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Abstract 

The notion of a filter IF E 22x has been extended to that of a : prefilter:F E 2Ix
, 

generalised filter f E f2
x 

and fuzzy filter cp E fIx. A uniformity is a filter with some 
other conditions and the notion of a uniformity ][J) E 2

2xXX 
has been extended to that of 

a : fuzzy uniformity 1) E 2
IXXX

, generalised uniformity d E I
2xXX 

and super uniformity 
{j E IIxxx. We establish categorical embeddings from the category of uniform spaces into the 
categories of fuzzy uniform spaces, generalised uniform spaces and super uniform spaces and 
also categorical embeddings into the category of super uniform spaces from the categories 
of fuzzy uniform spaces and generalised uniform spaces. 

KEYWORDS: Prefiter, Generalised filter, Fuzzy filter, Fuzzy uniform space, Generalised 
uniform space, Super uniform space, Embedding functor and FUnctor isomorphi:riI~ 
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PREFACE 

Since the notion of a fuzzy set was introduced by Zadeh [85), there have been attempts 
to extend useful mathematical notions to this wider setting, replacing sets by fuzzy sets. 
The study of uniform space notion is facilitated by the notion of a filt(~r. In [53) Lowen 
introduced the notion of a fuzzy uniform space. This was accomplished with the aid of a 
filters on IX which Lowen [49) called prefilters. The notions of prefilter and fuzzy uniform 
space are extensions of filter and uniform space. We prove that the category of uniform 
spaces is embedded into the category of fuzzy uniform spaces. 

The notion of a fuzzy filter is introduced in [23) and then a new generalised form of 
uniformity, called super uniformity, is defined and studied. It is based on the concept of 
fuzzy filter. In [15) the notion of a generalised uniform space is introduced and studied using 
prefilters, which are not the most natural analogue of the filter notion in this situation. 
With the collaboration of Burton and Gutierrez we introduced and studied the notion of a 
generalised filter in [16, 17). In Chapter 8, we rewrite the basic theory of generalised uniform 
spaces with the aid of generalised filters. 

We can see that the notion of a generalised uniform space and the notion of a super 
uniform space are extensions of uniform space and the category of uniform spaces is embed­
ded into the categories of generalised uniform spaces and super uniform spaces. We prove 
that the category of generalised uniform spaces and the category of fuzzy uniform spaces 
are isomorphic. We also show that the categories of fuzzy uniform spaces and generalised 
unifrom spaces are embedded into the category of super uniform spaces. We first establish 
consistent notation. We have also slightly changed a few definitions and strengthen~d some 
theorems. This lead us to establish a nice categorical connection between the categories of 
uniform spaces, fuzzy uniform spaces, generalised uniform spaces and super uniform spaces. 

Chapters 1 and 2 introduce basic results in fuzzy sets and fuzzy topology. Chapter 1 
gives the introduction to fuzzy sets and deals with crisp subsets associated with a fuzzy 
set and fuzzy sets induced by maps. The second chapter is concerned with fuzzy topology: 
the fuzzy closure operator is a very useful tool to define a topology. We also see in this 
chapter continuous functions between fuzzy uniform spaces. In chapters 3 and 4 we record 
the standard results on filters and uniform spaces, since they give and an idea for consequent 
results in later chapters. 

Chapter 5 explores the fundamental ideas of prefiters. We get prefilters from filters and 
filters from prefilters. We see the images and preimages of filters under a map and study 
convergence in fuzzy topological space. In chapter 6 we defined fuzzy topology as a prefilter 
plus other conditions. We deal some basic results in fuzzy neighbourhood spaces which are 
essential to find a fuzzy closure operator and then obtain a fuzzy topology from it. We find 
fuzzy topologies from fuzzy uniform space directly and from fuzzy neighbourhood spaces. 
Next we deal with convergence in uniform topology and uniformly continuous functions 
between fuzzy uniform spaces. In the last section we deal with a-level uniformities which 
turned out to be very useful for subsequent results. 

Chapter 7 is concened with generalised filters: definitions, generalised filters from pre­
filters and prefilters from generalised filters and prime generalised filters. In Chapter 8 we 
deal with generalised uniform spaces and uniformly continuous functions between generalised 
uniform spaces. We will see fuzzy filters in Chapter 10 with more emphasis given to a fuzzy 
filter with characteristic value 1. We also obtain fuzzy filters from generalised filters and 
generalised filters from fuzzy filters. In Chapter 10 we give definitions for a-uniformities and 
super uniformities. Then we see uniformly continuous functions between a-uniform spaces 
and super uniform spaces. 

Chapter 11 is the centeral chapter which connects the categories of uniform spaces, fuzzy 
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uniform spaces, generalised uniform spaces and super uniform spaces. Here we see that 
fuzzy uniform spaces, generalised uniform spaces and super uniform spaces are extensions of 
uniform space using categorical embeddings from the category of uniform spaces into these 
categories. We can also obtain categorical <embeddings into the category of super uniform 
spaces from the categories of fuzzy uniform spaces and generalised uniform spaces. Also 
we show that the category of fuzzy uniform spaces and the category of generalised uniform 
spaces are isomorphic. 

v 



Chapter 1 

Fuzzy Sets 

1.1 Introduction 

The role of set theory has been formulated in the development of modern mathematics. 
However usual observables in our daily lives and conversation as well as scientific experi­
mentation constitute ill-defined sets. For example, the set of old people, the class of tall 
men, the class of large numbers, the set of low temperatures etc. 

In order to try to develop a theory for such ill-defined sets L.A. Zadeh [85] defined the 
notion of a fuzzy set as follows. 

1.1.1 Definition 
Let X be a set. A Juzzy set on X is a map from X into [0,1]. That is, if fL is a fuzzy set on 
X then fL E IX, where I = [0,1] and IX denotes the collection of all maps from X into I. 

Since the notion of a fuzzy set was introduced the basic theorems of set theory have been 
extended to produce a calculus of fuzzy sets. 
Lattice-dependent subsets 

The unit interval I = [0, 1] can be replaced with a complete lattice L. 
Let X be a set and L be a complete lattice. Then an L-subset of X is a map from X to 

L. 
Order-structure of L-subsets 

LX is equipped with order-theoretic structure induced from L, and so is a complete lattice. 
For example, 

fL ~ 1/ ~ V x E X, fL(X) ~ 1/(x); 

(V fLj)(X) == V fLj(X), x E X; 
jEJ jEJ 

(l\fLj)(X) == I\fLAx), x EX. 
jEJ jEJ 

L is de Morgan iff L admits an order-reversing involution 

I : L -> L (a" = a, a ~ b :::} a' 2= b') 

in which case LX is also de Morgan. 

Remark 
I is a complete de Morgan lattice, and so is IX. 

If X is a set and A ~ X, then we define the characteristic Junction of A, denoted 1A by 

lA ~f {I if x E A ° if x ¢ A. 

1 



Note that IA E {O,l}x = 2x and there is a natural bijection between P(X) and 2x. If AI 
denotes the complement of A, we see that: 

'VXEX, 10(X) =0; 
'VXEX, lx(x)=l; 
'V x EX, lA'(X) = l-IA(x); 
'V x EX, IAuB(x) = IA(x) V IB(x); 
'V x E X, IAnB(x) = IA(x) /\ IB(x); 
A ~ B =? IA SIB. 

Algebra on IX 

IX is equipped with order-theoretic structure induced from I. 
The empty fuzzy set 0 is : 'V x EX, O(x) = 0; 
The whole fuzzy set I is : 'V x E X, l(x) = 1; 
J-l = v ¢:} 'V x E X, J-l(x) = v(x); 
J-l S v ¢:} 'V x E X, J-l(x) S v(x); 
(J-l V v) (x) == J-l(x) V v(x), x E X; 
(J-l/\ v) (x) == J-l(x) /\ v(x), x E X; 
( V J-lj)(x) == V J-lj(x), x E X; 
jEJ jEJ 
( A J-lj)(x) == 1\ J-lj(x), x E X; 
jEJ jEJ 

J-lI(X) == J-l(X)1 = I - J-l(x), x E x. 

~ - -

In the case where I is the closed unit interval, we remind ourselves of the following basic 
facts: 

1.1.2 Theorem 
1. If f E IX xY then, 

2. If X, Y ~ I then, 

3. If J-l, v E IX then 

sup f(x, y) = sup sup f(x, y); 
(x,Y)EXxY xEX yEY 

inf f(x, y) = inf inf f(x, y); 
(x,y)EXxY xEX yEY 

sup inf f(x, y) S inf sup f(x, y). 
xEX yEY yEY xEX 

sup X /\ sup Y = sup sup x /\ y; 
xEX yEY 

inf X V inf Y = inf inf x V y. 
xEX yEY 

sup (J-l/\ v) S sup J-l/\ sup v. 

4. If v E I X and A, B ~ X then 

sup v(x) /\ sup v(y) = sup sup (v (x) /\ v(y)). 
xEA yEB xEA yEB 
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1.2 Crisp Subsets of X Associated With a Fuzzy Set 

If p E IX and a E I we define, 

pO: ~f {xE X: p(x) > a}; 

Po: ~ {x EX: p(x) ~ a}. 

These are the so-called a-level(or cut), strong and weak respectively. If a theory is to be 
fuzzified (for example group theory), a very useful type of theorem to have avilable is one 
which relates a property (such as normality) to its fuzzy analogue. Very often the theorem 
takes the form 

p is fuzzy - P ~ V a E I, pO: is P 

or some variation of this. These a-levels theorems are extremly useful. 

1.2.1 Lemma 
If p, v E IX then, 

p = v {::} V a E I, pO: = vO: 
{::} Va E (0,1), pO'. = vo:. 

PROOF. 

(<=) 
Let x E X and p(x) = a. If v(x) > a then x E vO: and so x E pO:. Therefore p(x) > a. 

This is a contradiction. Hence v(x) ::; a.If v(x) < a then 3fJ such that v(x) < fJ < a. 
Therefore x E p!3 and so x E v!3 and hence v(x) > fJ. This is a contradiction. Hence 
v(x) = a since x is arbitrary. Therefore V x E X, v(x) = p(x). That is p = v. 

Assume V a E (0,1), pO: = vo:. Now we have to show V a E [0,1], pO: = vo:. That 
is pi = Vi and pO = vO• But clearly pi = 0 = VI Let x E pO then p(x) > o. So 3a > 
o such that p(x) > a > O. Therefore x E pO: = vO: =? v(x) > a > 0 =? X E vO and hence 
pO ~ vO. Similarly V O ~ pO. Therefore pO = v o • 

1.2.2 Lemma 
If p E I x then, 

PROOF. 

If x E X then 

p = sup al,u"'. 
o:E(O,I) 

{
a if p(x) > a 

al,u'" (x) = 0 if p(x) ::; a. 

Let x E X and p(x) = fJ. Then 

Therefore 

{
a if fJ > a 

al,uc.(x) = 0 if fJ::; a. 

sup al,uc. (x) = fJ. 
o:E(O,I) 

3 
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1.2.3 Lemma 
If p, v, p(j), v(j) E IX, j E J then 

1. (p /\ v)'" = p'" n v"'; 

2. (p V v)'" = p'" Up"'; 

3. (p /\ v)", = p", n v",; 

4. (p V v)", = p", U v",; 

5. U p(j)", S;;; ( V p(j»",; 
jEJ jEJ 

6. ( 1\ p(j»", = n p(j)",; 
jEJ jEJ 

7. U p(j)'" = ( V p(j»"'; 
jEJ jEJ 

8. ( 1\ p(j»'" S;;; n p"'; 
jEJ jEJ 

9. n P"'k = p", where Q = sup Qk; 
kEK kEK 

10. U p"'k = p'" where Q = inf Qk; 
kEK kEK 

11. (p')", = (pI-",),; 

12. (p')'" = (PI-",)'; 

13. p", = n pf3; 
f3<'" 

14. p'" = U Pf3· 
f3>'" 

PROOF. 

(1) 

(2) 

(3) 

(4) 

(5) 

x E (p /\ v)'" <==? (p /\ v) (x) > Q 

<==? p(x) > Q and vex) > Q 

<==? x E p'" n v"'. 

x E (p V v)'" <==? (p V v)(x) > Q 

<==? p(x) > Q or vex) > Q 

<==? x E p'" U v"'. 

x E (p /\ v)", <==? (p /\ v)(x) ~ Q 

<==? p(x) ~ Q and vex) ~ Q 

<==? x E p", n v",. 

x E (p V v)", <==? (p V v) (x) ~ Q 

<==? p(x) ~ Q or vex) ~ Q 

<==? x E p", U v",. 

x E U p(j)", <==? 3jo E J such that x E p(jo)", jEJ 
<==? p(jo) (x) ~ Q 

=- (j¥JP(j»(x) ~ Q 

<==? x E (}JP(j»",. 
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(6) 

(7) 

(8) 

(9) 

(10) 

(ll) 

(12) 

(13) 

(14) 

x E (j~,uU))c< ~ 'if j E J, ,u(j)(x) ~ a 

-¢:=:? 'if j E J, x E ,u(j)c< 
~ x E n ,u(j)c<' jEJ 

x E j~~(j)C< ~ 3jo E J such that ,u(jo)(x) > a 

~ ( V ,u(j))(x) > a 
jEJ 

~ x E (j¥J,uU))c<. 

x E (j~J,u(j))C< ~ j~J,u(j)(x) > a 

==> 'if j E J, ,u(j)(x) > a 
~ x E n ,u(j)c<. 

jEJ 

x E n ,uC<k ~ 'if k E K, ,u(x) ~ ak 
kEK 

~ ,u(x) ~ sup ak 
kEK 

~x E ,uc<, 

x E U ,uC<k ~ 3ko E K such that ,u(x) > ako 
kEK 

~ ,u(x) > inf ak 
kEK 

~x E ,uC<. 

x E (,u')c< ~ ,u'(x) ~ a ~ 1 - ,u(x) ~ a 
~ ,u(x) ::; a ~ ,u(x) 1- 1 - a 
~ x E (,ul-c<),. 

x E (,u')C< ~ ,u'(x) > a ~ ,u(x) < 1 - a 
~ ,u(x) 'l1- a ~ x E (,ul-c<)" 

x E n pI3 ~ 'if (3 < a, ,u(x) > (3 
fJ<c< 

~,u(x)~sup(3=a 
fJ<c< 

~x E ,uc<, 

x E U,ufJ ~ 3(30) a such that ,u(x) ~ (30 
fJ>c< 

~ ,u(x) > a 
~ x E ,uC<. 

5 
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1.3 Fuzzy Sets Induced by Maps 

For a function 

there corresponds a function 
f-> : P(X) ~ P(Y) 

where r-' (A) = {f (x) : x E A} is called the direct image of A ~ X; and a function 

f<- : P(Y) ~ P(X) 

where r-(B) = {x EX: f(x) E B} is called the preimage of B ~ Y. 
We define the analogues of these as follows. 
If X and Yare sets, f E yX, J1- E ]x and v E ]Y we define the direct image of J1-, denoted 
by f[J1-] and the preimage of v denoted by f-l[v]as follows: 
For y E Y, 

flJ1-](y) ~f sup J1-(x) 
f(x)=y 

with the convention that sup 0 = 0 and 

f -l[ ] ~f f v - va -. 

It is straightforward to check these definitions reduce to usual ones in the case where 
J1- = lA and v = IB with A ~ X and B ~ Y. 

1.3.1 Theorem 
Let X, Y,Z be sets and let f E yX,g E ZY,J1- E ]x,v E]Y and A E ]z. 
Let (J1-j : j E J) E (]X)J and (Vj : j E J) E (]Y)J. Then 

1. (g a f) [J1-] = g[f[J1-]]; 

2. (g a f)-I [A] = f-llg-l[A]]; 

3. f-l[ V vol = V f-I[V-]· jEJ J jEJ J , 

4. f-l[ /\ vol = /\ f-I[V-]· jEJ J jEJ J , 

5. f-I[V'] = (f-I[V])'; 

6. VI:::; V2 =? f-l[Vl] :::; f- l [V2]; 

7. f[ V H-] = V fT .. _]. jEJr'J jEJ Ll"'J' 

8. f[ /\ J1-J-]:::; /\ f lJi-J-]; jEJ jEJ 

9. flJ1-]':::; f[J1-'], provided f is surjective; 

10. j.tl :::; j.t2 =? flJ1-I] :::; flJ1-2]; 

11. f[f-I[V]]:::; v, with equality if f is surjective; 

12. j.t:::; f- l [flJ1-]], with equality if f is injective; 

13. f[f- l [v]/\ j.t] :::; v /\ flJ1-], with equality if f is injective. 

6 



PROOF. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

g[f[~]](z) = sup f[p](y) = sup sup ~(x) 
g(y)=z' . g(y)=z f(x)=y 

= sup ~(x) = (g 0 f)[v](z). 
gof(x)=z 

(g 0 f)-I ['\](X) = '\((g 0 f)(X)) = ,\(g(f(X))) = g-l[,\] (f(X)) 
= f-l[g-I[,\]](X). r - -

f-l[j~fj](x) = (j~fj)(f(X)) = j~fj(f(X)) 

= j~)f-l[Vj](X)) = (j~/-l[Vj])(X). 

f- 1 [V'](X) = v'(f(X)) = v(f(X))' = (f-l [v] (X))' 
= (f-l[V])'(X). 

f[.A .uj](Y) = sup LA ~j)(x) = V .A ~j(x) 
JEJ . f(x)=y JEJ f(x)=y JEJ 

< A V 1I.·(x) - jEJ f(x)=y rJ 

= .AJ(f[~j](Y)) 
JE 

= LAJf[~j])(Y). 
JE 

f[~l'(Y) = f~](Y), = 1 - f~](Y) 
= 1- sup ~(x) 

f(x)=y 

:::; sup 1 - ~(x) [since f is surjective] 
f(x)=y 

= sup ~'(X) = f~'](y). 
f(x)=y 

f~l](Y) = sup ~1(X):::; sup ~2(X) = f[~2](Y)' 
f(x)=y f(x)=y 

f[f-l[V]](Y) = sup rl[v](x) = sup v(f(x)):::; v{y). 
f(x)=y f(x)=y 

If f is surjective then r- ( {y}) =f 0 and so 
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(12) 
r1[f[).lll(x) = f[).l](f(X)) = sup ).l(Z) ~ ).l(X). 

f(z)=f(x) 

If f is injective then f(x) = fez) ::::} z'+ 'I: and therefore 

(13) 

r 1 [f[).l]](x) = ).l(x). 

f[f-l[V]/\ ).l](Y) = sup (f-l[V]/\ ).l)(x) 
f(x)=y 

= V (v(f(x)) /\ ).l(x)) 
f(x)=y 

:$v(y)/\( V ).l(x» 
f(x)=y 

= v(y) /\ j[).l](Y) 
= (v /\ j[).l])(Y). 

If f is injective then r- ( {y}) is a singlton set and therefore 

o 

More information regarding fuzzy set can be found in [24, 26, 25, 27, 33,47, 50, 60, 61, 
72,86]. 
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Chapter 2 

Fuzzy Topology 

2.1 Definitions and Fundamental Properties 

In [20], Chang introduced the notion of a fuzzy topology as follows. 

2.1.1 Definition 
A fuzzy topology on X is a subset T of IX satisfying 

1. 0,1 E T; 

2. p, 1/ E T =? P /\ 1/ E T; 

3. 'r/j E J, Pj E T =? V Pj E T. 
jEJ 

(X, T) is called a fuzzy topological space (f.t.s) and the members of T the fuzzy open sets 
ofX. 

If 7i and ~ are fuzzy topologies on X then if 1i ~ ~ we say 1i is coarser than ~ or ~ 
is finer than 7i. 

In [45] Lowen defines a subset T ~ IX to be a fuzzy topology on X if (1),(2),(3) hold as 
well as: 

(4) 'r/ 0: E 1, o:lx E T. 

2.1.2 Examples 
1. The discrete fuzzy topology on X: T = IX. 

2. The indiscrete fuzzy topology on X: T = {O, I}. 

3. Any topology T on X generates a fuzzy topology on X - identify with the open sets 
their characteristic functions. 

4. Given a topological space (X, T), the family Tn of all lower semi continuous functions 
on X into [0,1] is a fuzzy topology on X which contains T. We call Tn the natural 
fuzzy topology on a topological space (X, T). 

2.1.3 Definition 
A fuzzy set P in a f.t.s (X, T) is T-closed (fuzzy closed) iff p' = 1 - pET. 

2.1.4 Definition 
The fuzzy interior po of a fuzzy set p is the join of all members of T contained in p. 
That is, 

po = V{II E IX: II E T, 1/::; p}. 

This is the largest fuzzy open set contained in p and 

p is open iff p = pO. 

9 



2.1.5 Definition 
The fuzzy closure jl of a fuzzy set p, is the meet of all T-closed sets which contain p,. 
That is, 

jl = J\{v E JJf : Vi E T, p,::; v}. 

Thus jl is the smallest T-closed set which contains p, and 

P, is closed iff p, = jl. 

2.1.6 Proposition 
(1) jl' = (p,')O and (p,0)' = (p,I); 
(2) 0 = 0, p,::; jl, fl = jl and p, V v = jl Vii. 

PROOF 

(1) a) Let C be the set of all T- closed sets which contain p,. Then "f v E C, P, ::; v and 
Vi ET. 
It is easy to show that {Vi: v E C} is the set of all T-open sets contanied in p,'. Therefore 

jl = 1\ v and (p')O = V Vi. 
vEe vEe 

So 
(jl)' = ( J\ v)' = V v'. 

vEe vEe 

Hence jl' = (p/)O. 

b) Let C be the set of all T-open sets which are contained in p,. Then"f v E C, vET and v ::; p. 
It is easy to show that {Vi: v E C} is the set of all T-closed sets which contain p,'. Therefore 

p,0 = V v and ;;" = J\ v' 
vEe vEe 

and so 

Hence, (p,0)' = ;;". 

(2) We have 0' = 1 E T. So 0 = O. 
We have jl = J\{v E IX : v' E T, v ~ p,} ~ p, and so jl' = V{v' E IX : Vi E T v ~ p,} E 

T. Therefore jl is closed => jl ~ fl. 
Let A = {~ E IX : e E T, p,::; 0 and B = {7] E IX : 7]' E T, v::; 7]}. Then 

jl V ii = ( 1\ ~) V ( 1\ 7]) = 1\ (~V 7]). 
eEA 7JE13 eEA 

71E8 

But P, V v ::; ~ V 7] and (~V 7])' E T. 
If A E IX is such that p, V v ::; A and A' E T then p, ::; A, >.' E T and v ::; A, >.' E T. 

Therefore there exists ~ E A, 7] E B such that A = ~ and A = 7]. Thus A = ~ V 7]. 

Therefore 

Hence 
p, V v = jl V ii. 

o 
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2.2 Fuzzy Closure Operator 

In [54] the notion of a fuzzy closure operator is introduced. We adopt a slightly different 
definition of a fuzzy closure operator. . 

. .:;, . 
2.2.1 Definition 

A fuzzy closure operator on X is a map -: IX -- IX which fulfills the following properties 

1. 0 = 0; 

2. V J1 E IX, J1 ~ Jl; 

3. V J1, v E IX, J1 V v = Jl V v; 

4. V J1 E IX, Jt = Jl. 
This definition of fuzzy closure operator differs from the definition in [54], where it is 

required that 
Va E I, alx = alx. 
It is shown that a fuzzy topology can be defined using a closure operator. 

2.2.2 Theorem 
If the map -: IX -- IX is fuzzy closure operator then T = {J1' : J1 = Jl} is a fuzzy topology 
on X whose closure operation is just the operation J1 -- fl. 

PROOF 

We have 0 = 5 =? 0' = 1 E T. 
Since 1 ~ I it follows that 1 = I =? I' =.0 E T. 
Let J1, vET. Then J1' = ii', v' = I/' and 

(J1/\ v)' = J1' V v' = ii' V I/' = J1' V v' = (J1/\ v)'. 

Therefore 
((J1/\ v)')' = J1/\ vET. 

If J1 ~ v then v = J1 V v and hence 

ii=J1Vv=flVii 

So Jl ~ ii. 
Let Vj E T for each j E J. Then 

/\ vJ~ ~ vJ~ =? /\ vJ'. ~ vJ~' jEJ jEJ 

Therefore 
/\ v~ < /\ v' = /\ v~ 

jEJ J - jEJ J jEJ J 
and hence 

/\ v'. = /\ v~. 
jEJ J jEJ J 

Hence 
( /\ vJ~)' = V vJ· E T. 
jEJ jEJ 

It remains to show that the resulting closure operation is just the operation J1 -- Jl. 
Let :F = {J1' : J1 E T} = {J1 : J1 = p,}. 
We have to show that for each J1 E IX, Jl is the smallest element of:F containing J1. 
Now II = Jl =? Jl E :F and we have J1 ~ Jl. 
If v E :F and J1 ~ v then 

fl ~ v = v. 

Thus Jl is the smallest element of :F containing J1. 

11 
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2.3 Continuous Functions 

In [20], the notion of a continuous function between fuzzy topological spaces is introduced 
and studied. . 

2.3.1 Definition 
Let (X,71) and (Y,12) be two fuzzy topological spaces. A function f : (X, 71) ---? (Y,12) 
is continuous iff 'v' v E 12, f-I[V] E 71. 

2.3.2 Proposition ~ . 
If f : (X,71) ---? (Y,12) and 9 : (Y,12) ---? (Z,13) are continuous functions then 
go f : (X, 71) ---? (Z,13) is continuous. 

PROOF. 

Let A E 13. Then (g 0 f)-I [A] = f-l[g-I[A]] and, since 9 is continuous, g-l[A] E 12. 
Since f is continuous, f- l [g-l [A]] E 71. Therefore (g 0 f) is continuous. D 

2.3.3 Theorem 
Let f : (X, 71) ---? (Y,12) be a function. Then the the following are equivalent 

1. f is continuous, 

2. For each 12-closed v, f- l [v] is 71 -closed, 

3. For each v ElY, f-l[V] :; f-l[iI]' 

4. For each )-t E IX, f[j:l] :; flJ.t]. 

PROOF. 

(1) => (2) 
Let v' E 12. Then f-l[V'] E 71 and (f-l[V])' = f-l[V'] E 71. 
Therefore f- l [v] is 71 - closed. 

(2) => (1) 
Let v E 12. Then v' is 12 - closed and so f-l[V'] = (f-l[V])' is 7i - closed. _ Thus 

f-l[v] E 7i and hence f is continuous. 

(2) => (4) 
For)-t E IX, 

Therefore 

But 

and 

Thus 

and so 

That is: 

flJ.t] = A{v E I Y : v' E 72, v ~ f [)-t]}. 

rl[flJ.t]] = A{f-l[V]: v E ]Y, v' E 72, v ~ f[)-t]} and 

p, = A{A E IX : A' E 71, A ~ )-t}. 

v' E 12 => (f-l[V])' E 71 

12 



(4) :::} (3) 
For v E IY, r1[v] E IX. 
Therefore 

and so 

Thus 

(3) :::} (2) 
Let v' E 72. Then v E I Y and 

Therefore 

and hence 

.c: -. 

r1[V] ~ j-1[V]. 

r1[V] is 7i - ciosed. 

More information regarding fuzzy topology can be found in [62, 66, 78, 80, 81]. 

13 
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Chapter 3 

Filters 

3.1 Introduction 

The facts regarding fiters can be found in [8, 82] but, for convenience, we record the basics 
in this chapter. We will see the similar results for prefiters, generalised filters and fuzzy 
filters in the chapters 5,7 and 9 respectively. 

3.1.1 Definitions 
If X is a set, we calllF £;; P(X) a filter on X iff 

1. IF =I- 0 and 0 filF; 

2. '\:f F,G E IF, FnG E IF; 

3. '\:f F E IF, F £;; G =? G E IF. 

If X is a set, we call1ffi £;; P(X) a filter base on X iff 

1. lffi =I- 0 and 0 fj. lffi; 

2. '\:f F, G E lffi, 3B E lffi : B £;; F n G. 

For 0 =I- § £;; P(X), 

< § > ~f {Y £;; X : 38 E § such that 8 £;; Y}. 

If 0 =I- A £;; X then < {A} > is a filter on X. 
If IF and ((; are filters on X, we say that ((; is finer than IF or IF is coarser than ((;, if IF £;; ((;. 
If a filter IF is such that there exists a set A with IF =< {A} >, we calllF a principal filter. 
Note that 

A£;; B =?< {B} >£;;< {A} > . 

We therefore expect principal filters which are generated by a singleton to be maximal. In 
other words x EX=?< {{x}} > is maximal. 

We say that a filter IF is fixed iff nlF =I- 0 and free if nlF = 0. 

We call1ffi £;; IF to be a base for IF iff < lffi >= IF. 

3.1.2 Proposition 
1. If lffi is a filter base then < lffi > is a filter. 

2. If IF is a filter and lffi £;; IF satisfies < lffi >= IF then lffi is a filter base. 
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3.1.3 Examples 

1. If (X,r) is a topological space we define the neighbourhood filter N x by 

Nx =< {U : U E r, x E U} > . 

It is straightforward to check that Nx is a fixed filter. 
2. Let (X, r) be a topological space and let 0 =I- A ~ X. Define 

IF (~~f {F ~ X: A ~ FO}. 

Then IF is a filter and IF ~< {A} > . 
3. On the real line ~ we have the free filter 

< {(a, 00) : a E ~} > . 

4. Let X be an infinite set. Define 

IF ~f< {Ac : A is finite} >. 

It is easy to check that IF is a filter. 
5. On the natural numbers N we have the free filter 

< {( n, 00) : n E N} > . 

6. On ~2 we have the free filter 

< {Br : 0 < r < oo} > 

where 
Br ~f {(x,y): Jx2 +y2 < r}. 

3.2 Ultrafilters 
3.2.1 Definition 

Filters which are maximal (with respect to inclusion) are called ultra filters. In other words, 
for a filter IF, 

lFisultra ¢:=::} (lF~G, Gisafilter =?IF=G). 

