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Abstract

In this thesis we consider nonholonomic Riemannian manifolds, and in particular, left-
invariant nonholonomic Riemannian structures on Lie groups. These structures are closely
related to mechanical systems with (positive definite) quadratic Lagrangians and nonholo-
nomic constraints linear in velocities. In the first chapter, we review basic concepts of non-
holonomic Riemannian geometry, including the left-invariant structures. We also examine
the class of left-invariant structures with so-called Cartan—Schouten connections. The second
chapter investigates the curvature of nonholonomic Riemannian manifolds and the Schouten
and Wagner curvature tensors. The Schouten tensor is canonically associated to every non-
holonomic Riemannian structure (in particular, we use it to define isometric invariants for
structures on three-dimensional manifolds). By contrast, the Wagner tensor is not generally
intrinsic, but can be used to characterise flat structures (i.e., those whose associated parallel
transport is path-independent). The third chapter considers equivalence of nonholonomic Rie-
mannian manifolds, particularly up to nonholonomic isometry. We also introduce the notion
of a nonholonomic Riemannian submanifold, and investigate the conditions under which such
a submanifold inherits its geometry from the enveloping space. The latter problem involves
the concept of a geodesically invariant distribution, and we show it is also related to the
curvature. In the last chapter we specialise to three-dimensional nonholonomic Riemannian
manifolds. We consider the equivalence of such structures up to nonholonomic isometry and
rescaling, and classify the left-invariant structures on the (three-dimensional) simply con-
nected Lie groups. We also characterise the flat structures in three dimensions, and then
classify the flat structures on the simply connected Lie groups. Lastly, we consider three typi-
cal examples of (left-invariant) nonholonomic Riemannian structures on three-dimensional Lie
groups, two of which arise from problems in classical mechanics (viz., the Chaplygin problem
and the Suslov problem).
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Introduction

Nonholonomic Riemannian geometry has, under one guise or another, been a topic of study
for over a hundred years, and has attracted the attention of numerous geometers. Among the
pioneers, we mention, in particular, E. Cartan and Synge (who first introduced the nonholo-
nomic connection), Vranceanu (who first formalised the notion of a nonholonomic manifold)
and Schouten and Wagner (who first studied the curvature of nonholonomic Riemannian
structures). More recent contributions, using the language of modern differential geome-
try, have been made by Vershik and collaborators [70, 69, 71, 72|, Lewis [46, 45] and Bloch,
Crouch and collaborators [8] (and references therein), to mention but a few. (Lewis, as well as
the Bloch and Crouch group, have also studied mechanical control systems on nonholonomic
Riemannian manifolds.) Some standard references for nonholonomic Riemannian geometry
(mainly from the viewpoint of nonholonomic mechanics) are [8, 18, 19].

Briefly, a nonholonomic Riemannian structure on a smooth manifold M consists of a
pair of complementary distributions D and D+, where D is assumed to be nonholonomic (i.e.,
nonintegrable), and a positive definite metric tensor g (i.e., a Riemannian metric) is defined on
D. There are two (in general, inequivalent) geometries that may be defined on a nonholonomic
Riemannian manifold. In the first, the dynamics are essentially specified by means of the
Chetaev equations; this approach may be viewed as a special case of nonholonomic mechanics.
In the second, which may be viewed as a special case of vakonomic mechanics, the dynamics
follow a classical variational principle: geodesics are (local) length minimisers of the Carnot—
Carathéodory distance. While the term nonholonomic Riemannian geometry has, in the past,
been used to refer to both of these geometries (e.g., in [71, 72]), we shall use it to mean only
the first. The second we shall refer to, by the usual modern terminology, as sub-Riemanniaon
geometry.

From the point of view of physics, a nonholonomic Riemannian manifold is the geometric
structure underlying a mechanical system that describes the motion of a free particle moving
in M with kinetic energy Lagrangian, and subject to (time-independent) nonholonomic con-
straints linear in velocities (given by the constraint distribution D). As such, much of the
work in nonholonomic Riemannian geometry has been from the perspective of nonholonomic
mechanical systems, and this remains the chief application of the field. A consequence is
that much of the work done on more general (nonholonomic) mechanical systems—see, e.g.,
[20, 41]—also applies as a special case to nonholonomic Riemannian structures.

Left-invariant nonholonomic Riemannian structures on Lie groups (often referred to as
“LIL systems” in the context of nonholonomic mechanics) are the prototypes of nonholo-
nomic Riemannian manifolds: their study is a first step toward an understanding of the
general structures. In contrast to invariant sub-Riemannian structures, these structures have
not been extensively studied. To the best of our knowledge, the work that has been done
has been mainly devoted to reduction (see, e.g., [8, 19] and references therein), integrabil-
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2 Introduction

ity (including the existence of invariant measures/volumes; see, e.g., 39, 35]) and problems
from mechanics (particularly, involving symmetries and conservation laws), for instance, the
Chaplygin problem [16, 52, 24, 15|, the Suslov problem [63, 26] and problems with nonlinear
constraints [65, 64, 60]. (Also of interest for integrability are the so-called “LR systems,”
where the metric is left invariant and the distribution is right invariant; see, e.g., [73, 25].)
In particular, little effort has been devoted to tackling the questions of equivalence and clas-
sification of nonholonomic Riemannian structures. Cartan [14] was the first to apply his
method of equivalence in nonholonomic mechanics (specifically, nonholonomic Riemannian
manifolds), though only to the case of a strongly nonholonomic distribution. (The papers
[38, 68] are a modern exposition of Cartan’s ideas; the former paper in particular discusses
some generalisations of Cartan’s work to more general nonholonomic distributions.) However,
regarding specific problems of equivalence and classification, we are aware only of the papers
[22, 23]. In the first, the author makes use of the method of equivalence in order to deter-
mine differential invariants for three-dimensional nonholonomic Riemannian manifolds with
contact distributions. (The paper does not, however, give a classification of these structures.)
In the second paper, the authors again make use of the method of equivalence to derive the
differential invariants, this time studying (four-dimensional) Engel manifolds.

In this thesis we consider nonholonomic Riemannian structures on smooth manifolds, and,
in particular, left-invariant nonholonomic Riemannian structures on Lie groups. The thesis
is organised as follows. In chapter 1 we review some preliminary concepts of nonholonomic
Riemannian geometry. We explicitly define a nonholonomic Riemannian structure, prove
the existence and uniqueness of its associated nonholonomic connection, and show how the
connection is used to define the nonholonomic geodesics. We also discuss how nonholonomic
Riemannian geometry relates to nonholonomic mechanics and sub-Riemannian geometry. In
the second part of this chapter we consider left-invariant nonholonomic Riemannian structures
on Lie groups, and especially a class of such structures with particularly simple dynamics (wviz.,
those with Cartan—Schouten connections).

Chapter 2 treats the curvature of nonholonomic Riemannian manifolds. As mentioned
previously, Schouten and Wagner were the first to study curvature in the context of nonholo-
nomic Riemannian geometry. In particular, the two main curvature tensors used in nonholo-
nomic Riemannian geometry originate in the work of those two mathematicians. The chapter
consists of four parts. In the first two parts, we consider the Schouten and Wagner curva-
ture tensors. While the Schouten tensor is intrinsically associated to every nonholonomic
Riemannian structure, in general the definition of the Wagner tensor relies on some addi-
tional assumptions. However, when these assumptions are met, the Wagner curvature tensor
(unlike Schouten’s tensor) can be used to characterise the “flat” nonholonomic Riemannian
structures, i.e., those for which the associated parallel transport is path-independent. In the
third part of the chapter, we revisit Schouten’s and Wagner’s constructions from the point
of view of “restricted Ehresmann connections,” showing in particular that there exists a flag
of horizontal distributions associated to the Wagner tensor. In the last part of the chapter,
we prove some results concerning the curvature of left-invariant nonholonomic Riemannian
structures.

In chapter 3 we consider the equivalence of nonholonomic Riemannian manifolds, and
introduce a suitable notion of nonholonomic Riemannian submanifolds. In the first part of
the chapter, we consider three natural equivalence relations between nonholonomic Rieman-
nian structures. In increasing strength, the equivalence relations are up to the existence of a
diffeomorphism preserving: the nonholonomic geodesics; the constraint distribution and non-
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holonomic connection; both (complementary) distributions and the metric. Among the three
equivalence relations, in this thesis we shall be chiefly concerned with the last (and strongest)
one; this is also the analogue of equivalence up to isometry in Riemannian geometry. In the
second part of this chapter we consider nonholonomic Riemannian submanifolds, i.e., embed-
dings of one nonholonomic Riemannian structure inside another. The main contribution of
this section is to characterise when the nonholonomic geodesics of the embedded structure
are also nonholonomic geodesics of the ambient space, or, in other words, when the embedded
structure inherits its geometry from the enveloping structure. In order to characterise this
occurrence, we make use of the notion of a “geodesically invariant” distribution, i.e., a distri-
bution invariant under the nonholonomic geodesic flow. A remarkable link between geodesic
invariance and curvature is also established.

Finally, in chapter 4 we specialise to the case of nonholonomic Riemannian structures on
three-dimensional smooth manifolds. (The results of this chapter—apart from the character-
isation and classification of flat structures and treatment of the Heisenberg problem—have
been published in [4].) This is the largest chapter in the thesis, and consists of three parts.
In the first part, we consider the equivalence of nonholonomic Riemannian structures in three
dimensions, up to “nonholonomic isometry” and rescaling. In particular, we classify the left-
invariant nonholonomic Riemannian structures on the three-dimensional simply connected
Lie groups, and describe the equivalence classes in terms of isometric invariants. The second
part of the chapter treats the flat nonholonomic Riemannian structures. We first characterise
flatness in three dimensions, before using this characterisation to classify the flat structures.
Our initial approach to the characterisation uses a direct approach; as such, after classifying
the flat structures, we relate the work with the Wagner curvature tensor. In the last part
of this chapter, we consider three typical problems in nonholonomic Riemannian geometry.
The first—which we have called the “Heisenberg problem”—involves the study of a (left-
invariant) nonholonomic Riemannian structure on the (three-dimensional) Heisenberg group
Hs. (In fact, we shall see that, up to nonholonomic isometry and rescaling, there are only
two equivalence classes of left-invariant nonholonomic Riemannian structures on Hs, corre-
sponding to whether a scalar invariant ¢ > 0 vanishes or not. The Heisenberg problem treats
the equivalence class of structures with positive #.) The second two problems are classical
problems from nonholonomic mechanics: the Chaplygin problem and the Suslov problem.

Appendix A outlines some of our conventions, particularly regarding tensor fields and
tensor derivations. It also introduces a generalisation of the Lie derivative and the exterior
derivative (called the “Z?-Lie derivative” and “Z-exterior derivative,” respectively). Ap-
pendix B considers “restricted connections,” i.e., connections whose associated parallel trans-
port is along a restricted subset of curves in the manifold. The nonholonomic connection
associated to a nonholonomic Riemannian structure is properly viewed in this context, as
is a series of connections involved in the construction of the Wagner curvature tensor. We
consider these connections from two different points of view, viz., as a Koszul connection (i.e.,
a covariant derivative) and as an Ehresmann connection (essentially a horizontal distribution
transversal to the vertical distribution). We also consider the parallel transport induced by
such connections, as well as some special classes of these connections. In appendix C we
briefly review the Bianchi-Behr classification of three-dimensional Lie algebras and their as-
sociated simply connected Lie groups, and discuss some algebraic properties distinguishing
the different algebras. (This is crucial for the classification in chapter 4.) Lastly, we have also
made extensive use of MATHEMATICA [81] to facilitate computations in chapter 4; the code
we have written toward this end may be found in appendix D.



4 Introduction

Original Contributions

To the best of our knowledge, the following contributions in this thesis are original.

Chapter 1: proposition 1.2.6; theorem 1.2.10; proposition 1.2.11; corollary 1.2.12; proposi-
tions 1.2.14 and 1.2.15; corollary 1.2.16; proposition 1.2.17; corollary 1.2.18.

Chapter 2: lemma 2.1.1; propositions 2.1.2, 2.1.4 and 2.1.5; proposition 2.2.2; theorem
2.2.12; proposition 2.2.13; lemma 2.3.2; proposition 2.3.3; lemmas 2.3.5, 2.3.6, 2.3.7 and
2.3.9; theorem 2.3.10; corollary 2.3.11; lemmas 2.3.12 and 2.3.13; theorems 2.3.14 and 2.3.15;
corollary 2.3.16; proposition 2.4.1; corollary 2.4.2; lemmas 2.4.3 and 2.4.4; propositions 2.4.5,
2.4.6 and 2.4.7; corollaries 2.4.8 and 2.4.9.

Chapter 3: propositions 3.1.4 and 3.1.5; lemma 3.1.6; propositions 3.1.7, 3.1.8 and 3.1.9;
corollary 3.1.10; lemmas 3.1.11 and 3.1.12; propositions 3.1.13, 3.1.14, 3.1.15 and 3.1.16;
corollary 3.1.17; lemmas 3.2.2, 3.2.3 and 3.2.4; proposition 3.2.5; corollary 3.2.6; propositions
3.2.7, 3.2.8, 3.2.9, 3.2.10; corollary 3.2.11; proposition 3.2.12; corollary 3.2.13; propositions
3.2.14 and 3.2.15; theorem 3.2.16; proposition 3.2.17; theorem 3.2.18.

Chapter 4: propositions 3.1.2, 4.1.1 and 4.1.4; lemmas 4.1.7 and 4.1.17; proposition 4.1.18;
theorem 4.1.19; corollary 4.1.20; theorem 4.1.22; corollary 4.1.23; propositions 4.1.24, 4.1.25
and 4.1.26; lemmas 4.2.1 and 4.2.2; theorem 4.2.3; corollaries 4.2.4, 4.2.5 and 4.2.6; theorems
4.2.7, 4.2.9 and 4.2.10; lemma 4.2.12; proposition 4.2.13; theorem 4.2.14; proposition 4.3.1;
corollary 4.3.2; propositions 4.3.3, 4.3.5 and 4.3.6.

Appendix A and appendix B: Many of the results in the (first two) appendices are
original, or at least cannot be found in the literature (though they are straightforward gen-
eralisations of known results). Specifically, in appendix A, the following results are original
contributions: propositions A.3.1 and A.3.2; lemma A.3.3.

In appendix B, almost everything in section B.1 (sans section B.1.3.2) is original, with
the exception of some results stated in [38]. (Having said that, it seems clear that all results
in this section are known to the authors of [38], and most likely also to researchers in related
areas.) Nevertheless, the main contribution of this appendix is to provide complete proofs for
almost all results.

Conventions

We briefly mention the conventions employed in this thesis. Unless stated otherwise, we shall
assume that all manifolds, tensor fields, distributions, etc. are smooth, i.e., of class C*.
Appendix A lists further conventions, particularly for tensor fields and tensor derivations.

Summation convention. We follow the Einstein summation convention on repeated in-
dices throughout this thesis. Unless stated otherwise, we shall assume the following ranges:
e i, j, k, £ range through 1,...,n (or sometimes 0, 1,2 in chapter 4);
e a, b, ¢ and u, w range through 1,...,7;
e )\, u range through r+1,...,n.

If these indices are themselves indexed (e.g., ai,as,...), then they range through the same
values (e.g., a1, az, ... range through 1,...,7r).
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Notation. We briefly outline the notational conventions used in this thesis. Manifolds are
denoted M, N, etc., in a sans serif typeface. Similarly, Lie groups are denoted G, H, etc.
Their corresponding Lie algebra is denoted using a lowercase Fraktur letter (e.g., g, b, etc.).
Distributions are denoted with a calligraphic typeface (e.g., D, S, etc.), and projections with
a curly calligraphic typeface (e.g., &, 2, etc.). We also use the following notation:

1 identity element of a Lie group.
A" induced map A" : T'(D) — I'(D*), A*(X) = A(X, -), where A is a (0, 2)-tensor.
Af induced map Af : T(D*) — T(D), A' = (A°)~!, where A is a nondegenerate
(0, 2)-tensor.
C*>*(M) the set of (real-valued) functions on a manifold M.
d exterior derivative of a k-form.
de P-exterior derivative of a k-form; see section A.3.2.

dy, P-exterior covariant derivative of a vector-valued k-form (where V is a nonholo-
nomic connection); see section 1.1.4.

A*D E™M-exterior power of D: \¥D = Lyemspan{ X1 A A Xy 1 X1,..., Xp € Dy}
V¥ D kth-symmetric power of D: \/¥ D = Lgemspan{Xy Vv -V Xp: Xq,..., Xy € Dy}
D) Lie algebra of (tensor) derivations of T/(D); see section A.2.
) subspace of algebraic derivations in Der(D); see section A.2.
D) S-restricted derivations; see section A.2 and section 2.2.1.
)

space of sections of a distribution D. In particular, I'(T'"M) is the space of vector
fields, and I'(7T*M) the space of 1-forms, on a manifold M.

I'2(D) space of left-invariant sections of a left-invariant distribution D on a Lie group G.
£x Lie derivative along a vector field X € I'(TM).
£)9() P-Lie derivative along a vector field X € I'(T'M); see section A.3.1.
[,-] projected Lie bracket: [-,-] = Z([,]).
(- :-)) symmetric bracket; see section 1.1.3.
Q% (D) space of k-forms on D: Q¥(D) = T'(A* D); by convention Q°(D) = C®(M).
QF(D,S) space of S-valued k-forms on D: QF(D,S) = QF(D) @ I'(S).
T¢ tangent map (differential) T'¢ : TM — TN of a map ¢ : M — N between manifolds
M and N; the tangent map at ¢ € M is denoted Ty¢ : TyM — Ty )N.
TF(D) bundle of (k,£)-tensors on D; see section A.1.
TF(D) space of (k,{)-tensor fields on D: TF(D) = T'(TF(D)); see section A.1.
tr;'. trace (contraction) of a tensor field in the i*" contravariant and j'™ covariant slot;
see section A.1.1.
X|f] directional derivative of f € C*°(M) in the direction of a vector field X.

X" horizontal lift (or h-lift) of a vector field X € I'(£) with respect to an £-restricted
Ehresmann connection h on D; see section B.2.

X" vertical lift of a vector field X € I'(D); see section B.2.

vly, vertical lift over (a tangent vector) Uy; see section B.2.






Chapter 1

Nonholonomic Riemannian
geometry

In this chapter we lay the groundwork for our study of nonholonomic Riemannian manifolds.
Most of the definitions and results in this chapter may be found in the literature, or are a
straightforward generalisation of those found in Riemannian geometry. We have restricted to
only the material that is required in this thesis, either directly, or for a more comprehensive
understanding of the topics we present.

In section 1.1, we consider general nonholonomic Riemannian structures. In particular, we
define a nonholonomic Riemannian manifold and prove the existence and uniqueness of the
nonholonomic connection. Using this connection we introduce the nonholonomic geodesics, for
which we prove some basic properties. Our particular approach to nonholonomic Riemannian
geometry (specifically, the definition of a nonholonomic Riemannian structure as a quadruple)
is somewhat new (although this approach can essentially be found in some of the early works,
e.g., [75]). For this reason, in section 1.1.1 we motivate our approach by relating it to the study
of nonholonomic mechanical systems with kinetic energy Lagrangians. In section 1.1.2 we
continue our study of nonholonomic geodesics, introducing the nonholonomic geodesic spray,
the associated (nonholonomic geodesic) flow, and the exponential map. In section 1.1.3 and
section 1.1.4 we introduce two objects induced by the nonholonomic connection. The first,
the so-called “symmetric bracket,” is essentially the symmetric part of the connection (the
skew-symmetric part of the connection is given by a projection of the Lie bracket). The
second object is an exterior covariant derivative operator, induced by the connection and the
projection onto the constraint distribution. Concluding the first part of the chapter, in section
1.1.5 we review some basic concepts from sub-Riemannian geometry. Every nonholonomic
Riemannian structure has an associated sub-Riemannian structure. However, the geometries
of the two structures are, in general, inequivalent. In this section we briefly contrast the two
geometries, and mention how (in general) there is no relation between the sub-Riemannian
geodesics and the nonholonomic geodesics.

In the second part of this chapter, section 1.2, we specialise to left-invariant nonholo-
nomic Riemannian structures on Lie groups, i.e., structures invariant under left translations.
As mentioned in [71], these structures model generalised problems on a rolling solid body,
and are “of most interest.” For these structures, we show that the associated objects (the
nonholonomic connection, the nonholonomic geodesic spray, etc.) are also left invariant.
As a consequence, we are able to show that every left-invariant nonholonomic Riemannian
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8 1.1. Nonholonomic Riemannian structures

structure is geodesically complete (i.e., the domain of every nonholonomic geodesic may be
extended to the entirety of R). In section 1.2.1 we consider a special class of left-invariant
nonholonomic Riemannian structures, viz., those whose nonholonomic geodesics are left cosets
of one-parameter subgroups (or equivalently, whose reduced dynamics is trivial). For such
structures, the nonholonomic connection is called a “Cartan—Schouten connection.” The main
contribution of this section is to characterise when the nonholonomic connection (of a left-
invariant nonholonomic Riemannian structure) is Cartan—Schouten. Invariant nonholonomic
Riemannian structures with Cartan—Schouten connections are the analogues of bi-invariant
Riemannian metrics, and hence the characterisations of these structures are reminiscent of
those for bi-invariant metrics in Riemannian geometry. Lastly, in section 1.2.2 we consider the
question of existence of (left-invariant) nonholonomic Riemannian structures with Cartan—
Schouten connections. In the Riemannian case, it is well-known (see [49]) which Lie groups
admit a bi-invariant metric (and this class of Lie groups is quite small). The nonholonomic
Riemannian case is not so straightforward, and there are many more examples of structures
with Cartan—Schouten connections. In fact, we prove in this section that every Lie group that
admits a rank two left-invariant distribution, admits a nonholonomic Riemannian structure
(with the same distribution) whose nonholonomic connection is Cartan—Schouten.

1.1 Nonholonomic Riemannian structures

Let M be an n-dimensional manifold. By a distribution of rank r on M we shall mean a vector
subbundle of TM with r-dimensional fibres. If [ X, Y| € I'(D) for every X,Y € I'(D), then D
is called integrable (or holonomic); if D is not integrable, then it is called nonintegrable (or
nonholonomic).

Let D be a rank r < n nonintegrable distribution on M. (The pair (M, D) is sometimes
called a “nonholonomic manifold.”) The flag of D is the increasing filtration D! C D? C -,
where

D'=D and DM =D (D", DY, i>1. (1.1.1)

Here [£,&] = {|X,Y](¢) : X €e(€), Y € T'(£)}, g € M, where € and &' are distributions
on M. We will always assume that each element of the flag of a distribution is itself a
distribution, i.e., the dimension of the fibres is constant. Evidently, the flag of D will stabilise
after finitely many steps. If there exists N > 2 such that D = TM and DV~ C TM, then
D is said to be completely nonholonomic, and N is called the degree of nonholonomy of D.
The simplest case is when N = 2; in this case, D is called strongly nonholonomic.

Remark 1.1.1. If M is three dimensional, then a nonintegrable distribution on M must have
rank two. Moreover, it is clear that every nonintegrable distribution on a three-dimensional
manifold is strongly nonholonomic. 0

Remark 1.1.2. Many authors define the flag of D as
D'=D and DM =D [D,D| =D + Y [D/,DF,i>1L (1.1.2)
k=i
(See, e.g., [38].) However, we prefer the definition (1.1.1), as it is more naturally used in
defining the Wagner curvature tensor (see, e.g., [75, 21]), which we discuss further in chapter

2. Nevertheless, the definitions and results in this thesis that rely on the flag of D are readily
modified to use the formulation (1.1.2). 0
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A curve v : I — M is called a D-curve if it is tangent to D, i.e., ¥(t) € D,y for every
t € I. (Here, and henceforth, I denotes an interval of R.) Complete nonholonomy of D is a
sufficient condition for connectivity of M by D-curves:

Theorem 1.1.3 (Chow—Rashevskii, [59, 17]). Let D be a completely nonholonomic dis-
tribution on a connected manifold M. Then any two points in M can be joined by a D-curve.

A nonholonomic Riemannian manifold is a quadruple (M, D, D+, g), where M is an n-
dimensional (connected) manifold, D is a rank r < n completely nonholonomic distribution
on M, D+ is a rank n — r distribution complementary to D (so that TM = D @ D+) and g is
a positive definite metric tensor on D. For convenience, we shall also refer to a nonholonomic
Riemannian manifold as a nonholonomic Riemannian structure.

Remark 1.1.4. We shall sometimes abuse the above definition slightly to include the case
when » = n, ie., D = TM and D+ = {0}. In this case, (M,D,D+,g) is a Riemannian
manifold (M, g). 0

Let Z :TM — D and 2 : TM — D= be the projection operators corresponding to the
decomposition TM = D @ D+. For convenience, we shall denote the projected Lie bracket
P([-,]) by [,-]- Let || - || be the norm on D induced by g.

In Riemannian geometry, there exists a unique metric and torsion-free connection (the
Levi-Civita connection) associated to every Riemannian structure (see, e.g., [44, 55, 53|).
Remarkably, this result generalises to nonholonomic Riemannian geometry: associated to
every nonholonomic Riemannian structure (M, D, D+, g) is a unique affine connection of the
form V : I'(D) x I'(D) — I'(D) (i.e., a D-restricted connection on D; see appendix B) that is
metric and has vanishing torsion. Here the torsion of V (with respect to #7) is the (1, 2)-tensor
field T': I'(D) x I'(D) — I'(D) given by

T(X,Y)=VxY —-VyX —[X,Y], X, YeI(D).

This connection is called the nonholonomic connection of (M, D, D+, g). We have the following
result (see, e.g., [43]).

Theorem 1.1.5. Let (M, D, D+, g) be a nonholonomic Riemannian manifold. There exists
a unique D-conneclion V on D that is both melric and torsion-free, i.e., Vg =0 and T = 0.
Furthermore, V is characterised by the Koszul formula:
2g(VxY, Z) = (£7 8)(X, 2) + (d»g’(Y))(X. Z)
= X[g(Y, Z2)] + Y[g(X, Z)] — Z[g(X,Y)]
+ g([[Xv Y]]v Z) - g([[Xv Z]]v Y) - g([D/v Z]],X),

for X,Y,Z € (D). Here £5 is the 9-Lie derivative (see section A.3.1) and dz is the
P-exterior derivative (section A.3.2).

Proof. Koszul’s formula uniquely defines the operation I'(D) xI'(D) — I'(D), (X,Y) — VxY.
We show that this operation is in fact a D-restricted connection on D. Clearly, V is R-linear
in both of its arguments. Let X,Y, 7 € I'(D) and f € C*(M). We have

(LY 8)(fX, 2) = Y(g(/ X, 2)| - s(Y. /X]. Z) - g(/ X, [V, Z])
F(£57 8)(X, 2).
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Similarly,
(dog” (V)X 2) = [X[g(Y, 2)] — Z|g(Y, [X)] — &Y, [X, Z])

= /X[g(Y, 2)] - fZ[g(Y, X)] — Z|f]g(Y, X) — g(V, [[X, Z] — Z[/]X)
= I (dzg’ (V))(X, Z).

It follows that V is tensorial in its first argument. We also have

(Lhe) (X, 2) = [Y[s(X, 2)] —&([1Y. X], 2) — &(X, [}V, Z])
Yig(X, 2)] —g(/IV, X] = X[/1Y, Z) — &(X, [IY, Z] — Z[ /1Y)
(£78)(X, 2) + X[flg(Y, Z) + Z[f1g(X,Y)

—~

and
(dog’ (JYNX, 2) = [(dog’ V)X, Z) + (do | A& (Y)(X, Z)
= [(dog’ V)X, Z) + X[[f1g(Y, Z) — Z| f]g(Y, X).

Hence 2g(Vx fY, Z) =2g(X|[f]Y + fVxY, Z), i.e., V is a derivation in its second argument.
Thus V is a D-restricted connection on D.

It remains to show that V (defined via the Koszul formula) is metric and torsion-free. For
metricity, we have

g(V7X,Y) + (X, V2Y) = 3 (Z1g(X,¥)] + X[g(#, V)] - VIg(Z, X)|
+ g([[Zv X]]v Y) - g([[Zv Y]],X) - g([[Xv Y]]v Z))

+ 5 (Z1g(y.X)] + YIg(Z, X)] - X[g(Z,Y)
+ g([[Zv Y]],X) - g([[va]]vY) - g([D/v X]]v Z))
- Z[g(X, V)]

That is, Vg = 0. Similarly for the torsion, we have

&(VXY ~ Vv X, 7) = L (X[a(Y: Z)] + Y]g(X. 2)] - Z[g(X, V)]
T g(IX, Y], 2) — g%, 71, Y) — g(IY, 71, X))
L (VIg(X. 2)) + X[g(v 2)] - Z[a(¥. )]
T g(IY, X1.2) — (1Y, 2], X) — g(IX, 71, V)
— (X, Y], 2).
Hence VxY — Vy X = [X,Y], i.e., V is torsion free. |

Let (X;) be a local frame for 7'M such that (X,) is an orthonormal frame for D and (X)
is a frame for DL Let cfj € C*°(M) be the structure constants of this frame: [X;, X;| = cijk.
Likewise, let I', € C*(M) be the connection coefficients of V: Vx, X = I'%} X .

Corollary 1.1.6. We have T'Y, = 1(c,—cb,,—ct,). (In particular, the connection coefficients

I'Y, depend only on the orthonormal frame (X,) and the structure constants of [Xa, Xp].)
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Proof. From Koszul’s formula, we have

28(Vx, X, Xo) = Xal8(Xp, Xu)| + Xo[8(Xa, Xuw)| — Xwlg(Xas Xo)]
+ g([[XCH Xb]]v Xw) - g([[XCH Xw]]v Xb) - g([[va Xw]]v X&)
= Cab 8(Xu, Xuw) — Cquw 8(Xus Xp) — Chy 8(Xu, Xo)
b

_ LW a
= Cab — Caw — Chuw-

That is, I = $(c% — b, — i) |

Using the nonholonomic connection V, the geodesics of a nonholonomic Riemannian struc-
ture are defined to be the self-parallel D-curves of the connection. More precisely, a D-curve
v : T = M is called a nonholonomic geodesic of (M, D, D+, g) (cf. [71]) if

Vi¥(t) =0 for every t € I.

(We shall also sometimes refer to a nonholonomic geodesic as a geodesic of the nonholonomic
connection.) In terms of a local frame for D, the nonholonomic geodesics can be seen to
satisfy a system of second-order ordinary differential equations. In particular, this implies the
existence and uniqueness of the nonholonomic geodesic through a given initial point and in a
given admissible direction.

Lemma 1.1.7. A D-curve v : 1 — M is a nonholonomic geodesic if and only if
78+ Top (v ()3 (03" () = 0
for every t € I. (The components ¥* of % are given by v = 3*(Xq 07).)

Proof. Let v : I — M be a D-curve. With respect to the (local) frame (X,) for D, there exist
functions 4* € C*=(I) such that 4(t) = 4*(t) Xo(y(t)) for every t € I. Since §[¥?%] = 4%, we
have

Vit =0 = Ali(Xeon) +9V5(Xa07) =0
— ’?a(XCb © ’7) + ’y&’ybv(XbO'y) (Xa o ’7) =0
= 4(Xao7) +59" (T 0 7)(Xu 07y) =0
= [+ TG0 ](Xwer) = 0.
That is, v is a nonholonomic geodesic if and only if 4% + ng(v)ﬁaﬁb = 0. [ |

Lemma 1.1.8. Let g € M and X, € D,. There exists a unique (up to domain) nonholonomic
geodesic vy : I — M (with 0 € I) such that v(0) = g and ¥(0) = X,.

Proof. 1f y is a nonholonomic geodesic, then 5% = —TI'% (v)4%4%, where 4 = 4%(X, o). That
is, the curve t — (%) satisfies a first-order ordinary differential equation. This ODE has a
solution +, defined on some interval I C R containing zero; specifying the initial condition
4(0) = X, determines a unique solution. Then v = 7y o % is the unique nonholonomic
geodesic such that v(0) = ¢ and 4(0) = X,,. (Here nvy : M — M is the canonical projection
of a tangent vector onto its base point.) u
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Lemma 1.1.8 implies that, through a point ¢ € M and in a given direction X, € D,,
there passes a unique nonholonomic geodesic v : I — M with maximal domain. That is, if
3 : T — M is any other nonholonomic geodesic satisfying 7(0) = ¢ and (0) = Xy, then ICI
and |7 = 7. If I = R for every nonholonomic geodesic with maximal domain (or, in other
words, the domain of every nonholonomic geodesic may be extended to the entirety of R),
then (M, D, D+, g) is said to be geodesically complete.

Proposition 1.1.9. Every nonholonomic geodesic v has constant speed, i.e., ||[¥(t)|| is con-
stant in t.

Proof. Let v be a nonholonomic geodesic. Since V is metric, we have

0= 2g(Vsi4) = Ala( )] — 84

Hence [|4(t)]| = \/gﬂ/@)("y(t), 4(t)) = constant. N

Corollary 1.1.10. FEvery non-constant nonholonomic geodesic v : I — M is regular, i.e.,
Y(t) £ 0 for every t € 1.

Proposition 1.1.11. Letv: I — M be a non-constant nonholonomic geodesic and ¢ : I 1
a diffeomorphism. The (reparametrised) D-curve yo is a nonholonomic geodesic if and only
if (t) = at + b for some a,b € R.

Proof. Let 3 =~ 0. Then (1) = (¢(t))@(t) € Doty = Dy for every t € I, and so 7 is
a D-curve. Furthermore, we have

VA =0 <= Vi((Yop)@)(t) =0
= ARIOFE) + 2D Vigop) (Yo @)(t) =0
= G =0
= () =0.
That is, 7 is a nonholonomic geodesic if and only if ¢(t) = at + b for some a,b € R. |

Remark 1.1.12. Let v : I — M be a unit-speed D-curve in M (i.e., |¥(¢)|| = 1 for every
t € I). The geodesic curvature of 7 is the function x, : I — R given by

f (1) = V3 (@)1

Evidently, « is a nonholonomic geodesic if and only if s, = 0. That is, the nonholonomic
geodesics of (M, D, D+, g) are exactly those D-curves that have vanishing geodesic curvature.
In this sense, the nonholonomic geodesics can be interpreted as the “straightest” curves in M
(an observation originally due to Hertz [32]). We can also view the nonholonomic geodesics
as the solutions of the “instantaneous variational problem” [§]

min k, subject to (t) € D,(t) for every t.
v

This approach to obtaining the nonholonomic equations of motion is referred to as Hertz’s
Principle of Least Curvature (which is a special case of Gauss’s Principle of Least Constraint);
see, e.g., [32, 46]. o
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1.1.1 Motivation from nonholonomic mechanics

In this section we motivate the definition of a nonholonomic Riemannian structure by dis-
cussing how they are related to nonholonomic mechanical (specifically, Lagrangian) systems.
We begin by briefly recounting the link between Riemannian manifolds and mechanical sys-
tems described by kinetic energy Lagrangians.

Let g be a Riemannian metric on an n-dimensional (connected) manifold M. Let (g*) be
local coordinates on M, (¢, ¢°) the corresponding coordinates on TM and (8;) the coordinate
frame (8/0¢"). The geodesics of the Riemannian manifold (M, g) are exactly the geodesics of
the associated Levi-Civita connection V (see, e.g., [44, 55, 53, 58]). These geodesics coincide
with the extremal curves of the mechanical system given by the (positive definite) kinetic
energy Lagrangian L : TM — R, (¢, ¢*) = 2gx0¢"¢* (where gre = g(Ok, 91)), i.e., the solutions

of the Euler-Lagrange equations
doL oL

dtog  dg

(see, e.g., [29]). Indeed, for the kinetic energy Lagrangian, the Euler-Lagrange equations are

gi5(§ +T9,4¢") =0, (1.1.3)

where Fie € C>(M) are the Christoffel symbols of V, given by 6,% Oy = riﬁaj. Ify:t— (¢'(t))
is a curve in M, then 6qﬁ = (§7 + F{;Eqkqﬁ)aj. Hence (1.1.3) may be written in the intrinsic
form g"(V45) = 0.

We now introduce (time-independent) linear nonholonomic constraints. Locally, these are
given by n — r equations of the form

NP =0, rank [ —no
where f]’f‘_’\Jrl € C*®(M). Geometrically, the constraints are represented by a (rank r) nonin-
tegrable distribution D on M; in fact, we shall assume that D is completely nonholonomic.

Let D+ be the orthogonal complement of D with respect to the metric g. If g|p, denotes the
restriction of g to sections of D, then clearly (M, D, D+, g|5) is a nonholonomic Riemannian
manifold. Furthermore, the projections &2 and 2 coincide with the orthogonal projections
onto D and DL, respectively.

It turns out that the nonholonomic connection V of (M, D, D+, g|p) can be written as
the projection (onto D) of the Levi-Civita connection V. (For this reason, the nonholonomic
connection is sometimes also called the “truncated connection” [71].)

Proposition 1.1.13 (cf. [69, 71, 21]). The nonholonomic connection V is given by
VxY = 2(VxY)

for every X, Y € I'(D).

Proof. Let V : (D) x I'(D) — I'(D) be defined as VxY = 2(VxY) for X,Y € T(D). We

first show that V is a D-restricted connection on D. Clearly, V is R-linear. Let X,Y, Z € I'(D)

and f € C*°(M). Then

VixY = 2(VyxY) = fP(VxY) = fVxY,
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i.e., V is tensorial in its first argument. Furthermore, we have
Vx(fY) = 2(Vx(JY) = Z(X[[]Y + [VxY) = X[[]Y + [VxY,

and so V is a derivation in its second argument. Thus V is a D-restricted connection on D.
That V is metric (i.e., VE‘D = 0) follows from the metricity of V and the orthogonality of
D and D

ZB(X, V)] =8(V2X,Y) +&(X,V2Y) = 8(VzX,Y) +&(X,VzY).

Similarly, we have [X, Y] = 2(VxY —Vy X) = VxY—Vy X, and so V has vanishing torsion.
By uniqueness of the nonholonomic connection (theorem 1.1.5), it follows that V=V. R

The following characterisation of the nonholonomic geodesics is an equivalent formulation
of the Lagrange—D’Alembert Principle (cf. [19, 18, 46]).

Corollary 1.1.14. A D-curve v : I — M is a nonholonomic geodesic of (M, D, D+, g|p) if
and only if

6{7(1&) € Dﬂf(t) for everyt € 1.

Proof. The condition 6’;/’7(15) € D#(t) is equivalently written as #?(Vs¥(t)) = 0. Thus, for a

D-curve v, we have 6aﬁ(t) € Dﬂf(t) if and only if V44(t) = @(%aﬁ(t)) =0. [ |

The nonholonomic geodesics of (M, D, D+, g|,) coincide with the nonholonomic extremals
of (the kinetic energy Lagrangian) L, subject to the (linear-in-velocities) nonholonomic con-
straint represented by D. Indeed, the nonholonomic extremals of L are the solutions of the
Chetaev equations for L (see, e.g., [18, 8|)

d oL 0L AL
—— — —— = Vp_ 1.1.4
dlog  og MY (1.14)
where A1 = ff_’\+1dqj and v,_ 11 € C®(M) are Lagrange multipliers, determined by the
constraints. (In the case of linear nonholonomic constraints, the Chetaev equations are often
called the Lagrange-D’Alembert equations.) Specifically for the kinetic energy Lagrangian,
the equations (1.1.4) are given by

9ii (i@ +17,6%%) = vporpr S (1.1.5)

Observing that the annihilator D° = g"(D+) of D is spanned by ', ..., ", we can write
(1.1.5) in the invariant form gb(ﬁﬂy’y) € D°. The claim now follows by corollary 1.1.14. (We
should also mention that the expression of the nonholonomic equations of motion in terms
of the nonholonomic connection is exactly the geometric expression of the reduced Chetaev
equations; for more details, see, e.g., [41, 61].)

As we have seen, the nonholonomic extremals of a kinetic energy Lagrangian subject to
linear nonholonomic constraints are exactly the nonholonomic geodesics of the associated
nonholonomic Riemannian structure. For this reason, we view the associated nonholonomic
Riemannian structure as the fundamental underlying geometric object, which motivates our
study of these structures in this thesis.
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1.1.2 The nonholonomic geodesic spray and exponential map

If v: I — M is a nonholonomic geodesic of (M, D, D+, g), then it satisfies the (second-order)
ordinary differential equation V:4(t) = 0 (see lemma 1.1.7). On the other hand, this may
be viewed as a first-order differential equation satisfied by the curve I >t — 4(t) € D).
Accordingly, we expect that there should exist a second-order vector field on D whose integral
curves are exactly the tangent lifts ¢ — 4(t) of nonholonomic geodesics v in M.

Let 7 : D — M be the canonical projection of a D-vector onto its base point and let
t : D — TM be the inclusion map. A vector field Z € I'(T'D) is called a nonholonomic
semispray (cf. [56]) if Tw - Z = «. If, in addition, Z satisfies Z o ¢y = Ty - €' Z, where
¢t : D — D, Uy — e'U, is the canonical dilation on D, then it is called a nonholonomic spray.
(In this case, the component functions of Z with respect to a local frame can be shown to be
2-homogeneous.)

Let h: 7D — TD be the D-restricted Ehresmann connection on D associated to V (see
section B.2). That is,

hUg, Xg) = TyU - Xg =V, - Vx, U, (Ug, Xg) € 7D,

where U € I'(D) is any vector field such that U(q) = U,. Let = € I'(T"D) be the vector field
on D defined as
E(Uy) = MUy, Uy), U, eD.

Lemma 1.1.15. = is a nonholonomic spray.

Proof. Let U; € D. From the properties of a restricted Ehresmann connection, we have
(tp 0 E)(Uy) = (tp 0 h)(Uy, Uy) = Uy and Ty, 7 - E(Uy) = Ty, 7 - MUy, Uy) = 1(Uy). That is,
7poZ =idp and T'r - Z = +. Hence = is a nonholonomic semispray. Furthermore, since h is
R-linear in its second argument and is a linear connection, we have

Z(Pe(Uq)) = h(de(Uy), 1(Uy)) = TUq¢t ’ eth(qu Ug) = TUq<l5t et =(Uq)-

That is, = is a nonholonomic spray. |

The vector field Z is called the nonholonomic geodesic spray of (M, D, D+, g). The name
is justified by the following result.

Proposition 1.1.16. If v is a nonholonomic geodesic, then t — (t) is an integral curve of
the nonholonomic geodesic spray =. Conversely, if n is an integral curve of =, then mon is
a nonholonomic geodesic.

Proof. Let v : I — M be a nonholonomic geodesic and let X € I'(D) be a local extension of
4 along 7, i.e., X(v(t)) = 4(t) for every t € I (possibly by shrinking 7). Then

E(3(0) = h(¥(1), Y1) = Typy X - 4() = Vs - Vx X (7(1)) = Ty X - (1),

where in the last step we have used the fact that VxX(v(t)) = Vs¥(t) = 0. Consequently,
we get

=G0 = 5| X0+ 9) =40,
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That is, t — 4(t) is an integral curve of =. Conversely, let 1 : I — D be an integral curve of
= and let v = mon. We have

d

V() = () = Tyym - 0(t) = Ty - E0(t) = (1),

and so v is a D-curve. Furthermore, if X € I'(D) is a local extension of 4 along -y, then

Vad(t) = Vx X((t)

= VI (B X 40 = A3, (1)
=Vl [Ty X - 3() = E(3(1)]
=Vl [Ty X - n(t) —E(n(1))]
We have
LX) = o X((te) = | Ars) = | alrs) =)
ds | —g ds | —g ds | —g
and so Vs¥(1) = vl;é) < [n(t) — 2(n(t))] = 0. Hence ~y is a nonholonomic geodesic. [ |

Corollary 1.1.17. (M, D, Dt g) is geodesically complete if and only if Z is a complete vector
field.

The flow of =, denoted ®; : D — D, is referred to as the nonholonomic geodesic flow.
Clearly, by proposition 1.1.16 and lemma 1.1.8, the curve t — 7 (®:(X,)) is the unique
nonholonomic geodesic starting from ¢ € M in the direction X, € D,.

Lemma 1.1.18. Let X, € D and k € R\ {0}. Then ®,(kX,) = Ppe(X,) for every t for
which both sides are defined.

Proof. Let v : t — w(®i(kX,)) and 7 : ¢t — 7(Pre(Xy)). We have 7(0) = «(0) = ¢ and
3(0) = k Tym - Z(Po(X,)) = k1(X,) = +(0). Furthermore, Vﬂ;ﬁ(t) = k2 V:4(kt) = 0 for every
t, since 7 is a geodesic of V. Thus & and < are both nonholonomic geodesics satisfying the
same initial conditions, and hence are identical. |

The nonholonomic geodesic flow is closely related to the exponential map of (M, D, DL, g).
For each ¢ € M, let

0O, = {X, € Dy : the nonholonomic geodesic ¢ — 7(P(X,)) is defined on [0,1]} C D,.
Clearly, if (M, D, D+, g) is geodesically complete, then O, = D, for every q € M.

Lemma 1.1.19. O, is star-shaped about 0, i.e., the line segment {t X, : t € [0,1]|} is con-
tained in Oy for every X, € Oy.

Proof. Let X, € Oy and s € (0,1]. Since t — 7(®;(X,)) is defined on [0, 1], we have that
t > m(Pi(sXy)) = m(Pst(Xy)) is defined on [0,1] D [0,1]. Hence sX, € O, Since s is
arbitrary, it follows that O, is star-shaped. |
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The exponential map at g is defined as
exp,: Oy =M, exp, =mo (I>1|@q.

From lemma 1.1.18 and lemma 1.1.19, we have ®;(X,) = ®1(tX,), and so 7(P:(X,)) =
m(P1(tXy)) = exp,(tX,). Hence t — exp,(tX,) is the (unique) nonholonomic geodesic start-
ing at ¢ in the direction X,. Combining the exponential map at each point ¢ € M into a
single map, we define the exponential map as exp : \_|qu 0O, =+ M, exp|@q = exp,.

Proposition 1.1.20 (cf. [67]). Let ¢ € M. The exponential map exp, : Oy — M is a
diffeomorphism from a neighbourhood of 0 € Oy onto an r-dimensional submanifold of M
containing q.

Proof. By the inverse function theorem, it suffices to prove that Ty exp, : Dy — T;M has rank
r at 0 € Dy. (Here we have identified ToD, with Dy.) If X, € Oy, then

d -
Toexp,(Xy) = —|  exp,(tXy) = —| 7(Pe(Xy)) = Tx, 7 Z(Xy) = 1(Xy).
dt|,_g dt |,
That is, Ty exp, is the inclusion map 7;D — T;M, with rank r. |

In particular, there is no analogue of the Hopf-Rinow theorem in nonholonomic Rieman-
nian geometry. (On the other hand, there is such a result in sub-Riemannian geometry; see,
e.g., |7, 2|, and section 1.1.5.)

1.1.3 The symmetric bracket

Associated to the nonholonomic connection V is a bracket (or product) defined on sections
of I'(D), which in some sense is a symmetric counterpart to the projected Lie bracket [-,-].
If X,Y € I'(D), then the symmetric bracket (also called the symmetric product; see, e.g.,
[3, 46]) of X and Y, denoted (X :Y)), is defined as

(X:Y) = VxY + VyX.
Lemma 1.1.21. Let X, Y € I'(D) and f € C*(M). Then:

(i) V¥ = JIX Y]+ B v,

() (FX V) = YIIX + FUX YY), doen (- -) is a derivation in each argument.
Proof. Since V is torsion free, we have

VY = (VY — Ty X) 4 (VY Ty X) = L[ Y]+ X0 Y)
for every X,Y € I'(D), which proves item (7). For item (i),
(X YY) = VixY 4 Vy(fX) = VXY + YIJIX 4 /Uy X = VI[IX + f(X: V). m

Notice that item (i) of the lemma asserts that 2(X : Y)) is the symmetric part of VxY,
and 1[X,Y] is the skew-symmetric part. (Consequently, a D-curve « : I — M is a geodesic
of V if and only if ((%,%)) = 0.) We shall see in chapter 3 that the symmetric bracket plays a
significant role in the “geodesic invariance” of vector subbundles of D.



18 1.1. Nonholonomic Riemannian structures

1.1.4 The %-exterior covariant derivative

Every vector bundle connection induces an exterior derivative operator on vector-valued dif-
ferential forms (see, e.g., [56]). A similar differential operator may be associated to the
nonholonomic connection V. We have that QP(D,TF(D)) = QP(D) @ T}(D) denotes the
space of TF¥(D)-valued p-forms on D. The P-exterior covariant derivative is the differential
operator

4% - (D, TH(D)) — (D, Tf(D))

defined as follows (cf. section A.3.2):
(i) If T € QUD,TF(D)) = TF(D), then d%,T(X) = VxT for every X € I'(D).
(i) If o € QP(D,TF(D)), p > 1, then

d;gp(x()v s 7Xp) - Z (_1)Z(VXZQO)(X07 s 7)?1'7 .. -:Xp)

0<i<p
= > (-)'Vxe(Xo, .. Xy, Xp)
0<i<p
+ ) (D)X X Ko, X XL Xp)
0<i<g<p

for every Xo,..., X, € I'(D). (The hat indicates the omission of that element.)

The case of QP(D, T} (D)) = QP(D,D) is of the most interest. In particular, for a 1-form
0 € QYD, D) (i.e., a (1,1)-tensor field), we have

d%p(X,Y) = Vxp(Y) = Vyp(X) — ¢([X,Y])

for X,Y € I'(D). Note that the torsion of V is exactly the Z-exterior covariant derivative
of the identity map idp. For this reason, if ¢ € Q'(D, D), then d;go is sometimes called the
torsion of v [33].

In chapter 2 we shall see how d; relates to the Schouten curvature tensor of V, and in
chapter 4 we shall use it to characterise when a nonholonomic Riemannian structure on a
three-dimensional manifold is flat.

1.1.5 Assoclated sub-Riemannian structure

To every nonholonomic Riemannian manifold (M, D, DL, g) we can associate the sub-Rieman-
nian manifold (or sub-Riemannian structure) (M, D,g). In this section we briefly discuss
some basic concepts from sub-Riemannian geometry. (For further details on sub-Riemannian
geometry, refer to, e.g., [50, 2|.)

Let v : [0,1] = M be a D-curve. The length of « is defined as length(~y fo 17 ()| dt.
The Carnot—Carathéodory distance d(p, q) between two points p,q € M is deﬁned as

d(p,q) = inf length(vy),
i

where the infimum is taken over all D-curves v : [0, 1] — M such that v(0) = p and (1) =
Since D is assumed to be completely nonholonomic, the Chow—Rashevskii theorem (theorem
1.1.3) ensures that there exists a D-curve joining p to ¢, and hence d is well defined. The
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manifold M, together with the Carnot—Carathéodory distance, forms a metric space (M, d).
Another consequence of the Chow-Rashevskii theorem is that d induces on M the original
(manifold) topology (see, e.g., [50]).

A D-curve v : [0,1] — M is called a normal sub-Riemannian geodesic if, for every suf-
ficiently small interval [t1,#2] € [0,1], the restriction 7|y, ;, is a length minimiser of the
Carnot—Carathéodory distance, lLe., d(y(t1),7(t2)) = length(7[y, 4,))- (In this sense sub-
Riemannian geodesics are—at least, locally—the “shortest” curves in M. This is in contrast
to the nonholonomic geodesics, which are the “straightest” curves; see remark 1.1.12.) There
is also the concept of abnormal sub-Riemannian geodesics, which are not necessarily locally
length-minimising; however, we shall not require this concept and shall mention it no further.
(We note, however, that there are no abnormal geodesics in Riemannian geometry: every
Riemannian geodesic is locally length-minimising.)

The nonholonomic geodesics are solutions of the Chetaev equations (see section 1.1.1) and
do not satisfy a classical variational principle; their study may be considered to fall under the
broad topic of nonholonomic mechanics. On the other hand, the sub-Riemannian geodesics
are variational (in the classical sense); their study falls under the topic of vakonomic mechan-
ics. (For further details on nonholonomic and vakonomic mechanics and their differences, see,
e.g., [8, 13, 36, 42, 47].) As such, in general there is no relation between the nonholonomic
geodesics of (M, D, D+, g) and the sub-Riemannian geodesics of (M, D, g). Having said that,
there are situations in which we have the inclusion

nonholonomic geodesics sub-Riemannian geodesics
C (1.1.6)

of (M,D, D", g) of (M, D, g)

(The set of sub-Riemannian geodesics is strictly richer than the set of nonholonomic geodesics,
so there can be at most an inclusion; see, e.g., [36].) We mention that it is also possible for a
particular nonholonomic geodesic to also be a sub-Riemannian geodesic, without having the
full inclusion (1.1.6). It is of significant interest to study under what conditions the inclusion
(1.1.6) exists. (We mention this, because, as a byproduct of our study of nonholonomic
Riemannian embeddings, we find some sufficient conditions for (1.1.6) to occur.)

1.2 Left-invariant nonholonomic Riemannian structures on Lie
groups

In this section we consider a nonholonomic Riemannian manifold (G, D, D+, g), where G is a
(connected) Lie group with Lie algebra g = 73G. (We denote the identity element of G by
1.) Furthermore, we shall assume that the distributions D and D+ and the metric g are left
invariant, i.e.,

(Lg)+D =D, (Lg)sD* =D and g= (Lg)'g

for every g € G, where L, : h+— gh is the left translation. We call (G, D, D+, g) a left-invariant
nonholonomic Riemannion structure. Evidently, such a structure is completely specified by
means of a (completely nonholonomic) subspace Dy of g, a complement Di to Dj in g and
a positive-definite inner product g; on Dy. For convenience, we shall often identify elements
of g (resp. Dy, resp. Di) with the corresponding left-invariant vector fields I'*(T'G) (resp.
I'5(D), resp. TH(DL)).
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Since left translations preserve both D and D+, they preserve the decomposition of T'G
as D@ DL. In particular, the projections & and 2 commute with the pushforward by a left
translation:

Lemma 1.2.1. We have (Ly)« P (X) = P((Lg)«X) and (Lg)+ 2(X) = 2((Ly)+X) for every
X eI(TG) and g € G.

Proof. Let g € G and X € I'(T'G). There exist vector fields X; € T(D) and Xy € T'(D4)
such that X = X; + X,. Furthermore, by left invariance, we have (Lg).X1 € I'(D) and
(Lg)« X2 € T(D1). Consequently,

P((Lg)s X) = P ((Lg)s X1 + (Lg): X2) = (L) X1 = (Lg) P (X).
Hence, we have 2((Lg)X) = (L) X — P((Ly): X) = (Ly)+(X — P(X)) = (Lg)y2(X). W

The flag of D is also preserved by left translations. In particular, each element of the flag
is a left-invariant distribution on G.

Lemma 1.2.2. If D = D' ¢ ... ¢ DN=1 € DN = TG, N > 2 is the flag of D, then
(Lg)«D* = D" for everyg€ G andi=1,...,N.

Proof. We use induction on i. The result is true by assumption for i = 1, i.e., (L,),D! = DL
Suppose that (Lgy),D* = D* for some i > 1. Then
(L)« Dt = (Lg)s D' + (Lg)«[D*, D]
=D+ [(Lg)*pia (Lg)*pi]
D [, D)
=Dl
Hence every element of the flag is left invariant. |
For a left-invariant nonholonomic Riemannian structure (G, D, D*, g) it is always possible
to find a global frame for T'G (resp. D) of left-invariant vector fields. Indeed, identifying g
(resp. Dy) with T*(TG) (resp. I'*(D)), any basis of g (resp. Di) is identified with a global
frame for T'G (resp. D). Let (X,) be a left-invariant frame for D. By corollary 1.1.6, since

the structure constants of a left-invariant frame are constant, it follows that the connection
coefficients I'y;, given by Vx, Xy = I'y X, are also constant.

Proposition 1.2.3. The nonholonomic connection of a left-invariant nonholonomic Rieman-
nian structure is left invariant.

Proof. Let X, Y € I'(D) and g € G. We have X = 2*X,, and Y = y*X, for some functions
2%, y* € C*(G). Accordingly,

Vi) x(Lg)Y = ((Lg)s )[y 0 Ly—1]Xy + (2% 0 Lg-1)(y” 0 Ly—1)Vx, Xp
= (X[y o Ly-1)Xp+ (2% 0 Lg1)(y" 0 Ly1)Vx, Xp
= (Lg)s (X [ ]Xb +2°Y"V x, Xp)
( g) VxY.

That is, V = (L,)*V for every g € G, and so V is left invariant. [ |
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As a consequence of proposition 1.2.3, V induces a bilinear map V : Dy x D1 — Dq given
by ViV = (VxY)(1), where X, Y € I''(D) are the left-invariant vector fields identified with
UV €Dy, ie., X(9) =T1Ly;-U and Y(g) =11L, - V. (See proposition B.1.29.)

Corollary 1.2.4. A left translation of a nonholonomic geodesic is also a nonholonomic
geodesic.

Proof. Let g(-) : I — G be a nonholonomic geodesic of (G, D, D+, g). We claim that the curve
gn(-) = (Lp o g)(+) is also a geodesic of V, where h € G. We have §,,(-) = (Lp)«4(+), and so

Vs Gn(t) = Vn,((Ln):d) (1) = (Ln)xV5g(t) = 0
for every t € I. Hence gp(+) is a nonholonomic geodesic. [ |

Corollary 1.2.5. For a left-invariant nonholonomic Riemannian structure, we have:
(i) The nonholonomic geodesic spray is left invariant, i.e., (I'Ly)«E = E for every g € G.

(ii) The nonholonomic geodesic flow commutes with (the tangent map of ) left translations,
i.e., TLy - Oy = ®y 0T Lyl for every g € G.

Proof. We first prove item (ii). Let Uy, € D, let vy be the nonholonomic geodesic t — 7(®4+(Up))
and let ¥ = Ly oy for g € G. Then 7 is the unique nonholonomic geodesic starting at Ly(h)
in the direction T}, Lg - Up. That is, ¥(t) = 7(®¢(ThLy - Up)). Hence

F(t +5) = () = ©(ThLg - Up),
s=0

d
Ty Ly - ©u(Up) = —

Lot =+

s=0 s

ie.,TLy @ = ®;0TLyly for every g € G. For (i), let Uy, € D. Using item (i), we have

- d
T, (TLy) - E(UR) = Tu,(TLg)- (| ®u(Un))
=0

d

= — TLy(®
G| TLad)
d -

= | ®uTiLy - Un) = E(TiLg - Un).

=0
Therefore (I'Ly)«= = E for every g € G. [ |

Let g(-) : I — G be a D-curve in G. By left invariance, the geodesic equation V4g(t) =0
may be written as

{gwﬂ%wU@ (1.2.1)

U(t) = =VypU(t),

where U(-) is a curve in Di. In terms of a left-invariant orthonormal frame (X,) for D,
the second equation in (1.2.1) takes the form 4% + 'Y u®u® = 0, where 'Y, € R are the
connection coefficients of V with respect to the frame and U = u*X,. These equations (and
their invariant form U (¢) + VuU(t) = 0) are referred to as the reduced equations of motion,
and the solutions U(-) are called reduced nonholonomic geodesics.
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Proposition 1.2.6. Fvery left-invariant nonholonomic Riemannian structure is geodesically
complete.

Proof. (We follow the proof for homogeneous Riemannian manifolds in [37, thm 4.5].) Let
h € G and let g(-) be a nonholonomic geodesic defined on the interval [—a,a] € R. We will
show that g(-) can be extended to a nonholonomic geodesic defined on [—a — £, a -+ €], where
> 0. Let ¢ = Lg(—a)h*h p = Lg(a)h*1 and U, = Tg<_a)(]5_1 : g‘(—a)7 Vi, = Tgm)go_l : g(a)
(Evidently, we have Uy, V), € 1},G.) By left invariance, the curve ¢ — ¢(exp,(tUy)) is a
nonholonomic geodesic passing through ¢(h) = g(—a) at t = —a. Similarly, t — @(exp,(t V1))
is a nonholonomic geodesic passing through g(a) at t = a. Define g(*) : [—a —¢£,a+¢] — G as

dlexpy(tUy)) fort e|—a—e,—al
g(t) =< g(t) for t € [—a,al
plexp,(tVy))  fort € [a,a+ <.

Then g(-) is a nonholonomic geodesic extending g(-). Since £ is arbitrary, it follows that we
can extend ¢(-) to a nonholonomic geodesic with an arbitrarily large domain. It follows that
(G, D, D+, g) is geodesically complete. |

Using Koszul’s formula, we can give a convenient expression for the covariant derivative
of one left-invariant vector field along another. This yields an expression for the symmetric
bracket, as well as another invariant form of the reduced equations of motion.

Proposition 1.2.7. If X,Y e I'*(D), then
1
VxY =S (IX, Y] - (ad)TY = (ady)TX).

Here ady = P oadx ot (where v : D — TG is the inclusion map) and (ad3) is the adjoint
of ad¥, i.e., (ad¥)T = glo (ad¥)* o g”.

Proof. Let X,Y, 7 € I'(D). Using Koszul’s formula, we have

2g(VX§/, Z) - g([[Xv Y]]v Z) - g([[Xv Z]],Y) - g([D/v Z]],X)
- g([[Xv Y]]v Z) - g(ad)g() Z, Y) - g(ad)%) Z7X)
= g([X, Y], 2) - g(Z, (adX)'Y) — g(%, (ad?)TX)
= g([X, Y] = (ad)TY — (ady)'X, ).
Thus VY = 3([X,Y] — (ad)TY — (ady)T X). |

Corollary 1.2.8. If X,Y € (D), then (X : V) = —(ad)TY — (ad¥) X
Proof. From lemma 1.1.21 and proposition 1.2.7, we have
[X, Y]+ (X :Y) =2VxY = [X, V] — (adD)Y — (ad{)TX.
It follows that (X : Y)) = —(ad )Y — (ad{) T X. |
Corollary 1.2.9. IfU(-) is a reduced nonholonomic geodesic, then U(t) = (ad[ﬁt>)TU(t),

Proof. From the second equation in (1.2.1), we have U(t) = ~VupUt) = (ad[‘ﬁt>)TU(t). [ |
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1.2.1 Cartan—Schouten connections

A left-invariant (tangent bundle) connection V on a Lie group G is called a Cartan-Schouten
connection (cf. [54, 58)) if the geodesics of V are the left cosets of one-parameter subgroups
t — goexp(tUp), go € G, Uy € g. Following this terminology, if V is the nonholonomic
connection of a left-invariant nonholonomic Riemannian structure (G, D, D+, g), then we shall
say that V is a (nonholonomic) Cartan—Schouten connection if the geodesics of V are the left
cosets of one-parameter subgroups ¢ — go exp(tUp), go € G, Uy € D1. In this case, we shall
also say that the structure (G, D, D+, g) has a Cartan-Schouten connection.

Theorem 1.2.10. The following statements are equivalent:
(i
(i1) VxX =0 for every X € T'(D).

V is Cartan—Schouten.

)
)
(i45) (X : YY) =0 for every X, Y € I'L(D).
(iv) VxY = 3[X,Y] for every X,Y € TX(D).
)

(v) £58 =0 for every X € TX(D).

Proof. We first show that (i) is equivalent to (ii). Let g(-) be the nonholonomic geodesic
such that g(0) = go € G and §(0) = T1 Ly, - Uo, where Uy € Dq. Let U(-) be the reduced
nonholonomic geodesic associated to g(-), i.e., §(t) = T1Lgy) - U(1) for every t. Then

g(t) = goexp(tUp) <= U(t) = Uy for every t
<  VypU(t) =0 for every t.

In particular, if g(t) = go exp(t Uy), then Vy,Up = 0. Since Uy is arbitrary, we have that (4)
implies (ii). Conversely, if VxX = 0 for every X € I'*(D), then Vo U(t) = 0 for every t
and every reduced nonholonomic geodesic U(-), and so every nonholonomic geodesic g(-) is a
left coset of a one-parameter subgroup. That is, (i) implies (7).

Suppose (ii) holds. From Vx 1y (X +Y) =0, we get (X : Y)) = VxY + VyX =0 for
every X,Y € I'l(D). Consequently, VxY = 1[X, Y]+ 1(X : Y)) = 2[X, Y]. Hence we have
(i) = (4i) = (iv). Suppose (iv) holds. Since V is metric,

0= (Vxg)(Y,Z) = X[g(Y, Z)] —g(VxY, Z) — g(Y,VxZ)
. —%g([[X, Y], 2) - %g(Y, [X, 2])

- ). 2)

for every X,Y, Z € I'(D). That is, £5g = 0 for every X € I'*(D). Finally, if (v) holds, then
from the Koszul formula, we get g(VxX,Y) = —g([X,Y], X) = (£{g)(X, X) = 0. That is,
VxX =0 for every X € I'(D). [ |

Evidently, statement (4i) of theorem 1.2.10 implies that the reduced dynamics are trivial,
i.e., the reduced nonholonomic geodesics are constant. Additionally, statement (v) implies
that X is orthogonal to [X,Y] for every pair of left-invariant vector fields X,Y € I'(D).
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Indeed, if X,Y € T'X(D), then 0 = (£Zg)(V,Y) = —2g([X,Y],Y). Furthermore, by polari-
sation this is equivalent to the condition

g([X, Y], 2) +8(X, [V, 2]) = 0 (1.2.2)

for every X,Y, 7 € T(D). Hence, it is clear that if [X,Y] = 0 for every X,Y € I'/(D), then
V is Cartan—Schouten. When D has rank two, the converse also holds.

Proposition 1.2.11. [fV is Cartan-Schouten and rank(D) = 2, then [X,Y] = 0 for every
X,Y eI'¥(D).

Proof. Suppose that V is Cartan—Schouten and rank(D) = 2. Let (X1, X3) be a left-invariant
frame for D. Then g(Xy,[X1, X2]) = 0 and g(Xs, [X2, X1]) = 0, whence [X;, Xo] = 0. It
follows that [X,Y] = 0 for every X,Y € T'(D). [ |

Corollary 1.2.12. Suppose rank(D) = 2. Then VxX = 0 for every X € T'(D) if and only
if VxY =0 for every X,Y e T!(D).

Remark 1.2.13. A distinguished class of left-invariant nonholonomic Riemannian structures
are the left-invariant structures on Carnot groups. A Carnot group (see, e.g., [10, 50]) is a
connected, simply connected, nilpotent Lie group G whose Lie algebra g admits the decom-
position (into vector subspaces) g = g1 @ - - - & gg such that

[91,0i] = gip1 for 1 <i<k and |[g1,9x = {0}. (1.2.3)

Define a left-invariant distribution D on G by specifying D1 = g;1. (From the bracket condition
(1.2.3), we have that gy generates g as a Lie algebra, and hence D is completely nonholonomic.)
Likewise, let D+ be the left-invariant complement to D given by D = go @ -+~ @ gg. Fix
a left-invariant metric g on D. This yields the structure (G, D, D+, g), which we refer to
as a left-invariont nonholonomic Riemannian structure on a Carnol group. It is clear that
[X,Y] =0 for every X,Y € I'*(D), and hence V is Cartan—Schouten and VxY = 0 for every
X,Y eTH(D). As a consequence, we recover a result of [67], viz., the nonholonomic geodesics
of (left-invariant) nonholonomic Riemannian structures on Carnot groups are exactly the
integral curves of left-invariant vector fields in I'(D). 0

Proposition 1.2.14. If V is Cartan—Schouten, then:

(i) With respect to a left-invariant orthonormal frame for D, the matrix of ad)g() has zero
diagonal for every X € (D).

(i1) tr(ad) = 0 for every X e (D).
Proof. Let (X;) be a left-invariant frame for 7°G such that (X,) is an orthonormal frame for
D. Let cfj € R denote the structure constants of this frame. From item (v) of theorem 1.2.10,

we have g(X,[X,Y]) = 0 for every X,Y € I'!(D). That is, ¢ = g(Xq, [Xa, Xs]) = 0.
Consequently, with respect to the frame (X,) we have

1 1
0 ca2 e g”'
2
@ Cal 0 o Cop
aan — .
r r
Ca1 Ca2 0

That is, the diagonal is zero. Item (i) now follows by linearity of ad. Ttem (ii) follows trivially
from (). [
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In the (Riemannian) case D = T'G, the second item in this proposition is simply the well-
known result that G must necessarily be unimodular if it is to admit a bi-invariant Riemannian
metric. In the general case, it implies that the reduced nonholonomic dynamics preserves a
volume form (see [39]).

