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Abstract

This thesis revisits some types of normal spaces, namely, S-normal spaces and
a-normal spaces, which were introduced by Arkhangel’skii and Ludwig in 2001.
We study some properties of these spaces with a focus on improving some of the
already existing properties and exploring new properties that are not available
in the literature. Under S-normal spaces, among other things, we characterize
these spaces using some types of open sets. We use the ultrafilter space to answer
Murtinova’s question about the existence of a S-normal and regular space which
is not Tychonoff. a-normal spaces are described in terms of countable open sets,
a result imitating that of normality. It turns out that continuous functions which
are onto, open and closed preserve -normality, while those which are injective,
open and closed reflect a-normality. The notion of S-normal spaces is extended
to the category of bitopological spaces where we characterize these bitopological
spaces simultaneously in terms of i-open sets, (i, j)-preopen and (i, j)-a-open
sets. We study the interrelations of these spaces with other bitopological spaces.
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Basic notations

Topological space

Bitopological space

Subset

Intersection

Union

Set difference

Interior of A in (X, 7)

Closure of A in (X, 7)

Interior of A in (X, 7;, 7;) with respect to 7; where i, j €
{L.2}i#)

Closure of A in (X, 7;, 7;) with respect to 7; where 4, j €
1,21 # )

Discrete topology

Semi-regularization
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Chapter 1

Introduction

1.1 A brief history of S-normal and a-normal
spaces

In the category of topological spaces, separation axioms are known for distin-
guishing points and subsets in a topological space. The notion of separation
properties plays a central role in understanding the structure of topological
spaces. These separation properties, encapsulated in axioms such as normal-
ity and regularity provide insights into how points and closed sets within a
space can be “separated” by open sets. The concept of normality in topologi-
cal spaces, first formalized in the early 20th century, describes spaces in which
disjoint closed sets can be separated by disjoint open sets. This fundamental
property has led to the development of various extensions and generalizations,
such as almost normal spaces [39], mildly normal [41] (or k-normal [38]) spaces
and p-normal spaces [28]. In 2001, Arkhangel’skii and Ludwig [7] further ad-
vanced the theory by introducing the notions of S-normality and a-normality.
They called a topological space (X, T) f-normal (resp. a-normal) if for any two
disjoint closed subsets I’ and K of X, there are open subsets U and V' of X such
that F N U is dense in F, K NV is dense in K and UNV = () ( resp. UNV = ().
Since their introduction, these notions have been extensively studied by several
authors. Relative versions of S-normality and a-normality were studied in [10]
and one of the most recent works on S-normal spaces was published in 2023 by
Singh and Rana [40] where the authors investigate a weaker variant of normal-
ity called Sk-normality which is a generalization of normality, xk-normality and
almost [S-normality.



Another important area of research in modern topology involves the study
of bitopological spaces. While Kelly [18] was researching distance functions that
do not have to be symmetric, he discovered that a set X can be endowed with
two topologies 71 and 7. He called the triple (X, 71, 7) a bitopological space.
Additionally, he introduced the idea of separation axioms in bitopological spaces
where he defined, among others, pairwise regularity and pairwise normality.
Reilly [35] discussed separation axioms of bitopological spaces in detail in his
doctoral dissertation.

Arkhangel’skii and Ludwig [7] characterized S-normal spaces as follows: A
topological space (X, 7) is S-normal if and only if for any disjoint closed sets
F, K of X, there exist open sets U,V of X such that FNU =F, KNV =K
and U NV =  if and only if for each closed set A C X and each open set
U C X such that A C U, there exists an open set V' C X such that

ANV =AcCVcU.

This thesis aims to extend the initiated characterizations by Arkhangel’skii and
Ludwig [7] in 2001. We characterize S-Normal spaces using some types of open
sets such as a-open sets and preopen sets. We use the ultrafilter space to answer
Murtinova’s question in [27] about the existence of a f-normal and regular space
which is not Tychonoff. a-Normal spaces are described in terms of countable
open sets, a result imitating that of normality. It turns out that continuous
functions which are onto, open and closed preserve [-normality, while those
which are injective, open and closed reflect a-normality. The notion of S-normal
spaces is extended to the category of bitopological spaces where we characterize
these bitopological spaces simultaneously in terms of i-open sets, (i, j)-preopen
and (7, j)-a-open sets. We study the interrelations of these spaces with other
bitopological spaces.

This work contributes to the ongoing development of separation theory in
topology, shedding light on new connections and generalizations in the field.

1.2 Synopsis of thesis and some contributions

This thesis is organized as follows. The second chapter provides foundational
information which is needed throughout the thesis. It begins with a review of
set concepts, followed by a section defining topological spaces and discussing
relevant results. Here, we also discuss normal spaces and provide some exam-
ples. It turns out that every almost discrete space is normal — a result not



previously documented in the literature. The chapter explores different types
of open sets, starting with a-open sets, followed by preopen sets, and concluding
with regular open sets. This chapter ends with an introduction of bitopological
spaces.

The third chapter consists of three sections. We begin the first section with
characterizing S-normal spaces in terms of a-open sets as well as preopen sets.
The second section discusses results related to other separation axioms where
we show, among other results, that a topological space is normal if and only if is
f-normal and almost normal. We use the ultrafilter space to answer Murtinova’s
[27] question about the existence of a S-normal and regular space which is not
Tychonoff. We conclude the chapter with a section exploring how (-normal
spaces are preserved and reflected by continuous mappings.

The fourth chapter discusses properties of a-normal spaces. A characteriza-
tion of these spaces is presented in terms of countable open subsets. We estab-
lish several equivalent conditions for a space to be hereditary a-normal spaces.
Additionally, we discuss the sending forward and backward of a-normality by
continuous functions.

In chapter five we transfer the concept of a S-normal space to bitopological
spaces and explore its properties. We study the interrelations of this space with
ordinary separation axioms in the category of bitopological spaces.

The last chapter contains a summary of what we have achieved in the thesis.

Some of the contributions in this thesis include, but not limited to, (i) a
characterization S-normal spaces in terms of a-open sets and preopen sets, (i7)
an answer to Murtinova’s question about about the existence of a f-normal and
regular space which is not Tychonoff, (iii) a result which relates S-normality of
a space with its Ty-reflection: We show that a space is S-normal if and only if
its Ty-reflection is f-normal, (iv) a characterization of a-normal spaces in terms
of countable open subsets, and (v) the introduction of S-normality in bitopolog-
ical spaces. These contributions formed integral part in the development of the
manuscript: “T. Ngcamphalala and M. Nxumalo, S-normality in locales, Ap-
plied General Topology, In Press.” The above manuscript only covers results on
[-normal spaces and a-normal spaces, excluding S-normality in bitopological
spaces.

Throughout the text, we have included citations on every result (i,e., defi-
nition, corollary, proposition, theorem and observation) that is not original.



Chapter 2

Preliminaries

In this chapter, we introduce some notions that will be used throughout the
thesis. The book [45] is our main reference for terminologies and notations used
in this chapter. The reader can also consult [26].

2.1 Review on sets and functions

We write x € A to say that x is an element of A and = ¢ A to indicate that x
is not an element of a set A. For any sets A and B, we write A C B to mean
that A is a subset of B, AN B for the intersection of A and B, and AU B for the
union of A and B. We will denote the set difference of the set B with respect
to Aby A— B.

For any set X and any subsets A and B of X, the following statements are
equivalent:

1. AnB=1
2. AcX-B
3. BCc X — A.

Definition 2.1.1. [45] Let X and Y besets, AC X, BCY and f: X - Y
be a function. Then:

1. f is injective if for all z,y € X, f(z) = f(y) implies = y. Hence, f is
injective if and only if f~!(f(4)) = A.

2. fis onto if for each y € Y , there is x € X such that f(z) = y. Hence, f
is onto if and only if f(f~(B)) = B.

4



2.2 Topological spaces

We now discuss topological spaces. We begin by defining a topology on a set.

Definition 2.2.1. [45] Let X be a set. A topology 7 on X is a collection of
subsets of X satisfying the following axioms:

1. Xer

2. 0er

3. Any union of elements of 7 belong to 7

4. Every finite intersection of members of 7 belong to 7.

For a set X and a topology 7 on X, the pair (X, 7) is called a topological space.
We will sometimes use space instead of topological space. We may drop 7 if
the topology is clear from context. Any U C X is said to be open if U € 7. A
subset A of X is closed if X — A is open.

We provide the following definitions of the closure and interior of a set.

Definition 2.2.2. [45] Let (X, 7) be a topological space. The closure of a set
A of X, denoted by A, and the interior of A, denoted by int(A) are the sets

z:ﬂ{FCX | F'is closed and A C F'}
and
int(A) = U{U C X |Uis open and U C A},
respectively.

It is clear that every set is contained in its closure and that every set contains
its interior.

In the following proposition, we give some results on closure and interior.
We only prove 6.

Proposition 2.2.3. [}5] Let (X,7) be a topological space and A, B be subsets
of X. The following statements hold:

1. If AC B, then A C B.



. If AC B and B is closed, then A C B.
. ANBCANB.

2
3
4. Ais closed if and only if A = A.
5. If A C B, then int(A) C int(B).
6

. If A C B with A open, then A C int(B).
7. A is open if and only if A =int(A).

Proof. 6. Suppose A C B with A an open set and let x € A. Then x € A C B.
By Definition 2.2.2, we have z € int(B). ]

Definition 2.2.4. [26] Let (X, 7) be a topological space and A, B C X. Then
A and B are called separated if

ANB=BnNA=0.

It is clear that if A, B C X are open (resp. closed) sets with AN B = 0,
then A and B are separated.

Proposition 2.2.5. [/5] Let (X, 1) be a topological space and A C X. Then

X —A=int(X — A)
and

X —int(A) = X — A.
Proof. Let x € X. Then
r e X —int(A) x ¢ int(A)
xgéU{UCX|Uisopen, U cC A}
x ¢ U for each open U C A
x € X — U for each open U C A
x € X — U for every closed X — U such that X —AC X - U
reX—A

(OB

and



rd¢ A
x¢ﬂ{FCX|Fisclosed,ACF}
x & F for some closed F;A C F

x € X — F for some closed F; A C F

x€ X — F forsomeopen X —FC X —A
r € int(X — A)

(I

which prove the result. O

Definition 2.2.6. [26] A subset A of a topological space (X,7) is dense if
A=X.

Definition 2.2.7. [45] Let (X, 7) be a topological space. A collection B C 7 is
called a base for 7 if each non-empty member of 7 can be presented as a union
of members of B.

Consequently, F is base for the closed sets in (X, 7) if every closed set is an
intersection of some subfamily of F.

Proposition 2.2.8. [/5] Let (X, ) be a topological space and B C 7. Then B
is a base for T if and only if for each open U of a point x € X, thereisa B € B
such that x € B C U.

Proposition 2.2.9. [26] B is a base for some topology on X if and only if:
1. For all x € X, there exists B € B such that x € B.

2. If By, By € B with p € B; N By, then there is By € B such that

pGBchlﬁBg.