3.2.2 Proposition 
A principal filter IF =< {A} > is ultra iff A is a singleton. 

PROOF. 

Let IF =< {A} > be an ultrafilter and let x, yEA. Then IF ~< {{x}} > and IF ~< 
{ {y}} >. So, since IF is maximal, 

IF =< {{x}} >=< {{y}} > . 

We therefore obtain 
{x} ~ {y} ~ {x} 

and from this we deduce that x = y. 
On the other hand, let IF =< {x} >, IF ~ G and G E G. Then {x} E IF ~ G and G E G 

and so {x} n G =I- 0. This means that {x} ~ G and so G ElF. 0 

Here is a surprising and useful characterisation of ultrafilters. 
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3.2.3 Theorem 
Let IF be a filter on a set X. Then 

IF is ultra ¢::::> VA ~ X, A E IF or AC E IF. 

PROOF. 

Let IF be an ultrafilter, A ~ X and A fj.lF. Define 

G={FnN:FElF}. 
r - -

Then G is a filter base since: 
(i) Afj.lF=>VFElF, FgA=>VFEiF, FnAc#0. 

(ii) If FnN, GnAc E G with F, G E IF then FnG ElF and so FnG g A. Thus FnGnAc # 0. 
We have IF ~< G > and hence IF =< G >. Now X ElF and so X nAc = AC ElF. 

Conversely, let IF ~ G with G a filter and let G E G. If G fj. IF then GC E IF and hence 
GC E G. But then G n GC = 0 E G and this contradiction establishes that G E IF. Thus 
IF = G and so IF is maximal. D 

The following result will be appealed to many times and we note, in passing, that the Axiom 
of Choice is required. 

3.2.4 Theorem 
Every filter is contained in an ultrafilter. 

PROOF. 

Let IF be a filter on a set X and define 

s ~ {G : G is a filter and IF ~ G}. 

Inclusion is a partial ordering on S. Let C be a chain in S. Then it is easy to check that 

lHI ~f UC is a filter on X and lHI is an upper bound for C. We appeal to Zorn's Lemma to 
deduce that S has a maximal element G. Then IF ~ G and G is maximal. D 

3.2.5 Definition 
If IF is a filter on a set X, we say that 

IF is prime ¢::::> (F U G ElF=> FE IF or G ElF). 

3.2.6 Theorem 
A filter is ultra iff it is prime. 

PROOF. 

Let IF be an ultrafilter, F U G E IF, F fj.lF. Define 

G ~f {H : H U F E IF}. 

It is straighforward to check that G is a filter and G E G. Furthermore, if K E IF then 
K ~ K U FE IF and so KEG. Consequently we have IF ~ G and, since IF is ultra, IF = G. 
Thus G E IF since G E G. 

To prove the converse, let A ~ X. Then Au AC = X E IF and hence A E IF or AC ElF. 
Thus, IF is ultra. D 
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3.2.7 Theorem 
Let IF be a filter on a set X. Then 

IF = nlP'(lF). 

Where 
lP'(lF) ~f {K: K is an ultrafilter and IF ~ K}. 

PROOF. 

The inclusion IF ~ nJP'(lF) is obvious so we show that n lP'(lF) ~ IF. To this end let K E 
nlP'(lF). If K fi IF then for each F ElF, F S;; K. Thus we have - . 

VF E IF, F nKc =1= 0. 

Let 
K ~ < {F n K C 

: F E IF} > . 

It is easy to see that K is a filter containing IF. Let JH[ be an ultrafilter containing K. We 
therefore have 

IF ~ K ~ JH[ E lP'(lF). 

Now K C = X n K C E K and so K C E JH[. But we also have K E nlP'(lF) ~ JH[ and so 
K n K C = 0 E JH[. This contradiction establishes the result. 0 

3.2.8 Definitions 
We say that a subset 8 ~ P(X) has the finite intersection property (FIP) if every finite 
sub collection from 8 has nonempty intersection. We let 

Pf(8) ~f {C ~ 8 : C is finite }. 

Then 
8 has FIP ~ VC E Pf(8), nC =1= 0. 

So a filter has FIP. 
If 8 has FIP we can construct a filter containing 8 as follows. Let 

r 81 ~f {nc : C E Pf(8)}. 

So r 81 denotes the set of all intersections of finite subsets of 8. It is easy to check that 

8 has FIP :::;. r 81 is a filter base 

and so 
8 has FIP :::;.< r 81 > is a filter. 

Furthermore, 
8 ~< r 81 > . 

Of course, a filter IF is closed with respect to the formation of finite intersections and 
supersets and so 

< rlF1 >= IF. 

If IF and G are filters on a set X, we say that they are compatible, and write IF rv G, if 
every element of IF meets every element of G. In other words 

IF rv G ~ V F E IF, V G E G, F n G =1= 0. 

If IF rv G we can construct a filter which contains them both. 
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3.2.9 Theorem 
If IF '" G then 

[IF,G] ~f< {FnG.: F E IF, G E G} > 

is a filter and IF, G ~ [IF, G]. . . 
Furthermore [IF, G] is the smallest filter containing both IF and G. 

The proof of this is straightforward. The fact that [IF, G] is the smallest filter containing 
both IF and G tempts some authors to write IF V G for [IF, G] and thi~ 5s line as long as 
we realise that the set of filters on a set X is not a lattice. This is because two filters 
need to be compatible in order for the supremum to exist. If they are not compatible then 
[IF, G] = P(X) which is not a filter. In particular, two different ultrafilters have no filter as 
a supremum. 

In the case where G =< {A} > for some set A ~ X, we write 

[IF, G] = [IF, A] 

and the compatibility requirement is that 

V F E IF, F n A # 0. 

Thus we have 

3.2.10 Corollary 

V F E IF, F n A # 0::::} [IF, A] is a filter and IF ~ [IF, A]. 

Now here is a useful observation. 

3.2.11 Corollary 
If IF is an ultrafilter on X and A ~ X then 

PROOF. 

VF E IF, FnA # 0 ¢=::::} A E IF. 

VF E IF, F n A # 0 ::::} IF ~ [IF, A] 
::::} IF = [IF,A] 
::::} A E [IF,A] = IF. 

The converse is obvious. 

3.3 Topological Notions in Terms of Filters 

o 

The fundamental topological notions of convergence, closure and continuity can be described 
using filters. 

3.3.1 Definition 
Let (X, r) be a topological space and IF a filter on X. A point x E X. is said to be a limit 
point of IF, if IF is finer than the neighbourhood filter Nx • 

IF is also said to be coverge to x and we write IF ~ x. 
In other words 
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A filter base Ja converges to x iff < Ja >~ x 
We define, 

d f< . 
limF ~ {x EX: IF ~ x}. 

3.3.2 Definition 
Let (X, T) be a topological space. A filter IF on X has x E X as a cluster point if every 
member of F meets every member of Nx . We write F >- x 
In other words 

F >- x ¢::::::} VF E F, VV E Nx , F n V i= 0. 

A filter base Ja clusters at x iff < Ja >>- x 
We define, 

def { } adhlF = x EX: F >- x 

3.3.3 Examples 

(1) On the real line R with the usual topology the filter 

converges to O. 

1 
IF =< {(O, -) : n EN} > 

n 

r- -

To check this, let V be a neighbourhood of o. Then there exists c > 0 such that (-c, c) ~ V: 
Thus there exists n E N such that ~ < c and so (0, ~) ~ (-c, c) ~ V. We have shownthat 

VV E No, 3F E IF, F ~ V 

and this means that No ~ F. 

(2) On the real line R with the usual topology, let 

where 

F =< HO, m(n)) : n EN} > 

if n is odd 
if n is even. 

Then IF >- 0 since if (-c, c) ~ V E No and (0, m(n)) ~ F E F it is clear that V n F i= 0. 

3.3.4 Theorem 

F >- x¢::::::} 3 a filter G with F ~ G and G ~ x. 

PROOF. 

(=?) 
If F >- x let G = [F, Nxl. Then Nx ~ G and IF ~ G means that G is finer than IF and 

G~x. 

(-¢=: ) 
Conversely, if F ~ G and G ~ x then Nx ~ G. Let V E Nx and F E F. Then F E G 

and V E G and so F n V i= 0. 0 

The closure can be described in terms of filters. 
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3.3.5 Theorem 
Let (X, r) be a topological space and A ~ X. Then 

x E A ¢=:::? ::IlF', IF' a filter on X ,A E IF', IF' ~ x. 

PROOF. 

(=» 
If x E A let IF' = [Nx , A). Then A E IF' and IF' ~ x. 

(¢::) r--

Conversely, let A E IF' and IF' ~ x. Then Nx ~ IF' and hence if V E Nx we have V E IF' 
and so V n A # 0. Since V is arbitrary, x E A. 0 

Continuity can be described in terms of filters. 
The following proposition is straightforward. 

3.3.6 Proposition 
If f : X ~ Y be a function and IF' is a filter on X then 

f[lF) = {f-> (F) : F E IF'} 

is a filter base on Y. 

3.3.7 Theorem 
Let X and Y be topological spaces and let f : X ~ Y be a function. Then 

f is continuous at Xo ¢=:::? VlF', (JF is a filter and IF' ~ Xo ===}< f[lF') >~ f(xo». 

PROOF. 

(=> ) 
Let f be continuous at x, IF' ~ x and V E Nf(x). Then there exists U E Nx such that 

f[U) S;;; V. Thus f[U) E f[lF') and so V E< f[lF') >. Since V is arbitrary we have shown that 
Nf(x) ~< f[lF) >. 
( ¢::) 

Conversely, let x E X and V E Nf(x). Then, since Nx ~ x, we have < f[Nxl >~ f(x). 
This means that Nf(x) ~< f[Nx) > and so V E< f[Nx) >. Therefore there exists U E Nx 
such that flU) ~ V. Since V and x are arbitrary, we have shown that f is continuous. 0 
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Chapter 4 

Uniform Spaces 

We will see later fuzzy uniform spaces, generalised uniform spaces and super uniform spaces. 
In this chapter we include only some basic results regarding uniform spaces and we will see 
later similar results for the above mentioned uniform spaces. More literature regarding 
uniform spaces can be found in [8, 38, 82]. 

4.1 Introduction 

If X is a set then we define the following notation. 

1. .6. = .6.(X) ~f {(x, x) : x EX}. 

2. If U, V ~ X x X then 

U 0 V ~f {(x, y) E X x X: 3z E X such that (x, z) E V and (z, y) E U}. 

3. If U ~ X x X then Us *,=f {(x, y) : (y, x) E U}. 

Note that 

1. A~B=>As~Bs. 

2. A ~ E and B ~ F => A 0 B ~ Eo F. 

3. un *,=f U 0 U 0 ••• 0 U. 
~ 

n factors 

4.1.1 Definitions 
If X is set then ]D) ~ P(X x X) is called a uniformity on X iff 

1. ]D) is a filter; 

2. VUE ]D), .6. ~ U; 

3. VUE ]D), Us E ]D); 

4. VUE ]D), 3V E ]D) : V 0 V ~ U. 

We call (X, ]D») a uniform space. 

If X is a set and B ~ P(X x X), then B is called a uniform base on X iff 
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1. lffi is a filter base; 

2. V B E lffi, Do ~ B; 

3. V B E lffi, 3D E lffi : Ds ~ B; 

4. V B E lffi, 3D E lffi : DoD ~ B. 

We call lffi ~ ]]J) a base for ]]J) if < lffi >= ]]J). So lffi is a base for ]]J) iff V D E ]]J), 3B E lffi : 
B~D. 

4.1.2 Proposition 
1. If lffi is a uniform base then < lffi > is uniformity. 

2. If]]J) is a uniformity and lffi ~ ]]J) satisfies < lffi >= ]]J) then lffi is a uniform base. 

PROOF. 

(1) Let lffi be a uniform base then lffi is filter base. So, 

lffi is a filter base =>< lffi > is a filter. 

]]J) =< lffi >= {D : 3 B E lffi such that B ~ D} 

If DE ]]J) then3B E lffi such that B ~ D. Thus Do~ B ~ D. 
If D E ]]J) then 3B E lffi such that B ~ D. So 3E E lffi such that Es ~ B. Therefore 

E ~ Bs ~ Ds and hence Ds E ]]J). 
If D E ]]J) then 3B E lffi such that B ~ D. So, 3E E lffi such that Eo E ~ B ~ D. 

(2) We have ]]J) is filter, lffi ~ ]]J) and < lffi >= ]]J). Therefore, lffi is a filter base. 

]]J) = {D : 3B E lffi such that B ~ D} 

If B E lffi then B E ]]J). So Do ~ B. 
If B E lffi then B E ]]J). So 3E E 1) such that Eo E ~ B. Therefore 3F E lffi such that F ~ 

E and hence 
FoF~EoE~B 

If BE lffi then B E ]]J). So Bs E ]]J). Therefore 3E E lffi such that E ~ Bs => Es ~ B. 

4.1.3 Examples 

(1) Let (X, p) be a pseudometric space and c > O. Let 

D~ = {(x,y): p(x,y) < c}; 

lffip = {D: : c > O}; 

]]J)p =< lffip > . 

o 

Then ]]J)p is a uniformity on X. Note that ]]J)p = ]]J)2p and so different metrices generate 
the same uniformity. 

(2) Let lffi = {Do} and ]]J) =< lffi >. Then lffi is a uniform base and ]]J) is a uniformity called the 
discrete uniformity. 

(3) If ]]J) = {X x X} then ]]J) is called the trivial uniformity. 

(4) For r E ~, let Br = Do u {(x, y) E ~ x ~ : x > r, y > r} then lffi = {Br : r E ~} is a 
uniform base on R 

We call D E ]]J) symmetric if D = Ds. 
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4.1.4 Proposition 
(1) A uniformity has a base of symmetric elements. 
(2) D E lIJ), n EN=? 3 symmetric E E lIJ) : E" ~ D. 

PROOF. 

(1) Let (X, lIJ)) be a uniform space and lB = {D E lIJ) : D = Ds}. Then < lB >= lIJ): 

Let DE lIJ) and E = D nDs. Then E E lB and E ~ D. 

(2) Let D E lIJ) and n E N. Then ~ ~ D and ~ n = ~ ~ D. 0 

4.2 The Uniform Topology 

Let x E X, A ~ X and U ~ X xX. 

U(x) ~f {y EX: (x,y) E U} 

and 
U(A) ~f U U(x) = {y EX: 3x E A such that (x, y) E U}. 

xEA 

4.2.1 Theorem 
Let (X, lIJ)) be a uniform space. Then 
fix = {U(x) : U E lIJ)} is a neighbourhood base at x. 

PROOF. 

(i) We have x E U(x) because (x,x) E ~ ~ U. 
(ii) Let U(x), Vex) E fix. Then U, V E lIJ) and so un V E lIJ). Therefore 

U(x) nV(x) = {y EX: (x,y) E U and (x,y) E V} 
= {y EX: (x, y) E Un V} 
= (U n V)(x) E fix. 

(iii) If U(x) E fix then U E lIJ). _ 

We seek Vex) E /3x such that if y E Vex) then 3W(y) E /3y with W(y) ~ U(x). We 
have 

U E Jll) =? 3V E Jll) such that V 0 V ~ U. 

Let y E Vex). Then (x, y) E V. If Z E V(y) then (y, z) E V and so (x, z) E V 0 V ~ U. 
Therefore Z E U(x). Hence V(y) ~ U(x). That is 3V(y) E /3y with V(y) ~ U(x). 0 

4.2.2 Lemma 
Let (X, lIJ)) be a uniform space and let lB be a base for lIJ). Then 
/3x = {B(x) : BE lB} is also a neighbourhood base at x. 

PROOF. 

(i) We have x E B(x). because (x,x) E ~ ~ B. 
(ii) Let U(x), Vex) E /3x. Then U, V E lB and so 3B E lB such that B ~ un V. But 

U(x) n Vex) = (U n V) (x) and therefore B(x) ~ (U n V)(x). 
(iii) Let U(x) E /3x. Then U E lB. Therefore 3V E lB such that V 0 V ~ U. If y E 

Vex) then (x, y) E V. If Z E V(y) then (y, z) E V and so (x, z) E V 0 V ~ U. Therefore 
Z E U(x). Hence V(y) ~ U(x). That is 3V(y) E /3y with V(y) ~ U(x). 

o 
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Thus if (X, IDl) is a uniform space then 

fix = {U(x) : U E IDl} 

is a neighbourhood base at x. Therefore .. 

Nx = {V ~ X: B ~ V for some B E fix} 

is a neighbourhood system at x, and hence 

THJ) = {U ~ X: V x EX, 3V E Nx such that V ~ U} 

is a topology on X. 
The same topology is produced if any base fi is used in place of IDl. 
We call THJ) the uniform topology generated by IDl. 

There is a simple expression for THJ)-closure: 

4.2.3 Theorem 
If la is a base for IDl then 

A = n U(A). 
UEllB 

PROOF. 

Let x E A and U E R Let VEla be symmetric with V ~ U. Then V(x) is a 
neighbourhood of x and so V(x) n A =I- 0. Let a E V(x) n A then (x, a) and so (a, x) E V. 
Therefore x E V(a) ~ V(A) ~ U(A). Thus VUE la, x E U(A) and this means that 

x E n U(A). 
uEllB 

Now let x E n U(A) and V(x) be a basic neighbourhood of x with V symmetric. Then 
UEllB 

x E V(A) ::::::> 3a E A such that (a, x) E V. Therefore (x, a) E V and so a E V(x) which 
means that V(x) n A =I- 0. Hence x E A. 

4.3 Uniformly Continuous Functions 

Let f : X ---> Y be a mapping. Then 

is a mapping. 
For D ~X x X, 

and for E ~ Y x Y 

4.3.1 Definition 

f x f : X x X ---> Y x Y, (x, y) I--? (f(x) , f(y)) 

(f x f)--> (D) = {(f(x), f(y)) : (x, y) E D} 

(f x f)<- (E) = {(x, y) E X x X : (f(x), f(y)) E E}. 

o 

Let (X, IDl) and (Y,E) be uniform spaces and f : X ---> Y a mapping. f is said to be 
uniformly continuous if VEE E, 3D E IDl: (f x f)--> (D) ~ E. That is, 
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For example: 

If (X, p) and (Y, d) are metric spaces then (X, lIDp ) and (Y, lIDd) are uniform spaces. Then 

f : X ~ Y is uniformly continuous 
iff 'If c > 0, 36 > 0 such that p(x, y) < 6 =? d(f(x), f(y» < c 
iff 'If c > 0, 36> 0 such that (x, y) E D: =? (f(x), f(y)) E D~ 
iff'v'V E lIDd, 3U E lIDp such that (f x f)-> (U) ~ v. 

So uniform continuity in the uniform space context generalises uniform continuity in 
metric spaces. 

4.3.2 Theorem 
If f : (X, lID) ~ (Y,E) is a uniformly continuous function then f : (X, TIDI) ~ (Y, TE) is 
continuous. 

PROOF. 

Let V(f(x)) be a TE -neighbourhood of f(x) with V E K Since f is uniformly continu­
ous function, it follows that 3U E lID such that (fxf)-> (U) ~ V and so f-> (U(x» ~ V(f(x»). 
Since Z E f-> (U(x)) =? 3y E U(x) such that f(y) = z. So 

Y E U(x) =? (x, y) E U =? (f(x), f(y)) EV =? f(y) = Z E V(f(x». 

o 

4.3.3 Lemma 
If f : (X, lID) ~ (Y, E) and 9 : (Y, E) ~ (Z, IF) are two uniformly continuous m~ppings 
then 
go f : (X, lID) ---? (Z, IF) is uniformly continuous. 

PROOF. 

Let F E IF. Then, since 9 is uniformly continuous, 

(g x g)<-(F) E K 

Since f is uniformly continuous, 

(f x f)<- ((g x g)<- (F» E lID. 

That is 
((g 0 g) x (g 0 g»)<- (F) = (f x f)<- ((g x g)<- (F») E lID. 

Hence (g 0 f) is uniformly continuous. 
o 
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Chapter 5 
r - --

Prefilters 

5.1 Introduction 

In [49), Lowen introduced the notion of a prefilter and since then it has been studied. The 
facts regarding prefiters can be found in [51, 53, 63, 10). In this chapter we summarize these 
properties of prefilters. 

First we state some notations here. I will denote the unit interval, 10 and h are the 
intervals (0,1], [0,1). For any J-l E IX and c E I we define 

(J-l + c)(x) ~f (J-l(x) + c) 1\ 1 and (J-l- c)(x) ~f (J-l(x) - c) V 0 

clef () d· f clef. f () SUp J-l = SUp J-l X an In J-l = In J-l X • 
",EX xEX 

5.1.1 Definitions 
If X is a set, 0 of- F ~ IX is called a prefilter (on X) iff 

1.0~F; 

2. 'if v, J-l E F, v 1\ J-l E F; 

3. 'if v E F, v::; J-l => J-l E F. 

If X is a set, til ~ B ~ IX is called a prefilter base (on X) iff 

1. 0 ~ B; 

2. 'if v, J-l E B, ::l.A E B : .A ::; v 1\ J-l. 

< F >~f {J-l E IX:::lv E F such that v::; J-l}. 

If J-l E IX then 

clef {} <J-l>=< J-l >. 

We call B ~ F a prefilter base for :F if < B >= F. So B is a prefilter base for F iff 
'if J-l E F, ::l v E B : v ::; J-l. 

If F and 9 are prefilters and :F ~ 9 we shall say that :F is coarser than 9 or 9 is finer 
than F. 
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5.1.2 Proposition 
1. If B is a prefilter base then < B > is a prefilter. 

2. If:F is a prefilter and B ~ :F satisfies < B >= :F then B is a prefilter base . 
. ;:;, -

PROOF. 

(1) We have < B >=/- 0 and 0 tJ.< B >. 
If,u, v E< B > then "3 ,u', v' E B such that ,u' ::; ,u and v' ::; v. So, "3 A E B such that A ::; 

,u' l\ v' ::; ,u l\ v. Therefore, ,u l\ v E < B >. 
If ,u E< B > and,u::; v then "3 A E< B > such that A::; ,u ::; v. So, i/ E< B >. Hence, 

< B > is a prefilter. 

(2) < B >=/- 0. So B =/- 0. 0 tJ. :F =< B >~ 0 tJ. B. 
Let,u, v E B. Then,u, v E :F =< B >. So,,u l\ v E< B >. Therefore,"3 A E 

B such that A ::; ,u l\ v. Hence, B is a prefiter base. 

5.1.3 Definitions 
Given a prefilter :F and ,u E IX the following subset of I 

C/l.(:F) ~f {o: E I: 'if v E:F,"3 x E X su~h that v(x) > ,u(x) + o:} 

will be called the characteristic set of:F with respect to ,u and 

c/l.(.1') ~f sup C/l.(:F) 

will be called the characteristic value of :F with respect to ,u. ' .. 

o 

When ,u = 0 we shall refer to them just as the characteristic set and characteristic value of 
.1'. We shall denote them by C(:F) and c(:F). 
That is, 

C(:F) ~f {o: E I: 'if v E:F,"3 x E X such that v(x) > o:}. 

and 
c(.1') ~f sup C(:F). 

We collect together some basic facts in the following proposition. 

5.1.4 Proposition 
Let :F be a prefilter and,u E IX then 

1. C/l.(.1') = {o: E 1:,u + 0: {t .1'}; 

2. {o: E I : ,u + 0: E .1'} = {1} or [c, 1) with c E h or (c, 1) with c E h; 

3. C/l.(:F) = 0 or [0, c) with c E 10 or [0, c) with c E h; 

4. c/l.(:F) ~f sup C/l.(:F) = inf {o: E I : ,u + 0: E :F}. 

PROOF. 

(1) We have 
,u + 0: tJ..1' ¢:::=} 'if v E:F, ,u + 0: t. v 

¢:::=} 'if v E.1', "3 x EX: v(x) > ,u(x) + 0:. 

(2) Let A = {o: E I: ,u + 0: E :F}. Then 1 E A. If 0: E A and 0: ::; f3 then f3 E A. Therefore 
A = {I} or [c, 1) with c E h or (c, 1) with c E h 

(3) Let B = C/l.(:F) = {o: E I : ,u + 0: tJ. :F}. Then A n B = 0 and A U B = I. So, 
B = [0, c) with c E 10 or 0 or [0, c) with c E h. 
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(4) Therefore we have 
sup B = inf A. 

That is, 
d'(F) = sup CI"(F)~ 'inf {o: E I: ,u + 0: E F}. 

1. C(F) = {o: E I : o:lx ~ F}; 

2. c(F) ~f sup C(F) = inf {o: E I : o:lx E F}; 

3. c(F) = inf sup v; 
vE:F 

4. For a prefilter base F, c(F) = c( < F ». 

If,u = 0 then 

We have 

CP(F) = C(F) = {o: E I: o:lx ~ F}, 

c(F) = sup C(F) = inf {o: E I: o:lx E F}. 

{o: E I: o:lx E F} = {sup v: v E F}. 

Since if v E F then (sup v)lx E F and sup o:lx = 0:. Therefore 

c(F) = inf sup v. 
vE:F 

o 

We next see the definition of prime prefilter which is similar to the definition of prime 
filter. 

5.1.5 Definition 
A prefilter F is said to be prime if V I/,,u E IX such that v V ,u E F we have either v.. E F 
or ,u E T. 

5.1.6 Theorem 
If ,u E IX then 
< ,u > is prime iff 3 0: > 0, 3 x EX: ,u = 0:1",. 

PROOF. 

(=?) 
Let XI,X2 E ,un with Xl #- X2. Then 

{ 
,u(x) if X #- Xl 

take ,ul = ,u(xI)l"'l and V2(X) = 0 'f 
1 X = Xl' 

Then VI V V2 = ,u E< ,u >, so VI E< ,u > or V2 E< ,u >. Therefore VI ~ ,u or V2 ~ ,u 
which is clearly false. Thus ,un is a singlton. Hence 3 0: > 0, 3 X EX: ,u = 0:1",. 

(¢::) 
Let VI V V2 E< 0:1", >. Then VI V V2 ~ 0:1",. So 

Therefore 
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Consequently, 
VI E< alx > or V2 E< al x > . 

Therefore < alx > is prime. 
. .:. . 

Note 
This reveals that prime prefilters are not maximal since if /3:S a :s J-l(x) then 
< J-l >~< alx >~< /31x > with both < alx > and < /31x > being prime. 

r -

5.1.7 Definitions 
If F and 9 are prefilter bases then 

F rv 9 {::} V' V E F, V' J-l E 9, v /\ J-l =I- o. 

If F rv 9 we define, 

F V 9 ~f < {v /\ J-l : v E F, J-l E Q} > . 
and it is easy to see that F V 9 is the smallest prefilter containing both F and 9. 

For prefilter bases F and 9 we define, 

c(F 9) ~f { c(F V Q)if F rv .9 
, 0 otherwIse. 

If 0 =I- J-l E IX then < J-l > is a prefilter and for a prefilter F we define, 

c(F, J-l) ~f c(F, < J-l ». 

We define the saturation of a prefilter as follows. 

5.1.8 Definition 
For a prefilter base F with c(F) > 0 we define, 

-r ~f { ( ) • (. ) lo} .r - sup Ve - C • Ve. c E 10 E F . 
eElo 

5.1.9 Theorem 
If F and 9 are prefilter bases with c(F) /\ c(9) > 0 then, 

1. F ~ P; 

2. (V' c E 10, v + c E F) :::} v E P; 

3. P is a prefilter base; 

5. p~f< P >= 8>; 

6. P ~ P; 

7. F ~ 9 :::} P ~ g; 
8. If F is a prefilter then P = P; 

9. If F is a prefilter then c(p) = c(F). 
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PROOF. 

(1) Let v E F and ';/ 8 E 10, Ve = v. Then 

sup (ve - 8) =·~nip (v - 8) = v E J:. 
eElo eElo 

(2) Let ';/ 8 E 10, v + 8 E F. Then 

sup ((v + 8) - 8) = v E J:. 
eElo 

(3) We have J: # 0 and 0 tf. J:. 

So 

Let jJ, = sup (jJ,e - 8), V = sup (ve - 8) E J: with ';/ 8 E 10, jJ,e, Ve E F. Then 
eElo eElo 

(jJ, 1\ v)(x) = sup (jJ,e - 8) (x) 1\ sup (Ve - 8)(X) 
eElo eElo 

= sup sup (jJ,e - 8) (X) 1\ (V8 - c5)(x) 
eElo 8El o 

~ sup (jJ,e 1\ Ve - 8)(X). 
eElo 

jJ, 1\ v ~ sup (jJ,e 1\ V~ - 8). 
eElo 

But we have, 

';/ 8 E 10, jJ,e, Ve E F => ';/ 8 E 10; :3.Ae E F such that .Ae :::; jJ,e 1\ Ve. 

Therefore 
jJ, 1\ v ~ sup (J.le 1\ Ve - 8) ~ sup (.Ae - 8) E J:. 

eElo eElo 

Hence, J: is a prefilter base. 

(4) Let jJ, = sup (ve - 8) E J: with ';/ 8 E 10, Ve E:F. Then 
eElo 

';/ 8 E 10 , Ve E g => J.l E Q. 

(5) Let jJ, =< J: > . Then :3 v E J: such that v :::; J.l. 

Therefore:3 (ve : 8 E 10) E Flo such that J.l ~ v = sup (ve - 8). 
eElo 

Let';/ 8 E 10, jJ,e ~f jJ, + 8 ~ Ve. Then jJ,e E< F >. 
So, --jJ, = sup (J.le - 8) E < F >. 

eElo 

Therefore 
<J:>~ 8>. 

Let jJ, E 8>. Then :3 (J.le : 8 E 10) E< F >10 such that jJ, = sup (jJ,e - 8). So 
eElo 

';/ 8 E 10 , :3 ve E F such that Ve :::; jJ,e· 

Therefore 
sup (ve - 8) :::; J.l. 
eElo 

Hence 
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Thus 

.~ -.. 

