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A b s tr a c t

In this thesis we consider nonholonomic Riemannian manifolds, and in particular, left- 
invariant nonholonomic Riemannian structures on Lie groups. These structures are closely 
related to mechanical systems with (positive definite) quadratic Lagrangians and nonholo- 
nomic constraints linear in velocities. In the first chapter, we review basic concepts of non- 
holonomic Riemannian geometry, including the left-invariant structures. We also examine 
the class of left-invariant structures with so-called Cartan-Schouten connections. The second 
chapter investigates the curvature of nonholonomic Riemannian manifolds and the Schouten 
and Wagner curvature tensors. The Schouten tensor is canonically associated to every non- 
holonomic Riemannian structure (in particular, we use it to define isometric invariants for 
structures on three-dimensional manifolds). By contrast, the Wagner tensor is not generally 
intrinsic, but can be used to characterise flat structures (i.e., those whose associated parallel 
transport is path-independent). The third chapter considers equivalence of nonholonomic Rie- 
mannian manifolds, particularly up to nonholonomic isometry. We also introduce the notion 
of a nonholonomic Riemannian submanifold, and investigate the conditions under which such 
a submanifold inherits its geometry from the enveloping space. The latter problem involves 
the concept of a geodesically invariant distribution, and we show it is also related to the 
curvature. In the last chapter we specialise to three-dimensional nonholonomic Riemannian 
manifolds. We consider the equivalence of such structures up to nonholonomic isometry and 
rescaling, and classify the left-invariant structures on the (three-dimensional) simply con­
nected Lie groups. We also characterise the flat structures in three dimensions, and then 
classify the flat structures on the simply connected Lie groups. Lastly, we consider three typi­
cal examples of (left-invariant) nonholonomic Riemannian structures on three-dimensional Lie 
groups, two of which arise from problems in classical mechanics (viz., the Chaplygin problem 
and the Suslov problem).
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Introduction

Nonholonomic Riemannian geometry has, under one guise or another, been a topic of study 
for over a hundred years, and has attracted the attention of numerous geometers. Among the 
pioneers, we mention, in particular, E. Cartan and Synge (who first introduced the nonholo­
nomic connection), Vranceanu (who first formalised the notion of a nonholonomic manifold) 
and Schouten and Wagner (who first studied the curvature of nonholonomic Riemannian 
structures). More recent contributions, using the language of modern differential geome­
try, have been made by Vershik and collaborators [70, 69, 71, 72], Lewis [46, 45] and Bloch, 
Crouch and collaborators [8] (and references therein), to mention but a few. (Lewis, as well as 
the Bloch and Crouch group, have also studied mechanical control systems on nonholonomic 
Riemannian manifolds.) Some standard references for nonholonomic Riemannian geometry 
(mainly from the viewpoint of nonholonomic mechanics) are [8, 18, 19].

Briefly, a nonholonomic Riemannian structure on a smooth manifold M consists of a 
pair of complementary distributions D and V ± , where D is assumed to be nonholonomic (i.e., 
nonintegrable), and a positive definite metric tensor g (i.e., a Riemannian metric) is defined on 
D. There are two (in general, inequivalent) geometries that may be defined on a nonholonomic 
Riemannian manifold. In the first, the dynamics are essentially specified by means of the 
Chetaev equations; this approach may be viewed as a special case of nonholonomic mechanics. 
In the second, which may be viewed as a special case of vakonomic mechanics, the dynamics 
follow a classical variational principle: geodesics are (local) length minimisers of the Carnot- 
Caratheodory distance. While the term nonholonomic Riemannian geometry has, in the past, 
been used to refer to both of these geometries (e.g., in [71, 72]), we shall use it to mean only 
the first. The second we shall refer to, by the usual modern terminology, as sub-Riemannian 
geometry.

From the point of view of physics, a nonholonomic Riemannian manifold is the geometric 
structure underlying a mechanical system that describes the motion of a free particle moving 
in M with kinetic energy Lagrangian, and subject to (time-independent) nonholonomic con­
straints linear in velocities (given by the constraint distribution D). As such, much of the 
work in nonholonomic Riemannian geometry has been from the perspective of nonholonomic 
mechanical systems, and this remains the chief application of the field. A consequence is 
that much of the work done on more general (nonholonomic) mechanical systems—see, e.g., 
[20, 41]— also applies as a special case to nonholonomic Riemannian structures.

Left-invariant nonholonomic Riemannian structures on Lie groups (often referred to as 
“LL systems” in the context of nonholonomic mechanics) are the prototypes of nonholo- 
nomic Riemannian manifolds: their study is a first step toward an understanding of the 
general structures. In contrast to invariant sub-Riemannian structures, these structures have 
not been extensively studied. To the best of our knowledge, the work that has been done 
has been mainly devoted to reduction (see, e.g., [8, 19] and references therein), integrabil-
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2 Introduction

ity (including the existence of invariant measures/volumes; see, e.g., [39, 35]) and problems 
from mechanics (particularly, involving symmetries and conservation laws), for instance, the 
Chaplygin problem [16, 52, 24, 15], the Suslov problem [63, 26] and problems with nonlinear 
constraints [65, 64, 60]. (Also of interest for integrability are the so-called “LR systems,” 
where the metric is left invariant and the distribution is right invariant; see, e.g., [73, 25].) 
In particular, little effort has been devoted to tackling the questions of equivalence and clas­
sification of nonholonomic Riemannian structures. Cartan [14] was the first to apply his 
method of equivalence in nonholonomic mechanics (specifically, nonholonomic Riemannian 
manifolds), though only to the case of a strongly nonholonomic distribution. (The papers 
[38, 68] are a modern exposition of Cartan’s ideas; the former paper in particular discusses 
some generalisations of Cartan’s work to more general nonholonomic distributions.) However, 
regarding specific problems of equivalence and classification, we are aware only of the papers 
[22, 23]. In the first, the author makes use of the method of equivalence in order to deter­
mine differential invariants for three-dimensional nonholonomic Riemannian manifolds with 
contact distributions. (The paper does not, however, give a classification of these structures.) 
In the second paper, the authors again make use of the method of equivalence to derive the 
differential invariants, this time studying (four-dimensional) Engel manifolds.

In this thesis we consider nonholonomic Riemannian structures on smooth manifolds, and, 
in particular, left-invariant nonholonomic Riemannian structures on Lie groups. The thesis 
is organised as follows. In chapter 1 we review some preliminary concepts of nonholonomic 
Riemannian geometry. We explicitly define a nonholonomic Riemannian structure, prove 
the existence and uniqueness of its associated nonholonomic connection, and show how the 
connection is used to define the nonholonomic geodesics. We also discuss how nonholonomic 
Riemannian geometry relates to nonholonomic mechanics and sub-Riemannian geometry. In 
the second part of this chapter we consider left-invariant nonholonomic Riemannian structures 
on Lie groups, and especially a class of such structures with particularly simple dynamics (viz., 
those with Cartan-Schouten connections).

Chapter 2 treats the curvature of nonholonomic Riemannian manifolds. As mentioned 
previously, Schouten and Wagner were the first to study curvature in the context of nonholo- 
nomic Riemannian geometry. In particular, the two main curvature tensors used in nonholo- 
nomic Riemannian geometry originate in the work of those two mathematicians. The chapter 
consists of four parts. In the first two parts, we consider the Schouten and Wagner curva­
ture tensors. While the Schouten tensor is intrinsically associated to every nonholonomic 
Riemannian structure, in general the definition of the Wagner tensor relies on some addi­
tional assumptions. However, when these assumptions are met, the Wagner curvature tensor 
(unlike Schouten’s tensor) can be used to characterise the “flat” nonholonomic Riemannian 
structures, i.e., those for which the associated parallel transport is path-independent. In the 
third part of the chapter, we revisit Schouten’s and Wagner’s constructions from the point 
of view of “restricted Ehresmann connections,” showing in particular that there exists a flag 
of horizontal distributions associated to the Wagner tensor. In the last part of the chapter, 
we prove some results concerning the curvature of left-invariant nonholonomic Riemannian 
structures.

In chapter 3 we consider the equivalence of nonholonomic Riemannian manifolds, and 
introduce a suitable notion of nonholonomic Riemannian submanifolds. In the first part of 
the chapter, we consider three natural equivalence relations between nonholonomic Rieman- 
nian structures. In increasing strength, the equivalence relations are up to the existence of a 
diffeomorphism preserving: the nonholonomic geodesics; the constraint distribution and non-
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holonomic connection; both (complementary) distributions and the metric. Among the three 
equivalence relations, in this thesis we shall be chiefly concerned with the last (and strongest) 
one; this is also the analogue of equivalence up to isometry in Riemannian geometry. In the 
second part of this chapter we consider nonholonomic Riemannian submanifolds, i.e., embed­
dings of one nonholonomic Riemannian structure inside another. The main contribution of 
this section is to characterise when the nonholonomic geodesics of the embedded structure 
are also nonholonomic geodesics of the ambient space, or, in other words, when the embedded 
structure inherits its geometry from the enveloping structure. In order to characterise this 
occurrence, we make use of the notion of a “geodesically invariant” distribution, i.e., a distri­
bution invariant under the nonholonomic geodesic flow. A remarkable link between geodesic 
invariance and curvature is also established.

Finally, in chapter 4 we specialise to the case of nonholonomic Riemannian structures on 
three-dimensional smooth manifolds. (The results of this chapter—apart from the character­
isation and classification of flat structures and treatment of the Heisenberg problem— have 
been published in [4].) This is the largest chapter in the thesis, and consists of three parts. 
In the first part, we consider the equivalence of nonholonomic Riemannian structures in three 
dimensions, up to “nonholonomic isometry” and rescaling. In particular, we classify the left- 
invariant nonholonomic Riemannian structures on the three-dimensional simply connected 
Lie groups, and describe the equivalence classes in terms of isometric invariants. The second 
part of the chapter treats the flat nonholonomic Riemannian structures. We first characterise 
flatness in three dimensions, before using this characterisation to classify the flat structures. 
Our initial approach to the characterisation uses a direct approach; as such, after classifying 
the flat structures, we relate the work with the Wagner curvature tensor. In the last part 
of this chapter, we consider three typical problems in nonholonomic Riemannian geometry. 
The first— which we have called the “Heisenberg problem”— involves the study of a (left- 
invariant) nonholonomic Riemannian structure on the (three-dimensional) Heisenberg group 
H3. (In fact, we shall see that, up to nonholonomic isometry and rescaling, there are only 
two equivalence classes of left-invariant nonholonomic Riemannian structures on H3, corre­
sponding to whether a scalar invariant $ > 0 vanishes or not. The Heisenberg problem treats 
the equivalence class of structures with positive $.) The second two problems are classical 
problems from nonholonomic mechanics: the Chaplygin problem and the Suslov problem.

Appendix A outlines some of our conventions, particularly regarding tensor fields and 
tensor derivations. It also introduces a generalisation of the Lie derivative and the exterior 
derivative (called the “P -L ie  derivative” and “P-exterior derivative,” respectively). Ap­
pendix B considers “restricted connections,” i.e., connections whose associated parallel trans­
port is along a restricted subset of curves in the manifold. The nonholonomic connection 
associated to a nonholonomic Riemannian structure is properly viewed in this context, as 
is a series of connections involved in the construction of the Wagner curvature tensor. We 
consider these connections from two different points of view, viz., as a Koszul connection (i.e., 
a covariant derivative) and as an Ehresmann connection (essentially a horizontal distribution 
transversal to the vertical distribution). We also consider the parallel transport induced by 
such connections, as well as some special classes of these connections. In appendix C we 
briefly review the Bianchi-Behr classification of three-dimensional Lie algebras and their as­
sociated simply connected Lie groups, and discuss some algebraic properties distinguishing 
the different algebras. (This is crucial for the classification in chapter 4.) Lastly, we have also 
made extensive use of M a th em a tica  [81] to facilitate computations in chapter 4 ; the code 
we have written toward this end may be found in appendix D .
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Original Contributions

To the best of our knowledge, the following contributions in this thesis are original.

C h ap ter 1 : proposition 1.2.6; theorem 1.2.10; proposition 1.2.11; corollary 1.2.12; proposi­
tions 1.2.14 and 1.2.15; corollary 1.2.16; proposition 1.2.17; corollary 1.2.18.

C h ap ter 2 : lemma 2.1.1; propositions 2.1.2, 2.1.4 and 2.1.5; proposition 2.2.2; theorem 
2.2.12; proposition 2.2.13; lemma 2.3.2; proposition 2.3.3; lemmas 2.3.5, 2.3.6, 2.3.7 and 
2.3.9; theorem 2.3.10; corollary 2.3.11; lemmas 2.3.12 and 2.3.13; theorems 2.3.14 and 2.3.15; 
corollary 2.3.16; proposition 2.4.1; corollary 2.4.2; lemmas 2.4.3 and 2.4.4; propositions 2.4.5,
2.4.6 and 2.4.7; corollaries 2.4.8 and 2.4.9.

C h ap ter 3 : propositions 3.1.4 and 3.1.5; lemma 3.1.6; propositions 3.1.7, 3.1.8 and 3.1.9; 
corollary 3.1.10; lemmas 3.1.11 and 3.1.12; propositions 3.1.13, 3.1.14, 3.1.15 and 3.1.16; 
corollary 3.1.17; lemmas 3.2.2, 3.2.3 and 3.2.4; proposition 3.2.5; corollary 3.2.6; propositions
3.2.7, 3.2.8, 3.2.9, 3.2.10; corollary 3.2.11; proposition 3.2.12; corollary 3.2.13; propositions 
3.2.14 and 3.2.15; theorem 3.2.16; proposition 3.2.17; theorem 3.2.18.

C h ap ter 4 : propositions 3.1.2, 4.1.1 and 4.1.4; lemmas 4.1.7 and 4.1.17; proposition 4.1.18; 
theorem 4.1.19; corollary 4.1.20; theorem 4.1.22; corollary 4.1.23; propositions 4.1.24, 4.1.25 
and 4.1.26; lemmas 4.2.1 and 4.2.2; theorem 4.2.3; corollaries 4.2.4, 4.2.5 and 4.2.6; theorems
4.2.7, 4.2.9 and 4.2.10; lemma 4.2.12; proposition 4.2.13; theorem 4.2.14; proposition 4.3.1; 
corollary 4.3.2; propositions 4.3.3, 4.3.5 and 4.3.6.

A ppendix A and appendix B : Many of the results in the (first two) appendices are 
original, or at least cannot be found in the literature (though they are straightforward gen­
eralisations of known results). Specifically, in appendix A, the following results are original 
contributions: propositions A.3.1 and A.3.2; lemma A.3.3.

In appendix B , almost everything in section B.1 (sans section B.1.3.2) is original, with 
the exception of some results stated in [38]. (Having said that, it seems clear that all results 
in this section are known to the authors of [38], and most likely also to researchers in related 
areas.) Nevertheless, the main contribution of this appendix is to provide complete proofs for 
almost all results.

Conventions

We briefly mention the conventions employed in this thesis. Unless stated otherwise, we shall 
assume that all manifolds, tensor fields, distributions, etc. are smooth, i.e., of class C^. 
Appendix A lists further conventions, particularly for tensor fields and tensor derivations.

Sum m ation convention. We follow the Einstein summation convention on repeated in­
dices throughout this thesis. Unless stated otherwise, we shall assume the following ranges:

• i, j , k, £ range through 1 , . . . ,  n (or sometimes 0,1, 2 in chapter 4);

• a, b, c and u, w range through 1 , . . . ,  r;

• A, ^ range through r +  1 , . . . ,  n.

If these indices are themselves indexed (e.g., a 1,a 2, . . . ) ,  then they range through the same 
values (e.g., a 1, a2, . . .  range through 1 , . . . ,  r).
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N otation . We briefly outline the notational conventions used in this thesis. Manifolds are 
denoted M, N, etc., in a sans serif typeface. Similarly, Lie groups are denoted G, H, etc. 
Their corresponding Lie algebra is denoted using a lowercase Fraktur letter (e.g., g, h, etc.). 
Distributions are denoted with a calligraphic typeface (e.g., D, S , etc.), and projections with 
a curly calligraphic typeface (e.g., P , Q , etc.). We also use the following notation:

1
Ab
A#

C ~ (M)
d

d p
d p

/\k D 

V  D

Der(D) 
Dero(D) 
Ders  (D) 

r(D )

r L(D)

£ x
£ P  
£ X

«• : •»
Qk (D) 

Qk (D, S ) 

T 0

T k (D)

T k (d )

X  [f ] 
X  h

X  v

vlUq

identity element of a Lie group.
induced map Ab : r (D ) ^  r(D *), Ab(X ) =  A (X, ■), where A is a (0 ,2)-tensor.
induced map A# : r(D *) ^  r(D ), A# =  (Ab)- 1 , where A is a nondegenerate 
(0, 2)-tensor.
the set of (real-valued) functions on a manifold M. 
exterior derivative of a k-form.
P -exterior derivative of a k-form; see section A.3.2.
P -exterior covariant derivative of a vector-valued k-form (where V is a nonholo­
nomic connection); see section 1.1.4.
kth-exterior power of D: /\k D =  |JqeM span{X 1 A ■ ■ ■ A X k : X 1, . . . ,  X k G Dq}.

kth-symmetric power of D: \Jk D =  |Jq€M span{X 1 V ■ ■ ■ V X k : X 1, . . . ,  X k G Dq}. 

Lie algebra of (tensor) derivations of Tek(D); see section A.2. 
subspace of algebraic derivations in Der(D); see section A.2.
S-restricted derivations; see section A .2 and section 2.2.1 .
space of sections of a distribution D. In particular, r(T M ) is the space of vector 
fields, and T(T*M) the space of 1-forms, on a manifold M.
space of left-invariant sections of a left-invariant distribution D on a Lie group G. 
Lie derivative along a vector field X  G r(TM ).
P -Lie derivative along a vector field X  G r(T M ); see section A.3.1. 
projected Lie bracket: [[•, •]] =  P ([■, ■]). 
symmetric bracket; see section 1.1.3.
space of k-forms on D: Qk(D) =  r(/\k D); by convention Q°(D) =  C^(M). 
space of S-valued k-forms on D: Qk(D, S ) =  Qk(D) ® r ( S ). 
tangent map (differential) T 0 : TM ^  TN of a map 0 : M ^  N between manifolds 
M and N; the tangent map at q G M is denoted Tq0 : TqM ^  T0(q)N.

bundle of (k,£)-tensors on D; see section A.1.
space of (k,£)-tensor fields on D: T k(D) =  r ( T k(D)); see section A.1.
trace (contraction) of a tensor field in the ith contravariant and j th covariant slot;
see section A.1 .1 .
directional derivative of f  G C^(M) in the direction of a vector field X .
horizontal lift (or h-lift) of a vector field X  G r (E ) with respect to an E-restricted 
Ehresmann connection h on D; see section B .2 .
vertical lift of a vector field X  G r(D ); see section B .2 . 
vertical lift over (a tangent vector) Uq; see section B .2 .





Chapter 1

Nonholonomic Riemannian 
geometry

In this chapter we lay the groundwork for our study of nonholonomic Riemannian manifolds. 
Most of the definitions and results in this chapter may be found in the literature, or are a 
straightforward generalisation of those found in Riemannian geometry. We have restricted to 
only the material that is required in this thesis, either directly, or for a more comprehensive 
understanding of the topics we present.

In section 1.1, we consider general nonholonomic Riemannian structures. In particular, we 
define a nonholonomic Riemannian manifold and prove the existence and uniqueness of the 
nonholonomic connection. Using this connection we introduce the nonholonomic geodesics, for 
which we prove some basic properties. Our particular approach to nonholonomic Riemannian 
geometry (specifically, the definition of a nonholonomic Riemannian structure as a quadruple) 
is somewhat new (although this approach can essentially be found in some of the early works, 
e.g., [75]). For this reason, in section 1.1.1 we motivate our approach by relating it to the study 
of nonholonomic mechanical systems with kinetic energy Lagrangians. In section 1.1.2 we 
continue our study of nonholonomic geodesics, introducing the nonholonomic geodesic spray, 
the associated (nonholonomic geodesic) flow, and the exponential map. In section 1.1.3 and 
section 1.1.4 we introduce two objects induced by the nonholonomic connection. The first, 
the so-called “symmetric bracket,” is essentially the symmetric part of the connection (the 
skew-symmetric part of the connection is given by a projection of the Lie bracket). The 
second object is an exterior covariant derivative operator, induced by the connection and the 
projection onto the constraint distribution. Concluding the first part of the chapter, in section 
1.1.5 we review some basic concepts from sub-Riemannian geometry. Every nonholonomic 
Riemannian structure has an associated sub-Riemannian structure. However, the geometries 
of the two structures are, in general, inequivalent. In this section we briefly contrast the two 
geometries, and mention how (in general) there is no relation between the sub-Riemannian 
geodesics and the nonholonomic geodesics.

In the second part of this chapter, section 1.2, we specialise to left-invariant nonholo­
nomic Riemannian structures on Lie groups, i.e., structures invariant under left translations. 
As mentioned in [71], these structures model generalised problems on a rolling solid body, 
and are “of most interest.” For these structures, we show that the associated objects (the 
nonholonomic connection, the nonholonomic geodesic spray, etc.) are also left invariant. 
As a consequence, we are able to show that every left-invariant nonholonomic Riemannian
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8 1.1. Nonholonomic Riemannian structures

structure is geodesically complete (i.e., the domain of every nonholonomic geodesic may be 
extended to the entirety of R ). In section 1.2.1 we consider a special class of left-invariant 
nonholonomic Riemannian structures, viz., those whose nonholonomic geodesics are left cosets 
of one-parameter subgroups (or equivalently, whose reduced dynamics is trivial). For such 
structures, the nonholonomic connection is called a “Cartan-Schouten connection.” The main 
contribution of this section is to characterise when the nonholonomic connection (of a left- 
invariant nonholonomic Riemannian structure) is Cartan-Schouten. Invariant nonholonomic 
Riemannian structures with Cartan-Schouten connections are the analogues of bi-invariant 
Riemannian metrics, and hence the characterisations of these structures are reminiscent of 
those for bi-invariant metrics in Riemannian geometry. Lastly, in section 1.2.2 we consider the 
question of existence of (left-invariant) nonholonomic Riemannian structures with Cartan- 
Schouten connections. In the Riemannian case, it is well-known (see [49]) which Lie groups 
admit a bi-invariant metric (and this class of Lie groups is quite small). The nonholonomic 
Riemannian case is not so straightforward, and there are many more examples of structures 
with Cartan-Schouten connections. In fact, we prove in this section that every Lie group that 
admits a rank two left-invariant distribution, admits a nonholonomic Riemannian structure 
(with the same distribution) whose nonholonomic connection is Cartan-Schouten.

1.1 Nonholonomic Riemannian structures

Let M be an n-dimensional manifold. By a distribution of rank r on M we shall mean a vector 
subbundle of TM with r-dimensional fibres. If [X, Y ] e r (D ) for every X , Y  e r(D ), then D 
is called integrable (or holonomic); if D is not integrable, then it is called nonintegrable (or 
nonholonomic).

Let D be a rank r < n nonintegrable distribution on M. (The pair (M, D) is sometimes 
called a “nonholonomic manifold.”) The flag o f  D is the increasing filtration D 1 C D 2 C ■ ■ ■, 
where

D 1 =  D and Di+1 =  Di +  [D*, D*], i > 1. (1.1.1)

Here [E, E']q =  {[X , Y](q) : X  e  r (E ), Y  e r (E ') } , q e  M, where E and E  are distributions 
on M. We will always assume that each element of the flag of a distribution is itself a 
distribution, i.e., the dimension of the fibres is constant. Evidently, the flag of D will stabilise 
after finitely many steps. If there exists N > 2 such that DN =  TM and DN-1 C TM, then 
D is said to be completely nonholonomic, and N is called the degree o f nonholonomy o f  D. 
The simplest case is when N =  2; in this case, D is called strongly nonholonomic.

R em ark  1 .1 .1 . If M is three dimensional, then a nonintegrable distribution on M must have 
rank two. Moreover, it is clear that every nonintegrable distribution on a three-dimensional 
manifold is strongly nonholonomic. □

R em ark  1 .1 .2 . Many authors define the flag of D as

D 1 =  D and Di+1 =  D* +  [D,D*] =  D* +  ^  [Dj , Dk], i > 1. (1.1.2)
j+k=i

(See, e.g., [38].) However, we prefer the definition (1.1.1), as it is more naturally used in 
defining the Wagner curvature tensor (see, e.g., [75, 21]), which we discuss further in chapter 
2. Nevertheless, the definitions and results in this thesis that rely on the flag of D are readily 
modified to use the formulation (1 .1 .2) . □
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A curve 7  : I  ^  M is called a D -curve if it is tangent to D, i.e., 7 (t) e  DY(t) for every 
t e  I . (Here, and henceforth, I  denotes an interval of R.) Complete nonholonomy of D is a 
sufficient condition for connectivity of M by D-curves:

T heorem  1 .1 .3  (C h ow -R ash evsk ii, [59, 17]). Let D be a completely nonholonomic dis­
tribution on a connected manifold M. Then any two points in M can be joined by a D -curve.

A nonholonomic Riemannian manifold is a quadruple (M ,D ,D x ,g), where M is an n- 
dimensional (connected) manifold, D is a rank r < n completely nonholonomic distribution 
on M, D^ is a rank n — r distribution complementary to D (so that TM =  D © D ^) and g is 
a positive definite metric tensor on D. For convenience, we shall also refer to a nonholonomic 
Riemannian manifold as a nonholonomic Riemannian structure.

R em ark  1 .1 .4 . We shall sometimes abuse the above definition slightly to include the case 
when r =  n, i.e., D =  TM and D± =  {0 }. In this case, (M, D, Dx , g) is a Riemannian 
manifold (M, g). □

Let P : TM ^  D and Q : TM ^  D^ be the projection operators corresponding to the 
decomposition TM =  D © D p  For convenience, we shall denote the projected Lie bracket 
P ([',']) by [■, -|. Let || ■ || be the norm on D induced by g.

In Riemannian geometry, there exists a unique metric and torsion-free connection (the 
Levi-Civita connection) associated to every Riemannian structure (see, e.g., [44, 55, 53]). 
Remarkably, this result generalises to nonholonomic Riemannian geometry: associated to 
every nonholonomic Riemannian structure (M, D, D p  g) is a unique affine connection of the 
form V : r(D ) x r(D ) ^  r(D ) (i.e., a D-restricted connection on D; see appendix B) that is 
metric and has vanishing torsion. Here the torsion of V  (with respect to P ) is the (1 ,2)-tensor 
field T  : r(D ) x r(D ) ^  r(D ) given by

T (X , Y ) =  V x Y  — V y X  — [X ,Y|, X ,Y  e r(D ).

This connection is called the nonholonomic connection of (M, D, Dx , g). We have the following 
result (see, e.g., [43]).

T heorem  1 .1 .5 . Let (M ,D ,D x ,g) be a nonholonomic Riemannian manifold. There exists 
a unique D-connection V  on D that is both metric and torsion-free, i.e., Vg =  0 and T  =  0. 
Furthermore, V  is characterised by the Koszul formula:

2 g(V xY , Z ) =  ( £ P g)(X , Z) +  (d p gb(Y ))(X , Z)
=  X[g(Y, Z )] +  Y [g(X , Z)] — Z[g(X, Y)]

+  g([X , Y|,Z) — g ([X , Z|,Y) — g([Y, Z | ,X ),

fo r  X , Y, Z e r (D ). Here £ p  is the P -Lie derivative (see section A.3.1) and d p  is the 
P -exterior derivative (section A.3.2).

Proof. Koszul’s formula uniquely defines the operation r(D ) xT(D ) ^  r(D ), (X , Y ) ^  V X Y . 
We show that this operation is in fact a D-restricted connection on D. Clearly, V  is R-linear 
in both of its arguments. Let X , Y, Z e r(D ) and f  e  C^(M). We have

( £ P g ) ( fX ,  Z) =  Y [g (fX , Z)] — g([Y, f X  1, Z) — g (fX , [Y, Z|)
=  Y [f]g (X , Z ) +  fY [g (X , Z)] — g ( f  [Y, X| +  Y [f  ]X, Z ) — g (fX , [Y, Z|)

=  f  (£ P g )(X , Z).
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Similarly,

(dpgb(Y ))( fX , Z) =  fX [g (Y , Z)] — Z[g(Y, f X )] — g(Y, [X , Z|)
=  fX [g (Y , Z)] — fZ[g(Y , X )] — Z[f]g(Y, X ) — g(Y, f  [X , Z| — Z [f]X )

=  f  (dPgb(Y ))(X , Z).

It follows that V  is tensorial in its first argument. We also have

(£/y g)(X , Z) =  fY [g (X , Z)] — g([fY , X|, Z) — g(X , [fY , Z|)

=  fY [g (X , Z)] — g ( f  [Y, X| — X [ f ]Y, Z ) — g(X , f  [Y, Z| — Z [f]Y )

=  f  (£ p g )(X , Z) +  X [f]g (Y , Z ) +  Z [f]g (X , Y)

and

(dpgb(fY )) (X , Z) =  f  (dpgb(Y ))(X , Z) +  (d p f A gb(Y ))(X , Z )

=  f  (dpgb(Y ))(X , Z ) +  X [f]g (Y , Z ) — Z[f]g(Y, X ).

Hence 2 g (V X fY , Z) =  2 g (X [f]Y  +  f V X Y, Z ), i.e., V  is a derivation in its second argument. 
Thus V is a D-restricted connection on D.

It remains to show that V  (defined via the Koszul formula) is metric and torsion-free. For 
metricity, we have

g (V zX , Y ) +  g(X , V z Y ) =  2 (Z[g(X , Y )] +  X [g(Z , Y )] — Y[g(Z, X )]

+  g([Z, X | ,Y ) — g([Z, Y|, X ) — g([X , Y | ,Z ))

+  2 (Z[g(Y, X )] +  Y[g(Z, X )] — X[g(Z , Y )]

+  g([Z, Y|, X ) — g([Z, X | ,Y ) — g([Y, X | ,Z ))

=  Z[g(X, Y )].

That is, Vg =  0. Similarly for the torsion, we have

g (V x Y  — V y X , Z) =  2 (X[g(Y, Z)] +  Y [g(X , Z )] — Z[g(X, Y )]

+  g([X , Y | ,Z ) — g([X , Z|,Y) — g([Y, Z|, X ))

— 2 (Y [g(X , Z)] +  X[g(Y, Z )] — Z[g(Y, X )]

+  g([Y, X|, Z ) — g([Y, Z|, X ) — g ([X , Z|, Y))
=  g ([X , Y| ,Z ).

Hence V X Y  — V y X  =  [X , Y|, i.e., V  is torsion free. ■

Let (X*) be a local frame for TM such that (X a) is an orthonormal frame for D and (X^) 
is a frame for D± . Let ck- e  C^(M) be the structure constants of this frame: [X*, X j ] =  ck-Xk. 
Likewise, let rwb e C^(M) be the connection coefficients of V: V XaX b =  rWbX w.

C orollary 1 .1 .6 . We have rWb =  1 (cWb—cbaw—ĉ W). (Inparticular, the connection coefficients 
rWb depend only on the orthonormal frame (X a) and the structure constants o f  [X a,X b|.)
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Proof. From Koszul’s formula, we have

2 g(VXaXb, Xw) =  Xa[g(Xb, Xw)] +  Xb[g(Xa, Xw)] — Xw[g(Xa, Xb)]
+  g([Xa, Xb|,Xw) — g([Xa, Xw|,Xb) — g([Xb, Xw|,Xa) 

=  cUb g(Xu, Xw) — cUw g(Xu, Xb) — cUw g(Xu, X a)
=  cw cb ca .ab — aw — bw

That is, rwb =  2 (C b —caw—c ) .

Using the nonholonomic connection V , the geodesics of a nonholonomic Riemannian struc­
ture are defined to be the self-parallel D -curves of the connection. More precisely, a D -curve 
Y : I  ^  M is called a nonholonomic geodesic of (M ,D , D x , g) (cf. [71]) if

V y Y(t) =  0 for every t e  I.

(We shall also sometimes refer to a nonholonomic geodesic as a geodesic of the nonholonomic 
connection.) In terms of a local frame for D , the nonholonomic geodesics can be seen to 
satisfy a system of second-order ordinary differential equations. In particular, this implies the 
existence and uniqueness of the nonholonomic geodesic through a given initial point and in a 
given admissible direction.

Lem m a 1.1 .7 . A D-curve y : I  ^  M is a nonholonomic geodesic if  and only if

T  (t) +  C b(Y (t))Y a (t)Y b(t) =  0

fo r  every t e  I . (The components Ya  o f  Y are given by Y =  7 a (X a  o y ).)

Proof. Let y : I  ^  M be a D -curve. With respect to the (local) frame (X a) for D , there exist 
functions Ya e  C ^(/) such that Y(t) =  Ya(t)X a(Y(t)) for every t e  I . Since Y[7a] =  7a, we 
have

VyY =  0 y [Ya](Xa o y ) +  YaVY(Xa o Y) =  0

^  Ya (X a o Y) +  Y a ŷb V (Xb oy) (X a o Y) =  0

^  Ya(Xa o Y) +  YaYb(Cb o Y)(Xw o Y) =  0

^  [Yw +  (rwb o Y )YaYb ](Xw o y ) =  0.

That is, y is a nonholonomic geodesic if and only if Yw +  rwb(Y)YaAib =  0. ■

Lem m a 1.1 .8 . Let q e  M and X q e Dq. There exists a unique (up to domain) nonholonomic 
geodesic y : I  ^  M (with 0 e I ) such that y (0) =  q and 7 (0) =  X q.

Proof. If y is a nonholonomic geodesic, then 7 w =  —rwb(Y)YaYb, where 7  =  ŷa(X a o y ). That 
is, the curve t ^  Y(t) satisfies a first-order ordinary differential equation. This ODE has a 
solution Y, defined on some interval I  C R containing zero; specifying the initial condition 
Y(0) =  X q determines a unique solution. Then y =  tm o -7 is the unique nonholonomic 
geodesic such that y (0) =  q and 7 (0) =  X q. (Here tm  : TM ^  M is the canonical projection 
of a tangent vector onto its base point.) ■
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Lemma 1.1.8 implies that, through a point q e  M and in a given direction X q e Dq, 
there passes a unique nonholonomic geodesic 7  : I  ^  M with maximal domain. That is, if 
7  : I  ^  M is any other nonholonomic geodesic satisfying 7 (0) =  q and 7 (0) =  X q, then I  C I  
and y |j  =  7 . If I  =  R for every nonholonomic geodesic with maximal domain (or, in other 
words, the domain of every nonholonomic geodesic may be extended to the entirety of R), 
then (M, D, D x , g) is said to be geodesically complete.

P rop osition  1 .1 .9 . Every nonholonomic geodesic 7  has constant speed, i.e., ||Y(t)|| is con­
stant in t .

Proof. Let Y be a nonholonomic geodesic. Since V is metric, we have

d
0 =  2 g (V y7 , 10 =  Y[g (Y, 7 )] =  dt g (Y, 7') .

Hence ||̂ y(t)| = ^ gy(t)(7(t),7(t)) =  constant. ■

C orollary  1 .1 .10 . Every non-constant nonholonomic geodesic 7  : I  ^  M is regular, i.e., 
Y(t) =  0 fo r  every t e  I .

P rop osition  1 .1 .11 . Let 7  : I  ^  M be a non-constant nonholonomic geodesic and <p : 7 ^  I  
a diffeomorphism. The (reparametrised) D-curve 7 o ̂  is a nonholonomic geodesic i f  and only 
if  <̂ (t) =  at +  b fo r  some a, b e  R.

Proof. Let 7  =  7  o >̂. Then 7(t) =  7 (<̂ (t))<£>(t) e Dy(^(t)) =  D77) for every t e  I , and so 7  is 
a D-curve. Furthermore, we have

V 77(t) =  0 V 7((7 o ^)Y)(t) =  0

^[̂ j](t)^(t) +  ?̂(t)2V (yo )̂0r  o ^)(t) = 0

Y(t)7(t) =  0 
<̂ (t) =  0.

That is, 7  is a nonholonomic geodesic if and only if <̂ (t) =  at +  b for some a, b e R. ■

R em ark  1 .1 .12 . Let 7  : I  ^  M be a unit-speed D-curve in M (i.e., ||Y(t)|| =  1 for every 
t e  I ). The geodesic curvature of 7  is the function ky : I  ^  R given by

ky (t) =  llV y Y (t)l|.

Evidently, 7  is a nonholonomic geodesic if and only if ky =  0. That is, the nonholonomic 
geodesics of (M, D, D± , g) are exactly those D-curves that have vanishing geodesic curvature. 
In this sense, the nonholonomic geodesics can be interpreted as the “straightest” curves in M 
(an observation originally due to Hertz [32]). We can also view the nonholonomic geodesics 
as the solutions of the “instantaneous variational problem” [8]

min ky subject to Y(t) e  Dy(t) for every t.

This approach to obtaining the nonholonomic equations of motion is referred to as Hertz's 
Principle o f Least Curvature (which is a special case of Gauss’s Principle o f Least Constraint); 
see, e.g., [32, 46]. □
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1 .1 .1  M o tiv a tio n  fro m  n o n h o lo n o m ic  m ech an ics

In this section we motivate the definition of a nonholonomic Riemannian structure by dis­
cussing how they are related to nonholonomic mechanical (specifically, Lagrangian) systems. 
We begin by briefly recounting the link between Riemannian manifolds and mechanical sys­
tems described by kinetic energy Lagrangians.

Let 7  be a Riemannian metric on an n-dimensional (connected) manifold M. Let (q*) be 
local coordinates on M, (q*, q*) the corresponding coordinates on TM and (d*) the coordinate 
frame (d/dq*). The geodesics of the Riemannian manifold (M, 7) are exactly the geodesics of 
the associated Levi-Civita connection V (see, e.g., [44, 55, 53, 58]). These geodesics coincide 
with the extremal curves of the mechanical system given by the (positive definite) kinetic 
energy Lagrangian L : TM ^  R, (q*, q*) ^  1 gfĉ qfcq̂  (where =  7(dk, d^)), i.e., the solutions 
of the Euler-Lagrange equations

d dL dL
dt dq* dq*

(see, e.g., [29]). Indeed, for the kinetic energy Lagrangian, the Euler-Lagrange equations are

g j (qj + r n qfc q^ =  0, (1^ 3)

where j  e C^(M) are the Christoffel symbols of V , given by Vdfcd  ̂ =  r^ d j . If 7  : t ^  (q* (t)) 
is a curve in M, then V y 7 =  (q'j  +  r ^ q fcq^)dj . Hence (1.1.3) may be written in the intrinsic 
form 7 b(V y 7 ) =  0.

We now introduce (time-independent) linear nonholonomic constraints. Locally, these are 
given by n — r equations of the form

/rA+1(q*)qj  =  0, rank m—A+1 
j n -  r,

where /™—A+1 e  C^(M). Geometrically, the constraints are represented by a (rank r) nonin- 
tegrable distribution D on M ; in fact, we shall assume that D is completely nonholonomic.

Let D^ be the orthogonal complement of D with respect to the metric 7 . If Hv  denotes the 
restriction of 7  to sections of D, then clearly (M, D, D^, g|p) is a nonholonomic Riemannian 
manifold. Furthermore, the projections P  and Q  coincide with the orthogonal projections 
onto D and Dx , respectively.

It turns out that the nonholonomic connection V of (M, D, D^, H v ) can be written as 
the projection (onto D) of the Levi-Civita connection V . (For this reason, the nonholonomic 
connection is sometimes also called the “truncated connection” [71].)

P rop osition  1 .1 .13  (cf. [69, 71, 21]). The nonholonomic connection V  is given by

V x  Y  =  P  (V x  Y )

fo r  every X , Y  e r(D ).

Proof. Let V  : r (D) x r(D ) ^  r(D ) be defined as V x Y  =_P (V x Y ) for X , Y  e r (D ). We 
first show that V  is a D-restricted connection on D. Clearly, V  is R-linear. Let X , Y, Z e r(D ) 
and / e C^(M). Then

V /x  Y  =  P  (V f x  Y) =  / P  (V x  Y) =  / V x  Y,
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i.e., V  is tensorial in its first argument. Furthermore, we have

V x  (/Y) =  P (V x  (/Y )) =  P (X  [/] Y  +  / V x  Y ) =  X  [/] Y  +  / V x  Y,

and so V is a derivation in its second argument. Thus V is a D-restricted connection on D. 
That V  is metric (i.e., V7|p =  0) follows from the metricity of V  and the orthogonality of 
V  and I?x :

Z [7(X, Y)] =  7 (V  z X , Y) +  g(X , V  z  Y ) =  7 (V z X , Y) +  7 (X , V z Y ).

Similarly, we have [X , YJ =  P ( V X Y —V YX ) =  V X Y —V YX , and so V has vanishing torsion. 
By uniqueness of the nonholonomic connection (theorem 1.1.5), it follows that V  =  V. ■

The following characterisation of the nonholonomic geodesics is an equivalent formulation 
of the Lagrange-D’Alembert Principle (cf. [19, 18, 46]).

C orollary  1 .1 .14 . A D-curve 7  : I  ^  M is a nonholonomic geodesic o f  (M, D, D^, g | ) if  
and only if

V y Y(t) e D̂ "(t ) fo r  every t e  I .

Proof. The condition V y Y(t) e D ^  is equivalently written as P ( V y 7 (t)) =  0. Thus, for a 

D-curve 7 , we have V y Y(t) e Dy^) if and only if V y 7 (t) =  P ( V y Y(t)) = 0 . ■

The nonholonomic geodesics of (M, D, D^, H v ) coincide with the nonholonomic extremals 
of (the kinetic energy Lagrangian) L, subject to the (linear-in-velocities) nonholonomic con­
straint represented by D. Indeed, the nonholonomic extremals of L are the solutions of the 
Chetaev equations for L (see, e.g., [18, 8])

d  dL dL =  ™- a+ i

dt dq* dq* =  Vn-A+1^ (1.1.4)

where ^n —A+1 =  /™—A+1dqj  and vn - A+1 e  C^(M) are Lagrange multipliers, determined by the 
constraints. (In the case of linear nonholonomic constraints, the Chetaev equations are often 
called the Lagrange-D’Alembert equations.) Specifically for the kinetic energy Lagrangian, 
the equations (1.1.4) are given by

9. j  (qj  + r J r f V ) =  v„ - a+1/" - a+1. (1.1.5)

Observing that the annihilator Do =  g^(D^) of D is spanned by ^ 1, . . . ,  ^n —r , we can write 
(1.1.5) in the invariant form 7 ^(V y 7) e Do. The claim now follows by corollary 1.1.14. (We 
should also mention that the expression of the nonholonomic equations of motion in terms 
of the nonholonomic connection is exactly the geometric expression of the reduced Chetaev 
equations; for more details, see, e.g., [41, 61].)

As we have seen, the nonholonomic extremals of a kinetic energy Lagrangian subject to 
linear nonholonomic constraints are exactly the nonholonomic geodesics of the associated 
nonholonomic Riemannian structure. For this reason, we view the associated nonholonomic 
Riemannian structure as the fundamental underlying geometric object, which motivates our 
study of these structures in this thesis.
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1 .1 .2  T h e  n o n h o lo n o m ic  g eo d esic  sp ray  an d  e x p o n e n tia l m ap

If y  : I  ^  M is a nonholonomic geodesic of (M, D, D x , g), then it satisfies the (second-order) 
ordinary differential equation V y7 (t) =  0 (see lemma 1.1.7). On the other hand, this may 
be viewed as a first-order differential equation satisfied by the curve I  9 t ^  Y(t) e Dy(t). 
Accordingly, we expect that there should exist a second-order vector field on D whose integral 
curves are exactly the tangent lifts t ^  7 (t) of nonholonomic geodesics 7  in M.

Let n : D ^  M be the canonical projection of a D-vector onto its base point and let 
1 : D ^  TM be the inclusion map. A vector field Z e r(T D ) is called a nonholonomic 
semispray (cf. [56]) if Tn ■ Z =  1. If, in addition, Z satisfies Z o =  T<* ■ e*Z , where 

: D ^  D, Uq ^  e*Uq is the canonical dilation on D, then it is called a nonholonomic spray. 
(In this case, the component functions of Z with respect to a local frame can be shown to be 
2-homogeneous.)

Let h : n * D ^  TD  be the D-restricted Ehresmann connection on D associated to V  (see 
section B .2 ). That is,

h(Uq, X q) =  TqU ■ X q — vl^q • V Xq U, (Uq, X q) e  n * D,

where U e r(D ) is any vector field such that U(q) =  Uq. Let 2  e r(T D ) be the vector field 
on D defined as

2 (Uq) =  h(Uq, Uq), Uq e D.

Lem m a 1 .1 .15 . 2  is a nonholonomic spray.

Proof. Let Uq e D. From the properties of a restricted Ehresmann connection, we have 
(td  o 2 )(Uq) =  (td  o h)(Uq, Uq) =  Uq and Tuqn ■ 2(U q) =  T^qn ■ h(Uq, Uq) =  i(Uq). That is, 
td  o 2  =  idp  and Tn ■ 2  =  1. Hence 2  is a nonholonomic semispray. Furthermore, since h is 
R-linear in its second argument and is a linear connection, we have

2 (M U q)) =  h(M U q ),<MUq)) =  Tu q • e*h(Uq , Uq ) T u q ■ e* 2(Uq).

That is, 2  is a nonholonomic spray. ■

The vector field 2  is called the nonholonomic geodesic spray of (M ,D ,D± , g). The name 
is justified by the following result.

P rop osition  1 .1 .16 . I f  7  is a nonholonomic geodesic, then t ^  Y(t) is an integral curve o f 
the nonholonomic geodesic spray 2 . Conversely, i f  n is an integral curve o f 2, then n o n is 
a nonholonomic geodesic.

Proof. Let 7  : I  ^  M be a nonholonomic geodesic and let X  e r (D ) be a local extension of 
7 along y , i.e., X (7 (t)) =  7 (t) for every t e  I  (possibly by shrinking I ). Then

2 ( 7 (t)) =  h07(t), 7 (t)) =  Ty ( t )X  ' ^ (t) — vly (t) ' v x X ( Y(t)) =  Ty ( t )X  ' ŷ(t),

where in the last step we have used the fact that V XX (Y (t)) =  
we get |

2(Y(t))
d

ds X  (Y(t +  s)) =  Y(t).
s = 0

v y ̂ i(t) 0. Consequently,
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That is, t  ^  Y (t ) is an integral curve of 2 . Conversely, let n  : I  ^  D be an integral curve of 
2  and let 7  =  n  o n . We have

d

7 (t ) =  d t n (n (t )) =  T n (*)n  ■n (t ) =  T n (*)n  ■ 2 ( n (t )) =  l (n (t ) )

and so 7  is a D-curve. Furthermore, if X  e r(D ) is a local extension of 7 along 7 , then

Vy Y(t) =  V x  X  (y  (t))

=  vl—(t)' [Ty(t)X  ' 7 (t) — h(Y(t),Y(t))] 

=  vl—(t) ' [Ty(t)X  ' 7 (t) — 2(Y (t))]

=  vl—(t) ■ [Ty(*)X  ■ n(t) — 2 ( n(t))] .

We have

Ty (t )X  ■ n(t)
d
ds X  (Y(t +  s))

s= 0

d
ds 7 (t +  s)

s= 0

d
ds

n(t +  s)
s = 0

n(t)

and so V y7 (t) =  vl—(1t) ■ [n(t) — 2 (n(t))] 0. Hence Y is a nonholonomic geodesic. ■

C orollary  1 .1 .17 . (M, D, Dx , g) is geodesically complete if  and only if  2  is a complete vector 
field.

The flow of 2 , denoted $ t : D ^  D, is referred to as the nonholonomic geodesic flow. 
Clearly, by proposition 1.1.16 and lemma 1.1.8, the curve t ^  n ($ t(X q)) is the unique 
nonholonomic geodesic starting from q e M in the direction X q e Dq.

Lem m a 1 .1 .18 . Let X q e D and k e R \ {0 }. Then $ t (kXq) =  $ kt(X q) fo r  every t for  
which both sides are defined.

Proof. Let 7  : t ^  n ($ t (kXq)) and 7  : t ^  n ($ kt(X q)). We have 7 (0) =  7 (0) =  q and 
7(0) =  kT qn ■ 2 ( $ 0(X q)) =  k i(X q) =  7 (0). Furthermore, V~7(t) =  k2 Vy7(kt) =  0 for every 
t, since Y is a geodesic of V. Thus Y7  and Y are both nonholonomic geodesics satisfying the 
same initial conditions, and hence are identical. ■

The nonholonomic geodesic flow is closely related to the exponential map of (M, D, D x , g). 
For each q e M , let

Oq =  {X q e Dq : the nonholonomic geodesic t ^  n ($ t(X q)) is defined on [0,1]} C Dq.

Clearly, if (M, D ,D x , g) is geodesically complete, then Oq =  Dq for every q e  M.

Lem m a 1 .1 .19 . Oq is star-shaped about 0, i.e., the line segment { t X q : t e  [0,1]} is con­
tained in Oq fo r  every X q e Oq.

Proof. Let X q e Oq and s e (0,1]. Since t ^  n ($ t(X q)) is defined on [0,1], we have that 
t ^  n ($ t(sX q)) =  n ($ st(X q)) is defined on [0,1 ] 7  [0,1]. Hence sX q e Oq. Since s is 
arbitrary, it follows that Oq is star-shaped. ■
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The exponential map at q is defined as

expq : Oq ^  M, expq =  n o $ 1|0q .

From lemma 1.1.18 and lemma 1.1.19, we have $ t (X q) =  $ 1(tX q), and so n ($ t (X q)) =  
n ( $ 1(tX q)) =  expq (tX q). Hence t ^  expq (tX q) is the (unique) nonholonomic geodesic start­
ing at q in the direction X q . Combining the exponential map at each point q e M into a 
single map, we define the exponential map as exp : [ Jq€M Oq ^  M, exp|0 =  expq .

P rop osition  1 .1 .20  (cf. [67]). Let q e M. The exponential map expq : Oq ^  M is a
diffeomorphism from a neighbourhood o f  0 e  Oq onto an r-dimensional submanifold o f M 
containing q.

Proof. By the inverse function theorem, it suffices to prove that T0 expq : Dq ^  TqM has rank 
r at 0 e Dq. (Here we have identified T0Dq with Dq.) If X q e Oq, then

d
T0 exp q (X q) =  ^

d
exp q (tX q ) =  ~n

t= 0 dt
n ($ * (X q) ) =  TX q n ■ 2 (X q) =  i(X q).

t= 0

That is, T0 expq is the inclusion map TqD ^  TqM, with rank r.

In particular, there is no analogue of the Hopf-Rinow theorem in nonholonomic Rieman­
nian geometry. (On the other hand, there is such a result in sub-Riemannian geometry; see, 
e.g., [7, 2], and section 1.1.5.)

1 .1 .3  T h e  s y m m e tr ic  b ra c k e t

Associated to the nonholonomic connection V is a bracket (or product) defined on sections 
of r(D ), which in some sense is a symmetric counterpart to the projected Lie bracket [[•, •]]. 
If X , Y  e r(D ), then the symmetric bracket (also called the symmetric product; see, e.g., 
[3, 46]) of X  and Y , denoted ((X : Y }}, is defined as

((X : Y }} =  V x  Y  +  V y X .

Lem m a 1 .1 .21 . Let X , Y  e r(D ) and f  e C  ̂ (M ). Then :

( i ) V x Y  =  1 [X , Y] +  2 ((X : Y }}.

(ii) ( (fX  : Y }} =  Y [f ]X  +  f  ((X : Y }}, i.e., ((■ : ■}} is a derivation in each argument.

Proof. Since V is torsion free, we have

V x  Y  =  1 (V x  Y  — V y  X ) +  1 (V x  Y  +  V y  X ) 2 [X , Y ] +  2 ((X : Y }}

for every X , Y  e r(D ), which proves item (i). For item (ii),

( (fX  : Y }} =  V /x  Y  +  V y  ( f X ) =  f  V x  Y  +  Y  [f]X  +  f  V y  X  =  Y  [f]X  +  f  ((X : Y }}. ■

Notice that item (i) of the lemma asserts that 2 ((X : Y }} is the symmetric part of V X Y , 
and 1 [X , Y ] is the skew-symmetric part. (Consequently, a D-curve 7  : I  ^  M is a geodesic 
of V  if and only if ((7, 7 }} =  0.) We shall see in chapter 3 that the symmetric bracket plays a 
significant role in the “geodesic invariance” of vector subbundles of D.
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1 .1 .4  T h e  P - e x t e r i o r  co v a ria n t d e riv a tiv e

Every vector bundle connection induces an exterior derivative operator on vector-valued dif­
ferential forms (see, e.g., [56]). A similar differential operator may be associated to the 
nonholonomic connection V. We have that Qp (D, T^(D)) =  Qp (D) 0  7p(D ) denotes the 
space of (D)-valued p-forms on D. The P -exterior covariant derivative is the differential
operator

dP : Qp (D,T/(D )) ^  Qp + 1 (D ,T fc(D)) 

defined as follows (cf. section A.3.2):

( i ) If T  e Q°(D,T/(D)) =  7p(D ), then d P T (X ) =  V x T  for every X  e r(D ).

(ii) If p e  Qp (D ,T/(D )), p > 1, then

d P p (X 0, . . . , X p ) =  E  (—1)' (V x ip )(X 0 , . . . , ^ i , . . . , X p )
0<i <p

=  E  (—1)' V x ip (X 0 , . . . , X i , . . . , X p )
0<i <P

+  E  (—1)i +j  P ([X i ,X j  ], X 0, . . . ,  X i , . . . ,  X j  , . . . , X p )
0<i < j <p

for every X 0, . . . ,  X p e r(D ). (The hat indicates the omission of that element.)

The case of Qp (D ,T j(D )) =  Qp (D ,D ) is of the most interest. In particular, for a 1-form 
p e Q1(D, D) (i.e., a (1 ,1)-tensor field), we have

dP p (X , Y ) =  V x  p (Y ) — V y  p (X ) — p ([X , Y])

for X , Y  e r(D ). Note that the torsion of V  is exactly the P-exterior covariant derivative 
of the identity map idD. For this reason, if p e Q1(D, D), then dPp is sometimes called the 
torsion o f  p [33].

In chapter 2 we shall see how dP  relates to the Schouten curvature tensor of V, and in 
chapter 4 we shall use it to characterise when a nonholonomic Riemannian structure on a 
three-dimensional manifold is flat.

1 .1 .5  A ss o c ia te d  su b -R ie m a n n ia n  s tru c tu re

To every nonholonomic Riemannian manifold (M, D, D p  g) we can associate the sub-Rieman­
nian manifold (or sub-Riemannian structure) (M ,D ,g). In this section we briefly discuss 
some basic concepts from sub-Riemannian geometry. (For further details on sub-Riemannian 
geometry, refer to, e.g., [50, 2].)

Let y : [0,1] ^  M be a D-curve. The length of 7  is defined as length(Y) =  ||Y(t)|| dt.
The Carnot-Caratheodory distance d(p, q) between two points p, q e M is defined as

d(p, q) =  inflength(Y),
y

where the infimum is taken over all D-curves 7  : [0,1] ^  M such that 7 (0) =  p and 7 (1) =  q. 
Since D is assumed to be completely nonholonomic, the Chow-Rashevskii theorem (theorem 
1.1.3) ensures that there exists a D-curve joining p to q, and hence d is well defined. The
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manifold M, together with the Carnot-Caratheodory distance, forms a metric space (M,d). 
Another consequence of the Chow-Rashevskii theorem is that d induces on M the original 
(manifold) topology (see, e.g., [50]).

A D-curve 7  : [0,1] ^  M is called a normal sub-Riemannian geodesic if, for every suf­
ficiently small interval [t1, t 2] C [0,1], the restriction 7 |[tit2] is a length minimiser of the 
Carnot-Caratheodory distance, i.e., d(7 (t1),Y (t2)) =  length(y |[^^]). (In this sense sub- 
Riemannian geodesics are— at least, locally—the “shortest” curves in M. This is in contrast 
to the nonholonomic geodesics, which are the “straightest” curves; see remark 1.1.12.) There 
is also the concept of abnormal sub-Riemannian geodesics, which are not necessarily locally 
length-minimising; however, we shall not require this concept and shall mention it no further. 
(We note, however, that there are no abnormal geodesics in Riemannian geometry: every 
Riemannian geodesic is locally length-minimising.)

The nonholonomic geodesics are solutions of the Chetaev equations (see section 1 .1 .1) and 
do not satisfy a classical variational principle; their study may be considered to fall under the 
broad topic of nonholonomic mechanics. On the other hand, the sub-Riemannian geodesics 
are variational (in the classical sense); their study falls under the topic of vakonomic mechan­
ics. (For further details on nonholonomic and vakonomic mechanics and their differences, see, 
e.g., [8, 13, 36, 42, 47].) As such, in general there is no relation between the nonholonomic 
geodesics of (M ,D ,D p , g) and the sub-Riemannian geodesics of (M,D, g). Having said that, 
there are situations in which we have the inclusion

nonholonomic geodesics sub-Riemannian geodesics 

of (M, D, D p , g) J S \ of (M, D, g)

(The set of sub-Riemannian geodesics is strictly richer than the set of nonholonomic geodesics, 
so there can be at most an inclusion; see, e.g., [36].) We mention that it is also possible for a 
particular nonholonomic geodesic to also be a sub-Riemannian geodesic, without having the 
full inclusion (1.1.6). It is of significant interest to study under what conditions the inclusion 
(1.1.6) exists. (We mention this, because, as a byproduct of our study of nonholonomic 
Riemannian embeddings, we find some sufficient conditions for (1.1.6) to occur.)

(1 .1 .6)

1.2 Left-invariant nonholonomic Riemannian structures on Lie 
groups

In this section we consider a nonholonomic Riemannian manifold (G, D, Dp , g), where G is a 
(connected) Lie group with Lie algebra g =  TiG. (We denote the identity element of G by 
1.) Furthermore, we shall assume that the distributions D and D p and the metric g are left 
invariant, i.e.,

(Lg )*D =  D, (Lg )*D p =  Dp and g =  (Lg )*g

for every g e G, where Lg : h ^  gh is the left translation. We call (G, D, D p , g) a left-invariant 
nonholonomic Riemannian structure. Evidently, such a structure is completely specified by 
means of a (completely nonholonomic) subspace D 1 of g, a complement Dp to D1 in g and 
a positive-definite inner product g1 on D1. For convenience, we shall often identify elements 
of g (resp. D1, resp. Dp) with the corresponding left-invariant vector fields r L (TG) (resp. 
r L (D), resp. r L (Dp)).
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Since left translations preserve both D and Dp , they preserve the decomposition of TG 
as D ® D p . In particular, the projections P  and Q  commute with the pushforward by a left 
translation:

Lem m a 1.2 .1 . We have (Lg ) * P ( X ) =  P ( ( L g ) * X ) and (Lg )*Q (X ) =  Q ((L g ) * X ) fo r  every 
X  e r(T G ) and g e G.

Proof. Let g e G and X  e r(T G ). There exist vector fields X 1 e  r (D ) and X 2 e  r (D p) 
such that X  =  X 1 +  X 2. Furthermore, by left invariance, we have (Lg ) * X 1 e  r(D ) and 
(Lg )*X 2 e  r (D p). Consequently,

P  ((Lg ) * X ) =  P  ((Lg ) * X 1 +  (Lg ) * X 2 ) =  ( Lg ̂  =  ( Lg ) * P  (X ).

Hence, we have Q ((L g ) * X ) =  (Lg )*X  — P ( ( L g ) * X ) =  (Lg )* (X  — P ( X )) =  (Lg ) *Q (X ). ■

The flag of D is also preserved by left translations. In particular, each element of the flag 
is a left-invariant distribution on G.

Lem m a 1.2 .2 . I f  D =  D 1 C ••• C D N - 1 C D N  =  TG, N > 2 is the flag o f D, then 
(Lg )*D * =  D * fo r  every g e G and i =  1 , . . . ,  N .

Proof. We use induction on i. The result is true by assumption for i =  1, i.e., (Lg )*D 1 =  D 1. 
Suppose that (Lg )*D * =  D * for some i > 1. Then

(Lg )*D i +1 =  (Lg )*D * +  (Lg ) * [D , D *]

=  D * +  [(Lg )*D * , (Lg )*D *]

=  D * +  [D* , D *]

=  D *+1.

Hence every element of the flag is left invariant. ■

For a left-invariant nonholonomic Riemannian structure (G, D, Dp , g) it is always possible 
to find a global frame for TG (resp. D) of left-invariant vector fields. Indeed, identifying g 
(resp. D1) with r L (TG) (resp. r L (D)), any basis of g (resp. D1) is identified with a global 
frame for TG (resp. D). Let (X „ ) be a left-invariant frame for D. By corollary 1.1.6, since 
the structure constants of a left-invariant frame are constant, it follows that the connection 
coefficients r wb given by V X a X b =  r WbX w are also constant.

P rop osition  1 .2 .3 . The nonholonomic connection o f a left-invariant nonholonomic Rieman- 
nian structure is left invariant.

Proof. Let X , Y  e r (D ) and g e G. We have X  =  x “ X a  and Y  =  y“ X a  for some functions 
x “ ,y “  e C “ (G). Accordingly,

V (L g ). x (Lg )*Y  =  ((L g )*X )[y b ◦  Lg - i]X 6 +  (xa  ◦  Lg - i)(y b o Lg - i ) V x „ X 6

=  (X[yb] o Lg - i )X b +  (xa  o Lg - i)(y b o Lg - i)V x „ X 6 

=  (Lg )* (X  [yb]X b +  x V V x a  X b)

=  (Lg )*V x  Y.

That is, V  =  (Lg )*V  for every g e G, and so V is left invariant. ■
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As a consequence of proposition 1.2.3, V  induces a bilinear map V : D1 x D1 ^  D1 given 
by V u V =  (V x Y )(1), where X , Y  e r L(D) are the left-invariant vector fields identified with 
U, V e D1 , i.e., X (g) =  T1Lg ■ U and Y(g) =  T1Lg ■ V . (See proposition B.1.29.)

C orollary  1 .2 .4 . A left translation o f a nonholonomic geodesic is also a nonholonomic 
geodesic.

Proof. Let g(-) : I  ^  G be a nonholonomic geodesic of (G, D, Dx , g). We claim that the curve 
7h(-) =  (Lh o g)(-) is also a geodesic of V, where h e  G. We have 7h(') =  (Lh)*g(-), and so

7 h(t) =  V (LC*g ((Lh)*g)(t) =  (Lh) *V «?g(t) =  0

for every t e  I . Hence 7h(') is a nonholonomic geodesic. ■

C orollary  1 .2 .5 . For a left-invariant nonholonomic Riemannian structure, we have:

( i ) The nonholonomic geodesic spray is left invariant, i.e., (TL g ) * 2  =  2  fo r  every g e G.

( i i ) The nonholonomic geodesic flow commutes with (the tangent map o f ) left translations,
i.e., T L g ■ o T L g |D  fo r  every g e  G.

Proof. We first prove item (ii). Let Uh e D, let 7  be the nonholonomic geodesic t ^  n ($ t (Uh )) 
and let 7  =  Lg o 7  for g e  G. Then 7  is the unique nonholonomic geodesic starting at Lg (h) 
in the direction Th Lg ■ Uh . That is, 7(t) =  n ($ t (Th Lg ■ Uh )). Hence

P m  L  ■ ^
s = 0 Lg(Y(t +  s)) = ds

7 (t +  s) =  7 (t) =  $ t (ThLg ■ Uh),
s = 0

i.e., T L g ■ o T L gL, for every g e  G. For ( i ), let Uh e D. Using item (ii), we have

Tuh (TLg) ■ 2(Uh) =  Tuh (TLg) ■ ( ddt $ t(Ufc))

d
dt
d
dt

T L g ($ t (Uh ))
t= 0

$ t (Th Lg ■ Uh ) =  2(T h Lg ■ Uh ).
t= 0

Therefore (TLg )* 2  =  2  for every g e  G.

Let g(-) : I  ^  G be a D-curve in G. By left invariance, the geodesic equation V gg(t) =  0 
may be written as

f <)(() = T1i g(t ) ■ U(t) ( 1 2 1 )
\ f/(() = —V u(t )U(t),

where U(■) is a curve in D1. In terms of a left-invariant orthonormal frame (X a ) for D, 
the second equation in (1 .2.1) takes the form +  r Wbu“ ub =  0, where r Wb e R are the 
connection coefficients of V  with respect to the frame and U =  u“ X a . These equations (and 
their invariant form U7(t) +  V ^ (t )U(t) =  0) are referred to as the reduced equations o f motion, 
and the solutions U(■) are called reduced nonholonomic geodesics.
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P rop osition  1 .2 .6 . Every left-invariant nonholonomic Riemannian structure is geodesically 
complete.

Proof. (We follow the proof for homogeneous Riemannian manifolds in [37, thm 4.5].) Let 
h e  G and let g(-) be a nonholonomic geodesic defined on the interval [—a, a] C R . We will 
show that g(-) can be extended to a nonholonomic geodesic defined on [—a — e, a +  e], where
e > °. Let 0 Lg(-a)h- i , ^ Lg(a)h- i  and Uh Tg(-a)0 ' g( a ), ^h ^ (a ,)̂ 1 ' g(a).
(Evidently, we have Uh, Vh e ThG.) By left invariance, the curve t ^  0(exph(tU h)) is a 
nonholonomic geodesic passing through 0(h) =  g (—a) at t =  —a. Similarly, t ^  ^>(exph(t Vh)) 
is a nonholonomic geodesic passing through g(a) at t =  a. Define 7(-) : [—a — e, a +  e] ^  G as

{0(exph(t Uh)) for t e  [—a — e, —a]
g(t) for t e  [ -a , a]

^(exph(t Vh)) for t e  [a, a +  e].

Then 7(-) is a nonholonomic geodesic extending g(-). Since e is arbitrary, it follows that we 
can extend g(-) to a nonholonomic geodesic with an arbitrarily large domain. It follows that 
(G, D, D p  g) is geodesically complete. ■

Using Koszul’s formula, we can give a convenient expression for the covariant derivative 
of one left-invariant vector field along another. This yields an expression for the symmetric 
bracket, as well as another invariant form of the reduced equations of motion.

P rop osition  1 .2 .7 . I f  X , Y  e r L(D), then

V x  Y  =  1 ([X , Y] — (a d f  p Y  — (a d f p X ).

Here adp =  P  o adX o i (where i : D ^  TG is the inclusion map) and (adpp  is the adjoint 
o f  adP , i.e., (adP )t =  g» o (adP )* o gb.

Proof. Let X , Y, Z e  r L(D). Using Koszul’s formula, we have

2 g(V xY , Z ) =  g ([X , Y], Z ) — g ([X , Z], Y ) — g([Y, Z], X )

=  g([X , Y], Z) — g(adP Z, Y) — g(adP Z, X )

=  g([X , Y], Z) — g(Z, (adP)tY ) — g(Z, (adP )tX )

=  g([X , Y] — (adP )tY  — (adP)tX , Z).

Thus V x Y  =  2 ([X , Y] — (adP )tY  — (adP)tX ). ■

C orollary  1 .2 .8 . I f  X , Y  e r L(D), then ((X : Y )) =  —(adP )tY  — (adP )tX .

Proof. From lemma 1.1.21 and proposition 1.2.7, we have

[X , Y ] +  ((X : Y )) = 2  V x Y  =  [X , Y] — (adP )tY  — (adP)tX .

It follows that ((X : Y )) =  —(adP)tY  — (adP )tX . ■

C orollary  1 .2 .9 . I f  U(■) is a reduced nonholonomic geodesic, then U7(t) =  (adp^pU (t). 

Proof. From the second equation in (1.2.1), we have U7(t) =  —V^(t)U(t) =  (adp^pU (t). ■
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1 .2 .1  C a r ta n -S c h o u te n  c o n n e ctio n s

A left-invariant (tangent bundle) connection V on a Lie group G is called a Cartan-Schouten 
connection (cf. [54, 58]) if the geodesics of V  are the left cosets of one-parameter subgroups 
t ^  g0 exp(tU0), g0 e  G, U0 e  g. Following this terminology, if V  is the nonholonomic 
connection of a left-invariant nonholonomic Riemannian structure (G, D, D^, g), then we shall 
say that V  is a (nonholonomic) Cartan-Schouten connection if the geodesics of V  are the left 
cosets of one-parameter subgroups t ^  g0 exp(tU0), g0 e  G, U0 e  D1. In this case, we shall 
also say that the structure (G, D, Dx , g) has a Cartan-Schouten connection.

T heorem  1 .2 .10 . The following statements are equivalent:

( i ) V  is Cartan-Schouten.

(ii) V X X  =  0 fo r  every X  e r L(D).

(iii) ((X : Y )) =  0 fo r  every X , Y  e r L(D).

(iv) V x Y  =  1 [X , Y] fo r  every X , Y  e r L(D).

(v) £'Pg =  0 fo r  every X  e r L(D).

Proof. We first show that ( i) is equivalent to (ii). Let g(-) be the nonholonomic geodesic 
such that g(0) =  g0 e  G and g(0) =  T1Lg0 ■ U0, where U0 e  D1. Let U(■) be the reduced 
nonholonomic geodesic associated to g(-), i.e., g(t) =  T1Lg(t) ■ U(t) for every t. Then

g(t) =  g0 exp(t U0) U(t) =  U0 for every t
V^(t)U(t) =  0 for every t.

In particular, if g(t) =  g0 exp(tU0), then V UoU0 =  0. Since U0 is arbitrary, we have that ( i) 
implies (ii). Conversely, if V X X  =  0 for every X  e r L(D), then V^(t)U(t) =  0 for every t 
and every reduced nonholonomic geodesic U(■), and so every nonholonomic geodesic g(-) is a 
left coset of a one-parameter subgroup. That is, ( ii) implies (i ).

Suppose (ii) holds. From V X ( X +  Y ) =  0, we get ((X : Y )) =  V X Y  +  V YX  =  0 for 
every X , Y  e r L(D). Consequently, V x Y  =  1 [X , Y] +  2 ((X : Y )) =  1 [X , Y]. Hence we have 
(ii) ^  (iii) ^  (iv). Suppose (iv) holds. Since V is metric,

0 =  (V x g)(Y, Z) =  X[g(Y, Z)] — g(V xY , Z) — g(Y, V x Z )

=  — 1 g ( [X ,Y ] ,Z ) — 1 g(Y, [X ,Z ])

=  — 2 ( £ p  g )(Y ,Z )

for every X , Y, Z e r L(D). That is, £'Pg =  0 for every X  e r L(D). Finally, if (v) holds, then 
from the Koszul formula, we get g(V X X , Y ) =  —g([X , Y ] ,X ) =  ( £ P g)(X , X ) =  0. That is, 
V x X  =  0 for every X  e r L(D). ■

Evidently, statement (ii) of theorem 1.2.10 implies that the reduced dynamics are trivial, 
i.e., the reduced nonholonomic geodesics are constant. Additionally, statement (v) implies 
that X  is orthogonal to [X , Y ] for every pair of left-invariant vector fields X , Y  e r L(D).
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Indeed, if X , Y  e r L(D), then 0 =  (£ p g )(Y , Y ) =  —2 g([X , Y J, Y ). Furthermore, by polari­
sation this is equivalent to the condition

g ([X ,Y J ,Z )  +  g(X , [Y ,Z J) =  0 (1.2.2)

for every X , Y, Z e r L(D). Hence, it is clear that if [X , YJ =  0 for every X , Y  e r L(D), then 
V is Cartan-Schouten. When D has rank two, the converse also holds.

P rop osition  1 .2 .11 . I f  V  is Cartan-Schouten and rank(D) =  2, then [X , YJ =  0 fo r  every 
X , Y  e r L(D).

Proof. Suppose that V  is Cartan-Schouten and rank(D) =  2. Let ( X p X 2) be a left-invariant 
frame for D. Then g (X 1, [X 1,X 2J) =  0 and g (X 2, [X 2, X 1J) =  0, whence [X 1,X 2| =  0. It
follows that [X , YJ = 0  for every X , Y  e r L(D). ■

C orollary  1 .2 .12 . Suppose rank(D) =  2. Then V X X  =  0 fo r  every X  e  r L(D) i f  and only 
i f  V X Y  =  0 fo r  every X , Y  e r L (D).

R em ark  1 .2 .13 . A distinguished class of left-invariant nonholonomic Riemannian structures 
are the left-invariant structures on Carnot groups. A Carnot group (see, e.g., [10, 50]) is a 
connected, simply connected, nilpotent Lie group G whose Lie algebra g admits the decom­
position (into vector subspaces) g =  g1 © ■ ■ ■ © gk such that

[g1, gi] =  gi+1 for 1 < i < k and [g1, gfc] =  {0 }. (1.2.3)

Define a left-invariant distribution D on G by specifying D i =  g1. (From the bracket condition 
(1.2.3), we have that g1 generates g as a Lie algebra, and hence D is completely nonholonomic.) 
Likewise, let Dx be the left-invariant complement to D given by D^ =  g2 © ■ ■ ■ © gk. Fix 
a left-invariant metric g on D. This yields the structure (G, D, D x , g), which we refer to 
as a left-invariant nonholonomic Riemannian structure on a Carnot group. It is clear that 
[X , YJ = 0  for every X , Y  e r L(D), and hence V is Cartan-Schouten and V X Y  =  0 for every 
X , Y  e r L(D). As a consequence, we recover a result of [67], viz., the nonholonomic geodesics 
of (left-invariant) nonholonomic Riemannian structures on Carnot groups are exactly the 
integral curves of left-invariant vector fields in r(D ). □

P rop osition  1 .2 .14 . I f  V  is Cartan-Schouten, then:

( i ) With respect to a left-invariant orthonormal frame fo r  D, the matrix o f  adp  has zero 
diagonal fo r  every X  e  r L(D).

(ii) tr(adp ) =  0 fo r  every X  e r L(D).

Proof. Let (X j) be a left-invariant frame for TG such that (X a) is an orthonormal frame for 
D. Let ckj  e R denote the structure constants of this frame. From item (v) of theorem 1.2.10, 
we have g (X , [X , Y J) =  0 for every X , Y  e r L(D). That is, =  g (X a, [X a,X 6J) =  0. 
Consequently, with respect to the frame (X a) we have

0 ca2 ' ' ca r

adX a =
c2
© 1 0 ■ ' ca r

1 Ci e 
■

Cr© 2 ■ 0

That is, the diagonal is zero. Item (i) now follows by linearity of ad. Item (ii) follows trivially 
from ( i). ■
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I n  t h e  ( R i e m a n n i a n )  c a s e  D =  T G ,  t h e  s e c o n d  i t e m  in  t h i s  p r o p o s i t i o n  is  s i m p l y  t h e  w e l l-  

k n o w n  r e s u l t  t h a t  G m u s t  n e c e s s a r i l y  b e  u n i m o d u la r  i f  i t  is  t o  a d m i t  a  b i - i n v a r i a n t  R i e m a n n i a n  

m e t r i c .  I n  t h e  g e n e r a l  c a s e ,  i t  i m p l ie s  t h a t  t h e  r e d u c e d  n o n h o l o n o m i c  d y n a m i c s  p r e s e r v e s  a  

v o lu m e  f o r m  ( s e e  [ 3 9 ] ) .

L a s t l y ,  w e  p r o v e  a  s t r a i g h t f o r w a r d  s u f f i c i e n t  c o n d i t i o n  f o r  a  l e f t - i n v a r i a n t  s t r u c t u r e  t o  h a v e  

a  C a r t a n - S c h o u t e n  c o n n e c t i o n .  F o r  t h e  R i e m a n n i a n  c a s e  D =  T G ,  t h i s  r e s u l t  s a y s  t h a t ,  i f  g  

is  b o t h  l e f t -  a n d  r i g h t - i n v a r i a n t  ( i . e . ,  b i - i n v a r i a n t ) ,  t h e n  V is  C a r t a n - S c h o u t e n .  I n  f a c t ,  t h e  

b i - i n v a r i a n c e  c o n d i t i o n  is  a l s o  n e c e s s a r y  in  R i e m a n n i a n  g e o m e t r y :  t h e  L e v i - C i v i t a  c o n n e c t i o n  

is  C a r t a n - S c h o u t e n  i f  a n d  o n l y  i f  t h e  m e t r i c  is  b i - i n v a r i a n t  [ 5 3 ] . H o w e v e r ,  f o r  n o n h o l o n o m i c  

R i e m a n n i a n  s t r u c t u r e s ,  t h e  c o n d i t i o n  g iv e n  b e lo w  is  o n l y  s u f f i c i e n t .

P r o p o s i t i o n  1 . 2 . 1 5 .  If  g ( A d  f  X ,  A d f  Y )  =  g ( X ,  Y )  fo r every X ,  Y  e r L ( D ) and g  e G , 

then V is Cartan-Schouten. (Here A d f  =  f  o A d g o i . )

Proof. L e t  X ,  Y  e r L (D ) a n d  s u p p o s e  g ( A d f  X ,  A d f  Y ) =  g ( X ,  Y ) f o r  e v e r y  g  e G . I n  

p a r t i c u l a r ,  t h i s  m u s t  h o ld  a t  e v e r y  p o in t  a l o n g  t h e  c u r v e  g ( t )  =  e x p ( t W ) ,  W  e r L (D ) .  

H e n c e ,  d i f f e r e n t i a t i n g  b o t h  s id e s  a t  t  =  0 ,  w e  g e t

0
d

d t

g

g ( A d f t) X ,  A d f , )  Y )
f

t = 0

d

d t t = 0

A d f ,)  X y )  +  g (  X - A d f  Y

t = 0
g (t)

g ( a d f  X ,  Y ) +  g ( X ,  a d W  Y ) 

g ( [ W ,  X J ,  Y ) +  g ( X ,  [ W , Y J ) .

B y  t h e o r e m  1 . 2 . 1 0  a n d  e q u a t i o n  ( 1 . 2 . 2 ) , i t  f o l lo w s  t h a t V  is  C a r t a n - S c h o u t e n .  ■

C o r o l l a r y  1 . 2 . 1 6 .  If  g  is the restriction to D of a bi-invariant Riemannian metric on G , 

then V is Cartan-Schouten.

I t  is  w o r t h w h i le  e x a m i n i n g  w h y  t h e  c o n v e r s e  t o  p r o p o s i t i o n  1 . 2 . 1 5  f a i l s .  S u p p o s e  V is  a  

C a r t a n - S c h o u t e n  c o n n e c t i o n ;  in  p a r t i c u l a r ,  e q u a t i o n  ( 1 . 2 . 2 )  h o ld s .  L e t  W , X ,  Y  e r L ( D ) a n d  

l e t  g ( t )  =  e x p ( t W ) .  T h e n

d

d t
g (A d f t) X ,  A d f , ,  Y )

, f  ■ X  A d f , ) Y )  +  g  ( A d f < )X ' d  A d f . ) Y )

d d

, d t

=g( i Adf(,)
=  * ( f  ( a  A d »<‘ ) X -  A d f »  ^  +  8 ( A d f( < ) X - f { It A d » ( ' ) Y ) )

=  ^ f  (Ads„)[W ,X ]), A df,) Y )  +  g(Adf:,) X , f  (Ads„)[W, Y ])

=  g([W , Adg(t) X J , A df,) Y )  +  g (A d f,) X , [W, Adfl(t) YJ

I n  g e n e r a l ,  w e  h a v e  A d g (t ) X  e  r L ( D ) ,  a n d  s o  t h e  r i g h t - h a n d  s id e  is  n o n z e r o .  I n d e e d ,  i f  

A d g (t ) X  e  r L ( D ) ,  t h e n  in  p a r t i c u l a r  [W , X ] =  d§ |t = 0  A d g (t ) X  e  r L ( D ) ,  i . e . ,  D 1  is  a  s u b ­

a l g e b r a  o f  g .  T h i s  i m p l ie s  t h a t  D  is  i n t e g r a b l e ,  a  c o n t r a d i c t i o n .  H e n c e ,  in  g e n e r a l  w e  h a v e  

g ( A d f t ) X ,  A d f t ) Y ) =  g ( X ,  Y ) ,  a n d  s o  t h e r e  is  n o  g e n e r a l i s a t i o n  o f  t h e  R i e m a n n i a n  “b i ­

i n v a r i a n c e  c o n d i t i o n ” t o  t h e  c a s e  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s .
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1 .2 .2  E x is te n c e  o f  C a r ta n -S c h o u te n  co n n e ctio n s

In this section we discuss the existence of (left-invariant) nonholonomic Riemannian struc­
tures with Cartan-Schouten connections. (We consider the question of uniqueness, up to 
equivalence, in chapter 3.) Not every Lie group admits a left-invariant completely nonholo­
nomic distribution; for instance, Abelian groups, or the three-dimensional Lie group G 3 .3  (see 
appendix C ). Thus, in general there does not exist a nonholonomic Riemannian structure 
with a Cartan-Schouten connection on a given Lie group. However, if we suppose that a Lie 
group G does admit at least one left-invariant distribution, we can ask the following question:

(Q1) Does there exist a left-invariant nonholonomic Riemannian structure on G such 
that the structure has a Cartan-Schouten connection?

An interesting variation on this question is:

(Q2) Given a left-invariant sub-Riemannian structure (G , D ,g ), does there exist a left- 
invariant complement D ^  to D  such that (G , D , D f  g) has a Cartan-Schouten 
connection?

(One can of course also consider other variations of (Q1).) Note that, from proposition 1.2.11, 
when rank(D ) =  2, whether V  is Cartan-Schouten or not does not depend on g, but only on 
the decomposition T G =  D © D f  Accordingly, (Q1) and ( Q 2 ) are essentially equivalent.

We shall consider ( Q 2 ) further, and, in particular, show that it is always answered pos­
itively when rank(D ) =  2. Let (G , D , g) be a left-invariant sub-Riemannian structure. Let 
(X 0 ) be a left-invariant orthonormal frame for D , and extend this to a (left-invariant) frame 
(X 0 ,X A) for T G . Let cj  e  R be the structure constants of (X 0 ,X A).

P rop osition  1 .2 .17 . There exists a positive answer to (Q2) i f  and only i f  there exists a 
solution (in the unknowns /“ , / )  to the system o f equations

{ ca&/A +  =  0 (no summation over b)

cL /a  +  ca w /A +  cL  +  c0 w =  0 (w =  a  w =  b).

Proof. Keeping in mind theorem 1.2.10, (Q2) can rephrased as follows: does there exist a 
left-invariant projection f  : T  M ^  D (i.e., f  o T L g =  f ) such that, if Dx =  k e r f ,  then 
for the left-invariant nonholonomic Riemannian structure (G, D, D f  g) we have ((X : Y )) =  0 
for every X , Y  e r L(D)?

Define a projection f  by the following requirements: ( i) it is tensorial; ( ii) f  (X 0) =  X 0; 
and (iii) f  (X A) =  /WXw, where /W e R. We have [X 0,X 6J =  +  c ^ X A) =
( c /  +  C )X w. Consequently,

g ((ad fa)tX 6,X W) =  g ^  [X o,X wJ) =  (cf /u +  cL )g(X 6,X «) =  (c /A +  c0w )

and so (adf a)tX A =  Yfw(c«w/A +  c0W)X W. Using corollary 1.2.8, it follows that

((Xo : X a)) =  - ( a d f  )tX A -  ( a d f  ) tXo y ,  [ciw/ 0 + caw /A +  c0w +  c0W X w

Since V is Cartan-Schouten if and only if ((X : Y )) = 0  for every X , Y  e r L(D), (Q2) may 
now be rephrased as follows: does there exist a solution (in the unknowns /“, /A) to the 
system of equations c f  /“ +  c f  /A +  c0W +  c0W =  0? Observing that the equations with w =  a 
and w =  b simplify, the result is the equations (1.2.4). ■
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C orollary  1 .2 .18 . If  r a n k ( D )  = 2 ,  then (Q 2 ) has a positive answer.

Proof. S u p p o s e  t h a t  r a n k ( D )  =  2 .  T h e n  t h e  e q u a t i o n s  ( 1 . 2 . 4 )  s i m p l i f y  t o

f  c  2  i / a +  c 21  =  0

I  c 2 1 / A +  c 2 1 =  0 .

( 1 . 2 . 5 )

A t  l e a s t  o n e  o f  t h e  c ^  a r e  n o n z e r o ,  s a y  =  0 .  ( I n d e e d ,  i f  c ^  =  0  f o r  e v e r y  A, t h e n  

[ X 2 , X a] e  r ( D ) ,  w h i c h  i m p l i e s  t h a t  D  is  i n t e g r a b l e . )  T h e n  /  =  — c 2 1 / c 2 1 , / 2  =  — c 2 1 / c 2 1 

a n d  /  =  / 2  =  0  f o r  A =  ^  is  a  s o l u t i o n  t o  ( 1 . 2 . 5 ) , a n d  h e n c e  ( Q 2 ) is  a n s w e r e d  p o s i t i v e l y .  ■





Chapter 2

Curvature

The study of curvature plays a central role in Riemannian geometry, particularly in relat­
ing local and global behaviour of the Riemannian manifold under consideration (see, e.g., 
[44, 53, 55]). In simple terms, the Riemannian curvature tensor measures the extent to 
which a Riemannian manifold fails to be Euclidean space (i.e., the prototypical flat Rieman­
nian manifold). Curvature in Riemannian geometry has been extensively studied, and many 
aspects of it are well understood. In sharp contrast, the curvature of nonholonomic Rieman- 
nian manifolds has received very little attention. Although some elements of the curvature of 
nonholonomic Riemannian structures can be found in Synge [66], it was Schouten [62] who 
first explicitly considered curvature in the nonholonomic Riemannian context. In particular, 
Schouten introduced a curvature tensor associated to every nonholonomic Riemannian struc­
ture; this tensor is now referred to as the “Schouten curvature tensor” [21, 27]. Nevertheless, 
the main development in the study of curvature of nonholonomic Riemannian manifolds was 
due to the Russian mathematician V.V. Wagner. Wagner observed that (the vanishing of) the 
Schouten tensor does not characterise the flat nonholonomic Riemannian structures, i.e., those 
structures for which the parallel transport (induced by the nonholonomic connection) is path- 
independent. In a series of papers [74, 78, 79] (see also [75, 80, 76, 77])—which ultimately won 
him Kazan University’s 1937 Lobachevskii prize for young Soviet mathematicians—Wagner 
extended Schouten’s work, defining a curvature tensor (now called the “Wagner curvature 
tensor”), the vanishing of which does characterise the flat structures. Nevertheless, Wagner’s 
construction has its limitations. In particular, in general it does not depend only on the data 
(M ,D ,D x , g), but also on some additional assumptions. As a result, it is not preserved by 
nonholonomic isometries (which we will consider in chapter 3), and hence in this sense the 
Wagner tensor is not intrinsic. For modern treatments of Schouten and Wagner’s work, see 
[21, 30]. For recent papers making use of the Schouten or Wagner curvature tensor, see, e.g., 
[27, 11, 28, 83].

In this chapter we consider in some detail the Schouten and Wagner tensors. In section 
2.1 we introduce the Schouten curvature tensor, which is canonically associated to every 
nonholonomic Riemannian structure. We prove some symmetries of this tensor, and attempt 
to relate it (at least on an algebraic level) to a Riemannian-type curvature tensor. We do 
this by decomposing the Schouten tensor (in fact, the associated tensor obtained by using 
the metric to “lower an index”) into two components: a “Riemannian” component—which 
satisfies all the symmetries of a Riemannian curvature tensor— and a “remainder” that can be 
viewed as a deviation of the Schouten tensor from a Riemannian curvature tensor. (As we shall

29
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see in section 3.2.3, this viewpoint has merit: if the distribution is strongly nonholonomic, 
then the “remainder” vanishes if and only if the nonholonomic Riemannian structure can be 
embedded inside a Riemannian manifold, in such a way that the embedded structure inherits 
its geometry from the enveloping space.) Using the “Riemannian” component of the Schouten 
tensor, we are able to introduce notions of sectional curvature, a Ricci tensor, and a scalar 
curvature, analogous to the corresponding concepts in Riemannian geometry.

In section 2.2 we consider the Wagner curvature tensor. The construction of this tensor is 
quite sophisticated, and relies on the flag of the distribution. However, as mentioned above, 
the construction is not intrinsic, in that it relies on some additional assumptions. (Having said 
that, if the distribution is strongly nonholonomic, then these assumptions are automatically 
satisfied.) We briefly describe Wagner’s approach. Let (M ,D ,D x ,g) be a nonholonomic 
Riemannian structure and let D =  D 1 C D 2 C ■ ■ ■ C D N =  TM, N > 2 be the flag of D. 
The nonholonomic connection V 1 =  V induces a parallel transport along D 1 -curves. For each 
component Di+1, i =  1 , . . . ,  N — 1 of the flag, Wagner constructs a Di+1-restricted connection 
V i+1 on D (see appendix B ) . Such a connection induces a parallel transport along Di+1-curves. 
Furthermore, V i+1 is defined in such a way that it extends V* and the set of parallel tensors of 
V i+1 coincides with that of V*. Finally, one gets a vector bundle connection V N on D (whose 
corresponding parallel transport is along any curve in M), with an associated curvature tensor 
K N; this is the Wagner curvature tensor. The vanishing of K N characterises the flatness of 
V N, and hence (by construction of V 2, . . . ,  V N-1), the flatness of (M, D, D x , g).

In section 2.3 we revisit both the Schouten and Wagner curvature tensors from the view­
point of restricted Ehresmann connections (see section B .2 ). The main contribution of this 
section is to show that Wagner’s construction is equivalently formulated as a flag of horizontal 
distributions on D.

Lastly, in section 2.4 we consider left-invariant nonholonomic Riemannian structures on 
Lie groups. Specifically, we show that the Schouten and Wagner curvature tensor (and all 
associated tensors) are left invariant. We also characterise (in section 2.4.1) the existence of 
left-invariant parallel frames.

2.1 The Schouten curvature tensor

Let (M, D , D ^, g) be a nonholonomic Riemannian manifold, with associated nonholonomic 
connection V . As D  is nonintegrable, the usual curvature tensor (for a vector bundle con­
nection), viz., (X , Y, Z ) ^  [V X , V Y]Z — V[x ,y ]Z , is not defined. Instead, associated to 
(M ,D , D x , g) is the Schouten curvature tensor [21] K  e  7 3 1 (D ), given by

K (X , Y )Z  =  [Vx , V y ]Z — V ^ y jZ  — [Q ([X , Y]), ZJ, X , Y, Z e  r ( D ).

K  is clearly skew-symmetric in its first two arguments, and hence we may also view it as a 
mapping

r ( A 2  D ) ^ T / (D ), K (X  A Y )Z  =  K (X , Y)Z.

The associated (0, 4) curvature tensor (obtained by lowering an index using g), which we 
denote K , is given by

K  (W ,X ,Y ,Z  ) =  g (K  (W ,X  )Y ,Z )

for W ,X ,Y ,Z  e r(D ).
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Lem m a 2 .1 .1 . Let X , Y, Z e  r ( D ). Then :

( i ) (d P )2 Z (X , Y ) =  K (X , Y )Z  +  [Q ([X , Y]), ZJ.

(ii) (d P )2  idD (X , Y, Z) =  K (X , Y )Z  +  K(Y, Z )X  +  K (Z , X )Y .

Proof. For item (i), we have

(dP )2 Z (X , Y) =  V x  (dP Z (Y)) — V y  (dP Z (X )) — dP Z ([X , Y])

=  V x  V y  Z — V y  V x  Z — V jx ,y jZ

=  [V x , V y ]Z — V ^ Y jZ  — [Q ([X , Y]), Z] +  [Q ([X , Y]), Z]

=  K  (X , Y  )Z  +  [Q ([X ,Y  ]),Z  ].

Similarly, for item (ii):

(dP ) 2  idD  (X , Y, Z) =  V x  (dP idp  (Y, Z )) — V y  (dP idp  (X , Z)) +  V z (dP idp  (Y, Z ))

— dP idD ([X , Y ], Z ) +  dP idD ([X , Z], Y ) — dP idD ([Y, Z], X )

=  V x  ( V y  Z — V z Y  — [Y, Z]) — V y  ( V x  Z — V z X  — [X , Z])
+  V z ( V y  Z — V z Y  — [Y, Z])

— (V[x ,y ]Z  — V z [X , Y ] — [[X , Y ], Z])

+  (V [x ,z jY  — V y [X , Z ] — [[X , Z], Y])

— (V jy,z]X  — V x [ Y, Z] — [[ Y, Z ], X ]).

Let ^ o (X y Z ) f  (X , Y, Z) denote the sum f  (X , Y, Z) +  f  (Y, Z, X ) +  f  (Z, X , Y ) over the cyclic 
permutations of (X , Y, Z). After rearranging terms in the above, we get

(d P )2  idD  (X , Y, Z) =  £  ( [V x  , V y ] Z — V ^ Y jZ  +  [ [X ,Y ] ,Z ])
0 (X ,Y ,Z )

=  £  (K (X , Y )Z  +  [ [X ,Y ] ,Z ] ) .
0 (X ,Y ,Z )

From the Jacobi identity, we have ^ o(x  y,z) [ [X , Y ], Z] =  0, which completes the proof. ■

The symmetries of the Riemannian curvature tensor are well known (see, e.g., [44, 55, 53]). 
Not all of those symmetries hold for the Schouten curvature tensor. Remarkably, however, 
the first Bianchi identity does still hold.

P rop osition  2 .1 .2  (F irs t B ian ch i id en tity ). We have (dP ) 2  idp  =  0, i.e.,

K (X , Y )Z  +  K(Y, Z )X  +  K (Z , X )Y  =  0

for every X ,  Y ,  Z  e  r ( D ) .

Proof. F r o m  s e c t i o n  1 . 1 . 4 , w e  h a v e  t h a t  t h e  t o r s i o n  o f  V  is  g iv e n  b y  T  =  d p  id D . S i n c e  V  is  

t o r s i o n  f r e e ,  i t  f o l lo w s  t h a t  ( d p ) 2  id D  =  0 .  ( T h e  c y c l i c  f o r m u l a  f o r  K  in  t h e  s t a t e m e n t  t h e n  

f o l lo w s  f r o m  l e m m a  2 . 1 . 1 .)  ■
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R em ark  2 .1 .3 . T h e  s e c o n d  B i a n c h i  i d e n t i t y  d o e s  n o t  h o ld  f o r  t h e  S c h o u t e n  t e n s o r .  I n d e e d ,  

w e  m a y  v ie w  K  a s  a n  e l e m e n t  o f  Q 2 ( D , T / ( D ) ) .  F u r t h e r m o r e ,  t h e  n o n h o l o n o m i c  c o n n e c t i o n  

V e x t e n d s  t o  a  c o n n e c t i o n  o f  t h e  f o r m  r ( D ) x 711 (D ) ^  71 ( D ) ( s e e  s e c t i o n  B . 1 ) , w h ic h  w e  

d e n o t e  h e r e  b y  V . I f  e 711 ( D ) a n d  X ,  U  e r ( D ) ,  t h e n  V is  g iv e n  b y

( V x  t O (U  ) =  V x  ( p ( U ) )  — ^ ( V x  U ) .

V  h a s  a n  a s s o c i a t e d  P - e x t e r i o r  c o v a r i a n t  d e r i v a t i v e  ( d e f in e d  a n a l o g o u s ly  t o  d p ) o f  t h e  f o r m  

d p  : ( D ,  7 1 1 ( D ) )  ^  Q fc+1 ( D ,  7 1 1 ( D ) ) .  I n  t h i s  c o n t e x t ,  t h e  s e c o n d  B i a n c h i  i d e n t i t y  w o u ld  b e

g iv e n  a s  d p K  =  0  ( s e e ,  e .g . ,  [ 5 6 ] ) .  I n s t e a d ,  a f t e r  a  l e n g t h y  c a l c u l a t i o n ,  o n e  c a n  s h o w  t h a t

d P  K  ( X ,  Y ,  Z ) V J p  (x ,y ,z ) £ p Q (X ,Y ,Z )  X /  [ V X , £ p ([Y ,Z ])]
0 (X ,Y ,Z )

f o r  X ,  Y , Z  e r ( D ) ,  w h e r e  J p  a n d  J q a r e  t h e  J a c o b i a t o r s  o f  [ ■, ■]  a n d  Q ( [ -, ■] ) ,  r e s p e c t iv e ly ,  

i . e . ,  J p ( X ,  Y ,  Z ) =  E 0 (x ,y,z ) [ [ X , Y ] ,  Z ]  a n d  J q ( X ,  Y , Z )  =  £ 0 (x ,y,z ) Q ( [ Q ( [ X ,  Y ] ) ,  Z ] ) .  □

P rop osition  2 .1 .4 . K  satisfies the following symmetries :

(51 ) K ( W , X ,  Y ,  Z ) +  K ( X ,  W , Y ,  Z ) =  0 .

(52 ) K ( W , X ,  Y ,  Z ) +  K ( W , X ,  Y ,  Z ) +  K ( W , X ,  Y , Z ) =  0 .

( H e r e  W , X ,  Y , Z  e r ( D ) . )

Proof. C l e a r l y ,  K ( X ,  X ) Y  =  0 ,  a n d  s o  I T ( X ,  X ,  Y ,  Z ) =  0 .  T h e  s y m m e t r y  (S I ) f o l lo w s  b y  

p o l a r i s a t i o n .  F o r  (S2 ) ,  w e  h a v e

K  ( W , X ,  Y , Z ) +  K  ( W , X ,  Y ,  Z ) +  K  ( W , X ,  Y , Z )

=  g ( K ( W ,  X ) Y  +  K ( X ,  Y ) W  +  K ( Y ,  W ) X ,  Z )

w h ic h  is  z e r o  b y  p r o p o s i t i o n  2 . 1 .2 . ■

I n  c o n t r a s t  t o  t h e  ( 0 ,  4 )  R i e m a n n i a n  c u r v a t u r e  t e n s o r ,  K  is  g e n e r a l l y  n o t  s k e w - s y m m e t r i c  

in  t h e  f in a l  t w o  a r g u m e n t s ,  n o r  is  i t  s y m m e t r i c  i f  o n e  s w a p s  t h e  f i r s t  t w o  a r g u m e n t s  w i t h  t h e

l a s t  t w o .  W e  d e c o m p o s e  K  i n t o  t w o  t e n s o r s  R  a n d  C ,  w h e r e  R is  t h e  c o m p o n e n t  o f  K  t h a t  is

s k e w - s y m m e t r i c  in  t h e  l a s t  t w o  a r g u m e n t s  a n d  C  is  t h e  c o m p o n e n t  t h a t  is  s y m m e t r i c  in  t h e  

l a s t  t w o  a r g u m e n t s .  S p e c i f i c a l l y ,  w e  d e f in e  R ,  C  e 74° ( D ) a s

R ( W ,  X ,  Y ,  Z ) =  1 [ K ( W ,  X ,  Y , Z ) — K ( W , X ,  Z ,  Y ) ] ,  C  =  K  — R.

( H e r e  W , X ,  Y ,  Z  e r ( D ) . )  I n  a d d i t i o n  t o  (S I ) a n d  (S2 ) ,  R  s a t i s f i e s  t h e  f o l lo w in g  s y m m e t r i e s :

( 5 3 )  R ( W ,  X ,  Y , Z ) +  R ( W ,  X ,  Z ,  Y ) =  0 .

(54 ) R ( W ,  X ,  Y , Z ) =  RR(Y, Z ,  W , X ) .  ( T h i s  f o l lo w s  f r o m  (S I ) ,  ( S 2 ) a n d  ( S 3 ) . )

O n  t h e  o t h e r  h a n d ,  w e  h a v e

(55 ) C ( W , X , Y , Z ) =  C ( W , X , Z , Y ) .
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Since R satisfies all of the symmetries of the Riemannian (0,4) curvature tensor, it behaves 
analogously to the Riemannian tensor. Thus we may define a sectional curvature, a Ricci 
tensor and a (Ricci) scalar curvature in terms of R (see section 2.1.1 below). Furthermore, 
we can interpret R as the tensor

R  :T (A 2  D) x r (A 2  D) ^ C ~ (M ), (W A X , Y  A Z) ^  R (W ,X ,Z ,Y ).

(Note the order swap between Y  and Z .) On the other hand, we can view C as the tensor

C : r (A 2  d ) x r ( V 2 d ) ~ (m ), (w  a x , y  v z ) ^  c (w , x , y , z ).

(Due to (S5), the order of Y  and Z here is irrelevant.)
Using g, we can find (1, 3)-tensors associated to R and C. Indeed, let R, C e 731 (D) be 

the tensors defined as

R (X , Y )Z  =  g“(R (X , Y, Z, ■)) and C (X , Y )Z  =  g“(C (X , Y, Z, ■)),

where X , Y, Z e r(D ). Thus R and C are to R and C, respectively, as K  is to K . Furthermore, 
we clearly have K  =  R +  C .

P rop osition  2 .1 .5 . Let W, Y ,X ,Z  e r(D ). Then

C ( W ,X , Y ,Z ) =  2 ( £ p ( [ w ,x ] )g) ( Y, Z ) .

Proof. From the definition of (7, we have

2 C(W, X , Y, Z ) =  K(W , X , Y, Z) +  K(W , X , Z, Y )
=  g(K(W , X )Y , Z ) +  g(Y, K(W , X )Z )

=  g([V W , V X ]Y  Z) +  g (Y  [VW , V X ]Z) — g (V [W ,X JY  Z) — g (Y  V [ W ,X JZ)
— g([Q([W , X ]), Y ], Z) — g(Y, [Q([W, X ]), Z]).

The first two terms are

g([V w , V x ] Y, Z) =  g(V w V x Y, Z) — g (V x V w Y, Z)
=  W [g(VxY, Z )] — g(V xY , V w Z) — X[g(V w Y, Z)] +  g(VwY, V x Z) 
=  [W, X][g(Y, Z)] — W [g(Y, V x Z)] — g(V xY , V w Z)

+  X  [g(Y, V w Z)] +  g(Vw  Y, V x  Z )

and

g(Y, [Vw , V x ]Z) =  [W ,X][g(Y ,Z)] — W [g(VxY, Z )] — g(VwY, V x Z) 
+  X[g(V w Y, Z)] +  g(V xY , V w Z ).

Consequently,

g([V w , V x ]Y, Z ) +  g(Y, [Vw , V x ]Z)
=  2 [W, X][g(Y, Z)] — W [g(Y, V x Z ) +  g(Z, V x Y )] +  X[g(V w Y, Z) +  g(Y, V w Z )] 
=  2 [W, X][g(Y, Z)] — W [X[g(Y, Z)]] +  X[W [g(Y, Z)]]
=  [W,X][g(Y, Z)].
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S i m i la r ly ,  w e  h a v e  —g ( V j w , x ] Y , Z ) — g ( Y ,  V [W ,X ] Z )  =  — [ W , X ] [ g ( Y ,  Z ) ]  a n d

g ( [ Q ( [ W , X ] ) , Y ] ,  Z ) — g ( Y ,  [ Q ( [ W , X ] ) , Z ] )  =  — Q ( [ W , X ] ) [ g ( Y , Z )]

+  ( £ p ([W ,X ])g ) ( Y , Z ) .

S u b s t i t u t i n g  b a c k  i n t o  t h e  e x p r e s s i o n  f o r  2  C ( W ,  X ,  Y ,  Z ) y ie ld s  t h e  r e s u l t .

2 .1 .1  S e c tio n a l c u rv a tu re , th e  R ic c i  te n s o r  an d  sc a la r  c u rv a tu re

L e t  S q , q e  M b e  a  t w o - d i m e n s i o n a l  s u b s p a c e  o f  D q a n d  l e t  ( X q , Y q ) b e  a  b a s i s  f o r  S q . W e

f o r  W , X ,  Y , Z  e  r ( D )  a n d  g is  e x t e n d e d  t o  t h e  e n t i r e t y  o f  r (/ \ 2  D )  x  r (/ \ 2  D )  b y  l i n e a r i t y  

o v e r  C ^ ( M ) .  W e  s h a l l  a l s o  w r i t e  R ( S q) a s  R ( X q A Y q) .

A s  in  t h e  R i e m a n n i a n  c a s e ,  o n e  c a n  s h o w  t h a t  R is  w e ll  d e f in e d  a n d  d e t e r m i n e s  R .  ( W e  

f o l lo w  t h e  c o r r e s p o n d i n g  p r o o f s  in  [5 3 ] a n d  [ 4 4 ] .)

Lem m a 2 .1 .6 . The sectional curvature o f S q is well defined, i.e., it does not depend on the 
choice o f basis ( X q, Y q) .

Proof. L e t  ( X q, Yq) b e  a  d i f f e r e n t  b a s i s  f o r  S q. T h e r e  e x i s t  a ,  b , c ,  d  e  R w i t h  a d  — b c  =  0  s u c h  

t h a t  X q =  a X q +  b Y q a n d  Y q =  c X q +  d Y q. U s i n g  s k e w - s y m m e t r y  o f  t h e  e x t e r i o r  p r o d u c t ,  

w e  h a v e  X q A Y q =  ( a d  — b c ) X q A Y q, a n d  s o

d e f in e  t h e  sectional curvature o f  S q , d e n o t e d  R ( S q ) ,  a s

R (S q )
R q  ( X q  A Y q , X q  A Y q ) 

gq ( X q  A Y q , X q  A Y q )

w h e r e  g is  t h e  m e t r i c  in d u c e d  o n  /\2  D b y  g , i . e . ,

g ( W  A X ,  Y  A Z ) =  g ( W , Y ) g ( X ,  Z )  — g ( W ,  Z ) g ( X ,  Y )

R q  ( X q  A Y q , X q  A Fq ) =  ( a d  — b c ) 2 R q  ( X q  A Y q , X q  A Y q )

gq ( X q  A Fq , X q  A Y q ) =  ( a d  — b c ) 2  gq ( X q  A Y q , X q  A Y q ) .

H e n c e

R ( X q  A Y q )
( a d  — b c ) 2  R q  ( X q  A Y q , X q  A Y q ) 

( a d  — b c ) 2  gq ( X q  A Y q , X q  A Y q )
R ( X q  A Y q ) .

P rop osition  2 .1 .7 . Let F  e  7 4 ° (D ) satisfy (SI )-(S 4 ), so that F  can be viewed as a mapping 
F q  : A 2  D q  x  A 2  D q  ^  R , (W q  A X q , Yq A Z q ) ^  F q  (W q , X q , Z q , Y q ) fo r  each q e  M . I fq

fo r  every nonzero X q A Yq e  A 2  D ,  then R =  F .
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Proof. L e t  G  =  R  — F . S i n c e  G a l s o  s a t i s f i e s  t h e  s y m m e t r i e s  (SI ) - ( S4 ) ,  i t  s u f f i c e s  t o  s h o w  

t h a t  G  =  0  u n d e r  t h e  a s s u m p t i o n  G q ( X q A Y q , X q A Y q ) =  0  f o r  X q A Yq e A 2 Dq . L e t  

W q , X q , Y q , Z q e Dq . W e  h a v e

0  =  G q  ( ( X q  +  Y q ) A Z q , ( X q  +  Y q ) A Z q )

=  G q  ( X q  A Z q , X q  A Z q ) +  G q  ( X q  A Z q , Yq A Z q ) +  G q  (Y q  A Z q , X q  A Z q )

+  G q  (Y q  A Z q , Yq A Z q )

=  2  G q ( X q A Z q , X q A Z q ̂

a n d  s o

0  =  G q ( W q  A (Y q  +  Z q ) ,  X q  A (Y q  +  Z q ) )

=  G q  (W q  A Y q , X q  A Y q ) +  G q  (W q  A Y q , X q  A Z q ) +  G q  (W q  A Z q , X q  A Y q )

+  G q  (W q  A Z q , X q  A Z q )

=  G q  (W q  A Y q , X q  A Z q ) +  G q  (W q  A Z q , X q  A Y q ) .

A c c o r d i n g ly ,  u s in g  t h e  ( f i r s t )  B i a n c h i  i d e n t i t y ,  w e  h a v e

0 G q  (W q  A X q , Yq A Z q ) +  G q  ( X q  A Y q , Z q  A W q ) +  G q  (Y q  A W q , Z q  A X q )

G q  (W q  A X q , Yq A Z q ) — G q  ( X q  A W q , Z q  A Y q ) — G q  (W q  A Y q , Z q  A X q )

G q  (W q  A X q , Yq A Z q ) +  G q  (W q  A X q , Z q  A Y q ) +  G q  (W q  A X q , Z q  A Y q )

3  G q  (W q  A X q , Yq A Z q ) .

S i n c e  W q , X q , Y q a n d  Z q a r e  a r b i t r a r y ,  i t  f o l lo w s  t h a t  G q =  0  f o r  e v e r y  q e M. ■

C orollary 2 .1 .8 . Suppose ( M, D , D x , g ) has constant sectional curvature k e  R  ( i.e., we 
have R ( S q ) =  k fo r  every two-dimensional subspace S q C Dq ) .  Then

R ( W  A X ,  Y  A Z )  =  k g ( W  A X ,  Y  A Z )

fo r  every W , X ,  Y ,  Z  e  r ( D ) .

Proof. T h e  m a p  F  e  7 ^ ) ( D )  g iv e n  b y  F ( W ,  X ,  Y , Z ) =  k g ( W  A X ,  Y  A Z ) s a t i s f i e s  t h e  s y m ­

m e t r i e s  (S I ) - ( S4 ) .  F u r t h e r m o r e ,  w e  h a v e  F ( X ,  Y ,  X ,  Y ) =  k g ( X  A Y , X  A Y ) f o r  e v e r y  

X ,  Y  e  r ( D ) .  H e n c e ,  i f  S q C  D q is  s p a n n e d  b y  U q A V q , t h e n

R (U q A v q) =  k
F q (Uq A vq , vq  A Uq) 
gq (Uq A Vq , Uq A Vq)

a n d  s o  R ( W ,  X ,  Y , Z )  =  F ( W ,  X ,  Y ,  Z )  f o r  e v e r y  W , X ,  Y ,  Z  e  r ( D ) .  ■

T h e  Ricci tensor R i c  e  7 2 ° ( D )  is  d e f in e d  a s  R i c  =  t r 1 R ,  i . e . ,  i f  X ,  Y  e  r ( D ) ,  t h e n

R i c ( X ,  Y ) =  t r ( Z  ^  R ( Z ,  X ) Y )

=  £  g ( R ( X a ,  X ) Y ,  X a )  =  £  R ( X a , X ,  Y ,  X a ) ,

a  a

w h e r e  ( X a ) is  a n  o r t h o n o r m a l  f r a m e  f o r  D .
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P rop osition  2 .1 .9 . The Ricci tensor is symmetric.

Proof. Let X , Y  e r (D ) and let (X a ) be an orthonormal frame for D. Using the (first) Bianchi 
identity, we have

R ic(X , Y ) =  Y  i?(X 0 , X , Y, X a ) =  -  Y  [? (X , Y, X a , X a ) +  RR(Y, X a , X , X a )
a  a

=  -  Y  R(Y, X a , X , X a ) =  Y  RR(Xa , Y, X , X a ) =  Ric(Y, X ).

