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CHAPTER I 

INTRODUCTION 

In a famous paper of 1931, ~del proved that any 
formalization of elementary Arithmetic is incomplete, in the 
sense that it contains statements which are neither provable 
nor disprovable. Some two years before this, Presburger 
proved that a mutilated system of Arithmetic, employing only 
addition but not multiplication, is complete. This essay is 
partly an exposition of a system such as Presburger's, and 
partly an attempt to gain insight into the source of the 
incompleteness of Arithmetic, by linking Presburger's result 
with G~del's. G~del himself states that: 
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"The true source of the incompleteness attaChing to all 
formal systems of Mathematics is to be found ------- in the 
fact that the formation of ever higher types can be continued 
into the transfinite, whereas in every formal system at most 
denumerably many types occur." 

([5), p.62) 
GBdel intended to SUbstantiate this statement in a sequel to 
his paper, but this never appeared. The "types" referred to 
in the above quotation is a reference to Russell's "Theory 
of Types". 

This is not the approach adopted in this essay. G~del's 

proof is taken as known, and ,the emphasis 
ness of certain subsystems of Arithmetic. 

is on the complete­
No definite 

answer is reached to the question of what engenders the 
incompleteness of Arithmetic. However, a possible answer, 
resting on two conjectures, is proposed in the conclusion. 

The essay proceeds as follows. All formal systems considered 
in this essay are presented as first-order theories, and 
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Chapter 2 offers an exposition of this notion . Most of the 

material of this chapter was taken from [lOJ, and proofs of 
all statements left unproved in Chapter 2 can be found there. 
Since heavy emphasis is placed on semantic methods, it was 
considered necessary to devote a chapter to the notion of 
truth. Chapter 3 deals with this matter; the approach 
adopted is based on Tarski IS "Theory of Truth". Chapter 4 
is a detailed exposition of a subsystem of Arithmetic employ­
ing only addition, such as the system for which Presburgerls 
results were obtained. The reduction procedure used to prove 
completeness is due to Presburger, but the exposition given 
of this procedure is a paraphrase of that given in [6J, 
pp. 359 - 366, here suitably altered to fit the slightly 
different axiom system. In Chapter 5 the axiom system of 
Chapter 4 is enlarged to an axiom system such as the one for 
which Godells results were obtained. A hypothesis is advan­
ced which is refuted in Chapt er 6 . In Chapter 7 another 
complete subsystem of Arithmetic is described, and it is in 
turn related to the system of Chapter 4. Chapter 8 concludes 
with a suggestion as to what the reason for the incomplete­

ness of Arithmetic may be. 

***§*** 



CHAPTER II 

FIRST-ORDER THEORIES EXPOSITION AND GENERAL RESULTS 

§ 1. Formal Systems: 

The subsystems of Arithmetic with which this essay is 
concerned will all be presented as a certain kind of formal 
system (specifically: as "First-order Theories") . Since, in 
the literature, it is not always clear what is meant by 
"formal system", "formalization" and the like, the following 
brief exposition is offered. 

A "Formal System" (sometimes called a "calculus") is a 
system built up as follows. Certain symbols (marks, signs, 
objects) are indicated as being the only symbols belonging 
to the system. Certain "Rules of Formation" are stated, 
which build up strings of these signs in a specified way. 
These strings are called "well-formed-formulae" - "wff" for 
short. Of these well-formed-formulae some are selected as 
"axioms" ("initial formulae"), and certain "Rules of 
Inference" ("Transformation Rules") are stated which produce 
new wff's from the axioms. The symbols used to present the 
system do not mean anything or stand for anything or denote 
anything. Consequently the wff's do not offer any objective 
information. 

A formal system may be given an interpretation, however, 
roughly as follows. Some of the symuols are interpreted as 
denoting certain (abstract or concrete) objects, some others 
as denoting operations on these objects, and some others as 
denoting logical operations on wff's. Thus a semantics is 
attached to the formal system, each wff now having a truth­
value. Some wff's are selected as axioms (either by conven­
tion, or because they seem evidently true) and new wff's 

3 
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produced by the rules of inference then yield results concern­
ing the interpretation. 

A formal system with an interpretation may loosely be called 
a "Deductive System", since the rules of inference in the 
formal system are usually made to correspond to some sort of 
fairly natural deduction rules . It is important to note 
that a formal system (without an interpretation) is purely 
syntactical - the semantics comes in with the interpretation. 
Thus while a formal system has only syntax, a deductive 
system has both syntax and semantics. The process of obtain­
ing a deductive system from a formal system, as described 
above, may also be viewed in reverse. That is, given some 
kind of natural deductive system (e.g. elementary "naive" 
arithmetic) a formal system may be obtained from it by 
abst raction of the purely structural properties of the 
system. Thus the semantics is abandoned, but the syntax is 
retained . In this case the formal system may be called a 
"formalization" of the deductive system. 

The development of the subsystems of Arithmetic in this essay 
does not strictly follow any one of the two approaches 
sketched above. Rather, it proceeds on two parallel lines: 
the structure of the formal system is (formally) stated, and 
its intended interpretation is indicated. Results within 
the system and results concerning the system may occur 
indisciminately, but the status of a result ~dll always be 
clearly indicated. 

The notion of "truth" will be treated in Chapter 3, but some 
preliminary remarks are necessary here. Wff's in a formal 
system do not have "meaning", since their symbols are ,v[ nter­
preted, and consequently they have no truth-values. How the 
truth-value of a "Iff is determined when an interpretation is 
attached to the formal system, will be explained in Chapter 3. 
Given the interpretation, each wff now has a truth-value. 
If one or more wff's are transformed by some truth-functional 
operation(s) within the system into a new wff which has the 



value "true" no matter what the truth-values of its consti­
tuent wff's may be this new wff is called a tautology. 

§ 2. First-Order Theories: 

5 

The type of formal system used in this paper is norm­
ally called a "First-order theory" • It is developed within 
the normal framework of the Predicate Calculus and the 
Propositional Calculus - some knowledge of both of these is 
assumed. 

Any First-Order Theory K has the following symbols: 

Logical Symbols Negation : 
Implication 
Universal Quantifier : V 

Auxilary Symbols Brackets: [( ) 1 
Comma : , 

(iii) Individual Constants: a i ; i fl 1 • 
A finite or denumerable, possibly empty set. 

(iV) Individual Variables: xi ; i fl 1 . 
A denumerable set. 

(v) Predicate Letters . An n fl 1 , j fl 1 . . j , 
("A nIl is the j'th predicat e lett er of linn 

j 
argument s • ) A finite or denumerable non-empty set. 

(Vi) Function Letters: fjn ; n;: 1 , j fl 1. 
( "f jn" is the j'th function letter of "n" 

arguments . ) A finite or denumerable, possibly empty 
set. 

Different theories may differ in which of the above symbols 
they possess . Normally meta-variables such a s "x", "y" et c. 
are employed in meta-results - these ar e thought of as 
ranging over the individual variables . From the given 
logical symbols others (I\ ,V, 3, etc . ) may be defined by the 
usual definitions. 
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The function letters applied to individual variables and 
individual constants generate what are called terms 
variables and constants are terms, and if t ··.t 

1. n are 

terms, then fin(t , • .• ,t ) 
1. n is a term. Nothing is a term 

if it cannot be generated in this way. 

The predicate letters applied to the terms yield what are 
called atomic formulae : for any terms 

predicate letter Ain(t ···t ) 
1 n 

Nothing else is an atomic formula. 

t ·. ·t , 
1 n 

is an atomic 

The well-formed formulae are defined as follows: 

(i) Every atomic formula is a wff. 

and any 

formula. 

(ii) If A and 8 are wff's, and x is some individual 
variable, then -A, A =* Band N x)A are wff' s. 

(iii) An expression is a wff only if it can be shown to be 
a wff on the basis of (i) and (ii). 

As has been done in (iii) above, any string of symbols may 
be referred to as an "expression" when it is convenient to 
do so. 

The axioms of a first-order theory K divided into two 
groups: the logical axioms and the proper axioms. 

Logical Axioms 

LAl A,.. (B=*A) 

LA2 [A=* (B =*C)] =* [(A ~B) =* (A ~C )J 

LA3 (-B =* -A ) ~ (A=*8) 

LA4 (Vxi)A(xi ) =*A(t), if A(xi ) is a wff and t is 

a term free for Xi in A(xi ) . 

containing no free occurrence of xi' 
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Note: In (Yx)A, "A" is called the scope of the quanti­
fier. An occurrence of a variable x is said to be bound in 
a wff if and only if it is either the variable in the quanti­
fier, or is the same variable as the one in the quantifier, 
and occurs within the scope of the quantifier. A variable 
which is not bound in a wff is free. If A is a wff, and 
t is a term, then t is said to be free for xi in A iff no 

free occurrence of xi in A lie within the scope of any 

quantifier containing some variable Xj occurring in t 

A wff containing no free variables is called a clo~ed wff. 

Proper Axioms: 

These vary from theory to theory, and can only be 
specified for a particular theory. 

The rules of inference of any first-order-theory K are the 
following: 

Modus Ponens: (M.P) 

From the two wffs 

the wff 8 may be inferred. 

Generalization: (Gen.) 

A 
A=>8 

From the wff A , the wff (\:Ix)A may be inferred. 

Some formal systems include as a third rule of inference a 
"Rule of Substitution", allowing any wff to be substituted 
for (e.g.) "A" and ''8'' in LAl. The view taken here, 
however, is that A and 8 are meta-variables ranging over 
wff's of a first-order theory, and that such a substitution 
rule is unnecessary. 

Any wff of a first-order theory K which follows directly or 
indirectly from the axioms of K by means of the rules of 
inference, is called a theorem of K. The notation 

r
K 

A 



is used to indicate that A is a theorem of K. Furthermore, 

the notation 

is used to indicate that the wff A follows from the axioms 
of K plus the assumptions r, where r is a set of wff IS. 

(Obviously, if r is empty, the first notation is applicable). 

A first-order theory K mayor may not have some of the 
following properties: 

Completeness: 
wff A of K, 

Consistency: 
A of K, not 

Decidability: 

K is complete if and only if, given any closed 

either A or -A is a theorem of K. 

K is consistent if and only if, given any "rff 
both A and -A are theorems of K. 

K is decidable if and only if there is an 

effective procedure* for determining whether any given wff 

of K is a theorem of K or not. 

Axiomatic: K is axiomatic if and only if there is an 
effective procedure for determining whether any given wff 

of K is an axiom of K or not. 

Some general results concerning first-order theories are now 
stated - proofs of these results can be found in [10). All 
these results hold for an arbitrary first-order theory K, 

hence they are meta-results. Such results will be referred 
to as propositions. 

2.1 Proposition: 

Every wff A of K which is an instanc e of a taut-
010gy is a theorem of K, and may be proved using only 

* Also : "mechanical method" or "algorithm". An "effective" 

procedure is preCisely statable as a finite set of instruc­
tions ; reliable in the sense of always yielding an answer, 
and completable in a finite number of steps . Further inform­

ation can be found in [15), pp. 223 - 232. 



LAI - LA3, and M.P. 

2.2 Proposition: (Deduction Theorem) 

Assume that 

((10], p. 59) 

where, in the deduction, no application of Gen . to a wff 

which depends upon A has as its quantified variable a free 

variable of A. Then 

([10], p. 61) 

Corollary: 

If A is a closed wff, and A ~ K 8 , then rKA~B. 

([10], p. 61) 

2.3 Proposition: 

If the term t is free for x in A(x) , then: 

(Vx)A(x) ~KA(t) • 

([10], p. 70) 

2 . 4 Proposition: 

If the term t is free for x in A(x) , then: 

([10], p. 71) 

2.5 Proposition: (Rule C) 

In any proof in K, the following procedure may be 

followed : 

If a wff of the form (3x)A(x) has already been proved, 

A(b) may be asserted in any proof after an occurrence of 

(3x)A (x) , provided that lib" is a constant which has not 

previously occurred in the proof, and also does not occur 

in the final line of the proof. ("C" for "choice"). 

([ 10 ], pp . 73-74 ) 

9 
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An expression of the form A V B is said to be a disjunction, 

having A and B as disjuncts. An expression of the form 

A /I B is said to be a conjunction, having A and B as 

conjuncts. A wff containing no quantifiers is said to be 

in Disjunctive Normal Form (IlNF.) iff it is an unnegated 

disjunction consisting of one or more disjuncts, each of 

which is an unnegated conjunction of atomic wff's, negated 

or unnegated. Thus a wff in DNF contains only the three 

logical symbols "~", "V" and "/I" • 

2.6 Proposition: 

There is an effective procedure for transforming any 

wff A of K containing no quantifiers into a wff B of K 

which is in DNF such that: 

t-~#B . 
([10), pp. 27 - 28)* 

A wff A of K is said to be in Prenex Normal Form iff it is 

of the form: 
(Ox )(Qx ) ••• (Qx )A, 
~ ~ 2 2 n n 

where each Q. is a 
1 

" 3" ( exist ential ) ), 

no quantifiers. 

2.7 Proposition: 

quantifier 

xi i Xj for 

( "V" ( universal) or 

i i j, and A contains 

There is an effective procedure for transforming any 

wff A of K into a wff B of K which is in Prenex Normal 

Form, such that: 

([10], p. 87) 

Now let K be any first-order theory which has A12 as one 

of its predicate letters, where A12 (t,s) is abbreviated 

* See also [8), pp. 73-76. 



as "t=s", and ~Al.2 (t,s) is abbreviated as "t;ol S" , 

Then K is called a first-order theory with equality iff 

the following are theorems of K: 

LA6* ('</xl.)[xl. = xl.] (reflexivity of equality). 

LA7 x = y ~ [A(x,x) =0 A(x,y)] (substitutivity of 

11 

equality). where x and yare individual variables, 

A(x,x) is any wff containing x as a variable, and A(x,y) 

arises from A(x,x) by replacing some, but not necessarily 

all, free occurrences of x by y, with the proviso that y 

is free for those occurrences of x which it replaces. 

2.8 Proposition: 

Let K be a first-order theory in which LA6 holds, 

and LA7 holds for atomic wff 's. Then K is a first -order 

theory with equality. 

([10], p. 76) 

***§*** 

* The numbering here is a continuation of the numbering of 

the logical axioms on page 6. 
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CRAnER III 

THE CONCEPT OF "TRUTH" IN FORMALIZED ELEMENTARY ARITHMETIC 

§ 1. "Truth" in a First-Order Theory : * 
As has been pointed out, wff ' s have meaning only when 

an interpretation is given for the symbols. An interpretation 

of a first-order theory K consists of a non-empty set D (the 

domain of the interpretation) and an assignment: 

to each individual constant ai of some fixed element 

of D - say di , 

to each predicate letter A n of an n-place relation j 

in D - n say Bj , and 

to each function letter f jn of a function from Dn into 

D - i . e. an n-place operation on D - n say gj • 

Individual variables are thought of as ranging over the 

elements of D. 

Now let Z be the set of all denumerable sequences 

s = (0 , ° ,0 •••• ) of elements of D . A function S deter­l. 2 3 

mined by the sequence s, having the set of terms of K as 

domain and D as range is now defined : 

(i) S(ai ) = di • 

(11 ) S(xi ) = °i 

( iii) S[f:(t , ... ,t )] l. n = gjn [S(tl.) ' " . ,S(tn )] . 
Intuitively, for a sequence s = (0l.'02 .... ) and a term t 

of K, S( t) is that element of D obtained by substituting , 

* The mat erial of § 1. was taken from [2], pp. 55 - 56, 

and [10], pp. 50 -53. 
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for each i, Iii for all occurrences of xi in t, and then 

performing the operations of the interpretation corresponding 
to the function letters of t . It is now recursively defined 
what it means for a sequence e to satisfy a wff A of K, 

written: 

3.1 

(i) 

Definition: 

K b A
j
n (t , ••• , t) if and only if r-s 1 n 

Bj
n (s(tl.)"" ,S(tn )) 

- i.e. s satisfies an atomic wff A j
n iff the 

n-tuple (S( tl ), ••• , S( t n )) is in the corresponding 

relation 

(ii) K ~s -A iff not- K FsA.· 

(iii) 

(iv) 

K Fs (A,,*B) 

K fs (V xi )A 

from s in at 

iff: either not- K FsA , 

iff for every sequence s ' 

most the i 'th component, 

or K FsB 

differing 

K Fs ,A • 

Note: "Not_ K ~SA" is to be read as: liS does not satisfy 

A in K". 

This definition leads to a definition of truth and falsehood. 

3.2 Definition: 

A wff A is true for a given interpretation if and 
only if every sequence s in Z satisfies A. 

3 . 3 Definition: 

A wff A is false for a given interpretation 1:1' and 
only if no sequence of Z satisfies A. 

From these definitions the following facts can easily be 
ascertained: 
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(a) Since the definition of the satisfaction relation has 
the same recursive base as the definition of a wff, 

truth and falsehood are defined for every wff of K. 

(b) The truth or falsehood of a wff of K is relative to 
the interpretation assigned to K - i.e. the same 

wff may be true in one interpretation and false in 
another . 

(c) Truth and falsehood are mutually exc lusive properties 
- i.e. for a given interpretation, no wff can be 
both true and false . 

(d) A closed wff is either true or false. A wff contain­
ing free variables, however, may be satisfied by some 

sequences in the domain of the interpretation and not 
satisfied by others . Such a wff is called a 
contingent wff. 

(e) A wff A is true iff its closure is true the 

closure of a wff A being the closed wff obtained by 
prefixing as universal quantifiers those variables 

which are free in A. If A has no free variables, 
the closure of A is A itself. 

§ 2. A Problem in verifying Arithmetical Statements. 

The method of defining truth given in § 1. is due 
to Tarski, and is a preCise application of the imprecise: 

Schema T: x is a true sentence if and only if p. 
(p is any sentence, and x is a name of this sentence.) 

([14], p. 155) 

As a natural-language example, the following will suffice: 

A: "Snow is white" is a true sentence if and only if snow 

is white. 

([14], p. 156) 

(The quotation marks, in this example, serve as a name-forming 

functor). In some sense then, Tarski ' s theory of truth may be 
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regarded as a "correspondence" theory of truth* a state-

ment is true iff it corresponds with the facts. Furthermore , 

in examples such as A, lithe facts" may be empiricall y 

verified snow is white becau se it can be ~ that it is 

white. 

Consider now a first-order theory K which is a formalization 

of elementary Arithmetic. That is, the Natural Numbers is 

the domain of the interpretation, operations such as addition 

and multiplication are assigned to function letters in K, 

and relations such as equality are assigned to predicate 

letters in K. Those constants in K corresponding to th~· 

natural numbers in the interpretation will from now on ee 
called numerals, the numeral corresponding to the natural 

number "n" being written as "n" . 
Now suppose that A~2 is the predicate letter corresponding 

to the equality relation "=". Then, by ( i) of the defin.i.tion 

of the satisfaction relation, an atomic wff of the form 

A~2(t~t2 ) 

is satisfied by a sequence s if and only if 

where S is the function mapping the terms onto their corres­

ponding interpretation . Consequently, a wff of the form 

3 + 2 = 5 
in K is s atisfied by a sequence s if and only if 

s(3 + 2 ) = S(5) • 

Since the numerals correspond to the natural numbers, S maps 

each numeral onto its corresponding natural number i.e.: 

S(5) is "5 " 

* This is a generally acc ept ed point of vi e .. f • See , for 

example, the Encyclopedia of Philosophy, Vol 2, "Correspond-

ence Theory of Truth ." especially pp. 230 - 231. 



and from (iii) of the definition of S it follows that 

s( 3 + 2) is "3 + 2" • 

Hence s satisfies the wff 
- - -
3 + 2 = 5 

in K if and only if 

3+2=5 . 

