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Abstract

On the Wiener index of bicyclic graphs and graphs
with fixed segment sequence

S. Xhanti

Dissertation: Masters
2021

Wiener index is defined as the sum of the distances between all un-
ordered pairs of vertices in a graph. The study of the Wiener index
is motivated by its application in chemistry. This thesis focuses on
finding extremal bicyclic graphs relative to Wiener index under var-
ious conditions such as fixed circumference (length of the longest
cycle) or fixed size of the core (maximal subgraph with no degree
less than 2). A segment of a graph G is either a path whose end
vertices have degree 1 or at least 3 in G and all the internal vertices
have degree 2 in G, or a cycle where all the vertices have degree 2
in G except possibly one. The lengths of all the segments of G form
it segment sequence. We also discuss extremal graphs with given
segment sequence.
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1 Introduction

A graph G is an ordered pair of sets G = (V(G), E(G)), where each
element of £(G) is a 2-element subset of V(G). We call the elements
of the sets V(G) and E(G) vertices and edges respectively. The total
number of vertices in a graph G will be represented by ng or the
usual |V (G)|. In a drawing of a graph, the vertices are usually repre-
sented with dots while the edges are represented with lines joining
the dots. See Figure 1.1 for an example.

Figure 1.1: The graph ({A,B,C,D}{{A,B},{A,C},{A,D},{B,C}L{B,D},{C,D}})

There are many applications of graph theory. One example of such
applications would be modelling molecules as graphs. In this exam-
ple, vertices are atoms and edges usually represent chemical bonds
between atoms.

Every graph in this thesis is finite simple and undirected. That is,
the total number of vertices and edges in a graph is finite, each pair
of vertices in G is connected by at most one edge, and all the edges
in G are not directed.

In a graph, two vertices are said to be adjacent if there is an edge
connecting them, and two edges are said to be adjacent if they share
a common vertex. A vertex is said to be incident to the edge if it is
one of the end points of that edge.
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Definition 1.1 A path is a graph representation of an alternating se-
quence vy, ey, v9, €, . .., Uk, €k, Ur+1 Of distinct vertices and edges, where
the edge e; is incident to v; and v, for all i. A path with n vertices
is denoted by P,, see Figure 1.2 for P5. P;(u,v) is the set of all paths
from « to v in a graph G.

P5

Figure 1.2: Path with 5 vertices

Definition 1.2 The length [(F,) of a path P, is defined as the num-
ber of edges in it. Also the length of a path with n vertces is defined
as the number of edges in it.

Definition 1.3 A graph is said to be connected if there is a path
between every two vertices in the graph. That is, G is connected if
Pg(u,v) # 0 for any u,v € V(G).

Definition 1.4 A cycle is a graph obtained by adding an edge that
joins the two ends of a path with at least 3 vertices. A cycle with
n vertices is denoted by C,, see Figure 1.3 for cycles with 4, 5 and
6 vertices. The length of a cycle is the number of edges in it. A
unicyclic graph is a connected graph containing exactly one cycle.

Figure 1.3: Cycles with 4, 5, and 6 vertices

Definition 1.5 Let G and H be simple graphs, H is called a sub-
graph of G if V(H) C V(G) and E(H) C E(G).
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Definition 1.6 An acyclic graph is a graph without a cycle as a sub-
graph. A tree is a connected acyclic graph, see Figure 1.4 for an
example. A star is a special n-vertex tree with n — 1 leaves (vertices of
degree at most 1). A star with n vertices is denoted by §,,, see Figure
1.5 for stars with 4, 5, 6, and 7 vertices.

Figure 1.4: Trees T"and H

Figure 1.5: Star graphs

Definition 1.7 A bicyclic graph B = (V, F) is a connected graph such
that |E| = |V|+ 1. A strictly bicyclic graph is a bicyclic graph with an
additional property that it contains exactly two cycles.

The graph in Figure 1.6 (a) is not a strictly bicyclic graph since it
contains three cycles: the pentagon, the square and the triangle.
But the graph in Figure 1.6 (b) is a stricly bicyclic graph because it
contains exactly two cycles.

Definition 1.8 The distance d;(u,v) between two vertices v and v in
a graph G is defined to be the length of the shortest path between
u and v. That is, dg(u,v) = min{l(P) : P € Ps(u,v)}. When there can
be no confusion, we simply write d(u,v) instead. In Figure 1.6 (a)
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Figure 1.6: A bicyclic graph and a strictly bicyclic graph

the shortest path between vertices v and v consists of just two edges
hence d(u,v) = 2.

We are now ready to define the Wiener index of a graph.

Definition 1.9 The Wiener index of a graph G, is defined to be

W(G) = > delu,v),

u,veV(G)

where the sum goes over all the unordered pair of vertices.

Harold Wiener discovered that this Wiener index can actually be
used to describe physico-chemical properties of substances. To be
more precise, around 1947 he published a paper [18] titled “struc-
tural determination of paraffin boiling points”. In that paper he was
able to find the correlation between the boiling points of paraffin and
the structure of molecules.

Since that discovery mathematicians have been studying Wiener in-
dex. The study of Wiener index has grown beyond the molecular
structures that were initially studied. Mathematicians have pushed
the study to graphs that cannot represent a molecular structure.
Most of these works consist of finding graphs with minimum (resp.
maximum) Wiener index in a given set of graphs; we call such a
graph a minimal (resp. maximal) graph.

The Wiener index of trees and unicyclic graphs have been studied
extensively, see [4] and [19] for example. It is already known that,
if we only consider the family of trees with fixed order n, the max-
imum and minimum Wiener index is attained by the path P, and
the star S, respectively, see [4], specifically Equation 3. Let L, be
the graph obtained by identifying a vertex of C; with one end vertex
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of P,_p11. Let H,; be the graph obtained from C} by adding n — k
pendent vertices to a vertex of (. Now if we consider the set U, ; of
unicyclic graphs with cycle of length £ and order n then L, , and H,
are found to be extremal relative to Wiener index, see Theorem 1.1
in [19]. See also [3,6-8, 12-14] for cases dealing with various other
conditions imposed.

Researchers started to show interest in the Wiener index of bicyclic
graphs. Let G be a connected graph with vertex set V(G) and edge
set F(G). Two edges in F(G) are independent if they are not adjacent
in G. A matching of G is a set of pairwise independent edges, while
a maximum matching of G is a matching with maximum cardinal-
ity and the matching number of G is the cardinality of a maximum
matching. Let v € V(G) and M be a matching of G. If v is incident to
an edge in M, then v is called saturated by M. If each vertex in V(G)
is saturated by M, then M is called a perfect matching of G.

Let a, s and ¢ be postive integers such that a,q > 3. Let P,o,
P;i» and P,, be paths of length a + 2, s + 2 and ¢ + 2, respec-
tively. Let u,u’ € V(P.;2), v,v" € V(Psys) and w,w’ € V(P,;2) such that
deg(u) =deg(u') =deg(v) =deg(v') =deg(w) =deg(w') = 1. Then Bj(a, s, q)
is a graph formed by merging v with v and w and then merging u'
with v" and w'. Let C,, C, and P, be cycles and path of length a, ¢ and
s, respectively. Let z € V(C,), ' € V(C,) and y,y € V(P,) such that
deg(y) = deg(y') = 1. By(a,s,q) is a graph formed by merging z with y
and z' with y'. The core of a bicyclic graph G is the minimal bicyclic
subgraph of G. For k > 5, write

J(k) ={Bi(a,s,q) 1 a>q>s,aq#0,a+q+s+2=k}

Let 0(m) denote the set of all bicyclic graphs with 2m vertices and
perfect matching. C,,,, is a graph formed from r Cs’s, m —r — 1
Pys and n — 2m + 1 P)’s as follows: Identify a vertex in each of the
3—vertex cycles, identify one vertex of degree one in each of the paths
then merge all the identified vertices.

Tan showed in [11] that if £ > 5, then

By ([552] 552 k-2 - [52] — [£52]) and B, (542 552 552) with & = 2
mod 3) are all graphs with minimum Wiener index in J(k). In the
same paper [11], it is also known that: (i) Cs3. and B;(2,1,1) are
all graphs with minimum Wiener index in 6(3). (ii) Cs4. and C,,
are all graphs with minimum Wiener index in 6(4). (iii) Cy,, 2 is the
unique graph with the minimum Wiener index in 6(m) for m > 5. For
more on this, see [11]. For more results on Wiener index of bicyclic

graphs, one can also see [5,9, 16]. We decided to put our focus on



CHAPTER 1. INTRODUCTION 8

bicyclic graphs, for which not many results have been reported yet.

We will first present preliminaries chapter dedicated to lemmas from
other articles that we need for the other chapters. The main work
starts in Section 3.1, where we will be studying bicyclic graphs with
given circumference. We will first find a graph in that set that mini-
mizes the Wiener index. Then we try to find a graph that maximizes
the Wiener index in that set. We will then proceed to Section 3.2,
where we will be studying the set of graphs under the condition that
the core size is fixed. In that section we will only find the graph that
maximizes the Wiener index. Finally, in Chapter 4 we will focus on
finding extremal graphs with given segment sequence. We will first
study graphs of long segments (graphs with all segments of length at
least 3) seperately and later study graphs of short segments (graphs
with all segments of length less than or equal 2). This chapter does
not only contain results on bicyclic graphs but also results on graphs
in general.

In most cases, we iterate selected graph transformations. Then we
find explicit expressions of the Wiener indices of graphs for which
the transformation cannot be applied. Extremal graphs are found
after comparison of these expressions.



2 Preliminaries

In this chapter we present known lemmas that will be useful for us.

The following two lemmas are well-known and will be playing a huge
role in this thesis.

Lemma 2.1 [1] Let a,d € R. Let (a,) be the arithmetic sequence de-
fined by a; = a+ (i — 1)d. Then

Zaz_ [2a + (n — 1)d).

nn+1)2n+1) .

Lemma 2.2 [1] For all positive integers n we have Z j% =

=1

6

The formulas in Lemmas 2.3 and 2.4 will be needed to get explicit
formulas of more complicated graphs.

Lemma 2.3 [2] The Wiener index of a path P, is given by:

(n+1)!  n’—n

_ (n+1) _
W) = (") = n—2)! 6 2-1)
And the Wiener index of a star with n vertices is given by:
W(S,) = (n—1)2 (2.2)

Proof. To see why Equation (2.1) is true, first label vertices of a path
from one end to the other end as vy, vy, ..., v,. Then using Lemmas 2.1
and 2.2 we obtain

n—1 n
Z d(u,v) Z Z d(vj, v;)
uweV (Pp) j=1 i=j+1
1

n—3
:Zj+2j+2j+---+21
j=1 j=1 j=1

j=1



CHAPTER 2. PRELIMINARIES 10

:n_l j:ill%(iﬂ)} :% [§i2+§i

=1 =1

n—1

; + 5 [2+(n—2)(1)]}

— =
—~
S
|
[u—
N
3
—~~
o |
—~
S
|
—_
N
+
—_
P

as in Equation (2.1).

For Equation (2.2) we note that there are n — 1 leaves of distance
-1
1 from the vertex in the center, plus 2(” 5 > contribution of dis-

tances between leaves to give:

W(Sn):n—1+2(n;1) —n—1+(n-2)(n-1)

=n-1D1+n-2)=(n—-1)>3

which completes the proof. O

Lemma 2.4 [17] The Wiener index of a cycle C,, is given by:

n if nis even,
n(n?—1) ifnisodd.

The following lemma on unicyclic graphs will be needed in Section
3.2.

Lemma 2.5 [17] Let C = C3 and P = P,_, where n is a natural num-
ber greater than or equal to 3. Let u € V(C), v be an end of P and
H be a graph formed by merging v and v. Then among the set of all
unicyclic graphs of order n, H attains maximum Wiener index.



3 Bicyclic Graphs

We noted the papers [5,9, 11, 16] that study Wiener index of bicyclic
graphs. In this chapter we continue this line of research by investi-
gating the Wiener index of bicyclic graphs with additional properties.

3.1 Fixed Circumference

Definition 3.1 Let G be a connected graph, the circumference of G
is the length of the longest cycle in G. If G does not contain a cycle
then the circumference is zero.

In this section we will be focussing on finding extremal bicyclic graph
with given circumference and order, in other words the circumfer-
ence and order are fixed and everything else is allowed to change.
The first part will be based on finding minimal graph(s) then we pro-
ceed to finding maximal graph(s).

Definition 3.2 Suppose that each of H and F' is a connected graph,
v € V(H) and w € V(F). Then define H,,F as a graph formed
by merging v and w. When it is neccessary to do so, we write
G=(H)yw(F), G=Hy(F)or G=(H),,F tomean that G = H,,,F.

We define
fo(u nguv)andfgﬂu nguv

veV(G) veV(H

for fixed vertex u € V(G) and fixed subgraph H of G.

The next lemma essentially means that moving branches of a graph
G from a vertex w to another vertex u increases the Wiener index if
fo(w) is smaller than fg(u).

Lemma 3.3 [15, Theorem 2.2]
Suppose each of H, ' and J is a connected graph with v € V(H),
u,we V(F)and z € V(J). If fr(w) < fr(u) then

W(HquwzJ) Z W(vaszJ)u

11
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with strict inequality if 1 < ny,ny and dg(u,w) > 0.

12

Proof. Let np = |V(F)|,n; = |V(J)|,nyg = |V(H)|, G = Hy.Fy.J and

G* = H,,F,.J, then

W(G) — W(G")

o eV(H) v eV (H)
W eV(i-z) W eV(I-z)

[(np = D) fu(v) + (nu = V) fr(w) = ((np = 1) fu(v) + (ng — 1) fr(w))]

+[(ng = 1) fs(2) + (ng = 1) fa(v) + (ng — 1)(ny — 1)da(u, w)

= ((na = 1) f5(2) + (ng — 1) fu(v))]

= [(ne = 1) (fr(v) = fr(w)) + (np = ) (fu(v) = fu(v))]
+[(ng = D(fs(2) = f2(2)) + (ns = D)(fu(v) = fu(v))

+ (ng — 1)(ny — 1)dg(u, w)]

= (nH - 1)(fF(u) - fF(U))> + (nH - 1)(7”&] - 1)dg(u,w) > 0.

If ny,ng > 1 and dr(u,w) > 0 then the last term is positive, hence we

get a strict inequality.

g

Lemma 3.4 Suppose each of F', H and J is a connected graph with
ueV(F),veV(H)andu v € V(J). If f;(u') > f;(v') and np > ny then

W(Fuu J’U ’U'H) > W(H’UU J’U ’lLF)

Proof. Let d(v',v') = a, then

W(E, J., H) — W(F)—W(J)—W(H)

Z d(u,v) Z d(u,v) + Z d(u,v)
ueV (F) ueV (F) ueV(J)
veV(J/) veV(E/I) ) veV(I{)
U,VFU {u,v}¢{u v } u,VFV

= (np — 1) f5 () + (ng — 1) fe(u) + (np — 1) fu(v)

(ng —1) Z d(v',v) + (ny = 1) fu(v) + (g — 1) f5(v)

veV(F)
v;éul

(3.1)
(3.2)
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= (np = 1) fs() + (ng = 1) fr(u) + (np = 1) fu(v)
+ (nu — 1) Z (d(u',v) +a) + (ny = 1) fu(v)

vev(l;“)
vu

+ (ng — 1) f5(v')

= (nrp =1 fs(w)+ (ng— D fr(u) + (np — 1) fu(v)

+ (ng — 1) fr(u) + (ng — )(np — Da+ (ny — 1) fu(v)

+ (ng — 1) fs(v')
Note that:
(nw—1) Y (d(u’, V) + a) = (ngg — 1) fr() + (g — (np — Da.

VeV (F)

v

After swapping H and F in W(F,/J, H)—W(F)—-W(J) - W(H) we
get the following:

W (H,,J, F)— W(H) = W(J) = W(F)

U v Uu

= (np — 1) f;(v') + (ng — 1) fr(u) + (np — 1) fu(v) + (np — 1) (ng — 1)a
+ (ng — 1) fr(w) + (ng — 1) fu(v) + (ng — 1) f5(u).

This implies that:

W(E g H) = W (H,yJ F)

= |(nr = V£5) = (= DF0D)] + [ = D) = (o = 1))
= (np = 1) [fo() = f5)] = (nr = 1) [ £2) = £50)]

= (nr =) | £2(0) = f2(0)] 2 0.

Hence W(F, J , H) > W(H, J  F). O

uY v v VU v u

Lemma 3.5 Suppose each of F', H and J is a connected graph with
ueV(F),v,wecV(H)andu',v € V(J). Letd(u',v') = a, d(v,w) = b. If

(@ f1(0) + fu(w) > f1(u) + fu(v),
(i) and (n; —1)b > (ng — 1)a,

then W(F, ,J, H) < W(J,HyoF).

uu v v



CHAPTER 3. BICYCLIC GRAPHS 14

Proof. Following from equations (3.1) and (3.2), we have

W(E,Jy H) = W(EF) = W(J) - W(H)

= (np— 1) fs(u) + (ng = 1) fr(u) + (np — 1) fr(v) + (ng — 1) fr(u)
+ (g — D(np — Da+ (ny — 1) fu() + (ng — 1) f,(0),

W (Jy HouF) — W(J) = W(H) — W(F)

= (ny = D fu@) + (ng = 1) f(0) + (ng = 1) fr(u) + (np — 1) f5(v)
+(np—1)(n; =1b+ (ng — 1) fr(uw) + (np — 1) fa(w)

and then

Hence W(F,J,  H)

uY v v

A
=
<~
5
<
=
O

3.1.1 Minimal Graphs

Definition 3.6 Let C, be a cycle of length g, and w,w" € V(C,) such
that {w,w'} ¢ E(C,) and k = d¢,(w,w'), then we define B, ,;; as an
n-vertex graph formed from C, by adding a new path of length [ < k&
starting from w ending at w' and then adding n — g — [ + 1 pendent
vertices in w, see Figure 3.1 for Bg;2;1.

