n = 10
and the prior in equation 4.12 is used, the average coverage rate is 0.9508 for α and 0.9389 for β ,
closer to the nominal level for α compared to β . The average of the mean interval lengths is shorter
for β at 0.2489 compared to α at 0.2489. On average, when n = 40 and prior in 4.12 is used, the
coverage rate is slightly higher for α (0.9502) compared to β (0.9424), indicating that the credible
intervals for α tend to align more closely with the nominal level. The average mean interval lengths
for α (0.1283) is wider than that for β (0.1131) . When n = 200 and the prior in 4.12 is used, the
coverage probabilities remain close to the nominal level of 95% for both parameters, with averages
of 0.9497 for α and 0.9458 for β . The mean interval lengths are shorter compared to smaller sample
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sizes, averaging 0.0557 for α and 0.0481 for β , which highlights the gain in precision as the sample
size increases. Overall, the results confirm that the Bayesian credible intervals are both accurate and
efficient in large samples. When n = 10 and the prior in equation 4.13 is used, the coverage rates are
close to the nominal level, with averages of 0.9485 for α and 0.9377 for β , slightly lower than those
when n = 10 and the prior in equation 4.12 is used. However, the mean interval lengths are slightly
wider for α compared to those of β , averaging at 1.9532 for α and 0.2478 for β . The mean interval
lengths when the prior in equation 4.13 is used are wider than the mean interval lengths when the prior
in equation 4.12 is used. When n = 40, the average coverage rates are 0.9492 for α and 0.9478 for β ,
which are very close to the nominal 95% level, indicating reliable Bayesian credible intervals. The
mean interval lengths are smaller than for n = 10, averaging 0.1283 for α and 0.1119 for β , reflecting
increased precision as the sample size grows. Overall, these results demonstrate that both coverage
accuracy and interval precision improve with larger samples, with β intervals slightly shorter than α .
When n = 200, the average coverage rates are 0.9495 for α and 0.9466 for β , which are very close
to the nominal level of 95%, indicating that the Bayesian credible intervals are highly reliable. The
mean interval lengths are shorter than for n = 10 and n = 40, averaging 0.0557 for α and 0.0489 for β ,
reflecting increased precision with larger sample sizes. Overall, these results show that both coverage
accuracy and interval precision improve as the sample size grows, with β intervals slightly shorter than
those for α . The prior in equation 4.12 performs slightly better because it produces more consistent
estimates with narrower intervals, even for small samples, while maintaining good coverage rates.

4.8.2 Type I Right Censoring

In this subsection, the performance of the prior in equation 4.12 and the prior in equation 4.13 will be
compared for different sample size, for the chosen sample sizes of n = 10,40, and 200 under type I
right-censoring. Their performance will be evaluated using coverage rates and mean interval length. A
model with the shortest interval length and coverage very close to 95% (also known as nominal level) is
considered to be the best. For each simulated true parameter values (α,β ) , the coverage probabilities
were recorded as Cα for α and Cβ for β . The mean interval lengths were recorded as Lα and Lβ ,

respectively. The following tables represent the coverage rates and mean lengths for α and β when the
prior in equation 4.12 is used.
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Table 4.7: Coverage rate and interval length for α and β when n = 10.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9273 0.9341 0.1189 0.0294
0.25 0.20 0.9235 0.9347 0.2998 0.0735
0.50 0.20 0.9381 0.9322 0.6096 0.1416
0.10 1.00 0.9225 0.9328 0.1187 0.1467
0.25 1.00 0.9339 0.9338 0.2994 0.3673
0.50 1.00 0.9350 0.9317 0.6451 0.7384
0.10 0.75 0.9249 0.9332 0.1188 0.1104
0.25 0.75 0.9405 0.9406 0.3016 0.2781
0.50 0.75 0.9275 0.9276 0.6215 0.5507

Average 0.9304 0.9334 0.3482 0.2707

Table 4.8: Coverage rate and interval length for α and β when n = 40.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9330 0.9449 0.0557 0.0134
0.25 0.20 0.9390 0.9394 0.1403 0.0335
0.50 0.20 0.9368 0.9377 0.2828 0.0664
0.10 1.00 0.9338 0.9421 0.0554 0.0668
0.25 1.00 0.9372 0.9415 0.1402 0.1672
0.50 1.00 0.9406 0.9443 0.2840 0.3334
0.10 0.75 0.9371 0.9418 0.0555 0.0502
0.25 0.75 0.9411 0.9423 0.1409 0.1260
0.50 0.75 0.9373 0.9409 0.2834 0.2493

Average 0.9373 0.9417 0.1598 0.1229

Table 4.9: Coverage rate and interval length for α and β when n = 200.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9393 0.9421 0.0245 0.0058
0.25 0.20 0.9429 0.9479 0.0619 0.0146
0.50 0.20 0.9452 0.9446 0.1251 0.0290
0.10 1.00 0.9370 0.9448 0.0245 0.0293
0.25 1.00 0.9436 0.9461 0.0619 0.0732
0.50 1.00 0.9434 0.9460 0.1249 0.1450
0.10 0.75 0.9358 0.9405 0.0245 0.0219
0.25 0.75 0.9427 0.9421 0.0619 0.0548
0.50 0.75 0.9405 0.9463 0.1249 0.1087

Average 0.9412 0.9445 0.0705 0.0536

The following tables represent the coverage rate and mean lengths for α and β when the prior in
equation 4.13 is used.
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Table 4.10: Coverage rate and interval length for α and β when n = 10.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9298 0.9424 1.2127 0.0301
0.25 0.20 0.9248 0.9366 3.0011 0.0735
0.50 0.20 0.9265 0.9314 4.7476 0.1462
0.10 1.00 0.9308 0.9402 1.2109 0.1499
0.25 1.00 0.9274 0.9364 3.0026 0.3687
0.50 1.00 0.9260 0.9301 3.1353 0.7375
0.10 0.75 0.9320 0.9418 1.2119 0.1127
0.25 0.75 0.9321 0.9404 3.0249 0.2791
0.50 0.75 0.9386 0.9281 2.1755 0.5503

Average 0.9287 0.9364 2.5274 0.2720

Table 4.11: Coverage rate and interval length for α and β when n = 40.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9342 0.9466 0.0559 0.0135
0.25 0.20 0.9381 0.9402 0.1403 0.0335
0.50 0.20 0.9386 0.9386 0.2829 0.0665
0.10 1.00 0.9361 0.9432 0.0556 0.0671
0.25 1.00 0.9379 0.9407 0.1403 0.1674
0.50 1.00 0.9414 0.9453 0.2841 0.3336
0.10 0.75 0.9414 0.9453 0.0557 0.0504
0.25 0.75 0.9404 0.9438 0.1409 0.1260
0.50 0.75 0.9360 0.9408 0.2833 0.2493

Average 0.9382 0.9427 0.1599 0.1230

Table 4.12: Coverage rate and interval length for α and β when n = 200.

α β Cα Cβ Lα Lβ

0.10 0.20 0.9394 0.9428 0.0245 0.0058
0.25 0.20 0.9439 0.9466 0.0619 0.0146
0.50 0.20 0.9451 0.9464 0.1252 0.0291
0.10 1.00 0.9388 0.9450 0.0245 0.0293
0.25 1.00 0.9419 0.9461 0.0619 0.0732
0.50 1.00 0.9438 0.9463 0.1249 0.1450
0.10 0.75 0.9370 0.9408 0.0245 0.0219
0.25 0.75 0.9437 0.9421 0.0618 0.0548
0.50 0.75 0.9413 0.9477 0.1249 0.1088

Average 0.9417 0.9459 0.0705 0.0536

The coverage rates and mean interval lengths under type I censoring were evaluated using the prior
in equation 4.12and the prior in equation 4.13 for different sample sizes. The results indicate that the
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coverage rates are close to the nominal 95% level even for small samples. The mean interval lengths
increase with larger parameter values, reflecting greater uncertainty as the scale or shape parameters
increase. Additionally, average interval lengths decrease as the sample size increases.