Thus Ric is symmetric. ■

The trace of the endomorphism o Ricb : r ( D ) ^  r ( D ) is called the scalar curvature,
denoted Scal. In terms of the orthonormal frame (X a), we have

Scal =  Y ,  Ric(X a , X a) =  Y  R (̂X b, X a , X a , X 6) =  Y  R (X a A X 6) .

a a,b a=b

2 .1 .2  C o n tra c t io n s  o f  C

I n  a  s i m i l a r  f a s h i o n  t o  t h e  R i c c i  t e n s o r ,  l e t  A  e  7 2 0 ( D )  b e  d e f in e d  a s  A =  t r }  C , i . e . ,

A ( X , Y ) =  Y  C ( X a , X , Y , X a ) ,  X ,  Y  e  r ( D ) ,

a

w h e r e  ( X a ) is  a n  o r t h o n o r m a l  f r a m e  f o r  D .  I n  g e n e r a l ,  A  is  n o t  s y m m e t r i c .  T h u s  w e  d e f in e  

t w o  t e n s o r s  A sym  a n d  A skew t o  b e  t h e  s y m m e t r i c  a n d  s k e w - s y m m e t r i c  p a r t s  o f  A ,  r e s p e c t iv e ly .  

T h a t  i s ,  A s y m ( X ,  Y ) =  }  [ A ( X ,  Y ) + A ( Y ,  X )] a n d  A ^  ( X ,  Y ) =  }  [ A ( X ,  Y ) -  A ( Y ,  X ) ] ,  w h e r e  

X ,  Y  e  r ( D ) .  I n  t e r m s  o f  ( X a ) ,  w e  t h e n  h a v e

A sym  <X - Y  ) =  2  Y  [ C ( X a ,  X ,  Y ,  X a )  +  C ( X a ,  Y ,  X ,  X a ) ]  ,
a

A s fc e w (X , Y ) =  - 2  Y  C ( X ,  Y , X a ,  X a ) .

a

( F u r t h e r m o r e ,  A skew =  - }  t r|  C .)  B o t h  A sym  a n d  A skew a r e  t r a c e - f r e e ,  s o  t h e r e  is  n o  a n a l o g u e  

o f  t h e  s c a l a r  c u r v a t u r e  in  t h i s  c a s e .

2.2 The Wagner curvature tensor

L e t  ( M, D ,  D ^ ,  g ) b e  a  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d ,  w h e r e  D  h a s  d e g r e e  o f  n o n h o l o n -  

o m y  N  >  2 .  ( S e e  s e c t i o n  1 . 1 .)  L e t  D 1 C D 2  C ■ ■ ■ C D N - 1  C D N  =  T M b e  t h e  f la g  o f  D ,  

i . e . ,  w e  h a v e  D 1 =  D  a n d  D i + 1  =  D *  +  [D * , D * ] f o r  i >  1 . I n  a d d i t i o n ,  l e t  E } , . . . ,  E N - 1  b e  

d i s t r i b u t i o n s  o n  M s u c h  t h a t

D x  =  E 1 ® - - - ® E N - 1  a n d  D i + 1  =  D *  ® E *  f o r  e a c h  i  =  1 , . . . , N  -  1 . ( 2 . 2 . 1 )

L e t  Q * : T M ^  E *  d e n o t e  t h e  p r o j e c t i o n  o n t o  E *  a n d  l e t  P * : T M ^  D *  b e  t h e  p r o je c t i o n  

o n t o  D *  =  D  ®  E 1 ®  ■ ■ ■ ®  E * - 1  d e f in e d  a s  P 1 =  P  a n d  P *+ 1  =  P  ®  Q 1 ®  ■ ■ ■ ®  Q * f o r  i  >  1 .
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W e  s h a l l  s e e  t h a t  t h e  d i s t r i b u t i o n s  E 1 , . . . ,  E N - 1  a r e  c r u c i a l  f o r  t h e  d e f i n i t i o n  o f  t h e  W a g n e r  

c u r v a t u r e  t e n s o r ,  y e t  in  g e n e r a l  t h e r e  is  n o  c a n o n i c a l  c h o i c e  f o r  t h e s e  d i s t r i b u t i o n s  ( a n d  h e n c e  

t h e y  w i l l  n o t  b e  p r e s e r v e d  u n d e r  n o n h o l o n o m i c  i s o m e t r i e s ;  s e e  s e c t i o n  3 . 1 . 3 ) . C o n s e q u e n t ly ,  

t h e  W a g n e r  c u r v a t u r e  t e n s o r  w i l l  n o t  b e  i n t r i n s i c a l l y  d e f in e d .  ( B e c a u s e  o f  t h i s ,  W a g n e r  [75] 

p r o p o s e d  r e d e f in i n g  a  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  t o  in c l u d e  E 1 , . . . , E N - 1 . ) T h i s  

p r o m p t s  u s  t o  m a k e  t h e  f o l lo w in g  d e f i n i t i o n :  a  Wagner structure is  a  n o n h o l o n o m i c  R i e m a n ­

n i a n  s t r u c t u r e  ( M, D ,  D x , g ) ,  w i t h  d e g r e e  o f  n o n h o l o n o m y  N  >  2 ,  t o g e t h e r  w i t h  d i s t r i b u t i o n s  

E 1 , . . . ,  E N - 1  o n  M s u c h  t h a t  t h e  e q u a t i o n s  ( 2 . 2 . 1 )  a r e  s a t i s f i e d .

I f  D  is  s t r o n g l y  n o n h o l o n o m i c ,  t h e n  w e  h a v e  D 2  =  T M =  D  ®  D ^ ,  i . e . ,  t h e  c h o i c e  o f  E 1 is  

c a n o n i c a l .  T h u s  w e  h a v e  t h e  f o l lo w in g  r e s u l t .

P rop osition  2 .2 .1 . Every nonholonomic Riemannian structure ( M, D ,  D x , g ) with D  strong­
ly nonholonomic is a Wagner structure.

T h u s ,  w h e n  D  is  s t r o n g l y  n o n h o l o n o m i c ,  t h e  W a g n e r  c u r v a t u r e  t e n s o r  is  i n t r i n s i c a l l y  

d e f in e d .  T h e  n e x t  r e s u l t  a l s o  s h o w s  t h a t ,  i f  w e  a r e  d e a l i n g  w i t h  a  n o n h o l o n o m i c  m e c h a n i c a l  

s y s t e m  w i t h  k i n e t i c  e n e r g y  L a g r a n g i a n  a n d  c o n s t r a i n t s  l i n e a r - i n - v e l o c i t i e s  ( s e e  s e c t i o n  1 . 1 . 1 ) , 

t h e n  i t s  a s s o c i a t e d  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  is  a  W a g n e r  s t r u c t u r e .

P rop osition  2 .2 .2 . Let ( M  g ) be a Riemannian manifold, D  a completely nonholonomic 
distribution on M and D x  the orthogonal complement o f D . Let D  =  D 1 C ■ ■ ■ C D N  =  T M 
be the flag o f D , where N  >  2  is the degree o f nonholonomy o f D , and let E * be the g lp i+ i - 

orthogonal complement o f  D *  in D * + 1 , fo r  each i  =  1 , . . . , N  -  1 . Then ( M, D ,  D x , g |p) ,  

together with the distributions E 1 , . . . ,  E N - 1 , is a Wagner structure.

Proof. T h e  s e c o n d  p a r t  o f  ( 2 . 2 . 1 )  h o ld s  b y  c o n s t r u c t i o n  o f  E 1 , . . . ,  E N - 1 . F o r  t h e  f i r s t  p a r t ,  

s i n c e  D *  =  D  ®  E 1 ®  ■ ■ ■ ®  E * - 1  a n d  D *  A g  E *, w e  h a v e  D  A g  E *. T h a t  is ,  D  is  o r t h o g o n a l  t o  

e a c h  o f  E 1 , . . . ,  E N - 1 , a n d  h e n c e  is  o r t h o g o n a l  t o  E 1 ®  ■ ■ ■ ®  E N - 1 . T h e n  E 1 ®  ■ ■ ■ ®  E N - 1  is  

t h e  o r t h o g o n a l  c o m p l e m e n t  o f  D ,  w h e n c e  D ^  =  E 1 ®  ■ ■ ■ ®  E N - 1 . ■

F o r  e a c h  i  =  1 , . . . , N  -  1 , d e f in e  a  m a p p i n g  A *  : r ( / \ 2 D * )  ^  r ( E * ) ,  c a l l e d  t h e  i th 
nonholonomy tensor o f  D ,  a s

A * ( X  A Y ) =  Q * ( [ X , Y ] ) ,

w h e r e  X ,  Y  e  r ( D * ) .

Lem m a 2 .2 .3 . The map A * is tensorial and surjective, fo r  each i  =  1 , . . . ,  N  -  1.

Proof. L e t  1 <  i  <  N  -  1 , l e t  X ,  Y  e  r ( D )  a n d  l e t  f  e  C ~ ( M) .  W e  h a v e

A * ( f X  A Y )  =  Q * ( [ f X ,  Y ] )  =  Q * ( f  [ X ,  Y ]  -  Y [ f ] X )

=  f  Q * ( [ X , Y  ])

=  f  A * ( X  A Y ) ,

a n d  s o  A *  is  t e n s o r i a l .  S u r j e c t i v i t y  f o l lo w s  f r o m  t h e  c o m p l e t e  n o n h o l o n o m y  o f  D .  I n d e e d ,

D *  ®  E * =  D * + 1  =  D *  +  [D * , D * ]  =  D *  ®  Q * ( [ D * ,  D * ] ) ,  

a n d  s o  E * =  Q * ( [ D * ,  D * ] )  =  A * ( A 2  D * ) .  ■
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U s i n g  A 1 , . . . ,  A n - 1 , t h e  m e t r i c  g  c a n  b e  e x t e n d e d  t o  a  R i e m a n n i a n  m e t r i c  o n  M.

T h e o r e m  2 . 2 . 4  ( c f .  [ 2 1 ] ) .  There exists a unique Riemannian metric g  on M satisfying the 
following conditions:

( i ) The decomposition T M =  D ® E 1 ®- ■ -® E N - 1 is orthogonal and g  =  g  ® h 1 ®- ■ -® h N - 1 , 

where h *  =  g |£i fo r  each i  =  1 , . . . ,  N  -  1 .

( i i ) A j |(k e r A .)±  : ( k e r  A j ) x  ^  E* is an isometry, for  each i  =  1 , . . . ,  N  -  1 , i.e.,

h * ( A * ( W  A X ) ,  A * ( Y  A Z ) )  =  g * ( W  A X ,  Y  A Z )

fo r  every W  A X ,  Y  A Z  e ( k e r A j ) x . Here g *  is the metric induced on f \ 2  D * by the 
metric g *  =  g  ® h 1 ® ■ ■ ■ ® h * - 1 on D * , i.e.,

g * ( W  A X ,  Y  A Z )  =  g * ( W ,  Y ) g * ( X ,  Z )  -  g * ( W ,  Z ) g * ( X ,  Y )

fo r  W , X ,  Y ,  Z  e r ( D * )  and g *  is extended to the entirety o f  r ( / \ 2  D *)  x r ( / \ 2  D *)  by 
linearity over C ^ ( M) .

Proof. L e t  g 1 =  g  a n d  l e t  g 1 b e  t h e  c o r r e s p o n d i n g  m e t r i c  o n  / \ 2  D 1 . L e t  ( k e r A 1 ) ±  b e  

t h e  o r t h o g o n a l  c o m p l e m e n t  o f  k e r A 1 C / \ 2  D 1 w i t h  r e s p e c t  t o  g 1 . A s  A 1 is  s u r j e c t i v e ,  w e  

c a n  d e f in e  a  ( p o s i t i v e  d e f i n i t e )  m e t r i c  h 1 o n  E 1 b y  t h e  r e q u i r e m e n t  t h a t  t h e  i s o m o r p h i s m  

A 1 |(k e r^ ) ±  : ( k e r  A 1 ) ±  ^  E 1 is  a n  i s o m e t r y .  S p e c i f i c a l l y ,  w e  d e f in e  h 1 a s

h 1 ( A 1 ( W  A X ) ,  A 1 ( Y  A Z ) )  =  g 1 ( W  A X ,  Y  A Z ) ,  W , X ,  Y ,  Z  e ( k e r A ^ .

H e n c e  w e  h a v e  t h e  m e t r i c  g 2  =  g 1 ® h 1 o n  D 2  =  D ® E 1 , w h i c h  i n d u c e s  a  m e t r i c  g 2  o n  / \ 2 D 2 . 

L e t  h 2  b e  t h e  m e t r i c  o n  E2  in d u c e d  b y  A 2 |(k e rA 2 ) ± . C o n t i n u i n g  in  t h i s  f a s h i o n ,  w e  g e t  t h e  

R i e m a n n i a n  m e t r i c  g  =  g  ® h 1 ® ■ ■ ■ ® h N - 1 , d e f in e d  o n  T M =  D ® E 1 ® ■ ■ ■ ® EN - 1 . ■

F i x  1 < i  < N  -  1 . L e t  V 1 =  V a n d  l e t  V *+ 1  : r ( D *+ 1 ) x r ( D ) ^  r ( D ) b e  t h e  

D *+ 1 - r e s t r i c t e d  c o n n e c t i o n  o n  D ( s e e  s e c t i o n  B . 1 )  s p e c i f i e d  a s  f o l lo w s :  i f  Z  e r ( D *+ 1 ) w i t h  

X  =  P * ( Z ) a n d  A  =  Q * ( Z ) ,  t h e n

V Z+ 1 U  =  V X U +  K * ( © j ( A ) ) U  +  [ A ,  U1 .

H e r e  © *  =  A * !- ^  A .)±  a n d  K *  : r ^ \ 2  D *)  x r ( D ) ^  r ( D ) is  t h e  c u r v a t u r e  t e n s o r  o f  V * d e f in e d

a s

K * ( X  A Y ) U  =  [V X , V Y ] U  -  V *P . ( [x )y ] ) U  -  [ Q * ( [ X ,  Y ] ) ,  U ] .  ( 2 . 2 . 2 )

( N o t e  t h a t ,  a s  Q ( [D , D ] )  =  Q 1 ( [D , D ] ) ,  w e  h a v e  K 1 =  K .)  I n  p a r t i c u l a r ,  f o r  i  =  N  -  1 , w e  

h a v e  a  v e c t o r  b u n d l e  c o n n e c t i o n  V N  : r ( T M) x r ( D ) ^  r ( D ) o n  D . L e t  K N  b e  t h e  c u r v a t u r e  

t e n s o r  o f  t h i s  c o n n e c t i o n :

K N ( X  A Y ) U  =  [V X , V N ] U  -  V jX >Y]U .

K n  is  c a l l e d  t h e  Wagner curvature tensor o f  ( M, D , D x , g ) .
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R em ark  2 .2 .5 . W e  h a v e  d e p a r t e d  s l i g h t l y  f r o m  W a g n e r ’s o r ig i n a l  d e f i n i t i o n  o f  t h e  c o n n e c ­

t i o n s  V 2 , . . . ,  V N , a n d  c o n s e q u e n t l y ,  o f  K 2 , . . . ,  K N  ( s e e  [2 1 ,  7 5 ] ) .  W a g n e r  d e f in e d

V jZ+ 1 U  =  V X U  +  K j ( A j ( A ) ) U  +  [ A ,  U ] ,  Z  =  X  +  A ,  X  e  r ( D j ) ,  A  e  r ( E j ) ( 2 . 2 . 3 )

w h e r e  A j  is  t h e  a d jo i n t  o f  A j ,  i . e . ,  A j  =  ( g j X o A *  o ( h j ) Y I n  f a c t ,  i t  t u r n s  o u t  t h a t  t h e  

A j  in  ( 2 . 2 . 3 )  c a n  b e  r e p la c e d  w i t h  any r i g h t  in v e r s e  o f  A j ,  a n d  t h e  c r u c i a l  p r o p e r t y  o f  t h e  

V j ’s (viz., t h e o r e m  2 . 2 . 8 , b e lo w )  w i l l  s t i l l  h o ld .  A c c o r d i n g ly ,  t h e r e  a r e  m a n y  p o s s i b l e  w a y s  t o  

d e f in e  K N . □

B e f o r e  p r o v in g  t h e  k e y  p r o p e r t y  o f  t h e  D j - c o n n e c t i o n s  V j  ( t h a t  t h e  s e t  o f  p a r a l l e l  t e n s o r  

f ie ld s  o f  V j  c o in c i d e s  w i t h  t h a t  o f  V j + 1 ) ,  w e  f i r s t  p r o v e  s o m e  b a s i c  l e m m a s .  S p e c i f i c a l l y ,  w e  

s h o w  t h a t  V j  is  in d e e d  a  D e r e s t r i c t e d  c o n n e c t i o n  o n  D  a n d  t h a t  K j  is  a  ( 1 , 3 ) - t e n s o r  f ie ld .

Lem m a 2 .2 .6 . V j  is a D j -restricted connection on D, fo r  each i =  1 , . . . ,  N .

Proof. W e  u s e  i n d u c t i o n .  T h e  n o n h o l o n o m i c  c o n n e c t i o n  V 1 is  a  D - r e s t r i c t e d  c o n n e c t i o n  o n  D  

( t h e o r e m  1 . 1 . 5 ) . A s s u m e  t h a t  V j  is  a  D e r e s t r i c t e d  c o n n e c t i o n  o n  D  f o r  s o m e  1 <  i  <  N  — 1 . 

L e t  X ,  Y  e  r ( D j ) ,  A ,  B  e  r ( E j ) ,  U  e  r ( D )  a n d  f  e  C ~ ( M) .  C l e a r l y ,  V j + 1  is  R - l i n e a r .  

F u r t h e r m o r e ,

V f + X + A ) U  =  V f x U  +  K j ( f © j ( A ) ) U  +  [ f  A ,  U ]

=  f  ( V X U  +  K j ( © j ( A ) ) U  +  [ A ,  U ] )

=  f  v X + a ^

w h ic h  p r o v e s  t e n s o r i a l i t y  in  t h e  f i r s t  a r g u m e n t .  S i m i la r ly ,

V X + A f  ■U  =  V X f  U  +  K j ( © j ( A ) ) f  U  +  [ A ,  f  U ]

=  X [ f ] U  +  f V X U  +  f K j ( © j ( A ) ) U  +  f  [ A ,  U ]  +  A [ f ] U  

=  ( X  +  A ) [ f  ] U  +  f  V (+_+a U ,

a n d  s o  V j + 1  is  a  d e r i v a t i o n  in  i t s  s e c o n d  a r g u m e n t .  W e  t h u s  h a v e  t h a t  V j + 1  is  a  D j+ 1 - 

c o n n e c t i o n  o n  D .  ■

Lem m a 2 .2 .7 . K j  is tensorial in all three arguments, fo r  each i  =  1 , . . . ,  N .

Proof. L e t  X ,  Y  e  r ( D j ) ,  U  e  r ( D )  a n d  f  e  C ~ ( M) .  W e  h a v e

K j ( f X  A Y ) U  =  [ V f X , V Y ] U  — V P . ([/X ;Y ] ) U  — [ Q j ( [ f X ,  Y ] ) ,  U ]

=  f  V X  V Y  U  — ( Y  [ f ]  V X  U  +  f  V Y  V X  u  ) — v / p i ( [ X , y ] ) - y  [/]x  u

— f  [ Q j ( [ X , Y ] ) ,  U ]

=  f K j ( X  A Y ) U .

L ik e w is e ,

K j ( X  A Y ) f U  =  [ V X , V X ] ( f U ) — V p . ( [ X , Y ] ) ( f U ) — [ Q j ( [ X ,  Y ] ) , f U ]

=  [ X ,  Y ] [ f ] U  +  f  [ V X , V X  ] U  — P j  ( [ X ,  Y ] ) [ f ] U  — f  V p .( [X ,Y  ] )U

— f  [ Q j ( [ X , Y ] ) ,  U ]  — Q j ( [ X , Y ] ) [ f ] U  

=  f K j ( X  A Y ) U .

T h u s  K j  e  72?  ( D j ) ®  T 1 ( D ) .  ■
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T h e o r e m  2 . 2 . 8  ( c f .  [ 2 1 ] ) .  Let T  e 7 )fc( D ) and 1 < i  < N  — 1 . We have V j T  =  0  if and 
only if  V j + 1 T  =  0 .

Proof. L e t  T  e  T k ( D ) .  I t  is  n o t  d i f f i c u l t  t o  s e e  t h a t

V Z+1T  =  V X T  +  K j ( © j ( A ) ) T  +  £ p T ,  Z  =  X  +  A ,  X  e r ( D j ) ,  A  e r ( E j ) ,

w h e r e  K j ( © j ( A ) ) T  is  d e f in e d  b y  e x t e n d i n g  t h e  ( 1 , 1 ) - t e n s o r  f ie ld  K j ( © j ( A ) )  t o  a n  a l g e b r a i c  

d e r i v a t i o n  o f  7 )fc( D ) ( s e e  s e c t i o n  A . 3 . 1 ) . S u p p o s e  t h a t  V j T  =  0  f o r  s o m e  1 < i  < N  — 1 . T h e n

K  j ( X  A Y  ) T  =  V X  V Y  T  — V Y  V X  T  — V p ^ ^ T  — £ f i ( [ X ,y ] ) T

=  -  £ p
Q i( [X ,Y  ]) T

f o r  e v e r y  X , Y  e r ( D j ) .  W e  c l a i m  t h a t  K j ( © j ( A) ) T  +  £ p T  =  0  f o r  e a c h  A e r ( E j ) .  I n d e e d ,  

s u p p o s e  t h a t  © j ( A) =  f  j k Yj  A Zk f o r  s o m e  f  j k  e C^ ( M) a n d  Yj , Zk e r ( D j ) .  T h e n

K j ( © j ( A ) ) T  =  f j k K j ( Y j  A Z f c ) T  =  f j k [ V Y , , V k ] T  — f j k V P i( [ Y j  ,Z fc ])
T   f  j k  £ p

Q i([Y , ,Z fc]) T

__ __f  j k £ p
A i(Y , AZfc) T =  £ P

A i(© i (A)) T

=  — £ P  T .

H e n c e ,  i f  Z  e r ( D j + 1 ) w i t h  X  =  P j ( Z ) a n d  A  =  Q j ( Z ) ,  w e  h a v e

V Z+1T  =  V X  T  +  K  j ( © j ( A ) ) T  +  £ p  T  =  0 .

T h e  c o n v e r s e  f o l lo w s  f r o m  t h e  f a c t  t h a t ,  i f  X  e r ( D j ) ,  t h e n  V X T  =  V X+1 T . T h e r e f o r e ,  V j T  

v a n is h e s  i d e n t i c a l l y  i f  a n d  o n l y  i f  V j+ 1 T  =  0 . ■

C o r o l l a r y  2 . 2 . 9 .  Each connection V j  is metric, i.e., V j g  =  0  fo r each i  =  1 , . . . ,  N .

W e  h a v e  N  r e s t r i c t e d  c o n n e c t i o n s  V 1 , . . . ,  V N  o n  D .  T h e  f i r s t  c o n n e c t i o n  ( a  n o n h o l o n o m i c ,  

o r  D - r e s t r i c t e d  c o n n e c t i o n  o n  D )  p e r m i t s  p a r a l l e l  t r a n s p o r t  o n l y  a l o n g  D - c u r v e s ,  w h e r e a s  t h e  

l a s t  ( a  v e c t o r  b u n d l e  c o n n e c t i o n  o n  D )  p e r m i t s  p a r a l l e l  t r a n s l a t i o n  a l o n g  a n y  c u r v e  in  M . I n  

b e t w e e n  w e  h a v e  t h e  D e r e s t r i c t e d  c o n n e c t i o n s  V j  ( f o r  e a c h  i  =  2 , . . . ,  N  — 1 )  w h ic h  p e r m i t  

p a r a l l e l  t r a n s l a t i o n  a l o n g  D j - c u r v e s .  B y  c o r o l l a r y  2 . 2 . 9 ,  p a r a l l e l  t r a n s l a t i o n  ( w i t h  r e s p e c t  t o  

a n y  o f  t h e  c o n n e c t i o n s  V 1 , . . . ,  V N ) is  a  l i n e a r  i s o m e t r y .

F o r  a  D j - c u r v e  7  : [ 0 ,1 ]  ^  M , 1 <  i  <  N , l e t  n j  d e n o t e  t h e  p a r a l l e l  t r a n s l a t i o n  a l o n g  7  

w i t h  r e s p e c t  t o  V j . ( S e e  s e c t i o n  B . 1 . 1 .)

P r o p o s i t i o n  2 . 2 . 1 0 .  Let 1 <  i  <  N  — 1 .  If  7  : [ 0 ,1 ]  ^  M  is a D j-curve, then n j  =  n Y j 1’* .

Proof. L e t  7  : [ 0 ,1 ]  ^  M  b e  a  D j - c u r v e ,  U o e  D 7 (0) a n d  V ( t )  =  n j ( U 0 ) ,  W ( t )  =  n Y + 1 ’* ( U 0 ) .  

L e t  ( X 0 ) b e  a n  o r t h o n o r m a l  f r a m e  f o r  D  a n d  ( X ] . ) a  f r a m e  f o r  E j , w h e r e  1 <  a 0  <  r  a n d  

1 <  a  <  r a n k ( E j ) .  I t  f o l lo w s  t h a t  ( X 0 , X p , . . .  , X ] ) is  a  f r a m e  f o r  D j + 1  =  D © E 1 © •  ■ ■ © E j . 

T h e r e  e x i s t  f u n c t i o n s  v “ ° , w “ 0 e  C ^ ( [ 0 , 1 ] )  s u c h  t h a t  V  =  v “ ° ( X ^ 0 o  7 ) a n d  W  =  w “ 0 ( X ^ 0 o  7 ) .  

F u r t h e r m o r e ,  t h e s e  f u n c t i o n s  s a t i s f y  t h e  O D E s

bint ,C0v  “ 0 =  — r “ 0CQ (7 )7 ^  v c0 and W “ 0 =  — H0°Co (7 )7 .  w  

where r 0 0c , H0 0c e  C ^ (M ) are defined by V j ,  X ?  =  r 0 0c X ?  (where 0 <  j  <  i ) and

V X+ 1 X 0 0 =  X ° 0 ( w h e r e  0  < k < i  +  1 ) .  S i n c e  V X U  =  V ] + 1 U  f o r  X  e r ( D j ) a n d
k 0

U  e  r ( D ) ,  w e  h a v e  r “ 0c =  H “ 0c f o r  j  =  0 , . . . ,  i .  I t  f o l lo w s  t h a t  V  =  W .

,
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2 .2 .1  A lg e b ra ic  in te rp re ta t io n  o f  c u rv a tu re  te n s o rs

For a vector bundle connection V  on D , the curvature tensor (X , Y ) ^  [V X , V Y ] — V [ X ,Y ] can 
be viewed as measuring the extent to which the mapping r(TM ) ^  Der(D ), X  ^  V X  fails to 
be a homomorphism (of Lie algebras). In this section we show that a similar interpretation 
holds for the curvature tensors K j , i =  1 , . . . ,  N . Section A.2 contains some necessary results 
(and fixes some notation) for what follows.

From proposition A.3.2 we have the vector space decomposition Der(D ) =  £ pM ©  Der0 (D ). 
Let S  be a distribution on M and denote £ p  =  { £ p  : X  e  r ( S ) } . We shall say that a 
derivation 5 e  Der(D ) is an S -restricted derivation (or simply S -derivation) if

5 e  Ders  (D ) =  £ p  ©  Dero (D ).

Since the tangent bundle of M decomposes as TM =  D  ©  E 1 ©  ©  E N - 1 , we have a sim­
ilar (vector space) decomposition £ pM =  £ p  ©  £ p  ©  ••• ©  £ p N-1. Moreover, from the 
decomposition D j + 1  =  D j  ©  E j  =  D  ©  E 1 ©  ■ ■ ■ ©  E j , we have

DerD i+ i  (D ) =  £ p i+ i  ©  Dero (D )

=  £ p i ©  £ p  ©  Dero (D )

=  £ p  ©  £p i  ©  ■ ■ ■ ©  £pi ©  Dero (D ).

(Consequently, DerD (D ) is completely nonholonomic: if we define the flag F 1 C  F 2  C  ■ ■ ■ by 
F 1 =  Derp (D ) and F j + 1  =  F j  +  [F j , F j ], i >  1, then F j  =  DerD i (D ) and F N  =  Der(D ).)
We shall also use P j  to denote the projection Der(D ) ^  DerD i (D ). Likewise, let Q j  be the 
projection Der(D ) ^  £ p .

Lem m a 2 .2 .11 . Fix 1 <  i <  N and let 51 , 52  e  DerD i (D ), where 51 =  £ p  +  D X  and 
52  =  £ p  +  D Y  . Then

P j ([51 ,5 2 ]) =  [51 ,5 2 ] — £ p i ( [ X ,Y  ] ) .

(Here X , Y  e  r ( D j ) and D x , D y  e  Dero (D ).)

Proof. We have

[51 ,5 2] =  [ £ p , £ p ] +  [ £ p , D y ] +  [D x , £ p ] +  [D x , D y ].

It follows from proposition A.3.2 that [£ p , DY ], [DX , £ p ], [DX , D Y ] e  Dero (D ). Consider 
the term [£p , £ p ]. We have [£p , £ p ] ( f ) =  [X, Y][f] for every f  e  C ^ (M), and so

[£ p , £ p ] =  £ jX ,Y ]  +  DX ’Y ,

for some DX ,Y  e  Dero (D ). Moreover, as X , Y  e  r ( D j ), it follows that [X, Y ] e  T(D j + 1 ). 
Thus [£p , £ p ] =  £ p i ([X ,Y ]) +  £ p i ([X ’Y ]) +  D X ’Y , and so

P  P  P  P  P  
Q j ([£ X  , £ Y  ]) =  [£ X  , £ Y  ] — £ Qi ( [X ’Y  ] ) .

Consequently, we have

P j ([51 ,5 2 ]) =  [51 ,5 2 ] — Q j  ([51 ,5 2 ])

=  [51 ,5 2 ] — Q j ([£ p , £ p ]) =  [51 ,5 2] — £ p . ( [ x , Y ] ) . ■
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F o r  e a c h  D e r e s t r i c t e d  c o n n e c t i o n  V j , i  =  1 , . . . ,  N , w e  h a v e  t h a t  V X  is  a  D j - d e r i v a t i o n ,  

f o r  X  e  r ( D j ) .  T h i s  l e a d s  u s  t o  t h e  f o l lo w in g  r e s u l t ,  w h i c h  im p l i e s  t h a t  t h e  c u r v a t u r e  t e n s o r  

K j  m e a s u r e s  t h e  e x t e n t  t o  w h ic h  t h e  m a p p i n g  r ( D j ) ^  DerD i ( D ) ,  X  ^  V X  f a i l s  t o  b e  a  

h o m o m o r p h i s m  f r o m  ( r ( D j ) ,  P j ( [  ■, ■])) t o  ( DerD i ( D ) ,  P j ( [  ■, ■ ])). N o t e  t h a t  t h e s e  s t r u c t u r e s  

a r e  n o t  L i e  a l g e b r a s ,  a s  P j ( [  ■, ■ ] )  d o e s  n o t  g e n e r a l l y  s a t i s f y  t h e  J a c o b i  i d e n t i t y .  I n s t e a d  t h e y  

a r e  s o - c a l l e d  “a l m o s t  L i e  s t r u c t u r e s ” [ 5 7 ] , a n d  s o  “h o m o m o r p h i s m ” r e f e r s  t o  a  h o m o m o r p h i s m  

o f  a l m o s t  L i e  s t r u c t u r e s .

T heorem  2 .2 .12 . For each i  =  1 , . . . ,  N , we have

K j (X  A Y ) =  P j ([VX , V Y ]) — V P i ( [ X ’Y ] ) ,  X ,  Y  e r (D j ) .

Proof. L e t  X ,  Y  e  r ( D j ) a n d  U  e  r ( D ) .  T h e r e  e x i s t  a l g e b r a i c  d e r i v a t i o n s  D X , D Y  e  Dero ( D )  

s u c h  t h a t  V X  =  £ p  +  D X  a n d  V Y  =  £ p  +  D Y . H e n c e ,  b y  l e m m a  2 . 2 . 1 1 , w e  h a v e  

P j ( [ V X , V Y ])  =  [ V X , V Y ] — £ p . ( [X ,Y ] ) . I t  f o l lo w s  t h a t

P j ( [ v x , v y  ] ) u  — V j .  ( [X ’Y  ] )U [V X , V Y ] U  — V P i ( [ X ’Y ] ) U  — [ Q j ( [ X ,  Y ] ) ,  U J  

K j ( X  A Y ) U .  ■

I n  p a r t i c u l a r ,  i f  w e  t a k e  [[ ■, -J =  P 1 ([  ■, ■]), t h e n  t h e  S c h o u t e n  c u r v a t u r e  t e n s o r  m a y  b e  

e x p r e s s e d  a s

K  ( X  A Y ) =  [ V x  , V y  1 — V ^ y ] ,  X , Y  e  r ( D ) .

2 .2 .2  F la t  s tru c tu re s

B y  t h e o r e m  2 . 2 . 8 , w e  h a v e  t h a t  t h e  s e t  o f  p a r a l l e l  t e n s o r  f ie ld s  w i t h  r e s p e c t  t o  V c o in c i d e s  w i t h  

t h e  s e t  o f  p a r a l l e l  t e n s o r  f ie ld s  w i t h  r e s p e c t  t o  V j + 1 , f o r  e a c h  i  =  1 , . . . ,  N  — 1 . A c c o r d i n g ly ,  

w e  s h a l l  s i m p l y  s a y  t h a t  s u c h  t e n s o r  f ie ld s  a r e  parallel.
A  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d  ( M, D , D p  g ) is  c a l l e d  locally flat on U C M i f  

t h e r e  e x i s t s  a  p a r a l l e l  f r a m e  ( U « ) f o r  D d e f in e d  o n  U . I f  ( M, D , D p , g) is  l o c a l l y  f l a t  o n  a  

n e ig h b o u r h o o d  a b o u t  e v e r y  p o in t  in  M, t h e n  i t  is  c a l l e d  locally flat . O n  t h e  o t h e r  h a n d ,  

i f  U =  M, i . e . ,  t h e r e  e x i s t s  a  g l o b a l  p a r a l l e l  f r a m e  f o r  D , t h e n  ( M, D , D p , g ) is  s a id  t o  b e  

( g l o b a l l y )  flat .

K e e p i n g  in  m in d  c o r o l l a r y  B . 1 . 2 6 , w e  s h a l l  a lw a y s  a s s u m e  t h a t  a  p a r a l l e l  f r a m e  f o r  D is  

o r t h o n o r m a l .  T h e  n e x t  p r o p o s i t i o n  c h a r a c t e r i s e s  w h e n  t h e  c o n v e r s e  is  t r u e .

P rop osition  2 .2 .13 . An orthonormal frame ( U a ) fo r  D is parallel i f  and only i f  [U a , U bJ =  0 .

Proof. L e t  ( U a ) b e  a n  o r t h o n o r m a l  f r a m e  f o r  D . S u p p o s e  ( U a ) is  p a r a l l e l ,  i . e . ,  V U a =  0 . 

S i n c e  V is  t o r s i o n  f r e e ,  i t  f o l lo w s  t h a t  [U a , U bJ =  V U aU b — V UbU a =  0 .  C o n v e r s e ly ,  s u p p o s e  

[U 0 , U bJ =  0 .  U s i n g  K o s z u l ’s f o r m u l a ,  w e  h a v e  g ( V U aU b , U c ) =  0 ,  i . e . ,  V U aU b =  0 .  S i n c e  V is  

t e n s o r i a l  in  i t s  f i r s t  a r g u m e n t ,  i t  f o l lo w s  t h a t  V U b =  0 ,  a n d  s o  ( U « ) is  p a r a l l e l .  ■

T heorem  2 .2 .14 . Let ( M, D , D p , g ) be a Wagner structure. I f  ( M, D , D p , g ) is locally flat 
on U C M, then

K N ( X  A Y ) U  =  0  fo r  every X ,  Y  e r ( T M) and U  e r ( D ) defined on U . ( 2 . 2 . 4 )

Conversely, if  ( 2 . 2 . 4 )  holds fo r  some neighbourhood U C M, then ( M, D , Dp , g ) is locally flat 
on .
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Proof. T h e  W a g n e r  c u r v a t u r e  t e n s o r  K N is  e x a c t l y  t h e  c u r v a t u r e  t e n s o r  o f  t h e  v e c t o r  b u n d l e  

c o n n e c t i o n  V N, a n d  s o  t h e r e  e x i s t s  a  p a r a l l e l  f r a m e  f o r  D  i f  a n d  o n l y  i f  K N v a n is h e s  i d e n t i c a l l y  

( s e e  t h e o r e m  B . 1 . 2 8 ) . S i n c e  e v e r y  p a r a l l e l  v e c t o r  f ie ld  w i t h  r e s p e c t  t o  V N is  a  p a r a l l e l  v e c t o r  

f ie ld  w i t h  r e s p e c t  t o  V ,  i t  f o l lo w s  t h a t  ( M, D , D p , g )  is  l o c a l l y  f l a t  o n  U  C  M e x a c t l y  w h e n  

K N v a n is h e s  i d e n t i c a l l y  o n  U .  ■

C o r o l l a r y  2 . 2 . 1 5 .  A Wagner structure ( M, D ,  D p , g )  is locally flat if  and only if  K N =  0 .

C o r o l l a r y  2 . 2 . 1 6 .  Suppose ( M, D ,  D p , g )  is a Wagner structure that is locally flat on U  C  M 
and let ( U a) be a parallel frame fo r  D , defined on U . I f  U  =  u aU a e  r ( D )  is defined on U , 

then
K j ( X  A Y ) U  =  Q j ( [ X ,  Y ] ) [ u ° ]U a — [Q j( [ X ,  Y ] ) ,  U J 

fo r  every X ,  Y  e  r ( D j ) defined on U  and each i  =  1 , . . . ,  N  — 1 .

Proof. L e t  X ,  Y  e  r ( D j ) a n d  U  =  u “U „ e  r ( D )  b e  d e f in e d  o n  U . T h e n

K j ( X  A Y ) U  =  u aK j ( X  A Y ) U „

=  u “ [ V X , V Y ]U a — u “V P i([X’Y] )U a — U° [Q j ( [ X ,  Y ] ) ,  U a J 

=  — u l Q j  ( [ X ,  Y  ] ) , U a J
=  Q j ( [ X ,  Y ] ) [ u a]U a — [Q j( [ X ,  Y ] ) , U J . ■

2.3 Curvature of restricted Ehresmann connections

I n  t h i s  s e c t i o n  w e  c o n s i d e r  t h e  c u r v a t u r e  o f  t h e  c o n n e c t i o n s  V 1 , . . . ,  V N  f r o m  t h e  E h r e s m a n n  

c o n n e c t i o n  p o in t  o f  v ie w  ( s e e  s e c t i o n  B . 2 ) . I n  p a r t i c u l a r ,  w e  w r i t e  t h e  S c h o u t e n  c u r v a t u r e  

t e n s o r  K , a s  w e ll  a s  t h e  c u r v a t u r e  t e n s o r s  K 1 , . . . , K N  in  t h e  c a s e  o f  a  W a g n e r  s t r u c t u r e ,  

in  t e r m s  o f  h o r i z o n t a l  l i f t s  o f  v e c t o r  f ie ld s .  ( A s  a  c o r o l l a r y  t o  t h e  f i r s t ,  w e  t h e n  c h a r a c t e r i s e  

t h e  v a n is h i n g  o f  t h e  S c h o u t e n  t e n s o r  in  t e r m s  o f  a n  i n v o l u t i v i t y  c o n d i t i o n  f o r  t h e  h o r i z o n t a l  

d i s t r i b u t i o n . )  W e  a l s o  s h o w  t h a t  t h e  c o n n e c t i o n s  V 1 , . . . ,  V N  a r e  e q u i v a l e n t l y  f o r m u l a t e d  a s  

a  f la g  o f  h o r i z o n t a l  d i s t r i b u t i o n s  o n  D .

L e t  ( M, D, D p , g ) b e  a  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d  w i t h  a s s o c i a t e d  n o n h o l o n o m i c  

c o n n e c t i o n  V . W e  c a n  e x t e n d  V t o  a  v e c t o r  b u n d l e  c o n n e c t i o n  V  o n  D a s  f o l lo w s  ( c f .  [5 , 6 ] ) :

V  : r ( TM ) x r ( D ) ^  r ( D ) , V z =  V p (z ) +  £ p ( z ) .

( N o t e  t h a t  V  d e p e n d s  o n l y  o n  D , D p  a n d  g , h e n c e  i t  is  i n t r i n s i c  t o  t h e  n o n h o l o n o m i c  R i e ­

m a n n i a n  s t r u c t u r e . )

Lem m a 2 .3 .1 . V  is a vector bundle connection on D .

Proof. S i n c e  V is  a n  a f f in e  c o n n e c t i o n ,  i t  s u f f ic e s  t o  s h o w  t h a t  V /aX  =  f  V aX  a n d  V ^ f X  =  

A [f ]X  +  f V A X  f o r  e v e r y  f  e  C^ ( M) ,  X  e r ( D ) a n d  A e r ( D p ) .  F o r  t h e  f i r s t  p a r t ,  w e  h a v e

V/aX  =  £PaX  =  [ f  A ,X J =  f  [A ,X J — P  (X  [f  ]A) =  f  £ j  X  =  f  V aX .



44 2.3. Curvature of restricted Ehresmann connections

L ik e w i s e ,  f o r  t h e  s e c o n d ,

V f X  =  £ p  ( f X  ) =  [ A ,  f X  J 

=  f  [ A ,  X J  +  P ( A [ f ] X )

=  f  £  P  X  +  A [ f  ] X  =  A [ f  ] X  +  f  V a X .

H e n c e  V  is  t e n s o r i a l  in  i t s  f i r s t  a r g u m e n t ,  a n d  a  d e r i v a t i o n  in  t h e  s e c o n d ,  a n d  s o  is  a n  a f f in e  

c o n n e c t i o n .  ■

T h e  c u r v a t u r e  t e n s o r  o f  t h e  ( v e c t o r  b u n d l e )  c o n n e c t i o n  V  ( s e e  s e c t i o n  B . 1 . 3 . 2 )  is  t h e  

( 1 , 3 ) - t e n s o r  f ie ld  R  : r ( T M )  x  r ( T M )  x  r ( D )  ^  r ( D )  g iv e n  b y

R ( X ,  Y  ) U  =  [V X , V  y  ] U  — V  [x ,y  ]U ,

w h e r e  X ,  Y  e  r ( T M )  a n d  U  e  r ( D ) .

Lem m a 2 .3 .2 . I f  X ,  Y  e  r ( D ) , then R ( X ,  Y ) =  K ( X ,  Y ) .

Proof. L e t  X ,  Y  e  r ( D ) .  A  d i r e c t  c a l c u l a t i o n  y i e ld s  t h e  r e s u l t :

R ( X ,  Y ) =  [V x  , V  y  ] V  [x ,y  ]

=  [ V X , V Y ] — V [X ,Y J  — V Q( [X ,Y ])

=  [ V x  , V y  ] — V j x .y j  — £ P ( [ x ,y ]) =  K  ( X ,  Y ) .  ■

0 IP rop osition  2 .3 .3 . L etU be an open neighbourhood in M. I f  R =  0 on U, then (M, D, D , g) 
is locally flat on U . Conversely, if  (Ua) is a (local) parallel frame fo r  D defined on U such 
that [Ua, r (D x )] C r (D x ), then R =  0 on U .

Proof. Suppose V =  0 on U . Since V is a vector bundle connection on D, the vanishing of its 
curvature tensor V implies the existence of a (local) parallel frame (Ua) for D on U , where 
“parallel” means with respect to (the parallel transport induced by) V  (see theorem B.1.28). 
That is, V z Ua =  0 for every Z e r(TM ) defined on U . In particular, taking Z e  r(D ), it 
follows that VUa =  0. Thus (M, D, D R  g) is locally flat on U .

Conversely, suppose there exists a (local) parallel (with respect to V) frame (Ua) for D 
defined on U . Then V X Ua =  0 for every X  e r(D ) on U . On the other hand, we have 
V a U„ =  [A,UaJ for every A e r (D x ) on U . Accordingly, if [Ua, r (D R ] C r (D R , then 
V AUa =  0, i.e., (Ua) is also parallel with respect to V . It follows that the curvature tensor of 
VV vanishes on U. ■

R em ark  2 .3 .4 . As we shall see in the following chapter (specifically, corollary 3.2.11 and 
section 3.2.3), the existence of an orthonormal frame (Ua) such that [Ua, r (D R ] C r (D R  is 
sufficient for D to be geodesically invariant, i.e., invariant under the geodesic flow of (M, g), 
where g is any Riemannian extension of g such that D and D ^  are orthogonal with respect 
to g. □
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L e t  n  : D  ^  M b e  t h e  n a t u r a l  p r o j e c t i o n  o f  a  D - v e c t o r  o n t o  i t s  b a s e  p o i n t .  A s s o c i a t e d  t o  

t h e  n o n h o l o n o m i c  c o n n e c t i o n  a n d  i t s  e x t e n s i o n  V  a r e  t h e  r e s t r i c t e d  E h r e s m a n n  c o n n e c t i o n s

h  : n * D ^  T D , h ( U q , X q ) =  T q U  ■ X q  — v l u q  ■ V x ,  U

a n d

f  : n * T M ^  T D , f  ( U q , Z q ) =  T q U  ■ Z q  — v l u ,  ■ V z ,  U ,

r e s p e c t iv e ly ,  w h e r e  ( f o r  e a c h  U q e D ) U  e r ( D ) is  a  v e c t o r  f ie ld  s u c h  t h a t  U ( q )  =  U q . ( S e e  

s e c t i o n  B . 2 , a n d  p a r t i c u l a r l y  s e c t i o n  B . 2 . 1 .)  B y  p r o p o s i t i o n  B . 2 . 7 , w e  h a v e  t h a t  h  ( r e s p .  f ) 

is  a  w e l l - d e f in e d  l i n e a r  D - c o n n e c t i o n  ( r e s p .  T M- c o n n e c t i o n )  o n  D w i t h  a s s o c i a t e d  c o v a r i a n t  

d e r i v a t i v e  V ( r e s p .  V ) .  F u r t h e r m o r e ,  w e  h a v e  f  |n * D  =  h ;  in  p a r t i c u l a r ,  i f  X  e r ( D ) ,  t h e n  

X f  =  X h ( w h e r e  X f  is  t h e  h o r i z o n t a l  l i f t  in d u c e d  b y  f , a n d  X h t h e  h o r i z o n t a l  l i f t  i n d u c e d  

b y  h ) .

L e t  V =  k e r  T n  b e  t h e  v e r t i c a l  d i s t r i b u t i o n ,  H =  im  h  t h e  h o r i z o n t a l  d i s t r i b u t i o n  o f  h  

a n d  F  =  im  f  t h e  h o r i z o n t a l  d i s t r i b u t i o n  o f  f . C l e a r l y ,  w e  h a v e  H C F . B y  p r o p o s i t i o n  

B . 2 . 4  i t  f o l lo w s  t h a t  V n H  =  V n F  =  { 0 } , V +  H C T D a n d  V +  F  =  T D . T h a t  is , 

V © H  C V © F  =  T D . L e t  H q  d e n o t e  t h e  d i s t r i b u t i o n  o n  D g iv e n  b y  H q  =  i m ( f |n * D ± ) ,  i . e . ,

H ^ q  =  { f  ( U q , X q ) : X q  e Dq^} , Uq e D .

Lem m a 2 .3 .5 . We have n * H q  =  D q .

Proof. L e t  X Uq  e Hq q , U q e D . T h e n  X Uq  =  f  ( U q , X q ) f o r  s o m e  X q e Dq1, a n d  s o  T Uq n -X Uq  =  

X q . H e n c e  n * Hq  C D q . C o n v e r s e ly ,  i f  X q e D q  a n d  U q e Dq , t h e n  X q =  T Uq n  ■ f  ( U q , X q ) e 
T Uq n  ■ Hq q . I t  f o l lo w s  t h a t  n * Hq  =  D q . ■

Lem m a 2 .3 .6 . W e  h a v e  F  =  H © H q . In particular, T D =  V © H © Hq .

Proof. Let X Uq e HUq n Hqq , Uq e D. We have X Uq =  h(Uq, Xq) =  f  (Uq, Yq) for some
X q e Dq and Yq e Dq1. Then

Xq =  TUqn ■ h(Uq, Xq) =  TUqn ■ f  (Uq, Yq) =  Yq.

Since Dq n Dq1 =  {0 }, it follows that X q =  Yq =  0, and thus X Uq =  0. Hence H n H x =  {0 }. 
We clearly have H © H q C F . For the converse, let ZUq e F Uq . Then ZUq =  f  (Uq, Zq) for 
some Zq e Tq M, and hence

ZUq =  f  (Uq, Zq) =  h(Uq, P (Z q )) +  f  (Uq, Q(Zq)) e Hu, © H^,  .

This completes the proof. ■

Lem m a 2 .3 .7 . W^e h a v e  V  =  ( T n ) - 1 ( 0 ) ,  V  © H  =  ( T n ) - 1 ( D )  and V  ©  H q  =  ( T n ) - 1 ( D q ) .

Proof. T h e  f i r s t  p a r t  is  o b v i o u s .  F o r  t h e  s e c o n d  p a r t ,  w e  c l e a r l y  h a v e  V © H  C  ( T n )  1 ( D ) .  L e t  

X u ,  e  ( T n ) - 1 ( D ) ,  s o  t h a t  Tu, n  ■ X u,  =  Vq e  D q . T h e n  Tu, n  ■ ( X u,  — h ( U q , V q) )  =  Vq — Vq =  0 , 

a n d  s o  X Uq — h ( U q , V q ) e  V Uq. I t  f o l lo w s  t h a t  X Uq e  V Uq © H Uq, w h e n c e  V  © H  =  ( T n ) - 1 ( D ) .

T h e  p r o o f  t h a t  V  ©  H q  =  ( T n ) - 1 ( D q ) u s e s  a  s i m i l a r  a r g u m e n t  ( k e e p in g  in  m in d  l e m m a  

2 . 3 . 5 ) . ■
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R em ark  2 .3 .8 . As noted in [11, 27], a nonholonomic connection on D  (i.e., a D -restricted 
connection on D ) is precisely the specification of a ^-invariant complement H  to V  in 
(T n )- 1 (D ) (where : D  ^  D  is the dilation Uq ^  e*Uq). Indeed, given such a comple­
ment, we have n*H  =  D , V  n  H  =  { 0 }  and (0t)*H  =  H . Hence, by proposition B.2.5 and 
lemma B .2 .3 , there exists a unique linear D -connection h on D  with im h =  H . □

Let V  : T D  ^  V , P  : T D  ^  V  ©  H  and Q  : T D  ^  H q denote the projections 
corresponding to the decomposition T D  =  V © H © H q . Let [[•, -J be the projected Lie bracket
P ([' , ■]).

Lem m a 2 .3 .9 . I f  X  e  r ( F ) is projectable, then

P  ( X ) =  P  (n*X  )h and Q (X ) =  Q (n *X  )f .

Proof. Let X  e r ( F ) be projectable. We have X  =  (n *X )f  =  P ( n * X ) h +  Q (n *X )f , from 
which it follows that P ( X ) =  P ( n * X ) h and Q (X ) =  Q (n *X )f . ■

We now link the vanishing of the Schouten curvature tensor of (M, D , D q , g) with an in- 
volutivity condition for H . In the case of a vector bundle connection, it is well known (see, 
e.g., [56, 37]) that the curvature of the connection vanishes if and only if the associated hori­
zontal distribution is involutive, or equivalently (for the case of a vector bundle connection), 
integrable. For a nonholonomic connection, however, the characterising condition is that the 
[[•, -[[-bracket of two horizontal vector fields is still in H .

T heorem  2 .3 .10 . We have

K (X , Y )Uq = — vl-1 ■ ([X h, Yh](U„) — [X, Y]f ( U ))

= — vl-1 ■ V ([X  h,Y  hl)(U 8)

fo r  every X ,  Y  e  r ( D )  and U q e  D .

Proof. L e t  X ,  Y  e  r ( D )  a n d  w e  r ( D * ) .  B y  p r o p o s i t i o n  B . 2 . 1 3 ,  w e  h a v e  Z f  [w] =  V z w 

f o r  e v e r y  Z  e  r ( T M) ,  w h e r e  f o r  a  1 - f o r m  n  e  r ( D * ) t h e  f u n c t i o n  n  e  C ^ ( D )  is  g iv e n  b y  

n ( U q ) =  n q ( U q ) .  W e  m a y  i n t e r p r e t  t h e  ( 1 , 1 ) - t e n s o r  f ie ld  K ( X ,  Y ) a s  a n  a l g e b r a i c  d e r i v a t i o n ,  

i . e . ,  a  d e r i v a t i o n  t h a t  v a n is h e s  o n  e l e m e n t s  o f  C ^ ( M) ( s e e  p r o p o s i t i o n  A . 3 . 1 ) . I n  p a r t i c u l a r ,  

K ( X ,  Y ) w  e  r ( D * )  is  g i v e n  b y

( K ( X ,  Y ) w ) ( U ) =  K ( X ,  Y ) ( w ( U ) )  — w ( K ( X ,  Y ) U ) =  —w ( K ( X ,  Y ) U ) ,

f o r  U  e  r ( D ) .  U s i n g  c o r o l l a r y  B . 2 . 1 4 , w e  h a v e

K ( X ,  Y ) w  =  [ V x , V y ]w — V [ x ,y ] W  =  [ X h , Y h ][w ] — [ X ,  Y ] f  [w].

S i n c e  n * ( [ X h , Y h ] — [ X ,  Y ] f )  =  [ n * X h , n * Y h ] — [ X ,  Y ]  =  0 ,  w e  h a v e  t h a t  [ X h , Y h ] — [ X ,  Y ] f

is  v e r t i c a l .  H e n c e

[ X h , Y h ] — [ X ,  Y ] f  =  V ( [ X h , Y h ] — [ X ,  Y ] f )

=  V ( [ X h , Y h [  — [ X ,  Y J h ) +  V ( Q ( [ X h , Y h ])  — Q ( [ X ,  Y ] ) f )

=  V  ( [ X  h , Y  h J ) ,
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and so K (X , Y)w =  V ( [X h, Y hJ)[w]. If Uq e D, then

Wq(K(X, Y )Uq) =  —(K (X , Y)w)q(Uq) =  —(K (X , Y)w)(Uq)

=  — V  ([X  h,Y  h])[W](Uq)

=  —dw(Uq)(V([Xh, Y h])(Uq)).

Using lemma B.2.12, we get

Wq (K  (X , Y ) Uq ) =  —Wq (vl- 1 ■ V  ([X h, Y h])(Uq )).

Since w is arbitrary, the result follows. ■

C orollary  2 .3 .11 . K  =  0 i f  and only if  [H, HJ C H.

Suppose now that (M, D, Dx , g) is a Wagner structure (see the beginning of section 2.2). 
Let D =  D 1 C ■ ■ ■ C D n - 1 C D n =  TM be the flag of D, where N > 2, and Di+ 1  =  D © E * for 
each i =  1 , . . . , N  — 1. Associated to each connection V* is a restricted Ehresmann connection, 
given by

h* : n*D* ^  TD, h*(Uq, Xq) =  TqU ■ Xq — vluq ■ VXqU,

where U e r(D ) is a smooth extension of Uq. Again by proposition B .2 .7 , we have that h* is a 
well-defined linear D*-connection on D with associated covariant derivative V*. Furthermore, 
we have h 1 =  h and ht+ 1 |n*Di =  h* for each i =  1 , . . . ,  N — 1. Let H* =  im h* and Q* =
im ^ + U ^ f i ). As before, we denote the vertical distribution ker Tn by V.

Lem m a 2 .3 .12 . We have H*+ 1  =  H* © Q* fo r  each i =  1 , . . . ,  N — 1. Hence

T D =  V © H N =  V © H © Q1 ©•••© Qn - 1 .

Proof. We first show that H*nQ* =  {0 }. Suppose otherwise, i.e., there exists X Uq e HU nQU 
for Uq e D. Then X Uq =  h*(Uq,X q) and X Uq =  h*+ 1 (Uq, Yq) for some X q e Dq and Yq e Eq.
It follows that

X q  =  T U q n  ■ h * ( U q , X q ) =  T U q n  ■ X u  =  T u n  ■ h * + 1 ( U q , Y q ) =  Y q .

T h a t  is ,  X q =  Yq =  0  s i n c e  D q  n  Eq =  { 0 } ,  a n d  h e n c e  X Uq =  0 .  T h u s  H *  n  Q * =  { 0 } ,  a s

c l a i m e d .

T h e  i n c l u s i o n  H *  ©  Q * C  H * + 1  is  o b v i o u s .  L e t  X Uq e  H U + 1 , U q e  D .  T h e n  X Uq =  

h * + 1 ( U q , Z q ) f o r  s o m e  Z q e  D q + 1 . S i n c e  D q + 1  =  D q  ©  E q , w e  h a v e  Z q =  X q +  Y q f o r  s o m e  

X q e  D q  a n d  Y q e  E q . H e n c e

X u q  =  h * + 1 ( U q , X q ) +  h * + 1 ( U q , Y q ) =  h * ( U q , X q ) +  h * + 1 ( U q , Y q ) ,

ew ? e c * r;

i . e . ,  X u q e  H U  ©  Q U  . I t  f o l lo w s  t h a t  H + 1 =  H *  ©  Q * .

y y

L e t  V  : T D  ^  V , P  : T D  ^  V  ©  H  a n d  Q * : T D  ^  Q * ( f o r  i  =  1 , . . . ,  N  — 1 ) b e  t h e

p r o je c t i o n s  c o r r e s p o n d i n g  t o  t h e  d e c o m p o s i t i o n  T  D  =  V © H © Q 1 © • • • ©  Q N  - 1 . S i m i la r ly ,  

l e t  P * =  P  ©  Q * ©  ■ ■ ■ ©  Q j _ 1 b e  t h e  p r o j e c t i o n  o n t o  V  ©  H * ,  f o r  e a c h  i  =  1 , . . . ,  N .
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Lem m a 2 .3 .13 . I f  X  e  r ( H N ) is projectable, then

P  ( X ) =  P  (n*X  )h , Q * (X ) =  Q j (n*X  )h?+1 and P * ( X ) =  P * (n*X  )h? 

fo r  each i =  1 , . . . ,  N — 1.

Proof. Let X  e  r ( H N ) be projectable. We have X  =  (n *X )h N =  P (n * X ) h +  Q 1 (n *X )h 2 +
---- +QN - 1 (n *X )h^ , from which it follows that P ( X ) =  P ( n * X ) h and Q * (X ) =  Q * (n *X )h +1
for each i =  1 , . . . ,  N — 1. Lastly, we have

P * ( X ) =  P  ( X ) +  Q 1 (X ) +  ■ ■ ■ +  Q *- 1 (X )

=  P  (n*X  )h? +  Q * (n*X  )h? +  ■ ■ ■ +  Q *_ 1 (n*X  )h? =  P * (n* X  )h?. ■

The connections V 1 , . . . ,  V N  are equivalently specified by the restricted Ehresmann con­
nections h 1 , . . . ,  hN , which are in turn equivalently specified by the horizontal distributions 
H 1 , . . . ,  H n . (See section B.2.1 and proposition B .2 .5 .) It follows that Wagner’s construction 
of V 1 , . . . ,  V N  is equivalently formulated as the flag of horizontal distributions on D

H 1 C H 2  C ••• C H n - 1 C H n ,

where, in particular, H N  is a full complement to V , i.e., V  ©  H N  =  T D . The next result 
allows us to describe the flag iteratively, starting only with H 1 =  H .

T heorem  2 .3 .14 . We have

H m  =  H *  +  { [X h? ,Y h ?] : X  A Y  e  (kerA * ^ }  

fo r  every i =  1 , . . . ,  N — 1.

Proof. Let S 1 =  H  and S l + 1  =  S *  +  { [X h? , Y h?] : X  A Y  e  (ker A j )^ }  for i >  1. We shall use 
induction on i to prove S *  =  H *  for each i >  1. By definition, we have S 1 =  H 1 . Suppose 
that S * =  H *  for some 1 <  i <  N — 1. We claim that n*S * + 1  =  D * + 1  and V  n  S * + 1  =  { 0 } . By 
uniqueness of the connection associated to H * + 1  (see proposition B .2 .5), it will then follow 
that S * + 1  =  H * + 1 . Let WUq +  [X h ? , Y h?](Uq) e  SU+ 1 , where Uq e  D . Then

TUqn ■ (WUq +  [X h?, Y h?](Uq)) TUqn ■ WUq +  [X, Y](q) e Dq +  [D*, D*]q 2 ? j + 1D q

and so n*H*+1 C D*+1. Conversely, let Wq e Dq and X q e E,*; then Wq +  X q is an arbitrary
element of Dq+1 =  Dq © E,*. Since S* =  H* by the inductive hypothesis, we have n*S* =  D*. 
Accordingly, there exists VUq +  [Y, Z](Uq) e SUq such that TUqn ■ (VUq +  [Y, Z](Uq)) =  Wq. Let 
A A B  =  © *(X ) e (ker A j)^, where X  e r (E *) is a smooth extension of X q. (The case when 
© *(X ) is a C^(M)-combination of bivector fields from r(D *) is treated similarly.) Then

Wq +  X q TUq n 

TUq ̂  

TUq ̂  

TUq ̂

■ (VUq +  [Y,Z ](Uq )) +  Q * ([A, B])(q)

■ (VUq +  [Y, Z](Uq) +  Q * ([A, B ])h?+1 (Uq))

■ (VUq +  [Y, Z](Uq) +  Q * ([Ah ? , B h?])(Uq))

■ (VUq +  [Y, Z](Uq) — P * ([Ah ? , B h?])(Uq ) +[Ah? , B h ?](Uq)) e  TUqn ■ S *+ 1
U q .

e s ; Uq
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H e n c e  n * S * + 1 D * + 1 . L e t  W Uq +  [ X h ? , Y h ? ] (U q ) e  VUq n  S *+ 1
Uq , U q e  D .  W e  h a v e

W Uq +  [X h?, Y h? ](U q) V  ( [ X h? , Y h? ] ) ( U q) +  ( P * — V  ) ( W Uq +  [ X h? , Y h? ] ( U q) )  

+  Q *( [ X h? , Y h? ] ) ( U q)

— v l Uq ■ K *( X  A Y ) U q +  ( W Uq +  P *( [ X ,  Y ] ) h? ( U q) )

+  Q *( [ X ,  Y ] ) h?+ 1 ( U q) .

B o t h  n o n - v e r t i c a l  c o m p o n e n t s  m u s t  v a n is h ;  in  p a r t i c u l a r ,  w e  h a v e  Q * ( [ X ,  Y ] ) ( q )  =  0 ,  i . e . ,  

( X  A Y ) ( q )  e  k e r  A * ,q . S i n c e  X  A Y  e  ( k e r  A j ) ^ ,  i t  f o l lo w s  t h a t  ( X  A Y ) ( q )  =  0 .  T h e n

W Uq +  [ X h?, Y h?] ( U q) =  — v l Uq ■ K *( X  A Y ) U q =  0 .

T h u s  V  n  S * + 1 { 0 } ,  w h i c h  c o m p l e t e s  t h e  p r o o f  o f  t h e  i n d u c t i v e  c a s e .

L a s t l y ,  w e  p r o v e  a  r e s u l t  s i m i l a r  t o  t h e o r e m  2 . 3 . 1 0  f o r  e a c h  o f  t h e  c u r v a t u r e  t e n s o r s  

K 1 , . . . ,  K N. L e t  V  b e  t h e  D *+ 1 - c o n n e c t i o n  o n  D  g iv e n  b y

V X U  =  V *Pi(x ) U  +  £ P i(x ) U , X  e  r ( D *+ 1) ,  U  e  r ( D ) .

L e t  f * : n * D *+ 1  ^  T D  b e  t h e  r e s t r i c t e d  E h r e s m a n n  c o n n e c t i o n  a s s o c i a t e d  t o  V *.

T heorem  2 .3 .15 . Let 1 <  i  <  N . Then

K *( X ,  Y ) U q =  — v l - q1 ■ ( [ X h?, Y h?] ( U q) — [ X ,  Y ] f ?( U q) )

=  — v l - q1 ■ V  ( P *( [ X h? , Y h? ] ) ) (  U q )

fo r  every X ,  Y  e  r ( D * ) and U q e  D .

Proof. ( T h e  p r o o f  is  s i m i l a r  t o  t h a t  o f  t h e o r e m  2 . 3 . 1 0 ; h e n c e ,  w e  o m i t  s o m e  d e t a i l s . )  L e t  

X ,  Y  e  r ( D *) a n d  w e  r ( D * ) .  T h e n  K *( X ,  Y ) w  =  [ V X , V - ] w — V ^ w .  ( S i n c e  X ,  Y  e  r ( D *) ,

w e  h a v e  [ X ,  Y ] e  r ( D *+ 1 ) ;  h e n c e  t h e  t e r m  V *X y jw  is  p r o p e r l y  d e f i n e d .)  T h e n ,  b y  p r o p o s i t i o n  

B . 2 . 1 3  a n d  c o r o l l a r y  B . 2 . 1 4 , w e  h a v e

K - X - Y X  =  [ X h?, Y h? ][w ] — [ X ,  Y ] fi [w ].

C l e a r l y ,  [ X h?, Y h?] — [ X ,  Y ] f ? is  v e r t i c a l ;  t h u s  [ X h?, Y h?] — [ X ,  Y ] f ? =  V ( ^ ( [ X ^ , Y h?] ) ) ,  a n d  

s o  K *( X ,  Y ) w  =  V ( P * ( [ X h?, Y h?] ) ) [ w ] .  I f  U q e  D ,  t h e n

w q ( K * ( X ,  Y ) U q ) V  ( P *( [ X  h? , Y  h? ] ) ) (  U q ) w q ( v l - q1 ■ V  ( P *( [ X h? , Y h? ] ) ) (  U q ) ) ,

w h e n c e  K * ( X ,  Y ) U q  =  — v l - 1 ■ V ( P * ( [ X h? , Y h? ] ) ) ( U q ) .  ■

C orollary  2 .3 .16 . Let 1 <  i  <  N . ^ e have K * =  0  i f  and only i f  P j ( [ H j , H * ] )  C  H * .  In 
particular, ( M, D ,  D x , g) is flat (i.e., K N  =  0 )  i f  and only i f  H N  is integrable.
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2.4 Curvature of left-invariant structures on Lie groups

I n  t h i s  s e c t i o n  w e  s h o w  t h a t ,  f o r  a  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e ,  t h e  

S c h o u t e n  c u r v a t u r e  t e n s o r  is  l e f t  i n v a r i a n t ,  a s  a r e  t h e  r e l a t e d  t e n s o r s  R ,  C , e t c .  L ik e w is e ,  

t h e  t e n s o r s  a s s o c i a t e d  t o  a  l e f t - i n v a r i a n t  W a g n e r  s t r u c t u r e  ( f o r m a l l y  d e f in e d  b e lo w )  a r e  l e f t  

i n v a r i a n t .  L a s t l y ,  in  s e c t i o n  2 . 4 . 1 ,  w e  c h a r a c t e r i s e  t h e  e x i s t e n c e  o f  l e f t - i n v a r i a n t  p a r a l l e l  

f r a m e s .  L e t  ( G , D ,  D ^ ,  g ) b e  a  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  o n  a  L i e  

g r o u p  G .

P rop osition  2 .4 .1 . The Schouten curvature tensor K  is left invariant, i.e., K  =  ( L g ) * K  

fo r  every g  e  G .

Proof. L e t  g  e  G a n d  X ,  Y ,  Z  e  r ( D ) .  T h e n

( L g  ) * ( K  ( X ,  Y  ) Z ) =  ( L g  ) * ( V x  V y  Z  — V y  V x  Z )  — ( L g  ) * V j x ,y ] Z — ( L g  ) * [ Q ( [ X ,  Y  ] ) ,  Z  J 

=  V (Lg ) * X  ( L g ) * ( V Y  Z )  — V (Lg ) t Y  ( L g ) * ( V X  Z )  — V (Lg )* [X ,Y J ( L g ) * Z

— [ ( L g ) * Q ( [ X , Y ] ) ,  ( L g ) * Z  1

=  V (Lg ) * X  V (Lg ) , Y  ( L g ) * Z  — V (Lg ) t Y  V (Lg ) * X  ( L g ) * Z

— V [ (L g ) ,X ,( L g  ) t Y ] ( L g  ) * Z  — [ Q ( [ ( L g  ) * X ,  ( L g  ) * Y ] )  , ( L g  ) * Z J  

=  K  ( ( L g  ) *  X ,  ( L g  ) *  Y  ) ( L g  ) * Z .

T h a t  i s ,  K  =  ( L g ) * K . ■

C l e a r l y ,  t h e  p r o c e s s  b y  w h ic h  o n e  o b t a i n s  t h e  t e n s o r s  R ,  C , e t c .  f r o m  K  p r e s e r v e s  l e f t  

i n v a r ia n c e .  H e n c e  w e  h a v e  t h e  f o l lo w in g  c o r o l l a r y .

C orollary  2 .4 .2 . We have S  =  ( L g ) * S  fo r  every g  e G ( i . e . ,  S  i s  l e f t  invariant), where S is 
any one o f R, C , K , R ,  C ,  R, R i c ,  A sy m , A skew o r  S c a l .

W e  n o w  d e f in e  W a g n e r  s t r u c t u r e s  i n v a r ia n t  u n d e r  l e f t  t r a n s l a t i o n s .  L e t  ( G, D , D x , g ) 

( t o g e t h e r  w i t h  d i s t r i b u t i o n s  E 1 , . . . ,  EN - 1 ) b e  a  W a g n e r  s t r u c t u r e ,  w i t h  d e g r e e  o f  n o n h o l o n o m y  

N  > 2 , o n  a  L i e  g r o u p  G. I f  t h e  u n d e r l y i n g  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  ( G, D , D ^ ,  g ) 

is  l e f t  i n v a r ia n t  a n d  t h e  d i s t r i b u t i o n s  E 1 , . . . ,  EN - 1 a r e  a l s o  l e f t  i n v a r i a n t ,  i . e . ,  ( L g ) * E * =  E* 

f o r  e v e r y  g  e G a n d  e a c h  i  =  1 , . . . , N  — 1,  t h e n  w e  c a l l  ( G, D , D x , g ) a  left-invariant Wagner 
structure.

L e t  ( G, D , D x , g ) b e  a  l e f t - i n v a r i a n t  W a g n e r  s t r u c t u r e .  W e  w i l l  s h o w  t h a t  t h e  a s s o c i a t e d  

t e n s o r s  ( t h e  p r o je c t i o n s ,  t h e  R i e m a n n i a n  e x t e n s i o n  o f  g , t h e  c o n n e c t i o n s  V * a n d  c u r v a t u r e  

t e n s o r s  K * ,  e t c . )  a r e  a l l  l e f t  i n v a r i a n t .

Lem m a 2 .4 .3 . We have ( L g ) * P * ( X ) =  P * ( ( L g ) * X ) and ( L g ) * Q * ( X ) =  Q * ( ( L g ) * X ) for  
every X  e r ( T G) and g  e G and each i  =  1 , . . . ,  N  — 1 .

Proof. F i x  1 < i  < N  — 1,  l e t  g  e G a n d  X  e r ( T G) .  T h e r e  e x i s t  X o  e r ( D ) a n d  X j  e r ( Ej ) 

f o r  e a c h  j  =  1 , . . . ,  N  — 1 s u c h  t h a t  X  =  X 0  +  X 1 +  ■ ■ ■ +  X N - 1 . S i n c e  t h e  d i s t r i b u t i o n s  

D , E 1 , . . . , EN - 1 a r e  l e f t  i n v a r i a n t ,  i t  f o l lo w s  t h a t  ( L g ) * X 0  e r ( D ) a n d  ( L g ) * X j  e r ( Ej ) .  

C o n s e q u e n t ly ,  w e  h a v e

Q * ( ( L g  ) * X ) =  Q * ( ( L g  ) * X o  +  ( L g  ) * X 1 +  ■ ■ ■ +  ( L g  ) * X n - 1 ) 

=  ( L g  ) * X *  =  ( L g  ) * Q * ( X ) .
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S i m i l a r l y  f o r  t h e  p r o je c t i o n  P * ,

(Lg ) * P  (X ) =  (Lg ) * ( P  ( X ) +  Q 1 (X ) +  ■ ■ ■ +  .Q - ^ X ))
=  P  ((Lg ) * X ) +  Q 1 ((Lg ) * X ) +  ■ ■ ■ +  Q * -  ((Lg ) * X ) =  P*((Lg ) * X ). ■

Lem m a 2 .4 .4 . The tensors A* and 0* are left invariant, i.e.,

(L g)*A*(X  A Y ) =  A*((L g)*(X  A Y )) and (L g)*0*(A ) =  0 * ((L g)*A )

fo r every g  e  G , X ,  Y  e  r ( D *) and A  e  r ( E *) and each i  =  1, . . . ,  N  — 1.

Proof. B y  t h e  p r e v io u s  l e m m a ,  l e f t  t r a n s l a t i o n s  p r e s e r v e  t h e  p r o je c t i o n  o p e r a t o r s  P * a n d  Q *. 

A c c o r d i n g ly ,  i f  g  e  G a n d  X ,  Y  e  r ( D *) ,  t h e n

(L g )*A* (X  A Y ) =  (L g )*Q *([X ,  Y ]) =  Q *([(L g )*X ,  (L g )*Y  ])
=  A*((L g )*X  A (L g )*Y )
=  A*((L g)*(X  A Y ) ) .

S i m i la r ly ,  i f  g  e  G a n d  A  e  r ( E *) ,  t h e n

(L g )*A  =  (L g )*A *(0*(A )) =  A*((L g )*0 *(A ) ) .

A p p l y i n g  0 * t o  b o t h  s id e s  o f  t h e  e q u a t i o n  y ie ld s  0 *( ( L g) *A )  =  ( L g) *0 *( A ) ,  a s  r e q u i r e d .  ■

P rop osition  2 .4 .5 . The Riemannian extension g of g described in theorem 2.2.4 is left 
invariant.

Proof. ( W e  f o l lo w  t h e  n o t a t i o n  u s e d  in  t h e o r e m  2 . 2 . 4 .)  U s i n g  i n d u c t i o n  o n  i ,  w e  s h a l l  p r o v e  

t h a t  g * =  g  0  h 1 © ■  ■ ■ ©  h *- 1 is  l e f t  i n v a r i a n t ,  f o r  e a c h  i  =  1 , . . . , N  — 1 . A s  g  =  g N -1 , t h i s  w i l l  

i m p l y  t h a t  g  is  l e f t  i n v a r i a n t .  S i n c e  g  is  a s s u m e d  t o  b e  l e f t  i n v a r i a n t ,  t h e  c a s e  i  =  1 is  t r u e  b y  

a s s u m p t i o n .  S u p p o s e  t h a t  g * is  l e f t  i n v a r i a n t ,  f o r  s o m e  1 <  i  <  N  — 1 . S i n c e  g *+ 1  =  g * 0  h *, 

i t  s u f f i c e s  t o  s h o w  t h a t  h * is  l e f t  i n v a r i a n t .  I t  is  n o t  d i f f i c u l t  t o  s e e  t h a t  ( h *) b =  0 * o ( g *) b o 0 *. 

A c c o r d i n g ly ,  i f  g  e  G a n d  A , B  e  r ( E *) ,  t h e n

h *( ( L g ) *A , ( L g ) *B )  =  ( ( 0 * o ( g ^  O 0 *) ( ( L g ) *A ) ) ( ( L g ) * B )

=  ^ ( ( L g) *A ) ,  0 *( ( L g) *B ) )

=  g *( ( L g) *0 *( A ) ,  ( L g) *0 *( B ) ) .

I f  X 1 A  X 2 , Y 1 A  Y 2  e  ( k e r  A *) ^ , t h e n

g* ( ( L g ) * ( X 1 A  X 2 ) ,  ( L g ) * ( Y 1 A  Y 2 ) )  =  d e t
gj ( ( L g ) *X 1 , ( L g ) *Y 1 ) g ( ( L g ) *X 1 , ( L g ) * Y> )

g*( ( L g ) *X 2 , ( L g ) *Y 1 ) g ( ( L g ) * X 2  , ( L g ) * Y> )

=  d e t
g * ( X 1 , Y 1 ) o  L g - 1 g * ( X 1 , Y 2 ) o  L g

g * ( X 2 , Y 1 ) o  L g - 1 g * ( X 2 , Y 2 ) o  L g

=  g ^ X !  A X 2 , Y 1 A  Y 2 ) o  L g - 1.

1
1

C o n s e q u e n t ly ,  w e  h a v e

h * ((L g ) * A ,  (L g ) * B ) =  gX ^ A ) , 0 * (B )) o L g - 1 h * ( A ,  B )  o  L g - 1 ,

a n d  s o  h * is  l e f t  i n v a r i a n t .
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P rop osition  2 .4 .6 . We have V *  =  ( L g ) * V *  and K *  =  ( L g ) * K *  fo r  every g  e  G and each 
i  =  1 , . . . , N .

Proof. W e  u s e  i n d u c t i o n  o n  i .  T h e  c a s e  i  =  1 is  p r o v e d  in  p r o p o s i t i o n  1 .2 .3  a n d  p r o p o s i t i o n  

2 . 4 . 1 . S u p p o s e  t h e  s t a t e m e n t  is  t r u e  f o r  s o m e  1 < i  < N  — 1 . L e t  g  e G, Z  e ^ D ^ 1 ) a n d  

U  e r ( D ) .  I f  X  =  P * ( Z ) a n d  A  =  Q*( Z ) ,  t h e n

V ( + V z ( L g) *U  =  V (Lg ) .x ( L g) *U  +  K *( 0 *( ( L g) *A ) ) ( L g) *U  +  [ ( L g) *A , ( L g) *U J  

=  ( L g) *V X U  +  ( L g) * ( K *( 0 *( A ) ) U ) +  ( L g) * [ A ,  U J  

=  ( L g ) *VZ+ 1 U .

T h a t  i s ,  V ^ 1 is  l e f t  i n v a r i a n t .  T h e n ,  i f  X ,  Y  e r ( D*) a n d  U  e r ( D ) ,  w e  h a v e

( L g M K ^ X  A Y ) U ) =  ( L g ) * V X + 1 V Y + 1 U  — ( L g ) * V Y + 1 V X + 1 U  — ( L g ) * V ! + . 1+ 1 ( [x )y ] )U

— ( L g ^ ^ G X ,  Y ] ) ,  U 1

=  V £ ) . x  V & . y  ( L g ) * U  — V ( l 1 )* y  V ( + Y x  ( L g ) * U

— V P i1+1([(L g) , X , ( L 9)* Y ]) ( L g ) * U

— ^ ( [ ( L g  ) * X ,  ( L g  ) * Y  ] ) ,  ( L g  ) * U J  

=  K j + 1 ( ( L g  ) *  X  A ( L g  ) * Y  ) ( L g  ) *  U ,

a n d  s o  K j + 1  =  ( L g ) * K j + 1 . T h i s  c o m p l e t e s  t h e  p r o o f .

2 .4 .1  L e ft-in v a r ia n t p a ra lle l fram es

T o  c o n c l u d e  t h i s  c h a p t e r ,  w e  c o n s i d e r  t h e  e x i s t e n c e  o f  left-invariant p a r a l l e l  f r a m e s .  L e t  

(G , D ,  D ^ ,  g ) b e  a  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  o n  a  L i e  g r o u p .  A  left- 
invariant parallel frame f o r  D  is  a  l e f t - i n v a r i a n t  o r t h o n o r m a l  f r a m e  ( U a ) f o r  D  s u c h  t h a t  e a c h  

U a is  p a r a l l e l  ( w i t h  r e s p e c t  t o  t h e  n o n h o l o n o m i c  c o n n e c t i o n  V ) .  C l e a r l y ,  i f  t h e r e  e x i s t s  a  l e f t -  

i n v a r ia n t  p a r a l l e l  f r a m e  f o r  D ,  t h e n  ( G , D ,  D ^ ,  g ) is  ( g l o b a l l y )  f l a t .  F u r t h e r m o r e ,  t h e  p a r a l l e l  

t r a n s l a t i o n  is  s i m p l y  ( a  r e s t r i c t i o n  o f  t h e  t a n g e n t  m a p  o f )  t h e  l e f t  t r a n s l a t i o n  ( s e e  p r o p o s i t i o n  

B . 1 . 3 1 ) .

P rop osition  2 .4 .7 . The following statements are equivalent:

( i ) There exists a left-invariant parallel frame fo r  D  on G .

( ii ) [ X ,  Y 1 = 0  fo r  every X ,  Y  e  r L ( D ) .

( i i i ) V X Y  =  0  fo r  every X ,  Y  e  r L ( D ) .  (In particular, V  is Cartan-Schouten and every 
left-invariant vector field is parallel.)

Proof. S u p p o s e  ( i ) h o ld s ,  i . e . ,  t h e r e  e x i s t s  a  l e f t - i n v a r i a n t  p a r a l l e l  f r a m e  ( U a ) f o r  D .  B y  

p r o p o s i t i o n  2 . 2 . 1 3 ,  w e  t h e n  h a v e  [ X ,  Y J  =  [ U a , U bJ  =  0  f o r  e v e r y  p a i r  o f  l e f t - i n v a r i a n t

v e c t o r  f ie ld s  X  =  x “ U a , Y  =  y “ U a in  r ( D ) .  I f  i t e m  ( i i ) h o ld s ,  t h e n  c l e a r l y  V  is  a  C a r t a n -  

S c h o u t e n  c o n n e c t i o n .  I n  f a c t ,  w e  h a v e  V X Y  =  2 [ X ,  Y J  =  0  f o r  e v e r y  X ,  Y  e  r L ( D ) .  T h a t

( iii) i m p l i e s  ( i ) is  t r i v i a l .  ■
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C orollary  2 .4 .8 . I f  V  is a Cartan-Schouten connection and rank(D) =  2, then there exists 
a left-invariant parallel frame fo r  D .

Proof. By proposition 1.2.11, if V  is Cartan-Schouten and rank(D) =  2, then V x Y  =  0 for 
every X , Y  e r L(D). ■

C orollary  2 .4 .9 . Suppose that (G, D, Dx , g) is a left-invariant Wagner structure (with de­
gree o f nonholonomy N > 2) and there exists a left-invariant parallel frame fo r  D. Then (in 
the notation o f section 2.2):

( i) VZU =  0 fo r  every Z e r L(D*), U e r L(D) and i =  1 , . . . ,  N .

(ii) K *(X A Y )U  =  — [Q*([X, Y]), UJ fo r  every X , Y  e r L(D*), U e r L(D) and i =  1 , . . . ,  N .

Proof. By proposition 2.4.7 we have that every left-invariant vector field is parallel. Item (i) 
now follows from the fact that V*U =  0 if and only if V ^ U  =  0 (theorem 2.2.8); item (ii) 
follows from corollary 2.2.16. ■





Chapter 3

Equivalence and embeddings

There are two main topics treated in this chapter. Firstly, we consider the equivalence of non­
holonomic Riemannian manifolds. We define three natural equivalence relations (of increasing 
strength) between nonholonomic Riemannian structures, and prove some basic properties of 
each equivalence. The first equivalence relation is up to a (diffeomorphic) correspondence 
between the nonholonomic geodesics of two structures; the second is up to a correspondence 
between the constraint distributions and nonholonomic connections; and the third is up to a 
correspondence between the constraint distributions, the complementary distributions, and 
the metrics. In this thesis we shall primarily be concerned with the last (and strongest) of 
the three equivalences. Nonholonomic Riemannian structures that are equivalent under this 
equivalence relation will be called “nonholonomically isometric.” (Nonholonomic isometries 
are the natural generalisation of Riemannian isometries.)

The second topic treated in this chapter is that of “nonholonomic Riemannian submani­
folds.” In other words, we consider the situation when one nonholonomic Riemannian struc­
ture can be embedded inside another such structure. This is an obvious generalisation of Rie- 
mannian isometric embeddings to the case of nonholonomic Riemannian structures. As such, 
our approach is very much informed and inspired by the approach taken in Riemannian ge­
ometry (as set out in, for instance, [44]). We have also generalised the work of Lewis [46, 3] on 
“geodesic invariance.” Briefly, a vector subbundle S  of the distribution D of a nonholonomic 
Riemannian manifold (M, D, Dx , g) is geodesically invariant (in D) if it is invariant under the 
nonholonomic geodesic flow of (M, D, Dx , g). Geodesic invariance generalises the concept of a 
totally geodesic submanifold (i.e., a submanifold N of M such that every geodesic tangent to 
N at some point is contained entirely in N). Indeed, if S  is a geodesically invariant integrable 
distribution, then its corresponding integral manifolds are totally geodesic. The reason for 
studying geodesic invariance is as follows. Suppose ( M, D, Dx ,g) is embedded inside a non­
holonomic Riemannian structure (M7,D 7,D 7±, g7). We may identify M with a submanifold of 
M7 and D with a subbundle of D7|M. The nonholonomic geodesics of ( M, D, Dx , g) coincide 
with those of (M7, D 7, D7±, g7) lying in M and tangent to D exactly when D is geodesically in­
variant. Hence, when D is geodesically invariant, the geometry of (M, D, Dx , g) is essentially 
inherited from the ambient structure (M7,D 7, D7±,g 7). The case when ( M, D, D^, g)  can be 
embedded inside a Riemannian manifold such that D is geodesically invariant is of particular 
interest. In the last section of this chapter we show that, at least when D is strongly nonholo­
nomic, this occurs exactly when the component C of the Schouten curvature tensor vanishes. 
We prove a similar result in the general case for Wagner structures.

55



56 3.1. Equivalence of nonholonomic Riemannian structures

Lastly, we mention that it is possible to generalise the concept of a Riemannian sub­
mersion to the nonholonomic Riemannian case. Indeed, given two nonholonomic Riemannian 
structures (M, D, D x , g) and (M7, D 7, D7 ± , g7), we can define a nonholonomic Riemannian sub­
mersion  to be a surjective submersion n : M ^  M7 such that: ( i) D and D 7 are n-related; 
( ii) D x  and D7±  and n-related; (iii) Tn preserves the length of horizontal vectors, where 
the horizontal distribution H is defined to be the orthogonal complement in D of the verti­
cal distribution V =  ker T n ^  C D. Much of the theory of Riemannian submersions carries 
through to the nonholonomic Riemannian case, and their study would be of comparable in­
terest. Nevertheless, space considerations do not permit us to consider this topic further in 
this thesis.

3.1 Equivalence of nonholonomic Riemannian structures

Before considering the equivalence of nonholonomic Riemannian structures, we first show 
that a diffeomorphism mapping one distribution to another also maps the flag of the first 
distribution to that of the second distribution. We also show that dilations of the metric do 
not affect the structure in any appreciable fashion.

Let D and D7 be completely nonholonomic distributions on manifolds M and M7, respec­
tively. Let D =  D 1 C ■ ■ ■ C D n - 1  C Dn =  TM and D 7 =  D 71 C ■ ■ ■ C D 7N ' - 1  C D7n ' =  TM 7 

be the flags of D and D 7, respectively, where N, N 7 > 2.

P rop osition  3 .1 .1 . I f  0  : M ^  M7 is a diffeomorphism such that 0 * D =  D 7, then N =  N 7 

and 0 * D * =  D 7* fo r  every i =  1 , . . . ,  N .

Proof. We use induction on i. The result is true by assumption for i =  1, i.e., 0 * D 1 =  D 7 1 . 
Suppose that 0 * D * =  D 7* for some 1 < i < N — 1. Then

0 * D *+ 1  =  0 * D * +  0 * [D* , D *] =  D 7* +  [0* D * , 0 * D *] =  D 7* +  [D7* , D 7*] =  D 7*+ 1 .

It follows that N =  N 7. ■

P rop osition  3 .1 .2 . The nonholonomic connection o f a nonholonomic Riemannian manifold, 
(M, D, D x , g) is invariant under a (constant) rescaling o f the metric g.

Proof. Let g7 =  g be a rescaling of the metric, where -  > 0. We shall denote the non­
—

holonomic connection of (M, D, D ^ , g7) by V 7. Let X , Y, Z e r(D ). Using the Koszul formula 
(theorem 1.1.5), we have

2 g7(V X Y, Z) =  -1 X[g(Y, Z )] +  -1 Y [g(X , Z )] — -1 Z[g(X, Y )]
Li Li Li

+  -1 g ([X , Y J, Z ) — -1 g([X , ZJ, Y ) — -1 g([Y, Z J , X )
- 2  - 2  - 2

=  ^ 2  2 g(V x Y, Z)L2

=  2 g7(V x Y, Z).

Since Z is arbitrary, we have V X Y  =  V X Y  for every X , Y  e r(D ), i.e., V 7 =  V. ■

In particular, it follows that the nonholonomic geodesics of a rescaled structure are iden­
tical to those of the original structure.
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3 .1 .1  N o n h o lo n o m ic  g eo d esic  eq u iv a len ce

W e  s a y  t h a t  t w o  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  ( M ,  D , D ^ ,  g )  a n d  ( M 7, D7, D7 ± , g 7) a r e  

NH-geodesically equivalent i f  t h e r e  e x i s t s  a  d i f f e o m o r p h i s m  0  : M  ^  M 7 e s t a b l i s h i n g  a  o n e -  

t o - o n e  c o r r e s p o n d e n c e  b e t w e e n  t h e  n o n h o l o n o m i c  g e o d e s i c s  o f  t h e  t w o  s t r u c t u r e s ,  i . e . ,  7  is  

a  n o n h o l o n o m i c  g e o d e s i c  o f  ( M ,  D , D ^ ,  g )  i f  a n d  o n l y  i f  0  o 7  is  a  n o n h o l o n o m i c  g e o d e s i c  o f  

( M 7, D7, D7 ± , g 7) .

L e m m a  3 . 1 . 3  ( c f .  [ 3 8 ] ) .  The following statements are equivalent:

( i ) Two nonholonomic connections V 1 , V 2  : r ( D ) x r ( D ) ^  r ( D ) have the same geodesics.

(ii) V X X  =  V X X  for every X  e r ( D ) .

( i i i ) ((X  : Y ))1 =  ((X  : Y ))2  fo r every X ,  Y  e r ( D ) ,  where ((■ : ■))* is the symmetric bracket 
of V * for  i  =  1 , 2 .

Proof. L e t  B ( X , Y ) =  V X Y  — V X Y  f o r  X ,  Y  e r ( D ) .  I f  f  e C~ ( M ) ,  t h e n  B ( f X , Y ) =  

V } x Y  — V j x Y  =  f  B ( X ,  Y )  a n d

B ( X ,  f Y )  =  V X  f Y  — V X  ( f Y ) =  X  [ f  ] Y  +  f  V X  Y  — X  [ f ] Y  — f  V X  Y  =  f B ( X ,  Y ) .

T h a t  i s ,  B  is  t e n s o r i a l  in  b o t h  a r g u m e n t s .  W e  w i l l  p r o v e  t h a t  V 1 a n d  V 2  h a v e  t h e  s a m e  

g e o d e s i c s  i f  a n d  o n l y  i f  B ( X ,  X ) =  0  f o r  e v e r y  X  e r ( D ) .  T h a t  i t e m  ( i i ) a n d  i t e m  ( i i i ) a r e  

e q u i v a le n t  is  i m m e d i a t e  b y  p o l a r i s a t i o n .

S u p p o s e  V 1 a n d  V 2  h a v e  t h e  s a m e  g e o d e s i c s .  L e t  X q e D a n d  l e t  7  b e  t h e  ( u n iq u e )  

g e o d e s i c  o f  V 1 a n d  V 2  s u c h  t h a t  7 ( 0 )  =  q a n d  7 ( 0 ) =  X q . L e t  Y  e r ( D ) b e  a  l o c a l  

e x t e n s i o n  o f  7  a l o n g  7 ; w e  h a v e  V Y Y ( Y ( t ) )  =  V Y Y ( 7 ( t ) )  =  0  f o r  a l l  t .  T h e n  B ( X q , X q ) =  

V YY ( 7 ( 0 ) )  — V Y Y ( 7 ( 0 ) )  =  0 ,  a n d  s o ,  b y  t e n s o r i a l i t y  o f  B , w e  h a v e  B ( X ,  X ) =  0  f o r  e v e r y  

X  e r ( D ) .  C o n v e r s e ly ,  s u p p o s e  t h a t  B ( X ,  X ) =  0  f o r  e v e r y  X  e r ( D ) a n d  l e t  7  b e  a  g e o d e s i c  

o f  V 1 . T h e n  V ? Y ( t )  =  V Y Y (t )  — B ( ^ y ( t ) ,  Y ( t ) )  =  0 ,  i . e . ,  7  is  a l s o  a  g e o d e s i c  o f  V 2 . ■

P r o p o s i t i o n  3 . 1 . 4 .  ( M ,  D , D x , g )  a n d  ( M 7, D 7, D 7 ± , g 7) are NH-geodesically equivalent if and 
only if there exists a diffeomorphism 0  : M  ^  M 7 such that 0 * D =  D 7 and V and 0 * V 7 h a v e  

the same geodesics.

Proof. W e  h a v e  t h a t  ( M ,  D , D x , g )  a n d  ( M 7, D 7, D 7 ± , g 7) a r e  N H - g e o d e s ic a l l y  e q u i v a le n t  i f  a n d  

o n l y  i f  V -y Y (t)  =  ( 0 * V 7) y 7 ( t )  f o r  e v e r y  n o n h o l o n o m i c  g e o d e s i c  7  o f  ( M , D , D x , g ) .  S u p p o s e  

t h a t  ( M , D , D x , g )  a n d  ( M 7, D7, D7 ± , g 7) a r e  N H - g e o d e s ic a l l y  e q u i v a le n t .  ( T h e  p r o o f  o f  t h e  

c o n v e r s e  is  i m m e d i a t e . )  C l e a r l y ,  w e  h a v e  0 * D =  D7. L e t  B ( X ,  Y ) =  V X Y  — ( 0 * V 7) X Y  f o r  

X ,  Y  e r ( D ) ;  a s  in  t h e  p r o o f  o f  l e m m a  3 . 1 . 3 , w e  h a v e  t h a t  B  is  t e n s o r i a l  in  b o t h  a r g u m e n t s .  

L e t  X q e D a n d  l e t  7  b e  t h e  n o n h o l o n o m i c  g e o d e s i c  s u c h  t h a t  y ( 0 )  =  q , y ( 0 )  =  X q . L e t  

X  e r ( D ) b e  a n  e x t e n s i o n  o f  X q t o  a  n e ig h b o u r h o o d  o f  q s u c h  t h a t  X  c o in c i d e s  w i t h  7  a lo n g  

Y  in  t h e  n e i g h b o u r h o o d .  T h e n

B  ( X q  , X q ) =  V x q  X  — ( 0 *  V 7) x q  X  =  V y  7 ( 0 )  — ( 0 * V 7) y  7 ( 0 ) =  0 .

( W e  h a v e  u s e d  t h e  f a c t  t h a t  V X Y ( q )  d e p e n d s  o n l y  o n  t h e  v a lu e s  o f  Y  a l o n g  a n y  c u r v e  t a n g e n t  

t o  X ( q ) ;  s e e  l e m m a  B . 1 . 5 .)  T h a t  i s ,  B ( X , X ) =  0  f o r  e v e r y  X  e  r ( D ) .  B y  l e m m a  3 . 1 . 3 ,  i t  

f o l lo w s  t h a t  V  a n d  0 * V 7 h a v e  t h e  s a m e  g e o d e s i c s .  ■
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3 .1 .2  N o n h o lo n o m ic  a ffin itie s

W e  s a y  t h a t  t w o  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  ( M ,  D ,  D ^ ,  g )  a n d  ( M 7 , D 7 , D 7 ± , g 7) a r e  

NH-affinely equivalent i f  t h e r e  e x i s t s  a  d i f f e o m o r p h i s m  0  : M  ^  M 7 s u c h  t h a t

0 * D  =  D 7 a n d  V  =  0 * V 7.

A  d i f f e o m o r p h i s m  0  s a t i s f y i n g  t h e  a b o v e  p r o p e r t i e s  is  c a l l e d  a n  NH-affinity.

P r o p o s i t i o n  3 . 1 . 5 .  Let ( M , D ,  D x , g )  and ( M 7 , D 7 , D 7 ± , g 7) be two nonholonomic Rieman- 
nian manifolds.

( i ) I f  ( M , D ,  D x , g )  and ( M 7 , D 7 , D 7 ± , g 7) are NH-affinely equivalent, then they are NH- 
geodesically equivalent.

(ii) Suppose ( M ,  D ,  D x , g )  and ( M 7 , D 7 , D 7 ± , g 7) are NH-geodesically equivalent with respect 
to a diffeomorphism 0  : M  ^  M 7 . The two structures are NH-affinely equivalent (with 
respect to 0 )  if and only if  0 * V 7 is torsion free (with respect to P ) ,  i.e.,

( 0 * V 7) x  Y  — ( 0 * V 7) y  X  =  [ X , Y  J

for every X ,  Y  e  r ( D ) .

Proof, (i ) L e t  0  : M  ^  M 7 b e  a n  N H - a f f in i t y  b e t w e e n  ( M ,  D ,  D x , g )  a n d  ( M 7 , D 7 , D 7 ± , g 7) .  A s  

V  =  0 * V 7 , i t  is  t r i v i a l l y  t r u e  t h a t  V  a n d  0 * V 7 h a v e  t h e  s a m e  g e o d e s i c s .  C o n s e q u e n t ly ,  b y  

p r o p o s i t i o n  3 . 1 . 4 , t h e  t w o  s t r u c t u r e s  a r e  N H - g e o d e s ic a l l y  e q u i v a le n t .

( i i ) S u p p o s e  t h a t  ( M , D ,  D x , g )  a n d  ( M 7 , D 7, D 7 ± , g 7) a r e  N H - g e o d e s ic a l l y  e q u i v a le n t .  T h e n ,  

b y  p r o p o s i t i o n  3 . 1 . 4 , t h e r e  e x i s t s  a  d i f f e o m o r p h i s m  0  : M  ^  M 7 s u c h  t h a t  0 * D  =  D 7 a n d  V  

a n d  0 * V 7 h a v e  t h e  s a m e  g e o d e s i c s .  B y  l e m m a  3 . 1 . 3 ,  t h i s  o c c u r s  e x a c t l y  w h e n

V x  Y  +  V y  X  =  ( 0 * V 7) x  Y  +  ( 0 * V 7) y  X

f o r  e v e r y  X ,  Y  e  r ( D ) .  S i n c e  V  a n d  V 7 a r e  t o r s i o n  f r e e ,  w e  g e t

V x  Y  +  V y  X  =  ( 0 * V 7) x  Y  +  ( 0 * V 7) y  X

V x  Y  +  V y  X  =  ( 0 - 1 ) * ( V ^ x  0 * Y  +  V ^ y  0 * X )

2  V x Y  — [ X ,  Y J  =  2  ( 0 - 1 ) * ( V ^ x 0 * Y ) — ( 0 - 1 ) * [ 0 * X ,  0 * Y J  

2 ( ( 0 * V 7) x  Y  — V x  Y ) =  ( 0 - 1 ) * P  7( 0 * [ X , Y ] )  — [ X ,  Y J .

o f  t h e  l a s t  l in e  is  e x a c t l y  t h e  t o r s i o n  T ( X ,  Y )  o f  0 * V 7 ( w i t h  r e s p e c t  t o

T  ( X ,  Y ) =  ( 0 * V 7) x  Y  — ( 0 * V 7) y  X  — [ X ,  Y J

=  ( 0 - 1 ) * ( V ^ x  0 * Y  — V ^ y  0 * X ) — [ X ,  Y J  

=  ( 0 - 1 ) * [ 0 * X , 0 * Y J  — [ X ,  Y J  

=  ( 0 - 1 ) * P 7( 0 * [ X ,  Y ])  — [ X ,  Y J .

T h e  r i g h t - h a n d  s id e  

t h e  p r o je c t i o n  P ) :

H e n c e  V X Y  =  ( 0 * V 7) X Y  f o r  e v e r y  X ,  Y  e  r ( D )  i f  a n d  o n l y  i f  0 * V 7 is  t o r s i o n  f r e e .
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3 .1 .3  N o n h o lo n o m ic  iso m e tr ie s

T w o  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  ( M , D ,  D ^ ,  g )  a n d  ( M 7, D 7, D 7 ± , g 7) a r e  s a id  t o  b e  

NH-isometric i f  t h e r e  e x i s t s  a  d i f f e o m o r p h i s m  0  : M  ^  M 7 s u c h  t h a t

0 * D  =  D 7 , 0 * D X  =  D 7±  a n d  g  =  0 * g 7.

A n y  m a p  s a t i s f y i n g  t h e  a b o v e  t h r e e  p r o p e r t i e s  is  t e r m e d  a n  NH-isometry. F r o m  [ 3 4 ] , t h e  c o l ­

l e c t i o n  o f  a l l  N H - i s o m e t r i e s  o f  a  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  f o r m s  a  f in i t e - d i m e n s i o n ­

a l  L i e  g r o u p .  I n  t h e  f o l lo w in g  c h a p t e r ,  w e  s h a l l  c o n s i d e r  t h e  e q u i v a le n c e  o f  t h r e e - d i m e n s i o n a l  

n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  u n d e r  N H - i s o m e t r i e s .  I n  p a r t i c u l a r ,  w e  c l a s s i f y  t h e  l e f t -  

i n v a r ia n t  s t r u c t u r e s  o n  t h e  ( t h r e e - d i m e n s i o n a l )  s i m p l y  c o n n e c t e d  L i e  g r o u p s .

F o r  t h e  f o l lo w in g  r e s u l t s ,  l e t  0  : M  ^  M 7 b e  a n  N H - i s o m e t r y  b e t w e e n  n o n h o l o n o m i c  

R i e m a n n i a n  m a n i f o l d s  ( M ,  D ,  D ^ ,  g )  a n d  ( M 7, D 7, D 7 ± , g 7) .  W e  f i r s t  s h o w  t h a t  0  p r e s e r v e s  t h e  

p r o j e c t i o n  o p e r a t o r s  o f  t h e  t w o  s t r u c t u r e s .

L e m m a  3 . 1 . 6 .  If  X  e  r ( T M ) ,  then 0 * P ( X ) =  P 7( 0 * X ) and 0 * Q ( X ) =  Q 7( 0 * X ) .

Proof. L e t  X  e  r ( T M ) .  T h e r e  e x i s t  X 1 e  r ( D )  a n d  X 2  e  T ( D X ) s u c h  t h a t  X  =  X 1 +  X 2 . 

S i n c e  0 * D  =  D 7 a n d  0 * D X  =  D 7 ± , w e  h a v e  0 * X 1 e  r ( D 7) a n d  0 * X 2  e  r ( D 7 ± ) .  C o n s e q u e n t ly ,  

w e  h a v e

P 7( 0 *  X ) =  P  7( 0 * X 1  +  0 * X 2 )  =  0 * X 1  =  0 * P  ( X ) ,  

a n d  s o  Q 7( 0 * X ) =  0 * X  — P 7( 0 * X ) =  0 * ( X  — P ( X ) )  =  0 * Q ( X ) .  ■

A s  a  c o n s e q u e n c e  o f  p r e s e r v i n g  t h e  p r o je c t i o n  o p e r a t o r s  ( a s  w e l l  a s  D  a n d  g ) ,  w e  h a v e  

t h a t  e v e r y  N H - i s o m e t r y  is  a n  N H - a f f in i t y .

P r o p o s i t i o n  3 . 1 . 7 .  Every NH-isometry is an NH-affinity.

Proof. W e  s h o w  t h a t  V  =  0 * V 7 . L e t  X ,  Y ,  Z  e  r ( D ) .  S i n c e  g  =  0 * g 7 , w e  h a v e

g ( ( 0 * V 7) z X ,  Y )  +  g ( X ,  ( 0 * V 7) z Y )  =  g ( ( 0 - 1 ) * ( v ; t Z 0 * X ) ,  Y ) +  g ( X ,  ( 0 - 1 ) * ( V ^ z 0 * Y ) )

=  g 7( v ; t z 0 * X ,  0 * Y ) o 0  +  g 7( 0 * X ,  v ; t Z 0 * Y ) o 0  

=  ( 0 * Z ) [ g 7( 0 * X ,  0 * Y )] o  0  

=  ( 0 * Z ) [ g ( X ,  Y ) o  0 - 1 ] o  0  

=  Z [ g ( X ,  Y ) ] .

T h a t  i s ,  ( 0 * V 7) g =  0 .  L ik e w i s e ,

( 0 * V 7) x Y  — ( 0 * V 7) y X  — [ X ,  Y J  =  ( 0 - 1 ) * ( V ^ x 0 * Y  — V ^ y 0 * X ) — [ X ,  Y J .

A s  0  p r e s e r v e s  t h e  p r o j e c t i o n  o p e r a t o r s ,  w e  h a v e  ( T 0 ) - 1 o  P 7 o  0  =  P . H e n c e

( 0 * V 7) x Y  — ( 0 * V 7) y X  — [ X ,  Y J  =  ( 0 - 1 ) * ( V ; ^ x 0 * Y  — V ^ y 0 * X  — [ 0 * X ,  0 * Y J )  =  0 ,

i . e . ,  0 * V 7 is  t o r s i o n  f r e e .  B y  u n i q u e n e s s  o f  t h e  n o n h o l o n o m i c  c o n n e c t i o n  ( t h e o r e m  1 . 1 . 5 ) , i t  

f o l lo w s  t h a t  V  =  0 *  V 7. T h u s  0  is  a n  N H - a f f in i t y .  ■
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I t  is  n o t  d i f f i c u l t  t o  s e e  t h a t  e v e r y  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  t h a t  is  N H -  

i s o m e t r i c  t o  a  ( l o c a l l y )  f l a t  s t r u c t u r e  is  a l s o  ( l o c a l l y )  f l a t .  I n d e e d ,  t h e  f o l lo w in g  r e s u l t  f o l lo w s  

i m m e d i a t e l y  f r o m  c o r o l l a r y  B . 1 . 2 3 . ( T h e  c o n v e r s e  t o  t h i s  r e s u l t ,  h o w e v e r ,  d o e s  n o t  h o ld :  in  

c h a p t e r  4 , a n d  s p e c i f i c a l l y  s e c t i o n  4 . 2 , w e  s h a l l  s e e  t h a t  in  t h r e e  d im e n s io n s  t h e r e  a r e  m a n y  

n o n - N H - i s o m e t r i c  f l a t  s t r u c t u r e s . )

P r o p o s i t i o n  3 . 1 . 8 .  If  ( M , D ,  D x , g )  is locally flat on U C  M , then ( M 7 , D 7 , D 7 ± , g 7) is locally 
flat on 0 ( U ) .

A s  N H - i s o m e t r i e s  p r e s e r v e  t h e  m e t r i c ,  n o n h o l o n o m i c  c o n n e c t i o n  a n d  p r o j e c t i o n  o p e r a t o r s ,  

i t  f o l lo w s  t h a t  t h e  v a r i o u s  c u r v a t u r e  t e n s o r s  i n t r o d u c e d  in  s e c t i o n  2 . 1  a r e  a l s o  p r e s e r v e d .

P r o p o s i t i o n  3 . 1 . 9 .  We have K  =  0 * K 7 .

Proof. L e t  X ,  Y ,  Z  e  r ( D ) .  T h e n

0 * ( K ( X ,  Y ) Z )

=  0 *  ( V  x  V y  Z  — V y  V x  Z ) — 0 * V [ x ,y ] Z  — 0 * [ Q ( [ X ,  Y  ] ) ,  Z  J 

=  V ^ x  0 *  ( V y  Z ) — V ^ y  0 * ( V x  Z )  — V ^  i x ,y ] 0 * Z  — [ 0 *  Q ( [ X ,  Y ] ) ,  0 * Z J

=  V (ft*X V (ft*Y0 * Z  — V (ft*Y V (ft*X 0 * Z  — V [ 0 * X , 0 * Y J 0 * Z  — [Î G 0 * ^  0 * Y ] ) ,  0 * Z J

=  K 7( 0 * X ,  0 * Y ) 0 * Z .

T h a t  i s ,  K  =  0 * K 7. ■

C o r o l l a r y  3 . 1 . 1 0 .  We have S  =  0 * S 7, where S  is any one of R, C , K , R ,  C , R, R i c ,  A sy m ,

A skew or S c a l .

W e  c o n c l u d e  t h i s  s e c t i o n  b y  c o n s i d e r i n g  ( n o n h o l o n o m i c )  i s o m e t r i e s  b e t w e e n  W a g n e r  s t r u c ­

t u r e s  ( s e e  s e c t i o n  2 . 2 ) . L e t  ( M , D , D x , g )  a n d  ( M 7, D 7 , D 7 ± , g 7) b e  W a g n e r  s t r u c t u r e s ,  b o t h  

w i t h  d e g r e e  o f  n o n h o l o n o m y  N  >  2 .  T h e  t w o  s t r u c t u r e s  a r e  s a id  t o  b e  NH-isometric as 
Wagner structures i f  t h e r e  e x i s t s  a  d i f f e o m o r p h i s m  0  : M  ^  M 7 s u c h  t h a t

0 * D  =  D 7 , 0 * E *  =  E 7i a n d  g  =  0 *  g 7

f o r  e a c h  i  =  1 , . . . ,  N  — 1 . ( S i n c e  D x  =  E 1 ®  ■ ■ ■ ®  E N - 1  a n d  D 7±  =  E 71 ®  ■ ■ ■ ®  E 7 N - 1 , t h e  

m id d l e  c o n d i t i o n  c l e a r l y  i m p l i e s  t h a t  0 * D X  =  D 7 ± .)  S u c h  a  m a p  0  is  c a l l e d  a n  NH-isometry 
of Wagner structures.

L e t  ( M ,  D ,  D x , g )  a n d  ( M 7 , D 7 , D 7 ± , g 7 ) b e  W a g n e r  s t r u c t u r e s ,  b o t h  w i t h  d e g r e e  o f  n o n -  

h o l o n o m y  N  >  2 ,  a n d  l e t  0  : M  ^  M 7 b e  a n  N H - i s o m e t r y  o f  t h e s e  W a g n e r  s t r u c t u r e s .  ( W e  

f o l lo w  t h e  n o t a t i o n  i n t r o d u c e d  in  s e c t i o n  2 . 2  f o r  t h e  p r o j e c t i o n  o p e r a t o r s ,  c o n n e c t i o n s  a n d  

c u r v a t u r e  t e n s o r s . )

L e m m a  3 . 1 . 1 1 .  If  X  e  r ( T M ) ,  then 0 * P ^ ( X ) =  P ' ( 0 * X ) and 0 * Q ^ ( X ) =  Q i ( 0 * X ) for 
each i  =  1 , . . . , N  — 1 .