Remark 3.7 It should be noted that k < g — k since k = d¢, (w,w).

Lemma 3.8 Let A = {vy,...,v,} be the set of all vertices of degree 1 in
B, 4.k, for some non-negative integer m. Let G = B,, 4 .1 —v1—V2—" * - —Vp,.
If z € V(G) and deg(z) = 3 then fg(z) < fo(u) for all u € V(G), with
equality if deg(u) = 3.

Proof. Let w,w' € V(G) such that w # v’ and deg(w) = deg(w’) = 3.
Let L, K and R be the three segments of length /, k¥ and g — k in G,
respectively. Then let B!, B*¥ and B?* be the set of all the vertices in
L, K and R, respectively. Each of B!, B* and B9~ includes w and ',
that is B' N B* N BI* = {w,w'}.
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Let ¢' and C” be the two cycles made of vertices in B* U B! and
B'U Bg ’“, respectlvely Then for every pair of vertices u,v € V(C")
and u',v € V(C"), fo(u) = for(v) and for(v') = for(v'). Also for ev-
ery pair of vertices v € B* and v € B9*, the shortest path from u
to v passes through w or w'. Since k > [ and g — k > [, then for all
r € B*U B97* there exists #' € B! such that dg(z,w) > dg(z',w) and
de(z,w') > dg(2z',w'). At least one of the two inequalities is strict if
k>land g —k > [. Hence fq(z) < fg(2) for all 2" in G can only hold
for some z € B!, for some t = .

All is left to show is that fq(w) = fo(w') < fa(y) for all y € B'. But
fa(w) = fa(w') = for(w)+ fer(w) = fpi(w), fa(y) = for W)+ for () = fm1(y),
for(y) = for(w) and for(y) = for(w). Then we only need to show that

da(y,w) da(y

Foi(y) < fo(w). Since fp(w) = fo(w Zr F(y Z r+ Z r

and dg(y,w) + de(y,w') = I, then fg(w ) 2 fri(y) and that concludes
the proof. O

Definition 3.9 R, ,; is an n-vertex bicyclic graph consisting of ex-
actly two cycles C, and C; of lengths g and [, respectively, such that
V(Cy) NV (C)) ={w}, g >l and n — g — [ + 1 pendent vertices attached
to the vertex w. In other words w is the only cut vertex of R, ,;, see
Figure 3.1 for Ry 4.

Figure 3.1: Bg75,271 and R97473
The following lemma is a special case of Lemma 3.4 with H being a
single vertex.

Lemma 3.10 Suppose each of F' and H is a connected graph with
ueV(H) andv,w € V(F). Let G = H,F, and G' = H,,,F, if
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fr(v) > fr(w) then W(G) > W(G).

Lemma 3.3 tells us that a minimal bicyclic graph needs to have at
most one cut vertex. To see why this statement is true, let G be
a connected bicyclic graph. Suppose that G has at least two cut
vertices. Let v and w be two of the cut vertices of G. Then G =
H,.F,.J, with each of H, F' and J a connected graph, v € V(H), u,w €
V(F) and z € V(J). By Lemma 3.3, this contradicts the minimality
of G. Hence G has at most one cut vertex. Now suppose G has
a cut vertex u. Let A = {vy,vs,...,v,} be the set of all vertices of
degree 1in G. Let B=G — vy —vy — -+ — v,,. By Lemma 3.10, if G is
minimal then fz(u) < fp(u') for all v’ € V(B). This in conjuction with
Lemma 3.8 lead to the conclusion that the minimal bicyclic graph
with circumference g has to be either R, ,; or B, ;. So with that
being given we will first derive expressions of W(R,, ;) and W (B, 4x,)
and then determine the values of n, ¢ and [ that gives the minimum
Wiener index. Then, we compare the minimal R, ,; with the minimal

B g k-

Lemma 3.11 Let n, g, and | be integers such thatn > g+1—1 and
g>12>3.
(i) If both g and | are odd then

W (Rug,)

2938—g+l38—l+(n_g_l+1)2+(9—1>(l—i)(g+l+2)

+(l—l)(n—g;l—i—l)(l—l—@+(g—1)(n—g4—l+1)(g—|—5). (3.3)
(i) If g is odd and | is even then

W(Ry.g:)

ST A R (R (RIS (28

+(n—g—l+i)(l2+4l—4)+(g—1)(n—g4—l+1)(9+5). (3.4)
(iii) If g is even and | is odd then

W (Rug,)

:%3+l38—l+(n_g_l+1>2+(n—g—l+14)(92+4g—4)

n (=" +(g—1)(+1)) LU= —g =+ DU+5) (3.5)

4 4
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(iv) If both g and | are even then

W (Rn,g,l)
3 3 2 2
g’ », (g=1  (I-1)g
= — J— — _ 1
s T3 +(n—g—1+1)"+ T T2

(3.6)

2441 —4 2449 —4
U 2 Prigod),

1 ]+(n—g—l+1)[ 1

Proof. Let w be the cut vertex of R, ;, and M the set of vertices in
V(R,,4,) that are not in V(C,) or V(C)), then

W(Rng)) =W(C)+W(C)+ Y duv)+ > duv)

uveMU{w} u€V(Cq)~{w}
veV (C))~{w}
+ Z d(u,v) + Z d(u,v).
ueV (Cy)~{w} ueV (Cg)~{w}
veEM vE

In deriving the expression of W (R, ,,), we will consider several cases
based on the parity of g and .

Case (i): both ¢ and [ are odd.
Lemmas 2.3 and 2.4 give

’ - -1
W(Cg>: 9 : g’ W(C’l>: 3 , and Z d(u,v):(n—g—l—|—1)2,

u,veMU{w}

Using Lemma 2.1, we get

Y dw,v) = (g = 1) e, (w) + (1= 1) fe, (w)
ueV (Cg)~{w}
veV (C))~{w}

-1

=(g—1) lzk] +(1-1) {22/&]
(g—l)(l—l)(l+1)+(l—1) g—1D(g+1)
4 4
(g—DI-=1D(g+1+2)
. .

Since d(w,v) = 1 for all v € M, we have

> duw)=(1-1)> dwv)+(n—g-1+1) Y dw,v)

ueV (Cp)~{w} veM veV(C))~{w}
veM
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m—g—1l+1)({I1-1)(+1)
4

=(l-1)(n—g-—I1+1)+
(—Dn—-—g-—1+1)(1+5)

and

ueV (Cg)~{w}
veM

Thus, we have

W(Rn,gJ)
3 13 —1 —D{l—-1 [+2
g 89+ . +<n_g_l+1)2+(g )( 4)(9+ +2)
(=Dn—g-1+1)0(+5)  (g-Dr-g-—Il+1)(g+5)
+ + .
4 4
Case (ii): g is odd and [ is even.
Lemmas 2.3 and 2.4 give
9 =y & 2
W(C,) = 3 ,W(C’l):§,and Z dlu,v) =(n—g—1+ 1)~

u,ve MU{w}
Using Lemma 2.1, we get
Y dww) = (9= Dfe(w)+ (1 —1)fe,(w)

ueV (Cg)~{w}
veV (C))~{w}

Q
N |
—

i

=(g—1) [2§;ké] + (1 —1) [2

_g=DE  (=Dlg-Dlg+1)
4 4
_g=-D@E+(I-1)(g+1)
4
With d(w,v) =1 for all v € M, we have

Z d(u,v) = (l—l)Zd(w,v)—f-(n—g—l—i—l) Z d(w,v)

u€V (Cp)~{w} veM veV(Cy)~{w}
veM

:

=(l-1)n—g—-1l+1)+(n—g—1+1) IQiké]

(n—g—1+1)7
4

=(l-1)n—-—g—1+1)+
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(n—g—1+1)(*+4—4)
4

and

S du) = (9 — 1)(n—g4—l+1)(9+5)
ueV (Cg)~{w}
veM

Thus, we have

W(Rn,g,l)
L9 D gy W DR D L)
Lol NEHA ) (9= Dn—g—l+1)(g+5)

4 4

Case (iii): ¢ is even and [ is odd.
Here, we just interchange ¢ and [ in case (ii) to get

W(Rn,g,l)
PPl —g—1l+1)(¢*+4g9—4

+(1—1)(g2+§;—1)(1+1))+(z—1)(n—g4—l+1)(z+5)

Case (iv): both g and [ are even.
By similar ways as in previous cases we get

3

3
z
W(C,) = %, W(C)=g.and Y7 d(uv)=(n—g—1+1)7

u,ve MU{w}

> d(uv) = (g - 1) fe,(w) + (1= 1) fe, (w)

> duw)=01-1)> dwv)+(n—g—1+1) Y dw,v)

ueV (Cy)~N{w} veEM veV(C))~{w}
veM

19
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=(l-1)n—g—-1l+1)+(n—g—1+1) Qiké]

(= D)n—g—l+1)+(n—g—1+1) _121

P+4l—4
=n—g-—1+4+1) [T]

and

> d(uv)=(g—1)> dwv)+(n—g-1+1) > dw,v)

ueV(Cg)~{w} veEM veV(Cg)~{w}
veM

=@g-Dn—-—g—Il+)+n—g—101+1) [222:k:g
k=1

I |

:(g—1)(n—g—l+1)—|—(n—g—l+1)gz2

2449—4
:(n—g—l—l—l){%].
4
Thus, we have
W(Rn,g,l)
3 3 2 2
g 1 s  (g=D1* (I-1)g
==+ = —g—1+1
8+8+(ngl—|—)+ T T2
1?4+ 41—4 24494
+(n—g—l—|—1)[T1+(n—g—l+1){%}.

U

Lemma 3.12 Let n, g, and | be integers such thatn > g+ 10— 1 and
g >1>4, then
W(Rn%l) > W(Rn,g,lfl)-

Proof. We replace [ by [ — 1 to obtain W(R,, ,;—1) from W(R, ,;). Then
we get the following:

(i) If both g and ! are odd then Equations 3.3 and 3.4 give

W(Rn,g,l) - W(Rn,g,l—ﬁ
A1 =3)n—Bl=7)(1+1)
8
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Bl—=3)n—=31=3) I+ 1]+ [(l—3)n—-2(+1)]
8
>0 sincen>1[+1andl > 5.

(ii) If g is odd and [ is even then Equations 3.3 and 3.4 give

(1 —2)[4n — 31 — 4]
8
(1—2)[3n — 3l +n—4]

= >0
8

W(Rn,g,l) - W(Rn,g,l—l) =

since n > [,4 and [ > 4.
(iii) If g is even and [ is odd then Equations 3.5 and 3.6 give

W(Rn,g,l) - W(Rn,g,lfl)
Al =3 - @Bl -T)(I+1)
B 8
B(l—=3)n—=31-=3)(I+1)]+[(l —3)n—2(+1)]
8
>0 sincen>I[l+1andl > 5.

(iv) If both ¢ and [/ are even then Equations 3.5 and 3.6 give

(I —2)(4n — 3l —4)
8
(I —2)[3n — 3l +n — 4]
8
>0 sincen >I[,4andl > 4.

W(Rn,g,l) - W(Rn,g,l—l) =

Hence W (R, 41) > W(Rng1-1)- O

All that is said by Lemma 3.12 is that, reducing the length of the
cycle ) by 1 and adding one more pendent vertex reduces W (R, ;).
With that being given, then if we keep on pulling more and more
vertices from the cycle C; and making them pendent vertices we will
reduce W(R,, ,;) to W(R,,3). Hence R, ,s is minimal among the set
of all R, ,; given that the circumference g is fixed.

Next we derive an expression for W (B, ;).

Lemma 3.13 Let n, g, k and | be integers such that n > g +1 — 1,
kE>1>1andk > 2.
(i) If k is odd, [ is odd and g is even, then

W (Bg.r1)
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_ (k+l>3+ [(l+g—k)3_ (I+2)(1+ 1)

8 8 6
k—1 (l4+g—k\’ k—1 k—1+2
+2[2 ( : ) tltg—k=1) =
k=l 1 k4144
2 2 2
N (=1 k+1 I(1-1)(1-2)
+( 1)(2) (k—1+2)- — . :

2
(57) +rwin

l+g—k\> I
CE -

+n—g—Il+1)°+Mn—-g—1+1)

+(n—g—1+41)

(ii) If k is odd, [ is odd and g is odd, then

W(Bn,g,k,l)
(k+1)3 {(Z—I—g—k‘)?’—(l—i—g—k) (l+2)(l+1)l]
—_ —|- —
8 8 6
+2[k—l l+g-—k-1 l+g—k+1
2 2 2
k—1 k—14+2 k—1 1

T (9_’“_1)_75(”1)]

=1 k4142 1(0-D(I+1)
2 2

2
(S5 vhre

l+g—k—1 l4+9g—k+1 _£
2 2 2

+n—g—1+12+n—g—1+1)

-I—(n—g—l—i—l)[ (l+1)+g—k—1}.

(iii) If k is odd, | is even and g is even, then

W(Bn,g,k,l)
(k+1)3—(k+1) (l+g—kP—-(U+g—Fk) ((+2)(1+1)
= —|— —
8 8 6
+Q[IC—Z—l ltg—k-1 l+g-Fk+1
2 2 2
k—1—1 k—1+1 3k—20—1 g\ 2
e @—k—z—n]—wz+n-——7r——+zQQ

k+1—-1 k+1+1
2 2

+(n—g—l—l—1)2+(n—g—l+1){
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l+9—k—-1 I4+g—-k+1 1
2 2 2

-I—(n—g—l—l—l)[ (l+1)—i—g—k:—1]

(iv) If k is even, [ is odd and g is odd, then
(g—k+1)3 N {(l+k)3—(1+k) (l+2)(l+1)l]

W (Bngni) = 8 8 - 6

g—k—1 l+k—1 I+k+1

2 2 2

g—k—-1 g—k—1+2
4 2

g—1 g+1

S

g—Fk—1
S A
(k—1) 5

DO |~

+

(l+1)}
-1 g—k+1+2 I(I-1)(I+1)
2 2 B 3

A A
(%) —l—g—k—l—l—l

I[+k—-1 I+k+1 1

2 2 2

+n—g—Il+1)°+n—-g—1+1)

+(n—g—l+1)[ (l+1)+k—1}.

(V) If k is even, | is odd and g is even, then

W(Bn,!hk,l)
(k+1)3— (k+1) [(H—g—k:)g’—(l%—g—k) (l+2)(l+1)l}
8 * -

8 6
k—1—1 l+g—k—1 l+g—k+1
2 2 ' 2
k—1—1 k—1+1
42

8

(g—k—l—l)]

3k — 20— 1 2
—KHJ)L—j;——]+Mg)4%n—g—l+D2
Ftl—1 kti+1

> >
l+g—k—1 l+g—k+1
> >

+k+1-1

—i—(n—g—l—l—l)[

M| o~ b—1

—i—(n—g—l—l—l)[ (l+1)+g—k—1].

(vi) If k is even, [ is even and g is odd, then

W(Bn,g,k,l)
(k+0? [(l+g—kP—(U+g—k) (+2)(+1)
= + —
8 8 6
k=1 Il4+g—k—1 l4+g—k+1 k—1 k—1+2
2 . . . k-
* { 2 2 2 T y 9k Z)}
g—1 g+1 9 [+1
- 1. 2= .2 = (k= —l(l=1) - —=
+(1=1) = o (k= DE—i=1) —
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k4 1\?
(j;> +k+1-1

I+g—k—1 Il+g—k+1 _£
2 2 2

+n—g—1l+1°+(n—g—1+1)

+m—g—l+D[ U+U+g—k—q.

(vii) If k is odd, [ is even and g is odd, then

W(Bngr1)
(I+g—k)? I+EkP—(U+k) ((+2)(1+1)
— —|- —
8 8 6
Lofgmhol Ttk —1 L4kl
2 2 2
g—k—-1 g—k—1+2
. k—1
+ = 5 (k—=1)
g—1 g+1 5 [+1
-1 2= 2 (g k-DE—1(-1) —
w-1) L (kDB i)

2 g—k+1\*
+n—g—Il+1)+(n—g—1+1) —s +g—k+1-1

I+k—1 l+k+1 1
2 2 2

+m—g—l+U{ U+U+k—q.

(viii) If k is even, | is even and g is even, then

W(Byg.k.1)
(k+0D* [(Il+g—Fk?>* (@+2)(I+1)
= —+ —
8 8
k=1 (l+g—Fk\’ k—1 k—1+42
2 —k—1)- :
+ [ 5 < 5 ) +(l+g—k-1) 1 5

E—1 | k+1+4 =1 k+1

—T'5'T}*“‘”(%)Z—W”?)'T'T

k+1\>

<4i> th+l-1
2

l+qg—k\> 1

I ) —Z(+1 k1.

