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is ignored in thi8 chapter. Nevertheless , since the 

calculations are only order of magnitude calculations, 

t he results obtained give an idea of t he validitv of the 

ray tracing approximations. 11 



I ntroductlon 

Tl:l.e behpvj_our of ·:e,..,v loor frequency (V_ L . F . ) roc1io 

v.mves p rop.9p;ctinrr in an ionlzed mediun1 , such es the 

ionosphere rnd exosphere : n10y exhibit n1Dr1cedly differ-

ent c ha rn c tf-ristics from tl1ose of frequencies such 

as a r e used fo r con1municc>tion in the short -r·rave be.nds . 

The anisotropy introduced into the ~edium by t he 

presence of the earth's magneti c f i eld has a signifi-

cant effect, while at frequencies below about 5KHz 

the presence of heavy positive ions may further 

affect propa ~et ion . I~ particular i t is found that, 

under sui t flble conditions , 'i . L. F. si[nals "lay 

propEJgete Plon.<?: Pflths closely follo•:.rinr thP l i nes of 

fore~ of thP Parth 1 s magnetic field . ThP study of 

such 8i~nalR hRs a p rnctical i nterest in t hat, from 

considPration of their propP.fWtion tin1Ps .!'lnd dis-

persion propertiPs, thFy can prov i de on inexpensive 

method of ~PtPr~ininp electron densitiP8 et l evPls 

For t his rPason , if for no othPr , theo~Ptical 

invPstigation rf thP poths tr~cPd in P. ~odel 

exosphPr~ rrteY indic[' t E' holT closel~r thP 111odel 

exosphere approxi~1c>tes the true one . 

A powe rful method of trecin~ out thPse pPths 

is by the use of 11 r ay- tr0cing 11 , p r ovided the 

/properties ... 

( 
./ 
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condi t :l..on not ~~1 -rr yP. fulfilled in prnctic~. It hc.: s 

b oe n tha r ubjPct of thir th~eie to crrry out r~y-

tracinr studies , in ~rtJ culpr notinr th~ e ffects 

of thF PoPiti'l~ ion :; in th r-· :-"'"<OBP.here ; e ffects 

ih:i ch hev t=· not r t-:·Ct'i':·?d much notice b efor e , l,.e they 

we re thou ~ht to b ~ unimportrnt. 

PP rt I d~ r ls ·.·i t11 t ·.1. th r-oreticr' 1 b r ckg round to 

t '1 .= conc~·pt of r r.y-tre cin;;: ; ,-i t h the d!'V?lol:)ment 

of thf' equetions ~·choe.f oolution g iveR thF: pe.t h of 

fulfi llPd if tl:l.~ r> nr l y , j . :- i 8 to b"' vo lid. 

Pert 0 df'P8ribe8 th~ result~ of thP~P co~putrtions, 

~-rhi ch prPviou · ·orke rs do 1'1.0t Sf' -·T:l to heve performed. 

It should bF pointad out r t thF outeet the t t he 

use of r c y-trr: c inr.: t P chniq H2"" such o s ·~re 0 re About 

to describe i 8 not orir,ine 1. ,;lO'•rf.>ve r the effects 

of he~vy ions hPv e not usually been considered; 

the notrbl ,::· Pxception beinr. in the study of the so-

KI -,..U"'' ( 1) called 11 Subprotono '"'phE:·ric '}h i etler 11 by · r. ~~. , 

/confined. 
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PART I. 

THZ TIIEORJi:TI CLi.: Bh.CKC'ROU~.m 



Cl-),.,pter I. 
=~··=-= 

of V . L.!i'. 

f. ince the p['rl .': C!Pc.?(~es of thj_s century, several 

i nt eres tinp phenomen[' ~eve b . en encountered by 

io nos~heric resea r chers wor~inr vith frequencies 

con tred in t~P. 2 .• f. c.r.-:1. of t he rP.dio spectrum, 

'·:noHn P. s the v. 1. f. (very lo·.v frequency) r~rion. 

The r'108t n1c1ely irw : sticrterl of tlxse phenorr!e na , 

and hi~toricelly t~A first to arouse interest, a re 

the sirnr> ls kno ~m l'1S w·l:li stlers 11 • B/,RKHAUSE:.J( 2 ) is 

generPlly credite~ r · bei n~ th ~ first to PPY any 

scientific e ttc ~tion t o r eculiPr rhistling noises 

sometirneg hePrd on t9lephone lines ~ t the Front in 

the C'reet ~var . 

( ~ \ 
by :r:c K~RSLEY '"' ' ; 

Inv .' st~_grtions '''ere CBrried furtl-ler 

by BURTON and BO.l\:ID~If.li3 ( 4 ) , ToThO 

first ce rrieft out on a comprel-)e ns 1ve s cele by 

s'l~o~y( 5 ) in 1q53 . 

.. histlers erE'· not· '-;: 1101·'n to h['VP. t~lP.i r origin in 

et~ospheric lighteni ng fl~shes . The ~-r:'li t e noi se 

electromagnetic ener[': .: w'nerR t ed b.·r these '' sferics" 

mey penetrFtP thF lover i onospher e , and then be 

f uiQed ['Ccuretely Alone t~P linea of force of t he 

earth's field unti l i t r ee che s the opposite 

/ hemie:;,:'1ere; . ... 
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he~isphere; wherP some of it m~y penetrete t~e 

ionospl1.ere en0. rPpcl1. t .lv.- eflrth, while some may b e 

reflec tPd bac]: a lo nr thP fl €:-'ld 11 ne s; th:i. s may 

occur several times, resulting in a trPin of echoes 

being rec e ived in eoch ~e~isphere. The re is found 

to be an u:r:;per lirn i t to th ~., freq uency 1rrhich may be 

:uided in this itfPY, of the order of a few kiloherz, 

so the t 1 f th,.., sign.-: ls r re de tee ted t hey ~e nerally 

fnll c•ithin the ~:~.f. re.nge. 

'T'hr> feet th c- t the prope.getion t r kes place along 

the fiPld linP.s "PS fir2t concluded by STOREY(B), 

althouph e lPctron Qen~i ty ~eaaureMents of the day 

to the enisotro~y 1 ~ the exosphere CPURPd bv the 

mar_nPtic fi~ld , '":' ~:neri 111en tAl o bs Prvr ti on s e. t 

14 

con,jugetP points, i .Jvolving the si,.,_ulteneouq recorcUng 

of si~nels in both hemirp~eres et opposite ends of 

a field line, ~n~ ~ubsequent i dentification in some 

ccses of the causPti~e sferics , hpve borne out that 

t he propagation is very accurate ly alonr the lines 

of force. 

:.s B result of the hif.hly dispersive properties 

of the exosphere, t he spectrel distribution at the 

receiver is such tbe t, aurc lly , w~•i stlers sound like 

/e . .. 
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B · rhis tle, the freq uency of · hic'l-1 drops by a few 

~ilohP rz in thP spece oi on~ or two sec 0nds . The 

e.c tufl l freouency-tir1P s::;;Pctrum of whistle rs follow·s 

t h e forr11 of ~ip.ure I , '"hicl! shoT·'e. rn example of a 

"nose" v.rhiRtler , :·rhicl:"! h"'- s both risinp: rnd falling 

~o'Tlpo ne nt R. /,.11 r-~h i s t 1 e r ~ e r e , j_ n f o c t , of this 

kind, hut in 

: bove the upper cut-off frequency of the equipment 

used for detection. The detected spectru~ then 

appee r s as in ri~ure 2, ~~en it is found to be fairly 

~e ll described by the rel~tion 
1 

T "" Df·,.: 1. 1 

where :8 i s ~>:nm·rn 8 s the ...... cl:p,:~sley dispers ion constant. 

Ber-iflPR ···histlerr:;, other forms of ne tural v. 1 . f. 

noise era dPtect~ble . mhese heve intensities 

C0"1Perr>ble •·ri tl:1 t11oRe of ~<rhistlers, pnCJ. often 

exhi~it spectrel ~istributions closely relat ed to 

those of ~~istlers , ir,icPtinp thPt they ha ve 

probe bly follo~red the S[l'1'e or 8ir"1ilnr PP ths . 

These "V. L . F. emissions" f:1re thour.-ht to ori p.:inate 

in the interection of small clouds of plasma with 

t he r;eophvsical environment, producing r adiation by 

such mecha ni ~Pls <? R cyclotron r adie tion. A few of 

the more common Gpect rcl distributions a re depi cted 

in Figure 3 . 

/The r e . .. 



Figure 1. Typical whistler spectrogram. 
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Figure 2. Whistler as usually detected . 
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Figure 3. Typical spectrograms of V.L.F. Emissions. 
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There arP, in Pd~ition, sPverRl trens~i tters 

';/:lich ope r atP. i!'l t '1e V. L. :-' . ref':ion for scientific or 

l"lil i tf"lry purposes. "Bes;_des reception of the n~ore 

usue 1 r round 1v::1ves, observAtions of sip:nP-ls which 

h<'ve tre velled in the 11 "t-Jh~_ stler mode" e r e possible 

a t the tranemitterrs conjugPte point. An example 

18 

of t~is close to hand is p r ovided b~ the C. r .R.S. 

~roject under QLRNI ER , in which the author has ~layed 

2 lowly part a~ a technical assistant . In t h is 

project 1;;b. i stlers, r nd t ra ns!Tii ssi ons from the 

16 ,8 KHz Li'UB trensTTJitter a t Sa inte- Assise a re 

recorded on ta pe i n rreha~stown , Pnd "gyro ec ) oes " 

(signals 1,-r"l~.ch hPve follm·'ed e xospheric PPths) hPv e 

been identtfied. 



Cha.pter 2. 

!{ap.neto-ionic theory; the propagation of radio 

wa.ves through an ionlzPd medium. 

2.1 Introduction 

The propagation of a radio wave through an ionized 

medium differs from the propagation through free 

space, because the electric snd magnetic fields in 

the wave affect the notion of the ions and electrons , 

resulting in e. continuous interchange of energy 

between the w~ve Pnr the particles , ~nd consequent 

changes in the Apeerl. .9nr1. 1; olarization of the itfa.ve. 

The problem is furt hPr conmlicated in the ionosphere 

by thf> presence of the terrestrial magnet1e field., 

and by the mutual interactions of the particles in 

the ple.smfl, which dissipate ener~Y from the wave . 

It is found that, in the most ~eneral cese, four 

"characteristic" wave s cpn propa.gate in such a 

medium, two "upgoing 11 and two 11 downgoinp.:". Nor may 

these e lways propagat e indepenrtently - continual 

coupling and reflection processes are found every-

where as e. result of the grE>dients of plasma density 

e ncount ere d. 

Ma g neto-ionic theory , first put for'!ttrard by 

APPLETON(6) and HARTREE(?) i n the late 1920 1 s, deals 

/with ... 
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pl[ s ma in the prercnce ofF unifor~ m2~netic field. 

,·3trictly spPn':inp: , t11is if! insufficient to e:-·plain 

p ropa.ge t ion in t-he terre:-.trir' 1 i onoRphere , ··rhere the 

plesm~ density ~n~ mngn0tic fi e ld rre b oth functions 

of space and time , but it is possible to apply the 

theory m f a ir cccur~ cy by trecting the ionosphere as 

a medium V? ry:.tnp: s0 slm·rly thr t it m."Y be regarded 

~s homogeneous ct each level . L satisfactory treat-

ment of the Rub.jec+ entPils e so-celled "full v.rave 

theory" •·rhic h i R JT\ore co,.,1plex. 

In the rPf!t of t~ic c LKpter "'re shall summarize the 

aspPcts of mPp:~Ptn-tonic tbeory - ~ich ere needeA for 

the clF>vf'lof"!F-nt of re~·-tr<>cino; . 

2 . 2 . =~2:':"P ll 1 R ~OUPt~Ol1"l 1 ('jOn<:\ti tutiVP _rl?lfltions , 

Symtols anc1 Units. 

out . f_n electromep:n8tic fiel<'l in p plr>S"'lG rna.y be 

described in ter~A o~ t~~ vectors ~ ~~ , IT , H , J , , , 

subject to ~rHX~·rell 1 s -.':"nu-tions 
aB 

Curl ·s ::::: - Oif 

Curl H ::: 31) +J 
aT 

e.nu. the r e lations 

B - f..!f! -

D - f: E + p - 0 

2 . 1 

2.2 

2. 3 



It i s comrPnient f 0 r our purposP s tn PXtend. thA 
_a"P . 

~cfinition of 7 so th"t at includ~ s t~~ effect of the 

co nc1uc ti on current J , · 1 n (3. to · ror, :: i n tPrrn.s of a 

vrriDble 

}t = 
clPfined by 

p.-:-:- -
o l-I 

~- -
\ 0 

rrhich is oeen to hov 0 th::: sHme units f' s E . 

.8 . 5 

Since 

the magnetic permF·bility of the ionosphe r e i s taken 

iD be unity , so that JJ- c flo ' it i s no•·r possible to 

reFrite 1·~exwell 1 s Equa tions: 
.1 _gj:1 

Curl E :::: 

Curl }t -·= 
1 

-c ot · 
-~.. .. 

1 ..2..~~ ~ E \ 
c at l1:!.. c 

0 

'·rhere c "" .r-- - veloci t ~r of e l ectromagnetic 
"~ Mo Eo -

rf-'cli ll tion in free spRee . 

2 . 6 

2 . 7 

The pola rizRtion P "rises almost entire ly from the 

~otion of t~P f r e r particles under the influence of 

the e l ectric field in the ·~ve - the effect due t o 

t h e TTJagnet ic field in the NP.Ve is of sE>cond order 

through the ; x B term - so it is possible t o r elate 

2 1 

P toE by what is kno;·rn P..S thP "constitutive reletion 11 

of the plasrne : 

E =..ur:: 2. 8 
co 

nhe r e .l is 8 3 x 3 mr- t rix kno,)·m as the susceptibility 

mf1 trix, which has non-zero off-diagonal ter111s in an 

a nisotropic mediuTTJ . The exact form of r{ depends on 

h 1hat .. .. 
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vrhe t co-ordine.te system -·re adopt , And on ...,rhB.t tons 

and electrons are p resent. In a. ~)lp smn •·rhere only 

the electrons are dee~ed import~nt , wi th a Cartesian 

frame in 1t¥hich the static m£'r:netic field B has 

direction cosines L,Y , rr it can be shown 

( c f. BU.DDE:J ( p,) ) that 

X \U2-L2y2 
~ - •-... T" ? ,:,_ ·= -u(U2-Y2) JJYU-u.fi~ 

·~{YU L-Ty2 

- jNYU- LMY2 jl>fYU - LNY2 ~ 
- jLYU - :.!NY

2 l 
u2_N2y2 

2
. 

9 

where 

X 

and 

- .J.. - , , 

2 .::H .co .ln 
:= 

r2 
y = f u = 

v 

l-fZ I z = f 
Ie2 --fn = pl~smP frequency= 2 '\j,4TI c-0 m 

eB/ 
f H ~ electron gvrofrequency = m 

f ::: wav P f r equency 

v = c oll ision fr€::1 ne nc y 

I'T = electron C..e nsi t :' , m = mass of 

e = electro n:i.c chP r r e . 

:r2..xwe l l 1 s r.:qu?.tion8 no•·- br:: come 
1 a.>t 

Curl 17; = - c -at 
l o-·E 

\o - r I + ··~ 1. ~ Curl<~'- = ct..., :... >at 

j == ~ - 1 

electron, 

2 . l.O 

2 . 11 

where I i s the identity natrix. Takinf. the curl of ,... 

Eque.tion 2 . 10 a.nc.1 subEtti tuting from 2 . 11 we get : 

. - - 12 a2-v2 E - e; ra d di v E + c ·J f I + M I E = o 2 . 12 
"' "' at 2 

end si "1ilar ly: 



23 

5J:-
-~ -~u v :I'- - 2 . 13 

2 . 3 . 'l'he ?..efrHctive I11de:· , ?..PfractivP- Irrlex Su~~e.ce, 

and t.he Re.y . 

Equations 2.12 and 2 . 10 ~re seen to be i n the 

f orm of see lar v.m .. vP eqU<3 tio ns, -·•i t 11 solu t ionG of the 

form 

2 . 14 

\'~!here 11.. = lC or ~ e ncJ. TTherey i s a ( r;enera lly complex) 

v ee tor in the r'l. irec tion of t:h e Ne.v e normal (i.e. 

norrr1al to the surf0cP-; of constent ph e se) . -,IJe may 

. t ... k ..... ":·rr l e -y = . ny '•There y is fl unit vector in the 
w 

directlon of-y , !.t:: = c , nnd n = f-1, - jX i s the complex 

r e fractive in<'l.ex; ··rh en it i s shown in elementary 
Q 

t e :-: t R o n T,ra v e rn o t i o n t ha t f-1, = v..,... i P t 11 f' p hP. s e 
1-' 

refractive indPx of the me cUur1, vp b einp.: t'le phase 

velocity. 

define 

It i s conv~nient for our purposes to 

"' p = jJ:y 

as a 11 refra c t: ive inCte~r v ector" , tl1e Ci.lrection of 

2.15 

t·rhich g.ives the c1irection of the \'lCWe normal , while 

the mafnitude r,ives the phase r efractiv e index. 

Eq uations 2 . 12 a nd 2. 13 may no- ~ be r er.ar ded a.s 

e i Fenvector eq uations for E end«. Fror1 the t.leter-

mina ntal con~i tion for non-trivial solutions it is 

'? 
possible to arri V P a t :- qua.dra tic eo ua tion in n·~ ; 

/-..,,rhic h ... 



~rhich in tl:le r1ost general CP8e of Et J11ulti-cor1ponent 

plasma cen bP- Hritte n (see STIX(o) ), 

and 

An4 + Bn2 + C = 0 

B = -{ RL sin2 '¥ + ?S( 1 + Cos2 '¥ ) 1 
C ... PRL 

R !=> 1 -~~ 
J u.+ c y. 

J j J 

L ::: 1 -~ xj 

j uj - c jyj 

P - 1 - "" X· .G.:.:J. 
j u . 

J 

S '" ~ t R + L ~ = l - ~ Xj U j 

j U ,8_v .2 
J .~ J 

D -- 1 R L 1 - <::.. c j XJ· yJ. ? { + . l- ..::::::. __ 2 
J uj2_yJ 

fie ld.Xj Yj rnd Uj hrvP rimilar me~ninps for t he 

j t h ~pecies of ~on as ~id ~ , Y and U for electrons in 

the p revious sPction. cj = + 1 for positive ions, 

and - 1 for ner;a ti VP. ions . 

