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Abstract

The notion of a fiter F € 22° has been extended to that of a : prefilter F € 277,
generalised filter f € I2° and fuzzy filter ¢ € I°. A uniformity is a filter with some
other conditions and the notion of a uniformity D € 22" has been extended to that of
a : fuzzy uniformity D € 2IXXX, generalised uniformity d € 1 2% and super uniformity
§ € ™" . We establish categorical embeddings frorm the category of uniform spaces into the
categories of fuzzy uniform spaces, generalised uniform spaces and super uniform spaces and
also categorical embeddings into the category of super uniform spaces from the categories
of fuzzy uniform spaces and generalised uniform spaces.

KEYWORDS: Prefiter, Generalised filter, Fuzzy filter, Fuzzy uniform space, Generalised
uniform space, Super uniform space, Embedding functor and Functor isomorphini.
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PREFACE

Since the notion of a fuzzy set was introduced by Zadeh [85], there have been attempts
to extend useful mathematical notions to this wider setting, replacing sets by fuzzy sets.
The study of uniform space notion is facilitated by the notion of a filter. In [53] Lowen
introduced the notion of a fuzzy uniform space. This was accomplished with the aid of a
filters on J*X which Lowen [49] called prefilters. The notions of prefilter and fuzzy uniform
space are extensions of filter and uniform space. We prove that the category of uniform
spaces is embedded into the category of fuzzy uniform spaces.

The notion of a fuzzy filter is introduced in [23] and then a new generalised form of
uniformity, called super uniformity, is defined and studied. It is based on the concept of
fuzzy filter. In [15] the notion of a generalised uniform space is introduced and studied using
prefilters, which are not the most natural analogue of the filter notion in this situation.
With the collaboration of Burton and Gutiérrez we introduced and studied the notion of a
generalised filter in [16, 17]. In Chapter 8, we rewrite the basic theory of generalised uniform
spaces with the aid of generalised filters.

We can see that the notion of a generalised uniform space and the notion of a super
uniform space are extensions of uniform space and the category of uniform spaces is embed-
ded into the categories of generalised uniform spaces and super uniform spaces. We prove
that the category of generalised uniform spaces and the category of fuzzy uniform spaces
are isomorphic. We also show that the categories of fuzzy uniform spaces and generalised
unifrom spaces are embedded into the category of super uniform spaces. We first establish
consistent notation. We have also slightly changed a few definitions and strengthenéd some
theorems. This lead us to establish a nice categorical connection between the categories of
uniform spaces, fuzzy uniform spaces, generalised uniform spaces and super uniform spaces.

Chapters 1 and 2 introduce basic results in fuzzy sets and fuzzy topology. Chapter 1
gives the introduction to fuzzy sets and deals with crisp subsets associated with a fuzzy
set and fuzzy sets induced by maps. The second chapter is concerned with fuzzy topology:
the fuzzy closure operator is a very useful tool to define a topology. We also see in this
chapter continuous functions between fuzzy uniform spaces. In chapters 3 and 4 we record
the standard results on filters and uniform spaces, since they give and an idea for consequent
results in later chapters.

Chapter 5 explores the fundamental ideas of prefiters. We get prefilters from filters and
filters from prefilters. We see the images and preimages of filters under a map and study
convergence in fuzzy topological space. In chapter 6 we defined fuzzy topology as a prefilter
plus other conditions. We deal some basic results in fuzzy neighbourhood spaces which are
essential to find a fuzzy closure opsrator and then obtain a fuzzy topology from it. We find
fuzzy topologies from fuzzy uniform space directly and from fuzzy neighbourhood spaces.
Next we deal with convergence in uniform topology and uniformly continuous functions
between fuzzy uniform spaces. In the last section we deal with o-level uniformities which
turned out to be very useful for subsequent results.

Chapter 7 is concened with generalised filters: definitions, generalised filters from pre-
filters and prefilters from generalised filters and prime generalised filters. In Chapter 8 we
deal with generalised uniform spaces and uniformly continuous functions between generalised
uniform spaces. We will see fuzzy filters in Chapter 10 with more emphasis given to a fuzzy
filter with characteristic value 1. We also obtain fuzzy filters from generalised filters and
generalised filters from fuzzy filters. In Chapter 10 we give definitions for a-uniformities and
super uniformities. Then we see uniformly continuous functions between a-uniform spaces
and super uniform spaces.

Chapter 11 is the centeral chapter which connects the categories of uniform spaces, fuzzy
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uniform spaces, generalised uniform spaces and super uniform spaces. Here we see that
fuzzy uniform spaces, generalised uniform spaces and super uniform spaces are extensions of
uniform space using categorical embeddings from the category of uniform spaces into these
categories. We can also obtain categorical ‘embeddings into the category of super uniform
spaces from the categories of fuzzy uniform spaces and generalised uniform spaces. Also

we show that the category of fuzzy uniform spaces and the category of generalised uniform
spaces are isomorphic.



1.1.1

Chapter 1

Fuzzy Sets

1.1 Introduction

The role of set theory has been formulated in the development of modern mathematics.
However usual observables in our daily lives and conversation as well as scientific experi-
mentation constitute ill-defined sets. For example, the set of old people, the class of tall
men, the class of large numbers, the set of low temperatures ete.

In order to try to develop a theory for such ill-defined sets L.A. Zadeh [85] defined the
notion of a fuzzy set as follows.

Definition
Let X be a set. A fuzzy set on X is a map from X into [0,1]. That is, if x4 is a fuzzy set on
X then u € IX, where I = [0, 1] and IX denotes the collection of all maps from X into I.

Since the notion of a fuzzy set was introduced the basic theorems of set theory have been
extended to produce a calculus of fuzzy sets.
Lattice-dependent subsets

The unit interval I = [0, 1] can be replaced with a complete lattice L.

Let X be a set and L be a complete lattice. Then an L-subset of X is a map from X to
L.

Order-structure of L-subsets

LX is equipped with order-theoretic structure induced from L, and so is a complete lattice.
For example,

usvevVezelX, pz) <viz),

(V) =\ p(2), ze X;

jeJ jes
(Awi)@) = Apsilz), ze X
jed jed

L is de Morgan iff L admits an order-reversing involution
"“L— L =aa<b=4d>V)
in which case LX is also de Morgan.

Remark
I is a complete de Morgan lattice, and so is IX.

If X is a set and A C X, then we define the characteristic function of A, denoted 14 by

de{{ 1 ifzeA

lA=10 fzga



Note that 14 € {0,1}* = 2% and there is a natural bijection between P(X) and 2%. If A’
denotes the complement of A, we see that:

VazeX, lp(z) =0;

Vae X, lx(:l:) =1;

Ve X, la(x)=1~-14(z);

VaeeX, laug(e) =1lalz) V 1p(2);

VzelX, lAnB(CE) = 1A(£U) A IB(CL');

ACB=14<1p.

Algebra on X T

N I* is equipped with order-theoretic structure induced from 7.
The emply fuzzy set 0is: Vz € X, Ofz) =0;
The whole fuzzy set 1is: Vz € X, 1{z)=1;
p=vevVeelX, ulk)=rv()
prveVvVzelX, uk) <viz)
(uVvv)(z) =p(x) viie), z € X;
(uAV)(z) = plz)Av(z), z € X;
(VNJ)(CU) \/)U’J(x) T € X;

(/\#J)(m) /\/43(9/') z € X;
() (ﬂ'f‘)'—l— ulz), z € X.