Definition 2.2.10. [45] If (X, 7) is a topological space and Y is a subset of X,
then the collection
v ={Y NU|U € 1}

is topology on Y, called the subspace topology for Y.



A pair (Y, 7y) is called a subspace of X. For A C Y, we write A" for the
closure of A taken in Y. We shall write Y-open and Y-closed to represent
open and closed subsets of (Y, 7y ), respectively. We also note that subspace
topologies are topologies in their own rights.

We give the following result with a not hard proof. We only prove statements
3. and 4.

Proposition 2.2.11. [45] Let (X, 7) be a topological space and A C X. Then:
1. HC Aisopenin Aiff H=UNA for someU € .
2. F C Ais closed in A iff F = KN A for some K closed in X.
3. IfACB, then A" = AN B.
4. A C B implies that int(A) N B C intg(A)

Proof. 3. Suppose that A C B. Since A C A, we have that A C BN A.
Therefore

—B —B —
A CBNA =BnNnA
where the latter equality follows since BN A is closed in B.

On the other hand, let K C B be closed in B such that A C K. It follows
from 2. that K = BN F for some F closed in X. Therefore

ACBNFCF
This implies that A C F = F. Therefore
BNACBNF =K.

Thus BN A C A" and hence A” = AN B.
4. Assume that A C B. We know that int(A) C A. Therefore

int(A)NBC ANnB = A.
Because int(A) N B is open in B we get that int(A) N B C intg(A). O

Definition 2.2.12. [45] A property of topological spaces is called hereditary if,
whenever a space possesses the property, then so must all of its subspaces.



Definition 2.2.13. [45] Let (X, 7) be a topological space and z € X. A set
N C X is called a neighborhood (or simply nhood) of x if there is an open set
G such that x € G C N.

Definition 2.2.14. [45] Let (f,7) and (Y, p) be topological spaces, and
f(X7) = (Y. p)

be a function. Then f is continuous if A open open in Y implies f~!(A) is open

in X.

Proposition 2.2.15. [45] Let f : (X,7) — (Y, p) be a function between topo-
logical spaces (X, 7) and (Y, p). The following statements are equivalent:

1. f is continuous.

2. f7Y(F) is closed in X for each closed F in'Y .

3. f (Z) C f(A) forall AC X.
4. f~1(B) C f7*(B) for every BCY.

Definition 2.2.16. [45] A function f : (X, 7) — (Y, p) between two topological
spaces is open (resp. closed) if for any A open (resp. closed) in X, f(A) is open
(resp. closed) in Y.

We provide the following definitions of some separation axioms.

Definition 2.2.17. [45] A topological space (X, ) is said to be Ty if, for every
distinct elements z and y of X (i.e., z # y), there is a nhood of one element
not containing the other.

Definition 2.2.18. [45] A topological space (X, 7) is said to be T} if, for every
distinct elements x and y of X, there is a nhood of each element not containing
the other.

Definition 2.2.19. [45] A topological space (X, 7) is said to be Ty or Hausdorff
if, for every distinct elements x,y € X, there are disjoint open sets U and V' of
X such that r e U and y € V.

Proposition 2.2.20. [/5] Let (X, T) be a topological space. The following state-
ments are equivalent:
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1. (X,71)is T}.
2. Fach singleton subset of X is closed.

Definition 2.2.21. [45] A topological space (X, 7) is regular if, for all x € X
and for all closed F' C X with x ¢ F, there are disjoint open sets U and V with
reUand ACV.

Definition 2.2.22. [45] A topological space (X, 7) is said to be normal if, for
any two disjoint closed sets F, K of X, there exist disjoint open subsets U and
V of X such that F C U and K C V.

Theorem 2.2.23. [}5] Let (X, 7) be a topological space. Then the following
are equivalent:

1. (X, 7) is normal.

2. For each closed set A C X and open set U C X such that A C U, there
exists an open set V-.C X such that

ACcVcVcU.

Proof. Suppose (X, 7) is normal. Let A be a closed set and U an open set such
that A C U. Since (X, 7) is normal, for the closed set A and the closed set
X — U disjoint from A, there exist disjoint open sets V' and W such that A C V'
and X — U C W. Now, since VAW = 0, we have V N W = (). Therefore
V € X —W C U. Thus, we have found an open set V such that

AcCcVcVcl.

Conversely, suppose 2. holds. Let F and K be two disjoint closed sets.
Then F' C X — K. By assumption, there exists an open set V' such that

FcVcVcX-K.

Now, let W = X — V. Then W is open with £ C V and K C W. Moreover,
VNW =0. Thus (X, 7) is normal. O

We give some examples of normal spaces.
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Example 2.2.24. (1) Consider the topology

r = {0, X, {a}. {d}. {b,c},{a,d}, {a,b.c}, {b,c.d}}

on the set X = {a,b,c,d}. Observe that the closed sets are exactly the open
ones. This means that any pair of disjoint closed sets is the required pair of
disjoint open sets to make (X, 7) a normal space.

(2) Consider the topology

T ={0, X, {b}, {d}, {b,d},{a, b}, {c,d},{a,b,d},{b,c,d}}

on the set X = {a,b, c,d}. The closed sets are:

0,{X} {a,c,d}, {a,b,c}, {a,c},{c, d},{c}, {a} and {a,b}

with only 0, {a},{a,b},{c,d} and {c} as disjoint closed sets. Thus (X,7) is a
normal space.

Observation 2.2.1. The author in [19] defines an almost discrete space as one
in which every open set is closed, (equivalently, every closed set is open). The
argument we used in Example 2.2.24(1) raises a question as to whether every
almost discrete space is normal. It turns out that this is always true and since
we have not seen this result in the literature, we verify it here: Let (X, 7) be an
almost discrete space and choose disjoint closed subsets F' and K of X. Since
X is almost discrete, F' and K are open. Thus, (X, 7) is normal. The converse
is not always true. For instance, the space in Example 2.2.24(2) is normal but
not almost discrete since {b} is an open set which is not closed.

2.3 Types of open sets
In this section we aim to discuss some types of open sets called a-open sets,

preopen sets and regular open sets.

2.3.1 «a-Open sets
We begin with the following definition.

Definition 2.3.1. [29] A subset A of a topological space (X, 7) is a-open if

A C int(int (A)).
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Following is an example showing a-open sets.

Example 2.3.2. Let X = {a,b, c} be a set endowed with the topology
T={0,X,{a}}.
The a-open sets of (X, ) are:
0, X,{a},{a,b} and {a,c}.

We give the following result about a-open sets which we shall use below.
Proposition 2.3.3. [29] Every open set is a-open.
Proof. Consider a topological space (X, 7) and A an open subset of X. Then

A =int(A) C int(A). Therefore
A Cint(A) C int(int(A)),

which gives A C int(int(A)). O

Observation 2.3.1. The converse of Proposition 2.3.3 does not always hold.
For instance, the sets

{a,c} and {a, b}

in Example 2.3.2 are a-open but not open.

2.3.2 Preopen sets

This subsection introduces the notion of preopen sets.
Definition 2.3.4. [22] A subset A of a topological space (X, 7) is preopen if
A Cint(A).
We now give the following example.
Example 2.3.5. Let X = {a,b,c,d} be a set and
T ={0,X,{b,d},{a,b,d},{b,c,d}}
be a topology on X. The preopen sets of (X, 7) are:
0, X, {b},{d},{a,b},{a,d},{b,d} {b,c},
{c,d},{a,b,c}, {a,b,d},{a,c,d} and {b,c,d}.
The following result is an application of the definition of preopen sets.
Proposition 2.3.6. Let (X, 7) be a topological space and A,U C X . IfAC U

and U is preopen, then A C int(U).
Proof. Assume A C U. Since U C int(U), it follows that A C int(U). O
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2.3.3 Regular open sets

In this subsection we introduce the concept of regular open sets. We begin with
the following definition.

Definition 2.3.7. [43] A subset A of a topological space (X, 7) is reqular open
if

A = int(A).
The complement of a regular open set is called a reqular closed set.

Example 2.3.8. Let

T = {®7 X, {a}7 {b}v {a’ b}}
be a topology on the set X = {a,b,c}. Then the regular open sets are {a} and
{b}.

Proposition 2.3.9. The closure of a preopen set is reqular closed.

Proof. Let U be preopen set. Then U C int(U). Therefore

Ucint(U)cU="0.

Thus U = int(U). O

We find a relationship between regular open sets, preopen sets and a-open
sets.

Proposition 2.3.10. /2] We have the following implications:
Regular open — open =— «-open =  preopen.

Proof. To prove the first implication, consider a regular open set A satisfying

that A = int(A). Then

int(A) = int(int(A)) = int(A).

But A is regular open, so int(A) = A. Therefore A is open.
The second implication follows from Proposition 2.3.3.
For the third implication, let A be an a-open subset of a topological space
(X, 7) such that
A C int(int A).

Since A = int(A), we get that A C int(A). Hence A is preopen. O
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None of the above implications is reversible as shown in the following exam-
ple.

Example 2.3.11. (1) Not every open set is regular open: The set {a,b} in
Example 2.3.8 is open but not regular open.

(2) See Observation 2.3.1 for an example of an a-open set which is not open.

(3) Not every preopen set is a-open: In Example 2.3.5 the set {b,c} is
preopen but not a-open.

(4) Not every preopen set is regular open: The sets verified in Example 2.3.5
are preopen but not regular open.

2.4 Bitopological spaces

A bitopological space (X, 1, Ts) is a set X endowed with two topologies, 7 and
7. Given a bitopological space (X, 11, 73) and a topological property P, just like
in [12], we use the notation (i, j)-P to represent properties related to topologies
7; and 7;. We will denote, for a subset A of (X, 7, 72), the interior and closure
of A with respect to 7;, where i € {1, 2}, as int;(A) and cl;(A), respectively. For
a T;-open set and a 7;-closed set, we use i-open and i-closed, respectively.

A generalization of regular open sets, preopen sets and a-open sets to bitopo-
logical spaces occurred in the late 80’s and early 90’s. In 1987, Banerjee [§]
introduced an (i, j)-reqular open set as a subset A of a bitopological space
(X, 7,7;) such that A = int;(cl;(A4)). In 1990, Jelic [17] introduced the con-
cepts of (i, j)-preopen sets and (i, j)-a-open sets such that A C int;(cl;(A)) and
A C int;(cl;(int;(A))) for any subset A of (X, 7;, ;). These sets have also been
referenced in other articles (see [3]).

The following results are from Kelly [18] and Rielly [35].

Definition 2.4.1. Let (X, 7, 7) be a bitopological space. We say that 7 is
regular with respect to 7, if for each point x € X and each 1-closed set A such
that © ¢ A, there is a 1-open set U and a 2-open set V' disjoint from U such
that x €¢ U and A C V.

A bitopological space (X, 7y, 73) is pairwise reqular if 11 is regular with re-
spect to 7 and 7y is regular with respect to 7.

Proposition 2.4.2. For a bitopological space (X, 11, T2), the following are equiv-
alent:

1. 7 is regular with respect to 7.
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2. For each x € X and 1-open set U containing x, there is a 1-open set V
such that
reV Ccy(V)CU.