If equation 2.16 is solved for n2 for the case of 

electrons only , and_ tl.1e ans1·rer suitably manipulated , 

~e arrive a t the ~ell-known Appl eton- Hartree formula 

n2 = 1 -

U - Y2 sin2 '¥ 

2(U-X) 

X 

+ ~~~-in:~ + y2cos2'}' 

~4 (U-X) 2 

/n i s ..• 

24 
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n i8 i~ ~PnerPl - 00~ple~ qUR Ptity, from the 

ref, 1 pr·rt (J1) of -r1:ic~ ~--e C!i n deducP the phrse 

velocity, r--n0. fron1 th:· lnc-q-ino ry prrt C) the 

DttentH'' ti on. 

Since the refr2ct1v P index Pt D p oint in s~cce 

25 

c:epe nc'ls only on the propertief:1 of thP medium at that 

;)oint, rn<'l. on ':l:· , n conven~ent pictorial represen­

tation of thP behevL)ur of 11 on \f mPy be obtained by 

cl.r<nring f' s et of ~·o.rfrc p s in a systerr of polar 

co-ordin[1tP.8 (r,w,~:') ,.ith polc.r axis Plong B, so 

thrt thP surfrce is the locur of the vPctor pas 

dPfinPd in equation 2.15 (~he locus bPing 

e:=-sentiPll:v ..... function of'¥ ) . gincP for a given 

X end Y tbPrP arP j_n - ? nm·~; l t<,r() V8lue s of n2, there 

·~ll be two such nurfeceR r t eAch noint in space. 

In Fi.:-:-ure 1 '·'f:' c'l.epict on.r:, 8UC1:1. PurfPcP, shol·rinf the 

refrac~ive inde7 vector p in relation to the surface 

and to thP co-ord-2. ne te <:~xes. 

In this F'l p.,ure ~-ill 0 lso bP seen t:. C!.irection 

m.- rked 11 rflyH. 

energy in a \'rave ( 11 ra :r direc tion11
) ;".net of the ···ave-

normc:· 1 are ir: r:enerel different , becruse the 

refractive in~ex de~ends on the direction of tho 

···ove-normal. _' , 11 re8l 11 "·.:ave c c: n bt-' considered. as 

s ynthesized of rneny :;?lanP. '·eves propag~tinr: in all 

/.-Urections. 



Figure 4. 
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The refractive index surface and the ray. 
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(i recti 0 r.s . 

i ··-!terfer.~ nce "'":u::;t b~ const ,~uctive . : 0\•r r p. ive.:-1 
j 1 ~ {ct-P· r 1 

f r c- .. p.· enc~r C.0'"'1ponent plr ne P['_\!p oal1.eV EJ S a s /' e ' 

-.;·~hlch i_n our rf>frr:ct;ive indP.'< s:r~ce r, ':F , <P 111a ~r be 

~-ri tten 
.jk(ct-t-l ( 'lf) f (xcoscJ/+ys i n':\) sin·_ +zcos'Id 

" e 

' ·' 1'-'._· ,..e -·p l1 •• riTP t·ri +t: ··r !\ - f f ' - · :j ) • - ·- ;_ ~\.. I l . - \ 1 J. 1 • · to f>m::-·'.1."' size 

'::l.1e con-

~ition for c0nstruct~7~ i nterference is t~s t thA r~te 

of chr.nr~ "' o+' t-:1P E'Xl~Ont~nt rmr.t te zPr o ··i t h respect 

to ~:.- c.. r:dt-·. PR ~,t1:-l c.l.iffe r entie. tion end equa t.inf to 

:cero r ives 

lend, ... 



Figure 5. The ray is normal to the refractive 

index surface. 
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o n d \¥ 0 - a r.• it 1.1 t '1 e z or B 8 xi s i t is po s sib 1 e to 

m.: nipulete eqtwtion ? . 22 to yield 

ta.n a = r 1 . Qll.l 1- .:.c;;.. 
. J.L a~ ... ,..=~o 

CompArison rrj_th r'ip;ure 5 shovrs thnt the ra y is 

thur nori"el to thf? refrPctiVP index surf8.ce . This 

im~ortant fact wi ll be ~ede upe of in the derivation 

of equations governin~ the pa t h of a re.y. 

2.4 pblique Pro~~getion - the Booker ~uertic 

·.·hen r,ro rking ~ ·it11in a hoP1ogencous medium we have 

be efficiently de scrib~~ in ter~s of e refractive 

index n r·•l1ich depen<1s on the Xj , Yj Pnd Uj end on 

29 

thP anr;le W. I n such fl. mediul'Tl it ie often convenient 

to tF'ke one of thP co-orclirRte rxes plj_gned '·rith B 

or p e nr1 t0 r> lj_f n one co- ordi Df'l te plt>nP. to contain 

thc-1'11 both ( s 4. nee Fe hovP seen the t they are ahrays 

coplane.r) . Thj_p reO.uci~j_on to e t~·ro dlmensional 

p roblP"l !Pay not 8 h·rrys te pos Ri blP -.rlJ.en "·re e'< tend 

our trl?a trnent to i nhomor.:pneous media n nd to propa.-

gation ac r oss bou~~Ari~ s; enft it is useful to develop 

formulae in tPrrns of rrbi trer:v orientations of p 

and y r-.ri th the co-ordin[.;.tf' e-xes . 

still confine p to one p l ane , say the xz plane '\'\]'i thout 

loss of generality. 

/

'T 
• J.·. Q"t .... r. • • 



Ao-·- 8UJ.:PO sr::> r.re let 

s = n sin ~ 2 . 24 

q ::: n cos :f. 2.25 

V>Ji.1ere : ~ is the anp. le bet1·reen p and the z axis . 

Clearly if Fe con determine q and S ~·e can determine 

nand.··:. From Fir: ure S ~,re sec tho t for our c h.o ice 

of axes Px"" S r-nc.1 p z ==- q, so that the solutions of 

:Maxv.rell 1 s ·,:.q ua.tions of the form 

- - -J!.r.p,r 
A ,.. A

0 
e 2 . 26 

1,12 y bP 1vri tten i n tlLe for"1 

- .rd sx -i<l z) 
e 

·~. 27 

~·rhere A refers to ' .... u ,i(i) t Pi ther 2 e · w u or to .;... e. 

~ii t l:: thiP notrtio n •r:- ,-- ~,. let ~ = - 1'l· !=\ and .az ... .c.. ax , .. -~ . - 0 

= - .j ko , r·rhe n on 

colTlponent b v component, p :--·'1 obtP :i.ninr: expressions 

for E:x Ey J\x f:lnd .!ty in t erms o f one t:mother it is 

easily shown thRt 

'2.28 

~·rhere T is a 4x4 tnc::trix r.iven by 

-SV.z.x 0 C2 ' + -··zz 
1 + Mzz l + Mzz 

30 

T 0 0 1 0 2 . 29 

-. 
~ yz 0 Si.fyz 

1 + JV1:zz 

-SMxz 

1 + 't-I zz 

)'.1 ~ ,. 

- -xz--zy "' 
- -

1 XY 
1 + "'iz z 

0 
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Fi gu ~e 6. The variables S and q 

Figure 7 

Px = _p Sin· X.= S 

fz = p CosX. 

=q 

Transition to a continuous medium-

Propagation across a sharp boundary 

bet ween two homogeneous toyers. 

z 

X 

x, J v, J}J, 

l 

l 
I 
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and the Mij arP the ele~ents of the euscepttbility 

mPtrix for thP Riven co-ordinate systPm. 

Clearly for r non trivial solution of the eigen-

vector problem implied in equation 2 . 88 we must have 

2 .30 

wj ich givee a quertic equRtion in q with four roots, 

each correspondinr t 0 one of the four cha r acteristic 

'lr!Bves ( tvro upp:oing and ti·o downr;oing) i·rhich cc;n 

propap:c>te in the mediU'"l . This quartic equation is 

the 11 Booker ?,ue1 rtic 11 , first derived by BOOKER ( 10), 

end since then e~tPPsively applied to propa~ation 

in the ionoBphere . 

2.31 

"8 cen qh01r.r for thP. coPf:f'icients iP. an electrons-

only pl0sma: 

c- = U (U~_v'2) + X( v2y2 t72\ 
\. !,· -u ) 

.-q 'JSvv2 {J = -:;~1 .'\..L 

y - -2U(U-X) (c'2U-X) + 2Y2(C2U-X) + :xy2 ( l-C 2N~ L2s2) 

o = -2LNSX\~2c2 

€ = (U-x) (c '~u-x) 2 - c·~Y2 (c 2u-x) - L2s2c2y·?x 8.32 

The advantcges to be geined by the above formu-

la tion of the theorv for homogeneous media a r e t~1o-

fold; firstl y we obt~in penerelity in ter~s of choice 

of co-ordinate e..xes, and secondly , if T.re tcke the 

x-y r,;l<ne to be tl1e one ln '·ThiclJ. bounderies bet'.·Jeen 

/media . . .. 
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me diD liP , thPn th"' q ua nt i ties :<::x , 2.y, J\ x and ,}\ y 

~,rill bP continuous <cress the se 1-)ounde.ri es. "'hen 

mec'ie , it is P'?C':'RAary t o rli>'tinp:uish oetrreen normal 

<nrl obliquP illciflence , "t11t Yi thin t1 hoTTlor;eneous 

2 . 5 The trensition to ~n inhoDorenPous mediu m -

~~ . B .J . Soluti ons . 

~ri th - 1112-y be thought o f ..... . ~ e feirly slm·rly var:ring 

horizo nte lly st r e tified ~ediu~ for ~ost epplicPtions . 

I t i s thus convenient t2 t; ~ce HlP. :z: axis vertically, 

so t hat t~e p l esma d~nsity , collision freq uency, o nd 

to a first ap~roxi~ntio n the ~rgnetic field rnd the 

refractive indP~ nre functions of z only. 

The trensition to e continuously varying mechu"1 

can bP t houph t of thP liMitiP~ p rocess for 

trrnsition a c ros r ~any boundariP.s t8 tween thin slabs 

of hornor:eneous pl<' sr,c, in erch of r. r1.1ich four cha.racter-

istic NBVP8 C.?n prOpt-3_p;e.tP. ~ith reference t0 Figure 

7 :rrF> SPP tl'"lPt p •-rpvP inciB_P nt on 0 sl:1prp brmndery 

one rPflPctec'l_ .. pve. The cP p~oCPRses ere caused 

e Pse ntielly by tbP ohan7e 1~ refrPctivP indPx across 

/the . .. . 



tl:: e bou ndr· r::. 

cont i nuous ; nt eec~ levPl reflection, P n~ c ou~lin~ 

It is 

~ot , therefore, strictly correct to tRl~ about a 

p rogressive ~reve , for ··'hich the rPfre c ti ve 1 nde>c n 

l'ust be constont, but nev ertheless pror.ressive 

energy propagation ca~ end does oc cur. 

s t ete6 previouBlY , stud~ of this rea lly req uires A 

11 full v.rc=n.re 11 theory , but spproxi'Tiete results can be 

f le0ned f r om Pl1 PXtenRiOn Of t he propr e s s ive ·~Ve 

th.eo r y . 

yield 

<') 

d •.,'G" .r:.,y 

'2 , 34 

~.-i th sirtiler expressio11s f or the other col'Tlponents 

34 

of E end 1-- Tlii8 eppeprp to b :- a si,ple •.. rave equa.ti on 

···i th t he solution 

-jknz e 2 .35 

but since n ~ n(z) t h i s do e s not D.l}:;ly, end there is 

/in ... 



~evertheless it is ~os~ible t0 darive appro~imate 

solutions t o equation 2 . ~4 of tho form 

8.36 

1~ere A(z) is a verv slo~ly varvinR amplitude 

function . * ThesP are '':nown as iJ . K. J . J . solutions , 

anci for a irlE1 Ve et normPl incidence tPke the form : 
r 

~ _ J,.. +j ! ·_ 1ndz. 
·- '', n '- e · 1 0' < 

2 .37 

= J\on~- e + jlc/ndz 2 . 38 

f!.n\\ 2 - _1_4~- << 1 ;;> I 
dzj 2 3 c.z 

n 

·--:. 3~ 

is fulfillP0, · rl-)tc~ is e f!' 'e nti tetivo definition of 

35 

At oblique inci~ence , tekinr tho 91Pne/ of incidence 

to be the xz plane t~ P ~roble~ is 2 little ~ore 

COT'lplex, 88 n <=.;: n (x , z) . In thi~ c~8e it is con-

venient to intr oduce ~he pBrameters S and Q of the 

previous section. At eech levf'l Snell 1 s l Pws must 

hold , s o th:->t 

S ~ n sin ·: = constant 2.40 

end we are dealinp; "idth waves Vc?.ryinp.; vrith x and z 
a 

so thr t ax c ~JkSx . In this cese equation 2.33 
/becomes .. 

-------------------------------------------------------~~ 
* The i ni tie.l s rt[l nni n?; for · .. e ntz.el , K ra mers, 

B ri llo11in end Jeffreys. 



beco~eq, fo r horiz0nT,8l po1P riz8tion 

d 2Ey - k2s2~Y + k':n2~Y ... o 

? dz·v 

or d2,.., 
· Jy 

---· + 
dz2 

·?, . 41 

2 . 42 

·vhic.h i s sE>en to be of the sa"'le form as equation 

2 . 34 with q fulfillinf the sa~e purpose for oblique 

i ncidence as did n for verticPl incidence . The 

W.K.B. J. solution is then 

is fulfillPd. 

l 
1 ;: 

q 

i 
8
*Jkjqdz 

r 
8~ .jkJ C! d.z 

condttion 

dq\ 8 _11 d2 \ 1 · I 75 -3 q << 
dz --·· q dzlZ 

2.43 

2.44 

2.45 

(' i thin t~ lP fector f . in E>qu ':" tions 2. 4~ , 4~ is 

. lid ..c- t j(wt-1>:Sx)) 
l"'lp e .. a 12c ore . 

36 

The AbovP onn~ition hol~c onl y for thP horizonta lly 

For thP other polari7ation 

(Ey"" 0) it Cf'n bP. ':'.1::'\"··n tl1ot the solutions reduce 

to 

J - A -~ "'t'jk jqdz 2.46 - rYl e y 

1 -·4 Ev e: P. -1 2 +J qdz 2 . 4'7 
Jo 

.n q e 

···i th the condition 

1 \D 11 do l2 - 1 d':q 1~ 1 d2 n ( ) 21l lr2 4 1 .. ~ -~ -\- - - 2 1 dn << 1 
· · . l q d z ..J 2q'"" w q n d z 2 n d z 

2 . 48 



~hese conditions Pre s een to break down when 

k_,O (tht=> v. l .f. limit) or i·rl:~.en q pnd n->o; i.e. at 

level8 where the reflection processes become in­

creasingly important,. 

37 
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Ch~:pter 3 . 

The H~sPlfrove ~quations poverninrr the ppth of P ray, 

3.1 I ntroduction . 

In t~e lest chcptcr ~e su~mari sed somP parts of 

mrgneto-ionic theor'i, and discussed under ""hat 

cc; ndi tions it conlr:'l. be e::tt"3nde(l_ to cover approximate 

propagf' tio n i n en in~on1or·eneous 111edium. In parti-

cul~. r iV"f! S<'\: tl-let tl:1~? C·)ncen t of < r e fractive index 

surface could be of Greet U9P , becf'uee the direction 

of enerpy propa ~f' tion i ~ ~ iven by thP normal t o the 

r.urfPce E? t J:he point of int8rst?c t::ion o f thP r,vave 

OnP. "TY of tra cj n-: B ra~· l.~rould thus be to 

cehev:tour O'"' thP nor•nL<.l ::; to t he surfPc e s . 'I' .1.is is, 

in fnct, t~P bo.sis of a grephical metho0. of r e,y 

t . d t T)Oli:V.,.R"' H'I"' ( l l ) rae lnP u e .. o . ·" :;.J . L,"' l ' . 
Followin~ EUDD~r~ 18 ) we shpll n0w develop the 

differentic::l equr tions for 8 re;· pPtl:l in a p.:ene ral 

co-ord inate system , e nJ then e x tend the treatment 

to five the eq1wtions to be us ed in our study, 

3 . 2 -:-=:1ua tions of t he refrBctive inde.i: surfeces. 

Coneic1er the three-dimensional refractive index 

£"pece mapped by co- or·:Hnr t es pu_., Pv , Pw in an .ortho-

/the., .• 
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equ~tion of t~is rurface 

G ( u 1 v ' 1•! 1p u 1p T ,.t :,) 
:= 1 

3. 1 

norn:.a l to t 11.f' ref rae ~· 1 ve i r;de'" S'J.rfr c e 1 El nc1 are 

t~us proportion~1 to Gr ad G. S! nce u , v, w a~e 

- . . 
intersPcts t"lP rfl'T 1 t':'? eo"'lponente of Vr nre u,v , w 

d 
'ti, ere i;1:1P r'!.o :- cle r:o +;e 8 ct. 

T·ri t':1 T·•a vc: norrna1 e r ·~- r r-v- ne ra 1lel t o t 11e field. 

Vr == C GrC!d G 3.2 

8 ::: ct 3 . 3 

du ;:::: 1 aG 
<ls T-iu ap·u 

~Y. ::: 1 oG 3 r-', 
• v 

ds hv (j Pv 

dTv :::: 1 aa. 
d. 8 ':1\·T a p r,~r 

r.·•here 1--J.u , 1~r , ;.1.N e r e t ·1 ~ sco.1e factors of the 

co- orcti nate s:veter11, 

13 . :3 . • • . 



3. 3 S.'he canonicf'} equ.s. tions for a r<y. 

In c homogeneou s mediU.!T! ·:e ~mo·.r tlJ.at one solution 

of Ma xv.rell 1 s eque tions mey be v1ri tten 

~ nd that in under~oin~ transition to ~ slowly 

:'l?Brying mediu'"'! · ·e may •·•r:i,te <- solution 
i 

.,..., ::-: r,;-
8
-jkJ' Pdr 

-~ ""'o 

provided thrt t~A ~ediun is slowly varyin0 ; so 

3 . 4 

3 . 5 

that the ~.K.B.J . c o nditions ~ust hold. Clearly then 

f p>X: ~ 0 0 . 6 

·~ich, by Stoke 1 e Theore~ i~~lies that 

Curl p = 0 C.7 

From tJ:lA equF.'tion f or t he refra ctive index 

surface ( ~ . !. ) Fe see tlJ.c?.t 

dG = ~, G ;:: gQ = 0 3 . 8 
du dv d_; -

i.e . ~ + --:· a G • .. ~ 0 3 .9 -·- = en :1-: a Pk: 01 

f 0 r 1 :::: 'L1. IV I \'\T [' nd k I% U IV 
1 
W, 

From E'.Y,W.'~ti..ons 3. ~ and 3. 7 - ,e may derive expressions 

f ac u _ap v _ aP ·F 
or a· 

8 I ()S ' as \'rJ.1iC.1.1, toGether 1:1 t .h equations 

3 .3, ere known as t~e canonicGl equations for the r a y . 

. 3 . 4 Tht-' Sr nonicP 1 Eq l l<:' t i o r.. s in the Geophysical Sy ste1'1 

In the p:eo:r;h.y eic0l sy-: t er1 of co-orclinates (r,a,q,) 

•re mer:: eure ~up fro"l the r:,e omapnetic eq u£'tor 1 andY? 

!,rest . . . . 



uest of Greenr-ricl-) , In t his system (hr,~ ~h~) -

(l,r , rcos8) 

~quetionR 3 . 3 yield 

r.~r = a G 1 (P 
cls apr = - r ,u2l 

3 . 10 

d-3 - laG =-1 (pa - ,ua,u/ --ds rape r ,u2l ~ apa 1 
'"'..) 

3 . 11 

d~ = 1 aG :: 1 _fp 
ds rcos8 ap~ r,U2cos8l <li 

3.12 

ThP rE"lBtion Curl p = 0 p,ives 

ap .~ = Co;--.·3- ap.., . e 
o ~·- '*'- P- s1n'"' 

a~ aa CJ? 
3.13 

ap 
r = 

a~ 

r ap p 
r Cos2l __2. + ~ 

ar 
Cos8 3 . 14 

3.15 

ThP.se, tor~?ther ~·.ri t '-. the threP equetions 3. 9 give , 

after suitable ~anipulBtion : 

dP r = 1 a,u + Pr· c18 - P,•, C088 _g._~ 3.16 
,uoy: ..J-

ds cls ds 

dPe 1( 1 0{.1 ')'"' rp,,> sinO ~~I)~ 3.17 ;:: - . '-::! Qr. -
ds It -,u ae ds 

1 [ 1 .fu!:. - p _ co s 9 dr 
rcose ,u aw CJ) ds 

The derivation of the8e equ~tions is given in 

Appendix i\. , 

The six equations 3.10, 3.11, 3.12, 3 . 16, 3.17 , 

3 .18 when solved vive the path of the ray in a 

3eophysical system. The original derivation was 

/ performed .• • 

1 • 



performed by ry Sf.LGROVS( l3) r.•11.o pre Rented t~e 

re su 1 t s in f:e nerP.li" eCl co-ordi r.::> te s, nsi np.: as a 

startin;~ point FP. rr1at 1 s Principle of stntioner~r 

time, "hich stpter thc> t thP re.. v bet:,reen t •ro points 

follo1·.rs a path such t !1e t the ti"le of travel of a 

Nave front i s a nv.n:imU!'1 or mini~"'mm ; or stated 

r1c theme tice lly 

t'· r l1.F :::: o 
J . v-· 

.J ·r 
3.19 

It ma :v br• sllm•rn t1:.r.t the approach outlined ebove 

i s equivalent t o t~iq more sophistic~ted one. 

(See BUDDE:·( l4:).) 

differ€" ntj_R 1 eo U£1 t:.o ns ln six u n':no~·rns , only five 

of thPS P e r e nePCl.Pt''I. to specify t 11P direction of p • 

~~e sixth equPtion rn~ t~a dPfi~ition that 

l.O \ :::: J1 r: VE" onP rnore dP.::r eP of free C:.om than is 

Decessary. Ho·rp ver, this n1ay be usecl to advo.ntar:e 

42 

in res trei~ing the st~bilitv of t~e sPt of equations, 

as vm.s pointed out by YA:SROFF( 15) . 

3 . 6 The di fferentiP.l equp tions for E!. t1.•ro..-di mensional frame 

In che pter 2. 3 ve sa r,. · the. t 1 n a homogeneous 

medium the magnetic f ield, \·rave norfll<"l enl' ray 

I -. t~ t ... lrec ..... on .. . 
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Figure 8. Geometry of. ray-tracing. 

N -
B 

E uator. 



~irection ~Pre ~11 co- plPner. Eence tf "2 U8f' a 

magnE'tic dipole :.1oc1e1 for the eerth 1 s field , as <-·e 

shall do, the deviation out of the MP ~netic Meridian 

trill be> srTJall even in ;: n i!!homo~eneous r1ed.ium , and 

he me.y simplify t 11e stud:·- by restricting ourselves 

tO thf- tT•'Q diP1e!iSiOnt 1 frEPle ( r J e) in \ofhiCh the 

c&nonic~l equRtions reduce to 

3. 20 

aP -
d 

ds 

In figure 8 ' ·'f' dep ict the t\vo c1imensional 

:;eoT'letry of t~e s y stem of co-ordinet~=>s in which we 

shall perfor !"l nuT"lericRl celculrtions. 

3 . 7 The tirne of t r avPl of tlr vrave . 

44 

It is usually ac'l.ve.ntageous to computo , in rddi t ion 

to the path of the r rv , the tine of t r evPl , v.rhich 

must of course be folJ.nd from the r ry veloci ty and 

hence fro'11 the group refr <:ctiv e index t.g . Thi s is 

related to the phrsf' refractive index ~by 

d ( ;,, f -
·{~I ', =~+ SJ1!: 

dflL j df 
3 . 21 11- g 

/The ... 



The ti~e of travel is t~en foun~ from 

dT ::: 
ds 

45 

3.22 
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Dfl..RT 2 . 



Chepter 4. 

The numerical sol uti on O!': t11e fie s le p.:rov P eque:.!_ions 

4 . l.lnt.roducti on 

I n the l~st cha p t e r we havP s een how the path of 

a r e.y throu ':"h spacE:· Ple.pped by polar co-ordinates may 

ce found As the solution to ~ net o f first orde r 

differential eq u~. tions , providin :-r, the .v. K. B. J . 