In the case where I is the closed unit interval, we remind ourselves of the following basic
facts:

1.1.2 Theorem
1. If f € IX*Y then,

sup  f(x,y) = sup sup I v);
T

(z,y)eX XY

inf .
(:1: y)eXxY f@y) = mg( néyf(x’ v;
sup inf f(cc y) < 1nf sup flz, ).
zeX Y€

2. f X,Y C I then,

sup X Asup Y =sup sup zAy;
r€X yey

inf XVinf Y =inf inf zVvy.
reX yey

3. If p,v € IX then
sup (LA V) <sup pAsup V.

4, If v € I¥ and A, B C X then

sup v(z) Asup v(y) =sup sup (v(z)Av(y)).
TE€A yEB z€A y€EB



1.2.1

1.2.2

1.2 Crisp Subsets of X Associated With a Fuzzy Set

If u € IX and o € I we define,

p* € {ze X p(z) > ok

po E {z € X : pz) > o},

These are the so-called a-level(or cut), strong and weak respectively. If a theory is to be
fuzzified (for example group theory), a very useful type of theorem to have avilable is one
which relates a property (such as normality) to its fuzzy analogue. Very often the theorem
takes the form

pisfuzzy— PeoVacel, p“is P

or some variation of this. These o-levels theorems are extremly useful.

Lemma
If u,v € IX then,
p=v ©Vael pu*=r*
oVac(01), u* =v°.

Proor.

(=)

Let z € X and p(z) = o. If v(z) > o then z € v* and so z € pu®. Therefore u(z) > o.
This is a contradiction. Hence v(z) < a. If v(z) < o then 38 such that v(z) < 8 < a.
Therefore € p? and so z € v° and hence v(z) > B. This is a contradiction. Hence
v{z) = « since 2 is arbitrary. Therefore V ¢ € X, v(z) = u(z). Thatisp=v. =

Assume ¥V o € (0,1), u® = v*. Now we have to show V o € [0,1], u* = v*. That
is u! = v! and p° = 0. But clearly u! = 0 = »?! Let € uP then u(z) > 0. So Ja >
0 such that u(z) > o > 0. Therefore z € u® = v* = v(z) > o > 0 = z € V° and hence
u® C 0. Similarly 1° C . Therefore u® = 1°.

]
Lemma
If u € I then,
p= sup alge.
«€(0,1)
PROOF.
If x € X then @
_J o ifpulz)>a
olye(z) = { 0 if p(z) <La.
Let z € X and p{z) = 8. Then
a ifg>a
alye(2) = { 0 iff<a
Therefore
sup olye(z) = 6.
«€(0,1)
O



1.2.3 Lemma
If p1, v, u(4),v(5) € I, j € J then

1. (uAV)® = p* Ny
2. (VY)Y =pu*uus
3. (H/\ V)a = o NVe;
4 (pVV)a = pa Uy
5. U pld)a € (V pl5))a;
jed jed
- 6. (Ap(a= N p0)a
JjeJ jeJ
7. Upl) = (Y R0
jeJ jed
8 (Au@) < Ny
jeJ jed

9. ) Hay = Mo Where o = sup ay;
keK keK

10. %r = 3 wh = inf og;
k%le u® where o inf oy;

1L (@)a = (B'7%);
12 (0% = (h1-a);

13 pa = N b
B<o

14. p* = | pa.
B>a

Proor.
(1)
€ (uAVY)* <= (uAV)(x)>a
< u(z) > aand v(z) > a
<=z € U N,
(2
z€(uVr)* < (uvv)(z)>a
< pz) > aorv(z) >
<=z pu*ur®
®3)
ZE(UAV)y < (uAV)(T)>a
<> p(z) 2 aand v(z) > «
& T € Ug MNVy.
(4)
z2€ (V) <= (uviiz)>a
<> plx) > aorv(z) >
=€ Ug Ul
(5)

z€ _gJ,u(j)a <= Jjo € J such that z € u(jo)a
7

= plio)(z) >
— (Y p)@) 2

= e (Vul)e



(®)

(9

(10)

(11)

(12)

(13)

(14)

ze(Aua =>Vied ui)@)2a

«Vied, 2€ pufa
<> € N p(fa
jeJ

T € jLEJJ,u(j)“ <= 3jp € J such that u(jo)(z) > a
= (v p)E) >
=z (V)
jed

z € (A pO)* = Ap(i)e)>o
=V jeJ, pj)z) >a
=zec jgjﬂ(j)"‘-

z € kQK'uO“‘ —=VEkeEK, plx)>a
<= pfz) > sup oy
keK .

<= T € Ug.

T€E kgKu"‘k <= 3kp € K such that p(x) > o,
= u(z) > iréi;{ak
<> € p”.

z2€(W)e =pE)2o=1-pux)>a
= puz)<as=p@) pl-a
NS (lul—a)/’

ze () <=y >a=p2)<l—-a
= pr) 21-a<=>z € (1-a)

z€ N <=VP<a u)>4
B<e

= p(z) >sup =0
B<a

=T € lg.

z € ﬁg #s <= 30 > a such that u(z) = o
[+

< uz) >
<>z cu”®.



1.3.1

1.3 Fuzzy Sets Induced by Maps

For a function )

there corresponds a function

I~ :PX) — P(Y)
where f7(A) = {f(z) : x € A} is called the direct image of A C X; and a function
£ P(Y) — P(X) -

where f~(B) = {x € X : f(z) € B} is called the preimage of BCY.

We define the analogues of these as follows.

If X and Y are sets, f € YX,u € I¥ and v € IY we define the direct image of u, denoted
by f[u] and the preimage of v denoted by f~![v]as follows:

Foryev,

Flule) ¥ sup p(x)
fz)=y

with the convention that sup # = 0 and

I Evers.

It is straightforward to check these definitions reduce to usual ones in the case where
= 1lgandyv = lgwith ACXand BCY.

Theorem
Let X,Y,Zbesetsandlet feYX,ge Z¥,ue IX,y € I¥ and X € I%.
Let (uj:je€J)e (IX) and (v;:j€J) € (I¥)’. Then

L (g o £)lul = glful);

2. (go )N = g™ PI;

. fLY il = v I il

4. f‘l[j/E\JVj] = j/e\df‘l[Vj];-

5 f1) = (F1));

6. 1 <wve= ] < Fwel;

IVl =V Tlagl

8 JLAp < A Tl

9. flul’ < flw'], provided f is surjective;
10. w1 < p2 = flua) < flpel;
11. f[f[v]] £ v, with equality if f is surjective;
12. pu < f7Yf[u]], with equality if f is injective;
13. fIf v A p] < v A flu], with equality if f is injective.



PROOF.

1)

(M

(10)

(11)

glf[ull(z) = sup flul(y) = sup sup pu(z)

gly)==* - 9(y)=2 f(z)=y
= sup u(z)= (g0 f)(2).
gof(z)=2

(g0 ) P(x) (( F)@)) = Mo(F(=)) = g7 (=)
(). oo

PV pE = (V@) = Y (i)
= V(@) = (v, ) @.