< 5 ) 2(+)+g ]

Proof. Let w,w' € V(B,4x;) such that deg(w) > deg(w') = 3. Let L, K
and R be the three segments of length [/, k£ and ¢ — k, respectively, in
B, g1 Then let B!, B¥, B9~" be the set of all the vertices in L, K, and
R, respectively. Each of B!, B* and B * includes w and w', that is

—W—i—(n—g—l—l—lf—l—(n—g—l—l—l)

+(n—g—1+1)
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B'N BN B9 = {w,w'}. Finally let S be the set of all the pendent
vertices with their neighbor w included, then

W (Bngp) = W(Chit) + W(Clig-r) Z d(u,v) Z d(u,v)

u,vEB! ue Bk B!
veBI—k Bl

+ W (Sn—g—i42) + Z d(u,v) + Z d(u,v).

u€SIF{w} u€SIF {w}
vEBPUB'\{w} vEBITE B!

As in the case of W (R, ,,), we will consider several cases of [,k and g
based on their parity.

Case (i): k£ is odd, [ is odd and g is even (¢ — k£ odd).
Lemma 2.4 gives

(k+1)3
T

Lemma 2.4 and Equation (2.1) combined with the fact that | B!| = [+1,
give

W(CkH) =

S _(+g—k) 1+ +1)

Cl+g k ]

u,v€B!
Now let P be the set of vertices in B* whose shortest path to some
vertices in B9 * passes through L, P’ the set of vertices in B* whose
shortest path to vertices in BY* does not need to pass through L,

and u € P such that « is a neighbor of a vertex 2 € P', see Figure
k—1 /
3.2. It turned out that [P\ B'| =2 LTJ and |P'| = [ — 1. From

Lemma 2.1 and Equation (2.1) we have,

Figure 3.2: P, P, Land Rin B, ,,
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Z d(u,v) = Z d(u,v) — Z d(u,v) + Z

uepP ueph ueP’
veEBI—E Bl veB'UBI™F vEB! veBkUBI—F
g d(u,v) g d(u',v) E d(u,v)
ueP~u’ veP’ u,weP’
veP
which implies that,
E d(u,v)
ueBF\ B!
vEBI~R\ B!
I+g—Fk

2

k—

e
|

+(+9g—k—-1)

gl

J
l

i Z +(-1) 22;——

—9 _l

k=L
2 J+l—122: _221_ l—l(l—2)
J=1 J=1

_ k—1 (H—g—k <2+l+g—k_1)_l+g—k>
|2 2 2

2
—1 k—1
t(+g—k—1).— <2+——1>

4

2
k—1 1 I k-1 k—1
- [T'§(2+l_1)+§'7<2+7_1)”
+(-1) [22;’%] 2[#2‘” 1—1)23

:2[kz2—l(l+g2 k:) (4g_h_1). kol koi+?

4 2
k=l k4144

2 2 T}Hl_l)[g <2+g_1>_g]
—Q[k_;JFZ-l;1(2+l—1—1)+(l—1)-u-

d(u,v)
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<2+k—l_1>_l(l—1)(l—2)
2

N A A k—1 k—1+2
—2[ 5 ( 5 )+(l—|—g k—1)- T 5

k—1 | k+1+4 g\ 2 -1 k+1
_TE'T}*U”)(E) Sl

I(1—1)(—2)
—

Equation (2.2) gives W (S,_, 119) = (n —g — [+ 1)*.

Now we apply Lemma 2.1 to get,

Z d(u,v)

u€SIF {w}
vEBFUB!\{w}

=n—g-—141) Z d(w,v)+(k+1—-1) Zdwv
veBkUB! veSokl
B k-H

=n—g-—1+1) 22]— ] (k+1l—1)(n—g—1+1)

k+l kE+1 kE+1
—n—g—l4+1) | (o By
(n—g—1+1) 5 <+ 5 ) 5 1

+k+1-1)(n—g-—1+1)
=n—g—1+1) (?)2+k+l—1],

and
Z d(u,v)
u€SIF{w}
vEBITF\ B!
=n—g-—1+1) Zdwv (l+g—Fk—1) Zdwv Z d(u,v)
vEBIUBI—F vESIK ueB\{w}
vESIF{w}

l+9—k
2

=n—g-—1+1) [2 Z]#] +(l4+g9g—k—1)n—g—1+4+1)

Jj=1
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!
- [(n—g—l+1)2j+l(n—g—l+1)

J=1

l —k l —k l —k
—(n—g—1+1) [_I—QT (2+++_1)_+g—}

2

—i—(l—i—g—k:—l)(n—g—l—f—l)—[(n—g—l—i—l)-é@—i—l—l)

+l(n—g—l+1)}

[ —k [
=(n—g—1+4+1) (—FQT) §(l—|—1)+g k—l]
Therefore
W (Bh.gk.)
_(WHP+.U+9—@3_U+®U+UZ
8 8 6
k=1 (l+g—Fk\> k—1 k—1+2
2 —k—1)- -
+ [2 ( 5 ) +(l+g—k-1) 1 5
_k—l 1 k+1+4
2 2 2
g\ 2 I—1 k+1 I(I-1)(1-2)
-D(Z) = (k= 2) . . —
+U )(2> (h=l+2) === 3

+n—g—1l+1)°+(Mn—g—1+1)

2
(57) +e+i-1

l+qg—k\> I
) (41 —k—1].
( 5 ) 5 (I+1)+g ]

In the following cases we will proceed the same way we did in in case

().

+(n—g—1+1)

Case (ii): k£ is odd, [ is odd and g is odd (g — k even).

k+1)3
W(Ck+l):( 8) and
(l+g—kP—(I+g—k I+ 2)(1+ 1)
W(Clygs) — Zduv 9 ) (l+g )_( )( )
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N

I+g—Fk—1 k-l
2[?75&222 ) l+g—k=1)>
j=1

j=1
g1
+(I=1)12)» j
j=

-1

(g8

B E: cin zj]2§:jma2a2)

=1 1 j=1

<.

=2

[k — — k-1 k-1
k2l.l+92k (2+l+g k _1)

) k-1 k-1
+U+g—k—U-———(2+————1)

_2[/7{:—[ l+g9g—k—-1 l+g—k+1

5 2 ' 9
k—1 k—1+2 k—1
—k—=1) - X
+— 5 (g )
g—1 g+1 -1 k4142
1—1)- 22— .2 - (k-1 - — -1
+ (1 —1) 5 5 (k—=1) 5 5 (1-1)

W(Sh—giqy2) =(n—g—1+ 1)? and
Yo dwv)=(n—g-1+1)

u€SIF {w}
vEBFUB!\ {w}

2
() ).

29
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Z d(u,v) =

u€SIF {w}
vEBI~F\ B!
I+g—k—-1
2
(ngl+1)% > ]+a+gk1xngz+n
j=1

- [(n—g—l+1)2j+l(n—g—l+1)

=1

[ —k-1 l —k-1
:(n—g—l—|—1).+g#(2++g#—1)

+(l+g—k—1)(n—-9g—-1+1)

- l(n—g—l—l—l)-é(2+l—1)+l(n—g—l+1)]

[ —k—-1 1 —k+1 l
—(n—g—l—i—l)[ 9 ' il ——(l+1)—|—g—k:—1].
2 2 2
Therefore
W(Bn,g,k,l)
(k+1)3 (l+g—kP—-(U+g—Fk) ((+2)(1+1)
—_ —|— —
8 8 6
5 k—1l l4+9g—k—1 l+g—k+1
2 2 2
k—1 k—14+2 k—1 1
: k—1)— — .~ (I+1
S ek - B )
g—1 ¢g+1 [—1 k+l+2 (-1 +1)
l—1)-2— . 222 (k=) - :
+( ) 2 2 ( ) 2 2 3
k+1\?
+n—g—1+12+(n—g—1+1) <T+) +Ek+1-1
l+g—k—1 [+g—k+1 [
+m—g—z+n{ 92 : 92 —§U+U+g—k—q.

Case (iii): k¥ is odd, [ is even and g is even (¢ — k£ odd).
3 _
W(Chu) = (k+1)° = (kE+1) and

(l+g—kyP—(U+g—k) (+2)(1+1)
Zduv S — 6 .

C’l+g k

30
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ue Bk~ B!
veBI—k B!
l+g—2k—1 Ic—é—l
k—1—-1
=2 5 2 Jl+U+g=k=1) )
Jj=1 j=1
I k—1—1 g
kE—1—-1 L 2 g
— 5 Z]—HZ]}—H 22]—5
Jj=1 Jj=1 j=1
' L& L a0 1)
k—1—-1 . L 20+ D (DH(1 -1
o | B! ZMZJIQZJ .
| 7j=1 7=1 7=1
_ o k—l—l.l+g—k—1(2+l—|—g—k—1_1)
i 2 2 2
k—1—-1 k—1—1
+(l+g—k—1)-T<2+T—1>

E—1—1 1 E—1—1 E—1—1
(241 -1 : 2 -1
{ 5 % +1—1)+1 1 < + 5 ﬂ}

ey 1) -y

k—1—1 1 k—1—-1 k—1-1
B iy A o B

_2'%(2+l_1)_2(z+1¥(z—1)

_Q{k—l—l l+g9g—k—1 l+g—k+1

2 2 2
k—1—1 k—I1+1
: —k—1-1
1 5 (9 4

—za-+1)[ﬁﬁi%?ill]-+l(g>2.

W(Sh—g-142) = (n — g — 1+ 1)%,

Z d(u,v)

u€SIF{w}
veEB*UB!\{w}
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=n—g—-10141) [22]’] +(k+l-1)(n—g—101+1)

k+1—-1 k+1+1

=n—g—101+4+1)- +k+1l-1Dn—g-—1+1)

2 2
—1 1
:(n—g—l+1)[k+l el +kEk+1-1

2 2

and

Z d(u,v)
ueSIF {w}
veBI~F B!

l+g—k—1
2

=n—-g—1+1) {QZ]} +(l+g—k—-1)(n—g—1+1)

J=1

— [(n—g—l—l—l)Zj—i—l(n—g—l—i—l)

j=1

l+g—k—-—1 l+g—k-+1 l
—(n—g—1+1)|—2 g — (4D +g—k—1].
2 2 2
Therefore
W (Bhg.r1)
(k+1)3—(k+1) (l+g—kP—(1U+g—Fk) ((+2)(1+1)
— —|— —
8 8 6
k—1—1 — k- -
+2{ ltg-—k—1 l+g-k+1
2 2 2
k—1—1 k—1+1 3k—20—1 g\ 2
: —k—l-1)|—1(+1) - 22— 4 (2
L SR )} (+1) 3 (2)
k+1—1 k+1+1
+(n—g—l+1)2+(n—g—l+1){ 5 S +k‘+l—1}
l+9g—k—1 l4+g9g—k+1 I

~+M—g—l+D[ U+D+g—k—4-

2 2 2

Case (iv): k is even, [ is odd and ¢ is odd (¢ — k£ odd).
Here we interchange k£ and ¢ — k in (ii), that is where there is k£ we
place g — k and vice versa.

(g—k—i—l)?’_l_ {(H—k)?’—(l—i—k) (l+2)(l+1)l]

B, - _
W(Bn.gn) ) ) 6
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g—k—1l l+k—1 I+k+1

+2 5 . 5 : 5
+g_§_l'g_k2_l+2(’f—1)——g_k_l é(l—kl)}
+(l—1).92:.%1_(g_k_l)'l;1_g—k;l+2_l(l—1;(l+1)
tn—g=1+1)°+(n—g-1+1) (—g_§+l)2+g—k+l—1
I+k—1 l+k+1 1

+(n—g—l+1){ 5 : 5 —§(l+1)+k:—1}.

Case (V): k is even, [ is odd and g is even (¢ — k even).

(k+l)3—(k+l)

W(C;H_l) and

P O P Gt el U ) | G )

u,veB!

W(Clig—k)

ueBk\ B!
veBI~k B!

l+g—k—1 k=l—-1
E—1—1 L ..
RS ) PAPRS ¥

k—1—-1 ) g
j=1 j=1 j=1
11 ¢ = L2+ D -1)
R R Z]”Z?’]?Z B 6
L 7=1 7j=1 7j=1
_2'k—l—1 l+g9—k—1 l4+g—Fk+1
B 2 2 2
k—1—-1 k—-1+4+1
: —k—-1-1
1 5 (9 )
3k —21—1 g\ 2
_l(l—i_l)[T}—H(E)'
W(Sp—g-t42) = (n—g—1+ 1)%,
k+i—-1
2
Z dlu,v) =(n—g—1+1) 2Zj +k+l-1)(n—g—1+1)
u€SIF {w} j=1

veEBFUB!\{w}
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E+1—-1 k+1+1
2 2

=n—g—101+1) +hk+1-1

and

Z d(u,v)

u€SIF {w}
vEBI~E B!

ltg—k—1
lhg—k-1
=n—g—101+1) |2 Z jl+l+g9g—k—=1)(n—g—1+1)

Jj=1

- [(n—g—l—l—l)Zj—i—l(n—g—l—i—l)

J=1

l+g9g—k—-1 l+g—k+1 l
—n—g—i+1)| 7 9 ——(+1)+g—k—1.
2 2 2
Therefore
W(Bgr1)
(k413 (k+1) (I+g—kP—=(U+g—Fk) (+2)(1+1)
ey —'— —_
8 8 6
) kE—1—-1 . l+g9g—k—-1 . l+g—k+1
2 2 2
k—1l—-1 kE—-1+1
: —k—1-1
1 5 (g )}
3k—20—1 g\2 )
—JU+D[——7T——}+M§)%{n—g—l+D
k+1l—-1 k+1+1
+wn—g—z+n[ +2 - +2+ ktl-1
l+g—k—1 [+g—k+1 l
+(n—g—l—|—1)[ 92 : 92 —§(l+1)~|—g—k—1}.

Case (vi): k is even, [ is even and g is odd (¢ — k£ odd).

W(Cry1) = (k —|8— Ol and
W(Crigi) = > d(u,v) = (L+g=k) 8_ (U+g- k)_<l+2)él+ i
Z d(u,v)
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[
—
<.
Il
-

=2

k=1 l—l—g—k—1‘<2+l+g—k—1_1)
2 2 2

_ k-1 k1
+(l+g—k—1) (2+T_1)

- [% é(2+l—1)+l k-l (2+%—1)”

+(l—1).92;1( 9_1 >
—2[’“_1 l_l(2+l—1—1)+(l—1)-ﬁ(2+E—1)}

2 2 4 2
-1 20(1 — 1)(I — 2)

2= 2+1-1-1)- .

CTk=l l4g—k—1 l+g—k+1 k=1 k—1+2

_2[ 2 2 2 T3 y —k Z)}

+(l—1)-g—_l-ﬂ—(k—m?—za—n-%.

W(Sh—giq2) =(n—g—1+ 1)? and

Z d(u,v)

u€SIF {w}
vEBFUB!\{w}

2 k41
=(n—g—1+1)[2) j—

2
=n—g-—141) <%) +Ek+1-1].

Z d(u,v)

u€ SR {w}
vEBITF\ B!
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l+g—k—1
2

=n—g-—-14+1) |:2 Z j] +(l4+g9g—k—1)(n—g—101+1)

J=1

— [(n—g—l+1)2j+l(n—g—l+1)

j=1

=n—g—101+4+1)-

lhg—k—1(, l+g—k-1
2 2

+(l+g—k—1n—-9g-1+1)

—[m—g—l+D-é@+l—”+ﬂn—g—l+n]

l+g—k—-—1 l+g—k+1 l
:(n—g—l—i-l){ J : g ——(l—l—l)—l—g—k—l}
2 P) 2
Therefore
W (Bygk1)
(k+1)3 (I+g—kP—=(U+g—Fk) (+2)(1+1)
— —{— —
8 8 6
k=1 l+g—k—1 l4+4g—k+1 k=1 k—1+2
) . . . A
N { 2 2 2 T y -k ﬂ
g—1 g+1 9 [+1
S D - - AL I 4 A —Il=1) /=
+ (1 ) 5 5 (k—1)l I ) 3

k+1\?
+n—g—1+1P°+(n—g-—1+1) ({;) +k+1-1

l+g—k—-1 l+g—k+1 I
2 2 2

+W—g—l+U{ U+D+g—k—q.

Case (vii): k£ is odd, [ is even and g is odd (¢ — k even).
Here we interchange k£ and g — £ in (vi) to get

W(Bmgvk,l)
(I+g—Fk)? {a+kﬁ—u+k) u+ma+mq

_= —|— —_

8 8 6
+Q{g—k—l‘l+k—1‘l+k+1

2 2 2

g—k—1 g—k—1+2
+ 1 5 (k—1)
g—1 g+1 [+1

v(i-1)- L= T k=D —l—1) ——
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—k+1\?
(u> vg—k+l—1

+n—g—1+1P2+n—-—g—1+1) 5
L
2

I+k—-1 I+k+1
2 2

—l—(n—g—l—i—l)[ (l+1)+k:—1].