Proof. (1. = 2.): Let x € X and U be an 1-open set such that x € U. Then
X — U is a 1-closed sets such that © ¢ X — U. By 1., there is a 1-open set V'
and a 2-open set V such that x € V and X — U C W. Because V C X — W,
cly(V) Cc X —W. Thus

reV Ccep(V)Cc X -U.

(2. <= 1.): Let A be a 1-closed set and z € X withz ¢ A. Sox e X — A
where X — A is a 1-open set. By hypothesis, there exists a 1-open sets U such
that

relUcCch(U)cC X —A.

Therefore, A C X — clo(U) with X — ¢ly(U) disjoint from U. O

Definition 2.4.3. A bitopological space (X, 7;, 7;) is pairwise normal if for any
i-closed set F' and any j-closed set K such that FF N K = (), there is a j-open
set U containing F', a i-open set V containing K such that U NV = ( for
i,j=1,2i#].

Proposition 2.4.4. Let (X, 7, 7) be a bitopological space. Then the following
statements are equivalent:

1. (X, 7, 7j) is pairwise normal.

2. For each i-closed set F' and each j-closed set K disjoint from F, there is
a j-open set U containing F such that cl;(U) N K = ().

Proof. (1. = 2.): Suppose (X,7;,7;) is pairwise normal. Let F' and K be
disjoint closed sets such that F' is ¢-closed and K is j-closed. By hypothesis,
there is a j-open set U and an i-open set V such that FF C U, K C V and
UNV =0. Therefore, c/;(U) NV = so that

KCVCX—cU),

making K Ncl;(U) = 0.

(2. <= 1.): Assume 2. holds. Pick an i-closed set F' and a j-closed K such
that F' and K are disjoint. Then by assumption, there is a j-open set U such
that FF C U and ¢;(U) N K = (. So, it follows that X — ¢l;(U) is an i-open set
containing K and disjoint from U. Therefore (X, 7;, 7;) is pairwise normal. [



Chapter 3

p-Normal spaces

This chapter aims to introduce [-normal spaces and examine some of their
properties. We shall give characterizations of these spaces some of which will
be in terms of the types of open sets discussed in section 2.3, explore some rela-
tionships between (-normal spaces with other separation axioms and examine
functions sending S-normality back and forth.

3.1 Characterizing S-normal spaces

We begin this section by recalling the following definition from [7].

Definition 3.1.1. A topological space (X, 1) is called S-normal if, for any two
disjoint closed sets F, K of X, there exist open sets U, V/ of X such that FNU
is dense in F', KNV is dense in K and UNV = (.

We give the following example.
Example 3.1.2. Let X = {a,b,c} be a set endowed with the topology
T={0,X, {a},{c},{a,c}}.
Then (X, 7) is S-normal. To see this, we have that the closed sets of X are
0, X,{b,c},{a,b} and {b}.

It is clear that the conditions of S-normality are satisfied when two disjoint
closed sets, with one of them being the empty set, are considered. Since, here,
in each pair of disjoint closed subsets of X one of them is the empty set, it
follows that (X, 7) is f-normal.

16
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Observation 3.1.1. The argument used in the above example also shows that
(X, 7) is normal. However, the space (X,7) above being both normal and
[-normal does not mean that these two concepts are always equivalent. For
instance, Murtinova in [27, Example 1] gives an example of a S-normal space
which is not normal. In Proposition 3.2.1, we will show that every normal space
is S-normal.

We shall need the following lemma to prove the next theorem.

Lemma 3.1.3. Let (X, 7) be a topological space, U a preopen subset of X and
F C X aclosed set. fFUNF =F | thenint(U)NF = F.

Proof. int(U) N F C F: It is clear that int(U) N F C F. Since F is closed, we

get that int(U) N F C F' by Proposition 2.2.3(2).

F Cc int(U)NF: Let x € F and choose a neighbourhood N of z. Then
there is an open G C X such that x €« G C N. Since F=UNF,x € UNF.
This implies that NN (U NF) # () because N is a neighbourhood of z. Because
U C int(U), we have that

NN (@nt(U)NF) # 0.
It follows that = € int(U) N F. Thus F C int(U) N F.
Hence int(U) N F = F. O

In what follows we characterize S-normal spaces. Some of the characteriza-
tions include some types of open sets.

Theorem 3.1.4. Let (X, 7) be a topological space. Then the following are
equivalent:

1. (X, 1) is B-normal.

2. For any disjoint closed sets F, K of X, there exist open sets U,V of X
suchthat FNU=F, KNV =K andUNV = 0.

3. For each closed set A C X and each open set U C X such that A C U,
there exists an open set V- C X such that

ANV =AcCV cU.
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4. For any disjoint closed sets F, K of X, there are a-open sets U,V of X
suchthat FNU=F, KNV =K andUNV = 0.

5. For every closed set A C X and every open set U C X such that A C U,
there exists an a-open set V- C X such that

ANV =AcCV cU.

0. If F' and K are disjoint closed subsets of X, then there are preopen sets
UV of X such that FNU=F, KNV =K andUNV = (.

7. For each closed set A C X and each open set U C X such that A C U,
there exists a preopen set V- C X such that

ANV =AcCV cU.

Proof. (1. = 2.): Let F, K C X be disjoint closed sets. Since X is [-normal,
there exist open sets U,V of X such that FF N U is dense in F, K NV is dense
in KandUNV = 0.

Therefore FAU = Fand KNV = K. By Proposition 2.2.11,

FNUNF=F
and
KNVnNnK =K.

Therefore ' C FNU N F, making FF C FNU. Similarly, K ¢ KNV N K,
making K C K NV. Since FNU C Fand KNV C K and both F and K are
closed, it follows from Proposition 2.2.3 that

and
KNVCcK=K.

Thus FNU =F and KNV = K.

(2. = 3.): Let A C X be a closed set and U C X be an open set such that
A C U. We have that A and X — U are disjoint closed sets. By 2., there exist
open sets V, W such that ANV = A,

X-—U)NW=X-10,
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and V N W = (. Therefore
A=ANV CcANV CV,
X-U=(X-UnWcX-UnWcw

and VC X —W.
We get that o
X-WcCcX—-(X-U)=U,

making V C U. Thus
A=ANVcCcVcU.

(3. = 4.): Let F and K be disjoint closed subsets of X. Then X — K is
open in X and FF C X — K. By 3., there exists an open subset U of X such
that

UNF=FCcUCX-K.

Therefore
K=X-(X-K)cX-U

and X — U is open in X. So by 3. again, there exists an open subset V of X
such that o B
VNK=KcVcX-U.

Therefore V N U = (). Since every open set is a-open by Proposition 2.3.3, we
have that U and V' are the required a-open subsets of X.

(4. = 5.): Let A and U be subsets of X such that A is closed, U is open
and A C U.

Knowing that AN (X — U) = (), we have, by 4., a-open sets V and W
satisfying that ANV = A,

X-UnWwW=X-U,
and VN W = (. Therefore
A—ANV CV,

X-U=X-UnWwWcw

and VC X —W. o o
This implies that X — W C U so that V C U. Therefore,

A=ANV CcVcCU.
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(5. = 6.): Let F' and K be disjoint closed subsets of X such that X — K
is open in X and F' C X — K. Then by 5., there exists an a-open set U of X
such that
UNF=FcUcX-K.

Therefore K ¢ X — U and X — U is open in X. Applying 5. again gives
that there exists an a-open subset V' of X such that

VNK=KcVcX-U,

where the last containment gives V N U = (). Because every a-open set is
preopen by Proposition 2.3.10, it follows that U and V' are preopen subsets of
X.

(6. = 7.): Let A C X be a closed set and U C X an open set such that
A C U. We have that A and X — U are disjoint closed sets. By 6., there exists
preopen sets V, W such that

ANV =4, X-UO)nW=X-U,

andV_ﬂW:(Z). ThergforeACV,X—UCWandVCX—W. We get that
X —W C U, making V C U. Thus

A=ANV CVCU.

(7. = 1.): Let F and K be disjoint closed subsets of X. Then X — K is
open in X and F' C X — K. By 7., there exists a preopen set U of X such that

UNF=FcUcX-K.

A combination of Lemma 3.1.3 and Proposition 2.3.6 gives

int(U)NF = F C int(U).

We also have that K € X — U where X — U is open in X, so by 7., there exists
a preopen set V' of X such that

VAK=KcVcX-U. (3.1.1)

Using Lemma 3.1.3 and Proposition 2.3.6 again yields

int(V)NK =K Cint(V).
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= (). Since int(V) C V and int(U) C U,
U, making

From Equation 3.1.1, we get that VNU
we have that int(V) C V and int(U) C

int(V) Nint(U) = 0.

We are left to show that

—— F — K
int(U)yNF =Fandint(V)NK =K:

Since int(U) N F = F, we have that
int(U)yNFNF=FNF=F,

—— F
making int(U) N F' = F by Proposition 2.2.11. The case of

— K
) NK =K

follows a similar argument.
Thus (X, 7) is f-normal. O

Recall from [28] that a topological space is p-normal if, for any pair of
disjoint closed sets F' and K of X, there are disjoint preopen sets U,V C X
such that ¥ C U and K C V.

Observation 3.1.2. These characterizations in Theorem 3.1.4 depict a behav-
ior of B-normality which is different from that of normality in the sense that,
for example, the property of separating closed subsets with preopen subsets
is not equivalent to normality, in fact, it yields a weaker variant of normality
called p-normality. For instance, the space in Example 2.3.5 is p-normal but
not normal.

It is mentioned in [7] that S-normality is not generally a hereditary property.
The following proposition shows that S-normality is a hereditary property with
respect to closed subspaces.

Proposition 3.1.5. [7] A closed subspace of a 5-normal space is B-normal.

Proof. Let (X, 7) be a S-normal space, A a subspace of X and choose disjoint
closed sets F, K C A. By Proposition 2.2.11 it follows that F' and K are closed
subsets of X. Since (X, 7) is f-normal, there exist open sets U,V of X such
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that F N U is dense in F, K NV is dense in K and UNV = . Now U N A and
V' N A are open in A such that
FNUNA)=F, Kn{VNA=K

and

VNANUNA=0.
Therefore A is S-normal. n

Following our characterization of S-normal spaces in terms of certain types
of open sets, we also characterize hereditarity of S-normal spaces, where some
of the statements are in terms of certain types of open sets.

We start by giving the following lemma.

Lemma 3.1.6. Let (X, 7) be a topological space and A, U, F C X be sets with
Uopenin X. fACUNF, then ACUNF.

Proof. Let x € A and choose N an open nhood of x. Then
D#A(UNF)YNN=Fn(UNN).
It follows that
DA£FNUNN)=(UNF)NN
implying that x € UN F. ]
Proposition 3.1.7. The following are equivalent for any topological space (X, T).
1. (X, 1) is hereditarily B-normal.
2. Every preopen subspace of (X, T) is -normal.
3. Every a-open subspace of (X, T) is S-normal.
4. FEvery open subspace of (X, 1) is f-normal.