FAE = (AwFE)= Avi(f(a)
S Jj€ S
= j/E\J(f‘l[Vj](rv)) = (A ] (@)-

) =v(f) =v(f(=) = (F i)
= (') (=)

F (@) = n(f(2) < m(f(@) = £ ().

f{v 3l (y) —fS(:u)gy( YV op)(@ )—f( _ VJuj(x)

=V vV ug(m)—ng(f[uy ()

JjeJ f(x)=y

= (v, Tl w)

f[j/E\JuJ (y) = sup (A pj)x) = A  14(2)

flz)=y J€J f(m)
< A vV T
J€J f(w)—yﬂy( )

= AFIe)
= Cn b))

fW'y) = 7lul) =1- flu@)

< sup 1— p(z) [ since { is surjective |
= up b () = flw')(y)-

Y=y

flal(y) = sup palx) < sup pa(x) = fluz)(y).
Flz)=y Fl=)=y

I W) = sup f7'(z) = sup v(f(z)) < v(v).

(z)=y F(@)=y

If f is surjective then f ({y}) # 0 and so

T wWiy) = viw)-

7



(12)
FH @) = flul(f @) = sup  p(2) > ple).
[ I@=@

If f is injective then f(x) = f(z) = 2z = 2 and therefore

FS (=) = pl).

(13)
fFInply) = sup (F7HVAp)(2)

)=y

(v) /(@) A pla))
v(m) A ( )

V(y) A f[u (y)
(v A fluh)()-

If f is injective then f ({y}) is a singlton set and therefore

U I AR = v A flul.

O

More information regarding fuzzy set can be found in [24, 26, 25, 27, 33, 47, 50, 60, 61,
72, 86].



Chapter 2

Fuzzy Topology

2.1 Definitions and Fundamental Properties

In [20], Chang introduced the notion of a fuzzy topology as follows.

2.1.1 Definition
A fuzzy topology on X is a subset 7 of IX satisfying

1. 0,1€T;
2. wveT = uAveT,

3.VjeJ peT= \Vp;eT.
jed
(X,T) is called a fuzzy topological space (f.t.s) and the members of 7 the fuzzy open sets
of X.
If 77 and 73 are fuzzy topologies on X then if 7y C 75 we say 71 is coarser than 72 or T2
is finer than 77.

In [45] Lowen defines a subset 7 C X to be a fuzzy topology on X if (1),(2),(3) hold as
well as:
4)VYael, alxeT. .

2.1.2 Examples
1. The discrete fuzzy topology on X: 7 = IX.

2. The indiscrete fuzzy topology on X: T = {0,1}.

3. Any topology 7 on X generates a fuzzy topology on X — identify with the open sets
their characteristic functions.

4. Given a topological space (X, 7), the family 7, of all lower semi continuous functions
on X into [0, 1] is a fuzzy topology on X which contains 7. We call 7;, the natural
fuzzy topology on a topological space (X, 7).

2.1.3 Definition
A fuzzy set pin a ft.s (X, 7T) is T-closed (fuezy closed) it ' =1—-pe 7.

2.1.4 Definition
The fuzzy interior u° of a fuzzy set i is the join of all members of 7 contained in u.
That is,
wW=vivel*:veT, v<u}.
This is the largest fuzzy open set contained in y and

1 is open iff p = pu°.



2.1.5 Definition

The fuzzy closure [ of a fuzzy set u is the meet of all 7-closed sets which contain p.
That is,

ﬁ=/\{1/€I’:<;1/ €T, u<v}
Thus f is the smallest T-closed set which contains u and
14 is closed iff u = .

2.1.6 Proposition -

(1)#—(u)°and(u)’=()
- (2)0=0, u<j, G=pan

Proor

H
=i
<
]

(1) a) Let C be the set of all 7- closed sets which contain u. Then Vv € C, u < v and
vV eT.
It is easy to show that {¢’ : v € C} is the set of all T-open sets contanied in p'. Therefore

i= A d(p)y=vyv.
B uecyan (,u') vec

So

7Y — 1 _ i ,
(B = (A= Y

Hence 5’ = (p')°.

b) Let C be the set of all T-open sets which are containedin u. ThenVv €C, v € T and v < u
It is easy to show that {v': ¥ € C} is the set of all T-closed sets which contain u'. Therefore

]

= Vvandp' = AV
# vecl B v€eC

and so
6 = (i) =
Hence, (p°)' = p'.
(2) Wehave 0'=1€ 7. So 0 =0. o

Wehave i=AveX vV eT,v2p}>pandso i’ =Vv{' e IX : v €eTv>pu} e
T. Therefore [ is closed = fi = j.

Let A={€IX:¢e€T, p<éland B={neI¥X:n' €7, v<n} Then

avuv= = .
pVE=( NV AN §é\g(wn)
But uyvv<¢évnand (V) eT.
fAxelXissuchthat uyVv <dand XN € Tthenp <A\ N e€Tandv < )\ XN € 7.

Therefore there exists § € A, n € Bsuchthat A=fand A=7. Thus A=¢£Vn.
Therefore

Hence

10



2.2.1

2.2.2

2.2 Fuzzy Closure Operator

In [54] the notion of a fuzzy closure operator is introduced. We adopt a slightly different
definition of a fuzzy closure operator. )

Definition
A fuzzy closure operator on X is a map ~: JX — I which fulfills the following properties

1. 0=10;

2. VpelX, p<p

3. VuvelX uVv=pnvy
4. YuelX p=p.

This definition of fuzzy closure operator differs from the definition in [54], where it is
required that
Vo €I, alx =alx.

It is shown that a fuzzy topology can be defined using a closure operator.

Theorem
If the map ~: IX — IX is fuzzy closure operator then T = {u' : u = fi} is a fuzzy topology
on X whose closure operation is just the operation u — f.

PROOF

Wehave 0 =0=0'=1€7. ,
Since 1 <11t follows that 1=1=1"=0€ 7.
Let u, v € 7. Then p' =/, v/ =1’ and

(uAY) =/ ViV =p'vv =p' vi' = (uAv).
Therefore
((uAv)Y=unveT.
If 4 < v then v = u Vv and hence

v=puvVv=pVvrp
Sop< .
Let v; € T for each j € J. Then

AV <V:~/\1/ < vl

jeg i = Jj="3
Therefore B
AVi< Avi= Avj
jeJd jeJ JjeJ
and hence
AVi= Av
jeJ jeJ
Hence

(/E\JVJ’ "= Y€ T.
J

It remains to show that the resulting closure operation is just the operation u — f.
Let F={p' :peT}={pu:p=p}
We have to show that for each u € IX, [i is the smallest element of F containing p.
Now i = i = i € F and we have u < fi.
Ifve Fand u <vthen

plv=w

Thus fi is the smallest element of F containing . O

11



2.3 Continuous Functions

In [20], the notion of a continuous function between fuzzy topological spaces is introduced
and studied.

2.3.1 Definition
Let {X,7;) and (Y, 7z) be two fuzzy topological spaces. A function f: (X, 77) — (Y, T2)
is continuous ifVv e T, fv] € Ti.

2.3.2 Proposition -
If f:(X,71) — (Y, T2) and g : (Y, Tz) — (Z, Tz) are continuous functions then
gof:(X,71) — (Z,T3) is continuous.