When n = 10 and the prior in equation 4.12 is used, the average coverage rates were 0.9304 for α

and 0.9334 for β , slightly below the nominal 95% level; in other words there is undercoverage. The
corresponding average interval lengths were relatively wide, 0.3483 for α and 0.2707 for β , reflecting
the higher uncertainty associated with small datasets. As the sample size increased to n = 40, coverage
rates improved to 0.9373 for α and 0.9417 for β , with interval lengths decreasing to 0.1598 and 0.1229,
respectively. For the largest sample size n= 200, the coverage rates approached the nominal level more
closely, with 0.9412 for α and 0.9445 for β , while the intervals became substantially narrower (0.0705
for α and 0.0536 for β ).

When n = 10 and the prior in equation 4.13 is used, the average coverage rates were 0.9287 for α

and 0.9364 for β , there was undercoverage. The corresponding average interval lengths were 2.5274
for α and 0.2720 for β , the interval lengths for α are consistently larger than those for β . As the sample
size increased to n = 40, the average coverage rates improved to 0.938 for α and 0.943 for β , while
the average interval lengths decreased to 0.1599 for α and 0.1230 for β . For the largest sample size
n = 200, the coverage rates approached the nominal level more closely, with 0.942 for α and 0.946
for β , and mean interval lengths got shorter to an average of 0.0705 for α and 0.0536 for β . This
demonstrates high precision and strong posterior certainty with large sample sizes.

The prior in equation 4.12 is recommended, as it provides more stable coverage and narrower
intervals compared to those when prior in equation 4.13 is used.

4.9 Predictive Reliability for the Birnbaum-Saunders Distribu-
tion

This section presents the predictive reliability analysis based on the Birnbaum-Saunders distribution
under both complete and type I right censoring. The objective is to evaluate how well the Birnbaum-
Saunders distribution predicts future lifetimes using the posterior estimates of the model parameters.
Predictive reliability values are computed using the prior in equation 4.12 and the prior in equation
4.13 for different sample sizes. The results are summarised and compared in tables and plots to assess
the impact of prior choice and sample size on predictive performance. The predictive reliability for the
Birnbaum-Saunders distribution is given by

R(tu|t) =
∞�

0

∞�

0

π (α,β |t)R(tu | α,β )dαdβ , (4.14)

where R(tu | α,β ) is the Birnbaum-Saunders distribution reliability function at time tu.
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This expression is analytically challenging. Given the posterior draws
(

α(n),β (n)
)

, n = 1,2, ...,N,

from the MCMC simulation, the integral in equation 4.14 can be evaluated by Monte Carlo average

R(tu|t)≈
1
N

N

∑
n=1

1− Φ

 1
α(n)


(

tu
β (n)

) 1
2

−

(
β (n)

tu

) 1
2

 .

4.9.1 Complete Data

In this subsection, the predictive reliability for the Birnbaum-Saunders distribution will be evaluated
within a Bayesian framework using the prior distribution specified above for the shape α, and scale β

parameter.
The posterior predictive reliability curves and tables were generated for sample size n = 10 and

n = 40.

Table 4.13: Predictive reliability table for various priors when n = 10.

Time Prior1 Prior2
1 1 1
2 1 1
3 1 1
.
.
.

401 0.0711 0.0616
402 0.0704 0.0611
403 0.0699 0.0605

. . .

. . .
599 0.0167 0.0125
600 0.0166 0.0124
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Table 4.14: Predictive reliability table for various priors when n = 40.

Time Prior1 Prior2
1 1 1
2 1 1
3 1 1
.
.
.

401 0.0083 0.0074
402 0.0082 0.0073
403 0.0081 0.0072

.

.
599 0.0006 0.0005
600 0.0006 0.0005
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Figure 4.51: Predictive reliability when n = 10.
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Figure 4.52: Predictive reliability when n = 40.

Figure 4.51 and Figure 4.52 illustrate predictive reliability curves for the Birnbaum-Saunders dis-
tribution using two priors specified where above when sample size are 10 and 40 respectively. The
predictive reliability curve under the two priors from equation 4.12 and equation 4.13 exhibit very
similar behavior across time, both starting at 1 and decreasing smoothly towards 0. For n = 10, in the
early stage ( approximately 50-200 seconds), the predictive reliability curve produced when the prior in
equation 4.13 is used lies slightly above that of when the prior in equation 4.12 is used, suggesting that
when the prior in equation 4.13 is used it yields higher short-term reliability. After about 201 seconds,
the curves intersect, and predictive reliability produced when the prior in equation 4.12 is used remains
higher as they both approach zero. For n = 40, the predictive reliability curve for both priors overlap
throughout, showing that the influence of the prior diminishes as the sample size increases.

4.9.2 Type I Right Censoring

In this subsection, we will evaluate the predictive reliability for the Birnbaum-Saunders distribution
under type I censoring, when the priors in equation 4.12 and equation 4.13 are used for the shape α,

and scale β parameter. The posterior predictive reliability curves and tables were generated for sample
size n = 10 and n = 40.
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Table 4.15: Predictive Reliability for various priors when n = 10.

Time Prior1 Prior2
1 1 1
2 1 1
3 1 1
.
.
.

401 0.0326 0.0132
402 0.0323 0.0130
403 0.0321 0.0129

. . .

. . .
599 0.0086 0.0019
600 0.0086 0.0019

Table 4.16: Predictive Reliability for various priors when n = 40.

Time Prior1 Prior2
1 1 1
2 1 1
3 1 1
.
.
.

401 0.0507 0.0443
402 0.0502 0.0438
403 0.0496 0.0433

. . .

. . .
599 0.0072 0.0054
600 0.0071 0.0053
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Figure 4.53: Predictive Reliability when n = 10.
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Figure 4.54: Predictive Reliability when n = 40.

The plots compare the predictive reliability under two priors for different sample sizes. For n =
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10, the predictive reliability decreases over time, as expected. At the early stage (approximately 0-
200 seconds), the reliability curve when the prior in equation 4.13 is used lies slightly above the
reliability curve when the prior in equation 4.12 is used, indicating a higher short-term reliability, after
intersecting the reliability curve when the prior in equation 4.12 is used remains higher as they both
approach 0. When the sample size increases to n = 40, the reliability decreases smoothly as time goes.
The two curves overlap, showing that as the sample size increases, the effect of the prior becomes
negligible, and the posterior predictive reliability is nearly identical under both prior.



Chapter 5

Application

5.1 Application (Complete Data)

This section presents the application of both the Weibull and Birnbaum-Saunders distribution to com-
plete lifetime datasets. The objective of this application is to estimate the shape β and scale α pa-
rameters for both distributions, together with their corresponding credibility intervals, and to evaluate
the DIC for model assessment and comparison. In Bayesian model assessment, the DIC provides a
measure of model fit that balances model adequacy with model complexity. DIC was proposed by
Spiegelhalter et al. (2002) as a model assessment and comparison tool. The effective number of pa-
rameters in the model, pD is defined as

pD = D(θ)−D
(
θ̄
)
,

where parameter vector θ = (α,β ).
The Bayesian deviance is given by

D(θ) =−2log [L(θ | data)]+2log [ f (data)] , (5.1)

where f (data) is some function of the data and L(θ | data) is the maximsed likelihood value over the
unknown parameters, Izally (2016). From equation 5.1, the posterior mean deviance is given by

D(θ) = Eθ (−2log [L(θ | data)]+2log [ f (data)])

and the deviance of the means, D
(
θ̄
)

is given by

D
(
θ̄
)
=−2log [L(E (θ | data))]+2log [ f (data)] .

168
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As stated in Spiegelhalter et al. (2002), the definition of the DIC is

DIC = D(θ)+ pD. (5.2)

The preferred model is the one with the lowest DIC value. Two examples are analyzed in this section:
Example 5.1.1 uses a small dataset to illustrate the Bayesian estimation process, while Example 5.1.2
applies the same procedure to a larger dataset consisting of 101 observed lifetimes.

5.1.1 Example 1

This example uses a small fatigue lifetime dataset originally reported by Mccool (1975), consisting
of observed failures times from fatigue experiment on mechanical components subjected to cyclic
loading. The dataset is commonly used in reliability studies to demonstrate lifetime modelling under
small sample sizes, where uncertainty is substantial and prior choice plays an important role. In this
study, the data are analysed using both the Weibull and Birnbaum-Saunders models to illustrate the
Bayesian estimation procedure, compare posterior behaviour, and assess the suitability of each model
for fatigue related lifetime data. The example therefore serves as a practical illustration of the proposed
Bayesian methodology rather than as a large scale empirical analysis.

