A STUDY OF A CLASS OF INVARIANT OPTIMAL CONTROL PROBLEMS ON
THE EUCLIDEAN GROUP SE(2)

A thesis submitted in fulfillment of the

requirements for the degree of

MASTERS IN SCIENCE
of

RHODES UNIVERSITY

by

ROSS MONTAGUE ADAMS

February 2011






Abstract

The aim of this thesis is to study a class of left-invariant optimal control problems on the matrix Lie group
SE(2). We classify, under detached feedback equivalence, all controllable (left-invariant) control affine
systems on SE(2). This result produces six types of control affine systems on SE(2). Hence, we study six
associated left-invariant optimal control problems on SE(2). A left-invariant optimal control problem
consists of minimizing a cost functional over the trajectory-control pairs of a left-invariant control system
subject to appropriate boundary conditions. Each control problem is lifted from SE(2) to T*SE(2) &

SE(2) x se(2)* and then reduced to a problem on se(2)*. The maximum principle is used to obtain the
optimal control and Hamiltonian corresponding to the normal extremals. Then we derive the (reduced)
extremal equations on se(2)*. These equations are explicitly integrated by trigonometric and Jacobi elliptic
functions. Finally, we fully classify, under Lyapunov stability, the equilibrium states of the normal extremal
equations for each of the six types under consideration.

Keywords and phrases. Matrix Lie groups, detached feedback equivalence, (left-invariant) control affine
systems, the maximum principle, normal extremals, (reduced) extremal equations, Jacobi elliptic functions,

Lyapunov stability.
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Chapter 1

Introduction

This chapter contains a brief introduction to geometric control theory. We introduce the notions
of a control system and a class of optimal control problems for a matrix Lie group G. We cover
briefly the main details concerning the class of left-invariant optimal control problems on the
matrix Lie group SE(2). A detailed overview of the material covered in each section of the thesis
is given. Lastly, we give a list of the contributions made in this thesis.

1.1 Background

Mathematical control theory is the area of application-oriented mathematics that treats the basic
mathematical principles, theory and problems underlying the analysis and design of control
systems. Control theory has applications in many areas including engineering, robotics, physics
and biology. A control system is described by a family of (ordinary) differential equations,
parametrised by control parameters, which can be used to influence the behaviour of the system.
A solution of such an equation, for each admissible control, is uniquely determined by its initial
condition and is called an admissible trajectory of the system. “To characterise the states
reachable from a given initial point is one of the first natural problems in control theory: the
controllability problem” [1]. As soon as the possibility to reach a certain state is established, we
try to do it in the best way: optimality. Other concepts such as stability, observability and
realisation play important roles in control theory.

A major contribution to control theory was the discovery of the maximum principle by L.S.
Pontryagin and his co-workers in the late 1950’s. “The maximum principle is a far reaching
generalisation of Weirstrass’s necessary conditions for strong minima, which provides geometric
conditions for a (strong) minimum of an integral criterion, called the cost, over the trajectories of
a differential control system” [6].

The significance of the Lie bracket for problems of control became clear around the year 1970
with publication of the papers of R. Brockett, H. Hermes and C. Lobry. This work led to a
partnership of differential geometry and control theory, marking the birth of geometric control
theory. “The maximum principle, in its original form, suffers from some serious limitations and
geometric control theory forms a theoretical foundation for extensions of the maximum principle
to optimal problems on arbitrary differential manifolds. This theoretical foundation comprises
important results concerning the topological and differential properties of the reachable sets and
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is an essential complement to modern optimal control theory” [6]. Geometric control theory has
been developed by many researchers, including: R. Brockett, V. Jurdjevic, A.A. Agrachev, Y.L
Sachkov, H.J. Sussmann and A. Krener. It is a fast growing active field of contemporary research.
From a geometric point of view an (ordinary) differential equation is a vector field and so a
control system can be viewed as a family of vector fields, parametrised by some controls. A
trajectory of the control system, associated to some admissible control, is thus the flow of such a
vector field. “The structure of the admissible trajectories and attainable sets is thus intimately
related to the group of transformations generated by the dynamical systems involved. In turn,
groups of transformations form the heart of Geometry” [1]. In this thesis, a control system is a
pair X = (G, Z), where G is a matrix Lie group and = : G X R! — TG is a smooth mapping. In
classical notation, ¥ is given as ¢ = Z(g,u), g € G, u € R’. The dynamics Z is left-invariant in the
sense that Z(g,u) = ¢g=(1,u) for any g € G, where 1 is the identity element in G. The image " of
=(1,-) is called the trace of the system. A trajectory of a control system X is some absolutely
continuous curve g(-) : [0,7] — G, where g(0) = go, such that there exists an admissible control
u(+), which satisfies the differential equation § = Z(g,u). The attainable set from a point g € G is
the set A(g) of all terminal points g(t), T > 0, of all trajectories g(-) of ¥ starting at g. We are
interested in the analysis of those control systems on a matrix Lie group G which are controllable.
Here, a control system X is called controllable if given any pair of points gg, g1 € G, the point ¢;
can be reached from the point gg along some trajectory of 3 for some non-negative time. That is,
A(g) = G for any g € G. We classify all equivalent controllable control systems on the matrix Lie

group G. Two control systems ¥ = (G, Z) and ¥ = (G, Z) are said to be state space equivalent
provided there exists a local diffeomorphism ® : V' — V, where V and V are neighbourhoods of

1 € G, such that T3 ® - =, = Z, for all u € RY. Here Ty ® is the tangent map of ® at 1. State space
equivalence turns out to be to rigid for the particular problem of interest and so we extend this
idea to what we call detached feedback equivalence. Two control systems ¥ = (G, =) and

> = (G, Z) are said to be detached feedback equivalent if there exists a local diffeomorphism
®:V — V, where V and V are neighbourhoods of 1 € G, and an affine transformation

¥ : RY — Rf such that Ty ® - =, = Eg(u) for all u € R’. Let G be a matrix Lie group, go, g1
arbitrary but fixed points in G and 7" > 0 fixed. A left-invariant optimal control problem (LiCP)
on ¥ = (G, E) consists of finding a trajectory-control pair (g(-),u(-)) which transfers g to g1

optimally. That is, the solution minimises the cost

T
J = / L(u(t))dt,
0
and satisfies
subject to the boundary conditions
9(0) = go and g(T') = g1.

We solve an optimal control problem on ¥ = (G, Z) as follows: for each fixed u € RY, Z(-,u) = Z,
defines a vector field on G. We define the following family of cost-extended Hamiltonians,
H)ME) = —%L(u) +&(2(g,u)) for all § € TjG, g€ G, u € R’. Here A =1 or A = 0. Each vector

field =, can be lifted canonically to its corresponding cost-extended Hamiltonian vector field ﬁé
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Using the identification £ = dL;_l(p), we realise T*G as G x g*, where g* is the dual of the Lie
algebra, g. In these coordinates, each Hamiltonian becomes a linear functional on g* only. Thus,
we obtain a family of cost-extended Hamiltonians on g*. That is, each Hamiltonian vector field

2 on T*G = G x g*, corresponding to the Hamiltonian H.), can be (left) reduced to a
Hamiltonian vector field on g*. This process is known as Poisson reduction and is well known in
geometric mechanics. Since g* is a vector space, we thus conveniently bypass computations with
the symplectic structure on T*G. We then use the maximum principle to obtain a single optimal
Hamiltonian function on g* and its corresponding optimal control. The optimal trajectory of an
optimal control problem is then the projection of the integral curve (g(-),p(-)) of the Hamiltonian
vector field 2(,), which satisfies the conditions of the maximum principle. A pair of curves
(g(+);p(+),u(-)) on an interval [0, 7] is called an extremal pair if (g(-),p(-)) is an integral curve of

2(.), for either A = 0 or A = 1, such that the conditions of the maximum principle are satisfied.
The projection (g(-),p(-)) is called an extremal. The system of differential equations with
solution (g(-),p(-)) are called the extremal equations, however the optimal Hamiltonian function
is a linear functional on g* only and thus we study the system of differential equations on the dual
space g* whose solution is the curve p(-). The system of differential equations, on g*, are called
the (reduced) extremal equations. The extremals corresponding to A = 0 are called the abnormal
extremals and the extremals corresponding to A = 1 are called the normal extremals. The optimal
Hamiltonian, along with the Poisson structure on g*, is used to determine the (reduced) extremal
equations. Using detached feedback equivalence, we determine all equivalence classes of
controllable control systems on our Lie group G. We then choose a representative from each
equivalence class. For each representative we study the associated optimal control problem. For
each left-invariant optimal control problem on G we determine the the optimal control and
optimal Hamiltonian function corresponding to the normal extremals. Also, we derive and
analyse the normal extremal equations on g*. In particular we study solvability (or integrability)
of these normal extremal equations using trigonometric and/or Jacobi elliptic functions. We also
fully classify, under Lyapunov stability, the equilibrium states of the normal extremal equations.
The classification, under detached feedback equivalence, and the analysis of the normal extremal
equations of the associated optimal control problems are the two main areas of study of this thesis.

1.2 A class of left-invariant optimal control problems on SE(2)

1.2.1 The matrix Lie group SE(2)

The group of orientation-preserving isometries of the Euclidean plane consists of transformations
of the form F(x) = Rz + v, where R € R?*? such that R' R = 1 with det R = 1 and v € R?*1,
Here 1 is the identity element in R?*2. This group of transformations is isomorphic to the matrix
Lie group
_ 1 0 2x1

SE(2)—{{V Ra] | veR“™ RyeSO(2),,
where SO(2) is the special orthogonal group. SE(2) is a connected, solvable, unimodular matrix
Lie group. The Lie algebra se(2) consists of all 3 x 3 matrices of the form
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56(2) = r1 0 —x3 ‘ x1, T2, 3 € R

The matrices

000 0 00 00 O
Eiy=1|1 0 0, E=1]0 0 0 and E3=|0 0 -1
000 1 00 01 0

form the standard basis for se(2).

1.2.2 Equivalence of control systems on SE(2)

A (left-invariant) control affine system on SE(2) is a pair ¥ = (SE(2), Z), where

Z:SE(2) x RY — T*SE(2) = SE(2) x se(2)* is such that its trace I' C se(2) is an affine subspace.
That is, the trace is of the form I" = {A + Zle w;Bi | (u1,...,u) € RK}, where

A,By,...,By € se(2). We assume By, ..., By are linearly independent. We prove that

¥ = (SE(2), =) is controllable if and only if it is of full rank. Then, we classify, under detached
feedback equivalence, all controllable control affine systems on SE(2). It turns out that there are
six types of equivalent controllable control affine systems on SE(2). We therefore consider the
following six types of control affine systems ¥ = (SE(2), Z), where in each case Z is such that:

Type I-a: 2(1,u) = Ey + uFs, u € R,
Type I-b : Z(1,u) = aF3 + uEy, u€eR, a>0,
Type 11 : Z(1,u) = E1 + u1 By + us Es, u = (uy,uz) € R?,
Type II-b : Z(1,u) = aFs3 + u1 By + ugFs, u= (u,u) € R? a>0
Type II1Y : E(1,u) = u1 By + ue By + ugEs, u = (uy,ug,u3) € R3.

1.2.3 Control problems on SE(2)

Given a controllable control affine system ¥ = (SE(2), =), let g; and g2 be arbitrary but fixed
points in SE(2) and T > 0 fixed. A left-invariant optimal control problem (LiCP) on a control
affine system ¥ = (SE(2), E) consists of finding a trajectory-control pair (g(-), u(-)), which
transfers gg to g1 optimally. That is, it minimises the cost

T
JZQ/ (crud(t) 4 ...+ ceu(t))dt, c1,...,c0>0,1 << 3,
0

and satisfies
g=9=(1,u)

subject to the boundary conditions
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The Lie algebra se(2) is isomorphic to the Lie algebra of left-invariant vector fields on SE(2)
and so we view each left-invariant vector field on SE(2) as an element of the Lie algebra se(2).
Fach vector field X = A + Ele u; B; can be then be canonically lifted to its corresponding

cost-extended Hamiltonian vector field ﬁﬁ We define the following family of Hamiltonians on
T*SE(2), Hyu(§) = &(A + Zle u;B;) for all £ € TG and all g € G. Using the identification
T*SE(2) = SE(2) x se(2)*, we get that this family of Hamiltonians are given by

H,(p) =p(A+ Zle u; B;), which are linear functionals on se(2)* only. We then define the family

of (reduced) cost-extended Hamiltonians on se(2)*, H)(p) = —3 (Zle czu?) +p(A+ Zle u; B;).
Here A =0 or A = 1. The control problem is thus lifted from the group SE(2) to the cotangent
bundle T*SE(2) = SE(2) x se(2)* and then reduced to a problem on se(2)*, the dual of the Lie
algebra se(2). The Pontryagin maximum principle is then used to reduce this family of (reduced)
cost-extended Hamiltonians to a single candidate, which we call the optimal Hamiltonian. We
then obtain a system of differential equations on se(2)*, known as the (reduced) extremal
equations. We identify the extremal curves p(-) on se(2)* with the corresponding curves P(-) on
s¢(2) using the nondegenerate paring (P(t), X) = p(t)X, for all X € se(2). Therefore if

0
0
Py(t) Ps(t) 0

then P;(t) = p(t)(E;) = Hg, (p(t)), i = 1,2,3. The Lie algebra se(2) can then be identified with
R%, where R% is the vector space R? with the Lie bracket, @, given by
(21,22, 23) ® (Y1,Y2,Y3) = (T2y3 — T3Y2, T3Y1 — T1¥3,0).

The explicit solutions of the normal extremal equations are found for each of the control
problems using trigonometric or Jacobi elliptic functions. We also use various methods, such as
the energy-Casimir method, to classify the stability of all equilibrium states of the normal
extremal equations for each of the six types of control problems on SE(2). The
elliptic/trigonometric functions obtained are plotted in MATLAB, with arbitrary chosen initial
conditions and constants. The results are then compared to plots of the extremal equations solved
using the ODE45 solver in MATLAB. A comparison, of the extremal equations, is also made to
plots of the intersection of the Hamiltonian functions and the coadjoint orbits.

The classification, under detached feedback equivalence, of all controllable control affine
systems on SE(2) and then the analysis of the extremal equations of the resulting associated
optimal control problems are the two main areas of study of this thesis.

In the conclusion, we compare the solutions to the extremal equations and the stability results
of pairs of types of control problems as follows: firstly we allow co — oo in the type II-a case and
compare the results to the type I-a case; secondly we allow ca — oo in the type II-b case and
compare the results with the type I-b case; lastly we let co — oo in the type III° case and
compare the results with the type II° case.
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1.3 Overview

Chapter 2 contains the necessary mathematical preliminaries. That is, it contains the definitions
and facts that will be needed in chapters 3-10.

Section 2.1: Contains the definitions of the general linear group, matrix Lie groups, the
tangent space, a Lie algebra, a tangent map, a Lie algebra homomorphism, the special orthogonal
group SO(2), the (special) Euclidean group SE(2), left-invariant vector fields on a Lie group, the
adjoint action, unimodular Lie algebra and Lie group, the derived series, solvable Lie algebra and
Lie group, the lower central series, nilpotent Lie algebra and Lie group, external and internal
semi-direct product.

Section 2.2: Contains the adjoint and coadjoint action of a Lie group, the orbit of an element
under the action of a group, the adjoint and coadjoint orbits, invariant bilinear form.

Section 2.3: The Poisson space, Hamiltonian vector field, Hamiltonian function,
Hamilton-Poisson system, Casimir functions, the Lie-Poisson bracket.

Section 2.4: We define a control system, the trace of a control system, a trajectory of a
control system, the Lie algebra of a control system, homogeneous and non-homogeneous control
affine systems, the attainable set, a controllable control system, full rank control systems.

Section 2.5: Introduces the notion of state space equivalence, feedback equivalence and
detached feedback equivalence of control systems.

Section 2.6: We define an optimal trajectory, the cost and the Lagrangian, the left-invariant
optimal control problem, the Hamiltonian of a vector field on a Lie group, the cost-extended
Hamiltonian on the dual of the Lie algebra, the maximum principle, normal extremals.

Section 2.7: We introduce the Jacobi elliptic functions and elliptic integrals.

Section 2.8: We define an equilibrium state, a (nonlinear) stable equilibrium state, an
asymptotically stable equilibrium state and an unstable equilibrium state. We state the
energy-Casimir method and a theorem by Ortega and Ratiu.

Chapter 3: Introduces the matrix Lie group SE(2), its Lie algebra se(2), and some of their
properties. It also contains the adjoint and coadjoint orbits of the matrix Lie group SE(2).

Section 3.1: The (special) Euclidean group SE(2), the product and inverse of elements in
SE(2). SE(2) is a matrix Lie group and is non-compact.

Section 3.2: The Lie algebra se(2), s¢(2) is isomorphic to RY.

Section 3.3: The exponential map exp : se(2) — SE(2). This map is surjective but not
injective.

Section 3.4: The Lie-Poisson structure on se(2)*, the pairing between se(2)* and se(2). We
identify the extremal curves with curves in se(2) and derive relations of the Lie-Poisson bracket
on se(2)*.

Section 3.5: SE(2) is the semi-direct product R? x SO(2), SE(2) is a solvable but not
completely solvable Lie group, SE(2) is a unimodular Lie group.

Subsection 3.6.1: The adjoint action and adjoint orbits of SE(2).

Subsection 3.6.2: The coadjoint action and coadjoint orbits of SE(2).

Subsection 3.6.3: The non-existence of a non-degenerate invariant bilinear form on se(2).

Chapter 4: Covers the controllability of (left-invariant) control systems on SE(2). We attempt
to classify, under state space equivalence, all controllable control affine systems on SE(2). We
classify, under detached feedback equivalence, all controllable control affine systems on SE(2).
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Section 4.1: We prove that a control system on SE(2) is controllable if and only if it is of full
rank.

Section 4.2: We prove an algebraic criterion for the state space equivalence of two control
affine systems on a 3-dimensional matrix Lie group G. It also contains the study of the state
space equivalence of control affine systems on SE(2).

Subsection 4.2.1: We prove two control systems are state space equivalent if and only if there
exists a local diffeomorphism which locally preserves trajectories corresponding to the same
controls. We also prove that two three-dimensional control affine systems are state space
equivalent if and only if there exists a Lie algebra isomorphism which maps elements
corresponding to the same controls.

Subsection 4.2.2: We find representatives of the equivalence classes of all state space
equivalent single-input control affine systems on SE(2).

Subsection 4.2.3: We find representatives of the equivalence classes of all state space
equivalent two-input homogeneous control affine systems on SE(2).

Subsection 4.2.4: We determine the conditions required for two two-input non-homogeneous
control affine systems on SE(2) to be state space equivalent.

Subsection 4.2.5: We determine the conditions required for two three-input homogeneous
control affine systems on SE(2) to be state space equivalent.

Section 4.3: We study the detached feedback equivalence of control affine systems on SE(2).

Subsection 4.3.1: We find representatives of the equivalence classes of all detached feedback
equivalent single-input control affine systems on SE(2).

Subsection 4.3.2: We find representatives of the equivalence classes of all detached feedback
equivalent two-input homogeneous control affine systems on SE(2).

Subsection 4.3.3: We find representatives of the equivalence classes of all detached feedback
equivalent two-input non-homogeneous control affine systems on SE(2).

Subsection 4.3.3: We find representatives of the equivalence classes of all detached feedback
equivalent three-input control affine systems on SE(2). We also produce a table which summarises
all the types of detached feedback equivalent control affine system on SE(2).

In Chapters 5-10 we perform an analysis of the class of left-invariant optimal control
problems on the matrix Lie group SE(2). We investigate six types of left-invariant optimal control
problems on SE(2), namely: type I-a, type I-b, type II°, type II-a, type II-b and type I1I°. Each
of these chapters begins with a statement of the particular optimal control problem. We then
prove a theorem which gives us the optimal control, optimal Hamiltonian and the (reduced)
extremal equations corresponding to the normal extremals. In each of these chapters, we solve the
normal extremal equations using either standard trigonometric functions or Jacobi elliptic
functions. We then fully classify, under Lyapunov stability, the equilibrium states of the normal
extremal equations.
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1.4 Contributions
To the best of our knowledge the following parts of the thesis are original:

e An algebraic criterion for the state space equivalence of full rank control affine systems on a
3-dimensional matrix Lie groups. Theorem: 4.2.3.

e The classification (under state space equivalence) of single-input control affine systems and
two-input homogeneous control affine systems on SE(2). Propositions: 4.2.4, 4.2.6 and
Corollaries: 4.2.5, 4.2.7.

e The set of conditions for two control systems to be state space equivalent for two-input
non-homogeneous control affine systems and three-input homogeneous control affine
systems. Propositions: 4.2.8, 4.2.10 and Examples: 4.2.9, 4.2.11.

e The classification (under detached feedback equivalence) of control affine systems on SE(2).
Propositions: 4.3.1, 4.3.2, 4.3.3 and 4.3.4.

e The explicit integration of the (normal) extremal equations, via trigonometric or Jacobi
elliptic functions, in the cases type I-b, type II°, type II-a, type II-b and type III°.
Theorems: 6.2.1, 7.2.1, 8.2.1, 9.2.1, 10.2.1 and 10.2.2.

e The full classification (under Lyapunov stability) of the equilibrium states of the (normal)
extremal equations for each of the six types. Theorems: 5.3.1, 5.3.2, 5.3.3, 6.3.1, 7.3.1, 7.3.2,
7.3.3, 8.3.1, 8.3.2, 8.3.3, 8.3.4, 9.3.1, 10.3.1, 10.3.2 and 10.3.3.



2.1.1

2.1.2

2.1.3

2.14

Chapter 2

Preliminaries

This chapter contains the definitions, propositions and theorems required throughout this thesis.
The topics included are, matrix Lie groups, adjoint and coadjoint orbits, Poisson structure,
control systems and controllability, equivalence of control systems, optimal control, elliptic
functions and stability.

Throughout this thesis, unless otherwise specified,
all vector fields and mappings are assumed to be smooth.

2.1 Matrix Lie groups

The references used include [17], [18], [19]. R™*" is the algebra of all real n x n matrices. As a
(real) vector space, R™*™ will be identified with the Euclidean space R"*. The matrix norm
|Al| = tr(AT A), A € R"*" coincides with the Euclidean norm on R"*. We use 1 to denote the
identity element of a group G.

DEFINITION. The (real) general linear group GL(n,R) consists of all n x n real invertible

matrices:
GL(n,R) = {X e R™" | det X #0}. (2.1)

The exponential map, exp : R"*"™ — GL(n,R), is given by

A2 A3 At
A’—)eXpA:].ﬁ—A—f—?"‘y‘i‘j—F
DEFINITION. A group of matrices G C GL(n,R) is a closed subset of GL(n,R) if the following
condition is satisfied: if (A,),- is any sequence of matrices in G and A, — A, then either A € G

or A is not invertible (i.e. A ¢ GL(n,R)).
DEFINITION. A (real) matrix Lie group is any closed subgroup of some general linear group.

DEFINITION. A matrix Lie group G is called (path) connected if, for any g;, g2 € G, there exists
a continuous curve o : [0, 1] — G such that ¢(0) = g1 and o(1) = ga.
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DEFINITION. Let G be a matrix Lie group and g € G. Then the tangent space to G at g is the

set
T,G={5(0) | o(-) is a curve in G, o(0) = g} . (2.2)

DEFINITION. A (real) Lie algebra consists of a vector space V', together with a bilinear map
[,-]:V xV — V| called the Lie bracket, such that for all z,y,z € V,

[z,y] = —[y, z], (Skew symmetry)
[z, [y, 2] + [y, [z, 2]] + [z, [z, 9] = O (Jacobi identity)

Let G be a matrix Lie group. Then the tangent space at identity, 71 G, equipped with the Lie
bracket defined by the commutator of matrices,

[A,B] = AB — BA, forall A, B € T1G,

defines a Lie algebra of the Lie group G, which we denote by g.

PROPOSITION. For any matrixz Lie group G, the restriction of the exponential map carries the Lie
algebra g into G.

DEFINITION. Suppose that ® : G; — Gg is a mapping between matrix Lie groups. For any curve
o on Gy, oo is acurve on Go. Then the tangent map of ® is

T1'¢ZT1G1—>T¢(1)G2, O'(O)H(‘I)OO')(O)

DEFINITION. Let g; and g2 be two Lie algebras with Lie brackets given by [-,-]; and [, ]2,
respectively. A linear mapping ¢ : g1 — go is called a Lie algebra homomorphism if

o([X, Y1) = [¢(X), ¢(Y)]2
for all X,Y € g;. If ¢ is also bijective, then ¢ is called a Lie algebra isomorphism.

DEFINITION. The group SO(2), called the special orthogonal group, is the set of all 2 x 2
orthogonal matrices with determinant 1. That is,

SO(2) = {R cR¥2|RTR=1, detR = 1} (2.3)

DEFINITION. The group SE(2), called the (special) Euclidean group, is the following set of all
3 X 3 matrices:

SE(2) = { R }26] € GLB3,R) | v € R¥! and Ry € 50(2)} . (2.4)

DEFINITION. A vector field on G of the form
V(g)=9X, ge€G, Xeug,

is called left-invariant.
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We denote by X% (G) the space of all left-invariant vector fields on a Lie group G. Also, we
denote by C°°(M) the space of all (smooth) functions on a space M.

2.1.13 PROPOSITION. Let G be a matrixz Lie group, g its Lie algebra, and let g € G. Then
T,G=9gI"G=gg={gX | X €g}.

2.1.14 PROPOSITION. Let G be a matriz Lie group, g its Lie algebra, and let X,Y € g. Let V(g) = gX
and W(g) = gY be left-invariant vector fields on G. Then

[V.Wl(g) = [9X,gY] =g[X, Y] =g(XY -YX), g€G.

2.1.15 COROLLARY. Left-invariant vector fields on a Lie group G form a Lie algebra isomorphic to the
Lie algebra g. The isomorphism is defined as follows:

VexlGoV)=Xeg.
Thus we identify the Lie algebra of left-invariant vector fields on G with the Lie algebra g of G.

2.1.16 DEFINITION. Let G be a Lie group. Given an element X of the Lie algebra g, the adjoint action
of X on g is the endomorphism

adx :g =g, adx(Y)=[X,Y]
forall Y € g.

2.1.17 DEFINITION. The derived series of a Lie algebra g is given as follows:

k—1 kfl]

g° = [g" 1 ¢" '] = span {[z,y] | 2,y € ¢" '},

ke N.

2.1.18 DEFINITION. The lower central series of a Lie algebra g is the sequence of subalgebras
recursively defined by

gk+1 = [0, 0],
with go = g.
2.1.19 DEFINITION. Let G be a Lie group and g its Lie algebra. g is called
e unimodular if tr (ady) = 0 for all X € g.
e solvable if its derived series g* vanishes for some k € N.

e completely solvable if it is solvable and if all adjoint operators adx, X € g, have real
spectra.

e nilpotent if its lower central series vanishes for some k € N.

The Lie group G is called unimodular, solvable, completely solvable or nilpotent if its Lie algebra
is unimodular, solvable, completely solvable or nilpotent, respectively.
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DEFINITION. Let H,Q be groups and let 6 : Q — Aut(H) be a group homomorphism. The
external semi-direct product H x Q is defined to be the group with underlying set

{(h,q) |heH, g€ Q}

and group operation
(h,q)(F',q") = (hO(q)N, qq").

The inverse of an element (h, q) is given by
(hyg)™" = (B(a (™ 1),q 7).
THEOREM. Let G :=H x Q be the external semi-direct product of H and Q. Then:
e H is a normal subgroup of G
e HQ =G
e HNQ =1g.
This result motivates the definition of internal semi-direct products.

DEFINITION. Let G be a group with subgroups H, Q. We say G is an internal semi-direct
product of H and Q if:

e H is a normal subgroup of G
e HQ =G

e HNQ =1¢.

Clearly from theorem 2.1.21 an external semi-direct product is an internal semi-direct product.
We now give a theorem which shows that an internal semi-direct product is an external
semi-direct product.

THEOREM. Suppose G is a group with subgroups H and Q and G is the internal semi-direct
product of H and Q. Then G = H xg Q where 6 : Q — Aut(H) is given by

0(q)(h) :=qhg™"', q€Q, heH.
Since we have that the internal and external semi-direct products are the same we will refer to

both as just the semi-direct product and denote it by G = H x Q where 0 is assumed to be
given as in theorem 2.1.23.

2.2 Adjoint and coadjoint orbits

The references used are [10], [6].
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DEFINITION. By an action of a group G on a set M we mean a map 7: G x M — M, satisfying
the following conditions:

1z =2 25)
7(a,7(b,x)) = 7(ab, x) (2.6)

for any x € M , b € G. Given an action 7, to every a € G there corresponds a bijective
transformation 7, : © — 7(a,x) of the set M and the map ¢ : a — 7, is a homomorphism of the
group G into the group Sys of all permutations (bijective transformations) of the set M.
Conversely, any homomorphism ¢ : G — Sjs defines an action of G on M by the formula

T(a,z) = t(a)(z), a€G,ze M.

Usually the action of a group G on a set M is denoted as multiplication of elements of the group
G by the elements of M and written

7(a,z) =ax, a€G,xe M.

The group actions defined above are referred to as left actions.

The adjoint action of a matrix Lie group G on its Lie algebra g is defined as follows:
Ad:Gxg—g, Ad:(g,X)— gXg!
and hence we define the following bijective transformation:
Adg:g—9, Ady: X+ gXg L.

The coadjoint action of a matrix Lie group G on the dual of its Lie algebra g* is defined as
follows:
Ad*:Gxg"—g", Ad":(g,p) = (Adg-1)"n

and hence we define the following bijective transformation for all X € g:
Adg @ p— (Adg-1)"p,  where (Adg-1)"u(X) = wlg 1 Xg).
DEFINITION. Given a group G acting on a set M, the orbit of an element x € M is given by

Orb(z) = {gx | g € G}.

DEFINITION. Given a Lie group G with Lie algebra g, the set
Orb(X) = {AdyX | g € G}

is called the adjoint orbit of G through X € g.
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DEFINITION. Given a Lie group G with Lie algebra g, the set
orb(x) = {(Ady1)" (1) | g € G}

is called the coadjoint orbit of G through u € g*.

DEFINITION. A bilinear form on the Lie algebra g, of a Lie group G,
B:gxg— R, is called invariant if

B(AdyX1,AdgX2) = B(X1,X2)
for all g € G, X1, X2 € g.

PROPOSITION. If the Lie algebra g, of a Lie group G, admits a non-degenerate invariant bilinear
form, then the adjoint and coadjoint actions are equivalent.

2.3 Poisson structure

The references used are [1], [6], [9], [10], [13].

DEFINITION. A Poisson bracket on a vector space M is a bilinear operation {-,-} on C°°(M)
such that:

o (C*(M),{-,-}) is a Lie algebra; and
e {-,-}is a derivation in each factor, that is,
{FG,H}={F,H}G+ F{G,H}

for all F,G, H € C®(M).

A vector space M endowed with a Poisson bracket on C*°(M), (M, {-,-}), is called a Poisson
space.

DEFINITION. Let (M, {-,-}) be a Poisson space and H € C*°(M). The vector field H defined by

H(F) = (F.H} (27)
for all F' € C°°(M), is called the Hamiltonian vector field, with Hamiltonian function H.
The triple (M, {-,-}, H) is called a Hamilton-Poisson system.

DEFINITION. Let (M, {-,-}) be a Poisson space. Among the elements of C°°(M) are functions C
such that {C, F'} =0 for all F' € C*°(M); that is, C' is constant along the flow (i.e, an integral of

motion) of all Hamiltonian vector fields or, equivalently, H (C) = 0. Such functions are called
Casimir functions of the Poisson structure.

PROPOSITION. Let (M,{-,-}, H) be a Hamilton-Poisson system. The map
FeC>®(M)— F € X(M) is a Lie algebra anti-homomorphism, i.e.,

7,0 = —{F.G.
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PROPOSITION. Let (M,{-,-}, H) be a Hamilton-Poisson system and let ¢, = exp tﬁ denote the
flow of ﬁ Then for each F' € C*°(M) we have:

(i) H o ¢y = H (conservation of energy).
(ii) %(Fo o) ={F,H} oo, ={Fo¢y,H}, or for short
F={FH},
for all F € C>*(M).

DEFINITION. If g is a Lie algebra then its dual, g*, is a Poisson space with respect to the
Lie-Poisson bracket {-,-}_ defined by

{F,G}_(p) = —p[dF(p),dG(p)] (2.8)

for p € g* and F,G € C*(g*). Here dF'(p),dG(p) € (g*)*

1

g.

