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Note re title. 

The analysis has been applied to a neutral point in a 

magnetic ~ield, and in particular to a ~ield whose lines 
are orthogonal to, and do not vary in the direction o~ 
one o~ three Cartesian axes. Thus e~~ectively the 
neutral point becomes a neutral line. This was done 
at the request o~ my ~irst supervisor, who suggested 
that a suitable model would be the ~ield obtaining between 
t wo equal and parallel line currents . Although most 
authorities consider that the magnetotail takes the ~orm 
o~ a neutral sheet, some authorities lean to the theory 

o~ a neutral line, e.g. Schindler [15J. My ~irst 
supervisor suggested that I apply the results o~ my 

analysis to the magnetotail, using the parallel line 
current model to represent the neutral line o~ the latter 
theory, this being at roughly the same distance ~rom the 

earth as the near end o~ the neutral sheet o~ the ~ormer 
theory. It was necessary to extract, ~rom the literature, 
likely values o~ variables in this region (Chapters I and 

II), and to demonstrate how the parallel line current 
model might be considered applicable (Chapters III and IV). 

All this work was approved by my ~irst supervisor be~ore I 
started on the instability analysis (Chapters V, VI). 
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INTRODUCTION 

'file rragnetic induction field due to the Earth only would, if undistumed 

by 3r"1 outside agency, resenble macroscopically the field due to a rragnetic dipole. 

Hcwever the field is distumed by the inteJ:planetary magnetic field, of which the 

rrost illportant oorr~X:lnent is that of the Sun. 

If the Sun's magnetic field were effectively steady, it would also be a 

dipole field, and approxilrately constant in the region within about h-I'enty earth­

radii from the earth. Also, if we treat the Sun as a dipole, its dipole axis is 

'roughly no:t:mal to the ecliptic plane. The Earth, treated as a dipole, has an axis 

which is inclined to the no:t:mal to the ecliptic plane at an angle which varies daily 

from a feN degrees to nearly a third of a right angle. H=ever, in this paper, it 

is proposed to treat both dipole axes as contra-parallel and effectively normal to 

the ecliptic plane, so that a general idea of the coroined field can be obtained. 

Then the effect of a steady field due to the Sun, on the Earth's field would be the 

formation of a "neutral ring" surrounding the Earth; that is, a closed "neutral 

line", this being a line of points at each of which the net nagnetic induction is 

zero. As the point of observation passes through this line, the field changes 

direction. 

H=ever the Sun's magnetic field is not steady, in fact it is caused to be 

time-dependent by the fl= of plasrra fran the Sun, =mnnly kn= as the "solar 

wind". This, in a way explained by Alfven. [ 1], Co>lling [ 2], Walen [ 3] , 

Spitzer [ 4], Dessler [ 6 ] and others, causes the field lines of the interplanetary 

field to rove oUh-l'ards fran the Sun. An illportant effect of this rroving field is 

the formation of the phenanenon kncMn as the "magnetopause", where the solar wind 

irrpinges on the Earth's field and gives rise to a surface current . 

The explanation of this feature has been given by nany writers, in particular 

by Piddington [ 5 ] . Inside it, the relevant part of the CXXlIbined field near the 

earth is distorted in such a way that field lines do not cross the nagnetopause . 

H=ever, at large distances from the Earth on the far side from the Sun, the effect-
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iveness of the rnagnetopause as a magnetic shield wears off with distanoe, and a 

proportion of the inter-planetary field . passes through the magnetopause. 

The behaviour of the neutral ring in the direction opposite to that of the 

sun has been the subject of considerable research. The region is referred to as 

the ''rnagnetotail''. Sane writers have assumed that the neutral line, under the 

conditions described above, has becane a surface, kncmn as the "neutral sheet". 

Arrong others, the phenanenon has been investigated by the fo11~g :-

Dungey [7] considered a sinplified rrodel of a magnetic neutral point, and 

found that it was unstable to small perturbations in the case of steady and constant 

pressure and of infinite conductivity. Hruever, after a quail tati ve discussion, it 

was pointed out that, under the conditions of growing instability, the assumed 

approximations became invalid, and also that the grONth rate is likely to be reduced 

by finite conductivity. 

'lhe sarre writer [9] also suggested, after receiving information frcrn one of 

the earliest space probes of the confinred existenoe of the inteJ:planetary magnetic 

field, that neutral points around the earth must be expected. A qualitative mcx1el 

was given in outline, and it was indicated that primary all.l'ot"al particles would be 

acoelerated at these neutral points. The quanti tati ve rrodel was in general agreerrent 

with the <::bserved =ent system. Near the neutral points the flOil' was expected to 

be controlled by the strong =rent density existing there. Although this article 

appears to have been written without cognisance of the rnagnetopause or of the solar 

wind, it laid the foundation for the idea, subsequently confinred experirrentally, 

that there is a connection beb¥een the earths magnetic field lines relevant to the 

circum-polar a.aroral region, and those in the rnagnetotail (whose existenoe was not 

considered at the tine of writing of the article referred to in this paragraph.) 

Piddington [8 ] considered the plasma drift in the neighbourhood of a neutral 

sheet, and the relevant dispersion time. 

Speiser [10,11] discussed the omits of charged particles entering a neutral 

sheet and being accelerated. 

Tendys [12] , making use of these omits, analysed the =ent due to a wave 
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perturbation, oonsidering particularly the case where the system is at rrarginal 

stability : this is the case when the waves radiate out of the sides of the neutral 

sheet at the same rate as that of the energy introduced by the particles. '!his led 

to the existence of a negative conductivity; that is, the current is contra-parallel 

to the electric intensity, and as a result the growth rate for the waves is large. 

Petschek [13] treated the phenorrenon of annihilation of magnetic field lines, 

wi th particular reference to the oondi tions in solar flares. 

Yeh and Axford [14] follCMing the work of Petschek, considered the "X" 

type of oonfiguration near a straight neutral line. '!he fluid velocity and magnetic 

induction vector both have oorrponents parallel to this line which were taken as 

constant, and the hydromagnetic fl~ was regarded as steady and inOOllpressible. '!he 

magnetic induction field lines were then found to be carried fran tJ../o sides tcward, 

and from the other tltlO sides away, fran the neutral line. Near the planes forming 

the "X" shock surfaces may form in which case visocsity plays an inportant part. 

'!he effect of finite oonductivity was also studied. It was found that the fluid must 

fl~ fran the ootuse-angle wedges of the "X" to the acute-angle wedges, and that 

the reconnection process is sum that oppositely directed magnetic induction field 

lines move t~ards the neutral line in the ootuse wedges, get reconnected at the 

line, and rrove away in the acute wedges . Further, it was found that the solution 

for the flow and for the magnetic induction fields is essentially unaffected by 

finite ocnductivity and by finite visoosity near the neutral line, and that the same 

applied to the rate of reconnection of the magnetic induction field lines. 

Schindler [15] suggested that the magnitude of the magnetic induction field 

increased in a quasi linear manner as the point of rreasurerrent receded fran the 

neutral line, until at a certain distance it adopted an approxi.nately ocnstant value. 

'!he existence of the magnetopause caused the neutral ring round the Earth to split, 

into a northern and a southern arc, on the side of the Earth nearest to the Sun . 

Schindler derronstrated that a further split, into lines at different distances fran 

the Earth, oould take place on the side of the Earth <'May from the Sun, and that, 

near the neutral lines in this region, the magnetic induction field is essentially 
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unstable . In this, partly qualitative, analysis, it was assurred that the fluid 

velocity could be treated as negligible . 

During the period davoted by the writer to the preparation and writing of this 

paper with its attendant calculations, there have been a nl.l!l'i:Jer of space probes by 

artificial satellites through the magnetcpause, and a considerable arrount of inform-

atien has been received concerning the magnetic field, plasma flew, etc., at a 

variety of positions within the magnetopause, and in particular in the region of, 

and near to, the rnagnetail. Indeed a report of what was prcbably the first probe of 

this type was published in 1965. Fran all this information it has been inferred 

that the neutral line in the direction of the Earth <May from the Sun is indeed a 

neutral sheet, also that the oonposition of the magnetotail is one of considerable 

ccrtplexi ty. It could be said that the existence of the sheet was suspected fran the 

space prcbe information received in the second half of the last decade, and that the 

suspicion became a certainty, as a result of further space probe information, during 

the first part of the present decade, that is, while this paper was being prepared. 

The Earth's magnetic field lines which emanate fran a broad ring several degrees 

wide, and with mean diarreter approximately fifteen degrees round the South pole, and 

eventually return to a similarly defined area round the North pole, constitute a 

region kn= as the Polar cusp, and it is these lines which form the magnetotail, 

being generally contra-parallel at the neutral sheet where merging takes place. Due 

to this, and to other phenanena within the magnetopause, there is considerable 

deviation from any silrple "neutral line" model and the relevant behaviour requires 

methods beyond those of sirrple mathematical analysis for its explanation. Therefore 

the findings of this paper are of academic interest only. 

A postcript (chapter VII) has been added which gives a ITOre detailed description 

of the interior of the magnetopause, together with references to recent research 

articles on the subject,and an atterrpt to collate the practical information and theoretical 
predictions . 

Meanwhile, it is intended to aJIa.l certain pertw:bations to take place in an 

"X" type field near a neutral line, and see if they lead to stable or unstable 

behaviour. The pertw:bations will be to the first and second space differentials of 
the scalar pressure, scalar conductivity, velocity and magnetic induction vectors 
that appear in the induction-diffusion equation and in the equations of ITOtion and of 
conductivity . 
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CHAPTER I 

VARIABLES IN THE MArnEI'OI'AIL 

§l.l Basic Units. 

Under laboratory oondi tions, the rrost suitable units for the study of 

hydranagnetic behaviour are those of the rretre-kilogramre-seoond system. One 

advantage of this system lies in the fact that Maxwell's equations, as 

expressed in the relevant units, are freed from the nurrerical oonstant 41T 

and from the oonstant speed of electromagnetic waves in vacuo, c. Another 

advantage is that the equations bring into prominence the two interdependant 

properties of the rredium ooncerned, these being the pennittivity and the 

penreability, both of which have vallEs, in the rretre-kilogramre-second 

system, very different from unity. 

Up to the tirre that the Ninth <£neral Conference of Weights and Measures, 

rreeting in 1948, finally ratified the rretre-kilogranrre-second system for 

general use, electJ::o--IlI3.gnetic theory and practise had been bedevilled by 

the existence of several sets of units: oentirretre-gramre-second-electrostatic, 

oentirretre-gramre-second-electroIll3.gnetic, Gaussian, international, etc. In 

addition there had been an understandable, if unfortmate, tendency to label 

the units of the various electroIll3.gnetic quantities with the narres of the 

farrous rren of science responsible for irrportant and relevant disooveries; in 

the exciting neJiV field of electraragnetic study this may have appeared to be 

the rrost suitable way of erecting a durable ITOllurrent to these pioneers. Thus, 

quantities were referred to by so =y couloms, arrperes, volts, ohrrs, farads, 

watts, gauss, gilberts, rraxwells, henries, cersteds, etc. The 1948 General 

Conference cleared up the first nuisance, providing science with a single, 

sirrple and self-consistent set of units, but IlI3.de only a half-hearted attenpt 

to tidy up the seoond one. Many units, such as the volt and watt, had by that 

tirre becorre well-established in the connected industries, and so had to be 

retained, and what little sirrplification of unit narres that took place was 
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partly offset by the adoption of a naN one, the weber. This plurality of unit 

narres has not been fotmd necessaxy in the older science of rrechanics, in which, 

with a feN exceptions such as the joule and the neNton (or their centirretre-

gramre-second system equivalents, the erg and the dyne), all relevant 

quantities are normally ~ressed in tenrs of the applicable units of length, 

Il\3SS and tirre: an atterrpt to use the tenn "galilee" for the unit of acceleration 

does not appear to have achieved general acceptance. 

All electrorragnetic units can also be ~ressed in tenrs of length, 

Il\3SS and tirre and of one other phenorrenon - it does not rratter particularly 

which this is: it oould, for instance, be current or magnetic flux. Hewever 

since all electrorragnetic phenorrena ewe their existence to electric charge, 

either at rest or in notion, (16) it is proposed to use the rretre-kilograrme-

second unit of charge, the coularrb, as the fourth unit, and to refer to the 

=bined system as the CKM3 system, this rreaning the coularrb-kilograrrrre-

rretre-seoond system. It is new necessary to analyse the various electromagnetic 

quantities so that they may be correctly e:xpressed in CKM3 units. Srrall 

letters are used for each of the four relevant units except for ooulorrb, for 

which a I:::apital e is required to avoid oonfusion with the syrrbol for the 

speed of "light". Where syrrbols are used in this paper, opportunity is taken 

here to introduce them. Electrostatic and electrodynamic units present no 

difficulty:-

Syni:?ol. 

J 

E 

Quantity. 

charge : 

current : 

Current density: 

Electric intensity: 

Permi. tti vi ty: 

charge density: 

Displacerrent: 

Unit. 

el . 

1 -1 e s . 
1 -2 -1 

ems , since this quantity is a 
surface density. 

C~lm\ -2, since electric intensity is 
force per charge. 

e2x: -lm-3s 2 ,obtained from the fonntila for 
the force between two point 
charges. 

,obtained frcm Maxwell's relevant 
constitutive equation, or from 
his equation oonnecting E, Eo and 
charge density. -
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cr 

Quantity. 

Conductivity : 

3. 

Unit. 

C~-lrn \; obtained from Maxwell's 
relevant oonstitutive equation. 

Other electrostatic and electrodynamic 1.mits, e . g. capacitance, may be 

similarly eJq?ressed, however they are not needed in this paper . 

For magnetic 1.mits it is necessary to start with the pemeability, making 

use of what many writers regard as the definition of this quantity, viz. that 

the product of the pemeabili ty, the permi tti vi ty and the square of the speed 

of elect:.rclnagnetic waves in a rredium is dirrensionless and is 1.mity. 'Ihis provides : 

Syni:?ol. Quantity. 

Pemeabili ty: 

'Ihe only other magnetic 1.mi t required in this paper is: 

B Magnetic Induction: 

'Ihis identity is obtained fran the fact that the square of the magnitude of 

the magnetic induction is 21J tines the resulting energy density. 

For reoord purposes, a few rrechanical 1.mits are nON tabulated, with their 

syrrbols and CKM3 1.mi ts : 

SyrrOOl. 

L 

T 

V 

D 

P 

m-ll] 

Quantity. 

length : 

Mass: 

Tine : 

Velocity : 

Density : 

Pressure : 

Gradient: 

Unit . 
1 

m 
1 

k . 
1 

s . 

1 -1 m ·c ..... 
1 -3 

k m . 

1 - 1 -2 
km s 

- 1 
m 

Normally, the operator Z has dirrension (length) -1 and so adds a factor 

m-l to the 1.mi ts of the quantity on which it operates. However it is proposed 

to use the syrrbol Z to rrean a differential with respect to a srrall change. in 

the nurrber of rretre 1.mits defining the position of a variable point of 

rreasurerrent. Therefore it is necessary to rep lace the syrrrol for the gradient 

~ -1 2 
operator, normally written I] , by m ~ . Similarly I7x. ,beoorres m I]x, I] 
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be=res m-2,,2 etc. When , later in the paper, quantities are replaced by 

dirrension-free variables, capital letters (such as B) are replaced by small 

letters (such as b). Finally, there is one question that rrerits consideration, 

and that is, whether or not these units are of suitable size to rreasure 

phenarena in the magnetotail. They were chosen fortuitously to rreasure 

terrestrial phenorrena on the laboratory scale: it might seem that, in 

particular, the unit of length is small for use in describing phenorrena in 

the magnetotail. Ha.vever this smallness is unirrportant in view of the fact 

that length itself only appears in the governing equations in the form of the 

differential operator. 

~anwhile the units of mass, length and tine are at least consistent, as 

may be shcmn by the follOHing rough argurrent : 

In the physical world the smallest known existing mass is that of the 

electron, which is (17) '0 10-30kl. The largest known nass is that of the 

universe, believed to be '0 105\1, calculated from the believed density, 

,;, 10-27k l m-3 (18) and volurre (20). Therefore the kilograrme occupies a position 

5/14 ths, in the scale of order of sizes, from the smallest to the largest 

known mass. The smallest length, that exists in its own right, may be taken 

to be (19) the classical radius of the electron, ,;, 10-15ml. The largest, 

which is what is believed to be the radius of the universe, is (20)ti. 1027ml. 

The rretre therefore also occupies a position 5/l4ths on the order of scale 

size, from the smallest to the largest known length. 

A similar result can be obtained for the second, if the smallest 

known tine that can be rreasured with any certainty be taken to be the period 

of a nolecular vibration. This, for e . g. the nitrogen nolecule is (21)'UIO-IOsl . 

Similar, and also considerably shorter periods have been calculated for the 

half-lives, or "lifetines" of unstable elerrentary particles. PaNell, et al. (22) 

have listed a lifetirre of '0 10-10sl for the decay of a E+ hyperon into a 

neutron and a pion, 'UIO-13s l for that of a ~ohyperon into a lambda particle and 
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'( radiation, and 'V 10-16s 1 for pions into positton-e1ectron pairs and/or 

'fi radiation. 

. -22 -1 
Later in the sarre w::>:rk the possibility of life-tirres as short as 'V 10 s 

are rrentioned. HCMever these periods are subject to the tmcertainty connected 

with the laws of probability: thus a particular pion nay decay after any period 

-001 ""1 between 10 s and 10 s. 'Iherefore it is proposed to discotmt these decay 

life-tirres in the present rough analysis of the position of the second on the 

tirre scale, and use, for the shortest ac=ate1y kn= period one of the order 

of 10- 10sl. The largest kn= tirre is mat is believed to be the life­

expectancy of the =iverse, mich is (23) 1018s 1 (see also Hawking, (24) , (25)) . 

'Iherefore the seoond is again 5/14 ths on the order scale from the smallest to 

the largest knCMn tirre . 

HCMever, judged by this criterion, the coulomb turns out to be a c:arparative1y 

small =it of charge. The snallest knCMn charge is that of the electron (17) : 

10-19 e1 . One nay make an estirrate of the largest knCMn charge by considering 

a universe, mass 105\1, as above, consisting entirely of hydrogen. '!his would 

_ -27 1 81 
require, taking a proton and electron mass together as (17)'0 10 k, 'OlD 

protons, so that the total positive charge w::>uld be 'V 1081 -19 x 10 , i.e. 'V 

1062 e~ In view- of the possibility of large mmbers of free or potentially 

free (in radiation) positrons in intergalactic space the order nay be even higher. 

A unit of charge, 5/14ths in order along the range from 10-19 to 10~62.2 C~ 

is 10N e1 , with N ~ 10. 

§1.2: Permeability. 

The penreability of a non-ferraragnetic rredium differs from that of free 

-6 space, that is, of a vacuum, by an anotmt of (26) proportionate order 'V 10 

Therefore it is sufficient, in this approxirrate analysis, to use the value of 

the perrreability of a vacuum, for which the syrrbo1 \l will be used. This is 

-6 
nomal1y e}(j)ressed as (27) as 'V 10 Henry per rretre. However the latter =it 
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is based on the rretre-kilogramre second system, therefore one nay write : ­

]J 'V lO- 6 C-Z.k~m1.. 

§1.3 Magnetic Induction and its Space Differentials . 

In this and in the next four paragraphs it is proposed to obtain, by 

interpolation between values of space variables, knavn not exactly but at least 

rorrectly to an order of nagnitude, likely values . of these variables in the 

magnetotail region: such values being reliable at least to within the limit of 

an order of magnitude. The results will not, of course, bring into cognisance 

such local variations as nay exist in the magnetotail region as a result of 

unstable or of overstable behaviour: in fact is is the purpose of this paper to 

enquire into the possible nature of such instabilities and overstabilities; the 

values obtained in this chapter will serve as starting, or boundary, values. 

Values for the variables are given in the literature in certain regions 

in space which, by nature of the particular radiation received from them, or 

by their accessibility, have lent therrselves to IlDre detailed study than have 

general regions elsewhere. Such regions will be indicated by a suffix in the 

following manner : if A, say, is a space variable, then : 

As rreans: as rreasured in the Sun's corona, near the Sun , 

" " " on the earth's surface , 

" " " in the nearest fiI region in the Galaxy. 

We shall also have =casion to use suffixes for two other regions:­

AQ ' rreaning: as rreasured at the nearest stellar distance where the rrean 

Galactic density tends to a ronstant value, and 

A~ , rreaning: "as rreasured in a gas-cloud in the Galaxy': Finally, for the 

resulting value, as expected in the nagnetotail region, the suffix M will be 

used:-

AM rreans: as expected in the nagnetotail region, due to interpolation from knavn 

distant values, and disregarding possible large local fluctuations; in short : 

"as due to distant effects." 
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Capital letters will be used for all space variables in order that, later, 

the oorresponding small letter may be used for dirrensionless quanti ties: this 

does not apply to conductivity or to penreability, which will in due course be 

absm:bed in derived variables. 

For the magnitude B of the magnetic induction vector ~, the first 

kncmn value to oonsider is BE" Which is kncmn (28) accurately. In fact, taking 

a nean value: Bee '0 10- 5 C -l ki S~l • 

-1 
In the reference quoted, the value, '0 10 , given is for the magnetic 

intensity; it is necessary to multiply tre figure by t.l-le perneability (using 

a Maxwell oonstitutive equation), see §1.2, and to adjust from centinetre-

grarme-se=d electrarragnetic units to CKM3 units. Figures given in the 

reference are for various points at the Earths surface, hCMever they are all of 

the sarre order. Thus: given magnetic intensity ( '0 10-
1

) x oonversion factor 

to CKM3 ( '010"'), x penreabili ty (,;, 10-
6 

) gives B~. 

As the distance from the Earth's centre increases, the magnetic intensity, 

and with it, the magnetic induction both together fall off in magnitude 

approximately as the inverse cube of the distance, fran the earth's centre, of 

the point of neasurenent (with direction oonstant), in acccrdance with the 

kna.-m (29) behaviour of a dipole field. 

The order of distance, from tre Earth's centre, of the nearest point of 

1-
the magnetotail is rv 10 Earth radii as will be shcmn in §3.1. Therefore, we 

may expect that, due to the Earth: 

-3 n . 10-9 C-1 k1s 1 • B", '0 10 BE' v 

l-Eanwhile, the second kna.-m value is Bs' which is (30): 
-2 -1 1 -1 

Bs '0 10 C k s • 

The sarre remarks, regarding adjustnent of the figure ('0 10~) given for 

magnetic intensity in the reference, apply as in the case of BE' the units 

-1 l 4 -1 . ch used are gauss, i.e. arrpere an , so that 10 gauss = 10 anpere m , whi is 

a CKM3 unit. 

The Sun's magnetic field is also approximately a dipole field, and so 

although the field in the oo=a is largely due to local disturbances, we may expect 
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that any rragnetic field due to the Sun will falloff in rragnitude approxirrate1y 

with the universe cube of the distance, at constant direction, from the centre 

of the Sun to the point of IlEasurerrent. under this assumption it will shortly 

be s1= that BM , due to the Sun, is of the sarre order as that due to the 

Earth. Therefore, if we were to take SOIlE point in the corona, near to the 

point at which Bs is IlEasured and collinear with it and the Earth, as the 

point from which distanoe is IlEasured, we would obtain a very much srraller 

value for BM' due to the Sun, the distanoe proportion being very much 

greater. The value of B M required is, of course, that due to Earth, Sun, and 

all other causes, therefore it will suffioe to use the Sun's centre as 

referenoe point . The fact that the oorona field is carried aJNay radially 

frc:rn the Sun's centre by the solar wind lends weight to the advisability of 

this procedure. It also leads to the possibility that the field reduoes 

approxirrate1y as the inverse square of the suns distanoe. This will lead to 

a larger likely figure for BM , be1=, but will not affect the finding in 

the rerrainder of the paragraph, viz. that IdB/dLIM and Id'B/dL2. IM are 

affected I10re strongly by the Earth than by the Sun. 

The order of distanoe (31) of the oorona from the Sun's centre is 

91 .. ell 
"'10 m , and that of the rragnetotai1 J.S "V10 m , and so we rray expect that 

-:/. 1 -3 . -8 -1 1 -1 
B

M
, due to the SlID, is 'V 10 x (10) , i.e. 'V 10 C k s • Therefore 

in the rragnetotai1 region, the rragnitude of the rragnetic induction vector 

is approxirrate1y e:Jual1y affected by the SlID and by the Earth, and it is 

safe to say that : 

-9 -1 1 -1 
BM'V 10 C k s 

For the purpose of calculating the first and seoond spaoe differentials the 

rragnetic induction vector, we need a third IlEasurerrent. This is (30): 

-9 -1 1 -1 
B" 'V 10 C k s , 

-5 
the figure (10 Gauss) in the referenoe being adjusted in the same w~ as 

for Bs above. Distances, L, 

(i) Fran the SlID'S oentre: 

(31) of points of IlEasurerrent, are :-

9 1 11 1 17 1 
Ls'V 10 m,L M 'V 10 m, L<; 'V 10 m. In the last 
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figure it is assurred that the nearest HII region is distant approxiIrate1y 

3 parsecs. At this stage it is convenient to make use of a prine, rreaning 

logarithm to base 10 of nuniJer of 1IDits in the value of the mprined synbol. 

Thus: 

A-=:log
10 

(no. of 1IDits in A). 

This avoids CI.l!lbersorre expressions. Fig. 1 ShCMS a sketch of B-p1otted 

against L; the letters referring to the region of rreasurerrent in this 

and in later figures. Inspection of Fig. 1 ShCMS that: (AH·B .p(ix)) 

IdB- / dL'ls '" 10
1

, IdB-/dL-l.., "'10
0

, IdB-/dL-I~';' 10-
1 

• 

Then, since dB-/dL- = (L/B) (dB/dL), we see that: 

1 -10 -1 1 -1 -1 
I dB/dL Is '" 10 (B/L)s ' '" 10 C k m s , 

c -1~ -1 1 -1 -1 
I dB/dL 1M '" 10 (B/L).." '" 10 C k m s 

-1 -21 -1 1 - 1 -1 
I dB/dL I" '" 10 (B/Ll", '" 10 C k m s , 

Fig. 2 shCMs a sketch of IdB/dLl-p1otted against L~ (p.(ix)) 

Then, since dldB /dL 1'/dL- = (L/ldB/dLl) (d'"BjdL2.), and, from the sketch: 

IdldB /dL 11dL-I M '" 100, 

We see that: IdI.B/dL~.., '" 10
o
(ldB/dLl/L).." 

i.e. Id2B/dL2 IM';' 10-
30 

C-1 k1 m-2. s-1 . 

(ii) 
. 7 1 8 1 11 1 

Fran the Earth 1 s oentre: L E. '" 10 m , L M~ '" 10 m, L G '" 10 m: the 

asterisk is to avoid oonfusion between LM* & LM in (i) above, not necessary 

in the case of G. Fig. 3 ShCMS a sketch of B- plotted against L', and ShCMS (-pIx)) 
1 c -1 

that: IdB-/dL-I
E 

"'10 , IdB-/dL-I
M
* "'10 , IdB-/dL-I,,'" 10 • In fact, dipole 

theory (see 93.1) indicates that, on the ecliptic, IdB-/dL-l= 3 as long as the 

field is due to the dipole only: this supports the first two figures 
1 -u -1 1 -1 -1 

above. Therefore, as in (i) IdB/dLI E '" 10 (B/L)E' '" 10 C k m s , 
° -16 - 1 1 -1 -1 

I dB/dLI
M

" '" 10 (B/L)..,. , '" 10 C k m s , 
-1 -27 -1 1 -1 - 1 

IdB/dL I" "'10 (B/L)G' '" 10 C k m s , as before. 