Since the: function S determined by any sequence s maps the 
constant "a " in K onto its corresponding interpretation, 

i 
it is clear that ~ sequence s will satisfy the wff 

"3 + 2 = 5" iff 3 + 2 = 5. 
Consequently: 

B: "3 + 2 = S" is true if and only if 3 + 2 = 5 • 

rt is clear that B is ana)ogous to A. However, whereas in 

16 

_0uld be empirically verified that sn01, is indeed white, 
the situation is not altogether as clear in B. The Natural 
Numbers are not normally regarded as entities that lend them­
selves to empirical verification. 

There is a problem in verifying arithmetical (and in general, 
mathamatical) statements . Note that this problem does not 
find a solution in formally prOVing that 3 plus 2 equals 5 , 
since provability is a syntactical concep~ belonging t o a 
formal system, such as K. The problem is prec·isely to show 
that the provable statement "3 + :2 = 5" describes an exist­
ing state of affairs . If this can be done, then, by definition 

the statement will be true. 

There seems to be at least two possible courses of action. 
Firstly, it may be said that it is "intuitively" recognizable 
that it is indeed the case that the sum of three and two is 
five. Thus the verification is not empirical, but intuitive. 
This, however, seems to subject Mathematics to the r ealm of 
Psychology. 
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Another possibility is t he following : 
Frege and (independently ) Russell defined the cardinal 
number of a set X to be the class of all those sets equiva­
lent (in a precise way) to X. Loosely translated, this 

- ; - . 

means that a natural number "n" can be regarded as an abstrac-
tion of all those sets with "n" elements. Or, taking the 
reverse view, any set with "n" elements can be regarded as an 
instance of the natural number "n". This leads to a method 
on the lines of Hilbert's formalism*. It is taken as axiomatic 
that whatev('r is the case concerning any natural number is also 
the case concerning an instance of it . As far as numerical 
properties go, the reverse is also true. 
Now regard: 

I as an instance of the Natural Number 1 

II II " " " " " " " " " II " " 2 

I I \ II " II " " " " " " " " " " 3 
I t I " II " " " " " " " " " " 4 
etc. 

Also regard addition of natural numbers as conc:- "; mation of 
strings of marks . 
Then 

III concatenated with II is 11111 

is an empirical representation of the statement that 

3 plus 2 equals 5 

and this representation can indeed be empiricall y ,"erified . 
This is taken as empirical verification of the statement 
"3 + 2 = 5", which, going back to B, yields the result that 

"3 + 2 = 5" is true in K . 

This method , however, is not without its drawbacks. Hilbert 
and Bernays state: 

* Hilbert, however, in [6], used this method to define truth, 
not to verify (in the sense explained above) arithmetiL ~1 
statements. 
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"We shall always use the word "finitary" to indicate that the 
discussion, assertion or definition in question is kept with­
in the bounds of thorough- going producibility of objects and 
thorough-going practicability of processes, and may accord­
ingly be carried out within the domain of concrete 

inspection . " 
([6), p. 32) 

It is clear, then, that the above method is essentially 
finitary . Thus it fails as a method for verifying state­
ments concerning (e .g.) all natural numbers . 

The above (second) course of action is adopted in this essay . 
Note t hat it also allows verification of statements such as 

4 < 5 
and 

7 '" 2 (mod 5) , 
lS leading to the conclusion that 

4 < 5 
and 

7 '" 2 (mod 5) 
are true wff ' s of a first-orde r theory K. 
used in the sequel. 

_'"' fact will be 

Note that Tarski's Theory of Truth does yield neC E;[' Si' r y anr'l 
sufficient conditions for an (arithmetical) statement to ~e 
true - what it does not yield is a method of verificat ion . 

§ 3. Explicit and Recursive Definitions . * 

(This paragraph fits more naturally into Chapt er 2, 
but the notions of "numeral" and "natural number" were 
prerequisites. Hence its inclusion here . ) 

Given a first - order theory K, once the exist ence of a unique 
object "u" having the property A(Yl ' • • "Y n' u) has been 

* The material of § 3. was taken from [10], pp . 82, 118 

and 120 . 



proved, it 
f ey ••• y ) 

1 n 

all 

is often convenient to introduce a new function 

such that A[Y1""'Yn' f(yl.···'Yn)J holds for 

Since the first-order theories treated in 
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this essay all find their interpretations in the set of 
natural numbers, function letters in these theories will 
correspond tv operations (functions) on natural numbers. A 
function h" i ng natural numbers as arguments and values will 
be calle,' a number-theoretic function . Such functions, 
being de :'i ned on the natural numbers, are not attached to 
any partlc 'lar first-order theory. 

3.1 Definition 

A number-theoretic function f(x ···X ) 1 n is said to 

be repre~ .ntable in a first-order theory K with equality if 
'l.nd only if there is a wff A(x)., ••• ,Xn+l ) of K , having 

as free variables, such that for any natur al 

numbers k ... k I ). ni-

If f(k · . ·k ) = k +1 ' ). n n then 

If in this definition, (ii) is changed to: 

(iiI) t-K (3! xn+l) A(x)., ... , xn • xn+l) 

then f is said to be strongly representable :Ll" .; " 

If f is strongly representable in K, then f ca.l 'ntro­
duced as a new function letter into K by explicit definitiv.; 

f(x • .. x ) n 
def 

where xn+l is the unique object whose existence is shown 

by (ii I) • Given a definition similar to 3 .1 in the cas e of 
relations, new predicate letters may also be introd,' ced by 
explicit definition. I t is generally acknowledged ~hat such 
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definitions . although convenient. add nothing r eally new to a 
first-order theory. 

Another method of obtaining new functions from old ones, is 
definition by recursion, or inductive definition. 
Given two funct i ons 

g(yl." 'Yn) 

and h(yl.···yn'yn+l'yn+2) 

a new funct ton f(yl. ••• yn+l) may be introduced as follows: 

f(yl. "" 'Yn'o) = g(yl." 'Yn) 

f(y •.• y ,x+l) = h(Y ••• y ,x, f(y .•• y ,x)) . 
l. n l. n l. n 

Here lin" may equal 0, in which case the definition is: 

f( 0) = k (for k a fixed natur al number) 
p(x+l) = h(x,r(x)). 

The question arises as to what the relation is between thl::s P 
two types of definition. In [3], p. 129, a metl- ' is 
described for reducing recursive to explicii ' . ·~tions • 
This method relies on two mappings : one bet,'i een the natural 
numbers and ordered pairs of natural numbers, and the other 
between the natural numbers and ordered trip}es of n~tural 
numbers . For these mappings , two functions are essent .·.c.l 
addition and multiplication. This fact will be ureful i n the 
sequel. 



CHAPTER IV 

A SUBSYS 'I'E!M OF ARITHMEI'IC EMPLOYING ONLY ADDI''I'ION 

§ 1. The First-Order Theory Sl * 

(iii) 

(v) 

(vi) 

Terms 

I'he symbols of Sl are the following: 

Logical Symbols : 

Auxilary Symbo~s . . 

Individual Variables 

Predicate Letter 

Function Letters 

- ~ V 

Brackets 
Comma 

: 

A2 
1 

Xl 

: , 
x

2 

. 
[ 

X3 

f1 (x) will be abbreviated as x 
1 

( ) ] 

• 

.. .. 

f 2 (x,y) will be abbreviat ed as x + y . 
1 

Individual constant o . 

• 

(i ) Individual variables are terms . 0 is a t ,-.-r, . 

(ii) If t and s are terms, then: t' is a term 

(iii) 

* 

t + s is a term . 

An expression is a term only if it can be shown to 
be a term on the basis of (1) and (ii). 

is a subsystem of a first-order theory appea~ing in 

[10], Chapter 3. Proofs of theorems of Sl occur.·~ng in 

[10] will not be repeated here. 
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Atomic Formulae 

If t and s are terms, t = s 1s an at omic formula . 
Nothing else is an atomic formula . 

Wff's 

(i) EVe~y atomic formula is a wff . 

(ii ) If A and 8 are wff' s, then -A , A =9 8 and 
('r/x)A are wff 's. 
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(iii) An expression is a wff only if it can be shown to be 
a wff on the basis of (1) and (ii). 

The following further propositional connectives are def ined: 
def 

Av8 = (-A) =98 . 
def 

AI\8 = -(-A V -8) 
def 

A ~8 = (A=98) 1\ (8 =9A ) • 
def 

(3x)A ~ -(Vx)-A. 

Proper Axioms : 

sl. 
x l. = X =9 (x = X ... X = x

s
) 

l. 2 l. S 2 

S2 
l. ( xl. = X ) # 

2 (x ' l. = x ' ) 
2 

S3 
l. o " X ' l. 

S4 
l. xl. + 0 = xl. 

S 5 
Xl. + X ' = ( xl. + X ) , 

l. 2 2 

S6 For any wff A of Sl. l. 

A(o) =9 [(Vx)[A(x) =9A(x , ) ) =9 (Vx)A(x)) 

An additional rule of inference follows from 
viz: 

S6 
l. 

by M. P . , 
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Induction Rule: 

(\fx)A(x) follows from A(o) and (\fx)fA(x) .. A(x ')]. 

The intended interpretation of 81 is the Natural Numbers 
(with 0), hence 81 is a formalization of a mutilated 
system of Arithmetic, employing only addition. To make this 
clear, the terms 

o 0' 0" 0'" . . . . .. etc. 

will henceforward be denoted by the symbols 

o 1 2 . . . . .. etc. 

These symbols are called numerals, and they constitute a 
shorthand method of writing the application of the stroke 
operation f: a certain number of times to the individual 

constant O. Similarly a shorthand way of writing the applic­
ation of f 2 a certain number of times to some term 

1 

(say t) is introduced. 

Thus: 

t + t will be written as t·2 

(t + t) + t II 111111 II 1111 

«t + t) + t) + t II IInli 11 fill 

Convention 1 

t .3 
t.4 

• 
• 
• 

etc. 

Any term t may b e written as t .1 whenever required. 

The notation employed above does not, strictly speaking, form 
a part of S1 - it is, however, of considerable use in 
discussing results that do occur in S1 • Consequently, 

abbreviating (e.g.) t + t as t.2 does not constitute the 
introduction of multiplication into S1 . 
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For example, although 

O.n = ( .. . (0 + 0) + .•. + 0) = 0 
~------,,~--------/ 

n times 

is permissable under the above method, 

ii.o=( •• • (ii+ii)+ ... + ii) 

o times 

is not. Neither is it perm1ssable to write 

t·s 

since t and s may be any terms i.e. s is not nE ess-
arily a numeral. It will be established in § 2. of this 
chapter that the ~ltiplication function is in fact not 
representable in s~ at all. 

e. rule, theorems within Sl will be derived with t erms and 

no~ individual variables as arguments. This is not s t r i ct l y 
correct, since theorems within Sl should not contain such 

extra.,-systematical terminology. However, t-· "'m. any theor em 
of S~ can be transformed into a closed wI'f, and by Proposi-

tion 3 . 3 A(t) is a direct consequence of (Yx)A(x), w i1 <J!'f' 

t is an arbitrary term. On the other hand, any theorem 
with only terms as arguments can be transformed by Proposi ­
tion 3.4 into a closed wff with only individual variables as 
arguments. 

By Gen. and Proposition 2.3, the following theorems follow 
trivially from the axioms: 

4 .1 ~S (t = r),,*(t= s "* r = s) • 
1 

4 . 2 r-S (t=r)~(tl = r I) • 
1 

4.3 r-S o -I t I • 
1 
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4.4 t+o=t. 

4.5 
, , 

(t + r ) = (t + r) • 

Since this chapter deals only with the first-order theory SJ! 

the symbol "s" will henceforward be omitted from 
~ 

11 ~ II 

'S • 
~ 

Also, the proofs of those theorems of S~ which are easily 

established will, as a rule, just be outlined in what 
follows. Meta-results, however, will always be proved in 
full detail. 

The following theorems are easy consequences of the axioms:* 

4.6 

l ~ .7 

4.9 

4.10 

4.11 

4.12 

4.13 

4.14 

4.15 

h = t • 

rt = r ~ r = t • 

h = r ~ (r = s =* t = s) • 

rr = t =* (s = t => r = s) 

rt = r => t + S = r + s • 

f-t=o+t. 

ht' + r) = (t + r)' • 

rt + r = r + t 

rt = r => s + t = s + r • 

r(t + r) + s = t + (r + s) 

Amongst other things, 
place predicate A: 

these 
(i.e. 

theorems establish that the two­
the equality-symbol) is reflex-

ive, symmetric and transitive, and that addition is commuta­
tive and associative. 

5.16 Proposition 

S~ is a first-order theory with equality. 

* Proofs can be found in [10), pp. 104 -107. 



Proof: 

S1 is a first-order theory by construction . Now 

apply Proposition 2 .8. 

(a) From 4 . 6 by Gen 

(b) Sine e the only atomic wff' s in S1 are of the form 

t = s , condition LA7 of equality reads: 

(i) rx = y ~ [x = x ~ y = xl 

or (ii ) rx = y ~ [x = x ~ x = yl 

or (iii) h = y ~ [x = x ~ y = yJ 

(i) follows from 4.1 • 
(ii ) follows from 4.1 and 4.7 . 
( iii) follows from (i) , (ii) and 4.8 

> 

26 

'1 ext proposition establishes some properties of nlrne r eJ.s , 

which will frequently be needed in proofs of theorems to 

come . 

4.17 Proposition * 
For any natural numbers m and n, and any t erms t 

and r of 81 

(a ) If m ,; n , then hii i n 

(b) 1m + n = ill + n . 
( c) It . m + t.n = t . (iii + ri) , where iii, n ,; 0 • 

(d) It .ri + r.n = (t + r).ri , where n'; 0 . 
(e) It = r ~ t.n = r.n . 

Proof : 

(a) Assume m'; n say m < n • 

* The proofs of (a) and (b) do occur in [ lOJ - see p. llO. 



m times 
~ 

n times 

Now suppose i.e. o " •••• I ~ = 0 m=n 

4.2 , in the form t' = r' ~ t = r, applied m 

times in a row then yields: 

(n-m) times 
~ 

0=0"····' (1) 

Sinc e n > m, n - m > 0 

• • n - m - 1 l!: 0 • 

(n-m-l) times 
~ 

Now let t be o ...... I i.e. t is the 

numeral n - m - 1 . 

Then, from (1) 
, 

o = t , contradicting 4.3 • 

The tautology: [A ~ (8 /\ --£)J ~ ~A then yields 

the result : iii. Iii. 

Since any instance of a tautology is a the~rem, it 

follows that 

I iii. In . 

(b) Proof by induction on "n" in the metalanguage. 

m+O=m=m+O , by 4.4 . 

Hence f-m+o=m+o. 

r m + n = m + n Now assume 

. . 

• • 

(m+n.).times 
~ 

~ " .... , 
I 0 = 

m times 
~ 

rt • • • • r o + 

n times 
~ 

If •••• r o 
(m+n) .times , m times n times, 

I--(~) (~~) 4 I 0 = 0 + 0 by .2 

(( m+n)+1 ) times 
~ r 0"····' 

m times n times , 
~(~\ 

= 0 + 0 ;' oy 4.5 



• 

• · . 

(m+(n+1)) times r 10 II .. ~~"'I""'\ 
m times (n+l) times 
~~ = 0 + 0 

[-m+(n+l)=m+n+l • 

So, by induction, the result holds for all n. 

(c) By induction in the metalanguage on "n". 

t.iii + t·l = t.iii + t by Convention 1 

= (: •• (t + t) + ••• + t) + t 
v 

m times 
= ( ••• (t+t) + ••• + t) 

\ I 

(m+1 )' times 

= t. (m+ 1) 

= t· (iii + i) by part (b) • 

Hence [-t.iii+t.l=t.(m+l) • 

Now suppose b·iii + t.n = t.(iii+n) 
• -
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(1) 

•• r-t.m + t.ii + t.i = t.(iii+ii) + t·l by 4.10 

· . 
• 

• • 

[-t.iii + t.(ii + i) = t.[(iii+ii) + iJ 

[-t.iii + t.(n + 1) = t.[m + (ii+i)] 

by (1) 

by 4.15 

• 
[-t.m + t.(n + 1) = t.(m + n+l) by part (b). • • 

Hence, by induction, the result holds for all n. 

t.n + r.n = ~ + t +v .... + t; + ,~r_+_r~+v •.•. + r 
/ 

n times n times 

An induction proof is easily established by using 
4.13, 4.15 and part (c). 



29 

(e) Suppose t = r. We now prove by induction in the 
metalanguage on "n" that t.n = -r·n . 

By convention 1 : t.1 = r.1 • 

Now assume t.n = r.n 
• · . t.n + t = r.n + t by 4.10 

But since t = r : r.n + t = r.n + r, by 4.14 

• · t.n + t = r.n + r by 4.8 
- -

· • t·n + t·l = r.n + r·l by convention 1 
• 

• · t·n +.1 = r·n+ 1 by (c) anl: (b) • 

So, by induction, we have proved: 

t r- t.n = -= r r·n 

2.2 : l- t t·n -Then, by = r ~ = r·n • (1) 

Now let t.n = - and that t 0/ r : r·n , suppose 

Then, by 4.30, t < r V r < t say t < r . 

By 4.19 : for some w% , t + w r . 

Hence · t.n = (t +w).n · 
= t.n + w·n by (c) , 

so that : 0 + t.n = w.n + t.n 

But then: 0 = w.n 
fact that w 0/ 0 • 

by 4.21, contradict i ng the 

Then, from the tautology [A => (B fI -8) J => -A 
it follows that t = r . 

Hence t . n = r·n r-t=r. 

Then, by 2.2 r ton = r·n ~ t = r. (2) 

Note: Theorems 4.21 and 4 . 30 do not depend on 4 . 17 (e) 

The result follows from (1) and (2) by definition of 
11$>11. 



4 .18 

4 . 19 

Definition 

t '" s (mod k) 

Defini'cion 

Congruence Relation. 

def 
# (3w)[t = s +w . k V s = 

Order Relation . 

t < S 

def 
# (3w)[wiO fI t+w=sJ . 

t + 

Definit:i.on 4 .18 stands in need of clarification . Strtctly 

sp eaking, i t does not form part of the system SJ. a s a 
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normal eJ...'"Pl icit definition (such as 4 .19) , bec aus e of ~.'le 

shorth and notation appearing in it . Considered as a r . ~.+ion 

betweer. numerals , hO;'lever, it finds justification i n the fac-~ 

that c;iven any two numerals Iii and Ii., it can effect ively""' ­

decided whether Iii and Ii. are in fact congruent moa ;~ 01.' 

·" t . This fact 1IIill prove very useful in establish1.-:1'S thf' 

. 'eteness of SJ.' For the moment, 4.18 is tr'~at e( as En 

explicit definition within SJ. ' with the under stan " :,r; ;:'1"t 

a further explanation will be forthcoming ( s _ ' (.2 ) • 

Since the expression "w.O" is meaningle, 
-

not hold as a definition when k = O . Thus tt ", follow; -I 

convention is adopted. 

Convention 2 

'rhe congruenc e relation 

t '" s (mod k) 

i s not defined when k = 0 

4 . 20 I tiO ~ (3x)[t=x'J . 

Proof: By induction on y in A (y ) 

y i 0 ~ (3x)[y = X I J • 



(i) 1. 010 

(ii ) 

2. 