Table 5.1: Fatigue lifetime data.

152.7 172.0 172.5 173.3 193.0 204.7 216.5 234.9 262.6 422.6

Figure 5.1 and 5.2 shows the quantile-quantile(Q-Q) plots for the Weibull and Birnbaum-Saunders
distribution, respectively. The empirical quantiles of the observed data are plotted against the theo-
retical quantiles computed from the posterior mean and median estimates of the Weibull shape β and
scale α parameters. The points lie approximately along the reference line, indicating that the Weibull
distribution provides a reasonable description for this data. Figure 5.2 shows that the data is describe
by the Birnbaum-Saunders distribution. This result is also support by the study of Wang et al. (2016).
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Figure 5.1: Q-Q plots for the fitted Weibull distribution with the means (left panel) and the median (right panel)
for Example Mccool (1975).5.1.1.
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Figure 5.2: Q-Q plots for the fitted Birnbaum-Saunders distribution with the means (left panel) and the median
(right panel) for Example 5.1.1.

The Bayesian Weibull and Birnbaum–Saunders models were implemented in OpenBUGS. For each
model, three Markov chains were simulated, each with 300 000 iterations, of which the first 100 000
iterations were discarded as burn-in to remove the influence of initial values. Weakly-informative
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priors were assigned to the model parameters. Specifically, both α and β parameter were assumed to
follow inverse gamma distributions with hyperparameters a = b = 10−4.

Table 5.2 presents the posterior summaries for both distribution, including posterior means, me-
dians, standard deviations, and credibility intervals. The Birnbaum–Saunders model shows slightly
lower scale estimates and precise credible intervals for both parameters. Furthermore, the deviance in-
formation for the Weibull and Birnbaum-Saunders models is reported in Table 5.3. The DIC value for
the Birnbaum-Saunders model is lower than that of the Weibull distribution, indicating better overall
fit to the data.

Table 5.2: Posterior Summaries for the Weibull and Birnbaum-Saunders models.

Model Parameter Mean Median sd MC_error 95% CI
Weibull α 2.725 2.695 0.6332 0.0026 (1.5641,3.8859)

β 250.7 248.8 33.95 0.1175 (188.4697,312.9304)
Birnbaum-Saunders α 0.3268 0.3102 0.0882 0.0650 (0.1651,0.4885)

β 213.3 212.1 22.89 0.0498 (171.3426,255.2574)

Table 5.3: Deviance information for Example 5.1.1.

Model D D̂ DIC pD
Weibull 116.8 115 118.7 1.841

Birnbaum-Saunders 98.29 96.47 100.1 1.825

Figure 5.3 and 5.4 present the posterior distributions of the parameters for the Weibull and Birnbaum-
Saunders models fitted to the fatigue lifetime data. All posterior curves exhibit noticeable right skew-
ness, reflecting the limited information content of the small dataset. Under such conditions, posterior
uncertainty is expected, and relatively large lifetime values remain plausible.

For the Weibull model, the posterior means and medians of both parameters are close, with α

having a mean of 2.725 and a median of 2.695, and β having a mean of 250.7 and a median of
248.8. The small differences between these summaries indicate mild right skewness. The posterior
distribution of the scale parameter α is concentrated around 2.7, suggesting a characteristic lifetime
of this magnitude, while the concentration of the shape parameter β around 250 implies a strongly
increasing hazard function, consistent with wear-out or fatigue-driven failure behaviour. Similarly, the
Birnbaum–Saunders posterior distributions are right-skewed, with α having a posterior mean of 0.3268
and median of 0.3102, and β having a mean of 213.3 and median of 212.1. The posterior concentration
of α around 0.3 reflects moderate variability in the fatigue damage accumulation process, while the
concentration of β near 213 indicates a characteristic fatigue life consistent with the observed data.
The right skewness in both parameters again highlights the uncertainty induced by the small sample
size.

See Appendix C.4 and C.5 for the OpenBUGS code.
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Figure 5.3: Posterior curve of α and β for the Weibull distribution.

Figure 5.4: Posterior curve of α and β for the Birnbaum-Saunders distribution.
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5.1.2 Example 2

In this example, a large dataset consisting of 101 observed fatigue lifetimes is analysed. The data,
originally reported by Birnbaum and Saunders (1969a), comprise failure time measurements obtained
under cyclic stress conditions and are listed in Table 5.4. The observed lifetimes range from approxi-
mately 70 to 212 units, with the majority of observations concentrated between 100 and 160, indicating
moderate variability and a right-skewed distribution typical of fatigue failure data. The relatively large
sample size allows for stable Bayesian inference and provides a suitable setting for comparing the
Weibull and Birnbaum-Saunders models using the same criteria described previously.

Table 5.4: Fatigue lifetime data.

70 90 96 97 99 100 103 104 104 105 107 108 108
112 113 114 114 114 116 119 120 120 120 121 121 123
124 128 128 129 129 130 130 130 131 131 131 131 131
134 134 134 134 134 134 136 136 137 138 138 138 139
142 142 142 142 144 144 145 146 148 148 149 151 151
157 157 157 158 159 162 163 163 164 166 166 168 170
108 109 109 112 124 124 124 124 132 132 132 133 139
141 142 142 152 155 156 157 174 196 212

The Bayesian Weibull and Birnbaum-Saunders models were implemented in OpenBUGS. For each
model, three Markov chains were simulated, each with 500 000 iterations, of which the first 200 000
iterations were discarded as burn-in to remove the influence of initial values. Weakly-informative
priors were assigned to the model parameters. Specifically, both α and β parameter were assumed to
follow inverse gamma distributions with hyperparameters a = b = 10−4.

Table 5.5 presents the posterior summaries for both distribution, including posterior means, me-
dians, standard deviations, and credibility intervals. The Birnbaum–Saunders model shows slightly
lower scale estimates and precise credible intervals for both parameters. The sample mean and median
are close in value, indicating moderate right skewness, which is also evident from the upper tail of
the distribution. This distributional shape is characteristic of fatigue life data and supports the use of
asymmetric lifetime models such as the Weibull and Birnbaum–Saunders distributions. Furthermore,
the deviance information for the Weibull and Birnbaum–Saunders models is reported in Table 5.6. The
DIC value for the Birnbaum-Saunders model is lower than that of the Weibull distribution, indicating
better overall fit to the data.
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Table 5.5: Posterior Summaries for the Weibull and Birnbaum-Saunders models.

Model Parameter Mean Median sd MC_error 95% CI
Weibull α 6.0270 6.024 0.4229 0.1714 (5.3249,6.7290)

β 143.2000 143.2000 2.5220 0.0051 (139.0135,147.3865)
Birnbaum-Saunders α 0.1725 0.1718 0.0124 0.0158 (0.1463,0.1987)

β 131.8000 131.8000 2.2590 0.0043 (128.0501,135.5499)

Table 5.6: Deviance information for Example 5.1.2

Model D D̂ DIC pD
Weibull 926.7 924.7 928.6 1.986

Birnbaum-Saunders 776.5 774.5 778.6 2.0090

Figures 5.5 and 5.6 illustrate the posterior curves for the Weibull and Birnbaum-Saunders models,
respectively. The posterior curves for the Weibull and Birnbaum-Saunders parameters show a bell-
shaped distribution, reflecting well-behaved, unimodal posteriors. For the Weibull model, the posterior
of α is sharply peaked around 6.03, with the mean and median nearly identical, indicating a precise and
symmetric estimate. The posterior for β is also concentrated around 143.2, reflecting low uncertainty
and an increase in failure rate. In the Birnbaum–Saunders model, the posterior curve for α is sharply
peaked near 0.172, showing a decrease in failure rate, while β is concentrated around 131.8 and this
shows that there is an increase in failure rate.

Figure 5.5: Posterior curve of α and β for the Weibull distribution .
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Figure 5.6: Posterior curve of α and β for the Birnbaum-Saunders distribution .