(6) Let /1 E j:. Then 3 (/1e: : c E 10) E J:lo such that /1 = sup (/1e: - c). Therefore 

So 

Where, 

Therefore 

e:Elo 

/1e: = sup (/18 - 6) for some (/18: 6 E 10) E Flo. 
liElo 

/1 = sup (sup (/16 - 6) - c) 
e:Elo liElo 

= sup sup (/16 - 6 - c) 
eElo liElo 

= sup sup (/16 - a) 
a:Elo e:,liElo 

e:+6=cc 

= sup (va: - a). 
a:Elo 

Va: = sup /16 E< F > . 
e:,liElo 
e+6=a 

- -/1 E < F > = F. 

__ A 

(8) If F is a prefilter then F =< F > . Therfore F = < F > = F. 

(9) We have c(F) = inf sup V and so, 
vE:F 

So 

F s; J: =? c(F) ~ c(J:). 

If 3 a such that c(J:) < a < c(F) then 

inf sup v < a ::;,. 3 v E j" such that sup v < a. 
vE:F 

v = sup (ve: - c) for some (ve: : c E 10) E Flo. 
e:Elo 

Define /1 = /31x where sup v < /3 < a. then v < /1. Therefore 

3 6 > 0 such that v < v + 6 < /1. 

But we have 'r/ c E 10, v+c ~ Ve: and so, /1 > V+ 6 ~ Vii. Since F is a filter. Therfore /1 E F. 
That is /1 E F and sup /1 = /3 =? c(F) :s /3 < a. This is a contradiction to c(J=") > a. 
Therefore c(j") = c(F). 

o 

5.1.10 Definition 
A premter F with F = j" will be called saturated prefiter. 

Some useful results regarding saturated prefilters. 
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5.1.11 Theorem 
If :F is a prefilter then 
(1) 

:F is saturated ¢:} (\I c E 1o, v + c E:F =? v E:F) 
¢:} (\I c E j~, '3 Ve E :F: Ve ::::; V + c =? V E :F). 

(2) P = {,u E IX : \I c E 10, ,u + c E :F}. 
(3) P is a saturated prefilter. _ 

(4) If:F is a prefilter base then f: = f:. 

PROOF. 

(1) 
(=?) 

We have 
('Ii c E 10, v + c E :F) =? V E :t. 

But :F = P, and so v E :F. 
(~) 

Let ,u E P. Then we have 

3 (,ue : c E 10) E :Flo such that ,u = sup (J-le - c). 
- eElo 

Therefore 
\I c E 10, J-l + c ;::: J-le E :F. 

Since :F is a prefilter, we have \I c E 10, ,u -+ c E:F. Hence J-l E :F. Therefore :F = P. It is 
easy to show that, 

('Ii c E 10, v + c E :F =? v E :F) <=> ('Ii c E 10,3 Ve E :F : Ve ::::; V + c =? v E :F). 

(2) We have 
{J-l E IX : 'r:/ c E 10, J-l + c E :F} ~ P. 

Let J-l E P. Then we have 

Therefore 

3 (J-le : c E 10) E:Flo such that ,u = sup (J-le - c). 
eElo 

'r:/ c E 10, J-l + c ;::: ,ue E :F. 

Since :F is a prefilter, we have 'r:/ c E 10, J-l + c E :F. 

(3) If:F is a prefilter then 

f: =< j: >= 8> = :t. 
So, j: is a prefilter. 
Now let \I c E 10, J-l+c E j:. Then 

'r:/ c E 10, 'r:/ 6 E 10, J-l + c + 6 E :F 

=? 'r:/ CI: E 10, ,u + CI: E :F 

=? J-l E j:. 

Therefore j: is a saturated prefilter. 

(4) If :F is a prefilter base then < :F > is a prefilter. So 

-- - -:F = < :F > = < :F >. 
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That is, j: is a saturated prefilter. So, 
__ A 

j: = < j: ::> = j: = P. 

We next consider the characteristic set of a saturated prefilter. 

5.1.12 Proposition 
Let :F be a prefilter with c(:F) = 0: then C(.t) = [0,0:). 

PROOF. 

We have c(:F) = inf {fi E I: fiIx E :F}. 
So, 

fiIx E :F for all fi > 0: and filx ~ :F for all fi < 0: 

=? VeE 10, o:Ix + c = (0: + c 1\ I)Ix E:F 

=? o:Ix E.t. 
On the other hand if fi < 0: then 3 c > ° such that fi + c < 0: 

=? fiIx + c = (fi + c)Ix ~:F, 

which means fiIx ~.t. But 

C(.t) = {tEI: tlx ~ .t}. 

Therefore C(.t) = [0,0:). 

5.2 Prefilters from Filters 

Recall from 1.2 that if v E IX and 0: E I 
vlY. ~f {x EX: v(x) > o:}, 

VIY. ~f {x EX: v(x) ~ o:}. 

5.2.1 Definition 
Let IF be a filter on X . For 0: E (0, 1] define, 

lFlY. ~< {o:Ip: F E IF} >, 

lFlY. ~f {v E IX : V fi < 0:, v" ElF}. 

5.2.2 Theorem 
Let IF and G be filters on X. Then we have 

1. lFlY. and lFlY. are prefilters on X with IF,,, ~ IF''' for any 0: E (0,1], 

2. IF '" ~ IF,, and IF''' ~ IF'' if ° < fi < 0:, 

3. lFlY. ~ GIY. and lFlY. ~ G'" iflF ~ G, 

4. t", = lFlY. = t"', 
5. C(lFlY.) = C(lFlY.) = [0,0:) and c(lF",) = c(lF"') = 0:. 
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PROOF. 

(1) We have 0 f/. {alF : F E IF} #- 0 and 

alp!\ ala = ai'F~a E {alF : F ElF}. 

Therefore {a 1 F : F E IF} is a prefilter base. Hence IF a: is a prefilter. 

Let p" II E lFa: then \if 13 < a, p!3, IIfJ ElF. But 

So P, !\ II E lFa:. 
Let p, E lFa: and p, :::; II. Then \if 13 < a, p!3 E IF For 13 < a, II

fJ ;;2 p,fJ E IF, and so IIfJ E IF 
Therefore II E lFa:. 

Hence lFa: is a prefilter. 
Let p, E lFa:. Then 3 FE IF such that p, ~ alF. For 13 < a, p!3 ;;2 (alF)fJ = F E IF and 

so p, E lFa:. Therefore IF a: ~ lFa:. 

(2) We have p, E lFa: => 3 F E IF such that p, ~ alp. If 0 < 13 < a then p, ~ f3lF and so 
p, E IF fJ. Therefore p, E lFa: => \if 'Y < a, J-tt ElF=> \if 'Y < 13, p,"t ElF=> P, E lFfJ. 

(3) 
P, E lFa: => 3 F ElF: p, ~ alF 1:? 3 F E G : p, ~ alF => p, EGa:. 

p, E lFa: => \if 13 < a, p!l ElF=> \if 13 < a, p,fJ E G => p, E Ga:. 

(4) Let p, E fa:. Then 3 (P,e : I:: E 10) E (lFa:)lo such that p, = sup (P,e - 1::). So 

If 13 < a then 3 6 > 0 such that 13 + 6 < a => p,~+e E IF 

=> u p,~+e ElF=> p!l ElF. 
eElo 

Therefore p, E lFa: and hence lFa: = lFe.. 

IF a: ~ lFa: => fa: ~ fa: = lFa:. 

eElo 

Let p, E lFa:. Then \if 13 < a, p,fJ E IF. Then for each c E 10, define lie = alJ.t"'-"' •. Since 
p,a:-a:e E IF so lie E IF a: and also p, + c ~ lie. That is, \if I:: E 10, p, ~ lie - I:: 

=> p, ~ sup (lie - c) with \if I:: E 10, lie E IF a:. 
eElo 

Since fa: is a prefilter and so p, E fa:. Therefore lFa: ~ fa:. Hence 

fa: = fa: = lFa:. 

(5) We have C(lFa:) = {f3 E I : f3lx fJ. lFa:}. If 13 < a then f3lx t. alF for any F ElF=> 
f3lx fJ. lFa:. But if 13 ~ a then f3lx ~ alp for some F ElF=> f3lx E lFa:. Therefore 

C(lFa:) = [0, a) and hence c(lFa:) = a. 
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We have 
C(1F'''') = {,B E I : ,Blx rt IF''''}. 

If ,B < a then ::J 6:,B < 6 < a and (,BlxJ~ = 0 rtlF' =? ,Blx rtlF''''· 
If ,B ?:. a then V 'Y < a, (,Blx)'Y = X ElF'=? ,Blx E IF''''. 
Therefore 

C(lF'''') = [0, a) and hence c(lF'''') = a 

5.3 Filters from Prefilters 
5.3.1 Definition 

Let :F be a prefilter on X. For a E C(:F), we define, 

:F", ~f {y'" : y E F} = {F ~ X : a1x V IF E F}, 

and for a E (0, c(F)] we define, 

clef f> • :F'" = {yl-' : ,B < a, y E F}. 

5.3.2 Theorem 
Let .1' and g be prefilters on X. Then we have 

1. Fex for any a E C(F) and Fex for any a E (0, c(F)] are filters on X, 

2. Ff3 ~ Fex if 0 :::; ,B < a :::; c(F), 

3. Fex ;2 Ff3 if 0 :::; ,B < a and a E C(F); and Fex ;2 Ff3 if 0 < ,B < a :::; c(F), 

4. Fex ~ gex and Fex ~ gex if .1' ~ g, 

5. For a E (0, c(F)] , :Fex = U .1"'Y. 
O<'Y<ex 

PROOF. 

(1) Let a E 0(.1'). Then a1x rt F. So, for Y E .1', vex t 0. We also know Fex t 0. 
Let JP, vex E Fex. Then JlP n vex = (j.l/\ y)ex E Fex. 

o 

Let j.lex E Fex and F ;2 j.l"'. Then IF V j.l ?:. j.l, IF V j.l E :F and (IF V j.l)ex = F Therefore 
FE Fex. 

Hence Fex is a filter. 
For a E (0, c(F)], Fex t 0 and 0 rt Fex. 
Let yf3, j.l'Y E Fex where Y, j.l E .1' and ,B, 'Y < a. Then 

Therefore :Fex is a filter base. 
Clearly Fex ~< Fex >. Let A E< .1'''' > . Then ::J Y E .1' and,B < a such that A ;2 yf3. 

Define j.l = lA V y ?:. y then j.l E F. j.lf3 = A E Fex. Therefore < Fex >= Fex. Hence Fex is a 
filter. 

(2) Let yf3 E Ff3 then we have y E .r. 

O:::;,B < a:::; c(F) =? yf3 E .1''''. 

Therefore Ff3 ~ Fex 
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(3) Let lIfJ E FfJ. Then we have II E F. Define jJ, = Iv!3 V II 2: II then jJ, E F, since 0 ::s (3 < a. 
So jJ,e< = vfJ. Therefore lIfJ E Fe<. Hence FfJ ~.Fe<. 

Let lI'Y E FfJ. Then 'Y < (3 and II E F.Since 0 < (3 < a ::s c(F) we have 'Y < a and II E 
F. Therefore lI'Y E Fe<. Hence FfJ ~ Fe<. 

(4) Let lie< E Fe<. Then II E F and so II E g. Therefore lie< E ge<' 
Let lIfJ E Fe<. Then (3 < a and II E F and so (3 < a and II E g. Therefore lIfJ E ge<. 

(5) We have 
0< 'Y < a =?:FY C Fe< =? U :FY C Fe<. 

- 0<'Y<e<-

Let lIfJ E Fe<. Then (3 < a and II E F. So 3 'Y : (3 < 'Y < a such that lIfJ E :F'Y. Therefore 
vfJ E U :F'Y. Hence? = U :F'Y. 

0<'Y<e< 0<'Y<e< 
o 

5.3.3 Theorem 
Let IF' and G be filters on X and F and 9 are prefilters on X. Then we have 

1. IF' = (IF' e<)fJ = (IF'e<)fJ if 0 < (3 ::s a, 

2. IF' = (IF' e<)fJ = (IF'e<)fJ if 0 ::s (3 < a, 

3. (Fe<)fJ;;2 F if 0 < (3 ::s a ::s c(F), 

4. (Fe<)fJ;;2 F if 0 ::s (3 < a ::s c(F), 

5. (Fe<)fJ;;2 FifO < (3 ::s a and a E C(F), 

6. (Fe<)fJ;;2 F if 0 ::s (3 < a and a E (0, c(F)], 

7. «Fe<)e<)e< = Fe< for any a E (0, c(F)], 

8. if FE Fo and c(F) < 'Y ::s I then 'YIp E :F. 

PROOF. 

(1) Let F E IF'. Then alp E IF'e< and for 'Y < (3 ::s a, (alp)"! = F E (IF'e<)fJ. Therefore 
IF' ~ (IF' e<)fJ. We have 

So, IF' ~ (IF' e<)fJ ~ (IF'e<)fJ. 
Let lI'Y E {IF'e<)fJ then 'Y < (3 and II E IF'e<. 

Since 0 < (3 ::s a, we have lI'Y E IF'. Therefore (IF'e<)fJ ~ IF'. 
Hence IF' = (IF' e<)fJ = (IF'e<)fJ. 

(2) Let F E IF'. Then alp E IF'e< and for 0 ::s (3 < a, (a1p)fJ = F E (IF'e<)fJ' Therefore 
IF' ~ (IF' e<)fJ' We have 

So IF' ~ (IF' e<) fJ ~ (IF'e<)p. 
Let lIfJ E (IF'e<) fJ. Then II E IF'e<. 

II E IF'e< =? V 'Y < a, lI'Y E IF'. 

Since 0 ::s (3 < a we have lIfJ E IF'. Therefore (IF'e<)fJ ~ IF'. 
Hence IF' = (IF' e<)fJ = (IF'e<)fJ· 
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(3) Let 1/ E :F. Then since 0: ::; c(:F) so V 'Y < 0:, 1/'"1 E px. Since 0 < (3 ::; 0: it follows that 
V 'Y < (3, 1//3 E px. Therefore 1/ E (:F"')/3. Hence:F ~ (:F"')/3. 

(4) Let 1/ E :F. Then since 0: ::; c(:F) we have V 'Y < 0:, 1/'"1 E :F"'. Since 0 ::; (3 < 0:. So 
1/ ~ (3Ivf3 E (:F"')/3' Therefore 1/ E {:F"')/3. Bence:F ~ (P")/3. 

(5) Let 1/ E :F. Then I/C> E :Fc>, Since 0 < (3 ::; 0:. So V 'Y < (3, 1/'"1 E :Fc>, Therefore 1/ E (:Fc»/3. 
Hence :F ~ (:Fc»/3. 

(6) Let 1/ E :F. Then I/C> E :Fc>. Since 0 ::; (3 < 0: we have 1/ ~ (3Ive. E (:Fc»/3. Therefore 
1/ E (:Fc»/3. Hence:F ~ (:Fc»/3. r - -

(7) We have 
(:FC»C> ~ :F => ((:FC»C»C> ~ :FC>. 

Let 1//3 E ((:FC»C»C>. Then (3 < 0: and 1I E (:F"')C>. So V 'Y < 0:, 1/'"1 E :FC>. Therefore 1//3 E :FC>. 
Hence ((:FC»C»C> = :Fc>. 

(8) Let F E :Fo. Then F = I/~ for some 1/1 E:F. We have 

'Y > c(:F) = inf sup 1/. 
vE:;:: 

Therefore 3 1/2 E :F such that sup 1/2 < 'Y. Let 1/ = 1/1 V 1/2. Then 1/ E :F and I/o = I/~ n 1/8 :2 
F. So sup 1/::; sup 1/2 < 'Y. Therefore 1/ ::; 'YIp E :F: 0 

The following theorem is very useful when we try to show two saturated prefilters are 
equal. 

5.3.4 Theorem 
If:F and 9 are saturated prefilters such that c(F) = c(g) = 0: and:F/3 = g/3 for all '13 E (0,0:] 
then:F= g. 

PROOF. 

Let J.l E :F and c E 10. We seek 1/ E 9 such that 1/ ::; J.l + c. Then, since c is arbitrary, 
we will have V c E 10, J.l + c E :F and since 9 is saturated we have J.l E :F. 

Choose 0:0,0:1, ... ,O:n such that 0 = 0:0 < 0:1 < 0:2 < ... < O:n = 0: with a. - O:i-1 < c/4 
for each i E {I, 2, ... ,n}. - -

(i) We have J.lc>o E :FC>1 = gC>l. Thus 3 I/~ E 9 and (31 < 0:1 with (I/D/31 = J.lC>o. Thus 

31/1 = I/~ /\ o:Ix E 9 and (31 < 0:1 with vf.1 ~ (1/{)P1 = J.lc>o. 
(ii) We have J.lC>1 E :FC>2 = gC>2. Therefore 3 I/~ E 9 and (3~ < 0:2 with {1/~)/3~ = J.lC>I. 

Thus 3 1/2 = I/~ /\o:Ix E 9 and fh(3~ V 0:1 < 0:2 with vg2 ~ (1/~)/32 ~ (1/~)/3~ = J.l"'l. In general 
we have: 

For each i E {I, 2, ... ,n}, 3 o:Ix ~ I/i E 9 and (3i E [a.-I,O:i) with I/fi ~ J.lC>i-1. Let 
1/ = 1\ I/i· 

iE{1,2, ... ,n} 

Then o:Ix ~ 1/ E 9 and l//3i ~ vfi ~ J.l"'i-l for each IE {I,2, ... ,n}. 
Thus ViE {I,2, ... ,n} and V x E X we have: 

Now we have to show 1/ ::; J.l + c. 
Let x E X and I/(x) > (3. Then 
(a) if 0::; (3 < (31 then (J.l + c) (x) ~ c > 0:1 > (31 > (3. 
(b) if (3i ::; (3 < (3i+I for some i E {I, 2, ... ,n} then 

I/(X) > (3 ~ (3i => (J.l+c)(x) = J.l(x)+c > (3i-I/4c+c = (3i+3/4c ~ O:i-1+3/4c ~ O:i+l > (3i+1 > (3. 

(c ) if (3n ::; (3 < 0: then 
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v(X) > /3 ~ /3n ~ (jl+c)(X) = jl(X) +c ~ /3n -' 1/4c+c = /3n +3/4c ~ O:n-l +3/4c > 0: > /3 . 
. ~ ". 

Therefore in any case 
v(X) > /3 ~ (p + c) (X) > /3. 

Thus jl(X) ::; (jl + c) (X). But x is arbitrary therefore v ::; jl + c. 
o 

'5.3.5 Proposition 
Let :F be a saturated prefilter and c(:F) = 0:. Then 

PROOF. 

Let g = n (:FfJ)fJ. Then g is a saturated prefilter, as an arbitrary intersection of 
fJ<a. 

saturated prefilters. 

tlx E g ~ 'if /3 < 0:, t1x E (:FfJ)fJ 
~ 'if /3 < 0:, 'if 'Y < /3, (t1x)'Y E:FfJ 
~ 'if /3 < 0:, 'if 'Y < /3, 'Y < t 
~ 'if /3 < 0:, /3::; t 
~t~o:. 

Therefore C(g) = [0,0:) = C(g). Now we have to show 'if /3 E (0,0:], :FfJ = gfJ. Since g ;2 :F, 
we have gfJ ;2 :FfJ. 

On the other hand g ~ (:FfJ)fJ and so gfJ ~ ((:FfJ)fJ)fJ = :FfJ. Therefore by the above 
theorem:F = g = n (:FfJ)fJ. 

fJ<a. 

5.3.6 Theorem 
Let :F be a prefilter on X with c(:F) = c > ° and let IF be a filter on X. Then 

1. :F is prime ¢:} :Fo is an ultrafilter, 

2. :F is prime ~ :Fo = :Fe, 

3. IF is ultrafilter ¢:} lFe is prime, for any 0: E (0,1], 

4. IF is ultrafilter ¢:} lFe is prime, for any 0: E (0,1], 

5. if:F is prime and :F ~ g then g is prime. 

PROOF. 

(1) 
(~) 

o 

Let A U B E :Fo. Then 1AUB E:F. 1AUB = 1A V 1B E:F. Now:F is prime. SO 
1A E :F or 1B E:F. Therefore A E:Fo or B E :Fo and so:Fo is prime. That is:Fo is ultra. 

({:) 
Let pVv E :F. Then (pVv)O = jloU1/o E :Fo. Since:Fo is an ultrafiter, pO E :Fo or vO E :Fo. 

Therefore jl E :F or 1/ E :F and hence :F is prime. 
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(2) .1"0 ~ .1"c and .1"0 is ultra =>.1"0 = .1"c. 

(3) We have IF = (lFoJo and by (1) 

IF = (IF ",)0 is an ultrafilter <===? IF '" is prime. 

(4) We have IF = (IF''')o and by (1) 

IF = (IF''')o is an ultrafilter <===? IF''' is prime. 

(5) We have .1" ~ 9 => .1"0 ~ 90 and :F is prime <===?:Fo is ultra. Therefore 90 is ultra and 
hence 9 is prime. 

5.3.7 Lemma 
If .1" is a prefilter on X and IF is a filter on X then 

2. If IF is an ultrafilter then 
.1" rv lFl ¢:?:Fo ~ IF ¢:? (.1" V lF1)0 = IF. 

PROOF. 

(1) 
vO E (:F V lF1)0 => v;:::: P, 1\ IF for some p, E.1", FE IF 

=> vO :;2 p,0 n F with p, E:F, F E IF 
=> vO E :Fo V IF. 

o 

Let A E .1"0 V IF. Then A :;2 p,0 n F for some p, E:F, F E IF. So A :;2 (p, 1\ IF)O with p, E 
.1", FE IF. Therefore A E (:F V lFdo. Hence (.1"V lF1)0 = :FvlF. 

(2) Let IF be an ultrafilter. Then 

:F rv IF 1 <===? 't:/ v E.1", 't:/ F E IF, v V IF oF 0 
<===? 't:/ v E:F, 't:/ F E IF, V O n F oF 0 
<===? 't:/ v E:F, V O E IF 
<===? :Fo ~ IF. 

o 

The following definition aims to characterise the collection of minimal prime prefilters. 

5.3.8 Definitions 
If .1" is a prefilter and IF is filter on X we define, 

5.3.9 Lemma 

JP(lF) ~f {JK : JK is an ultrafilter and IF ~ JK}; 

P(:F) ~f {Q : 9 is a prime prefilter and.1" ~ Q}; 

Pm (.1") ~f {Q : 9 E P(:F) and 9 is minimal }. 

1. P(.1") has minimal elements, 

2 . .1"= n 9, 
QE'P(:F) 
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3.:F= n 9. 
QE'P7n(:F) 

PROOF. 

(1) For 91,92 E P(:F) define, 
91 :::S 92 ~ 91 2 92 

Then P(:F) is a partially ordered set. Let C be a non-empty chain in P(:F). Then 
7-l = n 9 is a prime prefilter and :F C 7-l. 

QEe - ~ - -
Clearly :F ~ 7-l, 
We have 7-l -=I- 0 and 0 tj 7-l. 
Let J.l,1/ E 7-l. Then V 9 E C; J.l,1/9::::} J.l/\ v E 7-l. 
Let J.l E 7-l and J.l ~ 1/ then V 9 E C, J.l E 9 and J.l ~ 1/ ::::} 1/ E 7-l . 
Therefore 7-l is a prefilter. 
Let J.l V 1/ E 7-l then V 9 E C, J.l V 1/ E 9. So 

V 9 E C, (J.l E 9 or v E 9). 

If V 9 E C, J.l E 9 then J.l E 7-l. 

If :3 9' E C such that J.l tj 9' then 1/ E 9' 
Therefore V 9 E C such that 9 2 9' we have v E 9 and if 9 E C such that 9 ~ 

9' then J.l tj 9, so we must again have v E 9. Therefore v E 7-l. Hence 7-l is a prime 
prefilter. 

So, we have 7-l E P(:F) and an upper bOlmd for C. By Zorn's Lemma, (P(:F) , :::S) has a 
maximal element. That is (P(:F) , ~) has a minimal element. Therefore Pm (:F) -=I- 0. 

(2) First we have to show that 

We have 

That is we have 

Therefore 

9 E P(:F) ~ 90 E P(:Fo) and :Fo = n 90· 
Q E'P(:F) 

9 E P(:F) ~ 9 is prime prefilter and :F ~ 9 
~ 90 is ultra and :Fo ~ 90 
~ 90 E P(:Fo). 

Fo = n IF. 
FEIl'(:Fo) 

IF E P(Fo) ::::} IF is an ultra filter and :Fo ~ IF 
::::} (FVlF1)0 = IF and IF is ultra. 
::::} F V IF 1 is prime and F ~ F V IF 1 

::::}FVlF1 EP(F). 

9 E P(F) ::::} 90 E P(Fo) and 

IF E P(:Fo)::::} (:FVlF1 E P(F) and (:FVlF1)0 = IF). 

:Fo = n IF = n 90. 
FEIl'(:Fo) QE'P(:F) 

Clearly :F ~ n 9 
QE'P(:F) 

Let J.l E n 9. Then V 9 E P(F), J.l E 9. So V 9 E P(:F), J.l0 E 90. Therefore J.l0 E :Fo 
QE'P(:F) 

and so J.l E:F. Hence F = n 9. 
Q E'P(:F) 
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(3) If 9 E Pm(:F) then 9 E P(:F) and 9 is minimal. 
So obviously, :F = n 9. 

Q EP". (F) 

o 

The following crucial theorem due to Lowen [49] characterises the mimimal prime pre­
filters. 

5.3.10 Theorem 
If :F is a prefilter then 

Pm(:F) = {:F V IF\ : IF E IP'(:F0)}. 

PROOF. 

Let 9 E Pm(:F). Then 9 E P(:F) and 9 is minimal. We have 

9 E P(:F) => 90 E IP'(:F0). 

and 
90 is ultra => (90)1 is prime =>:F V (90h is prime. 

Therefore :F V (90)1 E P(:F). We have 

90 = {F ~ X: IF E 9}. 

and so 
(90)1 =< {IF: F E 90} >=< {IF: F ~ X, IF E 9} >~ 9. 

So {9oh ~ 9 and:F ~ 9. Therefore:Fv {9oh ~ 9. But 9 is minimal. Hence 9 ==:FV (9oh· 
That is, if 9 E Pm(:F) then 9 =:Fv (9oh and 90 E IP'(:F0). Therefore 

Pm(:F) ~ {:F V IF1 : IF E IP'(:F0)}. 

Let IF E IP'(:F0). Then :FvIF1 E P(:F). 
If .39 E Pm(:F) such that 9 c :F V IF'1 then 

9=:FV{9oh C:FvIF1. 

So (9oh C IF1 => 90 c IF. This is a contradiction, since IF,90 E IP'(:F0). Therefore 
:FvIF1 EPm(:F). Hence 

Pm(:F) = {:FVIF1 : IF E IP'(:F0)}. 

o 

5.3.11 Theorem 
If:F is a prefilter then .39 E Pm (:F) with c(:F) = c(9). 

PROOF. 

If c = c(:F) > 0 then choose IF E IP'(:FC). Then we have IF E IP'(:F0) and so :FVIFl E Pm (:F). 
Therefore c(:F) 2: c(:F V IFl)' Let 0 < 0: < c(:F) and Jl E :F V IFl . Then.3v E :F, F E 
IF such that Jl2: VA IF. Now vC< E:Fc ~ IF and so vc<nF i- 0. Let x E vc<nF. Then sUPJl2: 
sup vAIF 2: v(x) > 0:. Since Jl is arbitrary we have c(:FVIFl ) 2: 0: and since 0: is arbitrary we 
conclude that c(:FVIF1) 2: c(:F). Therefore c(:F) = C(:FVIFl)' If c(:F) = 0 then choose IF E 
IP'(:F0). Therefore :FvIF 1 E Pm (:F) and so 0 = c(:F) 2: c(:FVIF 1)' Therefore c(:F) = c(:FVIF 1)' 

o 

For a prefilter we now see the definition of lower characteristic. 

41 



5.3.12 Definition 
For a prefilter F we define the lower characteristic of F by 

It is easy to see that c(F) = c(F) when F is prime. 

5.3.13 Lemma 
If F is a prefilter with c(F) > 0 then 

0< a < c(F) ¢} V v E F, va E Fo. 

PROOF. 

We have 

So 

c(F) = inf c(F) = inf c(F V F 1 ) 
QEP", (:F) lFEIP(:Fo) 

= inf inf inf sup(v 1\ Ip). 
lFEIP(:Fo) vE:F PElF 

o < a < c(F) -¢::::::? V IF E P(Fo), V v E F, V F ElF, va n F -=I- 0 
-¢::::::? V v E F, V IF E P(Fo), va E IF 
-¢::::::? V v E F, va E n IF = Fo. 

lFEIP(:Fo) 

5.3.14 Proposition 
If F is a prefilter with c( F) > 0 and IF is a filter then 

1. c(F) = inf sup{a: va E Fo} = sup{a: Fa = Fo}, 
vE:F 

2. If F = j: then (FC)c ~ F, where c = c(F) and c = c(F), 

3. c(j:) 2:: c(F), 

4. c(lFa) = a and c(lFa) 2:: a, for a E (0,1]. 

PROOF. 

(1) Let (3 = inf sup{ a: va E F}. Then 
vE:F 

o < a < c(F) -¢::::::? V v E F, va E Fo 
-¢::::::? V v E F, a ~ sup{ 6' : v 8 E Fo} 
-¢::::::? a ~ inf sup{6': v8 E Fo} = (3. 

vE:F 

That is a < c{F) -¢::::::? a ~ (3. So c(F) = (3. Now we have 

a < c(F) -¢::::::? V v E F, va E Fo 
-¢::::::? Fa ~ Fo 
-¢::::::? a ~ sup{6': F8 ~ Fo} = sup{6': F8 = Fo}. 

So c = sup{6' : F8 = Fo}. 

o 

(2) Let {l E (FC)c. Then {l 2:: c1 v i3 where (3 < c and v E F. (3 < c =? v/3 E Fo. We intend to 
show that {l E f:. 