3. 
4 . 
5 . 
6. 

1. 
2 . 

3. 
4 . 
5. 
6 . 
7. 
8. 
q . 

10. 

11. 
12. 

13 . 
14 . 
15. 
16. 
17 . 

o = 0 

0/01\0=0 
(010 1\ 0 = 0) ... (3x)[0 = x ' ] 
( 3 ;: )[ 0 = X I ] , 
o l 0 ~(3X)[0 = X ] 

He ~1 : " rA(O) • 

y 1 0 ~ (:tx:)(y = x'] 

Y = 0 V y/O 
y = 0 

I = 0 ' y 
( 3x)[y 

, 
= X '] 

y = 0 ~ (3X)[Y' = X '] 

y 1 0 
(3x)(y = x'] 

-, 
y=k , -II 
Y = k 
( 3x)[y I = x') 

y 1 0 ~ ( 3X)[Y' = x ' ] 

(y = 0 V y 1 0) ~ (3x )[y I = 
(3x)[y ' = x'] 
y ' = 0 V ( :tx:)[y' = X ' ] , 

1 0 (3 x )[y I = x I ] Y ~ 

[y 1 0 (3x)[y = x']) [y 
I 1 (' ~ ~ 

Hence ~ A(y) ~ A(y' ) , 
then by Gen . : HVy)[A(y) ~ A (y ' )) 

So, by (i), (ii) and the Induction Rule 

\-<Vy )[ y 1 0 ~ ( 3x)[ y = X I ]] 

and so, by 2.3 : 

rt/o ~ (3x)[t=x ' ) . 

=l> 

Hyp. 

4.6 

3] 

1 , 2. 'rau l; . 

Taut . 

3,4 M.P . 
1-5,2 . 2 

Hyp • 

T&.ut. 
Hyp . 

3, I ~ 

4, 2 . 

3-5, 2 .2 

Hyp. 

1,7 M.P. 
8, Rule C. 

9 , iL.2 

10 2.4 . 
'7 -:',1 '; . 2 

0 . 1 2 , Taut . 
2,1; ~~i.P'l? 

l ' I 

l' 

( :'!- • [, = ,v 

:"1 



4 .21 r (t + S = r + s) => t = r • 

4.22 

Proof: By induction on z in 

A( z): (x + z = y + z) => x = y • 

h+l=t' 

Proof: From 4.4 and 4.5 , by using 4 .2 and 4 .8 . 

4.23 I-
It<\: t • 

Pruof: 

t + x = t Hyp. 

2 . x + t = t + x 4 .7 
3 . x + t = t 2,1, 4.8 
,j t = 0+ t 4 .1: 
5 . x + t = o + t ;. , 4, , . • b 

6 . (x + t = 0+ t) => x = 0 ,~ ~:'l 

7 . x = 0 '1 G ,~ . p 

-..i. t + x = t => x = 0 ,1, ~f ' - , 

c.. .' 

9. t + xlt V x = 0 8 D<::.f • 

10. x = 0 V t + x It u '1' 
, 

/ 

11. -[x I 0 /I t + x = t] 1 0 Tauc. 

12 . (\Ix) - [x I 0 /I t + x = t] '_1, _;[1 

13. -( 3x)[x 10 II t + x = tl 1""'-:' . , 

14. t{t , . .-... ., ......... 

4 4 I--t<t ' .2 I 

Proof: From 4.22 and 4 . 3 by :'. 4 
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.. -1'-

4.25 rt<s => (s<r => t<r) 

Note: 

Proof: Conditional Proof, using 4 .10, 4 .8 ~nd 4.~~ 
with 2.4 . --_ ._> 

A proof is called conditional if it proceeds fro!". 

certain hypotheses to a certain conclusion, and the). employs 

2.2 . For example, part (ii) in 4.20 is a conditional proof. 



4.26 h '" t (mod it) • 

Note: 

Proof : Indirect proof, using the fact that 

t = t + 0 = t + O.k • 

33 

An ir~~ irect proof is a conditional proof in which the 

negation of j-he conclusion is assumed, a contra.diction 

derived , U,<A the conclusion then reached by means of the 

t aut olog:" 
(A 1\ -A) =) B 

4.27 r- t = s (mod it) ~ s = t (mod k) • 
Proof: By means of the tautology 

AvB=)BvA. 
--- -) 

'{ I't '" s (mod k) ~ t + r = s + r ( ';10" 1;) 

4 . 29 

4.30 

(i) l. 

2 . 
3. 
4. 
5. 
6. 
7 . 

Proof: 

in the 

Two conditional proofs , '~sing 4 0 10 <lnn 

first implication, and 4 .13 aL ' 4 . 21 j)1 ; . 

L . . 
, ,. -- .. 

second. 

rt < S =) s 1: t • 

Proof: Indir ect proof, using 4 . 23 and " "5 l...!. .. • 

ret < s) V (t = s) v (s - t) 

Proof: By induction on y in 

A(y) (x < y) V (x = y) V (y ) 

x I 0 r " 1:: • 

x = 0+ x 4.11 
0+ x = x 2, 4 .7 
(3w)[wl 0 1\ O+w =x] 1,3, 2 .'+ 

0< X lJ 4 .19 • J 

(x < 0) V (0 < x) 5 'i'a~.lt • 

x I 0 =) [(x < 0) V (0 < x)] 1 - , 2 r) ."-



8. (x '" 0) v (x < 0) v 

9 . (x < 0) v (x '" 0) v 

Hence t- A ( o) • 

(ii ) I. (x < y) V (x '" y) V 

2 . x= Y - -3 . - - + , 1 '" y+ 1 
4 . - , 

y+ 1 '" y 

5 . ) + 1 '" y' 

6 . ;; 10 --
7 . (3-w)[w I 0 II x + w '" 
8 . 

, 
x < y 

9 . (x < y' ) V (x '" y' ) 

1,) • x '" y "* [ (x < y' ) V 

II. x < y 

12 . Y < y ' 
< 

, 
X y 

14 . (x < y' ) V (x '" y' ) 

15 . x < y "* [ (x < y' ) V 

16 . y < x 

(0 < x ) 

(0 < x ) 

(y < x ) 

y' ] 

V (y 
, 

< 

(x '" y ' ) 

V (y 
, 

< 

( x = y ' ) 

17 . (3w)[w/o 1\ y+ w '" xl 
18. k I 0 1\ Y + k = x 
19 . k I 0 
20. (3z )[k = z ' ] 

2I. k = 
- , 
n 

- , -
22 . n '" ii+ 1 
23. k '" ii + 1 

- -24 . n + 1 '" 1 + n 
- -

25. k = 1 + n 

26. y + k '" x 
-

27. y+ (l+ii) '" y + k 

28. y+ (i+ii) = x 

29. (y + i) + n = x 
30. y' + -

n '" x 

3I. n = 0 V iii 0 

x ) 

V 

x ) 
V 

7, Def . 
8 Taut. 

Hyp • 

Hyp . 

4 .10 
4 .22 
3,4, 4.8 
4 .3 
5 , 6 , 2 .Li 

7, t' .19 
8 Tal __ • 

(y 
, 

< x)) 

2-9, ~~ .2 

ilyp. 
I<. ;:0" . -, 

11,1:. J.. • ?C", 

13 :::. J.t _ 
r ... , < 'd] 

11-11' ~? • ~.~ 

H,!p • 

1~ , c 

l C 

1, 

19, lJ 

~:o , C 
1;-

21,22, ,- S 
4 1--. - -) 

23, 24 , 4 .8 
18, Taut . 

25 , 4. 1 '1-
27,26, 4.8 
2c' , 4.15 
~ 4 . 22 c _ > 

Taut . 



32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41-
42. 

44. 
45. 
,r 

n = 0 , 
+ 0 

, 
+ -y = y n 

y' + 0 = X 

y' = y' + 0 , 
y = x 

Ii = 0 ~ y' = X 

~L I 0 

(Jw) [w ,; 0 1\ y' + w = x] , 
y < x 

Ii I 0 ~ y' < x 

35 

Hyp • 

32, 4 .14 
33,30, 4 .8 
4 .4, 4 .7 
35 , 34, 4.8 
32 -36, 2 .2 
Hyp. 

38 , 30 , 2 .4 
39 , 4 .19 
38-40, 2 . .? 

(Ii = 0 q y' = x) 1\ (Ii I 0 q y' < x) 

(Ii = 0 V Ii I 0) ~ (y' = x V y' 

(y 
, 

= x) (y 
, 

< x) V 

(x < y') V 
, 

(x = y ) 

Y < x ~ [ (x < y') V 

x < y ~ [(x < y') V 

1\ x = Y q [(x < y') 

1\ Y < x q [(x < y') 

(y 
, 

< x) V 

(x = y' ) ''; 

(x=y ' ) V 

( 
, . 

V x = y , 

V (x = ;, 

37,1, _ Taut . 

< x) 

42 Taut , 

43, 31, ;'{.F . 

44 Taut_ 

(:v ' < x ) ] 

16 4r ~. 2 

(y ' Y / ] 

( y ,< x ) ] 

V (y ' < x l] 

10 ,1'),46 Ta.1,t. 

48. [(x<y) V (x=y) V (y<x)] 

49. 
50. 

q [(x<y') V (x=y') V (y ' < x iJ 

[(x<y') V (x=y') V (y'<x)J 

[(x < y) V (x = y) V (y < x)] 

~ [(x < y') V (x = y ' ) V (~r I 

Hence ~A(Y) ~ A(y') • 

So, by Gen. and the Induction Rule : 

HVy)Ay. 

Then, by Gen. and 2.3: 

4'7 T~,' . . 

1, 48 ;/; .P. 

< . J 
~ , I 

ht < s) V (t = s) V (s < t) . 



4.31 t-t == s (mod Ii) # t + r·n == s (mod n) 

1 . 

2. 

3. 
4. 
5 . 
6 . 
7. 

Proof: 

t ;3 S (mod Ii) 
(3w)[t=s+w . n V s=t+w. n] 
t = s + k . n V s = t + k.n 
t = s + k.n -t + r·n = s + k.n + r·n 
t + r·n = s + (i + r) ·n 
t + r·n = s + (k + r) .n V s = t + 

Hyp . 

1,4 .18 
2 , Rule C 

Hyp . 

4, 4 .10 
5 , 4 .17(d) 

r . n + (k+ r) . n 
6 Ta1' t . 

8 . (3w)[t+r.n = s+w.n V s=t+r.n+w.Ii] 

9. 
10. 
11. 
1.2. 

- 5 . 
14. 
15 . 
16 . 
17 . 
18. 
19 . 

20. 

21. 

22 . 

23. 
24 . 
25. 
26. 
27. 
28. 
29. 
30. 

t + - (mod r·n = s 
t = s + k .n ~ t 
s = t + i.n 

-r = k 
r -ii == k.ii 
t + i.n =t + r · n 
s = t -+ r·n 

n) 
+ r·n 

t + r . n = t + r.n + O. n 
s = t+ r.n + O.n 

.. s (mod n) 

7 , 2 . -+ 

8, 4 .18 
4-9 , 2 . 2 

HYIl . 

Hy-;o • 

J C: , 4 .17 ( c ) 

13 i, 1 ' '-: .,. . ' 

It 4 it 7 . , '. 
15 , 16, 4 .8 

t + r .n = s + O. n V s = t + r . n + o .Ii 
(3w)[t + r . n = s + w. n V s = t + r.n + 

17 T.'.1 .. t . 

t + r . n '" s (mod n) 
-

r = k ~ t + r·n == s (mod Ii ) 

r < k 

(3w)[w / 0 1\ r + w = k] 
iii/o 1\ r+iii=k 
r+iii=k 
k=r+m 
ion = ,(r + iii).n 
t + k . n = t + (r + iii).n 
s = t + (r + iii).n 
s = t + r·n + iii.n 

18, 2 .:" 
:_~, L:. '. ~ 

12-2v 

Hyp. 

2 / t ..:.u. 

24 Taut , 

25 , 4 .7 
26, 4.17(e) 
27, 4 .14 
1:' , 28 , 4 .8 
2:;) , 4 .17(d) 



31. 
32 . 

33. 
34. 
35. 
36. 
37. 
38 . 
39 . 
40 . 
41. 
42 . 
43. 
44 . 
45. 

48. 
49. 
50. 

51. 

52 . 
53 . 
54 . 

55. 

56. 
57. 

37 

t + r·n == s + m. n v s == t + r.n + m. n 30 Taut. 
(3w)[t + r.n = s + w. n V s = t + r . n + w. n ) 

31 , 2 .4 
t + r·n '" s (mod n) 32, 4 .18 
r < k ~ [t + r. n '" s (mod n)] 
k < r 

(3w)[w I 0 1\ it + w = r) 

plo 1\ k+p=r 
k + P = r 

t + k.n == s 
t + k.n + p.n = s + p.n 
t + (k + p)'D == t + k.D + P'D 
t + (k + p)'D = s + P'D 
(k + p)'D = r.D 
t+r.n=t+ (k+p).n 
t + r.n = s + p.n 

22-33, 2 .2 
Hyp. 

35, 4 .19 
36, Rule C 

37 Taut . 
11, 4.7 
39, iLI0 

4 .1 , ·1), 4 .14 
41 , 40, 4.8 
38 , 4.17 (e ) 
43 , 4 .7, L~14 

44, 42, 4.8 
t + r.n == s + p.n V s = t + r · n + p ·n 45 Taut . 
( 3w )[ t + r· n = s + w· n V s == t + r · n + \ n ) 

-t + r·n '" s 
k < r ... t 
r < k ... [t 
1\ r == 1C =} 

(mod 

+ r·n 
+ r·n 
[t + 

n) 
= 

'" 
r · n 

s (mod D) 

s (mod n») 
'" s (mod n) ) 

46 , 2 .'· 
47 .• 4 .18 
35-48 , 2 .2 

1\ k < r =} [t + r . n '" s (mod n)] 
[(r < it) V (r = k) V (k < r)] =} 

34, 21 , 50 '.r ' .. '; . .. 

[t + r.n .= 6 (mod n ) ) 

t + r.n '" s (mod n) 

s = t + k.n =} t + r . n '" s (mod n) 
[t = s + k.n .~ t + r·n '" s (mod n)) 

4 "'-' ,,' 0 .. ..... . - ~ , . ~ 

11-5 3, 

1\ [8 == t + k.n ~ t + r.n .= S (mod D)) 

[t = 8 + k.n V s = t + i.n) 
... [t + r.n '" 6 (mod n)] 

t + r.n '" s (mod n) 

t '" s (mod Ii) ~ t + r. Ii '" s ( mod D) 

10,53 Taut . 

54 Taut . 
~,55, M.P . 

1-56 , 2 . 2 
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58. t + r . Ii '" s (mod Ii) Hyp . 

59. (3w)[t + r.n = s + w.ii V s = t + r . ii + w· ii] 
58, 4 .18 

60. t + r·n = s + q.n V s = t + r.ii + q · n 

6l. 
62. 
63. 
64. 

65. 
66. 
67. 
68. 
69. 
70. 
71. 

'72. 
73. 
74. 
75. 
76. 
77. 
78. 
79. 
80. 
8l. 
82. 
83 . 
84. 
85 . 
86. 
87. 
88. 
89. 
90. 

s = t + r.Ii+ q·n 
(r+q).ii 

59 , Rule C 

Hyp . 
4.17(d) , 4 .14 t + r.Ii + q.n = ·t + 

s = t + (r + q).n 
t = s + (r + g).ii V 

61, 62, 4 .8 
s = t + (r + q) . n 

(3w)(t=s+w.ii V s=t+w.ii] 
t '" s (mod Ii) 

s = t + r· n + q. Ii ~ t '" s (mod Ii) 

63 Taut . 

64, 2 .4 
65, ' .18 
61-66, 2 . 2 
Hyp . t + r·Ii = s + q.Ii 

r = q 

q.n = ·r.n 
s + q.n = s + r.n 
t + r . n = s + r.Ii 
t = s 
s = s + o.Ii 
t = s + o·Ii 
t = s + o.ii V -s := t + 0-; 

(3w)(t = s + w.Ii V s = t + w.n] 
t '" s (mod ii) 

r = q =l> t '" s (mod n) 
r < q 

~3W)(.T 10 "J + W = q] 
tlo" r+t=ii 
r + t = ii 
t + r . Ii + t.n = s + ii.n + t.n 
t + (r + t).n = t + r.n + t.n 
t + (r + t).n = s + q.n + t . n 
t + ii·n = t + (r + n·n 
t + ii·n = s + q.n + t.n 
s + ii.n + l.n = s + t.n + q.n 
t + ii·n = s + t. n + ii · n 

Hyp. 
69 , 4 .7 , 4 .17{e) 

70, /1.14 

68,71, i.; .3 

72 , 4.21 
4 .4, i~ ,'r 
73, 74 , 4 .8 
75 Tau~. 
76 , 2 .4 
77 , 1:-. 18 

69-78, 2 .2 
Hyp . 
80 , 4 ~j 

81 , Rule C 

82 Taut . 

68, 4 .10 
4 .17(d),4 .14 

8s ,84, 1.! . 8 
83, 4 .17(e) , 4.14 

87 ,86 , 4 . 8 

/- ' '3 , 4.14 
88, 89 , 4 . 8 



91. 
- 92. 

93. 
94 . 

95. 
96. 

97. 
98. 

99. 
100. 

101. 
102. 

103· 
104. 

105. 
106. 

1.00. 

109 . 
1l0. 

lll. 
ll2. 

ll3. 

ll4. 

ll5. 
ll6. 

ll7. 

t = 5 + .t. ii. 
t = s + .t. ii. V s = t + .t. n 
(3w)[t = s + w.n V s = t + w.n) 

t '" 5 (mod n) 
r -< q ~ t '" 5 (mod n) 
-q < r 

(3w)[wlo 1\ q+w= r) 

'Il o 1\ q+i=r 
- i q + = 
t + r·n 

- -
5 + q·n 

-t + r·n 
t + i·n 
t + i·n 
5 + (q + 
t + i·n 
t + i·n 
5 = t + 

-r 
+ i.n 

+ i.n 

+ i·n 
+ r·n 
+ r·n 
i) .n 

-
+ r·n 

= 5 

i ·n 

= 
= 
= 

= 
= 
= 
= 

5 + 
5 + 
s + 
t + 

s + 
s + 

q.n + i·n 
(q+i).n 
(q + I).n 
r.n + I.n 
(q + i).Ii 

-r·n 
5 + r·n 

t = 5 + i.n V 5 = t + i.n 
(3w)[t = 5 + w.n V 5 = t + w.n) 

t '" 5 (mod n) 
q < r ~ t '" s (mod ii) 
[r < q ~ t '" s (mod ii) 

1\ [r = q "* t '" 5 (mod n)) 
1\ [q < r "* t ;;;; 5 (mod ii)) 
[(r < q) V (r = q) V (q -< r)) 

39 

90, 4.21 

91 Taut. 
92, 2.4 

93, 4 .18 
80-94, 2.2 

Hyp • 

96, 4.19 

97, Rule C 

98 Taut 
68, 4.10 

4.17(d), 4.14 
100,101, :, g 

4.13, 4.14 
103,102, 4.8 

99,4.17 ( e ), 4. J. 4 
104,105, 4.8 

106, 4 .21 

107 , 4.7 
I G8 T ·"~t . 

1l0, 4.J8 

96-ll1, 2 . 2 

05, 79 ,112 '.raut. 