The application of Bayesian Weibull and Birnbaum-Saunders models to complete lifetime datasets
demonstrated the effectiveness of Bayesian inference in estimating α and β parameters under both
small and large sample sizes. In both examples, posterior distributions captured uncertainty and asym-
metry, with small sample data exhibiting right-skewed posteriors and large sample data producing
well-behaved, unimodal posteriors. Posterior summaries, including means, medians, and credible in-
tervals, highlighted the differences in parameter estimates between the two distributions. The DIC
consistently favoured the Birnbaum-Saunders model, indicating a better overall fit for fatigue lifetime
data. Posterior curves for α and β reflected corresponding increases or decreases in failure rates, align-
ing with the characteristics of fatigue failure. Overall, the analysis illustrates that Bayesian methods
provide a flexible and robust framework for reliability modelling and model comparison. The posterior
behaviour observed for both models is consistent with fatigue lifetime data, where increasing failure
risk over time is expected. The Birnbaum-Saunders model, being explicitly motivated by fatigue failure
mechanisms, captures this behaviour naturally, while the Weibull model provides a flexible alternative.



Chapter 6

Concluding Remarks

This chapter presents a summary of conclusion of the key findings of this thesis and outlines potential
directions for future research.

6.1 Summary of conclusion

This thesis examined Bayesian reliability analysis for lifetime distributions using objective priors, fo-
cusing on the Weibull and Birnbaum-Saunders distributions. The priors considered were, the Jeffreys
prior, divergence prior, probability matching prior, and the reference prior. The corresponding posterior
distributions were derived for the Weibull distribution, all priors produced proper posterior distributions
for both no censoring and type I right censoring. For each distribution, the Fisher information matrix
was derived. In particular, deriving the Fisher information matrix for the Birnbaum-Saunders distribu-
tion proved to be mathematically challenging due to the distribution’s complex parameterization and
dependence structure. However, the re-derivation provided important analytical insight and served as
the foundation for constructing objective priors. In contrast, for the Birnbaum-Saunders distribution,
the use of non-informative priors such as the Jeffreys, probability matching prior and reference priors
resulted in improper posterior distributions under no censoring. Convergence of the posterior estimates
was carefully examined through Gibbs within MH sampling and MH. Diagnostic measures such as
trace plots, Geweke tests, and the Gelman-Rubin were used. The results show that the posterior chains
for the Weibull distribution converge when using the non-informative priors considered in this thesis.
For the Birnbaum-Saunders distribution, the posterior chains diverge when using the non-informative
priors considered in this thesis. To address this issue, weakly informative priors were adopted, and
proven that the corresponding posteriors are proper. Simulation studies were then performed to evalu-
ate model performance in terms of coverage rates and mean interval lengths. The results indicated that
the Jeffreys and reference priors performed consistently well for the Weibull model. The predictive re-
liability analyses were conducted, showing that both the Weibull and Birnbaum-Saunders distributions
can predict future lifetimes effectively. Applications were done where two fatigue lifetime datasets
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were fitted and evaluated using both the Weibull and Birnbaum-Saunders distributions. The Bayesian
estimation was performed using weakly informative gamma priors for α and β with hyperparame-
ters 10−4. The results showed that both distributions correctly described the observed lifetime data.
The Birnbaum-Saunders model consistently produced lower DIC values, indicating a better overall
fit. Posterior summaries for both datasets revealed well behaved, unimodal distributions for the pa-
rameters, with credible intervals demonstrating reasonable precision. Overall, the Birnbaum-Saunders
model provided slightly more accurate and stable parameter estimates compared to the Weibull model,
confirming its suitability for modeling fatigue data.

6.2 Future Research

Future research may consider extending this analysis to other life distributions, such as the log-normal
or inverse Gaussian, to further assess robustness across various failure mechanisms. Moreover, explor-
ing adaptive MCMC techniques or Hamiltonian Monte Carlo techniques could improve convergence
efficiency for complex posterior structures. Evaluating the corresponding posterior behaviour obtained
from non-informative priors under Type I censoring for the Birnbaum–Saunders distribution.
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Appendix A: Additional Theorems and Proofs

Proposition .1. The Weibull distribution f (t|α,β ) under trasformation y =
( t

α

)β is an exponential

distribution with mean 1.

Proof.

Consider the Weibull distribution

f (t|α,β ) = f (t|α,β ) =
β

α

( t
α

)β−1
exp
{
−
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α

)β
}
.
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β exp
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1
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=exp(−y) .

The random variable y =
( t

α

)β follows an exponential distribution with mean 1, where t is a random
variable from a Weibull distribution with shape parameter β and scale parameter α .

Lemma .2. For i ≥ 1, define γi =
�

∞

0 [log(y)]i exp(−y)dy, which is the ithmoment of log(y) where y is
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exponential distribution distribution with mean 1, Sun (1997).

A.1 Fisher Information Matrix for the Weibull Distribution

The Fisher information matrix for the Weibull distribution will be derived. This is also derived by Sun
(1997).

The Fisher information is given by

H (α,β ) =

 −E
(

∂ 2logL(α,β |t)
∂α2

)
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(
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∂ 2logL(α,β |t)
∂β 2

)  .
The Fisher information matrix for the Weibull distribution in the absence of censoring is shown

below.
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The next step is to apply log to the likelihood function.

logL(α,β |t) = nlog(β )−nβ log(α)−
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The second partial derivative with respect to β is
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Applying integration by parts, let u = y [log(y)]2 and let dv = exp(−y)dy then, du
dy =[log(y)]2 +

2log(y) and v =−exp(−y), then this follows

E
[( ti

α

)β

log2
( ti

α

)]
=

1
β 2

[
−ylog2 (y)

exp(y)
|∞0 +

�
∞

0

[
log2 (y)+2log(y)

]
exp(−y)dy

]
=

1
β 2

[
0+

�
∞

0
log2 (y)exp(−y)dy+2

�
∞

0
log(y)exp(−y)dy

]
=

1
β 2 [γ2 +2γ1] .

By using Lemma .2.

E
(

β

( ti
α

)β

log
( ti

α

))
=β

�
∞

0
ylog

(
y

1
β

)
exp(−y)dy

=β

�
∞

0
y

1
β

log(y)exp(−y)dy

=

�
∞

0
ylog(y)exp(−y)dy.

Let u = ylog(y)and dv = exp(−y)dy, then du = (log(y)+1)dy and v = −exp(−y), then this
follows

E
(

β

( ti
α

)β

log
( ti

α

))
=

�
∞

0
ylog(y)exp(−y)dy

=
−ylog(y)

exp(y)
|∞0 +

�
∞

0
exp(−y)(log(y)+1)dy

=0+
�

∞

0
exp(−y) log(y)dy+

�
∞

0
exp(−y)dy

=γ1 +1



APPENDIX A: ADDITIONAL THEOREMS AND PROOFS 187

−E
(

∂ 2logL(α,β |t)
∂α∂β

)
=−E

(
−n
α

+
1
α

n

∑
i=1

[
β

( ti
α

)β

log
( ti

α

)
+
( ti

α

)β
])

=
n
α
− 1

α

n

∑
i=1

E
[

β

( ti
α

)β

log
( ti

α

)
+
( ti

α

)β
]

=
n
α
− 1

α

n

∑
i=1

[
E
(

β

( ti
α

)β

log
( ti

α

))
+E

(( ti
α

)β
)]

=
n
α
− 1

α

n

∑
i=1

(1+ γ1 +1)

=
n
α
− n

α
(2+ γ1)

=− n(1+ γ1)

α
=−E

(
∂ 2logL(α,β |t)

∂β ,∂α

)
.

Finding −E
(

∂ 2logL(α,β |t)
∂β 2

)
.

−E
(

∂ 2logL(α,β |t)
∂β 2

)
=−E

(
−n
β 2 −

n

∑
i=1

( ti
α

)β

log2
( ti

α

))

=
n

β 2+
n

∑
i=1

E
[( ti

α

)β

log2
( ti

α

)]
=

n
β 2+

n

∑
i=1

2γ1 + γ2

β 2

=
n

β 2 +n
2γ1 + γ2

β 2

=
n(1+2γ1 + γ2)

β 2 .

H (α,β ) =

[
nβ 2

α2 −n(1+γ1)
α

−n(1+γ1)
α

n(1+2γ1+γ2)
β 2

]
. (1)

The determinant of this Fisher information matrix is given by
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A.2 Fisher Information Matrix for Birnbaum-Saunders Distribu-
tion

The Fisher information matrix for the Birnbaum–Saunders distribution will be derived. Lemoine
(2019) also derive this Fishers information but some steps where missing, in this thesis every step
is explained fully.