Let c E 10 and define "Ie = (c + c/2) 1\ 1 and Ve = "Ie1vi3. Then {l + c 2:: Ve and Ve E F. 
Now v/3 E Fo and c(F) < "Ie ~ 1. Therefore V c E 10 , 3ve E F such that Ve ~ {l + c. Hence 
{l E j: = F. 
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(3) Let 0 < a < c(F), 9 E 'Pm(:F) and J-l E 9. Then 3lF E JP>(:Fo) such that 9 =:F V lFl and 
hence J-l 2:: v /\ IF where v E:F and FE IF. 

Now let v = sup (ve - c) for some family· (ve : c E ]0) E Flo. Choose fJ such that a < 
eElo 

fJ < c(F) and let 0 = fJ - a. Then we hav~ vo E F and v 2:: Vo - o. fJ < c(F) => v: E Fo ~ 
(:F)o ~ IF and hence v: n F # 0. Choose x E v: nF, 

sup J-l2:: sup v /\ IF = sup v(y) 2:: v(X) 2:: vo(X) - 0> fJ - 0 = a. 
yEF 

Since J.l is arbitrary, c(9) 2:: a. Since 9 is arbitrary c(:F) 2:: a. Since a is arbitrary, 

c(:F) 2:: c(F). 

(4) Let 9 E 'Pm(lF",). Then 3K E JP>((lF",)o) such that 9 = IF,,, V K1 . But (IF,,,)o = IF. So 
K E JP>(lF) and 

c(9) = c(lF", vK1 ) = inf inf sup (alF /\ lK) 
FElF KEJ[ 

= a [since FnK # 0]. 

and so c(lF "') = a. Therefore c(lF"') = c(lF",) 2:: c(lF "')= a. 

It is worth noting that the inequality in 3 may be strict. This can be seen by letting 
F =< {a V IF : a > 0, FE IF} >, where lFis a filter on a set X. Then 
:F =< {IF: F E JF} >= JFl and hence c(F) = 0 but c(:F) = 1. 

5.4 Images and Preimages 

If ] : X ~ Y ,F is a prefilter on X and 9 is a prefilter on Y then 

][F] ~f {][P] : J-l E F} and r 1 [9] ~f {j-l [v] : v E 9}. 

5.4.1 Lemma 
Let ] ; X ~ Y ,F be a prefilter on X and 9 be a prefilter on Y. Then 

1. ] [F] is a prefilter base on Y, 

2. If] is sujective then ]-1 [9] is a prefilter base on X, 

3. c( F) = c(f [F]), 

4. If] is injective then c(f-l [9]) = c(9), 

5. If] is injective and J-l E ]x then c(9, ][J-l]) = c(f-l [9], J-l), 

6. If F is prime then < ][F] > is prime, 

7. c(f[F]) 2:: c(F). 

PROOF. 

(1) Clearly ][F] # 0 and 0 ft j[F]. 

o 

Let ][J-ll], j[J-l2] E j[F] with J-ll, J-l2 E F. Then j[J-ll] /\][P2] 2:: ][;.tl/\J-l2] with J-ll/\J-l2 E F. 
Therefore j[F] is a prefilter base on Y. 

(2) Clearly j[F] # 0. Since] is surjective, we have 0 ft ][F]. 
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Let f- 1[Vl], r 1[V2] E f-l[Q] with VI, V2 E Q. Then f- 1[Vl]/\ f- 1[V2] = f-l[Vl/\ V2] E 
f-l[Q]. 

Therefore f- 1 [Q] is a prefilter base on X. " 

(3) We have 
c(.r) = inf sup J.l and c(f[.r]) = inf sup fLu]. 

p,E:F p,E:F 

and 
sup fLu] = sup fLu](y) = sup sup J.l(x) 

yEY yEY f(x)=y 

=sup J.l(x) [sinceX= U f--{y}] 
xEX yEY 

=sup J.l. 

Therefore c(.r) = c(f[.r]). 

(4) We have 

(5) We have 

= inf sup rl[v] = inf sup v(f(x)) 
vEQ vEQ xEX 

= inf sup v(y) 
vEQ yEY 

= c(Q). 

Q 'V j[J.l] ~ V V E.r, V /\ f[J.l] # 0 
~ V v E.r, f- 1 [v]/\ J.l # 0 [since f is injective] 
~ f- 1 [Q] rv J.l." 

Now f is injective. So v /\ fLu] = f[f- 1 [v]/\ ,u]. Therefore 

sup v /\ f[J.l] = sup f[rl[v]/\ J.l] = sup rl[v]/\ J.l. 

Hence 

(6) Let VI V V2 E< j[.r] >. Then:3J.l E .r such that VI V V2 ::::: j[J.l]. So f-I[VI V V2] ::::: 
f-I[fLull ::::: J.l. Therefore J.l ::;j-I[VI] V f- I[V2] E.r. Now.r is prime. So f-I[Vl] E .r 
or f- I [V2] E.r. Therefore VI ::::: j[f-l[VI]] E j[.r] or V2 ::::: f[f-I[V2ll E j[.r]. Hence 
VI E< f[.r] > or V2 E< j[.r] >. 
(7) We have 

c(.r) = inf c(.r) = inf c(f[7-l]). 
'HEPrn(:F) 'HEPrn(:F) 

and 
c(f[7-l]) = inf c(g). 

QEPrn(f[:F]) 

But 

Therefore c(.r) ::; c(f[.r]). 
o 
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5.5 Convergence in Fuzzy Topological Spaces 

Topological spaces provide the appropriate setting for the abstract study of continuity and 
convergence. In [49] Lowen extended the theory of continuity and convergence in t-opological 
spaces to the realm of fuzzy topological spaces. 

Let (X, T) be a fuzzy topological space. We define the adherence and limit of a prefilter 
in a fuzzy topological space as follows. 

5.5.1 Definition 
If F is a prefilter, then we define the adherence of F by 

adh F = inf iI. 
vEF 

where iI is the fuzzy topological closure of v. 

5.5.2 Definition 
If F is a prefilter then we define the limit of F, 

Note inf adh 9 = o. 
-- QE'P(F) 

5.5.3 Proposition 

limF = inf adh g. 
Q E'Prn(F) 

Let F and 9 be prefilters. Then 

1. If F :2 9 then adh F::; adh g, 

2. lim F ::; adh F, 

3. If F is prime then lim F = adh F, 

4. If F is a prefilter base then 

adh < F >= adh F. 

PROOF. 

(1) We have 
F ~ 9 ~ inf iI < inf iI. 

- vEF - vEQ 

Therefore 
F:2 9 ~ adh F::; adh g. 

(2) We have 
9 E Pm(FF) ~ adh 9 ::; adh F. 

Therefore 
lim F = inf adh 9 < adh F. 

QE'Prn(F) -

(3) If F is prime then Pm (F) = {F}. Therefore lim F = adh F. 
(4) we have 

adh < F >= inf iI and adh F = inf iI. 
vE<F> vEF 

Clearly adh < F >::; adh F. But 'V P E< F >, ::Iv E F such that v E p and so iI :5 fl. 
Therefore 

inf fl > inf iI. 
J-tE<F> - vEF 

Thus 
adh < F >~ adh F. 
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Therefore 
adh < F >= adh :F. 

o 

5.5.4 Theorem 
Let f: (X, 1i) ~ (Y,72) be a function. Then the following are equivalent 

1. f is continuous, 

2. For each prefilter on X, f(adh F] :$ adh f(F], 

3. For each prefilter on X, f(lim F] :$ lim f[F]. 

PROOF. 

(1) ¢=:> (2) 
We have 

adh F = inf fl and adh f[F] = inf fLu]. 
,..E:F ,..E:F 

and 
f(adh FJ = f[inf fl:$ inf f(flJ· 

,..E:F ,..E:F 

But 
f is continuous ¢=:> 'if J-l E IX, f[Jl] :$ f(J-ll. 

Therefore consequently 

f is continuous ¢=:> f[adh F] :$ adh f(Fl. 

The rest of the proof can be found in [49]. 

More information regarding prefilters can be found in [34, 65, 75]. 
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Chapter 6 

Fuzzy Uniform Spaces 

6.1 Introduction 

In [53] Lowen introduced and studied the notion of a fuzzy uniform space. To define a fuzzy 
uniform space first we have to provide some basic definitions which are generalisations of 
the standard notions. 

If u, 'IjJ E I XxX we define, 

Us(x, y) ~f U(y, x), 

(u 0 'IjJ)(x, y) ~fsup'IjJ(x, z) /\ u(z, y). 
zEX 

If U, V ~ X x X and U = 1u, 'IjJ = 1 v then 

Therefore (lu)8 = Ius' 

(lu)s(x,y) = 1 -¢=> 1u(y,x) = 1 
-¢=> (y,x) E U 
-¢=> (x, y) E Us 
-¢=> (lu.) (x, y) = 1. 

(Iv 0 1u)(x,y) = 1 -¢=> sup 1u(x,z) /\ 1v(z,y) = 1 
zEX 

-¢=> 3z EX: (x,z) E U and (z,y) E V 
-¢=> (x,y) E Vo U 
-¢=> 1vou(x,y) = 1. 

Therefore Iv 0 1u = 1vou. 
Therefore the above definitions are natural generalisations of the standard notions. 

6.1.1 Definitions 
If X is a set and 1) ~ I XxX is called a fuzzy uniformity on X iff 

1. 1) is a prefilter and i) = 1); 

2. \f U E 1), \f x E X, u(x, x) = 1; 

3. \f U E 1), Us E 1); 

4. \f U E 1), \f c E 10, 3'IjJ E 1) : 'IjJ o'IjJ ::; U + c. 

We call {X, 1)) a fuzzy uniform space. 

If X is a set then B ~ IXxX is called a fuzzy uniform base on X iff 
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1. 13 is a prefilter base; 

2. VUEB, VXEX, U(x,x) = 1; 

3. VUE 13, V c > 0, 3'l/J E 13 : 'l/J :s; Us +< c; 

4. VUE 13, V c > 0, 3'l/J E 13 : 'l/J 0 'l/J ::; U + c. 

If 1) is a fuzzy uniformity on X, then we say that 13 is a base for D -iff-B is a prefilter 
base and 13 = 1). 

,f).1.2 Proposition 
(1) If 13 is a fuzzy uniform base then B is a fuzzy uniformity. 
(2) If 13 is a base for a fuzzy uniformity 1), then 13 is a fuzzy uniform base. 

PROOF. 

(1) Let 13 is a fuzzy uniform base. 
Then 13 is a prefilter base. So 13 is a saturated prefilter. 
Clearly VuE 13, V x E X, u(x, x) = l. 
Let U E 13 and c E 10, Then 3ue E 13 such that U 2:: Ue - c/2. So Us 2:: (ue)s - c/2. Since 

Ue E 13,it follows that 3'l/Je E 13 such that 'l/Je ::; (ue) .. + c/2. So Us 2:: (ue)s - c/2 2:: 'l/Je - c. 
Therefore V c E 10, Us + c E 13 and so Us E B. 

Let U E 13 and c E 10. Then 3ue E 13 such that U 2:: Ue - c/2. Now Ue E 13. So 
3'l/JB such that 'l/J 0 'l/J ::; Ue + c/2. Therefore 3'l/J E 13 such that 'l/J 0 'l/J ::; Ue + c. 

Hence 13 is a fuzzy uniformity. 

(2) We have 13 is a prefilter base and B is a fuzzy uniformity. 
Clearly VuE 13, V x E X, u(x, x) = l. 
Let U E 13 and c E 10. Then U + c/2 E 13 and so Us + c/2 E B. Therefore 3'l/J E 

13 such that Us + c/2 2:: 'l/J - c/2 ::::} 'l/J ::; Us + c. 

Let U E 13 and c E 10, Then u+c/3 E B and so 3'l/J' E 13 such that 'l/J'o'l/J' ::; (u+c/3)+c/3. 
We have 

'l/J' E 13 ::::} 3'l/J E 13 such that 'l/J' 2:: 'l/J - c/3. 

So'l/J ::; 'l/J' +c/3::::} 'l/Jo'l/J::; 'l/J' o'l/J' +c/3::; u+c. That is 3'l/J E 13 such that 'l/Jo'l/J ::; u+c. 0 

6.1.3 Proposition 
If 1) is a fuzzy uniformity on X then 

is a fuzzy uniform base for 1). 

PROOF. 

Clearly ° f/. 13 and 13 =J 0. 
Let u,'l/J E B. Then U = Us and 'l/J = 'l/Js. So (u 1\ 'l/J)s = (u I\'l/J). 
Therefore 13 is a prefilter base. 
Now we have to show i3 = 1). 

Let U E B. Then 3('l/Je : c E 10) E 1310 such that 

U 2:: sup ('l/Je - c). 
eE10 

But 13 ~ 1) and 1) is a saturated prefilter. Therefore U E 1). 
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Conversly let a E 1). Then as E 1). We have (a /\ as)s = a /\ as. Therefore a /\ as E B. 
But a 2:: a /\ as and so a E< B >£;;; 8. Hence 8 = 1). 

The proof of the following proposition is straightforward. 

6.1.4 Proposition 
If a E 1) then 

a:::; aoa and 
a :::; an for any n E N 
where an = a 0 a 0 . .. 0 a (n factors). 

6.2 Fuzzy Neighbourhood Spaces 

o 

It is shown in [51) that a fuzzy topology can be defined using a fuzzy neighbourhood system. 
Here we only assemble some facts regarding neighbourhood spaces which are essential for 
defining a fuzzy topology. More information regarding fuzzy neighbourhood spaces can be 
found in [51). 

6.2.1 Definitions 
A collection (Nx ) x EX of prefilters on X is called a fuzzy neighbourhood system iff the following 
conditions are fulfilled: 

1. V x E X, V Jl E N x , Jl(x) = 1; 

2. V x E X, N x = Nx ; 

3. V x E X, V Jl E Nx , V € E 10, 3(vz : z E X) such that V z E X, Vx E Nz 

and Vy E X, 
sup vx(z) /\ l/z(y) :::; Jl(Y) + €. 
zEX 

N x is called a fuzzy neighbourhood prefilter in X and the elements of N x are called }7jZzy 
neighbourhoods of x. 

A collection of prefilter bases (f3x)xEX on X is called a fuzzy neighbourhood base iff the 
following conditions are fulfilled: 

1. V x E X, V Jl E f3x, Jl{x) = 1; 

2. V x E X, V Jl E f3x, V € E 10, 3(vz;z E X) such that V z E X,l/z E f3z 

and Vy E X 
sup vx(z) /\ l/z(y) :::; Jl(Y) + €. 
zEX 

f3x is called a fuzzy neighbourhood base in x and elements of f3x are called basic fuzzy 
neighbourhoods of x. 

If N = (NX)XEX is a fuzzy neighbourhood system then we call f3 = (f3X)XEX is a base for N 
iff V x EX, f3x is a prefilter base and iJx = N x. 

6.2.2 Proposition 
If (f3x)xEX is a fuzzy neighbourhood base then (iJX)XEX is a fuzzy neighbourhood system 
with (f3X)XEX as a base. 
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PROOF. 

(i) Clearly V x E X, Vp, E ;3x =< {3x >, p,(x) = l. 
(ii) We also have V x E X, ;3x is saturated. 
(iii) Let x E X, P, E ;3x and e E 10 then" 3(.A6 : 6 E 10) E ({3x)Io such that 

p, 2:: sup (.A6 - 6) 
6Elo 

:::} P, 2:: .Ae/2 - e/2. 

We have x E X, .Ae/2 E {3x and e E 10 and so 3(l/z : Z E X) such that V Z E X, I/z E {3z 
and Vy E X, 

sup I/x(z) AI/Ay) ::; .Ae/2(Y) + e/2 ::; p,(y) + e. 
zEX 

Therefore 
V x E X, 'rip, E ;3x, VeE 10 , 3(l/z : Z E X) such that V Z E X, I/z E ;3z 
and Vy E X, 

sup I/x(z) AI/Ay) ::; p,(y) + e. 
zEX 

Hence (;3X)XEX is a fuzzy neighbourhood system with ({3X)XEX as a basis. 

6.2.3 Proposition 

o 

If ({3X)xEX is a base for the fuzzy neighbourhood system (NX)XEX then ({3X)XEX is a fuzzy 
neighbourhood base. 

PROOF. 

So 

Clearly V x E X, V P, E {3x ~ N x, p,(x) = l. 
Let x E X, P, E {3x and e E 10 then 3(l/z : Z E X) such that V Z E X, I/z E ;3z = N z 
and Vy EX, 

sup I/x(Z) A I/z(y) ::; p,(y) + e/2. 
zEX 

We have V Z E X, I/z E ;3x and so 

V Z E X,3.Az E {3z such that I/z 2:: .Az - e/2. 

sup .Ax(Z) A .Az(y) ::; sup I/x(Z) 1\ I/Ay) + e/2::; p,(y) + e 
zEX zEX 

Therefore V x E X, V P, E {3x, VeE 10, 3(.Az : Z E X) such that V Z E X, .Az E {3z 
and Vy E X 

sup .Ax(z) 1\ .Az(Y) ::; p,(y) + e. 
zEX 

Hence ({3X)xEX is a fuzzy neighbourhood base. 

6.2.4 Theorem 
If N = (Nx)xEX is a fuzzy neighbourhood system on X then the operation 

p,(x) = inf sup p,(y) 1\ I/(y) = inf sup p, AI/ 
vENxyEX VENx 

is a fuzzy closure operator. 
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PROOF. 

We have 

So 0 = O. 
We have 

0= inf sup D(y) /\ v(y) = D. 
vEN. yEJf . 

p(x) = inf sup p,(y) /\ v(y). 
vEN"YEx 

Since vex) = 1, p(x) ~ p,(x). 
We have 

p, V >.(x) = inf sup (p, V >.(y) /\ v(y)) 
vEN", yEX 

= inf sup ((p,(y) /\ v(y)) V (>.(y) /\ v(y))) 
vEN", yEX 

r - • 

= inf (sup p,(y) /\ v(y) V sup >.(y) /\ v(y)) 
v EN", yEX yEX 

~ inf p,(y) /\ v(y) V inf sup >. (y) /\ v(y) 
v EN", vEN"'YEX 

= flex) V 5\(x) = (fl V 5\)(x) 

and 
fl V 5\(x) = inf (sup p,(y) /\ v(y) V sup >.(y) /\ v'(y)) 

v,v'EN", yEX yEX 

~ i¢ sup (p, /\ v) V (>. /\ v')(y). 
v,v EN"'yEX 

But v, v' E Nx =? v /\ v' E Nx. So we have 

fl V 5\(x) ~ inf sup ((p, V >.) /\ v)(y) = P, V >.(x). 
vEN", yEX 

We have 
Jl(x) = inf sup fl /\ v(y) 

VEN"'yEX 

= inf sup (inf sup p,(z) /\ v'(z)) /\ v(y)) 
vEN", yEX v'ENyzEX 

= inf sup inf sup p,(z)/\v'(z)/\v(y). 
vEN", yEX v'ENy zEX 

For v E N x and c E 10, 3(vz : z E X) such that V z E X, Vz E N z 
and V z E X 

Then 

So 

Therefore 

sup vx(Y) /\ vy(z) ::; v(z) + c. 
yEX 

sup p,(z) /\ v(z) + c ~ sup p,(z) /\ (v(z) + c) 
zEX zEX 

~ sup p,(z) /\ (sup vx(Y) /\ vy(z)) 
zEX yEX 

= sup p,(z) /\ vx(Y) /\ vy(z). 
z,yEX 

Jl{x) ::; sup ~nf sup p,(z) /\ v'(z) /\ vxCy) 
yEx v ENyzEX 

::; sup p,(z) /\ vy(z) /\ vx(Y) 
y,zEX 

::; sup p,(z) /\ v(z) + c. 
zEX 

Jl{x) ::; sup p,(z) /\ v(z) + c. 
zEX 

is true for all v E Nx and c E 10 , It follows that 

Jl(x) ::; flex). 
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But we have shown that J1,(x) 2:: p,(x). Hence p = fl. o 

6.2.5 Proposition 
If !3 = (!3',)XEX is a base for the fuzzy neighbourhood system N = (NX)XEX then V J.l E 
IX, V x E X we have 

fl(X) = inf sup J.l/\ v = inf sup J.l/\ v 
vE!3", vE <f3", > 

= inf sup J.l/\ v. 
VEf3", 

PROOF. 

Let J.l E I X and x EX. Then 

fl(x) = inf sup J.l/\ v. 
v EN", 

p,(X) $ in£. sup J.l/\ v $ inf sup J.l/\ 1/ 
vEf3", VEf3", 

and 
fl(x) $ inf sup J.l/\ v $ inf sup J.l/\ v. 

VE<f3",>vEf3", 

But V A E N x and V c E 10, 3v E!3x such that 

Therefore 
p,(X) 

This is true for all c E 10 and hence 

A 2:: v-c. 

= inf sup J.l/\ A 
A EN", 

2:: inf sup J.l/\ (v - c) 
VEf3", 

2:: inf sup J.l/\ v - c. 
vEf3", 

fl(x) = inf sup J.l/\ v. 
vEf3", 

o 

If N = (NX)XEX is a fuzzy neighbourhood system then the above fuzzy closure operator 
generates a fuzzy topology and is denoted by TN. 

The fuzzy topology which is generated by a fuzzy neighbourhood system, will be called 
a fuzzy neighhourhood space. 

Not every fuzzy topological space is a fuzzy neighbourhood space. The reader can find 
more facts regarding fuzzy neighbourhood spaces in [51]. 

6.3 Fuzzy Uniform Topology 

A fuzzy topology can be defined using a fuzzy closure operator. Here we find two fuzzy 
closure operators one directly from a fuzzy uniform space and and the other from a neigh­
bourhood system which is generated from a fuzzy uniform space. 

First we define some natural generalisations of the standard notions. 
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For u E lXxx, J.L E IX and x E X we define u < x> by 

u < x > (y) ~f u(y, x) 
.;:, . 

and u < J.L > by 

u < J.L > (x) ~f sup J.L 1\ u < x >= sup J.L(y) 1\ u(y, x). 
yEX 

If A ~ X and U ~ X x X then 

lu < lA > (x) = 1 ¢=} sup lA(y) 1\ lu(Y,x) = 1 
yEX 

¢=} 3y E A: (y,x) E U 
¢=} x E U(A) 
¢=} lUCA) (x) = 1. 

Therefore lu < lA >= lUCA)' Thus the definition of u < J.L > is a natural generalisation 
of the standard notion. 

Let u E I XxX and /3 E h. Then 

u/3 ~f {(x, y) : u(x, y) > /3}. 

In the following lemma we collect some basic facts. 

6.3.1 Lemma 
Let u,,¢ E IXxx; V,J.L E IX, € E I, fJ E h, x E X and n E N. Then 

(1) v ~ u < v >, 
(2) (u+€) < v >~ u < v > +€, 
(3) u < J.L V v >= u < J.L > Vu < v>, 
(4) u < '¢ < v »= (uo'¢) < v >, 
(5) sup u < v > I\J.L = sup J.L 1\ Us < J.L >, 
(6) (u/3)s = (us )/3, 
(7) (u < v »/3 = u/3(v/3) 
(8) u < x >/3= u~(x), 
(9) (u/3)n = (un)/3. 

PROOF. 

(1) 

(2) 

(3) 

u < V > (x) = sup v 1\ u < x >= sup v(y) 1\ u(y, x) 2:: v(x). 
yEX 

(u + €) < V > (x) = sup v(y) 1\ (u + €)(y, x) 
yEX 

~ sup (v(y) + €) 1\ (u(y, x) + €) 
yEX 

= (sup v(y) 1\ u(y, x)) +€ 
yEX 

= U < v > (x) + €. 

u < J.L V v > (x) = sup (J.L V v) 1\ u < x > 
= sup (J.L 1\ u < x » V (v 1\ u < x > ) 
= sup J.L 1\ u < x > V sup v 1\ u < x > 
= (J < J.L > (x) V u < v> (x) 
= (u < J.L > Vu < v > )(x). 
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(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

a < 'l/J < 1/ »(x) = sup 'l/J < 1/ > (y) /\ a < x> (y) 
yEX 

= sup (sup 1/(Z) /\ 'l/J(Z, y» /\ a(y, x) 
yEiX. zEX 

= sup sup 1/(Z) /\ 'l/J(z, y) /\ a(y, x). 
yEX zEX 

(a 0 'l/J) < 1/ > (x) = sup 1/(Z) /\ (a 0 'l/J) < x> (Z) 
zEX 

= sup 1/(Z) /\ (sup 'l/J(z, y) /\ a(y, x» 
zEX yEX r 

= sup sup 1/(Z) /\ 'l/J(Z, y) /\ a(y, x). 
zEX yEX 

sup a < 1/ > /\j.l(x) = sup(sup 1/(y)/\a(y,x» /\j.l(x) 
xEX xEX yEX 

= sup sup 1/(y)/\a(y,x)/\j.l(x) 
xEX yEX 

= sup(sup j.l(x) /\as(x,y» /\1/(Y) 
yEX xEX 

= sup as < j.l > (y) /\ 1/(Y) 
yEX 

= sup as < j.l > /\1/(Y)· 
yEX 

(x, y) E (a,8)s <===:> (y, x) E a,8 
<===:> a(y, x) > (3 
~ as (x, y) > (3 
<===:> (x, y) E (as ),8. 

x E (a < 1/ »,8 <===:> a < 1/ > (x) = sup 1/(Y) /\ a(y, x) > (3 
yEX 

<===:> 3y EX: 1/(y) /\ a(y, x) > (3 
<===:> 3y E 1/,8 : (y, x) E a,8 
<===:> x E a,8 (z;i3) . 

yEa < x >,8 <===:> a < x > (y) > (3 
<===:> a(y, x) = as(x, y) > (3 
<===:> (x, y) E a~ 
<===:> y E a~(x). 

(x,y) E (a,8)n <===:>3XI,X2,'" ,Xn-l: (X,XI) Ea,8,(xI,X2) Ea,8, ... ,(Xn-l,y) Ea,8 
<===:> sup{ a(x, Xl) /\ a(xI' X2) /\ ... /\ a(Xn-I' y) : Xi E X, i E {I, 2, ... ,n - I}} > (3 
<===:> an(x, y) > (3 
<===:> (x, y) E (an ),8. 

6.3.2 Theorem 
Let (X, V) be a fuzzy uniform space. Then the map -: IX ---7 IX defined by 

is a fuzzy closure operator. 

jl = inf a < j.l > 
(JED 
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PROOF. 

We have 
O(x) = inf u < 0 > (x) = inf sup O(y) 1\ u(y, x) = O. 

uE'D "< ".UE'DyEX 

Therefore 0 = O. 
We have 

We have 

and 

p, = inf u < J1, > ;:: J1,. 
uE'D 

=infu<J1,Vv> 
uE'D 

= inf u < J1, > Vu < v > 
uE'D 

;:: inf u < J1, > V inf u' < v > 
uE'D u'E'D 

=p,Vf} 

p, V f} = inf u < J1, > V inf u' < v > 
uE'D u'E'D 

= inf u < J1, > Vu' < v > . 
u,u'E'D 

But u, u' E 1) =? u 1\ u' E 1) and u < J1, > Vu' < v >;:: u 1\ u' < J1, V v>. Therefore 

Hence 

p, V f} ;:: inf u < J1, V v >= J1, V v. 
uE'D 

J1,Vv"=p,Vf}. 

Let u E 1) and c E 10. Then 3u' E 1) such that u' 0 u' :5 u + c. 
Therefore for any x E X we have, 

u < J1, > (x) = sup J1,(y) 1\ u(y, x) 
yEX 

;:: sup J1,(y) 1\ (u' 0 u'(y,x) - c) 
yEX 

= sup sup J1,(y) 1\ u'(y, z) 1\ u'(z, x) - c 
yEX zEX 

;:: sup u'(z,x) 1\ (iJ,lf sup J1,(y) 1\ u"(y, z)) - c 
zEX u E'DyEX 

=sup ul(z, x) 1\ p,(z) - c 
zEX 

= u' < p, > (x) - c. 

Thus for any c E 10 and u E 1) there exists u' E 1) such that u < J1, > (x) ;:: u' < p, > (x)-c. 
Therefore 

inf u < J1, >;:: inf u' < p, > . 
uE'D u'E'D 

That is p,(x) ;:: ,u(x). Hence p, = Ji,. o 

6.3.3 Proposition 
If 13 is a base for the fuzzy uniformity 1) then for all J1, E IX we have 

p, = inf. cr < J1, >= inf u < J1, > 
uEE uE<E> 

=infcr<J1,>. 
uEE 
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PROOF. 

Since B ~ B ~ 1) and B ~< B >~ 1). So for p, E IX we have 

p, :::; inf (J <"}t.>:::; inf (J < p, > 
u EE uEB 

and 
p,:::; inf (J < p, >:::; inf (J < p, > . 

uE<B> uEB 

Let c E 10 and (J E 1) then 3'IjJ E B such that 

Therefore 

which proves that 

Hence 

(J ~ 'IjJ - c. 

p, = inf (J < p, > 
uE1) 

~ ~1B ('IjJ - c) < p, > 
~ inf 'IjJ < p, > -c. 

,pEB 

The above fuzzy closure operatoer defines a fuzzy topology 

associateed with 1) and 71) is called the fuzzy uniform topology. 

6.3.4 Theorem 
Let (X, 1)) be a fuzzy uniform space. For x E X define, 

1)", ~f {(J < x>: (J E 1)}. 

Then (1)"')"'EX is a fuzzy neighbourhood system. 

PROOF. 

First we have to show 1)", is a prefilter. 

(J < x > (x) = (J(x, x) = 1 so 0 ft 1)", and 1)", =I- 0. 

Let (J < x >, 'IjJ < x >E 1)",. Then (J, 'IjJ E 1) and so (J /\ 'IjJ E 1) 

(J < x > I\'IjJ < x >= ((J /\ 'IjJ) < x >E 1)",. 