conai tio ns f or e slo~ly va r yinn mediu~ apply, The 

equations :-:.re non-linea.r, and contein deri vatives of 

the refractive inde~ with respect to each of t he 

pa.rPmeters p~, p ·u, p , r, 2 , ~. It is tlte purpose 
~ 

o f this cheptnr tn inaicete thP derivetion of 

expressions for tltese dPrivatives , en~ to indicate 

bon t'.1P eqw~tinns ••rPt.,e solYed on A di gitel c om:i:)uter. 

4 . 2. J.l ancl its derivrtiveR . 

~he refractive i ndex J.l i 3 most eesily obtained i n 

t h is case fro~ t~e quedr~tic eQuation 

A 
4 2 

-J.L + EJ.L + c-o 4 . 1 

( \vhere 1r1e hElVP u~ed J.L , ;~.ot n r s in our ceses the 

refra ctive index is ab·ray ~ real) as indicated in 

chapter 2. 3 ~~ere t he coefficients A,B, C are a s 

given in that chapt~r . Co s'l' a nd_ Sin ~1 may be 

found from 

Cos '¥ :::: p . Y = p r Y r + p '":y ::J 4 . 2 

p y pY 

Sin'¥ = (p x~i) ' ! = P rY ~1 - P cYr 4.3 
p y py /Si nee .. . 
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Since t~e solution o ~ equation A,l FPnerally 

yields t~·ro :cocles , t11P correc t onE' !Y'ust ce c~1osen. 

It turns on(; tl:wt if '!e vrri te t 1:w solution 

f.J- 2 ::: - B :k tJ B - 41\C 

then the adoption of the nefative r~dical ~ives the 

( 
,-,-T .. • /18)) 

correct mode. See, for ex~P1ple, t:~t' ...... l . ..t~.. • 

::'he derivetivec of J-L :·ith r espect to each component 

of p are founrl. from 

4 .4 

for k ::: r, 8, i.f? 

a {4L4 + 4/I)J. 3 af.J- + aB f.J-2 + 2BJ-L af.J- + ac 0 a':! 07 = a,. otr a: 
af.J-

a A aB ac 
- jJ-4 + a'¥ 1-L 2 + ::: -ail a·;I 

aw 4 . 5 

mhe derivAtives of f.J, ' i t ': rP8pect to epct; co111ponent 

of r rr~ found from 

4.6 

f 0 ::· 1 = r ,e ' ~ 
;·rhere 

4 . 7 
41VJ, 3 + 213U 



oA JJ" + oB J.12 + ac 
of.J- :::: 

_ay_, (jy'J oyL ·1 . 8 Ov -· .1 41\.f.1 3 + 2B f.l 

'rht=> 0.P rivfltives of x:.i r.: r. -'1 '-:.1 PrP obtP;_nPd. fro r.1 

the mo0 Pl C! of PXosphe:·e uPed. 

'J"1P c"'.erivRtivP of f.l " itl-, reA:rf'ct to f j_R found 

from 

oi\. t~* + aB ..., 
+ ac -·- /)- ~ 

of .E.g_ = of af 
af 

4Af.J- 3 2Bf.J-+ 

The e ·-pressions for 1-"h.e 0.erivettive r: of A '-3 end C 

with respect to 1 , x3 , Yj ard f ere given i n full in 

! ppendix B . 

4 . 3 The method of dirital cor·,putpti on. 

Equettons 3 . 20 and 0.21 forme set of five 

s imultaneous first or~er equctions t o be solved for 

a sui tPble set of i 111 tiBl ve.lues for r , 8 , Pr , ,')e , T , 

by a euitRble step-by-ete~ process. To eva lue te 

i nltial velUPP forPr e.r!.cprt it is e~ 'iest to supply 

ar i nitiPl vnluP of 'i' , say'i' 0 . 

calculPted., enr1 the P.k obtainP.d fr0m tl:1P equations 
0 

{ \Jj 1 
,0 r - f.l o cos t y o + ··a ) 

0 

Pe 
0 

1 ,10 

~ . 11 

Yo i8 thf' 

initial anrle between ? and the ra~iel ~~ found from 

4.12 

/Interr8 tion .... 

49 



Integration MRV t~P ~ proceed stPp by 8tAP, until 

the ray reachAs some prPdeterminPd altitude, or is 

lost '··hen thP inc'lPX of re:..nraction becomee purely 

imaginary, 

As we have seen in chapter 3 , 5 we have more 

equctions th~n degrees of freedom. The rounding 

errors involved in calculating /1Rnd in integrating 
dp}C 

the ds 1·Till result in I pi '* J1 after a fe"~:r steps of 

inter;ration, unless ':re constrain the pk by using the 

correction 

P .k ::: Pi: _.J:!:... 
I p·l 

a. t e a c 11 po in t , e s '·rf!. s fir"· t none by XABROFF( lS) . 

~his correction is vali~ , ~s IPI is not used to 

ce 1 Cl..l.ll' t e J.l. 
( 1?=:) 

The GILL moc'lification t o the '-\ungF>-Kutha 

4.13 

process ~-.ras used to interrete thP eqnRtions . T':i s 

r1ethoCI. is of e hip;'1 r~_eP-ree of accuracy , carr-._rine-r. 

correction fl'Ctors bet·~en stepR to minimize r ounding 

50 

errors , an~ for this reason wes preferred to the usuel 

predictor-corrector methods used for solution. 

Accuracy of intepration depends t o a greet extent 

on the size of step length f~s1 used, end on the 

gra dients of refractive index. As an initial guide 

to the step length to b~ used ~·re examine the : ~pleton-

/-Hartree . .. 



- He. rtree formulA fo 2"' +h :::- ces~ of no col1i s1ons , 

··hen p lies r> 1onp B , ··r':i c 1'1 i~ t~e condition h01)P.d 

~he formulc?. becomes , for tl:'v ~·Thist1er '110<'..e 

n2 ::: 1 - ..L 
1-Y 

and El.t very 1o· ' f r equ.encie :- '"here X and Y 

re d.uce-8 to 

f 2 = .n 

s o the t El t ? given poin t in p.pc:>.ce •·re 11ave 

n d 1 
·~~r 

4 .14 

I t his 

4 , 15 

4.1S 

c;. ct; _ ~f!/ .J c: 
n - v = vt - 6S , Fl:lere t>S i a the peth 

length f0r an incre,.,ent Cs in 8 . 

4.17 
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trial and error, but is not ve ry critical . 
l.. 

:; sui tab le 

va.l ue ,.Ta s found. t o be 20:JO ::!11 KHz ~ . 

This approximation hol ds onl y for very small 

angles 1J! • If t h e anrle ~· increases ···e muA t decrease 

the step length to retBin accuracy; thls is 

la rly true if'¥ ...... + 90 °, •·hen J.L sta rts to di verge; 

t~is decreese c en be fon~ eutomEt tically. 

/?rogre ms .. . . 

/ 



Prop:re"'!R to c.prr:v o~.lt t 1!*? .:bo•re 1. r:terrAtion p ro­

cedures 1.1rere ··ri tt0:'1 C" t'! ~ r> 1t:hor t-:J r11!.: on t;J1e 

Rhodes ~r:ivRrsi ty l · C . ~ . l~Cl ~i~i tel computer . 

:::'he scientific 8.utococl.e :~.1\C ( ri~,ilrr to FO:=tT:i!~N) 
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Ps used on t~is mecl~lne is slo'r And clumsy on account 

of the often 1~steful use rnPde of t~e li~ited core­

store "fest" mer'or~·, .<:>.r:'"- tt.e autl-}or found it a 

stimula ti nl' exercise to r'odL~;r the e:xi s ti nr compi ler 

to enable efficientl~' coded 11 r1achine lanr;uare 11 

sections t o bP compatil-;le rrit'J. t 11E, e:-:istinr, nutocode 

fecili ties ; a :;d tJ introduce SE"'eral nev-r Dutocode 

fa.cili ties ·rttl1 thP '1elp of •rr . . , ,.1\, Lawrie . T.J::.ese 

ne~·r facilities F~re no':·J ar, i~ter.rrl part of the co111-

putinr: bot11 at ~hodes ~ n~~- at Ce:rP To,·rn Unlversitic>s , 

and a brief S1 l"'l!l18r·· of tl':e "10c.ificCJtj_ons a ppears in 

.1\ppe::dix C for t~P rer-0rd . 

It i o esti"1atE'<". tl:18t t~:."" r>ff ici0nc·r of t 11e lonp: 

and in" o l vPd rP:v-tra.ri!l-· pro ,.., r8 11 TTf'S incree!=:ed by 

or ders of 'Tiar.r:i tnde ovPr si -~plPr 8utocode versior.s ; 

t !1e disadv<:lntorre bein. ... t~1at t 1;P ' ·ritlnr:: ::~nC!. testing 

ti~e wes muc~ lonrer . !~e rut~or is no~ also fully 

aware of thP fascinatio n of soft;·o r P e.esernbly - a 

L-·sc ination 1·hich ern easil:· detract fr'J"l t 11e 

physi cal proble~ of ray-tracin~ ! 

A flo~v chert of t::--.~=~ pro;· r r>'11 used i s presented in 

1~ppendix D. 

/Another . . . 



. • noti1er p oint rrh.ich fl"F.• Vf' trouble in nurnericol 

calculPtion~ concPrnPd rcundinf errors in the solution 

of quP~rPtic eaupt~ons. It is Mell kno~n thAt t~e 

sirr:ple formnla 

inefficiPnt i.·rhf'n +1..-, ·•. 
,.J"!t roots .s rP 

use thP sirrr. for tbP r o\clC<11 p;ivinp.- the 11 bip:p.er 11 

root ;;n1d thF:n to use t l:l ; reln.tion 'ltXq -.. C to give 

the smallPr root. Th·" 8Uthor fonnd. thFJt , for real 

roots, th~ accurAC Y of thRoe 2ns~ers coul~ , in severa l 

cc ses, be increfl8f'd b::· i tere tlon on the formula 

' i tl:l e thr ef' fold 1 terotion seemingly the optimum. 

It is difflcul t to chec1: on tl:le accurC~cy of :n.wh 

lengthy prorrRmP. Cr:P te~t iP to trcce e re. ~- into 

the opposite hetn.i8"'J~e:r-A <'n·-" PJf'n to tAke the "final 

conc1.itions 11 for thi. s rev ~f\ tl1P. 11 initiB.l conditi0nslt 

fo r a rr> y trP.~ec'l in t :.18 o:rpo s ite f.1.rF?.c tion, ':·'hich 

latter should retrace t'w orip:1.ncl p:~ tlJ.. 

the rRye, errtved b-?c'..~ ··.rell ···i thin 5'% o:f the ori~ . 'nal 

startinp, p01nt , Br c~D o~ ReP.n from Table I . 
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ChFpter 5. 

The models cf 1onosphere and e:£§phere ust>d. 

5 .1. The dipo l e approximation to the Earth 's magnetic f ield 

At low and mi d latitudes the Ea rth's magnet i c 

field T"lBY conveniently be represented by t he. t of a 

dipole . For c omplete nc ss Fe summarise tl:'le salient 

formulae in our syster!\ of geoma.e;netic pole.r co-ordin~tes 

Rememberinf thet t hP earth ' s dipo l e is oriented 

wi th thA ~orth pole in the South v-re hr ve 
r 1 ( 

B ::: Jlom f-2Sin e,Cos . .) ,OJ 
--Cl\ 
47Tr~·· \:. 

= B0~a (3 \ - 2Sin 
\ -I ' 
lr J "-

e , Cos 8 , 0 

5. 1 

~,.-J.1ere a = r adius of t 1:- c eP rth , B
0 

~ me o:ni tude of B 

at the rPoM?gnPtic eq ue+or. T~e magnitude of the 

field is 

~ -- B a3 ~- ~ 0 - ~ - 3Cos~8 
0 - 3 

r 
5 . 2 

anc the ec: UP tio n of e. fiPld line is 

r = A ("1082 
u " 

l:) ::: a cos 2 {:::) 5. 3 
cos2 /, 

v-ihere /\ = latitude r t T,,~_:ich the line intersect s the 

ePrth . 
f-y; 

Rather than B , ~·re use Y = h f. 

ir the electr on gyro frequency at the geomagnetic 

equator , then T·T2 have 

Ye .... f Ho -· 5. 4 

f 

1·:here the numerice.l ~:rlu l;'·· of fHo ~870KHz. The 

/values .... 



values of Y!_ for thA i th species of positive ions r.1ay 

then be found from 

5,5 

~here me ~ ~&ss of electron, m1 • mas s of ion. 

The derivatives of Y needed in equations 4.6 a re 

ye have 

-~~t 

r 

aY 
ae 

::: 3Y Sin 3 Cos :.: 

4-3 Cos8 3 

Te nY ::: Y.o = 
Yr 

-~ cot G 

5.-3 

5,7 

5 .8 

If ':.' is the angl":' bet-.:·reen thP ~.ra ve norme.l anr1 the 

magneti c field, t~en the derivRtives of w Pre found 

from 

for 1 = r ,CJ , g? 

1' here 
.£x ::: 0 5.10 
or 

2.x 1 ::: 
a3 

Sin2 3 1 cos2 8 n + G 2 

5. 11 

ay = 0 5.12 
o<P 

(" - _-: 
E :::: o' Arcos p. v:, =PrY;:; -,o3 Yr 
~ 

. . l 
ay ---~ 

'.;! PY PY Sin 

5,13 

a¥ 
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v.rhere as 1:: -+ 0, ay -> I 2 s may be seen from 1 1 IJo s :oi tals 

/rule . .. 

• 



Figure 9 . 

lCD 

Geometry of Dipole fieldJ showing 

wave normal 1ector p. 
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rule . 

The P1R f." netic fiel ;1 r>n0 tbe syr·boJ.g used above ere 

d eDicted in figure 9. 

5 . 2 . Th.e Di ffusi vP .. qui li brium !'lode l of ple. s"'le. densities. --- -·-----------------
The ee.rliest rey-tracinr. studies by MAED/,_ and. 

--r- .. o · (l7) (15) t. L'i.Un..l and by Yi\.ERGFF used simple exponential 

variation of electron densitie~ ~nJ neglected the 

presence of ione. i :orP. sophif tic C1 ted studies such 

t l Of KI' 'U""'" ( 1) f SF "- ... ( 18) as .1ose ~- .nH e.nd o . .l.anlll'l hcve usec1 

density mo~els besed p~rtly or entirely on the 

il.:NGER.L\MI end TI·IO:Vu~S(lS) model , fir~t put forward in 

1S62 in a classic paper , taJ-.ip...,. into account t'1==· effec t 

of the electric field th~ t c ri8P.S fro•11 cherge separa-

tion, the ce ntrifur:al force clue> to ti.1e rotC1t i.on of 

tl1e earth , ar.r·. ~hP e•.'fe..; t of the r, ravitetional fielo. ; 

at the same time Assu~in~ thet the charg~d particles 

move only along the fi c l~ lines . The ion composition 

of the exosphere Rt gre~t heights is predominantly 

.. +I -t. e , but at lo-.;.rer hei;hts it i s stronr-ly dependent 

on the composition at a base level ot a height of 

about 500 Km , wherf' t i.1e main ch,s r ge eY.ch<'l. nge proce8ses 

occur. 

The model yields the mathe~atical result that 
-Z/r-; · ··-l 

n1 ... rJ i e neo 5, 14 
I 

rJ (' i 
I 

nP. r:: ~ ni = C 'i neo 5. 15 

/ \··here . ..• 
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1-.rhere Dj_ =concentration of ith ion, ne:::: electron 

concentration, n80 .... electron co ncentra.tlon at b e s e 

level, r ::::: a 0 

5. 16 

a no. ~ = ion densit y of ith s necies 
ion den sity of o+ o.t base level 

r; ::: Z:r;1 "" -~-lectron clensi ty 
ion d e :tsi ty of 0 + 

Z = geopo te r.tial height~ a,~ (r-a 0 ) 5.17 
r 

Hi ~ scale height of itl:l spec i es ::: k!1 
mig 

The above formulae a pply to the simple ca se of an 

isothermal exosphere, and ~ re have ne glected the 

small effect clue to t 11e earth 1 s rotation, a s d o most 

authors. 

T~1e subscripts i refer to H + He+ and 0 + 1 and. tHo 

compositions at thP bQ~ e level were considered: 

a . --nr; erami a.nc'l. ThomAs co rnv;os"tlon 

Based on Plectron de nsitv Mepsure~ents at the t ime, 
(10 ) 

1\ i:JG~&~.HI anri TSOMli.S ' arrived a.t the folloFing 

parameterR to fit their mooel t o experiment 

a 0 ~ 6R70 Km (FPRe level at 500 Km) 
T -= 1000 K 

N eo :::: 3 . 5 XJ.O 4 el c c 

Io n composit:i.o n at ba •e level: • 1571 H+ , 1 · 96; He+ , 

97· 883% o+ 

/ Values . .. . 



'Tfllues of 7J . 
l 

7)= l · 02l6 

vere done using thi ~ n1oclel. I n the c oursP of the 

Nark a subsequent poper by SI-ll\ :A~~ a nd GURNETT ( 20 ) 

'l.ti'B s discovered r;i vi n:-: parameters for t h e diffusive 
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equilibrium model brsed on t he r e sults of Injun lll 

mee s ure"'1ent s. 

Fo r e model besed o n t hese result s the Puthor 

eo ::::: 

T = 
\Te o ::: 

f)870 :::111 

eoooK 
1. 

7 x lO J· e!ce 

I on composition at be se level 2· 2~~ H+, 11 · 41 Be+, 

86· 35% a+ 

Volues of 7Ji 

7) = l · 1 58 

In figures 10 and ll cc n be seen p lots of the 

electron an~ ion densities for t h ese t wo models. 

F'or r2y tracin" bela-;,· t':1e F .Re g ion bulge a 

P1odif ica t ion ~·res built into t he program usine; the 

. 1 f l i . b J 'T>~1TRA ( l) s1mr.:. e ormu e. as g ve n y <.. .... . . ur 

-(_~-54 eO) 2 

r · .140 ~~ 
N e i = 1 l - e , ~~ e 

-' 

'-'here Np is as g iV E'', rn t':1P diffusive equilibriUP1 

11lodel. 

/s;_ nee . . . 

5,18 . 



Since Ni end hence Xi depend only on r, the only 

derivative in equation L'!:.6 1..r11.ich ·1e need consio.er is 

ax. a-rl 
v!hich yields 

ax. 8 x[ 1 -l = -!1 + 1 
ar 0 

"7 l. H. 2Q, l 

·-.rhere a~ "' TJ •. -Z/t_r; . 
;: - LJ ____:.z e ... l az • TJ JT i 

l 

a~ I 
azJ 

For electron8 Fe ret gj_··::::.larly 

5.19 

5.20 

5.21 

It must be eppreciated thPt these siTTlple diffusive-

equilibrium models will not e:...:plai n all the knoTvn 

features of ple s!'la density ; especially the diurnal, 

secular and temperature dependent variations. 

Nevertheless , ray-tracing in such a model should 

eYhibit t he major features of propagation. 
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Figure11. Shawan and Gurnett modcl exosphere. 
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PART 3. 

RESULTS OF COV::JUTt TIO :g 



Chapte.r 6, 

Ray-tracing in an E' .xo sphere l.·Jhere the effects of 

heavy ions ar~ disregarded. 

Although the present work is le.rp,ely concerned 

with the effects of heavy positive ions on the 

propagation of V.L.F. signals 1 it is of interest for 

comparison purposes to s ummari ze the results of 

earlier ,.rorkers , who neglected these effects. 

6.1 The results of MAEDA and KI MURA. 

Th~ first rey-tracinp: studies through the exosphere 
( 17) . 

\'re r e performed by Ifl.:ATi.:D.L\ ana. Ki lvfURA in lq56. 

They usPd a. crud.e for'11 of integration process, and 

assu~ed tb~t the q uasi-longi tudinal approximation to 

t he .L\ppleton- liartree f orm1:.l a (~quation 4.14) would 

apply elonp: tl'l~'> path; i.e. t ha t thP wave norn1al l;ITOUld 

lie clmost alon~ t he field-lifie direction throughout. 

The electron distribution in the exosphere was taken 

to be 
-6.57xlo-4 (r-6670) 

1 8 10
5 

e . X 6 ,1 N ::: 

where N is in efcc and r is in Km. Integration we. s 

conmenced in ea c h case at an initial height of 300 Km. 

~ith these assumptions and initial values , t~ey 

v,rere able to r,iv~ quantitative consiste ncy wi t b. the 

observed disper8ion values of the day. They also 

found. that the ra v pa.t.hs for rays commencing at low 

/latitudes ..•• 
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latj_tudes Trere 2S:VP1T"letric e.bout th< 111Cl~netic eq11etor, 

latitudes . J\.lt'10U0.h they did not thPD eX1'"! 1nine the 

spa tia.l coherence or latitude focuss iDP: P s a fi.1. nc tion 

of frequency ( somet~inr ~~ich should , of course, be 

done in a prediction of ·u'1j_stler paths) they concluded 

the.t the asymmetry of lo-v.r-la. ti tude whis tler paths 

accounted for the observed absence of 11 long 11 whistlers 

at these l~titudes; while the symmetry at higher 

lctitudes wes borne out bv the observed :rlon~ 11 

whistlPrs et hi[';her latitudes (a lonf. whistler is one 

,.rhlch he s been reflected bCJc,: into t l'le origi ne.l 

he~isphere from the opposite hemisphere). 

These authors further pointed out t~e importance 

of i nvPstiga ti no: the pro]:)af-P tio n throup:h tl1e lower 

Elnd topside ionosphere , since rnuch o.ispersion and 

refraction takef:' place in t l1is rer:ion. They also 

expressed doubts about t 11P corree tne ss of a ssuT'li ng 

the a.ccuracy of t11P ci.ipolnr approxirne tj_ on tr:> thP 

eartl:11 s fi e lc1. 

6 . 2 The results of YABROF1 

The next important study of whistler ray paths 

disregarding the effects of heavy ions was under­

ta~en by YABROFF(l5 ) in 1961. He employed a 

predictor-corrector solution to the HASELGROVE(l3) 

/equations , ... 



equetions , enCl. used the f,ppl eton- Ha.rtree formu la 

for thP r efractive in~ex , ne ~lect\ng al l colli sions . 

ThP. same e lectron clenr- i t y di stri bu tion e.s in 6 . 1 was 

tek en , a.nd integration was aga i n started at an 

altitude of 300 Km. 

Y.l\BROFF observeCl. discrepancies bettveen his rnd 

the l11~ EDJ\./KIMURA re sult e , but put t h is down to the 

differences i n the numerical ~ethods used. rre in-

v estig8 ted latitude f ocu esinp as a function of 

frequency, and fnun~ that there wes evidence of this 

i 11 ref ions l·rherP the r.:c1.: ersley dispersion approxi­

ma tion held (.,..,quation 1.1) , but t 1v:j t above the "nose" 

frequency tl!e r B:vs ca'le d m··n closer to thA equator . 