"* t '" 5 (mod ii) ll3 T:'.1.. 

t '" s (mod ii) 4.30, 114, ;., .C· . 

t + r·ii = s + q.n q t '" s (mod n) 68-ll5,2.2 

[5 = t + r· n + q. n ~ t '" s (mod n)] 
1\ [t + r· n = 5 + q. n ~ t .= s (mod n)) 

67, ll6 Taut . 
118. [5 = t + r·n + q.n V t + r·n = s + q.Ii) 

~ t ;;;; s (mod Ii) 117 Taut. 

ll9 . t '" 5 (mod n) 60,1l: M.F. 

120. t + r·n '" s (mod il) .. t '" s (mod n) 58-120,2 .2 

121. t '" 5 (mod n) # t + r· Ii '" s (mod n) 57,120 Taut. 
~ 
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4.32 I(pl = il) '* [t + s :; r (mod Ii) 
# t :; r + s.p (mod ii.)] • 

Proof: 

1. - I -P = n Hyp. 
2. t + S 5 r (mod il) Hyp. 
3. (3w ) [t + s = r + w· n V r = t + s + w· Ii] 

4. 
5. 
6. 
7. 
8 . 

9. 
10. 
11. 

12 . 
~.). 

14. 

15. 

1E~ • 
17. 
18. 

19. 
20. 
21. 

22 . 

23. 
24. 

25. 

2 , 4 .18 
t + s = r + m.il V r = t + S + m.Ii 
t + s = r + m·n 

3, Rule C 
Hyp . 

t + s + s.p = r + m.il + s.p 
m.il + - r + + r + s·p = s·p m·n 

-t + s + s ·p = r + B'P + m·n 
t s(i p) t + + -+ + = s s · p 
t + s(1 + p) = r + s .p + m·n 

-- -n = 1 + P 
t - t s· (i + p) + s-n = + 

- -t + g-n = r + s·p + m·n 
- -

5, 4 .10 
4 .13 . 4 .14 
6, 7, ,+.8 

4.17(c),Conv .l,4 .14 
9, 8, 4 . 8 

1,4.13,4.22 
1l,4.17(e),4.14 

t + s·n = r + s·p + m·n V r + 
12,10, L! .8 

s.p = t + s · Ii + m· ~ 
13 Taut. 

(3w)[t + s.n = r + s.p + w.n \ s·p 

t + s ·n 5 r + s.p(mod Ii) 
t :; r + s.p (mod n) 

t + B = r + m·n "* t - r + 

r = t + s + m·n 
-s·p 

= t + s· Ii + w· Ii] 
14, 2 .4 

s .p (mod 

15, 4 . :1.8 
16, 4 .31 

Ii) 
5-17 , 
Hyp. 

19, 4.:"0 r + s.p = t + s + m·Ii + 
t + s + m.ii. + s.p = t + s (i + p) + iii ·n 

r + s.p = t + s (1: + p) + m·n 
4.13, 4 .17(c) 

20,21, 4 .8 
1, 4.22, 4.13 

+ m. ii. = t + s·n + m·n 
1 + 
t + 

- -p = n 

s.(i + p) 

r + s·p = t + s·ii. + iii·n 
23,4.17(e) . 4.10,4 .14 

22,24, 4.8 
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26. t + s·n = r + s·p + m·n V r + s . p = t + s·n + m·n 
25 Taut. 

27. (3W)[t + s.n = r + s.p + w.n V r + s.p 

28. 
29 . 
30. 

= t + s.n + w.n] 
t + s·n '" r + s·p (mod n) 
t== r + s.p (mod n) 

r = t + S + m.n ~ t == r + s.p 

26, 2.4 
27, 4 .18 
28, 4 . 31 

(mod n) 
19-30, 2.2 

31. [t + s = r + Iii. n '* tar + s· P (mod n)] 
1\ [r = t + s + Iii. n '* t = r + s· P (mod n)] 

18,30 Taut. 

32. = t + S + Iii·n] 
(mod n) 31 Taut. 

33. 4,32, M.P. 
34. t == r + s ·p (mod n) 

2-33, 2.2 
' ~t; . t =r+s.p(modn) Hyn. 

36. (3W)[t = r + s .p + w·n V r + s·p = t + w· n] 
35, 4.18 

37. t = r + s·p + iC.n V r + s·p = t + iC. n 
36, Rule C 

38. Hyp . 

39 . 38 , 4 .. J .~ 

40. (p + 1) + iC .n 
4.13, 4 .17( c) 

41. t+s=r+s(p+l)+k.n 39,40,' .8 
42. p + I = n 1,4 .22, 4.13 
43. r + s.(p + 1) + iC.n = r + s·n + k·n 

42,4 .n( e),4 .10, ~~ . ~ ' : 

44. t + s = r + s·n + iC.n 41,43, 4.8 
45. t+s=r+s.n+k.n V r+s.n=t+s+iC.n 

46. 

47. 
48. 

(3W)[t + s = r + s·n + k·n 

t + S = r + s· ii (mod n) 
t + s - r (mod ii) 

44 Taut . 

V r + s·n = t + S + iC.n] 
4::, 2.4 
4: 4.18 

47, 4.27 , 4.31 
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49. t = r + s·p + f·Ii ~ t + s ;;; r (mod Ii) 

50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 

r + s.p = t + K.n 
r + s.p + s = t + f.n + s 
n = p + i 
r + s·n = r + s.(p + i) 
r + s.(p + f) = r + s.p + s 
r + s·n = r + s.p + s 
r + s.n = t + it.n + s 

t + k·n + s = t + s + k.n 
r + s·n = t + s + k.n 

38-48, M.P. 
Hyp • 

50, 4.10 
1,4.7,4 . 22 

52,4.17(e),4.14 
4.17(c), 4.14 

53,54, L~.8 

55.51, 4.8 
4.13, 4.14 
56,5'( , 4 . 8 

t + s = r + s·n + k.n V r + s·n = t + s + ~ n 
58 Taut 

60. ( 3w)[ t + s = r + s· n + w· n V r + s· fi = t + w· fi] 

59, 2.4 
61. t + s '" r + s·fi (mod il) 60, 4.18 
<;0 t + S '" r (mod fi) 61 , 4.27,4.31 
63. r + s.p = t + k.il '* t + s '" r (mod Ti) 

50-62, 2 . 2 
64. [t = r + s.p + k·fi ~ t + s :; r (mod fill 

1\ [r + s· 15 = t + k. Ii '* t + _ -' r (mod Ii)] 

49,63, Taut;, 
65. [t = r + s.p + k . Ti V r + s·p = t + k . Ii] 

"* t + s '" r (mod Ti) 64 Tau'c . 
66. t + s ;;; r (mod Ii) 37, 65. M .£' . 

67 . t '" r + s· Ii (mod n) ~ t + s '" r (mod n) 
35 -66 , ::> ,2 

68. t + s '" r (mod n) ~ t ;;; r + s.p (mod ~:: ) 

34,67 :r,o,ut. 

69. (:p I = il) .. [t + s ;;; r (mod Ii) ~ 

4.33 

t == r + s.p (mod fi)] 

rt + s = 0 ~ t = 0 fI s = 0 

Proof': To the right By induction on y in: 
A(Y) : x + Y = 0 .. x = 0 fI Y = 0 
To the left: From 4.4, 0 + 0 = 0 . 

1-68, 2. 2 
»-



4.34 r r = s # r < s' II s < r' 

4.35 

4.36 

Proor: To the right : Conditional proor, using 4 . 24 . 
To the lert : Conditional proof, using 4.8, 
4 .10, 4.13, 4.21, 4.22, 4.23 and 4 . 33. 

rr I s # (r < S V S < r) 

Proor: To the right : From 4.30. 
To the lert . 

• 

I 
< r 

Conditional proof, using 4.23. 

Froor: Conditional proofs,using 4.30, 4.23 and 4 .~~ . 

4."J7 r-t + r < s + r # t < s . 

Proor: Conditional proors,using 4.10, 4.13 and 4.21. 

I[t "" s (mod il) II s "" r (mod il)] 
~ t "" r (mod il) . 

Proof: Conditional proor, rollows easily rrom defini·­
tions and 4.31. 

4.39 Proposition: 
-For any terms rand s, and any numerical n: 

~ + [r "" s (mod Ii) V r "" s + 1 (mod Ii) V 
1 

• • •• V r "" s + Ii (mod Ii)] 

where -1 
P = n p = n - 1 • - i.e. 

Proor: Consider any r, sand n. 

rr r = s, then r = s + o.Ii, so that r "" s (mod Ii) . 

So, suppose 
either 

r Is. Then, by 4 . 30 
r < s or s < r. 

Suppose s < r. Then by 4 .19 
say k I 0 II s + k = r 

using 2 .4~ 

(3w)[wloll s+w=r] 
(1) 

) 



(i) If k < n, then: 
-r = s + k+ o.ii 

hence 
r ,. S + it (mod Ii) • 

-(ii) If k = n, then, from (1) : 

(iii) 

r = S + Ii = s + i.Ii , 
ant! hence 

r ,. s (mod Pi) 
,- -

If n < it, then (3w) [w I 0 II . Ii + w = it] 
say Ii I 0 " Ii + Ii = it, 

applying 2.4. 

Then, from (1) and (2): · 
r=s+Ii+p 

= s + Ii + Ii 
= s + P + I·Ii 

and hence 
r ,. s + Ii (mod Ii) • 

-Now if P < n, there is nothing more to prove . 
If Ii = Ii , then 

r ,. s + Ii (mod Ii) 
and hence 

44 

(2) 

r ,. s (mod Ii) by 4.31 so that i . 
this case as l\Tell the theorem is proved . 

If ii < Ii , then simply by repeating the process 
described in (iii) some q < Ii must eventually Je 
reached such that 

r ,. s + q (mod Ii) 
and hence the theorem is proved . 

The case where r < S is proved analogously . 

If the term s is taken to be 0 in 4.39, it is 
obvious that 

r[r -3 o (mod Ii) V r '" i (mOd Ii) V 
• • •• V r '" S + n - 1 (mod ff)] 



Furthermore, by 4.31 it follows that 
r == 0 (mod n) # r == n (mod n) 

so that 
r[r =·1 (mod n) V r = 2 (mod n) V 

• ... V r = n (mod n)] • 

45 

• • • • 

Also, by simple manipulation of the logical connect­
ives in 4.39, it follows that: 

rr ~ s (mod Ii) # 

[r == s + i (mod n) V ... V r == s +'n -1 (mod n)] . 

All three of these formulations are to be regarded as 
alternative formulations of 4.39. When, in fut~re, 
reference is made to 4.391 it will in general not be 
indicated to which of the four alternative formulations 
is being referred - this should, in any case, be 
clear from the context. 

4.40 rx = it (mod n) <+ x·Ii '" k.p (mod ii.·Ii) 

Proof: Follows easily from definition 4.18 by appl ying 
proposition 4.17. 

> 
4.41 Proposition: 

(i) 

r( 3x)[ (x = it (mod n)) /I . (t < x· Ii + r) /I (x. p + r < s) J 
# ( 3x)[ (x == f. Ii (mod ii.. P )) /I (t < x + r) /I (x + r < s) J 

Proof: 

Suppose x == k (mod Ii) /I t < x·p + -r II x·p + r < s. 

Then, by 4.40: 
- = f.p (mod ii.p) /I x·p t < x·p + r /I x·p + r < s . 

-Now quantify over x·p • 

(ii) Now suppose that 
x == f.p (mod n.p) /I t < x + r /I x + r < s • 

By 4.39, x can be assumed to be between 1 -:.nd n.p . 



Now if k:; n, then it follows that 

x = k.p • 
If n < k , then, for some iii between 1 and il 
(by 4.39): 

k a Iii (mod il) • 

in which case it follows that 

x = m·p • 

46 

Thus, in any case, it follows that x can be expressed 
as a product q.p, where q < Ii . 
So: 

q.p ail k.p (mod Ii.p) " t < q.p + r " q.p + r < s. 

Hence, by 4.40: 
q .. k (mod Ii) " t < q.p + r 1\ q.p + r < s . 

-Now quantify over q. 

4.42 Proposition: 

The wff : 
(3x)[x .. iii (mod il» " (t < x + r) ,~ (x + r < s)] 

is provable in S1 iff. the D.N.F. : 

[ (t < r) V (r + Iii < s)] V D1 V 

is true, where Dq is shorthand for : 

(r < t ') " (t + q < s) " (t + q .. r + m (mod n) . 
Proof: 

(i) Suppose the wff is provable. Then, by Rule C, ther e 

is some numeral k fulfilling the three conditions: 

k a iii (mod il) (1) 
t < k + r (2) 

k + r < S (3) • 

By 4.39. Iii may be assumed to be between 0 and n -1, 

both inclusive. 



(a) 

(b) 

From (1) it follows by 4.18 that, for some numeral p: 
it = m + Ii.Ii (4) • 

From (2) and (3) it follows by 4.25 that 
t < s , 

so that, by 4.:19, there is_some numeral -i such that: 
t I 0 /I t + t = s (5) 

By 4.30 t<rVt=rvr<t. 

If t < r, then, since: 

r + m lii r + m+ p.n 

= r + k by (4) 
< s by (3) 

it follows that . (t < r) /I (r + m < s) . , 
so that the D.N .F. is true. 

If t = r , then r < t I by 4.24, and furthermore: 

t +m= r + m 
i!i r + iii + p·n 

= r + k by (4) 
< s by ( 3). 

Also, since t = r, t == r (mod Ii). 

t + m - r + iii (mod Ii) . 

Hence there is a q, namely Iii, such that 

(r < t') /I (t + q < s) " (t + q '" r + iii (mod Ii)) 

and hence the D.N.F. is true. 

(c) If r < t, then by 4.19 there is some numeral I 
such that 

(6) 110/1 r+l=t 

From (2) and (6) it follows that 
using 4.19 again, there is some 

jlo/l l+j=k 

i < k , and hence, 

3 such that 

Now t+j=r+ 
= r + 
< s 

-i + j 

k 

by (6) 
by (7) 
by (3) 

(7) . 



Also : t + j = r + it 
= r + iii + p.n by (4) , 

and hence: t + 3" =r+ Iii (mod Ii) 

Hence: r < t' 

t + j < s 
t + J '" r + iii (mod Ii) , 

and hence Dj is true if j ;Ii n • 

If n < j. then for some hand z: 
j = h·n + z , z < n 

and then t + z < S 

and t + z == r + Iii (mod Ii). 

Thus, for some q less than n, Dq is true, and 

hence the D.N.F . is true. 

( ~~ J Now suppose the D.N of 0 is true for some m between 

(a) 

o and n - land q between land n. 

Then at least one of the disjuncts is t rue . 

Suppose 

Then 

(t < r) f\ (r + iii < s) 

t<iii+r 
-r + m < s 

and m = iii (mod Ii) 

so that the ~lff is provable 0 

is true. 

(b) Now suppose Dq holds 0 Then 

Since 

t ' r < 

t + q < s 
t + q = r + iii (mod Ii) 0 

, 
r < t , it follows that : 

r=tVr<to 
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If r = t , then: q 5 m (mod n) 
q + r < s 

and t < q + r (since q I 0) 

and hence the wff is provable . 

If r < t , then there is some k such that 
klo f\ r+k=t 

Hence r + k+ q 5 r + m (mod n) 
. • k+ q 5 m (mod n) (1) • 

Also: t < t + q ( since - I 0) q 

= (r + k) + q 
= (it + q) + r (2) • 

And: t + q < S 

. • (r + k) + q < S 

• 
(k + q) + • r < s (3 ) · 

So, by (1), (2) and (3), the wff is provable. 

4.43 Proposition: 

(a) For any m, there is no n such the, c : 

(b) 

m·m < n·n < m' .m' 
Let q = k + q .n = p.p , \~ith o 

-n < p 

k < Ii 
-n < qo 

nlo 

Then (i) 
(11 ) p • p < qo'· n + it < p'. p , 

Proof: 

(a) Consider any m and n such that: 

m·m < n.n 

By 4.30, n < m V n = m V m < n 

(1) . 
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If n = m , then m·m = n·n contradicting (1). 



(b)(i) 

If n < m , say n + k = m , then 
n·n < n.n + 2.n.it + it.it 

= (n + it)(n + it) 
contradicting (1) 

Hence m < n say i + k = n, it I 0 • 

- -Now if k = 1 , then 
n.n = (i + i)(i + i) = -, -, m .m 

so that n.n .;:-i'.i' . 

If k > 1 , say 1 + q = it , then 

n·n = (i + it)(i + it) 
= (i + i + q)(i + i + q) 
= (i + i) + q].(i + i) + q) 
= (i' + q)(i' + q) 

_, - I = m·m + A, for constant A 
... -, -, .. m·m • 

Hence n.n <\:. iii' .i' 

, 

-Thus in no case does there exist an n such that: -, -, m.m < n·n < m ·m • 

Suppose k = 0 • Then p.p 

Since n < qo , for some 

n + i = -
qo 

Hence p.p = (n + i).n 

= qo ·n 

i I 0 , 

= n.n + i .n by 4.17(d) . 

Thus, since n, i I 0, n.n < p.p . 

Now suppose k I o. Then, by 4.19: 
qo·n < p.p • 

Since n < q 
o ' 

- -n·n < q ·n • o 

Hence, by 4.25 n·n < p.p • 

Thus in both cases n·n < p.p , and hence 
- -n < p 

50 



(ii ) = k + q ·n o 
- I -q ·n = o 

(q + i).Ii 
o 

= Ii .il + il o 
• - -I -· • qo ·n < q ·n 

0 

- - I -
• • k + qo ·n < k + q ·n 

0 

k+ -I 

· • p.p < qo ·n 

Also: -I -I (p + i)(p p .p = - - -= p.p + p.2 
Since n < p , n < p.i? 

+ 
+ 

+ 

Hence k+ - I -Clo·n = k+ qo·n + 

= p.p + n 
< p.p + p.2 
= -, - t P .p 

So, by (1) and (2) : 

i) 
1 

1 

n 

+ 

k+ - I -, -, p.p < q ·n < p .p 
0 
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(1) . 

1 
(2) • 

The eventual aim in this chapter is to prove the completeness 
of Sl To do so, it is necessary to establish one further 

property of the congruence relation. This is that, given any 
,conjunction of congruences of the form 

x.k "" Iii (mod il) 

this conjunction can be "solved for x", if it is not incon­
sistent. 

A rigid proof of this property will involve establishing 
certain number-theoretical results which, apart from being 
used in the proof, make no essential contribution to the main 
trend of this essay. Consequently, the abovementioned prop­
erty will be stated as a proposition, and the "proof" is to 
be regarded as an outline of a proof. 



4.44 Proposition: 

Any conjunction of congruences, each of the form 

x.k '" iii (mod il) 
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is either false (in which case this fact can be ascertained) 
or it can be written as a single congruence of the form 

x = Ii (mod ij:) 

outline Proof: 

Consider any congruence of the form 

x.it '" iii (mod il). 

By 4.39, m may be 
Again by 4.39 

assumed to be between 0 and n::-r. 

x '" 0 (mod il) V . . . . v x '" n -1 (mod Xi) • 
-

say x = i + w·n, for i between 0 and n - 1 . 

:B . ~ .",. 4 • .51 it can be seen that for ease of expression it may 
be assumed that w = 0 - i.e. x = i • 

Now check which of the alternatives 

i.k '" iii (mod il) i=O .. ·n-l 

is true. 

If none of these alternatives is true, then 

x·k '" iii (mod Xi) 

is false. Hence the whole conjunction is false. 