Proof. F i x  1 <  i  <  N  — 1 a n d  l e t  X  e  r ( T M ) .  T h e r e  e x i s t  X o  e  r ( D )  a n d  X j  e  r ( E j ) f o r  

j  =  1 , . . . ,  N  — 1 s u c h  t h a t  X  =  X 0  +  X 1 +  ■ ■ ■ +  X N - 1 . S i n c e  0 * D  =  D 7 a n d  0 * E j  =  E 7 j , i t

f o l lo w s  t h a t  0 * X o e  r ( D 7) a n d  0 * X j  e  r ( E 7 j ) .  C o n s e q u e n t ly ,  w e  h a v e

Q i  ( 0 * X ) =  Q '  ( 0 * X o  +  0 * X 1 +  ■ ■ ■ +  0 * X n - 1 ) =  0 * X i  =  0 * Q i ( X )
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a n d

0 * P i ( X ) =  0 * ( P  ( X ) +  Q 1 ( X ) +  ■ ■ ■ +  Q i - 1 ( X ) )

=  P 7 ( 0 * X ) +  Q 1  ( 0 * X ) +  ■ ■ ■ +  Q 7 - 1 ( 0 * X ) =  P j ( 0 * X ) .

T h i s  c o m p l e t e s  t h e  p r o o f .

L e m m a  3 . 1 . 1 2 .  We have

0 * A j ( X  A Y ) =  A j ( 0 * ( X  A Y ) )  and 0 * 0 j ( A )  =  0 j ( 0 * A )  

for every X ,  Y  e  r ( D j ) and A  e  r ( E j ) and each i  =  1 , . . . ,  N  — 1 .

Proof. B y  t h e  p r e v io u s  l e m m a ,  0  p r e s e r v e s  t h e  p r o j e c t i o n  o p e r a t o r s  P i a n d  Q j .  A c c o r d i n g ly ,  

i f  X ,  Y  e  r ( D j ) ,  t h e n

0 * A j ( X  A Y )  =  0 * Q j ( [ X ,  Y ] )  =  Q j ( [ 0 * X ,  0 * Y ])  =  A j ( 0 * X  A 0 * Y )  =  A j ( 0 * ( X  A Y ) ) .

S i m i la r ly ,  i f  A  e  r ( E j ) ,  t h e n  0 * A  =  0 * A i ( 0 i ( A ) )  =  A j ( 0 * 0 i ( A ) ) .  A p p l y i n g  0 j  t o  b o t h  s id e s  

o f  t h e  e q u a t i o n  y i e ld s  0 j ( 0 * A )  =  0 * 0 ^ A ) ,  a s  r e q u i r e d .  ■

P r o p o s i t i o n  3 . 1 . 1 3 .  The map 0  is a Riemannian isometry between ( M , g )  and ( M 7 , g 7) ,  

where g  (resp. g 7) is the Riemannian extension of g  (resp. g 7) described in theorem 2 .2 .4 .

Proof. ( W e  f o l lo w  t h e  n o t a t i o n  u s e d  in  t h e o r e m  2 . 2 . 4 .)  U s i n g  i n d u c t i o n  o n  i ,  w e  s h a l l  p r o v e  

t h a t  g j  =  0 * g 7i ( w h e r e  g j  =  g  ®  h 1 ®  ■ ■ ■ ®  h i - 1 a n d  g 7i =  g 7 ®  h 71 ®  ■ ■ ■ ®  h 7 i - 1 ) f o r  e a c h  

i  =  1 , . . . ,  N  — 1 . A s  g  =  g N - 1 a n d  g 7 =  g 7 N - 1 , t h i s  w i l l  i m p l y  t h a t  g  =  0 * g 7. T h e  c a s e  i  =  1 

is  t r u e  b y  a s s u m p t i o n .  S u p p o s e  t h a t  g j  =  0 * g 7 i, f o r  s o m e  1 <  i  <  N  — 1 . S i n c e  g i + 1  =  g j  ®  h j  

a n d  g 7i+ 1  =  g 7i ®  h 7 i, i t  s u f f i c e s  t o  s h o w  t h a t  h j  =  0 * h 7i. W e  h a v e  ( h j ) b =  0 *  o  ( g j ) b o  0 j  a n d  

( h 7i) b =  0 j *  o  ( g 7i) b o 0 j .  A c c o r d i n g ly ,  i f  A ,  B  e  r ( E j ) ,  t h e n

h 7 i( 0 * A ,  0 * B )  =  ( ( 0 j *  o  ( g 7i) b o 0 j ) ( 0 * A ) )  ( 0 * B )  

=  g 7i( 0 j ( 0 * A ) ,  0 j ( 0 * B ) )

=  g 7i( 0 * 0 j ( A ) , 0 *  0 j ( B ) ) .

I f  X 1 A  X 2 , Y 1 A  Y 2  e  ( k e r  A i ) ^ ,  t h e n

g 7i ( 0 * ( X 1 A  X 2 ) , 0 * ( Y 1  A Y 2 ) ) d e t

d e t

g 7i ( 0 * X 1 , 0 * Y 1 )  g 7i ( 0 * X 1 , 0 * Y 2 )  

g 7i ( 0 * X 2 , 0 * Y 1 )  g 7i ( 0 * X 2 , 0 * Y 2 )

g j ( X 1 , Y 1 ) o  0 - 1 g j ( X 1 ,Y > )  o 0 - 1 

g j ( X 2 , Y 1 ) o  0 - 1 g j ( X 2 , Y 2 ) o  0 - 1

g j ( X 1 A  X 2 , Y 1 A Y 2 ) o  0 - 1 .

C o n s e q u e n t ly ,  w e  h a v e

h 7i ( 0 * A ,  0 * B ) =  g j ( 0 j ( A ) ,  0 j ( B ) )  o  0 - 1 =  h j ( A ,  B )  o  0 - 1 ,

a n d  s o  h i =  0 * h 7i .
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P r o p o s i t i o n  3 . 1 . 1 4 .  We have V j  =  0 * V 7i  and K j  =  0 * K 7i  for each i  =  1 , . . . ,  N .

Proof. W e  u s e  i n d u c t i o n  o n  i .  T h e  c a s e  i  =  1 is  p r o v e d  in  p r o p o s i t i o n  3 . 1 . 7  a n d  p r o p o s i t i o n  

3 . 1 . 9 . S u p p o s e  t h e  s t a t e m e n t  is  t r u e  f o r  s o m e  1 <  i  <  N  — 1 . L e t  Z  e  T ( D i + 1 ) a n d  U  e  r ( D ) .  

I f  X  =  P j ( Z ) a n d  A  =  Q i ( Z ) ,  t h e n

V + Z 0 * U  =  V ^ X 0 * U  +  K j ( 0 j ( 0 * A ) ) 0 * U  +  [ 0 * A ,  0  *  U J  

=  0 * V X U  +  0 * ( K j ( 0 j ( A ) ) U ) +  0 * [ A ,  U J  

=  0 * V jZ+ 1 U .

T h a t  i s ,  V i + 1  =  0 * V 7 i + 1 . T h e n ,  i f  X ,  Y  e  r ( D j ) a n d  U  e  r ( D ) ,  w e  h a v e

0 * ( K i + 1 ( X  A Y ) U ) =  0 * V X + 1 V Y + 1 U  — 0 * V Y + 1 V X + 1 U  — 0 * V P + i1+ i ( [ X ) Y ] ) U

— 0 * [ Q j + 1 ( [ X , Y ] ) ,  U J

=  v + X  v + Y  ( l  ) * u — V + Y  V i i  — V f t + i ( [ * .  W » 0 * U

— [ Q j + 1 ( [ 0 * X , 0 . y  ] ) , 0 . u  J

=  K i + 1 ( 0 * X  A 0 * Y ) 0 * U ,

a n d  s o  K i + 1  =  0 * K i + 1 . T h i s  c o m p l e t e s  t h e  p r o o f .

3 . 1 . 4  S t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s

L e t  ( G , D ,  D ^ ,  g )  a n d  ( G 7 , D 7 , D 7 ± , g 7) b e  t w o  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c ­

t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s .  I t  t u r n s  o u t  t h a t  i f  t h e r e  e x i s t s  a  L i e  g r o u p  i s o ­

m o r p h i s m  r e l a t i n g  t h e  d i s t r i b u t i o n s  o f  t h e  t w o  s t r u c t u r e s ,  t h e n  t h e y  a r e  N H - g e o d e s ic a l l y  

e q u i v a le n t .

P r o p o s i t i o n  3 . 1 . 1 5 .  If  0  : G ^  G 7 is a Lie group isomorphism such that 0 * D  =  D 7, then 
(G , D ,  D x , g )  and ( G 7 , D 7 , D 7 ± , g 7 ) are NH-geodesically equivalent (with respect to 0 ) .

Proof. L e t  0  : G ^  G 7 b e  a  L i e  g r o u p  i s o m o r p h i s m  s u c h  t h a t  0 * D  =  D 7 . S i n c e  0  p r e s e r v e s  

t h e  L i e  g r o u p  s t r u c t u r e ,  i f  g ( - )  : t  ^  g 0  e x p ( t U 0 ) ,  g 0  e  G , U 0  e  D i  is  a  n o n h o l o n o m i c  g e o d e s i c  

o f  ( G , D ,  D x , g ) ,  t h e n  ( 0  o  g ) ( t )  =  0 ( g 0 ) e x p ( t T 1 0  ■ U 0 ) ,  w h i c h  is  a  n o n h o l o n o m i c  g e o d e s i c

o f  ( G 7 , D 7, D 7 ± , g 7) .  T h e  c o n v e r s e  is  p r o v e d  s i m i l a r l y .  H e n c e  w e  h a v e  t h a t  ( G , D ,  D x , g )  a n d  

(G 7 , D 7, D 7 ± , g 7 ) a r e  N H - g e o d e s ic a l l y  e q u i v a le n t .  ■

A c c o r d i n g ly ,  t h e r e  e x i s t s  ( u p  t o  N H - g e o d e s ic  e q u i v a le n c e )  a t  m o s t  o n e  s t r u c t u r e  w h o s e  

c o n n e c t i o n  is  a  C a r t a n - S c h o u t e n  c o n n e c t i o n ,  f o r  e a c h  l e f t - i n v a r i a n t  c o m p l e t e l y  n o n h o l o n o m i c  

d i s t r i b u t i o n  o n  a  L i e  g r o u p .  T o  m a k e  a  s i m i l a r  s t a t e m e n t  r e g a r d i n g  N H - a f f in e  e q u i v a le n c e ,  

w e  n e e d  t o  a d d  a n  a d d i t i o n a l  a s s u m p t i o n :  t h e  L i e  g r o u p  i s o m o r p h i s m  m u s t  a l s o  r e l a t e  t h e  

c o m p l e m e n t a r y  d i s t r i b u t i o n s  o f  t h e  t w o  s t r u c t u r e s .

P r o p o s i t i o n  3 . 1 . 1 6 .  If  0  : G ^  G 7 is a Lie group isomorphism such that 0 * D  =  D 7 and 
0 * D X  =  D 7 ± , then ( G , D ,  D x , g )  and ( G 7 , D 7 , D 7 ± , g 7) are NH-affinely equivalent (with respect 
to 0 ) .
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Proof. S i n c e  0  is  a  L i e  g r o u p  i s o m o r p h i s m  s u c h  t h a t  0 * D  =  D 7 , b y  p r o p o s i t i o n  3 . 1 . 1 5 , w e  

h a v e  t h a t  ( G , D ,  D x , g )  a n d  ( G 7, D 7 , D 7 ± , g 7 ) a r e  N H - g e o d e s ic a l l y  e q u i v a le n t  w i t h  r e s p e c t  t o  0 .  

T h e  t o r s i o n  o f  0 * V 7 ( w i t h  r e s p e c t  t o  P )  is

T ( X ,  Y )  =  ( 0 - 1 ) * P 7( 0 * [ X ,  Y ])  — [ X ,  Y J ,  X ,  Y  e  r ( D ) .

( S e e  t h e  p r o o f  o f  p r o p o s i t i o n  3 . 1 . 5 .)  I n  f a c t ,  s i n c e  0 * D X  =  D 7 ± , w e  h a v e

T ( X ,  Y )  =  ( 0 - 1 ) * P 7( 0 * | X l U  +  0 * Q ( [ X , Y ] ) ) — [ X ,  Y J

e  r ( D ')  e  r ( D ; ± )

=  ( 0 - 1 ) * ( 0 * [ X ,  Y  J )  — [ X ,  Y  J 

=  0 .

T h e  r e s u l t  n o w  f o l lo w s  f r o m  p r o p o s i t i o n  3 . 1 . 5 . ■

C o r o l l a r y  3 . 1 . 1 7 .  If an NH-affinity 0  : G ^  G 7 between ( G , D ,  D x , g )  and ( G 7 , D 7 , D 7 ± , g 7) 

is a Lie group isomorphism and D  is strongly nonholonomic, then 0 * D X  =  D 7 ± .

Proof. S i n c e  V  a n d  V 7 a r e  C a r t a n - S c h o u t e n ,  w e  h a v e  0 * P ( [ X ,  Y ])  =  P 7( 0 * [ X ,  Y ])  f o r  e v e r y  

X ,  Y  e  r L ( D ) .  I n d e e d ,

2 P ( [ X ,  Y ] )  =  V x Y  =  ( 0 * V 7) x Y  =  ( 0 - 1 ) * V ^ x 0 * Y  =  1 ( 0 - 1 ) * P 7( 0 * [ X ,  Y ] ) .

T o  p r o v e  0 * D X  =  D 7 ± , i t  s u f f ic e s  ( b y  l e f t  i n v a r i a n c e )  t o  s h o w  t h a t  T 1 0  ■ P 1  =  P i  o  T 1 0 .  

L e t  U  e  T 1 G . S i n c e  D  is  s t r o n g l y  n o n h o l o n o m i c ,  w e  h a v e  T G  =  D  +  [D , D ] .  A c c o r d i n g ly ,  

t h e r e  e x i s t  V  e  T 1 G a n d  X ,  Y  e  r ( D )  s u c h  t h a t  U  =  V  +  [ X ,  Y ] ( 1 ) .  S u p p o s e  X  =  x o X o a n d  

Y  =  y o X o f o r  x o , y o e  C ^ ( M ) ,  w h e r e  ( X o ) is  a  l e f t - i n v a r i a n t  f r a m e  f o r  D .  T h e n

T 1 0  ■ P 1 ( U ) =  T 1 0  ■ V  +  T 1 0  ■ P 1 ( [ X ,  Y ] ( 1 ) )

=  T 1 0  ■ V  +  x o ( 1 ) y b ( 1 ) T 1 0  ■ P 1  ( [ X a , X b ] (  1 ) )

+  x “ ( 1 ) X a [yb] ( 1 ) T 1 0  ■ X b ( 1 )  — y b ( 1 ) X 6 [ x “ ] ( 1 ) T 1 0  ■ X 0 ( 1 ) .

S i n c e  X 0  a n d  X b a r e  l e f t - i n v a r i a n t ,  w e  h a v e  T 1 0  ■ P 1 ( [ X 0 , X b] ( 1 ) )  =  P 1  ( T 1 0  ■ [ X 0 , X b] ( 1 ) ) .  

C o n s e q u e n t ly ,

T 1 0  ■ P 1 ( U ) =  T 1 0  ■ V  +  P 1  ( x o ( 1 ) y b ( 1 ) T 1 0  ■ [ X o ,  X 6] ( 1 ) )

+  x o ( 1 ) X o [ y b] ( 1 ) T 1 0  ■ X b ( 1 )  — y b ( 1 ) X 6 [ £ ° ] ( 1 ) T 1 0  ■ X o ( 1 )

=  T 1 0  ■ V  +  P 1  ( T 1 0  ■ [ X ,  Y ] ( 1 ) )

=  P 1  ( T 1 0  ■ U ) .

T h a t  i s ,  T 1 0  ■ P 1  =  P 1  o  T 1 0 . ■

P r o p o s i t i o n  3 . 1 . 1 5  a n d  p r o p o s i t i o n  3 . 1 . 1 6  g o  s o m e  w a y  t o w a r d  a n s w e r i n g  t h e  q u e s t i o n  o f  

u n iq u e n e s s  o f  l e f t - i n v a r i a n t  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s ,  a t  l e a s t  a s  f a r  a s  

t h e  u n i q u e n e s s  u p  t o  N H - g e o d e s ic  e q u i v a le n c e  o r  N H - a f f in e  e q u i v a le n c e  is  c o n c e r n e d .  O n  t h e  

o t h e r  h a n d ,  in  c h a p t e r  4  ( s e c t i o n  4 . 1 . 4  in  p a r t i c u l a r )  w e  s h a l l  f in d  a  n u m b e r  o f  e x a m p l e s  o f  

l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  ( o n  t h e  s a m e  L i e  g r o u p )  w i t h  C a r t a n -  

S c h o u t e n  c o n n e c t i o n s ,  t h a t  a r e  n o t  N H - i s o m e t r i c .  ( I n  c o n t r a s t  t o  t h e  q u e s t i o n  o f  u n iq u e n e s s  

c o n s i d e r e d  h e r e ,  a s  w e  h a v e  s e e n  in  s e c t i o n  1 . 2 . 2 , t h e  q u e s t i o n  o f  e x i s t e n c e  o f  l e f t - i n v a r i a n t  

s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s  h a s  n o t  b e e n  a n s w e r e d  in  m u c h  g e n e r a l i t y . )
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3.2 Nonholonomic Riemannian embeddings

L e t  ( M , D ,  D ^ ,  g )  a n d  ( M 7 , D 7 , D 7 ± , g 7) b e  t w o  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s ,  w h e r e  

d i m ( M )  <  d i m ( M 7) .  F o r  c l a r i t y ,  w e  s h a l l  d e n o t e  [■, - J P  =  P ([■, ■]) a n d  [■, - J P / =  P 7( [ - ,  ■]). 

L ik e w i s e ,  l e t  (( ■ : ■ ) ) p  d e n o t e  t h e  s y m m e t r i c  b r a c k e t  o f  V  a n d  (( ■ : ■ ) ) p  t h a t  o f  V 7 . A n  

e m b e d d i n g  i  : M  ^  M 7 ( i . e . ,  a  s m o o t h  i n je c t i v e  i m m e r s io n  t h a t  is  a  h o m e o m o r p h i s m  o n t o  i t s  

im a g e  i ( M )  in  t h e  s u b s p a c e  t o p o l o g y )  is  c a l l e d  a  nonholonomic Riemannian embedding i f

( i ) T q i  ■ D q  C  D l ( q) f o r  e v e r y  q e  M .

( i i )  g q  =  ( i * g 7) q |T qI D  f o r  e v e r y  q e  M .

I f  s u c h  a  m a p  e x i s t s ,  t h e n  ( M ,  D ,  D x , g )  is  s a id  t o  b e  a  nonholonomic Riemannian submanifold 
o f  ( M 7, D 7 , D 7 ± , g 7) .

R e m a r k  3 . 2 . 1 .  A s  in  R i e m a n n i a n  g e o m e t r y ,  o n e  m a y  d e f in e  a  n o t i o n  o f  a  nonholonomic 
Riemannian immersion. S i n c e  e v e r y  i m m e r s io n  i  : M  ^  M 7 is  l o c a l l y  a n  e m b e d d i n g ,  a n d  t h e  

r e s u l t s  o f  t h i s  s e c t i o n  a r e  a l l  e s s e n t i a l l y  l o c a l  in  n a t u r e ,  t h e y  a r e  r e a d i ly  e x t e n d e d  t o  t h e  c a s e  

o f  a n  i m m e r s io n .  □

L e t  ( M ,  D ,  D ^ ,  g )  b e  a  n o n h o l o n o m i c  R i e m a n n i a n  s u b m a n i f o l d  o f  ( M 7 , D 7, D 7 ± , g 7) ,  w i t h  

t h e  e m b e d d i n g  i  : M  ^  M 7 . W e  s h a l l  i d e n t i f y  i ( M )  w i t h  M  a n d  D  w i t h  [_|qeM  T q i ■ D q . H e n c e  w e  

t r e a t  D  a s  a  s u b b u n d l e  o f  ( t h e  p u l l b a c k  b u n d l e )  D 7 |m =  i * D 7 . C o n d i t i o n  ( i i ) o f  t h e  d e f i n i t i o n  

a b o v e  m a y  n o w  b e  w r i t t e n  m o r e  s i m p l y  a s  g  =  ( i * g 7) ^ . F o r  c o n v e n ie n c e ,  w e  s h a l l  a l s o  w r i t e  

g 7 f o r  t h e  m e t r i c  i * g 7 o n  D 7 |m .

L e t  N  b e  t h e  o r t h o g o n a l  c o m p l e m e n t  o f  D  w i t h  r e s p e c t  t o  g 7 in  D 7|m , i . e . ,  D 7 |m =  D © N . 

W e  c a l l  N  t h e  normal bundle. I f  X q e  D q , q e  M , t h e n  w e  s h a l l  w r i t e  X ^  e  D q f o r  t h e  

t a n g e n t i a l  p a r t  o f  X q a n d  X q 1  e  N q f o r  t h e  n o r m a l  p a r t .

A n y  ( l o c a l )  v e c t o r  f ie ld  o n  M 7 r e s t r i c t s  t o  a  ( l o c a l )  v e c t o r  f ie ld  o n  M . C o n v e r s e ly ,  e v e r y  

v e c t o r  f ie ld  o n  M  m a y  b e  s m o o t h l y  e x t e n d e d  t o  a  v e c t o r  f ie ld  o n  M 7. T h a t  is ,  i f  Z  e  r ( T M )  is  

d e f in e d  o n  U  C  M , t h e n  t h e r e  e x i s t s  a  s m o o t h  e x t e n s i o n  o f  Z  t o  a  n e ig h b o u r h o o d  U 7 o f  U  in  

M 7 , w h i c h  w e  s h a l l  a l s o  d e n o t e  Z . L e t  X ,  Y  e  r ( D )  b e  l o c a l  v e c t o r  f ie ld s .  B y  t h e  p r e c e d i n g  

a r g u m e n t ,  t h e  e x p r e s s i o n  V X Y  is  d e f in e d .  F u r t h e r m o r e ,  b y  l e m m a  B . 1 . 4  a n d  l e m m a  B . 1 . 5 ,  

i t  is  c l e a r  t h a t  V X Y  is  i n d e p e n d e n t  o f  t h e  c h o i c e  o f  e x t e n s i o n s  o f  X  a n d  Y .

L e m m a  3 . 2 . 2 .  If  Z  e  r ( T M ) ,  then P ( Z )  =  P 7( Z ) T  and Q ( Z )  =  Q 7( Z )  +  P 7( Z ) X .

Proof. L e t  Z  e  r ( T M ) .  T h a t  P ( Z ) =  P 7( Z ) T  is  o b v i o u s .  F o r  t h e  s e c o n d  p a r t ,  w e  h a v e

P  ( Z )  +  Q ( Z )  =  Z  =  P 7 ( Z ) +  Q 7( Z )  =  P  7( Z  ) x  +  P  7( Z  ) T  +  Q 7( Z ) ,

a n d  h e n c e  Q ( Z ) =  Q 7( Z )  +  P 7( Z ) X . ■

S i n c e  D 7 |m =  D  © N , w e  h a v e  t h e  d e c o m p o s i t i o n

V X Y  =  ( V X Y ) T  +  ( V X Y ) X , X ,  Y  e  r ( D ) .

I n  f a c t ,  i t  t u r n s  o u t  t h a t  t h e  t a n g e n t i a l  p a r t  o f  V 7 ( w h e n  V 7 is  r e s t r i c t e d  t o  e l e m e n t s  in  r ( D ) )  

is  e x a c t l y  t h e  n o n h o l o n o m i c  c o n n e c t i o n  o f  ( M , D ,  D ^ , g ) .
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L e m m a  3 . 2 . 3 .  We have V X Y  =  ( V X Y ) T  for every X ,  Y  e  r ( D ) .

Proof. L e t  X ,  Y ,  Z  e  r ( D ) .  T h e  o p e r a t i o n  ( X ,  Y ) ^  ( V X Y ) T  is  c l e a r l y  a n  a f f in e  c o n n e c t i o n  

( s p e c i f i c a l l y ,  a  n o n h o l o n o m i c ,  o r  D - r e s t r i c t e d ,  c o n n e c t i o n  o n  D ) ,  i . e . ,  t e n s o r i a l  in  t h e  f i r s t  

a r g u m e n t  a n d  a  d e r i v a t i o n  in  t h e  s e c o n d .  W e  h a v e  ( V X  Y  ) T — ( V y  X  ) T  =  [ X ,  Y  J  J , , =  [ X ,  Y J  P  

a n d

g 7( ( V Z X ) T , Y ) +  g 7( X ,  ( V Z Y ) T ) =  g ( V Z X ,  Y ) +  g ( X ,  V Z Y ) =  Z [ g ( X ,  Y ) ] ,

i . e . ,  ( X ,  Y ) ^  ( V X Y ) T  is  m e t r i c  a n d  t o r s i o n  f r e e .  B y  u n i q u e n e s s  o f  t h e  n o n h o l o n o m i c  

c o n n e c t i o n  ( t h e o r e m  1 . 1 . 5 ) , i t  f o l lo w s  t h a t  t h e  c o n n e c t i o n s  ( X ,  Y ) ^  ( V X Y ) T  a n d  V  a r e  

i d e n t i c a l .  ■

T h e  second fundamental form  I I  : r ( D )  x  r ( D )  ^  r ( N ) is  d e f in e d  t o  b e  t h e  n o r m a l  

c o m p o n e n t  o f  V 7 ( w h e n  e v a l u a t e d  o n  s e c t i o n s  o f  D ) ,  i . e . ,

I I ( X ,  Y ) =  V X Y  — V x Y  =  ( V X Y p  X ,  Y  e  r ( D ) .

A c c o r d i n g ly ,  w e  h a v e  t h e  d e c o m p o s i t i o n  V X Y  =  V X Y  +  I I ( X ,  Y ) ,  c a l l e d  t h e  “ G a u s s  f o r m u l a ” 

in  R i e m a n n i a n  g e o m e t r y .

L e m m a  3 . 2 . 4 .  The second fundamental form is tensorial in both arguments. (In particular, 
I I ( X ,  Y ) does not depend on the extensions of X  and Y .)  Furthermore,

I I ( X ,  Y )  — I I ( Y ,  X ) =  [ X ,  Y J P ,  and I I ( X ,  Y )  +  I I ( Y ,  X ) =  ( ( X  : Y ) ) P ,

for every X ,  Y  e  r ( D ) .

Proof. L e t  f  e  C p M )  a n d  X ,  Y  e  r ( D ) .  A s  V X Y  is  t e n s o r i a l  in  X , i t  is  c l e a r  t h a t  

I I ( f X ,  Y ) =  f  I I ( X ,  Y ) .  F u r t h e r m o r e ,  I I ( X ,  f Y ) =  ( X [ f ] Y ) x  +  f  I I ( X ,  Y ) .  S i n c e  Y  e  r ( D ) ,  i t  

f o l lo w s  t h a t  Y x  =  0 ,  a n d  s o  I I ( X ,  f Y ) =  f  I I ( X ,  Y ) .  H e n c e  I I  is  t e n s o r i a l  in  b o t h  a r g u m e n t s .  

L a s t l y ,  w e  h a v e  I I ( X ,  Y ) — I I ( Y ,  X ) =  ( V X Y  — V y X ) x  =  [ X ,  Y J ^ , a n d  I I ( X ,  Y ) + I I ( Y , X ) =  

( V X Y  +  V Y X ) ^  =  ( ( X  : Y ) ) P , .  ■

F o r  t h e  s p e c i a l  c a s e  o f  a  R i e m a n n i a n  e m b e d d i n g  ( w h e n  D  =  T M ,  D ^  =  { 0 }  a n d  D 7 =  T M 7, 

D 7± =  { 0 } ) ,  w e  h a v e  [ X ,  Y J ^ , ,  =  [ X ,  Y p  S i n c e  X ,  Y  e  r ( D )  =  r ( T M ) ,  i t  f o l lo w s  t h a t  

[ X ,  Y ] e  r ( T M ) ,  a n d  s o  [ X ,  Y ] x  =  0 .  H e n c e ,  in  t h i s  c a s e ,  t h e  s e c o n d  f u n d a m e n t a l  f o r m  is  

s y m m e t r i c .

I n  t h e  f o l lo w in g  t w o  s e c t i o n s  ( s e c t i o n s  3 . 2 . 1  a n d  3 . 2 . 2 )  w e  s t u d y  t h e  r e l a t i o n  b e t w e e n  t h e  

n o n h o l o n o m i c  g e o d e s i c s  o f  ( M ,  D ,  D x , g )  a n d  ( M 7 , D 7, D 7 ± , g 7) a s  w e l l  a s  t h e  r e l a t i o n  b e t w e e n  

t h e  s u b - R i e m a n n i a n  g e o d e s i c s  o f  t h e  a s s o c i a t e d  s u b - R i e m a n n i a n  s t r u c t u r e s  ( M , D ,  g )  a n d  

( M 7 , D 7 , g 7) .

3 .2 .1  G e o d e sic  in v arian ce

L e t  ( M , D ,  D ^ ,  g )  b e  a  n o n h o l o n o m i c  R i e m a n n i a n  s u b m a n i f o l d  o f  ( M 7, D 7 , D 7 ± , g 7) .  S i n c e  

V Y  Y  =  V -y y  +  I I ( Y , Y )  f o r  a  D - c u r v e  y , t h e  p r o o f  o f  t h e  f o l lo w in g  r e s u l t  is  i m m e d i a t e .

P r o p o s i t i o n  3 . 2 . 5 .  A D-curve  y  in M  is a nonholonomic geodesic of both ( M ,  D ,  D x , g )  and 
( M 7 , D 7 , D 7 ± , g 7) if and only if  I I ( Y , Y )  vanishes identically.
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C o r o l l a r y  3 . 2 . 6 .  If  y  : [ 0 ,1 ]  ^  M  is a nonholonomic geodesic of ( M 7 , D 7 , D 7 ± , g 7) tangent to 
D, then it is a nonholonomic geodesic of ( M ,  D ,  D x , g ) .

Proof. L e t  y  : [ 0 ,1 ]  ^  M  b e  a  g e o d e s i c  o f  V 7, i . e . ,  V Y 7 ( t )  =  0  f o r  e v e r y  t  e  [ 0 , 1 ] .  T h e n  

I I ( y , 7 ) =  (V Y  7 ) ^  is  i d e n t i c a l l y  z e r o .  ■

P r o p o s i t i o n  3 . 2 . 5  w i l l  a l lo w  u s  t o  c h a r a c t e r i s e  w h e n  t h e  s e t  o f  n o n h o l o n o m i c  g e o d e s i c s  

o f  ( M ,  D ,  D x , g )  c o i n c i d e  w i t h  t h e  s e t  o f  n o n h o l o n o m i c  g e o d e s i c s  o f  ( M 7 , D 7 , D 7 ± , g 7) t h a t  a r e  

t a n g e n t  t o  D .  T h e  c h a r a c t e r i s a t i o n  in v o lv e s  t h e  n o t i o n  o f  a  “g e o d e s i c a l l y  i n v a r ia n t  s u b b u n ­

d l e .” A  v e c t o r  s u b b u n d l e  S  C  D  is  s a id  t o  b e  geodesically invariant in D  ( c f .  [ 4 6 , 3 ] ) i f ,  f o r  

e v e r y  n o n h o l o n o m i c  g e o d e s i c  y  : [ 0 ,1 ]  ^  M  o f  ( M ,  D ,  D x , g )  s u c h  t h a t  7 ( 0 ) e  S 7 (0 ) ,  w e  h a v e  

Y ( t )  e  S 7 (t) f o r  e v e r y  t  e  [0 , 1 ].

P r o p o s i t i o n  3 . 2 . 7  ( c f .  [ 4 6 , 3 ] ) .  The following statements are equivalent:

( i ) S  is geodesically invariant in D .

( i i ) S  is preserved by the nonholonomic geodesic flow $ t , i.e., $ t ( S ) =  S .

( i i i ) The restriction  2 | 5  of the nonholonomic geodesic spray 2  of ( M ,  D ,  D x , g )  is tangent 
to S , i.e., 2 |s  e  r ( T S ) .

( iv) S  is invariant under parallel translation along nonholonomic geodesics with initial ve­
locity in S , i.e., n Y j,(S 7 (0 ) )  =  S 7 (t ) for every nonholonomic geodesic y  : [ 0 ,1 ]  ^  M  such 
that y ( 0 ) e  S 7 (0 ) .

( v ) V x X  e  r ( S ) fo r every X  e  r ( S ) .

(vi) ( ( X  : Y ) ) p  e  r ( S ) for every X ,  Y  e  r ( S ) .

Proof. I f  y  : [ 0 ,1 ]  ^  M  is  a  n o n h o l o n o m i c  g e o d e s i c ,  t h e n  y -( t )  =  $ t ( y ( 0 ) ) .  H e n c e  i t  is  

c l e a r  t h a t  S  is  g e o d e s i c a l l y  i n v a r ia n t  in  D  i f  a n d  o n l y  i f  i t  is  p r e s e r v e d  b y  $ t . F u r t h e r m o r e ,  

$ t ( S ) =  S  is  a l s o  c l e a r l y  e q u i v a le n t  t o  2 |5  b e i n g  t a n g e n t  t o  S . T h e  f i r s t  t h r e e  i t e m s  a r e  t h u s  

e q u i v a le n t .  F u r t h e r m o r e ,  b y  p o l a r i s a t i o n  i t  is  e v i d e n t  t h a t  i t e m s  ( v ) a n d  (vi) a r e  e q u i v a le n t .

W e  n o w  s h o w  t h a t  ( i ) ^  (iv ) ^  ( v ) ^  ( i ) .  S u p p o s e  S  is  g e o d e s i c a l l y  i n v a r ia n t  in  D .  L e t  

X q e  S  a n d  l e t  y  : [ 0 ,1 ]  ^  M  b e  t h e  u n i q u e  n o n h o l o n o m i c  g e o d e s i c  s u c h  t h a t  y ( 0 )  =  q a n d  

y ( 0 )  =  X q . A s  y  is  a  n o n h o l o n o m i c  g e o d e s i c ,  i t  is  i n v a r ia n t  u n d e r  p a r a l l e l  t r a n s l a t i o n  a lo n g  

y  ( s e e  s e c t i o n  B . 1 . 1 ) , i . e . ,  y ( t )  =  n Y j, (Y (0 ) )  f o r  e v e r y  t  e  [ 0 , 1 ] .  T h u s  n Y j, (X q ) =  y ( t )  e  S 7 (t ) . 

S i n c e  n ^  is  a  l i n e a r  i s o m o r p h i s m ,  i t  f o l lo w s  t h a t  n ^  ( S 7 (0 ) )  =  S 7 (t ) .

S u p p o s e  t h a t  S  is  i n v a r ia n t  u n d e r  p a r a l l e l  t r a n s l a t i o n  a l o n g  n o n h o l o n o m i c  g e o d e s i c s  w i t h  

i n i t i a l  v e l o c i t y  in  S . L e t  X  e  r ( S ) ,  q e  M  a n d  le t  y  : [ 0 ,1 ]  ^  M  b e  t h e  u n i q u e  n o n h o l o n o m i c  

g e o d e s i c  s u c h  t h a t  y ( 0 )  =  q a n d  y ( 0 )  =  X ( q ) .  B y  l e m m a  B . 1 . 5 , t h e  e x p r e s s i o n  V X X ( q )  

d e p e n d s  o n l y  o n  t h e  v a lu e s  o f  X  a l o n g  a n y  c u r v e  t a n g e n t  t o  X ( q ) .  C o n s e q u e n t ly ,  u s in g  

c o r o l l a r y  B . 1 . 1 2 , w e  h a v e

V x X ( q )  =  V 7 ( X  ◦  y ) ( 0 )
n - t ( X  ( y  ( t ) ) )  — X  (q )

l im  — ---------------------------------------
t ——0  t

e  S q .

T h a t  i s ,  V X X  e  r ( S ) .
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S u p p o s e  t h a t  V X X  e  r ( S ) f o r  e v e r y  X  e  r ( S ) a n d  l e t  Y  e  r ( S ) .  W e  h a v e  t h a t  t h e  c u r v e  

t  ^  Y ( q )  +  t  V y  Y ( q )  is  a  c u r v e  in  S q , a n d  s o

v l Y (q ) ■ (ii) (iii) (iv) v y Y ( q )
d

d t
( Y ( q ) +  t  V y  Y ( q ) )  e  T y ( , ) S .

t = 0

( H e r e  v l y (q) ■ V y Y ( q )  is  t h e  v e r t i c a l  l i f t  o f  V y  Y ( q )  o v e r  Y ( q ) ;  s e e  s e c t i o n  B . 2 .)  S i n c e  w e  h a v e  

T q Y  ■ Y ( q )  e  T y (q) S , i t  t h e n  f o l lo w s  t h a t

2 ( Y  ( q ) )  =  h ( Y  ( q ) ,  Y  ( q ) )  =  T q  Y  ■ Y  ( q )  — v l y  (q) ■ V y  (q) Y  e  T y  ( q ) S .

T h a t  i s ,  s |5  is  t a n g e n t  t o  S , w h ic h  is  e q u i v a le n t  t o  t h e  g e o d e s i c  i n v a r ia n c e  o f  S  in  D .  ■

T h e  c o n c e p t  o f  a  g e o d e s i c a l l y  i n v a r ia n t  v e c t o r  s u b b u n d l e  is  a  n a t u r a l  g e n e r a l i s a t i o n  o f  

t h e  n o t i o n  o f  a  t o t a l l y  g e o d e s i c  s u b m a n i f o l d  in  R i e m a n n i a n  g e o m e t r y  ( w h i c h  c a n  i t s e l f  b e  

g e n e r a l i s e d  t o  n o n h o l o n o m i c  R i e m a n n i a n  g e o m e t r y ) .  W e  s a y  t h a t  a n  i m m e r s e d  s u b m a n i f o l d  

N C  M  is  totally geodesic in M  i f  e v e r y  n o n h o l o n o m i c  g e o d e s i c  y  : [ 0 ,1 ]  ^  M  s u c h  t h a t  

y ( 0 )  e  N a n d  7 ( 0 ) e  T 7 (0 )N  l ie s  e n t i r e l y  in  N .

P r o p o s i t i o n  3 . 2 . 8 .  If  S  is integrable and geodesically invariant in D, then the integral 
manifolds of S  are totally geodesic in M . Conversely, if  N is totally geodesic in M , then 
fo r every nonholonomic geodesic y  : [ 0 ,1 ]  ^  N such that 7 ( 0 ) e  T 7 (0 )N  n  D 7 (0 ) ,  we have 
Y ( t )  e  T 7 (t)N  n  D 7 (t) for every t  e  [0 , 1 ] .

Proof. S u p p o s e  t h a t  S  is  i n t e g r a b l e  a n d  g e o d e s i c a l l y  i n v a r ia n t  in  D .  L e t  q e  M  a n d  le t  N C  M 

b e  t h e  i n t e g r a l  m a n i f o l d  o f  S  t h r o u g h  q . T h e n  S p =  T p N f o r  e v e r y  p  e  N . I f  y  : [ 0 ,1 ]  ^  M 

is  a  n o n h o l o n o m i c  g e o d e s i c  o f  ( M ,  D ,  D x , g )  s u c h  t h a t  y ( 0 )  e  N a n d  7 ( 0 ) e  T 7 (0 )N  =  S 7 (0 ) , 

t h e n  y ( t )  e  S 7 (t ) =  T 7 (t )N  f o r  e v e r y  t  e  [ 0 , 1 ] .  I t  f o l lo w s  t h a t  y ( t )  e  N f o r  e v e r y  t  e  [ 0 , 1 ] ,  i . e . ,  

N is  t o t a l l y  g e o d e s i c  in  M  .

C o n v e r s e ly ,  l e t  N b e  t o t a l l y  g e o d e s i c  in  M  a n d  l e t  S  =  T N  n  D .  ( W e  n o t e  t h a t ,  in  g e n e r a l  

S  is  n o t  r e g u la r ,  i . e . ,  t h e  d im e n s io n  o f  t h e  f ib r e s  o f  S  m ig h t  d e p e n d  o n  t h e  b a s e  p o i n t . )  

L e t  y  : [ 0 ,1 ]  ^  M  b e  a  n o n h o l o n o m i c  g e o d e s i c  o f  ( M ,  D ,  D x , g )  s u c h  t h a t  y ( 0 )  e  N a n d  

y ( 0 )  e  S 7 (0) .  B y  t h e  a s s u m p t i o n  t h a t  N is  t o t a l l y  g e o d e s i c ,  w e  h a v e  t h a t  y  is  a  D - c u r v e  ly in g  

e n t i r e l y  in  N . I t  f o l lo w s  t h a t  7 ( t )  e  T 7 (t )N  n  D 7 (t ) f o r  e v e r y  t  e  [ 0 , 1 ] .  ■

W e  r e t u r n  n o w  t o  c h a r a c t e r i s i n g  w h e n  t h e  n o n h o l o n o m i c  g e o d e s i c s  o f  t h e  e m b e d d e d  s t r u c ­

t u r e  c o i n c i d e  w i t h  t h o s e  o f  t h e  a m b i e n t  s t r u c t u r e  t h a t  a r e  t a n g e n t  t o  D .

P r o p o s i t i o n  3 . 2 . 9 .  The following statements are equivalent:

( i ) D  is geodesically invariant in D 7 |m , i.e., for every nonholonomic geodesic y  : [ 0 ,1 ]  ^  M 

of ( M 7 , D 7 , D 7 ± , g 7) such that y ( 0 ) e  D 7 (0 ) , we have 7 ( t )  e  D 7 (t ) for every t  e  [ 0 , 1 ].

( i i ) The set of nonholonomic geodesics of ( M , D ,  D x , g )  coincides with the set of nonholo­
nomic geodesics of ( M 7 , D 7 , D 7 ± , g 7) that lie in M  and are tangent to D.

(iii) The second fundamental form  I I  is skew-symmetric.

(iv ) ( ( X  : Y ) ) p , e  r ( D )  for every X ,  Y  e  r ( D ) .

( v ) I I ( X ,  Y ) =  2 [ X ,  Y J P ,  for every X ,  Y  e  r ( D ) .
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Proof. S u p p o s e  t h a t  D  is  g e o d e s i c a l l y  i n v a r ia n t  in  D 7 |m . C o n s e q u e n t ly ,  b y  p r o p o s i t i o n  3 . 2 . 7 ,  

w e  h a v e  V X X  e  r ( D )  f o r  e v e r y  X  e  r ( D ) ,  a n d  s o , i f  y  is  a  D - c u r v e  in  M , t h e n  V ^ y  =  V ^ y .  

H e n c e  i t  is  c l e a r  t h a t  a  D - c u r v e  in  M  is  a  n o n h o l o n o m i c  g e o d e s i c  o f  ( M ,  D ,  D ^ ,  g )  i f  a n d  

o n l y  i f  i t  is  a  n o n h o l o n o m i c  g e o d e s i c  o f  ( M 7, D 7, D 7 ± , g 7) .  I f  ( i i ) h o ld s ,  t h e n  p r o p o s i t i o n  3 . 2 . 5  

i m p l i e s  t h a t  I I ( X ,  X ) =  0  f o r  e v e r y  X  e  r ( D ) ,  i . e . ,  I I  is  s k e w - s y m m e t r i c .  I f  t h e  s e c o n d  

f u n d a m e n t a l  f o r m  is  s k e w - s y m m e t r i c ,  i t  f o l lo w s  f r o m  l e m m a  3 . 2 . 4  t h a t  ( ( X  : Y ) ) ^ , ,  =  0 ,  a n d  

h e n c e  ( ( X  : Y ) ) p , e  r ( D )  f o r  e v e r y  X ,  Y  e  r ( D ) .  I f  (iv ) h o ld s ,  t h e n  ( a g a i n  b y  l e m m a  3 . 2 . 4 )  

w e  h a v e  I I ( X ,  Y ) =  2 [ X ,  Y J P , . L a s t l y ,  s u p p o s e  t h a t  I I  is  g iv e n  a s  in  i t e m  ( v ) .  I f  X  e  r ( D ) ,  

t h e n

V X X  =  V x X  +  I I ( X ,  X ) =  V x X  e  r ( D ) .

H e n c e ,  b y  p r o p o s i t i o n  3 . 2 . 7 , D  is  g e o d e s i c a l l y  i n v a r ia n t  in  D 7|m . ■

T h i s  l e a d s  u s  t o  f u r t h e r  a  c h a r a c t e r i s a t i o n  o f  g e o d e s i c  i n v a r i a n c e  in  t e r m s  o f  t h e  P - L i e  

d e r i v a t i v e  o f  g  ( s e e  s e c t i o n  A . 3 . 1 ) .

P r o p o s i t i o n  3 . 2 . 1 0 .  D  is geodesically invariant in D 7|m if and only if £ P g  =  0  for every
V  e  r ( N ) .

Proof. S u p p o s e  D  is  g e o d e s i c a l l y  i n v a r ia n t  in  D 7 |m . T h e n ,  b y  p r o p o s i t i o n  3 . 2 . 9 , w e  h a v e  t h a t  

I I  is  s k e w - s y m m e t r i c ,  a n d  s o  ( V X X ) T  =  I I ( X ,  X ) =  0  f o r  e v e r y  X  e  r ( D ) .  C o n s e q u e n t ly ,  i f  

X  e  r ( D )  a n d  V  e  r ( N ) ,  t h e n

0  =  g 7( ( v X  X  ) T , V ) =  g 7( v X  X ,  V )  =  — g 7 ( X ,  V X  V ) .

U s i n g  t h e  f a c t  t h a t  V 7 is  m e t r i c  a n d  t o r s i o n  f r e e  ( t h e o r e m  1 . 1 . 5 ) , w e  g e t

0  =  — g 7( X ,  V V X  +  [ X ,  V J p , )

=  — 1 V [ g ( X ,  X )] — g ( X ,  [ X ,  V J p ) .

T h a t  is ,  ( £ p g ) ( X ,  X ) =  V [ g ( X ,  X )] +  2  g ( X ,  [ X ,  V J p ) =  0 .  S i n c e  £ p g  is  s y m m e t r i c ,  i t  is  

d e t e r m i n e d  b y  i t s  v a lu e s  o n  t h e  d ia g o n a l ,  a n d  h e n c e  £ P g  =  0  f o r  e v e r y  V  e  r ( N ) .

C o n v e r s e ly ,  s u p p o s e  t h a t  £ P g  =  0  f o r  e v e r y  V  e  r ( N ) .  A  s i m i l a r  c a l c u l a t i o n  t o  t h a t  

a b o v e  y i e ld s  I I ( X 0 , X 0 ) =  0 ,  w h e r e  ( X 0 ) is  a n  o r t h o n o r m a l  f r a m e  f o r  D .  I t  f o l lo w s  t h a t  I I  is  

s k e w - s y m m e t r i c ,  a n d  s o  D  is  g e o d e s i c a l l y  i n v a r ia n t  in  D 7 |m . ■

C o r o l l a r y  3 . 2 . 1 1  ( c f .  [ 6 7 ] ) .  I f  there exists an orthonormal frame ( X 0 ) for  D  such that 
[ X 0 , r ( N )] C  r ( N ) ,  then D  is geodesically invariant in D 7 |m .

Proof. L e t  ( X 0 ) b e  a n  o r t h o n o r m a l  f r a m e  f o r  D  s u c h  t h a t  [ X 0 , r ( N ) ]  C  r ( N ) .  I f  V  e  r ( N ) ,  

t h e n

( £ P  g ) ( X 0 , X 0 ) =  V  [ g ( X 0 , X 0 )] + 2  g ( X a ,  [ X a ,  V  J )  =  0 .

A s  £ P g  is  t e n s o r i a l  in  b o t h  a r g u m e n t s ,  i t  f o l lo w s  t h a t  £ P g  =  0  f o r  e v e r y  V  e  r ( N ) ,  a n d  s o  

D  is  g e o d e s i c a l l y  i n v a r ia n t  in  D 7 |m . ■

N o t e  t h a t  t h e  c o n d i t i o n  [ X 0 , r ( N ) ]  C  r ( N )  m a y  b e  e q u i v a l e n t l y  s t a t e d  a s  f o l lo w s :  t h e  

f lo w  <̂ t o f  X 0  p r e s e r v e s  N , i . e . ,  (^>t ) * N  =  N .
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3 .2 .2  S u b -R ie m a n n ia n  g eo d esics

L e t  ( M ,  D ,  D ^ ,  g )  b e  a  n o n h o l o n o m i c  R i e m a n n i a n  s u b m a n i f o l d  o f  ( M 7, D 7, D 7 ± , g 7) .  A s s o c i ­

a t e d  t o  ( M , D , D x , g )  a n d  ( M 7, D 7, D 7± , g 7) a r e  t h e  s u b - R i e m a n n i a n  m a n i f o l d s  ( M , D , g )  a n d  

( M 7 , D 7 , g 7) ,  r e s p e c t i v e l y  ( s e e  s e c t i o n  1 . 1 . 5 ) . I n  t h i s  s e c t i o n  w e  s h o w  t h a t  t h e  n o r m a l  s u b -  

R i e m a n n i a n  g e o d e s i c s  o f  ( M 7, D 7, g 7) t h a t  a r e  t a n g e n t  t o  D  a r e  a l s o  ( n o r m a l )  s u b - R i e m a n n i a n  

g e o d e s i c s  o f  ( M , D , g ) .  W e  s h a l l  u s e  t h i s  r e s u l t  l a t e r  t o  p r o v e  a  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  

n o n h o l o n o m i c  g e o d e s i c s  o f  ( M ,  D ,  D x , g )  t o  b e  n o r m a l  s u b - R i e m a n n i a n  g e o d e s i c s  o f  ( M ,  D ,  g ) .

L e t  dM a n d  dM , d e n o t e  t h e  C a r n o t - C a r a t h e o d o r y  m e t r i c s  o f  ( M , D , g )  a n d  ( M 7 , D 7 , g 7) ,  

r e s p e c t iv e ly .  S i n c e  t h e  c l a s s  o f  D 7- c u r v e s  is  l a r g e r  t h a n  t h e  c l a s s  o f  D - c u r v e s ,  w e  h a v e  

^ , |M xM  — d M.

P r o p o s i t i o n  3 . 2 . 1 2 .  Let p ,  q e  M  and let y  : [ 0 ,1 ]  ^  M  be a D-curve such that y ( 0 )  =  p  

and y ( 1 )  =  q . If  y  is a length-minimising curve of ( M 7, D 7, g 7) between p  and q, then it is a 
length-minimising curve of ( M ,  D ,  g )  between the same points.

Proof. S u p p o s e  o t h e r w is e ,  i . e . ,  t h e r e  e x i s t s  a n o t h e r  c u r v e  7  : [ 0 ,1 ]  ^  M  jo i n i n g  p  t o  q s u c h  

t h a t  dM (p , q )  =  l e n g t h ( g )  a n d  l e n g t h ( g )  <  l e n g t h ( y ) .  T h e n

dM , (p ,  q )  =  l e n g t h ( y ) >  l e n g t h ( 7 ) =  d M ( p ,q ) ,

a  c o n t r a d i c t i o n ,  s i n c e  d M , M m  — d M . ■

C o r o l l a r y  3 . 2 . 1 3 .  If  y  : [ 0 ,1 ]  ^  M  is a normal sub-Riemannian geodesic of ( M 7, D 7, g 7) 

tangent to D, then it is a (normal) sub-Riemannian geodesic of ( M , D ,  g ) .

Proof. L e t  y  : [ 0 ,1 ]  ^  M  b e  a  n o r m a l  s u b - R i e m a n n i a n  g e o d e s i c  o f  ( M 7, D 7, g 7) ;  t h e n  y  is  

l o c a l l y  l e n g t h - m i n i m i s i n g ,  i . e . ,  f o r  e v e r y  s u f f i c i e n t l y  s m a l l  i n t e r v a l  [ t i , t 2 ] C  [0 , 1 ] w e  h a v e  t h a t  

y|[t i t 2 ] is  a  l e n g t h  m i n i m i s e r  o f  ( M 7, D 7, g 7) b e t w e e n  y ( t 1) a n d  y ( t 2 ) .  F u r t h e r m o r e ,  y|[t l t 2 ] is

t a n g e n t  t o  D  b y  a s s u m p t i o n .  T h e r e f o r e ,  b y  p r o p o s i t i o n  3 . 2 . 1 2 , w e  h a v e  t h a t  y|[t i  t2 ] is  a  l e n g t h  

m i n i m i s e r  o f  ( M ,  D ,  g ) ,  a n d  h e n c e  y  is  a  ( n o r m a l )  s u b - R i e m a n n i a n  g e o d e s i c  o f  ( M , D ,  g ) .  ■

3 .2 .3  E m b e d d in g s  in to  a  R ie m a n n ia n  m an ifo ld

L e t  ( M , D ,  D ^ ,  g )  b e  a  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d  a n d  l e t  g  b e  a n  e x t e n s i o n  o f  g  t o  a  

R i e m a n n i a n  m e t r i c  o n  M  s u c h  t h a t  D  D ^ . C l e a r l y  1 =  idM  is  a  n o n h o l o n o m i c  R i e m a n n i a n  

e m b e d d i n g  o f  ( M ,  D ,  D 7, g )  i n t o  ( M ,  g ) ,  i . e . ,  w e  h a v e  t h a t  ( M , D ,  D x , g )  is  a  n o n h o l o n o m i c  

R i e m a n n i a n  s u b m a n i f o l d  o f  ( M ,  g ) .  F o r  t h i s  e m b e d d i n g ,  t h e  n o r m a l  b u n d l e  N  is  s i m p l y  D ^ ;  

h e n c e  X T  =  P ( X q ) a n d  X q 1  =  Q ( X q ) f o r  X q e  T M .  I n  p a r t i c u l a r ,  t h e  s e c o n d  f u n d a m e n t a l  

f o r m  is  g iv e n  b y  I I ( X ,  Y ) =  Q ( V x Y ) f o r  X ,  Y  e  r ( D ) ,  w h e r e  V  is  t h e  L e v i - C i v i t a  c o n n e c t i o n  

o f  ( M ,  g ) .

B y  d e f i n i t i o n ,  D  is  a  v e c t o r  s u b b u n d l e  o f  T M ,  a n d  s o  w e  m a y  c o n s i d e r  w h e n  i t  is  g e o d e s i ­

c a l l y  i n v a r ia n t  in  T M .  I n  t h i s  c a s e  w e  s h a l l  s i m p l y  s a y  t h a t  D  is  geodesically invariant. T h e  

f o l lo w in g  r e s u l t  is  a n  i m m e d i a t e  c o n s e q u e n c e  o f  p r o p o s i t i o n  3 . 2 . 9 .

P r o p o s i t i o n  3 . 2 . 1 4 .  The set of nonholonomic geodesics of ( M , D ,  D x , g )  coincides with the 
set of Riemannian geodesics of ( M ,  g )  that are tangent to D  if and only if  D  is geodesically 
invariant.
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I n  p a r t i c u l a r ,  w h e n  D  is  g e o d e s i c a l l y  i n v a r i a n t ,  t h e  s t u d y  o f  t h e  n o n h o l o n o m i c  g e o d e s i c s  

o f  ( M ,  D ,  D x , g )  e s s e n t i a l l y  r e d u c e s  t o  t h e  s t u d y  o f  a  s u b c l a s s  o f  R i e m a n n i a n  g e o d e s i c s  o f  

( M ,  g ) .  F u r t h e r m o r e ,  t h i s  i m p l i e s  t h a t  e v e r y  n o n h o l o n o m i c  g e o d e s i c  is  a l s o  a  s u b - R i e m a n n i a n  

g e o d e s i c .

P r o p o s i t i o n  3 . 2 . 1 5 .  If  D  is geodesically invariant, then every nonholonomic geodesic of 
( M ,  D ,  D x , g )  is a (normal) sub-Riemannian geodesic of ( M , D ,  g ) .

Proof. S u p p o s e  D  is  g e o d e s i c a l l y  i n v a r i a n t .  I f  y  is  a  n o n h o l o n o m i c  g e o d e s i c ,  t h e n  b y  p r o p o ­

s i t i o n  3 . 2 . 1 4  i t  is  a  R i e m a n n i a n  g e o d e s i c  o f  ( M , g ) .  H e n c e ,  u s in g  c o r o l l a r y  3 . 2 . 1 3 , i t  f o l lo w s  

t h a t  y  is  a l s o  a  n o r m a l  s u b - R i e m a n n i a n  g e o d e s i c  o f  ( M , D ,  g ) .  ■

S i n c e  N  =  D x , p r o p o s i t i o n  3 . 2 . 1 0  t a k e s  t h e  f o r m :

D  is geodesically invariant if and only if £ P g  =  0  for every V  e  r ( D x ) .

I n  p a r t i c u l a r ,  t h i s  i m p l i e s  t h a t  w h e t h e r  D  is  g e o d e s i c a l l y  i n v a r ia n t  o r  n o t  is  a  p r o p e r t y  o f  

t h e  o r ig i n a l  s t r u c t u r e  ( M , D , D x , g ) ,  a n d  n o t  o f  t h e  e x t e n s i o n  g .  H e n c e  w e  c a n n o t  h o p e  t o  

c h o o s e  a  p a r t i c u l a r  e x t e n s i o n  gg o f  g  s u c h  t h a t  D  is  g e o d e s i c a l l y  i n v a r ia n t  w i t h  r e s p e c t  t o  t h e  

g e o d e s i c s  o f  g ,  u n l e s s  ( M , D ,  D x , g )  s a t i s f i e s  t h e  a b o v e  c o n d i t i o n  ( i n  w h i c h  c a s e  any e x t e n s i o n  

o f  g  f o r  w h ic h  D  a n d  D ^  a r e  o r t h o g o n a l  w i l l  s u f f i c e ) .

I n  l ig h t  o f  p r o p o s i t i o n  2 . 1 . 5 , i t  is  c l e a r  ( a t  l e a s t  w h e n  D  is  s t r o n g l y  n o n h o l o n o m i c )  t h a t  

t h e  c u r v a t u r e  t e n s o r  C  m e a s u r e s  t h e  g e o d e s i c  i n v a r ia n c e  o f  D .  W e  h a v e  t h e  f o l lo w in g  r e s u l t .

T h e o r e m  3 . 2 . 1 6 .  I f  D  is strongly nonholonomic, then D  is geodesically invariant if and only 
if  C  =  0 .

Proof. S u p p o s e  t h a t  D  is  s t r o n g l y  n o n h o l o n o m i c ;  t h e n  T M  =  D 2  =  D  +  [D , D ] ,  w h e n c e  

D x  =  Q ( [ D ,  D ] ) .  F r o m  p r o p o s i t i o n  2 . 1 . 5 , w e  t h e n  h a v e  C  =  0  i f  a n d  o n l y  i f  £ P g  =  0  f o r  

e v e r y  V  e  T ( D X ) .  B y  p r o p o s i t i o n  3 . 2 . 1 0 , t h e  l a t t e r  c o n d i t i o n  is  e q u i v a le n t  t o  t h e  g e o d e s i c  

i n v a r ia n c e  o f  D .  ■

T h e  a s s u m p t i o n  t h a t  D  is  s t r o n g l y  n o n h o l o n o m i c  is  c r u c i a l  f o r  t h e  p r e c e d i n g  r e s u l t .  H o w ­

e v e r ,  u s in g  t h e  W a g n e r  c u r v a t u r e  t e n s o r ,  w e  c a n  o b t a i n  a  s i m i l a r  r e s u l t  t o  t h e o r e m  3 . 2 . 1 6  f o r  

W a g n e r  s t r u c t u r e s .

L e t  ( M , D , D x , g )  b e  a  W a g n e r  s t r u c t u r e  ( s e e  s e c t i o n  2 . 2 )  w i t h  d e g r e e  o f  n o n h o l o n o m y  

N  >  2 .  F i x  1 <  k  — N  a n d  l e t  g  b e  a n  e x t e n s i o n  o f  g  t o  a  m e t r i c  o n  D k s u c h  t h a t  

D ,  E 1 , . . . ,  E k - 1 a r e  m u t u a l l y  o r t h o g o n a l  w i t h  r e s p e c t  t o  g .  ( A s  a b o v e ,  w e  s h a l l  s e e  t h a t  t h e  

c h o i c e  o f  a  p a r t i c u l a r  s u c h  e x t e n s i o n  is  i r r e l e v a n t . )

W e  h a v e  t h a t  1 =  idM  is  a n  n o n h o l o n o m i c  R i e m a n n i a n  e m b e d d i n g  o f  ( M , D ,  D ^ ,  g )  i n t o  

( M , D k , D k X , g ) ,  w h e r e  D k X  =  E k ®  ••• ® E N - 1 . S i n c e  D k =  D ® E 1 ®  ••• ® E k - 1 , i t  f o l lo w s  

t h a t  N  =  E 1 ®  ■ ■ ■ ®  E k - 1 . A c c o r d i n g ly ,  p r o p o s i t i o n  3 . 2 . 1 0  t a k e s  t h e  f o l lo w in g  f o r m .

P r o p o s i t i o n  3 . 2 . 1 7 .  D  is geodesically invariant in D k if and only if £ P. g  =  0  fo r every 
V  ̂ e  r ( E *)  and each i  =  1 , . . . ,  k  — 1 .

F r o m  t h i s  r e s u l t  i t  is  c l e a r  t h a t  t h e  p a r t i c u l a r  c h o i c e  o f  e x t e n s i o n  gg is  i r r e l e v a n t ,  s o  lo n g  

a s  t h e  d i s t r i b u t i o n s  D ,  E 1 , . . . ,  E k - 1 a r e  m u t u a l l y  o r t h o g o n a l  w i t h  r e s p e c t  t o  g .
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W e  s h a l l  n o w  g e n e r a l i s e  t h e o r e m  3 . 2 . 1 6  t o  t h e  c a s e  o f  d i s t r i b u t i o n s  w i t h  a r b i t r a r y  d e g r e e  o f  

n o n h o l o n o m y  ( s o  lo n g  a s  t h e  s t r u c t u r e  is  a  W a g n e r  s t r u c t u r e ) .  A s s o c i a t e d  t o  e a c h  c o n n e c t i o n  

V *  is  t h e  c u r v a t u r e  t e n s o r  K 1 e  T 2 0 (D * )  ® 7 1 1 ( D )  ( s e e  s e c t i o n  2 . 2 ) . W e  d e c o m p o s e  t h e s e  

t e n s o r s  i n t o  a  “R i e m a n n i a n ” ( i . e . ,  R - l i k e )  c o m p o n e n t  a n d  a  r e m a i n d e r  ( a  C - l i k e  c o m p o n e n t ) .  

L e t  K * e  7 2 0 ( D i ) ®  7 2 0 ( D )  b e  t h e  a s s o c i a t e d  ( 0 , 4 ) - t e n s o r

K * ( X ,  Y , U , V ) =  g ( K * ( X ,  Y ) U ,  V ) ,  X ,  Y  e  r ( D * ) ,  U , V  e  r ( D ) .

D e f i n e  RR*, C7* e  7 2 0 ( D * )  ®  7 2 0 ( D )  a s

R * ( X ,  Y , U , V ) =  1 [ K * ( X ,  Y ,  U , V ) — K * ( X ,  Y , V , U ) ] ,  (5 *  =  K * — R * .

L a s t l y ,  l e t  R *  a n d  C *  b e  t h e  a s s o c i a t e d  ( 1 , 3 ) - t e n s o r s  g iv e n  b y  R * ( X ,  Y ) U  =  g ^ ( R l ( X ,  Y ,  U , ■ ))  

a n d  C * ( X ,  Y ) U  =  g tt( C * ( X ,  Y , U , ■ ) ) .  E v i d e n t l y ,  w e  h a v e  K * =  R  +  C *.

T h e o r e m  3 . 2 . 1 8 .  D  is geodesically invariant in D k if and only if  C *  =  0  for each i  =  

1 , . . . , k  — 1 .

Proof. W e  h a v e  C * =  0  i f  a n d  o n l y  i f  K * ( X ,  Y ,  U , U ) =  0  f o r  e v e r y  X ,  Y  e  r ( D * )  a n d  U  e  r ( D ) ,  

i . e . ,

g ( v x  V Y  u  — v y  v x  u  — v P i([x ,  y ] ) U  — [ Q *  ( [ x , y ] ) ,  u j , u  ) =  0 .

S i n c e  V *  is  m e t r i c  ( c o r o l l a r y  2 . 2 . 9 ) , w e  h a v e

g ( v x  v y  u , u  ) =  x  [ g ( v Y  u , u  )] — g ( V Y  u , v x  u  )

=  1 X [ Y [ g ( U ,  U )]] — g ( V Y U ,  V X U ) ,  a n d  

g ( V Y  V X  u , u  ) =  2  Y  [ X  [ g ( u ,  u )]]  — g ( v x  U , V Y  u  ) .

C o m b i n i n g  t h e s e  c a l c u l a t i o n s ,  w e  g e t  g ( V X V Y U — V Y V X U ,  U ) =  2 [ X ,  Y ] [ g ( U ,  U ) ] .  S i m i la r ly ,  

w e  h a v e  g ( V lP .([X )Y ] )U , U ) =  2 P * ( [ X ,  Y ] ) [ g ( U ,  U ) ] .  A c c o r d i n g ly ,

2 Q i ( [ X , Y ] ) [ g ( U ,  U )] — g ( [ Q i ( [ X , Y ] ) ,  U J ,  U ) =  0  

f o r  e v e r y  X ,  Y  e  r ( D * ) ,  U  e  r ( D )

2 V [ g ( U ,  U )] — g ( [ V ,  U J ,  U ) =  0  f o r  e v e r y  V  e  r ( E * ) ,  U  e  r ( D )

( £ p  g ) ( U ,  U ) =  0  f o r  e v e r y  V  e  r ( E * ) ,  U  e  r ( D )

£ P g  =  0  f o r  e v e r y  V  e  r ( E * ) .

( T h e  l a s t  e q u i v a le n c e  f o l lo w s  f r o m  t h e  f a c t  t h a t  £ P g  is  s y m m e t r i c ,  h e n c e  d e t e r m i n e d  b y  i t s  

v a lu e s  o n  t h e  d i a g o n a l . )  B y  p r o p o s i t i o n  3 . 2 . 1 7 , t h e  f in a l  c o n d i t i o n  o c c u r s  i f  a n d  o n l y  i f  D  is  

g e o d e s i c a l l y  i n v a r ia n t  in  D k . ■





Chapter 4

Nonholonomic Riemannian 
structures in three dimensions

I n  t h i s  c h a p t e r  w e  s p e c i a l i s e  o u r  c o n s i d e r a t i o n  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  t o  

t h o s e  o n  t h r e e - d i m e n s i o n a l  m a n i f o l d s ,  a n d ,  in  p a r t i c u l a r ,  t o  l e f t - i n v a r i a n t  s t r u c t u r e s  o n  t h e  

t h r e e - d i m e n s i o n a l  s i m p l y  c o n n e c t e d  L i e  g r o u p s .  T h e  l a t t e r  s t r u c t u r e s  a r e  t h e  s i m p l e s t  p r o t o ­

t y p e s  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  ( in d e e d ,  t h r e e  is  c l e a r l y  t h e  lo w e s t  d im e n s io n  

in  w h i c h  o n e  c a n  d e f in e  a  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e ) ;  h e n c e  t h e i r  s t u d y  is  a  f i r s t  

s t e p  t o w a r d s  a n  u n d e r s t a n d i n g  o f  t h e  m o r e  g e n e r a l  s t r u c t u r e s .

S e c t i o n  4 .1  a d d r e s s e s  t h e  e q u i v a le n c e ,  u p  t o  N H - i s o m e t r y  a n d  ( c o n s t a n t )  r e s c a l i n g ,  o f  

t h r e e - d i m e n s i o n a l  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s .  I n  p a r t i c u l a r ,  w e  o b t a i n  a  c l a s s i f i ­

c a t i o n  o f  a l l  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  t h r e e - d i m e n s i o n a l  s im p ly  

c o n n e c t e d  L i e  g r o u p s .  S t r u c t u r e s  o n  t h r e e - d i m e n s i o n a l  m a n i f o l d s  w i t h  a  n o n h o l o n o m i c  d i s ­

t r i b u t i o n  D  a r e  n o t a b l e  in  t h a t  D  m a y  b e  d e s c r i b e d  a s  t h e  k e r n e l  o f  a n  i n t r i n s i c  c o n t a c t  

f o r m .  T h i s  c o n t a c t  f o r m ,  t o g e t h e r  w i t h  t h e  a s s o c i a t e d  R e e b  v e c t o r  f ie ld ,  is  c e n t r a l  t o  o u r  

d i s c u s s i o n .  I n  s e c t i o n  4 . 1 . 1 , w e  i d e n t i f y  s o m e  b a s i c  i s o m e t r i c  i n v a r i a n t s  o f  n o n h o l o n o m i c  R i e -  

m a n n i a n  s t r u c t u r e s  in  t h r e e  d im e n s io n s .  F o l l o w i n g  t h i s  s e c t i o n ,  w e  c o n s i d e r  t h e  e q u i v a le n c e  

a n d  c l a s s i f i c a t i o n  o f  s u c h  s t r u c t u r e s .  T h e r e  a r i s e  t w o  n a t u r a l  c a s e s ,  d e p e n d i n g  o n  a n  i n v a r ia n t  

$  >  0 .  I n  t h e  f i r s t  c a s e  ( $  =  0 ;  t r e a t e d  in  s e c t i o n  4 . 1 . 2 ) , w e  s h o w  t h a t  t w o  s t r u c t u r e s  a r e  

N H - i s o m e t r i c  i f  a n d  o n l y  i f  t h e i r  a s s o c i a t e d  s u b - R i e m a n n i a n  s t r u c t u r e s  a r e  “ S R - i s o m e t r i c . ” 

A c c o r d i n g ly ,  t h e  c l a s s i f i c a t i o n  o f  i n v a r ia n t  s t r u c t u r e s  r e d u c e s  t o  a  c l a s s i f i c a t i o n  o f  ( i n v a r i a n t )  

s u b - R i e m a n n i a n  s t r u c t u r e s  o n  t h r e e - d i m e n s i o n a l  L i e  g r o u p s ;  t h e s e  s t r u c t u r e s  w e r e  r e c e n t l y  

c l a s s i f i e d  b y  A g r a c h e v  a n d  B a r i l a r i  [ 1 ] . W e  p r e s e n t  t h e i r  c l a s s i f i c a t i o n  in  d e t a i l ,  a d a p t e d  t o  

o u r  s i t u a t i o n .  T h e  s e c o n d  c a s e  ( $  >  0 ;  t r e a t e d  in  s e c t i o n  4 . 1 . 3 )  is  t h e  g e n e r i c  c a s e ,  a n d  o f  t h e  

m o s t  i n t e r e s t .  F o r  t h e s e  s t r u c t u r e s ,  w e  c o n s t r u c t  a  c a n o n i c a l  o r t h o n o r m a l  f r a m e  ( m a k i n g  u s e  

o f  t h e  c o n t a c t  s t r u c t u r e ) .  T h e  c o m m u t a t o r  r e l a t i o n s  o f  t h e  c a n o n i c a l  f r a m e  u n i q u e ly  d e t e r ­

m in e  t h e  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e .  F o r  t h e  l e f t - i n v a r i a n t  s t r u c t u r e s ,  t h e  c a n o n i c a l  

f r a m e  is  l e f t  i n v a r i a n t ;  c o n s e q u e n t l y ,  a n y  N H - i s o m e t r y  b e t w e e n  t h e s e  s t r u c t u r e s  m u s t  b e  t h e  

c o m p o s i t i o n  o f  a  l e f t  t r a n s l a t i o n  w i t h  a  L i e  g r o u p  i s o m o r p h i s m .  T h i s  l e a d s  t o  t h e  i n t r o d u c t i o n  

o f  a  f u r t h e r  t h r e e  i n v a r i a n t s  £ 0 , ^ 1 a n d  £ 2 , w h ic h ,  t o g e t h e r  w i t h  $ ,  f o r m  a  c o m p l e t e  s e t  o f  

i n v a r ia n t s  f o r  s t r u c t u r e s  o n  t h e  u n i m o d u la r  g r o u p s .  F o r  s t r u c t u r e s  o n  ( m o s t )  n o n - u n i m o d u l a r  

g r o u p s ,  w e  s h o w  t h a t  t h e r e  a r e  a t  m o s t  t w o  n o n - N H - i s o m e t r i c  s t r u c t u r e s  w i t h  t h e  s a m e  i n ­

v a r i a n t s  $ ,  g 0 , g 1 a n d  g 2 . I n  s e c t i o n  4 . 1 . 4  w e  c h a r a c t e r i s e  ( i n  t e r m s  o f  t h e  i n v a r i a n t s )  t h o s e  

s t r u c t u r e s  w h o s e  n o n h o l o n o m i c  c o n n e c t i o n  is  C a r t a n - S c h o u t e n ,  a n d  in  s e c t i o n  4 . 1 . 5  w e  p o in t
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o u t  t h o s e  ( e q u iv a l e n c e  c l a s s e s  o f )  s t r u c t u r e s  w h o s e  d i s t r i b u t i o n  is  g e o d e s i c a l l y  i n v a r i a n t .

S e c t i o n  4 . 2  is  d e v o t e d  t o  t h e  i n v e s t i g a t i o n  o f  t h e  f l a t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c ­

t u r e s  in  t h r e e  d im e n s io n s ,  i . e . ,  t h o s e  s t r u c t u r e s  f o r  w h i c h  t h e  p a r a l l e l  t r a n s p o r t  in d u c e d  b y  

t h e  n o n h o l o n o m i c  c o n n e c t i o n  is  p a t h - i n d e p e n d e n t .  S p e c i f i c a l l y ,  w e  c h a r a c t e r i s e  ( b y  m e a n s  o f  

t h e  P - e x t e r i o r  c o v a r i a n t  d e r i v a t i v e  a s s o c i a t e d  t o  t h e  n o n h o l o n o m i c  c o n n e c t i o n )  w h e n  a  s t r u c ­

t u r e  is  f l a t .  M a k i n g  u s e  o f  t h i s  c h a r a c t e r i s a t i o n  a n d  t h e  c l a s s i f i c a t i o n  o f  t h r e e - d i m e n s i o n a l  

s t r u c t u r e s  o b t a i n e d  in  s e c t i o n  4 . 1 , w e  t h e n  c h a r a c t e r i s e  e x a c t l y  w h i c h  ( e q u iv a l e n c e  c l a s s e s  

o f )  s t r u c t u r e s  a r e  f l a t .  ( R e m a r k a b l y ,  i t  t u r n s  o u t  t h a t  e v e r y  l e f t - i n v a r i a n t  n o n h o l o n o m i c  

R i e m a n n i a n  s t r u c t u r e  o n  H 3  o r  A f f ( R ) 0  x  R  is  f l a t . )  W e  i n i t i a l l y  t a k e  a  d i r e c t  a p p r o a c h  t o  

c h a r a c t e r i s i n g  t h e  f l a t  s t r u c t u r e s ;  a c c o r d in g ly ,  in  s e c t i o n  4 . 2 . 3  w e  r e l a t e  t h e  r e s u l t s  o b t a i n e d  

w i t h  t h e  W a g n e r  c u r v a t u r e  t e n s o r .  I n  p a r t i c u l a r ,  w e  o b t a i n  a n o t h e r  c h a r a c t e r i s a t i o n  o f  t h e  

f l a t  s t r u c t u r e s  in  t e r m s  o f  ( t h e  v a n is h i n g  o f )  a  c o n t r a c t i o n  o f  t h e  W a g n e r  t e n s o r .

F i n a l l y ,  in  s e c t i o n  4 .3  w e  g iv e  s e v e r a l  e x a m p l e s  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  

in  t h r e e  d im e n s io n s .  I n  s e c t i o n  4 . 3 . 1  w e  c o n s i d e r  t h e  e q u i v a le n c e  c l a s s  o f  s t r u c t u r e s  o n  

t h e  H e is e n b e r g  g r o u p  H 3  w i t h  n o n - t r i v i a l  r e d u c e d  d y n a m i c s .  ( U p  t o  e q u i v a le n c e ,  t h e r e  

a r e  o n l y  t w o  s t r u c t u r e s  o n  H 3 — o n e  w i t h  t r i v i a l  r e d u c e d  d y n a m i c s ,  i . e . ,  a  C a r t a n - S c h o u t e n  

c o n n e c t i o n — a n d  o n e  w i t h  n o n - t r i v i a l  r e d u c e d  d y n a m i c s . )  T h i s  s t r u c t u r e  is  e s s e n t i a l l y  t h e  

s i m p l e s t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  w i t h o u t  a  C a r t a n - S c h o u t e n  c o n n e c t i o n .  W e  

c o m p u t e  e x p l i c i t l y  t h e  c a n o n i c a l  f r a m e  a n d  i n v a r ia n t s  f o r  a n  a r b i t r a r y  r e p r e s e n t a t i v e  o f  t h e  

e q u i v a le n c e  c l a s s ,  b e f o r e  s e l e c t i n g  a  n o r m a l  f o r m .  F o r  t h e  n o r m a l i s e d  s t r u c t u r e  w e  t h e n  

g iv e  a n  e x p l i c i t  e x p r e s s i o n  f o r  t h e  p a r a l l e l  t r a n s p o r t  m a p  ( t h e  s t r u c t u r e  is  f l a t ,  s o  t h e  p a r ­

a l l e l  t r a n s p o r t  is  p a t h - i n d e p e n d e n t )  a n d  c a l c u l a t e  e x p l i c i t  e x p r e s s i o n s  f o r  t h e  n o n h o l o n o m i c  

g e o d e s i c s .  T h e  o t h e r  e x a m p l e s  w e  c o n s i d e r  ( in  s e c t i o n  4 . 3 . 2  a n d  4 . 3 . 3 )  a r e  t w o  c l a s s i c a l  p r o b ­

le m s  f r o m  n o n h o l o n o m i c  m e c h a n i c s ,  viz., t h e  C h a p l y g i n  p r o b l e m  a n d  t h e  S u s l o v  p r o b l e m .  

( B o t h  o f  t h e s e  p r o b l e m s  a r e  m o d e l l e d  a s  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  

o n  a  t h r e e - d i m e n s i o n a l  L i e  g r o u p . )  T h e s e  t w o  p r o b l e m s  h a v e  b e e n  w e l l  s t u d i e d  ( s e e ,  e .g . ,  

[ 1 6 , 6 3 , 5 2 , 2 4 , 2 6 ] ) .  A c c o r d i n g ly ,  w e  s h a l l  o n l y  d i s c u s s  h o w  t h e y  r e l a t e  t o  o u r  c l a s s i f i c a t i o n .  

I n  p a r t i c u l a r ,  w e  g iv e  e x p r e s s i o n s  f o r  t h e  c a n o n i c a l  f r a m e  a n d  i n v a r i a n t s ,  a n d  d is c u s s  h o w  

t h e  i n v a r i a n t s  m a y  b e  u s e d  t o  d i s t i n g u i s h  b e t w e e n  d i f f e r e n t  q u a l i t a t i v e  c a s e s  e x h i b i t e d  b y  t h e  

( r e d u c e d )  d y n a m i c s  ( a s  g iv e n  in  [2 4 ,  2 6 ] ) .

R e m a r k  4 . 0 . 1 9 .  I n  a p p e n d i x  C  w e  r e v ie w  t h e  B i a n c h i - B e h r  c l a s s i f i c a t i o n  o f  r e a l  t h r e e ­

d im e n s io n a l  L i e  a l g e b r a s  a n d  t h e i r  a s s o c i a t e d  s i m p l y  c o n n e c t e d  L i e  g r o u p s ,  a n d  f i x  n o t a t i o n  

f o r  t h e  v a r i o u s  g r o u p s  a n d  a l g e b r a s .  W e  a l s o  d i s c u s s  h o w  t o  d i s t i n g u i s h  b e t w e e n  t h e  d i f f e r e n t  

L i e  a l g e b r a s  ( o r  L i e  g r o u p s )  u s in g  s o m e  a l g e b r a i c  p r o p e r t i e s ;  t h i s  w i l l  b e  c r u c i a l  f o r  o u r  

c l a s s i f i c a t i o n .  □

4.1 Equivalence and classification

I n  c h a p t e r  3  ( a n d  s p e c i f i c a l ly ,  s e c t i o n  3 . 1 )  w e  d is c u s s e d  s e v e r a l  n a t u r a l  e q u i v a le n c e  r e l a t i o n s  

b e t w e e n  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s ,  viz.,  n o n h o l o n o m i c  g e o d e s i c  e q u i v a le n c e ,  n o n -  

h o l o n o m ic  a f f in e  e q u i v a le n c e  a n d  e q u i v a le n c e  u p  t o  n o n h o l o n o m i c  i s o m e t r i e s .  I n  t h i s  c h a p t e r  

w e  w i l l  b e  c h ie f l y  c o n c e r n e d  w i t h  t h e  l a s t  ( a n d  s t r o n g e s t )  o f  t h e s e  e q u i v a le n c e  r e l a t i o n s .

W e  h a v e  a l s o  s e e n  in  p r o p o s i t i o n  3 . 1 . 2  t h a t  a  r e s c a l i n g  o f  t h e  m e t r i c  ( b y  a  c o n s t a n t  f a c t o r )  

d o e s  n o t  a f f e c t  t h e  n o n h o l o n o m i c  c o n n e c t i o n ,  a n d  h e n c e  t h e  n o n h o l o n o m i c  g e o d e s i c s .  T h u s  

w e  s h a l l  c o n s i d e r  t h e  e q u i v a le n c e  o f  ( t h r e e - d i m e n s i o n a l )  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  

u p  t o  NH-isometry and rescaling.
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4 .1 .1  Is o m e tr ic  in v arian ts

L e t  ( M , D , D ^ , g )  b e  a  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d ,  w h e r e  d i m ( M )  =  3 ,  a n d  le t  

( Y 1 , Y 2 ) b e  a  ( l o c a l )  o r t h o n o r m a l  f r a m e  f o r  D .  S i n c e  D  is  c o m p l e t e l y  n o n h o l o n o m i c  ( o r  e q u i v ­

a l e n t l y  in  t h i s  c a s e ,  s t r o n g l y  n o n h o l o n o m i c ) ,  t h e  o n e - d i m e n s i o n a l  a n n i h i l a t o r  D °  is  ( l o c a l l y )  

s p a n n e d  b y  a  contact form  w , i . e . ,  a  1 - f o r m  s u c h  t h a t  w A dw  =  0 .  B y  i m p o s i n g  t h e  c o n d i t i o n  

d w (Y ^ , Y 2 )  =  ± 1 ,  w e  f i x  w u p  t o  s ig n .  ( T h e  v a lu e  o f  d w ( Y 1 , Y 2 ) i s — u p  t o  s ig n — i n d e p e n d e n t  

o f  t h e  c h o i c e  o f  o r t h o n o r m a l  f r a m e  f o r  D . )  S p e c i f i e d  in  t h i s  f a s h i o n ,  w d e p e n d s  o n l y  o n  

( D ,  g ) ;  h e n c e  i t  is  i n t r i n s i c  t o  t h r e e - d i m e n s i o n a l  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  ( a n d  is  

p r e s e r v e d ,  u p  t o  s ig n ,  b y  N H - i s o m e t r i e s ) .

L e t  Y o G r ( T M )  d e n o t e  t h e  R e e b  v e c t o r  f ie ld  o f  w . T h a t  i s ,  Yo is  t h e  u n i q u e  v e c t o r  f ie ld  

s u c h  t h a t  i Yow =  1 a n d  i Yodw  =  0 .  A s  w is  u n i q u e  u p  t o  s ig n ,  t h e  s a m e  h o ld s  f o r  Y o . L ik e w is e ,  

Yo d e p e n d s  o n l y  o n  ( D ,  g ) ,  a n d  s o  a n y  N H - i s o m e t r y  p r e s e r v e s  Y o ( u p  t o  s i g n ) .

T h e r e  a r e  t w o  c a s e s  t o  c o n s i d e r ,  viz., Y o G T ( D X ) a n d  Y o G T ( D X ) .  C l e a r l y ,  t h e s e  c o n d i ­

t i o n s  a r e  i n v a r ia n t  u n d e r  N H - i s o m e t r y .  M o r e o v e r ,  in  t h e  f o r m e r  c a s e ,  t h e  n o n h o l o n o m i c  R i e -  

m a n n i a n  s t r u c t u r e  r e d u c e s  t o  a  s u b - R i e m a n n i a n  s t r u c t u r e ,  i . e . ,  D x  is  d e t e r m i n e d  b y  ( D ,  g ) .  

I t  is  t h u s  n a t u r a l  t o  c o n s i d e r  t h e  a n g l e  b e t w e e n  Y o a n d  D ^  in  t e r m s  o f  a n  a p p r o p r i a t e  R i e m a n ­

n i a n  m e t r i c  o n  M  ( i . e . ,  o n e  p r e s e r v e d  b y  N H - i s o m e t r i e s ) .  L e t  g  b e  t h e  u n i q u e  e x t e n s i o n  o f  g  

t o  a  R i e m a n n i a n  m e t r i c  o n  M  s u c h  t h a t  (Y o , Y 1 , Y"2 ) is  a n  o r t h o n o r m a l  f r a m e .  T h i s  e x t e n s i o n  

is  i n d e p e n d e n t  o f  t h e  c h o i c e  o f  o r t h o n o r m a l  f r a m e  f o r  D ;  f u r t h e r m o r e ,  i t  d e p e n d s  o n l y  o n  

( D ,  g ) .  T h e  a n g l e  9  b e t w e e n  Y o a n d  D x  is  g iv e n  b y

c o s  9
| g (Y o , Y3)|

y i Y T Y ) ,
0  <  9  <

n  

2  ,

w h e r e  D x  =  s p a n { Y 3 } .  I t  is  n o t  d i f f i c u l t  t o  s e e  t h a t  9  is  i n v a r ia n t  u n d e r  N H - i s o m e t r y .  

H a v in g  s a id  t h a t ,  w e  s h a l l  f in d  i t  m o r e  c o n v e n ie n t  t o  u s e  t h e  i n v a r ia n t  $  =  t a n 2  9 .  N o t e  t h a t  

Y o G r ( D x ) e x a c t l y  w h e n  $  =  0 .  T h u s  w e  h a v e  t h e  t w o  c a s e s  $  =  0  a n d  $  >  0  t o  c o n s i d e r .

W e  i n t r o d u c e  a  f u r t h e r  t h r e e  i s o m e t r i c  ( c u r v a t u r e )  i n v a r i a n t s .  T h e  f i r s t  i n v a r i a n t ,  d e n o t e d  

k , is  d e f in e d  t o  b e  t h e  s e c t i o n a l  c u r v a t u r e  o f  D ,  i . e . ,  K (q )  =  R ( D q ) .  ( A l t e r n a t i v e l y ,  w e  h a v e  

k  =  2  S c a l .  F u r t h e r m o r e ,  k 2  =  d e t ( g N o R i c b) . )  T h e  s e c o n d  t w o  i n v a r i a n t s ,  d e n o t e d  % 1 a n d  % 2 , 

a r e  d e f in e d  t o  b e  t h e  p o s i t i v e  e ig e n v a l u e  o f  g N o a n d  t h e  a b s o l u t e  v a lu e  o f  t h e  P f a f f i a n  

o f  g N o A S kew , r e s p e c t i v e l y :

X 1 =  y/ -  d e t ( g “ o , X 2  =  ^/d e t ( g “ o  ) .

( B o t h  gN o a n d  g^ o A S kew a r e  t r a c e  f r e e ,  a n d  t h e i r  d e t e r m i n a n t s  c a n  b e  s h o w n  t o  a lw a y s

b e  n o n p o s i t i v e  a n d  n o n n e g a t i v e ,  r e s p e c t i v e l y . )

P r o p o s i t i o n  4 . 1 . 1 .  R  =  0  (resp. C  =  0 )  if and only if  k  =  0  (resp. % 1 =  % 2  =  0 ) .

Proof. L e t  ( X o , X 1 , X 2 ) b e  a  ( l o c a l )  f r a m e  o f  v e c t o r  f ie ld s  o n  M  s u c h  t h a t  ( X 1 , X 2 ) is  a n  

o r t h o n o r m a l  f r a m e  f o r  D  a n d  X o is  a  f r a m e  f o r  D ^ .  W e  h a v e  [ X ^ X j ] =  c j X ^  f o r  s o m e  

c j  G C ^ ( M ) .  ( H e r e  w e  t a k e  t h e  r a n g e s  i ,  j ,  k =  0 , 1 , 2 . )  W i t h o u t  lo s s  o f  g e n e r a l i t y ,  w e  m a y  

a s s u m e  t h a t  c °]1 =  1 . W e  h a v e

R (X 1 ,X 2 ,X 1 ,X 2)  =  - k.
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B y  t h e  s y m m e t r i e s  ( S I ) - ( S 4 ) ,  w e  h a v e  t h a t  R  ( a n d  t h u s  R )  is  f u l l y  d e t e r m i n e d  b y  t h e  v a lu e  

o f  _ R ( X 1 , X 2 , X 1 , X 2 ) .  H e n c e  R  =  0  e x a c t l y  w h e n  k  =  0 .  S i m i la r ly ,  C  is  f u l l y  d e t e r m i n e d  b y

C ( X 1 , X 2 , X 1 , X 1 ) =  - c 1o , C ( X 1 , X 2 , X 1 , X 2 ) 

C ( X 1 , X 2 , X 2 , X 2 ) =  - c 2o,

a n d  w e  h a v e  __________________________________

X 1 =  2 J ( c 2 o +  c 1 o ) 2  +  ( c 1o -  c 2 o ) 2 ,  X 2  =  

T h u s  C  =  0  i f  a n d  o n l y  i f  % 1 =  % 2  =  0 .

=  -  2 ( c 2 o +  c 1 o )

2  |c1o +  c 2 o |.

N o t e  t h a t  r e s c a l i n g  t h e  m e t r i c  g  a s  g ,  p  >  0  r e s c a l e s  t h e  f r a m e  ( Y 1 , Y 2 ) a s  ( p Y ^ p Y ^ ) ,
—

a n d  r e s c a l e s  t h e  i n v a r i a n t s  h o m o g e n e o u s ly  a s  p 2 $ ,  p 2 K, p 2 x 1 a n d  p 2 x 2 .

F o r  a  l e f t - i n v a r i a n t  s t r u c t u r e  o n  a  L i e  g r o u p ,  i t  is  p o s s i b l e  t o  f in d  a  g l o b a l  l e f t - i n v a r i a n t  

o r t h o n o r m a l  f r a m e  ( Y 1 , Y 2 ) f o r  D .  F u r t h e r m o r e ,  t h e  c o n t a c t  f o r m  w a n d  R e e b  v e c t o r  f ie ld  Yo 

a r e  l e f t  i n v a r i a n t ,  a s  a r e  t h e  i n v a r i a n t s  $ ,  k , x 1 a n d  x 2  ( h e n c e  t h e y  a r e  c o n s t a n t ) .

R e m a r k  4 . 1 . 2 .  E h l e r s  [22 ] h a s  u s e d  C a r t a n ’s m e t h o d  o f  e q u i v a le n c e  t o  d e t e r m i n e  a  g e n e r ­

a t i n g  s e t  f o r  d i f f e r e n t i a l  i n v a r i a n t s  o f  t h r e e - d i m e n s i o n a l  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  

( u n d e r  N H - i s o m e t r y ) ,  w h i c h  h e  d e n o t e s  K , p ,  q , r ,  s  a n d  t .  E h l e r s  m a k e s  t h e  c l a i m  t h a t  K , 

s 2  + t 2  a n d  p 2  +  q r  f o r m  a  c o m p l e t e  s e t  o f  d i f f e r e n t i a l  i n v a r ia n t s  f o r  n o n h o l o n o m i c  R i e m a n n i a n  

m a n i f o l d s .  H o w e v e r ,  t h i s  s e t  is  n o t  c o m p l e t e .  I n d e e d ,  l o o k i n g  a h e a d  t o  o u r  c l a s s i f i c a t i o n ,  c o n ­

s i d e r  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 1 )  o n  G 3 .2  w i t h  =  2 .  F o r  t h i s  s t r u c t u r e ,  w e  h a v e  K  =  - m ,

s 2  +  t 2  =  1 a n d  p 2  +  q r  =  . L ik e w i s e ,  t h e  s t r u c t u r e  ( 4 . 1 . 2 2 )  ( o n  t h e  s a m e  g r o u p )  h a s

t h e  s a m e  i n v a r ia n t s  K , s 2  + 12  a n d  p 2  +  q r  f o r  5  =  0 ,  =  § .  H o w e v e r ,  t h e s e  t w o  s t r u c t u r e s

a r e  n o t  N H - i s o m e t r i c :  f o r  t h e  f i r s t  s t r u c t u r e  w e  h a v e  x 2  =  0 ,  w h e r e a s  x 2  =  5  f o r  t h e  s e c o n d .  

T h e  i n v a r ia n t s  $ ,  k , x 1 a n d  x 2  w e  h a v e  i n t r o d u c e d  in  t h i s  p a p e r  m a y  b e  e x p r e s s e d  in  t e r m s

o f  E h l e r s ’ g e n e r a t i n g  s e t  o f  f u n c t i o n s  a s  $  =  s 2  +  t 2 , k  =  K , x 1 =  \Jp 2  +  1  (q  +  r ) 2  a n d

x 2  =  1  |q - r|. A  g e o m e t r i c  i n t e r p r e t a t i o n  f o r  K -  ( p 2  +  q r )  - 1  w a s  g iv e n  in  [2 2 ] , a s  a  s e c t i o n a l  

c u r v a t u r e  o f  D .  I n  t h i s  p a p e r  w e  h a v e  i n t e r p r e t e d  k  a s  a  d i f f e r e n t  s e c t i o n a l  c u r v a t u r e  o f  D ;  

w e  h a v e  a l s o  g i v e n  a  g e o m e t r i c  i n t e r p r e t a t i o n  o f  $ .  □

T o  e v e r y  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d  ( M , D ,  D ^ ,  g )  w e  c a n  a s s o c i a t e  t h e  sub- 
Riemannian manifold ( M , D ,  g )  ( s e e  s e c t i o n  1 . 1 . 5 ) . T w o  s u b - R i e m a n n i a n  m a n i f o l d s  ( M ,  D ,  g )  

a n d  ( M ',  D ' ,  g ' )  a r e  s a id  t o  b e  SR-isometric i f  t h e r e  e x i s t s  a  d i f f e o m o r p h i s m  0  : M  ^  M ' s u c h  

t h a t

0 * D  =  D '  a n d  g  =  0 * g ' .

S u c h  a  m a p  is  c a l l e d  a n  SR-isometry . I f  t w o  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s  a r e  N H -  

i s o m e t r i c ,  t h e n  t h e i r  a s s o c i a t e d  s u b - R i e m a n n i a n  m a n i f o l d s  a r e  S R - i s o m e t r i c .

R e m a r k  4 . 1 . 3 .  I t  is  c l e a r  t h a t  e v e r y  i s o m e t r i c  i n v a r ia n t  o f  s u b - R i e m a n n i a n  m a n i f o l d s  is  a l s o  

a n  i n v a r ia n t  o f  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s .  A g r a c h e v  a n d  B a r i l a r i  [1] d e s c r i b e  t w o  

i s o m e t r i c  i n v a r i a n t s  f o r  s u b - R i e m a n n i a n  s t r u c t u r e s  in  t h r e e  d im e n s io n s ,  w h i c h  t h e y  d e n o t e  k  

a n d  x .  T h e  k  o f  [1] c o in c i d e s  w i t h  t h e  k  u s e d  in  t h i s  p a p e r ;  l ik e w is e ,  t h e  i n v a r ia n t  x  in  [1] 

a g r e e s  w i t h  t h e  x 1 d e f in e d  a b o v e .  □
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4 .1 .2  C a se  1: =  0

W h e n  $  =  0 ,  w e  h a v e  t h a t  D x  is  s p a n n e d  b y  t h e  R e e b  v e c t o r  f ie ld  Y o . T h u s ,  g iv e n  a  s u b -  

R i e m a n n i a n  s t r u c t u r e  ( M ,  D ,  g ) ,  t h e r e  is  a t  m o s t  o n e  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  ( u p  

t o  N H - i s o m e t r y )  w i t h  t h e  a s s o c i a t e d  s u b - R i e m a n n i a n  s t r u c t u r e  ( M , D ,  g ) .  I n d e e d ,  w e  h a v e  

t h e  f o l lo w in g  r e s u l t .

P r o p o s i t i o n  4 . 1 . 4 .  If  ( M ,  D ,  D x , g )  and ( M ',  D ' ,  D ' x , g ' ) are two nonholonomic Riemannian 
manifolds such that $  =  $ '  =  0 ,  then they are NH-isometric if and only if their associated 
sub-Riemannian manifolds are SR-isometric.

Proof. S u p p o s e  0  : M  ^  M ' is  a n  S R - i s o m e t r y  m a p p i n g  ( M , D ,  g )  t o  ( M ',  D ' ,  g ' ) .  T h e  ( n o r ­

m a l i s e d )  c o n t a c t  s t r u c t u r e  d e p e n d s  o n l y  o n  t h e  d i s t r i b u t i o n  a n d  m e t r i c ,  s o  w e  h a v e  w =  ± 0 * w '.  

A c c o r d i n g ly ,  0  p r e s e r v e s  t h e  R e e b  v e c t o r  f ie ld  ( u p  t o  s i g n ) .  T h u s  0 * D X  =  s p a n { 0 * Y o }  =  D ' x , 

i . e . ,  ( M ,  D ,  D x , g )  a n d  ( M ',  D ' ,  D ' x , g ' )  a r e  N H - i s o m e t r i c .  ■

R e m a r k  4 . 1 . 5 .  E v e n  i f  $  =  0 ,  t h e  n o n h o l o n o m i c  R i e m a n n i a n  g e o d e s i c s  a r e  n o t ,  in  g e n e r a l ,  

g e o d e s i c s  o f  t h e  a s s o c i a t e d  s u b - R i e m a n n i a n  m a n i f o l d  ( s e e  s e c t i o n  1 . 1 . 5 ) . □

A c c o r d i n g ly ,  in  t h i s  c a s e ,  t h e  c l a s s i f i c a t i o n  o f  t h e  t h r e e - d i m e n s i o n a l  l e f t - i n v a r i a n t  n o n h o l o -  

n o m i c  R i e m a n n i a n  m a n i f o l d s  ( G , D ,  D x , g )  r e d u c e s  t o  t h e  c l a s s i f i c a t i o n  ( u n d e r  S R - i s o m e t r i e s )  

o f  t h r e e - d i m e n s i o n a l  l e f t - i n v a r i a n t  s u b - R i e m a n n i a n  m a n i f o l d s  ( G , D ,  g ) .  T h e s e  s t r u c t u r e s  h a v e  

a l r e a d y  b e e n  ( l o c a l l y )  c l a s s i f i e d  o n  t h r e e - d i m e n s i o n a l  L i e  g r o u p s  ( s e e  [1 ] ) .  ( I t  t u r n s  o u t  t h a t  

t h e  l o c a l  c l a s s i f i c a t i o n  m a y  b e  g l o b a l i s e d  o n  t h e  s i m p l y  c o n n e c t e d  L i e  g r o u p s . )  F o r  c o m ­

p l e t e n e s s ,  w e  in c l u d e  h e r e  f u l l  d e t a i l s  o f  t h e  c l a s s i f i c a t i o n  c o n t a i n e d  in  [1 ] , m o d i f i e d  w h e r e  

a p p r o p r i a t e  ( in  p a r t i c u l a r ,  t h e  a u t h o r s  o f  [1] d o  n o t  u s e  t h e  B i a n c h i - B e h r  c l a s s i f i c a t i o n  o f  

t h r e e - d i m e n s i o n a l  L i e  a l g e b r a s ) .

L e t  ( M ,  D ,  D ^ ,  g )  b e  a  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d  s u c h  t h a t  $  =  0 .  W e  h a v e  

D x  =  s p a n { Y o } ;  l e t  ( Y 1 , Y 2 )  b e  a n  o r t h o n o r m a l  f r a m e  f o r  D  s u c h  t h a t  d w ( Y 1 , Y 2 )  =  1 .

L e m m a  4 . 1 . 6  ( [ 1 ] ) .  We have [Y 1 , Y o ], [Y 2 , Yo] e  r ( D )  and [Y 2 , Y 1] =  Yo m o d  r ( D ) .

Proof. S i n c e  X 1 e  k e r  w , i y 0w =  1 a n d  i y 0 dw  =  0 ,  w e  h a v e

0  =  d w ( Y o ,Y 1 ) =  Y o [w (Y 1 )] -  Y 1 [w (Y o )]  -  w ( [ Y o ,W ] )  =  w ( [ Y o , Y 0 ) .

T h a t  is ,  [Y 1 ,Y o ]  e  k e r w  =  r ( D ) .  A  s i m i l a r  a r g u m e n t  y i e ld s  [Y 2 , Y o ] e  r ( D ) .  W e  h a v e  

[Y 2 , Y 1 ] =  f  Y o m o d  r ( D )  f o r  s o m e  f  e  C ^ ( M ) .  S i n c e  d w ( Y 1 , Y 2 ) =  1 , i t  f o l lo w s  t h a t

1 =  d w ( Y 1 , Y 2 ) =  Y 1 [w (Y 2 )] -  Y j [ w ( Y 1 )] -  w ( [ Y 1 , Y 2 ] )  =  f .

H e n c e  [Y 2 , Y 1 ] =  Yo m o d  r ( D ) .  ■

A c c o r d i n g ly ,  t h e  c o m m u t a t o r  r e l a t i o n s  o f  ( Y o , Y 1 , Y 2 ) t a k e  t h e  f o r m

[  [Y 1 , Y o ] =  c 1o Y 1 +  c 1 o Y 2 

< [Y 2 , Yo] =  c 1 o Y 1 +  c 2 o Y 2 

l  [Y 2 , Y 1 ] =  4 Y 1 +  c 2 1  Y 2  +  Y o ,
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w h e r e  c j  e  C ^ ( M )  a r e  t h e  s t r u c t u r e  c o n s t a n t s  o f  t h e  f r a m e .  L e t  ( v o , v  1 , v 2 ) d e n o t e  t h e

c o f r a m e  d u a l  t o  ( Y o , Y 1 , Y 2 ) .  W e  h a v e  t h e  s t r u c t u r e  e q u a t i o n s

d v o =  v 1 A v 2

d v 1 =  c 1o v o A v 1 +  c 2 o v o A v 2  +  c 1 1 v 1 A  v 2 

d v 2  =  c 1 o v o A v 1 +  c 2 o v o A v 2  +  c 2 1 v 1 A  v 2 .

F u r t h e r m o r e ,

0  =  d 2 v o =  d v 1 A  v 2  -  v 1 A d v 2 

1
1o=  c 1 o v o A v 1 A  v 2  -  c 2 o v 1 A  v o A v 2  =  ( c ^  +  c 2 o ) v o A v 1 A  v 2 .

T h a t  i s ,  c 1o +  c 2o =  0 .  I n  t e r m s  o f  t h e  s t r u c t u r e  c o n s t a n t s  c j , t h e  i n v a r ia n t s  k  a n d  % 1 t a k e  

t h e  f o r m  

1

=  2  ( c 1 o -  c 1 o ) -  ( c 1 1 ) 2  -  ( c 2 1 ) 2  -  Y 1 [c 2 1 ] +  Y 2 [c 2 1 h  X 1 =  2 \ / ( c 1o +  c 2 o ) 2  +  4 ( c 1o ) 2 .
1

2  1o ~2 o/ V~ 2 1 / V '"'2 1 /  ̂ 1 r 2 1  1  ̂2  L '_' 2 1 J 7 /V1 ^

O n  t h e  o t h e r  h a n d ,  t h e  i n v a r ia n t  % 2  ( in  f a c t ,  t h e  t e n s o r  A s fcew ) v a n is h e s .

L e m m a  4 . 1 . 7 .  If  $  =  0 ,  then A skew vanishes identically (or equivalently, % 2  =  0 ) .

Proof. I n  t e r m s  o f  t h e  f r a m e  (Y o , Y 1 , Y 2 ) ,  w e  h a v e

0  2  ( c 1o +  c 2o )

2 ( c 1o +  c 2 o ) 0

H o w e v e r ,  a s  c 1o +  c 2 o =  0  ( u s i n g  d 2 v o =  0  a s  a b o v e ) ,  i t  f o l lo w s  t h a t  A skew =  0 .  ■

B y  d e f i n i t i o n ,  w e  h a v e  % 1 >  0 .  W e  c o n s i d e r  t h e  t w o  c a s e s  % 1 = 0  a n d  % 1 >  0  s e p a r a t e l y .

4 . 1 . 2 . 1  C a s e  ( a ) :  % 1 = 0

F r o m  x 1 =  0 ,  w e  g e t  c 1 o =  0  a n d  c 2o +  c 2 o =  0 .  W e  a r e  l e f t  w i t h  t h e  f o l lo w in g  c o m m u t a t o r  

r e l a t i o n s  f o r  ( Y o , Y 1 , Y 2 ) :

l  [Y 1 , Y o ] =  c 1 o Y 2

l  [Y 2 ,Y o ]  =  - c 1 o Y 1  ( 4 . 1 . 1 )

l  [Y 2 , Y 1 ] =  c 1 1 Y 1 +  c 2 1 Y 2  +  Y o .

S i m i la r ly ,  t h e  s t r u c t u r e  e q u a t i o n s  o f  t h e  d u a l  f r a m e  a r e

{d v °  =  v 1 A  v 2

d v 1 =  - c 2 o v o A v 2  +  c 1 1 v 1 A  v 2  ( 4 . 1 . 2 )

d v 2  =  c 2 o v o A v 1 +  c 2 1 v 1 A  v 2 .

P r o p o s i t i o n  4 . 1 . 8  ( [ 1 ] ) .  I f  M  is simply connected and ( M , D ,  D ^ ,  g )  has constant sectional 
curvature (i.e., k  is constant), then there exists a rotation ( Y 1 , Y 2 )  of ( Y 1 , Y 2 ) such that

(  [Y1 ,Y o ]  =  k Y2

< [ Y 2 , Y o ]  =  - k Y 1  ( 4 . 1 . 3 )

l  [Y2 , Y1 ] =  Y o .
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Proof. L e t  ( Y 1 , Y 2 )  =  ( c o s  9 Y 1 -  s i n  9 Y 2 , s in  9 Y 1 + c o s  9 Y 2 ) b e  a  r o t a t i o n  o f  t h e  f r a m e  ( Y 1 , Y 2 ) ,  

w h e r e  9  e  C ^ ( M ) .  W e  c l a i m  t h a t  t h e r e  e x i s t s  9 s u c h  t h a t  t h e  c o m m u t a t o r  r e l a t i o n s  ( 4 . 1 . 3 )  

a r e  s a t i s f i e d  b y  t h e  f r a m e  (Y o , Y 1 , Y 2 ) .  W e  h a v e

[Y2 , Y1 ] =  Y o +  ( c 2 1  -  Y 1 [9 ] )Y 1  +  ( c 2 1  -  Y i [ 9 ] ) Y 2 .

H e n c e ,  i f  t h e  r e q u i s i t e  9  e x i s t s ,  t h e n  Y 1 [9] =  c 1 1 a n d  Y 2 [9] =  c 2 1 . I t  is  n o t  d i f f i c u l t  t o  s h o w  

t h a t  t h i s  is  a l s o  s u f f i c i e n t ,  i . e . ,  i f  t h e r e  e x i s t s  a  s m o o t h  f u n c t i o n  9  s u c h  t h a t  Y 1 [9] =  c ^  a n d  

Y 2 [9] =  c 2 1 , t h e n  (Y o , Y 1 ,Y 2 )  s a t i s f i e s  ( 4 . 1 . 3 ) . S u p p o s e  f o r  t h e  m o m e n t  t h a t  s u c h  a  9  e x i s t s .  

T h e n

d 9 Y o [9 ] v o +  Y 1 [ 9 ] v 1 +  Y 2 [ 9 ] v 2 

( [ Y 2 , Y 1 ] [9 ] -  c 2 1 Y 1 [9 ] -  c 2 1 Y 2 [9 ] ) v o +  c 1 1 v 1 +  c 2 ^ 2 

( Y 2 [c 1 1 ] -  Y 1 [c 2 1 ] -  ( c 1 1 ) 2  -  ( c 2 1 ) 2 ) v o +  c 2 1 v 1 +  c 2 1 v 2 

( k  -  c 2 o ) v o +  c 2 1 v 1 +  c 2 1 v 2 .

T h e  r i g h t - h a n d  s id e  is  i n d e p e n d e n t  o f  9 .  A c c o r d i n g ly ,  l e t  w  =  ( k  -  c 2 o ) v o +  c 1 1 v 1 +  c ^ v 2 . W e  

w i l l  s h o w  t h a t  w  is  c l o s e d ,  i . e . ,  d w  =  0 .  S i n c e  M  is  s i m p l y  c o n n e c t e d ,  i t  t h e n  f o l lo w s  t h a t  w  

is  e x a c t :  t h e r e  e x i s t s  9  e  C ^ ( M )  s u c h  t h a t  w  =  d 9 , a n d  h e n c e  t h e  r e q u i s i t e  r o t a t i o n  e x i s t s .  

W e  h a v e

d w  =  ( c 1 o c 21  +  Y 1 [c 1 o k ] +  Y o [c 1 1 ] ) v o A v 1 +  ( - c 1 o c 2 1  +  Y 2 [c 2
1o k ] +  Y o [c 2 1 ] ) v o A v 2 .

U s i n g  d 2  =  0  o n  t h e  s e c o n d  t w o  s t r u c t u r e  e q u a t i o n s  ( 4 . 1 . 2 ) , w e  g e t  Y o [c 2 1] =  - c 1 o c 2 1 -  Y 1 [c2o] 

a n d  Y o [c 2 1] =  c 1 o c 2 1 -  Y 2 [c 1 o]. H e n c e

d w  =  -  Y 1 [k ] v o A  v 1 -  Y 2 [k ] v o A  v 2  =  dK  A v o .

S i n c e  k  is  c o n s t a n t ,  i t  f o l lo w s  t h a t  d w  =  0 .  ■

C o r o l l a r y  4 . 1 . 9  ( c f .  [ 1 ] ) .  Two nonholonomic Riemannian manifolds ( M , D , D x , g )  and 
( M ',  D ' ,  D ' X , g '  ) with % 1 =  x 1  =  0  and constant k , k '  are NH-isometric if and only if  k  =  k '  .