Lastly, we prove a straightforward sufficient condition for a left-invariant structure to have
a Cartan—Schouten connection. For the Riemannian case D = T'G, this result says that, if g
is both left- and right-invariant (i.e., bi-invariant), then V is Cartan—Schouten. In fact, the
bi-invariance condition is also necessary in Riemannian geometry: the Levi-Civita connection
is Cartan—Schouten if and only if the metric is bi-invariant [53]. However, for nonholonomic
Riemannian structures, the condition given below is only sufficient.

Proposition 1.2.15. If g(Adg‘@ X, Adg‘@ Y) = g(X,Y) for every X,Y € T*(D) and g € G,
then V is Cartan—Schouten. (Here Adg‘@ =P oAdgou)

Proof. Let X,Y € I'(D) and suppose g(Adg‘@ X, Adg‘@ Y) = g(X,Y) for every g € G. In
particular, this must hold at every point along the curve g(t) = exp(tW), W € T'/(D).
Hence, differentiating both sides at £ = 0, we get

d P P
O — E o g(Adg<t) X, Adg(t) Y)
d @ d &
(g ‘ Adfy X ) vg(X | AdgY)
By theorem 1.2.10 and equation (1.2.2), it follows that V is Cartan—Schouten. [ |

Corollary 1.2.16. If g is the restriction to D of a bi-invariant Riemannian metric on G,
then V is Cartan—Schouten.

It is worthwhile examining why the converse to proposition 1.2.15 fails. Suppose V is a
Cartan-Schouten connection; in particular, equation (1.2.2) holds. Let W, X, Y € I'"(D) and
let g(t) = exp(tW). Then

d P P P d P
= AdY, X, Ad7, Y) n g(Adg<t) X, = Adjf, Y)
d

(% Adyg X) AdZ, Y) tg (Adj’t> X, P <E Adyg Y))

P(Adyy[W, X)), AdZ, Y) n g(Adj’t> X, P(Ady W, Y]))

In general, we have Adg,) X ¢ I'“(D), and so the right-hand side is nonzero. Indeed, if
Adgpy X € I'(D), then in particular [W, X] = %‘t:o Adgpy X € I'“(D), ie., Dy is a sub-
algebra of g. This implies that D is integrable, a contradiction. Hence, in general we have
g(Adg‘g&) X, Adg‘g&) Y) # g(X,Y), and so there is no generalisation of the Riemannian “bi-
invariance condition” to the case of nonholonomic Riemannian structures.
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1.2.2 Existence of Cartan—Schouten connections

In this section we discuss the existence of (left-invariant) nonholonomic Riemannian struc-
tures with Cartan—Schouten connections. (We consider the question of uniqueness, up to
equivalence, in chapter 3.) Not every Lie group admits a left-invariant completely nonholo-
nomic distribution; for instance, Abelian groups, or the three-dimensional Lie group Gs.3 (see
appendix C). Thus, in general there does not exist a nonholonomic Riemannian structure
with a Cartan—Schouten connection on a given Lie group. However, if we suppose that a Lie
group G does admit at least one left-invariant distribution, we can ask the following question:

(Q1) Does there exist a left-invariant nonholonomic Riemannian structure on G such
that the structure has a Cartan—Schouten connection?

An interesting variation on this question is:

(Q2) Given a left-invariant sub-Riemannian structure (G, D, g), does there exist a left-
invariant complement D+ to D such that (G,D, D+, g) has a Cartan-Schouten
connection?

(One can of course also consider other variations of (Q1).) Note that, from proposition 1.2.11,
when rank(D) = 2, whether V is Cartan—Schouten or not does not depend on g, but only on
the decomposition TG = D @ D+. Accordingly, (Q1) and (Q2) are essentially equivalent.

We shall consider (Q2) further, and, in particular, show that it is always answered pos-
itively when rank(D) = 2. Let (G, D, g) be a left-invariant sub-Riemannian structure. Let
(X,) be a left-invariant orthonormal frame for D, and extend this to a (left-invariant) frame
(X4, X)) for TG. Let cfj € R be the structure constants of (Xg, Xy).

Proposition 1.2.17. There exists a positive answer to (Q2) if and only if there exists a
solution (in the unknowns f{, ff) to the system of equations

{ e f el =0 (no summation over b) (1.2.4)

Cg\wf§+cgwf§+cgw+cgw:0 (w7£a7 w#b)

Proof. Keeping in mind theorem 1.2.10, (Q2) can rephrased as follows: does there exist a
left-invariant projection & : TM — D (i.e., # o TL, = &) such that, if DL = ker &, then
for the left-invariant nonholonomic Riemannian structure (G, D, D+, g) we have (X : Y)) =0
for every X,Y € I'*(D)?

Define a projection & by the following requirements: (i) it is tensorial; (it) Z(X,) = Xg;
and (iii) P(X)) = fPXy, where f € R. We have [Xg, Xp] = P2(c4Xw + X)) =
(e + %) X,. Consequently,

g((adfa)Tvaxw) — g(va [[XCHXU)]]) - (Cib\wf;f + ng)g(vaxu) — (Céwff\) + ng)
and so (ad)%)TXb =3 (@ f2 4 8 Xy, Using corollary 1.2.8, it follows that

<<XC& : Xb>> — _(adfa)TXb - (ad)%b)TX& - Z [Cli\wff\b + Céwff\) + clc)bw + ng] Xuw.
w
Since V is Cartan-Schouten if and only if (X : Y)) = 0 for every X,Y € I'®(D), (Q2) may
now be rephrased as follows: does there exist a solution (in the unknowns f¢, f2) to the
system of equations cl’)\w N+ e ff\’ +cp, b, = 07 Observing that the equations with w = a
and w = b simplify, the result is the equations (1.2.4). |



Chapter 1. Nonholonomic Riemannian geometry 27

Corollary 1.2.18. If rank(D) = 2, then (Q2) has a positive answer.

Proof. Suppose that rank(D) = 2. Then the equations (1.2.4) simplify to

{ HfA+ s =0

(1.2.5)
1 f3+ 3 =0.

At least one of the ¢3; are nonzero, say ch; # 0. (Indeed, if ¢3; = 0 for every ), then
[ X2, X1] € (D), which implies that D is integrable.) Then f; = —cb,/ch, f2 = —c3,/ch)
and f} = f# =0 for A\ # u is a solution to (1.2.5), and hence (Q2) is answered positively. B






Chapter 2

Curvature

The study of curvature plays a central role in Riemannian geometry, particularly in relat-
ing local and global behaviour of the Riemannian manifold under consideration (see, e.g.,
[44, 53, 55]). In simple terms, the Riemannian curvature tensor measures the extent to
which a Riemannian manifold fails to be Euclidean space (i.e., the prototypical flat Rieman-
nian manifold). Curvature in Riemannian geometry has been extensively studied, and many
aspects of it are well understood. In sharp contrast, the curvature of nonholonomic Rieman-
nian manifolds has received very little attention. Although some elements of the curvature of
nonholonomic Riemannian structures can be found in Synge [66], it was Schouten [62] who
first explicitly considered curvature in the nonholonomic Riemannian context. In particular,
Schouten introduced a curvature tensor associated to every nonholonomic Riemannian struc-
ture; this tensor is now referred to as the “Schouten curvature tensor” [21, 27]. Nevertheless,
the main development in the study of curvature of nonholonomic Riemannian manifolds was
due to the Russian mathematician V.V. Wagner. Wagner observed that (the vanishing of) the
Schouten tensor does not characterise the flat nonholonomic Riemannian structures, i.e., those
structures for which the parallel transport (induced by the nonholonomic connection) is path-
independent. In a series of papers [74, 78, 79| (see also [75, 80, 76, 77])—which ultimately won
him Kazan University’s 1937 Lobachevskii prize for young Soviet mathematicians—Wagner
extended Schouten’s work, defining a curvature tensor (now called the “Wagner curvature
tensor”), the vanishing of which does characterise the flat structures. Nevertheless, Wagner’s
construction has its limitations. In particular, in general it does not depend only on the data
(M, D, D+, g), but also on some additional assumptions. As a result, it is not preserved by
nonholonomic isometries (which we will consider in chapter 3), and hence in this sense the
Wagner tensor is not intrinsic. For modern treatments of Schouten and Wagner’s work, see
[21, 30]. For recent papers making use of the Schouten or Wagner curvature tensor, see, e.g.,
[27, 11, 28, 83].

In this chapter we consider in some detail the Schouten and Wagner tensors. In section
2.1 we introduce the Schouten curvature tensor, which is canonically associated to every
nonholonomic Riemannian structure. We prove some symmetries of this tensor, and attempt
to relate it (at least on an algebraic level) to a Riemannian-type curvature tensor. We do
this by decomposing the Schouten tensor (in fact, the associated tensor obtained by using
the metric to “lower an index”) into two components: a “Riemannian” component—which
satisfies all the symmetries of a Riemannian curvature tensor—and a “remainder” that can be
viewed as a deviation of the Schouten tensor from a Riemannian curvature tensor. (As we shall

29
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see in section 3.2.3, this viewpoint has merit: if the distribution is strongly nonholonomic,
then the “remainder” vanishes if and only if the nonholonomic Riemannian structure can be
embedded inside a Riemannian manifold, in such a way that the embedded structure inherits
its geometry from the enveloping space.) Using the “Riemannian” component of the Schouten
tensor, we are able to introduce notions of sectional curvature, a Ricci tensor, and a scalar
curvature, analogous to the corresponding concepts in Riemannian geometry.

In section 2.2 we consider the Wagner curvature tensor. The construction of this tensor is
quite sophisticated, and relies on the flag of the distribution. However, as mentioned above,
the construction is not intrinsic, in that it relies on some additional assumptions. (Having said
that, if the distribution is strongly nonholonomic, then these assumptions are automatically
satisfied.) We briefly describe Wagner’s approach. Let (M, D, D', g) be a nonholonomic
Riemannian structure and let D = D' C D2 C .- C DN = TM, N > 2 be the flag of D.
The nonholonomic connection V! = V induces a parallel transport along D'-curves. For each
component Dt i =1,..., N —1 of the flag, Wagner constructs a D**!-restricted connection
Vit on D (see appendix B). Such a connection induces a parallel transport along D*!-curves.
Furthermore, V¥ is defined in such a way that it extends V¢ and the set of parallel tensors of
Vit coincides with that of V?. Finally, one gets a vector bundle connection V¥ on D (whose
corresponding parallel transport is along any curve in M), with an associated curvature tensor
KN, this is the Wagner curvature tensor. The vanishing of K characterises the flatness of
VY, and hence (by construction of V2, ..., V¥~1) the flatness of (M, D, D+, g).

In section 2.3 we revisit both the Schouten and Wagner curvature tensors from the view-
point of restricted Ehresmann connections (see section B.2). The main contribution of this
section is to show that Wagner’s construction is equivalently formulated as a flag of horizontal
distributions on D.

Lastly, in section 2.4 we consider left-invariant nonholonomic Riemannian structures on
Lie groups. Specifically, we show that the Schouten and Wagner curvature tensor (and all
associated tensors) are left invariant. We also characterise (in section 2.4.1) the existence of
left-invariant parallel frames.

2.1 The Schouten curvature tensor

Let (M, D, D+, g) be a nonholonomic Riemannian manifold, with associated nonholonomic
connection V. As D is nonintegrable, the usual curvature tensor (for a vector bundle con-
nection), viz., (X,Y,Z) = |[Vx,Vy|Z — V|xy]Z, is not defined. Instead, associated to
(M, D, D+, g) is the Schouten curvature tensor [21] K € T;(D), given by

K(X,Y)Z = |Vx,V¥]Z = Vixy1Z - [2(X,Y]),Z],  X.Y,Z e (D).

K is clearly skew-symmetric in its first two arguments, and hence we may also view it as a
mapping
L(A’D) —» TMD), K(XAY)Z=K(X,Y)Z.

The associated (0,4) curvature tensor (obtained by lowering an index using g), which we
denote K, is given by
K(W, XY, Z) = g(K(W, X)Y, Z)

for W, X, Y, Z € I'(D).
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Lemma 2.1.1. Let X,Y,7Z € I'(D). Then:

(1) (d%)*Z2(X,Y) = K(X,Y)Z + [2(|X,Y]), Z].

(i1) (d%)?*idp(X,Y,Z) = K(X,Y)Z+ K(Y,Z2)X + K(Z,X)Y.
Proof. For item (i), we have

(d%)Z2(X,Y) = Vx(d%Z(Y)) = Vy(d$Z(X)) —d5 Z([X, Y])
=VxVyvZ —-VyVxZ — VHXYHZ
= [Vx, VWy|Z = Vixy)Z — [2(X,Y]), Z] + [2(]X,Y]), Z]
= KX, Y)Z + [2(X,Y]), Z].

Similarly, for item (47):

(d%)?idp(X,Y, Z) = Vx(d% idp(Y, Z)) — Vy(d% idp(X, Z)) + Vz(dY, idp(Y, Z))
— d% idp([X,Y], 2) +d% idp([X, Z],Y) — d% idp([Y, Z], X)
=Vx(VWwZ-VzY - [Y,Z]) - Vyv(VxZ - VzX — [X, Z])
+Vz(VyZ =VzY - [Y, Z])
— (Vixy)Z - Vz[X, Y] - [[X,Y], Z])
+(Vixz)Y — Vy[X, Z] - [[X, Z], Y])
— (ViygX — Vx[Y, Z] - [[Y, Z], X]).

Let ZO<X’Y’Z> f(X,Y, Z) denote the sum f(X,Y,Z)+ f(Y,Z, X))+ f(Z, X,Y) over the cyclic
permutations of (X, Y, Z). After rearranging terms in the above, we get

(d%)%idp(X,Y,2) = Y (IVx, Vv|Z = Vixy)Z +[[X.Y], Z])
NX,Y,Z)

= Y (KX Y)Z+[IX,Y],Z]).
O(X.Y,2)

From the Jacobi identity, we have >, vy 5 [[X, Y], Z] = 0, which completes the proof. W

The symmetries of the Riemannian curvature tensor are well known (see, e.g., [44, 55, 53]).
Not all of those symmetries hold for the Schouten curvature tensor. Remarkably, however,
the first Bianchi identity does still hold.

Proposition 2.1.2 (First Bianchi identity). We have (dY,)?idp =0, i.e.,
K(X,V)Z + K(Y,Z2)X + K(Z, X)Y =0
for every X,Y, Z € I'(D).

Proof. From section 1.1.4, we have that the torsion of V is given by T = dY, idp. Since V is
torsion free, it follows that (d%,)?idp = 0. (The cyclic formula for K in the statement then
follows from lemma 2.1.1.) [ |
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Remark 2.1.3. The second Bianchi identity does not hold for the Schouten tensor. Indeed,
we may view K as an element of Q2(D, T} (D)). Furthermore, the nonholonomic connection
V extends to a connection of the form I'(D) x TH(D) — T (D) (see section B.1), which we
denote here by V. If ¢ € TH(D) and X,U € I'(D), then V is given by

(Vxe)(U) = Vx(pU)) —p(VxU).

V has an associated Z-exterior covariant derivative (defined analogously to dY,) of the form
4y, : QF(D, THD)) — QFY(D, T,1(D)). In this context, the second Bianchi identity would be
given as d%, K = 0 (see, e.g., [56]). Instead, after a lengthy calculation, one can show that

ASK(X,Y. 2) =Vaavs —£7axvn = DL V£ )
NX,Y,Z)

for X,Y, Z € I'(D), where J» and Jg are the Jacobiators of [-, -] and 2(][-,-]), respectively,
Le, J#(X,Y,Z) = ZQ(X,Y,Z)MXa Y], Z] and J2(X,Y, Z) = ZO(X,Y,Z) 2(2(X,Y]), Z]). o
Proposition 2.1.4. K satisfies the following symmetries:

(81) K(W,X,Y,Z)+ K(X,W,Y,Z) =0.

(S2) K(W,X,Y,Z)+ KW,X,Y,Z)+ K(W,X,Y,Z) = 0.

(Here W, X, Y, Z € I'(D).)

Proof. Clearly, K(X,X)Y =0, and so K(X, X,Y,Z) = 0. The symmetry (S1) follows by
polarisation. For (S2), we have

K(W,X,Y, 2) + K(W,X,Y, Z) + K(W,X,Y, 2)
= g(K(W, X)Y + K(X,Y)W + K(Y, W)X, Z)

which is zero by proposition 2.1.2. |

In contrast to the (0,4) Riemannian curvature tensor, K is generally not skew-symmetric
in the final two arguments, nor is it symmetric if one swaps the first two arguments with the
last two. We decompose K into two tensors R and C’ where R is the component of K that is
skew-symmetric in the last two arguments and C is the component that is symmetric in the
last two arguments. Specifically, we define R,Ce TY(D) as

—~ 1 ~ —~ —~ —~ —~

(Here W, X,Y, Z € I(D).) In addition to (S1) and (S2), R satisfies the following symmetries:
(83) R(W,X,Y,Z) + R(W,X,Z,Y) = 0.

(84) R(W,X,Y,Z) = R(Y,Z,W, X). (This follows from (S1), (S2) and (53).)

On the other hand, we have

(S5) C(W,X,Y,Z) = C(W, X, Z,Y).
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Since R satisfies all of the symmetries of the Riemannian (0, 4) curvature tensor, it behaves
analogously to the Riemannian tensor. Thus we may define a sectional curvature, a Ricci
tensor and a (Ricci) scalar curvature in terms of R (see section 2.1.1 below). Furthermore,
we can interpret R as the tensor

R:T(A*D) xT(A’D) - C®°(M), (WAX,YANZ) — RW,X,ZY).
(Note the order swap between Y and Z.) On the other hand, we can view C as the tensor
C:T(N’D) xT(V2D) = C®(M), (WAX,YVZ)—CW,X,Y,Z).

(Due to (55), the order of Y and Z here is irrelevant.) R
Using g, we can find (1, 3)-tensors associated to R and C. Indeed, let R,C € T}(D) be
the tensors defined as

R(X,Y)Z = g/(R(X,Y,Z,)) and C(X,Y)Z=g'(C(X,Y,Z, ")),

where X, Y, Z € I'(D). Thus R and C are to R and 57 respectively, as K is to K. Furthermore,
we clearly have K = R+ C.

Proposition 2.1.5. Let W,Y, X, Z € I'(D). Then
. 1
CW, XY, Z) = 5(£§([W,X])g)(ya Z).

Proof. From the definition of C , we have

20(W, XY, 2) = KWW, X,Y,Z) + K(W, X, Z,Y)

KW, X)Y,Z) +g(Y, K(W, X)Z)

[Vw, Vx]Y, Z) +g(Y,[Vw, Vx]Z) —g(Viwx1Y, Z) — (Y, Viw.x]Z)
—g([2(W, X]),Y], Z) — g(Y, [2([W, X]), Z]).

= g(
= g(

The first two terms are

g([Vw,Vx|Y, Z) = g(VwVxY, Z) —g(VxVwY, Z)
=Wlg(VxY, Z)] - g(VxY,VwZ) — X[g(VwY, Z)| + &(VwY,VxZ)
=W, X][g(Y, Z)] - Wl[g(Y,VxZ)] —g(VxY,VwZ)
+ X[g(Y, Vw Z)] + g(VwY,VxZ)
and
g(Y, [Vw, Vx]Z) = [W, X][g(Y, 2)] - W[g(VxY, Z)| - g(VwY,VxZ)
+ X[g(VwY, Z)| + g(VxY,VwZ).
Consequently,
g([Vw, Vx|Y, Z) + g(Y, [Vw, Vx]Z)
=2[W, X][g(Y, Wlg(Y,VxZ) +g(Z, VxY)| + X[g(VwY, Z) + (Y, Vw Z)|

g(
= 2[W, X][g(Y, WI(X[g(Y, Z)|] + X|W[g(Y, Z)]]
= [W, X][g(Y, Z)].

)] -
)| -
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Similarly, we have —g(Vw, x)Y, Z) — g(Y, Viw.x)2) = —[W, X][g(Y, Z)] and

—g([2(W, X)), Y], Z) — g(Y, [2(W, X)), Z]) = —2(]W, X])[g(Y, Z)]
+ (£ 5w x)8) (Y D).

Substituting back into the expression for 2 é(w, X,Y, Z) yields the result. |

2.1.1 Sectional curvature, the Ricci tensor and scalar curvature

Let Sy, ¢ € M be a two-dimensional subspace of D, and let (X, Y;) be a basis for S;. We
define the sectional curvature of Sy, denoted R(S,), as

where g is the metric induced on /\2 Dby g, ie.,

for W, X,Y,Z € I'(D) and g is extended to the entirety of T(A*D) x T(A?D) by linearity
over C*°(M). We shall also write R(S,) as R(X, A Y)

As in the Riemannian case, one can show that R is well defined and determines R. (We
follow the corresponding proofs in [53] and [44].)

Lemma 2.1.6. The sectional curvature of Sy is well defined, i.e., it does not depend on the
choice of basis (Xg4,Yy).

Proof. Let (Xq, Y) be a different basis for S;. There exist a, b, ¢,d € R with ad — be # 0 such
that Xq =aX, +b0Y, and Yq = c Xy +dYy,. Using skew-symmetry of the exterior product,
we have X, A Y, = (ad — be) X, A Yy, and so

Eq()?q A 37qv )?q A 37q) = (ad — bc)2§q(Xq NYq, Xg NY)
{ Ba(Xg A Yy, Xy A YY) = (ad — be) By(Xg A Yo, Xg YY),
Hence N
E()?q/\f/q):(ad_bc)zRq(XqAYq’Xq/\Yq):R(Xq/\YQ -

Proposition 2.1.7. Let F' € T(D) satisfy (S1)~(S4), so that F' can be viewed as a mapping
Fy o NDy x N> Dy = R, (Wy AN Xy, Yy AN Zy) = Fy(Wy, Xy, Zy, Yy) for each g € M. If

FQ(XQ /\§/q7Xq /\3/4)

R(X,ANY,) ==
I I 8q(Xg N Yy, Xg N YY)

for every nonzero Xq \NY, € /\2 D, then R=F.
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Proof. Let G = R — F. Since G also satisfies the symmetries (51)—~(54), it suffices to show
that G = 0 under the assumption Gy(X, A Y, X, AY,) = 0 for X, AY, € N°D,. Let
Wy, Xy, Yy, Zy € Dy. We have

0= Gq((Xq + Yq) N Zy, (Xq + Yq) A Zq)
=G XgNZg, Xg N Zg) + Go(Xg N Zg, Yo N Zg) + G(Yy N Zg, Xy N Zy)
+Go(Yg N Zg, Yy N Zy)
=2G(Xqg N Zg, Xg N Zg),

and so

0= Go(Wy N(Yq+ Z4), Xy N(Yq + Zy))
= Gq(Wqg NYyq, Xqg NYq) + Go(Wy NYq, Xg N Zg) + Go(Wo A Zg, Xq VYY)
+ G (W AN Zy, Xy N\ Zy)
= Go(Wy NYq, Xg N Zg) + Ge(Wq N Zg, Xy NYy).

Accordingly, using the (first) Bianchi identity, we have
0=Go(Wy N KXo, Yg NZg) + Go(Xg NYy, Zg NWy) + Gog(Yg N Wy, Zyg N Xy)
= GeWog ANXg, Yy NZy) = Go(Xqg N W, Zy NYg) — Gq(Wo N Yy, Zg A Xy)
= GeWo ANXg, Yy NZy) + Go(Wy N Xg, Zy NYg) + Gq(Wo N Xy, Zg NYy)
=3G(Wy N Xq,Yq N Zy).
Since Wy, X, Y, and Z, are arbitrary, it follows that GG, = 0 for every ¢ € M. [

Corollary 2.1.8. Suppose (M, D, D+, g) has constant sectional curvature k € R (i.e., we
have R(Sy) = & for every two-dimensional subspace Sq C Dy). Then

o~

RWAX)YANZ)=rg(WAX,)Y ANZ)
for every W, X, Y, Z € I'(D).

Proof. The map I € T2(D) given by F(W, X,Y, Z) = kg(W A X, Y A Z) satisfies the sym-
metries (S7)-(S4). Furthermore, we have F(X,Y,X,Y) = rg(X AY, X AY) for every
X,Y € I'(D). Hence, if §; € D, is spanned by U, A V, then

~ F,(Ug ANVg, Vg NUY)
R(U. /\V):ﬁ:Aq 4 LEa 4
I I gq(Uq/\anUq/\Vq)

and so R(W, X,Y, Z) = F(W,X,Y, Z) for every W, X, Y, Z € (D). |
The Ricci tensor Ric € T2(D) is defined as Ric = tr{ R, i.e., if X,Y € I'(D), then
Ric(X,Y) = tr(Z — R(Z, X)Y)

=Y g(R(Xa, X)Y, Xo) = > R(Xq, XY, Xo),

where (X,) is an orthonormal frame for D.
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Proposition 2.1.9. The Ricci tensor is symmelric.

Proof. Let X, Y € I'(D) and let (X,) be an orthonormal frame for D. Using the (first) Bianchi
identity, we have

Ric(X,Y) =Y R(Xe, XY, Xo) == [E(X, Y, Xa, Xo) + R(Y, Xo, X, X,)

a

==Y R(Y, X4, X, Xo) = Y R(Xa,Y, X, X,) = Ric(Y, X).

Thus Ric is symmetric. n

The trace of the endomorphism g o Ric® : I'(D) — I'(D) is called the scalar curvature,
denoted Scal. In terms of the orthonormal frame (X,), we have

Scal = Y "Ric(Xq, Xa) = > R(Xp, Xa, Xa, Xp) = > R(Xq A Xp).
a ab a#b

2.1.2 Contractions of ('
In a similar fashion to the Ricci tensor, let A € T(D) be defined as A = tri C, i.e.,

A(va) :Zé\(XCHXvKX&)v X,YGF(D),

where (X,) is an orthonormal frame for D. In general, A is not symmetric. Thus we define
two tensors Agym and Aggew to be the symmetric and skew-symmetric parts of A, respectively.
That is, Agyn(X,Y) = 2[AX,Y)+A(Y, X)] and Ager (X, Y) = 2[A(X,Y)— A(Y, X)|, where
X,Y € I'(D). In terms of (X,), we then have
1 . .
A (X,Y) = 53 [O(Xa, XY, Xa) + C(Xa, Y, X, X)),

a

1 ~
Askew(X,Y) = =5 3 C(X,Y, Xo, Xa).

(Furthermore, Agge = —% trd C.) Both Agy, and Agpe, are trace-free, so there is no analogue
of the scalar curvature in this case.

2.2 The Wagner curvature tensor

Let (M, D, D+, g) be a nonholonomic Riemannian manifold, where D has degree of nonholon-
omy N > 2. (See section 1.1.) Let D! C D2 C .- C DN-1 C DV = TM be the flag of D,
i.e., we have D! = D and D! = D!  [D! Df] for i > 1. In addition, let £',... EN"1 be
distributions on M such that

Dt=¢&'g. ... &Nt and DI =D'@& foreachi=1,...,N—1. (2.2.1)

Let 2; : TM — &% denote the projection onto £ and let %; : TM — D* be the projection
ontoD' =D& @ - & defined as # = P and Py = P21 D D2 fori > 1.
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We shall see that the distributions &', ..., £V =1 are crucial for the definition of the Wagner
curvature tensor, yet in general there is no canonical choice for these distributions (and hence
they will not be preserved under nonholonomic isometries; see section 3.1.3). Consequently,
the Wagner curvature tensor will not be intrinsically defined. (Because of this, Wagner [75]
proposed redefining a nonholonomic Riemannian structure to include &', ...,&N=1.) This
prompts us to make the following definition: a Wagner structure is a nonholonomic Rieman-
nian structure (M, D, D+, g), with degree of nonholonomy N > 2, together with distributions
EY...,EN1 on M such that the equations (2.2.1) are satisfied.

If D is strongly nonholonomic, then we have D? = TM = D & D+, i.e., the choice of &' is
canonical. Thus we have the following result.

Proposition 2.2.1. Every nonholonomic Riemannian structure (M, D, DL, g) with D strong-
ly nonholonomic is a Wagner structure.

Thus, when D is strongly nonholonomic, the Wagner curvature tensor is intrinsically
defined. The next result also shows that, if we are dealing with a nonholonomic mechanical
system with kinetic energy Lagrangian and constraints linear-in-velocities (see section 1.1.1),
then its associated nonholonomic Riemannian structure is a Wagner structure.

Proposition 2.2.2. Let (M,g) be a Riemannian manifold, D a completely nonholonomic
distribution on M and DL the orthogonal complement of D. Let D =D' C --- C DN =TM
be the flag of D, where N > 2 is the degree of nonholonomy of D, and let E* be the §|pivi-
orthogonal complement of D in D', for each i = 1,...,N — 1. Then (M, D, D+, glp),
together with the distributions E',...,EN=1, is a Wagner structure.

Proof. The second part of (2.2.1) holds by construction of £!,...,EN¥=1. For the first part,
since D' =D@&' @ @& and D* 15 &' we have D 15 &Y. That is, D is orthogonal to
each of £',..., N1 and hence is orthogonal to E' @ --- ®EN=L. Then E' ¢ -- @ EN - is
the orthogonal complement of D, whence D+ =&l @ ... @ N1 |

For each i = 1,...,N — 1, define a mapping A; : D(A* DY — T(EY), called the i**
nonholonomy tensor of D, as
Ai(X AY) = 24([X,Y]),

where X,Y € I'(D?).
Lemma 2.2.3. The map A; is tensorial and surjective, for eachi=1,... N — 1.
Proof. Let 1 <i< N —1,let X, Y € I'(D) and let f € C*°(M). We have

A(fXAY) = Zi([f X, Y]) = Li(fIX, Y] = Y[[]X)
= J2:(X,Y])

and so A; is tensorial. Surjectivity follows from the complete nonholonomy of D. Indeed,
Dl & =D = D' 4 [DF, DY = D' @ 24(|D°, DY),

and so £ = 2,(|D%, DY) = Ay(\* DY). |
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Using Ay, ..., An_1, the metric g can be extended to a Riemannian metric on M.

Theorem 2.2.4 (cf. [21]). There exists a unique Riemannian metric g on M satisfying the
following conditions:

(i) The decomposition TM = DR E @ - DENT is orthogonal and g§ = g&h! @---@hN 1
where h* = gl for eachi=1,...,N — 1.

(1) Al gerapr = (ker AT — £ is an isometry, for eachi=1,...,N —1, i.e.,
hi (AW AX),A{(Y AZ) =g (WAX,Y AZ)

for every W A X,Y A Z € (ker Ay)L. Here 8 is the metric induced on \*> D' by the
metric g =g dh' @ - @ h*~! on D, i.e.,

EWAXYNZ) =g (WY)g(X,2)—g' (W, 2)g"(X,Y)

for W,X,Y,Z € T(DY) and g is extended to the entirety of T(AN*D%) x T(A? D) by
linearity over C=(M).

Proof. Let g'! = g and let g' be the corresponding metric on /\2 D', Let (ker A1)t be
the orthogonal complement of ker A; C /\2 D! with respect to g'. As A is surjective, we
can define a (positive definite) metric h' on £! by the requirement that the isomorphism
Atlikeragyr * (ker Ap)t — &Y is an isometry. Specifically, we define h! as

hY (A /(W AX),A(Y ANZ) =g W AX,Y AZ), W, X,Y,Z € (ker Ay)L.

Hence we have the metric g2 = g! &h! on D? = D& &', which induces a metric g2 on \? D2
Let h? be the metric on £2 induced by A2|<ker As)l Continuing in this fashion, we get the

Riemannian metricg = g @ h' @ - @hV~! definedon TM =D @& @ - @ EN-L |

Fix 1 <i< N—-1. Let V! = V and let V¥t . (D) x (D) — I'(D) be the
D Lrestricted connection on D (see section B.1) specified as follows: if Z € I'(D*t!) with
X = P(Z) and A = 2,(Z), then

VU = ViU + K(0(A)U + [A,U].

Here ©; = Ai|(_k1er Ayt and K :T(A\* D% xT'(D) — I'(D) is the curvature tensor of V* defined
as
KX AY)U = [V, VYU = Vi 1y ypU = [2:(1X, Y]), U]. (22.2)

(Note that, as 2(|D,D]) = 2,(|D, D]), we have K! = K.) In particular, for i = N — 1, we
have a vector bundle connection V : T(TM) x I'(D) — I'(D) on D. Let K¥ be the curvature
tensor of this connection:

KN(X AY)U = [V, VU = Vix yU.

KN is called the Wagner curvature tensor of (M, D, D+, g).
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Remark 2.2.5. We have departed slightly from Wagner’s original definition of the connec-
tions V2, ..., V", and consequently, of K2,..., K™ (see [21, 75]). Wagner defined

VU = ViU + KY(AIA)U +[A, U],  Z=X+ A, X eT(DY), AcT() (22.3)

where Al is the adjoint of A;, iec., Al = (8)f o A¥ o (h*)’. In fact, it turns out that the
AI in (2.2.3) can be replaced with any right inverse of A;, and the crucial property of the

Vs (viz., theorem 2.2.8, below) will still hold. Accordingly, there are many possible ways to
define K. 0

Before proving the key property of the Df-connections V* (that the set of parallel tensor
fields of V* coincides with that of V1), we first prove some basic lemmas. Specifically, we
show that V¢ is indeed a D'-restricted connection on D and that K* is a (1, 3)-tensor field.

Lemma 2.2.6. V' is a D*-restricted connection on D, for eachi —=1,...,N.

Proof. We use induction. The nonholonomic connection V! is a D-restricted connection on D
(theorem 1.1.5). Assume that V* is a D% restricted connection on D for some 1 <i < N — 1.
Let X,Y € (DY), A,B € I'(&), U € T'(D) and f € C®(M). Clearly, V! is R-linear.
Furthermore,

VitkiaU = VixU + K (fOi(AU + [FA, U]
= [ (VU + K (04(A)U + [A, U])
AL
which proves tensoriality in the first argument. Similarly,
VEASU = ViU + KX(0i(A)fU + [A, fU]
X[fIU + fVKU + FKU(O[(A)NU + fIA, U] + AlflU
= (X + DU+ VL,

and so V! is a derivation in its second argument. We thus have that V! is a D¢tl-
connection on D. [ |

Lemma 2.2.7. K* is tensorial in all three arquments, for eachi=1,...,N.
Proof. Let X, Y € I'(DY), U € I'(D) and f € COO(M). We have
K (fX AU = [Vix, VU = Vi rxypU = [2([FX,Y]), U]
= VXV U = (YIIVU + [V VD) = Vi, (xyp-vinxVU
— 12X, Y]),U]
= fKY{X AY)U.
Likewise,
K{X AU = [V, Vi(FU) = Vi, gy (FU) = [24(1X, Y)), SU]
= [ YNAU + [V VXU = (XY DIV = £V, x U
— [12:(1X,Y]), U] = 21X, YDISIU
= fKY(X AY)U.
Thus K* € T2(DY) @ TH(D). [ |



40 2.2. The Wagner curvature tensor

Theorem 2.2.8 (cf. [21]). Let T € TF(D) and 1 <i < N — 1. We have VT = 0 if and
only if V'HT = 0.

Proof. Let T € TF(D). It is not difficult to see that
VT = VAT + KO AT + £5T, Z=X+A, X eT(DY), Ael(&,

where K*(©;(A))T is defined by extending the (1, 1)-tensor field K*(©;(A)) to an algebraic
derivation of T(D) (see section A.3.1). Suppose that V7" = 0 for some 1 <4 < N —1. Then

KX AY)T = V5 VYT = VY VT = Vi ixypT — £§i<[X’YDT
= —£5 T

for every X,Y € I'(D). We claim that K*(©;(A)T + £57T = 0 for each A € I'(£%). Indeed,
suppose that ©;(A) = f7*Y; A Zj, for some f7* € C°°(M) and Y;, Zy € I'(D%). Then

KHO(ANT = [P*K(Y; A Z)T = [V Vo IT = "V o200 T = I L5y 2T
ik P

= LR vz T = — L 80T

= —L3T.
Hence, if 7 € T(D') with X = 2,(Z) and A = 2,(7), we have

VT = Vi T+ KH(O;( AT + £5T = 0.

The converse follows from the fact that, if X € T'(D*), then V4T = V?LlT. Therefore, VT
vanishes identically if and only if V*H1T = 0. [ |
Corollary 2.2.9. Each connection V* is metric, i.e., Vg =0 for eachi =1,..., N.

We have N restricted connections V1, ..., V¥ onD. The first connection (a nonholonomic,
or D-restricted connection on D) permits parallel transport only along D-curves, whereas the
last (a vector bundle connection on D) permits parallel translation along any curve in M. In

between we have the D'-restricted connections V* (for each i = 2,..., N — 1) which permit
parallel translation along D*-curves. By corollary 2.2.9, parallel translation (with respect to
any of the connections V', ..., V") is a linear isometry.

For a Di-curve 7y : [0,1] = M, 1 <i < N, let Hi;t denote the parallel translation along ~
with respect to V*. (See section B.1.1.)

Proposition 2.2.10. Let 1 <i< N —1. Ifv:[0,1] = M is a Di-curve, then 115" — IT:HH",

Proof. Let 7y : [0,1] — M be a D'-curve, Uy € Do) and V (t) = Hi;t(Uo)7 Wi(t) = Hi,“’t(UO).
Let (XJ,) be an orthonormal frame for D and (X:) a frame for £, where 1 < ap < r and
1 < a; < rank(€Y). It follows that (X9 , X4 ,..., X% ) is a frame for DM = D@l g p &

ag? [e5 AN
There exist functions v*,w* € C*°([0,1]) such that V = v*(X{ ov) and W = w*(X? o7).
Furthermore, these functions satisfy the ODEs

peo — _Flc)bfco (,y),ybi,uco and W% = _Qgioco (,}/),‘ybiwco7

ap ap
Where Fbi007 QbiCO b]'CO ag

€ C%(M) are defined by V' ; X3 = I}, X (where 0 < j < i) and
vz;é} X0 =0 X0 (where 0 < k < i+ 1). Since ViU = V{'U for X € I'(D%) and

brco“ a0
k
U eT(D), we have T',° = Q° for j =0,...,4. It follows that V = W. |

b]'CO b]'CO



Chapter 2. Curvature 41

2.2.1 Algebraic interpretation of curvature tensors

For a vector bundle connection V on D, the curvature tensor (X,Y) — [6 X 61/] —6[ X,y] can

be viewed as measuring the extent to which the mapping I'(TM) — Der(D), X — Vx fails to
be a homomorphism (of Lie algebras). In this section we show that a similar interpretation
holds for the curvature tensors K*, i = 1,..., N. Section A.2 contains some necessary results
(and fixes some notation) for what follows.

From proposition A.3.2 we have the vector space decomposition Der(D) = £73,@®Dero(D).
Let S be a distribution on M and denote £2 = {£5 : X € T(S)}. We shall say that a
derivation § € Der(D) is an S-restricted derivation (or simply S-derivation) if

§ € Ders(D) = £5 @ Derg(D).

Since the tangent bundle of M decomposes as TM = D @ E' @ --- @ EN7L, we have a sim-
ilar (vector space) decomposition £?M = £%) < £(‘Z SRR £(‘?N,1. Moreover, from the
decomposition D =D& =Da &l @ & &, we have

Derpit1(D) = £55:41 @ Derg(D)
— £5,® £2, @ Derg(D)
= LE D LL @ @ LT ©Dery(D).

(Consequently, Derp(D) is completely nonholonomic: if we define the flag F1 € F2 C--- by
F! = Derp(D) and F*! = Fi 4 [F', F¥, i > 1, then F* = Derp:(D) and FN = Der(D).)
We shall also use &; to denote the projection Der(D) — Derp:(D). Likewise, let 2; be the
projection Der(D) — £(Z.

Lemma 2.2.11. Fiz 1 < i < N and let 61,02 € Derpi(D), where 61 = £)9() + Dx and
8o = £ + Dy. Then
Pi([61,82]) = [01,80) = £, (xcv)-

(Here X,Y € (DY) and Dx, Dy € Dery(D).)
Proof. We have
[51752] - [£)9()7 £?] + [”E)%v DY] + [DXv £?] + [DXv DY]

It follows from proposition A.3.2 that [£5, Dy],[Dx, £5],[Dx, Dy| € Dero(D). Consider
the term [£5, £5]. We have [£5, £5](f) = [X,Y][f] for every f € C*°(M), and so

[£%,£5] = £{x v+ Dxy,

for some Dxy € Derg(D). Moreover, as X,Y € I'(D%), it follows that [X,Y] € (D).

2i([£5, £7)) = [£5, £7] = £5, (v
Consequently, we have

Pi([01, 02]) = [01, 02 — 24([01, d2])
= [01,02) = 241 £, £7)) = 61, 82] — £5 1 y)- u
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For each D*-restricted connection V¥, i = 1,..., N, we have that V% is a Di-derivation,
for X € I(D"). This leads us to the following result, which implies that the curvature tensor
K* measures the extent to which the mapping I'(D*) — Derp: (D), X — Vi fails to be a
homomorphism from (I'(D%), Z([-,-])) to (Derp:(D), Zi([,])). Note that these structures
are not Lie algebras, as (], -]) does not generally satisfy the Jacobi identity. Instead they
are so-called “almost Lie structures” [57], and so “homomorphism” refers to a homomorphism
of almost Lie structures.

Theorem 2.2.12. For eachi=1,...,N, we have

KX AY) = 2V, V) = Vi yy, XY €D(D).
Proof. Let X,Y € I'(D%) and U € I'(D). There exist algebraic derivations Dy, Dy € Derq(D)
such that Vi = £5 + Dx and V& = £y + Dy. Hence, by lemma 2.2.11, we have
PV, Vi) = [V, Vo] — £;§;<[X7Y]). It follows that

[V, ViDU = Vi, xypU = [V ViU = Vi, (xypU = [2:([X, Y]), U]
= KHX AY)U. u

In particular, if we take [-,-] = Z?1(]-,]), then the Schouten curvature tensor may be
expressed as
K(XAY)=[Vx,Vy] - Vixy;, XY eI(D).

2.2.2 Flat structures

By theorem 2.2.8, we have that the set of parallel tensor fields with respect to V coincides with
the set of parallel tensor fields with respect to V¥, for each 4 = 1,..., N — 1. Accordingly,
we shall simply say that such tensor fields are parallel.

A nonholonomic Riemannian manifold (M, D, D+, g) is called locally flat on U C M if
there exists a parallel frame (U,) for D defined on U. If (M, D, D+, g) is locally flat on a
neighbourhood about every point in M, then it is called locally flal. On the other hand,
if 4 = M, i.e., there exists a global parallel frame for D, then (M, D, D+, g) is said to be
(globally) flat.

Keeping in mind corollary B.1.26, we shall always assume that a parallel frame for D is
orthonormal. The next proposition characterises when the converse is true.

Proposition 2.2.13. An orthonormal frame (Uy) for D is parallel if and only if [U,, Up] = 0.

Proof. Let (U,) be an orthonormal frame for D. Suppose (U,) is parallel, i.e., VU, = 0.
Since V is torsion free, it follows that [U,, U] = Vi, Uy — Vi, Uy = 0. Conversely, suppose
[Ua, Up] = 0. Using Koszul’s formula, we have g(Vy, Usp, U.) = 0, i.e., Vi, Uy = 0. Since V is
tensorial in its first argument, it follows that VU, = 0, and so (U,,) is parallel. [ |

Theorem 2.2.14. Let (M, D, D+, g) be a Wagner structure. If (M, D, DL, g) is locally flat
onlU C M, then

KN(XAYYU =0 for every X, Y e I'(T'M) and U € I'(D) defined on U. (2.2.4)

Conversely, if (2.2.4) holds for some neighbourhood U C M, then (M, D, D+, g) is locally flat
onl.
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Proof. The Wagner curvature tensor K% is exactly the curvature tensor of the vector bundle
connection V¥, and so there exists a parallel frame for D if and only if KV vanishes identically
(see theorem B.1.28). Since every parallel vector field with respect to V¥ is a parallel vector
field with respect to V, it follows that (M, D, D+, g) is locally flat on 4 € M exactly when
KN vanishes identically on U. |

Corollary 2.2.15. A Wagner structure (M, D, D+, g) is locally flat if and only if KN = 0.

Corollary 2.2.16. Suppose (M, D, D+, g) is a Wagner structure that is locally flat ontd C M
and let (Ug) be a parallel frame for D, defined on U. If U = u*U, € I'(D) is defined on U,
then

KX AY)U = 2i([X, Y]) [u*]Us — [2:([X, Y]), U]

for every X,Y € (DY) defined on U and each i —=1,...,N —1.

Proof. Let X,Y € (DY) and U = uU, € I'(D) be defined on U. Then

KY{X AY)U =u*KY (X AY)U,
= Vi, VilUa = 0"V ix v Ua = 0 [2:(1X, Y1), U]
= —u*[2:([X,Y]), U]
= 2i([X, Y])[u|Ua — [2:(X, Y]), U]. u

2.3 Curvature of restricted Ehresmann connections

In this section we consider the curvature of the connections V!, ..., V¥ from the Ehresmann
connection point of view (see section B.2). In particular, we write the Schouten curvature
tensor K, as well as the curvature tensors K',..., K~ in the case of a Wagner structure,
in terms of horizontal lifts of vector fields. (As a corollary to the first, we then characterise
the vanishing of the Schouten tensor in terms of an involutivity condition for the horizontal
distribution.) We also show that the connections V', ...,V are equivalently formulated as
a flag of horizontal distributions on D.

Let (M, D, D+, g) be a nonholonomic Riemannian manifold with associated nonholonomic
connection V. We can extend V to a vector bundle connection V on D as follows (cf. [5, 6]):

o

V :T(TM) x I(D) — I'(D), Vz = Vaz) + £§<Z>.

(Note that \Y depends only on D, Dt and g, hence it is intrinsic to the nonholonomic Rie-
mannian structure.)

Lemma 2.3.1. V is a vector bundle connection on D.

Proof. Since V is an affine connection, it suffices to show that %fAX =f V4X and %AfX =
A[f]X + fVAX for every f € C®(M), X € T(D) and A € T'(D4). For the first part, we have

ViaX = £7,X = [fA,X] = f[A X] - P(X[f]A) = f£7X = fVAX.



44 2.3. Curvature of restricted Ehresmann connections

Likewise, for the second,

VafX = £5(fX) = [A, fX]
= fIA, X]+ 2(A[f]X)
= JEXX + AlfIX = A[fIX + [ VAX.

Hence V is tensorial in its first argument, and a derivation in the second, and so is an affine
connection. ]

The curvature tensor of the (vector bundle) connection V (see section B.1.3.2) is the
(1,3)-tensor field R : I'(TM) x I'(T'M) x I'(D) — I'(D) given by

R(X,Y)U = [Vx,Vy]U — Vixy U,
where X,Y € I'(T'M) and U € I'(D).

Lemma 2.3.2. If XY € (D), then R(X,Y) = K(X,Y).
Proof. Let X,Y € I'(D). A direct calculation yields the result:

R(X,Y) = [Vx,Vy] = Vixy
= [Vx,Vy] = Vixy] — Vaxy)
= [Vx, Vy| - v[[X,Yﬂ - £§([x,y]) = K(X,Y). u

Proposition 2.3.3. LetU be an open neighbourhood in M. If]il =0 onlU, then (M, D, D+, g)
is locally flat on U. Conversely, if (Ua) is a (local) parallel frame for D defined on U such
that [Uy, T(DH)] CT(DL), then R=0 onU.

Proof. Suppose R=0oni. Since V is a vector bundle connection on D, the vanishing of its
curvature tensor R implies the existence of a (local) parallel frame (U,) for D on U, where
“parallel” means with respect to (the parallel transport induced by) v (see theorem B.1.28).
That is, VzU, = 0 for every Z € I'(I'M) defined on ¢. In particular, taking Z € I'(D), it
follows that VU, = 0. Thus (M, D, D+, g) is locally flat on /.

Conversely, suppose there exists a (local) parallel (with respect to V) frame (U,) for D
defined on . Then VxU, = 0 for every X € I'(D) on U. On the other hand, we have
ValU, = [A,U,] for every A € T(DY) on U. Accordingly, if [U,, T(DL)] € T(DL), then
%AUa =0, i.e., (U,) is also parallel with respect to V. It follows that the curvature tensor of
V vanishes on U. [ |

Remark 2.3.4. As we shall see in the following chapter (specifically, corollary 3.2.11 and
section 3.2.3), the existence of an orthonormal frame (U,) such that [U,, ['(D1)] CI'(D4) is
sufficient for D to be geodesically invariant, i.e., invariant under the geodesic flow of (M, g),
where g is any Riemannian extension of g such that D and Dt are orthogonal with respect
to g. o
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Let m : D — M be the natural projection of a D-vector onto its base point. Associated to
the nonholonomic connection V and its extension V are the restricted Ehresmann connections

h:m*D = TD, h(Uy;Xy) = T,U - Xy — iy, -V, U

and
[im*TM = TD,  f(Uy, Zy) = TyU - Zy —vly, - V7,U,

respectively, where (for each U, € D) U € I'(D) is a vector field such that U(q) = U,. (See
section B.2, and particularly section B.2.1.) By proposition B.2.7, we have that h (resp. f)
is a well-defined linear D-connection (resp. T'M-connection) on D with associated covariant
derivative V (resp. V) Furthermore, we have f|.+p = h; in particular, if X € I'(D), then
X7 = X" (where X7/ is the horizontal lift induced by f, and X" the horizontal lift induced
by h).

Let V = kerT'm be the vertical distribution, H = imh the horizontal distribution of h
and F = im f the horizontal distribution of f. Clearly, we have H C F. By proposition
B.2.4 it follows that VNH =V NF = {0}, V+H C TD and V + F = T'D. That is,
VOH CV®F =TD. Let H' denote the distribution on D given by H+ = im(f| .pL), i.e.,

Hi = {f(UpXy): X € DY), UgeD.
Lemma 2.3.5. We have m,HL+ = D+

Proof. Let Xy, € Hif Uy € D. Then Xy, = f(Uy, X,) for some X, € Dy, and so Ty, 7 Xy, =
X,. Hence m,H+ C DL, Conversely, if X, € D+ and U, € Dy, then X, = Ty, «- f(Uq, Xy) €
Ty,m - Hg, 1t follows that mH* = D+ |

Lemma 2.3.6. We have F = H @ H*L. In particular, TD =V &H & H*.

Proof. Let Xy, € Hy, N Hiﬂ Uy € D. We have Xy, = h(Ug, Xq) = f(Uyq, Yy) for some
X, € Dy and Y, € D, Then

Xy =Ty, m- WUy, Xyg) =Ty, 7 f(Ug, Yy) = Y.

Since Dy N DqL = {0}, it follows that Xy = Y, = 0, and thus Xy, = 0. Hence H N H+ = {0}.
We clearly have H @& HL+ C F. For the converse, let Zy, € Fu,. Then Zy, = f(Uy, Z,) for
some Z, € T,M, and hence

Zu, = WUy, Zg) = WUy, 2(Zy)) + f(Uy, 2(7,)) € Hu, © %[JJ_q-
This completes the proof. |
Lemma 2.3.7. We have V = (T'm)71(0), VO H = (T7)"YD) and V & H+ = (T7)~Y(D1).

Proof. The first part is obvious. For the second part, we clearly have V&H C (T'n)~Y(D). Let
Xy, € (I'm)~X(D), so that Ty, 7 - Xy, = V4 € Dy. Then Ty, m-(Xu, —h(Uq, Vy)) = Vg— Vg = 0,
and so Xy, — h(Uq, Vy) € Vu,. Tt follows that Xy, € Vu, & Hu,, whence V& H = (Tr) (D).
The proof that ¥V @ H+ = (T'x)~'(D+) uses a similar argument (keeping in mind lemma
2.3.5). n
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Remark 2.3.8. As noted in [11, 27|, a nonholonomic connection on D (i.e., a D-restricted
connection on D) is precisely the specification of a ¢-invariant complement H to V in
(I'rt)~YD) (where ¢, : D — D is the dilation U, — €'U,). Indeed, given such a comple-
ment, we have m,H = D, VN'H = {0} and (¢¢)H = H. Hence, by proposition B.2.5 and
lemma B.2.3, there exists a unique linear D-connection h on D with imh = H. D

Let 7V :TD -V, & : TD - V@& H and 2 : TD — H* denote the projections
corresponding to the decomposition TD = V@& H G&HL. Let [, ] be the projected Lie bracket

2([])-
Lemma 2.3.9. If X € I'(F) is projectable, then
P(X) = P(mX)" and 2(X) = 2(m.X).

Proof. Let X € T'(F) be projectable. We have X = (1, X)/ = 2(m, X)" + 2(rX)/, from
which it follows that #(X) = Z(1,X)" and 2(X) = 2(m, X)/. [ |

We now link the vanishing of the Schouten curvature tensor of (M, D, D+, g) with an in-
volutivity condition for H. In the case of a vector bundle connection, it is well known (see,
e.g., [56, 37]) that the curvature of the connection vanishes if and only if the associated hori-
zontal distribution is involutive, or equivalently (for the case of a vector bundle connection),
integrable. For a nonholonomic connection, however, the characterising condition is that the
[-, -]-bracket of two horizontal vector fields is still in .

Theorem 2.3.10. We have
K(X,Y)Uy = =gt (X" YP](Uy) = [X, Y] (U))
= g XY ()

for every X, Y € I'(D) and U, € D.

Proof. Let X,Y € I(D) and w € T'(D*). By proposition B.2.13, we have Z/[@] = Vzw
for every Z € I'(T'M), where for a 1-form n € I'(D*) the function 7 € C=(D) is given by
(Uq) = ng(Ug). We may interpret the (1, 1)-tensor field K(X,Y) as an algebraic derivation,
i.e., a derivation that vanishes on elements of C*°(M) (see proposition A.3.1). In particular,
K(X,Y)w € I'(D*) is given by

(K(X,Y)w)(U) = K(X,V)(@(U)) —w(K(X,Y)U) = —(K(X,Y)U),

for U € I'(D). Using corollary B.2.14, we have

K(X,Y)w = [Vx, Vylw — Vixyw = [X", Y"|[&] - [X,Y]/[=].

Since i ([ X", Y" — [X,Y}/) = [ X", m.Y"] — [X,Y] = 0, we have that [ X", V"] — [X,Y]/
is vertical. Hence

[thyh] - [Xv Y]f %([thyh] - [Xv Y]f)
PIXP Y] = X Y]+ (2(X YY) - 20X, 7))

7 (X" Y,
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and so K(X,Y)w = ¥ ([X", Y"])[w]. If U, € D, then

wy(K(X,Y)Uq) = =(K(X,Y)w)y(Uy) = —(K(X, Y)w)(Uy)
= V(X" Y"Dw](Uy)
= —dw(Uq) (7 (X", Y"])(Uq)).

Using lemma B.2.12, we get

W K(X,Y)U,) = —wg (Vg " -7 (X" Y (U,).
Since w is arbitrary, the result follows. |
Corollary 2.3.11. K =0 if and only if [H,H] C H.

Suppose now that (M, D, D+, g) is a Wagner structure (see the beginning of section 2.2).
Let D =D'C - C DN-1 C DN = TM be the flag of D, where N > 2, and D! = D*a&% for
eachi=1,...,N—1. Associated to each connection V* is a restricted Ehresmann connection,
given by ' ' ' '

h':7*D" = TD, h'(Us Xy) =T,U - X4 —Vly, Vi, U,
where U € I'(D) is a smooth extension of U,. Again by proposition B.2.7, we have that hiis a
well-defined linear D*-connection on D with associated covariant derivative V. Furthermore,
we have h! = h and hitY| .pi = h® for each i = 1,...,N — 1. Let H* = imh® and Q° =
m(h*t!| .¢i). As before, we denote the vertical distribution ker T'r by V.

Lemma 2.3.12. We have H''' = H @ Q for eachi=1,...,N —1. Hence
TD=vVeoH " =VoHaQ o sV .

Proof. We first show that H'NQ" = {0}. Suppose otherwise, i.e., there exists Xy, € H@qﬁQ@q
for U, € D. Then Xy, = h*(Uy, X,) and Xy, = h*t1(U,,Y,) for some X, € D} and Y, € .
It follows that

Xq - TUqﬂ- . hi(UQ7Xq) - TUqﬂ- : XUq - TUqﬂ- ’ hi+1(U47 S/Q) - §/q

That is, X, = Y, = 0 since D, N &, = {0}, and hence Xy, = 0. Thus H'N Q° = {0}, as
claimed.
The inclusion H* & Q" € H*H! is obvious. Let Xy, € 7-[’“ U, € D. Then Xy, =

(U, Z4) for some Z, € Dyt Since D = Dl & &, we have Zy = X4 + Y, for some
X, € D} and Y, € &}. Hence
Xu, = W Uy Xo) + 10 (U, Yy) = HUg, Xo) + 10U Vo),

efw eQqu

ie., Xy, € H}']q ) Q}']q. It follows that HiT! = Hi @ Q. |

Let ¥V :TD -V, Z :TD - VoHand 2; : TD — Q' (fori = 1,...,N —1) be the
projections corresponding to the decomposition 7D =V & H @& Q' @ --- @ QN~1. Similarly,
let Zy = P B2 - 241 be the projection onto V & H?, foreach i = 1,..., N.
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Lemma 2.3.13. If X € I'(HY) is projectable, then

i

P(X) = P X)), 2(X) = 2w X)) and  Pi(X) = Zy(m X))
forechi=1... N —1.

Proof. Let X € I'(H™) be projectable. We have X = (mX)hN = P(m X))+ Ql(mX)hzl +
ot Py_1(m X)MY | from which it follows that 2(X) = 2(m, X )" and 24(X) = Qs(m, X)"
foreachi=1,..., N — 1. Lastly, we have

PUX) = P(X) +21(X) + -+ Zi 1 (X)
= 2(mX)" 4 2i(m X)) 4+ i (X)) = (X |
The connections V', ..., V" are equivalently specified by the restricted Ehresmann con-
nections h',..., ", which are in turn equivalently specified by the horizontal distributions

H', ..., HY. (See section B.2.1 and proposition B.2.5.) It follows that Wagner’s construction
of V1, ..., V¥ is equivalently formulated as the flag of horizontal distributions on D

HICH G SN CHT,

where, in particular, Y is a full complement to V, i.e., V & HY = T'D. The next result
allows us to describe the flag iteratively, starting only with H! = #.

Theorem 2.3.14. We have
HH g (X Y] X AY € (ker Ayt
foreveryi=1,...,N —1.

Proof. Let S' = H and S = S* + {[X™, Y"]: X AY € (ker A;)*} for i > 1. We shall use
induction on i to prove St = H® for each i > 1. By definition, we have S = H!'. Suppose
that 8t = H® for some 1 < i < N —1. We claim that 7,8*"! = D! and VNS = {0}. By
uniqueness of the connection associated to HHL (see proposition B.2.5), it will then follow
that S = 1L Let Wy, + [X", Y™](U,) € S["]?? where U, € D. Then

Tu,m - (Wu, + X" Yhi](Uq)) = Ty,m Wy, +[X,Y](¢) € D} + [D', D], = DiH,

and so 7, Ht C DL Conversely, let W, € D} and X, € £; then W, + X, is an arbitrary
element of Djtt = Df @ &;. Since §* = H* by the inductive hypothesis, we have 7,8" = D".
Accordingly, there exists Vi, +[Y, Z](Uy) € S, such that Ty, - (Vu, +[Y, Z](Ug)) = Wy. Let
ANB = 0;(X) € (ker A;)t, where X € I'(£?) is a smooth extension of X,. (The case when
©;(X) is a C*°(M)-combination of bivector fields from I'(D?) is treated similarly.) Then

Wy + Xy = Tum - (Vo + 1Y, Z)(U)) + 2:(1A, B))(q)
= Tu,m- (Vi + 1Y, Z)(Uy) + 2:(|A, B)" ™ (U,))
Tum - (Vo, + 1Y, 2)(Ug) + 2:([A", B"])(U,))
= Tu,m - (Vo, + [V, 2)(Uy) = 2:([AY, B ) (U,) +[A", B¥|(U,)) € Tyr,m - SpHL.
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Hence 7,81 = DL Let Wy, + X", Y"|(U,) € Vu, NS{H, Uy € D. We have

Wo, + X", Y )(Uy) = V(X" YP ) (Ug) + (25 = 1) (W, + (X7, Y (U,))
+ 21X, M) (Uy)
— vy, - K{(X AUy + (Wo, + 24X, Y)Y (U,))
+ 21X, YD) (Uy).

Both non-vertical components must vanish; in particular, we have 2;([X,Y])(¢) = 0, i.e.,

(X AY)(q) € ker A; . Since X AY € (ker A;)7L, it follows that (X A Y)(g) = 0. Then
Wo, + X", Y7 |(U,) = =vly, - K{(X AY)U, = 0.
Thus VN St = {0}, which completes the proof of the inductive case. [ |

Lastly, we prove a result similar to theorem 2.3.10 for each of the curvature tensors
K'....,K". Let V! be the D"-connection on P given by

ViU =V U+ £5 00U, X eT(D'), U e (D).
Let f*: 7*D'"! — T'D be the restricted Ehresmann connection associated to Ve
Theorem 2.3.15. Let 1 < i< N. Then
K{X, YU, = =I5 - (X" Y u,) - (X, Y] (U
(X, YV)Uq = = vl - ([X7, Y [(Ug) — [X, Y] (Uy))
— —vig (X YD) )
Jor every X,Y € I'(D*) and U, € D.

Proof. (The proof is similar to that of theorem 2.3.10; hence, we omit some details.) Let
X,Y € (D¥) and w € I(D*). Then Ki{(X,Y )w = [V, viy]w—%fxyy]w. (Since X,Y € I'(DY),

we have [X,Y] € ['(D*t1); hence the term V[X y|w is properly defined.) Then, by proposition
B.2.13 and corollary B.2.14, we have

Ki(X,Y)w = [X" Y"|[z] - [X, V) [w].

Clearly, [X", Y] — X, Y]/ is vertical; thus [X", Y] —[X, V)" = ¥ (2([X",Y"])), and
so KX, Y)w = 7(Z( X", Y"])[@]. If U, € D, then

wg(KH (X, YY) = =V (5[ X" YY) (Ug) = —wq(Wg - 7 (24 X, Y )(U)),
whence K'(X,Y)Uy = —vIgh- 7 (2, X" Y ¥))(U,). |

Corollary 2.3.16. Let 1 <i < N. We have K* = 0 if and only if Z(|[H',HY]) C H'. In
particular, (M, D, D+, g) is flat (i.e., KN =0) if and only if H" is integrable.
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2.4 Curvature of left-invariant structures on Lie groups

In this section we show that, for a left-invariant nonholonomic Riemannian structure, the
Schouten curvature tensor is left invariant, as are the related tensors R, C, etc. Likewise,
the tensors associated to a left-invariant Wagner structure (formally defined below) are left
invariant. Lastly, in section 2.4.1, we characterise the existence of left-invariant parallel
frames. Let (G,D, DL, g) be a left-invariant nonholonomic Riemannian structure on a Lie
group G.

Proposition 2.4.1. The Schouten curvature tensor K is left invariant, i.e., K = (Ly)*K
for every g € G.

Proof. Let g € G and X,Y,Z € I'(D). Then

(Lo« (K(X,Y)Z) = (Lg)x(VxVyZ = VyVxZ) = (Lg)sVxy]Z — (Lg)«[2(X,Y]), Z]
= V). xL)s(Vy Z) =V (1), v(L)«(Vx Z) = V(1) 1xv) (L) 4
— [(Lg)«2([X, Y1), (Lg)+ Z]
= V(). XV(r )y (Lg)Z = V(1) vV (1), x(Lg)xZ
— V(L) X (L) Y (Lg)s Z — [2([(Lg) X, (Lg)sYT]), (Lg)+Z]
- K((Lg)*X: (Lg)*y)(Lg)*Z-

That is, K = (Lg)*K. [ |

Clearly, the process by which one obtains the tensors R, C, etc. from K preserves left
invariance. Hence we have the following corollary.

Corollary 2.4.2. We have S = (Ly)*S for every g € G (i.e., S is left invariant), where S is
any one of R, C', K, R, C, R, Ric, Asym, Askew or Scal.

We now define Wagner structures invariant under left translations. Let (G, D, D+, g)
(together with distributions £1,. .., £N¥~1) be a Wagner structure, with degree of nonholonomy
N > 2, on a Lie group G. If the underlying nonholonomic Riemannian structure (G, D, D+, g)
is left invariant and the distributions &',...,EN71 are also left invariant, i.e., (L)% = &
for every g € G and each i = 1,..., N —1, then we call (G, D, D+, g) a left-invariant Wagner
structure.

Let (G, D, DL, g) be a left-invariant Wagner structure. We will show that the associated
tensors (the projections, the Riemannian extension of g, the connections V¢ and curvature
tensors K*, etc.) are all left invariant.

Lemma 2.4.3. We have (Ly)« (X)) = Zi((Lg)«X) and (Lg)+2i{(X) = 25((Lg)sX) for
every X e I'(T'G) and g € G and eachi=1,...,N — 1.

Proof. Fix 1 <i <N —1,let g € Gand X € I'(TG). There exist Xy € I'(D) and X; € I'(&7)
for each j = 1,..., N — 1 such that X = Xo + X1+ -+ Xn_1. Since the distributions
D, &Y, ..., ENTL are left invariant, it follows that (Lg)«Xo € I'(D) and (Ly).X; € I'(&7).
Consequently, we have

QZ((LQ)*X) - QZ((LQ)*XO + (Lg)*Xl + -+ (Lg)*XN—l)
= (Lg)sXi = (Lg)s Zs(X).
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Similarly for the projection &;,
(Lg)« Z5(X) = (Lg)«(P(X) + 21(X) + - + Zima(X))
= P((Lg)s X) + 21((Lg): X) + -+ + 2i1((Lg)sX) = Pi((Ly),X). N
Lemma 2.4.4. The tensors A; and ©; are left invariant, i.e.,
(Lo AdX AY) = Al(Lg) (X AY)) and (Ly):O:(A) = Ou((Ly).A)
for every g € G, X,Y € I'(D%) and A € T'(Y) and each i =1,...,N — 1.

Proof. By the previous lemma, left translations preserve the projection operators &; and 2;.
Accordingly, if g € G and X,Y € I'(D"), then

(Lg)+ As(X AY) = (L)« 25([X, Y]) = 2i([(Lg)+ X, (Lg)+Y])
- Ai((Lg)*X A (Lg)*y)
= Ai((Lg)o(X AY)).

Similarly, if g € G and A € T'(£?), then
(Lg)s A = (Lg)s Ai(©:(A)) = Ai((Lyg)+Oi(A4)).
Applying ©; to both sides of the equation yields ©;((Lg)«A) = (Ly)+©;(A), as required. W

Proposition 2.4.5. The Riemannian extension g of g described in theorem 2.2.4 is left
muariant.

Proof. (We follow the notation used in theorem 2.2.4.) Using induction on i, we shall prove
that gt = g@h' @ .. -@®h*! is left invariant, foreach i =1,...,N—1. As g = g"~!, this will
imply that g is left invariant. Since g is assumed to be left invariant, the case 4 = 11is true by
assumption. Suppose that g® is left invariant, for some 1 <4 < N — 1. Since g't! = g* @ h?,
it suffices to show that h? is left invariant. Tt is not difficult to see that (h%)” = ©% o (g%)" 0 ©;.
Accordingly, if g € G and A, B € I'(£), then
hi((Lg)*Aa (Lg)sB) = ((@: © (/g\z)b © @i)((Lg)*A)> ((Lg)*B>

= 8'(0i((Lg)+A), ©i((Lg)+B))

= 8'((Lg)«Oi(A), (Lg)+Oi(B)).
If X1 A Xo,Y1 AYs € (ker A;)*, then

%

?wwxxAX%uwxmAn»@ﬂg

=g(X1 A X2, Y1 AYa)o Ly,
Consequently, we have
hz((Lg)*Av (Lg)*B) - /g\z(@l(A)v @Z(B)) © Lg’1 - hz(Av B) © Lg*17

and so h? is left invariant. [ ]
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Proposition 2.4.6. We have V' = (Ly)*V" and K* = (Lg)*K* for every g € G and each
i—1,....N.

