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Abstract

The Wiener index of a graph G is the sum of the distances
between all vertex pairs in G. A caterpillar-like tree is a tree
where all its branching vertices (vertices of degree at least 3)
lie on the same path. This project focuses on the class of
caterpillar-like trees with given order and other restrictions
such as number of leaves and maximum degree. The aim
is to determine the structures of those caterpillar-like trees
that reach the minimum (and maximum) Wiener index under
the prescribed restrictions.
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1 Introduction

In order to quantify the relationship between molecular structure
and physical properties, particularly the boiling points of paraffin
compounds (alkanes), Wiener [14] introduced the Wiener index in
1947 as a topological descriptor. Since then, the Wiener index has
gained a lot of attention in pure mathematics and has established
itself as a popular concept in the study of chemical graph theory.
What started out as a chemically motivated invariant has devel-
oped into a topic of wide mathematical interest, leading to a large
number of analytical frameworks and generalizations. These in-
clude concepts such as the transmission (also known as status)
of a vertex and the distance of a graph, among others.

The development of extremal graph theory, as initiated by the pi-
oneering work of Turan in 1941 [11], inspired a wide range of
problems where the goal is to determine graphs that maximize
or minimize specific parameters under given constraints. Within
this context, the Wiener index is among the most studied param-
eters. A major part of this thesis involves extremal problems. The
first mathematical paper on Wiener index was published in 1976
by Entringer et al. [7]. They proved that, out of all n-vertex trees,
the path P, achieves the maximum Wiener index, while the star
Ky ,-1, or simply S,, achieves the minimum Wiener index. Fur-
ther extremal results were obtained for trees with given matching
number [3], given degree sequence [1,5, 12, 16], given number of
leaves [5, 6], and given maximum degree [10, 13].

In particular, significant efforts have been directed towards un-
derstanding the behavior of the Wiener index under degree se-
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CHAPTER 1. INTRODUCTION 5

quence and segment sequence constraints. Caterpillars and caterpillar-
like trees often arise as extremal structures [2,5, 15], while greedy

tree constructions have been used to characterize trees minimiz-

ing and maximizing the Wiener index under various restrictions.

This thesis continues in this line of research by focusing on caterpillar-
like trees (also known as quasi-caterpillars) of order n with given
number of leaves ¢/ and given maximum degree A. Our aim is to
characterize the caterpillar-like trees with given number of leaves

as well as the caterpillar-like trees with given maximum degree
that achieve the minimum (and maximum) Wiener index.

1.1 Overview of the Thesis

This thesis is structured as follows. In Chapter 2, we present
some preliminaries that we are going to need for the next chap-
ters. In particular, in Section 2.1 we provide graph-theoretic no-
tation and terminology that we shall adhere to throughout this
thesis. Various families of graphs are also defined in Section 2.1.
In Section 2.2, we define what we mean by the Wiener index of a
graph, and we also present the explicit formulas for the Wiener in-
dex of some families of graphs. Furthermore, some known bounds
for the Wiener Index of some graphs are presented in Section 2.2.

The gist of this thesis begins in Chapter 3, where we study caterpillar-
like trees with a given number of leaves. In Section 3.1, we char-
acterise the caterpillar-like tree of order n with given number of
leaves ¢ and smallest Wiener index. Furthermore, the explicit for-
mula for the Wiener index of such a tree is presented in Section
3.1. In Section 3.2, we characterise the caterpillar-like tree of
order n with given number of leaves ¢ and largest Wiener index.

We continue in Chapter 4 by studying caterpillar-like trees with
given maximum degree A > 3. In Section 4.1, we obtained nec-
essary conditions for the structure of the caterpillar-like tree of
order n with given maximum degree A > 3 and smallest Wiener
index. In Section 4.2, we characterise the caterpillar-like tree of
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order n with given maximum degree A > 3 and largest Wiener
index.

Chapter 5 provides some concluding remarks that summarize the
results achieved in this thesis.



2 Preliminaries

In this chapter, we discuss the necessary terminology and no-
tation that we adhere to throughout this thesis. Moreover, we
present some preliminary results on the Wiener index of a graph.

2.1 Basic Graph Theory

In layman’s terms, a graph is any collection of objects, some of
which are related. Formally, we define a (simple and undirected)
graph as follows:

Definition 2.1 A simple and undirected graph G is an ordered
pair of sets (V(G), E(G)), where the elements of V(G) are called
vertices and E(G) is a set of 2-element subsets of V(G) which are
called edges.

Definition 2.2 The number of vertices in a graph G is the order
of G, and is denoted by n(G) or simply by n if the graph under
consideration is clear. The number of edges in a graph G is the
size of G, and is denoted by m(G) or simply by m if the graph
under consideration is clear.

Definition 2.3 If ¢ = {u,v} is an edge of a graph G that joins
vertices v and v, then the vertices v and v are adjacent (or are
neighbours) in G, while the edge e is incident to the vertices v and
v in G. Two edges e; and e, of a graph G are adjacent in G if they
share a common vertex; that is, e; Ney # ().

For simplicity, we often write uv to represent the edge that joins
the vertices v and v instead of writing the set {u,v}. An example of

7



CHAPTER 2. PRELIMINARIES 8

a graph G = (V(G), E(G)), where V(G) = {v1,v2,v3,v4} and E(G) =
{109, Vo3, Vovy, V30, } 1s illustrated in Figure 2.1.

U1
Vo

U3 Uy

Figure 2.1: A graph G.

Note that in the graph G shown in Figure 2.1, the vertex v, is
adjacent to the vertex vy, but the vertex v; is not adjacent to the
vertex vs. In addition, the edge v v, is adjacent to the edge wvyvs,
but the edge v;v, is not adjacent to the edge vsvy. Furthermore,
the edge v,v, is incident to both the vertices v; and vs.

Next, we define what is meant by the degree of a vertex.

Definition 2.4 The degree of a vertex v in a graph G, denoted
deg(v), is the number of vertices adjacent to v in G. The minimum
degree of G is

5(G) = min{dega(v) | v € V(G)},
while the maximum degree of G is
A(G) = max{deg,(v) | v € V(G)}.

Definition 2.5 Let G be a graph and u,v € V(G). A u-v walk
W in G is an alternating sequence of vertices and edges u =
Vo, €1,V1y...,Vk_1,

er, v = v, where the edge e¢; is incident to v; and v;_; forall 1 <i < k.
The length of W is the number of edges in it. We often denote a
walk by its vertices only, i.e., u = vy, v1, ..., Vp_1,Vp = V.

Definition 2.6 A graph G is connected if for every u,v € V(G),
there exists a u-v walk in G, otherwise the graph G is disconnected.
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2.1.1 Families of Graphs

In this subsection, we define some common families of graphs,
some of which we use more often throughout this thesis.

Definition 2.7 A complete graph is a graph in which each vertex
is adjacent to every other vertex. A complete graph of order n is
denoted by K,,.

The complete graph of order 5 is shown in Figure 2.2.

Figure 2.2: The complete graph K.

Definition 2.8 Let G be a graph and u,v € V(G). If W is a u-v
walk in GG, and all the vertices of IV are distinct, then IV is called
a u-v path in G. If all vertices of IV are distinct except the first and
the last, then W is a cycle of G. We denote the path and the cycle
of order n by P, and C,,, respectively.

The path of order 6 and the cycle of order 5 is shown in Figure 2.3.
P6 . m 05 :
Figure 2.3: The path F; and the cycle Cs.

Definition 2.9 A tree T is a connected graph that contains no
cycles. A vertex of degree 1 in 7 is called a leaf of T. A vertex of
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degree 2 in T is called an internal vertex of T. A vertex of degree
at least 3 in 7' is called a branching vertex of T'.

An example of a tree 7' is illustrated in Figure 2.4, where the vertex
u of T is a leaf, the vertex v of T is an internal vertex, and the
vertex w of T' is a branching vertex.

DRSS
D
O

<

Figure 2.4: A tree T.

Definition 2.10 A segment S in a tree T is a path, where each
terminal vertex of S is either a leaf or a branching vertex of 7'
and all the other vertices of S are internal vertices of 7. If S is a
segment of a tree 7' and S contains a terminal vertex which is a
leaf of 7', then S is a called a pendant segment of T'.

In the tree 7' shown in Figure 2.4, the segment whose terminal
vertices are v and w is a pendant segment of 7" since the vertex
is aleaf of 7.

Definition 2.11 A caterpillar is a tree in which the removal of all
the leaves yields a path.

An example of a caterpillar 7 is illustrated in Figure 2.5.

Definition 2.12 A caterpillar-like tree is a tree all whose branch-
ing vertices lie on a single path.

An example of a caterpillar-like tree 7 is illustrated in Figure 2.6.
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Figure 2.5: A caterpillar.

Figure 2.6: A caterpillar-like tree

Remark 2.13 Note that if 7"is a caterpillar, then 7 is a caterpillar-
like tree all whose pendant segments have length exactly 1. Hence,
we remark that a caterpillar is a special case of a caterpillar-like
tree. In particular, a path and a star are caterpillar-like trees.

Definition 2.14 Let T be a caterpillar-like tree. The backbone of
T is defined to be the longest path of 7" that contains all of its
branching vertices.

Definition 2.15 A broom, denoted B, ,, is a tree of order n ob-
tained from a path P,_, by adding ¢ new vertices and joining them
to exactly one end of P,_,. A double-broom, denoted B, 4, 4,, is a
tree of order n obtained from a path P,_,,_,, by adding ¢, + ¢, new
vertices and joining ¢, vertices to one end of P, 4, ,,, and ¢, ver-
tices to the other end of P, s, _¢,.
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2.2 The Wiener Index of a Graph

In this section we discuss the concept of the Wiener index. The
Wiener index was first introduced by a chemist, Harry Wiener, in
1947, where he identified a correlation between this index and
the boiling points of paraffins (saturated hydrocarbons or alka-
nes). This ignited the interest of many mathematicians to study
the Wiener index and obtain results that exceed the class of chem-
ical graphs; hence this index enjoys several applications in both
chemistry and mathematics.

First, we define the distance between two vertices of a connected
graph.

Definition 2.16 Let G = (V(G), E(G)) be a connected graph, and
u,v € V(G). The distance between v and v in G, denoted dg(u,v),
is the length of the shortest u-v path in G.

In the graph G shown in Figure 2.7, the v,-vy path Py : vy, v9,v3, 04
has length ¢, = 3, while the v;-v, path P, : v, v, v, has length (, = 2.
Thus, the distance from v; to v, in G is dg(vi,v4) = min{ly, e} =
min{2,3} = 2.

U1

U3 V4

Figure 2.7: A graph G.

Next, we define the Wiener index of a connected graph. The
Wiener index of a connected graph is the sum of the distances
between pairs of vertices in it. More formally, the Wiener index is
defined as follows:
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Definition 2.17 Let G be a connected graph with vertex set V(G).
The Wiener index of G is defined as

W(G) = Y da(uwv).
)

u,veV (G

2.2.1 Explicit Formulas for the Wiener Index of
Some Graphs

In this subsection we present the explicit formula for the Wiener
index of a complete graph K,, star K;,_; and a path P, of order n.
They are very well-know formulas, see for example [9].

Proposition 2.18 For any intergers n > 1.

W(K,) = (Z) (1) = w

Proof. Let G be a complete graph K,. Then every vertex of G
is adjacent to every other vertex of G, implying that all the (g)

pairs of vertices of G are at distance 1 from each other. Thus,

wie) = wir) = (4) - =",

completing the proof. g

Proposition 2.19 For any intergers n > 1.
W(Kyn1) = (n—1)%

Proof. Let G be a star K;,_,. Then there are n — 1 vertices of G
that are at distance 1 from a single (central) vertex, and there are

-1
<n 5 ) vertices of G that are at distance 2 from each other. Thus,

n—1

W(G) = Wik = -1 @)+ ("5 1) - @ = (- 12

completing the proof. O
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Proposition 2.20 For any intergers n > 1.
n3 —n

5
Proof. Let P, = wvy,vy,...,v, be a path of order n.
dp, (vi,v;) =
is, therefore, given by

W(P) =Y dp(vjv)

W(Pn) =

vi,0; €V (Pp)
—Y 3G9
i=1 j=it1
_ il (n(n;— 1) Z(Z;Ll) i(n — z))
nn+1) we=ili+1) <= n_12
:; (2 >—l:1 (2 )—;zn+;z
:n(n;—l)( _1>_%n_ ii+1)—n n(nz—l)
n(n—1)(2n —1)
- 6
o+ )n—1) 1 [, . (n—1n
= 5 —§<Z:1z +i:1z>—n
+(71—1)723(271—1)
~nm+1)n—-1) 1 - o 1 [
= 5 ~5 i:1z —5 1:12 —-n
(n—1)n2n—1)
+ 6
)

Note that
j —i| for every 1 < i,j < n. The Wiener index of P,
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nn—1) nn-1)2n—-1)
2 * 6

which completes the proof. 0

2.2.2 Known Bounds for the Wiener Index of
Some Graphs

In this subsection we present, some known lower (and upper)
bounds for the Wiener index of some classes of graphs. More
specifically, we present a lower (and upper) bound for the Wiener
index of a graph G in terms of its number of vertices if G is any
connected graph, and if G is any tree.

Bounds for Connected Graphs

One of the general bounds on the Wiener index comes from con-
sidering the extremal behavior in the class of all connected graphs
of fixed order. The minimum Wiener index is attained by the com-
plete graph, where the distance between each pair of distinct ver-
tices is exactly 1.

Theorem 2.21 ([4]) If G is a connected graph of order n, then
W(G) > w)
with equality if and only if G = K,,.

Proof. In any connected graph, the shortest path between two
distinct vertices is at least 1. The complete graph K,, achieves this
lower bound for all (}) pairs of vertices. Thus,

W(K,) = uvz‘/:(g)d(u,v) — (Z) 1= w

For any other connected graph G that is not complete, there exists
at least one pair of vertices with distance greater than 1, which
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increases the overall sum of distances. Therefore, W (G) > W(K,,)
unless G = K,,. O

On the other hand, the largest Wiener index among all connected
graphs with n vertices is achieved by the path graph P,.

Theorem 2.22 ([4]) If G is a connected graph of order n, then

3

w(a) < 6‘”

with equality if and only if G = P,.

As in Proposition 2.20, this upper bound can be derived by sum-
ming all pairwise distances in a path graph, using known sum-
mation identities. This can be done using known summation for-
mulas. Since this bound also holds for trees, we will revisit it later
in a more specific way.

Bounds for Trees

The class of trees has received particular attention in the study
of Wiener index due to its structural simplicity and relevance in
both theoretical and applied contexts. In a landmark 1976 paper,
Entringer et al. [7] established tight bounds on the Wiener index
for trees of a given order. These results remain foundational and
continue to be widely cited.