Case (viii): k is even, [ is even and g is even (¢ — k even).

3
W(C}H_l) = (k ; l) and
l+g—k)? (@+2)(1+1)
W(Crigr) = Y dlu,v) = ( 98 f_U+20+]) :
u,veB!
Z d(u,v)
ue Bk B!
veBI—k B!

-1 2 -1
1 21— 1)1 —2)
-2 —5— +(I=1)) 4 —22]—
L j=1 j=1 j=1
k=1 (1+g—k\> k=1 k—1+2
) — k-1
5 ( 5 )+(l—|—g k—1) : 5
k=1 1| k+1+4 9\ 2 -1 k+l
2 22 } (l_l)(§> k=l 2) e e
I -)-2)
—

W(SnfgflJrZ) =Mn—g-1I+ 1>2’

Z d(u,v)

u€SIF {w}
vEBFUB!\{w}

[kt
2 k+1
—(n—g—1+1) QZj—T—i_]%—(k:#—l—l)(n—g—H—l)

2
—h—g—1+1) (%) k-1




CHAPTER 3. BICYCLIC GRAPHS 38

and

Z d(u,v) =

u€SIF {w}
veEBI—k B!
l+g—k
2 l+g—k
—g—1+1)]2 j — —— l — k-1 —qg—1+1
(n—g +)[;J — |+t Jn—g—1+1)

— [(n—g—lJrl)Zj—l-l(n—g—H—l)

j=1

I+g—k\* I

=n—g-—1+4+1) (—{—gT) —§(l+1)+g—k—1].
Therefore
W(Bmg,/al)

—(k+l)3+ (l+g—Fk?> ((+2)(+1)

8 8 6

k=1 (l4+g—k\* k—1 k—1+2

+2 | = ( : )+(l+g—k—1)- T 5

k—1 1 k+1+4 g\ 2 -1 k=41
_T'E'T}”l_l)(E) St
I(1—1)(1—2 AN
—%ﬂL(n—g—l—l—l)Q%—(n—g—H—l) <T+> +k+1-1

I+g—k
t(n—g—1+1) <+g—

5 ) —%(l+1)—l—g—k—1].

Lemma 3.14 W (B, 4:) > W (B gki-1), given thatn > 9 and | > 2.

Proof. In this proof we first focus on the case where [ = 2, then later
on focus on other cases.

(i Fork=Il=g—Fk=2:
We have W(B,, 422) =n*—n—6and W(B,,421) = n>—2n—1. Then
W(Bpa22) — W(Bpa21) =n—5>0, foralln>5. Hence
W (B a22) > W(B,a2,) for all n > 9.
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(i Fork=1=2,9g—k=3:
We have W (B, 522) = n?> — 13 and W (B, 521) = n* —n — 6. Then
W(B522) — W(Bps21) =n—"T72>0, for all n > 7. Hence
W(Bn757272) > W(Bn75,271), for all n > 9.

(iii) Fork=9g—k=3,1=2:
We have W (B, 632) = n*+n —20 and W(B,631) = n* — 11. Then
W(Be32) — W(Bpgesi) =n—92>0, for all n > 9. Hence
W(Bn,6,3,2) > W(Bn,6,3,1)’ for all n >9.

Now, let us check whether our lemma is true for other cases where
3<I<k<g—kor,l=2and g—k >k > 4.

Let B = B, 411, Y, 2 € V(B) such that deg(z) > deg(y) = 3 and z # y. Let
L, K and R be the segments in B of length [/, £ and g— k, respectively.
Each of L, K and R includes vertices z and y. Furthermore, let w be
the vertex in L that is adjacent to z.

We now define a two step transformation from B to B’ and then
from B’ to B” such that B’ is obtained from B by merging » and w,
to form 2" and B” is obtained from B’ by attaching a new leaf " at
7, see Figure 3.3. The first step from B to B’ results in the decrease
in the Wiener index as the vertices are coming closer to each other.
The second step from B’ to B” results in an increase in the Wiener
index, and the distance involving 2" is the only increase contributed
by this transformation.

To proceed, let L', K' and R be the segments in B’ of length | — 1,
k, and g — k, respectively. And L”, K" and R" be segments in B" of
length | — 1, k and g — k, respectively. Again each of L', K', R', L", K"
and R includes the vertices of degree greater than 2.

Now let u; € V(L), uy € V(R) and us € V(K) such that v, is a neighbor
of w and u; # z, uy and uz are neighbors of z.

Let ¥ = dB(Ul,UQ) — dB/(Ul,Ug) + dB(Ul,Ug) — dB/(ul,u3), then v = 2.
Let

d = Yoo d o+ D> dE ) - YD d(z)

veV(LHUV(K") veV (L UV(R") veV(L)UV (K)

veV (L)UV (R)
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Since Z dz ,V) Z d(z,v), then

veV (L") veV(L)
o = Z d(z",v) — Z d(z,v).
veV(B") s.t deg(v)#1 veV(B) s.t deg(v)#1
Finally let
o= Z d(w,v) — Z d(z',v). Since
vGV(B)\{z} s.t deg(v)#1 veV(B') s.t deg(v)#1
Z d(z',v) Z d(w,v), then
veV (L") veV(L)~{z}
o= Z d(w,v) + Z d(w,v) — Z d(z',v)
veV(L)UV(K)\{z} veV(L)UV(R)\{z} veV (L UV (K')

- Z d(z',v)

veV(LHUV(R')

— Z d(w,v) — d(z,v) + Z d(w,v)
oV (

veV(L)UV (K)\{z} veV (L UV (K') veV (L)UV (R)\{z}

- Z d(z,v).

veV (L UV (R')

Figure 3.3: Graph transformation in the proof of Lemma 3.14
Since

2 -1 ] Jorl+Fk odd

I+
veV (L)UV (K) 252 1j — Lk fori+k even
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bh—1  ltk+l
Mol bl forl+k odd

(Lek)? Jorl + k even,

(B’ 4 k+1—1  forl+k odd

d Z/I,U —
”Z ) ( ) l+§*2.%+k+l—1 Jor 1 + k even,
veEV(L UV (K)

k=l forl + k odd

Z d(z",v) — Z d(z,v) = ’

veV (L Yuv (k") veV(L)UV(K) MT_Q Jorl + k even

5

and

Bkl forl+ g —k odd

Z d(z",v) — Z d(z,v) = :

vev (L Yuv(R") veV(L)UV(R) W Jorl+g—k even
i t+g—k-—1
B 2
we have ep1 , L
B ol B ot
2 2
Since
Lkl L for | 4k odd
Z d(w,v) = ,
VeV (L)UV(K)~{z} (BE)" —1, forl+ k even,
/ (’*';_1)2 , forl+ k odd
Z d(z,v) =
veV(L UV (K) (HE=2) (), for 1+ k even
and

Y s T aio- |

VeV (L)UV (K)~{z} veV (L HUV(K)
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then

S dwe) - Y d@,wzle

veV (L)UV (R)~{z} veV (L UV (R)

V+k¢—2J V+g—k—2J
o= + .
2 2

Now that ¥ =2, & = l+];_1 X l+g—2k—1

l+k—2 [ — k-2
o= L +2 J+{ t9 5 J,thenitisclearthata+\1!2<1>. Hence

® — o — ¥ < 0. We next show that W(B") - W(B) < ® -0 — V. Let S
be the set of all the vertices of degree 1 in B. Then S is also the set
of all the vertices of degree 1 in B’ and S U {z"} is the set of all the
vertices of degree 1 in B". Then

and

J and

IN
(]
=

s
S
+
(]
=
N\
S
|
(]
S
E
=

veV(B'-59) veV (B’ -8) veEV(B-5-2)

— Z d(z,v) + dg (ur,us) — dp(ur, uz) + dg (ur, us) — dp(ug, u3)
veV(B-S)

= Z d(z",v) — Z d(z,v) + Z d(z',v)
veV(B"-5) veEV(B-5) veV (B’ -9)

- Z d(w,v) + dg (u1,u2) — dp(uy, ug) + dg (u1,us3) — dp(ug, ug)
veEV(B—-S-2)

=0—-0c—-U 0.

Hence W<Bn,g,k:,l—1) — W(Bn,g,k,l) S 0. U

Iterating Lemma 3.14 as much as possible results in W (B, ;) >
W(B,, 4x1) for all n, g, k and [.

Lemma 3.15 W(B,, ;1) > W(B,gk+11) if K < g — k — 1, unless both k
and g — k areevenand k =g — k — 2.

Proof. After substitution in the expression of W (B, ;1) we get the
following:
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(i) If both £ and g — k are odd then
W(Bn,g,k,l)

k+1)3 —k—+1)3 —k+1\° k+1

_ | )+(g +)+(k—1)[(9 +)+ -

8 8 2 9=k

k+1\° g—k+1\’
(T) +(T) T2
W (Bn,g,kﬂ,l)

(k+2)°—(k+2)  (9—k)’—(9—Fk)  [9\2
8 * 8 '*(5)

g—k—1 g—k+1 k+1
—i—(k—l){ 5 : 5 + = (9 —k—3)

k+1 k43 g—k—-1 g—Fk+1
+(n g)[ 5 5 5 - 5 —i—n—Q]
—2k—1

k45

T}ﬂL(n—g) -1,

and

1

3¢° 3¢k n k
W(Bmg,k,l) - W(Bn,g,k+1,1) = _% + % + 97 — kn + 5

Now let f(n,g,k) = W(Bpgk1) — W(Bngk+1,1), then
of(n,g,k) g

o :§—I<:>Osmcek:<g—k—1.

The above implies that f(n,g, k) is an increasing function with re-
spect to n. Let n = g, the minimum possible value of n. Then

f(gvgvk>: -

3g° 39k g? |
T AT A SO
s Ty Ty TRt

1
= g(g —2)(g—2k+2)>0 sinceg > 2k.
Hence W (B, gx1) > W(Bngrt1.1)-

(ii) If £ is odd and g — k is even then
(k—|—1)3+(g—k+1)3—(g—k+1)

W(Bn,g,k,l) = 8 8
g—k g—k+2 k+1
—1 : —k—-1)—1
+ (k ﬂ 5 st 9—k-1)
E+1\°> g—k g—k+2
+m—g)< 2)-+g2.g 2+ +n—4—L
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(g—k)?P (k+2)3—(k+2)

W(Bn,g,k+l,1): 8 + 8
k+1 k+3 g—k
—k—9 . k=1
+(g—k )[ 5 5 T2 k }
2
g—Fk kE+1 k+3
+(n—g) [( 5 > + 5 5 +n—2| -1

f(na g, k) = W(Bn,g,k,l) - W(Bn,g,k+1,1)

3> 3gk gn g Eon 1
=29 I IR I B
s T4 T T TITeTs
and
Of(n.g. k) g 11 ;
8—n_§_k_§_§(g_2k_l)>o sincek < g—k— 1.

The above shows that f(n, g, k) is an increasing function with respect
to n, now set n = g, the minimum possible value of n. Then

3¢> 39k ¢* g kg 1
By=-—22 42 9 7 LD
f(g.9.k) ettty ket -5+
1
:g(g—l)(g—%—l)EO,

with equality if £ = g — k — 1 in which case the two compared graphs
are isomorphic. Hence W (B,, ;1) > W (B, gk+1,1)-

(iii) If k£ is even and ¢ — k is odd then

(g—k+1)3+(k+1)3—(k:+1)

B, =
W( ,g,k,l) 8 8
E k+2 g—k+1
+(g—k;—1)[§~ ot (k:—l)—l}
g—k+1\° k k+2
+(n g)[( 5 )+2 o tn-2f -1,
k4 2)3 — kP —(g—k
W(anﬂl):( ) +(9 )’ —(9—k)

8 8

g—k—-1 g—k+1 k+2
k : —k—2)—1
* { 2 ;T kY
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+n—2| — 1.

(k:+2>2+g—k;—1 g—k+1

+(n—yg) 2 2 2

f(n7 g, k) = W(Bmg,k,l) - W(Bn797/€+171)

3¢ 3gk  gn 3tk n 3
R R R R A R R
and
df(n,g,k) g 1 1
G g% _ 9 2 g —2k—1
on 2 > =3 )

>0 sinceg>2k+1 (k<g—Fk-—1).

The above implies that f(n,g,k) is an increasing function with re-
spect to n. Now set n = g, which is the minimum possible value of n.
Then

F(g.9.5) = $(g—3)(g — 2%~ 1)

>0 (withequality ifk=g9—k—1).
Hence W (B, gr1) > W (B gk+1,1)-

(iv) If k£ is even and g — k is even then

(k+1)3—(k+1)+(g—k‘+1)3—(g—k‘+1)

W (Bpgri) = . :
e e M)
+ (n—g) {g,k—;2+g;k_g—12f+2+n_2}_2k+17
By - B2 0
+k (9;k>2+ kZQ (9—k-1)_#
+(n—g) (%)Z(#)ZR_Q o

f(n, g, k) = W(Bn,g,k,l) - W(Bn,g,kﬂ,l)
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2

k
+%—kn—|———n+1

8 4 9
and
of(n,g,k) g 1
= k 1_2(9 2k — 2)

>0 (with equality ifk =g —k — 2).

The above implies that if £ = g — k — 2, f(n,g,k) will be a constant
function with respect to n. Now set n = ¢, the minimum possible
value of n and k = 2, to get

f(g,g,—g2 ) =—49 <0 foralln.

All this is saying is that if k = ¢ — £ — 2 then B, ;; is minimal. Now
fork<g—Fk—2
0f(n. g, k)
on

which shows that f(n, g, k) is an increasing function with respect to
n. Now set n = g, the minimum possible value of n. Then

>0

flg.9.k) Z%(g—2)(g—2k:—4) S0 ifg> 2k + 4.

The above implies that B, ; ;11,1 is minimal for ¢ > 2k+4. f(g,9,k) <0
for 2k +2 < g < 2k + 4, thatis for g =2k +3 and thus k =¢g— %k —3
which is impossible since both k£ and g — k are even. O

-2
Lemma 3.16 Forn>g+2andk < gT we have

W(B 1)7 W(B 97_1,1)7 W(Bn,g,%,l) < W(Bmgyll) < W<Rnyg,3)

g—2
nhg? 2 2

Proof. After substitution in the formulas of W (R, ,;) and W(B, 4x:)
we get the following

n.,g,

93g9 + (9—1)(91‘5)(”—9) + (’I’L —g— 2)(n —gq + 2) +3 forg Odd,

W(Rn,g,3) = 3 24 gg_d
%+(g+gf4)(n—g)+(n_g_2)(n_g+2)+3 for g even.
0% 4 a3 . 983 4 (n—g) [(%)2 + ”] +2  forgodd,
W(Bn,g,Z,l) =

=D 4 (p— gy [£2 . 8 4] + (2)° for g even.
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Let fo(n,9) = W(Ry43) — W (B g21) if g is odd and f.(n,g) = W (R, 43) —

3 3 5
W(By42.1) if g is even. Then f,(n,g) = —% + % +g-— 771 ~3 and
0f,(n, 3
w = g — 5 Since there is no such graph as B,, ;; with g < 3 we
n

dfo(n,9)

n

can assume g > 4. Hence > (0 forall ¢ > 4 and for all n > g+2.
Now it is clear that f,(n,g) is an increasing function with respect
to n, so testing the minimum value of n in f,(n, g) will tell us whether
fo(n,g) is greater than zero for all the values of n or not. Since the
minimum possible value of n is n = g + 2, then

2
g°+4g — 29
flo+2.9) = === >0

foralln>g+2>g>4.

3g° 3 of.
Now f.(n,g) = —%nL%Jng —n—1 agd % = g — 1. Reason-
ing as in the case of f,(n,g), we have Ofeln,9) >0 and f.(g+2,9) =

on
> 0. Then f,(n,g), fe(n,g) >0foralln > g+2 > g > 4,
hence W (R, 43) > W(Bpng21)-

> +6g —24

-2 -1
Since 2 < k < g—¢2 < g—- < g, then from Lemma 3.15 we can con-

2
clude that W(Bn7g7%71), W(Bng’gT—l’l), W (B g2.1) < W(Bpga1)- O

Iterating Lemma 3.15 in conjuction with Lemma 3.16 results in the
following theorem.

Theorem 3.17 Among all n-vertex bicyclic graphs with circumference
g the following hold. If g is odd, then the minimum Wiener index is

reached by B, , .-1,. If both g and g are even, then the minimum
9,955,

Wiener index is reached by B, , 4 ;. If g is even and g is odd, then the
minimum Wiener index is reached by Bm 5,952 1

3.1.2 Maximal Graphs

Let G be a bicyclic graph, if G is maximal i.e if G attains maximum
Wiener index then each tree branch in G is a path. This follows from
Lemma 3.3. The following lemma is a direct consequence of Lemma
3.10.
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Lemma 3.18 Let G be a connected graph, P; and P; be two pendent
path subgraphs of G, v,v" € V(P;) such that degs(v) > 2 and dega(v') =
1, and u,u’ € V(P;) such that dege(u) > 2 and degq(u') = 1. Let us
JSurther assume that fy(v) > fu(u), where H = G — (P, —v) — (Pj —u). If
G’ is a graph formed from G by removing P; from u and rejoining it to
v’ then

W(G) > W(G).