Let G be an n-dimensional Lie group and suppose H : g* — R is a (reduced) Hamiltonian
function. Let (g*,{-,-}-) denote the dual space of the Lie algebra g with the Poisson structure as
defined by 2.8. Let EY, ..., E} be the dual basis of g*. Thus E;(E;) = 5; Now any p € g* can be

expressed as
n
p= sz‘Ef -
i=1

The coordinate functions then satisfy the differential equation (by proposition 2.3.5)
ﬁi:{pi,H}_, izl,...,n. (29)

PROPOSITION. ([9]) Each left-invariant vector field X on a matriz Lie group G can be canonically
lifted to a its Hamiltonian vector field ﬁx through the formula

Hx(p) = p(X(9))

for all g € G and all p € g*. Hx 1is called the (reduced) Hamiltonian of X.

PROPOSITION. If Hx and Hy are the Hamiltonian functions on g*, which correspond to the

left-invariant vector fields X and Y on G, then {Hx,Hy} = —Hxy).

2.4 Control systems and controllability

The references used are [1], [5], [6], [18], [19]. The class of admissible controls is
U={u(-):[0,T,] = R" | u(-) piecewise-continuous},

where R? is called the input space. Throughout this thesis we fix this class of admissible
controls.
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2.4.1 DEFINITION. A (left-invariant) control system is a pair ¥ = (G, E) such that:
e G C GL(n,R) is a matrix Lie group, called the state space.

e =:G x Rf - TG is a mapping of the form
(9,u) = E(g,u) = g2(1, u).
Z(1,-):Rf — gis amap. I' = im(Z(1,-)), called the trace of the system, is given by
I'={=.,|ueR} Cqg,

where each left-invariant vector field, =, = Z(-,u) : G — T'G, is viewed as an element of the Lie
algebra g, by corollary 2.1.15.

2.4.2 DEFINITION. A trajectory of a control system X, through some gg € G, for some admissible
control u(-) € U, is an absolutely continuous curve g(-) : [0,7] — G, such that g(0) = go, which
satisfies the equation

9(t) = E(g(t), u(t)),

almost everywhere.

2.4.3 DEFINITION. We define the Lie algebra of a system X, Lie (I'), as the Lie algebra generated by
I', i.e., the smallest Lie subalgebra of g containing I'.

2.4.4 DEFINITION. A control affine system is a control system Y such that the trace I' is of the form:
1
L={A+> wB;| (u,...,u) € R},
i=1

where A, By,...,By € g and By, ..., By are linearly independent. If A, By,..., By are linearly
independent then the system is called non-homogeneous, otherwise it is called homogeneous.

2.4.5 DEFINITION. The attainable set of a control system X, from a point g € G, is the set A(g) of all
terminal points g(t), T" > 0, of all trajectories g(-) of ¥ starting at g:

Alg) ={9(T) | g(-) a trajectory of ¥, g(0) =g, T = 0}.
We denote by A the attainable set from the identity, i.e., A = A(1).
2.4.6 LEMMA. Let 3 = (G,E) be a control system and let g be an arbitrary point of G. Then
o A(g) = {exp(t,A,)...exp(t141) | A; €T, t; >0, N > 0};
o Alg) = gA;
o A is a subsemigroup of G;

e A(g) is a connected subset of G.
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DEFINITION. A control system ¥ is called controllable if, given any pair of points gg and g1 in G,
the point g; can be reached from the point gy along a trajectory of ¥ for some non-negative time:

g1 € A(go) for any go, g1 € G,

or if,

A(g) = G for any g € G.
DEFINITION. A control system ¥ is said to be of full rank if Lie (I') = g.

THEOREM. (CONNECTEDNESS CONDITION) If a control system ¥ = (G, E) is controllable, then
the G is connected.

THEOREM. (RANK CONDITION) Let ¥ be a control system.
(i) If ¥ is controllable, then X is of full rank.
(ii) int A # O if and only if 3 is of full rank.

THEOREM. Let ¥ = (G,E) be a control System. Then ¥ is controllable if and only if G is
connected and 1 € intA.

2.5 Equivalence of control systems

The references used are [4], [8], [16]. Let ¥ = (G, E) and 3 = (G, Z) be two control systems, where

we assume that dim G = dim G.

DEFINITION. We say that ¥ and 3 are (locally) state space equivalent if there exists a local
diffeomorphism ® : V — V, ®(1) = 1, where V and V are neighbourhoods of 1 and 1,
respectively, such that B

1o =Z,=2,

for all u € RY. Here Ty ® denotes the tangent map of ® at 1 € G.
Local state space equivalence of ¥ and ¥ means simply that ® establishes a correspondence

between vector fields defined by constant controls.
We introduce the following notation for left iterated Lie brackets:

—_

':‘[ul] = Su

= = Eunr B Bss ] -]
Slurug.uy] = S [Sugs - [Sug_gs Sugl - -l

THEOREM. Let ¥ = (G,E) and f]~: (G,Z) be two control systems such that dim G = dim G.
Assume that Lie (I') = g and Lie (I') = g. Then X and X are state space equivalent if and only if
there exists a linear isomorphism 1 such that

for any k > 1 and any ui,us, ..., u, € RE.
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This is an adaption of a result obtained by A. Krener in [8]. Henceforth, we will refer to
condition 2.10 as Krener’s condition.

Feedback equivalence is a generalisation of state space equivalence where we allow a
transformation of the controls, as well as the state space. Here we transform the controls in a way
that depends on the state: thus feeding the system back into itself.

—_

DEFINITION. Two control systems ¥ = (G, Z) and & = (G, Z) are (locally) feedback equivalent,
at points g and §, if there exists a local diffeomorphism € : V x RY = V x Rf, where V and V are
neighbourhoods of g and g, respectively, of the form

(g,0) = Q(g,u) = (P(g), ¥(g,u)),

which transforms the first system into the second, i.e.,

Ty®-E(g,u) = E(2(g), ¥(g,u)).

The notion of feedback equivalence turns out to be to general for the purposes of studying the
equivalence of control affine systems on SE(2). This is so as we do not want the transformation of
the controls to be dependent on the state space. We now define the notion of detached feedback
equivalence of control systems. We define this concept independently of any other notion of
equivalence, although it is of interest to note that we call this equivalence “detached feedback” as
it is a special case of the standard notion of feedback equivalence. This keeps the transformation
of the controls independent of the state space, since for our left-invariant optimal control problem
the cost function is a quadratic function of the controls only. On the other hand, the notion of
state space equivalence is to rigid as we want to allow some degree of transformation of the
controls.

DEFINITION. Two control systems ¥ = (G,Z) and ¥ = (G, Z) are called (locally) detached
feedback equivalent if there exists a local diffeomorphism ® : V' — V', where V and V are
neighbourhoods of 1 and 1, respectively, and an affine transformation ¥ : R® — R¢ such that

T1®-Z, = ),

for all u € RE.

2.6 Optimal control

The references used are [1], [5], [6], [7], [9], [10], [18], [19], [20]. Let go and g; be arbitrary but
fixed points in G. A trajectory g(-) of a control system ¥ is said to transfer a point gg to g1
optimally if there exists an interval [0, 7], on which ¢(-) is defined, such that g(0) = go and
g9(T) = g1 and among all trajectories which satisfy these conditions it also minimises the cost,
given by

T
J:/O L(g(t), u(t))dt.

Here L : G x R — Ry is called the Lagrangian.
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2.6.1 DEFINITION. The Lagrangian L : G x R — Ry is called left-invariant if

L(gh,u) = L(h,u) for all g,h € G.

2.6.2 DEFINITION. Given a controllable control affine system ¥ = (G, Z), let go and g; be arbitrary but
fixed points in G, and T' > 0 fixed. A left-invariant optimal control problem (LiCP) on
Y. = (G, Z) consists of finding a trajectory-control pair (g(-), u(-)) which transfers gy to g;
optimally. That is, it minimises the cost

1 T
J = 2/ (crud(t) + ...+ coui(t))dt, c1,...,ce>0, 1<0<3 (2.11)
0
and satisfies ,
§=9=(1,u) = g(A+ > wBy), (2.12)
=1

subject to the boundary conditions

g(0) = go and g(T) = g1. (2.13)

Let ¥ = (G, E) be a control affine system. For each admissible control
u(+) = (ur(+),...,ue(-)) € U, the Hamiltonian H, of the vector field A + Zle u; B; is given by

l
H,(§) = &(9(A+ ) uiBy))
=1

for all £ € T;G, g € G. Using the change of coordinates § = dLZ_l(p), we identify TG = G x g*,
and thus we get that the corresponding Hamiltonian, in these new non-canonical coordinates, is
given by

y4
Hy,(g,p) = dL; 1 (p)(9(A+ ) _wiBi))
=1
4
= p(dLg1)(g(A+ ) uiBy))
=1
Y4
=p(g "g(A+ > uBy))
=1

¢
=p(A+ ) u;B;).
i=1
Hence H, is a linear functional on g* only.

2.6.3 DEFINITION. Given a LiCP, the (reduced) cost-extended Hamiltonian on g*, for each
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u(-) = (u1(-),...,ue(-)) €U, is given by

l ¢
) = —5 (Z u> Fp(A+ D wB)

i=1

peg’. Here A\=0o0r A = 1.

PROPOSITION. Suppose that (g(-),p(-)) is an integral curve of the Hamiltonian vector field ﬁi‘(.)

for some u(-) € U, where H(p) = —% (Zf | Gl ) +p(A+ ZZ L u;B;) is the (reduced)
cost-extended Hamiltonian on g*. Then

: OH .
g=g < o (p)> and p(t) = Adg,yp(0)
for some p(0) € g. Consequently p(-) is contained in the coadjoint orbit of G through p(0).

We now give a statement of the maximum principle, due to Pontryagin, which gives a set of
necessary conditions for a trajectory to be an optimal trajectory.

THEOREM. (THE MAXIMUM PRINCIPLE) Suppose that u(-) is an optimal control with
corresponding optimal trajectory g(-) of an optimal control problem. Then, g(-) is the projection of

an integral curve (g(-),p(-)) of the Hamiltonian vector field ﬁz(_) with A =0 or A\ = 1 such that:

(MP1) if A= 0, then (g(-),p(-)) is not identically zero on [0,T].

(MP2) Hy. )( g(-),p(-)) = H)g(-),p(+)) for any u € R, and almost all t € [0, T].

(MP3) H

2.6.6

(- )( g(-),p(+)) is constant for almost all t € [0,T].

DEFINITION. A pair of curves ( , on an interval [0, 77, is called an extremal pair if
(9(-),p(+)) is an integral curve of ﬁ for elther A =0or A =1, such that (M P1) and (M P2)

of the maximum principle hold. The prOJectlon (9(+),p(+)) of an extremal pair is called an
extremal. The extremals corresponding to A = 0 are called abnormal and the extremals
corresponding to A = 1 are called normal. The system of differential equations with solution
(g(+),p(+)) are called the extremal equations. The system of differential equations with
solution p(-) are called the (reduced) extremal equations.

As the maximum principle gives a set of necessary conditions for a trajectory to be optimal, it
provides us with no more than just a possible number of candidates of optimal controls and their
corresponding optimal trajectories. The problem of existence of an optimal trajectory is an
important issue to consider. Indeed, in general, there does not always exist an optimal trajectory.
In this thesis, some of the types of optimal control problems considered can be used to model real
world physical situations, were clearly then the existence of an optimal solution is not a problem.
Throughout this thesis, we assume that there does indeed exist an optimal solution to each of the
types of control problems we consider. In general, even if there exists an optimal trajectory for a
particular control problem the maximum principle can produce more than one candidate for the
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optimal control. For each type of optimal control problem in this thesis the maximum principle
produces only one candidate for an optimal control and its corresponding optimal trajectory.
This, with the assumption that there does indeed exist an optimal trajectory for each LiCP,
motivates the reasoning behind us referring to, the optimal Hamiltonian, the optimal control and
the optimal trajectory of each LiCP.

2.7 Elliptic functions

The references used in this section are [11], [21].

2.7.1 DEFINITION. Let k be a number in (0,1). The (Jacobi) elliptic functions sn(-, k), cn(-, k) and
dn(-, k) are defined as the solution of the system of differential equations

T = Yz
= —zx (2.14)
5 = —k*xy

that satisfy the initial conditions
sn(0,k) = z(0) = 0, en(0,k) = y(0) =1, dn(0,k) = 2(0) = 1.

The number k is known as the modulus.

The equations 2.14 are real analytic in the variables ¢, z,y, z and the parameter k, so the basic
existence theory of ordinary differential equations ensures that the Jacobi elliptic functions are
smooth or even real analytic functions of ¢ and k.

2.7.2 DEFINITION. An elliptic integral is any function F' which can be expressed as

F(z) = / " R(t P(t))dt,

where R is a rational function of its two arguments and P is the square root of a polynomial of
degree 3 or 4 with no repeated roots.
2.7.3 DEFINITION. The elliptic integrals of the first, second and third kind respectively are given by

dt
L f V/(A112+B1)(A2t2+b3)’

9 t2dt
J V/(A112+B1)(A2t2+by)’

di N #0.

3. f (14+N2)/(A1t2+By ) (A2t2+b2)’

Jacobi elliptic functions can be used to evaluate any integral of the first kind, i.e, any integral
of the form [ %, where X is a cubic or quartic. The definition 2.7.1 immediately gives the
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derivatives for the functions,

d

%sn(t, k) = cn(t, k)dn(t, k)

d

£cn(t, k) = —du(t, k)sn(t, k)

d
adn(t, k) = —k*sn(t, k)en(t, k)

There are nine other elliptic functions defined by taking the reciprocals and quotients of sn(-, k)

en(-, k) and sn(-, k):

ns(-, k) :

sc(-, k) :

cs(-, k) :

The following formulas hold:

1 _,,zb
—abn (3’5)7

/x dt
0 V(@B
t

1 1
B sn(-, k)’ ne(:, k) = en(-, k)’ pdC )
_sn(-, k) ed(- _ cn(-, k) AR
Tenr PGy B0
_cn(-, k) o o dn(-, k) sd(. .
~ s, k) del:,K) en(-, k)’ AR

—t2)
/ b ; - e
o V(@) — %) Va2 + b2 b’ Va2
b
/ G,
- \/(a2 —12)(b2 — 12) a b a
/1’ dt _ 1 Sd,l(\/a2+b2x b )
0o V(@ +t)2 —12) Va2 + 12 ab a2+ b2
/ a = ldc_l(fa 9)7
a VB —a2)2-b2) a a’ a
° dt 1 ;2 b
/ = —ns ()
e VB2 —a2)(2-b2) a a’a
/“' dt 1 _1(£ \/a2—b2)
b V(a2 —12)(#2 -?2) a b’ a ’
/a dt 1d _l(x \/a2—b2)
= —dan N £
V(@ —-12)(2-1) a a a
/I dt B 1 nc_l(f b )
a Va2 +b2) Va2 +1? a’ Va2 + 52"
s (e ),

/°° dt B
+ /(2= a?) (2 +1?) Va2 b2

Va2 + b2 VaZ + b2

(2.15)

(2.16)

(2.17)

(2.18)
(2.19)
(2.20)
(2.21)
(2.22)
(2.23)

(2.24)
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In this work we will need to solve differential equations of the form
i? = C(a12? + bz + ¢1)(a2? + boz + ¢2), (2.25)
where C' > 0. We now give the general method of reducing an equation of this type into a form
which is convenient for the use of elliptic integrals. Let
S1 = a1z% + 2b1x + ¢1 and Sy = asx? + 2box + Co.
Consider the quadratic expression S7 + ASo; this is a perfect square whenever
D(X\) = (a1 4 Aag)(c1 + Aez) — (b1 4+ Abo)2 =0 2.26)
<~ (agce2 — b%))\2 + (a1c2 4+ ager — 2b1bo) X + ajcy — b? =0. 2.27)
Let A; and Ay be the roots of D(A) = 0. Then
S1 4+ AS2 = (a1 + Mag)(x — a)2 2.28)
S1+ A2S2 = (a1 + Aeag)(x — 5)2, 2.29)
where
R e
(z— B =2+ 221 I izz;hw + 2 1 :\\2222 (2.31)
Solving 2.28 and 2.29 for S; and Sy we have that they can be expressed in the forms
S; = Ay(x — a)® + By (xz — B)? 2.32)
Sy = Ag(x — a)? + By(x — B)?, 2.33)
where
o Mahe) g Nathe _sihe g st gy
We can now consider solving the differential equation in the form
i = /C(Ai(z — @) + Bi(z — §)?)(Az(x — )? + Ba(z — §)?), (2.35)
which gives us
. 1 / dx .
VCJ (Ai(x = a)? + Bi(z — $)?)(Az(z — a)? + Ba(z — §)?)
By letting
= r- (2.36)
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we get
U

1 / d ‘
VOl = VAL T fuz+ Byun + B2)

t=

(2.37)

This form can then easily be manipulated to match the form of one of the Jacobi elliptic integrals
2.15,...,2.24.

2.8 Stability

The references used are [2], [3], [12], [13], [14], [15]. Let E be a (real) vector space and W C FE
open. Consider the differential equation

p=X(p), X:W > E. (2.38)

We assume that X € C*(W). Here p € W is a variable describing the state of the system, X is a
function of p and p = %. The state follows a curve p(-) in W, where p(-) is uniquely determined
if its initial condition pg = p(0) is specified.

DEFINITION. An equilibrium state (of 2.38), is a state p., such that X (p.) = 0. The unique
trajectory starting at p. is p. itself.

DEFINITION. An equilibrium state p. is said to be (nonlinear) stable (or Lyapunov stable) if for
every neighbourhood U of p, there is a neighbourhood V of p,. such that trajectories p(-) initially
in V never leave U. If U can be chosen so that, in addition, lim; o p(t) = pe, then pe is
asymptotically stable.

DEFINITION. An equilibrium state p. that is not stable is called unstable. That is, there exists a
neighbourhood U 3 p, such that for every neighbourhood V' of p. in U, there is at least one
solution p(-) starting at p(0) € V', which does not lie entirely in U.

THEOREM. Let W C E be open and X : W — E continuously differentiable. Suppose X (p.) =0
and pe s a stable equilibrium state of the equation

p=X(p)

Then no eigenvalue of DX (pe) has positive real part. Here DX (p.) is the matriz of first order
partial derivatives of X at pe.

THEOREM. Suppose p. is an equilibrium state of the equation p = X (p). Consider the linearised
system DX (pe) and for each eigenvalue A of DX (p.), suppose that my denotes the algebraic
multiplicity of A and dy the geometric multiplicity of X. Then the equilibrium state p. is unstable
if and only if there is an eigenvalue A with zero real part and dy < my.

The energy-Casimir method due to Holm,Marsden,Ratiu and Weinstein is a generalisation of the
Lagrange-Dirichlet theorem to Hamilton-Poisson systems. It gives sufficient conditions for
nonlinear stability of equilibrium states of Poisson spaces.

The algorithm of the energy-Casimir method is as follows:
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Step 1: Find a Hamilton-Poisson system (M, {-,-}, H) and write the equations of motion in

the Hamiltonian form:
p= {pv H}

Let p. be an equilibrium state of this system.

Step 2: Find a family of constants of motion for the Hamiltonian system. These constants of
motion are generally Casimir functions on g*.

Step 3: Find a constant of the motion K from the family in Step 2 such that the first
variation of the energy-Casimir function H 4+ K is zero at the given equilibrium state, i.e,
5(H + K))(pe) = 0.

Step 4: Check to see if the second variation §%(H + K)(p.), the matrix of second partial
derivatives of H + K at pe, is positive or negative definite.

If the second variation is positive or negative definite, then the equilibrium state is stable. If
not, the test is inconclusive.

THEOREM. (ENERGY-CASIMIR METHOD [13]) Let (M,{-,-}, H) be a Hamilton-Poisson system
with equilibrium state pe satisfying the above steps 1,2,3,4. Then its equilibrium state p. is
nonlinear stable.

The following theorem is an adaption of a result of Ratiu and Ortega which gives a result
similar to that of the energy-Casimir method and allows us to investigate the stability of certain
equilibrium states that cannot be studied using just the energy-Casimir method.

THEOREM. ([12]) Let (M,{-,-}, H) be a Hamilton-Poisson system, p. and equilibrium state of

the Hamiltonian vector field H, and Cy,...,Ci : M — R conserved quantities, that is
{Ci,H} =0, i =1,k. Assume that there exists constants \o, A1, ..., A\ such that

d(AoH + MCr+ ...+ MC)(pe) =0 (2.39)
and the quadratic form
FPMH + MCy+ ...+ MCr + 1F) (pe) [wxw (pe) (2.40)
is positive definite, where

W = ker dH (pe) Nker dCy(pe) N ... Nker dCx(pe).

Then p. is a stable equilibrium state.
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Chapter 3

The Euclidean Group SE(2)

In this chapter we prove some general properties of the Lie group SE(2) and its Lie algebra se(2).

3.1 The Lie group SE(2)

The (special) Euclidean group SE(2) is the following group of matrices:

SE(2) = { [‘1, }g ] €GL(3,R) | veR*! and Ry € 50(2)} : (3.1)
0
where v = | '] and Ry = o8 6 —sinf . It will be useful to have different ways to represent an
V9 sinf cosf

element of SE(2). The following are equivalent representations of an element in SE(2):

1 0 0
vy cosf —sinf| € SE(2).

1 0
(v, Rp) = [v R ] -
0 vy sinf  cosf

The group product is given by the product of matrices, that is,

1 0 0 1 0 0
vy cosf —sinf| [w; cosy —siny
ve sinf  cosf we siny  cosy
i 1 0 0
= |v1 +wicosf —wosinf cosfhcosy —sinfsiny — cosfsiny — cos sinf
|v2 + w1 sinf + we cosf  cossinb + cosfsiny —sinbsiny + cos b cosy
i 1 0 0
= |v1 + wicosf —wesinh cos(f + 1) —sin(0+1Y)| or
| vy + wisind + wycosf  sin(f + 1)  cos(f + 1)

1 0]t o] [ 1 0
v Rp| |w Ry| |v+Rew Rpiy]|’
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The inverse of an element is given by the matrix inverse, that is,

-1

1 0 0 1 0 0
vy cosf —sinb = | —cosfv; +sinfvy cosb sin 6
vy sinf  cos@ sin vy — cosfva  —sinf cosf, or

1 o] [ 1 0

v Ryl — |-R,'v R,'
We study left-invariant optimal control problems on SE(2). SE(2) is a connected, non-compact,
Lie group, which is solvable (but not completely solvable) and unimodular.

3.1.1 PROPOSITION. SE(2) is a matriz Lie group.

PROOF. Let (A;),., be any sequence of elements in SE(2) where each A, is of the form

1 0
Ar—{w Ré)r] , >0

1 0
A_|:V R9:|

Clearly R? is a closed subset of itself and so as r — 0o, v, — v € R2. Since SO(2) is a closed

subgroup of GL(2,R) it follows that as r — oo, Ry, — Ry € SO(2). Hence SE(2) is closed in
GL(3,R) and is therefore a matrix Lie group. O

and let A, — A as r — oo, where

3.1.2 PROPOSITION. SE(2) is not compact.

PROOF. Let
1 0 0

vy cosf —sinf | € SE(2).
vy sinf  cos6

The norm is given by,

1 0 0 1 U1 Vg 1 0 0
v1 cosf —sinf = tr 0 cosf sinf v1 cosf —sinf
vy sinf cos6 . \ 0 —sinf@ cos6 vy sinf  cosd
[ 14 0? + 03 .
= tr . cos? 0 + sin? .
\ i . . sin? 0 + cos? 0

= \/3+vi+03

This shows that SE(2) is not bounded for all v1,v2 € R and hence SE(2) is not compact. O
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3.2 The Lie algebra se(2)

Recall that the tangent space at identity, T1 G, of a Lie group G, equipped with the Lie bracket
defined by the commutator of matrices, is a Lie algebra, which we denote by g. We now proceed
to calculate the Lie algebra se(2) of the Lie group SE(2). Let g(-) be a curve in SE(2) such that
g(0) = 1. Then

5(t) = [ viw Reo(t> ] !

and thus

Then
0 0 0
g0)=| 21 0 -z |, x1,22,23 €R.
zo x3 O
Hence
0 O 0
52(2) =< A= 1y 0 —x3 | r1,x2, 23 € R

o I3 0

The standard basis for se(2) is given by:

00 0 00 0 00 0
Er=|100|,E=|000|,E=|00 -1
00 0 100 01 0

The Lie bracket commutators are then given by:

[El, EQ] = 0, [EQ, Eg] = E1 and [Eg, El] = Eg.
Let R3, denote the Lie algebra R? with Lie bracket given b
O g g y
(71,22, 23) ® (y1,Y2,y3) = (T2y3 — T3Y2, T3y1 — T1¥3,0)
= (ngX - 1’3«}]}’7 0)7

for all (33‘1,1’2,.7}3), (yl,yg,yg) € R3, where J = [—01 (1):| ‘

0

0
. 3 ;
3.2.1 PROPOSITION. The map ¢ : se(2) — Ry given by [x 23]

] — (x,x3) is a Lie algebra

isomorphism.
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PROOF. Since s¢(2) is a real 3 dimensional vector space it follows immediately that ¢ is a linear
isomorphism. We are left to show that the Lie bracket is preserved. Therefore we show that
o([A4, B]) = ¢(A) ® ¢(B). Indeed, we have

¢({@ _;ﬂ’B —;ﬂ}>:¢<§ _lﬂ{g-ﬁﬂ]‘[g-jﬂ]ﬁ _iﬂ)
:¢<;£w-miﬁ}_lkih miﬂ)

[ 0 0
:¢<wk—mb'J>

= (ysJx — z3Jy,0)
= (w1, 22,73) O (Y1, Y2,¥3)

(R EI ()

3.2.2 PROPOSITION. The group of Lie algebra automorphisms on se(2) is

r oy v
Aut(se(2)) =} |Fy +z w | |z,y,v,weER, 2> +y* #0
0 0 =1

PROOF. We recall that se(2) = R3. A linear map ¢ on R} is a Lie algebra isomorphism if it
preserves the Lie bracket. That is,

$(AD B) = ¢(A) © ¢(B)

for all A, B € R%. Any linear map ¢ : R% — R% can be represented by some 3 x 3 matrix with
nonzero determinant. Let

ay; az ag
= [b1 by D3
1 C2 C3

represent a linear map on R%. The fact that this map must preserve the Lie bracket on R% is
equivalent to the following set of conditions:

a1 = bacs az = —bicz
b1 = —ascs by = aic3

Cl = Cy = 0.
Therefore, every Lie algebra isomorphism on R3 2 se(2) is of the following form
x Yy v

Aut(se(2)) = Ty +z w ||z, y,v,weR, 22+ #0. O
0 0 =1
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3.3 The exponential map

We check proposition 2.1.7 for g = se(2). Let

0 0 0 0 0 0
A= 21 0 —z3 | €se(2) and B = o w3 0
o I3 0 —I1 0 T3
We then have that
0 0 0 0 0 0
A2 = —X3 ) I3 0 = —.TgB, A3 = —11332 Il 0 —XI3 = —.CC32A,
—r1 0 a3 o 3 0
0 0 0
A4 = $33 D) T3 0 = x33B, A5 = 1?3414
—T 0 I3
Therefore,
A x3B  x32A  23°B  x3*A  23°B
xpd = IE g or T s T e
_+£@L33+9£ LB (Lws? wst wst
N 3 5! o x3 2! 4! 6! .
14 sin (1?3)A+ (cos (z3) — 1)B
xs3 T3
_ 1+sin(w3)A (1-— cos(xg))
z3
_ 1+sin(x3) (cos (w3) —1) £2 ;33 8
3 T2 —X1 0 I3
1 0 0
— wls‘n(w"’”’gms(x?’) 22 cos(x3) —sin(zg) | € SE(2).
x2 sin (x3)—x1 cos (x3)+x1 sin (.Tg) cos (CL’g)

3

This expression above is valid for all A € se(2)
consider the limiting case as 3 — 0

<1+

(1 - Zzz(xs))A2>

sin (z3)

A+

lim
x3—0 T3

such that xs # 0. In the case where x3 = 0 we

1—
:B3~>0 :C3 13~>0 €3
1
= 1+A+§A2
1 00
= |2 1 0| eSE®)
X9 01
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as for 3 = 0, A% = 0. This limit corresponds with putting A (with x3 = 0) straight into the
exponential formula.

3.3.1 PROPOSITION. The exponential map exp : se(2) — SE(2) is surjective.

PROOF. Let
1 0 0
(v,Rg) = | v1 cosf —sinf | € SE(2).
vy sinf  cos6
0 0 O
We shall show that thereisan A= | 1 0 —60 | € se(2) such that exp A = (v, Ry). We have
r9 6 0
0 0 0 1 0 0
exp| v1 0 —60 | = & s1n9+x92 c0s0-T2 o5 —sinf ,
xg 6 0 L2 Sing*xel cosO+T1  ginh  cosf
where %1 sin@—f—zeg cosf—xzy __ v and %2 sin9—w61 cosf+mz1 _ v9. Now
r18inf +x9c0s0 —x0 = w10
x18inf + xo(cosh — 1) = v10. (3.2)
Also,
rosinf —xycosl +x1 = wvof
xosinf — xy(cosf —1) = w90 (3.3)
v20 + z1(cos — 1)
Ty = - :
sin 6
Substituting 3.3 into 3.2 gives
0 0—1
x1sinf + (UQ + xli(cos )> (cosf — 1) =10
sin 6

x1sin 6 + v20(cos @ — 1) + x1(cos O — 1)2 = v10sin 0
x18in? 0 + x1 cos® 0 — 221 cos O + z1 = v10sinh — vf(cosh — 1)
2x1(1 — cos ) = v10sind — v9h(cosh — 1)

v160sin 6 ULH

T 31 —cost) T 2
Similarly, we get
V90 sin 0160
T2 50 Ceos) 2
This proves the result. O

3.3.2 PROPOSITION. The exponential map exp : se(2) — SE(2) is not injective.
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PRrROOF. Consider the following two elements in se(2),

0 0 0 0 0 0
0 0 —27 | and 1 0 —A4r
0 2« 0 1 4r 0
Then
0 O 0 1 00
exp| 0O 0O —2xr | =]010
0 20 O 0 01
and
0 0 0 [ 1 0 0
exp| 1 0 —A4r = % cosdm —sindr
1 47 O 1(0)741751” sindmr  cos4drw
(1 0 0
= 010
| 0 0 1

3.4 Poisson structure on se(2)*

3.4.1 PROPOSITION. (se(2)*,{-,-}_) is a Poisson space.

PRrROOF. We show that {-,-}_ is a Poisson bracket on se(2)*. Recall that the Lie-Poisson bracket,
definition 2.3.6, is given by

{F,G}-(p) = —pldF(p), dG(p)]

for p € se(2)* and F,G € C*(se(2)*). We show that the Lie-Poisson bracket on se(2)* is indeed a
Poisson bracket, by definition 2.3.1. Since the Poisson bracket is defined through the Lie bracket
on se(2), (se(2)*,{-,-}-) is indeed a Lie algebra. We now show that {-,-}_ is a derivation in each
factor. Let F, G, H € C*(se(2)*), then for all p € se(2)*

{FG,H} (p) = —pld(FG)(p),dH (p)] = —p[(dF-G + F-dG)(p),dH (p)]

= —p([dF(p),dH (p)]G(p) + F(p)[dG(p),dH (p)])
— {F,H}_G + F{G,H}_.

Therefore (se(2)*,{-,-}_) is a Poisson space. O

We denote by Hg, the Hamiltonians of each of the basis elements E;, i = 1,2, 3. Every element
X € se(2) is of the form
0 0 O
X = T 0 —XI3
Tro I3 0
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We will identify se(2)* with se(2) via the pairing

0 O 0 0 O 0
< zr 0 —z3|,|y1 0 —y3 > = T1Y1 + T2Y2 + T3Y3.
Ty I3 0 Y2 Y3 0

Then each extremal curve p(-) is identified with a curve P(-) in se(2) via the formula

i 0 0 0
P(t)= | Pi(t) 0 —P3(t) |,
By(t) Ps(t) 0
then
Pi(t) = p(t)(E1) = Hg, (p(1)),
Py(t) = p(t)(E2) = H, (p(1))
Ps(t) = p(t)(E3) = Hp, (p(1)).
Hence,
0 0 0
P(t) = |Hg, (p(t)) 0 —Hp,(p(t))
Hp,(p(t)) Hp,(p(t)) 0
Using proposition 2.3.8 we get that
{Pi P}~ = {Hg, Hg,}-
= —Hg, g

From this it follows that we get the relations

{Pl,PQ}, = O, {PQ,Pg}, = —P1 and {Pl,Pg}, = P2.