The following theorem provides a lower bound on the Wiener index
for trees.

Theorem 2.23 ([7]) If T is a tree of order n, then
W(T) > (n — 1),
with equality if and only if T = K ,,—;.

Proof. Let T be a tree of order n with diameter d. For an integer i,
where 1 < i < d, define

Di(T) = {{u,v} CV(T) | dr(u,v) =i}.
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Note that, K ,_; has diameter 2, so

W(K1n1)=1-|Dy(T)| 42 |Dy(T)|

:1.(n—1)+2.(”;1)
= (n—1)>2%

If T2 Ky,-1, then T has diameter d, where d > 3. Thus,

W(T) =3 ilDi(T)]

d
=1-[Dy(T)| +2-|Do(T)| + Y i Dy(T)].

=3

Let x be the number of pairs at distance 2, and y the number of
pairs at distance at least 3. Then z +y = (",'). So

W(T) = 3 4Di(T)]

i>1

=1-|Dy(T)| + i Di(T)|

1>2

> (n—1)42x+ 3y

as desired. This establishes the lower bound. O

The maximum Wiener index for trees is again achieved by the path
graph.

Theorem 2.24 ([7]) If G is a tree of order n, then
3

w(a) < 6‘”

with equality if and only if G = P,.
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This result follows by computing the exact Wiener index of a path
graph, where the distance between two vertices i and j is |i — j
and summing over all such pairs:

’

3

we)=Y 3 |@'—j|:§_:k;(n—k;):” 6‘”
k=1

i=1 j=i+1

The derivation uses symmetry and classic summation formulas;
details can be found in [7].

The proof uses symmetry and classic summation formulas; de-
tails can be found in [7].

Remark: The result of Theorem 2.23 and Theorem 2.24 com-
pletely characterises the extremal trees with respect to the Wiener
index in the class of all trees with given order n.

The main results of this thesis are presented in Chapter 3 and
Chapter 4, where the Wiener index is studied in the family of
caterpillar-like trees which is a subfamily of the family of trees.



3 Caterpillar-like trees with
given number of leaves

In this chapter we study caterpillar-like trees with given order
and given number of leaves relative to their Wiener index. More
specifically, we determine the structure of those that have the
largest or smallest Wiener index.

3.1 Minimal n-vertex caterpillar-like
trees with given order and number of
leaves

In this section we present a series of lemmas that intend to char-
acterise the structure of a caterpillar-like tree with given order
and given number of leaves that possesses the smallest Wiener
index.

Definition 3.1 A tree is called start-like if it contains at most one
vertex whose degree is greater than 2. Let n and ¢ be integers such
that n > ¢ > 2, and let 5,,, be the star-like tree of order n, where
each pendant segment of S, , has length either | 2| or [2].

Lemma 3.2 LetT be a caterpillar-like tree of order n having ¢ leaves.
If T has minimum Wiener index, then every segment of T is a pen-
dant segment.

Proof. Let T be a caterpillar-like tree of order n having ¢ leaves.
Suppose, to the contrary, that 7" has minimum Wiener index and

19
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there exists a segment S : ug, uy,...,u,_1,u, in T such that S is not
a pendant segment. Thus, both u, and u, are branching vertices of
T, and therefore have degrees at least 3 in 7. Let deg,(uy) = ¢ and
degr(u,) = t. Furthermore, let Nr(u,) \ {u,—1} = {wi,wa, ..., w1}
Since 7' is a caterpillar-like tree, there must exist a vertex w;,
where 1 < i <t — 1, such that w; lies on a pendant segment of 7.
Let u,,u,11,...,us be a pendant segment of 7. Without any loss of
generality, we may assume that w; 1 = 1.

Let A = Np(up) \ {w1} = {21, 22,...,2,}, B =S5, C the path induced
by the vertices of the set {u; |r+1<i<s},and D=T-A—-B-C
containing w; for 1 <i <t —2. Let F = C U D. Without any loss
of generality, by flipping the tree 7" if necessary, we may assume
that A > F'. Hence A > F > C (since F' = C U D).

Figure 3.1: The tree 7" in the proof of Lemma 3.2

The Wiener index of T is

Z dTuv Z dr(u,v) + Z dTuv)

u,veV (A u,weV(B) u,veV (C
+ ZdTuv ZdTuv+ZdTuv
u,veV (D) ueV (A ueV (A
vEV(B) veV(C)
+ZdTuv ZdTuv ZdTuv
ueV(A) ueV (B ueV(B)

veV (D) veV(C) veV( )
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Let 7" be the graph obtained from 7T by deleting the edges in the
set {u,w; | 1 <i <t—2} and adding the edges in the set {uow; | 1 <
i <t—2}.

T .

Figure 3.2: The tree 7" in the proof of Lemma 3.2

Note that 7’ has the same number of leaves as 7, so it is a
caterpillar-like tree with /¢ leaves. The Wiener index of 7" is

ZdT/uv ZdT/uv+ quvuv

u,veV (A) u,veV (B u,veV(C)
Z dp(u,v) + ZdT/uv ZdT/uv
u,weV (D) ueV (A ueV(A)
veV(B) veV(C)
—l—ZdT/uv ZdT/uv—i-ZdT/uv
ueV(A) ueV (B) ueV (B
veV (D) veV(C) veV(D)
+ Z dr(u,v)
ueV (C)
veV (D)
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+ Z dr(u,v) + ZdTuv ZdT(u,v)
u,veV (D) ueV (A ueV(A)
vEV(B) veV(0)
+ Z [dr(u,v) —r] + Z dr(u,v) + Z [dr(u,v)
ueV (A) ueV (B ueV (B)
veV (D) veV(C) veV (D)
+ Z dT(u7U)+T]
ueV(C
veV (D

)
)
WAT) = rV(A)[V (D) +r[V(C)V(D)]
W(T) = r[V(D)|([V(A)| = [V(C)])

< W(T).

The last inequality is strict because r > 1,|V(D)| # 0, and |V (A) >
V(). O

By iteration of Lemma 3.2, we deduce that the n-vertex tree 7'
with smallest Wiener index is a star-like graph. Next, we show
that all segments of 7" have lengths as close as possible.

Lemma 3.3 LetT be a caterpillar-like tree of order n having ¢ leaves,
and let S, and S, be any two segments of T' such that S; and S, have
lengths r and s, respectively. If T' has minimum Wiener index, then
|s —r| < 1.

Proof. Let T be a caterpillar-like tree of order n having /¢ leaves,
and let Sy : ug, uy,...,u, and Sy : wp, wy, ..., ws be any two segments
of T'. Suppose, to the contrary, that 7" has minimum Wiener index
and |s—r| > 2. Without any loss of generality, we may assume that
s > r. By Lemma 3.2, T is a star-like tree and, therefore, all its
segments are pendant segments. Thus, we may further assume
that u, and wy are leaves of the segments S; and S, respectively.
Also, we deduce that uy = wy.

Let A =V(S,)UV(Sy\ w,) and B = V(T) \ A.

The Wiener index of 7' is given by

CY drwn+ Y e + Y dr(uo)

u,vEA u,vEB u€eA
veEB
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Figure 3.3: The tree T in the proof of Lemma 3.3

+ Z dT(ws, U) + Z dT(wS, U).

vEA veEB

Let 7" be the graph obtained from 7' by deleting the edge w,_jw;
and adding the edge u,w;.

Note that 7’ is a star-like tree with ¢ leaves. However, the
Wiener index of 7" is

W(T) = > dp(u,v)+ Y dprlu,v) + Y dp(u,0)

u,vEA u,veEB u€A
veB
+ Z dr (wg,v) + Z dr (wg, v)
vEA vEB
= > dr(uo)+ Y dr(u,0) + ) dr(u,v)
u,vEA u,vEB u€A
veEB
-+ ZdT<wsa U) + Z[dT(ws7 U) - (S - T)]
vEA vEB

=W(T) = (s —7)|B|
< W(T) , since s —r > 2.
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Figure 3.4: The tree 7" in the proof of Lemma 3.3

This contradicts the fact that 7' has minimum Wiener index.
OJ

We now find the formula for the Wiener index, W (S, ), of the star-
like tree, S, , described in Definition 3.1. We will express W (S, /)
as a function, of the number n of vertices of S, , and the number
¢ of leaves of S,,,. Let s = [“7*| and t = [%;}| denote the length of
the shortest and a longest (pendant) segment of S, ,, respectively.
Let k; be the number of segments of length s in S, ,, and k, be the
number of segments of length ¢ in S, ;.

Let S be the set of all segments of length s in S, ,, and let T be
the set of all segments of length ¢ in S, ,. If P = vy, vy,...,vs is a
segment (or path), then d(v;,v;) = |j — i|. Let v and v be arbitrary
vertices of S, . The sum of the distance between all pairs u, v that
lies on the same segment P of length s is

S ) =k -3 S (G- d)

PeS u,veP 1=0 j=i+1
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s—1 r . .
- <S_(Z+1)—;1)(S+Z+l)—i(s—(i+1)+1)
i=0 L
s—1 . .
Y (S_Z)<82+Z+1)—i(s—i)}
i=0 L
:kl-si _(s—i)(s+i—|—21) — 2i(s — 1)}
i=0 L
:kl‘sfl s —1—3—1—22—2—225_
i=0 L .
k [s—1 s—1 7
1 2
-4 Qs—z) +3 -0
k|
=5 Z@ +Z
_ Rk (S+1)(2s+1)+s(s—|—1)
2 | 6 2
s(s+1)(s+2)
— _

Similarly, the sum of the distance between all pairs u,v that lies
on the same segment P of length ¢ is

(t+1)(t+2)
ZZduv = ko - 5

PeT uweP

The sum of the distance between all pairs u, v that lies on different
segments of length s and ¢ respectively, is

s t
Wa = kiks > Y (j +1)

= k1k2z

- k’lk’g |:

i=1 j=1

> [t(t ; 1)

tt+1)
o

+ it]

s+
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‘S+

— Tyks r(t;l) 3(8; D -t] .

If v and v lie on different paths of length s in S, ,, then the sum of
the distances between v and v is

Wss = (21)82(8 +1).

If v and v lie on different paths of length ¢ in 5, ,, then the sum of
the distances between v and v is

Wy = (k;)t% +1).

We now consider the following two cases.
CaseI: " cZ.

Suppose that ”771 €Z. Then, t=s= ”7*1 and k| = ky = (. Thus,

W(Sne) =Y > d(u,v)+ W,

pPeS upeP

[s(s+1)(s+2)] 1 s(s+1) s(s+1)
:é.- 5 _+<2>.[ 5 - s+ 5 .3
0. 5(5“%(”2) + (g) [s%(s + 1)]

_y. -8(8+123(S+2)- +€(€2—1) (s +1)]

fs(s 4+ 1)(s + 2) . (0s)2(s + 1)(¢ — 1)
2

Os(s+1)(s + 2+ 3s(0 — 1))
(nzl) (nzlﬂ) (”le+2+3£(n;1)(£—1))
(n;l) (n—;—i—ﬁ) (n—1€+2€+3€<n21>(£_1))

~

~

D= D= =
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_ (”6_61>2(n— L4+ 0)(1— £ +30).

Case II: ' ¢ Z.

Suppose that 2! ¢ Z. Then, ¢t = s+ 1. Since S,, has n—1 edges
and / leaves, we have

]{71 + k’g = f, and (3 1)
kis + kot =n — 1. (3.2)

Thus,
kis+ky(s+1)=n—1 = (k1 +ko)s+hka=n—1
= ls+ky=n—1,
or, equivalently,
ko =n—1—/s. (3.3)
Substituting Equation (3.3) into Equation (3.1) gives
ki=0—(n—1—"ts)=(s+1){—(n—1). (3.4)

The Wiener index of S,/ is,

Z Z duv+z Z d(u, v) + W 4+ Wiy 4+ Wy

_ :ﬁu[vi:jlé(s + Q)f:T;UT((Z)Jr 1)(s 46- 2)(s + 3)]
+ <k21> (s +1)] + (k;> (s +1)%(s +2)]

s(s+1)(s+2)  s(s+1)>
2 T }

(3.5)

Fh |

Note that if 3 € Z, then |2+ |+ = |27} + 3. Substituting s = |2 |
and Equations (3.3) and (3.4) into Equation (3.5) gives

Z Z d(u,v) =

PeS uweV(P)
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(e e

é(n— _KVTD V_EMJ V_];%J {n—lﬁ—i—%J,
W = <L"—T}“J€2—(n—1)> V;lJQV_z}MJ’
W, — (n—l—f\_’%lj) V_;JFEJQV_ZJF%J?

= (=) |25
. anlJ Ln—;%—ﬁJ V_T%J . VTJ Qn—éwD ]

Thus,

W(Sne) =Y du,0) + Y Y d(u,v) + Wae + Wiy + Wiy

€S u,weV(P) PeT uweV(P)

. [3(34—1)(8—1—2)} - {(s+1)(322)(s+3)]

k;)-[52(s+1)}+(l;2>-[(s+1)2(s+2)]

by [s(s+ 1g(s+2) N 3(3%2—1)2} _

(V—g}MJE_(”_I)) V;lJ Ln—;JréJ V_lgjL%J
N (n—1—£ n21J> {n—2+£J Ln—lftzﬁJ Ln—l;%J
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N 2= 00— (n—1)\ |n—1 ln—1+1¢
2 14 14
N n—l—EL”TTIJ n—1+0*|n—1+20
2 l 14
1 /(n—1+4+/¢ n—1
(o) (o)
I L e A I LA A AL EX ?
l 14 14 / l '
Lemmas 3.2 and 3.3 give the following characterisation of the

n-vertex caterpillar-like tree with number of leaves and smallest
Wiener index.

Theorem 3.4 IfT is a caterpillar-like tree of order n having ¢ leaves,
then

W<T) Z W(Sn,£)7

with equality if and only if T' = S, ;.

3.2 Maximal n-vertex caterpillar-like
trees with given number of leaves

In this section we characterise the structure of a caterpillar-like
tree with given order and given number of leaves that possesses
the largest Wiener index. We begin with the following definition.

Definition 3.5 Let n and ¢ be integers such that n > ¢ > 2, and
let ¢ = ¢, + ¢, for some ¢,¢, € Z with ¢,,{, > 1. Denote by B, s,
the double-broom of order n obtained from the path P, s, by
attaching /, leaves to one end of P,_, ¢, and attaching /, leaves
to the other end of P,_(;, 1,).