R e m a r k  4 . 1 . 1 0 .  P r o p o s i t i o n  4 . 1 . 8  i m p l i e s  t h a t  a l l  t h e  s t r u c t u r e s  in  t h i s  c a s e  ( i . e . ,  w i t h  M 

s i m p l y  c o n n e c t e d ,  $  =  % 1 = 0  a n d  k  c o n s t a n t )  a r e  f l a t ,  s i n c e  t h e r e  e x i s t s  a n  o r t h o n o r m a l  

f r a m e  ( Y 1 , Y 2 ) f o r  D  s u c h  t h a t  [ Y 2 , Y 1 J  =  0  ( s e e  p r o p o s i t i o n  2 . 2 . 1 3 ) . W e  d is c u s s  t h e  f l a t  

t h r e e - d i m e n s i o n a l  s t r u c t u r e s  f u r t h e r  in  s e c t i o n  4 . 2 . □

T h e o r e m  4 . 1 . 1 1  ( c f .  [ 1 ] ) .  Let ( G , D , D x , g )  be a left-invariant nonholonomic Riemannian 
structure on a simply connected Lie group G . Suppose $  =  % 1 =  0 .

( i ) I f  k  <  0 ,  then ( G , D ,  D x , g )  is NH-isometric (up to rescaling) to the following structures :

• The structure on S L ( 2 ,  R )  with elliptic-type distribution and metric (at identity) 

being K | P i  . (Here  K  is the Killing form of g . )

• Any structure on A f f ( R ) o x  R .

( i i ) I f  k  =  0 ,  then ( G , D ,  D x , g )  is NH-isometric (up to rescaling) to any structure on the 
Heisenberg group H 3 .
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( i i i ) I f  k  >  0 ,  then ( G , D ,  D x , g )  is NH-isometric (up to rescaling) to the structure on S U ( 2 )  

with metric (at identity) being K | D i  .

Proof. W e  p r o c e e d  f r o m  t h e  c o m m u t a t o r  r e l a t i o n s  ( 4 . 1 . 1 )  ( w i t h  t h e  c j  c o n s t a n t ,  b y  l e f t  

i n v a r ia n c e )  a n d  c a l c u l a t e  a l l  t h e  l e f t - i n v a r i a n t  s t r u c t u r e s  o n  s i m p l y  c o n n e c t e d  L i e  g r o u p s  w i t h  

9  =  x 1 =  0 .  I t  t h e n  s u f f ic e s  t o  c o m p a r e  t h e  i n v a r ia n t  k  f o r  t h e s e  s t r u c t u r e s .  W e  h a v e  

k  =  c 1 o -  ( c 2 1 ) 2  -  ( c ^ ) 2 . I t  is  s t r a i g h t f o r w a r d  t o  s h o w  ( e .g . ,  u s in g  M a th em a tio a ) t h a t  G is  

i s o m o r p h i c  t o  o n e  o f  H 3 , S U ( 2 ) ,  S L ( 2 ,  R ) e11 o r  A f f ( R ) o x  R .

• I f  G =  H 3 , t h e n  c 1 1 =  c 2 1 =  c 1 o =  0  a n d  w e  h a v e  k  =  0 .

• I f  G =  S U ( 2 ) ,  t h e n  c ^  =  c ^  =  0 ,  c 1 o >  0  a n d  w e  h a v e  k  >  0 .

• I f  G =  S L ( 2 , R ) e11, t h e n  c 2 1 =  c ^  =  0 ,  c 2o <  0  a n d  w e  h a v e  k  <  0 .

• I f  G =  A f f ( R ) o x  R ,  t h e n  c 2o =  0  a n d  w e  h a v e  k  <  0 .

T h e  r e s u l t  n o w  f o l lo w s  f r o m  c o r o l l a r y  4 . 1 . 9 . L a s t l y ,  f o r  ^ h e ^ a s e  G =  S U ( 2 ) o r  G =  S L ( 2 , R ) e11, 

t h e  K i l l i n g  f o r m  is  g iv e n  ( w i t h  r e s p e c t  t o  t h e  f r a m e  ( Y o , Y 1 , Y 2 ) )  b y  K  =  d i a g ( - 2 k 2 , - 2 k , - 2 k ) .  

I t  f o l lo w s  t h a t ,  in  b o t h  c a s e s ,  t h e  m e t r i c  is  a  r e s c a l i n g  o f  K | D i  . ■

R e m a r k  4 . 1 . 1 2 .  R e m a r k a b l y ,  t h e o r e m  4 . 1 . 1 1  i m p l i e s  t h a t  t h e r e  e x i s t s  a n  N H - i s o m e t r y  b e ­

t w e e n  t h e  n o n - i s o m o r p h i c  L i e  g r o u p s  S L ( 2 , R )  a n d  A f f ( R ) o x  R .  F o r  f u r t h e r  d e t a i l s  s e e  [ 1 ] . 

I n  p a r t i c u l a r ,  in  [1] t h e  a u t h o r s  f in d  a n  e x p l i c i t  e x p r e s s i o n  f o r  a  l o c a l  S R - i s o m e t r y  b e t w e e n  

S L ( 2 ,  R )  a n d  A f f ( R ) o x  S 1 . □

4 . 1 . 2 . 2  C a s e  ( b ) :  % 1 >  0

S i n c e  % 1 >  0 ,  w e  h a v e  t h a t  is  n o n d e g e n e r a t e .  C o n s e q u e n t ly ,  l e t  X 1 , X 2  b e  o r t h o n o r m a l  

v e c t o r  f ie ld s  s p a n n i n g  D  t h a t  a r e  a l s o  o r t h o g o n a l  w i t h  r e s p e c t  t o  A sy m . T h e n  ( X o , X 1 , X 2 ) ,  

w h e r e  X o =  Y o , is  a  w e l l - d e f in e d  ( u p  t o  s ig n )  l o c a l  c a n o n i c a l  f r a m e  o n  M , a n d  t h e  c o m m u t a t o r  

r e l a t i o n s  o f  t h i s  f r a m e  u n i q u e ly  d e t e r m i n e  ( u p  t o  s i g n )  t h e  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c ­

t u r e .  N o t e  t h a t  a  r e s c a l i n g  o f  t h e  m e t r i c  g ,  ^  >  0  r e s c a l e s  t h e  f r a m e  a s  ( ^ 2 X o , ^ X ^  ^ X 2 ) .

L e m m a  4 . 1 . 1 3  ( c f .  [ 1 ] ) .  We have

r  [ X 1 , X o ]  =  c 2 o X 2

i  [ X 2 , X o ] =  c 1 o X 1 ( 4 . 1 . 4 )

l  [ X 2 , X 1 ] =  c 1 1 ^ 1  +  c 2 1 ^ 2  +  X o ,

where c j  e  C ^ ( M )  (with the ranges i , j , k  =  0 , 1 , 2 ) .  (For convenience, we use the same 
symbols for the structure constants of ( X o , X 1 , X 2 ) as we did for  ( Y o , Y 1 , Y 2 ) . )

Proof. I n  t e r m s  o f  t h e  f r a m e  ( Y 1 , Y 2 ) ,  w e  h a v e

A =—
1  ( c 2 o +  c 2 o ) 

- c 1o

c 1
-  c 1o

2 ( c 2 o +  c 2 o )

H e n c e ,  f o r  X 1 , X 2  t o  b e  o r t h o g o n a l  w i t h  r e s p e c t  t o  A sy m , w e  m u s t  h a v e  c ^  =  0  in  t h e  

( X 1 , X 2 ) f r a m e .  H e n c e  w e  g e t  t h e  c o m m u t a t o r  r e l a t i o n s  ( 4 . 1 . 4 ) . ■
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I n  t e r m s  o f  t h e  s t r u c t u r e  c o n s t a n t s  o f  t h e  c a n o n i c a l  f r a m e ,  w e  h a v e  x 1 =  1  |c1o +  c 2 o |. 

C h a n g i n g  t h e  f r a m e  ( i . e . ,  t h e  s ig n  o f  X 1 o r  X 2 ) i f  n e c e s s a r y ,  w e  m a y  a s s u m e  t h a t  c 1 o +  c ^  >  0 .

N o w  s u p p o s e  t h a t  M  =  G is  a  s i m p l y  c o n n e c t e d  L i e  g r o u p  ( w i t h  L i e  a l g e b r a  g )  a n d  

t h a t  t h e  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  ( G , D ,  D ^ ,  g )  is  l e f t - i n v a r i a n t .  I n  t h i s  c a s e  t h e  

c a n o n i c a l  f r a m e  ( X o , X 1 , X 2 ) is  l e f t  i n v a r i a n t ,  h e n c e  t h e  s t r u c t u r e  c o n s t a n t s  c j  a r e  c o n s t a n t .  

F u r t h e r m o r e ,  i t  t u r n s  o u t  t h a t  N H - i s o m e t r i e s  m u s t  p r e s e r v e  t h e  L i e  g r o u p  s t r u c t u r e .

P r o p o s i t i o n  4 . 1 . 1 4 .  Let ( G , D ,  D x , g )  and ( G ' ,  D ' ,  D ' x , g '  ) be left-invariant nonholonomic 
Riemannian structures on three-dimensional simply connected Lie groups such that $ ,  $ '  =  0  

and X 1 , x 1  >  0 .  I f  $  : G ^  G ' is an NH-isometry between ( G , D ,  D x , g )  and ( G ' ,  D ' ,  D ' x , g ' ) ,  

then $  =  o $ ' ,  where L ^ )  is a left translation and $ '  : G ^  G ' is a Lie group isomor­
phism.

Proof. L e t  $  : G ^  G ' b e  a n  N H - i s o m e t r y  b e t w e e n  t h e  t w o  s t r u c t u r e s .  W e  h a v e  $ * Y o  =  ± Y )  

a n d  $ * P ( X ) =  P ' ( $ * X ) ,  $ * Q ( X ) =  Q ' ( $ * X ) f o r  e v e r y  X  e  r ( T G ) .  T h u s  $ * X o =  ctox o , 

$ * X 1 =  ct1 X 1  a n d  $ * X 2  =  ct2 X 2 , w h e r e  cto , ct1 , ct2  e  { - 1 , 1 } .  S i n c e  X o , X 1 a n d  X 2  a r e  l e f t  

i n v a r i a n t ,  w e  h a v e  t h a t  $  s e n d s  e v e r y  l e f t - i n v a r i a n t  v e c t o r  f ie ld  o n  G t o  a  l e f t - i n v a r i a n t  v e c t o r  

f ie ld  o n  G '.  H e n c e  $ '  =  L ^ ^ - i  o  $  is  a  L i e  g r o u p  i s o m o r p h i s m .  ■

W e  n o w  p r o c e e d  t o  c l a s s i f y  t h e  l e f t - i n v a r i a n t  s t r u c t u r e s .  A p p e n d i x  D  l i s t s  t h e  s u p p o r t i n g  

M a th em a tica  c o d e .  F o r  t h e  m o m e n t ,  w e  c l a s s i f y  only u p  t o  N H - i s o m e t r y ,  a n d  do not r e s c a l e .  

L a t e r ,  in  s e c t i o n  4 . 1 . 2 . 3 , w e  s h a l l  c o n s i d e r  t h e  c l a s s i f i c a t i o n  u p  t o  N H - i s o m e t r y  a n d  r e s c a l in g .

T h e o r e m  4 . 1 . 1 5  ( c f .  [ 1 ] ) .  We have the following classification (up to NH-isometry) ofleft- 
invariant nonholonomic Riemannian structures on three-dimensional simply connected Lie 
groups for which $  =  0  and x 1 >  0 .

( i ) On S E ( 2 ) there exists exactly one family of equivalence classes, specified as follows:

[ X 1 , X o ]  =  a X 2 

[ X 2 , X o ]  = 0  

[ X 2 , X 1 ] =  X o x 1

1

2  “  
1

2  “ .

( 4 . 1 . 5 )

K

Here a  >  0 .  1 2

(ii) On S E ( 1 , 1 ) there exists exactly one family of equivalence classes, specified as follows:

( 4 . 1 . 6 )

1

-  2  a  
1

2  a .

Here a  >  0 .

( iii) On S U ( 2 )  there exists exactly one family of equivalence classes, specified as follows:

[ X 1 , X o ]  = 0 r *
[ X 2 , X o ]  =  a X 1 l
[ X 2 , X 1 ] =  X o l X 1

r  [ x b  x o ] =  a 1 x 2 

i  [ X 2 , X o ] =  - a 2 X 1 

l  [ X 2 , X 1 ] =  X o

k  =  ^ ( a 1 +  a 2 ) 

X 1  =  2 ( a 1 -  a 2 ) .

( 4 . 1 . 7 )

Here 0  <  a 2  <  a 1 .
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(iv ) On S L ( 2 ,  R ) e11 there exists exactly one family of equivalence classes, specified as follows:

r  [ X 1 , X o  ] =  - a 1 X 2

i  [ X 2 , X o ]  =  a 2 X 1 

l  [ X 2 , X 1 ] =  X o

K

x 1

1

2

1

2

( a 1 +  a 2 )

( a 1 -  a 2 ) .

( 4 . 1 . 8 )

Here 0  <  a 1 <  a 2 .

( v ) On S L ( 2 ,  R ) hyp there exists exactly one family of equivalence classes, specified as follows:

[ X 1 , X o ]  =  a 1 X 2  r  *  =  1  ( a 1 -  a 2 )

[ X 2 , X o ] =  a 2 X 1 i  1  ( 4 . 1 . 9 )

[ X 2 , X 1] =  X o l  X 1  =  2 ( a 1 +  a 2 ) .

Here a 1 , a 2  >  0 .

(vii) On G 3 .2  there exists exactly one family of equivalence classes, specified as follows:

f  P 2
[ X 1 , X o ]  =  P -  X 2

' [ X 2 , X o ] = 0  

1 [ X 2 , X 1 ] =  X o  -  P X 2

K = ----
7 P 2

x 1 =
P 2

( 4 . 1 . 1 0 )
8

8

Here P  =  0 .

(vii) On G h .4  there exists exactly one family of equivalence classes, specified as follows:

f  [ X 1 , X o ]  = 0

[X 2 . X «] =  -  

[ X 2 , X 1 ] =  X o  -  P X 2

( h 2  -  1 ) P 2

K =  —

x 1 =

[ X 1 , X o ] =  4 h 2

[ X 2 , X o ]  = 0  

[ X 2 , X 1 ] =  X o  -  P X 2

X 2 K =  —

x 1 =

(1  +  7 h 2 ) P 2 

8 h  

( h 2  -  1 ) P 2

8 h

(1  +  7 h 2 ) P 2 

8 h  

( h 2  -  1 ) P 2 

8 h 2

fo r  0  <  h  <  1 ( 4 . 1 . 1 1 )

fo r  h  >  1 . ( 4 . 1 . 1 2 )

Here P  =  0 .

( v i i i ) O n  G^.g t h e r e  e x i s t s  exactly one family of equivalence classes, specified as follows:

( 1  -  7 h 2 ) P 2

( 4 . 1 . 1 3 )

[ X 1 , X o  ] =  i R + P " 2  x 24 h 2

[ X 2 , X o  ] =  0  

[  [ X 2 , X 1 ] =  X o  -  P X 2
x 1 =

8 h 2

( h 2  +  1 ) P 2

8 h 2

Here P  =  0 .

No such structures exist on H 3  or A f f  ( R ) o x  R .
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Proof. T h e  s t r u c t u r e  e q u a t i o n s  o f  t h e  f r a m e  ( v o , v 1 , v 2 ) d u a l  t o  ( X o , X 1 , X 2 ) a r e  g iv e n  b y

{d v o =  v 1 A  v 2 

d v 1 =  c 2 o v o A v 2  +  c 2 1 v 1 A  v 2 

d v 2  =  c 2o v o A v 1 +  c 2 1 v 1 A  v 2 .

U s i n g  d 2  =  0  o n  t h e  s e c o n d  a n d  t h i r d  e q u a t i o n ,  w e  g e t  t h e  e q u a l i t i e s  c ^ c ^  =  0 ,  c 2o c 2 1 =  0 . 

A s  x 1 =  1  ( c 1 o +  c 2 o ) >  0 , w e  c a n n o t  h a v e  b o t h  c 2o a n d  c ^  n o n p o s i t i v e .  A c c o r d i n g ly ,  w e  h a v e  

t h e  t h r e e  c a s e s :  ( a )  c ^  =  c 2 1 =  0 ; ( b ) c ^  =  c ^  =  0  a n d  c ^  =  0 ; ( c )  c ^  =  c 1 o =  0  a n d

c 12 1  =  0 .

(a ) c 2 1 =  c 2 1 =  0 .  W e  h a v e  t h e  c o m m u t a t o r  r e l a t i o n s

i  [ X 1 , X o ] =  c 2 o X 2 

i  [ X 2 , X o ]  =  c 1 o X 1 

l  [ X 2 , X 1 ] =  X o .

I t  is  n o t  d i f f i c u l t  t o  s h o w  t h a t  G is  u n i m o d u l a r  a n d  n o n - n i l p o t e n t ;  f u r t h e r m o r e ,  t h e  K i l l i n g  

f o r m  K  is  d e g e n e r a t e  i f  a n d  o n l y  i f  c 2 o c 2o =  0 .  S u p p o s e  K  is  d e g e n e r a t e .  T h e  e ig e n v a lu e s  o f  

a d ^ , U  =  u i X i e  g  a r e

H e n c e :

0 , c 2 o ( u 2 ) 2  -  c 1 o ( u 1  ) 2 ^ c 1 o ( u 2 ) 2 c 1 o ( u 1) 2 .

• I f  c 2 o =  0 ,  t h e n  t h e r e  e x i s t s  a  U  s u c h  t h a t  t h e  e ig e n v a lu e s  o f  a d ^  a r e  i m a g i n a r y ,  a n d  

h e n c e  G is  i s o m o r p h i c  t o  S E ( 2 ) .  S p e c i f i c a l l y ,  w e  h a v e  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  

( 4 . 1 . 5 ) , p a r a m e t r i s e d  b y  a  >  0 .

• I f  c 2 o =  0 ,  t h e n  c 2o =  0 ,  a n d  s o  t h e  e ig e n v a lu e s  o f  a d ^  a r e  a lw a y s  r e a l .  H e n c e  w e  g e t  

t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 6 )  o n  S E ( 1 , 1 ) ,  p a r a m e t r i s e d  b y  a  >  0 .

O n  t h e  o t h e r  h a n d ,  s u p p o s e  K  is  n o n d e g e n e r a t e .  L e t  ^ 1 , ^ 2  a n d  ^ 3  d e n o t e  t h e  l e a d i n g  p r i n c i p a l  

m in o r s  o f  t h e  m a t r i x  o f  K  ( w i t h  r e s p e c t  t o  t h e  c a n o n i c a l  f r a m e ) ,  a n d  A 1 , A2  t h o s e  o f  K | D i . 

( W e  h a v e  ^ 1  =  2 c 1 o c 2 o , R 2  =  ^ c ^ c ^ ) 2 , R 3  =  ^ ( c ^ o ) 2  a n d  A 1 =  - 2 c 1 o ,  A2  =  - 4 c 2 o c 1 o .)

G is  i s o m o r p h i c  t o

• S U ( 2 ) i f  a n d  o n l y  i f  ^ 1 <  0  a n d  ^ 2  >  0 ,  i . e . ,  c 2 o <  0 ;  in  t h i s  c a s e ,  w e  g e t  t h e  f a m i l y  o f  

e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 7 )  o n  S U ( 2 ) ,  p a r a m e t r i s e d  b y  a 1 , a 2  >  0  w i t h  a 2  <  a 1 .

• S L ( 2 ,  R )  w i t h  e l l i p t i c - t y p e  d i s t r i b u t i o n  i f  a n d  o n l y  i f  ( ^ 1 >  0  o r  ^ 2  <  0 )  a n d  ( A 1 =  0  

a n d  A 2  >  0 ) ,  i . e . ,  c 1 o <  0 ;  s p e c i f i c a l ly ,  w e  g e t  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 8 ) , 

p a r a m e t r i s e d  b y  a 1 , a 2  >  0  w i t h  a 1 <  a 2 .

• S L ( 2 ,  R )  w i t h  h y p e r b o l i c - t y p e  d i s t r i b u t i o n  i f  a n d  o n l y  i f  ( ^ 1 >  0  o r  ^ 2  <  0 )  a n d  (A 1 =  0  

o r  A2  <  0 ) ,  i . e . ,  c 2o c 2 o <  0 ;  w e  g e t  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 9 ) , p a r a m e t r i s e d  

b y  a 1 , a 2  >  0 .

( b ) c 1 1 =  c 2 o =  0  a n d  c 2 1 =  0 .  I n  t h i s  c a s e  G is  n o n - u n i m o d u l a r .  T h e  e ig e n v a lu e s  o f  a d ^  a r e

^  - 2 c 2 1 +  \ j( c 2 1 ) 2  -  4 c 1 ^ ) ,
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S i n c e  c 2 o >  0 ,  t h e r e  d o e s  n o t  e x i s t s  a  U  s u c h  t h a t  e x a c t l y  t w o  e ig e n v a lu e s  a r e  z e r o  ( i . e . ,  G is  

n o t  i s o m o r p h i c  t o  A f f ( R ) o x  R ) .  H e n c e ,  w e  h a v e  t h e  f o l lo w in g  c a s e s :

• I f  ( c 2 1 ) 2  -  4 c 1 o >  0 ,  t h e n  G is  i s o m o r p h i c  t o  G h 4 , h  >  1 . I n  p a r t i c u l a r ,  w e  h a v e  t h e  

f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 2 ) , p a r a m e t r i s e d  b y  =  0 .

• I f  ( c 2 1 ) 2  -  4 c 1 o =  0 , t h e n  w e  h a v e  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 0 )  o n  G 3 .2 , 

p a r a m e t r i s e d  b y  =  0 .

• I f  ( c 2 1 ) 2  -  4 c 2o <  0 , t h e n  w e  h a v e  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 3 )  o n  G h.5 , 

p a r a m e t r i s e d  b y  =  0 .

( c ) c ^  =  c 1 o =  0  a n d  c 2 1 = 0 . G is  n o n - u n i m o d u l a r ,  a n d  t h e  e ig e n v a lu e s  o f  a d ^  a r e

0 ,
1

2
u 2 c 21 \u2\\J ( c 1 1 ) 2  +  4 c 2 o u 2 c 1 1 +  lu 2 l ^ ( c 1 1 ) 2  +  4 c 2 o ) .

S i n c e  c 2 o >  0 , w e  h a v e  t h a t  G is  i s o m o r p h i c  t o  G h.4 , 0  <  h  <  1 . S p e c i f i c a l l y ,  w e  h a v e  t h e  

f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 1 ) , p a r a m e t r i s e d  b y  =  0 .  ■

4 . 1 . 2 . 3  S u m m a r y

I n  t h i s  s e c t i o n  w e  s u m m a r i s e  t h e  r e s u l t s  o f  t h e  p r e v io u s  t w o  s e c t i o n s ,  in  p a r t i c u l a r  t h e o r e m  

4 . 1 . 1 1  a n d  t h e o r e m  4 . 1 . 1 5 . R e s c a l i n g  t h e  m e t r i c  b y  ^  >  0 ,  w e  c a n  n o r m a l i s e  t h e  i n v a r i a n t s  k  

a n d  x 1 s o  t h a t  e i t h e r  ( k , x 1 ) =  ( 0 , 0 ) ,  o r  ( k , x 1 ) b e lo n g s  t o  t h e  ( u p p e r )  s e m i - c i r c l e

{ ( « , X 1 ) : k 2  +  x 1  =  1 , x 1 >  0 } .

I n  f ig u r e  4 .1  w e  g r a p h  t h e  n o r m a l i s e d  i n v a r i a n t s .  D i f f e r e n t  p o i n t s  o n  t h e  s e m i - c i r c l e  r e p r e s e n t  

n o n - N H - i s o m e t r i c  s t r u c t u r e s .  I t  is  e a s y  t o  s e e  t h a t  t h e r e  a r e  a t  m o s t  t h r e e  n o n - N H - i s o m e t r i c  

s t r u c t u r e s  w i t h  t h e  s a m e  i n v a r i a n t s  k  a n d  x 1 . ( H o w e v e r ,  r e s t r i c t i n g  t o  u n i m o d u l a r  L i e  g r o u p s ,  

t h e  e q u i v a le n c e  c l a s s e s  a r e  c o m p l e t e l y  s p e c i f i e d  b y  k  a n d  x 1 .)  T h e  c l a s s i f i c a t i o n  m a y  b e  

s u m m a r i s e d  t h u s l y :

T h e o r e m  4 . 1 . 1 6  ( c f .  [ 1 ] ) .  Let ( G , D , D x , g )  and ( G ' , D ' ,  D ' x , g ' )  be left-invariant nonholo­
nomic Riemannian structures on three-dimensional simply connected Lie groups such that 
d  =  d '  =  0 , k  =  k '  and x 1 =  x 1 .

( i ) I f  k  =  x 1 =  0 ,  then ( G , D ,  D x , g )  is NH-isometric (up to rescaling) to any structure on 
the Heisenberg group H 3 .

( i i ) I f  x 1 =  0 ,  or x 1 =  0  and k  >  0 ,  then ( G , D ,  D x , g )  is NH-isometric (up to rescaling) to 
( G ' ,  D ' ,  D / X , g ' )  if and only if  g  is isomorphic to g ' .

( i i i ) I f  x 1 =  0  and k  <  0 ,  then (G , D ,  D x , g )  is NH-isometric (up to rescaling) to the structure 
on S L ( 2 ,  R )  with elliptic-type distribution and metric (at identity) being K \ d  .
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X\

F i g u r e  4 . 1 :  N o r m a l i s e d  i n v a r i a n t s  f o r  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  

t h r e e - d i m e n s i o n a l  s i m p l y  c o n n e c t e d  L i e  g r o u p s  w i t h  v a n is h i n g  §  ( c f .  [1 ] ) .

4 .1 .3  C a se  2: §  >  0

L e t  X o  =  Q ( Y o )  a n d  X i  =  P (Y o ) / | | P (Y o ) | | .  L e t  X 2  b e  t h e  u n i q u e  u n i t  v e c t o r  f ie ld  in  D  

o r t h o g o n a l  t o  X 1 s u c h  t h a t  d w ( X p X 2 ) =  1 . A  c h a n g e  in  s ig n  o f  w r e s u l t s  in  X 0  a n d  X 1 

c h a n g i n g  s ig n ,  w h i le  t h e  s ig n  o f  X 2  r e m a i n s  u n c h a n g e d .  H e n c e  ( X 0 , X 1 , X 2 ) is  a  w e l l - d e f in e d  

( u p  t o  t h e  s ig n  o f  X 0 , X 1 ) l o c a l  c a n o n i c a l  f r a m e  o n  M . N o t e  t h a t  a  r e s c a l i n g  o f  t h e  m e t r i c  

- 12 g ,  R  >  0  r e s c a l e s  t h e  f r a m e  a s  ( r 2 X 0 , ^ X 1, r X 2 ) .

W e  n o w  d e s c r i b e  t h e  c o m m u t a t o r  r e l a t i o n s  o f  t h e  c a n o n i c a l  f r a m e  a n d  g iv e  e x p l i c i t  e x ­

p r e s s i o n s  f o r  t h e  i n v a r i a n t s  in  t e r m s  o f  t h e  s t r u c t u r e  c o n s t a n t s  o f  t h i s  f r a m e .

L e m m a  4 . 1 . 1 7 .  We have i X o w =  1 ,  [ X 1 , X 0 ] G r ( D )  and [ X 2 , X 1 ] =  X 0  m o d  r ( D ) .

Proof. S i n c e  X 1 G k e r w ,  w e  h a v e  1 =  i Yow =  iXow +  ( Y 0 ) | i X l w =  iXow . O n  t h e  o t h e r

h a n d ,

0  =  d w ( l o , X 1 ) =  l o [ w ( X 1 )] -  X 1 [w (Y 0 )]  -  w ([Y 0 , X 1 ])  =  w ( [ X 1 , X 0 ])

a n d  s o  [ X 1 , X 0 ] G k e r w  =  r ( D ) .  L a s t l y ,  w e  h a v e  [ X 2 , X 1 ] =  f X 0  m o d  r ( D )  f o r  s o m e  

f  G C~ ( M ) .  I n  f a c t ,

1 =  d w ( X 1 , X 2 ) =  X 1 [ w ( X 2 )] -  X 2 K X 1 )] -  w ( [ X 1 , X 2 ] )  =  w ( [ X 2 , X 1 ] )  =  f .

T h a t  i s ,  [ X 2 , X 1 ] =  X o  m o d  r ( D ) .  ■

B y  l e m m a  4 . 1 . 1 7 , t h e  c o m m u t a t o r  r e l a t i o n s  o f  t h e  c a n o n i c a l  f r a m e  a r e  g i v e n  b y

f  [ X 1 , X o ]  =  c 1o X 1 +  c 1 o X 2 

< [ X 2 , X o ]  =  c 2 o X 1 +  c 2 o X 2  +  c ° o X o  

l  [ X 2 , X 1 ] =  C1 1 X 1 +  C2 1 X 2  +  X o ,
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w h e r e  c j  G C ^ ( M )  a r e  t h e  s t r u c t u r e  c o n s t a n t s .  ( W e  t a k e  t h e  r a n g e s  i ,  j ,  k  =  0 , 1 ,  2 . )  S i n c e  

w ( [ X 2 , Y o ])  =  - d w ( Y 0 , X 2 ) =  0 ,  i t  f o l lo w s  t h a t

c °o  =  w ( [ X 2 , X o ] )  =  - w ( [ X 2 , P ( Y o ) ] )

=  - I I P  (Y o )| | w ([X 2 , X 1 ])

=  - | P ( Y o ) |  <  0 .

I n  t e r m s  o f  t h e  c a n o n i c a l  f r a m e ,  w e  h a v e  §  =  | | P (Y o )|| 2  =  ( c 0 o ) 2 . T h e  c u r v a t u r e  i n v a r ia n t s  

k , x 1 a n d  x 2  t a k e  t h e  f o r m

K

X 1

2 ( c 1 o c 1 o ) ( c 1 1 ) 2

2  J  ( c 10  +  c 2 0 ) 2  +  ( c Jo

( c 2 1 ) 2  -

r c 0 ^ ,

X 1 [c 2 1 ] +  X 2 [c 2 1 ] , 

X 2  =  1  |c10  +  c 2 o |.

F o r  t h e  c a s e  o f  a  l e f t - i n v a r i a n t  s t r u c t u r e  o n  a  L i e  g r o u p ,  t h e  c a n o n i c a l  f r a m e  is  a  g l o b a l  

f r a m e  o f  l e f t - i n v a r i a n t  v e c t o r  f ie ld s .  I t  f o l lo w s  t h a t  t h e  s t r u c t u r e  c o n s t a n t s  c j  a r e  c o n s t a n t .  

M o r e o v e r  ( s i m i l a r  t o  p r o p o s i t i o n  4 . 1 . 1 4 )  i t  t u r n s  o u t  t h a t  N H - i s o m e t r i e s  m u s t  a l s o  p r e s e r v e  

t h e  L i e  g r o u p  s t r u c t u r e .

P r o p o s i t i o n  4 . 1 . 1 8 .  Let ( G , D ,  V ± , g )  and ( G ' ,  D ' , V l± , g '  ) be left-invariant nonholonomic 
Riemannian structures on three-dimensional simply connected Lie groups such that § , § '  >  0 .  

If  f  : G ^  G ' is an NH-isometry between ( G , D ,  D ± , g )  and ( G ' ,  D ' ,  D '± , g ' ) ,  then f  =  L ^ ^ o f ' ,  

where L ^ ( 1 ) is a left translation and f '  : G ^  G ' is a Lie group isomorphism.

Proof. L e t  f  : G ^  G ' b e  a n  N H - i s o m e t r y  b e t w e e n  t h e  t w o  s t r u c t u r e s .  W e  h a v e  f * Y o  =  ± Y 0  

a n d  f * P ( X ) =  P ' ( f * X ) ,  f * Q ( X ) =  Q ' ( f * X ) f o r  e v e r y  X  G r ( T G ) .  T h u s  f * X 0  =  ± X 0 ,

f * X 1 =  ± X 1  a n d  f * X 2  =  X 2 . S i n c e  X o , X 1 a n d  X 2  a r e  l e f t  i n v a r i a n t ,  w e  h a v e  t h a t  f  s e n d s  

e v e r y  l e f t - i n v a r i a n t  v e c t o r  f ie ld  o n  G t o  a  l e f t - i n v a r i a n t  v e c t o r  f ie ld  o n  G '.  H e n c e  f '  =  L ^ ^ - i  o f  

is  a  L i e  g r o u p  i s o m o r p h i s m .  ■

I t  f o l lo w s  f r o m  p r o p o s i t i o n  4 . 1 . 1 8  t h a t  ( w h e n  §  >  0 )  e v e r y  N H - i s o m e t r y  f  : G ^  G ' 

p r e s e r v e s  t h e  K i l l i n g  f o r m .  T h a t  is ,  K ( U ,  V ) =  K ' ( f  * U ,  f  * V ) f o r  a l l  l e f t - i n v a r i a n t  v e c t o r  f ie ld s  

U , V  G r ( T G ) ,  w h e r e  K  ( r e s p .  K ' )  is  t h e  K i l l i n g  f o r m  o f  g  ( r e s p .  g ' ) .  A c c o r d i n g ly ,  w e  d e f in e  

s c a l a r s  Qi =  - 1  K ( X j , X j )  f o r  i  =  0 , 1 , 2 .  I n  t e r m s  o f  t h e  s t r u c t u r e  c o n s t a n t s  o f  t h e  c a n o n i c a l  

f r a m e ,  w e  h a v e

Qo =  - 2  [ ( c 1o) 2  +  2 c 1 o c 2 o +  ( c 2o) 2 ]
2  1  / 2  \2 

Q 1 =  c 10  -  o  ( c 2 1 ) ,

Q2  =  -  2  [ ( c 2 o ) 2  +  2 c 2 o +  ( c 1 1 ) 2 ]

N o t i c e  t h a t ,  u n d e r  a  r e s c a l i n g  o f  t h e  m e t r i c  g ,  R  >  0 ,  w e  h a v e  t h a t  Q0  r e s c a l e s  a s  r 4 q0  a n d  

Q1 , q2  r e s c a l e  a s  r 2 q 1 , r 2 q2 . F u r t h e r m o r e ,  s i n c e  f * X 0  =  ± X 0 , f * X 1 =  ± X 1  a n d  f * X 2  =  X 2

f o r  a n  N H - i s o m e t r y  f  : G ^  G ',  w e  h a v e  t h a t  Q0 , Q1 a n d  q 2  a r e  i s o m e t r i c  i n v a r i a n t s .

T h e  e q u i v a le n c e  c l a s s e s  o f  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  L i e  

g r o u p s  w i t h  p o s i t i v e  §  a r e  b e t t e r  d e s c r i b e d  b y  t h e  i n v a r i a n t s  Q0 , Q1 a n d  q 2  t h a n  t h e  c u r v a t u r e  

i n v a r i a n t s  k , x 1 a n d  x 2 . A c c o r d i n g ly ,  w e  s h a l l  p r e f e r  t h e  Qi ’s t o  t h e  c u r v a t u r e  i n v a r i a n t s  f o r  

t h e s e  s t r u c t u r e s .  I n  f a c t ,  f o r  t h e  s t r u c t u r e s  o n  u n i m o d u l a r  g r o u p s ,  § ,  Q0 , Q1 a n d  q2  f o r m  a
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c o m p l e t e  s e t  o f  i n v a r i a n t s .  ( T h i s  is  n o t  t h e  c a s e  f o r  t h e  s e t  o f  i n v a r i a n t s  0 ,  k , x 1 a n d  x 2 .) 

F o r  t h e  s t r u c t u r e s  o n  n o n - u n i m o d u l a r  g r o u p s  ( w i t h  t h e  e x c e p t i o n  o f  t h o s e  o n  G h.5 , h  =  1 ) ,  

w e  s h a l l  f in d  t h a t  t h e r e  a r e  a t  m o s t  t w o  s t r u c t u r e s  w i t h  t h e  s a m e  i n v a r i a n t s  0 , po , p i  a n d  p 2 . 

( F o r  s t r u c t u r e s  o n  G h.5 , h  =  1 t h e r e  a r e  i n f i n i t e l y  m a n y  s t r u c t u r e s  w i t h  t h e  s a m e  v a lu e s  f o r  

t h e s e  i n v a r i a n t s ,  b u t  a t  m o s t  t w o  w i t h  t h e  s a m e  i n v a r i a n t s  0 , k  a n d  % 2 .)

W e  s h a l l  d i s t i n g u i s h  b e t w e e n  t h e  c a s e  w h e n  G is  u n i m o d u la r  a n d  t h e  c a s e  w h e n  G is  n o n ­

u n i m o d u l a r .  ( A s  N H - i s o m e t r i e s  a r e  l e f t  t r a n s l a t i o n s  c o m p o s e d  w i t h  L i e  g r o u p  i s o m o r p h i s m s ,  

t h e  u n i m o d u l a r i t y  p r o p e r t y  is  p r e s e r v e d  u n d e r  e q u i v a l e n c e . )  I t  is  s t r a i g h t f o r w a r d  t o  s h o w  

t h a t  G is  u n i m o d u l a r  i f  a n d  o n l y  i f  +  c 2 0  =  0 , c ° 0  +  =  0  a n d  =  0 . S u p p o s e  f i r s t  t h a t

G is  u n i m o d u la r .  I n  t h i s  c a s e  w e  h a v e  t h e  s im p l i f i e d  e x p r e s s io n s

po ( c 1o ) 2  — c 2 o c io ,  p i c 1 0 , p 2 c 2 o — ( c 2 i ) 2 .

F u r t h e r m o r e ,  t h e  c u r v a t u r e  i n v a r ia n t s  k , % 1 a n d  x 2  m a y  b e  e x p r e s s e d  a s

k  =  2 ( p i  +  P 2  -  0 ) ,  X i  =  2 / ( p i  +  pa +  0 ) 2  -  4 p o , X 2  =  0 .

I n  a p p e n d i x  D  ( s p e c i f i c a l l y ,  s e c t i o n  D . 1 )  w e  l i s t  t h e  s u p p o r t i n g  M ath em a tica  c o d e  f o r  t h e  

p r o o f  o f  t h e  f o l lo w in g  c l a s s i f i c a t i o n .

T h e o r e m  4 . 1 . 1 9 .  We have the following classification of left-invariant nonholonomic Rie­
mannian structures on unimodular simply connected Lie groups, rescaled such that 0  =  1 .

( i ) On H 3  there exists exactly one equivalence class, specified as follows:

i  [ X i ,  X o ]  = 0  i  po =  0

i  [ X a ,  X o ]  =  - X o  -  X i  i  p i  =  0  ( 4 . 1 . 1 4 )

{  [ X a , X i ] =  X o  +  X i  [  pa =  0 .

(ii) On S E ( 2 ) there exists exactly one family of equivalence classes, specified as follows:

{[ X i , X o ]  =  - ^ a g a g X i  +  0 ^ X 2  i  po =  a i

[ X 2 , X o ]  =  - X o  -  ( 1  +  a 2 ) X i  +  V 0 i a 2  X 2  i  p i  =  a i  ( 4 . 1 . 1 5 )

[ X 2 , X i ] =  X o  +  X i  [  p 2  =  a 2 .

Here a i , a 2  >  0  and a i  +  a 2  =  0 .( iii) On S E ( 1 ,  1 )  there exists exactly one family of equivalence classes, specified as follows:

{[ X i , X o ] =  - V 0 i 0 2  X i  -  a i X 2  f  po =  - a i

[ X 2 , X o ] =  - X o  -  ( 1  -  a 2 ) X i  +  V 0 i 0 2  X 2  i  p i  =  - a i  ( 4 . 1 . 1 6 )

[ X 2 , X i ] =  X o  +  X i  [  p2  =  - a 2 .

Here a i , a 2  >  0  and a i  +  a 2  =  0 .

(iv ) On S U ( 2 ) there exists exactly one family of equivalence classes, specified as follows:

f  [ X i , X o ] =  - 5 X i  +  a i X 2  f  po =  - 5 2  +  a i ( 1  +  a 2 )

i  [ X 2 , X o ] =  - X o  -  ( 1  +  a 2 ) X i  +  5 X 2  i  p i  =  a i  ( 4 . 1 . 1 7 )

[  [ X 2 , X i ] =  X o  +  X i  [  p2  =  a 2 .

Here a i , a 2  >  0 ,  5 >  0  and 5 2  -  a i a 2  <  0 .
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( v ) On S L ( 2 , R )eii there exists exactly one family of equivalence classes, specified as follows:

f  [ X i , X o ] =  - 5 X i  -  a i X 2 

i  [ X 2 , X o ] =  - X o  -  ( 1  -  a 2 ) X i  +  5 X 2 

[  [ X 2 , X i ] =  X o  +  X i

po =  - 5 2  -  a i ( 1  -  a 2 )

p i  =  - a i  ( 4 . 1 . 1 8 )

p2  =  - a 2 .

Here a i , a 2  >  0 ,  5  >  0  and 5 2  -  a i a 2  <  0 .

( vi) On S L ( 2 ,  R ) hyp there exists exactly one family of equivalence classes, specified as follows:

f  [ X i , X o ]  =  - 5 X i  -  Y i X 2 

i  [ X 2 , X o ]  =  - X o  -  ( 1  -  7 2 ) X i  +  5 X 2 

[  [ X 2 , X i ] =  X o  +  X i

Here 5  >  0 ,  Y i , y 2  g  R  and 5 2  -  y 1 Y 2  >  0 .

po =  - 5 2  -  Y i ( 1  -  Y 2 )

p i  =  - Y i  ( 4 . 1 . 1 9 )

p 2  =  - Y 2 .

Proof. S i n c e  0  =  ( c ^ ) 2 , w e  r e s c a l e  t h e  f r a m e  b y  ^  =  - f -  >  0 .  W e  h a v e  t h e  c o m m u t a t o r
c21

r e l a t i o n s
f  [ X i , X o ]  =  c i o X i  +  c ? o X 2 

i  [ X 2 , X o ]  =  - X o  +  c i o X i  -  c i o X 2 

l  [ X 2 , X i ]  =  X o  +  X i .

- 1
( H e r e  w e  h a v e  r e l a b e l l e d  7- 1 %  a s  c  i o , e t c . )  W e  m a y  a s s u m e ,  w i t h o u t  lo s s  o f  g e n e r a l i t y ,  t h a t

c  i  o <  0 .  ( I n d e e d ,  b y  c h a n g i n g  t h e  s ig n  o f  w i f  n e c e s s a r y ,  t h e r e  e x i s t s  a  f r a m e  ( X o , X i , X 2 ) 

s u c h  t h a t  c  i o is  n o n p o s i t i v e . )  W e  h a v e  t h e  f o l lo w in g  f o u r  c a s e s :  (a ) c i  o =  c 2o =  0 ;  ( b ) c i  o =  0  

a n d  c 2o =  0 ; ( c )  c  i o <  0  a n d  c 2o =  0 ; ( d ) c  i  o <  0  a n d  c 2o =  0 .

(a ) c i  o =  c  io  =  0 .  I t  is  e a s y  t o  s h o w  t h a t  K  is  d e g e n e r a t e ,  s o  G m u s t  b e  i s o m o r p h i c  t o  

o n e  o f  S E ( 1 , 1 ) ,  H 3  o r  S E ( 2 ) .  T h e  n o n z e r o  e ig e n v a lu e s  o f  a d ^ , U  =  u i X i a r e  ± | u 2 | % c i o +  1 . 

A c c o r d i n g ly ,  i f  c 2 o +  1 =  0 ,  t h e n  G is  n i l p o t e n t ,  a n d  h e n c e  i s o m o r p h i c  t o  t h e  H e is e n b e r g  g r o u p  

H 3 . F u r t h e r m o r e ,  t h e  c a n o n i c a l  f r a m e  h a s  t h e  c o m m u t a t o r  r e l a t i o n s

i  [ X i , X o ] =  0  

i  [ X 2 , X o ]  =  - X o  -  X  i  

l  [ X 2 , X i ] =  X o  +  X i .

T h u s  w e  h a v e  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 1 4 ) . O n  t h e  o t h e r  h a n d ,  i f  c 2 o +  1 >  0 ,  t h e n  t h e  

e i g e n v a l u e s  o f  a d ^  a r e  r e a l  f o r  e v e r y  U , a n d  s o  G is  c o m p l e t e l y  s o l v a b l e .  H e n c e  G is  i s o m o r p h i c  

t o  S E ( 1 , 1 ) ,  a n d  w e  h a v e

f  [ X i , X o ] =  0  

i  [ X 2 , X o ] =  - X o  +  c  i o X  i 

l  [ X 2 , X i ] =  X o  +  X i .

T h i s  is  t h e  f a m i l y  ( 4 . 1 . 1 6 )  w i t h  a  i  =  0  a n d  a 2  =  c i o +  1 >  0 .  L ik e w i s e ,  i f  c i o +  1 <  0 ,  t h e n  

g e t  h a v e  t h e  f a m i l y  ( 4 . 1 . 1 5 )  o f  e q u i v a le n c e  c l a s s e s  o n  S E ( 2 ) w i t h  a  i  =  0 ,  a 2  =  - ( c 2 o +  1 )  >  0 .

( b ) c  i  o =  0  a n d  c  i o =  0 .  T h e  K i l l i n g  f o r m  K  is  n o n d e g e n e r a t e  i f  a n d  o n l y  i f  c 2 o +  1 =  0 . 

S u p p o s e  c i o +  1 =  0 .  T h e  e ig e n v a lu e s  o f  a d ^  a r e  r e a l  f o r  c i o <  0  a n d  c o m p l e x  f o r  c 2 o >  0 .
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T h e s e  t w o  c a s e s  y ie ld  t h e  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 5 )  a n d  ( 4 . 1 . 1 6 )  o n  S E ( 2 )  a n d  S E ( 1 , 1 ) ,  

r e s p e c t iv e ly ,  w i t h  a  i  >  0  a n d  a 2  =  0 .  O n  t h e  o t h e r  h a n d ,  s u p p o s e  c 2 o +  1 =  0 .  L e t  ^  i , ^ 2 

a n d  ^ 3  d e n o t e  t h e  l e a d i n g  p r i n c i p a l  m in o r s  o f  t h e  m a t r i x  o f  K  w i t h  r e s p e c t  t o  t h e  c a n o n i c a l  

f r a m e .  ( S p e c i f i c a l l y ,  w e  h a v e  ^  i  =  2 c 2 0 c 2 0 , ^ 2  =  - 4 ( c 2o ) 2 ( c 2 o + 1 )  a n d  ^ 3  =  - 8 ( c 2 0 ) 2 ( c 2 0 + 1 ) 2 .) 

L ik e w i s e ,  l e t  A i  a n d  A 2  d e n o t e  t h e  l e a d i n g  p r i n c i p a l  m in o r s  o f  K | D i . ( W e  h a v e  A i  =  - 2 c i o 

a n d  A2  =  — 4 c i  o ( 1  +  c ^ ) . )  G is  i s o m o r p h i c  t o :

• S U ( 2 ) i f  a n d  o n l y  i f  ^  i  <  0  a n d  ^ 2  >  0 ;  w e  g e t  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 1 7 )  w i t h  5  =  0 .

• S L ( 2 ,  R )  w i t h  e l l i p t i c - t y p e  d i s t r i b u t i o n  i f  a n d  o n l y  i f  ( ^  i  >  0  o r  ^ 2  <  0 )  a n d  (A  i  =  0  

a n d  A2  >  0 ) ;  w e  g e t  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 1 8 )  w i t h  5  =  0 .

• S L ( 2 ,  R )  w i t h  h y p e r b o l i c - t y p e  d i s t r i b u t i o n  i f  a n d  o n l y  i f  ( ^  i  >  0  o r  ^ 2  <  0 )  a n d  (A  i  =  0  

o r  A2  <  0 ) ;  w e  g e t  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 1 9 ) , w i t h  5  =  0  a n d  y i .Y 2  <  0 .

( c ) c 1 o <  0  a n d  c 2 0  =  0 .  O n e  c a n  s h o w  t h a t  K  is  n o n d e g e n e r a t e  a n d  i n d e f i n i t e  o n  D .  

A c c o r d i n g ly ,  G is  i s o m o r p h i c  t o  S L ( 2 ,  R )  w i t h  h y p e r b o l i c - t y p e  d i s t r i b u t i o n .  M o r e o v e r ,  w e  

h a v e  t h e  f o l lo w in g  c o m m u t a t o r  r e l a t i o n s :

i  [ X i , X o ] =  c  1 o X  i 

i  [ X 2 , X o ]  =  - X o  +  c 2 o X  i  -  c  1 o X 2 

l  [ X 2 , X  1 ] =  X o  +  X i .

T h i s  is  e x a c t l y  t h e  f a m i l y  ( 4 . 1 . 1 9 )  o f  e q u i v a le n c e  c l a s s e s  w i t h  5  =  - c  j 0  >  0 ,  y i . =  0  a n d  

Y 2  =  1  +  c 2  o .

( d ) c  i o <  0  a n d  c 2o =  0 .  I n  t h i s  c a s e  K  is  n o n d e g e n e r a t e  i f  a n d  o n l y  i f  ( c 1 o ) 2  +  c  i  o ( c 2 o +  1 )  = 0 .  

S u p p o s e  K  is  d e g e n e r a t e .  A s  - c 2 o ( c 2 o +  1 )  =  ( c  i o ) 2  >  0 ,  w e  h a v e  t h e  t w o  c a s e s  c 2 0  <  0 , 

d jo  +  1 >  0  a n d  c 2 0  >  0 ,  c ^  +  1 <  0 .  I n  t h e  f i r s t  c a s e ,  t h e  c o m m u t a t o r  r e l a t i o n s  a r e

f [ X  i ,  X o ]  =  - ^ - c ? 0 (c 2 o  +  1 )  X i  +  c i o X 2

' [ X 2 , X o ]  =  - X o  +  c 2 o X i  +  ^ - c 2 o ( c 2 o  +  1 )  X 2 

1 [ X 2 , X i  ] =  X o  +  X i .

I t  is  n o t  d i f f i c u l t  t o  s h o w  t h a t  G is  c o m p l e t e l y  s o l v a b l e ,  a n d  h e n c e  i s o m o r p h i c  t o  S E ( 1 , 1 ) .  I n  

f a c t ,  w e  h a v e  t h e  f a m i l y  ( 4 . 1 . 1 6 )  o f  e q u i v a le n c e  r e l a t i o n s  w i t h  a  1 =  - c 2 0  >  0 ,  a 2  =  c i 0  +  1 >  0 . 

L ik e w i s e ,  i f  c 2 0  >  0 ,  cj  0  +  1 <  0 ,  t h e n  w e  h a v e  G i s o m o r p h i c  t o  S E ( 2 ) ;  s p e c i f i c a l ly ,  t h e  f a m i l y  

( 4 . 1 . 1 5 )  w i t h  a  1 , a 2  >  0 .  S u p p o s e  t h a t  K  is  n o n d e g e n e r a t e ,  a n d  l e t  ^  1 , ^ 2 , ^ 3  d e n o t e  t h e  

l e a d i n g  p r i n c i p a l  m in o r s  o f  t h e  m a t r i x  o f  K  w i t h  r e s p e c t  t o  t h e  c a n o n i c a l  f r a m e :

V i  =  2 [ ( c  1o ) 2  +  c 2 o c 2 o], ^ 2  =  4 c i  o [ ( c  1o ) 2  +  c 2 o ( c 2 o +  1 ) ] ,

^ 3  =  - 8 [ ( c  i o ) 2  +  c 2 o ( c 2 o +  1 ) ] 2 .

L ik e w i s e ,  l e t  A 2 , A2  b e  t h e  l e a d i n g  p r i n c i p a l  m in o r s  o f  K | P i  . W e  h a v e  A 2 =  - 2 c 2 0  a n d  

A2  =  - 4 ( c  10 ) 2  -  4 c 2 0 ( 1  +  c 2 0 ) .  A s  b e f o r e ,  G is  i s o m o r p h i c  t o :

• S U ( 2 ) i f  a n d  o n l y  i f  ^  2 <  0  a n d  ^ 2  >  0 ;

• S L ( 2 ,  R )  w i t h  e l l i p t i c - t y p e  d i s t r i b u t i o n  i f  a n d  o n l y  i f  ( ^  2 >  0  o r  ^ 2  <  0 )  a n d  (A  2 =  0  

a n d  A2  >  0 ) ;



90 4.1. Equivalence and classification

• S L ( 2 ,  R )  w i t h  h y p e r b o l i c - t y p e  d i s t r i b u t i o n  i f  a n d  o n l y  i f  ( ^  2 >  0  o r  ^ 2  <  0 )  a n d  (A  2 =  0  

o r  A2  <  0 ) .

T h i s  y ie ld s  t h e  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 7 )  ( w i t h  5  >  0 ) ,  ( 4 . 1 . 1 8 )  ( 5  >  0 )  a n d  ( 4 . 1 . 1 9 )  ( 5  >  0 , 

Y i. =  0 ) ,  r e s p e c t iv e ly .  ■

C o r o l l a r y  4 . 1 . 2 0 .  Let G be a three-dimensional unimodular simply connected Lie group. 
The scalars 0,  p0 , p 2 and p 2  form  a complete set of (isometric) invariants for left-invariant 
nonholonomic Riemannian structures on G with 0  >  0 .

R e m a r k  4 . 1 . 2 1 .  F o r  t h e  s o l v a b l e  g r o u p s  H 3 , S E ( 2 )  a n d  S E ( 1 , 1 ) ,  t h e  s c a l a r s  0  >  0 ,  k  

a n d  x  2 a l s o  f o r m  a  c o m p l e t e  s e t  o f  i s o m e t r i c  i n v a r i a n t s .  I n d e e d ,  f o r  t h e  e q u i v a le n c e  c l a s s

( 4 . 1 . 1 4 )  o n  H 3  w e  h a v e  k  =  - 1  a n d  x  :l =  1 .  O n  t h e  o t h e r  h a n d ,  f o r  t h e  e q u i v a le n c e  c l a s s

( 4 . 1 . 1 5 )  o n  S E ( 2 ) ,  w e  h a v e  k  =  \ ( a  2 +  a 2  -  1 )  a n d  x  2 =  2 V ( a  i +  a 2 ) 2  -  2 ( a  2 -  a 2 ) +  1 .

L a s t l y ,  f o r  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 1 6 )  o n  S E ( 1 , 1 ) ,  w e  h a v e  k  =  - 2 ( a  2 +  a 2  +  1 )  a n d  

X  :l =  2 V ( a  i +  a 2 ) 2  +  2 ( a  2 -  a 2 ) +  1 . ( I n  b o t h  o f  t h e  l a t t e r  c a s e s ,  w e  c a n  s o lv e  f o r  a  2 a n d  

a 2  u n i q u e ly  in  t e r m s  o f  k  a n d  x  :l .)  C l e a r l y ,  f o r  t h e  s e m i s i m p le  g r o u p s ,  0  >  0 ,  k  a n d  x  :l d o  

n o t  f o r m  a  c o m p l e t e  s e t  o f  i n v a r i a n t s .  □

N e x t ,  w e  s u p p o s e  t h a t  G is  n o t  u n i m o d u la r ,  i . e . ,  a t  l e a s t  o n e  o f  c  i 0  +  c 2 0 , c ° 0  +  c 2 1 o r  c2  1 

is  n o n z e r o .  ( A s  b e f o r e ,  t h e  s u p p o r t i n g  M a th em a tica  c o d e  m a y  b e  f o u n d  in  s e c t i o n  D .1  o f  

a p p e n d i x  D . F o r  t h e  n o n - u n i m o d u l a r  g r o u p s  in  p a r t i c u l a r ,  m a n y  o f  t h e  c a l c u l a t i o n s  a r e  q u i t e  

l e n g t h y ,  s o  t h e  u s e  o f  a  c o m p u t e r  a l g e b r a  s y s t e m  is  i n s t r u m e n t a l  in  t h e  f o l lo w in g  p r o o f . )

T h e o r e m  4 . 1 . 2 2 .  We have the following classification of left-invariant nonholonomic Rie­
mannian structures on non-unimodular simply connected Lie groups, rescaled such that 0  =  1 .

( i ) On A f f ( R ) o x  R  there exists exactly one family of equivalence classes, specified as follows:

i  [ X  i , X o ]  =  0

i  [ X 2 , X o ]  =  - X o  -  (1  -  y ) X i  +  a X 2 

l  [ X 2 , X i ] =  X o  +  ( 1  -  y ) X i  -  a X 2

'
1  2

po =
2  a

1 2p1 =
-  2  a

1  2
p 2  =

V -  2  Y

( 4 . 1 . 2 0 )

Here a  >  0 , y  G R  and a 2  +  y 2  =  0 .

(ii) On G 3 .2  there exist exactly two families of equivalence classes, specified as follows:

[ X i , X o ] =  0

[ X 2 , X o ]  =  - X o  -  4 ( 0  -  2 ) 2 X i  

[ X 2 , X i ] =  X o  +  ( 1  -  0 ) X i

0  2
[ X 1 , X 0 ] =  - a X 1 +  - 4  X 2

[ X 2 , X o ]  =  - X o  -  ( 2 a + 2 0 ^ X  1 +  ( a  +  0 ) X 2 

4 a  +  0
[ X 2 , X i ] =  X o  +  — ^ X i  -  0 X 2

po =  0

p 1 =  0

p 2  =  -  4  0 2

po =  -  4  0 2

p 1 = -  4  0 2 

4 2
p 2  =  -  0 2  a  .

( 4 . 1 . 2 1 )

( 4 . 1 . 2 2 )

Here a  >  0 ,  0  =  0  and ( 1  -  s g n ( a ) ) 0  >  0 ,  i.e., if  a  =  0 ,  then 0  >  0 .
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( iii) On G h 4  there exist exactly two families of equivalence classes, specified as follows:

'  [ X i , X o ]  

< [ X 2 , X o ]

, [ X 2 , X i ]

0

- X o  -
h 2 ( 0  -  2 ) 2 

4 h 2

X o  +  ( 1  -  0 ) X 1

0 2

X 1

po =  0  

p i  =  0

( h 2  +  1 ) 0 2 

, p 2  4 h 2

[ X i ,  X o ]  

< [ X 2 , X o ]

[ X 2 , X i ]

- o X ,  +  1 0 2  X 2

- X o  -  

X o  +

4 h 2

h 2 ( 2 a  +  0 ) 2  -  0 2 

( h 2  -  1 ) 0 2 

h 2 ( 4 a  +  0 )  -  0

X i  +  ( a  +  0 ) X 2  <

( h 2  -  1 ) 0
X i  -  0 X 2

po

p 1

p 2

( 4 . 1 . 2 3 )

( h 2  +  1 ) 0 2 

4 h 2

( h 2  +  1 ) 0 2 

4 h 2

4 h 2 ( h 2  +  1 ) a 2 

( h 2  -  1 ) 2 0 2  ‘

( 4 . 1 . 2 4 )

H e r e  a  >  0 ,  0  =  0  and ( 1  -  s g n ( a ) ) 0  >  0 .

(iv ) On G^.g there exist exactly two families of equivalence classes, specified as follows:

'  [ X i , X o ]  

< [ X 2 , X o ]

. [ X 2 , X i ]

0

- X o  -
h 2 ( 0  -  2 ) 2  +  0 2 

4 h 2
X 1

X o  +  ( 1  -  0 ) X 1

po =  0  

p i  =  0

( h 2  -  1 ) 0 2 

, p 2  =  4 h 2

[ X i ,  X o ]  

< [ X 2 , X o ]

[ X 2 , X i ]

- a X i +  ( ^ + r ^ X 2

h 2 ( 2 a  +  0 ) 2  +  0 2
- X o  -

X o  +

( h 2  +  1 ) 0 2 

h 2 ( 4 a  +  0 )  +  0  

( h 2  +  1 ) 0

X i  +  ( a  +  0 ) X 2  <

X i  -  0 X 2

po

p 1

p 2

( 4 . 1 . 2 5 )

( h 2  - 1 ) 0 2 

4 h 2

( h 2  -  1 ) 0 2 

4 h

4 h 2 ( h 2  -  1 ) a 2 

( h 2  +  1 ) 2 0 2  '

( 4 . 1 . 2 6 )

H e r e  a  >  0 ,  0  =  0  and ( 1  -  s g n ( a ) ) 0  >  0 .

Proof. W e  h a v e  0  =  ( c 2 0 ) 2 , a n d  s o  w e  r e s c a l e  t h e  f r a m e  b y  ^  =  - - ^  >  0 .  T h e  c o m m u t a t o rc20
r e l a t i o n s  o f  t h e  c a n o n i c a l  f r a m e  a r e  t h e n

r  [ X i , X o ]  =  c i o X i  +  c i o X 2 

i  [ X 2 , X o ]  =  - X o  +  c 2 o X i  +  c 2o X 2 

l  [ X 2 , X i ]  =  X o  +  c 2 i X i  +  c 2 i X 2 .

c 1 1
( H e r e  , 010 2 h a s  b e e n  r e l a b e l l e d  a s  c , 0 , e t c . )  A s  in  t h e  p r o o f  o f  t h e o r e m  4 . 1 . 1 9 , b y  c h a n g i n g

\c 2 0 /
t h e  s ig n  o f  w w e  m a y  a s s u m e  t h a t  c J 0  <  0 .  I f  c , 0  =  0 ,  t h e n  w e  m a y  a s s u m e ,  b y  u s in g  t h e
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s a m e  a r g u m e n t ,  t h a t  c 2 1 <  0 .  L e t  ( v 0 , v  1 , v 2 ) b e  t h e  c o f r a m e  d u a l  t o  ( X 0 , X , , X 2 ) .  T h e n  w e  

h a v e  t h e  s t r u c t u r e  e q u a t i o n s

d v 0  =  - v 0  A  v 2  +  v 1 A v 2 

d v 1 =  c io  v 0  A  v 1 +  c 2 0  v 0  A  v 2  +  c ^  v 1 A v 2 

d v 2  =  c ? 0  v 0  A  v 1 +  c 2 0  v 0  A  v 2  +  c 2 ,  v 1 A v 2 .

U s i n g  d 2  =  0 ,  w e  g e t  c J 0 ( c 2 i  +  c 2 o ) a n d

f  0  =  c 2 o ( c 2 i  -  1 )  -  ( c 2 o +  1 ) c 2 i  

1 0  =  c 2 o ( c 2 i - 1 )  +  ( c 2 i  +  c 2 o ) c 2 i .
( 4 . 1 . 2 7 )

A s  c i 0  <  0 ,  i t  f o l lo w s  t h a t  c 2 ,  +  c 2 0  >  0 .  M o r e o v e r ,  s i n c e  G is  n o n - u n i m o d u l a r ,  w e  h a v e  c 2 ,  =  1 

o r  c 2 ,  =  0 .

W e  h a v e  t h e  f o l lo w in g  f iv e  c a s e s :  (a ) c ^  =  1 ; ( b ) c 2 ,  =  1 , c 2 0  =  0  a n d  c i 0  =  0 ;  ( c )  c ^  =  1 , 

c 2 o =  0  a n d  c io  =  0 ; ( d ) c ^  =  1 , c 2o =  0  a n d  c io  =  0 ; ( e ) c ^  =  1 , c 2o =  0  a n d  c io  =  0 .

( a )  c ^  =  1 . T h e n  c 2 ,  =  0  ( b y  n o n - u n i m o d u l a r i t y )  a n d  ( 4 . 1 . 2 7 )  y i e ld s  c 2 0  =  - 1  a n d  c 2 0  =

— c 2 1 . T h e  l a t t e r  e q u a l i t y  i m p l i e s  c , 0  =  0 ,  a n d  s o  w e  m a y  a s s u m e  ( b y  c h a n g i n g  t h e  f r a m e  i f  

n e c e s s a r y )  t h a t  c 2 ,  <  0 .  T h e  e ig e n v a lu e s  o f  a d ^ , U  =  u i X i a r e

0 , u i ^ c 2 i -  \/ ( c 2 i ) 2  - 4 c 2 ^ , 2 ( u 0 u  ) ( c 2 i  +  y j ( c 2 i ) 2  -  4 c 2 o ) .

F u r t h e r m o r e ,  e x a c t l y  t w o  e ig e n v a lu e s  a r e  z e r o  f o r  s o m e  U  i f  a n d  o n l y  i f  c 2 0  =  0 .  H e n c e :

• I f  ( c ^ ) 2  -  4 c i 0  >  0  a n d  c 2 0  =  0 ,  t h e n  w e  h a v e  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 2 4 )  

o n  G h.4 , w i t h  a  =  0  a n d  0  >  0 .  ( U s i n g  t h e  e ig e n v a lu e s  o f  a d ^ , a s  d is c u s s e d  in  r e m a r k  

C . 0 . 1 5 ,  i t  is  a  s t r a i g h t f o r w a r d  m a t t e r  t o  d e t e r m i n e  h  in  t e r m s  o f  t h e  s t r u c t u r e  c o n s t a n t s . )

• I f  ( c ^ ) 2  -  4 c i 0  >  0  a n d  c 2 0  =  0 ,  t h e n  w e  h a v e  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 2 0 )  

o n  A f f ( R ) o x  R ,  w h e r e  a  >  0  a n d  7  =  0 .

• I f  ( c 2 1 ) 2  -  4 c i 0  =  0 , t h e n  w e  h a v e  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 2 2 )  o n  G 3 .2 , w i t h  

a  =  0  a n d  0  >  0 .

• I f  ( c 2 1 ) 2  -  4 c 2 0  <  0 ,  t h e n  w e  h a v e  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 2 6 )  o n  G ^ g , w i t h  

a  =  0  a n d  0  >  0 .

( b ) c ^  =  1 , c 2 0  =  0  a n d  c i 0  =  0 ;  f r o m  ( 4 . 1 . 2 7 )  w e  g e t  c 2 ,  =  0 .  T h e  e ig e n v a lu e s  o f  a d ^  a r e  

0  2 ( u 2 ( c 2 i  -  1 )  -  lu 2 | ^ ( c 2 i  +  1 ) 2  +  4 c 2 o ) , 2 ( u 2 ( c i i  +  1 )  +  lu 2 | ^ ( c 2 i  +  1 ) 2  +  4 c 2 o ) .

I t  is  n o t  d i f f i c u l t  t o  s h o w  t h a t  e x a c t l y  t w o  e ig e n v a lu e s  a r e  z e r o  f o r  s o m e  U  i f  a n d  o n l y  i f  

c 2 0  +  c 2 i  =  0 .  T h u s  w e  h a v e :

• I f  c i 0  +  c 2 i  =  0 ,  t h e n  w e  g e t  t h e  f a m i l y  o f  e q u i v a le n c e  r e l a t i o n s  ( 4 . 1 . 2 0 )  o n  A f f ( R ) o x  R ,  

w h e r e  a  =  0  a n d  7  =  0 . •

• I f  c ^  +  c 2 ,  =  0  a n d  ( c ^  +  1 ) 2  +  4 c 2 0  >  0 ,  t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 3 )  o f  e q u i v a le n c e  

c l a s s e s  o n  G h 4 , p a r a m e t r i s e d  b y  0  =  0 .
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• I f  c i 0  +  c i i  =  0  a n d  ( c ? ?  +  1 ) 2  +  4 c 2 0  =  0 ,  t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 1 )  o f  e q u i v a le n c e  

c l a s s e s  o n  G 3 .2 , p a r a m e t r i s e d  b y  0  =  0 .

• I f  c ? 0  +  c ? ?  =  0  a n d  ( c ? ?  +  1 ) 2  +  4 c 2 0  <  0 ,  t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 5 )  o f  e q u i v a le n c e  

c l a s s e s  o n  G h.5 , p a r a m e t r i s e d  b y  0  =  0 .

( c ) c 2 i  =  1 , c 2 0  =  0  a n d  c 2 0  =  0 .  F r o m  ( 4 . 1 . 2 7 ) , w e  h a v e

0  =  ( c i o +  1 ) c 2 i  

0  =  c 2 o ( c 2 i  -  1 )  +  ( c 2 i ) 2 .

T h e  s e c o n d  e q u a t i o n  i m p l i e s  t h a t  c2 ?  =  0 .  ( I n d e e d ,  i f  c2 ?  =  0 ,  t h e n  c ? ?  =  1 o r  c 2 0  =  0 ,  a  

c o n t r a d i c t i o n . )  H e n c e  c ? 0  =  - 1 .  M o r e o v e r ,  u s in g  c2 ?  +  c 2 0  >  0  w e  f in d  c 2 ?  >  0 .  I n  a d d i t i o n ,

f r o m  t h e  s e c o n d  e q u a t i o n  w e  g e t  c ? ?  =  1  - (c2 i ) 2

c2o
T h e  n o n z e r o  e ig e n v a lu e s  o f  a d ^  a r e

1

2 c 22 c io
1

2 c 22 c 10

c i o ( u 0

c i o ( u 0

u 1 )  -  c 2 i u ^  ( c 2 i  - y j ( c 2 i ) 2  -  4 c 2 o ) , 

u 1 )  -  c 2 i u 2 )  ( c 2 i  +  / ( c 2 i ) 2  -  4 c ? o ) .

I t  is  n o t  d i f f i c u l t  t o  s h o w  t h a t  t h e r e  a r e  n o t  e x a c t l y  t w o  e ig e n v a lu e s  f o r  a n y  U  ( h e n c e  G is  n o t  

i s o m o r p h i c  t o  A f f ( R ) o x  R ) .  T h e r e f o r e :

• I f  ( c 2 ? ) 2  -  4 c? 0  >  0 ,  t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 4 )  o f  e q u i v a le n c e  c l a s s e s  o n  G § ;4 , w i t h

a  >  0 , a  +  0  =  0 .

• I f  ( c 2 ? ) 2  -  4 c ? 0  =  0 , t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 1 )  o f  e q u i v a le n c e  c l a s s e s  o n  G 3 .2 , w i t h

a  >  0 , a  +  0  =  0 . •

• I f  ( c 2 ? ) 2  -  4 c ? 0  <  0 , t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 6 )  o f  e q u i v a le n c e  c l a s s e s  o n  G § ;5 , w i t h

a  >  0 , a  +  0  =  0 .

( d ) c2 ?  =  1 , c 2 0  =  0  a n d  c 2 0  =  0 .  F r o m  ( 4 . 1 . 2 7 )  w e  g e t

f 0  =  c 2 o ( c 2 i - 1 )  -  ( c 2 o +  1 ) c 2 i

10  =  ( c 2 i  +  c 2 o ) c 2 i .

T h e  f i r s t  e q u a t i o n  i m p l i e s  t h a t  c 2 ? =  0 .  ( I n d e e d ,  i f  c 2 ? =  0 ,  t h e n  c ? ?  =  1 o r  c 2 0  =  0 ,  a  

c o n t r a d i c t i o n . )  A c c o r d i n g ly ,  w e  h a v e  c 2 0  =  — c 2 ? . S u b s t i t u t i n g  i n t o  t h e  f i r s t  e q u a t i o n ,  w e  

g e t  c ? 0  =  - c ? ? .  T h e s e  s u b s t i t u t i o n s  i m p l y  t h a t  c ?0  =  0 ,  a n d  s o  ( b y  c h a n g i n g  t h e  f r a m e  i f  

n e c e s s a r y )  w e  m a y  a s s u m e  t h a t  c 2 ? <  0 .  T h e  e ig e n v a lu e s  o f  a d ^  a r e

0 , 0 , u 2 ( c 2 ? -  1 ) +  ( u 0  -  u ? ) c 2 ? ,

i . e . ,  G is  i s o m o r p h i c  t o  A f f ( R ) o x  R .  S p e c i f i c a l l y ,  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 0 )  o f  e q u i v a le n c e  

c l a s s e s ,  w h e r e  a  >  0  a n d  y  =  0 .

( e ) c ? ?  =  1 , c 2 0  =  0  a n d  c ? 0  =  0 .  F r o m  ( 4 . 1 . 2 7 )  w e  s e e  t h a t  c2 ?  =  0 ,  c ? 0  +  1 =  0  a n d  

c 2 0  +  c 2 ? =  0 .  ( I f  a n y  o f  t h e s e  c o n d i t i o n s  a r e  v i o l a t e d ,  i t  r e s u l t s  in  a  c o n t r a d i c t i o n . )  I n  f a c t ,  

f r o m  c 2 ? +  c 2 0  >  0 ,  w e  g e t  c 2 ? +  c 2 0  >  0 .  S o l v in g  f o r  c ? ?  a n d  c 2 0  in  ( 4 . 1 . 2 7 ) , w e  g e t

c i  =  1 +  ( c ?o +  1 ) c 2 i 
c 2 1  =  1  + a n d

c
c 2  =  
c 10  =

2o

c 2 0 ( c 2 i  +  c 2 o ) 

c 2 o + 1
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C o n s id e r  t h e  e ig e n v a lu e s  o f  a d ^ . ( W e  d o  n o t  d i s p la y  t h e  e ig e n v a lu e s  h e r e ,  a s  t h e i r  e x p r e s s io n s  

a r e  q u i t e  l e n g t h y . )  I t  is  n o t  d i f f i c u l t  t o  s h o w  t h a t  t h e r e  d o e s  n o t  e x i s t  a  U  s u c h  t h a t  a d ^  

h a s  e x a c t l y  t w o  z e r o  e i g e n v a l u e s .  F u r t h e r m o r e ,  t h e r e  e x i s t s  a  U  s u c h  t h a t  t h e  e ig e n v a lu e s  

a r e  c o m p l e x  ( a n d  d i s t i n c t )  e x a c t l y  w h e n  ( c 2 0  +  1 ) [ 4 ( c 2 0 ) 2  +  4 c 2 0 c 2 ? +  ( c 2 0  +  1 ) ( c 2 ? ) 2 ] >  0 ; 

t h e r e  e x i s t s  a  U  s u c h  t h a t  t h e r e  a r e  t w o  i d e n t i c a l  n o n z e r o  e ig e n v a lu e s  a n d  o n e  z e r o  e i g e n v a lu e  

e x a c t l y  w h e n  ( c 2 0  +  1 ) [ 4 ( c 2 0 ) 2  +  4 c 2 0 c2 ?  +  ( c 2 0  +  1 ) ( c 2 ? ) 2 ] =  0 ;  a n d  t h e r e  e x i s t s  a  U  s u c h  

t h a t  t h e r e  a r e  t w o  r e a l  a n d  d i s t i n c t  e ig e n v a lu e s  a n d  o n e  z e r o  e ig e n v a l u e  e x a c t l y  w h e n  ( c 2 0  +

1 ) [4 ( c 2 0 ) 2  +  4 c 2 o c 2 1 +  ( c ? 0  +  1 ) ( c 2 1 ) 2 ] <  ° .  H e n c e :

• I f  ( c ? 0  +  1 ) [ 4 ( c 2 0 ) 2  +  4 c 2 0 c 2 ?  +  ( c ? 0  +  1 ) ( c 2 ? ) 2 ] <  0  t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 4 )  o f  

e q u i v a le n c e  c l a s s e s  o n  G h.4 , w i t h  a  >  0 , 0  =  0  a n d  a  +  0  =  0 .

• I f  ( c ? 0  +  1 ) [ 4 ( c 2 0 ) 2  +  4 c 2 0 c 2 ?  +  ( c ? 0  +  1 ) ( c 2 ? ) 2 ] =  0  t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 1 )  o f  

e q u i v a le n c e  c l a s s e s  o n  G 3 .2 , w i t h  a  >  0 , 0  =  0  a n d  a  +  0  =  0 .

• I f  ( c ? 0  +  1 ) [ 4 ( c 2 0 ) 2  +  4 c 2 0 c 2 ?  +  ( c ? 0  +  1 ) ( c 2 ? ) 2 ] >  0  t h e n  w e  g e t  t h e  f a m i l y  ( 4 . 1 . 2 6 )  o f

e q u i v a le n c e  c l a s s e s  o n  G h.5 , w i t h  a  >  0 , 0  =  0  a n d  a  +  0  =  0 . ■

C o r o l l a r y  4 . 1 . 2 3 .  Let G be a three-dimensional non-unimodular simply connected Lie group.

( i ) I f  G is isomorphic to A f f  ( R ) o x  R ,  G 3 .2 , G h 4  or Glf 5, h  =  1 , then there exist at most 
two non-NH-isometric structures with the same invariants $  >  0 ,  g0, ^? and ^ 2 .

( i i ) I f  G is isomorphic to G h 5 , h  =  1 ,  then there exist infinitely many non-NH-isometric 
structures with the same invariants $  >  0 , £ 0  =  £ ?  =  £ 2  =  0 , but at most two structures 
with the invariants $  >  0 , k  and % 2 .

Proof, (i ) C o n s id e r i n g  t h e  f a m i l y  ( 4 . 1 . 2 0 )  o n  A f f ( R ) o x  R ,  w e  h a v e  a  =  y / - 2 ^ 0  =  y / - 2 ^ ?  a n d  

Y  =  ± a/ - 2 g 2 . H e n c e  t h e r e  e x i s t  a t  m o s t  t w o  s t r u c t u r e s  w i t h  t h e  s a m e  v a l u e s  o f  $ ,  £ 0 , £?  

a n d  £ 2  ( c o r r e s p o n d i n g  t o  y  =  - y ' - 2 ^ 2  a n d  y  =  V - 2 ^ 2 ) .  L ik e w i s e ,  c o n s i d e r  t h e  g r o u p  G h.5 , 

h  =  1 . C l e a r l y ,  a s  h  =  1 , n o  m e m b e r  o f  t h e  f a m i l y  ( 4 . 1 . 2 5 )  c a n  h a v e  t h e  s a m e  v a lu e s  f o r  £ 0 , £?  

a n d  £ 2  a s  a  m e m b e r  o f  t h e  f a m i l y  ( 4 . 1 . 2 6 ) . F o r  t h e  f a m i l y  ( 4 . 1 . 2 5 )  w e  h a v e  0  =  ± 2 h y / - ?

a n d  f o r  ( 4 . 1 . 2 6 )  w e  h a v e  0  =  ± 2 h ^ / - h — ? ,  a  =  ^ l(2h+ ? ) - h —i ■ H e n c e  t h e r e  e x i s t  a t  m o s t

t w o  s t r u c t u r e s  o n  G ^jy, h  =  1 w i t h  i d e n t i c a l  i n v a r i a n t s  $ ,  £ 0 , £ ?  a n d  £ 2 . T h e  a r g u m e n t  f o r  

G 3 .2  a n d  G §..4  is  s i m i l a r .

( i i ) I f  h  =  1 , t h e n  c l e a r l y  £ 0  =  £ ?  =  £ 2  =  0  f o r  e v e r y  s t r u c t u r e  o n  G h.5 , a n d  s o  t h e r e  

a r e  u n c o u n t a b l y  m a n y  s t r u c t u r e s  w i t h  t h e  s a m e  i n v a r i a n t s .  F o r  t h e  f a m i l y  ( 4 . 1 . 2 5 )  w e  h a v e  

k  =  - 4 0 2  -  2 0  -  2  a n d  x 2  =  0 ,  i . e . ,  0  =  - 1  ±  — 4 k . O n  t h e  o t h e r  h a n d ,  f o r  ( 4 . 1 . 2 6 )

w e  h a v e  k  =  - ?  ( 2  +  3 0 2 ) -  -  3 0 ^  a n d  % 2  =  ?  |01. T h a t  i s ,  t h e r e  a r e  a t  m o s t  t w o  s t r u c t u r e s

w i t h  t h e  s a m e  i n v a r i a n t s  $ ,  k  a n d  % 2 . ■

4 . 1 . 4  S t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s

W e  c o n s i d e r  t h e  s t r u c t u r e s  o n  t h r e e - d i m e n s i o n a l  L i e  g r o u p s  w h o s e  n o n h o l o n o m i c  c o n n e c t i o n  is  

C a r t a n - S c h o u t e n  ( s e e  s e c t i o n  1 . 2 . 1 ) . L e t  ( X o , X ? ,  X 2 ) b e  a  l e f t - i n v a r i a n t  f r a m e  o n  G s u c h  t h a t  

( X ? , X 2 ) is  a n  o r t h o n o r m a l  f r a m e  f o r  D  a n d  X o is  a  f r a m e  f o r  V ± . W e  h a v e  [ X i ,  X j ] =  c j X ^ , 

f o r  s t r u c t u r e  c o n s t a n t s  ckj. g  R .  I n  t e r m s  o f  t h i s  f r a m e ,  t h e  n o n h o l o n o m i c  c o n n e c t i o n  is  g iv e n
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b y  V x i X ?  =  c ? ? X 2 , V x i X 2  =  - c ? ? X i ,  V x X ?  =  c 2 ? X 2  a n d  V x X 2  =  - c 2 ? X i .  A c c o r d i n g ly ,  

V  is  C a r t a n - S c h o u t e n  ( i . e . ,  V x X  =  0  f o r  e v e r y  X  g  r L ( D ) ;  s e e  p r o p o s i t i o n  1 . 2 . 1 0 )  i f  a n d  

o n l y  i f  c 2 ? =  c 2 ? =  0 .

P r o p o s i t i o n  4 . 1 . 2 4 .  If  G is unimodular, then V  is Cartan-Schouten if and only if  $  =  0 .  

I f  G is non-unimodular and V  is Cartan-Schouten, then $  >  0 .

Proof. I f  G is  u n i m o d u la r ,  t h e n  i t  is  s t r a i g h t f o r w a r d  t o  s h o w  t h a t  c 2 0  +  c ?0  =  0 ,  c 0o +  c2 ?  =  0  

a n d  c 0 o -  c2 ?  =  0 .  T h e n  $  =  ( c 2 ? ) 2  +  ( c 2 ? ) 2 , f r o m  w h i c h  is  c l e a r  t h a t  V  is  C a r t a n - S c h o u t e n  

e x a c t l y  w h e n  $  =  0 .  I f  G is  n o t  u n i m o d u l a r  a n d  V  is  C a r t a n - S c h o u t e n ,  t h e n  c 2 ? =  c 2 ? =  0  

a n d  a t  l e a s t  o n e  o f  c 2 0 , c ° 0  is  n o n z e r o ,  h e n c e  $  =  ( c ° 0 ) 2  +  ( c 2 0 ) 2  >  0 . ■

P r o p o s i t i o n  4 . 1 . 2 5 .  If  G is non-unimodular, then V  is Cartan-Schouten if and only if 
p0  =  p? =  x 2  =  0  and p 2  +  ? $  =  2 k .

Proof. S u p p o s e  t h a t  V  is  C a r t a n - S c h o u t e n ,  s o  t h a t  c ? ?  =  c 2 ? =  0 .  B y  p r o p o s i t i o n  4 . 1 . 2 4 , i t  

f o l lo w s  t h a t  $  >  0 .  I n  p a r t i c u l a r ,  t h e  c a n o n i c a l  f r a m e  ( X 0 , X ? , X 2 ) ,  a s  w e l l  a s  t h e  i n v a r ia n t s  

p0 , p? a n d  p 2 , a r e  d e f in e d .  I n  t e r m s  o f  t h e  c a n o n i c a l  f r a m e ,  w e  h a v e

A skew —
0

( c i o  +  c 2

2  ( c ?o +  c 2o )

2 0  ) 0

I f  ( v 0 , v ? , v 2 ) d e n o t e s  t h e  c o f r a m e  d u a l  t o  ( X 0 , X ? , X 2 ) ,  t h e n

(  d v 0  =  c 0 o v 0  A  v 1 +  c 0 o v 0  A  v 2  +  v 1 A  v 2

< d v 1 =  c?o  v 0  A  v 1 +  c ? 0  v 0  A  v 2

[  d v 2  =  c ? 0  v 0  A  v 2  +  c 2 0  v 0  A  v 2 ,

w h e r e  c 2 0  <  0 .  U s i n g  d 2  =  0  o n  t h e  f i r s t  e q u a t i o n  y i e ld s  c ?0  +  c 2 0  =  0 ,  a n d  s o  A skew =  0 , 

i . e . ,  x 2  =  0 .  T h e  r e m a i n i n g  t w o  e q u a t i o n s  ( t o g e t h e r  w i t h  c2 ?  =  c2 ?  =  0  a n d  c 0o =  0 )  i m p ly  

t h a t  c 2 0  =  c ? 0  =  0 .  I t  f o l lo w s  t h a t  p 0  =  p? =  0  a n d  p 2  +  ? $  =  2 k . C o n v e r s e ly ,  s u p p o s e  

p 0  =  p? =  x 2  =  0  a n d  p 2  +  2 $  =  2 k . T h e  f i r s t  t h r e e  c o n d i t i o n s ,  t o g e t h e r  w i t h  t h e  i d e n t i t i e s  

o b t a i n e d  f r o m  t h e  d u a l  f r a m e ,  i m p l y  t h a t  c ? 0  =  c 2 0  =  c 2 ? =  0 .  F r o m  p 2  +  2 $  =  2 k  w e  t h e n  

h a v e  c ? 2  =  0 ,  w h e n c e  V  is  a  C a r t a n - S c h o u t e n  c o n n e c t i o n .  ■

I f  G is  u n i m o d u la r ,  t h e n  t h e  c l a s s i f i c a t i o n  u n d e r  N H - i s o m e t r y  o f  ( l e f t - i n v a r i a n t )  n o n h o l o ­

n o m ic  R i e m a n n i a n  s t r u c t u r e s  f o r  w h i c h  V  is  C a r t a n - S c h o u t e n  c o in c i d e s  w i t h  t h e  c l a s s i f i c a ­

t i o n  o f  ( l e f t - i n v a r i a n t )  s u b - R i e m a n n i a n  s t r u c t u r e s  ( p r o p o s i t i o n  4 . 1 . 2 4 ) . O n  t h e  o t h e r  h a n d ,  

i t  is  e a s y  t o  s e e  t h a t ,  o n  t h e  n o n - u n i m o d u l a r  t h r e e - d i m e n s i o n a l  L i e  g r o u p s ,  t h e  f o l lo w in g  

e q u i v a le n c e  c l a s s e s  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  a r e  t h o s e  w h o s e  n o n h o l o n o m i c  

c o n n e c t i o n  is  C a r t a n - S c h o u t e n :

• O n  A f f ( R ) o x  R ,  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 0 )  w i t h  a  =  0  a n d  y  =  1 .

• O n  G 3 .2 , t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 1 )  w i t h  0  =  1 .

• O n  G h.4 , t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 3 )  w i t h  0  =  1 .

• O n  G h 5 , t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 5 )  w i t h  0  =  1 .
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I n  p a r t i c u l a r ,  o n  a  f ix e d  ( t h r e e - d i m e n s i o n a l )  n o n - u n i m o d u l a r  g r o u p  a n y  t w o  l e f t - i n v a r i a n t  

s t r u c t u r e s  w h o s e  n o n h o l o n o m i c  c o n n e c t i o n s  a r e  C a r t a n - S c h o u t e n  c o n n e c t i o n s  a r e  N H - is o -  

m e t r i c .  ( H e n c e  t h e  c l a s s i f i c a t i o n  o f  s u c h  s t r u c t u r e s  u n d e r  N H - g e o d e s ic  e q u i v a le n c e  c o in c i d e s  

w i t h  t h e  c l a s s i f i c a t i o n  u n d e r  N H - i s o m e t r i e s ;  s e e  p r o p o s i t i o n  3 . 1 . 1 5  a n d  r e m a r k  C . 0 . 1 8 .)  T h i s  

is  in  c o n t r a s t  t o  t h e  u n i m o d u l a r  c a s e .  I n d e e d ,  a g a i n  f r o m  p r o p o s i t i o n  3 . 1 . 1 5  a n d  r e m a r k  

C . 0 . 1 8 , t h e r e  e x i s t s ,  u p  t o  N H - g e o d e s ic  e q u i v a le n c e ,  e x a c t l y  o n e  e q u i v a le n c e  c l a s s  o f  l e f t -  

i n v a r ia n t  s t r u c t u r e s  o n  e a c h  o f  H 3 , S E ( 1 , 1 ) ,  S E ( 2 )  a n d  S U ( 2 )  w i t h  C a r t a n - S c h o u t e n  c o n ­

n e c t i o n s .  L ik e w i s e ,  t h e r e  e x i s t s  e x a c t l y  t w o  e q u i v a le n c e  c l a s s e s  ( u p  t o  N H - g e o d e s ic  e q u i v a ­

l e n c e )  o n  S L ( 2 ,  R )  o f  l e f t - i n v a r i a n t  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s ,  a c c o r d i n g  

a s  w h e t h e r  t h e  K i l l i n g  f o r m  is  d e f i n i t e  o r  i n d e f i n i t e  o n  t h e  d i s t r i b u t i o n  ( a t  i d e n t i t y ) .  H e n c e  

w e  h a v e  a  n u m b e r  o f  e x a m p l e s  o f  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s  t h a t  a r e  n o t  

N H - i s o m e t r i c .  ( T h e s e  a r e  a l s o  e x a m p l e s  o f  s t r u c t u r e s  t h a t  a r e  N H - g e o d e s ic a l l y  e q u i v a le n t ,  

b u t  n o t  N H - i s o m e t r i c . )

4 . 1 . 5  S t r u c t u r e s  w i t h  g e o d e s i c a l l y  i n v a r i a n t  d i s t r i b u t i o n s

W e  c o n s i d e r  t h e  s t r u c t u r e s  o n  t h r e e - d i m e n s i o n a l  L i e  g r o u p s  w h o s e  d i s t r i b u t i o n  is  g e o d e s i c a l l y  

i n v a r ia n t  ( s e e  s e c t i o n  3 .2  a n d ,  in  p a r t i c u l a r ,  s e c t i o n  3 . 2 . 3 ) . I n  l ig h t  o f  o u r  c l a s s i f i c a t i o n  o f  l e f t -  

i n v a r ia n t  s t r u c t u r e s  o n  t h r e e - d i m e n s i o n a l  L i e  g r o u p s ,  w e  s h a l l  l i s t  t h o s e  ( e q u iv a l e n c e  c l a s s e s  

o f )  s t r u c t u r e s  w i t h  g e o d e s i c a l l y  i n v a r ia n t  d i s t r i b u t i o n .  T h e  f o l lo w in g  c h a r a c t e r i s a t i o n  is  a n  

i m m e d i a t e  c o n s e q u e n c e  o f  t h e o r e m  3 . 2 . 1 6  a n d  p r o p o s i t i o n  4 . 1 . 1 .

P r o p o s i t i o n  4 . 1 . 2 6 .  D  is geodesically invariant if and only if  x ?  =  x 2  =  0 .

H e n c e ,  in  o r d e r  t o  d e t e r m i n e  t h e  ( e q u iv a l e n c e  c l a s s e s  o f )  s t r u c t u r e s  w i t h  g e o d e s i c a l l y  

i n v a r ia n t  d i s t r i b u t i o n ,  i t  is  s i m p l y  a  m a t t e r  o f  c o m p u t i n g  t h e  i n v a r i a n t s  x ?  a n d  x 2  f o r  a l l  

s t r u c t u r e s .  T h i s  y i e ld s  t h e  f o l lo w in g  l i s t .

( i ) W h e n  $  =  0 :

• A n y  s t r u c t u r e  o n  H 3  o r  A f f ( R ) o x  R .

• A n y  s t r u c t u r e  o n  S U ( 2 )  o r  S L ( 2 ,  R )  w h o s e  m e t r i c  ( a t  i d e n t i t y )  is  a  r e s c a l i n g  o f  

k Id i  .

( i i ) W h e n  $  >  0 :

• O n  S E ( 1 , 1 ) ,  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 1 6 )  w i t h  a ?  =  0 ,  a 2  =  1 .

• O n  S E ( 2 ) ,  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 1 5 )  w i t h  a ?  =  1 , a 2  =  0 .

• O n  S U ( 2 ) ,  t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 7 )  w i t h  5  =  0 ,  a ?  -  a 2  =  1 .

• O n  S L ( 2 ,  R ) e« , t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 8 )  w i t h  5  =  0 ,  a ?  -  a 2  =  - 1 .

• O n  S L ( 2 ,  R ) hyp , t h e  f a m i l y  o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 1 9 )  w i t h  5  =  0 ,  y ? -  Y 2  =  - 1 ,  

w h e r e  - 1  <  Yi. <  0 .

• O n  A f f ( R ) o x  R ,  t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 0 )  w i t h  a  =  0 ,  y  =  1 .

• O n  G 3 .2 , t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 1 )  w i t h  0  =  2 .

• O n  G h.4 , t h e  e q u i v a le n c e  c l a s s  ( 4 . 1 . 2 3 )  w i t h  0  =  h+p? o r  0  =  h r ? .

R e m a r k a b l y ,  t h e r e  d o e s  n o t  e x i s t  a  g e o d e s i c a l l y  i n v a r ia n t  d i s t r i b u t i o n  o n  G h 5 .
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4.2 Flat structures

H a v in g  c l a s s i f i e d  t h e  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  t h e  t h r e e - d i m e n ­

s i o n a l  ( s i m p l y  c o n n e c t e d )  L i e  g r o u p s ,  i t  is  o f  i n t e r e s t  t o  d e t e r m i n e  t h o s e  s t r u c t u r e s  t h a t  a r e  

f l a t ,  i . e . ,  t h o s e  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  w h o s e  a s s o c i a t e d  p a r a l l e l  t r a n s p o r t  ( i n ­

d u c e d  b y  t h e  n o n h o l o n o m i c  c o n n e c t i o n )  is  p a t h - i n d e p e n d e n t .  ( S e e  s e c t i o n  2 . 2 . 2  a n d  s e c t i o n  

B . 1 . 1 . 1 .)  T h i s  is  t h e  p r o b l e m  w e  c o n s i d e r  h e r e .  W e  f i r s t  c h a r a c t e r i s e  f l a t n e s s  in  t h r e e  d i ­

m e n s i o n s ,  b e f o r e  u s in g  t h e  c h a r a c t e r i s a t i o n  ( a n d  t h e  c l a s s i f i c a t i o n  o b t a i n e d  in  s e c t i o n  4 . 1 )  t o  

c l a s s i f y  t h e  f l a t  l e f t - i n v a r i a n t  s t r u c t u r e s .  O u r  c h a r a c t e r i s a t i o n  is  o b t a i n e d  b y  t a k i n g  a  d i r e c t  

a p p r o a c h  t o  t h e  p r o b l e m ;  a c c o r d in g ly ,  in  s e c t i o n  4 . 2 . 3  w e  r e l a t e  i t  w i t h  t h e  W a g n e r  c u r v a t u r e  

t e n s o r .  S e c t i o n  D . 2  o f  a p p e n d i x  D  l i s t s  t h e  M ath em a tica  c o d e  u s e d  f o r  t h e  c a l c u l a t i o n s  in  

t h i s  s e c t i o n .

4 . 2 . 1  C h a r a c t e r i s a t i o n

L e t  ( M ,  D ,  D ^ ,  g )  b e  a  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  o n  a  t h r e e - d i m e n s i o n a l  m a n i f o l d  

M . L e t  ( X 0 , X ? , X 2 ) b e  a  l o c a l  f r a m e  d e f in e d  o n  a  n e ig h b o u r h o o d  U  C  M  s u c h  t h a t  X o is  

a  f r a m e  f o r  D ±  a n d  ( X ? , X 2 ) is  a n  o r t h o n o r m a l  f r a m e  f o r  D .  L e t  ck j g  C ^ ( U ) d e n o t e  t h e  

s t r u c t u r e  c o n s t a n t s  o f  t h i s  f r a m e  ( w h e r e  i ,  j , k  r a n g e  t h r o u g h  0 ,  1 , 2 ) .  W e  s u p p o s e ,  w i t h o u t  

lo s s  o f  g e n e r a l i t y ,  t h a t  c 2 ? =  1 .

L e m m a  4 . 2 . 1 .  The structure ( M ,  D ,  D x , g )  is locally flat on U  if and only if there exists a 
function  9  g  C ^ ( U ) such that

X ? [ 9 ]  =  c ? ?  and X 2 [9] =  c 2 ?.

I f  such a function  9  exists, then the rotated frame  ( c o s  9 X ?  -  s in  9 X 2 , s i n 9 X ?  +  c o s  9 X 2 ) is 
parallel.

Proof. L e t  ( Y ? , Y 2 ) b e  a n y  o t h e r  o r t h o n o r m a l  f r a m e  f o r  D  d e f in e d  o n  U . T h e r e  e x i s t s  a n  

o r t h o g o n a l  t r a n s f o r m a t i o n  t a k i n g  ( X ? , X 2 ) t o  ( Y ? ,  Y 2 ) .  T h a t  is ,  t h e r e  e x i s t s  a  G { - 1 , 1 }  a n d  

9  G C ^ ( U ) s u c h  t h a t

J  Y ? =  a  c o s  9 X ?  -  s in  9 X 2 

| Y 2  =  a  s in  9 X ?  +  c o s  9 X 2 .

B y  p r o p o s i t i o n  2 . 2 . 1 3 ,  t h e  f r a m e  ( Y ? , Y 2 ) is  p a r a l l e l  i f  a n d  o n l y  i f  [ Y 2 , Y ? J  =  0 .  W e  h a v e  

[ Y 2 ,Y ? 1  =  ( a c ? ?  -  X ? [ 9 ] ) X ?  +  ( a c 2 ?  -  X 2 [ 9 ] ) X 2 , a n d  s o  ( Y ? ,  Y 2 ) is  a  p a r a l l e l  f r a m e  f o r  D  

e x a c t l y  w h e n  X ? [ 9 ]  =  a c ? ?  a n d  X 2 [9] =  a c 2 ? .  B y  r e v e r s i n g  t h e  s ig n  o f  9  i f  n e c e s s a r y ,  w e  m a y  

t a k e  a  =  1 . ■

L e m m a  4 . 2 . 2 .  There exists a rotation ( Y ? ,  Y 2 ) of ( X ? , X 2 ) such that [ Y 2 , Y ? J  =  0  if and only 
if the following equations hold :

( c ?o -  c 2 o ) c ? i  +  ( c 2 0  +  c 2 o ) c 2 i  +  c 0 o c 1o -  2 c i o ( c 2 o +  c ? o ) +  c i o K

=  -  A X ? [ c 2 0  +  c ? 0 ] +  X ? [k] +  X 2  [ c ?0 ]
2

1

( c ? 0  +  c 2 o ) c 2 i  ( c 1o c 2 0 ) c 2 ? c 1 0 c 2 o +  2  c 2 o ( c 2 o +  c ? o ) +  c 2 0 K

( 4 . 2 . 1 )

=  o X 2 [c 2 o +  c 2 o ] +  X 2 [k ] -  X ? [ c 2 o ] .
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Proof. L e t  ( Y ? , Y 2 ) =  ( c o s  9 X ?  -  s i n 9 X 2 , s i n 9 X ?  +  c o s 9 X 2 ) b e  a  r o t a t i o n  o f  ( X ? , X 2 ) ,  w h e r e  

9  G C ^ ( U ) .  B y  l e m m a  4 . 2 . 1 , w e  h a v e  t h a t  [ Y 2 , Y ? J  =  0  i f  a n d  o n l y  i f  X ? [9] =  c ? ?  a n d  

X 2 [9] =  c 2 ? .  W e  c l a i m  t h a t  t h e r e  e x i s t s  9  G C ^ ( U ) s a t i s f y i n g  t h e  c o n d i t i o n s  X ? [ 9 ]  =  c ? ? , 

X 2 [9] =  c 2 ?  i f  a n d  o n l y  i f  ( 4 . 2 . 1 )  h o ld .  I f  s u c h  a  9  e x i s t s ,  t h e n  w e  h a v e

d 9 X o [ 9 ] v 0  +  c 2 ? v 1 +  c 2 ? v 2

( [ X 2 , X ? ] [ 9 ]  -  c 2 ? X i [ 9 ]  -  c 2 ? X 2 [9 ] ) v 0  +  c ? ? v 1 +  c 2 ? v 2

( X 2  [c 2 i ] -  X i [c 2 ? ] -  ( c ? ? ) 2  -  ( c 2 ? ) 2 ) v 0  +  c ? ? v  1 +  c 2 ? v

( k  - 1  ( c i o -  c 2 o ) ) v  0  +  c ? i v ? +  c 2 i v 2 .

2

T h e  r i g h t - h a n d  s id e  is  i n d e p e n d e n t  o f  9 ;  a c c o r d in g ly ,  l e t  w  =  ( k - 2 ( c 2 0 - c 2 0 ) ) v 0 + c ? ? v 1 + c 2 ? v 2 . 

T h e n ,  d w  =  /0 1  v 0  A v 1 +  /0 2  v 0  A  v 2 , w h e r e

f o i  =  c 1o c ? i  +  c 2 o c 2 ? 0  c 0 o ( c 2 o c 2 o ) +  c 0 o K +  „  X i [c2o c ? o ] x ? [k] +  X o [c? i ]c1 0 c 21

2 2

1 0 ( c 10

o 2

1 0 r

o

" 1 0

2
/0 2  =  c 2o c 2 i  +  c 2 o c 2 i  -  2 C? 0 ( c io  -  c 2 o ) +  c 0 o K +  2 X 2 [c 2 o -  c 2 o ] -  X 2 [k ] +  X 0 [c 2 i ] .

( N o t e  t h a t  t h e  v 1 A  v 2  t e r m  in  d w  v a n is h e s . )  U s i n g  d 2  =  0  o n  t h e  s t r u c t u r e  e q u a t i o n s  

d v k =  0<i<j<2 ckj v j  A v * o f  t h e  d u a l  f r a m e  ( v 0 , v ? , v 2 ) ,  w e  g e t

H e n c e

0  =  c 1o -  c 2 o +  c i o c ? i  +  c 2 o c 2 i  +  X i  [c2 o ] -  X 2  [ c io ]

X o [c ? i ] =  - c 2 o c 0 o +  c 1o c ?o -  c 2 o c 2 i  +  c ? o c 2 i  +  X i [c 2 o ] -  X 2  [ c 1o]

X 0 [c 2 i ] =  - c 2 0 c 10  +  c ? o c 0 o +  c 2 0 c 2 i  -  c ?0 c 2 1 +  X 1 [c 2 o ] -  X 2 [c? 0 ]

f 0 i  =  ( c ?o -  c 2 o ) c 2 i  +  ( c 2 0  +  c 2 o ) c 2 i  +  c 0 o c 1o -  o c i o ( c ?o +  c ? o ) +  c 0 o K

+  o X ? [ c ? 0  +  c 2 o ] -  X ? [k] -  X 2  [ c ?0 ]

/ 0 2  =  ( c 2 0  +  c ?0 ) c ? i  -  ( c ?o -  c 2 o ) c 2 i  -  c 2 o c ? 0  +  2 c 0 o ( c 2 o +  c ? o ) +  c 2 o K 

-  2 X 2  [ c 2 0  +  c 2 o ] -  X 2  [k] +  X 1 [c 2 o ] .

S u p p o s e  9  e x i s t s ,  s o  t h a t  d w  =  d 2 9  =  0 .  T h e n  / 0 1  =  / 0 2  =  0 ,  f r o m  w h ic h  w e  g e t  t h e  e q u a t i o n s  

( 4 . 2 . 1 ) . C o n v e r s e ly ,  i f  ( 4 . 2 . 1 )  h o ld ,  t h e n  d w  =  0 ,  i . e . ,  w  is  c l o s e d .  H e n c e  i t  is  l o c a l l y  e x a c t :  

t h e r e  e x i s t s  a  n e ig h b o u r h o o d  U' C  U  a n d  9  G C TO( U ')  s u c h  t h a t  w  =  d 9 . R e s t r i c t i n g  ( X ? , X 2 ) 

t o  U ' ,  i t  f o l lo w s  t h a t  t h e  r e q u i s i t e  r o t a t i o n  e x i s t s  ( d e f in e d  o n  U ' ) .  ■

U s i n g  t h e  t w o  e q u a t i o n s  in  l e m m a  4 . 2 . 2  ( w h i c h  d e p e n d  o n  a n  o r t h o n o r m a l  f r a m e ) ,  w e  

s h a l l  d e r i v e  a n  i n v a r ia n t  c h a r a c t e r i s a t i o n  o f  t h e  f l a t  s t r u c t u r e s  in  t h r e e  d im e n s io n s .  W e  w il l  

r e q u i r e  t h e  e x t e r i o r  c o v a r i a n t  d e r i v a t i v e  o p e r a t o r  a s s o c i a t e d  t o  V ;  s e e  s e c t i o n  1 . 1 . 4 . R e c a l l  

t h e  f o l lo w in g  n o t a t i o n :  D  =  k e r  w , w h e r e  u  is  t h e  n o r m a l i s e d  c o n t a c t  f o r m  o n  M  ( i . e . ,  w e  h a v e  

d w ( X ? , X 2 ) =  ± 1 ) .  F u r t h e r m o r e ,  w e  h a v e  t h e  d e c o m p o s i t i o n  T M  =  D  ©  s p a n { Y 0 } ,  w h e r e  Y0 

is  t h e  R e e b  v e c t o r  f ie ld  o f  u .  L e t  R  : T M  ^  s p a n { Y 0 }  b e  t h e  p r o je c t i o n  o n t o  t h e  d i s t r i b u t i o n  

s p a n n e d  b y  Y 0 . I n  p a r t i c u l a r ,  w e  h a v e

R  ( [ X 2 , X ? ] )  =  d w ( X ? , X 2 )Y o .
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T h e o r e m  4 . 2 . 3 .  ( M ,  D ,  D x , g )  is locally flat on U  C  M  if and only if

d p F  =  F  o  p  o n  U , ( 4 . 2 . 2 )

where F  =  g# o ( t r ?  K ) b =  g# o ( R i c b + A S ym  +  A ’skew ) and p  G Q 2 ( D ,  D )  is the vector-valued 
2-form given by p ( X ? , X 2 ) =  - P ( R ( [ X ? , X 2 ] ) ) .

Proof. W e  h a v e  d p ( g # o R i c b) ( X ? , X 2 ) =  - X 2 [k ] X ?  +  X ? [ k ] X 2 . I n d e e d ,  s i n c e  ( g # o R i c b) ( X a ) =  

R i c ( X a , X ? ) X ?  + R i c ( X a , X 2 ) X 2 , R i c ( X a , X a ) =  k  a n d  R i c ( X a , X b) =  0  f o r  a  =  b, w e  h a v e

d P P (g »  o R i c b) ( X ? , X 2 )

=  V x i ( g *  o  R i c b) ( X 2 ) -  V x 2 ( g “ o R i c b) ( X ? )  -  (g#  o R i c b) ( [ X ? , X 2 ] )

=  V x i  ( K X 2 ) -  V x 2 ( k X ? )  +  ( c 2 ? K X i  +  c2 ? k X 2 ) .

U s i n g  V X l X 2  =  - c 2 ? X ?  a n d  V X 2 X ?  =  c 2 ? X 2  g iv e s

d P P (g “ o R i c b) ( X ? ,  X 2 ) =  X ? [ k ] X 2  -  k c ? ? X i  -  X 2 [k ] X ?  -  k c 2 ? X 2  +  ( c ? ? k X ?  +  c 2 ? k X 2 )

=  - X 2 [k ] X ?  +  X ? [ k ] X 2 .

S i m i l a r  c a l c u l a t i o n s  y ie ld

d P ( g B o A b ) ( X 1 , X 2 ) =  ( X ? [c 2 o ] -  2 X 2 [c2o +  c ?o ] ) X 1 +  ( X 2 [ c ?o] -  1  X ? [ c 2 0  +  c 2 o ] ) X 2

+  2 (g »  o A S v m ) a X 2 , X ? l ) .

( g  o A  o  p ) ( X 1 , X 2 ) =  ^c 0 o c ?o +  2  c 0 0 ( c ? 0  +  c 2 o ^ ) X ? ^ 2 0 ^ 0  +  2  c 0 0 ( c ? 0  +  c ? 0 ^  X 2 .

( H e r e  A  =  A sym  +  A sk ew .)  W e  a l s o  h a v e  (g#  o R i c b o p ) ( X ? ,  X 2 ) =  - c^ k X ?  +  c10 k X 2  a n d

2 c 2 o ( c 2 o +  c ? o ^ X ? -  ( c ? o c 2 o +  2 (

L e t  / 0 1  a n d  / 0 2  b e  d e f in e d  a s  in  t h e  p r o o f  o f  l e m m a  4 . 2 . 2 . T h e  r e q u i s i t e  r o t a t i o n  o f  ( X ? , X 2 ) 

i n t o  a  p a r a l l e l  f r a m e  f o r  D  e x i s t s  i f  a n d  o n l y  i f  / 0 1  =  / 0 2  =  0 .  C o m b in i n g  t h e  a b o v e  c a l c u l a ­

t i o n s ,  w e  s e e  t h a t

( d P F  -  F  o  p ) ( X ? , X 2 ) =  /0 2 X 1 -  /0 1 X 2 ,

f r o m  w h i c h  t h e  r e s u l t  f o l lo w s  i m m e d ia t e l y .  ( A s  d p F  -  F  o p  is  s k e w - s y m m e t r i c ,  i t  is  f u l ly  

d e t e r m i n e d  b y  i t s  e v a l u a t i o n  o f  X ?  A X 2 .)  ■

C o r o l l a r y  4 . 2 . 4 .  ( M ,  D ,  D x , g )  is locally flat on U  C  M  if and only if

d p  G  =  G  o  p  on U ,

where G  =  ( t r ? K ) b  =  R ic b  + A Sym +  A Skew .

Proof. L e t  X ,  Y  G r ( D ) .  S i n c e  V X  a n d  V Y  c o m m u t e  w i t h  g# ( a s  V  is  m e t r i c ) ,  w e  h a v e

d P F ( X ,  Y ) =  d P ( g “ o G ) ( X ,  Y )

=  V x ( g “ o G ) ( Y ) -  V y ( g “ o  G ) ( X ) -  (g »  o G ) ( [ X ,  Y D  

=  (g »  o ( V x G ) ) ( Y ) -  (g »  o ( V y G ) ) ( X ) -  ( g “ o  G ) ( [ X ,  Y D  

=  g » ( d P G ( X ,  Y ) ) .

H e n c e  d p F  -  F  o  p  =  g# o  ( d p G  -  G  o  p ) ,  f r o m  w h i c h  t h e  r e s u l t  f o l lo w s  i m m e d ia t e l y .  ■



100 4.2. Flat structures

C o r o l l a r y  4 . 2 . 5 .  If  $  =  0 ,  then ( M ,  D ,  D ± , g )  is locally flat on U  C  M  if and only if dP  F  =  0  

(equivalently, d P G  =  0 )  o n  U .

Proof. I f  $  =  0 ,  t h e n  P ( Y 0 )  =  0 ,  a n d  s o  p  =  0 .  H e n c e  ( M ,  D ,  D p  g )  is  f l a t  e x a c t l y  w h e n  

d p F  ( o r  e q u i v a le n t ly ,  d p G )  v a n is h e s .  ■

C o r o l l a r y  4 . 2 . 6 .  If K  =  0  on U  C  M , then ( M ,  D ,  D ± , g )  is locally flat on U .