Definition 3.19 Define D, ,,, as an n-vertex bicyclic graph consist-
ing of two cycles C,; and C}, joined by a path of length ¢ — 1.

Remark 3.20 According to Lemma 3.18, a maximal graph has at
most one pendent tree, which has to be a path. The only candidates
are (Dygqn)yy (P) and (B, )y, (P;) where n' = g+1—1, v is one
end of the path P, and v’ is one end of the path P;.

Lemma 3.21 Let G be a connected graph with " € V(G). Let C and
P be a cycle and a path, with u,v € V(C), w and z the ends of P. If
u # v then

WG, ,CowP) < W(G,, P,C).

Proof. Let H = C,,,P, P be the shortest path from 2 to « in H and

P" a subgraph of H such that V(P") = V(H) ~ V(P') and E(P") =

E(H)”\E(P/). Then f(u) = fH(P'/ )+ fa(P" u) and fy(2) = fu(P',2)+

fa(P,z). But fy(P,u) = fu(P,z), because v and z are the ends

of the path P'. Since v and v are neighbors of the ends of P’ then

fH(P”7w) = fH(P”7U) = fH(P”7u) and fH(PN7Z)”: nP”dP(va)+fH<P///7w)’

where n, is the total number of vertices in P . Then fy(2) = fu(P,u)+
fa(P" u) + nprdp(z,w) = fu(u) + nprdp(z,w) and fy(z) > fy(u) since

npr > 1 and dp(z,w) > 0. Hence by Lemma 3.10

W (G.r,CoP) < W(G.r.PuC).

g

Lemma 3.21 in conjuction with Remark 3.20 shows that the candi-
dates for the maximum Wiener index are D, ,,, and (B ' P,

where n' = g+ — 1 and v’ is one end of the path P;.

n’,g,k,l)ww

Remark 3.22 Let C' and P be a cycle and a path, w € V(C), z and
y the ends of P. Let H = (P, then the proof of Lemma 3.21 also
shows that fy(y) > fu(u), for any v € V(C) — {w}.

The explicit expression of W(D,,,, ) is available in [2], we provide
details here for self-containment. Note that |V(D, ,..)| = |V(Cy)| +
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\V(P)|+|V(Cy)| —2=g+q+h—2. Let z and 2 be the two ends of
the graph P,, then we can write D, ., = (Cy)w:(5)./, (Cr), for some
w € V(C,) and w' € V(Cy).

W(Dngen)= > du)

uvveV(Dn,g,q,h)

= W(C,) + W(P,) + W(Cy)

+ Z d(u,v) + Z d(u,v) + Z d(u,v).

ueV(Cqg)~{w} ueV(Pq)\{z/} UEV(Cg)\{w/}
veV (Py)~{z} UEV(Ch)\{U)/} veV(Cp)~{w }

We will be able to find W(D,,,) explicitly by considering several
cases based on the parity of g and h.

Case (i): if both ¢ and h are odd.

Lemma 2.4 and Equation 2.1 give
3 _ 3 _ h3 —h
W(C,) = T2 W(F) = T and W(C)) = ——.

Apply Lemma 2.1 to get

>, duv) =(g—l)ij+(q—1) (QEQ:j)

ueV (Cg)~{w} j=1
veV (Py)~{z}

uEV(Pq)\{zl/}
veV(Cp)~{w }

and

Z d(u,v)

u€V (Cy)~{w}
veV(Cp)~{w }

(h—1)(h+1)

:<g_1>[ IUEDVINS <P B U CE VD)

4
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~ g0 | P B g - 1)+ (- 1= 1(0)
R UIU ; (g +1)

(4g+h+g—2).

[@—1§h—n}

Then
W(Dn,g,q,h)
3 3 3
-9 ¢—-q h—=h (9-1)(¢—1)[2¢+g+1
8 + 6 * 8 + 2 2
h—1)(g—1) [2¢+h+1 —1)(h—1
L )2(61 ){q+2+ ]+{(g )4( )] (Ug+h+g—2)

Case (ii): if both ¢ and h are even.

3 3 3
g ¢ —q h

=wg—w[q‘1@a»+@—1—1xwﬂ

a0 p[F 0+ (G- w)] -]

S Al [(9—1)q+gﬂ,

uEV(Pq)\{zl/}
veV(Cp)~{w }

and

> dwn=-D|a-vm-+h
u€V (Cy)~{w}
veV(Cp)~{w }

Then

W(Dn,g«z,h)

50
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3 3 3 2 2
9 ¢ —q M g1 g q—1 h
=L B -1 Z  __—|(h—1 —
st tTe T3 {(g )q + 2}+ 5 [( )q + 5

f(g-1) {(q—1>(h—1)+hﬂ+w.

Case (iii): if g is even and h is odd.

3 3 _ hs_h
%, w(p,) =1 . ? and W(Cy) = T

> o =25 - e+

(h—1)(qg—1) [2¢+h+1
Z d(u,v) = 5 { 5 1

h—1
S ()= [—] (9= 1)(dq+h—3)+ g°).
ueV (€ fu)
veV(Cp)~{w }
Then

3 3 3
g ¢ —q h—h h—1)(¢g—1)[2¢+h+1
W(Dn,g,q,h) = g“_ 6 + 3 ‘l‘( )2< ) 5

- %1 {(g— 1)g + 92—2} + {%] (9= 1)(g+h=3)+g7.

Case (iv): if ¢ is odd and h is even, then we interchange ¢ and % in
(iii) to get

3 3 3
-9 ¢—q h g—1)(q—1) [2¢+g+1
W(Dn,gﬂ,h) = S + 6 + g + ( )2 9
1 h2 1
+%{(h—1)q+5}+[97} [(h— 1)(4g + g — 3) + 2.

Lemma 3.23 W (D, gqs1,n-1) > W(Dngqn) given that g+ q > "2 if b is
even,and g+ q > % if h is odd. In particular;, if g > h.

Proof. After substitution in W(D,, ,,,) we get:

(i) If both ¢ and h are odd (g is odd and i — 1 is even), then

W(Dp.gq+1,n-1)
3 3 3
-9 (@+1)0°—(¢+1) (h—1)
8 + 6 + 8
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_|_

(9—1)q {2q+g+3

(h—1)°
2 2 2

}+g[(h—2)(q+1)+

W(Dn,gﬂﬁ)

3 3 3
-9 ¢C—q h-h (g-1)@-1)[2¢+g+1
=g tTs Tt 2 2

(h—1)2(q—1) [2q+2h+1] N {(9—1)4(’1_1)} (4g+h+g—2)

_|_

and

(h—1)(4(g+q) — (h+ 1))
° h+1

>0 i 9+QZT-

W(Dn,quﬂ,h—l) - W(Dn,g,q,h) =

(ii) If both ¢ and h are even (g is even and h — 1 is odd), then

° +1)P —(¢g+1 W1 — (h—1
W(Dn,g,q«kl,h*l):%—i— (q ) (q )+< ) 8 ( )

+ {(9—1)(q+1)+9_2} i (h—22)q {2q+2h+2}

(h—2)(4(g+q) — (h +4))
° h+4

>0 i 9+QZT-

W<Dn7qu+1,h—1) - W(Dn,g,%h) =




CHAPTER 3. BICYCLIC GRAPHS 53

(iii) If ¢ is even and h is odd (both g and h — 1 are even), then

W(Dn.g.q+1,n-1)

g g+ =(g+1)  (h—1)°
s 6 TS

2

+3 [(g—l)(q+1)+%} +1 [(h—2>(q+1)+(h_1)2}

(h=1] , (h=2)g"
ik

+<g—1>[q<h—2>+

3 3 3
g e —q ho—h h—1)(qg—1)[2¢g+h+1
WBngan) =g+ 75—+ 3 o )2( ){ 2
- 2 [h-1
#I5 a-vae 5]+ P o= vaag s n-9) 42
and

(h—1)(4(g+q) — (h+1))
8

h+1
>0 if ngqZ—jlr .

W<Dn7qu+1,h71) - W(Dn,g,q,h) =

(iv) If g is odd and h is even (both g and h — 1 are odd), then

W (D gq+1h-1) = 7 —g 4 (g + 1)3 —(¢g+1) n (h — 1)3 —(h—1)

+(921)q {2q+29f3} +(h—22)q {2q—|—82h—|—2}
+ [(g_l)ih_m} (dg+h+g+1),

3 3 3
g9 ¢—a h (g=Dlg=1)|2q+g+1
W(Dngan) =5+ +§+< >2< ){ : }
_1 h2 _1
+‘12_ [(h—l)q+7]+{_g4 ] [(h—1)(4q + g — 3) + h?]

and

(h = 2)(4lg +0) = (h+1)
° h+4

20 gf g—l—qu.

W(Dn,g,qﬂ,hfl) - W(Dn,g,q,h) =



CHAPTER 3. BICYCLIC GRAPHS 54

O

Iterating Lemma 3.23 as much as possible shows that, if D, ;. is
maximal then ~» = 3 since 3 is the smallest possible value of . The
following two lemmas identify the maximal graph if there are no tree
branches.

Lemma 3.24 Letn, g and k be integers such thatn =g +2> 8,k > 3
and g > 6, then
W(Dn7g7173) > W(Bn,g,k,?:)-

Proof.
(i) If both ¢ and k are odd, then

f—g+ﬁg—D@+ﬁ>

D, = :
W( ,g,1,3) 8 2 +3
k+ 3)? —k+3)P*—(g—k+3
M“Bw&@:( 8)_+@ )8(9 )
— — 2 —
+2{k 3 g—k+2 g—k+4
2 2 2
k-3 k-1
- . (g—k—-1)—3(k—
+t 5 (g ) —3(k —3)
g+1 k—3\ [k+5
—N (== =2 -1
S ( 5 5 8
3 2 2 2 2
g gk Tg gk gk g k k53
8 8 + 8+_8 1 277 8 8
and
mWBwhg__gj+gﬁ_g+g§_1_;4f+ag+n+2%+4k
ok 8 8 4 4 8 8
—(g+1)(g+1)+2k(g+2)

8
From the above we can deduce that

OW (Bygk3)
ok

—1
<0 forkggT.

In other words W (B, ,x3) decreases with increasing k as long as
k < 2% So W(B,44,3) will be maximal when k = 3 the smallest
possible odd value of k. Now
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W(Dn,g,1,3) - W<Bn,g,k,3> — g g g g 8 g

= W(Dnga3) — W(Bnggss)
=29g—-8>0 sinceg > 6.

(ii) If g is odd and % is even, then

9 —g  (9—1)(g+5)

D - bl
W( n,g,1,3) 8 + 2 +3
W(Bn,g,k’ﬁ)
(g—k+3)3 (k+3)—(k+3)
= +
8 8
—k— 2 4 — k- k-1
P g—Fk 3.143—1— ‘k—i— g—Fk 3 9 k (k—1)
2 2 2 4 2
— k-3 +1 k+5
—<g )(6)]+(g—1) 970 (g-k-3).2 ~ 18
2 2 2
3 2 2 2 2
g gk Tg gk gk 59 k k53
8 8+8+8 4 8+4+8+8
and
OW (B g.k,3) 9_+@_g %+1_—(92+2g—1)+2gk+4k
ok 8 S 4 4 '8 8
(g 29— 1) +2k(g+2)

8
From the above we can deduce that

OW (Bygk3)

—1
<z -,
ok <0 whenk< 5

The above suggests that W (B, ,3) will be maximal when &k = 4
the smallest possible value of k. Then

2k — 3g® — gk* + 2gk + 20g — 2k%* — k — 49
W(Dygis) = W(Bagas) = =

> W<Dn,g,1,3> - W(Bn,g,473)

-5 17
:(g )éng )>O since g > 7.
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(iii) If ¢ is even and £ is odd, then

¢  Ag-1+g°

D -5 - a8 b
W( n,g,173) 8+ 2 +3
k+3)3 —k+3)?
W(Bn,g,k,3)=< ) +(g )
8 8
k—3 (g—k+3\> k—3 k-1
2 — k422 =
+ 5 ( 5 ) +(g—k+2) 1 5
k—3 3 k47 g\ 2 k+3
— - 2(2) —(k—1)( —2) —12
2 2 2 }+ (2) (k=D = )
3 2 2 2 2
g gk Tg gk gk 39 k 27
I I T R - S R S
and
OW (Bugrs) g Lk g 2k —(g% + 29) + 2gk + 4k
ok 8 8 4 4 8
_—9(g+2)+2k(g+2) _ (9+2)(2k—g)
8 8 ‘

From the above we can deduce that

a” (Bn,g,k,?;) . g

% <0 ifk< 5 and
a (Bn’97k73) _ y — g

o 0 Yk=35

With the same reasoning as in (ii), W (B, 4x3) Will be maximal
when k£ = 3 the smallest possible value of k, hence

2l _ 302 — k’2—|—2 k19 ok — 46
W(Dn,g,l,?)) - W(Bn,g,kf,) = 9 9 g éq q

> W(Dnga3) = W(Bngss)
=2(9g—4)>0 sinceg > 6.

(iv) If both g and k are even, then

4(g—1)+g?

3,
5 +

g3
W(Dpg13) = <t

W(Bn,g,k,?))
(k+3)% — (k+ 3) N (g—k+3)2—(g—k+3)
8 8
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k—4 g—k+2 g—k+4 k-4 k-2

2 —k—14
* { 2 2 > 1 7 )
g 2
—43k—7)+3<§> 10
3 2 2 2 2
g gk g gk gk 39 k
= — = — _— _— e — — e 8
8 8 + 8 * 8 4 4 + 4 *
and
OW(Bughs) __9* 20k g 2k _ —¢°—29+ 29k + 4k
Ok 8 8 4 4 8
_ —9(g+2)+2k(g+2) _ (9+2)(2k—g)
8 8 '
The above implies that
oW (B,
%<O ifk<g,and
aW(Bn,g,k,S) o . - g
o 0 Uk=g

Reasoning as in (i) W (B, 43) will be maximal when k& = 4, the
smallest possible even value of k. Hence

2k — 3¢ — gk* + 2gk + 229 — 2k* — 56
W(Dagas) = W(Bugna) = S =

> W(Dnga13) —W(Bngas)

1, 7 ,
:§g +Zg—11>0 since g > 8.

Hence W (D, 413) > W (B gk3)-
O

Lemma 3.25 Letn,g,l, k be integers such thatn =g+1—1, k < § and
[ > 2, then
W(Dn,g,le,S) > W<Bn,g,k,l)-

Proof. Suppose n =g+ [ —1and [ > 2. If [ = 3 then we are done by
Lemma 3.24. Suppose [ > 4. Let L be the segment in B, ,;,; of length
l. Let u, v, w, z, y € V(B 4x,;) such that w # z, deg(w) = deg(z) = 3, u
is the neighbor of z in L, v is the neighbor of « that is not x and y is
the neighbor of v that is not u.

Now let us define the transformation from B, ,;; to D, ,; 23 as fol-
lows: Remove the edge uxr and add the edge uy. One clear observation
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is that all the vertices in B, ,;; — u either stay in the same positions
or move further apart from each other. This only contributes to
an increase in Wiener index. What is not clear is the contribution

of u. To investigate the contribution of u, let &5 = Z d(u,v)
vev(Bn,g,k,l)
and ¢&p = Z d(u,v). If &p — & > 0 then the transforma-

vEV (Dy,g,1-2,3)
tion from B, ,x; to D, 4, o3 increases the Wiener index and hence
W(Dngi-23) > W(Bngp). Now:

(i) If £ is odd, [ is odd, and g is odd, then

-2 =t
Op=1+> j+2> (j+1-2)
j=1 j=1

[—2 g—1 g—1
=1+ —02+1-2-1 — (2(l—1 — -1
P e-2- D+ I (2= + S5 1)
12 g—1 4l+g—T
. . |

I+k I4g—k—1

2 3z -1
o l+E _ ,
Op=23 j— 5 +2 Z]—(Z]—l—l)
Jj=1 Jj=1 j=1
:ﬂ(g+u_1)_u
2 2

+%<2+M_1)_%(2H_1_1)_1

2
:(l+k:) +l+g—k—1 ltg—k+1 —(l_1>l—1
2 2 2 2

and

— 4g — 2 2 1
@D_Q)B:gk—i-gl g—k°+1°—-6l+ 0‘
2

Let f(g,k,1) = ®p — ®p, then

Of(g, k1) _g—2k g
% = >0 fork<2and
0f(g,k,1) _g+20—6

ol 2

> (0 sincel > 3.
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The above partial derivatives suggest that we check for smallest pos-
sible values of [ and k. The smallest possible values are [ = k£ = 3.

Since [ > 3 then ¢ > 7 and f(g,3,3) = ¢ —4 > 0, hence we conclude
that dp — P > 0.

(i) If £ is even, [ is even, and g is even, then

1-2 2
<I>D:1+Zj+22(j+l—2)—(g+l—2>
j=1 j=1

[—2 g g g
=1+ —=(2+1-2-1 —(2 —1 ——1)——— 2
+ = (2+1 )+2 (1 )+2 5 Lt

2 g (4 +g—8
Ity 9 (a8 g
-0+ () e

k41 l+g—k

: k1 2 [
@Bzzz —i+ +g (Zj+1

=1

e e

and
122
o, @, IKF ol g =K 1261410
2
Then
Of(g, k1)  g—2k g
pol - 4o >0 fork<2and
o k.l 20—-6
f(%’l’):g—i_Q >0 sincel > 4.