Ap.:ai n , however , the rc? y pa t hs '.·ere A. symmetric a t low 

1 F1 t i tudP.s. 

The total time de l ay for~ pJ.ve!'"l frequenc y was 

f ound to be constant over a ·pide ra.np.:e of initia l 

latitudes , which was surprisi n~ , considering t he 

correspondi np: \·!ide r ange of pa tl:1. lenr;ths . Y.L\BROFF 

concluded the t at highe r lat itudes the g roup velocity 

was g r eater than at lo\-Ier latitudes . 

He also i nvestigated the beha.viour of t .he wave 

normal direction. ~ ~ ost of hie r esults are presented 

for initial values of o = 0° ; some investigated the 

effec t of var~ring o0 by 10° . Th e beheviour of t .he 

/weve ... 
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-wave norJTtBl direct~on \··Jc?. s founrl to be largel~r inde-

pendent of 60 ; for initial latitudes above 35° it 

svrung from outside to i nside t he field lines, and for 

initial latitudes be l ew 35° it swunp further a1;oray 

from thA fi e ld li nes . Furthe r, the final latitude 

l. d f d t b 1 tl. th 20° rer C.1.'le t'\Tas oun o e muc.l. 1.1e sa"le over . e _ 

range of variation of 6 0 , even though the rays 

reached different maxirrtu~ Pltitudes. 

A fe\'l.r COl!lputations 1vere performed for rays 

starting \·ri th wBve norn1al aligned. v'i t 1;. the field. 

These 'tvere found t0 follo~· the lines of force more 

closely . Further , 8ome coMputations were performed 

67 

in an exosphere trh.ere the electron density t-rCJs slightly 

enhanced i n field c>li~ned columns. 'T'hi s 1·ra s fov.nd 

to g ive r pv pBtf-}s accurateLr Blonp: t11A field li~es , 

( •')1) 
lencting support to saTH 1 S. ~ hypothesis that such 

enhancement is necessary to provide spatiAl coherence 

for ~~histler production. 

6 . 3 Ra.:)r Tracing in tl1e Dif)~usive r:quilibrium ?'"odel ~rl1.en 
-------------------------------~---------------------
the effect8 of heavy ions ere ignored. 

As stated previously, the fi r st r ay-treeing s tudy 

to include the effect of heavy ions was performed by 

KIMURA ( l), whose main objective was to interpret the 

11 Subprotonospheric ''lhistler 11 (S.P. irJ'Il.istler). 

/KIMURA ..••• 



KI::U.R.A 'filE's also t.1 P f irst to erplo;r a diffusive 

equilibrium model of plae~a distribution , but confined 

his studies to t~e re•ion below about 1000 Km . 

Eowever , he doPs present one n e:cosphP.ric 11 pa t'1. for 

t~e cnso w~ere i ons Rre i~nored. Tl1.is path , for a 

ray of lKEz startin:· fron: 300 Km P.t a latitude of 

30° , was found to bP alnost exactly duplicated by our 

pro c; ram; lendinr. furtl:1er confidence in the accuracy 

t h ereof . 

''. s -r. "'e 11 - 'GTi'R.AHI - :-rr-:r', ...,. 11 S ( 10 ) · c1. 1 f 1 .c.. ·1 ••. _ _, .. a r:.d __ __ ,!•.L.a 1110 1.. c o p asma 

density yields some~1.at lower electron densities at 

;;reat hei n:hts than t :1.e : :A::DA-YAB:l.OFF model , it ma~r 

b e of intPr~st to present some r~v pat~s traced by 

ou r pro rr rp · , for ce s P.': :;;:J.e::.' e t~P eff :-cts of i nns :rPre 

i C"; nored . These PrA depicted in Fi~ures 12 to 18; 

a 0d furt~er informPtio n fro~ these studiPs is de~i c ted 

in ri r ures lS to 24 . ~he effects of ionR ~ere 

i ~~ nored by limi tin•· t~1E' str"tma t:l.. ons in thP eYpressions 

for the A stro~-Hines coeff i c ients , equat : ons 2 . 18 

EOi,rever, the ful l p lasrrta c1 ensi t'! distribution nmst 

be eva1u2 ted for the d i ffusive equilibrium 111odel to 

yield the correct results for t he electron de nsity . 

In Fi r,:ures 12 to 18 ,-e have depicted the eartJ:-:l s 

magnetic field b·· mea ns of dashed lines ; r>nd have 

denoted t he directio n of t~e wave normal at a ~iven 

point b~- srna l l e rrov.rs. Th Pse two conventions are 

/adh ered .. . , 
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c;..dhereCl. to in ell future r e.y pnths . 

Some rays are s~own fro~ ~n ~nitiol nl titude of 

300 Km, directed initially radially out\•rard , vhile 

others are from t:'D initial altitude of 1000 r::m , 

directed initially in the - B direction. The direction 

of the wave- norme l was found to che.nge rnos t rapidly 

in the lower exosphere , "\vhere the r-: r <".dients of re­

fractive index are more severe , and the rays starting 

alon~ thP field lines were started at a ~reater 

altitude in an attempt t 0 minimize this effect, 

Th is matter v-rill DR t aJr. en up again in chapter e. . 

It ~ill be obsPrved th • t the r <" ys do not follow 

t he magnetic fiel<'l. line s closely , ( al tl!oup:h they do 

so to l'1 r rea tPr f'X tent 1rhen i nl til"' lly 2-lonp. tl! e field) , 

a nCl. in g enerf' l rna ni fes t much the same behe.v iour as 

YABROFF observed, ev" :.J t l:lour:h the electron density 

is r e ther different. r-: o·u e ve r HP CP l"l no t claim to 

support his obsf'rvatio n the t the time of travel At a 

~iven frequency i s lar~ely independent of l atitude. 

(See Figures 1q,20,21) 

r or frequencies u e ll belo~·f thf' "nosP 11 frequency 

(vJhich is about 30% of the elec tron g:yrofrequenc y at 

the top of the path) some slight degree of l atitude 

focussing can be observed i n Fi r ure 22 , possib ly 

sufficient to provide observable "whistlers" of t he se 

frequency components . This focussing 1 s seen to 

/depreciPte . ... 



deprec iate at birrher latitucles , bu t thot c en be 

related to the droD in nose f req uency. 

At these lo··- frf'Ql.tencies for 1-IThich la titude 

fo c ussing is e vident , the ;. c~-:e r sley dispersion 

D = w f is e.pproxi mately constant, although corn-

pari son '''i t .l1. Tabl e 2 , 'tvhich gives typical observed 

't·rhi stler d ispersion va l ue s , s hows tb.r t our results 

both for dispersion ~- nrl_ hence a.lso fo r t i me of travel 

a re somewhet too low. 

Table 2. 
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iLatitude l ObsPrV8d ~ispersionsl •· Calculat ed Dispersions . 
) --------~-----------------------+-----------------,- - ---

4
300 ~ oo - 5o I, ~ 1

18
1 

45 - '.'0 ·-

50 0 45 - P.O I ---27 

·---------~----------------------~-

A lOP d i sperRion nne tra vP. J. tirnP is inc'l.icative of 

SPlal l p:roup refre.c ti v~ index over the pa t h , due 

possibly to a lov.r electron density. '"!!he SHA~·IAN and 

GURNETT ( 20) model f. i ve s slightly J1.i p.;her electron 

density , and some rBys wer e tre ced according ly. 

As can be seen from Fi fure 21, this gave slightly 

bet t e r results, althou r h stil l low. 

In Fip:ures 23 2 no. 2 ·· \-ve ho.v e plot t ed the acute 

ang l e be t ween mep;netic field line and v.rave-normal 

as a function of latitude fo r r f requency of 5 KHz. 

/It .• . . 
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It uill be seen that the behaviour is '1'\UCh the same 

f or different le ti tndes encl. different ini ti[' 1 wpv e-

nor mal di r ec t ions ; bu t is some~...rhot different from 

that observed by Yf1ERO FF . An i ni tie.l swing towards 

the ins ide of t he field lines i s fo llowe d i n a ll ca ses 

by a s1-;in::'- to\orC' r d s the outs i de , until the opposite 

he~isphere i s re~ched , ~ hen the ~~ve normal frequency 

swings in the topside ionosr~e re, once more to lie 

along the locPl f i eld line . This l a st swing is 

s1·wwn cl.ot t ed "'s it -m s d i fficu lt to observe the exact 

extent of th"' :r'1eno'11enon frorn the tP bul a tio ns used 

in thi R 8P.C tion, w1.1i_c h pe i CJ. more e ttentio n to the 

hifher altitu~es . 

TPble 3 . 

ApproxirnatP. nose f r eque ncies for ~~istlers 

observed Bt differin~ l atitudes . 

: L:-.ti tude 
; "',pp roxi me te nose frequency. 
I 
I 

I 20° 175 KHz 

I 
I 

300 110 KH z 
I 

I 
I 

40° 55 KH z 
l 
! 
I 

50° 1 8 KHz 
j 

I ---



-------------------------- ----·-

F igure 12 . Ray paths from 20~ Ions neglected . 
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Figure 13. Ray paths from 20° along field initially. Ions neglected . 
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Figure 14 . Ray paths from 30~ Ions neglected . 
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Figure 15. Ray paths from 30° initially along field . Ions ignored. 
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Figure 16. Ray paths from 1.0~ Jons neglected . 
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Figure 17. Ray paths from 40° along field initially. Ions neglected . 
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Figure 18. Ray paths from 50° along fKttd initially. Ions neglected. 
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Figure 19. Dispersion and travel times for rays initiall.y 

vertical, .neglecting ions. 
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Figure 21. Di spersion and travel t imes for rays initially 

vertical, neglecting ions . 
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Figure 23. Angle between -8 and wave normal p, 
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Figure 24. Angle between -8 and wave normal f 
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along path. Ions neglected . f=5Khz. 
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Chapter 7, 

Ray tracin,n; i n an e::osphere Trhere tl1e effects of 

heavy io ns ere considered. 

7.1 Introduction. 

The first inves tif:a tors into r adio "'.vave propagation 

through the ionosphere anc1 exosphere coMpl etely dis-

reearded the effects of heavy ions in their cornpu-

tations. At first sight this appears justifiable. 

For the lighte s t species of positive ion (~), the 
_L 

gyrofrequency 1~ nbout 2000 of the electron gyro 
1 

freouency , whllP thP pl1?.S"1a frequenc~· is about 40 

of the electron plPs~a f r equency . 'T'he ter ms Xfr-t 

and YH+ 1 nvo lvpd in our mef!.neto- i oni c tl'leo r y are thus 

negligibl e i n comparison - ~th Xe Pnd Ye excep t at 

the extremely lm'' freque ncies trhich f:l.re of t l:1e same 

order as the ion r-yro- ~~d plasM~ frequencies . 

These f r equencies are of the orde r of . 5-5 KHz 

in the topside ionosrhere, and RrP even lo,,rer in the 

exosphe r e. 

The first study of the e f fe cts of heav y ions at 

these frequencies was undert?ken by HI USs(22) in 1957. 

In the next section 1•Je shall outline his tree.tment , 

and then i n later sections pre sent the results of our 

cornputetions t~en ion effects were considered. 

/7 . 2 .. . .. 
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7 . 2 The effects of 1-J.eavy ions on the propagation F.Jt very 

lot-r frequencies . 

If ve consider the l .. stro'11-Hi nes for~mla. for t}1e 

refractive ind.ex, 80~letion 2 .16 

7. 1 

we see that if A = 0 Ne heve one infinite r oot for 

n2. This occurs '\'Then 

Tan2 'l' = -P co s 
eo c an be easily seen fro~ the definition of A. 

? or t.hP case v.rhere no ions are considered this 

becomes 

( 1-X) ( l-Y2) 

l-X-Y2 

7.2 

7. 3 

which .hes a re~l solution for ~ at low frequencies co 

Fhere X andY arP n:enera.lly 1'1Uch .o;reater t.ha~ unity. 

This velue of W is then the anrle of RrePtest 

departure of TrlE'Ve norr:1al from _,Jo r;netic field direction 

for Ttihich thP r e frRctive in0.e:--' can remai n finite. 

~·orl11ally this ''cut off" nnp:le is in fRet close to 

goo . 

Fo r hiph frenuencies thP ~resence of positive ions 

has little effect , but 8t low frequencies t hey may 

cause S to cha nc;:e si p:n , rePul ttng in ar: imaginary 

value for ~ simply i mplying that propagation is co' 

possible for any c-lignment of wave normal v.ri th 

ma.f;;netic field, 

/ F rom ... 



?rom thr: refractive i r.d.ex surface point of vim·J, 

vre he. ve open surfe.c es ·:'11en 1·re ignore ions, 8 nd. closed 

surfa.ces at lo•·r frequencies ~-Then •rre consider ions. 

This Cfl n be seen in :-'if,ure 25, ~·rhere we have plotted 

(in one quadrent only) refractive index surfa.ces for 

fixed typica 1 velue s of f n = 200 KHz and fg = 600 l~hz 

and for v-.revP f requencies below 5 KHz, 

T~is figure elqo illustrates a more important 

difference in the prope.ea tion cha ra c teri sti cs. 

Bea rinr.; in mind thPt the norma l to the surface fSives 

the di recti on of the ray , ;.re see thF' t for the no-ion 

casE the rav end ~e ~netic fie ld direction are similar 

for all allowed w, :·rherecs in the ion cese the ray 

direction ~av ersily becoMe perpendiculer to the field 

direction, resultin~ in p ossible reflection effects 

for values of \ re 90° . . It should nlso be noted that 

\·rhen transve rse conditions hold , the l ower frequencies 

propa?:ate 111ore rep:i.cUy than the higher frequencies , 

unlike the cese for lonEitudinal propagation. 

The frequency at which the effects of heavy ions 

"'oecoTTJe important in this i·ra.y has been i nve s ti[a ted 

by S~U TH and BRICE ( 23 ) . It can be s hown that for 

frequencies below the 11 l01·re r hybrid resonance 11 

frequency fLHR, one should take heavy ion effects 

into account. This frequency is defined by 

(1_ 
l f 2 \... n 

7.4 
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Fir,ure 25 . R&fractive index su rfaces for frCICjU;tnci as <5Khz 

fN=2GOKhz 

fH=600 Khz 
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1 lotl( H+l ----
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10 14 16 18 20 22 
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':rhere \:e = rne.ss of electron 

i~e ff = wei~hted mean mass of the ions , ~iven by 

7.5 

7,3 The effects of collisions. 

T·r··unl\ ( 1 ) 1 ff' f 1>.. ,~ .ru.1. shoued t 11a t t .1(' e _ ec t o a non- zero 

collision frequency v could s~fely be ipnored in 

c.:lculatinr r e.y paths , even et altitudes belO\<J 

2COO Km , since thP iT'1apinRry pa rt introduced to the 

r:frDctiVP index bv collisions was only of the order 

of 1~ of the renl port. The author decided that it 

Fould thus bf' ev Pn mo,.,P juotifia.ble to ip:nore collisions 

in the present study, 1,,rhich r .• ra s confined Tt1ainl y to 

t i:1e exosphere T.r1:1_erP th:" collision frequenc i es o;vould 

b • even smallf'r t11Rn those contemplated by Kii,nJRA , 

If thP effects of collisions are i rnored , all t he 

U j t e rms in equations 2 .18 reduce to nni ty, end the 

whistler-mode ph<'SP. r efrc?.ctive i ndex is comuletely 

real for all values of ~ below the cut-off ~co· 

In thP present study ~~ have not undertaken in-

vestigPtion of the attenurtion of the ,..rRves throuc;h 

do. rnpi.ng;. ,.Jer e this to be done , the e ffec t s of 

collisio ns could nost certainly not be disregarded; 

KI!"UM h8 s further s'.10".•rn t t1fl t for frequencies below 

furR in the ionosphere the attenue tio :.1 due to 

I collisional, •• 



collisiont?l dernpinp.: me..:; c~co111e e.p:-_r eciable . 

7 . 4 Cha recteristics of 'lay Pa.ths •·rhen t1.1P effectc of 

ions are included. 

Several hundred ray paths have been computed_ in 

the present study for various initi~l condition s ; 

and while i t is obviously impossible to ~resent and 

comment on all of these , Q repre s enteti ve set of 

results ha s been presented in Figures 26 to 46 and 

tables 4 and 5 . 

It wi l l be notic p.d thrt many results arP presented 

~or the 11 1 Ion 11 case v-rhere E+ "•rP.s the only positive 

ion consider ed . 

t l:' e effect of incl un_;_i1£:: He+ and o+ into the calcu-

lationA is pvtrPmely s~all - the differences cou ld 

in most c0ses bE> e.ccojlnted for BP. rounc1inr- error s -

except at ver:v lo~- - frenuencies beloi'r about 1 KHz . 

and o+ negli p;ible i n the eY. opshf>re above an altitude 

of 2000 Km i n c omr,:f' riso n -r;r i t h the Dr11ount of H+ . , but 

e ven i!l!hen there is sufficient He 
; and o+ to be 

observable , t he Xi a.nd vi ter111s for t he se ions a re 

orders of magnitude smaller t hen t he corr esponding 

terms for electrons. Consequently most paths have 

been evaluPted fo r the I ion case, since this nlso 

re sulted in much s horter computation times . 

/T~1.e ... 
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Th'3 resultr obtatnec1 •·•ere in ep:reernent •·rith the 

discussion in section 7 , 2 of this chPpter. For 

frequencies Above e.bou t 10 KHz tl!e PEl ths, tre.vel times 

enc'! dispersions sho-red fair <" r ree"'1ent with the no-

ion CD APs presented in chapter 6. 

However at much lower frequencies reflection is 

seen to teke pl8ce --·hen the v.rave-norJTlal becomes 

transverse to the field direction. This is shown 

on severel rPy paths ; in fflct, althoup,h only one 

reflection i s shown in these cases, the process keeps 

occurrinr, end the rays ere predicted to reflect back 

and forth et successively hifher altitudes . It is 

unlikely thet this Rort of effect could ever be 

observed experimento lly, £18 the \vBve woulc'i. be damped 

out quickly in or ne£"lr the regions of trensverse 

propD[.c? t5.on, for there the index of refraction can 

become rather lerge . 

In Fip.:ur es 26 to 33 •·.•e present these rAy pat11s , 

most of y.rhic~ werP cor;,puted in t he 1\.?G~fi.l'\ ~H P.nd 

THOITAS ( 19 ) "lodel exosphere. ~i~ure 30 shows rays 

plotted in the SHA :I\i! ['nrl. GU:lNETT exosphere , but 

nothlnf ne-r of interest is apparent. The ray for 

10 KHz is reflected, hut this can be put dmvn as a 

consequence of the hi~~er electron densities encountered. 

In Figure 34 1ve have plotted the variation of fu-IR 

c.lonf.. the pe th of the 1 KHz rays when ion effects are 

/ignored ..• . 
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i r:no red. e hPve see~ th~t for freauencies of that 

order son:e r1mount o~ lati.tuc1e focussinr.· is experienced 

1·rhen ions arE> ignored, Fnd it is r eesoneble to expect 

t het thE> VBriction of fu-IR alonp. thR P8th 1,rhen ions 

a re included vmulc1 be much the sar1e if reflec tion 