Fig. 4 ShCMS a sketch of IdB/dLl- plotted against L-, and shCMS that: (p.lxl) 

IdldB/dLl-/dL-I ..,* "'10: 

whence, as in (i) 

i.e. I 2 0 I -14 -1 1 -2 -1 
d B/dL ~ M* '" 10 C k m s • 
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Taking the larger order values, i.e. those of sub para. (ii), and 

dropping the asterisk since it is no longer needed, we note that rough 

maximum values can be taken as: 

. - 8 -1 1 :1. 
BM 'V10 C k s , 

tUlly .!lIM' m-1 ly x ~IM both 'V I dB/dLI
M

, i.e. 'V 
-1' 1 1 -11 

10 C km s 

2.1 ~ I 2 2 . -24 1 1 -2.-1 and m- 'V B 'VI d B/dL I ,i.e. 'V 10 C k m s • 
~ M M 

§ 1. 4. Conductivity. 

FOr the oonducti vi ty of inter-planetary and inter-stellar space, 

figures are only available in the oorona and in galactic regions. Dungey (30) 

-5 -11 
gives, for qlc:t :- Corona, 10 ; HII,lO ; the units used are based on 

the volt, arrp etc., and on the oent:iJretre-gra:mrre-seoond system. Referring back 

~ 21 ~-2. 
to §l.1. for the dimension of a, and taking c as 'V 10 an s we get 

16 2. - 1 -3 1 . 10 :1. -1 -3 1 
as 'V 10 C gm an s , a" 'V 10 C gm an s • Adjusting to CKMS tlnits:-

25 2. -1 -3 1 l~ 2. - 1 -3 1 
ClS 'V 10 C k m s ,Cle; 'V 10 C k m s • 

. 6 
It will be noted that Cl / Cl 'V 10 , and fran 

5 Ci 

Therefore it will be assurred that a M / aGis of the sarre order as BI',IB<; , 

(thus avoiding the effect of possible high fluctuation values of Bs ), i.e. 

t 
a M / a C; '11 10 , whenoe: 

. 20 2 - 1 - 3 1 
a M 'V 10 C k m s • 

§ 1. 5 . lSlsity. 

For the density of extra terrestrial spaoe, figures are again only 

available in the oorona and in galactic regions. Adjusting his figures 

-3 - 3 fran em to m , Dungey (30) gives, for n, the neutron nlll1IDer density:-

,'> -3 6 -3 
n s 'V 10 m , n <?, 'V 10 m • 

Multiplying these figures by the mass of a neutron which is (17) 

-27 1 -14 1 - 3 -21 1-,3 
10 k we obtain : Ds 'V 10 k m ,DC; 'V 10 k m 

Further figures have been given by Sciarra (32): the net density of 
-21 1 -.3 

the galaxy, which can be written as D
Q

, '\J 10 k m ,and although the 
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figure includes the stars, their presence does not affect the figure by 

as mum as an order. Therefore the density in the nearest HII region is 

of the sarre order as that thrcughout the galaxy <May from stars and 

planetary systerrs. Further it is obvious that Dsis decreasing rapidly as 

L increases. 'Iherefore it is pcssible to oonstruct a D'- L'curve noting 

that the slope, dD' /dL~, Le. (L/D) (dD/dL) is infinite in the corona region 

and nil at the nearest HII region; also it is effectively nil at the "Q" 

region. 

Fig. 5 shows the sketch, drfMn with these oonsiderations, fran whim (p .!xi)) 

we see that: 
. -20 1 - 3 

DM'" 10 k m • 

§ 1· 6. Pressure, and its space differential. 

Little appears to be knCMl about inter-stellar hydrostatic pressure. 

Dungey (33) indicates that P/D is of the sarre order as ~2., whence we may 

. 2. (-20 4 t) -12 1 -1 -2, 
write PM'" (DV)M' '" 10 (10)" 10 k m s ,for VM see §l. 7. Later, 

(34) in the sane nonograph, an ionization pressure of 10-
10 

dyne1rni2. is 

given for the outer atnosphere: if we reduce this by an order, to get a 

likely value 

result: 

for PM' and adjust to CK!£ units, we again obtain the above 
-12. 1 -1 -;/. 

PM'" 10 k m s . 

To get an idea of the way in which P varies with distance, a further 

measure of P and of D in space is required, so that a pcssible 

equation of state, at least at oonstant terrperature, (a likely condition) 

may be derived. G.B. Field gives, in his lecture "The Physics of the 

. -13 1 -1 -l 
Interstellar and Intergalactic Medium", (35) : Pfl. '" 10 k m s ,in a 

6 - 3 
gas cloud in whim the neutron density is (36) np' 'U 10 m at a terrperature of 

• -21 1 - 3 
100 K, Le. where (§1.5.) DR'V 10 k m • So that PM/DMand PR/Dltare both 

8 2. -2 
'" 10 m s ,and we may assume that a rough fODn of Boyle I s Law is 

applicable to the pressure and density of extra-terrestrial space, in the 
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fonn P '" 10 D k m s • 

12. 

Then IdP/clL I
M 

= 108 1dD/ clL 1
M 

= 10
8 

(D/L)M IdD~/clL~ 1M' so that by 

. 8 -20 -1l 0 1 -2 -2-
inspection of Fig. 5, we see that IdP/clLI

M 
"'10 (10 10 ) 10 k m s , 

-11 I . I I -,23 1 -2 -2-
Le. m y.. PM'" dP/dL M'''' 10 k m s • 

§1. 7 Velocity and its space differentials. 

Dungey (30) gives very nearly the same value for Vs ' the particle 
s 1-1 

velocity, in the corona, '" 10 m s , as for V"' the particle velocity in 

the HII region, '" 104ml s-l. Field (37) gives Vo.'VI04m
1
s-l , due to 

turbulence and mass motion in interstellar space. It seerrs likely that V 

is increased by one order in the corona, due to the high terrperatures 

obtaining in that region, and that it is possible to regard the order of V 

elsewhere as constant, giving 
4 1 -~ 

VM '" 10 m s , 

and: m-
l

l1YI
M 

and m-1 ly X ylM both '" IdV/clLI
M

, '" 10-
00 

Le. 

and similarly m-2 12(2'Y) 1M and m-;(,lv2YI
M 

both "-ld2V/clL2. IM, 

negligible, 

-00 

'" 10 Le. 

negligible, and since the kinematic viscosity \! of extra-terrestrial space 

is likely to be a very small quantity in CKMl units the tenn (38): 

m-Z\!(V"y + ~1l(~'.Y)) , in the equation of motion may be ignored in the 

analysis of hydromagnetic phenorrena in the magnetotail region. 

1. 8. Derived variables. 

As will be seen later (Ch. II), the quantities )l and a only appear, 

in the governing equations of hydrorragnetics, in the magnotail region, 

in canbination with eadl other or with the density D. Therefore it is 

convenient to introduce "derived variables" A,r by: 

-1 -1 
A ;: ()lD) , and r '" ()lo) 

Then the likely order of size of these derived variables, due to 

distant effects is (see §§1.2, 1.4 and 1.5):-

26 2. -1. 2-
AM "'10 C k m, 

and r M "'10-14 m2s -1. 
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1.9 Stmrrar¥ of Variables 

It is =nvenient nON to surrroarise the likely value of relevant variables 

in the magnetotail region, due to distant, rather than local, influences; 

tie suffix M will be discontinued at this stage, being no longer needed:-

From §1.3 
-8 -~ 1 -1 

:- B'V10 C ks, 

;- m-ll~1 & m-1ly X!ll 
-16 - 1 1 -1 -1 

" " 'V 10 C km s , 

" " .- m-.2 I'lgl 
-24 -1 1 -.2. -1 

'V 10 C k m s, 

From §1.5 
-20 1 -3 

;- D 'V 10 km 
-12. 1 -1 -2-

" §1.6 ;- P 'V 10 km s , 
" m -1

12P1 
-23 1 -1. -1-

" 'V 10 km s , 
" §l. 7 '- Iyl 

4- 1-1 
'V 10 m s , 

" " m-11WI & m-
1

12 X yl 
-00 -1 

'V 10 s , 
~~ 

" §1.8 ;- A ,;, 1016 C2k-.2 m 2. , & 

" " 
-14 2.-1 

r 'V 10 m s • 

A rernarlc may be made at this stage that all the above calculations are 

very rough: this particularly applies to aMand hence to r.,. HONever 

1'3 1.5 ~ -1 -3 1 
if we were to write, generally, that 10 < a

M
< 10 C k m s , this 

-13 -19 :> -1 -2 2 
would rrean that 10 > r

M 
> 10 m s , i.e.that the order of m rlv §I

M 
-37 -43 -.2£ -31 

lies between 10 and 10 , that is, between 10 and 10 of the term 

involving Iy X .!?IM . 
1.. 

Also, Va, the Alfven speed,A"'B (39), with the above values of A, B in 

the rragnetotail region is seen to be such that 10
4

< Va < 10 is-I. 

1.10 '!be Unit of Charge, effect of change. 

As will be seen in Chapter II, the leading term governing the rate of 

-1 
change of the magnetic induction is m 2 X (Y X 1?). In the expansion of 

this term, we rray ignore: m-1B·W ( §1.9), m-\V'B) V (Maxwell's 
....... _#OJ __ '" .....,. 

equations), and m-\~.y).!? (§1.9). This leaves only m-1Y'2~ which, as can 

-12. -1 1 -2-
be seen from H . 9 has the order 10 C ~ k s ~anwhile the other term, 
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2 2- - 38 -1 1 -Z -26 
ill r'J B has the order 10 C k s , and so is of the order 10 when 

aJrrpared with the first tenn, irrespective of what units are used. 

The leading tenn governing the acceleration is nitA ( (Z X Il) X,!}) 
2 i-2 

This, as can be seen from §l. 9 has the order 10 m s . The other 

-1 -1 -1 -00 -3 
tems, m Y.''!Y. and m D JY have respectively the orders 10 and 10 

1 -:I. -5 
m s , and so the largest of these is of order 10 carrpared to the tenn 

involving A, again irrespective of what units are used. 

Thus, the equation of llDtion, as it stands, is in a form suitable fer 

perturbation analysis, a pertubation of unit order being of order 10-
2 

rorrpared to the leading tenn, due to distant effects, in the equation. 

It will be convenient to adjust the rragnetic induction equatien so that, 

2±1 
for this equation also, the leading term is of order 10 of its units. 

This rray be effected by using a neil' unit of charge, given by the syrrbol f, 

where 1fi = 101:>C1
• The result is that the surmary of §l.9 is replaced 

by: 
5 -1 1 -1 

B"'lOf ks, 

m-1I,y'!}l and mll2 -3 -1 1 -1 -1 
X» I '" 10 f k m s , 

m-21,,2B I -11 -J 1 -2 -1 
v~"'lO fkms, 

-20 1 -3 
D '" 10 k m • 

-IZ 1 -1 - 2-
P"'10 km s • 

m-1 lZp l '" 10- 23 l m,? s-:l., 

Iyl '" 104m1 s-1 , 

m-ll~yl and m-ll.~ X yl '" 10-
00 

s-l) 

A '" 10° lk-:l. m2 

-14 :<-1 
r '" 10 m s , 

This unit of charge is a large one, even allCMing for the influence 

of the discussion at the end of Chapter I. Hcwever its use has the 

advantage that the order of size of the two governing equations of hydro-

rragnetics in the rragnetotail region is nearly the sane. In addition it 

rray be noted that 10i3 Cl is the total charge on (17) '" 103Zprotons or 
electrons : taking a proton rrass as (17) '" 10-:11 kl, this is the charge 
on '" 105kl. The:refo:re 1ft is the total proton charge on, say, 103 m" of 
a neutron free elerrent such as liquid hydrogen (40), which is not a large 
volurre even by terrestrial standards. 
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CHAPTER II 

DIMENSION-FREE EQ~IONS. 

2.1. The Induction-Diffusion Equation. 

The connection between :!. and g in a nagnetofluid is given by the 

equation (41):-

I -1( ( )) + rm-2n2B f-1 k l - 2 all aT = m :z x y x .'§ v _, S , 

the variables and operator m-l l7 being defined in §l.l. 

To render this equation dirrension free, we introduce the dimension-less 

variables: - b = ll/Bo, -
t = T/To' 

y = Y/Vo' 

and y = rlro ' where: 

Bo 1 
-1 1 -1 

= f k s , 

To = 1st, 

L = 0 1 m1
, 

Va = 1 m1s-1 , 

ro = 1 m2s- 1 
, 

and rm.lltiply the L.H.S. term by ToIBo' the first term in the RHS by L; (Vo Bo ,-l , 
4 -1 

and the second term on the R.H.S. by Lo (~o Bo) • The dimensions of these 

1 -1 2. 1 -1 1 2 1 -1 2 2 
rm.lltipliers are, respectively: 1 f k s , 1 f k m s , and 1 f k m s so that 

the result is tie dimension-free equation. 

awat = (;zx (~ x l;»} 1 
+ yl7 e. 

From §1.10, it will l:e seen that, in the magnetotail region, and due to 

distanCE influenoes only, the first term on the R.H.S. is of order 10
1

, the 

~ -~ 
second term is of order 10- , of which a factor 10 is due to Y 

§2.2. The Equation of MJtion~ 

The connection l:etween P, Y and g in a nagnetofluid is given by the 

equation of motion (42) :-
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In this equation, the extenJal body force, and effects due to terrperature 

and kinerratic viscosity have been ignored, see §1.7 and §1,6, which provides 

the inference that conditions are nearly isothemal. Using the dirrensionless 

variables of para §2.1, where applicable, and also in addition:-

II = A/AOI 

p = 0/0
0

, 

p = P/Po ' where: 

Ao= 1 fl<.2m:t, 

1 -3 
00 = 1 k m t 

1 -1 -2 
Po = 1 k m s , 

and rm.lltiplying the L.H.S. tem by To/Voand the first term on the R.H. S . 

by L~ V;2. , the second by L~ (AoB~ )-1 and the third by L~ Do/Po' these 

rm.lltipliers having the respective dirrensions m -lS:t, s~ s :t, s 2., we obtain 

the dirrension-free equation: 

Fran §1.10 it will, be seen that, in the rnagnetotail region, and due to 

distant effects only, the first tem in the R.H.S. is of negligible order, 

the second is of order 10;2. , and the third of order 10-
3 

. 

2.3 The equation of continuity 

The connection between 0 and Y. in any fluid is given by the equation 

of oontinuity (43) : -

aD/aT =-m- 1 \1-(DV) 
~ -

'!his equation can be put into dirrension-free fonn by rrethods similar to 

those used in §2.1., §2.2 •. 

ap/at = -\1. (pv) • 
~ ~ 

The order of the tenn on the R.H.S. will be discussed in the next 

paragraph. 
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§2.4 . The equation of state 

'Ibe equation of state in a plasl1l3. has been discussed by many writers. 

Linhart (44) provides, for the case of isotropic pressure, constant stored 

rragnetic energy density and zero fluid velocity, an equation of the fonn 

In(PID) = 2cc1 ln(D) + constant, where ex is the number of degrees of freedcrn. 

'Ibis is based on the behaviour of a IlDnoIlDlecular gas and considers terrestrial 

densities, so that ex is finite . Hcwever it rray be argued that in extra 

terrestrial space, where a large variety of types of particle may exist, ex is 

a large number and we rray write tentatively (this incidentally agrees with 

the deduction of §1.6) :-

p/D = constant. 

i.e. rn-1D2P = rn-tP£D. 

Putting this equation into dlirension- free fonn in the manner of the 

preceding paragraphs of this mapter, we obtain: 

P~P = p2p. 

'Iben YP = pp- l 2P, whim, from §1.10 , indicates that, due to distant 

. f1 10-20 1012- X 10-·<0, ' " 10-31 
ill uences, 2p 'U X Le.,!,p 'U 

'Ibus the tenn - V(Py) in §2.3, whim can be replaced by y.;]p since 

'2.' y is negligible (§l.lO), is of order 104x 
-31 

10 , 
-27 

i.e. of order 10 . 

Both tenus, in above p,p equation, due to distant influences are of order 

10 - 43 • 

§ 2 . 5 . Pennissible Approximations in the Magnetotail 

If we write the equations of §§2 . 1-4 as: 

a!2lat = V x (v x b) , 
~ ~ ~ 

av/at = - (v·V)v + ((2 x 12) x 
~- -

ap/at = -2' (py) = 0, 

and pIp = p2p = 0, 

E), 

then, by ignoring the tennsyV2l:? and pl2P , and by setting the last two equations 

as equal to zero identically, we are asstnning that : 



18. 

• (i) local variations of y, 2p,:p, and of IJ £ are of the same order in the 

magnetotail region as those due to distant influences, 

(ii) A 'V 100, ronstant and steady, since p'V oonstant and steady . 

(iii) p (£.y) is not of higher order than p ('V 10- 20
), even if ;:!: varies locally 

and '5£'~ is finite, and 

(iv) -3 terns of order 10 and smaller may be ignored, although, due to local 

variation of v, the tenn (v·lJ)v can be retained. ...... ,.... ,...., "'" 

With this approximation, tie only equations that need l:e analysed are 

the first two, since they do not depend on any variation in p or p. 

Of oourse, at a neutral point, the first equation beccrres identically zero 

and if it is assurred that the velocity also disappears at a neutral point, the 

seoond equation l:ecc:ares zero, also, there. 

Therefore in the analysis to be carried out in later paragraphs, attention 

will l:e directed to the l:ehaviour of a (.2'£) / at and of a (2y) lat, at the neutral 

point, as a result of perturbations in elerrents of IJbY..v, and, subsequently, 

of possible perturbations in 1J1J:?,:p and y. 
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C HAP T E R I I I. 

THE NEUl'RAL LINE . 

!B.lo A dipole in a unifonn field. 

In this and in the next paragraph, an idea will be obtained of the fonn 

taken by the nagnetic induction field near the neutral _ring as defined in the 

introduction, para (i), and ignoring the effect of the solar wind. 

A Cartesian frarre OXj.Y l Zl2gi is defined as foll=s: 0 is at the Earth's 

centre, OX1~ points directly away from the Sun's centre, OY1 ¥ is along the 

Earths axis of rotation and North: in this analysis the axis of rotation is 

taken to be perpendicular to the plane of the ecliptic 1 all=ance for 

inclination corrplicates the natherratics, but produces a similar final result. 

Since the frarre is rlghthanded, OZ1~ is contra-parallel to the earth's 

velocity in revolution. 

It is convenient to use plane polar cocrdinates (R;<jl) for the plane 

OX1Z1 with <jl = 0 coparellel 2, <jl = i co-parallel - ~, and to asS1.llre for 

sinplicity that the magnetic axis of the Earth is parallel to its axis of 

rotation. Then, since the Earth's "North Magnetic Pole" is in fact a "South" 

pole, for regions well away from the Earth's surface we nay write down the 

rragnetic induction vector ~IB ' due to the Earth only, as that due to a 

rragnetic dipole of strength ~ , say, = -By, at O. 
~ 

Then (45), at a point P, 

-> 
where OP = E~' 

The Sun may also, to a close approxilnation, be treated as a rragnetic 

dipole as far as its effects are felt well <May from the Sun's surface: in 

this case the sense of the Sun's dipole is (46) directly opposed to that of the 

earth. Further, since the representative dipole of the Sun is of the order of 

10
9 

that of the earth, one nay 6)(j)Elct that the neutral ring is at a distance 

from the Earth small corrpared to the distance frem the Earth to the Sun1 in 

-3 
fact it is 'V 10 of the Sun's distance. Therefore, the nagnetic induction 

vector, 120 , due to the Sun only, nay be treated as a constant in the region 
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near the Earth and including the neutral ring: 

~o = ~ ~ - 4TT 1,' ~ constant. 

The net field is therefore ~, with: • 

'I'lE neutral ring will be where both tems in the R.H.S. of the above 
_ l-

equation disappear, i.e. it will be where Y1 = 0 and R ' = t; ~ = A, say: 

these are tie equations giving the neutral ring. 

IlS "-
As a matter of interest, if Y1 = 0, ~<ll = 3 y, so that on the 

. ., 
Earth's surface (R'V 10 mi

), from §l.3, 
4TIR ~ 

~~ 'V 1016 C-l. k1 m3 s -1 , whereas (al. 3) 

IlSt; . -g - 1 1 -1 
4TT 'V 10 C k s , which shONs that R 

. g L 
for the neutral n .ng, 'V 10 m as has 

already been clained. 

NON, for convenience, we choose the point D with Cartesian ooordinates 

(A,O,O) as a new origin of a Cartesian frane DXYZ~, and express the field 

B in these new ooordinates using the shift transfoms:-
~ 

x = 

We obtain: 

X1- A, Y = Yi Z = Zl. 

_ IlS [ 3Y {(X+A) & + Z21] IlS [f (X+A)"-
13 - 4TT - {iX+A)2. + Y~+ Z'] + 4TT {tX+A)'" 

§ 3 • 2 • 'I'lE Neutral Ring. 

When X/A, Y/A and Z/A are small, so that only up to third order terrrs 

are kept:- B = - ~ 1 A3Y (1 _ 4x + lOX!!. _ 5y2_ 5Z:I.) X 
4TT L A A'>- 2A' 2A" ~ 

+ (
3AX 6X:2. TYZ 4Z:I. 10X3 35xy2 5XZ:l. A 

- A'- + A'- + A'- - ---p;3 - A3 - --p;» X 

+ ~~ (1 - 5~ )% J . 
Ignoring third order terrrs:-

B = _.l!.?Ji f 3Y ( 1 _ 4X )x + 
~ 4TT l A A -

Ignoring second order tems:-

B = -~ (Yx - xy) 
i"'J 41TA,..., <V 

Thus, very near D, the ~ lines are parallel to a radius vector §, = 

x2 + Y¥ + zi, if 12- X ~ = .9, Le. if yZ - X2 = 0: a pair of lines through 

D at right angles to each other and bisecting the angles between the OX and OY 
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axes, with B pointing tavards D in the first and third quadrant, away 

from D in the other two quadrants. The particular pair of ~ lines, in 

a plane of lines, that pass through the neutral point will be referred 

to hereon as "D-lines" . 

To find the form for the B lines, allowing for se=d order te:r:ms, on 
~ 

the Z = 0 plane, we find their equation by requiring that b§!' x :§ = Q, where 

Ss == 8xX + gyy. lllis leads to the differential equation:-
~ ~ ~ 

dY 
ax = 

3XA - 6X2 + 7Y"' 
3Y (A - 4X) 

lllis gives the slope of the B lines. By the expedient of putting 
~ 

x = ±E, Y = ±E (four trials) with E snall, we nay investigate the slope , 

near D, of the Irlines. These are both convex in the OxR direction, forming 

a pair syrnretric about DY, both tangential at D to the corresponding straight 

line of the first order case . 

The third order terms will have an additional distortional effect,. but 

it is not necessary to investigate these. 

Fig. 6 shaNS a sketch of }3. lines due to tiE Earth and Sun together near 

the Earth, and going out to the neutral ring and a srrall way beyond, with the 

sinplifications stipulated in §3.1. The plane of the figure is any plane 

through OY1 , but for later oonvenience it is to be regarded as the OXtY1 plane. 

It will be noted that SOllE of the lines avoid tiE Earth, and that the rerrainder 

pass through the Earth. These will be referred to hereon as ~0 and,ge lines 

respecti vel y; when distorted they retain their identity . The neutral ring 

passes through the plane of the diagram at the points A,D. At these points, 

particular pairs, one each, of §0 and ~$ lines, becaning Irlines, rreet, 

with their nagnitudes approaching zero. (p.{xi) 

§3.3. Effect of Solar Wind. 

According to the accepted theory, as already referred to in the introduction, 

para (ii), the magnetopause, hereon referred to as MP, is of roughly paraboloidal 

shape with its axis on tiE line 0$ , i. e . fram the Sun's to the Earth's centre, 

apex pointing tavards 0, and with $ approxirrately at the focus . 
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Outside MP, the ~ lines near the Earth are ~0 Inside it, at least 

near the Earth, they are ~@ • As the)20 lines are carried 8JNay from the 

Sun, HP forns a nearly but not quite rigid barrier: clearly at a distance 

very far fran $, in the direction opposite to that of 0, its 

effect wears off in the manner discussed in the introduction. The )20 lines, 

on the OX! Y i plane, might therefore appear as in Fig. 7. 

~anwhile the §$ lines of Fig. 6 will have be=re distorted to fit 

inside the paraboloid. Those near D, on the side of G1 away fran 0, are 

prevented from beoorning parallel by the existence of)20 lines that have 

filtered through (i.e. a proportion of lines pass through) a distant part of 

MP, these latter are marked I in Fig. 7. (p. (Xii)) 

In the absence of current density inside MP, !! is the negative gradient 

of a harmonic function, single valued since the region is sirrply oonnected. 

Therefore it would be possible, if difficult, to solve this potential problem, 

probably requiring m.merical rrethods, if sufficient boundary conditions could 

be found. These latter, havever, are not knavn for certain, particularly as 

affecting the extent to which MP ceases to be a rigid barrier at large distances. 

Also, the practical problem is corrplicated by the inclination and rotation of 

the Earth 1 S and Sun 1 s magnetic axes, to the normal to the ecliptic and about 

the rotation axis, itself inclined, respectively. Havever there is a generally 

aocepted form of the resulting .!?, field, inside and outside MP, near El3, in 

the literature, see Fig. 8. (p. (Xii)) 

It will be noted from the figure that the neutral point D is nav rather 

further fran ffi than it was in fig. 6, also that the point A has becare two 

points, marked A & C in the figure. 

If one may imagine this distortion taking place in steps, an intermediate 

stage would appear as in Fig. 9, in which it will be noticed that at D the 

neutral ring is alnost unaffected, but that a less pronounced separation of A 

and C has taken place. The neutral ring would nav appear · as in the three­

dirrensional sketch of Fig. 10. In the final oonfiguration, that is, the 
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configuration of Fig. 8, the neutral ring will appear as in Fig. 11. Thus, 

it is not split near D. In fact, looking down on the ecliptic plane DXZ, 

the part of the neutral ring near D will approximate in shape to the arc of 

a circle, with a centre of curvature K sarrewhere between D and E!). (".(xiiil) . 

Before the distortion, the ~ lines due to 0 and $ lay on ~ = constant 

planes, see §3.1. After distortion, one !1layexpect that they will be close 

to planes through a line perpendicular to the ecliptic OXtZ t plane, through 

K. Therefore, to a close approximation, near D, since KD» length of small 

departure from D, it is correct to state that the Jl lines lie on planes 

parallel to DXY • This has the :iJrportant consequence that B.£ 
~-

= o 

at D and at all points close to D, and we need only consider the DXY plane 

itself. 

§ 3.4. The Magnetic Induction Field near the Neutral Line. 

HCMever it is no longer certain that the rr lines, as defined in § 3.1. 

are of the fo:r:m analysed in that paragraph. Inspection of Fig. 8 show that they 

are rrore likely to be approximately symretrical about both DX and DY, have 

a point of inflexion at D, and no longer necessarily rreet at an angle of 

0/2: in fact it is possible that they rreet at an angle of < 1f /2 - it will 

be shown later that this requires the existence of a current density parallel 

to OZ. The inflexion is such that the D-lines in X> 0 are concave in the 

OxX direction, and those in X < 0 are concave in the -{)xg direction. In the 

next paragraph a rrodel will be constructed that gives a field of this type. 

§ 3.5. A M:ldel for the above Field 

The first order field of § 3.1. can be put into dirrensionless fo:r:m, in the 

manner of Chapter II, using LoX = X, etc.:-

b 
A ~ 

..... 1 = -g(ylS. + ~) , 

where g is a dirrensionless constant > O. If we now add a field: 

b = -h("~"'~) ...... 2. .l:":; 4;£' 

where h is a dirrensionless constant, > 0, 
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then £ 2 is tie diIrensianless magnetic induction field due to a constant 

=rent density co-parallel g. The corrbined field is: 

£3 = - {<g+h)yg + (g-h)x21, 

And if ~ '= xg + yf and ~ X £3 = Q, then (g+h)y2. - (g-h)x2.= 0: 

this is a pair of straight lines, and are therefore Irlines for the £, field, 
.L 

that intersect at an angle 2 arc tan {(C;h)/(g+h)!' , i.e . < n/2. 

