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Abstract

In this thesis we consider four-dimensional oscillator Lie groups. We start by classifying all such
connected Lie groups (with isomorphic Lie algebras) and show that there are only four types. Various
properties of these groups and their algebras are investigated. Thereafter, we classify all left-invariant
control affine systems evolving on these groups, under (local and global) detached feedback equivalence.
This is accomplished by reducing this classification problem to classifying affine subspaces of the Lie
algebra involved, under an appropriate equivalence relation. Controllability criteria are then produced for
a subclass of these systems. Finally, we investigate a general optimal control problem (with fixed terminal
time and quadratic cost) associated to the homogeneous two-input systems. This investigation mainly
involves a qualitative investigation of the reduced normal extremals and finding explicit expressions for
a subclass of these extremals.

Key words and phrases. (Four-dimensional) oscillator Lie group, (detached) feedback equivalence,
left-invariant control affine system, optimal control.
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Introduction

In recent decades much interest has been shown in invariant control affine systems evolving on
Lie groups, as well as the optimal control problems associated to such systems. In this thesis we
will study left-invariant control affine systems on four-dimensional oscillator Lie groups. This
will involve a study of the four-dimensional oscillator Lie groups themselves, a classification of
said systems, and the investigation of an optimal control problem associated to one of these
Systems.

A four-dimensional oscillator Lie group was introduced by Streater [36], and so named as
its Lie algebra can be identified to that generated by the differential operators associated to
the harmonic oscillator problem. The oscillator Lie groups have many interesting geometric
features, as well as being of much interest from the viewpoint of physics (see, e.g., [9], [10], [13],
(23], [27]). In particular, the four-dimensional simply connected oscillator Lie group can be
described as the only simply connected four-dimensional non-abelian solvable Lie group which
admits a bi-invariant Lorentzian metric (see [25], [27]).

In this thesis, we commence our study of four-dimensional oscillator Lie groups by realising
such a connected Lie group as a linear Lie group H$, decomposing as a semi-direct product of
the Heisenberg group Hs and SO(2), with Lie algebra having commutator relations as given in
table 1. Thereafter we find the universal covering Lie group (with an isomorphic Lie algebra)

(Lol | By | B[ Bs| Ey |

£ 0 | E5] 0| By
By, | —E3| 0] 0| —-F
Es 0 |00/ 0
E, | -Bs | E1| O] O

Table 1: Commutator table for the oscillator Lie algebra

and classify all connected Lie groups (with isomorphic Lie algebras). We then proceed to
investigate the adjoint and coadjoint orbits and show that they are “naturally” equivalent.
Consequently, we find an invariant scalar product on the oscillator Lie algebra and show that
this algebra may be realised as a double extension of the abelian Lie algebra R? by R.
Regarding the structure of the oscillator Lie group H$, it is of interest to note that it has
subgroups SO(2), (R,+), Hs and quotient groups SO(2), SE(2). In particular, we have the
following diagram of exact sequences of Lie group homomorphisms (i.e., the image of each

1



2 INTRODUCTION

arrow is the kernel of the next arrow in the same line)

{1} {1}

\\\\\\$ 7

Hy SE(2)

T~

{1} ——S0O(2) —— H§

Z(H) =~ R SO(2)

7 ~

{1} {1}

Having concluded our study of the (four-dimensional) oscillator Lie groups themselves, we
then move on to considering left-invariant control affine systems evolving on these oscillator
Lie groups. Such a system can be described as a pair ¥ = (G, Z), where the state space G is an
oscillator Lie group and Z : G x R — TG is some left-invariant dynamics of the form

V4
Z(g,u) =9=2(1,u) =g <A + Z’LLZBZ>

i=1

where the set {Bi}i:ﬂ is linearly independent. We then classify all such systems (locally and
globally) under detached feedback equivalence (see [6], [7]). Briefly, two systems are (locally)
detached feedback equivalent if there exists a (local) Lie group isomorphism mapping trajec-
tories to trajectories, and an affine linear isomorphism mapping the corresponding controls.
Detached feedback equivalence may be described as the most general feedback equivalence for
which the state component (i.e., the diffeomorphism between state spaces involved) preserves
left-invariant vector fields by the push forward (cf. [6]).

In order to classify locally (and globally) the above mentioned class of systems, we reduce
the problem to classifying affine subspaces of the oscillator Lie algebra h§ (by an appropriate
equivalence relation). This approach is briefly described in [7] and uses the algebraic char-
acterisations of local and global detached feedback equivalence presented in [7]. For the sake
of brevity, we will however restrict ourselves to only considering linear oscillator Lie groups
when making a global classification. Within this class of systems we then also fully investigate
controllability.

In the last chapter of this thesis we investigate a general optimal control problem (with
fixed terminal time and quadratic cost) associated to the homogeneous two-input systems (i.e.,
=(1,u) = w1 By 4+ u2Bs) which is lifted, via the Pontryagin Maximum Principle, to a Hamil-
tonian on the dual of the Lie algebra. Specifically, the system we consider is an equivalence
representative of the whole class of two-input homogeneous systems evolving on the simply
connected oscillator Lie group. This investigation will entail the study of the normal and ab-
normal extremals. In the normal case, we make a detailed qualitative analysis (including the
study of the stability nature of all equilibrium states), and explicitly integrate a subclass of the
extremal equations.
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Original Contributions

To the best of our knowledge, the following results of this thesis are original.

Chapter 1. The classification of all connected four-dimensional oscillator Lie groups; theorem
1.3.7 and its corollary. An investigation as to which of the aforementioned Lie groups
admit faithful linear representations; proposition 1.3.10. An investigation of which four-
dimensional oscillator Lie groups cover which; propositions 1.3.12 through 1.3.15. Explicit
calculation of the adjoint orbits of the four-dimensional oscillator Lie algebra; proposition
1.4.5. A complete list of ideals of the four-dimensional oscillator Lie algebra; proposition
1.5.3.

Chapters 2 & 3. A result for obtaining a preclassification of homogeneous systems from
a classification of inhomogeneous systems; proposition 2.1.8 and its corollary (locally),
proposition 3.1.4 and its corollary (globally). Results pertaining to invariants of (the
traces of) left-invariant control affine systems on the four-dimensional oscillator Lie groups;
propositions 2.2.3, 2.4.4 and 2.5.2. A complete classification of locally detached feedback
equivalent left-invariant control affine systems of full rank evolving on four-dimensional
oscillator Lie groups; propositions 2.2.4, 2.3.1, 2.4.5, 2.5.3, 2.6.1, theorem 2.7.1 and corol-
lary 2.7.2. A useful necessary condition for a Lie algebra automorphism to be the tangent
map (at identity) of a Lie group automorphism; proposition 3.1.7. A useful characteri-
sation of Lie group automorphisms (specifically, existence of an automorphism given its
tangent map); theorem 3.1.8 and corollary 3.1.9. A calculation of the group of automor-
phisms of (the n-fold covers of) the oscillator Lie group H$; theorem 3.3.2. A complete
classification of globally detached feedback equivalent left-invariant control affine sys-
tems of full rank evolving on four-dimensional linear oscillator Lie groups; corollary 3.2.1,
propositions 3.3.3, 3.3.4, 3.3.5, 3.3.6, 3.3.7 theorem 3.3.8 and corollary 3.3.9. Controlla-
bility criteria for the aforementioned classes of systems; theorem 3.2.2, corollary 3.2.3 and
theorem 3.3.10.

Chapter 4. An investigation of the abnormal extremals of an optimal control problem as-
sociated to a homogeneous two-input system; proposition 4.1.2. Results pertaining to
the normal extremals of the aforementioned problem; propositions 4.1.3 and 4.1.5. An
investigation of the equilibriums states and their stability nature, for the reduced normal
extremals; propositions 4.2.1, 4.2.2 and 4.2.3. A qualitative investigation and classifica-
tion of integral curves of a family of Hamiltonian vector fields; propositions 4.2.5, 4.2.7,
4.2.10, 4.2.11, 4.2.12, corollary 4.2.8 and theorem 4.2.16. An involution preserving the
aforementioned integral curves; proposition 4.2.17. Explicit expressions for a subclass of
the aforementioned integral curves; propositions 4.3.1, 4.3.3, 4.3.5, 4.3.8 and corollary
4.3.10.

Notation

Lie groups, as a rule, will be denoted with upper case Sans Serif letters (with the exception of
Han+1) and their corresponding Lie algebras with the corresponding small case Fraktur letters.
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In additions we will use the following notation:

1 — the identity element of a Lie group;

Aut G — the (Lie) group of Lie group automorphisms ¢ : G — G;

Aut g — the (Lie) group of Lie algebra automorphisms ¢ : g — g;

dAut G — the subgroup of Aut g consisting of tangent maps at identity of elements of Aut G;

X — the semi-direct product of groups (normal subgroup on the left);

< — subgroup, subalgebra;

< — normal subgroup, ideal of an algebra;

T, S — the one-dimensional compact Lie group represented as the 1-torus or circle;

GL(n,R) — the general linear group of R", represented as n x n invertible matrices;

GL(V') — the general linear group of a (real) vector space V;

SO(n) — The special orthogonal linear Lie group {4 € GL(n,R) | ATA =1, det A = 1};

di; — Kronecker delta (6;; = 1 if i = j, else 6;; = 0);

|-| — determinant (of a matrix) or absolute value (of a real number);

diag(ri,r2,...,m,) — a diagonal n x n matrix with diagonal entries 71, ra,...7y;

A, V,=,< — logical conjunction (and), disjunction (or), implication and equivalence, re-
spectively.



Chapter 1

The Oscillator Lie GGroups

In this chapter we introduce the (four-dimensional) oscillator Lie groups and investigate some
of their properties. Note that the term “oscillator Lie group” is used in the literature primarily
only for the simply connected oscillator Lie groups. We start by briefly reviewing the definition
and basic properties of the (three-dimensional) Heisenberg group Hs. We then proceed to
introduce a oscillator group H$ as a semi-direct product of Hz and SO(2). Next we establish
this Lie group as a closed (or embedded) linear Lie group and study its properties, mainly
locally on its Lie algebra h5. We then proceed to find a universal covering HS of HS which we
use to classify all connected Lie groups with the same Lie algebra as H§. (We refer to these Lie
groups collectively as the four-dimensional oscillator Lie groups.)

At that stage we turn our attention to the adjoint and coadjoint orbits. We show that they
are “equivalent” in the sense that there exists a linear isomorphism mapping the adjoint and
coadjoint orbits bijectively. We then observe that this in turn is equivalent to a non-degenerate
invariant scalar product existing on h5 and show that h$ together with this scalar product is a
double extension of the Lie algebra R?, endowed with the dot product, by R.

1.1 The Heisenberg Group

Representations

The Heisenberg group, denoted Ha,, 11, is defined ([12]) as the set R?"*1 = R" x R" x R with
group law

(v, y,2)(@,y,2) = (@ + 2,y +y, 2+ 2 + L(zey —yea)).

We define the polarized Heisenberg group, Hs, 41, as

H2n+1 = {hn(x’yv Z) € GL(TL—I— 27R) ‘ T,y € Rnaz € R}
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where h,, : R® — Hg, 1 is (convenient notation) defined by

-1 r1T X2 ... Tp z

0 0 1 0 s

hn(l’,y,Z) = .
Yn
0 ... 0 1

REMARK. Note that h,, : R?"+1 — Ho, 41 is a diffeomorphism and thus Hay,41 is a closed linear
Lie group.

ProproSITION. The Heisenberg Lie group Haopt1 is isomorphic to the polarised Heisenberg Lie
group Hopt1 (forn € N).

PROOF. Define a mapping ¢ : Hant1 — Hont1, (2,9, 2) — hn(x,y, 2 + %(m e y)). We get that
¢ is injective and well defined as

ho(,y, 2 + 5(x 0 y)) = ha(a',y, 2" + 5 (2" 0 ¢/))
x=2a
& y=y
2t 3(zey) =2 +1(a'ey)
& (z,y,2) = (2,9, 7).
Next ¢ is surjective as Vhn (2, y, 2) € Hany1, (2,y, 2— 5(z0y)) € Hani1 and ¢(z,y, 2— 3 (zey)) =
hn(z,y,z). Now ¢ is a group homomorphism as
O((z,y,2) (@9, ) = b+, y+y, 2+ 2 + 5(xey —yea'))
=hp(z+a'y+y, 242 +5(wey —yea)+ 3z +2) e (y+1))
=ho(z+ 2 y+y, 2+ 2 +xey +j(zey+aey))
= h(2,y, 2 + sz 0y) ha(2',1f, 2/ + 52" @ yf)
= ¢(x,y,2) p(2', . 2).

Finally as h, : R?"»*! — Hg, ; is a diffeomorphism we have that ¢ is a diffeomorphism and
hence a Lie group isomorphism. O

Topological properties

As Hg,, 41 is diffeomorphic to R?"*+! the topological properties of Ho, 41 are just those of R2n+L,
We therefore note that Hoy,11 is not compact, but is connected and simply connected.
Algebraic properties

We list (and prove) some algebraic properties of Hyp,41 in the form of propositions.
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1.1.3 PROPOSITION. The centre of Hapt1 is given by Z (Hapt1) = {hn(0,0,2) | z € R}.
PRrROOF. Indeed we have that

hn(2,y,2) € Z (Hani1)
& hy(x,y, 2) ho(2' Y, 2') = hp(2' Y 2') b (2,9, 2) for Vh,(2',y',2") € Hania
& zey =yea for V(2',y/,2') e R" x R" x R
< z=0and y=0. O

We introduce the mapping H,, : R® — b3, H,(2,y,2) = hy(2,y,2) — 12 as convenient
notation, i.e.,

0 =1 x9 Ty Z
0O 0 O 0 w1
0O 0 O 0 s
Hy(z,y,z) = :
Yn
10 0 0]

1.1.4 PROPOSITION. The Lie algebra of Hayy1 is given by bopi1 = {Hy(x,y,2) | ,y € R, z € R}.

PrROOF. Let z,y € R", z € R, then we define a curve v : R — Hopy1, t — t Hy(z,y, 2)+Ihy2 €
Hap+1 and note that 4(0) =1 and §(0) = Hy(z,y, 2). Thus {H,(z,y,2) | z,y € R", z € R} C
hant1. Now consider an arbitrary curve (-) : [—€,€] — Ha,y1 such that v(0) = 1. Then
v(t) = hn(x(t),y(t), 2(t)) for some curves z(-), y(-) : [—€,¢] = R™ and 2(-) : [—€,¢] - R.
Differentiating and evaluating at 0 then yields ¥(0) = H,(%(0),5(0),2(0)). Thus haps1 C
{Hn(z,y,2) | z,y € R", z € R}. O

We use the notation {e;}, 1, for the standard basis of R". That is, e; is the vector with

7’th entry having value 1 and all other entries zero.

1.1.5 PROPOSITION. Let X; = Hy(e;,0,0), Y; = Hy,(0,¢e;,0) and Z = H,(0,0,1). Then the set
{X;,Ys, Z}ieﬁ is a basis for hapi1 and has commutator relations [X;,Y;] = 6;;Z with the rest
zero.

1.1.6 PROPOSITION. The centre of hapy1 is given by Z (hant1) = {Hn(0,0,2) | z € R}.

PRroOF. Indeed we have that

Hy,(x,y,z) € Z (ban+1)
& Hy(v,y,2)Hpy(2',y, 2') = Hy (2o, 2)) Hy(2, 9, 2) for VH,(2', 9/, ") € hani1
& xey =2 ey for V(a',y/,2') e R" x R" x R
< x=0and y=0. O
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1.1.7 PROPOSITION. The Lie algebra han,11 is nilpotent (of class 2) and hence triangular, exponential
and solvable.

ProoFr. We have that

90 = bant1

01 = [h2n+1, han+1]
= {[Hn(x,y, z),Hn(m’,y',z')] | 2y, 2’y e R", 2,2 € R}
= {Hn(0,0,x oy —2 ey |z, y, 2y € R"}
={H,(0,0,2) | z € R}
= Z (b2n+1)

92 = [b2n+1, Z (han+1)] = {0}, the trivial algebra.

Thus h2,41 is nilpotent. Applying theorem A.1.18 then yields the required results. [l

1.1.8 PROPOSITION. The exponential map exp : Bany1 — Hopyr is given by exp(Hy(z,y,2)) =
hn(x,y, 2z + %ZL’ e y) and is a diffeomorphism.

PRrOOF. Notice that H,(z,y,2)? = H,(0,0,rey) and H,(x,y,2)% = 0. Thus exp(H,(z,y,2)) =
Inyo+ Hy(x,y,2) + %Hn(ac, y,2)% = hy(z,y, 2 + %x e y). As Hs is simply connected and b3 is
exponential (proposition 1.1.7), it follows that exp is a diffeomorphism. O

1.2 The Oscillator Lie Group Hj

1.2.1 As a semi-direct product of H; and SO(2)

We define the oscillator Lie group H$ as H§ = {m(z,v, 2,0) | z,y,2,0 € R}, where m : R* —
GL(4,R) is a continuous mapping (used as convenient notation) given by

1 —xcosf+ysinf xsinf+ ycost —2z

10 cos 6 —sinf Y
m(z,y,2,0) = 0 sin 0 cos 6 T
0 0 0 1

1.2.1 REMARK. This definition (made in retrospect) is the result of trying to construct a closed
linear Lie group that is isomorphic to a semi-direct product of Hz and SO(2). Additionally we
required that its Lie algebra has table 1 as commutator table (in some ordered basis). As a
starting point for this construction we considered the linear representation (for the Lie algebra)
suggested in [36]. (The notation H§ for this Lie group is motivated by the fact that Hs forms
a subgroup and that h§ is one of the diamond Lie algebras.)

We will show that HS as a closed linear Lie group and decomposes as a semi-direct prod-
uct of subgroups Hs and SO(2). We start by making some basic calculations (performed in
Mathematica, see section C.1) for H§. We have that m(0,0,0,0) = I, and that

m(z,y,2,0)"" =m(—zcos +ysing, —zsind — ycosf, —z,—0).
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Also note that m(z,y, z,60) = m(z,y,2,0)m(0,0,0,0). Finally note that the equation
m($*, y*7 2*7 9*) = m($7 y7 z? 0) m('r/? y’? Z’? 9/)
always has a solution and that one such solution is given by

=z +1y sinf + 2’ cosf v =y +1 cosl — 2’ sinh
2 =z+2 + Lxy —ya)cos — L (xa’ +yy')sinb 0 =0+46.

REMARK. The above solution may be written more compactly using complex numbers as
it =atiy+e V@ +iy)), =247+ 2Im (e Oz —iy) (2 +iy)), 0" =0+6.
PROPOSITION. Hf is a closed linear Lie group.

PRrROOF. By the preceding calculations we have that H$ is an abstract group and hence a
subgroup of GL(4,R). We are left to show that H$ is closed in GL(4,R). We leave this to the
next subsection where we show it in proposition 1.2.9. O

PROPOSITION. The subsets Hz (redefined here) and SO(2) of HS given by
Hy = {m(z,9,%,0) | 2,1,z € R) 50(2) = {m(0,0,0,6) | # € R}

are closed Lie subgroups of HS, isomorphic to the (three-dimensional) Heisenberg group and the
one-dimensional special orthogonal group, respectively. Moreover the mapping ¢ : Hsz — Hg,
(x,y,2) = m(z,y,2,0) is a (Lie group) isomorphism.

PROOF. As
1 —z y -2z
0 1 0 wy
m(aj?yvzao) = 0 0 1 x
0O 0 0 1

we get that ¢ is a diffeomorphism. Then we have that

o (r,y,2) ¢ (m’,y/,z/) =m(x,y,2,0)m(z’,y, 2,0)
m(z+2,y+y, 2+ 2 + L(zy —ya'),0)
=¢(z+a",y+y, 2+ 2 + 3(xy —ya'))
= ¢ ((2,y,2) (¢, 7)),

thus ¢ is a Lie group isomorphism. Now as R? is complete, so is H3 and hence Hs is closed in
HS. Thus Hs is indeed a closed Lie subgroup of H§. Note that

1 0 0

0 cosf —sinf
0 sinf cosf
0 0 0

m(0,0,0,0) =

_ o O O

making it clear that SO(2) here is just the special orthogonal group {g € GL(2,R) | g'g =
Iy, detg = 1} embedded in GL(4,R). O
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1.2.5 LEMMA. rhr~! € Hz for h € Hy and r € SO(2)

PRrOOF. Indeed (for some z,vy, 2,0 € R) we have that

rhr~1 =m(0,0,0,0) m(z,y, z,0)m(0,0,0, —6)

1 —xcosf —ysinf ycosf —xrsind —2z
10 1 0 ycosf — xsind
|0 0 1 ysinf + x cos @
0 0 0 1
=m(ysinf + xcosh,ycosh — xsinb, z,0)
€ Hs. |

With this information at hand we are now in a position to decompose Hj as a semi-direct
product.

1.2.6 PROPOSITION. H§ decomposes as a semi-direct product H§ = Hz »x SO(2), i.e.,
1. Hs < Hg; 2. HzNSO(2) = {1}; 3. H3 SO(2) = Hs.
PROOF. Item 2 is trivial. Recall that for any element m(z,y, z,6) € H§ we have that
m(x,y,z,0) =m(x,y,2,0)m(0,0,0,6),

proving item 3. Let g € HS and h € Hs. Then g = h/r for some b’ € Hg and r € SO(2)
by item 3. Thus ghg~! = A'rhr—1(h/)~1. But by the preceding lemma rhr~—! € H3 and thus
h'rhr=Y(h')~! € H3 (as H3 is a subgroup) yielding item 1. O

1.2.7 REMARK. Explicitly we have that HS is Lie group isomorphic to Hz x, SO(2), where
w:SO(2) = Aut(Hs), 7 — pu(r) w(r)(h) = rhr L.
This isomorphism is given by

o : Hs %, SO(2) — H§
(m(ﬂfayaZ,O)am(O,O,Oﬁ)) = m(957y7270) m(O’O’O)G) = m(xayaz’a)

where the homomorphism property follows as

¢ ((h1,711) (ha,12)) = ¢ ((harihery ', rir2)) = harihary = ¢(ha, 1) ¢(ha, 72).

1.2.2 Topological properties

We briefly investigate the topological properties of H§ and in particular show that Hf is diffeo-
morphic to R3 x T.

1.2.8 LEMMA. Let¢: R — R2, 0+ (cosf,sinf). Then forVp € R there exists an open neighbourhood
W of p € R such that ¢|y, : W — ¢(W) has smooth inverse (;5]17‘/1
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PROOF. D¢ = [—sin 6, cosb)] is of full rank for all € R. Thus, by the inverse mapping theorem
([22]), for ¥p € R there exists an open neighbourhood W of p € R such that ¢[, : W — ¢(W)
is a diffeomorphism. Hence ¢|y;, has smooth inverse ¢|t7vl . ]

PROPOSITION. H$ is topologically closed in GL(4,R).

PROOF. Let m(xy, Yn, 2n, On) be a sequence in HS, m(xy, yn, 2n,0n) — B € GL(4,R). First we
recall that

1 —zcosf+ysinf xsinf+ycosh —2z

cos 6 —sin6 Y

sin 6 cosd x
0 0 1

m(z,y, z,0) =

o O O

So, as the projection maps (to entries) are continuous, we have: z, — Bsa, yn — Bau,
Zn — B%’; (multiplication by - is continuous) and 6}, = dlyy (cosby,sin8,) — @iy (Baa2, Bs2)
(as in lemma 1.2.8 for some neighbourhood W). Thus as m is continuous and m(zy,, Yn, 2n, On) =

M T, Yns 2n, 0) we have m(xy,, yn, 2n,0n) — m(Bs4, B4, B%’;, ¢];V1 (Bz,2,B32)). Finally as
limits are unique in GL(4,R) (Hausdorff space), B = m(Bs4, Ba, 25, 6|33 (Baa, Ba2)) € HS.
Note that if B ¢ GL(4,R) then there is nothing to show. O

PROPOSITION. H$ is diffeomorphic to R® x T.

PrOOF. We show that the mapping
¢ :R3 x T — HS, ((:c,y, 2), (cos G,SinG)) — m(x,y, z,0)

is a diffeomorphism. We note that here we represent the 1-torus (or circle) as a submanifold of
R? with two charts f; : (cos6,sin6) — 6, with 6 € (0, 27) for i = 1 and 6 € (3, 2n) for i = 2.
Then we have that ¢ is injective and well defined as

((m,y,z), (cos 0,sin9)) = ((m',y',z’), (cos 0’,sin9'))
s (=2)YANy=y) A (z=2") A (cosh =cos') A (sinf =sinf)

s mx,y,z,0)=m(2,y, 2, 0).

As m : R* — H is surjective and smooth, we get that ¢ is surjective and smooth. Next we
have that (in a suitable local chart)

0 —cosf sinf 0 [0 sinf cosf 0
o6 0 0 0 0 o6 [0 0 0 1
dr |0 0 0 1 gy |0 0 0 0
0 0 0 0 0o 0 0 o0
[0 0 0 -2 [0 ycos@ +xsinf wxcosf —ysinh 0
dp 10 0 0 O do |0 —sin6 —cosf 0
92 |00 0 0 20 — |0 cost —sinf 0
00 0 0 0 0 0 0



1.2.11

1.2.12

1.2.13

12 1.2. THE OSCILLATOR LIE GROUP H§

Thus we have that T),¢ : R* — T¢(p)H§ is a linear isomorphism for any p € R? x T. Thus,
by the inverse mapping theorem ([22]), as ¢ is a full rank bijective smooth mapping, it is a
diffeomorphism. O

COROLLARY. H§ is not compact.

COROLLARY. H§ is connected, but not simply connected. Indeed we have that the fundamental
group of HS is given by

mi(H) 2 71 (R® x T) 22 71 (R?) x mp(T) = {1} x 71 (S') 2 Z.

1.2.3 Algebraic properties

We list a number of algebraic properties of HS. In particular: we determine its centre, its
quotient groups and its Lie algebra; we show that its Lie algebra is a unimodular and solvable
but not exponential; we find the automorphism group of its Lie algebra.

PROPOSITION. The centre of H§ is given by Z (HS) = {m(0,0,2,0) | z € R}.
PRrROOF. We have the following sequence of implications

m(x,y,z,0) € Z (H3)
m(x7 y7 z’ 9) m('x/? y,’ Zl? 0/) - m(x,7 y/7 zl? 9/) m(x’ y? Z’ 9) - 0 for v'x/? y,’ Zl? 0/ G R

R

(from row 3, column 4 we get)
y' sin@ + 2’ cosf — ysin@ —xcosh +x—2' =0 for Va',y', 2,0 € R
(@' =0Ay =0N0 =T
(2 =0Ay =0A0 =3¢
(Z'=1NYy =0ANx=0AYy=
(@ =0Ay =1ANz=0Ay=
= Z(H3) C {m(0,0,2,0) | z € R}.

) = z—y=0
) = x+4+y=0, thus (t =0Ay =0)
) = cos(f)=1
) = sin(d) =0, thus 0 = 2km, k € Z

Conversely we have that
m(0,0,z,0) € {m(0,0,2,0) | z € R}

= m(O’ 0’ Z, O) m(x/7 y/’ z/’ 9/) - m($/7 ylﬂ zla 0/) m(oa 07 Z, 0) = 0
= Z(H3) 2 {m(0,0,2,0) | z € R}. 0

1.2.14 PROPOSITION. The quotient group HS/Z(HS) is isomorphic to the Euclidean group SE(2), where

1 0 0
SE(2) =< |z cosf —sind ‘ z,y,0 e R
y sinf  cos6
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PROOF. As Z(H$) is a closed normal subgroup, the quotient is well defined (see section A.1.2).
Define a map ¢ : H§(n) — SE(2) b

1 0 0
¢ :m(r,y,z,0)— |xr cosf sind
y —sinf cosd

Using the diffeomorphism from the proof of proposition 1.2.10, we get that ¢ is smooth and
surjective. Using Mathematica (see section C.1) we verify that ¢ is a homomorphism (specif-
ically, we show that ¢(m(z,y,z,0)m(z',y, 2, 0)) — ¢(m(z,y,z,0)) p(m(z’,y',2',0")) = 0).
Hence, by the epimorphism theorem (i.e., theorem A.1.5), we get that H$/ker¢ = SE(2).
But ker ¢ = Z(H$), proving result. O

PROPOSITION. The quotient group HS/Hs is isomorphic to the subgroup SO(2).

PROOF. As Hs is a closed normal subgroup (propositions 1.2.4 and 1.2.6), the quotient is well
defined. Define a map ¢ : Hj(n) — SO(2), m(x,y, z,0) — m(0,0,0,0). Using the diffeomor-
phism from the proof of proposition 1.2.10, we get that ¢ is smooth and surjective. Then we
have that

p(m(z,y,z,0)m(z',y,2',0) = ¢(m(,-,-,0 +6)
m(0,0,0,0 + 6') = m(0,0,0,0) m(0,0,0,)
= p(m(z,y, z,0)) p(m(z',y', 2',0")).

Thus ¢ is a Lie group epimorphism. Hence, by the epimorphism theorem (i.e., theorem A.1.5),
we get that H$/ ker ¢ = SO(2). But ker ¢ = Hs, proving result. O

REMARK. The above two quotient groups are the only two quotient groups of H5. This follows
from the fact that the Lie algebras of Hs and Z(H$) are the only two ideals of h$ (which will
be shown in section 1.5).

PROPOSITION. The Lie algebra b of HS is given by
b5 = {M(2,y,2,0) | z,y,2,0 € R}
where M : R* — b3 is (convenient notation) given by

0 —x y -2z

0 0 —6 y

M(IL‘,y,Z,H)— 0 2] 0 x

0 0 O 0
ProOF. Consider curve y(t) = m(z(t), y(t), 2(t), 6(t)) in H§ such that 'y( ) I (i.e., (0) =0,
y(0) =0, 2(0) = 0 and 0(0) = 0 + 2km, k € Z). Then §(0) = M(2(0) ,2(0),6(0)). Thus
b C {M(z,y,2,0) | z,y,2,0 € R}. For the converse if M(z,y, z,0) € {M( y 2,0) | z,y,2,0 €
R} then ~(t) = m(tx,ty,tz,th) is a curve in HS, v(0) = m(0,0,0,0) = I4 and ¥(0) =

M (z,y,2,60). Thus we have that h§ D {M(z,y, 2, 0) | x,y,z,0 € R}. O
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PROPOSITION. Let E1 = M(l,0,0,0) = M(el), Ey = M(eg), E3 = M(eg) and B4 = M(€4).
Then {E;},_17 is a (ordered) basis for b5 and has commutator relations: [Ey, Es] = Es,
[E1, E4] = Es, [Es, E4] = —FE4 with the rest zero.

PROPOSITION. The Lie algebra b5 is not nilpotent.
PROOF. For two arbitrary elements of h5 we have that
[M(z,y,2,0), M(z',y,2,0")] = M0y — 40, 20" — 02’ zy/ — ya',0).

In particular, note that [E4, Es] = Ei, [E1, E4] = E3 and [Es, Eq] = Es. Thus [hS,h5] =
span{[A4, B] | A,B € h5} = {M(a,b,c,0) | a,b,c € R} = b3 (i.e., the Lie algebra of H3). Now
[M(x,y,2,0), M2y, 2,0")] = M(—yb', 0", 2y — yz',0), so [h3,h3] = h3. That is to say the
lower central series of h§ does not terminate and thus h$ is not nilpotent. (Alternatively this
follows from proposition 1.2.22 and theorem A.1.18.) U

PROPOSITION. The Lie algebra b3 is solvable.

ProoF. We have already shown in proposition 1.2.19 that (bg)(l) = [b%,b8] = bs. Thus we
have that (53)® = [bs, hs] = Z (bs). So it follows that (53)® = [Z (bs), Z (bs)] = 0. O

PROPOSITION. For g = m(x,y,2,0) € H and A = M(x,y,2,0) € b5 we have (w.r.t. the
ordered basis {E;};_17) that

cos f sin 6 0 —y
Adg — —sin cos 0 0 x
9= —ycosf —xsind wcosf —ysinh 1 3 (2% +y?)
I 0 0 0 1
[0 60 0 —y
-6 0 0 «x
ad A = oz 0 0
|0 0 0 O

PROOF. We use Mathematica for calculations in this proof, see section C.2. We calculate
vectors V; = Adg - E; = m(x,y,2,0) E;m(x,y,2,0)~! for i = 1,4. Then, as Adg is a lin-
ear map, we have that Adg = [Vl Vo V3 V4]T Next we calculate vectors V; = ad 4 -
E; = [M(x,y,z,0),E;] for i 1,4. Then, as ad A is a linear map, we have that ad A =
[Vl Vo Vs VZ;]T. (Alternatively ad A can be calculated by differentiating a curve g(-) such
that g(0) = A, i.e,, ad A = %Adg(t)!tzo.) O

PROPOSITION. The Lie algebra b5 is not exponential and hence not triangular.

PROOF. The characteristic polynomial of ad A (as represented in preceding proposition) is
given by det (ad A — A\I;) = A\? (92 + /\2), thus yielding eigenvalues of 0, —if and 6. Thus there
exists A € b3 such that ad A has purely imaginary eigenvalues. By theorem A.1.18, it then
follows that b5 is not exponential. Using theorem A.1.17, we then get that h$ is not triangular
(or nilpotent). O
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1.2.23 PROPOSITION. Any connected Lie group (including HS) with Lie algebra (isomorphic to) b is
unimodular.

Proor. This follows immediately from proposition A.1.20 as the trace of ad A (as described
in proposition 1.2.21) is zero for A € bg. O

1.2.24 PROPOSITION. The exponential map, exp : h§ — HS, is given by

y(1l—cos 0)—x sin x(1l—cos 0)4y sin 22+442)(0—sin 0)—22602 ]
1 0 0 0 2 4y? 0 0
[4 4 02
0 cos 6 —sind —2(l=cosf)+ysinb
0
exp (M (z,y, 2,0)) =

0 sin 0 cos 6 w
0 0 0 1 |
y(1 —cosf) +asing —a(l—cost) +ysing (a? +y°)(0 —sind) — 226°
=m 9 ) 9 s 7202 79 .

Furthermore exp is onto and for

. 29x(cos@+1)
- sin 6
* z(cos 60— sin 6—6 *

= =l 2(0(&59 1))( ) 0" =10 c [_ﬂ’ﬁ]

we get that exp(M (z*,y*, 2*,0%)) = m(x,y, z,0).

1
. §9y(cos€+1) n 1

1 *
€z -39y 0 y = sin 6 PR

PROOF. We use Mathematica (see section C.1) to calculate the exponential of an element
M (z,y,z,60) € bs. We also use Mathematica to verify that exp(M (z*, y*, 2*,6%)) = m(z,y, z,6)
(and by extension through limit is valid for 6 € {—m,0,7}). Note that the exponential map is
not injective, as exp(M(0,0,0,0)) = exp(M(0,0,0, 27)). O

1.2.25 REMARK. Note that, as

lim si2¢ — 1 lim €sf0=1 — lim

sinf—0 __ 0
S =
0—0 A 0—0 0 0—0 0 ’

the above formula for exp (M (z,y, z,0)) is valid everywhere (by extension through limit).
1.2.26 PROPOSITION. The centre of b§ is given by Z (h5) = {M(0,0,2,0) | z € R}.
PrOOF. Indeed we have that
m(z,y,z,0) € Z(H3)
& [M(x,y,2,0), M2,y ,2',0")] =0 for Va', ¢/, 2,0 € R
& MOy —yb', 20 — 02’ 2y — ya',0) =0 for Va', 9/, 2,0/ € R
{ Gy/ = y9/ r = 0

z0 = 02 forVa',y ., 7.0 cR <& Yy 0 O
xy = ya 0 = 0.
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1.2.27 PROPOSITION. The (linear Lie) group of automorphism of b is given by

X

Y

Auths = b

0 0

kur —vy kuy +zv  k(2?

0
0
+?)
0

>~ &8 < 2

oy, u,v,w R, ke {—1,1}, 22 +y> #0

We note that Ej3 is an eigenvector of every automorphism.

PROOF. Let ¢ : h§ — b$ be a linear map. Then we can represent ¢ as

x
by
C1
dy

(4

with respect to the ordered basis {E;},_17.

Yy az u
b2 b3 [
Cy C3 W
do d3 dy

Then requiring ¥ to be an automorphism of b5

implies the following equation (produced in Mathematica, see section C.1)

T Yy az u body —bidy 0 u
bl bQ b3 v o —yd4 .’L’d4 0 (
¢ ¢y c3 w —yv +uby xv—uby xby —yby w
di do dz dy 0 0 0 dy

(from requirement that ¢ - [E;, Ej]

= [¢ - E;, ¢ - Ej] for i,j = 1,4) along with the requirement

that det ¢ # 0. Substituting the values for b; and bs back into our equation we then have that

xT Yy a3 u xd3 yd3 0 u
bl b2 b3 v —yd4 :Ud4 0 v
c; €y €3 W —yv +uzdy v+ uyds dy(z? +y%) w
di do d3 dy 0 0 0 dy

Then we have that det ) = dj(z? + y?)? and, as det® # 0, we require that dy # 0 and either
x # 0 or y # 0. Hence, considering the equalities from the first two entries of the first row, i.e.,

r = zd? and y = yd3, we get that dy = +1.

Substituting this value for d4 back we then have

that
T Yy asz u x Y 0 U
by by by w Fy +x 0 v
c1 ¢ ez w| |—yvdur zvtuy £@2+y?) w
dy do ds dy 0 0 0 +1

as required. Again using Mathematica, we verify that any 1 of the given form is an automor-

phism.

O
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1.3 Connected Lie Groups with Lie Algebra b3

In this section we find the universal covering Lie group of H§ and then proceed to find all
connected Lie groups with Lie algebra (isomorphic to) hs.

1.3.1 The universal covering Lie group

We define mappings m : R* — GL(5,R) and M : R* — R5*5 (as convenient notation) by

m(z,y,z0) = [m(x’g’z’e) 604 M(z,y,z,0) = [M(x’g’z’e) g} :

Observe that (for all x,y,2,0,2",y, 2,0 € R)

7(0,0,0,0) = I5
m(x,y,2,0) " =m (—zcosh +ysinh, —zsinf — ycosh, —z, —0)

m
m(z,y,z,0)m(0,0,0,6)

m(m7 y? z? 9) =
and that m(x,y, z,0)m(z’',y', 2, 0") € {m(z*,y*, z*,0%) | x*,y*, 2*,0* € R}. This is simply a
slight generalisation of the calculations made at the beginning of section 1.2.1.

PROPOSITION. The set ﬁg = {m(x,y,2,0) | x,y,2,0 € R} is a simply connected closed linear
Lie group with Lie algebra b5 = {M(x,y,z,0) | x,y,z,0 € R} isomorphic to bS.

PROOF. In the same way as we proved H§ was topologically closed in GL(4,R) (proposition
1.2.9), we can show that H$ is topologically closed in GL(5,RR). The crucial difference is that
we use of the universal covering SO(2) (diffeomorphic to R) of SO(2) here, where

. cosf) —sinf 0
SO(2) = ¢ [sinf cosf 0O 6 eR
0 0 e?

Thus, as ﬁg is an abstract group, we have that ﬁg is a closed linear Lie group. Similarly to
proposition 1.2.10, we have that m : R* — ﬁg is a diffeomorphism. Hence, as R* is simply
connected, we have that ﬁg is simply connected.

Alternatively, consider the mapping ¢ : ﬁg — R4, ¢ = Pr34 X pPry4 X —%prm X Inopry 5
(where pr; ; denotes the projection to the entry in the i’th row and j’th column). Now this is
a bijective mapping and as projections are continuous open mappings, In(-) and multiplication
by a non-zero constant are homeomorphisms, we have that ¢ is a homeomorphism. Thus as R*
is connected and simply connected, ﬁg is connected and simply connected.

We may show that the Lie algebra of ﬁg is given by Hg = {M(m,y,z,@) | z,y,2,0 € R}
similarly to proposition 1.2.17. Then one may easily verify that 1) : Hg — b3, M(m,y, 2,0) —
M(x,y,z,0) is a Lie algebra isomorphism. O
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Let By = M(1,0,0,0) = M(er), Eo = M(es), E3 = M(e3) and Ey = M(eq). Then
{E; }i—1z is a (ordered) basis for h3 and has commutator relations: [Ey, Eo) = Es, [El, Ey4] =
EQ, [EQ,E4] = —E1 with the rest zero. We note that the linear isomorphism Qﬁ b3 — bs,
M(w,y,z,@) — M(x,y, z,0) represented as a matrix (w.r.t. the ordered bases {Ez}i:1,4 and
{Ei}izﬂ) is simply Iy. That is ¢ : E; — E;. This being the case we have that the group
Aut Hg represented as matrices (w.r.t. the ordered bases {E}Z:ﬁ) is identical to the group
Aut b5 represented as matrices (w.r.t. the ordered bases {E;};,_17). (This follows as Aut hs =
Y~lo Authg o)

REMARK. The “oscillator group” Osc may alternatively be defined ([11]) as the semi-direct
product of R and the Heisenberg group H = R x C, where R acts by rotation on C. Specifically
we have that Osc = R x C x R with group multiplication given by,

(z,e,7) (2, r') = (242 + Im (e, e d + e e, + 7).

We note that Osc is isomorphic to ﬁo Indeed we claim that ¢ : ﬁo — RxCxR, m(x,y,z,0) —

(2,€ 3 (x+1y), —7) is the required Lie group isomorphism. We have that ¢ is injective and well
defined as
y » z2=2
(ze2(z +iy),—8) = (¢ 'z (' +iy),~-%) & 0=40

r+iy =2’ +1iy.

Furthermore ¢ is surjective as, for (z, z+iy, ) € RxCxR, m(z cos 0—ysin 0, x sin f+y cos 0, z, 0)
is an element in H§ that maps to it. Next we show that ¢ is a homomorphism:

o(m(z,y, z,0)) p(m(a’,y, 2/ 9'))

.0 ’
= (z,€e"2(z +1y), — g)(z e 2(3: +iy), %)

1 N .0 0
= (z 42 + $Im (e 7272 (z —iy)e’ 2 (2 + iy)),
6 .0 000 /
e 2" 2 () +iy) +e' e 2(x +iy), —L(0+0))
.0
= (242 + 3Im (e "2(z — iy) (2’ + iy))),

1, .
ez*(@ +9)( —16($/ +zy') + 2+ iy, _%(0 +9/))
= (z%,e i3 ) (2* 4 iy*), —1(0 + ) (as in remark 1.2.2)
= ¢(m(z*,y*, 2%,0 +0"))
= ¢<T7l(.%',y, Z, 0) m(xla 9/7 Zlv 0/))

Finally we note that as m : R* — ﬁg and R* = R x C xR, (2,9,2,0) — (z,
are diffeomorphisms, so is ¢.

M\%

e'2 (z +iy), —5)

PROPOSITION. The mapping ¢ : H<> — H§, m(x,y,2,0) — m(x,y,2,0) is a Lie group covering
homomorphism. Specifically, ker ¢ = m(0,0,0, 21Z).
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PROOF. First recall that

m(z,y, z,0) = [m(x,?é7z,0) eoe} |

So ¢ is simply a projection and may easily be shown to be a homomorphism. The projection
of the helix R onto the circle S, p : R — R2, 6 + (cosf,sin#) has ker p = 277Z. It follows that
ker ¢ = m(0,0,0,27Z). O

PROPOSITION. The centre of HS is given by Z (H3) = {m(0,0,z,0) | z € R,0 € 2xZ}.
Proor. We have that m(z,y,2,0) € Z (ﬁg) if and only if for all 2/,y/,2',0' € R
m(x/7 y/7 2/7 0’) m(x7 y7 27 9) m(x/7 y” Zl? 9/)_1 m(x7 y7 Z? 9)_1 = I5'

We use Mathematica to facilitate calculations. Setting #” = 0 and equating entries (of row 3, col-
umn 4) we get the equation 2’ —z’ cos #—1/ sin § = 0 implying that § € 2rZ. Then assuming 2z’ =
0 and substituting value for § we get (row 1, column 4) the equation 2(zy’ — yz') = 0, yielding
x =y = 0. Finally we have that m(2/,y/, 2/,0') m(0,0, z,0) m(z', v/, 2',0") "1 m(0,0, z,0) "' =I5
for z € R, 0 € 277 yielding result. O

PROPOSITION. The exponential map, exp : Eg — ﬁg, s given by

y(1—cos@)—xsinf  x(l—cosh)+ysinb (x2+y2)(9—sin 0)—220> 1

! 0 0 92 ) 0

—~ 0 cos 0 —sinf *$(1*00899)+y sind
exp(M(z,y,2,0)) = | sin 6 cos 6 w 0l

0 0 0 1 0

L0 0 0 0 ef |

which is valid everywhere by extension through limit. Furthermore exp is neither injective nor
surjective.

PROOF. This is very similar to the result in proposition 1.2.24. Again we can use Mathematica
to calculate the exponential of an element M (z,y, z,60) € h5. Notice that

exp(M(x,y,z,2nm)) =m (0, 0, —M, 2n7r>

dnm

for n € N, n # 0. Thus we have that m(x,y,0,2n7) ¢ im exp for z,y € R\{0}, i.e., the

exponential map is not surjective. Also exp(M (z,y, szj ,2nm)) =m(0,0,0,2nm) for z,y € R,

proving that the exponential map is not injective. [

1.3.2 Classification of connected Lie groups with Lie algebra hg

We classify the discrete subgroups of ﬁg and then use this classification to classify all connected
Lie groups with Lie Algebra h5. We conclude the section by investigating which of these Lie
groups have faithful linear representations and which ones cover which. However, before we
proceed to the classification, we prove a supporting lemma.
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LEMMA. Suppose 21,22 € R, 01,00 € Z, 61 # 0 and {(21,2761), (22,2762)} C R? is a linearly
independent set. Then there exists x,w € R, x # 0 such that

o0 5] () 2 i) 2) = lomacaton o) 2+ o] =

PROOF. First suppose that 2 = 0. Then ged(f1,602) = |01]. Let 22 = é and w = —%éﬁ.
(We have that zp # 0 by linear independence.) Then

1 21
ol 7 Zx(lz2l01) 21 #2 _| 0 1
[5 1 1] <[27T91]Z+[0]Z> [27T|91JZ+{0 .

On the other hand suppose 2 # 0. Then, as 6; and 65 are non-zero integers, there ex-
ists integers a,b € Z such that af; + b0 = ged(f1,02) > 0 by Bézout’s identity. Also, as
{(21,2761), (22,2705)} is linearly independent, we have that 216y — 2267 # 0. Let 2% = %

az1+bzo

— . We claim that this choice of 2 and w satisfies the lemma’s require-
[2102—2201])

and w = 5
ments. (This choice of values for 22 and w are the result of trying to construct the required
linear map; first by reducing (z1,2761) and (z2,2762) to (0,276;) and (1, 2762), respectively,
and then attempting to solve for values of 22 and w such that the two discrete subgroups are

equal.) We now prove this claim. We get that

af1+b0> _ az1+bza
‘21927Z291| 27T‘Z1927Z291‘ 21 Z + 22 Z
0 1 27’[’91 271'92

[(a91+b92)21 (a21+b2’2)91

|2102—2201] - [z102—2261]
2705

|z102—2201] - [z102—2201|

7 +

(a91+b92)z2 (CLZ1+bZ2)92
Z
210,
bo —ao
o |:27T(91:| Z t |:27T02:| Z
where o = sgn(z16y — z201).
Now, in order to show that the discrete subgroups N = (bo,27601)Z + (—ao,2762)Z and

N = (0,gcd(61,602))Z + (1,0)Z of (R?,+) are identical, we show that each one contains the
other. This is done by showing that each contains the generators of the other. Note that

bo . 0 01 " 1 bo
271'01 o 2T gcd(&l, 92) ng(el, 92) 0
—ao| 0 0o n 1 (—ac)
2wl | |27 ged(61,62)| ged(fy1,62) |0 '
Therefore we get that N C N’. On the other hand note that
0 | bo n —ao |,
2w ged(01,05)| — |2701| T |20,
1l | bo Oo0 4| e —b10
0] [2701] ged(6y,65) 27102 | ged(6q,02)
Thus N’ C N and so N = N’. O
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1.3.7 THEOREM. Any non-trivial normal discrete subgroup N of ﬁg is mapped (or related), by an
element of Aut HS, to exactly one of the following discrete subgroups

Ny, ={m(0,0,0,2n70) | § € Z}, neN
No = {(0,0,2,0) | z € Z}
N1, @ Ng ={m(0,0,2,2n70) | 6,z € Z}, mneN.

ProOOF. Note that any normal discrete subgroup of a connected Lie group is contained in
its centre (proposition A.1.9). Now notice that Z = {m(0,0,2,60) | z,0 € R} is an abelian
subgroup of ﬁg (Indeed, m(0,0, z,0) m(0,0,2',0") = m(0,0,z + 2,0 + 0").) Moreover we have
that ® : Z — (R%, +), m(0,0, z,0) — (2,0) is a Lie group isomorphism. Now as Z(ﬁg) CZ, we
have that any discrete subgroup N of Z(ﬁg), is a discrete subgroup of Z and hence, by theorem
A.1.11, is of the form ®(N) = (z1,2761)Z + (z2,2702)Z for some z1,z9 € R and 61,02 € Z. To
simplify notation we will write 7N for @~ (r®(N)) = @' ((21,2017)rZ + (22, 2027)rZ). Notice
that in this notation Ny, = nNq 1.

Now observe that Ni,, No and Ny, & Ny are discrete central subgroups. We additionally
define the following family of discrete central subgroups

N3, = {m(0,0,z,2n7z) | z € Z}, n e Z\{0}.
We note that dAut H§ = Aut b (as H§ is simply connected) and that the restriction

exp : {M(0,0,2,0) | 2,6 € R} — {m(0,0,2,0) | 2,6 € R}
M (0,0, z,0) — m(0,0, z,0)

of the exponential map is bijective. Thus an automorphism ¢ € Aut ﬁg, acting on an element
in {m(0,0,z,0) | z,0 € R}, satisfies

#(m(0,0, z,0)) = exp(Ty - M (0,0, z,0)).

We recall (from proposition 1.2.27 and preceding section) that the general form of an automor-
phism ¢ € Aut b, w.r.t. the ordered basis {Ei}i:ﬁ, is

x Y 0 U

- —ky kx 0 v
v= kur —vy kuy +zv k(2®+y?) w
0 0 0 k

where z,y,u,v,w € R, k € {—1,1} and 22 + y* # 0.
First we show that Ny = ®~1(r ®(N2)) = {m(0,0,72,0) | z € Z} and Ny are related by an
element of Aut H§ for » € R\{0}. Consider the automorphism ¢ with tangent map

T1¢ = diag ( sgn(r)r, sgn(r)/sgn(r)r,r, sgn(r)) .



22

1.3. CONNECTED LIE GROUPS WITH LIE ALGEBRA h§

Then, for z € Z, we get that ¢(m(0,0,2,0)) = m(0,0,72,0) € rNy and so ¢(N2) C rNs.
Similarly ¢~*(rN2) C No. Hence we get that ¢(Na) = 7Na.

Next, for n € N and k € {—1, 1}, we claim that Ny, and N3 ,, are related by an element of

Aut ﬁg Consider an automorphism ¢ defined by

— o O

Tig =

2nm

o o o=
o O O
o O O

Then, for m(0,0,0,2n7z) € Ny 5, we get that

#(m(0,0,0,2n7z)) = m(0,0, z, 2knmwz) € N3 .

Hence ¢(N1,,) € Ng . Similarly ¢~ (N3 gn) € Niyn. Thus ¢(Ni,) = Ngn

Now let N be any non-trivial central discrete subgroup of H5. Recall that we have subgroups

Hs = {m(z,y,2,0) | z,y,z € R} and SNO(Z) = {m(0,0,0,0) | § € R} of H}. We use these
subgroups to distinguish between various cases.

Case: NNH; = {1}

In this case, as Z (H3) = {m(0,0,2,0) | z € R,0 € 2nZ}, we have that N C N1,1, or more
generally N C {m(0,0,0,0),0 € R}. Thus we get that ®(N) = (0, a)27Z, for some a € R,
a # 0 (otherwise N is trivial). That is to say N = aN1 1. But as N € Ny ; we require that
a € Z. Therefore we have that N = Ny ,,, where n = |a].

Case: NNH3z # {1} and NN SO(2) = {1}

As Z(HS) = {m(0,0,2,0) | z € R,0 € 2nZ}, we have that N C {m(0,0,2,0),z € R}.
Thus we get that ®(N) = (a,0)Z, for some a € R (with a # 0 as NN Hs # {1}). That is
to say N = aNy. Thus (as 7Na ~ Na for » € R\{0}) we have that N is related to Na.

Case: NN Hs # {1} and NN SO(2) # {1}

We have that N N Hs is a non-trivial discrete subgroup of {m(0,0,z2,0),z € R} and thus
(like above) must be of the form NN Hz = rNa, for some r € R, r # 0. But, as explained
before, there exists ¢ € Aut H§ with tangent map

T1¢ = diag (\/ %,sgn(r) %, i,sgn(r)) ,

such that ¢(rNg) = No. Moreover, note that ¢(Hs) = Hs (as Hs is connected and Ty¢
preserves its Lie algebra h3). Hence we get that ¢(N) N Hs = Ng. Next, as ¢ preserves
Z(ﬁg) and ¢(N) N §6(2) # {1}, we have that ¢(N) N §(v)(2) = Ny, for some n € N as
discussed in the first case. Now note that 1 < dimspan ®(¢(N)) < 2.

We consider the case dimspan ®(¢(N)) =1 first. As ¢(N) N Hs = Ng, there exists a non-
zero integer 6 such that m(0, 0, 1,270) € ¢(N) and span ®(¢(N)) = span ®(m(0,0, 1, 270)).
We claim that ®(¢(N)) = (1,270)Z. As m(0,0,1,270) € ¢(N) we have (by using
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“additive” inverse and product in Z(ﬁg) repeatedly) that (1,270)Z C ®(¢(N)). Con-
versely if g € ¢(N), then ®(g) = (a,2nb) for some a,b € Z. Then as span ®(¢(N)) =
span ®(m(0,0,1,2760)) = span(1,276), there exists an r € R such that (a,27wb) =
r(1,2760) implying r = a € Z and thus that (a,27b) € (1,270)Z. That is to say ®(¢(N)) C
(1,276)Z. Thus we have that ®(¢(N)) = (1,270)Z. Next, as ¢(N) N SO(2) = Ny, we get
that -

®(p(N) NSO(2)) = (0,270)Z = (0,2nm)Z = ®(N1,,).
Therefore k6 = n for some k € {—1,1}. So we have that (N) = @~ ((1,27kn)Z) = N3 jy,.
Hence we conclude that N is mapped to Ny, by an element of Aut ﬁg

We now consider the case dim span ®(¢(N)) = 2. We have that ¢(N) is a discrete subgroup
of Z (H$). Thus we have that
D(P(N)) = (21,2701)Z + (22,2702 Z

for some z1,29 € R and 61,0, € Z. Now not both 6; and 62 can be zero (otherwise it
would contradict the assumption dimspan ®(¢(N)) = 2). Hence w.l.o.g. we assume that
01 # 0. Now consider an automorphism ¢’ with tangent map

z 0 0 O

, oz 0 0
ho = 0 0 22 w
0O 0 0 1

Next observe that

D((¢' 0 ¢)(N)) = [:%2 ﬂ <[27ZT191] o

22
o) ?):
Hence, by lemma 1.3.6, we may choose x and w such that
©((¢' 0 9)(N)) = (0,gcd(61,62))Z + (1,0)Z = B(Ny gea(a, 0,) ® N2).
That is to say (¢’ o ¢)(N) = Ny, @& Na, where n = ged(01, 02).

Thus we have shown that any discrete central subgroup is related to one of Ny ;,, N2, N1 , N>
for some n € N. We are left to show that none of the listed discrete central subgroups are related
to one another by an element of Aut HS.

(n#mAn,meN) = Ny, = Nj,: Suppose there exists an automorphism ¢ € Aut ﬁg such
that ¢(N1,,) = Ny . Then we have the following sequence of implications
d(N1p) =Ni,m = exp(Tig- M(0,0,0,2n7Z))) = Ny
Ty - M(0,0,0,2n7Z) = M(0,0,0, 2mnZ)
2nmkZ = 2mnZ, ke {-1,1}
nZ = mi

n=m

R

providing a contradiction.
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Ny, » N2, n € N: Suppose there exists an automorphism ¢ such that ¢(N;,) = N2. Then we
get that

d(N1,) =Ny = exp(Tig- M(0,0,0,2n7Z))) = Ny
= Ty¢-M(0,0,0,2n7Z) = M(0,0,Z,0)
= 2nmkZ =0, ke{-1,1}
providing a contradiction.

N1 % Niym @ Noy n,m € N: Suppose there exists an automorphism ¢ such that ¢(Ni,) =
Nl,m @® Ns. Then

d(N1y) =N ® Ny = exp(Tygp- M(0,0,0,2n77Z))) = Ny, & Na
= Ty¢-M(0,0,0,2n7Z) = M(0,0,Z, 2mnZ).

But dimspan ®(T1¢ - M(0,0,0,QTLTFZ)) = 1 and dimspan@(M(0,0,Z,QmﬂZ)) =2 a
contradiction.

N2 » Nj, & Ng, n € N: Suppose there exists an automorphism ¢ such that ¢(N2) = Ny, & Na.
Then

d(N2) =N1, &Ny = exp(Tio- M(0,0,%,0))) = Ny, & Ny
= Ty¢-M(0,0,Z,0) = M(0,0,Z, 2nrZ).

Now note that dim span ®(77¢ - M(O, 0,7Z,0)) = 1 and dim span @(M(O, 0,Z,2nwZ)) = 2,
yielding a contradiction.

(n#mAn,meN) = Ny, ® Nz~ Nj,; &N: Suppose there exists an automorphism ¢ such
that qb(Nl’n P Ng) = Nl,m @® Ns. Then

exp(Ty¢ - M(0,0,Z,2n7Z))) = Ny & No

¢(N1,n ®N2) =Npjp ® N2 =
= Ti¢-M(0,0,Z,2n7Z) = M(0,0,Z, 2m=Z)
= 2nwkZ =2mrZ, ke {-1,1}
= nZ=ml
= n=m
providing a contradiction. (I

1.3.8 COROLLARY. There are four types of connected Lie groups (up to isomorphism) with Lie algebra
(isomorphic to) bS, namely the universal covering group H$, the n-fold coverings H§(n) of
HS = HS /Ny 1, HS/No and the n-fold coverings of H5/(N1,1@®Ns). That is, we have the following
list of groups (where n € N parametrises families of Lie groups)

HS, HS(n) 2 H3 /Ny, HS /N, HS /(N1 @ Ny).
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The above corollary simply follows from theorem A.1.8 and proposition A.1.10. Having classified
all connected Lie groups with Lie algebra (isomorphic to) h$, we now move on to considering
which of them have faithful linear representation.

LEMMA. The commutator subgroup of ﬁg (and its Lie algebra) is given by
<~§7ﬁ§> :{ﬁ(x7y7270) ’«T,y,ZGR}, |:h37r)3:| :{ (‘T Y, z, 0) ‘ x y,ZER}

PROOF. In the proof of proposition 1.2.19 we showed that [h$, bS] = {M(z,y,2,0) | z,y,z €
R} = h3. Thus, using the covering homomorphism ¢ : H<> — H§, m(z,y,2,0) — m(z,y,2,0)
(proposmon 1.3.3) and noting that Tyq is a Lie algebra 1somorphlsm we may conclude that
§,~°] {M(z,y,20) | 2,5,z € R}. Now, by theorem A.1.29, the commutator subgroup

[
(Hg, H$) is the unique connected Lie subgroup with Lie algebra [f)3,h |. Hence (Hg, HQ) =
{m(z,y,2,0) | z,y,z € R} = Hs. O

PROPOSITION. The Lie groups ﬁo and ﬁg/Nln admit faithful (finite-dimensional) linear rep-
resentations, but HS $/Ng and H3 $/(N1,, @ Na), do not (admit faithful linear representations).

PROOF. We apply the result of theorem A.1.31. As (ﬁg, ﬁg) ={m(z,y,2,0) | z,y,z € R} 2 Hg
is simply connected, H admits a faithful linear representation. Suppose N is a discrete central

subgroup and ¢ : H<> — H§ /N is the corresponding covering homomorphism. Let Hy = (Hg, HO)
Then we have that

( /N, H /N) = {(g(m(x1,y1, 21,601)), q(Mm(22, Y2, 22,02))) | @4,Ys,2:,6; € R, i =1,2}
= {q((m(z1, 91, 21,01)), m(T2, Y2, 22,02)) | T, yi, 2i,0; € R0 = 1,2}
=4 < 3 H§>
— q(Hs)
= Hy/(Hz N N).

Now, as H3 is simply connected, the | fundamental group of H3 / (Hg NN) is isomorphic to H3 NN
(see theorem A.1.12). Thus (H§/N HS $/N) is simply connected if and only if Hs NN = {1}. The
result then follows, as

fl:lgﬂNLn :{1} ﬁgﬂNQ =Ny ﬁgﬂ(NLn@Ng) = Ns. O



26 1.3. CONNECTED LIE GROUPS WITH LIE ALGEBRA h§

We have the following linear representation for the n-fold covers H§(n) = ﬁg /N1, of
HS$ = HS/N; 1 and their Lie algebras (which we will denote h§(n)):

1 —xcosf+ysinf xsinf+ycosd —2z 0
0 cos @ —sinf Y 0
0 0 0 1 0
6
L0 0 0 0 en
1 —2 y -2z 0
0 0 -0 y 0
Sny=<10 6 0 z 0| =M,(z,y,2,0) ‘ x,y,2z,0 €R
0 0 0 0 0
o o o o ©

Here m,, : R® — H$(n) and M,, : R3 — h3(n) are parametrisations used to simplify notation.
Proving that H§(n), as given above, is a linear Lie group (for n € N) and has specified Lie
algebra is almost identical to what we did for H§ = H§(1). When working with h§(n), we will
use By = M,(1,0,0,0), E; = M,(0,1,0,0), E5 = M,(0,0,1,0) and Ey = M,(0,0,0,1) as our
ordered basis.

0

1.3.11 REMARK. As we have restricted ourselves to subgroups of GL(n,R), we consider en simply as
0 _qin 97
convenient notation for | 7 sm@n . That is, an arbitrary element my,(x,y, z,0) € H5(n)

S1n n COS n
ought to be represented as

‘m(z,y,2,0) 0 0
mn(x,y,2,0) = 0 cos% —sin%
0 -0 0

S11 n COS n

We have that q : ﬁg — H§(n), m(x,y, z,0) — my(x,y, 2, 0) is a covering homomorphism (the
same argument as in proposition 1.3.3 can be made). Note that ker ¢ = Ny ,,. Thus (by theorem
A.1.5) we have that ﬁg/Nl,n = H$(n). Furthermore note that qu-M(x, y,2,0) = My (x,y, z,0).
We also note that (w.r.t. the respective bases) the covering homomorphism ¢ defined above and
the covering homomorphism in proposition 1.3.12, is simply represented as I4. The exponential
map is given by

exp : h3(n) — H5(n), M, (2,y, 2,0) — qlexp(M(z,y, z,0))).
Also, note (by use of proposition A.1.13) that
Z(H3(n)) = q(Z (H3)) = {mn(0,0,2,0) | z € R,0 € 2nZ} .
Next we investigate which of the groups listed in corollary 1.3.8 cover which.