Proof. I f  K  =  0 ,  t h e n  F  =  g^ o ( t r }  K ) b =  0 ,  a n d  t h e  c o n d i t i o n  d P F  =  F  o  p  is  t r i v i a l l y  

s a t i s f i e d .  ■

4 . 2 . 2  C l a s s i f i c a t i o n

W e  a r e  n o w  in  a  p o s i t i o n  t o  c l a s s i f y  t h e  f l a t  s t r u c t u r e s .  L e t  ( G , D ,  D p  g )  b e  a  l e f t - i n v a r i a n t  

n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  o n  a  t h r e e - d i m e n s i o n a l  s i m p l y  c o n n e c t e d  L i e  g r o u p  G . 

W e  s p l i t  t h e  c l a s s i f i c a t i o n  i n t o  s e v e r a l  c a s e s ,  viz., $  =  0 ;  $  >  0  a n d  G is  u n i m o d u la r ;  $  >  0  

a n d  G is  n o n - u n i m o d u la r .

S u p p o s e  t h a t  ( X o , X ^ X 2 ) is  a  l e f t - i n v a r i a n t  f r a m e  o n  G s u c h  t h a t  X o  s p a n s  D ±  a n d  

( X i  , X 2 ) is  a n  o r t h o n o r m a l  f r a m e  f o r  D .  B y  l e f t  i n v a r ia n c e ,  t h e  s t r u c t u r e  c o n s t a n t s  c j  o f  t h e  

f r a m e  a r e  c o n s t a n t ;  a s  b e f o r e ,  w e  t a k e  c 0 } =  1 . W i t h  r e s p e c t  t o  ( X } , X 2 ) ,  w e  h a v e

a n d

d P F ( X i , X 2 ) = 2 (g »  o A L j ( [ X 2 , X i D  =

( F  o p ) ( X i , X 2 ) =

c 2 0  +  c 2 o ( c 1o c 2 o ) c 2 i
c 2 
c 2 ic 2 o c io  ( c 2 o +  c i o )

+
o

C4 i—i 

|̂<N
+£ c 2

c 2 o - c 2 o

1 Ci o

o

+0
C41—i 

|̂<N1£ c o
c io

( 4 . 2 . 3 )

( 4 . 2 . 4 )

T h e o r e m  4 . 2 . 7 .  I f  $  =  0 ,  then ( G , D ,  D ± , g )  is flat if and only i f :

( i ) It is a structure on a unimodular Lie group (with a Cartan-Schouten connection).

(ii) It is a structure on A f f ( R ) o x  R .

Proof. B y  p r o p o s i t i o n  4 . 1 . 2 4 , w e  h a v e  t h a t  e v e r y  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  o n  a  

u n i m o d u l a r  L i e  g r o u p  h a s  a  C a r t a n - S c h o u t e n  c o n n e c t i o n ,  a n d  h e n c e ,  b y  c o r o l l a r y  2 . 4 . 8 , is  

f l a t .  S i n c e  a n y  s t r u c t u r e  o n  A f f ( R ) o x  R  is  N H - i s o m e t r i c  t o  a  f l a t  s t r u c t u r e  o n  S L ( 2 ,  R ) e11, i t  

f o l lo w s  b y  p r o p o s i t i o n  3 . 1 . 8  t h a t  a n y  s t r u c t u r e  o n  A f f ( R ) o x  R  is  a l s o  f l a t .  ( H o w e v e r ,  s i n c e  

t h e  N H - i s o m e t r y  b e t w e e n  t h e  s t r u c t u r e s  o n  S L ( 2 ,  R ) e11 a n d  A f f ( R ) o x  R  d o e s  n o t  p r e s e r v e  

l e f t - i n v a r i a n t  v e c t o r  f ie ld s — s e e  r e m a r k  4 . 1 . 1 2 — t h e r e  w i l l  n o t  e x i s t  a  left-invariant p a r a l l e l  

f r a m e  o n  A f f ( R ) o  x  R  in  t h i s  c a s e . )

W e  c l a i m  t h a t  t h e s e  a r e  t h e  o n l y  f l a t  s t r u c t u r e s  f o r  t h i s  c a s e .  I n d e e d ,  b y  c o r o l l a r y  4 . 2 . 5  

a n d  e q u a t i o n  ( 4 . 2 . 3 ) , ( G , D ,  D ± , g )  is  f l a t  e x a c t l y  w h e n  A S yTO( [ X 2 , X 2 fl) =  0 .  I f  % i  >  0 ,  t h e n  

A sym is  i n v e r t i b l e ,  a n d  [ X 2 , X i J  =  0  i m p l i e s  t h a t  G is  u n i m o d u la r .  O n  t h e  o t h e r  h a n d ,  i f  

X i  =  0 ,  t h e n  f r o m  t h e o r e m  4 . 1 . 1 1  w e  h a v e  t h a t  G is  e i t h e r  u n i m o d u l a r  o r  A f f ( R ) o x  R .  ■

R e m a r k  4 . 2 . 8 .  T h e  s e c o n d  p a r t  o f  t h e  a b o v e  p r o o f  ( i . e . ,  w h e n  % i  =  0 )  w a s  e s s e n t i a l l y  p r o v e d  

b y  A g r a c h e v  a n d  B a r i l a r i  [ 1 ] . ( T h e i r  r e s u l t  is  r e p l i c a t e d  in  p r o p o s i t i o n  4 . 1 . 8 .)  □
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F o r  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n  w e  a s s u m e  t h a t  $  is  p o s i t i v e .  L e t  ( X o , X i , X 2 ) b e  t h e  

c a n o n i c a l  f r a m e  d e s c r i b e d  in  s e c t i o n  4 . 1 . 3 .

T h e o r e m  4 . 2 . 9 .  I f  $  >  0  and G is unimodular, then ( G , D ,  D ± , g )  is flat if and only if 
=  $ £ h  and p2  =  0 .  Furthermore, if the structure is flat, then k 2  =  x 2 . In particular, the 

following equivalence classes are flat :

( i ) I f  £o <  0 , then the equivalence class of structures ( 4 . 1 . 1 6 )  on S E ( 1 , 1 ) with a 2  =  0 .

( i i ) I f  po =  0 ,  then the equivalence class of structures ( 4 . 1 . 1 4 )  on H 3 .

( i i i ) I f  po >  0 ,  then the equivalence class of structures ( 4 . 1 . 1 5 )  on S E ( 2 )  with a 2  =  0 .

Proof. S i n c e  G is  u n i m o d u la r ,  w e  h a v e  c ^  =  0  a n d  c 2 i  =  — c oo =  | |P(Y o)|| , w h e n c e

[ X 2 , X i J  =  d w ( X i , X 2 ) P  ( Y o ) .

F u r t h e r m o r e ,  w e  h a v e  x 2  =  0 ,  i . e . ,  A skew =  0 . T h e  c o n d i t i o n  ( 4 . 2 . 2 )  b e c o m e s

2  ( g “ o  A S y m ) ( [ X 2 , X i D  =  (g »  o ( R i c b + A S y m ) ) ( [ X 2 , X i J )

^  R i c b( [ X 2 , X i D  =  A S y m ( [ X 2 , X i l )

^  R i c b( X i ) =  A S y m ( X i )

' '  ' '  A s y m ( X i , X i ) =  K a n d  A s y m ( X i , X 2 ) =  ° .

I n  t e r m s  o f  t h e  s t r u c t u r e  c o n s t a n t s ,  t h i s  is  e q u i v a le n t  t o  t h e  c o n d i t i o n s  c i o =  0 ,  c 2 o =  — ( c ° o ) 2 , 

w h i c h  a r e  in  t u r n  e q u i v a le n t  t o  po =  $ p i  a n d  p 2  =  0 .  F u r t h e r m o r e ,  t h i s  i m p l i e s  t h a t  k 2  =  x 2 . 

I n  t e r m s  o f  t h e  c l a s s i f i c a t i o n  in  t h e o r e m  4 . 1 . 1 9 , t h e s e  a r e  t h e  f o l lo w in g  s t r u c t u r e s :

• I f  po <  0 ,  t h e n  t h e  e q u i v a le n c e  c l a s s  o f  s t r u c t u r e s  ( 4 . 1 . 1 6 )  o n  S E ( 1 , 1 )  w i t h  a 2  =  0 .

• I f  £o =  0 ,  t h e n  t h e  e q u i v a le n c e  c l a s s  o f  s t r u c t u r e s  ( 4 . 1 . 1 4 )  o n  H 3 .

• I f  po >  0 ,  t h e n  t h e  e q u i v a le n c e  c l a s s  o f  s t r u c t u r e s  ( 4 . 1 . 1 5 )  o n  S E ( 2 )  w i t h  a 2  =  0 .  ■

N o t i c e  t h a t ,  a p a r t  f r o m  t h e  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s  ( t h e o r e m  4 . 2 . 7 ) ,

t h e r e  a r e  n o  f l a t  s t r u c t u r e s  o n  t h e  s e m i s i m p le  g r o u p s  S U ( 2 )  a n d  S L ( 2 ,  R ) .

T h e o r e m  4 . 2 . 1 0 .  I f  $  >  0  and G is non-unimodular, then ( G , D ,  D x , g )  is flat in exactly 
the following circumstances:

( i ) G =  A f f ( R ) o  x  R , i.e., every structure on A f f ( R ) o  x  R  is flat.

(ii) I f  x 2  =  0 ,  then any structure on G 3 .2 , G g .4  and G h .5  with a Cartan-Schouten connection 
(i.e., po =  p i  =  x 2  =  0  and p 2  +  2 $  =  2 k ; see proposition 4 .1 .2 5 ).

(iii) I f  x 2  >  0 ,  then any structure on G 3 .2 , G h .4  and G h .5  with x 2  >  0  that is NH-isometric
( up to rescaling) to the following structures:

(a ) On G 3 .2 , the equivalence class of structures ( 4 . 1 . 2 2 )  with

Q __________  1

a  =  — — ( 1  ± \ J  1 — 4 Q 2 )  and — -  <  Q <  0 .  
8 2
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( b )

( c )

On Gh.4,

a  =  

a  =

O n  G £ .5 ,

t h e  equivalence class of structures ( 4 . 1 . 2 4 )  with

- ( h  21 ) P  ( 1  ±  / l  -  4 P 2 )  and 0  < P  <  1
8 h 2  2

- ( h  21 ) P  ( 1  ±  / T — 4 P 2 )  and - 1  <  P <  0
8 h 2  2

t h e  equivalence class of structures ( 4 . 1 . 2 6 )  with

a  =  - ( h 2o t 21 ) ^  ( 1  ±  / 1  -  4 P 2 )  and -  ̂
8 h 2  2

when 0  <  h <  1 

w h e n  1  <  h .

<  P  <  0 .

Proof. C o n s id e r i n g  t h e  e q u i v a le n c e  c l a s s  r e p r e s e n t a t i v e s  o f  t h e o r e m  4 . 1 . 2 2 , a  d i r e c t  ( b u t  t e ­

d io u s )  c a l c u l a t i o n ,  u s i n g  t h e  c o n d i t i o n  t h a t  ( 4 . 2 . 3 )  e q u a l s  ( 4 . 2 . 4 ) , y i e ld s  t h e  r e s u l t .  W e  h a v e  

u s e d  M a t h e m a t i c a  f o r  t h e  c o m p u t a t i o n s ;  s e e  a p p e n d i x  D ,  a n d  s p e c i f i c a l l y  s e c t i o n  D . 1 , f o r  

t h e  c o d e .  N e v e r t h e l e s s ,  w e  i l l u s t r a t e  h e r e  w i t h  t h e  c a s e  o f  G 3 .2 . C o n s id e r  f i r s t  t h e  f a m i l y  o f  

e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 2 1 ) ; w e  h a v e

( d P F  -  F  o  p ) ( X i , X 2 )

=  - 4  ( P  -  2 ) 2  0

_ 0  1  ( P  -  2 ) 2

=  ' 4 P 2 ( P  - 1 ) "
= 0 .

1 -  P - (P  -  1 ) 2  0 1

0 . 0  -  3  P ( P  -  4 ) _ 0

H e n c e  s u c h  a  s t r u c t u r e  is  f l a t  e x a c t l y  w h e n  P  =  1 . F r o m  s e c t i o n  4 . 1 . 4 , t h i s  is  e x a c t l y  t h e  

s t r u c t u r e  o n  G 3 .2  w i t h  a  C a r t a n - S c h o u t e n  c o n n e c t i o n .  O n  t h e  o t h e r  h a n d ,  c o n s i d e r  t h e  f a m i l y  

o f  e q u i v a le n c e  c l a s s e s  ( 4 . 1 . 2 2 ) :

( d P F  -  F  o p ) ( X i , X 2 )
( 1 6 a 2 +  4 a P  +  P 4 ) 

( 1 6 a 2 +  4 a P  +  P 4 )

T h u s  t h e  s t r u c t u r e  is  f l a t  i f  a n d  o n l y  i f  1 6 a 2  +  4 a P  +  P 4  =  0 .  I t  is  n o t  d i f f i c u l t  t o  s h o w  (w e  

h a v e  a g a i n  u s e d  M a t h e m a t i c a ) t h a t  t h i s  o c c u r s  e x a c t l y  w h e n  a  =  -  8  ( 1  ±  y / 1 -  4 P 2 ) a n d  

- 1  <  P <  0 .  ■

R e m a r k a b l y ,  f r o m  t h e o r e m  4 . 2 . 7 , t h e o r e m  4 . 2 . 9  a n d  t h e o r e m  4 . 2 . 1 0  w e  h a v e  t h a t  e v e r y  

l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  o n  H 3  a n d  A f f ( R ) 0  x  R  is  f l a t .

4 . 2 . 3  C h a r a c t e r i s a t i o n  u s i n g  t h e  W a g n e r  c u r v a t u r e  t e n s o r

I n  t h i s  s e c t i o n  w e  r e l a t e  t h e  r e s u l t s  o b t a i n e d  in  t h e  p r e v io u s  t w o  s e c t i o n s  w i t h  t h e  W a g n e r  

c u r v a t u r e  t e n s o r  ( s e c t i o n  2 . 2 ) . I n  p a r t i c u l a r ,  w e  o b t a i n  a n o t h e r  i n v a r ia n t  c h a r a c t e r i s a t i o n  f o r  

a  s t r u c t u r e  t o  b e  f l a t  in  t e r m s  o f  a  c o n t r a c t i o n  o f  t h e  W a g n e r  t e n s o r .

L e t  Z  e  r ( T M )  a n d  l e t  X  =  P (Z ) a n d  A  =  Q ( Z ) .  T h e  ( v e c t o r  b u n d l e )  c o n n e c t i o n  

V 2  : r ( T M )  x  r ( D )  ^  r ( D )  is  g iv e n  b y

v | U  =  V x U +  K ( 0 ( A ) ) U  +  [ A ,  U J .
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H e r e  0  =  A ^ ^ u  , w h e r e  A  : r ( / \ 2  D )  ^  r ( D x ) ,  X  A Y  ^  Q ( [ X ,  Y ] ) .  ( I n  f a c t ,  w e  h a v e

k e r  A  =  { 0 } ;  s e e  b e lo w .)  F o r  c o n v e n ie n c e ,  w e  s h a l l  d e n o t e  V  =  V 2 . T h e  W a g n e r  c u r v a t u r e  

t e n s o r  K  =  K 2  e  72?  ( T M )  ®  T ? ( D )  is  g iv e n  b y

K ( X  A Y ) U  =  [ V x , V y ] U  -  V [X ,Y ] U , X ,  Y  e  r ( T M ) ,  U  e  r ( D ) .

P r o p o s i t i o n  4 . 2 . 1 1 .  A  is an isomorphism, i.e., the vector bundles A 2  D  and D ± are iso­
morphic.

Proof. S i n c e  A  is  s u r j e c t i v e  ( l e m m a  2 . 2 . 3 ) , i t  s u f f i c e s  t o  s h o w  t h a t  i t s  k e r n e l  is  t r i v i a l .  W e  

h a v e

A ( X i  A X 2 ) =  Q ( [ X i , X 2 ] )  =  - X q .

S i n c e  A  is  t e n s o r i a l ,  i t  f o l lo w s  t h a t  A ( X  A Y ) =  0  f o r  X ,  Y  e  r ( D )  i f  a n d  o n l y  i f  X  A Y  =  0 , 

a n d  h e n c e  k e r  A  =  { 0 } .  ■

L e t  ( X 0 , X 1 , X 2 ) b e  a  ( l o c a l )  f r a m e ,  s u c h  t h a t  X q is  a  f r a m e  f o r  D ^  a n d  ( X 1 , X 2 ) is  a n  

o r t h o n o r m a l  f r a m e  f o r  D .  L e t  c j  e  C ^ ( M )  b e  t h e  s t r u c t u r e  c o n s t a n t s  o f  t h i s  f r a m e .  A s  u s u a l ,  

w e  m a y  s u p p o s e  t h a t  c ? 1 =  1 . L e t  / Q1 a n d  / Q2 b e  t h e  e x p r e s s i o n s  g iv e n  in  t h e  p r o o f  o f  l e m m a  

4 . 2 . 2 , i . e . ,

f 0 1  =  ( c 1 0  c 2 ? ) c 2 1  +  ( c 2 0  +  c 2 0 ) c 2 1  +  Cq0 C1q o c 1 0 ( c 10  +  C2 Q) +  cQ0 K

+  2  X 1 [ c 10  +  c 2 0 ] X 1 [k] X 2  [ c 1o ]

f 0 2  =  ( c 2 0  +  c 2 0 ) c 2 1  -  ( c 10  -  c 2 o ) c 2 1  -  c 2 o c Q0  +  ^ c Q0 ( c 2 0  +  C2 Q) +  C2 QK

-  1 X 2  [ c 1Q +  c 2 o ] -  X 2  [k] +  X 1 [c 2 o ] .

I t  t u r n - o u t  t h a t  /Q1 a n d  /Q2 a r e ,  u p  t o  s ig n ,  t h e  o n l y  c o m p o n e n t s  o f  t h e  W a g n e r  c u r v a t u r e  

t e n s o r  K .

L e m m a  4 . 2 . 1 2 .  We have

K ( X o  A X 1 ) X 1 =  /0 1 X 2

K ( X q A X 1 ) X 2  =  - / Q 1X 1

K ( X q A  X 2 ) X 1 =  /Q2 X 2

K ( X q A  X 2 ) X 2  =  - / 0 2 X 1

K ( X 1 A  X 2 ) X 1 =  0  

K ( X 1 A  X 2 ) X 2  =  0 .

Proof. S e e  a p p e n d i x  D  ( s e c t i o n  D . 2 )  f o r  t h e  M a t h e m a t i c a  c o d e  t h a t  c a l c u l a t e s  t h e s e  e x ­

p r e s s i o n s ;  w h i le  t h e  c o m p u t a t i o n s  a r e  s t r a i g h t f o r w a r d ,  t h e y  a r e  t e d i o u s  a n d  q u i t e  l e n g t h y .  

( N o t e  t h a t  t h e  a b o v e  e x p r e s s i o n s  y i e ld  a n o t h e r  p r o o f  t h a t  t h e  s t r u c t u r e  is  f l a t  e x a c t l y  w h e n

f Q1 =  f 0 2  =  ° 0  ■

D e f i n e  a  t e n s o r  R i c  e  7 j ° ( T M )  ®  7 1 ? ( D )  a s  f o l lo w s :

R i c ( X ,  U ) =  g ( K ( X 1 A  X ) U ,  X 1 ) +  g ( K ( X 2  A  X ) U ,  X 2 ) ,

w h e r e  X  e  r ( T M )  a n d  U  e  r ( D ) .  N o t i c e  t h a t  R i c  c o u ld  b e  c o n s i d e r e d  a s  a  t r a c e ,  in  t h e  f i r s t  

c o n t r a v a r i a n t  a n d  c o v a r i a n t  s l o t s ,  o f  K . A c c o r d i n g ly ,  o n e  c a n  s h o w  t h a t  R i c  is  w e l l  d e f in e d  

( i . e . ,  i t  d o e s  n o t  d e p e n d  o n  t h e  c h o i c e  o f  X 2 a n d  X 2 ) .
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—'—b Y7
P r o p o s i t i o n  4 . 2 . 1 3 .  We have R i c  o  A  =  d ^ ,G  -  G  o  p .

Proof. U s i n g  l e m m a  4 . 2 . 1 2 , w e  g e t

R i c ( X o , X 1 ) =  g ( K ( X 1 A X o ) X 1 , X 1 ) +  g ( K ( X 2  A X q) X 1 , X 2 ) 

=  g ( - / 0 1 X 2 , X 1 ) +  g ( - / Q 2 X 2 , X 2 )

=  /Q2 .

S i m i la r ly ,  R i c ( X Q, X 2 ) =  /Q 1 , a n d  s o  R i c  ( X Q) =  - /Q 2v 1 +  /Q 1v 2 , w h e r e  ( v Q, v 2 , v 2 ) is  t h e

c o f r a m e  d u a l  t o  ( X Q, X 2 , X 2 ) .  T h e n

( R i c b o A ) ( X 2  A  X 1 ) =  R i c b( X o )  =  /0 2 V 1 -  /Q1 v 2  =  ( d P G  -  G  o p ) ( X 2  A X 1 ) .

S i n c e  b o t h  R i c  o  A  a n d  d ^ G  -  G  o p  a r e  d e t e r m i n e d  b y  t h e i r  e v a l u a t i o n  o n  X 2  A  X 2 , t h e  

p r o o f  is  c o m p l e t e .  ■

T h e o r e m  4 . 2 . 1 4 .  ( M ,  D ,  D x , g )  i s  locally flat on U C  M  if and only if  R i c  vanishes identi­
cally on U .

Proof. F r o m  l e m m a  4 . 2 . 1 2 , i f  X ,  Y  e  r ( D ) ,  t h e n

R i c ( X ,  Y ) =  g ( K ( X 1 A  X ) Y , X 1 ) +  g ( K ( X 2  A  X ) Y ,  X 2 ) =  0 .

T h a t  is ,  R ic | p  =  0 ;  i t  f o l lo w s  t h a t  R i c  v a n is h e s  i f  a n d  o n l y  i f  R i c  o  A  v a n is h e s .  F r o m  

p r o p o s i t i o n  4 . 2 . 1 3  i t  is  t h u s  c l e a r  t h a t  R i c  v a n is h e s  i d e n t i c a l l y  o n  U  e x a c t l y  w h e n  d ^ G  -  G o  p  

d o e s  s o ,  a n d  b y  c o r o l l a r y  4 . 2 . 4  t h i s  is  e q u i v a le n t  t o  t h e  l o c a l  f l a t n e s s  o f  ( M ,  D ,  D x , g )  o n  U . ■

4.3 Some examples

I n  t h i s  s e c t i o n  w e  c o n s i d e r  t h r e e  e x a m p l e s  o f  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c ­

t u r e s  o n  t h r e e - d i m e n s i o n a l  L i e  g r o u p s .  W e  f i r s t  c o n s i d e r  t h e  e q u i v a le n c e  c l a s s  o f  s t r u c t u r e s  

o n  t h e  H e is e n b e r g  g r o u p  H 3  w h o s e  r e d u c e d  d y n a m i c s  a r e  n o n - t r i v i a l .  A s  w e  h a v e  s e e n  ( t h e ­

o r e m  4 . 1 . 1 6  a n d  t h e o r e m  4 . 1 . 1 9 ) , t h e r e  e x i s t  ( u p  t o  N H - i s o m e t r y  a n d  r e s c a l i n g )  e x a c t l y  t w o  

l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  H 3 , c o r r e s p o n d i n g  t o  w h e t h e r  $  =  0  o r  

$  >  0 .  S i n c e  H 3  is  u n i m o d u la r ,  t h e  s t r u c t u r e  w i t h  $  =  0  h a s  a  C a r t a n - S c h o u t e n  c o n n e c t i o n  

( s e e  p r o p o s i t i o n  4 . 1 . 2 4 ) , a n d  h e n c e  t h e  r e d u c e d  d y n a m i c s  a r e  t r i v i a l ;  i t  is  t h e  o t h e r  c a s e  (viz., 
w i t h  $  >  0 )  t h a t  w e  s h a l l  c o n s i d e r  h e r e .  F o r  c o n v e n ie n c e ,  w e  s h a l l  r e f e r  t o  t h i s  e x a m p l e  a s  

t h e  Heisenberg problem.
T h e  s e c o n d  t w o  e x a m p l e s  a r e  ( g e n e r a l i s a t i o n s  o f )  c l a s s i c a l  p r o b l e m s  f r o m  n o n h o l o n o m i c  

m e c h a n i c s ,  viz., t h e  C h a p l y g i n  p r o b l e m  a n d  t h e  S u s l o v  p r o b l e m .  T h e s e  p r o b l e m s  a r e  t y p i c a l l y  

m o d e l l e d  o n  t h e  L i e  g r o u p s  S E ( 2 ) a n d  S O ( 3 ) ,  r e s p e c t iv e ly .  H o w e v e r ,  w e  s h a l l  c o n s i d e r  t h e m  

o n  t h e  u n i v e r s a l  c o v e r i n g  g r o u p s  S E ( 2 ) a n d  S U ( 2 ) .  A s  m e n t i o n e d  in  t h e  i n t r o d u c t i o n  t o  t h i s  

c h a p t e r ,  t h e s e  p r o b l e m s  h a v e  b e e n  w e ll  s t u d i e d .  A c c o r d i n g ly ,  r a t h e r  t h a n  r e p e a t i n g  w o r k  

t h a t  h a s  a l r e a d y  b e e n  d o n e ,  w e  a i m  t o  l in k  o u r  c l a s s i f i c a t i o n  a n d  i n v a r i a n t s  w i t h  s o m e  k n o w n  

r e s u l t s .  I n  p a r t i c u l a r ,  w e  d i s c u s s  h o w  s o m e  o f  t h e  i n v a r i a n t s  m a y  b e  u s e d  in  d i s t i n g u i s h i n g  

b e t w e e n  t h e  d i f f e r e n t  q u a l i t a t i v e  c a s e s  m e n t i o n e d  in  [ 2 4 , 2 6 ] . I n  o r d e r  t o  f a c i l i t a t e  a  c o m ­

p a r i s o n  b e t w e e n  o u r  w o r k  a n d  w h a t  w a s  d o n e  in  t h o s e  p a p e r s ,  f o r  t h e  C h a p l y g i n  a n d  S u s l o v
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p r o b l e m s  w e  s h a l l  w o r k  w i t h  a  ( l e f t - i n v a r i a n t )  R i e m a n n i a n  s t r u c t u r e  ( G , g )  e n d o w e d  w i t h  a  

( l e f t - i n v a r i a n t )  d i s t r i b u t i o n  D .  A s  w e  h a v e  s e e n  in  s e c t i o n  1 .1 . 1 ,  t h i s  t y p e  o f  s t r u c t u r e  is  t y p ­

i c a l l y  u s e d  in  n o n h o l o n o m i c  m e c h a n i c s ,  w h i c h  is  w h e r e  t h e  C h a p l y g i n  a n d  S u s l o v  p r o b l e m s  

o r i g i n a t e .  T h e  a s s o c i a t e d  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  is  g i v e n  b y  ( G , D ,  D x , g|P ) ,  

w h e r e  D ^  is  t h e  o r t h o g o n a l  c o m p l e m e n t  o f  D  w i t h  r e s p e c t  t o  g .  W e  s h a l l  a l s o  f o l lo w  s o m e  o f  

t h e  n o t a t i o n a l  a n d  b a s i s  c o n v e n t i o n s  u s e d  in  [ 2 4 , 2 6 ] .

4 . 3 . 1  T h e  H e i s e n b e r g  p r o b l e m

W e  b e g i n  b y  p r o v i n g  s o m e  r e s u l t s  t h a t  h o ld  f o r  a l l  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  

s t r u c t u r e s  o n  t h r e e - d i m e n s i o n a l  u n i m o d u l a r  L i e  g r o u p s  w i t h  $  >  0 .  L e t  ( G , D ,  D x , g )  b e  

s u c h  a  s t r u c t u r e .  W e  s h a l l  a s s u m e  t h a t  t h e  s t r u c t u r e  h a s  b e e n  r e s c a l e d  s o  t h a t  $  =  1 . L e t  

g ( - )  : R  ^  G b e  a  u n i t - s p e e d  g e o d e s i c  o f  t h e  a s s o c i a t e d  n o n h o l o n o m i c  c o n n e c t i o n  a n d  l e t  

U (■) : R  ^  D i  b e  t h e  c u r v e  in  D i  s u c h  t h a t  g ( t )  =  T i L g (t ) ■ U ( t )  f o r  a l l  t .  ( B y  p r o p o s i t i o n  

1 . 2 .6 , e v e r y  l e f t - i n v a r i a n t  s t r u c t u r e  is  g e o d e s i c a l l y  c o m p l e t e ;  h e n c e  w e  m a y  a s s u m e  t h e  d o m a in  

o f  g ( - )  a n d  U (■) is  R . )  S u p p o s e

U  ( t )  =  u 1 ( t ) X 1 +  u 2 ( t ) X 2 ,

w h e r e  ( X Q, X 2 , X 2 ) is  t h e  c a n o n i c a l  f r a m e  f o r  ( G , D ,  D x , g )  ( s e e  s e c t i o n  4 . 1 . 3 )  a n d  s u p p o s e  w e  

h a v e  t h e  i n i t i a l  c o n d i t i o n s  u 2 ( 0 ) =  uQ, u 2 ( 0 ) =  uQ. S i n c e  g ( - )  h a s  u n i t  s p e e d ,  i t  f o l lo w s  t h a t  

( u 1 ) 2  +  ( u 2 ) 2  =  1 .

P r o p o s i t i o n  4 . 3 . 1 .  S  =  s p a n { X 2 }  is the only left-invariant vector subbundle that is geodesi- 
cally invariant in D .

Proof. L e t  S  =  s p a n { a X 2 +  b X 2 } ,  w h e r e  a , b  e  R  a r e  n o t  b o t h  z e r o .  B y  p r o p o s i t i o n  3 . 2 . 7 ,  

w e  h a v e  t h a t  S  is  g e o d e s i c a l l y  i n v a r ia n t  in  D  i f  a n d  o n l y  i f  V a X l + b X 2 ( a X 2 +  b X 2 ) e  r ( S ) .  

I f  c kj  e  R  a r e  t h e  s t r u c t u r e  c o n s t a n t s  o f  ( X Q, X 2 , X 2 ) ( s e e  l e m m a  4 . 1 . 1 7  a n d  t h e  s u c c e e d in g  

d i s c u s s i o n ) ,  t h e n

V a X 1 + b X 2 ( a X 1 +  b X 2 ) =  - a b c 21X 1 +  a 2 c 2 1 X 2.

I f  a =  0 ,  t h e n  S  =  s p a n { X 2 }  a n d  S  is  c l e a r l y  g e o d e s i c a l l y  i n v a r ia n t  in  D .  S u p p o s e  a =  0 . 

T h e n

V a X i  +bX2 ( a X 1 +  b X 2 ) e  r ( S )

t h e r e  e x i s t s  /  e  C^ ( G )  s u c h  t h a t  V a X l + b X 2 ( a X 2 +  b X 2 ) =  / ( a X 2 +  b X 2 ) 

t h e r e  e x i s t s  /  e  C ^ ( G )  s u c h  t h a t  - a ( /  +  6 c 1>1 ) X 1 -  ( b /  -  a 2 c 2 2 ) X 2  =  0  

/  =  - b c 2 1  a n d  b /  =  a 2 c 21  

( a 2  +  b2 ) c 2 2 =  0 .

S i n c e  $  =  ( c ^ ) 2  >  0 ,  w e  c a n  n e v e r  h a v e  ( a 2  +  b 2 ) c ^  =  0 ,  a n d  s o  t h i s  c a s e  c a n n o t  h o ld .  ■

S  is  c l e a r l y  i n t e g r a b l e ,  a n d  h e n c e  ( b y  p r o p o s i t i o n  3 . 2 . 8 )  t h e  i n t e g r a l  m a n i f o l d s  o f  S  a r e  

t o t a l l y  g e o d e s i c  in  G . I n  o t h e r  w o r d s ,  w e  h a v e  t h e  f o l lo w in g  c o r o l l a r y :

C o r o l l a r y  4 . 3 . 2 .  The integral curves t  ^  g Q e x p ( t X 2 ) ,  g Q e  G of X 2  are nonholonomic 
geodesics.
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W e  n o w  f in d  t h e  r e d u c e d  n o n h o l o n o m i c  g e o d e s i c s  b y  i n t e g r a t i n g  t h e  r e d u c e d  e q u a t i o n s  o f  

m o t i o n  ( s e e  e q u a t i o n  ( 1 . 2 . 1 ) ) .  F r o m  t h e  c o m m u t a t o r  r e l a t i o n s  g iv e n  in  t h e o r e m  4 . 1 . 1 9 , t h e  

r e d u c e d  e q u a t i o n s  o f  m o t i o n  ( f o r  a n y  u n i m o d u l a r  g r o u p )  a r e  g iv e n  b y

u 1 =  u Qu 2 

u 2  =  - ( u 1) 2 .
( 4 . 3 . 1 )

P r o p o s i t i o n  4 . 3 . 3 .  If  u^  =  0 ,  then U ( t )  =  U(t +  t Q) for every t, where t Q =  s e c h  1 ( |u^|) 

and E ( t )  =  u 1 ( t ) X 1 +  u 2 ( t ) X 2  is given by

{-U1 ( t )  =  s g n ( u Q) s e c h  t  

u 2 ( t )  =  -  t a n h  t .

I f  uQ =  0 , t h e n  U ( t )  =  U ( 0 ) for all t.

Proof. S u p p o s e  uq  =  0 . ( T h e  p o i n t s  ( 0 , uQ) a r e  e v i d e n t l y  e q u i l i b r i u m  p o i n t s  o f  ( 4 . 3 . 1 ) ; 

h e n c e ,  i f  u Q =  0 ,  t h e n  U (■) is  c o n s t a n t . )  L e t  U ( - )  b e  a  r e d u c e d  n o n h o l o n o m i c  g e o d e s i c  

( i . e . ,  C 7 (t) =  - V [ 7 (t )UU ( t ) ) ,  w h e r e  U ( t )  =  u Q( t ) X Q +  u 2 ( t ) X 2  a n d  ( u 1 ) 2  +  ( u 2 ) 2  =  1 . S t a r t i n g  

f r o m  t h e  e q u a t i o n s  o f  m o t i o n  ( 4 . 3 . 1 )  in  u 1 a n d  u 2 , s t a n d a r d  i n t e g r a t i o n  t e c h n i q u e s  ( ig n o r i n g  

t r a n s l a t i o n s  in  t i m e )  y ie ld

{-U1 ( t )  =  a  s e c h  t  

u 2 ( t )  =  -  t a n h  t

f o r  s o m e  a  e  { - 1 , 1 } .  W e  c l a i m  t h a t  t h e r e  e x i s t s  t Q e  R  a n d  a  e  { - 1 , 1 }  s u c h  t h a t  U ( t )  =  

U ( t  +  t Q) .  I n d e e d ,  l e t  a  =  s g n (u Q ) . W e  h a v e  - 1  <  u 2 ( t ) , u 2 ( t )  <  1 , l im t ^ _ ^ u 2 ( t )  =  1 

a n d  l im t ^ ^  u 2 ( t )  =  - 1 .  T h e r e f o r e ,  s i n c e  u 2  is  c o n t in u o u s ,  t h e r e  e x i s t s  t Q e  R  s u c h  t h a t  

u 2 ( t  +  t Q) =  u 2 ( t ) .  T h e n

( u Q( t ) ) 2  =  1  -  ( u 2 ( t ) ) 2  =  1  -  ( u 2 ( t  +  t o ) ) 2  =  ( u Q( t  +  t o ) ) 2

a n d  s i n c e  s g n ( u Q( 0 ) )  =  a  =  s g n ( u 2 ( t 0 ) ) ,  w e  h a v e  u Q( t  +  t Q) =  u Q( t ) .  T h e r e f o r e ,  a s  t  ^  U ( t )  

a n d  t  ^  U ( t  +  t Q) a r e  b o t h  s o l u t i o n s  t o  t h e  s a m e  s y s t e m  o f  O D E s  p a s s i n g  t h r o u g h  t h e  s a m e  

p o in t  a t  t  =  0 ,  t h e y  b o t h  s o lv e  t h e  s a m e  C a u c h y  p r o b l e m ,  a n d  h e n c e  a r e  i d e n t i c a l .  L a s t l y ,  

u s i n g  u Q =  u 1 ( 0 ) =  u Q( t 0 ) ,  w e  g e t  t h a t  t Q =  s e c h - 1 (|uQ|). ■

W e  n o w  s p e c i a l i s e  t o  t h e  c a s e  G =  H 3 . T h e  ( t h r e e - d i m e n s i o n a l )  H e is e n b e r g  g r o u p  H 3  ( s e e  

a p p e n d i x  C )  is  t h e  c o n n e c t e d ,  s i m p l y  c o n n e c t e d  a n d  n i l p o t e n t  m a t r i x  L i e  g r o u p  g i v e n  b y

H3 < ^ ( x ,y ,z )

1 y x

0 1 z

0 0 1

: x , y ,  z  e  R

N o t e  t h a t  t h e  m a p  <p : R 3  ^  H 3  is  a  ( g l o b a l )  d i f f e o m o r p h i s m  f r o m  R 3  t o  H 3 ; h e n c e  w e  s h a l l  

w o r k  in  c o o r d i n a t e s  ( x , y , z ) .  T h e  L i e  a l g e b r a  h 3  o f  H 3  is

h3 x E q +  y E  +  Z E 3

0  y  x  

0 0 z  

0 0 0

: x , y ,  z  e  R 5
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t o g e t h e r  w i t h  t h e  m a t r i x  c o m m u t a t o r  [ X ,  Y ] =  X Y  — Y X . I n  t e r m s  o f  t h e  s t a n d a r d  b a s i s  

( E i ,  E 2 , E 3 ) ,  t h e  o n l y  n o n z e r o  c o m m u t a t o r  is  [ E 2 , E 3 ] =  E i .

T h e  e q u i v a le n c e  c l a s s  o f  s t r u c t u r e s  o n  H 3  w i t h  $  >  0  a r e  t h e  s i m p l e s t  n o n - t r i v i a l  ( i . e . ,  

w h o s e  n o n h o l o n o m i c  c o n n e c t i o n  is  n o t  a  C a r t a n - S c h o u t e n  c o n n e c t i o n )  e x a m p l e s  o f  n o n h o l o ­

n o m i c  R i e m a n n i a n  s t r u c t u r e s .  I n  t h i s  s e c t i o n  w e  s h a l l  i l l u s t r a t e  h o w  t o  e x p l i c i t l y  c a l c u l a t e  

t h e  c a n o n i c a l  f r a m e  a s s o c i a t e d  t o  a n  a r b i t r a r y  m e m b e r  o f  t h i s  e q u i v a le n c e  c l a s s .

L e m m a  4 . 3 . 4 .  Up to Lie algebra automorphism, s p a n { E 2 , E 3 }  is the only completely non­
holonomic two-dimensional subspace of h 3 .

Proof. L e t  s  =  s p a n { u 1 E 1 +  u 2 E 2  +  u 3 E 3 , v 1 E 1 +  v 2 E 2  +  v 3 E 3 }  b e  a  c o m p l e t e l y  n o n h o l o n o m i c  

t w o - d i m e n s i o n a l  s u b s p a c e  o f  h 3 . B y  c o m p l e t e  n o n h o lo n o m y ,  w e  h a v e  u 2 v 3  — v 2 u 3  =  0 .  T h e n

u 2 v 3  — v 2 u 3 u 1 v 1

0  = 0 u 2 v 2

0 u 3 v 3

is  a  L i e  a l g e b r a  a u t o m o r p h i s m  o f  h 3  ( w r i t t e n  w i t h  r e s p e c t  t o  t h e  s t a n d a r d  b a s i s )  s u c h  t h a t  

0  ■ s p a n { E 2 , E 3 }  =  s .  ■

L e t  ( H 3 , D ,  D 1 , g )  b e  a  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  o n  t h e  H e is e n ­

b e r g  g r o u p .  B y  l e m m a  4 . 3 . 4 , w e  m a y  a s s u m e  t h a t  D i  =  s p a n { E 2 , E 3 } .  S u p p o s e  t h a t

D i  =  s p a n { E 1 +  y 2 E 2  +  y 3 E 3 }  a n d  g i  =  -1
R 2

a 1 f t  

f t  a

w h e r e  y 2 , y 3  e  R ,  a 1 , a 2 , R  >  0 ,  a 1 a 2  — f t 2  >  0  a n d  g 1  is  w r i t t e n  w i t h  r e s p e c t  t o  t h e  b a s i s  

( E 2 , E 3 ) f o r  D 1 . L e t  ( Y 1 , Y 2 , Y 3 ) b e  a  l e f t - i n v a r i a n t  f r a m e  o n  H 3 , w h e r e  Y 3  =  E 1 +  y 2 E 2  +  

y 3 E 3  a n d  ( Y 1 , Y 2 ) is  t h e  o r t h o n o r m a l  f r a m e  f o r  D  o b t a i n e d  b y  a p p l y i n g  t h e  G r a m - S c h m i d t  

p r o c e d u r e  t o  ( E 2 , E 3 ) ,  i . e . ,

Y 1 =
R

E 2  a n d  Y 2  =
R

■0 0 2 y / 0 1 ^ 2  — f t 2
( —f t E 2  +  V O 1O 2 E 3 ) .

L e t  ( v  1 , v 2 , v 3 ) b e  t h e  c o f r a m e  d u a l  t o  ( Y 1 , Y 2 , Y 3 ) a n d  l e t  w =  w 1 v 1 +  w 2 v 2  +  w 3 v 3  b e  t h e  

n o r m a l i s e d  c o n t a c t  f o r m .  S i n c e  D  =  k e r w  a n d  d w ( Y 1 , Y 2 ) =  ct e  { — 1 , 1 } ,  w e  h a v e

w
C T y / a q a  — f t 2

R 2

L e t  Y 0 b e  t h e  R e e b  v e c t o r  f ie ld .  U s i n g  i Yow =  1 a n d  i Yodw  =  0 ,  w e  g e t

CTR ( f t y 3  — a g y 2 ) _  ctR ^ 3  „
Y o = ---------------, =  Y 1 ---------^  Y 2  —

ctr
2

0 0 1 0 o q a  — f t 2  0 0 1  y / a ! a 2  — f t 2
Y 3 .

I n  p a r t i c u l a r ,  w e  c a n  n o w  c a l c u l a t e  t h e  v e c t o r  f ie ld s  X 0  =  Q ( Y 0 ) a n d  X 1 =  P ( Y 0 ) / | | P ( Y 0 )|| 

o f  t h e  c a n o n i c a l  f r a m e :

X 0  =  —
ctr

2

y / O q a  — f t 2

Y 3  a n d  X 1 =  — C T ( f t y 3  1 y 2 )  Y ,  — CTy3 2  y 2 .
0M 0 m

3v
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H e r e  f  =  a 1 ( y 2 ) 2  +  2 f t y 2 y 3  +  a 2 ( y 3 ) 2 ; a s  $  >  0 ,  i t  f o l lo w s  t h a t  f  >  0 .  T h e  f in a l  v e c t o r  f ie ld  X 2 

in  t h e  c a n o n i c a l  f r a m e  is  n o w  r e a d i ly  c a l c u l a t e d  a s  t h e  ( u n iq u e )  u n i t  v e c t o r  f ie ld  o r t h o g o n a l  

t o  X 1 s u c h  t h a t  d w ( X 1 , X 2 ) =  1 . W e  g e t

X 2
y V  a 1 a 2  — f t 2

f o r
Y 1 +

f t y 3  +  « 1 y 2 

f a 1
Y 2 .

( N o t i c e  t h a t  X 0  a n d  X 1 b o t h  d e p e n d  o n  ct, w h e r e a s  X 2  d o e s  n o t . )  I n  p a r t i c u l a r ,  in  t e r m s  o f  

t h e  s t a n d a r d  b a s i s  ( E 1 , E 2 , E 3 ) f o r  h 3 , t h e  c a n o n i c a l  f r a m e  is  g iv e n  b y

X 0

X 1

X 2

ctr
2

E 1 +
ctrV

E 2  +
CTR2 y 3

a  a 2  — f t 2  \/ 0 1 ^ 2  — f t 2  \/0 1 ^ 2  — f t 2
E 3

2 3
CTR y 2  ^  CTR y 3  c

E 2 --------- E 3
v ?  2  v ?

R ( f t y 2  +  a 2 y 3 ) c  , R ( f t y 3  +  a 1 y 2 )  c
E 2  + —— / =  E 3 .

V ^ \ / a 1 « 2  — f t 2  V ^ \ / a 1 « 2  — f t 2

N o r m a l i s i n g  s o  t h a t  $  =  1 , w e  t a k e  r  =  Z ! . T h e  r e s u l t a n t  c o m m u t a t o r  r e l a t i o n s  f o r

t h e  c a n o n i c a l  f r a m e  t h e n  t a k e  t h e  f o r m  g iv e n  in  t h e o r e m  4 . 1 . 1 9 ,  v iz .,

r  [ X 1 , X 0 ] =  0

< [ X 2 , X 0 ] =  —X 0  — X 1 

{  [ X 2 , X 1 ] =  X 0  +  X 1 .

T h e  i n v a r ia n t s  t a k e  t h e  e x p r e s s i o n s  $  =  1 , k  =  — 2 ,  X 1 =  2 ,  X 2  =  0  a n d  y 0  =  g 1 =  y 2  =  0 .

T h e  n o n h o l o n o m i c  c o n n e c t i o n  is  g i v e n  b y

V X i  X 1 =  X 2 , V X i  X 2  =  —X 1 , V x 2 X 1 =  °  V x 2 X 2  =  0 .

A t  t h i s  s t a g e  w e  m a y  c h o o s e  ct, a 1 , a 2 , f t  a n d  y 2 , y 3  f o r  c o n v e n ie n c e ,  in  o r d e r  t o  s e l e c t  a  

n o r m a l  f o r m  f o r  t h e  e q u i v a le n c e  c l a s s  o f  s t r u c t u r e s .  W e  s h a l l  w o r k  w i t h  t h e  n o r m a l  f o r m  

( H 3 , D ,  D x , g )  g iv e n  b y

D i  =  s p a n { E 2 , E 3 } ,  D ^  =  s p a n { E 1 +  E 2 } ,  g i
1  0  

0  1  .

T h e  c a n o n i c a l  f r a m e  ( X 0 , X 1 , X 2 ) o n  H 3  is  t h e n  g i v e n  b y  X 0  =  — E 1 — E 2 , X 1 =  E 2 , X 2  =  E 3 .

L e t  V  b e  t h e  v e c t o r  b u n d l e  c o n n e c t i o n  o n  D  d e s c r i b e d  in  s e c t i o n  4 . 2 . 3 . W e  h a v e

V  X 0 X 1 =  — X 2  a n d  V  X0 X 2  =  X 1 .

( B y  d e f i n i t i o n ,  V X l  =  V X l  a n d  V X 2 =  V X 2 .)  W e  c a l c u l a t e  a n  e x p l i c i t  e x p r e s s i o n  f o r  e v e r y  

p a r a l l e l  v e c t o r  f ie ld  o n  H 3 . I n  p a r t i c u l a r ,  t h i s  w i l l  a l lo w  u s  t o  f in d  a  p a r a l l e l  f r a m e  f o r  D .

P r o p o s i t i o n  4 . 3 . 5 .  Every normalised parallel vector field U  e  r ( D )  is of the form

U  =  c o s ( 6>0 — y ) X 1 +  s i n ( 6>0 — y ) X 2 ,

where U ( 1 )  =  ( c o s  0 0 , s i n  0 0 ) in terms of the basis ( E 2 , E 3 ) .
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Proof. L e t  U  =  u 1 X 1 +  u 2 X 2  e  r ( D ) .  S i n c e  V U  =  0 ,  w e  h a v e

V X 0 U  =  0  ^  ( X ^ u 1] +  u 2 ) X  +  ( X 0 [u 2] — u 1 ) X 2  =  0

u 1 =  X 0 [u 2 ] a n d  u 2  =  —X 0 [ u 1].

L ik e w i s e ,  f r o m  V X l  U  =  0  a n d  V X 2  U  =  0 ,  w e  g e t

u 1 =  —X 1 [u 2 ] , u 2  =  X 1 [ u 1] , X 2 [ u 1] =  X 2 [u 2] =  0 .

W e  s h a l l  w r i t e  t h e s e  d i f f e r e n t i a l  e q u a t i o n s  in  c o o r d i n a t e s  in  R 3 . L e t  dx , dy , dz d e n o t e  t h e  

c o o r d i n a t e  v e c t o r  f ie ld s  o n  H 3 . U s i n g  ^ _ 1 , w e  p u s h  t h e  c a n o n i c a l  f r a m e  t o  R 3 . T h e  r e s u l t  is

( ^ _ 1 ) * X 0  =  — d x  — dy, ( ^ _ 1 ) * X 1 =  dy, ( ^ _ 1 ) * X 2  =  y d x  +  dz.

I d e n t i f y i n g  u 1 a n d  u 2 w i t h  u 1 a n d  u 2 , r e s p e c t iv e ly ,  t h e  d i f f e r e n t i a l  e q u a t i o n s  f o r  ( ^  1) * U

a r e  g i v e n  b y

u

u

d u 2  d u 2

d x  d y  

d u 1 d u 1

d x  d y

u

u

d u 2

d y

d u 1

d y

d u 1 d u 1

y X X  +  X X  =

d u 2  d u 2

y X X  +  X X  =  .

I t  is  a  s t r a i g h t f o r w a r d  m a t t e r  t o  s o lv e  t h e s e  P D E s  (w e  h a v e  u s e d  M a th em a tic a ) ,  y i e ld i n g  

t h e  s o l u t io n s
j  u 1 ( x ,  y ,  z )  =  c o s ( 6>0 — y )

\  u 2 ( x ,  y ,  z )  =  s i n ( 0 0  — y ) ,

w h e r e  u 1 ( 0 ,  0 ,  0 )  =  c o s  0 0 , u 2 ( 0 ,  0 ,  0 )  =  s in  0 0 . A p p l y i n g  ^  t o  p u s h f o r w a r d  (^>- 1 ) * U  t o  H 3 

c o m p l e t e s  t h e  r e s u l t .  ■

I n  p a r t i c u l a r ,  l e t  ( U 1 , U 2 ) b e  t h e  p a r a l l e l  f r a m e  f o r  D  g iv e n  b y

" U X g ) c o s  y -  s i n  y " X 1 ( g ) ‘

U 2 ( g ) , s in  y c o s  y , X 2 ( g ) ,
g =  ( x ,  y ,  z )  e  H 3 .

N o t e  t h a t  U 1 ( 1 )  =  E 2  a n d  U 2 ( 1 )  =  E 3 . F u r t h e r m o r e ,  w e  h a v e  [U 2 , U 1] =  X 0 . ( H o w e v e r ,  U 1

a n d  U 2  a r e  n o t  l e f t  i n v a r i a n t . )

I f  n i  : D 1  ^  D g is  t h e  p a r a l l e l  t r a n s p o r t  m a p  f r o m  i d e n t i t y  t o  g  =  ( x , y ,  z )  e  H 3 , t h e n  

in  t h e  b a s i s  ( ^ 1 ( 1 ) ,  ^ 2 ( 1 ) )  =  ( ^ E i )  f o r  D i  a n d  ( X ^ g ) ,  X 2 ( g ) )  =  ( T i Lg ■ E 2 , T i L fl ■ E 3 ) f o r

D g , w e  h a v e

c o s  y  s in  y  

-  s in  y  c o s  y

( B y  p r o p o s i t i o n  B . 1 . 2 2 , i t  s u f f i c e s  t o  c o n s i d e r  t h e  p a r a l l e l  t r a n s p o r t  m a p  s t a r t i n g  f r o m  i d e n t i t y ;  

e v e r y  o t h e r  p a r a l l e l  t r a n s p o r t  m a p  is  t h e n  o b t a i n e d  b y  a  c o m p o s i t i o n  w i t h  a  l e f t  t r a n s l a t i o n . )

L a s t l y  f o r  t h i s  s e c t i o n ,  w e  f in d  e x p l i c i t  e x p r e s s i o n s  f o r  t h e  n o n h o l o n o m i c  g e o d e s i c s  o f  

( H 3 , D ,  D X  g ) .  B y  c o r o l l a r y  1 . 2 . 4 , i t  s u f f ic e s  t o  c o n s i d e r  t h e  n o n h o l o n o m i c  g e o d e s i c s  s t a r t i n g  

f r o m  i d e n t i t y ;  e v e r y  o t h e r  n o n h o l o n o m i c  g e o d e s i c  m a y  t h e n  b e  o b t a i n e d  v i a  a  s u i t a b l e  l e f t  

t r a n s l a t i o n .  I n  f ig u r e  4 .2  w e  h a v e  g r a p h e d  s o m e  t y p i c a l  n o n h o l o n o m i c  g e o d e s i c s  s t a r t i n g  

f r o m  i d e n t i t y  ( o v e r  t h e  t i m e  i n t e r v a l  [— 3 , 3 ] ) ,  a s  w e l l  a s  t h e  ( r e s t r i c t e d )  e x p o n e n t i a l  im a g e  

{ e x p i ( t U ) : t  e  [— 3 ,  3 ] ,  U  e  D i }  ( s e e  s e c t i o n  1 . 1 . 2 ) .

n i
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F i g u r e  4 . 2 :  T y p i c a l  n o n h o l o n o m i c  g e o d e s i c s  f r o m  i d e n t i t y  ( g r a p h e d  f o r  t  e  [— 3 ,  3 ] )  a n d  t h e  

e x p o n e n t i a l  i m a g e  { e x p i ( t U ) : t  e  [— 3 ,  3 ] ,  U  e  D i }  f o r  t h e  H e is e n b e r g  p r o b l e m .

P r o p o s i t i o n  4 . 3 . 6 .  Let g ( - )  be the unit-speed nonholonomic geodesic of ( H 3 , D ,  D x , g )  start­
ing from identity and with initial velocity U 0  =  u q X 1 +  u 0 X 2  e  D i .

( i ) I f  u Q =  0 ,  then g ( t )  =  g ( t 0 ) Tg ( t  +  t 0 ) for every t, where t 0 

( X ( - ) ,  y ( - ) ,  ^ ( - ) )  : R  ^  H 3  is given by
s e c h  1 (|uQ|) and g ( - )  =

x ( t )

y ( i )

Z ( t )

-  s g n ( u 10 ) g d

s g n ( u 0 ) g d  t

s  t a n h  s d s

— l n ( c o s h  t ) .

( H e r e  g d  t  =  2  t a n h  T( t a n h ( t / 2 ) )  is the G u d e r m a n n i a n  f u n c t i o n . )  

(ii) I f  u Q =  0 ,  then g ( t )  =  ( 0 , 0 , u 2 t ) .

Proof. (i ) S u p p o s e  u 0  =  0 .  L e t  U (■) =  u 1 ( ■ ) X 1 + u 2 ( - ) X 2  b e  a  c u r v e  in  D i  s u c h  t h a t  U ( 0 )  =  U 0 

a n d  s u p p o s e  t h a t  g ( t )  =  T i L g (t ) ■ U ( t ) .  B y  p r o p o s i t i o n  4 . 3 . 3 , w e  h a v e  U ( t )  =  U ( t + t 0 ) f o r  e v e r y  

t ,  w h e r e  H ( - )  is  g iv e n  in  p r o p o s i t i o n  4 . 3 . 3  a n d  t 0  =  s e c h - 1 (|u0|). L e t  g ( - )  =  ( x ( - ) ,  y ( - ) ,  z ( - ) )  

b e  t h e  n o n h o l o n o m i c  g e o d e s i c  s t a r t i n g  f r o m  i d e n t i t y  s u c h  t h a t  g ( t )  =  T i L g ( t ) ■ U 7 (t) . I t  f o l lo w s  

t h a t  g ( - )  s a t i s f i e s  t h e  f o l lo w in g  s y s t e m  o f  O D E s :

{X  =  —y t a n h  t  

y  =  s g n ( u Q) s e c h t  

2  =  — t a n h  t .

I n t e g r a t i n g  t h e s e  e q u a t i o n s ,  t o g e t h e r  w i t h  t h e  i n i t i a l  c o n d i t i o n  g ( 0 )  =  1 ,  y ie ld s  t h e  e x p r e s s io n s  

in  t h e  s t a t e m e n t  o f  t h e  p r o p o s i t i o n .  W e  h a v e  g ( t )  =  T i L g (t ) - U  ( t )  =  T i L g (t )-U7 ( t + t 0 ) .  L ik e w is e ,
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i f  h ( - )  d e n o t e s  t h e  c u r v e  t  ^  g ( t o ) 1 $ ( t  +  t o ) ,  t h e n

h ( t )  =  T g (t+ to )L g (to )- 1 ■ T i L g (t+ to ) ■ C ( t  +  t o )

=  T i L g (to )- 1g (t+ to ) ' ^ ( t  +  t o )

=  T 1 L h (t) ■ C ( t  +  t o ) .

F u r t h e r m o r e ,  w e  h a v e  h ( 0 )  =  1  =  g ( 0 ) .  T h e r e f o r e  t  ^  h ( t )  a n d  t  ^  g ( t )  b o t h  s o lv e  t h e  s a m e  

C a u c h y  p r o b l e m ,  a n d  h e n c e  a r e  i d e n t i c a l .

( i i ) S u p p o s e  u Q =  0 .  A g a i n  b y  p r o p o s i t i o n  4 . 3 . 3 , w e  h a v e  g ( t )  =  T1Lg(t) ■ Uo. H e n c e  g ( - )  

is  t h e  o n e - p a r a m e t e r  s u b g r o u p  g ( t )  =  e x p ( t U o ) =  ( 0 , 0 , u 2 t ) .  ■

N o t e  t h a t  t h e  n o n h o l o n o m i c  g e o d e s i c s  o f  t h e  f o r m  t  ^  ( 0 , 0 ,  U S t)  a r e  e x a c t l y  t h e  r e p a r a m -  

e t r i s a t i o n s  o f  t h e  i n t e g r a l  c u r v e s  o f  X 2  ( c f .  c o r o l l a r y  4 . 3 . 2 ) .

4 . 3 . 2  T h e  C h a p l y g i n  p r o b l e m

T h e  C h a p l y g i n  p r o b l e m  m o d e ls  t h e  m o t i o n  o f  a  p l a n a r  r ig id  b o d y  e q u i p p e d  w i t h  a  b l a d e ,  

a l o n g  w h i c h  t h e  b o d y  s l id e s ,  t h a t  p r o h i b i t s  m o t i o n  i n  d i r e c t i o n s  o r t h o g o n a l  t o  t h e  b l a d e .  

T h e  p r o b l e m  m a y  b e  d e s c r i b e d  b y  m e a n s  o f  a  l e f t - i n v a r i a n t  R i e m a n n i a n  m e t r i c  o n  t h e  E u ­

c l i d e a n  g r o u p  S E ( 2 ) ,  t o g e t h e r  w i t h  a  l e f t - i n v a r i a n t  c o m p l e t e l y  n o n h o l o n o m i c  d i s t r i b u t i o n .  I t  

is  k n o w n  t h a t  t h e  d y n a m i c s  e x h i b i t  t h r e e  q u a l i t a t i v e l y  d i f f e r e n t  c a s e s  ( o f  i n c r e a s i n g  a n a l y t i c a l  

c o m p l e x i t y )  [ 2 4 ] : t h e  C h a p l y g i n  “s k a t e ” ( w h e n  t h e  c e n t r e  o f  m a s s  is  a t  t h e  p o in t  o f  c o n t a c t ) ;  

t h e  C h a p l y g i n  s l e ig h  ( t h e  c l a s s i c a l  s t a t e m e n t  o f  t h e  p r o b l e m ) ;  a n d  a  g e n e r a l i s a t i o n  o f  t h e  

C h a p l y g i n  s le ig h ,  c a l l e d  t h e  h y d r o d y n a m i c  C h a p l y g i n  s l e i g h  ( f i r s t  i n t r o d u c e d  in  [ 2 4 ] ) .  F o r  

f u r t h e r  d e t a i l s  o n  t h e  C h a p l y g i n  p r o b l e m ,  s e e ,  e .g . ,  [ 1 6 , 5 2 ,  8 , 2 4 ] .

W e  c o n s i d e r  t h e  p r o b l e m  o n  t h e  u n i v e r s a l  c o v e r i n g  g r o u p  o f  S E ( 2 ) ,  viz.,

S E ( 2 )

1 0 0 0
x 1 c o s  x 3

3
— s i n  x 3 0

x 2 s i n  x 3 c o s  x 3 0

0 0 0 e x

: x 1, x 2, x 3 €  R 5

w h ic h  h a s  t h e  L i e  a l g e b r a

s e ( 2 ) u 1E 1 +  u2E 2 +  u3E 3

0 0 0 0
u 1

0

COs1 0
: u Q, u 2 , u 3  €  Ru 2 u 3

0 0

0 0 0
u 3

T h e  n o n z e r o  c o m m u t a t o r  r e l a t i o n s  a r e  [ E 2 , E 3 ] =  E q, [ E 3 , E q] =  E 2 . F o r  c o m p a t i b i l i t y  w i t h  

t h e  n o t a t i o n  u s e d  f o r  t h e  b o d y ’s i n e r t i a  t e n s o r  in  [ 2 4 ] , w e  s h a l l  w o r k  in  t h e  ( o r d e r e d )  b a s i s  

( E 3 , E q, E 2 ) .  W e  m a y  a s s u m e ,  w i t h o u t  lo s s  o f  g e n e r a l i t y ,  t h a t  t h e  c o n s t r a i n t  d i s t r i b u t i o n  D  

is  s p e c i f i e d  b y  D 1  =  s p a n { E Q, E 3 } .  L e t  g  b e  t h e  l e f t - i n v a r i a n t  R i e m a n n i a n  m e t r i c  o n  S E ( 2 )  

s p e c i f i e d  w i t h  r e s p e c t  t o  ( E 3 , E q, E 2 ) b y

J — L 2 L 1

— L 2 M Z

L 1 Z N
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T h e  a s s o c i a t e d  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  is  g iv e n  b y  ( S E ( 2 ) , D ,  V ± , g\v ) ,  w h e r e  

V ±  is  t h e  g - o r t h o g o n a l  c o m p l e m e n t  o f  D .  T h e  f i r s t  i n v a r ia n t  $  is  g i v e n  b y

n J Z 2  +  2 Z L qL 2  +  M L ?$  =  --------------------------------------------- 1
( J M  — L 2 ) 2  .

W e  h a v e  t h e  f o l lo w in g  c a s e s :

( i ) $  =  0 .  T h i s  o c c u r s  e x a c t l y  w h e n  L ?  =  Z  =  0 ,  a n d  c o r r e s p o n d s  t o  t h e  c a s e  w i t h  t h e  

s i m p l e s t  q u a l i t a t i v e  b e h a v i o u r  ( t h e  C h a p l y g i n  s k a t e ) .  I n d e e d ,  t h e  r e d u c e d  e q u a t i o n s  o f  

m o t i o n  a r e  t r i v i a l ,  h e n c e  t h e  n o n h o l o n o m i c  c o n n e c t i o n  is  C a r t a n - S c h o u t e n ;  f u r t h e r m o r e ,  

w e h a v e  K =  x q  =  1  j M - L f .

( i i ) $  >  0 .  A t  l e a s t  o n e  o f  L ? ,  Z  is  n o n z e r o .  T h e  c a n o n i c a l  f r a m e  ( X o , X ? , X 2 ) ( r e s c a l e d  s o  

t h a t  $  =  1 ) is  r e a d i l y  c a l c u l a t e d :

f  X o  =  M M L q +  Z L 2 ) E 3  +  M J Z  +  L qL 2 ) E q — ^ ( J M  — L 2 ) E 2  

J X q =  —^ ( M L q +  Z L 2 ) E 3  — ^ ( J Z  +  L qL 2 ) E q

f  X 2  =  ^ ( Z J M  — L 2  ) E 3  — ^ ( L i ^ J M  — L 2  ) E q.

H e r e  ^  =  j Z 2 + 2 z L i L 2 + M L 2 . T h e  v a l u e s  o f  t h e  p a r a m e t e r s  a ? , a 2  in  t h e  e q u i v a le n c e  

c l a s s  r e p r e s e n t a t i v e  ( 4 . 1 . 1 5 )  m a y  l ik e w is e  b e  c a l c u l a t e d :

a ?  =  ^ 2 ( M L q +  Z L 2 ) 2 , a 2  =  ^ 2 Z 2 ( J M  — L 2 ) .

T h e  s t r u c t u r e  ( S E ( 2 ) ,  g )  t o g e t h e r  w i t h  D  d e s c r i b e s  t h e  C h a p l y g i n  s l e i g h  e x a c t l y  w h e n  

L ?  =  0 ,  Z  =  0  ( c f .  [ 2 4 ] ) .  T h i s  o c c u r s  e x a c t l y  w h e n  a 2  =  0  ( o r  e q u i v a le n t ly ,  w h e n  

k 2  =  x i ; s e e  r e m a r k  4 . 1 . 2 1 ) . F o r  a 2  >  0  ( k 2  =  x 2 ) ,  t h e  s t r u c t u r e  d e s c r i b e s  t h e  

h y d r o d y n a m i c  C h a p l y g i n  s le ig h .

L a s t l y ,  w e  n o t e  t h a t ,  i n  l ig h t  o f  t h e  c h a r a c t e r i s a t i o n  o f  f l a t  s t r u c t u r e s  i n  s e c t i o n  4 . 2 , t h e  

f l a t  s t r u c t u r e s  o f  t h e  C h a p l y g i n  p r o b l e m  c o r r e s p o n d  e x a c t l y  t o  t h e  c a s e  o f  a  C h a p l y g i n  s k a t e  

( w h e n  $  =  0 ;  s e e  t h e o r e m  4 . 2 . 7 )  a n d  t h e  C h a p l y g i n  s l e ig h  ( w h e n  $  >  0 ;  s e e  t h e o r e m  4 . 2 . 9 ) .

4 . 3 . 3  T h e  S u s l o v  p r o b l e m

T h e  S u s l o v  p r o b l e m  d e s c r i b e s  t h e  m o t i o n  o f  a  r ig id  b o d y  in  R 3  a b o u t  a  f ix e d  p o in t  s u b j e c t  

t o  t h e  ( n o n h o l o n o m i c )  c o n s t r a i n t  W  • Q  =  0 .  ( H e r e  Q  is  t h e  a n g u l a r  v e l o c i t y  o f  t h e  b o d y ,  W  
is  a  f ix e d  v e c t o r  in  t h e  b o d y  f r a m e  a n d  • d e n o t e s  t h e  s t a n d a r d  d o t  p r o d u c t  o f  R 3 .)  F o r  m o r e  

d e t a i l s  o n  t h e  S u s l o v  p r o b l e m ,  s e e ,  e .g . ,  [ 6 3 ,  2 6 ] .

T h e  S u s l o v  p r o b l e m  is  t y p i c a l l y  m o d e l l e d  b y  m e a n s  o f  a  l e f t - i n v a r i a n t  R i e m a n n i a n  m e t ­

r i c  o n  t h e  o r t h o g o n a l  g r o u p  S O ( 3 ) ,  t o g e t h e r  w i t h  a  l e f t - i n v a r i a n t  c o m p l e t e l y  n o n h o l o n o m i c  

d i s t r i b u t i o n .  H o w e v e r ,  w e  s h a l l  c o n s i d e r  t h e  p r o b l e m  o n  t h e  u n i v e r s a l  c o v e r i n g  g r o u p

S U ( 2 ) =  { x  €  C 2 x 2  : x x ^  =  1 ,  d e t  x  =  1 } .

I t s  L i e  a l g e b r a

s u ( 2 )  =  |  u 1 E 1 +  u 2 E 2  +  u 3  E 3  =
2  u 1 2  ( i u 3  +  u 2 )

2  ( i u 3  — u 2 ) — 2  u ?
: u 1 , u 2 , u 3  €  R
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h a s  c o m m u t a t o r  r e l a t i o n s  [ E 2 , E 3] =  E ? ,  [ E 3 , E ? ]  =  E 2 , [ E q, E 2 ] =  E 3 . W e  m a y  a s s u m e ,  

w i t h o u t  lo s s  o f  g e n e r a l i t y ,  t h a t  W  =  E 3 ; i t  f o l lo w s  t h a t  D 1  =  s p a n { E ? , E 2 } .  L e t  g  b e  a  

l e f t - i n v a r i a n t  R i e m a n n i a n  m e t r i c  o n  S U ( 2 ) .  B y  r o t a t i n g  t h e  b a s i s  ( E q, E 2 ) ( t o  o b t a i n  a  b a s i s  

(F Q , F 2 , F 3 ) f o r  s u ( 2 ) ,  w h e r e  F 3  =  E 3 ) ,  w e  m a y  a s s u m e  t h a t  g 1  t a k e s  t h e  f o r m

T i i 0 I 13

0 I 2 2 I 23

I 31 I 32 I 33

( W e  f o l lo w  t h e  n o t a t i o n  f o r  t h e  c o m p o n e n t s  o f  g 1  u s e d  in  [ 2 6 ] .)  L e t  D ±  b e  t h e  o r t h o g o n a l  

c o m p l e m e n t  o f  D  w i t h  r e s p e c t  t o  g ;  t h e n  ( S U ( 2 ) , D , D x , g \ p ) is  t h e  a s s o c i a t e d  n o n h o l o n o m i c  

R i e m a n n i a n  s t r u c t u r e .  T h e  i n v a r i a n t  $  is  g i v e n  b y

$  =  T 11  T23 +  I 2 2 1 ! 3  

$  T 2  T 2  .T 1 1 T22

W e  h a v e  t h e  f o l lo w in g  c a s e s :

( i ) $  =  0 .  T h i s  o c c u r s  e x a c t l y  w h e n  T 13  =  T2 3  =  0 ,  a n d  c o r r e s p o n d s  t o  t h e  s i m p l e s t  q u a l ­

i t a t i v e  c a s e  ( w h e n  t h e  n o n h o l o n o m i c  c o n n e c t i o n  is  C a r t a n - S c h o u t e n ) .  T h e  i n v a r ia n t s  

a r e  g iv e n  b y

1  1  1 

K =  2  V T i i  +  T2 2
X i  =

1  \T 11  — T 2 2  \ 

2  T 1 1 T 2 2

I n  p a r t i c u l a r ,  g 1 \ ^  is  a  r e s c a l i n g  o f  K \D i  e x a c t l y  w h e n  T?? =  T2 2 . ( T h i s  is  a l s o  t h e  o n l y  

c a s e  w h e n  t h e  s t r u c t u r e  i s  f l a t ;  s e e  t h e o r e m  4 . 2 . 7  a n d  t h e o r e m  4 . 2 . 9 .)

( ii) $  >  0 .  A t  l e a s t  o n e  o f  T1 3 , T2 3  is  n o n z e r o .  T h e  c a n o n i c a l  f r a m e  ( r e s c a l e d  s o  t h a t  $  =  1 )  

is  g iv e n  b y

X o  =  ^ / i3  F q +  F  — ^ T i i F 3
T2 2

X q =  —^ T i 3 F i  — F
I 2 2

X 2  =  F \ / ~T~ T2 3 F 1 — F \ / " T 1  T 13F 2.
I 2 2  I 22

H e r e  ^  =  j n j2 1+iffTr . T h e  p a r a m e t e r s  a ? ,  a 2 , 5  in  t h e  e q u i v a le n c e  c l a s s  r e p r e s e n t a t i v e  

( 4 . 1 . 1 7 )  a r e :  23

a ?  =  ^
I 2  I 2  + I 2  I 2 

2 t 11t 23 +  T2 2 T 13
I 2
I 22

a 2  =  ^
2 T 1 1 ( T 13 +  T2 3 )

I 22

5  =  ^
2  \(T 11 — T2 2 ) T 13T23\ V ^ lT

3/2
2 2

W e  h a v e  5  =  0  ( e q u iv a l e n t l y ,  £ o =  £ Q( 1  +  ^2 ) )  e x a c t l y  w h e n  T?? =  T2 2 , T 13  =  0  o r  T2 3  =  0 . 

T h u s  5  m a y  b e  u s e d  t o  d i s t i n g u i s h  b e t w e e n  t h e  d i f f e r e n t  q u a l i t a t i v e  c a s e s  f o r  t h e  S u s l o v  

p r o b l e m  d is c u s s e d  in  [ 2 6 ] .





Conclusion

I n  t h i s  t h e s i s  w e  h a v e  c o n s i d e r e d  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  m a n i f o l d s ,  a n d  e s ­

p e c i a l l y  t h e  ( p r o t o t y p i c a l )  c a s e  o f  l e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  L i e  

g r o u p s .  T h r e e  b r o a d  t o p i c s  c o n c e r n i n g  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  w e r e  i n v e s t i ­

g a t e d ,  viz., c u r v a t u r e  ( p a r t i c u l a r l y ,  t h e  S c h o u t e n  a n d  W a g n e r  c u r v a t u r e  t e n s o r s ) ;  e q u i v a le n c e  

( p a r t i c u l a r l y ,  u p  t o  n o n h o l o n o m i c  i s o m e t r y )  a n d  e m b e d d i n g s  ( i . e . ,  n o n h o l o n o m i c  R i e m a n n i a n  

s u b m a n i f o l d s ) ;  a n d  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  in  t h r e e  d im e n s io n s  ( p a r t i c u l a r l y ,  

t h e  e q u i v a le n c e ,  c l a s s i f i c a t i o n  a n d  f l a t n e s s  o f  s u c h  s t r u c t u r e s ) .  W e  s u m m a r i s e  t h e  m a i n  c o n ­

t r i b u t i o n s  o f  t h e  t h e s i s  b e lo w .

C h a p t e r  1 s e r v e d  m a i n l y  t o  e s t a b l i s h  t h e  n e c e s s a r y  p r e l i m i n a r i e s  f o r  a n  u n d e r s t a n d i n g  o f  

t h e  r e m a i n d e r  o f  t h e  t h e s i s .  W e  a l s o  c o m p a r e d  n o n h o l o n o m i c  R i e m a n n i a n  g e o m e t r y  w i t h  s u b -  

R i e m a n n i a n  g e o m e t r y  ( t h e  f i r s t  is  e s s e n t i a l l y  c o n c e r n e d  w i t h  t h e  “s t r a i g h t e s t ” c u r v e s ,  a n d  t h e  

s e c o n d ,  t h e  “s h o r t e s t ” c u r v e s )  a n d  d is c u s s e d  t h e  r e l a t i o n  b e t w e e n  n o n h o l o n o m i c  R i e m a n n i a n  

g e o m e t r y  a n d  n o n h o l o n o m i c  m e c h a n i c s .  I n  t h e  s e c o n d  p a r t  o f  t h e  c h a p t e r  w e  c o n s i d e r e d  l e f t -  

i n v a r ia n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  L i e  g r o u p s ,  a n d  c h a r a c t e r i s e d  t h o s e  w i t h  

t r i v i a l  r e d u c e d  d y n a m i c s  ( i . e . ,  w h e n  t h e  n o n h o l o n o m i c  c o n n e c t i o n  is  C a r t a n - S c h o u t e n ) .  T h e  

e x i s t e n c e  o f  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s  is  a n  i m p o r t a n t  q u e s t i o n ;  w e  w e r e  

a b l e  t o  p r o v e  a  p o s i t i v e  e x i s t e n c e  r e s u l t  f o r  s t r u c t u r e s  w i t h  r a n k  t w o  d i s t r i b u t i o n .

I n  c h a p t e r  2  w e  i n v e s t i g a t e d  t h e  c u r v a t u r e  o f  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s ,  p a r ­

t i c u l a r l y  t h e  S c h o u t e n  a n d  W a g n e r  c u r v a t u r e  t e n s o r s .  T h e  f o r m e r  t e n s o r  is  c a n o n i c a l l y  ( o r  

i n t r i n s i c a l l y )  a s s o c i a t e d  t o  e v e r y  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e ,  b u t  ( i t s  v a n is h i n g )  d o e s  

n o t  c h a r a c t e r i s e  t h e  f l a t  s t r u c t u r e s .  T h e  l a t t e r  t e n s o r  c o r r e c t s  t h e  d e f i c i e n c y  o f  t h e  S c h o u t e n  

t e n s o r  r e g a r d i n g  t h e  c h a r a c t e r i s a t i o n  o f  t h e  f l a t  s t r u c t u r e s ,  b u t  in  g e n e r a l ,  i s  n o t  i n t r i n s i c .  

( A c c o r d i n g l y ,  i t  c a n  o n l y  b e  u s e d  t o  c h a r a c t e r i s e  f l a t n e s s  w h e n  s o m e  a d d i t i o n a l  c o n d i t i o n s  a r e  

m e t . )  I t  is  c l e a r  t h a t  t h e  t o p i c  o f  c u r v a t u r e  in  n o n h o l o n o m i c  R i e m a n n i a n  g e o m e t r y  r e q u i r e s  

c o n s i d e r a b l e  f u r t h e r  s t u d y  ( w e  d is c u s s  s e v e r a l  o p e n  p r o b l e m s  b e lo w ) .  I n d e e d ,  t h e  o n l y  r e c e n t  

p a p e r  t r e a t i n g  t h i s  t o p i c  is  [2 1 ] , w h i c h  e s s e n t i a l l y  o n l y  p r o v id e s  a  m o d e r n  i n t r o d u c t i o n  t o  

W a g n e r ’s c o n s t r u c t i o n .  A  n o t a b l e  c o n t r i b u t i o n  o f  t h i s  c h a p t e r  is  s i m p l y  t o  p r o v id e  a  m o r e  

c o m p r e h e n s i v e  o v e r v ie w , a s  w e l l  a s  c o m p l e t e  p r o o f s ,  o f  w h a t  i s  c u r r e n t l y  k n o w n  w i t h  r e g a r d s  

t o  c u r v a t u r e  in  n o n h o l o n o m i c  R i e m a n n i a n  g e o m e t r y .  L o o k i n g  b e y o n d  t h a t ,  t h e  ( r e s t r i c t e d )  

E h r e s m a n n  a p p r o a c h  t o  c u r v a t u r e  ( f o r  w h i c h  w e  m a d e  a n  i n i t i a l  e f f o r t  in  s e c t i o n  2 . 3 )  s h o u ld  

p r o v e  f r u i t f u l  in  e l u c i d a t i n g  m a n y  a s p e c t s  o f  W a g n e r ’s c o n s t r u c t i o n .

C h a p t e r  3  t r e a t e d  t h e  e q u i v a le n c e  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s .  T h e r e  a r e  

s e v e r a l  ( n a t u r a l )  c h o i c e s  o f  e q u i v a le n c e  r e l a t i o n ;  o u r  m a i n  c o n s i d e r a t i o n  w a s  e q u i v a le n c e  u p  

t o  n o n h o l o n o m i c  i s o m e t r y .  ( I n  p a r t i c u l a r ,  n o n h o l o n o m i c  i s o m e t r i e s  p r e s e r v e  t h e  n o n h o l o n o m i c  

g e o d e s i c s ,  t h e  n o n h o l o n o m i c  c o n n e c t i o n ,  a n d  t h e  S c h o u t e n  c u r v a t u r e  t e n s o r . )  T h i s  w o r k  w a s  

c h ie f l y  t o  e s t a b l i s h  s o m e  b a s i c  r e s u l t s  f o r  t h e  c l a s s i f i c a t i o n  in  c h a p t e r  4 . I n  t h e  s e c o n d  p a r t  

o f  t h e  c h a p t e r ,  w e  c o n s i d e r e d  a  g e n e r a l i s a t i o n  o f  n o n h o l o n o m i c  i s o m e t r i e s  t o  t h e  c a s e  w h e n

115
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o n e  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e  ( M ,  D ,  D ^ ,  g )  is  e m b e d d e d  in  a  “l a r g e r ” s t r u c t u r e  

( M 7 , D 7 , D 7 ± , g 7) ,  i . e . ,  t h e  f i r s t  s t r u c t u r e  is  v ie w e d  a s  a  n o n h o l o n o m i c  R i e m a n n i a n  s u b m a n i f o l d  

o f  t h e  s e c o n d  s t r u c t u r e .  ( W e  h a v e  n o t  c o n s i d e r e d  n o n h o l o n o m i c  R i e m a n n i a n  s u b m e r s io n s  in  

t h i s  t h e s i s ;  n e v e r t h e l e s s ,  t h e i r  s t u d y  w o u ld  b e  o f  c o m p a r a b l e  i n t e r e s t . )  T h e  m a in  c o n t r i b u t i o n  

o f  t h i s  p a r t  o f  t h e  c h a p t e r  i s  c h a r a c t e r i s i n g  w h e n  t h e  e m b e d d i n g  i s  c o m p a t i b l e  w i t h  t h e  

g e o m e t r y  o f  t h e  e n v e lo p i n g  s t r u c t u r e .  T h i s  e s s e n t i a l l y  r e d u c e s  t o  c h a r a c t e r i s i n g  w h e n  D  is  

i n v a r ia n t  u n d e r  t h e  n o n h o l o n o m i c  g e o d e s i c  f lo w  o f  ( M 7 , D 7 , D 7 ± , g 7) ,  i . e . ,  w h e n  D  is  g e o d e s i c a l l y  

i n v a r i a n t .  ( M ,  D ,  D ^ ,  g )  is  n a t u r a l l y  e m b e d d e d  i n s id e  a  R i e m a n n i a n  m a n i f o l d  ( M , g ) ,  w h e r e  g  

is  a n y  R i e m a n n i a n  e x t e n s i o n  o f  g  s u c h  t h a t  D  a n d  D ^  a r e  o r t h o g o n a l .  S t u d y i n g  t h e  c o n d i t i o n s  

u n d e r  w h i c h  D  is  g e o d e s i c a l l y  i n v a r i a n t  f o r  t h i s  e m b e d d i n g  i s  o f  t h e  m o s t  i n t e r e s t .  W e  s h o w e d , 

a t  l e a s t  w h e n  D  is  s t r o n g l y  n o n h o l o n o m i c ,  t h a t  t h i s  is  c h a r a c t e r i s e d  b y  t h e  v a n is h i n g  o f  a  

c o m p o n e n t  o f  t h e  S c h o u t e n  c u r v a t u r e  t e n s o r .  A  m o r e  g e n e r a l  r e s u l t  w a s  a l s o  o b t a i n e d  u s in g  

t h e  c u r v a t u r e  t e n s o r s  in v o lv e d  in  W a g n e r ’s c o n s t r u c t i o n .

L a s t l y ,  c h a p t e r  4  s p e c ia l i s e d  t o  t h e  c a s e  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  o n  t h r e e ­

d im e n s i o n a l  m a n i f o l d s .  ( T h r e e  is  o b v i o u s l y  t h e  lo w e s t  d im e n s io n  in  w h i c h  o n e  c a n  d e f in e  a  

n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d . )  M a n y  o f  t h e  r e s u l t s  in  t h i s  c h a p t e r  c a n  b e  v ie w e d  a s  a n  

a p p l i c a t i o n  o f  t h e o r y  d e v e lo p e d  i n  e a r l i e r  c h a p t e r s .  T h e  m a i n  c o n t r i b u t i o n  o f  t h e  c h a p t e r  is  

t h e  c l a s s i f i c a t i o n  o f  l e f t - i n v a r i a n t  s t r u c t u r e s  o n  t h e  ( t h r e e - d i m e n s i o n a l )  s i m p l y  c o n n e c t e d  L i e  

g r o u p s .  T h e  e q u i v a le n c e  c l a s s e s  w e r e  a l s o  d e s c r i b e d  in  t e r m s  o f  i s o m e t r i c  i n v a r i a n t s  ( a s  w e ll  

a s  t h e  c o m m u t a t o r  r e l a t i o n s  o f  a  c a n o n i c a l  f r a m e ) .  I n  m o s t  c a s e s ,  w e  e x h i b i t e d  a  c o m p l e t e  

s e t  o f  i n v a r i a n t s .  T h e  c l a s s i f i c a t i o n  o f  t h e  l e f t - i n v a r i a n t  s t r u c t u r e s  a l s o  r e s u l t e d  in  a  l i s t  o f  

e x a m p l e s  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s ,  a s  w e ll  

a s  s t r u c t u r e s  w i t h  a  g e o d e s i c a l l y  i n v a r ia n t  d i s t r i b u t i o n .  ( W e  a l s o  c h a r a c t e r i s e d  t h e s e  t y p e s  o f  

s t r u c t u r e s  in  t h r e e  d im e n s io n s . )  F u r t h e r m o r e ,  t h e  c l a s s i f i c a t i o n  a l s o  le d  t o  a  c l a s s i f i c a t i o n  o f  

t h e  f l a t  s t r u c t u r e s ;  in  o r d e r  t o  o b t a i n  t h e  l a t t e r ,  w e  f i r s t  c h a r a c t e r i s e d  f l a t n e s s  ( o f  t h e  t h r e e ­

d im e n s i o n a l  s t r u c t u r e s ) ,  m a k i n g  u s e  o f  a n  e x t e r i o r  c o v a r i a n t  d e r i v a t i v e  o p e r a t o r  in d u c e d  b y  

t h e  n o n h o l o n o m i c  c o n n e c t i o n ,  a  c o n t r a c t i o n  o f  t h e  S c h o u t e n  t e n s o r ,  a n d  t h e  c o n t a c t  s t r u c t u r e .  

W e  a l s o  s h o w e d  h o w  t h i s  c h a r a c t e r i s a t i o n  r e l a t e s  t o  t h e  W a g n e r  c u r v a t u r e  t e n s o r ,  r e s u l t i n g  

in  a  f u r t h e r  c h a r a c t e r i s a t i o n  o f  f l a t n e s s  i n  t h r e e  d im e n s io n s  in  t e r m s  o f  t h e  v a n is h i n g  o f  a  

c o n t r a c t i o n  o f  t h e  W a g n e r  t e n s o r .  I n  t h e  l a s t  p a r t  o f  t h e  c h a p t e r  w e  c o n s i d e r e d  t h r e e  e x a m p l e s  

o f  ( l e f t - i n v a r i a n t )  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s .  T h e  H e is e n b e r g  p r o b l e m  ( o n  H 3 ) h a s  

n o t ,  t o  o u r  k n o w le d g e ,  b e e n  i n v e s t i g a t e d  in  t h e  l i t e r a t u r e .  S i n c e  i t  is  t h e  s i m p l e s t  e x a m p l e  o f  

a  n o n - t r i v i a l  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d ,  a n  i n - d e p t h  s t u d y  o f  t h i s  p r o b l e m  s e e m s  

w a r r a n t e d ;  f in d i n g  t h e  n o n h o l o n o m i c  g e o d e s i c s  ( a s  w e  h a v e  d o n e )  is  a  f i r s t  s t e p  t o w a r d  t h a t  

e n d .  B y  c o n t r a s t ,  t h e  o t h e r  t w o  e x a m p l e s  c o n s i d e r e d  ( r e l a t i n g  t o  t h e  C h a p l y g i n  p r o b l e m  a n d  

S u s l o v  p r o b l e m )  h a v e  b e e n  e x t e n s i v e l y  s t u d i e d ;  o u r  c l a s s i f i c a t i o n  a n d  i n v a r i a n t s  h a v e  g iv e n  

s o m e  n e w  t o o l s  f o r  s t u d y i n g  t h e s e  p r o b l e m s .

I n  c l o s in g ,  w e  d i s c u s s  b e lo w  s e v e r a l  o p e n  p r o b l e m s  t h a t  w e  h a v e  i d e n t i f i e d  a s  b e i n g  o f  

p a r t i c u l a r  i n t e r e s t  f o r  f u t u r e  r e s e a r c h .  T h e  f i r s t  p r o b l e m  in v o lv e s  t h e  s t u d y  o f  ( l e f t - i n v a r i a n t )  

n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s ,  w h e r e a s  t h e  o t h e r s  

in v o lv e  t h e  c u r v a t u r e  o f  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s .

( i ) L e f t - i n v a r i a n t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  w i t h  C a r t a n - S c h o u t e n  c o n n e c t i o n s  

a r e  a  d i s t i n g u i s h e d  c l a s s  o f  s t r u c t u r e s .  A  d e e p e r  u n d e r s t a n d i n g  o f  t h e  p r o p e r t i e s  o f  t h e s e  

s t r u c t u r e s  s h o u ld  e l u c i d a t e  g e n e r a l  f e a t u r e s  o f  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d s .  I n  

p a r t i c u l a r ,  a  b e t t e r  u n d e r s t a n d i n g  o f  t h e  e x i s t e n c e  a n d  u n i q u e n e s s  o f  s u c h  s t r u c t u r e s  

( s e e  s e c t i o n  1 . 2 . 2  a n d  s e c t i o n  3 . 1 . 4 )  w o u ld  b e  a  f i r s t  s t e p .
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(ii) I n  R i e m a n n i a n  g e o m e t r y ,  E u c l i d e a n  s p a c e  is  t h e  f i r s t - o r d e r  a p p r o x i m a t i o n  o f  a  R i e m a n ­

n i a n  m a n i f o l d .  I t  is  n o t  e n t i r e l y  c l e a r  w h a t  t h e  a n a l o g u e  o f  E u c l i d e a n  s p a c e  w o u ld  b e  

f o r  a  n o n h o l o n o m i c  R i e m a n n i a n  m a n i f o l d .  ( E v i d e n t l y ,  f l a t n e s s  is  n o t  t h e  o n l y  p r o p e r t y  

s u c h  a  s t r u c t u r e  w o u ld  p o s s e s s . )  I t  s e e m s  l ik e l y  t h a t  t h e  a n s w e r  t o  t h i s  p r o b l e m  w o u ld  

in v o lv e  t h e  n i l p o t e n t i s a t i o n  o f  t h e  s t r u c t u r e  ( a s  in  s u b - R i e m a n n i a n  g e o m e t r y ;  s e e ,  e .g . ,  

[7 , 5 0 ] ) .

( i i i ) T h e  W a g n e r  c u r v a t u r e  t e n s o r  is  n o t  i n t r i n s i c .  D o e s  t h e r e  e x i s t  a  c u r v a t u r e  t e n s o r  t h a t  

c h a r a c t e r i s e s  t h e  f l a t  n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e s  w i t h o u t  u s e  o f  t h e  a d d i t i o n a l  

a s s u m p t i o n s  r e q u i r e s  f o r  W a g n e r ’s c o n s t r u c t i o n ?

( i v ) I n  R i e m a n n i a n  g e o m e t r y ,  t h e r e  a r e  a  n u m b e r  o f  e n l i g h t e n i n g  g e o m e t r i c  i n t e r p r e t a t i o n s  

o f  t h e  R i e m a n n i a n  c u r v a t u r e  t e n s o r ,  t h e  R i c c i  t e n s o r ,  e t c .  I t  w o u ld  b e  d e s i r a b l e  t o  

f in d  s i m i l a r  i n t e r p r e t a t i o n s  o f  t h e  S c h o u t e n  a n d  W a g n e r  c u r v a t u r e  t e n s o r s  a n d  r e l a t e d  

c o n s t r u c t i o n s .  ( F o r  i n s t a n c e ,  in  c h a p t e r  3  w e  s h o w e d — a t  l e a s t ,  w h e n  t h e  d i s t r i b u t i o n  

is  s t r o n g l y  n o n h o l o n o m i c — t h a t  t h e  c o m p o n e n t  C  o f  t h e  S c h o u t e n  t e n s o r  m e a s u r e s  t h e  

e x t e n t  t o  w h i c h  t h e  d i s t r i b u t i o n  is  g e o d e s i c a l l y  i n v a r i a n t . )  W a g n e r  h i m s e l f  m a d e  s o m e  

p r o g r e s s  i n  t h i s  r e g a r d ,  t h o u g h  o n l y  i n  t h e  t h r e e - d i m e n s i o n a l  c a s e .  I n  [7 7 ] h e  c h a r a c ­

t e r i s e d  f l a t n e s s  ( i n  t h r e e  d im e n s io n s )  b y  t h e  v a n is h i n g  o f  a  “c u r v a t u r e  v e c t o r , ” a n d  in  

t h e  l a t e r  w o r k  [7 6 ] g a v e  a  g e o m e t r i c  i n t e r p r e t a t i o n  o f  t h i s  c u r v a t u r e  v e c t o r  ( a s  w e ll  a s  

p a r a l l e l  t r a n s p o r t  i n  d i r e c t i o n s  t r a n s v e r s a l  t o  t h e  d i s t r i b u t i o n ) .





Appendix A

Tensor fields and tensor derivations

T h i s  a p p e n d i x  s e r v e s  p r i m a r i l y  t o  e s t a b l i s h  t h e  c o n v e n t i o n s  w e  u s e  w i t h  r e g a r d  t o  t e n s o r  

f ie ld s  o n  a  d i s t r i b u t i o n  D  ( i . e . ,  s e c t i o n s  o f  ® k D  D * )  a n d  t h e i r  c o n t r a c t i o n s ,  a n d  t e n s o r

d e r i v a t i o n s .  I n  s e c t i o n  A .3  w e  a l s o  i n t r o d u c e  t w o  n e w  o b j e c t s ,  b o t h  d e p e n d e n t  o n  a  p r o je c t i o n  

P  o n t o  a  v e c t o r  s u b b u n d l e  o f  a  m a n i f o l d .  T h e  f i r s t  o b j e c t  is  a  g e n e r a l i s a t i o n  o f  t h e  L i e  

d e r i v a t i v e ,  w h ic h  w e  h a v e  c a l l e d  t h e  P -Lie derivative. T h e  s e c o n d  o b j e c t  is  a  g e n e r a l i s a t i o n  

o f  t h e  e x t e r i o r  d e r i v a t i v e ,  a n d  is  c a l l e d  t h e  P -exterior derivative.

A.1 Tensors and tensor fields

W e  b r ie f l y  o u t l i n e  t h e  c o n v e n t i o n s  w e  e m p l o y  f o r  t e n s o r s ,  t e n s o r  f ie ld s ,  a n d  t h e i r  c o n t r a c t i o n s .  

L e t  V  b e  a  ( r e a l )  v e c t o r  s p a c e .  A  ( k , ^ ) -tensor on V  is  a  m u l t i l i n e a r  m a p  o f  t h e  f o r m

V *  x  ■ ■ ■ x  V *  x  V  x  ■ ■ ■ x  V  ^  R .

k tim es £ tim es

T h e  s p a c e  o f  a l l  ( k , ^ ) - t e n s o r s  o n  V  is  d e n o t e d  T£k ( V )  =  ( g ) k V  ®  (g )£ V * .  A  ( 0 , ^ ) - t e n s o r  is  a l s o  

c a l l e d  a  covariant £-tensor on V ,  w h e r e a s  a  ( k ,  0 ) - t e n s o r  is  a l s o  c a l l e d  a  contravariant k-tensor 
on V .

L e t  D  b e  a  v e c t o r  b u n d l e  o v e r  a  m a n i f o l d  M . T h e  b u n d l e  o v e r  M  o f  ( k , ^ ) -tensors on D  is  

d e f in e d  a s

T k ( D )  =  U  T k ( D q ) .

qeM

S m o o t h  s e c t i o n s  o f  t h i s  b u n d l e  a r e  c a l l e d  ( k , ^ ) -tensor fields. ( A s  b e f o r e ,  s m o o t h  s e c t i o n s  o f  

T £ ° (D )  a r e  a l s o  c a l l e d  covariant £-tensor fields, a n d  s m o o t h  s e c t i o n s  o f  T k ( D ) ,  contravariant 
k-tensor fields.) F o r  c o n v e n ie n c e ,  “t e n s o r  f i e l d s ” a r e  o f t e n  r e f e r r e d  t o  s i m p l y  a s  “t e n s o r s . ” L e t  

7 £ k ( D )  =  r ( T £ k ( D ) )  d e n o t e  t h e  s p a c e  o f  ( k , ^ ) - t e n s o r  f ie ld s .  E v i d e n t l y ,  w e  h a v e  70)1 ( D )  =  r ( D )  

a n d  7 " j° ( D )  =  r ( D * ) .  B y  c o n v e n t i o n ,  w e  t a k e  7 0 ° ( D )  =  C ^ ( M ) .

T h e  k th - e x t e r i o r  p o w e r  o f  D  ( i . e . ,  t h e  b u n d l e  o f  s k e w - s y m m e t r i c  ( 0 ,  k ) - t e n s o r s  o n  D )  

is  d e n o t e d  /\k D ;  l ik e w is e ,  t h e  k t h - s y m m e t r i c  p o w e r  o f  D  is  d e n o t e d  V k D .  A c c o r d i n g ly ,  

t h e  s p a c e  o f  d i f f e r e n t i a l  k - f o r m s  o n  D  is  g iv e n  b y  Q k ( D )  =  r ( / \ k D * ) .  ( E v i d e n t l y ,  w e  h a v e  

Q 1 ( D )  =  r ( D * )  a n d  Q ° ( D )  =  C^ ( M ) . )  I f  S  is  a  v e c t o r  b u n d l e  o v e r  M , t h e n  t h e  s p a c e  o f  a l l  

S - v a lu e d  d i f f e r e n t i a l  k - f o r m s  o n  D  is  d e n o t e d  Q k ( D ,  S ) =  Q k ( D )  ®  r ( S ) .
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120 A.2. Tensor derivations

A . 1 . 1  T e n s o r  c o n t r a c t i o n s

L e t  k , £  >  1 . F o r  e a c h  1 <  i  <  k  a n d  1 <  j  <  £  t h e r e  e x i s t s  a  u n i q u e  C ^ ( M ) - l i n e a r  m a p  

t r j  : 7 £++l1 ( D )  ^  7 £ k ( D ) ,  c a l l e d  t h e  trace ( o r  contraction) o n  t h e  i th  c o n t r a v a r i a n t  s l o t  a n d  

j th  c o v a r i a n t  s l o t ,  s u c h  t h a t

( i ) t r i ( w  O  X ) =  w ( X ) f o r  e v e r y  w G r ( D * )  a n d  X  G r ( D ) .

( i i ) I f  T  G 7 £ + 1 1 ( D ) ,  t h e n  ( t r j T ) ( w L, . . . , w k , X l , . . . , X £) is  t h e  t r a c e  o f  t h e  ( 1 , 1 ) - t e n s o r  

f ie ld

( n , Y ) ^ t ( w L, . . . , n , . . . , w k , X l , . . . , y , . . . , X £ ) ,

w h e r e  n  a p p e a r s  in  t h e  i th  c o n t r a v a r i a n t  s l o t  a n d  Y  in  t h e  j th  c o v a r i a n t  s l o t .  ( H e r e  

w 1 , . . . ,  w k G r ( D * )  a n d  X i , . . . ,  X £ G r ( D ) . )

N o t e  t h a t  c o n d i t i o n  ( i ) s a y s  t h a t  t h e  t r a c e  t r 1 o f  a  ( 1 , 1 ) - t e n s o r  f ie ld  is  t h e  u s u a l  t r a c e  o f  a n  

e n d o m o r p h i s m  D  ^  D .  A c c o r d i n g ly ,  in  t h i s  c a s e  w e  u s u a l l y  j u s t  w r i t e  t r  i n s t e a d  o f  t r i .

A.2 Tensor derivations

I n  t h i s  s e c t i o n  w e  i n t r o d u c e  d e r i v a t i o n s  o f  t e n s o r  f ie ld s  o n  D  a n d  s t a t e  s o m e  n e c e s s a r y  r e s u l t s .  

W e  f o l lo w  O ’N e i l l ’s [5 3 ] p r e s e n t a t i o n ;  in  p a r t i c u l a r ,  w e  o m i t  p r o o f s ,  a s  t h e y  a r e  q u i t e  s i m i l a r  

t o  t h o s e  g iv e n  b y  O ’N e i l l .

A  derivation o f  7 £ k ( D )  is  a  c o l l e c t i o n  o f  R - l i n e a r  m a p s  5|  : 7 £ k ( D )  ^  7 £ k ( D )  ( f o r  e v e r y  

k , £  >  0 ) ,  a l l  d e n o t e d  b y  5  w h e n  c o n v e n i e n t ,  s u c h  t h a t :

( i ) 5 ( T  O  S ) =  5 ( T )  ®  S  +  T  ®  5 ( S )  f o r  e v e r y  S ,  T  G 7 £ k ( D ) .

( i i ) 5  c o m m u t e s  w i t h  c o n t r a c t i o n s ,  i . e . ,  5 ( t r j  T ) =  t r j  5 ( T ) f o r  e v e r y  T  G 7 £ k ( D ) .

N o t e  t h a t ,  i f  f , g G C ^ ( M ) ,  t h e n  f g  =  f  O  g ,  a n d  s o  ( i ) b e c o m e s  5 ( f g )  =  5 ( f ) g  +  / 5 ( g ) .  

L ik e w i s e ,  f o r  a  f u n c t i o n  f  G C ^ ( M )  a n d  a  t e n s o r  f ie ld  T  G 7 £ k ( D ) ,  w e  h a v e

5 ( / T ) =  5 ( f  O  T ) =  5 ( f ) T  +  f 5 ( T ) .

T h e  s p a c e  o f  a l l  d e r i v a t i o n s  o f  7 £ k ( D ) ,  t o g e t h e r  w i t h  t h e  c o m m u t a t o r  [5 l , 5 2] =  5 l o 5 2  — 5 2  o 5 l , 

f o r m s  a  L i e  a l g e b r a ,  d e n o t e d  D e r ( D ) .

L e m m a  A . 2 . 1 .  Let 5  G D e r ( D ) .

( i ) There exists a unique Z  G r ( T M )  such that 5 °  =  £ Z.

(ii) I f  5 l , 5 2  g  D e r ( D )  are derivations such that 5 l |° =  £ Z l , 5 2 |° =  £ Z 2 fo r  Z l , Z 2  g  r ( T M ) ,

then [5 i , 5 2 ] 0  =  £ [ Z i ,Z 2 ].

N o t e  t h a t ,  d e s p i t e  i t e m  ( i) in  t h e  a b o v e  l e m m a ,  t h e  L i e  d e r i v a t i v e  is  not a  m e m b e r  o f  

D e r ( D ) .  H o w e v e r ,  g iv e n  a  p r o j e c t i o n  P  o n t o  D ,  w e  c a n  d e f in e  a n  a n a l o g u e  o f  t h e  L i e  d e r i v a t i v e  

w h ic h  is in  D e r ( D ) ,  a n d  w h i c h  w e  c a l l  t h e  “ P - L i e  d e r i v a t i v e .” T h i s  is  d is c u s s e d  f u r t h e r  in  

s e c t i o n  A . 3 . 1 .
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P r o p o s i t i o n  A . 2 . 2 .  Let 5  e  D e r ( D ) .  If  T  e  7 £ k ( D ) ,  then

5 ( T  ) ( w L, . . . , w k , X i , . . . , X £ )  =  5 ( T  ( w L, . . . , w k , X i , . . . , X £) )

k

— ^  T  (w 1 , . . . , 5 ( w i ) , . . . , w k , X i , . . . , X £ )

i = 1

£

— £  T  (w L, . . . , w k , X i , . . . , 5 ( X j ) , . . . , X £ )  

j = i

for every w 1 , . . . ,  w k e  r ( D * )  a n d  X l , . . . ,  X £ g  r ( D ) .

C o r o l l a r y  A . 2 . 3 .  I f  w e  r ( D * ) ,  then 5 ( w ) ( X ) =  5 ( w ( X ) )  — w ( 5 ( X ) )  for every X  e  r ( D ) .

C o r o l l a r y  A . 2 . 4 .  I f  5 l , 5 2  g  D e r ( D )  satisfy 5 l ( / ) =  5 2 ( f ) and 5 l ( W ) =  5 2 ( W ) fo r every 
f  e  C ~ ( M )  and W  G r ( D ) ,  then 5 i  =  5 2 .

C o r o l l a r y  A . 2 . 4  s t a t e s  t h a t  d e r i v a t i o n s  o f  T£k ( D )  a r e  c o m p l e t e l y  s p e c i f i e d  b y  t h e i r  a c t i o n  

o n  C ^ ( M )  a n d  r ( D ) .  A c c o r d i n g ly ,  g i v e n  a  m a p  t h a t  a c t s  a s  a  d e r i v a t i o n  o f  C ^ ( M )  a n d  r ( D ) ,  

i t  m a y  b e  u n i q u e ly  e x t e n d e d  t o  a  d e r i v a t i o n  o f  7 £ k ( D ) .

P r o p o s i t i o n  A . 2 . 5 .  I f  Z  e  r ( T M )  and D  : r ( D )  ^  r ( D )  is an R-linear map such that 

D ( f X ) =  Z [ f ] X  +  f D ( X ) for every f  e  C ~ ( M )  and X  e  r ( D ) ,  

then there exists a unique 5  e  D e r ( D )  such that 5 °  =  £ Z  and 5 °  =  D .

A.3 Generalisations of the Lie derivative and exterior deriva­
tive

I n  t h i s  s e c t i o n  w e  c o n s i d e r  a  g e n e r a l i s a t i o n ,  d e n o t e d  £ P , Z  e  r ( T M )  a n d  d P , o f  t h e  L i e  

d e r i v a t i v e  £ Z  a n d  t h e  e x t e r i o r  d e r i v a t i v e  d , r e s p e c t iv e ly .  T h e s e  g e n e r a l i s a t i o n s  d e p e n d  o n  a  

p r o je c t i o n  P  : T M  ^  D  o n t o  a  v e c t o r  s u b b u n d l e  D  o f  T M .  ( N a t u r a l l y ,  w h e n  D  =  T M ,  w e  

h a v e  £ | f  =  £ Z  a n d  d P  =  d .)  F o r  b o t h  o f  t h e s e  o b j e c t s ,  w e  p r o v e  o n l y  w h a t  is  r e q u i r e d  f o r  

t h e  t h e s i s .

T h r o u g h o u t  t h i s  s e c t i o n ,  w e  a s s u m e  t h a t  D  i s  a  v e c t o r  s u b b u n d l e  o f  T M  f o r  w h i c h  t h e r e  

e x i s t s  a  p r o je c t i o n  P  : T M  ^  D .  L e t  [■, -J d e n o t e  t h e  p r o je c t e d  L i e  b r a c k e t  P ([■, ■]) a n d  le t  

Q  =  id T M — P  b e  t h e  c o m p l e m e n t a r y  p r o je c t i o n .

A .3 .1  T h e  P - L i e  d e riv a tiv e

I f  Z  e  r ( T M ) ,  t h e n  w e  d e f in e  t h e  d e r i v a t i o n  £ P  e  D e r ( D )  b y  t h e  r e q u i r e m e n t  t h a t

£ P  f  =  Z  [ f  ] a n d  £ P  X  =  [ Z ,  X  J ,

w h e r e  f  e  C ^ ( M )  a n d  X  e  r ( D ) .  B y  p r o p o s i t i o n  A . 2 . 5 , t h e r e  e x i s t s  a  u n i q u e  e x t e n s i o n  

o f  £ | f  t o  a  d e r i v a t i o n  o f  7 £ k ( D ) ,  w h i c h  w e  a l s o  d e n o t e  £ P . W e  r e f e r  t o  £ P  a s  t h e  P -Lie 
derivative a l o n g  Z .
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P r o p o s i t i o n  A . 3 . 1 .  Let 5  G D e r ( D ) .  Then :

( i ) 5 °  =  0  if and only if  5 °  is C ^(M )-linear, i.e., 5 °  e  7 1 l ( D ) .

( i i ) There exists a unique vector field Z  e  r ( T M )  and a unique D Z  e  D e r ( D )  such that 
5  =  £ | f  +  D Z , where D Z |° =  0  and D Z I  ̂ e  7 1 l ( D ) .

Proof. I f  f  e  C ^ ( M )  a n d  X  e  r ( D ) ,  t h e n  5 ( f X ) =  5 ( f ) X  +  f 5 ( X ) .  H e n c e  5 ° ( f ) =  0  e x a c t l y  

w h e n  5 °  is  C ^ ( M ) - l i n e a r .  O n  t h e  o t h e r  h a n d ,  l e t  Z  e  r ( T M )  b e  t h e  ( u n iq u e )  v e c t o r  f ie ld  s u c h  

t h a t  £ | f  =  5 °  a n d  l e t  D Z  =  5  — £ P . W e  h a v e  D Z ( f ) =  5 ( f ) — Z [ f ] =  0  f o r  e v e r y  f  e  C ^ ( M ) ,  

i . e . ,  D Z I1  e  7 1 l ( D ) .  H e n c e  5  d e c o m p o s e s  a s  5  =  £ P  +  D Z . ■

W e  s h a l l  d e n o t e  t h e  s e t  o f  a l l  d e r i v a t i o n s  5  e  D e r ( D )  f o r  w h i c h  5 °  =  0  b y  b y  D e r ° ( D ) ;  

s u c h  d e r i v a t i o n s  a r e  s a id  t o  b e  algebraic. ( B y  p r o p o s i t i o n  A . 3 . 1 ,  w e  h a v e  D e r ° ( D )  =  7 1 l ( D ) . )  

L ik e w i s e ,  l e t  £ | M  =  { £ P  : Z  e  r ( T M ) } .

P r o p o s i t i o n  A . 3 . 2 .  We have the (vector space) decomposition D e r ( D )  =  £ | M  ©  D e r ° ( D ) .  

Furthermore, [ D e r ( D ) ,  D e r ° ( D ) ]  C  D e r ° ( D ) .

Proof. T h e  d e c o m p o s i t i o n  o f  D e r ( D )  f o l lo w s  f r o m  p r o p o s i t i o n  A . 3 . 1 . L e t  5  =  £ P  +  D Z  b e  a n  

e l e m e n t  o f  D e r ( D ) ,  w h e r e  Z  e  r ( T M )  a n d  D Z  e  D e r ° ( D ) .  L e t  D  e  D e r ° ( D ) .  I f  f  e  C ^ ( M ) ,  

t h e n

[5, D ] ( f ) =  ( £ P  o  D ) ( f ) +  ( D z o D ) ( f ) — ( D  o  £ f ) ( f ) — ( D  o D z ) ( f ) =  0 .

T h a t  i s ,  [5, D ]  e  D e r ° ( D ) ,  a n d  s o  w e  h a v e  [ D e r ( D ) ,  D e r ° ( D ) ]  C  D e r ° ( D ) .  ■

A .3 .2  T h e  P - e x t e r i o r  d e riv a tiv e

T h e  P -exterior derivative is  t h e  o p e r a t o r  d P  : Q k ( D )  ^  Q k+ 1  ( D ) ,  d e f in e d  a s  f o l lo w s :

( i ) I f  f  G f i ° ( M )  =  C ~ ( M ) ,  t h e n  d P f ( X ) =  X [ f ]  f o r  e v e r y  X  e  r ( D ) .