Proof. (1. = 2.): Trivial.
(2. = 3.): This result follows since every a-open set is preopen, by Propo-
sition 2.3.10.
(3. = 4.): Follows since every open sets is a-open by Proposition 2.3.3.
(4. = 1.): Let A be a subspace of X and choose F' and K disjoint A-closed
sets. Define
Y=X-(FNK)
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an open subspace of X. We have F and K are disjoint closed subsets of Y.
To see this, since

(FNANKNA)=FNK =0,
we have that B o
(X-FI)UX-AUX-K)=X
which implies that Y U (X — A) = 0.

Therefore ACY. So, FC ACY and K C A C Y. Furthermore, we have
that

(X-FHUX-K)=(X-Fny)U (X —(EnY)
—(X-F)UX -Y)UX -RK)U(X -Y)
=(X-F)UX-K)Uu(X-Y)
—YU(X-Y)
= X.

So, F R = (). Since Y is S-normal, there exist open sets U and V of Y
such that

Fnuny=F, K nvay=K"

and U NV’ = (). Both U and V are open subsets of X since Y is also open
in X. We have that

F nUnYnA=F nA,

K NnvnYynA=K nA

and ., .
U NnA)NV NnA) =0
Since A C Y,
ANF NU=FnA=F
ANK NnV=KnNA=K
and B B
UNANV =0.
So,

ANUNFNY =ANUNF =

F,
ANVNEKNY =ANVNK =K
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and
ANUNANANV =10
Therefore,
FCFAUNA=FNU ,
FCEKNVNA=KnvV"
and

where the first two statements follow from Lemma 3.1.6.
Thus (X, 7) is hereditary S-normal.
O

3.2 [(-Normality and other topological spaces

In this section, we will consider how S-normality relates with other topological
spaces.

We start by showing that every normal space is f-normal, as mentioned in
Observation 3.1.1. The following result was mentioned by the authors of [7]
with no proof. We give a proof here.

Proposition 3.2.1. [7] Every normal space is 3-normal.

Proof. Assume that (X, 7) is a normal space and choose a closed subset A of
X and an open U C X such that A C U. Then AN (X — U) = () where both
A and X — U are closed subsets of X.

Since X is normal, there are disjoint open subsets V' and W of X such that
AcVand X -U CW.

1. ANV = A: Because ANV C A, we have that
ANV CcA=A

where the latter equality follows since A is closed.

On the other hand, since A C V and A C A, A C VN A. Therefore
ACANV.

Thus ANV = A.
2. ACV: Follows since A C V.
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3. VCU: Since X-UCW,X—-W cCU. But W is open so X — W is
closed, making X — W = X — W. Therefore X — W C U.

Because W NV =0, we have that V € X — W so that V c X — .
Therefore V C U.

The combination of 1.,2., and 3. above shows that V' is an open subset of X
such that o
VNA=ACV CU.

Hence (X, 7) is S-normal. O

Proposition 3.2.2. [7] If a f-normal space (X, T) satisfies the T seperation
axiom, then the space (X, 1) is reqular.

Proof. Let x € X, F be a closed subset of X and = ¢ F. Since (X, 7) is T7,
{z} is closed and disjoint from F. By S-normality of (X, 7), there exist open
subsets U,V of X such that

FNU=F, {z}nV={z}andUNV = 0.

It follows that F C U C X —V and {2} C V. Because V C V, we have
that VN (X — V) = 0 so that X —V and V are disjoint open sets such that
FCX-VandxeV.

Thus, (X, 1) is regular. O

Recall from [38] that a topological space is k-normal if for every pair of
disjoint regular closed sets F, K C X, there exist disjoint open sets U and V'
such that /' C U and K C V.

In [7], they investigate conditions that can be applied to S-normality to
ensure that normality is achieved. The authors proved that a topological space
(X, 7) is normal if and only if (X, 7) is f-normal and x-normal. In the following
theorem we improve this result. Let us recall that a topological space (X, 7) is
almost normal if any pair of disjoint closed sets F' and K of X, one of which
is regular closed, there are disjoint open sets U,V C X such that F' C U and
K C V. Equivalently, a space (X, 7) is almost normal if and only if for every
closed set F' and every regular open set U containing F', there exists an open
set V' such that

FcvcvVcu

Theorem 3.2.3. A topological space (X, T) is normal if and only if it is [5-
normal and almost normal.
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Proof. (=): Normal implies S-normal: This implication is shown in Proposi-
tion 3.2.1.
Normal implies almost normal: Follows since every regular closed set is closed.

(«<): Let A C X be closed and U C X be an open set such that A C U. By
f-normality of (X, 7), there exists an open set V' such that

ANV =ACV cU.

Now V is regular closed and hence X —V is a regular open set containing X —U.
By almost normality of (X, 7), there is an open set W satisfying

X—-UcCcWcWcX-V.

We get that X — W is a regular open set containing V. By almost normality
again, there exists an open set H such that

VcCHcCcHCX-W.
But AC Vand X —W C U, so
ACHCHCU.

Therefore (X, 7) is normal. O

We recall that a topological space (X, 7) is almost p-normal [28] if for each
closed set F' and each regular closed set K disjoint from F', there exist disjoint
preopen sets U and V such that F' C U and K C V, and is mildly p-normal [28]
if, for every pair of disjoint regular closed sets F, K C X, there exist disjoint
preopen sets U and V such that /" C U and K C V.

We have the following implication.

Proposition 3.2.4. A topological space (X, T) is p-normal only if (X, 1) is
B-normal and mildly p-normal.

Proof. Let (X, 7) be f-normal and mildly p-normal. Pick disjoint closed subsets
F, K of X. By Theorem 3.1.4, there exist preopen subsets U,V of X such that
FNU=F, KNV =Kand UNV =0. It follows that F C U and K C V.
where U and V are regular closed sets by Proposition 2.3.9. By mildly p-
normality, there are disjoint preopen subsets H, G of X such that F C U C H
and K CV CG.

Thus (X, 7) p-normal. O
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Observation 3.2.1. The equivalence of the above proposition is not always
true because p-normality sometimes fails to imply [-normality: To see this,
consider the topological space in Example 2.3.5. The space is p-normal but not
[-normal since we cannot find preopen sets U and V satisfying that UNV = 0.

We recall that a space (X, 7) submazimal if every preopen set is open [13].

Theorem 3.2.5. In a submazimal and [-normal space (X, T) the following
statements are equivalent:

1 ,T) is normal

,T) almost normal

,T) 18 K-normal

,T) s almost p-normal

- (X7)
(X, 7)
- (X,7)
. (X, 7) is p-normal
(X, 7)
- (XT)

SN B NN )

,T) is maldly p-normal.

Proof. 1. = 2. = 3. and 4. = 5. = 6. follow from definitions.

(3. = 4.): Similar to the proof of Proposition 3.2.4.

(6. = 1.): This proof is similar to that of Proposition 3.2.4 including the
fact that in a submaximal space every preopen set is open. O

The semi-reqularization space (X, 7) is a topology on X whose basis is the
family of regular open sets in (X, 7) [24]. In the following result, we provide
a relationship between a topological space (X, 7) and S-normality of its semi-
regularization space (X, 7). For any U € 7,, U = |J,,; V; with each V; a regular
open set in (X, 7). Recall that a topological space is seminormal [44] if, for
every closed set A and each open set U containing A, there exists a regular
open set V' such that

AcV cU.

A subset A of a space (X, 7) is said be to w-closed [46] if it is a finite intersection
of regular closed sets. A topological space is partial normal [5] if, for every pair
of disjoint closed subsets F' and K of X, one of which is 7w-closed and the other
is regular closed, there exist disjoint preopen subsets U and V' of X such that
F Cc U and K C V. [4, Theorem 2.11] states that (X, 7) is partial normal if
and only if (X, 7) is almost normal.
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Lemma 3.2.6. [9] Let (X,7) be a topological space and (X, 7;) be the semi-
reqularization space. Then U =U " for any U C X.

Proof. U c U": Let x € U and assume that z € X — U . Then
x € int, (X —U).
For any 7,-open set W, x € W C X — U. Since
W = U{V|V regular open in X}

is an open set in (X, 7), we have that = € int(X — U). Therefore, v € X — U,
Whic_h is a _contradicti(zl.
U°*CcU:LetzeU”. Thenz € U C K for all T.-closed sets. Because

K = ﬂ{F!F regular closed in X}

is a closed subset of (X, 7), we obtain that x € U. O

Corollary 3.2.7. Let (X,7) be a topological space and (X, 1s) be the semi-
regularization space. Then int, (U) = int(U) for any U C X.

Proof. Let U C X. Then
int(U) = int(X — X —U)
=X-X-U
=X — X —U"’ by Lemma 3.2.6
=int, (X — X = U)
= int, (U)
which proves the result. [

Part of the proof for the following proposition is from [16].

Proposition 3.2.8. [16] If (X,7) is a seminormal and partial normal space,
then (X, 75) is 5-normal.

Proof. Let A and B be disjoint closed subsets of (X, 7). Then

A= ﬂ{F|F regular closed in X}
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and

B = ﬂ{K|K regular closed in X}

are closed subsets of (X, 7). So, A C X — B, and by seminormality, there is a
regular open set V' C X such that

AcCcV cX-B.

We have that A is closed in (X, 7s) and V is open in (X, 7). Since (X, 7) is
partial normal, using [4, Theorem 2.11], there exists a 75-open set U such that

AcUcUcint(V)C X — B.

Therefore,
ANU=AcUcX-B

since A is closed. But B C X — U so, again by seminormality, there is a regular
open set W of X such that

BcWcX-U.

Because int(W) is regular open and using [4, Theorem 2.11], there exists a
Ts-open set G such that

BcGcGcimt(W)c X —-U.

It follows that
BNnG=BcGcX-U.

Therefore U NG = (). Thus (X, 7,) is S-normal. O

We move our focus to discussing S-normality with respect to the ultrafilter
space given in [36, 33].

Definition 3.2.9. [23] A non-empty family F of subsets of a non-empty set X
is called a filter on X if it satisfies the following conditions:

1. 0 ¢ F, X € F;
2. A, B € F implies AN B € F and
3. AC BC X and A € F implies B € F.
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Definition 3.2.10. [23] If F; and F; are filters on a set X such that F; C F,
then we call Fy a refinement of Fj.

Definition 3.2.11. [45] Let X be a set. A filter G on X is called an ultrafilter
on X if, whenever H is a filter and H is a refinement of G, then G = H.

The set U X denotes the set of all ultrafilters on X for a topological space
(X, 7) and each ultrafilter on X is considered as a point in U X, denoted by
lowercase letters (e.g., p, q etc) [33].

Definition 3.2.12. [36] Let (X, 7) be a topological space and suppose A C X.
We define
A" ={p e UX]|A € p}.

In [33], it is shown that the collection
B={G"G e}

is a base for some topology on a space UX. The topology generated by this
collection is denoted by UT, and the topological space (UX,UT) is called the
ultrafilter space of the topological space (X, 7) [36].