In the remaining part of this section, we present, with proofs,
a series of lemmas that lead to a characterisation the n-vertex
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caterpillar-like tree with given number of leaves and largest Wiener
index. We deduce from these lemmas that such an n-vertex caterpillar-
like tree is none other than the double-broom an[ L

Lemma 3.6 LetT be a caterpillar-like tree of order n having ¢ leaves
and at least one non-pendant segment. If T has maximum Wiener
index, then all the internal vertices of T (vertices of degree 2 in T)

lie in one non-pendant segment.

Proof. Let T be a caterpillar-like tree of order n having ¢ leaves
and at least one non-pendant segment. Let S : z¢, 21, ..., 21, 2, be
a non-pendant segment of 7', where both 2y, and z; are branching
vertices of T'. Let deg,(z9) = ¢ and deg,(zx) = t. Furthermore, let
Ny(zp)\{zk_1} = {wy,ws,...,w;_1}. Suppose, to the contrary, that T
maximizes the Wiener index and there exists a vertex v of degree
2 that lies on a pendant segment P : zy, x4 1,...,2s of T. Without
any loss of generality, we may assume that w;,_; = xp.

Let A be the component of 7" — z;_,2;, containing z,_; and B be
a component of 7' — z;_;z;, containing x;. Assume that |V (A)| >
|V(B)|. Furthermore, let B; be the component of B — x4, con-
taining z,1 and By = B — (V(By) U {x}}).

Figure 3.5: The tree T in the proof of Lemma 3.6

The Wiener index of T is

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV (A) u,weV(By) u,weV (Bzg)
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Z dr(u,v) Z dr(u,v) Z dr(u,v)
ueV (A ueV (A ueV(B1)
UEV(Bl) veV( Bg) veV (Ba)
+ZdTuxk+ZdTuxk+ ZdTUSUk
ueV UGV B1) uEV Bg)

Let 7" be the graph obtained from 7 by deleting the edges in the
set {zyw; | 1 <i <t -2} and adding the edges in the set {z) w; |
1<i<t—2}.

************************

Figure 3.6: The tree 7" in the proof of Lemma 3.6

Note that 7" is a caterpillar-like tree with ¢ leaves. The Wiener
index of 7" is

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV(A) u,v€V (B1) u,v€V(Bz2)

+ Z dr (u,v) Z dr (u,v) Z dr (u,v)
ueV(A) ueV(A) ue€V(B1)
veV(B1) veV (Bza) veV (Bza)

+ Z dr (u, xy) Z dr (u, xy) Z dr(u, xy).
’U,EV UEV Bl) UEV Bg)

Z dr(u,v) Z dr(u,v) Z dr(u,v)

u,veV(A) u,v€V (By) u,v€V (Bg)

+ Z dT(uv v) + Z [dT(ua U) + 1] + Z [dT(ua U) - 1]
ueV(A) ueV(A) u€V(B1)

veV(B1) veV(Ba) veV(B2)
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+ Z dr(u, xy) Z dr(u, xy) Z [dr(u, xy) + 1]
uEV ’LLEV Bl) UEV(BQ)

(4)
W(T) + VAV (B2)| = [V(B)|IV(Bs)| + [V (By)]
W(T) + ([V(A)| = V(B1)| + DV (By)]

Since |V (A4)| > |V(B)| = |V/(By)|+|V(By)|+1, we deduce that |V (A)| >
|V (By)| and hence (|V(A)| — |[V(By)| + 1)|V(B2)| > 0. Thus, W(T") >
W (T), contradicting our supposition that 7' has maximum Wiener
index.

Similarly, if |A| < |B;|, let 7”7 be the graph obtained from 7' by
deleting the edges in the set {z,w; | 1 < i <t — 2} and adding the
edges in the set {z;_w; | 1 <i <t —2}.

Figure 3.7: The tree 7” in the proof of Lemma 3.6

Note that 7" is a caterpillar-like tree with ¢ leaves. The Wiener
index of 7" is

T” = Z dT// U U + Z dTH u U + Z dT// u U

u,veV(A) u,veV (By) u,weV (Bg)

-+ E dT// u ’U E dT// u ’U E dT// u U
ueV (A ueV(A u€eV(B1)
’UGV(B1) veV (Ba) ’UEV(BQ)

-+ E dTN u l’k E dTN u ZEk E dTH U ZEk
ueV(A) ueV(B1) u€V (Bz2)

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV (A) u,weV (B1) u,veV (Bz)
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Z dr(u,v) Z [dr(u,v) — 1] + Z [dr(u,v) + 1]

ueV(A u€V(A) u€eV(B1)
UGV(B1) veV (By) veV (Ba)

—i—ZdTua:k ZdTu:ck—i-Z [dr(u, ) + 1]
ueV (A) ueV (B1) u€V (Ba)

=W(T) = [VA|IV(Ba)| + [V(B)[|V(B2)| + |V (B2)

=W(T) + (IV(B1)| = [V(A)| + )|V (B2)|

> W(T)

again contradicting the maximality of 7. Thus, all the internal
vertices of 7' (vertices of degree 2 in 7' ) lie in one non-pendant
segment. U

Lemma 3.7 Let T be an n-vertex caterpillar-like tree with ¢ leaves.
If T has maximum Wiener index, then T has at most one non-
pendant segment.

Proof. Let T be a caterpillar-like tree of order n having ¢ leaves.
Furthermore, let Q = z¢,z,...,z, be the backbone of 7. It is
sufficient to prove that if 7" has maximum Wiener index, then
deg,(z;) = 2 for all 7, where 1 <i < k — 1. Suppose, to the contrary,
that 7" attains the maximum Wiener index and deg;(x;) > 3 for
some i, where 1 < i < k—1. Let Np(x)\{zi_1, i1} = {w1,wo, ..., w},
where t = deg,(z;) — 2. Since T is a caterpillar-like tree, there must
exist j, where 1 < j <t such that w; lie on a pendant segment of
T. Without any loss of generality, let S = z;, wf,w;, ..., w}, where
r > 11is an integer and w; = w;.

Let A be the component of 7" — z;_;x; containing x; ; and B be
the component of 7' — z;_;x; containing x;. Without any loss of
generality, we may assume that |V (A4)| < |V(B;)|. Furthermore,
let By be the component of B — z;x;,; containing z,,,, and By =
B -V (By) =V(S).

The Wiener index of T is

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV (A) u,weV(By) u,weV (Bzg)
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

u,veV(S) uGV(A ueV (A
veV(B1) ’UGV(B2)

+ngpuv ZdTuv ZdTuv

uEV UEV Bl) ueV(31

veV(S) veEV(B3) veV(S)
+ Z dr(u,v)

ueV (Bz2)

veV(S)

Let 7" be the graph obtained from 7' by removing B, and adding it

Ti—1-

Note that 7" is a caterpillar-like tree. The Wiener index of 7" is

Z dr(u,v) + Z dr(u,v) + Z dr (u,v)

u,veV(A) u,weV(By) u,weV (Bz)
—i—ZdT/uv ZdT/uv ZdT/uv
u,veV (S ueV (A ueV (A
veV(Bl) ’UEV(BQ)
+ Z dr (u,v) Z dr (u,v) Z dr (u,v)
ueV (A) ueV(B1) ueV(B1)

veV(S) veV(B2) veV(S)
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

uGV Bg)
veV(S)
Z dr(u,v) Z dr(u,v) Z dr(u,v)
u,veV(A) u,v€V (B1) u,v€V (Bg)
+ Z dr(u,v) + Z dr(u,v) + Z [dr(u,v) — 1]
u,veV(S) ueV (A ueV(A)
veV( Bl) vEV(Bg)
+ZdTuv+ZdTuv +ZdTUU
ueV (A ueV(B1) ueV(B1)
veV(S) veV(BQ) veV(S)
+ Z [dr(u, v
ueV(Bz)
veV(S)
W(T) = [V(A)|V(Ba)| + [V(B)[|V(B2)| + [V (B2) ||V ()]

) =
W(T) + [V(B2)|(IV(By)] + [V (S)] = [V(A)])
WA(T).

V(S)| > 1, we have |V (By)|+ |V(S)| — |[V(A)| > 1, and since

By V(By)| > 0. O

Lemma 3.8 LetT be a caterpillar-like tree of order n having ¢ leaves
and only one non-pendant segment S. If {; and (, are respectively
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the number of leaves in the two sides of S, then T reaches the max-
imum Wiener index if |(s — (1| < 1.

Proof. Let T be a caterpillar-like tree of order n having ¢ leaves
and only one non-pendant segment S : wg,wy,...,w, 1,w,. Fur-
thermore, let Np(wg) \ {w1} = {x1,29,..., 24} and Np(w,) \ {w,_1} =
{v1,v9,...,v5,}. Suppose, to the contrary, that T has maximum
Wiener index and |(; — (1| > 2. Without any loss of generality, we
may assume that ¢/, > ¢;. By Lemma 3.6, if T contains an internal
vertex (a vertex of degree 2), then such a vertex lies on S, implying
that each pendant segment of 7" has length exactly 1.

Let A* be the component of 7' — wyw; that contains wy, and A =
A* — wy. Furthermore, let B* be a component of 7" — w, ;w, that
contains w, and B = B* — {w,, vy, }.

Figure 3.10: The tree 7" in the proof of Lemma 3.8

The Wiener index of T is

Z dr(u,v) + Z dTuU Z dr(u,v)

u,veV(A) u,veV (S u,veV (B)
+ E dr(u,v) E dT (u,v) g dr(u,v)
ueV(A) ueV(A) uEV(S

veV(S) veV(B) veEV(B)
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Z dT ,Uﬁz ) Z dT ,Ufg ) Z dT Uﬁg 9
veV (A veV (S veV (B

Let 7" =T — w,vy, + wouvy,.

Note that 7" is a caterpillar-like tree with ¢ leaves. The Wiener

Figure 3.11: The tree 7" in the proof of Lemma 3.8

index of T’ is

Z dr(u,v) + Z dT/uv Z dr(u,v)

u,veV(A) u,veV (S u,veV(B)
—i—ZdT/uv ZdT/uv ZdT/uv
ueV (A) ueV (A) ueV(S)
veV(S) veV(B) veV(B)
+ Z dT’ Ufg) Z dT’ UéQ? Z dT/ U€27
veV (A veV (S veV(B)
Z dr(u,v) Z dT (u,v) Z dr(u,v)
u,veV(A) u,veV (S u,veV(B)
+ZdTuv ZdTuv ZdTuv
ueV(A) ueV (A ueV(S)

UGV(S) UEV( ) UGV(B)
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+ [dT(U&? U) - Z] + Z dT(Ufw U) + Z [dT(U&? U) + Z]
(4)

veEV veV (S) veV(B)
= W(T) = 2|V(A)| + 2[V(B)]
— W(T) + =(V(B)| - [V(A))).
By assumption, ¢, > ¢, +2, so |V(B)| ={y —1 > {; = |V(A)|. Thus,

[V(B)| —|V(A)| > 0, implying that W (T") > W(T). This contradicts
the fact that 7' has maximum Wiener index. O

Lemma 3.6, Lemma 3.7 and Lemma 3.8 give the following char-
acterisation of the n-vertex caterpillar-like tree with given number
of leaves and largest Wiener index.

Theorem 3.9 IfT is a caterpillar-like tree of order n having ¢ leaves,
then

W) = Wil 1))

n,

with equality if and only if T = B, GOk



4 Caterpillar-like trees with
given maximum degree.

In this chapter, we focus on finding extremal caterpillar-like trees
with given order and fixed maximum degree. The first section
is based on finding minimal graphs then we proceed to finding
maximal graphs.

4.1 Minimal n-vertex caterpillar-like
trees with given maximum degree.

In this section we present partial results on characterization of
the n-vertex caterpillar-like tree with given maximum degree and
has the smallest Wiener index. We also present corollaries for
special cases in which a complete characterization is obtained.

Lemma 4.1 LetT be a caterpillar-like tree of order n having a max-
imum degree A > 3. If T has a minimum Wiener index then, all
non-pendant segments in the backbone are of length 1.

Proof. Let T be a caterpillar-like tree of order n having a maxi-
mum degree A > 3. Furthermore, let @ : zo,201...,70, be any
non-pendant segment of 7. It follows, therefore, that deg,(z¢0) > 3
and deg;(zo,) > 3. We want to show that if 7" has minimum
Wiener index, then » = 1. Suppose, to the contrary, that 7" has
minimum Wiener index and r > 2. Let S : %99, 210,...,%ip and
Syt Toys L1, ..., 25, De any two pendant segments of T rooted at
xop and x,, respectively.

39
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Let H=T— (V(Q) \ {00, %0,}). Then, H has two components,
namely H; containing the vertex z,, and H, containing the vertex
zo,. Let A= H; —V(S)) and B = Hy, — V(S2). Without any loss of
generality, we may assume that j > .

\

Figure 4.1: The tree T in the proof of Lemma 4.1

The Wiener index of 7' is, therefore, given by

W(T) =Y dr(u,v)+ Y dr(u,v)+ > dr(u,v)

u,vEA u,vEST u,v€S52UBUQ\{x0,0,20,1}

+ Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u€A u€A u€S1
v€S2UBUQ\{x0,0,20,1} veEST vESUBUQ\{z0,0,%0,1}

+ Z dr(u, zo,1) + Z dr(u, wo1) + Z dr(u, To,1).

ucA u€S2UBUQ\{0,0,%0,1} uEST

Let T" = (T — {wo,070,1}) + {Z0,0T02}-
Note that 7" is still a caterpillar-like tree with maximum degree
A. However, the Wiener index of 7" is given by

W(T') =" dp(uv)+ > dp(u,v)+ > dr(u,v)

u,vEA u,VES u,v€S2UBUQ\{z0,0,20,1 }
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-~ -~

4 \ 4 \

Figure 4.2: The tree 7" in the proof of Lemma 4.1

+ Z dT/ (U, U) + Z dT’ (U, U)

ueA ucA
ve€SUBUR\{z0,0,%0,1} vES

+ E dT’ (u, ’U) -+ g dT’ (U, xo,l)
ueS; u€EA

vESy UBUQ\{x0,0,CEOJ}

+ Z dT/ (u, 1’0,1) + Z dT/(u, [E071)

uESQUBUQ\{xo,O,on} u€eS
= Z dT(U’v U) + Z dT(Uv U) + Z dT(u’ U)
u,vEA u,vES] u,’UeSQUBUQ\{xo’O,])O,l}
+ Z [dT(uu U) - 1] + Z dT(u7 U)
u€A u€A
UESQUBUQ\{xoyo,CEOJ} vES]
+ Z [dT(ua U) - 1]
ue ST

ve€S2UBUQ\{z0,0,70,1}

+ > [dr(u, o))

u€ Sy UBUQ\{xoyo,mo’l }
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+ Z[dT(U, Toq) + 1] + Z [dr(u,20,1) + 1]

u€eA u€S]

=W(T) — |A||S2UBUQ\ {x00, %01}
— [S1[[S2 U BUQ\ {wo,0, zo1}| + |A] +[51]
=W(T) = [A[G+ (=1 +[B) -+ +(r—1)+|BJ)
+ |A| + |5
=W(T) - (G +r—14+|B)(A[+ (i + 1)) + [A] + |51]
=W(T)—(G+r—14+|B)(A]+(@+1)+ A+ (E+1)
=W(T) - (G +r+|BD(A[+ (¢ +1))
W(T) B+ 1BN(A] +2)
W(T).