If, for some i between 0 and n - I , 

i.k '" m (mod il) 

is true, then x '" i (mod Xi) • 

Thus, if the conjunction is true, each congruence 

x.k '" iii (mod Xi) 
can be reduced to a congruence 

X '" i (mod il) 

(1) 

( 2 ) 
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so that the original 
i (1) has been reduced 
form (2). 

conjunction of congruences of the form 
to a conjunction of congruences of the , . . 

Now consider any two congruences of the form (2) - say: 
, '< 

x .. P1 (mod n
1

) 

and x • P2 (mod n2 ) • 

Then, for some w
1 

and w2 : 

P- + w·n = x - p + w n 1 1 1 - 2 2' 2 

If this equation is not satisfied for x ~ ~.n2 ' then the 

conjunction of the inequalities is false. 

If it is satisfied, then for some iii, 

x '" iii (mod ii1 .ii
2

) 

and this congruence then replaces the conjunction of the 
previous two. Hence the number of congruences has n010r been 
reduced by one, and by repeated application of this process 
it is either ascertained that the original conjunction of 
congruences was false, or only one congruence of the form 

x '" P (mod q) 
is left. 

§ 2. A Reduction Procedure for 81. t 

A Reduction Procedure will now be described which 
transforms any closed wff B of 8

1 
into another wff B* 

called the reduction ot B - such that B* contains no 
bound variables, 

t The procedure is due to M. Presburger, in [131. The 

exposition in §2. follows that given in [61, pp. 361-366, 
for an axiom system given on p. 357. 



and : 

Condition R : Is B # B* is fulfilled . 
l. 

What the reduction procedure achieves is not only to elimin­

ate quantiriers and bound variables rrom a wrr, but to do so 

without any change in the truth-value or that wff. The 

method or reduction is called the method P - after 

Presburger. 

Consider any wU B or Sl.' Since (\'x)B follows from B 

by Gen. , and since B is true irf (\'x)B is true, B may 

be assumed to be a closed wrf. Furthermore, by 2.5 B may 

be assumed to be in Prenex Normal rorm, say: 

(Qx )(Qx ) ...... (0 x )A l. l. 2 2 ~ n 

where each Qi' is either a universal or an existential 

quantifier, and A contains no quantifiers. A can now be 

..- 'p nsrormed into disjunctive normal rorm. H (~xn) is 

an existential quant i fi er (3xn), then the method P is 

applied to the wff H (~Xn) is a universal 

(V: ':, can be quantifier 

replaced by 

(\'Xn ) then by definition 

-( 3xn ) -A • The wff -A 
11 

is then restored to 

D.N .F . , and the method P is applied to this wff. So , aft er 

one application of the method P, the quantifier ( Qnxn) as 

well as the bound variable xn has been eliminated from B, 

and by repeated application of the method P eventually all 

quantifiers and bound variables are eliminated from P . 

Thus it is sufficient to describe the method P for a wff of 

the form ( 3x)A . 



The Method P. 

Consider any "'1ff B of 8
1 

which is of the form: 

(3x)A(x) 

and put A into D.N.F. 
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A: In the D.N.F., each disjunct is an unnegated conjunction 
of (negated or unnegated) equalities, inequalities and 
congruences. 

Now replace: 

r = s An equality 
by 

using 4.34 ; 
r < s' " s < r' , 

The negation of an equality 
by : 

uring 4.35 ; 

'J:, .. -t ion of an inequality 
by 

using 4.36 ; 

r " s 
r<s V s<r 

r ~ s 
s < r' 

The negation of a congruence: r i s (mod;;: \ 
by a (k -1) - termed disjunction 

r ;; s + 1 (mod ie) V ..... V r '" s + (K="'I)(mod ie) , 
using 4.39 

If the wff A is now no longer in D.N.F. it is restored to 
D.N.F. All equality signs and all negation signs have now 
been eliminated. 

B: (i) Each expression containing the variable x which 
occurs on one side of an inequality or congruence is now 
reduced to one of the forms: 

x.k + r 

or x.it. 

First the stroke-operation is eliminated, by expressing each 
term of the form: 

m times 
~ 

fl ••• I 
S 

-as s + m 



The sum of' "k" XIS is then expressed a8 x·k and the sum of 
the remaining terms (if' any) as a new term r. 

(ii) Now replace: 

An inequality of the form x·k + r < x.k + s 
by: r<s, 

using 4."57 ; 

And an inequality of the form · x·k + r < x • .e. + s · 
x·t + -or · r < x·k + s · - t t - -where k < , and hence 1s of the form k+ n , 

for n -I 0 , 
9Y r < x.il + s 
or x·il + r < s , 

using 4."57 again. 

The same method can be employed for congruences, using 4.28 
~" ch inequality and congruence now contains the variable x 

"' v most one side. 

(iii) Now remove the term r from congruenc es of the form 

x·k + r '" 8 (mod il) 
by replacing it by 

x·k - s + r.p (mod n) 
using 4.32 (p I = ii) • 

Since, by Convention 2, congruence is not defined if 
this is a legitimate replacement. 

Only congruenc es of' the form 
x.it '" 8 (mod il) 

now occur in A . 

-n = 0, 

Now replace each such congruence by the n-termed disjunction. 
[8 '" 0 (mod il) 1\ x.it .. 0 (mod il)) 

v • 

v [8 '" n-l (mod il) 1\ 

using 4.27, 4.38 and 4.39. 

-x·k '" n-l (mod il)] , 



The expression occurring on the right of each congruence is 
now a numeral. 
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(iv) Restore A to D.N.F . if necessary. Each disjunct is 
now a conjunction of expressions which either do not contain 
x. or has one of the following forms: 

or 
or 

x.p + r < s 
r < x.p + s 

x·p • it (mod Ii) • 

C: (i) Consider a conjunction of congruences of the form: 
x.p a it (mod Ii) • 

By Proposition 4.44 there are two alternatives: either t :le 
conjunction is false, or it can be written as a single 
congru enc e • 

If the conjunction is false, replace it by 
0<0 • 

If not, r Eplace the conjunction by the congruence 
x == p (mod q) , 

the existence of which is shown by 4.44 . 

(ii) Now consider a conjunction of inequali ties of the 
form: 

x.Ii + r < s . 

Given any two such inequalities : 

they can be expressed in the forms: 

x'Z\ .n2 
+ (r .Ii + r ·n ) < s ·n 

1 2 2 1 1 2 

- + (r .n + r .Ii ) x.n ·n < S2 'Z\ 1 2 1 2 2 1 

by using 4.19, 4.17, 4.14 and 4.13. 

+ 

+ 

< S 
1 

S2 'Z\ 

S1· n2 

Thus the number of inequalities of the form x·Ii + r < s 
which have different terms ii and r has been reduced by one, 
and by repeated application or this process eventually all 
these inequalities will have the same terms ii and r. 
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What is left is a conjunction of inequalities: 

x· Ii + r < s /\ x· Ii + r < s /\ ••. /\ x · n + r < S" 
~ 2 

Such a conjunction can now be replaced by a ,,-termed disjunc­
tion , in which the i-th disjunct is : 

(si < sl. + i) /\ (si < S2 + i) /\ ....•. 

• • • •• 1\ (si < S" + i) 1\ (x. Ii + r < s) 

The replacement is valid, since the disjunct in which the 
smallest si occurs will be valid. The reason for this 

replacement will soon become apparent. 

A process similar to the one above is applicable to a conjunc­
tion of inequalities of the form 

s < x.i1 + r • 

(iii) Restore A to D.N.F . (if necessary). In each disjunct 
"""r iable x now appears in at most three conjuncts - it 

was to ensure this state of affairs that the conjunction of 
inequalities was replaced by a disjunction. 

So, in each disjunct, the variable x app c~,rs in at most one 
congruence, which is of the form 

x :; 13 (mod q) , 
in at most one inequality of the form 

x·Ii + r < s 
and in at most one inequality of the form 

t < x.Ii + r • 
-Note that if the hiO inequalities have different terms nand 

r, these can be ma,de to be the same by means of the process 
described above. 

D: (i) By applying the rule 
(3x)[S(x) V C(x)] # (3xB(x) V (3x)C(x) 

the quantifier (3x) is now distributed over the D.N.F. of 
the wff A as transformed by A, Band C • 
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Since, in each disjunct, the variable x occurs in at most 
three conjuncts (which may be assumed to occur next to each 
other) the rule 

(3x)[Q f\ B(x») ~ Q 1\ (3x18(x) 

allows the quantifier to be written in front of the conjunc­
tion of the three expressions in which x occurs. 

Hence it is only necessary to describe a method for elimin­
ating the variable x from expressions of the form 

c: (3x)[(x '" k(mod il) 1\ (t < x.p + r) 1\ (x.p + r < s») 

where one or more of the conjuncts may be lacking. 

(ii) If the inequality: x.p + r < s 
is laCking, then the other inequality is replaced by the 
conjunction: 

(O<x.p+rl) f\ (x'p+r l <Sl) 

. ~~ 4.3, 4.2 and 4.5. 

If the inequality: x·p + r < s 
is lacking, the entire expression C is replaces by 

o < 1 . 

This is a valid replacement, since the absence of an upper 
bound on x.p + r ensures that an x satisfying the other 
two conditions can always be found . 

If the congruence is lacking, there are two possibilities 
- -p = 1 or p > 1 

-If p = 1, then replace 
( 3x)[t < x + r) 1\ (x + r < s») 

by (t I < s) 1\ (r < s) • 

-If p > 1, then replace : 
( 3x)[(t < x.p + r) 1\ (x.p + r < s») 

by : (3x)[(x £II 0 (mod p» f\ (t < x + r) 1\ (x + r < s)) 

so that a congruence is now no longer lacking - then proceed 
to (iii) . 



(iii) If none of the conjuncts are lacking in C, proceed 
as follows. 
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First make p equal to i (if necessary), by replacing C with: 

(3x)[x -= it.p (mod ii.p)) " (t < x + r)" (x + r < s)) 

using Proposition 4.41. 

Hence C has now been transformed into the torm: 

( 3x)[ (x - iii (mod Ii)) " (t < x + r) " (x + r < s)) . 

Now replace this wft by the D.N.F. : 

[ (t < r) " (r + iii < s)) V D1 •••• V Dn I 

where Dk is shorthand for : 

(r < t') " (t + it < s)" (t + it: r + iii (mod ii)) 

using Proposition 4.42. 

( iv) Restore A to D.N.F. The quantifier (3x) and the 
bound variable x has now been eliminat ed from B., and the 
new wft which has been obtained is B *, the reduction of e . 
Now note that Condition R for the reduction procedure is 
fulfilled - i.e. 

This follows from the fact that in the given exposition of 
the method P, each replacement of a wff by another wff has 
been justified by the appropriate theorem or proposition. 

Furthermore, since the method P is applied to closed wffs, 
and eliminates all the bound variables, it follows that the 
reduction of a wff is built up only with numerals as terms, 
and does not (or at least need not) contain any free variables. 
The process can be completed by eliminating all remaining 
instanc es of the two functions of 8

1 
- 1. e. all terms: 

m times 
~ 

(it)"' .... ' -is written as k + m and all sums 
then written as the single appropriate numeral. 

it + iii is 



61 

Eventually only instances 
4 .18 and 4.19 are left 

of the two 
i.e. only 

relations defined by 
expressions of the forms 

--
k < .f-

and / or iii == n (mod p) . 

The truth or falsehood of such expressions can be determined, 
and thus it follows that the truth or falsehood of the reduc­
tion A* of any wff A of S1 can be determined. Hence, 

finally, since a wff and its reduction are equivalent in 
truth-value, it follows that the truth or falsehood of any 
wff of 81 can effectively be determined. 

§ 3. Properties of the First Order Theory 81 

4 .45 Proposition: 

8 is complet e . 
1. 

Proof:* 

Consider any wff A of 81 , and find it s reduction 

A*. A* is a D.N.F., and for each conjunct "p" it can be 
determined whether p is true or false . 

If "p" is true, replace it by : 
if "p" is false, replace it by 

p.-.p and 
-(p .-. p) 

The result of this is either an instance of a tautology, or 
an instance of a contradiction. 

Hence if A* is true, it can be written as an instance of a 

tautology, and if A* is false, then -A* can be written as 
an instance of a tautology. 

So, by 2 .1, either A* or 
I- A* 18 

1 

-A* is 
or 

provable: 

r8 -A*. 
1 

* A similar proof can be found in [10], p. 95, for " axiom 
system given on p. 78 . 
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Then, by Condition R it follows that either A or -A is 

provable: 
I- -A. Is 

1 
or 

Hence S1 is complete. 

It still remains to redeem the promise made on p.30 to justify 

definition 4.18. As has been pointed out, 4.18 does not, strict­

ly speaking, form part of S1 although it has been treated as 

though it does . The reason for this is the following. 

Firstly, it is evident that, for any specific numeral n, 

the congruence relation can in fact be defined within S1' as 

for example: 
def 

t=s(modS) # (3w)[t=s+W+W+~I+W+W 

V S = t + w + W + W + W + wl 

~or each such definition, all those theorems relating to the 

__ ~ .lgruence relation can be proved. Thus 4.18 is in fact a 

definition-schema, (just as S: is an axiom-schema), and 

similarly each theorem proved from 4.18 is a schema generat­

ing analogous theorems for different values of Ii. 
Secondly, the argument leading up to the independence proof 

for S1 is essentially a meta-argument. In this argument the 

congruence relation was extensively used to simplify matters 

by dealing with equivalence classes rather than individual 

numerals (as the equality relation would have done). 

Thus it can be seen that treating 4.18 as a proper definition 

of S1 was not only harmless (in that a definition schema 

rather than a definition proper was used) but it had the 

distinct adVantage of simplifying the argument leading up to 

the independence proof for S • 
1 

The next result to be established is that S1 is also a 

consistent first -order theory - i. e. for any wff A, not 

both A and -A are provable. If 81 is inconsistent, (say 



both A and -A are provable) then by the tautology 

(A" -A) ~ B 

any wff of 8
1 

will be provable - i.e. all wff's of 8
1 

will be theorems . Thus to establish that 8
1 

is consist ent 
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it is suffic:', ent to exhibit a wff of 8
1 

which is not provable. 

If, furthermore, it can be proved that every theorem of 8
1 

is true -I.n the standard interpretation (i.e. numbers for 

numerals, et c.), then it will only be necessary to exhibit a 

wff of 8
1 

which is false under the standard interpret f' tion, 

for this wff will then not be provable. 

The s et of all denumerable sequences of elements of the stand­

ard interpretation - i.e. the set of all denumerable 

s equences of natural numbers will for t h e rest of this 

" -!; er simply be referred to as E. 

4.46 Proposition: 

The axioms of 8
1 

are true under the rtandara 

interpretation. 

Proof: 

To prove that an axiom is true, it must b e s '1o"rn t h- , 

any sequence s in E satisfies that axi om. 

80, let s be an arbi trary sequence in E say: 

s = (k , k , k , •••••• ) 
1 2 3 

For this axiom, 8, the mapping determined by the sequenc e 

s , is as follows: 

8(x1 ) = k1 8(x
2 

) = k 2 8(X3 ) = k3 • 

By definition 3.1, s satisfies 8
1 

1 iff: 

(a) either s does not satisfy x1 = x , or 2 
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(b) s satisfies x~ = x =* xl'! = xs 03 

(a) : s does not satisfy x~ = xl'! iff S(x~) -I S(x2 ) i.e. 

k~ -I k2 

(b) : s satisfies x~ = x 
03 =* x2 = Xo3 iff either 

(i) s does not satisfy x~ = x o3 ' in \~hich case 

k~ -I k o3 , or 

(ii) s satisfies x2 = xs ' in which case k2 = ko3 

Now for the natural numbers it can be determined by thL method 

sketched in Chapter 3, § 2. , that: 

either (1) S = k = ko3 2 
')r (2) k~ -I k2 , k -I k and ko3 -I~ 2 03 

(3) S = k2 -I ko3 

or (4) ~ = k -Ik ,3 2 

or (5 ) ~ = k -I k~ 03 

If (1) holds, then by (b)(ii), s satisfies x2 = x o3 ' so 

that s satisfies x~ = x,3 =* x 2 = x o3 ' and hence s 

satisfies Sl~ • 

If (2) holds, then by (a) s does not satisfy x~ = x
2 

' and 

hence s satisfies S ~ ~ . 
If (3) holds, then by (b)(i) s does not satisfy x~ = x ,3 , 
hence s satisfies x~ = Xs =* x2 = Xs ' hence s satisfies 

S~ 
~ 

. 
If (4) holds, then, as in (2) , s satisfies S~ 

~ 

If (5 ) holds, then, as in (3) , s satisfies S~ 
~ • 



Hence in all cases s satisfies S 1. , and thus, since s was 
1. 

arbitrary, st is true. 

The truth of axioms S 2 _ S 5 can be established in the same 
1. 1. 

way. 

The situation is somewhat different, however, with the axiom 

schema. 

Again let s be an arbitrary sequence - say 

s = (k , k •••• k. . ...• ) . 
1. 2 1. 

note the following: 

Tll_ C!J\.1'. "ssion A(xi ) above is used to indicate that the 

variable xi occurs free in the wff A. (It may be as surned 

that all other variables 

as has been explained in 

occurring in A a ·~o 

§ 1. of Chapter 3, 

Thus, 

may be 

neither true, nor false, but contingent. That is, A(xi ) 

may be satisfied by some sequences, 

Whether a sequence satisfies A(xi ) 

but nov by others . 

or not, depends on the 

value of the i-th component of the sequence. Supnose evrry 

sequence with "n" as its i-th component satisfies A ( x i } . 

Then A(n), the wff obtained by replacing each occurrenc e 

of "Xi" in A by "n" is true. Conversely, if A(n) is 

true, then every sequence with "n" as its i-th component will 

satisfy A(xi ) • 



The proof that S16 is true is as follows: 

The sequence s satisfies S6 
1 

iff: 

either s does not satisfy A( 0), or s satisfies 

(\fxiHA(xi ) ~ A(x~)] => (\fxi)A(xi ). 

A(o) , not containing any free variables, is either true or 

false. If A(o) is false, then no sequence satisfies it, 

consequent ly s does not satisfy it, and hence s satisfies 

S16 
• So in this case there is nothing more to prove. 

So suppose A(o) is true. 

Then it must be proved that s also satisfies 

(\fxiHA(xi ) ~ A(x~)] ~ (\fxi)A(xi ). 

~1'1 s satisfies (\fxiHA(xi ) ~ A(xi ')] ~ (\fxi)A (xi ) 

l~ • 

either s does not satisfy (\fxiHA(xi ) ~ A(x;)) or s 

satisfies (\fxi ) A(xi ) . 

If s does not satisfy (\fxi )[A(xi ) ~ A(x; )) then there 
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is nothing more to prove. 

remains to be proved that 

So suppose that it does . s:'h en :_t 

s also satisfi es (\fxi)A(xi ). 

Since s satisfies (\fxiHA(xi ) ~ A(xi ' ) ] , every sequ '_ lce 

differing from s in at most the i-th component s D.tisfie. : 

A(xi ) ~ A(xi ') . 

But A(xi ) ... A(xi ') is satisfied iff: 

either A(xi ) is not satisfied, or A(x~) is satisfied 

(by the same sequence). 

Now consider that sequence differing from s only in its 

i-th component, which is O. Since A(o) . is true, _:/ the 



remarks above this sequence satisfies A(xi ) . 