The firsts step is to find the log likelihood which is given as
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The first partial derivative with respect to α is
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The second partial derivative with respect to α is
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Finding fisher information with respect to α
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Cross partial derivative of the log-likelihood function is
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The first partial derivative with respect to β is given by
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The integral above was simplified by using well known techniques such as fraction cancellation,
rationaling, factoring, expansion, and multiplication by the conjugate.

Let

g(x) =
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1
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{
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2

}
du, (2)

where x = 1
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.
Then, differentiating g(x) with respect to x gives
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Finding a solution to the differential equation
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Integrate both sides
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g(0) =exp{0} [−πΦ(0)+C]

=C− π

2
.



APPENDIX A: ADDITIONAL THEOREMS AND PROOFS 195

Using equation 2, the same function can be expressed as
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Define the auxiliary functions

g(x) = exp
{

2x2} [−πΦ(2x)+π] ,

and by substituting x = 1
α
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The Fishers information matrix for the Birnbaum-Saunders distribution is given by
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Note that, according to Abramowitz and Stegun (1965), the upper tail of the standard normal dis-
tribution can be approximated as

1−Φ

(
2
α

)
≈ 1√

2π

1
2
α

exp

{
−
( 2

α

)2

2

}

=
α

2
√

2π
exp
{
− 2

α2

}
.
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Appendix B Additional Proofs

Theorem .3. The posterior of α and β for the Weibull distribution given the observed data using the

Jeffreys prior when there is no censoring is a proper distribution .

Proof. For the posterior to be proper, this must hold
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where c is the normalising constant. For the above to be true, we need to show that
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and let u = αβ , then du = βαβ−1dα and dα = αdu
βu , then

198
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The expression above follows Inverse Gamma with parameters n and
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can be rewritten as

1
β

�
∞

0
u−n−1 exp

−

n
∑

i=1
tβ

i

u

du =
1
β

Γ(n)

(
n

∑
i=1

tβ

i

)−n

.

Then,

∞�

0

∞�

0

β
n
α
−(nβ+1) exp

{
−

n

∑
i=1

( ti
α

)β

}{
n

∏
i=1

tβ

i

}
dαdβ =

∞�

0

β
n

{
n

∏
i=1

tβ

i

}
β
−1

Γ(n)

(
n

∑
i=1

tβ

i

)−n

dβ

=Γ(n)

∞�

0

β
n−1

{
n

∏
i=1

tβ

i

}(
n

∑
i=1

tβ

i

)−n

dβ .
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as a result
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The expression above follows gamma distribution with parameters n and
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This completes the proof and we can conclude that the posterior distribution is proper.

Theorem .4. The posterior of α and β for the Weibull distribution given the observed data using the

Jeffreys prior under type I right censoring is a proper distribution.

Proof. To show properness of πJ (α,β |t) the following should be true
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where c is the normalising constant. For the above to be true, the following must be shown
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the above expression follows the Inverse Gamma distribution with parameters r and
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Since 0 < Γ (r)< ∞, then it must be shown that
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Which implies that
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The proof is finished and we can conclude that the posterior is proper.

Theorem .5. The joint posterior of α and β for the Weibull distribution given the observed data using

the reference prior when there is no censoring is a proper distribution .

Proof. For the posterior to be proper, this must hold
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where c is the normalising constant.
For the above to be true, it must be shown that
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and let u = αβ , then du = βαβ−1dα and dα = αdu
βu . The this follows



APPENDIX B ADDITIONAL PROOFS 204

�
∞

0

(
α

β

)−n
α
−1 exp

−

n
∑

i=1
tβ

i

αβ

dα =

�
∞

0
(u)−n

α
−1 exp

−

n
∑

i=1
tβ

i

u


αdu
βu

=
1
β

�
∞

0
(u)−n−1

α
−1+1 exp

−

n
∑

i=1
tβ

i

u

du

=
1
β

�
∞

0
u−n−1 exp

−

n
∑

i=1
tβ

i

u

du.

The expression above follows Inverse Gamma with parameters n and
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Let tk < max(T1,T2, ...Tn) = tmax, thus,
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as a result
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This completes the proof.

Theorem .6. The joint posterior of α and β for the Weibull distribution given the observed data using

the reference prior under type I right censoring is a proper distribution.

Proof. To show properness of πJ (α,β |t) the following should be true
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where c is the normalising constant.
For the above to be true, the following must be shown
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This completes the proof.
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B.1 Simplification of the Likelihood for the Birnbaum-Saunders
Distribution

The likelihood for the Birnbaum-Saunders with no censoring is given as
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Taking β−1 as a common factor in the previous expression, lead to
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B.2 Deriving the Reference Prior for the Birnbaum-Saunders Dis-
tribution

The reference prior was derived by Xu and Tang (2010), using Berger and Bernardo (1992) algorithm.
In this work, I applied the one-at-a-time algorithm to derive the reference prior and obtained the same
result.

The procedure begins with the inverse of the Fisher information matrix
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Now, let α ∈ (a,b) and β ∈ (e, f ), where a and b are the bounds of α parameter and e and f are
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the bounds of β parameter, this follows
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Next, the conditional prior for α given β is
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Hence,

π
l (α,β ) =

β−1

log( f e−1)
exp
(

log
(√

2n
α

))
b�
a

exp
(

log
(√

2n
α

))
dα

=

β−1

log( f e−1)

√
2nα−1

√
2n

b�
a

α−1dα

=

β−1

log( f e−1)
α−1

b�
a

α−1dα

=

α−1β−1

log( f e−1)

log(ba−1)
.

Finally, the reference prior for the Birnbaum Saunders distribution is given as

πR (α,β ) = lim
l→∞

π l (α,β )

π l (α∗,β ∗)

∝ lim
l→∞

α−1β−1

log(ba−1)

πR (α,β ) ∝ α
−1

β
−1.

Theorem .7. The posterior of α and β for the Birnbaum-Saunders distribution given the observed

data using the reference prior when there is no censoring is an improper distribution.

Proof. If the following result holds

∞�

0

∞�

0

πR (α,β |t)dαdβ = ∞,

then the posterior distribution is improper.

The posterior distribution of α and β given the observed data using the reference prior when there
is no censoring is given by
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Taking integral πR (α,β |t) of with respect to α , then this follows
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If we let λ = α2, then we have
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From the above it can be observe that λ− n
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is a kernal of an inverse-

gamma distribution,
then
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Note that,

lim
β→∞

πR (β |α, t)
β−1 =

n
∏
i=1

[(
1
ti

) 3
2
]

[
n
∑

i=1

(
1
ti
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2
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Thus, as β → ∞,

πR (β |α, t) = O
(

1
β

)
.
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For large K,
∞�

0

πR (β |α, t)dβ ≥
∞�

K

πR (β |α, t)dβ → ∞.

This completes the proof.
This is also shown in Xu and Tang (2011).



Appendix C: Code

C.1 Weibull Distribution Code

#(Jeffreys Prior)

#Data and initialization

set.seed(123)

To select a specific sample size n, simply remove the comment symbol (#)

#n <- 10

#n<-40

#n<-200

t <- rweibull(n, shape = 3, scale = 2) # true α=2, β=3

T <- 20000

burnin <- 10000

sigma <- 0.1

alpha <- 1; beta <- 1

sumlogt <- sum(log(t))

alpha_samp <- numeric(T)

beta_samp <- numeric(T)

accept_beta <- logical(T)

#2. Log-posterior for β (given α and t)

logpost_beta <- function(b, alpha) {

if (b <= 0) return(-Inf)

(n-1)*log(b) +

(b - 1)*sumlogt - n*b*log(alpha) - sum((t/alpha)^b) }

#3. MCMC loop

for (k in seq_len(T))

{ # Gibbs for α

S <- sum(t^beta)

u <- rgamma(1, shape = n , rate = S)

alpha <- u^(-1 / beta)

214
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# MH for β

logb_prop <- rnorm(1, mean = log(beta), sd = sigma)

beta_prop <- exp(logb_prop)

log_r <- logpost_beta(beta_prop, alpha) - logpost_beta(beta, alpha)

if (log(runif(1)) < log_r) {

beta <- beta_prop

accept_beta[k] <- TRUE

}

alpha_samp[k] <- alpha

beta_samp[k] <- beta

}

# 4. Diagnostics and plots

burn <- burnin + 1:T - burnin

alpha_post <- alpha_samp[burn]

beta_post <- beta_samp[burn]