[] 

Let (J < x >E 1)", and (J < x >:::; p,. Then (J E 1) and Y y E X, (J < x > (y) = (J(Y, x) :::; 
p,(y). 

Now define'IjJ E I XxX by 

'IjJ(y z) = { (J(Y, z) if z =I- x 
, p,(y) if z = x. 

So 'IjJ ~ (J. Therefore'IjJ E 1) such that 'ljJ < x >= p, E 1)",. Hence 1)", is a prefilter. 
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We have V x E X, V () E 1), () < x > (x) = l. 

Let V c E 10, () < x > +c E 1)x. Then V c E 10, (() + c) < x >= () < x > +c E 1)x' 

So V c E 10, (() + c) E 1). Now 1) is saturated prefiter and therefore () E 1). Hence 1)x is 
saturated. < • 

Let x E X, () E 1) and c E 10. Then 3'¢ E 1) such that '¢ o'¢ ::; () + c. 
Therefore we have ('¢ < z >: z E X) with the property: V z EX, '¢ < z >E 1)x' 

and for y E X, 

sup '¢ < x > (z) /\ '¢ < z> (y) = sup '¢(y, z) /\ '¢(z, xJ -
zEX zEX 

= '¢o'¢(y,x) 
::; ()(y, x) + c 
= () < x > (y) + c. 

Hence (1)x)xEX is a fuzzy neighbourhood system. 0 

Thus (1)X)XEX is a fuzzy neighbourhood system and therefore the operator 

p,(x) = inf sup J.L /\ V 
vE'D", 

is a fuzzy closure operator. This is precisely what we have earlier because 

p,(x) = inf () < J.L > (x) = inf sup J.L /\ () < x > 
uE'D uE'D 

= inf sup J.L /\'v. 
vE'D", 

Therefore a fuzzy uniform topology is a fuzzy neighbourhood space. 

6.3.5 Lemma 
Let (X,1)) be a fuzzy uniform space and v E IX. Then 

1. v{x) = c(1)x, v), 

2. sup v = sup v, 

3. v = inf () < v >. 
uE'D 

PROOF. 

(I) We have 
v(x) = inf () < v > (x) = inf sup v/\() < X > 

uE'D uE'D 

and 

(2) We have 

For each x E X, 

Therefore 

(3) We have 

= inf sup v /\ J.L 
p,E'D" 

c(1)x, v) = c(1)x V < v » 
inf sup J.L /\ V. 

p,E'D" 

v ::; v => sup v::; sup v. 

v{x) = c(1)x, v) ::; sup v. 

sup V ::; sup v. 

v = inf () < v >< inf () < v >. 
uE'D - uE'D 
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Let (7 E 'D and € E fo. Then 3'IjJ E 'D such that 'IjJ o'IjJ ::; (7 + € and so 

'IjJ<v> = inf ~ < 'IjJ < v» 
eE1) . 

::; 'IjJ <'IjJ ~ v »= 'IjJ o'IjJ < v> 
::;((7+€)<v> 
::; (7 < v > +€. 

We have shown that V € E fo, V (7 E 'D, 3'IjJ E 'D such that 

'IjJ < v > ::; (7 < v > +€. 

Therefore 
inf 'IjJ < v > ::; inf (7 < v >= D. 
'I/lE1) uE1) 

6.4 Convergence in Fuzzy Uniform Topology 

o 

We have seen convergence in a fuzzy topological space and here we see convergence in a 
fuzzy uniform space. For this we simply use the fuzzy topology which is associated with the 
particular fuzzy uniform space. 

Let (X, 'D) be a fuzzy uniform space. Then we have the fuzzy topology T1) associated 
with 'D. If F is a prefiler on X then we have 

and 

6.4.1 Lemma 

adh :F = inf D 
vE:F 

lim F = inf adh g. 
QE'P",(:F) 

Let (X, 'D) be a fuzzy uniform space, F a prefilter on X and x E X. Then 

1. (adh :F) (x) = c(1Jx, F), 

2. (lim :F)(x) = inf c(Vx, g), 
QE'P", (:F) 

3. sup adh :F::; c(:F), 

4. sup lim F::; c(F), 

5. adh F = sup adh g. 
Q E'P". (:F) 

PROOF. 

For x E X we have (1) 

(adh F)(x) = inf D(x) = inf inf (7 < v > (x) 
vE:F vE:FuE1) 

(2) For x E X we have 

= inf inf sup v 1\ (7 < x > 
vE:F uE1) 

= c(:FV'Dx) = c('Dx,:F). 

(lim F)(x) = inf adh F(x) = inf c('Dx, g). 
Q E'P", (:F) QE'P", (:F) 
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(3) If x E X then 

(4) Ifx E X then 

(adh F)(x) = c(1Jx ,F) ~ c(F) 

::::} sup ~d? F ~ c(F) 

(lim F)(x) = inf c(1Jx , g) 
QE'Pm(:F) 

~ inf c(F) = c(F) 
QE'Pm(F) 

::::} sup lim F ~ c(F). 

(5) For each 9 E Pm(F), adh 9 ~ adh F and so sup adh 9 ~ adh F. 
Q E'Pm (F) 

To prove the reverse inequality let x EX. 
If (adh F)(x) = 0 then clearly (adh F)(x) ~ ( sup adh Q)(x). 

QE'Pm(F) 

If (adh F)(x) > 0 then choose 0: such that (adh F)(x) > 0: > o. Therefore c(1Jx ,F) = 
c(1Jx V F) > 0:. So choose an ultrafilter IF' 2 (1Jx V F)o:. Now we have Fo ~ Fo: ~ (1Jx V F) 0: ~ 
IF'. 

Let 9 = F V IF'1. Then 9 E Pm (F) and 

Therefore 

(adh g)(x) = cW,1Jx ) = C((FVlF'l)V1Jx ) 

= inf inf inf sup v 1\ Ip 1\ CT < x > 
liEF PElF aE1) 

= inf inf inf sup (v 1\ CT < x > )(y). 
liEF PElF aE1) yEP 

v 1\ CT < x >E F V 1Jx and so F n (v 1\ CT < x »0: i- 0. 

It follows that sup (v I\CT < x » (y) > 0: and hence (adh g) (x) ~ 0:. Thus sup (adh g) (x) ~ 
yEP QE'Pm(F) 

0: and since 0: is arbitrary, 

(adh F)(x) ~ sup (adh g)(x). 
QE'Pm(F) 

Since x is arbitrary, the result follows. 
o 

6.5 Uniformly Continuous Functions 

We extend the notion of uniform continuity in uniform spaces in a natural way as follows: 

6.5.1 Definition 
Let (X,1J) and (Y, E) be fuzzy uniform spaces and f : X ~ Y a mapping. f is said to be 
uniformly continuous 

6.5.2 Proposition 

iff 'v' 'l/J E E, 3CT E 1J, : (f x f)[CTJ ~ 'l/J 
iff 'v' 'l/J E E, (f X f)-l['l/JJ E 1J. 

Let (X,1)) and (Y,E) be fuzzy uniform spaces and Band C be bases for 1) and E respec­
tively. If f : X ~ Y is a mapping, then f is uniformly continuous if and only if 

'v' 'l/J E E, 'v' c E 10, 3CT E B such that CT - c ~ (f X f)-I ['l/JJ. 
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PROOF. 

We have 

f is uniformly continuous ~ 'V 'ljJ E E, 30" E V: (f x f)[O") ::; 'ljJ 
~y 'ljJ E E, 30" E V: 0"::; (f x f)-I ['ljJ). 

But we have B = V and C = E. 
(=» 

Let'ljJ E C and e E 10. Then 'ljJ + e/2 E E. Therefore 30"' E V: 0"'::; (f X f)-I['ljJ + 
e/2) = (f x f)-I['ljJ) + e/2. Since 0"' E V, 30" E B such that 0"' ~ (T~ e/2. Therefore 
0" - e/2 ::; 0"' ::; (f X f)-I ['ljJ) + e/2. Hence 0" - e ::; (f x f)-I ['ljJ). 
(-¢:: ) 

Let'ljJ E E. Then 'V 6 E 10, 3'ljJ{j E C: 'ljJ ~ 'ljJ{j-6. For e E 10, 30"e E B such that O"e-e::; 
(f X f)-I ['ljJe). Therefore O"e ::; (f X f)-I['ljJe + e ::; (f x f)-I['ljJ + 2e) = (f x f)-I['ljJ) + 2e. 
Thus 'V e E 10, 30"e E B such that O"e - 2e ::; (f x f)-I ['ljJ). Therefore 0" = sup (O"e - 2e) ::; 

eElo 

(f x f)-I['ljJ). Hence 0" E V such that (T::; (f x f)-I['ljJ). 
o 

6.5.3 Corollary 
Let (X, V) and (Y, E) be fuzzy uniform spaces and f : X ~ Y a mapping. Then f is 
uniformly continuous if and only if 

'V'ljJ E E, 'VeE 10, 30" E V such that 0" - e ::; (f x f)-I ['ljJ). 

PROOF. 

Since each fuzzy uniformity is a basis for itself, the result follows. 

6.5.4 Theorem 
Let (X, V) and (Y, E) be fuzzy uniform spaces and f : (X, V) ~ (Y, E) be a uniformly 
continuous function. Then f : (X, T1)) ~ (Y, Te) is continuous. 

PROOF. 

Let J-l E IX and Y E f ..... (X). Then 

f[J-l)(Y) 

Therefore 'V x' E r- ({y} ), 

= inf 'ljJ < f[J-l) > (y) 
"pEt: 

= inf sup (flf-l) t\ 'ljJ < Y > )(z) 
"pEt:zEy 

= inf sup (sup p,(x) t\ 'ljJ(z, y)) 
"pEt: zEY !(x)=z 

= inf sup J-l(X) t\ 'ljJ(f(x), y). 
"pEt:xEX 

flf-l)(y) = inf sup J-l(x) t\ 'ljJ(f(x), f(x')). 
"pEt:xEX 

Since f is uniformly continuous we have 'V 'ljJ E E, 30" E V such that 0" ::; (f x f)-I ['ljJ). Thus 
'V x,x' E X, O"(x,x')::; 'ljJ(f(x),f(x')). Hence 

Therefore 

f[J-l)(Y) ~ inf sup J-l(x) t\ 0" (x, x') = jl(x'). 
"pEt:xEX 

f[J-l){Y) ~ sup jl(x') = f[p)(y). 
x'E!~({y}) 

Hence flu) ~ f[P). Since p, E IX is arbitrary we have f is continuous. 
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6.5.5 Lemma 
If f : (X, 1)1) ~ (Y, 1)2) and 9 : (Y, 1)2) ~ (Z,1)3) are two uniformly continuous func­
tions, then (g 0 f) : (X, 1)1) ~ (Z,1)3) is uniformly continuous. 

PROOF. 

Let 'Ij; E 1)3. Then (g x g)-I['Ij;] E 1)2 and 

(f x f)-I [(g X g)-1 ['Ij;]] = ((g x g) 0 (f x f))-l['Ij;] = ((g 0 f) 0 (g 0 f))-I['Ij;] E 1)1. 

Therefore 9 0 f is uniformly continuous. r - • 

o 

6.6 The a-Level Uniformities 

Investigating a prefilter by its a-levels is a very useful device used in [50, 63, 9]. First we 
define the a-level uniformities of a fuzzy uniformity. 

If (X, 1») is a fuzzy uniform space then for each a E 10 we define 

1)a ~f {CT.B : 0 :::;13 < a, CT E 1)}. 

6.6.1 Proposition 
Let (X,1») be a fuzzy uniform space and a E 10. Then 1)a is a uniformity on X. 

PROOF. 

(i) Since 1) is a prefilter it follows that 1)a is a filter. 
(ii) Let U E 1)a. Then 3CT E 1) and 0 :::; 13 < a such that U = CT.B. Now, V x E 

X, CT(X, x) = 1 and so ~ ~ U. 
(iii) Let U E 1)a. Then 3CT E 1) and 0 :::; 13 < a such that U = CT.B. We have Us = 

(CT.B)s = (CTs).B. But CTs E 1) and 0 :::;13 < a. Therefore Us E 1). 

(iv) Let U E 1)a. Then 3CT E 1) and 0:::;13 < a such that U = CT.B. Let € = (a - /3)/2 
and 'Y = (3a+2!3)/5. Then € > o. So 3'1j; E 1) such that 'Ij; o'lj;:::; CT+€. We have 13 < 'Y < a. 
So V = 'Ij;'Y E 1)a and V 0 V ~ U since: 

(x, y) E V 0 V ¢:::::::} 3z: (x, z), (z, y) E V 
¢:::::::} sup 'Ij;(x, z) !\ 'Ij;(z, y) = 'Ij; 0 'Ij;(x, y) > 'Y 

zEX 
::;> (CT+€)(X,y) > 'Y 
¢:::::::} CT(X, y) > (a + 913)/10 > 13 
¢:::::::} (x, y) E CT.B = U. 

The uniformity 1)a will be referred to as the a-level uniformity of1). 
We also have for 0 < 13 :::; a :::; 1 

o 

Thus a fuzzy uniformity 1) generates a family (1)a : a E 10) of uniformities which become 
stronger as a increases. 

We intend to build a fuzzy uniformity with a predetermined a-level uniformities. 

6.6.2 Theorem 
Let (IT»(a) : a E (0,1)) be a family of uniformities on X satisfying 
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(a) 0 < I' S; 0: < 1 ~ 1IJl(!J) ~ 1IJl(0:), 

(b) 1IJl(0:) = U 1IJl("() for each 0: E (0,1). 
0<7<a . 

Let 
1) = {O" E 1xxX 

: V 0: E (0,1), V I' < 0:, 0"f3 E 1IJl(0:)}. 

Then 1) is the unique fuzzy uniformity on X such that 1)a = 1IJl(0:) for each 0: E (0,1). 

PROOF. 

(i) 1) is a saturated prefilter. 
Let 0" E 1) and 0 S; I' < 1. Choose a such that I' < 0: < 1. Then 0"f3 E 1IJl(0:) and so {(x, x) : 

x E X} ~ 0"f3 and hence O"(x, x) >1' for each x E X. SinceI' is arbitrary we have 

V x E X, O"(x, x) = 1. 

In particular, 0" #- O. 
Let O"I, 0"2 E 1) and 0 S; I' < 0: < 1. Then of, ug E lIJl(a) and so of n ug = (O"I /\ 0"2)f3 E 

1IJl(0:). Thus O"I /\0"2 E 1). 
Let 0" E 1). Then O"s E 1). Since if 0 S;!J < 0: < 1 then (O"s)f3 = (O"f3)s E 1IJl(0:). 
Let 0" E 1), 0" S; 'l/J and 0 S; I' < a < 1. Then 0"f3 ~ 'l/Jf3 and since 0"f3 E 1IJl(0:) , 'l/Ja E lIJl(a). 

Consequently 'l/J E 1). 
Let 0" = sup (O"e - c) E iJ with each O"e E 1) and let 0 S;!J < 0: < 1. We note that 

eE10 

O"(x, y) > I' ¢:::} 3c E 10 : O"e(x, y) - c > I' ¢:::} (x, y) E U 0";+f3. 
eE10 

In other words, 0"f3 = U 0"~+f3. 
eE10 

Choose c E 10 such that I' < I' + c < a. Then 0";+f3 ~ 0"f3 with 0"~+f3 E 1IJl(0:) and so 
0"f3 E lIJl(a). Thus 0" E 1) and we have shown that 1) ~ 1) from which it follows that 1) = 1). 

(ii) \;f 0" E 1), V c > 0, 3'l/J E 1) such that 'l/J o'l/J S; 0" + c. 
Let 0" E 1), c > 0 and choose ao, al, ... ,an such that 0 = aO < al < ... < O:n = 1 and 

O:i-ai-I < cforeach i E {1,2, ... ,n}. Fori=0,1,2, ... ,(n-1)wehaveO"ai E 1IJl(0:i+1 and 
so 3Uai+1 E IIJl(O:i+d such that UaHl OUai+1 ~ O"ai . Let U~l = Ua1 and U~i = jQIUaj" _Then 

since for each j S; 1, U aj E 1IJl( aj) ~ 1IJl( ai), we have U~i E 1IJl( ai) and U~l :2 U~i :2 ... :2 U~n. 
So we can state: 

Let 

and let 
'l/J = sup ai 1uai _1. 

iE{I,2, ... ,n} 

Then 'l/J E 1) since if 0 S; I' < 0: < 1 then ai S; 0: < ai+1 for some 1. Thus I' < D:i+1 and 
hence'l/Jf3 :2 'l/Jai+l = Uai E lIJl(ai) ~ lIJl(a). It follows that 'l/Jf3 E 1IJl(0:) and so 'l/J E 1). 

If O"(x, y) > O:n-2 then O"(x, y) + c > an-2 + (an - an-2) = an = 1 and hence we have 
('l/J 0 'l/J)(x, y) S; O"(x, y) + c. 

lf O"(x, y) S; O:n-2 then 3i S; n - 2 : O:i-l S; O"(x, y) S; O:i. Since (x, y) fJ. O"ai we have 
(x, y) fJ. Uai+1 0 Uai+1 and for no z do we have (x, z) E Uai+1 and (z, y) E Uai+1. In other 
words 

Thus V z 
'l/J(x, z) S; O:i+1 or 'l/J(z, y) S; O:i+l· 
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Consequently, 

'IjJ 0 'IjJ(x, y) = sup 'IjJ(x, z) 1\ 'IjJ(z, y) ~ ai+l < ai-l + c ~ (J(x, y) + c. 
z 

(iii) 1)cx = ]]J)(a) for each a E (0,1). 
Let U E 1)cx. Then U = (Jf3 for some (J E 1) and f3 < a and so (Jf3 E ]]J)( a). Thus we have 

1)cx ~ ]]J)(a). 
On the other hand, if U E ]]J)(ao) then U E ]]J)(f3) for some f3 < a since ]]J)(a) = U ]]J)(f3). 

r -' f3<cx 

Let (J = f3lxxx V Iv. To show that (J E 1) we let 6 < 1 and 0 ~ 'Y < 6 and show that 
(J"Y E ]]J)(6). If 'Y < f3 we have (J"Y = X X X and if 'Y ~ f3 then (J"Y = U E ]]J)(f3) ~ ]]J)C'Y). So in 
both cases we have (J"Y]]J)C'Y) ~ ]]J)(6). Thus U = (Jf3 and hence U E 1)cx and we have shown 
that ]]J)( a) ~ 1)cx. 

(iv) 1) is unique. 
We invoke (5.3.4 ) and claim that there is precisely one fuzzy uniformitiy whose a-level 

are the ]]J)(a)'s. 
o 

It follows that a fuzzy uniformity is uniquely determined by its family of a-level unifor­
mities. 

It is shown that the convergence of a prefilter can be expressed in terms of the convergence 
of its a-levels. 

6.6.3 Theorem 
Let (X,1)) be a fuzzy uniform space, Fa prefiter on X, x E X and a < c(F). Then 

(lim F)(x) ~ a ~ Fo ~ x w.r.t 1)cx. 

PROOF. 

1)cx is a uniformity on X. Therefore x E X 

1)~ = {U(x): U E 1)CX} = {~(x): 0 ~ f3 < a, (J E 1)} 

is a neighbourhood base at x. We can also write 

We first prove the result for a prime prefilter F. In this case we have lim F 
adh F, c(F) = c(F) and Fo is an ultrafilter. 

We have 

(adh F)(x) ~ a ~ inf inf (J < 1/ > (x) ~ a 
vE:F (jED 

~ V f3 < a, V 1/ E F, V (J E 1),1/ 1\ (J < x > > f3 
~ V (J E 1), V f3 < a, V 1/ E F, 1/f3 n ((J < x »f3 =I- 0 
~ V (J E 1), V f3 < a, V F E Fo, F n (J~ (x) =I- 0 [since Fo = FCX] 

~ V V E 1)~, V F E F o, F n V =I- 0 
~ V V E 1)c;, U E Fo 
~ 1)c; ~ Fo 
~ Fo ~ x w.r.t 1)CX. 

We have Fo = n go. Now 
Q E'Pm (:F) 

(lim F)(x) ~ a ~ V g E Pm (F), (adh m(x) ~ a 
~ V g E Pm (F) , go ~ x w.r.t 1)cx 

~ V g E Pm (F), 1)c; ~ go 
~ 1)c; ~ n go = Fo 

QE'Pm(:F) 

~ Fo ~ x w.r.t 1)cx. 
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o 

Next we characterise closedness in terms of the a-levels. 

6.6.4 Theorem 
If (X, V) is a fuzzy uniform space and Jl E IX then 

Jl is V -closed ~ V a E 10, Jlo: is VO: -closed. 

PROOF. 

Let Jl be a V-closed, a E 10 and let x E clo:(Jlo:), the VO:-closure of Jlo:. We have to show 
that x E Jlo:. 

So let fJ < a be a arbitrary and show Jl(x) :2: fJ. Now, since Jl is V-closed, 

Jl(x) = jl(x) = inf a < Jl > (x) = inf sup Jl/\ a < x > . 
uEV uEV 

Let a E V. Then af3 E VO:. So we have x E af3(Jlo:) ~ af3 (Jlf3) and hence :3y E Jlf3 such 
that a(y, x) > fJ. Thus 

Jl/\ a < x >:2: Jl(Y) /\ a(y, x) > fJ· 
Since a E V is arbitrary, Jl(x) :2: fJ. Therefore Jl(x) ~ a. 
(~) 

Let x E X and a S jl(x). Then 

as jl(x) = inf sup Jl/\ a < x > ~ V fJ < a, Va E V, fJ < Jl/\ a < x> 
uEV 

~ V fJ < a, Va E V, :3y E Jlf3 ~ Jlf3: a(y, x) > fJ 
~ V fJ < a, Va E V, x E af3 (Jlf3) 
~ V fJ < a, VUE VO:, x E U(Jlf3) 
~ V fJ < a, x E clo: (Jlf3) = Jlf3 
~ V fJ < a, Jl(x):2: fJ 
~ Jl(x) :2: a. 

Therefore Jl(x) :2: jl(x). Since x is arbitrary it follows that Jl :2: jl and hence Jl = jl. 
o 

From the following theorem we establish a fuzzy uniformity from a uniformity. 

6.6.5 Theorem 
Let (X, lIJ)) be a uniform space. Then 

is a fuzzy uniformity on X. 

PROOF. 

(i) Since lIJ) is a filter it follows that lIJ)1 is a saturated prefiter. 
(ii) Let a E lIJ)1 and x E X. Then V a E h, aO: E lIJ). So Va E h, (x, x) E aO:. Therefore 

a(x, x) = l. 
(iii) Let a E lIJ)1. Then V a E h, aO: E V and so (aO:)s E lIJ). Therefore Va E 11, (as)O: = 

(aO:)8 E V. Hence as E lIJ)1. 

(iv) Let a E lIJ)1 and c E 10• Then V a E h, aO: E lIJ). Take 0 = 1 - c E h. Therefore 
a 8 E lIJ). So:3U E lIJ) such that U 0 U ~ a8 • Now take 'l/J = lu then 'l/J E lIJ)1. 

If'l/J 0 'l/J(x, y) = 0 then clearly 'l/J 0 'l/J S a + c. 
If'l/J 0 'l/J(x, y) = 1 then :3z: (x, z), (z, y) E U and so (x, y) E U 0 U :::} (x, y) E a8 

:::} 

a(x, y) > 0 .. 

64 



Therefore o-(x, y) + e > l5 + e = 1. So '¢ 0 '¢ ~ 0- + e. Hence the result. 
D 

6.6.6 Theorem 
Let (X, lID) and (Y, JFj) be uniform spaces. Then 

f: (X, lID) ----) (Y, JFj) is uniformly continuous {:::::::? f : (X, 1ID1) ----) (Y, JFjl) is uniformly continuous. 

PROOF. 

Let '¢ E X x X and a E h. Then 

(x,y) E (f x f)<-(,¢O<) {:::::::? (f x f)(x,y) E '¢o< 
{:::::::? '¢((f x f)(x, y)) > a 
{:::::::? (f x f)-I['¢](X,y) > a 
{:::::::? (x, y) E ((f X f)-I ['¢])O<. 

Therefore (f x f)<-('¢O<) = ((f X f)-1['¢])0<. 
(::;.) 

Let f : (X, lID) ----) (Y, JFj) be uniformly continuous. Then VUE JFj, (f x f)<- (U) E lID. 
Let '¢ E JFjl. Then Va E h, '¢O< E E. So 

((f X f)-I ['¢])O< = (f X f)<-('¢O<) E lID. 

Thus Va E h, (f X f)-1['¢])0< E lID. Therefore (f x f)-I['¢] E IIDI. Hence f is (IIDI - JFjl) 

uniformly continuous. 
(¢::) ,. 

Let f : (X, IIDl) ----) (Y, JFjl) be uniformly continuous. Then V '¢ E JFjl, (f x f) -1 ['¢] E IIDI. 
Let U E E. Then lu E JFjl. Therefore (f x f)-I[lu E IIDI. Take a E h then 

Therefore f is (lID - JFj) uniformly continuous. 
D 

We obtain an a-level theorem for uniform continuity. 

6.6.7 Theorem 
Let (X,1) and (Y, £) be fuzzy uniform spaces. Then 
(1) f : (X,1) ----) (Y, t:) is uniformly continuous ::;. V a E (0,1), f : (X,1)O<) ----) 
(Y, £0<) is uniformly continuous, 
(2) V a E (0,1), f: (X,1)O<) ----) (Y, £"') is uniformly continuous::;. f : (X,1)) ----) (Y, £) is 
uniformly continuous. 

PROOF. 

(1) Let a E 10 and U E £0<. Then 3'¢ E £ and (3 < a such that U = '!jJ3. Now f is uniformly 
continuous and '¢ E £. So 

Therefore f is 1)0< - £0< uniformly continuous. 

(2) Let '¢ E £, a E (0,1) and (3 < a. Then '¢/3 E £0< and so 

(f x f)<-('¢/3) = ((f x f)-I ['¢])/3 E 1)0<. 

Thus 
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(a) V a E (0,1), V (:J < a, ((f x 1)<- ['ljJ])/3 E 1)"'. 
Now 1) is completely determined by its a-level; in other words 

1) = {u E jXxX : Va E (0,1), V (:J < a, u/3 E 1)0!} 
.~ . 

and so 
(b) u E 1) -¢=} Va E (0,1), V (:J < a, u/3 E 1)0<. 

It follows from (a) and (b) that (f x 1) ...... ['ljJ] E 1) and hence f is 1) - £ uniformly 
continuous. 

o 

More information regarding fuzzy uniform space can be found in [32, 35, 36, 37, 42, 43, 45] 
and regarding fuzzy neighbourhood space can be found in [2, 3, 5, 7, 39, 40, 69, 70, 71, 73, 
74,79]. 

66 



Chapter 7 

Generalised Filters 

7.1 Introduction 

In [16] and [17] the notion of generalised filter is introduced and studied. We summarize in 
this chapter most of the results from [16]and [17]. 

7.1.1 Definition 
We call a non-zero function f : 2x -> I a generalised filter (or a g-filter) on X iff 

1. f(0) = 0; 

2. VA, E ~ X, f(A n E) 2: f(A) 1\ f(E); 

3. VA,E ~ X, A ~ E => f(A):::; f(E). 

Of course, the requirement that f be non-zero is equivalent to requiring that f(X) > O. 

For f: 2x -> I and A ~ X, we define 

If f is non-zero and satisfies: 

1. f(0) = 0; 

(f)(A) ~f sup f(E) 
B~A 

2. VA, E ~ X, f(A) 1\ f(E) :::; (f) (A n E). 

we shall call f a generalised filter base (or a g-filter base) on X. 

Naturally, a g-filter is a g-filter base. Furthermore: 

7.1.2 Theorem 
If X is a set and f is a g-filter base on X then (f) is a g-filter. 

PROOF. 

(i) (f)(0) = sup f(A) = f(0) = 0, (f)(X) = sup f(A) > O. 
A~0 A~X 

(ii) Let A, E ~ X. If (f)(A) 1\ (f)(E) = 0 then (f)(A) 1\ (f)(E) :::; (f)(A n E). So let 
a < (f)(A) 1\ (f)(E). 

Then: 

a < sup f(U) 1\ sup f(V) => 3U ~ A, 3V ~ E, a < f(U) 1\ f(V) :::; (f)(U n V) 
U~A V~B 

=> 3W ~ un V ~ A n E, a < f(W) 
=> a < (f)(A n E). 
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Thus (f)(A) 1\ (f)(B) :::; (f)(A n B). 

(iii) If A ~ B then: 
(f)(A) = sup f(U) :::; sup f(U) = (f)(B). 

U~A U~B 

7.1.3 Definition 
If f is a g-filter base on X, we define the characteristic, c(f), of f by: r 

c(f) = sup f(A). 
A~X 

It follows from definition that c(f) > O. 

Just as for prefilters, we have: 

7.1.4 Lemma 
If X is a set and f is a g-filter base on X then: 

c(f) = c( (f)). 

PROOF. 

c( (f)) = sup (f)(A) = sup sup f(B) = sup f(B) = c(f). 
A~X A~XB~A B~X 

The proof of the following lemma is straightforward. 

7.1.5 Lemma 
Let f be a g-filter on X and let A, B ~ X. Then 

1. c(f) = f(X); 

2. f(A n B) = f(A) 1\ f(B). 

o 

o 

If f is a g-filter (base) on X with c(f) = c then for 0 :::; 0: < c, we define the (upper) 
o:-level filter (base), J<\ associated with f by: 

r ~f {F ~ X : f( F) > o:} 

and for 0 < 0: :::; c, we define the (lower) o:-level filter (base), fcx, associated with f by: 

f cx ~f {F ~ X : f (F) ;::: o:}. 

7.1.6 Theorem 
If f is a g-filter (base) on X with c(f) = c and: 
(a) 0:::; 0: < c, then fcx is a filter (base) on X; 
(b) 0 < 0: :::; c, then fcx is a filter (base) on X. 
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PROOF. 