Now we add a field:-

_ts'L ,. '" 94- = - k (1 - e ) (~ - XX), 

where k, t are dirrensionless constants, > 0, 

then 124 is the diIrensianless magnetic induction field due to a current 

A 

density which is co-parallel~, zero at D, but increases with s up to a 

distance where it reaches a ffi3Xi..rmlm, after which, with further increase of s, 

it tends to a constant value. This field, when added to £>3 ' will therefore 

further deflect the Irlines towards the Ox axis for higher values of s, thus 

it will provide the type of field considered at the end of § 3 • 4 • 

The corrbined field is then: 

)2. = - {(g + h + k - u)~ + (g - h - k + u)~\ 

where u 
-ls~ = ke . 

As s becorres fairly large, u .... 0, and the slope of the £ lines will 

remain positive in the first and third quadrants, and negative in the second 

and fourth quadrants, as long as g - h - k remains poSitive, i.e. as long as 

g,h,k are chosen such that g > h+k, in which case (g + h + k - u) > (g - h - k + u) > 

0, all s > O. 

Now if 'i.e put h = 0, this rreans that we assurre that there is no =rent 

density at D; also near D, where te:rns in x and y higher than first order 

may be ignored, 84 is :;!ero as well as ):l;<. and the above ,£ field coincides with 

the ):ll. field. However, =rent density <May from D, increasing with distanoe 

from D. will give rise to afield whose Irlines intersect at right angles 

at D, but bend taNards each other as in § 3.4., on each side of DY . 
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A field of this type, that !lay serve as a rrodel, is that due to two 

oo-parallel line currents, each carrying current which has an electron-drift 

velocity parallel to z, through the points (±a,O,O) . 

This field will be analysed in the next chapter. In the subsequent 

chapters, investigations will be !lade as to the stability of the field to 

perturbations. In order to do this, it is neoessary to consider starting 

oonditions and also likely types of perturllation, as follows:-

(i) Starting conditions: The effect of a perturbation will be rrost rrarxed 

if just before the perturbation occurs, the nedium 's at rest. Calling this instant 

of tirre "tine 0", we rray therefore say that, at tirre 0, ;'l = Q, and all the 

elerrents of m-
1 5!.Y; are zero. Also,at and near the neutral point, £ is either 

Q or very small, since its CXXl1?Onents each have a factor varying with a position 

oorrponent . Therefore we may put ~ = Q generally, the effect of doing so being 

to ignore terns which contain, as a factor, a COIlpOnent of £ at tirre O. Then, 

with both b and v zero,dv/at = 0 (§2.5), and so v remains zero . 
.-.." ....., ,....... -

Also, since £ has no =POnent parallel to Dz, then this oonponent, b3 ' = 0 

and yb 3 = Q , at tirre O. 

From the remarks at the end of § 3 . 3 we may also regard the system, at tirre 

e 
0, as being independ;lnt of z. Therefore, at tirre 0, ab/ a z = O. - -
(ii) It is unlikely that a perturbation taking the form of a disturbance velocity 

field will oc= with the b field remaining locally undisturbed. This would 

nean, if it happened, that the perturbation in y would be dtE, at the neutral 

point, to a perturbation in y at sane oorrparatively distant point. This effect 

can only be propagated from the distant point through the nedium at the speed 

of sound in the medium, which is (P/D)-f '" 104mi s- l, a speed which is of the sarre 

order as the particle drift speed V at points in extra-terrestrial space 

where it is finite. This is a. SlCM speed by extra-terrestrial standards. This 

leads us to ooncltrle that perturbations will not,at and near the neutral point, 

take the form of sudden non-zero values in any of the oorrponents of )l. or of any 

of the elerrents of .£y;. Havever, the effect of an inpulsive small;e = 2. x 2) 
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near D, II Oz, i.e. of av2/ax, aVJ./ay will J:e tried. 

Again, it can J:e argued that a sudden non-zero value of a conponent of B, 

at D oould be caused by a dlange in current density at a distant point, the 

a L-L 
effect reaching D rapidly at the speed of "light", '" 10 m s . HCMever the 

result of this would be that D would cease to be a neutral point, in fact 

the neutral point itself would shift position. In this paper, attention is 

directed particularly to instability at a neutral point; therefore pertumations 

in corrponents of b will not be oonsidered. 
~ 

But a pertumatian can J:e accepted as possible in any of the elerrents of 

21.2 as long as we exclude ab3 /ax and ab3 /ay (since b 3 = 0 in Oxy) and also 

exclude aba,/az and ab2./az (system should rerrain independent of z.) It is 

felt that perturbations in ;L tt J!. x !l are nore likely. Perturbations will 

therefore only be considered in abL/ay and abz/ax, and not in the three tenns 

of Y:12. 
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C HAP T E R IV. 

THE <Xl-PARALLEL LINE CURRENT M:lDEL. 

§ 4.1 The Magnetic Induction Field of Co=parallel Line CUrrents. 

If line =rents, each of =rent strength I, and each with the electron-

drift, constituting the =rent, flCMing in the direction ~, are on the lines 

x = ± A, Z = 0, in a frane DXYZ as in §3.1., then the resulting magnetic 

induction field B at a general point P is given by:-
" A 

~ = \1
1 (!t + ~;1. ) 

2'JT R, R, 

where \1 is the pemeability of the rredium, R 1 is the length of the perpendicular 

PAl to the line on X = +A fran P(X,Y) and 11 is a unit vector defined by:-

" R~,;S2. are similarly defined for the line on X = -A. 

Then, since 

and 

then 

and, similarly, L = {- yg + (X + A)2} /R:<,' 

and we may write the above expression for g in dirrensionless form:-

.e = - k (yX + (a - x)y ~ - (a + x)y 1 
2 L ~ _ ~):t + ;t + (: + ~t + (Y~').. 

a a a a 

where aLo = A and ~ is a dirrensionless constant replacing \11/ (Z'JTABoa) , Lo and 

Bo were given in §2.1., also g can be the sane nl.mU:ler as in §3.S. by choice 

of the =rent I . Then 

{ 

x'i. y2" x:1. i! "} b = -g (1 + a2+ a2)~ + (1 - a'-- a2)XX 
- x'- ~'- 4x'- • 

(1 + - + .... ) --a" a:L a~ 

It is convenient to write the denominator, to facilitate expansion later, as 

l-2(X:l..a~ l) +{x~: lye 
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§4.2. The Field near the Neutral Line 

When x,y are small, that is, for the region near D, it is pennissible to 

use the binanial theorem. Expanding to the fifth order in ~,~, we obtain:-

b = -g {(l + ~\ "';[2) yx" + (1- ~l_ i") "} {l + 2 (x2._ y~) + (x'- - 3y~) (3x'-y2.H 
a2. a2. rJ a2. a:2.. xx. a:t. a4 I 

Le. b = -g 
:l :l 

[ 
~3~x_-........ly_ (1 + -

al. 
yg + (1 

We rray =rpare this field with that of §3.5 
_es'2 

, with h = 0 and with 

e expanded for the first three tenns only:-

b = _g [ {l + ~R. (x l. + /) _ ~~2. (x:>' + yl)l. } yg + 

There is a dissirnilari ty, which is to be expected, since the fields are 

due to different current systerrs. 
-3 

Meanwhile, so that 1Y-l?1 ~ 10 (§1.10) at D, 

we require Ig l ~ 10-
3

. But as will be seen in Chapter V, we shall be investigating 

fields that start from inpulsi ve values. Therefore I g I will be given the value 

10
0

, L e. 10
3 

tirres its value to rratdJ. that due to external influences. 

§ 4.3. Stability of Fields near a Neutral line, 

If a dirrensionless rragnetic induction field £. has a neutral point at the 

origin D, then this rreans sinply that 12 (E, t) + Q as 10 + .Q, where r is the 

dirrensionless position vector of the point of rreasurerrent of 12. 

Referring to the Cartesian frarre Dxyz, and assuming that the conponents 

r-
of £ orthogonal to z are independent of z, we rray write:-

£ = Fl(x,y,t)% + F:l (x,y,t)i + F3 (x,y,z,t).%,. 

Then the requirerrent that Z'12 = 0 gives a differential equation for F3 , 

as a function of z. In fact, for given oonstant values of x,y: dF3 /dz = 

kn= function of x,y = constant. Integrating, and allowing x,y to vary, 

we have :-
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F3 = zF4 (x,y,t) + FS(x,y,t). 

As we have seen, F 4- depends on F i and F 2. ' and we nay assurre that F 5 is 

also determinable, possibly from conditions inposed on Y..x 12 <May from D, also 

F 5 must tend to zero as "£ -+- .Q. 

So, once the behaviour of Fi ,F2. near D and on the plane z = 0 has been 

analysed, it is a s:i:rrple matter to investigate the field near the origin, with 

z finite but small. 

TherefOre for the rest of this paragraph we will consider the field on the 

z ~ plane: 

A A g = F.1. (x,y,t)~ + F:t (x,y,t)~. 

The function F 1 is assurred to be such that it can be expanded as a pcwer 

series in x,y,t :-
"" "" 

~ ~ 

B= -tlQ Y==-Q) 

We require that F 1 = 0 when x = 0 and y = 0, all t, and that FJ; be finite 

when t = O. This rreans altering the range of s1ll:mation :-
"" "" "" 

F = ~ 1 
a=O S=O y=0 

Q ~ ~tY (Q = 0) apr y , oay . 

The question whether Fig, the x - corrponent of 12, is stable or unstable 

is then decided by the behaviour of the above expansion for F 1 as t increases 

from 0, having determined the Qo:Py from boundary conditions on Fi for given 

values of x,y,t. The result nay be stable (that is,staady or decreasing 

oscillations, or e:xponential decrease), or unstable (that is, increasing 

oscillations, i. e. overstabili ty, or e:xponential increase), etc. 

When x,y are snall such that only first order terrrs in x,y need be included -

this assurres that ~ Qapvi is finite for all a,S - then we have the situation 

near the neutral line, where the £ field has a x-carponent F 1 which nay be 

written, with obvious 

F = 1 

or, IlOre generally:-

change of coefficients:-
00 y 00 y 
(~ Pyt)x + (~ Ql )y, 
y=O y=O 
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Fi = p(t)X + g(t)y. 

The above analysis applies also to F,2.' so that, near the neutral line on 

z = 0, we rray write :-

£ = (px + qy)g + (rx + sy)y, 

where p,q,r and s are functions of t. As they vary with t, each one rray pass 

fran a positive to a negative value or vice-versa, and it is of interest to 

investigate the fo:rrn taken up by the £ field on z = 0 as p,q,r, and s vary 

with tine. If the field is unstable, the follCMing analysis will give an 

indication of the way in which the instability grows. 

If the field is to have real D-lines, then writing as before: 

§ = xR + 

and requiring that: e x £ = g, 

we find that a real value for (y /x), on a ~ line that is tangential to the 

position vector at the point (x,y), and so points to or away from D, can only 

be obtained if 
:I-

(p - s) ;;. -4qr. 

If this oondition .is satisfied, two real values for (y/x) can be found: 

these values are dependant only on p,q,r and s, and so the lines through D 

at these slopes coincide with £ all the way along the lines; thus in this 

case the D lines are a straight pair. 

If the oondition is not satisfied, then (y/x) is irraginary even as x and 

y ->- 0 together, and so there are no real D-lines. 

In the case where D-lines exist, it is of interest to investigate whether 

b points tcMards or <May fran D on both ]) -lines, or towards ]) on one 
~ 

line of the pair and away from D on the other. Let,§:1',§.2. be the posi tien 

vectors of any two points, one on each of the pair of D - lines, and let J:? 1 ' 

!?;c be the corresponding values of the field at these points. Then the first 

of the above conditions will apply if : 
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But xl' Yl' the CCIlpOnents of 21 ,satisfy the oonnection: 
I 

Yl/x 1 = [- (p - s) + {(p - s)2. + 4qr 1-': J /2q, 

and similarly X~;t2 satisfy a oorresponding connection with a negative radical. 

Substituting for 121 , E?2 ' Yl ' Y,- and dividing the result by (X~X2/q)~ we obtain, 

after sorre currbersorre algebra, the oondition: 

(ps - qr) {(p - s)2 + (q + r)2 J > 0; 

That is, the oondi tion is: ps > qr. 

To investigate the nature of the £ field elsewhere than on the D-lines, 

if they exist, it is necessary to obtain the equation of the b lines. This 
~ 

may be resolved by the follcwing device: we require that, for an elerrent b~ 

of a £ line: 

which leads to : 

02 X !:? = Q, 
.'!i. _ rx + sy 
dx - px+QY' 

The solution to this differential equation is obtained, in the usual way, 

i.e. by the substitution Y = xu(x). The result is the unexpectedly carplicated 

equation: P+S_w 

w)x1
2g 

= k
2 {y + 

~+w 
p-s 1 2q ( - w)x 

2q {Y + (~~ + 

2. .L 

where VI = +KW ~ + ~j2. 
Here, k:t is a pararreter: the D-lines are given by the limiting values 

2-o , ~ of k. It will be noted that the £ lines will all pass through D, if, 

for all k, it is possible for both x and y to approach zero. Clearly this 

can only happen if the two exponents are of the sarre sign, then if they are both 

positive, and w is positive by definition, we require ~ > w. 

If they are both negative we still require I %S I > w. 

In either case the inequality leads to the oondition:-

ps > qr. 

Thus, there are three types of field, as follOlls:-



(i) 
:L 

(p-s) < 
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-4qr: No D-lines, irrespective of whether ps "'- qr. In fact by 

substracting (P+S)2- from each side of the inequality, one can see that ps > qr. 

Since b lines can never pcint to or away from D, they foll= paths that 

circurmavigate D in the form of an oblique spiral. Therefore this type of 

field will be referred to as a "spiral-type". Fig. 12 shows the appearance of 

the field for the case : (p. (~ivl) 

p = 3, q = 4, r = -2, s = -1. 

The resenblance to an A-type spiral nebula is remru:kable, and has led to 

atterrpts to correlate the existence of spiral arrrs to the presence of a nebular 

magnetic field of this type. 

(ii) 
2-

(p-s) > -4qr ; ps > qr All £ lines are D-lines and one pair is 

straight; £ lines only pcint to or from D if the pcint of rreasurerrent is 

on one of this pair of straight lines, otherwise not. Fig. 13 shows the appearance 

of this type of field, which will be referred to as a "bar-type", for the case : (p. /XiV») 

p = 4,q = 3,r= -2,s = -1. 

There is again a rema:rkable resemblance to a nebula, in this case to a 

bar-nebula. 

(iii) 
2-

(p-s) > -4qr; ps < qr. Only one pair of D-lines exist, which are 

straight. The £ lines pcint t=ards D on one line of the pair, and CMay 

from D on the other line. Elsewhere the £ lines reserrble hyperbolae, with 

the D-lines as asyrrptotes. This type of field will be referred to as an 

"X-Type". Fig . 14 gives an exaIll'le for the case: (p.(><v») 

p = 4, q = 3, r = -2, s = -2. 

There do not seem to be any nebulae which have this appearance. This is 

the type of field analysed by Dungey (6), as rrentioned in the introduction, 

also by Yeh and Axford (14) and Schindler (15). 

There are also three limiting types, or "boundary cases". It may be 

noted that there is no boundary case between a "spiral-type" and arl'X-type" 

field, since this would require: 

(p - s)2. = -4qr, ps < qr, that is (p - s)2 <- 4ps, or equivalently: 

:z. 
(p+s) < 0, 
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which is irrpossible for real p,s. Therefore the three boundary cases are: 

:<. 
(iv) (p-s) = -4qr, ps > qr. This is the boundary case between a '!3piral-

type" and a "b~type" field. The twc Irlines of the "b~type" coincide. 

Fig. 15 gives an exarrple for the case: (p. (xv)) 

p = 4, q = 3, r = -3, s = -2 

(v) 
2-

(p-s) > -4qr, ps = qr. This is the boundary case between a "b~type" 

and an "X-type". It will be noted that the condition: 

ps = qr, 

rreans that: b = {(px + py) (p~ + ry) J/p , 
that is; the £ lines are constant in direction; the particular set of £ 

lines that pass through D form one of the Irlines (rx - py = 0), and £ changes 

sense if the p6int at which it is rreasured follONs a £ line and =sses the 

other D line (px + qy = 0). This field has an oblique resenblance to a line 

source or a line-sink field, so that no diagram is needed. 

(vi) 
:t (p-s) = -4qr, ps = qr. This is the conrron boundary case where the 

ccnditions for all three type of field rreet. The two equations connecting 

p,q,r and s shON that s = -p, and that r = _p2./q , so that : 

b = (px + qy) (q5{ - pY) /q. 
~ ~ 

The two D-lines of Type (v) have ooalesced; £ is parallel to the corrbined D line 

(px + qy = 0) everywhere, points in different directions on each side of the 

D line and is zero on it. The field resenbles that due to a sheet-vortex, apart 

from the fact that b increases with distance from the Ir line. Fig. 16 gives 

an exarrple of this type of field for the case:- (p.(xvil) 

p = 2, q = ·1, r = -4, s = -2. 

This is the type of field analysed by Piddington (7), Jukes (9), Stix (8), 

Speiser (11), (12) and by Tendys (13). 

If we divide each term bf the expression for B by q, and write ~ = p/q, 

11 = r/q, and ~ = s/q, the expression becorres :-
,.. ,.. 

b/q = (I;x + y)x + (I1X + ~y)y, - ~ ~ 

giving a field which is similar to any B (p,q, r , s) field other than in sense and 



34. 

and scale. 'lhe possible types of field may then be defined in a frarre 

01;nr; (Cartesian) ,which contains the surfaces:­

E 1 - (1; - r; )2.. + 4n = 0 

and E~ - 1;r; - n = 0 

Rotating aJ<eS, about On, through an angle ,,/4, and reflecting in n 1; r; , 

by the transfoms:-

n = 
, 

- n 
, 

Z;' ) r; = 2-'-(1;' + 

the surfaces becarre, in the frarre 01;' n' r;~ 

Ll - r;'2. - 2n' = 0 

L2. 
,2 ,,-

2n 
, 

= 0 " -1; + r; -
(p.(XVii) ) 

Figs. 17, 18 give an iIrpression of these surfaces. " They clearly rreet where 
, 

1; = O.The tangent plane of L1at a point has the equation: 

r;'r;' - (n 
, 

+ <) = 0, 
1. 

that is, since 
, 

1;r;:2. '-n. = 
~ • 

r;',' n' I;r; ~~ = 0 
J. 

The tangent plane to LZ at a point 1;' 
, , 

has the equation 
2. ,n ~ "2 

-1;'1;'+ ,'r;'- (n' + n' ) = 0, 
2. :l. :I-

that is, since n' = :I-
1;(r;,2 

;I. 
_ 1;'2) 

:>. 
. 

-1;'1;' + ,'r;' - n' - I;(r;; - 1;(2) = O. 
;2. ;I. ;I. 

The points where, in each case, the tangent plane touches the relevant 

surface, are identical on the line where the planes neet. This, as we have 
, 

seen, lies on 1; = O. 

Thus the tangent planes to Ll'L Z ' where they neet are obtained from 

the above expressions by writing:-

~, =~, O · 1 1 1. I:l.' , 
'> 1. '>;1.. = , n1 = n,2. = "'1. ' r; 1 = r;:<, 

providing two identical equations, both of which are . 

= 0 

Therefore the tangent planes to the two surfaces, where they neet, 
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coincide: this means that the two surfaces touch each other. This happens 

on the line where either surface meets the !;' = 0 plane, i. e. on the line 

given by the equations:-

~' = 0 

~,:z. = 2n' 

I 
This line is a parabola on the !; = 0 plane, through the origin 0 and 

with the On' axis as axis of syrmet:ry. The illportant point that is 

derronstrated by this analysis is that the whole infinite region, spanned 

by the frames Ol;'n',' and, equivalently, O~n~, is divided into three sub-

regions only by the surfaces. This explains why there are only three 

types of l2 field, and only two boundary cases, in addition to the expected 

one camron-bounda:ry case. 

Finally it is evident that an "~type" field, referred to axes Oxy 

which bisect the angles between the D-lines will by symret:ry be such that 

when x = 0,!2 Ilg, so s = 0 and when y = 0, bll 2, so p = o. '!hen 

qr> o. The field )21' where q = r = -g, is of this type. 



36. 

CHAPTER V 

FIR3T DIFFERENTIAL mUATIONS 

§5.1 Infinite conductivity and constant pressure 

'!he assurrption of infinite oonducti vi ty inplies that y = 0 (§ § 1. 8, 2.1), 

so that the equation in § 2.1 reduces to: 

abi/at = -vibi\<. + vikbk - vkkbi' i,k = 1(1) 3. 

This is the sane equation as that in §2.5, in suffix fonn, making use 

of Maxwell's equation b kl< = 0, surrmation convention, and with the oonvention 

that the second suffix refers to the gradient oorrponent, i.e.: 

Vik" ik elerrent of .'?y. 

This equation holds even for cases where bikk may have large local 

values. The assurrption of constant pressure rreans that a tenn containing 

Pi ' the i
th 

=rponent of )Zp , may be ignored: this was done in §2.5 in 

which yp was taken to be negligible. The equation in §2.2, using suffixes 

again and the colltm.ltator operator [ ], reduces to: 

aVi/at = -vkvi!<. + bkbCikJ· 

In this equation II has been replaced by unity (§§1.10, 2.3). The 

~ffect of varying density, due to the equation of oontinuity, will be 

investigated in §5.2. 

As eJqllained in § 2.5, no further equations are needed for stability 

investigation. Foll=ing Dungey (6), and so that pennutations in elerrents 

of 2£ can be used ( § 3.5, end), we take the gradient of the above equations 

and,. in the result, set 12 = Q and y = Q (§3.5), obtaining,with j = 1(1) 3: 

abij/at =-Vkjbik + vi\(bkj - Vkkbij' 

aV" fat LJ 

These tirre-dependent differential equations may be transforrred into 

recurrence equations by the foll=ing device: for any tirre-variable A, aA/at 

is closely represented by (A~"" - A.nyt.t, where t.t is a constant small tirre 

period and An is the value of A at tirre t = nt. t. 
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We set ~t = Isec7 To = 1, which represents what seems intuitively 

to be a sufficiently short period of tine to give an ac=ate investigation 

of extra-terrestrial phenarena. The equations be=re: 

bn+ 1 

bi) 
n 

bli< 
n 

bQj -Vkk b 1J i) = - Vkj + vik 

V :"'·+l = n 
- Vkj 

n + b'kj b(ik] . v·· vi\< 1.J IJ 

In these equations, when n = 0, we oonsider the values of the 

variables at an instant when oonditions are due to external influenoes 

only, but certain of them are given a "perturbation value", that is 

the original value plus a srrall disturbance value. The perturlJation 

values, as explained at the end of §3.S., are limited to b: IC , where 

t, Ie = 1 (1) 2. The pertw::bance nay only take place, irrpulsi vely, 

at tine 0 (n = 0), since the recurrence equations then determine the 

values of all subsequent b~} (n '* 0). Rerrenbering, from the argurrent 

in o 
§3.S, thatbij are zero if either i or j, but not both, 

are equal to 3, the equations for the case n = 0 appear when expanded 

as folla-rs:-

1 o ( 0 o 0 o 0 
b ll = bl\ 1 - vkk ) - V2.1 b 1,<- + VL:L b2-1 

btl. = b1:L (1 - vkk) - V~l. b~l o bO - Vn H . 
0 

+ vl1. b" 1.2- + V~l. b~ 
1 0, bl? = 

, 

1 0 (1 -Vkk) 
0 

b21 = b 21 - Vu 
o 0 0 0 0 o 0 

b21 - V2.1 b;?2. + v2.1 bl1 + V22. b Zl , 

1 
b?'2 = 0 

b 2-2. (1 - v'kk ) 
o 0 0 0 

- v i 2. b2.1. + v2L b lz 
1 1 

b B , b31 , 
1 

b32 all = 0, 

L 0 
(1 - vh) , b33 = b33 

1 0 (1 - V~l ) 
o 0 0 0 

va = Vll - V21 V1'2. + bH b[1:l.] , 
1 Vl2. (1 - V~IC ) 

o 0 

V 12. = + b n b[l:c1 

vi -1:> - 0, 

1 0 (1 - V~,,) 
o 0 

V21 = V21 + bl1 b[21] 

1 0 (1 ... vh) + b~2. b[21} V,.2 = V 22-

1 1 
v~~ I V 31 I 

t V32 all = 0, 
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From these equations we elicit the info!ll\ation that, even if the 

o 0 0 0 
other dyad elerrents are non-zero when n = 0, if b l :? , b2'.> , b31 , b3!<. , 

o 0' 0 0 1 1 1. i 
v13 , V:z.s , V31 , and V32. are zero then so are b t3 ' b2., , b31 ' b 32 ' 

1. 1. 1. 1. V n , v.2.3 ' V 31 , and v 32.' 'Ihe sane thing will happen over the next 

'od' b 2 t pen. , ~.e. 1.'.>, e c., are zero. The inference is that, in this 

n n n n n n 
b31 , b 32. , V,3 , v;>., , V31 and V32. are zero for all n. 

Further, if v33 ' an elerrent of Y'£ at tine 0 is zero (§3.5), 

the last equation shCMs that v~3 is zero for all n. 'l.he equation in 

b~, , using Ma=ell, can then be written, for all n : 

(b~l + b;2. ) (v;t<. - 1). 

= 

Hence b;;' depends on values of b~K:' V;K., deducible from the 

remaining equations. If an instability is discovered in the latter, 

this will automatically affect b~3 also, and so it is not necessary to 

investigate its behaviour. 

With these considerations in mind, omitting the vanishing equations 

in b73 , etc. and that in b~3 , and also noting that b[2.11 = -be12] and 

making sore adjustrrenst for tidiness, the equations may nCM be expanded 

for a general value of n :-

bn -+ 1 " (1 - v~,J 
n n n " = btl + Vi?.. bll - V2.l b 1:1. 11 

b"~' b~2. (1 - V~,) + V~l b l 2. - V~2. bll '" n '" " 12. = + ViZ bn - vnbn , 
bO + ' b'2\ (1 - V~"" 

n 
b~l + '" b~l '" bn n b 21 ;2.1 = - va v"" - v:l.l 2.2. + V 2.2. 

bT'o-+1 b~2. (1 - v~,J 
n 

b;1 
n h 

:l.2. = - v 12 + Vn biZ , 
n1" " (1 - V~l ) 

n n + b 2l bel2], Vu = Vu - v J:2- V21 

n-t I " v~,J " 
n 

Vl'2 = v12 (1 - +bn b[uJ, 

"+' n (1 - V~l<.) - b71 "" v2.! = v.21 b[(2), 

'H' v£:t(l- V~) 
n "- n n 

V 22. = - Vl 2. Vn - b12. ben). 

It will be noted that the last four equations all include the 

n 
factor b(l2.)' 'Iherefore to get full value from the investigation it 

is advisable to give different pertumance values to b~2. , b°2.l , using 
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the inference that a =rent density parallel to Dz and so proportional 

to b ( 1:2.] , == irrpulsively, due to sene cause or other at tine t = O. 

It will also be noted that, if we rotate ru!eS of reference through 

an angle 7T about the Dy axis, and use the sane syrrbols, the effect will 

be to change the sign of a conponent C1 of a vector C, and of the 

operator aj ax; thus C1Z ' C~l' Cl?>' Cll change sign, whereas C u , C !< :l. 

maintain sign. Therefore the sane type of instability will result from 

the perturbations b~'l. = t ,b~l = m, say ( t ,m ccnstants) as fran 

b~'l.. = -t , b~l = -m. 

Further, the equations are symretrical about the plane x = y. 