1.3.12 PROPOSITION. H§(n) is an n-fold cover of H = H5(1). Specifically, we have that g : Hj(n) —
HS, mn(z,y,2,0) — m(x,y,2,0) is a Lie group covering homomorphism such that kerq =
my(0,0,0,227Z), |kerg| = n.
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PrROOF. We can interpret g as the projection to the top left 4 x 4 block of elements. Thus

we have that it is smooth and can easily verify that it is an epimorphism. Now note that
qimn(z,y,2,0) =1 (2 =0Ay=0Az= 0N 0 € 2rZ). Thus kergq = diag (1,1,1,1,¢"5").
A o

Finally note that e = {1,ei,e%, e } and so | ker ¢| = n. O

PROPOSITION. H§(n) = H3/N1 . covers HS $/(N1,, @ Na) for each n € N.

PrOOF. We have a covering homomorphism ¢ : ﬁg — ﬁg/Nl,n = H(n). Now note that
alg, : (ﬁg,ﬁg) — (ﬁg/Nln,ﬁg/Nln) m(z,y,2,0) = my(z,y,2,0) is a diffeomorphism. Thus,
as Ny C Hs, q(Ng) is a discrete central subgroup of H3 5/Ni . Hence there exists a covering
homomorphism ¢’ : Hg/NLn (H§/N1,n)/q( 2). Then ¢’ o q : ﬁg — (ﬁg/NLn)/q(NQ) is a

covering morphism and
ker(¢' 0 q) = ¢ '(kerq’) = ¢"'(q(N2)) = N1 uN2 = Ny, & No.

Thus we have (by the epimorphism theorem) that (ﬁg/NLn)/q(Ng) = ﬁg/(NLn @ Ng), proving
HS$ /N1, indeed covers H5/(Ny , @ N2) for n € N. O

PROPOSITION. Hg $/(N1,, & Na) is a n-fold cover of HS $/(N11 @ Ng) for each n € N.

PROOF. We have a covering homomorphism g : ﬁg — ﬁg/(NLnEBNQ). Now note that [¢(N11)| =
IN1.1 /Ny | = |Z/nZ| = n. Thus ¢(Nj;) is finite and hence a discrete central subgroup of

HS /(N1 ., @®Ny). So then (the canonical mapping) ¢' - HS /(N1 ®Ng) — (HS/(N1,®N2))/g(N11)
is a covering homomorphism. Thus ¢’oq : H§ (Hg/(NLn@NQ))/q(NLl) is a covering morphism
and

ker(¢ o q) = ¢ '(kerq’) = ¢ *(q¢(N1,1)) = (N1, ® Na)Ny 1 = Ny ;,NaNi 1 = Ny, & No.

Hence we get (by the epimorphism theorem) that (ﬁg/(Nl,n ®N2))/q(N11) = ﬁg/(NLl @ Na),
proving H3 $/(N1,, @ N2) indeed covers H§ /(N11 & Ng). Moreover it is an n-fold covering as

ker ¢'| = |g(N11)| = n. 0

PROPOSITION. H$/Ny covers HS/(Ny., & Na) (for each n € N).

PROOF. We have a covering homomorphism ¢ : ﬁg — Hg/Ng. Now note that q|§6(2)
{m(0,0,0,0) [0 € R} — {q(m(0,0,0,0))|0 € R} is a diffeomorphism. Thus, as N1, C SAé( 2),

q(N1,n) is a discrete central subgroup of HS 5/N2. So then (the canonical mapping) q < Hg 5/Ng —
(Hg/Ng)/q(Nl’n) is a covering homomorphism. Thus ¢'oq : H§ — (H§/N2)/q(N17n) is a covering

morphism and
ker(¢' o q) = ¢ *(kerq') = ¢ *(q¢(N1,,)) = NaNy,, = N1, @ Na.

Hence we get (by the epimorphism theorem) that (H3/N2)/q(N1.,,) = HS/(Ny,, @ Ny), proving
H$ /N indeed covers HS/ (N, @ Na). O
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REMARK. We can summarise the structure of the connected Lie groups with Lie algebra (iso-
morphic to) h§ with the following diagram

Hy — > H3(n) = H/N, ,, ——— H3 = H3/Ny s

J J J

HS /Ny —— HS/(Ny.,, & Ng) ——— HS/(N11 & No)

in which the arrows represent Lie group covering homomorphisms (see propositions 1.3.12
through 1.3.15 for details).

1.4 Orbits and Scalar Products

In this section we find the adjoint and coadjoint orbits of the oscillator Lie algebra h5. We will
show that these two sets of orbits are “equivalent” in the sense that they are mapped bijectively
by a linear isomorphism. Interpreting these results, we then show that there exists an invariant
scalar product on bhs.

1.4.1 Preliminaries

We will view the adjoint and coadjoint actions (denoted by Ad and Ad* respectively) as lin-
ear representations of a Lie group G in its Lie algebra g and the dual of its Lie algebra g*
respectively (see section A.1.4 for details). We will use the following convention for these linear
representations

Ad: G — GL(g) Ad*: G — GL(g")

g — Adg g — Ad'g
Adg: g — g Ad*g: g — g¢g*

A — gAg! p() = p(Adg™'().

We denote their tangent maps at identity by ad and ad®™ and note that they are given by

ad: g — Derg ad” : g — Derg*

A — add A — Ad*A
adA: g — g ad*A: g* — ¢

B v [AB] i) o —plad AC)).

The adjoint orbit through a point A € g is simply the orbit of the adjoint action through
that point, i.e., AdG- A. The coadjoint orbit through a point A* € g* is similarly given by
Ad* G- A*. Note that these orbits are independent of the connected Lie group chosen (i.e., they
are solely properties of the Lie algebra). As such we will conveniently use H$ for calculating
the adjoint and coadjoint orbits of h5. For the remainder of these preliminaries, we investigate
when adjoint and coadjoint orbits are “equivalent”. In particular, we characterise such an
equivalence by the existence of an invariant scalar product on the Lie algebra.
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Let G be a (finite-dimensional) Lie group with Lie algebra g. A bilinear form (-, -) : gxg — R,
(A,B) — (A, B) on g is a non-degenerate if VA € g, (A4, B) = 0 implies B = 0. We will say
that (-,-) is invariant if

VA,B,C €g, ([A,B],C)=(A,[B,C)).

We will refer to such an non-degenerate invariant bilinear form as an invariant scalar product
on g. A vector space isomorphism 1 : g — g* (and dually its inverse ¢~! : g* — g) will be
termed adjoint invariant (shortly Ad-invariant) if it satisfies 1) o Adg = Ad* g o ¢ for any
g € G. A (non-degenerate) scalar product (-,-) : g x g — R is called adjoint invariant (shortly
Ad-invariant) if it satisfies (A, B) = (Adg- A,Adg- B) for any g € G and A, B € g.

REMARK. Suppose that G is a Lie group with Lie algebra g and ¥ : g — g¢* is an adjoint
invariant linear isomorphism. Then, for A € g, we get that ¥ (AdG- A) = Ad* G- ¢(A). That
is to say that 1) maps the adjoint and coadjoint orbits bijectively.

PROPOSITION. Let G be a finite-dimensional connected Lie group with Lie algebra g. Then the
bilinear form (-,-) : g X g — R is an Ad-invariant scalar product if and only if it is invariant
scalar product.

PROOF. Assume that the scalar product (-,-) is Ad-invariant. Let A, B,C € g, then (for
t € R) we get that (4,C) = (Ade'P - A, Ade'P - C). Differentiating this equation w.r.t. ¢ and
evaluating at t = 0 then yields
0=(adB-A,C)+ (A adB-C)
<[A’ B]v C> = <A7 [B7 C]> :
For the converse we assume our scalar product is invariant. Let A, B, C € g, then
d
%<AdefA-B,AdetA-c> =(adA-B,C) + (B,ad A-C)
t=0
== <[B,A], C> + <B7 [A7C]>
=0
That is to say (Ade™! - B, Ade - C) is constant as a function of ¢. But at ¢ = 0 we have that it
evaluates as (B, C). Hence <AdetA -B,Adet4 - C’> = (B,C) for VA,B,C € g and t € R. Now
let g € G, then as G is connected there exists n € N and {A;},.1;; C g such that g = [[_, ei,
Thus (for A, B € g) we have that

(Adg-A /Adg-B) = <Ad (ﬁeA’) <A, Ad (ﬁe“z’) -B>
=1 =1

- (nact (s ([0 ) e s (110 -5))
- <Ad (f[;/‘) - A, Ad C;Ai) -B>

= (A, B). O
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THEOREM. Let G be a (finite-dimensional) connected Lie group with Lie algebra g. Then there
exists an invariant scalar product on g if and only if there exists an adjoint invariant vector
space isomorphism 1) : g — g* (or dually ="' : g* — g). Moreover, either one of these can be
constructed from the other by means of the identification A — (A) < (A,B)— ¢(A)- B.

PrOOF. Assume we have an Ad-invariant vector space isomorphism ¢ : g — g*. Define a
mapping () : g x g = R by (A, B) = ¢¥(A) - B. We show that (-,-) is an invariant scalar
product. For A, B,C, D € g and a, c € R we have that
(aA+ B,cC + D) =¢(aA+ B) - (cC + D)
=a(A) - (cC+ D)+ ¢(B) - (cC + D)
=acp(A)-C+ap(A)- D+ cp(B)-C+p(B) - D
=ac(A,C)+a(A,D)+c(B,C)+(B,D).

Thus (-, ) is a bilinear form. Next we show that (-, -) is non-degenerate. Let {E;}, 1 be a basis

for g and {£;},.17; be the associated dual basis for g*. Furthermore let A = 377" | a;E; be an

arbitrary element in g. Then as 9 is a vector space isomorphism we have that Vi = 1, n 3B; such
that ¢(B;) = a;E. So then (B;, A) iw(Bl) -A=a;B Y 0B = a?. Thus if (B;, A) =0
for all B; € g we have that for Vi € 1,n, a; = 0 and consequently A = 0. Thus we have that
(-,+) is non-degenerate. Now, for A, B,C € g, we have that
(Adg-A,Adg-B) =19(Adg-A)-(Adg- B)

= (Ad"g-v¥(A)) - (Adg- B)

=¢(A) - (Adg~'Adg- B)

- <A7 B)
Thus (-,-) is Ad-invariant and hence invariant by proposition 1.4.2.

For the converse we assume we have an invariant scalar product (-,-). By proposition 1.4.2
we have that (-,-) is Ad-invariant. We define a mapping ¢ : ¢ — g* as A — (A,-) where
(A,): g > R, B~ (A, B). First we show that ¢/(A) € g* for all A € g. Let B,C €g, be R
then

P(A)- (bB+C) = (A,bB+ D) =b(A,B)+ (A, D) =by(A)- B+ ¢(A) - D.

Next, for A, B € g, we have that
Y(A)=¢(B) < VCeg, (A,C)=(B,C) < VCeg, (A-—B,C)=0 & A=B0B,

where the last equivalence follows from non-degeneracy. Thus we have that v is injective and
well defined. Next we observe that 1 is linear as (for A, B,C € g, a € R)

W(aA + B)(C) = (aA + B,C) = a(A,C) + (B,C) = ay(A) - C + (B) - C,

and thus ¢(aA + B) = ay(A) + ¢(B). Note that as ¢ is an injective linear mapping between
vector spaces of the same dimension it is surjective. Moreover {(E;)}, 75 is a basis for g*.
Lastly we show that 1 is Ad-invariant. For A, B € g, g € G we have that

¢(Adg-A)-B=(Adg-A,B)=(A,Adg 'B) =¢(A)-(Adg™"' - B) = (Ad" g - ¥(A)) - B,
and thus ¢(Adg- A) = Ad" g - ¥(A), yielding 1 o Adg = Ad* g 0 1. O
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1.4.4 REMARK. The scalar product (-, -) as in theorem 1.4.3 is symmetric (respectively antisymmet-
ric) if and only if the vector space isomorphism ¢ is symmetric (respectively antisymmetric).
We say ¢ is symmetric if for VA, B € g, ¢(A4) - B = ¢(B) - A (i.e., j[¢]y. is symmetric) and
antisymmetric if for VA, B € g, ¢(A) - B = —¢(B) - A (i.e., ,[¢],- is antisymmetric).

1.4.2 The adjoint orbits

We recall (from proposition 1.2.21) that for g = m(xg,yg, 24,6,) € H§ we have (w.r.t. the
ordered basis {£;};,_17) that

cos By sin 04 0 —Yqg
Ado — —sin 6, cos Oy 0 Ty
g= —ygco8b, — xy8inbh, x4c080y —yysinfh, 1 % (373 + yg)
0 0 0 1

The action of g on an arbitrary element A = M (24, Ya, 20, 0a) € b$ is then given by Adg- A =
M (X, Yy 24, 04), where
Ty = Tq 0804 + Yo sin by — 0,7,
Ysx = Ya €OS 0y — x4 sinby + 0,2
ze = 2a + (YaZg — TaYy) €080y — (Yayg + Tazy) sin by + %Ha(:cz + y;)
= TgYs — YgTs — %Ha(a:f, + yz) + 24
= Tg(ys — 0ag) — Yg(@s + Oayy) + %Ga(a;?] + y;) + Za
O = 0,.
Notice that
(24 €080y + Yo s5in0y)? + (ya cos O, — x45in6,)?
= 22(cos? 0, + sin? ) + y2(sin? 0, + cos? 0,) + 22,4 (cos O, sin 6, — cos O, sin )
= :cz + yg
Thus we can parametrise a circle
xq o8y + ygsinfy, = rcos? —(yacosby — x4 sinfy) = rsind
where,
r=/12 412 ¥ = arctan (x4 cos 0y + yq sin by, —y, cos Oy + x,sinby) € [—m, ™).

Here arctan (x,%) is the four-quadrant inverse tangent of the point (z,y) € R%. (That is, in
polar coordinates with r > 0, € [—m, 7), we have that arctan (r cos6,rsinf) = 6.) Note that
as 0, ranges through R for some fixed z4,y, € R, ¥ takes all values in [—m, 7). The above
expressions for x, ¥, 2« and 0, then simplify to

Ty = 1cosV — O,y Y« = —rsind + 0,24

Ze = 2 + %9(1(:173 + yg) —r(zgsind + y4 cos V) 0. = 0,.
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In the case that 0, # 0 we may simplify further by solving for y, and z,. We get that

Zv ~ T 005V Ys + rsind
Yg ~0, ’ i
Hence
1
Tgsinv + y, cosv = ?(y* sin® — . cos + 1)
a
1
x? = @(yf + 2y,rsind + r? sin® 9)
1
yﬁ - @(1’3 — 22,7 cosV + 12 cos? )
1 .
azg +y§ = @(:cz + 92 + 2r(y. sint — x4 cos V) +r2),

Using these identities we can further simplify z, to find

T2

1 2 2
Zx —(x*—l—y*)—i-za 279(1-

20,

Table 1.1 gives a summary of our calculations. With these at hand we are now ready to classify

Adg- A= M(zy,y«, 24, 0x)

0, Ha
Ty rcost — 0,9,
Ys —rsind + 0,2,
zs (0, =0) 2o+ Tgls — YgTs
o0 (Ba 20) @24+ 20— g
r Vaz+ oy
9 arctan (x4 cos, + yq sinfy, —y, cos 8, + x4 sinby)
g m(Zg, Yg, 29, Og)
A M(l‘aayayzaaea)

Table 1.1: Formulae for adjoint action in hj

the adjoint orbits
Ad Hg A= {iL'*El + y*EQ + Z*Eg + 9*E4 ‘ Tg, Yg; Zg, eg S R}

1.4.5 PROPOSITION. The adjoint orbit through a point A = M (x4, Ya, 2a,0a) € b is one of three
types listed below.

1. Casel, =24 =1y, =0. Then AdHS-A = {2,E3}, a single point on the E3 axis. Fig 1.1a.

2. Case 0, =0, 22 +y2 # 0. Then AdHS - A = {rcosVE; — rsindEs + z.E3 | 2,9 € R},
cylinders about the Es axis of radius r = \/x2 + y2, contained in the hyperplane through
0. E4, with normal vector parallel to Ey axis. Fig 1.1a.
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2 2
3. Case Oy # 0. Then AdH3- A = {2, By Ba+ (55 (2242) + 20— 5522 ) B3+ 0, By | T,y €
R}, paraboloids about Es axis contained in the hyperplane through 0,Ey with normal vector
parallel to Ey azis, cupping up or down for 0, greater or less than 0 respectively, stacked

along Es axis. Fig 1.10.

(b) 6, >0

%

T
AR

AN

(d) 6o >0 (€) 0, >>0

(c) 8a = 0

Figure 1.2: Sliding window of typical adjoint orbits of h§

PROOF. In each case we suppose A = M (4, Ya, Za,0a) is fixed. Case 1 follows trivially. For
case 2 we have that ) takes all values in [—m,7) and r = /22 + y2 is fixed. Next note that
(as O, = 0) that x, = rcos?, y, = —rsind, 2, = 24 + Tgys — Yy« and 0, = 0. As z, and y,
are not simultaneously zero we have that as z, and y, range through R, z, takes all values in
R. Note that ¥ does not depend on x, and y,, thus z, takes all values in R for every value of
¥ € [—m, 7). Finally for case 3 we have that (as 6, # 0) that =, takes all values in R (as y,
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ranges through R) and y, takes all values in R (as x4 ranges through R). Finally note that
0, = 0, is fixed and z, = ﬁ(asz +y2) + 24 — % depends only on x,, y, and fixed quantities.[]

We observe that our orbits are “flat” with respect to the Fy4 axis, that is to say any orbit’s
projection onto the F, axis yields a single point or that any orbit is contained in a hyperplane
with surface normal parallel to E4. This fact allows one to faithfully represent the orbits as
three-dimensional slices; this is done in figure 1.1. Figure 1.2 shows a typical slice for a range
of values along the F, axis. The code used to produce these figures is supplied in section C.3.

1.4.3 The coadjoint orbits

We now proceed to calculate the coadjoint orbits of h5. Let {E}, E5, E5, E}} be the dual basis
for (h$)*. In a similar fashion to proposition 1.2.21 we represent Ad* g € GL (h5)* as a matrix
w.r.t. this basis. Then note that Ad*g = (E7 - (Adg™! - E;))i;. Thus, for g = m(xg,yg, 24, 0,)
we get (again using Mathematica, see section C.4) that

cos sin 64 Yg 0

. —sind, cos —Lyg 0
Ad*g = 0 0 1 0
sin gy + cosbyy, — cosbyzy +sinbyy, % (acg + y;) 1

Thus, for A* = x.E} + y.E5 + 2.E3 « +0.E; € (bS)*, we get that

Ad*g- A" = (xzccosby + yesinby + zeyg) EY + (yecos by — xcsinby — zexg) By
+ ZCEE; + (90 + (:L'cyg - ycxg) COs Hg + (ycyg + xcxg) sin 9g + %Zc(x?] + y;))EZ

We notice that this looks similar to the result for the adjoint orbits (see remark 1.4.1), which
leads to the next proposition.

PROPOSITION. Let v : h5 — (h3)* be the vector space isomorphism (represented as a matriz
w.T.t. the respective bases) given by

10 0 O
01 0 O
Y= 00 0 -1
00 -1 0

Then ) is an adjoint invariant vector space isomorphism. Moreover v is symmetric.

Proor. We have that v is symmetric as the matrix representing it is symmetric. We show
that v is Ad-invariant. Let g = m(z4, vy, 24,04), then utilizing previous results (in particular
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proposition 1.2.21) and making some calculations (in matrix form) we find that

[1 0 0 O cos 0, sin 6, 0 —Yg
1001 0 0 —sin 6, cos Oy 0 Tg
voAdg= 00 0 —1| |—x¢gsinfy—ygcosl, x4cosly—ygsinf, 1 % (3:3 + yg)
00 -1 0 0 0 0 1
[ cos by sin d, 0 —Yg
B —sinf, cos Oy 0 T4
N 0 0 0 -1
| xgsinfy +ygcosl, —x4cosly+ygsinf, —1 % (—:Ug — yg)
[ cos 0, sin 6, Yg 0] f[1 0 0 O
B —sinf, cos Oy —T4 0f 10 1 0 O
N 0 0 1 ol (0 0 0 -1
| 2gsinfy + ygcosl, —x4cosby + ygsinby, % (:cg + yg) 11 (0 0 =1 0
= Ad*g o).
In other words for A € h§ and g € HS, we have that ) (Adg- A) = Ad*g - ¢ (A). O

We may thus conclude that the coadjoint orbits of h§ are “naturally” equivalent to the
adjoint orbits (as we have an adjoint invariant linear isomorphism mapping them bijectively).
Furthermore, as expected, the coadjoint orbits are even-dimensional.

As discussed in theorem 1.4.3, we may construct a symmetric invariant scalar product on
b5 from the above linear isomorphism. We will now continue on to explicitly construct such a
scalar product.

1.4.4 An invariant scalar product on h§

1.4.7 PROPOSITION. The oscillator Lie algebra b§ admits a symmetric invariant scalar product

<'a'>:ngh§_>R

21" L0 0 07 [of

AP, Y 01 0 0 y/
(M(:B,y,z,H),M(:B,y,z,G))H P 0 0 0 -1 2
0 00 -1 0 o'

PROOF. We construct this scalar product, as described in theorem 1.4.3, from the Ad-invariant
linear isomorphism % introduced in proposition 1.4.6. Indeed we have that

(M (z,y,2,0)) - M(z',y,2',0) = (xEf + yE3 — 0F% — 2E}) - (' By + ¢/ By + 2’ E3 + 0'Ey)
=xx’ +yy — 07 — 20 O
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COROLLARY. The quadratic form C : (h3)* — R,

T

T 1 0 0 0 T
* * * * ) 0 1 0 0 ) .2 2
By +yE5 + zE3 + 0E) — ; 00 o0 -1l |zl=7 +y —220
0 00 -1 0 0

is adjoint invariant (i.e., for g € H§, C = C o Ad" g) and hence a Casimir function (on (h5)*
with Lie-Poisson structure as described in section A.3.5).

PRrROOF. Let g € HS, A € g5, A" € (h3)" and ¥ : b — (h3)* be the Ad-invariant linear
isomorphism as introduced in proposition 1.4.6. Then notice that C(A*) = A* - ~1(A4*). Also
note that, as ¢ (Adg- A) = Ad*g-(A), we have that "1 (Ad* g- A*) = Adg -1 (A*). Hence
we get that

C(Ad"g- A7) = (Ad"g- A7) -4 (Ad" g - A7) = A"(Adg ™" - Adg -y (A7) = C(4").

Thus C is adjoint invariant and thus a Casimir function by proposition A.3.18. O

1.5 The Ideals of b5

In order to study the decomposition of h§ and its invariant scalar product (specifically to show
that they form an indecomposable pair, as will be explained in the next section) we need to
find all the ideals of h5. We do so here.

1.5.1 Preliminaries

We start by giving a characterisation for a subspace a to be an ideal, which we will then use to
calculate all the ideals.

PROPOSITION. Let a be a m-dimensional vector subspace of a n-dimensional real Lie algebra g.
Let {Ai}ictmm be a basis for a and {E;};c1; be a basis for g. Then a is an ideal of g if and only
if there exists functions f; : R™™™ — R, i € 1,m such that, for alli € I,m, j € 1,n, a;,e; € R,

m n m
E aiAi, ejEj — E fi(el,eg,...,en,al,ag,...,am) Al =0.
i=1 =1

j=1

PROOF. The subspace a is an ideal if and only if [a, g] < a. In particular, this means for any
element y " | a;A; € a and any element Y 7, ;F; € g we have that |> 21", a;4;, 377, ejE]}

is in a. Hence [Zﬁl a; A;, Z;‘:l ejE]} = >, bjA; for some scalars b; € R. These b; depend

solely on the a; and e;. Moreover this defines functions fi(e1,ea,...,en,a1,a2,...,am) = b; as
the b; are uniquely determined given a; and e;. Conversely if such functions exist the subspace
a is an ideal. (Il

We now proceed to calculating the ideals of bS.
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1.5.2 Omne-dimensional

Recall that the centre of h§ is given by Z (h) = {M(0,0,2,0) | z € R}. Hence, Z (h3) is a
one-dimensional ideal. We show that it is the only one-dimensional ideal.

Let a be a one-dimensional subspace of h§ with basis {A4;}, where A; = M (x1,y1,21,01)
for some x1,y1, 21,601 € R not all zero. Then a is an ideal if and only if there exists a function
fi R =R, (2,9,2,0,a) = fi(z,y,2,0,a) such that for Vr,y, z,0,a € R we have

[CLA]_,B]_f]_(ﬂf7y7Z,0,CL)A1 =0 (]‘51)

where B = M(z,y,2,0) € h3. Suppressing the input arguments for f;, the above equation
(1.5.1) in matrices is equivalent the following set of four equations in four variables and one
function:

athy —ay10 — frz1 =0
axr10 — abrx — fiy1 =0
—ar1y +ayx + frz1 =0
f101 =0.

Assume 6; # 0, then from (1.5.5) we have f; = 0. So then from (1.5.2) we have that
ay = aHZ—i. But we require this to be true for Vy,0,a € R which is untenable. Thus we
conclude 87 = 0. Thus our conditions become

—ay1t = fizq (1.5.6)

ax10 = fun (1.5.7)

a(—z1y +y1z) = —fiz (1.5.8)
6, = 0. (1.5.9)

We now assume that 1 # 0. Then from (1.5.6) it follows that f; = —aG%. Substituting
this into (1.5.7) we have that afz? = —afy7. But this is not true for V6, a € R?. Thus x1 = 0.
Substituting this into (1.5.6) we have y; = 0 (as it must be true for V6, a € R).

Thus we have 1 = y; = 01 = 0, thus z; # 0 as a is one-dimensional. Then from (1.5.8) it
follows that f; = 0. We note that these conditions (x1 =y; =601 =0, z1 # 0, fi = 0) are also
sufficient for (1.5.1). Thus a is an ideal if and only if

a= {M(0,0,Zl,O) ’ 21 ER} :Z<f)§)

That is to say, the only one-dimensional ideal of b is its centre.

1.5.3 Two-dimensional

Let a be a two-dimensional subspace of h§ with basis {A;, A2} where Ay = M (z1,y1, 21,61),
Ay = M(z2,y2,22,00) and [w1,y1,21,01], [T2,y0,22,02] € R* are two linearly independent
vectors. That is, a = {aA; +bAs | a,b € R}. Then a is an ideal if only if there exists functions
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fi,fo:R® =R, (z,v,2,0,a,b) — fi(x,y,2,0,a,b), i = 1,2, such that for Vx,y, 2,0,a,b € R we
have
[(IAl + bAQ, B] — f1A1 - fQAQ =0 (1510)

where B = M (z,y, 2,0). The above equation (1.5.10) in matrices is equivalent to the following
set of four equations in eight variables and two functions:

(ab1 + b02)y — (ay1 + by2)0 — frxy — foxa =0 (
(axy + bx2)0 — (aby 4+ bO2)x — fryr — foy2 =0 (1.5.12
(ay1 + by2)x — (ax1 + bx2)y + fiz1 + faza =0 (

J101 + f262 = 0. (

Assume 67 # 0, then from (1.5.14) it follows that f; = —Z—ffg. Substituting this into
(1.5.11), (1.5.12) and (1.5.13) we get

0
(a91 + b92)y — (ay1 + by2)9 + <02{L‘1 — .%'2) f2 =0 (1.5.15)
1
0
(aﬂjl + b:l,‘g)e — (a91 + beg)l‘ + (023/1 — y2> fo=0 (1.5.16)
1
0
(ay1 + by2)x — (axy + bxa)y — (ajzl - zg> fo=0. (1.5.17)

Now we note that one of (g—fxl — 1‘2), (g—fyl — yg) or (g—fyl - yQ) is non-zero. If not then

92 (92 92 ‘92 0 0
—1r1 =x j— g — = — g

1 2 0, Y1 =92 0, Y1 =192 o 1 2
contradicting linear independence. So we have that one of the following three equations are
true

0 01 + bls)y — by )0

<2x1 _ a:2> £0 O S G g)y (ayn + by2) (1.5.18)
01 ﬁl’l — T2
0 bs)d — (aby + bo

<92y1 - y2> #0 o, fp= 00t 5”;3 (aby + 00:) (1.5.19)

1 7, Y1 — Y2

0 by )z — b

<2z1 - z2> £0 o fp— a1t y?x (azy + bz2)y. (1.5.20)
91 ﬁzl — Z9

We show that each of the three equations above lead to a contradiction.

1. Assuming (1.5.18) is true we substitute it into (1.5.16) to find

(a1 + bw2)0 — (b + b0a)a) (G201 = 22) = (b + b2}y — (ayn + by2)0) (§291 — v2) -



CHAPTER 1. THE OSCILLATOR LIE GROUPS 39

We require this to be true for Vz,vy, 2,0,a,b € R. As 61 # 0 we can choose a # 0 and
b = 0 such that (af; + b2) # 0. Next we may choose y = 6 = 0 and = # 0, then as

<g—f:c1 — mg) # 0 this leads to a contradiction as

(azy + bx2)0 — (aby + bOa)x (2%951 - ﬂfz) = ((ab 4 bs)y — (ay1 + by2)0) <Z—fy1 - 3/2) :

— %/_/ —
=0 #0 2 =0
#0

2. Assuming (1.5.19) is true we substitute it into (1.5.15) to find

((ab1 + b02)y — (ay1 + by2)0) (g%yl - yz) = ((awy + bx2)0 — (aby + bb2)x) (%m - fcz) :

We require this to be true for Vz, vy, 2,0,a,b € R. As 6; # 0 we can choose a # 0 and
b = 0 such that (af; + bf2) # 0. Next we may choose § = x = 0 and y # 0, then as

<g—fy1 — yg> = 0 this leads to a contradiction as

(afy + bBs)y — (ay1 + bys)0 (g—fyl - yQ) = ((azy + bz2)0 — (aby + bba)z) (%xl - xg) .
_ %/_/ _
#0 =0 2 =0

#0

3. Assuming (1.5.20) is true we substitute it into (1.5.15) to find
((aby + bb2)y — (ay1 + by2)0) (%21 - 22)
= — ((ay1 + by2)x — (azx1 + bx2)y) <z—fm1 - arg) (1.5.21)
and substituting it into (1.5.16) we have
((az1 + bxo)d — (afr + bba)a) (%zl - zz)

= —((ays + byo)w — (az1 + br2)y) (F1 —v2) (15.22)

We require this to be true for Va,y, 2,0, a,b € R. We separate into two cases.

(a) There exists a and b such that ay; +bys # 0. We consider (1.5.21). Choose z =y = 0
and 6 # 0 then as (g—le — Z2) # 0 this leads to a contradiction as

(afy + b82)y — (agn +byo)0) | (G221 — 2)
20
= — ((ay1 + by2)z — (azy + bx2)y) (%371 - 332) .
>

#0
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(b) For all a and b we have ay; + bys = 0, i.e., y1 = 0 and y, = 0. We consider (1.5.22).
As 61 # 0 we may choose a and b such that af; + bfs # 0. We choose y = § = 0 and

x # 0 then as (%Zl — zg) = 0 this leads to a contradiction as

(az1 + bxa)0 — (aby + bl2)x <%21 — zg>
—_———

=0 #0 b

#0

= — | (ay1 + by2) x — (az1 + bxa)y <z—fy1 — y2> .
=0 =0

=0

Hence we conclude that 6; = 0.

As we did not specify Ay and A, in proving this, and our equations are formally the same
if we swap the subscripts (1) and (2) we may conclude 3 = 0. Our equations (from (1.5.10))
then simplify to:

(ay1 + by2)9 + fix1 + foxo =0 (1.5.23)
(aacl -+ bmg)H — fiy1 — foyo =0 (1.5.24)
(ay1 + by2)x — (axy + bxa)y + f1z1 + faze = 0. (1.5.25)

Now suppose x; # 0 then from (1.5.23) we have that f; = 9711 (—(ayr + by2)0 — faxa).
Substituting this into (1.5.24) and (1.5.25) get

(a1 + b22)0 + L (agn + byo)0 + (2241 — yg) f2=0 (1.5.26)

(ayr + by2)(x — 2£0) — (axy + bxo)y — (221 — 22) fo = 0. (1.5.27)
1 1

Now we note that (%yl — yg) or (%zl — zg> is non zero. If both were zero we would have

) T T To
—r1 = T2 —Y1 = Y2 —21 = 22 —b = 09

T il L1 1

contradicting our requirement of linear independence. So we have that one of the following two
equations are true

azi + bx2)0 + L (ay; + bys)6
(%’yl —y2> £0 ie., fo= _lom 2;2 jl( b1+ by2) (1.5.28)
L2y — yy
ayr + byo)(x — 220) — (ax1 + bx
(ﬂzl —Zg) £0 o, fy = 1t ) _n )~ (am +bea)y (1.5.29)
Ty ﬁzl — 29

We show that both cases lead to a contradiction.
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1. Assuming (1.5.28) is true we substitute it into (1.5.27) to get
((ayl +by2) (@ — 330) — (a1 + b$2)y> (yz - %yl)

= ((ax1 + bx2)0 + %(am + by2)0) (%zl — 22) )

We require this to be true for Vz,y,2,0,a,b € R. As z1 # 0 we can choose a # 0 and
b = 0 so that (ax; + bxrg) # 0. Next we may choose § = x = 0 and y # 0. Then as

<y2 — %yl =% 0 we have a contradiction as

(ayy + by2)(x — 40) — (ax1 + bx2)y | (32 — T
1 1
Vv —————

=0 #0 20
#0
= ((az1 + ba2)8 + L (ay; + bys)6) (%zl - zQ> .
=0

2. Assuming (1.5.29) is true we substitute it into (1.5.26) to get
((aazl + bx2)0 + L (ayr + byg)@) (2:2 — %21)

= ((ays + bya)(w — 20) — (az1 + baa)y) (21— p2) (1.5.30)

We require this to be true for Vz,y,z,0,a,b0 € R. As 1 # 0 we can choose a # 0 and
b = 0 so that (az1 + bxa) # 0. Next we may choose § =1, y = 0, and = = ;—11 Then as

2
<22 — %zl) % 0 and as (xl + z—ll) = 0 we have a contradiction as

ab(z1 + %) +b0(za + 22 <Z2 - %’m)
—_——
#0 =0 20
= ((as + bya) (@ = 20) — (o + by ) (1 1) (1.5.31)

=0

Hence we conclude that z7 = 0.
As we did not specify A; and As in proving this, and our equations are “symmetric” in the
subscripts, we may conclude z9 = 0. Our equations (from (1.5.10)) then simplify to:

(ay1 + by2)0 =0 (1.5.32)
—fiyr — foy2 =0 (1.5.33)
(ay1 + by2)x + fr1z1+ faza =0 (1.5.34)

We require this to be true for Vz,y, z,60,a,b € R. Then (1.5.32) yields that y; = yo = 0.

Thus in conclusion we have z; and z9 free and the others (z1, 22, y1, y2, 61, 02) all zero (i.e.,
we find the ideal Z (h$) again). But this contradicts a being of dimension two. Thus there are
no ideals of dimension two.
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1.5.4 Three-dimensional

If we were to proceed here as we did for the two-dimensional case we would need to solve
four equations in twelve variables and three functions, which may become very “technical” and
cumbersome. Fortunately another avenue of investigation is open to us in this case.

Recall that H§ decomposes as a semi-direct product Hz x SO2. This in particular means that
Hs is a normal (Lie) subgroup. Therefore, by proposition A.1.28, it follows that the Lie algebra
h; of Hs is an ideal of h5. We recall that h3 = {M(x,y,2,0) | z,y, z € R}. So we already have
one three-dimensional ideal of 5. We now show that this is the only three-dimensional ideal.
First we have a small result.

LEMMA. Let a and b be two vector subspaces of some n-dimensional vector space. If dima =
dimb =dimanNb, then a =b.

PROOF. As a and b are vector subspaces so is aNb. Now let dima = dimb = dimanNb = m.
Then there exists a basis { B; },c17; such that anb = span{B;},.17;. But anb C aand anb C b,
thus {B;},c1,; s a basis for a and for b. Therefore a = span{B;},.17; = b. O

Now suppose a3 is another (other than hs3) three-dimensional ideal. Then for as and b3, as
subspaces of the vector space b3, we have that

2 = dim b3 + dim ag — dim b$ < dim b3 N ag < min(dim hs, dim az) = 3.

Thus there are two possibilities
1. dim b3 Nas = 3, in which case az = h3 (lemma 1.5.2).

2. dim h3 N a3z = 2. Now by proposition 1.5.1 we have that hz Nas is an ideal of h. But this
contradicts the fact the h3 has no two-dimensional ideals as shown in subsection 1.5.3.

So we conclude that there is only one ideal of dimension three in b5, namely bs.

1.5.5 Summary

PROPOSITION. The Lie algebra b5 has exactly two proper ideals namely
1. Z(h%) = {M(0,0,2,0) | z € R};
2. b3 ={M(z,y,2,0) | z,y,z € R}.

1.6 Decomposition of h; and its Invariant Scalar Product

The main purpose of this section is to show that b3, together with the invariant scalar product on
it (proposition 1.4.7), is a double extension of the Lie algebra R? endowed with the dot product
by R. We start by reviewing some of the structure of the class invariant scalar products on
real Lie algebras ([26]). We then proceed to show that 3, together with the its invariant scalar
product, is an indecomposable element of this class. Hence, we conclude the section by showing
that b5 is a double extension.
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1.6.1 Preliminaries

We define % as the class of couples (g, ), where g is a finite-dimensional real Lie algebra
and ¢ : g x g — R is a invariant scalar product. We will denote ¢ by (-,-) when convenient. An
object (g,p) of ¥ will be termed indecomposable if the restriction of ¢ to any proper ideal
of g is degenerate (and decomposable if not). If (g;, ;), i € 1,2 are objects in €, then their
orthogonal direct sum (g; ® g2, p1 Dy2) is an object of €. (We note that g; and g are ideals
of g1 ® g2, to which the restriction of ¢ @ 92 will be non-degenerate.) The algebra of dimension
one and the simple algebras are indecomposable elements (the non-degenerate invariant scalar
products being given by the Killing form). We say that elements (g, ) and (g’,¢’) of € are
isomorphic if there exists a Lie algebra isomorphism 1 : g — g’ such that ¢ = ¢’ o (¢ x ).

For an element (g, ) € € we define the right orthogonal complement of an ideal a by
at ={Bcg| (A B) =0, YA € a}. We include the following proposition to form a more
complete perspective.

PROPOSITION. Let (g,¢) € € be a decomposable object and a be a proper ideal to which the
restriction of ¢ is non-degenerate. Then g =a ® a* and (a, ¢|,), (at, ¢|,1) € €.

PROOF. We start by showing that g = a @ a’ as vector spaces. Clearly 0 € ana’. For
A€ anat we have VB € a, (B, A) =0 but as a is non-degenerate this implies A = 0. Thus
we have that a N at = {0}. We are left to show that a + a' = g. Let {Ai}tictm be a basis for
a. Extend this to a basis for g, i.e., {4;};.15 is a basis for g (with n > m). Now with respect
to this basis we may realise ¢ by a matrix M. That is, for v =Y """ | v;4;, w= "  w;A;ing
we have ¢(v,w) = v' Mw. Define an induced mapping ¢, : v + [I,,, 0]Mv € R™. Then the null
space of @, is a (in coordinates). Now as ¢ is non-degenerate, M is of full rank, and hence
[I, O] M is of rank m. Thus by the rank nullity theorem [I,,, 0]M has nullspace of dimension
n —m. Thus as aNa’ = {0} we have a4+ a* = g. Hence g = a @ a’ as vector spaces.

Next let A € a, B € at and C € g. Then (A,[C,B]) = ([4,C],B) = 0 as [A,C] € a and
B € at. Thus [C,B] € a- and so a’ is an ideal of g. Now let B € a and suppose that
VA € at, (A,B) =0. Then we get that

VAeat, VCea, (A+C,B)=0
= VCeg, (C,B)=0 (asg=a+a")
= DB =0 (¢ isnon-degenerate).

Thus ¢|,. is non-degenerate. So we have (a, ¢|,), (a*, ¢[,.) € € (and thus (a & at, |, L
¢|,L) € €). We already have that g = a & at as vector spaces. We are left to show that
g = a® a’ as Lie algebras. That is, we are left to show that the Lie bracket on g is the direct
sum of Lie brackets on a and a'. We first show that for A € a and B € a- we have that
[A, B] = 0. Indeed
VCeg, ([AB],C)=( A ,[B,C])=0
—~ ——

€a cal

and thus as ¢ is non-degenerate [A, B] = 0. We denote projections to a and a* by pr, and pry:
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respectively. So then for A, B € g we have that

[A, B] = [prqA + pryi A, pryB + pr,. B|

= [proA, proB] + [pryA, pry1 B] + [proi A, pryB] + [proi A, pryi B]

= [pryA, proB] 4+ 0+ 0 + [pr L A, pro. B

= [pryA, proBlq + [prai A, proi Bl .. O
Thus any Lie algebra admitting an invariant scalar product and forming a decomposable

pair (together with this scalar product) is the direct sum of Lie algebras admitting invariant

scalar products. We now consider another type of decomposition, namely double extensions.
Let (a, ) be an object of €, b be a Lie algebra and d : b — Der a, a homomorphism (of Lie

algebras) from b to the algebra of antisymmetric derivations of a. Here, by an antisymmetric

derivation we mean antisymmetric with respect to ¢, i.e.,

VB €b, A, As € q, (p(d(B) . Al,AQ) -+ gO(Al,d(B) . AQ) =0.

We define a mapping
w:iaxa— b, (A, A)) = p(d(-) A, A").
Then the vector space g = b* ® a® b is a Lie algebra with Lie bracket given by
[(p, A, B), (¢, A", B')]

- <ad*B’-p—ad*B'p/+w(A,A/),[A,A’]a+d(B)-A’—d(B/)-A, [B,B/][,>. (1.6.1)

The algebra g is called the double extension of (a, ) by b, by means of d. Moreover if ¢ is
a invariant bilinear form on b, then the form ¢’ : g x g — R given by

¢'((p, A, B), (), A, B)) = o(A, A') + ¢(B, B') + p(B') + p'(B) (1.6.2)

is a non-degenerate invariant scalar product on g. In this case we say the pair (g,¢’) is a
double extension of (a, ) by b, by means of d and ¢.

We are now in a position to quote some results regarding the structure of ¢ as presented
in [26]. The main result is the following.

THEOREM. ([26]) Ewery indecomposable object (g, ) of €, where g is not simple, is (isomor-
phic to) a double extension of a couple (a,1) by a simple or one-dimensional algebra.

Among the consequence of this result we have the following (included only to form a more
complete perspective).

THEOREM. ([26]) The class € of Lie algebras admitting invariant scalar products is the small-
est class of Lie algebras which contains the simple and abelian Lie algebras and are stable w.r.t.
direct sum and double extension.

THEOREM. ([26]) The class €' of solvable Lie algebras admitting invariant scalar products is
the smallest class of Lie algebras which contains the abelian Lie algebras and is stable w.r.t.
direct sum and double extensions by algebras of dimension one.
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1.6.2 The Lie algebra h$ as a double extension

Having found all the ideals of h5 (in section 1.5) we can show that the invariant scalar product
(as defined in proposition 1.4.7) on b restricted to any proper ideal of h§ is degenerate.

PROPOSITION. The invariant scalar product ¢ (introduced in proposition 1.4.7)
@:b3xbs =R
(M(z,y,2,0), M(2',y,2',0") — a2’ + yy' — 260/ — 02/
restricted to any ideal of b$ is degenerate.

PROOF. We show ¢ is degenerate when restricted to each of the only two ideals of b as listed
in proposition 1.5.3.

1. When restricted to Z (h5) = {M (0,0, 2,0) | z € R} our scalar product becomes:
Clz (hg)xz (v3) (M (0,0, z,0), M (0,0,2',0)) — 0
which is clearly degenerate.
2. When restricted to hs = {M(z,y, 2,0) | z,y,z € R} our scalar product becomes:
Plysxns * (M(2,y,2,0), M2,y 2,0)) — z2’ +yy/

which is degenerate as for Vz € R, A € b3, (M(0,0,2,0),A) = 0. O

COROLLARY. The pair (b5, ), with ¢ as described above, is an indecomposable element of €.

Theorem 1.6.2 states that any indecomposable element of ¥ may be realised as a double ex-
tension. We will now proceed to show that S is a double extension of R? by R.

In order to keep our calculations relatively simple and to expose the structure better we
will represent R? and R as subspaces of h3. We represent R? as

R? = {M(z,9,0,0) = 2E, + yEs | 2,y € R}

If we endow R? with the trivial Lie bracket we have that R? is a Lie algebra. The dot product
on R? given (in our representation) by

M(z,y,0,0) e M(z',4/,0,0) = 2’ + yy/

is then a non-degenerate invariant scalar product on R% Moreover we note that the dot
product is the restriction of our scalar product on h§ to the subspace R? as represented here.
We represent R as

R ={M(0,0,0,0) =0E, | 0 € R}
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and endow it with the trivial lie bracket. We also note that for each a € R,
bo :RxR—=R, (0E4,0Ey)— abd

is a invariant bilinear form.
The required homomorphism then turns out to be given by d = ad, i.e.,

ad : R — Der(R?)
M{(0,0,0,0) — ad M(0,0,0,0)
ad M (0,0,0,0) - M(x,y,0,0) = M(0y, —60z,0,0).

We note that as the dot product on R? is a restriction of our invariant scalar product we get
(for B € R and Ay, Ay € R? in our convention) that

(ad B - A1, Ag) + (A1,ad B - A3) = ([B, A1], Ag) + (A1, [B, Ag]) = 0.

Thus ad indeed maps to antisymmetric derivations. The mapping w : R? x R? — R* is then
given by
w(xEy + yEs, 2’ By + 9 Ey) = (ya' — 2y )E}

Finally note that ad* (¢'Ey) - zE} = ad* (0E,) - 2/E; = 0.
We now have all the ingredients required to state our claim.

PROPOSITION. The indecomposable element (b$,¢) of € (as in corollary 1.6.6) is isomorphic
to the double extension of (R?,e) by R by means of ad and the trivial bilinear product ¢o on R.

PrOOF. We claim that ¢ : R* ®@R?@®R — b3, (2B, vE1 +yE2,0E4) — 2F +yFEy — 2E3+0Ey
is the required Lie algebra isomorphism. Now ) is clearly a vector space isomorphism so we
need only show that it preserves the Lie bracket to prove that it is a Lie algebra isomorphism.
First note that the Lie bracket on R* @ R? @ R (as in equation (1.6.1)) is given by

[(ZEZ, zF +yFEo, 0E4), (Z,EZ, iL‘,El + y’Eg, 9,E4)]

= <(ya:’ —ay')E},ad(0Ey) - (2 E1 + Yy E2) — ad(0'Ey) - (vE1 + yEs), 0)
— (0 = ). 0/~ 18 Bx + (o — 012, 0).

Then we have that

[(W(zE}, 2By + yEq, 0Ey), (2 Ef, ' Ey + ' 2,0 Ey))

= [xBy +yFs — 2E3+ 0By, 2’ By + y By — 2/ E3 + 0 E]
0y — y0'\E1 + (20" — 02")Es + (vy — y2')Ey

U((y’ — 2y )E, (0y' — y0') By + (20" — 02) Es, 0)

U ([(zEf, 3By + yEs,0Ey), (2 Ef, o' E1 4+ y Ea,0'Ey)]) .
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We are left to show that the invariant scalar product ¢’ on R* @ R? @ R, as introduced in
equation (1.6.2), satisfies ¢/ = p o (¢ x ¢). Indeed we have that

ﬂP(WZEZ, tEy + yEs, 0E,), V(2 E}, 2’ Ey + ' Es, 9/E4))

= gO(ﬂ?El +yFs — zE3 + 0FEy, {E/El + y/Ez — Z’E3 + 9’E4)

=ax’ +yy + 20 + 67
= <ZL‘E1 + yFs, a?lEl + y/E2> + ¢0(0E4, 0/E4) + ZEZ : 0,E4 + Z/EZ -0E,

_ @’((ZE;;, 2By + yEs, 0Ey), (7' EL, o' E1 + v Eo, 0’E4)). 0

COROLLARY. We have a family {p, | a € R} of invariant scalar products on b$ given by

‘pa:hgxhgéR

x 1 0 0 0 x

A AN Y 01 0 0 yl
(M(a:,y,z,G),M(x,y,Z,G))H z 0 0 0 f]_ Z,
0 0 0 -1 a 0

PROOF. We have that ¢/, defines a family of invariant scalar products on R* @R?@ R as defined
in general in equation (1.6.2) (depending on the family of invariant bilinear forms {¢, | a € R}
onR). Let ¢ : R*®R?®R — b5 be the Lie algebra isomorphism introduced in the proof of the
preceding proposition. Then define o, = ¢, o (=1 x ¥~1) to get a family of invariant scalar
products. Invariance follows as (for A, B,C € bh3)

va([A4, B),C) = ¢ ([ (A), 1 (B)], C) = ¢, (™ (A), v ([B, C))) = wa(4, B, C)).
Nondegeneracy simply follows as v is a linear isomorphism. U

REMARK. In a similar fashion as in the proof of corollary 1.4.8 we get that x £} + yE3 + 2E3 +
OEF — 2% +9? +az? — 220 is a Casimir function for a € R. But this Casimir function is simply
a linear combination of our Casimir function C (given in corollary 1.4.8, corresponding to a = 0
here) and the Casimir function zE} + yEj + zE5 + 0E} +— 2? (introduced in chapter 4 as a
consequence of the result Z(h§) = {M (0,0, 2,0) | z € R}).
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Chapter 2

Local Classification of Full Rank
Systems on Oscillator Lie Groups

In this chapter we classify all full rank left invariant control affine systems, with Lie algebra
isomorphic to h§, under local detached feedback equivalence. This is achieved as follows. First,
we reduce the problem (cf. [7]) of classifying under D Fj,.-equivalence to classifying affine sub-
spaces of h§ under an appropriate equivalence relation. Then, we postulate a classification and
explicitly construct relations mapping any given affine subspace to one of a list of equivalence
representatives. Finally, we verify that all of the said equivalence representatives represent
distinct equivalence classes.

We briefly recall some concepts as introduced in section A.2. A left invariant control affine
system is a pair (G, Z), where G is a Lie Group and = : G x R — TG is a smooth embedding
such that

VA
Z(g,u) =9g=Z(1,u) =g (A + Zule)

=1

where the set {B;} =1 is linearly independent. These systems can be organised into a category
(see [6] and section A.2) which we denote LICAS. The trace I' of the system is defined as
['= A+TY where I'? = span {Bi},—i7- A system X is said to be of full rank if LieI' = g (where
LieI" is the smallest Lie subalgebra containing I').

Let ¥ = (G,E) and ¥ = (G,Z') be two systems. Then X and Y’ are called locally
detached feedback equivalent (shortly DFj,.-equivalent) at points a € G and o' € G
if there exist open neighbourhoods N and N’ of a and «, respectively, and a (local) dif-
feomorphism @ : N x R — N’ x R, (g,u) — (¢(g),#(u)) such that ¢(a) = o and
T, = (g,u) = Z' (¢(g), p(u)) for g € N and u € R". Note that any DF),-equivalence be-
tween two system can be reduced to a local equivalence between neighbourhoods of identity (see
proposition A.2.13). We base our work on the following characterisation of D Fj,.-equivalence.

THEOREM. ([7]) Two systems X and X' of full rank are D Fj.-equivalent (at identity) if and
only if there exists a Lie algebra isomorphism 1 : g — ¢’ such that ¢ - T =T".

49
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2.1 Preliminaries

We use the following conventions. For a subset S of a linear space we will use the notation (S)
to mean the linear span of S. Furthermore, for the span of a finite set of elements {Ai}i:ﬁ we
will simply write (A, Ag,..., A,). We will call an affine subspace I' homogeneous if 0 € T’
(i.e. I is subspace of g), and inhomogeneous if not. Let S be any subset of a Lie algebra g.
Then by Lie S we mean the smallest Lie sub algebra of g containing S. An affine subspace I'
of g is said to be of full rank if LieI' = g or equivalently dim(LieI") = dim g.

Two affine subspaces I'y and I'y of some Lie algebras g; and gs, respectively, are said to be
L-related (shortly I'y ~ I'y) if there exists a Lie algebra isomorphism 1 : g3 — g2 such that
1 - I'y = I'y. Hence, by theorem 2.0.1, systems Y1 and Y are DF).~equivalent if and only if
Iy ~Ty.)

LEMMA. The above relation is an equivalence relation.

PRroOOF. Reflexivity. The identity mapping is always an automorphism, hence id - I' = T, i.e.,
I' ~ T'. Symmetry. if ¢ : g1 — g2 is a Lie algebra isomorphism such that ¢ - 'y = I'y, then
™1 : go — g1 is also a Lie algebra isomorphism and ¢! -T'y = I'y. Transitivity. Suppose
I'y ~ 'y and I'y ~ I's. Then we have Lie algebra isomorphisms 1 : g1 — go and 12 : go — g3
such that ¢; - I'y =T’y and )9 - I's = I's. Hence, ¥2 - 91 : g1 — g3 is a Lie algebra isomorphism
such that 9 -1 - I'y =I's. Thus I'y ~ I's. O

LEMMA. Let 1 : g1 — g2 be a Lie algebra isomorphism, S be any subset of g1. Then ¢ -Lie S =
Lie (¢ - S). Hence, if I'y ~ 'y, then Ty is of full rank if and only if Ty is of full rank.

PROOF. As v is a Lie algebra isomorphism, it maps subalgebras to subalgebras. So, as Lie S is
a subalgebra containing S, we have that ¢ - Lie S is a subalgebra containing v - S. As Lie (¢-.5)
is the smallest subalgebra containing 1 - S, it follows that Lie (¢ - S) C ¢ - Lie S. Similarly (as
¢! is also a Lie algebra isomorphism) we have that Lie (v "1(¢ - S)) C =1 Lie (¢ - S), i.e.,
Lie S C ¢! Lie (- S) and so v - Lie S C Lie (- S). Thus 1 -Lie S = Lie (¢ - S). Now suppose
I'y ~ T’y and I'y is of full rank. Then we have a Lie algebra isomorphism 1 : g1 — go such that
¢ -T1 = I's. Hence dimLiel's = dimLie (¢ - T'1) = dim(¢ - LieI';) = dimLiel'; = dimg; =
dim(%) - g1) = dim go. The converse holds by the same argument. O

LEMMA. Two affine subspaces T'1 = Ay + T and Ty = As + T (of some Lie algebras g1 and
g2, respectively) are £-related if and only if there exists a Lie algebra isomorphism v : g1 — go
such that ¢ - Ay € Ty and ¢ - T9 =T9.

PROOF. Suppose ['; ~ I's, then there exists a Lie algebra isomorphism 1 : g1 — go such that
¥-T'y =T5. Now as A; € I'y we have that ¢ - A; € I'g, that is to say ¢ - A} = Ay + By for some
By € TY. Then, as ¢ - I'; = I'y, we have that Ay + By + 1 - T = Ay +T'Y. Hence, we get that
Y- T =T9. For the converse assume that we have a Lie algebra automorphism 1) satisfying
our conditions. Then, as v - Ay € ', there exists a By € 'y such that ¢ - A; = A + By. Thus
YTy =t A+ -T)=Ay+ By + ) =Ts. 0

At this stage we have the following necessary conditions for systems Y1 and s to be D Fj,.-
equivalent.
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LEMMA. If X1 and o are DFjy.-equivalent, then: g1 = go; dim F(l) = dim Fg; I’y and T'y are
both homogeneous or both inhomogeneous.

PROOF. The first two items follow from theorem 2.0.1. If 31 and X9y are D Fj,.-equivalent, then
there exists a Lie algebra isomorphism v : g1 — g2 such that ¢ -T'y = 'y (and 'y = ¢~ - T'p).
Thus if 0 € I'1, then 0 € T’y (and conversely). O

Thus we can separate our systems by the associated Lie algebra (up to isomorphism),
dimension of trace and homogeneity. This motivates us to define the following family of classes
of full rank systems:

Clere) = {E € ObLICAS | ¥ is of full rank, g = ¢, dimI” =¢ Hom ' =¢}
where ¢ is a (finite-dimensional) Lie algebra, ¢ € N, ¢ < dim(c), € € {0,1} and

0 T is homogeneous, i.e., I' = T'°
1 T is inhomogeneous.

HomF:{

Having fixed ¢ we will refer to an affine subspace of dimension ¢ and homogeneity ¢ as a (£, €)-
affine subspace. Note that if two systems are DF},. equivalent they necessarily belong to the
same class (by preceding lemma). Furthermore note that if g1 = g2 then €, o) = Cq,.0.¢)-

Finding ourselves in one of these classes the question of classification then reduces to finding
L-related affine subspaces. Now given two systems ¥ and ¥ in some class 6/, ¢ ) we have that
both g; and go are isomorphic to (the common representation) ¢. Then we have Lie algebra
isomorphisms ¥1 : g1 — ¢ and ¥y : go — ¢. Thus we may transfer the affine subspaces of g;
and go to ¢ by means of these isomorphisms. Then the two systems are DFj,.-equivalent if and
only if these transferred affine subspaces are £-related by a Lie algebra automorphism. We now
make a concrete statement.

PROPOSITION. Let ¥1 and Xy be elements of a class 4.y and suppose 1 : g1 — ¢ and
Yo 1 go — ¢ are Lie algebra isomorphisms. Then X1 and Yo are DFj,.-equivalent if and only
if there exist a Lie algebra automorphism . € Autc such that 1. - (1 - T'1) = (o - Ta), i.e.,

(¢1-T1) ~ (Y2 - T2).

PROOF. Suppose that 31 and Y9 are D Fj,.-equivalent. Then there exists a Lie algebra isomor-
phism ) : g1 — go such that ¢ -I'y = I's. Now consider the mapping ¢, = w01 o 1[){1 = C.
As a composition of Lie algebra isomorphisms it is a Lie algebra isomorphism and hence a Lie
algebra automorphism. Finally we have that

Yoo (P1-T1) =Y -py - T1 =12 T = (- Ta).

Conversely, suppose we have a Lie algebra automorphism ). : ¢ — ¢ such that ¢, - (¢1 - T'1) =
(19 - T'9). Define a mapping ¢ = wz_l ooy : g1 — g2. Then as a composition of Lie algebra
isomorphisms it is a Lie algebra isomorphism and we have that

Ty =apytape- (hr - T1) =y "+ (2 - Tg) =T
Thus ¥ and Y9 are D Fj,.-equivalent. O
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Hence classification within a class (. .) may be accomplished by choosing a specific rep-
resentation of the Lie algebra and then classifying full rank £-related affine subspaces. Our
problem is thus mainly one of classifying affine subspaces £-related by Lie algebra automor-
phisms for a given Lie algebra. We may then “decode” our classification as follows. Suppose
we have a complete list {I'; | ¢ € I'} of equivalence representatives of full rank £-related affine
subspaces of a Lie algebra g. Let G be a Lie group with Lie algebra (isomorphic to) g (for
example the simply connected or universal covering Lie group). Then we need only to choose
affine parametrisations Z;(1,-) of each I'; to get a complete list of equivalence representatives
of DF},. equivalent systems with Lie algebra isomorphic to g.

REMARK. There is only one affine subspace whose dimension coincides with that of the Lie
algebra g, namely the space itself (and it is necessarily homogeneous). Thus from the standpoint
of classification there is nothing to be done here. Also note that there are no (0,0), (0,1) or
(1, 0)-affine subspaces of full rank for h$. As such we may safely ignore these cases.

So in order to classify DFj,.-equivalent full rank systems with Lie algebra isomorphic to b3,
we need only to classify £-related full rank affine subspaces of h5. Note that the restriction to
full rank systems is natural as being of full rank is a necessary condition for controllability. For
the remainder of this chapter we assume that all affine subspaces mentioned are of full rank.
Our approach is as follows.

We fix dimension and homogeneity (i.e., we fix ¢ and ¢) and then postulate and prove a
classification. This is accomplished as follows. We create a classifying table (list of mutually
exclusive exhaustive conditions) that given a (¢, )-affine subspace I', asserts that I" is £-related
to some specific equivalence representative. Then given an arbitrary (¢, e)-affine subspace we
construct an automorphism that £-relates I' and the stated equivalence representative. Finally
we show that the different equivalence representatives are all distinct (i.e., no two are £-related).
Note that, when convenient, we use a parameter (usually a)) to parametrise an infinite family
of (distinct) equivalence representatives.

At this stage we recall that an automorphism ¢ € Aut b3, written w.r.t. the ordered basis
{Ei}i—17. is of the form (see proposition 1.2.27)

T Y 0 U

- —ky kx 0 v
¥= kur —vy kuy+zv k(22 +y?) w
0 0 0 k

for some w,v,w,z,y € R and k € {—1,1} such that 22 + y? # 0. For the remainder of this
chapter, when an arbitrary automorphism 1 € Aut b$ is called for, we assume it is of this form.
In order to separate cases (and create a classifying table), we will make use of the dual basis
{E} }izﬁ of h5. To support our view of the dual basis as linear projections in this chapter
(and the next), we will use the notation m; = Ef : 5 — R, E; — §;; for i = 1,4. Further
separation of cases is accomplished by the introduction of some invariants. An invariant 2|
(represented by an upper case Fraktur letter) will associate to an (¢, ¢)-affine subspace I' a scalar
value 2(I"). Invariance here means that for any ¢ € Aut b we have that (¢ - I') = 4(T).
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A summary of invariants and classifying tables is given in appendix B. Before proceeding
to the classification of the affine subspaces of b3, we make some general observations.

Suppose I' = A+TY is an inhomogeneous affine subspace. Then one of the ways in which we
separate cases (in the classifying table), is by a condition of the form 7;(T%) = {0}, m(A) = a.
We show that such a condition is well defined (i.e., does not depend on the parametrisation
chosen for I').

LEMMA. Let T' = A +T° be an affine subspace of b5 and suppose that m;(T°) = {0} for some
i€{1,2,...,4}. Then the property m;(A) = « is independent of parametrisation of T (i.e., the
choice of A).

PROOF. Suppose I' = A + T'" such that m;(I'°) = {0} for some i € {1,2,...,4} and m;(A4) = a.
Now parametrise I' as I' = A +T°. That is we have that A = A + B for some B € T9. Then as
(%) = {0} we have that m;(B) = 0 and hence that m;(A) = m;(A+ B) = m;(A) +m(B) = .00

Next we show how a preclassification of £-related (£+1, 0)-affine subspaces may be produced
from a classification of £-related (¢, 1)-affine subspaces. (This result is captured in the corollary
to the next proposition.)

PROPOSITION. IfT'y = (A, Ag, ..., Ay) is a (£,0)-affine subspace (of full rank) of a Lie algebra
g, then Ty = Ay + (Ag, ..., Ay) is a (£ —1,1)-affine subspace (of full rank) of g. Moreover if Ty
is L-related to another (Z —1,1)-affine subspace To, then T'y is £-related to <F2>

PROOF. Suppose I't = (A1, 4s,..., A¢) is a (£, 0)-affine subspace (of full rank). Then {A;},_17
is linearly independent and hence T'y = Ay + (Asg,..., Ay) is a (¢ — 1, 1)-affine subspace. We
have that dim LieT'; = dim <Lief1> = dim Lie <f1> = dimLieT'; = dimg. That is, I'; is of full
rank. Now suppose I'y and I's are £-related. Then there exists ¢ € Aut g such that ¢-I'y = I's.
Hence <"¢ 'f1> = <f2> and thus ¢ - I'y = <f2>. That is, I'y and <f2> are L-related. O

COROLLARY. Let T be a (¢,0)-affine subspace (of full rank) of a Lie algebra g. Suppose {T'; | i €
I} is a complete list of equivalence representatives of £-related (¢ — 1,1)-affine subspaces (of
full rank) of g. Then T is £-related to at least one of {{T';) | i € I}.