o .. i CJ. not occur. The ; redictions of section 7. 2 a re 

borne out ; na.mely thr ~ propagation tra.nsverse to t.he 

field can (end does) take pl~ce for frequencies 

b elow fLHR· For the rays treced from a. latitude of 

30° , for exaP'lple, the 111inimurn vf' lue of f LHR along 

t he petlJ was P. l most 3 1<Hz , end r !3flection 'tvas observed 

only for frequencies belo~.<r 4 KHz · 

I n Fip:ure 35 '•'e h2ve plott ed. t1.1e final latitude 

ageinst frequency for the 1 ion cese . Fo r f requencies 

above the JTI.inimurn. fuiR the behaviour is ap:o in Much 

the same as in the no- ion c~se , end evidence of 

l a ti tud .. e focuss i n.c: is not "•Tell supplied . For 

frequencies belm.v t11e minil'T!UP1 fU-IR, whicl-J is whe re 

l n titude focussin~ 1j1Jas appF~rent to so,H'' extent in 

the no-ion case, the rays do not even reach the 

ionosphere in the opposite hemisphere. View·ed in 

c cnjunction, these r esult s certoinly do not support 

the fo r mation of observed whistlers ; and this can be 

t aken as further evili.e nee t he t sor1e other guiding 

rnechani s rn suc1:1 as field-ali g ned enhancement must apply 

/to .... 



to explain thA observed effects . 

It will be seen that on curve e in ~irure 35 a 

final latitude of 27° is plotted for a freque ncy of 

1 KHz , 't-lhich we should expect to h2ve been reflected. 

This is thought to b':' a result of the finite pro-

cesses involved in numerical integration causing 

overstepping of the point livhere reflection should 

have taken place; this difficulty i s to be discussed 

more fully in the next section. 

In Figures 36 and 37 ~re prese~ted the dispersion 

end time of travel curves . It is seen that, except 

at very low latitudes, the frequencies for whlch the 

dispersion 1,ras const:1nt in the no-ion c2se are those 

' rhic h arp no~,r reflected, 

In Figure 38 l·re hf'VE" plo tted t 11e r1axiiTJurn altitude 

(attained on the first crossing of the equator) as a 

function of fre0 uAncJ :tor rc vs from 30°. This is 

seen to remain substentin lly constant for frequencies 

belo1·J about 10 KHz , i. e . even P. bove t 1:1A minimum fUIR. 

This indicates that up to this point a long the p~th 

spatial coherence is observed in ~rhistler paths, 

even without field Pligned ducts, and thet in fact the 

defocu ss ing occurs further do1vn the path ;.rl:l.ere propa-

~ation is more nearly or exactly tra nsverse. 

The a cute angle bet\-een wave-normal and field 

d.irection has much t he sal"le behe.viour above fLHR as 

/it .... 



it .had i n t 11"' no-ion c;:se , becorrinp; almost (0° before 

bei D?-: bent back rapidly as the ray re-enters t he 

i onosphere. Relon fL-·I rt. tht- beheviour is much the 

sa~e, except thJt the value of 90° is ettained. 

(See Firure 42) . 

The reflection phenomenon is perhaps the most 

interestinr nspect of t hese recults, a nd we have 

plo tted the ra y J:F.lths for frequencies belm.Y 5 KH z 

from an initial latitude of 300 in Figures 40 and 41. 

Lower frequencies are seen to penetrate less into 

the opposite hAmisphere before being reflected. 

In addition, o resonance effect can be observed, for 

frequencie s less than f00 Hz , \vhich arP rP.flected 

back s fter only n fe,.r hundred Km of travel. (See 

also Firure 43). Clo ~cr investigation r Pvealed 

tll"!t thl8 1.YPS occurriP.: for nave freouencies ~rith 

value s of thP proton f':~"rofrequAncy , i. e. Hhere 

Y1.~ + = I; in tho tops:tc1.e ionosphere at tl1e le ti tuc1e 

concerned t~e electron ~yrofrequency is of t he or~er 

of 1200 KH :z. , RO tl-}At the proton fYrofrequenc ~· is of 

the order of 600 Hz , ··J:·J.ich is the freo_uency c>t whieh 

t he effect wP.s observed. [:o; · it is v.rell known that 

the upper cut - off frequency for w~ves propagatin~ in 

the whistler mode is of the order of the electr on 

.~~·rofrequency 8t the top of the :r:.ath; (for Y ~ l the 

/ 1·1hi st ler-.... • 
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1·ihi stler-mode phP se r~frDcti ve index for purely 

longi tucl.ina.l propllp;Dtion ·ceco"1es imap.:ina ry). Ti1e 

results of this study indicate thet a lower cut-off 

frequency mip.:ht be govel"necl by the proton p:yrofreouency 

at the start of t~e pPth. 

The eff8ct of tr~-i 11 ~ different initial values of o
0

, 

the E'!lf!le bPtT·reen v!EIVe normal and field line, T·ras 

investigPted tor :t.in,ited extent, And F'i..oures 44 and 

{5 a re representative of the resultA obt~ined. 

YJ\BROFF( l 5) rPporter_ that i n the no-ion case tl:l.e final 

l c.ti tude vras the smne for quite a ~·Jider ranr:e cf o 0 , 

this is found to be the case here for frequencies 

at·ove the minimum fu-IR alonp: the path. However, for 

f ~ l KHz the ray path is seen to be strongly dependent 

on the initial ':-mve norme.l direction, and 11 subprotono­

spheric 11 't..rhistlers of the type investigated by KLiURA ( l) 

are readily predicted. 

T~is raises thr interestinr possibility o~ tein~ 

able to 11 c.:void 11 t 11e reflP.ction process by a sui t'lble 

c'loice of i ni tir l 1.vave-nor"'1al angle. In feet the 

dependence on thP i_ni tiel T\reve-norm8.l anp;le should, 

i n the Put~or 1 s opinion, receive more a ttentio n than 

has ~it~Prto been t h e ca se. It ~ns not been possible 

in this instence to i~plement this recom~endRtion ~ s 

-w-ou ld hr-vP been lj_':er_ , Oi<Jin: . to P leek of time; 

perheps t hr metter ca n receive Pttention E~t a lr-ter 

/Date. 
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aate . 3ome further ccnsic'!er e.tions of t 1;.is rspect of 

r P y tracing w:t 11 bf' p r esented in the n~?xt chapter. 

7. 5 Cop1pari so n Hith tl:le results of KI1·lliRA end of SI-b~.i\.N 

KD lU RA ( l) was concerned i n his r a.:': tracing study 

r1ainly v!it:1 explaininr t lw sub-proto nospheric -rhi stler , 

end p r esents only one ra ·.· pa t l1. traced throup;l.1 t he 

exosp1:1ere; fo r El "'ave f requenc y of 1 KHz , initia l 

altitude 300 Km , initial lP titu~e 300 , initial ~ave 

normal clirPcti on rHdially outv.re..rd. SHA~!AN(l8 ) r.ras 

nul t i -cofuponent, 11ook f.'nfl ris<=>r ··.rh istlPrs. 

he al8o tracPs ~ r~Y for t~ - 1nit1Pl ~ondi t \ons out-

line d above . 'J'l:Jp f.'nt'~or, in turn, t raced the same 

ray ; t h P ob ject of the eYercise bein~ , in both of t he 

lr t ter ce ses, to checL on thP. accur2 cy of the pro[;rams 

used . 

Thes P three rays ar~ pr Rsented toge t her for 

ccmr:arison in Fi p:u r e 46. It t·Ji 11 be s een t he t the 

rays of IG: rURf\. Pnd of t·.1e author are very sirnilar, 

beinR reflected a t r latitude of about 24°s; w~ereas 

s-·It.·;vil.N 1 S r ay penetrcted i nto t 11e ionosphere in the 

opposite hemisphere, Much as i n the no-ion case. 

The8e d l screpa.n.ci es ore rep;arded by t he Puthor as 

fair l y sPrious , :"< nrl lT'BY point tor fundemente.l 

h·reFJkness ... 
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wea ' :ness i n t 11P Fhole concept of munericel ray-tracing. 

It is, of course, tempting to conclude thet SI·~~·1 ·. :1·. ~~ 

hes a mistake in his progre~. 

C•)ilC lude th:-> t t11i s is unlikely. 

It is rersonable to 

· e he.ve made severol atter1pts to duplicate SH"l. ;L.:J1 S 

path with our program (,·!ithout overwhelming success). 

By varying the initial conditions slightly and by 

varying t.he si ZP of step le nr; tl:1 used in the i nte-

gration process. Our pror.;ram ~rJas used in this case 

, -itl:l basic stP.p lenp;th 6's= 2000. Reducing this 

lenp.:th seemin~l;r hrc1 l:t ttle effect. :-Tor c.Ud increasing 

it to 18,000 except thPt the effects of roundinr errors 

"··ere e.ppe rent. Jio'··ever, os cen be seen from Table 5, 

~ point is re8ched ~here reflect~on is not detected, 

and thr ray penetrates t~rouph to the opposite hemi­

sphere for steD len::ths r;ree ter thHn 18400. 

The results presented in TPble 5 should not be 

trken too seriously; for these lrrge step lengths 

roundinp: l':'rrors rre bounc'l to predominate; but they 

serve to entp~e size t 11e probleM confrontinP. us, i-·.rhich 

is essentirlly th~.s: 1fr~.1en t':1e wnve normal beco":es 

tronsverse to t .1:1e fielc1, reflection is not excluded 

1::. s B physical po ssi bi li ty. ~~o~·rev er if t his trans-

verse conditio n is ?pproached in finite steps, it ~ust 

be possible to step right over thP c ritical situation, 

an( so not obsPrve reflection; PS will occur easily 

/if ... 
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if too lA r RP P step len~th iR e~ployed. 

It is harr'l. t.o fDult ~:.~·Tt·." ;JI..?.i on tliF:>Sf' 'J'rnunc'ls , becenRe 

he is awere nf eYectly t~is ~ifftculty , en~ ~PS ~ost 

ca r efu l ly re~uced his ete~ len~th ~~enever ~ tendA to 

90°. Ho~·re ver it is p ossible tl1p t hP used l a r ge step 

lenet hs i n the initiAl stP pes of hi.s computation , for 

the reRion below about 2000 Km , where the direction 

of the wave normal nmy flue tua te e::tensi vely; since 

the behaviour of his --re..ve r,ormal is r ether di f fe r ent 

f ror'l t het fonn0_ in the pr esent c vse, rellleinin:; .:->.l 111ost 

verticA l ly up~JBrds over the Fhole of the f i r s t 2000 i;m 

of t r avel. Further , D t c:. lr ti tude some•·rhere bet·reen 

0°and l 0°his die~ra~ would sePm to indicate thot a 

rer:Jon of trAnsv erse propap;Rtion must hE'VP bPen pB.ssed 

thr our:h . 

T~!is <'3.oes n0t 8Pttle t:1~ quPst5.on of wl1ich rE1~' , if 

eitl1er , tor0u l d. 'be observed in 1: rectice . SJ-:U\.!.f.L\ '' 

pres Ants f1 r t?:uTT1ents o s t:o 't,r'1~r 1.11 s pe t11 shou l d be co rrect 

a :lei_ Ki nTRJ\ 1 S i nc0rrec t . 

re tre.cea bili ty tPs t ; l1o•·rever this v-rp 8 nlso 8\.WCe ssfully 

applied in tlw pre'lent study . SHA ·,rA:Y e.lso as SUf"l.ed 

that the beheviour of the •·ravP norf'1Eil must have been 

very nearl:v t11e SP'"'?. 1:1 1:'-oth cases (Kil ~URi\ d i d not 

indicete the be havio'..lr of h i s 'ltlrave nor mal ) Rnd found 

tl.K t Pt Kii.ll.JR.i\. 1 S reflection lati t ude his value of iJ1 

liEIS only 45° , t 11us rulin[' out ·crcnsverse propagati on, 

/Furt:ler , . ... 



FurthPr , ,::~t t his l?ti.t urle 11p found Pr to bP zero, and 

sent throup:h zero- resulting in a.n a.brupt c!.1ange in \f 

anr• h ence "reflect5.on". ,his is certainly not borne 

out by the present stlldy , so th£'t SF-I.A~vAr1 1 S arguments 

on those lines must be refuted. 

F'ino lly , SI-IiL1Ar cl::lims tbet the explanations of 

V. L . F . noise pheno'llenr "\vhich he then s ubsequently 

.t,·:resent s exhibit q~J.antitative Etf;reement i.J"ith observed 

shenomena , Gnd concludes that t his vouchsafes for t h e 

r;orrectness of hi e program. In th~=> author ' s opinio ;· 

· , 1 1 · d sq ·' '··1, ~- • s ""C ·.1is is Fl risky stnt""'11ent , V1Thet .1er app ie to rw.J -- , 

thP pre sPnt or a. nv ot11Pr rC'l ~- trP ci np: study . 

s\1own thPt ~- t :ts possible to stPp tbrour:11 the rP-flection 

cnr.cF t:i.on. 

p~.1enomena 11 coulfl_ t 0 oc'1;_evP.c1 ; if 1ndPerl. tho tPrrn 

"quantit~tive Arrreement" 1.1[~8 much signi_ficnnce in t h e 

conteYt of nccurac··. 

nature , to exr:lp in th(> lE' ti turl.e focn ss)_ nr , tra ve 1 

times and di RperRio~s of ob served ~~istlers, an~ ~lso 

t'.:.e pe ths of trcvel i nsof-"'r ns it is knov-rn tha t t'.1ey 

Bt[4rt ancl end Dt con,jug<.., t e points of a field line. 

Th e w-rhole o f the pa t 1.!. ca.nnot be observed in practice 

wi t h ~odern experi~ental techniques, nor c~n t h e 

·behaviour of thP vrP ve nor""lal , so tl.1at t h ese are 

I seconde.r y ... 



st>c o n{t [l ry ef fe>c ts. 

~ ~~ve seen t~at t~e l~t~tude focussir~ predicted 

i n t~1is 1-ee:.' is 1~s~n'i'icient t o account for tl:l0 r...:ro-

CLUCtior: of observPd y';:tstlers . 

~ ·,recUcted t.hr corre c t valnes of d ispersion and travel 

ti; ~e s , alt11.our::-l1 t'1is is !!Ot rer:a rded CIS ver·" serious, 

as : •e 1.1p'·e not tF< .e:: i ' t c. eccount the effects of the 

lo~er ionosp~ere , nor in • 0s ti~~ted throourhly t~e 

2ffects of otl-lf'r ion coP,posi tions; effects '\v1:lic :.1 rm st 

surely be taken into 2ccount 1~~· v:trtue of the CO''lPlex 

t'e'.18viour of thP io n'Jsphere Pn(l_ eYosp~ere . 

i\s 11.rs 'tor:>r r"'''1f-1r':e ·:l .•.re'ri0us1·· , it l:las not been 

.~:;o s :>i 'tlf' t 0 (1pt:o t0 i "1'~ es t5_ ~nto fnll,• tl1.p effec ··~ a on 

-r :1e rPflect:~_on p:1en.o'TJG no ::-: of slirhtly ver~·i_n.• t'1e 

It :~_ s coneeivable t 11B.t 

t ·11s \•'oulcl not be :)rofit8ble 0:1' slm·r CO'"Putt>r sucl:1 

as ~rs Clt our disposal , 0n~ !or th~t reason hrQ to be 

shelved 8 s a '·rorl:c? ble proj c c t . SHA1·iA~· 1 S a tter.tion 

seems to hc=tve bee n attrc?c t ed cy rmltipath propa1--;A.t.ion 

of this typ e ; but he claims thrt his autocode program 

cou l(_ calculate 10 points/ sec , 'tfhic :.1 is some1·•'.1a t 
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fPster t l:;.an ti1e 10 sees/poi nt esti-ated for our program. 
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7. 6. Co~:clusion . 

It is t':P e.'Jt';or1 s corclusion t'1r>t rc:>~.--trf'. Ci>:. '"' of 

t:-::j_s nRturP Ct"l1 sP r..si ::.- ly 'bP ta1<:en only .-.s R first 

Ell~Proxi:n[ltlo n tr; e'~pJ.air:.i'!_--: t;1P ~-~"'h<?viour of V. L. F. 

si.::;cals in tJ1.P P':os:r"lere . The effects o f rounding 

errors eEl n te mi ""!ilTlize( ::_~, subtle nu!llerico.l annlysi s 

<~ r. ::::l_ str-ble i ntP :-- r8tion :-;rocedures; but t 1.1e re is a 

cll~,11 er of steppin·: t~.1rou~--11 r Pflectio ns 'l'lhici.:. it i3 

fe lt hos not been full~ rerlised up until no~ . 
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'I'Db1e 4 . 

C or>:pe ri son of r<=~ Y pa t 11S for the !:"'O-i on , 1 :ton and 

3 ion CElP.E'S , 

a. Rays startinp from 8 la t5_ tuc1e of 30° at an j n i tial . 
r l ti tude of 300 Y.m , v ertice11~r upv.rards . 

f ::o Top of path Refl2c tion Final ti "18 

KHz ions r 3 Lr~ ti tude Le ti tude sees . 

. 7 0 5318 -7 -41 . 34 
l 54~5 -11 - 22 
3 5512 -10 -22 

l 0 f13ll -10 -43 . 29 
l 542~ -11 - 23 
3 5177 -10 - 24 

2 0 5283 -9 -43 . 21 
1 !'i03h -9 - 8A 
3 ~;:;41 _ q - 28 

3 0 5 21..1.3 -7 -4.'3 . 18 
1 ~8P') - 8 -'\32 
3 52P:-z; - R -32 

4 0 !')211 - 8 -41 . 1'3 
1 5~~2 -7 - 04 
3 !'1'205 -7 -34 

5 0 5lfl0 -7 -41 . 1!') 
1 B205 -7 -43 . lf1 
3 5210 - 7 -38 

10 0 5000 4 -39 . 12 
l !'1015 - 5 -40 . 1 2 
3 5020 - 5 -40 . 12 

50 0 3720 3 -27 . 08 
l 3725 3 - 28 . 08 
3 3725 3 -28 .08 

100 0 2520 8 -16 . 06 
l 2520 e -16 . OJ 
3 2520 e -16 . 06 

/b. . . . . 
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b, Rays stElrti nr f ron1 a la t :1 tucl.e of .300 at pr initial 
al ti t udf' 

. 
of 1000 K1:1 , e.1o:::r the field 15. ne. 

f : ' o Top of pB th '-~ P f lPction :-'ina 1 ti'11e 
KE z. ions r e Le ti tudE> L P- t i tude sees 

.7 0 10687 -11 - 43 . 2 7 
1 10669 - 12 -83 
3 10853 -11 - 2 3 

1 0 l 06q'J -9 - 41 - 23 
1 10640 -10 - 26 
3 10780 - 10 -25 

2 0 4318 -10 - 41 . 17 
1 106 32 -12 -30 
3 4388 -12 -29 

3 0 4310 -10 - 41 . 15 
1 4313 - 8 -33 
3 4-~14 - 8 -33 

4 0 11 310 - 8 -41 . 12 
1 42P4 - g - 41 . 14 
3 4314 - 9 - 41 . 16 

5 0 4310 - 8 - 39 . 11 
1 488? S' - 40 . 12 
3 4309 - g -41 . 12 

10 0 4270 - f) -38 .0 8 
1 42n2 - G -;'S9 . 09 
3 4272 - 6 -3Q , 09 

50 0 4850 0 - 28 . 07 
1 4851 0 -28 , 06 
3 4851 0 - 28 . 06 

100 0 31?5 8 - 19 . oe 
1 3195 8 - 19 . 06 
3 3195 8 -19 , 06 

Altitudf's erE> ~ iven in Kn ; 18titudes i n de r rees. 
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Tt=lble 5 . 

~ffects of usinp QiffRrPnt initial stPD lPn~t~s o~ the 
.... - . 

pB.th of tl:lP l KT-! 7 rev f r an:. an alt:ttudP of 000 Y.m at a. 

latitude of 30o 

Ste:p lenr- th Max:tn1u1"1 Reflection T'i nel 
6's · 1\.ltitude Lt=ltjtude Latitude 

time 
sees. 

( C' ) (b) 

2000 5177 -24 . 30 
10000 46G4 -22 . 28 
15000 4118 -24 . 27 
18000 3839 - 22 . 30 
18300 3044 -27 . 26 
18380 2251 -32 . 27 
18390 ~2 850 -37 . 32 
lf.3~5 2552 -40 . 32 
18 397 5f3 8 - 43 . 51 
12398 ~0.30 -48 . 46 
1 :"'3<?0 244t:3 - 5Sl ,45 
12400 2~. ,'34 -55 • 43 
18410 2410 -4~ . 37 
18420 2200 -42 . 32 
1R430 212·'3 -38 . 32 
l-S~OO 173.5 -lh . 28 
l?.ClOO 10°1 -11 . 39 

T i Tl1e ( 8. ) iR t 11P t~.I'1P tP' -. en to rPEI C~1 t11P reflection point . 
Tin1e (b) iR tl1"' t1"1P ta' :er: t n rPP c 11 Ell! Bl ti t ude of 
500 Km . 
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Figure 26 Ray paths for f=5Khz from various latitudes. 
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Figure 27. Ray paths from 20° . 1 Ion ( H•) considered. 
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Figure 29.Ray paths from 30° for various frequencies . llon. 
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Figure 30 Ray paths fr om 30° for various trequene~es . 
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Figure 31. Ray paths from 30° initially along field l ine. 1 Jon . 
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Figure 33. Ray paths from 1.0° initially along field line. 1 Ion. 
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Figure 34. Variation of fLHR along path of ray!j for f <5Khz, 

ion effects being ignored. 
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Figure 36 Dis;:>ers ion and travel times tor r ay s initially 
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Figure L.O. Ray paths at frequencies below ~Khz, show ir,g 

Height (Km) reflection when propagation becomes transverse. 
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Figure L.1 Ray paths below 5Khz, initially along field, 
showing reflection at transverse propagation. 
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Figure l.t. . Ray paths from 30° for f=lKhz and various 