3.5 Further properties of SE(2)

PROPOSITION. The Euclidean group SE(2) is the semi-direct product R? x SO(2).
10 ) .
PROOF. Let T =< (u,1) = a1 | u = (u1,u2) € R*; C SE(2). We now show that 7" is a

normal subgroup of SE(2). Indeed let (v, Ry) € SE(2) and let (u,1) € T, then:

e 1| A

10
 |Reu 1



3.5.2

RM Adams 35

which is clearly still in T for any (v, Ry) € SE(2) and (u,1) € T. Thus T is a normal subgroup of
SE(2).
Let H = {(0,Rg) | Rgp € SO(2)} C SE(2). Now clearly SE(2) = TH as a set. We also have that,

TAH=(u,1)N (0, Ry) (3.8)
(0,1) .
=1. (3.10)

We now show that T' = R2. Indeed let 71 : T — R? such that 7 : (u,1) = u. Then for each
u = (u1,uz) € R? the element (u,1) € T is such that 7 (u,1) = u and so 7 is surjective. Let
(u,1),(v,1) € T such that m1(u,1) = m1(v, 1), then immediately we have that u = v and so m; is
injective.

Lastly, let (u,1),(v,1) € T. Then

m1((u,1)(v,1)) =m(u+v,1)
=u+v

= 7T1(11, 1) + 71 (Va 1)7

and so 7 is a group isomorphism. Therefore T' = R? as groups.

We now also show that H = SO(2). Indeed let mo : H — SO(2) such that m(0, Rg) = Rp. Then
for each Ry € SO(2) the element (0, Ryg) € H is such that m2(0, Rg) = Ry and so 7o is surjective.
Let (0, Rg), (0, Ry) € H such that (0, Rg) = m2(0, Ry), then immediately we have that Ry = Ry
and so w9 is injective.

Lastly, let (0, Ry), (0, Ry) € H. Then

m2((0, Rp)(0, Ry)) = m2(0, RgRy)
= RyRy
= m(0, Rg)m2(0, Ry),

and so 7 is a group isomorphism. Therefore H = SO(2) as groups. Hence SE(2) is the semi
direct product R? x SO(2). O

PROPOSITION. SE(2) is connected.

PROOF. As a set, SE(2) is the direct product R? x SO(2), by proposition 3.5.1. Now, SO(2) is
isomorphic to the unit circle S!. Since S! is connected, it follows that SO(2) is connected. Then,
since SE(2) is the direct product of two connected sets, it follows that SE(2) is connected. O
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PROPOSITION. SE(2) is solvable.

PROOF. We have that the derived series, see 2.1.17, is as follows:

50(2)0) = se(2)

se(2)) = gspan {[x,y] | z,y € 5e(2)(0)}
= span {F1, Ey}

se2)® = span {[z,y] | 2,y € se(2)V}
= {0}.

Therefore the derived series vanishes for some k € N. Hence se(2) is solvable. By definition it
follows that SE(2) is solvable. O

PROPOSITION. SE(2) is not completely solvable.

PROOF. Let X = x1E] + x9Es + x3E3 be an arbitrary element of s¢(2). Now adx is a linear map
and so we calculate it acting on each of the basis elements of se(2):

adx (E1) = [x1E1 + x9F2 + x3E3, E]
= 333E2

adx (E2) = [x1E1 + 22F2 + x3E3, E9]
= —x3E1

ady (Es3) = [x1E1 + x2E2 + x3E3, E3)
= :E2E1 — l’lEQ.

Therefore
0 —z3 9
ady = |zs 0 —z
0 0 0
Now in particular
0 -1 0
adg, = |1 0 0},
0 0 0

and the eigenvalues of this operator are given by
det(adg, — A1) = —A3 = XA =0.

Therefore the eigenvalues are 0, £i. Since the spectrum of adg, is not real it follows that se(2) is
not a completely solvable Lie algebra and hence by definition SE(2) is not a completely solvable
Lie group. O

PROPOSITION. SE(2) is unimodular.
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PROOF. As calculated in the proof of proposition 3.5.4, for any X € se(2) the operator ady can
be represented as follows:
0 —XI3 T

adX = |3 0 —I]
0 0 0
Hence tr(adx) = 0 and thus se(2) is a unimodular Lie algebra. By definition it then follows that
SE(2) is a unimodular Lie group. O
PROPOSITION. SE(2) is not nilpotent.

PROOF. Indeed, calculating the lower central series, see 2.1.18 of se(2), we have that

se(2); = [se(2),s¢(2)]
={[X,Y]| X,Y €s¢(2)}
= span (E1, E»).
se(2)2 = [s5¢(2),s¢(2)1]
={[X,Z] | X € 5¢(2), Z € 5¢(2)1}
= span (E1, E»).

Therefore since se(2); = se(2) it can easily be seen that se(2); = span (£, E») for any k£ € N.
Therefore the lower central series never terminates and so se¢(2) is not a nilpotent Lie algebra. By
definition it follows that SE(2) is not nilpotent. O

3.6 Adjoint and coadjoint orbits of SE(2)

In this section we calculate the adjoint and coadjoint orbits of the Euclidean group SE(2). We
start by calculating the adjoint and coadjoint actions of the group SE(2) on the Lie algebra se(2)
and its dual space se*(2), respectively, and use these results to calculate the adjoint and coadjoint
orbits of SE(2). We further show from the results obtained that there cannot exist a
non-degenerate invariant bilinear form on the Lie algebra se(2).

3.6.1 The adjoint orbits

Let (v, Ry) = [\1, ]29

we have that se(2) = R3. The adjoint action of (v, Rg) € SE(2) on X € se(2) is then given by,

1 0 0 0 1 0
e A S L R | By

} € SE(2) and let X = x1F1 + x92FE> + x3F5 € s¢(2). By proposition 3.2.1

[ o 0 1 0
T | Ryx —x3RyJ ~R;'v Ry?
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0 0
B [ Rox + x3RgIR;'v —x3RyIR," ]

_ 0 o 71
- Ryx + x3Jv  —x3]

In coordinates, Ad(y, g,)(x,73) = (z3Jv + Repx,x3). In proving this, we used the identity
RyJ = JRy.
Thus the adjoint orbits are given by

Orb(X) = {Ad(y.z)X | (v, Rg) € SE(2)}.

We now list and describe the different types of adjoint orbits:
Type 1: The orbits through (0, x3) € se(2), where x3 # 0, are given by

Orb((0,23)) = {(z3Jv,z3) | v € R?}, x5 #0,

which are the two dimensional planes through the points x3 parallel to the z;xs-plane.
Type 2: The orbits through (x,0) € se(2), where x # 0, are given by

Orb((x,0)) = {(Rex,0) |6 € R}, x #£0,

which are the one dimensional circles in the x;xs-plane centred at the origin and of radius equal
to ||x]|.
Type 3: The orbit through the point (0,0) € se(2) is given by

Orb((0,0)) = {(0,0)},

which is just the origin itself.

The collection of these orbits clearly cover the whole space, as the orbits through all x5 # 0
cover all the planes parallel to the x1x9-plane, while all the orbits of type 2, i.e., the circles in the
xr1x9-plane, cover the whole of the x1xo-plane minus the origin. We then have that the orbit
through the origin is just the origin itself, and we are done.

3.6.2 The coadjoint orbits

Similarly, we now proceed to calculate the coadjoint orbits of SE(2). Using the standard basis
(E3, E5, E%) of the dual space, we have that elements of se*(2) are given by 3x3 block matrices of
the form

o

0 psl :| € se (2)7 where p = [/J’l /J/Q] :

As s¢*(2) is a 3-dimensional real vector space we identify it with R® via the isomorphism

. 0 2 * 3.
P [0 MgJ]Eﬁe (2) = (p,p3) €R
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Firstly, we calculate

1 0 0 0 1 0
Ad(V,Re)le B [ —R;lv R;l ] [ x —x3] ] [ v Ry }

[ o 0 10
T Ry'x —asRyMT | | v Ry

0 0
B [ Ry'x — x3R,'Iv —a3R, IRy ] '

In coordinates, Ad(V7R9)—1(X, x3) = (Re_lx — Z‘gRQ_IJV,I‘g).
We now define a pairing between se*(2) and se(2) to be given by

<(M7M3)7 (X7$3)> = [ X + U3T3

that is, the usual dot product in R3. This pairing is clearly symmetric, as

WX + psxs = X-u + xsus, and is nondegenerate, as ((u, u3), (x,23)) =0 V(x,x3) € s¢(2)
implies (u, u3) = 0. We now calculate the coadjoint action of SE(2) on the dual of the Lie algebra
s¢*(2) via our nondegenerate pairing as follows,

((Ad(y o)1) (s 113), (,3) ) = (1 113), Ady 1 (%, 23))
= ((,p3), (Ry'x — a3Ry'Iv, x3))
= pzrz — Tap Rog-1Jv + pr Rp1x
= (w3 — p Rog1Jv)rs + Rpp-x
= ((Rop,p3 — Rop-Iv), (x,23))

and therefore we get that, (Ad(V Re)fl)*(u,,ug) = (Rpp, ps — Rop-Jv). Thus the coadjoint
orbits are given by,

orb(i) = {(Adqy,py )" | (v, Re) € SE(2)}.
We now list and describe the different types of coadjoint orbits:
Type 1: The orbits through (0, u3) € se*(2) are given by

orb((0, u3)) = {(0,u3)},

which is clearly just the point (0, u3) on the pg-axis.
Type 2: The orbits through (u,0) € se*(2), such that u # 0, are given by

Orb((M7 0)) = {(R9M7 _RGN'JV) ‘ v E RQ? NS R}?

which are the cylinders of infinite height centred at the origin of circular radius ||xl|.
The collection of these orbits clearly cover the whole space. This is clear as all the orbits of
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type 2, i.e., the cylinders of infinite height centred at the origin, cover the whole space minus the
us-axis, and all the orbits of type 1 clearly cover the the whole of the us-axis.

3.6.3 Adjoint and coadjoint action

We now proceed to show that there cannot exist a non-degenerate invariant bilinear form on
s¢(2). For a large class of matrix Lie groups, called semi-simple Lie groups, there exists a
nondegenerate invariant bilinear form on their Lie algebras called the Killing form. This allows
one to identify the coadjoint orbits with the adjoint orbits and in doing so reduce the control
problem from one on the dual space g* to one on the Lie algebra g. Since no such invariant form
can exist on se(2)* we cannot identify the adjoint and coadjoint orbits of SE(2). Therefore finding
the solutions to the extremal equations, which evolve along the coadjoint adjoint orbits of SE(2),
cannot be reduce to a problem on the Lie algebra se(2).

PROPOSITION. There does not exist a non-degenerate invariant bilinear form on se(2).

PROOF. From proposition 2.2.6, it follows that if there did exist a nondegenerate invariant
bilinear form on se¢(2) then the adjoint and coadjoint actions would be equivalent. It then follows,
from the definitions for the adjoint and coadjoint orbits of SE(2), that the orbits would be
equivalent. This is clearly not the case for SE(2), as all the coadjoint orbits of SE(2) are of even
dimension, while the adjoint orbits of type 2 (i.e. the circles in the x; — z2 plane) are of
dimension one. Clearly then, there cannot exist an isomorphism between the adjoint and
coadjoint orbits of SE(2), and therefore the adjoint and coadjoint actions are not equivalent.
Hence there cannot exist a non-degenerate invariant bilinear form on se(2).
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Chapter 4

Equivalence of Control Systems on

SE(2)

In this chapter we prove an important result which shows that a control system on SE(2) is
controllable if and only if it is of full rank. We attempt to classify, under state space equivalence,
all controllable control affine systems on SE(2). We then classify, under detached feedback
equivalence, all controllable control affine systems on SE(2).

4.1 Control systems on SE(2)

By the rank theorem 2.4.10, a controllable system 3 must be of full rank. In general the converse
does not hold. For the Lie group SE(2), however, it turns out that a control system ¥ = (SE(2), E)
is controllable if and only if it is of full rank. The following result is taken from [19].

THEOREM. A control system ¥ = (SE(2),Z) is controllable if and only if Lie (I') = se(2).

PROOF. We have that SE(2) = R? x SO(2). We note that SO(2) is a compact Lie group and the
action of SO(2) on R? has no nonzero fixed points.

Let T" be the trace associated to the control system > = (SE(2),=). A is the semigroup given by
A= {exptA| AeT, t>0}. Because A is equal to the reachable set from the identity, it follows
that A has a nonempty interior in SE(2) if and only if Lie (I') = se(2).

(<) Assume that Lie (I') = se(2). Then the projection A on SO(2) is equal to SO(2), since the
latter is compact and connected. It follows from theorem 2.4.11, that it is sufficient to show
1 =(0,1) is contained in the interior of A. Let (v, Ry) € int.A. Because the projection of A on
SO(2) contains SO(2), it follows that their exists a u = (u1, us) € R? such that (u, R, ") € int.A.
Then (v, Rp)(u, R,') = (v + Rgu, 1), and this product is in the interior of A. Let 2 be a
neighbourhood of 1 € SO(2) such that {v + Rypu, 2} C int.A. Denote v + Rgu by s. For any h € Q
and any positive integer n, (s,h)" = (s + hs + ...+ h" s, h") is contained in the interior of A. If
h™ =1 and if s = hw — w for some w € R?, then s + hs + ...+ h"ts =0 and so (0,1) is
contained in the interior of A. For SE(2) it follows that for any s € R? and any neighbourhood £
of 1 € SO(2) there exists an element A € SO(2) N Q such that s is contained in the image of h — 1
and A" = 1 for some positive integer n.

(=) Follows immediately from the rank condition, theorem 2.4.10. O
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4.2 State space equivalent control systems

In this section we attempt to classify (under state space equivalence) all controllable control affine
system on SE(2). Firstly, we prove a result which gives us an algebraic criterion for the state
space equivalence of two full rank control affine systems on a 3-dimensional matrix Lie group.
Secondly, we find the equivalence classes (under state space equivalence) of control systems for
single-input and two-input homogeneous control affine systems. Although we do not find all the
equivalence classes for two-input non-homogeneous and three-input homogeneous control affine
systems, we do determine the conditions which are required for two control systems of each type
to be state space equivalent.

4.2.1 A classification of state space equivalent control systems

The following proposition shows that state space equivalence is very natural. Let ¥ and X be two
control systems.

PROPOSITION. ¥ and ¥ are state space equivalent if and only if there exists a local
diffeomorphism which locally (in neighbourhoods of 1 and 1) preserves trajectories corresponding
to the same controls u(-) € U, i.e.,

O(g"(t)) = g"(¢)

for any u(-) € U and any t for which both sides exist. Here g*(-) and §g*(-) denote the
trajectories of ¥ and X, respectively, corresponding to the admissible control u(-) € U and passing
through 1 and 1, respectively.

PROOF. (<) Let ® : V — V be a diffecomorphism, as given in the statement above, such that for
each admissible control u(-) € U

P(g"(t)) = g* (1),

where ¢g“(-) and g“(-) are trajectories as given in the statement above. For each u(-) € U, since
g"(+) and g“(-) are trajectories, it follows that

9(t) = E(g(t),u(t)) and §(t) = E(g(1), u(t)),

(4.1)

almost everywhere. So differentiating 4.1, we get that
d
—d(g"(t =
So (1) =
Tg(t)q) : E(g(t)v u(t))

It follows that (for each u € RY)

Ty® (1, u)
T =,

— —

Hence the control systems ¥ and ¥ are state space equivalent.
(=) Conversely, assume that the control systems X and X are state space equivalent. Then
there exists a local diffeomorphism ® : V' — V, ®(1) = 1, where V and V are neighbourhoods of



4.2.2

4.2.3

RM Adams 43

1 and 1, respectively, such that B
o -=2,=E,

for all u € RY. Let g*(-) be a trajectory of system X for some admissible control u(-) such that
9"(0) =1 then it must satisfy the differential equation

9(t) = E(g(t), u(t))

almost everywhere. We now show that the curve §* = ® o ¢* is a trajectory of system . If this is
the case then g*(-) must satisfy the equation

(g(t), u(t))

almost everywhere with §*(0) = 1. Indeed, at ¢t = 0, we have that ®(g%(0)) = ®(1) = 1 = §*(0),
and so §“(-) is curve going through the identity at t = 0. Also, differentiating §“(-), we get that

(1

d d

~U

— () = —®(g"(t

S (t) = 0"
= Tyiy®-g" (1)
= Tg(t)q) : E(g(t)7 u(t))

(9(t), u(t))

almost everywhere. This last step follows as ¥ and Y are state space equivalent; that is, since

Ty® -2, ==, (for all u € RY). Therefore, §%(-) is a trajectory of system % and thus we have that
trajectories are mapped to trajectories. ([l

[11?

LEMMA. Let ¥ = (G, ZE) be a full rank control affine system, where dim G = 3.
(i) If £ =1, then A, By, [A, B1] are linearly independent.
(15)If £ =2 and A, By, By are linearly dependent, then By, By, [B1, Ba| are linearly independent.

PROOF. (i) Let 3 be of full rank. Let £ =1, that is ' = A + (By), and assume [A, By, A, By are
linearly dependent. Therefore
[A, Bl] =ad+ BBl,

for some «, 8 € R. Now, Lie (T") is the smallest Lie algebra generated by I" and so
[Av [Aa Bl]] = [Aa aA + /BBl] = 6[‘47 Bl] =0A+ /}/Bl

for some §,v € R. Hence [A, [A, B1]], A, By are linearly dependent. Similarly [B1, [4, B1]], A, B;
are also linearly dependent. This gives that Lie (I') # g, which is a contradiction. Hence
A, By, [A, By] are linearly independent.
(ii) For £ =2, T = A + (B, B). Similarly, for A, By, By linearly dependent, it follows that
By, Bo, [By, Bs] are linearly independent. O

—_

THEOREM. Consider two control affine systems of full rank ¥ = (G, =) and S = (G,E), where
dimG =dim G = 3. Then X and X are state space equivalent if and only if there exists a Lie
algebra isomorphism ¢ : g — g such that

-
[1]
IS
Il
[T
IS
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for all u € R,

PROOF. The traces of ¥ and X, respectively, are given by

l
T ={A+> wBi| (u,...,up) € R}
=1

)4
I = {A—l—Zule | (u1,...,ue) € REY.
i=1

Two control systems X and S are state space equivalent if we can find a linear isomorphism
1 : g — g such that

(R E[u1u2uk] = E[uluzuk]
for all £ > 1 and all uy, ..., u; € R
(<) We assume that there exists a Lie algebra isomorphism ¢ : g — g such that
. Eul = Eul for all u; = (ul,z’) S Ré.

This implies that
l ¢
gb(A + Z uLiBi) = A+ Z uljiB
i=1 i=1

for all u; € RE. Then for all ug, ..., u; € R we have that,

¢ ' E[UlUQ...Uk]

¢ ¢ ¢
= ¢([A+Zul,iBia[---[A+Zuk—1,iBi7A+Zuk,iBz]
i=1 i p
¢
= [G(A+D uB), A+Zuk 1:Bi) A-l-zum i
i=1
¢ ¢
= [A+Zu17il§i,. A+Zuk 1Z~l[i Z B
i—1 =

=
—'[ulug...uk]

Hence we have shown that if ¢ is a Lie algebra isomorphism satisfying 4.2 then ¢ is a linear
isomorphism that satisfies Krener’s conditions 2.10 and so the two systems ¥ and X are state
space equivalent.

(4.2)

(=) Conversely, assume that the two control systems ¥ and 3 are state space equivalent. Then

there exists a linear isomorphism 1 : g — g which satisfies Krener’s conditions, that is,

1/] TS [urugeug] T Sluiug..ug)

for all k> 1 and all uq,...,u; € RC. In particular, for k = 1, we have that

Y- Ey, =Sy, Or
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LZ)(A + Zul,iBi) = 121 + Z uLiB, ? < 3.
i=1 =1

Since this holds for all u; € RY, it follows that

A=A and ¢-B;=B;, i=1,...,L.

Now since Lie (I') = g and dim G = 3, we can assume that at most three of the elements

A, By, ..., By are linearly independent. When three of the elements A, By, ..., B; are linearly
independent there are two cases that follow; either A, By, By are linearly independent, or

Bi, Bs, B are linearly independent.

Case 1: We assume that the elements A, By, Bs are linearly independent, that is they form a
basis for g. We have that

Yv-A=A and ¢-B;=B;, i=1,2.
From Krener’s condition for k = 2 we have that (for all uj, us € R?)
Y- [A+ui 1B+ w1 2B, A+ uz1B1 + ug2Bs]

= [/i + u171B~1 + ZLLQBNQ7 A+ u27lB~1 + U272.B~2]

and so
Y((ug1 —u11)[A, Bi] + (u22 — u12)[A, Ba] + (u1,1u2,2 — w1 2u2,1)[B1, Ba))

= (ug1 — Ul,l)[fi, B~1] + (u2,2 — Ul,Q)VL B~2] + (u11u22 — U1,2U2,1)[Bl, B~2]-

This equality holds for all uy,us € R2. In particular if we take ug1 =u1,1 =0 and ugo —u12 # 0
we have that o
¢ : [Aa B2] = [Aa BQ]

Again, if we take ug o = ui2 = 0 and ug 1 — u1,1 # 0 we get that
¥-[A, B = [A, By].
Using these two conditions and that fact that the equality holds for all w1, us € R? it follows that
- [B1, Ba] = [By, Ba).
So
V- [A, B =[A,B]=[¢y-A¢ By, i=1,2 and ¢ - [B1, Bo] = [B1, Bo] = ¢+ B1,% - Ba).

Hence we have found that the linear isomorphism 1 satisfies the property of being a Lie algebra
isomorphism on all of its basis elements and so ¢ is indeed a Lie algebra isomorphism.

Case 2: We assume that the elements Bi, B, B3 are linearly independent and therefore form a
basis for g. For k = 1 of Krener’s condition we have that

v -B;=DB;, i=1,23.
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From Krener’s condition for k = 2 we have that for all uy, us, uz € R?
V- [u1,1 B + u1,2Bo + u1 3B3, ug 1 B1 + u2,2 B2 + ug 3B3]

= [u1,B1 + u12Ba + w1 3B3, u2y By + u29 B + ug 3 B3]

and so
P((ur,1u22 — u1,2u21)[B1, Ba] + (u1,2u2,3 — u1,3u2.2)[B2, B3| + (u1,1u2,3 — u1,3u2,1)[B1, B3])

= (uy g2 — w1 2u21)[B1, Ba] + (u12u2,3 — w1 3u2.9)[Ba, B3] + (u1 1u2,3 — u1 3u21)[B1, B3]

This equality holds for all ui,ug,us € R2. In particular, if we take u11 = u12 = uz1 = 0 and
u13 = ug2 # 0, we have that o
Y- [Ba, B3] = [Ba, B3).

Similarly, for appropriate choices of w1, uo, us we get that
77Z) : [Bla BQ] = [éla EQ]
and o
Y- [B1, Bs] = [B1, Bg].

So
¢ [Bi,Bj] = [Bi, Bj] = [t Bi,¥b-Bj], i <j =3

Hence we have found that the linear isomorphism v satisfies the property of being a Lie algebra
isomorphism on all of its basis elements and so % is indeed a Lie algebra isomorphism.

For the case when only two of the elements A, By, ..., By are linearly independent we again
have two cases.

Case 1": A, By, [A, By] are linearly independent. Since ¥ is of full rank, it follows that
A, By, [A, By] are linearly independent, by lemma 4.2.2. Hence these three elements form a basis
for g. Now, from Krener’s condition for k = 1, it follows that

Yv-A=A and ¢-B; = B.
Also from Krener’s condition for k = 2, for all (uj, us € R)
- [A+u1 By, A+ upBi] = [A+ uy By, A+ uy By

and so

(ug =)y - [A, Bi] = (ug — w)[A, Bi].

Since this equation folds for all uq,us € R it follows that
V- [A,Bi] = [A,Bi] = [ A, ¢ By].
It then follows from Krener’s condition for k=3 that for all ui, us,u3 € R

P - [A + u1 By, [A +uoB1, A+ U3Bl]
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= [121 +uy By, [121 +uBy, A+ U31§1H

and so
(us — u2)([A, [A, Bi]] + u1[B1, [4, Bi1]])

= (uz — u2)([A, [4, Bi]] + wi[B1, [4, Bi])).
Again since this holds for all u1,us,u3 € R we have that

V- [A A Bi] = [¢- A, ¢+ [A, Bi]], and ¢« [By, [A, B1]] = [¢ - B1,¢ - [A, B1]].

Hence we have found that the linear isomorphism 1 satisfies the property of being a Lie algebra
isomorphism on all of its basis elements and so ¢ is indeed a Lie algebra isomorphism.

Case 2': Bj, B, [B1, Bo] are linearly independent. Since X is of full rank it follows that
By, Bo, [By, Bs] are linearly independent, by lemma 4.2.2. Hence it follows that these three
elements form a basis for g. Now, from Krener’s condition for & = 1, it follows that

Y-B; =By, i=1,2.
It also follows, from Krener’s condition for k = 2, that (for all u1, us € R?)
Y- [u1.1B1 4 u1 9Ba, ug 1 By 4 ug9Ba] = [u1,1B1 + u1.2Ba, g1 Ba + g2 Ba)

and so o
(uru2,2 — u12u21)¥ - [Bi, Ba] = (u1,1u2,2 — w1 2u2,1)[B1, Bal.

Since the equation holds for all u;,us € R? it follows that
- [Bi, Bs] = [B1, Ba] = [~ B1,¢- Ba.
It then follows from Krener’s condition for k=3, that (for all uy,ug, us € R)
- [ui,1B1 + u1,2 B, [ug1 B1 + ug 2B, u31 B1 + u32Bs]

= [u1,1B~1 + u1,232, [u2,11§1 + U2,21§2, u3,1é1 + U3,2B~2]

and so
(ug1u3,2 — uz 2us 1) (u1,1[B1, [B1, Ba]] + u1,2[ B, [Bi, Ba]])

= (ug,1uz 2 — ug2u31)((u11[B1, [B1, B2]] + u12[Bu, [B1, Ba))).

Again this holds for all U, Ug, U3 € R. So for U2 1U3,2 — U22U3 1 75 0, Ui, 75 0 and U2 = 0 we have
that o
QIZ) : [Bla [Bl7BQH = [B17 [B17BQH'

Simﬂarly (With U2,1U3,2 — U22U3 1 7& 0, U1,2 75 0 and U1 = O) we have that
1+ By, By, Ba)] = [Ba, [B1, By].
Therefore

Y- [B1, [Br1, Bo]] = [+ B1,v - [B1, Bo]], and ¢ - [Ba, [B1, Bo]] = [+ B2, ¢ - [B1, Ba]].
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Hence we have found that the linear isomorphism 1 satisfies the property of being a Lie algebra
isomorphism on all of its basis elements and so ¢ is indeed a Lie algebra isomorphism. O

4.2.2 Single-input control affine systems

A single-input controllable control affine system on SE(2) cannot be homogeneous. This follows
since no single-input homogeneous control system on SE(2) is of full rank.

4.2.4 PROPOSITION. Any controllable non-homogeneous single-input control affine system
¥ = (SE(2),E) is state space equivalent to one of the systems %P = (SE(2),Z*P) where
=208 = By + aFs + u(Fy + BE3)

for allu € R. Here « € R, B >0 and o® + 32 # 0.

PRrROOF. Let ¥ = (SE(2),Z) be a controllable single-input control affine system where
Ev=A+uB=a1E +asEs + azEs + u(b1 By + baEy + b3E3), u € R.
Let X% = (SE(2),2*") be another controllable control affine system where
208 = C 4+ uD = E; + aF3 + u(Ey + E3), u€R,

with «, 8 as in the statement above. We identify each of the elements A, B,C, D € g with their
corresponding elements in R%,

al bl 1 0
as| , bg s 0 5 and 1 y
as bs o B

respectively. We know that any Lie algebra isomorphism taking =28 t0 =, (for all u € R) is of
the form

r Yy v

b= |Fy tz w|, z,yv,welR, 22+y®#0.

0 0 +#+1
We now apply this mapping to Eﬁ’ﬁ and show that for any constants a1, as, as, b1, ba, b3, such that
Lie (I") = se(2), we can find a Lie algebra automorphism taking =28 o 2, (for all uw € R) and for
some appropriate «, 3. Therefore

x Y v 1 0 al by
Fy +x w Ol +u |l = |as| +u | by
0 0 +1 « B as b3

Since this holds for all © € R we get the following equations:
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r+oav=a (4.3)
Fy + ow = a (4.4)
ta =as3 (4.5)

Y+ Bv="b (4.6)
+x + fw = by (4.7)
+5 = bs. (4.8)

We see that |as| = |a| and |b3| = 8. Now, from the fact that ¢ must preserve the Lie bracket, we
get

Tz oy v -« asbs — azbs
Fy +tz w | |=B| = |asbi —aibs
0 0 +#+1 0 0
and so we get the equations:
—ax — fy = (agbs — azbs) (4.9)
+tay F fxr = (asby — a1b3). (4.10)

Since ¥ is controllable, and hence of full rank, we have that A, B, [A, B] are linearly independent,
by lemma 4.2.2. Using 4.9 and 4.10 we get that:

*Oé(agbg — agbg) — ,B(agbl — albg)

xTr =

a2 + 62 ’
_ a(a3b1 — a1b3) — ﬁ(agbg — a3b2)
a? + 32 '
or
. —a(agbs — asbs) + B(asby — a1bs)
a? + 32 ’
_ —a(a3b1 — albg) — ,3(&2[)3 — ang)
Yy o2 + 32 :
Since it cannot be that a = B = 0, as otherwise Lie (I'?) # s¢(2), one has that these solutions
are defined for all possible choices of constants ar,...,b3. Again, since o + 32 # 0 we can put the

values of z,y into equations 4.3 and 4.4 (and/or 4.6 and 4.7) to solve for the variables v, w. There
are now three cases that follow, for all allowed a1, ao, as, b1, b and all u € R:

Case 1: If b3 > 0, then the Lie algebra automorphism taking =28 t0 =, (for all u € R) is given
by
x Yy v
-y T w
0 0 1
where

—ag(agbg — agbg) — bg(a3b1 — a1b3)
a3 + b3

Y
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_ az(agby — a1bs) — bz(azbz — asbs)
a3 + b3

v= ;(bl —y), w=—(by — ),

™|

and 8 = b3 and o = as.
Case 2: If b3 < 0, then the Lie algebra automorphism taking EZ"B to Z, (for all u € R) is given
by
r Yy v
+y —x w
0 0o -1

_ ag(azbs — azba) — bg(asby — a1bs)
a§ + bg

_ ag(agbl — albg) + bg(a2b3 — agbg)
a% + b%

Y

v= 5=y, w= S+ )

and 8 = —b3 and o = —ag.
Case 3: If b3 = 0, then a3 # 0 and the Lie algebra automorphism taking 53’5 to =, for all
u € R is given by

r Yy v
-y r wi,
0 01
where
- —a3(a2b3 — a3bg) — b3(a3b1 — albg)
a2 + b} ’
_ ag(a3b1 — albg) — b3(CL2b3 — a3b2)
Y af + 03
1 1
v = a(al - IL'), w = a(QQ +y),

and 8 =0 and « = ags.
Therefore, we have shown that any controllable single-input non-homogeneous control system

Y, with trace =, = A+ uB for all u € R, is state space equivalent to one of the control systems
»*P for some o € R, >0 and o + 52 # 0. O

4.2.5 COROLLARY. Any controllable single-input non-homogeneous control affine system Y. is state
space equivalent to exactly one of the systems %P, where either o, 8 are both nonzero or =0
and a > 0.

PROOF. Let 311 and £%2%2 be two controllable single-input control affine systems.
(i) Assume aq, 31, g, B2 are all nonzero. Now for these systems to be state space equivalent we
must be able to find a Lie algebra isomorphism which takes @11 to @282,
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From the fact that any Lie algebra isomorphism on SE(2) is of the form

T Y v
Fy £z w
0 0 =1

and (1, B2 > 0 we get that $; = B2. This means that the Lie algebra isomorphism must
specifically be of the form

T Yy v
-y T w
0 0 1

Hence it must be that a; = ao. Hence any different pair of «, 5, where both «, 8 are nonzero,
define an equivalence class of control systems on SE(2).