Proof. We use induction on ¢. The case ¢ = 1 is proved in proposition 1.2.3 and proposition
2.4.1. Suppose the statement is true for some 1 < 4§ < N — 1. Let g € G, Z € T(D*'!) and
Ue F(D) If X = QZZ(Z) and A = QZ(Z)7 then
Vi LU = Vi (Lg)sU + KAO(Lg)e ) (L) U + [(Lg)s A, (L) U]
= (Lg)s ViU + (Lg)« (K" (©:(A))U) + (Lg)+[A, U]
= (Lg) V.

That is, V¥*! is left invariant. Then, if X,Y € T'(D?) and U € I'(D), we have

(Lo) (KHHX AYIU) = (L) VY VU — (Lo VIV — (L) VL vV
— (Lg)«[2ip1 ([X, Y]), U]

- vgglﬁngglﬁY(Lg)*U B fogl>*yvfﬂ>*x(Lg)*U

=V Loy XLy LU
— [Zi1([(Lg)+ X, (Lg)+ Y1), (Lg)U]
- KHl((Lg)*X A (Lg)*y)(Lg)*Ua

and so KT = (L,)*K**1. This completes the proof. [ |

2.4.1 Left-invariant parallel frames

To conclude this chapter, we consider the existence of left-invariant parallel frames. Let
(G, D, D+, g) be a left-invariant nonholonomic Riemannian structure on a Lie group. A lefi-
invariant parallel frame for D is a left-invariant orthonormal frame (U,) for D such that each
U, is parallel (with respect to the nonholonomic connection V). Clearly, if there exists a left-
invariant parallel frame for D, then (G, D, DL, g) is (globally) flat. Furthermore, the parallel
translation is simply (a restriction of the tangent map of) the left translation (see proposition
B.1.31).

Proposition 2.4.7. The following statements are equivalent:
(i) There exists a left-invariant parallel frame for D on G.
(i1) [X,Y] =0 for every X,Y e T'X(D).

(iit) VxY = 0 for every X,Y € I'(D). (In particular, V is Cartan-Schouten and every
left-invariant vector field is parallel.)

Proof. Suppose (i) holds, i.e., there exists a left-invariant parallel frame (U,) for D. By
proposition 2.2.13, we then have [X,Y] = 2%° U4, Us] = 0 for every pair of left-invariant
vector fields X = x%U,, Y = y°U, in I'(D). If item (ii) holds, then clearly V is a Cartan—
Schouten connection. In fact, we have VxV = 1[X,Y] = 0 for every X,Y € I'*(D). That
(éit) implies (%) is trivial. [ |
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Corollary 2.4.8. If V is a Cartan-Schouten connection and rank(D) = 2, then there exists
a left-invariant parallel frame for D.

Proof. By proposition 1.2.11, if V is Cartan—Schouten and rank(D) = 2, then VxY = 0 for
every X,Y € I'¥(D). [

Corollary 2.4.9. Suppose that (G, D, D+, g) is a lefi-invariant Wagner structure (with de-
gree of nonholonomy N > 2) and there exists a left-invariant parallel frame for D. Then (in
the notation of section 2.2):

(i) VLU =0 for every Z € TL(DY), U e T¥(D) andi = 1,...,N.
(i1) K{XAYYU = —[2;(|X,Y)), U] for every X,Y € I'"(D"), U ¢ T'X(D) andi=1,...,N.

Proof. By proposition 2.4.7 we have that every left-invariant vector field is parallel. Item (i)
now follows from the fact that ViU = 0 if and only if V**'U = 0 (theorem 2.2.8); item (i)
follows from corollary 2.2.16.






Chapter 3

Equivalence and embeddings

There are two main topics treated in this chapter. Firstly, we consider the equivalence of non-
holonomic Riemannian manifolds. We define three natural equivalence relations (of increasing
strength) between nonholonomic Riemannian structures, and prove some basic properties of
each equivalence. The first equivalence relation is up to a (diffeomorphic) correspondence
between the nonholonomic geodesics of two structures; the second is up to a correspondence
between the constraint distributions and nonholonomic connections; and the third is up to a
correspondence between the constraint distributions, the complementary distributions, and
the metrics. In this thesis we shall primarily be concerned with the last (and strongest) of
the three equivalences. Nonholonomic Riemannian structures that are equivalent under this
equivalence relation will be called “nonholonomically isometric.” (Nonholonomic isometries
are the natural generalisation of Riemannian isometries.)

The second topic treated in this chapter is that of “nonholonomic Riemannian submani-
folds.” In other words, we consider the situation when one nonholonomic Riemannian struc-
ture can be embedded inside another such structure. This is an obvious generalisation of Rie-
mannian isometric embeddings to the case of nonholonomic Riemannian structures. As such,
our approach is very much informed and inspired by the approach taken in Riemannian ge-
ometry (as set out in, for instance, [44]). We have also generalised the work of Lewis [46, 3] on
“geodesic invariance.” Briefly, a vector subbundle S of the distribution D of a nonholonomic
Riemannian manifold (M, D, D+, g) is geodesically invariant (in D) if it is invariant under the
nonholonomic geodesic flow of (M, D, D+, g). Geodesic invariance generalises the concept of a
totally geodesic submanifold (i.e., a submanifold N of M such that every geodesic tangent to
N at some point is contained entirely in N). Indeed, if S is a geodesically invariant integrable
distribution, then its corresponding integral manifolds are totally geodesic. The reason for
studying geodesic invariance is as follows. Suppose (M, D, D+, g) is embedded inside a non-
holonomic Riemannian structure (M, D/, D'*, g/). We may identify M with a submanifold of
M’ and D with a subbundle of D’|,. The nonholonomic geodesics of (M, D, D+, g) coincide
with those of (M/, D/, D'+, g') lying in M and tangent to D exactly when D is geodesically in-
variant. Hence, when D is geodesically invariant, the geometry of (M, D, D+, g) is essentially
inherited from the ambient structure (M/, D/, D'+, g’). The case when (M, D, DL, g) can be
embedded inside a Riemannian manifold such that D is geodesically invariant is of particular
interest. In the last section of this chapter we show that, at least when D is strongly nonholo-
nomic, this occurs exactly when the component C' of the Schouten curvature tensor vanishes.
We prove a similar result in the general case for Wagner structures.

55
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Lastly, we mention that it is possible to generalise the concept of a Riemannian sub-
mersion to the nonholonomic Riemannian case. Indeed, given two nonholonomic Riemannian
structures (M, D, D+, g) and (M, D/, D'+, g), we can define a nonholonomic Riemannian sub-
mersion to be a surjective submersion 7 : M — M’ such that: (i) D and D’ are w-related;
(i) DL and D'* and w-related; (iii) T preserves the length of horizontal vectors, where
the horizontal distribution H is defined to be the orthogonal complement in D of the verti-
cal distribution V = kerT'r|, € D. Much of the theory of Riemannian submersions carries
through to the nonholonomic Riemannian case, and their study would be of comparable in-
terest. Nevertheless, space considerations do not permit us to consider this topic further in
this thesis.

3.1 Equivalence of nonholonomic Riemannian structures

Before considering the equivalence of nonholonomic Riemannian structures, we first show
that a diffeomorphism mapping one distribution to another also maps the flag of the first
distribution to that of the second distribution. We also show that dilations of the metric do
not affect the structure in any appreciable fashion.

Let D and D’ be completely nonholonomic distributions on manifolds M and M’, respec-
tively. Let D=D! C--- CDVN1CDN = TMand D = D' ¢ ... c DNt DNV — 7w
be the flags of D and D', respectively, where N, N' > 2.

Proposition 3.1.1. If ¢ : M — M’ is a diffeomorphism such that ¢,D = D', then N = N’
and ¢ D = D" for everyi —=1,...,N.

Proof. We use induction on 4. The result is true by assumption for 7 = 1, i.e., oD = D1
Suppose that ¢,D* = D' for some 1 < i< N — 1. Then

9D = 9. D" + 6,[D', DY = D + 6.1, 6. DY = D" + [D", D] = D"
It follows that N = N'. [ |

Proposition 3.1.2. The nonholonomic connection of a nonholonomic Riemannian manifold
(M, D, D+, g) is invariant under a (constant) rescaling of the metric g.

Proof. Let g’ = M—lzg be a rescaling of the metric, where © > 0. We shall denote the non-

holonomic connection of (M, D, D+, g’) by V'. Let X,Y, Z € I'(D). Using the Koszul formula
(theorem 1.1.5), we have

2/ (VY. Z) = %X{g@c 7))+ %Y[g()@ 7)) - %Z[g(& y)]

1 1 1
1
= E2 g(VxY, Z)
=2g/(VxY, 7).
Since Z is arbitrary, we have VY = VxVY for every X,Y € I'(D), i.e.,, V/ = V. [ |

In particular, it follows that the nonholonomic geodesics of a rescaled structure are iden-
tical to those of the original structure.
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3.1.1 Nonholonomic geodesic equivalence

We say that two nonholonomic Riemannian manifolds (M, D, DL, g) and (M/, D/, D'+, g') are
NH-geodesically equivalent if there exists a diffeomorphism ¢ : M — M’ establishing a one-
to-one correspondence between the nonholonomic geodesics of the two structures, i.e., v is
a nonholonomic geodesic of (M, D, D+, g) if and only if ¢ o v is a nonholonomic geodesic of
(M, D', D'+, g).

Lemma 3.1.3 (cf. [38]). The following statements are equivalent:
(i) Two nonholonomic connections V', V? : (D) x I'(D) — I'(D) have the same geodesics.
(it) VX = V%X for every X € I'(D).

(iit) (X 1Y) = (X : YY) for every X,Y € I'(D), where {(- : -)); is the symmetric bracket
of V¢ fori—=1,2.

Proof. Let B(X,Y) = VLY — V%Y for X,Y € I'(D). If f € C®°(M), then B(fX,Y) =
VixY = VigY = fB(X,Y) and

B(X,[Y) = VX[Y =VX(JY) = X[/]Y + [VXY — X[f]Y — [VXY = [B(X,Y).

That is, B is tensorial in both arguments. We will prove that V! and V? have the same
geodesics if and only if B(X, X) = 0 for every X € I'(D). That item (i) and item (i) are
equivalent is immediate by polarisation.

Suppose V! and V2 have the same geodesics. Let X, € D and let  be the (unique)
geodesic of V! and V2 such that v(0) = ¢ and 4(0) = X,. Let Y € I'(D) be a local
extension of 4 along 7; we have VY (v(t)) = VY (y(t)) = 0 for all t. Then B(X,, X,) =
V1Y (7(0)) — V&Y (7(0)) = 0, and so, by tensoriality of B, we have B(X, X) = 0 for every
X e I'(D). Conversely, suppose that B(X, X) = 0 for every X € I'(D) and let v be a geodesic
of V1. Then VZ4(t) = V14(t) — B(¥(t),4(t)) = 0, i.e., v is also a geodesic of V2. [ |

Proposition 3.1.4. (M, D, DL, g) and (M, D/, D', g') are NH-geodesically equivalent if and
only if there exists a diffeomorphism ¢ : M — M’ such that ¢, D = D' and V and ¢*V' have
the same geodesics.

Proof. We have that (M, D, DL, g) and (M, D/, D'+, g') are NH-geodesically equivalent if and
only if V44(t) = (¢*V')s4(t) for every nonholonomic geodesic  of (M, D, D+, g). Suppose
that (M, D,D+,g) and (M, D/, D't g') are NH-geodesically equivalent. (The proof of the
converse is immediate.) Clearly, we have ¢, D = D'. Let B(X,Y) = VxY — (¢*V')xY for
X,Y e I'(D); as in the proof of lemma 3.1.3, we have that B is tensorial in both arguments.
Let X, € D and let v be the nonholonomic geodesic such that v(0) = ¢, ¥(0) = X,. Let
X € I'(D) be an extension of X, to a neighbourhood of ¢ such that X coincides with % along
v in the neighbourhood. Then

B(Xy, Xq) = Vx, X = (¢"V)x, X = V44(0) — (¢"V')54(0) = 0.

(We have used the fact that VxY(q) depends only on the values of Y along any curve tangent
to X(q); see lemma B.1.5.) That is, B(X, X) = 0 for every X € I'(D). By lemma 3.1.3, it
follows that V and ¢*V’ have the same geodesics. |
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3.1.2 Nonholonomic affinities

We say that two nonholonomic Riemannian manifolds (M, D, D+, g) and (M', D', D’ L ) are
NH-affinely equivalent if there exists a diffeomorphism ¢ : M — M’ such that

D =D and V =¢*'V.
A diffeomorphism ¢ satisfying the above properties is called an NH-affinity.

Proposition 3.1.5. Let (M, D, DL, g) and (M, D', D", g') be two nonholonomic Rieman-
nian manifolds.

(i) If (M,D,D+,g) and (M, D, D'*,g') are NH-affinely equivalent, then they are NH-
geodesically equivalent.

(i) Suppose (M, D, D+, g) and (M’,D’,D’L, g') are NH-geodesically equivalent with respect
to a diffeomorphism ¢ : M — M'. The two structures are NH-affinely equivalent (with
respect to @) if and only if ¢*V' is torsion free (with respect to ), i.e

(@"V)xY — (¢"V)y X = [X,Y]
for every X, Y € I'(D).

Proof. (i) Let ¢ : M = M’ be an NH-affinity between (M, D, DL, g) and (M', D', D'*, g'). As
V = ¢*V/, it is trivially true that V and ¢*V’ have the same geodesics. Consequently, by
proposition 3.1.4, the two structures are NH-geodesically equivalent.

(i) Suppose that (M, D, DL, g) and (M’, D', D'+, g') are NH-geodesically equivalent. Then,
by proposition 3.1.4, there exists a diffeomorphism ¢ : M — M’ such that ¢,D = D' and V
and ¢*V' have the same geodesics. By lemma 3.1.3, this occurs exactly when

VxY +VyX = ((]5*VI)XY + (¢*vl)yX
for every X,Y € I'(D). Since V and V' are torsion free, we get

VxY +VyX = ((]5*VI)XY + ((25*Vl)yX

= VxY +VyX = (¢7Du(V, x0Y + Vi vy X)

= 2VxY = [X,V] = 2(07 )V, x04Y) = (07 )[04 X, 9]

= 2((¢0"V)xY = VxY) = (7P (9u[X, Y]) - [X, Y],
The right-hand side of the last line is exactly the torsion T(X,Y") of ¢*V' (with respect to
the projection #):
¢*'V)xY —(¢"V)y X — [X,Y]
(Vi xPxY — Vi, y 0:X) = [X, Y]
¢~ uld: X, Y] — [X, Y]
¢~ P (e[ X, Y]) - [X, Y],

Hence VxVY = (¢*V')xY for every X,Y € I'(D) if and only if ¢*V’ is torsion free. |

TX,Y) = (
=
=
= (
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3.1.3 Nonholonomic isometries

Two nonholonomic Riemannian manifolds (M, D, DL, g) and (M/, D', D'+, g') are said to be
NH-isometric if there exists a diffeomorphism ¢ : M — M’ such that

oD =T, qﬁ*DL — D't and g = ¢'g.

Any map satisfying the above three properties is termed an NH-isometry. From [34], the col-
lection of all NH-isometries of a nonholonomic Riemannian structure forms a finite-dimension-
al Lie group. In the following chapter, we shall consider the equivalence of three-dimensional
nonholonomic Riemannian manifolds under NH-isometries. In particular, we classify the left-
invariant structures on the (three-dimensional) simply connected Lie groups.

For the following results, let ¢ : M — M’ be an NH-isometry between nonholonomic
Riemannian manifolds (M, D, DL, g) and (M’, D', D'+, g'). We first show that ¢ preserves the
projection operators of the two structures.

Lemma 3.1.6. If X € I'(TM), then ¢, P(X) = P (. X) and ¢ 2(X) = 2/ (4. X).

Proof. Let X € T'(I'M). There exist X; € I'(D) and X, € I'(D1) such that X = X; + Xo.
Since ¢, D = D' and ¢, D+ = D'*, we have ¢, X; € D(D) and ¢, X, € T(D'F). Consequently,
we have

32/(¢*X) - 32/(‘15*)(1 + ¢*X2) = X1 = ¢*32(X):
and so 2'(pX) = g X — P/ (s X) = (X — P (X)) = . 2(X). |

As a consequence of preserving the projection operators (as well as D and g), we have
that every NH-isometry is an NH-affinity.

Proposition 3.1.7. Every NH-isomelry is an NH-affinity.
Proof. We show that V = ¢*V'. Let XY, Z € T'(D). Since g = ¢*g’, we have

8((¢"V)2XY) + (X, (¢"V)2Y) = g((¢71)s(V, 26+ X), Y) +8(X, (67 )u(V5, 26:Y)
= g'(V;*Zqﬁ*X, GxY) 0§+ gl(<l5*X7 vfmz‘b*y) o
= (0:2)[8/ (9 X, 4:Y)] 0 ¢
= (2 2)[8(X,Y) o ¢ ™o g
= Z[g(X,Y)].

That is, (¢*V')g = 0. Likewise,
(0" V)xY — (¢*V)y X —[X, Y] = (¢7)u(Vi, x0:Y — Vi,y 9 X) — [X, Y]
As ¢ preserves the projection operators, we have (T¢)™! 0 9’ 0 ¢ = . Hence
(@ V)XY = (" V)X = [X,Y] = (67 )u(Vi, x Y — Vi, y X — [:X,6:Y]) =0,

i.e., @*V’ is torsion free. By uniqueness of the nonholonomic connection (theorem 1.1.5), it
follows that V = ¢*V'. Thus ¢ is an NH-affinity. [ |
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It is not difficult to see that every nonholonomic Riemannian structure that is NH-
isometric to a (locally) flat structure is also (locally) flat. Indeed, the following result follows
immediately from corollary B.1.23. (The converse to this result, however, does not hold: in
chapter 4, and specifically section 4.2, we shall see that in three dimensions there are many
non-NH-isometric flat structures.)

Proposition 3.1.8. If (M, D, DL, g) is locally flat onU C M, then (M', D', D", g') is locally
flat on p(U).

As NH-isometries preserve the metric, nonholonomic connection and projection operators,
it follows that the various curvature tensors introduced in section 2.1 are also preserved.

Proposition 3.1.9. We have K = ¢*K'.
Proof. Let X,Y,7Z € I'(D). Then

P«(K(X,Y)Z)
=0 (VxVyZ —VyVxZ) — 0.V ixy)Z — ¢:[2([X,Y]), Z]
- véb*X@(vYZ) - vme(b*(vXZ) - véb*[[X,Yﬂ@Z — [¢«2([X, Y]), ¢+ Z]
= V. xVi, vy Z — VvV, x0: Z — vl[[(ﬁ*X@*Yﬂ(p*Z — [2'([¢:X, 0. Y1), $: 4]
= K'(¢:+ X, 0:Y) s Z.

That is, K = ¢*K'. [ |

Corollary 3.1.10. We have S = ¢*S’, where S is any one of R, C, IA(, E, 5, E, Ric, Asym,
Agrew 07 Scal.

We conclude this section by considering (nonholonomic) isometries between Wagner struc-
tures (see section 2.2). Let (M, D, D+, g) and (M, D/, D'+, g’) be Wagner structures, both
with degree of nonholonomy N > 2. The two structures are said to be NH-isometric as
Wagner structures if there exists a diffeomorphism ¢ : M — M’ such that

oD =D, ¢ =E" and g=o¢'g

foreachi=1,...,N—1. (Since Dr =& ¢ p&EN-tand D+ =& @ &N7!, the
middle condition clearly implies that ¢,D+ = D’ L.) Such a map ¢ is called an NH-isometry
of Wagner structures.

Let (M, D, DL, g) and (M, D', D", g') be Wagner structures, both with degree of non-
holonomy N > 2, and let ¢ : M — M’ be an NH-isometry of these Wagner structures. (We
follow the notation introduced in section 2.2 for the projection operators, connections and
curvature tensors.)

Lemma 3.1.11. If X € T'(TM), then ¢ Zi(X) = PUdX) and 0. 2:(X) = 2L(6X) for
eachi=1,..., N —1.

Proof. Fix 1 <4 < N —1and let X € T(TM). There exist Xo € T'(D) and X; € I'(£7) for
j=1,...,N —1such that X = Xo+ Xy +--- + Xy_1. Since ¢,D =D and ¢.&7 =&, it
follows that ¢, Xo € I'(D') and ¢, X; € I'(€"”). Consequently, we have

Q;(¢*X) - Q;((p*XO + (25*X1 + -+ (p*XN—l) — (p*Xz — @QZ(X)
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and

O P X) = 0 (P (X) + 21(X) + - + 2i_1(X))
= PN s X) + DY(uX) + -+ 2i_1(9: X) = P(p: X).

This completes the proof. |
Lemma 3.1.12. We have

PDA(X AY) = A (X AY))  and  $.0:(A) = ©i(d:A)
Jor every X,Y € T'(D?) and A € T'(EY) and each i =1,...,N —1.

Proof. By the previous lemma, ¢ preserves the projection operators &; and 2;. Accordingly,
if X,Y € I'(D%), then

PA(X NY) = 0. 2i([X,Y]) = 25| X, .Y ]) = Aj(§ X A ¢1Y) = Al(u(X AY)).

Similarly, if A € T(EY), then ¢, A = ¢ A(O;(A)) = AL(¢4O;(A)). Applying ©/ to both sides
of the equation yields ©}(¢«A) = ¢+©0;(A), as required. [ |

Proposition 3.1.13. The map ¢ is a Riemannian isometry between (M,g) and (M',g'),
where g (resp. g') is the Riemannian extension of g (resp. g') described in theorem 2.2.4.

Proof. (We follow the notation used in theorem 2.2.4.) Using induction on i, we shall prove
that gt = qﬁ*g’i (where gi = g eh'®- - oh=land g’ =g ®h & ®h'™) for each
i=1,. —1. Asg=gVland g = g’N_ll7 this will imply that g = ¢*g’. The case i = 1
is true by assumptlon Suppose that g* = ¢*g’, for some 1 < i < N —1. Since git! = g ¢ h?
and g’"t! = g @ h"*, it suffices to show that hz ¢*h’”*. We have (h*)” = ©% o (%)’ 0 ©; and
(W) = ©/* o (§")" 0 ©). Accordingly, if A, B € T(E?), then

(.4, ¢4 B) = (8" 0 (8")" 0 ©))(9:A)) (¢ B)
A/z(@l(¢* ) @;((b*B))
= B (¢+0i(A), 9:04(B)).

If X1 A X, Y1 AYy € (ker AL, then

8 (0 X1, 0:Y1) 8 (dx X1, 4 Y2)
glz((b*X?v(p*Yl) g”( *X27¢*3/2)
= det {gz:(XhYl)OWl g'(X1,Yz) 0 _1}
g (X2, Y1) o™l g'(Xy,Y2)o !
=B (X1A X2, YIAY2) o™,

/g\li((b*(xl A X2), (Y1 A Y2)) = det [

Consequently, we have

h'(¢.A, ¢4 B) = 8'(0:(A),04(B)) 0 ¢~ = h'(A, B) 0 ¢},
and so ht = ¢*h'". [ |
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Proposition 3.1.14. We have Vi = ¢*V'* and K* = ¢*K'* for eachi=1,...,N.

Proof. We use induction on ¢. The case ¢ = 1 is proved in proposition 3.1.7 and proposition
3.1.9. Suppose the statement is true for some 1 < 4§ < N—1. Let Z € I'(D*t!) and U € I'(D).
If X = QZZ(Z) and A = o@z’(Z)7 then
Vil 70U = Vi, x U + K{(03(9 A)puU + [94 A, 6 x U]
= ViU + (K (0:(A))U) + ¢«[A, U]
= ¢, VU

That is, ViT1 = ¢*V/*"!. Then, if X,Y € I'(D?) and U € T(D), we have

P (KTH X AYVIU) = ¢ VYIVIIU — ¢, VI VU — @V’;j“ xypV
— [ 2 (X, Y)), U]
1+1 +1 +1 +1 +1
= Vo Vv (Lg)U = ViHy Vil ouU — V§i+1<[¢*x,¢*y])¢*U

- [[QiJrl([(p*Xa ¢*Y])a ¢*U]]
- KHl(‘b*X A ¢*Y)¢*Ua

and so K*t! = ¢* K*t1. This completes the proof. [ |

3.1.4 Structures with Cartan—Schouten connections

Let (G, D, D+, g) and (G, D', D'+, g') be two left-invariant nonholonomic Riemannian struc-
tures with Cartan—Schouten connections. It turns out that if there exists a Lie group iso-
morphism relating the distributions of the two structures, then they are NH-geodesically
equivalent.

Proposition 3.1.15. If ¢ : G — G’ is a Lie group isomorphism such that ¢, D = D', then
(G, D, DL, g) and (G, D', D'*,g') are NH-geodesically equivalent (with respect to ¢).

Proof. Let ¢ : G — G’ be a Lie group isomorphism such that ¢,D = D’. Since ¢ preserves
the Lie group structure, if g(-) : t = goexp(t Un), go € G, Up € D1 is a nonholonomic geodesic
of (G,D, D+, g), then (¢ o g)(t) = ¢(g0)exp(t Ti¢ - Up), which is a nonholonomic geodesic
of (G, D D', g’). The converse is proved similarly. Hence we have that (G, D, D+, g) and
(G, D', D'+, g') are NH-geodesically equivalent. [ |

Accordingly, there exists (up to NH-geodesic equivalence) at most one structure whose
connection is a Cartan—Schouten connection, for each left-invariant completely nonholonomic
distribution on a Lie group. To make a similar statement regarding NH-affine equivalence,
we need to add an additional assumption: the Lie group isomorphism must also relate the
complementary distributions of the two structures.

Proposition 3.1.16. If ¢ : G — G’ is a Lie group isomorphism such that ¢, D = D' and
¢sD+ = D'L, then (G, D, DL, g) and (G, D', D", g) are NH-affinely equivalent (with respect
to ¢).
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Proof. Since ¢ is a Lie group isomorphism such that ¢,D = D', by proposition 3.1.15, we
have that (G, D, DL, g) and (G, D/, D'+, g') are NH-geodesically equivalent with respect to ¢.
The torsion of ¢*V’ (with respect to &) is

T(XY) = (") (X, Y) - [X,Y], XY eD(D).
(See the proof of proposition 3.1.5.) In fact, since gD+ = D’{ we have
T(X,Y) = (¢~ )P ([ X, Y] + 0 2([X,Y])) - [X, Y]
S S —
e (D) en(m)

= (@7 D@l X, Y]) — [X, Y]
= 0.

The result now follows from proposition 3.1.5. |

Corollary 3.1.17. If an NH-affinity ¢ : G — G’ between (G, D, D+,g) and (G, D', D", g)
is a Lie group isomorphism and D is strongly nonholonomic, then ¢,D+ =1’ L.

Proof. Since V and V' are Cartan—Schouten, we have ¢, Z(|X,Y]) = 9'(¢,| X, Y]) for every
X, Y € T(D). Indeed,

SPUXY]) = VY = (V)Y = 67V x0.Y = 2677 (6,[X, Y]).

To prove ¢, D+ = D't it suffices (by left invariance) to show that Ty¢ - Py = Pl o T1¢.
Let U € T1G. Since D is strongly nonholonomic, we have T'G = D + [D, D]. Accordingly,
there exist V € 171G and X, Y € I'(D) such that U =V + [ X, Y](1). Suppose X = 2%X, and
Y = y*X, for 2%, y* € C>*(M), where (X,) is a left-invariant frame for D. Then

Tig - PU) =T1¢p -V +Ti¢- 71([X,Y](1))
=T1¢-V +a2%(1)y" (1)T1¢ - P1([Xas Xs)(1))
(D) X[yl (D Ti¢ - Xo(1) — 5" (1) X2/ (1) Ti¢ - Xa(1).
Since X, and X, are left-invariant, we have Th¢ - 91 ([ X4, Xp](1)) = P1(T1¢ - [ X4, Xp](1)).
Consequently,
Tip- 21(U) = Tag -V + 21 (a*(1)y" () Ti¢ - [Xa, Xp|(1))
+ (D) X[y (D T1¢ - Xo(1) — 5" (1) Xp[2*] (D) T16 - Xa(1)
=T¢-V+2(Th¢- [X,Y](1)
= 21 (Thg - U).
That is, T1¢ - %1 = 321 oT1¢. |
Proposition 3.1.15 and proposition 3.1.16 go some way toward answering the question of
uniqueness of left-invariant structures with Cartan—Schouten connections, at least as far as
the uniqueness up to NH-geodesic equivalence or NH-affine equivalence is concerned. On the
other hand, in chapter 4 (section 4.1.4 in particular) we shall find a number of examples of
left-invariant nonholonomic Riemannian structures (on the same Lie group) with Cartan—
Schouten connections, that are not NH-isometric. (In contrast to the question of uniqueness

considered here, as we have seen in section 1.2.2, the question of existence of left-invariant
structures with Cartan—Schouten connections has not been answered in much generality.)
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3.2 Nonholonomic Riemannian embeddings

Let (M,D,Dt,g) and (M, D', D'",g') be two nonholonomic Riemannian manifolds, where
dim(M) < dim(M’). For clarity, we shall denote [-, ] = Z([,"]) and [, ] = Z'([,]).
Likewise, let (- : -)» denote the symmetric bracket of V and (- : ‘)z that of V. An
embedding ¢ : M — M’ (i.e., a smooth injective immersion that is a homeomorphism onto its
image ¢(M) in the subspace topology) is called a nonholonomic Riemannian embedding if

(i) Tyt - Dy C Di@ for every ¢ € M.
(i1) g4 = (L*g')q|TqL.Dq for every ¢ € M.

If such a map exists, then (M, D, DL, g) is said to be a nonholonomic Riemannian submanifold
of (M, D', D'+, g).

Remark 3.2.1. Ag in Riemannian geometry, one may define a notion of a nonholonomic
Riemannian immersion. Since every immersion ¢ : M — M’ is locally an embedding, and the
results of this section are all essentially local in nature, they are readily extended to the case
of an immersion. 0

Let (M, D, DL, g) be a nonholonomic Riemannian submanifold of (M, D', D'+, g'), with
the embedding ¢ : M — M’. We shall identify (M) with M and D with [ | ¢y Ty¢-Dy. Hence we
treat D as a subbundle of (the pullback bundle) D'|,, = ¢*D’. Condition (i) of the definition
above may now be written more simply as g = (1*g’)|p. For convenience, we shall also write
g’ for the metric t*g’ on D’|,.

Let A be the orthogonal complement of D with respect to g’ in D|y, i.e., D'|y = DON.
We call N the normal bundle. 1If X, € D, ¢ € M, then we shall write Xq—r € D, for the
tangential part of Xg and Xz € A for the normal part.

Any (local) vector field on M’ restricts to a (local) vector field on M. Conversely, every
vector field on M may be smoothly extended to a vector field on M’. That is, if Z € T(TM) is
defined on ¢ C M, then there exists a smooth extension of Z to a neighbourhood U’ of U in
M’, which we shall also denote Z. Let X,Y € I'(D) be local vector fields. By the preceding
argument, the expression V'Y is defined. Furthermore, by lemma B.1.4 and lemma B.1.5,
it is clear that V'yY is independent of the choice of extensions of X and Y.

Lemma 3.2.2. If Z € I'(TM), then 2(Z) = 2" (Z)" and 2(7) = 2'(Z) + 2'(7Z)*.
Proof. Let Z € T(TM). That #(Z) = 2?'(Z)T is obvious. For the second part, we have
P(L)+ 2(Z) = 7 = P2y + 2(Z) = P (2)-+ 7'(2)T + 2'(2),
and hence 2(7) = 2'(Z) + 2'(7Z)*. |
Since D'|yy = P & N, we have the decomposition
ViV = (VAT + (VY XY eT(D).

In fact, it turns out that the tangential part of V' (when V' is restricted to elements in I'(D))
is exactly the nonholonomic connection of (M, D, D+, g).
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Lemma 3.2.3. We have VxY = (V4 Y)T for every X,Y € T(D).

Proof. Let X,Y,Z € I'(D). The operation (X,Y) — (V4 Y)T is clearly an affine connection
(specifically, a nonholonomic, or D-restricted, connection on D), i.e., tensorial in the first
argument and a derivation in the second. We have (VA Y)T—(V4,.X)T = [X,Y]L, = [X,Y] =%
and

g (V5 X)T,Y) +¢'(X,(V5Y)T) = g(VyX,Y) + g(X,V,Y) = Z[g(X, V)],

e, (X,Y) = (V4%Y)T is metric and torsion free. By uniqueness of the nonholonomic
connection (theorem 1.1.5), it follows that the connections (X,Y) — (V4Y)T and V are
identical. [ |

The second fundamental form II : T(D) x T'(D) — T'(N) is defined to be the normal
component of V' (when evaluated on sections of D), i.e.,

I(X,Y)=VyY - VxY = (VkY):, XY eT(D).

Accordingly, we have the decomposition VY = VxY +II(X,Y), called the “Gauss formula”
in Riemannian geometry.

Lemma 3.2.4. The second fundamental form is tensorial in both arguments. (In particular,
II(X,Y) does not depend on the extensions of X and Y'.) Furthermore,

I(X,Y) 1Y, X) = [X,Y]5 and II(X,Y)+ILY,X) = (X : V)5
for every X, Y € I'(D).

Proof. Let f € C®(M) and X,Y € I'(D). As VY is tensorial in X, it is clear that
I(fX,Y) = fII(X,Y). Furthermore, II(X, fY) = (X[f]Y)++fII(X,Y). Since Y € T'(D), it
follows that Y1+ = 0, and so II(X, fY) = fII(X,Y). Hence II is tensorial in both arguments.
Lastly, we have II(X,Y) —1I(Y, X) = (VY — VL, X)L = [X, V]S, and II(X, V) +1I(Y, X) =
(Vi + Vi X)E = (X : V). .

For the special case of a Riemannian embedding (when D = TM, D+ = {0} and D’ = TM/,
D't = {0}), we have [X,Y]L, = [X,Y]t. Since X,V e (D) = T(TM), it follows that
[X,Y] € I'(TM), and so [X, Y]+ = 0. Hence, in this case, the second fundamental form is
symmetric.

In the following two sections (sections 3.2.1 and 3.2.2) we study the relation between the
nonholonomic geodesics of (M, D, D+, g) and (M, D', D', g') as well as the relation between
the sub-Riemannian geodesics of the associated sub-Riemannian structures (M, D,g) and
(M, D', g).

3.2.1 Geodesic invariance

Let (M,D,D+,g) be a nonholonomic Riemannian submanifold of (M’, D', D’ e ). Since
VQ/”V = V¥ +1I(¥, %) for a D-curve v, the proof of the following result is immediate.

Proposition 3.2.5. A D-curve v in M is a nonholonomic geodesic of both (M, D, D+, g) and
(M, D', D', g') if and only if I1(%, %) vanishes identically.
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Corollary 3.2.6. If v :[0,1] — M is a nonholonomic geodesic of (M', D', D'+, g') tangent to
D, then il is a nonholonomic geodesic of (M, D, D+, g).

Proof. Let 7 : [0,1] — M be a geodesic of V', i.e., Vi4(t) = 0 for every ¢ € [0,1]. Then
(%, %) = (Vi,”y)L is identically zero. [ |

Proposition 3.2.5 will allow us to characterise when the set of nonholonomic geodesics
of (M, D, D+, g) coincide with the set of nonholonomic geodesics of (M/, D', D'+, g’} that are
tangent to D. The characterisation involves the notion of a “geodesically invariant subbun-
dle.” A vector subbundle & C D is said to be geodesically invariant in D (cf. [46, 3]) if, for
every nonholonomic geodesic 7 : [0,1] — M of (M, D, D+, g) such that 4(0) € S, (o), we have
Y(t) € Sy for every t € [0,1].

Proposition 3.2.7 (cf. [46, 3]). The following statements are equivalent:
(i) S is geodesically invariant in D.
(ii) S is preserved by the nonholonomic geodesic flow ®¢, i.e., P(S) = S.

(i4i) The restriction Z|s of the nonholonomic geodesic spray = of (M, D, DL, g) is tangent
to S, i.e., =g € T(TS).

(iv) S is invariant under parallel translation along nonholonomic geodesics with initial ve-
locity in S, i.e., Hf/(Sﬂ/(O)) = Sy for every nonholonomic geodesic ~y : [0,1] — M such

(v) VxX e I'(S) for every X € I'(S).

(vi) (X : YNz € T(S) for every X,Y € I(S).

Proof. 1t ~v : [0,1] — M is a nonholonomic geodesic, then ¥(¢) = ®.(¥(0)). Hence it is
clear that § is geodesically invariant in D if and only if it is preserved by ®;. Furthermore,
$4(S) = S is also clearly equivalent to =|g being tangent to S. The first three items are thus
equivalent. Furthermore, by polarisation it is evident that items (v) and (vi) are equivalent.

We now show that (i) = (iv) = (v) = (i). Suppose S is geodesically invariant in D. Let
X, € S and let v : [0,1] — M be the unique nonholonomic geodesic such that (0) = ¢ and
4(0) = X,. As v is a nonholonomic geodesic, it is invariant under parallel translation along
7 (see section B.1.1), i.e., 4(t) = II,(%(0)) for every t € [0,1]. Thus IT{(X,) = §(t) € Sy
Since I, is a linear isomorphism, it follows that 112 (S o)) = Sy

Suppose that § is invariant under parallel translation along nonholonomic geodesics with
initial velocity in S. Let X € I'(S), ¢ € M and let « : [0, 1] = M be the unique nonholonomic
geodesic such that v(0) = ¢ and 4(0) = X(g). By lemma B.1.5, the expression VxX(q)
depends only on the values of X along any curve tangent to X(q). Consequently, using
corollary B.1.12, we have

VxX(g) = V(X 07)(0) = lim ;

That is, Vx X € I'(S).
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Suppose that Vx X € I'(S) for every X € I'(S) and let Y € I'(S). We have that the curve
t—Y(q) +tVyY(q) is a curve in S, and so

d
Viy (g - VyY(q) = 7 (Y(q) +tVyY(q) € Ty(yS.
=0
(Here vly () - Vy'Y(q) is the vertical lift of Vy Y (g) over Y(g); see section B.2.) Since we have
T,Y - Y(q) € Ty(yS, it then follows that

E(Y(q) = h(Y(9), Y () = T,Y - Y(q) — Vly(g) - Vy ()Y € Ty (pS.
That is, Z|¢ is tangent to S, which is equivalent to the geodesic invariance of S in D. |

The concept of a geodesically invariant vector subbundle is a natural generalisation of
the notion of a totally geodesic submanifold in Riemannian geometry (which can itself be
generalised to nonholonomic Riemannian geometry). We say that an immersed submanifold
N C M is totally geodesic in M if every nonholonomic geodesic v : [0,1] — M such that
7(0) € N and 4(0) € T )N lies entirely in N.

Proposition 3.2.8. If § is inlegrable and geodesically invariant in D, then the integral
manifolds of S are tolally geodesic in M. Conversely, if N is totally geodesic in M, then
for every nonholonomic geodesic vy : [0,1] — N such that §(0) € T, yN N Dy, we have
Y(t) € TyyN N Dy for every t € [0, 1].

Proof. Suppose that § is integrable and geodesically invariant in D. Let ¢ € M and let N C M
be the integral manifold of S through ¢. Then S, = 7,N for every p € N. If v: [0,1] — M
is a nonholonomic geodesic of (M, D, D+, g) such that 4(0) € N and 4(0) € TN = S0,
then 4(t) € Sy = TN for every t € [0, 1]. It follows that (t) € N for every t € [0, 1], i.e.,
N is totally geodesic in M.

Conversely, let N be totally geodesic in M and let S = TNND. (We note that, in general
S is not regular, i.e., the dimension of the fibres of S might depend on the base point.)
Let v : [0,1] — M be a nonholonomic geodesic of (M, D, D+,g) such that v(0) € N and
¥(0) € S (0)- By the assumption that N is totally geodesic, we have that v is a D-curve lying
entirely in N. It follows that 4(t) € T, ;)N N D, for every t € [0, 1]. [ |

We return now to characterising when the nonholonomic geodesics of the embedded struc-
ture coincide with those of the ambient structure that are tangent to D.

Proposition 3.2.9. The following statements are equivalent:

(i) D is geodesically invariant in D'|y, i.e., for every nonholonomic geodesic 7 : [0,1] — M
of (M, D', D't ') such that 4(0) € D0y, we have 4(t) € Dy for every t € [0,1].

(i1) The set of nonholonomic geodesics of (M, D, D+, g) coincides with the set of nonholo-
nomic geodesics of (M, D', D'+, g') that lie in M and are tangent to D.

(iit) The second fundamental form 11 is skew-symmetric.
(iv) (X :Y) o € (D) for every X, Y € I'(D).
(v) I(X,Y) = 1[X,Y]S, for every X,Y € (D).
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Proof. Suppose that D is geodesically invariant in D’|,. Consequently, by proposition 3.2.7,
we have V¢ X € T(D) for every X € I'(D), and so, if v is a D-curve in M, then V.4 = V4.
Hence it is clear that a D-curve in M is a nonholonomic geodesic of (M, D, D+, g) if and
only if it is a nonholonomic geodesic of (M/, D', D'+, g'). If (ii) holds, then proposition 3.2.5
implies that II(X, X) = 0 for every X € I'(D), i.e., Il is skew-symmetric. If the second
fundamental form is skew-symmetric, it follows from lemma 3.2.4 that (X : Y))%, = 0, and
hence (X : Y) o € I'(D) for every X,Y € I'(D). If (iv) holds, then (again by lemma 3.2.4)
we have II(X,Y) = 1[X,Y]%,. Lastly, suppose that II is given as in item (v). If X € I'(D),
then
ViX =VxX +1I(X,X) = VxX €I'(D).

Hence, by proposition 3.2.7, D is geodesically invariant in D'|y. |

This leads us to further a characterisation of geodesic invariance in terms of the &-Lie
derivative of g (see section A.3.1).

Proposition 3.2.10. D is geodesically invariant in D'|\, if and only if £€g = 0 for every
V e T(N).

Proof. Suppose D is geodesically invariant in D’|y,. Then, by proposition 3.2.9, we have that
I1 is skew-symmetric, and so (VxX)T = II(X, X) = 0 for every X € I'(D). Consequently, if
X e (D) and V € T'(N), then

= g/((VxX)",V) = g/(Vi X, V) = —g/(X, VxV).
Using the fact that V' is metric and torsion free (theorem 1.1.5), we get
0= —g/(X, Vi, X 1 [X,V]5)
— —VIg(X, X))~ (X, [X, VI»).

That is, (£7g)(X, X) = Vig(X, X)] + 2g(X, [X, V]]g)) — 0. Since £7g is symmetric, it is
determined by its values on the diagonaL and hence £ = 0 for every V € T'(WV).
Conversely, suppose that £V g = 0 for every V € F(N ). A similar calculation to that
above yields II( Xy, Xq) = 0, where (X,) is an orthonormal frame for D. It follows that II is
skew-symmetric, and so D is geodesically invariant in D'|y. |

Corollary 3.2.11 (cf. [67]). If there exists an orthonormal frame (X,) for D such that
[Xa, T(NV)] CT(N), then D is geodesically invariant in D'|y.

Proof. Let (X,) be an orthonormal frame for D such that [X,, T(A)] CT(N). If V € T(N),
then
(£7'8)(Xas Xa) = V[g(Xa, Xa)| + 2 8(Xa, [Xa, V]) = 0.

As £ g is tensorial in both arguments, it follows that £ = 0 for every V € T'(\V), and so
D is geodes1cally invariant in D’|y,. [ |

Note that the condition [X,, T(N)] € T'(A) may be equivalently stated as follows: the

T
flow @ of X, preserves NV, i.e., (@) N = N.
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3.2.2 Sub-Riemannian geodesics

Let (M, D, DL, g) be a nonholonomic Riemannian submanifold of (M/, D', D', g’). Associ-
ated to (M, D, DL, g) and (M/, D/, D'+, g') are the sub-Riemannian manifolds (M, D, g) and
(M, D', g"), respectively (see section 1.1.5). In this section we show that the normal sub-
Riemannian geodesics of (M’, D', g’) that are tangent to D are also (normal) sub-Riemannian
geodesics of (M, D, g). We shall use this result later to prove a sufficient condition for the
nonholonomic geodesics of (M, D, DL, g) to be normal sub-Riemannian geodesics of (M, D, g).

Let dy and dy denote the Carnot—Carathéodory metrics of (M, D, g) and (M, D', g'),
respectively. Since the class of D'-curves is larger than the class of D-curves, we have
dM’|M><M < dm.

Proposition 3.2.12. Let p,q € M and let v : [0,1] = M be a D-curve such that v(0) = p
and y(1) = q. If v is a length-minimising curve of (M', D', g') between p and q, then it is a
length-minimising curve of (M, D, g) between the same points.

Proof. Suppose otherwise, i.e., there exists another curve % : [0, 1] — M joining p to ¢ such
that dm(p, q) = length(%) and length(%) < length(y). Then

dwe (p, q) = length(y) > length(¥) = dm(p, q),

a contradiction, since dw |y m < dm- |

Corollary 3.2.13. If v : [0,1] — M is a normal sub-Riemannian geodesic of (M, D', g’)
tangent to D, then it is a (normal) sub-Riemannian geodesic of (M, D, g).

Proof. Let 7 : [0,1] — M be a normal sub-Riemannian geodesic of (M, D’ g’); then 7 is
locally length-minimising, i.e., for every sufficiently small interval [t1,t2] C [0, 1] we have that
Vit 1) 1 @ length minimiser of (M', D', g’) between 7(t1) and ~(f2). Furthermore, |, ¢, is
tangent to D by assumption. Therefore, by proposition 3.2.12, we have that ’7|[t1,t2] is a length
minimiser of (M, D, g), and hence v is a (normal) sub-Riemannian geodesic of (M,D,g). N

3.2.3 Embeddings into a Riemannian manifold

Let (M, D, D+, g) be a nonholonomic Riemannian manifold and let g be an extension of g to a
Riemannian metric on M such that D 1z DL. Clearly © = idy is a nonholonomic Riemannian
embedding of (M,D,D’,g) into (M,g), i.e., we have that (M, D,D+,g) is a nonholonomic
Riemannian submanifold of (M, g). For this embedding, the normal bundle A is simply D+;
hence X = #(X,) and X = 2(X,) for X, € TM. In particular, the second fundamental
form is given by II(X,Y) = 2(VxY) for X,Y € I'(D), where V is the Levi-Civita connection
of (M, g).

By definition, D is a vector subbundle of T'M, and so we may consider when it is geodesi-
cally invariant in T'M. In this case we shall simply say that D is geodesically invariant. The
following result is an immediate consequence of proposition 3.2.9.

Proposition 3.2.14. The set of nonholonomic geodesics of (M, D, D+, g) coincides with the
set of Riemannian geodesics of (M, g) that are tangent to D if and only if D is geodesically
muariant.
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In particular, when D is geodesically invariant, the study of the nonholonomic geodesics
of (M, D, Dt g) essentially reduces to the study of a subclass of Riemannian geodesics of
(M, g). Furthermore, this implies that every nonholonomic geodesic is also a sub-Riemannian
geodesic.

Proposition 3.2.15. If D is geodesically invariant, then every nonholonomic geodesic of
(M, D, D+, g) is a (normal) sub-Riemannian geodesic of (M, D, g).

Proof. Suppose D is geodesically invariant. If v is a nonholonomic geodesic, then by propo-
sition 3.2.14 it is a Riemannian geodesic of (M, g). Hence, using corollary 3.2.13, it follows
that 7 is also a normal sub-Riemannian geodesic of (M, D, g). |

Since N = D+, proposition 3.2.10 takes the form:
D is geodesically invariant if and only if £‘%}g =0 for every V e I'(D1).

In particular, this implies that whether D is geodesically invariant or not is a property of
the original structure (M, D, D+, g), and not of the extension g. Hence we cannot hope to
choose a particular extension g of g such that D is geodesically invariant with respect to the
geodesics of g, unless (M, D, D+, g) satisfies the above condition (in which case any extension
of g for which D and D+ are orthogonal will suffice).

In light of proposition 2.1.5, it is clear (at least when D is strongly nonholonomic) that
the curvature tensor C' measures the geodesic invariance of D. We have the following result.

Theorem 3.2.16. IfD is strongly nonholonomic, then D is geodesically invariant if and only
if C=0.

Proof. Suppose that D is strongly nonholonomic; then M = D? = D + [D, D], whence
D+ = 2(|D,D]). From proposition 2.1.5, we then have C' = 0 if and only if £{ g = 0 for
every V € T'(D1). By proposition 3.2.10, the latter condition is equivalent to the geodesic
invariance of D. |

The assumption that D is strongly nonholonomic is crucial for the preceding result. How-
ever, using the Wagner curvature tensor, we can obtain a similar result to theorem 3.2.16 for
Wagner structures.

Let (M, D, D+, g) be a Wagner structure (see section 2.2) with degree of nonholonomy
N > 2 Fix1 < k < N and let g be an extension of g to a metric on D* such that
D,EY, ..., %1 are mutually orthogonal with respect to g. (As above, we shall see that the
choice of a particular such extension is irrelevant.)

We have that ¢ = idy is an nonholonomic Riemannian embedding of (M, D, D+, g) into
(M, D, DF §), where D" = &6 @ @ EN-L. Since DF = D@ E @ - & 1, it follows
that N =& @ .- @ &F1. Accordingly, proposition 3.2.10 takes the following form.

Proposition 3.2.17. D is geodesically invariant in D* if and only if ;ﬁ%g = 0 for every
V; € T(&Y) and eachi=1,...,k —1.

From this result it is clear that the particular choice of extension g is irrelevant, so long
as the distributions D, &Y, ..., %! are mutually orthogonal with respect to g.
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We shall now generalise theorem 3.2.16 to the case of distributions with arbitrary degree of
nonholonomy (so long as the structure is a Wagner structure). Associated to each connection
V* is the curvature tensor K* € T3(D%) @ T{H(D) (see section 2.2). We decompose these
tensors into a “Riemannian” (i.e., R-like) component and a remainder (a C-like component).
Let K¢ € T2(DY) @ TL(D) be the associated (0, 4)-tensor

K{(X,Y,U,V) =g(K'X,Y)U,V), XY eI(D'), U,V eI'(D).

Define RY,C* € T2(DY) @ T2 (D) as

. 1~ . U

Rz(va Uv V) - §[KZ(X7K Uv V) - Kz(va ‘/7 U)]v C'=K'— R
Lastly, let R* and C* be the associated (1,3)-tensors given by RY(X,Y)U = gH(RYX,Y,U, -))
and CY(X, YU = gl(CHX,Y,U, -)). Evidently, we have K* = R* 4 C".

Theorem 3.2.18. D is geodesically invariant in D if and only if C* = 0 for each i =
1. k—1.

Proof. We have C* = 0if and only if K*(X,Y,U,U) = 0 for every X,Y € I'(D%) and U € I'(D),
ie.,

Since V* is metric (corollary 2.2.9), we have

g(Vi( Vi U,U) = X[g(Vi U, )] — g(Vi U, Vi)
= S XY (U, 0)]] ~ (Vi U, Vi), and

&(V3 ViU, U) = SYIX[g(U, U)]] — &(VcU, Vil).

Combining these calculations, we get g(V4 ViU -V ViU, U) = 1[X,Y][g(U,U)]. Similarly,
we have g(Vi, 1y U U) = 12:([X,Y])[g(U,U)]. Accordingly,
Ci=0 = O (X YD 0)] - (12X, Y]), UL U) =0
for every X,Y € I'(D*), U € I'(D)
— %V[g(U, )] = (V. U], U) — 0 for every V € T(&), U € T'(D)
— (L7g)(U,U) =0 for every V e T'(EY), U e (D)

— L7g=0forevery V e [(EY).

(The last equivalence follows from the fact that £ ‘%} g is symmetric, hence determined by its
values on the diagonal.) By proposition 3.2.17, the final condition occurs if and only if D is
geodesically invariant in D*. [ |






Chapter 4

Nonholonomic Riemannian
structures 1n three dimensions

In this chapter we specialise our consideration of nonholonomic Riemannian structures to
those on three-dimensional manifolds, and, in particular, to left-invariant structures on the
three-dimensional simply connected Lie groups. The latter structures are the simplest proto-
types of nonholonomic Riemannian structures (indeed, three is clearly the lowest dimension
in which one can define a nonholonomic Riemannian structure); hence their study is a first
step towards an understanding of the more general structures.

Section 4.1 addresses the equivalence, up to NH-isometry and (constant) rescaling, of
three-dimensional nonholonomic Riemannian manifolds. In particular, we obtain a classifi-
cation of all left-invariant nonholonomic Riemannian structures on three-dimensional simply
connected Lie groups. Structures on three-dimensional manifolds with a nonholonomic dis-
tribution D are notable in that D may be described as the kernel of an intrinsic contact
form. This contact form, together with the associated Reeb vector field, is central to our
discussion. In section 4.1.1, we identify some basic isometric invariants of nonholonomic Rie-
mannian structures in three dimensions. Following this section, we consider the equivalence
and classification of such structures. There arise two natural cases, depending on an invariant
¥ > 0. In the first case (¢ = 0; treated in section 4.1.2), we show that two structures are
NH-isometric if and only if their associated sub-Riemannian structures are “SR-isometric.”
Accordingly, the classification of invariant structures reduces to a classification of (invariant)
sub-Riemannian structures on three-dimensional Lie groups; these structures were recently
classified by Agrachev and Barilari [1]. We present their classification in detail, adapted to
our situation. The second case (¢ > 0; treated in section 4.1.3) is the generic case, and of the
most interest. For these structures, we construct a canonical orthonormal frame (making use
of the contact structure). The commutator relations of the canonical frame uniquely deter-
mine the nonholonomic Riemannian structure. For the left-invariant structures, the canonical
frame is left invariant; consequently, any NH-isometry between these structures must be the
composition of a left translation with a Lie group isomorphism. This leads to the introduction
of a further three invariants gog, 01 and g2, which, together with ¥, form a complete set of
invariants for structures on the unimodular groups. For structures on (most) non-unimodular
groups, we show that there are at most two non-NH-isometric structures with the same in-
variants ¥, go, 01 and 2. In section 4.1.4 we characterise (in terms of the invariants) those
structures whose nonholonomic connection is Cartan—Schouten, and in section 4.1.5 we point
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out those (equivalence classes of ) structures whose distribution is geodesically invariant.

Section 4.2 is devoted to the investigation of the flat nonholonomic Riemannian struc-
tures in three dimensions, i.e., those structures for which the parallel transport induced by
the nonholonomic connection is path-independent. Specifically, we characterise (by means of
the S-exterior covariant derivative associated to the nonholonomic connection) when a struc-
ture is flat. Making use of this characterisation and the classification of three-dimensional
structures obtained in section 4.1, we then characterise exactly which (equivalence classes
of) structures are flat. (Remarkably, it turns out that every left-invariant nonholonomic
Riemannian structure on Hs or Aff(R)g x R is flat.) We initially take a direct approach to
characterising the flat structures; accordingly, in section 4.2.3 we relate the results obtained
with the Wagner curvature tensor. In particular, we obtain another characterisation of the
flat structures in terms of (the vanishing of) a contraction of the Wagner tensor.

Finally, in section 4.3 we give several examples of nonholonomic Riemannian structures
in three dimensions. In section 4.3.1 we consider the equivalence class of structures on
the Heisenberg group Hs with non-trivial reduced dynamics. (Up to equivalence, there
are only two structures on Hs—one with trivial reduced dynamics, i.e., a Cartan—Schouten
connection—and one with non-trivial reduced dynamics.) This structure is essentially the
simplest nonholonomic Riemannian structure without a Cartan—Schouten connection. We
compute explicitly the canonical frame and invariants for an arbitrary representative of the
equivalence class, before selecting a normal form. For the normalised structure we then
give an explicit expression for the parallel transport map (the structure is flat, so the par-
allel transport is path-independent) and calculate explicit expressions for the nonholonomic
geodesics. The other examples we consider (in section 4.3.2 and 4.3.3) are two classical prob-
lems from nonholonomic mechanics, viz., the Chaplygin problem and the Suslov problem.
(Both of these problems are modelled as left-invariant nonholonomic Riemannian structures
on a three-dimensional Lie group.) These two problems have been well studied (see, e.g.,
[16, 63, 52, 24, 26]). Accordingly, we shall only discuss how they relate to our classification.
In particular, we give expressions for the canonical frame and invariants, and discuss how
the invariants may be used to distinguish between different qualitative cases exhibited by the
(reduced) dynamics (as given in [24, 26]).

Remark 4.0.19. In appendix C we review the Bianchi-Behr classification of real three-
dimensional Lie algebras and their associated simply connected Lie groups, and fix notation
for the various groups and algebras. We also discuss how to distinguish between the different
Lie algebras (or Lie groups) using some algebraic properties; this will be crucial for our
classification. o

4.1 Equivalence and classification

In chapter 3 (and specifically, section 3.1) we discussed several natural equivalence relations
between nonholonomic Riemannian structures, viz., nonholonomic geodesic equivalence, non-
holonomic affine equivalence and equivalence up to nonholonomic isometries. In this chapter
we will be chiefly concerned with the last (and strongest) of these equivalence relations.

We have also seen in proposition 3.1.2 that a rescaling of the metric (by a constant factor)
does not affect the nonholonomic connection, and hence the nonholonomic geodesics. Thus
we shall consider the equivalence of (three-dimensional) nonholonomic Riemannian manifolds
up to NH-isomelry and rescaling.
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4.1.1 Isometric invariants

Let (M,D,D+,g) be a nonholonomic Riemannian manifold, where dim(M) = 3, and let
(Y1,Y3) be a (local) orthonormal frame for D. Since D is completely nonholonomic (or equiv-
alently in this case, strongly nonholonomic), the one-dimensional annihilator D° is (locally)
spanned by a contact form w, i.e., a 1-form such that w A dw # 0. By imposing the condition
dw(Y1,Ys) = £1, we fix w up to sign. (The value of dw(Y1,Ys) is—up to sign—independent
of the choice of orthonormal frame for D.) Specified in this fashion, w depends only on
(D, g); hence it is intrinsic to three-dimensional nonholonomic Riemannian manifolds (and is
preserved, up to sign, by NH-isometries).

Let Yy € I'(I'M) denote the Reeb vector field of w. That is, Y; is the unique vector field
such that iy,w = 1 and iy,dw = 0. As w is unique up to sign, the same holds for Yy. Likewise,
Yy depends only on (D, g), and so any NH-isometry preserves Y; (up to sign).

There are two cases to consider, viz., Yy € I'(DY) and Yy ¢ I'(D1). Clearly, these condi-
tions are invariant under NH-isometry. Moreover, in the former case, the nonholonomic Rie-
mannian structure reduces to a sub-Riemannian structure, i.e., D+ is determined by (D, g).
It is thus natural to consider the angle between Y and D+ in terms of an appropriate Rieman-
nian metric on M (i.e., one preserved by NH-isometries). Let g be the unique extension of g
to a Riemannian metric on M such that (Yp, Y7, Y2) is an orthonormal frame. This extension
is independent of the choice of orthonormal frame for D; furthermore, it depends only on
(D, g). The angle 6 between Yy and D+ is given by

g(Yy, Y-
8(Yo, V3)| 0<0<T.

VE(Ys,Ys) T 2

where DL = span{Y3}. It is not difficult to see that ¢ is invariant under NH-isometry.
Having said that, we shall find it more convenient to use the invariant ¢ = tan? 6. Note that
Yy € I'(D4) exactly when ¢ = 0. Thus we have the two cases ¥ = 0 and 9 > 0 to consider.
We introduce a further three isometric (curvature) invariants. The first invariant, denoted
K, is defined to be the sectional curvature of D, i.e., k(q) = E(Dq). (Alternatively, we have
k= % Scal. Furthermore, x? = det(g? oRicb).) The second two invariants, denoted y1 and s,

are defined to be the positive eigenvalue of gt o Azym and the absolute value of the Pfaffian

cosf =

of gfo A respectively:

skew?

X1 = \/— det(gﬁ o AZym)v X2 = \/det(gj:1 © AZkew)'

(Both gf o Azym and gf o AZkew are trace free, and their determinants can be shown to always
be nonpositive and nonnegative, respectively.)

Proposition 4.1.1. R=0 (resp. C =0) if and only if K = 0 (resp. x1 = x2 = 0).

Proof. Let (X, X1, X3) be a (local) frame of vector fields on M such that (X;, X5) is an
orthonormal frame for D and X is a frame for D+, We have [X;, X;] = cijk for some

cfj € C*(M). (Here we take the ranges i, j,k = 0,1,2.) Without loss of generality, we may
assume that ¢3; = 1. We have

o~

R(Xl,XQ,Xl,XQ) = —K.
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By the symmetries (S1)-(54), we have that R (and thus R) is fully determined by the value
of R(X1, Xs, X1, X2). Hence R = 0 exactly when x = 0. Similarly, C' is fully determined by

~ ~ 1
C(X17X27X17X1) - _C%Ov C(X17X27X17X2) - _5(050 + C%O)

o~

C(X17X27X27X2) - _0307

and we have

1 1
X1 = 5\/(050 +e10)? + (clo — c30)% X2 = §|C%0 + c3l-

Thus €' =0 if and only if y1 = x2 = 0. u

Note that rescaling the metric g as M—lzg7 i > 0 rescales the frame (Y7,Y2) as (uYq, uY2),

and rescales the invariants homogeneously as p?9, p?s, p?x1 and p?ya.

For a left-invariant structure on a Lie group, it is possible to find a global left-invariant
orthonormal frame (Y7, Y2) for D. Furthermore, the contact form w and Reeb vector field Yy
are left invariant, as are the invariants 9, s, x1 and x2 (hence they are constant).

Remark 4.1.2. Ehlers [22] has used Cartan’s method of equivalence to determine a gener-
ating set for differential invariants of three-dimensional nonholonomic Riemannian manifolds
(under NH-isometry), which he denotes K, p, ¢, r, s and t. Ehlers makes the claim that K,
52 4+t2 and p? + gr form a complete set of differential invariants for nonholonomic Riemannian
manifolds. However, this set is not complete. Indeed, looking ahead to our classification, con-
sider the equivalence class (4.1.21) on Gs 2 with 5 = % For this structure, we have K = —%7
s2+1? = 1 and p? + qr = $55;. Likewise, the structure (4.1.22) (on the same group) has
the same invariants K, s? 412 and p? + ¢r for § = 0, 8 = 5. However, these two structures
are not NH-isometric: for the first structure we have xyo = 0, whereas y2 = % for the second.

The invariants ¥, k, x1 and y2 we have introduced in this paper may be expressed in terms
of Ehlers’ generating set of functions as ¢ = s + % k = K, x1 = 1/p®>+ (¢ +7)? and

X2 = 3lg—r|. A geometric interpretation for K —(p?+gqr) — 2 was given in [22], as a sectional
curvature of D. In this paper we have interpreted x as a different sectional curvature of D;
we have also given a geometric interpretation of . 0

To every nonholonomic Riemannian manifold (M, D, D+ g) we can associate the sub-
Riemannian manifold (M, D, g) (see section 1.1.5). Two sub-Riemannian manifolds (M, D, g)
and (M', D’ g’} are said to be SR-isometric if there exists a diffeomorphism ¢ : M — M’ such
that

D =D and g-=o¢'g.

Such a map is called an SR-isometry. If two nonholonomic Riemannian manifolds are NH-
isometric, then their associated sub-Riemannian manifolds are SR-isometric.

Remark 4.1.3. It is clear that every isometric invariant of sub-Riemannian manifolds is also
an invariant of nonholonomic Riemannian manifolds. Agrachev and Barilari [1] describe two
isometric invariants for sub-Riemannian structures in three dimensions, which they denote s
and y. The k of [1] coincides with the x used in this paper; likewise, the invariant x in [1]
agrees with the y1 defined above. 0
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4.1.2 Case 1: 9 =10

When ¥ = 0, we have that D+ is spanned by the Reeb vector field Yy. Thus, given a sub-
Riemannian structure (M, D, g}, there is at most one nonholonomic Riemannian structure (up
to NH-isometry) with the associated sub-Riemannian structure (M, D, g). Indeed, we have
the following result.

Proposition 4.1.4. If(M,D, D+, g) and (M, D', D'*,g') are two nonholonomic Riemannian
manifolds such that 9 = ¢ = 0, then they are NH-isometric if and only if their associated
sub-Riemannian manifolds are SR-isomelric.

Proof. Suppose ¢ : M — M’ is an SR-isometry mapping (M, D, g) to (M', D' g’). The (nor-
malised) contact structure depends only on the distribution and metric, so we have w = +¢*w’.
Accordingly, ¢ preserves the Reeb vector field (up to sign). Thus ¢, D+ = span{¢,Yy} = D’ L
ie., (M,D, D+ g) and (M’,D’,D’L,g’) are NH-isometric. [ |

Remark 4.1.5. Even if # = 0, the nonholonomic Riemannian geodesics are not, in general,
geodesics of the associated sub-Riemannian manifold (see section 1.1.5). o

Accordingly, in this case, the classification of the three-dimensional left-invariant nonholo-
nomic Riemannian manifolds (G, D, D+, g) reduces to the classification (under SR-isometries)
of three-dimensional left-invariant sub-Riemannian manifolds (G, D, g). These structures have
already been (locally) classified on three-dimensional Lie groups (see [1]). (It turns out that
the local classification may be globalised on the simply connected Lie groups.) For com-
pleteness, we include here full details of the classification contained in [1], modified where
appropriate (in particular, the authors of [1] do not use the Bianchi—Behr classification of
three-dimensional Lie algebras).

Let (M, D, D+, g) be a nonholonomic Riemannian manifold such that ¥ = 0. We have
DL = span{Yy}; let (Y1, Y2) be an orthonormal frame for D such that dw(Y7, Y2) = 1.

Lemma 4.1.6 ([1]). We have [Y1, Y0], [Y2, Yo] € I(D) and [Ya, Y1] = Yo mod I'(D).
Proof. Since X; € kerw, ty,w = 1 and iy,dw = 0, we have
0 = dw(Yp, Y1) = Yolw(Y1)] — Yi[w(Y0)] — w([Y0, Y1]) = w([Y0, Y1])-

That is, [Y7,Ys] € kerw = I'(D). A similar argument yields [Y2,Yy] € I'(D). We have
[Y2,Y1] = f Yo mod I'(D) for some f € C*°(M). Since dw(Y1, Y2) = 1, it follows that

1 = dw(Y1,Y2) = Yi[w(Y2)] = Yalw(Y1)] — w([¥1, Y2]) = f.
Hence Y2, Y1] = Yo mod I'(D). [ |
Accordingly, the commutator relations of (Yp, Y1, Y2) take the form

Y71, Yo] = efoY1 + Y2
Y2, Yo] = ehoY1 + 3 Y2
Y2, V1] = e5, Y1 + 63, Y2 + Yo,
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k
where ¢

coframe dual to (Yp, Y7, Y2). We have the structure equations

dv® = v A2

dv' = el AVt el AV el A v?

dv? = 2P Avt e AV st AR

Furthermore,

0=d> =dv' A2 — v AdV?
1

=i Avt A — gt AVP AV = (efg + 0 AVt AR

k

That is, ¢i, + ¢35 = 0. In terms of the structure constants Cijs

the form

1
k= =(clo — ch) — (c5))* — (31)° = Yilezi] + Yalen), x1 = =

2

Lemma 4.1.7. If9 =0, then Agrew vanishes identically (or equivalently, x2 = 0).

Proof. In terms of the frame (Yp, Y1, Y2), we have

Askerw =
e %(C%O + ¢3) 0

However, as iy + ¢35, = 0 (using d?v° = 0 as above), it follows that Agge, = 0.