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0 u , 

Rt>.;~7-tr<:lcinJ7 throu.P.:h th'-' topsid"'! ionosphe re. 

8 . 1 . Introduction. 

As has been sta t ed previ ously , the p r eates t 

chcnges i n thP behaviour of a r ay can be observed 

i n the ionos~here proper, where the gradients of 

refractive index a r e most s evere . It is therefore 

of int er est to perfor1n some re.y-tracinp, studies 

confi ned to t hi s region alone . In the following 

sections we present the results of such studi es fo r 

the t '·ro opposing ca see of starting integration do~;n 

from th~ top of the ionosphere , and of starting inte-

gre. tion up from the bottom of the ionosphere; 

i nvesti~atinr i n particular t~e effect s of diff erent 

i nitial vla ve-nor'Tlal directions. For thi. s J:Urpose 

the program ~~9 ~o~ified to include the effect of the 

F bulge usinf.! KH-fl:JRA 1S(l) si111ple formula as g iven in 

Ch8pte r 5. I ntep;r a.t ion -vr::;s confined bf>t"t·reen height 

li111i t s of 100 Km a nc1 1000 Y.m . 

8 . S._!ntegre tion clown from the top of t hP io nosphere . 

Since it is known t~~ t eYospheric whistler paths 

follo w the fi eld lines clo s ely - pre sumably i n the 

l i ght of evide nc e from t h is a nd similar studies along 

field-eli gned ducts - it ufl s deemed sufficient to 

investigate t he hehaviour o f reys cominG down from a 

/he ight . . . . 



heicht of 1000 Km (as representative of thQ top of 

the ionosphere) with v-ravenorm.els eligned , at tha t 

altitude , elon~ or nearly e lonp tbA fiPld. The 

results of some of these computations ere presented 

in Table 6 , and in ?igures 47 , 48 , 49 for rays traced 

from 1000 Km at a latitude of 30°. 

J.22 

From TPble 6 we see thet the behaviour of the rays 

under these condi t ions is lergely i ndependent of' 

whether or not we take ions into account, even for 

t':l.ose frequencies '\llrhicb are i•rPll below fLHR (wl:l.ich is 

of the o r der of 8 - 10 KHz in this Brea) . This is not 

surprizin~ ; ive are clePlinr: •·rith qu,asi- longit udinal 

propE!gAtion over r1ucl.1 of thP pPth , enrl. we he.ve seen 

in the lest chapter hou thP refractivP in18x surfaces 

a.re J'l1uch the same for \f .-v 0, '"'hether .ion effPcts Pre 

included or not . 

Frorn. Fip;ure 47 i·'e see that the beheviour o f the 

vTave-normal is larp:Ply independent of the f r equency 

co ns i dered , and is interestinp: in that it 8~vinp:s from 

lving alo ng the field to point almost exactly 

vertically downwards . In fact this behaviour i s 

observed for quite a. wide cone of values of '1' at 

the startinr a ltitude , as can be seen from Figure 48 , 

rays with w-avenormals as much c. s 300 from thP field 

di rec tion beinP bent so thr-t t heir Navenorma.ls point 

do-vmwards. It should C'lso be noted thet t.his iJTtplies 

/th8 t ... . 



thet thP 't·-rnve -norn1al is then et qui t f' Bn 2r~le T,rith 

t~e field - at the la titude~ considered here it is 

a bout 3r-;o , Nhi c 11 is outsi <"l e t he cone of H1. 5° "!"'i thin 

which thf' anleotropy c~uAed by the me r.metic fleld is 

held r e sp o nsi ble for ec r ure te r;ui ding . ( STOR"SY( S)). 

Al t hourh t he Have-norrnnl is a lways bF?nt in t his 

way , t hP fina.l l etitude r eached eta height of 100 Krn 

depends C1Ui t e strongly on the ini tia.l wave normal 

angl e , as can be seen from Fi gure 49, where 't!e have 

plotted thF? final latitude c:1t 100 km , es a. functi on 

of the initial velue of W at 1000 Km for rays of 

5 I~H z at an i nit i e 1 latitude of 30 °. The rays are 

seen to spr ead ovPr a lat i tude r a nge of nearly 2° , 

T·Jh.icb r epre sents a rreat circle dis t Bnce o n the earth 1 s 

su rfe c P. of tl-JP or f!_P. r of ~00 Km. Thi s mev help to 

exp l e i n simply 1-.rhv fixec. f requency v-rhi s tler-mode 

si~ne l s are sometimes dete cted et some di8tance f r om 

the theoretical conjuga t e point of tho transmitt er. 

The beha viour of th e -v:a ve normal in these circuM-

stances i s interesti ng in thPt it will be tied u p 

with the p robleM of tre nsmission o f ener~y through 

t he ionospher e to th··. point i·rhere it is to be received. 

It is fairly obvious th~ t t he r e will be p referred 

angl e s betvreen field and wave-norma l for optir1Urn 

transmission , r-s a careful study of the reflection 

Pnd tra nsmission c oefficie nts would reveal - a study 

/which ... 
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v-rhich would have to be undertaken on a 11 full- lfra v P. tl 

theory besis. 

As a first step tov-.ra r ds this study , some pre­

liminary work v-ras started during the course of this 

p roject to investigate the transmission coefficient 

of e sharply bounded ionosphere to see v-rhat effect 

incidence at various alignments to the field would 

have , the idee being ultimately to extend the treatment 

to slowly vervinv media. Unfortunately snags 

developed in the method , thought to be due to 

instabilities in numeric<'l processes , end these could 

not bP so lved in ti~e for inclusion into the p resent 

thesis. 

8 . 3. Intep;ration up from the bottom of the iorJOs"Dhere. 

The reaults of t~P p revious section have shown 

t het for quasi-lonp.:i tudinal r ays inci dent on the 

ionosphere from above the ~,rav enormal is bent to 

point almost vertically dol•'m-.rarcls by tbe ti"le the 

bottom of the iono 8phere is reached , and that this 

occurs for quite a wide ra~ge of values of w0 . 

This v-mt<.ld seem to i mply that, for rays penetrating 

t!.1e ionos:r-here fr om beneath , the behaviour of the 

rays and especiall v of the v-ra.ve normal should be 

strongly dependent on the initial value of wave-

normal angle. AccorcHngly , some rRys v-.rere traced to 

/investigate .• . 
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investigate this behaviour, and t~e results are 

p resentPd in Table 7 en~ in Firures 50,51 , 52 and 53, 

for an initial altitude of 100 Km Pt a latitude of 30°. 

From Table 7 1-re see the t the behaviour of the rays 

is ege in largely independent of whether or not we 

t ake ions into account , even at frequencies below 

This is Plo re surprising than in the previous 

section, since a r~ y yri th wave-normal initially 

vertical is alref'dy subtending e.n a.ncle of about 

40° wit~ t he field direction , and we should expect 

to o~serve io ~ effects, especially if this angle were 

t o increase (8 s it frequPntly r'!.oes) . The a u t J1or is 

led to beli PVP t'.,at coincidence more then anything 

else led to t 11~" C!e effects reme i ninr: undetected, 

although i t must also be r ememberAd thet at these 

altitudes H+ :ts not the p r edorninent ion sp ecies , 

and hf'nce thP ter m XH+ 1vill not have 8 significant 

effect. 

FroTTl. Figure 50 : -re see the. t thl? bP-ha vi our of the 

vmve - normal for r ays ini tiallv vertical is much the 

same over a wide frequency range ; and, es is to be 

expected, is the reverse of tha t observed for the 

rflys in the previous section in tha.t the wave- normal 

is noF bent t o lie approximately along t he field lines 

at a he ight of 1000 Km. rJote that in t his figure \ve 

have plotted '.¥-180° ('.¥being measured from polar axis 

/along . .. 
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along B) to l_!,ive the acute Gn>'le bet,.""en field ancl 

weve normal , mea sure0. fror1 a polar a.xi s a lonr: -B. 

This .hes also been <'l.one in Figure 51 , w·here we l1.ave 

p lotted the PcutP anrle between wave normal and field 

line es e function of height for a frequency of 5KHz 

for rays stertin~ at various ang les to the vertical. 

It is at once a ppa :r•ent the t ray tracin~ p redicts 

that only re.ys with Nave-normals ini tia.lly vertical 

1r1ill penetrate into the exosphere successfully : as 

little e s 5° e1 ther ···ay from vertical initially 

finds ~hP transverse propagation condition being 

reached Nithin El sl!ort Aistrnce . 

help ex-pla 1 n sub-protonopsheric a.nc1 other lor,r al tl tude 

whistlerr , it seems ver7 restrictive on the initial 

conditions nN~f'ssar~.r to ) redict exopsheric whistlers . 

These re sul t'"l shoul rl not l:::f' rerarded e s too highly 

conclusive, howf'ver ; we ha ve used a Vf'ry elementary 

model of ionosphere, snoothly varyinr and spherically 

symmetric . In a real ionosphere the actual pene-

tration throurh to the e-wsphere could be consiclere.bly 

more complicated, especially as the effects of 

collisions would surely be felt. The treatment we 

have put forward hes been done more to show w.hat 

result s are obt~ined from application of ray tracing 

techniques than to try to explain the observed 

phenomena. 

/In .... 
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In Fip:u re 52 w·e have plo ttect tl1F' la.ti tur1e rea.ched 

at an altitude of 750 I,:m es e func tion of the initial 

wo.ve-nor111e.l rnr: le e.t 100 K''l; an<'! in figure 53 r.re 

p resent actual ray p~ths for different initial wave-

no r mc-1 a np.:les. ThE> only ree.l point of interest to 

be gl eaned here i s t ha t t he guiding effect along the 

field lines is quite p ronounced in all cases , even 

t 1:wse for which propagation is tending to become 

trDnsverse; a. condition which must lee_d to reflection 

and refraction effects becoming prominent furt her 

up the path. (These ·veJ'e not detected by our program, 

vrhich 1va s set i n t his casP t o stop when an altitude 

of 1000 Km had bee n reached. ) 

8. 4 . Cone luRion. 

In thiA chapter \ re have f?een thPt the Bpplication 

of r ay theory to th~ passa p. P of 11 exospheric 11 whistlers 

through the ionosphere predicts thRt t he ~mve-normal 

i s bent bet~·'ef'n t h e t~·ro r i 111ple direction.s of lying 

elong t~1P field at the 11 top 11 Pnrl lying alonr the 

vertical e t the 11 bottom 11
• 

i:ie must not forget, howevP.r, that we are '-rorking 

in P region wherP. t hP validitv of a ray tracinH 

approach may be i~ doubt, eo thet the result s outlined 

above rne.y have to be treated carefully. In the next 

cha.pter 1:re have under t e.ken a study of whether or not 

we may find ray tracinB through the ionosphere 

j ustifiable. 
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Table ') , 

C o•··,pe ri s0 n of 11 no-ion 11 e.ncl. '''·'ri th-ion 11 r£?oy 'Y)[l th 8 

throu p:h tl1p i0nosphere, trs.cecl. dovmwerds :Prom 

1000 Km at -- f.' latitude o.;: 300. 

Freq . · G g f t: 8 '¥ " t l - 0 ' f f f f v f 
(Khz) ' ' I . o 'ion r, I ·,Ji t~ io.ns . 

! 
I I 

. 5 I - 5 33.7 34. 8 1?8 . 0 ,10 ,. 33. 5 ;3 5.-7 178. 6 , 56 

. 5 0 33 . 6 35. 3 178. 4 . 10 33. 3 36. 5 179. 2 . 52 

.5 5 33. 4 35.9 178. 7 . 10 33 . 2' ' 36.7 170 .3 . 51 
1 - 5 .3-1 .. 1 35.7 179 . 2 . 09 34. 0 35. 9 179, 4 . 09 
1 0 ~~ 0 -36. 1 179.6 . 09 33. 9 36. 4 170 . 7 .09 I (.,;c...,.; ,"'"' 

1 5 33. 7 36. 5 17Q,() . OR 3·3 . 7 36.7 1 '79, (' .0 ~ 
3 - 5 34.1 35.7 179. 0 . 05 34. 0 35.7 179. 1 • 0 5 
3 0 ~~ \' '., .. (..,..: . .. 36. 2 17'-' , 5 . 05 33. 9 36. 1 178 . 3 .05 
3 5 33 . 8 36.5 179 . 7 . 05 33. 7 36. 5 179. 6 .05 

I 5 - 5 34. 1 35.R 17S. O . 04 YL 1 -35. 7 170. 2 . 04 
5 0 31-: .G 36. 0 1?CI, 3 . 04 33,Sl 3r1.0 17r;', ·± . 04 I 
5 5 33.~ 3n. 4 180 . 04 33. 7 3n. 4 170 , 6 . 04 I 10 - F> 3J . 1 ~5 . 5 1'70 .1 . 03 .":)4 , 1 35. n 1 7°. 1 , 03 

10 0 33. 9 ~5. 0 170 , ·3 . 0.'3 33. 9 36 . 0 179. <:t . 0 3 
10 5 33 . 8 3G . 4 179 . P> . 0 3 .'3.'3 . 8 3f' . 4 179 . 0 . 03 
50 - 5 33. (' 33 . ~ 177 . 8 . 01 33. 9 33 . 9. 1 77. ~2 .01 
50 0 33 .7 34. 5 17'7 , h . 0 1 03. 7 34. . 5 177.7 . 01 
50 5 33.5 35. 1 1 72 . 0 . 0 1 33. p 35 . 1 178 . 0 .01 

-'f = fi nr l 18 tj_ tude r- t 100 ,~J11 

't ,r.. 
J.. 

::;: 8 n: .. le bet-·'een fie1o. Dncl. ,.,avP norrna.l at lOO Km 

5f = en.-·le tet~ref:'n verticeJ. end vravenorma1 at lC)O Km. 
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TAble 7. 

C ompf1 rison of "no-ion" P n\1. 11 "~Ari th-ion 11 
r2~r De.t b s - --

_!hrour:h th~ ionospherE'! t r a cecl upHA rcl.s frorn 100 Kn1 a t --a. latitude of 300 . 
I 

0 
t i 

Freq. i i •9 Uf of t o f 'l! f or 
KHz I 0 f · r 

I ~: o i ons ~-.'1 t h ions i 

--·-
. 5 - 5 2 1 . 0 100 . 5 -126. 9 .16 2 1.2 102. 8 -124. 9 . 18 
. 5 0 25 , 0 1~8 . 9 - 47. 6 . 14 26 . 0 182. 5 - 42.5 . 18 
. 5 5 26.5 261. 2 36 . 1 . 13 26.5 260 .7 35. 6 . 30 

3 - 5 I 23. 0 ~5.1 -134.7 .06 23. 0 94 .4 - 135. 6 . 06 
3 0 125. 6 177. 3 - 40 . 0 . 06 25. 6 176.2 - 50 , 1 . 06 
3 5 . 26 . 8 2fi0. 3 35,7 . 05 26. 9 260 . 8 36. 2 . 05 
5 .,. .5 21. 9 0 6.1 - 135. 1 . 0 5 21. 9 95. 4 -135. 7 , 05 
5 0 25.7 181. 4 - 44. 7 .04 25. 6 180 .8 -45. 3 . • . (1 4 
5 5 26 .7 259. 2 34 . .:J: , 04 26.7 259,5 34. 8 . 04 

10 -5 21. 3 ~7 . 5 -134 . 04 21. 3 g4. 3 - 137 . 04 
10 l) 25. 5 180 . 8 - 45 , 6 . 03 25. 5 180 .5 - 45. 9 . 03 
10 5 2f> . 6 258. 0 33 . 0 . 03 211 . 6 258.2 33.1 . 03 
50 - 5 1 2P-. 4 191. 8 - 31. 0 , 0 1 2P. 4 l q l . 4 - 3 1. 3 , 0 1 
50 0 28 .7 216. 7 - 5. r. . 0 1 2P . 7 216. 5 - 5 . 9 . 0 1 I 

50 5 I 28 7 235. 4 1 3 . 1 . 0 1 2R.7 235. 4 1 ::3 . 1 , 01 ! . 
: 

8 f = final 1P ti t u<'l.e .?-t PDO Km 

'¥ e nr 1e bet1-re en field and. FB~' P. nor m<' 1 at 800 KP1 f -
0 angle bPt:-reen ve-rtice.l a.nrl normal at 800 Km. f = v.ra VP 
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Figure 47 
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Figure 49 

132 

Final latitude at 100Km ·for rays of SKh:z as a 
function of the angl• between wave normal and 

field at 1000Km. 

360 
Latitude. 
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Figure 50 Angle between wave normal and fi~tld line 

~~ht ( Km} 

900 

800 

700 

600 

500 

1.00 

300 

200 

100 

tor rays passing through the ionosphere 

from 100Km at 9=30°, initially vertical. 

-20° 

h.-= 100Km 
s .. 41° s 

-100 

1 33 

y -18()0 



··-·-·- --- . - -- -~-

Figure 51. 
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function of height for 5Khz rays starting upwards 
from 100 Km at various angles to the vertical. 
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Figure 52. 

135 

Final latitude at 750Km for rays of 5Khz 
cis a function of . the angle between wave normal 

· and vertical at 100Km. 
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hhen is ra:v-trEi t'inf: Ju:-ti fied? 

S. l.Introduc11Qn. 

In the previouc: cbay:ters we he.ve ) resented some results 

of computations performed by ste_f;-by- step integ re.tion 

of tne He.sele;rove equetions ~overni nr; the path of a ray ; 

e~ uations which were derived in Chapter 3 with the 

fundamental assumption the t the J1ledium i n which i·re apply 

tl1.em is 11 slo~rly ve rying 11 in space ; a criterion fer the 

tr:;rm 11 slowly ver~ri np.: 11 haviflg been prese nted in Chapter 

2. In common 'iil.ri th, it seePls , every othP r ray- treeing 

study , WA hPVP not c~eckcd ~~et~er t hiR criterion is 

met 1-:i t h in thP iom.sphere. I n t 111S chap ter vie present 

a fev.r reF:tultR of cornpntPtions performed tn test the 

criterion. 

9.2.The ~ . K.B . J. criterion for slowly verying rnediP. 

In section 2 . 5 of c ~a pter 2 we quoted t1·ro m.a the-

Me.tic['l concUtio ns f or the concept of sloivly- vf!rving 

as applied to oblique ~rcpegation i n a horizontally 

stratified media; these being 

1_ \ ~ ( 1 dq ) 2 - 1 2 l 
k 2 4 \, 2 -'1- -- d q I < < 1 

q c.. z 2q 3 d z 2 : 
£· . 1 

for thP case of horizontal polarization (wit~ re spect 

to the plane contPinin~ t~e megnPtic field) and 

dq \:>/ - _1 a2 - q + 
dz 2q3 ct~2 
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for thP Cfl SP. of verticc>l polariz.~ tion. 

These conditions appl~r strictly only to a ~1orizon-

tally stratified medium; tbe ionospherP. is more close ly 

spherically symmetric, but for the local phenomenon 

of an almost vertical ray , as we heve seen the start of 

en exoe:pheric whistler t o be , it may be regarded as 

horizontally stratified. Rememberinf also that 

q = Jl cos X really defines the z component of the 

refrective index, v.rhich in our cc>se is integrated 

step- by-step asP r, we see that the f irst of the a:onve 

conditions may be r ev1r1 tten 

<< 1 9.3 

Th5.s cond:ttion is seen t0 havf' three ~reaknesses; 

it can break do-t·m for ve :..,'" s111ell k, for very small 

p r' or for ver~r la.r p;e derivatives of p r· 

to anelvsp these conditions separately. 

It is ea.sy 

(a) A very sP1all k is, of course, a consequence of 

an extrern.ely lo1,• frequency ; so that 1,re must expect 

d r> np:ers here; how lo~r ore CHn fl-O must thUS be investi-

go ted. But if we look a little more closely at 

Equation 9, 3 we see that v-re have t he product k 2Pr 4 

in the denominator . To s ome extent for quasi-

lonf. i tuc1inal prop.?.ga tion thE decrease in k with 

frequf!ncy is offset by an increase in Pr, as c an be 

thP refractive index surfaces in Figure 25; 

/or .... 
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or from taking thP. quasi-lonp:i tudinal approxiTJ1e.tion to 

the 1\ppleton- HP r t r ee formula to the extrerne for very 

lov-r frequencies: 

2 n = 1- L 
1-Y 

f 2 
. n 
f q fC os \f' ··-

a A ,_, . -

so that the product k2q4 is approxi mate l y frequency 

i ndependent , end is not too 8mall, provided X (th e 

angl e of incidence on the ionosph e re) i s not too large. 

I n t h e caee s 1..,e shElll have to consider w·e are 111ainly 

lnterP.sted in initially normal incictenc e, althoue;h we 

sho,,lc1. u se the criteri on for oblique incidence to cater 

for tl'lP ctepartures fro"l norlT!Pl . SHA:·iAN( 24) does not 

seem t o rea lise this; ~e quotes (~ithout subsequent 

e.pplicetion) thP c r i teri8n for normal incidenc e only, 