(ii) Assume (31 = 0, so B2 must be zero. If a1 = —aw then the Lie algebra isomorphism given by
r Yy v
y —x w )
0 0 -1

where z, y, v, w can be calculated by the steps previous theorem, takes I'*1#1 to I'“2:82 Hence
these systems are state space equivalent. It is also clear from these steps that a control system
Y181 where both aq, £ are nonzero, cannot be equivalent to a control system 2220 for any

g > 0. Therefore the representatives of all equivalence classes of state space equivalent control
systems on SE(2) are exactly the systems ©%? for all a, 8 nonzero and the systems %0 for all

a > 0. ]

4.2.3 Two-input homogeneous control affine systems

PROPOSITION. Any controllable two-input homogeneous control affine system ¥ = (SE(2),E) is
state space equivalent to one of the systems %P = (SE(2),2%#), where

228 = D4 wE +ugF
= k1B + kB + (ki + ko) Es + ui (E1 + aEs) + ua(Es + BE3).

Here a« € R, >0, o® + %2 #0 and ki, ks € R are constants which satisfy the equation
D=KkFE+kF.

PRrROOF. Let ¥ = (SE(2),Z) be a controllable two-input homogeneous control affine system where

—_

2y = A4+wuB+uC
= amFE1+asFs + azFEs3 4+ ui(bi1 B+ bi2FEs + b1 3E3) + ua(bo1 E1 + baoEo + by 3E3).

Let $%F = (SE(2), E) be another controllable control system where

208 = D+ wE+ugF
= k1E1+ koEy+ (kla + kQ,B)ES + ul(El + aE3) + UQ(EQ + /BE;»,),
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for «, B, k1, ko satisfying the conditions given in the statement of the theorem. We identify each of
these elements A, B,C, D, E, F € se¢(2) with their corresponding elements in R3,

ay by c1 kq 1 0
az| , b2 ) 2, k2 ) 0 y and 1 3
as b3 c3 kia+ kofS o 15}

respectively. We know that any Lie algebra isomorphism taking 5375 to £, (for all u € R) is of

the form
T Yy W
b= |Ty +z w|, zyv,weR, and 2?+y% #£0.
0 0 =1

We now show that we can find a Lie algebra automorphism taking Eﬁ’ﬁ to E,. Therefore (for all
U1, U € R)

x Yy v k1 1 0 ai b1 1
Fy *zx w ko +up [Of +ug |1 = |az| +us |ba| +u2 |2
0 0 +1 ]{3101 + k‘gﬁ (0% ﬁ as bg C3

Since this holds for all ui,us € R we get the following equations:

k1x + koy + v(k1a + ko) = aq (4.11)
Fhiy £ kox + w(kia + k2 B) = as (4.12)
:E(kloé—l—k‘gﬁ) = as (4.13)
T+ av =10 (4.14)
Fy+aw = by (4.15)
ta=by (4.16)
y+pv=a (4.17)
+x+ fw = c2 (4.18)
+6 = c3. (4.19)
From here it can already be seen that |bs3| = |a| and |c3| = B for these two control systems to be
state space equivalent. Now, from the fact that ¢ must preserve the Lie bracket, we get that
T Y v — bocs — bseo
Fy +x w | |=B| = |bsc1 — bics
0 0 =+£1 0 0
and so we get the equations:
—ax — By = bycg — bzes (4.20)
+ay F fx = bgcy — bics. (4.21)

Since ¥ is controllable, and hence of full rank, we have that B, C,[B, C] are linearly independent,



RM Adams 53

by lemma 4.2.2. Using 4.20 and 4.21 and the fact that o? + 8% # 0, we get that:

—Oé(bgCg — bgcz) — ﬁ(bgcl — blcg)
a2 +B2 ’

_ a(bsc; — bies) — B(bacs — bsea)
a? + 32

€r =

or
—a(bacs — bsca) + B(bscr — bics)

a? + 52 ’
—a(bgcl — blcg) — ,3(1)263 — b302)
a? + 52 '
Again, since a® + 32 # 0, we can put the values of z, y into equations 4.14 and 4.15 (and/or 4.17

and 4.18) to solve for the variables v, w. There are now two cases that follow, for all allowed
ai, az,as, b17 b27 b37 C1, C2:

xr=

y:

Case 1: If ¢ > 0, then the Lie algebra automorphism taking Z0°° to =, (for all u € R?) is
given by

T Yy v
-y T w
0 0 1
where
_ —a(bacz — bgea) — B(bscr — bics)
x - M
a2 + (B2
_ a(bsc; — bies) — B(bacs — bsea)
a2 + (B2 .
1 1

v= B(cl —y), w= B(CQ —x),

o = bz and S = c3.
Case 2: If ¢35 < 0, then the Lie algebra automorphism taking 53’5 to =, (for all u € R?) is
given by
T Yy W

+y —z w|,
0 0o -1
where
~ —a(bacz — byca) 4 B(b3cr — bics)
r= a? + 32 ’
~ —a(bger — bicg) — B(bacs — b3ca)
y= a? + 32 ’
1 1
v = B(Cl —y), w= B(CQ + ),
a = —bs and f = —c3.

Case 3: If ¢3 = 0, then it must be that b3 # 0, and so the Lie algebra automorphism taking
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=228 t0 2, (for all u € R?) is given by

r Yy v
-y r wyp,
0 0 1
where
= —Od(bgCg — b302) - ,8([)301 - b103)
a? + 52 ’
_ a(bgcl — blcg) — 5(5203 — bgcg)
a? + 32 '

1 1
v = a(b1 —x), w= a(bQ +v),
a=az and 8 =0.
Therefore, we have shown that any two-input controllable control system ¥ is state space
equivalent to one of the control systems ©*7, for some o, 8 € R, 8> 0 and o2 + 5% # 0. O

4.2.7 COROLLARY. Any controllable two-input homogeneous control affine system X is state space
equivalent to exactly one of the systems %P where either « € R and >0 or =0 and o > 0.

PROOF. Let %1 and £%2:%2 be two controllable two-input control affine systems.

(i) Assume f; is nonzero. Now for these systems to be state space equivalent we must be able
to find a Lie algebra isomorphism which takes I'*1:81 to I'®2/%2 From the fact that any Lie algebra
isomorphism on SE(2) is of the form

T Yy v
Fy *x w
0 0 =1

and (1, B2 > 0 we get that
p1 = PBa.

This means that the Lie algebra isomorphism must specifically be of the form

o8’
—_ e e

x
-y
0

Hence it must be that a; = as. Hence any different pair of «, 8, where 8 > 0, define an
equivalence class of control systems on SE(2).

(ii) Assume (51 = 0, so B3 must be zero. If a1 = —aw then the Lie algebra isomorphism given by
x Yy v
y —r w |,
0 0 -1

where z, y, v, w can be calculated as in the previous theorem, takes A1 to T'®2/%2 Hence these
systems are state space equivalent. It is also clear from these steps that a control system 2151
where 31 > 0 cannot be equivalent to a control system 329,
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Therefore the representatives of all equivalence classes of state space equivalent control systems
on SE(2) are exactly the systems £*# for all a and 8 > 0 and the systems £ for all & > 0. O

4.2.4 Two-input non-homogeneous control affine systems

PROPOSITION. A controllable two-input non-homogeneous control affine system ¥ = (SE(2)=),
where
Eu:A+UlB+U2C, u = (ul,uQ) ER2

is state space equivalent to another controllable two-input non-homogeneous control affine system
Y. = (SE(2),=), where N
Eu:D+U1E+U2F, U:(ul,UQ)ERZ

if and only if one the following conditions hold for k =1 or k = —1:
(Z) Ra3 = d37
(ii) kb = es,

(i1i) kes = f3

() K(bacz — bsca)di + (azca — azcz)er + (agbsz — asbe) fi
= (bsc1 — bics)ds + (ajcg — aser)eg + (asby — a1bs) fa.

(v) k(bscy — bicz)dy + (arcs — ascer)er + (azby — arbs) fi
= (b302 — b263)d2 + (a203 — a362)€2 + (a3b2 — agbg)fg.

PRrROOF. Let ¥ = (SE(2),Z) be a controllable non-homogeneous two-input control affine system,
where

1]

2y, = A4+w B4+ ulC
= a1 B+ asFs+ azEs + ui (b1 E1 + baEa + b3 E3) 4+ ua(c1 E1 + caEa + c3E3),

M
Il

and let (SE(2),Z) be another controllable two-input control affine system,

Ik

Zv = D4+uE+wF
= d1E1 +doEy + d3Es + ui(e1 E1 + eaFs + esEs) + ua(fi1E1 + foEa + f3E3).

We identify each of these elements A, B,C, D, E, F € se¢(2) with their corresponding elements in
R?)
D

aq b1 c1 dq e1 fi
az |, |ba|, |c2|, |d2| |e2| and |[f2],
as b3 c3 ds| |es f3

respectively. We know that any Lie algebra isomorphism taking =, to Z. (for all u € R?) is of the
form

T Yy W
b= |Ty +z w|, zyv,weR, and 2?+y% #£0.
0 0 +£1
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We split the two possible types of Lie algebra isomorphisms into two cases, that is a case for 1
and a case for —1.

Case 1: We have

x Yy v ay b1 c1 dq €1 1
-y T w as | +uy [ba| +us | = |do| +ui |ea| +uo | fo
0 0 1 as b3 3 ds e3 I3

Since this holds for all u1,us € R we get the following equations:

a1x + asy + asv = dy (4.22)
—a1y + a2z + azw = do (4.23)
as = ds (4.24)

b1z + boy + bsv = €1 (4.25)
—b1y + bax + b3w = €3 (4.26)
bs =e3 (4.27)

c1x + coy + c3v = fi (4.28)
—c1y + cox + csw = fo (4.29)
c3 = f3. (4.30)

Combining equations 4.22,4.25,4.28 and also equations 4.23,4.26,4.29 we get the following
systems:

ay az as X d1
by b2 b3| |y| = |e
c1 c2 c3 v 1
and -
as —ajp as X dg
by —bi b3| |y| = |e3],
C2 —C C3] (W Jo

where we denote these two 3 x 3 matrices by M7 and M, respectively. Since A, B, C are linearly
independent we have that det M7 # 0, hence M; is invertible. Also since det M7 = det M it
follows that M, is invertible. We get,

X 1 (b263 — bgcg)dl + ((1362 — a263)€1 + (azbg — agbg)fl
(bsc1 — bicg)dr + (arc3 — ascer)er + (asby — a1bs) fi

~det M
¢ 1 (blcg — bgcl)dl + (a261 — alcQ)el + (albg — agbl)fl
and
x 1 (bgcr — bies)da + (arcs — ager)ex + (asby — aibs) fa
y| = =——— | (bsca — bac3)da + (azcs — asca)es + (agbe — azbs) fo
det M1

w (blcg — bQCl)dg -+ (CLQCl — alcg)eg + (a1b2 — agbl)fg

Since det M; # 0, it follows that v,w € R for any A, B,C, D, E, F'. The two conditions that need
to be satisfied then are:
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(b263 — b302)d1 + <a362 — a203)€1 + (a2b3 — agbg)fl
= (5361 — b103)d2 + (a103 — a301)€2 + (a3b1 — albg)fg.
and
(bsc1 — bies)dy + (arc3 — ascr)er + (asby — aibs) fi
= (bgCQ — b203)d2 + (CL263 — a302)€2 + (a3b2 — a2b3)f2.
Case 2: We have
x Yy v ay by c1 dq el 1
Yy —r w as| +ug |ba| +ug |co = |do| +uy |ea| +us fg
0 0 -1 as b3 c3 ds e3 f3
Since this holds for all ui,us € R we get the following equations:
T+ agy + asv = dy (4.31)
a1y — asx + agw = ds (4.32)
—agz = d3 (4.33)
b1z + boy + bgv = €1 (434)
b1y — box + bsw = eg (435)
—bg = e3 (4.36)
1T + coy + c3v = f1 (4.37)
1y — cx + caw = fo (4.38)
—c3 = fs. (4.39)
Similarly, the two conditions that need to be satisfied are:
(bgCg — b362)d1 + (agcg — a203)61 + (a2b3 — agbg)fl
= (—=bsci +bicg)da + (—aicg + azcr)ez + (—asby + a1bs) fo
and
(bsci + bicz)dy + (a1cg — aser)er + (asby — arbs) fi
= (—bgca + bacz)da + (—ages + asca)ea + (—aszba + agbs) fo.
O

4.2.9 EXAMPLE. Every controllable two-input non-homogeneous control affine system
»Bmo = (SE(2),24879), where

o —p v
Eg’ﬁ’%é = |6l +ur | a|+us|d|,
0 0 1
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is state space equivalent to the control system Y111 = (SE(2), 1), where

1 0 0
=V =10 +ug [1] +u2 |0
0 0 1

Clearly a2 4 2 # 0 otherwise %79 is not controllable. Indeed, let

bl — A4y B4+usC = E1 +u1 By + usFs and let E = D + w1 E + uo F for all u € R. According
to theorem 4.2.8, these control systems are state space equivalent if and only if a1 = d3, as = e,
a3 = f37

(bacz — bgea)dy + (agca — azes)er + (azbs — asba) f1

= (bgc1 — bics)de + (a1c3 — ager)es + (asby — a1bs) fa, and
(bzc1 — bicg)dy + (arcs — ascr)er + (agby — a1bs) f1

= (b3ca — bacz)da + (azc3 — azcz)ez + (azby — azbs) fa.

Therefore, we must have that a3 = d3 =0, b3 = e3 = 0 and ¢3 = f3 = 1. Now, we substitute in for
the other two conditions to get that di = es and — do = e1. If we choose x = dy, y = —ds, v = f1
and w = fo we can see that

di —dy h 1 0 0 [dy —dy fi
dy di fo Of +ug [1] +ug |0 = do| +uy | di | +us | fo
0 0 1 0 0 1 | 0 ] | 0 1

[dy ey bil

= do| +uy |ea| +ug | fo

| d3 ] e3 I3

if and only if the conditions of the theorem are satisfied. Therefore, we have shown that we can

find a Lie algebra isomorphism taking =5 to 277 for any a, 3,7, € R such that
a? + 2 #0.

4.2.5 Three-input homogeneous control affine systems

PROPOSITION. A controllable three-input homogeneous control affine system > = (SE(2),Z),
where

Eu=uwA+uB+usC, u=(uj,uz,u3)€ R3

is state space equivalent to another controllable three-input control affine systems 3 = (SE(2), é),
where B
Ev=u1D+uwE+usF wu=(uj,ug,u3) € R3

if and only if one the following conditions hold for k =1 or k = —1:
(Z) raz = dg,
(’i’i) /ibg = €3,

(iii) wes = fy
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(iv) K)(bgCg — bgCQ)dl + (a302 — a263)€1 + (agbg — agbg)fl
= (bgcl — blcg)dg + (alcg — a361)62 + (a3b1 — albg)fg.

(v) k(bzc1 — bics)dy + (a1cg — azcr)er + (agby — a1bs) f
= (b3ca — bacs)dy + (agcs — asca)ea + (asba — agbs) fo.

PRrROOF. Let ¥ = (SE(2),Z) be a controllable two-input control affine system, where

—

2 = uwA+usB+uzC
= wui(a1E1 + asEs + a3E3) + ua(b1 By + bo By + b3 E3) + us(c1 E1 + coEa + c3E3)

and let ¥ = (SE(2), Z) be another controllable control system, where

éu = urD 4 usE + usF
= wui(d1E1 + doFEsy 4+ dsE3) + us(e1 By + eaFs + esEs) + us(f1E1 + foEo + f3E3).

We identify each of these elements A, B,C, D, E, F € se¢(2) with their corresponding elements in
R%, that is;

aq b1 c1 di| e fi
az|, |b2|, |c2|, |d2| |e2| and |faf,
as b3 c3 ds| |es /3

respectively. We know that any Lie algebra isomorphism taking =, to Z. (for all u € R3) is of the
form
T Yy W
b= |Ty +z w|, zyv,weR, and 2?2+ 1y #£0.
0 0 =1

We split the two possible types of Lie algebra isomorphisms into two cases, that is a case for 1
and a case for —1.

Case 1: We have

x oy v ap b1 c1 dy e1 fi
-y T w uy |as| +ug |bo| +usg |co =wuy |do| +us |ea| +us | fo
0 0 1 as b3 c3 ds e3 f3

Since this holds for all uy,us, u3 € R we get the following equations:

a1T + asy + asv = dy (4.40)
—a1y + a2 + azw = da (4.41)
as = ds (4.42)

b1z + boy + bsv = €1 (4.43)
—b1y + box + bsw = eg (4.44)
by = e3 (4.45)
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1z + coy + c3v = fi (4.46)
—C1y + cox + csw = fo (4.47)
C3 = f3. (4.48)

Combining equations 4.40,4.43,4.46, and equations 4.41,4.44,4.47, we get the following systems:

a; az as X dl
by be b3| |y| = |e
cp ¢ c3f |v f1
and o
as —ajp das X d2
by —b1 b3| |y| = |es3],
2 —C1 C3] (W Jo

where we denote these two 3 x 3 matrices by M; and My, respectively. The rest of the proof now
follows exactly as in the proof of proposition 4.2.8. [l

EXAMPLE. Every controllable homogeneous three-input control affine system
»eBmd = (SE(2), E4A79), where

o —B 2l
Eg’ﬁ’%g =up |G| +us | a | +ug|d
0 0 1

is state space equivalent to the control system Y101 = (SE(2), 1), where

1 0 0
EVB =y {0] +ug [1] +uz [0
0 0 1

Clearly a2 4+ 52 # 0, otherwise £*#79 is not controllable. Indeed, let

ELLL = g A+ ugB + uzC = u1 By + ug By + u3E3 and let = = uy D + uo ' + uzF (for all u € R).
According to the theorem 4.2.10, these control systems are state space equivalent if and only if
a1 = ds, az = e, ag = [3,

bacs — byca)dy azbs — azbs) f1

ascy — azC3)eq )
) f2,
)
) fa.

dq
bsca — bacg)ds

bsc1 — bics aicg — ascyi)el

N

+
+
+
+ agby — azbs3) f2

azc3 — ascg)ex +

( )di + ( )
= (bgc1 — bics)da + (a1c3 — agcer)es

( )d1 + ( )

( )d2 + ( )

~—~ T~ T/~
S
w
=
—
|
e
—_
S
w

Therefore, we must have that a3 = ds =0, b3 = e3 = 0 and c3 = f3 = 1. Now, we substitute in for
the other two conditions to get that dy = es and — do = e;. If we choose x =dy, y = —ds, v = f1
and w = fo we can see that
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di —d2 fi 1 0 0 dy [—ds J1
dy di fo up |0 +ug |1 +us |0 = wup |do| +us | di | +us|fo
0 0 1 0 0 1 | 0] | 0 1

[dy ey bil

= wuy |da| +us [ea| +usz | fo

| d3 ] €3 I3

if and only if the conditions of the theorem are satisfied. Therefore, we have shown that we can
find a Lie algebra isomorphism taking Zo''! to 277 for any a, 3,7, 6 € R such that o2 + 82 # 0.
REMARK. There do not exist any three-input non-homogeneous control affine systems

> = (SE(2),E) where Z, = A+ u1 By + uaBs + u3B3 for all u € R3. This is so as By, Bo, B3 are
linearly independent by definition and since dimse(2) = 3 it follows that

span (By, By, B3) = s¢(2). Therefore A, By, By, B3 must be linearly dependent.

4.3 Detached feedback equivalent control systems

We find the equivalence classes of all detached feedback equivalent controllable control affine
systems on SE(2). It is the results of this section that give us our six associated optimal control
problems, which we study in chapters 5 — 10.

4.3.1 Single-input non-homogeneous control affine systems

PROPOSITION. Any controllable single-input control affine system ¥ = (SE(2),E) is detached
eedback equivalent to exactly one of the following control systems:

dback equival l he followi l

(i) 13 = (SE(2),Z'3) with trace T1? = Ey + (E3);

(i) 3% = (SE(2),Z%!) with trace T%! = aE3 + (E4), where a > 0.

PROOF. Let ¥ be a control affine system with trace given by I' = A + (B). We identify A, B with
their corresponding elements in R3,

a1 b1
as and b2 s
as b3

respectively. We note that we cannot have az = b3 = 0 as then Lie (I') # g.
Case 1: a3 € R and b3 # 0. We now apply the affine transformation
1 as

R—=R —U — —
P — ,u+—>b3u bs

to the controls of 3. Applying this transformation we get that

A
3

_ azby 4 by .
b3 b3
0 1

ai
F: ag
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The Lie algebra isomorphism taking I'''3 to I is then given by

_azbi  aszby _ b1
a1 b b3 a2
ao — aghy a — Wb b2

2 b3 b3 b3
0 0 1

This is indeed a Lie algebra isomorphism as at least one of a1 — agén ) % — ao are nonzero,

otherwise Lie (I') # se¢(2), and since bg # 0 2—;, % € R. Therefore any single-input control affine
system with a3z € R and b3 # 0 is detached feedback equivalent to the control system %13,

Case 2: a3 # 0 and b3 = 0. At least one of by, by are nonzero, otherwise Lie (I') # se(2). The
Lie algebra isomorphism taking I'*? to I is given by

by —bs % 0 1 ay by
by b % O] +u |0 = laz| +u |b2|,
0 O 1 o 0 o 0

where a = a3. We now show that for each a1, as such that |a;| # |as|, %! is not detached
feedback equivalent to X2, Indeed, since each Lie algebra isomorphism is of the form

r Yy v
+y tx w ) '172 + y2 # Oa
0 0 =1

it follows that +a; = ao. Thus, for each o, s such that |a1| # |as|, the control systems 21!
and 222! are not detached feedback equivalent. If aq, s are such that oy = —aw, then the Lie
algebra isomorphism taking I'*t'! to I'*?:! is given by

1 0 0
0 -1 O
0 0 -1

So for a > 0, each control system X! is a member of a different equivalence class of detached
feedback equivalent control systems. Therefore any single-input control affine system with ag # 0
and bz = 0 is detached feedback equivalent to a control system %! for some a > 0. We are now
just left to show that for any a > 0, the control systems ©%! and £ are not detached feedback
equivalent. This follows almost immediately as the third component of the control term in %' is
nonzero and the third component of the control term in X%! is zero, or E3 € (E3) and E3 & (F).
That is, from the form of a Lie algebra isomorphism on SE(2), there would have to exist an affine

1 c1
transformation of the controls which takes the control term of I'*!, |0], to some |co| where
0 1

c1,c2 € R, which is impossible. Hence these control systems are not detached feedback equivalent.
Therefore we have shown that any controllable single-input control affine system on SE(2) is
detached feedback equivalent to one and only one of the control systems 3 or ¥*! for o > 0. O
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4.3.2 Two-input homogeneous control affine systems

PROPOSITION. Any controllable two-input homogeneous control affine system ¥ = (SE(2),E) is
detached feedback equivalent to the control systems 253 = (SE(2),Z1?) with trace

'S = (B, E3).

PROOF. Let ¥ be a control affine system with trace given by I' = (B;, By). We identify Bj, By
with their corresponding elements in R%,

b1 ba 1
b172 and b272 N
b13 ba 3

respectively. We note that we cannot have b 3 = by 3 = 0 as then Lie (I') # se(2). With out loss of

generality we assume that by 3 # 0. We now apply the affine transformation

1
(U R? — R2, (ul,uQ) — (E(Ul - b2,3u2)7u2)

to the controls of 3. Applying this transformation we get that

bi1 bo 1 — b1,1b2,3
21,3 2,1 b bli)3
T = bi2 _ biobas
bas |’ b2’2 b1,3
1 0

Then the Lie algebra isomorphism taking I''3 to I is given by

bo 1 — b1,1b2,3  bi2bas b b1
2,1 b13 b13 22 b
bo o — b1 obo s bo 1 — bi,1b2z  bi2
2,2 b1,3 2,1 b1,3 b13
0 0 1
L . . . bi1b by ob
This is indeed a Lie algebra isomorphism as at least one of by — 11’)11 32’3 ,bao — % are nonzero,
. . . bia b ' . ’
otherwise Lie (I') # s¢(2), and since b1 3 # 0 3>, 72 € R. Therefore any two-input homogeneous
control affine system is detached feedback equivalent to the control system 313, ([l

4.3.3 Two-input non-homogeneous control affine systems

PROPOSITION. Any controllable two-input non-homogeneous control affine system % = (SE(2), =)
1s detached feedback equivalent to exactly one of the following control systems:

(i) £123 = (SE(2),2Y23) with trace T1%3 = By + (Es, E3) ;

(ii) 412 = (SE(2),2%12) with trace T*Y? = aF3 + (Ey, Ey) , where a > 0.

PROOF. Let X be a control affine system with trace given by

I' = A+ (B1,By)
= a1F1 4+ asFs 4+ azFEs3 + <bl71E1 + b12E2 + b1 3E3,b02 11 + ba o By + 1)273E3> .
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Case 1: Either by 3 or by 3 are nonzero. With out loss of generality we assume that by 3 # 0.

r

b b
(a1 — M)El 4 (as — w)]%
bi3 bi3

b b by 5b by 5b
. < Mg M2 g (= 2 e L, - W)E1>
bis bi3 bi3 bis

= a)\Ey + ayBEs + (V) Ey + byEy + Es, ¢} E1 + chEa)

for some new constants aj, b}, ¢;, i = 1,2. Here either ¢} or ¢, are not zero as otherwise

Lie (I") # se(2). Consider now the equation

Rl 1
A T N e
There exists a solution for v as ¢ + ¢ # 0. Furthermore vy # 0. If vy = 0 then
—va(c] + ¢y) = a) + a, which contradicts the fact that A, By are linearly independent. We now
show that the mapping
vach  wac) b
&= |—vac) wach U

0 0 1

is an automorphism taking I'?3 to T'. Indeed

O(Er + (B2, E3)) = ¢-E1+ (¢ Ea ¢ Es)
= oc) By — vacy By + (vac) By + vach Eo, b By + by Ey + E3)
= a\E) + ayEs +v1(c\ By + chEs) + (L By + chEy, by By + byEs + E3)
= ayE1+ ayFEsy + (c\E1 + chEy, by By + byEy + E3) .

Therefore these two control systems are detached feedback equivalent.
Case 2: Assume a3 # 0 and by 3 = bp 3 = 0. Therefore

I' = a1E1+asFEs +azFEs+ <b1’1E1 + b1,2E2,b21E1 + 5272E2>
= a1Ey 4+ axFs + azBs + (Eq, Eo) .

Case 2.1: If ag > 0, then the Lie algebra isomorphism

<-

I
o O =
S = O
—olSel

is an automorphism taking I'"? to I', where o = ag.
Case 2.2: If ag < 0, then the Lie algebra isomorphism

-1 0 =
p=10 -1 @
0 0 -1

is an automorphism taking I'*"? to I', where @ = —as.
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We are now left to show that none of the above systems are detached feedback equivalent to
any of the other systems. As in proposition 4.3.1, two control systems ©%"2 and ¥%12 such that
|| # ||, are not detached feedback equivalent. Assume Y123 and %12 are detached feedback
equivalent, for some a > 0. Then there must exist some affine transformation of the controls and
a Lie algebra automorphism that takes I''?3 to I'*!2, for some a > 0. Since E3 € (F3, E3) and
Es ¢ (Eq, E9), as in proposition 4.3.1, there cannot exist a transformation of the control taking
the control term of I'®12 to a suitable control term, such that there exists a Lie algebra
isomorphism taking the transformed control system to I''?3. Hence %123 and ¥*!? are not
detached feedback equivalent, for any a > 0. Therefore, we have found that any controllable
non-homogeneous two-input control affine system ¥ is detached feedback equivalent to exactly
one of the systems 2123 or ¥*12_ for some o > 0. O

4.3.4 Three-input control affine systems

Note that we do not have separate cases for non-homogeneous and homogeneous systems as

A, By, By, B3 will always be linearly dependent. This is so as Bj, Bs, Bs are linearly independent
by definition of a control affine system, and since dim(se(2)) = 3 it follows that the elements

By, By, Bs form a basis for se(2). Hence for any element A € se¢(2) we have that A, By, By, B3 are
linearly dependent.

—_

PROPOSITION. Any controllable three-input control affine system ¥ = (SE(2),Z) is detached
feedback equivalent to the control systems L5H1 = (SE(2), Zb11) with trace given by

FLl’l = <E17 E27E3> .

PROOF. Let ¥ be a three-input control affine system with trace given by I' = (B, By, B3). Now
by definition of a control affine system we know that By, Bo, B are linearly independent and so
(B1, B2, B3) = se(2), that is By, B2, B3 form a basis for se(2). Therefore
(B1, By, Bs) = (E1, Es, E3) = s¢(2), as Eq, Ea, E5 form a basis for se(2).

Hence any three-input control affine system ¥ is detached feedback equivalent to the control
system XL, O

Table 4.1:

Detached Feedback Equivalence

Type Representative | Conditions
Type I-a | Ey + (E3)
Type I-b | aFs + (E1) a>0

Type II° | (Es, E3)

Type II-a | By + <E2, E3>
Type II-b | aF3+ (E1,E2) | a >0

Type III° | (Ey, By, E3)
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We use type [-a and type I-b to denote the two different types of representatives for the class of
single-input non-homogeneous control affine systems. We use type 11°, II-a and II-b to denote the
different types of representatives for the classes of two-input control affine systems, where the
superscript 0 indicates the control system is homogeneous. Lastly we use type III° to denote the
representative for the class of three-input homogeneous control affine systems. Every controllable
control affine system on SE(2) is detached feedback equivalent to one of these types of control
systems. In the next six chapters, we study the left-invariant optimal control problems associated
to each of the six types of control affine systems on SE(2).



Chapter 5

The Type I-a Problem

We consider the LiCP

1 (7
J = 2/ 03u2(t)dt—>min, c3 >0 (5.1)
0
g = g(Fy+ulEs3), g¢ge€SE2), uwelR (5.2)

9(0) = g1 and ¢(T)=go.
Here g1 and gy are arbitrary but fixed points in SE(2) and
0 00 0 0 O
Fi=11 0 0 and F3= 1|0 0 -1
0 00 01 0

5.1 Normal extremals
5.1.1 PROPOSITION. The family of (reduced) cost-extended Hamiltonian is given by

Ac
H;)p) = =5 u® + p(By + uEy). (5.4)

PROOF. By proposition 2.3.7 we obtain the family of (reduced) Hamiltonian functions,
H,(p) = p(E1 + uFEs3). It then follows, by definition 2.6.3, that the family of (reduced)

cost-extended Hamiltonian on se(2)* is given by
A . ACS 2

5.1.2 THEOREM. The optimal control corresponding to the normal extremals is given by

1
u = 7P37
C3
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where

1

P = —PP (5.5)
3
1

Py=——PP (5.6)
C3

Py = —P,. (5.7)

PROOF. The family of (reduced) cost-extended Hamiltonians, corresponding to the normal
extremals, is given by H,(p) = —%03u2 + p(E1 + uEs). Using 3.4, 3.5, 3.6, the corresponding
cost-extended Hamiltonians are given by H, = —%03u2 + P; + uP5. Applying the maximality
condition, (M P2), of the maximum principle we obtain the control corresponding to the normal
extremals,

OH 1
=0« —cgu+P3=0 < u=—P;s.
ou c3

We now substitute this expression for u into the above to obtain the optimal Hamiltonian; that is,

1 1
H = —P}+P +—P}
263 3+ 1+63 3

1 2
= — p,.
263 3 + I

We then use the properties of the Poisson bracket to get that:
Pi = {-ZDZ) H}—
1
= {P,—P{+P}_
{ (3] 203 3 + 1}

1
= 273({37133}—133 + P3{P;, 3} ) +{P;, P} -
1
= ng{Pi,Pg}, +1{P, P}
From the relations 3.7 we get that:

. 1 1
P = —Py{P,P3}_+{P,P}_ = — P3P,
c3 C3

. 1 1
Py=—P3{P,,P3}_ +{P, P} =——PsP,
c3 C3

. 1
P; = ;3P3{P3,P3}— +{P;, P} = —D.

5.1.3 PROPOSITION. The function K = P? + P} is an integral of motion for the Hamilton-Poisson
system (se(2)*,{-,-}—, H), where H = ﬁPg + Py

PROOF. Indeed, ' . .
K=PP +BPP.
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Substituting in equations 5.5, 5.6, 5.7 we get that
. 1 1
K=—PP,P3s— —P,PP;=0.
C3 C3
Thus K is constant along the flow of the Hamiltonian vector field and is therefore an integral of
O

motion for this system.