# Trace & density

par(mfrow = c(2,2))

plot(alpha_post, type = 'l', main = 'Trace: alpha')

hist(alpha_post, breaks=40, main='Posterior alpha', prob=TRUE)

plot(beta_post, type = 'l', main = 'Trace: beta')

hist(beta_post, breaks=40, main='Posterior beta', prob=TRUE)

# Posterior estimates

cat("Alpha_hat:", mean(alpha_post), "\n")

cat("Beta_hat:", mean(beta_post), "\n")

# Acceptance rate

cat("Beta acceptance rate:", mean(accept_beta), "\n")

# Autocorrelation using base R

acf_vals <- acf(beta_post, plot=FALSE)

plot(acf_vals, main = "ACF: beta")

# Predictive Reliability

pre_reliability <- function(alpha_post, beta_post, x_vals) {

sapply(x_vals, function(x) { mean(exp(-(x / alpha_post)^beta_post)) }) }

x_vals <- seq(0, 5, by = 1/60)

rel_jeffreys <- Pred_reliability(alpha_post, beta_post, x_vals)

# Convergence Diagnostics (Jeffreys prior)

library(coda)
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# Single-chain Weibull MCMC sampler

weibull_chain <- function(t, T = 20000, sigma = 0.1,

alpha0 = 1, beta0 = 1) {

n <- length(t) sumlogt <- sum(log(t))

alpha <- alpha0; beta <- beta0 s

amples <- matrix(NA, nrow = T, ncol = 2)

colnames(samples) <- c("alpha", "beta")

logpost_beta <- function(b, alpha) {

if (b <= 0) return(-Inf)

-(n+1)*log(b) + (b - 1)*sumlogt - n*b*log(alpha) - sum((t/alpha)^b)

}

for (k in 1:T) {

S <- sum(t^beta)

u <- rgamma(1, shape = n + 1, rate = S)

alpha <- u^(-1 / beta)

logb_prop <- rnorm(1, mean = log(beta), sd = sigma)

beta_prop <- exp(logb_prop)

log_r <- logpost_beta(beta_prop, alpha) - logpost_beta(beta, alpha)

if (log(runif(1)) < log_r) beta <- beta_prop

samples[k, ] <- c(alpha, beta)

}

mcmc(samples)

}

# Simulate data

set.seed(123)

t <- rweibull(40, shape = 3, scale = 2)

# Run 3 chains with different starting values

chains <- mcmc.list(

weibull_chain(t, alpha0 = 0.5, beta0 = 0.5),

weibull_chain(t, alpha0 = 2, beta0 = 1),

weibull_chain(t, alpha0 = 5, beta0 = 5)

)

# Discard the first half as burn-in

early <- niter(chains) / 2

chains_trimmed <- window(chains, start = early + 1)

# Gelman�Rubin diagnostic

gr <- gelman.diag(chains_trimmed, autoburnin = FALSE)
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print(gr)

gelman.plot(chains_trimmed, autoburnin = FALSE)

# Geweke diagnostic for first chain

ge <- geweke.diag(chains_trimmed[[1]])

print(ge)

geweke.plot(chains_trimmed[[1]])

# Trace & density plots plot(chains_trimmed)

# Effective sample sizes

cat("Effective sample sizes:\n")

print(effectiveSize(chains_trimmed))

# For coverage rate and mean interval length

library(coda)

# MCMC sampler function

weibull_chain <- function(t, T=5000, sigma=0.1, alpha0=1, beta0=1) {

n <- length(t); sumlogt <- sum(log(t))

alpha <- alpha0; beta <- beta0

samps <- matrix(NA, nrow=T, ncol=2)

colnames(samps) <- c("alpha","beta") l

logpost_beta <- function(b,a) {

if (b<=0) return(-Inf)

(n)*log(b)+(b-1)*sumlogt - n*b*log(a) - sum((t/a)^b)

}

for (i in 1:T) {

# Gibbs for alpha

S <- sum(t^beta)

u <- rgamma(1, shape=n+1, rate=S)

alpha <- u^(-1/beta)

# MH for beta

logb_prop <- rnorm(1, log(beta), sigma)

beta_prop <- exp(logb_prop) l

log_r <- logpost_beta(beta_prop, alpha) - logpost_beta(beta, alpha)

if (log(runif(1)) < log_r) beta <- beta_prop

samps[i,] <- c(alpha, beta)

}

mcmc(window(mcmc(samps), start=T/2)) # discard first half }

# Function to compute coverage & interval length per simulation

single_run <- function(alpha_true, beta_true, n=100) {
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t <- rweibull(n, shape=beta_true, scale=alpha_true)

post <- weibull_chain(t, T=10000, sigma=0.1,

alpha0=alpha_true, beta0=beta_true)

ci_alpha <- HPDinterval(post[,"alpha"], prob=0.95)

ci_beta <- HPDinterval(post[,"beta"], prob=0.95)

cover_alpha<-(alpha_true>=ci_alpha[1,"lower"]&&

alpha_true<=ci_alpha[1,"upper"])

cover_beta<-(beta_true >= ci_beta[1,"lower"]&&

beta_true <= ci_beta[1,"upper"])

len_alpha <- ci_alpha[,"upper"] - ci_alpha[,"lower"]

len_beta <- ci_beta[,"upper"] - ci_beta[,"lower"]

return(c(cover_alpha, cover_beta, len_alpha, len_beta)) }

# Grid of true values

alphas_true <- c(0.5, 2, 5)

betas_true <- c(0.8, 5, 8)

set.seed(42)

reps <- 10000 # number of datasets per scenario

results <- expand.grid(alpha_t=alphas_true, beta_t=betas_true)

out <- data.frame(results, coverage_alpha=0, coverage_beta=0,

mean_len_alpha=0, mean_len_beta=0)

# Simulate for each scenario

for (i in seq_len(nrow(results))) {

a0 <- results$alpha_t[i]

b0 <- results$beta_t[i]

sim_res <- replicate(reps, single_run(a0, b0))

out$coverage_alpha[i] <- mean(sim_res[1,])

out$coverage_beta[i] <- mean(sim_res[2,])

out$mean_len_alpha[i] <- mean(sim_res[3,])

out$mean_len_beta[i] <- mean(sim_res[4,]) }

print(out)

Note that, when using the divergence prior you change,u to be

u <- rgamma(1, shape=n -1/2*beta , rate=S)in the code above.

When using the reference prior you change, logpost_beta to be

logpost_beta <- function(b,a) {if (b<=0) return(-Inf)

(n -1)*log(b)+(b-1)*sumlogt - n*b*log(a) - sum((t/a)^b) }
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C.2 Birnbaum-Saunders Distribution Code

#( First prior)

# Data and initialization

set.seed(123)

# To select a specific sample size n, simply remove the comment symbol (#)

#n <-10

#n <-40

#n <-200

# Birnbaum�Saunders random generator

rBS <- function(n, alpha, beta) {

Z <- rnorm(n)

Y <- (beta / 4) * (alpha * Z + sqrt((alpha * Z)^2 + 4))^2

return(Y) }

t <- rBS(n, alpha_true=0.5, beta_true=3)

T <- 20000

burnin <- 10000

sigma <- 0.35

alpha <- 1; beta <- 1

alpha_samp <- numeric(T)

beta_samp <- numeric(T)

accept_beta <- logical(T)

#2. Log-posterior for β (given α and t)

logpost_beta <- function(b, alpha) {

if (b <= 0) return(-Inf)

val <- -(n + a_1 + 1) * log(b) - b_1 / b +

sum(log((b / t)^0.5 + (b / t)^1.5)) -

(1 / (2 * alpha^2)) * sum(t / b + b / t)

return(val) }

#3. MCMC loop

for (k in seq_len(T))

{ # Gibbs for α

S <- sum(t / beta_1 + beta_1 / t - 2)

u <- rgamma(1, shape = (n)/2 , rate = S)

alpha <- 1/sqrt(u)

# MH for β

logb_prop <- rnorm(1, mean = log(beta), sd = sigma)
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beta_prop <- exp(logb_prop)

log_r <- logpost_beta(beta_prop, alpha) - logpost_beta(beta, alpha)

if (log(runif(1)) < log_r) {

beta <- beta_prop

accept_beta[k] <- TRUE

}

alpha_samp[k] <- alpha

beta_samp[k] <- beta

}

# 4. Diagnostics and plots

burn <- burnin + 1:T - burnin

alpha_post <- alpha_samp[burn]

beta_post <- beta_samp[burn]