(a) Let f be a g-filter on X. f(X) = c > a => X E r· Thus r -=I- 0. 
If FEr then f(F) > a ~ 0 and hence F -=I- 0. 
If A, B E r then f(A) 1\ f(B) = f(A f'1 B) > a and hence An B E r. 
Finally, if A E r and A ~ B then f(B) ~ f(A) > a and hence B E r. 

The proofs of the remaining three assertions are equally simple. 
o 

It is an easy exercise to show that the a-level filters decrease as a increases and we record 
this as a lemma. 

7.1.7 Lemma 
If f is a g-filter (base) with c(f) = c and 0 ~ a ~ fJ < c then 

The notion of a g-filter is a strict extension of the notion of a filter in the sense that 
we can associate a g-filter with every filter and there are g-filters which are not necessarily 
merely copies of filters. More precisely: 

7.1.8 Theorem 
Let X be a set, let F(X) denote the collection of all filters on X and let G(X) denote the 
collection of all g-filters on X. Let 

'I/J : F(X) --> G(X), IF' 1---7 IF. 

Then 'I/J is injective but not surjective. 

PROOF. 

The proof that IJF is a g-filter is left as an exercise. 

To see that 'I/J is not surjective, let X = {I, 2, 3} and consider 

where 

Alternatively, let 

f(0) 
f({2}) = f({2,3}) = f({3}) 

f({I}) = f({I,2}) = f({I,3}) = f(X) 

g(F) ~f { ~ if F = {I} 
otherwise 

=0 
=0 
-3 -4 

and let f = (g). Then f is a g-filter and, of course, f cannot be the characteristic function 
of a filter. 

o 

We note the following examples of g-filters, leaving the checking to the reader. 

7.1.9 Examples 

69 



(a) Let X = {I, 2, 3} and define f by 

f(F) 
f({I}) = f({1,3}) 

j( {I, 2}) 
f({1,2,3}) 

= 0 if 1 rJ. F 
_ 1 
-"4 

=~ 
=1 

(b) For n E N let Un ~f {m EN: m ~ n}. Let f: 2N -? I be defined by 

f(F) ~f { min{n:1n~F} if {n : Un ~ F} -=I- 0 
o otherWIse 

Alternatively, let 

(F) ~f { ~ if F = Un 
9 0 otherwise 

and let f = (g). 

(c) Let X be a set, 0 < a:::; 1 and let a E X. Define fa,a by 

f (F) ~f { a if a E F 
a,a - 0 otherwise 

In other words 
fa,a = al({a})' 

Alternatively, let 

(F) ~f { a if F =5a} 
9 0 otherwIse 

and let f = (g). 

This g-filter has the special property that, for all A, B ~ X 

f a,a (A U B) = fa, a (A) V fa,a (B). 

If h: X -? Y is a function and f E I2x is a g-filter on X then we define the direct image 
of 1, denoted h(f) by 

In other words 

7.1.10 Theorem 

h(f) : 2Y 
-? I, B 1-7 f(h- 1 [BD. 

h(f)(B) ~f f(h-1[BD. 

If h : X -? Y is a function and f is a g-filter on X then h(f) is a g-filter on Y. 

PROOF. 

(i) h(f)(0) = f(h- 1 [0]) = f(0) = 0, h(f)(Y) = f(h-1[Yj) = f(X) > O. 

(ii) If A, BE 2Y then: 

(iii) If A ~ B then: 

h(f)(AnB) =f(h-1[AnBj) 
= f(h- 1 [AJ n h-1[BJ) 
= f(h- 1 [AJ) 1\ f(h- 1 [BJ) 
= h(f)(A) 1\ h(f)(B). 

h(f)(A) = f(h-1[AD :::; f(h-1[BJ) = h(f)(B). 
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7.2 G-filters from Prefilters 

Let :F be a prefilter on X with c(F) = c> 0." For F ~ X define 

) def '"( } 8:;:(F = {aE O,cJ:FEP". 

7.2.1 Lemma 
Let F be a prefilter with c(F) = c > O. Then 8:;:(F) = 0 or 8:;:(F) is an interval of form 
(,6, cJ. 
PROOF. 

If 8:;: (F) =I- 0 then there exists some a E 8:;: (F). 
If a::; 'Y::; c then F E P:< ~:FY and so 'Y E 8:;: (F). 
Since 

we have: 
::::}FEP:<= U Ff3 

O<f3<er. 
::::} 3,6 < a, F E Ff3 
::::} 3,6 < a, ,6 E 8:;:(F). 

This lemma allows us to define, for F ~ X: 

h(F) ~f { ~ - inf 8:;: (F) if 8:;: (F) =I- 0 
if 8:;: (F) = 0. 

We now need to check that the object defined above is indeed a g-filter. 

7.2.2 Theorem 
If F is a prefilter with c(F) = c > 0 then h is a g-filter. 

PROOF. 

(a) 
Va::; c(F), 0 rJ. Fer. ::::} Va::; c(F), a rJ. 8:;:(0) 

::::} 8:;:(0) = 0 
::::} h(0) = o. 

(b) Let A, B ~ X. Then: 

Thus 

a < h(A) 1\ !:;:(B) ::::} inf 8:;:(A) < c - a and inf 8:;:(B) < c - a 
::::} c - a E 8:;: (A) and c - a E 8:;:(B) 
::::} A,B E FC-er. 
::::}AnB EFc-er. 

::::}c-aE8:;:(AnB) 
::::} inf 8:;: (A n B) ::; c - a 
::::} c - inf 8:;: (A n B) = !:;:(A n B) ~ a. 

h(A n B) ~ h(A) 1\ h(B). 
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(c) Let A ~ B ~ X. Then: 

f:F(A) > a :::::} c - inf SF(A) > a 
:::::} inf SiCA) < c - a 
:::::} c 2 a E SF(A) 

It follows that fF(A) ~ f:F(B). 

:::::} A E :Fc- a 

:::::} BE :Fc- a 

:::::}c-aESF(B) 
:::::} inf SF(B) ~ c - a 
:::::} c - inf SF(B) = f:F(B) 2': a. 

7.3 Prefilters from G-filters 

o 

Our next task is to show that a g-filter gives rise to a prefilter. However, we first discover 
the connection between the characteristic of a prefilter and the g-filter that it generates. 

7.3.1 Lemma 
If :F is a prefilter on X with c(:F) = c > 0 then: 

PROOF. 

Let c = c(:F). Then: 

Now 

c(f:F) = c(:F). 

c(f:F) = f:F (X) = c - inf SF (X). 

Va ~ c, X E:Fa :::::} Va ~ c, a E SF(X) 
:::::} inf SF(X) = 0 
:::::} c(f:F) = f:F(X) = c 

For a g-filter f with c(j) = c> 0 we define: 

:Ff ~f {v E IX : VO < a ~ c, V(3 < a, vt' E r- a } 

Of course, we need to check that this does produce a prefilter. 

7.3.2 Theorem 
If f is a g-filter with c(j) > 0 then :Ff is a prefilter. 

PROOF. 

(a) We observe that 
V(3 ~ c(j), ot3 = {x EX: O(x) > (3} = 0. 

It follows that 
VO < a ~ c, V(3 < a, ot3 fj. r-a 

and this means that 0 fj. :Ff . 

On the other hand, since c = c(j) = f(X) > 0 we have 

VO < a ~ c, V(3 < a, (lx)t' = X E r-CI'. 
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and so Ix E :Fi 
(b) Let J-l, v E F f . It follows from: 

V(J < c(f), V'. n V = (v 1\ J-l)/3 

that v 1\ J-l E Ff. 

(c) Let v E F and v::; J-l. Let 0 < Q ::; c, (J < Q. Then v/3 E r-a. Since v/3 ~ J-l/3 we have 

f(v) ~ f(v!3) ~ c - Q. 

o 

The following lemma simplifies some of the work later on. 

7.3.3 Lemma 
If f is a g-filter with c(f) = c > 0 then: 

F f = {v E IX : VO ::; 'Y < c, v'Y E fc-'Y}. 

PROOF. 

Let us define 
g clef { IX '-'0 'Y -I' } = v E : V ::; 'Y < c, v E J c-'Y . 

Let v E F f . To show that v E g let 0 ::; 'Y < c. Choose Q such that 'Y < Q < c. Then 
v'Y E fc-a. Since Q is arbitrary, we have 

V'Y < Q < c, f(v'Y) > C - a 

and hence f(v'Y) ~ c - 'Y. In other words, v'Y E fc-'Y. 

Conversely, let v E g. To show that v E F f let 0 < a ::; c,O ::; (J < Q. Then we have 
0::; (J < c. Thus v/3 E fc-/3 and so f(v/3) ~ c - (J > c - a. Therefore v/3 E r-a. 

o 

The correlation between g-filters and prefilters is not completely straightforward. In fact, 
as we shall see, the prefilter associated with a g-filter is rather special. 

7.3.4 Theorem 
If f is a g-filter then the associated prefilter Ff is saturated. 

PROOF. 

Suppose that 
Vc> 0, v + c E Ff. 

We show that v E F f . To this end, we let a::; c(f) and {3 < a and show that v/3" E r- a . 

Choose 'Y such that (J < 'Y < a and let c = 'Y - (J. Then, since v + c E F f we have 

o 

We saw, in Lemma 7.3.1, the connection between the characteristic of a prefilter and the 
g-filter that it generates. Let us now find the connection between a g-filter and the prefilter 
that it generates. 
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7.3.5 Theorem 
Let f be a g-filter on X. Then: 

c(Ff ) = c(f). 

PROOF. 

Let c(f) = c. Then: 

VI/ E F f , VO:::; /3 < a:::; c, vf3 E r-'" :::} VI/ E F f , VO:::; /3 < a :::; c, 1/13 of- 0 

On the other hand, 

and so c1x E F f . Thus 

:::} VI/ E F f , Vo:::; /3 < a :::; c, sup 1/ > /3 
:::} VI/ E Ff , sup 1/ 2:: c 
:::} inf sup 1/ = c(:Ff) 2:: C. 

vE:Ff 

Va :::; c, V/3 < a, (c1x)13 = X E f C
-'" 

c(Ff) = inf sup 1/:::; sup c1x = C. 
vE:Ff 

o 

The use of a-level theorems has proved to be very useful in various situations. See, for 
example [83,84,40]. We therefore investigate the a-levels of g-filters. 

7.3.6 Lemma 
Let f be a g-filter with c(f) = c and let a E (0, c]. Then 

PROOF. 

Let F E (:Ff )"'. Then there exists 1/ E F f , /3 < a such that F = 1/13. Since 1/ E :Ff, we 
have 1/13 = F E r-"'. 

Conversely, if F E r-'" then f(F) ~f t > c - a. Let 1/ = (c - t)lx V lp. We intend to 
invoke Lemma 7.3.3 to show that 1/ E Ff . To this end, let 0:::; 'Y < c. 

If'Y E [c - t, c) then 1/"1 = F and so f(I/'Y) = f(F) = t 2:: c - 'Y. 
If'Y E [0, c - t) then 1/"1 = X and so f(I/'Y) = f(X) = c 2:: c - 'Y. 
We therefore have 1/"1 E fc-'Y for all 'Y E [0, c) and so 1/ E F f and F = I/c-t with c- t < a. 

Thus F E :Fj. 

7.3.7 Lemma 
If:F is a prefilter on X with c(F) = c> 0 then, for a E [0, c): 

PROOF. 

(h)'" = F C
-"'. 

A E (h)'" ¢:::::::} h(A) = c- inf 8:F(A) > a 
¢:::::::} inf 8:F(A) < c - a 
¢:::::::} C- aE8:F(A) 
¢:::::::} A E FC-'" 

We now establish the g-filter analogue of Theorem 5.3.2(5) 
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7.3.8 Lemma 
If f is a g-filter with c(f) = c and 0 ::; 0: < c then: 

PROOF. 

If FEr choose (3 such that 0: < (3 < f(F). Then F E f{3 and so FEU f{3. 
{3>0< 

Conversely, let FEU f{3. Then F E f{3 for some (3 > 0:. Thus f{F) > (3 > 0: and 
c>{3>o< ' 

hence F E fO<. 

7.3.9 Corollary 
If f is a g-filter with c(f) = c and 0 < 0: ::; c then: 

r-o< = U f C-{3. 
0<{3<0< 

o 

In [9] we saw that saturated prefilters are specified by their o:-level filters. We show that 
a similar situation pertains for g-filters 

7.3.10 Lemma 
If f and 9 are g-filters with c(f) =I- c(g) then f =I- g. 

7.3.11 Lemma 
Let f and 9 be g-filters with c(f) = c(g) = c. Then: 

PROOF. 

"10: < c, r = gO< {::=::} f = g. 

"10: < c, r = gO< {::=::} "10: < c, VA ~ X, A E fO< {::=::} A E gO< 
{::=::} VA ~ X, "10:::; c, (f(A) > 0: {::=::} g(A) > 0:) 
{::=::} VA ~ X, f(A) = g(A) 
{::=::} f = g. 

o 

We have seen that to each g-filter there corresponds a saturated prefilter and, conversely, 
to each prefilter there corresponds a g-filter. This inspires the following theorem. 

7.3.12 Theorem 
Let 

Then 

is a bijection. 

clef IX S(X) = {F E 2 : F is a saturated prefilter on X }, 

clef 2x 
g(X) = {f E I : f is a g-filter on X }. 

'ljJ : S(X) -> g(X), F 1-7 f:F 
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PROOF. 

We first show that 'Ij; is injective. To this end, let :F, 9 E S(X) with :F of. g. 

If c(:F) of. c(9) then: . . 

and so f:F of. fg· 

f:F(X) = c(:F) - inf {0::5 c(:F) : X E :F"'} 
= c(:F) - 0 
of. c(g) 
= fg(X) 

If c(:F) = c(g) = c then: 
30: :5 c, :F'" of. g"'. 

This follows from the fact that saturated prefilters are completely determined by their 0:­
level filters [9]: Theorem 2 and [30]: (Theorem 11). Suppose that F E :F'" \ g"'. Then 
a E S:;::(F) \ Sg(F). Thus inf S:;::(F) < a and 0: :5 inf Sg(F). Thus 

f:;::(F) = c - inf S:;::(F) > c - 0:;::: C - inf Sg(F) = fg(F). 

So, once again, f:;:: of. fg· 

In order to show that 'Ij; is surjective, let f E g(X) and let c(:F) = c. Then: 

:Ff = {v E IX : Vo: :5 c, V{3 < 0:, ,)3 E fC-"'}. 

Now, appealing to Lemmas 7.3.6 and 7.3.7, we have 

It therefore follows from Lemma 7.3.11 that 

o 

We extract the following corollaries. 

1.3.13 Corollary 
If f is a g-filter on X then: 

1.3.14 Corollary 
If :F is a saturated prefilter on X then: 

PROOF. 

Let 'Ij; : S ~ 9 as in the theorem. Then: 

'Ij;(:F) = f:F 

and 

'Ij;(:Ff:F) = !(:;::IY:) = f:F. 

Thus it follows from the injectivity of 'Ij; that :F = :Ff y:' 
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o 

We have developed the g-filter analogues" of various prefilter notions and it is natural 
therefore to seek a g-filter analogue of the'saturation operator. In other words, if j is a g­
filter, we seek a definition of 1, the saturation of j, which is consistent with the theory which 
we have developed thus far. We would require, among other things, that the saturation of 
the g-filter associated with a prefilter is the g-filter associated with the saturation of the 
prefilter. In symbols: 

However, we have the following lemma. 

7.3.15 Lemma 
If F is a prefilter then: 

PROOF. 

For F ~ X: 

Thus, for a prefilter F 

h(F) = c(F) - inf {a:: F E (F)<>} 
= c(F) - inf {a: : F E (F)<>} 
= f:F(F). 

Y; = f:F. 

The most natural definition of 1 which accomplishes this is the simple 

o 

In this sense, g-filters are already saturated. This explains why, in [15], the definition 
of a generalised uniformity did not include a saturation condition. The situation is also 
illustrated by the following theorem which extends Theorem 7.3.4. 

7.3.16 Theorem 
If F is a prefilter then: 

PROOF. 

From Theorem 7.3.4 we know that Ff:F is a saturated prefilter and so, according to [30], 
Theorem 11, we must show that 

Va: S; c(F) = c(F), (Ff:F)<> = (F)<>. 

Now 

o 

From this last result we obtain the following characterisation of the saturation of a 
prefilter. 
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7.3.17 Corollary 
If :F is a prefilter with c(:F) = c > 0 then: 

!i = {v E IX : '110 < ;:t .5:. c, '11(3 < a, vf3 E P}. 

PROOF. 

v E :F o¢::=? v E :Ff:F 
o¢::=? '110 < a :::; c, '11(3 < a, zJ3 E (fF y- a = :Fa. 

o 

7.4 Prime G-Filters 

We seek a suitable definition of a prime g-filter which ties in with the theory of prime 
prefilters. 

7.4.1 Definition 
We call a g-filter f on X prime if 

VA, B ~ X, f(A U B) = f(A) V f(B). 

For example: 
for a E X, a E 10, it is straightforward to check that f = fa,a defined earlier is a g-filter 

and that f is prime. 
Theorem 5.3.10, which characterises the minimal prime prefilters finer tha~ a given 

prefilter, has found a number of applications. With this in mind, we attempt to construct a 
similar theory of prime g-filters. 

We first find the connection between prime g-filters and ultrafilters. 

7.4.2 Lemma 
Let IF be a filter on X and let 0 < a :::; 1. Then 

IF is an ultrafilter o¢::=? a1lF is a prime g-filter. 

PROOF. 

(=» 
Let IF be an ultrafilter. If A U B E IF then a1lF(A U B) = a. Furthermore, since IF is an 

ultrafilter, A E IF or B Elf. Thus 

a1lF(A) V a1lF(B) = a = a1lF(A U B). 

If A U B f/. IF then llF(A U B) = O. Since IF is a filter, A f/. IF and B f/. IF and hence 

a1lF (A) Va1lF (B) = 0 = a1lF(A U B). 

(~) 
Let a1lF be prime and let Au B E IF. Then 

Therefore 
a1lF(A) = a or a1lF(B) = a 

and so A E IF or B E IF. Thus IF is an ultrafilter. 
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7.4.3 Theorem 
Let f be a g-filter with c(f) = c. Then 

PROOF. 

( <¢::) 
If a < c then 

7.4.4 Corollary 

f is prime -¢:::::::::} fe is an ultrafilter. 

Au B E fe -¢:::::::::} f(A U B) = f(A) V f(B) = c 
-¢:::::::::} f(A) = c or f(B) = c 
-¢:::::::::} A E fe or B E fe 

a < f(AUB) =?AUB E f'" = fe 
=? f(A U B) = c and A E fe or B E fe 
=? f(A) V f(B) = c = f(A U B) 

If f is a prime g-filter with c(f) = c then fe = fO. 

PROOF. 

We have fe ~ fO and fe is an ultrafilter. 

The reader can check that if A ~ X, a > 0 and IF' = ({A}) then 

alF is prime -¢:::::::::} A is a singleton. 

If IF' is a filter then we define 

P(lF') ~f {K : IF ~ K, K is an ultrafilter} 

o 

D 

We now investigate the situation with regard to prime g-filters finer than a given g-filter. 

7.4.5 Lemma 
If f is a g-filter then 

IF' E P(f°) =? 1F is a prime g-filter and f :S IF. 

PROOF. 

Let 9 = IF. Then, by Lemma 7.4.2, 9 is prime. 
If A ~ X and f(A) > 0 then A E fO ~ IF'. Thus g(A) = I 2:: f(A) and so f :S g. 

7.4.6 Corollary 
If f is a g-filter, a 2:: c = c(f) and IF' E P(f°) then alF is a prime g-filter with f :S allF. 

PROOF. 

It follows from lemma 7.4.2 that ah is prime. Furthermore, if A ~ X then 

f(A) > 0 =? A E fO ~ IF' 
=? ah(A) = a 2:: c = f(X) 2:: f(A) 
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7.4.7 Theorem 
If f is a prime g-filter with c(f) = c and IF' = fe then 

PROOF. 

Let A ~ X. If f(A) > 0 then A E fO = fe = IF' and hence f{A) = c = elF (A). 
If f(A) = 0 then A ¢ IF' and so f(A) = 0 = c1F(A). 

~ - -

Thus prime g-filters are precisely those g-filters of the form alF with IF' an ultrafilter. 
If f is a g-filter on X, let 

P(f) ~f {g : 9 is a prime g-filter and f ::; g}. 

We now aim for the g-filter equivalent of Lowen's Theorem 5.3.10. 

7.4.8 Theorem 
If f is a g-filter with c(f) = c then 

PROOF. 

o 

Let 9 E P(f) with c(g) = a and IF' = ga' Then, by Theorem 7.4.7, 9 = alF with IF' an 
ultrafilter. Furthermore, since f ::; g, we have c(f) ::; a = c(g) and IF' ~ fO. 

Conversely, if 9 = alF then, by Corollary 7.4.8, 9 E P(f). 
o 

For a g-filter f let us define 

Pm(f) ~f {g : 9 is a minimal prime g-filter and f ::; g}. 

It is now an easy matter to obtain a characterisation of the minimal prime g-filters which 
are finer than a given g-filter. 

7.4.9 Corollary 
If f is a g-filter with c(f) = c then 

PROOF. 

Let 9 E Pm (f). Then 9 = alF for some a 2:: c and some IF' E JP'(f0). If a > c then we 
can choose {3 such that c < {3 < a and then h = {31F E P(f) with h ::; 9 and h =I- 9 which 
contradicts the minimality of g. 

o 

Our next task is to find the relationship between prime prefilters and prime g-filters. We 
first need the following lemma. 

7.4.10 Lemma 
Let (1,::;) be a totally ordered set and let (X,::5) be a partially ordered set. Let 

cp, 'I/J : (1, ::;) -7 (X,::5) 
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be decreasing functions in the sense that 

'rIa,{3 E I, (a ~ (3 =? <p({3) ~ <p(a), 'IjJ({3) ~ 'IjJ(a». 

Let F ~ X have the property 

'rIx, (x E F, x ~ y, =? Y E F). 

Then 

'ria E I, (<p(a) E F or 'IjJ(a) E F) ¢:::::} ('ria E I, <p(a) E F) or ('ria E I, 'IjJ(a) E F). 

PROOF. 

We only have to show the forward implication so suppose that 3a E I such that <p(a) fj. F. 
We must show that 'rI{3 E I, 'IjJ({3) E F. Now 

Thus if (3 ~ a then 
'IjJ(a) ~ 'IjJ({3) =? 'IjJ({3) E F. 

On the other hand, if a < (3 then 

7.4.11 Corollary 

<p({3) ~ <p(a) =? <p({3) fj. F( otherwise <p(a) E F. ) 
=? 'IjJ({3) E F. 

o 

Let I ~ ~ be an interval, X a set and let <p, 'IjJ : 1-+ P(X) be functions with the property 
that 

'ria, {3 E I, (a ~ (3 =? <p({3) ~ <p(a), 'IjJ({3) ~ 'IjJ(a». 

and let IF be a filter on X. Then 

'ria E I, (<p(a) ElF or 'IjJ(a) ElF) ¢:::::} ('ria E I, <p(a) E IF) or ('r/ E I, 'IjJ(a) ElF). 

7.4.12 Theorem 
Let f be a prime g-filter on a set X with c(f) = c. Then Ff is also prime. 

PROOF. 

Let J.1. V 1/ E F f . Then, according to Lemma 7.3.3, Theorem 7.4.3 and Corollary 7.4.4, 

with IF an ultrafilter on X. We therefore have 

We now invoke Corollary 7.4.11 and claim that 

('r/"( E [0, c), J.1.7 ElF) or ('rI"( E [0, c), 1/7 ElF). 

This, together with Lemma 7.3.3, shows that J.1. E IF or 1/ E IF. 
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7.4.13 Theorem 
Let :F be a prime prefilter on a set X with c(:F) = c. Then I;: is also prime. 

PROOF. 

We need to show that, for A, B ~ X' 

J;:(A U B) $ I;: (A) V J;:(B). 

To this end let 0 < 0: < J;:(A U B). Then 

0: < C - inf 8;: (A U B) ¢::::::? C - 0: E 8;: (A U B) 
¢::::::? Au B E :Fe-a = :Fo 
<===? A E :Fo or B E :Fo (since :Fo is an ultrafilter) 
<===? c - 0: E 8;:(A) or c - 0: E 8;:(B) 

=> inf 8;:(A) $ c - 0: or inf 8;:(B) $ c - 0: 

=> J;:(A) ~ 0: or I;:(B) ~ 0: 

=> J;:(A) V J;:(B) ~ 0:. 

Since 0: is arbitrary, we are done. 

7.4.14 Corollary 
If I is a g-filter and :F is a prefilter then 

PROOF. 

I is prime 
:F is prime 

<===? :Fj is prime 
<===? I;: is prime. 

The proof follows immediately from 7.3.13, 7.3.14, 7.4.12 and 7.4.13. 

Finally, we check that prime g-filters are preserved by functions. 

7.4.15 Theorem 
Let h : X --7 Y and let I be a prime g-filter on X. Then h(f) is a prime g-filter on Y. 

PROOF. 

We saw in Theorem 3.6 that h(f) is a g-filter on Y. Now let A, B E 2Y . Then 

Thus h(f) is prime. 
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Chapter 8 

Generalised Uniform Spaces 

8.1 Introduction 

In [15] the notion of a generalised uniform space is introduced and studied. Here we study 
generalised uniform spaces with the aid of generalised filters. 

Let X be a set and us;; P(X x X) = 2xxx. Then we define 

~ = {(x,x): x E X} and Us = {(x,y): (y,x) E U}. 

We define 
o 
U = {V S;; X x X : V 0 V S;; U}. 

8.1.1 Definition 
If X is a set then a function d : 2x x x ---. I is generalised uniformitiy on X iff 

1. d is a g-filter and c( d) = 1; 

2. ~ U S;; X x X, d(U) > 0 => ~ S;; U; 

3. ~ U S;; X x X, d(Us) 2: d(U); 

4. ~ U S;; X x X, d(U) ~ sup d(V). 
o 

VEU 

We call (X, d) a generalised uniform space (or g-uniform space). 

The following lemma establishes a generalised uniform space from a uniform space. 

8.1.2 Lemma 
If (X, Il») is a uniform space then llIJl : 2xxX ---. I is a generalised uniform space. 

PROOF. 

11IJ1 is a g-filter and 11IJ1(X x X) = 1. 
If U S;; X x X and 11IJ1(U) > 0 then ~ S;; U. 
Let US;; X x X. Then if 11IJ1(U) > 0 then U E Il» and so Us E Il». Therefore 11IJ1(Us) 2: 

11IJ1(U). 
o 

Let U S;; X x X. If 11IJ1(U) > 0 then U E Il» and so 3V E Il» such that V E U. Therefore 
sup llIJl(V) 2: llIJl(U). 

o 
VEU 

o 

Next we define the a-level uniformities of a generalised uniformity. 
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8.1.3 Theorem 
Let (X, d) be a generalised uniform space. Then for each a E h 

dC< = {U E X x·X : d(U) > a} 

is a uniformity on X. 

PROOF. 

Let a E h. Since c(d) = 1, dC< is a filter. 
Let U E dC<. Then d(U) > a ~ 0::::}.6. ~ U. 
Let U E dC<. Then d(Us) ~ d(U) > a::::} Us E dC<. 

o 

~. . 

Let U E dC<. Then sup d(V) ~ d(U) > a. Therefore ~V E U such that d(V) > a. Thus 
o 

VEU 
3V E dC< such that V 0 V ~ U. 

Hence the result. 
The uniformity dC< will be referred to as the a-level uniformity of d. 
Our next task to build a fuzzy uniformity from a generalised uniformity. This can be 

done using the previous theorem together with theorem 6.6.2. 

8.1.4 Theorem 
Let (X, d) be a generalised uniform space. Then 

is a fuzzy uniformity on X. 

PROOF. 

We have dC< is a uniformity for each a E h. 
Let d(a) = d1-c< for each a E 10. Then we have 

o < ,e :::; a :::; 1 ::::} d(fi) ~ d( a) 

and for each a E 10, 

d(a) = d1-c< = U d1- fJ = U d(fi) by 7.3.10. 
O<fJ<c< O<fJ<c< 

Therefore 
Vd = {a E 1xxX : \if a E (0,1), \if ,e < a, afJ E d(a)} 

is a fuzzy uniformity on X. 

Now we try to establish a generalised uniformity from a fuzzy uniformity. 

o 

o 

Let (X, V) be a fuzzy uniform space. Then V is a saturated prefilter with c(V) = 1. For 
U ~ X x X we have 

S1)(U) = {a E (0,1] : U E VC<} 

and 
d _ { 1 - inf S1)(U) if S1)(U) # 0 

1) - 0 if S1)(U) = 0. 

8.1.5 Theorem 
Let (X, V) be a fuzzy uniform space. Then d1) : 2xxX ~ 1 is a generalised uniformity. 

84 



PROOF. 

(i) We have d1) is a g-filter and d1)(X x X) = 1. 
(ii) Let U ~ X x X and d1)(U) > O. Then S1)(U) #- 0. Therefore U E 1)1 ::::;,. ~ ~ U. 
(iii) Let U ~ X x X and d1)(U) > O. 'Then 3{3 < 0: such that S1)(U) = ({3, 1]. -Therefore 

"I 0: E ({3,1], U E 1)0< and so Us E 1)0< and hence S1)(Us) = ({3,1]. Therefore d1)(U) = 
d1)(Us). 

(iv) Let U ~ X x X and 0: < d1)(U). Then inf S1)(U) < 1 - 0:. Therefore 1 - 0: E 
o 

S1)(U) ::::;,. U E 1)1-0< ::::;,. 3V E 1)1-0< such that V 0 V ~ U. Thus V E U and 1 - 0: E S1)(V). 
Therefore d1)(V) > 1- (1- 0:) = 0:. So sup d1)(V) > 0:. Since 0: is arbitrarY, sup d1)(V) 2:: 

o o 
VEU VEU 

d1)(U). 
Hence the result. 

o 

8.1.6 Theorem 
The collection of fuzzy uniform spaces is in a one-to-one correspondence with the collection 
of generalised uniform spaces. 