We shall use the following properties of A* which are proved in [33]:

L 0*=0

2. X*=UX

3. AC B if and only if A* C B*

4. ANB =0 if and only if A*N B* =)
5. (ANB)*=A*NnB*

We also recall from [31, Lemma 2.3] that

o)

veB vVeB

for a collection B of subsets of X.
For the coming proposition, we shall need the following two results.

Corollary 3.2.13. [31] Let (X, ) be a topological space. Then for all A C X,
() — A,
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Proof. (=): Let p € (Z)* and p ¢ A*. Then p € (X* — A*). Therefore there
is G € 7 such that p € G* C X* — A* which implies that G* N A* = (). Thus,
G N A =0, making G N A = (), which is a contradiction.
(«<): Let p € A* and assume that p ¢ (A)* Then A ¢ p implying that

X — A € p. Therefore, p e X* — (Z)* is an open nhood of p and thus

arn (x0 - (@) #0.
Since A* C (ﬂ)* we get that

@) 0 (x = (@)) #0.
a contradiction. O]

Lemma 3.2.14. Lel (X,7) be a topological space. Then UNV = 0 if and only
ifUNV*=0 for al U,V C X.

Proof. We have that

UNnV=0<UnNV)* =0
s O)rn(V) =0
U NV-=0
which ends the proof. O

The following result tells us that S-normality of the ultrafilter space (UX,
UT) implies f-normality of (X, 7).

Proposition 3.2.15. (X, 7) is f-normal only if UX, UT) is f-normal.

Proof. Choose F' and K disjoint closed sets of X. Then F* and K* are dis-
joint and closed. By assumption, there exist U7-open sets U and V, such that
F*NU=F* K*NV =K*and UNV = (). We have that U = |J,_; U} where

el T
each Uf € Tand V = ier Vj" where each V" € 7. Therefore

FenlJuy = (FﬂUUi) = F*,

i€l el

KnlJvy = (KnUVj) = K"

jeJ jeJ
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and
iel jeJ
We get that
FolJui=F, Knl|JV,=K
i€l ieJ
and
UunlJv =0
iel jeJ
Thus (X, 7) is f-normal. O

We remind a reader that a topological space (X, 7) is discrete if every subset
of X is open in X. A space (X, 7) compact [45] if every open cover has a finite
subcover.

Recall from [36] that for a topological space (X, T);

1. (UX,UT) is compact.
2. If (X, 1) is discrete, then (UX,UT) is Hausdorff.

It is well known that every compact Hausdorff space is normal, hence the
following observation.

Observation 3.2.2. A case where S-normality of (X, 7) implies S-normality of
(UX,UT) is when (X, 7) is discrete: Indeed, if (X, 7) is discrete, then (UX,UT)
is Hausdorff. But (UX,UT) is always compact and every compact Hausdorff
space is normal, so (UX,UT) is normal. Since from Proposition 3.2.1 we have
that normality implies S-normality, we get that (UX,UT) is f-normal.

Recall the following definitions from [45]. Let (X, 7) be a topological space.

1. (X, 7) is said to be completely regular if, whenever A is a closed set in
X and xz ¢ A, there is a continuous function f : X — [0, 1] such that

f@) = 0 and f(A) = {1}.
2. (X, 7) is said to be Tychonoff if it is T; and completely regular.

In [27, Example 1], the author asked whether there does exist a regular S-normal
non-Tychonoff space. This was answered in the same paper. We also give an
answer here. We shall need the following two results.
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Lemma 3.2.16. Almost discrete spaces are reqular and S-normal.

Proof. Let (X, 7) be an almost discrete space, x € X and choose a closed set F
of X such that z ¢ F. Then X — F is an open set containing . Since (X, 7) is
almost discrete, I is an open set containing itself. Therefore F' and X — F' are
disjoint open sets and (X, 7) is regular.

[G-normality follows, since, by Observation 2.2.1.; every almost discrete space
is normal, and also knowing that normality implies S-normality. O]

Let us recall from [37] that:
1. (UX,UT) is Ty if and only if (X, 7) is discrete and finite.

2. (UX,UT) is (completely) regular if and only if every open set in (X, 7) is
closed (i.e. (X,7) is almost discrete).

3. (UX,UT) is normal if and only if (X, 7) is normal.
Lemma 3.2.17. If (X, 7) is almost discrete, then (UX,UT) is 5-normal

Proof. Since (X, 7) is almost discrete we have that (X, 7) is normal from Ob-
servation 2.2.1. This implies that (UX,UT) is normal. Thus (UX,UT) is (-
normal. [l

We now answer the question in [27, Example 1].

Example 3.2.18. Let (X, 7) be a non-discrete and almost discrete space (See
Example 2.2.24(1)). It follows from Lemma 3.2.17 that (X, UT) is (completely)
regular and S-normal. But (UX,UT) is not T} because (X, 7) is not discrete
and therefore (UX,UT) is not Tychonoft.

3.3 [-Normality and continuous functions

Our next goal is to study preservation and reflection of S-normal spaces by
continuous mappings.

Lemma 3.3.1. Let f: X — Y be an onto continuous function. If
fHA)NU = f7H(A),
then AN f(U) = A for every U C X and all closed A CY .
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Proof. Let A C'Y be closed and U C X. Observe that AN f(U) C A, therefore

AN f(U) C A since A is closed.
Since f is continuous and A is closed, f~1(A) is closed. But

FTHA)NU C (A,

it follows that f~1(A)NU C f~(A).
From hypothesis, we have that

fHA) c 1A NU

which implies that

FUFHA) C f(FH(A)NU) = AcC f(f~1(A)NU) since f is onto
= AC f(f(A)NfU)

= ACAnfO).

Thus AN f(U) = A. O

Proposition 3.3.2. [7] Let f : X — Y be a continuous function between two
topological spaces such that f is onto, open and closed. If X is B-normal, then
soisY.

Proof. Let AbeclosedinY and V openinY with A C V. Since f is continuous,
f7Y(A) is closed in X and f~'(V) open in X such that f~1(A) C f~1(V).
As (X, 7) is f-normal, there exists an open set U of X such that

FFHANU = fHA) cUcf (V).
By Lemma 3.3.1, AN f(U) = A. Therefore

FUFHA) C F(U) C F(F7HV)
and f(U) = f(U) implying that A C f(U) C V since f is onto.
Therefore Y is S-normal. n

We digress to discuss preservation of S-normality by the Tj-reflection map.
Recall the following three definitions from [1].

Definition 3.3.3. A category A is a quadruple = (O, hom, id, °) consisting of

1. a class O, whose members are called A-objects,
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2. for each pair (A, B) of A-objects, a set hom4(A, B), whose members are
called A-morphisms from A to B,

3. for each A-object A, a morphism id4 : A — A, called the A-identity on
A, and

4. a composition law associating with each A-morphism f : A — B and
each A-morphism ¢ : B — C' an A-morphism go f : A — C, called the
composite of f and g, subject to the following conditions:

(a) composition is associative; i.e., for A-morphisms f : A — B, ¢ :
B — C and h: C — D. the equation ho (go f) = (heg)e f holds,

(b) A-identities act as identities to composition: i.e., for A-morphisms
f:A— B, wehaveidgo f = fand foidy = f,

(c) the sets hom4(A, B) are pairwise disjoint.

Definition 3.3.4. A category B is said to be a subcategory of a category A
provided that the following conditions are satisfied:

1. for each B € B, B € A,
2. for each B, B’ € B,homp(B, B") C homy(B, B'),
3. for each B-object B, the A-identity on B is the B-identity on B,

4. the composition law in B is the restriction of the composition law in A to
the morphisms of B.

Definition 3.3.5. Let B be a subcategory of a category A. We say that B
is a reflective subcategory of A if for each A € A, there is a B-object B and
a B-morphism r : A — B with the following universal property: for any .A-
morphism f : A — B’ from A into some B-object B’, there exists a unique
B-morphism f’: B — B’ such that the triangle

B

N

A ! s B’

commutes.
The pair (B,r) is called a B-reflection for A. Furthermore, B is called a
reflective subcategory of A provided that each A-object has a B-reflection.
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Proposition 3.3.6. [{5] Let ~ be an equivalence relation on X given by x ~ y
if and only if {z} = {y}, for each z,y € X. The quotient space X — (~) is the
To-reflection of X andr: X — X — (~), given by x — [x], is the Ty-reflection
map.

We denote the set X as the Ty-reflection of X. It is worth noting that the

To-reflection mapping is continuous, open, closed and onto [36]. We also have
that r(r~!(A)) = A for each open (resp. closed) A in Xj.

Lemma 3.3.7. Let f: (X,7) — (Y,p) be a continuous function. If

Unf(A) = f(A),
for every U CY and all closed A C X, then
An f~1(U) = A.

Proof. Let A C X be closed and U C Y. Since AN f~1(U) C A and A is closed,
An f~YU) C A.

Let z € A and choose N an open nhood of z. Then f(z) € f(A) =U N f(A).
This implies that

FNNFA)NT #D= fFTHAN)NFHAA))NFHU) #0
= NNANFLU) £0,

meaning that x € AN f~1(U). Therefore AN f~1(U) = A. O

Proposition 3.3.8. Let r : X — X, be the Ty-reflection map for a space X.
Then X is B-normal if and only if X is B-normal.

Proof. (=-): Since r is continuous, onto, open and closed, it follows from Propo-
sition 3.3.2 that X is S-normal.

(<): Let A be a closed subset of X and U be an open subset of X with
A C U. From hypothesis, we have that r(A) is closed in X, and r(U) in X,
is open such that r(A) C r(U). Since Xy is f-normal, there exists an open set
V C X, such that

r(A)NV =r(A) cV crU).

By Lemma 3.3.7, Anr—4V) = A.

r~1 (V) C U: Let x € r=1(V'). Then

[z] € r(r=1(V)) Cr(r—Y(V)) = V.

Therefore [z] € V C r(U) implying that » € »~(r(U)) = U.
Thus X is f-normal. O




37

We now consider functions which pull f-normality backwards.

Proposition 3.3.9. Let f : X — Y be a continuous function between two
topological spaces such that such that f is injective, open and closed. IfY is
B-normal, then so is X.

Proof. Let A C X be closed and U C X be open such that A C U. Then f(A)
is closed in Y and f(U) is open in Y with f(A) C f(U). By hypothesis there
is a Y-open set V such that

VN f(A) = f(A) cV C fU).

From Lemma 3.3.7 we get that AN f~1(V) = A.
We show that f~1(V) C U: Since V' C f(U),

V) Ty =u

by injectivity of f. But f~1(V) C f~%(V) since f is continuous, so f~*(V) C U.
Therefore X is S-normal. O]

We show that the conditions hypothesized in Proposition 3.3.9 do not nec-
essarily make f a homeomorphism.

Example 3.3.10. Let X = {a,b} and Y = {z,y, 2} be endowed with discrete
topologies 74 and pg, respectively. Define f : (X, 75) — (Y,pa) as f(a) = =
and f(b) = y. Then f is continuous, open, closed and injective. But f is not
homeomorphic.