Since r >2and j > > 1. O

Lemma 4.2 Let T be a caterpillar-like tree of order n with max-
imum degree A > 3, and let P : x,...,z; and Q : yo,...,y; be
pendant segments in T with deg,xy > 3 and deg; 1y, > 3 such that
dr(zo,yo) < 1. If T has minimum Wiener index, then |j —i| < 1.

Proof. Let T be a caterpillar-like tree of order n with maximum
degree A > 3, and let P : zp,...,2; and Q : vo,...,y; be pendant
segments in 7' with deg; o > 3 and deg; yo > 3 such that dr(zg, yo) <
1. Suppose, to the contrary, that 7" has minimum Wiener index
and |j—i| > 2. Without any loss of generality, we may assume that
j =1+ r, where r > 2. We now consider two cases.

Case (i) Suppose dr(zg,yo) = 0.
Then zy = y,, so the pendant segments P and () share a com-
mon vertex, say zo. Let A=T—-PUQ.
The Wiener index of 7' is, therefore, given by

Z dr(u,v) Z dr(u,v) + Z dr(u,v)

u,veV (A) u,veV(PUQ)\{y;} ueV (A)
veV (PUR)\{y;}

+ Z dT u y] Z dT(uvyj)'

ueV(A) ueV(PUQ)\{yj}
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Figure 4.3: The tree T in the proof of Lemma 4.2 (case (i))

Let T, = (T — yjflyj) U {Zlfly]}

T :

Yj

Figure 4.4: The tree 7" in the proof of Lemma 4.2 (case (i)

Note that 7" is a caterpillar-like tree with maximum degree A >

43
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3. However, the Wiener index of 77 is

Z dT/ u U Z dT/(U, U) + Z dT/(u,v)

u,weV (A u,weV (PUQ)\{y;} u€eV(A)
veV(PUQ)\{y;}

+ Z dT’ u yj Z dT’(u7yj)

ueV(A) ueV(PUQ)\{yj}
Z dr(u,v) Z dr(u,v) + Z dr(u,v)
u,veV(A) u,weV(PUQ)\{y;} ueV (A)

veV (PUQ)\{y;}

+ Z [dr(u,y;) — (r—1)] + Z dr(u,y;)

u€V(A) weV(PUQ)\{y;}

=W(T) = (r = 1]A].

Since deg,(z9) > 3, we have |A| > 1. Furthermore, since r > 2, we
have »r — 1 > 1. This implies that (r — 1)|A| > 1, and so W(T") <
W (T). This, however, contradicts our assumption that 7" has the
minimum Wiener index.

Case (ii) Suppose dr(zg,yo) = 1.

Then, P and ) are pendant segments of 7" whose backbone
vertices, zy, and y, are neighbors in 7. Let A’ be the connected
component of 7" — zyy, that contain z,. Let A = A’ — P and let
B=T—-A-P-Q.

The Wiener index of 7' is, therefore, given by

ZdTUU Z Z dr(u,v)

u,vEV (A) quV(PUQ)\{yJ} UUEV(B

+ Z dr(u,v) Z dr(u,v) + Z dr(u,v)
ueV(A u€V(A) ueV(B)
veV( B) veV(PUQ)\{y;} veV(PUQ)\{y,}

T w3 )t 3 i)
ueV(A uEV(PUQ)\{y]} ueV(B)

Let T" = (T — yj—1y;) + {ziy; }-
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Figure 4.5: The tree T in the proof of Lemma 4.2 (case (ii))

Note that 7" is still a caterpillar-like tree with maximum degree
A > 3. However, the Wiener index of 7" is

ngmuv Z dr(u,v) + ngp/uv

u,veV (A) u,weV (PUQ)\{y;} u,veV (B)

+ Z dr (u,v) Z dr(u,v) + Z dr (u,v)
ueV (A) ueV (A) ueV(B)
veV(B) veV(PUQ)\{y;} veV(PUQ)\{y;}

+ Z dr(u, y;) Z dr(u, y;) Z dr(u, y;)
ueV (A uEV(PUQ)\{yJ} ueV(B)

Y alas Y LY aun

u,veV (A) u UEV(PUQ)\{yJ} u,veV(B)

+ Z dr(u,v) Z dr(u,v) + Z dr(u,v)
ueV (A u€V (A) u€V(B)

UEV(B) veV (PUQ)\{y;} veV(PUQ)\{y;}
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Figure 4.6: The tree 7" in the proof of Lemma 4.2 (case (ii))

+ Y ldr(wy) —rl+ Y dr(uy)
ueV(A) ueV (PUQ)\{y;}
+ [dr(u,y;) — (r —2)]

ueV(B)

= W(T) - r|A| - (r — 2)|B.

Since deg,(z9) > 3, we have |A| > 1, and since deg; yo > 3, we have
|B| > 1. Furthermore, since » > 2, we have r|A| > 2 and (r —2)|B| >
0. This implies that r|A|+(r—2)|B| > 2, and so W(T") < W(T'). This,
however, contradicts our assumption that 7" has the minimum
Wiener index, and hence completing the proof of Lemma 4.2. [

Next, we show that in a caterpillar-like tree with minimum
Wiener index, the lengths of adjacent pendant segments are con-
strained by the sizes of the subtrees attached to them. More
specifically, longer pendant segments must be attached to larger
components.
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Lemma 4.3 Let T be a caterpillar-like tree of order n with maxi-
mumdegree A > 3 and let S, : xy, ....,z;, and S; : yo, ..., y; be pendant
segments of T such that dy(zy, yo) =1. Let H =T — xoy, and let H,
be the connected component of H that contains x, and H, be the
connected component of H that contains y,. Lastly, let A = H; — S,
and B = Hy — S,.
then: < j.

Proof. Let T be a caterpillar-like tree of order n with maximum
degree A > 3 and let S; : zg,....,z;, and Sy : yp,...,y; be pendent
segments of 7' such that dr(zg,y)) = 1. Let A and B be as in the
statement of the Lemma. Suppose, to the contrary, that 7" has
minimum Wiener index,
i=7+r, where r > 1.

Figure 4.7: The tree T in the proof of Lemma 4.3

Then the Wiener index of 7' is given by

ZdTUU Z ZdTuv

u,weV (A) u,veV (S2US1)\{z;:} u,veV (B
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+ Z dr(u,v) Z dr(u,v) + Z dr(u,v)
ueV(A) ueV (A) ueV(B)
veV(B) veEV (S2US1)\{z:} veV (S2US1)\{:}
+ Z dr(u, x;) Z dr(u, x;) + Z dr(u, ;).
ueV (A uEV(SgUSl)\{xi} ueV(B)

Let T" = (T — ,CEi.CEi_l) + {y]a:z}

-~

// xo\\\ / yO \

Figure 4.8: The tree 7" in the proof of Lemma 4.3

Note that 7" still has a maximum degree A > 3. However, the
Wiener index of 7" is

ZdT/uv Z dr (u,v) + ZdT/uv

u,veV(A) u,weV (S2US1)\{z:} u,veV(B)
Z dr (u,v) Z dr (u,v) + Z dr (u,v)
ueV(A) ueV (A) ueV(B)
veV(B) veV (S2US1)\{z:} veV (S2US1)\{z:}

+ Z dr(u, x;) + Z dr (u, x;) + Z dr (u, x;)

ueV (A u€V (S2US1)\{z:} ueV (B)
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Z dr(u,v) Z Z dr(u,v)

u,veV (A) u,veV (S2US1)\{zi} u,veV(B)

+ Z dr(u,v) Z dr(u,v) + Z dr(u,v)
ueV (A) ueV (A) u€V (B)
veV(B) veV (S2US1)\{z;} veV (S2US1)\{z:}

+ Z dr(u,x;) — (r—2)] + Z dr(u, ;)
ueV (A ueV (S2US1)\{z:}

+ Z [dr(u, x;) — 7]
ueV(

(B)
W(T) = |A|(r —2) —r|B|

W(T) —r(|A| +|B]|) + 2|A|, with r > 1
W(T) — (1B + |A]) + 2|A|

W(T) — (|B] - |A])

W(T).

Since (|B| — |A|) > 0, this contradicts the minimality of W (7). O

Lemma 4.4 Let T be a caterpillar-like tree of order n with max-
imum degree A > 3 and let () = ug,u,...,u, be the backbone.
Furthermore, let A be the connected component of T' — u;u;y1 that
contains u;, and B be the connected component of T — u;u;,1 that
contains u;,1. If T has minimum Wiener index, then the following
conditions hold:

() If|A| < |B|, then degp(u;) < deg(uit1).

(i) There are at most two vertices of degree less than A in the
backbone and they are end vertices of the backbone.

Proof. Let T be a caterpillar-like tree of order n with maximum de-
gree A > 3 and let Q = ug, uq, ..., u, be the backbone. Furthermore,
let A and B be as in the statement of the Lemma.

First let us prove (i) Suppose, to the contrary, that 7" has
minimum Wiener index, (u;) > deg(u;+1). Let
v € Np(u;)\{u;—1,u;+1} and C be the connected component of 7'—u;v
that contains v. Furthermore, let A’ = A — C.
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Figure 4.9: The tree T in the proof of Lemma 4.4 (i)

Thus, the Wiener index of 7" is given by

Z dr(u,v) + Z dTuv+ Z dr(u,v)

u,weV (A") u,weV (B u,weV(C)
+ZdTuv+ZdTuv ZdTuv

ueV(A’) ueV (B ueV(A")

UEV(B) veV(C) veV(C)

Let 7" = u;v + u; . 1v. Note that 7" is still a caterpillar-like tree with
maximum degree A. The Wiener index of 7” is given by.

Figure 4.10: The tree 7" in the proof of Lemma 4.4 (i)

Z dr(u,v) + ZdT/uv ZdT/uv

u,weV (A") u,veV(B) u,veV (C
+ E dr (u,v) + E dr(u,v) + E dT/uv
ueV(A") ueV (B ueV(A")

vGV(B) vEV(C) vEV(C)
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Z dr(u,v) + Z dTuv Z dr(u,v)
u,veV(A’) u,veV (B u,veV(C)
+ Z dr(u,v) Z [dT(u,v) — 1]+ Z [dr(u,v) + 1]
ueV (A’) ueV(B) ueV (A’)
veV(B) veV(C) veV(C)

= W(T) - |B||C| + |A||C]
= W(T) = |CI(|B] = [A]).

Note that |B| > |A| > |A'|. Since |A’| < |B| and |C| > 0, we have
W(T") < W(T). O

We will need the following fact in the proof of II. Note that the
proof of (i) also show that if deg(u;) > deg(u;;1), then we must have
A = |B.

Claim 4.1 No small degree lies between large degrees in the back-
bone Q).

Proof. Suppose, that 1 < s < k < h < r with deg(us) > degp(ux) <
deg,(uy). By choosing s and h so that h — s is as small as possible,
we can assume that deg;(u;) = deg,(uy) for all s <t < h. Let C be a
connected component of 7' — u,u,,; that contains u, and let D be a
connected component of 7' — u;,_ju;, that contains u,. Similarly, let
H be a connected component of 7" — u;_ju; that contains u;_; and
F be a connected component of 7" — uu,; that contains u,;. By
construction, C is a subgraph of H and D is a subgraph of F, so

IC| <|H| and |D|<|F|. (4.1)

Now, by applying Claim (i), to u; and u,;; and then to u,—; and uy,
we deduce that

| > |F| and |H| < |D|. 4.2)

We have strict inequalities because s+ 1 <k+1land h—1>k — 1.
Combining (4.1) and (4.2), we have

|C| < |H| < |D|, implying |C|< |D|.
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However, from |C| > |F| > |D , which is a

contradiction.

, we conclude |C| > |D

Now, we are in a good position to prove (ii).

Proof of (ii) By Claim 4.1, any vertex of degree less than A must
be located at the end of the backbone. If there exists exactly one
such vertex, then it is necessarily positioned at one of the two
ends of the backbone, and the claim follows trivially. Suppose
now that there are exactly two vertices within the backbone whose
degrees are strictly less than A. Then these vertices must either
be adjacent or be positioned at opposite ends of the backbone.
In the case where more than two vertices in the backbone have
degrees smaller than A, at least two of them must be contained
within the same end of the backbone and must be adjacent. In
the rest of this proof, we show that it is impossible to have two
vertices of degree smaller than A on one end of the backbone and
that are neighbours.

Now, suppose there exist two vertices u,_; and u, at the end
of the backbone and are neighbors such that deg;(u,—1) < A and
degr(u,) < A. Let A be the connected component of 7' — u,_;u, that
contains u,_;, and B be the connected component of 7" — wu,_ju,
that contains u,. Let S : w,,w;,ws,...,ws be a pendant segment
and let B’ = B — S;. By swapping the labels A and B if needed, we
can assume that |A| > |B].

Figure 4.11: The tree T in the proof of Lemma 4.4 (ii)
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The Wiener index of 7' is given by

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV (A) u,veV (B’) u,weV (S1)
E dr(u,v) g dr(u,v) g dr(u

ueV (A) ueV(B ueV (A

veEV(B') vEV(S1) 'UGV(Sl)

Let T =T — u,wy; + withy_;.

A AR

Figure 4.12: The tree 7" in the proof of Lemma 4.4 (ii)

Since deg(u,—1) < A, T" still has a maximum degree A. Thus,
the Wiener index is given by

W(T") = Z dr(u,v) + Z dr(u,v) + Z dr (u,v)

u,veV(A) u,veV (B’) u,veV(S1)
—|—ZdT/uv ZdT/uv ZdT/uv
ueV (A) ueV(B’) ueV (A)
veV(B') vEV(S1) veV(St)
= ZdTuv Z dr(u,v) + Z dr(u,v)
u,veV(A) u,veV (B’) u,veV(S1)
+ Y dr(u)+ Y [de(wv)+ 1+ > [de(u,v) — 1
ueV(A) ueV(B') ueV (A)
veV(B') vEV(S1) veV(St)

= W(T) = |Al|S1] + | B'|:|
= W(T) - [S1|(JA] = |B])
< W(T).
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Since B’ is a proper subgraph of B, it follows that |B'| < |B].
> , it follows that
|A| > |B'|, which implies that W (7") < W(T'). However, this contra-
dicts the minimality of 7'. O

Lemma 4.5 Let T be a caterpillar-like tree of order n with maxi-
mum degree A, whose backbone is given by Q = ug,uy,...,u,.. If
T has minimum Wiener index, then at most one vertex has degree
less than A.

