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CllAPTER 

INTRODUCTION (A BRIEF SURVEY) 

1.1 INTRODUCTION 

Let G be a multiplicative group and R a ring. 

the group ring RG consist of all formal sums r 

g E G and S 
et r 

{g E Glr # O} is finite. 
et get 

The elements of 

= I r g, r E R, 
et get et get 

S is called the 
r 

support of r. The operations of addition, scalar mUltiplication 

and multiplication are defined as follows: 

(i) + S )g 
g et et 

(ii) aIr g = Har 1 g , a E R 
get et get et 

(iii) ([Ir g HIs gs)) = Llr 's ]g gs 
get et gs get gs et 

where t 
gy 

= L r 's 
getgs=gy get gs 

If R is a ring with identity, then the identification of g E G 

with I'g yields a natural embedding of G into this ring. 

As the name group ring implies, this subject is a meeting place 

for two essentially different disciplines and indeed the results 

are frequently a rather nice blending of group theory and ring 

theory. In this chapter a short review is offered of the main 

results in some areas of the theory of group rings. Indications 

will be given where we succeeded in making some contribution to the 

problems mentioned. 

If G is finite then the group ring can be studied using trace func-

tions and the fairly strong structure theorems for finite dimen-

sional algebras. On the other hand, if G is infinite then these 
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methods are no longer available and the probl ems are therefore 

correspondingly more difficult. Except for a few exceptions, 

the first papers on infinite group rings appeared in the early 

1950's. Important impetus was given to this subject by the 1n-

clusion of group ring problems in Kaplansky's Ram's Head Inn 

problems (1957 [24], 1970 [25]) and by the inclusion of group 

ring material in the books of Lambek (1966 [27]), Ribenboim (1969 

[39]) and the monograph of Herstein (1971 [21]). The only books 

devoted totally to this subject are those of Passrean (1972 [3 5] , 

1977 [38]), Michalev and Zalesskii (1973 [31]), and Bovdi (1974 

[7]). Since group rings are rings after all, the questions we 

ask about them must necessarily be ring theoretic in nature . On 

the other hand, the answers and techniques involved usually ex­

hibit a strong group theoretic flavour. 

1.2 ZERO DIVISORS AND UNITS 

The question of the existence of proper zero divisors in group 

rings is probably the oldest and least understood problem in the 

field. There has been some exciting progress recently on this 

problem ([8] and [13]). We define a torsion free group as a 

group in which every element, except the identity, has infinite 

order. 

If R is a field, then all the elements of the form ~ = kx with 

k E R, k r 0, x E G are units and we consider these to be trivial. 

In this section we also discuss the existence of nontrivial units 

1n group rings. If G is a finite cyclic group of order n, gene-

rated by an element a, then the zero divisors of ZG, Z denoting 
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the ring of rational integers, are multiples of elements of the 

form f(a), where f(x) is a non-trivial polynomial, with integral 

coefficients, which divides the polynomial xn - I. (See [4], 

Th.eorem 2.) In [4] the following result is proved to give a 

characterization of the zero divisors of ZG ~n terms of the coef-

ficients, G finite cyclic of order n: 

divisor of ZG then the determinant 

r r r 
-1 -1 -1 

gl gl g2 gl gn gl 

r r r 
-1 -1 -1 

gl g2 g2 g2 gn g2 

r r r 
-1 -1 -1 

gl gn gl gn gn gn 

If b = Lr g is a right zero 
g 

is zero and conversely, where gl' g2' ... , gn are the elements of 

G in some order. 

Let K denote a field. 

Lemma 1.2.1 (Passman [35 , p.110]) 

Let G be a group which is not torsion free. Then KG, K a fi e ld, 

has proper divisors of zero. Horeover, if I K I > 3, then KG has 

nontrivial units. 

The question of interest here is whether the converse of the above 

lennna is true. Namely if G is torsionfree, does it follow that 

KG has no nonzero zero divisors and only trivial units? The answer 

is not known and we shall investigate some special cases here. 

A group G is said to be a u.p.-group (unique product group) if 

given any two nonempty finite subsets A and B of G, then there 
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exists at least one element x E G which has a unique ' represent,,­

tion in the form x = ab with a E A and b E B. 

A group G is said to be a t.u.p.-group (two unique products group) 

if given any two nonempty finite subsets A and B of G with 

IAI + IBI > 2, then there exists at least two distinct elements 

x and y of G with unique representations in the form x = ab, 

y = cd with a, c E A and b, dEB. Clearly every t.u.p.-group 

1S a u.p.-group. 

r~~~~~_I~~~~ (Passman [35], p.lll) 

Let K be an arbitrary field. If G is a u.p.-group, then KG has 

no proper divisors of zero. If G is a t.u.p.-group, then KC has 

only trivial units. 

In view of the previous lemma, this implies that every u.p.-group 

is torsion free. The following result shows that such groups 

form a fairly large class. 

L~~Qt~~_J~g~~ (G. Higman [22], Rudin-Schneider [43]) 

Let G be a group. Then any of the following implies that G is 

a u.p.-group (respectively, a t.u.p.-group): 

(i) G has a normal subgroup H such that both Hand G/H are 

u.p.-groups (respectively, t.u.p.-groups). 

(ii) G has a family of normal subgroups HS such that nS HS = <1> 

and such that G/HS is a u.p.-group (respectively, a t.u.p.­

group) • 

(iii) Every finitely generated nonidentity subgroup of G can be 

mapped homomorphically onto a nonidentity u . p.-group 

(respectively, a nonidentity t.u.p.-group). 
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The above theorem shows how to construct new t. u. p-groups from 

known ones but it does not show that such groups exist. We do 

this below. 

A group G is an ordered group if it admits a strict linear 

ordering < such that x < y implies xz < yz and zx < zy for all 

z E G. 

Lemma 1.2.4 (Passman [35, p.ll3]) 

Any ordered group is a t.u.p.-group. 

Proof; Suppose G is an ordered group and A and B are finite non-

empty subsets of G with IAI + IBI > 2. + + Let a and b be the 

maximal elements of A and B, respectively, and let a and b be 

their minimal elements. + + Then clearly .x = a band y = a bare 

distinct uniquely represented elements of AB. 0 

There are many group theoretic theorems which guarantee that cer-

tain large classes of groups can be ordered . We shall content 

ourselves here with just a few examples. 

§~~f~_I. Any torsion free Abelian group can be ordered 

(Newmann [32]). 

A decending chain of subgroups G = C ::> C ::> C ::> ••• C ~. C ., 
o 1 2 0. 0.+ I 

with a varying over ordinals less than a fixed T is called a 

transfinite aentraZ series of G if C is a (normal) subgroup 
a+l 

of C such that the commutator [G,C J is contained in C and, 
a a a+l 

for a limit ordinal a, C
a 

is the intersection of all Cp with 

S < a. Clearly, the Ca are normal in G. 
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li::ip!p.I'!!._£. (i) If a group G has a transfinite central serles 

ending with C = {e} such that all factor groups are torHion­
T 

free then G is an ordered group (Newmann [33]). 

(ii) If the lower central series (upper central series) 

of a group G is of length w, w denoting the first infinite ordi-

nal, and the factor groups are torsion free, then G is an ordered 

group (Newmann [33]). 

(iii) Any finitely generated torsion free nilpotent 

group is an ordered group (Jennings [23]). 

Example 3. All free groups (of finite or infinite rankJare 
---------
ordered groups (Newmann [33]). 

Let G be a 'group and suppose that G = G ~ G ~ G ~ ... , G = <I> 
o 1 2 n 

where G. is normal in G. and G./G. is torsion free Abelian. 
1+1 1. ~ 1+1 

If K is any field,then KG has no proper divisors of zero and no 

nontrivial units. 

Proof: By Lemma 1.2.4 and Example J, G./G . is a t.u.p.-group. 
1. ~+l 

Thus by Theorem 1.2.3(i) and induction, G ~s a t.u.p.-group. 

The result follows from Theorem 1.2.2. 0 

The following example shows that not every t.u.p.-group is an 

ordered group. 

(Passman [35, p.114]) Let G = <x> x <y> be the sem,­
(] 

-1 - 1 
direct product of two infinite cyclic groups with y xy = x 

Since both <x> and G/<x> ~ <y> are ordered groups by Example I, 
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it follows from Theorem 1.2.3(i) and Lemma 1.2.4 t hat G is a 

t.u.p.-group . On the other hand G is not an ordered group 

-1 
s~nce x > x implies 

-1 -1 -1 -1 
X = Y xy > Y x Y = x 

and this in turn implies x < x-l, a contradiction. 

The following result is a generalization of TheOy~m 1. 2.2 . 

~~~~~~_~~~~~ (Passman [36, p.9S]) 

Let G be a u . p.-group and let characteristic (char)K = O. Then 

KG has only trivial units. 

Now recent work in this field has centered upon groups which are 

not orderable. 

Let K be a field and G a torsion free supersolvable group . Then 

the group ring KG has no zero divisors. 

There has been some encouraging progress recently on the zero 

divisor problem, in particular in the case of polycyclic-by-

finite groups. 

If A and B are two classes of groups, then G is called a A-by-B 

group if there ~s a normal subgroup N of G such that N E A and 

G/N E B (Robinson [40, p.2]). A group G is called a poZy-A-(JY'oup 

if G has a ser~es of subgroups G = G J G J '" ~ G <1>, 
1 2 n+1 

such that for each i, G. is a normal subgroup of G. and the 
~+l ~ 

factor group G./G. E A. 
1 1+1 
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In a recent remarkable paper, [8], K. Brown shows that KG bas no 

zero divisors, when char K = 0 and G is torsion free Abelian-by-

finite. Inspired by the techniques of Brown and by using K-

theoretic methods, D.R. Farkas and R.L. Snider [13], proved that 

if K is a field of char 0 and G is a torsion free polycyclic-by-

finite group, then KG has no zero divisors. 

If R is commutative then the prime radical is denoted by N(R) or, 

if there is no ambiguity, by N. A commutative ring R is called 

completely primary if R = R/N is a field. The aim of Chapter 2 

of this thesis ~s to determine the ideal theoretic structure of 

the group r~ng RG where G ~s the direct product of a finite Abe-

lian group and an ordered group with R a completely primary ring. 

Our choice of rings and groups entails that the study centres 

mainly on zero divisor ideals of group rings and hence it con-

tributes in a small way to the zero divisor problem. We show 

that if R is a completely primary ring, then there exists a one-

one correspondence of the prime zero divisor ideals in RG and 

R(G), G finite cyclic of order n. In [28] the following theorem 

is proved: f(x) E R[x], R a commutative ring, is a divisor of 

zero in R[x] if and only if there exists a nonzero element c E R 

such that cf(x) = o. If R is a ring with the property, if 

ae = 0 then ea = 0 for every a, e € R, and S is an ordered semi-

group, we show that if ~a.s. E RS, a . E R, is a divisor of zero, 
L 1. 1. 1. 

then all the coefficients a. belong to a zero divisor idea l 
~ 

in R. The converse is proved in the case where R is a commuta-

tive Noetherian ring. These results are applied to give an 

account of the divisors of zero in the group ring over the direct 
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product of finite Abelian groups and an ordered group with coef-

ficients in a completely primary ring. Finally we determine 

the units of the group ring RG where R is not necessarily commu-

tative and G is an ordered group. 

If R is a ring such that x, y E Rand xy = 0 then yx = 0 and G 

an ordered group, then we show that Ia g is a unit in RG if and 
g 

only if there exists IShh in RG such that IagSg-l = 1 and agSh 

is nilpotent whenever gh f 1. We also show that if R is a r1ng 

with no nilpotent elements fO and no idempotents fO,1 then RG has 

only trivial units. Corresponding results for the group ring, 

with R commutative, have been obtained by Parmenter [34] and for 

polynomial rings by Coleman and Enochs [10]. 

1.3 CHAIN CONDITIONS 

A ring is right Artinian (right Noetherian) if it has the m1n1mum 

(maximum) condition on right ideals. Similarly, left Artinian 

and left Noetherian rings are defined. A right (left) Artinian 

ring is right (left) Noetherian. Either property is inherited 

by factors. 

The group ring RG is right Artinian if and only if R is right 

Artinian and G 1S finite . 

(i) RG is right Noetherian if R is right Noetherian and G 1S 

finite. 

(ii) If RG is right Noetherian, then R is right Noetherian and 
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every ascending sequence of subgroups of G becomes ulti-

mately stationary. 

(iii) If G is Abelian, then RG is right Noetherian if and only 

if R is right Noetherian and G is finitely generated. 

In [35] the following research problem is posed: 

Let K be a field. Is it true that KG is Noetherian if and only 

if G has a series of subgroups G = G ~ G ~ •.. ~ G 
o 1 n 

< I> such 

that ·G. is normal in G. and G./G . is either a finite group 
~+l 1 ~ 1.+1 

or infinite cyclic? 

Let H be a normal subgroup of G and suppose that KH is right 

Noetherian. If G/H is either a finite group or infinite cyclic, 

then KG is right Noetherian. 

The fact that KG is Noetherian if G has the above series I S now 

a consequence of induction and Lemma 1.3.2 . 

In any ring R, for a nonempty subset T of R, let ~ ( T ) = {x E R : 

xt =0 for all t E T}. We call ~ (T) the left annihilator of T 

and term the left ideal L of R a left annihilator if L = ~. (T) 

for some appropriate T in R. We similar ly define the r ight 

annihi lat or reT) of T and speak of a right ideal as a right an-

nihilator. 

A ring R is said to be a (left) Goldie rIng if: 

(i) R satisfies the ascending chain condition on left annihi-

lators. 
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(ii) R contains no infinite direct sums of left ideals. 

A ring R is right f i nite dimensionaL in the sense of Goldie if 

it contains no infinite direct sum of right ideals. For a right 

finite dimensional ring R. there exists a unique integer n such 

that R contains a direct sum of n-summunds. and the number of sum-

munds in any direct sum is at most n. In this case we write 

dim R = n. 

Let Ao denote the class of torsion free Abelian groups. 

Let R be a ring. H a subgroup of G. Then 

(i) dim RH < dim R 

(ii) dim RG sup{dim RT}. as T ranges over all subgroups of 
T 

G such that T = <H.x •..•• x >. where x. E G. 1 < i < m. 
1 m 1. --

(iii) if there exists a series 

H=HcHC ... CHCH c .. . c H=G 
o 1 a a+l P 

where p is an ordinal. and for all ordinals a . 0 S a < p , 

dim RHN = dim RH it follows that dim RG = dim RH. 
..... a+l 

Let R be a ring. and let G be a group with a normal subgroup H 

such that G/H EA. 
o 

1.4 ON THE RADICALS 

Let R be any rlng. 

Then dim RH = dim RG. 

An ideal P of R is a prime ideaL if for any 

two ideals A and B in R,AB ~ P implies A ~ P or B C P. A ring 

is prime if 0 is a prime ideal. The prime radicaL peR ) is the 

intersection of all the prime ideals in R. The Jacobson radicaL 
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J(R) is the intersection of the maximal right ideals; equiva-

lently J(R) consists of all x E R such that for all y E K, 1 - xy 

has a right inverse. It turns out that J(R) is also the inter-

section of the maximal left ideals, and if x E J(R), then 1 - xy 

is actually a unit for all y E R. An ideal J of R is nilpotent 

if for some integer n, In = o. peR) contains all nilpotent 

ideals; in fact R is semiprime, peR) = 0, if and only if it 

contains no nilpotent J 1 o. J is nil if every x E J is nil-

potent, 1.e., for every x E J there exists an n = n(x) such that 

By U(R) we denote the upper nil radical, namely the 

union of all nil ideals in R. The following relationships hold: 

peR) c U(R) C J(R) 

Let R, be a subring of R and let H be a subgroup of G, so that 

R G and RH are subrings of RG. , Then 

(i) peR G) ~ R G n P(RG), with equality if R is contained in the 
1 - 1 1 

centre of R. Also 

(ii) P(RH) ~ RH n P(RG), with equality if H ~ C, C the centre 

of G. For example, putting H = (I}, 

(iii) peR) = R n P(RG) , 

thus if RG is semiprime, so is R. Next 

(iv) J (RR) =- RH n J (RG) 

Putting H {I}, we have 

(v) J(R) ~ R n J(RG) , 

there being equality in (v) if either 

(a) R is Artinian, or 

(b) G 1S locally finite (every finitely generated sub-

group is finite). 
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We now consider some relations between certain radicals of the 

ring R and the group ring RG. In [29) McCoy proved that if R 

is an arbitrary ring, and R[x) ~s the ring of polynomials in 

one indeterminate, then P(R)[xJ = P(R[x). Tan [49) extended 

this to group rings. He proved the following: 

If R is left Goldie and G ~s torsion free, then P(RG) P(R)G. 

Theorem 1.4.3 (Tan [48) 

If R is a left Goldie ring (with identity) and G the infinite 

cyclic group, then P(RG) is nilpotent and 

P(RG) = J(RG) = P(R)G = NG 

where N = J (RIx) n R. 

We show that if R is any ring (with identity), then P(R)G = P(RG) 

if and only if the order of no finite normal subgroup of G is a 

zero divisor in R = R/P(R). Tan's result follows as a corollary 

from this. In [41) De La Rosa defined quasi-semiprime ideals. 

We prove that if Q is the quasi-radical of the ring R, i.e., the 

intersection of all quasi-semiprime ideals in R, then QS is the 

quasi-radical of RS, R any ring and S a semigroup with unity. 

We also show that if R ~s a commutative ring (with identity), 
t he. ~:I'n:\e,,·" o} 

then N(RG) = N(R)G = P(R)G = P(RG) if and only ifJ no finite nor-

mal subgroup of G is a divisor of zero in R. Here N(R) denotes 

the nilpotent radical of R, i.e., the union of all two-sided nil-

potent ideals of the ring R. 

If G is a finite group of order nand R a commutative ring, then 
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we prove that J(RG) = J(R)G if and only if n is not a zero divi-

sor in R = R/J(R). If G is locally finite and R commutative 

then we show that J(RG) J(R)G if and only if J(RG) = (0). 

In [44] the class of 2~r-semigroups is defined. This class con-

tains the class of ordered groups. We use the results of [44] 

to get among other results also an extension of Theorem 1.4.3 . 

1.5 PRIME A1~ SEMIPRIME RINGS 

RG is semiprime if and only if R is semiprime and the order of 

no finite normal subgr oup is a zero divisor in R. 

With any element g of the group G one associates its centralizer 

C(g) = {h E G\hg = gh}. Clearly. C(g) is a subgroup of G. It 

is not difficult to show that C(g) has finite index if and only 

if the total number of distinct conjugates of g in G is finite. 

We shall put 

G" = {g E G\C(g) has finite index} 

G" is a normal subgroup of G. + Let G denote the set of elements 

in G" of finite order. 

Theorem 1.5.2 (Connell [II]) 

RG is prime if and only if R is prime and G+ = 1. 

In [IB] Handelman and Lawrence introduced strongly pr1me r1ngs. 

A r>ng R is right strongly prime if. given a E. R. there exists 

a finite set {x .x •. • .• x }. called a right insulator of a. in 
1 2 n 

R such that the set {ax •..•• ax } has zero annihilator. Left 
1 n 

strong l y prime rings are defined analogously. and a ring is said 
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to be strongly prime if it is both right and left s trongly pr1me. 

Although prime is a symmetric n6 tion, strongly prime 1S not 

(for an example see [IS]). However, we will generally work on 

the right, and 'strongly prime' and 'insulator' will denote right 

strongly prime and right insulator, respectively. 

following result: 

~~e~~~!~~~_~~~~£ (Handelman and Lawrence [IS]) 

We have the 

(a) If RG is strongly pr1me, R is strongly prime and G contains 

no locally finite normal subgroups other than {I}; 

(b) If G is torsion free Abelian and R is strongly prime then 

RG is strongly prime. 

The authors of [IS] tried the following generalization of Connell', 

Theorem J.5.2: The group ring RG is strongly prime if and only 

if R is strongly prime and G contains no locally finite normal 

subgroups (other than 1). Unfortunately, efforts to prove the 

converse of (a) seem to run into difficulties, paralleling those 

of the zero divisor problem. 

~~~~~ftf~~_~~~~~ [J8] 

If R is strongly prime and G = A*B is a free product of nontri­

vial groups A and B (not both of order 2), and IG I ~ IRI, then 

the group ring RG is strongly prime. 

In [18] the following questions are posed: 

(i) Is there an elementwise characterization of the strongly 

prime radical? 

(ii) Characterize strongly pr1me group rings. 
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In connection with question (ii) we proved that, if l{ is a strong­

ly prime ring and G is an u.p.-group, then RG is a strongly prime 

ring. If H is a normal subgroup of the group G such that G/H 15 

right ordered, then we show that RG is strongly prime if RH is 

strongly prime. 