Proor.
Let A € T3. Then (g o f)~[A] = f~![g~}[\]] and, since g is continuous, g~ ![\] € T2.
Since f is continuous, f~1[g7![A\]] € 71. Therefore (g o f) is continuous. O

2.3.3 Theorem
Let f: (X, 71) — (Y, T2) be a function. Then the the following are equivalent

1. f is continuous,
2. For each Tp-closed v, f~1[v] is T;-closed,
3. Foreach v € IV, f-1[v] < f~1[7],
4. For each pe 1%, fla) < flul.
PROOF.

=2
Let ' € T5. Then f~1[/] € 71 and (f~1[]) = f~1[V] € 7.
Therefore f~1[v] is 7; — closed .

2)=(1)
Let v € 5. Then v is T3 — closed and so f~1[J/] = (f~1[¥]) is T — closed . Thus
f7Y[v] € 71 and hence f is continuous.

(2=
For u € 1%,
fll=Avel":VeD, v [y}
Therefore L
I =A{f M :vel”, vV eT, v flul} and
p=nAXeIX:NeT, \>pu}

But

VeT= (M) €T
and

v flul = p < U < VL
Thus .
FHfW > B

and so _ -

Flul > FIFHFlell) > fla)
That is:

12



(4) = (3)
Forve I¥, flv e IX.
Therefore

fIf N L fIf- vl <o
and so .

P 2 A 2 )

Thus

(3)=(2)
Let v/ € T3. Then v € IY and

L = £

Therefore .
fl =~
and hence _
iy is 7, — closed.

More information regarding fuzzy topology can be found in [62, 66, 78, 80, 81].
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3.11

Chapter 3

Filters

3.1 Introduction

The facts regarding fiters can be found in [8, 82] but, for convenience, we record the basics
in this chapter. We will see the similar results for prefiters, generalised filters and fuzzy
filters in the chapters 5,7 and 9 respectively.

Definitions
If X is a set, we call F C P(X) a filter on X iff

1. F£Dand D &F;
2. VF,GeF, FNGeF;
3. VFeF, FCG=GEeF.
If X is a set, we call B C P(X) a fiiter base on X iff
1. B#0Dand 0 ¢ B;
2. VF,GeB, A1BeB: BC FNG.

For § # S C P(X),

<S>q—3f{Y§X:ESESsuchthatSQY}.

If D £ AC X then < {A} > is a filter on X.

If F and G are filters on X, we say that G is finer than F or F is coarser than G, if F C G.
If a filter F is such that there exists a set A with F =< {A} >, we call F a principal filter.
Note that

ACB=<{B}>C<{A}>.

‘We therefore expect principal filters which are generated by a singleton to be maximal. In
other words « € X =< {{z}} > is maximal.
We say that a filter F is fized iff NF # 0 and free if NF = 0.

Wecall BCF tobea base forF if <B >=F.

3.1.2 Proposition

1. If B is a filter base then < B > is a filter.
2. If F is a filter and B C F satisfies < B >= F then B is a filter base.

14



3.1.3

3.2.1

3.2.2

Examples

1. If (X, 1) is a topological space we define the neighbourhood filter N, by
Nm=<{U:~U'E'r, zeU}>.

It is straightforward to check that N is a fixed filter.
2. Let (X, 7) be a topological space and let § # A C X. Define

FE{(FCX:ACF)

Then F is a filter and F C< {A} > .

3. On the real line R we have the free filter
<{(a,0):a €R} >.

4. Let X be an infinite set. Define

F¥'< {A%: A is finite } > .

It is easy to check that F is a filter. 7

5. On the natural numbers N we have the free filter
<{(n,00):neN}>.

6. On R? we have the free filter

<{B,:0<r<oc}>

where

B, © {(z,9) : V22 + 12 <7}

3.2 Ultrafilters

Definition
Filters which are maximal (with respect to inclusion) are called wltrafilters. In other words,
for a filter F,

Fisultra < (FCG, Gisafilter = F=G).

Proposition
A principal filter F =< {A} > is ultra iff A is a singleton.

PROOF.

Let F =< {A} > be an ultrafilter and let 2,y € A. Then F C< {{z}} > and F C<
{{y}} >. So, since F is maximal,

F=<{{z}} >=<{{y}} >.
We therefore obtain

{z} € {y} C {z}
and from this we deduce that z = y.

On the other hand, let F =< {&} >, FC Gand G€G. Then {z} e FCGand GG
and so {z} NG # 0. This means that {z} C G and so G € F. O

Here is a surprising and useful characterisation of ultrafilters.

15



3.2.3

3.24

3.2.5

3.2.6

Theorem
Let F be a filter on a set X. Then

Fis ultra < VACX, AeFor A°e€F.

Proor.
Let F be an ultrafilter, A C X and A ¢ F. Define
G={FNA°:FcF}
Then G is a filter base since:
() AdF=VFeF, FZA=VFeF, FNA°#0.

(ii) If FNA¢, GNA? € G with F, G € Fthen FNG € F and so FNG € A. Thus FNGNA® # (.
Wehave FC< G > and hence F =< G >. Now X € F and so X N A°= A¢ € F.

Conversely, let F C G with G a filter and let G € G. If G ¢ F then G° € F and hence
G¢ € G. But then GNG° = § € G and this contradiction establishes that G € F. Thus
F = G and so F is maximal. O

The following result will be appealed to many times and we note, in passing, that the Axiom
of Choice is required.

Theorem
Every filter is contained in an ultrafilter.

PROOF.
Let F be a filter on a set X and define

s¥ {G: G is a filter and F C G}.

Inclusion is a partial ordering on S. Let € be a chain in 8. Then it is easy to check that

H % UC is a filter on X and H is an upper bound for C. We appeal to Zorn’s Lemma to

deduce that S has a maximal element G. Then F C G and G is maximal. ... g

Definition
If F is a filter on a set X, we say that

Fisprime <= (FUGeF=FeFor GEF).

Theorem
A filter is ultra iff it is prime.

PRrooF.
Let F be an ultrafilter, FUG € F, F ¢ F. Define

cE¥{H.HUFeF.
It is straighforward to check that G is a filter and G € G. Furthermore, if K € F then
K CKUF € Fand so K € G. Consequently we have F C G and, since F is ultra, F = G.
Thus G € F since G € G.
To prove the converse, let A C X. Then AUA® = X € F and hence A € F or A° € F.
Thus, F is ultra. O

16



3.2.7 Theorem

3.2.8

Let F be a filter on a set X. Then
F = NP(F).

Where J :
P(F) e {K:Kis an ultraﬁlter and F C K}.

ProoF.

The inclusion F C NP(F) is obvious so we show that NP(F) C F. To ‘this end let K €
NP(F). If K &€ F then for each F € F, F ¢ K. Thus we have

YVFeF, FNK®#0.

Let det
KE<{FNK:FeF}>.
It is easy to see that K is a filter containing F. Let H be an ultrafilter containing K. We
therefore have

F C K C H € P(F).
Now K¢ = X NK° € K and so K¢ € H. But we also have K € NP(F) € H and so
KNK®=0¢H. This contradiction establishes the result. O0

Definitions
We say that a subset S C P(X) has the finite mtersectwn property (FIP) if every finite
subcollection from & has nonempty intersection. We let

def

p(S) = {€ C S :Cis finite }.

Then
ShasFIP <= VC € p;(S), NC # 0.