Chapter 4

a-Normal spaces

This chapter aims to introduce and investigate properties of a-normal spaces.

4.1 Characterizing a-normal spaces

In this section will give characterizations of a-normal spaces. We begin with
the following definition.

Definition 4.1.1. [7] A topological space (X, 7) is a-normal if for any pair of
disjoint closed sets F, K C X, there are disjoint open sets U,V of X such that
FNUisdensein F'and K NV is dense in K.

We note the following example.

Example 4.1.2. Let X = {a,b,c,d} be a set endowed with the topology

T =10,X,{a,c,d},{a,b,c},{a,c}, {c d},{c}, {a},{a,b}}.

Then (X, 7) is a-normal. We have that the closed sets of X are
0, X, {0}, {d}, {b,d}, {a, b}, {c,d}, {a,b,d} and {b,c,d}.

We recall that a subset Y of a topological space (X, 7) is nowhere dense if

int(Y') = () [45]. Equivalently, Y is nowhere dense if and only if the complement
of its closure is dense. Recall from [14] that int4(Y) = A — A — Y". For
Y C A C X, the subset Y of A is called A-nowhere dense if Y is nowhere dense
in A.

The following lemma is an adaptation to spaces of a result given in [32, 30]
in terms of locales.

38
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Lemma 4.1.3. Let (X, 7) be a topological space. Then a subspace Y of a
subspace A of X is A-nowhere dense if and only if AC AN (X —Y).

Proof. We have that

which concludes the proof. O

In the following proposition, we characterize a-normal spaces. The first two
statements are from [21, Lemma 2.2].

Proposition 4.1.4. The following statements are equivalent for a topological
space (X, T).

1. (X,7) is a-normal.

2. For any pair of disjoint closed subsets F' and K of X there exists an open
subset U of X such that FNU = F and K NU is nowhere dense in K.

3. For every open subsets U and V' of X satisfying U UV = X, there is an
open set G C X such that

U=int(UU (X - G))
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and

V =int(VUG).

4. For any collection {U,;}ien and {V;}ien of open subsets of X such that

Uiuint<ﬂvi):X
Vi Uint (ﬂU) — X,

1 € N, there exists G € T such that

and

U; = int(U; U (X — G))

and

V; = int(V; UG)
for each i € N.

Proof. (1. = 2.): Let F' and K be disjoint closed subsets of X. Since (X, 7) is
a-normal there exist disjoint open sets U,V C X such that F' N U is dense in
F and KNV is dense in K. Since UNV = (), UNV = () which implies that
KNUNV ={. Therefore, V C X — (K NU) so that

KNVCKN[X-UnNK)=K-UnNK).

But KNV is dense in K meaning that K — (UNK) is dense in K and UNK
is nowhere dense in K.

(2. = 3.): Let U and V be open subsets of X whose union is X. Then
X — U and X — V are disjoint closed subsets of X. By 2., there is an open set
G C X such that (X —U)NG =X — U and GN (X — V) is nowhere dense in
X — V. Then

U=X— (m) — int(U U (X — G)).

By Lemma 4.1.3 we get that

X—Vc(X—V)m(X—(@m(X—V)))cX——sz—v
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since X — V is closed. Therefore,

X—V:a>vw%X—émm—V»

— (X V)N (X = (GN(X=V)))since GN(X = V) =GN (X V)
—(X-V)n((X -G)uV))
=((X-V)N(X-G)u(X-Vv)nV)
=(X-V)N(X —G) since (X —=V)NV =0

—X-(VUG)

so that _ B
V=X-(X-(VUG))=int(VUG).

(3. = 4.): Let {U;}ien and {V;}ien be a collection of open subsets of X

satisfying
U; Uint (ﬂ V;)

mmmqﬁgzx

for each v € N. Then, for every i € N,

munmqjm)zx

which implies by 3. that there is an open set G; € 7 satisfying

X

and

U, = int(U; U (X — Gy))
int (ﬂ Vi> = int (int (ﬂ V;) U@) .
wunn(fﬁz>:x;

it follows that there is H; € 7 such that

and

Similarly, from

V; = int(V; U (X — H,))

int <m UZ-) = int <int (ﬂ Ui> UE) .

and
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For each i € N, set

G:

(e ()

and i
H= (Hiﬂint<ﬂX—G_k>>.

1 k=1

o

s

-
I

We show that int(U; U (X — G)) C U; : Indeed,

1nt(UZU(X_G)) — int UiU (X—[OJ (G’iﬂint (hX—E>>>)

i=1 k=1

— int Uiuﬁ ((X—Gi)u (X—int (D (X—E)))))

k=1

k=1

= O (int(Ui UX -Gy UE))
k=1

C G (int (UZ- U (X —Gy) UE))

=1

We claim that
int(U; U (X — G;) U H;) C U,

To see this, choose o

Then o
JZGQCUiU(X—Gi)UHZ‘

for some open ) C X. Therefore,

QN(X —H;) CUU(X -Gy
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so that
QN(X —H) Ccint(U; U (X —Gy))

since @ N (X — H;) is open. Because
Ui = int(Ui U (X - Gz)),
we have that Q N (X — H;) C U;. Therefore Q C U; U H;, which implies that

QC m(UzUE)

ieN
- NuuN
€N 1€N

C <QU) U H,.

This makes

Thus z € U; and hence

Similarly,
int(V;U(X — H)) =V,.

Observe that G N H = (:

Q(Gmim (ﬂX—E)) mi:1 (H N int (ﬂx Gl>)
=0.

_UU Gmm(ﬂx Hk> mm(ﬂx Gl)

i=1j5=1 =1

(G
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Therefore G N H = ) so that G C (X — H). This implies that
int(V;UG) C int(V; U (X — H)) C V.

Thus int(V; UG) C V; as required.

(4. = 1.): Let F and K be closed subsets of X such that FF N K = (). Then
X — F and X — K are open subsets of X such that (X — F)U (X — K) = X.
Set X — F = U; and X — K =V, for each ¢« € N. Then {U, };eny and {V; }ien
are a collection of open subsets of X satisfying U; U int (ﬂieN V;) = X and
V; Uint (ﬂieN Ui) = X for all i € N. It follows from 4. that there exists an
open set G C X satisfying U; = int(U; U (X — G)) and V; = int(V; UG) for each
v € N. Therefore

X —F=int((X - F)U(X - G))
and
X - K=int((X - K)UG),

which imply that F NG = F and

K=X-int((X-K)UG)=Kn(X-G).

The required disjoint open sets are G and X — G.
Thus (X, 7) is an a-normal space. O

Similar to S-normal spaces, a-normal spaces are closed hereditary.
Proposition 4.1.5. [7] a-Normality is closed hereditary.
Proof. This proof is similar to that of Proposition 3.1.5. O]

We need the following lemma to state the next theorem.

Lemma 4.1.6. Let (X, 1) be topological space. If A and B are separated subsets
of X and

Y:mQX—mua—E)
then A,B CY.

Proof. Let A, B C X be separated sets. Then A C X — Band BC X — A so
that

which concludes the proof. O
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Building on the previous lemma, we can now characterize hereditary a-
normal spaces.

Theorem 4.1.7. The following are equivalent for any topological space (X, ).
1. (X, 1) is hereditary c-normal.

FEvery preopen subspace of (X, 1) is a-normal.

FEvery a-open subspace of (X, T) is a-normal.

FEvery open subspace of (X, T) is a-normal.

Every reqular open subspace of (X, T) is a-normal.

S v o

For any pair of separated sets A, B C X, there are disjoint open sets U
and V' of X such that ANU = A and BNV = B.

Proof. (1. = 2.): Trivial.

(2. = 3.): Let Y be an a-open subset of X. Since every a-open set is
preopen, we have that Y is a preopen subset of X.

(3. = 4.): Consider the open set Y C X. It follows that Y is a preopen
subset of X since every open set is preopen.

(4. = 5.): Let Y be a regular open subset of X. We have that Y is open
since every regular open set is open. Therefore Y is the required open set.

(5. = 6.): Let A and B be separated sets of X. Consider

Y =int((X — A) U (X — B))

a regular open subspace containing A and B. Since A and B are disjoint and
Y-closed and Y is a-normal, there exist disjoint open sets U,V C Y such that
ANTU =Aand BNU = B. It is clear that U and V are open subsets of X.

(6. = 1.): [7] Consider Y a subset of X and choose a pair of disjoint Y-
closed sets A and B. Then A and B are separated in X. By hypothesis, there
are disjoint open subsets of X such that ANU = A and BNV = B. Now
UNY and VNY are open in Y such that

ANUNY)=A, Bn(VNY)=BR8B

and
UNnY)Nn(VnNny)=0.

Thus, Y is a-normal. O
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4.2 More on a-normality

In the following result, we demonstrate that every normal space is a -normal
by employing statement 3. of Proposition 4.1.4.

Proposition 4.2.1. [7] Every normal space is a-normal.

Proof. Suppose that (X, 7) is a normal space and choose U,V open subsets of
X such that U UV = X. Then

(X -U)N(X-V)=0

where X — U and X — V are closed sets. By normality of (X, 7), there are
disjoint open sets H and G of X such that X —U Cc H and X —V C G. It
follows that X — H C U and therefore (X — H)UU = U. Since U is open, we
have that U = int((X — H) UU). Because H NG = (), we get that H NG = 0
which implies that H C V since X — G C V. Hence, HUV =V and it follows
that V = int(V U H) by openness of V.

Thus (X, 7) is @-normal. O

In what follows, we give relations of a-normal spaces with other axioms of
separation.

Proposition 4.2.2. [7] If an a-normal space (X, T) satisfies the Ty separation
axiom, then the space X is Hausdorff.

Proof. This is proved in [6]. O

Proposition 4.2.3. If (X, 1) is a seminormal and partial normal space, then
(X, 1) is a-normal.

Proof. Follows from Proposition 3.2.8. O]

In Chapter 3 we looked at how the ultrafilter space (UX,UT) implies S-
normality of (X, 7). We now do the same for a-normal spaces.

Proposition 4.2.4. (X, 7) is a-normal only if (UX,UT) is a-normal.
Proof. This proof is similar to Proposition 3.2.15. O]

Remark 4.2.5. Note that Observation 3.2.2 holds for a-normal spaces.
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This section ends with some results demonstrating how a-normality is sent
back and forth by continuous functions.

In the next result, we show that a-normality can be preserved by conditions
weaker than homeomorphisms.

Proposition 4.2.6. Let [ : (X,7) — (Y,p) be a continuous function be-

tween two topological spaces such that f is onto, open and closed satisfying
that f~Y(f(A)) = A for all open A CY. If X is a-normal, then so is Y.

Proof. Let F, K C Y be closed and disjoint. Then f~'(F) and f~}(K) are
closed and disjoint in X. Since (X, 7) is a-normal, there exist disjoint open sets
U and V of X such that

fHF)NU = f71(F) and f~H(K)NV = f~H(K).