But then, in order to satisfy 

A(xi ) =* A(x~ ) 

(as it must) , this sequence must also satisfy A(x.') . 
l 

Consequently that sequence with 1 as its i-th component 

satisfies A(xi ). In general, then, if a sequence with lin II 

as its i-th component satisfies A(xi ) then, in order to 

satisfy 

A( xi) =* A(xi ') 

(as it must) it must also satisfy A(xi '), 80 tha.t the sa.me 

''1uence, but now with n+l as its i-th component , then a ls e 

;i'i es A( xi) • 

Hence each sequence differing from 8 in at most its i-th 

component satisfies A(xi ) and thus s sat ~ "" 'i es (VXi )A(xi ) 

This was all that remained to be proven, consequently 

true. 

This establishes the truth of the proper axioms of S1. • 

S 6 is 
J. 

It 

is easily verified that the logical axioms of S J. are B ' .' 0 

true under the standard interpretation. Thus all e xi oms of 

Sl are true. 

4.47 Proposition: 

The property of Truth 1s preserved by the rules of 

inference of 8
1 

) 



Proof: 

(a) Consider any wff' s A and B such that A and A "* B 
are true. 
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Then, given any arbitrary sequence s in ~, s satisfies 

A, and s satisfies A "* B . 

Now s satisfies A "* B iff: 

either s does not satisfy A, or s satisfies B. 

Since, by hypotheses, s does satisfy A, s must also 

satisfy B. 
Hence, since s was arbitrary, B is true. 

(b) Consider any wff A which is true. 

S~_nce A is true, every sequence in ~ satisfies A . 

Let s be an arbitrary sequence in ~. 

Then every sequence differing from s in at most the 

i-th component satisfies A 

Thus s satisfies (\lxi)A, e.nd hence, since s was 

was arbitrary, (\lxi)A is true. 

4 .48 Proposition: 

The set of theorems of S~ coincides with the set of 

wff's of S~ which are true under the standard interpretatio~l. 

Proof: 

Since the theorems of S~ follow from the axioms by 

means of the rules of inference, it follows from 4 . 46 and 

4 . 47 that each theorem of S~ is true under the standard 

interpretation. 

Now consider any wff A of S~ which is true under the stand­

ard interpretation. 

Since A is true, -A is false. Hence -A is not prove_ble 

in S~ 
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But, by 4.45, 81. is complet e. Renc e A is provable - i. e . 

A is a theorem of 81. 

4.49 Proposition: 

81. is consistent 

Proof' : 

By t h e remarks on p. 62 and 63; 

81. is consistent iff there is some wrf of 81. which is not 

provable. 

Now: o f 0 is a wff of 81. 

But o f 0 is false. 

Hence, by L: .48, 0 f 0 is not provable. 

(\ is consistent. 

4.50 Proposition: 

81. is decidable. 

Proof': 

The reduction proc edure described in § 2. provides an 
effective method for deciding whether a given wff A i_ ·~ ~'U e 

or not. By 4.48, this is also an effective method for 

deciding whether A is a theorem of 81. or not. Hence 

decidable. 

4.51 Proposition: * 

i s 
~ 

The multiplication function is not representable in 

* An outline of tb 'e proof can be found in [6],pp. 369 - 370. 



Proof : 

First note the following: 
The multiplication function can recursively be defined in 

S~ as follows: 

t·o ~ 0 

t.(r+l) ~ t·r + r . 
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However , t follows from the remarks on p. 20, Chapter 3, § 2., 

that this r ecursive definition cannot be reduced to an 
explicit d ., finition, since the multiplication function (which 

is to be removed) is essential in the method of reducing 
recursive to explicit definitions. 

It rer.:.lin_ to prove that the multiplication function cannot 
satisfy the definition (3.1, p.19) of representability. 

So , suppose multiplication is representable in S~ by the wff: 

A ( Xl' x
2

, x s ) • 

This wff can be chos en in such a way that only Xl' x
2 

and Xs 

occur in it as free variables, and a cert e L
• - "riable x

4 

does not occur in it. 

Since multiplication is 
any natural number k~ 

If k·k ~ k , then 
~ ~ 2 

representable (by assumption), 
it is the case that: 

for 

By 4.48, this implication can be strengthened to an equi vclencc : 

k ·k '" k 
~ 1 2 

iff 

Consequently, since S~ is complete: 

iff 

Now consider the wff: 

8: containing Xl as its c ... - :J free 

variable . 



By the method P, this wff can be reduc ed to a D.N.F . in 
which each disjunct is a conjunction of expressions having 
one of the forms: 

or 

or 

-
xl. • k (mod !i.) 
-m < x 

l. 

Two alternatives are distinguished: 

(a) An expression of the form xl. < p occurs in each 

disjunct of the D.N.F. 

This D.N.F. is then false whenever xl. is replaced by 

a numeral bigger than p. 

Now replace xl. by the numeral p.p 

71 

"''o,e D.N.F . is then false, and so, by condition R (p. 54) , 
the wff B is also false for this replacement. Hence 
its negation is true. 

So, by 4.48: 

IS "'(3X )A(x,x ,p·P) 
" 4 4 l. 

- i. e . Is 
l. 

and so, by 2·3 : 

r Sl. 
-A(p, p, p.p) • 

But then, by condition (2) above: 

p.p ,; p.p 

which is a 'contradiction. 

(b) At least one disjunct of the D.N.F. contains only expr­
' essions of the form: 

and : 

xl. .. it (mod !i.) 

m < x l. • 



The D.N.F. is then true whenever x
1 

is replaced by a 

numeral bigger than iii and congruent mod Ii to k. 

By 4.39 it may be assumed that: 
k < n 

Now let qo be a numeral such that: 
m < qo 

n < q 
0 

and put --q = k+ qo ·n 

(1) • 

(2) 

(3) , 

(4) 

-Now suppose that there is some numeral p such tha v : 

p.p = q 

- i . e" from (4): 
-

= k + q ·n 
o 
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Then, by (1), (3), Convention 2 and propoSition 4 . 43(b) , 

• '; follows that: 

n < p 

and: 

But, by 4 . 43(a), - -,-k + q . n o cannot ~ ~ ,.xpressed as a 

product of the form n·n. i.e. for any nature 

number n: 

So, by (2) : 

n·n I k + q '.n . o 

NA(n, ii, it + q '.n) 
o 

Hence, by Gen. : 

and thus ~S -( 3x ) A ( X , X , k. + q '. ii. ) 
1 4 4 4 0 

(5) • 

But now, from (4) it can be seen that q = it (mod n) . 
Consequently 

- - I -
k + q . n is also congruent to k mod n . o 

Furthermore, since m < q 
o 

by (2) , 

iii<k+q'.Ii. 
o 



So by the remark above, the D.N.F. will be true i~ x 
~ 
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is 

replaced by - - I -k + q ·n . o Thus, by condition R, so is the w~f 

B, and hence, by 4.48: 

r-s (3x )A(x , x , k + q '.n) 
~ 4. 4. 4. 0 

(6) • 

(5) and (6) now consitute a contradiction. 

From (a) and (b) it now ~ollows that, from the assumption 
that multiplication is representable in S~, a contradiction 

can always be derived. Hence the multiplication-function is 
not representable in S~ • 

***§*** 



CHAPTER V 

A FULL* FORMALIZATION OF ARITHMETIC 

§ 1. The First-Order Theory 8 

In Chapter 4 it has been proved that that subsystem 

of Arithmetic which only employs the operation of addition is, 

as a first-order theory, consistent, complete, and decidable. 

It is, however, not a full formalization of arithmetic, since 

multiplication is not representable in it. Nevertheless, a 

full formalization can be obtained from 8
1 

• 

Let 8 be the first-order theory which, besides having all 

~ymbols and axioms of 

the function letter 

and the proper axioms: 

x .0 = 0 
1 

8
1 

' also has: 

,where f
2
2 (x,y) 

x • (x I) = (x . x ) + x • 
1 2 1 2 1 

is abbreviated 

The definition of terms is accordingly adjusted by ,dding : 

If t and s are terms, then t . s is a term, 

and the further development of 8 then proceeds analogous.LY 

to that of 8
1 

.** 

* A formalization will be said to be "full" if it can take 

the whole set of natural numbers as the domain of its inter­

pretation; addition, multiplication and exponentiation are 

representable within it, and the class of functions recurs­

ively definable in it coincides with the class of functions 

representable in it. 

** 8ee [10], Chapter 3. 8 is the first-order theory referred 

to in the footnote on p . 21. 



For present purposes the following remarks will suffice. 

Firstly, it can be shown that: 

The zero function: z(x) = 0 ; 

The successor function : N(x) = x + 1 ; 
The projection function : ui

n 
(xl." " ,xi"" ,xn ) = xi ; 
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are all representable within 8. Then, using these as 

initial functions, other functions can be recursively defined 

in 8 for example, the exponentiation function : 

XO = 1 

xy+l = xy.x 

Furthermore, it can be shown that the class of functions 

recursively definable in 8 is identical with the class of 

functions which are representable in 8. It follows that 8 

·s indeed a full formalization of Arithmetic . 

, ,_.el, in [5 J, proved that any full formalization of Ar ithmet ic 

is incomplete, hence 8 is incomplete. * Thus the complet e 

first-order theory 8J. is transformed into an incomplet e first-

order theory 8 by the introduction of th_ two axioms 8 7 and 

8 8
, which govern the use of multiplication. In retrosp ect , 

it is therefore not surprising that the multiplicat i o:, func­

tion was not representable in 8
1 

• 

§ 2 . A Conjecture concerning Multiplication 

An informal "multiplication" proceeding on the schema : 

kxn=k+k+ .... +k 
~----~v~-------} 

n times 

was used in 8J.' and this schema was formalized in 8. 

* The construction of an undecidable sentence in ' is 

carried out in [10], pp . 135-144. 



The schema 

kxn=n+n+···+n 
J 

k times 

76 

could obviously have been used with equal effect in 8
1

• In 

8 ~ is derivable from ex, since 8 allows a proof that 

multiplication is commutative.* 

In 8 , the "product" ii.o was excluded by the us e of ex • J. 
Hence, combining ex and ~ into informal "multiplication" 

excludes the product 0·0. In 8, however, 0·0 1s a term, 

and hence part of the system. Furthermore, whereas f01 

non- zero n (in ex) and k (in t3) both n x k and kx n 

denote operations IIcarried out within the domain of concrete 

inspection",** 0.0 does not it is not finitary. Also, 

a. in 8J. allowed a reduction procedure for 8
1

, as would t3 , 

been used instead. 

These remarks lead to the following conjecture : *** 

For a first-order theory combining the schemas ex 

and t3. but excluding the produc J.O. a 

reduction procedure similar to that used in 8
1 

can 

be found. 

***§*** 

* [10], p. 104. 

** 8ee the definition of IIfinitary", p. 18. 

*** For a refutation of this conjecture, see Ch. 6 § 2. 



CHAnER VI 

l.fULTIPLICATION WITHOUT THE PRODUCT 0.0 

§l. The First-Order Theory SS 

The symbols of SS are the same as those of S~ , 

except for two additional fUnction letters: 

f
2

2 (x,y) abbreviated as x xL y 

f s
2 (x,y) abbreviated as x XR y • 

The definition of terms is accordingly modified, and atomic 

formulae, wff' s and the further logical symbols are defined 

as usual. 

The proper axioms of SS are: 

(x ' :; X ') 
~ 2 

+ X ' = (x + x )' x~ 2 ~ 2 

, 
xl. XR 0 = xl. 

SS9 x~ xR X
2

" = (xl. X R x
2
') + xl. 

SSl. 0 For any 'i1ff A of ss: 
A(o) => [(Vx)[A(x) ==> A(x')] ==> (Vx)A(x)] . 
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The intended interpretation of SS is the Natural Numbers 

with addition and multiplication, excluding the product 0·0 • 

As in S1' the function lett er f 11 generat e the numerals 

1, 2, 3, 4. •••• ••••••• • etc. 

from o. The function letter f22 is a formalization of 

multiplication, where the multiplier is on the left and the 

multiplicand on the right of the multiplication sign: 

k XL ii is the formal count erpart of the schema: 

n+n+····+n 

k times 

sse SS7 -
From Axioms and it follows that k -I o. Thus 

0 XL t is not defined in SS. However, if t -I 0, then 

t XL 0 is defined in SS. i.e . t ' XL 0 is defined for 

any term t 

Similarly, k xR n is the formal count erpart of the schema: 

k + k + . . . . + k 

n times • 

t xR 0 is not defined in ss, but o X t' 
R is defined for 

any term t. 

Since all axioms of S1 are also axioms of SS, it is obvious 

that every theorem of S1 is also a theorem of SS. These 

theorems will not be derived again in SS, but, wherever they 

are required in a proof of a theorem of SS, they will be 

referred to by the numbers indicating their positions in S1 

i.e. 4 .12, 4.21, etc. 

Some theorems of SS will now be derived, the aim being to 

show how the multiplication formalized in SSB - SSa corre­

sponds to "ordinary" multiplication, as (e.g.) defined by the 



axioms S7 and S8 of the first-order theory S. 

For obvious reasons the two kinds of multiplication are 
referred to as "multiplication from the left" (SS6, SS7) 
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and "multiplication from the right" (SS8, SS9) resepectively. 

Firstly, note that since 

k xL Ii. = Ii. + Ii. + •.•. + n 
I 

k times 

-
and nxRk=n+n+ .... +n 

I 

k times 

it should be provable in SS that 

wherever both these expressions are defined 

6.1 ~t' , , t' I xR r = r xL • 

Proof: By induction on y in: 

A(Y) : = y' xL x' 

(i) l. 
, 

0' 
, 

x XR = x 

2. 0' XL 
, , 

x = x 

3. 
, 

XR 
0' 0' xL 

, 
x = x 

Hence ~ A(o) . 
(ii ) l. x' X y' = R 

y' xL x' 

2. 
, 

" (x I x
R 

y') + X 
, 

x xR Y = 

3 . (x 
, , ) I (y 

, 
xL x') + X 

, 
xR Y + x = 

4. 
, 

x y" (y 
, 

xL x') + 
, 

x = x R 

(y 
, , ) , " 

, 
5. xL x + x = Y xL x 

1,2, 4.9 

Hyp . 

1, 4.10 

2,3, 4.8 



6. 
, 

" " 
, 

x xR y = Y xL x 

(x 
, , , 

xL x') (x 
, 

xR Y = Y ~ xR Y 7. 

Hence f-A(y) 

and by Gen. 

=* A(Y') 

hVY)[ A(y) =* A(y')] • 

So, by (i), (ii) and the Induction Rule 

r(Vy)A (y) , 

and then, by Gen. and 2.3 : 

It' xR r' = r' x t' 
L 
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4,5, 4 .8 

" " xL x') = y 

1-6, 2.2 

Furthermore, multiplication (both kinds) by 0 (wherever 
permitted) is always 0, and multiplication by 1 leaves the 
multiplicand unaltered. 

6.2 

Proof: 

r- 0 XR t' = 0 • 

By induction on A(x) 

SS9, 4.10, 4.8 and 4.11 • 

6.3 

6.4 

Proof: 

rt' XL 0 = 0 • 

Similar to 6.2 

Proof: By induction on A(x) 

4.10, 4.8 and 4.22 

6.5 rt' XL 1 = t' . 

Proof: Similar to 6.4 • 

, o xR x = 0, using 

, , 
1 xR x = x, using 

Already a pattern is beginning to emerge from these theorems. 
l<lhatever is proved for multiplication from the left is also, 
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in appropriate form, proved for multiplication from the right. 

By sss, (k + i) xR (n + i) is defined as 

(k + 1) xR Ii. + (it + I) 

It turns out, however, that this is in fact equivalent to: 

k xR (n + i) + (n + i) . 

6.6 h'xRr'=(txRr')+r' • 

Proof: By induction on 

A ( y ) : x' X
R 

y' = (x X
R 

y') + y' 

(i) l. x' X O· - x' R -

2. x X R 0' = x 

3. (x XR 0') + 0' = x + 0' 2, :4.10 

4. x+o'=x' 4.22 

5. (x X
R 

0 I) + 0' = x' 3,4, 4.8 

6. x' XR 0' = (x XR 0') + 0' 1,5, 4.9 

Hence 

(ii ) l. 

2. 

3. 

4. 

5. 

= (x X y') + y' 
R 

, "(' ') , x xR Y = x xR Y + x 

( x' xR y') + x' = (x xR y') + y' + x' 

x' x
R 

Y II = (x x
R 

y') + y' + x' 

Hyp. 

1, 4.10 

2,3. 4.8 

(x xR y') + y I + x' = (x xR y') + y' + (x + 0') 

4.22 

6. x' xR y" = (x xR y') + y' + (x + 0') 4,5,4.8 
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7. (x XR y') + y' + (x + 0') = (x xR y') + (y' + O')+x 

4.13, 4.15 

8. (x' x
R 

y") =(x ~ y') + (y' + 0') + x 

6,7, 4.8 

9. (x xR y') + (y' + 0') + x = (x xR y') + Y II + X 

4.22 

10. , "( ')+y" x xR y = x xR Y + x 8,9, 4.8 

11. (x xR y') + y" + x = (x xR Y I) + X + y" 

12. x , "( X ') + x + y" xR y = x R Y 

13. (x xR y') + x + y" = (x xR y") + y" 

14. , "( ") " x xR Y = x xR Y + Y 

15. [x' xR y' = (x xR y') + y'] 

Hence rA(y) 

Then, by Gen. : 

[x' x
R 

y" = (x x
R 

y") + y"] 

"* A(y') 

HVy)[A(y) "* A(y')] • 

And so, by (i), (ii) and the Induction Rule 

HVy)A(y) 

Hence, by Gen. and 2.3 

h' xR 
r' = (t xR r') + r' 

6.7 h' xL rl = (t' XL r) + t' 

Proof: Similar to 6.6 • 

• 

• 

4.13 

10,ll, 4.8 

SS9, 4.12 

12,13, 4.8 

1-14, 2.2 

Theorems 6.4 and 6.6 nO~l allow a proof that, l'Thenever multi­
plication from the left and multiplication from the right are 

'"> 

"> 
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equivalent. simultaneously defined, they 
(Alternatively, the function 

are in fact 
letters f 2 

2 
and f 2 are int er­

:3 

changeable ~Thenever both are applicable.) 

6.8 

Proof: By induction on A(x) : 

(i) 1. 0' 
, , 

xR y = Y 

2. 0' 
, , 

XL Y = y 

3. 0' xR y' = 0' X y' L 

Hence r-A( 0) 

(ii ) 1. 
, , , , 

x xR Y = x XL Y 

2. x" , (' , ) xR y = x xR Y + y' 

3. (x 
, 

xR y') + y' = (x' X y') L + y' 

4. x" xR y' = (x' XL y') + y' 

(x 
, 

XL y') + y' = x" XL 
, 

5. y 

6. " 
, 

x" 
, 

x xR y = XL Y 

7. (' , , 
XL y') .. (x" xR x xR Y = x 

Hence r-A(y) => A(Y') 

y' 

, 
= x 

6.4 

SSE: 

1,2, 

Hyp • 

6.6 

4.9 

1, 4.10 

2,3, 4.8 

SS7 

4,5, 4.8 

" XL y' ) = x 

1-6, 2.2 

So, first by Gen. , then by (i), (ii) and the Induction Rule, 

The conclusion then follows by Gen. and 2.3 • 

Furthermore, it is now also possible to prove that both multi­
plication from the right and from the left are in fact 
commutative. 



6.9 

Proof: 

1. 

2. 

3. 

6.10 

Proof: 

1. 

2. 