So a filter has FIP.
If & has FIP we can construct a filter containing & as follows. Let

def
[§]= {NC:C € p;s(S)}.
So [ 8] denotes the set of all intersections of finite subsets of S. It is easy to check that
S has FIP = [S8] is a filter base

and so
S has FIP =< [S] > is a filter.

Furthermore,
SC<[8]>.

Of course, a filter F is closed with respect to the formation of finite intersections and
supersets and so

<[F] >=F.

If F and G are filters on a set X, we say that they are compatible , and write F ~ G, if
every element of F meets every element of G. In other words

FrG <= VFeF, VGeG, FNG#D.

If F ~ G we can construct a filter which contains them both.

17



3.2.9

3.2.10

3.2.11

3.3.1

Theorem
IfF~ G then

[F,G)| %< {FNG:FeF, GeG} >

is a filter and F,G C [F, G]. <
Furthermore [F, G| is the smallest filter containing both F and G.

The proof of this is straightforward. The fact that [F,G] is the smallest filter containing
both F and G tempts some authors to write F vV G for [F,G] and this is fine as long as
we realise that the set of filters on a set X is not a lattice. This is because two filters
need to be compatible in order for the supremum to exist. If they are not compatible then
[F,G] = P(X) which is not a filter. In particular, two different ultrafiters have no filter as
a supremum.

In the case where G =< {A} > for some set A C X, we write

[F,G] = [F, A]
and the compatibility requirement is that

VFeF, FNA#D.

Thus we have

Corollary

VFeF, FNA#£D=[F, A]is a filter and F C [F, A].
Now here is a useful observation.

Corollary
If F is an ultrafilter on X and A C X then

VFeF, FNA#D < A€F.

PROOF.

VFEeF, FNA#0 =F
=F
= A

The converse is obvious. O

3.3 Topological Notions in Terms of Filters

The fundamental topological notions of convergence, closure and continuity can be described
using filters.

Definition
Let (X,7) be a topological space and F a filter on X. A point € X. is said to be a limit
point of F, if I is finer than the neighbourhood filter N;.
F is also said to be coverge to = and we write F — z.
In other words
F—z < N, CF.

18



3.3.2

3.3.3

3.3.4

A filter base B convergestoz iIf < B >— 2z

We define,
def

ImF % {2 € X : F — z}.
Definition
Let (X,7) be a topological space. A filter F on X has z € X as a cluster point if every

member of I meets every member of N,. We write F >
In other words

- -

Fez < VFeF, VWeN, FNV#£D.

A filter base B clusters at z if < B >> z
We define,

adhFY {z e X:F> 2}

Examples

(1) On the real line R with the usual topology the filter

F=< {(0,%):n€N} >

converges to 0. :
To check this, let V be a neighbourhood of 0. Then there exists € > 0 such that (~¢,¢) C V-
Thus there exists 7 € N such that £ < ¢ and so (0,1) C (—¢,&) € V. We have shown that

YVWeNg, IFelF, FCV
and this means that Ny C F.
(2) On the real line R with the usual topology, let

F =< {(0,m(n)): n e N} >

where

aef [ L ifnisodd
m(n) = { iﬂ if n is even.
Then F > 0 since if (—¢,e) CV € Np and (0,7m(n)) C F € F it is clear that VN F £ 0.

Theorem

F>2 <= Jafiter GwithFCGand G — =z.
PROOF.

(=)
IF>2zlet G=|[FN,. Then N, C G and F C G means that G is finer than F and
G — .

(<)
Conversely, f FCGand G — xthen N, CG. Let VEN, and F € F. Then F € G
andV € Gandso FNV #£ 0. O

The closure can be described in terms of filters.

19



3.3.5

3.3.6

3.3.7

Theorem
Let (X, 7) be a topological space and A C X. Then

€A = Ei]F,IF'al"iltéronX,AE]F, F— 2.

PROOF.

=)
fxzecAlet F=|N,,A. Then Ac Fand F — 2.

(<) o
Conversely, let A € F and F — z. Then N; C F and hence ifVeN, wehave V € F
and so VN A s 0. Since V is arbitrary, z € A. O0

Continuity can be described in terms of filters.
The following proposition is straightforward.

Proposition
If f: X — Y be a function and F is a filter on X then

S ={/"(F):FeF}
is a filter base on Y.

Theorem :
Let X and Y be topological spaces and let f : X — Y be a function. Then

f is continuous at g <= VF, (F is a filter and F — 2y =< f[F] >— f(a:o))

PRrOOF.

=)

Let f be continuous at z, F — z and V' € Nj(,y. Then there exists U € N, such that
fIUI € V. Thus f[U] € f[F] and so V €< f[F] >. Since V is arbitrary we have shown that
Ny(zy €< f[F] >.
) -

Conversely, let z € X and V € Nj(y). Then, since N; — z, we have < f[N;| >— f(x).
This means that Ny;y €< f[Nz] > and so V €< f[Ng] >. Therefore there exists U € N,
such that f[UU] C V. Since V and z are arbitrary, we have shown that f is continuous. 0O
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Chapter 4

Uniform Spaces

‘We will see later fuzzy uniform spaces, generalised uniform spaces and super uniform spaces.
In this chapter we include only some basic results regarding uniform spaces and we will see
later similar results for the above mentioned uniform spaces. More literature regarding
uniform spaces can be found in [8, 38, 82].

4.1 Introduction

If X is a set then we define the following notation.
L A=AX)¥ {(z,2): € X}.
2. T U,V C X x X then

Uov % (z,y) € X x X : 32 € X such that (z,2) € V and (2,y) € U}.

3. fU C X x X then U, & {(2,y) : (v,z) € U}.

Note that
1. ACB= A, C B,.
2 ACEand BCF=A0BCFEoF

3. U yoUo---0l.
N’

n factors

FACUthenUCU2CURC...CU"

4.1.1 Definitions
If X is set then D C P(X x X) is called a uniformity on X iff

1. D is a filter;

2.YUeD, ACU,
3.vUeD, U, ey

4. vVUeD VeD: VoV CU

We call (X, D) a uniform space.(

If X is a set and B C P(X x X), then B is called a uniform base on X iff
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1. B is a filter base;

2.VBeB, AC B; _
3.YBeB,3DeB: D, C B;
4. VBeB, 3DeB: Do DCB.

Wecall BC D abase for Dif <B>=D. SoBisabasefor Dif VDD IB€B:
BCD.

-

4.1.2 Proposition
1. If B is a uniform base then < B > is uniformity.

2. If D is a uniformity and B C D satisfies < B >= D then B is a uniform base.
PROOF.
(1) Let B be a uniform base then B is filter base. So,

B is a filter base =< B > 1is a filter .

D=<B >= {D:3 B e Bsuch that BC D}

If D € D thendB € B such that BC D. Thus AC BC D.

If D € Dthen 3B € B such that B C D. So 3F € B such that £, C B. Therefore
E C B, C D, and hence D, € D.
If D € D then 3B € B such that B C D. So, 3E € B such that Fo EC B C D.

(2) We have D is filter, B C D and < B >= D. Therefore, B is a filter base.

D= {D:3B € B such that B C D}

If BeBthen BeD. So AC B.