€ C*®(M) are the structure constants of the frame.

Let (¢°, v, 1?) denote the

the invariants « and y; take

0 —3(elo + ¢30)

V(S + eho)? 1 4(cl)2.

On the other hand, the invariant x» (in fact, the tensor Agpe,) vanishes.

By definition, we have y; > 0. We consider the two cases x1 = 0 and y; > 0 separately.

4.1.2.1 Case (a): x1 =0

From y; = 0, we get cly = 0 and c¥, + ¢}y = 0. We are left with the following commutator

relations for (Y, Y1, Ya):
V1, Yo] = cfpYa
[Y2,Yo] = =tV
[Ya, Y] = e Y1 + 63, Ya + Yo.
Similarly, the structure equations of the dual frame are
A’ = vt A VP
dv' = —cfoyo AV? 0511/1 A2

dv? = A Avt et AvE

(4.1.1)

(4.1.2)

Proposition 4.1.8 ([1]). IfM is simply connected and (M, D, D+, g) has constant sectional
curvature (i.e., k is constant), then there exists a rotation (Y1,Y2) of (Y1,Y2) such that

[3717 3/0] - K/%
[Y27 3/0] - _K/Yl
[Y27 3/1] - 3/0

(4.1.3)
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Proof. Let (371, 372) = (cos 0 Y] —sinfYs,sin 0 Y7 + cos 8 Ys) be a rotation of the frame (Y7, Y3),
where 0 € C>°(M). We claim that there exists 6 such that the commutator relations (4.1.3)
are satisfied by the frame (Yp, Y1, Y2). We have

[372, 371] = Yo + (b — YA[0)Y1 + (c3, — Ya[0])Ya.

Hence, if the requisite 6 exists, then Y1[0] = c}; and Y3[0] = ¢3,. Tt is not difficult to show
that this is also sufficient, i.e., if there exists a smooth function @ such that Y;[0] = ¢}, and
Y2[0] = ¢34, then (Y, Y1, Y>) satisfies (4.1.3). Suppose for the moment that such a 6 exists.
Then

do = Yo 0]° + Y1[0)v! + Ya[0)1?
= ([Yo, 1]l0] — e3, Y1[0)] — 3, Ya[0])° + ey v + c5y0°
= (Yaleyy] = Vale3y] — (e1)? = (e3)*)° + ey vt + e300

240, 1.1, .2 2
= (kK —cip)V + v + 5.

The right-hand side is independent of 6. Accordingly, let w = (k — 3, )v0 + vt + 3,12, We
will show that @ is closed, i.e., dw = 0. Since M is simply connected, it then follows that w
is exact: there exists 8 € C*°(M) such that @ = df, and hence the requisite rotation exists.
We have

dw = (o5, + Yilely — 6] + Yoleay )0 Avt + (=cfgedy + Ya[cly — k] + Yo[c3, ))v® A v2.

Using d? = 0 on the second two structure equations (4.1.2), we get Yo[cs;] = —c3yc3, — Yi[c3,]
and Yo[c3,] = c3pedy — Ya[c3y]. Hence

dw = Y[k Avl = Yo k|0 A V2 =dr AV,
Since k is constant, it follows that dw = 0. |

Corollary 4.1.9 (cf. [1]). Two nonholonomic Riemannian manifolds (M, D, D+, g) and
(M, D', D'+, &) with x1 = x, = 0 and constant k, ' are NH-isometric if and only if k = K.

Remark 4.1.10. Proposition 4.1.8 implies that all the structures in this case (i.e., with M
simply connected, ¥ = x; = 0 and & constant) are flat, since there exists an orthonormal
frame (Y1,Y2) for D such that [Y2,Y1] = 0 (see proposition 2.2.13). We discuss the flat
three-dimensional structures further in section 4.2. 0

Theorem 4.1.11 (cf. [1]). Let (G, D, D+, g) be a left-invariant nonholonomic Riemannian
structure on a simply connected Lie group G. Suppose & = x1 = 0.

(i) Ifk <0, then (G, D, D+, g) is NH-isometric (up to rescaling) to the following structures:

e The structure on §E(2,R) with elliptic-type distribution and metric (at identity)
being Klp, . (Here K is the Killing form of g.)
o Any structure on Aff(R)o x R.

(i1) If k = 0, then (G, D, Dt g) is NH-isomelric (up to rescaling) to any structure on the
Heisenberg group Hs.



80 4.1. Equivalence and classification

(iit) If k > 0, then (G, D, D+, g) is NH-isometric (up to rescaling) to the structure on SU(2)
with metric (at identity) being K|p, -

Proof. We proceed from the commutator relations (4.1.1) (with the cfj constant, by left
invariance) and calculate all the left-invariant structures on simply connected Lie groups with
0 = x1 = 0. It then suffices to compare the invariant « for these structures. We have
k=2 — (cd))? — (c3))?. Tt is straightforward to show (e.g., using MATHEMATICA) that G is

isomorphic to one of Hs, SU(2), SL(2,R).; or Aff(R)y x R.
o If G = Hs, then ¢}, = 3, = ¢, = 0 and we have k = 0.
o If G = SU(2), then ¢, = ¢3; = 0, ¢3) > 0 and we have x > 0.
o If G =SL(2,R)cy, then ¢} =2, =0, ¢3; < 0 and we have k < 0.
o If G = Aff(R)o x R, then ¢, = 0 and we have k < 0.

The result now follows from corollary 4.1.9. Lastly, for the case G = SU(2) or G = SL(2, R)ey,
the Killing form is given (with respect to the frame (Yo, Y1, Y2)) by K = diag(—2k2, —2k, —2k).
It follows that, in both cases, the metric is a rescaling of IC|D1. |

Remark 4.1.12. Remarkably, theorem 4.1.11 implies that there exists an NH-isometry be-
tween the non-isomorphic Lie groups SL(2,R) and Aff(R)y x R. For further details see [1].
In particular, in [1] the authors find an explicit expression for a local SR-isometry between
SL(2,R) and Aff(R)o x St. 0

4.1.2.2 Case (b): x1 >0

Since x1 > 0, we have that Ay, is nondegenerate. Consequently, let X, X2 be orthonormal
vector fields spanning D that are also orthogonal with respect to Asym. Then (Xo, X1, X2),
where Xy = Y, is a well-defined (up to sign) local canonical frame on M, and the commutator
relations of this frame uniquely determine (up to sign) the nonholonomic Riemannian struc-
ture. Note that a rescaling of the metric Flzg7 i > 0 rescales the frame as (%X, pX1, 1 X2).

Lemma 4.1.13 (cf. [1]). We have

(X1, Xo] = o X2
[X2, Xo] = c3y X3 (4.1.4)
(X2, X1] = ¢, X1 + ¢5 X2 + Xo,

k

where c;; € C°(M) (with the ranges i,j,k = 0,1,2). (For convenience, we use the same
symbols for the structure constants of (Xo, X1, X2) as we did for (Yo, Y1,Y2).)

Proof. In terms of the frame (Y7, Y2), we have

) 1 1
Agym = 5(0104;020) L

—Cip —5(cto + ¢30)
Hence, for X3, X2 to be orthogonal with respect to Agsym, we must have ¢}, = 0 in the

(X1, X2) frame. Hence we get the commutator relations (4.1.4). [ |
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In terms of the structure constants of the canonical frame, we have x1 = iled, + ¢kl
Changing the frame (i.e., the sign of X7 or X3) if necessary, we may assume that c%,+c, > 0.

Now suppose that M = G is a simply connected Lie group (with Lie algebra g) and
that the nonholonomic Riemannian structure (G, D, D+, g) is left-invariant. In this case the
canonical frame (X, X1, X2) is left invariant, hence the structure constants cfj are constant.
Furthermore, it turns out that NH-isometries must preserve the Lie group structure.

Proposition 4.1.14. Let (G, D, D+, g) and (G, D', D'*,g) be left-invariant nonholonomic
Riemannian structures on three-dimensional simply connected Lie groups such that 9,9 = 0
and x1,xy > 0. If ¢ : G — G' is an NH-isometry between (G, D, D+, g) and (G, D, D+, g),
then ¢ = Lg(yy o ¢, where L1y is a left translation and ¢ G — G is a Lie group isomor-
phism.

Proof. Let ¢ : G — G’ be an NH-isometry between the two structures. We have ¢,Yy = 1Y
and ¢, P(X) = P'(0:X), 0+ 2(X) = 2'(¢.X) for every X € I'(T'G). Thus ¢ Xy = oo X|,
0+ X1 = 01X and ¢, Xy = 02X}, where 0¢, 01,02 € {—1,1}. Since Xy, X; and X, are left
invariant, we have that ¢ sends every left-invariant vector field on G to a left-invariant vector
field on G'. Hence ¢’ = Lgqy-1 0 ¢ is a Lie group isomorphism. [ |

We now proceed to classify the left-invariant structures. Appendix D lists the supporting
MATHEMATICA code. For the moment, we classify only up to NH-isometry, and do not rescale.
Later, in section 4.1.2.3, we shall consider the classification up to NH-isometry and rescaling.

Theorem 4.1.15 (cf. [1]). We have the following classification (up to NH-isometry) of left-
invariant nonholonomic Riemannion structures on three-dimensional simply connected Lie
groups for which ¢ =0 and x1 > 0.

(i) On évE(2) there exists exactly one family of equivalence classes, specified as follows:

_ 1
[ X1, Xo] = aX> h=sa
[X2, Xo] =0 1 (4.1.5)
(X2, X1] = Xo X1 = 5.

Here a > 0.

(ii) On SE(1,1) there exists exactly one family of equivalence classes, specified as follows:

_ 1
[X1, Xo] =0 R —5a
[XQ,X()] = OéXl 1 (4.1.6)
[X2, X1] = Xo X1 =5

Here a > 0.

(iit) On SU(2) there exists exactly one family of equivalence classes, specified as follows:

= 1
[X1, Xo] = an X o — 5(041 T aw)
[X2, Xo] = —a2 Xy 1 (4.1.7)
[X2, X1] = Xo X1:§(041—042)-

Here 0 < an < .
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(iv) On §|:(2, R)en there exists exactly one family of equivalence classes, specified as follows:

X1, Xo| = —an Xo 1

k= —5(041 + az)
[X2, Xo] = a2 Xy 1 (4.1.8)
[ X2, X1] = Xo X1 = —5(041 —ag).

Here 0 < aq < a.

(v) On §|:(2, R)pyp there exists exactly one family of equivalence classes, specified as follows:

= 1
X1, Xo| = an Xy K = 5(041 — )
[X2, Xo] = a2 Xy 1 (4.1.9)
(X2, X1] = Xo X1 = §(Oé1+042).

Here aq, a9 > 0.

(vii) On Gso there exists exactly one family of equivalence classes, specified as follows:

2
[X1, Xo] = %X2 K — _%W
[Xa, Xo] = 0 p (4.1.10)
[ X2, X1] = Xo — BX> =g

Here 5 #£ 0.

(vii) On GB, there exists exactly one family of equivalence classes, specified as follows:

[X1, Xo] =0 - w
[ X2, Xo| = —W)ﬁ - _(h2 fhf)@ forO<h<1 (4.1.11)
[X2, X1 = Xo — X M7
[lexo]WXQ ﬁ:_w
[Xs, Xo] =0 (12 _?;L;Q for h > 1. (4.1.12)
(X2, Xi] = Xo — BX> M=

Here 8 # 0.

(viii) On G there exists exactly one family of equivalence classes, specified as follows:

0] = EDP U s

8h?
[X2, Xo] =0 R (4.1.13)
[X27X1] :XO—,BXQ X1 = ]h2 .

Here 8 # 0.

No such structures exist on Hs or Aff(R) x R.
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Proof. The structure equations of the frame (¢, ', %) dual to (Xo, X1, X2) are given by

d® = vt A L2

dv' = 3ot AVt et AV?

dv? = A Avt et AvR
Using d? = 0 on the second and third equation, we get the equalities ciyc3; = 0, e3ycl; = 0.
As x1 = 3(c3y+cly) > 0, we cannot have both ¢% and ¢} nonpositive. Accordingly, we have

the three cases: (a) c3; = ¢, = 0; (b) ¢}, = ¢y = 0 and 3, # 0; (¢) 3, = ¢%, = 0 and
c31 # 0.
(a) ¢}, = ¢4, = 0. We have the commutator relations
[ X1, Xo = cfoXa
[X2, Xo] = c30X1
[X2, X1] = Xo.
It is not difficult to show that G is unimodular and non-nilpotent; furthermore, the Killing

form K is degenerate if and only if eiycf, = 0. Suppose K is degenerate. The eigenvalues of
ady, U = utX; € g are

0, —/eho(u2)? — (w2, \fely(u)? — cdo(ul)2

Hence:

o If ¢y = 0, then there exists a U such that the eigenvalues of ady are imaginary, and
hence G is isomorphic to SE(2). Specifically, we have the family of equivalence classes
(4.1.5), parametrised by a > 0.

o If ¢}y # 0, then ¢2, = 0, and so the eigenvalues of ady are always real. Hence we get
the family of equivalence classes (4.1.6) on SE(1, 1), parametrised by o > 0.

On the other hand, suppose K is nondegenerate. Let 1, 2 and ps denote the leading principal
minors of the matrix of K (with respect to the canonical frame), and Ay, A2 those of K|y, .
(We have p1 = 2e30¢fy, pr2 = —dego(cip)?, s = —8(eg0ctp)® and A = —2¢fy, A2 = —dcfyczg.)
G is isomorphic to

e SU(2) if and only if p1 < 0 and up > 0, i.e., c3y < 0; in this case, we get the family of
equivalence classes (4.1.7) on SU(2), parametrised by aq, as > 0 with ag < ag.

. §I:(2,R) with elliptic-type distribution if and only if (g > 0 or s < 0) and (A1 # 0
and Ay > 0), i.e., ¢}y < 0; specifically, we get the family of equivalence classes (4.1.8),
parametrised by a1, as > 0 with a; < as.

. §I:(2, R) with hyperbolic-type distribution if and only if (g1 > 0 or e < 0) and (A =0
or Ay < 0), e, c3ycly < 0; we get the family of equivalence classes (4.1.9), parametrised
by aq, as > 0.

(b) cky = cdy = 0 and ¢, # 0. In this case G is non-unimodular. The eigenvalues of ady are

1 1
0, —5’“1 (Cgl + (031)2 - 40%0): —5’”1 (Cgl - (031)2 - 40%0)-
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Since ¢3, > 0, there does not exists a U such that exactly two eigenvalues are zero (i.e., G is
not isomorphic to Aff(R)y x R). Hence, we have the following cases:

o If (c2)? — 4c2, > 0, then G is isomorphic to G&,, h > 1. In particular, we have the
family of equivalence classes (4.1.12), parametrised by 8 # 0.

o If (¢3,)? — 4¢3, = 0, then we have the family of equivalence classes (4.1.10) on Gs .,
parametrised by 5 # 0.

o If (c3,)? — 4c¢2;, < 0, then we have the family of equivalence classes (4.1.13) on G& .,
parametrised by 3 # 0.

¢) 3, = ¢ = 0 and 3, # 0. G is non-unimodular, and the eigenvalues of ady are
21 = Cio 21

1 1
0, 2 <U2051 - |U2|\/ (c31)? + 4050): > <U2051 + |U2|\/ (c31)? + 4050)-

Since ¢k, > 0, we have that G is isomorphic to G&,, 0 < h < 1. Specifically, we have the
family of equivalence classes (4.1.11), parametrised by § # 0. u

4.1.2.3 Summary

In this section we summarise the results of the previous two sections, in particular theorem
4.1.11 and theorem 4.1.15. Rescaling the metric by g > 0, we can normalise the invariants s
and 1 so that either (x, x1) = (0,0), or (, x1) belongs to the (upper) semi-circle

{(k,x1) K2+ X5 =1, x1 >0}

In figure 4.1 we graph the normalised invariants. Different points on the semi-circle represent
non-NH-isometric structures. It is easy to see that there are at most three non-NH-isometric
structures with the same invariants x and x1. (However, restricting to unimodular Lie groups,
the equivalence classes are completely specified by « and y;.) The classification may be
summarised thusly:

Theorem 4.1.16 (cf. [1]). Let (G, D, D+, g) and (G, D', D", g') be left-invariant nonholo-
nomic Riemannian structures on three-dimensional simply connecled Lie groups such that
V=9 =0,k =+x and x1 = X}

(i) If K = x1 = 0, then (G, D, D+, g) is NH-isometric (up to rescaling) to any structure on
the Heisenberg group Hs.

(i) If x1 # O,fr x1 =0 and k > 0, then (G, D, D+, g) is NH-isometric (up to rescaling) to
(G, D', D'~,g') if and only if g is isomorphic to g .

(ii1) Ifx1 = 0 and k < 0, then (G, D, D+, g) is NH-isometric (up to rescaling) to the structure
on SL(2, R) with elliptic-type distribution and metric (at identity) being K|p, -
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X\

Figure 4.1: Normalised invariants for left-invariant nonholonomic Riemannian structures on

three-dimensional simply connected Lie groups with vanishing § (cf. [1]).

4.1.3 Case 2: § >0

Let Xo = Q(Yo) and Xi = P(Yo)/]]IP(Yo)l]. Let X 2 be the unique unit vector field in D
orthogonal to X 1 such that dw (XpX2) = 1. A change in sign of w results in X0 and X 1
changing sign, while the sign of X 2 remains unchanged. Hence (X0,X 1,X 2) is a well-defined
(up to the sign of X 0, X 1) local canonical frame on M. Note that a rescaling of the metric
-2g, R > 0 rescales the frame as (r2X 0o, X1,r X 2).

We now describe the com mutator relations of the canonical frame and give explicit ex-

pressions for the invariants in terms of the structure constants of this frame.

Lemma 4.1.17. We have ixow = 1, [X1,X 0] G r(b) and [X2,X 1]
Proof. since X 1G kerw, we have 1 = iYow = IiXOw + (YO)]iXIw = iXOw. On the other
hand,

0= dw (lo,X1) = lo[w (X1)] - X 1[w(Y0)] - w([YO0, X 1]) = w ([X1,X 0])
and so [X1,X 0] G kerw = r(D). Lastly, we have [X2,X 1] = fX 0 mod r(D ) for some

f GC~(M). In fact,

1= dw(X1,X2) = X1[w(X2)] - X2K X 1)] - w([X1,X 2]) = w([X2,X 1]) = f.
That is, [X2,X 1] = Xo mod r(D). [ ]
By lemma 4.1.17, the commutator relations of the canonical frame are given by

f [X1,X0]

cloX 1+ cloX2
< [X2,X0] = c20X1+ c20X2+ c°0Xo

Il [X2,X 1] = C11X 1+ C21X 2 + Xo,
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where cfj € C*(M) are the structure constants. (We take the ranges i,7,k = 0,1,2.) Since
w([ Xz, Yo]) = —dw(Yo, Xo) = 0, it follows that

cho = w([ Xz, Xo) = —w([X2, Z2(Y0)])

— |2 (o) |w( X2, Xa])
— |2 ()] <o.

In terms of the canonical frame, we have ¥ = || 2 (Yy)||? = (c9)2. The curvature invariants
k, X1 and xs take the form

1
K = 5(0%0 — co) — (€31)% — (€31)% — Xuc3,] + Xaledy),

1 1
X1 = 5\/(0%0 +e30)? +(clo — c30)% X2 = §|C%0 + c3l-

For the case of a left-invariant structure on a Lie group, the canonical frame is a global
frame of left-invariant vector fields. It follows that the structure constants cfj are constant.
Moreover (similar to proposition 4.1.14) it turns out that NH-isometries must also preserve
the Lie group structure.

Proposition 4.1.18. Let (G, D, D+, g) and (G, D, D'+, g') be left-invariant nonholonomic
Riemannian structures on three-dimensional simply connected Lie groups such that 9,9 > 0.
If ¢ : G — G is an NH-isometry between (G, D, DL, g) and (G, D', D'+, g"), then ¢ = Lgyod,
where Ly1y is a left translation and ¢’ : G — G’ is a Lie group isomorphism.

Proof. Let ¢ : G — G’ be an NH-isometry between the two structures. We have ¢, Yy = £V
and ¢, Z(X) = P X), 0+ 2(X) = 2'(¢+X) for every X € I'(T'G). Thus ¢, Xo = £X|,
¢+ X1 = £X| and ¢, Xo = X}. Since Xo, X7 and X5 are left invariant, we have that ¢ sends
every left-invariant vector field on G to a left-invariant vector field on G'. Hence ¢/ = Ly(1y-10¢
is a Lie group isomorphism. |

It follows from proposition 4.1.18 that (when ¢ > 0) every NH-isometry ¢ : G — G
preserves the Killing form. That is, (U, V) = K'(¢.U, ¢ V) for all left-invariant vector fields
U,V € T(TG), where K (resp. K’} is the Killing form of g (resp. g'). Accordingly, we define
scalars g; = —%IC(XZ', X;) for ¢ = 0,1,2. In terms of the structure constants of the canonical
frame, we have

L o

1
% =—3 [(cl0)® + 2e50¢t +(c50)?] s o1 = ¢y — 5(021)27

1
02 = —5 [(0(2)0)2 + 2ch + (051)2} .

Notice that, under a rescaling of the metric M%g7 i > 0, we have that gg rescales as oo and
01, 02 rescale as u2g1, u?ge. Furthermore, since ¢, Xo = +£X{, ¢ X1 = £ X} and ¢ Xo = X}
for an NH-isometry ¢ : G — G/, we have that gy, 01 and g, are isometric invariants.

The equivalence classes of left-invariant nonholonomic Riemannian structures on Lie
groups with positive ¢ are better described by the invariants gg, 01 and g2 than the curvature
invariants x, x1 and xs. Accordingly, we shall prefer the p;’s to the curvature invariants for
these structures. In fact, for the structures on unimodular groups, ¥, go, ¢1 and go form a
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complete set of invariants. (This is not the case for the set of invariants ¥, &, x1 and x2.)
For the structures on non-unimodular groups (with the exception of those on G, h = 1),
we shall find that there are at most two structures with the same invariants ¥, gg, 91 and gs.
(For structures on G?,. h = 1 there are infinitely many structures with the same values for
these invariants, but at most two with the same invariants 9, x and x2.)

We shall distinguish between the case when G is unimodular and the case when G is non-
unimodular. (As NH-isometries are left translations composed with Lie group isomorphisms,
the unimodularity property is preserved under equivalence.) It is straightforward to show
that G is unimodular if and only if e, +c3, = 0, 3, +¢3; = 0 and ¢3; = 0. Suppose first that
G is unimodular. In this case we have the simplified expressions

0o — —(0%0)2 - 0500%07 01 = C%o: 02 = —050 - (051)2-

Furthermore, the curvature invariants «, x1 and y2 may be expressed as

1 1
k=01t e =), X1:§\/(91+92+19)2—4Qo, X2 = 0.

In appendix D (specifically, section D.1) we list the supporting MATHEMATICA code for the
proof of the following classification.

Theorem 4.1.19. We have the following classification of left-invariant nonholonomic Rie-
mannian structures on unimodular simply connected Lie groups, rescaled such that 9 = 1.

(i) On Hs there exists exactly one equivalence class, specified as follows:

[X1, Xo] = 0 00 =0
[Xa, Xo] = —Xo — X) 01=0 (4.1.14)
[X2, X1l = Xo + X1 0o = 0.

(ii) On évE(2) there exists exactly one family of equivalence classes, specified as follows:

(X1, Xo] = —y/arae X1 + a1 Xo 00 = (1
[XQ,X()] = —Xy— (1 -+ O[Q)Xl + Voo Xo 01 — Q1 (4115)
(X, Xa] = Xo+ X 02 = Q2.

Here aq,c > 0 and o3 + a3 # 0.

(iii) On SE(1,1) there exists exactly one family of equivalence classes, specified as follows:

[ X1, Xo] = =V X1 — a1 Xo 0o = —0
[ X2, Xo] = —Xo — (1 —a2) Xy + Varas X 01 =—0 (4.1.16)
[Xo, X4] = Xo+ X, 02 = —02.

Here a1, a0 > 0 and a% +a§ £ 0.

(iv) On SU(2) there exists exactly one family of equivalence classes, specified as follows:

[X1, Xo] = —0X1 +a1Xp 00 = =62+ o (1 + az)
[XQ,X()] =—Xy5— (1 -+ O[Q)Xl + 0X5 01 — o1 (4117)
(X2, Xa] = Xo+ Xy 02 = Q2.

Here oy, 000 >0, 8 >0 and 6% — ajae < 0.
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(v) On §|:(2, R)en there exists exactly one family of equivalence classes, specified as follows:

[X1, Xo] = —6X1 —an X 00 = —0% — a1 (1 — ag)
[XQ,X()] =—Xy5— (1 — O[Q)Xl + 6X5 01 — —Q (4118)
[X2, X1] = Xo+ Xy 02 = —Qi.

Here aq, e >0, 6 >0 and 6% — ajas < 0.

(vi) On §|:(2, R)pyp there exists exactly one family of equivalence classes, specified as follows:

[X1, Xo] = =0X1 — Xz 00 = —0% — (1 — )
[X2, Xo] = =Xo — (1 = 72) X1 +6X3 01=-" (4.1.19)
[X2, Xi] = Xo+ X 02 = =72

Here 6 >0, 71,7 € R and 52 —71y2 > 0.

L > 0. We have the commutator

Proof. Since ¥ = (cy;)?, we rescale the frame by p = -
21

relations ) 5
[X1, Xo] = ¢1pX1 + ¢p X2
[XQ,X()] = —Xg+ c%OXl — C%OXQ
[ X2, X1] = Xo + X
1
(Here we have relabelled (001% as cly, etc.) We may assume, without loss of generality, that
21
clp < 0. (Indeed, by changing the sign of w if necessary, there exists a frame (Xo, X1, X3)
such that ¢}, is nonpositive.) We have the following four cases: (a) ey = ¢35 = 0; (b) cip = 0
and ¢, £ 0; (¢) cly <0 and ¢, = 0; (d) ¢}y <0 and 2, # 0.
(a) iy = ¢3y, = 0. It is easy to show that K is degenerate, so G must be isomorphic to
one of SE(1,1), Hs or SE(2). The nonzero eigenvalues of ady, U = uX; are £|u?|\/cly + 1.
Accordingly, if e, +1 = 0, then G is nilpotent, and hence isomorphic to the Heisenberg group
Hs. Furthermore, the canonical frame has the commutator relations

[Xl,Xo] 0
[ X2, Xo| = —Xo — X,
[Xo, Xi] = Xo + Xi.

Thus we have the equivalence class (4.1.14). On the other hand, if e, + 1 > 0, then the
eigenvalues of ady are real for every U, and so G is completely solvable. Hence G is isomorphic
to SE(1,1), and we have

[X1, Xo] =0

[XQ,X()] = —Xo + Céoxl

[X2, X1] = Xo + X1.

This is the family (4.1.16) with aq = 0 and a2 = ¢}, + 1 > 0. Likewise, if ¢}, + 1 < 0, then
get have the family (4.1.15) of equivalence classes on SE(2) with ag = 0, ag = —(cdy +1) > 0.

(b) cip = 0 and ¢3;, # 0. The Killing form K is nondegenerate if and only if cly + 1 # 0.
Suppose ciy +1 = 0. The eigenvalues of ady are real for ¢2, < 0 and complex for ¢%, > 0.
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These two cases yield the equivalence classes (4.1.15) and (4.1.16) on SE(2) and SE(1,1),
respectively, with a; > 0 and ay = 0. On the other hand, suppose ¢y +1 # 0. Let u, iz
and p3 denote the leading principal minors of the matrix of X with respect to the canonical
frame. (Specifically, we have 1 = 2c3yedy, po = —4(c3y)? (e +1) and puz = —8(c2y)%(cdy+1)2)
Likewise, let A1 and A2 denote the leading principal minors of K|p . (We have A\; = —2¢2,
and Ay = —4c3,(1 + ¢by).) G is isomorphic to:

e SU(2) if and only if y1 < 0 and p2 > 0; we get the equivalence class (4.1.17) with § = 0.

. §I:(2,R) with elliptic-type distribution if and only if (zg > 0 or s < 0) and (A1 # 0
and Ay > 0); we get the equivalence class (4.1.18) with 6 = 0.

. §I:(2, R) with hyperbolic-type distribution if and only if (g1 > 0 or p < 0) and (A =0
or Az < 0); we get the equivalence class (4.1.19), with § = 0 and 1y, < 0.

(¢) ¢iy < 0 and ¢3, = 0. One can show that K is nondegenerate and indefinite on D.
Accordingly, G is isomorphic to SL(2,R) with hyperbolic-type distribution. Moreover, we

have the following commutator relations:
[X1, Xo] = clg X1
[X2, Xo] = —Xo + c30X1 — c1p X2
[Xo, Xi] = Xo + X1,

This is exactly the family (4.1.19) of equivalence classes with § = —cly > 0, 49 = 0 and
72 =1+ ¢

(d) ciy < 0 and 3, # 0. In this case K is nondegenerate if and only if (ci,)? +c%,(cl, +1) # 0.
Suppose K is degenerate As —c2y(cly + 1) = (elp)? > 0, we have the two cases c%, < 0,
clo+1>0and 3y >0, iy +1 < 0. In the first case, the commutator relations are

(X1, Xo] = =/ —c3olchy + 1) X1 + cipXo

[Xa, Xo| = —Xo + e X1 + /—clp(chy + 1) Xo
(X2, X1] = Xo + X;.
It is not difficult to show that G is completely solvable, and hence isomorphic to SE(1,1). In

fact, we have the family (4.1.16) of equivalence relations with ay = —c%; > 0, ag = el +1 > 0.
Likewise, if 2, > 0, ¢}y +1 < 0, then we have G isomorphic to SE(2); specifically, the family
(4.1.15) with aq,a2 > 0. Suppose that K is nondegenerate, and let py, p2, s denote the
leading principal minors of the matrix of K with respect to the canonical frame:
= 2[(elo)? + cfocaol, e = —4ciol(cio)® + (e + 1),
piz = —8[(cio)? + io(ezo + DI
Likewise, let A1, A2 be the leading principal minors of K|p . We have A\ = —2¢2, and
A2 = —4(cfy)? — 4e3y (1 + cby). As before, G is isomorphic to:
e SU(2) if and only if g1 < 0 and py > 0;

. §I:(2,R) with elliptic-type distribution if and only if (zq3 > 0 or s < 0) and (A # 0
and Ay > 0);
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. §I:(2, R) with hyperbolic-type distribution if and only if (g1 > 0 or e < 0) and (A =0

or Az < 0).
This yields the equivalence classes (4.1.17) (with 6 > 0), (4.1.18) (6 > 0) and (4.1.19) (6 > 0,
v # 0), respectively. -

Corollary 4.1.20. Let G be a three-dimensional unimodular simply connected Lie group.
The scalars 9, 0o, 01 and 92 form a complete set of (isometric) invariants for left-invariant
nonholonomic Riemannian structures on G with ¥ > 0.

Remark 4.1.21. For the solvable groups Hs, évE(2) and SE(1,1), the scalars ¥ > 0, &
and yi also form a complete set of isometric invariants. Indeed, for the equivalence class

(4.1.14) on Hs we have k = —% and x; = 3. On the other hand, for the equivalence class

(4.1.15) on SA|§(2)7 we have k = 2(aq + a2 — 1) and x1 = /(1 + @2)? — 2(a1 — az) + 1.
Lastly, for the equivalence class (4.1.16) on SE(1,1), we have x = —%(al + az + 1) and
x1 = 3/ (a1 +az2)® +2(a1 — az) + 1. (In both of the latter cases, we can solve for a; and
ae uniquely in terms of x and x;.) Clearly, for the semisimple groups, ¢ > 0, x and y; do
not form a complete set of invariants. 0

Next, we suppose that G is not unimodular, i.e., at least one of ¢l + ¢35, €39 + c3; or ¢34
is nonzero. (As before, the supporting MATHEMATICA code may be found in section D.1 of
appendix D. For the non-unimodular groups in particular, many of the calculations are quite
lengthy, so the use of a computer algebra system is instrumental in the following proof.)

Theorem 4.1.22. We have the following classification of left-invariant nonholonomic Rie-
mannian structures on non-unimodular simply connected Lie groups, rescaled such that ¢ = 1.

(i) On Aff(R)o xR there exists exactly one family of equivalence classes, specified as follows:

1 2
= ——«
X1, Xo] = 0 w3
1
[XQ,X()] =—Xy— (1 — ’}/)Xl + aXs 01 = —§a2 (4120)
[XQ,Xl] = X0+(1—’7)X1—04X2 1 9
02 = —5’7 .

Here >0, v € R and o + 2 £ 0.

(ii) On Gso there exist exactly two families of equivalence classes, specified as follows:

[X1, X0l = 0O 00 =0
1 _
[ X2, Xo] = —Xo — Z(ﬁ —2)2X; 01 =0 (4.1.21)
L o
X0, Xi] = Xo+(1-8)X 02 =—7P
82 1,
[X1, Xo] = —a X1 + ZXQ 00 = —15
200 + )2 1
[XQ,X()] = —Xp— %Xl + (a +I3)X2 01 — —1,32 (4.1.22)
4o+ _ 4 5
X2, X1] = Xo+ 6X1—ﬁX2 92*_@04 :

Here a >0, 8 #0 and (1 —sgn(a))p >0, i.e., if a =0, then 8 > 0.
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91

(ii1) On GE , there exist exactly two families of equivalence classes, specified as follows:

[Xl,Xo] = 0 00 — 0
B h2(p —2)% — 2 01 =0
[X27X0] — _XO - 4h2 Xl B _(h2 T 1)/82
(X2, X1l = Xo+ (1-06)Xy 02 = 4h?
(4.1.23)
h2 -1 2 2 2
[X1, Xo —axl+%){2 QO_%
B2 2 2 2 2
[X27X0] - _XO - (?ZQtﬁl))IBQ IB Xl + (OZ +I8)X2 01 — _%
h2(4 _ AR2(h? + 1)a?
(X2, X1] = Xo+ ((hoétfiﬁ 6X1—5X2 Q2_M'
(4.1.24)

Here a >0, #0 and (1 — sgn(a))p > 0.

(iv) On GB . there exist exactly two families of equivalence classes, specified as follows:

(X1, Xo] = 0 00 =0
W (8 —2)* + 62 =0
6, 0] = ~Xo = 0 4hg — ) (h% — 1)
[XQ,Xl] = X0+(1—,8)X1 02 = — 4h2
(4.1.25)
h? +1)5? 2 _1)82
(X1, Xol —04X1+%X2 go—%
h?(2a + ) + 52 h? —1)p?
e et MO PR
h*(4a+ B) + _AR(R = 1)e?
X Xol = Kot =g A CT TR
(4.1.26)
Here a >0, 5 #0 and (1 — sgn(a))p > 0.
Proof. We have ¢ = (c35)2, and so we rescale the frame by u = —glr > 0. The commutator
20

relations of the canonical frame are then
[Xl, Xo] = C%OX1 + 0%0X2
(X2, Xo| = —Xo + cho X1 + 3 Xo
[XQ, Xl] = Xo+ c%le + C%1X2.

(Here (?%W has been relabelled as ciy, etc.) As in the proof of theorem 4.1.19, by changing
20

the sign of w we may assume that ¢, < 0. If ¢i, = 0, then we may assume, by using the
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same argument, that c3; < 0. Let (1%, v, 12) be the coframe dual to (Xg, X1, X2). Then we
have the structure equations

A = P A2+t A2

dv' = clg O Avt 4 el P AV el vt AV?

dv? = Ao AVt 3o P AV e vt VR
e 2 — 12 2
Using d* = 0, we get ¢y = —(c5; + ¢5) and

0= cdolchy — 1) — (cho + 13y (4.1.27)
0= clo(ehy — 1) + (c3y + c3) .

As e}y <0, it follows that ¢3, +¢3, > 0. Moreover, since G is non-unimodular, we have ¢3; # 1
or ¢3, £ 0.

We have the following five cases: (a) ¢y = 15 (b) 3, # 1, ¢3y = 0and %, = 0; (¢) e, #1,
c3o = 0and cfy # 0; (d) ¢y # 1, ¢35 # 0 and ¢fy = 0; (e) c3y # 1, ¢35 # 0 and ¢y # 0.
(a) c3; = 1. Then 3, # 0 (by non-unimodularity) and (4.1.27) yields ¢}, = —1 and ¢3, =
—c3,. The latter equality implies ¢, = 0, and so we may assume (by changing the frame if
necessary) that c3; < 0. The eigenvalues of ady, U = u*X; are

1 1
0, §(UO - Ul) (Cgl —y (031)2 - 40%0): 5(“0 - U1)<C§1 + (031)2 - 40?0)-

Furthermore, exactly two eigenvalues are zero for some U if and only if ¢2; = 0. Hence:

o If (¢3))? — 4¢2; > 0 and 3, # 0, then we have the family of equivalence classes (4.1.24)
on G%,, with & = 0 and B > 0. (Using the eigenvalues of ady, as discussed in remark
C.0.15, it is a straightforward matter to determine h in terms of the structure constants.)

o If (¢3))? — 4¢2y > 0 and %, = 0, then we have the family of equivalence classes (4.1.20)
on Aff(R)y x R, where av > 0 and = 0.

o If (c3,)? — 4¢3, = 0, then we have the family of equivalence classes (4.1.22) on Gs 3, with
a=0and g >0.

o If (c2)2 —4c%, < 0, then we have the family of equivalence classes (4.1.26) on G2 ., with
a=0and g > 0.

(b) c3y # 1, c3y = 0 and 2, = 0; from (4.1.27) we get c3; = 0. The eigenvalues of ady are

1 1
0, 5 (w3eh = 1) =l (ehy + 12 +aedy ), 5 (w2(eh + 1)+ a2y (chy + )2+ ek, ).

It is not difficult to show that exactly two eigenvalues are zero for some U if and only if
clo +ed; = 0. Thus we have:

o If cly+ ) = 0, then we get the family of equivalence relations (4.1.20) on Aff(R)g x R,
where a = 0 and v # 0.

o If cly +cd; #0and (e +1)2 +4ely > 0, then we get the family (4.1.23) of equivalence
classes on G% ,, parametrised by 3 # 0.
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o If cly+cd) #0and (e +1)% + 4el, = 0, then we get the family (4.1.21) of equivalence
classes on Gs.o, parametrised by 8 # 0.

o If ¢y +cd; #0and (e +1)2 +4ely <0, then we get the family (4.1.25) of equivalence
classes on G2 ., parametrised by 8 # 0.

) cl 1, 2, = 0 and ¢?, # 0. From (4.1.27), we have
21 20 10

0 = (30 + 1)c3y
0= ctoles — 1) + (c3))*.

The second equation implies that ¢3; # 0. (Indeed, if ¢, = 0, then ¢}; = 1 or ¢4, = 0, a
contradiction.) Hence cl, = —1. Moreover, using ¢3; + ¢3, > 0 we find ¢3;, > 0. In addition,
2 \2
from the second equation we get c}; =1 — <C§T1> The nonzero eigenvalues of ady are

10

1
22 (C%O(UO - Ul) - C%1U2) (Cgl Y/ (031)2 - 40?0)7
10

1
202 (C%O(UO —u') - C%1U2) (Cgl +4/(c3)2 — 40?0)-
10

It is not difficult to show that there are not exactly two eigenvalues for any U (hence G is not
isomorphic to Aff(R)y x R). Therefore:

o If (c3,)? — 4¢3, > 0, then we get the family (4.1.24) of equivalence classes on G2 ,, with
a>0,a+p=0.

o If (¢3,)% — 4c%, = 0, then we get the family (4.1.21) of equivalence classes on Gg o, with
a>0,a+p=0.

o If (c3,)? — 4¢3, < 0, then we get the family (4.1.26) of equivalence classes on G, with
a>0,a+p=0.

d) cl 1, 3, # 0 and ¢?, = 0. From (4.1.27) we get
21 20 10

0 = choley — 1) — (e + 1)e3,
0 = (c3, + c30)c3).

The first equation implies that ¢3; # 0. (Indeed, if ¢3; = 0, then ¢, = 1 or ¢3, = 0, a

contradiction.) Accordingly, we have ¢3, = —c3,. Substituting into the first equation, we
get ciy = —cl;. These substitutions imply that i, = 0, and so (by changing the frame if
necessary) we may assume that c3; < 0. The eigenvalues of ady are

Ov Ov U2(Cél - 1) + (UO - ul)cglv

i.e., G is isomorphic to Aff(R)y x R. Specifically, we get the family (4.1.20) of equivalence
classes, where av > 0 and 7 # 0.

(e) cky # 1, 3y # 0 and 2, # 0. From (4.1.27) we see that c3; # 0, ciy +1 # 0 and
3o+ 3, # 0. (If any of these conditions are violated, it results in a contradiction.) In fact,
from c3, + 3, > 0, we get 3, + 3, > 0. Solving for ¢}, and ¢3, in (4.1.27), we get

1 2 2 (.2 2

(30 + 1)csy o cxleny +egp)

~—2—=L and ¢jy = 2
Cy0 +1
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Consider the eigenvalues of ady. (We do not display the eigenvalues here, as their expressions
are quite lengthy.) It is not difficult to show that there does not exist a U such that ady
has exactly two zero eigenvalues. Furthermore, there exists a U such that the eigenvalues
are complex (and distinct) exactly when (cly + 1)[4(c3y)? + 4c39c3, + (cby + 1)(c3))%] > 0;
there exists a U such that there are two identical nonzero eigenvalues and one zero eigenvalue
exactly when (e + 1)[4(c30)? + 4c30c3; + (cdg + 1)(c3))?] = 0; and there exists a U such
that there are two real and distinct eigenvalues and one zero eigenvalue exactly when (¢l +
1)[4(c39)? + 4c30c3, + (edy + 1)(c3,)?] < 0. Hence:

o If (cdy + 1)[4(c3y)? + 4020021 + (kg + 1)(c31)?] < 0 then we get the family (4.1.24) of
equivalence classes on G%,, with a >0, 8 £ 0 and « + 8 # 0.

o If (cdy + 1)[4(c3y)? + 4c3yc3, + (cdy + 1)(c31)?] = 0 then we get the family (4.1.21) of
equivalence classes on Gz 2, with @ >0, 8 A0 and o+ 5 #£ 0.

o If (cby + 1)[4(c3))* + 4020021 + (edg + 1)(c31)?] > 0 then we get the family (4.1.26) of
equivalence classes on G2 ., with a >0, 8 £ 0 and « + 8 # 0. |

Corollary 4.1.23. Let G be a three-dimensional non-unimodular simply connected Lie group.

(i) If G is isomorphic to Aff(R)g x R, Gaa, G, or GE., h # 1, then there exist at most
two non-NH-isometric structures with the same invariants ¥ > 0, pg, p1 and ps.

(ii) If G is isomorphic to GRs, h = 1, then there exist infinitely many non-NH-isometric
structures with the same invariants ¥ > 0, gog = g1 = g2 = 0, bul at most two structures
with the invariants ¥ > 0, kK and ya2.

Proof. (i) Considering the family (4.1.20) on Aff(R)o x R, we have o = /=209 = /—2p1 and
v = £/—2p,. Hence there exist at most two structures with the same values of 9, 0o, 01
and g (corresponding to v = —/—2¢2 and v = \/—2p3). Likewise, consider the group G% .,
h # 1. Clearly, as h # 1, no member of the family (4.1.25) can have the same values for g, 01

and gz as a member of the family (4.1.26). For the family (4.1.25) we have = +2h, /-7

and for (4.1.26) we have § = +2h/—+%, o = |/B|<ZZH>1 /—#3%7. Hence there exist at most

two structures on G2, h # 1 with identical invariants ¥, gy, 01 and g2. The argument for
Gao and G§‘4 is similar.

(i) If h = 1, then clearly go = 01 = 02 = 0 for every structure on G2, and so there
are uncountably many structures with the same invariants. For the family (4.1.25) we have

k=—2p2-38—1and x; =0, ie ,f=—-1=x %\/1 — 4k. On the other hand, for (4.1.26)
we have k = ——(2 +362) 3—0‘ — 2 and X2 = 3|8|. That is, there are at most two structures
with the same invariants 9, ﬁ and X2- |

4.1.4 Structures with Cartan—Schouten connections

We consider the structures on three-dimensional Lie groups whose nonholonomic connection is
Cartan—Schouten (see section 1.2.1). Let (Xo, X1, X5) be a left-invariant frame on G such that
(X1, X2) is an orthonormal frame for D and Xj is a frame for DL. We have [X;, X;] = c¥, Xk,

for structure constants c . € R. In terms of this frame, the nonholonomic connection is given
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by Vx, X1 = c%ng7 Vx, X2 = —céth Vx,X1 = C%1X2 and Vx, Xy = —cngl. Accordingly,
V is Cartan-Schouten (i.e., VxX = 0 for every X € I'*(D); see proposition 1.2.10) if and
only if e}, =3, = 0.

Proposition 4.1.24. If G is unimodular, then V is Cartan—Schouten if and only if ¥ = 0.
If G is non-unimodular and V is Cartan—Schouten, then ¥ > 0.

Proof. If G is unimodular, then it is straightforward to show that ¢3;, +cly =0, ¢35 + ¢y =0
and 3y —¢3; = 0. Then ¢ = (c};)? + (¢3,)?, from which is clear that V is Cartan—Schouten
exactly when ¢ = 0. If G is not unimodular and V is Cartan-Schouten, then ¢3; = ¢3; = 0
and at least one of ¢y, ¢}, is nonzero, hence ¥ = (¢§,)? + (9)? > 0. [ |

Proposition 4.1.25. If G is non-unimodular, then V is Cartan—-Schouten if and only if
00 =01=X2=0 andgz+%19:2m,

Proof. Suppose that V is Cartan—Schouten, so that ¢, = ¢2; = 0. By proposition 4.1.24, it
follows that ¥ > 0. In particular, the canonical frame (Xg, X1, X5), as well as the invariants
00, 01 and g9, are defined. In terms of the canonical frame, we have

Aggen = |1, 1 0 ) —3(cto + )
3(cip +¢3p) 0

If (19,11, 1?) denotes the coframe dual to (Xg, X1, X5), then

dv® =g P At 4 S P AV vt Av?
dv' = clgv? Avt ey P AP

dv? = 3o v AV 4 e P AR

where ), < 0. Using d®> = 0 on the first equation yields cly + c3, = 0, and so Aggew = 0,
i.e., x2 = 0. The remaining two equations (together with c}; = ¢, = 0 and 3, # 0) imply
that c3) = c3, = 0. It follows that gy = g1 = 0 and g + 30 = 2x. Conversely, suppose
00 =01 =2 =0and g3 + %19 = 2k. The first three conditions, together with the identities
obtained from the dual frame, imply that ¢}, = 3y = ¢3; = 0. From g3 + 29 = 2x we then
have i, = 0, whence V is a Cartan—Schouten connection. [ |

If G is unimodular, then the classification under NH-isometry of (left-invariant) nonholo-
nomic Riemannian structures for which V is Cartan—Schouten coincides with the classifica-
tion of (left-invariant) sub-Riemannian structures (proposition 4.1.24). On the other hand,
it is easy to see that, on the non-unimodular three-dimensional Lie groups, the following
equivalence classes of nonholonomic Riemannian structures are those whose nonholonomic
connection is Cartan—Schouten:

e On Aff(R)g x R, the equivalence class (4.1.20) with « = 0 and v = 1.

On Gg.2, the equivalence class (4.1.21) with g = 1.

On G?,, the equivalence class (4.1.23) with 8 = 1.

On GZ ., the equivalence class (4.1.25) with 8 = 1.
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In particular, on a fixed (three-dimensional) non-unimodular group any two left-invariant
structures whose nonholonomic connections are Cartan—Schouten connections are NH-iso-
metric. (Hence the classification of such structures under NH-geodesic equivalence coincides
with the classification under NH-isometries; see proposition 3.1.15 and remark C.0.18.) This
is in contrast to the unimodular case. Indeed, again from proposition 3.1.15 and remark
C.0.18, there exists, up to NH-geodesic equivalence, exactly one equivalence class of left-
invariant structures on each of Hs, SE(1,1), SE(2) and SU(2) with Cartan—Schouten con-
nections. Likewise, there exists exactly two equivalence classes (up to NH-geodesic equiva-
lence) on §|:(2, R) of left-invariant structures with Cartan—Schouten connections, according
as whether the Killing form is definite or indefinite on the distribution (at identity). Hence
we have a number of examples of structures with Cartan—Schouten connections that are not
NH-isometric. (These are also examples of structures that are NH-geodesically equivalent,
but not NH-isometric.)

4.1.5 Structures with geodesically invariant distributions

We consider the structures on three-dimensional Lie groups whose distribution is geodesically
invariant (see section 3.2 and, in particular, section 3.2.3). In light of our classification of left-
invariant structures on three-dimensional Lie groups, we shall list those (equivalence classes
of) structures with geodesically invariant distribution. The following characterisation is an
immediate consequence of theorem 3.2.16 and proposition 4.1.1.

Proposition 4.1.26. D is geodesically invariant if and only if x1 = x2 = 0.

Hence, in order to determine the (equivalence classes of) structures with geodesically
invariant distribution, it is simply a matter of computing the invariants x; and y2 for all
structures. This yields the following list.

(i) When ¢ = 0:
e Any structure on Hz or Aff(R)y x R.

e Any structure on SU(2) or §I:(2,R) whose metric (at identity) is a rescaling of
IC|D1'

(ii) When ¢ > 0:

e On SE(1, 1), the equivalence class (4.1.16) with ay =0, ap = 1.

e On évE(2)7 the equivalence class (4.1.15) with a1 = 1, ag = 0.

e On SU(2), the family of equivalence classes (4.1.17) with § =0, ay — a2 = 1.

e On §E(2, R)eyr, the family of equivalence classes (4.1.18) with § =0, ag —ae = —1.

e On §|:(2, R)pyp, the family of equivalence classes (4.1.19) with § =0, y1 —vy2 = —1,
where —1 < v < 0.

e On Aff(R)p x R, the equivalence class (4.1.20) with o« = 0, v = 1.
e On Gs2, the equivalence class (4.1.21) with g = 2.
e On G, the equivalence class (4.1.23) with § = 2% or § = 24

Remarkably, there does not exist a geodesically invariant distribution on G&,.
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4.2 Flat structures

Having classified the left-invariant nonholonomic Riemannian structures on the three-dimen-
sional (simply connected) Lie groups, it is of interest to determine those structures that are
flat, i.e., those nonholonomic Riemannian structures whose associated parallel transport (in-
duced by the nonholonomic connection) is path-independent. (See section 2.2.2 and section
B.1.1.1.) This is the problem we consider here. We first characterise flatness in three di-
mensions, before using the characterisation (and the classification obtained in section 4.1) to
classify the flat left-invariant structures. Our characterisation is obtained by taking a direct
approach to the problem; accordingly, in section 4.2.3 we relate it with the Wagner curvature
tensor. Section D.2 of appendix D lists the MATHEMATICA code used for the calculations in
this section.

4.2.1 Characterisation

Let (M, D, D+, g) be a nonholonomic Riemannian structure on a three-dimensional manifold
M. Let (Xo, X1, X2) be a local frame defined on a neighbourhood ¢/ € M such that Xy is
a frame for D+ and (X7, X3) is an orthonormal frame for D. Let c’fj € C*°(U) denote the
structure constants of this frame (where 4, j, k range through 0, 1, 2). We suppose, without
loss of generality, that ¢§; = 1.

Lemma 4.2.1. The structure (M, D, D+, g) is locally flat on U if and only if there exists a
function 60 € C*(U) such that

X1[0] = ¢k, and  Xo[f) = ¢
If such a function 0 exists, then the rotated frame (cosf0X; — sin0Xs, sin0X; + cos0Xy) is

parallel.

Proof. Let (Y1,Y2) be any other orthonormal frame for D defined on Y. There exists an
orthogonal transformation taking (X1, Xs) to (Y1, Y2). That is, there exists o € {—1,1} and
0 € C*(U) such that

Y5 = osin6.X1 4 cos6.X5.

By proposition 2.2.13, the frame (Y7, Y2) is parallel if and only if [Y2,Y1] = 0. We have
[Ya, Vi) = (ocd, — Xq[0]) Xy + (0c3, — X2[0]) X2, and so (Y7, Ys) is a parallel frame for D
exactly when X1[0] = ocl; and X5[0] = oc3,. By reversing the sign of 0 if necessary, we may
take o = 1. |

{Yl = ocosfX| —sinfX,

Lemma 4.2.2. There exists a rotation (Y1, Y2) of (X1, X2) such that [Ya, Y1] = 0 if and only
if the following equations hold:

1
1 2.1 2 1.2 01 0 /2 1 0
(c19 — e39)ca1 + (el + ca0) ez + capcip — 5010(010 + ¢g0) + Cipk

1
= _§X1[C%O + e3o] + Xa[K] + Xo[ejo]
(4.2.1)

1
2 131 1 2.2 0 2 0 (.2 1 0
(el + cap)ca1 — (€19 — €20) 21 — CiloCap + 5020(010 + ca0) + ook

1
= §X2[C%O + e30] + Xo[k] — Xi[c50].
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Proof. Let (Y1,Ys) = (cos X1 —sin0Xo,sin X, + cos#X5) be a rotation of (X, Xs), where
0 € C®°(U). By lemma 4.2.1, we have that [Y2,Y1] = 0 if and only if X;]0] = ¢}, and
X5[0] = ¢3,. We claim that there exists 8 € C*°(U) satisfying the conditions X;[0] = ci;,
X5[0] = ¢2, if and only if (4.2.1) hold. If such a @ exists, then we have

do = Xo[01° + cy v + c3q0?
= ([ X2, X1][0] = e Xa[0] = 3, Xol 01" + cyyvt + ¢ 0°

= (Xafeyy] — Xa[e3)] — (e1)? = (e3)°)W° + ey + c5y0°

1
= (k — 5(0%0 — e’ + ey vt + et

The right-hand side is independent of &; accordingly, let o = (k—2(c%,—cio )0 +ed vt +e3 2.

2
Then, dew = fo1 V° A vt 4 foo 9 A V2, where

1 1
Jor = clpes + clocs; — 50(1)0(0%0 — ¢30) + Aok + §X1[C%O el — Xa[w] + Xole,]

1 1
Joz = c30C3 + C30C3 — 50(2)0(0%0 — c30) + ok + §X2[C%O c30) — Xolk] + Xole3y).

(Note that the v' A 1?2 term in dw vanishes.) Using d? = 0 on the structure equations

dvh =3 ocici<o i AV of the dual frame (10,11, 12), we get

0
1

- 1 2 01 0 2 0
0= —C1g — €50 + Clocay + ey + Xi[ego] — Xaleio]

1 10 10 2 1 1 2

Xolen] = —eoclo + c1030 — c3ochy + c30c3) + Xiled] — Xa[eo]
2 2 0 2 0 2 1 1 2

Xo[c3] = —cBocto + cocdo + cloch — clocs) + Xiledg) — Xa[elol.

Hence

1
1
Jor = (c10 — c3p)eay + (clo + co)edy + pcio — 20(1)0(0%0 + c3g) + ok

Xilcfo + ezl — Xa[K] — Xa[eqo]

Ll
2

1
2 1 1 21,2 2 0 0 /2 1 0
= (clo + cho)ez — (el — Bo)ezr — ety + 5020(010 +eg9) + ok

1
- §X 2lcto + edo) — Xa[k] + X1[c3).

Suppose @ exists, so that dew = d?0 = 0. Then for = fo2 = 0, from which we get the equations
(4.2.1). Conversely, if (4.2.1) hold, then dw = 0, i.e., w is closed. Hence it is locally exact:
there exists a neighbourhood U’ C U and 6 € C*°(U’) such that @ = df. Restricting (X1, X3)
to U, it follows that the requisite rotation exists (defined on U’). [ |

Using the two equations in lemma 4.2.2 (which depend on an orthonormal frame), we
shall derive an invariant characterisation of the flat structures in three dimensions. We will
require the exterior covariant derivative operator associated to V; see section 1.1.4. Recall
the following notation: D = ker w, where w is the normalised contact form on M (i.e., we have
dw(X1, X2) = £1). Furthermore, we have the decomposition TM = D @ span{Yy}, where Yj
is the Reeb vector field of w. Let #Z : TM — span{Yy} be the projection onto the distribution
spanned by Yp. In particular, we have

%([XQ, Xl]) = dw(Xl, XQ)%
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Theorem 4.2.3. (M, D, DL, g) is locally flat on U C M if and only if
d,F=Fop onl, (4.2.2)
where F = gl o (tr1 K)” = gl o (Ric® + 4"

sym

2-form given by p(X1, X2) = —P(Z (| X1, X2|)).

+ A Y and p € Q3(D, D) is the vector-valued

skew

Proof. We have d;(gﬂORiCb)(Xl,Xg) — — Xu[k| X1+ X1[K] Xs. Indeed, since (gloRic”)(X,) =
Ric(X,, X1) X1 + Ric(X,, X2)Xo, Ric(X,, Xo) = & and Ric(X,, Xp) = 0 for a # b, we have

d%(g* o Ric’) (X1, X5)
= Vx, (8" o Ric")(X2) — Vx,(g" o Ric")(X1) — (g* o Ric")([ X1, Xa])
= Vx, (kX2) = Vx,(kX1) + (célle + cglﬁXg).

Using Vx, X2 = —c3, X1 and Vi, X1 = ¢34, X5 gives

d;(gjj o Ricb)(Xl, X2) = Xq[r| X2 — mcéle — Xolr| Xy — IiC%1X2 + (célﬁXl + cglﬁXg)
= —Xo|k] X1 + X1[K] Xos.

Similar calculations yield

1 1
A% (8t 0 A) (X1, Xz) = (Xalco] — 5 Xalcho + dol ) X1 + (Xalelo] — 5 Xalehy + chol ) X
+2 (g0 A% ([X2 X)),

(Here A = Agym + Askew.) We also have (gf o Ric” o p) (X1, Xo) = —yr X1 + ;s X2 and

1 1
(8" 0 A" 0 p) (X1, Xo) = _<C(1)OC%O + 50(2)0(0%0 + 050)))(1 - (Cgocgo + 50(1)0(0%0 + 050)))(2-

Let fo1 and foo be defined as in the proof of lemma 4.2.2. The requisite rotation of (X7, X2)
into a parallel frame for D exists if and only if fo; = foo = 0. Combining the above calcula-
tions, we see that

(dSF — F o p)(X1, Xa) = foaX1 — fo1 Xo,

from which the result follows immediately. (As d%F — F o p is skew-symmetric, it is fully
determined by its evaluation of X; A X5.) |

Corollary 4.2.4. (M, D, D+, g) is locally flat on U € M if and only if
d%G =Gop onl,
+ A

skew*

where G = (tr} K)» = Ric® +A°

Proof. Let X,Y € T'(D). Since Vx and Vy commute with gf (as V is metric), we have
A% F(X,Y) = d%(g' o G)(X,Y)
= Vx(g o G)(Y) = Vy(gh o G)(X) — (" o G)([X, Y])
= (8" o (Vx@))(Y) = (8" o (Vy@))(X) — (&' 0 G)([X, Y])
— gASG(X,Y)).

Hence d% F — F o p = gf o (d%,G — G o p), from which the result follows immediately. |
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Corollary 4.2.5. If9 = 0, then (M, D, D+, g) is locally flat onUd C M if and only if &%, F = 0
(equivalently, d%,G = 0) onU.

Proof. If ¥ = 0, then Z(Yy) = 0, and so p = 0. Hence (M, D, D+, g) is flat exactly when
d%, F (or equivalently, dY,() vanishes. [ |

Corollary 4.2.6. If K =0 onU C M, then (M, D, D+, g) is locally flat on U.

Proof. It K = 0, then F = g o (tr] K)” = 0, and the condition d%,F = F o p is trivially
satisfied. ]

4.2.2 Classification

We are now in a position to classify the flat structures. Let (G, D, D+, g) be a left-invariant
nonholonomic Riemannian structure on a three-dimensional simply connected Lie group G.
We split the classification into several cases, viz., ¢ = 0; ¥ > 0 and G is unimodular; ¥ > 0
and G is non-unimodular.

Suppose that (Xp, X1, X2) is a left-invariant frame on G such that Xy spans D+ and
(X1, X9) is an orthonormal frame for D. By left invariance, the structure constants cfj of the
frame are constant; as before, we take c¢3; = 1. With respect to (X7, X2), we have

ASF(X1,X2) = 2 (g} 0 Ay ([X2, X1]) = { Few a0 ﬂ H (42.3)
50 —c19  —(cio +e20)] (e
and 1/.2 1 2 0
K+ 5(cio + c30) c —C
Fo X1, Xo) = 2110 20 20 } { 20} . 4.2.4
(Fop){Xr, X2) { —cio K — 5(cly + c3o) o ( )

Theorem 4.2.7. If 9 = 0, then (G, D, D+, g) is flat if and only if:
(i) 1t is a structure on a unimodular Lie group (with a Cartan—Schouten connection).

(i) It is a structure on Aff(R)p x R.

Proof. By proposition 4.1.24, we have that every nonholonomic Riemannian structure on a
unimodular Lie group has a Cartan—Schouten connection, and hence, by corollary 2.4.8, is
flat. Since any structure on Aff(R)g x R is NH-isometric to a flat structure on SL(2,R)y, it
follows by proposition 3.1.8 that any structure on Aff(R)y x R is also flat. (However, since
the NH-isometry between the structures on §I:(2,]R)eu and Aff(R)g x R does not preserve
left-invariant vector fields—see remark 4.1.12—there will not exist a lefi-invariant parallel
frame on Aff(R)o x R in this case.)

We claim that these are the only flat structures for this case. Indeed, by corollary 4.2.5
and equation (4.2.3), (G, D, D+, g) is flat exactly when Azym([[Xg,Xg]]) = 0. If x; > 0, then

A° s invertible, and [Xy, X;] = 0 implies that G is unimodular. On the other hand, if

sym

X1 = 0, then from theorem 4.1.11 we have that G is either unimodular or Aff(R)o x R. [

Remark 4.2.8. The second part of the above proof (i.e., when x; = 0) was essentially proved
by Agrachev and Barilari [1]. (Their result is replicated in proposition 4.1.8.) o
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For the remainder of this section we assume that ¢ is positive. Let (Xo, X1, X5) be the
canonical frame described in section 4.1.3.

Theorem 4.2.9. If ¥ > 0 and G is unimodular, then (G,D,D+t,g) is flat if and only if
00 = Vo1 and g2 = 0. Furthermore, if the structure is flat, then k? = x3. In particular, the
following equivalence classes are flat:

(i) If oo < 0, then the equivalence class of structures (4.1.16) on SE(1,1) with as = 0.
(i) If o = 0, then the equivalence class of structures (4.1.14) on Hs.

(#i) If oo > 0, then the equivalence class of structures (4.1.15) on ng(2) with ag = 0.

Proof. Since G is unimodular, we have c3; = 0 and c3; = —c3, = [|2(Yy)]|, whence
[Xa, X1] — dew( X1, X2) 2 (Vo).
Furthermore, we have y3 = 0, i.e., Aggew = 0. The condition (4.2.2) becomes
2 (g} o A )([Xa Xa1) = (&) 0 (RIC 4 4%, )(I%s, Xa])

= Ri([X2, X1]) = Ay ([X2, X1])
— Ri(X)) = 4%, (X1)

sym

<~ Asym(Xth) = K and Asym(X17X2) =0.

In terms of the structure constants, this is equivalent to the conditions cl, = 0, ¢}, = —(¢%,)?,
which are in turn equivalent to go = ¥g1 and go = 0. Furthermore, this implies that k2 = x3.
In terms of the classification in theorem 4.1.19, these are the following structures:

e If gy < 0, then the equivalence class of structures (4.1.16) on SE(1, 1) with ay = 0.
e If 9o = 0, then the equivalence class of structures (4.1.14) on Hs.

e If 9o > 0, then the equivalence class of structures (4.1.15) on ng(2) with as = 0. |

Notice that, apart from the structures with Cartan—Schouten connections (theorem 4.2.7),
there are no flat structures on the semisimple groups SU(2) and SL(2, R).

Theorem 4.2.10. If ¥ > 0 and G is non-unimodular, then (G, D, DL, g) is flat in exactly
the following circumstances:

(i) G=Aff(R)y x R, i.e., every structure on Aff(R)y x R is flat.

i) If xo =0, then any structure on Gso, GE, and G! . with a Cartan—Schouten connection
3.4 3.5
(i.e., 0o =01 =x2=0 and g2 + %19 = 2kK; see proposition 4.1.25).

(iii) If x2 > 0, then any structure on Gza, GE, and GE 5 with x2 > 0 that is NH-isometric
(up to rescaling) to the following structures:

(a) On Gs.a, the equivalence class of structures (4.1.22) with

1
a:—g(li 1—4p52) and —§§6<O.
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(b) On G!,, the equivalence class of structures (4.1.24) with

h?—1 1

a—%(li 1—4p52) and O<6§§ when 0 < h < 1
(h? —1)B 1

a:—W(li 1—462) and —§§6<O when 1 < h.

(¢) On GE., the equivalence class of structures (4.1.26) with

(h2+1)8 1

Proof. Considering the equivalence class representatives of theorem 4.1.22, a direct (but te-
dious) calculation, using the condition that (4.2.3) equals (4.2.4), yields the result. We have
used MATHEMATICA for the computations; see appendix D, and specifically section D.1, for

the code. Nevertheless, we illustrate here with the case of Gz2. Consider first the family of
equivalence classes (4.1.21); we have

(dSF — Fop) (X1, X2)

SRR A0 | I R R P RN

_ FﬁQ(g - 1)} .

Hence such a structure is flat exactly when 8 = 1. From section 4.1.4, this is exactly the
structure on Gz o with a Cartan—Schouten connection. On the other hand, consider the family
of equivalence classes (4.1.22):

—%(160[2 +daf + )
1

(dSF = F o p)(X1,X2) = (1602 + 40 + 1)

Thus the structure is flat if and only if 1602 + 4a8 + * = 0. It is not difficult to show (we
have again used MATHEMATICA) that this occurs exactly when o = —g(l ++/1 —4/?) and
-3 <pB<o. |

Remarkably, from theorem 4.2.7, theorem 4.2.9 and theorem 4.2.10 we have that every
left-invariant nonholonomic Riemannian structure on Hs and Aff(R)p x R is flat.

4.2.3 Characterisation using the Wagner curvature tensor

In this section we relate the results obtained in the previous two sections with the Wagner
curvature tensor (section 2.2). In particular, we obtain another invariant characterisation for
a structure to be flat in terms of a contraction of the Wagner tensor.

Let Z € T(IT'M) and let X = H2(Z) and A = 2(Z). The (vector bundle) connection
V2 :T(TM) x I'(D) — T'(D) is given by

ViU =VxU + K(©(A)U + [A,U].
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Here © = A} (ker A)L» Where A:T(A\*D) - T(DL), X AY — 2(|X,Y]). (In fact, we have

ker A = {0}; see below.) For convenience, we shall denote V = V2. The Wagner curvature
tensor K = K? € T2(TM) @ T{H(D) is given by

K(XAY)U = [Vx, Vy]U =VixyU, XY eI(TM), U € I(D).

Proposition 4.2.11. A is an isomorphism, i.e., the vector bundles /\22? and Dt are iso-
morphic.

Proof. Since A is surjective (lemma 2.2.3), it suffices to show that its kernel is trivial. We
have
A(Xl A X2) = Q([Xl,XQ]) = —Xp.

Since A is tensorial, it follows that A(X AY) =0 for X,Y € I'(D) if and only if X A Y = 0,
and hence ker A = {0}. [ |

Let (Xo, X1, X3) be a (local) frame, such that Xy is a frame for D+ and (X1, X3) is an
orthonormal frame for D. Let cfj € C*°(M) be the structure constants of this frame. As usual,

we may suppose that cgl = 1. Let fo1 and fyo be the expressions given in the proof of lemma
122, ie.,

1
1 2 14,2 0 .1 0 (.2 1 0
Jor = (c10 — e3p) ey + (clo + e)ezy + Belo — 5010(010 + ¢30) + Ciok

+ =X1[ci + e — Xu[r] — Xzlefq]

1
2
1
2 1 1 2.2 2 0 0 /2 1 0
Joo = (el + o) ez — (el — Bo)ez — ety + 5020(010 +eg9) + ek

1
§X2 [cTo + el — Xa[K] + X1[c50).