ProoF. AsT'is a (¢,0)-affine subspace we can write I' as I' = (A4, Ag, ..., Ay) for some A; € g,
i=1,0. Then I"= A; + (Ay,..., Ay) is a (£ — 1, 1)-affine subspace and consequently £-related
to one of {T'; | i € I}. Hence I is £-related to one of {(T;) | i € I}. O

2.2 Dimension One, Inhomogeneous

Before postulating a classification of the (1, 1)-affine subspaces, we motivate a separating con-
dition and introducing an invariant 3. Let A = Z?Zl a;E; € b3, ¢ € Authg and TO = (A).
Then notice that m4(A) = a4 and m4(¢) - A) = kay for some k € {—1,1}. Hence we have that
74(T%) = {0} if and only if m4(¢ - T°) = {0}. Thus any (1, 1)-affine subspace (of h3) for which
74(I'%) = {0}, cannot be £-related to one for which 74(T'°) # {0}. In due course we will show
that any (1, 1)-affine subspace for which 74(T'%) # {0} is £-related to E1 + aEs + (E4) for some
a > 0.
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LEMMA. Let I" be a (1,1)-affine subspace with parametrisation I' = Z?Zl a; E; + <Z?:1 biEi>,
for some constants a;,b; € R, i = 1,4 such that m4(T") # {0}. Then there exists 1) € Aut b3
such that 1 - T = By + c(2® + y?)E3 + (Ey), where

b4(—a1b1 — a2b2 + a3b4) + a4 (b% + b% — bgb4)
CLZ (b% + b%) — 2a4(a1b1 + a2b2)b4 + (a% + a%) bi '

c(a? +y?) =

PRroOOF. Now as 7T4(F0) # {0} we have that by # 0 and hence get that I = Zg’:l(ai _ %)Ei +
<Z? 1 ( E) + E4> Now we have that

b
1 0 i
0 0 —b2
wlz by by 1 _b73+b%+b2 EAutbg
ba by by b2
0 0 O 1
and so get that
2 2
v D=3 (o= 40 E) + (Z (~htei = 52)) + (0 >) £
i=1 i=1

2 2
<b1E +2EF+ (—— -5 Z—j) Es + <—1%E1 - 2B+ (—Z—j +

_Z( - b >+cE3+<E4>,

2 2
) B )

where ¢ = 212:1 (fé’f(ai - aﬁf?)) + (a3 — a4b3) With the “target” of E1 + aFs+ (E4) in mind

we try and find an automorphism taking Zz‘:l ((ai — aﬁfl)Ei) to E1 but not changing Ej.

Consider the following equation (motivated by applying an automorphism to v, - I')

((al_ a4b1)x+< _%) y) By + (_ <(11 a4b1>y+< _aélm) >E2 by,

or equivalently

_ agby asby
“ b @2 by H _ H . (2.2.1)
as by aq + T Y 0

We claim that if ' is of full rank then either a; — “4—b1 # 0 or ag — % # 0. Suppose that
a; — % — 0, i = T,2. Then (I) = <(a3 - “4b3)E3,Z 3 (%E) +E4>. But we have that

[E3,E;] = 0, i = 1,4 and hence that dimLiel' = dim (I') = 2. Thus T is not of full rank,
providing the needed contradiction. Therefore the square matrix in equation (2.2.1) has non-
zero determinant and hence we get that

1

ol

z] a; — aébl as — aéi)z
- a;j)z

b
I e e T

asby

1 2, .2 _ ap— 4% gy — ba
|:0:| , X +y == [1 0] [a2 . % —ay + a4b1
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Then we have that

Yy 0 0
|y oz 0 0
v2=19 g 2 +y? 0
0 O 0 1

is an automorphism such that

Yoot T = (w(ar — %42 + ylas — %42)) By + (—y(ae = 42) + w(ar — 42)) Es
+c(2® + y*)Es + (Ey)
=L+ C(.T2 + y2)E3 + <E4> .

Furthermore we get that (simplification done in Mathematica)

2 b by 172

e+ %) = [ D (~Ba— %)) +as — 4 ) [1 0] |77 By a2 S 1
— by \T aQ_agQ a+“4bl 0
1=

ba(—aiby — agba + agby) + ag (b7 + b3 — bsby)
a3 (b + b3) — 2a4(arby + agba)bs + (af + a3) bF

Notice that, as the matrix in equation (2.2.1) has non-zero determinant, the denominator of
this expression is non-zero. O

The above lemma motivates the introduction of the invariant 3. Let I" be a (1, 1)-affine
subspaces of h3 with parametrisation P : z — S5, (a;B;)+2 S+, b;E; such that w4 (T°) # {0}.
Then we define P(I") with respect to the parametrisation P as

54(—(1151 — agby + a3b4) —+ aq (b% + b% — bgb4)
ai (b% + b%) — 2a4(albl + agbg)b4 + (a% + a%) bi '

Bpl) =

From the preceding work we have that it is indeed defined for all such I'. We now proceed to
show that 9 is independent of the parametrisation chosen.

LEMMA. Let Py :x— A+ xB and Py : x — A+ 2B be two parametrisations of a (1,1)-affine
subspace T' (with the property w4(T°) # {0}). Then Bp,(T) = Lp,(T).

PROOF. Let A = ZZ 1 6iE;, B= ZZ 1 biE;, A= ZZ 1 @i E;, and B = Z biE;. Then as Py
and P, parametrise the same (1,1)-affine subspace we have that A = A+ I/B and B = ,uB for
some constants v, u € R, u # 0. Substituting these identities into the expression for Pp, (I')
and simplifying (using Mathematica, see section C.5) yields Pp, (I') = Bp, (T'). O

Thus the value B(I") is only dependent on the affine subspace in question and not the
parametrisation of it. That is to say (I") is well defined for a (1, 1)-affine subspace (such that
74(T'%) # {0}). We now show that automorphisms leave P invariant.
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PROPOSITION. If T is a (1,1)-affine subspace such that w4(T%) # {0}, then Py - T) = P(T)
for ¢ € Aut b3.

PrOOF. We use Mathematica (see section C.5) to verify that PB(¢p-I') = PB(T") for ¢ € Aut h$.00
Having introduced the invariant 8 we now classify the (1, 1)-affine subspaces.

PROPOSITION. Any (1,1)-affine subspace I' = A+T° C b3 (of full rank) is £-related to exactly
one of the following affine subspaces:

Case: m4(I'°) # {0}, BI) =a, a >0
I = By + aBs + (Ey)

Case: m4(I'%) = {0}, m4(4) = £a, a >0
D = oy + (Ey).

2.«

PROOF. (We omit the superscript (1,1) in this proof.) Suppose I' is an (1, 1)-affine subspace
such that m4(I%) # {0} and P(I') = « for some a > 0. We wish to show that I' ~ 'y, =
E, + aFE3 + (E4). We may write I' as I' = Z?Zl a; B + <Z?:1 biE,->, for some constants
ai,b; € R, i = 1,4. Then, by lemma 2.2.1, there exists a ¢; € Auth§ such that ¢y - T =
Ey + KR(T) Es+ (Ey) for some k € {—1,1}. Hence, by assumption, 11 -I' = By + kaFEs+ (Ey).
Then vy = diag(1, k, k, k) € Aut b and vy -1 - T = By + k*aBEs + (kEy) = Ey + aF3 + (Ey).
Thus I' is £-related to I'y 4.

We now proceed to the second case. Suppose I'is an (1, 1)-affine subspace such that 74 (T'?) =
{0} and m4(A) = +a for some o > 0. (Note that if & = 0 then I" would not be of full rank, hence
we can ignore this case.) We wish to show that ' ~ T'y o, = aEy + (E1). Now as m4(I'%) = {0}
we have constants a;, as,b; € R, i = 1,3 such that I' = Zle a; B; + <Z§’:1 szZ> Note that as
m4(A) = £a we have that a4 = ka (and thus a4 # 0) for some k € {—1,1}. Hence we get that

1 0 0 —0

0 1 0 - o . o
Vi=| 4 a | _as  aita3 € Aut b3 o = diag(1, k, k, k) € Aut b3

aq aq a4 a?

0 0 O 1

and that

VoY1 D=1y (al(El — @ E3) + ax(Ey — 2 E3) +asky
a?+a? ’
+ a4 (—%El—%EQ—F(—%ﬁ-#)Eg-FEz;) + @bl'zbiEi .
i=1

Hence, 1911 -T' = ka4E4+<¢2 “)y - Z?:1 biEi> = a4+ <Z§’:1 b;Ei>, for some new constants
b, € R, i = 1,3. Next we claim that either b} # 0 or b} # 0. Supposing b} = b, = 0 we
have that (9 -1 -T') = (aEy,b5Es). But as [Ey, E3] = 0, we then have that dimLiel' =
dimLie (¢2 - ¢1 - T') = dim (aEy, b5 E3) = 2 # 4, providing a contradiction.
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Now, keeping the target I's , = @Fy4 + (Ej) in mind, we consider the equation (motivated
by applying an automorphism to g - ¢ - I")

bt L=l

Then, as either b} # 0 or by, # 0 (hence the above matrix is invertible), the equation has a
solution (for z and y such that (x,y) # (0,0)) from which we may define an automorphism

T voov, ]t —xy :yc 8 8
_ 1 2 _ A <o
[y} {b’z —b’J {O] Vs 0 0 22+9%> 0 € Aut bs.
0 0 0 1

Hence,

/

b, b
Vg tho b T = aBEy + <[a¢ y] [b’l} Ei+ [~y « {b’l} By + (2 + yz)ng3>
2 2
= aBEy + (E1 + (2% + y*)by E3) .
Finally we have that

1 0 0 —(2?+y?)
0 10 0 .
V1= —(22+ A 0 1 0 € Aut b
0 0 0 1
and that
Y -tp3 o -ty - T

= a(By — (2® + y*)b5E1) + (B — (2 + y*)VsE3) + (2 + y* )b E3)
= aBy — a(z? + y> )0 Ey + (By)
=aFE,+ (Ey).
Hence I is £-related (by 14 - 93 - 12 - 1) to T'a 4.
Now as our list is exhaustive we are left to show that none of the affine subspaces
I'Noa=FE1+aE3+ (Ey), >0 Ioow=aB;+(Ey), a>0

are £-related. This is done by assuming that they are, giving us an automorphism  taking
one to the other, and producing a contradiction from this.

(a#B, a,>0)=T14 =I5 Assume there exists 1y € Auth§ such that ¢ - I'1 o = T'o0.
Now we have that § =P(I'1 g) = P(¥ - T'1a) =P(I'1,n) = a, yielding a contradiction.

I'1 o 'y g1 Assume there exists ¢ € Aut h§ such that o - F?,a = I‘g’ﬂ. Now Fj € F%a hence
V-Ey € Fgﬁ. But we have that m4(¢ - E4) = k = £1 and 774(1“875) = {0}, a contradiction.

(a# B, a,>0)=T9, ~I'y3: Assume there exists 1y € Authg such that ¢ -T'y o = I'gp.

Now aly € 'y, thus ¢ - aFy € 'y g. Therefore £a = 3, but as a, 8 > 0 this means
a=p. O
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2.3 Dimension Two, Homogeneous

PROPOSITION. Any (2,0)-affine subspace I' = T'° (of full rank) is £-related to I‘?’O) = (E1, Ey).

. . . 1,1)
PROOF. By proposition 2.2.4 and corollary 2.1.9, we get that I' is £-related to either <I‘1 >

,Q

(E1 + aFEs, Ey) for some a > 0, or <F§él)> = (BEy4, Fy) for some § > 0. Note that (BEy, E1) =

(E1, Ey), thus in the second case there is nothing more to show. Assume I' is L-related to
(Ey + aF3, Ey). Then we have that

1 0 0 —«
o 10 o X
v=1_a 01 o |SAuth
0 00 1

and get that ¢ - (E1 + aFEs, Ey) = ((E1 — aB3) + aE3, —aE) + Ey) = (Ey, Ey). Thus in either
case I' is L-related to (E1, Ey). O

2.4 Dimension Two, Inhomogeneous

Before postulating and proving a classification of the (2, 1)-affine subspaces we introduce two
invariants ¥ and &. These invariants are motivated by calculations made in attempting to
classify these affine subspaces, similarly to how we motivated the invariant 3 in section 2.2.
However, for the sake of brevity, we will not show all the calculations motivating these invariants
as we did for B, but simply present the final result.

Let ' = A+ T C b be a (2,1)-affine subspace (of full rank). We define T(T), w.r.t.

parametrisation P : (z,y) — I' = 2?21 a; B +x (Z?Zl bZ'Ei) +y (Z?Zl ciEi> as

a; az a4
EP(F): sgn bl b2 b4

1 C2 &4

If 74 (T°) # {0} and T(T) # 0, then T has a parametrisation of the form P : (z,y) — S+, a; E;+
x (2?21 biEi) +y (E?Zl ciEi>, with ¢4 # 0. We define &(I") w.r.t. such a parametrisation P
as

C4 (— (agbl — a1b2) (—6261 + blcz) + (ag (b% + b%) — (a1b1 -+ agbg) bg) 04)
+ay ((bacr — bica) ® + (b (bicy + bacz) — (b3 + b3) c3) c4)

S(I) = .
ap az a4
by by O
Cl C2 C4

In particular if I' = as Ey + azFs + (E1, E4) we have that &(T") =

as
a2
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REMARK. We specialise the parametrisations P (as done above) with respect to which we
define &(I') in order to simplify the expression of &p(T'). Note that if 74(T'°) # {0} then we
can always find A, B,C € b3 such that m4(B) = 0, my(C) # 0 and I' = A + (B,C). Thus
any affine subspace for which m4(I'°) # {0} has a parametrisation of this specialised type.
Therefore, if &(I') does not depend on this specialised type of parametrisation, then &(I") is
well defined (irrespective of parametrisation).

In the next two lemmas we show that T(I') and &(I") do not depend on the parametrisation
chosen.

LEMMA. Let Py : (z,y) — A+a2B+yC and Py : z — A+ zB+yC be two parametrisations of
a (2,1)-affine subspace T'. Then Tp, (T') = Tp,(T).

ProoFr. Let A = 2?21 a; E;, A= Z?:l a;F; and so on for B, é, C and C. Then, as P; and
P, parametrise the same (2, 1)-affine subspace, we have that

A:Z—l—nlé—i-ngé B:V1§+V25 C:ulé—i—ugé
for some constants n;,v;, u; € R, i = 1,2 such that :1 :2 # 0 (from linear independence).
1 M2

Using these identities we get that

a; az a4 L om mp||ar az a4
Tpl (P) = [sgn bl b2 b4 = |Sgn 0 vy 1» b1 bQ b4 = SPQ (F) O
1 C2 ¢4 0 w1 p2||cr c2 &

LEMMA. Let T' be a (2,1)-affine subspace such that my(I'°) # {0} and T(T) # 0. Let Py :
(z,y) = A+ 2B +yC and Py : x — A+ 2B + yC be two parametrisations of I' such that
7T4(B) = 7T4<B) = 0, 71'4(0) 7& 0 and 7['4(C) 7é 0. Then 6131 (F) = GPQ(F).

ProoOF. As P; and P» both parametrise I' we have constants 0y, m2,v1, 1, o € R, v1 # 0,
po # 0 such that

A:A/—I—nlg—&—ngé B:I/lg C:/,Llé—l—,uzé

Notice that the condition T(I') # 0 implies that the denominator in our expression for &(I")
is non-zero, i.e., &(I') is defined with respect to any (specialised) parametrisation. Using
these identities we get (using Mathematica for simplification, see section C.5) that &p (I') =

IS py(T) = Gy (T). 0
Havy

Next we show that automorphisms leave T(I") and &(I') invariant.

PROPOSITION. If ' is a (2,1)-affine subspace, then B(yp - T') = P(T') for ¢ € Auths. If in
addition my(TY) # {0} and T(T') # 0, then &(p - T') = &(T') for 1p € Aut 3.
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PROOF. Let ¢ € Auth§ be an arbitrary automorphism. Let I' = A + (B,C) = Z?:l a; E; +
<Z?:1 b; E;, 2?21 cZE1> Then we get that

T ¥y ullar b1 e ar b1 o
T(p-T)=|sgn| |—ky kx v|lag by ¢ = [sgn [ K2 (22 +92) laz by =3(I).
0 0 Ekllas by c4 ags by 4

[\

Now suppose that T(I') # 0, ¢4 # 0 and by = 0 (w.lo.g., see remark 2.4.1). Note that
ma(-C) #0, my(¢p- B) =0 and T(¢ - T') = T(I") # 0. Thus &(¢ - I') is defined. Then we get
(using Mathematica for simplification, see section C.5) that &(¢-T') = |k|S(T") = S(T'). O

Now, having set up our invariants, we proceed to classifying the affine subspaces.

PROPOSITION. Any (2,1)-affine subspace T = A+T° C bS (of full rank) is L-related to exactly
one of the following affine subspaces:

Case: m4(I'%) # {0}, dimLiel'" =4
Case: T(I')=1,6(') =a, >0
Ff&l) = By + alj3 + (Er, Ey)
Case: T(I') =0
13 = By + (Br, Ea)
Case: m4(I'%) # {0}, dimLieI'” # 4
I = By + (B, Ba)
Case: m4(I'%) = {0}, m4(A4) = +a, a >0
Case: T(I') =1
IV = aBy + (E1, By)
Case: T(I')=0
F(Q’l) =aFEy+ (Eq, E3).

5,

~—

PROOF. (We omit the superscript (2, 1) in this proof.) Let I' = A+T? be a (2, 1)-affine subspace
(of full rank) of hS.

Case: m4(I'%) # {0}, dimLiel'" =4
As dimLieI'® = 4, we have that TV is a (2,0)-affine subspace (of full rank). Thus,
by proposition 2.3.1, TV is £-related to (E, E4). That is, we have an automorphism
1 such that v; - 'Y = (Fy, Ey). Thus we have constants a; € R, i = 1,4 such that
1 -T =30 a;E;i+ (B, Ey) = asEy + a3 B3 + (Ey, Ey).

Case: T(I')=1,6(I')=a, >0
We wish to show that I' ~ I'; , = E2 + aE3 + (Ej, E4). Now as T(I') = 1 we have
that T(¢1 -T') = 1 and hence that sgn |az| = 1 meaning as # 0. Consequently note
that &(1)1 - I') is defined. Then we get that &(¢1 - T') = &(I') = «, which is to say

%l =a. Ifa=0 (ie, ag = 0) we have that 15 = diag(%, é, a%, 1) € Aut h§ and
2

2

hence that 19 - 11 - I' = Eo + <E1, E4> == F170.
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If however a # 0 (i.e., ag # 0), we get that

13 = diag <bgn(a3) L bgn(jg’) sgn(ag)) € Aut bj

?a27

and hence that

G- thy T = By + )0 gy (82) By son(a3) By ) = By + aly + (Ey, En).

That is either 1 - 1 or 13 - 91 is an automorphism taking I' to I'1 ,, as required.
Case: T(I') =0

We wish to show that I' ~ I'y = E3 + (E1, Ey). Recall that we already have that

Y1 - = agEs + agEs + (E1, Ey) for some constants ag, az € R. Now as T(I') = 0 we

have that sgn|as| = 0 and hence that as = 0. We then require that az # 0 as I" is

inhomogeneous. Thus we get that

i sgn(ag) Aut b
V2 d1ag<\/sgn(ag)a3 » Jogn ag)ag’as sgn(a3)> € Aut h§

and that g -1 - T' = Ey + (E, Ey).
Case: 14(I'%) # {0}, dim Lie " # 4
We wish to show that I' ~ I's = Ej + (E3, E4). We have constants a;,b;,¢; € R, i = 1,4
such that T = S ;B + <Z?:1 biEi, S5, czEz> Now as 74(I'?) # {0} we have that
either ¢4 # 0 or by # 0. W.l.o.g. we thus assume ¢4 # 0. Then I' = Z?:1(ai — “E)E; +
<Z?:1(bi _ bchi)E“ ZZ | B+ E4> . Hence we get that

1 0 0 E—i
0 1 0 E—j .
N | ey B € Aut b}
ca ca ca 2
0 0 0 1
and that
3 3
U1 -T =1 Y (04— B9)E; + <”¢1 D (b - H4E;, & <E - E3)
i=1 i=1

+2 (Ez— 2E3)+§—2E3+(—%i 1—%E2+( 63+01+CQ>E3+E4>>

3 3
=Y aiE; + <Z b.E;, E4>
i=1 i=1

for some corresponding new constants a

by, = 0. To this end, let B = 3.°

b, € R, i = 1,3. Next we claim that 0] =

(R

b.E;. Now we have that [B, E4] = by E2 — byE; and

i=1"1
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[B, [B, E4]] = ((b})? + (b5)?)E3. Thus if b} # 0 or b, # 0, then

0 0 0 1

A ! 0 o2
B O (CURRCOS R
00 0 ()2 + ()2 0

which is to say that {Ey, B, B, E4],[B, B, E4]]} is linearly independent. Hence we get
that dim LieTY = 4, a contradiction. Hence b] = b}, = 0 and so b5 # 0 (as dimTY = 2).
Consequently 91 - I' = @} Ey + abEs + (E3, Ey). Now note that the condition that I' is
inhomogeneous (and so ¢ - I' is inhomogeneous) requires that either aj # 0 or af, # 0.

Thus the equation
ay ay | z] |1
ay —ay] [y] [0

has a solution for x and y (such that (x,y) # (0,0)), from which we may define an

automorphism
0 0
x ay  df ! —xy :Zj: 0 0 o
HRTIN R e PO e
0 O 0 1

Hence we get that

Yoy - T =y (xEy — yEs) + a(yE1 + xEs) + (Es, E4) = Ey + (E3, Ey) .

Case: 14(I'%) = {0}, m4(4) = +a, a >0
We have that I' = 2?21 a; FB; + <Z?:1 b E;, Z?:l ciEZ-> for some constants a;, b;, ¢; € R,
i = 1,4. Now as m4(I'°) = {0} we have that by = ¢4 = 0. Next we claim a4 # 0. If
as = 0 we have that (I') = <Z?:1 a;E;, Z?:1 biEi,Zg’zl CZ'EZ‘> and as my([E;, Ej]) = 0,
i,7 = 1,4 we then have that I' is not of full rank, a contradiction. Thus a4 # 0 and
hence there is no case for which & = 0. Then as my(A) = +a, a > 0 we get that
Yn = diag (1,sgn(as),sgn(as),sgn(as)) € Authg and that ¢ - I' = Z?Zl a,E; + aEy +

<Z§’:1 bLE;, Z?:1 c;Ez> for some new constants a’, b, ¢, € R, i = 1,3. Next we have that

27717 T

0 O -4
_ |0 1 0 _% .
¢2 - _ay _ﬁ 1 _ﬁ 4 (a?)2+(a’)2 € Aut []3
Q& a o2
0 0 0 1
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and hence get that

2
i / ! ! 1\2 1\2
Yo T = aj(E; — 2 E3) + ajEs + a <—%El — 2B+ (=3 M)E:a)

o2
i=1

3 3
+ OZE4 + <’l/)2 . Z b;El, 1,[)2 . Z C;EZ>
i=1 =1
3 3
=aFy+ <Z b;/Ei, Z C;’Ei>
i=1 =1
"o

for some new constants b/,c/ € R, i = 1,3. Now we claim that at least one of b/, b,
¢ and ¢ is non-zero, i.e., (0] # 0V by # 0)V (] # 0V cy # 0). Suppose not, i.e.,
' =0 =c] =cj =0. Then dimI'’ = dim (b} Es5, 4 F3) < 2, a contradiction. Thus

w.l.o.g. we may assume (0] # 0V b5 # 0). Then the equation

ooy | [z |1
vy —bvy| ly| |0

has a solution for z and y (such that (x,y) # (0,0)), from which we may define an
automorphism

r Yy 0 0
x| [bf b’2’_11 I 0 OeAtb°
y| oy -] o ST 10 0 2?4y 0| SO
0 O 0 1

Let ¢ = 43 - o - 11. Hence we get that

3
T =aFy+ <b'1' (xEy — yEs) + b3 (yEy + xEy) + b (132 + y2) Es, s - Zc;'Ei>
i=1

= By + (B + V5 E3, ¢y Ey + ¢§'E3)

for some new constants b4, € R, i =1, 3.

Case: T(I') =1
We wish to show that I' ~ I'y , = aE4+ (E1, Es). Now by our preliminary discussion
we have that there is an automorphism ¢ and constants b3, co, c3 such that ¢ - I' =
aBEy+ (Ey + b3E3, coFs + c3E3). Then, as T(I') = 1, we have that |sgn(c2)| = 1, i.e.,
¢y # 0. Thus ¢ - T = oy + <E1 + b33, By + —§E3> Now we have that

0 —b3

0 1 0 -« .
1 02 € Aut b3
0

1



64 2.4. DIMENSION TwoO, INHOMOGENEOUS

and hence get that

Ya-p-T'=a(By — b3y — 2 E) + <(E1 — b3E3) + b3 Es, (B2 — 2 E3) + %E3>
= aFy — absEy — a%Ez + <E1, E2>
= aFy + (E1, Es) .

Case: T(I') =0
We wish to show that I' ~ I's , = aE4+ (E, E3). Now by our preliminary discussion
we have that there is an automorphism v and constants b3, c2, c3 such that ¢ - I' =
aFy+ (E1 4 bsEs,coEy + c3Es3). Now, as T(I') = 0, we have that |sgn(c2)| =0, i.e.,
cg =0. Thus ¢ - I' = aEy + (E1 + b3FEs3,c3E3). Then, as dimI" = 2, we have that
dime - T' = 2 and so ¢3 # 0. Hence we get that ¢ - I' = aEy + (E1 + bsEs, E3) =
akby + <E1, E3>.

Now as our list is exhaustive we are left to show that none of the affine subspaces

I'o=Es+aE3+ (E1,Ey), >0 'y = E5 + (E1, Ey4)
I's = Ey + (B3, Ey) Fyo=aFEy+ (E1,E), a>0
F5’a =akFy + <E1, E3> , o> 0

are L£-related. In general this is done by assuming that they are, giving us an automorphism
taking one to the other, and producing a contradiction from this.

(a# B Aa,>0)= (I'1o »I'13): Suppose there exists 1) € Aut h5 such that ¢ -I'y , =T'; 5.
Then we get that a = 6(I'1 o) = (¢ - T'14) = 6(I'1 g) = B, a contradiction.

I'1,o = I'9: Suppose there exists ¢ € Aut b such that ¢ - I'1 , = I's. Then we get that 1 =
T(T1,0) =%(Y - T'1q) = T(I'2) =0, a contradiction.

I'1,q, 2 ¢ I'3: For the first two dim Lie 'Y =4, but dimLieT'9 = 2. As dimLie T is preserved
by any automorphism (i.e., dim Lie (¢ - I'?) = dim LieT'°) we have that neither I'y , nor
I'y can be L£-related to I's.

[10,02,T3 % Tyq,054: For the first three m4(T'°) # {0} and for the last two my(T%) = {0}.
Suppose 1 is an automorphism taking one of {I'j o,T'2,I'3} to one of {I'y o,I'5 o} . Then
in particular it must take one of {I'{ ,,I'3,T9} to one of {I'} ,,T9 ,}. But for each of

{19 .19, 19}, B4 € TY we have that m4(¢) - E4) = k = £1. But this contradicts the fact

1,0

that my(I°) = {0} for [0 € {T9,, T2, }.

(a# pBANa,>0)= (I'yq*TypATs54~I54): Suppose we have an automorphism ¢ such
that ¢ - I'y o = I'y 3. Then as aly € I'y, we have that ¢ - aFy € I'y 5. Hence we get
that m4(¢ - «F4) = ko = fa, but for any element A € I'y g we have that m4(A) = 3, a
contradiction. The exact same argument can be made to show I's , » I's 3.

'y »~ I's g2 Suppose there exists 1 € Auth$ such that ¢ -I'y, = I's 3. Then we get that
1=3(T40) =%F( -Tya) =%F(I'55) =0, a contradiction. O
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2.5 Dimension Three, Homogeneous
We start be defining an invariant PR similar to the invariant T defined for (2, 1)-affine sub-
spaces. Let I" be a (3, 0)-affine subspace and let P : (x,y, z) — x <Zj‘:1 aiEi) +y (2?21 bZEi) +

z <Zf‘:1 cZ-Ei> be a parametrisation of I'. Then we define R(I"), w.r.t. parametrisation P, as

ay az a4
%P(F)Z sgn bl bQ b4

1 C2 (4

We show that R doesn’t depend on the parametrisation chosen and that automorphisms leave
R invariant.

LEMMA. Let Py : (x,y,2) — zA + yB + 2C and Py : (2,y,2) — zA + yB + zC be two
parametrisations of a (3,0)-affine subspace I'. Then Rp, (I') = Rp,(T).

PROOF. As P, and P, parametrise the same space we have that we have that
A=mA+nB+n0 B=uA+ 1B +uC C = A+ psB + psC

for some constants 7, v;iu; € R, i = 1,3, satisfying (as {A, B, C'} is linearly independent)

mom2
VG Va2 U3 ;é 0.
H1 M2 M3

Using these identities for simplification we get that

ay a2 a4 mom2 N3 @1 as §4
mpl (F) = |sgn bl b2 b4 = |Sgn vy Vy V3 b1 b2 b4 = i)‘{p2 (F) 0
c1 2 ¢4 M1 p2 3| ¢2 ca

ProprOSITION. If T is a (3,0)-affine subspace, then R(yp - T') = R(T') for ¢ € Autbs.

PROOF. Let ¢ € Auth$ be an arbitrary automorphism. Let T = A + (B,C) = Y4, a;E; +
<Z?:1 b E;, Zle cZEz> Then we get that

x ¥y ullar b1 e
R -T)=|sgn | |—ky kx wv|laz by c2| || =|sgn (K*(2* + yQ))| RI)=RT). O
0 0 k aq b4 Cy

Having set up our invariant in this dimension we proceed to classification.

2.5.3 PROPOSITION. Any (3,0)-affine subspace T = A+T° C b (of full rank) is £-related to exactly

one of the following affine subspaces:

Case: R(I) =1, TV = (B E, Ey), Case: R(T)=0, TI'*" = (B, E3 Ey).
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PRrROOF. By proposition 2.4.5 and corollary 2.1.9, I' is £-related to one of the following affine
subspaces (with 2R(I") given alongside)

(T2 = (B> + 0By, By, Fy), a0 RV =1
(05Y) = (Es. B1, Ea) RTEYY) =0
(05Y) = (Br, By, ) R(TEVY) =0
<Fz(1,cl1)> (aBy, E1,E2), >0 9%(<FL(LC’3)>) —1
<Fé,cl1)> = (aby, By, E3), a>0 %((Féj)» =0.

Assume PR(I') = 0. Then as fR is invariant we have that I" is fR-related to <Fg2’1)>, <Fé2’1)> or
(@Y. But (05Y) = (0$YY) = (P8D) = (By, B3, Ey). Thus T is S-related to (Ey, B3, Ey).
On the other hand assume R(I') = 1. Then I' is £-related to either <Ff&1)> or <Ff&1)> =

(B, Eo, Eq). If T' is L-related to <Ff&1)> we are done. So assume I is £-related to <Ff&1)>.
Then we have that

1 0 0 0
o1 0 -a .
v=1o —a 1 o |SAuth
0 0 0 1

and get that

Y- (By + aFEs, E1, Ey) = ((Ey — aE3) + als, By, —aEy + Ey) = (E1, Es, Ey) .

Finally note that I'; is not £-related to I'y as R(I'1) = 1 and R(I'2) = 0. (If ¢ € Auth§ and
¢ -T'1 =T9, then 1 =R(I'1) =R(Y-T'1) = R(['2) =0, a contradiction.) O

2.6 Dimension Three, Inhomogeneous

PROPOSITION. Any (3,1)-affine subspace T = A+T° C b3 (of full rank) is £-related to exactly
one of the following affine subspaces:

Case: m4(I'%) # {0}
Case: R(IY) =0

( YV=E, -l- (Eq, E3, Ey)
Case: E)%(FO)
1)

it = E3 + (E1, By, Ey)
Case: m4(I'%) = {0}, m4(4) = +a, a >0
I = afiy + (B, By, B).

PROOF. (We omit the superscript (3, 1) in this proof.) Let I' = A+T? be a (3, 1)-affine subspace
(of full rank) of hs.
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Case: my(I'%) #£ {0}
We claim that I'V is of full rank. We have constants a;,b;,¢; € R, i = 1,4 such that
= <Z?:1 a;E;, Z?Zl b E;, Z?Zl cZEl> Then as m4 (%) # {0} we have that at least one
of a4, by and ¢4 is non-zero (i.e., a4 #0Vby #0Vey #0). So w.lo.g. we assume ¢4 # 0.
Then we have that I'0 = <ZZ LA EL S WE, S G+ E4> for some new constants
al,bi, i € R, i =1,3. LetA’—leazE B = Zz1b£E and C' = 3% ¢ E; + E,.

1) 71 T
Now we claim that either (a})? + (a})? # 0 or (b))% + (b3)? # 0. Suppose not, then
a) = afy = b} = b, = 0 and hence dim FO = dim (a5 Es3,b5E5,C) < 3, a contradiction. So

w.l.o.g. we can assume that (a})? + (a})? # 0. Next we observe that

(A", C") = —ay By + ay By + (a)cy — apc) ) B
(A [A,C)) = ((a7)? + (a3)?) B3,

Now if we consider the square matrix with rows A’, [A",C"], [4’,[A’,C"]] and C" (w.r.t.
the ordered basis) and take its determinant we get that

ay  d aj
—ay ay (ay¢h —ayc))
0 0 (a})?+ (a))?
a4 ¢

Hence {A/,[A’,C"],[A’,[A’,C"]],C"} is linearly independent and thus T'? is of full rank.
Consequently TV is a (3, 0)-affine subspace of full rank. Thus R(I'V) is defined and we can
apply the results of proposition 2.5.3.

Case: R(I'Y) =0
We wish to show that I' ~ I'y = Fy + (E1, E3, E4). By proposition 2.5.3 (noting
that R(I'%) = 0) we have that there exists an automorphism 1 € Aut b3 such that
Yy - TV = (B, F3,FEy). Thus (for some new constants a; € R, i = 1,4) we get
that ¢y - T = 3.t a;F; + (E1, E3, E4) = asEy + (E1, E3, Ey). Then (noting that
az # 0 as I' is inhomogeneous) we have that 1y = diag (é, % % ) € Aut b3 and
consequently get that iy - 91 - I' = Eo + (Fy, E3, Ey).

Case: R(IY) =1
We wish to show that I' ~ I'y = E3 + (E, Eo, E4). By proposition 2.5.3 (noting
that R(I'’) = 1) we have that there exists an automorphism ¥, € Aut b3 such that
Y1 -T0 = (Ey, B2, E4). Thus (for some new constants a; € R, i = 1,4) we get that
1T = Z?Zl a;E; + (E1, By, Ey) = a3FEs + (Ey, Eo, E4). Then (noting that ay # 0
as I' is inhomogeneous) we have that

o = diag < \/Sgn(ag)ag \/zi(zz))ag, = sgn(a3)> € Aut b}

and consequently get that ¢ - 11 - I' = E3 + (E1, Ea, Ey).
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Case: 14(I'%) = {0}, m4(4) = +a, a >0

We wish to show that I' ~ I's,, = aFy + (E1, E2, F3). Now as m4(I'°) = {0} and
I'° ¢ (B4, By, B3, Ey) we have that '’ = (Ey, Ey, E3). Now we have constants a; € R,
¢t = 1,4 such that I' = Z?:l a;F; + (B, Eq, E3) = ayEy + (E1, E2, E3). We note that as
m(A) = £a, a > 0 (a # 0 required, otherwise I' would be homogeneous), we have that
las| = a. So then ¢y = diag (1,sgn(a4),sgn(as),sgn(as)) € Aut h§ and hence we get that
Y - T = |as|Es + (E1, B2, E3) = aEy + (Eq, Eo, E3). (Note that the class containing I's ,
contains only two elements, namely I's , and I's _.)

Now as our list is exhaustive we are left to show that none of the affine subspaces
'y =FEy+ (B, B3, By)  To=E3+(F1,Ey, Ey)  T3o=aFy+ (B, B, B3), a>0

are L-related. This is done by assuming that they are, giving us an automorphism ¢ taking
one to the other, and producing a contradiction from this.

[y = I'y: Assume there exists a1 € Aut b such that 1-T'Y = T'Y. Then 0 = R(I'Y) = R(- 1Y) =
R(I'9) = 1, a contradiction.

I',I'y ¢ I'3 o: Assume there exists 1; € Aut b$ such that v; - F? = Fg’a, i =1,2. Now we have
that E4 € F?, thus ¢; - B4 € Fga. However we have that m4(v¢; - E4) = k = +£1, but

m4(T'§ ) = 0, providing a contradiction.

(a#BNa,f>0) =T34~ I35 Assume there exists a ¢ € Aut h§ such that ¢ -I's , =T'3 5.
Then as aFy € I's , we have that ¢-aFy € I's g. Thus we get that m4(¢-aFy) = ka = +a.
But m4(B) = j for B € ' 3. Hence o = 3, a contradiction. O

2.7 Summary
We collect our results in a theorem.

THEOREM. Any affine subspace I' of b$ (of full rank) is £-related to exactly one of the following
affine subspaces:

P — By 4+ afy + (B, a >0 Pye) = o+ (Er), a>0

0 — (B, E,) I = By + aBs + (B, By), a >0
Fg’l) = B3+ (E1, Eq) Fi(f’l) = Eqr + (B3, Ey)

e = aByt (B B, a >0 Ia) = aByt (B, Bs), a >0
Fggp) = (B4, B, Ey) Fé&O) = (B, B3, Eu)

ngﬂ) = Fy + (E1, Es3, Ey) Fg&l) = B3+ (E1, Ey, Ey)

T = aBy + (E1, By, B3), a >0 "% = (B, By, B5, Ey) .
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COROLLARY. Any full rank system % (specifically ¥ € Ob LiCAS ) with Lie algebra isomorphic

to b3 is DFj,.-equivalent to exactly one of the systems Ez(if) = (H§7 Egi’f)), a € R, where
Eg}&l)(Lu) =FE +abs+uEy, a>0 Eg&l)(l,u) =aFEy+uF, a>0
552’0)(1,11) =u By + usEy Ef&l)(l,u) =Fy+aE3+ui B +usEy, a>0
=2V (1,u) = Bs + w1 By + ug By =Y (1,u) = By + ui By + us By
Efl’j)(l,u) =aFs+u B +usFEs, a>0 Eg(’j)(l,u) =abs+w B +uEs, aa>0
:gs’o)(L u) =u1 By + usEs + uzFy :53,0)(17 u) =u1 By + us B3 + uzFy
23V (1,u) = By + w1 By + usEs + usEy =0 (1,u) = By + w1 By 4+ us By + usEy
Ez(’,:?&l)(lvu) =aFs+u Bl +ugEs +usks, a>0 554’0)(1,u) =u1 By + usEs + usEs + us Ey.

PROOF. A general method for proving precisely this was the motivation for making the clas-
sification of £-related affine subspaces, as described in the preliminaries. We now concisely
apply this method to get this result. Suppose ¥ = (G, =) has Lie algebra isomorphic to bg.
That is, we have a Lie algebra isomorphism 1 : g — h5. By theorem 2.7.1 it then follows that

- I' is L-related to %9 for some ¢, ¢, i and o. Thus there exists a ¢’ € Auth§ such that

i
P T = Fgo’f). By theorem 2.0.1 it then follows that ¥ is D Fj,.-equivalent to Zz(if)‘ O
REMARK. Note that the group HS in the above theorem may be replaced by any group G with
Lie algebra isomorphic to h5. Let ¢ : h§ — g be such a Lie algebra isomorphism. Then the
required ordered basis {£}},_77 for g (so as to define the parametrisation maps) is then given
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Chapter 3

Global Classification of Controllable
Systems on Oscillator Lie Groups

The goal of this chapter is to classify controllable proper left-invariant control affine systems
with Lie algebra isomorphic to h§ under (global) detached feedback equivalence. However
such a (full) classification is quite extensive. As such, we only present results pertaining to
systems with state space Lie group isomorphic to H§ or H$(n), n € N. In other words, we
restrict ourselves to the Lie groups, with Lie algebra isomorphic to h$, which have faithful
linear representation (see proposition 1.3.10 in regard to this).

We briefly recall some concepts as introduced in section A.2 (and at the start of chapter 2).
A left-invariant control affine system is a pair (G, Z), where G is a Lie Group and Z : GxR? — TG
is a smooth embedding such that

4

i=1

where the set {B;},_17 is linearly independent. These systems can be organised into a category
(see [6] and section A.2) which we denote LICAS. The trace I of the system is defined as
I' = A+TY where I' = span {B;},_77. A system X is said to be of full rank if Liel' = g
(where LieT is the smallest Lie subalgef)ra containing I'). We say that a system 3 is connected
if its state space is connected. A system X is said to be proper if it is both connected and of
full rank. Note that a restriction to proper systems is a natural as both conditions are necessary
for controllability.

Let ¥ = (G,Z) and X' = (G',Z') be two systems. Then ¥ and ¥’ are called (globally)
detached feedback equivalent (shortly DF-equivalent) if there exists a diffeomorphism
P :GxR — G xR, (g,u) = (6(g), p(u)) such that T,¢-=Z(g,u) = Z' (¢(g), p(u)) for g € G
and u € RY. We use the following characterisation of DF-equivalence as a starting point for
our work.

THEOREM. ([7]) Two proper systems X and X' are DF-equivalent if and only if there exists
a Lie group isomorphism ¢ : G — G’ such that Ty -T' =T1".

71
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3.1 Preliminaries

3.1.1 Approach to classification

We follow very much the same approach as in chapter 2. The main difference is that for a global
classification we fix a Lie group G (rather that a Lie algebra g) and classify affine subspaces
related by elements of dAut G (rather that Aut g). We then also investigate which systems are
controllable, mainly using theorem A.2.12 (a result adapted from [20]).

We again use the following conventions. For a subset S of a linear space we will use
the notation (S) to mean the linear span of S. Furthermore for the span of a finite set of
elements {4;},_15; we will simply write (A1, Az,..., Ay). We will call an affine subspace I
homogeneous if 0 € T (i.e. I" is subspace of g), and inhomogeneous if not. Let S be any
subset of a Lie algebra g. Then by Lie .S we mean the smallest Lie sub algebra of g containing S.
An affine subspace I of g is said to be of full rank if Liel' = g or equivalently dim Lie " = dim g.

For the purposes of this chapter we specialise out definition of a £-relation. Let G; and Ga
be Lie groups. Then two affine subspaces I'1 and I'y of their respective Lie algebras g; and go
are £-related (and we write I'y ~ I'y) if there exists a Lie group isomorphism ¢ : G; — Gy
such that Th¢-T'y = I'y. (Hence systems X7 and Xy are D F-equivalent if and only if T'y ~ T'.)
Note that £-relations now implicitly involve specific Lie groups with specified Lie algebras. By
the same reasoning as used in chapter 2 we have that this relation is an equivalence relation
preserving the property of full rank. We also have the following adaptation of lemma 2.1.3.

LEMMA. Two affine subspaces T'1 = A1 +TY and Ty = Ay +T9 are £-related if and only if there
exists a Lie group isomorphism ¢ : G — Ga such that Thy¢ - A1 € I's and T ¢ - F? = I‘g.

Now, if two proper systems X1 and Y9 are D F-equivalent, they must have Lie group isomor-
phic state spaces. Hence we have the following necessary conditions (similar to lemma 2.1.4).

LEMMA. If two proper systems X1 and Yo are DF -equivalent, then: Gy = Go; dim ') = dim I'Y;
I'y and I's are both homogeneous or both inhomogeneous.

Thus we may immediately separate our systems by the associated Lie group (up to isomor-
phism), dimension of trace and homogeneity. This motivates us to define the following family
of classes of full rank systems:

Che) = 1% = (G,E) € Ob LiCAS | ¥ is proper, G = H, dim[' =/, Hom I" = ¢}
where H is a (finite-dimensional) Lie Group, ¢ € N,/ < dimH, € € {0,1} and

0 T is homogeneous, i.e., I' =T'"

Hom I"= { 1 T is inhomogeneous.

Having fixed H we will again refer to an affine subspace of § of dimension ¢ and homogeneity
e as a (£,¢e)-affine subspace. Note that if two systems are DF' equivalent they necessarily
belong to the same class. Furthermore note that if Hy = Hy then €y, 7o) = C(H,,00)-

Finding ourselves in one of these classes the question of classification then reduces to finding
L-related affine subspaces. Now given two systems 31 and Y9 in some class €y ) we have
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that both G; and Gy are isomorphic to (the common representation) H. Then we have Lie
group isomorphisms ¢; : G; — H and ¢2 : G — H. Thus we may transfer the dynamics (and
thus the traces) of ¥ and X9 to H (and to b, respectively) by means of these isomorphisms.
We then have the that our systems are D F-equivalent if and only if these transferred traces
are L-related (by an element of dAut H). We now make a concrete statement.

PROPOSITION. Let 31 and Yo be two elements of a class Gy .- In particular we have Lie
Group isomorphisms ¢1 : Gy — H and ¢o : Go — H. Then X1 and Yo are DF-equivalent if
and only if there exist an element of ¥ € dAutH such that ¢ - (T1¢1 - T1) = (Thga - T'2), i.e.,
(T1¢r - T1) ~ (Tagz - Tg).

PROOF. Suppose that 31 and 35 are D F-equivalent. Then there exists a Lie group isomorphism
¢ : G = Gy such that Ty¢-I'y = I's. Now consider the mapping ¢y = @9 oq§o¢1_1 :H— H. As
a composition of Lie group isomorphisms it is a Lie group isomorphism and hence a Lie group
automorphism. Thus ¢ = Ty ¢y € dAut H and we have that

Y- (Trpy -T1) =Tiga - Tap-Tapy ' - Tigp- Ty = Ticpo - Tigp- Ty = (Tugha - Ta).

Conversely, suppose we have an element ¢ € dAutH such that ¢ - (T1¢1 - T'1) = (Tigs - Ta).
Then there exists a Lie group automorphism ¢y : H — H such that ¢ = Ty ¢y. Now define a
mapping ¢ = ¢, Lo ¢y o @1 : G — Gy. Then as a composition of Lie group isomorphisms it is
a Lie group isomorphism and we get that

Ti¢-T1=Tigy" Tidn Tidy Ty =Tidy' v (Tidy -T1) =Tidy ' - (Tugy To) =Ty O

Thus classification within a class €y ¢ ) may be accomplished by choosing a specific repre-
sentation of the Lie group and then classifying £-related affine subspaces of § (i.e., related by
elements of dAutH). Our problem is thus mainly one of classifying £-related affine subspaces
(cf. [7]). We may then “decode” our classification in a similar fashion as described in chapter 2.
We note that remark 2.1.6 again applies.

So in order to classify controllable D F-equivalent proper systems with state space Lie group
isomorphic to H§ or H§(n), we need to classify £-related full rank affine subspaces of h5 or h$(n).
We then need to determine which of these full rank affine subspaces correspond to controllable
systems. For the remainder of this chapter we assume that all systems mentioned are proper
and all affine subspaces mentioned are of full rank. Our approach to classifying £-related affine
subspaces is exactly the same as in chapter 2 (replacing Autg with dAut G). We then (mainly)
use theorem A.2.12 to determine which of these affine subspaces correspond to controllable
systems. A tabulation of results is given in appendix B.

At this stage we recall that a Lie algebra automorphism v of H}f or h5(n), written w.r.t. the
respective ordered bases (see section 1.3), is of the form (see proposition 1.2.27)

x Y 0
—ky kx 0

kuz —vy kuy+axv k(2 +y?)
0 0 0

P =

™8 e
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for some u,v,w,r,y € R and k € {—1,1} such that 22 + y? # 0. For the remainder of this
chapter, when an arbitrary Lie algebra automorphism is called for, we assume it is of this form.

_In order to separate cases (and create a classifying table), we will make use of the dual bases
{E;k}i:ﬂ and {E;"}lzﬁ of h§ and h§(n), respectively. To support our view of the dual basis
as linear projections in this chapter, we will use the notation m; = E‘;", Ef: Hg, hs(n) - R
(with domain and basis being inferred from context). We note that the invariants P, T, & and
R introduced in chapter 2 are all invariants (defined in the same manner w.r.t. the respective
ordered bases) for h§ and h$(n) .

Before continuing, we recall and adapt the general observations made at the end of sec-
tion 2.1. A condition of the form m;(I'°) = {0}, m(A) = « (used to separate cases) does not
depend on the parametrisation chosen for I'. A preclassification of £-related (¢ + 1,0)-affine
subspaces may be produced from a classification of £-related (¢, 1)-affine subspaces. (This result
is captured in the corollary to the next proposition. This corollary may be proven in exactly
the same way as corollary 2.1.9.)

PROPOSITION. Let G be a Lie group with Lie algebra g. If 'y = (A1, Ag, ..., Ag) is a (£,0)-
affine subspace (of full rank) of g, then Ty = A1 + (Ao, ..., Ay) is a ({ — 1,1)-affine subspace
(of full rank) of g. Moreover if T'y is £-related to another (£ —1,1)-affine subspace Ty, then 'y
18 L-related to <f2>.

PrROOF. We showed T'; is of full rank in proposition 2.1.5. Now suppose I'; and I's are £-
related. Then there exists ¢ € dAut G such that ¢ - Ty = T'y. Hence <w ~f1> = <f2> and thus
¢TIy = (T2). That is, I'y and (I'y) are L-related. O

COROLLARY. LetT be a (¢,0)-affine subspace (of full rank) of a Lie algebra g. Suppose {T; | i €
I} is a complete list of equivalence representatives of £-related (¢ — 1,1)-affine subspaces (of
full rank) of g. Then T is £-related to at least one of {(T';) | i € I}.

3.1.2 Regarding the calculation of dAut G

We produce some general results pertaining to (the calculation of) the subgroup dAutG of
Aut g (for a Lie group G with Lie algebra g).

LEMMA. If G is a connected Lie group and ¢ € AutG, then the mapping [[;_, exp(4;) —
[, exp(Tho- As), Ajeg, j=1,n, n €N, is identical to ¢.

PrOOF. We have that ¢(exp(A)) = exp(T1¢ - A) in general (see section A.1.7). Then as ¢
is an automorphism we have that ¢ ([ exp(4i)) = [ ¢ (exp(Ai)) = [1i—q exp(T1¢ - A;).
As G is connected, any neighbourhood of identity generates G, which is to say that G =
{TT exp(4;) | Aj € g,j = 1,n,n € N}. Thus the mapping [, exp(4;) — [[i—; exp(T1¢ -
Aj), Aj € g, j=1,n,neN, is specified for every element of G, and maps any such g to ¢(g).
Thus the specified mapping is equal to ¢. O

PROPOSITION. If ¢ € Aut G, then Thé - exp (1) = exp~1(1). Here exp=1(1) is the preimage
of identity, i.e., exp_l(l) ={Aecg]| exp(A) =1}.
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PROOF. Let A € exp 1(1). Then ¢(exp(A)) = 1 = ¢ !(exp(A)) and so exp(T1¢- A) = 1
exp(T1¢~1-A). Hence Th¢-A and Ty ¢~ A are in exp~!(1). Thus we have that Ty ¢-exp (1)
exp (1) and Tyo~! - exp~!(1) C exp~!(1). Hence we conclude T1¢ - exp~ ! (1) = exp~1(1).

N

THEOREM. Let G be a connected Lie group with universal covering q : G —> G. Further let
¥ € Aut g and qﬁ G — G be the unique automorphism such that Tr¢ = (T1q)~ LopoTyq. Then
the mapping ¢ : G — G, q(g) — (qo gb)( ) is a Lie group automorphism of G such that Ty ¢ = 1
if and only if it is well defined and injective.

For the sake of clarity, if such a ¢ € Aut G exists, the following diagrams commute

~ o ~ ~ T1q~5 ~
G—G g———9¢g

ql lq T1ql le
6——F 6 8 7=y '8

See section A.1.3 for universal coverings and section A.1.7 for existence of a unique Lie group
automorphism (given a Lie algebra automorphism).

PROOF. First note that, as ¢ is surjective, every element g € G may be written as g = q(g) for
some g € G (i.e., ¢ is defined for all g € G). If ¢ is a Lie group automorphism it is necessarily
well defined and injective (and takes the given form by construction). Conversely, suppose that
¢ is well defined and injective. Let g1, g2 € G, then we get that

$(a(@1) 4(32)) = ¢(a(51 52)) = (a0 6)(G1 G2) = (g0 9)(G1) (g ° 6)(G2) = d(a(G1)) d(a(F2)).

Thus ¢ is an abstract group homomorphism. Next we show that ¢ is surjective. Let h € G,
then there exists a g € G such that q(g) = h. As ¢ is an automorphism we have that ¢~ Lg) € G
and hence that ¢(g(¢~1(g))) = (g0 ¢)(¢(9)) = q(g) = h. So at this stage we have that ¢
is an abstract group automorphism. We are left to prove that ¢ is a diffeomorphism. As ¢
is a Lie group covering homomorphism, there exist neighbourhoods V3 and W of 1z and 1g,

respectively, such that q|V1 : Vi — W is a diffeomorphism. Then, as 5 is an automorphism, we
have a neighbourhood V3 of 1% such that 5(1/2) C V; and &5}VQ Vo — QE(VQ) is a diffeomorphism.
Now we show that ¢‘q(V2) . q(Va) — q(¢(Va)) is a diffeomorphism. We have that qﬁ‘q(vz) =

ql (s © $|V2 o q|;21. Thus as a compositions of diffeomorphisms, ¢‘q(v2) is a diffeomorphism.
That is to say, ¢ is a local diffeomorphism at identity and hence, by theorem A.1.1 we get that
¢ is a Lie group automorphism. Finally, for A € g, we have that

dlexp(tA)) = (a(exp(Trg) - 14)) ) = (g0 6) (exp ((T1g) ™" - 14))
= exp (qu- ((Thq)™" -4 - Taq) - (Thg) ™ -tA) = exp(¢) - tA)

implying that T3¢ = . O
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COROLLARY. Let G be a connected Lie group, v € Aut(g), r € N and {V; Cg|i=1,r} be a
collection of subsets such that {[[;_, exp(4i) | Ai € V; fori=1,r} = G. Then the mapping

¢:G—=G, [Tz exp(Ai) = [[iy exp(¥ - Ai), AieViCg,i=1r

is a Lie group automorphism of G such that Ti¢ = ¢ if and only if it is well defined and
imjective.

PROOF. Necessity is trivial. Suppose ¢ is well defined and injective. Then, as G is connected, we
have a universal covering ¢ : G — G. Consequently, as ¢ € Aut g, we have that (T1q) toypoTyq €
Autg. Hence there exists a unique ¢ € Aut G such that Ty¢ = (T1q) ! o1 o Tyq. Now define

A; = (Tyq)~' - A;, i = 1,7. Then we have that I, exp(ﬁi) € G and q (H;:l exp(ﬁi)) =
[1;_; exp(A;). Furthermore we have that

[Ty exp(e - A;) = [Ti—y exp(Tag - (Tag) ™' - Tiq- A;) = (g0 d) (Hle exp(ﬁz')) :

That is to say we have that ¢ : ¢ (H:Zl exp(Ai)) — (qo¢) (H:Zl exp(Ai)> is a well defined
and injective mapping. Thus, as ¢ satisfies the conditions of the foregoing theorem, we have
that it is a Lie group automorphism such that T3¢ = 1. (Il

3.2 Systems on the Universal Covering Lie Group FIg

Our aim in this section is to classify all controllable D F-equivalent systems with state space
isomorphic to HS. (Refer to 1.3.1 for the definition of HS.) Now, as ﬁg is simply connected,
we have that two systems ¥ and Y’ (with state space isomorphic to Flg) are D F-equivalent if
and only if they are D Fj,-equivalent (by corollary A.2.16). As such, we may get as a corollary
to theorem 2.7.1, a classification of DF-equivalent systems with state space isomorphic to HS.
(With regard to this also see corollary 2.7.2 and remark 2.7.3.)

COROLLARY. Any proper system ¥ with state space isomorphic to ﬁg 1s DF-equivalent to

(675) — (~<> E‘(sz)

exactly one of the systems il 5 S0 ), @ € R, where

ff&l)(l, u) = Ey + aEs + uEy, a>0 Eg&l)(l, u) = aFy +uEy, a>0

2291 u) = w1 By + up By ECN(1,u) = By + aE3 + wi By +usEy, >0
§g2’1)(1,u) = Es +wE) +usEy fgz"l)(l, u) = E1 4 w1 Es + usEy

Ef&l)(l,u) = aEs+u1Fy 4 usEy, a >0 Eg&l)(l, u) = aBEy+u By +ugEs, a >0
éf”o)(l, u) = uy By + ug By + usFy Eg‘m)(l, w) =u By + usEs + usEy

Ef”l)(l, u) = Ey+u Ey + uzﬁg + U3E4 §§3’1)(1, u) = E3 +u By 4 us By + U3E4
Eg?&l)(l, u) = By +u1 By 4 usEs + uzF3, o> 0 :§4’0)(1, u) = w1 By 4 usEs + uz B3 + usEy
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We now investigate which of these systems are controllable. We apply theorem A.2.12, item

3a in the following cases. For 2(2 0 if&l), ig’l), ig&o)’ 553,0)’ i?’l), §§3’1) and 554’0) we have

that Liel'" = [13- Hence they are controllable.
We apply theorem A.2.12; item 3c in the following cases. Calculations were made in Math-

ematica (see section C.6). For ig&l) we have (assuming o > 0) that exp(4a7rugla1)(1, 5)) =

exp(2mE,) € O° and hence get that f](l’l) is controllable for oo > 0. We will show that it is con-

trollable for a = 0 later on. For 2(2 ) we have that exp (2 = 1)( 1,(£,2m)) = exp(2nEy) € O
$(2.1)

and hence X3~

Using the diffeomorphism m : R* — ﬁg we may take the pull-back of a left-invariant

vector field =, to get a system of “parametric” differential equations in R*: we will do so

now. For a control system % = (Hg,:), 2(1,0(t) = Z?Zl vi(t)Ei, we may parametrise a

trajectory g(-), as g( ) ( ( ) y(t), z(t),0(t)). Then we get that 4 am(x(t),y(t), z(t),0(t)) =

is controllable.

—
—
;_4

m(z(t),y(t), z(t),0(t)) Z(1,v(t)). Specifically (using Mathematica, See section C.6) we get that
—24(t) 0
y(t) 0
(1) 0
0 0
0 O(t)e?®
= m(x(t), y(t), 2(t), 0(t)) M (v1(t), va(t), v3(t), va(t))
v1(t)(z(t) sin 9(t) +y(t )cos 0(t)) + va(t)(—x(t) cos O(t) + y(t) sinO(t)) — 2v3(t) 0
Coe —v1(t) sin6(t) + va(t) cos O(t) 0
=1 - - v1(t) cos O(t) + va(t) sin O(t) 0
S 0 0
0 vy (t)e?®

yielding parametric equations (suppressing evaluation at )

T = v1cos b + vy sinf

Y = —wv1sinf + vy cos b

. : 1 i

3= —%vl(:csmﬁ—kycosﬁ) + §v2(xcos0 — ysme) + v3
0 = vy.

These equations may be succinctly written as

x| | cosf sinf| |vg R T 5
Lj = [_ <inf  cos 9} [UJ Z=5(zy —yx) +v3 0 = vy. (3.2.1)
Requiring g(0) = 1, implies that z(0) = 0, y(0) = 0, 2(0) = 0 and #(0) = 0. Now for each of

2 a ) 4o ) “ha
by 8(-) = a. Thus, as #(0) = 0, we have that sgn(A(t)) = sgn(a) = 1 for all ¢ > 0, showing that
none of these systems are controllable.

and igg&l) we have that the parametric equation of the #-coordinate is given

We finally show that fl(l%(’)l) is controllable. (Theorem A.2.12 was insufficient to prove con-

trollability in this case.) We will show that f]g(’]l) is locally controllable at the identity, i.e.,
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1 € int A. Then as A is a semi-group (proposition A.2.4) and any neighbourhood of identity
S(1,1)

generates a connected Lie group, it follows that A = H<> and hence that X3 ;7 is controllable.
(This is also known as the local controllability test.) We use Mathematica for the following
calculations, see section C.6. N

Consider the mapping F : R* — H$ given by

3T (1,1) 4
e 2 ~1,0 (

T(1,1)

721" (Ls1) (2" (1,52) —53) 3 =00  (1,—54)

F(81> 52,83, 34) =€

e (E1+s1E4) (m(E1+s2E4) e%(E1—33E4)e%(E1—34E4).

Notice that the image of F is contained in A (as A is a semi-group, proposition A.2.4, and
exp(t=(1,u)) € A for ¢t > 0). Let p = (1,1,1,1). Then calculation in Mathematica yields
F(p) = 1. As the exponentiation map is smooth and products are smooth in a Lie group,
we have that F' is smooth. We claim that there exists some neighbourhood V' of p such that
F ‘V : V. — F(V) is a diffeomorphism. By use of the inverse function theorem (cf. [22]) we

OF OF OF OF
need only show that the set { bar |, s |0 5|, D

} of partial derivatives at p is linearly

independent. But as F'(p) = 1, we have that each of these partial derivatives are in Ty ﬁg which
we identify with Hg Thus we can represent them as vectors (of length 4, with respect to the
basis {E‘Z}Z:ﬁ) Let R be the (4 x 4) matrix with these vectors as its rows. Then we get (using
Mathematica) that det R = —1672. That is to say, the set of partial derivatives is independent
at p. Thus we get that F(V) C A is an (open) neighbourhood of F(p) = 1. Thus 1 € int. A
and so f]gél) is controllable as explained above.

In summary (noting that controllability is invariant under D F-equivalence, see [7]) we have
the following.

THEOREM. Any system X with state space Lie group isomorphic to ﬁ

only if it is DF-equivalent to (exactly) one of the systems il(za)

is controllable if and
(Hg,:(e 6)), where

1,1

=0V (L) = B+ aBs +uBy, a>0 2 (1,u) = wi By + upEy

éfi)(l,u) =Fy+aFs+u By +usEy, a >0 222’1)(1, u) = B3 +u1 By +usEy

=" (1) = By + n By + us By EP0(1,u) = w By + u2Es + usEy
=" (1,u) = w By + ua By + us Py =PV (1,u) = By + wi By + w2Es +uz By
=Y (1 u) = By + i By + upBp + us By 00 (1,u) = wi By + usBs + ug B + ug By

COROLLARY. A proper system % = (ﬁg, Z) is controllable if and only if 74(I'°) # {0}.

PROOF. For any automorphism ¢ € Auth$ we have that m4(¢) - A) = kmy(A) = +my(A) for
A € b§. Thus we have that, m4(I°) # 0 < my(¢ - I0) # O for any 1 € Autbs. Now by
corollary 3.2.1, there exists a 1 € Aut b° taking I'V to e lia ={A—-B| A B¢ F } for
some £, €, i and «. Finally notice that the systems listed in corollary 3.2.1 that are controllable
are exactly those for which 74((T},) 7# {0} (and those that are not controllable are exactly
those for which 7r4((4’€)1127a) ={0}). O
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3.2.4 REMARK. The necessity of the condition 74(I'Y) # {0} is most apparent when looking at (the
parametric) equation (3.2.1). We have that 6(t) = v4(t) for dynamics Z(1,v) = v E1 + v2Fo +
v3E3 +v4Ey. Thus if m4(I'°) = {0} then v4(-) is constant and so 6(-) is either strictly increasing
or strictly decreasing (if v4(-) = 0, then the system is not of full rank). We can interpret this,
using the decomposition ﬁg = H3y x 56(2), m(x,y,z,0) = m(x,y,z,0)m(0,0,0,60), as either
moving up or down the spiral {m(0,0,0,6) | § € R}. We will see that for H§(n) this condition
falls away, which corresponds to projecting the spiral R = {m(0,0,0,6) | 6 € R} onto the circle

T = {m,(0,0,0,0) | € R}, making m,(0,0,0,6(-)) periodic.