REMARK. In fact, the function K = P? 4+ P# is a Casimir function for se(2)*.

5.1.4
5.2 Solution to the normal extremal equations
5.2.1 THEOREM. The (reduced) extremal equations 5.5, 5.6, 5.7 can be integrated by Jacobi elliptic
functions to obtain the results:
_ (a—B)vA1A2 g)
Pl ;s (58)
1—bdec <wbt 9)
Ves b
_ (afﬁ)VA1A2 g)
and/or Pi(t) = o < va (5.9)
1—buns (% VALA2 1y g)
Ves Tb
Py(t) = +4/ K — P}(t) (5.10)
Ps(t) = +=+/2c35(H — Pi(t)). (5.11)
2 _ 2 _ H+VH?-K
where a® =1 and b* = Tk
Proor. We have
P? =2c3(H—P;) and Pj=K— P (5.12)
First we square equation 5.5 and then we substitute in equations 5.12 to get
. 1
P’ = 5 PP} (5.13)
3
(5.14)

C

s2 1 9

P~ =—(2H -2P)(K - PY).
3

We now proceed to apply the method outlined in section 2.7 to get the equation above, in the
form 2.25, to match the form of equation 2.35. Let S;1 = K — P12, and Sy = 2H — 2P;. We then

consider the quadratic expression S; + ASe. This expression is a perfect square whenever
(5.15)

D(A) =X+ (K +2H\) =0
— N 4+2HN+ K =0. (5.16)
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We now solve this expression for A to obtain

M=—VH?-—K-H (5.17)
M=V H?-K—-H. (5.18)
Substituting A1, Ao into the equation S; + ASsy gives
S1 = Al(Pl — 04)2 + Bl(Pl — 5)2 and Sy = A2(P1 — 04)2 + BQ(Pl — 5)2 (519)
where
A _H—\/HQ—K B__H+\/H2—K (5.20)
YT UOVAEE K YT OVEE-K '
1 1
Ay— —— By=—— — 5.21
T oOVHE-K T oVHE-K (5.21)
a=H++VH? - K B=H—-+H?-K. (5.22)

Now having 57 and Sy in the form above we can now write 5.14 as

B = ;(Al(Pl — )’ + Bi(P1 — 8)*)(Aa(P1 — )” + Ba(P1 — B)?).

Continuing to follow the steps outlined in section 2.7 we use the substitution u = g:g to obtain

the following integral equation:

u

_ Ve / d (5.23)
(a = B)vV A1 Az \/(u2+%)(u2+%)
We require that A; As > 0 under the square root sign and so we have that
H-+vVH?-K
— >0 (5.24)
4(H? - K)
which holds true for H > v H? — K. We choose
B B
2 2 2 1
= _"2 -1 = . 5.25
a i and b A (5.25)
So comparing equation 5.23 with the elliptic integral 2.19 we get that
P—a
\/a /Pl—ﬁ du (5 26)
(= B)VAIA2 S V(U2 — a?)(ug — b?) '
N 1. (1 P —a a)
t=—"————dc - y= - 5.27
(a—ﬁ)vAlAgb bPl—B b ( )
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Rearranging now for P; we get that

a— Bbde (% VAL Aoy, %)

Pi(t) = . 5.28
i 1—bde (% VAL Az, 9) (5.28)
Ves 7b
Substituting the values of a and b into the condition a < b < x of equation 2.20 gives
H++vVH? - K
Y Rl iy (5.29)
H-VH?-K

which always holds (See Appendix A: Mathematica code). Similarly, comparing equation 5.23
with the elliptic integral 2.20, we get that

o = Bb s (L=, ¢)

e
P = . 5.30
! l—bn5<% VAL Az, g) ( )
Ves b
We can then use the value of P; obtained to solve for P, and Ps. O

5.3 Stability

The equilibrium states for the system of equations 5.5, 5.6, 5.7, see 2.8.1, are:
P., = (M,0,0), P.,=(0,0,M) and PFPy=(0,0,0).

Here M € R\{0}.

THEOREM. The equilibrium state P,, = (M,0,0), M € R\{0} has the following behaviour:
(i) If M > 0, then it is unstable;
(ii) If M < 0, then it is nonlinearly stable.

ProOOF. (i) If M > 0, then P,, = (M,0,0) is unstable. Let A be the matrix corresponding to the
linearised operator of system 5.5, 5.6, 5.7, as in theorem 2.8.4. Thus

A=|-1P 0 —_2P,
0 -1 0
and then we have that
0 O 0
A(P,)=10 0 X
0 -1 0

The characteristic polynomial is then given by

M
chary (\) = det(A — A1) = =\ <)\2 — C) .
3
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Since M > 0 (and c¢3 > 0) the eigenvalues are as follows

M M
M =0, do=4/—, A3=—4/—
C3 C3

Now since Re(A2) > 0 it follows from theorem 2.8.4 that our equilibrium P,
is unstable.

(ii) If M < 0, then P, = (M,0,0) is nonlinearly stable. Here we use the energy-Casimir

method to prove our claim. Let Hy be the energy-Casimir function given by
Hy(Pi, Py, Py) = —P2 4 P Lp2yp2
(P1, Pa, 3)_203 3 + 1+1/1(2( T+ )

where 1) € C*°(R,R). We now calculate the first variation of Hy:

d 1
—(P3 +103)* + Py + t61)

H, = —
0 v dt(203

t=0

d 1 , 1 )
+ £¢(§(P1+t51) +§(P1+t51) )

t=0
1 -1
=GPyt (6,P1 + 52P2)w<§<Pf + P3))

and this equals zero at P., = (M,0,0) if and only if

1
61 + 51M¢(§M2) =0,
Iy — L

Now, by using 5.32, we can calculate the second variation of Hy:

)
20y, = —(Z(P
0°Hy, dt(63(3+t53)+51)t:0

dt

1 -1 1
= 03+ (07 + )5 (PP + PE) + (1P + 8P (5 (P + ).

The second variation at the equilibrium of interest is

B, (M,0,0) = (M5 M) 2

1 1 1
S ¥+ » SR
M)l M2+633

This can be represented in matrix form as

M*p(EMY)—L 0 0] [&
[61 02 d3] 0 —L 0| |6
0 0 =] [0

d -1 1
+ f((gl(Pl + t51) + 52(P2 + t62)) X ¢(§(P1 + t51)2 + §(P2 + t52)2)

(M,0,0), M >0

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)
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and is positive definite if and only if each of the entries along the diagonal are positive. We note
that the matrix can only be positive definite as c3 > 0 by assumption. Therefore we get that the
matrix is positive definite if and only if

L oo (5.36)
M ’ ’
JEM) > o (537)
5 e .
Thus, having chosen that
.1 1
M2 —
this quadratic form is positive definite if and only if M < 0 and so the equililQ)rium states
Pe, = (M,0,0) for all M < 0 are nonlinear stable. Consequently, ¢(x) = — 7 is such a function
that satisfies the above conditions 5.33,5.37 for all M < 0. O

THEOREM. The equilibrium state P., = (0,0, M) is stable for all M € R\{0}.

PROOF. We use theorem 2.8.7 to prove that these equilibrium states are stable. Let
L=MNH+ MK, where \p =0, \; =1 and K = Pf + 1’322 is a Casimir function. Then
dL(0,0, M) = [Py P, 0]| g, ar) = 0. The Hessian is then given by

1 00
dL?(0,0,M) =10 1 0
0 0 O
Now clearly ker dK (P.,) = R3. We have that dH (0,0, M) = [1 0 %”}
Therefore we have that ker dH (P,,) = span {(—%, 0,1),(0,1,0)} and so
W = span {(—%, 0,1),(0,1,0)}.The restricted Hessian is given by

3 )
0 1

which is positive definite. So we have found constants Ay, A1 such that L satisfies conditions 2.39
and 2.40 of theorem 2.8.7. Hence the equilibrium state P., = (0,0, M) is stable for all
M € R\{0}. O

(o,o,M): [1 0 %}

2
dL?(0,0, M)y o =

THEOREM. The equilibrium state Py = (0,0,0) is unstable.

PROOF. Let A be the matrix corresponding to the linearised operator of system 5.5, 5.6, 5.7, as

in theorem 2.8.4. Thus
0 épg =P

A=|-2P 0 —2h|,
0 -1 0
and thus we have
0 0 0
A(Pp))=10 0 O
0 -1 0
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The characteristic polynomial is then given by
char 4(p,) (A) = det(A(FPy) — A1).
Therefore
det(A(Py) — A1) = -\ =0

and so the only eigenvalue of A(FPp) is A = 0. The algebraic multiplicity of A is m) = 3. We now

1
determine the geometric multiplicity of . Let X = |x9| € R3. The eigenvectors associated the
3
the eigenvalue 0 are given by the system
0 0 0] [~
(A(P) —0L)X =10 0 O0f |z2f| =0.
0 —1 0] |3

This system reduces to the equation zo = 0. Therefore X = span ({1,0,0},{0,0,1}) and so the
geometric multiplicity of A = 0 is d) = 2. Therefore A(F) has an eigenvalue A with zero real part
such that dy < mj) and so by theorem 2.8.5 it follows that Py = (0,0, 0) is an unstable equilibrium

state. O

Table 5.1:
Stability

Equilibrium state | Conditions | Stable/Unstable

P., = (M,0,0) M >0 Unstable
M <0 Stable

P., =(0,0,M) M € R\{0} | Stable

Py =(0,0,0) Unstable
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The Type I-b Problem

We consider the LiCP

T
J = ;/ ciu?(t)dt — min, ¢; >0 (6.1)
0
g = g(E3+uky), g¢geSE(2), uwelR (6.2)
9(0) = g1 and g(T) = ga. (6.3)

Here g1 and g9 are arbitrary but fixed points in SE(2) and

0 00 00 O
Ey=11 0 0 and E3= |0 0 -1
0 00 01 0

We note that although the representative given in chapter 4 is of the form aFEs + (E;) for a > 0,
we choose to take o = 1 throughout this chapter to simplify calculations.

6.1 Normal extremals
6.1.1 PROPOSITION. The family of (reduced) cost-extended Hamiltonians is given by

Ac
H;\(p) = =5 u® + p(Bs + ukn). (6.4)

PROOF. By proposition 2.3.7 we obtain the family of (reduced) Hamiltonian functions,
H,(p) = p(E3 + uFEy). It then follows, by definition 2.6.3, that the family of (reduced)

cost-extended Hamiltonian on se(2)* is given by
A Act o
Hy(p) = ——~u” + p(Es + ukn).
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THEOREM. The optimal control corresponding to the normal extremals is given by
1
u = 7P1a
C1
where
P =P (6.5)
Py=-P (6.6)
. 1
P3s=——PP;. (6.7)
C1

PROOF. The family of (reduced) cost-extended Hamiltonians, corresponding to the normal

extremals, is given by H,(p) = —%clu2 + p(Es +uEp). Using 3.4, 3.5, 3.6, the corresponding

cost-extended Hamiltonians are given by H, = —%cluQ + P3 + uP;. Applying the maximality

condition, (M P2), of the maximum principle we obtain the optimal control corresponding to the
normal extremals,

0H. 1
-0 «— —cqu+P, =0 < u=—P,.
ou c1

We now substitute this expression for u into the above to obtain the optimal Hamiltonian; that is,

1 1
H(p) = —s—P+P3+ —P}
(p) 21 1+ 3+Cl 1
1 2
= — P;.
201 1+ 3

We then use the properties of the Poisson bracket to get that:
P, = {P,H}_
1
= {P,—P}+ P}
1

= 2 (PH{P;, P} +{P, P }_P)+{P, P}
1

= apl{Piapl}f +1{P, P}

From the relations 3.7 we get that:
P = cllpl{P1,P1}— +{P1, P} = P,
Py = Cllpl{Pz,Pl} +{P, P} = —P,

1 1
P = apl{Pg,Pl}_ + {P3,P3}_ = —aplpg.
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PROPOSITION. The function K = P? + P} is an integral of motion for the Hamilton-Poisson
system (56(2)*7 { )" }—7H); where H = %Pf + Pg.

PROOF. Indeed, ' . .
K=PP +BPP.

Substituting in equations 6.5, 6.6, 6.7 we get that
K =P P,— PP, =0.

Thus K is constant along the flow of the Hamiltonian vector field and is therefore an integral of
motion for this system. O

REMARK. In fact, the function K = P? 4+ P§ is a Casimir function for se(2)*.

6.2 Solution to the normal extremal equations

THEOREM. We can integrate the (reduced) extremal equations 6.5, 6.6, 6.7 using standard
trigonometric integrals to obtain the results:

Pi(t) = VK sin(t) (6.8)
Py(t) = VK cos(t) (6.9)
Ps(t) = \éf? cos?(t). (6.10)

PROOF. We have that the following is a Casimir function for this system,
P+ P} =K. (6.11)

From here we get that P = +/K — P{. Taking P, = /K — P? and substituting into equation
6.6 gives

J
o VK-PF Jo

and so we get from standard integrals that

Py
t =sin"(—= 6.12
() (612)
Pi(t) = VK sin(t). (6.13)
Substituting this equation now into equation 6.5 gives,
P>
Py(t) = —VK sin(t)dt (6.14)

0

Py(t) = VK cos(t). (6.15)
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We now substitute the values for P; and P, into equation 6.7 to get that

. VK
Py = ——— cos(t) sin t.
€1

We simply integrate now to obtain

Ps(t) = \/j — cos(t) sin(t)dt (6.16)
c1

Ps(t) = if? cos’(t). (6.17)

O

6.3 Stability

The equilibrium states for the system of equations 6.5, 6.6, 6.7, see 2.8.1, are:

P, =(0,0,M) MEeR.
6.3.1 THEOREM. The equilibrium state P., = (0,0, M) is stable for all M € R.

PROOF. We use theorem 2.8.7 to prove that these equilibrium states are stable. We let
L=MNH+ MK, where \p =0, \; =1 and K = P12 + P22 is a Casimir function. Then
dL(0,0, M) = [Py P, 0]| (g0, ary = 0. The Hessian is then given by

1
dL*(0,0,M) = |0
0
Now clearly ker dK (P.,) = R3. We have that dH (0,0
Therefore we have that ker dH (P,,) = span {(1,0,0), (0,1,0)} and so

W =span{(1,0,0),(0,1,0)}.

The restricted Hessian is given by

1 0
40000 = [y 1)

which is positive definite. So we have found constants Ag, A1 such that L satisfies conditions 2.39
and 2.40 of theorem 2.8.7. Hence the equilibrium state P., = (0,0, M) is stable for all M € R. O



Chapter 7

The Type II' Problem

We consider the LiCP

1 T
J = 5 /O (crui(t) + csuj(t)) dt — min, e1,c3 >0
g = gwE1+usEs), g¢geSE?2), (u1,ug)€ R?

9(0) = g1 and ¢(T)=go.
Here g1 and gy are arbitrary but fixed points in SE(2) and

0 00 00 O
Eir=11 0 0 and E3= |0 0 -1
0 00 01 0

7.1 Normal extremals

7.1.1 PROPOSITION. The family of (reduced) cost-extended Hamiltonians is given by

Cc C
HY(p) = =\ (S0 + 53 ) + p(ws By + uaF).

PROOF. By proposition 2.3.7 we obtain the family of (reduced) Hamiltonian functions,
H,(p) = p(u1 E1 + ugEs3). It then follows, by definition 2.6.3, that the family of (reduced)
cost-extended Hamiltonian on se(2)* is given by

C C
Hy(p) = -\ (51“% + 5315%) + p(u1 E1 + uzEs).

7.1.2 THEOREM. The optimal control corresponding to the normal extremals is given by

1 1
up = —P, uz = — P,
C1 C3

(7.4)
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where
1
P = —PP (7.5)
c3
1
Py=——PP; (7.6)
c3
1
Py=——PP. (7.7)
Cc1

PROOF. The family of (reduced) cost-extended Hamiltonians, corresponding to the normal
extremals, is given by H,(p) = —1(c1u + c3u3) + p(u1 E1 + uzEs). Using 3.4, 3.5, 3.6 the
corresponding cost-extended Hamiltonians are given by H, = —%(clu% + @,u%) + u1 Py + ugPs.
Applying the maximality condition, (M P2), of the maximum principle we obtain the control
corresponding to normal extremals,

OH, 1
L =0 «— —ciu1 + P =0 < u; = —PF,
ouq C1
OH, 1
“=0 < —cyuz+P3=0 < uz3=—"Ps.
8U3 C3

We now substitute this expression for u into the above to obtain the optimal Hamiltonian; that is,

1 1 1
H(p) = —5(-Pi+ P+ P+ P
C3 Cc1 C3

1 1
= —p2y _—p2
201 ! + 203 3

We then use the properties of the Poisson bracket to get that:

P = {P,H}_
1 1
= {P,—P?+ _—pP2_
{ (2] 201 1 +203 3}

1 1
= 271({131',131}_131 + Pi{P;, Pi}-)+ 273({131',133}—133 + P3{P;, P3}_)
1 1
= —P{P,P}-+—P{P,Ps}_.
C1 C3
From the relations 3.7 we get that:
) 1 1 1
Py = —P{P,Pi} + —P{P,P3}_ = —P»P3,
c1 C3 C3
) 1 1 1
Py=—P{P, P} + —P3{P>, P3}_ = ——P Ps,
C1 C3 C3

1 1 1
Py = —P{P,P}_ + —P3{P;,P3}_ = ——P P.
Cq Cc3 C1
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7.1.3 PROPOSITION. The function K = P? + P3 is an integral of motion for the Hamilton-Poisson
system (se(2)*,{-,-}—, H), where H = %Pf + %P;

PROOF. Indeed,

Substituting in equations 7.5, 7.6, 7.7 we get that

1

. 1
K =—-PP,P;— —P,PP;=0.
C3 C3

Thus K is constant along the flow of the Hamiltonian vector field and is therefore an integral of

motion for this system.

7.1.4 REMARK. In fact, the function K = P} + P is a Casimir function for se(2)*.

7.2 Solution to the normal extremal equations

O

7.2.1 THEOREM. The (reduced) extremal equations 7.5, 7.6, 7.7 can be integrated by Jacobi elliptic

functions to obtain the results:

case 1: K > 2c1H.

where a®> = K and b* = 2¢1H.
case 2: K <2c¢1H.

where a® = 2c1H and b? = K.

PRrROOF. We have

P2 =2c3H — P2 and P} =K — P2
C1

&@zi¢%ﬂ—2ﬁ@.

(7.8)
(7.9)

(7.10)

(7.11)

(7.12)
(7.13)

(7.14)

(7.15)

(7.16)
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We now square equation 7.5 and substitute in equations 7.16 to get

o 1
P’ = 5 PP} (7.17)
€3
. 1
P’ = (K- P}(2cH — P?). (7.18)
Cc1C3
Therefore we get that
. 1
P = \/ (K — P2)(2c,H — P?): (7.19)
C1C3
It now follows that
t=./cics / " Py (7.20)
= C1C .
' V(K — P?)(2c,H — P2)

Case 1: Firstly we assume K > 2¢;H and so choose a? = K and b* = 2c; H. Now comparing
equation 7.20 with the elliptic integral 2.15 we get that

t:\/msn1< P \/ﬂ)
VK V2etH K

(7.21)

and so

. \/7?,L \/261 ]
Pi(t) = \/2c1H sn ( oG VK > (7.22)

According to equation 2.15, substituting values for a? and b2, we require that 0 < 2 < b < a,
which gives us that
0<P}<P}+P}<K=P+P;

This is always true as we assume that K > 2¢1H and clearly P? is always less than or equal to
P12 + P32. Similarly we can compare equation 7.20 with equation 2.17, using the same values for a?
and b? and satisfying the same condition (0 < 2 < b < a), to obtain

\/@Cdl( Pl \/ﬁ)
VK V2eH VK

t=

(7.23)

Hence we have that

Jae VK

Case 2: We now assume that K < 2¢; H and comparing equation 7.20 again with equation
2.15, where a? = 2¢; H and b? = K, we get that

Pi(t) = \/2¢1H cd ( VEL V2ol > : (7.24)

poYas (B VR (7.25)
V2e1H VK V21 H ’
and so
B V2HE VK
Pi(t) = VK sn < = m) (7.26)
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According to equation 2.15, substituting values for a? and b?, we require that 0 < 2 < b < a,
which gives us that
0<P}!<K=P}+P?<2H=P?+ P}

This is always true as we assume that K < 2c;H and clearly P} is always less than or equal to
P? + P2. Similarly we can compare equation 7.20 again with equation 2.17 using the same values
for a? and b? and satisfying the same condition, 0 < x < b < a, to obtain

_ Yaes P VK
t= N cd™? (JE W) : (7.27)

Hence we have that

x/ég 7\/201f{

We can now solve for P, and P3 by substituting into equations 7.16. [l

Pi(t) = VK cd (‘/ﬁt vk ) ' (7.28)

7.3 Stability

The equilibrium states for the system of equations 7.5, 7.6, 7.7, see 2.8.1, are:

P., = (M,0,0), P.,=(0,M,0), P.,=(0,0,M) and PFPy=(0,0,0).
Here M € R\{0}.

THEOREM. The equilibrium state P., = (M,0,0), M € R\{0} is unstable.

PROOF. Let A be the matrix corresponding to the linearised operator of system 7.5, 7.6, 7.7, as
given in theorem 2.8.4. Thus

1 1
0 ng EIPQ
A - —§P3 P —apl 5
_EPQ _Epl 0
and then we have that

0 0 0

AP,)=10 o -2
0o -M ¢

The characteristic polynomial is then given by

A42
charg (\) = =\ <)\2 — ) :
C1C3

Now, for M > 0 (since ¢1,c3 > 0) the eigenvalues are as follows

A =0, X= A3 = —



84 Chapter 7: The Type II° Problem

Therefore the Re(A2) > 0 and it follows from theorem 2.8.4 that our equilibrium
P., = (M,0,0), M > 0 is unstable. Similarly if M < 0, it clearly follows that Re(A3) > 0 and so
again by theorem 2.8.4 the equilibrium is unstable. ([l

7.3.2 THEOREM. The equilibrium state P., = (0,M,0), M € R\{0} is nonlinearly stable.

PROOF. Here we use the energy-Casimir method to prove our claim. Let Hy be the
energy-Casimir function given by

1 1 1
Hy(P1, Py, P3) = o—Pf + o— P + (5 (P} + B)), (7.29)
261 203 2
where ¢ € C*(R,R).
We now calculate the first variation of Hy:
d 1 1
0Hy = —(=— (P +t01)* + — (P + td3)?
¥ dt(201( L+ t61)° + 263( 3+ 103)) L
- 1¢(3(P +161)% + l(P +t61)%)
pIAACACE! 1 5 1 o
1 1 .1
= aplal + apgag + (01 P; + 52132)1/;(5(1312 + P3)) (7.30)
and this equals zero at P., = (0, M, 0) if and only if
S
.1
Y(=M?*) = 0. (7.31)

2
Now, by using 7.30, we can calculate the second variation of Hy:

1 1 -1 1
Hy = 0+ 03+ (01 + BG(PE+ PD) + P+ RPN PR+ PR, (132)
Therefore using 7.31 the second variation at the equilibrium of interest is

1 1 1
62 H (0, M, 0) = C—&% + ?5§ + (MQw(§M2))5§. (7.33)
1 3

This can be represented in matrix form as

= 0 07 6
[61 02 83 [0 MZ%p(3M?) 0| |62
0 0 L] 03

c3

and is positive definite if and only if each of the entries along the diagonal are positive. We note
that the matrix can only be positive definite as c1,cs > 0 by assumption. Therefore the matrix is

positive definite if and only if
-1
¢(§M2) >0 (7.34)
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Consequently, ¢(z) = % — M73 is such a function that satisfies the above conditions 7.31 and 7.34.

Hence this quadratic form is positive definite for all M € R\{0} and so the equilibrium states
P., = (0, M,0) are nonlinearly stable. O

€2

THEOREM. The equilibrium states Py = (0,0,0) and P., = (0,0, M) for all M € R\{0} are stable.

PRrROOF. We use theorem 2.8.7 to prove that these equilibrium states are stable. Let
L= XH + M\ K, where \g =0, Ay =1 and K = P + Pj is a Casimir function. Then for all
M € R dL(0,0,M) = [Py P> 0|y pr) = 0. The Hessian is then given by

100
dL?(0,0,M) = |0 0

00 0
Now clearly ker d (P.,) = R3. We have that dH (0,0, M) = [%1 0 %}

0
1
0
, M
Therefore we have that ker dH (P,,) = span {(1,0,0), (0,1,0)} and so

(0,0,M) - [O 0 M]'

W =span{(1,0,0),(0,1,0)}.
The restricted Hessian is given by
10
2 _
dL?(0,0, M) |y = [0 1] ,
which is positive definite. So we have found constants Ao, A1 such that L satisfies conditions 2.39

and 2.40 of theorem 2.8.7. Hence the equilibrium states Py = (0,0,0) and P., = (0,0, M) for all
M € R\{0} are stable. O

Table 7.1:

Stability
Equilibrium state | Conditions | Stable/Unstable
P., = (M.,0,0) M € R\{0} | Unstable
P., =(0,M,0) M € R\{0} | Stable
P., =(0,0,M) M € R\{0} | Stable
Py =1(0,0,0) Stable
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Chapter 8

The Type II-a Problem

We consider the LiCP

1 (T
J = 2/ (cou3(t) + csu3(t)) dt — min, ¢, c3 >0 (8.1)
0
g = g(BE1+uzFs+usFEs), g€SE(2), (up,us)€R? (8.2)

g(0) = g1 and g(T) = go.

Here g; and g2 are arbitrary but fixed points in SE(2) and
000 000 00

Ei=11 0 0f, E=|(0 0 0] and E3= |0 0 -1
000 100 0 1

8.1 Normal extremals

8.1.1 PROPOSITION. The family of (reduced) cost-extended Hamiltonians is given by

C C
H\(p) = - (gug + gug) 4 p(Br + w1 Es + usEs). (8.4)

PROOF. By proposition 2.3.7 we obtain the family of (reduced) Hamiltonian functions,
H,(p) = p(E1 + u1 B3 + uzE3). It then follows, by definition 2.6.3, that the family of (reduced)
cost-extended Hamiltonian on se(2)* is given by

C C:
Hy(p) = -\ (521@ + 53”%) + p(E1 + ua By + uzE3).

8.1.2 THEOREM. The optimal control corresponding to the normal extremals is given by
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where
1
P = —P,P; (8.5)
3
1
Py=——PPs (8.6)
C3
: 1
Py= PP P, (8.7)
C2

PROOF. The family of (reduced) cost-extended Hamiltonians, corresponding to the normal
extremals is given by H,(p) = —%(czu% + cgu) + p(Ey + ugEs + ugE3). Using 3.4, 3.5, 3.6 the
corresponding cost-extended Hamiltonians are given by

H, = —%(czu% + c;;u%) + Py + ug Py + ugPs. Applying the maximality condition, (M P2), of the
maximum principle we obtain the optimal control corresponding to the normal extremals,

O0H 1

L =0 «— —coug+ Po =0 < ug = —P,,
8U2 (&)
0H 1

L =0 = —czuz + P3 =0 < u3 = —PF;.
Ous c3

We now substitute this expression for u into the above to obtain the optimal Hamiltonian; that is,

1.1 1 1 1

H = ——(=P}+—-P)H+—_P2+ P21+ P
(p) 2(022+03 3)+622+633+1
1 1

P2
2co 2+ 2c3

P} + Py

We then use the properties of the Poisson bracket to get that:
P, = {P,H}_

1 1
= {P,—P2+ —P4+P)_
1 1
@({Pu Py} Py + P{P;,P,} )+ 273({3‘, P3} _P3+ P3{P;,P3}_)+{P, P}
1 1
= gpz{Pi,PQ}— + gPS{Ba P} +{P,P}_.

From the relations 3.7 we get that:

. 1 1 1
Py = —P{P, P} +—P{P, P} +{P, P} = —PPs,
Cco Cc3 C3

. 1 1 1
Py = —P{P, P} + —P{P,P3}_ +{P, P} = ——PP3,
C2 C3 C3

. 1 1 1
Py = ;P2{R7P2}— + ;Ps{R,Ps}— +{P,Pi}- = ;P1P2 — Ps.
2 3 2
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8.1.3 PROPOSITION. The function K = P? + P2 is an integral of motion for the Hamilton-Poisson

system (se(2)*, {-,-}—, H), where H = 5-P; + 5-P§ + P1.
PROOF. Indeed,

K= P1P1 + PQPQ.

Substituting in equations 7.5, 7.6, 7.7 we get that

.1 1
K = —P,PyP; — —PyP,P; = 0.
C3 C3

Thus K is constant along the flow of the Hamiltonian vector field and is therefore an integral of

motion for this system.

8.1.4 REMARK. In fact, the function K = P? + P is a Casimir function for se(2)*.

8.2 Solution to the normal extremal equations

O

8.2.1 THEOREM. The (reduced) extremal equations 8.5, 8.6, 8.7 can be integrated by Jacobi elliptic

functions to obtain the results:
For H — co < VH? — K we have the following two cases:
Case 1: H—co < —VH? - K

a—ﬂadc( %Ftb)

1—adc<(a 6)%2172 t, b)
o — fa ns (Mat Q)

Pi(t) =

and/or Pi(t) =

1— ans (M \/A1A2at b

Py(t) = £4/ K — P3(1)

C2

}yﬂ:i¢zﬁuyﬂgﬂuﬂﬁgH—%K.

2 _ H+VH*+K 2 _ _H—ca+VvVH?K
where a = HVIPK and b B IVHTK

Case 2: H —cy > —VH?2 - K

a — Banc ( Va+b*(a—f)v Az, b )

Pi(t) = T v
1—anc ( a?+b?(a—B) A1A2t b )
Veacs ? Va2+b?
N ) e =)
and/or Pi(t) = s VaZib

c2C3

2 2 Va21b%(a—B) VA1 Az )
—Vva*+b ds( t, \/a2+b2>

(8.10)

(8.11)

(8.12)

(8.13)
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Py(t) = £/ K — P2(t) (8.14)

Py(t) = i\/CSPf(t) — e3Py (t) + 2c5H — 2 K. (8.15)
C2 c2
2 _ H+VH?’4K 2 _ H—cy+VH?-K
where a® = HoVIToK and b* = C2_§+m
ProOF. We have .
P} =2c3H — 2P} —2c3P, and P} =K — P} (8.16)
C2
First we square equation 8.6 and then substitute in equations 8.16 to obtain
52 L 900
3
. 1
P’ = (K — P?)(P? — 2c2P, + 2c5H — K)- (8.18)
C3Co

The expression v H2 — K, which appears throughout the remainder of this proof, is always real
since the discriminant of P12 — 2co Py + 2coH — K is given by

A = 4c} — 8coH + 4K.
This expression is a quadratic in ¢ with discriminant given by
A =64(H* — K) > 0 (since ¢y is real) = H?* — K > 0.

We now proceed to apply the method outlined in section 2.7 to get the equation, in the form 2.25,
to match the form of equation 2.35. Let S = P12 —2¢9P; +2c9H — K and Sy = K — P12. We then
consider the quadratic expression S; + ASs. This expression is a perfect square whenever

DA) = (1= A)(AK — K +2¢H) —c3 =0 (8.19)
— KN 4 (2K — 22 H)A — K — ¢34 2¢,H = 0. (8.20)

We now solve this expression for A to obtain

K —cH+coVvVH?2 - K

A = - (8.21)
K —coH — eoVHT — K
Ay = €2 [;2 . (8.22)

Substituting A1, As into equation S7 + ASs gives

S1 = A1 (Py — a)> 4+ B1(Ps — 8)? and Sy = Ag(Py — a)* 4 Ba(Ps — ()2, where (8.23)
_ 2 _ _ 2 _
4= H+VH? - K B, = H-c+VH?-K (8.24)

2vVH? - K 2vVH? - K
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H-VH?—K H+VH?—K
Ag="—Y - — By— VTR (8.25)
WH? - K WH? - K

a=H+\VH?—K B=H-+\H?—K. (8.26)

Now having S7 and Sy in the form above we can now write 8.18 as

P’ = 021C3(A1(P1 —a)’+ Bi(P1 — 8)*)(A2(PL — a)® + Ba(Py — B)?).