We could not characterize the strongly pr1me radical elementwise, 

but we succeeded in determining some relations between the strong­

ly prime radical of Rand RG. 

We introduced the concept of a strongly pr1me ideal, and defined 

the strongly prime radical s(R) as the intersection of all the 

strongly prime ideals in the ring R. If s(R) is the strongly 

prime radical of the ring R, R a ring with identity, then 

s(RG) ~ s(R)G if G is an u.p.-group. If G is a group as defined 

in Proposition 1.5.4 we also have s(RG) ~ s(R)G. For the above 

groups we have proved that RG is semi-strongly prime if R is semi-

strongly prime. If R is a corrnnutative semisimple ring and C i.s 

a solvable group with no non-trivial locally finite normal sub­

groups, then RG is a semi-strongly prime ring. 

1.6 SEMISlMPLICITY 

As is to be expected, the problem of simplicity and semisimplici­

ty of group rings was one of the first to be investigated and a 

considerable amount of work has been done 1n this field. Although 

these problems are only obliquely related to the work done in 

this thesis, we include a short review of the most important re­

sults in this field, mainly since ·we occassionly refer to result s 

mentioned in this paragraph and also to give a more comprehensive 
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review of the whole field. 

If K is a field, then KG is semisimple if and only if G is finite 

and the characteristic of K does not divide the order of G. 

In J958 Villamayor [54] established sufficient conditions for a 

group algebra over a commutative ring to be semisimple. The 

main results are: Theorem 1.6.2: 

(i) oJ-' If G is free Abelian and R a commutative ring with" non-

zero nilpotent elements, then RG is semisimple, 

(ii) If G is an Abelian group and K is a semisimple cornrnuta-

tive algebra over the rationals, then KG is semisimple, and 

(iii) If G/Z is locally finite, where Z is the centre of G, and 

if K is a semisimple commutative algebra over the rationa ls , 

then KG is semi simple. 

This was followed by Amitsur [3] who established the following 

results: 

Let F denote a field of characteristic O. 

If G is any Abelian group and if FH is semisimple for every finite-

ly generated subgroup H of G, then FG is semisimple . Hence , if 

G is any Abelian group then FG is semisimple for F any field of 

characteristic O. 

Let G be a group and let ~ be a totally ordered set. A set 

(1\0' vo; 0 E ~ ) of pairs of subgroups '~o ' Vo of G i s called a 

series of G if: 
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(i) v <l A 
0 ' 

all a E Q , 
a 

(ii) A !: v 
T ' 

whenever 0 < T , 
a 

(iii) G - { J } = U (A - v ) 
oW a a 

If all the factors Aa/Va are Abelian, then the series is called 

an Abelian series of G. Kurosh [26] calls a group with an Abe-

lian series an SN-group. If all the factor s Aa/Va are locally 

finite over their centre, then the group is called a GSN-group. 

The class of GSN-groups includes the class of SN-groups. 

In J959 Villamayor [55] extended his result, Theorem 1.6.2(iii), 

to the class of GSN-groups. In J962 an article of Connell [II] 

was published. The author makes a detailed study of the con-

nection between properties of G and R and of RG. A group G is 

not torsion if it has at least one element of infinite order. 

In connection with the semisimplicity problem he proved the f ol-

lowing. 

Xi1@Ql:@'lLl .. 2 .. 1 (Conne 11 [J I, p. 67J]) 

Let R be an arbitrary commutative ring and G an Abelian group. 

If G is a torsion group [not a torsion group], then RG is semi-

simple if and only if R is semisimple [semiprime J. and the order 

of each finite subgroup of G is regular in R. 

As indicated by Passman [36], the high water mark of our know-

ledge on the semisimplicity problem is the solution of this pro-

blem for group rings of solvable groups. In [36] we get the 

following notation: Let H be a subgroup of G. We say H has 

locally finite index in G and write [G:H] = If if [L: L n H] < '" 
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for all finitely generated subgroups L ~ G. 

6 ; 6 (G) ; {x E GI[G : CG(x)] < oo} 

We define 

where 6 is a characteristic subgroup of G, the so-called f .c .­

subgroup of G. (See cl"V. ,,~ (j-~ p.\i4-). 

For solvable groups G, Zalesskii (1973 [59]) proved an intersec­

tion theorem of tremendous strength. 

~~~£~~~_I~£~~ (Zalesskii [59]) 

If F is a field of characteristic p > 0 and G is a solvable group, 

then G has a characteristic subgroup Z(G), with 6 (Z(G)) ; Z( G), 

such that for any nonzero ideal I of FG we have I n FZ(G) f O. 

We call G a 6-group if G ; 6 (G) . In [36] the following r e sul t 

is proved: If F 1S a field of characteristic p >· 0 and if, f ur­

thermore G has a normal 6- subgroup H and an element h E H of order 

p with [G : CG(h)] ; If. Then J(FG) f O. Furthermore, at least 

in the case of solvable groups, the converse a l so holds. This 

was proved in a series of three major steps by Hampton-Passman 

and ·Zalesskii to give the following : 

~~~£~~~_I~£~~ (Hampton-Passman-Zalesskii [17] and [59]) 

Let F be a field of characteristic p > 0 and let G be a solvable 

group. Then J(FG) f 0 if and only if Z(G) has an element h of 

order p with [G : CG(h)] If . 

Finally we remark that Formanek (1972 [15]) has proved the sem1-

simplicity of the group ring of the infinite symmetri c group and 

(Passman [37] and Zalesskii [58] and [60]) studied the semi simpli­

city problem for locally solvable and linear groups. 



CHAPTER 2 

THE IDEAL THEORETIC STRUCTURE AND UNITS 

OF A CLASS OF GROUP RINGS 

2.] INTRODUCTION 

The object of the first part of this chapter is to consider the 

ideal theoretic structure of particular group rings. Our choice 

of rings and groups entails that the study centres mainly on zero 

divisor ideals of the group rings. We show that if R is a com-

pletely primary ring, then there exists a one-one correspondence 

of the prime zero divisor ideals in RG and aG, G finite cyclic 

of order n. 

It is also shown that if G is a finite Abelian group and R a com-

pletely primary ring, then RG 1S the direct sum of co·mpletely 

primary rings. 

If S is an ordered semigroup, R a ring such that ~, S E Rand 

~s = 0 implies S~ = 0, we show that if L~.s. E RS, ~. E R, 1S a 
1 1 1 

divisor of zero, then 

divisor ideal in R. 

all the coefficients ~. belong to a zero 
1 

The converse is proved in the case where R 

is a commutative Noetherian ring. 

These results are applied to give an account of the divisors of 

zero in group rings over a group which are the direct product of 

a finite number of finite cyclic groups and an ordered group, 

which includes a finitely generated Abelian group, with coeffi-

cients in a completely primary ring. This provides information 

about the ideal theoretic structure of these rings. 
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In [18] Handelman and Lawrence introdu(,cd strongly prime rLngs. 

Strongly prime rings are pr~me and if R is " commutative strongly 

prime ring, then R is an integral domain. In the first half of 

this chapter we prove that if R is an integral domain and G an 

ordered group, then RG is an integral domain. Handelman and 

Lawrence proved that if R is a strongly prime ring and G is tor-

sion free Abelian, then RG is a strongly prime r~ng. The aim ~s 

now to extend this to a class of groups containing the torsion 

free Abelian groups and also to determine some more group rings 

which are strongly prime. 

We show that if H <l G such that G/H is a right order ed group, 

then RG is strongly prime if RH is strongly prime. We also prove 

that if R is a strongly prime ring and G is an unique product 

group, then RG is strongly prime. 

Finally, we consider the units of the group ring RG. If )( is a 

ring, such that x, y E R and xy a implies yx = 0, and G 1S an 

ordered group, we prove that Ia g is a unit ~n RG if and only if g 

there exists Iehh in RG such that Iageg- I = I and a gi3h ~ s nil-

potent whenever gh # I. Furthermore, we show that RG has only 

trivial units if R has no nonzero nilpotent elements and no idem-

potents #0, I. This extends a result of Segal [45], who proved 

a similar result for R a commutative ring. We apply the above 

results on units to show that if Rand S are local rings (see p.75 

of [27]) with no nonzero nilpotent e lements and 0 : RG + SG is an 

isomorphism, then oCR) = S. Corresponding results for the group 

ring, with R commutative, have been obtained by Parmenter [34] and 

for polynomial rings by Coleman and Enochs [10]. 
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2.2 DIVISORS OF ZERO IN THE GROUP RING RG, G I\. FINITE 

ABELIAN GROUP 

Unless otherwise stated, R shall always be a commutat ive ring 

with identity element. It is well known that if R is a commu-

tative ring, then the prime radical coincides with the set of 

nilpotent elements of the ring. The prime radical 1S then de-

noted by N(R) or, if there is no ambiguity, by N. N(R) is then 

the ideal consisting of all nilpotent elements of R. If R is 

not commutative, then as in Chapter 1, the prime radical of R 

will bOe denoted by P(R) and again, if there is no ambiguity, by 

P. The word 'radical' shall always refer to the prime radical. 

W denotes the canonical homomorphism R + R/N(R) and R denotes 

the ring R/N(R). 

W induces a homomorphism W*:R[x] + R[x] , defined by 

n . 
W"( L a.x') 

. 1 

n i L W(a.)x, a. E R . 
. 1 1 

1.=0 1=0 

It is well known t hat N(R[x]) N(R)[x]. Since N(R) [x] 1S the 

kernel of W", it follows that R[x] /N(R[x]) ~ R[x]. 

For an account of the ideal theory we use, we refer to [28] and 

[61 ]. 

If S is a subset of R, we shall denote the image set of Sunder 

the map W by W(S) or S, and we shal l denote the largest set in 

- -1 -
R mapped upon S by W (S) = (S, N(R». 

Let ~ be a homomorphism of a ring R onto a ring 

R' with kernel N. If U is an ideal in R containing N, then U 
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is respectively prime or maximal if and only if ~ (U ) is prime or 

maximal. If U' is an ideal in &1, then U' is respectively prIme 

or maximal if and only if ~-l(U') is prime or maximal. 

Proof. See [61] Theorem II, page 151. 0 

A commutative ring R is called completely primary if R is " fi eld. 

Let R be a completely primary ring . The prime ideals of R[x] are 

maximal and of the form (h(x), N[x]) where hex) E R[x] is an lrre-

ducible polynomial. For Since R[x] is a P. 1. D. and hence every 

prime ideal is maximal in R[x] , the remark immediately follows 

from Lemma 2.2.1. 

Let R be a completely primary ring. The pnme 

ideals belonging to the ideal (xn_l) generated by xn - I E R[x ] are 

all maximal and of the form (h. (x), N(R[x]» where h. (x) = 1//' (h. (x» 
1 1 1 

are irreducible factors of xn - T in R[x]. 

Proof. An immediate consequence of the fact that if R is of cha-

racteristic p and n ~ o(p) is that there exists an unique f acto-

rization h (x)· •.. ·h (x) of xn - I into different irreducible 
1 r 

polynomials in R[x] , and if n = o(p), the unique factorization 
s 

of xn - T is of the form [h (x) •...• h (x)]? for some positive 
1 r 

integer s, all the h . (x) being different. 
1 

s Note that in the latter case, if n = mp , m t o(p), then 

n x and h (x) ....• h (x) 
1 r 

o 

~~~~~. In the proof all we need of R[x] is that it should be 

a P. t.D. However, the assumption that R[x] is a P.1.D. implies 
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R to be completely pr1mary. 

~~~£~~!~£~_g~g~£. Let R be any ring with identity and G a finite 

group of order n. P(R)G = P(RG) if and only if the order of no nor -

mal subgroup of G is a divisor of the charac teristic of R. 

To prove this, we need the following: 

Lemma 2.2.4. If K is an ideal of R, R not necessarily cOD'UllUtative, -----------

such that R/K is semiprime, then K J peR). 

Proof· See Lambek [271, page 56. o 

KG is semi prime if and only if R 1S semiprime and the order of no 

finite normal subgroup of G is a zero divisor In R. 

Prool'. See Lambek [271 Proposition 8, page 162. o 

We now prove Proposition 2.2.3. 

Suppose the order of no normal subgroup of G is a zero divisor in K. 

By Proposition 1.4.1 peR) = P(RG) n R. Hence P(R)G c P(RG), since 

P(RG) is the intersection of all prime ideals P. in RG, and if 
1 

peR) c P., then P(R)G c P. for all i. 
- 1 - 1 

On the other hand, we have RG/P(R)G ~RG. From Lemmas 2.2.4 and 

2.2.5 it follows that P(R)G ~ P(RG). (The condition on G in 

Lemma 2.2.5 is satisfied since n t characteristic of R.) Hence 

P(R)G = P(RG). 

The converse follows from Lemma 2.2.5 and the f act that if 

P(R)G = P(RG), then RG ~ RG/P(RG) and that, consequently, RG 1S 
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semiprime and hence, by Lemma 2.2.5, the order of no normal subgroup 

of G is a zero divisor in R. 0 

Let R be a completely primary ring. 1fG 

is a finite cyclic group of order nand R is of character istic p, 

p prime, and n = o(p), say n = mps, m 1 o(p), then 

m Il(RG) = (g -e, N(R)G) where g is a generating element of G. 

Proof. By Proposition 2.2.2 the intersection of the prime ideals 

belonging to (xn_l) is (xm_l, H(R [x]) . Considering the map 

X : R[x] ~ RG, defined by X(f(x» = f(g), it follows that 

N(RG) = (gm_e, N(R)G). 0 

If R is a completely primary ring, then there 

exists a one-one correspondence of the prime zero divisor id Eals 

in RG and RG, G finite cyclic of order n. The prime zero divisor 

ideals in RG are all of the form (h(g), N(R)G) where hex) 1.S an 

irreducible factor of xn - T in a[x] with ljP' (h(x» = h(x), and they 

correspond to the ideals (h(g» in RG. 

Proof 

J) Let the characteristic of R be zero or p, p prime, and in the 

latter case suppose n ~ o(p). Then by Proposition 2.2.3 

RG 
N(RG) = 

RG 
N(R)G 

~ RG 

From [11,Theorem I] RG is Artinian and hence every proper 

ideal in RG is a zero divisor ideal. It is now easy to show 

that every proper ideal of RG also consists of zero divisors. 

Considering the map X, we have by Proposition 2.2.2 that the 

prime ideals are of the required form. Also, since clearly 
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- - n-RG ~ R[x)/(x -I), the corresponding pr,me ide3l, ,n RG are 

of the form as stated. 

2) s Let the characteristic of R be p and suppose n = mp , m 1 o(p). 

Proposition 2.2.3 does not hold and hence RG/N(RG) is not iso-

morphic to RG. The proof of the theorem in this case, there-

fore, needs some modification. 

It is well known that if y R -+ R' is a homomorphism betlveen any 

two rings with kernel I in R then an ideal P' in R' is prime if 

and only if its pre-image y-l (P'), which contains I, is prime. 

Since R[x) is a P.I.D. and xn - I 
s 

(xm-l)p ideal in R[x) containing the ideal n -
is = , an (x -I) pr,me 

if and only if it is of the form (h(x)) where hex) is an irre-

ducible factor of 
m 

I (and hence of n I) R[x). Hence x x - ,n 

ideals in RG are prime if and only if they are of the form (h(g)). 

Consider the maps: a R[x) .... RG; f(x)"" f(g) 

8 RG .... RG f (g) .... £" (g) . 

a and S have the ideals (xn_l) 'n R[~and N(R)G 'n RG as kernels 

resp ec tively , while the composite map Soa : R[x) .... RG has 

(N(R)[x), xn_l) as kernel. Let (h(g)) be-an ideal in RG and let 

S(h(g)) = h(g). Then (h(g)) is prime if and only if (h( g) , N(R)G) 

in RG is prime. Let 8oa(h(x)) = h(g). TIlen (h(g)) 's prime in 

RG if and only if (h(x), N(R)[x), xn_l) is prime in R[x) and 

clearly t)/ (h (x)) = h (x). 0 

!;ote that since the ideals (h(x)) ,n R[x) are maximal, hex) an 

irreducible factor of xn - I, (h(g)) is maximal in RG and hence 
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(b(g), N(R)C) is maximal in 1(;. 

n 
Lemma 2.2.8. Let f(x) ----------- L a.x

l E R[xl, R a commutative ring 
1 

i=o 

with identity. 
n-l n-l 

Put f'(x) = na x + (n-I)a x + ..• + a" 
n n-l 

Denote ljJ" (f(x» by f(x) and ljJ (a), a E R, by -;. If f(x) o has 

a solution X E R and if f'(X) is a unit in R, then there exists 

an element A" E R such that i( A",) = 0 and ,peA" ) = I. A" is 

uniquely determined. 

Proof. Suppose A E R is such that ljJ (A) = I . Then f ( iI ) " N(R) , 

say f( A) = 0 . Since f' (X) is a unit in R, f' ( A) is a unit in 

R, and hence f' (A) [f' (A)l-l o = 0 . 

(n) c (0). Let A' = A - n, and expand f( A-n) in powers of n : 

f (A' ) 

f"(A) n n 
~';;:';'L. n2 + '" + (-1) a n 2: n 

n n 
(-1) a n 

n 

Putting fCA') = 0 ', 0 ' E (n 2 ) , it follows similarly that A" E R 

exists such that f( A") _ 0 ( 0 ' 2) and (0 ' 2) ~ (0' ) . Suppose ok = O. 

Then we eventually obtain an element A'" E R such that f (Ai') =: O(om) 

where m ~ k, and hence f(A*) = o. 

Let A'" and N', + 11, 11 E N(R) be two different solutions of f(x) = 0 

in R. From f( A"'+I1 ) = f(A"') = 0 follows that f' ( A"' ) 11 

2 k) Consequently 11 E (11 for all positive integers k. 

u = 0 and the solu tion ) . .'" is unique. 0 

Therefore , 
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h'cma i·k. Let r(x) = ~ i' - X <lnd suppose' l' ( l{ I S <111 idempotent, 

L.~. e ,atisfies [(x) = 0 ([(x) = l·x ' -lx). 

and s ince (2 ~ - 1) 2 = I we have that T' «;) i, a uni t 1n R. Cun-

sequently there exists by Lennna 2.2.8 an unique element e", E E 

such that e,·,2 e'" . 

"( n) n Let 1jJ" x -I = x 1 E i[x] and suppose a is 

a root of xn - 1 o in R. 

(I) If R is of characteristic q and (n,q) = I, then there exists 

an element a E R, ljJ(a) a which is an uniquely determined 

r oot of xn - = O. 

(2) If R is of characteristic zero and nc;n-l 15 a unit of R, the 

same conc lusion as 1n (I) holds for xn - 1 . 

(3) If R is of characteristic p, p pr1me, and, say, n 

m t o(p) then there exists an element a E R, 1jJ ( ~ ) 

s mp 

U, t.,hich 

m is an uniquely determined root of x - I = 0, and hence is a 

root of xn - 1 = O. 

Proof 

(1) Since (n ,q ) = I, a positive integer t exists such that 

nt " 1 (q) . Also a is a unit in R since an = I. Conse-

-n- l -
quently na 1S a unit of R and the assertion innnediately 

follows from Lemma 2.2 .8 . 

(2 ) is a direct app lica t ion of Lemma 2 . 2.8. 

(3) Let E R be of 
n 

I O. Then a a root x - = 
s s 

-n - --11lp - I (e7" - l)p O. a - I = a = = 

Since R has no nonzero nilpotent elements, it follows that 



29. 

a:" - I = O. 
m 

From m "1 0 (p) and (I), we now have L ha t x -I = II 

has a uniquely determined root a in R such that ~(a) a . But 
s 

since am = I implies (am)p = I, a is also a root of xn - I = O. 0 

As a simple application of the previous theorem and its corol lary , 

n 
I,e prove that if R contains all the zeros a. of x - I, there 

1 

n exists unique corresponding zeros a. of x-I in R such that the 
1 

produc t of all the elements g - a. E RG is either zero or nil-
1 

potent, G cyclic of order n. 