Proof. By Lemma 4.4, we already know that the number of vertices
of degree less than A it is at most 2. Thus, it remains to rigorously
prove that it cannot be 2.

Suppose, to the contrary, that 7" has minimum Wiener index and
the number of vertices in 7" with degree less than A is 2. That
is, let up and u, be two such vertices satisfying deg,(uy) < A and
degr(u,) < A. Let K be a pendent segment attached to u,. Let B be
the connected component of 7" — u,u,_; that contain u, and A the
connected component of 7" — ugu; that contain u,. Furthermore,
let B = B— K and C =T — A — B. Without loss of generality, we
can assume that |B| < |A| and hence |B’| < |A|.

Without any loss of generality, we may assume that Dg(uy) <

D¢ (u,), where Deo(z) = ) dr(xz,v). The Wiener index of T' is given
veC

by,

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV(A) u,veV(B’) u,veV(C)
+ Z dr(u,v) + ZdTuv ZdTuv
u,veV(K) ueV(A) ueV (A)
veV(B’) veV(C)
—I—ZdT(uv ZdTuv ZdTuv
ueV(A) ueV(B’) ueV(B’)

veV(K) vGV(C) UGV(K)
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+ Z dr(u,v).

ueV(C)
veV(K)

Let 7" be a tree obtained from 7 by removing K from u, and
adding it to uy,. Note that 7" is still a caterpillar-like tree with
maximum degree A. The Wiener index is therefore given by

ZdT/uv Z dr (u,v) + ZdT/uv

u,veV(A) u,veV (B’) u,weV(C

+ ZdT/uv ZdT/uv ZdT/uv
u,veV (K) ueV (A ueV(A)

UEV(B’) veV(C)
ZdT/UU ZdT/UU ZdT/uv
ueV(A) ueV(B’) ueV(B’)
veV(K) veV(C) veV( )

+ Z dr (u,v)
ueV(C
vEV(K)

ZdTuv Z dr(u,v) + ZdTuv
u,veV(A) u,veV(B’) u,veV(C)

+ Z dr(u,v) + ZdT(uv ZdTuv
u,weV (K) ueV(A) ueV (A)

veV(B’) veV(C)

+ Z [dr(u,v) + dp(u, ug) — dr(u, u,)] Z dr(u,v)
ueV(A) ueV(B’)
veV(K) veV(C)

+ Z [dT(uv U) + dT(ua uO) - dT(“) u?")]
ueV(B’)
veV(K)

+ > [dr(u,v) + dr(u,ug) — dr(u, u,)]
ueV (C)
veV(K)

W(T) + |K|(Da(ug) — Da(uo) —r|Al)
- |K|(DB/(uT) +7|B'| = Dp(u,)) + |K|(De(uo) — De(uy))
= W(T) + |K|(—r|A] +7|B'| + Do(uo) — Do(ur))
< W(T) —r|K|(|A]) - |B'])
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< W(T).
Since |K| > 0, |A| > |B’| and D¢ (ug) < De(u,). O

Lemma 4.6 Let T be a caterpillar-like tree with maximum degree
A > 3, and let Q = ug,uq,...,u,_1,u, be the backbone of T. If T
has minimum Wiener index, then the sequence of total lengths of
pendant segments s, 1, ..., s; 5, attached at each backbone vertex u;,
denoted

Li:Z’Si,jl 0<i<r)
j=1

Jforms a unimodal sequence. That is, there exists an index m € [0, ]
such that

Lo<IhW < <Lp2>-2L.
Proof. Let T be a caterpillar-like tree with maximum degree A > 3,
and let @ : ug, uq,...,u, denote the backbone of 7. Suppose, to the
contrary, that the sequence (L, Ly, ..., L,) is not unimodal. Then
there exist indices 0 < iy < i < i; < r such that

Lio > Li0+1 and Li1—1 < Li1' Note that 11— 1> 1. (43]

By Lemma 4.5, we know that deg,(u;,+1) = A = degp(u;—1). So,
condition (4.3) implies that there is a pendant segment 5;, at-
tached at u;, and a pendent segment at S;,; at u;,; with [ = |S; | =
|Si,+1| + 1. Let x be a leaf end of the pendant segment S;,. Let A;,
be a connected component of 7" — w;,u;,+1 that contains u;, and
B;, =T — A;,. Furthermore, let A';, = A,, — 5;, and B';, = B;, — Siy+1-
The Wiener index is given by

W)= Y dr(wov)+ > dr(uv)+ > dp(u,v)
)

u,vEV(A,’L-O) u,vEV(BQU u,weV (8 USig+1)\{z}
+ Z dT(u7v) + Z dT(U,U)
u€V (4]) ueV(Aj))

vEV(BZfO) vEV(S;,USip+1)\{=}
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+ Z dr(u,v) + Z dr(u, ) + Z dr(u, )

uGV(BZ’.O) ueV (Aig) uEV(Bl’.O)
vEV (SiqUSig+1)\{z}

+ Z dr(u,x).

u€V (S, USiy+1)\{z}

Let 7" be a tree obtained by removing z from u;,, and adding it to
the leaf end of S;, ;1. Note that 7" is still a caterpillar-like tree with
maximum degree. The Wiener index of 77, is therefore given by

T = Y dewv)+ Y de(wo) 2, dnwy)
u,vEV(A:LO) w UEV(B/ u eV (SigUSig+1)\ {2}
+ 3 drue) + > dr(u, v)
ueV (4 ) ueV (A5 )
veV(B;) vEV (S5,USig+1)\{z}
+ Z dT’ u U Z dT’ u ZE Z dT/(U,fL')
weV(B,) ueV(4,) u€V<B£o>
vEV(S;USig+1)\{z}
+ Z dpi(u, x)
u€V (S, USiy+1)\{z}
u,vGV(A;JO) u IIGV(B/ u eV (SipUSig+1)\{z}
+ Z dr(u,v) + Z dr(u,v)
ueV (A ) ueV (Ayy)
’UEV(BZ/'O) 'UGV(SiOUSio-‘-l)\{:E}
+ Z dT(U, ’U) + Z [dT(U, .ﬁL') + 1]
uev (B, u€V (Aj )
vEV(SiyUSig+1)\{z}
+ Z [dr(u,z) — 1] + Z dr(u, )
u€V(Bj,) u€V (SigUSip+1)\{z}

= W( ) - |Bi0| + |Ai0|
=W(T) + (A, | = |B,])

If |4} | < |Bj |, then W(T") < W(T), contradicting the minimality of
T'. Therefore, we must have |4} | > |Bj |.
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Similarly, condition 4.3 implies that there is a pendant seg-
ment S5;, _; attached at u;,_; and a pendant segment S;, at u; with
|Si,| = |Si,—1] + 1. Let y be a leaf end of the pendant segment S;,.
Let A;,_; be a connected component of 7" — w;, u;, that contains
u;, -1 and B;_; = T — A; _;. Furthermore, let A |, = 4; 1 — S;, 1
and B; _, = B;,_; — S;,. The Wiener index is given by

7

W(T) = Z dr(u,v) + Z dr(u,v)

U’UEV(A;‘l—l) u,vEV(Bélil)
+ Z dr(u,v) + Z dr(u,v)
u,UGV(SﬁUSZ‘l,l)\{y} uEV(A;l_l)
vEV(Bl’-l_l)
+ Z dr(u,v) + Z dr(u,v)
u€V(A;171) UEV(Bil_l)
VeV (Si; USi; —1)\{y} veV (S USiy —1)\{y}
+ Y dr(wy)+ D dr(u,y)
weV(AL ) weV(B. )

i1—1 i1—1

+ Z dT(u, y)

u€V (S, USi; —1)\{y}

Let 7" be a tree obtained by removing y from u;, and adding it to
the leaf end of S;, ;. Note that 7" is still a caterpillar-like tree with
maximum degree. The Wiener index of 7", is therefore given by

W(IT = > dpwv)+ Y dpo(u,)

u,vEV(Aglil) u,vEV(BZ’-lil)
+ Z dT” (U,7 'U) + Z dT” (U, U)
u,weV (8;; USi; —1)\{y} ueV(A; )
”EV(B£1—1)
+ Z dT” (u, U) + Z dT” (u7 U)
UGV(Afb-lfl) u€V(Bi; —1)
’UGV(SL‘l Usilfl)\{y} 'UEV(SilLJSil_l)\{y}
+ Z dTN(U, y) —f— Z dT” (U, y)
ueV (A, ) U‘EV(Bglfl)

i1 —1

+ Z dT”(“: y)

u€V (Si; USi; —1)\{y}
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= Z dT(uvv) + Z dT(uaU)
u,vGV(Aglfl) uveV(B; 1)

+ Z dT(”?“) + Z dT(“?“)
u,vEV(SZ‘lUSilfﬂ\{y} uEV(A’l 1)

vEV(B’1 1)
+ Z dT(”a”) + Z dT(U,U)
uEV( i1 — 1) ueV(Bil,l)

VeV (S, USi -\ {u} VeV (St USi -1\ {u}

+ Y ldr(wy) =1+ Y [dr(u,y) +1]
ueV (4] ) ueV (B 1)

+ Z dT(ua y)

u€V(Si; US;; —1)\{y}
= W(T) = |4, | + B, |
= W(T) + (1B}, 1| = |4}, 4]).

If |B; | < |4} _ (T") < W(T), contradicting the minimal-
ity of T'. Therefore, we must have |B] _,| > |A] _|.

However, since A; is a proper subgraph of 4] , and B; , is a
proper subgraph of B; , we have

Byl 2 A5 | > |45 =2 B | > B, |

which is a contradiction. Therefore, our assumption that the se-
quence (Lg, Ly,...,L,) is not unimodal is false. Hence, the se-
quence (Lg, L4, ..., L,) is unimodal. O

In the next lemma we show that in a minimum caterpillar-like
tree, once the degree of an end of a backbone is less than A, then
all segments attached to it has length at most 1.

Lemma 4.7 Let T be a caterpillar-like tree of order n with maxi-
mum degree A, whose backbone is given by ) = ug,uy,...,u, and
let S : uy,wy,we, ..., ws be a pendent segment attached to u,. If T
has minimum Wiener index and deg(uy) < A, then s < 1.
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Proof. Let T be a caterpillar-like tree of order n with maximum
degree A, whose backbone is given by Q) = ug, uy,...,u, and let S :
up, wy, we, ..., ws be a pendent segment attached to u;. Suppose, to
the contrary, that 7 has minimum Wiener index, deg,(up) < A but
u; has a pendent segment of length s > 2. Let A be a connected
component of 7' — uyu; containing u; and let B be a connected
component of 7' — upu; containing u,. Furthermore, let A’ = A — 5.

Figure 4.13: The tree 7" in the proof of Lemma 4.7

The Wiener index of 7" is given by

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV (A’) u,veV(B) w,veV (S1)\{ws}

+ Z dr(u,v) Z dr(u,v) + Z dr(u,v)
ueV(A") ueV(A’) ueV(B)
UGV(B) veV(S1)\{ws} veV (S1)\{ws}

+ Z dr(u, wy) Z dr(u, wy) Z dr(u, wy).
weV(A) ueV(B) uGV(Sl)\{wS}

Let 7" =T — ws_ws + wsug.
Note that 7" is a caterpillar-like tree with maximum degree A.
Its Wiener index is given by,

Z dT/ U U Z dT/ u ’U Z dT/<U, ’U)

u,weV (A’) u,weV(B) u,weV (S1)\{ws}
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T . . B

Figure 4.14: The tree 7" in the proof of Lemma 4.7

+ Z dr (u,v) Z dr (u,v) + Z dr (u,v)

ueV(A’) ueV(A’) ueV(B)
UEV(B) veV (S1)\{ws} veV (S1)\{ws}
+ Z dr (u, wy) Z dr (u, wy) Z dr (u, wy)
ueV (A") ueV(B) uEV(Sl)\{ws}
Z dr(u,v) Z dr(u,v) Z dr(u,v)
u,veV (A’) u,veV(B) w,veV (S1)\{ws}
+ Z dr(u,v) Z dr(u,v) + Z dr(u,v)
ueV(A’) ueV(A’) ueV(B)
vEV(B) veV(S1)\{ws} veV (S1)\{ws}
+ > ldr(u,w) = (s =2))+ Y [dr(u,w,) — ]
ueV (A’ ueV (B)
+ Z [dr(u,wy) + 1]
ueV (S1)\{ws}

= W(T) = (s = 2)|A" + s|B| = |51\ {ws} ]

Since s > 2, then (s — 2)|A'| + s|B| — |S1| \ {ws} > 0, implying that
W(T") < W(T). This contradicts the assumption that 7" has the
minimum Wiener index. O
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Lemma 4.8 Let T be a caterpillar-like tree of order n with maxi-
mum degree A > 3, whose backbone is given by ug, us, . ..,u,. Let
S = ugy, wy, we, ..., w1, w; be a pendant segment attached to ug, for
some sy < r. Let A,, be the connected component of T’ — u,,us,+1 that
contains us,. If T' has minimum Wiener index, then |A;,—S|+1 > |S].

Proof. Let T be a caterpillar-like tree of order n with maximum
degree A > 3, whose backbone is given by ug, uq,...,u,. Let S; =
Usy, W1, Wo, ..., We—1, w; De a pendant segment attached to u,,. Let
A,, be the connected component of 7" — u,,us,+1 that contains us,.
Let A, = A,, — S1. We now consider two cases.

Case I: Suppose A contains at least two segments of 7', say
() and R, each contains the backbone vertex u,,. Now, assume for
contradiction that |4} |+ 1 < |S;|. This implies

Q] < |5 and |R| < |S1].
Thus, by Lemma 4.2, we have
|S1] =1Q| +1 and |S1] = |R| + 1, thus |Q| = |R|.
Since @ and R are pendant segments in A , we have
Al = 1QI + R - 1.