3.3 Systems on H; and its n-Fold Covers

Our aim in this section is to classify all controllable D F-equivalent systems with state space
isomorphic to a n-fold cover H§(n) of H$, including H§(1) = HS. (Refer to section 1.3.2 for the
definition of H§(n).) The map d : Aut H§(n) — Aut h5(n) is not surjective and hence our local
classification, as given in corollary 2.7.2, doesn’t “lift” to a global classification (as was the case
for the universal covering). So, in order to get the classification, we need to first calculate the
subgroup dAut H§(n) of Aut h5(n), then classify £-related (full rank) affine subspaces of h$(n),
and finally investigate which them are controllable (it turns out all of them are). Throughout
we assume that all statements made are for any fived positive integer n. We use Mathematica
to support many of the calculations made in this section; see section C.7.

3.3.1 Automorphisms of H$(n)

Before we make a claim regarding dAut H§(n), we develop some background. We recall that
hS admits a invariant scalar product, which we introduced in proposition 1.4.7. Thus, as h§(n)
is isomorphic to h$, we have a symmetric invariant scalar product on h$§(n). Specifically, if
¥ : b§(n) — b§ is a Lie algebra isomorphism, such an invariant scalar product may be defined
as h§(n) x h5(n) = R, (A,B) — ¢(¢- A,¢ - B), where ¢ is the invariant scalar product on
hS. Hence (using the tangent map, at identity, of the covering homomorphism in proposition
1.3.12), we have an invariant scalar product w : h§(n) x h3(n) — R on h§(n) given by

T /

T 1 0 0 0 T

) ARy Yy 01 0 0 y,
(.U.(Mn(l',yaz79)7Mn(w7yaz79))’_> Py 00 0 -1 4
0 00 -1 0 0

=xx' +yy — 20 — 0.
(We use the notation w here rather that (-, -) to avoid confusion with the linear span later on.)
3.3.1 LEMMA. The preimage of identity under the exponential map is given by

eXp_l(l) ={Aebhi(n) | w(A,A) =0,m4(A) € 2n7Z, m4(A) = 0 = w3(A) = 0}
— {0} U{zE) + yBy + S5 L By + 0E, | 2,y € R,0 € 2n7Z\{0}}
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PROOF. Let A € exp (1), A = M,(z,y,2,0) for some x,y,2,0 € R. Now if # = 0, then
exp(A) = M, (x,y,2,0) and thus © = y = z = 0. Note that this case satisfies the conditions
ma(A) € 2n7Z, w(A, A) = 0 and m4(A) = 0 = m3(A) = 0. If on the other hand 0 # 0, we get
(see proposition 1.3.5 and section 1.3.2) that

-1 y—ycosf—xsinf x—xcosf+ysinfd 9(£2+y2—2z9)—(x2+y2> sin ¢ 0 i
0 0 02
0 cosf _sind :c(—1+00509)+y sin 0 0
exp(4) = |0 sin 0 cos @ yﬂmos(,w 0
0 0 0 1 0
0 0 0 0 en |
Consequently we have the following sequence of implications:
w 0 (h 6 =1 and sinf = 0)
1 en = ence cosf =1 and sinf =
Ae exp (1> = 9(z2+y2—229)—(x2+y2) sin 0
02 =0
N 0 € 2nr 0 € 2n7Z 0 € 2nnZ
2 2
9(’3“;72_2”0):0 22 +y? —220 =0 w(A, A) =0.

Thus we have shown that, if A € exp~1(1), then m4(A) € 2n7Z, w(A, A) = 0 and 74(A) = 0 =
m3(A) = 0. We now show that these conditions are also sufficient. Againlet A = M, (x,y, z,0) €
hs(n) for some x,y, z,0 € R. Then we have the following sequence of implications:

0 € 2nwZ 0 € 2nrZ
w(A,A)=0 = 2?24+ y? —220 =0
7r4(A):0:>713(A):0 7T4(A):0=>7T3(A):0

0(22+y>—220)

0 €2nrZ, 8 #0 {9:0
= or B
2 =0 a

6

= cosf =1 and sinf =0 or — =0
9(12+y27229)7($2+y2) sin 0 reYEET
2 =0
= Acexp l(1). O

3.3.2 THEOREM. The subgroup dAutH$(n) of Aut b is given by

a b 0 U
—kb ka 0 v
o(n) —
dAut Hy(n) = kua —vb kub+av k(a®+b%) k(u® +0?)
0 0 0 k

a,byu,v €ER, a®> +b* £0, k€ {~1,1}
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PROOF. Suppose ¢ € AutH$(n). Then, in particular T1¢ € Auth§ and hence we get (by
proposition 1.2.27 and section 1.3) that

a b 0 U

—kb ka 0 v

o= kua —vb kub+av k(a®+b%) w
0 0 0 k

for some a,b,u,v,w € R and k € {—1,1} such that a® + > # 0. Let A = M,(z,y,2,0) €
exp~1(1). (So in particular 22 + y? — 2yz = 0.) Then, by proposition 3.1.7 and the preceding
lemma, we get that w(Ty¢- A, T1¢- A) = 0. (The condition m4(T1¢- A) =0 = m3(T1p-A) =0
may be shown to be satisfied by all automorphisms.) Consequently we get that

0=w(T19-A,T1¢- A)

10 0 O x
01 O 0
00 —1 O 0
a® + b? 0 0 0 T
0 a? + b? 0 0 Y
=y =0 0 0 —a? — b? 2
0 0 —a? —b* uP+v®—-2kw| |6

= (a2 + b2) (:U2 +y? - 2z9) + (u2 +0? = ka) 62
= (u2 +0% - ka) 02.
Now, as we require that w(Ty¢- A, Ty¢-A) =0 for all A € exp~!(1), and thus in particular for

2nmEy, we get that u? + v? — 2kw = 0. Hence we have that w = %k(u2 +v?).

We define a (linear Lie) group G as the subgroup of Aut h§ satisfying the above (necessary)
condition. That is,

a b 0 U

G- —kb ka 0 v
) |kua—vb kub+av k(a®+b%)  Lk(u® +0?)

0 0 0 k

a,bu,v €ER, a®> +02#0, ke {~1,1}

We aim to show that G = dAut H§(n). (Verification that G is a Lie group is standard, though
unnecessary, as we will show that G = dAut H§(n).)

At this stage we have that dAut H§(n) C G. Now let ¢ € G, represented as above, for some
a,b,u,v € R and k € {—1,1} such that a® + b? # 0. Then define a mapping

¢ exp(My(z,y,2,0)) exp(M,(0,0,0,60)) — exp(sp - My, (x,y,2,0)) exp(¢ - My (0,0,0,0)).
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We note that any element m(z,y, z,6) can be uniquely decomposed as
mn(:c, Y, 2, 9) = mn(xv Y, z, 0) mn(oa 0,0, Z) = exp(Mn(:c, Y, z, O)) eXp(Mn(O, 0,0, 9))
from semi-direct product structure (see proposition 1.2.6). Thus ¢ is defined for all g € H§(n).
We claim that ¢ is a well defined and injective. Indeed we have that
(j)(mn(x, Y, 2, 9)) = ¢(mn(xlv ylv Zla 0/))
<:> eXp(¢ : M(x7 y’ Z? O)) eXp(w : M(O7 07 07 9)) = exp(w . M(aj/7 y/’ Zl? 0) exp(w . M(O7 07 07 9/)))

{ eXP(w : Mn(%!/a 270)) = eXP(Q/J : Mn($/7y/7 ZI7 0))
exp(y - M,(0,0,0,0)) = exp(v) - M,,(0,0,0,6))

1 —ax—by k(—bz+ay) —2((aku—bv)x+ (bku+ av)y+ (a® +b*)kz) 0
0 1 0 k (—=bx + ay) 0
0 0 1 ar + by 0
0 0 0 1 0
0 0 0 0 1
1 —az’ —by k(-ba'+ay) —2((aku—bv)z’ + (bku+av)y + (a*+b*)kz') 0
0 1 0 k(=bx' +ay’) 0
= |0 0 1 azr’ + by’ 0
0 0 0 1 0
0 0 0 0 1
= ] v=v cos(k@lzfu sin(kf) u—u cos(ka)Jrv sin(k6) N (U2 + U2) sm(kH) 0
0 COS(/ﬂQ) - sm(kG) u(—1+cos(kZ))+v sin(k0) 0
0 sm(k‘@) COS(k‘@) v—v cos(k@]z-l-u sin(k0) 0
0 0 0 1 0
0 0 0 0 e
1 v=v cos(k9’]2—u sin(k0')  u—u Cos(ke’k)—&-v sin(k0’) - (u2 + ’()2) sin(k;H’) 0
0 COS(kel) —sin(kﬁ’) u(—l—&-cos(ké)];))-&-usin(kf)’) 0
=10 sin(k&’) cos(kﬁ’) v—v cos(k:@'leru sin(k6") 0
0 0 0 1 0
0 0 0 0 e
—a =b||z| | —a =b| |2 . 2
{—kb ka} {y] N {—k‘b ka] [y’] L/] = [y'}
At k(a? +b?)z = k(a® + b%)2’ = P
e% — 6%9/ 0+ 2nwZ =0 + 2nwZ
exp(M,(z,y,2,0)) = exp(M,(2',y,2,0)) my(z,y,2,0) =m,(z',y,2,0)
{ exp(Mn(0,0,0,Q)) = exp(Mn(0,0,(),@’)) { mn(oaoaoaa) = mn(ovoaoaal)

<:> mn(xa y’ Z? 9) = mn(];/’y/7 Z/’ 9/)'

Thus we have that ¢ is a well defined injective mapping. Thus by corollary 3.1.9 we have that
¢ is a Lie group automorphism such that T3¢ = 1. In other words we get that G C dAut H§(n)
and conclude that dAut G = H$(n). O

3.3.2 Global classification of proper systems on H$(n)

We now turn our attention to classifying £-related affine subspaces of h5(n). As dAut H§(n) is
a subgroup of Aut h§(n), this forms a sub-classification of the local classification produced in
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chapter 2. In this subsection we represent an arbitrary element ¢ € dAut H§(n) as

T Y 0 U

_ —ky kx 0 v
v = kur —vy kuy+av k(z®+y?)  $k(u?+0?)

0 0 0 k

for some x,y,u,v € R and k € {—1,1} such that 2? + y* # 0.

Dimension one, homogeneous

PROPOSITION. Any (1,1)-affine subspace T = A+T° C h3(n) (of full rank) is £-related exactly
one of the following affine subspaces:
Case: my(I'%) # {0}, B(T) = a1, a; >0
T = By + a1 B3 + (a9 B3 + Ex), as € R
Case: m"(I') = {0}, m4(A) = +a, a >0
1" = 6By + aBy + (Ey), 0 € {~1,0,1}.

2,a,0

PROOF. (We omit the superscript (1,1) in this proof.) Suppose I' is an (1, 1)-affine subspace
such that 74(T'%) # {0} and P(I') = ay for some a; > 0. We wish to show that ' ~ 'y, =

E1+ a1E3 + (o Ey + Ey) for some ay € R. We may write I' as ' = 2?21 a; F; + <Zf:1 bZ-Ei>,
for some constants a;,b; € R, i = 1,4. Now as m4(I'’) # {0}, we have that by # 0 and so
L=Y2 (a— %)E; + <2§:1 (%E) n E4>. Then

10 0 -
1 0 -2
Vi= |y by b3 | € dAutH3(n)
T b 27
0O 0 0 1

and thus

2
v T =7 (= 4B = i B3)) + (as — 422 Bs
i=1

b2 b2 b24-p2
* <2711E1 t %EQ + (‘é ] %) E3 + (—%E1 - %E2 + 12232]53 + E4)>

3
— Z a,E; + (byFs + Ey)
i=1
for some corresponding new constants a;, b € R, i = 1,3. With a target of I'y o, = E4 + a1 E3+
(agB3 + E4) in mind we try and find an element of dAut H§(n) taking Y2 a/E; to Ey, but
not changing F4. Toward this end we consider the following equation

i Bl =l
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We claim that either o} # 0 or a}, # 0. Suppose not, ie., aj = af = 0. Then (') =
(a4 Es, b5 Es + Ey), but we have that [Es, E;] = 0, ¢ = 1,4 and hence that dim LieI" = dim (I') =
2, contradicting that I' is of full rank. Thus the matrix in the above equation has non-zero
determinant and hence the equation has a solution (for x and y such that (z,y) # (0,0)) from
which we may define an automorphism

T d a1t _xy i 8 8
[y} N Lé —;/J M V2= g g2 2 0] © dAut H3(n).
0 O 0 1

Hence we get that

b -1 - T = ay(¢B1 — yB1) + ay(yBr + 2 Bs) + a3(a® + y*) B3 + (b3(2® + y*) B3 + Eu)
= E1 + a3E3 + (VyE3 + Ey) .

for some corresponding new constants aj, b5 € R. Now we have that P(¢2-11-T') = PB(I') = +a;.
Thus |af| = aq. If af =0, then o9 -1 -T' = E1 + (e E3 + E4) for some ap € R and we are done.
On the other hand, if a§ # 0, we have that 3 = diag (1,sgn(a%), sgn(a}),sgn(a4)) € dAut H§(n)
and so g - g -1 -I' = Ey + |af|Es + (V4 E3 + Eq) = E1+ a1 E3 + (e E3 + Ey) for some as € R.
This concludes the first case.

Next we assume I is an (1, 1)-affine subspace such that my(I'’) = {0} and 74(A) = +a for
some o > 0. (Note m4(A) = 0 implies that I is not of full rank and may thus be ignored.) We
wish to show that T' ~ 'y o » = 0 E3+aEy+ (E1), for some o € {—1,0,1}. Now as 74(I'?) = {0}
we have constants a;,a4,b; € R, i = 1,3 such that I' = Z?Zl a; E; + <Z?:1 blEZ> Then as
m4(A) = £ we have that ay = +5 # 0. Hence,

1 0o 0 -2
4
0 1 0 ™ .
D= a _a | a+a| €dAutH(n)
Tas aa 2a3
0 0 O 1

and so

Y1 -T'=a1(By — £ E3) + az(E> — 2 E3) + azEs

3
2 2
+ ay (—%El -~ CE+ GIQZ?E?, + E4> + <¢1 : szEz>
i=1
3
= azB3 4+ a By + <¢11 > biEi>
i=1

for some new constant aj € R. Then 1o = diag (1,sgn(a4),sgn(as),sgn(as)) € dAut H§(n) and
o 11T = a5 B3+ |as| By + <Z§’:1 b;E1> =a3Es+aFs+ <Z?:1 b;E1> for some new constants



CHAPTER 3. GLOBAL CLASSIFICATION OF CONTROLLABLE SYSTEMS 85

aj, b, € R, i =1,3. We claim that either b} # 0 or b # 0. Supposing b} = b, = 0 we have that
(g -1 - T') = (a B3 + aEy, by E3), contradicting that I' is of full rank. Thus the equation

b 5L L

has a solution (for z and y such that (z,y) # (0,0)), as matrix has non-zero determinant, from
which we may define an automorphism

o] ] —xy . 8 8
[y]: [b’; —12)’1] [0} V3= 0 224y 0 € dAut H3(n).
00 0 1

Consequently we get that 5 - g - 1 - T' = (2% + y?)a E5 + oEy + (Ey + (2% + y*)by E3). Next
we have that

1 0 0 —(2%+y?)0
s = 0 10 0
P S@ b 001 (2 +yP)bh)?
0 0 0 1

and that
Yy ps -y T = (2% + y?)afEs + a(Ey — (2% + y*)Vs Er + 5 (2% + y?)bs)*E3)
+ (B — (2® + y* b3 F3) + (¢* + y*)b3Es3)
= —a(z® + Y3 E1 + (2 + y?)ai + sa((2® + y°)b3)*) B3 + aEy + (E1)
= ag/Eg, + aFEy + (E1)

for some a4 € R. If a4’ = 0 then I' ~ aEy + (E1) = '3 4,0. On the other hand if a4’ # 0, then

— ;i 1 1 1 o
V5 = diag <\/sgn(ag’)ag” \/sgn(ag’)ag” sgn(ag’)ag’’ 1) € dAut Hg(n)

and hence we get that o5 -4 -1 -T' =sgn(ai’)Es+aEs+ (E1) = cE3+aEs+ (E1) =T 44
for some o € {—1,1}. This concludes the second case.
Now as our list is exhaustive we are left to show that none of the affine subspaces

I'o=E1 +a1E3+ (oo B3 + Ey) ay > 0,a2 €R
I'oa0 =0FE3+ aFs+ (Eq) a>0,0€e{-1,0,1}

are £-related. This is done by assuming that they are, giving us an element v of dAut H$(n)
taking one to the other, and producing a contradiction from this.

(a# B, a1,01 >0) =T 4 =I5 Assume there exists a ¢ € dAut H§(n) such that ¢ -I'1 o =
I’y 3. Then we get that a1 = P(T'1,4) =P T'10) =PI 5) = Bi. Now as By +aq Ez €
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[y and apE3+Ey € T, we require that ¢-(E1+a1 E3) € T'y g and ¢ (o E3+Ey) € Fgﬂ.
That is to say there exists constants r1,r2 € R such that

T 1 U 0
—ky _ 0 v |0

kuz — vy +k(2® +y*)ar| — |Bi+7102 Tk (u?+0?) + k(22 +y*) ao| — |r2fe
0 1 k T

Hence we get that x = 1, y = v = v = 0. Then from the second equation we get that
kas = kBo, implying that as = 5.

I'1,o # I'2 3,5+ This follows form proposition 2.2.4.

(a,0) # (B,5), a,8>0) =T~ I3 Assume there exists a ¢ € dAut H§(n) such that
Y -Toas = I'opge. Then, as ob3 + aFy € I'yq, and By € Fgﬁg, we require that
V- (cE3+aky) elypcand - Ey € Fg B Hence, there exists constants r1, 79 € R such

that
ux T1 X 9
va 10 —ky 10
k(W) a+k(®+y?)o|  |<|’ kur —vy| |0
ko I} 0 0

Therefore k =1 (as «, 8 > 0) and so a = 3. Moreover we get that v =0 and y = 0 (and
so  # 0). Then u = 0 and so 220 = ¢, implying that o = . Il

Dimension two, homogeneous

3.3.4 PROPOSITION. Any (2,0)-affine subspace T = T° C h5(n) (of full rank) is L-related to exactly
one of the affine subspaces I’?’O) = (E1,0E3 + E4), where 0 € {—1,0,1}.

o
PROOF. (We omit the superscript (2,0) in this proof.) By proposition 3.3.3 and corollary 3.1.5
we have that I' is £-related to <Ff&1)> = (E1 + a1 E3,a9F3 + Ey), for some o > 0 and ag € R,
or (T§)Y = (0B3 + BE4, B1) = (Ey, 2B + Ey), for some § > 0 and o € {~1,0,1}. If
T~ (TS0) = (E1, Ey), then we are done. If T ~ (TS ) and o # 0, then T ~ (Ey, a3 + Eu)
for some a € R, a # 0 (we will deal with this case presently). If I' ~ <F§(’11)>, then we have that

1 0 O —Q]
0 10 0 .
/(/)1 = e 0 1 % € dAut H3(n)
1
0 00 1

and get that ¢ - (T{)) = <E1 — 1By + a1 By, 2By — i By + L By + E4> = (E1,aB; + Ey)
for some a € R. If a =0, then I ~ (E, E4) and we are done. So we are left to deal with the
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case I' ~ (Eq,aFE5 + E4) for some a # 0. In this case we have that

— A3 1 1 1 o
19 = diag <\/sgn(a)a’ \/sgn(a)a7 sgn(a)a’ 1) € dAut Hg(n)

and get that ¢y (F1,aFEs + E4) = (Ey,sgn(a)Es + Ey) = (E1,0E3 + Ey) for some o € {—1,1}.

We are left to show that no two of these three systems are £-related. We do this by showing
that if I'y , ~ I'1 ¢, then 0 = ¢. Assume there exists ¢ € dAut H§(n) such that ¢ -T'; , =T'; .
Then, as Ey,0E3 + E4 € I'1 ; we have that ¢ - E1,¢ - (0E3 + E4) € I'1 .. Hence, there exists
constants r; € R, i = 1,4 such that

xr T u r3
—ky 10 v 10
kur —vy|  |sre|’ sk (W +0?) + k(22 +y?)o| |
0 72 k T4

Hence y = 0 (so z # 0), 72 = 0, v = 0, w = 0 and 4 = k. Thus kx?0c = k¢ implying that
o =g. U

Dimension two, inhomogeneous

PROPOSITION. Any (2, 1)-affine subspace I = A +T° C bh3(n) (of full rank) is £-related to
exactly one of the following affine subspaces:

Case: 74(I'%) # {0}

Case: dimLieI¥’ =4
I3 = a1By + aeBs + (B, 0B3 + Ey), a1,a5 >0, a#0, 0 € {~1,1}.
I3l = By + aBs + (B By, a>0
Y = By + (B, Ey).
Case: dimLiel¥ # 4
%Y = By + (B3, Ey)

Case: m4(I'%) = {0}, m4(4) = +a, a >0

Case: T(I') =1

Fézall =o0FE3+ aFy + (E1, E), oe{-1,0,1}
Case: T(I') =0

TV = aBy+ (B1, By).

PROOF. (We omit the superscript (2,1) in this proof.)

Case: m4(I'%) # {0}, dimLieI'* = 4
As dim LieI'? = 4, I'V is a two-dimensional, homogeneous affine subspace of full rank. By
application of proposition 3.3.4, we therefore get that I' is £-related to (E1,0E3 + Ey)
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for some o € {—1,0,1}. That is, there exists a ¢; € dAutH(n) such that ¢; - T =
(Ey,0F3 + E4). Thus we have constants a; € R, i = 1,4, such that

4
¢1 = ZCLZE1Z =+ <E1,0’E3 +E4> = a/2E2 =+ agEg + <E1,0’E3 + E4> .
=1

Note that as T' is inhomogeneous we have that (af, a%) # (0,0). Now define sgn* : R —
{—=1,1} by: sgn*(r) = sgn(r) if r # 0 and sgn*(0) = 1. Then

i = diag (sgn” (ab)sen” (aj), sen*(ab), sgn’(ah), sgn’ (a4)) € dAut H(n)

and we get that 1911 -T' = sgn(a))abFEa+sgn(as)asEs+ (Eq,sgn*(as)(cEs + Ey)). Thus
we have that 19 -1 - T' = ay B2 + agF3 + (Eq,0FE3 + Ey4) for some a,a9 > 0, a # 0 and
oe€{-1,0,1}. If 0 # 0, then ¢o - ¢y - I' =T'1 4. Assume that ¢ = 0 and that oy # 0.
Then

3 = diag (Sgn*(”) L senlon) sgn*(a2)> € dAut H§(n)

ar o’ o

and hence we get that
Y3ty -y - T = Eo + %Ea +(E1, Ey) = By + BE3 + (E1, Ey) =T,

for some S > 0. On the other hand assume that o = 0 and that a; = 0. Then as a # 0
we have that ag # 0. Consequently

g = diag < senog) 1 sgn(a2)> € dAut H5(n)

1
\/Sgn(az)OéQ’ \/Sgﬂ(QQ)CYz’ @2
and hence we get that 14 -1y -1 - T' = E3 + (Eq, Ey) = T's.

Case: m4(I'%) # {0}, dimLieI'% # 4
We wish to show that I' ~ T'y = Ey + (E3, E4). Now, we have constants a;, b;,¢; € R,
i = 1,4 such that T = Y} | a;E; + <Z?:1 biEi, Y5 cZEz> Thus, as ms(T°) # {0},
we have that either ¢4 # 0 or by # 0. W.l.o.g. we thus assume ¢4 # 0. Then I' =
3 (a; — U4 E; + <Z§:1(bi — b‘cfi)Ei, S SR+ E4>. Now, we have that

ca =1 ¢y

1 0 —o

0o 1 0 -2

Vvr=| o | G+a | € dAut HS (n)
0

2cy

1

_c2

4 Cq

0 0
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and hence get that

i=1 =1

3 3
T Y- 208 (30— b0

ca c4
=1

3 3
= @B+ <Z V.E;, B3 + E4>

i=1 i=1

2
(R _— Sp =32 _ap _ep L9t p g
( ( 3)+c4 3+ Pl T 2+ 22 3+ Ly

for some corresponding new constants al, b}, ¢4 € R, i = 1,3. Next we claim that b} =

by =0. Let B' =32 b, E; and C' = ¢4 E3+ E4. Then we have that [B, C] = b} Ey — b, Ey

]

and [B,[B,C]] = ((b))? + (b)?)Es. So, if b} # 0 or by, # 0, then

0 O ch 1
b/ b/ b, 0 2 2\ 2
0 0 (0)*+()* 0

which is to say that {C, B,[B,C], B, [B, C]]} is linearly independent. But then we have
that dim LieI'? = 4, a contradiction. Hence b} = b}, = 0, thus b} # 0 (as dim 'Y = 2) and
so Yy -T' = ) Ey + abEy + (B3, ¢ E5 + Eg) = a} Ey + a4E + (E3, Ey). The condition that
I' is inhomogeneous implies that either a) # 0 or af, # 0. So the equation

i L=

has a solution (for z and y such that (x,y) # (0,0)), from which we define an automor-

phism,
T d a1 —Iy i 8 8
[y]_ [aé —3’1] [0] V=1 g 242 of SAAUHIM).
0 O 0 1

Consequently we get that ¢s - ¢y - I' = aj(xE1 — yE2) + dy(yE1 + xE2) + (E3, Ey) =
Ey + (B3, Ey) =Ty.

Case: my(I'%) = {0}, m4(A) = +a, a >0
We have that I" = Z?:l a; B + <Z?:1 b E;, Zle ciEZ-> for some constants a;, b;, ¢; € R,
i =1,4. Now as m4(T°) = {0}, we have that by = ¢4 = 0. Next we claim a4 # 0. If ag =0
we have that (I') = <Z§’:1 az‘Ez’,Z?:1 biEi,Zi-j:l ciEz-> and hence, as m4([E;, Ej]) = 0,

i,j = 1,4, T is not of full rank, a contradiction. So asy # 0 (i.e., there is no case for
which @ = 0). Then ¢; = diag(1,sgn(as),sgn(as),sgn(as)) € dAut H§(n) and hence
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-0 =372  diE; +aE4+<ZZ VOLEL STl >for some new constants a;, b;, ¢ € R,

l’ 27 1
1 =1,3. Next we have that

0 0 @
_ |0 1 0 _ .
V2= _ap  _ah 1 (a’1)2+c(¥a/2)2 € dAut H5(n)
- @ 2a
and get that
/ /N2 /N2
Yoty - I = Z 3) + asE3 + a(— El_%Ez"F(al)g#Es%—E@

3
+ <¢2 ) BE; s ZC;EZ>
1=1 =1
3 3
:ﬁ&+a&+<2}ﬁ%2}ﬁ»

i=1 i=1

for some new constants aj, b/, ¢/ € R, i = 1,3. Now we claim that (] # 0Vb] # 0)V(c] #
0Vl #0). Suppose not, i.e., b] =by = = =0. Then (I') = (a4 E3 + Ey, b5 E3, 4 E3)
and (as [E3, E4] = 0) we then have that I' is not of full rank, a contradiction. Thus w.l.o.g.
we may assume (b} # 0V b # 0). Then the equation

of oy | (x| |1
by b |yl |0

has a solution (for z and y such that (x,y) # (0,0)), from which we define an automor-

phism,
Ty 0 0
z| [0 b’éillw |-y oz 0 OEdAtHO()
o Tl wl Lol T o 0 arege o] S AN
0 0 0 1

Therefore we get that ¢s-35_ | W/ E; = b/ (xFy — yBa) + by (yE1 + xEo) + by (2% + y?) B3 =
By + V(2 + y?)Es. Let 1 = 13 0 99 011 and hence get

V- T =ay'Es + aBy + (B + V5 B3, ' Ey + ¢5' E3)
for some new constants ay’, by, ¢/ € R, i =1,3.

Case: T(I') =1
We wish to show that I' ~ I's o, o = 0E3 + aFy + (E1, Eg), for some o € {—1,0,1}.
Now, by the preliminary discussion we have that there exists a ¢ € dAut H§(n) and
constants as, bs, ca, c3 such that ¢-I' = a3 Es+aFEs+ (Fy + bsEs, coFy + c3E3). Now
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as T(I') = 1 we have that [sgn(c2)| = 1, thus co # 0. Hence, ¢ - I' = a3Es + aFy +
<E1 + b3 FE3, By + %E3> Then we have that

1 0 O —b3

Col0 e dAut HS
= . 2 S ut n

0 0 O 1

and thus get that
2
¢4.¢.F:a3E3—|—a(E4—b3E1—%’Eg—i—%(b%—l—z%)E:;)

+ <(E1 —b3E3) + b3Es, (B2 — 2 E3) + %E3>

= allEl + a/2E2 + agE3 +aFy + <E1, E2>
= agEg +aby + <E1, E2>

for some corresponding new constants a; € R, i = 1,3. Now, if a§ = 0, we have that
g - T' = aEy+ (E1, E3) =T'5 40. On the other hand, if a4 # 0, then we have that

s = diag (\/Sgntag)ag, \/Sgntag)ag, sgn(ié)a’s’ 1) € dAut H(n)
and get that ¥5-Y4-0-I"' = Sgn(ag)E3+aE4—|—<E1, E2> = UE3+(XE4—|—<E1, E2> = F57a’g
for some o € {—1,1}.

Case: T(I') =0
We wish to show that I' ~ I's , = aE4 + (E1, E3). By the preliminary discussion
we have that there exists a ¢» € dAutH$(n) and constants ag, bs, c2, c3 such that
V- T = agEs + aFy + (Fy + bsEs, coFy + c3E3). Now as T(I') = 0 we have that
\sgn(CQ)\ =0, i.e., co = 0. Thus ¢ -I' = azFE3 + aFy + <E1 + b3E3,63E3>. Then,
as dimTY% = 2, we have that c3 # 0. So we have that ¢ - T' = azF3 + aFy +
<E1 + b3E3, E3> = 04E4 + <E1, E3> = Fﬁ’a.

Now as our list is exhaustive we are left to show that none of the affine subspaces

' oo =0a1Ey +asEs+ (Ey,0E3 + Ey) ar,ay > 0,0 #0,0 € {—1,1}
F27a:E2+aE3+<E1,E4>, a>0
I's = F3+ <E1, E4>
I'n=F1 + <E3, E4>
I'sa0=0FE3+ aFy+ (B, Es) a>0,0¢e{-1,0,1}
oo = aBs + (Ey, B3) a>0

are £-related. This is done by assuming that they are, giving us an element v of dAut H$(n)
taking one to the other, and producing a contradiction from this.
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I',a,0 * ' gt Specifically we wish to show that

(@) # (8,9)) Alas, B 2 0,i = T2) A (0,8 £ 0) A (7,5 € {~1,1})) = Tr.a # Tic.
Assume there exists a 1 € dAut H§(n) such that ¢ - I'1 oo = I'1 gc. Then, as a1 Es +
aoFs3 € I'1 o0 and Ey,0F3 + E, € F%a,g, we get that ¢ - (aqEs + aals) € 'y g and
Y- E1,¢ - (0E3+ Ey) €Y .- That is to say there exists constants r; € R, i = 1,6, such

that
Yo T1 i x 3
kxon _ B —ky | _ |0
(ve + kuy)og + k (:132 + y2) as|  |sro+ B’ kur —vy|  |sra|’
0 79 0 T4
U r5 |
v 10
sk (u? +0*) + k(2 + %) o|  |arg
k T

From the second equation we get that y = 0 (and so x # 0), r4 = 0 and thus u = 0.
Then, from the third equation we get that v = 0, 74 = k and so kz?0c = k¢. Now as
0,6 € {—1,1} we therefore have that z = +1 and ¢ = ¢. Consequently, from the first
equation we then get that ro = 0, kzay; = 1 and kagy = B2. But as k,kxz € {—1,1} and
a;, B; > 0, we then get that o; = 3; for i = 1, 2.

Tl a0 % a5, T3: Assume there exists a ¢ € dAut H§(n) such that ¢-T9 ,  =T9 5 =T9. Then,

as B1,0E3 + E; € T}, ,, we get that ¢ - (0E3 + Ey) € Fgﬁ =TI'J. That is to say there
exists constants r; € R, i = 1,4, such that

€T 1 u r3
—ky 10 v 10
kur —vy| [0’ k(W +0?) +k(2*+y?)o 0
0 2 k T4

Thus y = 0 (and so z # 0), u = 0, v = 0 and thus kz?c = 0. Hence o = 0, a contradiction.

Il a0, 20,3 % [yt For the first three dimLieI'® = 4, but dimLiel' = 2. As dimLieI'? is
preserved by automorphisms (i.e., dim Lie (¢ - T°) = dim Lie I'?), the result follows.

oo, 20,13, T4 % I's g, T'g g2 For the first four cases 74(T%) # {0} and for the last two
74(T%) = {0}. The result then follows (as it did in proposition 2.4.5).

((a#B)A(a,8>0)) = Tgq»Iyp: Assume there exists a ¢ € dAutH§(n) such that ¢ -
Iy =Ta2p5. Then, as By +aFEs € Iy, and By, By € TS, we get that 1+ (Ea+aF3) € Ty

2,00

and ¢ - Ep,v¢ - Ey € Fg’ﬁ. That is to say there exists constants r; € R, ¢ = 1,6, such that

Yy 1 T T3 u rs
kx |1 —ky |0 v 0
vr +kuy + k(22 +y?)al | B |kuz—vy| | 0|7 [3k(u®+0Y)| " |0

0 T9 0 T4 k T6
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From the third equation we get that u = v = 0. Then from the second equation we
get that y = 0. Therefore, from the first equation, we get that x = £1 and hence that
ka = (. But as a, 8 > 0, we get that a = (5.

Iy o » I'3: Assume ¢ € dAut H§(n) and that ¢-I's = T'g . Now as E3 € I's we have that ¢-E3 €
I'; . But, as E3 is an eigenvector of any automorphism, we have that mo(¢) - E3) = 0.
This contradicts the fact that m(A) =1 for any A € T'g 4.

I's5,0,0 * I's gt Specifically we wish to show that

(((@,0) # (8,9)) A (@ 8> 0) A (05 € {=1,0,1})) = Ts.00 = Ts .

Assume there exists a 1) € dAut H§(n) such that ¢ -I's o o = I's 5. Then, as cEz+ak, €
I's o0 and Ey, By € I’ga’m we get that ¢ - (cE3+aFy) € I's g and ¢ - Ey,9 - Ey € Fgﬂg.
That is to say there exists constants r; € R, ¢ = 1,6, such that

e 8l T r3 Y T35
Vo |2 —ky T4 kx _|Te
k(W +v?)a+k(2®+y*)o| || |kuz—vy|  |0]| " |oz+kuy| |O
ka 3 0 0 0 0

From the second and third equations we get that

kur — vy =0 N kr —yl| |u “0 = wu—v—o
v + kuy =0 ky x| |v

Hence, returning to the first equation, we find that ko = 5. Thus (as «, § > 0) we get that
k=1 and a = 8. Therefore (again from the first equation) we have that (22 + y?)o = .
But, as 22 + 4% > 0 and 0,5 € {—1,0, 1}, this then implies that o = .

I's.a,0 ~ I'g g: Suppose there exists a 1) € dAut H§(n) such that ¢ - I's o o = I' 3. Then we get
that 1 = (5 0,0) = T(Y - '5.0,0) = T(L3) = 0, a contradiction.

((a#B)A (e, 8>0)) = Tgq»L6p: Assume there exists a 1) € dAutH3(n) such that ¢ -
'« = I's 3. Then, as aly € I's o, we get that ¢ - aFy € I'g g. That is to say there exists
constants 1, € R, such that kaFy = fE4 + r1E1 + roF3. Then, as o, 8 > 0, equating
the coefficients of Ey yields o = . O

Dimension three, homogeneous

3.3.6 PROPOSITION. Any (3,0)-affine subspace T' =T° C b$(n) (of full rank) is £-related to ezactly
one of the following affine subspaces:

Case: R(I) = 1: TP = (B, By, 0E3 + Ey), 0 € {~1,0,1}
Case: R(T) = 0: TV = (B, By, Ey).



94 3.3. SYSTEMS ON H§ AND ITS n-FOLD COVERS

PROOF. (We omit the superscript (3,0) in this proof.) By proposition 3.3.5 and corollary 3.1.5,
I' is £-related to one of the following affine subspaces (with 2(I") given alongside)

<F§?(;17)0> = <041E2 + CM2E3, El, O'E3 + E4> s 9{(<F§?&17)0>) = ]sgn(al)\
aq, Q2 > 0,0é 7é 070 € {_131}
<Fé,(;¢1)> - <E2 + O‘E37E1’E4> , a2 0 9{(<Fg&1)>) =1
(r§") = (0§Y) = (B1, B3, Ex) R((ry")) =0
(T2DY = (0Bs + aBy, By, Es), a>0,0 € {~1,0,1}  R(THN)) =1
(PD) = (@B, By, Bs) L a > 0 R((Tha)) = 0.
Assume R(I') = 0. Then as R is invariant we have that I' is R-related to <F§2(’(1))a2) ) (with
as # 0), (T§Y) or (0ED). But (PP, ) = (0FY) = (0 = (B1, By, Ba). Thus T is
L-related to (E1, 3, E4). On the other hand assume R(I") = 1. Then I is £-related to <F§2a127>
(with ay # 0), <F§?&1)> or <Fé2a1)a> Now notice that <Fg2a127 = <E1,E2 + o2 Es, Ey +UE3>,
Ty = (B, By + aEs, Ey) and (T3 = (Ey, By, By + 2B3). Therefore, there exists a
Y1 € dAut H§(n) such that ¢, -I' = (E1, E» + bEs3, cE3 + Ejy) for some constants b, ¢, € R. Then
1 0 0 O
o1 0 —b .
o = 0 b 1 € dAut H3(n)
0 0 0 1

and ¢2 . 1/11 I = <E‘17 Ey — bEg =+ bEg, cFEs3 + (—bEg + %b2E3 + E4)> = <E1, EQ,C/E;; + E4> for
some new constant ¢ € R. If ¢ = 0, then ¢9 -1 - I' = I'; o and we are done. On the other
hand, if ¢ # 0, then

g = diag <\/ Sgncscl), \/ Sgrégcl), Sgncgcl), 1> € dAut H(n)

and so 3 - g -1 - I' = (E1, Ea,sgn(c3)Es + E4) =1'1 , for some o € {—1,1}.
We are left to show that I'y _1, I'1 9, I'1,1 and I'y are all distinct (i.e., no two are £-related).
((a #* g) A ((7,§ € {-1,0, 1})) = I'1, T ¢t Suppose ¢ € dAutH§(n) and ¢ - I'1 , = T'j .
Then, as Ey, By, 0E3 + Ey € I'y », we have that ¢ - Eq,v - E3,¢ - (0E3 + Ey) € I'y¢. That
is to say, there exist r; € R, ¢ = 1,9 such that

x ™ y T4 u 7
—ky RS kx s v |8
kur —vy|  |srs|’ |vztkuy|  |sre| T |3k (WP +0?) + k(22 +y2) | |or
0 rs 0 Te k T9

From the first and second equations we get (as r3 = 0, 76 = 0 and x? + y? # 0) that

kur —ovy =0 kr  —y| |u| _ o
{U:C—l—k:uy:() = {k:y x][v}_o - u=v=0
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Hence from the third equation we get that k(2 + y?)o = ko and so (22 +y?)o = ¢. But,
as 22 +y? > 0 and o,¢ € {—1,0,1}, this implies that o = .

I'y ¢ = 'yt As R is invariant under automorphisms, I'y , and I'y are distinct. (If ¢ € Authg
and ¢ - I'1 , =T, then 1 =R(I'1,) = R(WY - T'1,) = R(I'2) =0, a contradiction.) O

Dimension three, inhomogeneous

PROPOSITION. Any (3,1)-affine subspace I = A +T° C h3(n) (of full rank) is L-related to
exactly one of the following affine subspaces:
Case: m4(I'%) # {0}
Case: R(I'Y) =0
i = kg + (E1, B3, Ey)
Case: SR(I‘O)

Fégalff = aF3+ (B, Ey,0E3+ Ey), a>0,0€{-1,1}
ng,n = E3+ (Eh, Eq, Ey)

Case: m4(I'%) = {0}, m4(4) = £a, a >0
Ff;yl) = aly + (E1, Es, E3).

PROOF. (We omit the superscript (3, 1) in this proof.) By the same argument used in the proof
of proposition 2.6.1, we get that: if 74(Tg) # 0, then I'? is a (3, 0)-affine subspace of full rank.
So, if m4(T'?) # {0}, we have that RR(T?) is defined and we may use the results of proposition
3.3.6.

Case: my(I'%) # {0}, R(TY) = {0}
We wish to show that T' ~ Ty = Ey + (E1, E3, Ey). Now as R(I'°) = {0} and I is of
full rank, there exists an element v; € dAut H§(n) such that ¢, - T° = (Ey, E3, E4). Thus
we have that 1/)1 I' = aEsy + (Fy, E3, Ey) for some constant a € R. Then we have that
1y = diag (a, - ag, ) € dAut H§(n) and get that ¢ - ¢y - I' = Ey + (E, B3, Ey) =T

Case: my(I'%) # {0}, R(IY) =
We wish to show that T is £-related to either T — = aFE3+ (E1, Ey,0FE3 + Ey) for some

2,a,0

a>0and o € {—1,1}, or T{V = B3 + (B, By, Ey). Now, as R(I) = 1 and T is of full
rank, there exists an element ¢; € dAutH§(n) such that ; - I'° = (Ey, By, 0E3 + E),
for some o € {—1,0,1}. Thus we have that ¢ - T' = aFE3 + (E1, E2,0FE3 + Ey4) for some
constant a € R. Now as I is inhomogeneous, we have that a # 0. Thus we have that
1y = diag (1, sgn(a),sgn(a),sgn(a)) € dAut H§(n) and get that s - ¢y - I' = sgn(a)aFs +
(Eq, Ea,sgn(a)(cEs + Ey)) = aEs + (Ey, Ey,0E3 + Ey4) for some a > 0. If 0 # 0, then
g -1 - T' =T'54,. On the other hand, if 0 = 0, then ¢ - ¢y - I' = aE3 + (E1, B2, Ey).
Hence

3 = diag <\/ng1;((°2)&’ \/Sgrll(a =, a,sgn( )) € dAut H5(n)

and so Y3 - o - Y1 - I' = E3 + (Ey, By, E3) =T'3.
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Case: 14(I'%) = {0}, m4(4) = +a, a >0
We wish to show that T' ~ Ty = aEy + (E1, B2, E3). Now, as m4(T%) = {0} and I'° C
(Ey1, By, B3, Ey), we get that I'Y = (Ey, Eo, F3). Hence I' = aFy + (Ey, Fo, E3) for some
a € R. We note that as m4(A) = £a, a > 0 (a # 0 required else I would be homogeneous),
we have that |a4| = o. So then ¢ = diag(1,sgn(a),sgn(as),sgn(as)) € dAut H§(n) and
Y1 - T = |aa|Es + (E1, Eo, E3) = aEy + (B, Eo, E3) =Ty q.

Now as our list is exhaustive we are left to show that none of the affine subspaces

I'n =FEy+ <E1, E3, E4>

Iy = abi3 + (E1, E2,0E3 + Ey) a>0,0¢{-1,1}
F3 = E3 —+ <E1,E2,E4>
Lyo = aby+ (E1, B3, E3) a>0

are £-related. This is done by assuming that they are, giving us an element ¢ € dAut H§(n)
taking one to the other, and producing a contradiction from this.

[y % Dya,0,'3: This follows as R(I')) = 0 and R(T'Y , ,) = R(I'Y) = 1. (That is, the associated
linear subspaces are not related, as in proposition 3.3.6.)

['1,T9,0.0,'3 = Ty For the first three cases m4(I'%) # {0}, but m4(T'}) = {0}. The result then
follows (as it did in proposition 2.5.3).

I'20,6 ~ ' gt Specifically we wish to show that

(((@.0) # (8,9) A (@ B> 0) A (o5 € {=1,11)) = Tz = Taac

Assume there exists a ¢ € dAut H§(n) such that ¢-I's o o = I's gc. Then, as aF3 € 'y o 5
and Ey, Ey,0E3, By € T |, we get that ¢-aF3 € Ty g and ¢ E1,9-Ea,¢- (0 E3+Ey) €
Fg, 5 That is to say (by equating the coefficients of F3 and Ej) there exists constants
r; € R, i =1,4, such that

[k (2% 4+ y?) a} _ [,8 + §r1] ’ {/{:ux — vy} _ [§7‘2:| ’

0 1 0 r9
vr + kuy|  [sr3 %kz (u2 + 1)2) + k (xQ + y2) ol |sra
0 - rs3 ’ k - T4 ’

From the second and third equation we get that kuxr —vy = 0 and vx + kuy, respectively.

Hence we have that [ﬁz Zy] [z] = 0, implying v = v = 0. Then from the fourth
equation we get that k (ac2 + y2) o = k¢ and so (x2 + y2) o =c¢. Now as 22 + y?> > 0 and
0,6 € {—1,1}, this implies that ¢ = ¢ and 22 + y*> = 1. Then from the first equation we

get that ka = . But as «, 8 > 0, this implies that a = 3.

[0, » T3 Notice that 9, = = Fg?&o) (for some o € {—1,1}) and I'§ = Ff(’)o). But, by
(3,0) (3,0)

proposition 3.3.6, we have that I" ~I7g "

1,0



3.3.8

3.3.9

CHAPTER 3. GLOBAL CLASSIFICATION OF CONTROLLABLE SYSTEMS 97

(a#BANa,f>0) =Ty, =T Assume there exists a ) € dAut H§(n) such that ¢ - I'y o =
I'y 3. Then as aFy € I'y, we have that ¢ - aFy € I'y 3. Thus we get that my(¢ - aFy) =
ko = t+a. But m4(B) =  for B € I'3 g. Hence a = f5. O

Summary
We collect our results in a theorem.

THEOREM. Any affine subspace I' of h5(n) (of full rank) is L-related (w.r.t. H§(n)) to exactly
one of the following affine subspaces:

I = By 4 a1 Bs + (B3 + Ey), a1 > 0,02 € R T80 = 0B+ aBy + (Ey), a>0

Ff,}o) = (B, 0E3 + Ey) ng;)g =a1Ey + asFE3 + (E1,cE3 + Ey), a; >0
I3 = By + aBs + (B, Ey) a>0 Y = By + (B, Ey)

Y = By + (B, Ey) T*D = 6By + aBy + (B1, B, a >0

I3 = aBy+ (B, E3), a >0 1% = (B, By, 0 B3 + Eu)

10 = (Ey, E3, Ey) %Y = B, + (Ey, Bs, Ey)

I5h) = aBs + (B, By, <E3 + Ey) a >0 %Y = By + (Ey, By, Ey)

I3V = aBy+ (B1, By, E3), a>0 1" = (E,, By, 3, Ey),

where o € {—1,0,1}, ¢ € {—1,1} and for T3 e additionally require that o # 0.

1,a,6

COROLLARY. Any proper system X, with state space Lie group isomorphic to H§(n), is DF'-
equivalent to exactly one of the systems nibe) _ (Hg(n), Egji), where Ey;g (1,) : R = b3(n)

1,00
s an affine parametrisation of the affine subspace I‘Efo’igy (as described in the above theorem).
PROOF. A general method for proving precisely this was the motivation for making the classi-
fication of £-related affine subspaces, as described in the preliminaries. We now concisely apply
this method to get this result. Suppose ¥ = (G, Z) has state space Lie group isomorphic to
HS(n). That is, we have a Lie group isomorphism ¢ : G — H$(n). By theorem 3.3.8 it then

follows that Ty¢ - I' is £-related to 1) for some l, e, i, a and o. That is, there exists a

b
1,000

¢ € AutHS(n) such that Th¢' - Tid - T = Ty(do @) -T = T'“S) . By theorem 3.0.1, it then
3 1,00,0
follows that ¥ is D F-equivalent to Zgﬁf). O

3.3.3 Controllability of systems on H$(n)

We now investigate which proper systems, as given in corollary 3.3.9, are controllable. We
'_‘(Eva)

will consistently choose our parametrisation maps Z; ", (1, ) as follows. Suppose I' is an affine

subspace written as I' = A + (By, Ba, ..., By) for some A, B; € h3(n), i = 1,. Then we define
an affine parametrisation Z(1,-) : R® — h3(n) of I as Z(1,u) = A +uy By +uaBs + - - - + w;By.
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(20) $2D o@D oo

l,o 1,00 2a7

We apply theorem A.2.12, item 3a in the following cases. For X
»(30) 2(3 0 253’1), )2 Eg?”l) and 254’0) we have that Liel'® = h3(n). Hence they are all

1,0 > 2,a,0
controllable
(1,1)

Next we consider ¥; 7. Recall, from section 1.3.2, that we have a universal covering homo-

morphism ¢ : ﬁ° — H$(n), m(z,y, 2,0) = my(x,y,2,0). Then note that T1q : M(a: Yy, 2,0) —
M, (z,y,z,0). Using this covering homomorphism we can construct a LICAS covering (E , @),
as described in section A.2.2, as follows: Y = (Hg, :) where = ( u) = E1+a1E3+u(a2E3+E4)
and ® = (g, ¢) for some (uniquely defined) feedback component . Then we have that I is of
full rank and hence, by corollary 3.2.3, that % is controllable. Therefore (as the state component
q of ® is surjective) it follows, by proposition A.2.2, that Z(l U is controllable. (Specifically, we
get that the whole family, i.e., for all « # 0, a(lllz) 0,9 € R, is controllable as we didn’t impose

any of the conditions on « in showing that ¥
We show that " is controllable (by use of theorem A.2.12, item 3c) for o € {0, 1},

2,a,0

but delay proving that it is controllable for o = —1 till later. For ¢ = 1 we have that
exp (2”—” Eglal)l (1, \/204)> = 1 and hence that Eélal)l is controllable for @ > 0. For ¢ = 0

is controllable.)

we have that exp (2”—” Eglalz) (1, ())) = 1 and hence that ZS&I’% is controllable for a > 0.
We again apply theorem A.2.12, item 3c to prove controllability in the next few cases. For
25‘2’1) we have that exp (27m H(Q b (1, (%, 1))) = 1 and hence it is controllable. Next we notice

that oy = ué o )(1 0) = ( )(1, 0) for some o > 0. But exp (22% aEy) = 1. Thus Eé?&l) and
Ef Y are both controllable (for a>0).
Next we consider %" First notice that T = -t 4 +(FE2). Hence the identity mapping

5a0 5040 2aa
(1,1) (2,1)
20,0 Cfgag Thus,

¢ : H5(n) — H$(n),g — g is a Lie group automorphism such that Th¢ - T’
(LY _, w21
2,a,0 5,00
(2.1)

3acr7

by proposition A.2.1, we have a LiCAS-morphism ¢ : X with state component

¢. Hence controllability of ) implies controllability of ¥ by proposition A.2.2.

2,a,0
We now return to show that Eéa’)_l is controllable. Here our usual tools fail to prove

this point and we are left to show directly that Eglal)_ 1 is locally controllable at the identity

(i.e., 1 € int A). Then as A is a semi-group (proposition A.2.4) and any neighbourhood of
identity generates a connected Lie group, it follows that A = H§(n) and hence that E;}i)_l is
controllable. We use Mathematica for the following calculations, see section C.7.
First recall that Hgl 1) 1(1,u) = —E3+aEs+uFE;, where a > 0. Now consider the mapping
F:(0,00)3 xR — HS(n ) given by
Ftr, o, £, 1) — e o Soa (L) o G 200 (Lw) (G5 :S;llu,u) ot b1 (1)

t1m

:eﬁ(—E3+aE4+uE1)et32 (—FE3+aFEy— uE1) ( E3+aE4+uE1)e6 (—E3+aE,— uE1)

Notice that the image of F is contained in A (as A is a semi-group, proposition A.2.4, and
exp(t=(1,u)) € A for t > 0). As the exponentiation map is smooth and products are smooth

\/Qg_ﬁ \/a> Then we get (using

in a Lie group, we have that F' is smooth. Let p = (1, 1,1,
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Mathematica) that

1 0 0 0 0
0 -1 0 0 0

Fip)=10 0 -1 0 0 (F(p))*™ =1.
00 0 1 0
00 0 0 en

We claim that there exists some neighbourhood V' of p such that F ‘V V= F(V) is a dif-

feomorphism. By use of the inverse function theorem (cf. [22]) we need only show that the
set {ai OF| OF| OF
ot1 p’ Oto p’ Ots p’ ou p
of these partial derivatives are in T,H5. Thus we can use (the tangent map of) a left transla-
tion, T L,-1 : TpHS(n) — T1HS(n)), to map each of these partial derivatives to T1HS, which we
identify with h3(n). Furthermore, as T}, L, -1 is a linear isomorphism, linear independence is pre-
served. Note that, for a linear Lie group, we have that T}, L,,-1-§ = p ¢ € h3(n) for £ € T,HS(n)

-1 OF —1 OF —1 OF —1 OF
ol Bl P Bl P Balp ©

h3(n) as a vector (of length 4, with respect to the basis {E;},_17). Then let R be the (4 x 4)
matrix with these vectors as its rows. Then we get (using Mathematica) that

} of partial derivatives at p is linearly independent. Note that each

(see section A.1.1). Now represent each element of {p

_ __ 2/2/A0
det R = gm\/;)#o.

Thus the set of partial derivatives is independent at p. Therefore we have that F(V) C A
is an (open) neighbourhood of F(p). Thus F(p) € int.A. Then as int.A is a semi-group
(proposition A.2.4), we get that (F(p))?" = 1 € int A, and so E%(’)l) is controllable, as explained
above.

In summary we have the following.

THEOREM. A system ¥ with state space Lie group isomorphic to HS(n) is controllable if and
only if it is of full rank.

Proor. If ¥ is controllable then it must be of full rank. On the other hand if 3 is of full rank
(and has state space isomorphic to the connected Lie group H§(n)), then it is DF-equivalent
to one of systems listed in corollary 3.3.9, by this corollary. But we have shown that each of
these systems is controllable. As controllability is invariant under DF-equivalence the result
follows. O

That is to say, we have that all proper systems on H$(n) are controllable. Hence a classification
of controllable systems, is just one of proper systems, as given in corollary 3.3.9. We have the
following corollary to this theorem.

COROLLARY. A system Y with state space Lie group isomorphic to ﬁ/(an @ N2) (as described
in theorem 1.3.7) is controllable if and only if it is a proper system.

PROOF. If ¥ is controllable it is necessarily a proper system. Recall from proposition 1.3.13 that
HS(n) =2 H§/nN; covers H5/(nNy @ Ng), i.e., there exists a Lie group covering homomorphism



100 3.3. SYSTEMS ON H§ AND ITS n-FoLD COVERS

q : H§(n) — ﬁg/(an @ N3). Thus given a proper system Y (with state space Lie group
isomorphic to H/(nN; @ N3)) we can construct a LiCAS-covering (X', ®), as described in
section A.2.2, such that ¥’ = (H$(n),Z') and ¢ is the state component of ®. Moreover as
Ti1q - T" = T by construction, we get that 3’ is of full rank. Hence ¥’ is controllable (by the
above theorem) and so it follows (by proposition A.2.2) that ¥ is controllable. O



Chapter 4

An Optimal Control Problem on ﬁg

We consider optimal control problems (with fixed terminal time and diagonal ﬁg—invariant cost)
associated to controllable left-invariant control affine systems on H$, as listed in theorem 3.2.2.
That is, we consider problems of the form

. =(, o

(1) =Z57 (g0, u(®),  g():0.T) = Hg,  u():[0,T] — R

9(0)=go, 9(T)=g1, go,g1 € HS fixed, T >0 fixed

J() = | x(u(t))dt = min,

(for some ¢, ¢, i and «) where the cost y is of the form y : R® — R, u Zle ﬁiu? for
some 3; > 0, i = 1,/ . Specifically we wish to investigate the (reduced) extremal curves (see
section A.3.6). However such an investigation becomes fairly complicated and technical quite
quickly. For this reason we will restrict ourselves to an investigation of the two-dimensional
homogeneous system, i.e., 532,0). (A preliminary investigation suggested that igzo) is one of
the simpler cases to deal with. Note that even in this case, integrating the reduced extremal
curves is quite complicated. As such we will only integrate a subclass of the reduced extremal
curves.)

The choice of considering systems on ﬁg as opposed to on H$(n), is primarily motivated by
being able to “cover” all system on connected Lie groups with Lie algebra isomorphic to b3, by
systems on H§. (See section A.1.3 regarding Lie group coverings and section A.2.2 regarding
LiCAS-coverings. At the time of writing this thesis we were engaged in investigating “cost
extended systems” and, in particular, showing that extremal trajectories are projected by “cost
extended coverings”.)

Ultimately, this chapter will mainly be concerned with the study of the dynamics generated
by a Hamiltonian

H: (hg)* - Rv p= % (ép% + ép?l) ) Bl > 07 bi = p(El)7
on (Eg)* equipped with the Lie-Poisson bracket.

101
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4.1 Preliminaries

We will use the notation and conventions as laid out in section A.3. Specifically, we use the
following trivialisation of the cotangent bundle
(9,p) € HS x (3)°  «—  (TuLy1)*-pe TH;
and recall that the Poisson bracket (defined by the symplectic form w = —df, 0 = (T'7)*,
m: T*HS — HS, (9,p) — g) of two H§-invariant Hamiltonians Hy and Hy on T*HF is given by
{H1, Ha}(g,p) = —p- | %5 (g,p), G (g,p)] :

The Lie-Poisson structure on (Hg) is then defined as above, by considering Hy, Hy € C’OO((Hg)*)
as H$-invariant Hamiltonians on T*Hg. For the purposes of this chapter we will denote the

ordered basis {Ei}z‘:ﬂ for Hg, as introduced in section 1.3.1, by {E;},_77. Furthermore we will

denote the dual basis by {£}},_17 and the double dual basis by {F;},_13. That is P;(E}) =
EX(E;) = &;j for i,j = 1,4. Then for p € (h3)* we will write p = (p1, pa, p3,ps) = Zj‘:l piEf,

i.e., we define the i’th component of p as P;(p). With regard to Casimir functions on ((bg)*, {, }),
we have the following result (which in particular implies that p3 = 0 for all extremal curves).

PROPOSITION. P3:p > p3 and C : p — p? + p2 — 2p3py are Casimir functions on ((Eg)*, {, })

PROOF. By proposition 1.2.26, we have that F3 € Z (Eg) and hence (by proposition A.3.19) get
that P; = E5* is a Casimir function. We have that C is a Casimir function by corollary 1.4.8

(and noting that we have a Lie algebra isomorphism 1 : Eg — b3, ¢ = I; w.r.t. the respective
ordered bases). O

Having dispensed with defining our notations and structures, we now turn our attention to
the system ZgQ’O). Recall that 252’0) = (Hg, E?’O)), with arbitrary diagonal cost, is given by

$(2,0)  (2,0) =21, u) = wi By + upEy
(217 X1 ) ; ngo)(u) = Biuf + Bou}
617 62 > 0.

Therefore, the cost extended Hamiltonian lift (on 77 ﬁg, see section A.3.4) takes the form

Hﬁ(g,p) = p1ui + paug + v (ﬁlu% + 52’11%) .

We wish to study the extremal triplets associated to H}. In other words, we seek v € R and a
triplet t — (g(t),p(t), u(t)) satisfying the necessary conditions of PMP (theorem A.3.20), i.e.,

g() [0, 7] = Hg,  p(): [0,T] = g% u(-):[0,T] = R,
(v,p(-)) #0, veER, v <0,

4 (g(1), (1)) = F (9(0),p(1)).

HZ(t) (g(t),p(t)) = ume%gg H) (g(t),p(t)) YVa.e te0,T]

We consider the two cases for v (either v = 0 or v < 0 and may be normalised) in the following
subsections.
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4.1.1 Abnormal extremals

We consider extremal triplets for which ¥ = 0. In this case the condition Hg(t) (g(t),p(t)) =
max,cge HY) (g(t),p(t)) implies that

p1(t)ui(t) + pa(t)us(t) = Zne%ge( (p1(t)ur + pa(t)ug) VY ae. t €[0,T].

This in turn implies that pi(-) = p4(-) = 0. Then, as we assume % (9(t),p(t)) = ﬁg(t) (9(t),p(t)),
by applying propositions A.3.9 and A.3.17, we get that (for ¢ € [0,T7])

0=p1(t) = —p(t) - [Er,u1(t) Er + uz(t) Eg] = —p(t) - (ua(t) Es) = —pa2(t)ua(t)
0=pa(t) = —p(t) - [Eg,u1(t) Er + uz(t) Eq] = —p(t) - (—ua(t) B2) = p2(t)ui(?).

Thus we have that either u;(-) = wua2(-) = 0 or pa(-) = 0. In the first case we have trivial
dynamics, i.e., E?’O)(l, u(t)) = 0 and so g(-) is constant. So assume po(-) = 0. Then, like above

(noting pi(-) = 0), we get that
0=pa(t) = —p(t) - [E2, ur(t) Er + up(t) B = —p(t) - (—u1(t)Es — ua(t)E1) = pa(t)ua(t).

Therefore, either ps(-) = 0, or uy(-) = 0. But p3(-) = 0 is untenable as (v,p(:)) # 0. Thus

u1(-) = 0. Finally notice, again by the same argument as above and as E3 € Z (h3), that
pg(t) = —p(t) . [Eg,ul (t)El + U2(t)E4] =0

and so p3(-) is constant. We are now ready to make a statement concerning all abnormal
extremals.

PROPOSITION. The abnormal extremal triplets (g(-),p(:),u(-)), for which g(-) is not constant,
are given by

g() it i (2,y, 2 fyua(s)ds +60),  p() it (0,0,p5,0),  ul): b (0,us(t)),

where uy(-) # 0 is some admissible control and p3,x,y,z,0 € R are constants such that p3 # 0.
(For the definition of m : R* — HS, see section 1.3.1.)

PROOF. By the foregoing discussion we already have that p(-) and u(-) must be of the specified
forms (the condition ua(-) # 0 is required for g(-) not to be constant).
By proposition A.3.9 (and the assumption %(g(t),p(t)) = Hg(t) (9(t),p(t))), we get that

g(t) = Egz,o) (g(t),u(t)) = g(t) ua(t)Es. Recall that in chapter 3 (equation (3.2.1)) we showed

that we may parametrise an integral curve g(-) of a (left-invariant) vector field = : g
g Z?:l vi(t)E; as
g(t) = m(xz(t),y(t), 2(t),0(t)).

Accordingly we got a system of “parametric” differential equations

[M]: [cow(t) sin9<t>} [”1“)] 0

y(t) B Sinﬂ(t) COS@(t) vg(t) (x(t)y(t) - y(t)x(t)) + 03(t) H(t) = U4(t)'

D=
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So in this case we have that v1(-) = 0, va(-) = 0, v3(-) = 0 and v4(-) = uz(-). Hence z(-) = y(-) =
2(-)=0and so z(-) =z, y(-) = y and z( ) = z for some constants z,y, z € R. Furthermore we
get that 0(t) = ug(t), yielding (¢ IOUQ )ds + 6 for some constant 6 € R.