It turns out that fo; and fo2 are, up to sign, the only components of the Wagner curvature
tensor K.

Lemma 4.2.12. We have

[?(XO A Xl)X = f01X2 [?(XO A X2)X1 = f02X2 [?(Xl A X2)X1 =0

K(XO A Xl) = —fo1 X1 K(XO A X2)X2 = — f02 X1 K(X1 A X2)X2 =0.
Proof. See appendix D (section D.2) for the MATHEMATICA code that calculates these ex-
pressions; while the computations are straightforward, they are tedious and quite lengthy.

(Note that the above expressions yield another proof that the structure is flat exactly when
Jor = fo2 =0.) u

Define a tensor Ric € T2(TM) @ T2(D) as follows:
Ric(X,U) = g(K (X1 A X)U, X1) + g(K(Xy A X)U, X),

where X € I'(T'M) and U € I'(D). Notice that Ric could be considered as a trace, in the first
contravariant and covariant slots, of K. Accordingly, one can show that Ric is well defined
(i.e., it does not depend on the choice of Xy and X5).
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b
Proposition 4.2.13. We have Ric o A = dY%,G — G o p.
Proof. Using lemma 4.2.12, we get

ﬁ(XO,Xl) = g([?(Xl /\Xo)Xl,Xl) + g(k(XQ A Xo)Xl,XQ)
= g(—fo1 X2, X1) + g(—fo2 X2, X2)
= — fo2-

— b
Similarly, Ric(Xo, X2) = fo1, and so Ric (Xg) = —foor! + forv?, where (1°, 11, 12) is the
coframe dual to (Xg, X1, X3). Then

—b —b
(RiC o] A)(XQ A Xl) = Ric (Xo) = fogl/l — f01l/2 = (d;G —Go p)(XQ A Xl)

b
Since both Ric o A and dY,G — G o p are determined by their evaluation on X3 A Xj, the
proof is complete. n

Theorem 4.2.14. (M, D, DL, g) is locally flat on U C M if and only z’fﬁiz vanishes identi-
cally onU.

Proof. From lemma 4.2.12, if X,Y € I'(D), then
Ric(X,Y) = g(K (X1 A X)Y, X1) + g(K (X2 A X)Y, X3) = 0.

That is, ﬁiap = 0; it follows that Ric vanishes if and only if Ric o A vanishes. From
proposition 4.2.13 it is thus clear that Ric vanishes identically on ¢ exactly when d%,G —Gop
does so, and by corollary 4.2.4 this is equivalent to the local flatness of (M, D, D+, g) on U/. W

4.3 Some examples

In this section we consider three examples of left-invariant nonholonomic Riemannian struc-
tures on three-dimensional Lie groups. We first consider the equivalence class of structures
on the Heisenberg group Hs whose reduced dynamics are non-trivial. As we have seen (the-
orem 4.1.16 and theorem 4.1.19), there exist (up to NH-isometry and rescaling) exactly two
left-invariant nonholonomic Riemannian structures on Hs, corresponding to whether ¢ = 0 or
¥ > 0. Since Hs is unimodular, the structure with ¥ = 0 has a Cartan—Schouten connection
(see proposition 4.1.24), and hence the reduced dynamics are trivial; it is the other case (viz.,
with ¥ > 0) that we shall consider here. For convenience, we shall refer to this example as
the Heisenberg problem.

The second two examples are (generalisations of) classical problems from nonholonomic
mechanics, viz., the Chaplygin problem and the Suslov problem. These problems are typically
modelled on the Lie groups SE(2) and SO(3), respectively. However, we shall consider them
on the universal covering groups évE(2) and SU(2). As mentioned in the introduction to this
chapter, these problems have been well studied. Accordingly, rather than repeating work
that has already been done, we aim to link our classification and invariants with some known
results. In particular, we discuss how some of the invariants may be used in distinguishing
between the different qualitative cases mentioned in [24, 26]. In order to facilitate a com-
parison between our work and what was done in those papers, for the Chaplygin and Suslov
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problems we shall work with a (left-invariant) Riemannian structure (G, g) endowed with a
(left-invariant) distribution D. As we have seen in section 1.1.1, this type of structure is typ-
ically used in nonholonomic mechanics, which is where the Chaplygin and Suslov problems
originate. The associated nonholonomic Riemannian structure is given by (G, D, D, g|p),
where D7 is the orthogonal complement of D with respect to g. We shall also follow some of
the notational and basis conventions used in [24, 26].

4.3.1 The Heisenberg problem

We begin by proving some results that hold for all left-invariant nonholonomic Riemannian
structures on three-dimensional unimodular Lie groups with ¥ > 0. Let (G, D,D+,g) be
such a structure. We shall assume that the structure has been rescaled so that ¢ = 1. Let
g(-) : R — G be a unit-speed geodesic of the associated nonholonomic connection and let
U() : R — Dy be the curve in Dy such that §(t) = T1Lgy - U(t) for all t. (By proposition
1.2.6, every left-invariant structure is geodesically complete; hence we may assume the domain
of g(-) and U(-) is R.) Suppose

U(t) = u' (1) X1 + u?(t) Xz,

where (Xo, X1, X3) is the canonical frame for (G, D, D+, g) (see section 4.1.3) and suppose we

have the initial conditions u!(0) = u}, u(0) = u3. Since g(-) has unit speed, it follows that

(u1)2 4 (u2)2 — 1.

Proposition 4.3.1. S = span{Xa} is the only left-invariant vector subbundle that is geodesi-
cally invariant in D.

Proof. Let S = span{aX; + bXs}, where a,b € R are not both zero. By proposition 3.2.7,
we have that S is geodesically invariant in D if and only if V,x, 1sx,(aX1 + 0X2) € I'(S).
If cfj € R are the structure constants of (Xg, X1, X5) (see lemma 4.1.17 and the succeeding
discussion), then

VX1 +6Xo (aX1 4+ bX3) = —ab céle + a2051X2.

If @ = 0, then & = span{ Xy} and S is clearly geodesically invariant in D. Suppose a # 0.
Then

Vaxi1ox.(@X1 +0X2) € I'(S)
<= there exists f € C™(G) such that V,x, jsx, (@ X1 +0X3) = f(aX1 4+ bX2)
< there exists f € C*°(G) such that —a(f + beh) X1 — (bf — a’cd)) Xy =0
— f=-bc} and bf = a’c3,
= (a® +b*)c3; = 0.

Since ¥ = (c3,)? > 0, we can never have (a2 + b?)c3; = 0, and so this case cannot hold. W

S is clearly integrable, and hence (by proposition 3.2.8) the integral manifolds of S are
totally geodesic in G. In other words, we have the following corollary:

Corollary 4.3.2. The integral curves t — goexp(t X2), go € G of Xy are nonholonomic
geodesics.
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We now find the reduced nonholonomic geodesics by integrating the reduced equations of
motion (see equation (1.2.1)). From the commutator relations given in theorem 4.1.19, the
reduced equations of motion (for any unimodular group) are given by

Wb — ulu?
{uQ . (4.3.1)

Proposition 4.3.3. If uf # 0, then U(t) = U(t +to) for every t, where to = sech™ (Jug|)
and U(t) = u' () X1 +u?(t) X2 is given by

ul(t) = sgn(ul) sech t
u?(t) = —tanht.

If ul =0, then U(t) = U(0) for all t.

Proof. Suppose u} # 0. (The points (0,u3) are evidently equilibrium points of (4.3.1);
hence, if uj = 0, then U(-) is constant.) Let U(-) be a reduced nonholonomic geodesic
(ie., U(t) = ~VinU(t), where U(t) = u'(t) X1 + @*(t) Xy and (u')? + (u*)? = 1. Starting
from the equations of motion (4.3.1) in @' and %?, standard integration techniques (ignoring
translations in time) yield
u'(t) = osecht
{u2(t) = —tanht

for some o € {—1,1}. We claim that there exists tp € R and ¢ € {—1, 1} such that U(t) =
U(t + to). Indeed, let o = sgn(ud). We have —1 < u?(t),u%(t) < 1, limp,_oou?(t) = 1
and limy_, %%(t) = —1. Therefore, since u? is continuous, there exists {y € R such that
u?(t +to) = u?(t). Then

(u'(t)® = 1= (u*(t))* = 1 — (u*(t +10))* = (u'(t + t0))?
and sinceisgn(ul(())) = o = sgn(u?(to)), we have u'(t + to) = u'(t). Therefore, as t — U(2)
and ¢t — U(t + to) are both solutions to the same system of ODEs passing through the same

point at ¢ = 0, they both solve the same Cauchy problem, and hence are identical. Lastly,
using ug = u'(0) = u!'(to), we get that to = sech™(Jug]). [ |

We now specialise to the case G = H3. The (three-dimensional) Heisenberg group Hs (see
appendix C) is the connected, simply connected and nilpotent matrix Lie group given by

tx,y,2 €R

O =@
— N 8

1
Hs = { w(2,9,2) = |0
0

Note that the map ¢ : R®* — Hz is a (global) diffeomorphism from R? to Hz; hence we shall
work in coordinates (x,¥, z). The Lie algebra b3 of Hs is

0
hs =< ab1+ylky+z2Es = |0 cx,y, 2 €ER B
0

o o
(e S
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together with the matrix commutator [X,Y] = XY — Y X. In terms of the standard basis
(Fh, Ea, E3), the only nonzero commutator is [Fy, Fs] = Fy.

The equivalence class of structures on Hs with ¢ > 0 are the simplest non-trivial (i.e.,
whose nonholonomic connection is not a Cartan—Schouten connection) examples of nonholo-
nomic Riemannian structures. In this section we shall illustrate how to explicitly calculate
the canonical frame associated to an arbitrary member of this equivalence class.

Lemma 4.3.4. Up to Lie algebra automorphism, span{Fs, Es} is the only completely non-
holonomic lwo-dimensional subspace of hs.

Proof. Let s = span{ulEl +ul By +ulEs, v By + 02 Ey +U3E3} be a completely nonholonomic
two-dimensional subspace of h3. By complete nonholonomy, we have u?v® — v2u® £ 0. Then

wvd — v ul ol

0 u?
0 ud v

(&

is a Lie algebra automorphism of 3 (written with respect to the standard basis) such that
Y - span{Fy, F3} = s. [ |

Let (Hs, D, D+, g) be a left-invariant nonholonomic Riemannian structure on the Heisen-
berg group. By lemma 4.3.4, we may assume that D1 = span{Fs, F3}. Suppose that

1 lan B
1 2 3 - =4
Dy =span{by +y"Ey +y°Es} and g1 = 2 {ﬁ 042} 7

where y2,9% € R, aq, a0, 4 > 0, ajas — 32 > 0 and gy is written with respect to the basis
(B, E3) for Dy. Let (Y1,Ys,Y3) be a left-invariant frame on Hs, where Y3 = Ey + y2Ey +
y>E3 and (Y1,Y3) is the orthonormal frame for D obtained by applying the Gram-Schmidt
procedure to (Fs, E3), i.e.,

Y1 = LE2 and Y5 = a (=BFEsy + JarazEs) .

vai Vo anog — 2

Let (v',v2,1%) be the coframe dual to (Y7, Y2,Y3) and let w = wiv! + war? + wsr? be the
normalised contact form. Since D = kerw and dw(Y1,Y2) = o € {—1,1}, we have

o onag — 3?2 4
= V.

= 2

Let Yy be the Reeb vector field. Using iy,w = 1 and iy,dw = 0, we get
opu(By* — ary®) y, _ THYs g o’ Ya
Vary arag — 52 ! Vaiag — 32

In particular, we can now calculate the vector fields Xy = 2(Yy) and Xy = Z(Y0) /|| 2 (Yo)]]
of the canonical frame:

X, = _‘77“23/3 and X, — _o(By’ + any?) y, _ TV — p? Y
VvV 10 —,32 \/fal \/m

Yo =
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Here f = a1(y?)? +28y%y> +az(y?)?; as ¥ > 0, it follows that f > 0. The final vector field X
in the canonical frame is now readily calculated as the (unique) unit vector field orthogonal
to X7 such that dw(Xq, X2) = 1. We get

Xy — YV onag — B2 Vit By* + aay? Y,
Vo Vo

(Notice that Xy and X7 both depend on ¢, whereas X5 does not.) In particular, in terms of
the standard basis (E1, Fo, F3) for hs, the canonical frame is given by

2 2,2 2,3
op opty opty
Xo = b+ Es + Es
Va1t — 52 Va1t — 52 Voo — 52
2 3
oy oy
X1 =— FEy — Es
vV vV
X, — B ) o wBY L eny)
VivVaiay — (2 VivVaiag — 52

/ —_ 32
Normalising so that @ = 1, we take p = %}%5 The resultant commutator relations for
the canonical frame then take the form given in theorem 4.1.19, viz.,

[XhXO] =0
[ X2, Xo| = —Xo — X,
[Xo, X1 = Xo + X;.

The invariants take the expressions ¥ = 1, kK = —%7 X1 = %7 x2=0and go = 91 = g2 = 0.
The nonholonomic connection is given by

Vx, X1 =X, VxXo=-X1, Vx,X1=0, Vx,Xo=0.

At this stage we may choose o, a1, as, B and y?, y? for convenience, in order to select a
normal form for the equivalence class of structures. We shall work with the normal form
(Hz, D, DL, g) given by

10
Dy = Span{E27E3}v Df— - Span{El + E2}7 81— |:O 1:| .

The canonical frame (X0, X1, X3) on Hg is then given by Xog = —Fy — Fy, X7 = Ey, Xo = Fs.
Let V be the vector bundle connection on D described in section 4.2.3. We have

6X0X1 = —X2 and 6X0X2 = Xl.

(By definition, \Y x; = Vx, and \Y X, = Vx,.) We calculate an explicit expression for every
parallel vector field on Hs. In particular, this will allow us to find a parallel frame for D.

Proposition 4.3.5. Every normalised parallel vector field U € 1'(D) is of the form
U = cos(bp —y) X1 + sin(bp — y) Xo,

where U(1) = (cos by, sinby) in terms of the basis (K, E3).
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Proof. Let U = u' X, + u2X, € I(D). Since VU = 0, we have
ViU =0 <= (Xo[u'] +u®) X1+ (Xo[u?] —u") X2 =0
— o' = Xp[u?] and u® = —Xo[u'].
Likewise, from ﬁxlU =0 and ﬁsz =0, we get
wl = —X1[u?], w?=Xiul], Xoul] = X5u? =o0.

We shall write these differential equations in coordinates in R®. Let 8, 9, 9, denote the
coordinate vector fields on Hs. Using ¢!, we push the canonical frame to R®. The result is

(90_1)*)(0 = =0y — Oy, (90_1)*)(1 = Oy, (90_1)*)(2 =y 0y + 0.

Identifying u'ow and u?op with u' and u?, respectively, the differential equations for (p=1),U
are given by

2 2 2 1 1
ul = o o ul = o yut o
Ox oy oy Ox 0z
- ox Oy Oy Vor "o

It is a straightforward matter to solve these PDEs (we have used MATHEMATICA), yielding

the solutions
ul(z,y,2) = cos(y — )
U2($, Y, Z) — sin(00 - y)v

where 11(0,0,0) = cosfy, u%(0,0,0) = sinfy. Applying ¢ to pushforward (¢~1)U to Hs
completes the result. |

In particular, let (Uy, Us) be the parallel frame for D given by

D] [y ] 0] e,

Note that U;(1) = F2 and Ux(1) = E3. Furthermore, we have [Uz, U] = Xo. (However, U
and Us are not left invariant.)

If IT{ : Dy — D, is the parallel transport map from identity to g = (2,9, 2) € Hs, then
in the basis (X1(1), X2(1)) = (&3, I3) for Dy and (Xi(g), X2(g9)) = (11 Ly - Ea, T1 Ly - I3) for
Dy, we have

- { cosy siny} .
—siny cosy
(By proposition B.1.22 it suffices to consider the parallel transport map starting from identity;
every other parallel transport map is then obtained by a composition with a left translation.)

Lastly for this section, we find explicit expressions for the nonholonomic geodesics of
(Hs, D, Dt g). By corollary 1.2.4, it suffices to consider the nonholonomic geodesics starting
from identity; every other nonholonomic geodesic may then be obtained via a suitable left
translation. In figure 4.2 we have graphed some typical nonholonomic geodesics starting
from identity (over the time interval [—3,3]), as well as the (restricted) exponential image
{exp(tU) :t € [-3,3], U € D1} (see section 1.1.2).



110 4.3. Some examples

nonholonomic geodesics from identity (graphed for t e [—3,3]) and the

U e Di} for the Heisenberg problem.

Figure 4.2: Typical
exponential image {expi (tU ) :t e [—3, 3],

Proposition 4.3.6. Letg(-) be the unit-speed nonholonomic geodesic of (H3,D, D x,g) start-

ing from identity and with initial velocity uo = ugX 1+ uoXx2e Di.

(i) 1fuqg= o, theng(t) = g(to) Tg(t + to) for every t, where to sech 1(JuQp and g(-) =

(X(-),y(-), ~(-)) : R ~ Hs is given by
x (t) - sgn(ul) gd stanh sds

y (i) sgn(uo)gd t

Z(t) —In(cosh t).
(Here gdt = 2tanh T(tanh(t/2)) is the cudermannian function.)

(iiy 1fug= o, theng(t) = (0,0,u2t).
Proof. (i) Suppose u0 = 0. Let U (®m) = ui(m)X1+u2(-)X2be acurve in Di such that U (0) = Uo
and suppose that g(t) = TiLg(t)mU (t).
in proposition 4.3.3 and to = sech-1(Ju0]). Let g(-) = (x(-),y(-), z(-))
identity such that g(t) = TiLg(t)mu7(t). It follows

By proposition 4.3.3, we have U (t) = U (t+t0) for every

t, where H(-) is given
be the nonholonomic geodesic starting from
that g(-) satisfies the following system of ODEs:

= —ytanh't

= sgn(uQ)secht

= —tanh t.

Integrating these equations, together with the initial condition g(0) = 1, yields the expressions

in the statement ofthe proposition. We haveg(t) = TiLg(t)-U(t) = TiLg(t)-U7(t+1t0). Likewise,
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if h(-) denotes the curve t — g(tp)~'g(t + to), then

h(t) = Tg(ttho)Lg(to)*l "I Lgtyte) - U(t + o)

= T1 Lg(e)-1g(t+40) - Ut +to)

= Tth(t) . U(t + tO).

Furthermore, we have h(0) = 1 = g(0). Therefore t — h(t) and ¢ — g() both solve the same
Cauchy problem, and hence are identical.

(i4) Suppose uj = 0. Again by proposition 4.3.3, we have §(t) = Ty Ly - Up. Hence g(-)
is the one-parameter subgroup g(t) = exp(t Up) = (0,0, u3t). [ |

Note that the nonholonomic geodesics of the form ¢ +— (0,0, u3t) are exactly the reparam-
etrisations of the integral curves of Xy (cf. corollary 4.3.2).

4.3.2 The Chaplygin problem

The Chaplygin problem models the motion of a planar rigid body equipped with a blade,
along which the body slides, that prohibits motion in directions orthogonal to the blade.
The problem may be described by means of a left-invariant Riemannian metric on the Eu-
clidean group SE(2), together with a left-invariant completely nonholonomic distribution. It
is known that the dynamics exhibit three qualitatively different cases (of increasing analytical
complexity) [24]: the Chaplygin “skate” (when the centre of mass is at the point of contact);
the Chaplygin sleigh (the classical statement of the problem); and a generalisation of the
Chaplygin sleigh, called the hydrodynamic Chaplygin sleigh (first introduced in [24]). For
further details on the Chaplygin problem, see, e.g., [16, 52, 8, 24].
We consider the problem on the universal covering group of SE(2), viz.,

1 0 0 0
1 3 .03

P xr- cosx® —sinx 0

SE(2) = x? sina®  cosa® 0 rat a2t €R o,
0 0 0 et

which has the Lie algebra

0 0 0 0
Lo —u? o0
9} — 1 2p 3p, — | Y L2403 e R
se(2) uw B +u By + uFEs 2w 0 0 un,us,u” €
0 0 0

The nonzero commutator relations are [FEy, Fs3| = Ey, [Es, E1] = FEs. For compatibility with
the notation used for the body’s inertia tensor in [24], we shall work in the (ordered) basis
(Es, E1, F»). We may assume, without loss of generality, that the constraint distribution D
is specified by Dy = span{F1, F3}. Let g be the left-invariant Riemannian metric on ng(2)
specified with respect to (Fs, E1, F2) by

J =Ly Iy
g1 — —L2 M A
Iy Z N
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The associated nonholonomic Riemannian structure is given by (?E(Q),D,DL, g|p), where
D+ is the g-orthogonal complement of D. The first invariant ¥ is given by
5 JZ? 4271 Ly + ML?

(JM — L§)2

We have the following cases:

(i) ¥ = 0. This occurs exactly when L; = Z = 0, and corresponds to the case with the
simplest qualitative behaviour (the Chaplygin skate). Indeed, the reduced equations of
motion are trivial, hence the nonholonomic connection is Cartan—Schouten; furthermore,

v, 1M
we have K = X1 — §m

(#) ¥ > 0. At least one of Ly, Z is nonzero. The canonical frame (Xg, X1, X2) (rescaled so
that ¢ = 1) is readily calculated:

Xo =MLy + ZLo)Es + i(JZ + L1La)Ey — pu(JM — L3) Fy
X1 = —IU(MLl -+ ZLQ)Eg — IU(JZ -+ LlLQ)El

Xo=p(Z\JJM — L3)Es — p(Ly\/JM — L3 ) E;.

IM—-L2
JZ2 42711 Lo+ ML?*
class representative (4.1.15) may likewise be calculated:

Here 1 = The values of the parameters «;, as in the equivalence

ay = (M Ly + Z1o)?,  ag = u?Z%(JM — L3).

The structure (SAE(Q),E) together with D describes the Chaplygin sleigh exactly when
Ly # 0, Z = 0 (cf. [24]). This occurs exactly when ay = 0 (or equivalently, when
k% = x3; see remark 4.1.21). For az > 0 (k% # x?), the structure describes the
hydrodynamic Chaplygin sleigh.

Lastly, we note that, in light of the characterisation of flat structures in section 4.2, the
flat structures of the Chaplygin problem correspond exactly to the case of a Chaplygin skate
(when 9 = 0; see theorem 4.2.7) and the Chaplygin sleigh (when ¢ > 0; see theorem 4.2.9).

4.3.3 The Suslov problem

The Suslov problem describes the motion of a rigid body in R? about a fixed point subject
to the (nonholonomic) constraint W e 2 = 0. (Here Q2 is the angular velocity of the body, W
is a fixed vector in the body frame and e denotes the standard dot product of R3.) For more
details on the Suslov problem, see, e.g., [63, 26].

The Suslov problem is typically modelled by means of a left-invariant Riemannian met-
ric on the orthogonal group SO(3), together with a left-invariant completely nonholonomic
distribution. However, we shall consider the problem on the universal covering group

SU(2) = {x e C*2: g2l =1, deta = 1}.

Its Lie algebra

LIRS

1 (503 | .2
su(2) = {u1E1 ulEy uPEy — v ) 20&2{” )} tut u? vt e R}

%(W )
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has commutator relations |Fs, E3] = FEi, |Es, Fy| = Fa, [E1, Es] = Es. We may assume,
without loss of generality, that W = Fjs; it follows that Dy = span{Fy, Ex}. Let g be a
left-invariant Riemannian metric on SU(2). By rotating the basis (F1, E2) (to obtain a basis
(Fy, Fy, F3) for su(2), where F3 = F3), we may assume that gy takes the form

I 0 I3
gi= |0 Ix Ix
I31 I3z I33

(We follow the notation for the components of gy used in [26].) Let D+ be the orthogonal
complement of D with respect to g; then (SU(2), D, D+, g|p) is the associated nonholonomic
Riemannian structure. The invariant ¥ is given by

9 — Inig + Inlfy
I3,
We have the following cases:

(i) ¥ = 0. This occurs exactly when [13 = I3 = 0, and corresponds to the simplest qual-
itative case (when the nonholonomic connection is Cartan—Schouten). The invariants

are given by
1(1 +1) LIy — I
K==\ -— 1, = -
2 \In I X3 VSRES:

In particular, §1|D1 is a rescaling of IC|Dl exactly when I1; = Is. (This is also the only
case when the structure is flat; see theorem 4.2.7 and theorem 4.2.9.)

(ii) ¥ > 0. At least one of I3, I23 is nonzero. The canonical frame (rescaled so that ¥ = 1)

is given by
I I
Xo = plizlr +p Il 2 By — puly 1 Fy
I
X1 = —phsk —p 111 2
22
X5 = \/ 123F1 \/ 113F2
/ 3
Here = IIQI#”Q The parameters o, ae, d in the equivalence class representative
11 23+122113
(4.1.17) are:
oIS IS o In(Ify +I3)
a1 = W 2 y O = [ J
I3, I
5— 2 [(I11 — 122)113123|\/I1
= p’ 1372
22

We have § = 0 (equivalently, oo = 01(1+ 02)) exactly when I1q = Iss, I13 = 0 or Iz3 = 0.
Thus & may be used to distinguish between the different qualitative cases for the Suslov
problem discussed in [26].






Conclusion

In this thesis we have considered nonholonomic Riemannian structures on manifolds, and es-
pecially the (prototypical) case of left-invariant nonholonomic Riemannian structures on Lie
groups. Three broad topics concerning nonholonomic Riemannian structures were investi-
gated, viz., curvature (particularly, the Schouten and Wagner curvature tensors); equivalence
(particularly, up to nonholonomic isometry) and embeddings (i.e., nonholonomic Riemannian
submanifolds); and nonholonomic Riemannian structures in three dimensions (particularly,
the equivalence, classification and flatness of such structures). We summarise the main con-
tributions of the thesis below.

Chapter 1 served mainly to establish the necessary preliminaries for an understanding of
the remainder of the thesis. We also compared nonholonomic Riemannian geometry with sub-
Riemannian geometry (the first is essentially concerned with the “straightest” curves, and the
second, the “shortest” curves) and discussed the relation between nonholonomic Riemannian
geometry and nonholonomic mechanics. In the second part of the chapter we considered left-
invariant nonholonomic Riemannian structures on Lie groups, and characterised those with
trivial reduced dynamics (i.e., when the nonholonomic connection is Cartan-Schouten). The
existence of structures with Cartan—Schouten connections is an important question; we were
able to prove a positive existence result for structures with rank two distribution.

In chapter 2 we investigated the curvature of nonholonomic Riemannian manifolds, par-
ticularly the Schouten and Wagner curvature tensors. The former tensor is canonically (or
intrinsically) associated to every nonholonomic Riemannian structure, but (its vanishing) does
not characterise the flat structures. The latter tensor corrects the deficiency of the Schouten
tensor regarding the characterisation of the flat structures, but in general, is not intrinsic.
(Accordingly, it can only be used to characterise flatness when some additional conditions are
met.) It is clear that the topic of curvature in nonholonomic Riemannian geometry requires
considerable further study (we discuss several open problems below). Indeed, the only recent
paper treating this topic is [21], which essentially only provides a modern introduction to
Wagner’s construction. A notable contribution of this chapter is simply to provide a more
comprehensive overview, as well as complete proofs, of what is currently known with regards
to curvature in nonholonomic Riemannian geometry. Looking beyond that, the (restricted)
Ehresmann approach to curvature (for which we made an initial effort in section 2.3) should
prove fruitful in elucidating many aspects of Wagner’s construction.

Chapter 3 treated the equivalence of nonholonomic Riemannian structures. There are
several (natural) choices of equivalence relation; our main consideration was equivalence up
to nonholonomic isometry. (In particular, nonholonomic isometries preserve the nonholonomic
geodesics, the nonholonomic connection, and the Schouten curvature tensor.) This work was
chiefly to establish some basic results for the classification in chapter 4. In the second part
of the chapter, we considered a generalisation of nonholonomic isometries to the case when
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one nonholonomic Riemannian structure (M, D, D+, g) is embedded in a “larger” structure
(M, D', D", g), Le., the first structure is viewed as a nonholonomic Riemannian submanifold
of the second structure. (We have not considered nonholonomic Riemannian submersions in
this thesis; nevertheless, their study would be of comparable interest.) The main contribution
of this part of the chapter is characterising when the embedding is compatible with the
geometry of the enveloping structure. This essentially reduces to characterising when D is
invariant under the nonholonomic geodesic flow of (M’, D', D' L ), i.e., when D is geodesically
invariant. (M, D, D+, g) is naturally embedded inside a Riemannian manifold (M, g), where g
is any Riemannian extension of g such that P and D+ are orthogonal. Studying the conditions
under which D is geodesically invariant for this embedding is of the most interest. We showed,
at least when D is strongly nonholonomic, that this is characterised by the vanishing of a
component of the Schouten curvature tensor. A more general result was also obtained using
the curvature tensors involved in Wagner’s construction.

Lastly, chapter 4 specialised to the case of nonholonomic Riemannian structures on three-
dimensional manifolds. (Three is obviously the lowest dimension in which one can define a
nonholonomic Riemannian manifold.) Many of the results in this chapter can be viewed as an
application of theory developed in earlier chapters. The main contribution of the chapter is
the classification of left-invariant structures on the (three-dimensional) simply connected Lie
groups. The equivalence classes were also described in terms of isometric invariants (as well
as the commutator relations of a canonical frame). In most cases, we exhibited a complete
set of invariants. The classification of the left-invariant structures also resulted in a list of
examples of nonholonomic Riemannian structures with Cartan—Schouten connections, as well
as structures with a geodesically invariant distribution. (We also characterised these types of
structures in three dimensions.) Furthermore, the classification also led to a classification of
the flat structures; in order to obtain the latter, we first characterised flatness (of the three-
dimensional structures), making use of an exterior covariant derivative operator induced by
the nonholonomic connection, a contraction of the Schouten tensor, and the contact structure.
We also showed how this characterisation relates to the Wagner curvature tensor, resulting
in a further characterisation of flatness in three dimensions in terms of the vanishing of a
contraction of the Wagner tensor. In the last part of the chapter we considered three examples
of (left-invariant) nonholonomic Riemannian structures. The Heisenberg problem (on Hs) has
not, to our knowledge, been investigated in the literature. Since it is the simplest example of
a non-trivial nonholonomic Riemannian manifold, an in-depth study of this problem seems
warranted; finding the nonholonomic geodesics (as we have done) is a first step toward that
end. By contrast, the other two examples considered (relating to the Chaplygin problem and
Suslov problem) have been extensively studied; our classification and invariants have given
some new tools for studying these problems.

In closing, we discuss below several open problems that we have identified as being of
particular interest for future research. The first problem involves the study of (left-invariant)
nonholonomic Riemannian structures with Cartan—Schouten connections, whereas the others
involve the curvature of nonholonomic Riemannian structures.

(i) Left-invariant nonholonomic Riemannian structures with Cartan—Schouten connections
are a distinguished class of structures. A deeper understanding of the properties of these
structures should elucidate general features of nonholonomic Riemannian manifolds. In
particular, a better understanding of the existence and uniqueness of such structures
(see section 1.2.2 and section 3.1.4) would be a first step.
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(1)

In Riemannian geometry, Euclidean space is the first-order approximation of a Rieman-
nian manifold. It is not entirely clear what the analogue of Euclidean space would be
for a nonholonomic Riemannian manifold. (Evidently, flatness is not the only property
such a structure would possess.) It seems likely that the answer to this problem would
involve the nilpotentisation of the structure (as in sub-Riemannian geometry; see, e.g.,
[7, 50]).

The Wagner curvature tensor is not intrinsic. Does there exist a curvature tensor that
characterises the flat nonholonomic Riemannian structures without use of the additional
assumptions requires for Wagner’s construction?

In Riemannian geometry, there are a number of enlightening geometric interpretations
of the Riemannian curvature tensor, the Ricci tensor, ete. It would be desirable to
find similar interpretations of the Schouten and Wagner curvature tensors and related
constructions. (For instance, in chapter 3 we showed—at least, when the distribution
is strongly nonholonomic—that the component C of the Schouten tensor measures the
extent to which the distribution is geodesically invariant.) Wagner himself made some
progress in this regard, though only in the three-dimensional case. In [77] he charac-
terised flatness (in three dimensions) by the vanishing of a “curvature vector,” and in
the later work [76] gave a geometric interpretation of this curvature vector (as well as
parallel transport in directions transversal to the distribution).






Appendix A

Tensor fields and tensor derivations

This appendix serves primarily to establish the conventions we use with regard to tensor
fields on a distribution D (i.e., sections of ®* D @ ®* D*) and their contractions, and tensor
derivations. In section A.3 we also introduce two new objects, both dependent on a projection
& onto a vector subbundle of a manifold. The first object is a generalisation of the Lie
derivative, which we have called the &2-Lie derivative. The second object is a generalisation
of the exterior derivative, and is called the Z2-exterior derivative.

A.1 Tensors and tensor fields

We briefly outline the conventions we employ for tensors, tensor fields, and their contractions.
Let V be a (real) vector space. A (k,£)-tensor on V is a multilinear map of the form

VEx - xV"xVx- - -xV-=>R

"
k times £ times

The space of all (k,£)-tensors on V is denoted TF(V) = RV @ ®°V*. A (0,0)-tensor is also
called a covariant £-tensor on V, whereas a (k, 0)-tensor is also called a contravariant k-tensor
on V.
Let D be a vector bundle over a manifold M. The bundle over M of (k, £)-tensors on D is
defined as
TH(D) = || T/(Dy).
geEM

Smooth sections of this bundle are called (k, £)-tensor fields. (As before, smooth sections of
TP(D) are also called covariant (-tensor fields, and smooth sections of T¥(D), contravariant
k-tensor fields.) For convenience, “tensor fields” are often referred to simply as “tensors.” Let
TX(D) = I(TF(D)) denote the space of (k, £)-tensor fields. Evidently, we have 7;(D) = T'(D)
and T(D) = I'(D*). By convention, we take 73°(D) = C*°(M).

The k*M-exterior power of D (i.e., the bundle of skew-symmetric (0, k)-tensors on D)
is denoted A\*D; likewise, the k™-symmetric power of D is denoted \/*D. Accordingly,
the space of differential k-forms on D is given by Q%(D) = ['(A* D*). (Evidently, we have
QYD) = T(D*) and Q°(D) = C>®(M).) If S is a vector bundle over M, then the space of all
S-valued differential k-forms on D is denoted QF(D, S) = Q*(D) @ T'(S).
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A.1.1 Tensor contractions

Let k, £ > 1. For each 1 < i < k and 1 < j < /£ there exists a unique C*°(M)-linear map

tr;'. : 71?{1(2?) — TF(D), called the trace (or contraction) on the i*" contravariant slot and
th

4" covariant slot, such that
(i) tri(w ® X) = w(X) for every w € I'(D*) and X € I'(D).

(i) If T e T4 (D), then (triT)(w?,...,wk, X1,..., X,) is the trace of the (1,1)-tensor
field
(nvy)'_>T(wlv"'7777"'7wk7X17"'73/7"'7)(5)7

where 1 appears in the i"" contravariant slot and Y in the j* covariant slot. (Here
wh, .., wk e T(D*) and Xy,..., X, € [(D).)

Note that condition (i) says that the trace tri of a (1, 1)-tensor field is the usual trace of an
endomorphism D — D. Accordingly, in this case we usually just write tr instead of tri.

A.2 Tensor derivations

In this section we introduce derivations of tensor fields on D and state some necessary results.
We follow O’Neill’s [53] presentation; in particular, we omit proofs, as they are quite similar
to those given by O’Neill.

A derivation of TF(D) is a collection of R-linear maps &5 : 7}(D) — T}(D) (for every
k,£ > 0), all denoted by § when convenient, such that:

(i) (T @8)=8(T)@ S+ T 25(S) for every S, T € TF(D).
(i) & commutes with contractions, i.e., §(tr’ T) = tr% §(T) for every T € T}(D).

Note that, if f,g € C*°(M), then fg = f @ g, and so (i) becomes §(fg) = §(f)g + fo(g).
Likewise, for a function f € C*°(M) and a tensor field T € T#(D), we have

S(fT) = o(f @T) = o(f)T + fo(T).

The space of all derivations of 72}“(2?)7 together with the commutator [d1, 03] = 0102 — 3007,
forms a Lie algebra, denoted Der(D).

Lemma A.2.1. Let § € Der(D).
(i) There exists a unique Z € T'(TM) such that 53 = £z.

(i) If 8y,05 € Der(D) are derivations such that 61|13 = £7,, dalo = £z, for Z1, Zy € T(TM),
then [51,52]8 = £[Z1,Z2]'

Note that, despite item (i) in the above lemma, the Lie derivative is not a member of
Der(D). However, given a projection & onto D, we can define an analogue of the Lie derivative
which is in Der(D), and which we call the “Z?-Lie derivative.” This is discussed further in
section A.3.1.
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Proposition A.2.2. Let § € Der(D). If T € TF(D), then

S(TYwh, ... Wk, X1, ., X)) = 8(T(wh, ..., Wk, X1, ..., X))

for every w',...,wk e T(D*) and X1,..., X, e T(D).
Corollary A.2.3. Ifw € I'(D*), then §(w)(X) = §(w(X)) — w(d(X)) for every X € I'(D).

Corollary A.2.4. If 61,02 € Der(D) satisfy 01(f) = 02(f) and s1(W) = 02(W) for every
f€C®(M) and W € I'(D), then §; = 02.

Corollary A.2.4 states that derivations of T¢¥(D) are completely specified by their action
on C*(M) and I'(D). Accordingly, given a map that acts as a derivation of C**(M) and I'(D),
it may be uniquely extended to a derivation of T(D).

Proposition A.2.5. If Z e I'(TM) and D : I'(D) — I'(D) is an R-linear map such that
D(fX)=Z|f|X + fD(X) for every f € C*°(M) and X € I'(D),

then there exists a unique § € Der(D) such that 8 = £z and 5} = D.

A.3 Generalisations of the Lie derivative and exterior deriva-
tive

In this section we consider a generalisation, denoted £? , Z € I'(I'M) and d, of the Lie
derivative £z and the exterior derivative d, respectively. These generalisations depend on a
projection & : TM — D onto a vector subbundle D of TM. (Naturally, when D = TM, we
have £ ? = £z and de = d.) For both of these objects, we prove only what is required for
the thesis.

Throughout this section, we assume that D is a vector subbundle of T'M for which there
exists a projection & : TM — D. Let [-, -] denote the projected Lie bracket Z?(][-,-]) and let
2 = idppm — & be the complementary projection.

A.3.1 The &-Lie derivative
If Z € T(TM), then we define the derivation £ € Der(D) by the requirement that
L7 f=20f] and £7X=[2X],

where f € C*(M) and X € I'(D). By proposition A.2.5, there exists a unique extension
of £ to a derivation of 7(D), which we also denote £5 . We refer to £5 as the 2-Lie
derivative along 7.
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Proposition A.3.1. Let § € Der(D). Then:
(1) 00 = 0 if and only if 8 is C°(M)-linear, i.e., 5} € T (D).

(ii) There exists a unique vector field Z € T'(TM) and a unique Dz € Der(D) such that
§ = £5 + Dz, where Dy|y =0 and Dz|y € (D).

Proof. 1f f € C*®°(M) and X € I'(D), then §(fX) = §(f)X + f6(X). Hence 50(f) = 0 exactly
when §} is C°°(M)-linear. On the other hand, let Z € I'(TM) be the (unique) vector field such
that £ = 60 and let Dy = 6 — £7. We have Dyz(f) = 6(f) — Z|[f] = 0 for every f € C®(M),
ie., DZ|(1) € T1(D). Hence § decomposes as § = £7 + Dy. [ |

We shall denote the set of all derivations § € Der(D) for which &) = 0 by by Derg(D);
such derivations are said to be algebraic. (By proposition A.3.1, we have Derg(D) = T,1(D).)
Likewise, let £20, = {£7 : Z € [(TM)}.

Proposition A.3.2. We have the (vector space) decomposition Der(D) = £73, © Dero(D).
Furthermore, [Der(D), Derg(D)] C Dery(D).

Proof. The decomposition of Der(D) follows from proposition A.3.1. Let § = £7 + Dz be an
element of Der(D), where Z € I'(T'M) and Dz € Derg(D). Let D € Derg(D). If f € C*(M),
then

6, DI(f) = (£Z o D)(f) + (Dz 0 D)(f) — (Do £7)(f) — (Do Dz)(f) =0.

That is, [, D| € Dero(D), and so we have [Der(D), Dero(D)| C Dery(D). [ |

A.3.2 The #-exterior derivative

The P-exterior derivative is the operator dz : Q¥(D) — QF1(D), defined as follows:
(i) If f € QY(M) = C>®(M), then dx f(X) = X|[f] for every X € I'(D).
(ii) If w € Q¥(D), k > 1 then

dﬂw(XOw"vXk) - Z (_1)1(”{:)%("])()(077)?177)(]6)
0<i<k

(=1 Xsw(Xo, ..., Xi, .o Xi)]

(]

0<i<k

Z (_1)i+jw([[Xi7Xj]]7X07 s 7)?1'7 s 7Xj7 s 7Xk)
0<i<i<k

for every Xo,..., X € I'(D). (The hat indicates the omission of that element.)
In the particular case of a 1-form w, we have
dow(X,Y) = X[w(Y)] = Yw(X)] —w([X,Y])

for every X, Y € I'(D). Many properties of the usual exterior derivative generalise to ds. In
particular, we have the following result.
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Lemma A.3.3. If f € C®(M) and w € Q*(D), then
do(fw)=daf Aw+ fdow.

Proof. Let f € C®(M), w € Q¥(D) and Xy, ..., X € T(D). Then

k
do (fn)(Xo, -, Xe) = > (=D(£Z )Xo, Xiy ., Xi)

%

S
[en}

(=D (Xl fIn+ fEX) (Ko, -, Xay o, Xi)
0

.
=

=S (DX (KXo, ., Xay o Xi) + fdan(Xo, ..., Xk).
=0
Since
1
(dﬂfAn)(XOa 7Xk) - E Z (Sgna)(dgf(gn)(XU(O)v 7X0(k))
’ UESk+1
1
= > (s800) X AN KXoy, - Xoiry)
’ UESk+1

(where Sg41 is the symmetric group on k + 1 elements) it follows that
do(fn)(Xo, ..., Xk) = (do f A0)(Xo, ..., Xp) + fdon(Xo, ..., Xi).
That is, dw(fn) =dzf An+ fdon. |

One crucial property of the exterior derivative, viz., that d* = 0, no longer holds in general
for the F-exterior derivative. Indeed, if f € C*°(M) and X,Y € I'(D), then

A% f(X.Y) = X[dz f(Y)] = Y[dz f(X)] - do f([X,Y])
= XY = 1X YDA
= 2(X, YIS

Hence d%, f = 0 if and only if D is integrable.






Appendix B

Restricted connections

In this appendix we consider “restricted connections,” i.e., connections whose associated par-
allel transport is restricted to a subclass of curves (specifically, curves tangent to a given
vector subbundle of the tangent bundle). We consider two approaches to restricted connec-
tions. In the first, which we term the “Koszul connection approach,” we view a restricted
connection as a covariant derivative operator V. This approach is considered in section B.1.
We start from the definition of a restricted connection given in [38|. (The authors of [3§]
introduced the idea of a restricted connection and stated some basic results, but did not
publish any further development of the theory.) After considering some basic properties of
these restricted connections, we show how to define a notion of parallel translation associated
to the connection, discuss parallel frames and parallel tensor fields, and discuss pullbacks of
these connections by diffeomorphisms. We conclude the section by briefly discussing some
particular types of restricted connections, viz., metric connections, vector bundle connections
and left-invariant connections (on Lie groups).

In section B.2 we consider restricted connections from a more geometric point of view:
essentially as a horizontal distribution complementary to the vertical distribution. (However,
the horizontal distribution will not, in general, form a full complement.) We shall refer to
such connections as “restricted Ehresmann connections.” Our approach is largely based upon
the (quite general) theory developed in [12]. However, unlike in section B.1, we shall only
consider what is necessary for an understanding of the results in this thesis. In particular,
we do not consider how to define a parallel translation in this formalism (although this is
covered in [12]). (We do, however, link the geometric approach of this section with the
Koszul connection approach in section B.1.)

Although many of the results of this appendix are essentially new (they are not found in
the literature), they are a straightforward generalisation of well-known theory. Nevertheless,
in most cases we have included full proofs.

B.1 The Koszul connection approach

Let M be an n-dimensional (connected) manifold and let £ and D be rank m and r, respec-
tively, distributions on M. In order to simplify the discussion of parallel transport, we shall
assume that & is nonintegrable and completely nonholonomic (see the beginning of section
1.1). In particular, under this assumption the Chow—Rashevskii theorem (theorem 1.1.3)
guarantees that any two points in M can be joined by an £-curve.
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Remark B.1.1. Although we assume that D is a distribution on M, most of the results in
this section easily generalise to the case when D is an arbitrary vector bundle over M. 0

Remark B.1.2. Asusual, we use the summation convention throughout this appendix. How-
ever, we use slightly different ranges for the indices. Unless stated otherwise, we shall assume

that ¢ ranges through 1,...,m and a, b, ¢ range through 1,...,r. If these indices are them-
selves indexed (e.g., a1, as, .. .), then they range through the same values (e.g., a1, a9, ... range
through 1,...,7). o

An E-restricted (Koszul) connection V on D (cf. [38]) (or simply £-connection on D) is
an R-linear mapping

that is V:T(€) xI(D) = (D), (X,W)—VxW

1) tensorial in its first argument: X = X or every [ € , S an
] ial in its fi VixW = fVxW { felC>*(M), X eT'(& d
W e I'(D).

(#) a derivation in its second argument: Vx fW = X[f|W + f VxW for every f € C*(M),
X €I'(€) and W € I'(D).

VxW is called the covariant derivative of W along X.

Let V be an £-connection on D. Let (U,) be a local frame for D and (X;) a local frame
(defined in the same neighbourhood of (U,)) for £. Let I'?, € C*°(M) be the functions (called
the connection coefficients of V with respect to the two frames) defined by Vx, U, = Ffan.

Remark B.1.3. If £ = TM, then we shall see that parallel translation (of D-vectors) is
defined along any curve in M (as opposed to only E-curves). In this case, V is called a vector
bundle connection on D. On the other hand, if D = &, then V is called a nonholonomic
connection on &, and parallel translation (of £-vectors) is only along E-curves. o

Lemma B.1.4. Let X € I'(E) and W € T'(D). The value of VxW(q), ¢ € M depends only
on the value of X al q.

Proof. The result follows from the tensoriality of (X, W) — VxW in X. [ |

Accordingly, for every X, € £ we have the mapping Vx, : I'(D) — D, defined by Vx W =
VxW(q), where X € I'(£) is any vector field such that X(g) = X,.

Lemma B.1.5. Let X € I'(€) and W € I'(D). The expression VxW (q) depends only on the
values of W along any E-curve tangent to X(q). That is, if v is an E-curve with v(0) = q,
Y(0) = X(q) and W1, Wy € I(D) satisfy Wi(v(t)) = Wa(y(t)) for all t, then

(VxWi)(q) = (VxW2)(g).
Proof. We have X = 2*X; and W = w®U, for functions 2%, w* € C>°(M). Hence
(VxW)(q) = X[w(q)Ua(q) + 2" (@)w* (¢) Vx,Ua(q)
= X[w()Ualq) + 2 (@) ()12 (q) Us(q).

The term X|w?](¢q) depends only on the values of w® along any curve tangent to X(q); the
other terms depend on W(q). It follows that VxW (q) depends only on the values of W along
such curves. ]
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Covariant differentiation (along a vector field) can be extended, in a unique fashion, to
arbitrary tensor fields. In order to do so, we make use of the theory of (tensor field) derivations
treated in appendix A. Let X € I'(£) and define

Vxf=X|fl], for every f € C°(M).

Then Vx is a derivation of C**(M) and I'(D), and hence, by proposition A.2.5, there exists a
unique extension of Vx to a derivation of 75(D). Indeed, if T € T/(D), then

(VxTYwh, .. w® Wi, W) = X[T(wh, .. wF, Wy, W)

k
=Y T Vxwh WS W W)
=1

£
—ZT(wl,...,wk,Wl,...,VXWj,...,Wg)
7j=1

for every w!,...,w® € T(D*) and Wy,..., W, € T'(D). The total covariant derivative of T,
denoted VT, is the tensor field in T4(D) @ T2(E) defined as

(VT wh, . . wF Wy, W, X) = (VxT)wh, . W, W, W),
Lemma B.1.4 and lemma B.1.5 also generalise to covariant differentiation of tensor fields.

Lemma B.1.6. Let X € I'(€) and T € T}(D). The value of (VxT)(q), ¢ € M depends only
on the value of X at q and only on the values of T along any E-curve tangent to X(q).

Proof. The first part again follows by tensoriality of V in its first argument. Let (¢*) be the
frame for D* dual to (Us). Then (By ") = (Up, @ - @ Up, @ v @ - -- @ 1*) is a frame for
T/(D). For brevity, we shall abbreviate By' )" by Bg. If T = T By € T/(D), then

(VxT)(g) = (VxTgBg)(q)
= X[T3)(@) By (a) + Te(a)Vx B (a).

The first term X[T?](q) depends only on the values of X along any curve tangent to X(gq).
Consider the second term Vx Bg(gq). Using the derivation properties of Vx, we have

k
vXBg:ZUbl®”’®VXUbi®H~®Ubk®ya1®...®VW
=1

4
+ZUb1®“’®Ubk®]ja’1®...®vaa’j®...®ya’l.
7j=1

We claim that Vxw(q), w € I'(D*) depends only on the values of w along any curve tangent
to X(g). (It then follows that the entire expression VxBg will only depend on the values
along such a curve, which will complete the proof.) Indeed, since X = 2'X; and w = w,®
for some %, w, € C>(M), we have

(Vxw)(9) = X[wal(@)v*(q) + 2" (9)wa(@) VX, (q)-

The expression X |[w,|(¢) depends only on the values of w* along any curve tangent to X(q).
It follows that Vxw(q) (and VxT'(q) in turn) has a likewise dependence. [ |
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Figure B.1: Parallel translation of V° e Dy(°) along an E-curve 7

B.1.1 Parallel translation

A section of D along an E-curve 7 : [0,1] M M is a mapping V : [0,1] M D such that
V(t) e DY() for every t e [0,1]. The space of sections of D along 7 is denoted r(Y*D).
Clearly, if W e r(D ), then W 07 is a section along 7.

A section V e T(y*D) along an E-curve 7 is said to be parallel along 7 with respect to
V if VyV(t) = 0 for all t. If W e r(D ) is parallel along every E-curve (specifically, W o 7 is
parallel along 7 for every E-curve 7), then it is called parallel.

Lemma B.1.7. A sectionw e r(D) is parallel if and only ifvw = o.

Proof. Suppose W e r(D ) is parallel and let X q e Eq. There exists an E-curve 7 in M such
that 7 (0) = g and 7 (0) = X g. Accordingly, we have VxqW = Vy(W o y)(0) = 0. Since q and
X q are arbitrary, it follows that VW = 0. Conversely, if VW vanishes identically, then for
any E-curve 7 in M, we have Vy(W o07) = 0. That is, W is parallel. [ ]

Any element V° e Dy(°) along an E-curve 7 can be uniquely extended to a parallel section

of D along the entirety of 7 ; this section is called the parallel translate of ve. (See figure B .1.)

Theorem B.1.8. Let7 :[0,11 M M be an E-curve in m and let v° ¢ Dy(°). There exists a
unique parallel section v e r(y*D ), defined on all of [0,1], such that v (0) = v°.

Proof. Any section V e T(y*D) can be written as V = vo(Uoo7) for functions va e C”([0,1]).

Hence
VyV (t) = va(t)Uo(Y(t)) + va(t)Vy(Uo o Y)(t)
= [vb(t) + rbo(Y (t))Ni(t)vo(t)JUb(7 (t)).
Accordingly, V is parallel if and only if v1,...,v r satisfies the system of first-order linear
ODEs vb= —r b (7)Y*vo. Given initial conditions v1(0),..., vr(0), such a system has a unique

solution, and since the equations are linear, the solution is defined on the entirety of [0,1]. =

Let 7 : [0,1] M M be an E-curve. Using parallel translation along 7, we may define an

operator (referred to as parallel translation)

nY : :Dy() M Dy(t), t e [0, 1]
specified by setting ny(V°) = V (t), where V is the parallel translate of V° e Dy(°) along
7. Accordingly, if W e r(D ) is parallel, then it is invariant under parallel translation, i.e.,

W (Y (t)) = ny(W (y(0))) for every E-curve 7 :[0,1] M M.
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Lemma B.1.9. The parallel translation Hf{ does not depend on the parametrisation of .

Proof. Let «y :[0,1] — M be an £-curve and let ¥ = yo¢ : [0, 1] — M be a reparametrisation of
v, where ¢ : [0, 1] — [0,1] is a diffeomorphism. Let Vo € Doy, Vo € Doy and V (t) = I (Vo),
V() = H%(%) We claim that V = V o ¢. Indeed, there exist functions v, 7@ € C>(M) such
that V = v*(Uuo7y) and V = #%(U/,07). Furthermore, ¢ = —T% (7)4*® and v = —F?b(ﬁﬁz”ﬁa.
We have

gy

%(va 0 ¢) = 0*(9)d = ~TgH( (PN (P (9)¢ = ~TH(T)7 (¢)7°

and v*($(0)) = 7%(0). Thus ¢ — (Vo@)(t) and ¢ — V (¢) both solve the same Cauchy problem,
and hence are identical. |

Proposition B.1.10. Parallel translation is a linear isomorphism. Furthermore, the inverse
(H},)‘1 : Dy1y — Dy 18 exactly the parallel translation H;l = H%/, where ¥ : [0,1] — M,
t— (1 —1).

Proof. That parallel translation is a linear isomorphism follows immediately from the fact
that the parallel translate V' € I'(y*D) of Vo € D, () is unique (theorem B.1.8). Let Vj €

D1y = D5(0). We have IT} (V) = V(1) and H%/(V(l)) = V(1). We claim that Y(t) = V(1-1).
Indeed, there are functions v*,v* € C*(M) such that V = v*(Ug 0 ) and V = 0*(U, 0o 7).
Furthermore, the v*’s satisfy the ODEs

0 (t) = —Tg ()7 (Ov°(),

and the v%’s satisfy

a4

3 (1) = ~THEF OT() = TG (1 =) (1 - (1),

It is easy to show that w® : ¢ +— v*(1 —t) are solutions to the second system of ODEs.
Furthermore, we have w®(0) = v%(0). It follows that ¢t — V (t) and ¢t — V(1 — t) both solve
the same Cauchy problem, and hence are identical. |

Lemma B.1.11. If~v:[0,1] = M is an E-curve and V € I'(y*D), then

IV V() = 5 V).

Proof. Let (I,) be a basis for D, gy and define a frame (V;) for v*D (i.e., a frame for D along
y) by Va(t) = II}(E4). By definition, we have VsV, (t) = 0 for all t € [0,1]. There exist
functions v* € C*°([0, 1]) such that V = v*V,. Consequently, we have

IS4V V(1) = T G0 (0Valt) -+ (V5 Va(t)

Likewise,
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Corollary B.1.12. Ifv:[0,1] = M is an E-curve and V € I'(v*D), then

IZHV () — V(0
V4 V(0) = lim — Vit) ( ).
t—0
Corollary B.1.12 implies that, given a notion of parallel transport of D-vectors along &-
curves, we can define an £-connection on D. Therefore parallel transport is an equivalent
means of defining a connection.

B.1.1.1 Parallel frames

A parallel frame (U,) for D is a frame for D such that each vector field of the frame is parallel.
The existence of parallel frames is, of course, not guaranteed. In fact, their existence places
severe restrictions on the connection V. The connection V is called locally flat on U C M if
there exists a parallel frame (U,) for D defined on . If V is locally flat on a neighbourhood
about every point in M, then we say that it is locally flat. If there exists a global parallel
frame for D, then V is said to be (globally) flat.

b
ia

Lemma B.1.13. If (U,) is parallel, then the connection coefficients I, vanish identically.

Theorem B.1.14. V is locally flat on U < M if and only if for any two points qo,q1 € U
and for any E-curve v : [0,1] = U such that v(0) = qo and ¥(1) = q1, the parallel translation
IT} : Dy, — Dy, does not depend on the choice of y. (In this case, we shall denote 11 by 113 )

Proof. Suppose there exists a parallel frame (U,) for D, defined on &4 C M. Let qo,q1 € U
and let v1,72 : [0,1] — M be &-curves joining g to g1. Let Vi € Dy, and let Vi, Vo denote
the parallel translates of Vo along v1 and 72, respectively. We have II1 (Vp) = Vi(1) and
I}, (Vo) = Va(1). Since Vi = v§(Uy0 1) and Vi = v§ (U, 02) for functions vf,vg € C*°([0,1]),
Vi Vi = V5,V =0, and (U,) is a parallel frame, it follows that

0=V V1 =107 (Uaomn) + 01V (Usom) =01 (Us0m)
0=V, Vo =15(Ua072) +13V4,(Ua02) = 03(Ua 0 72).

That is, ¥¢ = 0§ = 0. As V; and V5 both have the same initial conditions, they solve the same
Cauchy problem, and hence are identical. Therefore I}, = TIl,. In particular, the parallel
translation from Dy, to Dy, does not depend on the path taken.

Conversely, suppose the parallel translation along £-curves in ¢/ does not depend on the
curve. Let go € U and let (£,) be a basis for Dgy,. Define sections Uy, ..., U, of D on U by

Ua(q) - Hgo (Ea) - Va(l)

where V,, is the parallel translate of F,. It follows that (U,) forms a frame for D on U.
Furthermore, for any &£-curve v : [0,1] — M with v(0) = go, we have Vi (U, o 7)(t) =
V. Vo(t) = 0. That is, each U, is parallel. [ |

Corollary B.1.15. If V is locally flat on U C M, then D|,, is trivial, i.e., D}, =U x R".

Proof. The typical fibre of D — M is (isomorphic to) R". Fix a point ¢y € Y. The map
®: D)y, >UXDyy 2U xR, Uy (¢, 11X (Uy)) is a trivialisation map. |
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B.1.1.2 Parallel tensor fields

We can generalise the idea of a parallel section of D to arbitrary tensor fields in 7,5(D). We
first discuss the notion of parallel sections of D*. Let 7 : [0,1] — M be an E-curve. A section
of D* along a curve is a mapping o : [0, 1] — D* such that o = o(t) € D7 forevery t € [0, 1].
The space of such sections is denoted I'(v*D*). As for sections of D, if w € I'(D*), then wo~y
is an element of I'(y*D*).

A section o € I'(y*D*) is said to be parallel along v with respect to V if Vyo(t) = 0 for
all t. If w € I'(D*) is parallel along every E-curve (specifically, w o v is parallel along 7, for
every E-curve ), then it is said to be parallel. The proof of the following result is similar to
that of lemma B.1.7.

Lemma B.1.16. A section w € I'(D*) is parallel if and only if Vw = 0.

Let v : [0,1] — M be an &-curve. The parallel translate ¢ € I'(y*D*) of an element
oo € wa) is defined as
¢ = (115%)* (o),
where (117 ©)* is the map dual to 1 . The following result confirms this to be the correct
definition.

Lemma B.1.17. Ifv:[0,1] — M is an E-curve and o is the parallel translate of oo € D:(O)’
then o is parallel along .

Proof. Let V € I'(v*D). We have

(Vs)(V)(1) = Vi (a(V))() = 0( V5V (1)
= Ao (V1) = ao(I*(V5V (1)
- %%(H;t(m») — oo (T (V5 V(1))

By lemma B.1.11, the second term is
—t d.oy d —t
oI (V5 V(1)) = o0 (ST (V(0)) = SoolI (V).
It follows that (V40)(V) = 0. Since V is arbitrary, we thus have V5o = 0. [ |

There is also an analogue of lemma B.1.11:
Lemma B.1.18. If~v:[0,1] = M is an E-curve and o € I'(y*D*), then

d

()" (V30 (1)) = — (IF)* (o).

Proof. Let Vy € D). We have

((IT3)"((V40)2)) (Vo) = (V40)e(IT; (Vo))
= 4o (L (VoDI(1) — 0e( V41T, (Vo))
d ot
— oI (Vo))
d T\ *
= (L) () (VD).

As Vj is arbitrary, the result follows. |
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We can now generalise the idea of parallelness to (k, £)-tensor fields. Let v : [0,1] — M
be an E-curve. A section of TF(D) along ~ is a mapping A : [0,1] — T¥(D) such that
Ai = A(t) € TF(D.)) for every ¢ € [0,1]. The space of such sections is denoted D(v*Tf(D)).
If T € TF(D), then T o 7 is a section of TF(D) along 1.

A section A € T'(v*TF(D)) is said to be parallel along v with respect to V if V5 A(t) =0
for all t. If T € TF(D) is parallel along every £-curve (specifically, T o 7 is parallel along =,
for every E-curve «), then it is said to be parallel. The following lemma is proved similarly to
lemma B.1.7.

Lemma B.1.19. A tensor field T € T}(D) is parallel if and only if VT = 0.

Let v : [0,1] — M be an E-curve. We can define the parallel translate A € I'(y*T¥(D)) of
Ap € Tf(Dwo)) as follows:
Alob - ot VD), Vi)
= Ao((I1)*(a¢), -, AL (o), T (VA (1)), - -, TITH(ViD)).
Here ot,...,0% € T(v*D*) and V,...,V; € D(v*D). Accordingly, if T € T}(D) is parallel,

then we may interpret this to mean that 7" is invariant under parallel transport. That is, for

every ¢ € M, we have
Tﬂ/(t)((H;t)*(gl)v ) (H;t)*(gk)v HE/(El)v ce 7HE/(E£)) - Tq(glv cee 7€k7 Ey, ... Ep)

for every £-curve v : [0,1] — M such that v(0) = g and every &',..., & Dy, E1,...,E € Dy.
One can again confirm that this is the correct definition of parallel translation of a tensor,
i.e., we have the following result. (The proof is lengthy but similar to that of lemma B.1.17.)

Lemma B.1.20. If v :[0,1] — M is an E-curve and A is the parallel translate of o tensor
Ag € Tf(Dwo)), then A is parallel along .

B.1.2 Pullback connections

Let V be an &-restricted connection on D. Let ¢ : M/ — M be a diffeomorphism and let
E = (¢1HE, D' = (¢71)«D. The pullback connection ¢*V is the &'-restricted connection on
D' defined as

(@ V)xY = (¢7):(VoxeuY), X el(£), Y e(D).
Lemma B.1.21. The pullback connection ¢*V is an E'-connection on D'.
Proof. Let f e C®(M), X e T(&') and W € T'(D"). We have
(6" V) xW = (67 0V, ()0 W = (67 0l(f 0 6™ )V x W) = F(&"V)x W,

i.e., @*V is tensorial in its first argument. Moreover,

(@*V)x(JW) = (671)u Vg, x0s (fW)
= (¢ Ve, x(fo g™ oW
= (07 (PX)[f 0 ¢7 0W + (f o ¢ )V, x W)
= (@D ((X[f1o @)W ) + (f 0 7" )V, x0: W)
= X[fIW + f(¢*V)x W,
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and so ¢*V is a derivation in its second argument. It follows that the pullback connection is
an &'-restricted connection on D’. |

Proposition B.1.22. We have:

(i) W e T'(D') is parallel with respect to ¢*V if and only if oW € T'(D) is parallel with
respect to V.

(i) If 7y :10,1] = M is an &' -curve, then ¢ oy is an E-curve, and

t t
L@ -1y = Hgoy 0 Tro) Pl

for every t € 10,1].
Proof. For item (i), let W € I'(D’). Then

(*VIW =0 < (¢"V)xW =0 for every X € I'(&')
< Ve, x0:W =0 for every X € I'(&)
— VoW =0.

That is, W is parallel if and only if ¢, W is parallel. For item (i), let v : [0,1] — M’ be an
E'-curve. As $o(v(1) = Tynd - A1) € Ty - 51/@) = &, for every t € [0, 1], we have that
¢poryisan E-curve. Let Vj € D:,(o) and let V(t) = I (Vp) be the parallel translate of V; along
~v and with respect to ¢*V. Let

V0] 5D, b (Tu@) ™ T (T e Vo).
We have

Ty(0)¢ HZSOW <T'7(0)¢)71

Do) Dgor)0) — Doty ——— Dlyyy

e, V(t) € Dﬁ/@ for every t € [0,1]. Furthermore, as Hgoﬂ/ = idp,,. . it follows that
‘7(0) . Thus V is a section of D along ~ starting from Vy. We have that qﬁ*‘~/(t) =

=W
Tyno V() = HZOV(T“f(O)(b - Vo) is parallel (with respect to V) along ¢ o <y, and hence

(" V)3V (1) = (67 )uV 564V (£) = 0.

Therefore V is parallel along v (with respect to ¢*V). By uniqueness of the parallel translate,
it follows that V = V. Since Vj is arbitrary, the result follows. |

Corollary B.1.23. ¢*V is locally flat onU € M’ if and only if V is locally flat on ¢(U) € M.

Similar results hold for parallel tensor fields. (The proof of the following result is analogous
to that of proposition B.1.22, only more involved, and hence we omit it.)

Proposition B.1.24. T € T}(D) is parallel (with respect to V) if and only if $*T € TF(D')
is parallel (with respect to ¢*V).
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B.1.3 Special classes of restricted connections

In this section we collect some pertinent results for special types of connections, viz., metric
connections, vector bundle connections and left-invariant connections on Lie groups.

B.1.3.1 Metric connections

An E-connection V on D is said to be metric if there exists a parallel (positive definite) fibre
metric g on D. That is, if there exists a Riemannian metric g on D such that Vg = 0, or
equivalently,

X[g(W1, Wa)] = g(Vx Wi, W) + g(W1, Vx Wa),

for every X € I'(€) and Wy, Wy € I'(D).
Let g be a (positive definite) fibre metric on D and V an £-connection on D such that
Vg =0. Let || - || be the norm on D induced by g.

Proposition B.1.25. If W € I'(D) is parallel, then so is the normalised vector field W/||W].

Proof. Let f = 1/|W]. If X € I'(€), then Vx fW = X|[f|W + fVxW = X|[f|W. However,

we have
L X[gW,W)]  g(VxW, W)

X[f] = —= - — 0.
S A O KR TU AT
That is, Vx fW = 0 for every X € I'(£), and so fW is parallel. [ |

Corollary B.1.26. If there exists a (local) parallel frame for D, then there exists an or-
thonormal parallel frame for D (defined on the same neighbourhood).

Proof. Let (U,) be a parallel frame for D, defined on & C M. Following the Gram—Schmidt
process, define the frame (W,) on U as

k

Us, W

Wi=U, Wi = Uk — > B( \ Wi fork—2... ..
=1

— g(le WZ)

Then (W,,) is orthogonal, and hence (W,/||W,||) is orthonormal. Accordingly, it suffices to
show that (W,) is parallel. We use induction on a. Clearly, the vector field Wy, a = 1 is
parallel. Suppose that Wy,..., Wy are parallel for some 1 < k < r. Then, if X € I'(£), we
have

k
Uiv Wz
VWit = VUi — Y Vi (%m)
W,

i=1

=1
k .
-3 (s s 0% ]
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Since V is metric, it follows that X|[g(U;, W;)| = g(VxU;, W;) + g(U;, VxW;) = 0 and
(similarly) X|[g(W;, W;)] =0 for each i =1,..., k. Hence VxWy;1 =0, and so VW1 = 0.
By induction we then have that (W,) is parallel. [ |

Accordingly, for a metric connection we may always assume that a parallel frame (if one
exists) is orthonormal.

Proposition B.1.27. The parallel transport Hf{ along an E-curve 7 : [0,1] — M is a linear
wsometry.