Then,

(Al + 1= Q[+ [R| = 2[R]. (4.4)
However, by our assumption, we have

|AL | +1<|S]=|R|+1 (4.5)

By combining (4.4) and (4.5), we get

2R| < |Al |+ 1< |R| +1,

which implies 2|R| < |R| + 1. However we reach a contradiction
since |R| > 2. Thus, the inequality must hold.
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Case II: Suppose A{ is a segment. By Lemma 4.2, we have
1AL | = 191 < 1.
This implies
—1 <A, | = |5 and thus 1S1] <AL |+ 1.
Hence
|Agy — S1| +1= A, | +1> |5
as required. In both cases, the inequality holds. This completes

the proof. 0

Lemma 4.9 Let T be a caterpillar-like tree of order n with maxi-
mum degree A > 3, whose backbone is given by ) = ug, uq,. .., U,.
Let sy be an integer such that 0 < sy < r — 2, and let s, = sy — 1.
Let A,, be the connected component of T' — u,,us, 11 that contains u,,
and let By, 11 be the connected component of T — {us, sy +1, Usy+1Usy+2
that contains us, ;. Furthermore, let Cy 1o =T — Ay, — Bgy+1-

If T has minimum Wiener index, and the inequality
3[Asy = 51l + [Bsga| < [Csppz2 — S5

holds for some pendant segments S, and S; attached to u,, and
us,+2, respectively, then it follows that

3’1431 - SH + ‘B81+1| < ‘CSI+2 - Sé’

Jor some pendant segments S| and S} attached to us, and us, 2,
respectively.

Proof. Let T be a caterpillar-like tree with order n and maximum
degree A > 3, whose backbone is given by Q) = ug, uy, ..., u,. Sup-
pose, that 7" has minimum Wiener index and

3|Asy = S1| + | Bgya| < [Copr2 — Ss

for some S; and S; attached to uy, and u,, 2 respectively. We note
that |As,| < 3|As, — S1| + |Bs,+1|, which implies, in particular, that
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|As,| < |Csp42|. We are now going to prove this, in the following
cases.

Case I: Suppose that |S;| < |Bs,+1|. Then,

3|A50 - Sl| + |B80+1| - 3|A80| - 3|Sll + |B80+1|
= [Aso| +2[Ase| = 3[S1] + | Bsg41]-

Since |S;| < |Bs,+1/, then it follows that

3[Asy = S| + |Bsgr1] = [Ase| + 2] As| = 3[S1] + [Bsp11]
> | Ag | + 2| A, | — 3|51 + |54
> |Asy| + 2| A | — 2[5
> 2(|Ase| — |51])
= [Aso| = [S1] + [Ase| — [S1]-

From Lemma 4.8, we know that |A, | — |Si1| + 1 > |S1], hence:

3|As — Si| + [ Bsgr1l > [Ase| = [Si] + [S1] = 1
= |As| — 1.

So,
|Ago| — 1 < 3|Agy — S1| + | Bsgr1| < |Csgra — Ssl.
Thus
[Ase| < [Csgr2 — 3] < [|Csgal-

Case II: Suppose that |S;| > |Bs,+1|. We will need the following
claim.

Claim 4.2 B, ., is a single segment.

Proof. 1If B, has at least 2 segments, say ) and R, then B, >
|Q| + |R| — 1. Then by Lemma 4.2,

[Si]=1QI <1 and [Si|—|R[<1.
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Since || and |R| are segments in B, 1, and each contains at least
one vertex, we have

251 — (|Q| + |R|) <2 =251 <2+ Q|+ |R|
=25, < Bso+1 +3

BSo+1 +3

= 51 < 5

Since |B,, 11| < |S1

’

BSO+1 +3
2

BSo+1 +3
2
= 2B50+1 < Bso+1 +3

= 3Bsy+1 <3
= BSO+1 < 1.

Sl + B50+1 < Sl + = B50+]_ <

Thus, we reach a contradiction since B, 1 > |Q|+ |R| —1>3. [O.

Now, we are proceeding proving the case. If |S;| > |B,,+1/|, then

91| = [Bsy1| + 1. So,

3| Aso = S| + [Bsgs1| = 3| Ase| = 3|51] + | By
= 3]A| = 3(|1Bsgs1] +1) + [Bsgs1
= 3|A4s,| — 2|Bsy41| — 3
= |Ag| + 2| Asy| — 2| Bsg41| — 3
= [Aso| + 2(JAso| = [Bsg1a]) = 3.

Since S5, is inside A;,,

3| Asg = S| + [Bsgr1] = [Aso| +2(|51] = |Bsg1]) — 3
= [Asy| + 2(|Bsg1| + 1 = [Bsg41]) — 3
= ‘A50| +2-3
= |As| — 1.

So,
[Aso| =1 < 3|Agy — Sif + [Bsgr1| < [Cogra — S
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|A80| < ‘Cso+2 - 53‘ < |CSO+2‘.

Now, let us continue with the lemma.
Since A,, — 57 is a subset of A4,, — S}, see Figure 4.15.

Figure 4.15: Decomposition of the tree 7" in the proof of Lemma
4.9

Then, it follows that

3‘A81 - SH + |BS1+1| < 3|A50 - Sl| + |Bso+1|
< ‘Cso+2 - 33‘
< |081+2 - Si,%|

Thus, we have
3|"481 - SH + |BS1+1| < |CS1+2 - S{/i|’

which completes the proof. g

Lemma 4.10 Let T be a caterpillar-like tree of order n with maxi-
mum degree A > 3, whose backbone is given by Q) = ug, uy, ..., U,
Jor some s < r — 2. Let A, be the connected component of T —
ususy 1 that contains ug, and let By, be the connected component
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of T — {ususy1,usi1us o} that contains us,1. Furthermore, let Cy o =
T — Ay — Byy,.

Let SS = {U,s, U1,0, U2,0; - - - ,U,Lo} and SS+2 = {u5+2, wW1,0, W2,05 - - - 7wl”,0} be
pendant segments attached to us and ug, o, respectively. If T has
minimum Wiener index, and s is the largest integer, such that, the
inequality

3“’480 - SSO| + |BSo+1’ < |Oso+2 - SSO+2|7
holds. Then it follows that
3‘A80+2 - Sso+2| + ’Bso+3| > |050+4 - Sso+4‘
Jfor some pendant segments S, 2 and S, ;4.

Proof. Let T be a caterpillar-like tree of order n with maximum
degree A > 3, whose backbone is given by @ = ug,u,...,u,. Let
As, Bsy1 and C, .5 be as stated in the statement of the Lemma.
Also, let the three pendent segments S; and S, be as stated
in the statement of the Lemma. Now, suppose, to the contrary,
that 7" has minimum Wiener index and 3|A, 2 — Ssy+2| + |Bsy+s| <
|Csora — Ssyt4| for some pendant segments S, ,, and S;,.4. Thus,
the inequality also holds for s, + 2. However, this contradicts our
assumption that s, is the largest integer for which the inequality
holds and hence it must be of the case 3|As 12 — Sso+2| + |Bsg+s| >
|CSO+4 - SSo+4|' 0

Lemma 4.11 Let T be a caterpillar-like tree of order n with maxi-
mum degree A > 3, with backbone ) = ug,uy,...,u, and some s <
r — 2. Let A, be the connected component of T — usus,, that contains
us, and let By, be the connected component of T' — {ustsy1, Usi1Usi2}
that contains u,,,. Furthermore, let Cy,o =T — Ay — Bgy1.

Let Ss = {'LLS, U1,0, U2,0; - - - ,uho} and Ss+2 = {U5+2, w10, W20, - - - ,U)l//70} be
pendant segments attached to u, and u,, o respectively. Suppose s
is the largest integer satisfying the structural condition

|Cso+2 - Sso+2| > ’BSO‘i’I‘ + 3’A80 - SSO"
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Let |y be the smallest integer such that for some segments S;, and
Si,—2 attached to u;, and u;,_» we have

3|Clo - Slo| + |Blo—1| < |Alo—2 - Slo—2|'

If T has minimum Wiener index among all caterpillar-like trees of
order n and maximum degree A, then the following hold:

(i) There do not exist three consecutive backbone vertices to which
Sso» Bso+1, and Ss, 12 of equal length are attached within Ao
or withinT — A, 3.

(ii) There do not exist three consectutive backbone vertices to which
segments S;,, By,+1, and S;,+2 have lengths | — 1, [, [ + 1 in
T — A80+1 - Clofl'

Proof. Let T be an n-vertex caterpillar-like tree with maximum
degree A > 3, whose backbone is given by Q = ug,uy,...,u,. Sup-
pose, to the contrary, that 7" has minimum Wiener index. Fur-
thermore, as shown in the proof of Lemma 4.9, |Cy 2 — Sso42| >
| Bsy+1| + 3|Ag, — S5, | imply that |Cy, 42| > |As,|, hence by Lemma 4.3
it follows that !” > [. The Wiener index of 7" is therefore given by

W(T) = Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,vEV (Asy—Ssy) u,v€V (Bsy+1) u,0EV (Csy+2—Ssq+2)
+ Z dT(“a U) + Z dT(“a U) + Z dT(u> U)
U,’UGV(SSO)\{ULO} U:UGV(SSO+2) 'U«EV(ASO*SSO)
UEV(BSO+1)
+ Z dT(ua U) + Z dT(“? U)
uEV(ASO—Sso) UEV(BSO+1)
vEV (Csg+2—Ssp+2) Uev(cso+27sso+2)
+ Z dT(u7v) + Z dT(U,'U) + Z dT(U,U)
ueV (Sso)\{ur,0} u€V (Asy—Ssg) uEV (Asy—Ssg)
veV (Ssy+2) vEV (Ss¢)\{ui,0} vEV (Ssy+2)
+ Z dr(u,v) + Z dr(u,v) + Z dr(u,v)
UGV(BSO+1) UEV(BSO+1) UEV(CSO+2—SSO+2)

veV (Sso)\{ur,0} VeV (Ssp+2) VeV (Ss)\{ur0}
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+ > dr(u,v)+ Y dp(u,ug)

u€V(Csy+2—5Ss¢+2) uEV (Asy—5Ssg)
UEV(550+2)

+ ) dr(uug) + > dr(u, w,p)
uGV(BSO+1) UEV(030+2—530+2)

+ Z dr(u,u ) + Z dr(u, up).
u€V (Sso)\{ur,0} u€V (Ssg+2)
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Let 7" =T — wj_1 gu0 + wpr pu 0. The tree 17 is still a caterpillar-like
tree with maximum degree A. Its Wiener index is, therefore given

= Z dT/(u, U) + Z dT/ (U, U) + Z dT/ (U, U)
u,vEV (Asy—Ssq) uwEV (Bsg+1) u,0E€V (Csy+2—Ssq+2)
+ Z dr(u,v) + Z dr(u,v) + Z dr (u,v)
u,wEV (Ssq)\{u,0} u,wEV (Ssy+2) u€V (Asy—Ssq)
UEV(BSO+1)
+ Z dr(u,v) + Z dr (u,v)
UEV(ASO_SSO) UEV(BSO+1)
veV (Csy+2—Ssq+2) veV (Csgr2—Ssg+2)
+ Z dr (u,v) + Z dr(u,v) + Z dr(u,v)
UEV(SSO)\{Ulp} ueV(ASO_SSO) UEV(ASO_S.S())
vEV(Ssy+2) vEV (Ssg)\{u,0} vEV(Ssy+2)
+ Y dp(wv)+ Y dp(uv)+ > d+ (u, v)
UEV(BSO+1) UGV(BSO+1) UEV(CSO+2—SSO+2)
VeV (Sso)\{ur,0} vEV (Ssp+2) veV(Sso)\{u,0}
+ Z dT/ (u, ’U) + Z dT/ (U, uw)
UEV(CSO+2—SSO+2) uEV(AsO—SSO)
vEV (Ssy+2)
+ Z dT/ (u, Ul70) + Z dT/ (u, ul,o)
UEV(BS()+1) UEV(CSQ+2_550+2)
+ Z dT/ (u, 'LL[70) + Z dT/ (u, ’LLL())
u€V (Ss9)\{ui0} uEV (Ssq+2)
= Z dT(u’ U) + Z dT(u7 ’U) + Z dT(u7 U)

u,wEV (Asy—Ss) u,wEV (Bsg+1) u,wEV (Csy+2—Ssg+2)
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+ Z dT(U,U) + Z dT(U,U) + Z dT(u7v)
u,vEV (Ssq)\{ur,0} u,wEV (Ssp+2) u€V (Asy—Ssq)
vEV (Bsg+1)
+ Z dr(u,v) + Z dr(u,v)
u€V (Asy—Ssq) u€V(Bsg+1)
veV (Csyr2—Ssg+2) veV (Csy+2—Ssq+2)
+ Z dT(“u U) + Z dT<u7 U) + Z dT(U’v U)
u€V (Sso)\{ur,0} u€V (Asy—Ssg) u€V (Asy—Ssq)
’UGV(SSO+2) UGV(SSO)\{UI,O} ’UGV(SSO+2)
+ Z dr(u,v) + Z dr(u,v) + Z dr(u,v)
UGV(BSO+1) UGV(BSO+1) UGV(CSO+275$O+2)
VeV (Sso)\{ur0} vEV (Ss+2) veV (Ssq)\{ur,0}
) drew)+ Y [dr(uue) + (17— 1+ 3)]
UEV(CSO+27S$0+2) UGV(ASO*SSO)
’UEV(SSOJrQ)
+ Y ldr(uug) + (7 =1+ 1)
UEV(BSO+1)
+ > [dr(u,ue) + (" =1=1)]+ Y dr(u,uy)
u€V (Csy+2—5Ssg+2) w€V (Sso)\{ur,0}
+ Z dT(u, ulvo).
uGV(SSO+2)

Note that the path induced by (Ss, \ {w0}) U Ssp2 U {wo} in T and
T" are isomorphic. That is,

Z dT/(u, uho) + Z dT/(u, 'LLl,()) = Z dT(u, Ul70)

ueV (Sso)\{ur,0} u€V(Ssy+2) ueV (Sso)\{ur,0}

+ Z dT(U, ul,O)-

uGV(SsO+2)
Proceeding with the calculations, we get
WAT") = W(T) + (I" = 1 = 1) |Capr2 = Sspal + (1" = 1+ 1) | Bsy 1]
+ (I" =1+ 3)|Asy — S|

= W(T) + (I" = D)(ICs12 = Sspral + | Bsga] + [Asy = Ssol)
+ (_ |Cso+2 - Sso+2| + |Bso+1’ + 3|A80 - SSO')'
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Since I” > [ and |Cy, 1o — Ssoa2| > |Bso+1| + 3| As, — S5,]» it follows that
—|Csora — Ssor2| + | Bsos1] + 3|Asy, — Ss| < 0, which implies W(7") <
W (T), contradicting minimality of T,

Now, considering the two conditions,

(i) Suppose there exist three consecutive segments S;,, By 11
and S;,o attached at u,,, us 11, and u,, o respectively, having
the same length, that is, [” = [. Applying the transformation
above, we have

W(T/> = W(T) + (l - l)(’OS(H—? - Sso+2| + |BSo+1| + |A50 - S$0|)
+ (_ |OSO+2 - S$0+2| + |B50+1| + 3|A$0 - SSOD
=W(T) = |Csgr2 = Ssora| + [Bsg1| + 3 As — Sso.