Reasoning as in (i), with the smallest possible values of I and & being
l=Fk=4. Since | > 4 then g > 8 and f(g,4,4) = 29 — 7 > 0, hence we
conclude that & — &5 > 0.

(iii) If k£ is even, [ is even and ¢ is odd, then

-2 =h
<I>D:1+Zj+22(j+l—2)
. P

l—2 g—1 (4l +g—T7
—1 1
-+ ( )+

2
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k4l I4g—k—1 k 1

2i3—k+l 2 Z j—(Zj—Fl)

k; l l —k‘—l [ —k+1 [—1

> 2 2 2
and
Ay 1272
(I)D—@Bzgk+gl 4g — k* +1 61+10.
2
Then
0f(g.k.1) _g—2k g
=3 >0 fork;<§and
8f(gglk,l):g+225—6>0 since | > 4.

Reasoning as in (i), with the smallest possible values of £ and [ being
l=Fk=4. Since |l > 4 then g > 9 and f(g,4,4) = 29 — 7 > 0, hence we
conclude that & — &5 > 0.

(iv) If k£ is even, [ is odd, and g is even, then

[—2 4 +g—-8
dp = -1 B
D=5 ( )+2( 5 ) + 3,

dp

k+l 1 I4g—k—1 k 1

:223+2 Z j—(Z]—l—l)

k41 k+1—1 I+g—k—1 l+g—k—1
_2(2+2 1)+ . (2+ . 1)

—1
—(l2 (2+l—1—1)+1>
k+l-1 k+l—|—1+l—|—g—k—1 l+g—k+1_<l—1)l_1

9 2 9 2 2

and

gk +gl —4g — K>+ 12 — 61 + 11
5 .

Op—Pp =
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Then
df(g, k1)  g—2k g
=g >0 Jork < 3 and
8f(ga,lk,l):9+22l_6>0 since [ > 3.

Reasoning as in (i), with the smallest possible values of £ and [ being
k=4and [ =3. Since [ > 3 then ¢ > 8 and f(g,4,3) = 39;14 > 0, hence
we conclude that &, — &5 > 0.

(v) If k is even, [ is odd, and ¢ is odd, then

-2 1 (Mlg-T
@D:T(z—1)+g <+g >+1,

2 2
2
o, KHI=l kalsl  (lg=k\"_ (1=}, _,
2 2 2 2
and
o _gk+gl—4g—k*+ 1> — 61410
p—Pp = 92 ’
Then
k.l — 2k
8f(g>k,)_92 >0 fork<gand
k.l 20 —
8f(ga,l,):g+2 0.0 sincel>3.

Reasoning as in (i), with the smallest possible values of £ and [ being
=4and [ = 3. Since [ > 3 then g > 7 and f(g,4,3) = 2, > 0, hence
we conclude that &, — &5 > 0.

(vi) If k£ is odd, [ is even, and g is odd, then

-2 1 (Altg—T
p == (—1)+? ( J >+1,

2 2
k+1— —k\? -
O, = +1 1.k+l+1+ l+9g—Fk B [—1 1
2 2 2 2
and
_4_ 2 2 1
(I)D_(I)B:gk—i-gl g—k*+1°—6l+ O‘
2
Then

of(g,k, 1) g—2k g
oy =" >0 fork<§and
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of(g. k1) g+20—6

, >4
BT 5 >0 sincel >4

Reasoning as in (i), with the smallest possible values of £ and [ being
=5and [ = 4. Since [ > 4 then g > 9 and f(g,5,4) = 252 > 0, hence
we conclude that &, — &5 > 0.

(vii) If k£ is odd, [ is even, and g is even, then

[ —92 g (4 +g—38
bp=—1—(U-1)+5|—5— )1
o, Frl=L k+l+1l I+g-k-1 I+g—k+1 (I-1), ,
> 2 2 2 2
and
Ay 12 72
<I>D—<I>B=gk+gl 4g — k* +1 6l+11-
2
Then
-2
af(gakkal)zg 5 k>0fork;<gand
af(ﬁglkyl):g+22l_6>0,sincel24.

Reasoning as in (i), with the smallest possible values of k£ and [ being
k=5and | = 4. Since ! > 4 then g > 10 and f(g,5,4) = 252 > 0,
hence we conclude that &, — &5 > 0.

(viii) If £ is odd, [ is odd, and g is even, then

2 2 2
E+1\> [l+g—k\> [I-1
dp = —— IR (2o

gk +gl —4g — k> + 1> — 6l + 10
5 :

-2 Ml 4g—8
<I>D:—(l—1)+g(+—g)—l+3,

and

Op —Pp =

Then

of(g, k1)  g—2k . g
% = >Olfk<§and
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of(g. k1)  g+20—

6
— i > 3.
BT 5 > ( sincel > 3

Reasoning as in (i), with the smallest possibe values of k£ and [ being
k=1=3. Since [ > 3 then ¢ > 6 and f(¢,3,3) = g —4 > 0, hence we
can conclude that &, — &5 > 0. Since ®p — &5 > 0 in all the cases
above then W (D, 4,-23) > W (B gx.1)- O

Lemma 3.26 Let g, j, k, [, n and n’ be integers such thatn = g+1—1,
n=n+j—1,k>1>2andj > 2. Letw be one end of the path P;.
Then

W(Dn797]'+173,3) > W((B !

n ,g,k,l

Jww' ),  Jorallw e V(B,, gkl)

Proof. Let B = (B,/ ,1.1)ww P> L, K and R be segments in B,, ., of
length [, k£ and g — k, respectively. Then by Lemma 3.10 in conjuc-
tion with the proof of Lemma 3.8, if B is maximal then w is not in L.
Suppose w is in L. Since g — k > [ then by the proof of Lemma 3.8,

there exists vertex « in R such that f5 kl( w) < f5, kl( x). Then by

Lemma 3.10 W(B) < W((B,/ , 1)z i) Hence we conclude that w is

not in L for B to be maximal. Let u,u" € V(B) such that deg(u) = 1
and v is the neighbor of u. Furthermore, let vy, vy, v3,v4,v5 € V(L)
such that deg(vy) = deg(vs) = 3, v2 and v3 are the neighbors of vy,
dp(vi,v4) < dg(vg,w) and dp(vy,v5) < dp(vs, w), as in Figure 3.4. Note
that if L is too short, {vs,v3} N {vy, v;} Mmay be not empty.

Now let us define a graph transformation from B to B’ as follows:
Remove v; from v, and v; in B and then attach it to v and u, see
Figure 3.4.

It is clear from the transformation that all pairs of vertices in B — v;
either stay in the same distance or move further apart from each
other, hence their contribution to the Wiener index either stays un-
changed or increases. If there is a decrease in the Wiener index from
B to B, it is in the contribution of v;.

Let P be the shortest path in B from v; to u'. Without the loss of
generality, let us assume that it passes through v; and vs. Let P’ be
the shortest path in B’ from v to v;. Then the paths P and P have
the same length, hence

ZdBZZ) Z dg zz

2,2 €V(P) 2,2 V(P
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Figure 3.4: Graph transformation from B = (B )wwPj to B’

n',g.k,l

Define H to be one of K and R that do not have a vertex from P;.
Since dp(vi,v4) < dp(vg,w), dp(vi,v5) < dp(vs,w) and dg(w,vy) > 1,
then dg(vi,v) < dy(vi,v) for all v € V(H). Let P" be the path from
vy to w in B that passes through v, but not v; and P* be the same
path P” but in B'. Since dy (vi,w) > 1, dp(vs,vs) < dp (vs,v5) and all
the vertices in L and R form a cycle then fz(P" — w,v,) = fpr(w). Let
y € V(P;) such that y is the neighbor of w', then

fo(P" —w—va,01) < fp(P" —w—vy,y) < frr (P* —w —va,11).

Hence fz(B —u—vy,v1) < fgp (B —u—vy,v1). Lety € V(H) such that ¢/
is the neighbor of V4. Since dB(’Ul,U4) < dB(U4,U)), dB(Ul,’U5) < dB(’U5,’LU)
and dg (v, w) > 1 then

dp(u,v1) = dg (va, v1) + 1 < dpg (va,v1) + dpgr (v1, ) — dp(vy,y ).
Hence we conclude that fz(v,) < fg(v1) and W(B) < W(B'). If | = 2
then we are done since D, ,; 13 = B'. Suppose that [ > 3. Then
we define a two step transformation from B’ to B” and from B” to
D133 as follows: Let " be the neighbor of vs in L. Let B” be
formed from B’ by removing the edge 5" vs and adding the edge v v,.
Then D, , . 33 is formed from B” by removing the edge yw and
adding the edge yvs;. Then by Lemmas 3.18 and 3.21 we have

W(B) <W(B") < W(Dygjii-33)
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hence W(Dn797j+l*3»3> Z W<B = (Bnl7g,k,l)wwlpj)' O

Lemmas 3.24, 3.25 and 3.26 gives the following theorem. Note that
since [ =1, then n' = g.

Theorem 3.27 There are only two candidates for the maximum Wiener
index with circumference g and they are D,, ; ,—4—13 and (By g.1.1)
where w' is one end of the path P, _,, .

ww' L n—g+1s

3.2 Fixed Size of the Core

Definition 3.28 Let GG be a connected graph, we call a core of G the
maximal subgraph of G that has no vertex of degree less than 2.

In the previous section, graph transformations were carefully made
with the circumference kept fixed. In this section, we make sure
that graph transformations keep the size of the core fixed. In other
words whatever the graph transformation is doing in a particular
graph, the number of vertices and edges in the core must remain
the same. In the rest of this thesis whenever we say the size of the
core is m, we mean that the number of edges of the core is equal to m.

As much as the preceding section was about keeping the circum-
ference fixed, there are some lemmas and theorems that can still
be used in this section e.g Lemmas 3.18 and 3.25 since the graph
transformations used in those lemmas kept the core fixed too. Also
from Lemma 3.18 we concluded that the maximal bicyclic graph with
fixed circumference is either (D, ggn)y.,/ (Fi) Or (B, ;). (P;) with n
not neccessarily equal to »' and i not neccessarily equal to j, but
here the case is different, the graphs being compared should have
the same size of the core.

/(
ww

Before we start with lemmas and theorems of this section, we high-
light that the maximal bicyclic graph with n vertices and m size of the
core is either (Dm_Lg/,q,h)ww/ (Po—m+2) OF (Br—1gki) 0 (Po—m+2), Where w'
is an end of a path P, ,,.». This follows from Lemma 3.18.

Lemma 3.29 Let each of F, H and J be a connected graph with u €
V(F),ve V(H) and w € V(J). If W(H) > W(J), fu(v) > f;(w) and
ny > ny then W(F,,H) > W (Fu,J).

Proof.

W(FuwH) =W(F)+W(H) +npfu(v) +nufr(u)
> W(F) + W(J) + anJ<w) + anF(u) = W(Fuwj)
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O

Lemma 3.30 Let C' = C,, and H = (C3),,/P.—2, where n is a natural

number greater than or equal to 3, w € V(Cs) and w' is an end of P,_,.
Letue V(C)andv e V(H).

(i) If deg(v) = 1 then fo(u) < fu(v).
(ii) Ifv is not in P, 5 then fo(u) < fy(v).

Proof.
(i)
4 n;l
2> r if n is odd nel.ntlif g is odd
r=1
fC(U) - n =
2 n 2 e
2y r—— ifniseven L if n is even.
\ ; 5 (3)
n—3 n + 1
fa) =Y r+2mn-2)= (n —2).
r=1
Then

=9t if p is odd
fa(v) = fo(u) =

n2—2n—4
4

if n is even.
Since n > 3 then fy(v) — fo(u) > 0 and hence fg(v) > fo(u).

n—2

() fu() =1+ r=1+

r=1

(n—2)(n—1)

, and
2

@, if n is odd

w, if n is even.

fu(v) — fe(u) = {

Since n > 3, if n is even then n > 4. Then fy(v) — fo(u) > 0.
Hence fu(v) > fo(u).

U
The following lemma is about graphs with no pendent tree.

Lemma 3.31 Let g be the circumference of a graph B,, ;1. If k > 3
and n = g+ [ —1 then W(Dn,prg,k’k,g,g) > W<Bn,g,k,l)-
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Proof. Let B = B, 41, L, K and R be segments in B of length [,
k and g — k, respectively. Let x,y € V(B) such that z # y and
deg(x) = deg(y) = 3. Furthermore, let u,v,z € V(K) such that u is
the neighbor of y, v is the neighbor of « that is not y and =z is the
neighbor of v that is not .

Now let us define a graph transformation from B to B’ as follows:
Remove the edge uy in B and then add the edge uwz. Then B =
D, i4g-kk—23. 1t should be noted that

Yoo dpww) < Y dy(waw),
wyw' €V (B—u) w,w' €V (B’ —u)

since all pairs of vertices in B — v moved further apart from each
other or stay at the same distance, when we move from B to B'.
Now, we will compare the contributions of u in W(B) and W(B'). To
proceed let

> d(u,w) and Pg(k)= D du,w).

weV(B) weV(B')

If 5 (k) — ®p(k) > 0 then the lemma is true.

(i) If £ is odd, [ is odd and g is odd, then

l+gk1
@B/(k:):1+2j+2 Z j4k—2)

k—2 l—l—g k=1 l+g+3k—T7
=~ (k-1 : 1

k+l l+gk1

2 k+1 ‘
_22 - +2 Z (j+1) — Z(j—l—l)

7j=1

B k+l l+g—k—1 l+g—k+5 1
—( 5 ) + 5 5 2(l+3)

4gk — 129 — 3k2+2kl+2k+l2—6l+20
4

Let f(g,k,l) = @5 (k) — ®p(k). To show that f(g,k,I) > 0, we notice
that g > k+ 2 and

Oy (k) — Pp(k) =
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(4k —12)g — 3k —8)(k +2) + (I — 3)* + 2kl — 5
4

(k—4)g+ 3k —8)g— Bk —8)(k+2)+ (I —3)> + 2kl -5 =0
1 > 0.

flg,k,1) =

Note that for the case where k = 3 we have f(7,3,3) =2 and f(7,3,1) =
0,since k=3 = [<3and g > 7.

(ii) If £ is odd, [ is even and g is even, then

k-2 [4g—k—1 l+g+3k—T
Ok)= "2 h—1)+ 7 R

1.
2 2 2 *

Let us first look at the case of £k = + 1:

ktl—1 g
2 2 l
_ . g .
Op(l+1)=2 JEI j —i—2j§1]—§ - <1+j§1]>

— 2
_k+l 1 k+1+41 (g) —%(H—l)—l

2 2 2
120+ 2) 92_l(1+1)_1
- 2 4 2
and
29l —3g — 61 + 8 20—3)—6l+38
flg 1,0y = 29l =30 —61F8 _gQ@I=3) — 6+

2 2
>0 sincel>2andg > 5.

Now, we consider the case where £ > [+ 1

k+é—1 l+g;k71 ;
Qpk)=2> j+2 > (G+1) =D (G+1)
=1 j=1 j=1

_ k=1 k441 ldg-k-1 ltg-k+5 |

— (1
2 2 2 2 2( +3)
and
dgk — 129 — 3k% + 2kl + 2k + 12 — 61 + 21
flg. k1) = 1
(4k —12)g — (3k — 8)(k+2) + (I — 3)* + 2kl — 4

4
(k—4)g+ 3k —8)g — (3k — 8)(k +2) + (I — 3)* + 2kl — 4
4
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>0 sincel>2 — k> 5.

(iii) If £ is even, [ is odd and g is even, then

k—2 l+g—k—1 l+g+3k—7
(k) = 5= (k= 1)+ . : 5

+ 1,

E4+1-1

5(1+1) —22;+2Z]———<1+23>

ktl—1 k+i41 2
= +(9> — 5+ -1

9 ' 2 2
(20+2) ¢ I(I+1)
Ao 7 I G N7 A |
5 T 2

and

29l — 39 — 61+ 8 20-3)—-6l+38
flg.l+1,0) = F—= _o=3)

>0 sincel >3 andg > 8.

We need to take a note that, in this case we can’t have [ = 1 since
k =1+ 1 needs to be greater or equal to 3, so we only consider the
case where [ > 3.

For k£ > [ + 1 we have

k+l 1 I+g—k—1 k 1

—22]4—2 Z (j+1) Z(j—i—l)

7j=1
_k+l—1 k:+l+1 l+g—k—1 l+g—k+5
N 2 2 + 2 2 2(l+3>

and

flg. k1) = (h— g + 3k ~8)g — Bk _48)("" +2) + (1 —3)% + 2kl —

>0 sincek >4 (k> 3 butk is even)

(iv) If k£ is even, [ is even and ¢ is odd, then

k-2 l+g—k—1 l+g+3k—7
Pp(k) = —— (k-1 + 5 : 5

+ 1,
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k+l I4g—k—1 k 1

—22233—k+l 2 Z (j+1) — Z(j+1)

j=1

k+l H—g—k—l l+g—k+5 1
= | — . — —(]
( 2 ) + 2 2 2( +3)
and
4gk — 12g — 3k + 2kl + 2k + 12 — 61 + 20
Fg,k,1) = =—= :
(k=494 Bk —8)g— (3k —8)(k+2)+ (I —3)? + 2kl — 5

4
>0 sincek >4 (kis even and k > 3).