(b) The criterion T11B.Y be viola ted by Pr approacl:ling 

or going through a zero. It is hard to predict when 

t h is mey occur wit~1out pt?rforrling actual compute.tions , 

but i t is po s sible to Pxe.mine the significa.nce of 

t i.Jis event. The level when q == 0 may b e one of 

strong r e f lection , or of coupling between modes , as is 

discussed by BUDDEN(2S) ( 26 ) , ~Tho poi nts out that it 

is on ly a level of r eflection if the Booker '~uartic 

has a double root at that level . If it hes only one 

root at the criticAl level the W. K. B.J . solutions may 

still bt? ~ood e.pproximations ; which is comfortint; for 

the users of ra.v tracing techniques. Ano1clous ray 

PUlt ~ might , however, p rofit fro m further 

/con8ideration . .•. 
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consideretion of the behaviour at these critical levels. 

(c) The meaning of tl:le ter~"1 "large derivatives of Pr" 

must be considered with due respect to the size of 

unite employed. Perhaps an example will clarify what 

is implied; if the refractive index were to change 

linearly from unity to 300 in the space of 30Km, this 
d,ll 299 

would give a value to dz of 30 ,000 "' ··01 which is not 

a le.rge number in the orc1inary sense , although "tve 

would say that the refractive index had changed 

rap idly. For a subjective glance at this question 

it would probably be better to examine the product 

'A ~5J' giving the change in r efr a.ctive index occurring 

in a. free space "~o~.ravelene;th. 

The effect of a large change in r efractive i ndex 
·1 will frequently bP masked out by thep r term in the 

denominator, for if the refractive index changes 

appreciably without passing through zero, the effective 

value of Pr4 will a.lso be large. 

We have not yet mentioned the effect of the term 

in t he second derivative, It is however reasonable 

to expect tha t this will be of second order in almost 

every instance. 

9 . 3.Results of computations. 

It ~~mul<l e.ppeflr from the results of the previous 

discussio n that we will not have much success i n trying 

/to .... 



to violatR the W.K.B.J. criteri0n in physical 

situations, RS t~e effects of various singularities 

frequently tend to cancel one another. However such 

a statement is open to attack, and it is of interest 

to checl( with numerical exa.mples. 

It is perhaps useful to decide how much less than 

unity we should demand t h e criterion to be before we 

accept the idea of ray-tracing , as 'tfve have seen the 

units to be deceptive. Suppose, for example, we 

have a wave frequency of 100 Hz in a region v.rhere 
dn 

n = 200 and dz is as i n the previous example. Then 

k 
-6 

2 x 10 El nd the criterion is of the order of 

1012. 3 
4 : 4 1 . lo-4 "' • o 1 

lf..l08 
Let us therefore 

( somev.!hat arbitrarily) taJ.~e 1.% as our significance 

level. 

The ray-tracing progra.m rrras tnofl.ified to prepare 

punched de ta of co-ordinates ( Pr, h) for severa.l rays 

t.raced tl:lrour.h the ionosphere. This de ta 't<Ta.s then 

used as input to a second prop.ram which fitted a 

second order Lagrangian polynomial 

Pr (h) = Eh2 + Fh + G 9.6 

to the co-ordinates; this polynomial 'ioTas then readily 

differentiated to give approximations 
dPr 

for dh- and 
n 

dGp r which were thought sufficiently accurate for the 
d.l1.2 

purpose. Some t ypical results are presented in 

It will be noted that no mention is made 

/of .•• 
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of thF> sPconc'l. deriv.otive in this tflble; it v.ras hm,rever 

less tl:u~n lo-6 in all cases conRidered. The results 

contained in th1s table l.·rere worked out for thP hori­

zontal pola r iz.a tlon case. 

It is 8t once apparent th~t the criterion is 

violated in the lowest re fions of the ionosphere, 

even for frequencies a.s high as 10 KHz. Yet above 

an e.l ti tude of about 250 Km it would appear that ray-

tracinf is safe even down to a frequenc y of 100 Hz. 

As i s to be expected , we can venture lower into the 

ionosphere (vi ewed from a.bove) as t .he frequency in­

creases ; at 10 KHz we appear safe above the height 

of 150 Km. Nor does it see~ingly make much difference 

whether prope.gati0n os longi tudinal or tendin~ to 

transve rRe, as comparison of Tables 8a and 8b shows -

if enythinp.: tran8verse propap.:e.tion os better sui ted. 

Thi s is naively unexpected; the reason a 0ain being 

the presence of the tern, Pr4 in the d.enomins.tor ; 

thl? increflse in n for tr8nsverse p ropagation being 

effectively realised as an increase in Pr, Rince the 

magnet ic field is at an angle to the r a0.ius of about 

40°. 

In Table 8f we have performed these computations 

over the who l e of 8 re.y p :., t h into the opposite 11emi-

s phere . It will be seen tha t the criterion seemingly 

bree.ks down near the top of thP. path where p r changes 

I sign·; . .. .•. 
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sign; a region where intuitively we expect to find 

ra y-tracing satisfactory . It is e lso fair to note 

that in this pa th our intervals between points are so 

large that the assumption of a hor izontally stratified 

rep ion is not well~founded. 

On the basis of these results it would appear that 

ray-tracing is dangerous in t he lower ionosphere, 

but acceptable abov e t he F re gion for f req uencies 

above about 300 Hz· This e lso i rnplies t h.g t t he inter-

pretations of loY.r altitude vrhistlers by ra.y- tracing 

studies such as KIHUM 1 S(l) may not be totally adequate 

at t bP lowest frequencies . 
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Table 8 . 

Ra.y pe. ths t hrough t 1:1e i onosphere at 30° 1e. t i t uc1e 

·. ith the ve.lues of t .h e ·,v, K.B.J . criterion at each poi nt. 

a . f = 100 H2_, h0 ::::: 100 Km , 

h 

100 .o 
1 31.5 
148. 9 
163 . 6 
176 ,9 
189.4 
201.5 
213. 3 
225. 1 
236. 9 
248, g 
261.0 
270.6 
286.6 
300,2 
314.4 
32£.3 
345.3 
-36 2 .4 
380·8 
400 , 8 
422.8 
'±47. 1 
474. 3 
50 5. 3 
54 0 . 9 
582.8 
633.0 

Pr 

86. 5 
2q9,7 
381. 5 
432. 0 
405., 1 
4Rf1,3 
498,7 
504 , 2 
503 . 0 
499.0 
490 . 0 
477.5 
462.1 
444.1 
423.8 
401.7 
378, 1 
353.2 
327. 5 
301.0 
274.2 
247.1 
220.1 
193.2 
166,5 
140.4 
114. 9 

90 . 4 

. 28 

. 25 

. 23 

. 20 

.18 

. 16 

. 13 

.11 
, 09 
. 0 7 
. 05 
. 04 
.03 
. 0 1 
.oo 

- . 01 
- . 01 
- . 02 
- . 02 
- . 02 
-.02 
-. 02 
-.02 
- . 01 
-. 01 
- . 0 1 
- . 01 
-·01 

Criterion 

244.39 
l. 370 

. 423 

. 204 
. 119 
.075 
. 049 
.034 
. 083 
. 0 1 5 
.009 
. 005 
. 002 
. 001 
.ooo 
. 000 
.001 
. 003 
. 005 
. 008 
. 011 
. 014 
.018 
· 024 
.031 
·, 043 
.062 
·099 

41,0 
40 . 7 
40 . 6 
40 . 5 
40.4 
40 . 3 
40.2 
40 . 1 
40.0 
0q.g 
3Q,7 
3°.6 
39 . 4 
39.2 
39.0 
38.8 
38. 5 
38 . 2 
37. 9 
37. 4 
36. 9 
3 n.3 
35.5 
34 . 5 
33. 2 
31.4 
28. 9 
25.4 
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TP.b1e 8 (Contd) 

b. f ~ 100 Hz ho = 100 Km oo "" 100 
-·--------

h Pr c"!Pr Cri ter·ion '¥ -180° 
dh 

4·-'1--~---... 
100,0 93.3 . 29 192.471 51.0 
131.4 329. ;_ •. 27 1.029 53.2 
148.8 422.5 . 24 . 314 54.1 
163. 5 482.2 . 22 . 150 54.9 
176.7 522.8 . 19 .086 65.7 
1[9. ~2 550.6 . 17 . 054 56 . 4 
201. 3 568.7 . 15 .036 57 . 1 
213.0 570.2 . 13 .024 57.8 
224 .8 583.5 . 10 . 016 58.5 
;:~36. 6 582.5 . 08 .010 5<?.3 
i248. 6 576.?. . 07 .007 60,1 
2::10.8 567.4 .05 . 004 60 .9 
27.'3. 4 554.5 .03 .002 61,7 
286 . .:J 538.7 .02 . 001 62.6 
300,0 520.2 .01 . 000 63.6 
31·<!: . 3 4?9.5 . 00 . 000 . 64.6 
::2°. 5 4 70.. 9 -.00 . 000, 65,7 
345.8 452.8 -. 01 ,001 66,9 
363. 3 427.4 -.02 . 002 68.2 
32.2.3 401.2 -. 02 .003 0.9 . 6 
403.4 374.3 -. 02 ·003 71.1 
427 ,0 347.1 - . 02 .004 72.8 
453. 9 31"'',7 -.02 . 005 74.8 
485 . 5 292.3 -. 01 . 005 76,(.) 
523 . 9 265.8 -. en .004 7?.2 
573. 6 23P. 5 

,...,, 
.003 81. p, - . .._, j_ 

3 45 . 3 212. p -. 01 .002 8~-! 5 
773.5 1~2.3 -.00 .000 F~6 . 9 
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Te ~: lA 8 (Gont) . __ .. ___ ,.. .. .. , ---- -
c. f ::. 300 Hz ho c:::: 100 .Xm 00 = 10° 

h Pr ~_t. Cr:l terion w -180 0 
dh 

----- -
10() . 0 53, 0 . 16 60 , 409 51 
140 , 8 222 . 2 .14 . 155 54 . 3 
lS·~ . 9 278 , 7 . 12 , 046 55 , 6 
1El. 8 310. s: . 10 . 021 56 .7 
1~0 . 4 320 . 2 . 08 . 0 11 57 . 7 
216 . 5 337. 8 . 06 . 006 58 , 8 
233 . 5 339 , 4 • 0 5 . 003 59 , 9 
830 , 7 3.'35,1 . 03 . 002 61 ,1 
268 , 6 326.2 . 02 , 001 6~ 7, 

~ . v 

82-7 . 3 3 13. 5 , 01 , 000 63 . 6 
307 . 3 207 .7 < OO , 000 65 ,1 
32° . ~ 27S,0 - . 01 ,000 66 , 7 
352 . 0 259 .1 - . 01 . 000 68 , 5 
=379 ~ 7 237~ 5 - , 01 . 001 70 , 5 
410 ~ 7 215 , 1 -: o1 . 001 72 , 7 
1';:4:7 . f"'l 1°'2 : 0 - , 01 , 001 7 5 , 4 
·1('t:'~ . 6 16° . 4 - .. 01 . 001 7 8 , 4 
550 ~ 0 147 ~ 0 -. 01 , 008 p 1: ·' 
f ,f)? . 3 1 26 , 0 -, 00 , 000 P5 , 4 
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Table p. (Cont). 

d.. f ::: 1KHz ho :::; 100 Km Do .... 100 

11 Pr dPr Criterion '¥-180 
dh 

... . ,_ ._ 

100 .0 29 , 5 . 09 19.000 510 
132.6 106. 5 .08 . 092 53.3 
150 . 6 136 •. 3 .07 . 028 54.3 
165.8 155.1 , 06 . 013 55,1 
J.7~. 5 167.8 . 06 . 008 55.9 
1C'2 . 6 175. 2 , 05 . 004 56,6 
205 . 8 181, 4 , 04 . 003 57.4 
217 , 6 184~1 . 04 ,002 58,1 
2~~9 . ? 184, 8 . 03 . 001 58 •. 9 
~·~: 2 . 5 183, 7 . 02 .001 59 . 7 
S55 . 2 181~2 . oz. . 001 60 , 6 
26P . 3 177 ~ 4 .01 . 000 61.4 
~Pl ~ 8 172~5 . 01 .000 Fi2.4 
20~· () 166,6 . 00 . 000 60.3 J \). 

310 . 8 15° .F~ . 00 .000 64 . 4 
3~).6 15'2 . 4. -.00 . 000 65. 5 
3.A.3 . 5 144,5 - . co .000 66.8 
361 . 8 13f\0 -. 0 1 . 000 68.1 
381 ,'? 127.0 - . 0 1 . 000 6C)~6 
.:J4 . 0 118.4 - .01 . 000 71.2 



e. f = 10KHz, 

Pr 

TPble P. (Cont ) 

<'lf....r. 
n.h 

6' 0 = -100 

Cri.tt>rion 

~··~~---------

100.0 
131.1 
148 .4 
162.P 
175.8 
188.0 
1r9.7 
211.2 
:222.5 
2::- 3.7 
2·"' 5 .0 
2 5fS. 4 
2 67,<:: 
:2'7C'. 8 
2.C'1. P. 
304.2 
~~s. 5. o 
·42~' . 4 
44 2 .4 
~:56. 3 
4 70 .o 

8 ,1 
2f3.0 
33. ~ 
38.0 
40.5 
41. s 
42.6 
42.6 
42.1 
41.2 
3£'.9 
38..4 
36.6 
34.6 
32.4 
30 .0 
14~5 
0.5 
3.q 
1.3 

-1.3 

. 0 3 

. 02 

. 02 

.02 

.02 

.02 

. 01 

. 01 

.01 

. 01 

.01 

.oo 

.co 

.oo 
• (_)Q 

.00 

-.OC 
-.00 
-.00 
-.01 

3. 05° 
. 020 
. 006 
. 00 3 
.00 2 
.001 
.OC1 
.001 
.GuO 
.000 
.000 
.ooo 
.ooo 
.000 
.000 
.000 
.ooo 
.000 
. 0(~9 

20. 0 .35 
75.9n5 

148 

iJ!-1800 

-CI.r 
-13.3 
-14:.8 
-16.1 
-17.4 
-18.7 
-1S'.9 
-21.3 
-22.7 
-24.2 
-25. 8 
-27.5 
-29.4 
-31,4 
-33.7 
-36 . 1 
-57.0 
-74.1 
-80.3 
-8~.8 
... 0~ ~ .. ~ 
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Tetle 8 (Contd) 

f . f = 100 Hz ho ,.. 100 KJTt Oo ::: 0 

h Pr dPr Criterion '1'-180° 
dh 

lCO . 0 86 , 5 . 28 244 . 3~ 41,0 
131. 5 ;.~gq . 7 . 25 1. 37 40 . 7 
JA8 . 9 381. 4 . 23 . 42 ~0 . 6 
1 ' 3 . 6 43'2 . 0 • 20 . 20 40 , 5 
176 . q 4n5. o . 18 .12 ·~tO . 4 
}CO l.t 

\ .. . .... 486 , 3 . 02 . 00 40 , 3 
"301. 5 408 , 7 -. 01 . oo ·~I,C . 2 
250 , 1 34 ~7 < oo .02 4 . 4 

1275. 4 11.1 -~ 00 1.11 -17 . 7 
1567, 8 3 .4 -, 00 15<? . 74 - 25 . 3 
1740 . 0 1 ,7 , 00 103 - 23 . 1 
1P.0 4 . 4 ?" ~~ 

·~ . .• .. . oo 10 5 -14 ~ 8 
20 (~. ::-.• 2 1 . 47 . 06 1or -10 .1 
20q0~p -10 . 2 . ~5 106 - 30. 1 
2112 . 3 -1° . 0 -. 01 5t:) , 88 -~.0 . f) 
2071~ 2 - 25 . 0 -. 00 . 10 -4:'> . 6 
19nS, O -27 . 1 . oo , 02 - 47 . 3 
15()'"~ . 3 - 31 . 7 , 00 . 38 -47 . 2 
1102 ~ 2 - 45 . 4 • 01 2 , 44: -48 , L1. 

fl71, R - 1qo . 0 -. 00 . 31 -5l . r. 
·: ~08 , 7 -5°:.3 .7 - .H' . 04 -54 . 7 
l?P , 3 - 584 . 9 - . . 81 . 0 c; -52 . c;:' 
187 . n -56P . 4. - . 23 , 09 - 52 . 9 
17.3 . 6 -545 . ~ - . 2n .13 -52 . 8 
165 . 0 - 511. 6 -. 2~ . 20 - 52 . 7 
152 . 4 - 402 . 4 -. 3 1 . 36 -52 . 7 
138, 1 - 3P.9 , 4 -. 1~ . 20 - 52.6 
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Two maJor quPstions sPem t e> PrisP from t1'1e results 

of the Fork describect i n th:i s thesis; both of v1'1ich 

strPin the usefulness of rPy-tr8cinv techniques 

somewhat. 

In the firRt ple ce, we he ve seen in Chapter 7 t hat 

numericel integr8tion with fi nite step lengths may 

re eul t 1 n res one nc e r:mL reflecti on effects remaining 

un9bserved throur~ bei nr s tepped over. Future rey-

tracinp: studies shoulcl be "tune<'l. up 11 to a greater 

efficiency if possible to cope with this proble~; an 

effort sh0ul~ bP made to decide conclueivAly ~~et~er 

and ho't'lr rPflec t ion of the- t~rpe predicted 1 n this '·ro rk 

does occur. 

Secondly , wP J11URt rP.peet ?-1\.EDJ\ e.n0 KI'·fURA 1 s(l7) 

request for e ~o~e detAiled in~PRtiratton of tha 

pro::_:;P.ga.tion throu:-h tl:J. :' ionosphen~ -;;ropPr; ;.rhich, ar 

the resulte of Chrpter 0 show,. will hflve to be done on 

the bAsis of 11 full wr.1ve 11 theor y. nomppr~son of t~ese 

results with those obteined f r om rP~~treci n~ could ~e 

p rofi tf' b le. In adcl.i tion, the computetionc; could 

be extended to include + ].1E; effects of calli sions , 

which .iGMURJ\ (l) cl['ims ~rill be i ··,portent et these 

lm-.r frequencies. 



~·'f P hBVA 8PP!l th.: t r a v tl-}eor v predicts t hB.t the 

anisotropy int:roduc erl. hy t 11P preeence of the earth 1 s 
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fie ld 18 insufficient t n expla in the accurate puiding 

along t he field linPs whic~ experiment supports, excPpt 

a t frequenci~s 80 low thnt ion effects cause refl ection 

before t he i oPosphe re is reached. It would_ not be 

difficult to i ntroduce a field-aligned enhancement 

to the exospheric pla sm~ model , and then to va ry t his 

until re sults n10re consistent :..ri t l.1 experiment a r e 

observed. ThA 5tent of the enh~ncement might then 

be profita bly compC~red with result s obte i ned from 

full wave tl-teories suc 11 as those of ·,u\LKER(2?) . 
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APPENDICES . 
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Appendix ;.,. . 

Derivation of the canonical equations 3.16, 3.17,3.18. 

From curl p = 0 we get 

aPe = Cos e ~q; - sin 8 Pq; 
acr> ae 

A 

apr = r cos a~+ cos e P 
a<r> or 

¢ B 

ap r apa + r = Pe. ae or 
c 

Now from equations 3. 9 ·:te have 

dG = oG + oG ·~r + oG .ap8 + oG ·~= 0 
dr a r a P r u r ap 8 a r op q, or 

= -1.9M. + d·r.apr + rr. dedi ~~r - Pe] + r cos e .d\I>r apr 
f-1- a r d.s Or OGl r cos e ~ow 

Pq, Cos9 J 
? rom equations 3. 10, B and c; 

+ ~P r.ae + 2r·aq,J -p8 .9:@. - Pq; cos e dci> 
ae a s aq, a s ds as 

Theny since 

dG = J:.af-1- + Pe de - Pq, cos e di.f? 
dr f-1- ar ds ds 

(3.16) 

dG = aG + aG .ap + aG ·~ + aG • a pi!? = 0 
d.6 ae - -r 

apr ae ape ae apq; ae 

= -1.~ + dr[Pe + r ~J + rde.~ + rcose. d~ ap 
f-1- ae ds ar ds ae cose d ~ + 

"' Pq, sin 6 \ 
j 

From equations 3 . 119 ..\ and c . 



r o sin 
I '.? 

j d ,., 

ds 

.92~ = 1( 1 • .f::g - f) 
' .._) 

d s rLJJ.. aJ 

dG ::: a a + ~G .l!J2 
0 ·) ?p () ·Jr d ... ' ~ r 

~ - rp , 
ds 

+ () G o OIJ ' 
__..;._J 

0,0() 0 ~ 

00. , . ;: ,! + 0 
~v .-r- ' , ,...) 

r) ~- as ~· 

sin ·j d ' ,-, 
dsj 

+ jjl • .Qr2. - = 0 
(.•l oo a,.,-

l ··.' .. 

dr + 
ds 
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(3.17) 

= -1. au + dr )p .. cos j 
~ dsl · > 

+ r cos -:J .Q.Q _ 
ar --

+ r dJ(Cos J ~0 dsi u8 fJ- ck' \... 

- o Sin 
I \ 

J l + r cos .J gj._Q,Q.-1 

~J ds 0-.:' 

F rom equations 3.12, A, and B. 

- r p _1S in .J d 0 
ds 

t1 o. = 1_.J' J:..ig - p,-, cos 
de · rcos :{_ f-1. en 

~ dr + r p . sin J d 0/ 
ds ,__l dsj 

cos :J dr 
ds 

(3.18) 



Appendix B. 

Derivative s of ~,B ,C with respect to ~ , Xj;Yj, and f 

J?or 

·' . ~- p ,.., 2 .. 
r:. = S Sln .. + v O s •. 

B = -[ RL Sin2 ~ + FS(l+Cos24-)) = - [(s2-D2 )sin2 ·.,· 

+ P8 (l+Co s2~ )] 

C = (s2- D2 )P = PRL 

no collisions u = 1 

R = 1 _s Xj 
j 1+ c·Y. 

J J 

L = 1 - ~ xj 
j 1- cjyj 

p = 1 - ~xj 
j 

s = 1 - 2. xj 
2 1- Y. j J 

D = Z ·X·Y· 61 J J 
j 1-Yj 

2 

ax. =a Cn1 -2 X. dfJ at: i~ = 
f J 

aY. 
= ~ f ( f~j) = -1 Y. ....--.1 

of f J 

oA = 2Sin 't Cos t+- (8-P) 
{:)1~' 

aB = 2Sin '• Cos •'• ( PS- RL) -
a.-

q_g = 0 
a··· .. 
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oc 
ex . 

J 

u B 
a Y. 

J 

= 

= 

2c .Y .D

1 + J J 
2 y. -1 -' 

J 

2DX. (Y .
2 +1) r J J 

l (Y .2-i:-1)2 
J 

+Sin~ 

4 SX .Y .. 
1 

p 
+ J J J I 

(Y .2-1)2 j 
J 

::"\ a 2, a 2··· v A = P cos .· + s sin \ 
df df Of 

( 
'5 c.X .Y. 

J J J 

(Y.2-l)2 
J 
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a B = - ( 1+Cos
2

\.:. >( :? as + 
a? Of 

s a~) + Sin2~ 
() f'; 

( 2s as - 2n a rJ 
L of' of 

ac = (2s as - 2n an\ P + 
of' of' of') 

where 

( s2-n2 ) a P 
of' 
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Appendix C. 

Hodifications to the ~ utocode facilities offered by 

l.ffi.C ( I-1anchester Au to code). 
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MAC is a sirnple scientif i c autocode devised in its 

origina.l form by Dr . R. A. Brooker and his colleagues 

at the Computing Machine Laboratory , l1anchester 

University, and is used on the I.C . L. 1300 series of 

digite.l computers . In common with all autocodes , 

its flexibility makes for loss in efficiency, a 

factor aggra.ve.ted on the computer at Rhodes University 

by the limited I , A,S, storage which causes much program 

segmentation and use of the backing store; a magn~ tic 

drum store ~rith access tlme three orders of magnitude 

greater than for the core store. Further, standard 

library subroutines such as ~· ex];'onential" have to be 

called off the backing store every time they are to 

be used. 

The machine coding for the I.C.L. 1301 is very 

simple, being single address coding, and it was early 

decided to modify the autocode compiler to accept 