# Trace & density

par(mfrow = c(2,2))

plot(alpha_post, type = 'l', main = 'Trace: alpha')

hist(alpha_post, breaks=40, main='Posterior alpha', prob=TRUE)

plot(beta_post, type = 'l', main = 'Trace: beta')

hist(beta_post, breaks=40, main='Posterior beta', prob=TRUE)

# Posterior estimates

cat("Alpha_hat:", mean(alpha_post), "\n")

cat("Beta_hat:", mean(beta_post), "\n")

# Acceptance rate

cat("Beta acceptance rate:", mean(accept_beta), "\n")

# Autocorrelation using base R

acf_vals <- acf(beta_post, plot=FALSE)

plot(acf_vals, main = "ACF: beta")

# Predictive Reliability

predictive_reliability <- function(x, alpha_post, beta_post) {

mean(1 - pnorm((1 / alpha_post) * (sqrt(x / beta_post)

- sqrt(beta_post / x))))

}

x <- seq(0, 10, by=1/60)

pred_rel <- sapply(x,

predictive_reliability, alpha_post = alpha_post_1, beta_post = beta_post_1)

# Convergence Diagnostics
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library(coda)

# Single-chain Birnbaum-Saunders MCMC sampler

BS_chain <- function(t, T = 20000, sigma = 0.4, alpha0 = 1, beta0 = 1) {

n <- length(t)

alpha <- alpha0; beta <- beta0

samples <- matrix(NA, nrow = T, ncol = 2)

colnames(samples) <- c("alpha", "beta")

logpost_beta <- function(b, alpha) {

if (b <= 0) return(-Inf)

val <- -(n + 1) * log(b) +

sum(log((b / t)^0.5 + (b / t)^1.5))

- (1 / (2 * alpha^2)) * sum(t / b + b / t)

return(val)

}

for (k in seq_len(T)) {

S <- sum(t / beta + beta / t - 2)

u <- rgamma(1, shape = a_1+(n+1) / 2, rate =b_1+ S / 2)

alpha <- 1 / sqrt(u)

logb_prop <- rnorm(1, mean = log(beta), sd = sigma)

beta_prop <- exp(logb_prop)

log_r <- logpost_beta(beta_prop, alpha) - logpost_beta(beta, alpha)

if (log(runif(1)) < log_r) beta <- beta_prop

samples[k, ] <- c(alpha, beta)

}

mcmc(samples)

}

# Simulate data

set.seed(123)

n=200

a_1<-b_1<-10^(-3)

lpha_true <- 0.5 beta_true <- 3

# Birnbaum�Saunders random generator

rBS <- function(n, alpha, beta) {

Z <- rnorm(n)

Y <- (beta / 4) * (alpha * Z + sqrt((alpha * Z)^2 + 4))^2

return(Y) }

t <- rBS(n, alpha_true, beta_true)
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# Run 3 chains with different starting values

chains <- mcmc.list( B

S_chain(t, alpha0 = 0.5, beta0 = 0.5),

BS_chain(t, alpha0 = 2, beta0 = 1),

BS_chain(t, alpha0 = 5, beta0 = 5)

)

# Discard the first half as burn-in

early <- niter(chains) / 2

chains_trimmed <- window(chains, start = early + 1)

# Gelman�Rubin diagnostic

gr <- gelman.diag(chains_trimmed, autoburnin = FALSE)

print(gr)

gelman.plot(chains_trimmed, autoburnin = FALSE)

# Geweke diagnostic for first chain

ge <- geweke.diag(chains_trimmed[[1]])

print(ge)

geweke.plot(chains_trimmed[[1]])

# Trace & density plots

plot(chains_trimmed)

# Effective sample sizes

cat("Effective sample sizes:\n")

print(effectiveSize(chains_trimmed))

# For coverage rate and mean interval length

library(coda)

# MCMC sampler function

BS_chain <- function(t, T=5000, sigma=0.1, alpha0=1, beta0=1) {

n <- length(t)

alpha <- alpha0; beta <- beta0

samps <- matrix(NA, nrow=T, ncol=2)

colnames(samps) <- c("alpha","beta") l

logpost_beta <- function(b, alpha) {

if (b <= 0) return(-Inf)

val <- -(n + a_1 + 1) * log(b) - b_1 / b +

sum(log((b / t)^0.5 + (b / t)^1.5)) -

(1 / (2 * alpha^2)) * sum(t / b + b / t)

return(val) }

#3. MCMC loop
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for (k in seq_len(T))

{ # Gibbs for α

S <- sum(t / beta_1 + beta_1 / t - 2)

u <- rgamma(1, shape = (n)/2 , rate = S)

alpha <- 1/sqrt(u)

# MH for beta

logb_prop <- rnorm(1, log(beta), sigma)

beta_prop <- exp(logb_prop) l

log_r <- logpost_beta(beta_prop, alpha) - logpost_beta(beta, alpha)

if (log(runif(1)) < log_r) beta <- beta_prop

samps[i,] <- c(alpha, beta)

}

mcmc(window(mcmc(samps), start=T/3)) # discard first half }

# Function to compute coverage & interval length per simulation

single_run <- function(alpha_true, beta_true, n=10) {

rBS <- function(n, alpha, beta) {

Z <- rnorm(n)

Y <- (beta / 4) * (alpha * Z + sqrt((alpha * Z)^2 + 4))^2

return(Y) }

t <- rBS(n, alpha_true=0.5, beta_true=3)

post <- BS_chain(t, T=10000, sigma=0.35,

alpha0=alpha_true, beta0=beta_true)

ci_alpha <- HPDinterval(post[,"alpha"], prob=0.95)

ci_beta <- HPDinterval(post[,"beta"], prob=0.95)

cover_alpha<-(alpha_true >= ci_alpha[1,"lower"]&&

alpha_true<=ci_alpha[1,"upper"])

cover_beta <- (beta_true >= ci_beta[1,"lower"] &&

beta_true<=ci_beta[1,"upper"])

len_alpha <- ci_alpha[,"upper"] - ci_alpha[,"lower"]

len_beta <- ci_beta[,"upper"] - ci_beta[,"lower"]

return(c(cover_alpha, cover_beta, len_alpha, len_beta)) }

# Grid of true values

alphas_true <- c(0.1, 0.25, 0.5)

betas_true <- c(0.2, 1, 0.75)

set.seed(42)

reps <- 10000 # number of datasets per scenario

results <- expand.grid(alpha_t=alphas_true, beta_t=betas_true)
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out <- data.frame(results, coverage_alpha=0, coverage_beta=0,

mean_len_alpha=0, mean_len_beta=0)

# Simulate for each scenario

for (i in seq_len(nrow(results))) {

a0 <- results$alpha_t[i]

b0 <- results$beta_t[i]

sim_res <- replicate(reps, single_run(a0, b0))

out$coverage_alpha[i] <- mean(sim_res[1,])

out$coverage_beta[i] <- mean(sim_res[2,])

out$mean_len_alpha[i] <- mean(sim_res[3,])

out$mean_len_beta[i] <- mean(sim_res[4,]) }

print(out)

Note that, when using the second prior you change,

u to be u <- rgamma(1, shape= a_1+(n+1)/2, rate=b_1+S/2) and

val<- -(n + 1) * log(b) + sum(log((b / t)^0.5 + (b / t)^1.5)) -

(1 / (2 * alpha^2)) * sum(t / b + b / t) in the code above.