We now show that the descrlbed triplet is indeed an extremal triplet. As ps # 0 the
condition (v, p(-)) # 0 is satisfied. Also, as H{(g(t), p(t)) = 0 the condition Hg(t) (9(t),p(t)) =
max,cpe HY (g(t),p(t)) is satisfied. Now, by proposition A.3.9, we have that ﬁg(t) = (X,Y"),

X(g(t),p(t)) = Eu(t)(1)7 Y*(g(t), p(t)) = —ad"Ey)(1) - p(t). Thus we get that

9(t) = g (.. 2, fyua(s)ds +0) = g(t) Zu (1) = g(t) X (9(1), p(1))
p(t) = 0 = —ad*ua(t) Ey - p3(t) 5 = —ad" Ey ) (1) - p(t) = Y™ (g(2), p(1)).
That is, the condition %(g(t),p(t)) = ﬁZ(t) (9(t),p(t)) is satisfied. O

4.1.2 Normal extremals

We consider extremal triplets for which v # 0. We will conveniently choose v = —%. We start
by considering the expression max,cge H,, (g, p). In this case we have that

HY(g,p) = prut + paus — & (Bruf + Bou3) .
Note that HY (g, p) is smooth deﬁnes a paraboloid and has a global maximum (w.r.t. u € RY,
and for a fixed p € (h3)*) at au = 0. But 22 — 0 implies that

[p1 — ﬁ1u1 pa — PBouz] = 0.
That is, u; = ém and uy = %m. (So in particular, the condition HY, (t)( ()p(t)) =

max,cpe HY(g(t), p(t)) implies that u(t) = (Epl( ) Epzl( )).) Substituting these values back
into HY (g, p) we get a maximised Hamiltonian

Huax(9,p) = 5 (ép% + Flzpi) :
Thus, by proposition A.3.21, an extremal triplet (g(-), p(-), u(:)) satisfies (for ¢ € [0,77])

4 (g(t),p(t)) = Humax (9(1),p(t)), t€1[0,T).

But as Hpyayx is H3 invariant, we can consider it as a Hamiltonian on (f)3) (with Lie-Poisson
structure) and consequently get that p(t) = Hmax(p(t)). Now notice that aHf;ax = B%plEl +

%p4E4 (where we identify (Hg)** with Hg canonically). Then, applying proposition A.3.15, we
get (in coordinates, suppressing evaluation at t) that

p1=—p- B, 301 B+ 4;paEa) = —p - (g;paE2) = — 5 p2pa

P2 = —p- B2, 01 B+ gpaBa] = —p- (5,01 E3 — 5;p1E1) = p1 (ﬁ p3 + 5%194)

pS - {Pg, Hmax} =0

pa=—p-[Es, 301 B+ gpaBal = —p- (—3-p1 E2) = 5-p1pa-

So, in summary, we get the following result.
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PROPOSITION. The normal extremal triplets (g(-),p(:),u(-)) are of the form

~ —

PO ). el = GO Fm®), P = Huw(®)

[1]

9(t) =

where Hyax € COO((E%)*)7 Hmax(p) = % (ép% + %]ﬁ) and ﬁmax(p) = (p17p27253>]§4> is given
(in coordinates) by

P1 = —g; P2D1, P2 =p1 (gﬂszrﬁ—lQm)? p3 =0, P1a= g P1D2

Proor. All that is left to show is that () takes the specified form. But this follows from the
condition %(g(t),p(t)) =Hy, (9(t),p(t)) and propositions A.3.9 and A.3.12. O

Thus the problem (of studying normal extremal triplets) is effectively reduced to studying
the properties of the Hamiltonian Hp.x € C“((bg)*) and its associated vector field H .
Specifically, we are interested in the reduced normal extremals p(-), i.e., integral curves of
Hyax. The rest of this chapter will be dedicated to the investigation of this topic. However,
before we continue on to do so, we briefly investigate how the problem of finding the “extremal”
integral curves g(-) of égQ’O)(-, u(t)) may be approached (given an integral curve p(-) of Hpmax,
defining an “extremal control” u(-)). Specifically we show that one may reduce this problem
to solving a system of four “parametric” differential equations. Furthermore, we show that
under the assumption p3(0) # 0, we may further reduce the problem to solving a system of two
“parametric” differential equations. (Section C.8 contains the supporting Mathematica code.)

We recall (again) that in chapter 3 (equation (3.2.1)) we showed that we may parametrise
an integral curve g(-) of a (left-invariant) vector field Z: g — ¢ E?Zl vi(t)E; as

g(t) = m(x(t),y(t), 2(t), 0(t)).

(For the definition of m : R* — ﬁg, see section 1.3.1.) Accordingly we got a system of “para-
metric” differential equations

0] = [, ][] 0=

So in this case we have that vi(-) = B—llpl(-), va(-) =0, v3(-) = 0 and vy(-) = %pzl('). Hence,
suppressing the evaluation at ¢, we get a system of four differential equations

T 1 cos ¢ C 1 . j_ 1
[y} = 5h [_ sin 9] i =5 (zy — yi) 0 = 3P4

(2()g(t) = y()E(t)) +vs(t)  O(t) = va(?).

N[

REMARK. Suppose we choose to rather parametrise g(t) by the inverse of our usual element,
ie., g(t) = m(z(t),y(t),z(t),0(t))"1. (This may be safely done as the inverse operation is a
diffeomorphism.) Then we get, by the same process followed in chapter 3, that

#(t) = —v1t) — y(t)va(t), (t) = —vs(t) + 2(Hva(t),
5(t) = L (2(Ovat) — y(Oa (1)) — v (2), (t) = —us().

D L-
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Therefore, in this case, we would get that

B(t) = —2p(t) = yOpa(t), G0 = FeOpat), EE) = —yOp ), 0() = —Epa(t).

Next we show, that under the assumption that the constant component p3(-) = p3(0) # 0,
we can reduce the above four differential equations to two. We base this reduction on the
result p(t) = Ad*g(t)~" - u, (for some p € (h3)*) as presented in proposition A.3.11 (or using
propositions A.3.9 and A.3.12). At this stage we will conveniently assume that g(0) = 1 (this
can always be arranged by using a suitable left translation). Then we have that u = p(0).
Now recall that in section 1.4.3 we calculated Ad* m(z,y, z,6) w.r.t. the dual basis of h§ for an
element m(x,y, z,0) € HS. In the same way we can calculate Ad* g(¢) (or alternatively use the
Lie group covering homomorphism q : ﬁg — H§, m(z,y,2,0) = m(x,y,2,0)). We get that

cosf) —sinf —zsinfd —ycosf 0
sinf cosf  wxcosh —ysinfd 0
0 0 1 0
1

—y x 1 (;U2 + yz)
Consequently (from the condition p(t) = Ad*g(t)~! - p(0)) we find that

Ad* (m(z,y, 2, 9))_1 =

—p3(0) (m(t) sin 0(t) + y(t) cos Q(t)) + p1(0) cos O(t) — p2(0) sin H(¢) p1(t)
p3(0) (x(t) cos B(t) — y(t)sinb(t)) + p1(0) sin O(t) +P2( JeosO(t) | _ |p2(t)
p3(0) p3(t)

503(0) (2(t)* + y(1)%) — y(t)p1(0) + x(t)p2(0) + pa(0) pa(t)

Equating the first two components we find that
[COS 0(t) —sin 9(15)] [m(O) - ps(O)y(t)} _ [m(t)}
sinf(t) cosO(t) | |p2(0) + p3(0)z(t) pa(t)|”
Therefore we get that

) = i (- ]+ [ty mt0] o]

In other words we get that

[x(t)} _[o 1} [—y(t)} 1 <[—p2(0)] B [sin 0(t) —cos H(t)} [pl (t)])

y)] = 1=1 o) Lat) ] = 5@ \Lpr0) | cosb)  sinb(®) | [pa(t)] )

That is to say, having solved 0(t) = %pzl(t), we immediately have solutions for the parameters
x(t) and y(t) (under the assumption we have solved for p(-) and the constant coordinate ps(-) =
p3(0) # 0). Making use of this expression (and the expressions for &(t),y(t), 2(t)), we can write

(t) solely in terms of p(¢) and 6(t). This calculation was performed in Mathematica; see section
C.8. We get that

A(t) = p1(t) (p1(t) — p1(0) cos O(t) 4 p2(0) sin 6(2))
2p3(0)B1

Thus we have effectively reduced the system of four parametric differential equations to two.

We summarise these results in a proposition.
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PROPOSITION. If (g(+),p(-),u(-)) is a normal extremal triplet (as described in proposition 4.1.3)
then g(t) = m(x(t),y(t), z(t),0(t)) for some parametric functions x(-),y(-), z(-),0(:) : R — R,
which satisfy

(t)| cos 6(t) o
[y(t)] - %pl (t) |:_ sinH(t)] Z(t) -
If in addition g(0) = 1 and p3(-) = p3(0) # 0, then we have that
z(t)] 1 p2(0)|  [sin6(t) —cosO(t)| [p1(t)
o) = (o) |~ Leanoty motsy | o)
s(1) = p1(t) (p1(t) — p1(0) cos O(t) + p2(0) sinO(t))
2p3(0)B1 '

(x()y(t) — y(t)i(t)) 0(t) = gpa(t).

N[

4.2 Qualitative Analysis of (Reduced) Normal Extremals

We now study the qualitative properties of I:_imax. We start with an analysis of the equilibrium
points (with regard to stability). We then continue on to describe and classify the integral
curves of Hpax. Finally we suggest a subdivision of typical cases for further analysis, specifically
with regard to integration. We recall, for use in this section, that Hy,x and C are given (in
coordinates) by

Hunax(p) = 3 (ﬁpf + épi) : C(p) = pi + p3 — 2p3pa
and (from proposition 4.1.3), that ﬁmax(p) = (p1, D2, P3,P4) is given (in coordinates) by
1 . 1 1 s S
p1 = —35; P24, P2 =p1 (EP:H-@M), p3 =0, P4 = 3, P12
4.2.1 Stability

PROPOSITION. The set of equilibrium points E (of ﬁmax) s given, in coordinates, by

E = {(a,0,b,—5b),(0,a,b,0),(0,0,a,b) € (b3)" | a,b € R}.
ProOF. By definition, p € (Eg)* is an equilibrium point if ﬁmax(p) =0, i.e.,

—3;p2pa =0 P1 <ﬁp3+%p4>:0 3 mp2=0.

We break this down into subcases Suppose p € E and p1 # 0. Then we have po = 0 and
ﬁl + = 0, implying py = ﬁ 3. Thus p = (a,0,b,— N p3) for some a,b € R. Moreover, for

any a, b € R we have that (a,0,b, — 7 p3) is an equilibrium point. On the other hand assume
p € E and p; = 0. Then we require that popy = 0. If po = 0, then p = (0,0,a,b) for some
a,b € R and for any a,b € R we have that (0,0, a,b) is an equilibrium point. If po # 0, then
ps =0 and p = (0,a,b,0) for some a,b € R and for any a,b € R we have that (0,a,b,0) is an
equilibrium point. O
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With the equilibrium points at hand, we now turn to an investigation of their stability.
Specifically, we partition the set of equilibrium points into the (Lyapunov) stable and unstable
equilibrium points. (For more details see section A.4.2.)

PROPOSITION. The sets of (Lyapunov) stable equilibrium points Es and unstable equilibrium
points E,, are given by

Es ={(0,0,0,a),(0,b,d,0),(0,0,b,¢) | a,b,c,d € R,b# 0,c(cpr + bB2) > 0}
By ={(0,0,b,¢), (b,0,a,~5a) | a,b,c € R,b#0,c(ch+bp) < 0}.

PRrOOF. First notice that £ U E, = F and E;, N E, = . Thus E,; and E, partition E. For
negative results (i.e., E,) we use theorem A.4.4, i.e., we prove linear instability; for positive
results (i.e., F5) we use theorem A.4.5 (an extended Casimir Energy method). We use Math-
ematica (see section C.9) to assist our calculations. Before starting to investigate individual
cases we briefly make some definitions and general calculations. The linearisation of ﬁmax is
given (at some point p, in coordinates) by

0 __Pbs

TR
. B BB
DHmax<p) = |7 0 P2 0 601 %2
D. p
5—? 5—1 0 0

We define a family of (Casimir energy) functions F) : (Eg)* — R by Fx(p) = AoHmax(p) +
A Ps(p) + A2C(p), where P3 and C are the Casimir functions defined in proposition 4.1.1. Then
we have that

2o 4 9p1 Ay P +2% 0 0 0
_ 2p2 A2 2 B 0 2 0 0
dF)\(p) - A — 2pso d F)x(p) - 0 0 0 —2)9
% — 2p3 s 0 0 —2X %
and

% 0 2p
. 0 . 0 . 2p2
dHmax(p) = | dPs(p) = |4 dCp) = | y,,
o 0 —2p3

Define W (p) = ker dHpax(p) N ker dPs(p) N ker dC(p).
We will start with the stable equilibrium points. Suppose p = 0. Set \; = 0 to get
dF(0) = 0. Choosing \g = A2 = 1 we then get (w.r.t. the ordered basis { Ef, E3, E}) that

2 T 1 1
d FA}kerdPg(p)XkerdPg(p) (p) - dlag (E + 2,2, E)

is positive definite, and thus so is d*F ,\|W(p)xw(p) (p) (as W(p) is a subspace of ker dP3(p)).

Thus we conclude that p = 0 is a stable equilibrium point.
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Next we consider a point p of the form p = (0,0,0,a) for a # 0 (we have already dealt with
a = 0). In this case we have that

0

0
dF)‘(p) - )\1 — 2&)\2

ado

B2

Setting Ao = 0 and A\; = 2a\y we have that dF)\(p) = 0. Then

2X2 0 0 0
) o 2% 0 0
TORE=1 0 0 0 _an
0 0 =2 0
Now we have that
0 0 0
0 0 0
deaX(p) 1o dP3(p) ~ |1 dC(p) 124
,6% 0 0
Hence W (p) has (ordered) basis {EY, E5}, and so dQF)\‘W(p)XW(p) (p) = diag (2A2,2A2) with

respect to this basis. Choosing Ao = 1 then yields d?F} positive define. Thus we

[wyxw i (P)
conclude that (0,0,0,a) is a stable equilibrium point for a # 0.

Now consider an equilibrium point of the form p = (0,b,d,0) for b # 0 and d € R. In this
case we have that

0
2bA
dF)\(p) = A ?
1
—2d)\s
Setting Ay = A2 = 0 we have that dF)(p) = 0. Then d?F\(p) = diag (%, 0,0, %) and
0 0 0
0 0 2b
deax(p) - 0 dP3(p) - 1 dC(p) - 0
0 0 —2d

Hence W (p) = span{E{, E5, E;} N span{E}, E5,dE; + bE}} and as such has ordered basis
. . . 2

{EY,dE5 + bE}}. Hence (w.r.t. this basis) we get that dQF)\’W(p)XW(p) (p) = diag (%, bﬁ;\o).

Choosing A9 = 1 then yields d*F ,\‘W(p)xw(p) (p) positive define. Therefore we conclude that

(0,b,d,0) is a stable equilibrium point for b # 0 and d € R.




110 4.2. QUALITATIVE ANALYSIS OF (REDUCED) NORMAL EXTREMALS

Next we consider equilibrium points of the form p = (0,0, b, ¢) satisfying b # 0 and c(¢/31 +
bB2) > 0 (note that we have already dealt with the case b = 0 and ¢ € R). In particular note
that ¢ # 0. In this case we have that

0
0
dF)\(p) - )\1 — 26/\2
G0 —2b)y
Let Ay = Ao and A1 = 2c)3. Then we get that dF)\(p) = 0. Furthermore, we get that
26032
A 2
a+ 55 (3 0 0
0 £20 0 0
d*F\(p) = 55
o0 Rk
and
0 0 0
0 0 0
dHmax(p) = | dbs(p) = |4 dC(p) = | _,,
B% 0 —2b

Hence W (p) has ordered basis {Ef, E5} and so (w.r.t. this basis) we get that
2 o A Ao cA
Py ) () = ding (32 + 532 532)

Taking A\g = gﬁg we get that dQFA}W(p)XW(p) (p) = diag (1 + %, 1). Form our assumption
c(cB1 +bBs2) > 0, we have that ¢?B1 + cbBs > 0, and so (dividing through by ¢23;) we get that
1+ % > 0. Hence we conclude that d?F /\‘W(p)XW(p) (p) is positive definite and therefore get
that p = (0,0,b,¢) is a stable equilibrium point for b # 0 and ¢(cf; + bB2) > 0.

That completes the proof of the stable equilibrium points. We now continue on to the

unstable equilibrium points. First consider an equilibrium point of the form p = (0,0, b, ¢) for
b # 0 and c(cf1 + bB2) < 0. In this case, we get that

0 _5% 0 0

b c
. bie 0 00
DHmax(p) = 61 0 52 O O O
0 0 00

and so the eigenvalues of Dﬁmax(p) are given by

0.0, _ Y =cBi=bcBs /—c2B1—beBs
e VBiB2 ' /PBipa '
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Now as ¢ (¢f1 + bB2) < 0 we have that —c?81—bcfy > 0 or —c?B1—bcBz = 0. If —c?B1—bcBa > 0,
then one of the eigenvalues is (real and) positive and so p is an unstable equilibrium point. Now
suppose that —c?B; — bcfBa = —c(cfy + bBz) = 0. Thus either ¢ = 0 or ¢ = —%. If ¢c =0,
we get that 0 is an eigenvalue (of algebraic multiplicity four), with eigenvectors {Es, E3, F4}.
Hence, the algebraic multiplicity is greater than the geometric multiplicity, and so p is unstable.
On the other hand, if ¢ = —%, we get that 0 is an eigenvalue (of algebraic multiplicity four),
with eigenvectors {E1, E5, E4}. Therefore (again as the algebraic multiplicity is greater than
the geometric multiplicity) p is an unstable equilibrium point. Thus we have shown that any
equilibrium point p = (0,0,b, ¢) for b # 0 and ¢ (cf1 + bf2) < 0 is unstable.

It remains to be shown that a point of the form p = (b, 0, a, —%a), b +# 0, a € R is unstable.
For such a point, we get that

0 ﬁ 0 O
|0 0
DH i (p) = 1 B
0 4 0 0
. 5 b b
Consequently the eigenvalues of DHpax(p) are {0, 0, NTEL m} As b #£ 0, we have that
— \/,6’171W > 0 or \/ﬁblw > 0. Hence we conclude that p is unstable. Il

To aid in the plotting these equilibrium points, we give an alternative description of the
condition ¢ (¢f1 + bf2) < 0.

PROPOSITION. Assuming ps # 0, the inequality ps (p4f1 + psB2) < 0 is equivalent to
(p3 >0 and — %pz <ps<0)or(p3<0and0<py < —%pg)-

ProoF. If py = 0 the equivalence is true. Next suppose ps > 0. If p4 > 0, then the equivalence
is true (as p4f1 + psB2 > 0 an so py (paf1 + psP2) > 0, yielding both statements necessarily
false). Then again, for the case py < 0, we get that

(pa (PaB1+p3B2) SO A pa<0) < (pa>—2ps Api<0) & —2p3<ps<0.

On the other hand suppose ps < 0. If py < 0 the equivalence is true (as psf51 + p3fB2 < 0 and
so pa (paB1 + p3B2) > 0, yielding both statements necessarily false). Then again, for the case
pg > 0, we get that

(pa (paP1+p3f2) <O A ps>0) & (pa< —gjm ANps>0) & 0<p< —gip:a- O

Making use of the “sliding window” Py Y(p3), ps € R we graph the equilibrium sets E, and E,
in figure 4.1. Ej is plotted in blue and FE,, is plotted in red. We used 51 = 2 = 1 for generating
these figures. (We will use this conversion of plotting stable equilibrium points in blue and
unstable equilibrium points in red throughout this section.)
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Figure 4.1: Equilibrium points of reduced system (blue=stable, red=unstable)

4.2.2 Classification of integral curves

Our goal in this subsection is to show that any integral curve of ﬁmax is either constant, periodic
or bounded (with singletons as a- and w-limit sets). This is done in theorem 4.2.16. As Hpax,
P53 and C are constants of motion for ﬁmax (see corollary A.3.8) we have that the integral curves
of ﬁmax are contained in the (intersection of) the level sets defined by Hpax, P3 and C. As such,
it is of use to study (the intersection of) these level sets. We start by showing that, within the
sliding window Py 1(p), p € R, the level sets C and Hy,ax are closed embedded submanifolds.

4.2.4 REMARK. We note that we use the term closed embedded submanifold (as used by J. Lee [22]
and Boothby [8]) to denote an embedded submanifold that is in addition topologically closed
(as a subset of the ambient manifold). It may be shown that any closed embedded submanifold
is exactly a proper submanifold (as defined by Sharpe [35]), i.e., the inclusion map is in addition
proper.

4.2.5 PROPOSITION. The (level) sets

Pyl(p), peR Py (p) N Hyax(h), p €R, h >0
Pylp)nCYe), p#0,ceR P 0)NC ), ¢>0

are closed embedded submanifolds of (Hg)* Furthermore, all but Pg_l(p) are two-dimensional.

Proor. We make use of constant-rank level set theorem (as for instance presented in [22]).
Note that (as a linear map) P; is smooth. Next (w.r.t. the ordered basis of (h$)*) we have that

DPs(p)=1[0 0 1 0]

is of full rank for all p € (h3)*. Thus P;!(p) is a closed embedded 3-submanifold of (b$)* for all
p € R. Henceforth, for a fixed p € R, a point (p1,p2, p,ps) € P?:l(p) will simply be written as

(p1,p2,pa). (That is P x Py x Py: Py '(p) C (h3)* — R3 is used as a global coordinate chart.)
Then, for some fixed p € R, we have that C]P:;l(p) , HmaX’P:;l(p) : Py'(p) — R are smooth

functions and we get (in coordinates) that
D Clp-1(y) (p1:p2.pa) = [2P1 2p2 —2p)

D Hmax‘p:;l(p) (p17p27p4) = [épl 0 %ZM} .
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Suppose p € R and h > 0. Observe that V = P; '(p)\{(0,7,0) | 7 € R} is an open subset of
P; ! (p) and hence an embedded submanifold of Py '(p). Then note that for p € Py '(p), we have
that p € V if and only if HmaX’Pg—l(p) (p) > 0. That is to say Hmax|;£1(p) (h) C V. Furthermore,

3

for p € V, we have that p; # 0 or py # 0 and consequently that D Hpax| P (o) (p) is of full
rank. Thus we get that H 1 (h) N Pyt (p) = Hmax|;£1(p) (h) is an embedded 2-submanifold
3

max
h) N Py !(p) is an embedded 2-submanifold of P;*(p) and hence of
(f)3) As {h} is closed in R, and Hpax is continuous, we get that H. max(h) is closed. Similarly,
P; !(p) is closed as Pj is continuous and {p} is closed in R. Thus P;*(p) N Hmax(h) is closed.
If p # 0 then D C\P§1(p) (p) is of full rank for p € Py *(p) and hence C]PS_ ) (c) is a closed
embedded 2-submanifold of Py *(p) for ¢ € R. Accordingly P; ' (p)NC~'(c) is a closed embedded
2-submanifold of (Eg)* for p # 0 and c € R.
For the last case, suppose ¢ > 0. We proceed in a similar fashion as to the case of Pgl(p) N
HL (h). Observe that V = P;1(0)\{(0,0,7) | 7 € R} is an open subset of P;(0) and hence

max

an embedded submanifold of P 1(0). Then notlce that, for p € P;1(0), we have that p € V' if
and only if C]P3 ( ) > 0. That is to say C\ ( ) C V. Furthermore for p € V we have

that p1 #£ 0 or po 75 0. Consequently, for p € V, We get that D C|P3_1(0) (p) is of full rank. Thus,
for ¢ > 0, we have that P; '(0) N C~!(c) = C\;il(o) (c) is a embedded 2-submanifold of V. It
3

therefore follows that P; '(0) N C~!(c) is an embedded 2-submanifold of (Hg)* Finally, as {0}
and {c} are closed in R, we get that P;(0) N C~!(c) is closed. O

max(

of V. Consequently

Next we define the intersection of the levels sets of P3, C and Hyax as
K(p,c,h) = P:;l(p) N C_ ( ) N Hmax(h)
where p = p3, ¢ =C(p) and h = Hmax( ) for some p € (Hg)* (Notice that, for any p € K, . 1),
we get that Ps(p) = p3 = p, C(p) = P + P3 — 2p3pa = ¢ and Hyax (D) = (51113? +3,01) = h.)

REMARK. At this time we note that, as a finite-dimensional vector space, the topology on
(f)o)* =~ R* is generated by any norm on (63) We will conveniently use the following norm:

]l = /92 + 0} + 93 + 2.
PROPOSITION. The subset K, . p) of (Eg)* is compact.

PROOF. By continuity of P3, C and Hyayx, we get that IC(, ..y is closed. Next for p € K, . ) we
have that p3 = p?, p? +p3 —2p3ps = c and p1 T3 p4 = 2h. From the condition p1 T3 p4 = 2h we get

that p? < 2hB3; and p? < 2hfB3,. Hence, from p3 = c+2p3ps—p?, we get that p2 < c+2\/2p2h,82.
Hence, |[p||? < p? + 2h(B1 + B2) + ¢ + 21/2p%hB2. We therefore have that Kp.eny is a closed

and bounded subset of (Hg)*, and hence compact. O

COROLLARY. The vector field ﬁmax is complete.
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PROOF. Let p(-) be any integral curve of Hyax, such that p € imp(-). Let p = p3, ¢ =
p? + p2 — 2p3py and h = %(%pf + 51—217421). Then (as Ps, C and Hpayx are constants of motion for

—

Hyax) we get that imp(-) C K, . 5)- The result then follows from corollary A.4.2. O

Note that, as ﬁmax is complete, any integral curve of ﬁmax has maximal domain given
by R. We will restrict ourselves to considering such integral curves for the remainder of this
section. We now proceed on to showing that K, ) is a embedded 1-submanifold (under some
conditions). However, before we do so we have the following (supporting) lemma.

LEMMA. We have the following equivalence
2 2 -2
peEFlE < [ 1p1 b2 1 pg] is not of full rank.
a1t 0 4

PROOF. We have that p € E if and only if

—ggh2pa =0 i (ﬁps + ém) =0 3p1p2 = 0.

This in turn is equivalent to

1 2 1 1
(gpzm) + (pl ([71193 + ijz;))

But, using Mathematica, we get that

2 . 2
+ (EP1P2> =0

9 9 9 2,92 2.9 22 2 2
papifi + pipsBs + p1” (pafr + p3fB2
(%pzm) + (Pl (ﬁp:’,-l-%m)) + (517131]92) =241 L2 2,6’2ﬂ2 ( ) .
P32
On the other hand let

2 2 -2
M = [ P1 P2 ps] ‘

3p 0 %m
Then M is not of full rank if and only if det(MM ") = 0. But (again using Mathematica for

calculations) we have that

4 (p30383 + P38 + PF (paB + psBa)’)
5153

Notice that the two conditions are exactly the same to get the result. O

det(MM") =

PROPOSITION. Let p = p3, ¢ = C(p) and h = Hpax(p) for some p € (Eg)* Further suppose
that h > 0 and that ¢ > 0 whenever p = 0. If ENK(,.pn = (), then Kp,e,n) i a compact

embedded 1-submanifold of (Eg)* If ENKpen # 0, then K, em\E is a bounded embedded
1-submanifold of (Hg)*
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PRrROOF. By proposition 4.2.5 we have that P3_1(p) is a closed embedded 3-submanifold of (Hg)*
(Again we use Py x Py x Py : Py '(p) — R as a global chart.) Moreover, as F is a closed subset
of (Hg)* (as a union of a finite number of 2D linear subspaces), we have that Py *(p)\E is an
open subset of P;*(p), and hence an embedded 3-submanifold of P; '(p). Consider the smooth
map F : Py '(p)\E — R2, given by

C(p) oo 2p2 —2p
(p) |:Hmax (p):| (p) Fllpl 0 /3712]94

Note that F~'(c,h) = Py (p)\ENC'(c) N Hyl(h ) Kpey\E. Now by the preceding
lemma we have that DF ( ) is of full rank for p € Py !(p )\ Hence we have that F~(c, h) is
an embedded 1-submanifold of P;*(p)\E and hence of (f) )*. That is to say K(,cn)\E is an
embedded 1-submanifold of (h3)*.

If ENKpen =0, then K, on\E = K(,cn) and as K, p) is compact (proposition 4.2.7)
we then have that KC(, . ) is a compact embedded 1-submanifold of (Hg)* On the other hand
(if ENKpen # (), we no longer have that K(p,c,ny\E is compact. However, we do have that
Kp,e,n)\E is bounded as it is contained in KC(, . 5y, which is compact (proposition 4.2.7). O

PROPOSITION. Let p(-) : R — (Hg)* be an integral curve of Hmax, p = p3(0), ¢ = C(p(0)) and
h = Huax(p(0)). If p(0) ¢ E (i.e., p(-) is not constant) then

imp() € K®C Kpen)\E € Kpen)s

where KO is the connected component of IC(p7c7h)\E containing p(0). Moreover K° is a bounded
connected embedded 1-submanifold of (h3)*.

PRrROOF. IC(MJL)\E C K(pen trivially. By proposition 4.2.10 we have that K, .,)\F is a
bounded embedded 1-submanifold of (Hg)* Hence KU is a bounded connected embedded 1-
submanifold of (h3)*. We are left to show that imp(-) C K°. Now as

K(pch) P ( ) ne- ( ) N Hmax(h)

and P3, C and H,.x are constants of motion for ﬁmax, it follows that im p(-) C IC(p@h). Next as
p(0) ¢ E it follows that imp(-) € K, .n\E (if p(t1) € E then imp(-) C {p(t1)} € E). Then,
as p(-) is an integral curve, it follows that im p(-) is connected and contains p(0). Therefore we
ge(;c that im p(-) is contained in the connected component of K, . 5\ E containing p(0), namely
K. O

Having described the submanifolds on which the integral curves of Hp.x develop, we are
almost ready to make our classification. However, before we do so we develop a (supporting)
result concerning integrals curves on compact connected 1-manifolds; present two (technical
supporting) lemmas; and recall a topological result regarding connectedness (as a lemma).

PROPOSITION. Let M be a connected compact smooth 1-manifold and X : M — TM be
a complete smooth wvector field which is never zero (i.e., Ym € M,X(m) # 0). Then any
(mazimal) integral curve c(-) : R — M of X is periodic and surjective.
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PROOF. Suppose c(-) : R — M is an integral curve of X. As M is a connected compact smooth
I-manifold, we have that M is diffeomorphic to SO(2) (or equivalently to S'). That is, we have
a diffeomorphism ¢ : M — SO(2). Then the integral curve ¢(c(-)) : R — SO(2) of (the push
forward) ¢.X can be written as

b(c(t)) = [cos@(t) —sin@(t)} ’

sinf(t) cos(t)

for some smooth function 6 : R — R. (This follows as ¢(c(-)) is required to be a smooth curve
on SO(2).) Now as %gb(c(t)) = ¢ X (¢(c(t))) we have that

6(t) 0]  [-sin6(t) —cosf(t)] "
{o é(t)}_[cosﬁ(t) —sin&(t)] P X(9(elt))

This is equivalent to 6(t) = Y (A(t)) for some smooth vector field Y : R — R. (Effectively we
lift the dynamics to the universal covering 56(2) >~ R.) Note that Y is periodic, specifically
Y (0 + 2n) = Y(0) for § € R. Next note that as X is never zero we have that Y is never
zero (if Y were zero at 0(t1), then ¢.X(¢(c(t1))) = 0 and so X(c(t1)) = 0). Thus, as Y is
smooth, we have that either V¢ € R, Y (0(t)) > 0 or Vt € R, Y (0(t)) < 0. W.l.o.g. we assume
Y(0(t)) > 0 for t € R. Now, as [0,27] is compact, |Y(-)| = Y (-) attains a minimum y > 0 on
this interval. Moreover, as Y is periodic, this is a global minimum (for 6 ¢ [0, 27| there exists
n € Z such that 0 + 2nm € [0, 27|, then Y(0) = Y (0 4+ 2n7) > y). Thus 6 : R — R is strictly
increasing. Moreover, as 0(t) > y, we get that 6(t) — (0) > yt for t € [0,00). Hence we have
that 9(2?”) —0(0) > 27, and as 6(-) is continuous we have that Vr € [#(0),0(0)+2x], 3t € [0, %’r]
such that 6(t) = r. Thus ¢(c([0, 2f])) = SO(2) proving surjective property. Also there exists
telo, %’r], t # 0 such that 6(t) = 6(0) +27. So ¢(c(0)) = ¢(c(t)) and hence ¢(0) = ¢(t), proving
¢(+) is periodic. O

LEMMA. Let X : R — R be a complete smooth vector field which is strictly positive (i.e.,
Vr e R, X(r) > 0); ¢(-) : R = R be a (mazximal) integral curve of X; and {t,}nen be an
unbounded sequence (i.e., t, — £oo as n — 00). Then {c(t,)}nen does not converge in R.

PROOF. Suppose ¢(t,) = s € Rasn — oco. Then there exists N € N such that Vn > N, ¢(t,) €
[s — 1,5+ 1]. Then, as [s — 1,s + 1] is compact, X attains a minimum z,;, and a maximum
Tmax 00 [s — 1,5+ 1]. Moreover, as X is strictly positive, 0 < Zpin < Tmax. Hence we get that
Tmin < ¢(t) < Tmax and so (for t € R) we have that

(t - tN)l'min S C(t) — C(tN) S (t — tN)a;maX.

Suppose t,, — o0 as n — oo. Then there exists n; € N such that ny > N and t,, —ty > ﬁ
Hence we get that 2 < ¢(t1) —c(tn) implying that c(t1) > 2+¢(ty). But as ¢(ty) € [s—1,s+1],
we get that ¢(t1) > s+1 and so ¢(t1) ¢ [s—1, s+1], a contradiction. On the other hand, suppose
tp, = —oo as n — oo. Then there exists ng € N such that ng > N and ¢, — Iy < —mjax.
Therefore we get that c(t2) —c(tn) < —2 implying ¢(t1) < c(tny)—2. But as c(ty) € [s—1,s+1],
we get that ¢(t2) < s—1 and so ¢(t2) ¢ [s—1, s+1], a contradiction. Thus we get that {c(t,) }nen
does not converge in R. Il
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4.2.14 LEMMA. The set Py '(p) N Hyl (R) N E contains between two and four points (thus it is finite

max

and hence totally disconnected) for p € R,h > 0. Specifically

max

|P;(p) N HL ()mE\—3+sgn(2h51 & 2).

PROOF. Recall that Hypax(p) = (Zi n %) and

E = {(a,0,b,—£b),(0,a,b,0),(0,0,a,b) | a,b € R}.

As h > 0, for p € H_ (h), we have that p; # 0 or py # 0. Thus there are no equilibrium
points of the form (0,a,b,0) in Py *(p) N Hyl (h) N E.

max

Next suppose p = (0,0,a,b) for some a,b € R and p € Py '(p) N HyL (k). Then a = p and

Hpax(p) = % = h > 0. Thus b = ++/2h32. That is to say there are exactly two equilibrium

points of this form, namely (0,0, p, v/2h32) and (0,0, p, —/2h52).
For the last case suppose p = (a,0,b, —%b) for some a,b € R and p € Py '(p) N Hyl (h).

Then b = p, and as Huax(p) = h, we get that o> = 2h8) — §2p?. Now if 211 — F2p? < 0
then there is no real solution for a, that is to say there are no equilibrium points of this
form. If 2h61 — @p2 = 0 then there is exactly one equilibrium point of this form, namely

(0,0, p,—Z2p). If 2R3 — 5 252 > 0 then there are exactly two equilibrium points of this form,

namely (W 0.p,—2p) and (= /208 — 22,0,p,~2p). .

4.2.15 LEMMA. ([38]) If V is a connected subset of a topological space M and V-C W C clV, then
W is connected.

We now produce the main result of this subsection. (For the definition of a- and w-limit sets
see section A.4.1.)

4.2.16 THEOREM. Letp(-): R — (Eg)* be an integral curve of Huyax. Let ¢ = C(p(0)), h = Hupax(p(0))
and K° be the connected component of Kps(0),e,my \E containing p(0). We classify the behaviour
of p(+) as one of three types:

1. if p(0) € E then p(-) is constant;

2. if p(0) ¢ E and K° is closed in (h3)* (or equivalently 1K°NE = (), then p(-) is periodic
(and has image K°); figure 4.2a;

3. if p(0) ¢ E and K° is not closed in (h3)* (or equivalently c1K° N E # 0), then p(-) is
bounded and the limit sets lim,, p(-) and lim, p(-) are singletons (possibly the same) in E;

figure 4.2b.

We illustrate the above typical cases (excluding that of the constant curve) in figure 4.2.

Proor. We start by proving the equivalence K0 is closed if and only if cl KN E = 0. If K0 is
closed, then cl K? = K° C K(p3(0),e,ny \E and hence cl K°NE = (. Conversely if 1K N E = 0,
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(a) K is closed (b) K° is not closed

Figure 4.2: Typical integral curves of ﬁmax

then clK° C (Eg)*\E and clKY C Kps0),e,) (88 K(py(0),e,n) 18 closed by proposition 4.2.7).
Hence, K° C c1K° C Kps(0),e,n) \E- But as K is connected so is ¢l K° (lemma 4.2.15), implying
that c1 K0 is the connected component of K (p3(0),e,n) \E containing p(0) and hence cl K0 = KO.
_ Item 1 is trivial. For item 2 we have that K" is a bounded connected 1-submanifold of
(h$)* by proposition 4.2.11. Hence, as K0 is closed, we have that K° is a connected compact
embedded 1-submanifold. Let X : K — TK be the restriction of ﬁmax to KY. Then (as
KN E = () X is non-zero everywhere. As imp(-) C K° (proposition 4.2.11), we have that p(-)
is an integral curve X on KY. The result then follows from proposition 4.2.12.

We now proceed to item 3. We have that im p(-) € K° C K (p3(0),c,n) (Proposition 4.2.11) and
that KC(p,(0),c,n) 18 compact (proposition 4.2.7). So, by theorem A.4.3, we have that lim,, p(-)

and lim, p(-) are non-empty and connected subsets of Eg We claim that lim, p(-) N K% = ()
and lim, p(-) N K° = 0. Let X : K — TKY be the restriction of ﬁmax to KY. As KV C
K(p3(0),e,n) \E we have that KN E = () and hence that X is non-zero everywhere. Now suppose
lim,, p(-) N K® # 0 or lim,, p(-) NKC # (). That is, we have an unbounded sequence {t, }nen (i.c.,
t, — 400 as n — 00) such that p(t,) — p € K. Now as KU is a connected non-compact (as not
closed) embedded 1-submanifold it is diffeomorphic to R. That is we have a diffeomorphism
¢: K = R. Let Y : R — R be the push forward of X by ¢, that is Y = ¢.X. Then

Y (o(p(1) = Fo(p(t)) = X (p(1)).

Notice that ¢(p(-)) is an integral curve of Y. As X is non-zero everywhere, so is Y. Thus either
VreR, Y(r)>0o0r Vr e R, Y(r) < 0. W.lo.g. we assume Y (r) > 0 for r € R (i.e., ¢(p(+))
is strictly increasing). So, by lemma 4.2.13, we have that {¢(p(tn))}nen does not converge in
R. But, as ¢ is continuous and p(t,) — p (by assumption), we have that ¢(p(t,)) — &(p) as
n — 00, a contradiction. Thus we have that lim,, p(-) N K° = 0 and lim,, p(-) N KXY = 0.

Next we show that limy, p(-) C Kpy(0),e,n) N E and limy p(+) € Ky (0),e,0) N E. Suppose we
have an unbounded sequence {t, }nen (i.e., t, — +00 as n — oo) such that p(t,) — p. We have
shown that p ¢ K°. But as {p(t,)}nen is a sequence in K? we have that p € clK°. Now we
claim that p & K, 0),c,n) \E- Suppose that p € K, (0).c,n) \E. Now as K C KOU {p} C clK°
we have that KU {p} is connected (lemma 4.2.15). Then K% U {p} C K(,,(0),c,n)\E and hence
K U {p} is a connected set containing p(0). Thus K° U {p} € K° (as KU is the connected
component of K, 0).cn)\E containing p(0)). That is to say p € K°, a contradiction. Hence,
D ¢ Kips(0),e,) \E- However, as K, 0),c,n) 18 compact (proposition 4.2.7) and K0 C K ps(0),e,1)»
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we get that c1 K9 C K (ps(0),e,n) @and 80 p € Ky (0,c,n)- That is to say

5 € Kipg(or.e N O\ (Kips (0.0 \E) = Kpy(@).cm 1 E-

Thus it follows that limy, p(-) € K, (0),e,n) N E and limg, p(-) € Kpy(0),e,n) N E-
Thus lim,, p(-) and lim, p(-) are both contained in E. We are left to show that both limit
sets are singletons. Now we have that

lC(pg(O),c,h) NE = P?:l(pg((])) N C_I(C) N H-! (h) NE

max
C Py (p3(0)) N Hya(h) N E.
But, by lemma 4.2.14, we have that P; ' (p3(0)) N HyL (h) N E is completely disconnected. Thus
lim,, p(-) and lim, p(-) are subsets of a completely disconnected set, but as both limit sets are

connected and non-empty, this means that both sets are singletons. O

4.2.3 Subdivision of typical cases

In this subsection we suggest a subdivision of typical cases for further analysis, especially per-
taining to integrating ﬁmax (i.e., finding explicit expressions for the integral curves of ﬁmax).
Specifically, we subdivide values of (p,c,h) which yield qualitatively different structure to
Kp,e,ny (as defined in the preceding subsection). Integral curves developing on sets K, r)
of the same “type”, are expected to have similar properties.

The first separation we make is between p = 0 and p # 0. This is motivated by the fact
that the sets C‘;Bl—l(p) (c) are paraboloids when p # 0 and are cylinders when p = 0. Indeed (in

the global chart P; x Py x Py for Py '(p)) we have (assuming p # 0) that
C;El(o)(c) = {(z,y,2) € P;10) | z,y,2 € R, 2° +¢* = ¢}
3

C;ll(p)(c) ={(z,y,2) € Py p) | z,y,2 € R, 2% +y* — 2pz = ¢}
3

= {(rcos6,rsin0, “5>¢) € Py '(p) | 7> 0, 0 € R}.
Note that these level sets correspond to (some of) the coadjoint orbits, which are in a linear
bijection with the adjoint orbits (which were shown to be points, paraboloids and cylinders),
as presented in section 1.4.

Further separations are then made by considering at which “point” the closed embedded
submanifolds Py '(p) N HyL (k) and P; ' (p)NC~(c) (see proposition 4.2.5) are tangent to one
another. This appears to be exactly the “point” at which bifurcations occur and at which
integral curves of the periodic type, degenerate into the other two types (see theorem 4.2.16).

We will start by considering the cases for which p = 0, i.e., intersections of the form (g . 4)-

Note that P; *(0)NC~(c) and Py *(0)NH L (h) are cylinders in the hyperplane P; *(0) defined

max
by p% +p% = c and Z—? + Z—‘E =2h. Let p € Kgcp)- If h =0, then py =py =0 and thus p € E.
Similarly if ¢ = 0, then p; = po = 0 and we again we have p € E. We rule these cases out and
restrict ourselves to cases for which A > 0 and ¢ > 0. We now consider at which point (and
for what values of ¢ and h) the cylinders P;'(0) N HyL (h) and P;*(0) N C~!(c) are tangent

max
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to one another. If they are tangent at a point (p1, pe, ps) in P3_1(0), then there gradients at p
must be parallel, i.e.,

201 2p2 0] =r [%ﬁl 0 im]
for some r € R. If r = 0, then p; = po = 0 and so ¢ = 0, but we have restricted ourselves to
c>0. If r # 0 we have py = py = 0 and as p € H ;L (h) NC71(c) we get ¢ = p? = 2. This
motivates us to distinguish between the three cases: ¢ > 2h31, ¢ = 2h31 and ¢ < 2h3;. By
choosing suitable values of ¢, h, 81 and o we illustrate the situation of each case in figure 4.3.

(b) Case: ¢ = 2hf

(c) Case: ¢ < 2hf4

Figure 4.3: Typical cases of K . p)

Having dealt with the case where p = 0, i.e., with intersections of the form K ), we now
turn our investigation to the case where p # 0. First we show than we can restrict ourselves to
p>0.

PROPOSITION. The mapping ¢ : (Eg)* — (Eg)*, p — (—p1,p2, —p3, —p4) is a diffeomorphism
taking integral curves of Hyax to integral curves of Hyax. Furthermore, ¢ is an involution (i.e.,
CO<:Zd); Hmax © (= Hmax, Co(=C, but Pyo( = —Ps.

ProOOF. From the expression of ¢ in coordinates we easily get that ( is a diffeomorphism. Also,
as ((C(p)) = (=(=p1),p2, —(—p3), —(—pa)) = p, we have that ( is an involution. Further observe

that (HmaxoC)(p) = g (—p1)* + 35 (=p1)* = Hmax(p), (CoQ)(p) = (—p1)* +p3 —2(—ps)(—pa) =
C(p) and (P30()(p) = —ps = —P3(p) for p € (h3)*. Now let p(-) be an integral curve of Homax
and p(-) = ((p(+)). Then (suppressing evaluation at ¢) we have that

GP1 = — 3 papa, &2 =1 (ﬁ p3+ ém) ; gip3 =0, GiPa = 3 P1p2.
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and consequently get that

G =—4m = %mm = —5172?2(—194) = —émm

5P2 = §p2 =1 (ﬁ p3+ 5%]94) = (=p1) (5% (—p3) + é (—p4)) =D (ﬁ ps+ %154)
Ep3=—4p3=0
b= —Gpa= —éplm = ﬁpl (=p2) = ﬁﬁlﬁz

That is to say %ﬁ(t) = Huax(p(t)). Thus ¢(p(+)) = p(-) is an integral curve of Hyax. O

Accordingly, to find explicit expressions for integral curves of Hp,,x developing on Pg_l(p) for
p < 0, we need only find the integral curves developing on P; L(—p) and apply ¢. In particular,
to solve the Cauchy problem p(0) = p, p(t) = ﬁ(p(t)), with p3 < 0, we may equivalently solve
the problem p(0) = ¢(p), p(t) = H(p(t)). We would then only need to apply ¢ to this solution to
find the solution of the original problem. Thus (without loss of generality) we restrict ourselves
to the cases for which p > 0.

Suppose p € K(,.») and p > 0 (so in particular p3 > 0). Now if h = 0 then p; = ps =0
and hence p € E. Thus we restrict ourselves to h > 0. Next observe that we have the following
(two sequences of ) implications

3P+ gpi=2h = pi<2hfs =  —\/2hf2 <pi<\/2hB;
Cc
—2p3”

PIADE—2mpi=c = 2pmpi<c = pg>

Hence, we have that _20p3 < V/2hfg, implying that ¢ > —2p3+/2hf3. (This condition may be
shown to be equivalent to KC(, . ) # 0).) Note that if ¢ = —2p31/2h 2, then

2payehly V2hB2 < py < /2R

—2p3
thus py = v/2hBs and
3D+ Epi=2h = 4pi+2h=2n = p{=0
p% +p% —2p3pg =c = p% — 2p3\/2hPs = —2p3+/2hPBy = p% = 0.
So again we get that p € E. In summary we have the following.

LEMMA. Suppose p € (Hg)*, p3=p>0,c=C(p) and h = Hpax(p) (and sop € K, cn)). Then

CZ —2px/2h52 —\/QhﬁQ §p4 S \/2h52.
Additionally: if h =0, then p € E; if c = —=2p\/2hf2, then K, .y = {(0,0,p,0)} C E.

Next we consider at which points (and for what values of p, ¢ and h) the cylinder Py '(p) N
H,;L (h) and the paraboloid P;*(p) N C~!(c) are tangent to one another. If they are tangent

max
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at a point p = (p1,p2,p4) € P3_1(p), then the gradients of the functions defining these level
surfaces at p must be parallel, i.e.,

3p1 0 é;p4} =r[2p1 2p2 —2p]

for some r € R. There are two distinct cases

p1=0 p1#0
p2 =10 p2 =10
pa = —2rPap 1= —%p.

For the first case (as Hyax(p) = h and C(p) = c) we have that p2 = 2hf3; and py = —55 L,
2 = (2p)%(2hB2). We dismiss the case ¢ = —2py/2hfBs, as K (p,—2pv/2mB5,n) 18 & singleton in E
(lemma 4.2.18). Thus if our two level surfaces are (non-trivially) tangent at a point p such that
p1 = 0, then ¢ = 2py/2hB2. This motivates us to distinguish between the cases ¢ < 2p+/2h32,
c = 2p/2hB2 and ¢ > 2p+/2hB2. We now proceed to the second type of tangent point.
Supposing such a tangent point exists we have that (at that point)

o gfp) = 2P =pi+ R0 = pi =208 - B

So as p? > 0 this means that 2h3; > gQ p? is a necessary (and may be shown to be sufficient)
condition for such a tangent point to exists. Furthermore, at that point we have that

c=p =20 (=5p) = (2081 — B2p%) +2520% = 2mB1 + 32

That is, if our two level surfaces are tangent at a point with p; # 0 then 2hf5; > %pZ and
= 2h01 + 6 2 2. This motivates us to distinguish between the cases 2hB3; < %pz and
2h,61 > ﬁ2 2 and in the second case between ¢ < 2hB3; + 3 ﬁQ 2 ¢ = 2hB: + %pz and

B P
c > 2h(3; + gf . We use the above subdivisions to Subd1v1de the cases for which p > 0,

however before we do so, we prove an inequality that will allow us to eliminate some cases.

LEMMA. If 2h(3, > 52 p? and ¢ > 2hB3; —|— P2, then ¢ > 2p\/2hps.

Proor. We will prove that 2h3; + fB 22 > 2py/2hfB,. The result will then follow from the

assumption that ¢ > 2hf5; + g? 0. We have the following sequence of equivalences
2081 + F2p° > 2p\/2h B,
2
o <2hﬂ .y 2) > (Qp\/QhBQ>

o 4M%Mww+@2f>ww2
o 4h252 — Ahfap® + ( )2 >0
o (2h51 & 2)2

But the last inequality is true by the assumption that 2h3; > 'g2 P2 |
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Figure 4.4: Qualitative separation of cases for p > 0

We now suggest the following subdivision of cases:

L. 2081 > 3p?,

(a) ¢>2hpB1 + g—pr; figures 4.4a and 4.5a;
(b) ¢ =2hB + %pQ; figures 4.4b and 4.5b;
(c) ¢ < 2hpy+ B2,

i. ¢ > 2py/2hfs; figures 4.4¢ and 4.5c¢;

ii. ¢ = 2p\/2hf9; figures 4.4d and 4.5d;
iii. ¢ < 2py/2hfB2; figures 4.4e and 4.5e;

2. 2hB1 < 207,

(a) ¢ > 2py/2hf3y; figures 4.4f and 4.5f;
(b) ¢ = 2p\/2h3y; figures 4.4g and 4.5g;
(c) ¢ < 2p\/2hPs; figures 4.4h and 4.5h.

We will refer to the above cases as case la, 1b, 1(c)i, 1(c)ii, 1(c)iii, 2a, 2b and 2c respectively.
Figure 4.4 shows the projection of the paraboloid P; ' (p3) N C~*(c) and the cylinder P;'(p) N
HL (k) onto Py 1(0) N Py t(p) (ie., the Ef, Ef plane in Py *(p)) for each case (i.e., for some
suitable values of p, ¢, h, 1 and f2). Note that by lemma 4.2.19 we need not subdivide cases la
and 1b, as the only subcase possible is ¢ > 2p+/2h52. By choosing suitable values of p, ¢, h, 51
and By we graph (within the 3D hyperplane P; '(p)) the level surfaces Py '(p) N Hyl (h),

max

Py (p) NnC~Y(c), and their intersection Kp,e,n) (along with the vector field Hpmax restricted to
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(g) Case 2b (h) Case 2¢

Figure 4.5: Typical cases of K, . ) with p >0



CHAPTER 4. AN OpTIMAL CONTROL PROBLEM ON ﬁg 125

’C(p,c,h)) in figure 4.5. As an example, section C.10 contains the code used to generate figure
4.5a.

4.3 Integration of Some (Reduced) Normal Extremals

We now proceed onto the integration of Hypax. That is, finding explicit expressions for the
integral curves of Hpay. We recall (again) that Hpy.yx and C are given (in coordinates) by

Huax(p) = 3 (%p? + épi) : C(p) = pi + p3 — 2p3pa,
and (from proposition 4.1.3), that ﬁmax(p) = (p1, P2, P3,P4) is given (in coordinates) by

P1 = —g; P2Da, P2 =p1 (éps + ém) ; p3 =0, Pa= g p1D2: (4.3.1)

We will find explicit expressions for the reduced extremal curves for a subset of initial conditions.
Specifically we will cover all cases for which ps = p = 0, but only cover case la (as described
in section 4.2.3) when p3 = p # 0. A summary of our results appear in appendix B.

We start by transforming the system of differential equations (for an integral curve p(-) as
described in equation (4.3.1)) to a single separable differential equation, which we will attempt
to solve by use of elliptic integrals. Suppose p(:) : R — (Hg)* is an integral curve of Hypax. Let
p = P3(p(0)), ¢ = C(p(0)) and h = Hpax(p(0)) (ie., p(-) develops on K(pen))- Note that as
P5 is a constant of the motion, we trivially have that p3(-) = p and %pg (t) = 0 (in all cases).
Using the constants of motion for ﬁmax, we get (in coordinates, suppressing evaluation at t)
that

2
1

2
Pl = pﬁ?’? = 671% (2hﬁ1 — %pi) (c + 2pps — <2h51 - %pi»

=L (2h — 1) (L2 — 208> + 22 pps + 7). (4.3.2)

In each of the cases to be investigated, we transform this equation into a standard form, as
described in section A.5.2. We then use the integral formulae (A.5.1), (A.5.2) and (A.5.3) in
section A.5.1 to solve the (transformed) separable differential equation. Finally, we transform
this solution into a solution for p4(-), and use the constants of motion for ﬁmax to solve for the
other coordinates.

4.3.1 Type p=0

In this case, equation (4.3.2) becomes

P = 2 (2h8: — p3) (%2 — 208 + 1)

which is already in standard form. Hence we have that

gLt = dpa (4.3.3)
B2 \/(Qhﬁz—pg)((ﬁ—cl—2h),82+p§)
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for some o1 € {—1,1}. If h = 0, then pi(-) = pa(-) = 0 and hence p(-) = p(0) € E. Similarly,
if ¢ =0, then pi(-) = p2(-) = 0 and so p(-) = p(0) € E. Accordingly, we can restrict ourselves
to h > 0 and ¢ > 0. As discussed in the previous subsection we distinguish between the cases
¢ > 2hf1, ¢ = 2hP; and ¢ < 2hf3;. (Note that this separation is supported by the expression
we wish to integrate, as we have that 2hf3s > 0, but the sign of ( —2h)Bs = 52 (c — 2hfy) is
undetermined.)

We start with the case ¢ > 2h3;. Thus we have that (4

(

V/2h(3y and assuming p4(0) = 0, we get, by use of formula (A

—2h)By > 0. So, for 0 < py(t) <
5.1), that

. /p4(t) ipa
1t J—
\/ ——2h 52+p4 (2h52 -p3)

(5—2h)B2+2hB2 pa(t)

— L Sdil ) \/m
\/(B—le%) Ba+2h3: \/(ﬂ%%h)ﬁﬂhﬂz \/<ﬁ*2h)52+2h52
sdt \/cngp4(t) V2hB3

/05 < cB
512 \/2}152( _Zh) V /512
_ 1 -1 pa(t) 2hf1
= sd A/
[cB 2hB1 8 ’ ¢
Cﬁf \/ 61 2 (L—Qh)

B1

Hence, we have that
h h,
pa(t) = \/2 b1 (ﬁ% - h) sd <1/ﬁﬁ1t 26/31)
= \/Qhﬁz (1 — 2hcﬁl> sd (”Bfﬁzalt’ v/ thl> .

Fix the modulus k = 4/ th (notice that by the assumption ¢ > 2h/3; > 0 we get that 0 < k < 1)

and complimentary modulus &' = v/1 — k2, and write sd (z) for sd (z, k). Also let Q =
Then (noting that sd (z) is an odd function for a fixed modulus k) we have that

\/M cﬁ2 Qhﬁl sd (Qot) _o'lkjk;l\/cﬂzf sd (Qt)

,3162’

Now as Hpax(p(t)) = 3 (ipl(t)2 + ﬁ2p4( ) ) = h we have that
p1(t)? = 208y — pa(t)® = 2hBy — ck*(K)?sd® (Qt) = 21y (1 — (K)?sd® (1))
= 2hf3 cd? ().

Hence we get that pi(t) = o9y/ckcd () for some o9 € {—1,1}. Next as C(p(t)) = p1(t)? +
p2(t)? = ¢ we have that

p2(t)® = ¢ — p1(t)* = ¢ — ck’cd® (Qt) = ¢ (1 — k®cd® (Qt)) = c(k')*nd* ().
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Thus we get that pa(t) = o31/ck’ nd (Qt) for some o3 € {—1,1}.
In summary we have that

pi(t) = o2y/cked () 1
plt) - o;fﬁmuaw k:vﬁﬁi
pl = = /51,32
pa(t) = i\ /52 s (@) e{-1,1},i=

Notice that p(t) is defined for all ¢ € R, i.e., we have a smooth curve p(-) : R — (Eg)* as
a prospective candidate for a general integral curve of Hupax. We now verify exactly when
(specifically for which o) p(-) is an integral curve of Hpax. Using equation (4.3.1), we investigate
when %(p(t)) — Huax(p(t)) = 0. Now

pr(t) + 22O — o \Jek(K')?Qnd () sd () + & osv/ck' nd (QF) o1 kK /D2 sd (1)

_ (_02 5 + ﬁlzagal\/@> Jek(K)? nd (1) sd (Qf)
— (o9 — o301) Q/ck(K)? nd (Qt) sd ()

pa(t) — U2 — Gy ek k2O ed () nd (Qf) — Eoav/cked () 01Kk /L2 sd ()
= (03 — 0102) QV/ck'E? cd (Q) nd ()
palt) — 20220 — g g\ L2 e ed (O) nd () — Eoay/ck ed (Q1) 03v/ck nd (1)

= (01 — 0203) Ekk, cd (2t) nd (2) .
That is to say, provided that o1 = 0903, 09 = 0301 and o3 = 0109, or equivalently
OIS {(17 17 1)7 (17 _17 _1)7 (_17 _17 1)7 (_17 17 _1)}7

we have that p(-) is an integral curve of Hyay (for any ¢ > 0 and h > 0 such that ¢ > 2h8;).
We now make an explicit claim regarding the integral curves of Hyax in this case.

PROPOSITION. Suppose p(+) : R — (Hg)* is an integral curve of Hmax such that Ps(p(0)) =
Humax(p(0)) = h, C(p(0)) = ¢ and ¢ > 2hB; > 0. Then there exists ty € [—%, 3K] and
o € {—1,1} such that p(t) = p(t + to) fort € R, where (4K is the period of cu(-, k) and)

pi(t) = ok ed ()

ﬁQEti = o+/ck' nd () Q= /617662
p3(t) =0 . 2hB1
pa(t) = kk'\ /%2 sd (Qt) FEVT

PROOF. Let ¢ = sgn(pi(0)) and o = sgn(p2(0)). Notice that if p2(0) = 0, then the condition
¢ > 2hf; is equivalent to p1(0)? > py(0)%+ g; p4(0)?, a contradiction. Thus o # 0. Next observe

that
Pa(y) = KK\ G2 sd (K) =/ B2\ [ G2 45 = /20,
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Similarly we get (along with the above result) that

pi(— ) = —\/2hs Pa(§) = V/2hB2 Pa(’E) = —V/2hps.
Thus, as p4(-) is continuous, for all » € R such that —/2hB; < r < /2h[;, there exists a

to € [-5, &) and a ty € [5,35], such that ps(tg) = r. However, observe that cn(z, k) > 0

for x € [-K, K] and cn(x, k) < 0 for z € [K,3K]. Thus, for all » € R such that —y/2hf5; <
r < \/2hfBs, there exists a ty € [—5, 28], such that pa(tg) = 7 and socd(tg) > 0. Now as
ﬁpl(())2 + épz;(())2 = 2h, we have that —v/2h832 < p4(0) < \/2hfs. Therefore there then exists
aty € [—g, %] such that ps(tg) = p4(0) and < pi(tg) > 0. As %pl(O)2 + épa‘(())z = 2h, we
have that

p1(0)* = By (2h — ép4(0)2) = 51(2h — éﬁzx(to)Q) = p1(to)*.

But we have that sgn(p1(0))p1(to) > 0, thus p1(0) = p1(tg). Next, as p1(0)? + p2(0)? = ¢, we
have that
p2(0)* = ¢ — pa(to)” = pa(to)*.

But as sgn(pa(to)) = 0 = sgn(p2(0)), we get that pa(0) = p2(0). Thus p(0) = p(typ). By the
preceding discussion we have that p(-) is also an integral curve of Hpayx. Thus as ¢ — p(t) and
t — p(t + tp) are both integral curves of Hpax and go through the same point at ¢ = 0 (i.e.,
they solve the same Cauchy problem), they must be the same. [l

REMARK. Note that the two values for ¢ in the above proposition correspond to the two
connected components of K ), as illustrated in figure 4.3a. We verified the above claim

—

by solving the Cauchy problem p(0) = p(0), p(t) = Hmax numerically (using the Mathematica
function NDSolve) over a suitable interval and for some suitable ¢, h, $1 and fB2. (Specifically, for
the choice of h = 1; 81 = 2.5; B2 = 1; p3 = 0;¢ = 2hS31 +5, we found that max,cg 19 Z?Zl(pi(t)—
Pi(t))? was of the order of 10713.)

We now continue on to the case ¢ = 2hf;. Here we have that (5—61 — 2h)P2 = 0. Thus

equation (4.3.3) becomes

o1 Jp dpy

P2 J(2hBa—p2)p2

So, for 0 < p4(t) < v/2hB2 and assuming ps(0) = 0, we get, by use of formula (A.5.2), that

V2hB2
o1y dpa L qn-! ( pa(t) 1)
B2 v V2hp3’

W)/ (2hB—p3)] T V2R
Hence we get that (noting that sech(-) is even)

pa(t) = \/2hP2sech (Noit) = \/2hP2sech (),

2 2
where ) = %—Z Now as % (% + %) = h we have that

pi(6)? =201 — B — 91, (1 — sech® () = 2hf3; tanh? (Q1).
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Thus we get that pi(t) = 024/2h 51 tanh (Qt) for some o9 € {—1,1}.

Next, as ¢ = 2h31, we have that py(t)? = glp4( t)? and so get that ps(t)2 = 2B sech? (Qt).
Thus po(t) = o3v/2hF1 sech (Qo1t) for some o3 € {—1,1}

In summary (generalising the sign of py4(t) with o4 € {—1,1}) we have that

p1(t) = o24/2h [ tanh (Q1)
p2(t) = o3v/2h 1 sech (Qt) 0_  /m
p3(t) =0 B2
pa(t) = o4v/2h P9 sech (Qt)

Notice that p(¢) is defined for all ¢ € R, i.e., we have a smooth curve p(-) : R — (Hg)* as
a prospective candidate for a general integral curve of Hpax. We again verify exactly when
(spemﬁcally for which o) p(-) is an integral curve of Hyay. Using equation (4.3.1), we investigate
when 4 S (p(t)) — Humax(p(t)) = 0. We get that

p1(t) + pz(t)m = 091/2hB1Qsech? (Qt) + = 03+/2hB1 sech (Qt) o41/2hB2 sech (Qt)
= (02 + 0304)2h 51 sech2 (Qt)
pa(t) — % = —03+/2hB1Qsech (Qt) tanh (Qt) — iag\/mmnh () o4+/2h52 sech (1)
— (03 + 0409)2hy/ 5t sech () tanh (Q1)

pa(t) — % = —04/2hB2Q sech ( Qt) tanh (2t) — Eagx/2h,81 tanh (2t) o3+/2h31 sech (Qt)
—(04 + 0203)2h sech (Qt) tanh (Qt)

That is to say, provided that oo = —0304, 03 = —0409 and 04 = —0203, or equivalently
(02,03,04) € {(1,—1,1),(1,1,-1),(—1,1,1),(—-1,—-1,-1)},

we have that p(-) is an integral curve of Hyay (for any k > 0). We now make an explicit claim
regarding the integral curves of Hy,x in this case.