Let R be a completely primary rlng and let G 

be a cyclic group of order n,generated by g. Suppose R contains 

all the roots of xn - I = O. Let a be one such root. 
1 

(I) If the characteristic of R is zero, or its characteristic 

(2 ) 

is p, p prime, and n 1 o(p), then there exists an un1que 

a'" E R, Ci>" = Ci , such that g - a,"e is a zero divisor of RG 
1 1 1 1 

and there exist uniquely determined elements a . E R, 
1 

(i = 2, ... ,n) such that 

(g-a"') (g-a ) .. , (g-a ) O. 
1 2 n 

5 
If R is of characteristic p, and n = mp • IT. t o(p). then 

similarly a" exists together "ith uniquely determined ele-
1 

ments a. E R, (i = 2, .. . ,m) such that, for some k, 
1 

. [ (g-a"') (g-a ) '" 
1 2 

k s 
(g-a )] p = O . 

m 

Proof 

( 1 ) 
_·. n ' 

By Corollary 2.2.9 we have a" - 1 = 0, a" E R. 
1 1 

Hence 

, n n , 
x - a" is a facto r of x - I, say x - I = q(x)(x-a" ). q()() 

1 1 

a monic po lynomial. Again, by Corollary 2.2.9 if a 1S" 
2 
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J Il. 

different from a of n 
I 0, iind ( H root x - lYe can C< 

1 ~ 

such that C< is a root 
2 

of n - I O. Therefore, x 

q(a ) (a -a'<) O. Since is unit in R, - .'. = a - a a a a" 
2 2 1 2 1 2 1 

is a unit ~n R. Hence q (a ) = 0 and consequently x - a is 
2 , 

~ factor of q(x) and hence of xn - I . Since (n,p) = I, 

n-l - n 
nx ! 0 for all x ! 0, x E R and hence all the roots of x -

are simple (of multiplicity I). n Eventually x - I = 

(x-a") (x-a ) ... (x-a ). 
1 2 n 

Hence 

(g-a"'e) (g-a e) ... (g-a e) = O. 
1 2 n 

s 
If n = mp , m ~ o(p) lYe can find, as in (I), elements 

a'" 
1 ' 

i). , ••• , 
2 

a 
m 

of R such that xm - I = (x-a"') (x-a ) '" (X-D. ). 
) 2 m 

s 
= [(x-a) •.. (x-a )]p , and RG/N(KG) 

1 m 

s 
[(g'-a e) '" (g'-a e)]p = 0, 

1 m 

where g' is a generator of G' and the image of g under the 

homomorphism RG -+ RG' • 
s 

Therefore, [(g-a*e) .•. (g-a e)]p 
1 m 

r (g) E N (RG). If k is a positive integer such that 

[ r(g)]k = 0, then 

k s 
(g-a e)] p 

m 

m k s 
(g -e) p O. o 

2.3 AN APPLICATION TO DETERMINANTS 

Let F be any prime field and G a cyclic group of order n. Suppose 

a(g) 

nng 

n-l 

= L a.g i and . ~ 
~=o 

FG where a. E 
~ 

It follows that: 

n-l . 

beg) = L b.g~ are divisors of . ~ 
~=o 

F and b. E F (i = 0, I , ••• , n- I ) 
~ 

zero of the group 
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b b b h a 0 
0 11-[ n-1 ] 0 

b b b b a () 
] 0 n-] 2 1 

••• ( 1 ) 

b o 
o 

1S a necessary and sufficient condition for a(g)·b(g) = O. Ilence 

beg) is a divisor of zero if and only if the system of equations 

(1) has a nontrivial solution, i.e. if and only if 

b b b b 
0 n-, n- 2 1 

b b b b 
1 0 n- , 2 1 ) 

D 0 

b b b b n-, n- 2 n-3 0 

D = 0 if and only if the nonzero elements b . are 
1 

the coefficients of the powers xi (i = O,I,2 •...• n-l) of a po l y-

nomial in F[x] which is a multiple of a product <Pd (x)·<Pd (x)··· <Pd (x) 
1 2k 

irreducible factors of cyc lotomic polynomials <P d. (x), which are the 

of xn - 1 in F[x]. 
J 

Proof . The map X of the polynomial ring F[X] onto FG , de fi ned by 

X(f(x)) f(g). f(x) E F[x]. 1S a homomorphism >lith ke rnel the ideal 

n generated by x - I. Hence FG ~ F[x]/ (xn-I). and consequent ly the 

zero divisor ideals of FG are exactly the images under X of the 

ideals generated by the irreducible factors of xn - I. If F is 

of characteristic zero or of p, n l o(p), then the cyc lotomic poly-

nomials <Pd(x) are the different irreducible factors of xn - and 

n 
x-I = IT <P d (x). 

d· ln j 
J 

If n = mps. m ~ o(p) then xm - 1 = 

I) d. [4], p . 46 



s 
and xn _ I = (xm_I)P . Consequently each <Pd(x) '" an irreduc ible 

Therefore, the maximal pr1me ideals related to factor of xn - I . 

the ideal (xn_l) in F[x] are the principal ideals generated by the 

polynomials ¢d(x) . Hence, by the homomorphism X, b(g) E FG is a 

divisor of zero if and only if b(g) is the image of a polynomial 

which is a multiple of 

this polynomial modulo 

a product ¢d (x) ... ¢d (x). 
I k 

xn - I gives b(x) = b + b x + 
o I 

Reducing 

... + b x n- , 
n- ] 

as a pre-image of b(g) under the map X, and clearly b(x) is a mul-

tiple of a product of some of the polynomials ¢ d. (x). Since D = 0 

J 
is a necessary and sufficient condition for b(g) to be a divisor 

of zero, the theorem is proved. 0 

b b b 2 b gn- , l'S + g+ g+ ... + a zero 
o 1 2 n-l 

divisor in FG, G cyclic of order n, if and only if b. E F 
1 

1 (i = 1,2, ... ,n-l) are the coefficients of power s x of the poly-

nomial b(x) E F[x] which is a multiple of a product of some of 

the irreducible f ac tors of xn - I. 

!i§1.'!!f!~~ ' The above theorem is immediately deduci ble, from kno;:n pr o-

perties of determinants for the case where the characteristic of 

the prime field is zero . It is well known2) t hat if F i s of 

characteristic zero, the factors of the circulant: 

b b b b 
1 0 n-l 2 

D 

are of the form b wn- I + b wn- z + . •. + b ••• (2 ) 
n-l n- 2 0 

2) [I], p . 123 
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\ ... hen.' [Il lS ;1 1l II - I II root of (lill'. Ilt'nel' I) - () i I ;[lId 011\ y i r t ill' 

llumbers b. (i = 1,2, ... ,11-1) . Ire:-;o (,\HlSt'1l ;IS lo 111;11((.' (J ill ' oj 
1 

these factors equal to zero. 

n-I polynomials f(x) - b x + 
n-I 

Hence D - 0 if and only if the 

+ band xn - 1 have at least 
o 

one irreducible factor in common. 

If F ~s a prime field, it follows that D - 0 if and only if 

b. E F (i - 0,1,2, .. . ,n-1) are coefficients of a polynomial f(x) 
~ 

which is a multiple of a product of cyclotomic polynomial s ~d (x) 

which are the irreducible factors of xn - 1. 

DIV lSllRS OF ZEHll IN I(S, AN OHDE1(ETJ Sr;MIGIWUP 

In [28) the following theorem is proved: f(x) E M[x) is a divi-

sor of zero in R[x) if and only if there exists a nonzero element 

c E R, R a commutative ring with identity, such that cf(x) - O. 

We shall prove a corresponding result for the semi group ring itS, 

S ordered. 

Theorem 2.4.1. ------------- Let S be an ordered sem~group and let K be a rl ng 

m 
such that if a, B E R and as - 0 then SCi - o. \' Ifa- leI.s" 

.. 1 1 
1=1 

a. E R, s, E Sand b -
1 1 

n 
IS.t., 

i-I J J 
i3. E R, t. E S are two nonzero 

J J 

elements of RS such that ab - 0, n being chosen to be as small 

as possible and compa tibl e with ab - 0, then a .G. - 0 for all i 
1 J 

and j. 

Proof· Suppose s < s < ... < s and t < t < ( t if 
I 2 m I 2 n 

n - I then a. ~ 0, i - 1, 2, ... ,m. Suppose n > 1. Then ab -1 I 

imp lies a S -o. From our assumption we have e c< -D. Noy.· 
m n m n 

() 
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a(ba ) = (ab)a 
m m 

0, where 

ba [3a t + Sa t + ... + [3 at 
m 1 m 1 2m 2 n-l m n-l 

By choice of b we must have ba = O. 
m 

Thus p.Ci = u [3 . = 0, 
J m m J 

j = J,2, ••• ,n. Suppose a.S. == 0, i :::: d+l, ... , m; J = 1,2, ... ,D 
, J 

and adS
j 

f 0 for some positive integer d and some j. Then 

(a s 
I I 

+ ex 5 + •• • 
2 2 

(a s + a s + 
1 1 2 2 

(S t + i3 t + . • . + S t ) 
1 1 22 nn 

ab = 0 

+ i3 t ) 
n n 

+as) x 
mm 

Hence adSn = 0 and consequently a(bad ) = (ab) ad = 0, where 

bad = Sladtl + S,ad t2 + ..• + Sn_I adtn_l· This contradicts the 

choice of n. Hence, in fact, a . S . = 0 for i = J ,2, ... ,m and 
, J 

j == 1,2, ... ,n. 0 

~~~~~~. The class of rings fo r which the condition a[3 = 0 implies 

Sa = 0 holds, includes the class of all reduced r,ngs. 

An immediate corollary, for R, as in Theorem 2.4. I, is: 

An elenent a of RS is a divisor of zero if and 

only if there exists an e lement S E R, i3 f 0 such that Sa = O. 

m 
Let a == L ct. 5 ., 5 < 5 <. .. < 5 , a. E R, be <1 

. ~l 12m 1 
1=1 

divisor of zero in RS, R a ring such that if 0'., S E i\ and <'\13 = () then f)u == O. 

Then the ideal A = (a ,a , ... , a ) is a zero divisor ideal of 1:. 
2 m 

If R is a commutative Noetherian "'ng and A (a , . . . , 0 ), a · t H, 
1 m 1 

r.l 
is a zero divisor ideal in R, then conversely a = I (l . S, , 

i=l ' 1 

S < S < ... < S m' is a divisor of zero in RS. In this ca s e 
I 2 
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a E RS is a divisor of zero if and only if 't. E A, i 
1 

1,2,0 . • ,n 

where A is a maximal zero divisor ideal of R. 

Proof· If a lS a divisor of zero in RS, then, by Corollary 2.4.2, 

an element S E R, Sf 0, exists such that Sa
i 

= 0, i = I, ... , m. 

Let r E (a , ..• ,a ) = (a ) + •.. + (a ). 
1 m 1 m 

Then r 
m Di 
L [( L t..cu .. ) 

i=) j";) lJ 1 1J 

+ t .a. + a.r. + c.a.] with t .. , r .. , t., r. E Rand c. an integer. 
1. 1. 1. 1. 1. 1. 1J 1J 1. 1. 1. 

Since Sai = 0 it follows, from our assumption on R, that a. ~ = O. 
1 

From this, we get (t .. a.)S = 0 
lJ 1 

and (t. a. ) S = 0 and consequently 
1 1 

we have St . . a. = 0 and St.a. 
lJ 1 1 1 

0, i = 1,2, ... ,m and j = 1,2'0" ,n .. 
1 

Hence 

n· 
1 

S[( L L.a.r .. )+ La. +Cl.r. +c. a .] = 
. 1J 1. 1J 1. 1. 1. 1. 1. 1. 
J=) 

ni 
L [( St .. a.)r . . ] + 1·'tJl. + ::·a .r. +c. (3,~. 

. 1J 1 1J 1 1 1. 1 1. 1 
J=) 

O. 

Consequently Sr o and hence (a , Q , •• . ,a ) 1.5 a zero divisor itleal. 
) 2 m 

Conversely, let R be a commutative Noetherian ring and suppose 

A = (a , ... ,a ) 15 a zero divisor ideal. Since the zero divisor ) m 

ideals of R are the ideals related to the null ideal of K, A i s 

contained in a maximal zero divisor ideal of R which is a prlme 

ideal belonging to (0). From [61], Corollary I, p.214, the 

quotient ideal [(O):A] = {c E R : cA = (O) } f (0). Consequently 

there exists an element S E R, S f 0, such that SA = (0), and it 
m 

follows trivially that I a.s. is a divi sor of zer~ in RS . 
1 1 

1=1 

[] 

!!'!!.'!:!'i!~~ . An immediate consequence of Theorem 2.4.3 is til'lt I\S, R 

an integral domain, and S an ordered semigroup, is again an inte-

gral domain (see [46], page 653). 

The direct product of a finite number of infinite cyclic groups 

is an ordered group. Therefore. a finitely generated Abelian 
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group ~s the direct product of a number of cyclic groups of finite 

order and an ordered group. 

2 . 5 DIVISORS OF ZERO I N RG, G A DIRECT PRODUCT OF 

FINITE CYCLIC GROUPS AND AN ORDERED GROUP 

~~~~~. Finitely generated Abe l ian groups are of the abovemen-

tioned type. 

If R is a commutative ring and I an ideal 

contained in the prime radical, then if R/I is an Artinian ring, 

R is the direct sum of completely primary rings. 

Proof. R/N S;; (R/I)/(N/I), and since R/I is Artinian, it follows that 

R/~ is Artinian. Hence R/N has only a finite number of prime ideals 

which are all maximal in R. Consequently R also has only a finite 

number of prime ideal s which are maximal in R, say M , }1 
I 2 ' 

... , ~\. 

Therefore, N = 1\ n 1>1 2 n ... n ~\ and Mi (i = 1, ... ,k) are the 

prime ideals belonging to the zero ideal (0) of R. It follows 

that (0) is the product of pnmary ideal s Q. (i = 1, 2, ... ,k) such 
~ 

that (Q.,Q.) = R for i + j and M, is the un~que prime ideal be-
~ J ~ 

longing to Q .• 
~ 

The Q. are uniquely determined. 
~ 

Hence 

(0) = Q .Q .Q • ••. ·Qk and R is the direct sum of complete ly pr~ma-
123 

ry rings R. where R. S;; R/Q. (i = 1,2, ... ,k). (See [sol, §§ 89, 90 
~ ~ ~ 

and [61J, Chapter III, §13.) 0 

Theorem 2.5.2. ------------- If R is a completely pr~mary ring and C; a finite 

Abelian group, then RG is the direc.t sum of complete ly priI:lary rinbs. 

Proof. l,e have RG/li(R)G S;; RG. Since R 15 a field, it follows 

from Proposition 1. 3.1 that RG ~ RG/N(R)G is Artinian. Furtherrr.ort, 

• 
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RG is conunutative and we know that N(R)G .::. N(RG). The re~ult 

follows by applying Proposition 2.5.1. 0 

Let R be the direct sum of completely primary 

rings : R = R + 
1 

+ R , and let G be the direct product of a 
s 

finite Abelian group A and an ordered group H : G = AxH. Then 

R(G) = S (H) + 
1 

+ St(H) where Si (i = 1,2, . .. ,t) is completely 

primary, and S = SI + •.. + St ~ R(A). 

If P. is a radical of S., then 
~ ~ 

Q. = S +... + S. + P. + S. + . .. + St 
1. 1 1-1 1. 1+ 1 

is a zero divisor ideal which is maximal ~n the ring S. If S is 

Artinian, then Q.(H) is a maximal zero divisor ideal of R(G). 
1 

Proof. To prove the first part of the theorem it is sufficient 

to refer to Theorem 2.5.2 and to point out that R(G) = R (G) + 
I 

.•. + Rs (G) while R. (AxH) ~ R. (A) (H). 
1 1 

Clearly Q. is a zero divisor ideal in S which is maximal ln S 
~ 

(see Zariski and Samuel [61], page 175). 

If S is Artinian, S not only has a finite number of maximal 

ideals, but also satisfies the a.c.c. and hence Theorem 2.4.3 

implies that a E S(H) ~s a divisor of zero if and only if 

a E Q.(H) for some i. 
~ 

S(H) = R(G). 

Clearly Q.(H) is an ideal in S(H), and 
1 

It is now easy to see that the ideals Q.(H) are the maximal zp ro 
~ 

divisor ideals of 5(H). This proves the theorem. o 
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2.6 STRONGLY PRl~lE GROUP RINGS 

In this section all rings are associative, wi th identity, and 

usually denoted by R. Strongly prime (SP) rings have been studied 

in [IS]. We say a ring R is right strong~y prime if. glven a , R, a f 0, 

there exists a finite set {x ,x , . .. ,x }, called a right ~nsulatQr 
1 2 n 

of a. in R such that the set {ax .ax •...• ax } has zero right an-
1 2 n 

nihilator. Left strongly prime rings are defined analogously. 

and a ring is said to be strongly prime if it is both right and 

left strongly pr1me. 

In [42] Rubin introduced the so-called absolutely torsion free 

(ATF) r1ngs and in [IS] it 1S shown that the ATF rings are exact-

ly the SP rings. From this remark and [42]. Proposition I. S. it 

follows that every strongly prime ring 1S a pr1me r1ng. From 

[42]. Proposition 1.9. we also have that if R is a commutative 

strongly prime r1ng. then R is an integral domain. Other pro-

perties of SP and consequently of ATF rings may be found in [IS] 

and [42]. 

In [lSJ. Handelman and Lawrence raised the problem of characte-
j 

rising SP-group algebras. They show that if R is a SF ring and 

G is torsion free Abelian. then RG is a SP ring. The ain of this 

section is to extend this to a class of groups containing the tor-

sian free Abelian groups and also to determine some more SP-group 

rings. 

In wha t follows. strongly pr1me and insulator will denote right 

strongly prime and right insulator. respectively. 
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Let G be any group and R a rlng with identity. For each x E C 

and a E RG we define x 
X -I RG ~ RG by a = x ax. From [38] we 

have that conjugation is always an automorphism of RG. Now, if 

S is a subset of RG, then S is said to be G- invariant if SX = S 

for all x E G. In particular, if H ~ G, then RH is G-invariant 

and if I is an ideal of RG, then I is G-invariant. 