It follows from Lemma 3.3.1 that F'N f(U) = F and K N f(V) = K.
We now show that f(U)N f(V) =

unv = @:xf O N V) =0

)
AU ( ) =10
(f AU)n f(v)) =
f( )N fV) = @Slncef1s onto

which concludes the proof. O

Observation 4.2.1. Not every continuous, onto, open, and closed function f :
X — Y that satisfies f~1(f(A)) = A for all open A C Y, is a homeomorphism.
For instance, the Ty-reflection map is a counterexample.

We give the following well-known result. We have not seen its proof in
literature, so we give it here.

Lemma 4.2.7. Let f : X — Y be an injective function. If AN B = (), then
fANf(B)=0 forall A,B C X.

Proof. Suppose f(A)N f(B) # (. This means that there exists some
y € f(A)Nf(B).

Then y € f(A) and y € f(B). Therefore y = f(a) = f(b) for some a € A
and for some b € B. By the injectivity of f, it follows that a = b. Therefore
a € AN B. Hence a contradiction. O
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Proposition 4.2.8. Let f : (X,7) — (Y, p) be a continuous function between
two topological spaces such that f is injective, open and closed. IfY is a-normal,
then so is X.

Proof. Let F' and K be disjoint closed subsets of X. Since f is closed and
injective, f(F') and f(K) are disjoint Y-closed sets. By a-normality of Y, there
are disjoint open sets U,V C Y such that

J(F)NU = f(F) and f(K) NV = ().

Since f is continuous, it follows that f~'(U) and f~!(V) are disjoint open
subsets of X. Hence, by Lemma 3.3.7, we get that

FNnf~Y(U)=F and KN f~1(V) =K.

Therefore (X, 7) is a-normal O



Chapter 5

p-Normality of bitopological
spaces

To make the reading of this chapter easy for a reader, we start by recalling some
of the bitopological notions in Chapter 2.

5.1 Introduction

Kelly [18] defined a bitopological space (X, 11,72) as a set X endowed with two
topologies, 7 and 75. Throughout this chapter we will denote, for a subset A
of (X, 11, 72), the interior and closure of A with respect to 7;, where ¢ € {1, 2},
as int;(A) and cl;(A), respectively. Let cl;p(A) represent the closure of subset
A in B relative to 1; where i € {1,2}. By i-open and i-closed, we shall mean
open and closed with respect to the topology 7; where i € {1,2}.

We refer to [18] and [35] for the following terminologies.

Definition 5.1.1. For a bitopological space (X, 11, T2), 71 is reqular with respect
to 1o if for each point # € X and each 1-closed set A such that « ¢ A, there is a
1-open set U and a 2-open set V' disjoint from U such that z € U and A C V.

(X, 7, 72) is pairwise regular if T is regular with respect to 7 and 7y is
regular with respect to 7.

Definition 5.1.2. A bitopological space (X, 7;, 7;) is pairwise normal if for any
given i-closed set F' and j-closed set K such that F N K = () there is a j-open
set U containing F' and an i-open set V' containing K where ¢ # j,14,j € {1,2}.

49
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5.2 (1,2)-f-normal bitopological spaces

This section introduces the notion of a f-normal bitopological space and looks
at the interrelations with other separation axioms in bitopological spaces.
We introduce the following definition.

Definition 5.2.1. A bitopological space (X, 7, 73) is (1, 2)-8-normal if for any
1-closed set F' and any 2-closed set K such that F'N K = (), there exist a 2-open
set U and a l-open set V' such that F' N U is 1-dense in F'; K NV is 2-dense in
K and cly(U) Ncla(V) = 0. A (2,1)-8-normal space is defined in a similar way.

Example 5.2.2. Consider X = {a,b, ¢} with topologies

= {®7 X, {a}, {C}a {av C}}
and
T2 = {@, X, {a}v {b}v {a7 b}’ {b7 C}}

defined on X. The 1-closed sets are {b, c}, {a, b}, {b}, 0 and X, and the 2-closed
sets are {b, c},{a,c},{c},{a},0 and X. (X, 71, 72) is (1,2)-B-normal: Observe
that for the 1-closed set {b} disjoint from the 2-closed sets {c}, {a} and {a, ¢} we
can always find a 2-open set {b} and a 1-open set {a, ¢} such that the conditions
are met. This holds for all 1-closed sets disjoint from the 2-closed sets. This is
also an example of a (2, 1)-f-normal.

The following three lemmas shall be used in the proof of the subsequent
theorem.

Lemma 5.2.3. We have the following implications:
i-open — (i,j)-a-open —>  (i,])-preopen.

Proof. Let (X, 7;,7;) be a bitopological space.
First implication: Choose A an i-open subset of X. Then A = int;(A).
Since A C cl;(A), it follows that

Therefore
which gives A C int;(cl;(int;(A))).
Second implication: Let A be an (7, j)-a-open set. Since
A C lIltZ(Cl](lIltl(A)))7

we get that A C int;(cl;(A)), making A an (4, j)-preopen set. O
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In the following example, we show that that the converse of the above lemma
need not be true.

Example 5.2.4. Let X = {a, b, c,d} be a set with the topologies

=10, X,{d},{a,d}, {b,c},{b,c,d}}

and 7 = {0, X, {d}, {a,b,c}}. Then the set {a, c,d} is (1,2)-a-open but it is not
l-open. The set {b} is (1, 2)-preopen but it is neither 1-open nor (1, 2)-a-open.

Lemma 5.2.5. For any bitopological space (X, 7;,7;), where U is a (j,1)-preopen
subset and F is an i-closed subset of X, if cl;(FNU) = F, then

Proof. cl;(F Nint;(cl;(U)) C F: Since F Nint;(cl;(U)) C F and F is i-closed,
we have that

F Cci(FNU)int;(c;(U)): Since

Therefore, cl;(F Nint;(cl;(U)) = F. O

Lemma 5.2.6. Let (X, 7, 7) be a bitopological space, U an (j,1)-c-open subset
of X and F C X an i-closed set. If cl;,(FNU)=F , then

Proof. Similar to the proof of Lemma 5.2.5. m

Recall from [3] that a subset A of a bitopological space (X, 7;,7;) is called
i-dense if cl;(A) = X for i € {1,2}.

We characterize (1,2)-S-normal bitopological spaces. One will notice that,
unlike in the case of S-normal spaces, here some equivalences do not necessarily
hold. We shall give a condition where all the statements are equivalent.

Theorem 5.2.7. Let (X,71,72) be a bitopological space. Then consider the
following statements:

1. (X, 1,7m) is (1,2)-B-normal.
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. For any 1-closed set ' and a 2-closed set K disjoint from F', there exist a
2-open set U and a 1-open set V such that cly(FNU) = F, clos(KNV) = K
and cly(U) Nely(V) = 0.

. If F and K are disjoint sets of X such that F is 1-closed and K is 2-
closed, there exist a (2,1)-a-open set U and a (1,2)-a-open set V' such
that clhy(FNU) =F, clo( KNV) =K and cly(U) Nely(V) = 0.

. For every 1-closed set F' and every 2-closed set K such that FNK = (),
there exist a (2,1)-preopen set U and a (1,2)-preopen set V' such that
cdi(FNU)=F, clo(KNV) =K and cl1(U) Nely(V) = 0.

. For each 1-closed set A C X and each 2-open set U C X such that A C U,
there exists a (2,1)-preopen set V- C X such that

. For every 1-closed set A C X contained in a 2-open set U C X, there is
a 2-open set V C X satisfying that

. For any 1-closed set A C X and every 2-open set U C X such that A C U,
there exist a (2,1)-a-open set V- C X such that

chi(ANV)=AcCc(V)CU.

Then 1. = 2. = 3. = 4. = 5. = 6. & 7. Moreover, all these statements
are equivalent whenever (X, 11, T2) is (2,1)-B-normal.

Proof. (1. = 2.): Let F' and K be disjoint subsets of X such that F' is 1-closed
and K is 2-closed. By 1. there is a 2-open set U and a l-open set V' so that
FNUis l-dense in F, KNV is 2-dense in K and ¢l;(U) N cly(V) = (. This
means that clip(FNU) = F and clog (KNV) = K. Then by Proposition 2.2.11
we obtain

cdi(FNU)NF=F

dy(KNV)NK =K.

It follows that

FCCll(FﬁU)ﬂF
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so that F' C cly(FNU). Since FNU C F we get
cll(FﬂU) CCZ1<F):F

Thus ¢y (F NU) = F. Similarly, it can be shown that clo(K NV) = K.
(2. = 3.): Follows from Lemma 5.2.3.

(3. = 4.): Follows since every (i, j)-a-open set is (i, j)-preopen from Lemma
5.2.3.
(4. = 5.): Let U be a 2-open set containing a 1-closed set A. Then

AN(X —-U)=0.
By 4., there is a (1, 2)-preopen set W and a (2, 1)-preopen V' so that
ci(ANV)=Ach(X-U)NW)=X-U

(). Having that X —clo(W) C U and ¢y (V) € X —cly (W),

and clo(W)Nel1 (V) =
cU. So

we obtain cly (V)
ci(ANV)=ACch(V)CU.

(5. = 6.): Let A be 1-closed and U be 2-open such that A C U. By 5. there
exist a (2, 1)-preopen set V' such that

chi(ANV)=AcCc(V)CU.
It follows that V' C into(cl1(V')) (since V' is (2, 1)-preopen), making
cly (V) C ely(inty(cly (V).
Therefore, from Lemma 5.2.5, we get that
cli(ANinty(cly (V) = A C cly(inta(cly (V).

But
cly (inta(cly (V) C cli(cli (V) =cly (V) C U

which proves the result.
(6. = 7.): Follows since every i-open set is (7, j)-a-open from Lemma 5.2.3.
(7. = 6.): Let A be l-closed and U be 2-open such that A C U. From 7.
we have a (2, 1)-a-open set V' such that

ci(ANV)=ACch(V)CU.
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Since V' is (2, 1)-a-open we get that V' C inty(cly (int2(V))). From Lemma 5.2.6
we have that

Cll (A N iIltg(Cll (11’1132(V)))) =A C Cll (iIltg(Cll (11’1t2(V))))
It follows that
cly(into(cly (into(V)))) C cly(inta(cly (V) C cly(cli (V) = cly (V) C U

which concludes the proof.

For the special case, assume, that (X, 7, 72) is (2, 1)-S-normal.

(6. = 1.): Let F and K be disjoint subsets of X such that F is 1-closed and
K is 2-closed. Then F' C X — K. By 6. there is a 2-open set U such that

(FNU)=F C ey (U)C X — K.
We have K C X — ¢l (U) so that cl;(U) N K = 0. Since (X, 71,72) is (2,1)-0-

normal, there is a 2-open set V' and a 1-open set W such that
ci(cly(U)NV) =cly(U),clo( KNW) = K and cly (V) Nelo(W) = 0.
Therefore cly(U) N cly(W) = ) since
ci(U) C ey (V) C X —clo(W)
and (X, 1, 7) is (1,2)-G-normal as desired. O

In the following example we show that without (2, 1)--normality, statement
6. Theorem 5.2.7 does not always imply statement 1. This demonstrates that
(1,2)-B-normality behaves differently than S-normality of topological spaces.