PROPOSITION. Suppose p(-) : R — (Eg)* is an integral curve of Hmax such that p(0) ¢ E,
P3(p(0)) = 0, Hupax(p(0)) = h, C(p(0)) = ¢ and ¢ = 2hB1. Then there exists ty € R and
01,02 € {—1,1} such that p(t) = p(t + to) fort € R, where

p1(t) = o1y/2hB; tanh (Qt)

Do (t) = 094/2h By sech (Qt) 0_ 2h
lt) =0 V&
Da(t) = —o102y/2h B2 sech (§2t)

Proor. We start by claiming that p4(0) # 0, p2(0) # 0 and p1(0) # ++/2h51. If p4(0) = 0,
then p(0) = (p1(0),p2(0),0,0) € E (see proposition 4.2.1). If pi(0) = ++/2hf3;, then (as
épl(O)2 + ép4(0) = 2h) we get that ps(0) = 0 and hence that p(0) € E. If p2(0) = 0, then
(as p1(0)? + p2(0)? = ¢ = 2hB1) we get that p1(0) = ++/2hB3; and hence that p(0) € E.
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Let o9 = sgn (p2(0)) and —o102 = sgn (pg(0)). As ﬂ%pl(O)Q + 5—12]94(0)2 = 2h and py #
++1/2hf1, we have that —/2hf3; < p1(0) < v/2hB;. Now, as imtanh(-) = (—1,1), there exists
to € R such that o1v/2hB3; tanh (Qtg) = p1(to) = p1(0). Then, as p2(0)? = ¢ — p1(0)? =
c — p1(to)? = pa(to)? and sgn(pa(to)) = o2 = sgn(p2(0)), we get that pa(0) = Pa(tp). Similarly,
as pa(0) = 28y — Fp1(0)*> = pa(0)? and sgn(pa(to)) = —o102 = sgn(pa(0)), we get that
p4(0) = pa(tp). That is to say, there exists values for tgp and o (as described above) such that
p(0) = p(to). Thus. as t — p(t) and t — p(t + to) are both integral curves of Hpax and go
through the same point at ¢t = 0 (i.e., they solve the same Cauchy problem), they are identical.(J

REMARK. Note that the four possibilities for o in the above proposition correspond to the
four components of (g .pn)\E, as illustrated in figure 4.3b. We verified the above claim by

—

solving the Cauchy problem p(0) = p(0), p(t) = Hmax numerically (using the Mathematica
function NDSolve) over a suitable interval and for some suitable ¢, h, $; and 2. We also note
that the above proposition may be arrived at by limiting the cases of ¢ < 2hf; and ¢ > 2hf;
to ¢ = 2hp; (i.e., limiting £ — 1), each providing (two) connected components (of the four
connected components) of Ko .n)\E.

We are left to investigate the case ¢ < 2hf;. Note that in this case (,B% — 2h)By < 0. So,
for \ /(2h — 4)B2 < pa(t) < V2R3> and assuming p4(0) = 0, we get, by use of formula (A.5.2),
that

V2h 32
%t — / dpy
R0 \/ (2nB2—p3) (p3— (20— 5, ) B2)
<
— 1 _gp! P4 2hfB2— (th B1 )52
V2hp2 V2RB2’ V2hB2

_ 1 -1(_p
= 7o 0 (ﬂﬁﬁz’\/ 2hcﬂl)

Hence we get (noting that dn(z, k) is even for a fixed modulus k) that

pa(t) = V2B an (\/22t, \ /55 ) = V/2hBadn (01),
where Q = ,/ %—Z and the modulus k =, /7% has been fixed. Now as B%pl (t)? + %p4(t)2 =2h
we get that

p1(t)? = 2hB) — 7’4%# = 2hB3; (1 — dn® () = 2hB1k? sn? () = csn® (Qt).

Therefore we have that p;(t) = o9+/csn (, / %—ZUJ) for some o9 € {—1,1}. Next, as p? +p3 = ¢,
we get that

pa(t)? = ¢ — pr(t)? = e(1 — su® (Q8)) = cen® (1)



4.3.5

CHAPTER 4. AN OpTIMAL CONTROL PROBLEM ON ﬁg 131

and so pa(t) = o34/cen (,/ 01t> for some o3 € {—1,1}.

In summary (generalising the sign of p4(t) with o4 € {—1,1}) we have that

p1(t) = o2y/csn (0t) 0= ,Bh

pa2(t) = og+/cen (2t) 2

p3(t) =0 k= \/ I

pa(t) = o4+/2h P dn () o, €{-1,1},i=24.

Notice that p(t) is defined for all ¢ € R, i.e., we have a smooth curve p(-) : R — (Hg)* as a
prospective candidate for a general integral curve of Hoax of this type. We again verify exactly
when (specifically for which o) p(-) is an integral curve of Hyay. Using equation (4.3.1), we
investigate when 4 (p(t)) — Huax (p(t)) = 0. We get that

pi(t) + pz(g = 09y/cQen () dn (Q1) + 03\/Ecn Ot) 044/ 2h B2 dn ()

= (02 + 0304)1/ Q—hC cn (2t) dn (92t)

pa(t) — % —03y/cQsn () dn (Qt) — —agﬁsn QOt) 04+/2h B2 dn (Qt)

—(0’3 -+ 0'40'2)1 / 2/6%6 sn (Qt) dn (Qt)

palt) — 220 — 6\ /5903,Qk% sn () en () — Foav/csn () o3y/cen (1)

= —(04 + 0203) 5 sn (Q2t) cn (Q)
That is to say, provided that oo = —0304, 03 = —0409 and 04 = —0903, or equivalently
(027 03, 04) S {(17 _17 1)7 (17 17 _1)7 (_15 17 1)7 (_17 _17 _1)}7

we have that p(-) is an integral curve of Hyax (for any h > 0 and ¢ > 0 such that ¢ < 2hf3;).
We now make an explicit claim regarding the integral curves of Hy,.x in this case.

PROPOSITION. Suppose p(-) : R — (Hg)* is an integral curve of Hyay such that P3(p(0)) =
Hpnax(p(0)) = h, C(p(0)) = c and 0 < ¢ < 2hBy. Then there exists tg € [— % %] and
o € {—1,1} such that p(t) = p(t + to) for t € R, where (AK is the period of cn(-, k) and)

p1(t) = \/csn () _
Pzgt; = —o4/cen () Q=,/2

£) =0 L=
gi(t) oV/2hB; dn (1) Vo

ProoOF. We follow an approach very similar to that of the proof of proposition 4.3.1. Let
¢ = sgn(p2(0)) and o = sgn(p4(0)). Notice that if ps(0) = 0, then the condition ¢ < 2hf; is
equivalent to p1(0)? + p2(0)? < p1(0)?, a contradiction. Thus o # 0.

Next observe that

pi(=5) = e pE) = Ve K = —ve.
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Thus, as

- K K
P1(+) is continuous, for all 7 € R such that —y/c < r < /e, there exists a tg € [—¢, )
and a tg €
k
3

) i

K ﬁ] such that p1(tp) = r. However, observe that cn(x, k) > 0 for z € [-K, K]
and cn( ) <0 for x € [K,3K]. Thus, for all » € R such that —y/c < r < \/c, there exists a
to € [- 5, 35), such that p1(tg) = r and —cocn (t) > 0. Now as p1(0)? + p2(0)? = ¢, we have
that —\f < p1(0) < y/e. Therefore there then exists a to € [—5, 35] such that p1(0) = p;(0)
and ¢ Pa(tg) > 0. Next, as p1(0)? + p2(0)? = ¢, we have that

(-
[

p2(0)* = ¢ — p1(to)* = p2(to)*.

But we have that sgn(p2(0))p2(to) > 0, thus p2(0) = pa2(to). Next, as épl(O)2 + ém(O)2 = 2h,
we have that

p4(0)% = B2(2h — 5-p1(t0)?) = Pa(to)*.
But as sgn(p4(to)) = 0 = sgn(p4(0)), we get that ps(0) = p4(0). Thus we have that p(0) = p(to).
By the preceding discussion we have that p(-) is also an integral curve of Hyay. Thus as t — p(t)
and t — p(t+1to) are both integral curves of Hpmax and go through the same point at ¢ = 0 (i.e.,
they solve the same Cauchy problem), they are identical. O

REMARK. Note that the two values for ¢ in the above proposition correspond to the two
connected components of K p), as illustrated in figure 4.3c. We verified the above claim by

solving the Cauchy problem p(0) = p(0), p(t) = Hyax numerically (using the Mathematica
function NDSolve) over a suitable interval and for some suitable ¢, h, 51 and Ss.

4.3.2 Type p > 0, case la

We now move on to considering integral curves developing on K, ) where p > 0 and the
conditions of case la are satisfied, as described in section 4.2.3. (That is 2h3; > %;ﬁ and
¢ > 2hf3 + ﬂ 22, In particular, notice that these assumptions imply that h > 0 and ¢ > 0.)
Calculatlons 1n this section become quite cumbersome. As such we will make extensive use of

Mathematica; the code (and output) for supporting calculations may be found in section C.11.
Under the above assumptions (specifically p > 0), we have that

Pt = gz (2hB2 — i) (c% — 208y + 2% ppa +p§) :

i.e., equation (4.3.2), is not in standard form. We use the method described in subsection A.5.2
to transform this equation into standard form. However, before we do this, we prove some
(useful) inequalities for this case. We claim that:

& —8hp*By > 0; /2 —8hp?Pa —c < 0; c—2g2 > 0; \/62—8h,0252—c+252p > 0.

By lemma 4.2.19, we get that ¢ > 2p\/2hB2, proving the first inequality. Next, as 8hp?Ss > 0,
we get that ¢? —8hp?Bs < ¢? and hence (as both sides are positive) that y/c2 — 8hp2By —c < 0.
Now observe that (by using the conditions 2h3; > %pQ and ¢ > 2hf; + %pQ) we get that

—262p2>2h51—|—62 2 252p2> ngQ g?pQ 0,
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yielding the third inequality. Hence, for the last case we have that
m —c+ 2%,02 >0
& A —8hp?By > ( 2ﬁ2p )
& —8hp?By+4cp? 452;; >0,
but we have (using the inequality ¢ > 2hf3; + ’32 p?) that

—8hp* By + 4c 2 p? 452;) > 8hp262+4<2h6 +2 2) gfp2—4ﬂ2,o —0

thus yielding the fourth and last inequality. To simplify future expressions define, we define a

constant ¢ as
§ =/ — 8hp?Bs.

In summary we then have the following.

LEMMA. If p > 0, 2hf; > p? and ¢ > 2hB3; —|— 0%, then

52> 0 §—c<0 c—2p2§—j>o §—c+25p" > 0.

We now proceed to transform equation (4.3.2) into standard form. We give the results for
the main steps; full details may be found in section C.11. Let

Xy = G2 — 21y + 23 paps + pi Xy = 2hf2 — pi.

Then we have that pﬁ = LX1X2 The values for which X7 — AXy is a perfect square are

A = SSA4BIZ0 g Ny = % Then we have that

4hB1 4hB1
— M Xa = (1+M\)(z —rp)? X1 — Xy = (14 M) (z —1)?
where 1 = C+p‘s and 79 4?%2. Consequently we have that
X1 Xy = (Al(az — T1)2 + Bi(z — 7"2)2) (Ag(x — T1)2 + Ba(x — T2)2) ,
where
A= S0E 0226”2@2 >0 A=%>0 Bi= 5“22;223 >0 By==%t <.

Thus we have that (for some o1 € {—1,1})

Loydt = 4P .
B0V a2 Br (e r2)?) (Aa(zr0)2 § B (e —12)?)

Then using the change of variables s = z“ "L we get that

Jldt L 1A, ds 9
5(7“1 ra)V A1 \/ <2+A2>
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where (r1 — o)V A1 Ay = \/AlAQ <0, A > 0 and 32 < 0.

Having reduces our equatlon into standard form We now proceed to integration.

formula (A.5.3), we get (under some constraints for ps(t)) that

By

1 / B ds
*(’1"1 — 7“2) A1A20’1t = / _r
" b V(- (R ()

_ 1 -1 1 pa(t)—r A
B1 B> \/ Bo p4(t) B1 Bs

v

A T Ay Ay A1 Ay

Define 2, and fix the modulus £ as

Q= 7’2 — ?”1 52 \/ AlAQ\/ fi i; = ?”2 — 7“1 \/ A2B1 AlBg

B1
Al _ AsBy

/ AsB1—A1By"

Then (noting that cn(-, k) is even for a fixed modulus k) we get that

t)—r
nc(—Qoit) = 1& gigtg_é
L2
= 22 ne(Qt)pa(t) — 1o —% nc(Q) = pa(t) —r

Using Mathematica, we get the following simplifications

_ 5 [5—ctahp i [cto—ahp
Q=1/375 k= 5+ K= S
Tl:_% \/— \/ ro —%:—“C;;‘SQ.

Using the above simplifications we get that

c2—62 48
7+ 2p cn(921) _ Ve2=52 —/c—d++/c+Sen(Qt)

pa(t) = 2 +o—/c—o cn :
/C+5 (it P Vero—e—scn(Qt)

Using
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We claim that py(t) (as defined above) is defined for all ¢ € R and any p, ¢ and h such that
p>0,2h3 > ﬂQ 2andc>2hﬂ1—i— p?. Assume p > 0, 2h3; > §2p2 aundc>2hﬂl+62 2,

First notice (by in part using lemma 4 3.7) that: ¢ > 0; 62 = ¢ —8hp?B2 > 0 and so 5 is
defined; ¢ — 82 = 8hp?By > 0; 6 —c > 0; §+¢ > 0; and Q = e 6 is defined. Next consider

k= % We have (applying assumption 2h3; > 8 p and using lemma 4.3.7) that

§ —c+2(2hp1) > 6 — c+2520° > 0.

Furthermore we have that % < 1if and only if ¢+ § —4hp; > 0. But (by applying the
assumptions 2h3; > ,02 and ¢ > 2hf; + 3 52 p?) we get that

§+c—4hBy > 5+ (2hp1 + 52p%) — 4hPy = 6 + (320° — 2h31) > 6 > 0.

That is to say, our modulus k is defined (i.e., 0 < k < 1). Finally we argue that the denominator
of py(t) is non-zero for all + € R. We observe that ¢+ > ¢ > 1/8hp2fy = V¢ — 62, implying

that \/% = \/%g > 1> cn(Qt) and so yielding cn (Qt) — FVEJ:‘; < 0. Hence, as vc+ 6 > 0,

we have that v/c+ 6 — e — den (Qt) > 0.

Having established that p4(¢) is defined for all ¢ € R, we now proceed to calculate the other

5 2 2
coordinates by use of the constants of motion C and Hyayx for Hpax. As % (% + %) = h we

get (again using Mathematica for simplifications, and noting ¢ — §% = 8hp?Bs) that

_ O Gt (1)%8
p() =2hp — Bg = 4p2Bo 61_p452 :
. 5(8 —52)51 1—cn?(0t)
2p%B2 (\/chi(S—\/cfécn(ﬂt))2
- 5(02752)51 sn?(Qt)

2022 (\/C-TS—\/mcn(Qt))2 '

V6(c2—62 sn
Thus pi(t) = o2 E)\/%)’Bl \/mﬂ/%cn(m) for some oy € {—1,1}. Next as p1(t)? + pa(t)? —

2pp4(t) = ¢ we get (making use of Mathematica) that

262 dn?(Qt)
(\/c+5f\/ c—6 cn(Qt))2 ’

p5=c—pi+2pps =

Thus po(t) = o3 Ef\/ﬂ;{(m) for some o3 € {—1,1}.
In summary we have that

o A6(2=8%)B sn(Qt) — \/2_72
p1(t) = o9 fr - \)ﬁ V=TT §=/c : 8hp? 32
P2(t) =03 \/7 N - 8182

cn(02t)
p3(t) =p >0 =/
Ve2—52 —v/c—0++v/ct+6 en(Qt) .

p4(t) = 2 Vetd—v/e—6 en(Qt) 7 € {_1’ 1}’ 1=23
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Notice that p(t) is defined for all ¢t € R, i.e., we have a smooth curve p(-) : R — (Hg)* as a
prospective candidate for a general integral curve of Hpnax of this type. We again verify exactly
when (specifically for which o) p(-) is an integral curve of Hyay. That is, we investigate when
%(p(t)) — Huyax(p(t)) = 0. This calculation gets quite involved and was therefore done with

Mathematica. We found, for (02,03) € {(1,~1),(~1,1)}, that 4 (p(t)) — Hpmax(p(t)) = 0. For
details see section C.11. We now make an explicit claim regarding the integral curves of Honax
in this case.

PROPOSITION. Suppose p(-) : R — (Hg)* is an integral curve of Hyayx such that Ps(p(0)) =
p >0, Hpnax(p(0)) = h, C(p(0)) = ¢, 2hB > %/ﬂ and ¢ > 2hf + %p2. Then there exists
to € [0,%5] and o € {—1,1} such that p(t) = p(t +to) for t € R, where (AK is the period of
en(-, k) and)

_ (t) -y 6(c2—62)61 sn(Qt)

P1 \//1@ : Vet+6—+/c—6 en(2t) 0 =+\/c2—8hp?Ss
_ 26 dn(Qt

P2(t) = 0 = s ey =y R

p3(t) =p>0 [6—ctahp
palt) = V2252 —/c—6+/c+b cn () k===

% Vetd—vedem(01)

Proor. We follow an approach very similar to that of the proof of proposition 4.3.1. Let ¢ =
sgn(p1(0)) and o = sgn(p2(0)). We claim that o # 0, i.e., 0 € {—1,1}. Suppose p2(0) =0 = 0.
Then (as p1(0)? + p2(0)? — 2pp4(0) = ¢ and %})1(0)2 + %p4(0)2 = 2h) we get that p;(0)? =
¢+ 2pp4(0) and p1(0)? = 2h3; — %p4(0)2. Thus we have that 2hf5; — g—;p4(0)2 = c+ 2pp4(0)
and so %174(0)2 +2pp4(0) + (¢ —2hfB1) = 0. But as this is a quadratic equation in ps(0) we have
that the discriminant is non-negative. That is, we have that 4(p? — %(C —2hfB1)) > 0. Thus

we get that %pQ + 2hf1 > c. But this contradicts the assumption ¢ > 2h5; + %p? Therefore

o # 0.
Next observe that

pa(0) = Y520 = \/2hf; pa(35) = —/2hp pa(E) = v/2hBs.

Thus, as p4(-) is continuous, for all r € R such that —/2hBy < r < /2hf3,, there exists a
to € [0,25]) and a ty € [25, 48], such that ps(tg) = r. However, observe that sn(z,k) > 0
for z € [0,2K] and sn(z,k) < 0 for z € [2K,4K]. Thus, for all r € R such that —/2hf3s <
r < \/2hB, there exists a to € [0,%5], such that ps(tg) = r and —cosn(ty) > 0. Now as

ipl(O)2 + ém(O)2 = 2h, we have that —v/2hf52 < ps(0) < \/2hfBs. Therefore there then exists
a to € [0, 5] such that ps(0) = ps(0) and ¢ pi(tg) > 0. Thus we get that

p1(0)% = 2135 — Gpa(0)* = 2082 — 5-pa(0)* = p1(0)°

and so (as sgn(p1(0))p1(to) > 0) we have that p1(0) = p1(tg). Next, as p1(0)2+p2(0)2—2pp4(0) =
¢, we have that

p2(0)* = ¢ — p1(0)* + 2pp4(0) = ¢ — P1(to)” + 2ppa(to) = Pa(to)”.
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But we have that sgn(p2(0)) = o = sgnpa(tg), thus pa(0) = pa(tg). Hence we have that
p(0) = p(to). Furthermore, by the preceding discussion we have that p(-) is an integral curve
of Hyuy. Thus as ¢ — p(t) and t — p(t + to) are both integral curves of H,ox and go through
the same point at ¢ = 0 (i.e., they solve the same Cauchy problem), they are identical. O

REMARK. Note that the two values for ¢ in the above proposition correspond to the two
connected components of K, . ), as illustrated in figure 4.5a. We verified the above claim by

—

solving the Cauchy problem p(0) = p(0), p(t) = Hpax numerically (using the Mathematica
function NDSolve) over a suitable interval and for some suitable ¢, h, 51 and 2. Details may
be found in section C.11.

By applying proposition 4.2.17 (and noting p is replaced by —p), we get the following corollary.

COROLLARY. Suppose p(-) : R — (Hg)* is an integral curve of Hmax such that P3(p(0)) =p <0,
Hpnax(p(0)) = h, C(p(0)) = ¢, 2hp; > %pQ and ¢ > 2hp31 + %pQ. Then there exists to € [0, 4]
and o € {—1,1} such that p(t) = p(t + to) for t € R, where (4K is the period of cn(-, k) and)

_ _ 5(c2—62)61 sn(Qt)

D1 (t) =0 p\V/2B2 Vet+d—+/e—0 en(Qt) ) = \/62 — 8hp2,82

72 c+d—+vc—d en(Qt) Q= \/ BBz

p3(t) = p < 0 k _ (5—C+4h51

_ (t) _ Ve2=52 —ve—6++/c+0 en(Q) -V 2 ’

P4 T2 Vetd—ve—den(Qt)






Conclusion

This thesis investigated four-dimensional oscillator Lie groups; classified (locally and globally)
left-invariant control affine systems evolving on these groups (under detached feedback equiv-
alence); and then finally considered a general optimal control problem (with quadratic cost)
on one of the equivalence classes. A connected four-dimensional linear oscillator Lie group H$
was realised as a semi-direct product of H3 and SO(2). Then the universal covering Lie group

$ of H§ was found and thereafter all connected Lie groups with isomorphic Lie algebras were
classified and briefly investigated. Additionally the adjoint and coadjoint orbits of the oscillator
Lie algebra h§ were explicitly calculated. This then lead to finding an invariant scalar product
on h§ which in turn lead us to show that b3 is a double extension of the abelian Lie algebra R?
by R. In doing so we also calculated all the ideals of h$, showing that there are exactly two,
namely the centre and the Heisenberg subalgebra.

We then proceeded to consider left-invariant control affine systems evolving on these groups.
We started by classifying, locally, all such detached feedback equivalent systems. This was ac-
complished by reducing the problem to classifying £-related affine subspaces of the oscillator
Lie algebra h5. From this local classification we then easily obtained a global classification
(under detached feedback equivalence) of systems evolving on the universal covering Lie group
HS. We then determined which of the these equivalence classes consists of controllable systems,
which in turn allowed us to find a controllability criteria for systems evolving on ﬁg Now note
that any system evolving on a connected four-dimensional oscillator Lie group is covered (in
the sense of a LiCAS covering morphism, see [6]) by an equivalence representative of one of
the classes of systems evolving on H$. This then allows for future study of such systems (espe-
cially w.r.t. local properties) to be reduced to the study of a finite list of types of equivalence
representatives. Also, as we have already seen in the study of systems on the n-fold coverings
H$(n) of HS, some global properties (such as controllability) are propagated by such covering
morphisms.

Next we considered (left-invariant control affine) systems evolving on the n-fold coverings
HS(n) of HS. In order to classify such systems (globally) under detached feedback equivalence,
we needed to calculate the subgroup dAut H§(n) of Aut h5(n) = Aut h§. After having completed
this classification, we again determined which equivalence representatives were controllable
(making use of some of the results already obtained for systems evolving on H$). It then
turned out that all full rank systems evolving on H§(n) are controllable. During the course
of the research done for this thesis, we also considered systems evolving on the other types of
four-dimensional connected oscillator Lie groups, namely H§/Ng and HS/(N; , & Na) (corollary
1.3.8). The same approach as used for systems evolving on H$(n) proved to be successful
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in classifying (globally) systems evolving on these groups. However, as these groups have no
faithful linear representation, we resorted to making calculations for these groups on H§ by
means of an appropriate Lie group covering homomorphism. For the sake of brevity, these
results were omitted in the presentation of this thesis.

In the last chapter of this thesis we then considered a general optimal control problem (with
fixed terminal time and quadratic cost) on the two-input homogeneous system evolving on H$
(classification showed there is only one such system, up to equivalence). We briefly investigated
the abnormal extremals and showed that the case of the normal extremals reduces to the study
of single Hamiltonian on the dual space (h$)* equipped with the Lie-Poisson bracket. The
study of the integral curves of this Hamiltonian was then the main focus of the last chapter.
First, we established the stability nature of all equilibrium states. Then, we investigated these
integral curves qualitatively and showed that they are either constant, periodic or bounded
curves; in the last case, limiting to and from some possibly distinct equilibrium points. The
approach developed in making this qualitative study may very well prove successful in the
study of similar problems (already in [2] and [3] the same qualitative behaviour was observed).
Next, we proceeded to find explicit expressions for the integral curves of this Hamiltonian.
Although we only did so for a subclass of these integral curves, the approach developed in
doing so promises to be quite effective. Already in [2] and [3] this approach has proved to be
successful in finding explicit expressions for all reduced normal extremals for some classes of
optimal control problems associated to single- and two-input systems on SE(2). This indicates
that similar results may be possible in the case of the four-dimensional oscillator Lie groups,
although one expects them to be more complicated.

In accordance with the methods employed in this thesis to classify detached feedback equiv-
alent left-invariant control affine systems evolving on four-dimensional oscillator Lie groups,
we have already classified (almost all) such systems evolving on three-dimensional Lie groups.
All these results suggest that it would be feasible to consider such a classification on four-
dimensional Lie groups. Also, by adapting orbital feedback equivalence (see, e.g., [18]) to
invariant control systems on Lie groups, we may be able to enlarge the class of equivalence
relations to be considered. We also note that the approach developed in this thesis for finding
explicit expressions of reduced extremals may very well be applied in the cases of other Lie
groups (most notably, for three-dimensional Lie groups).



Appendix A

Review of Prerequisites

We briefly review the essential prerequisites for the development of this thesis. We provide
proofs for statements, either when proof is very short (but still illustrative), or when a suit-
able reference (for the exact statement) could not be found. A basic familiarity with smooth
manifolds and topology is assumed.

A.1 Lie Groups and Lie Algebras

We review some basic (real) Lie theory as needed for the presentation of this thesis. This text
is largely based on [14]. We also make use of [21] and [30].

A.1.1 Basic notions

A Lie Group G is a group equipped with the structure of a (finite-dimensional) real smooth
manifold such that the product map p: G x G — G, (g,h) — gh is smooth. (By the implicit
function theorem, it then follows that the inverse map g + g~ ! is also smooth.) Note that
our definition of a Lie group is usually termed a real Lie group. A subgroup H of G is a Lie
subgroup if it is an immersed submanifold of G (i.e., H is the image of an injective immersion).
If H is additionally an embedded submanifold we will say that it is an embedded Lie subgroup. It
may be shown (Cartan’s theorem, [14]) that embedded Lie subgroups are exactly topologically
closed (abstract) subgroups. As such, embedded Lie subgroups will be referred to as closed Lie
subgroups. A Lie group G is then said to be a (closed) linear Lie group if it is a (closed)
Lie subgroup of the Lie group GL(n,R) (of linear transformations of R") for some n € N.

A map ¢ : G — H between Lie groups G and H is a Lie group homomorphism if
it is simultaneously a homomorphism of abstract groups and a smooth map. A Lie group
homomorphism ¢ : G — H is called a Lie group isomorphism if it is simultaneously an
isomorphism of abstract groups and a diffeomorphism of manifolds. (However note that a
bijective Lie group homomorphism is a Lie group isomorphism. Also note that the image of
a Lie group under a Lie group homomorphism is always a Lie subgroup, but not necessarily
a closed Lie subgroup.) We have the following result showing that Lie group homomorphisms
are just continuous group homomorphisms.
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THEOREM. ([17]) Let ¢ : G — H be an abstract group homomorphism of the Lie groups G and
H. If ¢ is continuous at 1, then ¢ is smooth and thus a group homomorphism.

A Lie algebra g is a finite-dimensional vector space over R equipped with a bilinear skew-
symmetric binary operation [-,:] : g x g — g, called the Lie bracket, satisfying the Jacobi
identity [A, [B,C]] + [B,[C, A]] + [C,[A,B]] = 0 for all A, B,C € g. To every Lie group G we
can naturally associate a Lie algebra g (sometimes called the tangent algebra) as the vector space
T1G (tangent space at identity) with a Lie bracket defined by [A, B] = a‘?—gs(g(t),h(t))‘tzszo,
where ¢(t) and h(t) are smooth paths on G such that g(0) = h(0) =1, §(0) = A, and h(O) = B.
(Note that (-,-) : G x G = G, (g, h) — ghg~'h~! denotes the group commutator here.)

A map ¥ : g — b between Lie algebras g and b is a Lie algebra homomorphism if it
is a linear map preserving the Lie bracket (i.e., - [A,B]g = [¢b- A, - B]y). A Lie algebra
homomorphism ¢ : G — H is called a Lie algebra isomorphism if it is a linear isomorphism.

In the language of categories we have a functor (called the Lie functor) between the category
of Lie groups and the category of Lie algebras. The Lie functor assigns to each Lie group
homomorphism ¢ : G — H its tangent map at identity T1¢ : g — b, which is a Lie algebra
homomorphism.

With the help of left and right translations one can construct natural isomorphisms between
the tangent spaces of a Lie group G at different points. Let L, : G — G, h — ghand Ry : G — G,
h +— hg denote the left and right translations respectively. Then for £ € T;,G let

g€ = Tth £ € TghG g = ThRg £ e Tth.
From the associativity of group multiplication we may derive the following identities:

(gh)€ = g(h&) (g§)h = g(&h) (Eg)h = &(gh),

for any g,h € G and £ € T'G. In particular for a linear Lie group the “products” g& and &g
coincide with the products of these matrices.

A subspace h of a Lie algebra g is called an ideal of g if [h, g] < h. We have the following
elementary result.

PROPOSITION. Let a and b be two ideals of a Lie algebra g. Then aNb is an ideal of g.

PRrROOF. We already have that anb is a vector subspace (and has dimension given by dim(anb) =
dima + dim b — dim(a + b)). Now for A € anb and C € g we have [4,C] € a (a is an ideal)
and [A,C] € b (b is an ideal). Hence [A,C] € anb. Thus [aNb,g] < anb, that is to say anb
is an ideal. (]

We will denote the centre of a Lie group G as Z (G) and the centre of a Lie algebra
as Z (g). We note that these centres are given by

Z(G)={g€G|VheG, gh=hg} Z(9)={Aecg|VBeg, A B =0}

Further note that Z (G) is a closed normal Lie subgroup with Lie algebra Z (g), an ideal of g.

We will customarily refer to bijective, surjective and injective homomorphisms as bimor-
phisms, epimorphisms and monomorphisms, respectively. We will also call isomorphisms, with
matching domain and codomain, automorphisms.
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A.1.2 Quotients of Lie groups

The set of cosets of a closed Lie subgroup of a Lie group can naturally be organised as a smooth
manifold. Specifically, we have the following theorem.

THEOREM. ([14]) Let H be a closed Lie subgroup of a Lie group G. The set G/H of left cosets
of H in G possesses a unique differentiable structure for which the canonical map p: G — G/H,
g — gH is a quotient map. In addition, the map p is a locally trivial fibre bundle and the
canonical action of the group G on G/H (by left translations) is differentiable.

Consequently one can sensibly speak of Lie quotient groups.

THEOREM. ([14]) Let N be a closed normal Lie subgroup of a Lie group G. Then the quotient
group G/N with the differentiable structure defined in theorem A.1.3 is a Lie group.

Corresponding to the first isomorphism theorem of abstract groups, we have the following result,
referred to as the epimorphism theorem.

THEOREM. ([14]) Let ¢ : G — H be a Lie group epimorphism and let N = ker ¢. Then the map
¢':G/N—=H, gN— ¢(g)
18 a isomorphism of Lie groups.

(For a Lie group homomorphism ¢ : G — H it may be shown that ker ¢ is a closed normal Lie
subgroup of G.)

A.1.3 Connectedness and simply-connectedness of Lie groups

A topological space X is disconnected if there are disjoint non-empty open sets H and K
in X such that X = H U K. When no such disconnection exists, X is connected. A space
X is pathwise connected if for any two points x and y in X, there is a continuous function
f :1]0,1] — X such that f(0) = x and f(1) = y (called a path from = to y). A space X is
locally path connected if X has a basis of path connected open sets.

PROPOSITION. ([22]) Let X be a smooth manifold, then X is locally path connected. Addition-
ally X is connected if and only if it is path connected.

A Hausdorff space X is called simply connected if X is pathwise connected and the funda-
mental group (see, e.g., [15]) of X, denoted 71 (X), is the trivial group (i.e., m (X) = {1}).

PROPOSITION. ([15]) Let X and Y be pathwise connected Hausdorff spaces and S' denote the
circle (as a topological group). Then

1. if X andY are homeomorphic then m (X) = m1(Y) as groups;
2. m(X xXY)Zm(X) xm(Y) as groups;
3. 771(81) = 7.



144 A.1. LiE GROUPS AND LIE ALGEBRAS

A Lie group epimorphism ¢ : G — H is called a covering homomorphism if it satisfies
any of the following equivalent conditions:

1. ¢ maps diffeomorphically some neighbourhood of the identity of the group G onto a
neighbourhood of the identity of H;

2. the kernel of ¢ is discrete;

3. ¢ is a covering map in the topological sense (i.e., it is a locally trivial fibre bundle with a
discrete fibre);

4. Thq is an isomorphism of the tangent spaces.

We note that for every Lie group G (or equivalently any Lie algebra g) there exists a simply
connected Lie group G with isomorphic Lie algebra. Moreover we have the following.

A.1.8 THEOREM. ([14]) Every connected Lie group G is isomorphic to a quotienzﬁvé/N where G is a
simply connected Lie group and N is a discrete normal subgroup. The pair (G,N) is determined
by these conditions up to an isomorphism, i.c., if (G,N) and (G',N') are two such pairs, then
there exists an isomorphism G — G/, taking N to N’.

A Lie group G satisfying the conditions of theorem A.1.8 is called the universal covering Lie
group of the Lie group G. A covering homomorphisms ¢ : G — G is then called a universal
covering (homomorphism) of G. Note that a simply connected Lie group is determined up to
isomorphism by its Lie algebra. Thus we have that the universal covering Lie group G of some
Lie group G (or Lie algebra g) is uniquely determined, up to Lie group isomorphism. We have
the following related results.

A.1.9 PROPOSITION. ([14]) Ewvery discrete normal subgroup N of a connected Lie group G is contained
i its centre.

A.1.10 PROPOSITION. Suppose Gisa simply connected Lie group with Lie algebra g. Further suppose
N and N’ are discrete central subgroups of G. Then G/N is Lie group isomorphic to G/N if and
only if there exists an automorphism ¢ : G — G such that ¢(N) = N’.

PRrOOF. If G/N is isomorphic to G/N', then the result follows from theorem A.1.8. For the
converse assume that ¢ : G — G is an automorphism such that ¢(N) = N’. Let q : G — G/N
and ¢ .G — G /N’ be the canonical covering homomorphlsms Then ¢’ o d) G— G /N is a
covering homomorphism. Now observe that ker(q’ o d)) = ¢~ Ykerq') = gb‘l( N’) = N. Hence by
the epimorphism theorem (theorem A.1.5) we have that G/N is Lie group isomorphic to G/N’.CJ

Consequently, in order to classify all connected Lie groups with Lie algebra (isomorphic to) g,
one need only enumerate all discrete central subgroups of G. The above proposition shows that
the discrete subgroups need to be classified up to being related by a Lie group automorphisms
(ie, N~ N < J¢p € Aut G, ¢(N) = N').

Note that the centre Z (G) of a Lie group G is an abelian Lie group. It is therefore of use to
describe the discrete subgroups of R”. We have the following result.

A.1.11 THEOREM. (BOURBAKI 1975, CASSELS 1959, SEE [31]) Ewvery discrete subgroup N of R™ is
of the form Zey + -- - + Zey, where {e;} is some linearly independent system of vectors in R™.
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We conclude this section with two useful results.

THEOREM. ([21]) Let Gbea simply connected Lie group and let N be a discrete normal subgroup
of G. Then the fundamental group of the quotient group G/N is isomorphic to the group N as
abstract groups.

PROPOSITION. Let q : G — H be a covering homomorphism with G a connected Lie group.
Then Z(H) = q(Z(G)).

PRrROOF. Let ¢’ € Z(G), then Vg € G,¢'g = g¢’. Thus Vg € G,q(¢')q(9) = q(g9)q(¢’) and as
q is epimorphic we thus have that Vh € H,q(¢')h = hq(¢'), which is to say q(¢') € Z(H).
Thus we have that ¢(Z(G)) C Z(H). Now suppose h € Z(H). Then we have that Vg €
G,hq(g)h1q(g~1) = 1. Now we have that there 3¢’ € G such that g(¢’) = h. Then we have
that Vg € G,q(g'g(g')"'g™') = 1, that is to say, Vg € G,¢'g(¢') g~ € kerq. Now consider
the map G — kerq, g — ¢'g(¢g')"'g~!. It has a connected image (containing 1 = ¢’1(g’')~'1),
but as ker ¢ is discrete this means that the image is a single point, namely 1. Thus we have
that Vg € G,¢'g(¢g')"'¢g~! = 1 and hence that ¢’ € Z(G). That is to say we have that Z(H) C
A(2(G)). =

A.1.4 Group actions and linear representations
Lie group actions

A homomorphism ¢ from a Lie group G to the group Diff X of diffeomorphisms of a smooth
manifold X is called its action on X if the map Gx X — X, (g,x) — ¢(g)x is smooth. (Recall
that an abstract group action of a group G on a set X is a mapping G x X — G, (g,z) — ¢(g)x
such that Vz € X, ¢(1)x =z and Vg,¢' € G,z € X, ¢(9)0(¢")x = ¢(gg")x. We note that a Lie
group action satisfies the conditions of a abstract group action.) Let ¢ be an action of a group G
on a smooth manifold X. Then the orbit of a point x € X is the set ¢(G)x = {p(g)z | g € G};
the stabilizer of the point x is the set G, = {g € G | ¢(9)z = x}.

Consider the map ¢, : G - X, ¢ — ¢(g)x. Its image is precisely the orbit ¢(G)z of the
point z and the preimage of the point x is its stabilizer G,. From the definition of a Lie group
action it follows that the map ¢, is smooth. Then, as (¢, 0 Ly)(-) = ¢(g)¢(-) for any g € G,
we get that ¢, has constant rank. We then have the following theorem.

THEOREM. ([14]) Let ¢ be an action of a Lie group G on a smooth manifold X. For any point
x € X the map ¢, has a constant rank and if this constant rank is k, then:

1. the stabilizer G, is a closed Lie subgroup of codimension k in G and T.(G,) = ker T1 ¢y ;

2. for some neighbourhood U of the identity in the group G the orbit ¢p(U)x is a submanifold
of dimension k in X, and Ty(¢(U)x) = T1¢4(T1(G));

3. if the orbit ¢(G)x is a submanifold in X (this is not always the case), then dim ¢(G)x = k.

As G, is a closed Lie subgroup it follows that G/G,, possesses a unique differentiable structure
for which the canonical map ¢ : G — G/G,, g — ¢G, is a quotient map. That is to say, we have
a “natural” differential structure on G/G,. With this in mind we have the following result.
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PROPOSITION. ([1]) Let¢: GxX — X be an action. Define, forz € X, qgw :G/Gy — 9(G)x C
X, 9Gy = ¢x(g9). That is, ¢, is the unique injective (smooth) map for which the triangle

G

I

G/G, T} o(G)x

is commutative. Then ¢, is an injective immersion.

REMARK. As q% is an injective immersion we immediately have that the any orbit ¢(G)z is an
immersed submanifold of the manifold X (although not necessarily an embedded submanifold).

Linear representations

Let G be a Lie group, V be a vector space over R and GL(V') be the Lie group of invertible
linear transformations of V. Then a Lie group homomorphism p : G — GL(V) is called a
linear representation of G in the space V. We say that a linear representation p is faithful
if it is injective. By the dual representation of a linear representation p, we mean the
linear representation p* of the group G in the space V* (the dual space of V') defined by
(p*(9) - 1) (v) = u(p(g)~'v) for p € V* and v € V.

Any linear representation of a Lie group defines a natural action over its vector space. That
is, GXV =V, (g,v) — p(g) -v, where p(g) € GL(V'). The condition that p is a homomorphism
from G to GL(V') ensures that this is indeed a Lie group action.

The adjoint (and coadjoint) linear representation and action

For a Lie group G we have a natural linear representation (and associated dual representation)
of the group in its Lie algebra g. The adjoint representation (and associated dual representation,
called the coadjoint representation) of a Lie group G in its Lie algebra g, denoted by Ad (and
Ad* respectively) are linear representations given by

Ad: G — GL(g) Ad*: G — GL(g"
g — Adg g — Ad'g
Adg: g — ¢ Ad*g: g — g*
A — gAg! p() = p(Ad(g™h()-

We denote their tangent maps at identity by ad and ad®™ and note that they are given by

ad: g — Der(g) ad™ : g — Der(g")
A — add A — ad*A
add: g — g ad*A: g¢g* — g¢*
B = [AB] p(-) = —p(ad(4)().

The adjoint orbit through a point A € g is simply the orbit of the adjoint action through
that point, i.e., AdG - A. The coadjoint orbit through a point A* € g* is similarly given
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by Ad* G- A*. Note that these orbits are independent of the connected Lie group chosen (i.e.,
they are solely properties of the Lie algebra). We note that the adjoint and coadjoint orbits are
immersed submanifolds of g and g*, respectively (see remark A.1.16). Moreover the coadjoint
orbits are symplectic manifolds ([24]) and hence even-dimensional.

A.1.5 Classes of Lie algebras and Lie groups

The lower central series for a Lie algebra, g, is the descending series of ideals
g=gloub---bg,>---

where g,,+1 = [g, gn], the ideal of g generated by all Lie brackets [A, B] with A € g and B € g,.
(Alternatively one may define the concepts of a central series and a upper or ascending central
series, in terms of which some of the subsequent definitions may be restated.) The derived
series of a Lie algebra g, is the descending series of ideals

glzg(l)[zg(Q)[Z...lzg(n)[Z...

where g+t = [g(") g(™)] the ideal of g(™) generated by all Lie brackets [A, B] with A, B € g(™).

A Lie algebra g is solvable if its derived series stabilizes at zero. A nilpotent Lie algebra,
g, is one whose lower central series terminates in the zero ideal after finitely many steps. A
Lie algebra is called triangular (or supersolvable or completely solvable or fully-solvable) if
all adjoint operators adA, A € g, have only real eigenvalues. (A triangular Lie algebra may
alternatively be characterised as one that has a faithful linear representation being triangular
w.r.t. some basis, or one such that there exists a complete or full flag in g preserved by ad g;
[30].) A connected Lie group G is said to be nilpotent, solvable or triangular if its Lie algebra is
nilpotent, solvable or triangular, respectively. (Alternatively these concepts may be defined by
by means of the lower central series and the derived series for a Lie group, and characterised
as above.) A Lie group G is said to be exponential if the exponential mapping exp : g — G
is a diffeomorphism. A Lie algebra is said to be exponential if the simply connected Lie
group corresponding to it is exponential. We note that exponential Lie groups (algebras) are
sometimes called Lie groups (algebras) of type (E). We have the following characterisations of
exponential Lie groups and algebras.

THEOREM. (DIXMIER, NONO, GORBATSEVICH, [30]) Let G be a simply connected Lie group
with Lie algebra g. Then the following conditions are equivalent:

the Lie group is exponential;

the mapping exp : g — G is injective;

for any element A € g, the operator ad A does not have any purely imaginary eigenvalues;
for any g € G the operator Adg has no eigenvalues equal to 1 in absolute value but
different from 1;

5. there is no ideal b in the algebra g such that the quotient algebra g/b has a subalgebra
isomorphic to the 3D Euclidean Lie algebra e(2).

Bt e =

We have the following result, adapted from results in [14], [21] and [30], regarding the relative
containment (i.e., partial ordering w.r.t. C) of the above classes of Lie algebras.
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THEOREM. For a Lie algebra g, the following implications hold
g is nilpotent = g is triangular = g is exponential = g is solvable.

A non-abelian Lie algebra g is called simple if it contains no proper ideals (i.e., distinct from
0 and g). A Lie Algebra g is called semisimple if it contains no nonzero abelian ideals. A Lie
group G is called simple (resp., semisimple) if its Lie algebra g is simple (resp., semisimple).

A Lie group is said to be unimodular if its left-invariant Haar measure is also right-
invariant. We have the following characterisation of unimodular Lie groups.

PROPOSITION. ([29]) A Lie group G is unimodular if and only if the linear transformation
Adg has determinant +1 for every g € G.

PROPOSITION. ([29]) A connected Lie group G is unimodular if and only if the linear transfor-
mation ad A has trace zero for every A € g.

A.1.6 Semidirect products

In this section we discuss the construction of a semi-direct product of two Lie Groups. We start
by examining the concept for abstract groups.

Let H, K be two abstract groups. Let p : K — AutH be a homomorphism. Then by the
semi-direct product of H and K with respect to u, written H x, K, we mean the set H x K
with the binary operation given by

(h1, k1) (ho,k2) = (h1 p(k1) - ha, k1 k2).

Note that H x, K with above product is indeed a group. Elements of the form (h,1) (resp.
(1,k)) form a subgroup of H x, K isomorphic to H (resp. K). The subgroup H is normal and

(1,k) - (h,1) - (1,k)"t = u(k) - h. (A.1.1)

The subgroup K is normal if and only if the homomorphism g is trivial, in which case the semi-
direct product is simply a direct product. A group G decomposes as a semi-direct product of
subgroups H and K (written G = H x K), if

1. HLG; 2. HNK={1} 3. HK=G.

PROPOSITION. ([14]) If G decomposes as a semi-direct product of subgroups H and K there is
indeed an isomorphism

Hx,K—G, (hk) hk,
where p : K — Aut(H) is the homomorphism defined above by (A.1.1).

We now specialise the above two definitions and proposition for Lie groups (cf. [14]). The
semi-direct product of Lie groups is defined as the semi-direct product of the underlying
abstract groups, with the differentiable structure of the direct product of smooth manifolds
(in particular it carries the product topology). Moreover, the homomorphism p is required to
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define a Lie group action of the group H on G. In particular the automorphism (k) of the
group H should be differentiable for any k£ € K. This ensures differentiability of the product
in H x, K. We say that a Lie Group G decomposes as a semi-direct product of closed Lie
subgroups H and K if it decomposes as their semi-direct product as an abstract group.

PROPOSITION. ([14]) If a Lie Group G decomposes as a semi-direct product of closed Lie sub-
groups H and K, then the action p of the group K on H, defined above by (A.1.1), is differentiable
and the abstract isomorphism defined in proposition A.1.21 is a Lie group isomorphism.

A.1.7 Some results on the relation between Lie groups and Lie algebras

We review some definitions and results regarding the relation between Lie groups (and Lie
group homomorphisms) and Lie algebras (and Lie algebra homomorphisms). Again we mainly
depend on [14].

Integration of Lie algebras homomorphisms

THEOREM. (UNIQUENESS, [14]) A Lie group homomorphism ¢ from a connected Lie group G
to a Lie group H, is uniquely determined by its tangent map at identity T1¢.

THEOREM. (EXISTENCE, [14]) Let G and H be Lie groups with G simply connected. Then for

every Lie algebra homomorphism 1 : g — b there exists a Lie group homomorphism ¢ : G — H
such that Th ¢ = .

THEOREM. ([14]) Let Gi and Gg be Lie subgroups of a Lie group G. If Gy C Gga, then G is
a Lie subgroup of the Lie group Go and g1 C go. Conversely, if g1 C go and the group Gi is
connected, then Gy C Gs.

THEOREM. ([14]) A connected Lie subgroup is uniquely determined by its Lie algebra (as a
subalgebra of the Lie algebra of the ambient Lie group). Moreover every subalgebra of the Lie
algebra of a Lie group is the Lie algebra of some (uniquely defined) connected Lie subgroup.

THEOREM. (YAMABE 1950, [14]) Every path connected subgroup of a real Lie group is a Lie
subgroup.

PROPOSITION. ([14]) A connected Lie subgroup H of a connected Lie group G is normal if and
only if the subalgebra by is an ideal of the algebra g.

THEOREM. ([14]) The commutator subgroup (G, G) of a connected Lie group G is a connected
Lie subgroup with tangent algebra [g,g]. If the group G is simply connected, then (G,G) is a
closed Lie subgroup.
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The exponential map

For any smooth path g(-) in a Lie group G we have that ¢(t) = g(t)A(t), where A(t) € g.
Moreover given a smooth map ¢ — A(t) from a connected subset of R to the algebra g, there
exists a solution of the above equation on the said interval. We refer to A(-) as the velocity
of the path. A smooth path ¢t — ¢(¢) in a Lie group G, defined for all ¢ € R, is called a
one parameter subgroup if g(t + s) = g(t) g(s). It turns out that a smooth path g() is a
one-parameter subgroup if and only if its velocity A(-) is constant and ¢g(0) = 1.

For any A € g we shall denote by g4(-) the one parameter subgroup with velocity A(-) = A.
If G is a linear Lie group then ga(t) = exptA, where the exponential is understood as exp A =
3% LA™ For any Lie group G we define the exponential map exp : g — G as A > ga(1).

n=0 n!

Note that for a Lie group homomorphism ¢ : G — H we have that ¢(exp(A)) = exp(T1¢- A).

The group of automorphisms

Let G be a Lie group, Aut G be the group of its automorphisms (as a Lie group) and Aut g be the
group of automorphisms of its Lie algebra. If G is connected, then the map d : Aut G — Aut g,
¢ +— T1¢ is an injection. Moreover, if G is simply connected, then it is a Lie group isomorphism.
The group Aut g is a linear Lie group. Hence, in the case of a simply connected Lie group G,
one can transfer the Lie group structure of Autg to Aut G. In general we have the following.

PROPOSITION. ([14]) For any connected Lie group G, the group dAut G is a closed Lie subgroup
of the Lie group Autg.

If G is connected, then Ad G depends only on the algebra g and is a normal subgroup of
Aut g. It is called the group of inner automorphisms of the algebra g. Being the image
of the group G under the adjoint representation, the group AdG is a Lie subgroup (but not
necessarily a closed Lie subgroup) of Aut g.

A.1.8 Linear Lie groups

A Lie group G is said to be a (closed) linear Lie group if it is a (closed) Lie subgroup of
GL(n,R) for some n € N. Note that if G admits faithful finite-dimensional linear representation,
then it is isomorphic to a linear Lie group. We have the following results.

THEOREM. ([30]) Let G be a connected solvable Lie group. Then G admits a faithful finite-
dimensional linear representation if and only if the commutator subgroup (G,G) of the Lie
group G is simply connected.

THEOREM. (DJjokovic 1976, [30]) Let G be a connected Lie group admitting a faithful finite-
dimensional linear representation. Then there exists a faithful finite-dimensional linear repre-
sentation p : G — GL(V') such that the subgroup p(G) is a closed Lie subgroup of GL(V).

THEOREM. ([30]) Any Lie group is locally isomorphic to a linear Lie group. Specifically, for
any stmply connected Lie group G, there exists a discrete central subgroup N such that the group
G/N admits a faithful finite-dimensional linear representation.
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A.2 Left-Invariant Control Affine Systems

We briefly define left-invariant control affine systems and recall how they may be organised
into a category, denoted LiICAS (see [6]). We then make an investigation of controllability
of LiCAS-objects, based on the work done in [20]. Finally, we briefly review equivalence in
LiCAS, specialising the results of [7].

A.2.1 Definitions

A left-invariant control affine system is a pair ¥ = (G,Z). The state space G is a
(real, finite-dimensional) Lie group. The dynamics Z : G x RY — TG is left-invariant; i.e., for
any g € G and any u € RY, Z(¢,u) = gZ(1,u). Furthermore the parametrisation map

—_—

Z(1,-) : R — g is an affine embedding, i.e.,

[1]

(1,):R =g, wur A+u By +---+wBy

where the set {B;},_g7 is linearly independent. Hence the trace I' = im Z(1, ) = span {B;},_17
is an affine subspace of the Lie algebra g. By identifying (the left-invariant vector field)
Z(-,u) € XH(G) with Z(1,u) € g, we have that T' = {E, |u € R‘}.

Admissible controls will be piecewise continuous maps u(:) : [0,7] — R 0 < T <
o0o. A trajectory for an admissible control wu(-) is an absolutely continuous curve g(-) :
[0,7] — G such that ¢(t) = g(t)=(1,u(t)) for almost every ¢ € [0,7]. The Carathéodory
existence and uniqueness theorem of ordinary differential equations implies the local existence
and global uniqueness of trajectories. A remarkable property of left-invariant systems is that a
left translation of a trajectory is a trajectory.

The attainable set (from the identity 1 € G) is the set A of all terminal points g(7") of
all trajectories g(-) : [0,7] — G starting at 1. We say that a system ¥ is controllable if for
any go,g1 € G, there exists a T > 0 and a trajectory g(-) : [0,7] — G such that g(0) = go
and ¢(T) = gi1. A system is controllable if and only if A = G. Necessary conditions for
controllability are that the group G be connected (we will say 3 is connected) and that the
Lie algebra LieI" generated by the trace I' C g be the whole space g (we will say ¥ or T is of
full rank). Systems satisfying these necessary conditions are called proper systems.

The orbit (through the identity 1) is the unique connected Lie subgroup O of the state
space G with Lie algebra LieI". We then have that A C O. (The orbit may be described as
the smallest connected Lie subgroup containing the attainable set.)

An affine subspace I' will be termed homogeneous if 0 € I' and inhomogeneous if not.
We denote the linear subspace associated to I' by T, i.e., T® = {A — B | A, B € T'}. Thus if
A €T we have that I' = A + T'".

A.2.2 The category LiCAS

The left-invariant control affine systems (evolving on real, finite-dimensional Lie groups) can
be organised into a category, denoted by LiCAS. (Note that LICAS may be realised as a full
subcategory of LiCS, the category of left-invariant control systems.) We briefly review (and
specialise) the definitions and results presented in [6], as needed for this thesis. An object in
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LiCAS is a left-invariant control affine system 3 = (G, Z), as described above. A morphism
® = (¢, ) : 2 — Y in LICAS is a mapping ® : G x R — G xRY,  (g,u) — (¢(9), p(g,u)),
where the state component ¢ : G — G’ and the feedback component ¢ : G x Rf — RY
are smooth maps such that the diagram

GxR—2 G xRY

-| } |=

76— TG

commutes. The feedback component ¢ is said to be G-invariant if it does not depend on G
explicitly.

We say that a system Y’ covers a system Y if there exists an LiCAS-epimorphism
© = (0,9) : ¥ — ¥ such that (the state component) 6 : G — G is a Lie group covering
homomorphism (i.e., a Lie group epimorphism with discrete kernel). Such a LiCAS-morphism
is called a covering morphism and the pair (¥/,0) will be referred to as a covering of .
Let us note that for a covering morphism © = (6,9) the feedback component ¢ is G'-invariant
and T16-T" =T

Given a connected system Y = (G, E) and a Lie group covering homomorphism 6 : G’ — G
(with G’ connected), a covering (X',0) of ¥ can be constructed, such that 6 is the state
component of O, as follows:

=G xRS TG, (¢ u) = (Ty0) ™ -2 (0(g), u)
0:G xRY 5 GxRY, (¢, u)— (0(g),u).

We have the following pertinent results.

PROPOSITION. ([6]) Let ¥ and X' be proper systems and ¢ : G — G be a smooth map such
that ¢(1) = 1. Then there exists a unique morphism ® = (¢,p) : ¥ — X' such that (the
feedback component) ¢ is G-invariant if and only if ¢ is a Lie group homomorphism such that
T T CT.

PROPOSITION. ([6]) Let ® = (¢, ) : X — X' be a morphism with (the state space component)
¢ surjective. If X is controllable, then so is X'.
A.2.3 Attainability and controllability

We investigate some properties of the attainable set (of a LICAS-object ) in order to provide
sufficient conditions for controllability. We mainly restate and adapt some of the work done in
[20] (for right-invariant control affine systems). We denote the interior of A relative to O as
into A. Similarly, we denote the closure of A relative to O as clp A.

PROPOSITION. ([4]) The interior of A relative to O is non-empty, i.e., intp.A # 0.

PROPOSITION. ([20]) The sets A, intp A and clp A are all semi-groups.
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PROOF. Let g1,¢92 € A. Then there exists trajectories gi1(+) : [0,71] — G and ga(+) : [0, T3] — G
(with controls uq(-) and wa(-)) such that g1(0) = 1 = ¢2(0), g1(71) = g1 and ¢2(T3) = g2. We
define a curve gs3(-) : [0,T1 + T5] — G as

gs(t) = 91(1) 0<t<Ty
ggt—"T) Th<t<Th+T

Then g3(-) is a trajectory of ¥ such that g3(0) = 1 and g3(71 + T2) = g1 g2. Hence g1 g2 € A
and so A is a semi-group.

Now suppose g1, g2 € intp.A, then we have open (relative to O) subsets V, W C A such that
g1 € V and g € W. Hence V W is open (relative to O), VW C A, as A is a semi-group, and
g1 g2 € VW. Thus we have that g1g2 € intp A and so intp A is a semi-group.

Recall that for a Lie group G, the group product i : G x G — G is in particular continuous.
Also recall that for a continuous function f : X — Y between two topological spaces we have
that f(clW) C cl f(W) for any subset W of X ([38]). Now, as A is semi-group, we have that
(A, A) € A. Thus we have that u(clp A x clp A) C clp u(A, A) C clp A. Hence we have that
clp A is a semi-group. O

LEMMA. Suppose 3 has a connected state space and the trace I' is homogeneous. Then A = O.

ProOOF. As A is a collection of trajectory endpoints, it is path connected. By lemma A.2.4 we
have that A is a semi-group. We show it is a group. Let g € A, then there exists a trajectory
g(+) : [0,T] — G such that g(0) = 1 and ¢g(T) = g. We define a curve ¢'(-) : [0,7] — G as
g () =g tg(T —t) for t € [0,T]. Then ¢'(-) is a trajectory (as I' is homogeneous) such that
g'(0) =1 and ¢'(T) = g~'. Thus we get that g~! € A and so A is a group. Hence, as A is a
path connected subgroup of G, we get that A is a connected Lie subgroup (by theorem A.1.27).
Then observe that Lie algebra of A is LieT" (as exp(tA) € A for A € T'). The result then follows
from theorem A.1.26. g

To every system X we associate the following two Lie subalgebras: the subalgebra Liel’
generated by I'; the subalgebra LieI'® generated by I'’. The corresponding connected Lie
subgroups (see theorem A.1.26) are denoted by O (the orbit) and OY. It then follows that
Liel'Y C LieT and consequently (by theorem A.1.25) that O° C O.

LEMMA. The set clpO° is a group.

PRrOOF. Recall that the group product p : G x G — G and the group inverse ¢ : G — G
are smooth. So as OV is a group we have that u(O° x 0% C O° and ((0°) C O° Also
recall that for a continuous function f : X — Y between two topological spaces we have that
f(cdW) C cl f(W) for any subset W of X ([38]). Hence we get that u(clp O x clp O°) C
clo (0% x OY) C clp O and i(clp O%) C clp t(O°) C clp O°. Thus the result follows. O

LEMMA. ([20]) Let G be a connected Lie group, and let By, B, ..., By be elements of g that
generate g (i.e. Lie{B;}, 15 = g). Then every g € G is a finite product of elements of the form

exp(tB;), where t is real and i = 1,¢.
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PROOF. The set H of all finite products of elements of the form exp(¢B;) is a path-connected
(abstract) subgroup of G. Therefore, H is a connected Lie subgroup of G (see theorem A.1.27).
Obviously, H contains exp(RB;), i = 1,n and therefore By,..., B, belong to h. Thus g = b
and hence we get that G = H (by theorem A.1.26), completing our proof. ]

LEMMA. ([20]) If A is dense in O, then A= O.

PROOF. Let g € int A # () and assume A is dense in O. The we have an open (relative to O)
subset V' C A such that g € V. Let W = {h™' : h € V}. Then W is a non-empty relatively
open subset of O. Our assumption implies that W contains an element A € A. So the set
h'V is relatively open in O and is contained in A (as A is semi-group, see proposition A.2.4).
Moreover h V' contains the identity. Therefore, the semi-group A contains a neighbourhood of
the identity in O. Since A and O are connected, we have that A = O. O

LEMMA. ([20]) We have that cloO® C clp.A.

PROOF. Let I' = A+ Ty = A +span{By, ..., B;}. By lemma A.2.7, every element of O is a
product of elements of the form exp(tB;), t € R,i = 1,/. We show that exp(tB;) belongs to
clp A for every real t and for every ¢ = 1,¢. Since clp.A is a semi-group (see proposition A.2.4),
this will imply that O C clp.A, and the desired result will follow immediately.

Let t € R and fix i € {1,...,¢}. Consider g, (t) = exp(t(A+nB;)). We have that g,(0) =1
and g, (t) = gn(t) (A+nB;). That is g,(+) is a trajectory and g, (t) € A forn € Nand t € [0, c0).
Now we have that gn(%) = exp(%A +tB;). Letting n — oo, we get that %A +tB; — tB; and
so, as the exponential map is continuous, exp(%A + tB;) — exp(tB;). We conclude that
exp(tBi) € clpA. [l

THEOREM. ([20]) If O is compact, then A= O.

ProOF. Let H = clp.A. Then H is a semi-group (see proposition A.2.4). We show that
H is a group. Let h € H. Then for every n € N, b € H. The sequence {h"},en has
a convergent subsequence {h™*¥)}.cy (where n(k) < n(k + 1) for all k). Now as k — oo,
Rt = lim R+ =R =1 — Jim ;.. Since n(k 4 1) —n(k) — 1 is non-negative, it follows that hy
belongs to H for each k. Since H is closed, h~! € H. Therefore H is a group. Since A C H and
A has a non-empty interior relative to O, the same is true for H. Since H is a group, H C O
and O is connected, we conclude that H = O. Therefore A is dense in O and our result follows
from lemma A.2.8. O

THEOREM. ([20]) Suppose u € R® and {t,}nen is sequence satisfying t, > € > 0 for some
e € R. If limexp(t, Z(1,u)) exists and belongs to clpO®, then A = O.

PrROOF. Let A = =(1,u). We first show that exp(tA) € clpA for every ¢ € R. If {t,}nen is
bounded there exists a positive number T such that exp(T'A) € clpO®. Let t be any real number
and n be a natural number such that nT+¢ > 0. Since clpOY is a group (lemma A.2.6) we have
that exp(—TA) € cloO, and hence that exp(—nTA) € clpO’. Consequently by lemma A.2.9
it follows that exp(—nT'A) € clp.A. We also have that exp((nT +t)A) € A C clo.A. Then, as
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exp(tA) = exp(—nTA) exp((nT +t)A) and clp.A is semi-group (proposition A.2.4), we get that
exp(tA) € clpA. If on the other hand {¢,},en is unbounded, let {t,, }ren be a subsequence
of {tn}nen with t,, . —tn, > k, and let 7, = t,,,, — t5,. Then we have that 7, — oo and
exp(1xA) — 1 as k — oo. Thus for any real number ¢, exp(tA) = limy_, o exp((t + %) A). If k
is sufficiently large, then ¢+ 7 is positive and hence exp((t+ 7%)A) belongs to A. Consequently
it follows that exp(tA) € clp.A.