Therefore the sane type of instability will result from the perturbations 

o 0 D 0 
b 1:1. = t , b 21 = m, as fran b 12 = m, b 2.l =t . There three points will 

be borm in mind when applying perturbation values to b~)(.. 

'!he m::xlel to be chosen for investigation is the co-parallel line 

° =rent m::xlel of Chapter IV, with b near D given by the second 
~ 

equation in §4.2. From the argurrent in §4.2 (end) we may put g = -1 

since the sign of g does not affect stability investigation. Then b
O 

5 
approaches a value, '" 10 , due to external influences (§1.10), at distances 

of value '" 
5 1 -3 

10 m from D, and this distance has a value '" 10 of the 

distance of D fran the Earth (§l.3ii). This distance can be looked 

on as being "near D" as long as the imaginary line =rents, causing the 

model b field near D, are distant from D also at lengths of the 
~ 

g 1 
order 10 m. 

From the e<:ruation, 

-1 

o 0 
we see that b 11- = b 2.1 = 1. Let the disturbance values 

be of the order 10 , 
o -1 

so that the perturbed value is 10 ± 10 . Then 

a table for perturbation values of Yl;?, ccvering all possibilities, is 

as foll=s:-

bh 1.1 1.2 0 . 9 

b~l 1 1.1 1.1 

'Ihe result will be given in §S.4. 

{ and, in } 

each case: 

b1\ = 
° v l le= 

0, bh = 0 (§4.2) 

o (§3 . S) 
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AlteTIlatively we nay try disturoances in v~'Z. ' V~l (§3.5) with 

o 0 0 0 
b 1:2. ' b:L 1 both equal to 1 and all other b 1)<: , v llC = O. Being careful 

to avoid values such that I v~zl = I V~l I , since both the sum and 

difference of these quantities appear as factors in the equations and 

an instability effect might be cloaked by the equality, and bearing in 

mind the three above points about possible values for b ~)<;. , - applicable 

also to v~,,- ,-all accepted possibilities are included in the foll<Ming 

table: 

0.1 0.2 -0.2 

o 
V.1.1 o 0.1 0.1 

The result will be given in § 5.4. 

I and, in } 

L each case: 

b~K = 1 - OtIC (§4.2), 

V~l = 0, V~2..= 0(§3.5). 

o 0 
Dungey (6) investigated the cases b L2 * 0, b:2.t = 0, and also 

Vr:2. * 0, V~l = 0, without nurrerical details and also without noticing 

the effects, rrentioned above, of notational (,T) syrmetry about Dy and 

symmetry about x = y. 

§ 5.2 Constant conductivity and variable pressure 

If the conductivity is constant, and finite, this irrplies that 

y = constant and finite 
-14 

(§§1.8, 2.1) and so we may write 10 for y 

(§1.10). 

'!he equation in § 2.1., adjusted as in § 5.1 above, leads to the set 

of recurrence equations for b ~'" 

b h + 1 

11 = 

b 11+1 
1'2.. = 

bn+ ' :2.1 = 

bh-r l 

:2.'1. = 

n 
bl1 

b~'2.. 

b ';.1 

b~7.. 

(1 - V~lC) + v~ b~l 

( ") "b" n b" I-V"l< +Vll 12- V 1'2.. 11 

(1 - V~l<) - V~t b~1 + V~l b~l 

( ~) n bn " 1 - V!<)C - Vlil. 21 + V!l.1 

-14 n 
+ 10 bukk 

) 

n 
in which b i:'lkt , 9. = 1(1) 3, have been set at zero, by virtue of argurrents 

n 
similar to those affecting bij in §3.5, for k = 3, and/or 9. = 3. 

n+1 
It nay be noted that, fran the equations in § 5.1 for bij we 

" obtain, on adding a term Ybijkk 

differentiating :-

(§ 2 .1) to the original equation and 
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.,,+ \ n 1'l l"I" n. n '" '" n '1'\ 
bijtt = bljU. (1 - vkk) - 2Vkkebije - Vkkllbij - VkjUbik - 2Vkjt bike 

l'\ n." h 1"1 nn " 
Vk~ bikee + Vik el bkj + 2vike bkje. + Vik bkjet + YbijkkU • 

'Ihis shaNS that, if the bLjkk be given, then in order to detennine 

1. 'L 
the bijkk , b ijl<k, ...... , we ITUlSt at each stage be given the values of 

a nllIlber of other quantities; e.g. for b~jkk we need to knaN the Vkk e , 

o 0 

bijt , ..... , bijkkeeand to find all these out from recurrence equations, 

cbtainable by differentiation of the original gradient equations, we 

must be given values of differentials, of higher and higher order as 

the process oontinues, of bijk etc. leading eventually to an infinite 

nunber of starting conditions. 

As this process appears to have no future, and in order to solve the 

recurrence equations for b~x: ' we must clearly assurre values for the b;",kk 

'Ihe prc:blem naN arises:- will a result of interest be fOlmd if we take 

the values to be of irrpulsi ve type, i. e. if we take the b ~)C kk to be 

finite and large and the b ~ Kkk to be zero for n,*,O, or, should we 

ascribe finite values to all b71<kk ? 'Ihe answer to this question may 

be obtained from the follaNing reasoning: if, by the first method, stability 

results, then a small oscillation will accrue from a given set of 

distw:bance values for b7Kkk ,not large - these are perturbation values 

since the unperturbed value of b~i<kk is zero (§4 . 2). A further small 

oscillation will accrue from a set of distw:bance values for b~)Ckk ' not 

large, carbining with the first oscillation into a stable behaviour. Similarly 

for all b?x:k k • 'Ihis reasoning is helped by the fact that the equations 

for b~1C are linear in b~}C. and in b~}<kk . Unfortunately the corresponding 

set of equations , to be given later,for Vlj are not linear in bi) or, 

for that matter, in vij either, 50 that the reasoning breaks d=n at 

this point. HaNever, if, as a result of non-linearity, a oontinuous applied 

distw:bance in the b~)C kk , all n, were to change what was stable hehaviour, 

due to irrpulsi ve b ~I<; k k , into unstable behaviour it would be necessary 
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to apply an infinite nunber of starting conditions, i.e. ascribe sets 

r-
of vall.ES to b l>~ k k , all n, 0 < n < <X>. No atterrpt will be rrade tc do 

this in this paper and it is proposed to investigate only the effect of 

an iIrpulsive disturbance, as being llDre likely to give a stable result 

than a oontinuous one. Also, as has already been stated (§3. 5), a 

disturbance is rrore likely to oc= in the "shear" terrrs b~o.kk and b~1kk 

than in the other two. 'l11erefore arbitrary disturbance values will be 

given to yb~2.kk o 0 0 
and to yb Z1 kk and bukk , b Z 2-kk will be set at zero. 

Since we have decided on an iIrpulsive disturbance, b~2.kk and b~,kk 
1'3 -14 -1 

can be large, say '" 10 and with y ",10 the te:ms will be '" 10 

If the pressure varies, then A varies through the density (§ § 1. 8, 

2.2, 2.4). 

'l11e equation in § 2.2, adjusted as in § 5.1, leads to the set of 

. " recurrence equations for Vi] . 
h.,\ 10 

(1 -
n " n "" " " " " n vll = vll V 11 - V1l. V.21 + A b:l.1 b[l?1 - Tl Pl - T Pl1 , 

,,+ , " (1 - v ~I< ) An '1"'\ n l"I '" " n V 2.2. = V <1.2- + b n b[1~l - T2.Pl - T Pl 2. , 
MI n 

(1 - v;", ) A" b1t n n n 
n " V 2.1 = Vl1 b[l?1 - Tj P2. - T P12 

Vl'lT' " (1 - V~2 ) 
n " n n " n " n " = V 11.2 - Vl'l. VZ1 - A b 12 bra] -Til. P2. - T Pn :1.2. 

where T = P - \ A has been retained and terrrs due tc the term TV P are ,..-

included, the term in Ajbkb[ik1 ' of course, falls aYlay since b k = O,§ 5.1. 

o n ~ -1 n S n -2 1'1 
Rerrerri::>enng, fran §l.6, that T "10 (p") , so that 'Li '" -10 (p) Pi 

and also fran §l. 8. that X' = V f!.. , then,with 11 '" 10~0 £2. kl rol
, An", 10 -12 (pM,-l 

(see §1.2), the equations can be written 

,,+ 1 " (1 - V;l ) " " 108 (pnf2. {10-
20 

pb;l bCl2] + (p:)2_ p"Plll \ Vll = Vll -V1,,-Vll + 

nt' " (1 - v:-cx:) 109 (p",-2. { 
-:>'0 hb" b;\ 2.J + p~ " n,,} VIZ, = V,:/- + 10 P .2.2. P;1. - P P 12 , 

~ +' 
V 2.1 = n 

V 2.1 (1 - v~),) + lOft (p,,)2 { -2..0 n n 
-10 P b u bel7.l 

f\ l"I n 1"'1 J 
+ Pl P2. - P P 12 ' 

" + 1 " (1 - v;1.) 
n n 3 1'1 -,2.. { -.2.0 n ,.., ,,2. 1'\ n ~ 

V:I.?. = V :l.2 V'l. V:tt + 10 (p ) 10 P bu. b[uJ +(pz )- P P;u • 

l'EanwhiJe, the equation in §2.3 can be written, using (§1.6), P "'P:-
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* = PI<?k - pVkk' 

which leads to the re=rence equation, as in §5.1:-

pl'l+t n n r" n n 
= P - Pk vk - P vkk ' 

with first differential: 

TH .. 1 " 
Pi = Pi 

and se=d differential . 
h"f"l 1"\ n to. "n r.... "... " " h 

Pi) = Pij - Pijk VI< - P<ikVkj> - Pk Vkij - Pij vkk - P<;.Vkkj>-PVkkij' 

where < > is the anti -=mutator operator on unlike llidices. Actually 

(§3.5), vic. = O. It is clear that,to solve the recurrence equaticn for v;><. 

the p~;' equation is of no help. lhus, supposing that we ascribe valoos to 

'!hen we rray determine v,~ and rJ but 

to determine v/~ , and P'\ we require to knew the valoos for p~ and 

for P;)t , and for these to be found fran the last two equations we must 

f • 0 d* 0 be given sarre 0 the values for v,x:c.> , P,,<w an for V'X:WlI • A similar 

vicious circle has arisen as in the case of the rragnetic induction equation, 

doo to the non-linearity of the equation of continuity. 

A line of reasoning, which leads to rescoo fran this ilrpasse, is 

to assurre that the variation in pressure, with position, is a constant 

both in quantity and in direction, and also in tirre. '!hus, due to sare 

external effect, at and near D the pressure gradient becares a non-zero 

but a space- and tirre-constant vector. Then p~ = constant, all lC and n, 

but P~)C = 
all 

01 A 1 ,K, and n. let p~ = 
-16 YI -16 -1. 

10 a, P2. = 10 S, and let (pn) = 

10
1

2. q'" whe d Q , re a an .., are constants. New the equation § 2 .3, assuming 

pq is constant, can be written 

n-+ 1 1"'1 T'I 'r\ n n n ( ) or, in recurrence fonn: q = q - q k vk + q vklv = q 1 + vkk ' since 

Vk = 0 (§ 3.5) . 

It is new possible to corrbine the equations of this paragraph and to 

consider likely starting conditions. Omitting terns in b~tkl< and in b2!2.~\< , 

-14 " and also,-using Kronecker's delta-;writing 80no for 10 b
'
2.kk and 4>OhO 
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for 
-14 b" 

10 .1.1kk , the corrbined equations becare:-

b"+t a = b~l (1 - v;,,) + " b" V1.'2. ;u " b '" -v:a a 

b " .. , 
t'Z.. = b~ (1 - v~l;.) + v'" U b~2 ~ b"-- vu. 11 n b "b" + v,!>- !<.:>- - V'-'l. 12- + 80 no 

bl1 +2. b~l (1 - v~,J '" b 21 + n b" .,.. bT\ Y\ b" + <pOnO = - va v:>.t U - v:>.t 1~ + vn 21 :2.1 , 
bl'\.+l " (1 - v~l<) " " + V;l b"t!L = b;L:L - v , :>- b;u , 12. 

".,., n (1 - V~t ) n " + q" (b~l bel:>'] + q"a "-) vn = Vu - V,2 v;L1 

".1 n 
v t'l.. = V 12. (1 - V~K) "(b" bO + q :2.2. (1:2.1 + q"aS) , 

".,.1 '" (1 - V;I\:) n. ( " b" ~ 

) , V:<1 = v21 + q -bll C1'2.] + q a6 

".1 n (1 - v';:-:t) 
n.. l'\ \"\..( n. ~ + q" rf) , v'-:t = v;2.:t - v ll. v2.1 + q -bn b[a] 

q"+i = q" (1 + VKK. ) • 

It has already been noted that suitable disturbance values for 9,<P are '" 10 
-1 

Values for the q'" cone fran the last equation and depend on the derived previous 

set of values of the v:'x: and of qO which can be taken as 1, the undisturbed value 

(§ 1.10). Perturbation values for b~K. !> , V tK. can be the sane as these 

in §S.l but, to these rrrust be added zero disturbance values, i.e. b~K = 1, v~~=O, 

all 1, K , so that the effect of a disturbance in only b~x:kk and p~ (= p;) 

can also be investigated. It is advisable to ascribe different disturbance 

values for p~ ".,.2-, i.e. for a, S : this is because, e.g. the b 12. equation 

contains the te:rm (V"+I 
11 

, and that itself contains the te:rm 

(qO ):<. (a 2. - 62.). Also, the te:rm b [17. J oc=sin all v ~/r. equations, and 

b e1,,-) includes the te:rm8 - <p , so that it is advisable to set 8=1=<P. From 

§ 1.10 we see that the unperturbed value of p~ is '" 10 -Z3 , so that of a and 6 
-7 

is 10 • So that acceleration in the nedium does not becone at once 

1.U1JlIaUagably large, the effect of, say a '" 10'f' must be checked. This gives 

Ix:p I '" 10",-,6 , whence (§1.10), p-11x:p I , the acceleration magnitude, '" 10 ,/,+-4-

'Iherefore, since unperturbed I y I '" 104( §1.10) , we must have 1fJ< O. Havever, 

a, 6 appear as squares or products in the v 
-2. 

order <10 if 1fJ <-1. 

equations, giving terms of 

The effect of such small te:rms would take long to shav up, and so the best 
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course is to choose 1jJ such that -1 <1jJ < O. Tentatively, we put 1jJ = -lj, and 
_1-

choose values for a ,S near 10 "; 

By including zero values for a,ej> but non-zero ones for a, S we may 

alleM' for the case where the conductivity is regarded as infinite but a 

constant pertw:bed pressure gradient exists. 

'!he above arguments are covered by pertumation and distumance. __ values: 

{b~2 ° b~L = 0 '} = 1 1.1 1.2 
0.9 } [ btl = 0 OR 

bh 1 1 1.1 1.1 0 0 qO = 1 = v,K: = 

r:2 = 0.1 0.2 -0.2 

r{b:
K = 1 - b,x: 01, and, for all 

0 0.1 0.1 o , qO cases :-
v:l.1 = va = = 

{: = 0 0.1 0.2 -o.l }, { : = 0 0.3 0.3 } = 0 0 0.1 0.1 = 0 0 0.4 

and the sane sets with either e replaced by ¢ and vice versa l1 

ana/or ct" II?> It" n 

if non-zero. 

'!he last rerrarks are necessmy because, in spite of synrretry about x = y, 

a different result might accrue fram e.g. 
1.1} & [ a= 0.1} as 

1 ej>= 0 

from 1.1} &{a = 0 } 

1 ej> = 0.1. 

'!he tri al where a ,ej> ,a ,6 = 0 will = 

= 

give the result for § 5.1, as affected by unsteady density. 

'!hus, for each of the 8 cases involving b~1\. ' 
o 

v ne I there are 35 

trials to be carried out, giving a total of 245 trials. 

The result will be given in § 5.4. 

At the end of Olapter VI it is prcposed tc consider the tirre scale of 

changes in any variations in the magnetic field and other prcperties which may 

* Could be -0.1, but this choice alleM's easier programning.) 

7 
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be found to arise as a result of disturbances, and the type of field that 

may result in stable cases. 

It must be rerrerrbered that the assUllption that b = 0 , v = 0 near --- ....,...... ,..., 

D, on which the equations in this chapter are based, no longer applies, if, 

as a result of perturbations and disturbanCEs, these vectors graN rapidly in 

the region surrounding D. Thus, if anyone of the values of, sa!;!, reaches 

a nuni:>er, sa!;! N, this rreans that, at a distanCE of lO'\"rretresfrom D 1£1 "'NltIO~ 
The likely value of I!?I ,due to external influenCEs, is lOS (§1.10). It 

seems hardly likely that a stable state will result after an irrpulsive 

disturbanCE has caused l.el , near D, to reach its general value in extra-

terrestrial space. "-Therefore it is proposed to apply a maximum value for btl< 

of 10 ,in the investigations : if a b~ reaches this figure, it will be 

assurred that oonditians are uns'llitable. By similar argurrents the limit for 

the n. 
v,lt will also be set at 10 

§5.3. Variable Conductivity and Pressure 

In the above two paragraphs, the oonducti vi ty, 0 , and hence y , were 

taken to be space oonstant. Ha.vever, when finding a likely value for 0 in the 

rragnetotail region (§1.4) , 0 was sha.vn to be a space-variable. In fact; 

oorrbining the figures of §1.4 with those for L in §1.3l, we have, in CKMS 

1.n1its 

9 i 
LS '" 10 rn , 

2.5 .. - 1 - 3 1 as '" 10 C k rn s , 

11 1 
L M '" 10 rn, 

11 t 
Lq '" 10 rn 

20 "- -1 - 3 ~ lq "- - 1 - 3 1 
a M'" 10 C k rn s ,0" '" 10 C k rn s 

I I I I I I 0 A plot, Fig 19, of a against L shaNS that d a/dL M '" 10 , and thenCE 

that Ido/dL l
M 

= (a/L)M Ida'/dL1M = 109 x 10° = 10~C"k-lrn-4-s1 . (p (xviiil) 

Thus, if we worle on these figures, we find that I df/dLl
M 

(§1.8) , Le. 

I -1-2 I 6 - 40 q - 2. 1 - 1 
)l a da/dL M , '" 10 x 10 x 10 I '" 10 rn s ,and therefore that (§1.10):-

rn- 1lyrl '" 10-2S
rnl s -1 • 

A first derivative of the equation in §2.l, adjusted as in §5 . l, would 
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take the fODll : 

if the space variance of Y is allaYed for, the fourth teDll in the RHS being 

the one not previously considered. Due to external influences, as seen above 

-:>.' -11 -3' 
and fran § 1.10, it has the order 10 x 10 = 10 • 

The order of the last teDll can be obtained using Fig 4, fran which we nay 

write, - with L naY as in § 3.1 ii referring to distance fran the Earth, - in 

0018 units:-

Id( IdB/dLl') / dL1E 

L '" 10
7 

e. 

~ 
",10 , Id<ldB/dLl' )/dL'I

M 
'" 10°"', 

Il' 
L M ",10 , 

Id<ldB/dLl' ) /dLl" '" 10° , 

LC4 ",10'1 

11 - t1 
The first line rreans : Id2B/dL2.IE "'{ (ldB/dLl/L) xlO E'\; 10 , 

Id
1
B/dL"l '" 10-

44
• 

C, 

A plot of Id2B/dL2. I' against L' is given in Fig 20 from which it can be seen (p.(_vili)) 

that : 
1 

Id <ld
2
B/dL'I ' )/dL/l M '" 10 , 

that is: IdgB/dL3 IM'" {ld"-B/dL"- I/Lt
M 

x 10", '" 10-~~ x 

So that the order of m- 3
1 V (V B)/ is 

-18 - 1 i -3 '-1 
10 fkms. 

- 11 
10 x 

1. - 3L - 11 -3-l 
10 , '" 10 C k m s • 

Therefore the order of the last teDll, in the above equation for abi/at, due to 
- 32-

external influences is 10 

HaYever there is a possibility that, because of instability leading to 

unusual conditions near the neutral pOint, the terms containing Yj and Y nay 

becorre of similar order to the others. 'Ihis possibility was all=ed for (in 

§S.2 by allotting high irrpulse values to the b l.jkk at tirre 0) as regards Y 

for Yj an alternative approach is available. 

Hirose [471 carried out an experierrent with plasna in which rreasurerrents were 

taken of (J, V and of E, the magnitude of the electric intensity. Fig. 21, \> .{x ix) 

shaYs his readings, adjusted to CKr1S units. It will be remarked that, under 

these laborato:ry conditions, the order of (f is ve:ry much laYer, and that of V 

is higher than that of the corresponding values to be expected in the magnetotail 

region due to external influences. Hirose and his co-workers attenpted to 

justify the readings in terTI'S of a connection between (J and E , where N is 

a nurrber based on the kinetic theo:ry of plasma: one part of the curve 
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-L 
(slope '" -1) indicates a ronnection of the fODll a '" E , and another 

_1 
(slope '" -~) indicates a '" E " . The authors were able to obtain sum 

connections from the theolY, with an explanation of why the sarre ronnection 

does not apply right through the range of the experirlent. The kinetic 

theolY of plasma is a subject with wide ramifications, and many different 

formulae can be extracted from it by making certain assurrptions. The 

experirlental results lead to a suspicion that in view of the scatter of the 

readings, the a IE connections obtained by the aut.l1ors are not necessarily 

correct. At the top of the roN of points, it is clairred, using four points 

only, that a is constant at 60 mE units, and at the bottan it is clairred 

that a is constant at 1.1 mE, although the graph would indicate a valu= 

closer to O.S mE. Incidentally the graph is in fact on the logarithmic 

scale, and so indicates the variation of a'with E' , where the units of cr 

are 
~ - 1 -3 1 

C k m s, 
_1 1 1 -2 

and those of E are C k m s . 

HONever it may be possible to use these readings by regarding them as a 

connection between a and V This procedure is considered advisable because 

although in Hirose I s paper the ronnection between a and E is regarded as of 

greater irrportance than that between a and V , yet in extra- terrestrial 

space it appears that a varies with E in a rranner which cannot be correlated 

to the m:mner in which a and E behave together under the conditions of 
LP.Q<;X)) 

Hirose's experirrent. To see this, we may plot, as in Fig 22,,,the two end 

points of Hirose I s experirrent (to the nearest integer in a ,E , and with 

suffixes H,K,) together with three points applicable to extra-terrestrial space, as 

follONs:-

HII 
, 

= 19 E' -14, a~ = <; 

Magnetotail a' = 20 E' = -13, 
M M 

Corona a' = 25 E' = -7, 
S s 

Hirose a' = 2 E' = 1, 
H H 

" 0 
, 

" 4 , a' = EI< K 

In the above table, first three rONS, the figures for a' were given at 

the start of this paragraph . Those for E ' are due to Dungey, who gives valu=s for 
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E s and E G in two referenCEs. The first one [ 48) indicates 
- IS [ ] and that E G; '" 10 CKMS. The second one 49 indicates that 

- ] 
that Es '" 10 CKMS, 

- 7 
E.s '" 10 0018 , 

-13 
as before, whereas E c;, '" 10 0<M3 • A georretric rcean of the two rceasurerrents, 

- 14 
viz. 10 CKMS, for E tj has here been adopted. Meanwhile EM has been 

calculated on the assurrption that the order of E/B in space is approximately 

constant (see §1.3) . 

-2. - 1- 1 1 - 2,. [ 1 A value, 10 C k m s for E in the ionosphere is given by Piddington 50 : 

it is felt that this value has little bearing on the problem in hand, since, 

in the ionosphere where regions of fipite charge density exist, one nay expect 

high local values for E. 
(p.iJ<xJ) 

Therefore, in Fig. 23, A a plot of V' is given against r', where, fran 

§§1.2,1.8, r'= -).l!'a' = 6-a': the graph includes the end points of Hirose's 

readings, approxinated as above, and elsewhere values for V' are fran § 1. 7 . 

This graph gives the irrpression that r ' nay possibly increase with V ' as 

terrestrial (laboratory, i.e. as in Hiroses experircent) oondi tions are 

approached fran extra-terrestrial (nagnetotail) space, although r ' may possibly 

decrease as V' increases near the oorona. In view of the fact that oonditions 

in the oorona can hardly be expected to be regarded as typical of extra-

terrestrial spaCE, it seems nore likely that the first oondition is applicable, 

so that : 

1 - 17 L 
(dr /dV) M '" 10 (r IV) "", '" 10 m. 

This is a very snall nlll1ber : it is unaffected by units of charge and 

-11 -
will give a oonnection Yj '" 10 (hk vk)j But a disturbanCE in the nagnetotail 

region may oonceivably cause V' to increase to over 5, and then it is 

possible that Hirose's values for r ' are applicable. 

Fig. 24 sho.vs a detailed plot, without approximations, of r ' and V ' , (p ~xl) 

taken fran Hirose's experircent. It will be seen that there is considerable 

scatter, but that, over a sensible area of the graph, very nearly: (df/,dV') '" 1. 

"'-- the 10~ , to mve r' -- 0
3
4 .• .uat is : r = V x constant. We may put constant as ,,_ ..r.-



so. 

when V = S~ , as on the graph. The region concerned is, hcwever, unlikely 

to be reserrbled in density, electric intensity, etc., in the magnetail region; 

therefore, in order to investigate the effect of pertumations leading to 

varying conductivity, it is proposed to consider a small reduction of an order 

in r/V, and write r/V "1 ml
, whence Y" v. Since we wish to IMke use of 

the vector conponents of V it is necessary to square this equation: 

Y 2. "vk vk . 

Taking the gradient and dividing by 2y" 2v . 

Yi" (vkvt<i) Iv 

'Ihis equation can be written using the unit vector Q, 
y. 

1. 

When we investigate instability, the effect of Q can be allcwed for 

as folil:c:Ms: although ~ ->- Q. as the neutral point is approached, near the 

A 

neutral point X is finite though small and ~ is defined. We assume, fran 

the usual symrecry conditions about the Dl!y plane, = 0 everywhere, 

and choose a particular point on this plane, or near it, where v is co-

parallel Oyj - It can be argued that, as ~ varies under irrpulse, this 

point may vary. Hcwever this does not matter: the previous investigations 

(§S.1,S.2) having referred to the whole area around D: if instability arises 

at this point, then it can be reasonably ass\.lIled that the whole system, near D, 

is unstable. 
A 

Therefore we write v = j , that is - Vk = 62.k ' using 

Kronecker's delta. The equaticn for Y becorres 

Yi = 62.kv ki = v2.i· 

With y varying in space, a first differential of the equation in §2.1 is: 

ab " /at = -vO-·b· ... 1j ~J 1 .. 

where, as in §S.2 , 

6b .. lot 
~l 

~. and ,£ are treated as zero. SubstitUting for Yj :-­

= -v"-ibik + Vikbkj - V~jj + v'-lbikk + ybijkk . 

The corresponding recurrence equation, as in §S.2 is '. 
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+ y"b~jkk . 

We new make the sane assurrption as in §5.2, viz. that bij , vij are 

zero if either i or j, but not both is equal to 3. Then if j = 3, we have 

the three equations for n = 0 :-

100 
b l3 = Y bl1kk 

1 • 0 

b2.O = Y b:>'3kk 

'Ihe three equations for are as in §5.2 • 'Ibis rreans that : 

'" 11 l 1 1 )1 , b,.~ = Y b:2.akk , b.o = b 33 (1 - vkk) + y b 33 kk , and so on, 

" and that v 1; = V~3 = 0, v~3 = fn(v;g) as before. " The terIlE b 13 

~ ~ ~ 

btSkk , and vi3 do not appear in any of the other equations apart fran VB 

" as a rrerrber of v kk . th . f bh+l J.n , e.g. e equation or ij Thus, these equations 

form an independant group and, if they are to be solved, then the y" bhkk must 

be prescribed for all n. 

in the equation for b3~1 

In other words, except for the teon b 33 (1 - v kk ) 
" , all bB must be prescrilied, and there is no scq:Je 

for investigation. These equations will therefore be omitted. 

and 

If i = 3, j + 3 we have the two equations for n = 0 :-

o bO = Vu akk 
i2. = V 31 = 0, 

b
n .. H " b" 
3[ = v.l.L 3 kk 

n 

0 0 1. 0bo + y bukk ' b 3 :l.. = V:u. ~kk 

as before, leading to the general equations 

• V3L = 0, all n. 