(v) If k is odd, [ is odd and g is even, then

@B/(k):1+2j+2Z(j+k—2)—<#+kz—2)

_9 _ _
:1+kT(2+k—2—1)+M (2(k—1)+y—1)

k-2 I+g—k I+g+3k—8
5 +1,

k+1 I+

kL gk I
@B(k;)zzij—kH QZ]H (Hg b ) > G+

J=1

kot kot kel 1 k z k
_L<2+i—1> R (2(2)+ 9= 1)

2 2 2 2 2
l+g—k
—( +92 )—1——(2()+l—1)
k+1\> l+g—k l+g—k+4 1
— . — _1
( 5 ) + 5 5 2(l+3)
and
Agk — 129 — 3k2 + 2kl + 2k + 12 — 61 + 20
flg k1) =2 d

4
_ (k—=4)g+ 3Bk —8)g — (3k —=8)(k+2) + (I =3)* + 2kl -5
4
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>0 fork>4
=2 fork=3and =3
=0 fork=3andl=1.

(vi) If k£ is even, [ is even and g is even, then

k—2 l -k 3k — 8
(k) = "o (h—3)+ 4% 19T

1
5 +

9 9 ’

k+1 I+

k4l gk I
_222:j—k+l 2Zj+1 (+92 k+1)—Z(j+1)

Jj=1

k:+l l+g—k: l+g—k+4 1
= — . — —(1 -1
( 2 ) T 2 p(+3)
and
k—4)g+ (3k —8)g — 3k —8)(k+2)+ (1 —3)>+ 2kl -5
Fobty — B Ao+ 3k =89~ Bk 8)(k +2) + (1=

4
>0 sincek >4 (kisevenandk > 3).

(vii) If k£ is odd, [ is even and g is odd, then

k-2 l+g—k l+g+3k—8
Oy (k) = —— (k=3)+

: 1
2 2 +h

k+i—1

@Bu+1y=2§:]+2§:]—(1+§:{)

k+1—1 k+l+1 g—1 g+1 I

= : : ——(l+1) -1

2 2 * 2 2 2(l+ )
120+2) g—1 g+1 1

= : ——(+1) -1

2 2 2 2(l+ )
and
—3)(2] —
flg,l+1,0) = Lg 3)5 3) >0 sincel > 2 (l is even).

For k > [ + 1 we have

k+l 1 l+g k

_22j+223+1 (Hg un ) i +1)

Jj=1
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k11 k+l+1+l+g—k‘ l+g—k+4

2 2 2 2
l
——( -1
2( +3)
and
dgk — 129 — 3k% + 2kl + 2k + 12 — 61 + 21
flg,k,1) = 1
_ (k—4)g+ (Bk—8)g— (3k —8)(k +2) + (I — 3)* 4 2kl —
N 4

>0 sincek>5(kisodd,lisevenandk >1+1 > 3).

(viii) If £ is even, [ is odd and ¢ is odd, then

k—2 l -k 1 3k —8
Dy (k) = S5 (k= 3)+ — 25 T

1
2 2 +

k+l 1

Dp(l+1)=2 Z]+22j— <1+Zj)

k:+l—1 k+l+1 g—1 g+1 1

= : : —S(l+1)—1
2 > 2 7~ U+
I20+2) g—1 g+1 1
= : —Z(l+1)—1
> 2 7~ U+
and
—3)(20—3
flg.t 410 = E=IAZ3)

>0 sincel>3(k=1+1isevenandk > 3).

For k£ > [ + 1 we have

l
l+g9g—k .
) =2 2 1) 1) — 1
§J+ E (j+ ( 5 +) ]221(J+)
_k+l—1 k+l+1+l+g ko l+g—k+4
N 2 2 2 2
l
- -1
2(l+3)

and

4gk — 129 — 3k? + 2kl + 2k + 1* — 61 + 21
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(k—4)g+ (3k — 8)g — (3k — 8)(k +2) + (I — 3)> + 2kl — 4
4
>0 sincek >4 (k>3 andk is even).

All the cases show that f(g,k,1) = &5 (k) — ®p(k) > 0, hence we con-
clude that
W(Dnitg-kg=k-23) = W(Bngp)-

Remark 3.32 We follow the proof of Lemma 3.31 to show that
W (B 1) < W(Dpiskg—k—23) by choosing u, v and z to be in R not in
K.

Lemma 3.33 Suppose we keep all the definitions and transforma-
tions in the proof of Lemma 3.31, that is B = B, 4, L, K and R are
segments in B of length [, k and g — k, respectively. x,y € V(B) such
that © # y and deg(z) = deg(y) = 3. u,v,z € V(K) such that u is the
neighbor of y, v is the neighbor of u that is not y and z is the neighbor
of v that is not u. B’ is formed from B as follows: Remove the edge uy
in B and then add the edge uz. Furthermore, let ' € V(B) such that

fe(z) > fz(v) forallv' € V(B). Then fg(2'), f5(2) < fg(u).

Proof. In the proof of Lemma 3.8, we showed that 2’ is not in L, so '
is either in K or R. Let us assume that 2 is in K. If 2’ = u then the
proof of Lemma 3.31 shows that f (u) > fg(u). Let C be the cycle in
B’ made of vertices in R and L, P be the shortest path from 2’ to z in
B' and P’ be the path from 2’ to u that passes through v.

Suppose 2 = v then fgy(u) = fy (), since dy(u,v) = dg(u,z) =
dy (v,2) = 1. If the shortest path in B, from 2’ to a vertex v' € V(B)
does not pass through y then dg(z',v') = dy(2',v"). If the shortest
path passes through y then dp(z’,z) + dg(z,v") > dg(z',y) + dg(y,v").
But dy (2, 2) +dg (2,v") > dg(z',2) + dp(x,v"), with equality only if the
shortest path in B from 2" to z does not pass through y. Hence
dy (2 ,0") > dp(z,v") and fg(u) = fy(2) > fz(2).

Suppose 2 ¢ {u,v}. Since the shortest path from u to all vertices
v € V(C)UV(P) in B' passes through ' then dy (u,v') > dg(2,v).
Let 2" be the neighbor of 2’ such that 2" € V(P). Since dy(2,2") =1,
dy (u,2") = dg(u,2) + 1 and dg (2, u) = dg (2 ,v) then fgz (P Uz u) =
fp(P U2’ 2)+ 1. Hence fy(u) > fz(z). Since the transformation
can only keep or increase distances between pairs of vertices in B—u
we have fu/ (B —u,z') > fp(B —u,?). If the shortest path in B from
2 to u passes through y then dy(z',u) > dg(z',u). If the shortest



CHAPTER 3. BICYCLIC GRAPHS 74

path does not pass through y then dp(z',u) = dgy(z',u) + 1. Then
fp (B —u, ) +dy (2, u)+1> fg(B—u,z)+dg(z,u) thatis fgz(z)+1>
fe(2). But fg(u) > fg(2), hence fg(u) > fp(z) +1> fp(2). If 2 is
in R and not in K then let u, v and 2 to be in R and follow the same
procedure. O

Theorem 3.34 Among all bicyclic graphs with n vertices and m size
of the core, there is only one bicyclic graph that maximizes the Wiener
index and that is (D,,—13,43) Prn-m+2, Where w is vertex in Cs that is
notin P, _,,.» and w' is an end ofapath P, _,, 5.

Proof. Let G be a connected graph with n vertices and core size m.
If G is maximal then by Lemma 3.18 G has at most one pendent
tree and that needs to be the path P, ,, 2, since m is the core size
of G. Then G = (Bin-1gkm—g)ow Pr-mr2 OF G = (D, 1 ; 7 1) orw Prnmt2s
where v is a vertex in B,,_1 g km—g w is an end of P,_,,.» and v, €
V(Cy) with v; not in the path P,. Lemmas 2.5, 3.29 and 3.30
show that W((D,, 1, n)vyw Po-ms2) < W(Dp_1g+n-33) v Pn-mt2) <
W((Dm—1,3,q/+h+i—6,3)v3w' n-m+2), where vy, € V(C3) N V(Pq’+h—3)v vz €
V(C3) ~ V(Pq/+h+i76>'

Let B = By 1gfm—g and B = D, _,; .. Lemma 3.31 shows that
W(B) < W(B') with ¢ =k—-2o0r¢ = g—k—2. But Lemma 3.33
says that there exists u € V(B') such that fy(u) > fg(u') for all
u' € V(B). Then by Lemma 3.29 W(B, s Po_mi2) < W(B, ,Po_mi2).
Since W(Bu’w’ n—m+2) < W(B;w’Pn—m-i—Q) = W((Dm—l,z‘,q’,S)uw’ N—m+2) <
WD, 134 1i33)uw Pn-my2) then G = (Dy,13,43) ' Po-mt2, Where w is
a vertex in (5 that is not in P,_,,,». O



4 Graphs with fixed Segment
Sequence

Definition 4.1 A segment of a graph G is either a path whose end
vertices have degree 1 or at least 3 in G and all the internal vertices
have degree 2 in G, or a cycle where all the vertices have degree 2
in G except possibly one. The lengths of all the segments of G in a
non-increasing order form its segment sequence.

Initially, we were hoping to study Wiener index of bicyclic graphs
with fixed segment sequence. To be more precise, we wanted to
find extremal bicyclic graph(s) among all bicyclic graphs given the
segment sequence. We did not reach that goal, but we encounter
interesting results along the way as presented in this chapter. The
results presented in this chapter do not apply only to bicyclic graphs
but to graphs in general.

Lemma 4.2 Let G be a connected graph, v’ ,v'c V(G) such that
de(u',v") > 3. If G is_formed from G by merging ' and v then

W(G) > W(G).

Proof. Let w be the vertex obtained by merging «" and v', P,, be a
shortest path from u to v in G. then

W(G)
= Z de(u,v) = dg(u',v') + Z de(u,v) > Z de(u,v)
u,weV(G) u,weV(G) u,veV(Q)
{uv}A{u 0"} {uvhA{u '}
- Z de(u',v) + Z de(v,v) + Z dg(u,v)
veV(G) veV(G) uweV(Q)
v#v/ v;éu/ u,v%{ul,v/}
> Z min{dg(u,v), de(v,v)}
veV(Q)
v;év/

75
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+ Z min{d(v,v"),d(v,u)} + Z dg(u,v)

veV(Q) u,veV(QG)
v;éu/ u Ugé{ul 7.)/}
ngwv—l—ZdeUH— Z de(u, v)
veV(G") veV (G u vEV G
u v¢{u v }
> Z der (w,v) + Z dg(u,v)
veV(G") u vEV G)
u v%{u v }
Z dG’ (w7 1))
veV(Q")
- Z min ({d(;(u,u/) +da(u',v), da(u,v’) + dg(v',v)}U
u,vEV/(GI)
w,v¢{u v }

(I(P): P € Py(u,v) and ', v ¢ V(P)})

+ > min{{dg (u,w) + dgy (w,v)} U{I(P) : P € Py (u,v) and w ¢ V(P)}}

U,UEV(G,)
u,VFEW

Z dey (u,v) = W(G).

u,weV(G")

0

The transformation in Lemma 4.2 reduces the number of vertices.
And when passing from G to G’ no pair of vertices get further apart.

4.1 Graphs of Long Segments

In this section we study the set of graphs with all segments of length
at least 3.

Theorem 4.3 Let G be a connected graph whose segments are all of
length at least 3. If G has minimum Wiener index among all graphs
with the same segment sequence as G, then it satisfies the_following:

(i) G has no vertex of degree 1.
(ii) G has at most 1 cut vertex.

(iti) For all vertices u € V(G), if u is not a cut vertex then deg(u) = 2.
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Proof. Let G be the connected graph whose segments are all of length
at least 3. Suppose G is minimal.

Claim (i): G has no vertex of degree 1.

Suppose there exists a vertex v in G with deg(v) = 1, then there ex-
ists a vertex v' closest to v with deg(v') # 2 in G. Then the path
P € Pg(v,v) is a segment in G and [(P) > 3. A segment of a graph G
is either a path whose end vertices have degree 1 or at least 3 in G
and all the internal vertices have degree 2 in G, or a cycle where all
the vertices have degree 2 in GG except possibly one. Applying Lemma
4.2 by merging v and v we get G with the same segment sequence as
G and W(G') < W(G), which contradicts the minimality of G. Hence
G has no vertex of degree 1.

Claim (ii): G has at most 1 cut vertex.

Suppose G has more than 1 cut vertex. Then G = H,,J,/ F for some
connected graphs H, J and F. By choosing J to be maximal ( such
that the only cut vertices of G in H and F are v and v, respectively),
we can assume that deg(u), deg(v) > 3. If dg(u,v) = 1 or 2 then G
has segment of length less than 3. But all the segments in G are of
length at least 3. So, dg(u,v) > 3. Now we can apply Lemma 4.2 by
merging v and v to get a graph G’ with W (G') < W(G), which contra-
dicts the minimality of G. Hence G must have at most one cut vertex.

Claim (iii): For all vertices u € V(G), if u is not a cut vertex then
deg(u) = 2.

Suppose G has no vertex of degree 1, has at most 1 cut vertex and
at least 2 vertices of degree at least 3. Let v be a vertex in G with
deg(v) > 3. Consider the vertex v' closest to v in G with deg(v') > 3.
Then dg(v,v') > 3, because all the segments in G are of length at least
3. Now apply Lemma 4.2 by merging v and v" to get graph G’ with the
same segment sequence as G and W (G') < W(G), which contradicts
the minimality of G. Hence G must have at most 1 vertex of degree
at least 3. Since G has no vertex of degree 1, then G has no pendent
path. Since each of the vertices of degree 2 in G are contained in a
segment in G, then the cut vertex is of degree greater than 2. G has
at most one cut vertex and at most one vertex of degree at least 3,
hence the only vertex of degree at least 3 is a cut vertex in G and all
the other vertices are of degree 2. O

Definition 4.4 Let D = (Iy,0,, ...,l,,) be a segment sequence of a graph
G such that all the segments in G are of length at least 3 (14,5, ..., [, >
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3). Let C),, C,, ..., C,, be cycles of lengths [y, Iy, ..., [, respec-
tively. Define F(D) as a graph obtained from cycles C,, C,,,..., C,,
by choosing a vertex in each cycle and merging all these vertices to
a single vertex. Then F (D) has a segment sequence D.

We will need the following lemma to obtain a characterisation of min-
imal graphs with given number of segments.

Lemma 4.5 Let D = (ly,ls,...,l;,...,l;,...,l,) be a non-increasing se-
quence of natural numbers such thatl;, > 3 foralll < k <mandm > 1
and l; —I; > 2 for some 1 < i < j < m. Define D' = (I1,ly,...,li_1,l; —
Liliva, . Lo, i+ 1,04, .. Ly). Then

(i) W(F(D)) < W(F(D") ifl; and l; are odd and I; — I; = 2,
(ii) otherwise W (F (D)) > W(F(D")).

Proof. Let L, and L, denote the sets of vertices in the segments in
F(D) corresponding to /; and /; (each of the sets L, and L; includes
the cut vertex), respectively. Let w be the cut vertex of F(D) and
H={w}u{veV(F(D)),s.tv¢L;UL,} then

WED)= Y duw)

{uv}eV(F(D))
Z d(u,v) + Z d(u,v) + Z d(u,v)
{u,v}eL; {u,v}el; {uv}eH
+ Z d(u,v) + Z d(u,v) + Z d(u,v).
u€L;~\w ueL;~\w u€Lj\w
veELj~\w veEH~\w veEH\w

We first determine each term then combine them later.
(i) If both [; and l are odd then Lemma 2.4 gives
l3 l

Zduv and Zduv 3

{uw}eL; {u,v}eL;
> du)=(i—-1)) dw,) + (I = 1)) d(w,v)
uefi\w veL; veL;
veELjNw

1.

3

= (I; — 1) Qik; + (1) 2> k

—1




CHAPTER 4. GRAPHS WITH FIXED SEGMENT SEQUENCE 79

I —1 li—1
+ (= 1) P+ 5 —{

(L= =D+ +2)
. .

> d(uv)=(ng— 1)) dw,v)+ (- 1)) dw,v)

u€eL;~w veL; veH
veEH~\w
L—-1 L +1
pr— —_— 1 . . ¢ — 1
and
> d(uw) = (ng —1) Y d(w,v) + (I — 1)) d(w,v)
UEL]'\U} ’UGLj veH
veEH~w
=1 1;+1
= (g — 1) 2= I +af—UZ;awm)
Therefore

3_71. Bl L L A .
W(F(D))—l’gllqtjg J+(ll 1) (1 i)(lz+l]+2)+ Z d(u, v)

{uv}eH
Li—1 L;+1
_1). . 1 E
L1 1+1
+(ng—1)- 5T + (I, —1)U§€Hd(w,v).