( ii ) I f  w e  Q k ( D ) ,  k  >  1 t h e n

d P  w ( X ° , . . . , X k  ) =  E  ( — 1 ) i ( £ f i w ) ( X ° , . . . ,  X i , . . . ,  X k )

° < i< k

=  ^  ( — 1 ) i X i [ w ( X ° , . . . , ^ i , . . . , X k )]

0 <^<k

+  E  ( — 1 ) i + j w ( [ X i , X j l , X ° , . . . , X i , . . . , X j , . . . , X k )

0 < ^ < j< k

f o r  e v e r y  X ° , . . . ,  X k e  r ( D ) .  ( T h e  h a t  i n d i c a t e s  t h e  o m i s s i o n  o f  t h a t  e l e m e n t . )

I n  t h e  p a r t i c u l a r  c a s e  o f  a  1 - f o r m  w , w e  h a v e

d P w ( X ,  Y ) =  X [ w ( Y )] — Y [ w ( X )] — w ( [ X ,  Y J )

f o r  e v e r y  X ,  Y  e  r ( D ) .  M a n y  p r o p e r t i e s  o f  t h e  u s u a l  e x t e r i o r  d e r i v a t i v e  g e n e r a l i s e  t o  d P . I n  

p a r t i c u l a r ,  w e  h a v e  t h e  f o l lo w in g  r e s u l t .
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L e m m a  A . 3 . 3 .  If  f  G C ^ ( M )  and w G Q k ( D ) ,  then

d P ( f w )  =  d P f  A w +  f d P w .

Proof. L e t  f  e  C ~ ( M ) ,  w e  Q k ( D )  a n d  X ° , . . .  , X k  G r ( D ) .  T h e n

k

d P  ( f n ) ( X ° , . . .  , X k ) =  E ( — 1 ) i ( £ f i f n ) ( X ° , . . .  , X , . . . ,  X k )

i= °
k

=  E ( — 1 ) l ( X i [ f ] n  +  f  £ f i  n ) ( X ° ,  . . . ,  X i , . . . ,  X k )
i= °

k

=  E ( — 1 ) ' X i  [ f  ] n ( X ° , . . . ,  X i , . . . ,  X k ) +  f d P  n ( X ° , . . . ,  X k ) .

i= °

S i n c e

( d P  f  A n ) ( X ° , . . . , X k  ) =  k  E  ( s g n  t f ) ( d P  f  ®  n ) ( X CT( ° ) , . . . ,  X ctW )

=  k !  E  ( s g n  ^ ^ m ^ M ^ l A . . . ^ ^ ) )
^ € S fc+x

k

=  E ( — 1 ) i X i [ f  ] n ( X ° , . . . , X i , . . . , X k ) ,
i= °

( w h e r e  S k + 1  is  t h e  s y m m e t r i c  g r o u p  o n  k  +  1  e l e m e n t s )  i t  f o l lo w s  t h a t

d P  ( f n ) ( X ° , . . .  , X k ) =  ( d P  f  a  n ) ( X ° , . . .  , X k ) +  f d P  n ( X ° , . . .  , X k ) .

T h a t  i s ,  d P  ( f n )  =  d P f  A n  +  f d P n .  ■

O n e  c r u c i a l  p r o p e r t y  o f  t h e  e x t e r i o r  d e r i v a t i v e ,  v iz . ,  t h a t  d 2  =  0 ,  n o  l o n g e r  h o ld s  in  g e n e r a l  

f o r  t h e  P - e x t e r i o r  d e r i v a t i v e .  I n d e e d ,  i f  f  e  C ^ ( M )  a n d  X ,  Y  e  r ( D ) ,  t h e n

d P f  ( X ,  Y ) =  X [ d P f  ( Y ) ]  — Y [ d P f  ( X )] — d P f  ( [ X ,  Y J )

=  [ X ,  Y ] [ f  ] — [ X , Y J [ f  ]

=  Q ( [ X , Y  ] ) [ f  ].

H e n c e  d 2  f  =  0  i f  a n d  o n l y  i f  D  i s  i n t e g r a b l e .
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Restricted connections

I n  t h i s  a p p e n d i x  w e  c o n s i d e r  “r e s t r i c t e d  c o n n e c t i o n s , ” i . e . ,  c o n n e c t i o n s  w h o s e  a s s o c i a t e d  p a r ­

a l l e l  t r a n s p o r t  is  r e s t r i c t e d  t o  a  s u b c l a s s  o f  c u r v e s  ( s p e c i f i c a l l y ,  c u r v e s  t a n g e n t  t o  a  g iv e n  

v e c t o r  s u b b u n d l e  o f  t h e  t a n g e n t  b u n d l e ) .  W e  c o n s i d e r  t w o  a p p r o a c h e s  t o  r e s t r i c t e d  c o n n e c ­

t i o n s .  I n  t h e  f i r s t ,  w h i c h  w e  t e r m  t h e  “K o s z u l  c o n n e c t i o n  a p p r o a c h ,” w e  v ie w  a  r e s t r i c t e d  

c o n n e c t i o n  a s  a  c o v a r i a n t  d e r i v a t i v e  o p e r a t o r  V .  T h i s  a p p r o a c h  is  c o n s i d e r e d  in  s e c t i o n  B . 1 .  

W e  s t a r t  f r o m  t h e  d e f i n i t i o n  o f  a  r e s t r i c t e d  c o n n e c t i o n  g iv e n  in  [ 3 8 ] . ( T h e  a u t h o r s  o f  [38] 

i n t r o d u c e d  t h e  i d e a  o f  a  r e s t r i c t e d  c o n n e c t i o n  a n d  s t a t e d  s o m e  b a s i c  r e s u l t s ,  b u t  d id  n o t  

p u b l i s h  a n y  f u r t h e r  d e v e lo p m e n t  o f  t h e  t h e o r y . )  A f t e r  c o n s i d e r i n g  s o m e  b a s i c  p r o p e r t i e s  o f  

t h e s e  r e s t r i c t e d  c o n n e c t i o n s ,  w e  s h o w  h o w  t o  d e f in e  a  n o t i o n  o f  p a r a l l e l  t r a n s l a t i o n  a s s o c i a t e d  

t o  t h e  c o n n e c t i o n ,  d i s c u s s  p a r a l l e l  f r a m e s  a n d  p a r a l l e l  t e n s o r  f ie ld s ,  a n d  d is c u s s  p u l l b a c k s  o f  

t h e s e  c o n n e c t i o n s  b y  d i f f e o m o r p h i s m s .  W e  c o n c l u d e  t h e  s e c t i o n  b y  b r ie f l y  d i s c u s s i n g  s o m e  

p a r t i c u l a r  t y p e s  o f  r e s t r i c t e d  c o n n e c t i o n s ,  viz., m e t r i c  c o n n e c t i o n s ,  v e c t o r  b u n d l e  c o n n e c t i o n s  

a n d  l e f t - i n v a r i a n t  c o n n e c t i o n s  ( o n  L i e  g r o u p s ) .

I n  s e c t i o n  B . 2  w e  c o n s i d e r  r e s t r i c t e d  c o n n e c t i o n s  f r o m  a  m o r e  g e o m e t r i c  p o in t  o f  v ie w : 

e s s e n t i a l l y  a s  a  h o r i z o n t a l  d i s t r i b u t i o n  c o m p l e m e n t a r y  t o  t h e  v e r t i c a l  d i s t r i b u t i o n .  ( H o w e v e r ,  

t h e  h o r i z o n t a l  d i s t r i b u t i o n  w i l l  n o t ,  i n  g e n e r a l ,  f o r m  a  f u l l  c o m p l e m e n t . )  W e  s h a l l  r e f e r  t o  

s u c h  c o n n e c t i o n s  a s  “r e s t r i c t e d  E h r e s m a n n  c o n n e c t i o n s . ” O u r  a p p r o a c h  is  l a r g e l y  b a s e d  u p o n  

t h e  ( q u i t e  g e n e r a l )  t h e o r y  d e v e lo p e d  in  [ 1 2 ] . H o w e v e r ,  u n l ik e  in  s e c t i o n  B . 1 , w e  s h a l l  o n l y  

c o n s i d e r  w h a t  is  n e c e s s a r y  f o r  a n  u n d e r s t a n d i n g  o f  t h e  r e s u l t s  i n  t h i s  t h e s i s .  I n  p a r t i c u l a r ,  

w e  d o  n o t  c o n s i d e r  h o w  t o  d e f in e  a  p a r a l l e l  t r a n s l a t i o n  i n  t h i s  f o r m a l i s m  ( a l t h o u g h  t h i s  is  

c o v e r e d  in  [ 1 2 ] ) .  ( W e  d o ,  h o w e v e r ,  l in k  t h e  g e o m e t r i c  a p p r o a c h  o f  t h i s  s e c t i o n  w i t h  t h e  

K o s z u l  c o n n e c t i o n  a p p r o a c h  i n  s e c t i o n  B . 1 .)

A l t h o u g h  m a n y  o f  t h e  r e s u l t s  o f  t h i s  a p p e n d i x  a r e  e s s e n t i a l l y  n e w  ( t h e y  a r e  n o t  f o u n d  in  

t h e  l i t e r a t u r e ) ,  t h e y  a r e  a  s t r a i g h t f o r w a r d  g e n e r a l i s a t i o n  o f  w e l l - k n o w n  t h e o r y .  N e v e r t h e l e s s ,  

in  m o s t  c a s e s  w e  h a v e  in c l u d e d  f u l l  p r o o f s .

B.1 The Koszul connection approach

L e t  M  b e  a n  n - d i m e n s i o n a l  ( c o n n e c t e d )  m a n i f o l d  a n d  l e t  E  a n d  D  b e  r a n k  m  a n d  r ,  r e s p e c ­

t iv e ly ,  d i s t r i b u t i o n s  o n  M . I n  o r d e r  t o  s i m p l i f y  t h e  d i s c u s s i o n  o f  p a r a l l e l  t r a n s p o r t ,  w e  s h a l l  

a s s u m e  t h a t  E  i s  n o n i n t e g r a b l e  a n d  c o m p l e t e l y  n o n h o l o n o m i c  ( s e e  t h e  b e g i n n i n g  o f  s e c t i o n  

1 . 1 ) . I n  p a r t i c u l a r ,  u n d e r  t h i s  a s s u m p t i o n  t h e  C h o w - R a s h e v s k i i  t h e o r e m  ( t h e o r e m  1 .1 .3 )  

g u a r a n t e e s  t h a t  a n y  t w o  p o i n t s  in  M  c a n  b e  jo i n e d  b y  a n  E - c u r v e .

125
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R e m a r k  B . 1 . 1 .  A l t h o u g h  w e  a s s u m e  t h a t  D  is  a  d i s t r i b u t i o n  o n  M , m o s t  o f  t h e  r e s u l t s  in  

t h i s  s e c t i o n  e a s i l y  g e n e r a l i s e  t o  t h e  c a s e  w h e n  D  is  a n  a r b i t r a r y  v e c t o r  b u n d l e  o v e r  M . □

R e m a r k  B . 1 . 2 .  A s  u s u a l ,  w e  u s e  t h e  s u m m a t i o n  c o n v e n t i o n  t h r o u g h o u t  t h i s  a p p e n d i x .  H o w ­

e v e r ,  w e  u s e  s l i g h t l y  d i f f e r e n t  r a n g e s  f o r  t h e  i n d ic e s .  U n l e s s  s t a t e d  o t h e r w is e ,  w e  s h a l l  a s s u m e  

t h a t  i  r a n g e s  t h r o u g h  1 , . . . ,  m  a n d  a ,  b, c  r a n g e  t h r o u g h  1 , . . . ,  r .  I f  t h e s e  in d ic e s  a r e  t h e m ­

s e lv e s  i n d e x e d  ( e .g . ,  a p  a 2 , . . . ) ,  t h e n  t h e y  r a n g e  t h r o u g h  t h e  s a m e  v a l u e s  ( e .g . ,  a i , a 2 , . . .  r a n g e  

t h r o u g h  1 , . . . ,  r ) .  □

A n  E -restricted (Koszul) connection V  on D  ( c f .  [ 3 8 ] ) ( o r  s i m p l y  E -connection on D )  is  

a n  R - l i n e a r  m a p p i n g

t h a t  is
V  : r ( E ) x  r ( D )  m  r ( D ) ,  ( X ,  W ) M  V x W

( i ) t e n s o r i a l  in  i t s  f i r s t  a r g u m e n t :  V / x W  =  f V x W  f o r  e v e r y  f  e  C ^ ( M ) ,  X  e  r ( E ) a n d  

W  e  r ( D ) .

( i i ) a  d e r i v a t i o n  in  i t s  s e c o n d  a r g u m e n t :  V x f W  =  X [ f ] W  +  f  V x W  f o r  e v e r y  f  e  C ^ ( M ) ,  

X  e  r ( E ) a n d  W  e  r ( D ) .

V x  W  is  c a l l e d  t h e  covariant derivative o f  W  a l o n g  X .

L e t  V  b e  a n  E - c o n n e c t i o n  o n  D .  L e t  ( U 0 ) b e  a  l o c a l  f r a m e  f o r  D  a n d  ( X i )  a  l o c a l  f r a m e  

( d e f in e d  in  t h e  s a m e  n e ig h b o u r h o o d  o f  ( U 0 ) )  f o r  E . L e t  r b0  e  C ^ ( M )  b e  t h e  f u n c t i o n s  ( c a l l e d  

t h e  connection coefficients of V  w i t h  r e s p e c t  t o  t h e  t w o  f r a m e s )  d e f in e d  b y  V X i  U 0  =  r b0 U b .

R e m a r k  B . 1 . 3 .  I f  E  =  T M ,  t h e n  w e  s h a l l  s e e  t h a t  p a r a l l e l  t r a n s l a t i o n  ( o f  D - v e c t o r s )  is  

d e f in e d  a l o n g  a n y  c u r v e  i n  M  ( a s  o p p o s e d  t o  o n l y  E - c u r v e s ) .  I n  t h i s  c a s e ,  V  i s  c a l l e d  a  vector 
bundle connection on D .  O n  t h e  o t h e r  h a n d ,  i f  D  =  E ,  t h e n  V  is  c a l l e d  a  nonholonomic 
connection o n  E ,  a n d  p a r a l l e l  t r a n s l a t i o n  ( o f  E - v e c t o r s )  i s  o n l y  a l o n g  E - c u r v e s .  □

L e m m a  B . 1 . 4 .  Let X  e  r ( E ) and W  e  r ( D ) .  The value of V x  W ( q ) ,  q e  M  depends only 
on the value of X  at q.

Proof. T h e  r e s u l t  f o l lo w s  f r o m  t h e  t e n s o r i a l i t y  o f  ( X ,  W ) M  V x  W  in  X . ■

A c c o r d i n g ly ,  f o r  e v e r y  X q e  E  w e  h a v e  t h e  m a p p i n g  V X q : r ( D )  M  D q d e f in e d  b y  V X q W  =  

V x W ( q ) ,  w h e r e  X  e  r ( E ) is  a n y  v e c t o r  f ie ld  s u c h  t h a t  X ( q )  =  X q .

L e m m a  B . 1 . 5 .  Let X  e  r ( E ) and W  e  r ( D ) .  The expression V x  W ( q )  depends only on the 
values of W  along any E -curve tangent to X ( q ) .  That is, if  7  is an E -curve with 7 ( 0 ) =  q , 

7 ( 0 ) =  X ( q )  and W 1 , W 2  e  r ( D )  satisfy W 1 ( y ( t ) )  =  W 2 ( Y ( t ) )  for all t, then

( V x  W i ) ( q )  =  ( V x  W 2 ) ( q ) .

Proof. W e  h a v e  X  =  U X i  a n d  W  =  w 0 U 0  f o r  f u n c t i o n s  e  C ^ ( M ) .  H e n c e

( V x  W  ) ( q )  =  X  [ w ° ] ( q ) U 0 ( q )  +  x i ( q ) w “ ( q ) V x i U o (q )

=  X  [ w ° ] ( q ) U 0 ( q )  +  x i ( q ) w “ ( q ) r ba ( q ) U 6 ( q ) .

T h e  t e r m  X [ w a ] ( q )  d e p e n d s  o n l y  o n  t h e  v a lu e s  o f  a l o n g  a n y  c u r v e  t a n g e n t  t o  X ( q ) ;  t h e  

o t h e r  t e r m s  d e p e n d  o n  W ( q ) .  I t  f o l lo w s  t h a t  V x  W ( q )  d e p e n d s  o n l y  o n  t h e  v a lu e s  o f  W  a lo n g  

s u c h  c u r v e s .  ■
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C o v a r i a n t  d i f f e r e n t i a t i o n  ( a l o n g  a  v e c t o r  f ie ld )  c a n  b e  e x t e n d e d ,  in  a  u n i q u e  f a s h i o n ,  t o  

a r b i t r a r y  t e n s o r  f ie ld s .  I n  o r d e r  t o  d o  s o , w e  m a k e  u s e  o f  t h e  t h e o r y  o f  ( t e n s o r  f ie ld )  d e r i v a t i o n s  

t r e a t e d  in  a p p e n d i x  A . L e t  X  e  r ( E ) a n d  d e f in e

V x f  =  X [ f ], f o r  e v e r y  f  e C “ ( M ) .

T h e n  V x  is  a  d e r i v a t i o n  o f  C ^ ( M )  a n d  r ( D ) ,  a n d  h e n c e ,  b y  p r o p o s i t i o n  A . 2 . 5 , t h e r e  e x i s t s  a  

u n i q u e  e x t e n s i o n  o f  V x  t o  a  d e r i v a t i o n  o f  7 , k ( D ) .  I n d e e d ,  i f  T  e  7 , k ( D ) ,  t h e n

( V x T ) ( w 1 , . . . ,  w k , W 1 , . . . ,  W , )  =  X [ T ( w 1 , . . . , w k , W 1 , . . . ,  W ,) ]

k

-  Y  T ( w 1 , . . . ,  V x w * , . . . ,  w k , W 1 , . . . ,  W , )

i = 1

-  Y  T ( w 1 , . . . ,  w k , W 1 , . . . ,  V x  W j , . . . ,  W , )  

j = 1

f o r  e v e r y  w 1 , . . . ,  w k e  r ( D * )  a n d  W 1 , . . . ,  W ,  e  r ( D ) .  T h e  total covariant derivative o f  T , 

d e n o t e d  V T , is  t h e  t e n s o r  f ie ld  in  7 , k ( D )  C  7 1 °  ( E ) d e f in e d  a s

( V T ) ( w 1 , . . . ,  w k , W 1 , . . . ,  W , ,  X ) =  ( V x T ) ( w 1 , . . . ,  w k , W 1 , . . . ,  W , ) .

L e m m a  B . 1 . 4  a n d  l e m m a  B . 1 . 5  a l s o  g e n e r a l i s e  t o  c o v a r i a n t  d i f f e r e n t i a t i o n  o f  t e n s o r  f ie ld s .

L e m m a  B . 1 . 6 .  Let X  e  r ( E ) and T  e  7 , k ( D ) .  The value of ( V x T ) ( q ) ,  q e  M  depends only 
on the value of X  at q and only on the values of T  along any E -curve tangent to X ( q ) .

Proof. T h e  f i r s t  p a r t  a g a i n  f o l lo w s  b y  t e n s o r i a l i t y  o f  V  in  i t s  f i r s t  a r g u m e n t .  L e t  ( v 0 ) b e  t h e  

f r a m e  f o r  D *  d u a l  t o  ( U 0 ) .  T h e n  ( B O 1 .’.’0 ) =  ( U bl C  ■ ■ ■ C  C  v 0 1  C  ■ ■ ■ C  v 0 £ ) is  a  f r a m e  f o r  

7 , k ( D ) .  F o r  b r e v i t y ,  w e  s h a l l  a b b r e v i a t e  B Y '0  b y  B £ .  I f  T  =  T ^ B ^  e  7 , k ( D ) ,  t h e n

( V x  T  ) ( q )  =  ( V x  T ab B a ) ( q )

=  X  [T ab] ( q ) B ba  ( q )  +  T ab ( q ) V x  B £ ( q ) .

T h e  f i r s t  t e r m  X [ T ^ ] ( q )  d e p e n d s  o n l y  o n  t h e  v a lu e s  o f  X  a l o n g  a n y  c u r v e  t a n g e n t  t o  X ( q ) .  

C o n s id e r  t h e  s e c o n d  t e r m  V x B ^  ( q ) .  U s i n g  t h e  d e r i v a t i o n  p r o p e r t i e s  o f  V x , w e  h a v e

k

V x  B b  =  Y  U b1 ®  ®  V x  ®  ■ ■ ■ C  C  v 0 1  C  ■ ■ ■ C  v 0£

i = 1

,

U 6l C  ■ ■ ■ C  C  v 01  C  ■ ■ ■ C  V x  v 0 j  C  ■ ■ ■ C  v 0 £ .

j = 1

W e  c l a i m  t h a t  V x w ( q ) ,  w e  r ( D * ) d e p e n d s  o n l y  o n  t h e  v a lu e s  o f  w a l o n g  a n y  c u r v e  t a n g e n t  

t o  X ( q ) .  ( I t  t h e n  f o l lo w s  t h a t  t h e  e n t i r e  e x p r e s s i o n  V x B ^  w i l l  o n l y  d e p e n d  o n  t h e  v a lu e s  

a l o n g  s u c h  a  c u r v e ,  w h i c h  w i l l  c o m p l e t e  t h e  p r o o f . )  I n d e e d ,  s i n c e  X  =  x i X i a n d  w =  w 0 v 0  

f o r  s o m e  x * , w a e  C ^ ( M ) ,  w e  h a v e

( V x  w ) ( q )  =  X  [ w o ](q )v a (q )  +  x * ( q ) w o ( q ) V x i  v a ( q ) .

T h e  e x p r e s s i o n  X [ w 0 ] ( q )  d e p e n d s  o n l y  o n  t h e  v a lu e s  o f  w a a l o n g  a n y  c u r v e  t a n g e n t  t o  X ( q ) .  

I t  f o l lo w s  t h a t  V x w ( q )  ( a n d  V x T ( q )  i n  t u r n )  h a s  a  l ik e w is e  d e p e n d e n c e .  ■
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F i g u r e  B . 1 :  P a r a l l e l  t r a n s l a t i o n  o f  V ° e  D y (°) a l o n g  a n  E - c u r v e  7  

B . 1 . 1  P a r a l l e l  t r a n s l a t i o n

A  s e c t i o n  o f  D  a l o n g  a n  E - c u r v e  7  : [ 0 ,1 ]  M  M  is  a  m a p p i n g  V  : [ 0 ,1 ]  M  D  s u c h  t h a t  

V ( t )  e  D Y(t ) f o r  e v e r y  t  e  [ 0 , 1 ] .  T h e  s p a c e  o f  s e c t i o n s  o f  D  a l o n g  7  is  d e n o t e d  r ( Y * D ) .  

C l e a r l y ,  i f  W  e  r ( D ) ,  t h e n  W  o 7  is  a  s e c t i o n  a l o n g  7 .

A  s e c t i o n  V  e  T ( y * D )  a l o n g  a n  E - c u r v e  7  is  s a id  t o  b e  parallel along 7  w i t h  r e s p e c t  t o  

V  i f  V y V ( t )  =  0  f o r  a l l  t .  I f  W  e  r ( D )  is  p a r a l l e l  a l o n g  e v e r y  E - c u r v e  ( s p e c i f i c a l l y ,  W  o 7  is  

p a r a l l e l  a l o n g  7  f o r  e v e r y  E - c u r v e  7 ) ,  t h e n  i t  is  c a l l e d  parallel.

L e m m a  B . 1 . 7 .  A section W  e  r ( D )  is parallel if and only if  V W  =  0 .

Proof. S u p p o s e  W  e  r ( D )  is  p a r a l l e l  a n d  l e t  X q e  E q . T h e r e  e x i s t s  a n  E - c u r v e  7  in  M  s u c h  

t h a t  7 ( 0 ) =  q a n d  7 ( 0 ) =  X q . A c c o r d i n g ly ,  w e  h a v e  V x q W  =  V y ( W o  y ) ( 0 )  =  0 .  S i n c e  q a n d  

X q a r e  a r b i t r a r y ,  i t  f o l lo w s  t h a t  V W  =  0 .  C o n v e r s e ly ,  i f  V W  v a n is h e s  i d e n t i c a l l y ,  t h e n  f o r  

a n y  E - c u r v e  7  in  M , w e  h a v e  V y ( W  o 7 ) =  0 .  T h a t  is ,  W  is  p a r a l l e l .  ■

A n y  e l e m e n t  V ° e  D y (°) a l o n g  a n  E - c u r v e  7  c a n  b e  u n i q u e ly  e x t e n d e d  t o  a  p a r a l l e l  s e c t i o n  

o f  D  a l o n g  t h e  e n t i r e t y  o f  7 ; t h i s  s e c t i o n  is  c a l l e d  t h e  parallel translate o f  V ° . ( S e e  f ig u r e  B . 1 .)

T h e o r e m  B . 1 . 8 .  Let 7  : [ 0 ,1 ]  M  M  be an E -curve in M  and let V ° e  D y ( ° ) .  There exists a 
unique parallel section V  e  r ( Y * D ) ,  defined on all of [ 0 , 1 ] ,  such that V ( 0 )  =  V ° .

Proof. A n y  s e c t i o n  V  e  T ( y * D )  c a n  b e  w r i t t e n  a s  V  =  v 0 ( U 0 o 7 ) f o r  f u n c t i o n s  v a  e  C ^ ( [ 0 , 1 ] ) .  

H e n c e

V y  V ( t )  =  v a ( t ) U o ( Y ( t ) )  +  v a ( t ) V y ( U o  o Y ) ( t )

=  [v b ( t )  + r b o ( Y  ( t ) ) ^ i ( t ) v 0 ( t ) ] U b ( 7 ( t ) ) .

A c c o r d i n g ly ,  V  is  p a r a l l e l  i f  a n d  o n l y  i f  v 1 , . . . , v r  s a t i s f i e s  t h e  s y s t e m  o f  f i r s t - o r d e r  l in e a r  

O D E s  v b =  — r b0 ( 7 ) Y * v 0 . G i v e n  i n i t i a l  c o n d i t i o n s  v 1 ( 0 ) , . . . ,  v r  ( 0 ) ,  s u c h  a  s y s t e m  h a s  a  u n i q u e  

s o l u t i o n ,  a n d  s i n c e  t h e  e q u a t i o n s  a r e  l i n e a r ,  t h e  s o l u t i o n  is  d e f in e d  o n  t h e  e n t i r e t y  o f  [0 , 1 ]. ■

L e t  7  : [ 0 ,1 ]  M  M  b e  a n  E - c u r v e .  U s i n g  p a r a l l e l  t r a n s l a t i o n  a l o n g  7 , w e  m a y  d e f in e  a n  

o p e r a t o r  ( r e f e r r e d  t o  a s  parallel translation)

n Y : D y (0 ) M  D y ( t ) , t  e  [0 , 1]

s p e c i f i e d  b y  s e t t i n g  n y ( V ° )  =  V ( t ) ,  w h e r e  V  is  t h e  p a r a l l e l  t r a n s l a t e  o f  V ° e  D y (°) a lo n g  

7 . A c c o r d i n g ly ,  i f  W  e  r ( D )  is  p a r a l l e l ,  t h e n  i t  is  i n v a r ia n t  u n d e r  p a r a l l e l  t r a n s l a t i o n ,  i . e . ,  

W ( Y ( t ) )  =  n y ( W ( y ( 0 ) ) )  f o r  e v e r y  E - c u r v e  7  : [ 0 ,1 ]  M  M .
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L e m m a  B . 1 . 9 .  The parallel translation n y  does not depend on the parametrisation of 7 .

Proof. L e t  7  : [ 0 ,1 ]  M  M  b e  a n  E - c u r v e  a n d  l e t  7  =  7 o 0  : [ 0 ,1 ]  M  M  b e  a  r e p a r a m e t r i s a t i o n  o f  

Y , w h e r e  0  : [ 0 ,1 ]  M  [ 0 ,1 ]  is  a  d i f f e o m o r p h i s m .  L e t  V ° e  D y ( ° ) ,  V ° e  D ^ (° )  a n d  V ( t )  =  n y ( V ° ) ,  

7 ( t )  =  n ~ ( V ° ) .  W e  c l a i m  t h a t  7  =  V  o 0 .  I n d e e d ,  t h e r e  e x i s t  f u n c t i o n s  v 0 , 7 0  e  C ^ ( M )  s u c h

t h a t  V  =  

W e  h a v e

v 0 ( U 0 o y ) a n d  7  =  7 0 ( U 0 o 7 ) .  F u r t h e r m o r e ,  v0  =  — ̂ ( 7 ) 7 ^  a n d  7

d  • • i
d t ( v °  o 0 ) =  v 0 ( 0 ) 0  =  — r °b( Y ( 0 ) ) 7 i ( 0 K ( 0 ) 0  =  —r 0b ( 7 > ^  ( 0 ) 7

r 0b( 7 b  V .

a n d  v 0 ( 0 ( 0 ) )  =  7 0 ( 0 ) .  T h u s  t  M  ( V o 0 ) ( t )  a n d  t  M  7 ( t )  b o t h  s o lv e  t h e  s a m e  C a u c h y  p r o b l e m ,  

a n d  h e n c e  a r e  i d e n t i c a l .  ■

P r o p o s i t i o n  B . 1 . 1 0 .  Parallel translation is a linear isomorphism. Furthermore, the inverse 
( n ^ ) - 1  : D y ( 1) m  D y (°) is exactly the parallel translation n - 1  =  n ~ , where 7  : [ 0 ,1 ]  M  M , 

t  M  y  (1  — t ) .

Proof. T h a t  p a r a l l e l  t r a n s l a t i o n  is  a  l i n e a r  i s o m o r p h i s m  f o l lo w s  i m m e d i a t e l y  f r o m  t h e  f a c t  

t h a t  t h e  p a r a l l e l  t r a n s l a t e  V  e  T ( y * D )  o f  V ° e  D y (°) is  u n i q u e  ( t h e o r e m  B . 1 . 8 ) . L e t  V ° e  

D y ( 1) =  D ^ ( ° ) .  W e  h a v e  n y ( V ° )  =  V ( 1 )  a n d  n ~ ( V ( 1 ) )  =  7 ( 1 ) .  W e  c l a i m  t h a t  V ( t )  =  7 ( 1  — t ) .

I n d e e d ,  t h e r e  a r e  f u n c t i o n s  v ° , 7 °  e  C ^ ( M )  s u c h  t h a t  V  =  v 0 ( U 0  o  7 ) a n d  7  =  7 0 ( U 0  o  7 ) .  

F u r t h e r m o r e ,  t h e  v 0 ’s s a t i s f y  t h e  O D E s

v 0 ( t )  =  —r 0 b ( Y  ( t ) ) Y i ( t ) v b ( t ) ,

a n d  t h e  7 0 ’s s a t i s f y

0
7  ( i ) r 0 t ( 7 ( ( ) ) 7 f  7 ) 7 7 )  =  r 0b ( Y ( 1  — t ) ) f  ( 1  — 7 7 ) .

I t  is  e a s y  t o  s h o w  t h a t  w 0  : t  M  v 0 ( 1  — t )  a r e  s o l u t i o n s  t o  t h e  s e c o n d  s y s t e m  o f  O D E s .  

F u r t h e r m o r e ,  w e  h a v e  w 0 ( 0 )  =  7 0 ( 0 ) .  I t  f o l lo w s  t h a t  t  M  V ( t )  a n d  t  M  7 ( 1  — t )  b o t h  s o lv e  

t h e  s a m e  C a u c h y  p r o b l e m ,  a n d  h e n c e  a r e  i d e n t i c a l .  ■

L e m m a  B . 1 . 1 1 .  If  7  : [ 0 ,1 ]  M  M  is an E -curve and V  e  r ( 7 * D ) ,  then

d
n - t ( V y  v  ( t ) )  =  ^  n - t ( V  ( t ) ) .

Proof. L e t  ( E 0 ) b e  a  b a s i s  f o r  D y (°) a n d  d e f in e  a  f r a m e  (V 0 )  f o r  7 * D  ( i . e . ,  a  f r a m e  f o r  D  a lo n g  

7 ) b y  V 0 ( t )  =  n y ( E 0 ) .  B y  d e f i n i t i o n ,  w e  h a v e  V y V 0 ( t )  =  0  f o r  a l l  t  e  [ 0 , 1 ] .  T h e r e  e x i s t  

f u n c t i o n s  v 0  e  C ^ ( [ 0 , 1 ] )  s u c h  t h a t  V  =  v 0 V 0 . C o n s e q u e n t ly ,  w e  h a v e

n - t ( V y  V ( t ) )  =  n - t  0 7 [v 0 ] ( t ) V 0 ( t )  +  v 0 ( t ) V y  V » ( t ) )

=  n - t  ( v  0 ( t ) V 0 ( t ) )

=  v 0 ( t ) n - t  ( V » ( t ) )  =  v 0 ( t ) V 0 ( 0 ) .

L ik e w is e ,

d

*  n - t ( V  ( t ) )

d
^  n - t ( v 0 ( t ) V 0 ( t ) )  =  v 0 ( t ) n - t (V 0 ( t ) )  =  v 0 ( t ) V 0 ( 0 ) .
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C o r o l l a r y  B . 1 . 1 2 .  If  7  : [ 0 ,1 ]  M  M  is an E -curve and V  e  r ( 7 * D ) ,  then

V y  V  ( 0 )
n - t ( v ( t ) )  — v ( 0 )

l im  — 5-------------------------------
t —>-0 t

C o r o l l a r y  B . 1 . 1 2  i m p l i e s  t h a t ,  g i v e n  a  n o t i o n  o f  p a r a l l e l  t r a n s p o r t  o f  D - v e c t o r s  a l o n g  E - 

c u r v e s ,  w e  c a n  d e f in e  a n  E - c o n n e c t i o n  o n  D .  T h e r e f o r e  p a r a l l e l  t r a n s p o r t  is  a n  e q u i v a le n t  

m e a n s  o f  d e f i n i n g  a  c o n n e c t i o n .

B . 1 . 1 . 1  P a r a l l e l  f r a m e s

A  parallel frame  ( U 0 ) f o r  D  is  a  f r a m e  f o r  D  s u c h  t h a t  e a c h  v e c t o r  f ie ld  o f  t h e  f r a m e  is  p a r a l l e l .  

T h e  e x i s t e n c e  o f  p a r a l l e l  f r a m e s  is ,  o f  c o u r s e ,  n o t  g u a r a n t e e d .  I n  f a c t ,  t h e i r  e x i s t e n c e  p l a c e s  

s e v e r e  r e s t r i c t i o n s  o n  t h e  c o n n e c t i o n  V .  T h e  c o n n e c t i o n  V  is  c a l l e d  locally flat on U C  M  i f  

t h e r e  e x i s t s  a  p a r a l l e l  f r a m e  ( U 0 ) f o r  D  d e f in e d  o n  U . I f  V  is  l o c a l l y  f l a t  o n  a  n e ig h b o u r h o o d  

a b o u t  e v e r y  p o in t  in  M , t h e n  w e  s a y  t h a t  i t  is  locally flat. I f  t h e r e  e x i s t s  a  g l o b a l  p a r a l l e l  

f r a m e  f o r  D ,  t h e n  V  is  s a id  t o  b e  ( g l o b a l l y )  flat.

L e m m a  B . 1 . 1 3 .  If  ( U 0 ) is parallel, then the connection coefficients r b0  vanish identically.

T h e o r e m  B . 1 . 1 4 .  V  is locally flat on U  C  M  if and only if for any two points q0 , q L e  U  

and for any E -curve 7  : [ 0 ,1 ]  M  U  such that 7 ( 0 ) =  q0  and 7 ( 1 )  =  q1, the parallel translation
n y  : D q0 m  D qi does not depend on the choice of 7 . (In this case, we shall denote n y  by n ^ J .)

Proof. S u p p o s e  t h e r e  e x i s t s  a  p a r a l l e l  f r a m e  ( U 0 ) f o r  D ,  d e f in e d  o n  U  C  M . L e t  q0 , q 1 e  U  

a n d  l e t  Y 1 , 7 2  : [ 0 ,1 ]  M  M  b e  E - c u r v e s  j o i n i n g  q0  t o  q 1 . L e t  V0 e  D q0 a n d  l e t  V 1 , V 2  d e n o t e  

t h e  p a r a l l e l  t r a n s l a t e s  o f  V0  a l o n g  y 1 a n d  y 2 , r e s p e c t iv e ly .  W e  h a v e  n y i (V 0 )  =  V 1 ( 1 )  a n d  

n y 2 (V 0 ) =  V 2 ( 1 ) .  S i n c e  V l =  v 0 ( U 0 o y 1) a n d  V 2  =  v 0 ( U 0 o y 2 ) f o r  f u n c t i o n s  v 0 ,  v 0  e  C ^ ( [ 0 , 1 ] ) ,  

V y  1 V i =  V y 2 V 2  =  0 ,  a n d  ( U 0 ) is  a  p a r a l l e l  f r a m e ,  i t  f o l lo w s  t h a t

I  0  =  V y  1 V i =  v0 ( U 0  o  Y i )  +  v 0 V y i  ( U 0  o  Y i )  =  v 0 ( U 0  o  Y i )

{ 0  =  V ^2 V 2  =  v 0 ( U 0  o  7 2 ) +  v 0 V y 2 ( U 0  o  7 2 ) =  v ^ U *  o  7 2 ) .

T h a t  is ,  v  0  =  v 0  =  0 .  A s  V l a n d  V 2  b o t h  h a v e  t h e  s a m e  i n i t i a l  c o n d i t i o n s ,  t h e y  s o lv e  t h e  s a m e  

C a u c h y  p r o b l e m ,  a n d  h e n c e  a r e  i d e n t i c a l .  T h e r e f o r e  n y i =  n y 2 . I n  p a r t i c u l a r ,  t h e  p a r a l l e l  

t r a n s l a t i o n  f r o m  D q0 t o  D qi d o e s  n o t  d e p e n d  o n  t h e  p a t h  t a k e n .

C o n v e r s e ly ,  s u p p o s e  t h e  p a r a l l e l  t r a n s l a t i o n  a l o n g  E - c u r v e s  i n  U  d o e s  n o t  d e p e n d  o n  t h e  

c u r v e .  L e t  q0  e  U  a n d  l e t  ( E 0 ) b e  a  b a s i s  f o r  D q 0 . D e f i n e  s e c t i o n s  U l , . . . ,  U r  o f  D  o n  U  b y

U 0 ( q ) = n q o  ( E 0 ) =  V 0  ( 1 )

w h e r e  V 0  is  t h e  p a r a l l e l  t r a n s l a t e  o f  E 0 . I t  f o l lo w s  t h a t  ( U 0 ) f o r m s  a  f r a m e  f o r  D  o n  U . 

F u r t h e r m o r e ,  f o r  a n y  E - c u r v e  7  : [ 0 ,1 ]  M  M  w i t h  7 ( 0 )  =  q0 , w e  h a v e  V y ( U 0  o  Y ) ( t )  =

V y  V 0 ( t )  =  0 .  T h a t  i s ,  e a c h  U 0  is  p a r a l l e l .  ■

C o r o l l a r y  B . 1 . 1 5 .  If  V  is locally flat on U  C  M , then D |U is trivial, i.e., D |U =  U  x  R r .

Proof. T h e  t y p i c a l  f ib r e  o f  D m  M  is  ( i s o m o r p h i c  t o )  R r . F i x  a  p o in t  q0  e  U . T h e  m a p  

T  : D |u  M  U  x  D q0 =  U  x  R r , M  ( q ,  n ^ 0 ( U q ) )  is  a  t r i v i a l i s a t i o n  m a p .  ■
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B . 1 . 1 . 2  P a r a l l e l  t e n s o r  f i e l d s

W e  c a n  g e n e r a l i s e  t h e  i d e a  o f  a  p a r a l l e l  s e c t i o n  o f  D  t o  a r b i t r a r y  t e n s o r  f ie ld s  in  7 k ( D ) .  W e  

f i r s t  d i s c u s s  t h e  n o t i o n  o f  p a r a l l e l  s e c t i o n s  o f  D * .  L e t  7  : [ 0 ,1 ]  M  M  b e  a n  E - c u r v e .  A  s e c t i o n  

o f  D *  a l o n g  a  c u r v e  is  a  m a p p i n g  a  : [ 0 ,1 ]  M  D *  s u c h  t h a t  a t =  a ( t )  e  D * ( t ) f o r  e v e r y  t  e  [ 0 , 1 ] .  

T h e  s p a c e  o f  s u c h  s e c t i o n s  is  d e n o t e d  r ( 7 * D * ) .  A s  f o r  s e c t i o n s  o f  D ,  i f  w e  r ( D * ) ,  t h e n  w o 7  

is  a n  e l e m e n t  o f  T ( y * D * ) .

A  s e c t i o n  a  e  r ( 7 * D * ) is  s a id  t o  b e  parallel along 7  w i t h  r e s p e c t  t o  V  i f  V y a ( t )  =  0  f o r  

a l l  t .  I f  w e  r ( D * )  is  p a r a l l e l  a l o n g  e v e r y  E - c u r v e  ( s p e c i f i c a l l y ,  w o 7  is  p a r a l l e l  a l o n g  7 , f o r  

e v e r y  E - c u r v e  7 ) ,  t h e n  i t  is  s a id  t o  b e  parallel. T h e  p r o o f  o f  t h e  f o l lo w in g  r e s u l t  is  s i m i l a r  t o  

t h a t  o f  l e m m a  B . 1 . 7 .

L e m m a  B . 1 . 1 6 .  A section w e  r ( D * ) is parallel if and only if  V w  =  0 .

L e t  y  : [ 0 ,1 ]  M  M  b e  a n  E - c u r v e .  T h e  p a r a l l e l  t r a n s l a t e  a  e  r ( 7 * D * )  o f  a n  e l e m e n t  

a 0  e  D * ( 0 ) is  d e f in e d  a s

a t  =  ( n - t ) * ( a 0 ) ,

w h e r e  ( n - t ) *  is  t h e  m a p  d u a l  t o  n - t . T h e  f o l lo w in g  r e s u l t  c o n f i r m s  t h i s  t o  b e  t h e  c o r r e c t  

d e f i n i t i o n .

L e m m a  B . 1 . 1 7 .  If  7  : [ 0 ,1 ]  M  M  is an E -curve and a  is the parallel translate of a 0  e  D * ( 0 ) ,  

then a  is parallel along 7 .

Proof. L e t  V  e  r ( 7 * D ) .  W e  h a v e

( ( V y  a ) ( V  ) ) ( t )  =  V y  ( a ( V  ) ) ( t )  — a t ( V y  V  ( t ) )

=  Y [ a ( V  ) ] ( t )  — a 0 ( n - t ( V y  V  ( t ) ) )  

d
=  ^ a 0 ( n - t ( V  ( t ) ) )  — a 0 ( n - t ( V y  V  ( t ) ) ) .

B y  l e m m a  B . 1 . 1 1 , t h e  s e c o n d  t e r m  is

a 0 ( n - t ( V y  v  ( t ) ) )  =  a 0  ( d t  n - t ( v  ( t ) ) )  =  d d ta0 ( n - t ( V  ( t ) ) ) .

I t  f o l lo w s  t h a t  ( V y  a ) ( V ) =  0 .  S i n c e  V  is  a r b i t r a r y ,  w e  t h u s  h a v e  V y  a  =  0 .  ■

T h e r e  i s  a l s o  a n  a n a l o g u e  o f  l e m m a  B . 1 . 1 1 :

L e m m a  B . 1 . 1 8 .  If  7  : [ 0 ,1 ]  M  M  is an E -curve and a  e  T ( y * D * ) ,  then

d
( n y ) * ( V y a ( t ) )  =  d t  ( n y ) * ( a t ) .

Proof. L e t  V 0  e  D y (0 ) . W e  h a v e

( ( n y  ) * ( ( V y  a ) t ) ) ( V 0 ) =  ( V y  a ) t ( n y  (V 0 ) )

=  7 [ a ( n y  ( V ) ) ) ] ( t )  — a t ( V y  n y  (V 0 ) )  

d

=  d t a « < n y  <V« »
d

=  -  ( ( n y  ) * ( a t ) ) ( V 0 ) .

A s  V ) is  a r b i t r a r y ,  t h e  r e s u l t  f o l lo w s .
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W e  c a n  n o w  g e n e r a l i s e  t h e  i d e a  o f  p a r a l l e l n e s s  t o  ( k ,  t ) - t e n s o r  f ie ld s .  L e t  7  : [ 0 ,1 ]  M  M 

b e  a n  E - c u r v e .  A  s e c t i o n  o f  T ,k ( D )  a l o n g  7  is  a  m a p p i n g  A  : [ 0 ,1 ]  M  T ,k ( D )  s u c h  t h a t  

A t =  A ( t )  e  T ,k ( D y (t ) )  f o r  e v e r y  t  e  [ 0 , 1 ] .  T h e  s p a c e  o f  s u c h  s e c t i o n s  is  d e n o t e d  r ( Y * T , k ( D ) ) .  

I f  T  e  7 , k ( D ) ,  t h e n  T  o 7  is  a  s e c t i o n  o f  T ,k ( D )  a l o n g  7 .

A  s e c t i o n  A  e  T ( Y * T k ( D ) )  is  s a id  t o  b e  parallel along 7  w i t h  r e s p e c t  t o  V  i f  V y A ( t )  =  0  

f o r  a l l  t .  I f  T  e  7 , k ( D )  is  p a r a l l e l  a l o n g  e v e r y  E - c u r v e  ( s p e c i f i c a l l y ,  T  o 7  is  p a r a l l e l  a l o n g  7 , 

f o r  e v e r y  E - c u r v e  7 ) ,  t h e n  i t  is  s a id  t o  b e  parallel. T h e  f o l lo w in g  l e m m a  is  p r o v e d  s i m i l a r l y  t o  

l e m m a  B . 1 . 7 .

L e m m a  B . 1 . 1 9 .  A tensor field T  e  7 , k ( D )  is parallel if and only if  V T  =  0 .

L e t  y  : [ 0 ,1 ]  M  M  b e  a n  E - c u r v e .  W e  c a n  d e f in e  t h e  p a r a l l e l  t r a n s l a t e  A  e  T ( Y * T k ( D ) )  o f  

A 0  e  T k ( D y (0) )  a s  f o l lo w s :

A t ( a t L , . . . , a t k , V i ( t ) , . . . ,  V , ( t ) )

=  A o ( ( n y  ) * ( a i ) , . . . ,  ( n y  ) * ( a k ) ,  n - t ( V i  ( t ) ) , . . . ,  n - t  ( V , ( t ) ) ) .

H e r e  a  l , . . . ,  a k e  r ( Y * D * )  a n d  V l , . . . ,  V ,  e  r ( Y * D ) .  A c c o r d i n g ly ,  i f  T  e  7 , k ( D )  is  p a r a l l e l ,  

t h e n  w e  m a y  i n t e r p r e t  t h i s  t o  m e a n  t h a t  T  i s  i n v a r i a n t  u n d e r  p a r a l l e l  t r a n s p o r t .  T h a t  i s ,  f o r  

e v e r y  q e  M  , w e  h a v e

T y (t ) ( ( n - t ) * ( e  1 ) , . . . ,  ( n - t ) * ( e k ) ,  n y  ( e  ) , . . . ,  n y  ( e , ) )  =  T q  ( e  l , . . . ,  e k , E , . . . ,  e , )

f o r  e v e r y  E - c u r v e  7  : [ 0 ,1 ]  M  M  s u c h  t h a t  7 ( 0 ) =  q a n d  e v e r y  e l , . . . ,  e k e  D * ,  E l , . . . ,  E ,  e  D q .

O n e  c a n  a g a i n  c o n f i r m  t h a t  t h i s  is  t h e  c o r r e c t  d e f i n i t i o n  o f  p a r a l l e l  t r a n s l a t i o n  o f  a  t e n s o r ,  

i . e . ,  w e  h a v e  t h e  f o l lo w in g  r e s u l t .  ( T h e  p r o o f  is  l e n g t h y  b u t  s i m i l a r  t o  t h a t  o f  l e m m a  B . 1 . 1 7 .)

L e m m a  B . 1 . 2 0 .  If  7  : [ 0 ,1 ]  M  M  is an E -curve and A  is the parallel translate of a tensor 
A 0  e  T ,k ( D y (0) ) ,  then A  is parallel along 7 .

B . 1 . 2  P u l l b a c k  c o n n e c t i o n s

L e t  V  b e  a n  E - r e s t r i c t e d  c o n n e c t i o n  o n  D .  L e t  0  : M ' m  M  b e  a  d i f f e o m o r p h i s m  a n d  le t  

E '  =  ( 0 - l ) * E , D '  =  ( 0 - l ) * D .  T h e  pullback connection 0 * V  is  t h e  E ' - r e s t r i c t e d  c o n n e c t i o n  o n  

D '  d e f in e d  a s

( 0 * V ) x Y  =  ( 0 -  1 ) * ( V ^ x 0 * Y ) ,  X  e  r ( E ' ) ,  Y  e  r ( D ' ) .

L e m m a  B . 1 . 2 1 .  The pullback connection 0 * V  is an E ' -connection on D ' .

Proof. L e t  f  e  C ~ ( M ' ) ,  X  e  r ( E ' )  a n d  W  e  r ( D ' ) .  W e  h a v e

( 0 * V ) / x W  =  ( 0 - 1 ) * V ^ t (/x ) 0 * W  =  ( 0 - 1 ) * ( ( f  o  0 - 1 ) V ^ x 0 * W ) =  f  ( 0 * V ) x W , 

i . e . ,  0 * V  is  t e n s o r i a l  in  i t s  f i r s t  a r g u m e n t .  M o r e o v e r ,

( 0 * V ) x  ( f W )  =  ( 0 - 1 ) * V ^ x  0 * ( f W )

=  ( 0 - 1 ) * V ^ x ( f  o  0 - 1 ) 0 * W

=  ( 0 - 1 ) * ( ( 0 * X ) [ f  o  0 - 1 ] 0 * W  +  ( f  o  0 - 1 ) V ^ x 0 * W )

=  ( 0 - 1 ) * ( ( X [ f ]  o  0 - 1 ) 0 * W ) +  ( f  o  0 - 1 ) V ^ x 0 * W )

=  X  [ f  ] W  +  f  ( 0 * V ) x  W ,



Appendix B. Restricted connections 133

a n d  s o  0 * V  is  a  d e r i v a t i o n  in  i t s  s e c o n d  a r g u m e n t .  I t  f o l lo w s  t h a t  t h e  p u l l b a c k  c o n n e c t i o n  is  

a n  E ' - r e s t r i c t e d  c o n n e c t i o n  o n  D ' .  ■

P r o p o s i t i o n  B . 1 . 2 2 .  We have:

( i ) W  e  r ( D ' )  is parallel with respect to 0 * V  if and only if  0 * W  e  r ( D )  is parallel with 
respect to V .

(ii) I f  7  : [ 0 ,1 ]  M  M ' is an E ' -curve, then 0  o  7  is an E -curve, and

T y (t ) 0  • n y n ^oy o T y (O)0 |d /

for every t  e  [0 , 1 ] .

Proof. F o r  i t e m  ( i ) ,  l e t  W  e  r ( D ' ) .  T h e n

( 0 * V ) W  =  0  ^  ( 0 * V ) x W  =  0  f o r  e v e r y  X  e  r ( E ' )

V ^ X 0 * W  =  0  f o r  e v e r y  X  e  r ( E ' )  

^  V 0 *  W  =  0 .

T h a t  is ,  W  is  p a r a l l e l  i f  a n d  o n l y  i f  0 * W  is  p a r a l l e l .  F o r  i t e m  ( i i ) ,  l e t  7  : [ 0 ,1 ]  M  M ' b e  a n  

E ' - c u r v e .  A s  d§0 ( 7 ( t ) )  =  T y (t ) 0  • 7 ( t )  e  T y (t ) 0  • E y (t ) =  E y (t ) f o r  e v e r y  t  e  [ 0 , 1 ] ,  w e  h a v e  t h a t  

0  o  y  is  a n  E - c u r v e .  L e t  V 0  e  D y ( 0 ) a n d  l e t  V ( t )  =  n y ( V 0 ) b e  t h e  p a r a l l e l  t r a n s l a t e  o f  V 0  a lo n g  

7  a n d  w i t h  r e s p e c t  t o  0 * V .  L e t

W e  h a v e

F  : [0 , 1 ] m  D ' ,  t  M  ( T y ( t ) 0 ) - 1  • n ^ o y ( T y ( t ) 0  • Vq)

'
T7(0)^

y (0 ) (^ oy )(0)

n *0 0 7

(^ oy )(t)
(T7 (o)^)

'
y ( t) ,

1

i . e . ,  F ( t )  e  D y ( t ) f o r  e v e r y  t  e  [ 0 , 1 ] .  F u r t h e r m o r e ,  a s  n ° oy =  id D (0o^)(O) , i t  f o l lo w s  t h a t

F ( 0 )  =  V ) .  T h u s  F  is  a  s e c t i o n  o f  D  a l o n g  7  s t a r t i n g  f r o m  V 0 . W e  h a v e  t h a t  0 * F ( t )  =  

T y (t ) 0  • F ( t )  =  n ^ o y ( T y (O) 0  • VQ) is  p a r a l l e l  ( w i t h  r e s p e c t  t o  V )  a l o n g  0  o 7 , a n d  h e n c e

( 0 * V ) y F  ( t )  =  ( 0 - 1 ) * V 7 y  0 * F  ( t )  =  0 .

T h e r e f o r e  F  is  p a r a l l e l  a l o n g  7  ( w i t h  r e s p e c t  t o  0 * V ) .  B y  u n i q u e n e s s  o f  t h e  p a r a l l e l  t r a n s l a t e ,  

i t  f o l lo w s  t h a t  VF  =  V .  S i n c e  V 0  i s  a r b i t r a r y ,  t h e  r e s u l t  f o l lo w s .  ■

C o r o l l a r y  B . 1 . 2 3 .  0 * V  is locally flat on W C  M ' if and only if  V  is locally flat on 0 ( W ) C  M .

S i m i l a r  r e s u l t s  h o ld  f o r  p a r a l l e l  t e n s o r  f ie ld s .  ( T h e  p r o o f  o f  t h e  f o l lo w in g  r e s u l t  is  a n a l o g o u s  

t o  t h a t  o f  p r o p o s i t i o n  B . 1 . 2 2 , o n l y  m o r e  in v o lv e d ,  a n d  h e n c e  w e  o m i t  i t . )

P r o p o s i t i o n  B . 1 . 2 4 .  T  e  7 , k ( D )  is parallel (with respect to V )  if and only if  0 * T  e  7 , k ( D ' )  

is parallel (with respect to 0 * V ) .
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B . 1 . 3  S p e c i a l  c l a s s e s  o f  r e s t r i c t e d  c o n n e c t i o n s

I n  t h i s  s e c t i o n  w e  c o l l e c t  s o m e  p e r t i n e n t  r e s u l t s  f o r  s p e c i a l  t y p e s  o f  c o n n e c t i o n s ,  viz., m e t r i c  

c o n n e c t i o n s ,  v e c t o r  b u n d l e  c o n n e c t i o n s  a n d  l e f t - i n v a r i a n t  c o n n e c t i o n s  o n  L i e  g r o u p s .

B . 1 . 3 . 1  M e t r i c  c o n n e c t i o n s

A n  E - c o n n e c t i o n  V  o n  D  is  s a id  t o  b e  metric i f  t h e r e  e x i s t s  a  p a r a l l e l  ( p o s i t i v e  d e f i n i t e )  f ib r e  

m e t r i c  g  o n  D .  T h a t  i s ,  i f  t h e r e  e x i s t s  a  R i e m a n n i a n  m e t r i c  g  o n  D  s u c h  t h a t  V g  =  0 ,  o r  

e q u i v a le n t ly ,

X [ g ( W i , W 2 )] =  g ( V x W i ,  W 2 ) +  g ( W i ,  V x W 2 ) ,  

f o r  e v e r y  X  e  r ( E ) a n d  W i ,  W 2  e  r ( D ) .

L e t  g  b e  a  ( p o s i t i v e  d e f i n i t e )  f ib r e  m e t r i c  o n  D  a n d  V  a n  E - c o n n e c t i o n  o n  D  s u c h  t h a t  

V g  =  0 .  L e t  || • || b e  t h e  n o r m  o n  D  in d u c e d  b y  g .

P r o p o s i t i o n  B . 1 . 2 5 .  I f  W  e  r ( D )  is parallel, then so is the normalised vector field W / | | W  ||.

Proof. L e t  f  

w e  h a v e

1/||W||. I f  X  e  r ( E ) ,  t h e n  V x f W  =  X [ f ] W  +  f V x W  =  X [ f ] W . H o w e v e r ,

1  X [ g ( W ,  W )]

2  g ( W ,  W ) 3/ 2

g ( V x  W , W ) 

g ( W ,  W ) 3 / 2

T h a t  i s ,  V x  f W 0  f o r  e v e r y  X  e  r ( E ) ,  a n d  s o  f W  is  p a r a l l e l .

C o r o l l a r y  B . 1 . 2 6 .  If there exists a (local) parallel frame for D, then there exists an or­
thonormal parallel frame for  D  (defined on the same neighbourhood).

Proof. L e t  ( U a ) b e  a  p a r a l l e l  f r a m e  f o r  D ,  d e f in e d  o n  U  C  M . F o l l o w i n g  t h e  G r a m - S c h m i d t  

p r o c e s s ,  d e f in e  t h e  f r a m e  ( W a ) o n  U  a s

W i  =  U i ,  W k + i

k

U k + i -  y
i = 1

g ( U i ,  W i )  

g ( W i , W i )
W i f o r  k 2 , . . , r .

T h e n  ( W a ) is  o r t h o g o n a l ,  a n d  h e n c e  ( W a /||Wa ||) is  o r t h o n o r m a l .  A c c o r d i n g ly ,  i t  s u f f ic e s  t o  

s h o w  t h a t  ( W a ) is  p a r a l l e l .  W e  u s e  i n d u c t i o n  o n  a .  C l e a r l y ,  t h e  v e c t o r  f ie ld  W a , a =  1 is  

p a r a l l e l .  S u p p o s e  t h a t  W l , . . . ,  W k a r e  p a r a l l e l  f o r  s o m e  1 <  k  <  r .  T h e n ,  i f  X  e  r ( E ) ,  w e  

h a v e

V x  W k + i

k

V x  U k + i  -  y  V x

i = 1

g ( U i ,  W i ) 

g ( W i ,  W i )

-
i = 1

k

-  y
i = 1

k

-  y

X
g ( U i ,  W i )

g ( W i ,  W i )
W i +

g ( U i ,  W i )

g ( W i ,  W i )
V x  W i

X  [ g ( U i ,  W i) ]  

g ( W i ,  W i )
+  g ( U i ,  W i ) X

1  ] 

g ( W i ,  W i ) .

X  [ g ( U i , W i ) ]  W )  X  [ g ( W i , W i ) ]

g ( W i , W i )  g (  ^  i )  g ( W i , W i ) 2

W i

W i.



Appendix B. Restricted connections 135

S i n c e  V  is  m e t r i c ,  i t  f o l lo w s  t h a t  X [ g ( U i , W i )] =  g ( V X U i , W i ) +  g ( U i , V X W i ) =  0  a n d  

( s i m i l a r l y )  X [ g ( W i , W i )] =  0  f o r  e a c h  i  =  1 , . . . ,  k .  H e n c e  V X W k+ L =  0 ,  a n d  s o  V W k+ L =  0 . 

B y  i n d u c t i o n  w e  t h e n  h a v e  t h a t  ( W a ) is  p a r a l l e l .  ■

A c c o r d i n g ly ,  f o r  a  m e t r i c  c o n n e c t i o n  w e  m a y  a lw a y s  a s s u m e  t h a t  a  p a r a l l e l  f r a m e  ( i f  o n e  

e x i s t s )  is  o r t h o n o r m a l .

P r o p o s i t i o n  B . 1 . 2 7 .  The parallel transport n y  along an E -curve 7  : [ 0 ,1 ]  M  M  is a linear- 
isometry.

Proof. T h e  r e s u l t  f o l lo w s  i m m e d i a t e l y  f r o m  t h e  f a c t  t h a t ,  i f  g  is  p a r a l l e l ,  t h e n  i t  is  i n v a r ia n t  

u n d e r  p a r a l l e l  t r a n s l a t i o n .  ■

B . 1 . 3 . 2  V e c t o r  b u n d l e  c o n n e c t i o n s  o n  D

S u p p o s e  t h a t  E  =  T M ,  i . e . ,  p a r a l l e l  t r a n s l a t i o n  is  d e f in e d  a l o n g  a n y  c u r v e  in  M . I n  t h i s  

c a s e ,  a n  E - c o n n e c t i o n  V  o n  D  is  c a l l e d  a  connection on the vector bundle D  ( o r  s i m p l y  a  

vector bundle connection on D ) .  V e c t o r  b u n d l e  c o n n e c t i o n s  h a v e  b e e n  e x t e n s i v e l y  s t u d i e d  

( s e e ,  e .g . ,  [ 5 6 , 3 7 ] ) a n d  a r e  w e l l  u n d e r s t o o d .  I n  p a r t i c u l a r ,  t h e r e  is  a  w e l l - k n o w n  d e f i n i t i o n  o f  

a  c u r v a t u r e  t e n s o r  f o r  a  v e c t o r  b u n d l e  c o n n e c t i o n ,  w h o s e  v a n is h i n g  c h a r a c t e r i s e s  t h e  f l a t n e s s  

o f  t h e  c o n n e c t i o n .

L e t  V  b e  a  v e c t o r  b u n d l e  c o n n e c t i o n  o n  D .  T h e  curvature tensor R  e  7 2 ° ( T M )  ® r i ( D )  

o f  V  i s  d e f in e d  a s

R ( X ,  Y  ) U  =  V x  V y  U  -  V y  V x  U  -  V [X )Y ]U  

=  [ V x , V y ] U  -  V [ x ,y ]U ,

w h e r e  X ,  Y  e  r ( T M )  a n d  U  e  r ( D ) .  ( R  is  s o m e t i m e s  a l s o  c a l l e d  t h e  Riemannian curvature 
tensor o f  V ,  a s  i t  o r i g i n a t e s  in  R i e m a n n i a n  g e o m e t r y . )  C a l l i n g  R  t h e  “c u r v a t u r e ” is  ju s t i f i e d  

b y  t h e  f o l lo w in g  r e s u l t .  ( T h e  f o l lo w in g  t h e o r e m  is  a  s t a n d a r d  r e s u l t  f o r  c o n n e c t i o n s  o n  v e c t o r  

b u n d l e s ;  s e e ,  e .g . ,  [ 5 6 ] . N e v e r t h e l e s s ,  w e  p r o v id e  h e r e  a  p r o o f ,  c l o s e ly  f o l lo w in g  t h a t  g iv e n  in  

[4 4 ] f o r  t h e  L e v i - C i v i t a  c o n n e c t i o n . )

T h e o r e m  B . 1 . 2 8 .  V  is flat on W C  M  if and only if  R ( X ,  Y ) U  =  0  fo r every X ,  Y  e  r ( T M )  

and U  e  r ( D )  defined on U .

Proof. S u p p o s e  V  is  f l a t  o n  U  C  M , i . e . ,  t h e r e  e x i s t s  a  p a r a l l e l  f r a m e  ( U a ) f o r  D  o n  U . T h e n  

K ( X ,  Y ) U a =  [ V x , V Y ]U a -  V [ X ;Y ]U a  =  0  f o r  e v e r y  X ,  Y  e  r ( T M )  d e f in e d  o n  U . I t  f o l lo w s  

( f r o m  t e n s o r i a l i t y  o f  K ) t h a t  K  =  0  o n  U .

C o n v e r s e ly ,  s u p p o s e  K  =  0  o n  s o m e  n e ig h b o u r h o o d  U  in  M . L e t  q e  U  a n d  l e t  ( q i ) b e  

l o c a l  c o o r d i n a t e s  a b o u t  q , d e f in e d  in  a n  o p e n  s u b s e t  o f  U , s u c h  t h a t  ( E a ) ,  E a  =  d a ( q )  is  a  

b a s i s  f o r  D q . E x t e n d  ( E a ) t o  a  b a s i s  ( E a  E a ) f o r  T q M  ( w h e r e  A r a n g e s  t h r o u g h  r  +  1 , . . . ,  n ) .  

W e  m a y  a s s u m e ,  w i t h o u t  lo s s  o f  g e n e r a l i t y ,  t h a t  t h e  im a g e  o f  t h e  c o o r d i n a t e  c h a r t  i s  a  c u b e  

C  =  { q  : |qi | <  e } .

W e  s h a l l  c o n s t r u c t  a  p a r a l l e l  f r a m e  f o r  D  b y  p a r a l l e l  t r a n s l a t i n g  t h e  v e c t o r s  E l , . . . ,  E r . 

B e g i n  b y  p a r a l l e l  t r a n s l a t i n g  e a c h  v e c t o r  E „  a l o n g  t h e  q L- a x i s .  N e x t ,  f r o m  e a c h  p o in t  o n  t h e  

q L- a x i s ,  p a r a l l e l  t r a n s l a t e  a l o n g  t h e  c o o r d i n a t e  l in e  p a r a l l e l  t o  t h e  q 2 - a x i s .  T h e n  s u c c e s s i v e ly  

p a r a l l e l  t r a n s l a t e  a l o n g  c o o r d i n a t e  l in e s  p a r a l l e l  t o  t h e  q 3 -  t h r o u g h  q n - a x e s .  ( S e e  f ig u r e  B . 2 .)
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q i +  1

F i g u r e  B . 2 :  C o n s t r u c t i o n  o f  a  p a r a l l e l  o r t h o n o r m a l  f r a m e  f o r  D

T h e  r e s u l t  is  r  v e c t o r  f ie ld s  U l , . . . ,  U r , d e f in e d  in  C e . W e  c l a i m  t h a t  t h i s  f r a m e  is  p a r a l l e l ,  

i . e . ,  V U a =  0 .  B y  t e n s o r i a l i t y  o f  V  in  t h e  f i r s t  a r g u m e n t ,  i t  s u f f ic e s  t o  s h o w  t h a t  V ^ U a =  0 .  

L e t  1 <  a  <  r  b e  f ix e d .  B y  c o n s t r u c t i o n ,  w e  h a v e

• V p x U a  =  0  o n  t h e  q L- a x i s ;

• V d 2 U a =  0  o n  t h e  (q  L, q 2 ) - p l a n e ;

• V dfcU a =  0  o n  t h e  s u b s e t  M k =  { q  e  C e : q k + 1 =  ■ ■ ■ =  q n  =  0 } ;  •

• V d n U a  =  0  o n  C e .

U s i n g  i n d u c t i o n  o n  k ,  w e  s h a l l  p r o v e  t h a t

V d i U a  =  ••• =  V d k U a  =  0  o n  M k . ( B . 1 . 1 )

T h i s  is  t r u e  b y  c o n s t r u c t i o n  f o r  k  =  1 a n d  f o r  k  =  n  i t  m e a n s  t h a t  ( U a ) is  p a r a l l e l  o n  t h e  

e n t i r e  c u b e  C e . S u p p o s e  ( B . 1 . 1 )  h o ld s  f o r  s o m e  1 <  k  <  n  -  1 . B y  c o n s t r u c t i o n ,  w e  h a v e  

V d fc+ 1 U a  =  0  o n  M k+ l . S i m i la r ly ,  b y  t h e  i n d u c t i v e  h y p o t h e s i s  w e  h a v e  V ^  U a =  0  f o r  1 <  i  <  k  

o n  t h e  h y p e r p l a n e  M k =  { q  e  M k+ l : q k + 1 =  0 } .  I t  r e m a i n s  t o  s h o w  t h a t  V ^ U a =  0  o n  t h e  

s e t  { q  e  M k+ l : q k + 1 =  0 }  f o r  e a c h  i  =  1 , . . . ,  k .

S i n c e  [d k + 1 , d i ] =  0 ,  V p fc+ 1 U a  =  0  o n  M k + 1  a n d  K  =  0 ,  w e  h a v e

0  =  K  ( d k + i , d i ) U a

=  V dfc+i (V  di U a ) -  V di ( V dfc+ i  U a ) -  V [Sfc+ i ,S i ] U a

=  V d k+ 1 ( V d i  U a )  o n  M k + 1 .

T h a t  i s ,  V d i U a is  p a r a l l e l  a l o n g  c u r v e s  p a r a l l e l  t o  t h e  q k + 1 - a x i s  s t a r t i n g  o n  M k , a n d  t h u s  is  

e q u a l  t o  t h e  p a r a l l e l  t r a n s p o r t  o f  t h e  z e r o  v e c t o r .  H e n c e  i t  is  z e r o  o n  e v e r y  s u c h  c u r v e ,  a n d  

s i n c e  e v e r y  p o in t  o f  M k + 1  is  o n  o n e  o f  t h e s e  c u r v e s ,  i t  f o l lo w s  t h a t  V p i U a =  0  o n  a l l  o f  M k + 1 . 

T h a t  i s ,  t h e  f r a m e  ( U a ) is  p a r a l l e l .  ■



Appendix B. Restricted connections 137

B . 1 . 3 . 3  L e f t - i n v a r i a n t  c o n n e c t i o n s

S u p p o s e  t h a t  M  =  G is  a  L i e  g r o u p  a n d  D ,  E  a n d  V  a r e  left invariant, i . e . ,  ( L g ) * D  =  D ,  

( L g ) * E  =  E  a n d  V  =  ( L g ) * V  f o r  e v e r y  g  e  G . I n  p a r t i c u l a r ,  s i n c e  V  is  e q u a l  t o  t h e  p u l l b a c k  

c o n n e c t i o n  ( L g ) * V ,  a l l  o f  t h e  r e s u l t s  o f  s e c t i o n  B . 1 . 2  a p p ly .

P r o p o s i t i o n  B . 1 . 2 9  ( c f .  [ 3 1 ] ) .  There is a one-to-one correspondence between the set of 
left-invariant E -connections on D  and the set of bilinear maps

E i  x D i  ^ D i , ( X , W ) ^ V Xl W L ( 1 ) .  ( B . 1 . 2 )

Here X L  e  r ( E ) and W L  e  r ( D )  are the left-invariant vector fields given by X L ( g )  =  T i L g ■ X  
and W L ( g )  =  T i L g  ■ W .

Proof. L e t  ( E a ) b e  a  b a s i s  f o r  D i  a n d  ( F i ) a  b a s i s  f o r  E i . T h e n  ( E ^ )  a n d  ( F L ) a r e  l e f t -

i n v a r ia n t  f r a m e  f o r  D  a n d  E , r e s p e c t iv e ly .  G i v e n  a  b i l i n e a r  m a p  <p : E i  x  D i  ^  D i ,  l e t  V  b e  

s p e c i f i e d  b y

V Fl E a  =  E a ) L .

I t  is  s t r a i g h t f o r w a r d  t o  s h o w  t h a t  V  is  a n  E - c o n n e c t i o n  o n  D .  W e  c l a i m  t h a t  V  is  l e f t  i n v a r ia n t .  

L e t  X  e  r ( E ) a n d  W  e  r ( D ) .  W e  h a v e  X  =  x i F iL  a n d  W  =  w a E ^  f o r  x i , w a  e  C ^ ( G ) .

A c c o r d i n g ly ,

V (L g  ) , X  (L g  ) * W  =  ( x i O L - 1 ) V (Lg ) , f .L ( L g  ) * W

=  ( x i O VZx) V f l ( L g ) * W

=  ( X  O L -  ) [F i [wq O L -  ] E a  + ( W a O L -  ) V F L E a

=  ( x i  O l - " L) [ ( L iL [w ? ]  O l - 1 ) e L  +  (w a  O l - 1 ) v f .l E ,

=  ( L g ) *  x i F i L [w a ] E L  +  w a V F L E a L  = ( L g ) * V x W ,

a n d  h e n c e  V  is  l e f t  i n v a r i a n t .  C o n v e r s e ly ,  i f  V  is  a  l e f t - i n v a r i a n t  E - c o n n e c t i o n  o n  D ,  t h e n  

V F l E f  is  l e f t  i n v a r i a n t ,  a n d  ( B . 1 . 2 )  p r e s c r i b e s  t h e  a s s o c i a t e d  b i l i n e a r  m a p .  ■
F i

P r o p o s i t i o n  B . 1 . 3 0 .  I f  there exists a left-invariant parallel frame for D, then every left- 
invariant vector field in r ( D )  is parallel.

Proof. T h i s  is  i m m e d i a t e  f r o m  t h e  f a c t  t h a t  e v e r y  l e f t - i n v a r i a n t  v e c t o r  f ie ld  in  r ( D )  is  a n  

R - l i n e a r  c o m b i n a t i o n  o f  e l e m e n t s  o f  a  l e f t - i n v a r i a n t  f r a m e  f o r  D ,  a n d  t h a t  V  is  R - l i n e a r  in  i t s  

s e c o n d  a r g u m e n t .  ■

P r o p o s i t i o n  B . 1 . 3 1 .  Suppose there exists a left-invariant parallel frame for D. The par­
allel translation n g j  : D go ^  D g i is exactly (the restriction of the tangent map o f ) the left
translation T go L  - 1  L  .

go g 1 g0 P go

Proof. L e t  ( U a ) b e  a  l e f t - i n v a r i a n t  p a r a l l e l  f r a m e  f o r  D  a n d  l e t  7  : [ 0 ,1 ]  ^  G b e  a n  E - c u r v e  

s u c h  t h a t  y ( 0 )  =  go a n d  7 ( 1 )  =  g L. F i x  1 <  a  <  r  a n d  l e t  V ( t )  =  n i ( U a ( g 0 ) ) .  T h e r e
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e x i s t  f u n c t i o n s  v b e  C ^ ( [ 0 , 1 ] )  s u c h  t h a t  V  =  v b ( U b o y ) ,  w h e r e  v b =  —r b c (Y)^yi v c =  0 .  T h u s

V ( t )  =  U a ( 7 ( t ) ) ,  a n d  s o

n g o  ( U a ( g o ) )  =  V  ( 1 )  =  U a ( 7  ( 1 ) )  =  U a ( g i )  =  Tgo L ^ - 1  ■ U a ( g o ) .

S i n c e  a  is  a r b i t r a r y  a n d  t h e  p a r a l l e l  t r a n s l a t i o n  m a p s  a r e  l i n e a r ,  i t  f o l lo w s  t h a t  n g o  is  e x a c t l y

t h e  r e s t r i c t i o n  t o  D go o f  T goL  - 1 . ■
go go g1g°

B.2 The Ehresmann connection approach

L e t  M  b e  a n  n - d i m e n s i o n a l  ( c o n n e c t e d )  m a n i f o l d  a n d  l e t  E  a n d  D  b e  r a n k  m  a n d  r ,  r e s p e c ­

t iv e ly ,  v e c t o r  s u b b u n d l e s  o f  T M .  B y  t m  : T M  m  M  w e  d e n o t e  t h e  c a n o n i c a l  p r o je c t i o n  o f  a  

t a n g e n t  v e c t o r  o n t o  i t s  b a s e  p o i n t .  L e t  n  =  t m Id  : D m  M . W e  m a y  v ie w  D  a s  a  s u b m a n i f o l d  

o f  T M ;  t h e n  t d  : T D  M  D  d e n o t e s  t h e  c o r r e s p o n d i n g  c a n o n i c a l  p r o je c t i o n .  C o n s id e r  t h e  

p u l l b a c k  b u n d l e  n *  E :

n * E  =  { ( U q  , X q ) e  D  x  E  : n ( U q ) =  t m  ( X q ) }  C  D x E .

W e  c a n  v ie w  n * E  a s  a  v e c t o r  b u n d l e  o v e r  D  a n d  o v e r  E , w i t h  p r o je c t i o n s

7T1 : n * E  9  ( U q , X q ) M  Uq e  D  a n d  ^ 2  : n * E  9  ( U q , X q ) M  X q  e  E ,

r e s p e c t iv e ly .  T h e  f ib r e s  o f  a n d  7 2 a r e  g iv e n  b y

(7 T i)_ 1 (U q ) =  { U q }  X  Eq a n d  ( 7 2 ) — 1 ( X q ) =  D q  X  { X q } ,

r e s p e c t iv e ly ,  w h e r e  U q e  D  a n d  X q e  E . C l e a r l y ,  w e  h a v e  t m  o 7 2 =  n  o 7t1 .

A n  E -restricted (Ehresmann ) connection on D  ( c f .  [ 1 2 ] ) ( o r  E -connection on D )  is  a  m a p  

h  : n * E  M  T D  t h a t  is

( i ) a  l i n e a r  b u n d l e  m a p  f r o m  7  t o  t d  c o v e r i n g  id D , i . e . ,  t d  o h  =  7rL;

( i i ) a  b u n d l e  m a p  f r o m  7 2  t o  T n  c o v e r i n g  t h e  i n c l u s i o n  1 : E m  T  M , i . e . ,  T n  ■ h  =  1 o 7r2 . 

T h a t  i s ,  t h e  f o l lo w in g  t w o  d ia g r a m s  c o m m u t e :

T n

T h e  l i n e a r i t y  c o n d i t i o n  in  ( i ) s t i p u l a t e s  t h a t  h  is  f ib r e w i s e  R - l i n e a r  in  i t s  s e c o n d  a r g u m e n t ,  

i . e . ,  h ( U q , a X q + ^ Y q ) =  a h ( U q , X q ) +  ^ h ( U q , Y q ) f o r  e v e r y  Uq e  D q , X q , Yq e  Eq a n d  a , ^  e  R .  

I n  s e c t i o n  B . 2 . 1  w e  c l a r i f y  t h e  r e l a t i o n  b e t w e e n  t h e  a b o v e  d e f i n i t i o n  a n d  t h e  d e f i n i t i o n  o f  a  

r e s t r i c t e d  c o n n e c t i o n  g iv e n  in  s e c t i o n  B . 1 . I n  p a r t i c u l a r ,  t o  a v o id  a m b i g u i t y ,  in  t h i s  s e c t i o n  

w e  s h a l l  r e f e r  t o  t h e  o p e r a t o r  V  o f  B . 1  a s  a n  E -restricted Koszul connection on D .

W e  s a y  t h a t  h  is  a  linear connection i f  T U q ■ h ( U q , X q ) =  h ( 0 t ( U q ) , X q ) f o r  e v e r y  

( U q , X q ) e  n * E , w h e r e  : D  m  D  d e n o t e s  t h e  d i l a t i o n  0 t ( U q ) =  e * U q . ( T h a t  is ,  is  

t h e  f lo w  o f  t h e  c a n o n i c a l  d i l a t i o n  v e c t o r  f ie ld  o n  D . )
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L e t  V  =  k e r  T n  b e  t h e  vertical distribution a n d  H  =  im  h  t h e  horizontal distribution. 
( S i n c e  b o t h  T n  a n d  1 h a v e  c o n s t a n t  r a n k ,  i t  f o l lo w s  t h a t  b o t h  V  a n d  H  a r e  v e c t o r  s u b b u n d l e s  

o f  T D . )  V e c t o r s  in  V  a r e  c a l l e d  vertical, w h e r e a s  t h o s e  in  H  a r e  c a l l e d  horizontal. L ik e w is e ,  

v e c t o r  f ie ld s  in  r ( V ) a r e  c a l l e d  vertical vector fields, w h e r e a s  t h o s e  in  r ( H )  a r e  horizontal 
vector fieJds.

L e m m a  B . 2 . 1 .  The fibres of V  are the tangent spaces of the fibres of D, i.e., V Uq =  T UqD q 

fo r every U q e  D q .

Proof. L e t  U q , Vq e  D q . T h e n dt |t = o ( U q +  t V q ) e  T UqD q . B u t

T u < n  ■ d t
(U q  +  tV q )

t = 0

d

d t
n ( U q  +  tV q )

t = 0

0 ,

s i n c e  n ( U q +  t V q ) =  q is  c o n s t a n t  in  t .  T h u s  w e  h a v e  T UqD q C  V Uq. E q u a l i t y  f o l lo w s  f r o m  t h e  

f a c t  t h a t  b o t h  T u qD q a n d  V u q a r e  r - d i m e n s i o n a l .  ■

T h e  m a p  v l  : n * D  M  V  g iv e n  b y

v l <U  - Vq > =  d t
(U q  +  tV q ) ,  ( U q , V q) e  n * D

t = 0

is  e v i d e n t l y  a  v e c t o r  b u n d l e  i s o m o r p h i s m .  I f  Uq e  D ,  t h e n  t h e  l i n e a r  i s o m o r p h i s m

vlU q =  v l ( U q , ■ ) :  D q  M V U q

is  c a l l e d  t h e  vertical lift over U q . I f  X  e  r ( D ) ,  t h e n  w e  d e f in e  t h e  vertical lift of X  t o  b e  t h e  

v e r t i c a l  v e c t o r  f ie ld  X v e  r ( V ) g iv e n  b y

X v (U q ) =  v l ( U q , X  ( q ) ) ,  Uq e  D q .

L e m m a  B . 2 . 2 .  We have n * H  =  E , i.e., T Uqn  ■ H Uq =  E q fo r every U q e  D q .

Proof. L e t  X Uq e  H Uq. T h e n  t h e r e  e x i s t s  X q e  E q s u c h  t h a t  X Uq 

w e  h a v e

T Uqn  ■ X Uq T u q  n  ■ h (U q  , X q ) ( 1  O 7T2 ) ( U q , X q )

h ( U q , X q ) .  C o n s e q u e n t ly ,

X q e  E q ,

a n d  s o  T Uqn  ■ H Uq C  E q . C o n v e r s e ly ,  l e t  X q e  E q . T h e n  h ( U q , X q ) 

a n d  X q =  T Uqn  ■ h ( U q , X q ) e  T Uqn  ■ H Uq. I t  f o l lo w s  t h a t  T Uqn  ■ H Uq

e  H U q f o r  e v e r y  Uq e  D q ,

=  E q . ■

L e m m a  B . 2 . 3 .  An  E -connection h  on D  i s  linear if and only if  ( ^ t ) * H  =  H .

Proof. S u p p o s e  h  is  l i n e a r .  T h e n  b y  d e f i n i t i o n ,  i f  ( U q , X q ) e  n * E , w e  h a v e  T U q ■ h ( U q , X q ) =  

h ( ^ t ( U q ) , X q ) e  H ^ t (Uq) ,  a n d  s o  ( 0 t ) * H  C  H .  E q u a l i t y  f o l lo w s  f r o m  t h e  f a c t  t h a t  is  a  

d i f f e o m o r p h i s m .  C o n v e r s e ly ,  s u p p o s e  ( ^ t ) * H  =  H .  I f  ( U q , X q ) e  n * E , t h e n  T U q ■ h ( U q , X q ) =  

h ( ^ t ( U q ) , Y q ) f o r  s o m e  Yq e  E q . B u t

Y q =  T <tt(Uq)n  ' h ( M U q ) ,  Y q ) T ^ t(U q )n  ' T U q ' h ( U q , X q ) TUq ( 0 t  O n )  ■ h (U q  , X q ) .

C l e a r l y  o n  =  n ,  a n d  s o  Yq =  X q . I t  f o l lo w s  t h a t  h  is  l i n e a r .
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P r o p o s i t i o n  B . 2 . 4  ( c f .  [ 1 2 ] ) .  We have:

( i ) V  n  H  =  { 0 } .

(ii) V  +  H  C  T D  with equality if and only if  E  =  T M .

Proof, (i ) I f  X Uq e  V Uq n  H Uq, t h e n  X Uq =  h ( U q , Y q ) f o r  s o m e  Y q e  E q . H e n c e

0  =  T u q n  ■ X u q  =  T u q n  ■ h ( U q , Y q ) =  ( 1  O ^ ) ( U q , Y q ) =  Y q .

S i n c e  h  is  l i n e a r  in  i t s  s e c o n d  a r g u m e n t ,  i t  f o l lo w s  t h a t  h ( U q , 0 )  =  0 .  H e n c e  X Uq e  V Uq n H Uq 

i f  a n d  o n l y  i f  X U q =  0 .

( i i ) C l e a r l y  V  +  H  C  T D .  S u p p o s e  t h a t  V  +  H  =  T D  a n d  l e t  Z q e  T q M . S i n c e  T n  is  

s u r je c t i v e ,  t h e r e  e x i s t s  X Uq e  T UqD  s u c h  t h a t  T Uqn  ■ X Uq =  Z q . T h e  H Uq- c o m p o n e n t  o f  X Uq 

is  g i v e n  b y  h ( U q , X q ) f o r  s o m e  X q e  E q . A c c o r d i n g ly ,

Z q  =  T u q n  ■ h ( U q , X q ) =  ( 1  O 7 2 ) ( U q , X q ) =  1 ( X q ) e  E q .

S i n c e  Z q is  a r b i t r a r y ,  t h i s  is  a  c o n t r a d i c t i o n  u n l e s s  E  =  T M .  ■

P r o p o s i t i o n  B . 2 . 5  ( c f .  [ 1 2 ] ) .  Let E  and D  be distributions on M  and n  =  t m Id  : D m  M .

If  H  is a distribution on D  such that

n * H  =  E  a n d  V n H  =  { 0 } ,  ( B . 2 . 1 )

t h e n  t h e r e  exists a unique (not necessarily linear) E -connection h  on D  such that H  =  im  h .

Proof. F o r  e a c h  U q e  D ,  w e  c a n  c o n s t r u c t  a  m a p  h uq : E q M  T u q D  b y  t h e  r e q u i r e m e n t  t h a t

{ h u q ( X q ) }  =  H u q  n  ( T u q n ) - 1 ( X q ) ( B . 2 . 2 )

f o r  e v e r y  X q e  E q . W e  f i r s t  s h o w  t h a t  ( B . 2 . 2 )  d e t e r m i n e s  a  u n i q u e  p o i n t .  S i n c e  T u q n - H uq =  E q , 

w e  h a v e  H uq C  ( T u q n ) - 1 ( X q ) .  T h u s  t h e  i n t e r s e c t i o n  H uq n  ( T u q n ) - 1 ( X q ) is  n o n - e m p t y .  

S u p p o s e  t h e r e  e x i s t  t w o  p o i n t s  X u q , Y u q e  H u q  n  ( T u q n ) - 1 ( X q ) .  T h e n  T u q n  ■ ( X u q  — Y u q ) =  0 , 

i . e . ,  X uq — Y uq is  v e r t i c a l .  S i n c e  X uq — Y uq e  H uq a n d  V n H  =  { 0 } ,  t h i s  h o ld s  i f  a n d  o n l y  

i f  X uq =  Y u q . T h u s  ( B . 2 . 2 )  s p e c i f i e s  a  u n i q u e  p o in t  h u q ( X q ) ,  a s  c l a i m e d .  F u r t h e r m o r e ,  i f  

X q , Y q e  E q a n d  a ,  ^  e  R ,  t h e n

{ h u q ( a X q  +  ^ Y q ) }  =  H u q  n  ( T u q n ) - 1 ( a X q  +  ^ Y q )

=  a  [H u q  n  ( T u q n ) - 1 ( X q ) ]  +  /3 [H u q  n  ( T u q n ) - 1 (Y q )]

=  { a h uq ( X q ) +  ^ h uq ( Y q ) } .

T h a t  is ,  h uq is  R - l i n e a r .  D e f i n e  a  m a p  h  : n * E  M  T D  a s  h ( U q , X q ) =  h u q ( X q ) .  T h e n  c l e a r l y  

t d  o h  =  a n d  T n  ■ h  =  1 o 7 2 . S i n c e  h ( U q , ■) =  h uq is  R - l i n e a r ,  w e  h a v e  t h a t  h  is  a n  

E - c o n n e c t i o n  o n  D ;  m o r e o v e r ,  b y  d e f i n i t i o n ,  i m  h  =  H .

I t  r e m a i n ^  t o  s h o w  t h a t  h  is  u n i q u e .  S u p p o s e  t h e r e  e x i s t s  a n o t h e r  E - c o n n e c t i o n  h  o n  D  

s u c h  t h a t  i m h  =  H .  T h e n  f o r  e a c h  U q e  D q t h e r e  e x i s t s  X q , Y q e  E q s u c h  t h a t  h ( U q , X q ) =  

h ( U q , Y q ) .  A p p l y i n g  T u q n  t o  b o t h  s id e s ,  w e  g e t  X q =  Y q . T h a t  i s ,  h  =  h .  ■
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B . 2 . 1  A s s o c i a t e d  c o v a r i a n t  d e r i v a t i v e

S u p p o s e  t h a t  h  is  a  l i n e a r  E - c o n n e c t i o n  o n  D .  L e t  X q e  E  a n d  Y uq e  T u q D ,  w h e r e  U q e  D q

a n d  Y uq s a t i s f i e s  T u q n  ■ Y uq =  X q . T h e n

T u q n  ■ [Yuq — h ( U q , X q )] =  X q  — ( 1  O ^ ( U q , X q ) =  0 .

T h a t  is ,  Y uq — h ( U q , X q ) e  V u q . H e n c e  w e  c a n  d e f in e  a n  o p e r a t o r  V  : r ( E ) x  r ( D )  m  r ( D )  b y

V x U ( q ) =  v l - q )  ■ [T q U  ■ X ( q )  — h ( U ( q ) ,  X ( q ) ) ] . ( B . 2 . 3 )

V  is  c a l l e d  t h e  covariant derivative associated to h ,  a n d  ( a s  t h e  f o l lo w in g  l e m m a  d e m o n s t r a t e s )  

is  e x a c t l y  a n  E - r e s t r i c t e d  K o s z u l  c o n n e c t i o n  o n  D  ( s e e  s e c t i o n  B . 1 ) .

L e m m a  B . 2 . 6 .  V  is an E -restricted Koszul connection on D.

Proof. L e t  X  e  r ( E ) ,  U  e  r ( D )  a n d  f  e  C ^ ( M ) .  S i n c e  h  is  f ib r e w i s e  R - l i n e a r  in  i t s  s e c o n d  

a r g u m e n t ,  w e  h a v e

V f X U ( q ) =  v l — q) ■ [ T q U  ■f  ( q ) X ( q ) — h ( U ( q ) , f ( q ) X ( q ) ) ]

=  v l - f q )  ■f  ( q ) [T q U  ■X  ( q ) — h ( U  ( q ) , X  ( q ) ) ]

=  f  ( q ) ( V x  U  ) ( q ) ,

i . e . ,  V  is  C ^ ( M ) - l i n e a r  in  t h e  f i r s t  a r g u m e n t .  S i m i la r ly ,  i t  is  a  d e r i v a t i o n  in  i t s  s e c o n d  a r g u ­

m e n t .  I n d e e d ,  s i n c e

T q ( f  U ) ■ X ( q )  =  X [ f ] ( q )  v lu (q )  • U ( q )  +  f  ( q ) T q U  ■ X ( q )

w e  h a v e

V x f  U ( q )  =  v l -  fq) ■ [ T q ( f  U ) ■ X ( q )  — h ( f  ( q ) U ( q ) ,  X ( q ) ) ]

=  X  [ f  ] ( q ) U  ( q ) +  f  ( q ) v l -  fq) ■ [T q U  ■X  ( q ) — h ( U  ( q ^  X  ( q ) ) ]

=  X  [ f  ] ( q ) U  ( q ) +  f  ( q ) V x  U  ( q ) .

T h e r e f o r e  V  is  a n  E - r e s t r i c t e d  K o s z u l  c o n n e c t i o n  o n  D .  ■

C o n v e r s e ly ,  g iv e n  a n  E - r e s t r i c t e d  K o s z u l  c o n n e c t i o n  V  o n  D ,  t h e r e  e x i s t s  a  u n iq u e  l in e a r  

E - r e s t r i c t e d  E h r e s m a n n  c o n n e c t i o n  h  w h o s e  a s s o c i a t e d  c o v a r i a n t  d e r i v a t i v e  i s  e x a c t l y  V .

P r o p o s i t i o n  B . 2 . 7  ( c f .  [ 1 2 ] ) .  L e t  V  : r ( E ) x  r ( D )  m  r ( D )  be an E -restricted Koszul con­
nection. Then  V  is the covariant derivative associated to the unique E -connection h  on D  

given by
h ( U q , X q ) =  T q U  ■ X q  — v l ^  • V x q U ,  ( U q , X q ) e  n * E . ( B . 2 . 4 )

H e r e  U  e  r ( D )  satisfies U ( q )  =  U q . (The definition of h  d o e s  n o t  depend on the choice of U .)

Proof. L e t  ( U q , X q ) e  n * E . I t  is  s t r a i g h t f o r w a r d  t o  c h e c k  t h a t  t h e  m a p  r ( D )  M  T u q D ,  

U  M  T q U  ■ X q — v l uq ■ V X q U  is  C ^ ( M ) - l i n e a r ,  h e n c e  d e p e n d s  o n l y  o n  t h e  v a lu e  o f  U  a t  q .
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D e f i n e  h  u s in g  ( B . 2 . 4 ) . S i n c e  V  is  R - l i n e a r ,  h  is  c l e a r l y  ( f i b r e w is e )  R - l i n e a r  in  i t s  s e c o n d  

a r g u m e n t .  W e  h a v e

TD  ( h ( U q , X q ) )  =  TD  (T q  U  ■ X q  — v lu q  • V X q  U ) =  Uq =  T  1 ( U q , X q ) .

L ik e w is e ,

T u q  n  ■ h (U q  , X q ) T u q  n  ■ (T q  U  ■ X q  — v lu q  ■ V X q  U ) 

X q  =  ( 1  O T 2 ) ( U q , X q ) .

T q  ( n  O U ) ■ X q  — 0

T h u s  h  i s  a n  E - c o n n e c t i o n  o n  D .  I t  is  a l s o  l i n e a r ,  s i n c e

T u q  &  ■ h (U q  , X q ) T u q  &  ■ [Tq U  ■ X q  — v lu q  - V X q  U ]

T q ( &  O U ) ■ X q

T q ( &  O U ) ■ X q

T q ( &  O U ) ■ X q  

T q ( &  O U ) ■ X q  

h ( & t (U q  ) , X q  ) .

T u q &  ■ d s
(U q  +  S V X q  U )

d

d s

s = 0

O M U q ) +  S &  ( V X q  U ) )
s = 0

v l ^ t(u q ) ' M V X q U )

v l ^ t(u q ) ' V X q ( 0 t  O U )

L a s t l y ,  c o n s i d e r i n g  e q u a t i o n s  ( B . 2 . 3 )  a n d  ( B . 2 . 4 ) , i t  is  c l e a r  t h a t  V  is  t h e  c o v a r i a n t  d e r i v a t i v e  

a s s o c i a t e d  t o  h .  ■

B . 2 . 2  H o r i z o n t a l  l i f t s

I f  ( U q , X q ) e  n * E , t h e n  w e  c a l l  h ( U q , X q ) e  H uq t h e  horizontal lift of X q over U q ( o r ,  e x p l i c i t l y ,  

t h e  h-lift of X q over U q ) .  S i m i la r ly ,  i f  X  e  r ( E ) ,  w e  d e f in e  t h e  horizontal lift (h-lift) of X  t o  

b e  t h e  s e c t i o n  X h e  r ( H )  g i v e n  b y

X h (U q ) =  h ( U q , X ( q ) ) ,  Uq e D .

A  v e c t o r  f ie ld  Z  e  r ( T D )  is  c a l l e d  projectable i f  t h e r e  e x i s t s  X  e  r ( T M )  s u c h  t h a t  

T n  ■ Z  =  X  o n ,  i . e . ,  i f  Z  a n d  X  a r e  n - r e l a t e d .  W e  s h a l l  w r i t e  X  a s  n * Z . T h e  L i e  b r a c k e t  

o f  t w o  p r o j e c t a b l e  v e c t o r  f ie ld s  is  a l s o  p r o j e c t a b l e .  I n  f a c t ,  w e  h a v e  n * [ Z f , Z f ] =  [ n * Z f , n * Z 2 ] 

f o r  e v e r y  p a i r  o f  p r o j e c t a b l e  v e c t o r  f ie ld s  Z f , Z 2  e  r ( T M ) .  F u r t h e r m o r e ,  i f  X  is  p r o j e c t a b l e ,  

t h e n  X [ f  o n ]  =  ( n * X ) [ f ] o n  f o r  e v e r y  f  e  C ^ ( M ) .

L e m m a  B . 2 . 8 .  Projectable horizontal vector fields are horizontal lifts of vector fields in r ( E ), 
i.e., if  X  e  r ( H )  is projectable, then X  =  ( n * X ) h .

Proof. L e t  X  e  r ( H )  b e  p r o j e c t a b l e  a n d  l e t  U q e  D .  W e  h a v e  X ( U q ) =  h ( U q ,Y q ) f o r  s o m e  

Y q e  E q . I n  f a c t ,

T u q n  ■ X ( U q ) =  T u q n  ■ h ( U q , Y q ) =  ( 1  O ^ 2 ) ( U q , Y q ) =  Y q .

C o n s e q u e n t ly ,  w e  h a v e  ( n * X ) h ( U q ) =  h ( U q , ( n * X ) ( q ) )  =  h ( U q , T u q n  ■ X ( U q ) )  =  X ( U q ) .  H e n c e  

X  =  ( n * X  ) h . ■
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L e m m a  B . 2 . 9 .  If  X ,  Y  e  r ( E ) and f  e C ^ ( M ) ,  then

(i ) ( X  +  Y ) h =  X h +  Y h .

( i i ) ( f X ) h =  ( f  o n ) X h .

( i i i ) n * X h =  X .

Proof. L e t  U q e  D .  F o r  ( i ) ,  s i n c e  h  is  f ib r e w i s e  R - l i n e a r  in  i t s  s e c o n d  a r g u m e n t ,  w e  h a v e

( X  +  Y  ) h (U q  ) =  h ( U q , X  ( q ) +  Y  ( q ) )

=  h ( U q , X ( q ) )  +  h ( U q , Y ( q ) )  =  X h (U q ) +  Y h (U q ) .

L ik e w i s e ,  ( f X ) h ( U q ) =  h ( U q , f  ( q ) X ( q ) )  =  f  ( q ) X h ( U q ) ,  w h i c h  p r o v e s  ( i i ) .  L a s t l y ,  f o r  ( i i i ) ,  

w e  h a v e

T u q n  ■ X h (U q ) =  T u q n  ■ h ( U q , X ( q ) )  =  ( 1  o ^ 2 ) ( U q , X ( q ) )  =  ( 1  o X ) ( q )  =  ( 1  o X  o n ) ( U q ) .

I t  f o l lo w s  t h a t  n * X h =  X  ( w h e r e  w e  m a k e  t h e  u s u a l  i d e n t i f i c a t i o n  o f  1 o X  w i t h  X ) .  ■

L e m m a  B . 2 . 1 0 .  Let X  e  r ( E ) .  Then  X h ( U q ) =  0  fo r some U q e  D  if and only if  X ( q )  =  0 .

Proof. I f  X ( q )  =  0 ,  t h e n  X h ( U q ) =  h ( U q , X ( q ) )  =  h ( U q , 0 )  =  0 .  O n  t h e  o t h e r  h a n d ,  i f  

X h ( U q ) =  0 ,  t h e n  h ( U q , X ( q ) )  =  0 .  S i n c e  k e r  h ( U q , ■) =  { 0 } ,  i t  f o l lo w s  t h a t  X ( q )  =  0 .  ■

L e m m a  B . 2 . 1 1 .  If  h  is linear, then (& t ) * X h =  X h fo r every X  e  r ( E ) .  (Here  &  is the flow 
of the dilation vector field on D . )

Proof. L e t  U q e  D .  T h e n

T u q  &  ■ X h (U q ) =  T u q  &  ■ h ( U q , X  ( q ) )  =  h ( & t (U q  ) , X  ( q ) )  =  ( X h o & t ) ( U q ) .

T h a t  i s ,  ( & t ) * X h =  X h . ■

T h e  n e x t  p r o p o s i t i o n  r e l a t e s  t h e  h o r i z o n t a l  l i f t  o f  a  v e c t o r  f ie ld  X  e  r ( E ) a n d  t h e  E - 

d e r i v a t i o n  V x . W e  f i r s t  p r o v e  a  t e c h n i c a l  l e m m a .  I f  w e  r ( D * ) ,  t h e n  w e  s h a l l  d e n o t e  b y  

W e  C ^ ( D )  t h e  f u n c t i o n  g iv e n  b y  w (U q ) =  w q ( U q ) .

L e m m a  B . 2 . 1 2 .  If  W  e  r ( V ) and w e  r ( D * ) ,  then

W [W ](U q ) =  W q ( v l - i  ■ W ( U q ) )

for every Uq e  D .

Proof. L e t  ( U a ) b e  a  ( l o c a l )  f r a m e  f o r  D  a n d  l e t  ( v “ ) b e  t h e  d u a l  f r a m e  f o r  D * .  T h e r e  e x i s t  

f u n c t i o n s  w a e  C ^ ( M )  s u c h  t h a t  w =  wa v “ ; f u r t h e r m o r e ,  w e  h a v e  W =  (w a ◦  n ) v “ . L e t  U q e  D  

a n d  Vq =  v l - 1  ■ W ( U q ) e  D q ; w e  h a v e  V q =  v ^ U ^ q )  f o r  s o m e  e  R .  T h e n

W  [W ](U q ) d W (U q  ) ( W  (U q  ) )

d
w (U q +  t  )

t = 0d t 

d

d t , t= 0

w„ ( q ) v a  =  w q (V q ) =  wq ( v l - qf • W ( U q ) ) .

W a ( q ) v - ( U q  +  t  V q)
t = 0
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P r o p o s i t i o n  B . 2 . 1 3  ( c f .  [ 8 2 ] ) .  I f  X  e  r ( E ) and w e  r ( D * ) ,  then X h [w] =  V X w .

Proof. L e t  U q e  D  a n d  l e t  U  e  r ( D )  b e  a  s m o o t h  e x t e n s i o n  o f  U q . W e  h a v e

X  h [w ](U q  ) =  d w (U q  ) ( X  h (U q  ) ) .

L ik e w i s e ,  r e c a l l i n g  t h e  e x p r e s s i o n  ( B . 2 . 3 )  f o r  V X U ( q ) ,  a n d  m a k i n g  u s e  o f  l e m m a  B . 2 . 1 2 , w e  

h a v e

( V X w ) ( U q ) =  ( V x  w )q  (U q ) =  X  [w (U  ) ] ( q )  — w ( V x  U  ) ( q )

=  X [ w ( U ) ] ( q )  — w q ( v l - i  ■ [T q U  ■ X ( q )  — X h (U q ) ] )  

=  X [ w ( U ) ] ( q )  — d w (U q ) ( T q U  ■ X ( q )  — X h (U q ) ) .

L e t  y  b e  a  c u r v e  in  M  s u c h  t h a t  y ( 0 )  =  q a n d  Y ( 0 )  =  U q . T h e  f i r s t  p a r t  o f  t h i s  e x p r e s s i o n  is  

t h e n

X  [w (U  ) ] ( q )
d

d t
w ( U  ( Y ( t ) ) )  =  dw  ( U q )

t = 0

d

d t
U ( y ( t ) )  =  d w ( U q ) ( T q U  ■ X ( q ) ) .

t = 0  7

T h e r e f o r e

( V x w ) ( U q ) =  d w ( U q ) ( T q U  ■ X ( q ) )  — d w (U q ) ( T q U  ■ X ( q )  — X h (U q ) )  =  X h [w ](U q ) .

S i n c e  U q is  a r b i t r a r y ,  i t  f o l lo w s  t h a t  V X w X  h [

C o r o l l a r y  B . 2 . 1 4  ( c f .  [ 8 2 ] ) .  I f  X ,  Y  e  r ( E ) and w e  r ( D * ) ,  then

[ X h , Y h ][w ] =  [ V x , V y ]w .

Proof. U s i n g  p r o p o s i t i o n  B . 2 . 1 3 ,  w e  h a v e

[ X h , Y h ][w ] =  X  h [V Y w ]  — Y h [ V X w  ] =  V x  V y  w — V y  V x  w =  [ V x  , V y  ]w .
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The real three-dimensional Lie 
algebras

T h e  c l a s s i f i c a t i o n  o f  r e a l  t h r e e - d i m e n s i o n a l  L i e  a l g e b r a s  i s  w e l l  k n o w n . O u r  p r e f e r e n c e  is  

f o r  t h e  B i a n c h i - B e h r  e n u m e r a t i o n  [ 4 8 , 4 0 ,  5 1 ] . I n  t e r m s  o f  a n  a p p r o p r i a t e  o r d e r e d  b a s i s  

( E  f , E 2 , E 3 ) ,  t h e  c o m m u t a t o r  r e l a t i o n s  a r e  g iv e n  b y

f  [ E 2 , E 3 ] =  n f E  1 — a E 2 

f  [ E 3 , E  1 ] =  a E f  +  n 2 E 2

[  [ E 1 , E 2] =  n 3 E 3 .

T h e  c o e f f i c i e n t s  a ,  n f , n 2  a n d  n 3  f o r  e a c h  t y p e  o f  a l g e b r a  m a y  b e  f o u n d  in  t a b l e  C . 1 , t o g e t h e r  

w i t h  t h e  ( u n iq u e )  s i m p l y  c o n n e c t e d  L i e  g r o u p  c o r r e s p o n d i n g  t o  e a c h  a l g e b r a .  I n  a d d i t i o n ,  

t h e  a l g e b r a i c  p r o p e r t i e s  ( u n i m o d u l a r ,  n i l p o t e n t ,  e t c . )  a r e  l i s t e d  a l o n g s i d e  e a c h  a l g e b r a .  A  L i e  

a l g e b r a  g  is

• unimodular i f  t r ( a d X ) =  0  f o r  e v e r y  X  e  g .

• nilpotent i f  t h e  e ig e n v a lu e s  o f  a d X  a r e  a l l  z e r o  f o r  e v e r y  X  e  g .

• completely solvable i f  t h e  e ig e n v a lu e s  o f  a d X  a r e  a l l  r e a l  f o r  e v e r y  X  e  g .

• solvable i f  t h e  L i e  a l g e b r a  [g , g] is  n i l p o t e n t .

• semisimple i f  t h e  K i l l i n g  f o r m  K  : g  x  g  ^  R ,  K ( X ,  Y ) =  t r ( a d X  o a d Y ) is  n o n d e g e n e r a t e  

f o r  e v e r y  X ,  Y  e  g .

N i l p o t e n c y  i m p l i e s  c o m p l e t e  s o l v a b i l i t y ,  w h ic h  in  t u r n  i m p l i e s  s o l v a b i l i t y .  F u r t h e r m o r e ,  a  

s e m i s i m p le  a l g e b r a  i s  a lw a y s  u n i m o d u la r  a n d  c a n n o t  b e  s o l v a b l e .  A  L i e  g r o u p  is  c a l l e d  

u n i m o d u la r ,  n i l p o t e n t ,  e t c .  i f  i t s  L i e  a l g e b r a  h a s  t h e  c o r r e s p o n d i n g  p r o p e r t y .

R e m a r k  C . 0 . 1 5 .  T h e  a l g e b r a s  g 2 . f © g f , g 3 .2  a n d  g ^  a r e  a l l  n o n - u n i m o d u l a r  a n d  c o m p l e t e l y  

s o l v a b l e .  T h e y  m a y  b e  d i s t i n g u i s h e d  b y  c o n s i d e r i n g  t h e  e ig e n v a lu e s  o f  a d X  f o r  X  e  g . I n d e e d ,  

a  n o n - u n i m o d u l a r  c o m p l e t e l y  s o l v a b l e  t h r e e - d i m e n s i o n a l  L i e  a l g e b r a  g  i s  i s o m o r p h i c  t o  •

• g 2 j  ©  g f w h e n  a d X  h a s  e x a c t l y  t w o  z e r o  e ig e n v a lu e s  ( a n d  o n e  n o n z e r o  e ig e n v a l u e )  f o r  

s o m e  X  e  g .

• g 3 .2  w h e n  a d X  h a s  e x a c t l y  t w o  i d e n t i c a l  n o n z e r o  e ig e n v a lu e s  a n d  o n e  z e r o  e i g e n v a lu e  f o r  

s o m e  X  e  g .

• g h.4  w h e n  a d X  h a s  e x a c t l y  t w o  r e a l  a n d  d i s t i n c t  n o n z e r o  e ig e n v a lu e s  a n d  o n e  z e r o  e i g e n ­

v a lu e  f o r  s o m e  X  e  g .