The terIlE b 3 kk ' "b" h y 3ikk, v 3 i do not appear in any of the other 

equations, and the values of V;i depend on the other equations. Therefore 

the vallES of the b3i. depend on the other equations and on prescribed values 

for b~kk and y"biikk; thus, the other equations foon an independant 

" group, and, once they are solved, these equations in b 3i depend on the 

result and on prescribed pertw:bations. It seems likely that, if the other 

equations are unstable, those in b3'i are also unstable, due to the effect of 

the Therefore, these equatiOns also will be omitted. 

We are left with : 
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We nav make the sane assurrption, as in §5.2, and for the sane reasons, 

that the non-shear terns of b ~1<.kk , i. e . the terns with Ie: L , are zero. 

'Ihe four equations, then, in detail, are, (putting vf~ = 0 as before) :-

b ~+l " (1 - v~..J " >- " bJ.2- " " 11 = b n + v 1'l. bu - Vu + V2l b l.kk 

b t\-t"1 " (1 - v/<"",) "'b" 1'\ b" " " " b" " b" . " u . = bl~ + Vu 1'2.- Vt'- 11 + v,,-b;u - Vu ,'- + V22 1.lck + Y b'2.l:k , 

b ..... ] 
21 = b;1. (1 - v~",) ""b" "b" Vll :u + V,zl 11 - v~b;+ " b" V,22 41 + V;l b;kk + y'b~l~I<' 

b 1\ .... 1 

'-2- = b~:2. (1 - v; .. ) " b" VI'- .1l + v;" b~2 + V;2 b~kk 

The equations for ".+' are as in §5.2. No solution is possible unless, v J1C 

as explained in §5.2, the b~kk , b;lck , y"b~l..kk and y"bltkk are prescribed 

for all n. It should be noted here that no attempt to replace y"bY v" has been 

made, since the oonnection referred to at the beginning of this paragraph is 

an approximate, and not exact, equality. The proolem nON arises, what disturbance 

values should be prescribed for these four variables? - rerrerrbering that, due 

to external influences, they are negligibly srrall, - that is, they can be treated 

as zero, so that the distw:bance values may be referred to as pertw:bation values. 

If we allot these values only for when n = 0, the problem be=res no 

different from that of §5.2. On the other hand, if values are allotted for 

all n, not only do we run into the difficulty of infinite data, already referred 

to in §5.2, but also we have no way of investigating the effect of space - dependant 

ocnducti vi ty. The best plan would appear to be to allot "irrpulse" distw:bance 

values to the y"b !:Lkk and y"b":ukk' in the sane way as, and for the sane 

reasons as discussed in §5. 2 in fact, we may use 80,,0' <1>0.0 as before) , but 

for the b ~ kk ' which are the oorrpanents of the di:rrensionless form of m-' Il'~ , 

we may argue as follavs :-

From Maxwell's equations, m-2.Il~!1. = _m- 2 y x (~xJ2) = - m-f.-,(yx::!). Also 

I ~ ~ ~ 

fran m- (llxB) = f-L~ , we note that, when bl:L' bl1 are non-zero and unequal, -~ 

therefore J is non-zero, hence J exists as a finite vector. 
3 -

HONever the 

governing equations provide us information as to whether or not J is irrotational . 
~ 

f 
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We rray therefore imagine that, due to sorre extraneous disturbanoe, J 

aa;ruires a solenoidal part that does not change rapidly with tine. Then, 

approximately, we may write: m-1y x..':! '" S, constant vector, whence the bikk 

are the carponents of a dirrensionless constant vector. 'Ihus, one may write : 

n n 
b1kl< = X, b:<.l<k = 1/J, both constant, all n. 

The four equations therefore becorre :-

bn+~ n 
(1 - v~<) n 

b;l n 
(b ~2. - X) , 11 = b u + vel. - V 2-1 

bT'l-+-l b~'L (1 - v;>c) 
n 

b~2- - v~'/.b~l 
n n 

V;2 (b~2. - X) = + Va + V L2b:>.>. -L2- + ao nO , 

b"+1. b~l (1 - v~,,) 
n 

b~l " n - V;L (b;'/. - 1/J) + v;2. b~l + 4>0"0' = - Vu + V2, btl :>'1 

b"-t1.. b;:>. (1 - v~>c) Y\ b n n n 
+ v~'/.1/J = - Vl:>' ;U + V2i b l '/. :2.2 

nTi qn.. as in §5.2 V'lC , 
Since, in three of the above four equations for b M-l 

Ii<: (1/J or X) 

perform the function of subtractions fran the values of three of the b~1C , an 

indication of the order of size of the prescribed constant b~kk is needed. 
a. 11 t.t\e. 

Being a higher differential, it is likely to be ",less than the b~1C for all 

o n, that is, in an unstable case, less than the b llC • Lcoking at the prescribed 

perturbation values for the b ~lC in § 5 .2 , we note that they are of the 

order of unity. 
n 

'Iherefore a likely value for the b,kk , large enough to 
o 

affect the issue, is of the order 10 Thus, we may prescribe : 

X = 1 0 1 'Ihese values will be tried with each of the trials 

1/J = 0 1 1 of §5.2, total 735 trials; result in §5.4. 

§S.4 Stability Criteria 

As will be seen from page (xxxiii) of Appendix B "Carputational 

Details" there appear to be no stable cases for the trails rrade in §§5.l - 3. 

'Ihe program was adjusted to include the incidenoes of infinite conductivity and 

constant pressure (§5.l), constant finite conductivity and variable pressure 

(§5.2) and of variable conductivity and pressure (§S.3). This was done as follavs:-

For §5.l it was neoessary to set a,~,Ct,s,X and 1/J all at zero. This was 
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done by instructions 47, and by 90, 91, 108, 109, 62 and 63 respectively, 

the instructions 90 •• . 109 being part of the repeat process; see pages 

(xxill, (xxili). In the program, these variables are given the syrrPols, 

Y,Z,U,V,W,X respectively. 

For §5.2, non-zero values were given to 8,¢,Cl,S by instructions 48 ... 51, 

by instructions 93 ... lOS, and by instructions 111 ••. 118 in the repeat 

process, see pages (xxii), (xxili). 

For §5.3, non-zero values were given to X,t/J by instructions 48 ... 51, 

and by instructions 121, 123 in the repeat process, see pages (xxii), (xxili). 

'!he instructions 48 ••. 51 enable the program to be tried again, if 

required, with all disturbance and pertumation values altered by an order . 

To check stability, the program was adjusted in such a way that, if none 

of the variables has reached a value of 10, that is, of order 10" of the 

starting values of the variables, then the starting and final values of the 

variables are printed out after 10 applications of the difference equations 

since qn is prcportional to the inverse of the pressure, the above test must 

be applied to (q"f l 
, see instruction 188 on page (xxiv.l. Although this 

would not necessarily indicate stability, it is possible to tl:y such starting 

values over a longer period, thus checking for stability: the only alterations 

necessary to effect this would be to instructions 45 and 46, page (xxii). In 
(see. )('('1( jii 1 

fact, g cases were found, with instructions 45 and 46 both set at 10. ,45 'et 01" '0 

For these S doubtful cases, instruction 45 was changed to 30 and 46 to 100, 

the whole program was run again and sh(Aoled that, in all cases, at least one 

variable had reached order 103 
tinEs its starting value: after < 30 applications 

of the difference equations, indicating instability. '!he result of this test 

is the one sh= on page (xxxiif? of Appendix B. 

The program, Appendix B pages (xxii) - (xxv) , has been made as elastic 

as possible to enable different tirre periods between jurrps, etc. to be used. In 

particular, the instructions in the fo11~ng list may be adjusted as indicated . 
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Instruction no :-

42: This I!l3kes llt as 1 sec., and can be altered if different time 

periods between jurrps are preferred. HOtlever it rrrust be borne in mind that llt 

does in effect represent a vanishingly small time elerrent, and therefore should 

not be made too large othe:rwise the results will not present a true picture 

of what is going on. 

43 This I!l3kes A = 1 i.e. ~p = 1 in fkms units ; alterable. 

44 This is the proportion between v and y (= ~-I O-l), set at 1 

as decided in §5.3. This may be altered if desired. 

45 Maximum period for stability check, alterable as discussed above. 

46 Criterion for instability, if set at 10 this rreans that one 

variable reaches order 10l1. of its starting disturbanoe or perturbation value 

in the nurrber of applications of the differential equations decided by 

instruction 45. This may be altered as discussed above. 

47 - 50 These are for setting starting disturbanoes and perturbations . 

They may be altered, as discussed above, so that by a small change in the program 

a different set of starting disturbanoes and perturbations may be tried. 

59: This instruction is not in fact used, but a similar one exists in 

the seoond program (ref. §6). HOtlever it is left in, to allOtl for the 

possibili ty of inserting a stop instruction to prevent the machine from wasting 

tine over attenuating cases, etc., and to avcid disturbing the nurrber order of 

instructions . 

60: This zero instruction is changed to unity by instruction 67, that 

is, after the cases of § 5 .1 have been calculated : the effect is to bring 

variation from unity in the qn+l equation in §5.2. Instruction 67 can be 

altered fran unity if desired. 

61: This unity instruction is changed to zero after one time space (i.e. 

second) by instruction 176 : (alterable, if, e.g., e is to be regarded as a 

oonstant and not as an impulsive perturbation) . 
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67 See above (60). 

68 Avoids wasting machine tine on steady cases of no interest. 

176: See above (61). 

To investigate the type of B and of v fields resulting from the 
~ ~ 

slaNer unstable cases, the program was run with instruction 45 on page xxii 

altered to 5 (secs) instead of 10. This resulted in a large nUllber of results 

in the print out, of cases where no variable had reached a value of 10 or 

more after five applications of the difference equations. It would take up 

too much space to provide all these results in this paper. Instead, the results 

were inspected to see if any of the results indicated a g or 2: field which 

had changed its type while displaying an unstable nature. Again there were a 

large nunber of these, all of which indicated the sane phenarenon, viz. that 

the B field starts as an X-type and becorres a spiral type, whereas the y 

field starts as a "Couette" or plain shear type and becorres an x-type. One 

was chosen for more detailed inspection, for which starting values and constants 

were as follavs :-

b~, = 0, b~2.. = 1, b~l = 1, b~>. = 0 (i.e. b field unperturbed) 

0 
Vii = 0, 0 

Vi>. = 0.1, V~, = a, V;'l = o (i.e. Y field pertumed only in V~2. 

C! = 0, S = 0 (no pertumation in pressure seoond gradient) 

1, 1/1 1 ( i.e. b7kk 1, ~ 0) X = = = bZkk = 

e = 0, <P = 0 (i.e. no pertumation in the second gradient of IJ:< b) 
~ 

Successive values, to three significant figures, after application of the 

difference equations were 

" b:, b~2. b"" b22 Vl~ vd V;1. VA.l q" 

1. 0.10 1.20 1.10 -0.10 0.00 0.10 0.00 0.00 1.00 

2. 0.21 1.18 1.10 -0.21 0.11 0;09 -0.01 -0.12 1.00 

3. 0.31 1.31 0.85 -0.32 0.19 0.07 -0.03 -0.23 0.99 

4. 0.40 1.63 0.52 -0.43 0.54 -0.06 -0.17 -0.86 0.94 

5. 0.60 3.62 -0.18 -0.81 0.78 -0.55 -0.64 -3.32 0.64 
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It will be seen that the !2. field changes fran an X-type to a spiral 

type on the fifth application of the difference equations, whereas the ;!: 

field changes f=m a "Collette" type to an X-type on the second application, 

remaining an X-type thereafter. 

The :l field that is caused by all these unstable cases wiil be parallel 

to Oz, since in the system of this paragraph, :! = ll-1 (y x ~). Writing 

1 -2. -1 = If m s , and ;i = J/Jo ' we find that ;i = 

Th I -- 1 f-2.kJ.m- 2., 102.Of - 2k1 1 ha ' en, since Bo J o II = m , v,e ve J
3 

= -,'/,O 
10 b[.:fj • 

In the particular case chosen for examination, j~ = 0 and j ~ = 10- 20 
x 3.8, 

-:(0 1 -2 - 1 - 7 
giving a current density J of 10 x 3.8f m s , i.e. 10 x 

~ 

1. ~2 -1 , ... z 
3.8e m s (A' m :) • 
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CHAPTER VI 

SECOND DIFFERENTIAL EQU1I.TIONS. 

§ 6.1. Infinite Conductivity and Constant Pressure. 

If we take the gradient twice of the first equation in § 5.1, we cbtain, 

with 1 = 1(1)3:-

abijk lat = -Vt<j bik;>t - Vejk bie. + vie b tjk + Vikjbtk> - Vu bi~k - vU<j bik>. 

In this equation the cperator < >refers to the two outside rrerri:lers of the 

contained syrrbols. Also, as in § 5 .1, we have ignored terrrs in y (§ § 1. 8, 2 .1) , 

due to infinite conductivity, and have assurred that y. and !2 are effectively 

zero near D. 

Similarly, the gradient taken twice of the second equation in § 5.1 provides, 

with v = b = 0 as above, 
V' ~ ~ 

A = 1 and 'Jp = 0 as in § 5.1 :-
~ ~ 

aVi~k lat = - vt<kVij>f. - Vitv!jk + bf,(kb[itlj> + b(it] bejk' 

As in § 5 .1, with t set at unity as before, these two equations can be 

transfOl:rred into the re=rence equations :-

b
n + 1 -_ b~ h b~ ~ b~ + ~ bn + ~ b" '" b" n b" 
i~k ijl< - ve<j ik>t - Ve.jk it vie- tjk VU.<j Ck> - vee. ijK - Vet<:j ik>, 

n+1 __ '" n" 'n Y\ + b" b + b~ bn 
Vij\< Vijl< - Ve.<k Vij>e - vie. Vtjk t<k [,ieJj> (it] ejk· 

To get an idea as to h= this system behaves under perturlJation, it is 

prc:posed in this chapter to use again the co-parallel line current rrodel of 

Chapter IV (§ 4.2) as a rrodel for the unpertw:bed b field near D when t = 0, 
~ 

i. e. when n = 0; this is the sarre rrodel as was used in Chapter V. In this 

system, the only non-zero b~j are b~2.. and b~l ,both equal to (-g) which 

may be equated to unity as in § 5.1. For the unpertw:bed Z field when n = 0 

it is prcposed again, as in Chapter V and based on the discussion in § 3.5, 

to asS\lITe that all elerrents of 2)1; and of 22z are zero when n = O. 

No perturlJations will be prescribed for the bi~ or for the vij , since the 

effects of such perturlJations were analysed in Chapter V. It can be easily 
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checked, from the equations for btj , vI;; in § 5 . 1 that, if b~'Z- = b~l = 1, 

n " = 0, then b1.2 = b:z.1 = 1, all n, and all other 

bi~ and all Vlj = 0, all n : the system is steaqy. Thus, by not pertuming 

o 0 n " the bi} , Vi:) , the constant or zero values of the bij , Vij , all n, may be 

substituted in the above equations for bi;~ and Vl.:ik 

Pertumations will be prescribed for the Vij k and not for the biji<. . 

'lhe reason for this action is as follONs : there are 18 independent elements 

o • bO 0 

of b i:ik , S1.nce i 3K = biKj Of these, 15 are either one of the terms 

in 'Il' b or one of the tenTS in 
~ 

by MmMell's relevant tine-independent equation . If we assurre that the 

pertumation is connected with an irrotational current density, as seems likely, 

:< 
then V !2 = Q, and V( V·b) = 0 in any case. Thus, although it is possible ..... "',.., ,.., 

for the individual tenTS in the expansion of both these expressions to be 

zero, it seems that these terms themselves, and the three bijk in which i,j 

and k are all different, are less likely to be subject to high individual 

perturbation values . These restrictions do not apply to the 18 elements of 

b ,, + 1. 
ijk 

" " Since we can write all Vij and b [ijJ as zero, the 36 equatiOns for 

, ,,+ 1 
v ijl<. be=re . 

b Y\ -t- l. n " n 

i ll< = b i~1< - V(Jk bie + 

M' " h " 
Vijk = Vij k + b e< kb[i.e] j>' 

It will be noticed that, since the 

n 
vie<::j 

b~ · 1.J 

n 
btk> 

h n 

- Vie <j bi\<> , 

are independent of . n, these 

equations are linear, and that therefore they may be solved analytically, once 

the starting conditions have been prescribed. HONever, before doing so, it 

is illportant to observe from the detailed form of the equations, as presented 

belew, that the set of equations can be divided into four separate groups, each 

of which is entirely independant of the other three . These are : 

(i) The 

In fact, the b ; ", equation is independent of the others -
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" b 3:1~ is steady - but it is included here for tidiness sake. These equations 

are syrnretrical in suffiXES 1,2. 

It will be seen that v~1. and V,';3 are 

steady, but they appear in the other equations in this group. 

These equations are syrmetrical in suffixes 1,2, and V~3 

is steady. 

(iv) The 10 equations for b~n ~ 

I vl. l 2. ' 

It will be seen that are steady, 

but appear in the other equations in this group. Hcwever, this group is 

similar to the equations of group (ii), and in fact oould be obtained fran 

those of group (ii) by interchange of suffixes 1,2. Because of this, 

expected, feature, this group will not be oonsidered further . 

The 36 equations, with 

(groups indicated) . 

(iv) b,,+l b" ~ 
111 = 111 - V211 + 2v~~ , 

(i) 

(iv) 

(1'1' 1') b"+l b n 2 n " u~ = 11~ - V223 - v333 

(iv) br." b~ 0 
J,ll = l'n - v1.3 'J ' 

(ii) b""'l b" 3" 2 " 
llt = ,.It - V,II - V'13' 

( ' ) b"+! b " 2 n n n 
1V 112 = l1:2. - vu:t + v:l.lt - V31, 

(1'1'1' ) bnTl b " 2" 11, = 113 - v1l3 

(1'1' ) b n +1 b" "+ 2 n l.ll. = :nl. - v,a v l1 :1. ' 

(i) 

(ii) 

(i) 

b"H b" ;n, = 113 

b
n+ 1 bn 
133 = 1.3. 

all zero exoept 

(ii) 

(iv) 

(iii) 

(ii) 

(i) 

(ii) 

(iv) 

(ii) 

(i) 

(iv) 

(ii) 

(iv) 

n+1 
V 1.11 

= 

= 

= 

= 

= 
'(\+1 'f\ 

V 211. = V l.12.. 

'(\4-1 = v" 
V 1L?, 'l.1.'l 

V
h +1 - v" 
2.'1..l.. ll.~ 

= " VU3 

(iii) V~:; " = V '311 

= 1 are 
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(iii) b"+l 
312 = b~l'l. + V~l + V;t~ , (i) V~-tl 

31'l. " = V312 + b~lI - b?n + b;u 

(iv) b"1'l = b~13 + V3"z.~ (ii) "~1 " + b;~n - b~3 313 Va!3 = V3B 

(i) b rH1 
= b;a + 2V3~2 (iii) V3~":. n " 2b"l13 3:2.2-

, = V3~:l + 2bJ !2. - , 

(ii) bf'l+l = b 3?., + V;13 (iv) 0+' n b" - b7'n 3:1.3 V3l.~ = V313 + Jl3 

(i) bf'\'t1 
= b~3l (iii) vn-<' n 

333 3., = V333 

When considering the equations (i) and (iii) we note that they all 

" " effect terms of the form bId ' b 3Ll< 

we assurre that the distumances, when n = 0, to the vector fields, are sum 

that b~", , V~IC do not vary near D appreciably with z, and that the Oz 

=rponent of bO, v· is sufficiently close to the zero oonstant, that, for eam, - ~ 

the double gradient vanishes, then all of the above terms, including the 

constant ones, are zero when n = o . HONever, b 333 is 

steady and does not affect the other equations, and so may be conveniently set 

at zero. Then these equations reduce to : 

all zero. 

Thus, in the case of (i), the sane starting conditions apply for n = 1 as 

for n = 0, hence by induction the terms are zero for all n. 

In the case of (iii), if v333 is finite, then b?~3 is unstable, since b~>3 = 

b;~3 - V~33 =-2v~31 , etc., and similarly for b~'3 • If we are interested in a 

stable solution, therefore, it is necessary to prescribe a zero value for V;33 

'!hen all terms in equations (i) and (iii) are zero for all n. 

This leaves only equations (ii). 
n 

In these, b.:t2.2. only appears in the 

" ... , equation for b?.u , and not elsewhere, so that once the other equations have 

been solved, and V~l:l is kn= for all n, then b~2. may be deduced for all 

n : whether it is stable or not will depend on the other equations, and so 

- b;"" 

this equation may be omitted from our investigation. Further, unless v ~3 (steady) 
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is zero, then b~3'3 is unstable, and so V~3'3 will be set at zero, and then 

'" + v3L'3 , we see that 

C"n - 2c" + constant = O. This first order re=rence equation 

With independent term may be transforned into the second order re=rence 

equation without independent term :-

cn.,.'l. - 3c", ... , + 2c" = 0, With solution, to suit starting conditions CO,c, as 

given: C" = 2co - cl. + (c, - Co )2". This is unstable unless c L = Co , 

in which case c" = Co , steady. 

So for possible stability we require that b~13 + V313 is steady for all n. 

'!he equation for b;~~ then Sf=lS, not only that b32.~ is steady for all n, 

b al th n. all th f ",.,., ut so at v 313 1S steady at zero for n; e e::!uation or v 3l '3 then 

shavs that b;2.3 = b~33 , i.e. b~33 is also steady for all n. '!hus, 

" n crnitting equations for steady bijk , Vijk , we are left With the follaving set 

b~"l " - 2w~,2. 112. = blll. 

b"+l n 
3v;'11 = b ... 11 -2.tI 

V"i"l 
111 " = V 111 + 2b~ll. - 2b;1I 

• .,.1 
W:z.1l.. 

_ n 

- W l.ll. - b~ll + b~.ll 

where wit2. = vO::", - ~V;2l , introduced to eliminate the steady V~l2. • Group 

(ii) of equations, in fact, contain these four, the and V;33 equations, 

and a separate independent sub-group. The above four equatirns may be solved 

in the usual way by trial: b~l~= Px"', b~ll = Qxn, etc. This approach leads 

to the characteristic determinant equation for x: 

(x - 1) 

o 

-2 

1 

o 

(x - 1) 

2 

-1 

o 

3 

(x - 1) 

o 

2 = 

o 

o 

(x - 1) 

Of this, the four roots are x = 1,1,1 ± 212 

degenerate, so that the solution for b~u .. is .-

o 

Thus, the equations are 
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with a similar type of solution for b~ll , etc. 

It is at once clear that, unless the P2.' P3 and P". are zero, b~t2. is 

unstable if they are all zero, then b ~, '- is not only stable but steady. 

'!he sarre applies, of oourse, to b;u (Q2. ,Q3 and Q4- zero, otheIWise unstable) 

and similarly for h h 
V 111 , W:2.t2 in fact, if all four variables are steady, 

the equations, taken in order, shav that W;12 = 0 , " V 111 = 0 

'!hus, v~z.2. = 2v~1l , both steady from the original V;12 equation. And so for 

(steady) stability we must prescribe : 

= b~t2. (arbitrary), (arbitrary) , 

and then b;1.2. is also steady and b~1'l. may J:e arbitrary. 

If arbitrary values are given to the relevant b7>CGJ , v~><", which do not 

agree with all the above oonditions, the system is unstable. And, having been 

able to solve the equations without resource to rrechanical rreans, opportunity 

will J:e taken here to cbtain the tine scale. 'Ihis is taken to J:e the period 

that elapses from tine t = 0 (n = 0) up to the rrorrent when at least one of 

the variables has increased by two orders of ten from its starting value. 

'!herefore, if we make the starting valces of the order 10-
1

, we calculate the 

tine taken for one variable to reach a value, order 10' 

'!he starting values detennine the P1 , ••• , P.q., etc. It is only necessary 

to cbtain these for one variable, say b~,2. . Direct manipulation of the 

equations provides b
L ~ 3 • 0 0 
",-, b ll 2. and b u 2. as functions of bll~' b,111 , etc. '!hen 

the resulting four simultaneous equations for Pt , ••. , P4 are solved. For 

the other variables, this wo:r:k need not J:e repeated, in fact once b712 is 

knavn, the first equation gives \tI'~t2' then the last equation gives b~11 and 

the second equation gives 

Prescribing irrpulsive disturbances : zero for b~t2. and b'ilt as previously 

indicat:ed, and o 
Vl l1 = = 0.2, so that 0.1 , v~\2. = -0.1, 

W~l2. = -0.2, the detailed solutions are :-
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~ (64,-1 { 14. 4n (0.7) va(l + va)"- (0.7) va(l - van b 11'1 = + 
, 

(64f1 { 14.4n " (2.1)/S(1 - /sn b 111 = - (2.1)/S(1 + /S) + 

" (sf
1 

{ -0.6 + (0.7) (1 +/s l" + (0.7) (1- val"! v l1l = 

" (16)-1 { -0.2 (0.7) (1 + /S)" (0.7) (1 - /S)" I V
212 

= 

In these expressioos, the tenns whose magnitude increases rrost rapidly 

" with n are the middle teDl\S of b!1.H and of V~II , and bot..h these variables 

are greater then ten when n > 4. 

lhus the tirre-scale for instability in this case is 4 x lit = 4 sec. 

Incidentally, the solution for b ~2'l. is : 

= (Sf' { -l.Sn - (0.7)/S(1+/S)" + (0.7)/S(1-/S)"\. 

Similar analysis will apply, of course, to the group of equations marked (iv). 

Since, under these distw:bances, the system is sham to be unstable there 

seerrs to be little point in investigating equations (i) and (iii). However, 

a short discussion of their stability under the conditions of this 

paragraph will be given at the end of the next paragraph. 

§ 6.2 Constant conductivity and variable pressure 

lhe first equation in §6.1, with the sarre assurrptioos regarding 12, 'Z , 

but with the last term of the equation in § 2.1 retained, becares, treating y 

as a constant . 

Clb ijk /d t = -v!<jbik>! - Vejk bie + Vu b ejk + Vie<jbek> - Vu bijk 

- VU<.j bi\<> + ybijkee, 

which in recurrence form, is 

+ yb'ijkee . 

Similarly, if the pressure varies, and, with it, the density (§ 2.4) so 

that the last term of the equation in § 2.2 is retained, then, with 

8. = Y.. Q near D, the second equation in § 6.1 becorres :-
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- 'jl<Pi - '<jPik> - 'Pijk ' 

which, in recurrence fonn is :-

v~~ = V~I< - Ve<k V~>e - vie vejk + 1..<jb~e] bek> + 1.."bf<k bCi€Jj>+ 1.."b[ie] bejk 
1\1\ ,,'" J'l1\ 

- 'jkPi - 1::lik> - , Pijk 

'lhe effect of perturbations in the bij , vfj and in the y bOijkk were 

investigated in Cllapter V. 'lherefore, in this paragraph, these variables will 

be set at their unperturbed values, zero or unity (§ 6 .1). And here an 

inportant point arises : it will be noted, from the recu=ence equations given 

in detail in §5.2, that, even if we leave b~:L and b2.1 unperturbed at 1 and 

v~x: undisturbed at zero, and also IMke e = cp = 0 , the equations are unstable. 