Let 'Y = span {Bi},_17- Then exp(tB;) belongs to clpA for ¢t € R and i = 1,4 (by lemma
A.2.9). Since clpA is a semi-group (proposition A.2.4), it follows that every product of the
elements of the form exp(tC), t € R, C € {A,By,...,By} belongs to clp.A. Clearly, the
elements {A, By,..., By} generate Liel". Then, by lemma A.2.7 (and as clp.A C O), we get
that clp.A = O. Then by lemma A.2.8 we have that A = O. O

Controllability

We collect our results for the attainable set and apply them to find sufficient conditions for
controllability of a left-invariant control affine system.

THEOREM. If a system X has a connected state space, is of full rank and any of the following
statements are true, then X is controllable.

1. G is compact.

2. T is homogeneous.

3. There exists an element u € RY and a sequence {t,}nen, tn > € > 0 for some €, such that
lim exp(t,Z(1,u)) exists and belongs to clO®. In particular this statement is true if any
of the following statements is true.

(a) LieT? = g.
(b) Fu € U such that exp(t=(1,u)) is periodic.
(c) JucU,IT €R, T >0 such that exp(T=Z(1,u)) € clO°.

PRrROOF. Item 1 follows from theorem A.2.10, item 2 follows from lemma A.2.5 and item 3 from
lemma A.2.11. Next we show that the statements 3a, 3b and 3c all imply 3. Starting with 3c,
if Ju € RY, 3T € R, T > 0 such that exp(T=(1,u)) € OY then simply take the sequence {t,} as
constant, ¢, = T" to obtain result. For item 3b we have that if exp(¢=(1, u)) is periodic (for some
u € RY) then there exists a T' > 0 such that exp(TZ(1,u)) = exp(0) = 1 € cl 0%, thus satisfying
3c. For item 3a we have that O = G and hence that for any T > 0 that exp(TZ(1,u)) € OY,
thus satisfying 3c. O

A.2.4 Detached feedback equivalence

We briefly recall the definition of detached feedback equivalence, its characterisations and some
properties. For more details see [7].

Let ¥ = (G,Z) and ¥ = (G',Z') be LiCAS-objects. Then ¥ and X’ are called locally
detached feedback equivalent (shortly DFj,.~equivalent) at points a € G and o' € G
if there exist open neighbourhoods N and N’ of a and d, respectively, and a (local) dif-
feomorphism ® : N x R — N’ x R, (g,u) — (¢(g),#(u)) such that ¢(a) = o and
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(u)) for g € N and u € R? (i.e., the diagram

o3
<
[1]
S
&
1
[
o
S
%.

N xR — 22 N/« RY

TN —— TN’
Té

commutes). 3 and Y’ are called detached feedback equivalent (shortly D F-equivalent) if
this happens globally (i.e., N =G and N' =G’).

It may be shown that if ® defines a detached feedback equivalence, then the state component
¢ : G — G of ® maps trajectories to trajectories and preserves left-invariant vector fields (see
[6]). (By preserving left-invariant vector fields we mean that the push forward of a left-invariant
vector field, by ¢, is left-invariant). Moreover detached feedback equivalence is the most general
feedback equivalence (i.e., largest subgroup of feedback equivalences) that does so (see [6] and
[7]). This motivates detached feedback equivalence as a natural equivalence for left-invariant
control systems.

Any DFj,.-equivalence between two system can be reduced to a local equivalence between
neighbourhoods of identity.

PROPOSITION. ([7]) ¥ and X' are DFjy.-equivalent at a € G and o’ € G' if and only if they
are DFj,.-equivalent at 1 € G and 1 € G'.

We then have the following characterisations of local and global detached feedback equivalence.

THEOREM. ([7]) Two systems X and X' of full rank are D F,.-equivalent if and only if there
exists a Lie algebra isomorphism 1 : g — g’ such that ¢ -T' =T".

THEOREM. ([7]) Two proper systems ¥ and %' are DF-equivalent if and only if there exists
a Lie group isomorphism ¢ : G — G’ such that Ty¢-T =T1".

Then as the map d : AutG — Autg, ¢ — T1¢ is a bijection for simply connected Lie groups
(section A.1.7) we get the following.

COROLLARY. ([7]) If two proper systems ¥ and X' are DFj,.-equivalent and both have simply
connected state spaces, then they are DF-equivalent.

REMARK. Notice that controllability is invariant under DF-equivalence. (This may be jus-
tified by noting that a D F-equivalence is in particular a LiCAS-isomorphism, and applying
proposition A.2.2.)

A.3 Optimal Control on Lie Groups

We briefly review the basic tools for dealing with a class of optimal control problems on Lie
Groups. This section is based on results presented in [4], [19] and [24].
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REMARK. Throughout this section ad (and ad*) are interpreted as the tangent maps (at iden-
tity) of the adjoint linear representation Ad (and its dual representation Ad*) of a Lie group
G in its Lie algebra g (and its dual g*). See section A.1.4 for details. In particular note that
ad*A : g* — g%, p(-) = —p(ad(A)(+)) is defined with a negative sign.

A.3.1 Trivialisation of the cotangent bundle of a Lie group

Recall that left translations on a Lie group G form a family of diffeomorphisms L, : G — G, h
g h. The tangent map of a left translation L, at h € G is then of the form T}, L, : T;,G — Ty,G.
The dual of such a linear map is then given by (Tj,Ly-1)" : Ty G — T5,,G, £(+) = (o ThLy-1)(").
In particular we have that (T1Ly-1)* : g* — (T,G).

We define a diffeomorphism ¥ : G x g* — T*G, (g,p) = (T1L,—1)* - p. This provides
a trivialisation of T*G as: mo ®(g,p) = g, where 7 : T*G — G is the natural projection
7 : T,G — {g}; for any g € G the mapping ®(g,") : g* — T,G, p = ®(g,p) is a linear
isomorphism. Thus g* is identified with any vertical fiber TG and as such can be viewed as
a typical fiber of the cotangent bundle T*G. Note that the diffecomorphism ® : G x g — TG,
(9,A) = ThLgy - A similarly trivialises T'G.

Next we consider the tangent bundle T'(7T*G) of T*G. Having identified 7*G with G x g*
we can identify 7(7*G) with T'(G x g*). Then we can identify 7'(G x g*) with TG x T'g* which
in turn can be identified with (G x g) x (g* x g*). In summary, we get an identification

)

((Gxg) x(g"xg") «— T(T"G)

* d *
(0.4, B7) > Tigyy - (TLy - 4, G0+ 05

Using these conventions, vector fields on 7*G will be represented as

(X,Y) 1 (9.0) = ((9: X (9.9)), (.Y (9.)) )

where X :Gxg*—g, Y":Gxg"— g".

Having identified T*G with G x g*, functions on T*G become functions on G x g*. For each
such function F, %—5 and %—5 will denote the partial differentials of F' %J; is the differential
of the restriction of f to p =constant, and %—5 is the differential of the restriction of F' to

%%a %%) € T;G X T;g*. Furthermore we

can canonically identify %—5 with an element of g, as T*g* = (g*)* = g.

g =constant. Then in our identification we have that (

LEMMA. ([19]) In terms of the above notations, for any vector field V= (X,Y™*) on T*G and
any function F on T*G we have that

oF

V(F)(g.p) = TP - V(g.p) = (<T1L9>* - ag(g,m) X(g:p) + Y (g.)- <?a§(9’p)> |
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Proor. We have that

Tiy - V(9,0) = (?;(g,m, giw,p)) (9 X(92)), (9, Y (9.9)))
= ((lF(g p) 87F(g p)) - <T1L - X(g,p),Y*(g p))
dg 7 op -9 I
—_— — €T,G cg*

€TyG €Ty g*=g

OF OF .
= afg(gm) T1Lg- X(g,p) + —-—(9,p) - Y"(9,p)

dp
OF

= ((Tng)* ' 89(9,19)) - X(g,p) +Y*(9,p) - g];(g,p)- O

A.3.2 Symplectic structure on 7*G

A symplectic manifold is a pair (M,w) where M is a manifold and w is a closed non-
degenerate two form on M.

We briefly recall the definitions of a (differentiable) 2-form and the exterior derivative of
a 1-form. A (differentiable) 2-form w on a manifold M is any mapping = — w,;, © € M,
such that w; : T, M X T M — R is a bilinear, antisymmetric mapping, and the dependence
T — w, is smooth. A 2-form w is called non-degenerate if w, is non-degenerate for each x, i.e.,
Vw € TyM, wy(v,w) =0=v=0.

The exterior derivative df of a 1-form 6 on a manifold M is a 2-form given by the following
expression:

df (X (2), Y (2)) = X(0(Y)) = Y(0(X)) — 0([X, Y1),

for any vector fields X and Y on M. In this notation, §(Y") is regarded as a function on M, and
X (0(Y)) is the (Lie) derivative of #(Y") in the direction of X. (Note that we use the conventions
of [24], specifically [X,Y] =DY - X —DX -Y locally, for vector fields X and Y.) Recall that w
is closed if its exterior derivative dw is equal to zero. Any differential form that is an exterior
derivative (of some differential form) is closed.

Let # : T*G — G, (g,p) — g be the projection carrying each covector in T*G to its base
point. The tangent map of « is then of the form T'w : T(T*G) — T'G. We define a differential
one form 6 : T*G — T*(T*G) as the dual map of T'w. That is, using above identifications
(specifically (g,p) <> (T1Lg-1)*(p) € T*G), we have that

0((9,p)) - ((9,A), (p, BY)) = (9,p) - (T - ((9, A), (p, B))) = (9,p) - (9, A)
= (Tl*Lgfl . p) . (Tng . A) =p- (Tngfl . Tng . A)
=p- A

LEMMA. The exterior derivative df is given by
A0 g.)(X(9:p),Y(9:p)) = By - As — B3 - A1 — p - [A1, Aa].

where X : (g,p) = (9, A1), (9, BY)), Y : (9,p) = (9, As), (p, BS)) are vector fields on T*G.
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PRrROOF. Recall that df,(X(z),Y(z)) = X(0(Y)) — Y(0(X)) — 0([X,Y]). Now we have that
0(Y) =16(g,p) - ((9,A2),(p,B3)) = p- A and similarly 6(X) = p- A;. So then, using lemma
A.3.2, we get that X(6(Y)) = B} - A2 and Y (6(X)) = Bj - A; Next (by for instance considering
expressions in local coordinates) we have that [X,Y](g,p) = ((g, [41, A2)), (p,0)). Therefore
090 ([X,Y](g,p)) = p- [A1, A2]. Thus the result follows. O

PROPOSITION. The two form w = —df, given by

W(g.p) ((97 A1), (p, BY)), (9, A2), (p, B;‘))) =B} A1 — B} - Ay +p- [Ay, A
:BS'Al—BT'AQ—(ad*Al'p)'AQ

defines a (strong) symplectic form on T*G. In other words, (T*G,w) is a symplectic manifold.

A vector field V' on (T*G,w) is called Hamiltonian if there exists a smooth function
H € C*(T*G) such that w(V,-) = TH. That is, for all §{ € T, (T*G), we have the identity
Wigp)(V(9,p),§) = TigpyH - €. Thus a vector field (X, Y ™) on T*G is Hamiltonian if there exists
a smooth function H € C*°(T*G) such that

w(g,p) (((gaX(gap))a (pv Y*(g7p)))? ((Q,A), (p7 B*)>> = T(g,p)H ! ((Q,A), (pa B*))

for all g € G, A € g and p, B* € g*. We note that (by non-degeneracy and finite dimension)
for any given function H € C*°(T*G) there exists a Hamiltonian vector field (X, Y™) for which
H is a suitable function.

PROPOSITION. ([19]) Let H = (X,Y™), i.e., ﬁ(g,p) = ((g,X(g,p)), (p,Y*(g,p))), denote the
Hamiltonian vector field corresponding to a smooth function H on G x g* = T*G. Then

o0H . B . (OH .
X(g,p) = a*p(g,p% Y*(g9,p) = —(T1Ly) (ag (gm)) ad*X(g,p) - p-
A.3.3 Poisson structure on 7*G

A Poisson bracket (or a Poisson structure) on a manifold M is a bilinear operation {,} :
C®(M) x C®°(M) — C*°(M) such that (C*°(M),{, }) is a Lie algebra and {, } is a derivation
in each factor, i.e., {FFG,H} ={F,H}G + F{G,H} for all F,G,H € C*(M).

PROPOSITION. (SEE, E.G., [24]) As (T*G,w) is a symplectic manifold it is a Poisson manifold
with Poisson bracket given by

{Hy, Ha}(9,p) = wiy ) (H1(g.p), Ha(g,p)) = THy - H,

where Hy and Hy are the Hamiltonian vector fields on T*G corresponding to the smooth func-
tions Hy and Hy on T*G respectively.
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A vector field H on (T*G,w) is called Hamiltonian if there exists a smooth function H :
T*G — R such that TF - H = {F, H} for all F € C*(T*G). Note that for any H € C*°(T*G)
the exists a unique corresponding Hamiltonian vector field H. Also note that this definition of
a Hamiltonian vector field is equivalent to our usual one on a symplectic manifold. The flow of
a vector field V' is the collection of maps % : T*G — TG such that ¢ — % (g, p) is the integral
curve of V' with initial condition (g, p), i.e., %ﬁt(g,p) =V (F(g,p)) and Fy(g,p) = (g,p).

PROPOSITION. ([24]) Let H, F € C°°(M) and %, be the flow of H, then
d
@(Foﬁt) == {Foﬁt,H} == {F,H}Oﬂt.

COROLLARY. F' € C*(M) is a constant of motion for H (i.e., F o F; =constant) if and only
if {F,H} =0.

A.3.4 The Hamiltonian lift

The Hamiltonian Hz associated to a vector field = on G is a function on T*G defined by
H=(g,p) = (9,p) - E(9) = p- (TyLy—1 - E(9))

The vector field ﬁg is called the Hamiltonian lift of =.

Our interest lies in left-invariant control affine systems (see section A.2). That is, we
wish to consider families of left-invariant vector fields (parametrised by u € RY) of the form
E:GxR - TG, (g,u) =g (A + Zle uzBl) So for a fixed u € R we have a left-invariant
vector filed 2, : G — T'G, g — =(1,u). The Hamiltonian lift Hz, of such a vector field is then
given by Hz,(g,p) = p-Z4(1). Notice that Hs, does not depend on G explicitly. We will refer
to such Hamiltonians as G-invariant.

In anticipation of dealing with the optimal control problem we generalise slightly to a family
of cost extended Hamiltonians. We consider (G-invariant positive definite diagonal) costs of the
form y : RY — Zle Biu? for some 3; > 0, i = 1,£. Let ¥ be a left-invariant control affine
system. Then we define a family of cost extended Hamiltonians {H” | v € R,u € R}
associated to a pair (3, x) as smooth functions on T*G given by

H,(9,p) = (9,p) - Zulg) + vx(u) = p- Eu(1) + vx(u).

Note that the Hamiltonian functions HY(g,p) = HY/(p) for a pair (X, x) are G-invariant. More-
over they are affine functions on g*. (Also note that HY(g,p) = H2(p) + vx(u).)

We now present some results, adapted from [19], concerning the Hamiltonian vector fields
of cost extended Hamiltonian functions associated to a pair (X, x).

PROPOSITION. The Hamiltonian vector field H, = (X,Y™) corresponding to a Hamiltonian
function HY(g,p) for some fired v € R, u € R’ is independent of the choice of v and is given
by X(g,p) = Eu(1), Y*(g,p) = —ad"Eu(1) - p.
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PROOF. By proposition A.3.5 we have that H,(g,p) = (X(g,p),Y*(g,p)) is given by X(g,p) =
% (g,p), Y*(9,p) = —(T1Ly)* (%(g,p)) — (ad*X(g,p))(p). Now %L(g,p) = Z,(1) and

9 (5 p) =0 (as HY is G-invariant), thus yielding result. O

REMARK. Let 7 : T*G — G, (g,p) — ¢g. Then T'r - H, (g,p) = Zu(g), as expected. This follows
as Tr - Hu(g.p) = T+ ((9.Zu(1), (p, ~ad"E4(1) - 1) ) = (9, Zu(1)) = TaLy - Zu(1) = Zulo).

PROPOSITION. Suppose that t — (g(t) p(t)) is an integral curve of a G-invariant vector field
A = (X,Y*),(9,5) = (9, X(0)), (0, Y*(p))). Then (for some p € g*)

() =TiLy- 5 (9.1) p(t) = Ad* (g(t) " - .

Thus p(t) is contained in the coadjoint orbit through p(0) = Ad* (g(0))~! - u. That is to say,
p(t) € Ad*G - p(0).

PROOF. From proposition A.3.5 we have that H = (X,Y™) is given by X(g,p) = %—g(g,p),
Y*(g,p) = —(Tng)*(%—Z(g,p)) — (ad*X(g,p))(p). Now as H is G-invariant we have that
%—Ig(g,p) = 0 and hence that Y*(g,p) = —(ad*X(p))(p). Then, as t — (g(t),p(t)) is an in-
tegral curve of H, we have that g(t) = T1Lyq) - %—Iz(p) and p(t) = —ad*%—g(p) -p(t). Let p =
Ad* (9(0)) - p(0). Then Ad* (g(0))~!-u = p(0) as required. Next we show that Ad* (g(0))~! - pu
satisfies the required differential equation. Now first notice that, as Ad : G — Aut(g) is

a Lie group homomorphism, we have that Adg o Ado L,1 = Ad. Thus we have that
TyAd = Adg - T1Ad - TyL,+ = Adg-ad - TyL,-1. So then for A € g we get that

4 ((Ad* (g(t)) "t ) - A) = - (SAdg(t) - A)
=1 ((TynAd - g(t)) - A)
_ ((Adg(t).ad.Tg(t)L(g( -t ThL ().aal;f(p)> .A>
=p- (Adg() ad 9L (p) - A)
( ad* 2 (p) - (A" (g(t)) " 'u)) A

That is to say that % (Ad*(g(t))~ " p) = —ad*%—;[(p) - (Ad*(g(¢))"' - ). By uniqueness of the
solution to the Cauchy problem, we then get the result. Il

We can adapt the above result for the case of a time varying Hamiltonian vector field.

PROPOSITION. Suppose that t — (g(t),p(t)) is an integral curve of the time varying vector field
Hypy = (X,Y"), X(g,p) = Eup(1), Y*(g,p) = —ad*E,)(1) - p for some admissible control
u(-). Then (for some p € g*)

g(t) = Z(g(t),u(t)), p(t) = Ad*(g(t)) ™" -

for some p(0) € g*. Thus p(t) is contained in the coadjoint orbit through p(0) = Ad* (g(0))~1-pu,
i.e., p(t) € Ad* G- p(0).
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PROOF. As t — (g(t),p(t)) is an integral curve of ﬁu(t) we have (almost everywhere) that
§(8) = Ta Ly - Eugy(1) = Z(g(t), ult)) and p(t) = —ad"Z,) (1) - p(t). Let u = Ad" (g(0))- p(0).
Then Ad* (g(0))~! - u = p(0) as required. Next we show that Ad* (¢(0))~! - u satisfies the
required differential equation. As shown in the preceding proposition’s proof we have that
TyAd = Adg-ad-TyL,1. So then, for A € g, we get that

£ ((Ad* (g(0) ") - A) = p (FAdg(t) - A)
=u(( snAd - g(t)) - A)

p((Adg(t) - ad - Ty Ligay-1 - TiLyy - Eugr (1)) - A)
=u(Adg( rad Ey (1) - A)
= (—ad" Eyp(1) - (Ad* (g(t) ")) - A

That is to say that % (Ad*( ) tp) = —ad*E,;(1) - (Ad*(g(t))~*- ,u). By uniqueness of
the solution to the Cauchy problem, we then get the result. O

A.3.5 The Lie-Poisson structure on g*

From the symplectic structure on T*G we have a Poisson structure on 7*G and, through our
identification, thus on G x g*. The Hamiltonian functions (g,p) — H(g,p) of interest for us
were G-invariant, i.e., of the form (g,p) — H(p). It is thus natural to consider our Poisson
bracket {, } on such functions.

PROPOSITION. For two G invariant Hamiltonian functions Hy and Hs on G X g* we have that

0H, 0H,
Hy, H - p. .
{ 1 2}(g7p) p ap (gvp)v ap (gvp)

PROOF. By G-invariance, we have that 88[;1' (9,p) = 0, i = 1,2. By applying the definition of

{,} in terms of the symplectic form w, and applying proposition A.3.5, we get that

{H1, Ha}(g,p)
= wgp) (Hi(g.p), Ha(g,p))
= Wy, )(((97%1(9 p), (p,—(ad* %1 (9,)) (1)),
(9. %2(9.)): (.~ (ad"FL(9,2) (0))))
= —(ad" %2 (g,p)) (p) - BE-(9,p) + (ad* L (g,p)) (p) - B2 (9, 0) + P~ [%2(9,9), B2 (9,p)]
=p- [%2(9,p), B9, p)] P [%(9,0), B2 (9.0)] + - (% (9.0), B2(9,p)]

= —p- (% (9,p), da? (9:p)]- 0

PROPOSITION. The mapping {, }g+ : C*(g*) x C*®(g*) — C*>°(g*) defined by

{H1, Hz}¢+(p) = —p- P;l(p), 8{9};2(1?)]

defines a Poisson structure on g*, called the Lie-Potsson bracket.
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PROOF. By the preceding proposition we have closure, i.e., { H1, Ha}g+ € C*°(g*). The required
properties of {, }4« to be a Poisson structure then follow from the properties for {, } on 7*G.0

When the context is clear, we will simply write {,} for {,}s~. We identify G-invariant
Hamiltonians on T*G with Hamiltonians on g*. Specifically, we make the identification

(9,p) = H(1,p) «— p~ H(1,p).

Then, for G-invariant Hamiltonians Hy, Hy € C*°(T*G), we have that {H1, Ho} = {H1, Ho} 4.
Suppose we have a fixed Lie algebra g. Let {E;},_75; be a basis for g, {E]},_1; be the

dual basis (for g*) and {P;} be the double dual basis (for g** = g). (Specifically, P; is the

linear function on g* such that P; (E]*) = §;j for i, = 1,n.) Then any p € g* may be written

as p = . piES. In other words, we define the i’th component p; of an element p € g* as
pi = P;(p).

i=1,n

PROPOSITION. Suppose H € C*°(T*G) is a G-invariant Hamiltonian and that t — (g(t), p(t))
is an integral curve of H. Then, in component form, we have that p(t) = > ., pi(t)ES and

pit) = {Pi, H}(p(t)) = —p(t) - Ei,?;(g(t),p(t)) , i=1Ln,

PROOF. By proposition A.3.7, we get that dP(ﬁ’t( (0))) = {P;, H}(Z#(p(0))), where .Z; is

the flow of H. But we have that p(t) = % (p(0)). Thus we get that %pi( ) =A{P;, H}(p(t))

as required. Alternatively, by proposition A.3.5 (noting %—H = 0), we have that p(t) =
—ad* %L (g, p)-p(t). Thus pi(t) = P;-p(t) = (—ad* G (g,p)-p(t)) - Ei = p(t)- (ad %L (9,p) - Ei) =
—p(t) - [Eu%p (9,p)]-

O

COROLLARY. Suppose H € C*(g*) is a Hamiltonian and that t — p(t) is an integral curve
of H. Then, in component form, we have that p;(t) = {P;, H}(p(t)) = ([EZ, %;I (p(t))D,

1= 1,n.

Again we have a corresponding result for the time varying case.

PROPOSITION. Suppose that t — (g(t),p(t)) is an integral curve of the time varying vector field
Hypy = (X,Y7"), X(9,p) = Eupy(1), Y*(9,p) = —ad™ Ey)(1) - p for some admissible control
u(-). Then, in component form, we have that p(t) =Y ;" | pi(t)E} and

pz(t) = —p(t) : [EuEu(t)(l)] ) L= Ln'

ProoF. By definition of ﬁu(t) we have that p = —ad”Z,;)(1) - p(t). Thus, as before, we get
that p;(t) = P;-p(t) = (—ad” By (1)-p(t)) - Es = p(t) - (ad Eyr) (1) - Ei) = —p(t) - [Ei, By (1)].0
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Casimir Functions

A function F' € C*°(M) on the Poisson manifold (M, {, }) is a Casimir function if one of
the following equivalent conditions hold

1. for every H € C*°(M) we have that {F, H} = 0;
2. C generates trivial dynamics, i.e., C' = 0;
3. C'is constant along the flow of all Hamiltonian vector fields.

PROPOSITION. Any function C € C*°(g*) that is invariant under the coadjoint action, i.e.,
Vg € G,p e g*, C(Ad*g-p) = C(p), is a Casimir function on (g*,{,}).

PROOF. Suppose Vg € G,p € g*, C(Ad*g-p) = C(p). Let H € C*°(g*). Then (g,p) — H(p)
is a Hamiltonian function on 7*G and from proposition A.3.11 we have that any integral curve
p(-) of H on g* is contained in the coadjoint orbit through p(0), i.e., p(t) € Ad* G- p(0). Thus,
if 7, : g* — g* is the flow of H we have that .%(p) € Ad* G- p. So then C(%(p)) = C(p), that
is to say, C' is constant along the flow of H. O

PROPOSITION. For any A € Z(g), A* : g* = R, B* — B*(A) is a Casimir function.

PRrROOF. For any H € C*°(M) we have that {A**, H}(p) = —p- [A, %—g} =—p-0=0. O

A.3.6 The optimal control problem

Let ¥ = (G,Z) be a left-invariant control system, as described in section A.2.2. Given an
admissible control u(-), we associate a non-autonomous Cauchy problem ¢(t) = Z(g(t),u(t)),
g9(0) = go to our system. (By Carathéodory’s theorem this problem has a unique solution.)
We refer to a solution g(-), for some admissible control u(-), as a trajectory of the system 3,
and to the pair (g(-),u(-)) as a control trajectory pair. In order to compare admissible controls
on a segment [0,7], we introduce a cost functional: J(u(-)) = fOTx(g(t),u(t))dt. We assume
that the cost (or Lagrangian) x takes the form y : R® — R, u Zle Biu?, for some B; > 0,
i = 1, /. The problem is then to minimise the functional .J among all possible admissible controls
u(+) : [0, T] — RE, for which the corresponding solution g(-) of the Cauchy problem associated
to X satisfies the boundary condition g(7') = ¢;. In other words, we seek to find a control
trajectory pair of minimal cost taking gg to g;. We will restrict ourselves to only considering
the case where the terminal time 7' is fixed. The problem may be succinctly written as

9(t) =E(g(t),u(t), g():[0,T] =G, wu(-):[0,T] =R,
9(0) = g0, 9(T)=g1, go,q1 € G fixed,
0

T
J(u() = /0 x(u(t))dt — min. (A.3.1)

(Note that given such a problem, existence of a solution is not assured.)



A.3.20

A.3.21

APPENDIX A. REVIEW OF PREREQUISITES 165

Pontryagin Maximum Principle

Pontryagin Maximum Principle (shortly PMP) is the fundamental necessary condition of op-
timality for optimal control problems. The following result is written in our notation and
specialised for left-invariant control systems.

THEOREM. ([4]) Lett— u(t), t € [0,T] be an optimal control for problem (A.3.1) and t — §(t)
be the solution to the Cauchy problem %ﬁ(t) =Z(g(t),u(t)), g(0) = go fort € [0,T]. Define a
family {HY | v € RY, v € R} of (cost extended G-invariant) Hamiltonian functions by

Hy :T°G =R, (g,p) = p-E(1,u) +vx(w).

Then there exists a non-triwvial pair: (v,p(-)) # 0, v € R, p(-) : [0,T] — g¢* such that the
following conditions hold:

4300, p(1)) = H (1), p(2)),
i (3(8), p(0)) = max H (3(1), p(1)) ¥ a.e. t €[0,T],

v <0.

The next result shows that, when the maximised Hamiltonian is smooth, PMP reduces the
problem to the study of solutions of just one Hamiltonian system.

PROPOSITION. ([4]) Assume that the mazximized Hamiltonian of PMP
Hunaz(9,p) = max Hy/ (g, p)
is defined and smooth on T*G\{p = 0}. If a pair (ﬂ(t),p(t)), t € 0,71, satisfies PMP, then

4(G(t),p(t)) = Hmae (3(t), p(t)), t€0,T].

In particular note that, if we consider the G-invariant Hamiltonian H,,., in the above propo-
sition as a smooth function on g*, then we get that %p(t) = Hynax(p(t)).

Extremal curves

There are two distinct possibilities for the constant parameter v in theorem A.3.20:

1. if v # 0, then the curve (g(-),p(-)) is called a normal extremal. Since the pair (v, p(-))
can be multiplied by any positive number (see [4]), we can normalise v < 0 and assume
that v = —1 in the normal case;

2. if v =0, then (g(-),p(+)) is called a abnormal extremal

We will customarily call the component p(-) of an extremal curve a reduced extremal. A
triplet (g(-),p(+),u(-)) will then be referred to as an extremal triplet for the family HY if it
satisfies the necessary conditions of theorem A.3.20.
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A.4 Qualitative Analysis of Dynamical Systems

In this section we briefly review some theory regarding limit sets and the stability of equilibrium
points (of a dynamical system). However, before doing so, we briefly recall the definition of a
complete vector field (and its flow) and give a sufficient condition for a smooth vector field to
be complete.

Let M be a manifold and V : M — T'M a smooth vector field on M. The vector field V is
said to be complete if the maximum interval of existence for any integral curve of V', is R. An
integral curve ¢(-) with domain being the maximum interval of existence, is called a maximal
integral curve. The flow of a vector field V is the collection of maps % : M — M such
that ¢ — % () is an integral curve of V with initial condition z, i.e., %.%(z) = V(F(z)) and
Fo(x) = (x). So, for a complete vector field V', the flow of V is of the form

F RxM—->M, (t,x)— F(z)=F(t,x).

Note that Zy(z) = = for all x € M and F#; 0 Fs(x) = Fys(x) for all s,t € R and 2 € M. We
have the following sufficient condition for a vector field to be complete.

THEOREM. ([1]) Let V' be a smooth vector field (on a manifold M). Let c(-) be a mazimal
integral curve of V' such that for every open finite interval (a,b) in the domain of c(-), c[(a,b)]
lies in a compact subset of M. Then c(-) is defined for all t € R.

COROLLARY. Suppose that, for every integral curve c(-) of a smooth vector field V' (on a mani-
fold M), there exists compact subset K C M containing the image of ¢(-). Then V is complete.

A.4.1 Limit points

We review some basic facts regarding limit points as presented in [16] and [33], specifically
for vector fields on R™. (As we wish to apply this theory to trajectories on the dual of a Lie
algebra, which is isomorphic to R™ as a vector space, there is no need to specialise this theory
to manifolds in this thesis.) Let V' be a complete smooth vector field (on R™) and let .# be the
flow of V. Then a point p € R" is a w-limit point of the integral curve .7 (-, z) if there exists
a sequence t,, — oo such that lim, o % (t,, ) = p. Similarly, if there is a sequence t,, — —0o0
such that lim, o % (t,, ) = ¢, then the point ¢ is called an a-limit point of the integral
curve .Z (-, x). The set of all w-limit points of a integral curve .Z (-, z) is called the w-limit set
of Z(-,x) and denoted lim,, .% (-, ). Similarly the set of all a-limit points of a integral curve
Z (-, x) is called the a-limit set of .Z (-, z) and denoted lim, .Z (-, z).

THEOREM. ([16],[33]) The a- and w-limit sets of an integral curve .F (-,x) are closed subsets
of R™. Moreover, if (the image of) the integral curve .7 (-, x) is contained in a compact subset
of R™, then both limits sets are non-empty, connected, compact subsets of R™.

A.4.2 Stability

We review the theory of stability of equilibrium points as presented in [34] and [32]. We
will restrict ourselves to considering Hamiltonian vector fields on Poisson manifolds. For a
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Hamiltonian vector field H on a Poisson manifold (M, {,}) we define the set E of equilibrium
points as
E={z.e M| H(z.) = 0}.

Let .% be the flow of H. An equilibrium point z. € E is stable (or Lyapunov stable) if for
any neighbourhood N of z, in M there exists an open neighbourhood N/ C N of . such that
Fi(z) € N for any z € N and for any ¢ > 0. (An equilibrium point z, € E is unstable if it is
not stable.)

The linearisation of H at a equilibrium point z. is a linear map ¢ : T, M — T, M
defined by ¥ (v) = %(Txeﬁt - v) |t=0 = DH(z.) - v. An equilibrium point z, is called linearly
stable (respectively unstable) if the origin is a stable (respectively unstable) equilibrium point
for the linear dynamical system on Tj, M defined by 1. We note that (Lyapunov) stability (at
a point x.) implies linear stability (at z.). Hence if z. is linearly unstable then it is unstable.
We have the following characterisation of linear instability.

THEOREM. For each eigenvalue A of Dﬁ(:ne) let my denote the algebraic multiplicity of X and
dy denote the geometric multiplicity of A\. Then x. is linearly unstable if and only if some
eigenvalue of Dﬁ(a:e) has positive real part, or there is an eigenvalue \ of Dﬁ(:ﬁe) with zero
real part and dy < my.

This provides enough tools for our purposes to prove instability. To prove stability we have the
following result.

THEOREM. ([32]) Let (M,{,}) be a Poisson manifold and H be a Hamiltonian vector field
corresponding to Hamiltonian function H. Further let x. be a equilibrium point of H and
Cq,...C : M — R be conserved quantities ofﬁ, ie., {C;, H} =0, i =1,k. Assume that there
exist constants {\o, A1, ..., A\g} such that

dNH +MC1+ -+ MCx)(ze) =0
and the quadratic form
d® (MNH + MOt + -+ MC)lw e (we)
18 positive definite with
W =kerdH (z.) Nker dCy(ze) N -+ Nker dCk(x.).

Then z¢ is a (Lyapunov) stable equilibrium point.

A.5 Elliptic Functions and Integrals

A.5.1 Jacobi elliptic functions

We briefly recall the (system) definition of the Jacobi elliptic functions, as presented in [28],
and discuss some basic properties of these functions.
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Let k € (0,1), and let ¢ denote a real variable that we interpret as time. The Jacobi elliptic
functions sn(t, k), cn(t, k) and dn(t, k) are defined as the solutions of the system of differential
equations

T =yz Y= —zx 2= —kzy
that satisfy the initial conditions
sn(0, k) = z(0) =0, en(0,k) =y(0) =1, dn(0,k) = 2(0) = 1.

The parameter k£ is known as the modulus and satisfies 0 < k£ < 1; the complementary
modulus is ¥’ = /1 — k2. The definition immediately gives the derivatives for the functions,
namely

Lsn(t, k) = cn(t, k) dn(t, k), en(t,k) = —dn(t, k) sn(t, k), £dn(t, k) = —k?sn(t, k) en(t, k).

It may be shown that, for a fixed k, sn(¢, k) is an odd function of ¢; en(t, k) and dn(t, k) are
even functions of ¢.

The Jacobi elliptic function degenerate into the usual trigonometric functions and the hy-
perbolic functions as k approaches 0 and 1 respectively. Specifically we have that as & — 0
from the right

sn(t, k) — sint, en(t, k) — cost, dn(t, k) — 1,
and as k — 1 from the left
sn(t, k) — tanht, en(t, k) — secht, dn(t, k) — secht.
Next we note that sn(t, k), cn(t, k) and dn(¢, k) satisfy the following identities
sn?(t, k) +cn?(t, k) =1, E*sn?(t, k) + dn(t, k) = 1.
Consequently (as dn(t, k) may be shown to be positive) we have the following inequalities
—1 <sn(t, k) <1, -1 <en(tk) <1, K <dn(t, k) < 1.

We now discuss the periodic properties of the Jacobi elliptic functions (for a fixed k). Let
K > 0 be the time that cn(t, k) takes to decrease to zero, i.e., cn(K, k) = 0 and cn(t, k) > 0 for
0 <t < K. Then

sn(0,k) =0, sn(K, k) =1, 0<sn(t,k)<lforO0<t<K,
en(0,k) =1, en(K, k) =0, 0<en(t,k)<lfor0<t<K,
dn(0,k) =1, dn(K, k) =K, K <dn(t,k) <1lfor0<t<K.

As functions of ¢, sn(t, k) and dn(t, k) are even about K and cn(t, k) is odd about K, i.e., for
a fixed k, 0 < k < 1, and all ¢t € R we have that

sn(K +t, k) =sn(K —t, k), cn(K+tk)=—cn(K —t,k), dn(K +tk)=dn(K —t,k).
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Hence, sn(t, k) and cn(¢, k) are 4K periodic in ¢ and dn(t, k) is 2K periodic in ¢.

We use the following convenient notation (invented by Glaisher) to express reciprocals and
quotients of the Jacobi elliptic functions. The reciprocals are denoted by reversing the order of
the letters which express the function, thus

ns(t, k) = 7sn(}t,k)’ nc(t, k) = Cn(lt’k), nd(t, k) = dn(ltk).

Quotients are denoted by writing (in order) the first letters of the numerator and denominator,
thus

_sn(tk _ sn(tk) _cn(tk)
sc(t, k) = e, sd(t, k) = 550, cd(t, k) = Saeis,
cs(t, k) = 7;;&,’3, ds(t, k) = g‘gg;,’j;, de(t, k) = f};jg;’;;.

In terms of this notation we then have the following two identities (which may be derived from
the identities for sc(t, k), en(t, k) and dn(¢, k))

1 — (K)?sd? (t, k) = cd? (t, k) 1 —k*cd?(t,k) = (K)*nd? (t, k)

(We only list the identities needed for this thesis, in the form that they are needed.)

The Jacobi elliptic functions are of particular interest to us in their application to (elliptic)
integrals. Without delving into the theory of elliptic integrals, we simply quote the results
needed for this thesis, as may be found in [5]:

xT

dt _ 1 —1 ( Va?+b? b
0 V(@2 +2)(p2—12)  Va?+b? sd ( ab+ * \/a2+b2> ’ O<z<b (A5.1)
¢ dt _ 1 an-1 (1., Va2-p2
. m—adn (a% a ) b<r<a (A.5.2)
! dt _ 1 -1 (1 b
/a V(2 —a?)(t242)  Va2+b? ne (E , W) ’ asz. (A.5.3)

A.5.2 Reduction to the standard form

For the purposes of this thesis, we are interested in solving an integral of the form [ %, where
w? is a quartic (or cubic) in z. We briefly outline how an integral of this form may be reduced
to a standard form, as discussed in [5] and [37]. (Having reduced to such a standard form, we
can apply formulae (A.5.1), (A.5.2) and (A.5.3) in order to solve our problem.)

First we discuss how any quartic (or cubic) w? in z (with no repeated factors) can be

expressed in the form
(Al(x — T1)2 + Bi(x — 1”2)2) (Ag(l‘ — 7“1)2 + By(z — T2)2)

where Ay, By, As, By, 71,72 € R. We can express w? as the product of two quadratics (which, if
the roots are real, are arranged to have non-interlacing roots)

w? = X1 Xy = (a12° 4 2b1x + ¢1)(a2x? + 2boz + c3)
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with a;,b;,¢; € R, i = 1,2. Consider the polynomial X7 — AX5. We seek to find values of A
that make a perfect square in x, which is equivalent to the condition

(a1 — )\az)(cl — )\Cg) — (bl — )\b2)2 = 0.
Let the roots of this quadratic (in A) be A; and Ag. Then there exists r; and 7y such that
— M Xz = (a1 — Mag)(z — )%, X1 — A Xo = (a1 — Aoag)(z — 12)*.

(We note that A\; and A2 can be shown to be real and distinct under our assumptions, unless
aiby = agby, in which case X1 = ai(z —r1)? + B, X2 = as(x — r1)? + Bs.) That is to say that

[1 —M] [Xl] _ [(al — Aiag)(z —r1)?

1 —X (a1 — Aaag)(x — 7“2)2

and thus we have that

X o —Ag(a1—a2)\1)(ac—r1)2+)\1(al—az)\g)(x—m)Q
1= PYEDY
_ —(CLl—ag)\l)(w—Tl)Z—l—(al—CLQ)xz)(.’E—T‘z)Q
X9 = N .

In other words our quartic (or cubic) takes the given form
X1 Xy = (Al(a: — 7"1)2 + Bi(z — r2)2) (Ag(x — r1)2 + By(x — r2)2) ,

where

_ A2(a1—az)1) a1—as\ _ Ai(a1—az)2) _ ai1—as\o
A= EEPYESY Ay = Aa—A1 B = A=z By = A=Az 7

So at this stage we have that

de _ dx
/ w /\/(Al(x_rl)z'i‘Bl(33—7’2)2)(142($_71)2+B2(1‘_7’2)2)'

Consider the change in variable s = =1 s le, = 72571 Then (provided Ay # 0 and Ay # 0)
we have that

dr = 21="2ds

(s—1)

dz _ (ri—ro)ds
w 12 rosS—r1 2 T2S—T1 7‘1 2 T2S=T1  \o T2S=T1  \o
(s=1)2 [ (A1(To= —m1)?+B1(— 1 —r2)? ) (A2 (=7 —7r1)?+B2(—, 1 —7r2)
(r1—r2)ds

(571)2\/ﬁ \/(Al(r277'1)282+31 (ro—71)2)(A2(ra—71)2s2+Ba(ra—r1)?)

o (r1—r2)ds
(r1 —7“2)2\/(141 s2+B1)(A2s%2+Bj3)
ds

- (rl—TQ)\/m\/U(s2+%)( +A )

for some o € {—1,1}. Thus we can (under some assumptions) express the integral [ % as

dr __

1 ds
%= e | Vo) (e )
1 2




Appendix B

Tabulation of Results

We collect some of the main results of this thesis (especially the classifications) in table form.

Table B.1 lists the (tangent maps at identity of the) automorphisms of H§ and H$(n), as
produced in proposition 1.2.27 and theorem 3.3.2, respectively. Table B.2 is a full classifying ta-
ble of £-related (by ¥ € Aut h) affine subspaces of h$, as developed in propositions 2.2.4, 2.3.1,
2.4.5, 2.5.3 and 2.6.1 (and summarised in theorem 2.7.1). Table B.3 then lists the invariants
that were involved in making the above classification, as developed in chapter 2.

Table B.4 lists a classification of the (traces of the) controllable systems on H§ and H§(n)
respectively, as developed in chapter 3. This table is organised so that each system (with trace)
in the right-hand column, is covered (in the sense of a LiCAS-covering, see section A.2.2) by
a system (with trace) in the left-hand column and the same row. (This is the reason for the
dashed horizontal lines in the case of (2,1); each system on the right is covered by a system in
the same row, but necessarily in the same “dashed row.”)

Finally, table B.5 summarises the integral curves of ﬁmax we were able to find explicit
expressions for, as presented in propositions 4.3.1, 4.3.3, 4.3.5, 4.3.8 and corollary 4.3.10.

Group G dAut G, ke {-1,1}, 22 + 4> #0

T Y 0 U

Ho —ky kx 0 v

3 kur —vy kuy+zv k(2?2 +y%) w

0 0 0 k

T Y 0 U

He —ky kx 0 v
5(n) kur —vy kuy+av k(z® +y?) Sk(u? 4 0?)

0 0 0 k

Table B.1: Automorphisms of ﬁg and H$(n)
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(4, ¢e) Conditions Equivalence representative
L) 74(T9) # {0}, BT) =, a >0 E1 + aEs + (Ey)
’ m4(T0) = {0}, my(A) = £, @ > 0 aBy+ (Ey)

(2,0) (Eh, Ey)
Tr)y=1
G(F) By + als
=«
dim Lie(T?) = 4 +(E1, E
m(T) £ {0) 0> 0 S
(2,1) T)=0 Es + (Ey, Ey)
dim Lie(PO) 7& 4 Ei+ <E3, E4>
m4(T%) = {0} I =1 aEy + (Ey, E)
7T4<A) =+a, a>0 5(1“) =0 aFy + <E1, E3>
RIT) =1 E\,FEy FE
(3.0) (I') (E1, E3, Ey)
R(T) =0 (Eh, B3, Ey)
R(I% =0 Ey + (E1, E3, By
(1) £ {0} o < >
(3,1) R(I0) =1 E3 + (Ey, Es, Ey)
7T4(P0) = {0}, 7T4(A) =+da,a>0 aFy + <E1,E2,E3>
(4,0) (E1, B, B3, Ey)
[El, EQ] = Fj3 [El, E4] = Fy [EQ, E4] =—-F Others zero
Table B.2: Classifying table for (£-related) affine subspaces of h§
Invariant T Value
ba(—a1bi—asba+azba)+as(b3+b3—bzbs)
;B A + <B> ai(b?er%)72a4(a1b1+a2b2)b4+(a%+a%)bi
< A+ (B,C) ap az a4
sgn | (b1 by by
R <A7 B7 C> C1 Cy C4
A + <37 C> ca (— (agby — a1bz) (—bac1 + bica) + (as (lﬁ + bg) — (a1b1 + azb2) b3) 64)
S 7l'4(B) -0 +ay ((bzc1 —bycp)? +a(b3 (:Cl +ab2262) - (bf + b%) CS) 04)
m4(C) #0 by by O

Table B.3: Invariants of affine subspaces of hS
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(0,2) H3 H;(n)
FEi + aF3 + <E4> Fi+oEs+ <O¢2E3 + E4>
>0 >0,a0 €R
(1.1) o a1 >0, a9
oFs 4+ aFy + <E1>
a>0,0¢e{-1,0,1}
E\,cE3+ E,
2,0) (B, B < >
oe{-1,0,1}
Ey + aE3 + (B, Ey) a1By + asEs + (B, cEs + Ey)
a>0 a0 >0, a#0, e {-1,1}
FEy+ aF3+ El,E4 R a>0
E3 + <E17E4> < >
21) E3 + (1, By)
7 Ei + (E3, Ey) E\ + (Es, Ey)
oFE3+ aFy + <E1,E2>
a>0,0¢e{-1,0,1}
aFs+ (B, E3), a >0
Eyr, Ey,0FE3+ Ey
(Eh, Eo, Ey) < )
(3,0) oe{-1,0,1}
(E1, Es, Ey) (E1, Es, Ey)
E> + (E1, E3, Ey) Es + (E1, E3, Ey)
aFs + <E1, E2,§E3 + E4>
(3.1) E3 + (E1, By, Ey) a>0,¢e{-1,1}
’ B3 + (Ey, Es, Ey)
OZE4 + <E1,E2,E3>, a>0
(47()) <E17E27E37E4> <E17E27E37E4>

Table B.4: Classification of DF-equivalent controllable systems on ﬁg and H§(n)
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Conditions Integral Curve Parameters
p1(t) = ov/cked (Qt) 0= c
p=0 Pa(t) = o/ck/ nd (Ot) p152
¢ >2hB >0 s g c
pa(t) :kk’\/cﬁ—f sd (Qt) oe{-1,1}
p1(t) = o1v/2h 31 tanh (Qt) 0= /2h
p=0 Pa2(t) = o2v/2hB; sech (Qt) 1621
c=2hB1 >0 p3(t) =0 o1 € {-1,1}
ﬁ4(t) = —aym%secb (Qt) o9 € {—1, 1}
p1(t) = /csn (Q) Q=,/2
— 2
p=0 pa(t) = —oy/cen () . \/Z
0<c<2hB p3(t) =0 = \/ 2051
pa(t) = o+/2hBs dn () oe{-1,1}
_ _ 8(c2—62)p1 sn(Qt) 5 = \/W
p#0 b1 (t) - o202 Vetd—/e—5en () ¢ 5 P~
5o (1 V28 dn(Qt) O=./-9_
52 2 p2(t) = - S on(t B1582
20y > i Kaaare =z
B 2 ps(t =\
¢ > 2hf + ; pa(t) = \/W —Ve=0+Vc+6 en(Qt) e {_121}

% Nerd—veden(Q)

Table B.5: Some integral curves of ﬁmax for reduced extremals of

(§§270), X(IQ,O))




Appendix C

Mathematica Notebooks

Wolfram Mathematica 7 was used to per-
form numerous calculations and to plot some
graphs (as stereographic projections for three-
dimensional graphs). We present a selection
of notebooks (i.e., code). Input is presented
in bold, and output not bold. (Each section
represents a single notebook.)

C.1

Basic Calculations for Hj

Note that these calculation have been made
on the universal covering Lie group ﬁg rather
than on Hf. This is preferable as ~§ permits
a faithful parametrisation in the form of a dif-
feomorphism m : R* — ﬁg

ClearAll["Global'**]

Basic setup

cc[A,,B]:=A.B — B.A;

m[x—a y-2-, 0—]:=

{{1, —zCos[6] + ySin[6], zSin[6] + yCos[f], —2z, 0},
{01 COS[G]’ _Sin[0]1 Y, 0}1 {0’ SID[G], COS[O], z, 0}1
{0,0,0,1,0},{0,0,0,0, Exp[6]}};

Mx_,y-,z_,0]:=

{{0, -,y —22, 0}’ {0’ 01 _91 Y, 0}’ {0, 0’ 0’ z, 0},
{0,0,0,0,0},{0,0,0,0,6}};

E1 = M[1,0,0,0]; E2 = MJ[0,1,0,0]; E3 = M[0,0,1,0];
E4 = MJ0,0,0, 1); Base = {E1, E2, E3, E4};
Minv[MM_J:= {MM([[3, 4]}, MM][[2, 4]}, 5 MMI[1, 4},
MM([3, 2]}

minv{MM_]:= {MM([[3, 4]], MM{[2, 4], 5:MM{[1, 4],
Log[MM([5, 5]]1};

mt = mz, y, 2, 0);

Mt = M[{l), Y, 2, 0];

MatrixForm|[mt]
Simplify [minv[mt], Element[6, Reals]]
1 —xCos[0] + ySin[0] yCos[] + «Sin[0] —2z 0
0 Cos[0] —Sin[0] y 0
0 Sin[0] Cos[0] x 0
0 0 0 1 0
0 0 0 o &
{I7 y7 Z? 9}
MatrixForm[Mt]
Minv[Mt]
0 —zz vy =2z 0
0O 0 -6 y O
0 @ 0 z 0
0 0 0 0 0
0 0 0 0 0
{I7 y7 Z? 9}

Commutator table

SBase = Table [E;, {i,4}];

sct = Table[0, {4, 4}, {3, 4}];

For[i =1,i < 4,i++,

For[j =1,j < 4,j++,

]sct[[z', jl] = SBase.Minv[cc[Base[[i]], Base[[]]]];

I;
TableForm[sct, TableHeadings — {SBase, SBase}]
Ey E» Es Eu
Fn 0 Es 0 B,

FEs —F;3 0 0 —Fy
Es 0 0 0 0
Ey, —FE» Ei 0 0

Simple calculations

MatrixForm[m][0, 0, 0, 0]]

1 0 0 0 O
01 0 0 O
00 1 0 0
00 0 1 0
00 0 0 1

175
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Basic CALCULATIONS FOR H$

Temp = FullSimplify[m|[z, y, 2, 0].m[z’,y’, 2’, ']];

vt = FullSimplify[minv[Temp], Element[{6, §'}, Reals]]
{z + Cos[0]z’ + Sin[A]y’, y — Sin[f]z’ + Cos[]y’,

(= (yCos[6] + 2Sin[6])a’

+(zCos[f] — ySin[0])y’ +2(z+2')),0+ 60"}
MatrixForm[
FullSimplify [m[vt[[1]], v¢[[2]], vt[[3]], vt[[4]]] -

Temp]]

0 0 0 0 O
0 0 0 0 O
0 0 0 0 O
0 0 0 0 O
0 0 0 0 O

Simplify[minv[m|z, y, z, 0].m[0, 0, 0, 4]],
Element[0, Reals]]
{CE7 y7 Z7 0}
FullSimplify[vt[[1] -+ ivt[[2]]]
z+iy+e (2 +iy)
Collect[Expand[vt[[3]]], {Cos[6], Sin[0]}]
2 + Cos[d] (—% + %) + Sin[6)] (—% — ) +2
FullSimplify[
ComplexExpand|
z + 2’ + 3Im[Exp[—if](z — iy) (2’ +iy")] — vt[[3]]] ,
Element[{x’ Y, 2, 0, 'TI, y,) z,i 0,}7 RJealS]]
0
FullSimplify[minv[Inverse[m[z, y, 2, 6]]],
Element[6, Reals]]
{—2Cos[f] + ySin[f], —yCos[d] — zSin[b], —z, —0}
MatrixForm|
FullSimplify[m[vt[[1]], vt[[2]], vt[[3]], ve[[4]]] -
mz,y, 2,60].m[z’,y’, 2, 0']]]
0 0 0 0 O

o O O
o O O
o O O
o O O

0
0
0

0 0 0 0 O
(rhr = m[0, 0,0, 8].m[z, y, 2,0].m[0,0,0,—6]//
FullSimplify) //MatrixForm
minv[rhr]//FullSimplify

1 —xCos|d] — ySin[f] yCos[f] — xSin[b]

0

o O O O
(=N

1

0

0
—2z

yCos[0] — zSin[0]
zCos[0] + ySin[6]
1

— O O OO

0
{zCos[d] + ySin[f], yCos[f] — xSin[f], z, 0}

Diffeomorphism

D|mt, ]/ /MatrixForm
D[mt, y]//MatrixForm
D(mt, z]//MatrixForm
D|mt, 0]/ /MatrixForm
—Cos[f] Sin[6]

=]

OO = OO
OO O oo

=N ool -
OO O oo

[\V]

o O oo
oo oo

0
0 0
0 0
0 0
00 0 O
yCos[0] + zSin[f]  xCos[f] — ySin[6f]
—Sinl6] —Cosl0]
Cos|0] —Sin|[6]

0 0

0 0

o O oo

SO0 OO OO OO0 O

oo ocoo

o)
Sy

Centre

CD = m|z,y, 2,0].m[z’,y’,2’,0']—

m[zl, ’!/1 zI’ 0’].m[z, Y, 2, 0];

CDI[[3,4]]/-{z' = 0,3 — 0,6’ — =/2}

T —y

CDI[[3,4]]/-{z' = 0,3 — 0,6’ — 37/2}
r+vy

CDI[[3,4]]/-{=' = 1,4' = 0,z — 0,y — 0}
—1+ Cosl0]

CDI[[3,4]]/-{z' = 0,y' = 1,z — 0,y — 0}
Sin[6]

Norm]

Simplify|

(m[0,0, 2, 2nw].m[z’,y’, 2, 0']—

mlz’,y, 2,0'].m[0,0, z, 2n7]), n € Integers]]
0

(Alternative: used for universal covering group)
CDI[[3,4]]/-{¢' — 0}

—xz' 4 Cosl|f]z’ + Sin[0]y’

Simplify[CD[[1, 4]]/.{6' — 0, Cos[d] — 1, Sin[6] — 0},
{Element[n, Integers]|}]

2yz’ — 2xy)

Quotient group SE(2)

#lo-]:={{1,0,0}, {o[[3, 4]], o[[2, 2]}, o[[3, 2]]},
{ol[2, 4]], o[[2, 3]], o[[3, 3]} };
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mt//MatrixForm
1 —zCos[0] + ySin[0] yCos[0] + zSin[0] —2z 0
0 Cos[60] —Sin[0] Yy 0
0 Sin[6] Cos[0] T 0
0 0 0 1 0
0 0 0 0o e
¢[mt]//MatrixForm

1 0 0
(:r Cos[0]  Sin[0] )

y —Sin[f] Cos[d]
olm[z,y, 2,0].m[z’, ¢, 2’,0']|—
¢m[z,y, z,0]].4[mlz’, v/, 2, 6']1//
FullSimplify/ /MatrixForm

0 0 O
0 0 0
0 0 0

Exponential

MatrixForm[
FullSimplify[MatrixExp[zE1 + yE2 + 2E3 + 6E4]]|
MatrixForm[FullSimplify[MatrixExp[zE1 + yE2 + 2E3]]]

1 y—yCos[0] —xSin[0] z—xCos[0]+ySin[0]

0 Cogs 0] fSign[G}
0 Sin[6] Cos[0]
0 0 0

0 0 0

9(12+y2 72z9) — (z2+y2)Sin[9]

92 0
z(—14Cos[0])+ySin[6] 0
0
y—yCos[0]+xSin[0)] 0
6
1 0
0 e’
1 —x y -2z 0
0 1 0 y 0
0 0 1 z 0
0 0 O 1 0
0 0 O 0 1
Mexp[v]:=

FullSimplify[MatrixExp[aE1 + bE2 + cE3 + dE4]]/.
{a = [[1]],b = v[[2]],c — »[[3]],d — v[[4]]};

_ 192(Cos[0]+1) 1 19y(Cos[6]+1) 1
A= { smper — — 290 25w — + 320,

42(Cos[8]—1)+(z%+y?) (Sin[0]—6)
4(Cos[6]—1)

MatrixForm[FullSimplify[Mexp[A]]]

,0};

1 —zCos[0] + ySin[0] yCos[] + zSin[0] —2z 0

0 Cosl0] —Sin[6] Yy 0

0 Sin[6] Cos|6] T 0

0 0 0 1 0

0 0 0 o e
Limit[A, 6 — 0]

MatrixForm[MatrixExp[%.Base]]
MatrixForm[m/|z, y, 2, 0]]

{:Ll7 y7 27 0}

1 —x y -2z 0
0O 1 0 y 0
0 0 1 z 0
0O 0 O 1 0
0 0 O 0 1
1 —z y -2z 0
0 1 0 y 0
0 0 1 z 0
0O 0 O 1 0
0O 0 O 0 1

Limit[A, 0 — ]

MatrixForm[MatrixExp|%.Base]]

MatrixForm[m/[z, y, 2, 7]]

(=555 (r (2* +7) +82) 7}
1 =z -y -2z 0

0 -1 0 Y 0
0o 0 -1 T 0
0 O 0 1 0
0 O 0 0 €
1 =z -y -2z 0
0 -1 0 Y 0
0o 0 -1 T 0
0 O 0 1 0
0 0 0 0 €

Limit[A, 0 — —]
MatrixForm[MatrixExp[%.Base]]
MatrixForm[m/[z, y, z, —]]

=55 (- (@ +y?) +82) -}

1 = -y -2z 0
0 -1 0 Y 0
0O 0 -1 T 0
0 0 0 1 0
0 O 0 0 e 7
1 =z -y -2z 0
0 -1 0 Y 0
0O 0 -1 T 0
0 O 0 1 0
0 O 0 0 e 7

Note that beyond [-7,7] things can go wrong:
Limit[A, 0 — 2]
{DirectedInfinity[x], DirectedInfinity[y],
DirectedInfinity [x2 + yz] ,27r}
For Universal Cover:
minv[Simplify[MatrixExp[M [z, y, 2, 2n]],n € Integers]]

2 2
_z+y“—4dnmz 2nm
O’ 07 4nT }

minv [Simplify [MatrixExp [M [w, y, 2t 2n1r]] :
n € Integers]|
{0,0,0,Log [¢*"™] }

, Log [e

Automorphisms

Necessary Conditions
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el = {1,0,0,0};e2 = {0,1,0,0}; 3 = {0,0,1,0};
e4 ={0,0,0,1};

¥ = {{z,y,a3,u},{b1, b2, b3, v}, {c1, 2, c3, w},
{dl, d2, d3, d4}} 3

cd1L = 3.Minv|cc[el.Base, €2.Base]|;

cd1R = Minv[cc[t).e1.Base, 1.e2.Base]|;

cd2L = 3.Minv|cc[el.Base, e3.Base]);

cd2R = Minv|cc[¢).el.Base, 1.e3.Base]];

¢d3L = 3.Minv|cc[el.Base, e4.Base]);

cd3R = Minv|cc[y).el.Base, 1.e4.Base]];

cd4L = 3. Minv]|cc[e2.Base, €3.Base];

cd4R = Minv[cc[t).e2.Base, .e3.Base];

cd5L = —.Minv|[cc[e2.Base, e4.Base]];

cd5R = —Minv][cc[t).e2.Base, 1.e4.Base][;

¢d6L = 3.Minv|cc[e3.Base, e4.Base]);

cd6R = Minv|cc[y).e3.Base, 1.e4.Base]];

cdsL = {cd1L, cd2L, cd3L, cd4L, cd5L, cd6L};
cdsR = {cd1R, cd2R, cd3R, cd4R, cd5R, cd6R};
MatrixForm[edsL[[{1, 2, 3,4, 5,6}, 4]]]==
MatrixForm[cdsR[[{1, 2, 3,4, 5,6}, 4]]]

ds 0
0 0
da 0
0 T 0
dy 0
0 0
sub = {dl - 0,d2 — 0,d3 — 0};
MatrixForm|cdsL/.sub]
MatrixForm[cdsR/.sub]//Simplify
as b3 C3 0
0 0 0 O
Yy b2 C2 0
0 0 0 O
X b1 C1 0
0 0 0 O
0 0 —yb1 +2b2 0
O 0 7a3b1 —+ $b3 0
—b1d4 l'd4 v — ub1 0
0 0 —azby +ybs 0
bods —yds —vy+ubz 0O
—b3d4 CL3d4 vas — ubg 0
sub2 =

Thread|Flatten[cdsL/.sub] — Flatten[cdsR/.sub]];
9/ .sub/.sub2//Simplify / /MatrixForm

bads —bids 0 i

—yda xdy 0 v

—vy +uby vr —ubi —ybi +xzb2 w

0 0 0 dy
Verification

'd)a‘ = {{I, Yy, 01 u}1 {_k?;h kx, 01 'U},
{kuw — vy, kuy + zv, k (.’1:2 + y2) , w} ,{0,0,0, k}} ;
pa.Minv[cc[M|[z,y, 2,0], M[z', ', 2', 0']]] -

Minv[cc[(va.{z, y, z,0}).Base,
(va.{z',y',2’,6'}).Base|];
Simplify [%, k* == 1]
{0,0,0,0}

C.2 Adjoint Representation

Basic setup

ClearAll["Global’*"]

Mx_,y_,z,0]:=

{{01 -,y —22}, {01 0, _07 y}1 {07 0, 0’ Kl:},
{0,0,0,0}};

MatrixForm[M [z, y, z, 0]]

E1 = M[1,0,0,0}; E2 = M[0,1,0,0]; E3 = M[0,0,1,0];
E4 = M[0,0,0, 1]; Base = {E1, E2, E3, E4};
CC[M_,NJ:==M.N — N.M;
Minv[MM._]:={MM([3]][4]], MM][2]][[4]],

2 MM{[1]][[4]], MM[[3]][[2]]} ;

Minv[M |z, y, 2,0]]

0o 0 -0 Y
0o 0 0 T
0 0 0 0
{m7 y7 Z7 0}
m[x-’ y-’ z-’ 0-] =

{{1, —zCos[6] + ySin[6], zSin[f] + yCos[6], —2z},
{0, Cosl[f], —Sin[6], y}, {0, Sin[6], Cos[6)], z},
{0,0,0,1}};

MatrixForm[m/|z, y, 2, 0]]

1 —xCos[0] + ySin[0]  yCos[] + zSin[d] —2z
0 Cos[0] —Sin[0] y
0 Sin[6] Cos[0] x
0 0 0 1

Calculation of Adg

al = FullSimplify|

Minv[m|z, y, 2, 0].El.Inverse[m[z, y, 2, 0]]]];
a2 = FullSimplify|

Minv[m|z, y, 2z, 0].E2.Inverse[m|[z, y, z, 0]]]];
a3 = FullSimplify|

Minv{m|[z, y, z, 6]. E3.Inverse[m[z, y, 2, 0]]]];
a4 = FullSimplify|

Minv|m|z, y, 2, §].E4.Inverse[m|[z, y, 2, 0]]]];
Ad = Transpose[{al, a2, a3, a4}];

MatrixForm[Ad]
Cos[0] Sin[0] 0 —y
—Sin[0] Cos|0] 0 T
—yCos[0] — zSin[f] xCos[0] — ySin[0] 1 % (932 + y2) )
0 0 0 1
MatrixForm|

FullSimplify[FullSimplify[(Ad.{xa, ya, za, fa}).Base] —
FullSimplify[m|z, y, 2, 0]. M [xa, ya, za, Oa).
Inverse[m[z, y, z, 6]]]]]
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0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
Det[Ad]

Cos[6)? + Sin[6]?