/

We now determine W (F(D')). If both [, and [; are odd then [; — 1
and /; + 1 are even. Let L; and L;. denote the sets of vertices in the

segments in F(D') corresponding to [; — 1 and [, + 1 (each of the sets
L; and L; includes the cut vertex), respectively. Then

W(FD) = Y  duv)

{up}eV(F(D")

= Y dwo)+ Y dww)+ Y d(uv)

{u,v}EL; {u,v}eL; {uw}eH
+ 0 dw)+ Y dwv)+ Y d(u,).
uEL;\w uEL;\w uEL;\w

veEH~w veEH~\w

vEL ~\w

[N
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Lemma 2.4 gives

Z d(u,v) = @ and Z d(u,v) = (L + 1)3.

/ , 8
{u,v}eL, {uv}eL)
S dluv) = (1 —2) > dlw,v) +1; Y d(w,v)
uEL,:-\w UEL; UEL;
’L)GL;\’LU

L+t 1
< I+ 1 2 L —1
=(;=2)[2) k-~ Li2) k==

k

— (I —2) (lj‘;l)QHj <l’;1)2.

— (g —1) (ll 1) =2 d(w,v)

_(nH—1)(lz )+([i_2)2d(w,v)
> d(uw) = (ng —1) Y d(w,v) + (1) Y d(w,v)

= (o =) |22 k= S5 1) Y d(w.v)

— (g —1) (@;1) + (1) S d(w,v)

— =) (5] 0 X dtw

Therefore

I

80
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17 4 4ling + 4l + 16 — (I3 + (40; + 8)ny + 121;)

W(F(D)) = W(F(D')) = 3

> 0if [; >lj+2,
< 0 otherwise.

(ii) If both [, and l; are even, then

l3
d _ i =2
Z u, v and Z d(u,v) .
{u}eL {u,v}eL;
Zduv (l; — 1) Zdwv l—l)Zd(w,v)
uefi\w veV(l;) veV(l;)
ucLj~\w

u€L;~w u€el; veH
veEH~w
I\ 2
~ =1 (5) + -0 X dtw),
veEH
and
Z d(u,v) = (ng — 1) Zdwv l—l)Zd(w,v)

ueL ;i \w vEL; veH

I—-I
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~ -1 (4) -0 Tatw)

veEH

Therefore

W( ( )
3 L 2 1\ 2 1\ 2
9 _ _ hd _ il
+5+ > d(u,v) + (I 1)() (1 1)(2) + (ny 1)(2)

{uv}eH
l:
li—1 Zdwv nH—l)(EJ) li—1 Zdwv

veH veH

If both /; and [; are even then [; — 1 and [; + 1 are odd. Hence

Y duey= B =) =20 - Dl

' 8 N 8 ’
{u,v}eL,
DR (1) ()2
S d(u,v) = LAY =+ WEGHDGD)
/ 8 8
{u,v}ELj
Z d(u,v) = (I; — 2) Z d(w,v) + (1) Z d(w,v)
uGL;\w veL; vel
uEL;\w

:(li_2)'%|:2<1)—|—%_ :|+lj' li;Q |:2+li;2_1:|
_ L=+ +2)
4

> d(u,v) = (ng —1) > d(w,v) + (I; = 2) Y d(w,v)

ueL;\w ueL; veEH
veEH~w
l; —
=(nyg—1)- 2 (l; —2) Zdwv
veEH
and

D d(uw) = (ng —1) Y dw,v) +1; Y d(w,v)

uEL;\w UEL; veH
veEH~\w
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L

83

= (i —1)- 3 Y d(w,v
Therefore b
W(F(D"))
_ D=0 | bt DG+ + 3 dw)
LTS +2>+<nH_1>.li;2.g - 3 o
+(nu —1) - %
and UEH

B 8

{>01fzizzj+2,

< 0 otherwise.

(iii) If /; is odd and l is even, then

l3
d - J
Z (u,v) Z d(u,v) 3
{u,w}eL; {uv}GL
> duw)=(L—1) Y dw)+ (1 —1) Y dw,v)
ugéé\w veV(ly) veV (1)

1\ 2 L—1 L+1
(L. -1 (2 1) 2 2

(=Dl =L+ +1;-1)
4 )

Z d(u,v) = (nyg — 1) Z d(w,v) + (l; = 1) Z d(w,v)

u€L;~w uel; veEH
vEH~w

1) 2L li‘2“ =) Y dlw,v),

veH

> d(uv) = (ng —1) Y d(w,v) + (I — 1) Y d(w,v)

u€Lj~\w veEL; veH
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“ -1 (4) 00 Tatw)

veEH
Therefore
W(F(D))
_ Bl z 3 (Z—D@Q—h+@+g—m
8 + Z d(u,v) 1
{uw}eH
i —1 z+1 L\’
+ (ng — 1) 5 l—lZdwv H—l)(2)
veH
[ —1) Zd(w v

If [; is odd and [; is even, then [; — 1 is even and [; + 1 is odd. To
get W(F (D)) we first interchange /; and [; in W(F (D)) then replace I;

with /; — 1 and [; with [; + 1, hence

W(F(D))
 1\3
_(l, 1) l(l—|—1l+2 Z d(u, )
8
{uv}eH
L=+ =L+ —12+1 —3 L —1\?
(oDl ehod) ) ()
4 2
l; 2
Z—QZdwv nH—l)-E lZdwv
veEH veH
and

‘VUWDﬂ—MKFum):<h—%—1Xh;@+4m,_n

>Olflz>l]+1,
< 0 otherwise.

(iv) If ; is even and [; is odd, then interchanging /; and [; in W (F (D))
of (iii) gives

W(F(D))
BB (=Dl =1+ 2+ 1, — 1)
=g+ + > d(u,v) + 1

{upv}teH
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+ (ng — 1) (%) +(li—1)2d(w,v)—l—(nH—1)_lj;1 ) lj_2|—1

+ (= 1) d(w,v).

veEH

If we replace /; with [; — 1 and [; with /; + 1 in W(F(D)) of (iii) we get

W(F(D))
_ i Q)S" BRLIC ; by > d(u,v)
{upv}teH
L=2) (L= +1) =L+ (L + 1)+ 1+ 1)
+ 4
+1; Zd(w,v).
and

W(F(D)) - (D)) = il = D ; l; + 4ng —9)

{>Oifli>lj+1,

< (0 otherwise.

O

Remark 4.6 As a consequence of Lemma 4.5, a minimal graph with
given number of segments and have segments all of length at least
3 cannot have two segments of same even length, that is [; = [;.
Because then replacing the two segments with two new segments of
length [, — 1 and [; + 1 would reduce Wiener index.

Iterate Lemma 4.5 as much as possible to get the following theorem.
Note that iterating Lemma 4.5 in a graph does not change the size of
that graph.

Theorem 4.7 Among all graphs of size m, number of segments s and
all segments of length at least 3, F'(D) has the minimum Wiener index
|l; — ;] € {0,2} ifl; and l; are odd,

orsome D = (ly,ls,...,l,) where
J (hta ) i —1|=1 ifl; orl; is even.

Note that Theorem 4.7 provides full characterization of the minimal
graphs it describes.
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4.2 Graphs of Short Segments

In this section we study graphs with segments all of length less than
or equal to 2.

Lemma 4.8 Let G be a connected graph with segment sequence D =
(1,1,...,1), u and v € V(G) such that

(@) d(u,v) =3
(i) deg(u) # 1 or deg(v) # 1.
If G’ is the graph formed _from G by merging v and v then
W(G) > W(G).

The proof of Lemma 4.8 looks the same as that of Lemma 4.2. Also
because of condition (ii), G and G’ in Lemma 4.8 have the same
segment sequence.

Lemma 4.9 Let H be a connected graph with m edges and segment
sequence D = (1,1,...,1). If H is minimal then diam(H) < 2.

Proof. Suppose that Lemma 4.8 cannot be applied to H. In other
words there are no two vertices that can be merged, then either:

(i) dy(u,v) <3 forall u,v € V(H) or

(i) There exists u,v € V(H) such that dy(u,v) = 3 and deg(u) =
deg(v) = 1.

If (i) holds, we are done. If (ii) holds then H = P, /K, P', where each
of P and P’ is a 2—vertex path and K some connected graph. With-
out loss of generality let v € V(P) and v € V(P'). If K has a vertex y
that is neither adjacent to « nor v', then merge u, y and v.

Otherwise each vertex in K is adjacent to either «' or v'. Let N*
be the set of all vertices w' in H such that v’ is adjacent to v and
deg(w') = 1. If deg(u') — ]N“/| = 2, then there exists z,7 € V(K)
such that z is adjacent to both u" and 2’ with 2" not adjacent to u'.
Since z’ is adjacent to v', dy(u',v') = 1 and H has segment sequence
D =(1,...,1), we must have dy(z',u') = 2, dy(z',u) = 3, deg(u) = 1 and
deg(z') > 3. Then merge 2’ and u as in Lemma 4.8. If deg(u/)—|N" | # 2,
then we can safely apply Lemma 3.3 by removing the edge {v',w'} in
H and adding the edge {v',w'}, for all w’ in N* . All the cases lead to
diam(H) < 2 if H is minimal. O
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Lemma 4.10 [10, Proposition 2] Let H and F be two graphs such
that they are both

* connected,
* of diameter 2,
* have the same number of vertices and
* have the same number of edges.
Then W(H) = W(F).
Proof. Let |V(H)| = |V(F)|=n,|E(H)| = |E(F)| = m, then

Zduv ZZ+Z

u, eV (F u,veV(F) u,veV(F)

d(u,v)=2 d(u,v)=1
=2((2) — [E(F)]) + [E(F )|=2((")— m) +m
=2(() — |BE(H)) +|EH)| = > 2+ Y 1
s
— W (H)

O

Definition 4.11 Define G, as a connected graph with m edges such
that for m < 6, G() = Sl, G1 = 52, G2 is undeﬁned, Gg = 84, G4 = 55,
Gs = S¢ and Gg = K4. For m > 7, G, is constructed as follows: Let n
be such that ("] ) < m < (). Then n > 4.

e If m — (",') = 2, then remove the edge between u and v in K, ,
and add three edges zu, zv, zx for some vertex = of K, _; that is
not in {u,v}, see Figure 4.1.

Figure 4.1: Transform K,_; —uv to G,
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o If m — (",') # 2 then G, is obtained by joining a new vertex to

m — (") vertices of K,_;.

Note that for any m, G,, has a vertex that is adjacent to all other
vertices in G,,. For m < 6, this can be seen by inspection. For m > 6,
the vertex x in Figure 4.1 is one example of such vertex and any
vertex of the K,,_; part works for the other case.

Theorem 4.12 Among all graphs with m edges and segment sequence
D =(1,...,1), G, has the minimum Wiener index.

Proof. Let G be of m edges and segment sequence D = (1,...,1).
Suppose G has the minimum Wiener index, then by Lemma 4.9
diam(G) < 2. If diam(G) < 1, we are done since G = K, , = G, for
m = ("¢). Otherwise diam(G) = 2. So W(G) = m+ 2 (("¥) —m), while
W(Gp) =m+2((5) —m) for some n with (";') <m < (}). All we need
to prove is that n < ng. Suppose that n > ng, then n — 1 > ng. Then
the maximum edge that G can have is ("¢) < (*,') < m which is a
contradicts the fact that G has m edges. O

Remark 4.13 Among all graphs with m edges G,, has minimum
Wiener index. To prove this claim one can use Lemma 4.2 combined
with ideas used in the proof of Theorem 4.12.

Definition 4.14 For any natural number m > 3, K,,, is defined as
the graph obtained from (m + 1)—vertex star S,,.; by adding a new
vertex and join it to all m leaves of S,,+1. K,,, has segment sequence
D=(22,...,2).

Theorem 4.15 Among all graphs with m segments and segment se-
quence D = (2,2,...,2), the minimum Wiener index is reached by K ,,.

Proof. Let G be a graph with m segments and segment sequence
D = (2,2,...,2). For any two vertices u # v of G that have degree 2,
dg(u,v) > 2. For any vertices z, y, z in a segment of G with ends «
and z, dg(z,y) = da(y,z) = 1. So W(G) > 2(7) + 2m = W(Kam). O

Now, we are ready for the cases where the graph may have segments
of length 2 and 1 at the same time.

Definition 4.16 For any natural numbers m and [/, we define D(m,[) =
(2,...,2,1,...,1), where 2 repeats m times and 1 repeats [ times.

Definition 4.17 Let m and [ be two natural numbers. Let z € V(G))
such that N¢,(z) = V(G, — z). Let y € Ng,(z) of maximum degree.
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We define G,,; to be the graph obtained by adding m segments of
length 2 to G; by merging one end with = and the other end to y, see
Figure 4.2 for example. Unless m =1 and [ < 6, G,,,; has the segment

Figure 4.2: G377

sequence D(m,l). So, let us redefine G,,; for m = 1 and | < 6 as
follows: let P = P' = P,, H = C3, R = S, with v € V(R) and deg(v) = 1.
Then G,; does not exist, since there is no graph corresponding to
D(1,1). Gy = P, R, Gi3 = Py H,, P with u # w. G, is obtained
by removing an edge uv in K, and attaching a new vertex z in u. Let
r € V(Gy4) such that deg(x) = 3, then G, 5 = P, G4, see Figure 4.3,

Figure 4.3: G2, G13, Gigand G 5

Note that there are two graphs corresponding to G, ;, but they have
the same Wiener index.

Theorem 4.18 Let N be the set of natural numbers. For any (m,l) €
N xN—-{(1,1),(1,2)}, G, has the minimum Wiener index.

Proof. For (m,l) € {(1,3),(1,4),(1,5)} check Figure 4.4 for graphs
and their Wiener indices. For the rest of the proof, we assume that
(m,l) e Nx N—-{(1,1),(1,2),(1,3),(1,4),(1,5)}. Let G be a graph with
segment sequence D(m,l). Let A = {vy,...,v,} be the set of vertices
of degree 2 in GG. Then

Z dg(u,v) > 2m.

u,vEA
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Let B be the set of vertices of G that is an end of segment of length
2, then

Z dg(u,v) > m(l+1) =2m.

ucAveB
Let G = G—wv, —vy — - — v, then G has | edges. Then remark
4.13 assures that W(G') > W(G,). Hence W(G) > 2m +2m + W(G;) =
W(Gmy). O

Figure 4.4: Graphs corresponding to (m,!) € {(1,3),(1,4), (m,l) = (1,5)}



5 Conclusions

In this thesis we found extremal bicyclic graphs under each of the
following conditions: The circumference is fixed and the size of the
core is fixed. We also found extremal graphs given the segment se-
quence.

We first studied the Wiener index of bicyclic graphs with circumfer-
ence g and order n. It turned out from Theorem 3.17 that, among all
bicyclic graphs with circumference g and order n, the Wiener index
is minimized by B, ;1 if g is odd, B, ;s , if g is even and § is odd
and B, , s, if both ¢ and § are even. While Theorem 3.27 provides
two candidates for the maximum Wiener index, among all bicyclic
graphs with circumference g and order n. And the candidates are
Dy gn—g-13 and (By g 1), Pa-g+1, Where w is an end of a path P,_g. ;.
We then studied Wiener index of bicyclic graphs with core size m
and order n. We found in Theorem 3.34 that, among all bicyclic
graphs with core size m and order n, (D;,—1343) ' Pn—m+2 Maximizes
Wiener index, with w € V(C3), w not in P,_,,., and v an end of a
path P, ,,.». The case of the minimum Wiener index had not been
examined.

Finally, we studied graphs with fixed segment sequence, where we
found in Theorem 4.3 that, among all graphs with the same seg-
ment sequence and all segments of length at least 3, the graph that
minimizes Wiener index has all of its segments ending in one vertex.
However if we fix the total number of edges and the total number of
segments but allow the length of segments to change then, by The-
orem 4.7, among all graphs of size m, number of segments s and all
segments of length at least 3, F/(D) has the minimum Wiener index,
for some

\l; — ;| € {0,2} if both [; and [; are odd,

D = (I3,1y,...,ls), where ] )
=1 =1 if [, or [, is even.

91
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According to Theorem 4.12, we can conclude that, among all graphs
with m edges and segment sequence D = (1,...,1), G,, attains mini-
mum Wiener index. For large m, most of the time, G,, is obtained by
removing some edges adjacent to a given vertex of a complete graph.
While Theorem 4.15 shows that, in the set of all graphs with m seg-
ments and segment sequence D = (2,...,2), the minimum Wiener
index is reached by K,,,. K., can be obtained by adding edges to
join all leaves of a (m + 1)-vertex star S,,;; to a new vertex. Let N be
the set of natural numbers. Then Theorem 4.18 shows that, for any
(m,l) € NxN—-{(1,1),(1,2)}, G,,; has the minimum Wiener index.
G, is obtained by merging a vertex of largest degree of K,,, with a
vertex of largest degree in G,. The case for the graphs with the mix of
segments of length less than 3 and segments of length greater than
or equal to 3 have not been examined. Also the case of the maximum
Wiener index have not been examined.

Theorem 3.34 in conjuction with Lemma 3.21 shows that, among all
bicyclic graphs of order n, D, 3, 13 maximizes Wiener index. This
confirms the conjecture that arose in [2] about maximal bicyclic
graph of size m.
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