In particular, to the seoond order in a'1., 13'1., and for finite n, 

na13 , b " 1 13'1.n , b" 1 2., and q" --1'2- = - ., 2.1 = - a" n. , 1 - lzn(n - 1) (a'1. - $"-) • 

The effect of a non-zero pi is, therefore, to render the equations unstable 

• 0 0 o. " 
·If bi) , Vi~ and bijkkare undisturbed. But if, in addition, Pi = 0, Le. 

a = 13 = 0, then the bij , vij and qn remain steady. 'Iherefore, in order to 

investigate the field, due to inpulsive or other disturbances in the second 

. "b" differentials, Slllce Vij' ij, etc. appear in the equations it is necessaJ:Y 

to insist that pi is zero, othe:rwise the equations will be unstable due to 

. the vij and the bij 

By making the pi zero, and leaving the b1j , V~j and bOijkkunperturbed, 

= 1, all n, and all other bij , all b Cij] , and all ViJ 
are zero, all n. 

Also, as in §5.2, we have , and na-l 
n g n - 3 ( ".,.. 'f'\ -1'2.. ... 1 1'\ -11 _-2 ... 

'ij "'-10 (p) 2PiPj -PPij), 1.."'-10 (pO) , andnOf/ Ai "" -lO (p") pi 

And so, with ,1. also zero, due to its dependence in Pi. , both terms containing 

pij disappear, which !leans that any disturbance values prescribed for the P~' 
1.J 

are ineffective, only those prescribed for the Pijkwill affect the equations. As 

in §5.2 we let (p"f
1 = 10'~", and na-l the q" equation beCOl1eS; 



66. 

q "-\-l. = q n(l + V
IC

.<)= q~ so that q " = qO, steady, and may be equated 

to 1 as in § 5 .2. 'Ihen An = 1, steady, Ai. disappears from the equations 

because of the factor b Cijl ' and it is convenient to write r i j k for T"P'ijk , 

10 2..0 n ~ 1020 " '!h . b\''.~ ' t\+ 1 = q P i}\< = Pijk e equations for 1J I<' Vi j k , therefore, 

reduce to (with s L) I< '" ybi) l<ee): -

n 
NCM, anyone term S ijk , that is, with prescribed numbers allotted to 

i , j,k only appears once , in the equation for the corresponding b 1.! ~ 
'Ihe sarre feature applies to the rijk . 'Iherefore the division of the 

equations into groups, as in §6 . 1, is still applicable . A further point 

is that the Sijk and the rtj k must be prescribed for all n, for the 

sarre reason as discussed in §5.2 for the b~ kkcase - the undistUJ:bed 

values in each case being zero. 'Ihe problem nCM arises, what sort of 

disturllance values to give. If we treat them both as iIrpulsive, that is, 

make the S ~jk and the rfj k finite but keep the Sijk and the rijk at zero 

..l . n+L \'\ .... 1 
when n TO' then the above equations for b ij k , V ijl< rrerely revert to 

those of § 6 . 1 for n > 0, and we have sham that, apart from sorrewhat 

artificial starting conditions, these equations are unstable. 

'!he only possible alternative plan is to treat the Sijk and the r ijk 

as steady for all n, othe:tWise the nl.lITber of possible solutions becomes 

infinite. 'Ihus the superscript n may be renoved from the s and r 

tensors, which become constants of the equations. It is worth remarking 

at .this stage that: 

rLjk = rji.k = r jki ' whereas s ijk = Slkj 

'!he group (ii) of equations nCM becorre, in detail, and including that 

for v ;2.~ , no longer steady, but still excluding that for b ~2.2. and 

" Y\ those for b ijk , Vijk where any suffix is 3 for t.lJ.e reasons discussed 

in §6.1 :-



67. 

b" .. 1 b~12. - 2v~12 ... 
+ Sl12-11"2- = + V1:l.:l. 

b,,-t1 " " = b'?'1L - 3V111 + S211 , 211 

~+j h " " V1l1 = V1a + 2b1l2. - 2b2.11 - r 111 ' 

V"" 1. " = Vail - r12~' l'l.2. 

'\T:!. " " n 

V.21il = V 112. - b 112- + b 2.LL - r 12 2. 

Clearly, unless r 122. = 0, v~2:2. is unstable and therefore so are the 

other variables, interdependant. And so v..e must set r lU = 0, and then 

v:2.:2. is steady as before. Then: 

V"H 
1.11 

+ 2 ... .1 
v 2.1'2... 

n 
+ 2v;I'l. = VU1 - rlll 

" 2v;12. is unstable unless is aLso zero. If we ncM write: and so vlll + r U1 

" " Vll1 = x 111 + I 
3.5:1.11' 

f'\_r"ltn1 _ 
V'l.Lil - Y:1.12T-ZVL1:1.+JLS'Il.,rl11 - 0, we dJtain : 

b,,+1 
1I2. = b ~12. - 2Y~1'l.. 

b..,.;.1 n 
3x7u = b ... u 111 

n+1 n + 2b7L2. 2b~1l X lIL = X 1ll 

y"'" n 
- b~12 " = Y:l.''2. + b 2.11 :1.''2. 

these are a similar set of equations to those obtained in § 6 .1, sham to ' 

be unstable except for the adjusted starting conditions (causing steadiness) :-

o 0 
b~tt = b 112. (amitrary), (amitrary), s11:1 .. =Z~i"v,~. (both 

amitrary) 

rut = rU2. = 0. The last condition, affecting the pressure, need cause 

no sUIprise, because a differential pressure field, if unbalanced by 

applied or rragnetic forces, is, from the Navier Stokes equation, bound to 

have an effect on the rredium acceleration. Also, clearly, for b~2.2... stable, 

we need sUl. = 0, and then b~2.2. is steady and amitrary. 

Referring nON to the remaining equations in group (ii), that is, 

those in which one of the subscripts of b'ijk' Vijk is equal to 3, and 

allONing distw:bances in these variables at tirre 0, we may rPake the 

foll~r.i.ng deductions from the detailed equations in §6.l, earn of which ncM, 

of course, contains a te:nn +sijk (for the b1]~ equations) or -rijk (for the 
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.., +1 
V~K equations);-

For stability; fran the v~;; equation, rl ~3 = O. 'lhen v~33 is 

b ",-t l • 0 then b " steady. From the 2.30 equation, v133 = s ll3 ' 2.33 is steady . 

Addin the b ft H d th "'1 ti bO = g 3:2.3 an e v 313 equa ons, .233 S 3~3 ' and we also need . 

- . Substracting them, b3 !1.> - vS13 = 
• " 0 and so b 32.3 = -v 3 1 3 = b 2.3 3 ' steady . 'lhus, the only stable 

solution is one in which all variables are steady. Of course, a non-

zero v : 13 has an effect on the group (ii) equations previously considered: 

,,+1 0 ,, + 1 0 
the one for bl12. naN has an added term -v3l3 and that for b H l ' -2V3 13 • 

'!his does not affect the analysis, but does affect the stability conditions, 

b
o 0 0 0 0 

which are, in full : for group (ii):- 11'2.. = b :l.l'l , V311 = -b:tn = -b U3 

o 0 b. 30 2bo 0 
Sltt = 0, S WI.. = 2v .. " - Vl 21 - 2.33 ' S 'llt = v lll - '33' s2.33 = v 133 , 

s32.3 = b~:n , r al = r 1n = 0 : if these conditions are net, all the 

f ° ° bO bO d relevant variables are steady; one 0 b,,2. ' b :U2 , one of .. 33 ' 32.3 ' an 

b~2'l ' and all relevant Vrjk except v~n are arlJitrary. 

Similar conditions apply to group (iv) with interchange of suffixes 

1,2. 

Referring new to the equations of group (iii), after sare currbersorre 

and intricate but not difficult work with seven interconnected equations, 

the follewing conclusion is reamed: stability is only possible if the 

folla-ving equalities hold: -

= r b O b· + VO VO + J SIS • r - 0 • - "13 = 12.3 - :ttl , >13 - 2.2.3 2: 113 - ~ 213' 333 - , 

S 12~ + S 2t3 = 2 (v~13 + v;"3 + V ~33 ), and S312. = b~2.3 + b~13 - 2b;12. - V~1l 

otheIWise all the relevant btj \< , Vijk and one of the pair S 12.3 ' S 2.13 are 

arlJitrary . If these conditions hold, then, writing 

2K 2. 

solution is . 

= K l { l - (-l)"} 

o 
- v .3Z2..f 
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(v;,?. - v~:t'l.) = (KJ. - K:t ) {l - (-l(l 

Unless these conditions are exactly satisfied, the solution of the 

equations include terns containing the factor 3" This shavs that the 

instability leads to an increase in the magnitude of the relevant variable 

by order 10:t in 4 sees. 

'Ihe group (i) of equations may be dealt with quickly. Ctnitting 

details, it is found neoessaxy for stability that: -

rl:l.~ = 0 ; s.03 = 0; sal + sa3 = 0; V~23 = V~13 ; and S3H = S3U = 

b~t3 + b~'l.3 - b~l1 - b~2.2. - 2V~'2 . 'lllis rreans that all the relevant bijk , 

and all the relevant v ij k , exoept one of the pair v~, ~ , v~" , are 

amitraxy ; also one of the pair S11'3' S223 is aroitraxy. Under these 

conditions, b?n, b;'l.3 , b;n , v~?} and v~" are steady, and, if 

2K3 = b~,? + b~ .. '3 - b~lI - b~22. , then b;11 ' b;22. and V312 oscillate as 

follavs :-

If these conditioris are not satisffed, instability occurs CNling to 

the possible presenoe of terns prcportionate to 3" , so that the instability 

tine is again 4 sees . 

A surrmary of the findings of this paragraph follCNls . 

o 
bijk may all be aroitraxy exoept for the connections :-

o 0 a 0 0 () b O bO 
bll'l. = b;1.ti ; bl.1'Z. = b.2.I'l. , b l '3'3 = b SI3 , 233 = 3U 

Vijk may all be amitraxy exoept for the connections . 

None of the 
o 

Sijk' '" Y bijkU, are aroitraxy, exoept for one rrerrber of the 

SUITS '-

otheJ:Wise = = 0, 
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3V~I~ -

None of the rijk ' if' P:Ljk ' are arbitrary . 

It is nON of interest to note that, reverting to the case of infinite 

conductivity and constant pressure, the application of zero values to all 

Sijk' r ij k in the above conditions gives again the conditions of §6 . l, with the 

additirnal conditions for second differentials, either of Oz ~ts of 

x. , !2. ' or containing at least one operator aj az 

if, in addition to the conditions of §6.l : 

0 = v31, 

0 
V LI3 

0 
V

311 

stability is possible 

o 
= V.2.'33 

_ 0 

- V ~ 13 ; 

OtheIWise v15k are arbitrary (this rreans only 
o 

V333 ' and one each of the 

pairs 

" " 'Ihe above analysis considers steady values for yb i j kee , P ijk If they 

are to vary with n, then, as already explained, they rrrust be prescribed. 

Clearly a stable solution could always be ootained by suitable and arbitrary 

choioe of these nurrbers as required : hONever, this would be artificial and 

unlikely to reserrble true physical behaviour. But sinoe there are an infinity 
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of random choices for these mmbers, it is not feasible to eJXIUire into 

their effect on stability. 

Generally, under the oondi tions of this paragraph, if the system is 

unstable in any w'W the instability period is approximately 4 sees. 

'lhe variables in group (ii), (iv) ,oontaining a suffix 3, if unstable, 

have values approximately proportional to 2", leading to an instability tine 

of 7 secs. H~ever, if unstable, one of them (v;lS or v;;l.~ ) causes a 

faster instability in the rerMining variables of the group . 

§ 6 • 3 Variable Conductivity and Pressure. 

If the oonductivity varies, it is advisable to follCM the reasoning 

and analysis of §5.3, taking up at the point where it was sh= that we 

may set Yi = v2i ' and rray foll~ the behaviour of the variables at a 

point near D where :::; (small) is oo-parallel i 
Yij = V2ij , 

Then : 

and the first equation in §6.2 will have the extra tems VZjkbiee + v 2.<j bik>ee' 

H~ever, the effects of non-zero vfj , under oondi tions of variable 

oonductivity and pressure, were investigated in §5 . 3 : therefore, as explained 

n n 0 in §6.2, it is advisable to set the bijU, P i and Vij at zero, and the 

b'ij at unpertumed values, in order to investigate the seoond differential 

effect. Thus, the tems v 2<j bil<;>eemay be omitted. With qn= 1 as before, 

the reduced occurrence equations of § 6 .2 beCXllTe :-

bn+ l 

ijk 

h+1. = n b " b " " vi}k Vijk + «k ibj - r ijk . 

The presence of the term V~jk in the first equation has the effect 

that the equations may no longer be separated into independent groups : in 

fact they are all interoonnected. Also, the equations are n~ non-linear 

and thus are not arrenable to analysis. Therefore it is advisable to nake 

assUI!ptions and argurrents similar to those in Chapter V, leading to the 

reduction of the problem to one in two dirrensions only . Since, using the 
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" m:xlel of Chapter N, b ile is steady and in fact equal to the alternator 

€uc, ;: 1 - .soc' the above equations be=re : 

'lhese equations expand into the twelve equations . 
btl;' 1 

b~11 + v;(i(b~v,, - 1) 2 " I'l n " ~1 
TI 2b'n 2b'" ,., 

= + vu:>,+ Y b l1tllv, v Ia = v111 + 112. - 2.[( - r 111 , 111 

b"1-1 b" " ( " 2) n no 0; ' 
T\ b '" b'''' " = 112. + V2 1). b ,vv - + Val + y 112 VII , Vl1. 2. = Vl1l + 12.2. - l.t2.- r 112-112 

b l'\+1 b~'l.'l. + v;'~(b~vv - 3) "b" = + Y I 2.).JIV , Lll 
"Ti 

Vll'l. = " " VlZ1 - r 122. 

b1'l 1'1. b'" h b" 3 " + "b~ V "TI " " = l11 + V211 :Lv. - = V:z.u - r ill H1 Vll1 Y U1VV ' :Ul 

b"-t 1 " "" 2 h " "b'"' ~~1 

V; 11 + b~l 1. - b~12. - " = b:U 2. + v212 b .'!vv- VUl + V211 + Y ,'2.11 ,,' V 212- = r'2.2 2.l!!. 

" b"~l b" " b" + 2vl~ !l. + y"b;:uyp' v h 1'1 " + 2b~2 - 2b~ 22 " = 12l + V 22.2 2.vv - v1n = v22l. - r~n • 2:2.2 221. 

In these equations, we have 6 y"b: 1< CJw and the 4 r~lC'" ' to which, as 

explained in §5.2, arbitrru:y VallES Il\\lSt be given for all n. If, as indicated 

in §5.2 b~lV" and b l1vv can be set at zero for the whole region near D, 

then near D we may assurre that b~lww(and, equivalent ly, b:WIV) and b~2.WlJV 

(and equivalently b;,.,:2..,J are also zero. This leaves only b~22Wand b~l1VV ' 

which are, in fact, under these conditions and in this system, the only 

surviving tenns in the two rorrponents of V ~ (V' !:t). If we ignore the space 

variation of y , the equation in §2.l can be operated on to provide 

yV1 (V')2) = a (V' !?) lat + { ~ X V' (y x !?) ~ 
"-

In §6.l it was pointed out that Ve is zero in the likely case of 

an irrpulsi ve or continuous distw:bed i=tational current density. However 

the =1 tenn in the above expression has, for i th =rponent , using the 

Levi -Ci vi ta third order alternator tensor : 

the centre tem of this does not disappear when y,£ are set at zero, but 

only drops out by virtue of the fact that, as explained earlier in this 

paragraph, o. Therefore, in order to investigate the effect of 
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vru:ying conductivity , we Il\\lSt accept the possibility that the distUIbed 

current density has rotation which changes with tirre, so that the term 

a(Il !2)/at is finite. Therefore the effect of the current density cannot 

be irrpulsive, which indicates the advisability of prescribing steady values 

for ynb~llvV and for y"b':wvv' Then the effect of a current density of 

increasing rotation over a period cSf a finite nurrber of seconds, as well as 

of varying oonducti vi ty, may be checked. 

Considering nON the r ;x:GV ' it is clear that, for possible stability, 

The remaining tenrs , 

Il\\lSt therefore be given finite distUIbance values so that the effect of 

varying pressure can be checked simultaneously. 

nb ' Therefore, we may put y U.1J/U = 11 , 

<5 , E , and the :rerraining hb" • 
Y tlC"'W' r U<w as zero, all these 

being steady values. The difference equations becarre : 

b,,+1 = b " + 
U, 111 b:~: = b~22 + " b n + 2 " .r.~,,- .r. V l.ll. l.Yv V :u~ -

b
n " (b" 2) 112. + V.:u2 iVv - + 

+ 

b " "t 1. = b " + 
:ttl. !U2. 

11 

, 

".,..1 = v l1 2. 

+ 2b~l2.. - 2b';.u <5 , 

Consideration nrust nON be given to the choice of starting disturbanoes . 

There are 16 quantities to which trial distUIbance values nrust be allotted, 

these being the o 
6b zK W ' 4 V~K '" in the last set of 10 equations, and the 

6 constants 11,1;, . .. ,E. Correctly each should be given a poSitive value 

and a negative value (of unequal magnitude , so that cancellation effects, 

cloaking possible instabilities, may be avoided), and a zero value (so that 

the effect of only a few of them disturbed may also be investigated. Thus, 

each quantity IlU.lSt have 3 trial values, for each of which all possible 

carbinations, of the 3 trial values for each of the others , Il\\lSt be 

investigated. The process will therefore require 3'6 " 2 x 107 trials. 
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With the oonputer tine available, judging each trial to require approximately 

10 seoonds, this large nl.l!1ber of trials is clearly inpracticable. A 

suggested w~ out of this difficulty, which will be folla,;ed, is to prescribe 

the disturbances only to the 6 oonstants, )1,~ ••• E: , This will require 

3
6 

" 700 trials, which is feasible. It may also be reInaJ::ked that, with 

this arrangement and the 6 b~~wand 4 remaining v~~w set at 0, all 

of the b~k:w and 2 of the vi .. w will be non-zero, and all of the b~~w and 

all of the v~"w will be non-zero, rreanwhile the disturbed rrerrUJers of the 

set )1, ~, ••• E: remain steady. 'Ihus, the effect of disturbances to the b~)(w ' 

v~~", is investigated, to sarre extent, with a del~ of 1 - 2 seconds. 

Previously (§6.l) suggested disturbance values for the V~IrW' that 

is ,for the oonstants 
-1 

~, n were given as of order 10 

Likely values of 0, E, due to external distant causes, that is, of the 

~ I I 20 dirrension-free fonn of (P/D, 'V 10, oonstant) x y.y.y. D x 10 (§6.2) can be 

obtained fran Fig. 5 in the sane way as those for I "l'!l ~ I were obtained 

from Figs. 1,2 and 20 in succession . Details will not be presented here, 

-15 
the result is a likely value of 'VIO As will be seen from the equations 

for V~11' v~u , the effect of steady disturbance values for O,E: is 

cumulative. Also, if O,E: are given inpulse values, i.e. non-zero only for 

n = 0, the effect is the same as it would be if the disturbance value for 

V~lt , V~H were suitably altered, and then the equations checked for 

stability with O,E both zero for all n: this investigation is included 

in any case. 'Iherefore O,E must be given steady values, and these will be 
_1 

of the order of 10 also, so that their effect can be CXJI1llared at the sane 

order as ~,n (which would be zero if due only to external, distant causes). 

Likely values of )1, I;; , due to external, distant, causes, nay 

similarly be obtained fran Fig. 20, taking the process one step further. 

-54-
Again, details will be emitted; the result turns out to be 'V 10 . '!he 

sane reIlI3Iks regarding inpulse values and useful order of steady values 

apply, to these quantities, as to O,E: above. 'Iherefore )1,~ will be set at 
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Perturoations to be tried have been chosen by a random process 

E, Tl )l r; 8 £ 

0 . 09 0.11 -0.08 0.10 -0.07 -0.10 

o 0 o 0 o 0 

-0.11 -0.09 +0.07 -0.12 +0 . 08 + 0.12 

The results will be given in §6.4 • 

§6.4 Stability Criteria, 

As will be seen from page (XXXiv) of Appendix B "Corrputational Details " , 

there are no stable cases for the trials made in §6 . 3. In fact, the system 

seems to be generally unstable, with a mean instability time of 6l.; seoonds 

3 
needed for a variable to reach a value of 'V 10 of that of the order of 

the disturoance Variables, See. ( xniv " ), 

The sane maximum period for test, and stability criterion were used 

as for § 5 (i) - (iii). The paraneters E,(Le. , written as UU), 

(
' 0 Tl l. .e. v~t1 , written as w) , ( . °0° ' tten )l l..e. y l U,Yv ' wrl. as WW) , ( ' °0° r; l..e. y 111VV ' 

written as XX), 

written as ZZ), are set in the repeat process, instructions 58 - 97, 

using oonstants set by instructions 34 - 38. The figures on page (xxxiv) 

are, in fact, those for a stability criterion of 10:t . With criteri on 

10
1 

, the mean time was 5 " all unstable. As in §5 the criterion was 

increased to make certain. 

The remarks m3de in §5. 4, regarding instructions 42 - 46, apply 

equally and respectively in this program to instructions 33 - 37. These 

refer to the values of lit, )lP, v + y (=v)lo), maximum period and criterion 

respectively. 

The values after 5 seoonds of the variables have been calculated for 
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the first set of disturlJances to be put through the machine. These were 

all zero except £ = -0"-. The results were :-

b ' - b 5 - 3 111 - .2.\2... - I 
5 

V" .. = -5.4, 
5 

v~~~ = 11.3 • 
s b ,~.. = -10.32, 

§ 6 .5 Tirre Scales and Resulting Fields in Stable Cases_ 

In this paragraph, a surrmary of findings (XmCErning both first-

differential disturlJanCEs (§5) and second differential disturlJanCE (§6) 

will be discussed. 

(i) First differential disturbanCEs : it seems clear that the type of 

J2. field and of disturlJanCE, considered as a nodel, is unstable in all 

cases tried, with a tine scale of approximately 5-" seconds. 

(ii) Second differential disturbanCEs : the inferenCE from the 

calculations, and fran the rrechanica1 solution in the case of variable 

=ductivity and pressure, is that the field is unstable: the only 

exCEptiOns being for the physically unlikely condition of exact disturbanCE 

values as discussed in § 6.2. Othe:rwise, for the type of ~ field and of 

disturlJance considered, the tine scale is approximately 4 se=ds for 

infinite or constant =ductivity, but increases to S'l seconds for the 

case of variable =ductivity considered. 

(iii) Effect on =rent density: we can get an idea of the effect of 

unstable breakdcMl on the =rent density fran the case discussed at the 

end of §5.4. We may infer from this that j3 does in fact take part in 

the unstable grcMth of variables. 

(i v) Effect on particle density : the figures mentioned in § 5.4 indicated 

that density is particularly sensible to instability. Generally, the density 

tended either to increase or decrease in an eJqXlIlential manner, leading to 

either an "explosion type" field or to a field with near-vacuum conditions. 

In such fields, the original equations becare inapplicable. The unstable 

velocity field tends either to direct matter tcwards, or to draw it away 
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fran the neutral line. 

(v) General ccmrent : the nodel used, and types of disturbances tried 

(after testing for likelihood in order) indicates instability in nearly all 

cases. 'Iherefore we would expect that, if the conditions were nearly oorrect 

and the nodel nearly applicable, there would be violent rragnetic disturoances 

at frequent intervals, or continuously, in the spaoe on the side of the Earth 

far from the Sun at a dist"anoe where the neutral line might be expected to 

exist: these disturoanoes would, apart from anything else, cause oonsiderable 

background noise and the latter would by nON have been not only noticed but 

also traoed to its souroe. HONever, this does not happen, and a few remarks 

are not out of piaoe at this stage to indicate the reason. It is suggested 

that the use of a line-=rent nodel is not the cause, because although the 

line =rent nodel does differ from the rragnetic field pattern that we rray 

expect near the neutral line but at finite distances from it (§§3.5, 4.1), it 

must be errphasised that close to the neutral line they are both "X" type fields, 

and this is the type of field that has been investigated. A suggestion, to 

e>q:>lain why unstable disturoanoes do not 0= is put fOIWard as follONs . 

Let the syrrbol /:; refer to that part of the neutral line centred about the 

point on the neutral line which is opposite to the Earth from the Sun. /:; 

rray be regarded as a portion of the neutral line of about 0 .1 of the Earths 

diarreter. Further, to assist the imagination, we may regard /:; as a sausage­

shaped datain of finite thickness, say about 0 . 01 of the Earths radius, whose 

centre line is the neutral line. 'Ihe region of space in which the investigations 

have been rrade can then be regarded as being 'in {j'. 

Firstly, we have assurred that, in /:; , the magnetic field if undisturoed, 

is steac3¥. In fact it is not steac3¥, because the Earth itself is not axi­

symretric, and therefore its rragnetic field, at a fixed point <May from the 

Earth, varies as the Earth rotates. 'Ihis variation in the magnetic field oould 

be looked upon as the disturoances that cause the instability. Further, the 

solar wind itself, and, with it, the oonfiguration of the magnetopause, varies 
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slightly with tirre. Finally, as the Sun, with the Earth in revolution, moves 

on its orbital path through the galaxy, the Earth will pass through dlanging 

regions of the interstellar magnetic field. Therefore, as a result of all 

these changes, the magnetic field lines inside the magnetopause are ccnstantly 

on the rrove. This neans that II is not a fixed region, relative to the Earth 

and Sun, but ccntinually on the rrove. Thus, although the disturbances caused 

by changes in the magnetic field, as indicated above, may cause instability, 

long before the instability can start building up the region, II , where it might 

happen, has rroved elsewhere, and the prooess ImlSt start afresh. 

Secondly, it was assurred in §3.5 that the velocity field, undisturbed, is 

zero in II This is not the case, a fact that has already been indicated in 

§ 1.10 . As the Earth revolves around the Sun, and as the Sun revolves about 

the galactic centre, the solar system drifts through interstellar matter. The 

Sun I s gravitation will, of ccurse, affect the rrotion of the interstellar matter, 

but not enough to bring it to relative rest with respect to the Earth. This is 

particularly true for the very small particles of interstellar matter, a fact 

which can be derronstrated bY exarrple rrore quickly than by mathematical analysis. 

Thus, large planets of size ocnparable to the Earth (Venus and Mars) rrove in 

orbits of period of the sane order as that of the earth, and if one of them 

happened to have the sane nean disturbanoe fram the Sun as the Earth, then it 

would rrove at nearly the sane speed. But neteors enter the earth I s atrrosphere 

at high relative velocity, and the particles of the solar wind pass the Earth 

at even higher relative speeds. Therefore we may expect that, in II , there 

is a drift of matter, in a variable direction, at high speed. The effect of 

this would be to carry asNay and dissilpate any strong local variation in 

density long before it had tirre to build up. 

Thirdly, the inclination of the Earth I s axis of rotation has an effect. 

In a frane in whidl the Earth I S and Sun I s oentres appear at rest, the Earth I s 

axis traces a ccne onoe a year. Thus its magnetic field is ccntinually rroving, 
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and t;, would appear to rise up through, and then sink dcmn through, the plane 

of the ecliptic. The effect of this notion of t;, has already been discussed. 
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CHAPTER V I I 

POSTSCRIPT 

7.1 The Magnetosphere 

In this paragraph, an attempt will be made to give a broad description of 

the magnetosphere, this being the domain enclosing the Earth itself and the 

magnetotail. Attention will be mainly restricted to the region on the 

tailward side of the Earth where there is a possibility of neutral lines forming. 

Generally the processes going on in the magnetosphere are extremely complex, 

depending as they do on a number of variables, each of which affects the others. 

Therefore the behaviour of the magnetosphere is beyond simple mathematical 

analysis; however, in certain relatively small restricted domains some analysis 

can be carried out after making justifiable simplifications and approximations. 

But, apart from such cases, the behaviour of the magnetosphere must be discovered 

by experiment, that is, by the use of readings from space probes and satellites. 