Continuing to follow the steps outlined in section 2.7 we use the substitution v = g:g to obtain

the following integral equation:

_( CQ;M/\/UZ Bl u2 B2) (8.27)

We require that A1 As = (2= HJ“/H? 72 )(Ig VH-K) > 0 under the square root sign and, since

H? — K > 0, it must follow that either

H>VH? _Kandes— H> —VH?_ K, or (8.28)
H<VH - Kande,— H< —VH:_ K. (8.29)
Here case 8.29 cannot hold as we have H —co > VH? — K but H —co < H < VH? — K.

Therefore we have that v H2 — K < H — ¢y < vV H? — K, which is a contradiction. Therefore for
case 8.28 we have the following two cases:

Case 1: H —cy < —vV H? — K. In this case we take
9 By H+ vVH? - K

e = ——

Ay H-VH2-K’
Bl_ H—-—c+VH? - K

2
A T e _H VP K
We rewrite equation 8.27 as
P —a
. \/C2C3 P1=8 du (8.30)

S a-pVAE Je ) 1)
Comparing equation 8.30 with the elliptic integral 2.19 we get that

(VAT Ly (100 ),

4/ C2C3 _E aPl—B’E

(8.31)
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Therefore

P —a — 4 de <a(oz—6)\/A1A2t b)

P -8 \/CaoC3 "a
py < O P (R )
1(t) = — :
l—adc (a(a_\ﬂ/zchlAQt’ g)

(8.32)

(8.33)

Substituting the values of a? and b? into the condition a < b < z of equation 2.19 gives

H—I—VH_K< H—-co+VH K
H-vVvH K co—H+vVvH K

Similarly we can rewrite equation 8.27 as

B \/C2C3 o0 du

(0= AVAA; Joze \/(u? = a?)(u? — 1)

Comparing equation 8.34 with the elliptic integral 2.20 we get that

<a_5)vA1A2t:1nS_1 lPl—Oz 9 )
V€263 a aP—p"a

Therefore

Poo (a(@ — BV A1As, b)
P -3 V/C2C3 "a
o — Bans (% chl‘%t, g)
a(a—B)\WAiAz, b\
1—ans <7( %2203 122 E)

Pi(t) =

Case 2: H —cy > —vV H? — K. In this case we take

9 By H+VH?-K
a :—7:—7
A2 H—-+VH?-K

Bl H-co+VH’-K

V=""= .
A1 ew-H+VH?2-K
We rewrite equation 8.27 as
P —«a
\/C2C3 P1=8 du

(= B)VA1A2 Jo V(U2 — a?)(u? + b2)

Comparing equation 8.38 with the elliptic integral 2.23 we get that

(8.34)

(8.35)

(8.36)

(8.37)

: (8.38)
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— A1 A 1 1P — b
(o= P)vAids, ne~! ( 1= ) (8.39)
NEE Va2 + b? aPr— B a2+ b2
P -« — une \/a2+b2(a—5)\/A1A2t b (8 40)
P —p V/C2€3 "Va? + b2 '
o — Ba nc (x/a2+b2(acgi)vA1A2 t, v 2b b2)
Pi(t) = v o (8.41)
1 _ n (va2+b2(a*ﬁ)vA1A2t b )
ane Jeacs ' Var b
Similarly we can rewrite equation 8.27 as
\/C2C3 o0 du (8 42)
(0 = B9V AL A Joze \/(u? = a?)(u? + b?) '
Comparing equation 8.42 with the elliptic integral 2.24 we get that
(a — ﬂ)\/AlAQt . 1 dS_l < 1 P1 — b ) (8 43)
V€203 va? + b2 Va2 +02 Pr— B a2 + b2 '
Therefore
P — Va2 + b2 (a — B)VALA b
LmO g [ YO BV, (8.44)
P —-p \/Cc2C3 Va2 + b?
o = BVaZ 12 ds (YOI )
Pi(t) = Ll (8.45)
Va2 +b%(a—B)VAL A b '
1—+va2+0b%ds ( o, \/a2+b2)
O

8.3 Stability

The equilibrium states for the system of equations 8.5, 8.6, 8.7, see 2.8.1, are:

P, =(M,0,0), P.,=(0,0,M), Py =(c2,M,0) and Fp=(0,0,0).

Here M € R\{0}

8.3.1 THEOREM. The equilibrium state P., = (M,0,0), M € R\{0} has the following behaviour:

(i) If co > M > 0, then it is unstable;

(i1) If M € (—00,0) U (c2,00), then it is nonlinearly stable.

ProoF. (i) If ¢; > M > 0, then P, = (M,0,0) is unstable. Let A be the matrix corresponding to



94 Chapter 8: The Type II-a Problem

the linearised operator of system 8.5, 8.6, 8.7, as given in theorem 2.8.4. Thus

0 %Pg 1p,

and then we have that

0 0 0
A(P,,) = |0 0 f%
0o X_1 o

The characteristic polynomial is then given by

M2 M
charg (\) = —\ ()\2 + < — )) .
C2C3 C3

Hence the eigenvalues are as follows:

M M2 M M2
M=0, do=4——— N=—/———
c3 C2C3 €3 C2C3

Noweca > M >0 = C— > CQC . In this case Re(A2) > 0 and so it follows from theorem 2.8.4

that our equilibrium P., = (M,0,0), ca > M > 0 is unstable.

(ii)) If M € (—00,0) U (¢2,0), then it is nonlinearly stable. Here we use the energy-Casimir
method to prove our claim. Let Hy be the energy-Casimir function given by

Hy (P, P, Ps) = 7P2+ P3 +P1+7/’( (P} + P3)), (8.46)

2c3

where 1) € C*°(R,R). We now calculate the first variation of Hy:

d

OHy = dt(202(

1
Py +td9)* + 5o (P + t83)% + Py + td1)
3

t=0

+ 1/1( (P, +t6,)% + %(P2+t52)2)

t=0
1 1 .1
= 6P262 + gpgég + 61 + ((51P1 + 52P2)w(§(P12 + P22)) (8.47)

and this equals zero at P., = (M,0,0) if and only if

& + 6 Mp(zM?) = 0,

(8.48)
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Now, using 8.47, we can calculate the second variation of Hy:

1 1 -1 1
02 Hy = 555 + gag + (07 + (5 (PF + P3)) + (1P + 6:2P) " (5 (P + P5), (8.49)

The second variation at the equilibrium of interest is

1 1 - 1

1 1
2 2 2 2 2 2
Hy,(M =(—-— — M=)(=M . .
B (M.0.0) = (- = 31088+ —03 + (A2 - )0} (5.50)
This can be represented in matrix form as

M2*p(IM?) — & 0 07 [é6,
(61 62 33) 0 (= —17) 0] |6
0 0 =1 10

and is positive definite if and only if each of the entries along the diagonal are positive. We note
that the matrix can only be positive definite as c3 > 0 by assumption. Therefore the matrix is
positive definite if and only if

1 1 -1 1

— > — and Y(z M?) > —- 8.51
Consequently, 1 (z) = m(m(# +¢1) — & — M?cq) is such a function that satisfies the above
conditions 8.48 and 8.51. Hence this quadratic form is positive definite for all
M € (—00,0) U (c2,00) and so the equilibrium states P., = (M, 0,0) are nonlinearly stable for all
M € (—00,0) U (c,00) . O

THEOREM. The equilibrium state P., = (c2, M,0) is unstable for all M € R\{0}.

PROOF. Let A be the matrix corresponding to the linearised operator of system 8.5, 8.6, 8.7, as
given in theorem 2.8.4. Thus

1 1
0 ip Ip
A= |-LP; 0 —=h,
1 1
P tP-1 0

and then we have that

0o 2

AP,)={0 0 -2
Mg 0
2

The characteristic polynomial is then given by

chary (\) = =\ <)\2 — ) .
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Hence the eigenvalues are as follows:

M M
Ar=0, A=+ s A3=-— :
4/ C2C3 \/C2C3
Now if M < 0 then Re(A3) > 0 and, similarly, if M > 0 then Re(\2) > 0. Hence by theorem 2.8.4
it follows that P., = (c2, M,0) is unstable for all M € R\{0}. O

THEOREM. The equilibrium state P., = (0,0, M) is stable for all M € R\{0}.

PROOF. We use theorem 2.8.7 to prove that these equilibrium states are stable. Let
L=MNH+ MK, where Ao =0, \; =1 and K = Pl2 + P22 is a Casimir function. Then
dL(0,0, M) = [Py P, 0]| (g ar) = 0. The Hessian is then given by

100
dL*(0,0,M)=10 1 0
000
Now clearly ker d (P.,) = R%. We have that dH (0,0, M) = [1 Py &}

c2 c3

Therefore we have that ker dH (P,,) = span {(—X4 ++0,1),(0,1,0)} and so

(0,0,M) - [1 0 M]'

M
W = span{(—g, 0,1),(0,1,0)}.

The restricted Hessian is given by

M2
dL?(0,0, M)y = 05 1],

which is positive definite. So we have found constants A\g, A1 such that L satisfies conditions 2.39
and 2.40 of theorem 2.8.7. Hence the equilibrium state P., = (0,0, M) is stable for all
M € R\{0}. O

THEOREM. The equilibrium state Py = (0,0,0) is unstable.

PROOF. Let A be the matrix corresponding to the linearised operator of system 8.5, 8.6, 8.7, as
given in theorem 2.8.4. Thus

and thus we have

The characteristic polynomial is then given by

char 4(p;) (A) = det(A(Fp) — AL).
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Therefore
det(A(Py)) — A1) = -\3=0

and so the only eigenvalue of A(Fp) is A = 0. The algebraic multiplicity of A is m) = 3. We now
Z1

determine the geometric multiplicity of . Let X = |x2| € R3. The eigenvectors associated the
3

the eigenvalue 0 are given by the system

I
T2

0 0
(A(P))—01)X = [0 0
0 T3

—1

o O O

=0.

This system reduces to the equation x9 = 0. Therefore X = span ({1,0,0},{0,0,1}) and so the
geometric multiplicity of A = 0 is d\ = 2. Therefore A(FPp) has an eigenvalue A with zero real part
such that dy < m) and so by theorem 2.8.5 it follows that Py = (0,0, 0) is an unstable equilibrium

state. O
Table 8.1:
Stability
Equilibrium state Conditions Stable/Unstable
P., = (M,0,0) ca>M>0 Unstable
M € (—00,0) U (c2,00) | Stable
P., =(0,0,M) M € R\{0} Stable
P., = (c2, M,0) M € R\{0} Unstable
Py =(0,0,0) Unstable
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Chapter 9

The Type II-b Problem

We consider the LiCP

1 T
J = 2/ (cruf(t) + couj(t)) dt — min, c1,c0 >0 (9.1)
0
g = g(Eg +u B + UQEQ), g€ SE(Q), (ul,UQ) € R? (9.2)

9(0) = g1 and g(T) = go.
Here g1 and gy are arbitrary but fixed points in SE(2) and
0 00 0 00 00 0
Fi=1(1 0 0, E;=1({0 0 0 and F3= (0 0 -1
0 00 1 00 01 0

We note that although the representative given in chapter 4 is of the form aFEs + (E4, Es) for
a > 0, we choose to take o = 1 throughout this chapter to simplify calculations.

9.1 Normal extremals

9.1.1 PROPOSITION. The family of (reduced) cost-extended Hamiltonians is given by

c c
H)p) = -\ (%u% + Ezu%) + p(E3 + u1 By + ugE). (9.4)

PROOF. By proposition 2.3.7 we obtain the family of (reduced) Hamiltonian functions,
H,(p) = p(E3 + u1 By + uaEs). It then follows, by definition 2.6.3, that the family of (reduced)
cost-extended Hamiltonian on se(2)* is given by

Cl 2 02 2

H{,,\(P) =—A (5“1 + 5“2) + p(Es + u1 By + uaE»).



9.1.2

100 Chapter 9: The Type II-b Problem

THEOREM. The optimal control corresponding to the normal extremals is given by
1 1
u = —n, uy = — P,
C1 C2
where
P=p )
Po=-P 9.6
. 1 1
Py=(—— —)PPs. (9.7)
Cc2 C1

PROOF. The family of (reduced) cost-extended Hamiltonians is given by

H,(p) = —%(clu% + cou3) + p(E3 + u1 By + uzE»). Using 3.4, 3.5, 3.6 the corresponding
cost-extended Hamiltonians are given by H, = —%(clu% + czu%) + P34+ u1 P1 + uo Py, Applying the
maximality condition (M P2) of the maximum principle we obtain the optimal control
corresponding to the normal extremals,

OH, 1
L =0 = —ciu1 + P =0 < u; = —PF,
ouq C1
0H 1
=0 = —cupt+Po=0 <= uy=—"D;.
Ous c2

We now substitute this expression for u into the above to obtain the optimal Hamiltonian; that is,

1.1 1 1 1
H(p) = —=(—P?+ —P})+—P}+ —P}+P
(p) 2(01 1+C2 2)+C1 1+C2 5 + 3
— L 2 + LPQ _|_P
o 201 1 202 2 3

We then use the properties of the Poisson bracket to get that:

- 1
P, = {P,H} ={P, 5P+
l

1
P2y
262 2 + 3}

1 1
E({Pia P} P+ PA{P,P}_)+ %({Pi, P} P+ PP, P} ) +{P, Ps}

1 1
= apl{Pi, Pi}_+ gPQ{Piy Py} +{P;, P3}_.
From the relations 3.7 we get that:
. 1 1
P = apl{PlaPI}— + apz{Pth}— +{P,P3}_ = Ps,

. 1 1
P2 = apl{PQ,Pl}_ =+ aPQ{P27P2}_ —+ {PQ,P3}_ = —Pl,

. 1 1 1 1
P = fpl{Pg,Pl}, + 7P2{P3,P2}7 + {P3,P3}, = (7 — f)Plpg.
c1 (&) C2 O
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PROPOSITION. The function K = P? + P} is an integral of motion for the Hamilton-Poisson
system (se(2)*, {-,-}, H), where H = 5-P{ + 5.-P3 + P3.

PROOF. Indeed, ' . '
K=PP + PP,

Substituting in equations 9.5, 9.6, 9.7 we get that
. 1 1
K=—PP,——PP =0.
C2 C2

Thus K is constant along the flow of the Hamiltonian vector field and is therefore an integral of
motion for this system. O

REMARK. In fact, the function K = P? 4+ P§ is a Casimir function for se(2)*.

9.2 Solution to the normal extremal equations

THEOREM. We can integrate the (reduced) extremal equations 9.5, 9.6, 9.7 using standard
trigonometric integrals to obtain the results

Pi(t) = VK sin(t) (9.8)
Py(t) = VK cos(t) (9.9)
Ps(t) = VK ( 0261_6261 ) cos?(t). (9.10)

PROOF. We have that the following is a Casimir function for this system,
P+ P} =K. (9.11)

From here we get that P, = +/K — P{. Taking P, = \/K — P} and substituting into equation
6.6 gives

J
o VK-PF Jo

and so we get from standard integrals that

P

t =sin"'(—= 9.12

(%) (912

Pi(t) = VK sin(t). (9.13)

Substituting this solution for P; into equation 6.5 now gives,
P>
Py = —VK sin(t)dt (9.14)
0

Py(t) = VK cos(t). (9.15)
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We now substitute the values for P; and P, into equation 6.7 to get that

Py = \/E(c2 - ) cos(t) sin(t).

C1C9
We simply integrate now to obtain
Py = VE(2 ) / — cos(t) sin(t)dt (9.16)
1€2
Py(t) = \/E(CQC_CCl ) cos2(t). (9.17)
1€2

9.3 Stability
The equilibrium states for the system of equations 9.5, 9.6, 9.7, see 2.8.1, are:
P., =(0,0,M) M eR.
9.3.1 THEOREM. The equilibrium state P., = (0,0, M) is stable for all M € R.

PROOF. We use theorem 2.8.7 to prove that these equilibrium states are stable. Let
L=MNH+ MK, where \p =0, \; =1 and K = Pf + 1’322 is a Casimir function. Then for all
M € R dL(0,0, M) = [Py P2 0|y pr) = 0. The Hessian is then given by

1
dL?(0,0,M) = |0
0

Now clearly ker d (P.,) = R3. We have that dH (0,0, M) = [a B 1} ‘(0,0,M) =0 o 1.
1

Therefore we have that ker dH (P,,) = span {(1,0,0), (0,1,0)} and so
W =span{(1,0,0),(0,1,0)}.

The restricted Hessian is then given by

5 IR
dL?(0,0, M) |y = [o 1],

which is positive definite. So we have found constants Ay, A1 such that L satisfies conditions 2.39
and 2.40 of theorem 2.8.7. Hence the equilibrium state P., = (0,0, M) is stable for all M ¢ R. O
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The Type III' Problem

We consider the LiCP

1 T
J = 2/ (cruf(t) + couj(t) + csuj(t)) dt — min, c1,c2,¢3 > 0 (10.1)
0
g = g(uE1+ugEs +usEs), g€ SE(?2), (u1,us,u3)€ R3 (10.2)

Here g; and g2 are arbitrary but fixed points in SE(2) and
000 000 00

Ei=11 0 0f, E=|(0 0 0] and E3= |0 0 -1
000 100 0 1

10.1 Normal extremals

10.1.1 PROPOSITION. The family of (reduced) cost-extended Hamiltonian is given by

C C
Hé‘( ) -2 ( ! % + 52 % + §U3) —|—p(U1E1 + ug By + U3E3). (10.4)

PROOF. By proposition 2.3.7 we obtain the family of (reduced) Hamiltonian functions,
H,(p) = p(u1 E1 + ugEs + ugEs). It then follows, by definition 2.6.3, that the family of (reduced)

cost-extended Hamiltonian on se(2)* is given by
c c
Hy(p) = =\ ( ~ui + 52 uj + 5“3) + p(u1 B + u2Ep + ugE3).

10.1.2 THEOREM. The optimal control corresponding to the normal extremals is given by

1 1 1
up = —P, upg = — P, uz=—F;,
C1 C2 C3
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where

. 1
P =—PP;
C3
. 1
Po=——PP;
c3
1 1
Py=(———)P P,
Co C1

PROOF. The family of (reduced) cost-extended Hamiltonian is given by
H,(p) = —%(clu% + cou3 + csui) + p(u1 By + ugEs + u3E3). Using 3.4, 3.5, 3.6 the corresponding

cost-extended Hamiltonians are given by H, =
Applying the maximality condition (M P2) of the maximum principle we obtain the optimal

control corresponding to the normal extremals,

1
=0 << —cu1+P =0 < u =—~n,
c1

1
=0 <= —cu+P=0 <= uy=—D~D5,
c2

1
=0 <= —cuzs+P3=0 < ug=—~P;.

C3

(10.5)
(10.6)

(10.7)

—%(clu% + coud + c;;u%) + w1 P + uo Py + usPs.

We now substitute this expression for u into the above to obtain the optimal Hamiltonian; that is,

0H,
8’LL1
0H,
8’&2
o0H,
8u3
11 1 1

H = ——(=P}4+ —P? P?

(p) 2(01 1+022+033

L o L o L o

= — — —Px.

201 1+262 2+263 3

1 1
+ c—Pf+—P22+

1 C2

We then use the properties of the Poisson bracket to get that:

Pi = {RvH}— :{Pza

1

261

P? 4+

1

202

P} +

1
+273({Pz, Py}_P3+ P3{P;, P3}_)

263

1
P2}

1 1 1
= —P{P,P}_+ —P{P, P} + —P{P, Ps}_.
C1 (&) C3

From the relations 3.7 we get that:

1 1 1

P1 = fPl{Pl, Pl}_ —+ fPQ{Pl, PQ}_ + fpg{Pl,ng}_
C1 C2 C3
1 1 1

Py= —P{P, P} 4+ —P{P, P} + —P{P PP} =
C1 C2 C3

1 1 1
Py = —P{P3, 1} + —Po{P3, Py} - + —P3{P3, P3} -
c1 e c3

= *P2P37

2c3

1
7]332

1 1
= 271({131'7P1}7P1 + Pi{P;, Pi}-)+ T@({PMPQ}fPZ + P{P;, P}-)
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PROPOSITION. The function K = P? + P} is an integral of motion for the Hamilton-Poisson
system (se(2)*,{-,-}_, H), where H = %Pf + ﬁPg + ﬁPg.

PROOF. Indeed, ‘ ‘ .
K=PP +BPP,.

Substituting in equations 10.5, 10.6, 10.7 we get that
. 1 1

K=—PP,P;— —P,PP;=0.
c3 €3

Thus K is constant along the flow of the Hamiltonian vector field and is therefore an integral of
motion for this system. O

REMARK. In fact, the function K = P? 4+ P# is a Casimir function for se(2)*.

10.2 Solution to the normal extremal equations

THEOREM. For ¢y = ¢y the solution to the (reduced) extremal equations 10.5, 10.6, 10.7 are given
by

P5(0)

Pi(t) = VK sin(?t), (10.8)
Po(t) = VE cos(L ?’C(So)t), (10.9)
Py(t) = Py(0). (10.10)

PrROOF. With ¢; = co we can rewrite equation 10.5, 10.6, 10.7 as
. 1 . 1 .
Ph=—PP;, P,=——PP; P;=0.
C3 C3

Therefore we have to solve the equations

p=10p (10.11)
3
Py = _B(0) Py, (10.12)
Cc3
Py = P5(0). (10.13)

We have that the following is a Casimir function for this system,
P? + P} =K. (10.14)
From here we get that P, = ++/K — P?. Taking P, = \/K — P} and substituting into equation

10.11 gives
Pogp1 t Ps(0
dt:/ 5( >dt.
0

o VK-P}? c3
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So we get from standard integrals that

P30), _ -1 P
3 t= (\/E)
Pi(t) = VK sin( P (0) t).

3

Substituting this solution for P; into equation 10.12 we get that

P — v /P2 —sin(P?’(O)t)dt
0

C3 €3

P3(0)
c3

Py(t) = VK cos( t).

0

10.2.2 THEOREM. The (reduced) extremal equations 10.5,10.6, 10.7 can be integrated by Jacobi elliptic

functions to obtain the results:
Case 1: ¢; > c9.
Case 1 (i): 2coH > K.

(a2 + b2)(61 — CQ) b
Pi(t)=0bc t,
1(1) n \/ c102€3 Va? +b?

and/or Py(t) = \/(a2 +b?)(e1 — Cz)t b

where a? = 2010621[{7601[( and b2 = K.

Case 1 (ii): 2c0H < K.

a? — b2
01_02 va b?

c1CaC3 a

and/or Pi(t) = a dn

=bnd (Q /
C1C2C3

Py(t) = £1/ K — PE(t)

Pg(t) = j:\/((cl — CQ)Plz(t) —a K+ chch).

b)
€1C2C3 va? + b2

(10.15)

(10.16)

(10.17)

(10.18)

(10.19)

(10.20)

(10.21)

(10.22)
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where a® = K and b? = —2aci-—ak,
c1—co
Case 2: ¢ > 3.
Case 2 (i): 2coH > 2c1H > K.
N b
Pi(t) =bsn Mat, - (10.23)
Jcicacs  a
N b
and/or Pi(t) = bcd wat, — (10.24)
4/C1C2C3 a
Py(t) = £/ K — PE(t) (10.25)
Ps(t) = i\/cci((cl — ) P2(t) — e1 K + 2c109H) (10.26)
1€2
where a? = 2ac2i—ak .,qp2 — K
ca2—c1 .
Case 2 (ii): 2c0H > K > 2c1H.
N b
Pi(t)=bsn | Y2 Dy 2 (10.27)
Jcicacs  a
N b
and/or Py(t) = bcd gat, — (10.28)
4/ C1C2C3 a
Py(t) = £/ K — PE(t) (10.29)
Ps(t) = i\/cci((cl — ) P2(t) — 1 K + 2c105H) (10.30)
1€2
where a®> = K and b? = 2acei-ak,
co—cq
PrRoOOF. Case 1: ¢; > co. We have
P2 = %((q —e)P2— 1K +2c1¢oH) and P2=K — P2, (10.31)
We now square equation 10.5 and substitute in equations 10.31 to get
. 1
P’ = 5 P2P; (10.32)
3
= 2 Cl1 — C2 2 C1 20162 2
P = P{ — K+ H)(K - P 10.33
1 016203( 1 (01_02) (61—02) )( 1) ( )
Therefore we get that
S5 (61 — 02) 2 C1 2C162 2
P = —(Pf — K+ H)(K — Pr)- (10.34)

C1C2C3 ! (Cl - 62) (Cl - 62)
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It now follows that

¢ Yaos [0 4 (10.35)
N o(ﬁ—@ﬁﬂK+$ﬁﬁMK—ﬁ) .

Case 1 (i): 2coH > K. First we assume that 2co H > K and so choose a? = W and
b?> = K. So comparing equation 10.35 with the elliptic integral 2.16 we get that
b
V dP
= VG S — (10.36)
ver—c2 Jp /(a2 + P2 — PP)
V/€1e2¢3 1 (B b
= ey 10.37
\/61—62\/a2+bzcn b’ Va2 + b2 ( )
Therefore
(a2 + b2)(61 - CQ) b
Pi(t)=0b t . 10.38
1(t) = ben \/ ceaes VB R (10:35)

Similarly we can compare equation 10.35 with the elliptic integral 2.18 to obtain

Pty = —2 V/(QQ e ze), b : (10.39)

va? + b? c1C2C3 "VaZ b2

According to equations 2.16, 2.18 we require that 0 < x < b. So substituting in values for b2 and
2 .
T gives
0< P?<K =P+ P2
This clearly always holds as PZ < P? + P§ for all Py, P».

Case 1 (ii): K > 2coH. We now assume that K > 2coH and so choose a? = K and
b2 = —2ael—ak g, comparing equation 10.35 with the elliptic integral 2.21 we get that

c1—C2

P
p= VIRE ohy (10.40)
Ve—e) @ PP

2 _ }H2
po Vaces 1l (lﬁ,“b> : (10.41)
Vel —coa b a

_ a2 — p2
Py(t) =bnd ,/(C1 c2) YU (10.42)
C1C2C3 a

Similarly we can compare equation 10.35 with the elliptic integral 2.22 to obtain

Therefore

(c1 — CQ)at va? — b?

C1C2C3 a

Pi(t) =adn (10.43)
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According to the equations 2.21, 2.22 we require that b < x < a. So substituting in values for
a?, b? and z? gives

_Mgpng:p12+p22_
€1 — Co

Substituting in the values for H and K this condition becomes equivalent to

C1C2 2 2 2 2
Pl— ——=—P}<P!<P!+P
1 (c1 — c2)c3 3 1 1 25
which is always true as c1,co,c3 > 0 and ¢; > ¢ by assumption.
Case 2: ¢y > c¢;. We start by rewriting equations 10.32, 10.33 as

. 1
P’ = PP} (10.44)
€3
<2 Cy — C1 2 C1 26162 2
P = o i K+ H)(K — Py)- 10.45
1 016203( 1 (CQ—CI) (62_01) )( 1) ( )

Therefore we get that

. (CQ - 01) 2 C1 26162 2
Pl =4 —(—P¢f — K+ H)(K — P7)- 10.46
1 \/ 10903 ( 1 (62 _ Cl) (C2 _ Cl) )( 1) ( )
It now follows that
NE A dP
= Ve ! : (10.47)

Ve -—aly (—P? q.K+£ﬁﬁMK—ﬁ)

" {e2—a)

Case 2 (i): 2coH > 2c1H > K. First we assume that 2coH > 2¢;H > K and so choose
a? = 2ael—ak 4,4 2 = K. So comparing equation 10.47 with the elliptic integral 2.15 we get

Cc2—C1
that
;= 1/ C1C2C3 P dPl (10 48)
Va—ale J@- P - P |
v/ 1 P b
p= VAR 21 (21 2], (10.49)
v/Co —Cla b a
Therefore )
Pi(t)=bsn Y2 g2 ). (10.50)
4/C1C2C3 a
Similarly we can compare equation 10.47 with the elliptic integral 2.17 to obtain
Vea — b
Pit)=bed [ Y20, 7). (10.51)
4/C1C2C3 a

According to the equations 2.15, 2.17 we require that 0 <z < b < a. So substituting in values for
a?, b? and z? gives
2c1c0H — 1 K

0<P)<K=P+P:<
Cy — C1

(10.52)
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2cicoH—c1 K

o we get that this is equivalent to

Clearly P < P? + Pj. Now rearranging for K <
2c1H > K.
Case 2 (ii): 2coH > K > 2¢1H. We assume that 2coH > K > 2¢iH and so choose a? = K

and b? = 2acl—ak g, comparing equation 10.47 with the elliptic integral 2.15 we get that

ca2—cC1
Py
= V220 ! (10.53)
vee—calo /(a2 - PH(0? - P})
po Vacecs oo (Pby (10.54)
Vv ey —c1a b a
Therefore .
Pi(t)=bsn | Y2 _Dq 2. (10.55)
4/C1C2C3 a

Similarly we can compare equation 10.47 with the elliptic integral 2.17to obtain

Vea — b

ve o 2). (10.56)
4/C1C2C3 a

According to the equations 2.15, 2.17 we require that 0 < z < b < a. So substituting in values for
a?, b? and 22 gives

Pi(t) :bcd(

2cicoH — 1 K
1C2 1 <

0<PE< K. (10.57)
C2—C1
Clearly P? < P? + Pj. Now rearranging for K > % we get that this is equivalent to
2c1H < K. g

10.3 Stability

The equilibrium states for the system of equations 10.5, 10.6, 10.7, see 2.8.1, are:
P, = (M,0,0), P.,=(0,M,0), P, =(0,0,M) and P =(0,0,0).
Here M € R\{0}.
THEOREM. The equilibrium state P., = (M,0,0), M € R\{0} has the following behaviour:
(i) If ca > c1, then it is unstable;

(ii) If c1 > co, then it is nonlinearly stable.

PRrOOF. (i) If ¢ > ¢, then P,; = (M,0,0) is unstable. Let A be the matrix corresponding to the
linearised operator of system 10.5, 10.6, 10.7, as given in theorem 2.8.4. Thus

0 —4P —LP
1 1
A == EP3 0 apl 5
Cco—Cq Cco—Cq Pl O
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and then we have that

0 0 0
A(P,,) = |0 0 %
c2—C1 0

The characteristic polynomial is then given by

chara (\) = \ ()\2 - HM2> — 0.
C1C2C3

Hence the eigenvalues are as follows:

Cy —C1 C2—C1
M=0, A=+, 2—2M2 Ng=— /2N
C1C2C3 C1C2C3

Now if ¢ > ¢1 then 272 M? > 0 and so Re(A\2) > 0 or Re(\3) > 0, depending on whether M > 0
or M < 0. Hence by theorem 2. 8.4 it follows that the equilibrium states P., = (M,0,0) are
unstable for all M € R\{0} and ¢z > ¢;.

(ii) If ¢; > cg, then P, = (M,0,0) is nonlinearly stable. Here we use the energy-Casimir

method to prove our claim. Let Hy be the energy-Casimir function given by

1 1 1 1
Hy (P, P, P3) = 271]312 + 20 5 + TCSP32+¢(§(P12+P22))» (10.58)

where 1) € C*°(R,R). We now calculate the first variation of Hy:

d 1 1
SHy, = P +t6 Py +189)% + —(P3 + t83)2 + t6
¥ dt(2 1( L t01)? + 202( » + td2) +203( 3+ 103)" + 1d2) o
+ @b( (P14 61)% + (P1 +161)%)
t=0
1 1 -1
= fPl(Sl =+ 7P2(52 + 7P353 + (61P1 + 52P2)¢(*(P12 + P22)) (1059)
C1 C2 C3 2
and this equals zero at P., = (M,0,0) if and only if
M6
Tl +51M¢( M2) - 0
1
Ly L 10.60
DM =~ (10.60)

Now, using 10.59, we can calculate the second variation of Hy:

1 1 1 -1 -1
§°Hy = ;15% + 653 + 65?2’ + (67 + 5§W(§(P12 + P}) + (61P + 52P2)21/1(§(P12 +P3)). (10.61)

The second variation at the equilibrium of interest is

62 Hy(M,0,0) = M2 (= M2)62 (%_?)52 7532,. (10.62)
2 1
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This can be represented in matrix form as

M2)(10?) 0 07 [&
(61 62 3] 0 (5—2) 0] |6
0 0 L] 103

c3

and is positive definite if and only if each entry along the diagonal is positive. We note that the
matrix can only be positive definite as c3 > 0 by assumption. Therefore the matrix is positive
definite if and only if

¢(%M2) > 0, (10.63)
c1 > Co. (10.64)

Consequently, ¥(x) = x(x — ¢; — M?) is such a function that satisfies the above conditions 10.60
and 10.63. Hence this quadratic form is positive definite for all ¢; > ¢y and so the equilibrium
states P, = (M, 0,0) are nonlinearly stable for all M € R\{0} and ¢; > ca. O

THEOREM. The equilibrium state P., = (0, M,0), M € R\{0} has the following behaviour:
(i) If c1 > ca, then it is unstable;

(ii) If ca > c1, then it is nonlinearly stable.