3. 

r t' X
R 

r' = r' ~ t' . 

t' x
R 

r' = r' 

I I r • 
r XL t = r XR t 

t
' , , , x

R 
r = r XR t 

t' XL r' = r' X t' 
R 

r'x t'=r'x t' R L 

t' x r' = r' x t' L L 
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6.1 

6.8 

1,2, 4 .8 

6.1 

6.8 

1,2, 4.8 

It can also be proved that both multiplication from the right 
and multiplication from the left are associative and distri­
butive. Thus it can be seen that each of the two forms of 
multiplication correspond very closely to "ordinary" multi­
plication - the only difference being that a firm distinc ­
tion is made between multiplier and multiplicand, and that 
the multiplier is never allowed to be zero. This prompts a 
definition of a ne1'l function letter f 42 representing a 

combination of f22 and f32
• f: (t,r) will be abbreviated 

as t·r 

6 .11 Definition : 
' def 

o·t = 0 xR t 
, 

(= 0) 
def 

t'.O=t' XL 0 (= 0) 
def 

t '.r' = t' x r' R (= t' x r ' ) 
L . 

It can be s een from this definition that the product 0·0 is 
not defined, and that this is the only case "There a product 

) 



between two terms is not defined. Consequently 88 is a 

close approximation of the system 8 of Chapter 5, § 1. 

6.12 Definition: Order Relation : 

def 
t <s ~ (3w)[w;lo IIt+w=s) . 

6.13 Definition: Congruence Relation : 

t '::: S (mod r) 
def 
~ (3w)[t = s + w·r V s = t + w·r) . 

The following theorems are easily proved: 

6.14 t = r ~ t . s = r·s • 

6 .15 t . ( r· s) = (t. r ) . s 

6.16 t.(r + s) = t·r + t.s 

6·17 s ;I 0 '* [t < t·s V t = t·s] 

For the next theorem a new logical symbol is necessary: 

def 
(3: x )A(x) ~ (3x)A(x) II (Vx)(Vy)[(A(x) II A(y» '* x = y] • 

Thus 

that 

( 3~x)A(x) 

A(x) . 

means that there is one and only one x such 

6.14 rs ;I 0 '* (3:y)( 3!z)[t = s·y + Z II z < s] . 

Proof: 

(a) Existence Proof by induction on u in 

A(u) : x ;I 0 '* (3y)(3z)[u = x·y + z II z < x] • 

(i) 1- x;l 0 Hyp • 

2 . 0 = x · O + 0 6.11, 884 

3. o < X 4 1,88 , 6 .12 
4. o = x · O + 0 II 0 < x 2,3 Taut . 

5. ( 3z )[ 0 = x· 0 + z II z < x] 4, 2.4 
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6. (3y)(3z)[0 = x·y + z " z < x] 5,2.4 

7. x I 0 => (3y)(3z)[0 = x·y + z " z < x] 
1-6, 2 .2 

Hence 

(11) l. 

2. 

3. 
4. 

5 . 
6. 

7. 
B. 
9. 

10. 
11. 

12. 

13. 
14. 

15. 
16. 

17. 
lB. 
19. 
20. 
2l. 
22. 

23. 
24. 

25. 
26. 

27. 
2B. 
29. 

x/o .. (3y)(3z)[u=x.y+z f\ z <x] 

Hyp. 

x I 0 

(3y)(3z)(u = x.y + z f\ z < x] 

(3z) [u = x·Ii + z f\ z < x] 
- -

u = x·n + k 1\ k < x 
u = x.Ii + it 
k < x 

(3w)[w/o 1\ k+w=x] 

iii I 0 "k+iii=x 
iii I 0 -iii=lVl<m 
i < iii 

( 3w) [w I 0 " 1 + W = iii] 
p/o 1\ l+p=iii 

1 + p = iii 
- - - - -k+l+p=k+m 

k+iii=x - - -
k+l+p=x 
p 10 
p/o 1\ k+l+p=x 
(3w)[W I 0 1\ k + 1 + w = x] 
- -
k + 1 < x 

- -u + 1 = x·n + k + 1 
-

u'=u+l 
, - - -

u = x.n + k + 1 

u' = x.Ii + it + 1 " it + 1 < x 
(3z)[u' = x . Ii + z 1\ z < x] 

( 3y)( 3z )[ u' = X· Y + z 1\ z < x] 

i < iii => ( 3y) ( 3z )[ u' = x . y + z 1\ z -.: 

Hyp • 

1,2, M.P. 

3, hule C 
4, Rule C 

5 Taut . 
5 Taut. 

7, 6.12 
B, Rule C 

9 Taut. 
10, 4.30 
Hyp. 

12, 6.12 

13, Rule 

14 Taut . 

15, 4.15 
9 Taut . 

C 

16,17, 4 .B 
14 Taut. 

IB,19 Taut. 
20, 2.4 
21, 6.12 
6, 4 .10 
4.22 

24,23, 4.B 
22,2') Taut. 

26, 2.4 

27, 2.4 
x] 

12-28, 2.2 



30. 
3l. 
32 . 
33. 
34. 
35. 
36 . 
37. 
38. 
39. 
40. 
4l. 
42. 

- - -k+m=k+l 
k+Iii=x 

k + 1 = x 
- -

u + 1 = x.n + k + 1 

x.n + k + 1 = x . n + X 

u'=x.ii.+x 
x·n + x = x.(n + 1) 
u' = x.(n + i) + 0 

o < x 
(3z)[u'=x. (ii+l)+z II z<xl 
(3y)(3z)[u' = x·y + z II z < xl 
m = 1 => ( 3y)( 3z )[ u ' = x. y + Z II 

- -

Hyp. 

30, 4.10 
9 Taut. 
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~ 31,32, SS 
6, 4 .10 
33, 4 .10 
34,35, 4 .8 
6 .16 
36 , 37 , SS4 
SS4, 6.12 

38,39, 2 .4 
40, 2 .4 

z < xl 
30-41, 2 .2 

43 . (Iii = 1 V 1 < Iii) => (3y)(3z)[u ' = x· y + Z II z<xl 

44. 
45 . 

(3y)(3Z)[U' = x.y+ z II z < xl 
x I 0 => (3y)(3z)[u ' = x . y + z 

29,42 Taut . 
11,43, M.P. 

II z < xl 
2-44, 2 .2 

46 . [x I 0 "* (3y)(3z)[u = x · y + z II z < xJJ 
~ [xlO ~ (3y)(3z)[u ' =x .y+zll z<xJJ 

1-45, 2 .2 

Hence 

So, by Gen . : HVu)[A(u) => A(u')) , then, by (i), (ii) 

and the Induction Rule 

H'v'u)A(u) . 

Hence , by Gen. and 2.3, the conclusion fol lows . 

(b ) Unig,ueness 

1. x I 0 Hyp . 

2 . [u = x.y 
l. 

+ Z 
~ 

II z~ < xl 

II [u = x . y + z II z < xl 
2 2 2 

Hyp • 

3. u = x·y + z 
~ ~ 

II z~ < x 2 Taut . 



4. 

5. 

6. 

7. 

8. 

9. 

10 . 

11. 

12. 

13. 

14. 

15. 

16 . 

17 . 

18 . 

19. 

20 . 

2l. 

22. 

23. 

24 . 

25. 

26. 

27. 

28. 

29. 

30 . 

u = x·Yl. + zl. 

U = x.y + Z 1\ Z2 < X 
2 2 

U = X·y + Z 
2 2 

x·Yl. + zl. = X'Y2 + Z2 

Yl. < Y2 

(3w)[w ;0" 0 1\ Yl. + w = Y2 ] 

k;o"O 1\ Y +k=y l. 2 

k;o" 0 

Yl. + k = Y2 

x.(y + k) = x·y l. 2 

x.y + x.k = x.y 
l. 2 

-
X·Yl. + x.k + Z2 = X'Y2 + Z2 

x·Yl. + zl. = x·Yl. + x·k + Z2 
-

Z = x.k + Z l. 2 

k ;0" 0 .. (x < x.k V x = x.k) 

x < x·k V x = x.k 

x = x·k 

x·k + Z2 = X + Z2 

zl. = X + Z2 

Z2 = 0 V 0 < Z2 

v x < Z l. 

(Zl = X V x < Zl) '* zl. {: X 

Zl -t x 

Zl {: x V Yl1: Y2 

y
l

1: Y2 

3 Taut. 

2 Taut. 

5 Taut. 

3 Taut. 

5 Taut. 

4,6, 4.1 

Hyp • 

88 

10, 6.12 

11, Rule C 

12 Taut. 

12 Taut. 

14, 6.14 

15, 6 .16 

16, 4.10 

9,17, 4 .9 

18, 4.21 

6.17 

13,20, M.P. 

Hyp • 

22, 4 .10 

19,23, 4.8 

Taut. 

24,25 

4.30 Taut. 

26,27, M.P. 

28 Taut. 

7,29 Taut. 



31- Y1 < Y2 

32. Y1 <\: Y2 

33 . Y1 <\: Y2 

=> Y J. <\:: Y2 

V Y1 <t Y2 

89 

10-30, 2.2 

31 Taut. 

32 Taut. 

34. Y2~ YJ. Remark below 

35. YJ. 1: Y2 /\ 

36. ~(y J. < Y 2 

37. YJ. = Y2 

38. x·YJ. = X·y 

39. zJ. = Z2 

40. Y1 = Y2 /\ 

Y2 <t Y1 

V Y2 < Y ) J. 

2 

zl. = Z 2 

33,34 Taut. 

35 Taut. 

36, 4.30 

37, 6.14 

9,38, 4.21 

Yr ,39 Taut. 

4l. [u = X·Yl. + Z1 /\ Z1 < X] /\ [u = X·y 2 + Z /\ Z2 < x] 
2 

=> [YJ. = Y2 /\ zJ. = Z2] 2-40, 2.2 

42. (l;tyJ. )(l;ty2 ) (\IZJ.)(l;t z2)[[(U = x·Y1 + Z1 /\ Z1 < x) /\ 

(u = x·y + Z /\ Z < x)] => [y = Y /\ Z1 = Z2]J · 22 2 J. 2 

41, Gen . 

43. x ,;. 0 => NyJ. )(VY2 )(I;tZ1 )(I;tZ2)[ [(u = x·Y1 + Z1 /\ Z1 < x) 

/\ (u = x · Y2 + Z2/\ Z2 < x)] => [Y1 = Y2 /\ Z1 = Z2]] 

1-42, 2.2 

The conclusion now follows from (a), (b) and the definition 

of the quantifier (3!X) • 

Remark : 

The proof of 35 above is exactly similar to that 

carried out in 10-34 • 

)0 



§ 2. An Impossibility Proof concerning a Reduction 

Procedure for 88 

90 

6.15 Definition: A Reduction Procedure for a first-order 

theory K is an effective procedure whereby any wff A of K 

may be transformed into a wff A * of K containing no bound 
variables or quantifiers, such that 

Condition R: is fulfilled. 

What is required of a reduction procedure is that it must 

allow the systematic removal of bound variables from a wff 

without changing the truth-value of that wff. In eliminating 

a particular variable, it must therefore give necessary and 

sufficient conditions on the other (remaining) terms and 

variables in the wff, such that these conditions exactly 

determine the range of values of the variable to be eliminated . 

8ince it is required that the reduction must be an effective 

procedure, additional bound variables may be introduced only 

if it can be shown that: 

1) The process of introducing new variables must eventually 

stop . 

2) The new variables in turn can be eliminated. 

If 88 is inconsistent, then every wff of 88 is a theorem of 

88, regardless of whether it is true or false. In this case, 

for every two wffs A and A* , 

r88 A ~ A* • 

Thus, if S8 is inconsistent, it will have a reduction 

procedure . 

A consistency proof for S8 similar to 4.49 (for 8
1

) is not 

immediately possible, since it is not known ,~hether 88 is 

complete or not. It is easily shown that all theorems of 88 

are true under the normal interpretation, hence 88 has a 
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model, and so is consistent.* Nevertheless, this argument 

was not us ed for Sl.' and will not be used here. The consis-

tency of SS will be taken as an assumption.** 

In searching for a reduction procedure applicable to SS, it 

is natural to keep in mind the method P described for Sl. 

since Sl. is, after all, a subsystem of SS. It turns out 

that the method P, however, is not applicable to SS. In 

B(ii) on p. 56, for example, it was possible to eliminate the 
variable x from one side of a~ inequality 

-
x.k + r < x.t + S • 

This was possible because the terms k and t were particular 
numerals, so that the shorthand forms x.k and x.I could be 

written out in full. Using 4.10 and 4.21 to provide necess ­
ary and sufficient conditions, all the XIS on one side could - -
then be "cancelled" - which side depends on whether k < t, - - --
t < k or k = t . 

The situation is different, however, in SS, where inequal­

ities such as 
y + z.x < U + v·x 

occur - the terms z and v now being variables. The 
trichotomy 

z<vVz=vvv<z 

still holds, but here it cannot be determined which of these 

possibilities is in fact the case. Furthermore, even if it 

can be determined that (say) z < v, it still needs to be 

determined which numeral k satisfies the equation z + k = v . 

* 
See 

A First-Order theory is consistent iff it has a model. 

[2], p .102. 

** For S this is common practice. See (10), p. 107 • 
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Necessary and sufficient conditions for removing the variable 

x from one side of this inequality can be given, however, by 

introducing new variables. In fact: 

y + z·x < u + v·x 

[[y= u 1\ z <v] 

V [( $1) [W
1 

~ 0 1\ u + W
1 

'" Y 1\ 

(W
1 

< x 1\ z < v) V (W
1 

= x 1\ z + 1 < v ) V 

(x < W1 1\ (3:W
2

)(3:WS )[W1 = W
2

'X + Ws 1\ 

1\ z + w < v))))) 
2 

V [( 3w
1 

) [W
1 
~ 0 1\ Y + W

1 
= U 1\ 

(W
1 

< x 1\ z < v + i) V (W
1 

= x 1\ z = v + i) V 

(x < W 
1 

1\ (3!W )(3!W )[W '" W ·x + Ws 
2 S 1 2 

1\ z < W + v + 1]))]] 
2 

1\ 

(A proof of this is tedious but not difficult. It depends 

mainly on 4.30 and 6.14.) 

J. 

However this equivalence cannot form an essential part of a 

reduct ion procedure for SS, since it introduces new variables 

without an upper bound on their range, so that the process of 

introducing new variables may not stop. - thereby Violating 

condition (2) above. 

6.16 Proposition: If SS is consistent, then there is no 

reduction procedure for SS . 

Proof: 

First note that if SS does have a reduction procedure, 

then SS is complete . (This can be shown by a proof similar 

to 4.45.) Consequently: 
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a: If SS is incomplete, it does not have a reduction 

procedure. 

Now suppose that SS is complete. 
that of 4.48, it then follows that 

coincide with the theorems of SS 

By reasoning analogous to 
the true wff I s in SS 

Suppose further that there 

is a reduction procedure 

Consider the wif: 

say P for SS 

(3w)[X + x ·w < x + x .w] • 
1 2 3 4 

Since this is a wif of SS, and since by assumption there is 

a reduction procedure for SS, there must be a wff 

A(x1 , x
2

' xs ' x
4

) of SS containing x1 , x
2

, Xs and x
4 

as 

free variables, such ~hat 

(1) f"SS (3w)[X1 + x2 ·,'J' < Xs + x 4 'w] ~ A(x1 , x2 , xs ' x4 ) 

The wff A can be chosen in such a way that it does not 

contain a certain variable x • 
!I 

Now consider the wif: 

(2) (3xs)A(X1'XS'XS'xs) 

This wif contains x as a bound variable and x1 as s 

its only free variable. By the reduction procedure P the 

bound variable x can now be eliminated, and the reduction s 
of the wif (2) can then be put into D.N.F., where each 

disjunct is a conjunction of terms of the form: 

x1 
N it (mod ii) -

or iii < x 1 
or x1 < Ii • 

Two alternatives are distinquished: 
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a) -An expression of the form x
1 

< p occurs in each 

disjunct of the D.N.F. 

In this case the D.N.F. is false when x
1 

is replaced by a 

numeral bigger than p - say p + 1. The negation of the 

D.N.F. is then true for this replacement, and so, by the 

conditions on a reduction procedure, the negation of the wff 

(2) is then also true for this replacement. Since SS is 
complete (by assumption) this wif is then provable, so that 

· . 
• · . 

· . 
• · . 

· . 
· . 

I-ss -( 3xs )A [p + 1, x s ' x s ' xs] • 

(V'xs ) -A[p + 1, xs ' x s ' xs ] • 

-(3w)[p+l + p+2 . w < p+2 + p+2.w] 

(Vw)[p+l + p+2.w4: p+2 + ~.w] 

Consequently: rSS i <\: 2 • 

by 2.3 

by (1) 

by 2.3 

Since, however, 4.24 is a theorem of SS, it follows that 

rSS 1 < 2 • 

This contradicts the consistency of SS. 

b) At least one disjunct of the D.N.F. contains only 

expressions of the form: 
-

X '::! k (mod n) 
1 

m < X 
1 

The D.N.F . is then false whenever x
1 

is replaced by a numeral 

less than or equal to iii say iii itself . Hence the negation 
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of the D.N.F. is true for this replacement, hence the negation 

of the wff (2) is true for this replacement, and hence 

provable. 

Therefore: 

· . 

· . 
• 

· . 
· . 

-( 3x s )A[iii, x s ' x s ' xsl 

(l;ixs ) - A [iii, x s ' x s ' Xs 1 

-A[iii, m+l, m+l, m+ll 

(l;iw)[iii + m+l.w-t m+l + m+l·wl 

-
o {. 1 

which again contradicts the consistency of SS. 

by 2.3 

by (1) 

by 2.3 

Thus, from the assumption that there is a reduction procedure 

for SS, a contradiction can always be derived. This conclu­

sion is subject to the prior assumption that SS is complete. 

Hence: 

)0 

i3: If SS is complete, it does not have a reduction procedure. 

From CL and i3 it now follows that there is no reduction 

procedure for SS. 

Theorem 6.16 achieves a double purpose. Firstly, it refutes 

a conjecture made in Ch. 5 § 2. Secondly, since SS is a 

subsystem of S, it shows that there is no reduction procedure 

for S, under the assumption that S is consistent. 

(The latter result is of course not surprising, since if there 

were a reduction procedure for S, it could have been proved 

to be complete by a proof similar to 4.45 contradicting 

G~dell s result.) 

***§*** 



CHAPTER VII 

ARITHMEI'IC ON A SUBSEI' OF THE NATURAL NUMBERS 

§ 1. The First-Order Theory S2 

The symbols of S2 are as follows: 

The logical symbols, auxilary symbols, individual variables 

and predicate letters are as for S1. • 

As in S1.' S2 has two function letters, 

f1.1.(x) is to be written as x* 

f1.2 (x,y) is to be written as x·y 

As in S1' S2 has one individual constant : /:; • 

Terms: 

1) Individual variables are terms 

/:; is a term • 

2) If t and s are terms, then : 

t* is a term 

t.s is a term • 

3) An expression is a term only if it can be shown to be 

a term on the basis of (1) and (2) . 

Atomic Formulae, wff1s and the further logical symbols are 

defined as usual. 

Proper Axioms: 

S2 
2 

# x* = x* 1. 2 
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S 3 6. f x* 
2 l. 

S 5 X .x* = (x .x )* 
21.2 l. 2 

A( 6.) =* [('Vx)[A(x) ~ A(x*)] =* (\fx)A(x)]. 

The induction rule is obtained as in Sl.' and again specia l 

symbols are introduced for the terms 

6.* 6.** 6.*** ....... . etc. 

These terms are henceforward denoted by 
-

1 2 4 8 ....... . etc. , 

. called numerals again. 