Up till 1957 human technology had not reached the stage at which the launching 

of space probes and satellites was possible, and the behaviour of the magneto­

sphere was very much a matter of conjecture; the only relevant phenomenon 

experienced on the Earth's surface being the aurora, already correctly guessed 

to be connected with magnetospheric processes. Subsequently, a number of 

space probes and satellites has been sent through the magnetosphere and a con-

siderable amount of information has been collected. As a result of this inform-

ation, a detailed picture of the magnetosphere is beginning to emerge, and 

various authorities have published the information with their deductions, 

together with, in some cases, a diagram of the magnetosphere. The diagrams 

agree with each other in general and so it may be said that we are now beginning 

to obtain an accurate picture of the magnetosphere and of its internal processes. 
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The correlation of space-probe and satellite information into likely 

processes in various parts of the magnetosphere is very much a matter of 

practical physics, in which mathematics plays a minor role. Therefore, in 

prefacing this paragraph, the writer, not being a physicist, is on extremely 

unfamiliar ground. However it is hoped that the description to be given is 

reasonably intelligible. An important point should be made at this stage: 

some values of properties, such as magnetic induction, in the magnetotail have 

in fact been measured and recorded. However these values appertain to a 

hydromagnetic domain that has already been disturbed by a series of catastrophic 

events: therefore these values should not be used as undisturbed values in the 

analysis of §§5 , 6, since the analysis attempts to explain why the catastro­

phic events theme elves occur in the first place. 

This paragraph was prepared early in 1977, and is based mainly on the 

relevant literature published in 1975 and in 1976: no attempt has been made 

to include the findings of articles published this year (1977). Nor will 

more than slight reference be made to literature published before 1974, because 

some of the 1975 and 1976 articles themselves contain a resume of previous dis-

coveries and research. However, reference will be made to certain older 

articles of up to 30 years ago which either provide important basic features or 

are in the nature of 'classics'. 

To start with, a sketch of the magnetosphere, with its various domains, 

is gi ven in Fig.25(p.xx~. This shows the section of the magnetosphere by a 

plane which includes the Sun and the Earth and is perpendicular to the ecliptic 

plane. A section of this type does in fact portray most of the salient features 

of the magnetosphere. However, no attempt has been made to allow for the 

varying inclination, to the ecliptic normal, of the Earth's magnetic axis: 

this rotates daily about the Earth's axis of rotation, which itself rotates 

annually, as seen in the frame of the diagram, about the ecliptic normal. 

Indeed it may be said that this feature precludes the attainment of any sort 

of steady state: however, as has been discovered, conditions in the magnetotail 
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appear to be already unsteady for reasons not connected wi th this rotation. 

A discussion of the possible effect, of the varying inclination, on the configur­

ation of the magnetosphere, with a diagram, and reference to readings from the 

space probe IMP-1, is given by Ness (51). Mean"hile the sketch on p.xxa has 

been made to include, as far as possible, features provided in articles by 

Dessler (6), HcCormac and Evans (52), Akasofu and Lanzerotti (53), Frank (54), 

Frank and Ackerson (55), and Dungey (56). A legend ascribes the generally 

accepted names to the various domains. 

The interplanetary magnetic field is the field due to the Sun and to other 

extra-terrestrial bodies: it will be referred to in this paragraph as the IMF. 

The extent to "hich the IMF penetrates into the magnetosphere, and the region 

where this happens, has been considered by various authorities. For instance, 

Lanzerotti (57) considers the behaviour of energetic solar particles in the 

magnetosphere. Measurements indicate trapping of such particles on closed 

magnetospheric field lines, and also provide the inference that the particle 

access point is probably at a distance of 1000 R. from the Earth in a tail ward 

direction: here Re is the Earth's radius. This suggests that IMF lines beyond 

the earth are bent tm'iards the Earth and merge with Earth lines somel'ihere in 

the Hagnetotail at < 1000 Re. The Earth lines affected are those emanating 

from high latitudes: this is according to Paulikas (58) "ho asserts that merging 

takes place at a distance of about 150 Re , and that the aurora is largely due to 

these Earth lines. Heikkila (59) finds that merging also takes place near the 

nose: this phenomenon is also reported by Kennel (60). Kennel states that 

the reconnected lines are then dragged by the solar wind over the poles and 

into the magnetotai l, "here merging again takes place: this phenomenon was 

reported earlier by HcCormac and Evans (61). In these articles it is assumed 

that the solar wind carries the IMF with it; i.e. 'frozen-in' conditions apply; 

hovlever AlfvEm (62), the discoverer of the I frozen-in I theory, himself casts 

doubts on its rigid application under all circumstances. 

The region, tailward from the Earth, where merging takes place is the 

neutral sheet. In it and on each side (Northl'iard and South~lard) there is 



plasma. The cause of the existence of plasma in this region, the 'plasma 

sheet', is discussed by Frank (63): he suggests that the polar wind, which 

is the upward flow of plasma from the polar ionosphere, modifies the plasma in 

the far magnetosphere, and in fact that the polar cusp supplies plasma to the 

magnetotail. This view is supported by McCormac and Evans (64). The 

behaviour of the plasma in the plasma sheet is of interest, since it is clearly 

affected by phenomena due to instability in the neutral sheet. It has been 

discovered that this plasma is in rapid motion for most of the time, mainly in 

either an Eastward or a Tailward direction. 

subject shortly. 

It is proposed to revert to this 

Reference has already been made in the introduction (pp.v-viii) to 

articles in which a qualitative analysis is applied to the phenomenon of 

merging of magnetic lines, together with forecasts of likely results. Another 

article is of interest, and may be mentioned here: this is the paper by 

Parker (65): he takes a different approach and uses a model in which considera­

tion is given to the effect of pushing together two tube-shaped domains: each 

tube is straight, they are not parallel to each other, and each contains a 

magnetic fluid and magnetic field lines parallel to the tube axis. The mathe­

matical treatment indicates that fluid is squeezed out and mOves away, nearly 

parallel to the bisector of the acute angle between the tubes, from the point 

where the tubes cross. Although the analysis referred to sunspots, the result 

is of general application, and goes some way in explaining the behaviour of 

plasma in the magnetotail. Dessler (66) suggests that merging tru{es place at 

10 - 30 Re in the solar wind wake: the plasma density there is insufficient 

for a current sheet, and so conditions are vacuum-like, and frozen-in field 

condit i ons apply. Frank (67),using readings from the space-probe IMP-5, 

notes that merging takes place at the day-side of the polar cusp and in the 

neutral sheet in the tail. McCormac and Evans (68) suggest a neutral line at 

15 - 35 R. , where field line reconnection is triggered by substorms. Antonova 

and Shabanskiy (69) consider a model of the magnetosphere with the Earth's 
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magnetic field replaced by a dipole, inclined to the ecliptic normal, and discuss 

the effect of this feature on reconnection of field lines. The problem of 

reconnection of field lines is analysed mathematically by Hill (70). He asserts 

that the plasma is collisionless, so that MHD conditions do not apply; also that 

plasma pressure is anisotropic: when the difference behleen the maximum and 

minimum principal values of the pressure is equal to :B'/p-o (with the usual 

meaning of symbols) then merging ceases. Analysis is also applied to the case 

where the opposing magnetic fields have arbitrary magnitude and direction. It is 

found that two pairs of oblique MHD shock waves are formed, which deflect the 

moving plasma and form accelerated plasma flows away from the neutral line. If 

conditions are steady the shock waves are stationary. Calculations show that 

the merging speed depends on the upstream Alfven speed, the densities above and 

below the reversal plane, and the angle between this plane and the upstream 

magnetic field. The plasma flux is perpendicularly towards the neutral sheet, 

bringing with it the magnetic field lines, and at the sheet protons and elections 

are ejected with mainly opposite accelerations along the sheet. The analysis 

of the article is based on the kinetic theory of plasma, and, to SOme extent, 

bears out the findings of Parker's earlier article. However, the result is 

questioned by Coviley (71). The possibility of merging of IMF and of geomagnetic 

field lines at the Earth end of the plasma sheet is discussed by Franck (73); he 

points out that the locality is at a distance from the Earth I<hich varies as the 

plasma sheet thins and thickens:when the sheet is thinnest the distance is at a 

minimum of 10 Re. This article uses readings from VELA satellites. Vasilunyas 

(73) reviews the knowledge of merging to-date, comparing it with the theoretical 

predictions made in Parker's earlier article and also by Pekcheck (13) and 

Axford (14), and subjects the problem to a mathematical treatment. As a result 

of this, he predicts the formation of an X-type MHD shock wave at the neutral 

point. Another review is that of Frank and Ackerson (74): they find that 

merging takes place in the dayside magnetopause, open field lines are formed and 

are swept into the magnetotail where they reconnect and form closed lines. This 
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allows the IMF to enter the magnetosphere and causes plasma acceleration to 

the magnetotail. The reconnection is the cause of substorms. 

The exact nature of substorms await further exploration for its definition. 

Hones (75) notes that they are the source of release of energy into the auroral 

zones. A general qualitative description has been given by Akasofu and 

Lanzerotti (76); also Kropotkin (77) constructs a simplified model subject to 

mathematical analysis and shows how a substorm can result from instability. 

In this paragraph interest is mainly directed to the effect of substorms 

on the plasma and on field lines in the magnetotail rather than on the precise 

nature of substorms. It seems clear that there are expansive phases of sub­

storms, followed by phases usually referred to as substorm recovery; during 

the expansive phase the plasma in the plasma sheet moves tailward and the sheet 

gets thin, whereas during substorm recovery the plasma moves Earthward and the 

sheet thickens. This phenomenon has been noted by the follO\;ing authorities:-

(a) Frank (78), who finds, from readings of election energy densities made by 

the space-probe OG0-3, an indication that, at distances gpeater than 18 Re , 

the local magnetic field is unstable and distorted. 

(b) Hones (79), ",ho finds that the thickening of the plasma sheet, at 18 Re 

during substorm recovery, is due to merging of IMF lines with magneto­

spheric field lines, the thickening being caused by stretched field lines 

contracting rapidly Earthward. 

(c) Rostoker(80) , 

(d) Hones et al. (81) and (82), from readings from VELA satellites and from 

Explorer 34. They find that during recovery, the neutral line moves 

tailward - as reported by 11cCormac and Evans (52); also that the Earth"'ard 

plasma flow lasts for a fe'" minutes. Beyond the neutral line there is a 

thin plasma sheet during expansion, with plasma moving tailward. 

(e) Frank (83) ",ho uses readings from the space probes IMP-6 and I MP-7 and 

also VELA readings. 

one hour. 

The thinning of the plasma sheet lasts for about 
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(r) Kropotkin (84) , 

(g) Chang and Lanzerotti (85), who consider the generation of magneto-acoustic 

\<laves. 

(h) Bowling (86), who uses readings from the space-probe Explorer 34. He 

finds periods of high geomagnetic activity, occurring irregularly and 

lasting a few hours. 

(i) Russell(87), 

(j) Roeloff et al., (88) and (89) . They record measurements made, by the 

space probe IMP-7 (Explorer 47) at 35 Re , of speeds of ~ 5c KeV protons 

and of ;;" 30 Ke V elec trons • Quiet time speeds, in random directions, in 

the magnetotail and in the plasma sheet are about 7 X 104 ms-i
, but, during 

. 25 0 6 -~ . substorm expanslon, the speeds reach 1. X 1 ms Tallward, and, during 

5 5 -1 recovery, Earthward speeds reach 9. X 10 ms 

(k) Frank and Ackerson (90), who report proton speeds of up to 5.5 X 10· -1 ms 

(1) Maezawa (91), who notes that the total time taken by expansion and recovery 

is about one hour. 

(m) Hones et al. (92), who use readings made by the space probe IMP-6. The 

component of the magnetic field normal to the ecliptic is Southward during 

the expansion phase, and Northward during recovery. During the substorm, 

f · 1 4 - 1 and or about nlne hours afterwards, p .. asma speed is between 3 and 10 X. 10 ms 

these readings agree with the quiet time speeds read by Roeloff et al., see 

(j) above. 

(n) Toichi and Miyazaki (93), who find flapping motions of the magnetotail during 

substorm expansion. 

There does not seem to be entire agreement among the various authorities 

regarding the existence of a neutral line or a neutral sheet Or both. The 

existence of a neutral sheet is claimed in a number of papers already quoted: 

(51),(67),(58),(59),(73),(87)~(92). Other authorities who favour the possibility 

are:-

(0) Russell and Brody (94), who suggest that the neutral sheet is curved. 



(p) Heikkala (95) \ 

(q) Alekseyev et al. (96), 

(r) Bowling and Russell (97), who use readings from Explorer 34, and find that 

the neutral sheet is hinged at a distance of less than 10 Re 

(s) Fan et al. (98),who use readings from the space-probe IMP-7. 

However a few authorities, particularly Dessler (99) and McCormak and 

Evans (100), consider that there must be a neutral line; in fact Dessler argues 

that it should be at about 30 Re , with a neutral sheet of finite thickness further 

out. 

From the consideration of these articles, it is to be inferred that, if a 

neutral line does form, possibly with an evanescent nature, it is likely to be at 

a varying distance from the Earth, and not of the fixed type considered in §§ 5,6. 

For an analysis of the stability conditions at such a neutral line it would be 

necessary to be in possession of knowledge of its speed, so that co-moving 

coordinates could be used, with the resulting effect of these on the components 

of the medium velocity and of the magnetic field. 
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7. (ii) Applicability of Findings 

It has been found that the 9:IUations in C~,.5,6 treated as re=rence equations 

are unstable to certain disturbances. The criterion of instability was that the 

equations are regarded as unstable if any one variable reaches, within 10 tirre 

periods, a size of order 100 tirres the order of the initial disturoances. Hc::Mever 

the criterion of instability was satisfied, in eve:ry case, after only a few tirre 

periods. It is possible that the use of a tirre period of 1 second, which turns 

out to be large for the investigation of these particular instabilities, has led to 

a false result, viz. that what are in fact stable differential equations appear, on 

transfoDll to re=rence equations, as unstable. Unfortunately a calculating machine 

cannot rope with a differential equation : if tirre is the independent variable, the 

best that can be done is to shorten the tirre period as much as possible consistent 

with excessive use of machine tirre : if the resulting re=renoe equation is stable, 

then the inference, from consideration of trajectories, is that the original diff­

erential 9:IUation is also stable. Alternatively, if the differential equation is 

unstable it will have trajectories that curve <May rapidly fran the zero axis. The 

corresponding re=rence equation will have a series of points that rrove <May less 

rapidly : the shorter the steps between the points, the rrore closely will they follON 

the trajectories of the differential equation, and the greater will be the apparent 

instability. Thus we may expect that, if the differential equation is in fact 

unstable, the corresponding re=renoe equation is likely to ShON rrore and rrore 

narked instability as the tirre period is decreased. 

This paragrcq:h has been written: firstly, to indicate hCM the use of an 

insufficiently short tirre period nay lead to a false result; secondly, to analyse a 

rrethod whereby a tirre period may be chosen with confidence that there is no risk of 

a false result accruing; and thirdly, to apply the result to the findings ofCh$5,6. 

Since the equations under review are all first order, the analysis has been restricted 

to a first order equation; also a sirrple first order equation, whose solution when 

in differential fODll is knCMn, has been chosen as an exarrple. The analysis has been 

carried out fran first principles, since the writer has only a slight knONledge of 
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'!hus, we consider the equation, of a type which arises in Mathematical Biology: 

x = 2x(5-x), 

the dot rreaning d/ dt. We note that, when x = 5, x = 0, so that the trajectories 

on the t,x plane are asynptotic to the line x = 5; they never cross it. '!hey 

are also clearly asynptotic to the line x = O. Also, x = 0 when x = 2.5, so 

that the trajectories have points of inflection, with slope 12.5, on the line 

x = 2.5. '!hus, between x = 0 and x = 5, the trajectories closely reserrble the 

curves, x = 2.5 {l + tanAl 5(t-c)] ,where c is a parameter: the shape of 

these curves is well-kna.-m. Confining our interest to the domain x > 0, we note 

that, when . x »5, the slope is steep and negative; so, for the domain 

x ::> 5, the curves reserrble the positive parts of the rectangular hyperbolae 

2 (x-5) (t-c) = 1. 

'!he corresponding re=rence equations are : 

(i) With Lu = 1 X"" _H = llx - 2x2 n " , 
(H) With At = 0.1 xn'T~ = 2x" - O. 2x~ , 

(Hi) With b.t = 0.01 X"'-+l = l.lxn - o .02x~ . 

'!hese re=rence equations do not admit of analytical solutions. Hcwever, as 

can be easily checked, (i) is highly unstable, whereas (H) and (Hi) 

generally indicate behaviour similar to the solution of the differential equation, 

which is; 

x = 
(5_x.)e-1ot ' 

where Xo = x(t = 0) . 

However, even (H) and (Hi) indicate instability if Xo is large enough. 

An insight into the behaviour of the re=rence equation can be obtained by 

setting 6t at ; , and setting x" at 5+e. '!he false inpression given by 

(i), and also by (H), (Hi) for large x o ' lies partly in the fact that the 

iterative solution, for successive x"' rrakes the value of x... =55 over the 

lines x = 5, x = 0, asynptotic to the solution of the differential equation 

this is to be avoided. 

'!he result of the substitution is 



x = (10 + 1) (5 + e) 
m 

~o 

_ 3.(5 + e)2- = 
m 

2e 
(5 + e) (1 - m ). 

It will be found that, if e ~ 0, so that Xh~ 5, then xn_ ... .z 5 

if m > 2(5 + e). 'Illis is the condition for the re=rence equation iterative 

solution to resenble the differential equation solution, at least insofar as 

the solving points approach the line x = 5 asyrrptotically. Clearly, the max:ilnum 

value of ~ in this case depends on e, i.e. on Xo - 5 if n = 0, so that 

we have found a criterion that is dependant on a starting perturbation. HONever 

this is no great disadvantage, because if we are investigating stability we may 

rrake the initial disturtlance small, that is, in this case we may set Xo at 5 

(the equilibrium value)± (small perturtlation), so that lel« 5. So, for this 

equation, a suitable value for the corresponding re=rence equation, for Cit 

would be 1 
m 

21 

, with m > 10+, i.e. 1 
11 Then the recurrence equation is 

X h ..... 1. ::;;; 11 x" 
2 2 

- 11 xn 

The above analysis only applies to the particular equation chosen as an 

exarcple. It is nON proposed to explore a fonn of reasoning which may lead to a 

rrore general result. 

We consider the equation 
• dx 
x:; dt = p(x) , 

where p is a given function. For the corresponding re=rence equation, we 

start at an agreed base point Ph/x,.t.) which may act as a constant of integration 

for the above equation, i.e. x = x. when t = tn The re=rence equation 

then calculates Pn~L (x"+l' t,,+l) fran the relations .-

and tn.' to - L'>tn a chosen constant step in the value of t. 

Thus P"tllies on the tangent to the differential equations solving trajectory, 

at Pn ' and on the line t = t~ + At. The distance, P n P n -<-1 along the 

tangent is ll. to sec IJrh 

writing p 
n 

, where tan -r~ is the slope at P"- ' Therefore, 

we have: 
• .!. = Cit. (1 + P. )~ 

Over this short step, the solving trajectory will closely follON its circle 
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of curvature at Pn.. , and we want to rrake sure that, if K" is the oentre of 

curvature at PI'\.' by IlOre than a 

-, ~P"+' 10 . . 

1'''1~ 
) I 

small prqx:>rtion. Let this proportion be q , of order, say , 

NCM, sinoe the radius KnP" is at right angles to the tangent, ->ill~ K, 

Let fh = KhPn , so that r~ is the radius 

of curvature of the trajectory at Ph Using the above expression for P.P~+1 

we have: 

MearMhlle, drcpping the suffix, noting that x = p'X with p';: ~ 1 and using 

the fOnrnlla for }' we have : 
, 

== I (l+))'l"1 
f Pf' 

Since 6tn. is independent of n, we rray replaoe it by !::.t, and ignoring q~r1. 

we find that : 

i.e. 

Investigation must therefore be ITI3.de to find the minimum value of (1 +p2) /pp' 

as a function of x. By application of siIrple calculus rrethods, this turns out 

to be tantam:Junt to solving the equation : 

pp" (l+P1.) + p'>' (l--p1.) = O. 

New, if P is a linear function of x, the differential equation can be 

solved easily, and recurrenoe rrethods are not needed. 'lhe sarre applies to the 

case where p is a quadratic function, as in o\l.~ earlier exarrple, p(x) = 2x(5-x). 
while not admitting il.n.\~lic ~ol.tloo, 

HCMever the equations inC'h,.5 ,6'1\ are of quadratic type; that is, they oontain 
i< 

llOStly terrrs in one variable or a product of two variables (with a trivial 

exoeption : the equations for v ~r in ~ 5.2 oontain teDllS in qO b~j b~kt) 

hewever these are IlOre likely to increase instability than decrease it). Also, the 

ooefficients on the R.H.S. of the equations are nearly all unity. 'lherefore, 

to cbtain a rough idea of the necessary criterion, we will, for the sake of 

=rparison, try our above analysis with p(x) = x (l-x) . 'lhen p' = l-2x, p"= -2, 

and the above equation oontaining p " beoorres: 

2x 6 -6xs +7x4_4x 3 -5x'+6x -1=0, 
* and with unit ooefficient for eadl te:rm ' , see pp. 36,58 



for whim a close solution is fO\IDd, using Newton 1 S rrethod, to be X; 0.8 • 

With this value of x, the m:i.nimun value of 1(l+p~)/pp'\ is approx:im3.tely 

10.7. 

'lherefore we require 6t ~j2q >( 10.7, so that if ~ set q at 0.01, as 

previously suggested, the criterion is: L::.t ~ 1.52. 

'lhus the inference is that by choosing l:>.t as 1 in the program, a sufficiently 

srrall LIt has, in fact, been used. But, before leaving the ' matter, it would be 

pertinent . to apply a oonparison to the one set of equations, viz. those in § 6 .1, 

for whim an analytical solution was possible. 

Writing x for b .. "., Y for b Ol1 ' z for v1l1 , and w for w2U ' the four 

equations in differential fonn are x; -2w, y; -3z, z; 2(x-y), w; -(x-y). 

Using the sane starting conditions as in ~6.1, viz x. ; Yo ; 0, zo; 0.1, 

7I2 . ro 9t 
wo = -0.2, the solution is :- x ; + 160 s1nh/8t + 40 

y ; i~;: sinhJ8t + ~~ 
z ; 7 cosh[8t - l... 

40 40 ' 

7 - 9 
w = 80 coshJ8t - 80 

Of these variables, the ones with the greatest growth rates are y and z, 

(as in the recurrence case), and eam readles a value whose magnitude is 10 

when t; 1.675 thus the differe{ltial equations are rrore unstable than would 

be indicated by the oorresponding recurrence equations with /:"t = 1 (whim were 

fO\IDd to have an "instability tine" of 4). 'Ihis is to be e:xpected, as remarked 

earlier in this paragraph, and shews that the choice of unity for C:.t has not 

given a misleading idea of the behaviour of the differential equations. 

If, in this instance, the tine step t,.t had been chosen at 0.1, we might 

expect that the oorresponding recurrence equations would shew an "instability 

tine" of between 1.675 and 4. In fact, this is so: if the resulting soluticns 

are inspected, and the tenn with the hlghest growth rate is selected, then this 
. tenn turns out to include a factor (1 + a .l$) n, whim rreans that the corresponding 

variable reaches a value ;;'100 when n = 19.'1hus the "instability tine" is 

19 x 0.1 ; 1.9. 
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Finally to make quite certain that the re=ence equations of ells. 5,6, 

as calculated by CCXlputer, have in fact given a true picture, the program was 

run again with li t altered fran 1 to 0.1. The criterion, 10, (Le. 100 x 

order of distw:bances) was left unaltered, but it was necessary to alter the 

maximum period, which oounted tine steps, fran 10 to 100. The programs were, 

in fact, written with cognisance of the possibility of the necessity of making 

alterations such as this. The results are sh= on pages (xxxiii') and (xxxiv'). 

'!he rrean instability tines are First Differential Equations : 2.9 sec, 

Seoond Differential Equations: 2.4 sec. 

Originally, with lit set at 1 and maximum period at 30, the rrean in­

stability tines were, fran pages (xxxiii) and (xxxiv) :-

First Differential equations : 5.7 sees 

Second Differential Equations: 5.1 sees 

Thus reduction of lit from 1 to 0.1 has resulted in reducing the 

instability tine, in the case of First Differential Equations, from 5 . 7 to 

2.9 sec., (with no set amenable to analysis for oonparison) and in the case of 

Seoond Differential Elquations fran 5.1 to 2 . 4 sees (with one set, arrenable 

to analysis, indicating a limiting value of 1.675 sec. as lit + 0) . 

In conclusion it nay be said that the prcblern of checking whether or not a 

tine-differential equation is stable, by the rrethod of turning it into a recurrence 

equatirn - using an adjustable tirre-step - has been discussed by many experts in 

the field, e . g. by G. E. Forsythe, M.A. ~.aloolrn and C.B. M:ller, in "Initial Value 

Problens in Ordinary Differential Equations " , (Prentice Hall, 1977 (see, in 

particular, 6.5, "Stiff Equations".) It is the general opinion that, if the 

recurrence equatirn is stable, then it is aJmost certainly true that the oorres­

ponding differential equation is also stable. Hrnever one cannot be at all sure 

that the connection applies for instability; that is, if the re=ence equation 

is unstable it is not certain that the oorresponding differential eqU3.tirn is 

also unstable: indeed there seerrs to be no accepted fomoal rrethod of analysis 

applicable to this problem, particularly when the equations are simultaneous with 

many independent Variables, as in Chs. 5,6. It is swrnitted therefore that the 

rrethod outlined in this sub-paragraph is the rrost suitable one that can be found 

under the circumstances. 
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f·R.O~R.AM, paras $;'1- 5-3 

RUN BY GEO RGE 2/MK~F ON 
06/04/16 AT IS-57 

fORTRAN COMPI LAT I ON BY IXFAT MK 5A DATE 06/04/76 TIME 15/57132 

OU01 
UU02 
UU03 -
U004 
OU05 
0006 
OU07 
OuOIl 
0009 

0010 
- 0011 
OU12 
0013 
0014 
0015 
0016 
OU17 
0018 
OU19 
0020 
0021 
oua 
0023 
OU24 
0025 
0026 
0027 
0028 
OU29 
0030 
0031 
0032 
0033 
OU34 
OU35 
0036 
0037 
UU38 
0039 
004U 
0041 
OU42 
0043 
OU44 
OU45 
0046 
0047 
OU48 
OU49 
uu5U 
0051 
U052 
OU53 
0054 
0055 
ou 56 
(Ju57 
0058 
00 59 
OU60 
OU61 
OU62 
OU63 

Ll ST 
LI RRARY (AMPTROUTINES) 
PROG RAI" (FORT) 
(O.,PACT 
(O.,PRESS INTEGER AND LOGICAL 
INPUT 5 = CRU 
OUTl' lJ T '" = LP lj 
TRACE 1 
END 

TRAC E 0 
MASTE R INSTABILITY 1 

LOG 1C A L Et. 0 
REAL L AM~DA ,JJ,II,I1, J 1,12, J ~ ,NN (20 00 ) 
o I i'I t N S I ON A 1 ( 11) U ) , B 1 ( lOU ) , C 1 ( 1 l! U ) , 0 1 ( 1 0(1 ) , E 1 ( 1 (J (' ) , F 1 (j 00), 

* Gl (1 0U ),Hl (10U),!1 (l OU ),Jl (lU O) 
DIMEN SION A2(1 00 ). R ~(l lJO ),C~( 'U (') ,D~(1 00 ),E ~ (lU O ),F ~00~ 

.. - Gd1 nO ),H2( lOU) ,J ~(lUu ),J"(lU u ) : 
o ,-., ENS I ON U 1 ( 1 U 0 ) , V 1 ( 1 U 0 ) , W 1 ( lOU) , X 1 ( 1 0 (I ) , Y 1 (1 U a ) , Z 1 () or.; ~ 

EI'< O=.F ALS E. 