PRrROOF. (i) If ¢; > ¢, then P., = (0, M,0) is unstable. Let A be the matrix corresponding to the
linear system of 10.5, 10.6, 10.7, as given in theorem 2.8.4. Thus

0 0 —%
A(P,,) = 0 0 0
Q@=canr 0 0

ci1c2

The characteristic polynomial is then given by

chara (\) = \ ()\2 - MM2> — 0.
C1C2C3

Hence the eigenvalues are as follows:

c1 — C2 C1 — C2
A =0, A=+ M2 Ay =—y/—=M?2.
C1C2C3 C1C2C3

Now if ¢ > ¢y then %M2 > 0 and so Re(A2) > 0 or Re(A3) > 0, depending on whether M > 0
or M < 0. Hence by theorem 2.8.4 it follows that the equilibrium states P., = (0, M,0) are
unstable for all M € R\{0} and ¢; > ca.

(ii) If cg > ¢1, then P., = (M,0,0) is nonlinearly stable. Here we use the energy-Casimir

method to prove our claim. Let Hy be the energy-Casimir function given by

1 1 1 1
Hy (P, P2, P3) = 2711312 + 272]322 + 273133,24‘1/}(5(1312 + P3)), (10.65)
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where 1) € C*(R,R). We now calculate the first variation of Hy:
6Hy = Q(L(P + 16 )2+L(P + 16, )2+L(P + t83)% + td2)
v dt 201 ! ! 262 2 2 203 3 3 2 +=0
- iw(l(P +161)% + 1(P +t61)%)
prAACACal 1 51 1 o
1 1 1 1, 9
= — P61 + —Pydg + —P303 + ((51P1 + 52P2)1/J(*(P1 + P )) (10.66)
c1 Co c3 2
and this equals zero at P., = (0, M, 0) if and only if
M6 .1
2+ MG M) =0,
(&) 2
BEMY) = (10.67)
2 e '
Now, using 10.66, we can calculate the second variation of Hy:
1 1 1 .1 -1
0*Hy = —07 + — 05+ — 05+ (67 + )y (5 (P + ) + (01 Py + 02 Po) P (5 (P + P3)). (10.68)
1 2 3
The second variation at the equilibrium of interest is
2 1 Lo 27 oo 1o
0°Hy(M,0,0) = (— — —)07 + M (- M=)65 + —03. (10.69)
Cc1 C2 2 C3

This can be represented in matrix form as

(-2 0 0] [é

€1 c2 .
(61 02 03] 0 M?)p(5M?) 0| |62
0 0 L] |65

c3

and is positive definite if and only if each of the entries on the diagonal are positive. We note that
the matrix can only be positive definite as c¢3 > 0 by assumption. Therefore the matrix is positive

definite if and only if

co >,

1/;(%]\42) > 0.

(10.70)
(10.71)

Consequently, ¥ (z) = z(z — ¢; — M?) is such a function that satisfies the above conditions 10.67
and 10.71. Hence this quadratic form is positive definite for all co > ¢; and so the equilibrium

states P, = (M,0,0) are nonlinearly stable for all M € R\{0} and ¢z > ¢;.

O

THEOREM. The equilibrium states Py = (0,0,0) P., = (0,0, M) are stable for all M € R\{0}.

PROOF. We use theorem 2.8.7 to prove that these equilibrium states are stable. Let

L= XH + MK, where \g =0, \; =1 and K = P} + P§ is a Casimir function. Then for all
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M € R dL(0,0, M) = [Py P 0|y pr) = 0. The Hessian is then given by

1 00
dL?(0,0,M) =10 1 0
0 00
Now clearly ker dK (P.,) = R3. We have that dH (0,0, M) {%1 %2 %”} = [O 0 CM}
(0,0,M) 3
Therefore we have that ker dH (P,,) = span {(1,0,0), (0,1,0)} and so

W =span {(1,0,0),(0,1,0)}.

The restricted Hessian is then given by

10
dLQ(o,o,M)\Wsz[O 1],

which is positive definite. So we have found constants Ay, A1 such that L satisfies conditions 2.39
and 2.40 of theorem 2.8.7. Hence the equilibrium states Py = (0,0,0) and P., = (0,0, M) for all

M e R\{0} are stable. O
Table 10.1:
Stability
Equilibrium state Conditions Stable/Unstable
P., = (M,0,0) M € R\{0}, ca > ¢1 | Unstable

M € R\{0}, ¢1 > c2 | Stable

P., = (0,M,0) M € R\{0}, ¢1 > c2 | Unstable
M € R\{0}, ca > ¢1 | Stable

P., =(0,0,M) M € R\{0} Stable
Py =(0,0,0) Stable




Chapter 11

Conclusion

In this chapter we compare the (normal) extremal equations, solutions to the extremal equations
and stability results of the six types of problems from chapters 5 — 10. We do this by allowing

¢y — oo in the cases type Il-a, type II-b and type III° and then compare the results with the cases
type I-a, type I-b and type I1%, respectively. We then discuss the plots produced in Appendix C,
that is, the plots produced by the Matlab ODE45 solver, the intersection of the Hamiltonian
functions and the coadjoint orbits and the Jacobi elliptic functions. Lastly, we give some final
remarks concerning the work that was accomplished in the thesis.

11.1 Comparison of type I-a and type 1I-a

11.1.1 The normal extremal equations

We allow ¢y — oo in theorem 8.1.2. The extremal equations then become

1
P = — PP
e3
1
P,=——PPs
3
1
Py= lim —PP,—P,=-P
C2—00 C9

and the optimal Hamiltonian becomes H = ﬁPg + Py which corresponds with theorem 5.1.2.

Also allowing ¢y — oo in theorem 8.2.1, case 2: H — ¢y > —v/ H? — K becomes obsolete. For
case 1: H —c—2 < —V/H? — K we get the following changes to the conditions: H > vVH? — K
remains unchanged,

co— H>—VH? - K =— 71 >0, and

H—cy < —sqrtH? - K = 27> _1 <.

These constraints are the now the constraints of theorem 5.2.1. Now for the values of a? and b?
(theorem 8.2.1) as ca — oo we get that:

o HEVH K

=———  and
H-+VH?-K
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v = lim — =1,

which are the values of a? and b2 in theorem 5.2.1. For the condition A;A4s > 0 in theorem 8.2.1
we get the following

(1 AR (H - VH? K
A1A2 == ll_l)n Co .
c2—+00

4vH? - K

- - J _ (1— —HAVHHK W)(H_m) e
We now let A1 Ay = ;A1 Ay, then A1 Ay =lim, o0 WIT K = (ng)

which corresponds with the condition A;As > 0 of theorem 5.2.1. The reason we choose to take
A1Ay = éAlAQ is because now the value for P; becomes

a— Ba de <(a—5)\/5\/ A1A~2(lt)

P = i Ve

= lim

! €200 1 d (Oéfﬁ)\/a\/ [11A~2at
— adc NG

a — Bade <(a_ﬂ)\/%§ 1A2at>
(a—B)\/ A1 Asat
NN Y ey

These correspond exactly to the solutions of the extremal equations in theorem 5.2.1. Therefore,
allowing co — 0o, case 1 of theorem 8.2.1 reduces to theorem 5.2.1.

11.1.2 Stability

We allow ¢y — oo in theorems 8.3.1, 8.3.2, 8.3.3, 8.3.4 to produce the following: for theorem 8.3.1
the equilibrium states are P., = (M,0,0) all M € R\{0}. For case (i) of theorem 8.3.1 we have
that P., = (M,0,0) for all M € R\{0} is unstable for ¢ > M, for co — oo this becomes the
statement of case (i) of theorem 5.3.1, i.e., P., = (M,0,0) is unstable for M > 0. For case (ii)
of theorem 8.3.1 we have that P., = (M,0,0) is stable for M € (—o00,0) U (c2,00), for co — oo this
becomes the statement of case (ii) of theorem 5.3.1. Thus, for ¢ — oo, theorem 8.3.1 reduces to
theorem 5.3.1.

For theorem 8.3.2 the equilibrium states are P, = (c2, M,0) all M € R\{0}. As ca — oo this
case becomes obsolete. For theorem 8.3.3 the equilibrium states are P,, = (0,0, M) all
M € R\{0} and are all stable. As co — oo this statement becomes exactly that of theorem 5.3.2.
Thus, as cg — oo, theorem 8.3.3 reduces to theorem 5.3.2.

For theorem 8.3.4 the equilibrium state is P., = (0,0,0) and is unstable. As ca — oo this
statement becomes exactly that of theorem 5.3.3. Thus, as ¢co — oo, theorem 8.3.4 reduces to
theorem 5.3.3.
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11.2 Comparison of type I-b and type II-b

11.2.1 The normal extremal equations

We allow cg — oo in theorem 9.1.2. Clearly then the extremal equations become

P =P

Py=-P

: 1

Py=——PP
C1

and the Hamiltonian becomes H = %Pf + P53 which corresponds with theorem 6.1.2. Also
allowing co — oo in theorem 9.2.1, we get that

P = VK cos(VK?)
P, = —VK sin(VKt)

&:hm¢ﬂi—imﬁwﬁpﬂgmﬁﬁﬁ.

Ccy—00 C1 Co C1

These correspond exactly to the solutions of the extremal equations in theorem 6.2.1. Therefore,
allowing co — oo, theorem 9.2.1 reduces to theorem 6.2.1.

11.2.2 Stability

Allowing ¢y — oo in theorem 9.3.1 does not change the equilibrium states, which are Py = (0,0,0)
and P, = (0,0, M) for all M € R\{0}. All of these equilibrium states are stable by theorem 9.3.1.
The extremal equations for the case type I-b have the same equilibrium states and by theorem
6.3.1 they are also all stable. Hence, allowing co — 0o, theorem 9.3.1 reduces to theorem 6.3.1.

11.3 Comparison of type II’ and type III

11.3.1 The normal extremal equations

We allow ¢ — oo in theorem 10.1.2. The extremal equations then become

1

P =—PRP;
C3
1
Py=——PPs
C3
1 1 1
P3 = lim (7 — —)PlPQ = _7P1P2
C2—00 " Cg Cc1 1

and the optimal Hamiltonian becomes H = in + Q—;Pg which corresponds with theorem 7.1.2.
Also allowing ¢o — oo in theorem 10.2.2, case 1: ¢; > c¢o becomes obsolete. For case 2: ¢ > ¢
we get the following:
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for case (i): 2coH > 2c1H > K we get that
9 I 26162H — ClK

a = 1m — = QClH
Cc2— 00 Co — C1
b =K.

We then get that the solutions to the extremal equations become

Vea — 1
P = lim bsn (Mat, b) = bsn( at, b) ,
ca—00 Veiees o a Vveies o a

which corresponds exactly to the solutions of the extremal equations in case 2 of theorem 7.2.1.
Therefore, allowing co — 0o, case 2 (i) of theorem 10.2.2 reduces to case 2 of theorem 7.2.1.
For case 2 (ii): 2coH > K > 2¢; H we get that

a’ =K
2 H—-c K
p2= lim “A2ETAR o0
Cc2—00 02 —_ C]_

We then get that the solutions to the extremal equations become

\/Cco — 1
P, = lim bsn (Mat, b) = bsn ( at, b) ,
c2—00 Veieees o a Vvees a

which corresponds exactly to the solutions of the extremal equations in case 1 of theorem 7.2.1.
Therefore, allowing ¢y — 00, case 2 (ii) of theorem 10.2.2 reduces to case 1 of theorem 7.2.1.

11.3.2 Stability

We allow ¢y — oo in theorems 10.3.1, 10.3.2, 10.3.3 to produce the following: for theorem 10.3.1
the equilibrium states become P, = (0,0, M) for all M € R\{0}. Case (ii) of theorem 10.3.1,
¢1 > c2, becomes obsolete. For case (i) of theorem 10.3.1 we have that P., = (0,0, M) for all
M € R\{0} is unstable for ¢z > ¢, which is exactly the statement of theorem 7.3.1.

For theorem 10.3.2 the equilibrium states become P., = (0, M,0) for all M € R\{0}. Case (ii)
of theorem 10.3.2, ¢; > co, becomes obsolete. For case (i) of theorem 10.3.2 we have that
P., = (0,M,0) for all M € R\{0} is nonlinearly stable for ca > ¢, which is exactly the statement
of theorem 7.3.2.

For theorem 10.3.3 the equilibrium states are Py = (0,0,0) and P., = (0,0, M) for all
M e R\{0}. Theorem 10.3.3 gives that all of these equilibrium states are stable, which is exactly
the statement of theorem 7.3.3.

11.4 The solution curves of the normal extremal equations

We produced numerical outputs of the solutions to the (normal) extremal equations using three
approaches for each of the six types of chapters 5 — 10. It is well known that the integral curves(
i.e. solutions of the extremal equations) are the intersections of level sets of the Hamiltonian
function with the symplectic leaves of the dual of the Lie algebra g* (i.e. the coadjoint orbits).
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Interestingly, this method of intersections of the Hamiltonian functions and the coadjoint orbits
helped us to see that in many cases there are two curves produced for the solution to the extremal
equations. This helped to determine when the negative curve needed to be plotted as well when
using the Matlab ODE45 Solver and the Jacobi elliptic functions. Plotting the solution curves to
the extremal equations, using Matlab, also helped greatly in the calculations and oversights made
for the elliptic/trigonometric functions in theorems 5.1.2, 6.1.2, 7.1.2, 8.1.2, 9.1.2, 10.1.2 and
10.2.1. In most cases, the output of the elliptic/trigonometric functions produced very accurate
results, in particular for type I-a, type I-b, type II° and type II-b. For case 1 of type II-a, the
curves produced by the elliptic functions dc and ns produce accurate results. However, for case 2
of type II-a the curve produced by the elliptic function nc was accurate, where as the curve
produced by the elliptic function ds was not entirely accurate. Similarly, for type III°, the elliptic
functions sd, dn and nd did not produce completely accurate results. Each of the elliptic
functions are obtained from an elliptic integral, which has a certain condition that has to be met.
The errors in the solution curves mentioned above occur in these particular cases as the condition
of the elliptic integral is violated for some values of Py, P or Ps.

11.5 Final remarks

In this thesis we proved an algebraic criterion for the state space equivalence of two full-rank
control systems on a 3-dimensional matrix Lie group. We found the equivalence classes, under
state space equivalence, of all single-input non-homogeneous and two-input homogeneous control
affine systems on SE(2). The conditions for two control affine systems to be state space equivalent,
for two-input non-homogeneous and three-input homogeneous control affine systems on SE(2),
were determined. We classified, under detached feedback equivalence, all controllable control
affine systems on SE(2). From this result, we obtained six associated left-invariant optimal control
problems on SE(2). For each LiCP we determined the optimal control and optimal Hamiltonian
corresponding to the normal extremals. Also, we derived and solved the normal extremal
equations. We got explicit solutions to the normal extremal equations using trigonometric and/or
Jacobi elliptic functions. We confirmed our results by plotting these functions in Matlab and
comparing them to plots using the Matlab ODE45 Solver and intersections of the Hamiltonian
functions and coadjoint orbits. Furthermore, we fully classified, under Lyapunov stability, the
equilibrium states of the normal extremal equations for each of the six types.
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Appendix A

Mathematica code

Given below is the Wolfram Mathematica code used throughout this thesis.
The code used in proposition 4.2.8 and 4.2.10:
a=Ml,c=M2
a = {{al,a2,a3}, {bl,b2,b3}, {cl,c2,c3}}
{{al,a2,a3}, {b1,b2,b3}, {cl,c2,c3}}
c= {{a2,—al, a3}, {b2, —bl, b3}, {c2, —cl,c3}}
{{a2, —al,a3}, {b2, —bl, b3}, {c2, —cl,c3}}
MatrixForm/[a]

al a2 a3
bl b2 b3
cl ¢c2 c3

MatrixForm|c]

a2 —al a3
b2 —bl b3
c2 —cl ¢3

Det[a]/Det[c]

1

(*Inverses of the matrices M1 and M2 multiplied by there determinants*)
I1 = Inverse[a] * Det[a]

{{—b3c2 + b2c3,a3c2 — a2c3, —a3b2 + a2b3}, {b3cl — blc3, —a3cl + alc3, a3bl —
alb3}, {—b2cl + blc2,a2cl — alc2, —a2bl + alb2}}

MatrixForm[I1]

—b3c2 +b2c3 a3c2 —a2c3 —a3b2+ a2b3

b3cl —ble3 —a3dcl+alc3 a3bl —alb3

—b2cl +blc2 a2cl —alc2 —a2bl + alb2
12 = Inverse[c| * Det|c]

{{b3cl —blc3,—a3cl +alc3,a3bl — alb3}, {b3c2 — b2c3, —a3c2 + a2c3, a3b2 — a2b3}, {—b2cl +
ble2,a2cl — alc2, —a2bl + alb2}}



122 Appendix A: Mathematica code

MatrixForm|[I2]

b3cl — ble3 —a3cl +alc3 a3bl —alb3
b3c2 — b2c3 —a3c2+ a2c¢3  a3b2 — a2b3
—b2cl +blc2 a2cl —alc2 —a2bl + alb2

The code used in theorem 5.5.1:

sol = Solve{\'2 + 2H\ + K == 0, \}

{Solve (K +2HN + N\ == ) ,Solve)\}

sol = Solve[\"2 4+ 2HX + K == 0, )]
{{/\%—H—\/M},{)\—) _H+m}}

M =-H-VH?-K
-H-VH?—K
AN2=-H+VH?-K
~H+VH? - K

al=-1,bl=0,cl =K,
a2=0,b2=-1,c2=2H
Al=X2(al+ A1 xa2)/(A2—A1)

_—H+VHZK
2VH2—K

FullSimplify[A1]

1 H
3 (1 )
Bl = Al(al + A2 % a2)/(A1 — A2)

_H-VI'-K
2WHI-K
A2 = (al + A1 xa2)/(A1 — \2)
1
2WH?—K
B2 = (al + A2 xa2)/(A\2 — A1)

1
- 2WHK
ForAll[z, 2"2—2za+a’2 == 22+ (2xb1+A1%2xb2)*x/(al+A1*xa2)+ (c1+A1*xc2)/(al+A1*a2)]

Voz? — 2za+ a? == —2H (—H—\/ﬁ) —K+2(—H—m>x+x2

Resolve[%, a]

a==H+VH?2-K

ForAll[z, 2/'2—228+ "2 == 2/ 2+ (2xb1+A2%2xb2)*x/(al +A2xa2)+(cl+A2xc2)/(al +\2*a2)]
Va2 — 2z + B2 == —2H (—H+m) —K+2<—H+m>x+x2

Resolve[%, (]

B==H-VH?’—K
Ul = B1/A1
_H-VI*-RK

—H+VH?-K
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U2 = B2/A2 = —

A3 =A1x%xA2

_—H+VH?>_K
4(H?—K)

Sqrt[A3]

7H+1 /H2
2 T H?2-K

Resolve [Exists [{H,K}, (K > 0)&&(H > Sqrt[H"2 — K])&& (1 > Sqrt [ g

+
R
]
e\
N——

False

The code used in theorem 8.5.1:

sol = Solve{—KA\"2 + (2K — 2cH)A + 2cH — K — c*x c == 0, \}

{Solve (—c? + 2cH — K — KA* 4+ (—2cH + 2K)\ == 0) , SolveA }

sol = Solve[—-K x M2+ (2 K —2xc*x H)x A\ +2*xcx H— K —cxc==0,)]
{{/\ - —cH—&-K—\[/(m} 7 {)\ N —cH+K+\I/(W}}

Al = =KV @IP-@K  /ByliSimplify

—cH /R K)+ K
K
A2 = —CHEK-VE-K /Ry lISimplify

—cH—+/c2(H?—K)+K

K

al=1;bl = —c¢ccl=2%xc+xH — K;a2=—1; b2=0;c2 = K;
Al = A2(al 4+ A1 xa2)/(A2 — Al)//FullSimplify
chcHJr\/cQ(HTK)
Bl = Al(al + A2 % a2)/(A1 — A\2)//FullSimplify
c(—c+H)+/2(H2—K)

2,/c2(H?—K)
A2 = (al + A1 xa2)/(A1 — A2)//FullSimplify

1(_ __cH
2< 1+ c2(H2—K)>

B2 = (al + A2 x a2)/(A\2 — A1) //FullSimplify

1(_ 1. __cH
2( 1 c2(H2—K)>

ForAll[z, 2"2—2za+a"2 == 22+ (2xb1+ A 1%2xb2)*x/(al+A1*xa2)+ (c1+A1*xc2)/(al+A1*a2)]

cH++/c2(H?2-K
Vp2? — 2z + o? == ( ) _ 2c0 + 22
s c2(H2-K)+K s c2(H2-K)+K
- - K

res = Resolve[%, a]

¢ # 0&ker/P (H? — K) # cH&&H + YU
ForAll[z, 2"2—2z3+ "2 == JJA2+(2*b1+)\2*2*b2)*x/(al+)\2*a2)+(Cl+)\2*02)/(a1+)\2*a2)]
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2 9 __  cH—/E(H?*-K) 2cz 2
Yert SRR == e RHIK) K —cH o[ R(H2K) 4K b
- K - K

Resolve[%, ]

¢ # 0&&cH + /E (HZ — K) # 0&&ef == HVEHIO
Ul = —B1/A1//FullSimplify
c(—c+H)+/c?(H?—K)
c?—cH++/c?(H?—K)
U2 = —B2/A2//FullSimplify

2cH?+4+2H\/c2(H2—K)—cK
cK
A3 = Al x A2//FullSimplify

<ch c2(H27K)> (zzkszJH /2 (HLK))

42 (H?—K)
The code used in theorem 5.6.2 and 8.6.3:
M = {{1,0,0},{0,1,0},{0,0,0}};
MatrixForm[M |

1 00
010
0 00

El = {1,0,0};

E2 = {0,1,0};

E3 = {0,0,1};

Elt = =2E1 + E3;

E2t = E2;

(sE1t + tE2t).M.(sE1t + tE2t)

m62252 + 42

Mt = {{al, a2}, {bl,b2}};

{s,t}.Mt.{s,t}

s(als + blt) + t(a2s + b2t)

Reduce[{ForAll[{s, t}, (sE1t + tE2t).M.(sElt 4+ tE2t)=={s, t}.Mt.{s, t}], Transpose[Mt] ==
Mt}, {al,a2,bl, b2}]

¢ # 0&kal == T &&a2 == 0&&bl == 0&&b2 ==

MR = {{%",0},{0,1}}

({0} 011

MatrixForm|[MR]

m?
0 1

The code used in theorem 6.5.1, 7.6.3, 9.5.1 and 10.5.3:
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M= {{17 0, 0}’ {07 L, O}? {07 0, 0}}3
MatrixForm[M |

100
010
0 00

El = {1,0,0};

E2 = {0,1,0};

E3 = {0,0,1};

Elt = EI;

E2t — E2;

(sE1t + tE2t).M.(sELt + tE2t)

s2+ 2

Mt = {{al, a2}, {bl,b2}};

{s,t}.Mt.{s,t}

s(als + blt) + t(a2s + b2t)

Reduce[{ForAll[{s, t}, (sE1t + tE2t).M.(sE1t + tE2t)=={s, t}.Mt.{s, t}|, Transpose[Mt] ==
Mt}, {al,a2,bl, b2}]

al == 1&&a2 == 0&&bl == 0&&b2 ==

MR = {{1,0},{0,1}}

{{1,05,0,1}}

MatrixForm[MR]

(0 7)
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Appendix B

Matlab code

Type I-a

fnclA.m
function P = fnclA(t, p, cl)
P = zeros(3,1);

P(1) = (1/c1)*p(2)*p(3);
P(2) = -(1/c1)*p(1)*p(3);
P(3) = -p(2);

end

The code used to produce Figure C.3 (a) - (b):

cl = 2;

[t, p] = ode45(@fnclA,[0 10],[0 4
2xsqrt(5)],[1,c1);
plot(t,p(:,1),°-7,t,p(:,2),°-.7,t,
p(:,3),’.7)

hold
plot(t,p(:,1),’-7,t,p(:,2),’-.7,t,
-p(:,3),7.7)

xlabel (’Time’)

ylabel (’Output’)
legend(’P1’,°P2’,°P3?)

axis([0 10 -6 6])

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(p(:,1),p(:,2),-p(:,3))
xlabel (°P17)

ylabel(’P27)

zlabel (’P37)

axis([-4 4 -4 4 -6 6])

The code used to produce Figure C.3 (c) - (d):

OrblA.m
[x3, y3, z3] = meshgrid(linspace(-10,
10));

f1 = x3.72 + y3.72 - 16;
f2 = (z3.72)./4 + x3 -5;

[y2, z2] = meshgrid(linspace(-10,10));
x2 =5 - (22.72)./4;

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
’FaceColor’,[0.5 1.0 0.5],
’EdgeColor’, ’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’,[1.0 0.5 0.0],
’EdgeColor’, ’none’);

view(3); camlight;

£f3 = f1 - £2;

f3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(y2, z2, £3s, [0 0]);

yL = C(1, 2:end);
zL = C(2, 2:end);
xL = interp2(y2, z2, x2, yL, zL);

% Visualize the line.
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line(xL,yL,zL,’Color’,’k’, ’LineWidth’
1)

xlabel (’P1°)

ylabel(’P27)

zlabel (’P3’)

%axis([-4 4 -4 4 -6 6]);
axis([-10 10 -10 10 -10 10]);

The code used to produce Figure C.4 (a) - (d):

H=5; K= 16; c3 = 2;

alpha = H + sqrt(H."2 - K);

beta = H - sqrt(H."2 - K);

A1A2 = sqrt(H - sqrt(H."2 - K))

/(4. xH.xH - 4.%K);

a=1; b =sqrt((-H - sqrt(H."2 - K))
./((-H + sqrt(H."2 - K))));

Constant = ((alpha - beta).*sqrt(A1A2)
.*¥b) ./ (sqrt(c3));

Constant2 = (sqrt(a.”2 + b."2)

.*(alpha - beta).*sqrt(A1A2))./sqrt(c3);

t = linspace(0,10,100);
[s,c,d] = ellipj(Constant*t,a./b);

%Uncomment other P1 value

%for alternate elliptic function
P1 = (alpha - b.*beta.*(d./c))
/(1 - b.x(d./c));

%P1 = (alpha - b.*beta.*(1./s))
/(- Db.x(1./8));

P2 = sqrt(K - P1.%xP1);

P3 = sqrt(2*c3.x(H - P1));

plot(t,P1,’-’,t,P2,7-.7,t,P3,7.7)
hold
plot(t,P1,’-’,t,-P2,’-.7,%,P3,7.7)
plot(t,P1,’-?,t,P2,°-.7,t,-P3,°.?)
plot(t,P1,’-’,t,-P2,’~. ,t,-P3,.7)
xlabel (’Time’)

ylabel(’Output’)
legend(’P1’,°P2’,°P3?)

plot3(P1,P2,P3)

hold
plot3(P1,-P2,P3)
plot3(P1,P2,-P3)
plot3(P1,-P2,-P3)

xlabel(’P17)
ylabel(’P2°)
zlabel (’P3?)

Type I-b

fnciB.m
function P = fnciB(t, p, cl)

P = zeros(3,1);

P(1) = p(2);

P(2) = -p(1);

P(3) = -(1/c1) .*p(1) .*p(2);
end

The code used to produce Figure C.5 (a) - (b):

cl =2;

[t, p] = ode45(@fnciB, [0 10],[0 2 1],[]
,c1);
plot(t,p(:,1),’-7,t,p(:,2),7-.7,t,
p(:,3),7.7)

xlabel(’Time’)
ylabel (’Output’)
legend(’Pl’,’PQ’,’PB’)

plot3(p(:,1),p(:,2),p(:,3))
xlabel (°’P17)
ylabel(’P27)
zlabel (°P37)

The code used to produce Figure C.5 (c) - (d):

[x3, y3, 23] = meshgrid(linspace(-10
,10));
f1 =x3.72 + y3.72 - 4;

f2 = (x3.72)./4 + z3 - 1;

[x2, y2] = meshgrid(linspace(-10,10));
z2 =1 -(x2.72)./4;

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
’FaceColor’,[0.5 1.0 0.5],
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’EdgeColor’, ’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’,[1.0 0.5 0.0],
’EdgeColor’, ’none’);

view(3); camlight;

f3 = f1 - £2;
£3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(x2, y2, £3s, [0 0]);

xL = C(1, 2:end);
yL = C(2, 2:end);
zL = interp2(x2, y2, z2, xL, yL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,
’LineWidth’,1);

xlabel (°P17)

ylabel(’P27)

zlabel (’P37)

%axis([-2 2 -2 2 0 11);
axis([-10 10 -10 10 -10 10]1);

The code used to produce Figure C.5 (e) -(f):

K = 4; cl1=2;
t = linspace(0,10,100);

P1
P2
P3

sqrt (K) *sin(t) ;
sqrt (K) *cos (t) ;
sqrt (K) *cos(t) . *cos(t) ./cl;

plot(t,Pl,’—’,t,PQ,’—.’,t,P3,’.’)
xlabel(’Time?’)

ylabel(’Output’)
legend(’P1°,°P2’ °P3’)
hold

plot3(P1,P2,P3)
xlabel (°P1’)
ylabel(’P27)
zlabel (’P3’)

Type I1°

fnc2ND.m

function P = fnc2ND(t, p, cl, c2)
P = zeros(3,1);

P(1) = (1/c2)*p(2)*p(3);

P(2) = -(1/c2)*p(1)*p(3);
P(3) = -(1/c)*p(1)*p(2);
end

The code used to produce Figure C.6 (a) - (b):

cl =2; c2 =2;
[t, p] = ode45(@fnc2ND, [0 5], [4 sqrt(14)
11,

[1,c1,c2);

plot(t,p(C:,1),°-7,t,p(:,2),°~-.7,t,

p(:,3),7.7)

hold

plot(t,p(:,1),’-7,t,-p(:,2),’-.7,t,

p(:,3),7.7)

xlabel (’Time’)

ylabel (’Qutput’)

legend(’P1’,°P2°,°P3’)

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(p(:,1),-p(:,2),p(:,3))
xlabel (°P1’)

ylabel(’P2’)

zlabel (’P3”)

The code used to produce Figure C.6 (c) - (d):

[x3, y3, 23] = meshgrid(linspace(-10,
10));

f1
2

x3.72 + y3.72 - 30;
(x3.72)./4 + (23.72)./4 - 4.25;

[y2, z2] = meshgrid(linspace(-sqrt(30)
,8qrt (30)));

x2 = sqrt(30 - (y2.72));

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
’FaceColor’, [0.5 1.0 0.5],
’EdgeColor’, ’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’, [1.0 0.5 0.0],
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’EdgeColor’, ’none’);
view(3); camlight;

f3 = f1 - £2;
£3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(y2, z2, £3s, [0 0]);
yL = C(1, 2:end);

zL = C(2, 2:end);
xL interp2(y2, z2, x2, yL, zL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,
’LineWidth’,1);
line(xL,yL,-zL,’Color’,’k’,
’LineWidth’,1);
line(-xL,-yL,-zL,’Color’,’k’,
’LineWidth’,1);

xlabel (°P1°)

ylabel(’P27)

zlabel (’P3’)

haxis([-5 5 -10 10 -5 5]);
axis([-10 10 -10 10 -10 10]1);

The code used to produce Figure C.7 (a) - (d):

H=4.25; K= 30; cl =2; c3 = 2;
L1 = sqrt(2.*cl.*H);

L2 = sqrt(2.*c3.%*H);

M = sqrt(X);

ct
1]

linspace(0,5,100);
[s,c,d] = ellipj(M.*t./4, L1./M);

P1 = L1.x(s);
P2 = sqrt(K - P1.*P1);
P3 = sqrt(2.*c3.*%H - P1.xP1);

plot(t,P1,’-?,t,P2,°-.’,t,P3,’.7)
hold
plot(t,P1,’-’,t,-P2,’-.7,%t,-P3,’.7)
xlabel (’Time’)

ylabel(’Output’)

legend(’P1’,’P2’,°P3’)

plot3(P1,P2,P3)
hold
plot3(P1,P2,-P3)
plot3(P1,-P2,P3)
plot3(P1,-P2,-P3)

xlabel (’P1’)
ylabel(’P2’)
zlabel (’P3?)