Proof. The result follows immediately from the fact that, if g is parallel, then it is invariant
under parallel translation. |

B.1.3.2 Vector bundle connections on D

Suppose that & = TM, i.e., parallel translation is defined along any curve in M. In this
case, an £-connection V on D is called a connection on the vector bundle D (or simply a
vector bundle connection on D). Vector bundle connections have been extensively studied
(see, e.g., [56, 37|) and are well understood. In particular, there is a well-known definition of
a curvature tensor for a vector bundle connection, whose vanishing characterises the flatness
of the connection.

Let V be a vector bundle connection on D. The curvature tensor R € T (TM) @ TH(D)
of V is defined as

R(X,YYU =VxVyU —VyVxU — V[ny]U
= [Vx, Vy|U = Vix U,

where X, Y € I'(T'M) and U € I'(D). (R is sometimes also called the Riemannian curvature
tensor of V, as it originates in Riemannian geometry.) Calling R the “curvature” is justified
by the following result. (The following theorem is a standard result for connections on vector
bundles; see, e.g., [56]. Nevertheless, we provide here a proof, closely following that given in
[44] for the Levi-Civita connection.)

Theorem B.1.28. V is flat onUd C M if and only if R(X,Y)U = 0 for every X,Y € I'(T'M)
and U € T'(D) defined on U.

Proof. Suppose V is flat on & C M, i.e., there exists a parallel frame (U,) for D on Y. Then
K(X,Y)U, = [Vx,Vy]U, = Vixy)Us = 0 for every X,Y € I'(T'M) defined on U. It follows
(from tensoriality of K) that K =0 on U.

Conversely, suppose K = 0 on some neighbourhood ¢/ in M. Let ¢ € I and let (¢°) be
local coordinates about ¢, defined in an open subset of U, such that (E,), F, = 0,(q) is a
basis for D,. Extend (F,) to a basis (Eg, F\) for Ty;M (where X ranges through r +1,...,n).
We may assume, without loss of generality, that the image of the coordinate chart is a cube
Ce={q:1¢"| <€}

We shall construct a parallel frame for D by parallel translating the vectors Fy, ..., F,.
Begin by parallel translating each vector E, along the ¢'-axis. Next, from each point on the
¢'-axis, parallel translate along the coordinate line parallel to the g2-axis. Then successively
parallel translate along coordinate lines parallel to the ¢®- through ¢®-axes. (See figure B.2.)
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qi+ 1

Figure B.2: Construction of a parallel orthonormal frame for D

The result is r vector fields Ul,..., Ur, defined in Ce. We claim that this frame is parallel,
i.,e., VUa = 0. By tensoriality of V in the first argument, it suffices to show that V~Ua = 0.

Let 1 < a < r be fixed. By construction, we have

e VpxUa = 0 on the glL-axis;

Vd2Ua = 0 on the (gqL,g2)-plane;

e V dfcUa= 0 on the subset Mk = {gqg e Ce :gk+1= mmm= qgn = 0};e

VdnUa = 0 on Ce.

Using induction on k, we shall prove that

VdiUa = eee = VdkUa = 0 on MKk. (B.1.1)
This is true by construction for k = 1 and for k = n it means that (Ua) is parallel on the
entire cube Ce. Suppose (B.1.1) holds for some 1 < k < n - 1. By construction, we have

VdferiUa = 0 on M k+ 1. Similarly, by the inductive hypothesis we have V™~ Ua = 0 for 1l < i < k
on the hyperplane Mk = {q e Mk+1 :gk+1 = 0}. It remains to show that V~AUa = 0 on the
set {(q e Mk+1 :gk+1 = 0} for each i = 1,..., k.

Since [dk+1,di] = 0, Vpfer1Ua = 0 on M k+1 and K = 0, we have

0= K (dk+i,di)U a

v dic+i (Vdiva) - Vv di(V dicti Ua) - V [Skeri,Si]Ua

Vdk+1(VdiUa) on Mk+1.

That is, VdiUa is parallel along curves parallel to the gk+l-axis starting on M k, and thus is
equal to the parallel transport of the zero vector. Hence it is zero on every such curve, and
since every point of M k+1 is on one of these curves, it follows that VpiUa = 0 on all of M k+1.

That is, the frame (Ua) is parallel. ]
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B.1.3.3 Left-invariant connections

Suppose that M = G is a Lie group and D, £ and V are left invariant, i.e., (Ly)«D = D,
(Lg)+€ = &€ and V = (Ly)*V for every g € G. In particular, since V is equal to the pullback
connection (Ly)*V, all of the results of section B.1.2 apply.

Proposition B.1.29 (cf. [31]). There is a one-to-one correspondence between the set of
left-invariant £-connections on D and the set of bilinear maps

E1xDy » Dy, (X, W)= Ve WE(1). (B.1.2)

Here X* € T(E) and WE € T(D) are the left-invariant vector fields given by X*(g) = T1Ly- X
and Wh(g) = TyL, - W.

Proof. Let (E,) be a basis for D1 and (F;) a basis for &. Then (EX) and (F}) are left-
invariant frame for D and &, respectively. Given a bilinear map ¢ : & x D1 — Dy, let V be
specified by

VL By = o(Fy, Bl

It is straightforward to show that V is an £-connection on D. We claim that V is left invariant.
Let X € T(€) and W € I'(D). We have X = 2'F} and W = w*EL for 2%, w® € C®(G).
Accordingly,

VL. x(Lg)sW = (2 o Lgl)v(Lg)*FiL(Lg)*W
= (@' o Ly YV pr(Lg) W
— (2fo ;) [Ff[wq o L7 EL + (w0 L;l)vFiLEﬂ
— (@' o L") [(FHw] o LY BE + (u® o L7V EE |
= (Ly)e (2 | FFur) BE + 0oV pp BE] ) = (Ly) VW,

and hence V is left invariant. Conversely, if V is a left-invariant £-connection on D, then
VpL EL is left invariant, and (B.1.2) prescribes the associated bilinear map. |

Proposition B.1.30. If there exists a left-invariant parallel frame for D, then every left-
invariant vector field in T'(D) is parallel.

Proof. This is immediate from the fact that every left-invariant vector field in I'(D) is an
R-linear combination of elements of a left-invariant frame for D, and that V is R-linear in its
second argument. [ |

Proposition B.1.31. Suppose there exists a lefi-invariant parallel frame for D. The par-
allel translation 1y : Dy, — Dy, is exactly (the restriction of the tangent map of) the left
translation Ty, Lglgal ‘Dgo .

Proof. Let (U,) be a left-invariant parallel frame for D and let 7 : [0,1] — G be an E-curve
such that v(0) = go and v(1) = ¢1. Fix 1 < a < r and let V() = H}{(U&(go)). There



138 B.2. The Ehresmann connection approach

exist functions v® € €°°([0, 1]) such that V' = v°(U, 0 7), where ©® = —T'% (y)4%¢ = 0. Thus
V(t) = Ua(7(1)), and so

15 (Ua(g0)) = V(1) = Ua(y(1)) = Ua(g1) = TgoLig g1 - Ualgo)-

Since a is arbitrary and the parallel translation maps are linear, it follows that I3 is exactly

the restriction to Dy, of TgOLglgal. [ |

B.2 The Ehresmann connection approach

Let M be an n-dimensional (connected) manifold and let £ and D be rank m and r, respec-
tively, vector subbundles of TTM. By 7y : M — M we denote the canonical projection of a
tangent vector onto its base point. Let 7 = mm|p : D — M. We may view D as a submanifold
of TM; then mp : TD — D denotes the corresponding canonical projection. Consider the
pullback bundle 7*&:

78 ={(Up Xy) €D xE:m(Uy) =mu(Xy)} S D xE.
We can view 7*& as a vector bundle over D and over &£, with projections
T ES Uy Xy) »UgeD and Ty :7"E 3 (Uy, Xy) — Xy €€,
respectively. The fibres of 71 and 7y are given by
(T) " (Uy) = {Ug} x & and  (T2)~'(Xy) = Dy x {X},

respectively, where U, € D and X, € £. Clearly, we have 7y oo = wo7y.
An E-restricted (Ehresmann) connection on D (cf. [12]) (or E-connection on D) is a map
h:7m*& — TD that is

(i) a linear bundle map from 7y to 7p covering idp, i.e., 7p o h = 7y;
(ii) a bundle map from 7y to T'w covering the inclusion ¢ : &€ — TM, i.e., T'm - h = 1o Ta.

That is, the following two diagrams commute:

AN | LI )
%{[ % %zl lTﬂ'
D £E———TM

The linearity condition in (7) stipulates that h is fibrewise R-linear in its second argument,
i.e., MUg, aXg+0Yy) = ah(Uy, Xq)+ B h(Uy, Yy) for every U, € Dy, Xy, Yy € Egand o, § € R.
In section B.2.1 we clarify the relation between the above definition and the definition of a
restricted connection given in section B.1. In particular, to avoid ambiguity, in this section
we shall refer to the operator V of B.1 as an &-restricted Koszul connection on D.

We say that h is a linear connection if Ty, ¢¢ - h(Uy, Xy) = h(@e(Uy), Xy) for every
(Uyy Xy) € T, where ¢ : D — D denotes the dilation ¢;(U,) = e'U,. (That is, ¢ is
the flow of the canonical dilation vector field on D.)
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Let V = kerT'wm be the wvertical distribution and H = imh the horizontal distribution.
(Since both 7' and ¢ have constant rank, it follows that both V and #H are vector subbundles
of TD.) Vectors in V are called vertical, whereas those in H are called horizontal. Likewise,
vector fields in I'(V) are called wvertical vector fields, whereas those in I'(H) are horizontal
vector fields.

Lemma B.2.1. The fibres of V are the tangent spaces of the fibres of D, i.e., Vy, = Ty, Dy
Jor every U, € Dy.

Proof. Let Ug, Vg € Dy. Then %|,_ (Ug +tVy) € Ty, Dy. But

d
(Uq +th) - 77

d
Ty m- —
=0 dt

R m(Uy +1Vy) =0,

t=0

since (U, +tV;) = q is constant in t. Thus we have Ty, D, € Vy,. Equality follows from the
fact that both Tu, Dy and Vu, are r-dimensional. |

The map vl : 7*D — V given by

AU, V) = &

| W), UV er'D

t=0

is evidently a vector bundle isomorphism. If U, € D, then the linear isomorphism
vly, = vi(Uy, -) : Dy — Vu,

is called the wvertical lift over U,. If X € I'(D), then we define the vertical lift of X to be the
vertical vector field XV € T'(V) given by

X(Uq) = vl(Uyg, X(q)), Uy € Dy.
Lemma B.2.2. We have n,H =&, i.e., Ty, m - Hy, = & for every U, € D,.

Proof. Let Xy, € Hy,. Then there exists X, € & such that Xy, = h(Uy, X;). Consequently,
we have
Ty,m - Xu, = Tu,m - M(Uyg, Xq) = (Lo T2)(Ug, Xg) = Xy € &,

and so Ty, 7 - Hy, € &;. Conversely, let X, € &. Then h(Uy, X,) € Hy, for every U, € D,
and X, = Ty, 7 WUy, Xy) € Ty,7 - Hy,. Tt follows that Ty, 7 Hy, = & |

Lemma B.2.3. An E-connection h on D is linear if and only if (¢e)sH = H.
Proof. Suppose h is linear. Then by definition, if (U, X,) € 7*&, we have Ty, ¢¢ - h(Uy, Xy) =
h(ge(Ug), Xq) € Hyyv,), and so (¢)«H C H. Equality follows from the fact that ¢; is a

diffeomorphism. Conversely, suppose (¢;)H = H. If (Uy, X;) € 7, then Ty, ¢ - h(Uy, Xy)
h(¢:(Uy), Yy) for some Y, € &. But

Yy =Ty T Mei(Uq), Yy) = Ty, - Tu, b1 h(Uq, Xq) = Tu,(¢¢ o ) - h(Uq, Xq).

Clearly ¢s om = 7, and so Y, = X,. It follows that A is linear. n
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Proposition B.2.4 (cf. [12]). We have:
(i) VNH = {0}.
(ii) V +H C TD with equality if and only if E = TM.
Proof. (i) If Xy, € Vu, NHu,, then Xy, = h(U,, Y,) for some Y, € &,. Hence
0="Ty,m Xu, =Ty, 7 h(Uy, Yy) = (Lom2)(Uy, Yy) = Yy

Since h is linear in its second argument, it follows that h(U,,0) = 0. Hence Xy, € Yy, NHy,
if and only if Xy, = 0.

(i) Clearly V +H C T'D. Suppose that V +H = TD and let Z; € Ty;M. Since T'r is
surjective, there exists Xy, € Ty, D such that Ty, 7 - Xy, = Z;. The Hy, -component of Xy,
is given by h(Uy, X4) for some X, € &. Accordingly,

Zq =Ty, m- WUy, Xq) = (1o T2)(Ug, Xg) = 1(Xg) € &.
Since Z, is arbitrary, this is a contradiction unless & = T'M. n

Proposition B.2.5 (cf. [12]). Let £ and D be distributions on M and © = mmlp : D — M.
If H is a distribution on D such that

mH =& and VNH={0}, (B.2.1)
then there exists a unique (not necessarily linear) £-connection h on D such that H = imh.

Proof. For each U, € D, we can construct a map hy, : & — Ty, D by the requirement that
{hu, (X,)} = Mo, N (T, m) ™ () (B2.2)

for every X, € &;. We first show that (B.2.2) determines a unique point. Since Ty, 7mHu, = &,
we have Hy, C (Ty,m)"'(Xy). Thus the intersection Hy, N (Ty,m)~!(X,) is non-empty.
Suppose there exist two points Xy, , Yy, € Hy, N (TUqﬂ')_l(Xq). Then Ty, 7 - (Xy, — Yu,) = 0,
ie., Xy, — Yy, is vertical. Since Xy, — Yy, € Hy, and VNH = {0}, this holds if and only
if Xy, = Yy,. Thus (B.2.2) specifies a unique point hy, (Xg), as claimed. Furthermore, if
Xy, Y, €& and o, f € R, then

{hv,(aXy + 8Yy)} = Ho, N (Tu,m) " (aXy + BY,)
= a [Ho, N (Ty,m) " (X)] + B [Hu, 0 (Tu, 7)1 (Yy)]
- {ath(Xq) +/8th(%)}

That is, hy, is R-linear. Define a map h: 7*& — TD as h(Uy, Xy) = hu,(Xy). Then clearly
tpoh = 7 and T'w-h = 1 o7 Since h(Uy,-) = hy, is R-linear, we have that h is an
&E-connection on D; moreover, by definition, im h = H. N

It remains to show that i is unique. Suppose there exists another £-connection i on D
such that imh = H. Then for each U, € D, there exists X,,Y, € & such that h(U,, X,) =
h(Uy, Yy). Applying Ty, 7 to both sides, we get X, = Y. That is, h=h. [ |
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B.2.1 Associated covariant derivative

Suppose that A is a linear £-connection on D. Let X, € £ and Yy, € Ty, D, where U, € D,
and Yu, satisfies Ty, 7 Yu, = Xg. Then

Ty,m - [Yu, — MUy, Xo)| = Xq — (Lo T2)(Uyg, Xg) = 0.
That is, Yy, —h(Uy, X4) € Vu,. Hence we can define an operator V : I'(£) x I'(D) — I'(D) by

VxU(q) = vl

Lo [TU - X(a) = h(U(g), X (2))]. (B.2.3)

V is called the covariant derivative associated to h, and (as the following lemma demonstrates)
is exactly an E-restricted Koszul connection on D (see section B.1).

Lemma B.2.6. V is an E-restricted Koszul connection on D.

Proof. Let X € I'(E), U € I'(D) and f € C>*(M). Since h is fibrewise R-linear in its second
argument, we have

VixU(a) = Vigiy  [TU - F@)X (@) = h(U(a), f(9)X (9))]
—vl[}(lq> F@)[TU - X(g) = M(U(9), X (0))]

F@)(VxU)(q),

i.e., V is C®°(M)-linear in the first argument. Similarly, it is a derivation in its second argu-
ment. Indeed, since

T,(fU) - X(q) = X[f|(@) Viug) - Ulg) + [(@)T,U - X(q)

we have
Vi fU(g) = v153q> [T(U) - X(0) — hJ @)U (9). X ()]
@)U (q) + f(@) Vigy, [TV - X(g) = M(U(q), X (a))]
[ @U(q) + (q)VxU(q)
Therefore V is an &-restricted Koszul connection on D. |

Conversely, given an &-restricted Koszul connection V on D, there exists a unique linear
E-restricted Ehresmann connection ki whose associated covariant derivative is exactly V.

Proposition B.2.7 (cf. [12]). Let V : I'(€) x I'(D) — I'(D) be an E-restricted Koszul con-
nection. Then V is the covariant derivative associated Lo the unique &-connection h on D
given by

h(Uq, Xq) = TqU - X¢ = vly, - Vx,U, (Uq, Xy) € T*E. (B.2.4)

Here U € I'(D) satisfies U(q) = Uy. (The definition of h does not depend on the choice of U.)

Proof. Let (U4, Xy) € ©*€. It is straightforward to check that the map I'(D) — Ty, D,
U TU - Xy — vy, - Vx, U is C*°(M)-linear, hence depends only on the value of U at gq.
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Define h using (B.2.4). Since V is R-linear, h is clearly (fibrewise) R-linear in its second
argument. We have

o(W(Uq, Xy)) = mo(TyU - Xy — Vi, - Vx,U) = Uy = 71(Uq, Xg).
Likewise,

Ty, m - WUy, Xq) = To,m- (14U - Xq = vy, - Vx,U) =Ty(mo U) - Xq = 0
= Xg = (tom)(Uy, Xq).

Thus & is an £-connection on D. It is also linear, since

To, bt - MUqg, Xg) = Tyt - [T,U - Xy — Vi, - Vx, U]

q

STy (¢ U) - Xy — T, - d% (Uy + 5V, U)
s=0
d
=Ty(peoU) Xy — 5|, (0:(Ug) + 591(Vx,U))

=Ty(¢eoU) - Xq — Vi, @, - ¢:(Vx,U)
= Tq((bt o U) . Xq — V1¢t(Uq) . VXq((bt o] U)
- h(¢t(Uq)vXq)-

Lastly, considering equations (B.2.3) and (B.2.4), it is clear that V is the covariant derivative
associated to h. [

B.2.2 Horizontal lifts

If (Uy, Xy) € 7€, then we call h(Uy, X,) € Hy, the horizontal lift of X, over Uy (or, explicitly,
the h-lift of X, over Uy). Similarly, if X € I'(£), we define the horizontal lift (h-lift) of X to
be the section X" € I'(H) given by

Xh(UQ) - h(U47X(q))v Uq eD.

A vector field Z € T'(I'D) is called projectable if there exists X € I'(I'M) such that
Tr-Z =Xom,ie, il Z and X are w-related. We shall write X as m,Z. The Lie bracket
of two projectable vector fields is also projectable. In fact, we have w721, Z1| = |7« Z1, 74 Z2]
for every pair of projectable vector fields 71, Zy € T'(T'M). Furthermore, if X is projectable,
then X|[f on| = (mX)[f| o7 for every f € C®(M).

Lemma B.2.8. Projectable horizontal vector fields are horizontal lifts of vector fields in T'(E),
i.e., if X € D(H) is projectable, then X = (m, X)".

Proof. Let X € I'(H) be projectable and let U, € D. We have X(U,) = h(U,, Y,) for some
Y, € &, In fact,

Ty, m - X(Uy) = Ty h{Ug, Yy) = (0 7)(Ug, Yy) = Yy,

Consequently, we have (1. X)"(Uy) = (U, (7:X)(q)) = h(Uq, T, m- X (Uy)) = X (U,). Hence
X = (m X))~ [
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Lemma B.2.9. If X,Y € ['(§) and f € C*(M), then
(i) (X 4+ V) =X"Yh
(it) (fX)" = (fom)XP.
(ii1) T X" = X,
Proof. Let U, € D. For (i), since h is fibrewise R-linear in its second argument, we have
(X +Y)"(Uy) = h(Uq, X(g) +Y (q))
= h(Uq, X(q)) + h(Uq, Y (q)) = Xh(Uq) + Yh(Uq)-

Likewise, (fX)"(Uy) = h(Uy, f(¢)X(q)) = f(¢)X"(U,), which proves (). Lastly, for (i),
we have

Ty,m - X"M(Uq) = Tu,m - M(Uq, X()) = (10 72)(Ug, X(q)) = (10 X)(q) = (10 X o m)(Uy).
It follows that ms X" = X (where we make the usual identification of ¢ o X with X). [ |
Lemma B.2.10. Let X € I'(E). Then X™U,) = 0 for some U, € D if and only if X(q) = 0.

Proof. If X(q) = 0, then X*(U,) = WUy, X(q)) = h(U,;,0) = 0. On the other hand, if
XhU,) = 0, then h(U,, X (q)) = 0. Since ker h(U,, -) = {0}, it follows that X(q) = 0. [ |

Lemma B.2.11. If h is linear, then (¢1)« X" = X® for every X € T'(E). (Here ¢y is the flow
of the dilation vector field on D.)

Proof. Let Uy, € D. Then
Tu, ¢t XM(Ug) = Tu, 01 - 1(Uq, X(0)) = 1(de(Uqg), X (a)) = (X" 0 ¢0)(Uy).
That is, (¢) X" = X" [ |

The next proposition relates the horizontal lift of a vector field X € I'(£) and the &-
derivation Vx. We first prove a technical lemma. If w € I'(D*), then we shall denote by
@ € C=(D) the function given by @W(U,) = wq(Uy).

Lemma B.2.12. I[f W € I'(V) and w € I'(D*), then
Ww|(Uy) = wq(vlﬁql W (Uy))
for every U, € D.

Proof. Let (U,) be a (local) frame for D and let (v*) be the dual frame for D*. There exist
functions w, € C*°(M) such that w = wev®; furthermore, we have @ = (w, o m)7*. Let U, € D
and V, = vll}q1 -W(U,) € Dy; we have V; = vgU,(q) for some v§ € R. Then

Wwl(Ug) = du(Uqg)(W (Uy))
d
dt

WUy +1Vy)
t=0

d o
E w&(q)yq (Uq +t‘/4)
t=0

= wa(q)’UZ =wg(Vy) = wq(vl[;ql W (Uy))- u
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Proposition B.2.13 (cf. [82]). If X € (&) and w € I'(D*), then X"[w] = Vxw.
Proof. Let U, € D and let U € I'(D) be a smooth extension of U,. We have
X"@)(Ug) = dio(Ug)(X™(Uy)).

Likewise, recalling the expression (B.2.3) for VxU(q), and making use of lemma B.2.12, we
have

(Vxw)(Uy) = (Vxw)(Uq) = X[w(U)](q) — w(VxU)(q)
w(@)](a) —wq (V) - [T,U - X (q) = X" (Uy)])
[w(U))(9) — dw(Ug)(T,U - X (q) — X"(Uq)).-

I
el

Let 7 be a curve in M such that v(0) = ¢ and 4(0) = U,. The first part of this expression is
then

XwO))g) = o B = o) (5| UG)) = daU)TU - X @),

t=0

Therefore
(Vxw)(Uq) = du(Ug)(TyU - X(g)) — deo(Uq) (TyU - X (q) = X"(Uqg)) = X"@](Uy).
Since U, is arbitrary, it follows that Vxw = X"[@]. [
Corollary B.2.14 (cf. [82]). If X,Y € I'(€) and w € I'(D*), then
(X", Y@ = [V, Vylw.

Proof. Using proposition B.2.13, we have

X" Y"@] = X"[Vyw] — Y [Vxw] = VxVyw — VyVxw = [Vx, Vy|w. |



Appendix C

The real three-dimensional Lie
algebras

The classification of real three-dimensional Lie algebras is well known. Our preference is
for the Bianchi—Behr enumeration [48, 40, 51]. In terms of an appropriate ordered basis
(Fh, By, E3), the commutator relations are given by

|Ea, B3] =niFy — alis
|E3, 1) = aly +nols
[El, EQ] = n3E3.

The coeflicients a, n1, n2 and na for each type of algebra may be found in table C.1, together
with the (unique) simply connected Lie group corresponding to each algebra. In addition,
the algebraic properties (unimodular, nilpotent, etc.) are listed alongside each algebra. A Lie
algebra g is

unimodular if tr(adx) = 0 for every X € g.

nilpotent if the eigenvalues of adx are all zero for every X € g.

completely solvable if the eigenvalues of adx are all real for every X € g.

solvable if the Lie algebra [g, g is nilpotent.

semisimple if the Killing form K : gxg — R, £(X,Y) = tr(adx o ady) is nondegenerate
for every X, Y € g.

Nilpotency implies complete solvability, which in turn implies solvability. Furthermore, a
semisimple algebra is always unimodular and cannot be solvable. A Lie group is called
unimodular, nilpotent, etc. if its Lie algebra has the corresponding property.

Remark C.0.15. The algebras g1 ©g1, g3.2 and g?, are all non-unimodular and completely
solvable. They may be distinguished by considering the eigenvalues of ady for X € g. Indeed,
a non-unimodular completely solvable three-dimensional Lie algebra g is isomorphic to

e go1 D g1 when adx has exactly two zero eigenvalues (and one nonzero eigenvalue) for
some X € g.

e g3 when adx has exactly two identical nonzero eigenvalues and one zero eigenvalue for
some X € g.

e g7, when ady has exactly two real and distinct nonzero eigenvalues and one zero eigen-
value for some X € g.
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On the other hand, the eigenvalues of ady can be used to determine the parameter h in
the infinite families g , and gZ.. Indeed, in terms of (K1, K, F3), the eigenvalues of ady,
X = 2'F; are {0,23(h — 1), 23(h + 1)} and {0,23(h — /=1),23(h + v/—=1)} on g%, and g%,
respectively. The scalars

<$3(h_1)+x3(h+1)>2h2 . <x3(h—\/—_1)+m3(h+\/—_1)>2_h2
Ah-)-ohty) " \Bh— v —Phrv—1))

(i.e., the ratio between the sum and difference of the nonzero eigenvalues, ignoring sign) are
invariant under automorphism, and determine h. 0

Remark C.0.16. The two semisimple algebras gs¢ and gs7 may be distinguished by in-
specting the Killing form: for gs7 it is definite, whereas for g3 it is indefinite. o

Remark C.0.17. The Abelian group R? and the group Gs.3 do not admit completely non-
holonomic left-invariant distributions. (Accordingly, they do not admit nonholonomic Rie-
mannian structures, and hence do not appear in the classification in chapter 4.) 0

Remark C.0.18. Apart from SL(2,R) (the universal cover of SL(2, R)) there exists, up to
Lie algebra automorphism, at most one completely nonholonomic left-invariant distribution
on each three-dimensional simply connected Lie group. On SL(2,R) there exist exactly two
such distributions up to automorphism, according as whether the Killing form restricted to
the distribution (at identity) is definite or indefinite. Following [1], if the Killing form is
definite on a given distribution, we shall say that the distribution is of elliptic type, and
denote the group as SL(2, R)¢;. On the other hand, when the Killing form is indefinite on the

distribution, we shall say that it is of hyperbolic type, and write §|:(2, R)pyp for the group. o



93.3 A% 1 0 0 0 Gs3 o o
994 Vi 0 1 —1 0 SE(1,1) . o o
o, Vi, Py1 -1 0 Gy o o
095 VI 0 1 1 0 SE@? . .
o5 VI, om0 1 1 0 G, .
93.6 VIIT 0 1 1 -1 SLE2,R) . .
g3.7 IX o 1 1 1 SU(2) . .

Table C.1: Bianchi-Behr classification of real three-dimensional Lie algebras
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Appendix D

Mathematica code

In this appendix we list the MATHEMATICA [81] code that was developed for many of the cal-
culations performed in this thesis. Text in bold is the actual MATHEMATICA code. Non-bold
text (apart from the explanatory comments) is output of the preceding code. (However, for
brevity we have omitted the output in most cases.) Each section of this appendix corresponds

to a different MATHEMATICA notebook.

D.1 Classification of nonholonomic Riemannian structures in

three dimensions

Levi-Civita connection for an extension of the metric on
D to a Riemannian metric preserving the decomposition
TM =D& DL, (Using the Levi-Civita connection for such
a metric is an easy way to calculate the nonholonomic con-
nection.) Defines rules so that it is tensorial in the first
argument, a derivation in the second, etc.

Clear|Con]
Con[X_+ Y_, A]:=Con[X, A] + Con[Y, A];
Con [a_Xi_, A_] :=aCon|X;, A] ;

Con[A_,X_+ Y ]:=Con[A, X] + Con[A, Y];
Con[Xi_, a_Xj_] :=X;la]X; + a,Con[Xi, Xj];

Con[0, A_]:=0;
Conl[A_, 0]:=0;

Con[Xi_, Xj_] :=Sum[ei’j’ka, {k,0, 2}];

Nonholonomic connection V : I(D) x I'(D) — I'(D). De-
fines rules so that it is tensorial in the first argument, a
derivation in the second, etc.

Clear|ConNH]
ConNH[X_+ Y_, A_| :=ConNH[ X, A] + ConNH[Y’, A];
ConNH[a_X; , A_] :=aConNH[X;, A];

ConNH[A_, X_+ Y_| :=ConNH[A, X] + ConNH[A, Y];
ConNH [Xi_, a_Xj_] :=X;[a] X; + aConNH [Xi, Xj];

ConNH[ecs_,j_x A, B_] :=c; ;, xConNH[A, B];

ConNH[0, A_]:=0;
ConNH[A_, 0]:=0;

ConNH[Xi_, Xj_] :=Sum[ei’j’ka, {k, 1, 2}];

Rules for directional derivatives along the elements of
the frame (Xo,X1,X2) and for using the dual frame

0, vt v?).

Xa [-4]:=— Xpn[A];

Xa_[A-+B]:=Xmm[A] + X |[B];
Xa_[a]/; NumberQ[a] : =0;

vi [A] :=<Xi, A);
Connection coefficients and structure constants.

ei g =5 (Chig + gk — ki)
/-{eo,1,0 =+ 0,c1,2,0 & —1};
¢ij_k/;10rderedq[{s, j}]:= — c; ik
cij_x /3t == j:=0;
Projection onto D (i.e., Z : TM — D) and onto DL (i.e.,
Q:TM = D).

Clear[P, Q]

P[X_+Y_+Z]:=P[X] + P[Y] + P[Z];
P[X_+7Y]:=P[X] + P[Y];

P[a_Xi_] :=aP [Xi];

Ples_j_x A :=c; 1k PA];

P[X;]/3i==1]li == 2:=X;
P[Xi.]/;i == 0:=0;

P[0]:=0;

Qx]:=X - P[X];
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Classification of nonholonomic Riemannian structures in three dimensions

Metric on D; defines rules so that it is bilinear, symmetric,

etc.

Clear[AngleBracket]

(AL X_+Y):=(A, X)+{(A,Y);
(ALX_+Y_+2):=(A,X)+{(AY)+ (4, Z);
<A_, a_Xi_> :=a,<A, Xi);

(X_+ Y, A):=(X, A) + (Y, A);
Eo+Y_+Z,8):=(X, A) + (Y, A) + {Z, A);
<a_Xi_, A.) :=a,<Xi, A);

<Xi-7 XJ_)/;'L == j;:]_;
(X, X3 )30 # 52705

{0,A):=0;
{4_,0):=0;

(A, B_)/;10rderedQ[{A, B}|:=(B, A);

Lie bracket; defines rules so that it is bilinear, a derivation

in each argument, etc.

Clear|[lie|

lie[A_,X_+Y]:=lie[A, X] + lie[A,Y];
lie[A,X_+Y_+Z]:=1lie[A, X] +1ie[A, Y] + lie[A, Z];
lie [A_, g_Xi_] :=glie [A, Xi] + Alg] X;;

lie[X_+ Y, A]:=lie[X, A] + 1lielY, A];

lie[X_+ Y-+ Z_,A]:=1lie[X, A] + lie[Y, A]
+1lie[Z, A];

lie[f X ,A]:=flie[X;, A] — A[f]X:;

lie [Xi_, Xj_]/;i == 7:=0;
lie|0, A]:=0;
lie[A_,0]:=0;

lie[A_,B]/;!0rderedQ[{ A, B}]:=— lie[B, A|;

lie[Xo, X1]:=— (e1,0,1.X1 +¢1,0,2X2);
lie[Xo, X3]:= — (c2,0,0Xo0 + ¢2,0,1X1 + ¢2,0,2X2);
lie[X1, Xp]:=— (Xo+ 2,11 X1 + €2,1,2X2);

The adjoint map adx = [X, -], X € g.
ad[1,0,0]:=With[{a = lie[Xo, X1],b = Lie[Xo, X2]},
{

{07 07 0}7
If[PossibleZeroQ]al, {0,0,0},q],
If[PossibleZeroQ[d], {0,0,0},b]
}/ .Thread [{Xo, X1, X2} — IdentityMatrix(3]]
//Transpose/ /Simplify] ;
ad[0, 1,0]:=With[{e = lie[X1, Xo],b = lie[X1, X2]},
{

If[PossibleZeroQ|al, {0,0,0},4q],
{07 07 0}7
If[PossibleZeroQ[d], {0,0,0},b]
}/ .Thread [{ X0, X1, X2} — IdentityMatrix(3]]
//Transpose/ /Simplify] ;
ad[0,0, 1]:=With[{a = lie[ X2, Xo],b = lie[X2, X1]},
{

If[PossibleZeroQal, {0,0,0},q],
If[PossibleZeroQ[b],
{0,0,0}, 8], {0,0,0}
}/ .Thread [{Xo, X1, X2} — IdentityMatrix(3]]
//Transpose/ /Simplify] ;
ad[a_, b_, c_]:=aad|[1, 0, 0] + bad|0, 1, 0] + cad[0, 0, 1];

Curvature tensors (K, I?, ﬁ, 6, etc., as well as their con-
tractions).

K[A_,B_,C_]:=ConNH| A, ConNH[ B, C]]
—ConNH|[ B, ConNH[A, C]]
—ConNH[P[1ie[A, B]], C]
—P[1ie[Q[Lie[4, B]), Cll;

Knat[A_,B_,C_,D]:=(K[A, B, C], D);

Rhat[A_,B_,C_D]:=

1(khat[A, B, C, D] — Khat[A, B, D, C]);
Chat[A_,B_,C_,D]:=

Khat|A, B, C, D] — Rhat[A, B, C, DJ;

. o Rm[X,VV,X] |
ReildelX, Y= vy~ (x, 777
Ric[A_,B_]:=Sum[Rhat [X,, A, B, X¢], {4, 1,2}];
Scal = Sum[Ric[Xe, X¢], {4 1,2}];

RicC[A_,B_]:=Sum[Chat [X,, A, B, X¢],{£,1,2}];
RicCSym[A_,B_]:=1(RicC[A, B] + RicC[B, A]);
RicCSkw[A_, B]:=1(RicC[A, B] — RicC[B, A]);

_ X1,X1) (X1,X5
Gsharp = Inverse [QX%XI% §X2,X2g)]

//8implify;
. _ (Ric| X1, X, Ric| X1, X2
Ricflat = (Ric Xg,Xl] Ric Xz,Xz])
//8implify;
R = GsharpRicflat" //FullSimplify[#, X_[] == 0]&;
R//8implify//MatrixForm

. _ {RicC8ym| X1, X3
RicCSymflat = (RicCSym X2, X1
//8implify;

RicCSym|X;, Xo
RicCSym|Xo, Xo

RSym = Gsharp.RicCSymflatT //FullSimplify;
RSym//Simplify//MatrixForm

RicCSkw| X9, X1

RicCSkwflat = ( RicCSkw|Xa, Xo

//8implify;

RicCSkw Xl,Xl] RicCSkw XI,X2D

RSkw = Gsharp.RicCSkwflatT//FullSimplify;
RSkw//Simplify//MatrixForm

Scalar invariants x, x1, x2 and 9.

K= %Tr[R];

X1 = 4/ —Det|[RSym|;
X2 = 4/Det[RSku];

2
9= (co,2,0) s
Killing form K and its restriction to the distribution IC|D1‘

Kil[A_, B]:=Tr[(ade@A).(ad@eB)];
KilForm = {
{Ki1[{1,0,0}, {1,0,0}], K11[{1,0,0},{0, 1,0}],
Kil[{1,0,0},{0,0,1}]}
{K11[{0, 1,0}, {1,0,0}], K11[{0, 1,0},{0, 1,0}],
Ki1[{0,1,0},{0,0,1}]}
{K11[{0,0, 1}, {1,0,0}], K11[{0,0,1},{0, 1,0}],
kil[{0,0,1},{0,0,1}]}
}//Ful1Simplify;
KilFormD = {
{Ki1[{0, 1,0}, {0, 1, 0}], K11[{0, 1,0},{0,0, 1}]}
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{ki1[{0,0,1}, {0, 1,0}],ki1[{0, 0,1}, {0,0,1}]}
}//FullSimplify;

The other three scalar invariants: go, g1 and g3.

o0 = —1Ki1[{1,0,0}, {1,0,0}]
o1 = —1Ki1[{0,1,0}, {0, 1,0}]
e2 = —1Ki1[{0,0,1},{0,0,1}]

Calculate the principal minors of the Killing form X and
the Killing form along the distribution IC|D1‘ We use these
in the classification code below for distinguishing structures
on the semisimple groups.

PrincipalMinors[Mat_]:=With[{P = Minors[Mat, #|},
P[[I,I]]] & /QRange|1, Length[Mat]];

{m1,m2, m3} = PrincipalMinors[KilForm];
{k1,k2} = PrincipalMinors|KilFormD];

Classification

1Y, ¢ Dt

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}
//8implify//Column
—Xic0,1,1 — X2¢0,1,2

—Xoco,2,0 — X1c0,2,1 — X2c0,2,2
Xog — Xyer,2,1 — Xacey,2,2

Equations coming from the Jacobi identity for the Lie
bracket:
{—c0,1,1 — c0,2,2 — co,2,0c1,2,2 == 0,

—¢c0,1,100,2,0 +€0,2,2€1,2,1 — €o,2,1€1,2,2 == 0,
co,1,2(—¢0,2,0 — €1,2,1) +¢co,1,1¢1,22 ==0
}//Ful18implify

1.1 Unimodular case: c(l)1 + 0(2)2 = 0,

0 1 _ 2
Cpa + ¢ =0 and ¢f, =0

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}
/.{co2,2 & —co,1,1,¢0,2,0 =+ —C1,2,1,¢1,2,2 — O}
//8implify//Column

—Xico,1,1 — X2co0,1,2
X2co0,1,1 — X1c0,2,1 + Xoc1,2,1
Xo — Xye1,2,1

{lie[pX1, u?Xo], lie[uXz2, u®Xo], 1ie[uXa, uX1]}
/.Af]—0
/.{co,2,2 = —co0,1,1,¢0,2,0 & —c1,2,1,€1,2,2 — 0}
/-Thread[{Xo, X1, X2} = {55 Xo, ;- X1, 1 Xa}]
//8implify;
%/ .1 —> —ﬁ//Collect[#,X’_]&//Colunm
_X1c0,1,1 _
o2
1,2,1
X2€0,1,1

—Xo+ —
°1,2,1

X220,1,2

z
°1,2,1
X120,2,1

z
°1,2,1

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}
/. {eo2,2 & —co,1,1,¢0,2,0 + —C1,2,1,€1,2,2 — 0}
/. {e1,21 — —1}//8implify//Column
—Xico,1,1 — X2co0,1,2

—Xo + Xg2c0,1,1 — X1¢0,2,1
Xo + X1

CheckAlg routine

Checks algebraic properties of the algebra generated by the
canonical frame (using the eigenvalues of the adjoint oper-
ator and also using the Killing form) in order to distinguish
the different three-dimensional (unimodular) Lie algebras.
Prints out messages indicating if the given algebra has the
various properties.

CheckAlgU[Subs_, Assumps_, Assumps2_]|:=Module|[{
adeigs, uni, nil, compsolv, Kil, KilDet, KilMins,
Kilre,KilreEigs,KilEigs, KilreMins, nondeg,
def,defre},

adeigs = Eigenvalues|ad|ao, a1, a2]]/.Subs
//FullSimplify[#, Join|Assumps, Assumps2||&z;

(> Print[adeigs]; *)

uni = TimeConstrained[Reduce|
ForAll[{ag,a1, a2}, {ao,a1,a2} € Reals,.
Tr[ad|ao, a1, a2]/ .Subs] == 0]&& And@CAssumps,
{c0,1,1,€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1, €1,2,2}, Reals]
//FullSimplify[#, Join[Assumps, Assumps2||&,

5, "Timeout"];

Print[*Unimodular?\n",
If[uni, "Yes, ","No, “,"Not sure, "],uni|;

nil = TimeConstrained[Reduce|
ForAll[{ag, a1, a2}, Ande@Thread[adeigs? == 0]
& & AndQQAssumps,
{c0,1,1,¢€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2}]
//FullSimplify[#, Join[Assumps, Assumps2||&,

5, "Timeout"];

Print[*Nilpotent?\n",
If[nil, "Yes, ","No, “,"Not sure, "],nil];

compsolv = TimeConstrained|Reduce|
ForAll[{ag,a1,a2}, {ao,a1,a2} € Reals,
And@QThread[In[adeigs] == 0]]&&And@eAssumps,
{c0,1,1,¢€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2}]
//FullSimplify[#, Join[Assumps, Assumps2||&,

2, "Timeout"];

Print[*"Completely solvable?\n",
If[compsolv, "Yes, “,"No, “,"Not sure, "],

compsolv];

Kil = KilForm/.Subs

//FullSimplify[#, Join|Assumps, Assumps2|]&;
KilEigs = Eigenvalues[Kil]

//8implify|#, Join[Assumps, Assumps2]|&;

KilDet = Det[Kil]
//FullSimplify[#, Join|Assumps, Assumps2||&;

nondeg = TimeConstrained[Reduce|

KilDet # 0&& And@0Assumps, {}, Reals]|

//FullSimplify[#, Join|Assumps, Assumps2||&,

5, "Timeout"];

Print[*Killing form nondegenerate?\n",
If[nondeg, "Yes, ","No, “,"Not sure, "] ,nondeg];

KilMins = Flatten[PrincipalMinors[Kil]]
//FullSimplify[#, Join|Assumps, Assumps2||&;

def = TimeConstrained|
(KilMins(y)) > 0&&KilMins([5); > 0&&KilMins[3; > 0)
I|(KilMin8[[1]] < 0&&KilMin8[[2]] > 0&&KilMin8[[3]] <0)
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//FullSimplify[#, Join[Assumps, Assumps2]|&,
5, "Timeout"];
Print[*Killing form definite?\n",

If[def,"Yes, ","No, ","Not sure, "], def];

Kilre = KilFormD./Subs

//FullSimplify|#, Join[Assumps, Assumps2]|&;
KilreEigs — Eigenvalues|Kilre|

//8implify[#, Join[Assumps, Assumps2]|&:;

KilreMins = Flatten[PrincipalMinors[Kilre]|
//FullSimplify|#, Join|Assumps, Assumps2]|&;

defre = TimeConstrained|
(KilreMins([y)) > 0&&KilreMins(g) > 0)
[l(KilreMins ;) < 0&&KilreMins(fs; > 0)
//FullSimplify|#, Join|Assumps, Assumps2]|&,
5, "Timeout"];
Print[*Killing form definite on (X3, X2)?\n",
If[defre,*Yes, “,"No, ","Not sure, "] defre|;
I;

1.1.1 ¢}y, =0 and 3, =0

Det[KilForm]/‘{cl’g’l —+—1,e12,2 —+0,c02,0—> 1,
c0,2,2 = 0,¢0,1,1 = 0,¢0,1,2 = 0}//Simplify

0

adlao, a1,a2]/.{c1,2,1 =+ —1,c1,22 = 0,c02,0 = 1,
co,2,2 = 0,¢0,1,1 = 0,¢0,1,2 — 0}

//Eigenvalues

//FullSimplify[#,a; € Reals|&

{0, —abs[az]/T — co,2,1, 4bs[az] /T — co,2,1}

1.1.1.1 ¢}, < 1

For this case, we get a one-parameter family of equivalence
classes on SE(1,1)

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}

/. Aer21 = —1e122 = 0,c02,0 = 1,¢0,22 =0,
c0,1,1 =+ 0, co,1,2 =+ 0}//Simplify;
%/ .co2,1 —+ 1 — a//Columm

0
—Xo— (1 —a)Xy
Xo + X1

CheckAlgU[{cp,1,0 — 0,¢0,1,1 — 0,¢0,1,2 —+ 0,c0,2,0 — 1,
c0,2,1 +1—a,c0,22 + 0,120~ —1,c121 =+ —1,
c1,2,2 = 0}, {a >0}, {}]

CheckAlgU[{c1,2,1 = —1,¢1,2,2 = 0,¢0,2,0 = 1,¢0,2,2 = 0,
0,1,1 = 0,¢0,1,2 = 0}, {co,2,1 <1}, {}]

Unimodular?

Yes, True

Nilpotent?

No, False

Completely solvable?

Yes, True

Killing form nondegenerate?
No, False

Killing form definite?

No, False

Killing form definite on <X_1,X_2>7
No, False

1.1.1.2 ¢ly =1

For this case, we get a single equivalence class on Hs.

{lie[Xl,X()], lie[Xg,Xo],lie[Xz,Xll}
/. {c1,2,1 = —1,c1,2,2 =+ 0,c0,2,0 =+ 1,c0,2,2 = O,
co,1,1 =+ 0,¢0,1,2 —+0,c02,1 — 1}//8implify;
%/ /Column
0

—Xo— X1
Xo + X1

CheckAlgU[{c1,2,1 — —1,¢1,2,2 = 0,¢0,2,0 =+ 1,c0,2,2 = 0,
co,1,1 —+0,¢0,1,2 = 0,¢02,1 = 1}, {}, {}]

Unimodular?

Yes, True

Nilpotent?

Yes, True

Completely solvable?

Yes, True

Killing form nondegenerate?
No, False

Killing form definite?

No, False

Killing form definite on <X_1,X_2>7
No, False

1.1.1.3 ¢y > 1

For this case, we get a one-parameter family of equivalence
classes on SE(2).

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}

/ A{er21 = —1e122 =+ 0,c02,0 =+ 1,c0,22 = 0,
co,1,1 =+ 0,c0,1,2 — 0}

//8implify;
%/ .co,2,1 = 1+ a//Column

0
—Xo—(1+a)X;
Xo + X1

CheckAlgU[{co,1,0 =+ 0,¢0,1,1 — 0,¢0,1,2 =+ 0,¢0,2,0 — 1,
02,1 +1+a,e022—+0,c120——1,e1,21 = —1,
c1,2,2 = 0}, {a > 0}, {}]

CheckAlgU[{c1,2,1 & —1,¢1,2,2 =+ 0,¢02,0 &+ 1,c0,2,2 = 0,
co,1,1 =+ 0,c0,1,2 = 0}, {co,2,1 > 1}, {}]

Unimodular?

Yes, True

Nilpotent?

No, False

Completely solvable?

No, False

Killing form nondegenerate?
No, False

Killing form definite?

No, False

Killing form definite on <X_1,X_2>7
No, False

For brevity, we suppress the output for the remainder of
the (unimodular-case) classification code.
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1.1.2 ¢}, =0 and 3, £0

Det[KilForm| == 0
/. {e121—+—1e122 = 0,c0,2,0 = 1,¢0,2,2 — 0,
co,1,1 — 0}//8implify[#,co,1,2 # 0]&

adlag, a1,a2]/.{c1,2,1 =+ —1,c1,2,2 =+ 0,c0,2,0 = 1,
co,2,2 — 0,¢0,1,1 — 0}

//Eigenvalues

//FullSimplify[#,as: € Reals&&co 1,2 # 0]&
ForAll[{ao, a1, a2}, {0, a1,a2} € Reals,
(_"'%8(5‘2,2,1 — 1) +c0,1,2(2a001 + af + a3eo,2,1) > 0)

(—a3(co,2,1 — 1) +€0,1,2(2a001 + af + afco,2,1) > 0)]
//Resolve//FullSimplify[#,co 1,2 # 0]&

1.1.2.1 ¢y = 1 (m3 = 0)
1.1.2.1.1 2, > 0

For this case, we get a one-parameter family of equivalence
classes on SE(1,1).

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}

/. A{er21 = —1le122 = 0,c02,0 = 1,¢022 = 0,.
co0,1,1 =+ 0, co,2,1 =+ 1}//Simplify;
%/ .co,1,2 —+ o/ /Column

CheckAlgU[{co,l’o —+0,¢0,1,1 +0,c012 >, ..
c0,2,0 —+ 1,¢0,2,0 = 1,¢0,2,2 4+ 0,¢c1,2,0 + —1,
c1,2,1 &+ —1e122 = 0}, {a>0},{}]

CheckAlgU[{cl,g’l —+ —1,c12,2 =+ 0,c0,2,0 = 1,..
c0,2,2 =+ 0,¢0,1,1 — 0,¢0,2,1 — 1}, {co,1,2 > 0}, {}]

1.1.2.1.2 ¢, <0

For this case, we get a one-parameter family of equivalence
classes on SE(2).

{lie[Xl,X()],].ie[Xz,Xo],lie[Xg,Xl]}

/A{e1210 = —le122 = 0,c0,2,0 =+ 1,¢0,2,2 — 0,
co,1,1 = 0,¢0,2,1 — 1}//Simplify;
%/ .co,1,2 — —a//Column

CheckAlgU[{co,l’o —+0,¢0,1,1 =+ 0,c01,2 = —0, ..
€0,2,0 ~+ 1,¢0,2,1 = 1,¢0,2,2 +0,¢c1,20 —+ —1,
c1,2,1 &+ —1e122 = 0}, {a>0},{}]

CheckAlgU[{cl,g’l —+—1,c12,2 =+ 0,c02,0 = 1,..
c0,2,2 =+ 0,¢0,1,1 — 0,¢0,2,1 — 1}, {co,1,2 < 0}, {}]

1.1.2.2 ¢fy A1 (m3 £ 0)

m3 < 0/.{c1,21 & —1,e1,22 +0,c020 = 1,.
co,2,2 = 0,¢0,1,1 — 0}
//8implify[#,co,1,2 # 0&&ecp,2,1 # 1]&

{m1, m2, m3}/‘{c1,2,1 —+—1,e1.2,2 =+ 0,c02,0 = 1,.
c0,2,2 = 0,¢0,1,1 — 0}

//8implify[#,co,1,2 # 0&&co 2,1 # 1|&
{k1,k2}/.{c1,2,1 = —1,¢c1,2,2 =+ 0,c0,2,0 = 1,.
co,2,2 = 0,¢p,1,1 — 0}

//8implify[#,co,1,2 # 0&&co 2,1 # 1|&

(* KilForm def *)

(m1 < 0&&m2 > 0)/.{c1,2,1 =+ —1,c1,22 =+ 0,

co,2,0 > 1,c0,22 —+ 0,¢0,1,1 — 0}
//8implify[#,co,1,2 # 0&&co2,1 # 11&;

Reduce[%, {}, Reals]//

FullSimplify[#,co,1,2 7 0&&co,2,1 # 1]&

(* KilForm indef *)
(m1 > 0||m2 < 0)/.
{e1,2,1 = —1,e122 +0,c0,2,0 =+ 1,c022 = O,
co,1,1 — 0}

//8implify[#,co,1,2 # 08&&co 2,1 # 1]&;
Reduce[%, {}, Reals]

//FullSimplify[#, co,1,2 # 0&&co,2,1 # 1]&

1.1.2.2.1 m; < 0 and my > 0 (K neg. def.)

For this case, we get a two-parameter family of equivalence
classes on SU(2).

{1ie[X1, Xo], lie[X2, Xo)], Lie[ X2, X1]}

/A{er21 = —1e122 =+ 0,c02,0— 1,c0,22 = 0,
co,1,1 — 0}//8implify;
%/‘60,1’2 —+ —ay/.co2,1 = 1+ a3//Column

Assumps = {cq,1,2 # 0,¢0,2,1 # 1};

Assumps2 = Join[Assumps, {cp,1,2 < 0&&cp 2,1 > 1}];

Reduce[—cp,1,2 > 08& And@@Assumps|
//FullSimplify[#, Assumps2]&

Reduce[co,2,1 — 1 > 0&&And@@Assumps]|
//FullSimplify[#, Assumps2]|&

CheckAlgU[{co,1,0 = 0,¢p,1,1 — 0,¢0,1,2 =+ —a1,
€0,2,0 —+ 1,c0,2,1 =+ 1+ a2,c0,2,2 =+ 0,€1,2,0 + —1,
c1,2,1 =+ —1,e1.22 = 0}, {a1 > 0,2 > 0}, {}]

CheckAlgU[{c1,21 — —1,¢1,2,2 —+ 0,¢0,2,0 — 1,
co,2,2 —+0,c0,1,1 = 0}, {co,1,2 #0,c0,2,1 # 1},
{c0,1,2 < 0,¢0,2,1 > 1}]

1.1.2.2.2 m; > 0 or mg <0 (K indef.)

(* KilFormD def *)
(m1 > Of|m2 < 0)&& (k1 # 0&&k2 > 0)

/{er,21 = —1c1,2,2 = 0,c0,20 = 1,
co,2,2 —+0,c0,1,1 — 0}

//FullSimplify[#, co,1,2 # 0&&co,2,1 # 1]&;
Reduce[%, {}, Reals]

//FullSimplify[#,co,1,2 # 0&&co2,1 # 1|&
(* KilFormD indef *)
(n1 > Ofjm2 < 0)&&(k1 —— 0||k2 < 0)

/{er21 = —1c1,2,2 = 0,c0,20 = 1,
co,2,2 =+ 0,c0,11 — 0}

//FullSimplify[#, co,1,2 # 0&&co,2,1 # 1]&;
Reduce[%, {}, Reals]

//FullSimplify[#,co,1,2 # 0&&co2,1 # 1|&

1.1.2.2.2.1 k; £ 0 and ko > 0 (Kp, def.)

For this case, we get a two-parameter family of equivalence
classes on SL(2,R);.

{lie[Xl, Xo], lie[Xg, Xo], lie[Xg, X1]}

/. {c12,1 = —1,c122 —+0,c02,0 = 1,
co,2,2 =+ 0,c0,1,1 — 0}//Simplify;
%/‘60,1’2 —+a1/.cp,2,1 =+ 1 — az//Column
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Assumps = {cp,1,2 # 0,¢0,2,1 # 1};

Assumps2 = Join[Assumps, {cp,1,2 > 0,c0,2,1 < 1}];

Reduce(co,1,2 > 08& Ande@Assumps]|
//FullSimplify|#, Assumps2]&

Reduce(l — ¢p 2,1 > 088 And@@Assumps|
//FullSimplify|#, Assumps2]&

CheckAlgU[{co,l’o —+0,¢c0,1,1 =+ 0,c0,1,2 = 01,
co,2,0 =+ 1,¢0,2,1 = 1 — 2,c0,2,2 = 0,

c12,0 >+ —le121 =+ —1,¢122 — 0},

{1 > 0,2 > 0}, {}]

CheckAlgU[{e1,2,1 = —1,¢1,2,2 = 0,c0,2,0 = 1,
co,2,2 =+ 0,¢0,1,1 = 0}, {co,1,2 #0,c0,2,1 # 1},
{co,1,2 > 0,c0,2,1 < 1}]

1.1.2.2.2.2 k1 = 0 or kp <0 (Kp, indef.)

For this case, we get a two-parameter family of equivalence
classes on SL(2,R)pp-

Case 1: ¢p,1,2 <Oand cp21 <1

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}
/{ei2n =+ —1,c12,2 = 0,c0,2,0 = 1,

co,2,2 = 0,¢0,1,1 — 0}//Simplity;

%/ .co1,2 — —a1/.co2,1 — 1 — aa//Column

Assumps = {co,1,2 # 0,¢c0,2,1 # 1};

Assumps2 = Join[Assumps, {cp,1,2 < 0&8&cp,2,1 < 1};

Reduce[—cp,1,2 > 0&&AndQQAssumps)
//FullSimplify|#, Assumps2]&

Reduce[l — cp,2,1 > 0&&And@@Assumps|
//FullSimplify|#, Assumps2]&

CheckAlgU[{cp,1,0 = 0,¢0,1,1 — 0,¢c0,1,2 —+ —ou1,
€0,2,0 —* 1,¢0,2,1 > 1 —aa,c022 =0,

c1,2,0 > —1,e1,21 = —1,¢1,2,2 — 0},

{1 > 0,2 > 0}, {}]

CheckAlgU[{ec1,2,1 = —1,e1,2,2 —+ 0,¢0,2,0 = 1,
co,2,2 =+ 0,¢0,1,1 — 0}, {co,1,2 #0,c0,21 # 1},
{co,1,2 < 0,c0,2,1 £ 1}]

Case 2: cp,1,2 >0and cp2;1 > 1

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}

/. A{e121 > —1e122 =+ 0,c02,0 — 1,
c0,2,2 =+ 0,co0,1,1 = 0}//Simplify;
%/‘00’1’2 —+a1/.co2,1 =+ 1+ aa//Column

Assumps = {co,1,2 # 0,¢0,2,1 # 1};

Assumps2 = Join[Assumps, {co,1,2 > 0,¢c0,2,1 > 1}];

Reduce[co,1,2 > 08& Ande@Assumps]|
//FullSimplify|#, Assumps2]&

Reduce(cp 2,1 — 1 > 088 And@@Assumps|
//FullSimplify|#, Assumps2]&

CheckAlgU[{co,l’o —+0,¢0,1,1 =+ 0,c0,1,2 = 01,
co0,2,0 — 1,¢0,2,1 > 1+ 2,¢c0,2,2 = 0,

c1,2,0 >+ —le121 =+ —1,¢1,22 — 0},

{o1 > 0,02 > 0}, {}]

CheckAlgU[{c1,2,1 =+ —1,c1,2,2 =+ 0,c0,2,0 = 1,
co,2,2 =+ 0,¢0,1,1 = 0}, {co,1,2 #0,co,2,1 # 1},
{co,1,2 > 0,c0,2,1 > 1}]

1.1.3 ¢}, >0and 2, =0

For this case, we get a two-parameter family of equivalence
classes on SL(2,R)pyp-

Det[KilForm| # 0
/ {er21 = —1e122 —+0,c020—1,
€0,2,2 — —¢0,1,1,¢0,1,2 — 0}
//8implify[#,co,1,1 > 0]&
m3 < 0/.{c1,2,1 &+ —1,c1,2,2 = 0,c0,2,0 = 1,
€0,2,2 =+ —C0,1,1,¢0,1,2 — 0}
//8implify[#,co,1,1 > 0]&

{m1,m2,m3}/.{c1,2,1 =+ —1,e1,22 =0,
co,2,0 + 1,c02,2 =+ —Co,1,1,¢0,1,2 — 0}
//8implifyl#,co,1,1 > 0]&
(* KilForm def *)
(m1 < 0&&m2 > 0)/‘{01’2’1 —+—1,c122 —+0,c02,0—1,
€0,2,2 = —€0,1,1,¢€0,1,2 —+ 0}
//8implify[#,co,1,1 > 0]&;
Reduce[%, {}, Reals]
//FullSimplify[#,co,1,1 > 0]&

(* KilForm indef *)
(m1 > 0f|m2 < 0)
/ A{er,21 = —1e122 —+0,c020— 1,
€0,2,2 — —¢0,1,1,¢0,1,2 — 0}
//8implify[#,co,1,1 > 0]&;
Reduce[%, {}, Reals]
//FullSimplify[#,co,1,1 > 0]&

(* KilFormD def *)
(m1 > Of|m2 < 0)&&(k1 7 08&&k2 > 0)
/{121 = —1e122 —+0,c020— 1,
€0,2,2 =+ —C0,1,1,¢0,1,2 — 0}
//8implify[#,co,1,1 > 0]&;
Reduce[%, {}, Reals]
//8implify[#,co1,1 > 0]&

(* KilFormD indef =)
(n1 > Ofjm2 < 0)&& (k1 —— O||k2 < 0)
/. {c1,2,1 = —1,c1,2,2 —+0,c02,0 = 1,
€0,2,2 =+ —C0,1,1,¢0,1,2 —+ 0}
//8implify[#,co,1,1 > 0]&;
Reduce[%, {}, Reals]
//8implify[#,co,1,1 > 0]&

{1ie[X1, Xo], lie[ X2, Xp], Llie[ X2, X1]}

/ {er21 = —1e122 —+0,c020— 1,
€0,2,2 = —¢€0,1,1,¢0,1,2 = 0}//Simplify;
%/ .c01,1 — a/.co2,1 — —v +1//Column

Assumps = {co,1,1 > 0};

Reduceleo,1,1 > 0&& And@@Assumps]
//FullSimplify[#, Assumps]&
Reduce[cg 2,1 € Reals&&AndeQAssumps]
//FullSimplify[#, Assumps]&

CheckAlgU[{co’l,o —+0,¢0,1,1 = @,¢c0,1,2 = 0,
c0,2,0 —+ 1,¢0,21 +1—7,¢0,2,2 = —a,

c1,20 ~>—Le1,21 = —1,¢1,22 — 0},

{a > 0,7 €Reals}, {}]

CheckAlgU[{cl’z,l —+ —1,¢c1,2,2 —+0,c02,0— 1,
€0,2,2 =+ —C0,1,1,¢0,1,2 =+ 0}, {co,1,1 > 0}, {}]
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1.1.4 ¢}y, >0 and 3, £0

Det[KilForm| == 0/.{61,2’1 —+ —1,c122 —+0,c02,0 1,
c0,2,2 = —C0,1,1}

//8implify[#,co,1,1 > 0&&ecp,1,2 # 0]&
Solve[%, co,1,1]//8implify

1.1.4.1 (e}))? + 2, (cly — 1) =0 (m3 = 0)
1.1.4.1.1 ¢4, >0 and ¢}, < 1

For this case, we get a two-parameter family of equivalence
classes on SE(1,1).

{lie| X1, Xo], lie[X2, Xo], lie[ X2, X1]}
/A{er21 = —1e122 =+ 0,c020— 1,

co0,2,2 = —y/—co,1,2(co,2,1 — 1),

co,1,1 = y/—c¢o,1,2(co,2,1 — 1)}
//8implify;

%/ .co,1,2 —+o1/.co21—>1—az
//Simplity[#, a; > 0&&as > 0]&//Column

CheckAlgU[{co,l’o —0,c0,1,1 = /0102,C0,1,2 = O3,
co,2,0 = 1,c02,1 = (1 — a2),c0,22 = —y/araz,
c1,2,0 > —le121 =+ —1,¢1,22 — 0},

{o1 > 0,02 >0}, {}]

CheckAlgU[{cl,g’l —+—1,c12,2 =+ 0,c0,2,0 = 1,
c0,2,2 = —y/—¢o0,1,2(co,2,1 — 1),

co,1,1 = y/—co,1,2(c02,1 — 1)},

{co,1,2 > 0,c0,2,1 < 1},{}]

1.1.4.1.2 ¢3;, < 0 and ¢}, > 1

For this case, we get a two-parameter family of equivalence
classes on SE(2).

{lie[Xl,X()],].ie[Xz,Xo],lie[Xg,Xl]}
/A{er21 = —1e122 = 0,c020— 1,

c0,2,2 =+ —v/—co,1,2(co,2,1 — 1),

co,1,1 = y/—c¢o,1,2(co,2,1 — 1)}
//8implify;

%/ .co,1,2 —+ —a1/.co2,1 — 1+ s
//Simplity[#, a; > 0&&as > 0]&//Column

CheckAlgU[{co,l’o —0,c0,1,1 = /0102,¢0,1,2 = —01,
c0,2,0 = 1,¢0,2,1 = (1 + a2),c0,2,2 = —y/a1az,

c1,2,0 >+ —le121 =+ —1,¢1,22 — 0},

{al >0,a2 > 0}7 {}]

CheckAlgU[{cl,g’l —+ —1,c12,2 =+ 0,c0,2,0 = 1,
co0,2,2 = —y/—co,1,2(co,2,1 — 1),
co,1,1 = y/—co,1,2(c02,1 — 1)},

{co,1,2 < 0,co,2,1 > 1}, {}]

1.1.4.2 (cg1) + cgy(ch — 1) # 0 (ms # 0)

m3 < 0/.{c1,2,1 = —1,e1,2,2 =+ 0,c0,2,0 — 1,
co,2,2 = —¢0,1,1}
//8implify[#,co,1,1 > 08&ecp,1,2 # 0
&&6371’1 +eo,1,2(co,2,1 — 1) # 0]&

{m1,m2,m3}/.{e121 =+ —1,c1,22 = 0,c02,0 = 1,
c0,2,2 = —C0,1,1}

//8implify[#,co,1,1 > 0&&cp,1,2 # 0
&&6(2),1,1 + co,1,2(co,2,1 — 1) # 0]&
{kl,k2}/‘{cl’2’1 —+ —1,e12,2 —+0,c02,0— 1,
€0,2,2 = —C0,1,1}
//8implify[#,co,1,1 > 0&&cp,1,2 # 0
&&03,1,1 + 60’1’2(00’2’1 —1) # 0]&

(* KilForm def *)
(m1 < 0&&m2 > 0)/.{c1,21 —+ —1,€12,2 =0,
c0,2,0 + 1,c022 = —co,1,1}
//8implify[#,co,1,1 > 08&cp,1,2 # 0
&&ed 1 1 +co,1,2(c02,1 — 1) # 01&;
Reduce[%, {}, Reals]
//FullSimplify[#,co,l,l > 0&&cp1,2 #0
&&cd 4 1 +co1,2(c0,2,1 — 1) # 0]&

(* KilForm indef *)
(m1 > 0llm2 < 0)/.{e1,21 = —1,c1,2,2 =0,
co,2,0 + 1,c022 =+ —co,1,1}
//8implify[#, co,1,1 > 0&&co,1,2 # O
&&ecd 4 1 +co1,2(c0,2,1 — 1) # 0]&;
Reduce[%, {}, Reals]
//Ful18implify[#,co,1,1 > 0&&eco,1,2 # 0
&&cd ;1 +co1,2(c0,2,1 — 1) # 0]&

1.1.4.2.1 m; < 0 and my > 0 (K neg. def.)

For this case, we get a two-parameter family of equivalence
classes on SU(2).

{lie[Xl,X()],lie[Xg,X()],lie[Xz,Xl]}
/. {c1,2,1 = —1,c1,2,2 —+0,c02,0 = 1,

€o,2,2 — —C0,1,1}
//8implify;

%/ .co1,1 — ai1/.co1,2 —+ —az/.co21 —+ 1+ a3
//Column

Assumps = {co,1,1 > 0,¢0,1,2 # 0};
Assumps2 = Join[Assumps, {03,1,1 + co,1,2(c0,2,1 — 1) #0,

2
€0,1,1 .
01,2 <0, ;- +eo2,1 > 1

Reduce|cp,1,1 > 0&8&Ande@Assumps]
//FullSimplify[#, Assumps2]&
Reduce[—cp,1,2 > 08&And@@Assumps]
//FullSimplify[#, Assumps2]|&
2
Reduce[co,2,1 — 1 > —zg’% > 08:8And@QAssumps)|

//FullSimpl ify[#,’A’ssumps2]&

CheckAlgU[{co’l,o —+0,¢c0,1,1 = @1,¢€0,1,2 = —Q2,
c0,2,0 = 1,¢0,2,1 = 1+ a3,c0,2,2 = —au,
c120—+—l,e121 &+ —1,¢122 = 0},

{a1 > 0,2 > 0,3 > 0}, {a% < asaz}]

CheckAlgU[{cl’z,l —+—1,c1,22 —+0,c02,0 =1,
c0,2,2 = —c0,1,1}, {€0,1,1 > 0,¢co0,1,2 # 0},
{e8,1,1 +eo,2(c0,2,0 — 1) #0,¢0,1,2 <0,

2
€0,1,1
2012 TC021> 1}

1.1.4.2.2 m; > 0 or ma <0 (K indef.)