If B € Bthen B € . So 3F € D such that EoE C B. Therefore 3F € B such that 7 C
F and hence

FoFCEoECBE

If B € Bthen B € D. So B, € D. Therefore 3F € B such that £ C B, = £, C B.
-0

4.1.3 Examples

(1) Let (X, p) be a pseudometric space and € > 0. Let

D¢ = {(z,y) : p(z,y) <e};
B, = {Df:e>0};
D, =<B,>.

Then D, is a uniformity on X. Note that D, = D3, and so different metrices generate
the same uniformity.

(2) Let B = {A} and D =< B >. Then B is a uniform base and D is a uniformity called the
discrete uniformity.

(3) If D = {X x X} then D is called the trivial uniformity.

(4) Forr € R, let B, = AU{(z,y) e RxR:z>7r, y>r}then B={B, :r € R} isa
uniform base on R.

We call D € D symmetric if D = D,.
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4.1.4

4.2.1

4.2.2

Proposition
(1) A uniformity has a base of symmetric elements.
(2) De D, ne€ N= 3 symmetric E€ D: E* C D.

PROOF.

(1) Let (X, D) be a uniform space and B= {D € D: D = D,}. Then < B >= D:
Let DeDand E=DND,. Then E€B and E C D.

(2) Let De Dandn€N. Then AC D and A" =AC D. O

4.2 The Uniform Topology

letze X, ACX and U C X x X.

Ule) = {y € X : (z,) € U}
and def
U(A) = LEJAU(x) = {y € X : 3z € A such that (z,y) € U}.
T

Theorem
Let (X, D) be a uniform space. Then
Bz = {U(z) : U € D} is a neighbourhcod base at z.

PRrRoOOF.

(i) We have z € U(z) because (z,2) € ACU.

(ii) Let U(z),V(z) € Bz. Then U,V € D and so UNV € D. Therefore
Ulz)NV(x) {we€X :(z,y) € U and (z,y) € V}

{yeX:(z,y) eUNV}

=(UNV)(z) € ba.

(iii) If U(x) € B, then U € D. .
We seek V(z) € B; such that if y € V() then IW(y) € B, with W(y) C U(z). We
have

UeD=3V &€ Dsuchthat VoV CU.

Let y € V(). Then (z,y) € V. If 2z € V(y) then (y,2) € V and so (z,2) € VoV CU.
Therefore z € U(z). Hence V(y) C U(x). That is IV(y) € B, with V(y) C U(z). O

Lemma
Let (X, D) be a uniform space and let B be a base for D. Then
Bz = {B(z) : B € B} is also a neighbourhood base at z.

PROOF.

(i) We have z € B(z). because (z,z) € A C B.

(i) Let U(x),V(x) € B- Then U,V € B and so 3B € B suchthat B C UNV. But
Ulz)NnV{(z) = (UNV){x) and therefore B(z) C (UNV)(z).

(iii) Let U(x) € B;. Then U € B. Therefore 3V € Bsuchthat VoV C U. Ify €
V(z) then (z,y) € V. If 2 € V(y) then (y,2) € V and so (z,2) € VoV C U. Therefore
z € U{z). Hence V(y) C U(xz). That is 3V (y) € B, with V(y) C U(z).

0
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4.2.3

4.3.1

Thus if (X, D) is a uniform space then
Be ={U(z): U € D}
is a neighbourhood base at z. Therefore t
N, ={VCX:BCYV for some B € 3,}

is a neighbourhood system at z, and hence

—--

mp={UCX:Vze X, IV € N; such that V C U}

is a topology on X.
The same topology is produced if any base 8 is used in place of D.
We call mp the uniform topology generated by D.

There is a simple expression for Tp-closure:

Theorem
If B is a base for D then B
A= n U(A).
UeB |
PROOF.

Let z € AandU € B. Let V € B be symmetric with V' C U. Then V(z) is a
neighbourhood of z and so V() N A # 0. Let a € V(z) N A then (z, a) and so (a,z) € V.
Therefore € V(a) C V(A) CU(A). ThusV U € B, 2 € U(A) and this means that .

T € uQIBU(A).

Now let z € UQ]BU (A) and V() be a basic neighbourhood of z with V' symmetric. Then

xz € V(A) = 3a € A such that (a,2) € V. Therefore (z,a) € V and so ¢ € V(z) which
means that V(z) N A # 0. Hence z € A.
O

4.3 Uniformly Continuous Functions
Let f: X — Y be a mapping. Then

Ixf:XxX—=YxY, (z,9)~(f(z),f(y)

is a mapping.
For DC X x X,
(f xN7(D) ={{f(=), f(¥) : (z,9) € D}
andfor ECY xY
(f x )7 (E) ={(z,y) € X x X : (f(2), f(v)) € E}.

Definition
Let (X, D) and (Y,E) be uniform spaces and f : X — Y a mapping. f is said to be
uniformly continuous ifV E€E, 3D € D: (f x f)~ (D) C E. That is,

VEEE (fxf) (E)eD.
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4.3.2

4.3.3

For example:

If (X, p) and (Y, d) are metric spaces then (X, D,) and (Y, D) are uniform spaces. Then

f: X — Y is uniformly centinuous

ifV e > 0, 36 > 0 such that p(z,y) < 6 = d(f(z), fly) <e
iff V e > 0, 36 > 0 such that (z,y) € D} = (f(z), f(y)) € D¢
iffVV € Dy, U € D, such that (f x f)~(U) C V.

So uniform continuity in the uniform space context generalises uniform continuity in
metric spaces.

Theorem
If f:(X,D) — (Y,E) is a uniformly continuous function then f : (X, ) — (Y, 7z) is
continuous.

PRroor.

Let V(f{x)) be a 7g -neighbourhood of f(z) with V € E. Since f is uniformly continu-
ous function, it follows that 3U € D such that (fxf)~ (U) C V andso f~ (U(z)) C V(f(z)).
Since z € f~ (U(z)) = Jy € U(z) such that f(y) = z. So

yeU() = (z,9) eU=(flz), fly)) €V = fly) = z€ V(f ().

Lemma T
Iff:(X,D) — (V,E)and g : (Y,E) — (Z,F) are two uniformly continuous mappings
then

go f:(X,D) — (Z,F) is uniformly continuous.

PROOF.

Let F € F. Then, since g is uniformly continuous,
(gxg)"(F) €E.
Since f is uniformly continuous,
(Fx )" ((gxg)~(F) €D

That is
((gog) x(gog)~(F)=(fx )" ((gxg)~(F)) €D

Hence (g o f) is uniformly continuous.
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5.1.1

Chapter 5

Prefilters

5.1 Introduction

In [49], Lowen introduced the notion of a prefilter and since then it has been studied. The
facts regarding prefiters can be found in [51, 53, 63, 10]. In this chapter we summarize these
properties of prefilters.

First we state some notations here. I will denote the unit interval, Iy and I; are the
intervals (0, 1], [0,1). For any u € I*X and € € I we define

(1 +6)(@) & () +e) Al and (u—e)(z) ¥ (u(z) —€) VO

sup ,udéf sup u(z) and inf pdzef inf p(z).
z€X zeX
Definitions
If X is a set, § # F C IX is called a prefilter (on X) iff
1. 0g F;
2VyvueF, vAhupeF,
3.VveF, v<u=ucrF.

If X is aset, D ¢ BC IX is called a prefilter base (on X) iff
1. 0¢ B;
22.VypueB, 3IxeEB: AL vAL

For B # F C 1%,

<F>¥{uel®:weF suchthat v <}

If u € I* then
<pu >¥ {r}>.