Calculation of ad A

b1 = FullSimplify[Minv[CC[M [z, y, 2, 6], E1]]];
b2 = FullSimplify[Minv[CC[M [z, y, z, 6], E2]]];
b3 = FullSimplify[Minv[CC[M [z, y, z, 6], E3]]];
b4 = FullSimplify[Minv[CC[M [z, y, 2, 6], E4]]];
ad = Transpose[{bl, b2, b3, b4}];
MatrixForm|ad]
0 6 0 —y
-6 0 0 =z
-y xz 0 0
0O 0 0 O
MatrixForm[

FullSimplify[FullSimplify[(ad.{xa, ya, za, fa}).Base] —

FullSimplify[CC[M [z, y, 2, 6], M [xa, ya, za, 6al]]]]
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
Simplify[Det[ad — AldentityMatrix[4]]]
)\2 (92 + )\2)

C.3 Graphs of Adjoint Orbits

ClearAll["Global’*"]

Paraboloids

za = Table[i, {i,—1,0.5,1.5/4}];

fa =1.3;

Orbl = {};

For[j = 1,j < Length[za] + 1, j++,
Orbl = Append[Orbl,
ParametricPlot3D[

{roos[o], rSin[0], I + za[[j]]} ,
{6, —m,m},{r,0,1.5}, Mesh — 10]]]

Cylinders

ra = Tableli, {i, 0.4, 1.5, (1.5 — 0.4) /2}];
Orb2 = {};

For[j = 1,j < Length[ra] + 1, j++,
Orb2 = Append[Orb2,
ParametricPlot3D[

{ra[[j]]Cos[6], ra[[j]]Sin[6], 2},

{9, -, 7l'}, {Z, _1’ 1}1 Mesh — 10]]]a
Orb2 = Append[Orb2,
ListPointPlot3D|

Table[{O, 0’ i}: {7:) _1’ 1, 2/6}],
PlotStyle — Directive[Black,
PointSize[Large]]]];

Sliding window

fa = {—10,-1,1,10};

Orbs = {};

For[j = 1,j < Length[fa] + 1, j++,
Orbs = Append|Orbs,
ParametricPlot3D][

2
{rCos[@], rSin[6), m} , {0, —m,},
{r,0,1.5}, Mesh — 10]]];
Orbs = Append|Orbs,
ParametricPlot3D[{Cos|f], Sin[6], 2},
{0, -, 7l'}, {Z, _1’ 1}1 Mesh — 10]];

Stereographic plots

pr = 1.5;

Viewv = {0,0,1};

Viewl = {3Pi/2.8, Pi/3,2};

View2 = {.3Pi.8,Pi/3,2};

Views = {6Pi/2.8,0.3Pi, 2};

Opts = {ViewVertical — Viewv, Axes — True,
BoxRatios — {1,1,1},

PlotRange — {{—pr, pr}, {—pr, pr}, {—pr, pr}},
Boxed — False, ImageSize — Medium,
AxesLabel — {n_E1 n’ ||E2 n, nE3 ||} R

LabelStyle — Directive[Medium)],

AxeSEdge - {{11 _1}, {la _1}1 {1’ _1}}1
FaceGrids — {{-1,0,0}, {0, -1, 0},{0,0,—1}},
TicksStyle — Directive[Medium]};

Optss = {ViewVertical — Viewv, Axes — False,
BoxRatios — {1,1,1}, Boxed — False,
PlotRange — {{—pr, pr}, {—pr, pr}, {—pr, pr}},
ImageSize — Small, ViewPoint — Views};
Optsl = Append[Opts, ViewPoint — View1];
Opts2 = Append[Opts, ViewPoint — View?2];
Show[Orbl, Optsl]

Show[Orb2, Opts2]

{Show|[Orbs][[1]], Optss]|,

Show[Orbs[[2]], Optss],

Show[Orbs[[5]], Optss],

Show[Orbs[[3]], Optss],

Show[Orbs[[4]], Optss] }
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Graphics shown in figures 1.1 and 1.2.

C.4 Coadjoint Calculations

Basic setup

ClearAll["Global’*"]

Mx_,y_,z.,0]:=

{{Oa -, Y, —22}, {01 0’ —0, y}a {0, 0’ 0’ .’II},
{0,0,0,0}};

E1 = M[1,0,0,0];E2 = M[0,1,0,0];

E3 = M[0,0,1,0]; E4 = M[0,0,0, 1];

Base = {E1,E2,E3,E4};

iBase = {{1,0,0,0}, {0, 1,0,0}, {0,0, 1,0},
{0,0,0,1}};

CC[M_,NJ:=M.N — N.M;

Minv[MM_]:=

{Mm[[3, 4, MMm{2, 4]}, 2, MM, 4],
MM([3, 2]]};

Minv[M |z, y, 2,0]]

{x7 y7 Z7 0}

m[x-’ y-’ Z-’ o-] =

{{1, —zCos[6] + ySin[6], zSin[6] + yCos[6],
—2z}, {0, Cos|f], —Sin[d], y},

{0, Sin[6], Cos[6], z}, {0,0,0,1}};

Calculation of Ad" g

Recall:
Ad*g.u(A) = p (Adg'.A)
Ad*g = (Ej* Adgil.Eﬂ;)) ij

gg=m [mm Yg5 29, 09] H

Ads = IdentityMatrix[4];

For[i = 1,i < 5,i++,

For[j =1,j < 5, j++,
Ads[[i, j]] =

FullSimplify|

iBase([5]].
(Minv[Inverse[gg].Base[[:]].gg])]
]

I;

MatrixForm[Ads]
Cos |0 Sin |0
7Sin[[9gy]} Cos [[Qz]]
0 0
Sin [Gg} zg + Cos [Gy} Yg —Cos [Qg} zg + Sin [99} Yg
Yg

—z4

Collect [Expand [Ads. {z¢, Ye, 2c, 0c}]
{Cos[6,] , Sin [0], 2 }]

{Cos [0g] e + Sin [04] ye + yg2e,
—Sin [04] zc + Cos [04] ye — zg2e, 2,

= OO0

1
2 2
% (zg + yg)
)

Cos [0g] (—zgye + cyqg)
12 2
+8Sin [0y] (Texg + yeyy) + (% + %") Ze + 6}

Dual equivalence

d) = {{1’ 07 Oa 0}, {0’ 11 0, 0}’ {Oa 07 Oa _1}1

{0’ 01 _11 O}},

Adg = {{Cos [0,] , Sin [0,] , 0, —y,},

{—Sin [8,] , Cos [6,],0,z4} ,

{~y4Cos 03] — 24Sin [0y] , z4Cos [4] — y4Sin [6y] ,
1, % ($g2 + yy2)} ’ {0’ 01 0’ 1}} B

Ads.y) — 9.Adg//Simplify //MatrixForm

0 0

o O O
o O O

C.5

0

o O OO

0
0
0

Supporting Calculations
for Local Classification

ClearAll["Global’*"]

A ={a1,a2,a3,a4}; B = {b1,b2,b3,ba};
CC = {C1,02,03,C4} H A= {61,62,&3,644};
B = {bl,bQ,b3,b4};

C~C = {51, 52, 53, 54} H

Type (1,1) - the invariant

Motivation

x2y2 = FullSimplify|
{1, 0}.MatrixPower[

Inverse

fos

a4

ab2 g, 4 %}}] ,2] .{1,0}] ;

agb aygb:
{an = 2ttt on = 2},

cc:—_bx(al_m +—Tiz(a2_m)+

by

bs
(00— 282);

by by

b

Simplify [cc x2y2, {bs # 0}]

b4(—alb1—a2b2+a3b4)+a4(b%+b§—b3b4)

aZ(b%+b%)—2a4(a1b1+a2b2)b4+(a%+a§)bz)

Parametrisation invariant

PB=

(b4 (—a1br — azb2 + aszbs) +

a4 (b% +b3 — b3b4))/

(aF (83 + b3) — 2a4 (a1b1 + azb2) bat
(af +a3) b3);

Subs = {};

Subs =
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Flatten [Append [Subs, Thread [A - A+ uB] ]] ;

Subs = Flatten [Append [Subs, Thread [B — ;1,3]]] ;
Simplify [ap/.subs, {54 £0,p# o}]

g4(*&1 by *5252+&354)+&4(5%+5§*5354)
a2 (b2+b3)—2a4(a1b1+abs )ba+(a3+a3)b?

Automorphism invariant

TP = {{x) Yy, 01 'U'}, {_ky1 kx, 01 '0}7
{kuz — vy, kuy + 2v,k (2 + y*) ,w},

{0,0,0,k}};
Subs = {};
Subs =

Flatten[Append[Subs, Thread[A — 9. A]]];

Subs =

Flatten[Append[Subs, Thread[B — .B]]];

¢P = Simplify [P/.Subs, {bs # 0,k == 1}]
ba(—a1b1—asbs+azbs)+ay(bT+b3—bgbs)

k(a3 (b34b3)—2a4(a1b1+azbz)bs+(a?+a3)b?)

Simplify [y — P2, k* == 1]
0

Type (2,1) - invariants T and &
Definitions

T -
AS [Det [{{a1,a2,a4},{b1,b2,bs},
G{CI’ C2, 64}}]] 5

(ca (— (agby — a1b2) (—b2c1 + bic2) +
(a3 (b + b3) — (a1b1 + azb2) bs) ca) +
ay ((b261 —bic2) 24
(b3 (blcl + bzc2) — (bzl’ + b%) 63) 04))/
(Det [{{a1, a2, a4}, {b1,b2,0},
{er,e2,ea}}))

Note that G appears here without the absolute value.

/.

({A — {0, a2, a3,0} //Thread,

B — {1,0,0,0}//Thread,

CC — {0,0,0,1}//Thread}//Flatten)

2
az

Parametrisation invariant

Subs = {};

Subs =

Flatten[Append[Subs,

Thread [A - A+mB+ nzC~C]]] ;
Subs =

Flatten[Append[Subs,

Thread [B —wunB+ V2C~C]]] ;

Subs =
Flatten[Append[Subs,

Thread [CC s mB+ #2C~C]]] ;
FullSimplify[T/.Subs]
AS [ — (pavr — pavs) (a4 (13251 - 5162)

+ ao (*6451 + 5154) + aq (5452 — 5254) )]
BB = {by, ba, bs, 0} ;BB = {b1,2,52,0} ;
Subsl = {};

Subsl =
Flatten [Append [Subsl, Thread [A — fi] ]] ;

Subsl =
Flatten [Append [Subsl, Thread [BB — B~B] ]] ;

Subsl =
Flatten [Append [Subsl, Thread [CC — C~C]]] ;

Subs2 = {};
Subs2 =
Flatten[Append[Subs2,

Thread [A —~ A+mBB+ 7)20~C]]] ;

Subs2 =
Flatten [Append [Subs2, Thread [BB — I/1B~B]:|:| ;

Subs2 =
Flatten[Append[Subs2,

Thread [CC — mBB + mc”c]]] ;
Simplify[(6/.Subsl) — (&/.Subs2),
{v1 # 0,2 # 0,4 # 0}]

0

Automorphism invariant

1!’ = {{m, Y, 0’ u}) {_ky’ k.’l}, 0: ’U},
{Ic'u,.'l: — vy, kuy + zv, k (a:2 + y2) ,'w} s

{0,0,0,k}};
Subs = {};
Subs =

Flatten[Append[Subs, Thread[A — .A]]];
Subs =

Flatten[Append[Subs, Thread[B — 1.B]]];
Subs =

Flatten[Append[Subs, Thread[CC — .CC]]];
1T = FullSimplify[T/.Subs]

AS [ —K? (132 + y2) (a4 (b2c1 — bica)
+ as (—b4C1 + b104) + a1 (6402 — b204) )]
FullSimplify [ (&/.Subs/.bs — 0)/ &,

i == 1)

1

k

Collect[Reduce [{(&/.Subs/.bs — 0) > — & == Tv,
k* == 1,asbac1 — asbica + azbica — arbacs # 0,
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@ +9° #0}],2%,97]

(TV == 0&&k == —1&&z? (a4b201 — agbico + azbicy
—arbacs) + y? (agbacy — agbica + azbicy — arbacy) # 0) I
(TV == 0&&k == 1&&z2 (a4b261 — agqbico + azbicy

—aibacy) + y? (agbacy — agbica + asbicy — arbacy) # 0)

Type (3,0) - the invariant R
Definition

R =
AS [Det [{{a1, a2, a4}, {b1,b2,bs},
{c1, C2, C4}}]] 5

Parametrisation invariant

Subs = {};

Subs = Flatten[Append[Subs,

Thread [4 — m A +mB + 0| ;

Subs = Flatten[Append[Subs,

Thread [B SunA+wB+ usC~C]]] ;

Subs = Flatten[Append[Subs,

Thread [CC — mA+ p2B+ /1,3C~C]]] ;
FullSimplify[R/.Subs]

AS[(ns (n2v1 — pive) + n2 (—psvy + pavs) +n1 (ngve — p2vs))
(&4 (*5251 + 5152) + ag (1_7451 - 5154) +ay (*5452 + 5254)) ]

Automorphism invariant

¢ = {{:II, Y, 0, U}, {—ky, k.’l}, 0, 'l)},

{kum — vy, kuy + xv, k (332 + y2) , w} R

{0,0,0,k}};

Subs = {};

Subs = Flatten[Append[Subs, Thread[A — .A]]];
Subs = Flatten[Append[Subs, Thread[B — %.B]]];
Subs = Flatten[Append[Subs, Thread[CC — %.CC]]];
PR = FullSimplify[R/.Subs]

AS|: — k2 (1‘2 + y2) (a4 (b201 — b102)

—+ as (71)461 + b164) + a1 (b4C2 — b264) )]

Type (3,1) - some calculations

ClearAll["Global'*"]
cc[A,B]:=A.B — B.A;

M [X_, Y- 2-, 0-]:=

{{01 -TY, _22, 0}1 {0, 0’ _0’ Y, 0},
{07 0’ 0: z, 0}’ {0’ 0: 0, 0’ 0}:
{0,0,0,0,6}};

El = M][L,0,0,0];

E2 = M0, 1,0,0];

E3 = M[0,0,1,0];
E4 = M[0,0,0, 1];
Base = {E1,E2,E3,E4};
Meiny[MM_J:={MM[3] [4]}, MM{2][[4]},
S MM[1]][[4]], MM([3]][[2]]} ;
A ={a1,a2,as3,0};
B = {bl, b2, b3, 0} H
CC= {cla C2,C3, 1} 5
AC = Minv]cc[A.Base, CC.Base]);
AC.{E, E», Es, Es}
—asEy + a1 B + % (—2a2¢1 + 2ai1c2) E3
AAC = Minv[cc[A.Base, AC.Base][;
AAC. {El, E2, Es, E4} //Slmphfy
(a% + a%) Es
R1 = {A,AC,AAC,CC};
R1//MatrixForm

al a2 as

—az a1 % (—2a2c1 + 2a1c2)
0 0 3 (2af + 243)
C1 C2 C3

Det[R1]//FullSimplify

(a% + a%) 2

= O O O

C.6 Controllability on H;

Basic setup

ClearAll["Global’*"]

cc[A,B]:=A.B — B.A;

m[x—7 y- 2, 0-] =

{{1, —zCos[6] + ySin[6], zSin[6] + yCos[6],
—22, 0}5 {0’ COS[0]1 _Sin[e]’ Y, 0},

{0, Sin[6], Cos[6), z, 0}, {0, 0,0, 1,0},
{0,0,0,0,Exp[6]}};

M [X-1 Y- 2-, 0-]:=

{{0, —z,y, —2z,0}, {0,0, -0, y, 0},
{0,6,0,z,0}, {0,0,0,0,0}, {0,0,0,0,6}};
El1 = M[1,0,0,0]; E2 = MJ[0,1,0,0];

E3 = M|0,0,1,0]; E4 = M|0,0,0,1];
Minv[A J— { A[[3, 4]} All1, 3], 2 A[[1, 4],
A[5,5]]}

My[vv_|:=M[vv([1]], vw[2]], vV[[3]], vv([4]]];
Minv(M [z, y, z, 0]]

Norm[Mv[Minv[M[:z:, Y, 2, 0]]] - M['T1 Y, 2, 0]]
{z,v,2,0}

0

Ell[u]:=E1 + oE3 + uE4;

E11s[u]:=E1 + uE4;

E12[u]:=aF4 + uEl;

=23[u-, v.]:=E1 + uE3 + vE4;

=24[u., v]:=aE4 + vEl + vE2;

=25[u_, v.]:=aE4 + uEl + vE3;

=33[u., v_, w]:=aE4 + uE1l + vE2 + wE3;
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Investigation of controllability

For =" : By + aBs + uE,
Assume a # 0.
MatrixForm[
FullSimplify [MatrixExp [a47Z11 [,-]]]]
1 0 0 0 O
01 0 0 O
0 0 1 0 O
0 0 0 1 O
00 0 0 &
MatrixForm[

FullSimplify[MatrixExp[=11[2x] — Z11[0]]]]
10 0 0 O

01 00 0
001 0 0
00 01 0
00 0 0 €7

Hence controllable. Now case a=0.
F = MatrixExp[r=11s[s1]].MatrixExp[ 7=211s[s2]].
MatrixExp[3/2 nE11s[—s3]].
MatrixExp[1/2rE11s[—s4]];
Pnt ={sl - 1,82 - 1,83 = 1,84 — 1};
MatrixForm[F'/.Pnt//Simplify]

1 0 0 0

0
1
0
0

o O oo
o = O
— o O
o O O

0 0 0 1

D1 = FullSimplify[D|F, s1]/.Pnt];

D2 = FullSimplify[D[F, s2]/.Pnt];

D3 = FullSimplify[D[F, s3]/.Pnt];

D4 = FullSimplify[D|F, s4]/.Pnt];
D1A = Minv[D1];

D2A = Minv[D2];

D3A = Minv[D3];

D4A = Minv[D4];

{Norm[Mv[D1A] — D1/ /FullSimplify],
Norm[Mv[D2A] — D2/ /FullSimplify],
Norm[Mv[D3A] — D3//FullSimplify],
Norm[Mv[D4A] — D4/ /FullSimplify]}

{0,0,0,0}
(R = {D1A,D2A,D3A, D4A})//MatrixForm
s 2 T T
T —2 T s
37 1 37T
1(1_—;_’?”) 11 5( 22743#) 2
2 2 2
Det[R]
—1672

Hence locally controllable at identity and so con-
trollable.

For S0V 1 By + uy Es + us By
MatrixForm [FullSimplify [MatrixExp [523 [ﬁ, 27r]]]]

1 0 0 0 O

01 0 0 O

00 1 0 O

0 0 0 1 0

00 0 0 €~
MatrixForm[MatrixExp[=23[0, 27r] — 2230, 0]]]

1 0 0 0 O

0 1 0 0 O

0 0 1 0 O

0 0 0 1 0

00 0 0 ¢

Hence controllable.

Parametric equations

LL = FullSimplify[Dlm{z{], ylt], 2[2], 012}, t];
RR = FullSimplify[m[aft], y[4], 21t} 612

M [o1[t], valt], s8] valt]]]

FullSimplify[

Solve[LL == RR, {z'[t], ¥'[t], #’[t], &’ [t]}]]

{{#10 = 1(~ (Sinfoltlalt] + Coslol]ylt))v: 1]

+(Coslo[]Jaft] — Sinfo[t]yft]ealt] + 205(1).
x'[t] — Cos[0[t]]v1[t] + Sin[0[t]]va[t],
y'[t] = —Sin[0[t]]v1 [t] + Cos[0[t]]v2[¢],
0'[t] — valt]

C.7 Control Systems on H$(n)

Basic setup

ClearAll["Global’*"]

cc[A_,B]:=A.B — B.A;

m[x_,y-,z_,0]:=

{{1, —zCos[6] + ySin[6], zSin[6] + yCos|h],
—22,0}, {0, Cos[6], —Sin[6], y, 0},

{0, Sin[6], Cos[6], z, 0}, {0, 0,0, 1,0},
{0,0,0,0, Exp [£]}};

Mx_,y-,z_,0]:=

{{01 —-Z,Y, —2Z, 0}, {01 01 _01 Y, 0}1

{Oa 91 0, z, 0}’ {01 07 0’ 0: 0}7
{0,0,0,0,2}};

E1 = M[1,0,0,0]; E2 = M[0,1,0,0];

E3 = M[0,0,1,0]; E4 = M[0,0,0, 1];

Base = {E1, E2, E3, E4};

Minv[A_J:= {A[$3, 4]}, A[[1,3]], 5 A[[1, 4],
2A[15,501}

Mv{vv.]:=M[vv([1]], vv([2]], vv[[3]], vv([4]]]



184 C.7. CONTROL SYSTEMS ON H$(n)

Minv[M |z, y, 2,0]] Type (1a1)
Norm[Mv[Minv[M[:z:, Y, 2, 0]]] - M[:E, Y, 2, 9]]

{z,y,2,0) Iie 210

0 MatrixForm [¢. {1,0, a1,0}] ==

MatrixForm [{1,0, 81,0} + 1 {0,0, B2, 1}]
MatrixForm [¢. {0, 0, a2,1}] ==

The group dAUtH§ (n) MatrixForm [r2 {0, 0, B2, 1}]
oy 1
Necessary conditions _gliy 0
¥ = {{a,b,0,u}, {—kb, ka,0, v}, kuz —vy + k (2 + y*) aa | Bi+mipe
{kua — vb, kub + av, k(a"2 + b"2), w}, 0 1
{0,0,0,k}}; u 0
w = {{1,0,0,0}, {0,1,0,0}, {0,0,0, -1}, v I
{0,0,—1,0}}; 1k (u® +0°) + k(2% + y7) a2 7952
(ww = Simplify [Transpose['t/)] wap, k? == 1]) // k T
MatrixForm 20,0 % 2,8,
a”+b ) 0 ) 0 0 MatrixForm[.{0,0, 0, a}] ==
0 a"+b 0 AU MatrixForm [{0,0,, 8} + r1{1,0,0,0}]
0 0 o, e MatrixForm[1.{1, 0, 0, 0}]==
\ 0 0  —a"—b" u +v —2kw MatrixForm [r2{1, 0,0, 0}]
Simplify[{z, y, 2, 0}.vw.{z,y, 2, 0}] wor -
(u2 +v?— 2kw) 6% + a? (a:2 + y2 - 226‘) v 0
+b? (2% +y* — 220) 1k (w+0*)a+k(2®+y7) o | <
ko 153
Sufficient conditions x ro
—k 0
FullSimplify[MatrixExp[(.{z, y, z, 0}).Base), run o == o
k? == 1] //MatrixForm 0 4 0
FullSimplify[MatrixExp[(+.{0, 0,0, 0}).Base],
k? == 1] //MatrixForm
é 7(1117 by k(*b10+ ay) Type (2,0)
8 8 (1) Fl,a’ ed ]-‘l,g
0 N 0 MatrixForm[+.{1,0,0,0}] ==
=2 (akus —bva P et (s +0%)ks) 0 MatrixForm [r1{1,0,0, 0} + r2{0,0,<, 1}]
az + by 0 MatrixForm(¢.{0, 0,0, 1}|==
(1) (1) MatrixForm [r3{1,0, 0,0} + r4{0,0,5,1}]
1 'U*'L;Cos[kek]fusm[ké] u—uCos[kQ‘H»vSin[kB] €T T1
8 giorf[[:g]] ?:ilsrigckee]] . —ky —= 0
0 0 0 ux — vy T2
0 0 0 0 .
k (u? + v2) —2w) 6 — (u? + 02 Sin[k6)] 0
( ( u(21+COS)[k9])+(1)Sin[k9] ) 0 u T3
’Uf'uCO:;[ke::jﬁ»uSin[ke] o v __ 0
1 ‘(’)cg %k (u2—|—v2) +k(m2+y2)a STy
0 en k T4
Classification calculations Type (2,1)
9
(d):{{x’yao’u}’{_ky7k2xa0)g}a Tiao ® Fl,Bc
{ZC’U,$—2'U:‘/,§7U?/+$’U1’C($ +y ) ) ) MaitljixFormiz/;. {0,&1,&2,0}] P
1k (v® +v°)},{0,0,0,k}}) //MatrixForm MatrixForm [{0, 81, 8,0} + r1{1,0,0,0}+
,i;y kyx 8 :}L Tz{O,.O,C, 1}]
kuz —vy wve+kuy k(a2 +y?) %k (u? +v?) MatrixForm[+).{1,0,0,0}] ==

0 0 0 k MatrixForm [r3{1,0, 0,0} + r4{0,0,5,1}]
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MatrixForm[.{0,0,0,1}] ==
MatrixForm [r5{1,0,0,0} + r6{0,0,5,1}]

yaq T1
kxraq o B1
(vz + kuy)ag + k (x2 + y2) s sro + B2
0 72
X T3
—ky L 0
kur — vy T STy
0 T4
U 5
v . 0
k(W +0*)+k(2®+y*)o | | <re
k 76
Fl,a,a g I‘Z,ﬁ, F3
MatrixForm[.{1,0,0,0}] ==
MatrixForm [r1{1,0, 0,0} + r2{0,0,0,1}]
MatrixForm[4.{0,0,0,1}] ==
MatrixForm [r3{1,0,0,0} + 74{0,0,0,1}]
T ™
—ky o 0
kur —vy | 0
0 T2
U T3
v L 0
k(W +0*)+ k(P +y*)o | 0
k T4
T2 T2 3

MatrixForm[¢.{0, 1, e, 0}] ==
MatrixForm [{0, 1, 8,0} + r1{1,0,0,0}+
72{0,0,0,1}]

MatrixForm[.{1,0,0,0}] ==
MatrixForm [r3{1,0,0,0} + 74{0,0,0,1}]
MatrixForm[+.{0,0,0,1}] ==
MatrixForm [r5{1,0,0,0} + r6{0,0,0,1}]

Y 71
kx L 1
vx+kuy+k(az2+y2)a a B
0 T2
x r3
—ky _ 0
kux — vy T 0
0 T4
u 5
v L 0
1k (uw*+0?) | 0
k 76

Ps’a,g 3 I‘5,g’§

MatrixForm[.{0,0, 0, a}] ==
MatrixForm [{0,0,s, 8} + r1{1,0,0,0}+
r2{0,1,0,0}]

MatrixForm[.{1,0,0,0}] ==
MatrixForm [r3{1,0,0,0} + r4{0,1,0,0}]

MatrixForm[.{0,1,0,0}] ==
MatrixForm [rs{1,0,0,0} + r¢{0,1,0,0}]

uQ 1
v L 72
%k(u2+02)a+k(m2+y2)0 o IS
ko B
X 73
—ky L T4
kur —vy | 0
0 0
Yy T's
kx L r6
ve +kuy | 0
0 0
Fe,a % FG,B

MatrixForm[.{0, 0,0, a}] ==
MatrixForm [{0, 0,0, 8} + r1{1,0,0,0}+

7'2{07 Oa 1,0}]
e 1
va _
%k (u2 +1)2)a T e
ko I5]
Type (3,0)
Fl,a ced Fl,c

MatrixForm[.{1,0,0,0}] ==
MatrixForm [r1{1,0,0,0} + 72{0,1,0,0}+
1‘3{0, 0,¢, 1}]

MatrixForm[.{0,1,0,0}] ==
MatrixForm [r4{1,0,0,0} + r5{0,1,0,0}+
TG{O’ 0,¢, 1}]

MatrixForm[4.{0,0,0,1}] ==
MatrixForm [r7{1,0,0,0} + rs{0,1,0,0}+

7‘9{0, 0,¢, 1}]
s T1
—ky L T2
kur — vy T Sr3
0 T3
Y T4
kx L s
ve+kuy | | <re
0 76
u T7
v o T8
1k (u2 +v2) +k(m2 +y2)a | s
k T9
Type (3,1)

F2,a,o’ L r2,,ﬂ,<

MatrixForm[(1.{0, 0, a, 0})[[{3, 4}]]] ==
MatrixForm[

({0’ 01 ﬂa 0} + 7‘5{1, 0) 0’ 0} + 7‘6{0, 1) 0’ 0}+
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r1{0,0,¢,1}) [[{3,4}]]]

Ma,trixForm[('l/).{l, 0,0, 0}) [[{31 4}]] ==
MatrixForm|[

(r7{1,0,0,0} 4+ r8{0,1,0,0} + 2{0,0,5,1}) [[
{3,411

MatrixForm[(¢.{0, 1,0, O}) [[{3a 4}]]] ==
MatrixForm[

(r9{1,0,0,0} +r10{0,1,0,0} +73{0,0,5,1}) [[
{3,431

MatrixForm[(.{0, 0, o, 1})[[{3, 4}]]] ==
MatrixForm|

(r11{1,0,0,0} + 712{0,1,0,0} + r4{0,0,5,1}) [[

{3,431l < e )
o1

<k($ gy) >_
(ku:cfvy) <<r2)
(varkuy) ( )

(%k(u +v)J];k(:v + %) )::(24)

Controllability

Systems

Ellc2[u., 0. ]:=0E3 + aE4 + u(E1);
=21c4[u_, v]:=E1 + uE3 + vE4;

Case aF, €T

Simplify [MatrixExp [22% (aE4)] ,n € Integers| //
MatrixForm

10 0 0 O
01 0 0 O
0 01 0 0
0 0 0 1 0
0 0 0 0 1

For ¥V . 0By + aBy + uB,

2aa

FullSimplify [Matrlexp [2"’r El1c2[u, a]]
n € Integers]//MatrixForm

2n7'r(u2 72040')

10 0 g 0
0 1 0 0 0
00 1 0 0
0 0 0 1 0
0 0 0 0 1

Case: 0 =1
FullSimplify [MatrixExp [222Z11c2 [v2e,1]],
n € Integers|//MatrixForm

1 0 0 0 O
01 0 0 O
00 1 0 0
00 0 1 0
0 0 0 0 1

Case: 0 =0

FullSimplify [MatrixExp [222=11¢2[0, 0],
n € Integers]//MatrixForm

0 0 0 O

=N eNeBellS

0
0
1
0

—_ o O o

0
1
0
0

SO O

For 2512’1) B+ ui B34 usEy

FullSimplify [MatrixExp [2rnE21c4 [1,1]],
n € Integers]//MatrixForm
0 0 0 O

SO OO

0
0
1
0

= O O O

0
1
0
0

(=N ool

For ")) | 1 — B3 + aBy +ub
Elul):= — E3 + oE4 + u(El);
F1 = FullSimplify [Ma.trixExp

sl
El-u]

F2 = FullSimplify [MatrixExp 2y ]] ;
F3 = FullSimplify [MatrixExp [£ZZ[u]]] ;

3a

saslul]];

[

[ 3a
[
F4 = FullSimplify [MatrixExp [

F = Simplify[F1.F2.F3.F4];

Pt = {t1 —1,to > 1,t3 > 1,u— 1/2\/2?;”_”\/&};
(FatP = F'/.Pnt//Simplify)//MatrixForm
1 0 0 0 O
o -1 0 0 O
0o 0 -1 0 O
0 O 0 1 O
00 0 0 en
FullSimplify[MatrixPower[FatP, 2n],
{n € Integers,n > 0}]//MatrixForm
1 0 0 O
1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
D1 = Simplify [D [F, ¢,] /.Pnt];
D2 = Simplify [D [F, t2] /.Pnt] ;
D3 = Simplify [D [F, t3] /.Pnt];
D4 = Simplify[D[F, u]/.Pnt];
D1A = Minv[Inverse[FatP].D1//FullSimplify];
D2A = Minv[Inverse[FatP].D2//FullSimplify];
D3A = Minv[Inverse[FatP].D3//FullSimplify];

o
_ O O oo
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D4A = Minv[Inverse[FatP].D4//FullSimplify];
{Norm[Mv[D1A] — Inverse[FatP].D1//FullSimplify],
Norm[Mv[D2A] — Inverse[FatP].D2//FullSimplify],
Norm[Mv[D3A] — Inverse[FatP].D3//FullSimplify],
Norm[Mv[D4A] — Inverse[FatP].D4//FullSimplify]}
{0,0,0,0}

R = {D1A,D2A, D3A,D4A};

R/ /MatrixForm
3/2
=7 0
34 4v3Ba—2ra
(—1+\/§)w3/2 3/2
3\/\/30(—% 3\/\/§a—%
(—1+\/§)w3/2 <3/2
3\/\/§a—%“ 3\/\/3@—%
0 0
~%a G
7r(2\/§757r+2\/§7r) -
B 6v3a—3ma 3
ﬂ(2\/§75w+2\/§ﬂ) -
- 6v3a—3ra 3
2(2\/577\')7r
s 0
Det[R]//FullSimplify
2\/ 5\/§2—37r /2
- 905/2
N[Det[R]]
_ 55.1627
as/2

C.8 Parametric Reduction of
Normal Extremals

Basic setup

ClearAll["Global’*"]

M [X_, y- 2, 0-] =

{{O, -,Y, —2z, 0}) {0’ 0, _01 Y, 0}1
{0,6,0,z,0}, {0,0,0,0,0}, {0,0,0,0,6} };
E1 = M[1,0,0,0]; E2 = M0, 1,0,0];

E3 = M[0,0,1,0]; E4 = M[0,0,0,1];

Base = {E1, E2, E3, E4};

iBase = {{1’ 01 0, 0}’ {07 1) 0’ 0}1 {0’ 0: la 0}’
{0,0,0,1}};

CC[M_,N.J:=M.N — N.M;
Minv[MM._]:={MM][[3, 4]], MM[[2, 4]],
2;MMI[L, 4]}, MM([3, 2]} ;

Minv[M(z,y, 2, 6]]

{x’ y7 Z7 6}

m[x_,y-,z_,0]:=

{{1, —zCos[6] + ySin[6], zSin[6] + yCos|A],
—22,0}, {0, Cos[6], —Sin[6], y, 0},

{0, Sin[6], Cos[d], z, 0}, {0, 0,0, 1,0},
{0,0,0,0, Exp(6]}};

Calculations for reduction

In matrix form: Ad*g = (Ej* (Adg_l.Ei)) ij
gg = mz(t], y[t], 2[t], O[t]];

Ads = IdentityMatrix[4];

For[i = 1,7 < 5,i++,

For[j = 1,5 < 5,j++,

Ads(fi, 5]) =

FullSimplify[

iBase[[5]]. (Minv|Inverse[gg].Base[[Z]].gg])]

I;
MatrixForm[iAds = Simplify[Inverse[Ads]]]

Cos[0[t]] —Sin[0[t]] —Sin[0[t]]z[t] — Cos[0[¢t]]y[t] O

( Sin[0[t]] Cos[6[t]] Cos|0[t]]z[t] — Sin[6[t]]y[t] 0 )
0 0 1 0
—ylt] a[t] 3 (2012 + yi?) 1

(1Adsp0 = Simplify [iAds. {p1[0], p2[0], ps, p4[0]}]) //
MatrixForm
(Ps(SiHIG[tHI[t] + Cos[0[t]]y

[
p3(Cos[0[t]]x[t] — Sin[0[t]]y[t]) + Sin[0[t]]p1[0] + Cos[0[t]]p2[0]

s (alt)? +yl?) - yﬁpl (0] + «[t]p2[0] + p4[0]
R = {{Cos[0[t]], —Sin[0[t]]},
{Sin[0[t]], Cos[0[t]]}};
v = {p1{0] — psy[t], p2[0] + psz[t]};
R.v — iAdsp0[[{1, 2}]]//Simplify
{0,0}
LHS = {—y[t], z[t]};
RHS =
o5 (= {p1(0], p2[0]} + Inverse[R]. {p1[t], p=(t]}) //
Simplify
{ —p1 [01+cos[9[tn§; [t]+Sin[0[¢]]p2 [¢] ’

_ Sin[6[t]]p1 [t]+p2 (0] —Cos[0[t]]p2 [t]
P3

Subs = {—LHS[[1]] - —RHS][[1]],
LHS[[2]] — RHS[[2]]}

]t]) + Cos[0[t]]p1[0] — Sin[0[t]]p2 [0])

{y[t] s — =L+ Conlodlp e+ Sifolelpal]
z[t] —» — Sin[G[t]]m[t]+p§7[;)]—008[9[t]]p2 (t]

iAdsp0/.Subs//FullSimplify //MatrixForm

p1[t]

p2(t]

p3
—p1[0*+ps [t];p;m [0]?+pa[t]? + pa[0]

Sw = {{0,1},{-1,0}};
Sw.LHS//MatrixForm

(xy = Sw.RHS)//MatrixForm

(a8)

( _ Sin[0[t]]p1 [t]+p2[0] = Cos[0[t]]p2[t] )

_ =P [OHCOSW[t]]Ig (t]+Sin[0[t]]p2[t]

p3

Subs2 = {0'[t] - Zpalt], (1)’ 1] — SLpaltlpalt],
(p2) ] > malt] (Fopo + Zpalt]) }
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dxy = D[Sw.RHS, t]/.Subs2//Simplify
{ Cos[0[t]lp1[t] _ Sin[0[t]]p1[t]

B1 ’ B

dz = 3 (xy[[1]ldxy[[2]] — xy{[2lldxy[[1]))//
Simplify
P1 [t](—COS[9[t]]p1[2(£;-Bz711 [t]+8in[0[t]]p2[0])

Alternative parametrisation

(gin = Inverse[m[z[t], y[¢], =[¢], 6[¢]]]//

Simplify)//MatrixForm
U al] gl
0 Cos|0]t]] Sin[0[t]]
0 —Sin[d[t]] Cos[0[t]]
0 0 0
0 0 0
2z[t] 0
—Sin[0[t]]x[t] — Cos[0[t]]y[t] 0
—Cos[0[t]]x[t] + Sin[0[t]]y[t] 0
1 0
0 e 0Lt

LL = FullSimplify[DJgin, ]};
RR = FullSimplify|
gin. M [wi [t], wa[t], ws[t], walt]];
LL[[1,{2,3,4}]]
{2'[t], —y'[t], 22[t]}
RR([1,{2,3,4}]]
{—wilt] = y[tlwalt], walt] — x[t]walt],
—y[tlwi [t] + x[tjwa[t] — 2wslt]}
{LL([[5, 5]], RR([5, 5]]}
{—e_e[t]ﬁ/[t], e My [t]}
Solve[LL == RR, {z[t], ¥'[t], 2[t], @' [t]}]
{Zt] = 3 (=y[twi[t] + z[twz[t] — 2wslt]) ,
a'[t] = —wi[t] — y[tJwalt],
y'[t] = —walt] + z[t]walt],
0'[t] — —walt]}}

C.9 Stability Analysis

Basic setup
Ca = p12 + p2® — 2papa;
1 (P p. .
Hm = 3 (ﬁ—i + i) H
Hv = {—épgp‘;,pl (ﬁ—llps + ,3—12174) ,0, ﬁplpz} ;
HvL = D [Hv, {{p1,p2, p3,pa}}];

MatrixForm[HvL]
D 0 4 N % ;1?1 _pgiz
ate 0 & &
0 0 0 0
» ,
En o 00

CEf = AoHm + A\1ps + X2Ca

dCEf = D [CEf, {{p1,p2,p3, pa}}];
dCEf//MatrixForm

2 2
1 (% + %‘2‘) Ao +pshi + (P + p5 — 2pspa) As
Pli\o + 2p1 o

3
2p2 2
A1 — 2pada
% — 2p3A2
ddCEf = D [dCEf, {{p1,p2, p3,pa}}];
ddCEf//MatrixForm
#2000 0
0 2o 0 0
0 0 0 —2)o
0 0 —2X\ g—g

WKO = {0,0,0,0}; Wk1 = Wk0: Wk2 = Wk1;
WkO = D [Hm, {{p1,p2, p3,pa}}];
Wk1 =D [p37 {{pl,p2,p3ap4}}] 3

Wk2 =D [Ca1 {{p11p21p3ap4}}] )
{MatrixForm[Wk0], MatrixForm[Wk1],

MatrixForm[Wk2]}
% 0 2p1
0 O 2p2
o [l 1 || —2pa
) \o) \ o
Case p=20
Cs = Thread [{p1’p2’p31 p4} — {07 07 0, 0}] 3
dCEf/.Cs//MatrixForm
0
0
A1
0
ddCEfr3 = ddCEf[[{1, 2,4}, {1, 2,4}]];
MatrixForm[ddCEfr3]
242 00
0 2X2 0
A
0 0 i

MatrixForm [ddCEfr3/. {Ao —= 1, A1 = 1, Az — 1}]

2445 0 0
0 2 0
0 0 6—12

Stable.

Case p = (0,0,0,a),a #0

Cs = Thread [{pl,p2,p31 p4} - {01 0,0, a}] 5
dCEf/.Cs/ /MatrixForm
0
0
)\1 — 20,)\2

alg
B2
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dCEf/.Cs/.{Xo — 0, A1 — 2a)\2} //MatrixForm
0
0
0
0
ddCEf/.Cs/.{Ao — 0, \1 — 2a)2} //MatrixForm
2X2 0 0 0

0 2\ 0 0

0 0 0 —2X2

0 0 -2\ 0
{Wk0//MatrixForm, Wk1//MatrixForm,
Wk2//MatrixForm}/.Cs/.
{)\0 — 0, A1 — 20)\2}

0 0 0
0 0 0
0 ? 1 ’ —2a
é 0 0

ddCEfW = ddCEf[[{1, 2}, {1, 2}]]/-Cs/.
{Ao —0, A1 — 20)\2};
MatrixForm[ddCEfW]

2X2 0
< 0 2\ )

Stable (take A2 = 1).

Case p = (0,b,d,0), b#0

Cs = Thread [{PI,P21P3,P4} - {0’ b1 d1 0}] 5
dCEf/.Cs//MatrixForm

0

2bA2
A1
—2d )2

dCEf/.Cs/.{\1 — 0, A2 — 0} //MatrixForm
0
0
0
0
ddCEf/.Cs/.{\1 — 0, A2 — 0} //MatrixForm
20 0
B1
0 0 O
0 0 O
0 0 O
{Wk0//MatrixForm, Wk1//MatrixForm,
Wk2//MatrixForm}/.Cs/. {0 — 0, \1 — 0}

0

0

0
Ao
2

0 0 0
0 0 2b
0o |’ 1| 0
0 0 —2d
B = {{al,q3},{a3,42}};
v= {.’l}, dy; 0, by};
v. (ddCEf/.Cs/.{\1 = 0,\2 = 0}) .v
Resolve[

ForAll[{z, y},

v. (ddCEf/.Cs/.{\1 = 0, A2 — 0}) .v ==
{z,y}.B{z,y}l|

22X 4 b2y%Ao

B1 B2
q3 == 0&& B2 # 0&& — 2832 + b*\g ==
&&ﬁl 7& 0&& — q161 +Xo==0
Solve[%, {q1,q2, q3}]
ddCEfW = B/.%[[1]];
MatrixForm[ddCEfW]

2
{{q3 5 0,q2 220 ql g—g}}

A
0 ﬁQO

Stable (take Ao = 1)

Case p = (0,0,b,¢), b #0,
c(eB1+b82) >0
Cs = Thread [{p1,p2, p3,pa} = {0,0,b,c}];

dCEf/.Cs//MatrixForm
0
0
Al - 26)\2
% — 2bAs
dCEf/.Cs/. M1 — 2cha/ A2 = 2c_f'z\2°5//
MatrixForm
0
0
0
0
ddCEf/.Cs/.M — 2cAa/ X2 = £25//
MatArixForAm
a3t 55 0 0 0
0§ 0 0
2
0 0 0 —%
0 0 _ca A
bBa Ba

{Wk0//MatrixForm, Wk1//MatrixForm,
Wk2//MatrixForm}/.Cs/.\1 — 2c)2/.

cio
)\2 — 2820

0
0

0

0
’ —2c
—2b

o
o= oo

ddCERW =
ddCEf[[{1, 2}, {1,2}]]/.Cs/.\1 = 2c)a/.

A2 — Ao .
MatrixForm[ddCEfW]

Ao cAo
( ot O
0 cAo
bB2

MatrixForm [ddCEfW/. Ao — 28]

L0
0 1
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By + cbfz > 0 implies that 1+ 222 >0 (divide through 8 % g 8
by ¢*B1). Stable.
y 1) Stable 0 0 0 0
0 0 0 O
Case p = (0,0,b,¢), b # 0, 0,0,0,0}
< 0 0 1 0
c(eBi+bB2) <0 0 0 0 0
Cs = Thread [{p1, p2, ps, pa} = {0,0,b,c}]; 0 1 1o || o
MatrixForm[HvL/.Cs] 1 0 0
CharacteristicPolynomial[HvL/.Cs, z] Alg. Mult. greater than Geom. Mult. Unstable.

Eigenvalues[HvL/.Cs]

0 5 00 Casepz(bOa, ) b#0
T BL 0 0 0
' 0 ’ 0 0 0
0 o 0 0 Cs = Thread [{pl,pz p3,pa} — {b 0,a, ,gl }] )
oAy o bea? MatrixForm[HvL/.Cs]
52 B1B2 CharacteristicPolynomial[HvL/.Cs, z]
0.0, —Y=c2B1=beBs /—c2p1—bcha Eigenvalues[HvL/.Cs]
v V/B1B2 ’ V/B1B2 0 EL 0 0
If —c(cB1 + bB2)>0, then we have positive eigenvalue. 0 01 b b
B1 B2
Hence unstable. 0O 0 0 o
Assume —c (¢f1 + bB2)=0 0o X o0 o0
4 bQZIZ
T B1B2
Subcase ¢ = 0 {0 0 —_ b __ #}
Cs = Thread [{p1, p2, ps, pa} — {0,0,b,0}}; Positive eigenvalue. Hence unstable.
MatrixForm[HvL/.Cs]
ES = Eigensystem[HvL/.Cs];
Evalues = ES[[1]] C.10 Graph for Case 1la
Evectors = {MatrixForm[ES[[2, 1]]],
MatrixForm[ES[[2, 2]]], MatrixForm[ES[[2, 3]]], ClearAll["Global’*"]
MatrixForm[ES][[2, 4]]]}
0 0 0 O h = 0.5;
7 000 BrL=3;
0 0 0 0 B2 =1;
0 0 0 O p3=1;
{0,0,0,0} c—2h,81+ £2p3® +0.5;
0 0 1 0
o’ 1|l o[ oO Type test
1 0 0 0
Alg. Mult. greater than Geom. Mult. Unstable.
{2h/31, 523 }
2hp1 > —2p3
Subcase ¢ = ——b P
%’»7 5)
ue
Cs = Thread [{pl,pz,ps,m} - {0, 0,0, —g—';‘b}] ;

MatrixForm[HvL/.Cs]

ES = Eigensystem[HvL/.Cs];
Evalues = ESJ[[1]]

Evectors = {MatrixForm[ES|[2, 1]]], el = 2.5;

MatrixForm[ES[[2, 2]]], MatrixForm[ES[[2, 3]]], Esl = ParametricPlot3D|
Ma.trixForm[ES[[2, 4]]]} {{0’ 2, 0}’ {01 ) 0}}’ {Z, OS: 3}’

Equilibrium points
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PlotStyle — Directive[Blue, Thick],
Boxed — False];
Esn0 = ParametricPlot3D][

{{0’ 01 Z}, {0, 01 -z — %fpii}} 3 {Z, OS’ el}’
PlotStyle — Directive[Blue, Thick],
Boxed — False];

Eul = ParametricPlot3D[

{{z) 01 :ﬁélzp3} ) {—Z, 01 %E;ZPS}} )
{z, Os,el},

PlotStyle — Directive[Thick, Red],
Boxed — False];

Eun0 = ParametricPlot3D[{0, 0, 2},

{Z7 _g%p31 0} )

PlotStyle — Directive[Thick, Red],
Boxed — False];

EunOp = ListPointPlot3D|

{{0’ 0: 0}) {0, 0) _%IB}} )
PlotStyle — Directive[Red,
PointSize[Large]]];

Hamiltonian

hl = 2.5;
Ha = ParametricPlot3D|

{\/2h,BlCos[9], 2, \/2h,328in[0]} ,
{6, —m, 7}, {2z, —hl, h1}, Mesh — 8];

Casimir

cl = 2.6;
Ca = ParametricPlot3D][

{'rCos[G], rSin[6), r3-¢ } ,{0,—m,m},

2p3
{r,0,cl}, Mesh — 10];

Intersection

ISntR [= {V2hB1Cos[d), y, v/2hB2Sin[6] } /.
olve

2hp1(Cos[0]))"2 + y"2—

2p3v/2hB2Sin[0) == ¢, {y}]

{{1.7320500s[9], —1.4/3.83333 — 3.Cos[0]2 + 2.Sin[0],

1.Sin[6]}, {1.73205Cos[6],

\/3.83333 — 3.Cos[0]% + 2.5m[d], 1.Sin[9}}}

Intl = ParametricPlot3D[IntR, {0, —7, 7},
Axes — False,

PlotStyle — Directive[Thick, Black],

Axes — False, Boxed — False];

Vector field on intersection

Vpa = Flatten[Table[IntR, {6, —7, 7, 7/5}], 1];
Vp={};

For[i = 1,¢ < Length[Vpa), i++,
If[im[Vpa([i]]] == {0,0,0},

Vp = Append[Vp, Vpal[[i]]]]

Field = VectorPlot3D|
{Be=(r+2)
%} ) {.’I), _5’ 5}1 {y’ _5a 5}, {Z, _55 5}’

VectorPoints — Vp, VectorScale — Medium,
VectorStyle — Green];

Stereographic plots

pr = 2.8;

View = {3Pi/2.8, Pi/3,2};

Viewv = {0,0,1};

Opts = {ViewVertical — Viewv,
ViewPoint — View, Axes — True,
BoxRatios — {1,1,1},

PlotRange — {{—pr, pr}, {—pr, pr},
{—pr, pr}}, Boxed — False,
ImageSize — Medium,

AxesLabel — {nEi‘ n’ nE; n, uEZ n} ,
LabelStyle — Directive[Medium)],
AxeSEdge - {{11 _l}a {11 _1}1 {17 _1}}1
FaceGrids — {{-1,0, 0}, {0, -1, 0},
{01 0, - 1}}’

TicksStyle — Directive[Medium] };
Show[Eq, Ca, Ha, Int1, Opts]
Show[Eq, Int1, Field, Opts]

Graphics shown in figure 4.5a.

C.11 Integration of Case la

Note that the Jacobi elliptic functions in Math-
ematica use the modulus k squared as their
second parameter. For example sn(z, k) is re-
presented as JacobiSN|[z, k2] in Mathematica.

ClearAll["Global’*"]

Basic setup

cc[A_,B]:=A.B — B.A;
m[x_, y-,2-, 0—] =

{{1, —zCos[6] + ySin[6],
zSin[0] + yCos[d], —2z, 0},
{Oa COS[G]’ _Sin[o]a Y, O}a
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{0, Sin[6], Cos[6], z, 0},

{0’ 0’ 05 1’ 0}’ {0’ 07 0’ 01 EXp[G]}},

M [X_, Y- 2-, 0-]:=

{{01 -y, —22, 0}1 {0, 0’ _0, Y, 0},
{0’ 0’ 0’ x’ 0}, {0’ 0’ 07 0’ 0}’

{0, 0,0,0, 0}};

El = M[l,O, 0, 0];E2 = M[O, 1,0, 0];
E3 = MJ0,0,1,0]; E4 = M[0,0,0,1];
Base = {E1,E2,E3,E4};
Minv[MM_]:=

{MM{[3]]([4]], MM[[2]][[4]],

S MM[1]]([4]], MM([3]][[2]]} ;
Minv[M |z, y, 2,0]]

{.%‘, Y, 2, 0}

E = {w1, u2};

x = {u1,u2} .DiagonalMatrix [{B1, B2}] .
{u1,u2}

H = {p1,ps} E+vx/v— _Tl

Ca = p1% + p2® — 2p3ps

uifi + u3fa

prur + pauz + 5 (—uiB — u3pa)
P+ 3 — 2paps

Extremal equations

{D [Haul] ,D[H,U2]}
{p1 —u1B1,ps —uzB2}

Us = Solve [{D [H,u1] == 0, D [H, u2] == 0},

{u1,u2}]

p1 D4
{{ul — 51’u2 — ﬁ2}}

Hmax = (FullSimplify[H /.Us[[1]]])

1 2 2

(55

DHmax = FullSimplify|

{D [Hma‘x7p1] ) D [HmaX,Pz] ) D [Hma‘xa Ps] )
D [Hmax, p4] }];

Del = FullSimplify|[
Minv[—cc[E1, DHmax.Base]].
{p11p2’p37p4}] 5

De2 = FullSimplify[
Minv[—cc[E2, DHmax.Base]|.
{p11p2’p37p4}] 5

De3 = FullSimplify|[
Minv[—cc[E3, DHmax.Base]|.
{p11p2’p37p4}] 5

De4 = FullSimplify|[
Minv[—cc[E4, DHmax.Base]|.
{p11p2’p37p4}] 5

MatrixForm [{p1==Del, po==De2,
3 == De3, ps==Ded}|

UE == Us[[1]]

GD == EZ/.Us|[[1]]

p2pP4

b1 ==~ B2

P2 == p1 (% + %)
s p1p2
Ps== "5,

UE == {ul — %ﬂm — ﬂ}

B2
GD == {2, s}

Assumptions

Assump = {¢>0,h>0,p> 0,51 >0,
B2 > 0,2hB1 > 827, ¢ > 2hB1 + 527,
c? — 8hp?Ba >0,\/m—c<0,
c— 2p2gf >0,

VA —8hp?B2 — c+252p° > 0,6 > 0,

6—c<0,6—c+2§§p2>0};

ov = +/c2 — 8hp?P2;

Reduction into standard form

coeff = ég;
X1 =pi + (c+2pps — 2hB1) 52

X2 = —pj + 2hpa;

w2 = coeffX1X2
(—Pi+2hﬁ2) (P:‘H' (c+2pp4ﬂi2}Lﬂl)ﬂ2 )
5

al = Coefficient [X1, p4, 2] ;

bl = 2Coefficient [X1, ps, 1];

cl = Coefficient [X1, p4, 0] //Simplify;
a2 = Coefficient [X2, p4, 2] ;

b2 = 2Coefficient [X2, ps, 1] ;

c2 = Coefficient [X2, p4, 0] ;

Simplify [(al - :—zl,a2) (cl - :—éc2) -
(b1 — 21b2) *2]

P83
2

Rts = FullSimplify|
Solve|
(al — Aa2)(cl — Ac2) — (bl — Ab2)"2 ==
0, \], Assumpl;
A1 = A/.Res[[1]]([1]];
A2 = A/.Res[[2]][[1]];
{Al/.JV — 5, )\2/.5V — 6}
{ c—86—4hB1 c+5—4hpBy }
4hB, 0 4hpB
(rts1 = FullSimplify|

Solve [(Fuusimplify [M]) —

al—Aja2
0, p4] , Assump)) /.6v — &
(rts2 = FullSimplify|
Solve [(FullSimplify [M]) —

al—Aga2
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0, p4], Assump]) /.6v — &
(r1 = pa/ xts1[[1]][[1]]) /.6v — &
(r2 = pa/.rts2[[1]][[1]]) /.6v — &

e I B Ui}
S R

_ct+6

(Xl —_ /\1X2) —_ (al —_ /\13,2) (p4 —_ 1‘1) 2//
Simplify

0

X1 — A2X2 — (al — A2a2) (ps — r2) 2//
Simplify

0

A, = Together [FullSmehfy [M
Assump]];

Together [Simplify [%/.6v> — 62, Assump] |

—cB1+6B1+2p% B2
2681

As = Together [FllllSimphfy [M

Assump]];
Together [Simplify [%/.6v> — 62, Assump] ]

=5

2
B; = Together [FuuSimplify [%’
Assump]);

Together [Simplify [% /.6v: — 62, Assump]]
cB1+6B1—2p>B2
2081

B> = Together [FullSimplifY [%’

Assump]];
Together [Simplify [% /.0v2 — 82, Assump]]
—c—9

(AQf (pa — 1) "2+ B1 (pa — 12) "2)
(A2 (ps —71) "2+ Bz (pa — 2) "2) — X1X2//

Simplify
0

Simplifications for final form

FullSimplify [(n —r2) VA1 A, Assump] ;
Simplify [%/.6v* — 6%, Assump)|
/A A,

P
Qv = S1mphfy [(7‘2 —_ 7‘1) ‘3—12\/ A2Bl — Ale,
Assump];
Simplify [%/.6v> — 62, Assump|

[
B1B2
kv = Simplify [ Télz—%;m’ Assump] ;

Simplify [%/ v — 82, Assump]

[—ct5+4ahpy
5

V2
kdv = Simplify [\/1 e Assump] :
Simplify [%/ B2 — 82, Assump]
A

V2
Simplify [r1/.6v* — 6%, Assump]

_ctd
2p

Simplify [Simplify [ _TB:L,Assump] /-
2 — 82, Assump]

c+d
c—0

Simplify [Simplify [m \/% , Assump] /-

2 — 82, Assump]

VE—52
2p

Prospective integral curves

A {c2_52
- 2

P
—Ve=3+V/cF3JacobiCN[Qt,k?] |
Vc+8—+/c—8JacobiCN[t,k2]

Substitution rules
JsubsDN =

{JacobisN [0, k2]

5 (1 — JacobiDN [Qt, k2]2) ,
JacobiCN [t9, k2]*

7 (JacobiDN [0¢,k%]" + k2 1) };
JsubsCN =

{JacobisN [0, k2]

1 — JacobiCN [0, %],
JacobiDN [tQ2, k2]

K? JacobiCN [0t,k]” + 1 K} ;
Example:

JacobiDN [, k?]? /.JsubsCN

1 — k? + k®JacobiCN [t9, k2]
%/ .JsubsDN

JacobiDN [tQ2, k2]

Solving for p;
226% /5 — 5v//Simplify

4p? B2
2h y
Simplify [i—p%ﬂl - g—;p4’\2, Assump]

5(—c?+5?) (—1+JacobiCN[m,k2l2)51
02 (VeTs—+/c—5JacobiCN[t2,k2])° 82
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INTEGRATION OF CASE 1A

{,5 2 _52
pl =02 (c )ﬂl
V282
Ja.cobnSN[Qt k2]
Vetd—+/e— Ja.coblCN[Qt k2]

2-52
Simplify [ B1 }7;7 40°B2 78, /02> 1,

Assump)]
5(c?-62) (—1+JacobiCN[tQ,k2]2+JacobiSN [t2,k2] 2)
2p2(\/c+5—\/c—éJacol)iCN[tﬂ,kQ})2[32

Solving for po

Simplify [Together [c + 2ppd — p12] s
Assump]/.JsubsDN /.03 — 1/.
k—kv/.6 - bv;
Simplify[%, Assump];
Simplify [%/.kv? — k?/.6v® — 82,
Assump]
252 JacobiDN[t02, k2]

(\/mf\/ci]acoblcN[tﬂ kQ])Z

9 V/26JacobiDN[Qt,k?]
P = 08 s —Vo—8JacobiON[ 02t k2]
Simplify [p1? + p2® — 2pp4 — ¢/.
{o2 = 1,03 — 1}, Assump] /.
JsubsCN/.k — kv/.6 — év//
Simplify
0

Integral curve test

Simplify [(D[pl,t] + (ﬁ—lzp2p4)) ,Assump] /.

JsubsCN;

Simplify [%/.k* — kv?/.6 = 6v/.Q = Qv,
Assump];

Simplify [%/ h— &5 _5 Assump]
DCondl = %;

Simplify [(D[p4, t] — (ﬁ—llplp2)) ,Assump] /-

JsubsCN;

Simplify [%/.k> — kv®/.6 — 6v/.Q — Qv,
Assump];

Simplify [%/ h— £~ _'5 Assump]
DCond2 = %;

Simplify [(D[p2, t] - (pl (ﬁer ,g—lzp4))) ,
Assump]/.JsubsCN;

Simplify[%/.k — kv/.0 — 6v/.Q — Qv,
Assump];

Simplify [%/ h— $372 i Assump] ;

8p2p2°
DCond3 = Simplify[%, Assump];
DConds = {DCond1, DCond2, DCond3};

Simplify|

DConds/. {{o2 = 1,03 — —1},
{o2 & —1,03 - 1}},6 > 0]
{{0,0,0},{0,0,0}}

Specifically:

SimpSub = — Ot,

t
(7=
(c—6)((c+6)31 292/32) k2

45p2 B2
DCond1/.SimpSub
5((7c+6)\/erm(chS)JacobiCN[tQ,kz})
ﬁp(\/c-T(s—m.lacobiCN[tn,k?])z/sQ

x JacobiDN [m, kﬂ (02 + 03)

DCond2/.SimpSub
53/2 JacobiDN[t2,k2 ] JacobisN 12, k2] | % (140503)

(m, \/e—8JacobiCN [m kz])
DCond3/.SimpSub

_ (JacobiSN [m, kﬂ (ﬂg (c (c—3)0B2 + /(c — 5)53[32) oo
-3 25 JacobiCN [tQ, k2] (61 ( - 62\/5(6 + 5)53
+ /65 (c+ 0)83) — 207 (_c\/a<c +6)85 + /63 (c+ 6)[35’) )

X (02 +03) — ﬁ(CJr 5)V/ (e — 5)552( —2p%Ba03
+(c = 8)B1 (o2 +03)))>

?

/<\/§ (W — /& = 8JacobiCN {tQ, k2])2 \/ﬂ[ﬁ)

Numerical verification

Clear All["Global*"]

h = 0.5;

Br=3;

B2=1;

p=1

c=2hp1 + 52p* +0.5;

=4/ - 8hﬂ2.32;

5.
Q=\mm
o=1;

k — —c+6+4hp; .
vV 26 ’
denom =

Ve + 68 — Ve — 8JacobiCN [Qt, k%] ;
‘/6(c2 62)31 JacoblSN[Qt k2]

pl =-0 pV2B2 denom
9 — V26JacobiDN[Qt,k?]
Pa=0—4q0om
3{c2 —62
—\/-:T +\/cT JacobiCN[Qt, k2]
denom

Numerical solution

p0 = {p1,p2,p4}/.{t = 0};
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ns = NDSolve[

{Dip1nf], ) == F2penltip4nit,
Dip2nft], ] == pinft] (£ + B424),
D[p4n[t], t] —_ pln tB;132n|t ,

p1n[0] == pO[[1]], p2n[0] == pO[[2]],
p4n[0] == pO[[3]]},

{p1n[t], p2n[t], p4n[t]},

{t,—10,10}];

Comparison

ERRn =

(plnft] - p1)? + (p2nt] — p2)*+
(p4n[t] — p4)?/.ns;
Plot[{ERRn}, {t, —10, 10}]

8.x10° 8
6.x10° 3

4.x10°8

2.x10°8

~10 5 5 10
Max[Table[ERRn, {t, —10, 10,0.01}]]
9.3022x 1013

$MachineEpsilon

2.22045x10716

($MachineEpsilon gives the difference between 1.0 and

the next-nearest number representable as a machine-

precision number.)
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