segments of machine coded object program within the 

source program, a system which can combine the useful­

ness of autocoding with the efficiency of machine 

coding, without too many of the difficult addressing 

problems usually encountered in the latter. 

/Of . •.• 



Of course, such a system has to be completely 

compatible •·rith the existinr autocode facilities, 

which means that the compiler has to be fairly well 
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understood. The original flow-charts a.nd coding were 

unavailable, but some preliminary \·TOrk had been done 

on decoding by Mr. M.A. Lawrie, and with his experience 

the basic compiler operations were quickly grasped, 

so tha t new statements were easily devised. 

Besides the feature of incorporating object 

language directly, several other autocode facilities 

~rere incorporated, including a crude form of 11 time-

sharing ". T1v0 compilers were genera ted, and a program 

compiled and executing on the one could be manually 

interrupted so that testing or running of a short 

program could be performed on t he other; subsequently 

control could be manually returned to the original 

task. This faci l:t t y has been of imMense use in the 

present and s j.milar projects, where the running time 

may be of the order of several hours. 

The rest of this appendix contains a specification 

of the new fc?.cilities introduced by the author, "itith 

a brief list of the more efficient subroutines which 

lwve been written, and will be understood only by t hose 

farni lia.r both with fiJAC and with 1301 machine language. 

/1. I nstructions ... 
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1. Instructions f or intror!_uction of !118Chine coded s_eo-!~~~· 

Thera arp two instructionR for this purpose. 

(a) Th e ~irective 

nrsr.:TtT •11/n, 

Fh erp '11 c>nc1 n ore iDt er;erF~, indicEltPR tn '(:··; e ­
comp iler that m h8lfwordJ of instructions are to 
-follow, <.=lnrJ. tl1en n Hor0.G of assoc18ter1 constants. 
~i t l_lPr m or n nwy be z <.> ro; 111 nay not be p;re[l ter t han 
400 and n mey not b~=> greater then 1~ 5. The r1 he lf-
words of 1nstructions are enterea into th~=> next 
available ~ords of cha nter s p ace , beginning at the 
next complete v1ords , a D•,_ t h e n v.rords o f constants 
are stored in the v.snal rli\.C way , starti11r: at the end 
of available chapter s pace and working b[lckwards. 
The directive I NSJi:RT m/n , s houlc1 be prefixed by a 
label if jumps arA intended to the routinP from 
without, 

(b) The di r eetive 

CLEAR n 

Where n i s e non zero positive integer has the 
effect of ze roizinp the next n words in the chap ter , 
startin~ with the next available full word. Th is 
space may then be fil l ed -ni t J1 standard machine code 
routines without transforminp them to the format 
needed by the I NSERT directive . The locEl tion of 
t he space thus clearerl. ma "' be found b7 means . of' t l.1e 
new PSA directive, 

2. Format for instructions. 
The m half,,rords of instructions Are punched a.s 

6 dip;i t numbers separated by commas. ZPros othAr 
than tha firF~t nPed n0t be punched, e n~ binary ~i p;its 
1 0 to '5 are allor,rec1.. ThP instrnctions must be in 
a"hs0lute form, thP P.anH' f ··· pcti.on codin_a es f or norn1al 
me.c 11 :tne code 1;p~n ,. '.tRer1., ·-o··: · ;::1 mount of reJ.0 t.i.v i. 7..inr; 
is allowed: tb~s is explained below. 

3. For111at for constetnts . 
~ l.1e n ,,rords of ('.0 rH·,t,· ' , u··· f'X'e 1J1~nc:1ed eB ]:~ · ' :j_ lt 

numbers t thP san1e rule s 8 8 f o r ins true t i ODS applyi np:, 
Conr;ta.ntfl tn be U8P \'l ;_~~ fJ.oAti n•'-::olnt Pri t h•11etlc 
r•11JRt "t;p e'!.tflrfHl t ' 1 f"\oetj_n· - ~_;;oint form. 

/4. . ... 



4. Punching instructions. 
The number of instructions or constants on each 

card may varv , provided 
(a) INSERT m/n, need not be on a separate ca rcl, 

a lthough it is sugr:estec1 th..,t t h is be done for 
ea s e of modification 

(b) The lest column on each card nust be blank -
no carry over bet~ee n cards is alloved. 

(c) The n constents must sta.rt on a ne,•r cerd. 
(d) Punchinp.: commences on all cards from column 9 . 

(e) Zeros other thE! n the first need not be punched_, 

5 , De signations end I ndicators. - . . 

Designations a ro entered in the t hird digit. 
Desig nations 4,8, ~ have t he ir usual significance; 
and there are t wo special designations . 
(a) Designation 7 : Test indicator , if successful, 

jump to the l abel indicated in the followinp,; 3 
digits e . g . 007001 =JUMP 1 , 

2170 62, = JUMP 62 , 21 SET 
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(b) Designation 6: Indica tes that the next 3 digits 
are a label and no t an lAS address. The desig-
nation is removed at t~e end of compilatio n and 
the label repla ced itvith the ll\S address 

e.g. 416127, == Store link on label 127 

. .1 t h INSERT codinp, access is allowed to all 
i ndicators available. However care must be exercised 
as indicators 10-19 and 25- 29 are used in standard 
:1AC routines. 

I nc1ica tors 10
1 
11 may be used p rovided no floati ng 

point arithmetic or readinp; is 
attempted between setting/testing 

I n::..icators 16,17 may be used p rovided noq;functions 
are u sed bet1-veen setting/testing 

Indicators 14,18,19 should not be u sed without 
"pres E- rving 11 first. 

6. Relativizers. 

(a) It is possible t o r efer t o other block s or to 
standard ~.ffi.C stater>1e nts by r1ea.ns of labels ano_ 
the 6 and 7 designations. 

/(b) ...... 
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6 . (b) ';iithin en INSF::RT routine the p l ace of relativizer 
B is ta~.<.:en b :r relativizer "I 11 , after tl:J.e relevant 
instruction 

e. g. 0040dl, I, J ump to ¥rord 1 of thi s block 
The first wor d of each routine is rege rded. as 
"vvord 0 11 of its block. 

(c) t·!i thin an INSERT routine, cons tants used mus t be 
referred to with the r e l a.tivi zer ''J~. Cons t ants 
used a re stored in a bloc.z:: a nd referred to by 
their address in t hat block punch ed a.s t he last 
three digits of the instruction. 

e.g. 370002,J, bring word 2 of t he block of 
cons tants for t h is rou tine 
to B reg ister. 

Blocks of co ns tants also start 1'ti t h Word 0 . The 
constants a re in fact stored bac]cwards, but may be 
t hought of as stored forwards in nearly all c ase s 
e xcept when using the 45 instruction or v-Then t he 
address is to b e mod i fied by prog ram, e . g. to bring 
Y·ro rd M of the cons t ant b lock to B r egi s t e r \.re have t o 
cod.e 

0/I 

1/I 

(37 

~
5 

64 
7 

33 , 
l,I 
l,I 
o,J 

(d) Main variables may be referr ed to by punch ing 

(e ) 

(f) 

the appropri a te variable name as t hough it ~ere • 
relativizer 

e. g . 37 9 , 1r, Transfer 7r9 to B ref) ister 
Variables of the form A( I+ 5 ) may bP deal t with as 
follow·s 

0 /I ( 37 
l64 

29 , 
1 ,I, 

l/I (65 l,I 
L 37 5 ,I 

Fixed poi nt constants may b~ negated on com-
pilation by use of relativizer "M," This cannot 
be used wit h floating- point c o nstants or with 
instruc tions. 

Negative relativizing may be used with 
relationizers, by punching the 3 digit 
comp limentary form by subtracting from 

the above 
address in 
1000 

/e. g ..... 
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e.g. 41 gq9,I, 
37 r97,J, 

';tore 11. reg on word - 1 of bloclc 
Transfe r thP constant read in 
three constants before the first 
of this block to B register. 

(Note that every c onstan t detected by ~AC othe r t han 
0 or fixed point I is stored separately) 

I n a similar rr.ray it is possible to locate th ·., main 
vari a ble A(I-5) as follows 

37 29, 
n4 1, I, 
65 l,I, 
37 00!), A, 

It shoulrl be noterl t b:>t tl1e negative relativ:'.zinr, 
used i n I NSP.RT ~odin.o: 18 0ifferent from th[-l t used in 
standard mAchine code . 

7. ~rror Conditions 
···-T1:1E're Are four stops posslble asp re snlt of mista1<::es 

11 11 67 ~elativizers A to H or U to Z encountered 
'1-'ith no !1. ~ n cUrective 

11 11 70 label not set (at CLOSE) This could be 
due t o rela tivizing an instruction ~rith 
a 6 or 7 designation. 
ThP unset label appears in B reg 

ll 11 75 LPbel > 127 
11 11 74 Invalid I NSERT coclinr: , as a result of one 

of the following (a) Incorrect format 
(b) Incorrect length (c) m and n 
incorrect (d) Column 80 punched 
(e) Invalid relativizer (f) not starting 
the constants on a ne~r card. 

8. Usinr; I NSERT coding 
Programmers using INSERT coding i~rill have t o have 

an idea of hor,r HAC uses l i\S space; ancl must also bear 
in r:1ind that floatinp;- point a rithmetic must employ 
thE" VAG floe.tinr.-point r outines. A pamphlet is 
available exple.ininr: t hese points, a~d r: ivinr: some 
examples of codin~. 

fl number of stanclarc3. I:,TSERT routines hev8 been 
~ritten, includi ng eouivPlents of most o~ t he 0 
functlons , auadratic Pn<1 c'l ifferential eq uation 
eolution etc. A li st o~ those written by th~ 
author appears below; specif\cations a r P available 

lfrom . . ..• 



from the Computer Centre . 

l. Print B register enrt space I 
2 . Floati_ng point squB.re root 
3 . Floating point exponential 
4. Floating point sine /co s ine 
5, Floating point logarithm 
6 . Ploatinp; point a.rctangent 
7, Preserve and restore indicators 10-19 
8 . ~uadratic e~uations 
S , Quadr at ic equations v.ri th iterative correction 
10 . Complex multiplication and division 
11. Complex Square root 
12. RBndom Index 
13 . Round up floating point VBriable 
14. Round down floatine point va riable 
15. Print 3 bank and Space 
16. Booker Quartic Routine. 
17. Graph plotting subroutine 

9. Instruction for automatic print out of l.A.S, 

The sta.tement DUMP n where n = 1,2,3 or 4 causes 
n blocks of 200 r.rorc1s of L A. S, to be printed out 
durinr, executlon; whereafter the original program 
is resumed. 

10. Instruction fo r manual timesharing 

The sta tement TIT~ enBbles e lonr. pr ogr am to be 
tempor e rily interrupte<1, 1vhen t he computer may be 
s1:ri tched off Pnrl left, or othP r progrBms run v-rhich 
do not use the samA c1rU'11 stort.=~ge 88 thP program at 
TEll. Late r control may be returned to thA first 
progra m, when it will take up where it left off. 

The statement i s used i n conjunction with M.I. 27. 
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If the statement is encountered durinfr executi on wi t.h 
Y.I.27 i nset , no action is t1:1ken. If M.I.27 is set, 
approprj_ate preservation routines are entered, t.=~nd 

t he computer stops ·,ri t h 111150 in CR3. Re- entry 
to the program is accomplished through Initial Orders 
with MI 25 and 22 (and 21 if using compiler 2). 

11. Subroutine facilities . 

A number of stPtements have been developed to 
provide an analogy to t he SUBROUTINE fBcility of 
FORTRAN end. to make for easier programming of sub­
routines which f! r e t o be used several times in one 
chapter. 

Such subroutine s are introduced by the statement 
SUB ( n) 

/which ..... 
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~vhich ma~r be follo\<reCI. b•r Pn:V ne'1!e for thP prograT.mer' s 
ref ere nc e. n is e.n integer 1 n the rB nge 0-127 'tvhi ch 
is to be interpreted as a lP.bel. 

A subrouti ne is cnmu leted by the statement 

Rr.TURN 
A subroutine is entered by the statewPnt CALLn, 

vrhere n is the nuJTiber of the subroutine. .!hen t t.1is 
statement is encountered fut rin~ execution, control 
is transferred to the subroutine be pinning SUB ( n) . 
·;Jhen RETURN is encountered , contr ol is transferred 
back to the statement immediately following CALLn. 
Standard INSERT routi nes ere all entered i n this 
\vay too. 

J'.l[ore than one entry point ma.y be gained to a 
subroutine having o nly one RETURN statement as in 
the e xample below 

SUB ( 1) 
RE!l.D (!-~.) 
SUB ( 2) 
R.El\D (B) 
RETURN 

Entry at SUB(l) reeds A and B 

Entr y a t SUB(2) reads B only 

Note thRt subroutines like this must ell be 
c ontained vlthin one chapter. ~vhile it is possible 
to leave the routine ten1porarily withi n the same 
chapter, the use of DOV'iN and ACROSS is forbidden. 
0 ne subroutine may cell an independent one, but may 
not CBll subsequent entr~r point t=l to itself. It r1ay 
.ju111p to any otlJ.er st3tements , .• i thi.n it1=1elf otl:ler than 
SUB ( n) . 
e . g . 

SUB (1) 
READ (A) 
CALL 3 
SUB ( 2) 
RE!I.D (B) 
SUB ( 3) 
REL\.D (C) 
RETURN 

is invalid 

SUB ( 1) 
REL\.D (A) 
JUMP 4 
SUB (2) 
REL\D (B) 
SUB ( 3) 
4) REl'~D ( C ) 
RE'"~'URN 

T\vO error stops may bP e ncountered 

11 11 97 RE~URN before SUB(n) 

is valid 

11 11 98 NO RETUillt for previous SUB( n) (At CLOSE) 

12. Equiva l ence facilities 

The directives A ~ B and/or A ~ Bn, where A and B 
are any main variable s and n is a posi tive integer, 
allot spaces for then ; in common vrit.h the B; so 

/that .... 



the t AO and BO have thP 
Bn if n if' specified. 
foll01"' suit. 
Thus 

A -+ 10 places 
B -+A 
C -+A2 

same lAS eo.cl.ress, or AO and 
Subsequent main variables 

AO,BO 
fi.l, Bl 
A2,B2, CO 

in lAS 
11 11 

II II 

41 
42 
43 etc. 

This facility is of use in changing thP names of 
main variables used in strmdCJrd subroutines v.rlthout 
repunching the cards. 
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t.ppenoix D. 

F low chArt of Re y- TrP ct np.: l'rogr am. 

i Read in ini t i al nPtP set 10 , 3o , Neo , T , ~.r , f,v S , 
1~1 Set mcximum no o: poin ts t o be p1otte~.(I) 

I 
!Set up initi e 1 cont r0l routines 
l c elcnlPtP direction cos i nes 

E:nt Pr 11 '~agn.Pto-ionic perar1eters 11 routine 
~nte r 11 Celculet.i..on of f-L n routine 
Calculate pro r nd pG0 (r.::quBtions 4.10 P.nd 4.11) 

I ' .!rite first set of 0.a t e no i nts to drum 
Se t up subRequent control routine . 

~---------------------~------------------------------~ 

ce-: ----------------------~~~------------------------~ 
~nter 11l·~C1 r:neto-i oni c p~ remet PY' 8 11 routine 
"':nter ''CRlculP.tion of J-L r out l ne" 
::nter "CalculP..t e n l l clerivPtlves 11 routine 
Advance int~grPtion one step 
F:nter "1 ~~rneto-ionic parameters" routine 
:::nt e r 11 Cr> lculB tl on of 11 rou tine 
Correc t p r c:w<l. P.J (;:~quation 4 . 13) 
Cr,lc ula te w . Cbnng e OS if ( '!! ) rv qoo 

~ -------------------------

--· (;) 
En s a r gume nt of e chA. nged by 

has reflection just occurred , 
~_:!nt all'' indicator ( 20) set? 

(c'i 
. ..._ ~ 
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Flow chart of Ray-Tracin" Program (contd) 

set of' s,r,8,pr,p8, IP,JL, ; 

No 

,/ ·----·- -. 
_J Have a 11 sets been printed, or 
l \minimum altitude been reached? 

....,, ···----·- - . 

(V {-\Yes 
\~) 

Are we to print or punch 
\.~_utput? (Indicator 23) 

_J;- Print 

(G) 
'--"' 

· Enter "Print" routine 
Print titlP and initial values 
Print onA set from drum. 
Enter 11 Magnf'to-ion:tc PPrF~meters n 

routine 
Calculate an-:':1 print FLI-IR end 
Repeat for all sets. ( ,j) 

:Print Graph, h versus e 

(;:;.e we pr~nting from ) No 
~unched data? (Ind. 22) ./ ~ 

J., Yes (9 
iRead to drum next set of datal 
I.:Qoints. · 

I 
l 

I 

I 
(I) i 

:...1 

Punch 

~ 
~l 

, / 
!Punch all se ts! 

0) 
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Flow chBrt of Ra:v Tracing Prop:ram (contd) 

"M:ap:neto-ionic par!'lrnetPrs" routine 

~Calculate 
oYJ aY J aXJ 

Y , Y r , :@ , a-;::-, ·-as, X J , N J , ar , 
(ChBpter 5) 

C a 1 c u la t e s i n l¥ and co s 'l! (Equations 4. 2, 4. 3) 1 

1tCalculation off-L 11 routine 

!Ca lculate R 1 P S D and A B C (_C_h_a_p_t~ 

)Solve A114 ffi/12 -+C = 0 I 
!Select correct root and check non-negati ve112 ! 
~------------------------------------------------

11 Calculat P all derivatives" routine 

I Ca.lcula te 

I 
' 
!Calculate 

I 

derivatives of ABC w.r.to~,Xj,Yj,f 
(Appendix B) 

derivatives of P S D w.r. to f 
(.!l..ppe ndix B) ., J 

I 
i 
I 

( ChHpter 4. 2) 1 
I 

(Chapter 3. 6, i 
0. 7) ~ 
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Appendix D. 

The final c1r8ft of the pro gr13111 used t o perfor m 

the ray trecinr. descri'!''~d i n t11is thPsis follo"tored 

t he flow-chart depicted above. ll. s well FIB being 

unorthodox in its co cl.i np , the program W/3 s l oaded 

and operated in e. singular manner. A copy of t he 

program with instructions and specifications has 
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been filed in the computer centre at Rhodes University. 



1'12 

List of symbols used. in th<, text . 

a 

h 
j 

k 
n 
q 
r 
s 
t 
u,v;w 
x, y ,z, 
A, !3 ,C,P,:2.L,S,D 

s 
T 
u 

X 

y 

z 

~efer~nce r adi u s ( =6370 ~~) f or 
Ionosphere Eodel 

Speed o~ light in vacuo 
·:tv e f rcr3.uency 

Plasma :frec,u ency 
C+yro - frequc.ncy 

Height above surface o:f" earth 
llt/ - 1 

WI/ ave numb er c 
Complex Ref'racti v e L1dex 
= J..!: cos ;: 
Radius i n spherical polars 
I ntegration parameter 
':: ime 
Generalize~ co-ordinates 
Car t esiau co-ordinates 
Coefficients in ~strom Hines formulation 
of refra¢tive index. 

= f-L Sin X 
Time of trAvel of a ray 
= 1-jZ 

= v;f 

with subscripts r efer to 
the term for that spec i e s of 
ion. 

Coefficients of Dooker .. u o.r tic :.~ quation 

Lctitude of foot of a f i e l d l ine 
Real part of refractive index 
Coll isio11 f r equency 
Lelractivc index vector 
Polar co- ordinate, measured · ·est oi' 

Green·;,rich 
Fol ar co-ordinate ~ l a titude; 

mea sured from_equa1or 
,·_ngle bE·tween 3_ and p , measured from 

B axis 



w 
D 

X 

-~,ngle bet·ueen r and p, measured from 
r axis 

= 2IIf 
~ckersley Dispersion = +ff 
.:\.ngle of incidence on plane stratified 

medium 

Iu adQition, t he followin~ symbols ar s understood to 
:nave t heir usual meanL1gs: 

:, B, 5, H, P, J, ~ ' € 
0 0 