145
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O n  t h e  o t h e r  h a n d ,  t h e  e ig e n v a lu e s  o f  a d X  c a n  b e  u s e d  t o  d e t e r m i n e  t h e  p a r a m e t e r  h  in  

t h e  i n f i n i t e  f a m i l i e s  g § ; 4  a n d  g h.5 . I n d e e d ,  in  t e r m s  o f  ( E f , E 2 , E 3 ) ,  t h e  e ig e n v a lu e s  o f  a d X , 

X  =  x i E i a r e  { 0 , x 3 ( h  — 1 ) , x 3 ( h  +  1 ) }  a n d  { 0 , x 3 ( h  — V — 1 ) , x 3 ( h  +  V — 1 ) }  o n  g h 4  a n d  g h 5 ,

r e s p e c t iv e ly .  T h e  s c a l a r s

/ x 3 ( h  — 1 ) +  x 3 ( h  +  1 ) \  2  =  , 2  , / x 3 ( h  — V — 1 ) +  x 3 ( h  +  V — 1 ) \

U 3 ( h  — 1 ) — x 3 ( h  +  1 ) J  =  h  U 3 ( h  — V — 1 ) — x 3 ( h  +  V — 1 ) ;

h 2

( i . e . ,  t h e  r a t i o  b e t w e e n  t h e  s u m  a n d  d i f f e r e n c e  o f  t h e  n o n z e r o  e ig e n v a l u e s ,  i g n o r i n g  s i g n )  a r e  

i n v a r ia n t  u n d e r  a u t o m o r p h i s m ,  a n d  d e t e r m i n e  h .  □

R e m a r k  C . 0 . 1 6 .  T h e  t w o  s e m i s i m p le  a l g e b r a s  g 3 .6  a n d  g 3 .7  m a y  b e  d i s t i n g u i s h e d  b y  i n ­

s p e c t i n g  t h e  K i l l i n g  f o r m :  f o r  g 3 .7  i t  is  d e f i n i t e ,  w h e r e a s  f o r  g 3 .6  i t  is  i n d e f i n i t e .  □

R e m a r k  C . 0 . 1 7 .  T h e  A b e l i a n  g r o u p  R 3  a n d  t h e  g r o u p  G 3 .3  d o  n o t  a d m i t  c o m p l e t e l y  n o n ­

h o l o n o m ic  l e f t - i n v a r i a n t  d i s t r i b u t i o n s .  ( A c c o r d i n g l y ,  t h e y  d o  n o t  a d m i t  n o n h o l o n o m i c  R i e -  

m a n n i a n  s t r u c t u r e s ,  a n d  h e n c e  d o  n o t  a p p e a r  i n  t h e  c l a s s i f i c a t i o n  i n  c h a p t e r  4 .)  □

R e m a r k  C . 0 . 1 8 .  A p a r t  f r o m  S L ( 2 ,  R )  ( t h e  u n i v e r s a l  c o v e r  o f  S L ( 2 ,  R ) )  t h e r e  e x i s t s ,  u p  t o  

L i e  a l g e b r a  a u t o m o r p h i s m ,  a t  m o s t  o n e  c o m p l e t e l y  n o n h o l o n o m i c  l e f t - i n v a r i a n t  d i s t r i b u t i o n  

o n  e a c h  t h r e e - d i m e n s i o n a l  s i m p l y  c o n n e c t e d  L i e  g r o u p .  O n  S L ( 2 ,  R )  t h e r e  e x i s t  e x a c t l y  t w o  

s u c h  d i s t r i b u t i o n s  u p  t o  a u t o m o r p h i s m ,  a c c o r d i n g  a s  w h e t h e r  t h e  K i l l i n g  f o r m  r e s t r i c t e d  t o  

t h e  d i s t r i b u t i o n  ( a t  i d e n t i t y )  is  d e f i n i t e  o r  i n d e f i n i t e .  F o l l o w i n g  [ 1 ] , i f  t h e  K i l l i n g  f o r m  is  

d e f i n i t e  o n  a  g iv e n  d i s t r i b u t i o n ,  w e  s h a l l  s a y  t h a t  t h e  d i s t r i b u t i o n  is  o f  elliptic type, a n d  

d e n o t e  t h e  g r o u p  a s  S L ( 2 , R ) e« .  O n  t h e  o t h e r  h a n d ,  w h e n  t h e  K i l l i n g  f o r m  is  i n d e f i n i t e  o n  t h e  

d i s t r i b u t i o n ,  w e  s h a l l  s a y  t h a t  i t  is  o f  hyperbolic type, a n d  w r i t e  S L ( 2 , R ) hyp f o r  t h e  g r o u p .  □
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Appendix D

Mathematica code

I n  t h i s  a p p e n d i x  w e  l i s t  t h e  M a t h e m a t i c a  [8 1 ] c o d e  t h a t  w a s  d e v e lo p e d  f o r  m a n y  o f  t h e  c a l ­

c u l a t i o n s  p e r f o r m e d  in  t h i s  t h e s i s .  T e x t  in  b o l d  is  t h e  a c t u a l  M a t h e m a t i c a  c o d e .  N o n - b o ld  

t e x t  ( a p a r t  f r o m  t h e  e x p l a n a t o r y  c o m m e n t s )  is  o u t p u t  o f  t h e  p r e c e d i n g  c o d e .  ( H o w e v e r ,  f o r  

b r e v i t y  w e  h a v e  o m i t t e d  t h e  o u t p u t  in  m o s t  c a s e s . )  E a c h  s e c t i o n  o f  t h i s  a p p e n d i x  c o r r e s p o n d s  

t o  a  d i f f e r e n t  M a t h e m a t i c a  n o t e b o o k .

D.1 Classification of nonholonomic Riemannian structures in 
three dimensions

Levi-C ivita connection for an extension of th e  m etric on 
D  to  a Riem annian m etric preserving the decomposition 
TM  =  D © D X  (Using th e  Levi-C ivita connection for such 
a m etric is an easy way to  calculate the nonholonomic con­
nection.) Defines rules so th a t it is tensorial in th e  first 
argum ent, a derivation in th e  second, etc.

Clear[Con]
Con[X_ +  Y_, A_] :=Con[X, A] +  Con[Y, A];
C o n [a X i_ , A_] :=aCon[Xi, A ] ;

Con[A_, X_ +  Y_] :=Con[A, X  ] +  Con[A, Y ];
C on[X ^ , a X j ]  := X j[a]Xj +  aCon[Xj, X j ] ;

ConNH[X^, Xj_] :=Sum[£j,j,fcX k , {k , 1 , 2 } ;

Rules for directional derivatives along the elements of 
the frame ( X o , X i , X 2 ) and for using the dual frame 
(v 0 ,v 1 ,v 2).

X„_[-A_] := -  X m [Aj;
X„_ [A  +  B_] := X m [A] +  X m [B];
X m_ [a.j/;NumberQ[a] :=0;

vi_ [A ]:= < X i,A );

Connection coefficients and structure constants.

Con[0, A ]:= 0 ; 
Con[A, o] :=0;

Con[Xl , X j ]  :=Sum[ s i , j , k X k , {k , 0 , 2 } ;

Nonholonomic connection V  : r (D )  X r (D )  ^  r ( D ) .  De­
fines rules so th a t it is tensorial in th e  first argument, a 
derivation in th e  second, etc.

C lear
ConNH
ConNH

[ConNH]
A  +  Y_, A_] :=ConNH[X, A] +  ConNH[Y, A]; 
a X g , A ] :=aConNH [X i , a ] ;

ConNH[A_, A  +  Y_] :=ConNH[A, X ]  +  ConNH[A, Y ]; 
ConNH [ X ^ , a X j ] := X i [a ]X j +  aConNH [X i, X j ] ;

ConNH [cl_ , j  ,k_A_, B_] :=ci jik ConNH[A, B ];

ConNH[0, A_] :=0; 
ConNH[A_, 0 ] :=0;

£i - ,j -A : 2 (Ck,i,j +  c i , j , k  c j , k , i )
/ . { c o ,1 ,0  ^  0,C1,2,0 ^  - 1 } ;  

c l , j , l / ;  !OrderedQ[{i, j } ]  := -  C j , i , k ; 
c l  , j  , ^ / ; i  = =  j := 0 ;

P ro jection  onto D  (i.e., P  : TM  ^  D ) and onto D x  (i.e., 
Q : TM  ^  D x ).

C lear[P , Q]
X  +  Y_ +  A] := P [X ] +  P [Y ] +  P [Z ]; 
X  +  Y_] := P  [X  ] +  P  [Y ]; 
a_Xi_] := a P [ X ^ ;
C L ,j  ,L i . ] : =c i , j , k  P  [A];

P  [X l ] / ; i = =  1||i = = 2 : = X i ; 
P  [X L  ] / ; i  = =  0 := 0 ;

P  [0] :=0;

Q [X ] := X  -  P [X ] ;
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M etric on D ; defines rules so th a t it is bilinear, sym m etric, Curvature tensors ( K , K , R , C , etc., as well as their con- 
etc. tractions).

Clear[AngleBracket]
(A-, X_ +  Y _> := (A ,X  > +  ( A ,Y );
(A-, X_ +  Y_ +  Z_> := (A , X> +  (A, Y >  +  (A , Z>; 
<A-, a X ^  := a (  A , X j ) ;

(X- +  Y_, A_> := (X , A ) +  (Y, A );
(X_ +  Y_ +  Z_, A_> := (X ,A >  +  (Y,A> +  (Z ,A > ; 
( a X L , A _ ):= a (X j, A ) ;

( X l  , X j  ) / ; i  = =  j := 1 ;
( X l  , X j  ) / ; i  =  j  :=0;

(0, A.>:=0;
(a . , 0>:=0;

(A., B > / ;  !OrderedQ[{A, B } ]  := (B , A>;

Lie bracket; defines rules so th a t it is bilinear, a derivation 
in each argument, etc.

C le a r[lie ]
lie[A _, X_ +  Y_] := lie [A , X ]  +  l ie [A , Y ];
lie[A _, X .  +  Y_ +  Z _ ] := lie [A ,X  ] +  l i e [ A ,Y  ] +  l ie [A ,Z ] ;
l ie [A _ ,g .X L ] := g l ie [A ,X j ]  +  A [g]X j;

lie[X _ +  Y_, A.] := l i e [ X , A] +  l ie [Y , A]; 
lie[X _ +  Y_ +  Z_, A.] := l ie [X , A] +  l ie [Y , A]

+ l i e [ Z ,  A];
l i e f  _X l , A_] := / l i e [ X j ,A ]  -  A [ / ] X i ;

l ie [X i_  , X j ] / ; i  = =  j := 0 ;  
l ie [0 , A.) :=0; 
lie[A _, 0] :=0;

lie[A_, B ] / ;  !OrderedQ[{A, B } ]  :=  — l ie [ B ,  A];

l i e [ X o ,X i ]  := — (01,0,1X 1 +  01,0 ,2X 2) ;  
l i e [ X o , X 2] := — (02,0,0X 0 +  02,0 ,1X 1 +  02,0,2X 2) ;  
l i e [ X 1, X 2] := — ( X 0 +  02,1,1X 1 +  02,1,2X 2) ;

T h e  adjoint map a d x  =  [X , • ], X  G g.

ad [1,0 , 0 ]:= W ith [{a  =  l i e [ X 0 , X 1] ,b  =  l i e [ X 0 , X 2] } ,
{

{ 0 ,0 ,0 } ,
I f  [PossibleZeroQ[a], { 0 , 0 , 0 } ,  a],
I f  [PossibleZeroQ[b], { 0 , 0 , 0 } ,  b] 

} / .T h r e a d [ { X 0 , X 1, X 2 }  ^  Id en tityM atrix[3]]  
//T ra n s p o s e //S im p lify ];

ad [0 ,1 ,0 ]:= W ith [{a  =  l i e [ X 1 ,X c ] ,b  =  l i e [ X 1 , X 2] } ,
{

I f  [PossibleZeroQ[a], { 0 , 0 , 0 } ,  a],
{ 0 ,0 ,0 } ,
I f  [PossibleZeroQ[b], { 0 , 0 , 0 } ,  b] 

} / .T h r e a d [ { X 0 , X 1, X 2 }  ^  Id en tityM atrix[3]]  
//T ra n s p o s e //S im p lify ];

ad [0,0 , 1 ]:= W ith [{a  =  l i e [ X 2 , X 0] ,b  =  l i e [ X 2 , X 1] } ,
{

I f  [PossibleZeroQ[a], { 0 , 0 , 0 } ,  a],
If[PossibleZeroQ[b],
{ 0 , 0 , 0 },b ] , { 0 , 0 , 0 }

} / .T h r e a d [ { X 0 , X 1, X 2 }  ^  Id en tityM atrix[3]]  
//T ra n s p o s e //S im p lify ]; 

ad [^ , b_, c_]:= aad [1 ,0 ,0 ] +  bad[0,1,0] +  0ad[0 , 0 ,1 ] ;

K[A_, B_, C_] :=ConNH[A, ConNH[B, C]] 
—ConNH[B, ConNH[A, C]]
—ConNH[p [lie [A , b ]], C]
—P  [lie [Q [lie [A ,B ]] ,C ]] ;

Khat [A., B , C_, B ]  := (K  [A ,B ,C ]  ,D > ;

Rhat[A_, B , C_, D_]: =
1  (Khat[A, B , C , D] — Khat[A, B , D , C l); 

Chat [A., B , B , D_] : =
Khat [A, B , C , D] — Rhat[A, B , C, D];

Rtilde[X_, Y_] Khat[X,Y,Y,Xl ,
( X , X ) ( Y , Y ) - ( X , Y ) 2 >

Ric[A_, B ]  :=Sum[Rhat [X^, A , B , X ^ ], { f ,  1 ,2 } ] ;  
S ca l =  Sum [Ric [X^, X ^ ], { f ,  1 ,2 } ] ;

RicC[A_, B ]  :=Sum[Chat [X £, A , B , X f ] , { f ,  1 , 2 } ;  
RicCSym[A_, B ]  := 1 (RicC[A, B] +  RicC[B, A ]); 
RicCSkw[A_, B ]  := § (RicC[A, B] — RicC[B, A ]);

Gsharp =  In v erse / ( X 1 , X 1 )  ( X 1 ,X 2 ) \ ]
V ( X 2 ,X ^  ( X 2 , X 2 /  y J

//S im p lify ; 
/R ic  

Ric 
//S im p lify ;

R i c f l a t  =
X 1 ,X 1 Ric
X 2 ,X 1 Ric

X 1 ,X 2 ] Ni 
"X2 , X 2] J

R  =  G sh arp .R icfla tT//F u llS im p lify  [# , X _  [_] = =  0]& ; 
R //S im p lify //M atrixF o rm

RicCSymflat = RicCSym
RicCSym

//S im p lify ;

X 1 ,X 1
X 2 ,X 1

RicCSym X 1 , X 2 \ 
RicCSym X 2 , X 2 )

RSym =  Gsharp.RicCSymflatT//F u llS im p lify ; 
R Sym //Sim plify//M atrixForm

RicCSkwflat =
/ RicCSkw 
^RicCSkw

//S im p lify ;

X 1 ,X 1 RicCSkw X 1 ,X 2 '
[X 2 ,X 1 RicCSkw X 2 , X 2])

RSkw =  Gsharp.RicCSkwflatT//F u llS im p lify ; 
R S kw //Sim p lify//M atrixFora

Scalar invariants k , X 1 , X2 and $ .

k =  2  Tr[R];

X 1 =  y j —Det[RSym];
X2 =  ^Det[RSkw];

$  =  (00 ,2 ,0)2 ;

Killing form K  and its restriction to  th e  distribution K|d

K il[B , B ]  :=Tr[(ad@«A).(ad«@B)];
KilForm =  {

{K i l [ { 1 ,0 ,0 } ,  { 1 ,0 ,0 } ] ,  K i l [ {1 ,0 ,0 } ,  { 0 ,1 ,0 } ] ,
K i l [ {1 ,0 ,0 } ,  { 0 , 0 , 1 } ] }

{ K i l [ { 0 ,1 ,0 } ,  { 1 ,0 ,0 } ] ,  K i l [ { 0 ,1 ,0 } ,  { 0 ,1 ,0 } ] ,
K i l [ { 0 ,1 ,0 } ,  { 0 , 0 , 1 } ] }

{K i l [ { 0 ,0 ,1 } ,  { 1 ,0 ,0 } ] ,  K i l [ {0 ,0 ,1 } ,  { 0 ,1 ,0 } ] ,
K i l [ {0 ,0 ,1 } ,  { 0 , 0 , 1 } ] }

}/ /F u llS im p lify ;
KilFormD =  {

{ K i l [ { 0 ,1 ,0 } ,  { 0 ,1 ,0 } ] ,  K i l [ { 0 ,1 ,0 } ,  { 0 , 0 , 1 } ] }
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{K i l [ { 0 ,0 ,1 } ,  { 0 ,1 ,0 } ] ,  K i l [ {0 ,0 ,1 } ,  { 0 , 0 , 1 } ] }  
{/ /F u llS im p lify ;

T h e  other three scalar invariants: £0 , £1 and £2 .

£0 =  — 2 K i l [ {1 ,0 ,0 } ,  { 1 ,0 ,0 } ]
£1 =  — 2 K i l [ { 0 ,1 ,0 } ,  { 0 ,1 ,0 } ]
£2 =  — 2 K i l [ {0 ,0 ,1 } ,  { 0 ,0 ,1 } ]

C alculate the principal minors of th e  Killing form K  and 
th e  Killing form along the distribution K|d  . We use these 
in the classification code below for distinguishing structures 
on the semisimple groups.

PrincipalM inors[M at_] := W ith [{P  =  Minors[Mat, # ] } ,  
p [[1,1]]]&/@Range[1, Length[Mat]];

{m1, m2, m3} =  PrincipalM inors[K ilForm ];
{k 1, k 2} =  PrincipalM inors[KilFormD];

C h e c k A l g  r o u t i n e

Checks algebraic properties of the algebra generated by the 
canonical fram e (using the eigenvalues of the adjoint oper­
ator and also using the Killing form) in order to  distinguish 
the different three-dim ensional (unim odular) Lie algebras. 
P rints out messages indicating if the given algebra has the 
various properties.

CheckAlgU[Subs_, Assumps_, Assumps2_] :=Module[{
ad eigs, uni, n i l ,  compsolv, K il, K ilD et, KilMins, 
K ilre , K ilre E ig s , K ilE ig s, K ilreM ins, nondeg, 
d e f, d e fre } ,

ad eigs =  E igenvalues [ad[a0 , a  ̂ a o ]]/.S u b s
//F u llS im p lify [# , Join[Assumps, Assu^ps2]]&;

( *  P r in t  [ad eig s];»)

C l a s s i f i c a t i o n

1  Y q </ V ±

{ l i e [ X 1 , X 0], l i e [ X 2 , X 0], l i e ^ X ^ }  
//S im p lify//C olu m n

— X ico ,i,i  — X 2 C0 ,1,2 
- X 0 c0 ,2,0 — X 1 c0 ,2,1 — X 2 c0 ,2 ,2 
X 0 — X 1 c1,2,1 — X 2 c1,2,2

Equations coming from th e  Jaco b i identity for th e  Lie 
bracket:
{ —00,1,1 — 00,2 ,2 — 00,2 ,001,2 ,2 = =  0 ,
—00 ,1,100,2,0 + 00,2 ,201,2 ,1 —00,2 ,101,2,2 = =  0 ,
00,1,2(—00,2,0 — 01,2,1) +  00,1,101,2,2 = =  0  
} / /F u llS im p lif y

uni =  TimeConstrained[Reduce[
F o rA ll[{a0 , a 1 , a 2 } ,  { « 0 , a 1, a 2 }  G R e a ls ,.

Tr[ad[a0 , a 1 , a 2]/.S ub s] = =  0]&&And@@Assumps, 
{ 00,1,1 , 00,1,2 , 00,2,0 , 00,2 ,1, 00,2,2 , 01,2,1 , 01,2,2 } ,  Reals] 

//F u llS im p lify [# , Join[Assumps, Assumps2]]&,
5, "Timeout"];

P r in t  ["Unimodular?\n",
If[u n i, "Y es, ", "No, ", "Not s u re , " ] ,uni];

n i l  =  TimeConstrained[Reduce[
F o rA ll[{a0 , a 1 , a 2 } ,  And@QThread[adeigs2 = =  0]] 

&&And@@Assumps,
{ 00,1,1 , 00,1,2 , 00,2,0 , 00,2 ,1, 00,2,2 , 01,2,1 , 01,2 ,2 }] 

//F u llS im p lify [# , Join[Assumps, Assu^ps2]]&,
5, "Timeout"];

P r in t  ["N ilpotent?\n",
I f  [n il, "Y es, ", "No, ", "Not s u re , "], n il ] ;

1 . 1  U n i m o d u l a r  c a s e :  c 1 1 +  c 2 2  =

CQ2  +  c i 2  =  0  a n d  c2l2  =  0

{ l i e [ X 1 , X 0], l i e [ X 2 , X 0], l i e ^ X ^ }
/ . { 00 ,2,2 ^  —00,1,1 , 00,2,0 ^  —01,2 ,1 , 01,2,2 ^  0 }  
//S im p lify//C olu m n

— X 1c0 ,1,1 — X 2 c0 ,1,2
X 2 c0 ,1,1 — X 1 c0 ,2,1 + X 0 c1,2,1
X 0 — X 1 c1,2,1

{ l i e [ ^ X 1, m2X 0], l i e [ ^ X 2, ^ 2X 0], l i e [ ^ X 2, ^ X ^ }  
/ .A .[ J  ^  0
/ . { 00 ,2,2 ^  —00,1,1 , 00,2,0 ^  —01,2 ,1 , 01,2,2 ^  0 }  
/ .T h r e a d [ {X 0 ,X 1 ,X 2 }  ^  { j - X 0 ,  j X 1 , j X 2 }] 
//S im p lify ;

% / .^  ^  — 1  ̂ / /C o l l e c t } # ,  Xj_]&//Column

X 1 c0 ,1,1 X 2c0 ,1,2 
c2 c2 c1,2,1 c1,2,1 

v , X 2 c0 ,1,1 X 1c0 ,2,1
— X 0 +----C2-------------- C2-------c1,2,1 c1,2,1
X 0 + X 1

compsolv =  TimeConstrained[Reduce[
0  F o rA ll[{a 0 , a 1 , a 2 } ,  { « 0 , a 1 , a 2 }  G R eals ,

’ And@@Thread[Im[ad eig s] = =  0]]& & And@@Assu^ps,
{ 0 0 ,1 ,1 , 0 0 ,1 ,2 , 0 0 ,2 ,0 , 0 0 ,2 ,1 , 0 0 ,2 ,2 , 0 1 ,2 ,1 , 0 1 ,2 ,2 }] 

/ /F u llS im p lify [# , Jo in [Assumps, Assu^ps2]]&,
2, "Timeout"];

P r i n t ["Com pletely so lv a b le ?\n " ,
I f  [compsolv, "Y es, " , "No, " , "Not s u re , "], 

compsolv];

K il =  K ilForm /.Subs
//F u llS im p lify [# , Jo in [Assumps, A ssu ^ s2 ]]&; 

K ilE ig s  =  E igen valu es[K il]
/ /S im p lify }# , Jo in [Assumps, A ss^ p s2 ]]&:

K ilD et =  D et[K il]
/ /F u llS im p lify [# , Jo in [Assumps, A ssu ^ s2 ]]&; 

nondeg =  TimeConstrained[Reduce[
K ilD et =  Q&&AndQ@Assumps, { } ,  R eals]

/ /F u llS im p lify [# , Jo in [Assumps, A ssu ^ s2 ]]&,
5, "Timeout" ];

P r i n t [" K illin g  form nondegenerate?\n " ,
I f  [nondeg, "Y es, " , "No, " , "Not s u re , " ], nondeg];

{ l i e [ X 1 , X 0], l i e [ X 2 , X 0], l i e ^ X ^ }
/ . { 00 ,2,2 ^  —00,1,1 , 00,2,0 ^  —01,2 ,1 , 01,2,2 ^  0 }  
/ . { 01 ,2,1 ^  —1}//S im p lify //C o lu m n

— X 1c0 ,1,1 — X 2 c0 ,1,2 
— X 0 + X 2 c0 ,1,1 — X 1 c0 ,2,1 
X 0 + X 1

KilMins =  F latten[Prin cipalM inors[K il]]
/ /F u llS im p lify }# , Join[Assumps, Assumps2]]&;

def =  TimeConstrained[
(KilM ins[[1]] >  0&&KilM ins[[2]] >  Q&&KilMins[[3]] >  0) 

|j(KilMins[[1]] <  0&&KilM ins[[2]] >  0&&KilMins[[3]] <  0 )
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//F u llS im p lify [# , Join[Assiunps, Assumps2 ])&,
5 , ”T:imeout”);

P r in t[”K illin g  form d e fin ite ? \ n ”,
If [d e f , "Y es, ", "No, ", "Not s u re , " ] ,def];

K ilre  =  KilFormD./Subs
//F u llS im p lify [# , Join[Assumps, Assumps2 ])&: 

K ilre E ig s  =  Eigenvalues[K ilre]
//S im p lify [# , Join[Assumps, Assumps2 ))&;

KilreM ins =  F latten [P rin cip alM in o rs[K ilre]]
//F u llS im p lify [# , Join[Assumps, Assumps2 ])&:

d e fre  =  TimeConstrained[
(KilreM i^[[1]] >  0 &&KilreM ins[[2]] >  Q) 

j|(KilreMi^[[1]] <  0 &&KilreM ins[[2]] >  Q)
//F u llS im p lify [# , Join[Assumps, Assumps2 ]]&,

5 , "T ^ e o u t" ];
P r in t[" K illin g  form d e f in i te  on (X l ,X 2 )? \ n ”, 

If [d e fre , "Y es, " , "No, ", "Not s u re , " ] ,d efre];
];

1 . 1 . 1  cQ1 =  0  a n d  c^1 =  0

D et[K ilForm ]/.{01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 ,
00,2,2 ^  Q, 00,1,1 ^  Q, 00,1,2 ^  0 } / /S im p lify

0

a d [a 0 ,a 1 ,0 2 ]/.{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  Q, 00,1,1 ^  Q, 00,1,2 ^  0 }

//E ig e n v a lu e s
//F u llS im p lify [# , a ^  G Reals]&

{ 0 , —Abs[a2]v '1 — c0 ,2 ,1 > Abs[a2 IV 1 — c0 ,2 ,1 }

1 . 1 . 1 . 1  cQ2  <  1

For th is case, we get a one-param eter family of equivalence 
classes on SE(1, 1)

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/ .  { 01 ,2,1 ^  —1 , 0 1 ,2,2 ^  Q, 0 0 ,2,0 ^  1 , 0 0 ,2,2 ^  0 , 

00,1,1 ^  Q, 00,1,2 ^  Q }//S im p lify ;
% / .  c0,2,1 ^  1 — a//C olum n

0
— X 0 — (1 — a )X 1
X 0 + X 1

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  0 ,00,2,0 ^  1 , 
00,2,1 ^  1 — a ,00 ,2 ,2  ^  Q, 01,2,0 ^  —1,01,2,1 ^  —1 ,
01,2,2 ^  Q}, { a  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1,00,2,2 ^  Q, 
00,1,1 ^  Q, 00,1,2 ^  Q}, {00,2,1 <  1 } ,  { } ]

Unimodular?
Y es , True 
N ilp o te n t?
No, F a lse
Com pletely so lv a b le ?
Y e s , True
K i l l in g  form  nondegenerate?
No, F a lse
K i l l in g  form  d e f in i t e ?
No, F a lse

K il l in g  form d e f in i t e  on <X_1,X_2>?
No, F a ls e

1 . 1 . 1 . 2  cQ2  =  1

For th is case, we get a single equivalence class on H3 .

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/ .  { 0 1,2,1 ^  —1 ,0 1 ,2 ,2 ^  0 , 00,2,0 ^  1 ,0 0 ,2 ,2 ^  Q, 

00,1,1 ^  0 ,00,1,2 ^  0 ,00,2,1 ^  1}/ /S im p lify ;
%//Column

0
- X 0 -  X 1 
X 0 + X 1

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1,00,2,2 ^  0 , 
00,1,1 ^  0 ,00,1,2 ^  0 ,00,2,1 ^  1} ,  { } ,  { } ]

Unimodular?
Y e s , True 
N ilp o ten t?
Y e s , True
Com pletely so lv a b le ?
Y e s , True
K il l in g  form nondegenerate?
No, F a ls e
K il l in g  form d e f in i t e ?
No, F a ls e
K il l in g  form d e f in i t e  on <X_1,X_2>?
No, F a ls e

1 . 1 . 1 . 3  cQ2  >  1

For th is case, we get a one-param eter family of equivalence 
classes on SE (2).

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/ .  { 0 1,2,1 ^  —1 ,0 1 ,2 ,2 ^  0 , 00,2,0 ^  1 ,0 0 ,2 ,2 ^  Q, 

00,1,1 ^  0 ,00,1,2 ^  0 }
//S im p lify ;

% / .  00,2,1 ^  1 +  a//Colum n

0
— X 0 — (1 + a )X 1 
X 0 + X 1

C^eckAlgU[{e0,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  0,00,2,0 ^  1 , 
00,2,1 ^  1 +  a ,00 ,2 ,2  ^  0 ,01,2,0 ^  —1,01,2,1 ^  —1 ,
01,2,2 ^  0 } ,  { a  >  Q}, { } ]

C^eckAlgU[{e1,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1,00,2,2 ^  0 , 
00,1,1 ^  0 ,00,1,2 ^  0 } ,  {00,2,1 >  1 } ,  { } ]

Unimodular?
Y e s , True 
N ilp o ten t?
No, F a ls e
Com pletely so lv a b le ?
No, F a ls e
K il l in g  form nondegenerate?
No, F a ls e
K il l in g  form d e f in i t e ?
No, F a ls e
K il l in g  form d e f in i t e  on <X_1,X_2>?
No, F a ls e

For brevity, we suppress the output for th e  rem ainder of 
the (unim odular-case) classification code.
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1 . 1 . 2  c 10 1  =  0  a n d  c 02 1 =  0

Det[KilForm] = =  0
/ . { 0 1 ,2 ,1  ^  —1,01,2,2 ^  Q,00,2,0 ^  1,00,2,2 ^  0 , 

00,1,1 ^  Q }//S im p lify [# , 00,1,2 =  0 ]&

a d [a 0 ,a 1 ,a 2 ] / . {01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 , 
00,2,2 ^  Q, 00,1,1 ^  0 }

//E ig e n v a lu e s
//F u llS im p lify [# , a ^  G Reals&&00,1,2 =  0 ]& 

F o rA ll[{a 0 ,a 1  ,a 2 } ,  { a 0 ,a 1 ,a 2 }  G R eals,
( —a|(c 0 ,2 ,1 — 1) +  00 ,1 ,2 (2 a 0 a 1 +  a °  +  a ° 00 ,2 ,1) >  Q) 

&&
( —a i ( c 0 ,2 ,1 — 1) +  00 ,1 ,2 (2 a 0 a 1 +  a °  +  a ° 00 ,2 ,1) >  Q)] 

//R e s o lv e //F u llS im p lify [# , 00,1,2 =  0 ]&

1 . 1 . 2 . 1  c 1 2  =  1  ( m 3  =  0 )

1 . 1 . 2 . 1 . 1  cQ1 >  0

For th is case, we get a one-param eter family of equivalence 
classes on SE(1, 1).

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/ .  { 01 ,2 ,1 ^  —1 , 0 1 ,2 ,2 ^  Q, 0 0 ,2 ,0 ^  1 , 0 0 ,2 ,2 ^  0 , . 

00,1,1 ^  Q, 00,2,1 ^  1 }/ /S im p lify ;
% / . 00 ,1 ,2 ^  a//C olum n

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  a ,  •.
00,2,0 ^  1,00,2,1 ^  1,00,2,2 ^  0 ,01,2,0 ^  —1 ,
01.2.1 ^  — 1 ,01,2,2 ^  0 } ,  { a  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  Q, 00,2,0 ^  1 , ••
00,2,2 ^  Q, 00,1,1 ^  Q, 00,2,1 ^  1 } ,  {00,1,2 >  Q}, { } ]

1 . 1 . 2 . 1 . 2  cQ1 <  0

For th is case, we get a one-param eter family of equivalence 
classes on SE (2).

{ l i e [ X 1 , X 0 ], l i e [ X 2 , X 0], l i e ^ X ^ }
/.{0 1 ,2 ,1  ^  —1,01,2,2 ^  Q,00,2,0 ^  1,00,2,2 ^  0 , • 

00,1,1 ^  Q, 00,2,1 ^  1 }/ /S im p lify ;
% / . 00 ,1 ,2 ^  — a//C olum n

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  —a ,  ••
00,2,0 ^  1,00,2,1 ^  1,00,2,2 ^  0 ,01,2,0 ^  —1 ,
01,2,1 ^  —1 ,01,2,2 ^  0 } ,  { a  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  Q, 00,2,0 ^  1 , . .
00,2,2 ^  Q, 00,1,1 ^  Q, 00,2,1 ^  1 } ,  {00,1,2 <  0 } ,  { } ]

1 . 1 . 2 . 2  c 012  =  1 ( m 3  =  0 )

m3  <  0 / .{0 1 ,2 ,1  ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 , • 
00,2,2 ^  Q, 00,1,1 ^  Q}

//S im p lify [# , 00,1,2 =  0 &&00 ,2 ,1 =  1]&

{m l,m2 , m3 } / . {01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 , • 
00,2,2 ^  Q, 00,1,1 ^  Q}

//S im p lify [# , 00,1,2 =  Q&&00 ,2 ,1 =  1]&
{k l , k2 } / . {01,2,1 ^  —1,01,2,2 ^  Q,00,2,0 ^  1 , • 
00 ,2 ,2 ^  Q, 00 ,1 ,1 ^  Q}

//S im p lify [# , 00,1,2 =  Q&&00 ,2 ,1 =  1]&

(*  KilForm def * )
(ml <  Q&&m2  >  0 ) / . {0 1 ,2 ,1  ^  —1,01,2,2 ^  0 ,
00,2,0 ^  1 ,00,2,2 ^  0 ,00,1,1 ^  Q}

//S im p lify [# , 00,1,2 =  0 &&00 ,2 ,1 =  1]&;
Reduce[%, { } ,  R e a ls ] / /
F u llS im p lify [# , 00,1,2 =  0 &&00 ,2 ,1 =  1]&

(*  KilForm indef * )
(ml >  Q||m2  <  0 ) / .
{ 01 ,2 ,1 ^  —1 , 01 ,2 ,2 ^  Q, 00 ,2 ,0 ^  1 , 00 ,2 ,2 ^  Q,
00 ,1 ,1 ^  0 }

/ /S im p lify [# , 00,1,2 =  0 &&00 ,2 ,1 =  1]&;
Reduce[%, { } ,  Reals]

//F u llS im p lify [# , 00,1,2 =  Q&&00,2,1 =  1]&

1 . 1 . 2 . 2 . 1  m i  <  0  a n d  m 2  >  0  ( K  n e g .  d e f . )

For th is case, we get a tw o-param eter family of equivalence 
classes on SU (2).

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/• { 01 ,2 ,1 ^  —1 , 01 ,2 ,2 ^  0 , 00 ,2 ,0 ^  1 , 00 ,2 ,2 ^  Q, 

00 ,1 ,1 ^  O ^ /S im p lify ;
% /.00 ,1 ,2  ^  —a 1 / . 00,2,1 ^  1 +  a2//C olum n

Assumps =  {00,1,2 =  Q, 00,2,1 =  1 } ;
Assumps2  =  Join[Assumps, {00,1,2 <  Q&&0 0 ,2 ,1 >  1 }] ; 
Reduce[—00,1,2 >  0 &&AndQ@Assumps]

//F u llS im p lify [# , Assumps2 ]&
Reduce[00,2,1 — 1 >  0 &&AndQQAssumps]

//F u llS im p lify [# , Assumps2 ]&

CheckAlgU[{00,1,0 ^  Q, 00,1,1 ^  0,00,1,2 ^  —a 1 ,
00 ,2 ,0 ^  1 , 00 ,2 ,1 ^  1 +  a 2 , 00 ,2 ,2 ^  Q, 01 ,2 ,0 ^  —1 ,
01 .2 .1 ^  —1 , 01 ,2 ,2 ^  Q}, { a 1 >  Q ,a2 >  Q}, { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 ,
00,2,2 ^  0 ,00,1,1 ^  0 } ,  {00,1,2 =  0 ,00,2,1 =  1 } ,
{00,1,2 <  0,00,2,1 >  1 }]

1 . 1 . 2 . 2 . 2  m 1 >  0  o r  m 2  <  0  ( K  i n d e f . )

( *  KilFormD def * )
(ml >  Q||m2  <  0 )& & (kl =  0 &&k2  >  0 )

/ .  { 01 ,2 ,1 ^  —1 , 01 ,2 ,2 ^  0 , 00 ,2 ,0 ^  1 ,
00 ,2 ,2 ^  0 , 00 ,1 ,1 ^  0 }

/ /F u l lS ^ ip l i f y [# , 00,1,2 =  Q&&00,2,1 =  1]&; 
Reduce[%, { } ,  Reals]

//F u llS im p lify [# , 00,1,2 =  Q&&00,2,1 =  1]&
(*  K i lF o r ^  Indef * )
(ml >  Q̂ m2  <  0 )& & (kl = =  0 ||k2  <  Q)

/*  { 01 ,2 ,1 ^  —1 , 01 ,2 ,2 ^  0 , 00 ,2 ,0 ^  1 ,
00 ,2 ,2 ^  0 , 00 ,1 ,1 ^  0 }

/ /F u l lS ^ ip l i f y [# , 00,1,2 =  0 &&00 ,2 ,1 =  1]&; 
Reduce[%, { } ,  Reals]

//F u llS im p lify [# , 00,1,2 =  0 &&00 ,2 ,1 =  1]&

1 . 1 . 2 . 2 . 2 . 1  =  0  a n d  * 2  >  0  ( K P l  d e f . )

For th is case, we get a tw o-param eter family of equivalence 
classes on S L (2 ,R )e;;.

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l ie [ X 2 , X 1 ] }
/• {01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 ,

00 ,2 ,2 ^  0 , 00 ,1 ,1 ^  0 } / / S ^ l i f y :
% / . 00 ,1 ,2 ^  a 1  /.0 0 ,2 ,1  ^  1 — a2//C olum n
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Assumps =  {00,1,2 =  0,00,2,1 =  1 } ;
Assumps2  =  Join[Assumps, {00,1,2 >  0 , £0,2,1 <  1}]; 
Reduce[e0,1,2 >  0&&And@@Assumps] 

//F u llS im p lify [# , A s s u ^ s 2 ]&
Reduce[1 — 00,2,1 >  0 &&And@QAssumps] 

//F u llS im p lify [# , Assu^ps2 ]&

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  a 1 , 
£0,2,0 ^  1,00,2,1 ^  1 — a 2 , 00,2,2 ^  0 ,
01,2,0 ^  —1 ,01,2,1 ^  —1 ,01,2,2 ^  0 } ,
{a 1  >  0 , a 2  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1 ,01,2,2 ^  Q, 00,2,0 ^  1 , 
00,2,2 ^  Q, 00,1,1 ^  Q}, {00,1,2 =  0 ,00,2,1 =  1} ,  
{00,1,2 >  Q, 00,2,1 <  1}]

1 . 1 . 2 . 2 . 2 . 2  * 1 =  0  o r  k2 <  0  (K Vl i n d e f . )

For th is case, we get a tw o-param eter family of equivalence 
classes on SL(2, R)hyp.

Case 1: 0 0 ,1,2 <  0 and 0 0 ,2,1 <  1

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/ .  {01,2,1 ^  —1 , 0 1 ,2,2 ^  Q, 00,2,0 ^  1 ,

00,2,2 ^  Q, 00,1,1 ^  Q }//S im p lify ;
% / . 00 ,1,2 ^  —0 1 /.0 0 ,2 ,1  ^  1 — a2//C olum n

Assumps =  {00,1,2 =  0,00,2,1 =  1 } ;
Assumps2  =  Join[Assumps, {00,1,2 <  0 &&00 ,2,1 <  1}] ; 
Reduce[—00,1,2 >  0 &&And@@Assumps]

//F u llS im p lify [# , Assumps2 ]&
Reduce[1 — 00,2,1 >  OftfeAndSaAssumps]

//F u llS im p lify [# , Assu^ps2 ]&

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  — a a ,
00,2,0 ^  1,00,2,1 ^  1 — a 2 , 00,2,2 ^  0,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{a 1  >  0 , a 2  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  0,00,1,1 ^  0 } ,  {00,1,2 =  0,00,2,1 =  1 },
{00,1,2 <  0,00,2,1 <  1}]

Case 2: 0 0 ,1,2 >  0 and 0 0 ,2,1 >  1

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/.{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,00,2,0 ^  1,

00,2,2 ^  0,00,1,1 ^  0 }/ /S im p lify ;
% /.00 ,1 ,2  ^  « 1 / . 00,2,1 ^  1 +  a2//C olum n

Assumps =  {00,1,2 =  0,00,2,1 =  1 } ;
Assumps2  =  Join[Assumps, {00,1,2 >  0 , 00 ,2,1 >  1}] ; 
Reduce[e0,1,2 >  0&&And@@Assu^ps]

//F u llS im p lify [# , A s s u ^ s 2 ]&
Reduce[e0,2,1 — 1 >  0 &&And@@Assumps]

//F u llS im p lify [# , Assu^ps2 ]&

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  ®1,
00,2,0 ^  1,00,2,1 ^  1 +  a 2 , 00,2,2 ^  0,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{a 1  >  0 , a 2  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  0,00,1,1 ^  0 } ,  {00,1,2 =  0,00,2,1 =  1 },
{00,1,2 >  0,00,2,1 >  1}]

1 . 1 . 3  cQ1 >  0  a n d  c 2 1 =  0

For th is case, we get a tw o-param eter family of equivalence 
classes on SL(2, R)hyp.

Det [KilForm] =  0
/• {01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1,

00,2,2 ^  —00,1,1,00,1,2 ^  0 }
//S im p lify [# , 00,1,1 >  0 ]& 

m3  <  0 / . {0 1 ,2 ,1  ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  —00,1,1,00,1,2 ^  0 }

//S im p lify [# , 00,1,1 >  0 ]&

{m l,m2 , m3 } / . {01,2,1 ^  —1,01,2,2 ^  0 ,
00,2,0 ^  1,00,2,2 ^  —00,1,1,00,1,2 ^  0 }

//S im p lify [# , 00,1,1 >  0 ]&
(*  KilForm def * )
(ml <  0&&m2 >  0 ) / .{0 1 ,2 ,1  ^  —1,01,2,2 ^  0 ,00,2,0 ^  1, 
00,2,2 ^  —00,1,1,00,1,2 ^  0 }

//S im p lify [# , 00,1,1 >  0 ]&;
Reduce[%, { } ,  Reals]

//F u llS im p lify [# , 00,1,1 >  Q]&

(*  KilForm indef * )
(ml >  Q||m2 <  0)

/ .  {01,2,1 ^  —1,01,2,2 ^  0 , 00,2,0 ^  1,
00,2,2 ^  —00,1,1,00,1,2 ^  0 }

//S im p lify [# , 00,1,1 >  0 ]&;
Reduce[%, { } ,  Reals]

//F u llS im p lify [# , 00,1,1 >  0 ]&

(*  KilFormD def * )
(ml >  Q||m2 <  0)& & (k l =  0&&k2 >  0)

/ .  {01,2,1 ^  —1,01,2,2 ^  0 , 00,2,0 ^  1,
00,2,2 ^  —00,1,1,00,1,2 ^  0 }

//S im p lify [# , 00,1,1 >  0 ]&;
Reduce[%, { } ,  Reals]

//S im p lify [# , 00,1,1 >  0 ]&

(*  KilFormD indef * )
(ml >  Q||m2 <  0)& & (k l = =  0||k2 <  0)

/ .  {01,2,1 ^  —1,01,2,2 ^  0 , 00,2,0 ^  1,
00,2,2 ^  —00,1,1,00,1,2 ^  0 }

//S im p lify [# , 00,1,1 >  0 ]&;
Reduce[%, { } ,  Reals]

//S im p lify [# , 00,1,1 >  0 ]&

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l ie [ X 2 , X 1 ] }
/ .  {01,2,1 ^  —1,01,2,2 ^  0 , 00,2,0 ^  1,

00 ,2,2 ^  —00,1,1,00,1,2 ^  0 }/ /S im p lify ;
% /.00 ,1 ,1  ^  a / . 00,2,1 ^  —7  +  V/Column

Assumps =  {00,1,1 >  0 } ;
Reduce[00,1,1 >  0 &&And@@Assumps]

//F u llS im p lify [# , Assumps]&
Reduce[00,2,1 G Reals&&And@@Assu^s]

//F u l lS ^ a p lify [# , Assu^psffc

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  a ,  00,1,2 ^  0 ,
00,2,0 ^  1,00,2,1 ^  1 — 7 ,00,2 ,2  ^  —a ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{ a  >  0 ,7  G R e a ls }, { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 ,
00,2,2 ^  —00,1,1,00,1,2 ^  0 } ,  {00,1,1 >  0 } ,  { } ]



Appendix D. Mathematica code 155

1 . 1 . 4  cQ1 >  0  a n d  c 2 1 =  0

Det[KilForm] = =  0 / .{0 1 ,2 ,1  ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 , 
00,2,2 ^  —00,1,1}

//S im p lify [# , 00,1,1 >  Q&&00,1,2 =  0 ]&
Solve[% , 00,1,1 ] //S im p lify

1 . 1 . 4 . 1  +  ^ 1 ^ 2  -  1 ) =  0  ( m 3 =  0 )

1 . 1 . 4 . 1 . 1  cQ1 >  0  a n d  c 1 2  <  1

For th is case, we get a tw o-param eter family of equivalence 
classes on SE(1, 1).

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/.{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,00,2,0 ^  1,

00,2,2 ^  ~ \ / —00,1,2(00,2,1 — 1),
00,1,1 ^  00,1,2(00,2,1 — 1 ) }

//S im p lify ;
% /.00 ,1 ,2  ^  a 1 / . 00,2,1 ^  1 — «2

//S im p lify [# , a1  >  0& & a2 >  0 ]&//Column

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  V a^ a^ , 00,1,2 ^  a 1 ,
00,2,0 ^  1,00,2,1 ^  (1 — a 2 ) ,  00,2,2 ^  —V a ^ 2 ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{a 1  >  0 , a 2  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  — / —00,1,2(00,2,1 — 1),
00,1,1 ^  00,1,2(00,2,1 — 1 ) } ,
{00,1,2 >  0,00,2,1 <  1 } ,  { } ]

1 . 1 . 4 . 1 . 2  cQ1 <  0  a n d  c ^  >  1

For th is case, we get a tw o-param eter family of equivalence 
classes on SE (2).

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/.{0 1 ,2 ,1  —1,01,2,2 ^  0,00,2,0 ^  1,

00,2,2 ^  — / —00,1,2(00,2,1 — 1),
00,1,1 ^  00,1,2(00,2,1 — 1 ) }

//S im p lify ;
% /.00 ,1 ,2  ^  —a 1 / . 00,2,1 ^  1 +  a2

//S im p lify [# , a1  >  0& & a2 >  0 ]&//Column

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  V a 1 « 2 ,00,1,2 ^  —« 1 , 
00,2,0 ^  1,00,2,1 ^  (1 +  a 2 ) ,  00,2,2 — / a 1 a 2 ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{a 1  >  0 , a 2  >  0 } ,  { } ]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  — / —00,1,2(00,2,1 — 1),
00,1,1 ^  \ / —00,1,2(00,2,1 — 1 ) } ,
{00,1,2 <  0,00,2,1 >  1 } ,  { } ]

1 . 1 . 4 . 2  ( c 1 1 ) 2  +  c 2 i ( c i 2 -  1 )  =  0  ( m 3 =  0 )

m3  <  0 / .  {01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 ,
00,2,2 ^  —00,1,1}

//S im p lif y !# , 00,1,1 >  Q&&00,1,2 =  0
&&02,1,1 +  00,1,2 (00,2,1 — 1) =  0]&

{m l,m2 , m3 } / . {01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  —00,1,1}

//S im p lify [# , 00,1,1 >  0&&00,1,2 =  0  
& & 0°,1 1  +  00,1,2(00,2,1 — 1) =  Q]&

{k l ,  k 2 }/ .{0 1 ,2 ,1  ^  —1,01,2,2 ^  0 ,00,2,0 ^  1,
00,2,2 ^  —00,1,1}

//S im p lif y !# , 00,1,1 >  0&&00,1,2 =  0
&&02,1,1 +  00,1,2(00,2,1 — 1) =  0]&

(*  KilForm def * )
(ml <  0&&m2 >  0 ) / .{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,
00,2,0 ^  1,00,2,2 ^  —00,1,1}

//S im p lify [# , 00,1,1 >  0&&00,1,2 =  0  
& & 0°,1 1  +  00,1,2(00,2,1 — 1) =  0]&;

Reduce[%, { } ,  Reals]
//F u llS im p lify [# , 00,1,1 >  Q&&00,1,2 =  0  

& & 0°,1 1  +  00,1,2(00,2,1 — 1) =  0]&

(*  KilForm indef * )
(ml >  0||m2 <  0 ) / .{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,
00,2,0 ^  1,00,2,2 ^  —00,1,1}

//S im p lify }# , 00,1,1 >  0&&00,1,2 =  0  
& & 0°,1 1  +  00,1,2(00,2,1 — 1) =  Q]&;

Reduce[%, { } ,  Reals]
//F u llS im p lify [# , 00,1,1 >  Q&&00,1,2 =  0  

& & 0°,1 1  +  00,1,2(00,2,1 — 1) =  Q]&

1 . 1 . 4 . 2 . 1  m 1 <  0  a n d  m 2 >  0  ( K  n e g .  d e f . )

For th is case, we get a tw o-param eter family of equivalence 
classes on SU (2).

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/ .  {01,2,1 ^  —1,01,2,2 ^  0 , 00,2,0 ^  1,

00,2,2 ^  —00,1,1}
//S im p lify ;

% /.00 ,1 ,1  ^  « 1 /.0 0 ,1 ,2  ^  —a 2 / . 00,2,1 ^  1 +  « 3  
//Column

Assumps =  {00,1,1 >  0,00,1,2 =  0 } ;
Assumps2  =  Join[Assumps, { g§ 1 1  +  00,1,2(00,2,1 — 1) =  0 ,

00,1,2 <  0 , c 0 1 2  +  00,2,1 >  1} ];
Reduce[00,1,1 >  0 &&AndaaAssumps]

//F u llS im p lify [# , Assumps2 ]&
Reduce[—00,1,2 >  OftfeAndaSAssumps]

//F u llS im p lify [# , Assumps2 ]&
c2

Reduce[00,2,1 — 1 >  — c0'1'1 >  0 &&And@@Assumps] 
//F u llS im p lify [# , Assumps2 ]&

C^eckAlgU[{00,1,0 ^  0,00,1,1 ^  a 1 , 00,1,2 ^  —a 2 ,
00,2,0 ^  1,00,2,1 ^  1 +  « 3 , 00,2,2 ^  —a 1 ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{a 1  >  0 , a 2  >  0 , a 3  >  0 } ,  { a 21 <  a 2 a 3 }]

C^eckAlgU[{01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1,
00,2,2 ^  —00,1 ,1}, {00,1,1 >  0,00,1,2 =  0 } ,
{0 ° ,1,1 +  00,1,2(00,2,1 — 1) = 0 ,0 0 ,1 ,2  <  0,

1 . 1 . 4 . 2 . 2  m 1 >  0  o r  m 2  <  0  ( K  i n d e f . )

( *  KilFormD def »)
(ml >  0||m2 <  0)& & (k l =  0&&k2 >  0)

/ .  {01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1,
00,2,2 ^  —00,1,1}
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/ /S im p lify [# , 00,1,1 >  Q&&00,1,2 =  0
&&02,1,1 +  00,1,2 (00,2,1 — 1) =  0]&; 

Reduce[%, { } ,  Reals]
//F u llS im p lify [# , 00,1,1 >  0&&00,1,2 =  0

6 6 0 2.1.1 +  00,1,2 (00,2,1 — 1) =  0]&

(»  KilFormD Indef * )
(ml >  0||m2 <  0)& & (k l = =  0||k2 <  0)

/ .{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,00,2,0 ^  1, 
00,2,2 ^  —00,1,1}

//S im p lify [# , 00,1,1 >  Q&&00,1,2 =  0
6 6 0 2.1.1 +  00,1,2 (00,2,1 — 1) =  0]&; 

Reduce[%, { } ,  Reals]
//F u llS im p lify [# , 00,1,1 >  0&&00,1,2 =  0

6 6 0 2.1.1 +  00,1,2 (00,2,1 — 1) =  0]&

Assumps =  {00,1,1 >  0,00,1,2 =  0 } ;
Assu^ps2  =  Join[Assumps, {0 °  1 1  +  00,1,2(00,2,1 — 1) =  0 ,

00,1,2 <  Q C 0 ^  +  00,2,1 <  i } ]:

Reduce[00,1,1 >  0 &&A^d@aAssu^s]
//F u llS im p lify [# , A ssu ^ s2 ]&

Reduce[—00,1,2 >  OftfeAndaQABsu^s]
//F u llS im p lify [# , AsBumps2 )&

c2
Reduce[1 — 00,2,1 >  &&AndaaAsBumps)

//F u llS im p lify [# , Assumps2 ]&

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  a 1 , 00,1,2 ^  —a 2 ,
00,2,0 ^  1,00,2,1 ^  1 — 7 ,00,2 ,2  ^  —a 1 ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{0 1  >  0 , a 2  >  0 , 7  €  R e a ls }, { « 1 +  7 0 2  >  0 }]

1 . 1 . 4 . 2 . 2 . 1  An =  0  a n d  * 2  >  0  (K Vl d e f . )

For th is case, we get a tw o-param eter family of equivalence 
classes on SL(2, R )e;;.

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 , 
00,2,2 ^  —00,1 ,1}, {00,1,1 >  0,00,1,2 =  0 } ,
{0o ,1,1 +  00,1,2(00,2,1 — 1) = 0 ,0 0 ,1 ,2  <  0,

C0^  +  00,2,1 <  1}]

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/.{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,00,2,0 ^  1, 

00,2,2 ^  —00,1,1}
//S im p lify ;

% /.00 ,1 ,1  ^  « 1 / . 00,1,2 ^  a 2 / . 00,2,1 ^  1 — « 3  
//Column

Assumps =  {00,1,1 >  0,00,1,2 =  0 } ;
Assumps2  =  Join[Assumps,

{0o ,1,1 +  00,1,2(00,2,1 — 1) =  0,
2

00,1,2 >  Q C 0 ^  +  00,2,1 <
Reduce[00,1,1 >  Q&&AndaaAsBumps) 

//F u llS im p lify [# , AsBumps2 )&
Reduce[00,1,2 >  Q&&AndaaAsBumps) 

//F u llS im p lify [# , AsBumps2 )& 
c2

Reduce[1 — 00,2,1 >  0  >  — c0'1'1 &&AndaaABsumpB] 

//F u llS im p lify [# , AsBumps2 )&

CheckAlgU[{00,1,0 ^  0,00,1,1 ^  01 ,00 ,1 ,2  ^  a 2 , 
00,2,0 ^  1,00,2,1 ^  1 — a 3 , 00,2,2 ^  —a 1 ,
01,2,0 ^  —1 ,01,2,1 ^  —1 ,01,2,2 ^  0 } ,
{a 1  >  0 , a 2  >  Q ,a3 >  0 } ,  {0 2 0 3  >  a 2 }]

CheckAlgU[{01,2,1 ^  —1 ,0 1 ,2,2 ^  0 ,0 0 ,2,0
00,2,2 ^  —00,1 ,1}, {00,1,1 >  0,00,1,2 =  0 } ,

( * ___ _  1 \ c\ * ___ r»
'-'0,2,2 ' '-0,1,1 J 5 0,
{ c0,1,1 +  00,1,2(00,2,1 • 

2
+  00,2,1 <  1 }]C0,1,1

c0,l ,2

■ 1) =  0,00,1,2 >  0,

1 . 1 . 4 . 2 . 2 . 2  * 1  =  0  o r  * 2  <  0  (K Vl i n d e f . )

C 2
Case 2: 0 0 ,1,2 >  Q and c0 , 1 1  +  c0 ,2 , 1 >  1

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/ .  {01,2,1 ^  —1,01,2,2 ^  0 , 00,2,0 ^  1, 

00,2,2 ^  —00,1,1}
//S im p lify ;

% /.00 ,1 ,1  ^  « 1 /-0 0 ,1 ,2  ^  « 2 /.0 0 ,2 ,1  ^  —Y +  1 
//Column

Assumps =  {00,1,1 >  0,00,1,2 =  0 } ;
Assumps2  =  Join[Assumps, {0g 1 1  +  00,1,2(00,2,1 — 1) =  0 ,

00,1,2 >  0 , C° ^ :  +  0 0,2,1 >  1} ];
Reduce[00,1,1 >  0 &&And@@Assumps]

//F u llS im p lify [# , ABsumpB2 ]&
Reduce[00,1,2 >  0&&AndaaAssumpB]

//F u llS im p lify [# , ABsumpB2 ]&
c2

Reduce[00,2,1 — 1 >  — c0'1'1 &&AndaaAssumpB] 

//F u llS im p lify [# , ABsumpB2 ]&

C^eckAlgU[{00,1,0 ^  0,00,1,1 ^  a 1 , 00,1,2 ^  « 2 ,  
00,2,0 ^  1,00,2,1 ^  1 — 7 ,00,2 ,2  ^  —a 1 ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ,
{0 1  >  0 , a 2  >  0 , 7  €  R e a ls }, { o^ — 7 0 2  >  0 }]

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0 ,00,2,0 ^  1 , 
00,2,2 ^  —00,1 ,1}, {00,1,1 >  0,00,1,2 =  0 } ,  
{0o ,1,1 +  00,1,2(00,2,1 — 1) = 0 ,0 0 ,1 ,2  >  0,

2C0'1'1 | v 111
C0T 2  +  00,2,1 >  1}]

For th is case, we get a tw o-param eter family of equivalence 
classes on SL(2, R)hyp.

c 2
Case 1: 0 0 ,1,2 <  0 and c ^ ^  +  c0 ,2,1 <  1

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e ^ X ^ }
/.{0 1 ,2 ,1  ^  —1,01,2,2 ^  0,00,2,0 ^  1,

00,2,2 ^  —00,1,1}
//S im p lify ;

% /.00 ,1 ,1  ^  0 1 /.0 0 ,1 ,2  ^  —0 2 /.0 0 ,2 ,1  ^  —7  +  1 
//Column

E q u i v a l e n c e  C l a s s e s

S E ( 1 , 1 )

On SE(1, 1), we have a two-param eter fam ily of equivalence 
classes.

Subs =  {00,1,0 ^  0,00,1,1 ^  V " 1 " 2 , 00 ,1,2 ^  0 1 ,
00,2,0 ^  1,00,2,1 ^  (1 — 0 2 ) , 00,2,2 ^  —V a 1 a 2 ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ;
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{ l i e  [X 1 , X 0 ] , l i e [ X 2 ,X 0 ] ,  l i e  [X 2 , X 1  ] } / .S u b s  
//S im p lify ;

% //S im p lify [# , 0 1  >  Q&&02 >  O ^ /^ o lu m n

{£ 0 , £1, P 2 }/-S u b s //S im p lify [# ,a 1  >  Q&&02 >  0 ]&
{ k , X 1 ,$ } / .S u b s //F u l lS im p lif y [# ,a 1  >  Q&&02 >  0 ]&

CheckAlgU[Subs, {0 1  >  0 ,0 2  >  0 } ,  { 0 1  =  0||a2 =  0 }]

H 3

On H3, we have a single equivalence class.
Subs =  {01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1,00,2,2 ^  0 , 
00,1,1 ^  0,00,1,2 ^  0,00,2,1 ^  1 };

{ l i e  [X 1 , X 0 ] , l i e [ X 2 ,X 0 ] ,  l i e  [X 2 , X 1  ] } / .S u b s  
//S im p lify ;

%//Column

{ k , X 1, X 2 , $ }/ .S u b s //S im p lify  
{£ 0 ,£ 1 , £2}/ .S u b s //S im p lify

CheckAlgU[{01,2,1 ^  —1,01,2,2 ^  0,00,2,0 ^  1 ,
00,2,2 ^  0,00,1,1 ^  0,00,1,2 ^  0,00,2,1 ^  1 } , { } ,  { } ]

S E ( 2 )

On SE(2), we have a two-parameter family of equivalence 
classes.
Subs =  {00,1,0 ^  0,00,1,1 ^  V 0 ^ 0^, 00,1,2 ^  —0 1 ,
00,2,0 ^  1,00,2,1 ^  (1 +  0 2 ) ,  00,2,2 ^  — /0 1 0 2 ,
01,2,0 ^  —1,01,2,1 ^  —1,01,2,2 ^  0 } ;

{ l i e  [X 1 , X 0 ] , l i e [ X 2 ,X 0 ] ,  l i e  [X 2 , X 1  ] } / .S u b s  
//S im p lify ;

% //S im p lify [# , 0 1  >  0&&O2 >  O ^ /^ o lu m n

{ k , X 1 ,X 2 ,$ } /S u b s
//F u llS im p lify [# , 0 1  >  0&&O2 >  0 ]&

{£ 0  , £1 , £ 2 }/ .S u b s
//F u llS im p lify [# , 0 1  >  0&&O2 >  Q]& 

CheckAlgU[Subs, {0 1  >  O&&02 >  0 } ,  {0 1  =  0||a2 =  0 }]

S U ( 2 )

On SU(2), we have a three-parameter family of equivalence 
classes.
Subs =  {00,1,0 ^  0,00,1,1 S, 00,1,2 —01 ,00 ,2 ,0  1 ,
00,2,1 ^  1 +  02,00 ,2 ,2  ^  —S, 01,2,0 ^  —1,01,2,1 ^  —1, 
01,2,2 ^  Q};

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l ie [X 2 ,X 1 ] } / .S u b s  
//S im p lify ;

%//Column

{m l,m2,m Sj/.Subs
//F u llS im p lify [# , S >  0&&O1 >  Q&&02 >  0  

&&S2 — 0 1 0 2  <  0 ]&
{ml <  0 ,m2  >  0 ,m3  <  0 }/ .S u b s

//F u llS im p lify [# , S >  0&&O1 >  O&&02 >  0  
&&S2 — 0 1 0 2  <  0 ]&

{ k , X 1 ,X 2 ,^ } /S u b s
//F u llS im p lify [# , S >  0&&O1 >  Q&&02 >  0

&&S2 — 0 1 0 2  <  Q]&
{£ 0 , £ 1 ,£ 2 }/ .S u b s

//F u llS im p lify [# , S >  Q&&01 >  0&&O2 >  0  
&&S2 — 0 1 0 2  <  0 ]&

CheckAlgU[Subs, {S >  0 , a1  >  0 , a 2  >  0 } ,
{S 2 -  a 1a 2 <  0 }]

S L ( 2 , R ) eH

On SL(2, R )ej j , we have a three-parameter family of equiv­
alence classes.
Subs =  {00,1,0 ^  0,00,1,1 ^  S, 00,1,2 ^  01 ,00 ,2 ,0  ^  1 , 
00,2,1 ^  1 — 02 ,00 ,2 ,2  ^  —S, 01,2,0 ^  —1,01,2,1 ^  —1,
01.2.2 ^  0 } ;

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l ie [X 2 ,X 1 ] } / .S u b s  
//S im p lify ;

%//Column

{K ,X l ,X 2 ,^ } / .S u b B / .a 2  ^  1 +  01
//F u llS im p lify [# , S >  Q&&01 >  0&&O2 >  0  

&&S2 — 0 1 0 2  <  0 ]&
{£ 0 , £ 1 ,£ 2 } /  Subs

//F u llS im p lify [# , S >  Q&&01 >  0&&O2 >  0  
&&S2 — 0 1 0 2  <  Q]&

CheckAlgU[Subs, {S >  0 , a1  >  0 , a 2  >  0 } ,
{S 2 -  a 1a 2 <  0 }]

S L ( 2 ,  R ) hyp

On SL(2, R )hyp, we have a three-parameter family of equiv­
alence classes.
Subs =  {00,1,0 ^  0,00,1,1 ^  S, 00,1,2 ^  71,00,2,0 ^  1 ,
00 ,2,1 ^  1 — 7 2 , 00 ,2,2 ^  —S, 01 ,2,0 ^  —1 , 01 ,2,1 ^  —1 ,
01.2.2 ^  0 } ;

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l ie [X 2 ,X l ] } / .S u b B  
//S im p lify ;

%//Column

{K ,X 1 ,X 2 }/ .S u b s /.7 2  ^  71 +  1
//F u llS im p lify [# ,S  >  0& & {7 1 , 7 2 }  €  R eals  

&&S2 — 7172 >  Q]&
{£ 0 , £ 1 ,£ 2 } /  Subs

//F u llS im p lify [# ,S  >  0& & {7 1 , 7 2 }  €  R eals  
&&S2 — 7172 >  Q]&

CheckAlgU[Subs, {S  >  0 , { 7 1 ,7 2 }  €  R e a ls },
{S 2 -  7 1 7 2  >  0 }]

1 . 2  N o n - u n i m o d u l a r  c a s e :  CQ1 +  CQ2 =  0

o r  c02 +  C12 =  0 o r  C12 =  0
{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }  

//S im p lify//C olu m n

— X 1C0 ’1 ’1 — X 2 c0 '1'2 
X 0 c0 '2 '0 — X 1 c0 '2 ' 1 — X 2 c0 '2 '2 

X 0 — X 1c 1'2 '1 — X 2 C1'2 '2

{ l i e [^ X 1 ,  ^ 2X 0 ], l i e ^ X 2 ,  ^ 2X 0 ], l i e ^ X 2 ,  M X1]}
^] ^  0

/ .T h r e a d [ {X 0 ,X 1 ,X 2 }  ^  {^ 2 X 0 , ^ X 1 , ± X 2 }]
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//S im p lify ;
% / .^  ^  1  / /C o l l e c t [ # ,  { X 0 , X 1 , X 2 } ] & / / C o l ^

X 1
c2 c2c0 '2'0 c0 ’2’0

-vr X 1 c0 '2'1
A° c2 c2c0 ’2’0 c0 '2 'G

x  _  X 1 c1'2'1 X 2c1'2;2
0 c0 '2'0

{ l i e [ X 1 ,X 0 ] , l i e [ X 2 ,X 0 ] , l i e [ X 2 ,X 1 ] } / . {00,2,0 ^  1}  
//S im p lify //C olu m n

— X 1 c0 ' 1'1 — X 2 c0 ' 1'2
X 0 — X 1 cG’2’ 1 — X 2 c0 '2'2 

X 0 — — X 2 c1'2'2

And@@{—00,1,1 — 00,2,2 — 00,2,001,2,2 = =  0 ,
—00,1,100,2,0 +  00,2,201,2,1 — 00,2,101,2,2 = =  0,
00,1,2(—00,2,0 — 01,2,1) +  00,1,101,2,2 = =  0 }

/ . {0 0 ,2 ,0  ^  1 } / /F u llS im p lif y  
And@@{—00,1,1 — 00,2,2 — 00,2,001,2,2 = =  0 ,
—00,1,100,2,0 +  00,2,201,2,1 — 00,2,101,2,2 = =  0,
00,1,2(—00,2,0 — 01,2,1) +  00,1,101,2,2 = =  0 }

/ . {0 0 ,2 ,0  ^  1 } / . {0 0 ,1 ,1  ^  —00,2,2 — 01,2,2} 
//F u llS im p lify

c0 '1'1 + c0 '2'2 + C1'2'2 = =  0&&
C0 '1'1 + CG’2 ’1Cl’2’2 = =  c0 '2'2 C1'2'1 && 
c0 '1'2 (1 + c1 ’2 ’l)  = =  cG’1’1c1’2’2

c0 ̂  2 (1 + c1 ’2 ’l)  = =  (c0 '2'1 — 1)c1'2'2 &&
c0 '1'2 (1 + c1 ’2 ’l)  + = =  0

Or@@Thread[{G0,1,1 +  ^0,2,2,00,2,0 +  01,2 ,1 ,01 ,2 ,2} =  0 ]
/ . {0 0 ,2 ,0  ^  1 } / .{0 0 ,1 ,1  ^  —00,2,2 — 01,2,2} 

//F u llS im p lify

1 + c1'2'1 = = 0

Since 010  >  0, we have:

—00,2,2 — 01,2,2 >  0 //S im p lify

+ c1'2'2 < 0

C h e c k A l g  r o u t i n e

Checks algebraic properties of the algebra generated by 
the canonical fram e (using the eigenvalues of the adjoint 
operator and also using the Killing form) in order to  dis­
tinguish the different three-dim ensional (non-unim odular) 
Lie algebras. Prints out messages indicating if th e  given 
algebra has the various properties. Some of the checks are 
done in different ways, since sometimes one way will work 
and another approach will tim e ou t; hence there are some 
repeated checks.

CheckAlgN[Subs_, Assumps., Assumps2_] :=Module[{ 
ad eig s, uni, compsolv, a f f r r ,  e ig s e q },

ad eigs =  Eigenvalues[ad[a0 , a 1,ao]/.S u b s]
//F u llS im p lify [# , Join[Assumps, Assumps2 ]]&;

P r in t  [adeigs];

uni =  TimeConstrained[Reduce[
F o rA ll[ {a 0 ,a 1 ,« 2 } ,  { “ 0 ,“ 1 ,^ 2 } €  R eals,

Tr[ad[{a0, a1 , a2}]] = =  0 ]&&And@@Assumps, 
{00 ,1 ,1 ,00 ,1 ,2 ,00 ,2 ,0 ,00 ,2 ,1 ,00 ,2 ,2 ,01 ,2 ,1 ,01 ,2 ,2 }, Reals] 

/ /F u llS im p lify [# , Join[ABsumpB, ABBumps2]]&,

5 , "Timeout"];
P r in t  ["U nim odular?^",

If[u n i, "Y es, ", "No, ", "Not s u re , " ] ,uni];

compsolv =  TimeConstrained[Reduce[ 
F o rA ll[ {a 0 ,a 1 ,a 2 } ,  { a 0 ,“ 1 ,a 2 }  €  R eals, 

Thread[adeigs €  Reals]]&&And@<3Assumps,
{00,1,1,00 ,1 ,2 ,00 ,2 ,0 ,00 ,2 ,1 ,00 ,2 ,2 ,01 ,2 ,1 ,01 ,2 ,2}]  

//F u llS im p lify [# , JoiniAssu^ps, AssumpB2 ))&,
5 , "Timeout"];

Print["C om p letely  so lvab le?\ n ",
I f  [compsolv, "Y es, ", "No, " , "Not s u re , "], 

compsolv];

compsolv =  TimeConstrained[Reduce[ 
F o rA ll[ {a 0 ,a 1 ,“ 2 } ,  { “ 0 ,a 1 ,a 2 }  €  R eals,

AndQ@Thread[Im[adeigs) = =  0 ]]&&And@<3Assumps, 
{00,1,1,00 ,1 ,2 ,00 ,2 ,0 ,00 ,2 ,1 ,00 ,2 ,2 ,01 ,2 ,1 ,01 ,2 ,2}]  

//F u llS im p lify [# , Jo in [A ssu ^ s, AssumpB2 ))&,
5 , "Timeout" ];

Print["C om p letely  so lvab le?\ n ",
If[com psolv, "Y es, " , "No, " , "Not s u re , " ], 

compsolv];

compsolv =  TimeConstrained[Reduce[
!E x is tB [ {a o ,a l ,a 2 } ,  { “ 0 ,a 1 ,a 2 }  €  R eals,

Or@@Thread[Im[adeigB] =  0 ]]&&And@<3Assumps, 
{00,1,1,00 ,1 ,2 ,00 ,2 ,0 ,00 ,2 ,1 ,00 ,2 ,2 ,01 ,2 ,1 ,01 ,2 ,2}]  

//F u llS im p lify [# , Jo in [A ssu ^ s, AssumpB2 ))&,
5 , "Timeout" ];

P r in t[”Colnpletely so lvab le?\ n ",
If[com psolv, "Y es, " , "No, " , "Not s u re , " ], 

compsolv];

a f f r r  =  TimeConstrained[Resolve[
(F o r A ll [ {a 0 ,a 1 ,a 2 } ,  { “ 0 ,a 1  , “ 2 }  €  R eals,

ad eigs [[2]] = =  Q]
&&

E x i s t s ^ ^ i , ^ , ^ } ,  { “ 0 ,a 1 ,a 2 }  €  R eals,
adeig s [[3]] =  0])

|| (F o rA ll[{a 0 ,U 1 ,« 2 }, { a 0 ,a 1 ,“ 2 }  €  R eals,
adeig s [[3]] = =  Q]
&&

E x i s t s ^ ^ i , ^ , ^ } ,  { “ 0 ,a 1 ,a 2 }  €  R eals, 
adeig s [[2]] =  0])

&& And@@ABsumps,
{00,1,1,00 ,1 ,2 ,00 ,2 ,0 ,00 ,2 ,1 ,00 ,2 ,2 ,01 ,2 ,1 ,01 ,2 ,2}]  

//F u llS im p lify [# , Join| Assumps, AssumpB2 ||&,
5 , "Timeout" ];

P r in t  ["A ff(R )_ 0  x  R?\n",
I f  [ a f f r r ,  "Y es, ", "No, " , "Not s u re , "], a f f r r ] ;

e ig seq  =  TimeConstrained[Reduce[
F o rA ll[ {a 0 ,a 1 ,“ 2 } ,  { “ 0 ,a 1 ,a 2 }  €  R eals,

adeigs[[2]] = =  adeigs[[3]]]&&And@@Assumps,

{00,1,1,00 ,1 ,2 ,00 ,2 ,0 ,00 ,2 ,1 ,00 ,2 ,2 ,01 ,2 ,1 ,01 ,2 ,2}]  
//F u llS im p lify [# , Jo in [A ssu ^ s, AssumpB2 ))&,

5 , "Timeout" ];
P rin t^ E ig e n v a lu e s  equal?\n",

I f  [eigseq, "Y es, " , "No, ", "Not s u re , "], eigseq];

e ig seq  =  TimeConstrained[Reduce[
!E x is tB [ {a o ,a l ,a 2 } ,  { “ 0 ,a 1 ,a 2 }  €  R eals, 

adeigs[[2]] =  adeigS[[3]]]&&AndQ@AsBumps,
{00,1,1,00 ,1 ,2 ,00 ,2 ,0 ,00 ,2 ,1 ,00 ,2 ,2 ,01 ,2 ,1 ,01 ,2 ,2}]  

//F u llS im p lify [# , Jo in [A ssu ^ s, AssumpB2 ))&,
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5 , "Timeout”]; Reduce[0o,1,2 =  0 &&And@QAssumps|
P rin t[”E igenvalues equal?\n”, //FullS im p lify[# ,A ssum ps2]&

I f  [eigseq, "Y es, ”, "No, ”, "Not s u re , ”], eigseq];
]; True

1 . 2 . 1  c }2 =  - 1

OrQ@Thread[{co,i,i +  co,2,2,co,2,o +  01,2 ,1 ,01 ,2 ,2} =  0 ] 
/.O 0,2,0 ^  1 /-{o o ,1 ,1  ^  -0 1 ,2 ,2  — 0o,2,2}
/ .  01,2,1 ^  —1 
//F u llS im p lify

C1 ,2,2 = o

T his implies th a t 012  =  0.

0o,1,1 +  0o,2,2 +  01,2,2 = =  0
6 6 0 0 .1 .1  +  0o,2,101,2,2 = =  0o,2,201,2,1 
&&0o,1,2(1 +  01,2,1) = =  0o,1,101,2,2

/.{0 o ,2 ,o  ^  1 }/ .{0 o ,1 ,1  ^  —01,2,2 — 0o,2,2}
/.0 1 ,2 ,1  ^  —1
//F u llS im p lify [# , 01,2,2 =  0]&

c0,2,1 = =  1&&C0,2,2 + C1,2,2 = =  o

T his implies th a t 01Q =  0.

CheckAlgN[{0o,2,o ^  1,0o,1,1 ^  0,01,2,1 ^  — 1,0o,2,1 ^  1 ,
0o,2,2 ^  —01,2 ,2}, {01,2,2 =  0,0^,v_,w_ G R e a ls }, { } ]

R e so lv e [F o rA ll[{a o ,a 1 ,a 2 } ,  {a o ,0 1 ,0 2 }  G R eals,

— f  (ao +  a ! ) ^ 40 o,1,2 +  e ^ ,  2 — 01,2,2) = =  0

11 1  (a o +  a 1 ) ^ 4°o,1,2 +  °1,2,2 +  01,2,2) = =  ° ]] 

/ / F u l l S i ^ l i f y [ # , 0 1,2 ,2 =  0& &01,2,2 G Reals]&  
R esolve[ForA ll[{ao, 01 , 0 2 } ,  {a o , 01, 0 2 }  G R eals,

-  2  (ao +  a 1) ( ^ /4°o,1,2 +  °1,2,2 — 01,2,2)

= =  ^ (°o  +  a 1) ^ 4°o,1,2 +  °1 ,2 ,2 +  01,2,2) ]] 

/ /F u llS im ^ lify [# ,0 1 ,2 ,2  =  0&&01,2,2 G Reals]&

co, 1,2 = =  o

c i ,2,2 = =  —2i^ co ,1,2 ||c1,2,2 = =  2i^co,1,2

Since 0 1Q =  0, we may assume 021 <  0 (by changing the 
fram e if necessary).

1 . 2 . 1 . 1  ( c f 2 ) 2  +  4 ^  >  0  a n d  c § 1 =  0

True

CheckAlgN[{0o,1,o ^  0,0o,1,1 ^  0,0o,1,2 ^  3,0o,2,o  ^  1 , 
0o,2,1 ^  1, 0o,2,2 ^  —a,01 ,2 ,o  ^  —1,01,2,1 ^  —1,

01.2.2 ^  a } / .  3  ^  — (h 4fe2)a  , { a  >  0 , 3  =  0 , 3  G R eals, 
h  >  0 ,h  =  1} ,  { a 2 +  4 3 >  0 }]

CheckAlgN[{0o,2,o ^  1,0o,1,1 ^  0,01,2,1 ^  —1,0o,2,1 ^  1 , 
0o,2,2 ^  —01,2 ,2}, {01,2,2 >  0 , 0o,1,2 =  0 , 0 ,̂v_,w_ G R e a ls }, 
{ 40 o,1,2 +  02,2,2 >  0, 0o,1,2 <  0  ^

(01,2,2 >  2 ^ —0o,1,2||01,2,2 <  —2 ^ —0o,1,2)}]

{ 0 , — 11 (ao — a 1 )(c1 ,2,2 + \/ 4 c0 ,1,2 + cl ,2,2 )> 11 (a 0 — a 1 )( —c1 ,2,2 +

\J 4c0 ,1,2 + cl ,2,2 )}

Unimodular?
No, F a ls e
Com pletely so lv a b le ?
Y es , True
Com pletely so lv a b le ?
Y e s , True
Com pletely so lv a b le ?
Y e s , True 
A ff(R )_ 0  x R?
Not s u r e ,  Timeout 
E ig en v alu es eq u al?
No, F a ls e
E ig en v alu es eq u al?
No, F a ls e

Find h:

Subs =  {0o,1,o ^  0,0o,1,1 ^  0 , 0o,1,2 ^  3,0o,2,o  ^  1 ,
0o,2,1 ^  1, 0o,2,2 ^  —a,01 ,2 ,o  ^  —1,01,2,1 ^  —1,
01.2.2 ^  a } ;

{ a 0 , a 1 , a2 }  =  E igenvalues [ad[ao , a n ^ j j / .S u b s  
//F u llS im p lify [# , a  >  0 & & 3  =  0  

& & {ai , 3 }  G Reals]& ;
( a1+a2 )2 
( a1—a2 )

//F u llS im p lify [# , a  >  0 & & 3  =  0  
& & {a*_, 3 }  G Reals]&

Solve[%  = =  h 2 ,h]
//F u llS im p lify [# , a  >  0 & & 3  =  0  

& & {a*_, 3 }  G Reals]&

In this case, we get a one-param eter family of equivalence 
classes on G|] 4 .

{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o ] ,  l i e ^ X ^ ] }
/-{0 o ,2 ,o  ^  1 , 0o,1,1 ^  0,01,2,1 ^  —1,0o,2,1 ^  1 ) 

0o,2,2 ^  —01,2,2}
//S im p lify ;

% /.01 ,2 ,2  ^  a /.0 o ,1 ,2  ^  3 / . 3  ^  — (h24h12)a 2 / /
Column

(h2 -1 )a 2X 2
4h2

— X 0 — X 1 + a X 2 
X 0 + X 1 — a X 2

Assumps =  {01,2,2 >  0,0o,1,2 =  0 ,0 ^ ,T_,B_ G R e a ls }; 
Assumps2  =  Join[Assumps, { 40 o,1,2 +  0  ̂ 2 2 >  0 }] ; 
Reduce[01,2,2 >  0&&AndQ@Assumps] 

/ / F u l l S i ^ l i f y [ # )  Assumps2 ]&

a 2 +4^

{{h ^ — 2a } , {h ^  a }}
\/a2+4£ \/a2+4£

2

1 . 2 . 1 . 2  ( c f 2 ) 2  +  4 ^  >  0  a n d  c § 1 =  0

In this case, we get a one-param eter family of equivalence 
classes on A ff(R)o x R.

{ l i e ^ X ) ] ,  l i e f ^ X ] ,  l i e [ X , X ] }
/.{0 o ,2 ,o  ^  1,0o,1,1 ^  0,01,2,1 ^  —1,0o,2,1 ^  1, 

0o,2,2 ^  —01,2,2 , 0 o,1,2 ^  0 }
//S im p lify ;

% /.01 ,2 ,2  ^  a//C olum n

o
— X 0 — X 1 + a X 2 
X 0 + X 1 — a X 2
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CheckAlgN[{co,2,o ^  1,0o,1,1 ^  0,01,2,1 ^  —1,0o,2,1 ^  1 , 
0o,2,2 ^  —01,2 ,2 ,0o,1,2 ^  0 } ,
{01,2,2 >  0 ,0^.,v.,w_ G R e a ls }, { } ]

{ 0 , 0 , ( —a 0 + a 1 )c1,2,2 }

Unimodular?
No, F a lse
Com pletely so lv a b le ?
Y e s , True
Com pletely so lv a b le ?
Y e s , True
Com pletely so lv a b le ?
Y e s , True 
A ff(R )_ 0  x R?
Y e s , True
E ig en v alu es equ al?
No, F a lse
E ig en v alu es equ al?
No, F a lse

{ l i e ^ X ) ] ,  l ie [X 2 ,X o ] ,  l i e [ X 2 ,X 1 ] }  
/• {0o,2,o ^  1,0o,1,1 ^  0,01,2,1 ^  — 1, 

0o,2,1 ^  1,0o,2,2 ^  —01,2,2}
//S im p lify ;

% /.01 ,2 ,2  ^  a 1 /.0 o ,1 ,2  ^  —a2
. , (1+h2)a1 .

/• a 2  ^  ( 4h2) 1 /  .a 1  ^  a
//Column

(1 + fe2 )a2 X 2 
4h2

— X 0 — X 1 + a X 2 
X 0 + X 1 — a X 2

Assumps =  {01,2,2 >  0 , 0o,1,2 =  0 ,0 ^ ,v_,h.  G R e a ls }; 
Assumps2  =  Join[Assumps, { 40 o,1,2 +  01 2 2 <  0 }] ; 
Reduce[01,2,2 >  0 &&And@QAssumps| 

//F u llS im p lify [# , Assumps2 ]&
Reduce[—0o,1,2 >  0 &&AndQ@Assumps] 

//F u llS im p lify [# , Assumps2 ]&

True

True

1 . 2 . 1 . 3  ( c 2 2 ) 2  +  4 c 0 1  =  0

In this case, we get a one-param eter family of equivalence 
classes on G3 . 2 .

{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o ] ,  l i e ^ X ] }
/•{0o,2,o ^  1,0o,1,1 ^  0,01,2,1 ^  —1,0o,2,1 ^  1, 

0o,2,2 ^  —01,2 ,2 ,0o,1,2 ^  — 4 (01,2,2)2 }
//S im p lify ;

%/• 01,2,2 ^  a//C olum n

a 2 X 2
4

— X 0 — X 1 + a X 2 
X 0 + X 1 — a X 2

CheckAlgN[{0o,1,o ^  0,0o,1,1 ^  0,0o,1,2 ^  — 4 a 2 ,
0o,2,o ^  1, 0o,2,1 ^  1, 0o,2,2 ^  —a,01 ,2 ,o  ^  —1,
01,2,1 ^  —1,01,2,2 ^  a } ,  { a  >  0 } ,  { } ]

CheckAlgN[{0o,2,o ^  1,0o,1,1 ^  0,01,2,1 ^  — 1,0o,2,1 ^  1 , 
0o,2,2 ^  — 01,2 ,2 ,0o,1,2 ^  — 4 (01,2,2)2 } ,
{01,2,2 >  0 , 0^,v_,w_ G R e a ls }, { } ]

{ o, 2 ( —a 0 + a 1 )c1,2 ,2 , 2 ( —a 0 + a 1 )c1,2 ,2 }

Unimodular?
No, F a lse
Com pletely so lv a b le ?
Y e s , True
Com pletely so lv a b le ?
Y e s , True
Com pletely so lv a b le ?
Y e s , True 
A ff(R )_ 0  x R?
No, F a lse
E ig en v alu es equ al?
Y e s , True
E ig en v alu es equ al?
Y e s , True

1 . 2 . 1 . 4  ( c 2 2 ) 2  +  4 cq !  <  0

In th is case we get a one-param eter fam ily of equivalence 
classes on Gh 5 .

CheckAlgN[{0o,1,o ^  0,0o,1,1 ^  0,0o,1,2 ^  — ( +tha)a  , 
0o,2,o ^  1,0o,2,1 ^  1,0o,2,2 ^  —a,01 ,2 ,o  ^  —1,
01.2.1 ^  —1,01,2,2 ^  a } ,  { a  >  0, h  >  0 } ,  { } ]

CheckAlgN[{0o,2,o ^  1,0o,1,1 ^  0,01,2,1 ^  —1,0o,2,1 ^  1 , 
0o,2,2 ^  —01,2 ,2}, {01,2,2 >  0 , 0o,1,2 =  0 ,0 ^ ,^ ,^  G R e a ls }, 
{40o,1,2 +  02,2,2 <  0 , —2 ^ —0o,1,2 <  01,2,2 <  2 ^ —0o,1,2}]

{ 0 , — 2 ( a 0 — a1)(c1,2,2 + y/4c0,1,2 + c1,2,2 

2  ( a 0 — a1)( — c1,2,2 + ^4=0,1,2 + cl ,2,2)}

Unimodular?
No, F a ls e
Com pletely so lv a b le ?
No, F a ls e
Com pletely so lv a b le ?
No, F a ls e
Com pletely so lv a b le ?
No, F a ls e  
A ff(R )_ 0  x R?
No, F a ls e
E ig en v alu es eq u al?
No, F a ls e
E ig en v alu es eq u al?
No, F a ls e

Find h:

Subs =  {0o,1,o ^  0 , 0o,1,1 ^  0 , 0o,1,2 ^  —a2,0o ,2,o  ^  1 , 
0o,2,1 ^  1,0o,2,2 ^  —a1,01 ,2 ,o  ^  —1,01,2,1 ^  —1,
01.2.2 ^  a 1 } ;

{ a 0 , a 1 , a2 }  =  E igenvalues [ad[ao , a ^ ^ j j / .S u b s  
//F u llS im p lify [# , a  >  0 &&3  =  0  

& & {ai , 3 }  G Reals]& ;
( a1+a2 )2 
( a1—a2 )

//F u llS im p lify [# , a  >  0 &&3  =  0  
& & {a*_, 3 }  G Reals]&

Solve[%  = =  —h2,h]
//F u llS im p lify [# , a  >  0 &&3  =  0  

& & {a*_, 3 }  G Reals]&

q1 -4a2
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{{h a 1
\/- a 1 + 4 a 2

}, {h , a 1 } }
y — a 1 + 4 a 2

For brevity, we suppress (m ost o f) the output for the re­
mainder of the (non-unim odular-case) classification code.

1 . 2 . 2  c 1 2  =  — 1  a n d  c ^ 2  =  0  a n d  c § 1 =  0

And@@{—0o,1,1 — 0o,2,2 — 0o,2,o01,2,2 = =  0 ,
—0o,1,10o,2,o +  0o,2,201,2,1 — 0o,2,101,2,2 = =  0,
0o,1,2(—0o,2,o — 01,2,1) +  0o,1,101,2,2 = =  0 }

/•{0o,2,o ^  1 }/ .{0 o ,1 ,1  ^  —0o,2,2 — 01,2,2}
/•0o,2,2 ^  0 /.0 o ,1 ,2  ^  0
//F u llS im p lify

c1 ,2,2 = =  o

CheckAlgN[{co,2,o ^  1,00,1,1 ^  0,00,2,2 ^  0,00,1,2 ^  0,
01.2.2 ^  0 } ,  { } ,  {01,2,1 =  —1 , 0iL,v-,w- G R eals}]

F o rA ll[ {a o ,0 1 ,0 2 } ,  {a o , 0 1 ,0 2 }  G R eals,

1 (—^ a 2 (_ 4 0 o,2,1 +  (°1,2,1 -  1)2) — a 2 ( l  +  01,2,1))
= =  0___________________________

11 1  ( + y a ! ( —4°o,2,1 +  (°1,2,1 -  1)2) — a 2 ( l +  °1,2,1)) 
= =  0]

//R e s o lv e
/ / F u l l S i ^ l i f y } # ,  01,2,1 =  1&&0^,v_,B_ G Reals]&  

F o rA ll[ {a o ,a 1 ,0 2 } ,  { 0 0 ,0 1 ,0 2 }  G R eals,

1 (—^ a 2 (- 4 0 o,2,1 +  (01,2,1 -  1)2) — ° 2 (1  +  01,2,1))

= =  2  ( + ^ a 2 (- 4 0 o,2,1 +  (01,2,1 — 1)2) — « 2(1  +  01,2,1) ) ]
//R e s o lv e
/ / F u l l S i ^ l i f y [ # )  01,2,1 =  1&&0^,v_,B_ G Reals]&

=0 ,2,1 + =1,2,1 = =  o

2 ^=0 ,2,1 + =1 ,2,1 = =  1 11 + 2 ^C0 ,2,1 = =  =1,2,1

Solve[—40o,2,1 +  (1  +  01,2,1 )2 = =  0 , 0o,2,1]

{ { =0 ,2,1 ^  4 (1 + =1,2 ,1)2 }}

{  2  (—^ a l ( —4 0 o,2,1 +  (01,2,1 — 1)2) — 02 (1  +  01,2,1)),

2 ( + ^ /“ ! ( —4co ,2 ,1 + (0 1 ,2 ,1  — 1)2 ) — 0 2 (1 + 0 1 ,2 ,1 ) ) }  
/• {0o,2,1 ^  —01,2,1}
/ / F u l l S i ^ l i f y [ # )  01,2,1 =  — 1&&0^,v_,B_}  G Reals]&

{2 (— V “ 2 ( ~ 40o,2,1 +  (01,2,1 -  1)2) — ° 2 (1  +  01 ,2 ,l )) ,

2  ( + ^ a l ( —4co,2,1 + (0 1 ,2 ,1  — 1)2 ) — “ 2(1 +  01 ,2 ,1 ))}
/• {01,2,1 ^  1 +  O 2 ^ 0o ,2 ,1 }
/ / F u l l S i ^ l i f y [ # )  01,2,1 =  —1

& & {0 ^ , 0 ^ ,v_,B_}  G Reals&&<r2 = =  1]&

1 . 2 . 2 . 1  c Q2  +  c i 2  =  0

In this case, we get a one-param eter family of equivalence 
classes on A ff(R)o x R.

{ l i e [ X l ,X o ] )  l ie [X 2 ,X o ] ,  l i e [ X 2 ,X 1 ] }
/•{0o,2,o ^  1,0o,1,1 ^  0, 0o,2,2 0,00,1,2 ^  0,

01.2.2 ^  0, 0o,2,1 ^  —01,2,1}
//S im p lify ;

% /.01 ,2 ,1  ^  3  — 1//Column

CheckAlgN[{0o,1,o 0 , 0o,1,1 ^  0 , 0o,1,2 ^  0 , 0o,2,o ^  1 ,
0o,2,1 ^  1 — 3 , 0o,2,2 ^  0, 01,2,o ^  —1,01,2,1 ^  3  — 1 ,
01.2.2 ^  0 } ,  { 3  =  0 , 3  G R e a ls }, { } ]

CheckAlgN[{0o,2,o 1,0o,1,1 ^  0 , 0o,2,2 ^  0 , 0o,1,2 ^  0,
01.2.2 ^  0, 0o,2,1 ^  —01,2 ,1}, { } ,  {01,2,1 =  —1,
01 ,v ,g G R eals}]

1 . 2 . 2 . 2  c Q2  +  c ^2 =  0  a n d  ( c i 2  1 ) 2  4 c 0 2  >  0

In this case, we get a one-param eter family of equivalence 
classes on G{{ 4 .

{ l i e ^ X ) ] ,  l ie [X 2 ,X o ] ,  l i e [ X 2 ,X 1 ] }
/•{0o,2,o ^  1,0o,1,1 ^  0, 0o,2,2 0,00,1,2 ^  0,

01.2.2 ^  0 }
//S im p lify ;

% /.0o ,2 ,1  ^  Y /.01 ,2 ,1  ^  3  -  1/ . Y  ^  h (2—h2
//Column

Assumps =  {01,2,1 =  —1 )0^,^,w_ G R eals,
0o,2,1 +  01,2,1 =  0 } ;
Assumps2  =  Join[Assumps, {(01,2,1 — 1) 2 — 40 o,2,1 >  0 , 

0o,2,1 >  0  ^
(01,2,1 — 1 >  2-=0o,2,11|01,2,1 — 1 <  —2= 0o ,2 ,1 )}]; 

Reduce[01,2,1 +  1 =  0&&A^dQQAssumps|
//F u llS im p lify [# , Assumps2 ]&

Reduce[0o,2,1 G Reals&&And@@Assu.mps]
//F u llS im p lify [# , Assumps2 ]&

Reduce[01,2,1 +  0o,2,1 =  0 &&And@QAssumps] 
//F u llS im p lify [# , Assumps2 ]&

CheckAlgN[{0o,1,o 0 , 0o,1,1 ^  0 , 0o,1,2 ^  0 , 0o,2,o ^  1 ,
0o,2,1 ^  7,0o,2,2 ^  0, 01,2,o ^  —1,01,2,1 ^  3  — 1 ,
01.2.2 ^  0 } ,  { 3  =  0 , { 3 , y }  G R e a ls },
{ 3  +  Y -  1 =  0, ( 3  — 2 )2 -  4 y >  0 }]

CheckAlgN[{0o,2,0 ^  1,0o,1,1 ^  0, 0o,2,2 ^  0, 0o,1,2 ^  0,
01.2.2 ^  0 } ,  { } ,  {01,2,1 =  —1 , 0 ,̂T-,w_ G R eals,
0o,2,1 +  01,2,1 =  0 , (01,2,1 — 1) 2 — 40 o,2,1 >  0,
0o,2,1 >  0  ^

(01,2,1 — 1 >  2^0o,2,1||01,2,1 — 1 <  — 2-=0o,2,1)}]

Find h:

{ 2  ( \/0  ̂|c1,2,1 + 1 | a2 ( = 1,2,1 + 1)), j  (= 0 2 1 =1,2,1 + 1 1 — a2 ( = 1,2,1 +
1))}

{ - 0 2 ( 1  +  CT=0 0 ,2 ,1 ), - 0 2 ( 1  +  O ^ 0 0 ,2 ,1 ) }

Changing th e  fram e can ’t  help us:

{00 ,1 ,1 ,02 ,0 ,2 ,01 ,2 ,2 }
/ .  {00,2,0 ^  1,00,1,1 ^  0,00,2,2 ^  0,00,1,2 ^  0,

01,2,2 ^  0 }
//S im p lify

Subs =  {00,1,0 ^  0,00,1,1 ^  0,00,1,2 ^  0,00,2,0 ^  1 , 
00 ,2,1 ^  Y, 00 ,2,2 ^  0 , 01 ,2,0 ^  —1 , 01 ,2,1 ^  3  — 1 ,
01,2,2 ^  0 } ;

{a 0 , a1, a 2 }  =  Eigenvalues[ad[0o ,a l)a2 ]]/• S u b s  
/ /F u l lS ^ a p lify [# , a  >  0 & & 3  =  0  

, 3 }  G Reals]&
( ) 2/ / F u l l S ^ l i f y [ # ,  ( 3  — 2 ) 2 -  4 y  >  0  

& & a >  0 & & 3  =  0 & & {0 ^ , 3 }  G Reals]&  
Reduce[% = =  h2 ,h]

//F u l lS ^ a p lify [# , ( 3  — 2 ) 2 — 4 y  >  0 & & a >  0  
& & 3  =  0 & & {a L , 3 }  G Reals]&{ 0 , 0 , 0 }
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1 . 2 . 2 . 3  cQ2  +  cQ2  =  0  a n d  (cQ 2  — 1 ) 2  — 4 c 0 2  =  0  1 . 2 . 3  cQ2  =  — 1 a n d  c 2 2  =  0  a n d  c2i =  0

In this case, we get a one-param eter family of equivalence
classes on G3.2  .

{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o ] ,  l i e ^ X ^ }
/ .  {00,2,0 ^  1,00,1,1 ^  0,00,2,2 ^  0,00,1,2 ^  0,

01,2,2 ^  0,00,2,1 ^  1 (1  — 01,2,1)2 }/ /S im p lify ;
% /.01 ,2 ,1  ^  3  — 1//Column

Assumps =  {01,2,1 =  —1 , 0iL,v-,w. G R eals, 00,2,1 =  01,2 ,1}; 
Reduce[01,2,1 +  1 =  0 &&And@QAssumps]

/ / F u l l S i ^ l i f y [ # )  Assumps]&

CheckAlgN[{0o,1,o ^  0,00,1,1 ^  0,00,1,2 ^  0 ,00,2,0 ^  1 , 
00,2,1 ^  1 ( 3  — 2 )2 ,00,2,2 ^  0 ,01,2,0 ^  —1 ,
01.2.1 ^  3  — 1 ,01,2,2 ^  0 } ,  { 3  =  0 , 3  G R e a ls }, { } ]

CheckAlgN[{co,2,o ^  1,00,1,1 ^  0,00,2,2 ^  0,00,1,2 ^  0,
01.2.2 ^  0 } ,  {01,2,1 =  —1 ,0 ^ ,^ ,^  G R eals, 00,2,1 =  01,2,1}, 
{ ( 1  — 01,2,1 ) 2 — 40 o,2,1 = =  0 }]

AndQQ{—00,1,1 — 00,2,2 — 00,2,001,2,2 = =  0 ,
—00,1,100,2,0 +  00,2,201,2,1 — 00,2,101,2,2 = =  0,
00,1,2(—00,2,0 — 01,2,1) +  00,1,101,2,2 = =  0 }

/• {00,2,0 ^  1 } / .{0 0 ,1 ,1  ^  —01,2,2 — 00,2,2}
/• 00,2,2 ^  0
//F u llS im p lify [# , 01,2,1 =  — 1&&0o,1,2 =  0 ]&

(=0,2 ,1 — 1)=1,2 ,2 = =  0 &&=0,1,2(1  + =1,2 ,1 ) + =1,2 ,2 = =  0

T h e second equation implies th a t 012  =  0, whence 0 J 2 =  1. 
In fact, from  0 10 <  0, we have

00,1,1 >  0 A  {00,2,0 ^  1 }/^  {00,1,1 ^  —01,2,2 — 00,2,2}
/• 00,2,2 ^  0 //F u llS im p lify [# , 01,2,2 =  0 ]&

=1,2 ,2 < 0

T h a t is, 012 <  0. Now using 0 J 2 =  1:

00,1,2(1 +  01,2,1) +  01,2,2 = =  0 /.0 0 ,2 ,1  ^  1 
//S iIn p lify [# ) 00,1,2 =  0]&

Solve[% , 01 ,2 ,1 ]//S im p lify

I . 2 . 2 . 4  cq2 +  c |2  =  0  a n d  ( c |2  1 ) 2  4 c 0 2  <  0

In this case, we get a one-param eter family of equivalence 
classes on Gh.5.

{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o | , l i e [ X 2 ,X 1 ] }
/• {00,2,0 ^  1,00,1,1 ^  0,00,2,2 ^  0,00,1,2 ^  0,

01.2.2 ^  0 }
//S im p lify ;

% /.o o ,2 ,l ^  a/^ 01,2 ,1  ^  3  — 1 / . a  ^  ^ + h4h(-2 ^
//Column

Assumes =  {01,2,1 =  — 1 , 0iL,v_,w_ G R eals,
00,2,1 +  01,2,1 =  0 } ;
Assumps2  =  Join[Assumps, { ( 1  — 01,2,1)2 — 40 0 ,2,1 <  0 }] ; 
Reduce[0o,2,1 >  0&&AndQ@Assumps]

/ / F u l l S i ^ l i f y [ # )  Assumps2 ]&
Reduce[01,2,1 +  1 =  0 &&And@QAssumps]

/ / F u l l S i ^ l i f y [ # )  Assumps2 ]&

CheckAlgN[{0o,1,o ^  0,00,1,1 ^  0,00,1,2 ^  0 ,00,2,0 ^  1 , 
00,2,1 ^  a ,  00,2,2 ^  0,01,2,0 ^  —1,01,2,1 ^  3  — 1,
01.2.2 ^  0 } ,  { 3  =  0 , 3  G R eals, h >  0 } ,
{ a  +  3  -  1 =  0 , ( 3  — 2 ) 2 -  4 a  <  0 }]

CheckAlgN[{0o,2,o ^  1,00,1,1 ^  0,00,2,2 ^  0,00,1,2 ^  0,
01.2.2 ^  0 } ,  { } ,  {01,2,1 =  — 1 , 0iL,v_,w_ G R eals,
00,2,1 +  01,2,1 = 0 ,  (1 — 01,2,1 )2 — 40 0 ,2,1 <  0,
—'2=00,0,1 <  1 — 01,2,1 <  2= 00 ,2 ,1 }]

Find h:

=0 ,1,2 (1 + =1,2,1 ) + =2,2 ,2 ----0

{ {  = 1,2 ,1 ^  —1
c2c1,2,2 
c0 ,1,2

} }

CheckAlgN[{0o,2,o ^  1,00,1,1 ^  —01,2,2,00,2,2 ^  0, 
=2

00,2,1 ^  l ) 01,2,1 ^  —1 — =1 ’ 2  2 })  { 0 1,2,1 =  —1, 

00,1,2 =  0 , 01,2,2 <  0 } ,  { } ]

. _ ((a0—a1)=0,1,2 - a2=1,2,2) (= 4c0, 1,2+=? 2,2+=1,2 > 2)
e ig 1  = --------------------------------- ^7.— 1---------------- —--------------2=0,1,2

((a0 —a 1)=0 ,1,2 - a 2=1,2,2)W 4=0,1,2+=l 2 2 =1,2,2)
e ig 2  =  +--------------------------------7y -— *----------------—--------------2=0,1,2

Reduce[(eig1 = =  0 & & eig 2  =  0 )
||(eig1 =  0& & eig2 = =  0 ), { } , Reals]

//F u llS im p lify [# , {01,2,1 =  -1 ,0 0 ,1 ,2  = 0 ,
01.2.2 <  0, 400,1,2 +  0°,2,2 >  0 }]&

Reduce[eig1 = =  e ig 2 , { } ,  Reals]
//F u llS im p lify [# , {01,2,1 =  -1 ,0 0 ,1 ,2  = 0 ,

01.2.2 <  0, 400,1,2 +  0°,2,2 >  0 }]&

False

(=0,1,2 > oii2^
&&a0 = =  a 1 +

-=0 ,1,2 < =1,2,2 
a 2 c1,2,2 

c0 ,1,2

°V’—=0 ,1,2 + =1,2,2 < 0)

Reduce[ForAll[{ « 0 , 0 1 ,0 2 } , { 0 0 ,0 1 ,0 2 }  G R eals, 
eig1  = =  eig2|&&AndQ@{ ol,2 ,l =  —1,00,1,2 =  0,
01,2,2 <  0 } , { } , Reals]

//F u llS im p lify [# , { 01,2,1 =  - 1,00,1,2 = 0 ,
01,2,2 <  0 } ]&

Subs =  {00,1,0 ^  0,00,1,1 ^  0 ,00,1,2 ^  0 ,00,2,0 ^  1 , 
00,2,1 ^  a ,  00,2,2 ^  0,01,2,0 ^  —1,01,2,1 ^  3  — 1 ,
01,2,2 ^  0 } ;

{ a 0 , a 1 , a2 }  =  E i g e n v a l u e s ^ ^ ,  0L, 02 ]]ASubs 
/ / F u l l S i ^ l i f y [ # )  3  =  0 &&{ffli_, 3 }  G Reals]&

( 1̂—̂ )2 / / F u l l S i ^ l i f y [ # ) 3  =  0 & & {u l , 3 }  G Reals]&  
Reduce[% = =  —h2 ,h , Reals]

/ / F u l l S i ^ l i f y [ # )  —4a  +  (2  — 3 ) 2 <  0  
&&3  =  0& & {u ^ , 3 }  G Reals]&

4 =0 ,1,2 + =1,2,2   0

1 . 2 . 3 . 1  ( c 2 2 ) 2  +  4 c 2 !  >  0

In this case, we get a one-param eter family of equivalence 
classes on Gh 4 .

{ l i e [X 1 ,X o L  l ie [X 2 )X o ] , l l e [ X 2 ,X l| }
/• {00,2,0 ^  1,00,1,1 ^  —01,2,2,00,2,2 ^  0,00,2,1 ^  1 ,
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//S im p lify ;

% /-C 1 ,2 ,2 ^  — a / . 00 ,1 ,2 ^  P A P  ^  (  4 fe2 a
//Column

Assumps =  {01,2,1 =  — 1 , 00 ,1 ,2 =  0 , c i , 2 ,2 <  0 ,
00,1,2 £  R e a ls };
Assumps2  =  Join[Assumps, { c 1 2 2  +  400,1,2 >  0 ,

00,1,2 <  0  ^
(01,2,2 <  —2 ^ —C0,1,2||c1,2,2 >  2 / —00,1,2)}]; 

Reduce[c1,2,2 <  0&&AndQ@Assumps]
//F u llS im p lify [# , Assumps2 ]&

Reduce[co,1,2 =  0&&AndQ@Assumps]
//F u llS im p lify [# , Assumps2 ]&

CheckAlgN[{co,1,o ^  0 , co,1,1 ^  a ,  0 0 ,1 ,2  ^  P , c 0,2,0 ^  1 ,
2

00 ,2 ,1 ^  1 , 00 ,2 ,2 ^  0 , 01 ,2 ,0 ^  — 1 , 01 ,2 ,1 ^  —(1  +  0^-),
01.2.2 ^  — a } ,  { a  >  0 , P  =  0 , P  £  R e a ls }, { a 2 +  4P  >  0 }]

CheckAlgN[{00,2,0 ^  1,00,1,1 ^  —01,2,2,00,2,2 ^  0 , 
c2

00,2,1 ^  1.01,2,1 ^  —1 — c0’2’2 }> {01,2,1 =  —1.00,1,2 =  0 ,

01.2.2 <  0 ,00,1,2 £  R e a ls }, {01,2,2 +  40 0 ,1 ,2 >  0 ,
00,1,2 <  0  ^  (01,2,2 <  —2 ^ —00,1,21|01,2,2 >  2 / —00,1,2)}]

Find h:

Subs =  {00,1,0 ^  0,00,1,1 ^  a ,  00,1,2 ^  P , 00,2,0 ^  1 ,
2

00,2,1 ^  1,00,2,2 ^  0,01,2,0 ^  1,01,2,1 ^  —(1 +  ),
01 .2 .2 ^  —a } ;

{ a 0 , a 1 , a2 }  =  Eigenvalues[ad[a0 , « 1 ,&2]]/.S u b s  
//F u llS im p lify [# , a  >  0 &&P =  0  

& & {a ^ , P }  £  Reals]&
( H —a l ) 2 / /F u l lS im p li f y [# ,a 2 + 4 P  >  0

& & a >  0 &&P =  0 & & {ai_ , P }  £  Reals]&
Reduce[% = =  h 2 ,h]

/ /F u l lS im p li f y [# ,a 2 + 4 P  >  0 & & a >  0 &&P =  0  
, P }  £  Reals]&

1 . 2 . 3 . 2  ( C22 ) 2  +  4 ^  =  0

In this case, we get a one-param eter family of equivalence 
classes on G3 . 2 .

1 . 2 . 3 . 3  ( c ? 2 ) 2  +  4 c 0 i  <  0

In this case, we get a one-param eter family of equivalence 
classes on Gg 5 .

{ l i e [ X 1 ,X 0 ] ,  l le [X 2 ,X o ] .  l i e ^ X ^ }
/■ {00,2,0 ^  1,00,1,1 ^  01,2,2,00,2,2 ^  0,00,2,1 ^  1,

01.2.1 ^  —1 — C— l  } / / S ^ l i f y;

m i  / / (1+A2)a?
%/■01,2,2 ^  —a 1 /.0 0 ,1 ,2  ^  —a 2 / . a 2  ^  — 4h2 1 

/■ a 1  ^  a//C olum n

Assumps =  {01,2,1 =  —1,00,1,2 =  0 ,01,2,2 <  0 ,
00,1,2 £  R e a ls };
Assumps2  =  JoinfAssumps, {0 2 2 2  +  4 00 ,1,2 <  0 }] ;
Reduce[—01,2,2 >  0 &&AndQ@Assumps]

//F u llS im p lify [# ,A ssu m p s2 ]&
Reduce[—00,1,2 >  0 &&AndQ@Assumps]

//F u llS im p lify [# . Assumps2 ]&

CheckAlgN[{00,1,0 ^  0,00,1,1 ^  a 1 , 00,1,2 ^  —a 2 ,
00,2,0 ^  1,00,2,1 ^  1,00,2,2 ^  0,01,2,0 ^  —1,

2
01.2.1 ^  —(1 — O -), 01,2,2 ^  —a 1 } ,  {a 1  >  0 ,a 2  >  0, 
h  >  0 } ,  { a 2 — 4a2  <  0 }]

CheckAlgN[{00,2,0 ^  1,00,1,1 ^  —01,2,2,00,2,2 ^  0, 
c2

00,2,1 ^  1, 01,2,1 ^  —1 — c- ’ 2’ 2 } ,  { 0 1,2,1 =  — 1  

00,1,2 =  0 ,01,2,2 <  0 ,00,1,2 £  R e a ls },
{^1,2,2 + 40 0 ,1,2 <  0, —2 / —00,1,2 <  01,2,2 <  2 - / —00,1,2}]

Find h:

Subs =  {00,1,0 ^  0,00,1,1 ^  a 1 , 00,1,2 ^  —a 2 , 00,2,0 ^  1 , 

00,2,1 ^  1,00,2,2 ^  0 ,01,2,0 ^  —1,01,2,1 ^  —(1 — ),
01.2.2 ^  —a 1 } ;

{ a 0 , a l ,  a2 }  =  E igenvalues [ad[«0 , a1 ,«2]]A S ub s  
//F u llS im p lify [# , a  >  0& & a2 >  0  
& & »L  £  Reals]&

( 3 + 2 ) 2/ /F u l lS im p li f y [# .a l  — 4 a 2 <  0& & a1 >  0  
& & a2 >  0 &&u l  £  Reals]&

Reduce[% = =  — h 2,h , Reals]
//F u llS im p lify [# . a 1  — 4 a 2 <  0& & a1 >  0  

& & a2 >  0 & & a^  £  Reals]&

{ l i e [ X l ,X o ] .  l ie [X 2 .X o ] .  l i e [ X 2 ,X 1 ] }  
/ . { 0 0 ,2 ,0  ^  1,00,1,1 ^  —01,2,2,00,2,2 0, 00,2,1

01,2,1 ^  —1 — ci ,2,2 
co,i,2 } / .0 0 ,1 ,2  ^  101, 2,2

//S im p lify ;
% /■01,2,2 ^  —a / / S ^ j p l i f y [ # ,a  >  0 ]&

/ / C o l l e c t } # ,  X l  , Sim plify]& //Colum n

Assumps =  {01,2,1 =  —1 , 00,1,2 =  0 , 01,2,2 <  0 , 
00,1,2 £  R e a ls };
Reduce[—01,2,2 >  0 &&AndQQAssumps] 

//F u llS im p lify [# , Assumps]&

1 . 2 . 4  c } 2  =  — 1 a n d  c 0 2  =  0  a n d  c § 1 =  0

In th is case, we get a tw o-param eter family of equivalence 
classes on A ff(R )0  x  R.