A group G is said to be right ordered if the elements of Care 

linearly ordered with respect to the relation < and if, for all 

x, y, z E G, x < y implies xz < yz. Every ordered group is right 

orderd (see [38J, page 586). 

~~~~~. Let H be a normal subgroup of the group C such that C/H 

can be ordered. Then the elements of any transversal of H in G, 

i.e. a complete set of coset repres entatives, can also be ordered: 

For, if g . H < g.H then, by definition, g. < g .. 
1 J 1 J 

Let now 

g.H < g.H (i. e. , g. < g. ) and gkH < g~,E (i. e. , gk < g9) , then 
1 J 1 J 

giHgkH < gjHg~H, i.e. gigkH < gjg~H and hence J by definition, 

gigk < gjg~ . 

Theorem 2.6.1. ------------- Let R be any rlng with identity. If H is a 

normal subgroup of the group G such that G/H is right ordered, 

then RG is a strongly prime ring if RH is strongly prime. 

Proof. Let T be a transversal of H in G and suppose RI-l is strong-

ly prime. We show that every element of RG has an insulator. 

Let a ERG, then, from [38, Lemma 1.3], a can be written uniquely 

in the form a g + a g + 
1 J 2 2 

+ ex g , a · E RH, i = 1,2,3, . . . , n1, 
m m 1 

and g. E T with g < g < '" , g . 
1 12m 

Let {S ,a J'" ,G } be all 
l:~ 11 
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insulator for a 1n RH. 
m 

g 
We show that the r inite sl't HI', ) r l , 

I 
g 

(13 ) m 
2 ' 

gm 
... , (13) } is 

n 
an insulator for a. Suppose 

g 
th ere 

exists an eleQent bERG, b f 0, such that a(6.) ~ = 0, 
1 

i 1,2, ... ,no Without loss of generality we can assume 
t 

b L y.v. where y. E RH, y. f 0, i = 1,2, ... ,t; and v. E T 
. 11 1. 1. 1 
1=1 

with vI < v
2 

< •.• < v
t

' Let gmvp be the maximal element of 

the set {g v , ... ,g vtL m I m Then g.v. < g v for (i,j) f (m,p), 
1 J m p 

< i ::: m and I ~ j < t. 
g 

Since a(S.) ~ = ° we have 
1 

gm 
a g (6.) y v = 0, < i < n. 

-I 
Hence a g (g 6 .g)y v 

mmm1mpp m m 1 p P 
- 1 

g 
-1 

gm 
a S.(y) gmvp = O. m 1 p 

C 1 N". ( )m onsequent y ~m~ l YP D,l / i<-:n. 

-I 
gm 

Furthermore, (y ) E RI-I and Slnce conjugation 15 an automorphi sm, 
p 

-I 
gm 

we have (y) f o. 
p 

This is impossible since {13 ,13 , •.. , 13 } is 
1 2 n 

an insulator for a . 
m 

Hence b = ° and, therefore, 

gm 
... , (6) } is an insulator for a. 

n 
Since the element 

a was arbitrary, we conclude that RG is strongly prime. 0 

Theorem 2.6 . 3. ------------- Let R be a strongly prime r1ng with identity. 

If G is an u.p. group, then RG is a strongly prime ring. 

Proof. Let R be strongly prime and suppose RG is not strongly 

prime. Then there exists an element r ERG, r f 0 suth that for every 

finite subset I of RG, we have Ann({rs : s E I}) f (0). Let 
n 

r= L a.g., a
1
· E R, g" E G. 

.11 
Since R 1S strongly prime, every 

1=1 

a., 1 <i:::;n, 
1 -

has an insulator S. in R. 
1 

Put J = 
n 
U S .. 

1 
1=1 

Since 

J is a finite subset of RG, it follows from our assumption that 

Ann( {ro : a E J}) f (0). Let t be a nonzero element of RG such 



/~ 1 • 

m 
that rot = 0 for every a E J, say t LB. h., 13. c R and I.. (, G. 

j=l J J J J 

Furthermore, put A = supp.r and B = supp.t. Since C is an u.p. 

group, there exists an x E G which can be r epresented uniquely In 

the form x = g h where g E A and h E B. 
P q P q 

Consequently a ry S = 0 
p q 

where a is any element of S . 
p 

Since Sq f 0 we have a contradiction 

and consequently RG is strongly prime. 0 

2.7 UNITS OF RG 

In this section, we find the units of the group ring RG where R 

lS a ring ,,,ith identity and G an ordered group. Let U (RG) denote 

the units of RG. 

an ordered group. Then the following are equivalent. 

(i) U(RG) = {Iaggl there exist elements B~ in R with LUgSg- l 

and agBh = 0 whenever gh f I} . 

(ii) R has no nonzero nilpotent elements. 

?roof. Assume (i) holds and let y E R be nilpot ent. 

Then I. 

t Say y o. 

Hence + yg is a unit in RG. If Y f 0, 1 + yg does not satisfy 

condition (i). Hence y = 0 and (ii) holds. 

Conversely, assume (ii) holds and let ab = 1 where a = 
m 

and b = I S ·h.. We will show that a .S . = 0 whenever 
• 1.1. 1.J 
1=1 

The other statement follows immediately. 

n 
~ L a.g. 

. l l 
1= 1 

g.h. f I. 
l J 

Suppose that g < g < •.• < g and h < h < ..:..: h. For i I n 
1 2 n 1 2 m 

or j f m we have g.h. < g h and, hence, g.h. i g h . 
lJ nm lJ nm 

We \Y'ant to 
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show a.6. = 0 whenever g.h. > I. 
1 J 1 J 

to show. If g h > J we have a 6 
n In n m 

that we know that a 6 
r s 

= 0 whenever 

If g h < 1 there is nothing 
n m -

o from the above. Assume 

g 11 > g. h\ = g" hk = r S 1:;. 
1 1 2 2 

= 

gi \ 
p p 

> 1 (the g . hk being a complete list 
1 R, R, 

of produc ts equal to 

gi hk ). We see that a i 6
k 

+ 
I I 

+ a . 6 
1 k 

o and we may assume 
I I 

that g. < g. 
1 1 

1 2 

< g. 
1 

< 
3 

< g. 
1 

p 

P P 
Since a S 

r s 
o wheneve r 

g h > g h we have 
r s i k' 

~ I 

(6 a )2 = S a S a 
sr srsr 

= o. From our assump-

tion, that R has no nonzero nilpotent elements, it follows that 

S a = 0 whenever g h > 
5 r r 5 

equation on the right by 

a. Sk a . 
1 1 

I I P 

For t < p, g. hi 
1 ( 
P t 

gi ~. Now, mUltiplying the above 
1 

a. 
1 

p 
we obtain: 

+ .•. + a. 6
k 

a. 
1 1 

o 
P P P 

Hence, by the remark above, 

a · 13 k = 0 
l ' 

and hence 6
k 

a i = O. We conclude that u
i 

Sk u i 
P t 

Hence (a i Sk )2 

P P 
we obtain a i Sk 

t t 

t P 
= 0 and a i Sk 

p P 
0, using (ii). 

P p P 
Working back, 

= 0 for I < t ~ p. Therefore, we have s hown 

o. 

that a .6. 
1 J 

o whenever g.h. > I. 
1 J 

To complete the proof, we shm' 

that a .S . 
1 J 

o whenever g.h. < I. 
1 J 

<. g.b . 
1 J 

and, hence g.h . f g h . 
1 J I I 

If g h ~ J, there 1S nothing to show. 
I I 

If g h < J we have a 6 o from the above. Assume that we know 
1 1 1 1 

that a 6 
r s o whenever grhs < gi hk 

I I 

= gi hk 
q q 

may assume t hat We see that a i Sk + 
I I 

g. 
1 

I 

< g. 
1 

2 

< ... < g . 
1 

P 

+ a
i 

6
k 

= 0 
q q 

As above, we have t3 n 
s r 

=. 0 whenever 

" I. 

g h < 
r s g. ilk ' 1 < t < q. 

1 -
t~ow , multiplying th0 above equation 

on the 
t t 

right by u. , we obtain: 
1 

\ 

a. 6
k 

a. 
1 1 

+ •.• +a . SkC'<· 
1 , 

I I I q q I 

o 
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For t > I, gi hk < gi hk . Hence 1\ C'i 
t 1 

= o. As above , we 
1 t t t 

get C't i Sk = 0 and consequently, C't i Sk + .. . = o. By 
1 1 2 2 

repeating this argument we get a. Sk = 0 for I < t ~ q. There-
. 1 

t t 

fore, we have shown that a.B. = 0 whenever g.h. f I. 
1 J 1 J 

o 

:'emma 2.7.2. Suppose R is a ring such that if x, y E Rand 

xy = 0 then yx = O. Then the set of nilpotent elements of lZ 

forms an ideal. 

Proof. [10], Lemma 2. 0 

£~~e~~~_~~z~£ · Suppose R is a ring with identity which satisfies the 

hypothesis of Lemma 2.7.2. Then Ia g is a unit in RG if and only if 
g 

there exists ISh'h in RG such that Ia 6'-1 = I and a 13 ' is nilpotent 
g g g h 

whenever gh f I. 

Proof· First assume La g is a unit 1n RG. 
g 

Let N denote the set 

of nilpotent elements of R. From Lemma 2.7.2, N is an ideal. 

Passing from RG to (R/N)G, Ia g is a unit in (R/~)G. Proposition 
g 

2.7. I then says that there exists IShh in (R/N)G such that 

LA '6 -I = and alh 
= o whenever gh f I. Hence Ia 8 -1 = I+n 

g g g g 

where E N and agS h is nilpotent whenever gh f I. If s 0, n n = 
\' 2 S-l 2 s- 1 we see that La B -1 (1-n+n - ... ±n ) = (l+n)(I-n+n - ... ±n ) = 

g g 

and agl\( I-n+n 2- ... ±ns-l) is nilpotent whenever gh f I, since N 

is an ideal. ?utting r\~ " S-I ) S, ( I-n+n "- ... ±n ), then e 'g satis-
I .. g 

fy the required conditions. 

Before provlng the converse, we show that NG is a nil ideal. Lt·t 
n 

a = I aigi 
1=1 

k .. Let m 
1 

ENG . 
n 

I k .. 
. 1 
1=1 

The elements a. are nilpotent with expon ellts 
1 

Now , using the property, a.a . = 0 
1 J 

impli C's 

a.a. = 0, it is easy to show that am = O. 
J 1 

Hence :.G is a nil ideal. 
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Suppose La g satisfy the conditions, then from Proposition 2.7. I 
g 

La g is a unit in (R/N)G . g Since NG is a nil ideal and (R/N)G ~ RG/NG, 

we conclude that La g is a unit in RG. 0 
g 

~£~£tt~_~~Z~i . Let R be a r1ng with identity satisfying hypothesis 

of Lemma 2.7.2 with no idempotents 10,1. Then La g is a unit in KG if 
g 

and only if for some g, a is a unit and all the other a 's are nilpotent. 
g g 

Proof · Suppose La g is a unit 1n RG. 
g 

Then by Theorem 2.7.3 there 

exist elements S in R such that La S - 1 = I and a gSh is nilpotent g g g 

whenever gh 1 I. Hence (La S -I)a = ahSh-Iah + LaB - Ia h = a
h g g g h g1h g g 

for any a
h

. For h 1 g we have agSh-1 nilpotent, say (u Bh-I)P O. 
g 

Then, using the proper ty that xy = 0 implies yx = 0 and the fact 

nilpotent and consequently, since the set of nilpot ent elements 1S 

Furthermor e , 

+ m 
2 

where m ,rn E N. 
I 2 

modulo N, and we conclude that a hSh-1 E N or a P -1-h h 
E Nand 

Ph-I a h E N or Bh-Iah - l EN, since idempotents can be lifted 

modulo Nand R has no idempotents ;0,1 (see [27], Proposition I, 

p.72). 

Since 'a P -I = I all the a i3 -1 "annot Lg g' gg 

be elements of N (this would imply t hat lE N). Say ,1 B - 1 « " h h 

for some specific h. Then a S -1 - J E N and hence we have 
h h 



45. 

and, therefore et
k 

E N. Furthermore, from the f a~t that 

ethBh-1 ¢ N we also have Bh-leth ¢ N, and consequently Bh- lah - i f N. 

+ n 
I 

l +n,n,n 
2 I 2 

E N. From thi s 

Hence et
h 

has a left as we ll as a 

right inverse in R. Hence in JCt g we have rx
h 

a unit in R for SOl."!.E: 
" g 

h E G and all the other et 's are nilpotent. 
g 

The converse follows from Theorem 2.7.3. 0 

Let R be a ring with no nilpotent elements iO 

and no idempotents iO,l. Then the only units in RG are of the 

form ug where u is a unit of R. 

Proof. Let a, b E R such that ab = 0, then baba = (ba) ' = O. 

since R has no nilpotent elements #0 the hypo thes i s of Lemma 2 .7. 2 

is satisfied. The result follows from Corollary 2. 7.4. 

For R a commutative ring, a result equivalent to Cor o llary 2 .7 .5 

have been obtained in [45]. 

We now apply the above results to study some isonorphic group r ings. 

Recall that a ring R with 1 is called local if the non-units of R 

form an ideal. 

Let R and S be local rlng s witll no Ilo n- z vro 

nilpotent elements. Let G be ord ered . If 0 : I\G -+ SG 1 S a 

homomorphism, then OCR) c S. 

Proof. Since R is l ocal, f or all r in Reither r or i-r i s a un i t . 

Hence it is enough to prove that if r is a unit in R, t hen c (r) 
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belongs to S. 

Sinc e R Clnd S arc local, they cont a in no id(~mpOlent : ; #0, l. Sin'.:(' 

they also l,ave no nilpotent elements, Corollary 2.7.5 says thut 

if r is a unit of R, then oCr) = ug for some unit u of 5 and some 

g in G. 
-, 

Note that if g 1 ], then g 1 g since G is ordered. 

-1 -1 -1 
Now o(r+r ) = ug + U g which is not a unit of SG unless g = I 

by Corollary 2.7.5. Hence + -, 
is not a unit of R. Since R r r 

is local, ] - (r+r-') 1S a unit of R. But -, o (l-r-r ) - ug -

-1 -1 u g is not a unit of SG unless g = 1. Hence IS and OCR) c S 

as required . 0 

~e£e.E"'£!i.J!!.Z!.Z. Let R, S be local \-lith I, and no non-zero nil-

potent ·elements. Let G be ordered. If 0 : RG ~ SG is an iso-

morphism, then oCR) = S. 

For Rand S commutative, results equivalent to Proposition 2.7.6 

and Corollary 2.7 . 7 have been obtained in [34]. 



CHAPTER 3 

A STUDY OF RELATIONS BETWEEN IDEALS IN A 

GROUP RING AND IDEALS IN ITS COEFFICIENT RING 

3.1 INTRODUCTION 

In this chapter we shall derive results to indicate the relations 

between certain classes of ideals in Rand RG. We also obtain 

certain relations between different radicals of the rlng R and the 

group ring RG . If S is a semigroup with unity then we get the 

following relation between the prime radical of R and the prime 

radical of the semigroup ring RS. If S is an u.p . -semigroup with 

unity, then P(R)S = P(RS). We also prove some results about the 

relation between the ideals and the radicals of the group rings 

RR and RG where H is a central subgroup of G. Here we show that 

if G/H is an u.p.-group then P(RH)·RG = P(RG) ,,,here R is any nng 

with identity. 

Section 3.4 deals with the upper nil radical, which we denote by 

U(R) f or the ring R. We show that if H is a central subgroup of 

the group G such that G/H can be ordered, then 

U(RG) ~ U(RH)'RG , 

where R is a ring with identity. If R is any ring and S an 

ordered semigroup with unity then we have U(RS) c U(R)S. 

If R lS any ring, L(R) denotes the Levitzki nil radical of ,{ , 

i.e. the union of all the locally nilpotent ideals of!{' 111 

Section 3.5 we show that if R is any ring and S an ordered semi-

group with unity then L(RS) = L(R)S. We also prove tllat [or any 

ring and any semi group wi th uni ty L (R) = L (RS) n R. If ~ is a 
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nng with identity and H is a centra l subgroup of the group G such 

that G/H can be ordered, then we have L(RH)' RG = L(RG). Further-

more, we show that L(RH) = L(RG) n RH if H is any centra l subgroup 

of G. 

In Section 3.6 the quasi-semiprime ideals, defined by De La ,(osa in 

[41], are considered. We prove that if Q is the quasi-radical of 

the ring R, i.e. the intersection of all quasi-semiprime ideals in 

R, then QS is the quasi-radical of RS where ~ is any ring and 5 any 

semigroup with unity. 

In the last section the concept of a strongly prime ring is used 

to introduce a strongly prime ideal. We define the strongly prime 

radical s(R) as the intersection of all the strongly prime ideals 

~n the ring R. We show that if G is an u.p.-group or if G is a 

free product of nontrivial groups (not both order 2) and IGI ~ lui , 

then s(RG) = s(R)G. If s(R) = (0) we say R is semi-strongly prime. 

If R is a commutative semis imple ring and G is a solvable group ,;lth 

no nontrivial locally finite normal subgroups, then we prove that 

RG is a semi-strongly prime ring. 

3.2 A GENERAL CLOSURE PROPERTY 

Let R be any ring and 5 any semi group with unity. The follO\{ing 

terminology of Nceoy [29] will be used. Let a be a property of 

ideals defined for ideals in R and the semigroup ring RS . An idenl 

with property a may be called a a-ideal. If to. is a suhset of" 1< 1 

let AS = {a E RS ; a = la.. s. , a. . E A and s. E S} . Clearly AS Hi 
1 1 ~ 1 

an ideal in RS if and only if A is an ideal in R. If 0 is such 

that A, a a-ideal in R, implies AS a a-ideal in RS, we say the 
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"going up" condition holds for a-ideals. If Q, n a-ideal in RS, 

implies that Q n R is a a-ideal in R, we shall say the "going ,1m!>! " 

cOI1<iir;ion holds for a-ideals. If R is itself a a-ideal, the a-

property may be used to define a closure operation on the set of 

all ideals of R. If A 1S any ideal in R, the cloGure of A rela-

tive to a, which we denote by A, 1S the intersection of all a-

ideals which contain A. The closed ideals (relative to a ) are 

the ideals that are intersections of a-ideals. Everything said 

of ideals in this paragraph hold mutatis mutandis for right ideals. 

In what follows, we shall use the concepts of prime ideal and m-

system as defined in [30]. 

Theorem J . 2 .1. ------------- Let R be any ring (which need not have an identi.ty) 

and S a semigroup with unity. Let a be a property of ideals de-
fined in R and in the semigroup r1ng ~S such that the following 

are true: 

(a) R is a a -ideal. 

(b) If A is any ideal (right ideal) in RS and B a a -ideal 1n RS 

such that A'RS ~ B, then A ~ B. 

(c) The "going up" and "going down" conditions hold for J- ideals. 

Then for each idea l (right ideal) Q in R, QS QS. 

Proof. Clearly (a) and (c) implies KS is a a-id'ea l in RS . ;lor,·-

over, it follows easi ly from (c) that if Q is a closed ideal in I: , 

then QS is a closed ideal in RS and if A 1S a closed idea l in H~ 

then A n R is a closed ideal in R. Hence the IIgoing up" and 

"going down" conditions hold also far closed ideals. 



50. 

Since Q ~ Q, we have QS C QS. But by the "going Upll condition 

for closed ideals QS is a closed ideal in RS and hence QS ~ QS. 

To obtain inclusion in the other direction, suppose QS C B where 

B is any closed ideal in RS. Then B n R is a closed ideal in R. 

Since Q ~ B n R we have Q ~ B n R. It follows that QS'RS ~ Band 

(b) implies that QS ~ B since QS'RS, and hence Cis itself, i.s con-

tained in each a-ideal containing B. Applying thi s result to the 

case in which B = QS, we have QS C QS and the proof is completed. 0 

Theorem 3.2.1 holds for polynomial rings R[x], since R[x]is just 

the semigroup ring of R over a cyclic semigroup (cf. [29]). 

3.3 THE PRIME RADICAl OF THE SEMIGROUP RING 

In this section we give a simple application of the preceding 

theorem to the case in which a-ideal means, prime ideal. 

If T is a subset of the ring R, CR(T) shall denote i ts comple~ent 

in R. 

As in Section 1.2, a semlgroup S is said to be an u.p. -serr.-:.gp"up 

if given any two nonempty finite subsets A and R of S, then there 

exists at least one element xES which has a unique representa-

tion in the form x = ab with a E A and b E B. 

Let R be any rlng and S an u.p.- semigroup 

wit h unity. Then the "going up" condition holds for prime id(:als. 

Proof. Take Q to be a prime ideal in R and suppose QS not prImo 

in RS. Consequently we can find elements a, b E CRS(QS) such 
n m 

that a(RS)b C QS. Say a = L a. t. and b L 13.s. ~·.'here a. , e, . t " " . 1 1 1 1 1 1 
1=1 1=1 
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and s., t. E S (i = 1,2, ... ,m) and (j=I,2, ... ,n). 
1 J 

Since 

a, b E CRS(QS) we have that ai' Sj ¢ Q for at least one 1 and J. 

Let now a = a + a and b = b + b where all the coefficients of 
1 2 1 2 

a, and b, are in CR(Q) and all the coefficients of a
2 

and b, are 

1n Q. Say a , o. 't'+ .. . + o. 't' b 
" Q.Q.' 

Let 

A = Supp a and B = Supp b . Since S is an u.p.- semlgroup there , , 
exists at least one element s E S which has a unique representa-

tion in the form s = t! s! with t! E A and s! E B. Since S has an 
J 1 J 1 

identity , R 1S a subring of RS and since QS is an ideal in RS, we 

have a Rb c QS. From the above we have a!R8! c Q with a! , 8! ¢ , , - J 1- J 1 

contradicting the fact that Q is a prime ideal in R. Therefore, 

QS must be prime. 0 

~0'!!12f!?. The "going up" condition is not true for any group ring, 

for if R is a completely pr1mary ring, then S1nce R = R/N(R) is a 

field, N(R) must be a prime ideal in R. From Proposition 2.2.3 

we have that if the characteristic of R is zero or p, p prime, and 

n ~ o(p), then N(R)G = N(RG) where G is a finite group of order n. 

Hence, for the prime ideal Q = N(R), QG need not be a prime ideal. 

Q, 

Let R be any ring and S a semigroup with unity. 

The "going down" condition holds for prime ideals. 

Proof· Let A be a prime ideal 1n RS. To show that A n R is a 

prime ideal, we only need to show that if a , p E !{ such that 

aRp c An R-, then (). E A n R or i3 E An R. If aRb C A n R, t hen 

each element of aRSi3RS is a sum of terms of the f"rm rs, r E it and 

s E S, belonging to A and since A is an ideal aRSi3RS c A. Since 
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A is a prime ideal in R5, it follows that aR5 ~ .\ or (jR5 ~ A and 

consequently aR5a ~ A or 6RSB ~ A. Applying again the fact that 

A is a prime ideal in RS, it follows that a E A or B E A and con-

sequently a E A n R or B E A n R. 0 

We recall that the prime radicaL of the ring R is the intersection 

of all prime ideals in R and that a ring is a prime ring if the 

zero ideal is prime. 

RS is a prime ring if and only if R is a prime ring. 

3.3.3 (ii) If R is any ring and 5 a semigroup with unity 

then peR) = P(RS) n R. 

Proof. (i) If R is a pr~me ring then (0), the zero ideal of R, 

is a pr~me ideal and from Proposition 3.3 .1 t he zero ideal ~n R5, 

i.e. (0)5, is a prime ideal. Consequently RS is a pr~me ring. 

If the zero ideal (0) of R5 is a prime ideal, then we have from 

Proposition 3.3.2 that (0) n R, the zero ideal of R, ~s a prime 

ideal. 

(ii) It is well known that peR ) ~ R n peR) where R is 
1 - 1 

a subring of some ring R. Consequently P (R) ~ R (1 P (RS). 

To prove inclusion in the other direction, we have 

peR) n {Q Q prime ideal in R} 

c n {R n J J prime ideal in RS} (by Proposition 3.3.2) 

R n P (RS) 0 

Corollary 3.3.3(ii) is an extension of a result of Connell [11). 

Proposition 9. 
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Theorem 3.3.4. If P(R) is the prlme radical of the rlng R, then -------------

the prime radical of RS, S an u.p.-semigroup with unitY,is P(R)S, 

i.e. P(R)S = P(RS). 

Proof. Properties (a), (b) and (c) of Theorem 3.2. 1 are satisfied 

with prime ideals as a-ideals. Since P(R) = (0) where (0) is the 

zero ideal in R and since (0) S = (0) S, by Theorem 3.2.1, and the 

closure of the zero ideal ln RS, i.e. (O)S, is P(RS) we have 

P(R)S = P(RS). o 

If S is an u.p.-semlgroup with unity, then R is 

a semiprime rlng if and only if RS is a semiprime ring. 

Let G be any group and H a subgroup of G. Clearly, the group ring 

RH is a subring of the group ring RG. In what follows, we shall 

determine the relation between the prime radical of RG and the 

prime radical of RH. 

Lemma 3.3.6. 
--------- Let R be any ring with identity and H a normal sub-

group of the group G. If L is a G-invariant ideal of RH, then 

O:a.r. : a. ELand r. ERG} is a two-sided ideal in "C and 
1. 1. 1. 1. 

RG-L = \Ir.a. 
1 1 

r. E KG, a. E L}. 
1 1 

Furthermore, if A ~S a 

two-sided ideal in RH, then A-RG {c E RG : c = L'X.g. ,,;here .' .. ' A 
1 1 1 

and g. E T, T a transversal of H in G} and the expression La.g . 15 
111 

unique. 

Proof. For the proof of the first part of the lemma, sec [ 3B ], 

Lemma 1. 5, Ch. 1. 

S . E A and g . E T. 
1 1 

To prove the second half, let b = )· I·~ . g., 
• 1. 1 

Then clearly, since R has an identity element 

we have that g. E RG and consequently b E A-RG . 
1 

By definition of 
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A'RG, b = 13 r + 13 r +... + 13 r , where S. E A and r. E RG, 
II 22 nn 1. 1. 

i = 1,2, ... ,no Consider the term B. r., then, since r. can be 1 1 1 

written uniquely 1n the form r. = Ir. gk where r. E RH a.nd gk (0 T, 
1 k 'k 'k 

we have G.r. = I(!3·r. )gk' with S.r. E A since A lS an ideal 1n 
1 1 k 1 'k 1 'k 

RH. If now 1n b = S r + ... + S r the terms involving the same 
1 1 n n 

element of T are grouped together, we have that every coefficient 

is a sum of terms belonging to A. Consequently every coefficient 

belongs to A and since A ~ RH and b can be written uniquely in the 

form b = IYkhk , Yk E RH and hk E T, we have that the linear expres­
k 

sian b IS.g., S. E A and g. E T, is unique. 
.1.1 1. 1 

o 
1 

n 
Rema:r>k. If Q 1S an ideal of RH and a E RG, a = L Ct. g. , 0: . (0 RH, ------ 1 1 1 

1=1 

g. E T, 1S the unique representation of the element a, then i f 
1 

a f Q'~ we have from Lemma 3.3 .6 that there must exist at least 

one k such that O:k E RH and O:k ~ Q. 

ly in what fo11o",s. 

This will be used frequent-

The following proprosition has been proved in [II] but our proo f 

differs from that of Connell. 

Let R be a ring with identity and H a central subgroup of the group 

G. If A is a prime ideal in RG, then RH n A is a prime ideal in RH. 

Proof. Let a, b E l{H such that aRHb c RH n A. We show that 

a E RH n A or b E KH n A. Let c be any element of aRGbl(G, i.e. 
m n 

c a( I a.g . )b( I 6. k.) where 0:. , 13. E RH and g., k. E T, T a 
. 11 . JJ 1 J 1 J 
1=1 J=1 

transversal of H in G. A typical term of c is aa.g .b i3. k. and 
1 1 J J 

since H is central in G, we have aa. g.bS.k. = a·:l.bB.g.k. with 
11JJ 1J1J 
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aa .b E aRHb C A and B.g.k. E KG. 
1 J 1 J 

Since A is an ideal in RC;~ 

c E A and hence aRGbRG C A. But A is a pri.me ideal in I{C, ilencl' 

aRG C A or bRG C A. Now, since aRGa C A or bRGb C A, again [rom 

the fact that A is a prime ideal, it follows that a E A n RM or 

b E A n RH. Hence A n RH is a prime ideal in RH. o 

Let R be any ring with identity and let H be 

a normal subgroup of G. If Q is a prime ideal in RI! which is also 

G-invariant, and if G/H is an u.p.-group, then Q'RG is a pr1me 

ideal 1n RG. 

Proof· From Lemma 3.3.6 we have that Q'RG 1S an ideal in RG if 

Q is a G-invariant ideal of RH. Take Q to be a prime ideal in RI! 

and suppose Q'RG is not a pr1me ideal 1n RG. This implies that 

there exist elements a, b E RG Q'RG such that aRGb C Q'RG, Let -
T be a transversal of H in G, Since a, b ¢ Q'RG we can write 

n m 
~ a !g! r uniquely a = L a .g . + L S .h. and b = + S!h! where 

i=1 1 1 
j =l J J . 1 1 

j =l J J 1=1 

g l' g2' ... , gn' h 
I ' 

h 
2 ' 

... , h and g' g' ... , g' h' ... , h ' 
m I ' 2 ' p' I ' q 

are elements of T and where Ct ., a! E RH - Q, S. , B! E Q. By as -
1 1 J J 

sumption,n and p f 0, Since aRlib C aRGb ~ Q'RG and since Q'RG 1S 
n p 

an ideal, it follows that ( L a .g.)RH( L a !g!) C Q'RG. Let 
• 1. 1. . 1. 1. 

B = {g 
I ' 

1=1 1=1 

g 2' , .. , g } and B' = {g', ... , g'}. nIp Since G is an u.p.-group, 

there exists an uniquely represented element g = gig~ i n the product 

S S', where B = (g.}, S' = {g!} and g. (g!) is the image of g. (g !) 
1. 1. 11 11 

under the canonical homomorphism G +G/H. We also have gig~ = hg 

where gET and h E H. 

Let r be an arbitrary element of RH. Since conjugation by ele-

ments of G is an automorphism of RG and since RH is G-invariant, 
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we have c 
gi -1 

= (r) = g. rg. 
1 1 

E RH. From the unlqueness of the pro-

which reduces 

E RH (since RH is G-invariant), cannot 

n p 
be cancelled by any other terms ln the product (~a.g.) · c·( ~ a'g'). .~ . 1 1 ~ k k 

Furthermore, 

1=1 k=1 

and since 
n 

( I a . g.)·c· 
.11 
1.=1 

p 
(La'g')E 
k=1 k k 

Q'RG, we have from the unlqueness of the representation 

of elements of Q'RG, as a linear expression La.g., a . E Q and g. , T, 
1. 1. 1. 1 

h E Q. since a' ¢ Q and Q is G-invariant we have 
k 

-1 
g . 

It is now easy to see that (a')' h ¢Q. 
k 

Since r was 

arbitrary, 

-1 g. 
a.Rh(a

k
') 1 h C Q with a., 

1 - 1 
This contra-

dicts the fact that Q is a prime ideal in Rli and consequently Q'RG 

is a prime ideal in RG. 0 

The following result was proved in [Ill. Since the resu l t fo l lows 

eastly from our previous results, we give the proof . 

If R is a ring with identity and G a group 

with central subgroup H, then P(RH) = P(RG) n RH. 

Proof· P(RH) n {Q : Q prime ideal in RH} 

C n {RH n A : A. prime ideal ln RG } (Proposition 3. J . 7) 

lUi n (n {A : A prime ideal i n RG } ) 

RH n P(RG) 

Since RH is a subring of RG we have P(RH) ::J ttl! n ?(1((; ) . Hen ce 

P(RH) = P(RG) n RH . 0 

Theorem 3.3.1 0. -------------- Let R be a ring with identity and B a norma l sub-

group of the group G. Let a be a property of ideals de fined in 
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RH and in RG such that the following are true: 

(a) RH ~s a a-ideal (in RH). 

(b) If A is a a-ideal in RH which is G-invariant then AoRG is a 

a-ideal 1n RG ("going up" condition). 

(c) If Q is a a-ideal in RG,then Q n RH ~s a G-invariant a-ideal 

in RH ("going down" condition). 

Then for each ideal D in RH, DoRG DoRG. 

Proofo ~~~~~: A closed ideal ~n RH ~s defined as the intersec-

tion of G-invariant a-ideals in RH. Note that consequently a 

closed ideal in RH is also G-invariant. 

From (a) we have that RH is a G-invariant a-ideal of RH and from 

(b) it follows that RHoRG = RG is a a-ideal in RG. Firstly, we 

show that the "going up" and "going down" conditions also hold for 

closed ideals. Let B be a closed ideal in RH, say B = nB. where 
J 

B. are G-invariant a-ideals in RH. Furthermore, let T be a trans-
J 

versal of H in G and suppose a is an arbitrary element of BoRG, 
n 

say a = L a.g. with a. E Band g. E T. 
. 1 1 1 1 

NotV' , 
1=1 

a E B·RG <=> a. E B. for all ' j and i 
~ J 

<=> a E B.oRG for all j 
J 

<=> a E n(B.oRG) 
j J 

1,2, ... ,n 

Hence BoRG = nCB. °RG) and from (b) we have that BoRG is " c losed 
J 

ideal in RG. 

For the "going down" condition, let P be a closed ideal in }{C 

where P np., P. a a-idea l in RG. 
J J 

From (c) we have that P. :", 1m 
J 
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is a a-ideal for each j and clearly l' n RH = 1)(1'. il RII). 
J 

Since 

P. and RH are G-invariant, P. n RH is G-invariant. 
J J 

Ilenvc l' II Rll 

is a closed ideal. Therefore, the "going up" and "going down" 

conditions hold also for closed ideals. 

Let A be an arbitrary ideal in RH. Since A C A, we have 

A'RG C A·RG. But, by the "going up" condition for closed ideals, 

A'RG is a closed ideal in RG and hence A'RG C A·RG. To obtain 

inclusion in the other direction, suppose A'RG ~ I' where I' is any 

closed ideal in RG . Then I' nRH is a closed ideal in RG and since 

R has an identity element it follows that A ~ I' and consequently 

A C I' n RH. Hence A C I' n RH and, therefore, A C F. Since F lS 

an ideal in RG we have A'RG C F. Applying this result to the case 

-- -in which I' = A'RG we have A'RG = A·RG . 0 