The code used to produce Figure C.8 (a) - (b):

cl =2; c2 =2;

[t, p] = ode45(@fnc2ND, [0 10],[4 0 1],
[1,c1,c2);
plot(t,p(C:,1),’=-7,t,p(:,2),7-.7,t,

p(:,3),7.7)

hold
plot(t,p(:,1),°-7,t,p(:,2),°-.7,t,
-p(:,3),7.7)

xlabel (’Time’)
ylabel(’Output’)
legend(’P1’,’P2’,°P3’)

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(p(:,1),p(:,2),-p(:,3))
xlabel(’P1’)

ylabel(’P2°)

zlabel (’P37)

The code used to produce Figure C.8 (¢) - (d):

[x3, y3, 23] = meshgrid(linspace(-10,
10));

f1
f2

x3.72 + y3.72 - 16;
(x3.72)./4 + (23.72)./4 - 4.25;

[x2, y2] = meshgrid(linspace(-4,4));
z2 2%sqrt(4.25 - (x2.72)./4);

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
’FaceColor’,[0.5 1.0 0.5],
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’EdgeColor’, ’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’, [1.0 0.5 0.0],
’EdgeColor’, ’none’);

view(3); camlight;

f3 = f1 - £2;
£3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(x2, y2, £3s, [0 0]);

xL = C(1, 2:end);
yL = C(2, 2:end);
zL = interp2(x2, y2, z2, xL, yL);

% Visualize the line.

line(xL,yL,zL,’Color’,’k’,’LineWidth’

1)

xlabel (’P17)
ylabel(’P2’)
zlabel(’P3’)

%axis([-5 51 5 -5 5]);
axis([-10 10 -10 10 -10 10]);

The code used to produce Figure C.9 (a) - (d):

H=4.25; K= 16; cl1 = 2; c2 = 2;
L1 = sqrt(2.*xcl.*H);

L2 = sqrt(2.*c2.*H);
L3 = 2.%H./c2;
M = sqrt(X);

t = linspace(0,10,100);
[s,c,d] = ellipj(L3.*t./4, M./L1);

%Uncomment other P1 value

%for alternate elliptic function
P1 = sqrt(K).*(s);

WP1 = sqrt(K).*(c./d);

P2 = sqrt(K - P1.%xP1);

P3 = sqrt(2.*c2.xH - P1.%xP1);

plot(t,P1,’-’,t,P2,°-.7 ,t,P3,7.7)
hold

plot(t,P1,’-’,t,-P2,’-.7,t,-P3,7.7)
xlabel (’Time’)

ylabel (’Output’)
legend(’P1’,°P2°,°P3’)

plot3(P1,P2,P3)
hold
plot3(P1,-P2,P3)
plot3(P1,-P2,-P3)
plot3(P1,P2,-P3)

xlabel (’P1°)
ylabel(’P27)
zlabel (’P3’)

Type 1I-a

fnc2A.m
function P = fnc2A(t, p, c2, c3)
P = zeros(3,1);

P(1) = (1/c3)*p(2)*p(3);

P(2) = -(1/c3)*p(1)*p(3);

P(3) = (1/c2)*xp(L)*p(2) - p(2);
end

The code used to produce Figure C.10
(a)-(b):

c2 =5; c3 =4;
[t, p] = ode45(@fnc2A,[0 15],[1 3
sqrt(52./5)],

[1,c2,c3);
plot(t,p(:,1),°-7,t,p(:,2),°-.7,t
,p(:,3),7.7)

hold
plot(t,p(:,1),’=-7,t,p(:,2),’-.7,t
-p(:,3),7.7)

xlabel(’Time’)
ylabel (’Output’)
legend(’P1’,’P2’,°P3’)

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(p(:,1),p(:,2),-p(:,3))
xlabel (’P1’)

ylabel (’P2’)

zlabel (’P3’)
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The code used to produce Figure C.10 (c)-(d):

[x3, y3, 23] = meshgrid(linspace(-10
10D ;
£1 = x3.72 + y3.72 - 10;

f2 = (y3.72)./10 + (23.72)./8 + x3 -3.2;
[y2, z2] = meshgrid(linspace(-10,10));
x2 = 3.2 - (22.72)./8 - (y2.72)./10;

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),

’FaceColor’, [0.5 1.0 0.5],
’EdgeColor’, ’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’, [1.0 0.5 0.0],
’EdgeColor’, ’none’);

view(3); camlight;

f3 = f1 - £2;

f3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(y2, z2, £3s, [0 0]);

yL C(1, 2:end);
zL = C(2, 2:end);
xL = interp2(y2, z2, x2, yL, zL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,’LineWidth’
1)

xlabel (°P1’)

ylabel(’P2’)

zlabel (’P37)

%axis([-4 4 -4 4 -8 8]);
axis([-10 10 -10 10 -10 10]1);

The code used to produce Figure C.11 (a)-(d):

H=3.2; K= 10; c2 = b; c3=4;
alpha = H + sqrt(H."2 - K);
beta = H - sqrt(H."2 - K);
A1A2 = (H - sqrt(H.”2 - K))
/(4. %H.*H - 4.%K);

b = sqrt(-(H - ¢c2 + sqrt(H."2 - K))
./(c2 = H + sqrt(H.”2 - K)));

a = sqrt((H + sqrt(H."2 - K))

J/(H - sqrt(H."2 - K))));

Constant = a.*(alpha - beta)

.*xsqrt (A1A2) . /sqrt(c2.%*c3);

Constant2 = (sqrt(a.”2 + b."2)

.*(alpha - beta).*sqrt(A1A2))./sqrt(c2);

t = linspace(0,15,100);
[s,c,d] = ellipj(Constant*t,b./a);

%Uncomment other P1 value

%for alternate elliptic function

P1 = (alpha - a.*beta.x(1./s))

J - ax(1./s));

%P1 = (alpha - a.*beta.*(d./c))

/(1 - a.x(d./c));

P2 = sqrt(K - P1.xP1);

P3 = sqrt(c3.*#P1.*P1./c2 - 2.%c3.%*P1
+ 2.%c3.%H - c3.%K./c2);

plot(t,P1,’-’,t,P2,°-.7 ¢t ,P3,’.7%)
hold
plot(t,P1,’-’,t,-P2,7-.7,t,-P3,7.7)
xlabel (°’Time’)

ylabel(’Output’)
legend(’P1’,°P2’,°P3’)

plot3(P1,P2,P3)
hold
plot3(P1,-P2,P3)
plot3(P1,P2,-P3)
plot3(P1,-P2,-P3)
xlabel (’P1’)
ylabel(’P2’)
zlabel (’P3’)

The code used to produce Figure C.12 (a) - (b):

c2 =5; c3 =4;

[t, p] = ode45(@fnc2A,[0 15],[1 3
sqrt(84./5)1,

[1,c2,c3);

plot(t,p(:,1),’=-7,t,p(:,2),°-.7,t,



RM Adams

133

p(:,3),2.7)

hold
plot(t,p(:,1),°-7,t,p(:,2),°-.7,t,
-p(:,3),7.7)

xlabel (’Time’)

ylabel(’Output’)
legend(’P1’,’P2’,°P3’)

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(p(:,1),p(:,2),-p(:,3))
xlabel (’P1°)

ylabel(’P27)

zlabel (’P3’)

The code used to produce Figure C.12 (c) - (d):

[x3, y3, z3] = meshgrid(linspace(-10
,10));

f1 = x3.72 + y3.72 - 10;

f2 = (y3.72)./10 + (23.72)./8 + x3 - 4;
[y2, z2] = meshgrid(linspace(-10,10));
x2 =4 - (2z2.72)./8 - (y2.72)./10;

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
’FaceColor’, [0.5 1.0 0.5],
’EdgeColor’, ’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’, [1.0 0.5 0.0],
’EdgeColor’, ’none’);

view(3); camlight;

f3 = f1 - £2;

f£3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(y2, z2, £3s, [0 0]);

yL = C(1, 2:end);

zL = C(2, 2:end);

xL = interp2(y2, z2, x2, yL, zL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,

’LineWidth’,1);
xlabel(’P1’)
ylabel(°P27)
zlabel(’P3’)

haxis([-4 4 -4 4 -8 8]);
axis([-10 10 -10 10 -10 10]1);

The code used to produce Figure C.13 (a) - (d):

H=4; K= 10; c2 = 5; c3=4;

alpha = H + sqrt(H."2 - K);

beta = H - sqrt(H."2 - K);

A1A2 = (H - sqrt(H."2 - K))

/(4. xH.xH - 4.%K);

b = sqrt((H - c2 + sqrt(H."2 - K))
./(c2 = H + sqrt(H.”2 - K)));

a = sqrt((H + sqrt(H."2 - K))
J(H - sqrt(H."2 - K))));

Constant = (sqrt(a.”2 + b."2).*(alpha
- beta) .*sqrt (A1A2)) ./sqrt(c2.%*c3);

t = linspace(0,10,100);
[s,c,d] = ellipj(Constant*t,
b./(sqrt(a.*a + b.*b)));

%Uncomment other value of P1

%for alternate elliptic function

P1 = (alpha - a.*beta.*(1./c))

J@ - a.x(1./c));

%P1 = (alpha - (sqrt(a.”2 + b."2))
.*beta.*(d./s))

/(1 - (sqgrt(a.”2 + b.72)).*(d./s));
P2 = sqrt(K - P1.%P1);

P3 = sqrt(c3.#P1.*P1./c2 - 2.%c3.*P1
+ 2.*%c3.*H - c3.%K./c2);

plot(t,P1,’-?,t,P2,°-.7,£,P3,7.7)
hold

plot(t,P1,’-’,t,-P2,’~. ,t,-P3,.7)
xlabel (’Time’)

ylabel(’Output’)
legend(’P1’,°P2°,°P3’)

plot3(P1,P2,P3)
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hold
plot3(P1,-P2,P3)
plot3(P1,-P2,-P3)
plot3(P1,P2,-P3)
xlabel (’P1°)
ylabel(’P27)
zlabel (°P3’)

Type 11-b

fnc2B.m
function P = fnc2B(t, p, cl, c2)

P = zeros(3,1);

P(1) = p(2);

P(2) = -p(1);

P(3) = ((1/c2) - (1/c1))*p(1)*p(2);
end

The code used to produce Figure C.14 (a) - (b):

cl = 2; c2 = 4;

[t, p] = ode45(@fnc2B, [0 10],[0 2 0.5],
[1,c1,c2);
plot(t,p(:,1),’-7,t,p(:,2),’-.7,t,
p(:,3),7.7)

xlabel (’Time’)

ylabel (’Output’)

legend(’P1’,’P2°,°P3’)

plot3(p(:,1),p(:,2),p(:,3))
xlabel (’P1°)
ylabel(’P2’)
zlabel (’P3’)

The code used to produce Figure C.14 (c) - (d):

[x3, y3, 23] = meshgrid(linspace(-10
1005
fl1 = x3.72 + y3.72 - 4;

£2 = (x3.72)./4 + (y3.72)./8 + z3 - 1;
[x2, y2] = meshgrid(linspace(-10
,100);

z2 =1 -(x2.72)./4 - (y2.72)./8;
% Visualize the two surfaces.

patch(isosurface(x3, y3, z3, f1, 0),
[0.5 1.0 0.5],
’EdgeColor’,’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’,[1.0 0.5 0.0],
’EdgeColor’,’none’);

view(3); camlight;

’FaceColor’,

f3 = f1 - £2;

f3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(x2, y2, £3s, [0 0]);
xL = C(1, 2:end);

yL = C(2, 2:end);

zL = interp2(x2, y2, z2, xL, yL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,
’LineWidth’,1);

xlabel (°P17)

ylabel(’P2’)

zlabel (’P37)

%axis([-2 2 -2 2 0 0.5]);
axis([-10 10 -10 10 -10 10]);

The code used to produce Figure C.14 (e) - (f):

K:
t

4; cl=2; c2=4;
linspace(0,10,100);

P1

sqrt (K)*sin(t) ;
P2 = sqrt(K)*cos(t);
P3 = sqrt(K)*cos(t) .*cos(t)
.*x(c2-c1)./(c1*c2);

plot(t,P1,’-?,t,P2,°-.7,t,P3,7.7)
xlabel (’Time’)

ylabel(’Output’)
legend(’P1’,°P2°,°P3’)

plot3(P1,P2,P3)
hold
plot3(-P1,-P2,-P3)



RM Adams

135

xlabel(’P1’)
ylabel(’P27)
zlabel (’P3’)

Type III°

fnc3.m
function P = fnc3(t, p, cl, c2, c3)
P = zeros(3,1);

P(1) = (1/c3)*p(2)*p(3);

P(2) = -(1/c3)*p(1)*p(3);

P(3) = ((1/c2) - (1/c1))*xp(L)*p(2);
end

The code used to produce Figure C.15 (a) - (b):

cl =4; c2 =3; c3 =1;

[t, p] = ode45(@fnc3, [0 10], [sqrt(12)
0 sqrt(2)],

[1,c1,c2,c3);

plot(t,p(:,1),°-7,t,p(:,2),°-.7,t,

p(:,3),7.7)

hold

plot(t,p(:,1),°-7,t,p(:,2),’-.7,t,
-p(:,3),7.7)

xlabel (’Time’)

ylabel(’Output’)
legend(’P1’,°P2’,°P3?)

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(p(:,1),p(:,2),-p(:,3))
xlabel (’P1°)

ylabel(’P2’)

zlabel (’P3’)

The code used to produce Figure C.16 (c) - (d):

[x3, y3, 23] = meshgrid(linspace(-5,
5));

f1 = x3.72 + y3.72 - 12;
f2 (x3.72)./8 + (y3.72)./6
+ (23.72)./2 - 2.5;

[y2, z2] = meshgrid(linspace(-sqrt(12)

,sqrt(12)));

x2 = sqrt(12 - (y2.72));

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
’FaceColor’, [0.5 1.0 0.5],
’EdgeColor’, ’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’, [1.0 0.5 0.0],
’EdgeColor’,’none’);

view(3); camlight;

£3 = £f1 - £2;
f3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(y2, z2, £3s, [0 0]);
yL = C(1, 2:end);
zL = C(2, 2:end);
xL = interp2(y2, z2, x2, yL, zL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,
’LineWidth’,1);
line(xL,yL,-zL, ’Color’,’k’,
’LineWidth’,1);
line(-xL,-yL,-zL,’Color’,’k’,
’LineWidth’,1);

xlabel (°P17)

ylabel(’P2’)

zlabel (’P37)

%axis([-4 4 -4 4 -1.5 1.5]);
axis([-6 5 -5 5 -5 5]);

The code used to produce Figure C.16 (a) - (d):

H=5./2; K=12; cl = 4; c2=3; c3=1;
a = sqrt((2.xcl.*c2.*H - cl.*K)

./ (c1-c2));

b = sqrt(X);

Constant = sqrt((a.*a + b.*b).*(cl-c2)
./ (cl.%c2.%c3));
Constant2 = b./(sqrt(a.*a + b.xb));

t = linspace(0,10,100);
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[s,c,d] = ellipj(Constant*t,Constant?2);
%#Uncomment other value of P1

%for alternate elliptic function

P1 = b.*(c);

%P1 = ((a.*b)./(sqrt(a.”2 + b."2)))

K (s./4);

P2 = sqrt(K - P1.%P1);

P3 = sqrt(c3/(cl*c2)*((cl - c2).*P1.*P1
- cl.%K + 2%cl1*c2.*H));

plot(t,P1,’-’,t,P2,°-.7 ,t,P3,7.7)
hold
plot(t,P1,’-’,t,-P2,°-.7,t,-P3,’.”)
xlabel (’Time’)

ylabel(’Output’)
legend(’P1’,°P2’,°P3?)

plot3(P1,P2,P3)
hold
plot3(P1,-P2,P3)
plot3(P1,P2,-P3)
plot3(P1,-P2,-P3)

xlabel (°P17)
ylabel(’P27)
zlabel (’P3’)
haxis([-4 4 -4 4 -1.5 1.5])

The code used to produce Figure C.17 (a) - (b):

cl =4; c2 =3; c3 =1;
[t, p] = ode45(@fnc3,[0 10],[4 O 1],
(1,c1,c2,c3);

plot(t,p(:,1),’-7,t,p(:,2),’-.7,t,
p(:,3),7.7)

hold
plot(t,-p(:,1),’-’,t,p(:,2),°-.7,t,
p(:,3),7.7)

xlabel (’Time’)
ylabel(’Output’)
legend(’Pl’,’PQ’,’PB’)

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(-p(:,1),p(:,2),p(:,3))

xlabel(’P1’)
ylabel(’P27)
zlabel (’P3’)

The code used to produce Figure C.17 (¢) - (d):

[x3, y3, z3] = meshgrid(linspace(-5
»5));

f1 = x3.72 + y3.72 - 16;
£2 = (x3.72)./8 + (y3.72)./6
+ (2z3.72)./2 - 2.5;

[y2, z2] = meshgrid(linspace(-sqrt(16)
,sqrt (16)));

x2 = sqrt(16 - (y2.72));

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
’FaceColor’, [0.5 1.0 0.5],
’EdgeColor’,’none’);
patch(isosurface(x3, y3, z3, f2, 0),
[1.0 0.5 0.0],
’EdgeColor’,’none’);

view(3); camlight;

’FaceColor’,

f3 = f1 - £2;
f3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(y2, z2, £3s, [0 0]);

yL = C(1, 2:end);
zL = C(2, 2:end);
xL = interp2(y2, z2, x2, yL, zL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,
’LineWidth’,1);
line(xL,yL,-zL,’Color’,’k’,
’LineWidth’,1);
line(-xL,-yL,-zL,’Color’,’k’,
’LineWidth’,1);

xlabel (°’P1°)

ylabel(’P2’)

zlabel (’P3’)

Y%axis([-4 4 -4 4 -1 1]);
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axis([-5 5 -5 5 -5 5]); cl =3; c2 = 4; c3 = 1;
[t, p] = ode45(@fnc3, [0 10], [sqrt(12)
The code used to produce Figure C.18 (a) - (d): ¢ 17,

[1,c1,c2,c3);

H=5./2; K=16; cl1 = 4; c2=3; c3=1;
’ ’ ’ ’ ’ :I-Ot(t, (:’1),,_,:t9 (::2)’)_":1-"
b = sqrt(-(2.*cl.*xc2.*H - cl.*K) g(_ 3) ? N P
./Ecl-CQi;;. hold
a = sqrt(k); plot(t,p(:,1),7=7,t,p(:,2),’-.",t,
-p(:,3),7.7)

Constant = a.*sqrt((cl-c2)
./(cl.xc2.%c3));
Constant2 = sqrt(a.”2 - b."2)./a;

xlabel(’Time’)
ylabel (’Output’)
legend(’P1’,’P2’,°P3’)

t = linspace(0,10,100);

lot3(p(:,1),p(:,2),p(:,3))
[s,c,d] = ellipj(Constant*t,Constant2); P P P P

hold
plot3(p(:,1),p(:,2),-p(:,3))
xlabel(’P1°)

ylabel (°P2?)

JUncomment other value of P1
%for alternate elliptic function

AT zlabel (’P37)

P2 = sqrt(K - P1.*%P1); The code used to produce Figure C.19 (c) - (d):

P3 = sqrt((c3./(c1*c2)).*x((c1-c2) .*xP1.*P1

- ¢c1.%K + 2xcl*c2.%H)); [x3, y3, 23] = meshgrid(linspace(-5
,5));

plot(t,P1,’-’,t,P2,’-.7,t,P3,7.")

hold f1 = x3.72 + y3.72 - 12;

plot(t,-P1,’-’,t,-P2,’-.7,t,-P3,’.7) f2 = (x3.72)./6 + (y3.72)./8

xlabel (’Time’) + (23.72)./2 - 2.5;

ylabel (’Output’)

legend(’P1’,’P2’,°P3’) [y2, z2] = meshgrid(linspace(-sqrt(12)
,sqrt(12)));

plot3(P1,P2,P3) x2 = sqrt(12 - (y2.72));

hold % Visualize the two surfaces.

plot3(P1,-P2,P3) patch(isosurface(x3, y3, z3, f1, 0),

plot3(P1,P2,-P3) ’FaceColor’, [0.5 1.0 0.5],

plot3(P1,-P2,-P3) ’EdgeColor’, ’none’);

plot3(-P1,P2,P3) patch(isosurface(x3, y3, z3, f2, 0),

plot3(-P1,-P2,P3) ’FaceColor’, [1.0 0.5 0.0],

plot3(-P1,P2,-P3) ’EdgeColor’,’none’);

plot3(-P1,-P2,-P3) view(3); camlight;

xlabel (’P1°)

ylabel (’P2’) £3 = f1 - £2;

zlabel (’P3?) f3s = interp3(x3, y3, z3, £3, x2,

axis([-5 5 -5 5 -1.5 1.5]) y2, z2);

The code used to produce Figure C.19 (a) - (b): C = contours(y2, z2, £3s, [0 0]);
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yL = C(1, 2:end);
zL = C(2, 2:end);
xL = interp2(y2, z2, x2, yL, zL);

% Visualize the line.
line(xL,yL,zL,’Color’,’k’,
’LineWidth’,1);
line(xL,yL,-zL,’Color’,’k’,
’LineWidth’,1);
line(-xL,-yL,-zL,’Color’,’k’,
’LineWidth’,1);

xlabel(°P1’)

ylabel(’P2’)

zlabel (’P3’)

%axis([-4 4 -4 4 -1.5 1.5]);
axis([-5 5 -5 5 -5 5]);

The code used to produce Figure C.20 (a) - (d):

H=5./2; K=12; cl1 = 3; c2=4; c3=1;
a = sqrt((2.xcl.xc2.xH - cl.%K)
./(c2-c1));

b = sqrt(X);

Constant = sqrt((a).*(c2-c1)
./(cl.xc2.%c3));
Constant2 = b./a;

t = linspace(0,10,100);
[s,c,d] = ellipj(Constant*t,Constant?2);

%Uncomment other value of P1

%for alternate elliptic function

Pl = b.*(s);

%P1 = b.x(c./d);

P2 = sqrt(K - P1.xP1);

P3 = sqrt(c3/(cl*c2)*((cl - c2).*P1.*P1
- cl.%K + 2%cl1*c2.*H));

plot(t,P1,’-’,t,P2,7-.",t,P3,’
hold

plot(t,P1,’-’,t,-P2,’~. ,t,-P3,.7)
xlabel (’Time’)

ylabel(’Output’)
legend(’P1’,°P2’,°P3?)

.

plot3(P1,P2,P3)
hold
plot3(P1,-P2,P3)
plot3(P1,P2,-P3)
plot3(P1,-P2,-P3)
xlabel (°P17)
ylabel(’P27)
zlabel (’P37)

The code used to produce Figure C.21 (a) - (b):

cl =2; c2 =4; c3 =1;

[t, p] = ode45(@fnc3,[0 101, [sqrt(8)
sqrt (16) sqrt(2)],

[1,c1,c2,c3);

plot(t,p(:,1),’=-7,t,p(:,2),°-.7,t,

p(:,3),7.7)

hold
plot(t,p(:,1),’-7,t,-p(:,2),’-.7,t,
p(:,3),7.7)

xlabel(’Time’)
ylabel (’Output’)
legend(’Pl’,’PQ’,’PB’)

plot3(p(:,1),p(:,2),p(:,3))
hold
plot3(p(:,1),-p(:,2),p(:,3))
xlabel(°P1°)

ylabel(’P2’)

zlabel(°P3’)

The code used to produce Figure C.21 (c) - (d):

[x3, y3, 23] = meshgrid(linspace(-10
,10));
f1 = x3.72 + y3.72 - 24;

f2 = (x3.72)./4 + (y3.72)./8
+ (z3.72)./2 - b;

[y2, z2] = meshgrid(linspace(-sqrt(24)
,sqrt(24)));
x2 = sqrt(24 - (y2.72));

% Visualize the two surfaces.
patch(isosurface(x3, y3, z3, f1, 0),
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’FaceColor’, [0.5 1.0 0.5],
’EdgeColor’,’none’);
patch(isosurface(x3, y3, z3, f2, 0),
’FaceColor’, [1.0 0.5 0.0],
’EdgeColor’,’none’);

view(3); camlight;

£3 = f1 - £2;
£3s = interp3(x3, y3, z3, £3, x2,
y2, z2);

C = contours(y2, z2, £f3s, [0 0]);
yL = C(1, 2:end);

zL = C(2, 2:end);

xL = interp2(y2, z2, x2, yL, zL);

% Visualize the line.
line(xL,yL,zL, ’Color’,’k’,
’LineWidth’,1);
line(xL,yL,-zL,’Color’,’k’,
’LineWidth’,1);
line(-xL,-yL,-zL,’Color’,’k’,
’LineWidth’,1);

xlabel (°P17)

ylabel(’P27)

zlabel (’P3’)

%haxis([-4 4 -5 5 -2 2]);
axis([-10 10 -10 10 -10 10]1);

The code used to produce Figure C.22 (a) - (d):

H
b

5; K =24; cl1 = 2; c2=4; c3=1,;
sqrt ((2.*cl.xc2.xH - cl.%K)

./ (c2-c1));
a = sqrt(K);

Constant = sqrt((a).*(c2-cl)
./(cl.*c2.%c3));
Constant2 = b./a;

t = linspace(0,10,100);
[s,c,d] = ellipj(Constant*t,Constant?2);

%Uncomment other value of P1

%for alternate elliptic function

P1 = b.*(s);

%P1 = b.*x(c./d);

P2 = sqrt(K - P1.*P1);

P3 = sqrt(c3/(cl*c2)*((cl - c2).*P1.*P1
- cl.%K + 2%cl*c2.*H));

plot(t,P1,’-?,t,P2,°-.7,£,P3,7.7)
hold
plot(t,P1,’-’,t,-P2,’-.7,t,-P3,7.7)
plot(t,-P1,’-’,t,P2,°-.7,t,P3,°.7)
xlabel (’Time’)

ylabel(’Output’)

legend (°P1’,°P2’,°P3?)

plot3(P1,P2,P3)
hold
plot3(P1,-P2,P3)
plot3(P1,P2,-P3)
plot3(P1,-P2,-P3)
xlabel (’P1°)
ylabel (°P2?)
zlabel (’P3’)
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Appendix C

Graphs

The first page graphs are those of the adjoint orbits of SE(2) using arbitrary values of (x, x3) € R3.

(a) The type 1 adjoint orbits,

(b) The type 2 adjoint orbits,

(c) The type 3 adjoint orbits.

The second page graphs are those of the coadjoint orbits of SE(2) using arbitrary values of
(x,23) € R3.

(a) The type 1 coadjoint orbits, (b) The type 2 coadjoint orbits.

The rest of the graphs contain the following:

(a) The solution curves P;(-), P>(-), P3(-) of the normal extremal equations using the
MATLAB solver.

(b) The solution curves P(-) of the normal extremal equations plotted in R? using the
MATLAB solver.

(c¢) The intersection of the surfaces of the Hamiltonian functions equal constant and the
coadjoint orbit corresponding to the Casimir function equal constant.

(d) The resulting curve from the intersection of the two above mentioned surfaces. (e) The
solution curves P;(-), P>(-), P3(-) of the normal extremal equations using trigonometric functions.

(f) The solution curves P(-) of the normal extremal equations plotted in R? using
trigonometric functions.

In many cases the figures (e)-(f) are replace by the following page of figures:

(a) The solution curves Pi(-), Po(-), P3(-) to the normal extremal equations using a Jacobi
elliptic function.

(b) The solution curves P(-) to the normal extremal equations plotted in R? using a Jacobi
elliptic function.

(c¢) The solution curves Pj(-), Ps(-), P3(-) to the normal extremal equations using another
Jacobi elliptic function.

(d) The solution curves P(-) to the normal extremal equations plotted in R? using the other
Jacobi elliptic function.

For each of the above, the result is plotted on the specified time interval [0, 5], [0, 10] or [0, 15].
For each set of graphs the following is also specified: The Case; the constant value(s) c1, ca, . . ;
the value of the Hamiltonian and Casimir functions, H and K; the initial condition and the
elliptic/trigonometric function.
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Adjoint orbits of SE(2)
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Figure C.1: Adjoint orbits: (a) type 1, (b) type 2, (c) type 3
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Coadjoint orbits of SE(2)
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Figure C.2: Coadjoint orbits: (a) type 1, (b) type 2
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Cutput

Figure C.3: Theorem 5.2.1: ¢; = 2, P(0) = (0,4,2/5) (a)-(b): MATLAB ODE45 solver, (c)-(d):
H=5K=16
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Figure C.4: Theorem 5.2.1: ¢; =2, H =5, K =16 (a)-(b): dc, (c¢)-(d): ns
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Figure C.5: Theorem 6.2.1: ¢; =2, P(0) = (0,2,1) (a)-(b): MATLAB ODEA45 solver, (c)-(d): H
=1, K=4, (e)-(f): sin, cos
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Figure C.6: Theorem 7.2.1 case 1: ¢; = 2, ¢ = 2, P(0) = (4,2,1) (a)-(b): MATLAB ODE45
solver, (c)-(d): H=4.25, K=30.
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Figure C.7: Theorem 7.2.1 case 1: ¢; =2, co =2, H =4.25, K = 30, (a)-(b): sn, (c)-(d)

: cd
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Figure C.8: Theorem 7.2.1 case 2: ¢; = 2, ca = 2, P(0) = (4,0,1) (a)-(b): MATLAB ODE45
solver, (c)-(d): H =4.25, K=16.



Appendix C: Graphs

—P

Output

Cutput

]

1]

Figure C.9: Theorem 7.2.1 case 2: ¢; =2, co =2, H =4.25, K =16, (a)-(b): sn, (c)-(d): cd



RM Adams 151

Type II-a
B
-, P
il i ——-pz]
- B 5 P 10
4 & 1
.
5
2,
Wy R A
et 4 4 om0

Cutput
]

b
iy
ET +,
+* .

s

Figure C.10: Theorem 8.2.1 case 1:
solver, (c)-(d): H=3.2, K=10

¢ =5,c2=4, P(0)=(1,3,1/%2) (a)-(b): MATLAB ODE45
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Figure C.11: Theorem 8.2.1 case 1: ¢; =5, c2=4, H =3.2, K =10, (a)-(b): dc, (¢)-(d): ns
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Figure C.12: Theorem 8.2.1 case 2: ¢; =5, ¢2 =4, P(0) = (1,3, w/%) (a)-(b): MATLAB ODE45
solver, (c)-(d): H=4, K=10
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Figure C.13: Theorem 8.2.1 case 2: ¢; =5, c2=4, H =4, K =10 (a)-(b): nc, (¢)-(d): ds



RM Adams 155

Output

Output

Figure C.14: Theorem 9.2.1: ¢; = 2, ¢2 = 4, P(0) = (0,2,3) (a)-(b): MATLAB ODEA45 solver,
(c)-(d): sin, cos
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Figure C.15: Theorem 10.2.2 case 1 (i): ¢; = 4,¢2 = 3,3 = 1, P(0) = (v/12,0,v2) (a)-(b):
MATLAB ODEA45 solver, (c)-(d): H= 2.5, K = 12.
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Figure C.16: Theorem 10.2.2 case 1 (i): ¢; =4, 2=3,c3 =1, H =25, K =12 (a)-(b): cn,
(c)-(d): sd
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Figure C.17: Theorem 10.2.2 case 1 (ii): ¢; = 4,¢2 = 3, ¢3
MATLAB ODE45 solver, (¢)-(d): H = 2.5, K = 16.
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Figure C.18: Theorem 10.2.2 case 1 (ii): ¢; =4,2=3,c3 =1, H = 2.5, K =16, (a)-(b): dn,

(c)-(d): nd
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Figure C.19: Theorem 10.2.2 case 2
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MATLAB ODEA45 solver, (c)-(d): H= 2.5, K
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Figure C.20: Theorem 10.2.2 case 2 (i): ¢ =3, 2=4,c3 =1, H = 2.5, K =12, (a)-(b): sn,
(c)-(d): ed
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Figure C.21: Theorem 10.2.2 case 2 (ii): ¢; = 2, 2 = 4, ¢3 = 1, P(0) = (v/8,V16,v2) (a)-(b):
MATLAB ODEA45 solver, (c)-(d): H=5, K = 24.
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Figure C.22: Theorem 10.2.2 case 2 (ii): ¢; = 2,2 =4,c3 =1, H =5, K = 24, (a)-(b): sn,
(c)-(d): ed
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