(x KilFormD def x*)
(m1 > 0]lm2 < 0)&&(k1 # 0&&k2 > 0)

/ A{er21 = —1e122 —+0,c020—1,
€o,2,2 — —C0,1,1}
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//8implify[#,co,1,1 > 08&&cp1,2 # 0
&&e 1 1 +eo,1,2(co2,1 — 1) # 0]&;
Reduce([%, {}, Reals]
//FullSimplify[#,cp,1,1 > 0&&co,1,2 # 0

&&c3 1 1 +co1,2(co,2,1 — 1) #0]&
(* KilFormD indef #)
(m1 > Ofjn2 < 0)&&(k1 == O[[x2 < 0)

/. A{er21 = —1le122 =+ 0,c020— 1,
c0,2,2 = —co,1,1}
//8implify[#,co,1,1 > 08&ecp,1,2 # 0
&&ej 1 1 +eo1,2(co2,1 — 1) # 0&;
Reduce([%, {}, Reals]
//FullSimplify[#,co,l,l > 0&&cp,1,2 #0
&&ej 1 1 +eon,2(co2,1 — 1) #0)&

1.1.4.2.2.1 k; £ 0 and ko > 0 (Kp, def.)

For this case, we get a two-parameter family of equivalence
classes on SL(2,R) ;.

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}
/. A{er21 = —1le122 =+ 0,c020 — 1,
c0,2,2 = —co,1,1}
//8implify;
%/ .co11 —+a1/.co12 —+ oaf.cop1—+1—a3
//Column

Assumps = {¢cp,1,1 > 0,¢0,1,2 # 0};
Assumps2 = Join[Assumps,
{11 +c0, L 2(co2,1 —1) #0,
0 1,1

01,2 >0, 2 s +eo2,1 < 1}];
Reduce[co,1,1 > O&&And@@Assumps]
//FullSimplify[#, Assumps2]&
Reduce[co,1,2 > 08&And@CAssumps]
//FullSimplify[#, Assumps2]&
2

Reduce[l —¢g2,1 > 0> — ° 1.1 &&And@@Assumps]
//FullSimplify|#, Assumps2]&

CheckAlgU[{cp,1,0 — 0,¢0,1,1 —+ a1,¢0,1,2 — @2,
€0,2,0 —* 1,¢0,2,1 =+ 1 —ag,cp22 = —aa,

c1,2,0 > —le121 =+ —1,¢1,22 — 0},

{01 > 0,02 > 0,a3 > 0}, {azas > a3}

CheckAlgU[{cl,g’l —+ —1,c12,2 =+ 0,c0,2,0 = 1,

co,2,2 = —c¢o,1,1 },{co,1,1 > 0,¢c0,1,2 # 0},

{0(2) 1,1 +¢o,1,2(c0,2,1 — 1) #0,¢0,1,2 > 0,
AR +co,2,1 <1}

€0,1,2

1.1.4.2.2.2 k; = 0 or ko <0 (Kp, indef.)
For this case, we get a two-parameter family of equivalence
classes on SL(2,R)pyp.
Case 1: 0012<Oand 011 +0021<1
{lie[Xl,X()],].ie[Xz,Xo],lie[Xg,Xl]}
/.{e121 = —1,e1,2,2 = 0,c0,2,0 = 1,
c0,2,2 = —C0,1,1}
//8implify;
%/ .co11 —+ a1/.co1,2 + —az/.co21 =+ —y+1
//Column

Assumps = {cg,1,1 > 0,¢0,1,2 # 0};
Assumps2 = Join[Assumps {cg 11t co,1,2(co,2,1 — 1) #0,
€0,1,2 <0, 11 5 teoz21 <1}

Reduce[CO,l,l > 0&&And@@Assumps]
//FullSimplify[#, Assumps2]|&
Reduce[—cp,1,2 > 0&& And@QeAssumps)|
/ /FullSlmpllfy[#, Assumps2|&

Reduce[l — cp 2,1 > —O’l'l&&And@@Assumps]
/ /FullSlmpllfy[#, Assumps2]&

CheckAlgU[{co,1,0 —+ 0,c0,1,1 — a1,¢€0,1,2 — —C2,
c0,2,0 *1,¢c021 —+1—7,¢c0,22 > —a,
c120—+—l,e121 &+ —1,¢122 — 0},

{a1 > 0,2 > 0,7 € Reals}, {a% +vaz > 0}]

CheckAlgU[{cl’z,l —+ —1,c1,22 —+0,c02,0 =1,
c0,2,2 =+ —c0,1,1}, {€0,1,1 > 0,¢co0,1,2 # 0},
{62 0,1,1 T e0,1,2(co,2,1 — 1) #0,¢0,1,2 <0,

011
2012 Te21 <1}

Case 2: 0012>Oand 011

5 teoza1 21
{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}
/. {c1,2,1 = —1,c1,2,2 —+0,c02,0 = 1,
€o,2,2 — —C0,1,1}
//8implify;
%/.c01,1 =+ @1/ .co1,2 = a2/ .co21 —+ —v+1
//Column

Assumps = {cp,1,1 > 0,co,1,2 # 0};
Assumps2 = Join[Assumps, {cg 11t co,1,2(co,2,1 —
6012>0,001 +eco,2,1 > 1}
Reduce|cp,1,1 > 0&8&Ande@Assumps]
//FullSimplify[#, Assumps2]|&
Reduce|cp,1,2 > 0&8&Ande@Assumps]
/ /FullSimplify[#, Assumps2]&
Reduce[co,2,1 — 1 > — ° 1.1 &&And@@Assumps]
/ /FullSlmpllfy[#, Assumps2]&

1) #0,

CheckAlgU[{co’l,o —+0,c0,1,1 = @1,€0,1,2 = a2,
c0,2,0 *1,¢c021 —+1—7,c0,22 > —a,
c1,20—+—l,e121 —+ —1,¢122 — 0},

{a1 > 0,a2 > 0,7 € Reals}, {a? — yaas > 0}]

CheckAlgU[{c1,2,1 —+ —1,c1,2,2 = 0,c0,2,0 =+ 1,
60,2,2 — —co,1,1}, {c0,1,1 > 0,¢0,1,2 # 0},
{ 011+6012(0021—1)9é0,co,1,2 >0,

011+6021>1}]

<0,1,2

Equivalence Classes
SE(1,1)

On SE(1, 1), we have a two-parameter family of equivalence
classes.

Subs = {00’1’0 — 0,c0,1,1 — y/a103,c0,1,2 — 01,
c0,2,0 + 1,c021 = (1 — a2),c0,2,2 = —/onaz,
c120—+—l,e121 &+ —1,¢c122 = 0}
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{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}/.Subs
//8implify;
%/ /Simplify[#, a1 > 08&& g > 0]&//Column

{00, 01, 02}/ -Subs//Simplify[#, 1 > 0&&as > 0]&
{k, x1,9}/.Subs//FullSimplify[#, a1 > 0&&a2 > 0]&

CheckAlgU[Subs, {1 > 0, a2 > 0}, {a1 # O]|a2 # 0}]

Hs
On Hs, we have a single equivalence class.

Subs = {¢1,2,1 = —1,¢1,2,2 = 0,¢0,2,0 & 1,c0,2,2 = 0,
co,1,1 =+ 0,¢0,1,2 — 0,¢0,2,1 — 1};

{1ie[X1, Xo], 1ie[ X2, X0], 1ie[X2, X1]}/.Subs
//8implify;
%/ /Column

{r, x1,x2,9}/ .Subs//Simplify
{00, 01, 02}/ .Subs//Simplify

CheckAlgU[{c1,2,1 = —1,¢1,2,2 = 0,¢0,2,0 = 1,
co0,2,2 = 0,¢0,1,1 =+ 0,¢0,1,2 = 0,¢0,2,1 = 1}, {}, {}]

SE(2)

On §E(2), we have a two-parameter family of equivalence
classes.

Subs = {co,1,0 =+ 0,¢0,1,1 = y/2102,€0,1,2 = —01,
c0,2,0 = 1,¢0,2,1 = (1 + a2),c0,2,2 = —y/a1az,
c1,2,0 > —le121 —+—1,c122 = 0}

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}/.Subs
//8implify;
%/ /Simplify[#, a1 > 08&& g > 0]&//Column

{k, x1, X2, 9}/ .Subs

//FullSimplify[#, o1 > 0&&as > 0]&
{e0, 01, 02}/ .Subs

//FullSimplify[#, o1 > 0&&as > 0]&

CheckAlgU[Subs, {1 > 0&&a > 0}, {1 # O||aa # 0}]

SU(2)

On SU(2), we have a three-parameter family of equivalence
classes.

Subs = {cp,1,0 = 0,¢0,1,1 — 8,¢0,1,2 &+ —0a1,c02,0 + 1,
c0,2,0 =+ 1+ a2,c0,2,2 =+ —b,c1,20 = —1,c1,21 =+ —1,
c1,2,2 = 0};

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}/.Subs
//8implify;
%/ /Column

{m1,m2, m3}/.Subs
//Ful1Simplify[#,é > 0&&ay > 0&&as > 0
&&82 — ajan < 0]&
{n1 < 0,m2 > 0,m3 < 0}/.Subs
//Ful1Simplify[#,é > 0&&ay > 0&&as > 0
&8&6% — ajas < 0]&

{K,x1,Xx2,9}/ .Subs
//Full1Simplify[#,8 > 0&&oy > 0&&aa > 0

&8&62% — oy < 0)&
{00, 01, 02}/ .Subs
//Ful1Simplify[#,d > 0&&a; > 0&&as > 0
&8&62 — i < 0]&

CheckAlgU[Subs, { > 0, a1 > 0,a2 > 0},
{82 — s < 0}]

SL(2,R)

On §I(2, R).11, we have a three-parameter family of equiv-
alence classes.

Subs = {cp,1,0 =+ 0,c0,1,1 — 6,¢0,1,2 = a1,¢0,2,0 =+ 1,
co,2,1 —+1—aa,co22 —+—d,c120— —1,c121 = —1,
c1,2,2 — 0};

{1ie[X1, Xo], lie[X2, Xo], Llie| X2, X1]}/.Subs
//8implify;
%/ /Column

{K, x1,x2,9}/.Subs/.a2 =+ 1+ o1
//Ful1Simplity[#,d > 0&&a; > 0&&as > 0
&8&62 — aan < 0]&
{907 o1, 92}/-3111’3
//Ful1Simplity[#,8 > 0&&a; > 0&&as > 0
&8&62 — aan < 0]&

CheckAlgU[Subs, {6 > 0, a1 > 0,a2 > 0},
{62 — oy < 0}]

§[(27 R)hyp

On §I(2, R)yp, We have a three-parameter family of equiv-
alence classes.

Subs = {cp,1,0 =+ 0,c0,1,1 — 6,¢0,1,2 —* 711,¢€0,2,0 = 1,
c0,21 =+ 1—72,c0,2,2 =+ —d,c1,20 =+ —1,c1,21 = —1,
c1,2,2 = 0};

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}/ .Subs
//8implify;
%/ /Column

{K,x1,x2}/.8ubs/.y2 =+ v1 +1
//FullSimplify[#,d > 0&&{v1,v2} € Reals
&8&68% — v1y2 > 0]&
{907 o1, 92}/-3111’3
//Fall1Simplify[#,d > 0&&{~y1,72} € Reals
&8&8% — y172 > 0]&

CheckAlgU[Subs, {§ > 0, {y1,72} € Reals},
{8% — 1172 > 0}]

1.2 Non-unimodular case: c};+c2, # 0
or ¢, + iy # 0 or ¢y, # 0

{1ie[X1, Xo], 1ie[X2, Xp)], Lie[ X2, X1]}
//8implify//Column

—Xico,1,1 — X2¢0,1,2
—Xoco,2,0 — X1¢0,2,1 — X2¢0,2,2
Xo — Xye1,2,1 — Xac1,2,2

{lie[uX1, /1.2X0], lie[uX2, [1.2X0], lie[puXo, uX1]}
/.A[]—0
/.Thread[{Xp, X1, X2} — {FI,XO, %Xl, %Xg}]
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//Simplify; 5, "Timeout"];
%/ .1 —> 0012 5 //Collect[#, {Xo, X1, X2}]&//Column Print[*Unimodular?\n",
- If[uni, "Yes, ","No, “,"Not sure, "],uni|;
_ X1e0,1,1  X2¢0,1,2
0.2,9 0,2, compsolv = TimeConstrained|Reduce|
x. _ X1°0,21 _ X300,2,2
0 T T Forill[{ao,a1,a2}, {ao,a1,a2} € Reals,
Xo - Xie1.3.1 X012 Thread[adeigs € Reals||&& And@@Assumps,
€0,2,0 €0,2,0 {c0,1,1,¢€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2}]

{1ie[X1, Xo], 1ie[X3, Xo], 1ie[X2, X1]}/ . {co,2,0 — 1}
//8implify//Column

—Xico,1,1 — X2co0,1,2
—Xo — Xyco0,2,1 — Xaco,2,2
Xog — Xyer,2,1 — Xacey,2,2

AndQ@{—cp,1,1 — €0,2,2 — €0,2,0¢1,2,2 == 0,
—€0,1,1€0,2,0 + €0,2,2€1,2,1 — €0,2,1¢1,2,2 == 0,
co,1,2(—¢0,2,0 — €1,2,1) + co,1,1¢1,2,2 == 0}

/ -{co,2,0 = 1}//FullSimplify
And@@{—co,1,1 — €0,2,2 — €0,2,0€1,2,2 == 0,
—€0,1,1€0,2,0 + €0,2,2€1,2,1 — €0,2,1¢1,2,2 == 0,
co,1,2(—¢0,2,0 — €1,2,1) +¢co,1,1¢1,2,2 == 0}

/ . {co,2,0 =+ 1}/ .{co,1,1 = —co,2,2 —c1,2,2}

//FullSimplify

co,1,1 +co,2,2 + c1,2,2 == 0&&
¢0,1,1 + ¢0,2,1¢1,2,2 == ¢0,2,2¢1,2,1&&
c0,1,2(1 + c1,2,1) == co,1,1¢1,2,2

co,2,2(1 + c1,2,1) == (co,2,1 — Dey,2,2&&
co,1,2(1 +c1,2,1) + c1,2,2(c0,2,2 + c1,2,2) == 0

0r@@Thread[{cp,1,1 + c0,2,2,€0,2,0 + €1,2,1,€1,2,2} # 0]
/. {eo,2,0 > 1}/ .{co,1,1 = —co,2,2 — €1,2,2}
//FullSimplify

1+eci,2,1 # Oller,2,2 #0
Since c%o > 0, we have:
—cp,2,2 —c1,2,2 > 0//8implify

co,2,2 tc1,2,2 <0

CheckAlg routine

Checks algebraic properties of the algebra generated by
the canonical frame (using the eigenvalues of the adjoint
operator and also using the Killing form) in order to dis-
tinguish the different three-dimensional (non-unimodular)
Lie algebras. Prints out messages indicating if the given
algebra has the various properties. Some of the checks are
done in different ways, since sometimes one way will work
and another approach will time out; hence there are some
repeated checks.

CheckAlgN[Subs_, Assumps_, Assumps2_| :=Module|[{
adeigs, uni, compsolv, affrr, eigseq},

adeigs = Eigenvalues(ad[ag, a1, a2]/.Subs]
//FullSimplify[#, Join[Assumps, Assumps2]|&;

Print[adeigs];

uni = TimeConstrained[Reduce|
ForAll[{ag, a1, a2}, {ao,a1,a2} € Reals,
Tr(ad[{ao, a1, a2}]] == 0]&& Ande@Assumps,
{c0,1,1,¢€0,1,2,€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2 }, Reals]
//FullSimplify[#, Join[Assumps, Assumps2]|&,

//FullSimplify[#, Join[Assumps, Assumps2||&,
5, "Timeout"];
Print[*Completely solvable?\n",
If[compsolv, "Yes, “,"No, “,"Not sure, "],
compsolv];

compsolv = TimeConstrained|Reduce|
ForAll[{ag,a1,a2}, {ao,a1,a2} € Reals,
And@eThread[In[adeigs] == 0]]&& And@@Assumps,
{co,1,1,¢0,1,2,¢0,2,0,€0,2,1,0,2,2,€1,2,1,€1,2,2}]
//FullSimplify[#, Join[Assumps, Assumps2||&,

5, "Timeout"];

Print[*Completely solvable?\n",
If[compsolv, "Yes, “,"No, “,"Not sure, "],

compsolv];

compsolv = TimeConstrained|Reduce|
Exists[{ao, a1, a2}, {ao, a1,a2} € Reals,
0r@@Thread|Im[adeigs] # 0]]§&AndeQAssumps,
{c0,1,1,¢€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2}]
//FullSimplify[#, Join[Assumps, Assumps2||&,

5, "Timeout"];

Print["Completely solvable?\n",
If[compsolv, "Yes, “,"No, “,"Not sure, "],

compsolv];

affrr = TimeConstrained[Resolve|
(ForAll[{ap,a1,a2}, {ao,a1,a2} € Reals,
adeigs[[2]] ==
&&

Exists[{ag, a1, a2}, {ao, a1,a2} € Reals,
adeigs[[3]] # 0])
|| (ForAll[{ao, a1,a2}, {ao0,a1,a2} € Reals,
adeigs[[3]] == 0]
&&

Exists[{ag, a1, a2}, {ao, a1,a2} € Reals,
adeigs[[2]] # 0])
& & AndQQAssumps,
{c0,1,1,€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2}]
//Full1Simplify[#, Join[Assumps, Assumps2||&,
5, "Timeout"];
Print["Af£(R).0 x R?\n",
If[affrr,"Yes, ","No, “,"Not sure, "], affrr|;

eigseq = TimeConstrained|Reduce|
ForAll[{ag, a1, a2}, {ao,a1,a2} € Reals,
adeigsjy;) == adeigsy[g))|&&Ande@Assumps,
{c0,1,1,¢€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2}]
//FullSimplify[#, Join[Assumps, Assumps2]||&,

5, "Timeout"];

Print[*Eigenvalues equal?\n",
If[eigseq, "Yes, ","No, “,"Not sure, "], eigseq];

eigseq = TimeConstrained|Reduce|
Exists[{ao, a1, a2}, {ao, a1,a2} € Reals,
adeigsjy)) # adeigs[)]&& And@CAssumps,
{c0,1,1,¢€0,1,2,¢€0,2,0,€0,2,1,€0,2,2,€1,2,1,€1,2,2}]
//FullSimplify[#, Join[Assumps, Assumps2]||&,
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5, "Timeout"];
Print[*Eigenvalues equal?\n",
If[eigseq, "Yes, ","No, ","Not sure, "], eigseq|;
l;

1.2.1 ¢}, = -1

0r@@Thread[{co,1,1 + ¢0,2,2,¢0,2,0 + €1,2,1,¢1,2,2} # 0]
/.co2,0—1/.{co,1,1 = —c1,2,2 — 02,2}
/.c121 — —1
//FullSimplify

c1,2,2 #0
o . 2
This implies that c7, # 0.

co,1,1 +co,2,2 +c1,22==0

&&co,1,1 +¢0,2,1€1,2,2 == €0,2,2€1,2,1

&&co,1,2(1+e1,2,1) ==¢0,1,1€1,2,2
/{co2,0 =+ 1}/ . {eoa,1 = —c1,2,2
/.c121 =+ —1
//FullSimplify[#,c1 2,2 # 0]&

—co,2,2}

co,2,1 == 1&&co,2,2 + c1,2,2 == 0
This implies that C%o =0.

CheckAlgN[{cp,2,0 — 1,¢0,1,1 —+ 0,c1,2,1 = —1,¢c0,2,1 — 1,
c0,2,2 — —e1,2,2}, {€1,2,2 # 0,cuv_u € Reals}, {}]

Resolve|ForAll[{ao, a1, a2}, {ao,a1,a2} € Reals,

—3 (a0 +a1)(y/4co1,2 + ¢} 50 —€1,2,2) == 0

Il (a0 +a1)(y/4c0,1,2 +€F 5 5 +c1,2,2) == 0O]]
//FullSimplify[#,ci1 2,2 # 0&&ec1,2,2 € Reals|&
Resolve|ForAll[{ao, a1, a2}, {ao,a1,a2} € Reals,

—3(a0+a1)(y/de012 +ef a0~

= 3(a0 +a1)(y/4e0,1,2 + ¢ 5 5 +e12,2)l]
//FullSimplify[#,c1,2,2 # 08&&cy,2,2 € Reals]&

c1,2,2)

co,1,2 == 0

c1,2,2 == —24.,/¢0,1,2]lc1,2,2 == 24,/20,1,2
Since C%o = 0, we may assume c%l < 0 (by changing the

frame if necessary).

1.2.1.1 (3,)? + 4¢3, > 0 and ¢, £ 0

In this case, we get a one-parameter family of equivalence
classes on G§_4‘

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}
/{eo2,0 > 1,c001 0,121 — —1,c021 — 1,
c0,2,2 = —c1,2,2}
//8implify;
(h2—1)a?
%/.c122 —+al.con2— BB — 1551/
Column

(h271)o¢2X2

*Xo — X1 + aXs
X0+ X1 — aXs

Assumps = {c1,2,2 > 0,¢0,1,2 # 0, Cu_v_u_ € Reals};

Assumps2 = Join|Assumps, {4co,1,2 + 63,2’2 > 0};

Reduce[cy, 2,2 > 08&Ande@Assumps]
//FullSimplify|#, Assumps2]&

Reduce|cp,1,2 # 0&8&Ande@Assumps]
//FullSimplify[#, Assumps2]|&

True
True

CheckAlgN[{co,1,0 =+ 0,c0,1,10 = 0,¢0,1,2 = B,¢0,2,0 = 1,
0,21+ 1,c022 =+ —a,e120 —+ —1,¢121 — —1,

(h2-1)a?
c122 —+at/.B— —T,{a >0,87#0,8 € Reals,

h>0,h#1},{o? 448 > 0}]
CheckAlgN[{co,2,0 —+ 1,c0,1,1 = 0,€c1,2,1 =& —1,c0,2,1 — 1,

co2,2 —+ —c1,2,2},{e1,2,2 > 0,¢0,1,2 # 0, ca,v_u_ € Reals},
{4co1,2+¢f 59 > 0,c012 <0 =

(e1,2,2 > 2v/=co,12ller,2,2 < —2¢/=¢0,1,2)}]

{0, =3 (a0 —a1)(c1,2,2 + 4/4co,1,2 + C%’Q’Q)v T(ap —a1)(—c1,2,2+
4o, 1,2 +eF 5 )}

Unimodular?

No, False

Completely solvable?
Yes, True

Completely solvable?
Yes, True

Completely solvable?
Yes, True

Aff(R)_0 x R?

Not sure, Timeout
Eigenvalues equal?
No, False
Eigenvalues equal?
No, False

Find h:

Subs = {cp,1,0 = 0,c0,1,1 — 0,¢0,1,2 = B,¢c0,2,0 = 1,
0,21+ 1,c022 =+ —a,e120 —+ —1,c121 — —1,
c1,2,2 = a};

{a0, a1, a2} = Eigenvalues|ad|ag, a1, a2]]/ .Subs
//Ful1Simplify[#, o > 0&&8 # 0
&&{a;_, B} € Reals|&;
(aij:a2 )2
al—a2
//Ful1Simplity[#, o > 0&&8 # 0
&&{az_, B} € Reals|&
Solve[% == h?, h]
//Fu1181mp11fy[#,a > 0&&B #£0
&&{a;_, B} € Reals|&

a2

o214
{{h = —

Vs T e

1.2.1.2 (c%,)? + 4¢3, >0 and ¢, =0

In this case, we get a one-parameter family of equivalence
classes on Aff(R)g x R.

{lie[Xl,X()], lie[Xg,Xo],lie[Xz,Xll}
/. {co,2,0 = 1,¢0,1,1 = 0,121 & —1,c0,21 — 1,
c0,2,2 =+ —€1,2,2,¢0,1,2 — 0}
//8implify;
%/ .c1,2,2 — a//Column
0

—Xo — X1+ aXg
X0+ X1 — aXs
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CheckAlgN[{co,2,0 = 1,¢0,1,1 = 0,c1,21 — —1,¢0,2,1 — 1,
€0,2,2 =+ —€1,2,2,¢0,1,2 — 0},
{c1,2,2 > 0,cuv_u. € Reals}, {}]

{0,0,(—ao + ar)e1r,2,2}

Unimodular?

No, False

Completely solvable?
Yes, True

Completely solvable?
Yes, True

Completely solvable?
Yes, True

Aff(R)_O x R?

Yes, True
Eigenvalues equal?
No, False
Eigenvalues equal?
No, False

1.2.1.3 (3,)% + 4¢3, =0

In this case, we get a one-parameter family of equivalence
classes on Gz.o.

{lie[Xl,X()],].ie[Xz,Xo],lie[Xg,Xl]}

/.{co2,0 = 1,c0,1,1 =+ 0,c1,21 = —1,¢0,21 — 1,
co,2,2 = —€1,2,2,0,1,2 = —2(e1,2,2)%}

//8implify;
%/ .c1,2,2 — a//Colum

a2X4
4
—Xo — X1 +aXg
Xo + X1 — aXo
CheckAlgN[{co,1,0 = 0,¢0,1,1 = 0,c0,1,2 —%a2,
c0,2,0 =+ 1,¢0,2,1 = 1,¢0,2,2 =+ —a,c1,2,0 = —1,
c1,2,1 &+ —1,e12,2 =+ a}, {a> 0}, {}]

CheckAlgN[{co,2,0 = 1,¢0,1,1 = 0,c1,21 — —1,¢0,2,1 — 1,
co,2,2 = —€1,2,2,¢0,1,2 = —2(e1,2,2)%},
{c1,2,2 > 0,cuv_u. € Reals}, {}]

{0, 3(—ap +ar)e1,2,2, 3(—ao + a1)er 2,2}

Unimodular?

No, False

Completely solvable?
Yes, True

Completely solvable?
Yes, True

Completely solvable?
Yes, True

Aff(R)_O x R?

No, False
Eigenvalues equal?
Yes, True
Eigenvalues equal?
Yes, True

1.2.1.4 (c2,)? + 4¢3, <0

In this case we get a one-parameter family of equivalence
classes on G§_5‘

{lie[Xl,X()], lie[Xg,Xo],lie[Xz,Xll}

/. {eo,2,0 > 1,¢0,1,1 — 0,e1,2,1 = —1,
co,2,1 —+ 1,c022 =+ —c1,22}

//8implify;
%/ .c1,2,2 > o1/ .co1,2 = —0e2

2 2
/.aa — (1%';,)0‘—1/.0:1 -«
//Column

(1+h2)§¥2x2

ah
—Xo — X1+ aXg
Xo + X1 — aXs

Assumps = {c1,2.2 > 0,c0,1,2 # 0, cu_,v_u_ € Reals};
Assumps2 = Join[Assumps, {4co,1,2 + ci2,2 < 0};
Reduce[cy 2,2 > 0&&And@@Assumps)|
//FullSimplify[#, Assumps2]|&
Reduce[—cp,1,2 > 08&And@@Assumps|
//FullSimplify[#, Assumps2]|&

True

True

(1+h?)a?
CheckAlgN[{co,1,0 = 0,¢0,1,1 = 0,¢0,1,2 = — 55",
c0,2,0 +1,c0,21 =+ 1,c022 —+ —a,c1,20 + —1,
c121 —+ —l,e122 +a}, {a>0,h>0},{}]

CheckAlgN[{co,2,0 —+ 1,c0,1,1 = 0,€c1,2,1 =& —1,c0,2,1 — 1,
co2,2 =+ —c1,22}, {c1,2,2 > 0,¢0,1,2 # 0, uv_u. € Reals},

{4co1,2+ ¢} 50 <0,—2v/—C0,1,2 < 1,22 < 2/—¢€0,1,2}]

{0, =3 (a0 — a1)(e1,2,2 + 4/4c0,1,2 + C%’Q’Q)v

(a0 — a1)(—e1,2,2 + 1/4c0,1,2 + 3590}

Unimodular?

No, False

Completely solvable?
No, False

Completely solvable?
No, False

Completely solvable?
No, False

Aff(R)_0 x R?

No, False
Eigenvalues equal?
No, False
Eigenvalues equal?
No, False

Find h:

Subs = {co,1,0 > 0,¢0,1,1 = 0,¢0,1,2 & —x2,¢0,2,0 = 1,
0,21 —*1,¢c022 =+ —a1,e120 =+ —1,c1,21 = —1,
c122 —+a1l;

{a0, a1, a2} = Eigenvalues|ad[ag, a1, a2]]/ .Subs
//FullSimplify[#,a > 0&&8 # 0
&&{a;_, B} € Reals|&;
(a1+a2 )2
al—a2
//FullSimplify[#,a > 0&&8 # 0
&&{a; , B} € Reals|&
Solve[% == —hZ2, h]
//FullSimplify[#,a > 0&&8 # 0
&&{a;_, B} € Reals|&
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S B 1
= =S b o s

For brevity, we suppress (most of) the output for the re-
mainder of the (non-unimodular-case) classification code.

1.2.2 ¢}y # —1 and ¢2, =0 and ¢, =0

AndQ@{—cp,1,1 — €0,2,2 — €0,2,0¢1,2,2 == 0,
—¢0,1,1€0,2,0 +€0,2,2€1,2,1 —€0,2,1€1,2,2 == 0,
co,1,2(—¢0,2,0 — €1,2,1) + co,1,1¢1,2,2 == 0}

/{eop,0 =1}/ .{co1,1 = —co2,2 — €c1,2,2}
/.co2,2 —+0/.co1,2—0
//FullSimplify

c1,2,2 ==20

CheckAlgN[{co,z’o —1,¢0,1,1 = 0,c0,2,2 =+ 0,c0,1,2 =0,
c1,2,2 =+ 0}, {}, {e1,2,1 # —1, cuv.,u. € Reals}]
ForAll[{ag, a1, a2}, {ao,@1,a2} € Reals,
%(—\/“5(—460,2,1 +(c1,21 — 1)) —a2(l +c1,2,1))
=90
Il %("'\/"'%(_400,2,1 +(c1,2,1 - 1)2) —aa(l+c1,2,1))
== O]
//Resolve

//FullSimplify[#,c1,2,1 # 1&&cu_v_v. € Reals|&
ForAll[{ag, a1, a2}, {ao,@1,a2} € Reals,

%(—\/a%(—4co,2,1 +(c1,21 —1)2) —az2(l+c1,01))
3+ yfad(—tco2,1 + (c121 — D?) — aa(1+e1,2,0))]

//Resolve
//FullSimplify[#,c1,2,1 # 1&&cu_v_v. € Reals|&

c0,2,1 +c1,2,1 ==20

2,/20,2,1 + c1,2,1 == 1|1 +2,/€0,2,1 == c1,2,1
Solve[—4co,2,1 + (1 +¢1,2,1)% == 0,¢0,2,1]

{{eo,2,1 = (14 e12,1)%3)

{%(—\/u,%(—4c0,2’1 +(e1,20 — 1)2) —a2(1+c1,2,1)),

%(+\/a%(—4co,2,1 +(e1,2,1 — 1)2) —a2(l +e1,2,1))}

/. {cop2,1 =+ —c1,2,1}

//Full1Simplify[#,c1,2,1 # —1&&cu v_u} € Reals|&
{3(—y/a3(—4e02,1 + (er,21 — D?) — aa(1 + e1,2)),

%(+\/“§(—460,2,1 +(e1,2,1 — 1)2) —aa(l+e1,2,1))}
/A{e1210 = 14+062/c021}
//FullSimpllfy[#, €1,2,1 # -1
&&{ai ,cn v v} € Reals&&o? == 1]&

{3 (=y/a3le1,2,1+1—a2(c1,2,1+1)), 3 (1/adle1,2,04+ 1] —az(e1,2,1+

1}
{—a2(1 +o\/c0,2,1), —a2(1 +0/c0,2,1)}
Changing the frame can’t help us:
{c0,1,1,¢2,0,2,¢1,2,2}
/.{co2,0 = 1,¢0,1,1 = 0,c02,2 —+0,c0,1,2 = 0,

c1,2,2 — 0}
//8implify

{0,0,0}

1.22.1 ¢}y +ely =0

In this case, we get a one-parameter family of equivalence
classes on Aff(R)g x R.

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}

/ {eo2,0 = 1,e01,1 = 0,¢0,2,2 =+ 0,c0,1,2 = 0,
c1,22 —+0,c021 — —c1,21}

//8implify;
%/‘61,2’1 — B —1//Column

CheckAlgN[{co,1,0 —+ 0,¢0,1,1 = 0,¢0,1,2 — 0,¢0,2,0 = 1,
c0,2,1 —+1—B,c02,2 —=0,c120——1,c1,21 > 8—1,
c1,2,2 = 0}, {8 #0,3 €Reals}, {}]

CheckAlgN[{cO’g’o —+1,¢0,1,10 =+ 0,¢0,2,2 =+ 0,c0,1,2 = 0,
12,2+ 0,c021 =+ —c12a} {} {er21 # -1,
Cu_v_w_ € Reals}|

1 1 1 2 1
In this case, we get a one-parameter family of equivalence

h
classes on G§ 4.

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}
/. {co,2,0 = 1,¢0,1,1 = 0,¢0,2,2 = 0,¢0,1,2 = 0,

€1,2,2 —> 0}
//8implify;
20 g\2_ g2
%/ .co2,1 = v/ .c121 > B—-1/.7v— h(%%—ﬂ
//Column

Assumps = {c1,2,1 # —1,cu_v_u_ € Reals,

co,2,1 +c1,2,1 # 0}

Assumps2 = Join[Assumps, {(c1,2,1 — 1)2 - 4cp,2,1 > 0,
c0,2,1 > 0=

(e1,21 —1> 2o dller,2,1 — 1 < —2/€02,1)};

Reducele; 2,1 + 1 # 08:& And@@Assumps]
//FullSimplify[#, Assumps2]|&

Reduce|cp,2,1 € Reals& & And@AAssumps]
//FullSimplify[#, Assumps2]&

Reducele; 2,1 + ¢cp,2,1 # 0&8&Ande@Assumps]
//FullSimplify[#, Assumps2]&

CheckAlgN[{co,1,0 —+ 0,¢0,1,1 — 0,¢c0,1,2 — 0,c0,2,0 — 1,
€0,2,1 =+ 7,¢0,2,2 =+ 0,¢1,20 =% —1,c121 =+ B—1,
c1,2,2 —> 0}7 {:B 7£ 07 {ﬂ’ 'Y} € Reals}7
{(B+y—1#0,(8-22-4y>0}]

CheckAlgN[{co,2,0 & 1,¢0,1,1 — 0,¢0,2,2 = 0,¢0,1,2 = 0,
c1,2,2 = 0}, {}, {e1,2,1 # —1,cu v 5. € Reals,
co2,1+ec1,21#0,(c12,1 — 12 —4eg2,1 >0,

c0,2,1 > 0=

(e121 — 1> 2/ 3 1ller,2,1 — 1 < —2/ep,21)}]
Find h:

Subs = {co,1,0 — 0,¢0,1,1 = 0,¢0,1,2 —+ 0,c0,2,0 — 1,
€0,2,1 =+ 7,¢0,2,2 =+ 0,¢1,20 =% —1,c121 =+ B—1,
c1,2,2 — 0}

{a0, a1, a2} = Eigenvalues|ad|ao, a1, a2]]/ .Subs
//FullSimplify[#,a > 0&&8 # 0
&&{ai_, B} € Reals|&
(214222 //Ful1Simplify[#, (8 — 2)2 — 4y > 0
&&ea > 0&&B # 088 {asi_, B} € Reals|&
Reduce[% == h?,h]
//FullSimplify[#, (B — 2)% — 4y > 0&&a > 0
&&B # 0&&{ai_, B} € Reals|&
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1.2.2.3 cly+cly £ 0 and (cl,—1)2—4cl, = 0

In this case, we get a one-parameter family of equivalence
classes on Gg.o.

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}

/.{co,2,0 = 1,c0,1,1 = 0,c0,2,2 — 0,c0,1,2 = 0,
c1,2,2 =+ 0,c0,2,1 — i(l —c1,2,1)2}//8implity;
%/‘01’2’1 — B —1//Column

Assumps = {¢1,2,1 # —1,cuv_w. EReals,co2,1 #C1,21};
Reduce[c1,2,1 + 1 # 0&8&And@@Assumps]
//FullSimplify|#, Assumps|&

CheckAlgN[{co,1,0 = 0,¢0,1,1 =+ 0,c0,1,2 —+ 0,¢c0,2,0 —+ 1,
€0,2,1 —* %(,3 - 2)2,00’2’2 —+0,c120— -1,
c1,2,1 =+ B —1,c122 =+ 0}, {B#0,B €Reals}, {}]

CheckAlgN[{cO,g’o —+1,¢0,1,1 =+ 0,c0,2,2 =+ 0,c0,1,2 =0,

c1,22 =+ 0}, {e12,1 # —1,¢u v_v € Reals,co21 # 1,21},
{(1 = e1,2,1)% — 4co,2,1 ==0}]

1.2.2.4 clytecly #£ 0 and (cl,—1)2—4cl, <0

In this case, we get a one-parameter family of equivalence
classes on G§_5‘

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}
/. {eo2,0 2 1,¢0,0,1 =+ 0,c0,2,2 — 0,c0,1,2 = 0,

c1,2,2 — 0}
//8implify;
2,22 2
%/‘00’2’1 — a/.cl,g,l —=B8-1/.a— ﬂ+—h4’gi
//Column

Assumps = {e1,2,1 # —1,Cu_v_w. € Reals,
co,2,1 +c1,2,1 # 0}
Assumps2 = Join[Assumps, {(1 — 01,2,1)2 —4cp,2,1 < O}];
Reduce(co,2,1 > 0&& Ande@Assumps]|
//FullSimplify|#, Assumps2]&
Reduce[c1,2,1 + 1 # 0&&And@@Assumps]
//FullSimplify[#, Assumps2]&

CheckAlgN[{co,l’o —+0,¢0,1,1 =+ 0,c0,1,2 =+ 0,c0,200 = 1,
c0,2,1 = @,¢0,2,2 = 0,c12,0 =+ —1,c1,21 = B—1,
€1,2,2 —* 0}, {B # 0,8 € Reals, h > 0},
{a+B-1#0,(8-2)* —4a < 0}]

CheckAlgN[{cp,2,0 — 1,¢0,1,1 = 0,¢c0,2,2 —+ 0,¢c0,1,2 —+ O,
c1,2,2 = 0}, {}, {e1,2,1 # —1, cu,v_u_ € Reals,
0,2, +e€1,2,1 #0,(1—c1,2,1)%2 — 40,21 <0,

—2/G1<1—c121<2,/C0.2,1}]

Find h:

Subs = {cp,1,0 = 0,¢0,1,1 =+ 0,¢0,1,2 =+ 0,c0,2,0 =+ 1,
€0,2,1 =+ @,¢0,2,2 =+ 0,¢1,20 =+ —1,c1,21 =+ B—1,
c1,2,2 = 0};

{20, a1, a2} = Eigenvalues|ad[ag, a1, a2]]/.Subs
//FullSimplify[#, B # 0&&{ai_, B} € Reals|&
(21+22)2 ) /Ful1Simplify([#, B # 0&&{as_, B} € Reals]&

Reduce[% == —h2, h, Reals]
//FullSimplify[#, —da+(2—8)2 <0
&&B # 08&8&{ai_, B} € Reals|&

1.2.3 ¢}, # —1 and ¢, =0 and %, # 0

And@@{—co,1,1 — €0,2,2 — C0,2,0¢1,2,2 == 0,
—c0,1,1¢0,2,0 + ¢0,2,2¢1,2,1 — €o,2,1¢1,2,2 == 0,
co,1,2(—¢0,2,0 — ¢1,2,1) +¢o,1,1¢1,2,2 == 0}

/. {eo,2,0 = 1}/ . {c0,1,1 & —c1,2,2 — c0,2,2}

/.co22—0

//FullSimplify[#,c1,2,1 # —18&&co,1,2 # 0]&

(co,2,1 — 1)c1,2,2 == 0&&cq,1,2(1 + c1,2,1) + C%’Q’Q ==0

The second equation implies that 0%2 # 0, whence céz =1.
In fact, from C%o < 0, we have

c0,1,1 =0/ .{co2,0 = 1}/ .{co,1,1 = —c1,2,2 — c0,2,2}
/.co,2,2 — 0//Ful1Simplify[#,c1,2,2 # 0]&

c1,22 <0
That is, 0%2 < 0. Now using Céz =1

cop2(1+ci,2,1) +¢f 59 ==0/.co21 — 1
//Simplifyl#,co1,2 # 0]&
Solve[%, ¢1,2,1]//8implity

2
co,1,2(1 +c1,2,1) +e7,2,20 ==0

2
°1,2,2 1y

o1
{{e1,21 e

CheckAlgN[{co 2,0 = 1,¢0,1,1 — —€1,2,2,¢0,2,2 —+ 0,

c

2
0,21 > 1,c121 —+—1— c;’i’z bo{er2a # -1,
co,1,2#0,c12,2 <0}, {}]

((ao—a1)eo,1,2—az2¢1,2,2)(y/4en,1,2+¢3 2 2 +e1,2,2)

eigl = —
£ 2¢0,1,2 ?
. i((110—111)00,1,2—11201,2,2)( 1co,1,2+¢F 2 2—01,2,2)
eig2 = 4 3
2c0,1,2

Reduce|(eigl == 0&&eig2 # 0)
||(eigl # 0&&eig2 == 0), {}, Reals]
//FullSimplify[#, {c1,2,1 # —1,c0,1,2 # 0,
e1,2,2 < 0,4co,1,2 + ¢ 5 5 > 0}|&
Reduceleigl == eig2, {}, Reals]
//FullSimplify[#, {c1,2,1 # —1,¢0,1,2 # 0,
e1,2,2 < 0,4co,1,2 + ¢ 5 5 > 0}|&

False

(c0,1,2 = 0]12¢/=co,1,2 < c1,2,2[12/=¢0,1,2 + c1,2,2 < 0)
__ 252192

fkeap == a1 4 —5; 10"

Reduce[ForAll[{ao, a1,a2}, {ao,a1,a2} € Reals,
eigl == eig2]&&And@@{cl,2’1 #—1,c01,2#0,
c1,2,2 < 0}, {}, Reals]

//Full1Simplify[#, {c1,2,1 # —1,e0,1,2 #0,
c1,2,2 < 0}]&

> __
deo1,2 F ey 50 == 0

1.2.3.1 (¢3,)2 +4¢¢, > 0

In this case, we get a one-parameter family of equivalence
classes on G§_4‘

{1ie[X1, Xo], lie[X2, Xo], Lie[ X2, X1]}
/. {co2,0 = 1,¢0,1,1 = —€1,2,2,¢0,2,2 =+ 0,c0,2,1 — 1,

02,2,2 }

e1,2,1 = —1— ===
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//8implify;
(h%2—1)a?
%/ .c1,22 = —af.co12 = Bl.B— — 55—
//Column

Assumps = {c1,2,1 # —1,¢0,1,2 # 0,c1,2,2 <O,
co,1,2 € Reals};
Assumps2 = Join[Assumps, {c% 9.9 +4c0,1,2 >0,
co,1,2 <0= -
(cr22 < ~2y=Goalleras > 2v=aoi)}l;
Reduce[cy,2,2 < 08&And@@Assumps]
//FullSimplify|#, Assumps2]&
Reduce[co,1,2 # 08&And@CAssumps]
//FullSimplify[#, Assumps2]&

CheckAlgN[{co,l’o —0,¢0,1,1 =+ @, ¢c0,1,2 = B,c02,0 = 1,

0,2,1 = 1,¢0,2,2 + 0,¢1,2,0 & —Le1,20 = —(1+ %),
c1,2,2 —+ —a}, {a> 0,8 #0,8 € Reals}, {a® + 48 > 0}]

CheckAlgN[{co,2,0 — 1,¢0,1,1 = —¢€1,2,2,¢0,2,2 = 0,
2

[
co,2,1 —+ Ler21 = —1— ﬁ}, {e1,210 # —1,¢0,1,2 # 0,
e1,2,2 < 0,¢0,1,2 € Reals}, {cf 5 5 +4c0,1,2 > 0,
c0,1,2 <0=(e1,2,2 < —2v/=cp12lle1,2,2 > 2v/=c0,1,2)}]

Find h:

Subs = {co,1,0 = 0,¢0,1,1 = a,¢c0,1,2 = B,¢c0,2,0 =+ 1,

2
c0,2,1 —+1,e02,2 =+ 0,e1,2,0 + —Lei2a = —(1+ %),
c1,2,2 =+ —a};

{20, a1, a2} = Eigenvalues|ad|ag, a1, a2]]/.Subs
//FullSimplify[#,a > 0&&B # 0
&&{ai_, B} € Reals]&
(21+22y2/ /Ful1Simplify[#, o2 + 48 > 0
&&a > 0888 # 0&8:{ai_, B} € Reals]&
Reduce[% == h?, h|
//FullSimplify[#, o + 48 > 0&&a > 0&&B # 0
&&{ai_, B} € Reals|&

1.2.3.2 (¢3,)? +4c¢¢, =0

In this case, we get a one-parameter family of equivalence
classes on G3.o.

{lie[Xl,X()],].ie[Xz,Xo],lie[Xg,Xl]}
/. {co2,0 <+ 1,c0,1,1 = —c1,2,2,¢0,2,2 — 0,c0.2,1 — 1,

2
€1,2,2 12
ez, = —1— g}/ co12 = —5Cion
//8implify;

%/ .c1,2,2 — —a//Simplify[#,a > 0]&
//Collect[#, X;_,Simplify|&//Column

Assumps = {c1,2,1 # —1,c0,1,2 # 0,€1,2,2 <0,

co,1,2 € Reals};

Reduce[—c;,2,2 > 0&8&And@@Assumps]
//FullSimplify|#, Assumps|&

CheckAlgN[{co,1,0 = 0,¢0,1,1 = &,¢0,1,2 = —%a2,

co0,2,0 =+ 1,c0,2,1 =+ 1,c02,2 =+ 0,c1,20 > —1,c1,2,1 — 3,
c1,2,2 =+ —a}, {a >0}, {}]

CheckAlgN[{co,2,0 = 1,¢0,1,1 = —¢1,2,2,¢0,2,2 = O,

€1,2,2
co,2,1 = L,e121 =+ —1— m}, {e1,2,1 # -1,
co,1,2 7 0,¢1,2,2 < 0,c0,1,2 € Reals},

{ei 2,2 +4c0,1,2 ==0}]

1.2.3.3 (c3,)? +4c¢d, <0

In this case, we get a one-parameter family of equivalence
classes on G§_5‘

{1ie[X1, Xo], 1ie[X2, Xp)], Lie[ X2, X1]}
/. {co2,0 = 1,¢01,1 = —€1,2,2,¢0,2,2 + 0,c0,2,1 — 1,

2
[
c121 — —1— 022 }//Simplify;

1+h2)a?
%/ .c1,2,2 = —a1/.co1,2 > —aa/.az — —2_( _:h) 1

/.1 = a//Column

Assumps = {c1,2,1 # —1,¢0,1,2 # 0,¢1,2,2 <0,

€0,1,2 € Reals};

Assumps2 = Join[Assumps, {02’2’2 +4co,1,2 < 0};

Reduce[—c; 2 2 > 08&And@@Assumps|
//FullSimplify[#, Assumps2]|&

Reduce[—cp,1,2 > 08&And@@Assumps|
//FullSimplify[#, Assumps2]|&

Check.AlgN[{co,Lo —0,c0,1,1 = 01,€0,1,2 = —02,

c0,2,0 + 1,¢0.21 —+ 1,¢0,2,2 >+ 0,¢1,2,0 = —1,

c1210 = —(1— Z—;),01,2,2 —+ —a1}, {1 > 0,a2 >0,

h > 0}, {02 — 40y < 0}]

CheckAlgN[{cO’g’o —+1,¢0,1,1 = —€1,2,2,¢c0,2,2 = 0,

2
co21—+1lc121 = —1— c;’l’z bo{er2a # -1,
co,1,2 #0,¢1,2,2 < 0,¢0,1,2 € Reals},

{3 2,2 +4c0,1,2 <0,—2y/—¢co,1,2 < 1,22 < 2y/—¢€0,1,2}]

Find h:

c

Subs = {co,1,0 > 0,¢0,1,1 = @1,¢0,1,2 & —2,¢0,2,0 = 1,
2
o
0,21+ 1,c022 0,120+ —Le1a1 = —(1-21),
c122 —+—oa};

{a0, a1, a2} = Eigenvalues|ad[ao, a1, a2]]/ .Subs
//FullSimplify[#,a; > 0&&as > 0
&&a;_ € Reals|&
(21+22)2//Ful1Simplity[#, o2 — dag < 0&&ay > 0
&&ag > 0&&a;i_ € Reals)&
Reduce[% == —h?, h, Reals]
//FullSimplify[#, o2 — dan < 0&&ay > 0
&&aa > 0&&a;_ € Reals|&

1.2.4 ¢}, # —1 and ¢, # 0 and %, =0

In this case, we get a two-parameter family of equivalence
classes on Aff(R)o x R.

Ande@{—cop,1,1 — c0,2,2 — €0,2,0¢1,2,2 == 0,
—€0,1,1€0,2,0 + €0,2,2€1,2,1 — Co,2,1¢1,2,2 == 0,
co,1,2(—c0,2,0 — €1,2,1) +¢co,1,1¢1,2,2 == 0}

/ {co,2,0 = 1}/ .{co,1,1 = —€1,2,2 — co,2,2}

/.con1,2—0

//FullSimplify[#,c1,2,1 # —18&&co 2,2 # 0]&

co,2,2(1 +c1,2,1) == (c0,2,1 — Dey,2,2&&

c1,2,2(co,2,2 + c1,2,2) ==0

The first equation implies that 0%2 # 0, whence C%Q = —0%2‘
co,2,2(1+c1,2,1) == (co,2,1 — 1)e1,2,2/ .co,2,2 — —€1,2,2

//8implify[#,co 2,2 # 0]&
Solve[%, c1,2,1]//8implity

(c0,2,1 +c1,2,1)e1,2,2 ==10
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{{ec1,2,1 — —co,2,1}}

Since c%o = 0, we may assume C%l < 0 (by changing the
frame if necessary).

{lie[Xl,X()],].ie[Xz,Xo],lie[Xg,Xl]}

/. {eo2,0 > 1,¢0,1,1 =+ 0,c0,1,2 = 0,c0,2,2 > —€1,2,2,
cp,2,1 = —c1,2,1}

//8implify;
%/ .c12,2 — af.c1,21 — B —1//Column

CheckAlgN[{cp,1,0 — 0,¢0,1,1 = 0,¢c0,1,2 —+ 0,c0,2,0 — 1,
co,2,1 =+ 1—B,c0,22 =+ —,c120 =+ —1,c121 =+ 5 —1,
c1,2,2 = a},{a > 0,8 #0,B € Reals}, {}]

CheckAlgN[{cO,g’o —+1,¢0,1,1 =+ 0,c0,1,2 =0,

€0,2,2 = —€1,2,2,¢0,2,1 — —c1,21} {e1,2,1 # —1,
c1,2,2 > 0,¢1,2,1 €Reals}, {}]

1.2.5 ¢y # —1 and 2, # 0 and ¢%; # 0

AndQ@{—cp,1,1 — €0,2,2 — €0,2,0¢1,2,2 == 0,
—¢0,1,1€0,2,0 +€0,2,2€1,2,1 —€0,2,1€1,2,2 == 0,
c0,1,2(—¢0,2,0 — €1,2,1) +co,1,1¢1,2,2 == 0}

/{eo,0 =1}/ .{co1,1 = —c1,2,2 — co,2,2}
//FullSimplify[#,c1,2,1 # —1&&cp 2,2 # 0

&&eo,1,2 # 0)&
co,2,2(1 + c1,2,1) == (co,2,1 — Dey,2,2&&
co,1,2(1 +c1,2,1) + c1,2,2(c0,2,2 + c1,2,2) == 0

We see that 0%2 # 0, céz # 1 and 0%2 + c%z # 0. In fact,
from C%o > 0, we get:

co0,1,1 > 0/.{co1,1 =+ —c1,2,2 — co,2,2}
//FullSimplify[#,c1 2,1 # —1&&ecp2,2 # 0
&&ep,1,2 # 0&&cy,2,2 # 0&8&co21 # 1
&&ey,2,2 + co,2,2 # 0]&

co,2,2 tc1,2,2 <0
That is, 0%2 +c%2 < 0. Thus:

Solve[co,2,2(1 +¢1,2,1) == (co,2,1 — D)en,2,2,€1,2,1]
//FullSimplify[#,c1 2,1 # —1&&ecp2,2 # 0
&&ep,1,2 # 0&&ey 2 2 # 0&&cp,2,1 # 1
&&e1,2,2 + co,2,2 7 0]&
Solveleco,1,2(1 +¢€1,2,1) + €1,2,2(co,2,2 + €1,2,2) ==

(co,2,1—1)c1,2,2
/.c121— ema T 1,¢c0,1,2]

//FullSimplify[#,cl,g,l # —1&&cp 2,2 #0
&&eo,1,2 # 0&&ey 2,2 # 08&&co,2,1 # 1
&&e1,0,2 +co,2,2 # 01&

(eg,2,1—1)ec1,2,2
0,2,2

— 1}

{{e1,2,1 —

co,2,2(c0,2,2+¢c1,2,2) 1

{{eco,1,2 =+ — 0211

{{e0,2,0 + 1,¢0,1,1 =+ —c1,22 — co,2,2},

{e1,210 # —1,¢0,2,2 # 0,¢0,1,2 # 0,c1,22 # 0},
{co,2,1 # 1,c1,2,2 + co2,2 < 0}}
(co,2,1—Der,2,2 1

/.c121 = o2
co,2,2(c0,2,2+¢1,2,2)

/.co12 — — R T

//FullSimplify

{{co,2,0 =+ 1,c0,1,1 = —co,2,2 —c1,2,2},
(co,2,1—Dec1,2,2 co,2,2(c0,2,2+¢c1,2,2)
0.e 0. 0.2, ,2, 12, 0
{ 0 2.2 #0,c0,2,2 # 0, o0.2.1-T #0,

c1,2,2 # 0},
{co,2,1 #1,c0,2,2 + c1,2,2 < O}}

ad[ag, a1, a2)/ . {co,2,0 = 1,¢0,1,1 = —€1,2,2 — €0,2,2,
(eoz1=-De122 4
bl

c1,2,1 —> c0,2,2
co,2,2(c0,2,2+¢1,2,2)
0,12 =+ — co,2,1—1 }
//Eigenvalues

//Ful18implify[#, Ande@{c1,21 # —1,¢c0,2,2 # 0,
c0,1,2 #0,c1,2,2 # 0,c0,2,1 # 1,
c1,2,2 +co2,2 < 0}&

eigl = —((az(m,2,1 — 1)+ (a0 — a1)co,2,2)
x((co2,1 — Der2,2 + y/eo21 — 1

X\/—4c(2),2’2 —4ep2.2¢1,2,2 + (co2,1 — 1)6“1),2’2))/
(2(co,2,1 — 1)co,2,2);

eig2 = ((&2(60,2,1 — 1) + (apo — a1)co,2,2)

X( —(co,2,1 — De1,2,2 +y/eo21—1

X\/—4c(2),2’2 —4ep2.2¢1,2,2 + (co2,1 — 1)6“1),2’2))/
(2(co,2,1 — 1)co,2,2);

Reduce[(eigl == 0&&eig2 # 0)
|[(eigl # 0&&eig2 == 0), {}, Reals]
//FullSimplify[#, Ande@{c1,2,1 # —1,c0,2,2 # 0,
co,1,2 #0,c1,2,2 #0,c0,2,1 # 1,
c1,2,2 +co,22 < 0}&

False

Hence: eigl =0 if and only if eig2 =0 (hence we're not
on Aff(R)o x R); and there exists A such that ada has
1 zero, 2 nonzero and identical eigenvalues exactly when
(the bit under the square roots) = 0.

1.2.5.1 Eigenvalues real and distinct

In this case, we get a two-parameter family of equivalence
classes on G§_4‘

{lie[Xl,X()], lie[Xg,Xo],lie[Xz,Xll}
/. {co2,0 = 1,¢0,1,1 = —€1,2,2 — €0,2,2,

(c0,2,1—1)c1,2,2
c1,2,1 = ===

c0,2,2
co,2,2(¢c0,2,24+¢1,2,2)
c,1,2 =+ — co,2,1—1 }
//8implify;

%/ .c1,2,2 —~ ﬁ12/-60,2,2 — Ba/.co21 —+ B3+ 1
4h +
/B3 — o pELte)
//Ful1Simplity[#, B; # 0&&pB2 #£ 0
&&B;_ € Reals|&;
%/ .Flatten@Solve[—pB; — B2 == a&& B == B, {B1,52}]
//Collect|#,X;_,FullSimplify|&//Column

Reduce[(a + 8 # 0/.ac — —(c1,2,2 +co,2,2)/ . B —+ €1,2,2)
&8 AndQ@Assumps)|
//FullSimplify[#, Assumps]&

Assumps = {c1,2,1 # —1,¢0,2,2 #0,¢0,1,2 # 0,¢1,2,2 # 0,
c0,2,1 # 1,¢1,2,2 +¢0,2,2 < 0,¢c0,2,1 € Reals};
Assumps2 = Join[Assumps, {(co,2,1 — 1)
X(—4¢} 5 2 —4c0,2,2¢1,2,2 + (€0,2,1 — 1) 5 5) > O}];
Reduce[cy 2,2 # 0&&And@@Assumps)|
//FullSimplify[#, Assumps2]|&
Reduce|cp,2,2 # 0&8&Ande@Assumps]
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//FullSimplify[#, Assumps2]&
Reduce[co,2,1 — 1 # 08&And@@Assumps]
//FullSimplify[#, Assumps2]&

Reduce[—(cy,2,2 + co,2,2) > 0&& And@QAssumps|
//FullSimplify[#, Assumps2]&

CheckAlgN[{co,1,0 = 0,¢0,1,1 = —(B1 + B2),

co,1,2 — —w,co,z,o —+1,¢c0,2,1 = B3 +1,

co,2,2 = B2,¢120 =+ —l,e121 =+ —(1— %),

c1,2,2 =+ 1}, {1 #0,B2#0,83 #0,

{B1, B2, B3} € Reals}, {B3(—4B182 — 48% + B3B3) > 0}]

CheckAlgN[{cp,2,0 — 1,¢0,1,1 = —€1,2,2 — €0,2,2,
(co,2,1—1)e1,2,2 1
*

€1,2,1 —* coz2
co,2,2(c0,2,2+¢1,2,2)
€0,1,2 —* _T}’

{c1,2,0 # —1,¢0,2,2 #0,¢0,1,2 # 0,¢1,22 # 0,¢c0,2,1 # 1,
c1,2,2 +¢0,2,2 < 0,¢0,2,1 €Reals}, {(co,2,1 — 1)
X(—4€} 5.0 — 4c0,2,2¢1,2,2 + (co,2,1 — 1)} 5 5) > 0}]

Find h:

Subs = {60,1,0 —0,c0,1,1 = —(B1 + B2),
co1,0 — —F2EPED o0 1,c001 = B3 1,
c0,2,2 = B2,c1.2,0 =+ —1l,e1,21 = —(1 — %)’
c1,22 = Bk

{20, a1, a2} = Eigenvalues|ad|ao, a1, a2]]/.Subs
//FullSimplify[#, B1 # 0&&PBa # 08&&PBs # 0
&&{ai_, Bj_} € Reals|&
(2122)%//Ful1Sinplify[#, B3 (B} Bs — 48162 — 463) > 0
&8 By # 0&& By # 08&B3 # 0
&8&{a;_, B;_} € Reals|&
Reduce[% == h?, ]
//Ful1Simplity[#, Bs(—4B182 — 483 + BiBs) > 0
&&PB1 # 0&& B2 # 0&&B3 #£ 0
&&{ai_, Bj_} € Reals|&

1.2.5.2 Eigenvalues equal

In this case, we get a two-parameter family of equivalence
classes on Gg.o.

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}

/. {eo2,0 > 1,c0,0,1 =+ —C1,2,2 — €0,2,2,
(co,2a-Der2.2 _ 4

co,2,2 ’
c0,2,2(c0,2,2+€1,2 2)}

co,2,1—1
(2¢0,2,2+¢1,2,2)*

€1,2,2

€1,2,1 —*

€0,1,2 —* —

/.co2,1 —

//8implify;
%/.c1,2,2 —+ B1/.co22 — B2
//Ful1Simplify[#, B1 # 0&&Bs # 0
&&B;i_ € Reals|&;
%/ .Flatten@Solve[B1 + B2 == —a&&pB1 == B, {B1, B2}]
//Collect|[#, Xi_,FullSimplify]&//Column

Reduce[(a +B#0/.aa = —(61’2’2 —I—C()’g,g)/.ﬁ — 01’2’2)
& & AndeQAssumps]
//FullSimplify|#, Assumps|&

Assumps = {¢1,2,1 # —1,¢c0,2,2 # 0,¢0,1,2 # 0,¢c1,2,2 # 0,
co,2,1 7 1,¢1,2,2 +¢o,2,2 <0,c0,2,1 € Reals};
Reduce[c 2,2 7# 08&Ande@Assumps]

//FullSimplify|#, Assumps|&

Reduce(cp,2,2 # 0&&Ande@Assumps]
//FullSimplify[#, Assumps]&

Reduce[—(c1,2,2 + ¢0,2,2) > 0&8&Ande@Assumps]
//FullSimplify[#, Assumps]&
2
CheckAlgN[{co,1,0 — 0,c0,1,1 — &, c0,1,2 — —ﬂT,
. 2
c0,2,0 + 1,¢0,21 —* (ﬂ—;zi,cog,z —+B-a,
c1.2,0 + —lc1,21 = 47" —1,c1,2,2 = —B},

{a>0,8+#0,B € Reals}, {}]

CheckAlgN[{co,2,0 & 1,¢0,1,1 = —€0,2,2 — €1,2,2,

4co,2,2 1.2
c12,1 +3+ 75 ,00,1,2 & —4C 005
(2co,2,2t¢1,2,2)2
c0,2,1 = T}, {c1,21 # —1,

c0,2,2#0,c0,1,2#0,¢c1,22 #0,c021 #1,
c1,22+¢0,2,2 <0,cu v v €Reals}, {}]

1.2.5.3 Eigenvalues complex and dis-
tinct

In this case, we get a two-parameter family of equivalence
classes on G§_5‘

{lie[Xl,X()], lie[Xg,Xo],lie[Xz,Xll}
/.{co,2,0 = 1,c01,1 = —€1,2,2 — €0,2,2,
(eo21-De122 4
*

c1,2,1 —* c0,2,2
co,2,2(c0,2,2+¢1,2,2)
€0,1,2 = — ST }
//8implify;

%/ .c1,2,2 = ﬁlz/-co,2,2 — Ba/.co21 —+ B3+ 1
4h
oo S
//FullSimplify[#, 51 # 0&&B2 # 0
&&Bi_ € Reals|&;
%/ .Flatten@Solve[31 + B2 == —a&&B1 == 83, {B1,52}]
//Collect[#,X;_,Simplify]&//Column

Reduce[(a + B8 #0/.a — —(01’2’2 + 00’2’2)/‘,3 — 61,2’2)
&8 AndQ@Assumps)|
//FullSimplify[#, Assumps2]&

Assumps = {c1,2,1 # —1,¢0,2,2 #0,¢0,1,2 # 0,¢1,2,2 # 0,
co0,2,1 # 1,c1,2,2 +co,2,2 < 0,¢0,2,1 € Reals};
Assumps2 = Join[Assumps, {(co,2,1 — 1)
X(—4¢} 5 5 —4c0,2,2¢1,22 + (0,21 — 1)e} 5 5) < O};

Reduce[ecy 2,2 # 0&&And@@Assumps)|

//FullSimplify[#, Assumps2]&
Reduce[cp,2,2 # 0&&And@@Assumps)|

//FullSimplify[#, Assumps2]|&
Reduce|cp,2,1 — 1 # 08:&And@@Assumps]

//FullSimplify[#, Assumps2]|&

Reduce[—(c1,2,2 + ¢p,2,2) > 0&8&Ande@Assumps]
//FullSimplify[+#, Assumps2]|&

1 h2 2
CheckAlgN[{co,1,0 = 0,¢0,1,1 — @,¢0,1,2 = -4 -tih2)ﬂ ’
2,20 o 2
€0,2,0 % —1,c0,2,1 — /3+(_1+(h2)_¢;-2ﬂ,co’2’2 -+ —(a-§)

h?(4a—p)—8
€120 > —Leey =& ——Gang,a.22 = B}

{a>0,8+#0,B8 EReals,h > 0},{}]

CheckAlgN[{co,2,0 = 1,¢0,1,1 = —€1,2,2 — €0,2,2,
(co,2,1—1)ec122 1
bl

€1,2,1 —* co2.2



166 D.1.

Classification of nonholonomic Riemannian structures in three dimensions

co,2,2(c0,2,2+¢1,2,2)
co,1,2 = —T}, {c1,21 # —1,

c0,2,2 7 0,¢0,1,2 #0,¢1,2,2 #0,c0,21 # 1,
c1,2,2 +¢0,2,2 < 0,¢0,2,1 €Reals}, {(co2,1 — 1)
X(—4¢cf 5 9 — 4€0,2,2¢1,2,2 + (c0,2,1 — 1)} 5 5) < 0}]

Find h:

Subs = {co,1,0 = 0,¢0,1,1 = —(B1 + B2),
_B2(B1tBa) -1 S 148

B3 »€0,2,0 »€0,2,1 3,
c0,2,2 = B2,c12,0 =+ —1l,e1,21 = —(1 — ﬂkfs ),
c1,2,2 = Biks

{c1,2,1 # 1,c0,2,2 # 0,¢0,1,2 # 0,¢1,2,2 # 0,c0,2,1 # 1,
€1,2,2 > €0,2,2,€0,2,1 € Reals}/.Subs
//FullSinplify[#, B3(48182 — 453 + f3B3) < 0
&&B1 + B2 < 0&&B1 # 0&& B2 # 0&& B3 # 0
&&{ai_, Bj_} € Reals|&

€0,1,2 —*

{282 # B183, True, True, True, True, 81 > B3, True}

{20, a1, a2} = Eigenvalues|ad|ag, a1, a2]]/.Subs
//FullSimplify[#, B1 # 0&&PB2 # 08&&PBs # 0
&&{ai_, Bj.} € Reals|&

(223)2//Ful18inplity(#, B3(4B182 — 453 + B B3) < O
&& By # 0&& B # 0&&Bs # 0
&&{ai_, Bj.} € Reals|&

Reduce[% == —h?2, h, Reals]

//FullSimplify|#, h > 088282 # B183&&B1 > B
&&PB3(4B1B2 — 482 + BIB3) < 0&&B1 + B2 < 0
&& By # 0&& P2 # 0&& B3 # 0
&&{ai_, Bj_} € Reals|&

Equivalence Classes

Aﬂ:(R)O x R

On Aff(R)o X R, we have a two-parameter family of equiv-
alence classes.

Subs = {cp,1,0 = 0,¢0,1,1 =+ 0,¢0,1,2 =+ 0,c0,2,0 =+ 1,
co,2,10 —~+1—7,¢022 = —b,c1,20 = —Lc1212>v—1,
c1,2,2 —+ 9}

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}/.Subs
//8implify;
%/ /8implify[#,6 > 0&& € Reals|&//Column

{907 01, 92}/‘3111)8

//FullSimplify[#,d > 0&&~y € Reals]&
{K" X15X2, 19}/ -Subs

//FullSimplify[#,d > 0&&~y € Reals]&

CheckAlgN[Subs, {§ > 0, € Reals}, {4 # O||y # 0}]

Check which of the equivalence classes are flat (using the
characterising equations found in chapter 4).