~~~~~~. If R is any ring and H a central subgroup of the group G, 

then clearly each ideal in RH is G-invariant . 

Theorem 3.3.11. -------------- Let R be any ring with identity and H a central 

subgroup of G such that G/H is an u.p.-group . Then P(RG) = P(RH)·RG. 

Proof. Properties (a), (b) and (c) of Theorem 3.3 . 10 are satisfied 

for prime ideals as a-ideals (Propositions 3.3 . 7 and 3.3.8). Since 

P(RR) = (0) where (0) is the zero ideal in RH and since (O)'RG = (O)'RG, 

by Theorem 3.3.10, and the closure of the zero ideal in RG, i . e . 

(O)'RG, is P(RG) we have P(RH)'RG = P(RG). 0 

3.4 THE UPPER NIL RADICAL OF THE GROUP RING 

In [52] Van der Wa lt introduced a stronger class of prime ideals, 

called s-prime ideals. Murata et a1. [32] extended this further 

to f-prime ideals. 
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Van der Walt defines s-prime ideals as follows: 

A set V of elements of the r~ng R ~s called an s-

system if and only if V contains a multiplicatively closed system 

S, called a kernel of V, such that for every ideal Q of R with 

Q n V F ~ we also have Q nSF ~. The void set ~ is defined to 

be an s-system. 

An i deal Q in R is an s-prime ideal if and only if 

its complement C(Q) in R is an s-system. 

From [52] we have that an s-pr~me ideal is also a prime ideal. 

The s-radical T of the ring R is defined as the intersection of 

all the s-prime ideals ~n R. Clearly P(R) C T. 

An ideal Q in the ring R is called a nil radical if 

and onl y if (i) Q is nil (ii) R/Q contains no nonzero nilpotent 

ideals. 

aaer [5] showed that the sum U of all the nil radicals of R is a 

nil radical. U is called the upper nil radical. The lower nil 

radica l , intersection of all the ni l radicals of R, is known to be 

the intersection of all the prime ideals in R. 

!:i€!'1lr1£&. Van der Walt [52] proved that U is equal to the intersec-

tion of all the s-prime ideals in the ring R. 

Theorem 3.4.1. Let R be a . r~ng with identity and let H be a nor--------------
mal subgroup of G. If G/H is ordered and Q is a G-invariant s-prime 

ideal in RH, then Q-RG is an s-prime ideal in RG. 
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Proof. Suppose Q is an s-prlme ideal in RH and let S be the kernel 

of the s-system CRH(Q). Let E be a transversal of H In G and put 

K = {a a E kG : " E S where a = L"·h., with a. E RII, h. E E 
1 1 1 1 1 

with e h < h < ... < h n' e identity element of G}. K IS a 
1 2 n m 

multiplicative system, for if a, b E K, say a L a. g. , b I S.h. 
i= 1 

1 1 i=l J 

with a. , S. E RH, gi' h . E E, e = g, < g, < ... < gn and 
1 J J 

e=h <h < 
1 , 

< h , then a g B h = a S is the "smallest" sum-
m 1111 11 

mand in the product a'b = aSgh + .. . 
1 1 1 1 

+ ••• Since a S E S, 
1 1 

we have ab E K. Clearly K is contained in C(Q'RG), the complement 

of Q'RG in RG, since the expression La.h. for each a E K is unique 
1 1 

and a ~ Q. 
1 

If A is an ideal in RG such that An CRG(Q RG) f ~, 

n 
then there exists an element b E A, b = I B.g. with B. E RH, 

1 1 1 i=l 
g . E E and g, < g, < .. . < gn' such that S ~ Q. 

1 1 

we only need to prove that A + Q'RG contains such 
n 

if d = L 6. g. , 6. E RH, g. E E, IS an element of 
1 1 1 1 

1.=1 

that 6 ~ Q, then 6 g 
1 1 1 

~ Q'RG and we can write d = 

d E A and d E Q'RG with, say d = a'g' + a'g' + 
1 2 1 11 22 

J < s .:: n, g, g' < g' < '" < g' and 6 6' 
1 , S 1 1 

n 
Let a L a.g. E A, a. E RH and g. E E with g, < 

1 1 1 1 
1. =1 

and a ~ Q·RG. This is possible since A 1- Q·RG. 

To prove this 

an element. For 

A + 

d 
1 

g, < 

Q'RG such 

+ d where , 
+ a' g' 

s s' 

... < gn' 

Thus a contains 

at least one coefficient a
k 

i Q. Ifk then we are done. If 

a E Q, then a - a g 
1 1 1 

for at l east one k, 2 < k < n. So, agaIn if k 2 we are done . 

If, however, a E Q, then a g + . .. + a gE A + Q·RG. 
2 3 3 n n 

After a 

fini.te number of steps we must have akgk + ••• + angn E A + Q'RG 

with a
k 

i Q, since otherwise a E Q·RG. nence from the remark 

J 
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above, . A contains an element with f irst coefficient Hut 111 Q. !.cL 
m 

this element be b L 6. g. , 6. E RH and 6 ¢ Q, g. E E and 
i=l 

1 1 1 , 1 

g, < g2 < ... < g . 
m 

Furthermore, Sl.nee A is an ideal in RG, 

b ' 
-, 

=6 p'g' 6' g' E A with S! E RH, g! E E, bg + + ... + , , 2 2 mm 1 1 

e = g' < gl < •.. < g'. 
'2 m 

Now, since (1\) n CRH(Q) '" q" we have (B ) n S '" q,. Le t A E (S ) n s, , , 
then A = La. B a! ",here a., a I E RH. 

~ll. l 1. 
Since A is an ideal in RG, it 

contains the element b" = La.b'a! with A the coefficient of e. Thus 
1 1 

An K'" q" and this implies that CRG(Q'RG) is an s-system with kernel 

K. Hence if Q is an s-prime ideal in RH, then Q'RG is an s-prime 

ideal in RG. 0 

If R is any ring and S any semigroup then the elements of RS can be 

written uniquely as Lais i , a i E R, si E S. 

lowing proposition: 

Hence we have the fol-

If R is any ring and S an ordered semigroup 

with identity then if Q is an s-prime ideal in R, QS is an s-prime 

ideal in RS. 

PI'ocf. The proof uses the same technique as the proof of Theorem 

3.4.1. 0 

Let R be any ring and S an ordered semigroup with 

unity. Then U(RS) ~ U(R)S . 

PI'oof. Let S' be the set of s-prime ideals in RS and S the set of 

s-prime ideals i n R. 
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U(RS) = n {Q : Q E S'} (Remark) 

c n Ips PES} (Proposition 3.4.2) 

(n (p P E S})S 

U(R)S o 

Theorem 3.4. 4 . ------------- Let R be any ring with identity and H a cen tral 

subgroup of G such that G/H is an ordered group. Then 

U(RG) c U(RH)"RG . 

Proof. U(RG) n {p : P s-pr~me ideal in RG } (Remark) 

c n {Q "RG Q s-prime i deal in RH} (Theorem 3.4. I) 

(n (Q : Q s-pr~me ideal in RH})"RG 

U(RH)"RG 0 

3.5 THE .LEVITZKI RADICAL OF THE GROUP RING 

A ring is locally nilpotent if any finite set of e lement s genera t es 

a subring which is nilpotent. We say that an ideal I of a r~ng R 

is locally nilpotent if, though t of as a ring, I is l oca lly ni l-

potent. We see that every nilpotent ring is locally nilpotent and 

every locally nilpotent ring is nil. 

The Levitzki radical of the ring R, L(R), is defined as the unlon 

of all the locally nilpotent ideals of the ring R. LeR) is a 

locally nilpotent ideal which contains all the locally nilpotent 

ideals of the ring R (cf. [IZ], Chapter 6) . 

In [53] Van der Walt introduced ~-prime ideals to give another 

characterization of the Levitzki radical. Van der Walt defines 

~-prime ideals as follows: 



63. 

e~[~~~!~~~ (i) A set L of elements of the ring R 15 called an 

~-system if for every ideal Q of R such that Q n L 1 ¢ the ideal 

Q contains a finite number of elements b
l

, b" .. . , bm(Q) such that 

the following condition is satisfied: If Q and B are ideals such 

that Q n L 1 ¢ and B n L 1 ¢, then for every positive integer n > J, 

there exists a product of n factors, formed out of b , ' b" ... , bm(Q) E Q 

and c
I

' c,' ... , cm(B) E B, which lies in L. 

(ii) An ideal Q in It is an ~-pl"ime ideal if and only 

if its complement CR(Q) is an ~-system. 

From the definitions of s-prime ideal, ~-prime ideal and prime ideal 

we have that every s - prime ideal is an ~-prime ideal and every ~-

prime ideal is a prime ideal. 

If R is any rlng then the Levitzki radical of 

the ring, L(R), is equal to the intersection of all the ~-prime ideals. 

Proof. See [53], Theorems J and 2. 0 

normal subgroup of G. If G/H is ordered and Q is an ~-prime ideal 

in RH, then Q'RG is an ~-prime ideal in RG ("going up" condition). 

Proof. Let Q be an ~-prime ideal in RH, i.e. CRH(Q) is an ~ -system. 

Assume further that An CRG(Q'RG) 1 ¢ and B n CRG(Q'RG) 1 ¢, where 

A and B are ideals in RG. If T is a transversal of H in G, then 

there exist, as in Theorem 3.4. J, a E An CRG(Q'RG) and b E B n CRG(Q'RG) 

m n 
with a = .L Cl igi' b = I 8· g! ; Cti , p. E RH, gi' g! E T with 

~=l j=1 J J J J 

e = g, < g, < ... < gm and e g' < g' < ... < g' such that 
I , n' 



64. 

a; ,6 ~ Q. , , Now, since CRH(Q) is an ~-system, the princ ipal 

ideals (a ) and (6 ), in RH, contains a finite number of elements , , 
° ,0, .•. , ° and y, Y

2
' •• • , Y respectively, such that for 

1 2 r 1 s 

every positive integer p > I there exists a produc t of p factors, 

formed out of the a's and y's, which lies in CRH(Q). 