Example 5.2.8. Consider X = {a, b, ¢, d} with topologies

= {07 X, {a> b}a {C, d}}

and
7 = {0, X, {b}, {c}, {0, c},{b,c,d}}

defined on X. The 1-closed subsets of X are (), X, {a,b} and {c,d}, and the 2-
closed subsets of X are 0, X, {a,c,d},{a,b,d},{a,d} and {a}. Hence (X, 7, 72)
satisfies statement 6.. However (X, 71, 72) does not satisfy statement 1. because
for the 1-closed set {c,d} disjoint from the 2-closed set {a}, we cannot find a
2-open set U and a 1-open set V such that ¢l (U) Nela(V) = 0. Also note that
the bitopological space (X, 71, 72) is not pairwise normal for the same reason.
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5.3 More on (1,2)-S-normality

In this section we transfer some of the properties in Chapter 3 to bitopological
spaces. We begin by demonstrating that pairwise normality implies (1,2)-3-
normality.

Proposition 5.3.1. Fvery pairwise normal space is (1,2)-5-normal.

Proof. Let (X, 1, 72) be a pairwise normal bitopological space. Choose disjoint
subsets of F' and K of X such that F'is 1-closed and K is 2-closed. Since
(X, 7, 72) is pairwise normal, there is a 2-open set U such that F' C U and
ci(U)N K = (. Again by hypothesis, there is a 2-open set W such that
ciy(U)cWand chy(W)NK =0. Let V=X — cl;(W) so that K C V. Then

VcX-WcX-—cyU)

implying that
ch(V)C X =W CX—clh(U)

since X — W is 2-closed. Therefore, clo(V)Ncly(U) = 0. Because F C U we get
that FNU = F and F being 1-closed we obtain that c¢l;(FNU) = F. Similarly
for cloy(KNV) = K.

Thus (X, 7y, 7) is (1,2)-f-normal. O

Recall from [35] that a bitopological space (X, 7, 72) is pairwise Ty if for
each pair of distinct points x, y, there exists a 1-open set U and a 2-open set V/
suchthat z e Uy ¢ U andy e V,x ¢ V.

(X, 1, 7o) is pairwise 17 if and only if each singleton set is both 1-closed and
2-closed [35].

Proposition 5.3.2. Every (1,2)-5-normal and pairwise Ty bitopological space
1S pairwise reqular.

Proof. We prove that 77 is regular with respect to 7:

Let x € X and pick a 1-open set U such that x € U. Now {x} is a 2-closed
set such that {z} N (X — U) = . By hypothesis, there is a 2-open set W and
a l-open set V' such that clo({z} NV) = {z},

(X —U)NW) =X —U
and clo(V') Nely (W) = . Since
{z} Cclx(V) C X —cly (W)
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and X — U C cly (W), we get that
{z} C (V) CU.

Having that {x} NV is 2—dense in {x} implies that {x} NV # (. Therefore
x €V and
r eV Cecly(V)CU.

The proof is similar for 75 is regular with respect to 7. Therefore (X, 71, 72)
pairwise regular. O]

Next, we give conditions under which (1,2)-S-normality implies pairwise
normality. We first recall from [11] the following definition: A bitopological
space (X, 11, 7s) is called (1, j)-extremally disconnected if the i-closure of every
j-open set is j-open. (X, 7y, 7) is called pairwise extremally disconnected if it
is both (1, 2)-extremally disconnected and (2, 1)-extremally disconnected.

Proposition 5.3.3. Every pairwise extremally disconnected (1,2)-f-normal
bitopological space is pairwise normal.

Proof. Let F' and K be disjoint subsets of X such that F'is 1-closed and K is
2-closed. By (1, 2)--normality, there exist a 1-open V' and a 2-open set U such
that cly(FNU) = F, clo(KNV) = K and ¢l (U) Nely(V) = (. Since (X, 11, 72)
is pairwise extremally disconnected, cl;(U) is a 2-open set containing F' and
cly(V) is a 1-open containing K.

Therefore (X, 71, 72) is pairwise normal. ]

The following results give a decomposition of pairwise normality.

We recall the following definitions from [42]: A bitopological space (X, 71, )
is almost pairwise normal if for each i-closed set F' and for each (j,i)-regular
closed set K disjoint from F', there exist a j-open set U and an i-open set V'
disjoint from U such that F' C U and K C V. A bitopological space (X, 1, T2)
is said to be mildly pairwise normal if for each (i, j)-regular closed set F' and
for each (j,i)-regular closed set K disjoint from F, there exist a j-open set U
and an ¢-open set V' disjoint from U such that £ C U and K C V.

Lemma 5.3.4. Every (i, j)-regular closed set is i-closed.

Proof. Let A be an (4, j)-regular closed set. Then A = cl;(int;(A)). So
Therefore A = cl;(A). O
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Proposition 5.3.5. A bitopological space (X, T, 7Ts) is pairwise normal if and
only if it is (1,2)-B-normal and mildly pairwise normal.

Proof. (=): Pairwise normal = (1, 2)--normal: Follows from Proposition 5.3.1.
Pairwise normal = mildly pairwise normal: This follows from Lemma 5.3.4.
(«<): Let (X, 7, 72) be a (1,2)--normal and mildly pairwise normal space.

Pick F a 1-closed set and K a 2-closed set such that FNK = (). Since (X, 71, 72)

is (1,2)-B-normal, there exist a 2-open set U and a l-open set V such that

cdi(FNU) = F, cho(KNV) = K and clo(V) Nely(U) = 0. So cly(U) is a

(1,2)-regular closed set and clo(V') is a (2, 1)-regular closed set. Therefore, by

pairwise mildly normality of (X, 7y, 73), there exist a 2-open set H and a 1-open

set G such that F' C c[;(U) C H and K C clo(V) C G.

Therefore (X, 7, 7) is pairwise normal. O

Proposition 5.3.6. A bitopological space (X, T, 7o) is pairwise normal if and
only if it is (1,2)-p-normal and almost pairwise normal.

Proof. (=): Pairwise normal = (1,2)-8-normal: Follows from Proposition 5.3.1.
Pairwise normal = almost pairwise normal: Since every (i, j)-regular closed
set is i-closed from Lemma 5.3.4.
(«<): Let (X, 7y, 72) be a (1,2)-f-normal and almost pairwise normal space,
A be 1-closed and U be 2-open with A C U. Then ANX —U = 0. As (X, 71, 72)
is (1,2)-f-normal, there is a 2-open set V' and a 1-open set W such that

(ANV) = A, co(X —~U)NW) =X — U

and cl; (V) Nely(W) = 0. We get that X — clo(W) is a (2, 1)-regular open set
since clo(W) is (2, 1)-regular closed and ¢l (V) C X — clo(W). So by almost
pairwise normality, there is a 2-open set H such that

(V) C H C cy(H) C X — cly(W).

Moreover,
ACHCcy(H)CU

since A C ¢l4(V) and X — clo(W) C U.

Therefore (X, 7y, 75) is pairwise normal. O

In the following arrows diagram, the implications hold but they are not
reversible.
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Pairwise normal —— (1, 2)-5-Normal

|

Almost pairwise normal —— Mildly pairwise normal

Example 5.3.7. (1) In [27, Example 1| they have a non-normal, S-normal
space. If we endow the set in [27, Example 1] with the same topology, (i.e.,
71 = T9), then we get a (1,2)-f-normal space which is not pairwise normal
(resp. almost pairwise normal and mildly pairwise normal).

(2) [25] Let R be the set of real numbers and a,b € R with a < b. Define

= {®> R, (—OO, a]v (—OO, b)}

and
7 = {0, R, [a,0), [b,00)}.

The bitopological space is (R, 71, 72) is mildly pairwise normal but the space is
not (1,2)-S-normal.

Theorem 5.3.8. Let (X, 71, 7) be a (1,2)-5-normal bitopological space. The
following statements are equivalent:

1. (X, 11, 72) is pairwise normal.
2. (X, 11, m) is almost pairwise normal.
3. (X, 11, 72) is mildly pairwise normal.

Proof. (1. = 2. = 3.): Follow from definitions.
(3. = 1.): Since (X, 7, 7) is (1,2)-F-normal and mildly pairwise normal, it
follows from Proposition 5.3.5 that (X, 71, 7») is pairwise normal. O]

To close this section, we present a preservation result of (1,2)-S-normality
and (2, 1)-g-normality. We remind a reader that a function

f : (Xv 7_177_2) — (}/7 p17p2>

is said to be pairwise continuous (resp. pairwise open and resp. pairwise closed)
[34, 15] if the induced functions

fo(X,m) — (Y1)
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and
[ (X ) = (Y, p2)

are continuous (resp. open and resp. closed).
Similar to Proposition 3.3.9, we have the following result.

Proposition 5.3.9. Let f : (X, 7,7) — (Y, p1,p2) be a pairwise continuous
function such that f is onto, pairwise open and pairwise closed. If (X, 71, 7) is
(1,2)-6-normal and (2,1)-5-normal, then so isY .

Proof. Let A be 1-closed in Y and U be 2-open in Y. Then f~1(A) is a 1-closed
subset of X contained in a 2-open set f~'(U) of X. By hypothesis, there is a
2-open set V' such that

ci(f 1A NV) = fTHA) C ey (V) C f7HU).
From Lemma 3.3.1 we obtain cl; (AN f(V)) = A. Now,

FUFHA) C fleh(V) € (1))

which implies that A C cl;(f(V)) C U since f is onto and closed.
Therefore (X, 7, 7) is (1,2)-G-normal and (2, 1)-3-normal. O

From the above theorem we obtain the following corollary.

Corollary 5.3.10. Let f : (X, 7,72) — (Y, p1,p2) be a pairwise continuous
function such that f is onto, pairwise open and pairwise closed. If X is (1,2)-
B-normal and (2,1)-B-normal, then Y is (1,2)--normal.

Remark 5.3.11. Most of the results presented in this chapter can be repro-
duced when (2, 1)-g-normality is replaced with (1,2)-/S-normality.



Conclusion

In this thesis, we were able to characterize S-normal spaces using different
types of open sets and compare them with other spaces. With the use of the
ultrafilter space, we were able to provide a counterexample to a question posed
by Murtinova about the existence of a S-normal and regular space which is not
Tychonoff. We showed that S-normal spaces are preserved by continuous, onto,
open and closed maps and are continuous, injective, open and closed maps.

a-Normal spaces were characterized using countable open sets. Relation to
other topological spaces were also investigated. We proved that a-normal spaces
are preserved by continuous, onto, open, and closed functions, f : X — Y, that
satisfy f~1(f(A)) = A for all open A C Y. These spaces are reflected by
continuous, injective, open and closed maps.

We also introduced the notion of S-normality to bitopological spaces and
gave characterizations of these bitopological spaces in terms of (i, j)-a-open
and (i, j)-preopen sets.

As part of future work, we will further explore S-normality in bitopological
spaces and extend these to bilocales.
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