A^dQQ{—00,1,1 — 00,2,2 — 00,2,001,2,2 = =  0,
—00,1,100,2,0 +  00,2,201,2,1 — 00,2,101,2,2 = =  0,
00,1,2(—00,2,0 — 01,2,1) +  00,1,101,2,2 = =  0 }

/■ {00,2,0 ^  1 } / .{0 0 ,1 ,1  ^  —01,2,2 — 00,2,2}
/■00,1,2 ^  0
//F u llS im p lify [# , 01,2,1 =  —1&&00,2,2 =  0 ]&

CheckAlgN[{00,1,0 ^  0,00,1,1 ^  a , 00,1,2 ^  — 4 a 2 ,
00,2,0 ^  1,00,2,1 ^  1,00,2,2 ^  0 ,01,2,0 ^  —1,01,2,1 ^  3 ,
01,2,2 ^  —a } ,  { a  >  0 } ,  { } ]

CheckAlgN[{00,2,0 ^  1,00,1,1 ^  —01,2,2,00,2,2 ^  0,
2

00,2,1 ^  l .  01,2,1 ^  —1 — C-2i|} . {C1,2,1 =

00,1,2 =  0,01,2,2 <  0,00,1,2 £  R e a ls },
{ °1,2,2 + 4°0,1,2 = =  0 }]

c0 ,2,2 (1 + c1,2 ,1) = =  (c0 ,2,1 — 1)c1 ,2 ,2 && 
c1,2,2 (c0 ,2,2 + c1,2,2 ) = =  0

T h e first equation implies th a t 0 ^  =  0, whence eh = — 0 ^ .

0 0 ,2 ,2 (1 +  01,2,1) = =  (00,2,1 — 1)01,2,2/^00,2,2 ^  —01,2,2 
//S im ^ lify [# , 00,2,2 =  0 ]&

Solve[% , 01 ,2 ,1 ]//S im p lify

(co, 2,1 + ci ,2,1 )ci , 2,2 = =  0
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{ { c 1,2,1 ^  —c0 ,2 , l } }

Since 010  =  0, we may assume 021 <  0 (by changing the 
frame if necessary).

{ l i e [ X 1 ,X 0 ] ,  l ie [X 2 .X o ] .  l i e [ X 2 ,X 1 ] }
/■ {00,2,0 —  1,00,1,1 —  0,00,1,2 —  0, 00,2,2 —  —01,2,2, 

00,2,1 —  —01,2,1}
//S im p lify ;

% /.0 l ,2 ,2  —  a/^ 01,2 ,1  —  P  — 1//Column

CheckAlgN[{00,1,0 —  0,00,1,1 —  0,00,1,2 —  0,00,2,0 —  1 , 
00,2,1 —  1 — P , 00,2,2 —  —a ,  01,2,0 —  —1,01,2,1 —  P — 1 ,
01.2.2 —  a } ,  { a  >  0 , P  =  0 , P  £  R e a ls }, { } ]

CheckAlgN[{00,2,0 —  1,00,1,1 —  0,00,1,2 —  0,
00,2,2 —  01,2,2,00,2,1 —  —01,2 ,1}, {01,2,1 =  —1,
01.2.2 >  0 , 01,2,1 £  R e a ls }, { } ]

1 . 2 . 5  c } 2  =  — 1 a n d  c 0 2  =  0  a n d  c § 1 =  0

And@@{—00,1,1 — 00,2,2 — 00,2,001,2,2 = =  0 ,
—00,1,100,2,0 +  00,2,201,2,1 — 00,2,101,2,2 = =  0,
00,1,2(—00,2,0 — 01,2,1) +  00,1,101,2,2 = =  0 }

/■ {00,2,0 —  1 }/ - {0 0 ,1 ,1  —  —01,2,2 — 00,2,2} 
//F u llS im p lify [# , 01,2,1 =  —1&&0q,2,2 =  0

&&00,1,2 =  0]&

c0 ,2,2 (1 + c1 ,2,1 ) = =  (c0 ,2,1 — 1)c1,2 ,2 &&
c0 ,1,2 (1 + c1 ,2,1 ) + c1,2 ,2 (c0 ,2,2 + c1,2 ,2 ) = =  0

We see th a t 0°2  =  0, 0 12 =  1 and 0 °2  +  0 Q2 =  0. In fact, 
from 0 ^  >  0 , we get:

00,1,1 >  0 / .{0 0 ,1 ,1  —  —01,2,2 — 00,2,2}
//F u llS im p lify [# , 01,2,1 =  —1&&0q,2,2 =  0
&&00,1,2 =  0&&01,2,2 =  0&&0Q,2,1 =  1

&&01,2,2 +  00,2,2 =  0]&

c0 ,2,2 + c1,2,2 < 0

T h a t is, 012  +  c 02 <  0. Thus:

Solve[00,2,2(1  +  01,2,1) = =  (00,2,1 — 1)01,2,2,01,2,1] 
/ /F iil lS iin p lify l# , 01,2,1 =  —1&&0q,2,2 =  0

6 6 0 0 .1 .2  =  0&&01,2,2 =  0&&00,2,1 =  1
6 6 0 1 .2 .2  +  00,2,2 =  0 ]&

Solve[00,1,2(1  +  01,2,1) +  01,2,2(00,2,2 +  01,2,2) = =  0

/■01,2,1 — (c0,2,1—1)c1,2,2 
c0,2,2 1, 00,1,2]

//F u llS im p lify [# , 01,2,1 =  —1&&0q,2,2 =  0
6 6 0 0 .1 .2  =  0&&01,2,2 =  0&&00,2,1 =  1
6 6 0 1 .2 .2  +  00,2,2 =  0]&

{ { c 1,2 ,1
(c0 ,2 ,1 - 1)c1,2,2 

c0 ,2,2
1} }

rr c0 ,2 ,2 (c0 ,2 ,2 +c1,2 ,2 ) r r{ { c 0, 1,2 ^ ---------- c0 ,2 ,1 - 1--------- } }

{{00 ,2 ,0  —  1,00,1,1 —  —01,2,2 — 00,2,2},
{01,2,1 =  —1 , 00,2,2 =  0 , 00,1,2 =  0 , 01,2,2 =  0 } ,  
{0 0,2,1 =  1 , 0 1,2,2 +  00,2,2 <  0 } }

/■ 0 1,2,1 (c0,2,1 1)c1,2,2
C0,2,2

/■00,1,2 —  —c0,2,2(c0,2,2+c1,2,2) 
C0 ,2,1—1

//F u llS im p lify

{ { c 0 ,2,0 1 , C0 ,1,1
(c0 ,2,1 - 1)c1,2,2 = q

{ c0 ,2,2 =

—C0 ,2,2 — C1,2 ,2 },
c0 ,2,2 = 0 : c0 ,2,2 (c0 ,2 ,2+c1,2 ,2 )

- 1c0 ,2 ,1 = 0 ,

c1,2,2 = Q}j
{c 0 ,2 ,1 = 1 j c0 ,2,2 + c1,2,2 < Q}}

a d [a o ,a !,a 2  ]/■ {00,2,0 —
(c0,2,1 1)c1,2,2 

c0,2,2 
c0,2,2(c0,2,2+ c1,2,2) 

0Q,1,2 — -----' ' c0,,2,,1^1 ' •

01,2,1

1 ,00,1,1 —  —01,2,2 — 00,2,2, 
1 ,

}
//E ig e n v a lu e s
//F u llS im p lify [# , And@Q{01,2,1 =  —1,00,2,2 =  0 , 

00,1,2 =  0,01,2,2 =  0, 00,2,1 =  1,
01 ,2 ,2 +  0Q,2 ,2 <  0 }]&

e i g l  =  — (  (02(00,2,1 — 1) +  (00 — 01)00,2,2)

X  (00,2,1 — 1)01,2,2 +  j 00,2,1 — 1 

x  ^  400,2,2 — 4 °0,2,2°1,2,2 +  (00,2,1 — 1)°1,2,2) ) /  
(2 (0 q,2,1 — 1)0Q,2,2);

e ig 2  =  ((02(00,2 ,1  — 1) +  (oq — 01)00,2,2)

x  ( — (00,2,1 — 1)01,2,2 +  j 00,2,1 — 1 

x  ^ /—4°§,2,2 — 4 °0,2,2°1,2,2 +  (00,2,1 — 1)01,2,2) ) /  
(2 (0Q,2,1 — 1)0Q,2,2);

Reduce[(eig1 = =  0 & & eig 2  =  0 )
||(eig1 =  0 & & eig2  = =  0 ), { } ,  Reals] 
//F u llS im p lify [# , And@Q{01,2,1 =  —1,00,2,2 =  0 , 

00,1,2 =  0, 01,2,2 =  0, 00,2,1 =  1,
01,2,2 +  00,2,2 <  0}]&

False

Hence: eig1 =  0  if and only if eig2  =  0  (hence we’re not 
on A ff(R)o x  R ); and there exists A such th a t ad^ has 
1 zero, 2  nonzero and identical eigenvalues exactly  when 
(the b it under th e  square roots) =  0 .

1 . 2 . 5 . 1  E i g e n v a l u e s  r e a l  a n d  d i s t i n c t

) }

In th is case, we get a tw o-param eter family of equivalence 
classes on G3h.4 .

{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o ] ,  l i e [ X 2 .X l ] }
/■ {0 0,2,0 — 1, 00,1,1 — —01,2,2 — 00,2,2,

(c0,2,1 -1)c1 ,2 ,2  
1 ,2,1 — c0,2,2 —

c0,2,2(c0,2,2+c1,2,2)
0Q,1,2 — ----- ' ' c0,'2,1 - 1  ' • 1

//S im p lify ;
% /-C1,2,2 —  P 1/0Q ,2 ,2  —  P 2/0Q ,2 ,1  —  P3 +  1 

4h2fe (^1+fe )
(h2 —1)^?

//F u llS im p lify [# . P1 =  0&&P2 =  0 
& & P^ £  Reals]& ;

% /.F la t te n @ S o lv e [—P1 — P2 = =  a& & P1 = =  P , {P l .P 2 }]  
/ /C o l l e c t ] # ,  X l  , FullSim plify]& //C olum n

/■ P 3 -

Reduce[(a +  P =  0 A a  —  —(01,2,2 +  0 0 ,2 ,2 ) /^  —  01,2,2) 
&&And@@Assumps]
//F u llS im p lify [# . Assumps]&

Assumps =  {01,2,1 =  —1,0Q,2,2 =  0,00,1,2 =  0 ,01,2,2 =  0 , 
00,2,1 =  1 ,01,2,2 +  00,2,2 <  0 ,00,2,1 £  R e a ls };
Assumps2  =  Join[Assumps, {(00,2,1 — 1 )

x ( —40Q,2,2 — 4°0,2,2°1,2,2 +  (°0,2,1 — 1)0°,2,2) >  0 } ];
Reduce[01,2,2 =  0 &&A^d@@Assum^s]

//F u llS ^ ^ p lify [# . Assumps2 ]&
Reduce[0Q,2,2 =  0 &&And@@Assumps]
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//F u llS im p lify [# , Assumps2]& 
Reduce]0Q,2,l — 1 =  0 &&And@QAssumps] 

//F u llS im p lify [# , Assumps2]&

Reduce[—(01,2,2 +  00,2,2) >  0&&AndQ@Assumps] 
//F u llS im p lify [# , Assumps2]&

CheckAlgN]{oQ,l,Q —  0,00,1,1 —  —(P1 +  P 2 )

0Q,1,2 —  — ^2(^1+^2> ,00,2,0 —  1,00,2,1 —  P3 +  1,

00,2,2 —  P 2 ,01,2,0 —  —1,01,2,1 —  —(1  — ^g1 3 ),
01,2,2 —  P 1 }, {P 1 =  0 ,P 2  =  0 , P3 =  0,
{P 1 , P2, P 3 } £  R e a ls }, {P 3 M P 1 P 2  — 4 P| +  P 2P3 ) >  0 }]

CheckAlgN]{0Q,2,Q —  1,00,1,1 —  —01,2,2 — 00,2,2,

01 2 1 —  (co■2 1̂~ 1)cl 2̂ 2̂ — 1,1,2,1 c0,2,2
c0,2,2(c0,2,2 +c1,2,2)

00,1,2 —  — ' '  c0,2,1 —1 • • }
{ 0 1,2,1 =  —1 , 0 Q,2,2 =  0 , 00,1,2 =  0, 0 1,2,2 =  0 , 0 0,2,1 =  1,
01,2,2 +  00,2,2 <  0 ,0 q,2,1 £  R e a ls }, {(00,2,1 — 1)

x ( —400 ,2 ,2 — 40 0 ,2 ,201 ,2 ,2 +  (00 ,2 ,1 ■ 

Find h:

1)01,2,2) >  0 } ]

Subs =  {00,1,0 —  0,00,1,1 —  —(P1 +  P2),

0Q,1,2 —  — l2 (l0 + l2 ) , 00 ,2 ,Q —  1. 0Q,2,1 —  P 3 +  l ,

00,2,2 —  P 2 ,01,2,0 —  —1,01,2,1 —  —(1  — ^g1 3 ),
01,2,2 —  P 1 };

{a 0 , a l , a 2 } =  E i g e n v a l u e s ^ ^ ,  0 1 ,0 2  HASubs 
/ /F u l lS im p lify [# ,P 1 =  0 &&P2 =  0 &&P3 =  0  

& & {ai_ , P j }  £  Reals]&
( f l— § ^ / / F u l l S i m p l i f y ^ P a ^ j ^  — 4 P 1P2 — 4 P|) >  0  

&&P1 =  0&&P2 =  0&&P3 =  0 
&&{a^_, Pj_}  €  Reals]&

Reduce[% = =  h 2 ,h]
//F u llS im p lify [# ,P 3 ( —4P1P2 — 4 P 2 +  P 2P3) >  0  

&&P1 =  0&&P2 =  0 &&P3 =  0  
& & {ai_ , P j }  £  Reals]&

Reduce[0Q,2,2 =  0 &&And@@Assumps] 
//FullS im p lify[# ,A ssum ps]&

Reduce[—(01,2,2 +  00,2,2) >  0 &&AndQQAssumps]
//F u llS im p lify [# . Assumps]&

l2
CheckAlgN[{0o,1,o —  0,00,1,1 —  a , 00,1,2 —  — 4 , 

00,2,0 —  1, 00,2,1 —  ( l  , 0Q,2,2 —  P  — a ,

01,2,0 —  1,01,2,1 —  4a  — 1,01,2,2 —  —P },
{ a  >  0 , P  =  0 , P  £  R e a ls }, { } ]

CheckAlgN[{0o,2,o —  1,00,1,1 —  —00,2,2 — 01,2,2,
„ . o 1 40 ,2,2 . 1 2
°1,2,1 —  3 +  C1 2 2 ,0 Q,1,2 —  — 1

00,2,1

c1 ,2,2
(2c0,2,2+c1,2,2)2
--------C5------------c1 ,2 ,2

} ,  {01,2,1 =  —1 ,

00,2,2 =  0 , 00,1,2 =  0 , 01,2,2 =  0, 00,2,1 =  1,
01,2,2 +  00,2,2 <  0 , 0 ^,v_,¥. £  R e a ls }, { } ]

1 . 2 . 5 . 3  E i g e n v a l u e s  c o m p l e x  a n d  d i s ­

t i n c t

In this case, we get a tw o-param eter family of equivalence 
classes on Gh 5 .

{ l ie [X l .X Q ] , l i e ] X 2 ,X o ] . l i e ^ X ^ }
/■ { 00 ,2,0 —  1, 00 ,1,1 —  —0 1,2,2 — 00 ,2 ,2 ,

0 1 2 1  —  (C0-2,1 —1)C1,2'2 — 1,1 ,2,1  c0,2,2
„ . c0’2’2 (c0’2’2+ c1’2’2)-1

0,1,2  c0,2,1- 1
//S im p lify ;

% /-C l,2,2 —  P l/■ 0 Q,2,2 —  P2 /■ 0Q,2,1 —  P3 +  1 
4h2|2 ( l 1+ l 2)

(1+h2 ) l j
//F u llS im p lify [# . P1 =  0&&P2 =  0 

&&Pi_ £  Reals]& ;
% /.F la tte n @ S o lv e [P l  +  P2 = =  —a& & P 1 = =  P , {P 1 ,P 2 }] 

/ /C o l l e c t ] # .  X l  , S i^ lify ]& //C o lu m ^

/■ P 3

1 . 2 . 5 . 2  E i g e n v a l u e s  e q u a l Reduce[(a +  P =  0 / . a  - —(01,2,2 +  0 0 ,2 ,2 ) /^  —  01,2,2)

In this case, we get a tw o-param eter fam ily of equivalence 
classes on G3 . 2 .

{ l i e ] X l ,X o ] .  l ie [X 2 ,X o ] ,  l i e ] X 2 ,X l ] }
/■ {00,2,0 —  1 , 0q,1,1 —  —01,2,2 — 00,2,2,

(c0,2,1 1)c1,2,2 1
c0,2,2 ,

0 .2 ,2  (0 ,2 .2  + c1,2,2) 1 
c0,2,1 1 }
(2c0,2,2+c1,2,2)2

/ . 00,2,1 —  ------^ ----- —-----
c1,2,2

01,2,1

00,1,2

//S im p lify ;
% / . 01 ,2,2 —  P 1 A  00 ,2,2 —  P2

//F u llS im p lify [# , P1 =  0&&P2 =  0  
& & P^ £  Reals]& ;

% /.F la tte n @ S o lv e ]P l  +  P2 = =  —a& & P1 = =  P , {P 1 , P2}] 
/ /C o l l e c t  [# , X l  , FullSim plify]& //C olum n

Reduce[(a +  P  =  0 / . a  —  —(01,2,2 +  0 0 ,2 ,2 ) /^  —  01,2,2) 
&&And@@Assumps]
//F u llS im p lify [# , Assumps]&

Assumes =  {01,2,1 =  —1,00,2,2 =  0,00,1,2 =  0,01,2,2 =  0, 
00,2,1 =  1,01,2,2 +  00,2,2 <  0,00,2,1 £  R e a ls }; 
Reduce[01,2,2 =  0&&And@@Assumps]

//F u llS im p lify [# , Assumps]&

//F u llS im p lify [# . Assumps2 ]&

Assumps =  {01,2,1 =  —1,0Q,2,2 =  0 ,00,1,2 =  0,01,2,2 =  0 , 
00,2,1 =  1 ,01,2,2 +  00,2,2 <  0 ,00,2,1 £  R e a ls };
Assumps2  =  Join[Assulnps. {(00,2,1 — 1)

x ( 4°0 ,2,2 — 400 ,2 ,201 ,2,2 +  (0Q,2,1 — 1) ° 1 ,2 ,2 ) <  0 } ] ;
Reduce[01,2,2 =  0 &&And@@Assumps]

//F u llS im p lify [# . Assumps2 ]&
Reduce[0Q,2,2 =  0 &&And@@Assumps]

//F u llS im p lify [# . Assumps2 ]&
Reduce[0Q,2,1 — 1 =  0&&And@@Assumps] 

//F u llS im p lify [# . Assumps2 ]&

Reduce[—(01,2,2 +  00,2,2) >  0 &&A^dQQAssum^s| 
//F u llS iID p lify [# . Assumps2 j&

CheckAlgN[{0o,1,o —  0,00,1,1 —  a , 00,1,2 —  — (1+4ht2) l  , 

00,2,0 —  —1 ,0 0 ,2,1 —  1 +(h+(hl22)<|'+1  , 0 0,2,2 —  —( a  — P ),

0 1,2,0 —  —1 ,0 1,2,1 —  — h  (1’+ h2l))| 1 , 0 1,2,2 —  P } ,
{ a  >  0 , P  =  0 , P  £  R eals, h  >  0 } ,  { } ]

CheckAlgN[{0o,2,o —  1,00,1,1 

01,2,1 —  (C0'2,C—1)01,2,2 — 1,1 ,2 ,1 c0,2,2

-01,2,2 — 00,2,2,
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c0,2,2(c0, 2,2+ c1,2,2)
00 ,1 ,2 — ----- • ‘ co,5,,l - 1  * * }  { 0 1 ,2 ,1 =  —1 ,
00 ,2 ,2 =  0 , 00 ,1 ,2 =  0 , 0 1 ,2 ,2 =  0 , 0 0 ,2 ,1 =  1 ,
01 ,2 ,2 +  00 ,2 ,2 <  0 , 00 ,2 ,1 £  R eals} , { (00 ,2 ,1 -  1 )

x (—40q,2 ,2 — 40q,2,201,2,2 +  (00 ,2 ,1 — 1)0 2 ,2 ,2 ) <  0 } ]

Find h:

Subs =  { 0 0 ,1,0 —  0 , 0 0 ,1,1 —  

0 0 ,1,2 —  — , 0 0 ,2,0

0 0 ,2,2  —  P 2 , 0 1 ,2,0  

0 1 ,2,2  —  P 1 } ;

(P 1 +  P2 ),
1 , 00 ,2,1 —  1 +  P 3 , 

1, 0 1 ,2,1 —  - ( 1 ),

{ 0 1,2,1 =  1 , 0 0,2,2 =  0 , 0 0,1,2 =  0 , 0 1,2,2 =  0 , 0 0,2,1 =  1 , 
0 1,2,2 >  0 0,2,2 , 0 0,2,1 £  R e a ls }/ .S u b s

//F u llS im p lify [# , P3(4P 1 P2 — 4 P2 +  P ^ )  <  0  
&&P 1 +  P2 <  0& & P 1 =  0& & P2 =  0&&P3 =  0  

, Pj_}  £  Reals]&

{2|2 = I 1I 3 J True, True, True, True,|1 > |2, True}

G 3 .2 , c a s e  1

On G3 .2 , we have a one-param eter fam ily and a two- 
param eter family of equivalence classes. T h is section deals 
with th e  first family.

Subs =  {00,1,0 —  0,00,1,1 —  0 , 00,1,2 —  0 , 00,2,0 —  1 ,
00,2,1 —  1 (P  — 2 )2 , 00,2,2 —  0,01,2,0 —  —1 ,
01,2,1 —  P  — 1,01,2,2 —  0 } ;

{ l i e [ X 1, X Q], l i e [ X 2 , X 0], l i e [ X 2 , X 1] }/ .S u b s  
//S im p lify ;

% //S im p lify [# , a  >  0 ] & / /C o l l e c t ] # ,X 1J& //C olum n  

{e o , e 1 ,£ 2 }/-S u b s
//F u llS im p lify [# . P  =  0 & & P £  Reals]&

{ k , X l .X 2 .^ } /-S u b s
//F u llS im p lify [# . P  =  0 & & P £  Reals]&  

CheckAlgN[Subs, {P  =  0 , P  £  R e a ls }, { } ]

{ a 0 , a l , a § } =  E igen valu es[ad [ao ,a1 ,a2]]/.S u b s  
//F u llS im p lify [# , P1 =  0&&P2 =  0&&P3 =  0 
&&{a^_, Pj_}  £  Reals]&

( t l — § ) 2 / /F u llS iIn p lify ]# ,P a (4 P lP2 — 4 P 2 +  P °P 3 ) <  0  
&&P1 =  0&&P2 =  0&&P3 =  0  
&&{a^_, Pj_}  £  Reals]&

Reduce[% = =  —h2 ,h , Reals]
//F u l lS im p lify [# ,h  >  0&&2P2 =  P 1P3& & P1 >  P2 

&&P3 (4 P 1P2 — 4 P 2 +  P 2P3 ) <  0&&P1 +  P2 <  0  
&&P1 =  0&&P2 =  0&&P3 =  0
& & {a ^ , P j }  £  Reals]&

E q u i v a l e n c e  C l a s s e s

A f f ( R ) o  x  R

On A ff(R)o x  R, we have a tw o-param eter fam ily of equiv­
alence classes.

Subs =  { 0 0 ,1 ,0 —  0 , 0 0 ,1 ,1 —  0 , 0 0 ,1 ,2 —  0 , 0 0 ,2 ,0  —  1 ,
0 0 ,2 ,1 —  1 — 7 , 0 0 ,2 ,2 —  —5 , 0 1 ,2 ,0 —  —1 , 0 1 ,2 ,1 —  Y — 1 , 
0 1 ,2 ,2 —  5 } ;

{ l i e [ X 1 , X 0 ], l i e [ X 2, X Q], l ie [ X 2 , X 1 ] }/ .S u b s  
//S im p lify ;

% //S im p lify [# , 5 >  0&&Y £  Reals]&//Colum n  

{ eo , e 1 , e 2 }/ .S u b s
//F u llS im p lify [# , 5 >  0 &&Y £  Reals]&

{ k , X 1, X 2 , $ } / .S u b s
//F u llS im p lify [# , 5 >  0 &&Y £  Reals]&

CheckAlgNlSubs, { 5 >  0 , y  £  R e a ls } , { 5 =  0 ||y  =  0 }]

Check which of the equivalence classes are flat (using the 
characterising equations found in chapter 4 ) .

Check which of the equivalence classes are flat (using the 
characterising equations found in chapter 4 ) .

{ —100,1,000,2,2 +  0Q,2,101,2,1 +  00,1,2(00,2,0 +  01,2,1)
+ ( —00,1,1 +  00,2,2)01,2,2 +  00,2,0(02,2^ +  01,2,2), 
00,2,201,2,1 — 0Q,1,1(0Q,2,Q +  01,2,1) — (00 ,1,2 +  00,2,1)01,2,2 
+ 00,1 ,q(0q,2,1 — 02,2j1 — 01,2,2)}

/.S u b s //S im p lify

{ 1  (| — 1)|2 , 0 }

T h a t is, all structures (for this case, i.e., i9 >  0 and consid­
ering the one-param eter fam ily of equivalence classes) on 
G3.2 with P = 1  are flat.

G 3 .2 , c a s e  2

On G3 .2 , we have a one-param eter fam ily and a two- 
param eter family of equivalence classes. T h is section deals 
with th e  second family.

i2
Subs =  { 00,1,0 —  0,00,1,1 —  5,00,1,2 —  — 4 , 00,2,Q —  1 , 

0Q,2,1 —  (2*+2l )  ,00,2,2 —  —(5  +  P ), 01,2,0 —  —1 ,

°1,2,1 —  —( 1 +  ^  h  01,2,2 —  P } ;

{ l ie [ X 1 , X q] , l ie ]X 2 , X o ], l ie [ X 2 , X 1 ] } /.S u b s  
//S im p lify ;

% //F u llS :um plify]#. 5  >  0& & P =  0 & & P £  Reals]&  
/ /C o l l e c t ] # .  X iJ& //C o lu im

{ k , X l .X 2 .^ } /.S u b s
//F u llS im p lify [# , 5  >  0 & & P =  0 &&P £  Reals]&

{ eo, e l .e 2 } / .s u b s
//F u llS im p lify [# , 5  >  0 & & P =  0 &&P £  Reals]&  

CheckAlgN[Subs, { 5  >  0 , P  =  0 , P  £  R eals } , { } ]

{ —0Q,1 ,Q0 0 ,2,2  +  0 0 ,2 ,1 0 1 ,2,1  +  0 0 ,1 ,2 (0 0 ,2,0  +  0 1 ,2 ,1 )
+ ( —00,1,1 +  00,2,2)01,2,2 +  0 Q,2 ,o(0 ° , 2 1  +  01,2,2), 
0 0 ,2 ,2 0 1 ,2,1  — 0 0 ,1 ,1 (0 0 ,2,0  +  0 1 ,2 ,1 ) — (0 0 ,1,2 +  0 0 ,2 ,1 )0 1 ,2,2 

+ ° 0 ,1 ,o(°0 ,2,1  -  ° ° ,2,1  -  °1 ,2 ,2 ) }
/.S u b s //S im p lify

{Q, 0 }

T h a t is, all structures (for th is case, i.e., i9 >  0) on 
A ff(R )Q x R  are flat.

Check which of the equivalence classes are flat (using the 
characterising equations found in chapter 4 ) .

{ —100,1,000,2,2 +  0Q,2,101,2,1 +  00,1,2(00,2,0 +  01,2,1) 
+ ( —00,1,1 +  00,2,2)01,2,2 +  00,2,0(0° ,2 ,1 +  01,2,2), 
00,2,201,2,1 — 0 Q,1 ,1 (0o,2 ,Q +  01 ,2 ,1) — (00 ,1,2 +  00,2,1)01,2,2 
+00,1,0(00,2,1 — 02,2,1 — 01,2 ,2)}

/.S u b s //S im p lify

r i(/S4+4/S,S+16.S2) ,S3 , f , 432 ^
{ ^3-----------, ~ r  + f }
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R educe^4 +  4 P 5  +  1652 = =  0& & 5  >  0  
& &P =  0& & P £  R eals, {P , 5 } ,  Reals]

//F u llS im p lify [# , 5  >  0 &&P =  0 &&P £  Reals]&

( l  = =  —1 &&16f = =  1)||( — 2 < | < Q&&
( l  + V l 2 — 4|4 + 8 f = =  Q|| V l 2 — 4|4 = =  l  + 8 f))

&&h >  0& &h =  1]&
{e o , e 1 ,e 2 } /S u b s

//F u llS im p lify [# . 5  >  0 & & P =  0 &&P £  R eals  
&&h >  0& &h =  1]&

CheckAlgN[Subs, { 5  >  0 , P  =  0 , P  £  R eals, h >  0 } ,  { } ]

T h a t is, all structures (for this case, i.e., $  >  0 and consid­
ering the tw o-param eter family of equivalence classes) on 
G3.2 satisfying the conditions above are flat.

G h 4 , c a s e  1

On G3h.4 , we have a one-param eter family and a two- 
param eter fam ily of equivalence classes. T h is section deals 
with the first family.

Subs =  {00,1,0 —  0 , 00,1,1

00,2,1 —  (h2(l J 2~ l2 )  ,
0 1,2,1 —  - ( 1  -  P ), 0 1,2,2

0,00,1,2 —  0,00,2,0 -

00,2,2 —  0 , 0 1,2,0 —  - 1 ,  
—  0 } ;

1 ,

{ l i e [ X 1 , X 0], l i e [ X 2 , X Q], l ie ]X 2 , X 1] }/ .S u b s  
//S im p lify ;

% //S im plify//C olu m n

{ k , X 1 ,X 2 ,^ } /S u b s
//F u llS im p lify [# , P  =  0 &&P £  R eals& & h >  0

& & h =  1]&
{eo  ,e 1  ,e 2 } / .S u b s

//F u llS im p lify [# , P  =  0 &&P £  R eals& & h >  0
& & h =  1]&

CheckAlgNlSubs, {P  =  0 , P  £  R eals, h >  0 , h  = 1 } ,  { } ]

Check which of the equivalence classes are flat (using the 
characterising equations found in chapter 4 ) .

{ —00,1,000,2,2 +  00,2,101,2,1 +  00,1,2(00,2,0 +  01,2,1)
+ ( —0Q,1,1 +  00,2,2)01,2,2 +  OQ,2 ,0 (Ol ,2 ,1 +  01,2,2),
00,2,201,2,1 — 00,1,1(00,2,0 +  01,2,1) — (00,1,2 +  00,2,1)01,2,2 
+°0,1,o(°0,2,1 -  °i,2 ,1  -  °1 ,2 ,2 )}

/.S u b s //S im p lify

r (h2 - 1 ) 0 - 1)^2 Q1
{ 4h2 j Q}

T h a t is, all structures (for this case, i.e., $  >  0 and consid­
ering th e  one-param eter family of equivalence classes) on 
G|( 4 with P = 1  are flat.

Check which of the equivalence classes are flat (using the 
characterising equations found in chapter 4 ) .

{ —00,1,000,2,2 +  00,2,101,2,1 +  00,1,2(00,2,0 +  01,2,1) 
+ ( —00,1,1 +  00,2,2)01,2,2 +  C0,2,o(c1,2,1 +  01,2,2), 
00,2,20 1,2,1 — 0 Q,1 ,1 (0o,2 ,Q +  01 ,2 ,1) — (00 ,1 ,2 +  00,2,1)01,2,2 
+ 00,1,q(0q,2,1 — c1,2,1 — 01,2 ,2)}

/.S u b s //S im p lify

{ 3((fo2- 1 ) 2,84+4fo2(fo2- 1 ) )83 + 16fo432) 
(h2 - 1)2 ,S3 j

(fo2 -1 ) 2 ,84 + 4fo2(fo2- 1 ) )83+16fo432

R ed uce[-

&&

4h2 (h2 -1),8

f((h2 — 1)2|4+ 4 h2(h2 — 1) l f + 16h4f2) = = 0
(h2 — 1)2l 3

04h2(h2—1) l
& & 5  >  0& & P =  0& & P £  R eals& & 0  <  h <  1 ,
{P , 5 } ,  Reals]

//F u llS im p lify [# , 5  >  0 & & P =  0 &&P £  R eals
6 6 0  <  h  <  1]&

Reduce[— f( (h2— 1)|f+ 16h4f2)  = =  0

&& (h2 — 1)2|4+ 4 h2(h2-  1)|«+16h4«2 0
&& 4h2(h2—1) l  -----0
& & 5  >  0& & P =  0& & P £  R eals& & 1  <  h, {P , 5 } ,  Reals] 

//F u llS im p lify [# , 5  >  0 & & P =  0 &&P £  R eals
6 6 1  <  h]&

( l  ^ — 1  &&1  + 16h2f = =  h2)||

(—2  < i  < o&&(f = =  —= _  (fe2 -1 )Q + P ^ 2 -4,84)

__(fe2 - 1 ) ( - l8 + 2,82- 4 )84)

(Q < | < 2 &&(f : (fe2 - 1)(-^  + 2^ 2 -4^ 4)

f = =  ))|8 h2 7711
(2| = =  1&&h2 (1 + 16f) = =  1)

8h

))8 h

8h

T h a t is, all structures (for this case, i.e., $  >  0 and consid­
ering the two-param eter fam ily of equivalence classes) on 
G3h.4 satisfying the conditions above (in the first case, with 
0  <  h <  1 , and in the second, with 1 <  h) are flat.

G h 4 , c a s e  2 G h 5 , c a s e  1

On G3h.4 , we have a one-param eter family and a two- 
param eter fam ily of equivalence classes. T h is section deals 
with the second family.

Subs =  {00,1,0 —  

00,2,0 —  1, 00,2,1

0, 0Q, 1,1 —  5 ,0 0 ,1 ,2 —  - (h 4h )̂ l  ,

- ( 1 (h2 — 1 )l2 
8+h2 (4f+  
(h2—1)l

- ( 5  +  P ),

01,2,Q —  —1 , 0 1,2,1 — ----- _(t f,+l )  , 0 1,2,2 —  P }

{ l i e [ X 1 ,  X o ], l ie [ X 2 . X q], l ie ]X 2 , X 1 ] }/ .S u b s  
//S im p lify ;

% //S im p lify ]# . 5  >  0& & P =  0 & & P £  Reals]&  
/ /C o l l e c t  [# , X ^ ^ /C o lu m n

{ k , X 1 ,X 2 ,$ } /S u b s
//F u llS im p lify [# , 5  >  0 &&P =  0 &&P £  R eals

On G§- B, we have a one-param eter fam ily and a two- 
param eter family of equivalence classes. T h is section deals 
with th e  first family.

Subs =  {00,1,0 —  0 , 00,1,1 
0Q 2 1 h2(l~ 2 )2+ ! 2
0Q,2,1 —  4h
0 1,2,1 —  P  — 1 ,0 1 ,2,2 —  0 } ;

0, 00,1,2 —  0, 0Q,2,Q 

, 00,2,2 —  0, 0 1,2,0 —  —1,

{ l i e [ X 1, X Q], l i e ] X 2 ,X 0]. l i e ^ ,  X ^ / .S u b s  
//S im p lify ;

% //S im plify//C olu m n

{ eo, e l . e 2 } / .s u b s
//F u llS iin p lify [# , P  =  0 &&P  £  R eals& & h  >  0 ]& 

{ k , X 1 ,X 2 } / .S u b s
//F u llS im p lify [# , P  =  0 &&P  £  R eals& & h  >  0 ]&
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CheckAlgN[Subs, {P  =  0 , P  £  R eals, h >  0 } ,  { } ]

Check which of the equivalence classes are flat (using the 
characterising equations found in chapter 4 ) .

{ —0Q,1,Q00,2,2 +  00,2,101,2,1 +  00,1,2(00,2,0 +  01,2,1) 
+ ( —00,1,1 +  00,2,2)01,2,2 +  0Q,2,o(o1 ,2,1 +  01,2,2), 
00,2,201,2,1 — 00,1,1(00,2,0 +  01,2,1) — (00,1,2 +  00,2,1)01,2,2 
+°0,1,o(°0,2,1 -  °l,2 ,1  -  01,2 ,2 ) !

/.S u b s //S im p lify

r (1 + h2 )0 - 1)^2 Qi
{ 4 h  j Q}

T h a t is, all structures (for this case, i.e., $  >  0 and consid­
ering th e  one-param eter family of equivalence classes) on 
Gh 5 with P = 1  are flat.

T h a t is, all structures (for this case, i.e., $  >  0 and consid­
ering the two-param eter fam ily of equivalence classes) on 
Gh 6 satisfying th e  conditions above are flat.

2 Y0  e V ±

{ l i e [ X 1 ,  X o], l ie [X 2 , X o ], l ie [ X 2 . X ^ }
/ .  {00,2,Q —  0,00,2,2 —  —0Q,1,1}
//S im p lify //C olu m n

We can reuse the CheckAlg routines from th e  previous sec­
tion (CheckAlgU for a uniodular algebra, and CheckAlgN  
for a non-unimodular algebra).

G h 5 , c a s e  2 2 . 1  X1 >  0

On Gh B, we have a one-param eter family and a two- 
param eter fam ily of equivalence classes. T h is section deals 
with the second family.

{ l i e [ X 1 ,  X o], l ie ]X 2 , X o ], l ie [ X 2 . X 1 ] }
/ .  {00,2,0 —  0,00,2,2 —  —0 0 ,1 ,1 }/ . {00,1,1 —  0 }  
//S im p lify //C olu m n

Subs =  {00,1,0 

00,2,Q —  1,00,2,1 — 

01,2,0 —  —1,01,2,1

0,00,1,1 —  5 , 00 ,1,2 —  -  (1+t)h2) l
. |2+h2(2f+|)2 „

l+ h 2 (4f+|)
' (1+h2) l

—(5  +  P ), 

0 1,2,2 —  P } ;

{ l i e [ X 1 ,  X o ], l ie [ X 2 . X q], l ie ]X 2 , X 1 ] }/ .S u b s  
//S im p lify ;

% //S im p lify [# , 5  >  0& & P =  0 & & P £  Reals]&  
/ /C o l l e c t  [# , X ^ ^ /C o lu m n

{ k , X 1,X 2> /-Su bs
//F u llS im p lify !# , 5  >  0 &&P =  0 &&P £  R eals  

& & h >  0]&
{eo  ,e 1  ,e 2 }/-S u b s

//F u llS im p lify !# , 5  >  0 &&P =  0 &&P £  R eals  
& & h >  0]&

CheckAlgNlSubs, { 5  >  0 , P  =  0 , P  £  R eals, h  >  0 } ,  { } ]

2 , 1 , 1  c 21  — c 2 1 — 0

{ l i e [ X 1 ,  X o], l ie [X 2 , X o ], l i e ^ ,  X ^ }
/ .  {00,2,0 —  0,00,2,2 —  —00,1 ,1 }/.0 0 ,1 ,1  —  0 
/ .  {01,2,1 —  0, 01,2,2 —  0 }
//S im p lify //C olu m n

{ml <  0 &&m2  >  0 , ml >  0 ||m2  <  0 , m3  = =  0 }
/ .  {00,2,0 —  0,00,2,2 —  —00,1 ,1 }/.0 0 ,1 ,1  —  0 
/ .  { 0 1,2,1 —  0 , 01,2,2 —  0 }
//F u llS im p lify [# , 00,1,2 +  00,2,1 <  0 ]&//Column

{k l  =  0&&k2 >  0, k l = =  0||k2 <  0 }
/ .  { 00 ,2 ,Q —  0 , 00 ,2 ,2 —  —0 Q,1 ,1 } / . 0Q,1 ,1 —  0
/ .  {01,2,1 —  0, 01,2,2 —  0 }
//F u llS im p lify [# , 00,1,2 +  00,2,1 <  0 ]&//Column

Check which of the equivalence classes are flat (using the 
characterising equations found in chapter 4 ) .

{ —00,1,Q00,2,2 +  00,2,101,2,1 +  00,1,2(00,2,0 +  01,2,1) 
+ ( —00,1,1 +  00,2,2)01,2,2 +  0Q,2,o(o1 ,2,1 +  01,2,2),
00,2,201,2,1 — 00,1,1(0Q,2,0 +  01,2,1) — (00 ,1,2 +  00,2,1)01,2,2 
+°0,1,o(°0,2,1 -  °l,2 ,1  -  °1 ,2 ,2 )}

/.S u b s //S im p lify

2 . 1 . 1 . 1  m 3  — 0  ( K  d e g . )

2 . 1 . 1 . 1 . 1  c 2 0  — 0

In this case, we get a one-param eter family of equivalence 
classes on SE (2).

{ 6 ((1 + h2 )2 l64 +4h2 (1 + h2 ),66 + 16 h4 62) 
(1 + h2 ) 2 ^3 j

(1 + h2 )2 ,64 +4h2 (1 + h2 )^6 + 16h4 6 2
4h2 (1 + h2 ) /3

RrH„ r el f ( (1+h2)2 |4+ 4h2 (1+h2)| f+ 16h4f 2) Keauc e [--------------------- (1+ h2)2|3------------------- 0

&& (1+h2)2|4 + 4h2 (1+h2)| f+ 16h4 f 2 ___ 0
4h2(1+h2 )|

&&5  >  0 &&P =  0 &&P £  R eals  
& & 0  <  h, {P , 5 } ,  Reals]

//F u llS im p lify !# , 5  >  0 &&P =  0 &&P £  R eals  
& & 0  <  h]&

( l  = =  —1  &&h2(16f — 1) = =  1)||

( — 1 < | < Q&&(f = =  _ (1 + h2 )(^+V^2 - 4 g+  | 
l  + h2!  + 8 h2f = =  (1 + h2 )V1 — 4| 2 Abs [|]))

{ l i e [ X 1 ,  X q], lie| X 2 , X o ], l ie [ X 2 . X ^ }
/ .  {0 0 ,2 ,Q —  0 , 00 ,2,2 —  0 , 0 Q,1,1 —  0 , 01 ,2,1 —  0 ,

01,2,2 —  0 } / .  00,2,1 —  0 
//S im p lify ;

% /.0o ,1 ,2  —  — a//C olum n

{ k , 1 (01,0,2 +  0 2 ,0 ,1 ) }/.{0 0 ,2 ,0  —  0,00,2,2 —  0,00,1,1 —  0,
01.2.1 —  0,01,2,2 —  0 , 0o,2,1 —  0 }/ .0 0 ,1 ,2  —  —a  

/ /S im p lify [# , a  >  0 ]&

CheckAlgU[{0o,2,o —  0,00,2,2 —  0,00,1,1 —  0,01,2,1 —  0 ,
01.2.2 —  0,00,2,1 —  0,00,1,2 —  —a } ,  { a  >  0 } ,  { } ]

CheckAlgU[{0o,2,o —  0,00,2,2 —  0,00,1,1 —  0,01,2,1 —  0 ,
01.2.2 —  0 ,00,2,1 —  0 } ,  {0^,v_,»_ £  R eals, 00,1,2 <  0 } ,  { } ]
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2 . 1 . 1 . 1 . 2  c 2 0  =  0

In this case, we get a one-param eter family of equivalence 
classes on SE(1, 1).

{ l i e [ X i ,X o ] ,  l ie [X 2 ,X o ] ,  l i e [ X 2 ,X i ] }
/ .  { 00 ,2 ,0 ^  0 , C0 ,2 ,2 ^  0 , C0,1,1 ^  0 , 01 ,2 ,1 ^  0 , 

c 1,2,2 ^  0 }/.C o ,1 ,2  ^  0  
//S im p lify ;

% /.00 ,2 ,1  ^  —a//C olum n

{ k , 1  (01 ,0 ,2 +  02 ,0 ,1) } / .  { 00 ,2 ,0 ^  0 ,C0 ,2 ,2 ^  0 ,C0 ,1 ,1 ^  0 ,
01.2.1 ^  0,01,2,2 ^  0,00,1,2 ^  0 }/ .0 0 ,2 ,1  ^  —a  

/ /S im p lif y !# , a  >  0 ]&

CheckAlgU[{c0,2,0 ^  0 , C0,2,2 ^  0,00,1,1 ^  0 ,01,2,1 ^  0,
01.2.2 ^  0,00,1,2 ^  0,00,2,1 ^  —a } ,  { a  >  0 } ,  { } ]

CheckAlgU[{o0,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,
01.2.2 ^  0,00,1,2 ^  0 } ,  {0 ^ ,T_,B_ G R eals, 00,2,1 <  0 } ,  { } ]

2 . 1 . 1 . 2  m 1 <  0  a n d  m 2  >  0  ( K  n e g .  d e f . )

In this case, we get a tw o-param eter fam ily of equivalence 
classes on SU (2).

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/ . {0 0 ,2 ,0  ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,

01.2.2 ^  0 }
//S im p lify ;

% /.00 ,2 ,1  ^  « 2 / . 00,1,2 ^  —a1//C olum n

—00,1,2 >  0 / /F u llS im p lify [# , 00,1,2 +  00,2,1 <  0
&&00,2,1 >  0]&

00,2,1 <  —00,1 ,2 //F u llS im p lify [# , 00,1,2 +  00,2,1 <  0
&&00,2,1 >  0]&

{ k , 1 (01,0,2 +  0 2 ,0 ,1 ) } / .  {00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,
01.2.1 ^  0,01,2,2 ^  0 }/ .0 0 ,2 ,1  ^  a 2 / . 00,1,2 ^  —<*1 

//F u llS im p lify [# , a  >  0& & a2 >  0& & a1 >  a2]&

CheckAlgU[{00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,
01.2.2 ^  0,00,2,1 ^  a 2 , 00,1,2 ^  —a 1 } ,  {a 1  >  0, a 2  >  0 } ,  
{a 1  >  a 2  }]

CheckAlgU[{00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,
01.2.2 ^  0 } ,  {0 ^ ,v.,B_ G R eals, 00,2,1 >  0 } ,
{00,1,2 +  00,2,1 <  0 }]

2 . 1 . 1 . 3  m 3 <  0  a n d  ( m 1 >  0  o r  m 2 <  0 )  ( K  

n o n d e g .  b u t  i n d e f . )

m3  <  0 &&(m1 >  0 ||m2  <  0 )& & (k1 =  0 &&k2  >  0 )
/ . {0 0 ,2 ,0  ^  0,00,2,2 ^  —00 ,1 ,1 }/.0 0 ,1 ,1  ^  0 
/ .  {01,2,1 ^  0, 01,2,2 ^  0 }
//F u llS im p lify [# , 00,1,2 +  00,2,1 <  0]&  

m3  <  0 &&(m1 >  0 ||m2  <  0 )& & (k1 = =  0 ||k2  <  0 )
/ . {0 0 ,2 ,0  ^  0,00,2,2 ^  —00 ,1 ,1 }/.0 0 ,1 ,1  ^  0 
/ .  {01,2,1 ^  0,01,2,2 ^  0 }
//F u llS im p lify [# , 00,1,2 +  00,2,1 <  0]&

2 . 1 . 1 . 3 . 1  k1 = 0  a n d  * 2  >  0  (K Vl d e f . )

In this case, we get a tw o-param eter fam ily of equivalence 
classes on SL(2, R )e;;.

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X d }
/• {00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,

01,2,2 ^  0 }
//S im p lify ;

% /.00 ,1 ,2  ^  « 1 /.0 0 ,2 ,1  ^  —a2//C olum n

—00,2,1 >  0 //F u llS im p lify [# , 00,1,2 +  00,2,1 <  0
&&00,1,2 >  0]&

00,2,1 <  —0 0 ,1 ,2 //F u llS im p lify [# , 00,1,2 +  00,2,1 <  0
&&00,1,2 >  0]&

{ k , 1  (01,0,2 +  0 2 ,0 ,1 ) }/.{0 0 ,2 ,0  ^  0,00,2,2 ^  0,00,1,1 ^  0,
01.2.1 ^  0, 01,2,2 ^  0 }/ .0 0 ,1 ,2  ^  a 1 / . 00,2,1 ^  —« 2  

//S im p lify }# , a 1  >  0& & a2 >  0& & a1 <  a2]&

CheckAlgU[{00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,
01.2.2 ^  0,00,1,2 ^  « 1 , 00,2,1 ^  —a 2 } ,  {a 1  >  0, a 2  >  0 } ,  
{ « !  <  « 2 }]

CheckAlgU[{00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,
01.2.2 ^  0 } ,  {0 ^ ,v.,B_ G R eals, 00,1,2 >  0 } ,
{01,0,2 +  02,0,1 >  0 }]

2 . 1 . 1 . 3 . 2  k 1 =  0  o r  k 2  <  0  ( K P l  i n d e f . )

In th is case, we get a tw o-param eter family of equivalence 
classes on SL(2, R)hyp.

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/ .  {00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0 ,

01.2.1 ^  0 , 01,2,2 ^  0 }
//S im p lify ;

% /.00 ,1 ,2  ^  —« 1 / . 00,2,1 ^  —a2//C olum n

—00,1,2 >  0 //F u llS im p lify [# , 00,1,2 +  00,2,1 <  0
6 6 0 0 .1.200.2.1 >  0 ]&

—00,2,1 >  0 //F u llS im p lify [# , 00,1,2 +  00,2,1 <  0
6 6 0 0 .1.200.2.1 >  0 ]&

{ k , 1  (01,0,2 +  0 2 ,0 ,1 ) }/.{0 0 ,2 ,0  ^  0,00,2,2 ^  0,00,1,1 ^  0 ,
01.2.1 ^  0,01,2,2 ^  0 }/ .0 0 ,1 ,2  ^  —« 1 /.0 0 ,2 ,1  ^  —a2  

/ / S i ^ l i f y [ # , a 1  >  0& & a2 >  0]&

C^eckAlgU[{00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0,
01.2.2 ^  0,00,1,2 ^  —a 1 , 00,2,1 ^  —a 2 } ,  {a 1  >  0 , 
a 2 >  0 } ,  O ]

C^eckAlgU[{00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0,01,2,1 ^  0 ,
01.2.2 ^  0 } ,  {0 ^ ,^ ,^  G R e a ls },
{00,1,200,2,1 >  0,01,0,2 +  02,0,1 >  0 }]

2 . 1 . 2  c 1 o =  0  a n d  c 2 1 =  0  a n d  c 2 1 =  0

2 (0 1 ,0 ,2 + 0 2 ,0 ,1 ) >  0 / .  {00,2,0 ^  0,00,2,2 ^  0,00,1,1 ^  0, 
00,2,1 ^  0,01,2,1 ^  0 }

//S im p lify

R e so lv e [E x ists [{a 0 , ^ 1 ,0 2 })  {®0, ®1> a 2 }  G R eals,

( ̂ « 1 (01,2,2 -  4° 0 ,1 ,2 +  °1,2,2) = =  0

&& ^01(01,2,2 +  ^ 4 0 0 ,1 ,2 +  0 1,2,2) =  0 )|

( ̂ a 1(°1,2,2 4° 0 ,1 ,2 +  °1,2,2) =  0

&& 2 0 1(01,2,2 ^ ^ 4 0 0 ,1 ,2 +  01,2,2) = =  0 )]]
//S im p lify }# , 0 ^ ,^ ,B_ G Reals&&00,1,2 <  0 ]&
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2 . 1 . 2 . 1  ( c 2 2 ) 2  +  4 c 0 1  >  0

In this case, we get a one-param eter family of equivalence 
classes on G g4 , 1 <  h.

{ l i e [ X 1 ,X 0 ] ,  l i e [ X 2 ,X 0 ] ,  l i e [ X 2 ,X 1 ] }
/ .  {00,2,0 —  0,00,2,2 —  0)00,1,1 —  0)00,2,1 —  0)

01,2,1 —■ 0 }
//S im p lify ;

% /.00 ,1 ,2  —■ —a / . 01,2,2 —  0 / . a  —  (h 
//Column

{ k , 2(01,0,2 +  0 2 ,0 ,1 ) } / .  {00,2,0 —' 0)00,2,2 —' 0) 
00,1,1 —  0)00,2,1 —  0,01,2,1 —  0 }/ .0 0 ,1 ,2  —  —a

/.0 1 ,2 ,2  —  0 / a  —  (h 4h^)^
//S im p lify [# )  0  <  h&& 0  =  0 &&0  G Reals]&

>  0 , h, Reals]
//S im p lify [# )  0  <  h&& 0  =  0 &&0  G Reals]&

Reduce[(h

CheckAlgN[{00,2,0 —  0,00,2,2 —  0,00,1,1 —  0,00,2,1 —  0,
(^2_1)$2

01,2,1 —  0)00,1,2 —  —a,01 ,2 ,2  —  0 } / . a  —  ( 4fe2)P ,
{ 0  =  0 ,h  >  1) {h ) 0 }  G R e a ls }, { } ]

CheckAlgN[{00,2,0 —■ 0,00,2,2 —  0,00,1,1 —  0,00,2,1 —  0,
01.2.1 —  0 } )  {0^,v_,w_ G R eals,01,2,2 =  0,00,1,2 <  0 } ,  
{ °1,2,2 +  400,1,2 >  0 }]

Find h:

Subs =  {00,2,0 —  0,00,2,2 —  0,00,1,1 —  0,00,2,1 —  0 )
01.2.1 —' 0)00,1,2 —  —a ,  01,2,2 —' 0 } ;

{a 0 , a1, a 2 } =  E igenva^ues[ad[a0)a1)a2]]/.Subs
//F u llS im p lify [# , a  >  0 &&0  =  0 &&0  G Reals]&

( n — * ) 2//F u l lS im p li f y [# ,a  >  0 &&0  =  0  
&&0  G Reals]&

Solve[%  = =  h2)h]
//F u llS im p lify [# , a  >  0 &&0  =  0 &&0  G Reals]&

{ l i e [X 1 )X 0 ] ,  l ie [X 2 ,X 0 ])  l ie [ X 2 ) X 1 ] }
/ .  {00,2,0 —  0)00,2,2 —  0,00,1,1 —  0 , 

00,2,1 —' 0 , 01,2,1 —' 0 }
//S im p lify ;

% / . 00,1,2 —  —a / . 0 1,2,2 —■ 0 / . a  —■ (1+4h2)  ̂
//Column

{ k , 1 (01,0,2 +  0 2 ,0 ,1 ) }/.{0 0 ,2 ,0  
00,2,1 —' 0, 01,2,1 —' 0 }/ .0 0 ,1 ,2  - 

/  a _,. (1+h2)^2
/ a  —  4h2

• 0 ,00,2,2 —  0 ,00,1,1 
—a / . 01,2,2 —  0

//S im p lify [# , 0  <  h&&0  =  0&&0  G Reals]&

CheckAlgN[{00,2,0 —  0,00,2,2 —  0,00,1,1 —  0,00,2,1 —  0,

01,2,1 —  0,00,1,2 —  —a ,  01,2,2 —  0 , a  —  (1+ 4 /  })
{ 0  =  0 ) { 0 , h }  G R e a ls }, { } ]

CheckAlgN[{00,2,0 —  0,00,2,2 —  0,00,1,1 —  0,00,2,1 —  0, 
01,2,1 —  0 } ,  {0 ^ ,v_,B_ G R eals, 01,2,2 =  0,00,1,2 <  0 } ,  
{°1,2,2 + 40 0,1,2 <  0 } ]

Find h:

Subs =  {00,2,0 —  0)00,2,2 —  0)00,1,1 —  0)00,2,1 —  0 ,
01,2,1 —  0,00,1,2 —  —a ,  01,2,2 —  0 } ;

{ a 0 ) a i ,  a2 }  =  E igenvalues [ad[u0 )a !,a 2 ]] /-S u b s
//F u llS im p lify [# )  a  >  0 & & 0  =  0 & & 0  G Reals]&  

( a1+ a2) 2//F u llS im p lify [# )  a  >  0 & & 0  =  0  

& & 0  G Reals]&
Solve[%  = =  —h2)h]

//F u llS im p lify [# )  a  >  0 & & 0  =  0 & & 0  G Reals]&

2 . 1 . 3  c 2 0  =  0  a n d  c 2 1 =  0  a n d  c 2 1 =  0

In this case, we get a one-param eter family of equivalence 
classes on Gh 4 , 0  <  h <  1.

2 . 1 . 2 . 2 . ( c 2 2 ) 2  +  4 c 0 1  =  0

In this case, we get a one-param eter family of equivalence 
classes on G3 .2 .

{ l i e [X 1 ,X 0 ] )  l ie [X 2 )X 0 ] )  l i e [ X 2 ,X 1 ] }
/ .  {00,2,0 —  0,00,2,2 —  0)00,1,1 —  0)00,2,1 —  0)

01,2,1 —  0 }/ .0 0 ,1 ,2  —  — 4  02,2,2 
//S im p lify ;

% / .  01,2,2 —  0 //Column

{ k , ^ (01,0,2 +  0 2 ,0 ,1 ) } / .  {00,2,0 —  0)00,2,2 —  0)00,1,1 —  0, 
00,2,1 —  0)01,2,1 —  0 }/ .0 0 ,1 ,2  —  — 4  01,2 ,2/.01 ,2 ,2  —  0  

/ /S im p lif y !# , 0  =  0 & & 0  G Reals]&

CheckAlgN[{00,2,0 —  0,00,2,2 —  0,00,1,1 —  0,00,2,1 —  0,
01.2.1 —  0)00,1,2 —  — 4 0 2) 01,2,2 —  0 } )  { 0  =  0)
0  G R e a ls }, { } ]

CheckAlgN[{00,2,0 —  0,00,2,2 —  0,00,1,1 —  0,00,2,1 —  0,
01.2.1 —  0 })  {0 ^ ,v_,h_ G R eals, 01,2,2 =  0,00,1,2 <  0 } ,
{ °1,2,2 +  400,1,2 = =  0 } ]

2 . 1 . 2 . 3 .  ( c 2 2 ) 2  +  4 c 0 1  <  0

In this case, we get a one-param eter family of equivalence 
classes on Gh} 5 .

2(01,0,2 +  02,0,1) >  0 / .{0 0 ,2 ,0  —  0)00,2,2 —  0)00,1,1 —  0) 
00,1,2 —  0, 01,2,2 —  0 }

//S im p lify

R e so lv e [E x is ts [{a 0 ) 0 1 ,0 2 } ,  { 0 0 ,0 1 ,0 2 }  G R eals,

( 2 ( — « 2 01,2,1 — ° 2 ( 4°0,2,1 +  01,2,1)) = =  0 

&& 1 ( — « 2 01,2,1 +  y a 2 ( - 4°0,2,1 +  =  0 ) ll

( 2  ( — « 2 01,2,1 ~ ^ J a|( - 4°0,2,1 +  01,2,1)) =  0  

&& 1 ( —U201,2,1 +  y a | ( - 4°0,2,1 +  01,2,1)) = =  0 )]]
/ /S i ^ l i f y [ # ,0 ^ ,^ _ ,B_ G Reals&&00,2,1 <  0 ]&

{ l i e [X 1 )X 0 ] ,  l ie [X 2 ,X 0 ])  l ie [ X 2 ) X 1 ] }
/ .  {00,2,0 —  0)00,2,2 —  0,00,1,1 —  0,

00,1,2 —  0, 01,2,2 —  0 }
//S im p lify ;

% /.00 ,2 ,1  —  — a / . 01,2,1 —  0 / . a  —  — (h 
//Column

{ k , ^ (01,0,2 +  0 2 ,0 ,1 ) } / .  {00,2,0 —  0,00,2,2 —  0,00,1,1 —  0) 
00,1,2 —  0,01,2,2 —  0 }/ .0 0 ,2 ,1  —  —a / . 01,2,1 —  0

//S im p lify [# , 0  <  h& & 0  =  0 & & 0  G Reals]&  

Reduce[— (h >  0 , { h } ,  Reals]
/ / S i ^ l i f y [ # ,  0  <  h& & 0  =  0 & & 0  G Reals]&
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CheckAlgN[{co 2,o ^  0 , co,2,2 ^  0 , co ,i,i  ^  0,
C0,1,2 ^  0,C1,2,2 ^  0,co,2,1 ^  -0 ,0 1 ,2 ,1  ^  /8}

/ . a  (h24h12)^2 , {0  < h <  1 ,0  =  0,
^ €  R e a ls }, { } ]

CheckAlgN[{co,2,o ^  0 , co,2,2 ^  0 , co,1,1 ^  0 , co,1,2 ^  0,
01.2.2 ^  0 } ,  {cu,,v.,b_ €  R eals, 01,2,1 =  0 ,00,2,1 <  0 } ,  { } ]

Find h:
Subs =  {co,2,0 ^  0, C0,2,2 ^  0, C0,1,1 ^  0, 00,1,2 ^  0 ,
01.2.2 ^  0,co,2,1 ^  —a.01 ,2 ,1  ^  ^ } ;

{ a 0 , a 1 , a l }  =  E igenvalues [ad[ao, 0 1 ,0 2 ]]/-S ub s
//F u llS iin p lify [# , a  >  0& & /3  =  0& & /3  €  Reals]&

( f i - g ) 2 //F u l lS im p li f y [# ,a  >  0 &&^ =  0  

&&jS €  Reals]&
Solve[%  = =  h2 ,h]

/ /F u l lS im p li f y }#  a  >  0& & /3  =  0& & /3  €  Reals]&

2 .2  x i =  0

{ k , X 1 }/- {0 o ,2 ,o  ^  0,0o,2,2 ^  0 , Co,1,1 ^  0 ,
Co,2,1 ^  —Co,1,2 }

//S im p lify
{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o ] ,  l i e ^ X ^ ] }

/-0o ,2,o  ^  0,0o,2,2 ^  0,0o,1,1 ^  0,0o,2,1 ^  —Co,1,2} 
//S im p lify //C olu m n

H 3

{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o ] ,  l i e ^ X ^ ] }
/• {co ,2,o  ^  0, 0o,2,2 ^  0 , 0o,1,1 ^  0,

Co,2,1 ^  0,01,2,1 ^  0,01,2,2 ^  0 , Co,1,2 ^  0 }  
//S im p lify //C olu m n

{K ,X 1 }/-{0 o ,2 ,o  ^  0 , Co ,2,2 ^  0,0o,1,1 ^  0 ,Co,2,1 ^  0 ,
01.2.1 ^  0,01,2,2 ^  0 , Co,1,2 ^  0 }

CheckAlgU[{co,2,o ^  0 , co,2,2 ^  0 , co,1,1 ^  0 , co,2,1 ^  0,
01.2.1 ^  0 , 01,2,2 ^  0 , Co,1,2 ^  0 } ,  { } ,  { } ]

S U ( 2 )

{ l i e [X 1 ,X o ] ,  l ie [X 2 ,X o ] ,  l i e ^ X d ] }
/• {co ,2,o  ^  0, 0o,2,2 ^  0 , 0o,1,1 ^  0,

Co,2,1 ^  —Co, 1,2.01,2,1 ^  0,01,2,2 ^  0 }  
//S im p lify //C olu m n

ml <  0 &&ml >  0 &&m3  <  0
/• {co ,2,o  ^  0, 0o,2,2 ^  0 , 0o,1,1 ^  0,

Co,2,1 ^  —Co, 1 ,2 ,01 ,2,1 ^  0 , 01 ,2,2 ^  0 }
//F u llS im p lify

{K, X 1 }/- {0 o ,2 ,o  ^  0, 0o,2,2 ^  0,0o,1,1 ^  0,
Co,2,1 ^  —Co, 1,2,01,2,1 ^  0,01,2,2 ^  0 }

//S im p lify

K ilForm /. {co ,2,o ^  0 , co,2,2 ^  0 , eo,1,1 ^  0,
Co,2,1 ^  —Co, 1,2,01,2,1 ^  0,01,2,2 ^  0 }

/•co,1,2 ^  — "re"
//S im p lify //M atrixF o rm

CheckAlgU[{co,2,o ^  0 , co,2,2 ^  0 , co,1,1 ^  0,
Co,2,1 ^  —Co, 1,2,01,2,1 ^  0,01,2,2 ^  0 } ,
{co,1,2 <  0 ,0 ^ ,v.,w_ €  R e a ls }, { } ]

S L ( 2 , R )

{ l i e [X 1 ,X o ] ,  l i e ^ X o ] ,  l i e [ X 2 ,X 1 ] }
/.{0 o ,2 ,o  ^  0 , 0o,2,2 ^  0 , Co,1,1 ^  0 ,Co,2,1 ^  — Co,1,2,

01,2,1 ^  0, 01,2,2 ^  0 }
//S im p lify //C olu m n

m3  <  0 &&(m1 >  0 ^ml <  0 )& & (k1 =  0 & & kl >  0 )
/.{0 o ,2 ,o  ^  0, 0o,2,2 ^  0,0o,1,1 ^  0,

0o,2,1 ^  —0o,1,2,01,2,1 ^  0,01,2,2 ^  0 }
//F u llS im p lify

{K ,X 1 }/ .{0 o ,2 ,o  ^  0,0o,2,2 ^  0,0o,1,1 ^  0,
0o,2,1 ^  —0o,1,2,01,2,1 ^  0,01,2,2 ^  0 }

//S im p lify
K ilF o rm /.{co ,2,o ^  0 , 0o,2,2 ^  0 , 0o,1,1 ^  0 ,
0o,2,1 ^  —0o,1,2,01,2,1 ^  0, 01,2,2 ^  0 }

/.0 o ,1 ,2  ^  —"K"
//S i^ li f y / /M a tr ix ^ o r m

C^eckAlgU[{0o,2,o ^  0 , 0o,2,2 ^  0 , 0o,1,1 ^  0,
0o,2,1 ^  —0o,1,2,01,2,1 ^  0,01,2,2 ^  0 } ,
{0o,1,2 >  0 , Al ,v .,^  €  R e a ls }, { } ]

A f f  ( R ) o  x  R

{ l i e [X 1 ,X o ] ,  l ie [X 2 .X o ] ,  l i e [ X 2 ,X 1 ] }
/ .{c o ,2 ,o  ^  0 ,Co,2,2 ^  0,Co,1,1 ^  0,Co,2,1 ^  —Co,1,2} 
//S im p lify //C olu m n

From th e  structures equations of th e  dual fram e (v o, v1 , v2) 
and d2 =  0 , we have co,1 ,2 0 1 ,2,2 =  0  and —co,1 ,2 0 1 ,2,1 =  0 .

Reduce[co,1,201,2,2 = =  0 && — co, 1,201,2,1 = =  0 , { } ,  Reals] 
//F u llS im p lify [# ,C 1 ,2 ,1  =  0||c1,2,2 =  0 ]&

{K ,X 1 }/ .{c o ,2 ,o  ^  0 , co,2,2 ^  0,co,1,1 ^  0 , co,2,1 ^  0, 
co,1,2 ^  0 }

//S im p lify

C^eckAlgN[{co,2,o ^  0 , Co,2,2 ^  0 , Co,1,1 ^  0, Co,2,1 ^  0 , 
co,1,2 ^  0 } ,  {CiL,v-,w. €  R e a ls }, {01,2,1 =  0||c1,2,2 =  0 }]
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D.2 Nonholonomic Riemannian structures in three dimensions

In this notebook we have used a (third-party) MATHEMAT­
ICA package “E xterior D ifferential Calculus and Sym bolic 
M atrix  A lgebra” [9]. T h is package will need to  be available 
in order to  execute several sections of th e  code.

Much of th e  code at the beginning of this notebook is iden­
tical or extrem ely sim ilar to  th a t a t the beginning of the 
notebook in section D .1. As such, we have elided many of 
the comm ents for brevity.

Load th e  ED C  package:

< <  "path\to\EDC\matrixEDC.m"
$EDCversion

FuncM atchList =  {cA ,v_,w_ } ;
FuncQ[f_] :=AnyTrue[FuncMatchList, M atchQf, # ]& ]; 

Clear[Con]
Con[A +  Y_, A] :=Con[X, A] +  Con[Y, A];
C o n [a X L , A.] :=aCon[Xi, A];

C lear [AngleBracket] 
S etA ttrib u tes[A n gleB rack et, O rderless]

(A , A  +  Y .> := (A ,X  > +  ( A ,Y  >;
(A , f  _?FuncQA) := f  (A , X > ;
(A , a.?NumericQA) := a(A , X > ;
(A., f -X i -> := f  (A ,X i> ;

( X l , X j > / ; i  = =  j& & (i = =  1 ||i = =  2 ) := 1 ; 
( X L  , X j  > / ;i  =  j  :=0 ;

C le a r[lie ]  
l i e [ 0 , A] :=0 ; 
l i e f , 0] :=0 ;

l i e [ A , A  +  Y _]:= lie[A , X ]  +  l ie [A , Y  ]; 
l i e f ,  a.?NumericQA] := a lie [A , X ] ;  
l i e f , f_?FuncQA] := /l ie [A , X ]  +  A L flX ; 
l i e f  g X i . ]  := g lie [A , X i]  +  A[g]X<;

C o n f , X .  +  Y_] :=Con[A, X  ] +  Con[A, Y ]; 
Con[XL, a.?NumericQXj J  :=aCon[Xi, X j  ]; 
Con[XL, a X j  J  := X i[a ]X j  +  aCon[Xi, X j  ];

Con[0, A_]:=0 ;

l i e f  +  Y_, A.] := l ie [X , A] +  l ie [Y , A];
l i e f  +  Y_ +  Z_, A ] := l ie [X ,A ]  +  l ie [Y ,A ] +  l ie [Z ,A ] ;
lief^ N u m ericQ A , A ] := a lie [X , A];
l i e f  ?FuncQX_, A.] := / l i e [ X ,  A] — A [ / ] X ;
l ie [f_ X i_ , A.] := / l i e [ X i ,  A] — A [/]X i ;

Clear[ConNH]
ConNHf +  Y_, A.] :=ConNH[X, A] +  ConNH[Y, A]; 
ConN H fXi_, A ] :=aConNH[Xi, A];

C onN H f A  +  Y_] :=ConNH[A, X ]  +  ConNH[A, Y ]; 
ConNHf, a.?NumericQY_] :=aConNH[X, Y  ]; 
ConNH^L, a X j ]  := X i [a ]X j +  aConNHlXi, X j  ];

ConNH[0 , A_] := 0 ;
ConNHf, 0] := 0 ;

r A, j , A : = 2 (ck,i,j +  ci,j,k — cj,k ,i) ; 
c l  , j  ,k_/; !OrderedQ[{i, j } ]  :=  — Cj,i,fc; 
c l  ,L  ,k_:=0;

X l f?Num ericQ ] :=0 ;
X l  [a.?NumericQf _] := a X i [ f ];
X l  f  +  g - ] := X i [ / ] +  X i[g];

X l  f 2] := 2 / X i [ / ];
X l  f g - ] : = X i [ f ]g +  /X i[g ] ;  
X l  [ f  ] :=  — j 2  X i [ / ];

v l  [ X j ] / ; i  = =  j : = 1 ; 
v l  [ X j ] / ; i  =  j  :=0 ;

v l f  +  g-] := v i[/] +  vi[g]; 

C lear[P , Q]
P  [A  +  Y _]:=P  [X] +  P  [Y  ];
P  [a?NumericQA] := a P  [X  ]; 
P  [a X i_  ] := a P  [X i];
P  f?Fu n cQ A ] : = / P  [X  ];

P  [X o]:= 0 ;
P  [X1] := X 1 ;
P  [X 2] := X 2 ;

ad [1 ,0 ,0 ] := W ith [{a  =  l i e [ X o ,X ^ ,b  =  l i e [ X o ,X 2 ] } ,  
{

{ 0 ,0 ,0 } ,
I f  [PossibleZeroQ[a], { 0 , 0 , 0 } ,  a],
I f  [PossibleZeroQ[6], { 0 , 0 , 0 } ,  b] 

} / .T h r e a d [ { X o .X l .X 2 }  ^  Id en tity M atrix [3 ]] 
//T ra n s p o s e //S im p lify ];

ad [0, 1 , 0 ] := W ith [{a  =  l i e [ X 1 ,X o ] ,b  =  l i e [ X 1 ,X 2 ] } ,  
{

I f  [PossibleZeroQ[a], { 0 , 0 , 0 } ,  a],
{ 0 ,0 ,0 } ,
I f  [PossibleZeroQ[b], { 0 , 0 , 0 } ,  b] 

} / .T h r e a d [ { X o ,X 1 ,X 2 }  ^  Id en tity M atrix [3 ]] 
//T ra n sp o s[e //S im p li[fy  ; ] [ ]

ad [0, 0 , 1] := W ith [{a  =  l i e [ X 2 ,X o ] ,b  =  l i e [ X 2 ,X 1 ] } ,  
{

If[PossibleZeroQ [a], { 0 , 0 , 0 } ,  a], 
If[PossibleZeroQ[b],
{ 0 , 0 , 0 },b ], { 0 , 0 , 0 }

} / .T h r e a d [ { X o .X l .X 2 }  ^  Id en tity M atrix [3 ]] 
//T ra n sp o se //S im p lify  ; 

a d f  b_, c_] := aad[1,0 ,0 ]  +  bad[0,1,0] +  cad [0 ,0 ,1 ] ;

K f , B_, C_] :=ConNH[A, ConNH[B, C]] 
—C onN H f ConNH[A, C ]]
—ConNH[P [lie [A , B ]], C]
—P  [lie [Q [lie [A ,B ]] ,C ]] ;

Khat [A , B_, C_, D_] =(K [A, B ,C ],D > ;

R hat[A , B_, C_, D_]: =
2 (Khat[A, B , C , D] — Khat[A, B , D , C ]); 

Chat [A , R., C_, D_]: =
Khat [A, B , C , D] — Rhat[A, B , C, D];

R t i l d e f ,  Y_] Khat[X,Y,Y,X1 
<X,X><Y,Y>-<X,Y>2 >



Appendix D. Mathematica code 173

Ric[A_, B_] :=Sum[Rhat [X^, A, B , JQ ] , { 4 , 1 , 2 } ;  
S cal =  Sum [Ric [X^, X ^ ], { 4 , 1 , 2 } ] ;

RicC[A_, B_] :=Sum[Chat [X *, A , B , X £] , { 4 , 1 , 2 } ] ;  
RicCSym[^, B_] := i  (RicC[A, B ] +  RicC[B, A ]); 
RicCSkw[A., B_] : = 2 (RicC[A, B ] -  RicC[B, A ]);

Gsharp =  In v erse  

//S im p lify ;

R icflatM  = R i c [ X i ,X 2r\  
R ic X 2 , X 2  J

//S im p lify ;

R  =  G sharp.RicflatM T//F u l lS im p lif y [# ,X _  [_] = =  0 ]& ; 
R //S im p lify //M atrixF o rm

RicCSymflatM= ( R i ^

//S im p lify ;

X i , X i
'X 2 ,X i

RicCSym X i , X 2  \ 
RicCSym X 2 , X 2  J

RSym =  Gsharp.RicCSymflatMT//F u llS im p lify : 
R Sym //Sim plify//M atrixForm

RicCSkwflatM =  

//S im p lify ;

/ RicCSkw 
^RicCSkw

X i , X i RicCSkw X i ,X 2 '
[X 2 ,X i ' RicCSkw X 2 , X 2 )

RSkw =  Gsharp.RicCSkwflatMT//F u llS im p lify : 
R Skw //Sim plify//M atrixForm

Using d2 =  0 on the structure equations, we get th e  fol­
lowing equations th a t must be satisfied by the structure 
constants:

Thread[{
(c i,0 ,i  +  02,0,2)02,i,0  — Ci,0,0C2,i,i — 02,0,002,i,2 

+ X o[c2 ,i,o ] — X i  [02,0,0] +  X 2[ci,0 ,0 ],
—Ci,0,iC2,0,0 +  Ci,0,0C2,0,i +  02,0,202,i ,i  — 02,0,i02,i,2

+ X 0 [c 2 ,i ,i]  — X i[c2 ,0 ,i]  +  X 2 [c i ,0 ,i] ,
Ci,0,0C2,0,2 — Ci,0,2(02,0,0 +  C 2,i,i) +  0 i,0 ,i02 ,i,2  

+ X 0[c2 ,i,2 ] — X i  [02,0,2] +  X 2[0i,0,2]
}  = =  0 ]//S im p lify//C olum n

R e e b  v e c t o r  f i e l d

Rb =  Sum[rjXj, { i ,  0 , 2 }]
/ . { r i  ^  ^000,2,0,^2 ^  —r0 C 0 ,i,0 }/ r0 ^  ct;

O =  CTV0;

O[Rb]/ .  (ctF_)[A_] ^  ctF [A ] / /S implify[#,CT2 = =  1]& 
u[lie[X 2,X i]]/.(C T F_)[A -] ^  CTF[A]//Sim plify

W ith[{A  =  u-0 X 0  +  a i X i  +  ^ 2 X 2 },
Rb[O[A]] — A[O[Rb]] — O[lie[Rb, A]]]

/ / . { ( ctF_)[A_| ^  ctF[A ],F_[ctA_] ^  ctF[A ],
(F-  +  G- ) [A-] ^  F[A ] +  G[A], (a i_X j_)[A-] ^  a iX j[A ], 
F_[ct] ^  0 , F_[0 ] ^  0 }

//S im p lify

Hence the scalar invariant i9 is given by:

k =  2  Tr[R];
X i =  y / —Det[RSym];
X2 =  ^Det[RSkw|;

$  =  (0 0 ,i,0 )2 +  (00,2,0)2 ;

Kil[A_, B_] :=Tr[(ad«@A).(ad@«B)];
KilForm =  {

{K i l [ { 1 , 0 , 0 } ,  { 1 , 0 , 0 }] , K i l [ {1 , 0 , 0 } ,  { 0 , 1 , 0 }] , 
K il [ {1 , 0 , 0 } ,  { 0 , 0 , 1} ] }

{K i l [ {0 , 1 , 0 } ,  { 1 , 0 , 0 }] , K il[ {0 , 1 , 0 } ,  { 0 , 1 , 0 }] , 
K il[ {0 , 1 , 0 } ,  { 0 , 0 , 1} ] }

{K i l [ {0 , 0 , 1} ,  { 1 , 0 , 0 }] , K il[ {0 , 0 , 1} ,  { 0 , 1 , 0 }] , 
K il[ {0 , 0 , 1} ,  { 0 , 0 , 1} ] }

}/ /F u llS im p lify :
KilFormD =  {

{K i l [ {0 , 1 , 0 } ,  { 0 , 1 , 0 }] , K il[ {0 , 1 , 0 } ,  { 0 , 0 , 1 } ] }  
{K i l [ {0 , 0 , 1 } ,  { 0 , 1 , 0 }] , K il[ {0 , 0 , 1 } ,  { 0 , 0 , 1 } ] }  

}/ /F u llS im p lify :

£0 =  !  (—0q,1,1 — 200,i ,200,2,i  — 0q,2,2);

£ i  — 00,i,2 2 0i,2,2 :

£2 =  — ̂ 00,2,0 +  00,2,i — i 0 2 ,2 ,i;

PrincipalM inors[M at_] := W ith [{P  =  Minors[Mat, # ] } ,  
P [[i, i]]]&/@Range[1 , Length[Mat]|:

(B  [Rb],P [R b])//S im plify [# , ct2 = =  1]&

W a g n e r  c u r v a t u r e  t e n s o r

We use th e  wedge symbol for bivectors in the following 
code, and hence it is not com patible with the use of the 
wedge symbol by the ED C  package.

Clear[Wedge]

A[X_ A Y_] := Q [lie [X , Y  ]];

A ln v [X 0] :=  — ( X i A X 2);
A l n v [ f X 0] := f  A ln v [X 0]:
A lnv[0 ] :=0 ;

K[X_ A Y_][U_] := K [X , Y, U]; 
k [—(X_ A Y_)][U_] := — K [X , Y, U];
Kf_?FuncQX_ A Y_][U_] := f K  [X  A Y][U ]; 
k [—f_?FuncQ^ A Y_][U_] := — f K [ X  A Y][U ]:
K [0 ][U_] :=0 ;

ConW[Z_, U_] :=ConNH[P [Z], U] +  K [Alnv[Q [Z]]][U]
+ P  [lie [Q [Z  ] ,U  ]];

KW[X_ A Y_][U_] :=ConW[X, ConW[Y, U ]] — ConW[Y, ConW[X, U]]
—C onW [lie[X ,Y ],U  ];

S t r u c t u r e  e q u a t i o n s  o f  t h e  d u a l  f r a m e

(v 0,V >  2)
dvL  [X., Y_] := X [v i[Y  ]] — Y [v i[X ]] — V i[lie [X ,Y ]] :

{d v 0[X 0 , X i ] ,  dv0[X 0, X 2 ], d v 0 [X i, X 2 ] }
{d v i [X 0, X i ] ,  dvi [X 0, X 2 ], dvi [X i , X 2 ] }
{dV2 [X 0, X i ] ,  dV2 [X 0, X 2 ], dV2 [X i , X 2 ] }

In the following code, C onW  is the (vector bundle) con­
nection V  used in section 4 .2.3, and K W  is the W agner 
curvature tensor (denoted K  in section 4 .2 .3 ) .

KWhat [X_ A Y_][U_ 0  V_] :=(KW[X A Y ][U ], V ):
RWhat [x _ A Y_][U_ A V_] : =

2 (KWhat[X A Y ][U  0  V] — KWhat[X A Y ][V  0  U ]); 
CWhat [X_ A Y_][U_ V V_] :=

2 (KWhat[X A Y ][U  0  V] +  KWhat[X A Y ][V  0  U ]);
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RicW[A_, B_] :=Sum[RWhat[Xa A A ][B  A X a], {a ,  1 , 2 }] :

Subs =  { ( — )[L| —  —X i[A ],
( f -  +  &- +  h -)[A-] —  f[A ] +  g[A] +  h[A]> 
( X ^ 0^ ,^ ,^ ) [̂ ] —— 0u,v,wX i [A]}:

KW[X0 A X i ] [ X i ] / . ( —A.)[f_] —  —A [f]
/ . X 2 [ X i [ f ] ]  —  X 0 [f]  +  0 2 ,i ,iX i [ / ]  +  02,i,2X 2 [f  ] 

+ X i [X 2  [f  ]]
/ / C o l l e c t [# , X i  , Sim plify]&

KW[X0 A X i| [X 2 | /.( -A - ) [ f ]  —  —A [f]
/ . X 2 [ X i [ f ] ]  —  X 0 [fl  +  0 2 ,i ,iX i[ f ]  +  02,i,2X 2 [f  ] 

+ X i [X 2  [f  ]]
/ /C o l l e c t [ # ,  X l , S:mplify|&

KW[X0 A X 2 | [X i| / .( -A .) [f ]  —  —A [f]
/ .X 2 [X i[ f _ ] ]  —  X 0 [f]  +  0 2 ,i ,iX i[ f ]  +  0 2 ,i ,2 X 2 [f  ] 

+ X i [X 2  [f  ]]
/ / C o l l e c t [# , X i  , S:mplify|&

KW[X0 A X 2 ] [X 2 ] / .( -A - ) [ f - ]  —  —A [f]
/ .X 2 [X i[ f _ ] ]  —  X 0 [f]  +  0 2 ,i ,iX i[ f ]  +  02,i,2X 2 [f  ] 

+ X i [X 2  [f  ]]
/ /C o l l e c t [ # ,  X i_ , S:mplify|&

P - e x t e r i o r  co v a ria n t d e riv a tiv e  o f
R ic, an d  A skew

P -e x te r io r  covariant derivative of a (1, 1)-tensor field A: 

Pexcoder [A_][X_, Y_] : =
ConNH[X, A [Y  ]] — ConNH [Y, A [X  ]] — A [P @ lie [X , Y ]];

P -e x te r io r  covariant derivative of R ic:

gsharpRicflat[A _] :=Ric[A , X i ] X i  +  Ric[A , X 2 ]X 2 ; 
Pexcoder [gsh arp R icflat| [X i, X 2 | //S :m p lify ; 
% //C o l le c t [# ,  X l  , FullSim plify]&

P -e x te r io r  covariant derivative of A sym:

gsharpRicCSymflat[A_] : =
RicCSym[A, X i ] X i  +  RicCSym[A, X 2 ]X 2 ; 

Pexcoder [gsharpRicCSym flat][Xi, X 2 ]//S im p lify ; 
% / . ( —X0)[A_] —  —X 0 [A ]//S im p lify :
% / .X 2 [X i [^ H  —  X0[A ] — 0 i,2 ,iX i[A ] — 0i,2,2 X2[A ] 

+ X i  [X2 [A ^ /S im p lify :
% //C o l le c t [# ,  { X i ,  X 2 } ,  S im p lify ^

KW[Xi A X 2 ] [ X i ] / . ( —A_)[f_] —  —A [f]
/ . X 2 [ X i [ f ] ]  —  X 0 [f]  +  0 2 ,i ,iX i[ f ]  +  02,i,2X 2 [f  ] 

+ X i [X 2  [f  ]]
/ / C o l l e c t [# , X i  , S:mplify|&

KW[Xi A X 2 ] [X 2 ] / .( -A .) [f _ ]  —  —A [f]
/ . X 2 [ X i [ f ] ]  —  X 0 [f]  +  0 2 ,i ,iX i[ f ]  +  02,i,2X 2 [f  ] 

+ X i [X 2  [f  ]]
/ /C o l l e c t [ # ,  X l  , S:mplify|&

Calculations for lemma 4.2.12:

f0 1  =  (0 i,0 ,i  — 02,0,2)02,i , i  +  (oi,0,2 +  02,0^)02,i,2 
+ 0i,0 ,i02 ,0 ,0  — ^ 0i,0,0(0i,0 ,2  +  02,0,i) +  0i,0,0K
+ X i [  2  (oi,0,2 +  02,0 ,i)] — X i [k] — X 2[0 i,0 ,i] ; 

f0 2  =  (0i,0,2 +  02,0 ,i)o 2 ,i,i — (oi,0 ,i — 02,0,2)02,i,2
—02,0,20i,0,0 +  ^02,0,0(0i,0,2 +  02,0,i) +  02,0,0K
—X 2 [ 2  (0i,0,2 +  02,0,i )] — X 2  [k] +  X i[02,0,2];

From  the structure equations of the dual frame, we have 
the identities:

X 0 [0 i,2 ,i  ] —  —(00,i,i00,2,0 — 00,2,20^2,i
—00,2 ,i(00 ,i,0  — 0i,2,2) — X i[0 0 ,2 ,i]  +  X 2 [0 0 ,i,i])  

X 0[0i,2 ,2  ] —  —( —00,i,000,2,2 — 00,i ,2 (—00,2,0 — 0 i,2 ,i)  
—00,i,i0 i,2 ,2  — X i[00,2,2 ] +  X 2[00,i,2  ])

PexcoderRicCSym =  2 {0 2 ,i ,i ,0 2 ,i ,2  }.RSym
— i f  X 2[0i,0 ,2  +  02,0, i] +  X i[0 i ,0 ,i  — 02 ,0 ,2^  : 

M ^ X i[0i,0 ,2  +  02,0,i] — X 2 [0 i,0 ,i  — 02,0 ,2]/ :

P -e x te r io r  covariant derivative of A skew: 
gsharpRicCSkHflat[A_] : =

RicCSkw[A, X i ] X i  +  RicCSkw[A, X 2 ]X 2 ; 
Pexcoder [gsharpRicCSkw flat][Xi, X 2 ]//S im p lify ; 
% / . ( —X0)[A_] —  —X 0 [A ]//S im p lify :
% / .X 2 [X i [^ H  —  X0[A ] — 0 i,2 ,iX i[A ] — 0i,2,2 X2[A ] 

+ X i  [X2 [A ^ /S im p lify :
% //C o l le c t [# ,  { X i ,  X 2 } ,  S im p lify ^

PexcoderRicCSkw = ( \ X i [ 0 i ,0 ,i  +  02 ,0 ,2^  : 
\ iiX 2 [0 i,0 ,i  +  02 ,0 ,2 ]/ :

R o ta te d  fra m e  w h en  =  %i =  0

Format [c1 0 0 , StandardForm] := 7 i ,0,0:
Format [c200, StandardForm] :=Y2,0,0:
Form at[c2 1 0 , StandardForm] :=Y2,i,0:
Form at[c1 0 1 , StandardForm] := 7 i ,0 ,i :
Form at[c2 0 1 , StandardForm] :=T2,0,i:
Format [c2 1 1 , StandardForm] :=7 2 , i , i :
Format [c1 0 2 , StandardForm] := 7 i ,0,2:
Format [c2 0 2 , StandardForm] :=Y2,0,2:
Format [c2 1 2 , StandardForm] :=T2,i,2:

{KW[X0 A X i ] [X i ]  — f 0 1 X 2 ,
KW[X0 A X i ][X 2] +  f 0 1 X i ,
KW[X0 A X 2|[X i] — f 0 2 X 2 ,
KW[X0 A X 2][x 2] +  f 0 2 X i  

} / .( -A _ ) [f _ ]  —  — A [f  ]//S im p lify :
% / .X 2  [ X i [ f ] ]  —  X 0  [f] +  0 2 ,i ,iX i[ f ]  +  02 ,i,2X 2 [f  ] 

+ X i [ X 2 [ f  ]
//S im p lify ;

% / .{X 0 [0 i ,2 ,i ]  —  —(00,i,i00,2,0 — 00,2,20i,2,i 
—00,2,i(00 ,i,0  — 0i,2 ,2) — Xi[co,2,i| +  X 2 [0 0 ,i,i]), 
X 0[0i,2 ,2  ] —  —( —00,i,000,2,2 — 00,i ,2 (—00,2,0 — 0 i,2 ,i)
—00 ,i,i0 i,2 ,2  — X i  [00,2,2] +  X 2 [0 0 ,i,2 ])}

//S im p lify

Subs =  { c 100  —  0 , c 20 0  —  0 , c 2 1 0  —  0 , c 101  —  0 , 
c201 —  —c102, c202 —  0 } :

D eclareForm s[{0 } ,  { 1 , V0, v i, V2}]:

d[v0] =  c100v0 A vi +  c200v0 A v2 +  c 2 1 0 vi A v2/.S u b s  
//S im p lify

d[vi] =  c101v0 A vi +  c201v0 A v2 +  c 2 1 1 vi A v2/.S u b s  
//S im p lify

d[v2] =  c102v0 A vi +  c202v0 A v2 +  c 2 1 2 vi A v2/.S u b s  
//S im p lify

d[d[v0 ]]/.d [A ] —  X0[A ]v0 +  X i[A ]v i +  X 2 [A ]v 2 //re W rite  
//F u llS im p lify
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d[d[vi]]/.d[A_] —■ Xo[A]vo +  X i[A ]v i +  X 2 [A ]v 2 //re W rite  
//F u llS im p lify

d[d[v2]]/.d[A.j —■ Xo[A]vo +  X i[A ]v i +  X 2 [A ]v 2 //re W rite  
//F u llS im p lify

JacSubs =  {
X o [7 2 ,i ,l]  —  —7 i,o ,2 7 2 , i ,2 — X i[Y i,o ,2 ],
Xo[Y2,i,2] —  + 7 i,o ,2 7 2 ,i ,i  — X 2[Y i,o ,2]

} ;

ro =  ( K  — c 10 2 )vo +  c 2 1 1 vi +  c212v2; 
d[ro] / .  d[Aj —■ X o  [A] vo +  X i  [A ] vi +  X 2  [A] V2 /  .Subs 

//re W r ite //S im p lif y

{7 i,o ,272 ,i,2  +  X o[Y 2,i,i] +  X i[7 i,o ,2 ] — X i [K ] ,
— 7 i,o ,2 +  7 2 ,i ,i  +  7 2 ,1,2 +  K  +  X l[7 2 ,l ,2 j — X 2 [7 2 ,1 ,1k

— 7 i,o ,2 7 2 ,i,i  +  X o  [72,1,2] +  X 2  [71,o,2] — X 2[K ]  
} / .Ja c S u b s //S im p lify ;
% //Fu llS im p lify //C olu m n

P a r a l l e l  F r a m e

Form at[c1 0 0 , StandardForm] :=Yi,o,o; 
Form at[c2 0 0 , StandardForm] :=Y2,o,o; 
Form at[c2 1 0 , StandardForm] := 7 2 ,i,o; 
Form at[c1 0 1 , StandardForm] :=7 i,o ,i ; 
Form at[c2 0 1 , StandardForm] := 7 2 ,o,i; 
Form at[c2 1 1 , StandardForm] := Y 2,l,i; 
Form at[c1 0 2 , StandardForm] :=Yl,o,2; 
Form at[c2 0 2 , StandardForm] :=Y2,o,2; 
Form at[c2 1 2 , StandardForm] :=Y2,1,2;

D eclareForm s[{0 } ,  { 1 , vo, v i , V2}];

d[vo] =  c 1 00vo A vi +  c 2 0 0 vo A v2 +  c 2 1 0 vi A v2 
//S im p lify

d[vi] =  c 1 01vo A vi +  c 2 0 1 vo A v2 +  c 2 1 1 vi A v2 
//S im p lify

d[v2] =  c 1 02vo A vi +  c 2 0 2 vo A v2 +  c 2 1 2 vi A v2 
//S im p lify

7 2 ,o ,i(—7 i,o,o +  72,1,2) +  X i[7 2 ,o ,i] — X 2[Y i,o ,i], 
X o[72,l,2] —  —7i,o,o72,o,2 +  71,o,2(T2,o,o +  72,1,1)

—7 l ,o ,i7 2 ,i ,2 +  X i  [72,o,2] — X 2 [y i ,o,2]
} ;

d[(YK — i  (c102  — c201))vo +  c211v i +  c212v2]
/ .  d[A_] —— Xo[A]vo +  X i[A ]v i +  X 2  [A ]v 2 /.c2 1 0  —— 1 
/ / re W r ite //F u llS im p lify

f0 1  =  (y i ,o,i  — 72,o,2)72,1,1 +  (y i ,o,2 +  72,o,1)72,1,2 
+7i,o ,iT2,o ,o  — f  7i,o,o(7i,o,2 +  72,o ,i) +  7 i,o ,o 7K 
+ X i [  2 (y i ,o,2 +  Y2,o,i)] — X i [y k] — X 2 [y i ,o,i ]; 

f 0 2  =  (Yl,o,2 +  7 2 ,o ,l)7 2 , l ,l  — (Yl,o,1 — 7 2 ,o,2)7 2 ,l,2  
—7 2 ,o,2 7 l,o,o +  1 7 2 ,o,o(7l,o,2 +  7 2 ,o ,l) +  72,o,o7K 
—X 2 [ 2  (7 l,o,2 +  Y2,o,i)] — X 2 [y k] +  X l [ 7 2 ,o,2];

{  2 (2 7 i,o ,i7 2 ,i,i  + 2 7 i,o ,2 7 2 ,i ,2  
+ 7i,o ,o  ( —Yi,o,2 +  72,o,i +  2y k ) +  2X o  [72,1,1] +X i [y i ,o,2] — X i[Y 2,o ,i ] — 2X i [y k]),

2  ( —Yl,o,2 +  Y2,o,1 + 2 (72,1,1 +  72,1,2 +  Yk) +  2X 1 [Y2,1,2] 
0 2 X 2 [7 2 ,1 ,1 ]),

f  ( —7l,o ,2 7 2 ,o,o +  7 2 ,o,o7 2 ,o,1 +  27 2 ,o,1 7 2 ,1,1 
+ 2 7 2 ,o,2 7 2 ,1,2 +  2T2 ,o,o7 K +  2X o[Y2 ,1 ,2] +  X 2 [7 1 ,o,2]
—X 2 [7 2 ,o,l] — 2X 2  [y k])

} / .Ja c S u b s //S im p lify ;
% — { f 0 1 ,0, f 0 2 } / .Y K  —  2 (y i ,o,2 — Y2,o,i

—2 (Y2,1,1 +  Y2,1,2 +  X i [Y2,1,2] — X 2 [7 2 ,1,lD) 
//F u llS im p lify //C o lu m n

YR =  (R /.C  —  7 /.71L ,v_,w_ —  I f  [u <  v, —7 v,u,w, 7 u,v,w])
/ . 1  (71,o,2 — 72,o,1 — 2(Y2,1,1 +  72,1,2 

+ X l[Y 2,1 ,2  ] — X 2  [Y2,1,i ])) —  7 K 
//S im p lify ;

YRSym =  (RSym/. c  —  7
— If [u  <  ^  7v,u,w , 7u,v,w])

//S im p lify ;
YRSkw =  (RSkw/. c  —  7

A T^V ^w- — If [u  <  ^  7v,u,w , 7u,v,w])
//S im p lify ;

d[d[vo]]/.d[A_] —  Xo[A]vo +  X i[A ]v i +  X2[A]v2  
/ / re W r ite //F u llS im p lify

d [d [v i]]/.d [^ ] —  Xo[A]vo +  X i[A ]v i +  X2[A]v2  
/ / re W r ite //F u llS im p lify

d[d[v2]]/.d[A j —  Xo[A]vo +  X i[A ]v i +  X2[A]v2 
/ / re W r ite //F u llS im p lify

Solve[(7l,o,1 +  7 2 ,o,2 )Y2 ,1 ,o — 7 l,o,o7 2 ,1 ,1 — 7 2 ,o,o7 2 ,1 ,2 
+ X o  [Y2,1,o] — Xl[72,o,o] +  X2[7l,o,o] = =  0 ,X o [Y 2 ,1 ,ojj 

//F u llS im p lify
Solve[—7 i ,o ,i7 2 ,o,o +  7 i,o,o 7 2 ,o,i +  Y2 ,o,2 7 2 ,i ,i  

—Y2,o,1Y2,1,2 +  X o [7 2 ,i,l]  — X l[Y 2,o ,l]
+ X 2  [Tl,o,lj = =  0 ,X o [7 2 ,i,i]]

//F u llS im p lify
Solve[Yi,o,o7 2 ,o,2 — 7 i,o,2 (Y2 ,o,o +  7 2 ,1,1) +  7 i ,o ,i7 2 ,i ,2 

+ X o  [72,1,2] — Xl[T2,o,2] +  X 2  [Yl,o,2] = =  0 ,X o [Y 2 ,1 ,2jj 
//F u llS im p lify

—7i,o ,iT 2,i,o  +  7i,o,o 72,1,1 — T2,o,272,i,o +  72,o,o72,i,2  
+ X l[Y 2 ,o,oj — - ^ [ y i ^ o]

—72,o,iYi,o,o +  7 i,o ,i 7 2 ,o,o — T2 ,o,2 7 2 , i ,i  +  7 2 ,o ,i7 2 ,i ,2 
+ X l[Y 2 ,o,lj — X^Iy ^ , !

—Y2,o,271,o,o +  71,o,272,o,o +  7 i,o,2 7 2 ,1 ,1 — 71,o,172,1,2 
+ X i  [72,6,2] — X 2  [71,6,2]

YPexcoderRic =  (P e x co d e rR ic /. c  —  7
AT^V^W- — If [u  <  ^  Tv,u,w , 7 u,v,w]) 
//S im p lify ;

TPexcoderRicCSym =  (PexcoderRicCSym /.c —  7
/ . 7 l ,V_,W_ — If [u  <  v , 7 v,u,w , 7 u,v,w])

//S im p lify ;
TPexcoderRicCSkw =  (PexcoderRicCSkw /.c —  7  

AT^V^W- — If [u  <  ^  Tv,u,w , 7u,v,w]) 
//S im p lify ;

((Y PexcoderR ic +  TPexcoderRicCSym

+7PexcoderRicCSkw)
—(y R +  YRSym +  TRSkw)T. { - Y 2 ,o,6 , T l,6 ,o })  
/ Yk —  1  (Yl,o,2 — Y2,o,1) — 7 2 ,1,1 — 7 2 ,1,2

—Xl[Y2,1,2 ] +  X 2  [Y2,1,l]
//F u llS im p lify

R e s c a l i n g  t h e  m e t r i c

{ Y o ^ i .Y j l M Y o  —  M2X o ,Y i  —  M X i,Y 2 —  M X2} 
% / . { X o  —  j ?  Y o ,X i  —  A Y i ,X 2  —  2 Y 2 }//S im p lify

JacSubs =  {
X o [7 2 ,1 ,l] —  Yl,6,lY2,6,0 — Y2,o,2 7 2 ,1,1

{ l i e [Y i ,  Yo ], l ie [Y 2  ,Yo], lie [Y 2 , Y i] }
/ . { Y o  —  M2X o ,Y i  —  mX i ,Y2 —  M X2}
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//F u llS im p lify ;
% / . { X o  ^  Y o ,X i  ^  A Y i , X  ^  A Y2}

/ .Y i .M  ^  0
/ .  YL [^2] ^  0 / .  YL [M] ^  0 //S im p lify ; 

% //C o lle c t[# >  {Y 0 , Y1,Y 2}]& //C o lu ^

{fci,o,o, k i,o ,i, ki,o,2 }  =  { —Mco,i,o, —M2co,i,i> —M2co ,i,2 }; 
{fco ,i,o ,k o ,i,i,k o ,i,2  }  =  —{fci,o ,o ,k i,o ,i,k i,o ,2 };
{k i,o,o , ki,o,i> ki,o,2 }//Colum n

{fc2,o,o, k2,o,i, k2,o,2 }  =  { —Mco,2,o, —M2co,2,i> —M2co,2,2}; 
{fco,2,o, ko,2,i, ko,2,2}  =  —{fc2,o,o, &2,o,i> &2,o,2};
{k2,o,o, k2,o,i, &2,o,2 }//Colum n

{fc 2 ,i ,i ,k 2 ,i,2 } =  { —^ c i ,2 ,i , — Mc i ,2 ,2 };
{fc i ,2 ,i ,k i,2 ,2 } =  —{k 2 ,i ,i ,k 2 ,i ,2 } ;
{fc2 ,i,i, k2,i,2}//C olum n

C alculate how the scalar invariants are affected by dilations 
of the m etric:

i-( a / - { X o ^ 2X 0, X i ^ X i , X 2^ X 2 }/.c^ fc)
{  0  >

(K /.{X o ^ M2X o ,X i^ MX i ,X 2^ MX 2>/.c^fe)

(Xl / . { X o ^ M2X 0,X i ^ MX i ,X 2^ MX 2>/.c^fe)
Xi >

(X2/‘ { Xp ^̂ 2X q ,X i fr^Xi ,X2 ¥ ^ X ‘2 } / .  c f̂e)
X2

} / . ( mX l )[f-] ^  M X i [ / ] / .X L M  ^  0
//S im p lify [# >  Cu_,v_,w_ €  R eals& & ^ >  0 ]&

f  (gQ/ ~ { X 0 ^ X 0 ,X i ^ ^ X i ,X 2 ^̂ X 2} /~c k̂)
{  60 >

(gi/ . { x q̂ ^ 2X q ,X i ^ ^ X i ,X 2 ^̂ X 2} /~c k̂)
61 >

(62^  { X 0 ^ X 0 ,X i ^ ^ X i ,X 2 ^̂ X 2} /~c k̂)
62

} / /S im p lify
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W a g n e r ,  3 8

D - c u r v e ,  9

d e g r e e  o f  n o n h o lo n o m y ,  8  

d e r i v a t i o n ,  1 2 0  

a l g e b r a i c ,  1 2 2  

S - d e r i v a t i o n ,  4 1  

S - r e s t r i c t e d ,  4 1  

d e r i v a t i v e ,  

c o v a r i a n t ,  1 2 6  

P - e x t e r i o r ,  1 2 2

P - e x t e r i o r  c o v a r i a n t ,  1 8  

P - L i e ,  1 2 1  

t o t a l  c o v a r i a n t ,  1 2 7  

d i s t r i b u t i o n ,  8  

f la g ,  8

g e o d e s i c a l l y  i n v a r i a n t ,  6 6 , 6 9  

h o l o n o m ic ,  8  

h o r i z o n t a l ,  1 3 9  

i n t e g r a b l e ,  8  

n o n h o l o n o m i c ,  8  

s t r o n g l y ,  8  

c o m p l e t e l y ,  8  

n o n i n t e g r a b l e ,  8  

v e r t i c a l ,  1 3 9

E - c o n n e c t i o n  o n  D ,  1 2 6 , 1 3 8  

E - r e s t r i c t e d  E h r e s m a n n  c o n n e c t i o n  o n  D ,  1 3 8  

E - r e s t r i c t e d  K o s z u l  c o n n e c t i o n  o n  D ,  1 2 6  

e q u i v a le n c e ,

N H - a f f in e ,  5 8  

N H - g e o d e s ic ,  5 7  

u p  t o  N H - i s o m e t r y ,  5 9  

e x p o n e n t i a l  m a p ,  1 7  

a t  a  p o i n t ,  1 7

f la g  ( o f  a  d i s t r i b u t i o n ) ,  8  

f l a t  ( n o n h o l o n o m i c  R i e m a n n i a n  

s t r u c t u r e ) ,  4 2 , 1 3 0  

l o c a l l y ,  4 2 , 1 3 0

o n  a  n e i g h b o u r h o o d ,  4 2 , 1 3 0

g e o d e s i c ,

c o m p l e t e n e s s ,  1 2  

i n v a r i a n c e ,  6 6 , 6 9  

n o n h o l o n o m i c ,  1 1  

n o r m a l  s u b - R i e m a n n i a n ,  1 9

h o l o n o m ic  d i s t r i b u t i o n ,  8  

h o r i z o n t a l ,
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d i s t r i b u t i o n ,  1 3 9  

l i f t ,  1 4 2  

v e c t o r ,  1 3 9  

v e c t o r  f ie ld ,  1 3 9

i n t e g r a b l e  d i s t r i b u t i o n ,  8

l e f t - i n v a r i a n t ,  

c o n n e c t i o n ,  1 3 7

n o n h o l o n o m i c  R i e m a n n i a n  s t r u c t u r e ,  1 9  

o n  a  C a r n o t  g r o u p ,  2 4  

p a r a l l e l  f r a m e ,  5 2  

W a g n e r  s t r u c t u r e ,  5 0  

l e n g t h  o f  a  D - c u r v e ,  1 8  

l i n e a r  c o n n e c t i o n ,  1 3 8  

l o c a l l y  f l a t ,  4 2 , 1 3 0  

o n  a  n e i g h b o u r h o o d ,  4 2 , 1 3 0

m e t r i c  c o n n e c t i o n ,  1 3 4

N H - a f f in e  e q u i v a le n c e ,  5 8  

N H - a f f in i t y ,  5 8  

N H - g e o d e s ic  e q u i v a le n c e ,  5 7  

N H - i s o m e t r i c ,  5 9

W a g n e r  s t r u c t u r e s ,  6 0  

N H - i s o m e t r y ,  5 9

o f  W a g n e r  s t r u c t u r e s ,  6 0  

n o n h o l o n o m i c ,

a f f in e  e q u i v a le n c e ,  5 8  

a f f in i t y ,  5 8  

c o n n e c t i o n ,  9 , 1 2 6  

d i s t r i b u t i o n ,  8  

g e o d e s i c ,  1 1  

e q u i v a le n c e ,  5 7  

f lo w , 1 6  

s p r a y ,  1 5  

i s o m e t r y ,  5 9

o f  W a g n e r  s t r u c t u r e s ,  6 0  

R i e m a n n i a n ,  

e m b e d d i n g ,  6 4  

m a n i f o l d ,  9  

s t r u c t u r e ,  9  

s u b m a n i f o l d ,  6 4  

s u b m e r s io n ,  5 6  

s e m is p r a y ,  1 5  

s p r a y ,  1 5

n o n h o l o n o m y  t e n s o r ,  3 7  

n o n i n t e g r a b l e  d i s t r i b u t i o n ,  8  

n o r m a l ,

b u n d l e ,  6 4

s u b - R i e m a n n i a n  g e o d e s i c ,  1 9

P - e x t e r i o r  c o v a r i a n t  d e r i v a t i v e ,  1 8  

P - e x t e r i o r  d e r i v a t i v e ,  1 2 2  

P - L i e  d e r i v a t i v e ,  1 2 1  

p a r a l l e l ,  

f r a m e ,  1 3 0  

v e c t o r  f ie ld ,  1 2 8  

a l o n g  a  c u r v e ,  1 2 8  

1 - f o r m ,  1 3 1  

a l o n g  a  c u r v e ,  1 3 1  

t e n s o r  f ie ld ,  1 3 2  

a l o n g  a  c u r v e ,  1 3 2  

t r a n s l a t e ,  1 2 8  

t r a n s l a t i o n ,  1 2 8  

p r o j e c t a b l e  v e c t o r  f ie ld ,  1 4 2  

p u l l b a c k  c o n n e c t i o n ,  1 3 2

r e d u c e d ,

e q u a t i o n s  o f  m o t i o n ,  2 1  

n o n h o l o n o m i c  g e o d e s i c ,  2 1  

r e s t r i c t e d ,  

d e r i v a t i o n ,  4 1

E h r e s m a n n  c o n n e c t i o n ,  1 3 8  

K o s z u l  c o n n e c t i o n ,  1 2 6  

R i c c i  t e n s o r ,  3 5

R i e m a n n i a n  c u r v a t u r e  t e n s o r ,  1 3 5

S - d e r i v a t i o n ,  4 1  

S - r e s t r i c t e d  d e r i v a t i o n ,  4 1  

S c a l a r  c u r v a t u r e ,  3 6  

S c h o u t e n  c u r v a t u r e  t e n s o r ,  3 0  

s e c o n d  f u n d a m e n t a l  f o r m ,  6 5  

s e c t i o n a l  c u r v a t u r e ,  3 4  

s p r a y ,

n o n h o l o n o m i c  g e o d e s i c ,  1 5  

S R - i s o m e t r i c ,  7 6  

S R - i s o m e t r y ,  7 6

s t r o n g l y  n o n h o l o n o m i c  d i s t r i b u t i o n ,  8  

s t r u c t u r e ,

n o n h o l o n o m i c  R i e m a n n i a n ,  9  

s u b - R i e m a n n i a n ,  1 8  

W a g n e r ,  3 7  

s u b - R i e m a n n i a n ,  

i s o m e t r y ,  7 6  

m a n i f o l d ,  1 8  

s t r u c t u r e ,  1 8  

s y m m e t r i c  b r a c k e t ,  1 7
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t e n s o r  ( f i e l d ) ,  1 1 9  

c o n t r a c t i o n ,  1 2 0  

c o n t r a v a r i a n t ,  1 1 9  

c o v a r i a n t ,  1 1 9  

t r a c e ,  1 2 0  

t o r s i o n ,  9

t o t a l  c o v a r i a n t  d e r i v a t i v e ,  1 2 7  

t o t a l l y  g e o d e s i c  s u b m a n i f o l d ,  6 7

v e c t o r  b u n d l e  c o n n e c t i o n ,  1 2 6 , 1 3 5  

v e r t i c a l ,

d i s t r i b u t i o n ,  1 3 9  

l i f t ,  1 3 9  

v e c t o r ,  1 3 9  

v e c t o r  f ie ld ,  1 3 9

W a g n e r ,

c u r v a t u r e  t e n s o r ,  3 8  

s t r u c t u r e ,  3 7