We may write: 

6.=L11' an', IT • • , 11! • E RH, < i < r, 
1 . •• 1 •• 1J 1J - -

J 1J 1J 

and y.=h . . 6T!. , T •• , T! . E RH, < J < s 
J i 1J , 1J 1J 1J - -

Let a . = Ln .. an! , E (a) c A, < i < r, 1 . 1] 1J -
J 

and b. =» .. bT! . E (b) c B, < j < s 
J . 1J 1J 

L 

Clearly, the coefficient of g, = e 

of g' = e in b. is y . . 

i n a . is 0. and the coefficient 
1 1 

, J J 

To complete the proof, we show that for every positive integer p > I, 

there exists a product of p factors, formed out of the a. 's and b.'s , 
1 J 

which lies in CRG(Q·RG). To show this, consider fo r example, the 

case where p = 4. We consider the product aibjakb h where 

i, k E {1,2, ... ,r} and j. h E {1.2 •... ,s}. Since G/H is an ordered 

group, and consequently the elements of T are ordered, the "smallest" 

summand in the product aibjakbh is 0ieYjeoke'Yhe = 0iYj okYhe. 

Furthermore, since 0i Yj OkYh E CRH(Q). we have aib j akb h E C(Q·RG). 

From this it is clear that we have the same for any p > I . Hence 

CRG(Q'RG) 1S an ~-system and consequently Q'RG is an ~-prime ideal. 0 

Let R be any r1ng and S an ordered semi group 

with unity. If Q is an ~-prime ideal in R. then QS i s an l-prime 

ideal in RS . 



65. 

Proof. The proof uses the same t echnique as that of Proposition 

3.5.2. 0 

Let R be a ring wi th identity and H a central 

subgroup of the group G. If A is an l',-prime ideal in RG, then 

Q = A n RH is an l',-prime ideal in RH ("going down" condi tion) . 

Proof. Let A be an l',-prime ideal 1n RG, 1. e. CRG(A) is an l',- system. 

Assume further D n CRH(Q) f $ and B n CRH(Q) f $ , whe r e D and Bar e 

ideals in RH and Q = A n RH. 

Since CRG (A) is an l',-system, 

D'RG and B'RG contain a finite number of e l ements a , a , .. • , a 
I 2 P 

and b , b , ... , b respectively, such that for every pos itive 1n-
I 2 q 

teger n > I there exists a product of n factors, formed out of 

r ' 
Let T be a transversal of H 1n G. Furthermore, let a. = IJa .. g .. , 

J . 1J 1J 
l= i s. 

1 < j < p, and b. = IJS .. g!., < J < q, with (1 .. E D, g .. E T, 
J i=1 1J 1J - - 1J 1J 

< i < r . and also S .. E B, g! . E T, I < i < s .. For every n> - J 1J 1J - - J 

there exists a product of n factors, formed out of the (1 •• 's and 
1J 

the case where n = 4 . 

To show this, consider f or example 

Since, for example, a b abE CRG(A), r s \) W 

r, \! E { 1,2, ... ,p} and s, W E { 1,2, ... ,q} , and Q'RG ~ A, we have 

a b abE CRG(Q· RG). r s \) W 
Furthermore, since the e l ements of Q'RG 

can be written uniquely in the form Iy.g. where y. E Q and g. E T, 
1 1 1 1 

it follows from a b a b f Q'RG that at least one of t he coeffi­r s \) W 

cients of the product a b a b lies in CRH(Q). r s\)w 1. 

Furthermore, since 

H is a central subgroup of G, such a coefficient is a sum of terms 

of the form oh where 6 i s a product of four factors, two out of 



66. 

the ex .. ' s and two out of the B . . ' s, and h is an eleI:lent of H. 
1J 1J 

Clearly, at least one of the terms in this sum lies in CRH(Q). 

If this term is o t hI, then, since Q 1S an ideal in RH and h' E RH, 

we have 0' E CRH(Q)· From this it is clear that we have the same 

for any n > 1. Hence CRH(Q) is an i-system and consequently 

Q ; A n RH is an i-prime ideal in RH. 0 

If R is a ring with identity and H 15 a cen-

tral subgroup of G, then L(RH) ; L(RG) n RH. 

Proof. Since L(RG) is locally nilpotent, L(RG) n RH is a locally 

nilpotent ideal in RH and consequently L(RG) n RH c L(RH). 

To prove inclusion in the other direction, we have 

L(RH) n {p P i-prime ideal in RH} (Proposition 3.5.1) 

c n {Q n RH : Q i-prime ideal in RG} (Proposition 3.5.4) 

; L(RG) n RH. 0 

Let R be any ring and S a sem1group with unity. 

If Q is an i -prime ideal in RS, then Q n R is an i -prime ideal in R. 

?roof. The proof uses the same technique as that of Proposition 

3.5.4. 0 

Let R be any ring and S a semigroup with unity. 

Then L(R) ; L(RS) n R. 

Proof . As in Proposition 3.5.5, L(RS) nRc L(R). For the inc lu-

sian in the other direction, we have 

L (R) ; n {P 

c n {Q 

P i -prime in R} (Proposition 3.5.1) 

n R Q i -prime i n RS } (Proposition 3.5.6) 

; L(RS) nR. 0 
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Q~ff~itfQ~' The ring R is called an t-prime ring if and only if 

the zero ideal of R is an t-prime ideal. 

Let R be any ring and S an ordered semigroup 

with unity. Then RS is an ~-prime ring if and only if R is an 

t-prime ring. 

PrOOf. This follows from Propositions 3.5.3 and 3.5.6. 0 

Let R be a ring with identity and H a central sub-

group of the group G such that G/H can be ordered. 

L(RH)"RG = L(RG). 

Then 

Proof. Properties (a), (b) and (c) of Theorem 3.3.10 are satisfied 

for t-prime ideals as a-ideals (Propositions 3.5.2 and 3.5.4). 

Since L(RH) = (0) where (0) is the zero ideal in RH and since 

(O)"RG = (O)"RG, by Theorem 3.3.10, and the closure of the zero 

ideal in RG, i.e. (O)"RG, is L(RG) we have L(RH)"RG = L(RG). 0 

~~~Q~~~_~~£~lQ. Let R be any r~ng and S an ordered semigroup with 

unity. Then L(R)S = L(RS). 

Proof. By applying Theorem 3.2 . J, the proof follows by a similar 

argument as in the proof of Theorem 3.5.9. 0 

(i) Let R be a r~ng with identity and H a cen-

tral subgroup such that G/H can be ordered. Then L(RH) = (0) if 

and only if L(RG) = (0). 

(ii) Let R be any ring and S an ordered seml-

group with unity. Then L(R) = (0) if and only if L(RS) = (0). 

Proof. This is clear from Theorems 3.5.9 and 3.5.10. 0 
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3.6 THE QUASI-RADICAL OF THE SENIGROUP RING I{S 

In [4 1] a quasi-semiprime ideal is defined which 15 i1 generi1\iza-

tion of the concept of a semlprlme ideal. 

!2~[i1.:!:i!.i£1.:!:' An ideal Q in a ring R may be called a quasi-semipY"ime 

(q-semiprime) ideal if from RAR c Q where A is an ideal in R, it 

follows that A C Q. 

The following theorem, as an easy consequence of this definition, 

was given in [41]. 

Theorem 3.6.1. - ------------ For an ideal Q of the ring R the followin g state-

ments are equivalent: 

(i) Q is a q-semiprime ideal in R. 

(ii) If a is an element of R such that RaR ~ Q, then a E Q. 

Let R be any ring which need not 

have an identity and S a semigroup with identity. If Q is a pro-

per ideal in R, then QS is a q-semiprime ideal in RS if and only 

if Q is a q-semiprime ideal in R ("going up condition). 

n 
P1100j. Take Q to be a q-semiprime ideal in R. Let a I 0: . S . ) 

i=l 
1 1 

a. E R, s . E S, be an element of RS such that RSaRS C QS. Suppose 
1 1 

a t QS. Because a t QS there exists a k, I ~ k ~ n, such that 

From the fact that Q is a q-semiprime ideal in R we have 

RakR { Q, which implies that Sake ~ Q for some S , e E R. Consider 

the elements Se and oe in RS, where e is the identity element of S. 
n 

Now (Se)a(oe) = I Sa.os. 
. 1 1 

E QS and we have Sake E Q. This gives 
1=1 

a contradiction , and hence a E QS. Consequently if Q is q-semiprime, 

then QS is q-semiprime. 
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Conversely, let QS be a q-semiprime ideal in RS and suppose Q not 

q-semiprime in R. Thus there exists an element B in R, S ¢ Q 

such that RSR ~ Q. Hence RS( Be)RS ~ QS with Se ¢ QS. This con-

tradicts the fact that QS is a q-semiprime ideal, and hence Q 1S 

q-semiprime. 0 

Let A be a q-semiprime ideal in RS, R any rlng 

and S a semi group with identity . Then A n R 1S a q-semiprime 

ideal in R ("going down" condition). 

Proof. Put Q = A n R and let 0. be an element of R such tha t 

Ro.R ~ Q. Consider an arbitrary element d of RS(QS)RS. 
k 

Then 
m 

d = L a.q.b. where a. = 
j=l J J J J 

~ 

n 
L o. .. t .. , b. = 

i= I 1J 1J J 
LB .. s.. E RS and 

i=l 1J 1J 

q. = L y .. r . . E QS. 
J i=l 1J lJ 

A typical term of a.q.b. is 
J J J 

o. .. y .R .t .. r .s . 
lJ UJ Pl lJ UJ PJ 

witho. .. y. EA, slncey . E QCA, and S .t .. r.s. E RS. 
1J UJ uJ - Pl lJ UJ P.l 

Since 

A is an ideal 1n RS, a.q.b. and consenquently d is an element of A. 
J J J 

Since d was an arbitrary element of RS(QS)RS we have RS(QS)RS C d 

and the fact that A is a q-semiprime ideal implies that QS C A. 

Furthermore, since each element of RS(RSo.RS)RS lS a sum of terms 

belonging to QS, RS(RSo.RS)RS ~ QS ~ A. But A lS a q-semiprime 

ideal, hence RSo.RS C A and consequently 0. E A. We have proved 

that if 0. E R such that Ro.R C Q, then 0. E A n R = Q, hence Q is a 

q-semiprime ideal in R. 0 

12'£.lf1J.f!.fC3.1J.' The quasi-radical of the nng R is defined to be the 

intersection of all q-semiprime ideals in R. The quasi-radical 

of a ring R is contained in the prime radical of R (see [41) . 



70. 

If q(R) is the quasi-radical of th0 rlng Rand 

q(RS) the quasi-radical of RS, R any ring and S a semigroup with 

uni ty, then q (R) S = q (RS) . 

Froof. If a-ideal means q-semiprime ideal, condition (c) of Theorem 

3.2.1 is satisfied by Propositions 3.6.2 and 3.6.3. Clearly R lS 

a q-semiprime ideal and condition (a) of Theorem 3 . 2. I is also 

satisfied. To show that condition (b) is satisfied, let ARS C Il, 

A any ideal and B a q-semiprime ideal in RS. Then 

RSARS C B ~ A C B . 0 

3.7 THE STRONGLY PRL'IE RADICAL 

In Section 2.6 we considered strongly prime rings . In [18] Han-

delman and Lawrence considered strongly prime rings in re la tion of 

characterizing the strongly prime radical elementwise. We suc-

ceeded in determining some relation between the strongly prlme 

radical of a ring R and the strongly prime radical of the group 

ring RG. 

We define a strongly prime ideal as follows: 

2€tf~f!f~~. The ideal Q of the ring R is strongly prlme if and 

only if for every x E R - Q there exists a finite subset I of R 

such that if r E Rand xIr C Q then r E Q. 

It is clear from the definition of a strongly prime ring, that R/Q 

is a strongly prime ring if and only if Q lS a strongly prime ideal. 

We now define the strongly prime radical of the rlng R, s(R), as 

the intersection of all the strongly prlme ideals in the rlng R. 
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From Section 2.6 it follows that every strongly pr1me ideal is a 

prime ideal and hence peR) C s(R). 

Let R be a ring with identity and S a semigroup 

with identity element e. If A 1S a strongly prime ideal in RS. 

then A n R is a strongly prime ideal in R ("going down"condition) . 

Proof. Let A be a strongly prime ideal in RS and suppose A n R 1S 

not strongly prime in R. Then there exists an element x in 

CR (A n R) = CRS (A) n R such that for every finite subset I of R 

there exists r E CRS(A) n R with xlr ~ A n R. 

subset of RS. Say J = (z ..... z}. with z. 
] n 1 

Let J be any finite 
n' 1 I a .. s ... a .. E R 

. 1J 1J 1J J =] 

and s.. E S. i 
1J 

l, ... ,n. Furthermore. let 1. = {a .. : j = 1.2 ..... n . } 
1 1J 1 

n 
and I = U I.. Then I 1S a finite subset of R and from our as-

i=l ~ 
sumption there exists r E CRS(A) n R such that 

xIr cAn RcA 

Let z . E J be arbitrary . 
1 

xZ.r 
1 

= x(ct. S. 
~l 11 

Then 

+ ... + a. s. )r 
In. In. 

1 1 

xct. rs. + .. 0 + xa. rs. 
11 11 In. l.n. 

1 1 

and from (1) we have xa .. r E A. J = 1.2 ..... n .. 
1J 1 

ideal in RS and s . E RS we have xz.r E A. But 1 1 

hence xJr C A. This contradicts the fact that 

z . 
1 

A 

prime ideal since r ~ A and consequently A n R is 

ideal in R. 0 

.. . (1) 

Since A is an 

was arbitrary. 

is a strongly 

a strongly prime 

Q~[f~f~f~~ (Free Product). Let G and G be two multiplicative 
] 2 

groups . The group A is said to be the free product of G and G 
] 2 

when there exis t m.onomorphi sms f . 
1 

G. + A (i = 1.2) so that one 
1 
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has: if an arbitrary group H and homomorphisms p. : G . ., Hare 
1 1 

given, then there exists exactly one homomorphism t/i : A .• H such 

that p. = t/if. holds (i = 1,2) (see Kurosh [26]) . 
1 1 

§~~f~: A non-cyclic free group is the free product of infinite 

cyclic groups (Kurosh [26J). 

Let R be any r1ng with identity. 

(i) If G is an u.p.-group and Q 1S a strongly prime ideal in I( 

then QG is a strongly prime ideal in RG. 

(ii) If G = A,',B 1S a free product of nontrivial groups A and B 

(not both order 2), and IGI ::: IRI then QG is a strongly 

prime ideal in RG if Q is a strongly prime ideal in R. 

Proof (i) This follows from Theorem 2.6.3, the fact that R/Q is 

a strongly prime ring if and only if Q is a strongly prime ideal, 

and the isomorphism RG/QG ~ (R/Q)G. 

(ii) This 1S clear from the above isomorphism and Propos i-

tion 1.5.4. 0 

H~~~~. Let R be any ring with identity and G any group. Then 

property (b) of Theorem 3.2.1 is satisfied for strongly prime ideals 

in RG. For let A be any ideal and B a strongly prime ideal in HG 

such that ARG c B. Suppose A f B, then there exists a E A with 

a ~ B. Furthermore, since B is a strongly prime ideal there exists 

a finite subset I of RG such that a1 b c B = b E B. a a 

every r ~ B there exists s E I such that asr i B. 
a 

Hence for 

But a E A and 

sr ERG, hence asr E A'RG C B. This contradiction implies that 

A C B. 
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:r~~e£§.'!l_~:..?:..~ (i) If s (R) is the strongly prime r adical of the 

ring R, R a ring with identity, then s(RG) = s(R)G if G is an u.p.­

group. 

(ii) If G = A,',B is a free product of nontrivial 

groups A and B (not both order 2), and iGi ~ iRi then we also have 

s(RG) = s(R)G. 

Proof. From Propositions 3.7.1 and 3.7 . 2, and the above remark, 

properties (b) and (c) of Theorem 3.2.1 are satisfied for strongly 

prime ideals in both cases. Clearly property (a) is also satis-

fied and consequently the result follows from a direct application 

of Theorem 3.2.1. 0 

If the strongly prime radical of a ring R is zero then we call R 

a semi-strongly prime ring (semi-SP ring). 

A ring R is isomorphic to a subdirect sum of strong-

ly p'rime rings if and only if R is a semi -SP ring. 

Proof· (cf. [30], Theorem 4.27) o 

If G is a group as in Theorem 3.7 . 3 then R is a 

semi-SP ring if and only if RG is a semi-SP ring. 

Proof. This is a direct consequence of Theorem 3.7.3. 0 

If F is a field and G is a solvable 

group with no nontrivial locally finite normal subgroups, then FG 

is strongly prime. 

f§.~~_~:..?:..? (I21J). 

sum of fields. 

A commutative semisimple r~ng is a subdirect 
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Proof. S"," [2 J 1, page 54 0 

If R is a commutative semisimple ring and G 

is a solvable group with no nontrivial locally finite normal sub-

groups, then RG is a semi-SP ring. 

Proof· From Lemma 3.7. 7, R ~ $ F , a s ubdir ect sum of some col­
aEf::,s a 

lection of fields Fa. Thus 

However, F G is strongly prime for each a, by Proposition 3.7.6, and a 

consequently from Theorem 3.7.4 we have s(RG) = (0). 0 



CHAPTER 4 

RELATIONS BETWEEN VARIOUS RADICALS IN 

CERTAIN CLASSES OF GROUP RINGS 

4.1 INTRODUCTION 

In Section 4.2 we define the concept of a radical property. We 

show that if R 1S any associative ring and a is a radical property 

then the a-radical of R is the smallest ideal K such that the a-

radical of the ring R/K is zero. This result, applied to spec i-

fic radical properties, is used in the proofs of many of the theo-

rems that follow. 

The a1m of Section 4.3 is to extend a result of Tan.. In [49] Tan 

proved that if R is a left Goldie ring with identity and G a tor-

sion free group, then P(R)G = P(RG), where P(R) denotes the pr1me 

radical of the ring R. We show that if R is any ring with iden-

tity, then P(R)G = P(RG) if and only if the order of no finite 

normal subgroup of G is a zero divisor in R = R/P(R). Tan's re-

suIt follows as a corollary from this. 

If R is any ring, N(R) denotes the nilpotent radical of R, i . e. 

the union of all two-sided nilpotent ideals of R. In Section 4.4 

we show that if R is commutat ive or left Goldie, then N(RG) = N(R)G 
~.~~ 

P(RG) if and only ifAno finite normal subgroup of G is a divisor of 

zero in R = R/P(R). If R is any ring with identity and H a normal 

subgroup of G such that G/H is an ordered group then we show that 

N(RH)"RG = U(RG) = N(RG) if U(RH) is nilpotent. If R is any ring 

and S an ordered semigroup then N(R)S = N(RS) = U(RS) = P(RS) if 

U(R) is nilpotent. Let N(R) denote the set of nilpotent elements 
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of the r10g R. If S is an ordered seml-group, R :1 r I ng sHell thilt 

a , S E Rand a P, = 0 implies 13('( = 0, then we show tliat 

N(R)S = N(RS) = U(R)S = U(RS). 

In Section 4.5 we consider the Jacobso n radical which we denote by 

J(R) for the ring R. We prove that if G is a finite group of or-

der nand R a commutative ring, then J(RG) = J(R)G if and only if 

n is not a zero divisor in R = R/J(R). We also show that if G is 

locally finite and R commutative, then J(RG) = J(R)G if and only 

if J(RG) = O. 

Section 4.6 deals wi th the Brown McCoy radical , denoted by B(R) for 

the ring R. We show that if R is a simple ring with identity and 

G a finitely generated torsion free Abelian group, then B(RG) = (0). 

We also prove that RG is Brown McCoy semisimple if R is Brown HcCoy 

semisimple, G a finitely generated torsion free Abelian group. 

In the last section we determine further relations between some of 

the previously defined radicals, in particular between P(R), U(R) 

and J(R). In (48) Tan proved that if R 1S a left Goldie ring with 

identity and G an infinite cyclic group, then P(RG) = J(RG) = P(R)G. 

Connell proved 111 [11] (Proposition 11) that if G 1S an ordered 

group and R a commutative ring, then J(RG) = (0) if and only if 

P(R) = (0) . We introduce the class of 2Qr semigroups (defined 1n 

[44]), which contains the class of ordered groups, to extend the 

results mentioned above . We show that if R 1S a left Goldie ring 

with identity and S is an ordered semigroup with unity, then 

U(RS) = U(R)S = P(RS) = J(RS). We also show t hat if R is a com-

mutative ring and S is a 2Q semigroup then RS is semisimple if and 
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only if R is semiprime . 

4.Z A RESULT ON GENERAL RADICAL THEORY 

Let a be a certain property that a ring may possess. A r~ng R ~s 

called a a-ring if it has the property a. An ideal of a given 

ring is called a a-ideal if A, viewed as a ring, is a a-ring. A 

ring which does not contain any nonzero a-ideals is said t o be a­

semisimple. 

Q~[~~~!~e~ ([IZ], page 3) 

A property a is called a radical property if the following three 

conditions are satisfied: 

(i) A homomorphic image of a a-ring is a a-ring. 

(ii) Every ring R contains a a-ideal S which contains every other 

a -ideal in R. 

(iii) The factor ring R/S is a-semisimple. 

The unique maximal a-ideal S of R is called the a-radical of Rand 

is denoted by a(R). A a-ring is its own a-radical. Such a ring 

shall be termed a a-radical ring. The requirement (ii) ensures 

that (0) is a a-radical ring with respect to any given radical pro-

perty a. Obviously a ring is a-semisimple if and only if a(R) = (0). 

f~'!!!!<;!_~:..~,--d· 

of R onto S. 

Let Rand S be two -rings and let IjJ be a homomorphism 

If a is a radical property then: 

(a) ljJ(a(R)) c a(S). 

(b) The a-radical of the ring R is the smallest ideal K such that 

a(R/K) = (0). 
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h·oof. (a) Sinc e oCR) i s a a - ideal in R it follows from property 

(i) of the definition t hat ~ ( O (K)) is a a-ideal in S. From pro-

perty (ii) 0(5) is the un i que maximal a-ideal in S. lIence 

1jJ(O(R)) ;: o(S) . 

(b) Let K be an ideal in R such t ha t a(R/K) = (0) . Further-

more, let 1jJ be the canonical homomorphism of R onto R/K. Take r 

to be an arbitrary element of OCR) . From the first part of the 

lemma it follows that 1jJ(r) E O(R/K) (0) • Hence r E K, and con-

sequently oCR) C K. This completes the proof . o 

We shall apply this result t o some of the radical properties which 

will be introduced in the r est of this chapter . 

4.3 THE PRIME RADICAL OF TilE GROUP RING 

In [49] Tan proved that if R is a left Goldie ring with identity 

and G a torsion free group then P(R)G = P(RG) . We shall prove a 

mo re general result which gives the resu l t of Tan as a corollary . 

Let R be any ring. The pr ime radical of the 

ring R is the smallest ideal K such that P(R/K) = (0). 

Proof. Let 0 be the lower radical property determined by all the 

nilpotent rings. Then , if R i s any ring oCR) = peR) (cf. [12], 

Theorems J7 and 18). lienee if K is any ideal in R such that 

P(R/K) = (0) it follows from Lemma 4 . 2.1 tha t peR) C K. 0 

Theorem 4. J. 2. ------------- Let R be any ring wi th i den t ity . Then P(R)G = P(RG) 

if and only if the order of no fi nite normal subgroup of G is a zero 

divisor in R = R/P(R). 
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Proof. Suppose the order of no finite normal subgroup of G 's a 

zero divisor in R. From Corollary 3.3.3 (ii) we have peR) = P(RG) 

n R and consequently P(R)G ~ P(RG) since P(RG) is an ideal. 

On the other hand, we have RG/P(R)G~ [R/P(R)]G = RG . However, RG, 

and consequently RG/P(R)G, is semiprime by Lemma 2.2 . 5. It now 

follows from Proposition 4.3 . 1 that P(RG) C P(R)G. Hence 

P(R)G = P(RG) . 

For the converse, let P(R)G = P(RG). Then RG/P(RG) = RG/P(R)G ~ RG 

and consequently RG is semiprime. The result follows from Lemma 

2.2 .5. 0 

Proposition 2.2.3 and the following corollaries are easy consequences 

of this result. 

~eEe~f!fe~_~~~~~. Let R be any ring with identity and G a finite 

group of order n . P(R)G = P(RG) if and only if the order of no 

normal subgroup is a zero divisor in R. 

If G is any group and R any r,ng with identity 

then P(RG) = P(R)G if and only if P(RG) = (0). 

Proof. P(RG) = (0) implies P(RG/P(R)G) = (0) and consequently 

P(RG) ~ P(R)G. 

P(R)G = P(RG). 

Furthermore P(R)G ~ P(RG) for any group G. Hence 

o 

If G is torsion free and R any ring with identi-

ty, then P(RG) = P(R)G. 

'f\on - tYlv I LLl 

P~of. G has no~finite normal subgroups. 0 
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4.4 THE NILPOTENT AND UPPER NIL RADICAL 

Q~[f~f!f~~. The union of all two sided nilpotent ideals of a ring 

R is a two sided nil ideal N(R) and is called the nilpotent radical 

of R. 

For the following properties of the nilpotent radical we refer the 

reader to [IJ], page 676 and [39], §6. 

(i) N(R) ~ peR) for any ring R. 

(ii) In general N(R) is not a nil radical s~nce it may happen 

that N(R/N(R)) f (0) and therefore, in general peR) f NCR). 

Recall that if R is a Goldie ring, then every nil ideal is 

nilpotent CcL [49)) . Consequently we have N(R) = peR) = U(R) 

if R is commutative or Goldie. 

Ciii) NCR) = (0) if and only if peR) (0) for any ring R. 

Q~if~f!f~~. An element x of the ring R is called strongly nilpotent 

if every sequence {xn}, where Xo = x, x = x y x ,y E R arbitrary, 
n+1 n n n n 

is ultimately O. 