Since |Cso+2_580+2‘ > ’Bso+1’+3|ASO_SSO , then _|Cso+2_880+2‘+
| Bsy+1| + 3|As, — Ss| < 0, implying W(T") < W(T).

(ii) Suppose there exist three consecutive segments having lengths
[ —1,1,1 4+ 1 within the specified region 7" — (As,+1 U Cjy—1). In
this case, we will apply the reverse transformation, where
we will remove the final vertex of the right pendant segment
whose length is [ + 1 and attach it to the end of the left pen-
dant segment whose length is [ — 1. After applying the reserve
transformation the three lengths become (I, [, /), we obtain

W(T") =W(T)+ (1 +1 = (1 = 1)(|Caps2 = Ssgs2| + | Bsgl
+ |A80 - SSOD + ( - |CSO+2 - 580+2| + |BSO+1| + 3|A80 - SSOD
= W(T) +2(|Csor2 = Ssgral + [Bsga| + [Asg — Siol)
- |CSO+2 - SSO+2| + |BSO+1| + 3|A50 - SSO|
= W(T) + 2[Csy12 — Ssor2| + 2[Bsgr1] + 2| Asy — S
- |CSO+2 - SSo-‘rQl + |BSO+1| + 3|A50 - S80|
=W(T) + |Csy2 — Ssp+2 + 3| Bsgr1| + 5| Asy — S|
> W(T).

Thus, when we are moving from left to right the Wiener index
increases by |Csy12 — Sso+2 + 3| Bsgt1| + 5| As, — Ssol-
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Now, consider the inverse transformation, that is from right
to left. Its effect on the Wiener index is the negative of the
above, that is,

W(T/) = W(T) - (|OSO+2 - 580+2 + 3|BSO+1| + 5|A50 - SSO|)
< W(T).
However, this contradicts the minimality of 7T'.
Thus, the proof is complete. O

Now we combine all the lemmas of this section to form the follow-
ing theorem.

Theorem 4.12 Let T be an n-vertex caterpillar-like tree with maxi-
mum degree A > 3 whose backbone is given by QQ = ugy, uy, ..., Up_1, U
If T has minimum Wiener index then I" must satisfy the following:

(i) Suppose a pendant segment S = uy,wy,ws,...,w; is attached
to vertex u; of the backbone. If deg,(u;) < A, then the segment
S must have length at most 1.

(ii)
deg(u;) = A Sforalll <i<r—1,

deg(up), deg(u,) < A, and at most one of them is strictly less
than A.

This implies that all segments in the backbone have length 1.

(iii) For eachi € {0,...,r}, let S;1,S;2,...,S;s denote the pendant
segments attached to u;, where s; > 0 is the number of pendant
segments at u;. Then:

|S:;] — 1Sik] | <1, Jorall0<i<randl<jk<s,,

||Si7j| — |Si+1,k| | S 1, forallO S 7 < T, 1 S]S Si, 1 S k S Sit1-
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(iv) The lengths of the segments attached along the backbone form
a unimodal pattern. That is, if L; = >, |S; ;| denotes the total
length of all pendant segments at vertex u;, there exists an
index m with 0 < m < r such that:

L0§L1§§LmZZLr712Lr

(vV) Forany 0 < i < r, let A; be the connected component of T —
u;u; 1 that contain u;, and for 0 < i < r, let B; be the connected
component of T' — u,;u,;_; that contain u;. For 0 < i < r, let C; be
the connected component of T' — u;u;_1 — u;u;1 that contains u;.
Let sy be the largest integer such that

3|Asy = Ssoul + [ Bsgs1| < |Cspr2 — Ssora.kl
Jor some k and l. Let |, be the smallest integer such that
3|Cly — Ssot| + [ Bio-1] < |Aig—2 — Siy—2.5|
Jor somet and s. Then,
1. Attached within Ay, .., there do not exist three consecutive

backbone vertices to which segments are of equal lengths.

2. There do not exist three consecutive backbone vertices to
which pendant segment are of length | — 1,1,1 + 1, respec-
tivelyinT — Agyy1 — Ciy—1-

(vi) Neither u, nor u, can have two pendant segments attached to
them whose lengths are both greater than 1.

Proof. We prove each item of the theorem by referring to the lem-
mas listed earlier.
(i) is exactly Lemma Lemma 4.7.

(ii) From Lemma 4.4 (Claim II.), we know that there are at most
two vertices of degree less than A in the backbone and they are
end vertices of the backbone. By Lemma 4.5, at most one of v,
and u, can have degree less than A.
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(iii) is exactly Lemma 4.2.
(iv) is exactly Lemma 4.6.
(v) is exactly Lemma 4.11.

(vi) By symmetry, it is enough to only prove the claim for u,. If one
of ug or u, have degree less than A, then Lemma 4.7 already covers
the claim. Now, without any loss of generality, we may assume
deg(u,) = A. Suppose, to the contrary, that u, has two pendant
segment S, = u,, wy, wy, ..., ws and Sy = u,, 1, Ty, ..., x; With t > s >
2. Let A and B be two connected components of 7' — u,_;u,, such
that A contains u,_; and B contain u,. Let B’ = B — S; — S;. The
Wiener index of T is given by,

W(T) = — 1) Z dr(u,xy) Z dr(u, ;)
’U,EV UGV(SlUSQ)\{:Et,wS}
+ Z dr(u, ;) +dT(a:t,wS).
ueV (B’)

LetT' =T — z; 12, + xyw,_1. Note that T is still a caterpillar-like
tree with maximum degree A.

W(T,) - [L‘t Z dT’ U Z’t Z dT/(u, I't)
ueV (A ueV(S1USQ)\{J:t,w5}
Z dr(u, ) + dT/(xt,ws)
ueV(B')
=W(T —x) + Z [dr(u, z) — (t — s)] + Z dr(u, y)
ueV(A) w€V (S1US2)\{z¢,ws}
+ Y ldr(u, @) = (t = 9)] + [dr(e, w,) +2 = (s + 1))
ueV (B’)

=W(T) = (t—s)- V(A =t =s)[V(B) +2— (s +1)
=W(T) = (t=s)- VA + V(BN +2— (s +1).
Since s,t > 2 and s <t, then —(t —s)-[|[V(A)|+ |[V(B)|]]+2—(s+1) <

0, implying that W(7") < W(T). However, this contradicts the
minimality of 7. Hence, neither v, nor u, can have two pendant
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segments attached to them whose lengths are both greater than
1. d

While Theorem 4.12 does not always guarantee a full characteri-
sation, we now present two corollaries where full characteristion
is obtained.

Let CL((do,ho), (d1,h1),....(d., h,)) be the caterpillar-like tree with
backbone ug,u;.....,u, such that d; segments of length h; are at-
tached at u;. See example in Figure 4.16.

Given a caterpillar-like tree 7" with backbone ug, u1, ..., u,, the ex-

N\

(3:1) (2,2) (2,1)

Figure 4.16: An example of CL((3,1),(2,2),(2,1))

tended backbone of T is defined as the set consisting of all back-
bone vertices together with any vertex of degree 2 and is adjacent
to either uq or wu,.

If n = A+ 1, then the only possible caterpillar-like tree with n
vertices and maximum degree A is the star. In the next Corollary,
we provide full characterisation of the n-vertex caterpillar-like tree
with maximum degree A and minimum Wiener index for A + 1 <
n < 2A.

Corollary 4.13 Let A be a positive integer. For A +1 < n < 2A,
and any n-vertex caterpillar-like tree T' with maximum degree A we
have

W(T) < W(CL((A - 1,1), (n — A — 1, 1)).
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Proof. Let A be a positive integer, and suppose that A+1 < n < 2A.
Let T be an n-vertex caterpillar-like tree with maximum degree A
that minimizes the Wiener index among all such trees. By Theo-
rem 4.12, T must satisfy the structural properties stated therein.

By (i) of the theorem, all internal vertices of the backbone of T
have degree exactly A, and the two endpoints of the backbone
have degree at most A, with at most one having degree strictly
less than A. Suppose there are at least 3 vertices ug, uy, us in the
extended backbone. If none of these has degree 2, then the ex-
tended backbone coincides with the backbone, and we may apply
item (i) of Theorem 4.12. In this case, u; must have degree A, and
both uy and u, must have degree at least 3 and one of them has
degree A. This gives at least

n>A—-14+A—-2+2+3=2A+2

vertices. This contradicts the assumption that n < 2A. Hence, the
backbone cannot have more than two vertices.

Suppose that the extended backbone has a vertex of degree 2.
Then it has to be ug or us. Say, deg(ug) = 2. By (i), deg(u;) = A.
Suppose that deg(uy) < A. Note that deg(us) > 2 = deg(up). Now, let
x be a leaf attached to uy, A be a connected component of 7" — ugu,
that contain wuy, B be a connected component of 7" — ugu; — ujus
that contains u; and C be a connected component of 7' — u;uy that
contains u,. The Wiener index of 7' is, therefore given by

W(T) = Z Z dr(u,v) + Z dr(u,v)

u,veV (A)\{z} u,veV(B) u,veV(C)
+ZdTUQ, +ZdTUUO+ZdTUU
veV (B ueV(C ueV (B
vGV( )

+ Z dr(u,z) + ZdTux ZdTux

uweV(A)\{z} ueV(B) ueV (C
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Let 7" = T — ugr + usx. Note that T is still a caterpillar-like tree
with maximum degree A. The Wiener index of 7" is given by,

W(T") = Z dr (u,v) Z dT/ (u,v) Z dr(u,v)

uweV(A)\{z} u,veV (B u,veV(C)
+ Z dT’ uo, Z dT’ U U(] Z dT’ U U
veV(B) ueV (C) ueV (B
veV(C
+ Z dp(u, x) + ZdT/ua:+ZdT/uaz
ueV (A)\{z} ueV(B) uev(C
S ot Y e S i
u,veV(A)\{z} u,veV(B) u,veV(C)
+ ZdTUO; ZdTuuo Z dr(u,v)
veV(B) ueV (C) ueV (B)
veV(C)
+ Z [dr(u, z) + 2] + Z dr(u, z) + Z [dr(u, z) — 2].
ueV(A)\{z} ueV(B) ueV (C)
= W(T) = 2|C| +2|V(A) \ {z}]
= W(T) = 2(|C] = [V (A) \ {=z}]).

Since 1 = |V(A) \ {z}| < |C|, then W(T") < W(T'). However, this
contradict the minimality of 7, and hence both u, and u, cannot
have degree 2.

Now, suppose the extended backbone consists of a single vertex.
Then T is necessarily a star, with one central vertex of degree at
most A and n — 1 leaves. In that case, the total number of vertices
satisfies n < A + 1, contradicting the assumption that n > A + 1.
Therefore, the extended backbone of 7" must consist of exactly two
vertices, say uo and u;. If both of vy and u; has degree less than
A, then T does not have maximum degree A, and hence

T=CL((A-1,1),(n—A—1,1)).
O

Corollary 4.14 Let A be a positive integer. For 2A+1 <n <3A -1,
and any n-vertex caterpillar-like tree T' with maximum degree A we
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have
W(T) <W(CLA-1,1),(A=2,1),(n —2A,1)).

Proof. Suppose that 2A +1 <n < 3A — 1, and let T be an n-vertex
caterpillar-like tree with maximum degree A that minimizes the
Wiener index. Then, by Theorem 4.12, T satisfies all the stated
structural properties stated therein.

Suppose, to the contrary, that the extended backbone of 7" has
more than three vertices ug, u,...,u, with » > 3. If none of these
has degree 2, then the extended backbone coincides with the
backbone, and we may apply item (ii) of Theorem 4.12. Then,
each one of uy,...,u,_; must have degree exactly A, and at most
one endpoint (either v, or u,) may have degree strictly less than A
but at least 3. The total number of pendant segments is therefore
at least

A-1)+(r—-—1)(A=2)+2=rA—2r+3.

Including the r + 1 extended backbone vertices, the total number
of vertices is at least

n>r+1)4+rA=2r+3=r(A-1)+4.
Setting r = 3 (the minimum for this case) gives:
n>3(A—-1)+4=3A+1,

which contradicts the assumption that n < 3A — 1.
Now, we are going to consider the following cases when the
extended backbone has a vertex of degree 2.

Case I: Suppose, that the extended backbone has at least 5 ver-
tices and at least one of them has degree 2.

Then vy, and us have degree at least 2. By (i) and (ii), uy, us and us,
they all have degree A. This gives at least

n>24+A-2+1+A-2+14+A-2+1+2=3A+1

however, this contradicts the assumption that n < 3A — 1.
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Case II: Suppose, that the extended backbone has vertices ex-
actly 4 and at least one of them, say u; has degree 2.

Then, by (i) and (i) of Theorem 4.12, u; and u, has degree
A. We first show that u, acnnot have degree A. Suppose, to the
contrary, that deg(ug) = A. Then u, has A — 1 pendant vertices,
while each of u; and uy, has A — 2 pendant vertices. Since u3 has
degree 2, it contributes one additional vertex. This gives at least

n>A-1)+(A-2)+(A—-2)+4=3A+1

however, this contradicts the assumption that n < 3A — 1. Hence,
up cannot have degree A, and so deg(ug) = 2.