The axioms of S2 are precisely the same as those of Sl.' 

except that different symbols are used for the function 

letters and individual constant . In fact. Sl. and S2 can 

be regarded as the same first-order theory . A different 

interpretation is intended for S2' however, hence S2 is 

presented a s a distinct first-order theory. 

The intended interpretation of 8
2 

is a subset of the Natural 

Numbers, namely those which are of the form 2n. where "n" 

is ~ Natural Number. Thus the domain of the interpretation 

is the set: 
{I. 2, 4, 8 • • •• . • . } . 

Unlike 8l.' in 8
2 

there is no general shorthand method f or 

writing the application of f 2 a number of times to some 
l. 

term t. This fol101'TS from the following facts: 

Whereas in 8l. fl.l. 1~as interpreted as addition of 1, in 

8
2 

fl.l. is interpret ed as multiplication by 2. Thus, in 



S2 only the numerals corresponding to powers of 2 are 

generated. Since these are available, 

t·t 

((t.t).t).t 

etc. , 

can be abbreviated as 

It U II " II II 
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but (t.t).t, (((t.t).t).t).t, etc. cannot be so abbrev­
iated, since the appropriate numerals do not occur in 8

2 
• 

Convention 1: Any term t may be written as t 1 (t8 ) when­
ever required. 

This differs from S1' where t.O was not defined. 

As in 81 , the following theorems are immediate consequences 

of the axioms: 

7.1 
7.2 
7.3 
7.4 
7.5 

r- t = r ~ 

It = r # 

t- 8 I t* 
t-t'8=t 
t- (t. r*) = 

(t = s ~ r = s) 
(t* = r*) 

(t.r)* 

For the sake of brevity, the result of applying 

to a term t : 
n times 
~ 

t** .... * 

f1 "n" times 
1 

may henceforward be written as t(n) in meta-results, 

whenever convenient. Thus, in meta-results, 8 may be 

written as 8(0) • 

In the meta-language, not only is the multiplication-operation 
available, but also addition and subtraction. Thus, in meta­
results, expressions such as 

n + 1 

are legitimate - this expression indicating the numeral 
corresponding to the successor of the natural number "n". 
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Similarly 
n - 1 

indicates the numeral corresponding to the predecessor of the 
natural number "n" • 

Note further that: 
-
2 = t.* = 

4 = t.** = 

8 = t.*** = 

so that, in general: 
n times 
~ 

t.(l) 

t.(2) 

t.(3) 

• 

• 
· etc., 

6* •..• * ::: • 

The following theorems are easily proved - as in S1 . 

7.6 rt = t 
7.7 rt = r c:> r = t 
7.8 rt = r =9 (r = s =9 t = s) 
7.9 rr = t =9 (s = t ~ r = s) 

The following theorems also correspond to their counterparts 
in 81 as an example, 7.10 is proved. 

7.10 r t = r => t. s = r· s 

Proof: 

Let A(z) be : x = y => (x.z = y . z) . 

(i) l. x.A = x 
2. y.A = Y 
3. x = y 
4. x·A = y , 

5. x.t. = y.t. 
6. x = y => x·t. = y·A 

Hence rA(t.) . 

7.4 
7.4 
Hyp. 

1,3,7.8 
4,2, 7.9 
1-5, 2.2 



(11 ) 1-

2. 

3 . 
4. 
5 . 
6. 
7. 
8. 
9. 

10 . 

Hence 

x=y =* (x.z=y.z) 

x = y 

x.z* = (x.z)* 
y.z* = (y.z)* 

x·z = y . z 
(x.z)* = (y.z)* 
x.z* = (y.z)* 
x.z* = y.z* 
x = y =* (x.z* = y.z*) 
[x = y =* (x.z = y.z)) =* 

[x = y =* (x.z* = 

~A(z) =* A(z*) 
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Hyp . 

Hyp . 

7 .5 
7·5 
1,2, M.P . 

5 , 7 .2 
3,6, 7 .8 
7,4, 7 .9 
2-8 , 2.2 

y.z*)J 1-9, 2 .2 

Hence HVz )A(z) by the induction rule, and thus by 
Gen . and 2.3 : 

t = r =* t·s = r·s . 
---~ 

Similarly 7.11 - 7.15 are proved (corresponding to 4 .11 
4.15 in Sl. ) 

As for Sl. ' the following result can now be proved: 

7.16 Proposition: 

S2 is a first-order theory with equality . 

7.17 Proposition: 

For any natural numbers m and n of the forms 2k 

and 2P respectively: 

a) If m'; n, then r iii ,; n 
b) r-m:n=m.n 

c) rtm.tn=t(m+n) 

d) [-tn . r n ,= (t . r)n 

e) r t = r =* t n = rn 



(a) 
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Proof : 

Suppose m'ln 

• • 2k 'I 2P 

. • k'lp - say k < P • 

l\.(k) = l\.(p) - -Now suppose m = n - i . e. 
7.2, in the form t*,. r* ... 
in a row then yields: 

t = r, applied k times 

Since p > k, p - k > 0 

Let 

• • p - k - 1 ~ 0 • 

t = l\.(p-k-l) 

Then, from (1): l\. = t*, contradicting 7.3 • 

Then, by the tautology [A => (8 1\- 8)] => - A and 
the fact that any instance of a tautology is a theorem : 

fIii 'I Ii. • 

(b) Induction on p in the metalanguage 

o - - -m. 2 = m.l = m = m. l\. , by 7 .4 

Suppose Hn:n = Iii.Ii. 
r 2k. 2P = 2k. 2P 

r l\.(k+p) '" (l\.(k»).(l\.(P») 

. . ~(l\.(k+P»)* = ((t.(k») (l\.(p»))* by 7 .2 

. . 

r l\.((k+p)+l) = (l\.(k») (A(P»)* 

r- A(k+(P+l» = (l\.(k») (l\.(P+l») 

r 2k . ~+l = 2k . 2P+l 

by 1.5 
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. . r m·n·2 ", iii.n.2 • 

So, by induction, the result holds for a l l p, and hence 

for any numerals iii and n of S2 • 

(c) By induction in the metalanguage on "n" as in S~ • 

(d) As in S~ 

(e) As in 8~ • 

7 .18 Definition: 

t '" s (mod k) 

7.19 Definition: 

def 

def .. (3w }[t k it = s·w V s = t·w 1 

t ~ s <9 (3W}[W -I 6. /I t·w = s] • 

There is one further dissimilarity between 8~ and 8
2

, 

Whereas for 8~, 4.17(c) readS: 

t.iii + t.n = t.(iii + ti) 

this result does not find its cOUhterpart in 7 .17( c) , which 

reads: 

That this is a dissimilarity rather than a similarity, folloi'IS 

from the fact that "+" in 8
1 

corresponds t o "." in 8
2 

' 

and that multiplication by a numeral (the shorthand way of 

writing repeated addition) in 8
1 

corresponds t o raising to 

some numeral power (the shorthand way of writing repeated 

multiplication) in 8
2 
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. . 

80, by induction, the result holds for all p, and hence 
-for any numerals m and n of 8

2 
• 

(c) By induction in the metalanguage on "n" as in 

(d) As in 8~ 

(e) As in 8~ 

7.18 Definition: 

t '" s (mod iC) 
def .. ( 3w)[t k if. = s · w V s = t . w 1 

7.19 Definition: 

def 
t -< s <+ (3W)[1'l f. 6. /I t · w = s] • 

There is one further dissimilarity between 8~ and 8
2

, 

Whereas for 8~, 4 . l7(c) reads: 

t .m + t.n = t.(m + n) 

8~ • 

this result does not find its counterpart in 7.l7(c) , which 

reads: 

That this is a dissimilarity rather than a similarity, fol101'lS 

from the fact that "+" in 8~ corresponds to ". II in 8
2 

' 

and that multiplication by a numeral (the shorthand way of 

writ ing repeated addition) in 8~ corresponds to raising to 

some numeral power (the shorthand way of writing repeated 

multiplication) in 8
2

, 



Thus special attention will have to be given to deriving 
theorems in S2 using 7 .17(c). 
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The counterpart of these theorems in S2 are those theorems 

in S1 employing 4.l7(c), of which there is only one, namely 

4.32 • 

First note that 4.20 - 4.31, with the necessary notational 
corrections, are results which carry over directly to Sa' 

and are correspondingly labelled 7.20 - . 7.31. 

Theorem 4.32, however, does not find an exact counterpart in 

Sa 

4.32 "translated" into Sa reads: 

-
a.: (p* = n) '"* [t · s "" r (mod n) # t '" r.sp (mod Ii)] 

However, by reasoning on a meta-level it can be seen 

that in S1 : 

~ : t + s = r (mod n) # t + S • r + s.n (mod Ii) 

# t S r + s(n-l) (mod Ii) • 

Now it follows from 7 .17(c) that similarly, in S2 

'.1: t·s "" r (mod Ii) .. t.s "" r.sn (mod Ii) 

.. t '" r.sh- l (mOd il) • 

But 'Y differs from a 1n that 1n a the pO"I'Ier of s is 
p, with p.2 = Ii, whereas in 'Y the power of s is 

n -1 • 

Hence, as a result of 7.17(c), the counterpart of 4.31 
i n S 2 is not the formal translation a of 4.32, but 
a statement of the form 'Y. 

The numeral n-l, however, is not available in Sa • 

That is, for no n (except, inCidentally, 2) can the 
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numeral n-l be found in the sequence 
-
1, 4, . " " ..... 8, -2, 16 

By reasoning on a meta-level it can be seen, however, that 

for any ii, the numeral n-l can be expressed as the sum of 

the numerals proceeding it in the sequence (;,. 

This follows, since 2n+l = 1 + t 2k • 

k=O 

Addition is not available in Sa' but neither is it needed in 

in this case since the problem is to express 

(for some term s) and not n-l. 

n-l s in S~ , 

Accordingly, it can be seen that 

n - l s is expressible in Sa as 

2 4 
S I S .S ••••• j;i* -= n 

Thus a counterpart of 4.32 has been found in Sa' and it reads : 

(j;i* = ii.) '* [t·s '" r (mOd ii) * 
-

t '" r. s • s 2 • ••.• • sP (mod ii) J 

-For any particular n, this result can be expressed in Sa' 

and proved analogously to the proof of 4.32 in S1 • 

As a general result, however, it cannot be expressed in Sa' 

owing to the fact that the expression. 

2 P 
s "S • """" "S 

is not expressible in S2 if n is not a particular given 

numeral . 

Thus the counterpart of 4.32 is proved in S2 as a meta­

result. 



7.32 Proposition: 

-For any particular n, 

r (p* = Ii) .. (t.s '" r (mod Ii ) 
S2 

Proof: 

Let p* = n • 

Suppose first that: 

t "" 

t • s "" r (mod Ii) • 

Then, for some w: 

t·s . n = r·w • 

2 · . = r·s-s . 

( 1 + ~ 2k) -
2 

• •• 
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-
.sp (mod Ii)] . 

· . k=O t·s = r·s-s . • •• 
13 fi . s · W , 

where p = 2m , hence n = 2m+1 • 

n 2 Ii Ii t·s = r·s·s .... '5 ·W 
• 

· . n t·s "" 
2 r·s-s . • •• .sp (mod Ii) 

t 2 .sp (mod Ii) "" r·s·s • • • by 4.31 • 

Now suppose that: 
2 t :=:::: r. s· s . • • • .sp (mod Ii) 

Then, for some w: 

. . . 
• • t·s = r·s-s-s 2 'sp.wn . • •• 

(l+~ 2k) _ 

t·s k=O n = r· s .w , 
where p = 2m hence n = 2m+1 

• , 
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t·s n n 
• • = r·s ·w 

• n 
• • t·s '" r·s (mod Ii) 

• 

· • t·s '" r· (mod Ii). 

Theorems 4.33 4.38 and 4.40 translate readily into 8
2

, 

and are correspondingly labelled 7.33 - 7.38 and 7.40 

Thus only Propositions 7.39 and 7.41 - 7.44 remains to be 
proved . 

Proposition 7.39 in particular deserves further attention. 

In S~ we proved (4.39) that, for any term t; and any Ii: 

-t .. 1 (mod Ii) V t .. 2 (mod Ii) V • • • • • • • 

• • . •• V t '" Ii (mod Ii) 

Thus what may be termed as the "range" of the congruence 
relation mod Ii is the sequence 

-
1, 2, 3 ••.•... n 

which also happens to be the first "n" numerals generated from 
the individual constant O. 

In S2' the first "n" numerals generated from the individual 

constant t;,. are 

2, 4, 8 ••••••• 2n. 

If lin" is such that Ii is in 8
2

, then, since 

occurs in the sequence above. 

- . -, n 

-Thus, in 8
2

, the "range" of the congruence relation mod n 

i s not merely the sequence 
- 4, 8 2, ••• • ••• n , 

which terminates in the numeral n, but the sequence 
-

2, 4, 8 ••••••• 2n , 
which terminates in the "n"-th numeral generated from t;,. . 
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The difference between S1 and Sa in this respect is that 

in Sl. the numeral Ii is in fact the n-th numer a l gen erated 

from 

n-th 

0, whereas in S the numeral 
2 

numeral generated from ~. 

Ii is less t han the 

7 . 39 Proposition: 

a) 

b) 

For any tenns rand s, and any numeral n of S2: 

rs [r "" s·2 (mod Ii) V r '" 8.4 (mod Ii ) V 0.' 
2 

• •• • • •• V r ". s .2n (mod Ii ) ] 

Proof: 

If r = s , then r.2n = s.2n 

• 
• • 

• 
r os s.2n (mod Ii) • . . 

If r -I s, then by 7 .30: r -< s V s ~ r • 

Suppose s -< r • 

Then by 7.19 : ('3w)[w I- ~ " s·w = rJ 

it " ~ " s.k = r say - -
By 7.30: k ~ 2n V it = 2n V 2n -< k • 

If k -< 2n , then: 
- - n r = s.k = s·k.~ 

. . r "" s. it (mod Ii.) 

If k = 2n , then: - -
r = s . k = s.2n = s.2n.~n 

. . r "" s. 2n (mod Ii.) • 



c) 
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If 2n ~ k , then by 7.19: 

n -
(:3w)[w " A fI 2 ·W = it] 

say 

Then: - n - -n r = B·k = B.m.2 = B·m·2 

• 
r '" s.m (mod n) . 

Now if m ~ 2n or m = 2n, there is nothing left to 
prove. 

If 2n ~ m , then repeat the process described in (c) 

until eventually the term m is less than 2n. 

Thus, eventually, for some Iii ~ 2n , 

r '" s·m (mod Ii). 

So for s ~ r the proof is complete. 

The case where r ~ s is treated in an analogous manner . 

Since s ~ r V s = r V r ~ s, this completes the 
proof. 

7.41 Proposition: 

r S ( 3x )[ (x "" it (mod Ii)) fI (t ~ xP • r) fI (xp • r ~ s) 1 
2 

<'* (3x)[(x "" kP (mod Ii.p)) fI (t ~ x.r) fI (x.r -< s)j 

Whereas in 4.41 the modulus-numeral is increased from Ii to 

n ·p , in 7.41 the modulus-numeral is not increased from Ii to 
-

iiP , but merely, as before, to n.p . 
This is a consequence of the fact that although 

(it.Iii).ii = k. (m.il) 

- n -n 
(km) I km 



The proof of 7.41 is analogous to that of 4.41. 

Proposition: 

The wff 

(3X)[X "" iii (mod Ii)) " (t ~ x.r) " (x.r -< s ) ) 

is provable in 8
2 

if and only if the D.N.F. 

holds, where n 
1J.=2, and is shorthand for: 

(r -< t * ) " ( t • q -< s) " ( t . q "" r· iii (mod Ii.)) . 

The proof of this proposition is exactly analogous t o t h e 

proof given for 4.42. 
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Propositions 7.43 and 7.44 are the exact counterparts of l! . 43 
and 4.44, and the proofs are again analogous. 

As has been seen, every theorem or proposition concerning 8
1 

has correlated with it a theorem or proposition concer ninG 8
2 

It follows that the reduction procedure P is also appl icable 

Furthermore, the axioms of 8
2

, are true, and , as 

before, the rules of inference preserve the property of t ruth. 

Consequently, all those results established for 8
1 

carr y 

over to 8
2

• Thus 8
2 

is consistent, complete and dec idable, 

and the operation of exponentiation is not representable i n 

8
2 

§ 2. Different Interpretations of 8
2

, and their rel ation 

to 8~ 

The given 

interpretation of 

interpretation is not the only possi ble 

8 For example, the function let t er 
2 

may be interpreted as multiplication by any prime numb er 

f~ 
~ 
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the domain of the interpretation would then vary accor dingly. 

If f: is interpreted as multiplication by five, for example , 

the domain of the interpretation would be the set of all those 
natural numbers expressible in the form Sn • 

Except for having different symbols, the p roper axioms of S2 

are exactly the same as those of S1 

interpreted in terms of multiplication, then the individual 
constant must be interpreted as the number "one" . Ot ~- erwise 

the third and fourth axioms would be false. Similarly, if 

f: and f12 are interpreted in terms of addition, then the 

i ndividual constant must be interpreted as zero, in order not 
to i nvalidate the fourth axiom . 

In S2' t * was interpreted as t.2, for any term t . Since 

t·2 = t + t , S2 can equally well be viewed as a first-order 

theory with a special kind of addition - any term may be 
added to itself once, and different terms cannot be added 
together. The recursive definition of the other function 
l etter, f 2 can now also be "translated" back into addition. 

1 ' 

For example: 

8.4 = 8·2* 

= (8.2)* 

= (8.2) + (8.2) 

= (8.1*) + (8.1*) 

= (8 .1) * + (8.1)* 
- -

'" 8* + 8* 

Since S2 can thus be viewed as a subsystem of Arithmetic 

employing only a specialized addition on a prop er subs et of 
the natural numbers, S under the given interpretation is 

2 
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in fact a subsystem of 8
1

• In retrospect it is therefore 

not su rprising that 8
2 

turned out to be comp1et e. Each of 

t he other int erpretations of 8
2 

mentioned above are subsys ­

tems of 8
1 

in the same way, and each of them will be complete . 

***§*** 
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CHAPTER VIII 

CONCLUSION 

In a full formalization of Arithmetic denumerably many 

arithmetical operations can be defined by double recursion 

as follows* 

A function H(p,n,a) is defined by the equations : 

H(O,n,a) = n + I 
H(I,O,a) = a 

H(2,O,a) = 0 

H(p + 3,O,a) '" I 

H(p + l,n+ l,a) = Hlp,H(p + l,n,a),a) , 
then H(l,n,a) defines addition, H(2,n,a) multiplication, 

etc. 

If 8 i is now any formalization of a (not necessarily proper ) 

part of Arithmetic, call an operation belonging to the 

recursion schema above the strongest arithmetical operation 

in 8i if the next operation in the recursion schema is not 

representable in Si' 

For example, addition is the strongest operation in S1' and 

multiplication is the strongest operation in S2' There is 

no strongest operation in S. 

I Conjecture: 

If a formalization 8i of a (not necessarily proper) 

part of Arithmetic does not have a strongest operation, then 

there is no reduction procedure for 8 i • 

* [7] , pp. 13 - 23. 



II Conjecture: 

If a formalization 8i of a (not necessarily proper) 

part of Arithmetic is complete, then there is a reduction 
procedure for 8i • 
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The systems 8, 8
1 

and 8
2 

support both these conjectures. 

If these conjectures are both correct, they lead to the 
conclusion that the incompleteness of Arithmetic arises from 
the fact that it does not have a strongest operation. 

***§*** 
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