~~~~~ (cf . [lll). Le t R be any ring. Then x E NCR) if and only 

if the principal ideal J generated by x is nilpotent; equivalently, 

there exists an n such that xa.xa •..• ·xa = 0 for all choices of 

the a. E R. 
~ 

I 2 n 

Thus if R is a subring of the r ing R, N(R ) ~ R n NCR). 
I I I 

In [JJl Connell proved that NCR) = N(RG) n R for R any ring with 

identity and G any group. By a similar argument we get the fol-

lowing result for semigroup rings: 

Let R be any ring and S a semigroup with unity. 

Then NCR) = N(RS) n R. 
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Proof. Since S has an identity element, R 's a subring of RS. 

Hence, from the remark above, we have 

N (R) ~ N (RS) n R . 

For inclusion in the other di rection, let a be an arbitrary element 

of N(R). From the remark there exists an n such that as •.. . 'as 0 
1 n 

for all S. E R, nowar • ... · ar , where r E RS, is a sum of terms 
, 1 n 

of the form as • . .. ·as s, s E S, and therefore vanishes. 
1 n 

Hence 

a = ae E N(RS) and consequent l y N(R) = N(RS) n R. 0 

Let G be a group such that the order of no 

finite normal subgroup is a divisor of zero in R = R/P(R), where R 

is commutative or left Goldie . Then N(RG) = N(R)G = P(R)G = P(RG) . 

Proof. From Proposition 4.4 . 1 we have N(R)G ~ N(RG) for any ring 

R and any group G. Since R is commutative or left Goldie we have 

N(R) = peR) and consequently [R/P(R»)G = [R/N(R»)G s= RG/N(R)G. 

Since peR/peR»~ = (0) it follows from [R/P(R»)G ~ RG/N(R)G and 

Lemma 2.2.5 that P(RG/N(R)G) = (0) . Applying Proposition 4 . 3. I we 

get N(RG) ~ P(RG) ~ N(R)G. From Theorem 4.3.2 P(RG) = P(R)G. 

But from the above N(R)G ~ N(RG) and N(RG) ~ N(R)G . Hence we 

have N(RG) = N(R)G = P(R)G = P(RG). 0 

Let R be a r,ng with identity and H a normal 

subgroup of the group G such that N(RH) is nilpotent and G/H is 

an ordered group . Then N(RH~RG = N(RG) . 

Proof. Since N(RH) is ni l potent, N(RH) ' RG is also nilpotent (cf. 

[9) and consequently N(RH)'RG ~ N(RG). Suppose N(RG) 1:. N(RH) 'RG 

and choose S E N(RG) - N(RH) ' RG with Isupp BI minimal . Let T be 

a transversal of H in G. Without loss of generality, we may 
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n 
assume 6 I 6. g. with 13. E RH, 13. f 0, i = 1,2, ... ,n; g. E T 

. 11 1. 1. 1. 
1=1 

and g e < g < ••. < g where e is the identity element of G. 
1 2 n 

Since 6 E N(RG), RG13RG is a nilpotent ideal, say (RG13RG)m = (0). 

Hence we have for all a., y. E RH, i = 1,2, ... ,m, 
~ ~ 

m m 

o .IT (a i 13Yi) = .IT (a i 13 , Yi) + n
2
g; + ..• + ntg~ 

1=1 1=1 

with n
i 

E RH, i = 2,3, ... ,t; gi E T and e < g; < ... < g~, since 

m 

R/H is ordered, and consequently IT a.13 y. = O. Hence RH13 RH is 
1. 1 1. 1 

1=1 

nilpotent and therefore 6 E N( RH) . Since 13 E N(RH)'RG ~ N(RG) 
1 1 

and 6 E N(RG), we have 6 - 6 e E N(RG) - N(RH)'RG and since 
1 

Isupp(6-13 )1 < Isupp 131, by choice of 13 we have a contradiction. 0 1 . 

If R is a ring with identity and G an ordered 

group, then N(R)G = N(RG). 

Proof. From Proposition 4.4.1 we have N(R)G':: N(RG) for any group 

and if we put H = {e} ~n the proof of Proposition 4.4.3 , we have 

by a similar argument that N(RG) C N(R)G. Hence N(R)G = N(RG). 0 

Let R be a ring and H a subgroup of G such 

that N(RH) is nilpotent. If there exists an ascending series 

H=H cH C ... CH CH C ... CH 
o 1 a a+, P 

G, where p is an ordi-

nal, H ~ H ,and H /H an ordered group, 0 < a < p, then 
a. 0.+1 0.+1 ex. 

N(RH)'RG = N(RG). 

Proof. This is a direct consequence of [9] Lemma 2.2 and Propo-

sition 4.4.3. 0 

f~~~_~~~~~. If R is any r~ng and H a normal subgroup of the 

group G, Then [O(RH)'RG]n ~ [O(RH)]n' RG for every positive in-

teger and any radical property O. 
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J'roof. Since conjugation is an automorphism of HII, we h3VC from 

Lennna 4 . 2.1 (a) that [a(Rll)]x ::. a(RH) for every x E G. Let n = 2 

and supp'ose y Ir.s. E [a(RH) · RG]2. Then we can write r . s . 
. 11. 11 
1 

(a g + ... +a g )(13 g'+ . . • +S g') with a . , Sk E a(RH) and gJ" gk' E T, 11 mm 11 pp J 

T a transversal of H in G; J 1 ,2, . . . ,m and k = 1,2, ... , p. 
-1 -1 

g1 
Hence r.s. = a . (S ) 

1 1. 1 1 
-1 g. 

g g' + •• • + 
1 1 

g 
a (13 ) m 

m p 

( 13k ) J E a(RH), k 1 ,2, . .. ,p and j = 1,2, ... m, we have 

r.s. E [a(RH)P"RG and consequently y E a(RH)2 · RG . . The proof now 
1 1 

follows by complete induction, using the fact that ([a(RH)]n)x c 

[a(RH)]n for every x E G. 0 

Let R be any ring with identity and H a normal 

subgroup of the group G. If a is any radical property, then 

a(RH)'RG is nilpotent if a(RH) is ni l potent. 

Let R be a ring with identity and H a normal 

subgroup of the group G such that Gill is an ordered group. If 

U(RH) is nilpotent, then U( RG) = U(RH) "RG. 

Proof. From Corollary 4.4.7 we have that U(RH)"RG is nilpotent if 

U(RH) is nilpotent and consequently U(RH)"RG ~ U(RG). To prove 

inclusion in the other direction, suppose U(RG) ! U(RH)'RG and 

choose 13 E U (RG) - U (RH) "RG with I StiPpS I minimal. Let T be a 

transversal of H in G. Without loss of general i ty, we can assume 
n 

S = I S.g. with S . E RH , S. t- O, i = 1, 2 , .. . , n; g. E T and 
i= l 1 1 1 1 1 

e g1 < g2 < < gn where e is the identity element of G. Put 

K {a : a = a e + a g' + a g' + + a g' E U(RG); g! E T 
1 1 2 2 3 3 mm 1 

with e < g' < < g' and a · E RH, i 1 , 2, .. . ,ml. It is ' easy 
1 m 1 

to check that K is a nil ideal in RH . Si nce S E K, we have 
1 
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13 E U(RH) c U(RH)oRG c U(RG) and consequently S - 13 E U(RG) -
1 - - 1 

U(RII) oRG. Since Isupp(S-S )1 < Isupp 131, by choice of 13 we have 
1 

a contradiction. This completes the proof. o 

As in [9 ], let Y be a class of groups . I f G is a group, G E LY 

if and only if every finitely generated subgroup of G is contained 

1n a subgroup of G which is a member of Y. 

Let R be a r1ng. Let Y be any class of 

groups satisfying the hypothesis that if L is a normal subgroup 

of a group M such that MIL E Y, and U(RL) is nilpotent , then 

U(RM) = U(RL) oRM. 

Then (i) if II is a subgroup of a group G such that 

(a) there exists an ascending series 

H = H c II c .. . c H c H c ... c H = G, 
0 1 a a+l p 

where p is an ordinal , H <1 H and H IH E Y, 0 < a. < p, 
a a+l a+l a -

(b) [U(RH)]n 0, for some integer n > 1, 

U(RG) U (RH) oRG and [U(RG)]n = O. 

(ii) if II is a normal subgroup of a group G, such that 

G/H ELY, . and U(RH) is nilpotent, 

U(RG) = U(RH)"RG. 

and 

Proof. The proof uses the same technique as that of [9] Lemma 2.2. 

Let R be a ring, and H a subgroup of a group G, 

such that U(RH) is nilpotent. If there exists an ascending series 

H H c H c 
o 1 

c II c He ... c Hp 
a a+l 

G, 

where p 1S an ordinal, II <1 1I~+1' and H IH 1S an ordered group, a. I.Ao 0:.+ 1 Ci. 

then U(RH)"RG = U(RG) = N(RG). 
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Proof. From Propositions 4.4.8 and 4 . 4.9 it follows that 

U(RH)'RG = U(RG). Furthermore, since U(RH) is nilpotent, we have 

U(RH) = N(RH) and consequently U(RH)'RG = N(RH)·RG. From Propo-

sition 4.4 .5 we have N(RG) = N(RH)'RG and from the above we have 

N(RH)'RG = U(RH)'RG = U(RG). This completes the proof . o 

Remark. ------ The class of groups in Theorem 4.4.10 contains the class 

of SN-groups (Kurosh [26], pp.171-) with torison free Abelian 

factors. 

If R is any ring and S an ordered semi group 

with unity, then 

N(R)S = N(RS) U(RS) P(RS) 

if U(R) is nilpotent. 

Proof. It is easy to show that [U(R)S]m ~ [U(R)]mS for any posi-

tive integer m. Consequently if U(R) is nilpoten~ then 

U(R)S ~ U(RS) . From Theorem 3.4.3 we have U(RS) ~ U(R)S and 

consequently U(RS) = U(R)S. Furthermore, since U(R) is nilpotent 

we have U(R) N(R) = P(R) and consequently from Theorem 3.3.4 

and the above, it follows that U(RS) = U(R)S = N(R)S = P(R)S = P(RS). 

To complete the proof, we only have to show that N(R)S = N(RS). 

From Proposition 4.4.1 we have N(R)S ~ N(RS) and since 

U(RS) ~.U(RS) = N(R)S we have N(R)S = N(RS). 0 

If R is a left Goldie ring and S an ordered 

semigroup then N(R)S = N(RS) = U(RS) = P(RS). 

Proof. U(R) is a nil ideal In R and since R ~s left Goldie it is 

also nilpotent. 0 
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As in Chapter 2, let N(R) denote the set of nilpotent element s of 

the ring R. From [39], Theorem 12 we have N(R) ::. U(R) C N(R). 

Let S be an ordered semigroup and let It be 

a ring with identity such that if a, S E R and as = 0 then Sa = O. 

Then N(R)S = N(RS) = U(R)S = U(RS). 

Proof. From our assumption that as =0 implies Sa = 0 and Lemma 

2.7.2, it follows that N(R) is an ideal in R and consequently 

N(R) U (R). Hence N(R)S = U(R)S . Let a, b E RS such that 

n n 
ab = O. If a = L a. s . and b = 

1 1 
L S.t. then we have from Theorem 

1 1 i=l ~=l 

2.4.1 that a.S. = 0 for all i and j. 
1 J 

From our assumption we also 

have that S.a. = 0 for all i and j and consequently ba = O. As 
J 1 

above, we have from Lemma 2.7.2 that N(RS) is an ideal and hence 

N(RS) = U(RS). Furthermore, from the proof of Theorem 2.7.3 we 

have that N(R)S is a nil ideal and consequently N(R)S ~ U(RS). 

Inclusion in the other direction follows from Theorem 3.4.3. 

Hence we have U(R)S = N(R)S = U(RS) = N(RS). 0 

4.5 THE JACOBSON RADICAL OF THE GROUP RING 

Let J(R) denote the Jacobson radical of the ring R. 

If R is any ring then J(R) is the smallest 

two sided ideal K of R such that R/K has null Jacobson radical. 

Proof. Let 0 be the upper radical property determined by all the 

primitive rings. Then if R is any ring oCR) J(R) (cL [12]). 

Hence if K is any ideal in R such that J(R/K) = (0) it follows 

from Lemma 4.2.1 that J(R) C K. 0 
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Lerruna 4.5.2. ----------- Let R be a commutative ring with identity and let 

G be a finite group of order n. Then J(RG) = (0) if and only if 

J(Rl (0) and n is not a zero divisor in R. 

Proof. See [JI], Theorem 7 . 0 

Let R be a commutative r~ng with identity . 

If G is a finite group of order n, then J(R)G = J(RG) if and only 

if n is not a zero divisor in R. 

ProOf. From Proposition J. 4.1 J(R) = J(RG) n R if G is locally 

finite. Hence J(R)G ~ J(RG). Futhermore, we have [R/J(R)]G ~ RG/J(R)G 

and from Lemma 4. 5.2 it follows that J(RG/J(R)G) = (0). By apply-

ing Proposition 4.5.1 we have J(RG) ~ J(R)G and consequently J(RG) = J(RG). 

Conversely, suppose J(R)G = J(RG) . Then [ R/J(R)]G~RG/J(R)G = RG/J(RG) 

and from Lemma 4.5.2 n is not a divisor of zero in R. 0 

If G is locally finite and R commutative then 

J(RG) = J (R)G if and only if J (RG) = (0). 

P~oof. As in the previous proposition J(R)G ~ J(RG). Since 

RG.~ RG/J(R)G, it follows from our assumption that J(RG/J(R)G) (0) 

and Proposition 4. 5.1 implies J(RG) ~ J(R)G. Consequently 
, 

J(RG) = J(R)G. The converse is clear . o 

4.6 THE BROWN McCOY RADICAL 

If R is a ring with identity, . we denote the Brown McCoy radical of 

R by B(R). In this section we show that if G ~s a finitely gene-

rated torsion free Abelian group, then B(RG) c B(R)G. For the 

following definitions and results, see McCoy [30]. 
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With each element a of R let us associate the right ideal FCa), 

defined as follows: 

FCa) = {ar - r : r E R} . 

Then a is right quasi-reguLar if and only if a E FCa). A right 

ideal or left ideal in R is said to be right quasi-regular Cleft 

quasi-regular) if each of its elements is right quasi-regular 

Cleft quasi-regular). Recall, that the Jacobson radical JCR) of 

a ring R is defined as follows: JCR) = {a : a E R, aR is right 

quasi -regular}. 

If a E R, we define GCa) to be the two sided ideal in R generated 

by the elements of the right ideal F(a). 

GCa) = (ar - r + 2(x.ay. - x.y.) 
~ ~ 1 1 

Then 

r, x . , y. E R} 
~ ~ 

An eLement a of the r~ng R is said to be G-reguLar if a E G(a). 

An ideaL is said to be G-reguLar if each of its elements is G-regular. 