Now, let z be a leaf attached to u;. Let A be a connected com-
ponent of 7' — ugu; that contain wy, B be a connected component
of T'— ugu; — uyus that contains u;, C' be a connected component
of T'— ujus — usus that contains u,, and lastly let D be a connected
component of 7' — uyuz that contains uz. By (vi) of Theorem 4.12,
|C| cannot have two pendant segments attached whose lengths
are both greater than 1. Hence |C| + |D| < |A| + |B|. The Wiener
index of T is therefore given by,

Z dr(u,v) + Z dr(u,v) + Z dr(u,v)

u,veV (A) u,veV(B) u,veV(C)
+ Z dr(u,v) + Z dr(u,v) + Z dr(u,v)
u,veV(D)\{z} ueV(D)\{z} u€V(D)\{z}
veV(B) veV(C)
+ Z dr(u,v) + ngpuv ngpuv
ueV(D)\{z} ueV(B) ueV(B)
UEV(A) veV(C) veEV(A)
+ZdTuv ZdT ZdTux
uEV(C ueV (C) ueV(B)
veV (A
+ Z dr(u,x) Z dr(u, x)
ueV(D)\{z} ueV (A

Let 7" = T — usr + ugz. Note that T is still a caterpillar-like tree.
The Wiener index is, therefore, given by

ZdT’UU ZdT/u’U ZdT’UU

u,veV (A) u,veV(B) u,weV (C)
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+ Z dr(u,v) + Z dr(u,v) + Z dr (u,v)
u,veV (D)\{z} ueV(D)\{z} weV (D)\{z}
veV(B) veV(C)
+ Z dr (u,v) + Z dr (u,v) + Z dr(u,v)
ueV (D)\{z} ueV (B) ueV(B)
VeV (A) veV(C) vEV(A)
+Zdrpuv ZdT/u:E ZdT/ux
ueV(C) ueV(C ueV(B)
veV (A)
+ Z dr (u,x) Z dr(u,x)
ueV (D)\{z} u€eV(A)
Z dr(u,v) + Z dTuv Z dr(u,v)
u,veV (A) u,veV (B u,weV(C)
+ Z dT(ua 'U) + Z dT(uv U) + Z dT(uv U)
u,veV (D)\{z} weV (D)\{z} ueV (D)\{z}
veV(B) veV(C)
+ Z uv—i—ZdTuv—i-ZdTuv
ueV(D)\{z} ueV (B ueV (B
VeV (A) ng(C) UEV(A)
+ Z dr(u,v) + Y ldr(u,2) + 1+ ) [dr(u,z) — 1]
ueV(C ueV (C) ueV(B)
vEV(A)
ueV (D)\{z} ueV(A)

= W(T) = 3|A] = |B| + [C] + 3[V(D) \ {z}|
= W(T) = 3(lA] = [D\A{x}]) = (IB] = [C)).

< , we have 3(|A| — |D\ {z}) + (| B| = [C]) > 0,
implying W(7T") < W(T'). Therefore, the extended backbone cannot
contain more than three vertices.

Suppose, to the contrary, that the extended backbone consists of
only one vertex uy. Then all other n — 1 vertices must be attached
directly to ug as pendant segments, implying that deg(uy) = n — 1.
Since deg(up) < A by assumption, it follows that

n—1<A and n<A-+1,

which contradicts the assumption that n > 2A + 1.
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Suppose that there are exactly 2 vertices v, and u; in the extended
backbone. Then, by item (ii) of the theorem, both vertices must
have degree at most A. Then all other n — 2 vertices are adjacent
to either uy or u,. This gives at most

n<2(A—1)+2=2A,

vertices, which contradicts the assumption that n > 2A+1. Hence,
the extended backbone must consist of exactly three vertices, say
ug, w1 and us.

Now, suppose u, and u; have degree less than A. Then, by (ii),
at least on of them has degree 2. This gives at most

n<2+A—1+A—1=2A,

this contradicts the assumption that n > 2A + 1. So one of v, and
us has degree A, say it is us.

Now, we are going to show that there’s no pendant segment at-
tached to u; has length longer than 2. Suppose that there is one
of them that has length longer than 1 and uy and u, has degree
exactly A. Then there’s at least

n>A+A+A-1+1=3A

vertices, contradicting the assumption that n < 3A — 1.

Finally, suppose u, have degree less than A. Let S; = uy, wy, wo,. ..

., w;—1,w; be a pendant segment attached to w; with i > 2. Let
A be a connected component of 7" — ugu; that contains uy, B be a
connected component of 7' — upu; — uyus that contains u; and C be
a connected component of 7" — u us that contains us;. The Wiener
index of T is, therefore given by

Z dTuv Z dr(u,v) + dr(u,v) + Z dr(u,v)

u,weV (A u,veV (B—S1) u,veV (C)
+ Z dr(u,v) Z dr(u,v) Z dr(u,v)
ueV(A) ueV (A) uEV(B S1)
veV(B—-S1) veV(C) veV (C)

+ZdTuwZ Z 7 (u, w;) ZdTuwZ

ueV (A) u€V(B—51) ueV(C)



CHAPTER 4. CATERPILLAR-LIKE TREES WITH GIVEN
MAXIMUM DEGREE. 82

+ Z dT(U, w,)

uEV(Sl)\{wi}
Let 7" =T — w;_jw; + w;ug. The Wiener index of 77, is

Z dr(u,v) + Z dr(u,v) + dp(u,v) + Z dr(u,v)

u,veV (A) u,veV(B—-S51) u,veV(C)
+ Z dr (u,v) Z dr (u,v) Z dr (u,v)
ueV (A ueV(A) uEV(B—Sl)
veV(B Sl) veV(C) veV(C)
+ Z dr (u,w;) + Z dp(u, w;) + Z dr (u, w;)
ueV (A ueV(B)\S1 ueV (C)
+ Z dT’ (U, wz)
u€V (51)\{wi}
Z dT(u7 U) + Z dT(ua U) + dT(uv U) + Z dT(u7 U)
u,weV(A) u,veV (B—S1) u,weV(C)
+ Z dr(u,v) Z dr(u,v) Z dr(u,v)
ueV (A ueV (A) uGV(B—S1)
veV( B Sl) veV(C) veV(C)
+ Z dr(u,w) =i+ Y [de(u,w;) — (i — 2)]
ueV (A ueV(B—=51)
+ Z [dr(u,w;) — (i —2)] + Z [dr(u, w;) + 1]
ueV(C) u€V (S1)\{w:}
= W(T) —ilA| = (i = 2)|B = 51| = (i = 2)|C|
+ 51\ {wi}|

Since i > 2 and deg(u;) = deg(uy) = A, we have |A| > 1, |B— S| > 1,
and |C| > 1, with (i — 2)|B — S| + (¢ — 2)|C|] > 0. Furthermore,
by Lemma 4.2, |A| —|S;| < 1 which implies |S; \ {wi}| = [S1| — 1.
Therefor —1<1-1=0, and as a
result, W(T") < W(T'). However, this contradicts the minimality of
T, and hence there’s no pendant segment of length greater than 2
is attached to u;.

Let ng,n1,n2 be the number of pendant segments of length 1 at-
tached to ug, ui, us, respectively. Then the total number of pendant
vertices is

ng+ni+ny=n-—3,
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with
ng<A—-1, mi<A—-2, ny<A-1.
This yields the caterpillar-like tree
CL((A—-1,1),(A—2,1),(n —2A,1)).

It remains to verify that n —2A < A —1, to ensure that the number
of leaves attached to u; does not exceed the maximum degree A.
This holds because n < 3A — 1, and hence n — 2A <A — 1. 0

4.2 Maximal n-vertex caterpillar-like
trees with given maximum degree

Recall that a broom, denoted B, o, is a tree of order n obtained
from a path P, a4, by adding A — 1 new vertices and joining them
to exactly one end of P, _ay.

Theorem 4.15 ([13]) If T is atree in T (n,A) with A > 3, then
W(T) < W(Bna-1)-
The equality holds if and only if T = B, a—;1.

Since a caterpillar-like tree is a special case of a tree in 7 (n,A),
we obtain the following corollary.

Corollary 4.16 If T is a caterpillar-like tree of order n with given
maximum degree A, then

W(T) < W(Bpa-1),
with equality if and only if T' = B, a—1.

In the remainder of this section, we present a slightly different
proof of this result. We need the following lemma, which follows
directly from an iteration of the "Lengthening Lemma" in [8] and
[13].
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Lemma 4.17 (Lengthening Lemma) LetT be a caterpillar-like tree
whose backbone is given by Q : up, U1 0, - - -, Uro. LSyt g, win, ..., Uis
and Sy = u,,w; 1, ..., w;; be two segments rooted at u;, for some ,
where 0 <i <r. If T" =T — u;gu;1 + uw; e, then W(T") > W(T).

Proof. Let T be a caterpillar-like tree whose backbone is given by
Q :upp, U1, ---,u. Each of upp and u, o have at least two pendant
segments rooted at them. Let u;, be a branching vertex of 7" such
that there are at least two pendant segments S : w; 0, i1, ..., Uis
and Sy = w;0,w;1, ..., w;; rooted at v, for some ¢, where 0 < i < r.
Without any loss of generality, we may assume that s < ¢. Let
A be the connected component of 7" — w;_; ou;( containing wu; 1
and B a connected component of 7" — u;gu;+10 containing w; .
Furthermore, let P, = V(5)) \ {w;o} and P, = V(S;). The Wiener
index of T is, therefore, given by

Z dr(u,v) Z dT (u,v) Z dr(u,v) + Z dr(u,v)

u,veV(A) u,veV (B u,veEP; u,VEP,
+ E dr(u,v) + E dTuv g dTuv E dr(u,v)
ueV (A ueV(A) ueV (A ueV(B)
UEV(B) vEP; UGPQ veEP;
+ E dr(u,v) + E dr(u,v)
uEV(B u€e Py
VE P> vEP

Let 7" be the caterpillar-like tree obtained from 7" by removing
the edge u; ou;; and adding the edge u; u;; thatis, 77 =T —u; gu; 1 +
u;1w; ;. The Wiener index of 7" is

Z dr (u,v) Z dr (u,v) Z dr (u,v) + Z dr (u,v)

u,veV(A) u,veV(B) u,vEP] u,vE Py
+ g dr(u,v) + E dr(u,v) + g dT/ (u,v) E dr (u,v)
ueV (A ueV(A) ueV (A ueV(B)
vEV(B) vEP UEP2 veEP
+ E dT’ U ’U —f— E dT’ U, ’U
ueV(B) u€eP;
UEPQ VEP,

Z dr(u,v) Z dr(u,v) Z dr(u,v) + Z dr(u,v)

u,veV (A) u,veV (B) u,vE Py u,vE Py
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ZdTuv Z[dTuv—f—t ZdTuv
ueV (A ueV(A) ueV (A
veV( B) veP; UGPQ
—l—ZdTuv —i—ZdTuv—i-ZdTuv
ueV (B ueV (B ueP;
UEP1 vePz veEP;

=W(T) +t|V(A)[[ 1| + t|V(B)]| P
=W(T) +t{P|([V(A)| + [V(B)]).

Since t > 1, we have W (T") > W(T'), and thus completing the proof.
U

Lemma 4.18 Let T be an n-vertex caterpillar-like tree with maxi-
mumdegree A. If T has maximum Wiener index, then'T' has exactly
one branching vertex v and deg, v = A.

Proof. Suppose that 7" has maximum Wiener index among all
caterpillar-like tree of order n and maximum degree A and 7" has
at least two branching vertices. Let v be a vertex of maximum
degree in 7. Thus, deg; v = A. Let u be an end vertex of the back-
bone apart from v. Let 7" be the caterpillar-like tree obtained from
T by applying the transformation in Lemma 4.17 with u,( being u.
Thus, by Lemma 4.17, we have W(7") > W(T), which contradicts
the maximality of 7. Hence, the only branching vertex of 7' is v
and deg,v = A. 0

Lemma 4.19 Let T be a caterpillar-like tree of order n with maxi-
mum degree A, and let v be the branching vertex. If T has maxi-
mum Wiener index, then among all the pendant segments rooted at
v, there is at most one pendant segment whose length exceeds 1.

Proof. Let T be a caterpillar-like tree of order n with maximum
degree A, and let v be the branching vertex. Then there exists
at least one pendant segment in 7' rooted at v = u;o. Let Sy :
U, Ui, U @and Syt v, w;g, .. w;; be two pendant segments in 7'
rooted at v = u; . Without any loss of generality, we may assume
that s < ¢.

Suppose, to the contrary, that 7' has maximum Wiener index
and both s and ¢ are at least 2. Let A be a connected component
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of T'— u;_1ov containing u;_;, and B a connected component of
T — vu;10 containing u,1 9. Furthermore, let P, = V(51) \ {v, u; 1}
and P, = V(S2) U {u;1}. The Wiener index of T is, therefore, given

by

ZdTuv ZdTuv+ZdTuv+ZdTuv
u,veV(A) u,veV (B u,veP) RISy &
+ZdTuv ZdTuv ZdTuv ZdTuv

ueV(A ueV(A) ueV (A ueV(B)

’UEV(B) veEP] UEPQ veEPy
+ Z dr(u,v) + Z dr(u,v)

ueV (B) uePy

VEP, vEP

Let 7" be the caterpillar-like tree obtained from 7" by removing
the edge u; 1, » and adding the edge u, sw;; thatis, 7" =T —w; ju; 2+
u; 2w; ;. Note that deg;(v) = deg,(v). The Wiener index of 7" is

Z dT/ (u,v) Z dT/ (u,v) Z dr (u,v) + Z dr (u,v)

u,veV (A u,weV (B u,vEP] u,0E Po
+ g dT/uv+§dT/uv

’LLEV ue Py

UEPQ vEPo

g dr(u,v) E dr(u,v) g dr(u,v) + g dr(u,v)
u,veV (A) u,veV(B) u,vE P u,VE Py
+ E dr(u,v) + E dTuv (t—1)] E dr(u,v)

ueV(A) ueV (A ueV(A)

veV(B) v€P1 vEP
+ g dTuv (t—1)] E dTuv+EdTuv

ueV (B ueV(B) ue Py

v€P1 vEP, vEP;

=W(T) + (t = DIVAIIA]+ (= DIV(B)[| 7]

=W(T) + (t = D|[P[(|V(A)] + [V(B)]).
Since t > 2, we have W(T") > W(T), which contradicts the maxi-
mality of 7. 0

Lemma 4.17, Lemma 4.18 and Lemma 4.19 imply the character-
isation of an n-vertex caterpillar-like tree with given maximum
degree and largest Wiener index provided in Corollary 4.16.



5 Conclusion

In this thesis, we studied extremal caterpillar-like trees under
certain restrictions relative to the Wiener index. In particular, we
characterised caterpillar-like trees with given number of leaves
as well as caterpillar-like trees with given maximum degree that
achieve the minimum (resp. maximum) Wiener index.

In Chapter 2, we presented the explicit formulas for the Wiener
index of some classes of graphs. Furthermore, we presented some
known bounds on the Wiener index of some classes of graphs.

In Chapter 3, we showed that the caterpillar-like tree with given
number of leaves and minimum Wiener index is the star-like tree
Sne, where each pendant segment of S, , has length either |2

or [21]. We also showed that the caterpillar-like tree with given
number of leaves and maximum Wiener index is the double broom

Bnﬁé]{% K where ¢ is the number of leaves on the ends of an 114

In Chapter 4, although the caterpillar-like tree with given maxi-
mum degree and minimum Wiener index was difficult to uniquely
characterize, we established several necessary structural condi-
tions that must be satisfied by such a caterpillar-like tree. We pro-
vided corollaries that fully characterise the n-vertex caterpillar-
like tree with minimum Wiener index for A +1 < n < 2A and
2A +1 < n < 3A — 1, respectively. We closed this chapter by pro-
viding that among all n-vertex caterpillar-like tree with given max-
imum degree A, the Wiener index is maximized by B, o_;.
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