PROOF. 

Let IFUSI be the collection of fuzzy uniform spaces and IGUSI be the collection of 
generalised uniform spaces. Then define 

'ljJ: IFUSI---? IGUSI, (X, 1)) t-+ (X, d1)). 

Let (X1,1)1) #- (X2,1)2). 
If Xl #- X2 then clearly (Xl, d1)l) #- (X2' d1)2)' 
If 1)1 #- 1)2 then we have d1)l #- d1)2' 
Consequently 'ljJ is injective. 
To see 'ljJ is surjective, let (X, D) E IGUSI. Then d is generalised filter on X. 
By 7.3.13, 'ljJ(X,1)d) = (X, d1)d) = (X, d). 
Therefore 'ljJ is bijective. 

8.1. 7 Corollary 
Let (X,1)) be a fuzzy uniform space and (X, d) be a generalised uniform space. Then 

1)dv = 1) and d1)d = d. 

PROOF. 

Since 1) is saturated prefilter and by (7.3.14) and (7.3.15) the result follows. 

8.1.8 Proposition 
Let (X, IDl) be a uniform space. Then 

"I 0: E h, (llIJl)O< = IDl. 

PROOF. 

Let 0: E h. Then 

U E (llIJl)O< <==? llIJl(U) > 0: <==? llIJl(U) > 0 <==? U E IDl. 
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8.2 Uniformly Continuous Functions 

8.2.1 Definition . 
Let (X, d) and (Y, e) be generalised uniform spaces and f; X ~ Y be a mapping. Then f 
is said to be uniformly continuous if . . 

\j V ~ Y x Y, d((J x ft-(V)) 2: e(V). 

We obtain an a-level theorem for uniformly continuous mappings. 

8.2.2 Theorem 
Let (X, d) and (Y, e) be generalised uniform spaces. Then 

(a) f ; (X, d) ~ (Y, e) is uniformly continuous =:;. \j a E h,f ; (X, dO!) ~ (Y, eO!) is 
uniformly continuous. 

(b) \j a E (0,1), f; (X, dO!) ~ (Y, eO!) is uniformly continuous =:;. f ; (X, d) ~ (Y, e) is 
uniformly continuous. 

PROOF. 

f is d - e uniformly continuous 
~ \j V ~ Y x Y, d((J x f)~ (V)) 2: e(V) 
~ \j V ~ Y x Y, \j a E (0,1), (e(V) > a=:;. d((J x f)~ (V)) > a) 
~ \j V ~ Y x Y, \j a E (0,1), (V E eO! =:;. (J x f)~(V) E dO!) 
~ \j a E (0,1), f; (X, dO!) ~ (Y, eO!) is uniformly continuous. 

To complete the proof we only have to show, if f is d - e uniformly continuous then 
f: (X, dJ) ~ (Y, eO) is uniformly continuous. This can be proved by taking a ~ 0 in the 
above result. 

o 

The following three theorems simpilifies some of the the work later on when we map a 
morphism of a category into a morphism of another category. 

8.2.3 Theorem 
Let (X, lIJl) and (Y, lFJ) be uniform spaces. Then 

f: (X, lIJl) ~ (Y, lFJ) is uniformly continuous =:;. f : (X, l IIli ) ~ (Y, IE) is uniformly continuous. 

PROOF. 

Let V ~ Y x Y. Then 

uniformly continuous. 
o 

8.2.4 Theorem 
Let (X, d) and (Y, e) be generalised uniform spaces. Then 

f: (X, d) ~ (Y, e) is uniformly continuous ~ f : (X, 1)d) ~ (Y,1)e) is uniformly continuous. 
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PROOF. 

8.2.5 Theorem 

f is d - e uniformly continuous. 
{::::::> 'if a E (0,1), f: (X, dOl----:-" (Y, e"') is uniformly continuous 
{::::::> f : (X,1)d) -> (y,1)e) is uniformly continuous (by 6.6.7). 

Let (X, 1)) and (Y, t:) be fuzzy uniform spaces. Then 

o 

f: (X, 1)) -> (Y, t:) is uniformly continuous {::::::> f : (X, dv ) -> (Y, de) is uniformly continuous. 

PROOF. 

f is 1) - E uniformly continuous 
{::::::> 'if a E (0,1), f is 1)'" - E'" uniformly continuous 
{::::::> 'if a E (0,1), f is db-'" - d~-'" uniformly continuous 
{::::::> 'if a E (0,1), f is dv - dE: uniformly continuous. 
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Chapter 9 

Fuzzy Filters 

9.1 Inroduction 

In [23], the notion of a fuzzy filter is introduced and studied. We adopt a slightly different 
definition of a fuzzy filter. In [29] some special propeties of fuzzy filters can be found. Some 
results are from J.Gutierrez through private communication. 

9.1.1 Definition 
We call a non-zero function cp : IX --> I a fuzzy filter or a f-filter on X if cp satifies the 
following conditions. 

1. cp(O) = 0; 

2. '<IJ1, v E IX, cp(J1 /\ v) ~ cp(J1) /\ cp(v); 

3. '<IJ1, v E IX, J1 So v=? cp(J1) So cp(v). 

Of course, the condition that cp is non-zero is equivalent to the condition cp(l) > O. 
This definition of a fuzzy filter differs from the definition in [23], where it is required that 
cp(l) = 1. 

If cp: IX ~ I is a function and J1 E IX, we define 

(cp)(J1) ~f supcp(v). 
v'5,}J-

We call a non-zero function cp : IX --> I a fuzzy filter base or a f-filter base on X if cp 
satisfies the following conditions. 

1. cp(O) = 0; 

2. '<lVI, V2 E IX, CP(Vl) /\ CP(V2) So (CP)(VI /\ V2). 

It follows immediately that a fuzzy filter is a fuzzy filter base. 

9.1.2 Theorem 
If X is a set and cp is a fuzzy filter base on X then (cp) is a fuzzy filter on X. 

PROOF. 

(i) (cp)(O) = supcp(v) = cp(O) = o. 
v '5, 0 

(ii) Let J1, v E IX. If (cp)(J1) /\ (cp)(v) = 0 then (cp)(J1) /\ (cp)(v) So (cp)(J1 /\ v). So let 

o < CI < (cp)(J1) /\ (cp)(v). 
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Then 
o < a < sup CP(J.1I) /\ sup CP(VI). 

J1.1~J1. Vl~V 

So there exists J.1I $ J.1 and VI $ V such,t4at 

o < a < CP(J.1I) /\ CP(VI) $ (CP)(J.1I /\ VI). 

Thus there exists 'lj; $ J.1I /\VI $ J.1/\v such that 0 < a < cp('lj;). Therefore a < (cp)(J.1/\v) 
and hence, since a is arbitrary, it follows that 

(cp)(J.1) /\ (cp)(v) $ (cp)(J.1 /\ v). 

(iii) Let J.1 $ v. Then 

(cp)(J.1) = sup CP(J.1I) $ sup CP(J.1I) = (cp)(v). 
J1.1~J1. J1.1~V 

o 

9.1.3 Definition 
We define the characteristic, c( cp), of a fuzzy filter cP by 

c(cp) ~f sup cp(v). 
vEIX 

9.1.4 Theorem 
Let cP be a fuzzy filter base on a set X . Then 

c(cp) = c({cp»). 

PROOF. 

c({cp») = sup (cp)(v) = sup supcp(J.1) = sup cp(J.1) = c(cp). 
vElX vElX w5y J1.EIX 

o 

9.1.5 Lemma 
Let cP be fuzzy filter on a set X and let J.1, V E IX. Then 

1. c(cp) = cp(l); 

2. cp(J.1 /\ v) = cp(J.1) /\ cp(v). 

PROOF. 

(1) Let cp be fuzzy filter. Then we have 

J.1 $ v=> cp(J.1) $ cp(v). 

Therefore c(cp) = sup cp(v) = cp(l). 
vElX 

(2) We have cp(J.1 /\ v) 2:: cp(J.1) /\ cp(v). But J.1 /\ v $ J.1 and J.1 /\ v $ v. Consequently, 

cp(J.1 /\ v) $ cp(J.1) /\ cp(v). 

o 

Remark When we try to show cp : IX ~ I is a fuzzy filter it is enough to show that cp 
satisfies the following conditions. 

(1) cp(O) = 0; 
(2) ~ J.1, v E IX, cp(J.1 /\ v) = cp(J.1) /\ cp(v). 
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9.1.6 Examples 
(1) Let 0 #- J.l E IX. For each v E IX we define, 

{ 

Q' if v 2: J.l 
CPJL(v) = : 0 if v :l J.l. 

Then CPJL is a fuzzy filter on X, with c(cp) = Q. 

(2) For each J.l E IX we define 
cp(J.l) = inf J.l. 

Then cP is a fuzzy filter on X with c( cp) = 1. 
Since: 

cp(O) = 0 and cp(l) = 1. 

inf J.ll\ v = inf (J.ll\ v)(x) = 1\ (J.l(x) 1\ v(x) 
xEX xEX 

= (1\ J.l(x)) 1\ (1\ v(x» = inf J.ll\ inf v. 
xEX xEX 

Therefore cp(J.l1\ v) = cp(J.l) 1\ cp(v). 

(3) Let Xo E X be fixed and for each v E IX we define 

CPxo (J.l) = J.l(xo) 

Then CPXD is a fuzzy filter on X with c( cp) = 1. 

(4) Let :F be a prefiter on X with c(F) = 1. For each J.l E IX we define 

cp(J.l) =1 - cJL(F). 

Then cP is a fuzzy filter on X with c(cp) = 1. 
Since: 

cp(O) = 1 - c(:F) = 1 - 1 = O. 

cp(l) = 1- c1 (F) = 1- 0 = 1. 

Let A = {Q E I : J.l + Q E :F}, B = {Q E I : v + Q E :F} and 
C = {Q E I: J.ll\ v + Q E :F}. Now we have to show 

inf C = (inf A) 1\ (inf B). 

QEC ~J.ll\v+QE:F 

~ J.l + Q E :F and v + Q E F 
~ Q E A and Q E B. 

Therefore C ~ A and C ~ B. Hence inf C 2: inf A and inf C 2: inf B. 
IT inf C > inf A then 3, : inf C > , > inf A. Now we have to show inf C = inf B. 
Assume that inf C > inf B then 3fi: inf C > fi > inf B. Therefore 

inf C > fi V , > inf A and inf C > fi V , > inf B 

and hence fi V, E A and fi V, E B. Thus J.l + fi V, E :F and v + fi V, E:F. SO 
(J.l + fi V ,) 1\ (v + fi V ,) = J.ll\ v + fi V,. Therefore fiv, E C and so fi V, > inf C. This is 
a contradiction. Therefore inf C = (inf A) 1\ (inf B). So 

1 - inf C = 1 - (inf A) 1\ (inf B) 
= (1 - inf A) 1\ (1 - inf B). 

Therefore 
cp(J.l1\ v) = cp(J.l) 1\ cp(v). 
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9.1.7 Definition 
A fuzzy filter cp is said to be prime if it satisfies, 
V p, v E IX, cp(p V v) = cp(p) V cp(v). 

9.1.8 Definition 
A fuzzy filter cp is said to be stratified if 
V 0: E [0,1], cp(o:lx) = 0: 1\ cp(l). 

9.1.9 Proposition 
Given a fuzzy stratified filter cp, if for any p E IX we define, 

cp(p) = infcp(p+ c:) 
eE10 

r - -

then cp is also a fuzzy stratified filter finer than that cp which will be called the saturated 
hull of cpo 

PROOF. 

Let cp be a fuzzy stratified filter and 

cp(p) = inf cp(p + C:). 
eE10 

Then 
cp(O) = inf c: 1\ cp(l) = O. 

eE10 

cp(p 1\ v) = inf cpCp 1\ v + c:) 
eElo 

= inf cp(p + c: 1\ v + c:) 
eElo 

= inf cp(p+c:) 1\ inf cp(v+c:) 
eElo eE10 

= cp(p) 1\ cp(v). 

cp(o:lx) = inf cp(o:lx + c:) = inf (0: + c:) 1\ cp(l) = 0: 1\ cp(l) = 0: 1\ cp(l). 
eE10 eElo 

Finally, since cp is non-decreasing, it follows that cp is finer than cpo 

9.1.10 Definition 
A fuzzy filter cp is said to be saturated if it is stratified and cp = cpo 

9.1.11 Proposition 
A fuzzy stratified filter cp on X is saturated iff for each family (Pe)eElo ~ IX we have 

cp(SUP(Pe - c:)) ~ inf CP(Pe). 
eE10 eE10 

PROOF. 

(~) 

Let cp be saturated, {PehE1o ~ IX and P = sUP(Pe - c:). Then 
eE10 

cp(p) = cp(p) = inf cp(p + c:). 
eE10 

But we have V c: E 10, p+c: ~ Pe. 
Therefore V c: E 10, cp(p + c:) ~ CP(Pe) and hence 

cp(p) = inf cp(p+c:) 
eE10 

~ inf CP(Pe). 
eE10 
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( -¢=) 
Conversly, if for each family {,ue}gElo ~ IX, 

<p(sup(/lg - c)) ?: inf <p(,ug). 
gElo '. gElo 

Then for any ,u E IX, we can consider the family {,u + c}gEIO ~ IX and we have 

<p(sup(,u + c - c)) ?: inf <p(,u + c). 
gElo gElo 

Thus <p(,u) ?: (j;(,u). Therefore <p(,u) = (j;(,u) and hence <p = (j;. 
o 

9.2 Fuzzy Filters with Characteristic 1 

We will see in Chapter 10 that a super uniformity is a fuzzy filter with characteristic 1 plus 
other conditions. So let's investigate some properties of fuzzy filters with characteristic 1. 

9.2.1 Proposition 
Let <p be a fuzzY filter on X with c(<p) = 1. For each a E (0,1] the collection 

is a prefilter. FUrthermore the family {<p"'}"'Elo is non-increasing and for a E 10, <p", = 
n <pf3. 

f3<'" 

PROOF. 

Let a: E 10 . Then 
1 E <p", and ° f/. <p", and so <p", =I- 0. 

Let,u, v E <p",. Then <p(,u) ?: a and <p(v) ?: a. Therefore <p(,u 1\ v) = <p(,u) 1\ <p(v) ?: a 
and hence ,u 1\ v E <p",. 

Let ,u E <p", and ,u ::; v. Then <p(,u) ?: a and <p(,u) ::; <p(v). Therefore <p(,u) ?: a and so 
v E <p",. 

Hence <p", is a prefilter. 
It is easy to see that 

° < /3 ::; a ::; 1 ::} <pf3 2 <p",. 

Let a: E 10 . Then 'if /3 < a, <p", ~ <pf3. Therefore <p", ~ (.In <pf3. 
1-'<'" 

Let ,u E n <pf3. Then 'if /3 < a, ,u E <pf3. Therefore 'if /3 < a, <p(,u) ?: /3 and so 
f3<", 

<p(,u) ?: sup/3 = a. So,u E <p", and hence <p", = n <pf3. 
f3<", f3<'" 

We call <p", the a-level prefilter of the given fuzzy filter <p and the construction 

<p ---> {<P"'}"'Elo 

will be called the decomposition of <p into the system of its a-level prefilters. 

9.2.2 Lemma 

o 

Let {F(a:)}",E(O,l) be a non-increasing collection of prefilters on a set X. Then for ,u E IX 
let 

A,u = {a E (0,1) :,u E F(a)}. 

Then A,u = 0 or :3 /3 E (0,1) : A,u = (0, (3) or A,u = (0, /3]. 
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PROOF. 

Let A,u =I- Ql and (3 E AI-'" Then jJ E F((3). If 0: < (3 then jJ E F((3) S;;; F(o:). 
o 

9.2.3 Proposition 
Let {F( 0:)}0<E(0,1) be a non-increasing collection of prefilters on a set X. If for any jJ E IX 
we define 

'P(jJ) = sup{o: E (0,1) : jJ E F(o:)} 

then 'P is a fuzzy filter with c( 'P) = 1. 
Furthermore F(o:) is exactly the o:-level prefilter 'POI. of'P iff the collection {FOI.}OI.E(O,l) 

satisfies the condition that for any 0: E (0,1), F(o:) = n F((3). 
{J<OI. 

PROOF. 

Let {F(O:)}OI.E(O,l) be a non-increasing collection of prefilters. Then 

0< 0: ~ (3 < 1 => F(o:) 2 F((3), 

'P(O) = supQl = 0 and 'P(1) = sup(O, 1) = 1. 

We have to show 

Now 

'P(jJ /\ v) = 'P(jJ) /\ 'P(v). That is supA,u/lv = supA,u /\ supAv. 

0: E A,u/lv => jJ /\ v E F(o:) 
=> jJ E F(o:) and v E F(o:) 
=> 0: E A,u and 0: E Av. 

Therefore A,u/lv S;;; A,u and A,u/lv S;;; Av· Hence sup A,u/lv ~ sup Av and sup A,u/lv ~ 
supAv. 

If supA,u/lv < supA,u then 3(3 : supA,u/lv < (3 < supA,u- Now we have to show 
sup A,u/lv = sup Av. 

Assume that sup A,u/lv < sup Av then 3 'Y : sup A,u/lv < 'Y < sup Av. Therefore 

supA,u/lv < (3/\ 'Y < supA,u and supAJL/lV < (3/\ 'Y < supAv 

and hence (3 /\ 'Y E AJL and (3 /\ 'Y E Av. Therefore jJ E F((3 /\ 'Y) and v E F(f3 /\ 'Y) 
and so jJ /\ v E F(f3 /\ 'Y). Hence (3/\ 'Y < sup A,u/lv. This is a contradiction. Therefore 
supA,u/lv = supA,u /\ Av. Thus 

Therefore 'P is a fuzzy filter. 
(=» 

If F( 0:) is exactly the o:-level prefilter 'POI. of 'P then by the above proposition for any 
0: E (0,1) 

F(o:) = n F((3). 
(3<0I. 

(¢:) 
Let the collection {F(O:)}OI.E(O,l) satisfy the condition that for any 0: E 10, F(o:) 

n F((3). 
(3<0I. 

Let 'Y E (0,1). Then 

Fb) = n F((3) and 'P'Y = {jJ E IX : 'P(jJ) ~ 'Y}. 
{3<'Y 
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Now we have to show .1"('y) = CP'Y. 
Let fJ, E .1"('y). Then V (3 < 'Y, fJ, E .1"({3). Therefore 

cp(fJ,) = sup{o: E I~ : fJ, E .1"(0:)} ~ "f. 

Therefore fJ, E CP'Y. 
Let fJ, E CP'Y· Then cp(fJ,) ~ 'Y. Thus 

sup{ 0: E 10 : fJ, E .1"( o:)} 2: 'Y. 

Therefore V 0: < 'Y, fJ, E .1"(0:) and hence fJ, E .1"('y). 
o 

9.2.4 Proposition 
Let cP be a fuzzy filter on X with c( cp) = 1. If cP is prime then for all 0: E 10, CPOl is prime. 

PROOF. 

Let 0: E 10, fJ, V v E CPOl. Then cp(fJ, V v) 2: 0:. 
Therefore cp(fJ, V v) = cp(fJ,) V cp(v) 2: 0: and hence 

cp(fJ,) 2: 0: or cp(v) 2: 0:. 

Thus 
fJ, E CPOl or v E CPOl· 

Hence CPOl is prime prefilter. 

9.2.5 Proposition 

o 

Let {F(O:)}OlE(O,l) be a non-increasing collection of pre filters on X. Iffor all 0: E (0,1), .1"(0:) 
is prime, then the fuzzy filter generated by this collection is prime. 

PROOF. 

We have 
cp(fJ,) = sup{o: E (0,1) : fJ, E .1"(0:)} = supAI' 

is a fuzzy filter. Then 

Therefore 

and so 

Thus 

We have 

0: E A!'vv =? fJ, V v E .1"(0:) 
=? fJ, E .1"(0:) or v E .1"(0:) [Since .1"(0:) is prime 1 
=? fJ, E lFOl or v E CPc," 

0: E A!, =? 0: E A!'vv. 

Therefore A!, ~ A!'vv and so sup A!, ::; sup A,uvv. Similarly sup Av ::; sup A!'vv. Therefore 
supAI' V supAv ::; supA!'vv. Hence supAI' V supAv = supA!'vv. Thus cp(fJ, V v) = 
cp(fJ,) V cp(v). 

o 

The proof of the following lemma is straightforward. 
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9.2.6 Lemma 
Let cP be fuzzy filter with c( cp) = 1. Then 

\;j a E [0, 1), . cp( a1x) = a . 
. :. . 

9.2.7 Proposition 
Let cp be a fuzzy filter on X with c(cp) = 1. If cP is stratified then for all a E 10, C(cpa:) = 
[0, a). 

PROOF. 

Let a E 10. Then 

is a prefilter. We have 
C( CPa:) = {,6 E I : ,61x E CPa:}· 

Let "( < a. Then cph1x) = "( < a. Therefore "(Ix fj. CPa:. Thus "( E C(cpa:). 
Let "( ~ a. Then cph1x) = "( ~ a. Therefore "(Ix E CPa:. Thus "( fj. C(cpa:). 
Hence C(cpa:) = [O,a). 

9.2.8 Proposition 

o 

Let {.1'( a)}a:E(O,l) be a non-increasing collection of pre filters on X. Iffor all a E (0,1), C(.1'(a» = 
[0, a) then the fuzzy filter generated by this collection is stratified. 

PROOF. 

Let {.1'(a)}a:E(O,l) be a non-increasing collection of pre filters on X and for any aE (0,1), 

C(.1'(a» = [0, a). 

Thus 
{,6 E I : ,6Ix fj. .1'(a)} = [0, a). 

Let 
cp(p) = sup{a E (0,1) : p E .1'(a)}. 

Then cP is a fuzzy filter with c(cp) = 1. Now we have to show that \;j "( E I, cph1x) = "(. 
Let "( E I. Then 

"(Ix fj. .1'(a) for,,( < a 

and 
"(Ix E .1'(a) for "( ~ a. 

Therefore 

Hence f is stratified. 
o 

9.2.9 Proposition 
Let cP be a fuzzy filter on X with c(cp) = 1. If cP is saturated, then for all a E 10, CPa: is 
saturated. 
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PROOF. 

Let 0: E 10 and VeE 10, f-l + e E CPc<. Then 

VeE 10,' cp(f-l + e) 2: 0:. 

Since cP is a saturated fuzzy filter it follows that 

cp(f-l) = inf cp(f-l + e) 2: 0:. 
eE10 

Therefore f-l E CPc<· Hence CPc< is a saturated prefilter. 
o 

9.2.10 Proposition 
Let {F(O:)}c<E(O,l) be a non-increasing collection of prefilters on X such that for each 0: E 
(0,1), C(F(o:)) = [0,0:). If for all 0: E (0,1), F(o:) is saturated, then the fuzzy filter 
generated by the collection is saturated. 

PROOF. 

Let {F(O:)}c<E(O,l) be a non-increasing collection of saturated prefilters on X and for each 
0: E (0,1), C(F(o:)) = [0,0:). Then we have 

cp(f-l) = sup{o: E (0,1) : f-l E F(a)} 

is a stratified fuzzy filter. 
Let 'Y < inf cp(f-l + e). Then VeE 10, cp(f-l + e) > 'Y and hence 

eE10 

VeE 10 , f-l+e E F(o:). 

But F("f) is saturated. So f-l E F("f) and hence cp(f-l) 2: 'Y. Consequently, 

cp(f-l) 2: inf cp(f-l + e) = rp(f-l). 
eElo 

Hence cp(f-l) = rp(f-l). Thus cP is saturated. 

9.2.11 Proposition 
Let cP be fuzzy filter with c( cp) = 1. Then for all 0: E 10, we have CPc< = rpc<. 

PROOF. 

Let 0: E 10. Then 

9.2.12 Proposition 

f-l E cp""'a. <¢=:::} VeE 10, f-l + e E CPc< 
<¢=:::} VeE 10 , cp(f-l + e) 2: 0: 

<¢=:::} rp(f-l) = inf cp(f-l + e) 2: 0: 
eE10 

<¢=:::} f-l E rp c< . 

o 

o 

Let {F(O:)}c<E(O,l) be a non-increasing collection of prefilters on X such that for each 0: E 
(0,1), C(F(o:)) = [0,0:). The satu~d hull of the fuzzy filter generated {F(O:)}c<E(O,l) is 

just the fuzzy filter generated by {F(O:)}c<E(O,l). 
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PROOF. 

For J-l E IX, let 
<p(J-l) = sup{n E "(0,1) : J-l E .1"(n)} 

and 
* ~ 
<p(J-l) = sup{ n E (0,1) : J-l E .1"(n)}. 

Now we have to show cp(J-l) = cp(J-l). 
* ~ 

Let 'Y < <p(J-l). Then J-l E .1"(')'). Therefore 

V c E 10, J-l+ c E .1"(')'). 

So 

Therefore 

Hence cp(J-l) 2:: cp(J-l). 
On the other hand let 'Y < cp(J-l). Then 

V c E 10, <p(J-l+c» 'Y. 

So 
V c E 10, J-l + c E.1"(')'). 

~ * * Therefore J-l E .1"(')') and hence <p(J-l) 2:: 'Y. Consequently, <p(J-l) 2:: cp(J-l). 
Hence cp(J-l) = cp(J-l). 

o 

9.3 Fuzzy Filters From G-Filters and G-Filters From 
Fuzzy Filters 

If f : 2X ~ 1 is a g-filter we define <Pf : IX ~ 1 by 

<Pf(J-l) ~f sup f(J-lO:) 1\ n. 
O:E(O,l) 

If <P: IX ~ 1 is a f-filter we define Icp : 2x ~ 1 by 

9.3.1 Theorem 
Let X be a set, fag-filter on X and 'P a f-filter on X. Then 

1. <Pf is a stratified f-filter and c(<Pf) = c(f); 

2. If f is prime then so is <Pf; 

3. fcp is a g-filter and c(fcp) = c(<p); 

4. If <P is prime then so is f cp; 

5. fcpt = f; 

6. <Pf", S; <po 
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PROOF. 

(1) 
Firstly: 

c(<Pf)=(P!(1)= sup f(l"')/\a= sup f(X)/\a=f(X)=c(f), 
"'E(0,1) "'E(0,1) 

<Pf(O) = sup f(rI) /\ (J = sup f(0) /\ (J = 0 
,BE(0,1) ,BE(0,1) 

and for a E (0, 1) we have: 

<Pf (a1x) = sup f( a1~) /\ (J = sup f(X) /\ (J = f(X) /\ a = c(f) /\ a = c( <Pf) /\ a. 
,B E (0,1) ,B E (0,"') 

If <P f (Jl) /\ <Pf (v) > t then there exists a1, a2 > t such that f (Jl"") > t and f (V"'2) > t. 
Let a = a1 /\ a2. Then a > t and 

(2) 

(3) 

Therefore 

Consequently 
<Pf(Jl!\ v) ;::: <Pf(Jl) /\ <Pf(v). 

Let Jl:$ v. Then for each a E (0,1) we have Jl'" ~ v"'. Hence 

If A ~ B then 

Finally, 

<Pf(Jl V v) = sup f((Jl V v)"') /\ a 
"'E(0,1) 

= sup f(Jl'" U v"') /\ a 
"'E(O,l) 

= sup (f(Jl"') V f(v"')) /\ a 
"'E(O,l) 

= sup ((f(Jl"') /\ a) V (f(v"') /\ a)) 
"'E(O,l) 

= sup (f(Jl"') /\ a) V sup (f(v"') /\ a) 
"'E(O,l) "'E(O,l) 

= <Pf (Jl) V <Pf (v). 
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(4) 

.;:, . 
(5) 

Let A ~ X Then 

fCPf(A) = 'Pf(1A) = sup f(l~) 1\ 0: = sup f(A) 1\ 0: = f(A). 
aE(O,l) O!E(O,l) 

(6) 
Let p, E IX. Then 

'Pf",(P,)= sup fcp(p,O!)I\O:= sup 'P(1p.",)1\0:= sup 'P(lp.",l\o:lx):5'P( sup 1p.",1\0:1x)='P(p,). 
aE(O,l) O!E(O,l) O!E(O,l) O!E(O,l) 

o 

We have seen how to obtain a fuzzy filter from a g-filter and vice-versa. We now show 
that 

f~ 'Pf 

is an injective function. 

9.3.2 Theorem 
If f and 9 are different g-filters then 'Pf and 'P9 are different. 

PROOF. 

If f =I- 9 then there exists A such that 0: ~f f(A) > g(A) ~f /3. Let p, ~f 1A. Then 

'Pf(P,) = sup f(A) 1\ 'Y 
'YE (0,1) 

= sup 0: 1\ 'Y 
'YE(o,l) 

=0:>/3 
='P9(P,)· 

o 

So the collection of all g-filters on a set X embeds into the collection of all fuzzy filters 
onX. 

More information regarding fuzzy filter can be found in [21, 22, 23, 41]. 
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Chapter 10 

Super Uniform Spaces 

10.1 Introduction 

In [29] the notion of a super uniformity is introduced and studied. 

10.1.1 Definition 
Let a E 10. A fuzzy a-uniformity on X is a subset UC< ~ I XxX which satisfies the following 
conditions: 

1. UC< is a saturated prefilter with characteristic set [0, a); 

2. VUEUC<, VXEX, u(x,x)~a; 

4. VUE UC., V c E 10, 3¢ E UC< : ¢ 0 ¢ :S U + c. 

We call (X, UC<) a fuzzy a-uniform space and the elements of UC<, fuzzy a-entourages. 

Note: For a = 1 they are the fuzzy uniformities on x. 