We call B C F a prefilter base for F if < B>=F. So B is a prefilter base for F iff
VueF, dveB:v< .

If 7 and G are prefilters and F C G we shall say that F is coarser than G or G is finer
than F.
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5.1.2 Proposition
1. If B is a prefilter base then < B > is a prefilter.

2. If F is a prefilter and B C F satisfies < B>=F then Bisa prefilter base.

PROOF.

(1) We have < B># 0 and 0 ¢< B >.

Ifu, ve< B> then 3/, v € B such that u’ < pand v/ <wv. So, A € B such that A <
WAV < uAv. Therefore, uAv e< B>, .

If pe<B> and p < vthen I X €< B> such that A < u < v. So, ¥ €< B >. Hence,
< B > is a prefilter.

(2) <B>#0D.80B+£0. 0¢ F=<B>=0¢B.
Let uy, v € B.Thenpy, v € F =< B >. So, uAv €< B > Therefore, 3 X €
B such that A < A v. Hence, B is a prefiter base.

O

5.1.3 Definitions
Given a prefilter 7 and u € IX the following subset of |

CHF)E {ael:VveF Iz e X suchthat v(z)> ula)+a}

will be called the characteristic set of F with respect to yu and

o*(F) £ sup CH(F)

will be called the characteristic value of F with respect to . '
When p = 0 we shall refer to them just as the characteristic set and chamctemsuc value of
F. We shall denote them by C(F) and ¢(F).

That is,

CF)E{ael:VveF,3zeX suchthat v(z)>al

and

o(F) E sup C(F).
We collect together some basic facts in the following proposition.

5.1.4 Proposition
Let F be a prefilter and p € 7% then

L C¥F)={acl:p+agF}
2 {ael:p+aeF}={1}or [¢,1] with c € I; or (¢, 1] with ¢ € Iy;
3. CH¥(F) =0 or [0,c) with c € Ip or [0, c] with ¢ € Iy;
4. H(F) L sup CH(F) =inf {a€T:p+ae F.
Proor.

(1) We have
utagéF <—=VYveF, ptaPv
= VveF JeecX:viz)>ux)+a

QD Let A={ae€l:u+a€F}. Thenl€ A. If a € A and o < B then 8 € A. Therefore
A={1} or [¢,1] with c € I; or (¢, 1] with ¢ € I;.

B)Let B=CHF)={ae€el:p+a¢ F} Then ANB =Pand AUB = I. So,
= [0,¢) with ¢ € Ip or @ or [0, ¢] with ¢ € 1.
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{4) Therefore we have
sup B =inf A.

That is, )

¢#(F)=sup C*(F)=inf {a€l: p+aeF}

1. C(F)={ael:alx ¢F}

2. o(F) Esup C(F) =inf {a € I:alx € F;

3. ¢(F) = ,I,Iéffsup v;
4. For a prefilter base F, ¢(F) = c({< F >).

If 41 =0 then
CHF)=C(F)={acl:alx ¢ F},

¢(F) =sup C(F) =inf {a € I:alx € F}.

We have -
{a€l:alx e F}={sup v:veF}.

Since if v € F then {sup v)lx € F and sup alx = a. Therefore
c(F) = lllréff sup v.

We next see the definition of prime prefilter which is similar to the definition of prime
filter.

5.1.5 Definition
A prefilter F is said to be prime if V v, u € IX such that vV u € F we have either y € F
or i € F.

5.1.6 Theorem
If 4o € IX then
<p>isprimeiff 3a >0,z € X : pu=al,.

PROOF.
=)
Let z1, 22 € u® with z; # x2. Then
pz) ifz#m
Then Vg =pu €< u>, sov; €< u> or vy €< > Therefore 1y > porwe > i
which is clearly false. Thus 0 is a singlton. Hence 3a >0, 3z € X : u = al,.
(<)

Let vy Vip €< al; >. Then vy Vip > al,. So

take p1 = p(z1)1s, and () = {

Vi 2 a.

Therefore
v(z) > o or va(z) > a.
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5.1.7

5.1.8

5.1.9

Consequently,
1 eE<al, > orvg E<al, >

Therefore < al, > is prime.

Note
This reveals that prime prefilters are not maximal since if 8 < o < p(z) then
< u>C< al; >C< B1,; > with both < al, > and < 1, > being prime.

Definitions
If F and G are prefilter bases then

FrnGo&VveFVYueG vAap#0.

If F ~ G we define,

FVG¥<lvapveF, pegl>.

and it is easy to see that F V G is the smallest prefilter containing both F and G.
For prefilter bases F and G we define,

def [ ¢(FVG) fF~G
olF,9) = { 0 otherwise.

If 0 # p € I then < u > is a prefilter and for a prefilter F we define,
oF, 1) = e(F, < p>).
We define the saturation of a prefilter as follows.

Definition
For a prefilter base F with ¢(F) > 0 we define,

Theorem
If 7 and G are prefilter bases with ¢(F) A ¢(G) > 0 then,

1. fgﬁ;

2. Veel, viee F)=>veF,
3. F is a prefilter base;

4. FCG=FC6;

If F is a prefilter then F = F;

® ® N &

If F is a prefilter then ¢(F) = c(F).
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Proor.
(1) Let ve FandVe€ Ip, v. =v. Then

sup (Vs—e)—Sup (v—e)=veF.

eelp eclp

(2) LetVeely, v+e€F. Then

sup (v+¢e)—¢e)=v e F.
g€lp -
(3) We have F #£ 0 and 0 ¢ F.
Let u=sup (e —¢€), v=sup (v —¢) € F withV & € Iy, pie, V= € F. Then
e€lp e€lp

(wAv)() = sup (ke — €)(@) A sup (ve — ) (@)

—oup sup (e — €)(2) A (%5 6)(2)
ecly b€l

> sup (pe A ve —€)(x).
e€ly

So

LAV > sup (pe AV, —&).
e€lp

But we have,

Ve€ly, e, Ve €EF=>Ve€ Iy, I € F such that A\; < pe Ave.

Therefore

uAV>sup (pe Ave —e) > sup (A —¢) € F.
g€y g€lp

Hence, F is a prefilter base.
(4) Let p=sup (v. —¢) € FwithV e € Iy, v. € F. Then
g€y

Veel, v.€G=pneg.

(5) Let o =< F > . Then 3 v € F such that v < p.

Therefore 3 (v; : € € Ip) € F such that g > v = sup (v. — &).
&‘EIU

LetVeel, ue d§fp+62 Ve. Then p, €< F >.
So,

p=sup (s —€) € <F >,

g€lp
Therefore . o
<F>C<F>.

Let p € <F>.Then 3 (e : € € Iy) €< F >0 such that u =sup (ue —¢). So
g€lp

Y e€lp, v, € F such that v < p,.

Therefore
sup (v. — &) < p.
g€lp
Hence A
HESF >.
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Thus

e —

<F>C<F>.

() Let u € F. Then 3 (pie : € € Ip) € F such that u = sup (ue — €). Therefore

g€lp

e = sup (u§ — 6) for some (u§: 6 € Ip) € Fh.
d€ly

So
b = sup (sup (u§ — 6) — <)
- ecly 6€l

=sup sup (u5—6—¢)
geely 8¢lp

—sup sup (4 — o)
wa€ly g,6¢h
etd=a

= sup (Vo — 0).
a€lp

‘Where,

Vo = sup us E<F >.
g,6€lp
et+é=c

Therefore
LELSF>=F.