C REA D tND OF LOOP VALU f S 

R~AD (5,5 UOu) IO MAX ,IC MAX ,I BM AX,IAMAX 
X=.o·o 

C START LOOPS 
w=o-o 
1=1 
J =-1 
DO J UO ID O=l,lO MAX 
ID=)O O-l 
Ou JUU IC C=l,IC MAX 
IC=ICC- l 
DO JUO I~ 8 =1,I 8~AX 
I8=1 8R. -1 
00 300 IAA=l,IA MAX 
IA=IAA- 1 

C RESET I NITIAL PA RAME TERS 

DT=1.-(J 
LAM BDA=1.0 
F = 1 • U 
MAXf'EPIOD=10 
CRITE RIUN =l O.U 
A=O. tl 
B=1.U 
C=U.l 
0=u.U1 
E=O.IJ O'I 
A~_ = A 
fl8 =H 
C(= 8 
OD=A 
Et=~ 
HH=A 
II=H 
JJ= ' i . O 
DtNSITY =U.lJ 
THUA=1.U 

, 



j 
i 

1 I 
( x'xiii) 

0064 
OU6~ C SET SPECIFIC f IIRAMETEPS 
OU66 
OU67 I f ( ICC. Gr • j ) DENSlTY=1.0 

. U068 I F (IA+IB~IC.EQ.O) GO TO 300 
0069 GO 'TO (20.21,22,23,24,25,26) , rA" 

. 0070 20 f F = ~ 
U071 6G:A 
UU72 . GO TU 29 
0073 21 BE'=P+C 
0074 GO TO 2'1 
0075 n 88:8+2.0*C 
0076 CC:8+C 
U077 GO TO 29 
0078 23 B8=8-C s.. C(,=, lHC 
OU79 GO TO 29 
OU80 24 !:<B=S 
U081 CC=R 
OU82 F F= C 
OU83 GO TO 29 
OU84 .25 fF=2.(HC 
0085 GG=C 
OU86 GO TO 29 
OU87 26 ~f=-2.v"C 
0088 «Ii = C 
0089 1." GO Tu (3u,~1,32,33,54,35,36) , IBB 
0090 30 Y=A 
OU91 Z=A 
0092 GO TO 39 
0093 31 y=c 
OU94 GO TO 39 
0095 32 Y=2.0*c 
OU96 z=c 
0097 GO TO 3<,1 
0098 33 Y=-2.tJ*C 
0099 GO TO 3'1 
0100 34 Y = A. . 
0101 GO TO . .5" 
0102 35 y=c 
0103 Z=2.U*C 
0104 GO TO 39 
0105 36 Z=-t.U*C 
0106 39 CONTINU E 
0107 GO TO (4U,41,4~,43,44' , ICC 
0108 40 U=A 
01U9 V=A 
0110 Gel TO 49 
0111 41 U=3.U"C 
0112 GO TO 4'1 
0113 42 V=4.0*C 
0114 GO T0 49 
0115 43 U=~ 
0116 V=5.U*C 
0117 GO TO 4<,1 
0118 44 U=4.0*C 
0119 49 CO l'dIrJUE 
0120 GO TO (~'1,SO,Sl ,52) , IOO 
0121 50 W=8 
0122 GO TU 59 
0123 S 1 X=d 
0124 GO TO 59 
0125 52 W=A 
0126 59 CONTINUE 
0127 
0128 C AOVAt' CE i)IFFERE~CE EIlUATIONS 
01<'''' 
0130 C FI ~ ST 
0131 

STORE INITIAL VALUE S 

0132 A1(J)=';A 
0133 81(J'=8 R 
0134 Cl(J)=CC 
U135 D1 (J )= DL) 
0136 Ei(J)=EE 
0137 Fi(J)=FF 
U158 Gl(J)=GG 
0139 ~l(J)=HH 
014U 11( ,))=11 
0141 J1(J'=JJ 
0142 Ul(J)=u 
0143 Vl(J)=V 
0144 "l(J)=~ 



0145 
0146 
0147 
0148 

-0149 
0150 

_ 01 51 
015~ 
0153 
0154 
0155 
0156 
0157 
0158 
0159 
0160 
0161 
0162 
0163 
0164 
0165 
0166 
0167 
0168 
0169 
0170 
0171 
0172 
0173 
0174 
0175 
0176 
0177 
0178 
0179 
0180 
0181 
0182 
01!J3 
0184 
0185 
0186 
0187 
0188 
0189 
0190 
0191 
0192 
0193 
0194 
0195 
0196 
0197 
0198 
0199 
0200 
0~01 
Ol02 
0205 
0~U4 
0205 
02U6 
Ol07 
0208 
0209 
01.10 
O£11 
0£12 
0213 
0!-14 
0&.:15 
0216 
0217 
U£18 
0219 
0220 
oa1 
oa2 
0223 
0224 
0215 

X1(J)=X 
Y1(Jl=y 
Z1<Jl=z 

(xx i v) 

DO 100 N=1,MAXPERIOD 

C CALCULATE INC REM ENTS 

DELA=-AA*(EE+HH)+FF*CC-GG*1 88 -W) 
DEL R =-2.U*B8*H~-FF*(AA-DD)+HH*~+THETA*Y 
DELr,=-2.0*CC*EE+GG*IAA-DDl+GG*X+THETA*Z 
DEl O=- DD* (EE+HY l-FF*CC+bG*Bb+HH-X 
DELt=-EE* cE -FF*GG+II*(LAM~DA*CC*(B8-CC)+II·U*U) 
DElF=-fF*IEE+HHl+II*(LA~RPA*DD*(HH-CC)+II*U*U) 
DELG=-GG*(EE+HH)+II*(-LA MBDA *AA*(BB-CC)+II*U*Vl 
OElH=-HH*HH-uG*FF+II*(-LAMBDA*B~*(BB-CCl+II*V*V) 
DELI=II*DENSITY*(EE+HHl 
DELJ=1I.0 

C AUGMENT VARIA BLES 

AA=AA+DT*DElA 
EHj=,,8+DT*DELtl 
CC=CC+OT* DELC 
OD= D O+ ~ T*DELD 
fE=EE+oT*OELE 
FF=FF+DT* OE U 
GG=GG+ DT*Df:lG 
HH=HH+DT*DELH 
I I=r I+DT'*DELI 
JJ=JJ+[;T*DELJ 
THETA= O.O 

C TEST FO R INSTABILITY 

IF (ABS(AA).6T.CRITERlu~) GO TO 200 
l' ( AqS(~b) .GT.CMITE R IOh) Gu TO 20U 
IF (AHS(CC).GT.CWITERIUN) GO TO 2UU 
IF (AB5(DDl.GT.CRITERIO~) GU TO 2UU 
IF (ARS(Efl.GT.CRIT E4ION ) GO TO ZOO 
IF (A8S(Ff).GT.C RJTEKIO~') GO TO ;>1}0 
IF (ARS(GG):GT:CRITE~ION) GO TO ?OO 
IF (A'1S(HH).GT.CRlTERIOIII) GO TO 200 200 -
IF (ABS(1.0/II).GT.CRITERION) GO . TO 

100 
IF (ARS(JJ).GT.CRITERION) GO TO 200 
CONTINUE 
N=f'lAXPERIOD+' 

C SYSlEN IS STABLE 
C STO f( E FINAL VALUES 

A2(J)=AA 
Bl(J)=BB 
C2(J)=C C 
DZIJ)=DD 
U(J)=EE 
F2(Jl=FF 
G~(Jl=('G 
Hi(J)=,.,rl 
12IJl=li 
J2(J)=JJ 

C Ir-;CR~ASE STAblE COUNTER 

J=J+1 

C TEST !eUFFI'P !lREA 
If (J.GT.1UOl 

C STORE PERIOD 

200 1'1:,( J) =N 
1=1+1 

SULI cu:nI'JUE 

USED 

ENO=.TRUE. 

C PkI"TOUT 

400 CONTI,..UE 

FULL 
GO 

IoIRITE (o,6IJUQl 

TO 400 

IoIRITE (6,DUU1) (~NIICT),ICT=1,I-1) 

I : 
j L 



0226 
on? 
0228 
0229 
0230 
0231 
0232 
On3 
Od4 
0235 
Od6 
0237 
0238 
0239 
0240 
0241 · 
0242 
0243 
0244 
0245 
0246 
0247 
0248 
024'1 

(xxv) 

if (J-1.LF.O) GO TO 600 
WRITE (6,6uOO 
DO 501) JC=1,J-1 

J , 
1 

WRITE (o,CUlIS) A1 (Jel,S1 (JO,Cl (JCl,D1 (JCl,El (Jel,Fl (JC 
* G.'I(JC),H1(JC),Il(JeJ,J'1(JC) . 

WRITE (6,60U4) A~(JC),B~(JC),C2(JC),O~(JC),EZ(JC),F2(J C 
* G2(.C),H2(JC),12(JC),JL(JC) 

WRIT E (6,0 U 0 5) 0 ENS 1 T Y , C R I T E RIO N , U 1 ( .1 C ) , V 1 ( J C ) , \oJ 1 (J C ) , 
* XHJC),Yl(JC),ZllJC) 

500 CONTINliE 
J = 1 

600 IF (END) STOP 
GO TO 200 

5000 FOR'1AT 

6UOO FORMAT 
* 6001 FOR "I AT 

6(102 ~UK I", AT 
6(J03 FOR " AT 
6(/U4 FuR MAT 
6005 fOR MAT 

END 

(410) 

(1H1,40X,39HMAGNETOTAIL I~STABILITIES. PROGRA M 1 
,/,lHO,50X,1~~TEST PERIODS I) 

(1H ,24F5.1) 
(lH1,36HSTART AND END VALUES - STABLE CASES 
(lHI),1I)F12.S) 
(If< ,10F12.5) 
(lH ,10HPARAMETERS,~F12.5) 

END OF SEGMENT. LENGTH 907, NAME INSTABILITY' 

0250 
0251 FINISH 

END OF COMPILATIO N - NO ERRORS 

SIC SU8FILE: 20 8UC~ETS USED 

CONSOLIDATED BY XPCK 12F 

P ROGRAM 
COMPACT 
COMPACT 
CORE 

fORT 
DATA (l';Mi ) 
PROGRAM (DBM) 

150~6 

DATE 

SEG INSTABILITY1 
SEG A'lS 

06/04176 TI~E 15/59/09 



5T 

1 
2 
3 
4 
5 

~ 
8 
9 

~O 
1 1 
12 
13 
14 
15 
16 
17 
1 11 
19 
20 
21 
22 
23 
2f.. 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
33 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
~ 3 
:; 4 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 :,6 
67 
~8 
69 
: ·0 
71 
: 2 
'. ~ ::J 
74 
75 
76 
77 .,8 
79 

(XXVi) 

, NORM[LIST 
FORTRAN PROGRAM 'Parbb·3 

: LPUO ON 131 U6/75 AT 11.2) 

CARD . LIST. RU N O ~ 13/06/75 
MASTER INSTABILITY 2 
LOGICAL ENO,STA RTED 
REAL LA ~ 8DA.JJ . II,I1,J1,I2,J2,NN(200 0l 
DIM EN SI ON A1 (1 01) , B1(1 01),C 1 ( 101 ),01(1 01 ),E1(101),F1(1 0 1 ), 

* G1 (1 01 ),H 1 (1 0 1 ),11 ( 10 1 );J1 ( 101) 
DIMENSIO N U1(1U1),V1(101l,W1(101),X l ( 101 ) " Y1(101),Z1(10 1 ) 

C READ END OF LOOP VALUES 

READ (5,500 0 ) IFMAX,IEMAX,IOMA X,ICMAX,I8MAX,IA MAX 

C START LOOPS 
Z" 0 ·0 
1=1 
J=1 
DO 300 IFF=1,IF MAX 
If''1 FF-l 
00 30n I EE=l,IE MAX 
IE=IEE- l 
DO 30 n I OO=1,ID MAX 
10=10 0-1 
DO 30U ICC=1,ICMAX 
IC=ICC-1 
DO 300 18 8 =1,I8 MAX 
18=18 B-1 
DO 300 IAA=1,IA MAX 
IA=IAA- l 

C RESET INITIAL PARAMETERS 

OT=1.0 
LAMflDA=1 .f1 
F=l .0 
MAXPE RIOD=1 0 
CRITERI ON=10.0 
A=O.O 
8=0.1 
C=0.01 
0=0.00 1 
E=0.0001 
AA=A 
BB=A 
CC=A 
DO=A 
EE=A 
FF=A 
GG=A 
HH=A 
II=A 
JJ=A 

C SET SPECIFIC PARAMETERS 

20 

21 

22 
29 

30 

31 

32 
3'1 

40 

41 

4i! 
49 

50 

IF (IAA+I B8+ICC+I0D+IEE+IFF.EQ.6) GO TO 300 
GO TO ( 20,21,22) , IAA 
II=A 
GO TO 2<; 
ZZ=-8 
GO TO 29 
ZZ= B+2. 0 *C 
CONTI NUE 
GO TO (30,3 1 ,32) , IBB 
'f'f=A 
GO TO 3<; 
YY=-9+3.0*C 
GO TO 39 
YY= f< -2 .0* C 
CONTI NUE 
GO TO ( 40 ,41,4l) , ICC 
XX=A 
GO TO 49 
XX=R 
GO TO 4 '1 
XX=-B-2.0*C 
CONTl NU~ 
GO TO ( ~ 0,5 1 ,52) , 100 
WW=A 

l L 



J I 1 
1 i 

(KXViQ 

80 GO TO 59 
81 51 WW=-B+2.0*C 
82 GO TO 59 
83 52 WW=8-3.0*C 
34 59 CONTINUE 
85 GO TO (6(),61,62) , lEE 
86 60 VV=A 
87 GO TO 69 
88 61 VV=R+C 
89 GO TO 69 
90 62 VV=-B+C 
91 69 CONTINUE 
92 GO TO (70,71,72) , IFF 
93 70 UU=A 
94 GO TO 79 
95 71 UU=R-C 
96 GO TO 79 
97 72 UU=-B-C 
98 79 CONTINUE 
99 

100 C ADVANCE DIFFERENCE EQUATIONS 
101 
102 DO 100 J=1,MAXPERIOD 
103 
104 C FIRST STORE INITIAL VALUES 
~ 05 
106 A1(J)=AA 
107 B1(J)=B8 
108 C1(J)=CC 
109 D1(Jl=DO 
110 E1(Jl=EE 
111 f1(J)=FF 
112 G1(Jl=GG 
113 H1(J)=HH 
114 11(J)=II 
115 J1(J)=JJ 
116 U1(Jl=UP 
117 V1(J)=VV 
'18 W1<J}=Ww 
119 X1(Jl=XX 
120 Y1(J)=YY 
121 Z1(Jl=ZZ 
122 
123 C 
124 

CALCULATE INCREMENTS 

125 DELA=F*VV*(AA+CC1-VV+2.0*HH 
126 DELB=F*II*(AA+CCI-2.0*II+IJU 
127 DElC=F*JJ*( AA+CCl-3.0*JJ+ww 
128 DELO=F*VV*(DD+FFI-3.u*GG+xx 
129 DElE=F*TI*(OD+FFl-2.0*HH+VV 
130 DElF=F*JJ*(~D+FF1+2.0*II-UU 
131 DELG=2.U*LAMBOA*(RB-DD1-YY 
132 DELH=LAMBDA*(CC-EEI 
133 DELI=LANBDA*(DD-88) 
134 DELJ=2.0*LAMBDA*(EE-CCl-ZZ 
135 
136 C AUGMENT VARIABLES 
137 
138 AA=AA+DT*DEl.A 
139 B8= BB+DT*DELB 
140 CC=CC+DT*DELC 
141 DD=OD+DT*OELD 
142 EE=EE+DT*DELE 
143 FF=FF+DT*DELF 
144 GG=GG+DT*DELG 
145 HH=HH+DT*DELH 
146 Il=II+DT*DEU 
147 JJ=JJ+OT*OELJ 
148 THETA=O.O 
149 
150 C TEST FOR INSTABILITY 
131 
152 IF (ABS(AA).GT.CRITERION) GO TO 200 
153 IF (ABS(B8).GT.CRITERIO~1 GU TO 2UO 
1~4 IF (ABS(CC).GT.CRITERION) GO TO 200 
155 IF (ABS(OOl.GT.CRITERION) GO TO 2UO 
156 IF (A8S(EE).GT.CRITERIO~) GO TO ;>UO 
157 IF (A 8S (FF).GT.CRIT ERION ) GO TO 2UO 
158 IF (ABS(G(') .GT.CklTERION) GO TO 20U 
159 IF (A8S(~Hl.GT.CRITERION) GO TO 200 
160 IF (ABS(II1.GT.CRITERION) GO TO 2UO 



161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
2 11 
212 
213 
214 
215 
216 
217 
218 

(Xx." iii) 

IF (ABS(JJ).GT.CRITERION) GO TO 200 
100 CONTINU E 

J=MAXPERIOD+1 

C SYSTEM IS STABL E 
C STORE FINAL VALUES 

A1 (J )=AA 
61(J)=B B 
C1<J)=CC 
01<J)=00 
E1(J)=EE 
F1(J)=FF 
G1<J)=GG 
H1 (J )=HH 
11(J)=II 
J1(J)=JJ 
U1(J)=UU 
V1(J)=vV 
1oI1(J)=WW 
X1(J)=XX 
Y1(J)=YY 
l1 (J ) = ZI 

00 500 JC=1,J, MAXPERIOO 

j i l 
i L 

WRITE (6,6003) A1 (Jel,B1 (Jel,C1 (Je),D1 (JC),E1 (JC),F1 (Jel,G1 (Jel , * H1 (JC) ,11 (JC) ,J1 (JC) 
500 CONTINUE 

WRITE (6,60 0 6) IA,IB,IC,ID,IE 
WRITE (6,60 0 5) DENSITY,CRITERION,U1 (J),V1 (J),1011 (J), 

* X1(J),Y1(J),z1<J) 
200 NN(Il=J 

1=1+1 
300 CONTINUE 

C PRINTOUT 

400 CONTINUE 
WRITE (6, 6 0 0 0) 
IoIRIiE (6,60 0 1) 

STOP 
GO TO 200 

(NN(ICT),ICT=1,1-1) 

5000 fORMAT (101 0 ) 

6000 

6001 
6002 
6003 
60U4 
6005 
6006 

FORMAT 
* FORMAT 

FOR ,"1A T 
FOR MAT 
FOR"'AT 
FOR .. AT 
FORMAT 
END 

FINISH 

(1H1,40X,39H ~ AGNETOTAIL INSTABILITIES. PROGRAM 2 
,1,lHO,50X,12HTEST PERIODS I) 

(1H ,24F'.1> 
(1H1,36HSTART AND END VALUES - STABLE CASES 
(1H ,10F 1 £.S) 
(1H ,10F1~.5) 
(1H ,10HPA R A~ETERS,8F12.5/) 
(1H ,'IA IB IC 10 IE ',512) 

• ! 
1 

• 

/) 

• 

'1 
;. 



f)QC;1 )I) 

__ -...:.' ___ ~,N-.E.!?o4,R.k~E~R.._--.EI.9§~I2. - rr. -,-§ ,,4~3 

(Ru'" 3, t; EO R.t1 c 1$ I ,e C>N <,, !ofS /Tlr) 

I I 
! i 
! ! 
1 L 

-----,------------
DOC JOB PR I NT ,511 l' d/ 14 

~_,_-------J-Q.f) _ ;l,!~f2_QJ._':I_t 5 1 , .1:j' . • T!: ~ ilY 
F OR TR ;lN CU ,"P ': UR T 
I N 10 
E~TER 

**** 

'-----------,-------_. 

DOC AMPD .51 { (l1l/ 7 /, 

, 15T 
WO R, CICLF- 0FFAUL T) 

,------~R~U~---------------------------------------------------------

LI BRARY ( AI.kOUT I N E~) 

______________ "'L'-'.I , !lRA R Y ( 3 II 6 (, K () UPS :> ~ " ) 
PkOGRA" (r vRl) 

_ _____ -"-O.\L T PUT 4 -''',--,L,"-,~c...v,,-' _ _____________ _ _ __________ _ 

OUTP UT " = I',O'Jf, 
______________ .L1lltJ ,RJ.ll 5 = r ~ (, 

CU MPRE SS I ~ T EGER A~O LO GI CAL 
TRHt 2 
HID 

______________ uM~ASJl~LT &r~R~R~Y~ ___________________ , _______ , ______________________ _ 
D IrE " S I 0 .1 X ( ~ un) , Y ( I. I, v) • h C 4 ) , F ( ,) • G ( 3 ) 
CO '"MON ~1 . 1, 1 . C J • f) " 

DATA H(1) n2rl 
lI=11l_ 
v = 1 0 , 
U= 1l 
V=~, , 
REA DC,. 1 tl q ) i("" I 'I Ld ' I I ,\. 'I i J c:."L. -'-Y_'I"","'X'--__________________________________ , 
CA L L A F () RAP rl ( !'J , i.J I }. , \.1 , 4 HAM rT ) Y I lJ:) V I I-t I 0 ) 

X.l1 ) =X r I ii 
____________ -1XLl(~::.J' L",X,!:' A ;<'--___________________________________________________ , 

Y ( 1 ) = n ' \ " 
y( 2) - Y!~· p~x~ ____________________________ -----------------------, 
C ,.\ 1 L r\ t< G t-? ~ f' H ( () ~ .:) , ;' , j , i\ , Y , U , V , Ii to) 
R t d D ('i, 1 I J \ " ) :i 1 , ' . ~ 1 , C j I Ii 'I , U ~, 

J F ( ,4. 1 • t IJ • (J lJ t.. 9 f~ t) '-/ (/ .) \J ( 1 V :; 
_______ WR IT E (4 .1 .£1.1) ~ ',-,-, "-R,.C':-'. ,-'\~c.:l~,c.:,'_) ''-'-' ""I ~.; ____________________________________ _ 

D l' 'I U .1 ~ = 1 , 2 
___ ___ -'IIU(;;2 tl 

N;>,=1c 
-------------------------------------------_ .... 

'-__________ ---'li ... T"-y = ~,(, Q • / C F L IJ A'..JI...:C",,,-' )("-LJ .!.,J ..::*.:.:11:""",1,-1,,,,,',-1 ,,-4 =-" .d3-"2-''i~5'--__________________________ _ 
Tri=U,O 

I 



I 
.1 

I 
R!) - Q • 5. A f'. S ( X I "1_'_' ________________________ --1 NI'=ZQ 
DO 1 1= 1 , )' X 
XO=RO*COS (TH) I 

__ -----':-Y (t=--~ 0 "_SJl!J...T H i _______ ----''--_________________ _ 
F<ll=lJ. 
F ( z )=x n -----'----" 
F( 3 )=Yr 
X(l)=FO) 
Y(1)=F<3) 
~I =, , 

-------------- - ," 
D l) 3 K =~, ',P 

CALL A rA"SEAS~ (>',G,S,DS" ,I, 

)(K)=FU) ,'j 
Y(K)=H 3) 

(j (} H 4 

(: 'J Tn 4 

1; 0 T ('! 4 

t; (} T li 4 

3 

4 

CO NTINI I F I 
K=~P.l ~ 
CALL AfGkA P rl ( 6 , 2,K -1,1 , X, Y, U , IJ ,H ,0) 

______ ~T H =TH· C~-I~H~ _ ___ _ _____________________ _ 

1 CON lI N L' E 
10 DS=- DS 

GO TO ? 
___ J.5 ___ ~C~0~N_IJw~~Ii~!hE _ _ _____ _ _ _ __________ ______ ___ _ 

CAL L A r·: G ": j:\ P rl ( ~ , U I n , t: , X , Y I 1I I V I H I 0 ) 

STUP 
100 FOR M ~T ( SE O.I: ) 
101 F ORi'lA T (1 df" hF 1 2 . '') 

EN D 

END OF SEGMENT, LE HGI~ 

- --------- --------- - --------------------

S U R ROll T I '" f; D " 'l V 0 'f ( Y , F , "J) 

DI MENSIO ' Y(S),F(S) 
CO -. ,-1\JIJ A 1, " " C 1,01 
F<,)='. ') 
f(2)=Al* Y(2) · 8 1·Y(~ ) 

F ( 3 ) = C 1 • ;' ( 2J + U 1 * 'I (3 ) 
_______ ~F~(_'u)~=:~F~(L3~) ________ ________ ________ _ 

RETUR N 
END 

-----~~------------------------, 

- - ------- --- ------
END OF SeG r'E~ T, U: ~ '-T H '14, ;" P,'1 t ilYtlY OV 

Fl i,ISn 

- .. -.. ---.. 
END OF CO UP IL!TI U~ - ,a .k ~ URS 

1 5 R 'lO t T ~ U_,-"-f. "'i, _ _____________ _ 

___ .ItO LM1P ,"-v ______ --'l"');,'-'I-:.J-P,:-' , icc) ___ :> 1 / I!.j / 74 _ ____ _____ _ _ 
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.1 

---------------------:-. -- --

tONSOLID A1EU PY XPCk 12 0 DATE 3 1 1 'J 8 1 7 4 

-,-- ------ --------------- --------------------
PROGR 1d-\ FuR T 

-'-_ ---'C OM P H _T _ D ',J I\ __ (l2.~ c_L __ ____ _ _ ___ _ _______________ _ 
COMPA!:T PROG R A~ ( rGh ) 

_ _ _ -"C-"O_RJ 1 2 5 4 4 

i 
--- ------::--- - -::-----:-c-------- -----------·.l 

SEG TE kliY 
SEG A"G RAp" ' 
SEG FL UA I 

SEt; AR $ I __ ==~~~~~_-----':'-"~ Ul-,,-__ ----':'-----,,--,-,-,-:->L--::;-:-_ ~ __ - _-_-_-_-_-=--=--=---=---=--=--=--=-_-_ SEG Ctl S 
S E G S 1 1' 
SEG A n aVS~A5 H 

SF G DY KYiJV 
e ll V P 1_ 0 T ~ /I B ~ I c' S 
C (; V P 1_ 0 T G l ' R 8,,-,-1 !-'-,,-"s.s.? _ _ _ ______ _ 

CUV PLGT u\' Sb lr. S5 
SE G cnp '( ll 
SEG l AB S 
SEG h CP L iJ T 

SF G H \' i' h H ~_'K'-'I::~ ____________________ _ 

SEG HG P n ~ i' 8E R 
SEG A I V~(L' -LI ~n _ _ ________ _ _ __ _ 

~ ~ G I ' ! T 
SE {j A ir, J 
SFG S.lG~~ 

S ;. I; S t· H r 
SE G K Y' (j 

CI \t i~ (, P I/ J 

SEG ,"; P !IU~, 

CLV ',,; Puv L 
CLP ,1 ,OP I 
E ~ T rl~P T SY MR l 

SEC. N! · ,!:>T ) Y" it! 
C LV ", . pA RE .' 
ClP hc, i' U> ITl u ,. 
CLP h ( l P( ~ ' I '1C rt 

Sf.3 h i P U' lT 
SF G "d , ' 1 
s ~ G F I-' k' c~ l f . 1] 

$ f G i", r j: 
E ', f r !-. P I Ll l '; 

_______ ______ ~C'-'L:-'''''----.:_''-'(;L?-'''-'''-· _ --- - ------ --------------------
Sf ;:; Gf l Cl n 
~ E Ii ( ~, r~ V-'"'-___________ . 

SE~ '. Ie .. 1. 
S i- (i 0 " C 
C1 ' I/ ~ (; ;.:> ,.lI : F Fr r< 

E f ' T ,: r, P ~~ .J. !_LI L'- _ _ ________ _____ _ • __ _ 

E ,': 'r '" r. PI ,' P I' .\ 1 
~_!\!_'_T ___ ,~ }_~<.t, _ ;.. ___________ _________ . _ __ ________ _ 

l A',' P r .l 1/ tJiI //4 
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