10.1.2 Definition _ . 
Let a E 10. A fuzzy a-uniform base on X is a subset SC< ~ I XxX which satifies the following 
conditions: 

1. sex is a prefilter base with characteristic set [0, a); 

2. VUESC<, VXEX, u(x,x)~a; 

3. VUE sex, V c E 10, 3¢ E sex : ¢ :S Us + c; 

4. VuE SC<, V c E 10, 3¢ E SC< : ¢ 0 ¢ :S U + c. 

10.1.3 Definition 
A super uniformity on X is a function 6 : I X x X ---> I which satifies the following conditions: 

1. 8 is a saturated fuzzy filter; 

2. VuE lXxX, inf U(x, x) ~ 8(u); 
"'EX 

3. VuE lXxX, 8(u) = 8(us ); 

4. VuE lXxX, V c E 10, 3¢ E I XxX : ¢ o¢ - c:S u and 8(u):S 8(¢). 
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Note From the definition we can conclude that 

6(a) ~ inf a(x, y) = inf a. 
x,yEX . 

10.1.4 Proposition . ~ . 

If 6 is a super uniformity on X, then for all a E 10, 

a-uniformity. Moreover, 6Ct = n 613 • 
6Ct = {a E I XxX : 6(a) ~ a} is a fuzzy 

fJ<Ct 

PROOF. 

Let 6 : I XxX 
--? I be a super uniformity and a E 10. Then 

(i) 6 is a saturated fuzzy filter. Therefore 

is a saturated prefilter with C(6Ct) = [0, a). 
(ii) Let a E 6Ct and x EX. Then 

a(x, x) ~ inxf a(x, x) ~ 6(a) ~ a. 
xE 

(iii) Let a E 6Ct . Then 
6(a8 ) = 6(a) ~ a::;. a8 E 6Ct . 

(iv) Let a E 6Ct and to E 10 • Then 3'¢ E IXxX such that 

'¢ o'¢ - to ~ aRnd 6(a) ~ 6('¢). 

Thus '¢ E 6Ct such that '¢ 0 '¢ ~ a + to. 

Since 6 is a fuzzy filter. So we have for a E 10 , 

Hence the result. 

10.1.5 Proposition 

~. -

o 

Let {UCt}CtE(O,l) be a non-increasing collection of fuzzy a-uniformities on a setX such that 
for each a E (0, 1),UCt = n UfJ. If for each a E I XxX we define 

fJ<Ct 

6(a) = sup{a E (0,1) : a E uCt}. 

Then 6 is a super uniformity. 

PROOF. 

Let {UCt}CtE(O,l) be a non-increasing collection of fuzzy a-uniformities on a setX such 
that for each a E (0, 1),UCt = n UfJ. Then for each a E IXxX 

fJ<Ct 

6(a) = sup{a E (0,1) : a E uCt} 

is a saturated fuzzy fiter. 

Let a E I XxX and 'Y < 6(a). Then a E U'Y and hence V x E X, a(x, x) ~ 'Y. So 

inf a(x, x) ~ 'Y. 
xEX 
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Therefore 

We have 

inf o-(x, x) 2: 0(0-). 
xEX 

0(0-) = sup{ a E (0,1) : 0- E U"'} 
= sup{ a E (0,1) : o-s E U"'} 
= 6(o-s). 

Let 0- E IXxX and c E 10. Let 6(0-) = a > 0. Then V /3 < a, 0- E ufr. -So 

0- E n U/3 = U"'. 
/3<'" 

Therefore 3'l/J E U'" such that 'l/J 0 'l/J ::; 0- + c and we have 0 (0-) = a ::; 0 ( 'l/J ). 

10.1.6 Theorem 

o 

Let {lIJl(a)}"'E(O,l) be a non-decreasing collection of uniformities on a set X. For each a E 
(0,1) let 

1J(a) = {o- E I
XxX 

: V/3 < a, V'Y < /3,0-' E lIJl(/3)} = n (lIJl(/3))/3. 
/3<'" 

Then: 

1. 1J(a) is a fuzzy a-uniformity, which we call the fuzzy a-uniformity associated with the 
collection {lIJl(a)}"'E(O,l), 

2. The family {1J(a)}"'E(O,l) is non-increasing, 

3. V a E (0,1), 1J(a) = n 1J(a'). 
0:'<0: 

Furthermore, if for each 0- E I XxX we define 

0(0-) = sup{a E (0,1) : 0- E 1J(a)}, 

we obtain a super uniformity 0 such that for each a E (0, 1) the corresponding a-level 
uniformities are 

0", = {o- E I
XxX 

: 0(0-) 2: a} = 1J(a) and 01 = n 1J(a). 
",<I 

We call 0 the super uniformity generated by the collection {lIJl(a)}"'E(O,l)' 

PROOF. 

(a) We shall first prove that for each a E (0,1) the collection 
1J(a) = {o- E I XxX : V/3 < a, V'Y < /3,0-1 E lIJl(/3)} is a fuzzy a-uniformity. 

C(1J(a)) = {tEl: tlx rt 1J(a)} = {t E 1: 3/3 < a,3'Y < /3, (tlx)' Et lIJl(,6)} 
= {tEl: 3/3 < a,3'Y < /3, t ::; 'Y} = {t E 1 : 3/3 < a, t < /3} = {t E 1 : t < a} 
= [O,a). 

1J( a) = n (lIJl(/3))/3 is a saturated prefilter because it is an intersection of saturated 
/3<", 

prefilters. 

Let 0- E 1J(a) and x EX. For each /3 < a and each 'Y < /3 we have 0-
' 

E lIJl(/3) and hence 
(x,x) Eo-

'
. Thus for each /3 < a and each 'Y < /3 we have o-(x,x) > 'Y. So for each /3 < a 

we have o-(x, x) 2: /3 and hence o-(x, x) 2: a. 

Let 0- E 1J(a). Since (o-I)s = (o-s)'. Therefore o-s E 1J(a). 
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Let U E V(o:), E E 10 and choose O:O,O:l, ... ,O:n such that 0= 0:0 < 0:1 < 0:2 < ... < 
O:n = 0: and O:i - O:i-1 < !E for each i E {I, ... ,n}. 

For i E {O, 1, ... , n - I} we have U"'i E IlJ)( O:i+l) and so there exists U "'H1 E IlJ)( O:i+ 1) such 
that U"'H1 0 U"'H1 ~ U"'i. , . 

Let U:' = U"'l and U:' = n U"'. for each i E {2, ... , n}. Then, since for each i E 
~1 ~, j~i J 

{I, ... , n} and each j E {I, ... , i}, U"'j E IlJ)(O:j) ~ IlJ)(O:i) , we have U~i E IlJ)(O:i) and U~l ;2 
U~2 ;2 ... ;2 U~n' So we can state that: 

for any i E {I, ... , n}, there exists U"'i E IlJ)(O:i) such that UO!i 0 UO!i ~ UO!i-1 and UO!l ;2 
U 0!2 ;2 . .. ;2 U O!n' Let 

and let 

UO!O := X x X 

'¢ := sup o:dx /\ lu"'i_1 . 
iE{l, ... ,n} 

Thus,¢ E V(o:) since if 0::; "I < (3 < 0: then for some i E {O, ... ,n-l} we have 
O:i ::; (3 < 0:i+1. Thus "I < 0:i+1 and hence '¢'Y ;2 '¢O!H1 = UO!i E IlJ)(O:i) ~ IlJ)((3). It follows 
that 'IjJ'Y E IlJ)((J) and so '¢ E V (0:). 

If u(x,y) > O:n-2 then u(x,y) +c > O:n-2 + (O:n - O:n-2) = O:n = 0: and hence we have 
('IjJ 0 '¢)(x, y) ::; 0: ::; u(x, y) + c. 

If u(x, y) ::; O:n-2 there exists some i ::; n - 2 such that O:i-1 ::; u(x, y) ::; O:i. Since 
(x,y) ¢. UO!i we have (x,y) ¢. UO!H1 0 UO!H1 and so for no z E X do we have (x,z) E U"'i+l 
and (z, y) E UO!Hl' In other words, for each z E X either (x, z) ¢. UO!i+l or (z, y) ¢. UO!H1' 
Thus for each z E X either '¢(x, z) ::; O:i+l or '¢(z, y) ::; O:i+l' Consequently, 

are 

'¢ 0 '¢(x, y) = sup '¢(x, z) /\ '¢(z, y) ::; 0:i+1 < O:i-1 + c ::; u(x, y) + c 
zEX 

Therefore there exists '¢ E V(o:) such that '¢ o'¢ ::; U + c. 

For each 0: E (0,1) we have 

n V(o:') = {u E 1xxX : Vo:' < 0:, V(3 < 0:', V'Y < (3, u'Y E IlJ)((3)} 
cr.'<cr. 

= {u E 1xxx : V(3 < o:,V'Y < (3,u'Y E IlJ)((3)} = V(o:). 

We now appeal to (10.1.5) and claim that the mapping defined for each u E I XXX by 

O(u) = sup{o: E (0,1) : u E V(o:)} 

is a super uniformity such that for each 0: E (0,1) the corresponding o:-level uniformities 

OO! = {u E I XxX 
: 6(u) 2: o:} = V(o:) and 01 = n OO! = n V(o:). 

0!<1 0!<1 

In particular, for a fuzzy uniformity V, the collection {IlJ)(0:) = V"'}O!E(O,l), is a non­
decreasing collection of uniformities and in that case, the fuzzy o:-uniformity associated 
with this collection is V(o:) = n (Vf3)f3. 

f3<0! 
D 

The proof of the following corollary is straightforward. 

10.1. 7 Corollary 
Let (X, IlJ) be uniform space. Then the super uniformity Oil) generated by the collection 
{IlJ)(0:) = IlJ)}",E(O,l) is 

Oll)(u) = sup{o: E (0,1): u E n IlJ)f3} = sup{o:: 0: E IlJ)0!} = sup{o:: uO! E IlJ)}. 
f3<0! 
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10.1.8 Definition 
A non-decreasing collection of uniformities {IDl(O:)}",E(O,I) is said to be generated from below 
iffor each 0: E (0,1) we have IDl(o:) = U IDl(o:'). 

~'<a . 

In the case {IDl(o:) = 1)"'}"'E(O,l) , where' V is a fuzzy uniformity, it is easy to check that 
it is generated from below. 

10.1.9 Theorem 
The super uniformities generated by two different, non-decreasing collections'of uniformities, 
which are generated from below, are different. 

PROOF. 

Let {IDl( O:)}"'E(O,I) and {IDl(O:')}"'E(O,I) two different non-decreasing collections of uniformi­
ties which are generated from below. Then there exists 0: E (0,1) and U C;; X x X such that 
U E IDl(o:) - IDl'(o:). Since U E IDl(o:) = U IDl(o:'), there exists 0:' < 0: such that U E IDl(o:'). 

0:'<0: 
We now consider O'u = (o:lx 1\ lu) V o:'lx E IXxx. 

* If (3 E [0:',0:) and'Y < (3 then 

"i _ { U 
O'u - X xX 

Thus in any case O'u"i E IDl( 0:') C;; IDl((3). 

if'Y 2: 0:' 
if'Y < 0:'. 

* If (3 < 0:' and 'Y < (3 then O'u"i = X X X E IDl((3). 
Therefore, for each (3 < 0: and each 'Y < (3 we have O'u"i E IDl(,B) , hence O'u E 1)(0:) and 

so 8(O'u) 2: 0:. 
On the other hand we know U ft IDl' (0:). Thus for each 0:" E (0:', 0:) there exists 'Y and 

,B such that 0:' < 'Y <,B < 0:" < 0: and O'u"i = U ft IDl'(,B). Thus O'u ft 1)'(0:") and therefore 
8' (O'u) ::; 0:'. Consequently 8 and 8' are different. 

10.1.10 Theorem 
Let (X, 8) be super uniform space. Then 

IDlc5 = {O'''' : 0: < 1, 8(0') = I} 

is a uniformity on X. 

PROOF. 

If O'''' = (i) E IDlc5 then O'::; o:lx. Therefore 6(0') = 1 ::; 8(0:Ix) = 0: and this contradiction 
shows (i) ft IDlc5 . 8(1) = 1 and O'''' = X x X for any 0: < 1. Therefore X x X E IDlc5 . 

Let O'''' E IDlc5 and O'''' C;; U. Then O' ::; o:lx V 10'''' ::; o:lx V lu. Therefore 8(0') = 1 ::; 
8(0:1x V lu) and for (3 E [0:,1) we have (o:lx V lu)/3 = U E IDl6. 

Let O'''', 'lj;/3 E IDl c5 . Then 8(0' 1\ 'lj;) = 1 and (O' 1\ 'lj;)",v/3 E IDlc5 . But (O' 1\ 'lj;)",v/3 C;; O'''' n'lj;/3. 
Therefore O'''' n 'lj;/3 E IDlc5. 

Let O'''' E IDl6. For each x E X we know that u(x, x) 2: 8(0') = 1 > 0: and so (x, x) EO''''. 
Therefore ~ C;; O''''. 

Let O'''' E IDl6. Since (O'''')s = (O's)"', we have (O'''')s E IDlc5 . 
Let O'''' E IDl6. We therefore have O' E IXxX and 6 = 1-;'" > O. Thus 3'lj; E I XxX 

such that 'lj; o'lj; ::; O' + 6 and 8('lj;) 2: 8(0') = 1. Hence for ,B = It'" E (0:,1) we have 
'lj;/3 0 'lj;/3 C;; ('lj; 0 'lj;)/3 C;; (O' + 6)/3 = uf3-e = O''''. Thus 3~ E IDl6 such that 'lj;/3 0 'lj;/3 C;; O''''. 

o 
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10.1.11 Theorem 
Let (X, 0) be a super uniform space. Then 

1)8 = {a E 1xxx : o(a) = I} 
• .:;, r 

is a fuzzy uniformity on X. 

PROOF. 

We have 0 fj 1)8 since 0(0) = O. 0(1) = 1 and so 1 E 1)8. 

Let a, 'ljJ E 1)8. Then o(a) = 1 and 0('ljJ) = 1. So 

o(a 1\ 'ljJ) = o(a) 1\ 0('ljJ) = 1. 

Therefore a 1\ 'ljJ E 1)8. 

Let a E 1)8 and a :::; 'ljJ. Then 1 = o(a) :::; 0('ljJ). Therefore 'ljJ E 1)8. Hence 1)8 is a 
prefilter. 

Let V 10 E 10, a + 10 E 1)8. Then V 10 E 10, o(a + c) = 1. So 

6(a) = inf o(a + c) = 1. 
eE10 

Therefore a E 1)8 and hence 1)" is a saturated prefiter. 

Let a E 1)8 and x E X. Then 

a(x,x) ~ o(a) = 1. 

Let a E 1)8. Then o(as) = o(a) = 1 and so as E 1)8. 

Let a E 1)8, 10 E 10. Then 3'ljJ E 1xxx such that 'ljJ o'ljJ - 10 :::; a and 1 = o(a):::; o ('ljJ). 
Therefore 'ljJ E 1)8 such that 'ljJ o'ljJ :::; a + c. Therefore 1)8 is a fuzzy uniform space. 

o 

10.2 Uniformly Continuous Functions 
10.2.1 Definition 

Let (X, Ua) and (Y, va) be two fuzzy o:-uniform spaces. Then a mapping f : (X, Ua) ----7 

(Y, va) is said to be a uniformly continuous if 

That is, V 'ljJ Eva, 3a E Ua such that (f x f)[aJ :::; 'ljJ. 

10.2.2 Definition 
Let (X, ox) and (Y, Oy) be super uniform spaces. Then a mapping f : (X, ox) ----7 (Y, Oy) 
is said to be uniformly continuous if 

10.2.3 Proposition 
Let ( X, ox) and (Y, Oy) be super uniform spaces. Then 

1. f : (X, ox) ----7 (Y, Oy) is uniformly continuous ~ V 0: E 10, f : (X, (ox )a) ----7 

(Y, (Oy )a) is uniformly continuous. 

2. V 0: E (0,1), f: (X, (OX)a) ----7 (Y, (oY)a) is uniformly continuous ~ f: (X, ox) ----7 

(Y, Oy) is uniformly continuous. 
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PROOF. 

(1) Let '¢ E (Oy)",. Then Oy('¢) ~ o. Therefore 

ox((f x f)~J['¢]) ~ Oy['¢] ~ o. 

Thus (f x f)-I ['¢] E (Ox )"'. 

(2) Let '¢ E I YxY and 0 E (0,1) such that oy('¢) ~ o. Then '¢ E (oy)", and hence 
(f x f)-I['¢] E (ox)",. Thus ox((f x f)-I['¢]) ~ o. Therefore ox((f x f)- I I'¢]) ~ Oy('¢). 

~- 0 

10.2.4 Theorem 
Let (X, D) and (Y, JE) be uniform spaces. If f : (X, D) ----) (Y, JE) is uniformly continuous 
then f: (X,OIlJi) ----) (Y, OE) is uniformly continuous. 

PROOF. 

Let f : (X, D) ----) (Y, JE) be uniformly continuous and '¢ ElY x Y. 

If DE ('¢) = sup{ 0 : '¢'" E JE} > t then '¢t E JE and so (f x f)~ ('¢t) E D. Therefore 

((f x f)-I ['¢])t = (f X f)~ ('¢t) E D. 

So 01lJi((f X f)-I['¢]) ~ t. Consequently, 

ollJi((f x f)-I['¢]) ~ 1E('¢). 

o 

10.2.5 Theorem 
Let (X, ox) and (Y, oy) be super uniform spaces. If f : (X, ox) ----) (Y, Oy) is uniformly 
continuous then f : (X, D6x) ----) (Y, D6y) is uniformly continuous. 

PROOF. 

Let '¢ E D6y . Then Oy('¢) = 1. Therefore 

and 

o 

10.2.6 Theorem 
Given a fuzzy uniformity 1) on a set X, 0']) denote the super uniformity generated by 
the collection {1)"'}"'E(O,I). Suppose (X,1)) and (Y,£) are fuzzy uniform spaces and f : 
(X,1)) ----) (Y,£) is uniformly continuous then f: (X,o,])) ----) (Y,Oe). 

PROOF. 

Let f: (X,1)) ----) (Y,£) is uniformly continuous and '¢ E I YxY . 

If ot;{'¢) > 0 then '¢ E £(0). That is V /3 < 0, V "( < /3, '¢7 E £/3 and so ::3 '¢' E 

£ and "(' < /3 such that '¢7 = '¢n'. Now (f x f) -1 [,¢'] E 1) and so 
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Therefore 01)((f x f)-I ['1/1]) ~ 0:. Consequently, 

0&('1/1) ::s 01)((f x f)-I ['1/1]) . 

. ~ -.. o 

10.2.7 Theorem 
Let (X, ox) and (Y, Oy) be super uniform spaces. If f : (X, lIDx ) ~ (Y, Oy) is uniformly 
continuous then f : (X, 1J8x) _ (Y, 1J8y ) is uniformly continuous. r --

PROOF. 

Let '1/1 E 1J6y. Then Oy('I/I) = 1. Therefore 

o 
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Chapter 11 

Categorical Embeddings 

In this chapter we establish categorical embeddings from the category of uniform spaces 
into the categories of fuzzy uniform spaces, generalised uniform spaces and super uniform 
spaces. We also obtain categorical embeddings from the categories of fuzzy uniform spaces 
and generalised uniform spaces into the category of super uniform spaces. We show that 
the category of fuzzy uniform spaces and the category of generalised uniform spaces are 
isomorphic. These categorical relations are introduced and studied in [30]. 

11.1 Embedding into the Category of Fuzzy Uniform 
Spaces 

Let us denote the category of uniform spaces with uniformly continuous maps and let FU S 
denote the category of fuzzy uniform spaces with uniformly continuous maps. 

11.1.1 Theorem 
Let 

Wu :US~FUS, 

and let Wu leave maps unchanged. 
Let 

LU :FUS~US, 

and let LU leave maps unchanged. 
Then 

(a) Wu is a functor, 

(b) LU is a functor, 

(c) LU OWU = idus, 

(d) Wu is co-adjoint. 

PROOF. 

(a) We have if f : (X, llJ)) ~ (Y, E) is uniformly continuous in US then f : (X, llJ)1) ~ 
(Y,El) is uniformly continuous in FUS. 

Clearly Wu preserves compositions and identities. 
Therefore Wu is a functor. 

(b) We have if f: (X, 1)) ~ (Y,E) is a uniformly continuous in FUS then f: (X, 1)1) ~ 
(Y, £1) is uniformly continuous in US. 

Clearly LU preserves compositions and identities. 
Therefore LU is a functor. 
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(c) Since (lIJ)I)1 = lIJ), we have 

Therefore LU 0 wu = idus. 
(d) We have idx : (X, (Vl)l) ---> (X,V) is uniformly continuous, since V ~ (Vl)l. 

We also have 

f: (Y, lIJ)1) ---> (X, V) is uniformly continuous 
{::::::? f: (Y, V) ---> (X, VI) is uniformly continuous [ since (lJlll)I_= lIJ)] 
{::::::? f : (Y, lIJ)1) ---> (X, (Vl)l) is uniformly continuous. 

Wu 
US~FUS 

(X, V) 

idxi '/ 
(X, (Vl)l) f- (y,lIJ)I) 

f 

(X, VI) U (Y, lIJ)) 

For (X, V) E Ob(FUS), ((X, VI), idx) is a wu- co-universal arrow with domain (X, V). 
Therefore wu is a co-adjoint. wu embeds the category US as a coreflective subcategory 

of FUS. 
o 

11.2 Embedding into the Category of Generalised U ni­
form Spaces 

Let GUS denote the category of generalised uniform spaces with uniformly continuous maps. 

11.2.1 Theorem 
Let 

eu : US ---> GUS, 

and let eU leave maps unchanged. 
Let 

'Yu : GUS ---> US, 

and let 'Yu leave maps unchanged. 
Then 

(a) eu is a functor, 

(b) 'Yu is a functor, 

(c) 'Yu 0 eU = idus , 

(d) eu is co-adjoint. 

PROOF. 

(a) We have 

(X, lIJ)) J--> (X, 11Th) 

(X, d) J--> (X, Jl) 

(i) If f : (X, lIJ)) ---> (Y,E) is uniformly continuous then f (X,llTh) ---> (Y, IE) is 
uniformly continuous. 

(ii) eu preserves compositions and identities. 
Therefore eu is a functor. 

109 



(b) We have 
(i) If f: (X, d) ~ (Y, e) is uniformly continuous then f : (X, cf!) ~ (Y, eO) is uniformly 

continuous. 
(ii) 'Yu preserves compositions and identities. 
Therefore 'Yu is a functor. . . 

(c) We have 
("(u 0 E:u )((X, lIJ)) = 'Yu((X, Ill)) = (X, I~) = (X, lIJ). 

(d) First we have to show d:::; IdO. 

U E cf! ¢::::::> d(U) > O. 

We have d(U) > 0 =? IdO (U) = I and hence 

So we have idx : (X, IdO) ~ (X,d) is uniformly continuous. 
We also have 

f: (Y, Ill) ~ (X, d) is uniformly continuous 
=? f : (Y, lIJ) ~ (X, cf!) is uniformly continuous [ Since Ig = lIJ)] 

=? f: (Y, Ill) ~ (X, IdO) is uniformly continuous. 

gv 
US <=! GUS 

7v 

(X,d) 
idxi "'-,J 

(X, Ido).- (Y, Ill) 
f 

If 
(X, cf!) ~ (Y, lIJ) 

For (X, d) E Ob(GUS), ((X, dO), idx) is a E:u- co-universal arrow with codomain (X, d). 
Therefore E:u is a co-adjoint. E:u embeds the category US as a coreflective subcategory 

of FUS. 
o 

Next we establish an isomorphim between FUS and GUS. 

11.2.2 Theorem 

FUS~GUS 

PROOF. 

Let 
F:FUS~GUS, (X, TJ) ~ (X, dv) 

and F leave maps unchanged. 
We have seen in 8.1.6 that F is bijective. We also have: 
(a) if f : (X, TJ) ~ (Y, £) is uniformly continuous then FU) = f : (X, dv) ~ (Y, de) 

is uniformly continuous. 
(b) F preserves composition and identities. 
Therefore F is functor. Now we have to show there is functor G: GUS ~ FUS such 

that Go F = idpus and FoG = idGus. Let 

G:GUS~FUS, 
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G leaves maps unchanged. 
We have 
(a) If f : (X, d) -.. (Y, e) is uniformly continuous then G(f) = f : (X, Dd) -.. (Y, De) 

is uniformly continuous. . ' 
(b) G preserves compositions and identitIes. 
Therefore G is a functor. Now we have 

(G 0 F)((X, 1J)) = G((X, dv)) = (X, Ddv ) = (X, D), 

(F 0 G)((X, d)) = F((X, 1Jd )) = (X, dvJ = (X, d). 

Hence the result. 
o 

11.3 Embeddings into the Category of Super Uniform 
Spaces 

Let sus denote the category of super uniform spaces with uniformly continuous maps. 

11.3.1 Theorem 
Let 

AU : US -.. SUS, 

and let AU leaves maps unchanged. 
let 

ku : SUS -.. US, 

and let ku leaves maps unchanged. 
Then 

(a) AU is a functor, 

(b) ku is a functor, 

(c) ku 0 AU = idus , 

(X, IDl) I-> (X, ow) 

(X, 0) I-> (X, IDl8) 

(d) AU embeds the category US as a coreflective subcategory of SUS, 

(e) If u E IXxX such that o(u) = 1 then OW6(U) = l. 

PROOF. 

(a) We have 
if f : (X, IDl) ---7 (Y, lEd) is uniformly continuous then f: (X, ow) -.. (Y, ~) is uniformly 

continuous. 
AU preserves compositions and identities. 
Therefore AU is a functor. 

(b) We have 
if f : (X, ox) ---7 (Y, Oy) is uniformly continuous then f : (X, IDl8x) -.. (Y, IDl8y is 

uniformly continuous. 
ku preserves compositions and identities. 
Therefore ku is a functor. 

(c) We have 
(ku 0 AU )((X, IDl)) = ku((X, ow)) = (X, IDl8n). 
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Now we have to show lIJ) = lIJ)8D • We have 

U E lIJ)8
D 

-¢:::::::} 3a < 1, 3a E lXxx, : olJ}(a) = 1 and U = aCY. 
-¢:::::::} 3a, 3a : U = irCY. and V (3 < 1, a/3 E lIJ) 

==? U = aCY. E lIJ);' . 

Conversly if U E lIJ), let a = lu. Then aCY. = U for all a E (0,1) and so OIJ}(U) = 1. It 
follows that U = aCY. E lIJ)8

D
• 

(d) The injectivity of AU on morphisms follows from Theorem (10.1.9), together with the 
fact that AU leaves underlying maps unchanged. -

(e) If ora) = 1 then for all a < 1, aCY. E lIJ)8 and so a E (lIJ)8)1. Therefore 

olJ}o(a) = sup{a: a E (lIJ)8)CY.} = 1. 

11.3.2 Theorem 
Let 

CF: FUS --> SUS, 

and let C F leaves maps unchanged. 
Let 

"IF: SUS --> FUS, 

and let "IF leaves maps unchanged. 
Then 

(a) cF is a functor, 

(b) "IF is a functor, 

(c) "IF 0 CF = idFUS, 

(X, 'D) 1-7 (X,ov) 

(X,O) 1-7 (X, 'D8 ) 

(d) CF embeds the category FUS as a coreflective subcategory of SUS, 

( e) C F 0 Wu = AU, 

(f) If a E I XxX such that ora) = 1 then avo (a) = 1. 

PROOF. 

(a) We have 

o 

if f : (X, 'D) --> (Y, E) is uniformly continuous then f: (X,ov) --> (Y,oc) is uniformly 
continuous. 

C F preserves compositions and identities. 
Therefore cu is a functor. 

(b) We have 
if f : (X, ox) --> (Y, oy) is uniformly continuous then f : (X, 'D8x --> (Y, 'D8y ) is 

uniformly continuous. 
"IF preserves compositions and identities. 
Therefore "IF is a functor. 

(c) We have 
C'YF 0 CF )((X, 'D» = "IF((X, ov» = (X, 'D8v)' 

Now we have to show that 'D8v = 'D. We have 

'D8v = {a E I XxX : ov(a) = I} = {a E I XxX : V a < 1, a E 'D(a)} 
= {a E IXxX : Va < 1, V (3 < a, V"I < (3, a'Y E'D/3} 
={aEIxxx :V(3<I, V"I<(3, a'YE'D/3}. 
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For any a E V and for any "I < /3 < 1 we have 0'7 E Vf3 and so V ~ V(8v )' Thus for 
each 0: E (0,1] we have VO! ~ (V(8v ))0!' 

On the other hand, for each 0: E (0,1], 

(V(8v ))0! = {aO!' : 0:' < 0:,0' E V(6v )} = {ah
' : 0:' < 0:, V/3 < 1, V'Y < /3,0'7 E Vf3} ~ VO!. 

Therefore for each 0: E (0,1], (V(6v))0! = VO! and so V(8v ) = V [See Theorem 5.3.4]. 

(d) The injectivity of CF on morphisms follows from Theorem (10.1.9), together with the 
fact that C F leaves underlying maps unchanged. 
(e) For each (X, lIJ)) E IUSI we have 

(cF 0 Wu )((X, HlJ)) = CF((X, lIJ)1)) = (X, t5lI)1) 

and t5lI)1 is the super uniformity generated by the collection ((lIJ)l)O!}O!E(O,l)' But for each 
0: E (0,1) we have 

and so t5lI)1 is the super uniformity generated by lIJ). That is, 

o 

We have seen that there is a functor C F which embeds the category FU S into the 'category 
SUS, thereby making SUS an extension of FUS. The categorical isomorphism 

F: FUS -7 GUS, G: GUS -7 FUS 

between FUS and GUS is established in [11.1.2]. We can therefore define 

Ce: GUS -7 SUS 

by 
Ce = CF oG 

and it follows that ce is a functor which embeds the category GUS into SUS. If we define 

"Ie = F 0 "IF 

then 
"Ie Oce = ideus 

and also 
Ce Ocu = AU· 

Thus SUS is also an extension of the category GUS. 
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