Q~[i~i!i~~. The Brown McCoy radical BCR) of the ring R is defined 

as follows : 

BCR) (b b E R, Cb) ~s G-regular} • 

A ring with more than one element is said to be a simpLe . ring if 

and only if its only ideals are the two trivial ideals, namely (0) 

and R. An ideal M in R is a moduLar maximaL ideal if and only if 

RIM is a simple ring with identity . 

Theorem 4.6.1. -------------
Let R be a ring such that B(R) f R, and let H. , 

1 

i E U, be all the modular maximal ideals in R. 

. Proof· See [30], Theorem 7.26. 0 

Then B(R) = n~ .. 
iEU 1 
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If R is a ring with more than one element, then 

B(R) = (0) if and only if R is isomorphic to a subdirect sum of 

simple rings with identity. 

PrOOf. See [30], Theorem 7. 27 . 0 

If R is any ring, then B(R) 1S the smallest 

two sided ideal K of R such that B(R/K) = (0) . 

PrOOf. Let 0 be the radical property determined by the class of 

all simple rings with identity. Then oCR) = B(R) for any ring R 

(cf. [12]). Hence if K is any ideal in R such that B(R/K) = (0), 

it follows from Lemma 4.2.1 that B(R) C K. 0 

If R is a simple r1ng with identity and G = <x>, 

the infinite cyclic group generated by x, then RG is a principal 

ideal ring. 

Proof. Let A be any ideal in RG. Since R[x] is a subring of RG, 

An R[x] is an ideal in R[x]. We can pic k a nonzero element 

a(x) E A n R[x] with minimal degree. Since the leading coeffi-

cients of all the elements of A n R[x] with minimal degree, (say n), 

together with (0), forms an ideal in R, and R is a simple ring 

with identity, we can without loss of generality, assume that a(x) 

is monic . Firstly,we show that An R[x] = <a(x». To this pur­

pose we prove that a(x)R[x] = R[x]a(x) = <a(x». Let r E R, then 

(a(x)r - ra(x)) E An R[xJ and degree (a(x)r - ra(x)) < n. Hence 

a(xlr = ra(x) for every r E R and consequently a(x)R[xJ = R[x]a(x). 

From this and the definition of <a(x» it follows that 
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<a (x» = a(x)R[x] = R[x]a(x ) . Let f(x) be an arbitrary element 

of A n R[x] of degree k with leading coefficient 8. If n = k, 

then [a(x)8 - f(x)] E An R[x] and degree (a(x)8 - f(x» < n. 

Consequently f(x) = a(x)8 E a(x)R[x] = <a(x». Suppose that every 

element of An R[x] of degree k, n ~ k ~ m, is an element <a(x», 

then if f(x) is of degree m+l we have g(x) = f(x) - a(x)Sxm+ 1
-

n E 

A n R[x] with degree g(x) < m. From our assumption there exists 

hex) E R[x]such that g(x) a(x)h(x) and consequently f(x) = a(x)p(x), 

where p(x) = hex) - 8xm+1
-

n E R[x]. Hence A n R[x] ~ <a(x». 

However, since An R[x] is an ideal in R[x] we have <a(x» ~ A n R[x]. 

Consequently A n R[x] <a(x». We claim that A = a(x)RG = RGa(x). 

Clearly a(x)RG C A. Next, let yEA, Y 1 o. We can write 

y = xJf(x) for some integer j and f(x) E R[x] . Then yx-J = f(x) E A. 

Hence f(x) E <a (x» and we can write f(x) = a(x)k(x) where k(x) E R[x]. 

Hence y = f(x)x j = a(x)k(x)x j E a(x)RG. Therefore, a(x)RG = 

RGa(x) = A. Thus we have proved that A is a principal ideal ln 

RG, generated by a(x). 0 

Let R be a simple ring with identi ty and G an infinite 

cyclic group. Then B(RG) (0). 

Proo;. Let G = <x> be the infinite cyclic group generated by x. 

Suppose now I is the Brown McCoy radical of RG. From Proposition 

4.6.4 there exists a monic polynomial a(x) of degree n, say, in 

I n Rlx] such that 1= a(x)RG = RGa(x). Then I = <a (x» and a(x) 

is G-regular in RG, that is 

a(x) E G(a(x» = {a(x)y - y + L(g.a(x)h. - g.h.)} 
1. 1 1. 1. 

where the summation is over a finite range and y, g., h. ERG. 
1 1 
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Since a(x)RG = RGa(x) we have G(a(x» = F(a(x» = {a(x) - y}, Hence 

there is s ERG, s -1 0, such that a(x)s-a(x)-s=O. By comparing 

degrees we see that either degree s = 0 or degree a(x) = O. If 

degree s o but degree a(x) -1 0 then, for the coefficient of xn 

in a(x)s and a(x) to cancel, we must have s = I. This is impos-

sible for it will imply 1 = O. Similarly we can prove t hat neither 

degree s = 0 and degree a(x) = 0 nor degree s f 0 and degree a(x) = O. 

Hence s = 0 and hence a(x) = O. Consequently I = (0), i.e. 

B(RG) (0). o 

Lemma 4.6.6. Let R be a ring with identity and G an infinite cyclic -----------

group. If B(R) = (0) the~ B(RG) = (0). 

Proof. Since B(R) = (0) it follows from Theorem 4.6.1 that 

n M. = (0) where {M. : i E U} is the family of all t he modular 
iEU 1 1 

maximal ideals in R. Hence for each i E U, RIM. is a simple ring 
1 

with identity. Now RG/M. (G) - R/M.G and fr om Lenuua 4.6.5 R/M. G 
1 1 1 

has zero Brown McCoy radical . Put RIM. = R .• 
1 1 

From Theorem 4.6.2 

it now follows that for each i E U, R.G is a subdirect sum of simple 
1 

rings with identity . Say R.G 
1 

(fj T . . • 
. S 1J 
J 

Furthermore, n (M .G ) = 
iEU 1 

( n 11.)G = (0) and consequently it follows from [30], Theorem 3.9 
iEU 1 

that RG is isomorphic to a subdirect sum of the rings RiG. Hence 

RG <:= tJ) R.G <:= (j) T . .. 
. S 1 .• S 1J 

Since for each i and j, T .. is a simple 
. 1J 

~ 1.,J 

ring with identity, it follows from Theorem 4.6.2 that B(RG) (0) . 

This completes the proof . 0 

If R is a simple r i ng with i dentity and G a finite-

ly generated torsion free Abelian group, then B(RG) = (0). 
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?roo f· If G = C x C x ... x C, C. infinite cyclic, then 
1 2. n ~ 

RG ~ (RC )(C xC X ••• xc ). 
. 1 2 3 n 

By Lemma 4.6 .5 B(RC ) = (0) and by 
1 

Lemma 4.6.6 and complete induction the result follows. 0 

Let R be a ring with identity and G a finitely 

generated torsion free Abelian group. If B(R) = (0) then B(RG) = O. 

Proof· Put G = C x C x . .. xC, C. infinite cycl i c. 
1 2 . n 1 

Then 

RG ~ (RC ) (C x ... xC ). 
1 2 n 

By Lemma 4 . 6.6 the result fol l ows by corn-

plete induction. o 

Let R be any ring with identity and G a finite-

ly generated torsion free Abelian group. Then B(RG) ~ B(R)G. 

Proof. Consider the isomorphism [R/B(R)l G ~ RG/B(R)G. From Corol-

lary 4.6.8 we have B(RG/B(R)G) = "(0) and hence from Proposition 

4.6 . 3 it follows that B(RG) c B(R)G. 0 

4.7 RELATIONS BETWEEN SOME OF THE PREVIOUSLY DEFINED RADICALS 

The aim of this section is to determine relations between P(RG), 

U(RG) and J(RG) for certain Rand G. We show that under certain 

conditions these three radicals coincide. 

We first state some definitions and theo'rems we need. 

Let R be any r1ng. The upper nil radical 

U(R) of the ring R is the smallest ideal K such that U(R/K) = (0) . 

Proof. Let a be the low er radical property determined by the class 

of all ,,\.l ,.i r.~5 .. Then O(R) = U(R) (cf. [12l). 

The proof now follows from Lemma 4.2.1. 0 
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12?t:i:.r.!'!:!i:.'211 ([44], Definition 2. 1 ) 

Let D be a selugroup. A nonempty subset G of D is group like (in 

D) if 

(i) a, b E G imply ab E G 

(ii) a, ab E G imply b E G. 

12?ii:.I1i:.!i:.'21] ([44], Definition 2.2) 

Let D be a semigroup. If A ~ D, A 1 ~, then «A» is defined as 

n {G : A C G C D and G is grouplike}. 

12?ti:.I1i:.!i:.'211 ([44], Definition 2.4) 

A semigroup D is said to be a r-semigroup if and only if it satis-

fies the following condition: For all nonempty finite sets A con-

tained in D, there exists g in D, such that for every finite set B 

contained in «Ag» there exists an integer n n(B), for which 

n 
(Ag) B n B = <1>. 

12?ii:.I1i:.!i:.'211 ([44], Definition 2.17) 

A semigroup is said to be a 2rl semigroup if and only if for all 

pairs of finite nonempty subsets A, B of D with IAI + IBI ~ 3, 

there exists at least two elements c in AB which admit exactly 

one representation c = ab, with a E A, b E B. We say that such 

an element c E AB is uniquely expressible with respect to A and B. 

Every 2>1- semigroup is an u. p. -semigroup ([ 38], page 588). 

12?ii:.I1i:.!i:.'211 ([44], Definition 2.19) 

The semigroup D is a 2rlr-semigroup if it 1S both 2rl and r. 

~~~!~1~_~ . Every ordered semigroup D with more than one element 
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is a ZQf-semigroup. Hence every ordered group is a ZQf-semigroup 

([44]. Theorem Z.ZZ). 

~~~I~_~. If G 1S a group with a normal series with ordered fac-

tor groups. then G is a ZQf-semigroup. 

case of SN-groups (Kurosh [Z6]. pp .171 -

lian factors ([44]. Theorem 2.23). 

This example includes the 

) with torsion free Abe-

l2.~i£1'2H£'21'2 (i) An integer n is called cancelable in the- ring R 

-if. for any a E R. na = 0 implies a = O. 

(ii) A group G is cancelable with respect to R if and 

only if every integer n such that G has an element of order n 1S 

cancelable in R. 

~~£E'2~£~i'21'2_~~~~~' Let 0 be a ZQf-semigroup with 1. and let R be 

a ring. Then U(R) = (0) implies J(RD) = (0). If R is commuta­

tive U(R) = (0) implies J(RD) = (0) holds for ZQ-semigroups with 1. 

Proof. (See [44]. Theorem 3.6) . 0 

Let R be a ring and G a group. Suppose that 

G is cancelable with respect to R. If U(R) = (0) then U(RG) = (0). 

Proof· (See [44]. Theorem 4.4). o 

Let R be a ring and let G be an Abelian group 

with at least one element of infinite order. If U(R) = (0) and G 

is cancelable with respect to R. then J(RG) = (0). 

Proof· (See [44]. Theorem 4.7). o 

Let R be a commutative ring without nonzero 
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nilpotent elements. Suppose the additive group of R 1S torsion 

free . Then fo r any group G, U(RG) = (0). 

Proof. (See [44], Corollary 4.6). 0 

The following result is an extension of a result proved by Tan 

([48], Theorem 1). 

If R is a left Goldie ring with identity and S 1S 

an ordered semigroup with unity, then 

P(R)S = P(RS) = U(RS) = J(RS) 

Proof. Since U(R) is a nil i deal and R is left Goldie, U(R) is 

also nilpotent and we have U(R) = peR) . As in the proof of Pro­

position 4.4.11 we get U(R)S = U(RS) = P(RS). Furthermore, 

RSjU(R)S ~ (RjU(R»S and from Proposition 4.7 . 2 and Example 2, we 

have J(RSjU(R)S) = (0) and consequently J(RS) ~ U(R)S. To complete 

the proof, it suffices to notice that U(R)S = U(RS) ~ J(RS). 0 

If R is a commutative ring (with identity) and 

S a 2n-semigroup with I, then P(R)S = P(RS) = U(RS) = J(RS). 

Proof. Since R 1S commutative and considering that RSjU(R)S ~ (RjU(R»S 

while (RjU(R» = (0), it follows from Proposition 4.7.2 that 

J(RSjU(R)S) = (0). Consequently J(RS) ~ U(R)S = P(R)S = P(RS) . 

But P(RS) ~ U(RS) C J(RS) ~ U(R)S = P(RS) ~ U(RS) ~ J(RS) and the 

result follows. o 

If R is a left Goldie ring with identity and S 

is an ordered s emigroup with unity, then RS is semisimple if and 

only if R is semiprime. 
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Proof. First J(RS) (0) implies P(RS) = (0) and since peR) = R n 

P(RS), we have peR) = (0). The converse is clear from Theorem 

4.7.6. 0 

If R is a commutative ring (with identity) and 

S is a 2n-semigroup with J, then RS is semisimple if and only if 

R is semi prime . 

PrOOf . This is clear from Proposition 4.7.7 and the proof of the 

previous corollary. 0 

If R is a commutative r1ng with identi-

ty and G is an ordered group, then RG is semisimple if and only if 

R is semiprime. 

Proof. This 1S clear. 0 

Corollary 4.7.10 coincides with Proposition II of Connell [Ill, and 

hence Corollaries 4.7 . 8 and 4 . 7.9 are extensions of this Proposition. 

If R is a left Goldie ring (with identity) 

and G an SN group with a normal series whose factors are Abelian 

torsion free, then 

U(R)G = U(RG) = P(R)G = P(RG) J(RG) . 

Proof . since G has no finite subgroups, we have from Theorem 4.3.2 

that P(R)G = P(RG). Furthermore, Proposition 4 . 7. 2 and Example 2 

implies that J(RG/U(R)G) = (0) and consequently J(RG) c U(R)G . 

The rest of the proof follows from Theorem 4 . 4.10 . 0 

If R is left Goldie and G an SN group with 

torsion free Abelian factors, then RG is semisimple if and only if 

R is semiprime. 
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Proof. This ~s clear. 0 

Amitsur [2] has proved that J(R[x]) = N[x]. where N = J(R[x] n R) 

and N is a nil ideal in R. Thus the following proposition is of 

some interest. 

Suppose R is a ring with no idempotents #0.1. 

and whose nilpotent elements form an ideal N. Then J(RG) = NG 

where G is an ordered group. 

ProOf· 
n 

Let x = l: Ct.g. E J(RG). . ~ ~ 
1=1 

Then I-x is a unit. 

lary 2.7.4 we have Ct .• i = 1.2 •••.• n. are nilpotent. 
~ 

m 

From Corol-

Hence x ENG. 

If Y = L S. g. E NG then S. E N and from Coro llary 2.7.4. I-y is a 
• 1. 1. 1 
1= 1 

unit. Consequently y E J(RG). o 

Let R be a left Goldie ring and G a group 

that is cancelable with respect to R = R/P. then P(R)G = P(RG) = U(RG). 

Proof. From Propositions 4.7.1 and 4.7.3 and the isomorphism 

RG/U(R)G ~ (R/U(R»G, we have U(RG) ~ U(R)G E P(R)G. The rest 

then follows from the fact that P(R)G ~ P(RG) ~ U(RG) for any R 

and G. 0 

Let G be an Abelian group with at least one 

element of infinite order and R a left Goldie ring such that G is 

cancelable with respect to R ~ R/U(R), then U(R)G = J(RG) = U(RG). 

Proof. U(R)G;: U(RG) ;: J(RG) since R is left Goldie. The rest 

follows from Propositions 4.7.4 and 4.5.1 together with the iso-

morphism (R/U)G ~ RG/U(R)G. 0 
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Let Rand G be commutative and suppose G has 

at least one element of infinite order. If P(R) = 0 and G is 

cancelable with respect to R then J(RG) = (0). 

ProOf. See [14], Corollary 4.8. 0 

Let Rand G be commutative and suppose G has 

at least one element of infinite order. If G is cancelable with 

respect to R = R/P, then P(R)G = P(RG) = U(RG) - J(RG). 

Proof. Immediate by Proposition 4.7.16 and the isomorphism 

(R/P)G ~ RG/P(R)G. 0 

Let Rand G be commutative and suppose G has 

at least one element of infinite order. Then, if G is cancelable 

with respect to R = -R/P, J(RG) D 0 if and only if P(R) - o. 

Proof· This is clear. 

Let R be a commutative ring such that the 

additive group of R/P is torsion free. Then, for all G, 

P(R)G = P(RG) = U(RG). 

Proof. From Propositions 4.7.1 and 4.7.5 together with the isomor­

phism (R/P)G ~ RG/P(~)G we have U(RG) ~ P(R)G. The rest is clear. 0 
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SUMMARY 

Chapter 1 is a short review of the main results in some areas of the 

theory of group rings. 

In the first half of Chapter 2 we determine the ideal theoretic struc-

ture of the group ring RG where G is the direct product of a finite 

Abelian group and an ordered group with R a completely primary ring . 

Our choice of rings and groups entails that the study centres mainly 

on zero divisor ideals of group rings and hence it contributes in a 

small way to the zero divisor problem. We show that if R is a com-

pletely primary ring, then there exists a one-one correspondence of 

the prime zero divisor ideals in RG and RG, G finite cyclic of order 

n. If R is a ring with the property a, S E R, then as = ° implies 

Sa = 0, and S is an ordered semigroup, we show that if La . s. E RS is 
1 1 

a divisor of zero, then the coefficients a. belong to a zero divisor 
1 

ideal in R. The converse is proved in the case where R is a commu-

tative Noetherian ring. These results are applied to give an account 

of the zero divisors in the group ring over the direct product of a 

finite Abelian group and an ordered group with coefficients in a com-

pletely primary ring . 

In the second half of Chapter 2 we determine the units of the group 

ring · RG where R is not necessarily commutative and G is an ordered 

group. If R is a ri~g such that if a, S E R and as = 0, then Sa = 0, 

and if G is an ordered group, then we show that La
gg is a unit in RG 

if and only if there exists 2Shh in RG such that LagSg-1 = J and aih 

is nilpotent whenever GH; 1. We also show that if R is a ring 

with no nilpotent elements ;0 and no idempotents ;0,1, then RG has 

only trivial units. 
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In this chapter we also consider strongly prime rings. We prove tha t 

RG is . strongly pr~me if R is strongly prime and G is an unique produc t 

(u.p.) group. If H ~ G such that G/H is right ordered, then it ~s 

shown that RG is strongly prime if RH is strongly prime . 

In Chapter 3 results are derived to indicate the relations between cer-

tain classes of ideals in Rand RG. If a is a property of ideals 

defined for ideals in Rand RG, then the "going up" condition holds 

for a-ideals if Q being a a-ideal in R implies that QG is a a-ideal 

in RG. The "going down" condition is satisfied if P being a a-

ideal in RG implies that P n R is a a -ideal in R. We proved that 

the "going up" and "going down" conditions are satisfied for prime 

ideal s, ~-prime ideals, q-semprime ideals and strongly prime ideals. 

These results are then applied to obtain certain relations between 

different radicals of the ring R and the group ring (semigroup ring) 

RG (RS) . Similarly, results about the relation between the ideals 

and the radicals of the group rings RH and RG, where H is a central 

subgroup of G, are obtained. For the upper nil radical we prove 

that U(RG) ~ U(RH)'RG, H a central subgroup of G, if G/H is an 

ordered group . If S is an ordered semigroup, however, then 

U(RS) c U(R)S for any ring R • 

. In Chapter 4 we determine relations between various radicals in cer-

tainclasses of group rings . In Section 4.3, as an extension of a 

result of Tan, we prove that P(R)G = P(RG) , R a ring with i dentity , 

if and only if the order of no finite normal subgroup of G is a zero 

divisor in R/P(R). 

If R is any ring with identity and H a normal subgroup of G such that 

G/H is an ordered group, we show that N(RH)'RG = U(RG) = N(RG) , if 
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Similar results are obtained for the semigrotLp 

It is also shown if R is commutative and G finite of order n, then 

J(R)G = J(RG) if and only if n is not a zero divisor in R/J(R), J(R) 

being the Jacobson radical of R. 

For the Brown HcCoy radical we determine the following: If R is 

Brown McCoy semisimple or if R is a simple ring with identity, then 

B(RG) = (0), where G is a finitely generated torsion free Abelian group. 

In the last section we determine further relations between some of the 

previously defined radicals, in particular between P(R), U(R) and J(R). 

Among other results, the following relations between the abovementioned 

radicals are obtained: U(RS) = U(R)S = P(RS) = J(RS) where R is a 

left Goldie ring and S an ordered semigroup with unity. 
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