C.3 Birnbaum-Saunders Code: Simulation using Objective Pri-
ors

## Birnbaum�Saunders + reference prior π(α,β) ∝ 1/(αβ)

# Bivariate RW�MH in (η, ζ) = (log α, log β)

# Normal RW proposals only (no t, no mixtures)

# Plots shown separately #

set.seed(1)

suppressPackageStartupMessages({

if (!requireNamespace("coda", quietly = TRUE))

stop("install.packages('coda')") }) library(coda)

# ---------- Stable helpers ----------

rbs <- function(n, alpha, beta) {

z <- rnorm(n); term <- (alpha * z) / 2

beta * (term + sqrt(term^2 + 1))^2

}

# log f = log1p(x/β) - log(2 α »(2π))

- 1.5 log x - (x/β + β/x - 2)/(2 α^2)

bs_loglik_stable <- function(x, alpha, beta) {
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if (!is.finite(alpha) || !is.finite(beta) || alpha <= 0 || beta <= 0 ||

any(x <= 0)) return(-Inf) cst <- -log(2 * alpha * sqrt(2*pi))

xb <- x / beta

val <- log1p(xb) + cst - 1.5 * log(x) - (xb + beta/x - 2) / (2 * alpha^2)

s <- sum(val); if (!is.finite(s)) -Inf else s }

# Reference prior ⇒ Jacobian cancels in (η,ζ)

log_target_eta_zeta <- function(eta, zeta, x) {

a <- exp(eta); b <- exp(zeta)

bs_loglik_stable(x, a, b)

}

# ---------- RW�MH (Normal proposals only)

rw_mh_bs_ref <- function(x, steps, s_eta, s_zeta, init_alpha,

init_beta, seed) { set.seed(seed)

eta <- log(init_alpha); zeta <- log(init_beta)

lt <- log_target_eta_zeta(eta, zeta, x)

if (!is.finite(lt)) stop("Initial state invalid;

try different init_alpha/init_beta.")

a_tr <- numeric(steps); b_tr <- numeric(steps); acc <- 0L

for (t in seq_len(steps)) {

eta_p <- eta + rnorm(1, sd = s_eta) # Normal RW in

zeta_p <- zeta + rnorm(1, sd = s_zeta) # Normal RW in ζ

lt_p <- log_target_eta_zeta(eta_p, zeta_p, x);

if (!is.finite(lt_p)) lt_p <- -Inf if (log(runif(1)) < (lt_p - lt)) {

eta <- eta_p; zeta <- zeta_p; lt <- lt_p; acc <- acc + 1L }

a_tr[t] <- exp(eta); b_tr[t] <- exp(zeta)

}

list(alpha = a_tr, beta = b_tr, acc_rate = acc/steps)

}

running_mean <- function(v) cumsum(v) / seq_along(v)

# optional helper: try to open a new device (ignored if not available)

open_plot_device <- function() { try(grDevices::dev.new(),

silent = TRUE); invisible(NULL) }

# ---------- Driver for a given n ----------

# Plots are produced one-by-one (separately).

run_case <- function(n,

steps,

burn_frac,
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s_eta_base,

s_eta_multipliers = c(1, 1.2, 1.4, 1.7, 2.0, 2.3),

s_zeta = 0.25,

inits = list(c(0.3,0.3), c(0.8,0.4), c(1.5,0.5),

c(3.0,0.8), c(20,2.0), c(40,0.02)),

seed_base = 1000 + n) {

# Data (replace with your own x if desired)

x <- rbs(n, alpha = 0.6, beta = 10.0)

# Build 6 chains with ONLY Normal proposals, but different η scales

stopifnot(length(inits) == length(s_eta_multipliers))

chains <- vector("list", length(inits))

for (j in seq_along(inits)) {

chains[[j]] <- rw_mh_bs_ref(

x, steps = steps,

s_eta = s_eta_base * s_eta_multipliers[j],

s_zeta = s_zeta,

init_alpha = inits[[j]][1],

init_beta = inits[[j]][2],

seed = seed_base + j )

}

cat("\n================ n =", n, "================\n")

cat("Acceptance rates (chains 1..6):\n",

paste(sprintf(" c%-2d: %.3f", 1:6, sapply(chains,

`[[`, "acc_rate")), collapse = "\n"), "\n")

# Diagnostics (interpret cautiously for an improper target)

mcmc_list <- mcmc.list(lapply(chains, function(ch)

mcmc(cbind(

logalpha = log(ch$alpha), logbeta = log(ch$beta)

))))

cat("\nGelman�Rubin PSRF (full run):\n")

print(round(suppressWarnings(gelman.diag(mcmc_list,

autoburnin = FALSE, multivariate = FALSE)$psrf), 3))

cat("\nGeweke z (per chain):\n"); print(lapply(mcmc_list,

geweke.diag)) cat("\nEffective sample size (ESS, full run):\n");

print(round(effectiveSize(mcmc_list), 1))

# ======= Separate plots (no par(mfrow)) =======

# A) log(alpha) traces (all chains)
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open_plot_device()

matplot(sapply(chains, function(ch) log(ch$alpha)), type = "l",

lty = 1,

col = 1:6,

xlab = "Iteration", ylab = "log(alpha)",

main = bquote(paste("Traces: log ", alpha, " (n=", .(n), ")")))

legend("topleft", legend = paste0("c", 1:6), col = 1:6,

lty = 1, bty = "n")

# B) log(beta) traces (all chains)

open_plot_device()

matplot(sapply(chains, function(ch) log(ch$beta)),

type = "l", lty = 1, col = 1:6,

xlab = "Iteration", ylab = "log(beta)",

main = bquote(paste("Traces: log ",

beta, " (n=", .(n), ")")))

legend("topleft", legend = paste0("c", 1:6), col = 1:6,

lty = 1, bty = "n")

# C) Sequential R-hat for log(alpha) over growing prefixes

burn <- floor(steps * burn_frac)

seq_pts <- seq(max(burn + 10000, 50000), steps,

by = max(50000, steps %/% 20))

rhat_seq <- sapply(seq_pts, function(k) {

mlk <- mcmc.list(lapply(mcmc_list, function(mc) window(mc,

end = k)))

suppressWarnings(gelman.diag(mlk, autoburnin = FALSE,

multivariate = FALSE)$psrf["logalpha", "Point est."])

})

open_plot_device()

plot(seq_pts, rhat_seq, type = "b",

xlab = "Iterations used",

ylab = expression(R[hat]~"(log "*alpha*")"),

main = bquote(paste("Sequential ", R[hat], " (log ", alpha, "), n=",

.(n))))

abline(h = 1.01, lty = 2, col = "gray40"); abline(h = 1.05, lty = 2,

col = "gray40")

invisible(list(chains = chains, mcmc_list = mcmc_list,

seq_points = seq_pts, rhat_seq = rhat_seq)
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) }

# ==================== Run scenarios (examples) ====================

# Tune steps and step sizes as you like; below are just example settings.

# n = 10

out10 <- run_case(

n = 10,

steps = 3000000,

burn_frac = 0.10,

s_eta_base = 50,

s_eta_multipliers = c(1.0, 1.4, 1.8, 2.2, 2.6, 7.0),

s_zeta = 0.1

)

# n = 40

out40 <- run_case(

n = 40,

steps = 3000000,

burn_frac = 0.10,

s_eta_base = 20,

s_eta_multipliers = c(1.0, 1.3, 1.6, 1.9, 2.2, 8.6),

s_zeta = 0.20

)

# n = 200

out200 <- run_case(

n = 200,

steps = 1000000,

burn_frac = 0.06,

s_eta_base = 3.5,

s_eta_multipliers = c(1.0, 1.25, 1.5, 1.8, 4.1, 7.0),

s_zeta = 0.10 )

C.4 OpenBUGS Code for Weibull Distribution

model {

for (i in 1:N) {

dweib(shape, lambda)

data[i] ~ dweib(alpha, lambda) }

# Relationship between BUGS lambda and Weibull scale parameter beta
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lambda <- pow(1 / beta, alpha)

# ---- Inverse-Gamma priors implemented via reciprocals

# alpha ~ Inv-Gamma(a_shape, b_shape)

inv_alpha ~ dgamma(0.0001, 0.001)

alpha<- 1 / inv_alpha

# beta ~ Inv-Gamma(0.0001, 0.0001)

inv_beta ~ dgamma(0.0001, 0.0001)

beta <- 1 / inv_beta

}

list(N=10, data=c(152.7, 172.0, 172.5, 173.3, 193.0, 204.7,

216.5, 234.9, 262.6, 422.6))

C.5 OpenBUGS Code for Birnbaum-Saunders Distribution

model {

for (i in 1:N) {

data[i] ~ dbs( alpha,beta) }

inv_alpha ~ dgamma(0.0001,0.0001 )

inv_beta ~ dgamma(0.0001,0.0001 )

alpha <- 1 / inv_alpha

beta <- 1 / inv_beta

}

list(N=10, data=c(152.7, 172.0, 172.5, 173.3, 193.0,

204.7, 216.5, 234.9, 262.6, 422.6))
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