{—¢0,1,0¢0,2,2 + €0,2,1¢1,2,1 + ¢0,1,2(c0,2,0 + ¢1,2,1)
+(—co0,1,1 +co0,2,2)c1,2,2 +60,2,0(c%,2,1 +¢i,2,2)
€0,2,2€1,2,1 — €o,1,1(¢0,2,0 + €1,2,1) — (¢o,1,2 + €0,2,1)¢1,2,2
+CO,1,0(CO,2,1 - c%,g’]_ - 1,2’2)}

/ .Subs//Simplify

{0,0}

That is, all structures (for this case, i.e., ¥ > 0) on
Aff(R)o x R are flat.

G309, case 1

On Gz, we have a one-parameter family and a two-
parameter family of equivalence classes. This section deals
with the first family.

Subs = {cp,1,0 =+ 0,c0,1,1 — 0,¢0,1,2 = 0,¢0,2,0 = 1,
co21— F(B—2)%,c022 —+0,c1,20 = —1,
c121 = B —1,c1,22 =+ 0}

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, Xl]}/‘Subs
//8implify;
%/ /8implify[#, o > 0]&//Collect[#, X;_|&//Column

{907 o1, 92}/-3111’3

//FullSimplify[#, B # 0&& 3 € Reals|&
{K" X1, X2, 19}/ -Subs

//FullSimplify[#, B # 0&& 3 € Reals|&

CheckAlgN[Subs, {3 # 0, 3 € Reals}, {}]

Check which of the equivalence classes are flat (using the
characterising equations found in chapter 4).

{—co0,1,0¢0,2,2 + c0,2,1¢1,2,1 + ¢0,1,2(c0,2,0 + ¢1,2,1)
+(—co,1,1 +€0,2,2)e1,2,2 + c0,2,0(¢3 5 1 + €3 2.9)s
c0,2,2¢1,2,1 — ¢0,1,1(¢0,2,0 + ¢1,2,1) — (co,1,2 + Co,2,1)€1,2,2
+eo,1,0(c0,2,1 —€f 51 — €200}

/ .Subs//Simplify

{$(8 - 1E% 0}

That is, all structures (for this case, i.e., ¥ > 0 and consid-
ering the one-parameter family of equivalence classes) on
G35 with 8 = 1 are flat.

G3.9, case 2

On Gz, we have a one-parameter family and a two-
parameter family of equivalence classes. This section deals
with the second family.
Subs = {co,1,0 — 0,¢0,1,1 — J,¢0,1,2 —%,60,2,0 -1,
¢ (26+8)* —(5 _

0,21 = g5 0,22 + —(8+ B),e1,2,0 & -1,

erpn = —(1+ %) c122 = )

{1ie[X1, Xo], lie[X2, Xo], Llie[ X2, X1]}/.Subs
//8implify;

%//FullSimplify[#,5 > 0&& # 0&&B € Reals|&
//Collect|#, X;_|&//Column

{x,x1,x2, 9}/ .Subs
//Full8implify[#,d > 0&&B #£ 0&&B € Reals]&

{907 o1, 92}/-3111’3
//FullSimplify[#,6 > 0888 £ 08:&p € Reals]&

CheckAlgN[Subs, {6 > 0, 8 # 0, B € Reals}, {}]

Check which of the equivalence classes are flat (using the
characterising equations found in chapter 4).

{—co0,1,0¢0,2,2 + c0,2,1¢1,2,1 + ¢0,1,2(c0,2,0 + ¢1,2,1)
+(—co,1,1 +€0,2,2)c1,2,2 + c0,2,0(¢3 5 1 + €3 2.9)s
c0,2,2¢1,2,1 — ¢0,1,1(¢0,2,0 + ¢1,2,1) — (co,1,2 + Co,2,1)€1,2,2
+co,1,0(c0,2,1 — Cig,l - 021),2,2)}

/ .Subs//Simplify

4 2y 33 2
(-8 +4§6+166 )7%+5+%}
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Reduce[3% + 486 + 1662 == 08&45 > 0
&& B # 0&& B € Reals, {3, 4}, Reals]
//FullSimplify[#,d > 0&& 3 # 0&& 3 € Reals|&

(8 ==-Lla&r66 == 1| (-1 < g < 0&&

(B+ VB2 —48* + 85 == 0||\/B% — 4% == 3 + 85))

That is, all structures (for this case, i.e., ¥ > 0 and consid-
ering the two-parameter family of equivalence classes) on
G3.9 satisfying the conditions above are flat.

Gl ,, case 1

On G§_4, we have a one-parameter family and a two-
parameter family of equivalence classes. This section deals
with the first family.

Subs = {co,1,0 = 0,¢0,1,1 — 0,¢0,1,2 — 0,c0,2,0 — 1,

h2(8—2)2_g2
€o0,2,1 —* ((—ﬂ‘ih;—ﬂ),co,zg —+0,¢1,20 > —1,
c1,2,1 —+ —(1—B),c1,2,2 = 0}

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}/.Subs
//8implify;
%//8implify//Column

{K" X1,X2, 19}/ -Subs
//FullSimplify[#, B # 0&&3 € Reals&&h > 0
&&h # 1]&
{eo, 01, 2}/ .Subs
//FullSimplify[#, B # 0&&3 € Reals&&h > 0
&&h # 1]&

CheckAlgN[Subs, {8 # 0,8 € Reals,h > 0,h # 1}, {}]

Check which of the equivalence classes are flat (using the
characterising equations found in chapter 4).

{—c0,1,0¢0,2,2 + €0,2,1€1,2,1 + ¢0,1,2(¢0,2,0 + ¢1,2,1)
+(—co,1,1 +co,2,2)e1,2,2 +c0,2,0(¢3 21 + 5 22),
€0,2,2€1,2,1 — €o0,1,1(¢0,2,0 +€1,2,1) — (co,1,2 + €0,2,1)C1,2,2
+co,1,0(co,2,1 — c%,2,1 —€ia2)}

/ .Subs//Simplify

(n?-1)(8-1)5?
{T? 0}
That is, all structures (for this case, i.e., ¥ > 0 and consid-

ering the one-parameter family of equivalence classes) on
G§_4 with 8 = 1 are flat.

G2 ,, case 2
On G§_4, we have a one-parameter family and a two-

parameter family of equivalence classes. This section deals
with the second family.

_ (h?-1)8?
Subs = {6071,0 -0, €0,1,1 —* 6, c0,1,2 —* —anz
2_ ;2 2
co,2,0 —+ Leoga = —(EGE ) con2 + —(6+ B),
—B+h%(46+8) .
e,2,0 =+ —Lepn = ——ga—5a,e12,2 = B8}
{1ie[ X1, Xo], 1ie[ X2, X0], 1ie[X2, X1]}/.Subs

//8implify;
%/ /8implify[#,8 > 0&& B # 0&& 3 € Reals|&
//Collect|#, X;_|&//Column

{x,x1,x2,9}/.Subs
//FullSimplify[#,é > 0&8& 3 # 0&& S € Reals

&&h > 0&&h # 1)&
{00, 01, 02}/ .Subs
//FullSimplify[#,d > 0&& # 0&&3 € Reals
&&h > 0&&h # 1|&

CheckAlgN[Subs, {6 > 0,8 # 0,8 € Reals, h > 0}, {}]

Check which of the equivalence classes are flat (using the
characterising equations found in chapter 4).

{—co0,1,0c0,2,2 + c0,2,1¢1,2,1 +¢0,1,2(c0,2,0 + €1,2,1)
+(—co,1,1 +€0,2,2)e1,2,2 + €0,2,0(¢3 5 1 + €3 2.9)s
c0,2,2¢1,2,1 — €0,1,1(¢0,2,0 + ¢1,2,1) — (co,1,2 + Co,2,1)€1,2,2
+eo,1,0(c0,2,1 — ¢ 51 — €1 22)}

/ .Subs//Simplify

s((h2—=1)28%4+4n2(r2—1)B5+16n%52)
{= (h2-1)233 4
(R2-1)2844+4n2(n2—1)B85+16n%52 )
4n2(h2-1)8

S((h2—1)28%+4h2(h2—1)85+16h%62)

Reduce[— (RZ=1Y253 ==0
(h2—1)284+4n2(R2—1)B5+16R%62 _
&& 4h2(h2—1)B ==0
&&6 > 08:& 8 # 08&& 8 € Reals&&0 < h < 1,
{B,0},Reals]
//FullSimplify[#,d > 0&&pB # 0&&pB € Reals
&&0 < h < 1)&
2_1y2p4 2,32 452
Reduce|[— S((h*-1)"8 _(F:g—(ll;“‘ﬂ 31)186+16h ) __o
(h2—1)284+4h2(h2—1)B86+16R%62
&& 4h2(h2-1)8 ==0

&&5 > 08&& # 08&& € Reals&&1 < h, {8, 5}, Reals]
//FullSimplify[#,0 > 0&&B # 0&&B € Reals
&&1 < h)&

(8 == —L&&1+ 16025 == n?)||
h2—1)(844/82 —apt
(—% < B < 0&&(8 —— ! )(8h2 2

5o (BP-D(8+yE2-apt)
- 2
8h

)

h2—1)(—p+y/B2—4p4

(0 < B < baete(s == PDEE )
n2_1 2454

PO (S YRR Y

(28 == 1&&h2(1 + 168) == 1)

That is, all structures (for this case, i.e., ¥ > 0 and consid-
ering the two-parameter family of equivalence classes) on
Gg_4 satisfying the conditions above (in the first case, with
0 < h < 1, and in the second, with 1 < h) are flat.

Gl ., case 1

On G§_5, we have a one-parameter family and a two-
parameter family of equivalence classes. This section deals
with the first family.

Subs = {co,1,0 — 0,¢0,1,1 = 0,¢0,1,2 —+ 0,¢c0,2,0 — 1,

h2(8—2)21 32
co0,2,1 — %#,60,2,2 —+0,c1,2,0 > —1,
c121—+B—-1,¢e122 — 0}

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, Xl]}/‘Subs
//8implify;
%/ /8implify//Column

{907 o1, 92}/-3111’3

//FullSimplify[+#, 8 # 0&& B € Reals&&h > 0]&
{K, x1, X2}/ .8ubs

//FullSimplify[#, B # 0&& B € Reals&&h > 0]&
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CheckAlgN[Subs, {8 # 0, 8 € Reals, h > 0}, {}]

Check which of the equivalence classes are flat (using the
characterising equations found in chapter 4).

{—¢0,1,0¢0,2,2 + €0,2,1¢1,2,1 + ¢0,1,2(¢0,2,0 + ¢1,2,1)
+(—co0,1,1 +co0,2,2)e1,2,2 +60,2,0(c%,2,1 +¢i,2,2)
€0,2,2€1,2,1 — €o,1,1(¢0,2,0 +¢1,2,1) — (¢o,1,2 + €0,2,1)C1,2,2
+co,1,0(c0,2,1 — 6%72,1 — o0

/ .Subs//Simplify

a+r?y(E-1p?
{T ) 0}
That is, all structures (for this case, i.e., ¥ > 0 and consid-

ering the one-parameter family of equivalence classes) on
Gg_5 with 8 = 1 are flat.

Gl ., case 2

On G§_5, we have a one-parameter family and a two-
parameter family of equivalence classes. This section deals
with the second family.

1 h2 2
Subs = {cp,1,0 =+ 0,¢0,1,1 —+ 4,¢0,1,2 = —%,
2 2 2
02,0 —+ Lco2,1 — ﬂzr—lhﬂf‘a’%a&,co,z,z -+ —(0+8),
B+h2(48+8)

€20 & —Lepy =& —Sam e, 2,2 — Bl

{1ie[X1, Xo], 1ie[ X2, X0], 1ie[X2, X1]}/.Subs
//8implify;

%/ /Simplify[#,6 > 0&& B # 0&&B € Reals]&
//Collect|#, X;_|&//Column

{K" X1,X2 }/ -Subs
//FullSimplify[#,d > 08&&3 # 0&&3 € Reals
&&h > 0]&
{eo, 01, 02}/ .Subs
//Ful1Simplify[#,5 > 08&&3 # 0&&3 € Reals
&&h > 0]&

CheckAlgN[Subs, {6 > 0,8 # 0, B € Reals, h > 0}, {}]

Check which of the equivalence classes are flat (using the
characterising equations found in chapter 4).

{—¢0,1,0¢0,2,2 + €0,2,1¢1,2,1 + ¢0,1,2(¢0,2,0 + ¢1,2,1)
+(=co,1,1 +co2,2)e1,2,2 +c0,2,0(¢3 51 + 65 50),
€p,2,2¢1,2,1 — ¢0,1,1(c0,2,0 + ¢1,2,1) — (co,1,2 + c0,2,1)c1,2,2
+CO,1,0(CO,2,1 - C?,g’l —€1,2,2

/ .Subs//Simplify

{,6<<1+h2>264+4h2<1+h2>56+1eh462>

(1+n2)2 53 ’
(1+r2)284 +4n2(1+n2)B5+16n% 52 )
4nZ(1+n2)8
_ 8((+h?)? 84 +4h2 (1+h2)88+16h%82) _
Reduce| TR B ==0
&& (1+h2)284 4402 (1+h2)B6+16R%62 0
A2 (1+h2)8 ==

&&6 > 088 # 0&& € Reals
&&0 < h, {B,6},Reals]
//FullSimplify[#,8 > 0&& # 0&&B € Reals
&&0 < hl&

(8 == —1&&h?(165 — 1) == 1)

(1+h2)(B+y/B2—48%)
T S

1 —45240s(8]))

(-1 < B < 0&&(6 ==
B+ h?B +8R%6 == (1 + h%)

That is, all structures (for this case, i.e., ¥ > 0 and consid-
ering the two-parameter family of equivalence classes) on
Gg_5 satisfying the conditions above are flat.

2Y, e Dt

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}
/. {co,2,0 2> 0,c0,22 = —co,1,1}
//8implify//Column

We can reuse the CheckAlg routines from the previous sec-
tion (CheckAlgU for a uniodular algebra, and CheckAlgN
for a non-unimodular algebra).

2.1 X1>O

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}
/-{co,2,0 = 0,c02,2 = —co,1,1}/ -{co,1,1 — O}
//8implify//Column

21.1cl=c4, =0

{1ie[X1, Xo], lie[X2, Xo), Lie[ X2, X1]}
/. {co,2,0 = 0,c0,2,2 = —c0,1,1}/.c0,1,1 =+ 0
/A{c1,2,1 = 0,e1,22 = 0}
//8implify//Column

{m1 < 0&&m2 > 0,m1 > O||m2 < 0,m3 == 0}
/. {co,2,0 = 0,c0,2,2 = —c0,1,1}/.c0,1,1 =+ 0
/ {e1,2,1 = 0,c1,2,2 — 0}
//FullSimplify[#,co,l,z +co,2,1 < 0]&//Column

{Kk1 # 0&&%k2 > 0, k1 == 0||k2 < 0}
/. {co2,0 = 0,c0,2,2 = —co0,1,1}/.c0,1,1 =+ 0
/Ae12,1 —0,e1,22 — 0}
//FullSimplify[#,co,l,z +co,2,1 < 0]&//Column

2.1.1.1 m3 = 0 (K deg.)

2.1.1.1.1 )y =0

In this case, we get a one-parameter family of equivalence
classes on SE(2).

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}

/{co,2,0 = 0,¢02,2 = 0,c0,1,1 =+ 0,121 =0,
c1,22 —+0}/.co21 — 0

//8implify;
%/ .c0,1,2 — —oe//Column

{K, %(61,0,2 +e2,0,1)}/ .{c0,2,0 = 0,c0,2,2 —+ 0,¢c0,1,1 = O,
c1,21—+0,¢c122 —+0,c021—+0}/.co12 = —x
//8implify[#, a > 0]&

CheckAlgU[{cO’g’o —+0,¢c0,2,2 =+ 0,c0,1,1 =+ 0,c1,2,1 =0,
c1,2,2 =+ 0,c0,2,1 — 0,c0,1,2 & —a}, {a > 0}, {}]

CheckAlgU[{cO’g’o —+0,¢c0,2,2 =+ 0,¢c0,1,1 =+ 0,c1,2,1 =0,
c1,2,2 = 0,¢0,2,1 — 0}, {cuv_u_ € Reals, co,1,2 < 0}, {}]
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2.1.1.1.2 ¢}, £ 0

In this case, we get a one-parameter family of equivalence
classes on SE(1,1).

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}

/- {co2,0 +0,c0,22 —0,c0,1,1 —0,c1,21 =0,
c1,22 >0}/ .co1,2 >0

//8implify;
%/ .co2,1 — —a//Column

{5, 3(c1,02 +€2,01)}/ - {co,2,0 = 0,c0,2,2 —+ 0,c0,1,1 —+ 0,
c1,2,1 —+0,e122 = 0,¢01,2 +0}/.co21 = —«
//8implify[#,a > 0]&

CheckAlgU[{cO,g’o —+0,¢c0,2,2 —+0,c01,1 +0,c121 =0,
e1,2,2 —+ 0,¢0,1,2 = 0,¢0,2,1 = —a}, {a > 0}, {}]

CheckAlgU[{cp,2,0 — 0,¢0,2,2 — 0,c0,1,1 —+ 0,c1,2,1 —+ O,
c1,2,2 =+ 0,c0,1,2 = 0}, {cuv_v. EReals,cp 2,1 < 0}, {}]

2.1.1.2 m; < 0 and m2 > 0 (K neg. def.)

In this case, we get a two-parameter family of equivalence
classes on SU(2).

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}

/.{co,2,0 +0,c02,2—+0,c0,1,1 = 0,c1,2,1 =0,
c1,2,2 — 0}

//8implify;
%/ .co2,1 — aa/.co1,2 — —a1//Colum

—c0,1,2 > 0//F111].Simplify[#,00’1’2 +co,2,1 < 0
&&ecp2,1 > 0]&

02,1 < —¢o,1,2//FullSimplify[#,co,1,2 +co,2,1 <O
&&ecp,2,1 > 0]&

{x, %(61,0,2 +¢2,0,1)}/ -{co,2,0 — 0,c0,2,2 =+ 0,¢0,1,1 — 0,
c1,21 0,122 = 0}/ .co2,1 = a2/ .co12 =+ —
//FullSimplify|#, o1 > 0&&ao > 0&&ay > as)&

CheckAlgU[{cp,2,0 — 0,¢0,2,2 — 0,c0,1,1 —+ 0,c1,2,1 —+ 0,
c1,22 +0,c02,1 = a2,¢0,1,2 & —a1}, {aq > 0,02 > 0},
{o1 > a2}]

CheckAlgU[{co,z’o —0,c0,2,2 =+ 0,c0,1,1 +0,c1,21 =0,
c1,2,2 = 0}, {euv_v. € Reals, co2,1 > 0},
{co,1,2 +co,2,1 < 0}]

2.1.1.3 m3 < 0 and (m; >0 or my < 0) (K
nondeg. but indef.)

n3 < 0&&(m1 > Of|m2 < 0)&& (k1 # 08&k2 > 0)
/. {co,2,0 +0,c0,2,2 — —co,1,1}/.co,1,1 — 0
/. {e121 —0,c122 — 0}
//FullSimplify[#,co,1,2 + co,2,1 < 0]&

13 < 0&&(ul > Of|n2 < 0)&&(k1 —— 0[k2 < 0)
/-{eco,2,0 +0,c0,2,2 =+ —co,1,1}/.c0,1,1 = 0
/.{61’2,1 —+0,c1,22 — 0}
//FullSimplify[#,co,1,2 +co,2,1 < 0]&

2.1.1.3.1 Ky 75 0and ky >0 (lCD1 def.)

In this case, we get a two-parameter family of equivalence
classes on SL(2,R) ;.

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}

/ .{co,2,0 = 0,c0,2,2 = 0,¢0,1,1 = 0,¢1,21 = 0,
c1,2,2 — 0}

//8implify;
%/ .c0,1,2 = a1/ .co,2,1 — —az//Column

—co,2,1 > 0//FullSimplify[#,co,1,2 +¢0,2,1 <O
&&cp,1,2 > 0]&

c0,2,1 < —co,1,2//FullSimplify[4#,co,1,2 + co,2,1 <0
&&cp,1,2 > 0]&

{x, 3(c1,02 +€2,01)}/ .{c0,2,0 =+ 0,c0,2,2 —+ 0,c0,1,1 —+ 0,
c1,21 —+0,c122 =0}/ .co1,2 = a1/.co2,10 — —a2
//8implify|#, o1 > 0&&ao > 0&& a1 < aa)&

CheckAlgU[{cO’g’o —+0,¢c0,22 =+ 0,c0,1,1 =+ 0,c1,2,1 =0,
c1,2,2 = 0,c0,1,2 — 01,021 = —a2}, {oq > 0,2 > 0},
{a1 < az}]

CheckAlgU[{co,2,0 —+ 0,co,2,2 — 0,c0,1,1 — 0,¢1,2,1 — 0,
c1,2,2 —+ 0}, {cav.u. €Reals, cp1,2 > 0},
{c1,0,2 + ¢2,0,1 > 0}]

2.1.1.3.2 k1 = 0 or ky < 0 (Kp, indef.)

In this case, we get a two-parameter family of equivalence
classes on SL(2,R)pyp-

{lie[X1, Xo],1ie[X2, Xo], 1ie[X2, X1]}
/.{co,2,0 > 0,c022 = 0,¢01,1 =0,
c1,21 —+0,c122 — 0}
//8implify;
%/ .co1,2 = —a1/ .co2,1 — —az//Column

—co,1,2 > 0//FullSimplify[#,co,1,2 +co,2,1 <0
&&cp,1,2¢0,2,1 > 0]&

—co,2,1 > 0//FullSimplify[#,¢0,1,2 +co2,1 <0
&&cp,1,2¢0,2,1 > 0]&

{K, %(61,0,2 +e2,0,1)}/ .{c0,2,0 =+ 0,c0,2,2 —+ 0,¢c0,1,1 — O,
c121 —+0,¢c122 =0}/ .co1,2 = —ar/.co21 — —2
//8implify[#, a1 > 0&&ay > 0]&

CheckAlgU[{co,2,0 & 0,¢cp,2,2 — 0,¢0,1,1 — 0,¢1,2,1 = 0,
c1,2,2 —+0,c0,1,2 &+ —a1,¢c0,21 —+ —aa}, {1 >0,

az >0}, {}]

CheckAlgU[{co,2,0 —+ 0,c0,2,2 = 0,¢0,1,1 — 0,¢1,2,1 = 0,
e1,2,2 =+ 0}, {cu v u. € Reals},
{c0,1,2¢0,2,1 > 0,¢1,0,2 +¢2,0,1 > 0}]

2.1.2 ¢ly =0 and ¢}, =0 and 3, £ 0

1(c1,0,2 +€2,0,1) > 0/ .{co2,0 + 0,c0,2,2 = 0,c0,1,1 —+ O,
co2,1—+0,¢c121— 0}
//8implify

Resolve[Exists[{ag, a1,a2}, {a0,a1,a2} € Reals,

(3o1(e1,2,2 — y/4c0,12 + & 5 5) ==0

&& jai(e12,2 +/4c0,1,2 + ¢ 0.5) # Ol
(301(c12,2 — (f4eco,12 + G 5 5) #0

&& gar(erz2 +4/4c0,1,2 +6 5 ) == 0)]]
//8implify[#, cu v_v_ € Reals&&cp1,2 < 0]&
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2.1.2.1 (¢3,)2 + 4¢3, >0

In this case, we get a one-parameter family of equivalence
classes on G§_4, 1< h.

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}
/. {eo2,0 2 0,c0,22 —+0,c0,1,1 — 0,c0,21 = 0,
€1,2,1 —* 0}

//8implify;
(h®-1)p>
%/‘00’1’2 — —a/‘cl’z’g — ﬁ/a — —an?
//Column

{K" %(61,0,2 + 02,0,1)}/‘{00,2,0 — 0, €0,2,2 —* 0,
co,1,1 = 0,¢0,2,1 = 0,¢1,2,1 —+0}/.co,1,2 =+ —«

/‘01’2’2 = B/.a— %lgﬁ
//8implify[#,0 < h&&pB # 0&&B € Reals|&

2 2
Reduce[(h—s_hl,)i > 0, h,Reals]

//8implify[#,0 < h&&pB # 0&& B € Reals|&

CheckAlgN[{cO,g’o —+0,¢c0,2,2 —+0,c0,1,1 =+ 0,c0,21 =0,
(h2-1)p*

e1,2,1 = 0,¢0,1,2 = —a,e122 = B} .o = =5,

{B#0,h > 1,{h, B} € Reals},{}]

CheckAlgN[{cp,2,0 — 0,¢0,2,2 — 0,¢c0,1,1 —+ 0,c0,2,1 —+ O,
c1,2,1 = 0}, {eu v u € Reals,cy 2,2 #0,¢0,1,2 <0},
{cl 2,2 +4c0,1,2 > 0}]

Find h:

Subs = {co,2,0 = 0,¢0,2,2 = 0,¢0,1,1 — 0,¢c0,2,1 —+ 0,
c1,2,1 +0,¢012 =+ —a,c122 = B);

{20, a1, a2} = Eigenvalues|ad|ag, a1, a2]]/.Subs
//FullSimplify|#, a > 0&&3 # 0&&3 € Reals|&
(21+22)2 )/ /Pul1Simplify[#, o > 0&&p # 0
& & € Reals]&
Solve[% == h2, h]
//FullSimplify|#, a > 0&&3 # 0&&3 € Reals|&

2.1.2.2. (¢%,)? + 4¢3, =0

In this case, we get a one-parameter family of equivalence
classes on Gg.o.

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}

/.{co,2,0 = 0,c0,2,2 = 0,c0,1,1 — 0,c0,2,1 = 0,
c1,2,1 =0}/ .co1,2 > —iczl”g’g

//8implify;
%/ .c1,2,2 — B//Column

{s, 3(c1,0,2 + €2,0,1)}/ -{co,2,0 + 0,c0,2,2 =+ 0,¢0,1,1 =+ O,

co,2,1 0,121 — 0}/ .co1,2 — _%02’2’2/‘01,2,2 =B
//8implify[#, B # 0&& 3 € Reals|&

CheckAlgN[{cO,g’o —+0,¢c0,2,2 —+0,c0,1,1 =+ 0,c0,21 =0,

1,21 = 0,e01,2 & —18% 122 = BL{B#0,

B € Reals}, {}]

CheckAlgN[{cO,g’o —+0,¢c0,2,2 —+0,c0,1,1 =+ 0,c0,21 =0,
€1,2,1 —* 0}, {cu_’v_,'_ €Reals,c122 #0,¢0,1,2 < 0},
{ef 2,2 +4c01,2 == 0}]

2.1.2.3. (¢3,)? + 4¢3, <0

In this case, we get a one-parameter family of equivalence
classes on G§_5‘

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}
/.{co,2,0 = 0,c0,2,2 — 0,¢c0,1,1 =+ O,
co,2,1 —+0,c1,21 — 0}

//8implify;
2y 22
%/.con,2 =+ —af.c122 — B/.ac — (I%IZQ)L
//Column

{x, 2(c1,02 +€2,0,1)}/.{c0,2,0 = 0,¢0,2,2 =+ 0,c0,1,1 = O,
co2,1 —+0,¢c121 =0}/ .co1,2 = —a/.cr22 = B
(1+h%)8>
/.a— BT
//8implify|#,0 < h&&pB # 0&& B € Reals|&

CheckAlgN[{co,2,0 =+ 0,c0,2,2 = 0,c0,1,1 = 0,c0,2,1 =0,
a+h*)p?
e1,21 —+0,c0,12 = —a,e122 = B,a = T,

{B#0,{B,h} € Reals},{}]

CheckAlgN[{cO’g’o —+0,¢c0,2,2 =+ 0,c0,1,1 =+ 0,c0,2,1 =0,
c1,2,1 —+ 0}, {cuv_u_ € Reals,c1,2,2 # 0,¢c0,1,2 < 0},
{ci 2,2 +4c0,1,2 < 0}]

Find h:
Subs = {cp,2,0 —+ 0,c0,2,2 = 0,¢0,1,1 = 0,¢p,2,1 — 0,
c1.2,1 —+0,c0,12 & —a,c1,2,2 = Bl

{a0, a1, a2} = Eigenvalues|ad|ag, a1, a2]]/ .Subs
//FullSimplify[#, a > 0&&fB # 0&&B € Reals|&
(214222 //Ful1Simplity[#, o > 0&&B # 0
&& 3 € Reals|&
Solve[% == —h?2, h]
//FullSimplify[#, a > 0&&fB # 0&&B € Reals|&

2.1.3 ¢3,=0and c3; =0 and ¢}, #0

In this case, we get a one-parameter family of equivalence
classes on G§_4, 0<h<1.

%(61,0,2 +e¢2,0,1) > 0/.{co,2,0 =+ 0,c0,2,2 = 0,¢c0,1,1 = 0,
co,1,2 —+0,c1,22 — 0}
//8implify

Resolve[Exists[{ag, a1, a2}, {@0,a1,a2} € Reals,
(3(—a2c121 - \/ag(—4co,2,1 +cfaa)==0

&& 3(—azc1 21 + \/&3(—460,2,1 +c3 2. #0)
(3(—azc1,21 — \/&3(—460,2,1 +c3p1)) #0

&& A(—azc1 2,1 + \/ a3(—4co2,1 + ¢4 51)) == 0)]]
//8implify[#, cu v_v_ € Reals&&ecp 2,1 < 0]&

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}
/.{co,2,0 > 0,c022 = 0,¢01,1 =0,
co,1,2 —+0,c1,22 — 0}

//8implify;
(h?-1p*
%/ .co21 = —af.c1210 = B/ .a - — 55—
//Column

{x, 3(c1,02 +€2,01)}/ .{c0,2,0 =+ 0,c0,2,2 —+ 0,c0,1,1 —+ 0,
co1,2 —+0,c122 =0}/ .co2,1 = —a/.cr21 = B
(h*-1)8>
/.00 — -
//8implify|#,0 < h&&pB # 0&& B € Reals|&

2 2
Reduce[— (h—s_hlg)i > 0, {h}, Reals]

//8implify|#,0 < h&&pB # 0&& B € Reals|&
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CheckAlgN[{cO,g’o —+0,¢c0,2,2 =+ 0,c0,1,1 =0,
co,1,2 =+ 0,c1,22 — 0,c02,1 = —a,c1,21 — B}
(h2—1)8%

/a—)—T,{0<h< 1,ﬁ¢0,
B € Reals}, {}]

CheckAlgN[{cp,2,0 — 0,¢0,2,2 — 0,¢c0,1,1 —+ 0,¢c0,1,2 —+ O,
c1,2,2 = 0}, {euv_s. €Reals,c12,1 # 0,¢0,2,1 <0}, {}]

Find h:

Subs = {co,2,0 — 0,¢p,2,2 = 0,¢0,1,1 —+ 0,¢c0,1,2 —+ 0,
c1,2,2 +0,c021 = —a,c121 — B);

{20, a1, a2} = Eigenvalues|ad|ag, a1, a2]]/.Subs
//FullSimplify|#, a > 0&&3 # 0&&3 € Reals|&
(21+22)2 )/ /Pul1Simplify[#, o > 0&&f # 0
& & € Reals]&
Solve[% == h2, h]
//FullSimplify|#, a > 0&&3 # 0&&3 € Reals|&

{r,x1}/ -{c0,2,0 2 0,c02,2 =+ 0,¢c0,1,1 =+ O,

c0,2,1 = —co,1,2}
//Simplify

{1ie[ X1, Xo], 1ie[X2, X0], 1ie[ X2, X1]}
/.co2,0 =+ 0,c0,2,2 = 0,¢0,1,1 = 0,¢0,2,1 = —€0,1,2}
//8implify//Column

Hs

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}
/.{co,2,0 =+ 0,c02,2—+0,c0,1,1 =0,
co,2,1 > 0,e121 = 0,e122 —0,¢0,1,2 — 0}

//Simplify//Column

{r,x1}/-{co,2,0 > 0,c0,2,2 = 0,c0,1,1 —+ 0,c0,2,1 — 0,
c1,2,1 *+0,e122 = 0,¢01,2 — 0}

CheckAlgU[{cO,g’o —+0,¢c0,2,2 —+0,c0,1,1 =+ 0,c0,21 =0,
c1,2,1 =+ 0,c1,2,2 =+ 0,¢0,1,2 = 0}, {}, {}]

SU(2)

{lie[Xl, Xo], lie[Xz, Xo], lie[Xg, Xl]}
/.{co,2,0 =+ 0,c0,2,2 =+ 0,c0,1,1 = O,

€0,2,1 = —¢€0,1,2,¢1,2,1 = 0,¢1,22 — 0}
//8implify//Column

ml < 0&&m2 > 0&&m3 < 0
/. {eo,2,0 =+ 0,c0,22 =+ 0,c0,1,1 = 0,
€0,2,1 = —¢0,1,2,¢1,2,1 = 0,¢1,2,2 — 0}
//Ful1Simplify

{r,x1}/ -{c0,2,0 2 0,c0,2,2 =+ 0,c0,1,1 =+ O,
c0,2,1 = —¢€0,1,2,¢1,2,1 = 0,¢1,22 — 0}
//8implify

KilForm/.{cp,2,0 = 0,c0,2,2 — 0,¢c0,1,1 — 0,

c0,2,1 = —¢€0,1,2,¢1,2,1 — 0,¢1,2,2 = 0}
/‘00’1’2 — ="
//8implify//MatrixForm

CheckAlgU[{co,2,0 —+ 0,¢0,2,2 =+ 0,¢0,1,1 = 0,
co,2,1 =+ —Co,1,2,¢1,2,1 = 0,e1,22 = 0},
{co,1,2 < 0, Cuv_u. € Reals}, {}]

SL(2,R)

{lie[Xl, Xo], lie[Xg, Xo], lie[Xz, X1]}

/.{co,2,0 = 0,c0,2,2 — 0,¢c0,1,1 = 0,¢0,2,1 = —Co0,1,2,
c1,21 —+0,c122 — 0}

//8implify//Column

n3 < 0&&(ml > Ol|m2 < 0)&& (k1 # 0&&k2 > 0)
/.{co,2,0 > 0,c0,22 = 0,¢01,1 =0,

€0,2,1 = —€0,1,2,¢1,2,1 =+ 0,¢1,2,2 — 0}
//Ful1Simplify

{r,x1}/.{c0,2,0 = 0,¢0,2,2 = 0,¢0,1,1 = O,

€0,2,1 =+ —€0,1,2,¢1,2,1 —+ 0,¢1,2.2 — 0}
//Simplify

KilForm/.{co,2,0 = 0,¢0,2,2 — 0,¢0,1,1 = 0,

€0,2,1 =+ —C0,1,2,¢1,2,1 = 0,¢1,2.2 — 0}
/.co1,2 = —"K"
//8implify//MatrixForm

CheckAlgU[{cO’g’o —+0,c0,2,2 —+0,¢c0,1,1 =0,
€0,2,1 = —¢0,1,2,€1,2,1 = 0,¢c1,2,2 = 0},
{c0,1,2 > 0,cu ,v_u € Reals}, {}]

Aﬂ:(R)O x R

{1ie[X1, Xo], lie[X2, Xo), Lie[ X2, X1]}
/. {co,2,0 > 0,c0,2,2 = 0,¢01,1 = 0,¢c0,2,1 = —co,1,2}
//8implify//Column

From the structures equations of the dual frame (9, 21, 2)
and d? = 0, we have co,1,2¢1,2,2 =0 and —cp,1,2¢1,2,1 = 0.

Reduce[co,l’gclg’g == 08&& — co,1,2¢1,2,1 == 0, {}, R.eals]
//FullSimplify[#,c1,2,1 # Olc1,2,2 # 0]&

{r,x1}/ .{co,2,0 = 0,c0,2,2 — 0,¢0,1,1 = 0,¢0,2,1 — O,
co,1,2 —> 0}
//8implify

CheckAlgN[{cO’g’o —+0,¢c0,2,2 =+ 0,c0,1,1 =+ 0,c0,2,1 =0,
01,2 = 0}, {cu v v € Reals}, {c1,2,1 # Of|ea,2,2 # 0}]
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D.2 Nonholonomic Riemannian structures in three dimensions

In this notebook we have used a (third-party) MATHEMAT-
1CA package “Exterior Differential Calculus and Symbolic
Matrix Algebra” [9]. This package will need to be available
in order to execute several sections of the code.

Much of the code at the beginning of this notebook is iden-
tical or extremely similar to that at the beginning of the
notebook in section D.1. As such, we have elided many of
the comments for brevity.

Load the EDC package:

<<"path\to\EDC\matrixEDC.m"
$EDCversion

FuncMatchList = {cuv_v_};
FuncQ[f_] :=AnyTrue[FuncMatchList, MatchQ|[f, #]&];

Clear|Con]
Con[X_+ Y_, A]:=Con[X, A] + Con[Y, A];
Con[a_Xj; , A|:=aCon[X;, A];

Con[A_,X_+ Y]:=Con[A, X] + Con[A,Y];
Con[X;_, a ?NumericQXj_| :=aCon[X;, X;];
Con[X;_,a Xj |:=X;[a]X; + aCon[X;, X];

Con[0, A_]:=0;

Clear|ConNH]
ConNH[X_+ Y_, A_]| :=ConNH[ X, A] + ConNH[Y’, A];
ConNH[a_Xj , A_] :=aConNH[ X, A];

ConNH[A_, X_+ Y_| :=ConNH[A, X] + ConNH[A, Y];
ConNH[X_, a_?NumericQY_]:=aConNH[X, Y];
ConNH[ X , a_Xj_]:=X;[a]X; + aConNH[X;, X;];

ConNH[0, A_]:=0;

ConNH[A_, 0] :=0;

Fi-’j-,k-:=%(ck,i,j + Ci gk — cj,k,i);
ci_j_k_/;10rderedQ[{z, 7}]:= — ¢j i x;
cii k :=0;

X;_[a_7NumericQ]:=0;
X;_[a_?NumericQf]:=aX;[f];
X [f-+ g]:=X:[f] + Xi[g];

X [£2]:=21 X[ f);
X [f-g]:=X;[flg + fX:lgl;
Xi[#]:=— HXlf);

vi[Xj /31 ==j:=1;
vi[Xj /54 # §:=0;

vi_[f_+g]:=vi[f] + vilgl;

Clear|P, Q]
Plx_+7Y]:=P[X] + P[Y];
Pla_?NumericQX]:=aP[X];
Pla_X; ]:=aP[X;];
P[£_?FuncQX_]:=fP[X];

P[Xo]:=0;
P[X;]):=X4;
P[X3]:=Xa;

Clear[AngleBracket]
SetAttributes[AngleBracket, Orderless]|

(ALX+Y):=(4,X)+(AY);
(A, £_?FuncQX_):=f(A, X);

{A_, a_?NumericQX_):=a{A, X);
(AL £.X; ):=f(A, X;);

(Xi, X350/ 36 == j&&(i == 1]|i == 2):=1;
(Xi_, X5.0/38 # 5:=0;

Clear[lie]
lie[0, A :=0;
lie[A_, 0]:=0;

lie[A, X_+Y]:=lie[A, X] +1ie[A,Y];
lie[A_, a_?NumericQX_]:=alie[A, X];
lie[A_, £ ?FuncQX-|:=flie|A, X] + A[f]X;
lie[A_, g X; |:=glie[A, X;] + A[g]Xi;

lie[X_+Y_, A]:=1lie[X, A] + 1lie[Y, A];
lie[X_+Y_+Z_ A]:=lie[X, A] + lie[Y, A] + lie[Z, A];
lie[a_?NumericQX_, A_]:=alie[X, A];

lie[f_?FuncQX_, A |:=flie[X, A] — A[f]X;

lie[f_X; ,A]:=flie[X;, A] — A[f]X;;

ad[1,0,0]:=With[{a = 1ie[Xp, X1],b = 1ie[Xo, X2]},

{0’ 07 0}7
If[PossibleZeroQal, {0, 0,0}, al,
If[PossibleZeroQ[b], {0,0,0},d]
}/ .Thread[{Xo, X1, X2} — IdentityMatrix(3]]
//Transpose//Simpl ify] ;
ad[0, 1,0]:=With[{a = 1ie[X1, Xo],b = lie[X1, X2]},
{

If[PossibleZeroQ|a], {0,0,0},a],
{0’ 07 0}7
If[PossibleZeroQ[b], {0,0,0},d]
}/ .Thread[{Xo, X1, X2} — IdentityMatrix(3]]
//Transpose//Simpl ify] ;
ad[0,0, 1]:=With[{a = 1ie[Xa, Xo],b = lie[X2, X1]},
{

If[PossibleZeroQal, {0, 0,0}, al,
If[PossibleZeroQ[d],
{0,0,0}, 8], {0,0,0}
}/ .Thread[{Xo, X1, X2} — IdentityMatrix(3]]
//Transpose//Simpl ify] ;
ad[a_, b_, c_|:=aad|1, 0, 0] + bad|0, 1, 0] + cad|0, 0, 1];

K[A_,B_,C.]:=ConNH| A, ConNH[ B, C]]
—ConNH[ B, ConNH[A, C]]
—ConNH[P[1ie[A, B]], C]
—P[1ie[Q[Lie[4, B]], Cl};

Knat[A_,B_,C_,D:=(K[A, B, C], D);

Rhat[A_,B_,C_D]:=

1(khat[A, B, C, D] — Khat[A, B, D, C]);
Chat[A_,B_,C_,D]:=

Khat|A, B, C, D] — Rhat[A, B, C, DJ;

; o WX YY)
ReildelX-, Y= ey v,y (X, 777
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Ric[A_,B]:=Sum[Rhat[X,, A, B, X;], {£,1,2}];
Scal = Sum[Ric[Xp, X¢], {£,1,2}];

RicC[A_,B]:=Sum|Chat [X,, A, B, X¢], {4, 1,2}];
RicCSym[A_,B_|:=1(RicC[A, B] +RicC[B, Al);
RicCSkw[A_,B_|:=1(RicC[A, B] — RicC[B, Al);

_ X1,X1)  (X1,X2
Gsharp = Inverse [(ng,Xlg éXz,ng)]

//8implify;
. _ (Ric|X1, X3 Ric| X1, X2
Ricflath = (Ric Xa, Xl] Ric|Xs, Xz])
//8implify;
R = Gsharp RicflatM' //FullSimplify [#, X[]== O]&;
R//8implify//MatrixForm

RicCSymflatM = (
//8implify;

RicCSym Xl,Xl]

RicCSym| X1, Xo
RicCSym| X2, X1

RicCSym| X3, Xo

RSym = Gsharp.RicCSymflatMT//FullSimplify;
RSym//Simplify//MatrixForm

RicCSkw| X2, X1

. _ (RicCSkw X1,X1
RicCSkwflatM = ( RicCSke| X2, Xz

RicCSkw[X1, XQD

//8implify;
RSkw = Gsharp.RicCSkwflatMT//FullSimplify;
RSkw//Simplify//MatrixForm
K= %TI’[R];
X1 = y/—Det[RSym];
x2 = 4/Det|[RSkw];

8 = (c0,1,0)” + (co,2,0) s

Kil[A_,B]:=Tr[(ad@0A).(ade@B)];
KilForm =
{Kil[{l,E), 0}, {1,0,0}],ki1[{1,0,0}, {0,1,0}],
ki1[{1,0,0}, {0,0, 1}]}
{ki1[{o, 1,0}, {1,0,0}],Kil1[{0, 1,0}, {0, 1,0}],
ki1[{0,1,0},{0,0,1}]}
{ki1[{o,0,1}, {1,0,0}],Kil1[{0,0, 1}, {0,1,0}],
ki1[{0,0,1},{0,0,1}]}

}//FullSimplify;
KilFormD = {
{ki1[{0, 1,0}, {0, 1, 0}],Kki1[{0, 1,0}, {0,0, 1}]}
}/EKﬂ[{O, 0,1},{0,1,0}],ki1[{0,0,1},{0,0,1}]}
FullSimplify;
00 = 3(—c} 11— 2c0,1,2¢0,2,1 — € 5 0);
€1 = —¢Co0,1,2 — %c%,g’g;
g2 = _%cg,z,o +co21 — %63,2,1?

PrincipalMinors[Mat_]|:=With[{P = Minors[Mat, #|},
Py ,17)|&/@Range][1, Length[Mat]];

Structure equations of the dual frame
@0 v v?)
dv; [X,, Y] :=X[w;[Y]] - Y[w:[X]] — vi[lie[ X, Y]];

{dvo[Xo, X1], dvo[Xo, Xa], dvo[ X1, X2]}
{av1[Xo, X1], dv1[Xo, X2, dv1[ X1, Xa]}
{dv2[Xo, X1], dva[Xo, X2, dv2[X1, Xa]}

Using d2 = 0 on the structure equations, we get the fol-
lowing equations that must be satisfied by the structure
constants:

Thread[{

(e1,0,1 + €2,0,2)¢2,1,0 — €1,0,0€2,1,1 — €2,0,0€2,1,2
+Xolez,1,0] — Xi[e2,0,0] + Xale1,0,0);

—€1,0,1€2,0,0 + €1,0,0€2,0,1 + €2,0,2€2,1,1 — €2,0,1€2,1,2
+Xole2,1,1] — Xae2,0,1] + X2[e1,0,1],

€1,0,0€2,0,2 — €1,0,2(€2,0,0 + €2,1,1) + €1,0,1¢2,1,2
+Xo[c2,1,2] — X1[e2,0,2] + X2[e1,0,2]

} == 0]//8implify//Column

Reeb vector field

Rb = Sum([r; X;, {4,0,2}]
/. {r1 — roco,2,0,72 = —roco,1,0}/ .10 = 0;
Q = ovp;

Q[Rb]/.(oF)[A] = o F[A]//Simplify[#, 0% == 1]&
Q[lie[Xa, X1])/.(oF-)[A] — o F[A]//Simplify

With[{A =apXotar1 X1 + a,ng},
R[Q[A]] — A[Q[Rb]] — Q[Lie[Rb, AJ]]

1/ {(6F)[A] — oF[A],F_joA] — o F|A],
(F-+G)[A] = F[A] + G[A], (a1.X;)[a] — a: X;[4],
F_[o] — 0,F_[0] — 0}

//8implify

Hence the scalar invariant ¢ is given by:

(P[Rb], P[RY])//Simplify[#, 02 == 1]&

Wagner curvature tensor

We use the wedge symbol for bivectors in the following
code, and hence it is not compatible with the use of the
wedge symbol by the EDC package.

Clear([Wedge|
A[X_AY]:=Q[lie[X,Y]];

AInv[Xp]:= — (X1 A X2);
AlInv[f_Xo]:=f AInv[Xo];
AlInv[0]:=0;

K[X_AY][U]:=K[X,Y,U];
K[-(X-AY)][U]:= - K[X, Y, U];

K[f ?FuncQX_AY][U]:=fK[X AY][U];
K[—£f 2FuncQX_AY][U]:= — fK[X AY][U];
K[0][u-]:=0;

ConW[Z_, U] :=ConNH[P[Z], U] + K[AInv[Q[Z]]][U]
+P[1ie[Q[Z], U]];

KW[X_ A Y_][U] :=ConW[X, ConW[Y, U]] — ConW[Y, ConW[X, U]]
—ConM[lie[X, Y], U];

In the following code, ConW is the (vector bundle) con-
nection V used in section 4.2.3, and KW is the Wagner
curvature tensor (denoted K in section 4.2.3).

KWhat[X_ A Y_][U_® V.]:=(KW[X AY][U], V);
RWhat[X_AY][U_AV]:=

1 (KWhat[X A Y][U ® V| — KWhat[X AY][V ® U]);
CWhat[X_AY]U_VV]:=

1(kWhat[X A Y][U ® V] +KWhat[X AY][V @ U]);
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RicW[A_, B :=Sum[RWhat[X, A A][B A X,], {a, 1,2}];

Subs = {(—X; )[A] — —X;[4],
(f-+e-+1h)[A] — FIA] + g[A] +hl4],
(Xicw v v )[A] = cu,v,wXi[Al}

KW[Xo A X1][X1]/ - (—A)[e] — —A[f]
/. Xa[X1[£]] = Xolf] + c2,1,1Xa[f] + e2,1,2X2|f]
+X1[X2[f]]
//Collect|[#, X;i_,Simplify|&
KW[Xo A X1][X2]/ . (—A)[£] — —A[f]
/. Xo[Xa[£]] = Xolf] +c2,1,1X1[f] + 21,2 X2(f]
+Xa[Xz[f1]
//Collect|[#, Xi_,Simplify]|&

KW[Xo A Xo][X1]/ . (—A)[£] — —A[f]
/- Xo[X1[£]] = Xolf] + c2,1,1 X1 [f] + e2,1,2X2[f]
+X1[X2[1]]
//Collect|[#, Xi_,Simplify]|&
KW[Xo A X2][Xa]/ . (—A)[£] — —A[f]
/. X[ X1[£]] = Xolf] + c2,1,1 X1 [f] + €2,1,2 X2[f]
+X1[X2[f1]
//Collect|#, Xi_,Simplify|&

KW[X1 A Xo][X1]/ . (—A)[£] — —A[f]
/. Xa[X1[t]] = Xolf] +e2,1,1Xa[f] + e2,1,2X2|f]
+X1[X2[f1]
//Collect|[#, Xi_,Simplify|&
KW[X1 A X2][Xa]/ . (—A)[£] — —A[f]
/. Xa[X1[t]] = Xolf] +c2,1,1Xa[f] + e2,1,2X2|f]
+X1[X2[f1]
//Collect|[#, Xi_,Simplify|&

Calculations for lemma 4.2.12:

£01 = (c1,0,1 — ¢2,0,2)¢2,1,1 + (e1,0,2 + €2,0,1)c2,1,2
+e1,0,1¢2,0,0 — 3€1,0,0(c1,02 +€2,0,1) + €1,0,05
+X1[3(e1,0,2 + €2,01)] — X1[6] — Xaler,0,1;

£02 = (c1,0,2 + €2,0,1)¢2,1,1 — (€1,0,1 — €2,0,2)¢2,1,2
—€2,0,2¢1,0,0 + 5€2,0,0(c1,0,2 +¢2,0,1) +€2,0,0%
—Xa[3(c1,0,2 + €2,0,1)] — Xa[n] + Xale2,0,2];

From the structure equations of the dual frame, we have
the identities:

Xole1,2,1] = —(co,1,1¢0,2,0 — c0,2,2¢1,2,1
—c0,2,1(€0,1,0 — €1,2,2) — X1[co,2,1] + Xz[co,1,1])

Xole1,2,2] = —(—co0,1,000,2,2 — ¢0,1,2(—¢0,2,0 — €1,2,1)
—co,1,1¢1,2,2 — Xileo,2,2] + X2[eo,1,2])

{KW[Xo A X1][X1] — £01X3,
KW[X() A Xl][X2] + £01X;,
KW[Xo A X2][X1] — £02X0,
KW[Xo A Xo][X2] + £02X;
Y- (=0)[f] — —A[f]//8implify;
%/ . X2[X1[£]] = Xolf] + c2,1,1Xa[f] + e2,1,2X2(f]
+X1[Xo[f]]
//8implify;
%/ . {Xolc1,2,1] = —(co,1,1¢0,2,0 — €0,2,2€1,2,1
—cp,2,1(c0,1,0 — €1,2,2) — X1[eo,2,1] + X2[co,1,1]),
Xoler,2,2] = —(—co,1,0¢0,2,2 — €0,1,2(—¢0,2,0 — €1,2,1)
—co,1,1¢1,2,2 — X1eo,2,2] + X2[co,1,2]) }
//Simplify

H-exterior covariant derivative of

Ric, Asym and Aggew

P-exterior covariant derivative of a (1, 1)-tensor field A:

Pexcoder[A][X_, Y]:=
ConNH[X,, A[Y]] — ConNH[Y, A[X]] — A[P@Lie[X, Y]];

P -exterior covariant derivative of Ric:

gsharpRicflat[A]:=Ric[A, X1]X1 + Ric[A, X2]X0a;
Pexcoder|gsharpRicflat|[X;, X2]//Simplify;
%//Collect|#, X;_,FullSimplify|&

. (—Xals] .
PexcoderRic = ( +X; [N]) ;

Z-exterior covariant derivative of Agym:

gsharpRicCSymflat[A]:=
RicCSym[A, X)X + RicCSym[A, X2]X3;
Pexcoder[gsharpRicCSymflat][X, X2]//Simplify;
%/ .(—Xo)[A] = —Xo[A]//8implify;
%/‘Xg[Xl [A_]] — Xo[A] - 01’2’1X1 [A] - 61,2’2X2[A]
+X1[X2[A]l//8implify;
%//Collect[#, {X1, Xa},Simplify|&

PexcoderRicCSym = 2{c3 1,1, ¢2,1,2}.RSym
_1 (Xo[e1,0,2 +e2,01] + Xaler,0,1 — e2,0,2]
2 \ Xale1,0,2 + €2,0,1] — X2[e1,0,1 — €2,0,2]

?

P -exterior covariant derivative of A pcq:
gsharpRicCSkwflat[A]:=
RicCSkW[A, Xl]Xl + RicCSkW[A, Xg]Xg;
Pexcoder[gsharpRicCSkwflat]|[X1, X2]//Simplify;
%/ .(—Xo)[A] = —Xo[A]//Simplify;
%/‘Xg[Xl [A_]] — Xo[A] - 01’2’1X1 [A] - 61,2’2X2[A]
+X1[X2[A]]//8implify;
%//Collect[#, {X1, Xa},Simplify|&

1
PexcoderRicCSky — (%Xl le1,01 + cz,o,z])
5Xale1,0,1 +¢2,0,2]

?

Rotated frame when v = y; =0

Format[c100, StandardForm|: =1 0,0;
Format[c200, StandardForm| :=y2 0,0;
Format[c210, StandardForm|:=v2 1 0;
Format[c101, StandardForm|:=v; 0,1;
Format[c201, StandardForm| :=vy2 0,1;
Format[c211, StandardForm|:=v21,1;
Format[c102, StandardForm| :=v1,0,2;
Format[c202, StandardForm|:=v2 o,2;
Format[c212, StandardForm| :=vy2 1,2;

Subs = {¢100 — 0,¢200 — 0, ¢210 — 0,¢101 — 0,
€201 — —c102,¢202 — 0};

DeclareForms[{0}, {1, vo,v1,12}];

dvo] = ¢100v9 A vy + ¢200vg A vz + ¢210v1 A va/.Subs
//8implify

d[v1] = ¢101vg A vy + €201 A vz + ¢211v1 Ava/.Subs
//8implify

d[v2] = ¢102v9 A vy + ¢202ug A vz + ¢212v1 Ava/.Subs
//8implify

d[d[l/o]]/‘d[A_] — Xo [A]I/() + X3 [A]I/l + Xo [A]Vz//l’ewrite
//FullSimplify
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dld[v1]])/ .d[A] = Xo[Alvo + Xa[A]v1 + Xa|Alva//redrite
//FullSimplify

dld[v2]])/ .d[A] = Xo[Alvo + Xa[A]v1 + Xa|Alva//redrite
//FullSimplify

JacSubs = {
Xolyz,1,1] = —1,0,272,1,2 — Xaln,0.2],
Xo[v2,1,2] = +m,0,272,1,1 — Xa[11,0.2]

?

w = (K — ¢102)yg + ¢211v1 + ¢212u9;
d[w]/d[A_] — Xo [A]Vo + X3 [A]Vl + Xo [A]Vg/‘subs
//reWrite//Simplify

{71,0,272,1,2 + Xo[v2,1,1] + X1[71,0,2] — Xa[K],
—M,02+7311 Y502+ K+ Xilve,12] — Xalyve,11],
—71,0,272,1,1 + Xo[72,1,2] + Xa[71,0,2] — Xa[K]

}/.JacSubs//Simplify;

%/ /FullSimplify//Column

Parallel Frame

Format[c100, StandardForm|: =1 o,0;
Format[c200, StandardForm| : =2 0,0;
Format[c210, StandardForm|: =73 1 0;
Format[c101, StandardForm|:=v1,0,1;
Format[c201, StandardForm|:=v3,0,1;
Format[c211, StandardForm|: =731 1;
Format[c102, StandardForm|: =1 0,2;
Format[c202, StandardForm|: =73 g 2;
Format[c212, StandardForm|:=v2 1 2;

DeclareForms[{0}, {1, vo,v1,v2}];

d[vo] = €100 A v1 + 2001 A va + c21001 A e
//8implify

d|v1] = ¢101vg A vy + ¢201vg A va + c211v1 Ava
//8implify

dlva] = €102 A vq + ¢20209 A va + ¢21201 A g
//8implify

dld[wo]]/ .d[A] — Xo[A]vo + X1[A]v1 + X2 [A]re
//reWrite//FullSimplify

dld[i1]]/ .d[A] — Xo[A]vo + X1[A]v1 + X2 [A]r2
//reWrite//FullSimplify

dld[v2]]/ .d[A] — Xo[A]vo + X1[A]v1 + X2 [A]r2
//reWrite//FullSimplify

Solve[(1,0,1 + 72,0,2)72,1,0 — 71,0,072,1,1 — 72,0,072,1,2
+Xo[v2,1,0] — X1[72,0,0] + X2[v1,0,0] == 0, Xo[¥2,1,0]]
//Ful1Simplify
Solve[—v1,0,172,0,0 + 71,0,072,0,1 + 72,0,272,1,1
—v2,0,172,1,2 + Xo[v2,1,1] — X1[v2,0,1]
+X2[v1,0,1] == 0, Xo[y2,1,1]]
//Ful1Simplify
Solve[y1,0,072,0,2 — 71,0,2(72,0,0 + ¥2,1,1) +71,0,172,1,2
+Xoly2,1,2] — X1[v2,0,2] + X2[71,0,2] == 0, Xolr2,1,2]]
//Ful1Simplify

—1,0,17¥2,1,0 + 71,0,072,1,1 — 7¥2,0,272,1,0 + 2,0,072,1,2
+X1[v2,0,0] — X2[71,0,0]

—72,0,1°Y1,0,0 + 71,0,172,0,0 — ¥2,0,27¥2,1,1 + ¥2,0,172,1,2
+X1[v2,0,1] — X2[v1,0,1]

—72,0,2°Y1,0,0 + 71,0,272,0,0 + 7¥1,0,27¥2,1,1 — ¥1,0,172,1,2
+X1[v2,0,2] — X2[71,0,2]

JacSubs = {
Xo[’Yz,1,1] —* 71,0,172,0,0 — 72,0,272,1,1

72,0,1(—71,0,0 + 72,1,2) + X1[v2,0,1] — X2[v1,0,1];
Xolye,1,2] = —71,0,072,0,2 + 71,0,2(72,0,0 + 72,1,1)
—71,0,172,1,2 + X1[¥2,0,2] — Xalv1,0,2]
d[(vs — 1(c102 — ¢201))vp + c211v1 + ¢212u0]
/.d[A] = Xo|Alvo + Xa[Alv1 + X2[A]va/.c210 — 1
//re¥rite//FullSimplify

£01 = (71,0,1 — 72,0,2)72,1,1 + (71,0,2 +72,0,1)72,1,2
+71,0,172,0,0 — %11,0,0(')‘1,0,2 + 72,0,1) + 71,0,07%
+X1[%('Y1,0,2 +72,0,1)] — X1[vs] — Xa[v1,0,1];

£02 = (71,0,2 +72,0,1)72.1,1 — (71,0,1 — ¥2,0,2)72,1,2
—72,0,271,0,0 + 372,0,0(71,0,2 +72,0,1) + 72,0075
—Xa[2(71,02 +72,0,0)] — Xalvs] + X1[v2,0,2];

{%(2'71,0,1')'2,1,1 + 271,0,272,1,2
+71,0,0(—71,0,2 + 72,0,1 + 2v%) + 2Xo[y2,1,1]
+X1ln,0,2] — Xalve,01] — 2Xa[vs]),

(02 +72,01+ 2073110+ 73,2 +76) +2Xa[v2,1,2]
02X2[v2,1,1]),

%(—71,0,2')'2,0,0 +72,0,072,0,1 + 272,0,172,1,1
+272,0,2772,1,2 + 272,0,07% + 2Xo[y2,1,2] + X2[71,0,2]
—Xa[v2,0,1] — 2X2[vx])

}/.JacSubs//Simplify;

% — {£01,0,£02}/ .vx — %('71,0,2 —72,0,1
_2(7%,1,1 + 7%,1,2 + X1 [’Y2,1,2] - X2 [72,1,1]))
//FuliSimplify//Column

’YR = (R/‘C — 'Y/"Yu_,v_,w_ — If['u' <w, —Yv,u,w, 'Yu,v,u)])

/. %(71,0,2 — 72,01 — 2(13,1,1 +'y§,1,2
+Xi1[v2,1,2] — Xaly2,1,1])) = vw

//8implify;

~RSym = (RSym/.c — 7y
/"Yu_,v_,w_ - If[u <w, _'Yv,u,wy'Yu,v,w])
//8implify;

~RSkw = (RSkw/.c — 7y
/"Yu_,v_,w_ — If[u <w, _'Yv,u,wy'Yu,v,w])
//8implify;

~PexcoderRic = (PexcoderRic/.c — v
/"Yu_,v_,w_ — If[u <w, _'Yv,u,w,'Yu,v,w])
//8implify;

~PexcoderRicCSym = (PexcoderRicCSym/.c — =y

/"Y\L,v_,w_ - If[u < Uy, —Yv,u,w, 'Yu,v,w])
//8implify;

~PexcoderRicCSkw = (PexcoderRicCSkw/.c — =y

/"Yu_,v_,w_ — If[u <w, _'Yv,u,wy'Yu,v,w])

//8implify;
(t:gf) — ((yPexcoderRic + yPexcoderRicCSym

+yPexcoderRicCSkw)

_(,YR + +RSym + 'yRSkw)T.{—’)?,O,O, 71,0,0})

/5= (02 —72,01) —B11— Bae
—Xi[ve,1,2] + Xalv2,1,1]

//FullSimplify

Rescaling the metric

{¥o,Y1, Y2}/ {Yp = 12X, Y1 = p X1, Y3 — p X3}
%/ . {Xo0 — i;yo,xl - %Yl,XQ - %Yz}//Simplify

{lie[Yh 1/0]’ lieD/% Y0]7 lie[ﬁy 1/1]]'
! A{Yo = p2Xo0,Y1 — X1, Y2 — puXo}
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//FullSimplify;
%/ .{Xo — FIEYO,Xl - %Yl,Xz — %Yz}
/.Yi|u] =0
/. %[lﬂ] —0/. %[M] — 0//8implify;
%/ /Collect[#, {Yo, Y1, Y2}]&//Colum

{k1,0,0,k1,0,1, k1,0,2} = {—pc0,1,0, —p3c0,1,1, —p3c0,1,2};
{ko,1,0,k0,1,1,k0,1,2} = —{k1,0,0, k1,0,1, k1,0,2};
{k1,0,0,k1,0,1, k1,0,2}//Column

{k2,0,0, k2,0,1, k2,0,2} = {—pco,2,0, —13co,2,1, —p%c0,2,2};
{ko,2,0,k0,2,1, ko,2,2} = —{k2,0,0,k2,0,1, k2,0,2};
{k2,0,0, k2,0,1, k2,0,2}//Column

{k2,1,1,k2,1,2} = {—pe1,2,1, —per2,2;
{k121,k122} = —{k21,1,ka1,2};
{k2,1,1, k2,1,2}//Columm

Calculate how the scalar invariants are affected by dilations
of the metric:

{ (9. {Xo—=p2Xo0,X1 X1, Xo—pXs }/.c—)k)
)

(/. {Xo—m2xo,X1—mX1,X2—mX2}/ c—ne)

(x1/-{Xo—+p? Xo,X1—>uX1 Xo—rpuXa}/. c—>k)
X1
(Xz/-{Xo—)H2Xo ,X1—+pX1,Xo—+uXo} . .e—k)

X2
Y. (pXa)lE] = pXs[fl/ Xs W] — 0
//8implify[#, cu_v_w_ € Reals&&y > 0)&

{(Qo/ {Xo—m2Xo,X1—mX1 Xo—rpXo}/. c—>’°)

(e1/-{Xo—+p2Xo ,Xl—mxl Xo—rpXo}/. c—>’°)

(o2/ . {Xo—+p> Xo,Xl—le 1 Xo—+pXo}t/.c—k)

o2
}//8implity
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algebraic derivation, 122

Carnot group, 24
Carnot—Carathéodory distance, 18
Cartan—Schouten connection, 23
completely nonholonomic distribution, 8
connection,

Cartan—Schouten, 23

coefficients, 126

E-connection on D, 126, 138

nonholonomic, 9, 126

left-invariant, 137

linear, 138

metric, 134

pullback, 132

restricted Ehresmann, 138

restricted Koszul, 126

vector bundle, 126, 135
contravariant tensor (field), 119
covariant tensor (field), 119
covariant derivative, 126
curvature (tensor),

Ricci, 35

Riemannian, 135

Scalar, 36

Schouten, 30

sectional, 34

Wagner, 38

D-curve, 9
degree of nonholonomy, 8
derivation, 120
algebraic, 122
S-derivation, 41
S-restricted, 41
derivative,
covariant, 126
H-exterior, 122

P -exterior covariant, 18

P-Lie, 121

total covariant, 127

distribution, 8

flag, 8

geodesically invariant, 66, 69

holonomic, 8

horizontal, 139

integrable, 8

nonholonomic, 8
strongly, 8
completely, 8

nonintegrable, 8

vertical, 139

&-connection on D, 126, 138

E-restricted Ehresmann connection on D, 138

E-restricted Koszul connection on D, 126
equivalence,

NH-affine, 58

NH-geodesic, 57

up to NH-isometry, 59
exponential map, 17

at a point, 17

flag (of a distribution), 8
flat (nonholonomic Riemannian
structure), 42, 130
locally, 42, 130
on a neighbourhood, 42, 130

geodesic,
completeness, 12
invariance, 66, 69
nonholonomic, 11
normal sub-Riemannian, 19

holonomic distribution, 8
horizontal,
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Index of definitions

distribution, 139
lift, 142

vector, 139
vector field, 139

integrable distribution, 8

left-invariant,
connection, 137
nonholonomic Riemannian structure, 19
on a Carnot group, 24
parallel frame, 52
Wagner structure, 50
length of a D-curve, 18
linear connection, 138
locally flat, 42, 130
on a neighbourhood, 42, 130

metric connection, 134

NH-affine equivalence, 58
NH-affinity, 58
NH-geodesic equivalence, 57
NH-isometric, 59
Wagner structures, 60
NH-isometry, 59
of Wagner structures, 60
nonholonomic,
affine equivalence, 58
affinity, 58
connection, 9, 126
distribution, 8
geodesic, 11
equivalence, 57
flow, 16
spray, 15
isometry, 59
of Wagner structures, 60
Riemannian,
embedding, 64
manifold, 9
structure, 9
submanifold, 64
submersion, 56
semispray, 15
spray, 15
nonholonomy tensor, 37
nonintegrable distribution, 8
normal,

bundle, 64
sub-Riemannian geodesic, 19

P -exterior covariant derivative, 18
P -exterior derivative, 122
H-Lie derivative, 121
parallel,
frame, 130
vector field, 128
along a curve, 128
1-form, 131
along a curve, 131
tensor field, 132
along a curve, 132
translate, 128
translation, 128
projectable vector field, 142
pullback connection, 132

reduced,
equations of motion, 21
nonholonomic geodesic, 21
restricted,
derivation, 41
Ehresmann connection, 138
Koszul connection, 126
Ricci tensor, 35
Riemannian curvature tensor, 135

S-derivation, 41
S-restricted derivation, 41
Scalar curvature, 36
Schouten curvature tensor, 30
second fundamental form, 65
sectional curvature, 34
spray,
nonholonomic geodesic, 15
SR-isometric, 76
SR-isometry, 76
strongly nonholonomic distribution, 8
structure,
nonholonomic Riemannian, 9
sub-Riemannian, 18
Wagner, 37
sub-Riemannian,
isometry, 76
manifold, 18
structure, 18
symmetric bracket, 17
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tensor (field), 119
contraction, 120
contravariant, 119
covariant, 119
trace, 120
torsion, 9
total covariant derivative, 127
totally geodesic submanifold, 67

vector bundle connection, 126, 135
vertical,

distribution, 139

lift, 139

vector, 139

vector field, 139

Wagner,
curvature tensor, 38
structure, 37