(MWehave FCG=>FCG=a<F>C<G>.
(8) If F is a prefilter then F =< F > . Therfore F = <F>=F.
(9) We have c(F) = 12& sup v and so,

FCF=c(F) > c(F).
If 3 o such that ¢(F) < o < ¢(F) then

inf_sup v < a=>3v e F such that sup v < a.
veF .

So

v =sup (V, — &) for some (v, : € € I) € Fh,
e€ly

Define pp = 81x where sup v < 8 < . then v < pu. Therefore
Fé6>0suchthat v <v-+6 < p.

But we have Ve € Iy, v+& > v and so, u > v+ 6 > vs. Since F is a filter. Therfore u € F.
That is u € F and sup u = 8 = ¢(F) < B < o. This is a contradiction to ¢(F) > o
Therefore ¢(F) = c(F).

O

5.1.10 Definition .
A prefilter F with F = F will be called saturated prefiter.

Some useful results regarding saturated prefilters.
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5.1.11 Theorem
If F is a prefilter then

(1) :
Fis saturated & (Ve€lp, v+e€eF=>veF)
o Veel, 3v, € F:v.<vt+e=vEF).

@ F={pelX:Yeecl, pt+ecF}
(3) F is a saturated prefilter.

(4) If F is a prefilter base then F = F.

Proor.

i (1)
(=)
We have .
NVMeeh, vitee F)=>veF.

But F=F,andsov € F.

(=) .
Let p € F. Then we have

I (pe:ec€lp) e FI such that u=sup (ue —¢).
) ecly

Therefore
Veel, u+te>p. €F.

Since F is a prefilter, we have Ve € I, u Y& € F. Hence u € F. Therefore F = F. It is
easy to show that,

NVeeh,vteeF=a2veF) = Ve h,Iv.€F:v. <v+e=>veF)

(2) We have A
{per*:Yeel, p+eeF}CF.

Let pe F. Then we have

3 (e : € € Iy) € FT such that p = sup (. — €).
g€y

Therefore
Veely, u+te>p. €F.

Since F is a prefilter, we have Ve € Iy, u+e € F.
(3) If F is a prefilter then

e —

F=<F>=<F>=F
So, F is a prefilter. A
Nowlet Ve € Iy, u+e € F. Then

Veeh,Véel, ut+e+deF

=>Vacl, uy+taeF
=>ueF.
Therefore F is a saturated prefilter.
(4) If F is a prefilter base then < F > is a prefilter. So

F=<F>=<F>



That is, F is a saturated prefilter. So,

re——

F=<Fs3=F=F

We next consider the characteristic set of a saturated prefilter.

5.1.12 Proposition A
Let F be a prefilter with ¢(F) = a then C(F) = [0, o).

PROOF.

We have ¢(F) =inf {f € 1:B1x € F}.
So,

BlxeFlorall f>aand fly ¢ Florall <o
=>Veel, olx +te={a+eAl)lx € F
= oalx € F. .
On the other hand if 8 < o then 3 ¢ > 0 such that ,8+a< o
= Plx+e=(B+e)lx ¢ F,
which means 8lx ¢ F. But
CF)={tel:tlx ¢ F}.
Therefore C(F) = [0, ).

5.2 Prefilters from Filters

Recall from 1.2 that if v € IX and a € 1
v ¥ iz e X (@) > al, _

Vo & {xe X :v(x) > a}.

5.2.1 Definition
Let F be a filter on X . For « € (0, 1] define,

Fo X< {alp:FeF} >,

FerX.vB<a, ° €F).

5.2.2 Theorem
Let F and G be filters on X. Then we have

1. F, and F* are prefilters on X with F, C F* for any a € (0, 1},
2. F,CFgand F*CFPif0 < B <

3. Fo CGuand F*C G*ifF CG,

4. F, =F> =Fe,

5. C(Fy) = C(F*) = [0,a) and ¢(F,) = ¢(F*) = a.
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PRroor.
(1) We have 0 ¢ {alp: F € F} # 0 and
alpAalg =alpae € {alp: F € F}.

Therefore {alp : F' € F} is a prefilter base. Hence Fy, is a prefilter.

1€F*# 0 and 0 ¢ F*. .
Let p,v € F* thenV 8 < , pP,1# € F. But
(uAV)P =P NP eF.

So uAveF

Let peF*and p<v. ThenVB <o, yfeFForB<a, P DuP €T, andsorP €F
Therefore v € F<.

Hence F* is a prefilter.

Let 4o € Fo. Then 3 F € F such that u > alp. For 8 < o, p® 2 (alp)? = F € F and
so u € F*. Therefore F, C F<.

(2) Wehave p € F, = 3 F € Fsuchthat y > alp. f0 < 8 < athen u > Blp and so
p €Fs. Therefore u€ F* =V y <o, W EF=>Vy< B, pW €eF=peFl.

3) '
PEF,=aFcF:u>alp=3FecG:p>alpr=pucG,.

peF=>VYl8<a, PPeF=>Vph<a, tPeG=peGe

(4) Let p € Fo. Then 3 (e : € € Ip) € (F*)™ such that u = sup (ue — ). So

ecl,
Yeel,, VB<uq, ufE]F,
B _ — N = —_ o\ = B+e
w= (6(\5/10(#5 £)) Egjn(//"e &) sé"]n“e : -

Ifﬂ<athen3§>Osuchf,hat,6+6<a:,uf+5€IF

= Ut eF=Pel.
g€l

Therefore € F* and hence F* = Fe,
Fo CF* = F, CFe =F~

Let p € F*. ThenV 8 < a, pf € F. Then for each ¢ € Iy, define v, = ol a-ee. Since
p* €Fsov, €F, and also p+ec>v,.. Thatis, Ve€lp, p>2 v, —¢

= p>sup (V. —e) with ¥V ¢ € Ip, v € F,.
g€l

Since F, is a prefilter and so y € F,. Therefore F* C F,. Hence
Fo = Fo =F*,

(5) We have C(Fo) = {8 € 1:8lx ¢ Fo}. If 8 < athen Blx # alp forany F € F =
Blx ¢ F,. But if 8> o then Sl1x > alp for some F € F = Blx € F,. Therefore

C(Fq) = [0, &) and hence c¢(Fy) = a.
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5.3.1

5.3.2

‘We have
C(F*) = {Bel:Blx ¢ F*).

IfB<athendé:B<6<cand (Blx)=0¢F=pPlx ¢ F.
fB>athenVy<ao, (Blx)"=X € F= flx € F~.
Therefore

C(F*) = [0, &) and hence ¢(F*¥) = a

5.3 Filters from Prefilters

Definition
Let F be a prefilter on X. For o € C(F), we define,

Fo ¥ lriveFY={FC X:alxVipeF},
and for o € (0, ¢(F)] we define,
o def 16, ; '
Fr=7:8<a, veFI].

Theorem
Let F and G be prefilters on X. Then we have

1. Fy for any o € C(F) and F* for any o € (0,c¢(F)] are filters on X,
. Fp CFHH 0L B<aLe(F),

. FaCGyand FECG*if FCG,
. For o € (0,¢(F)], F*= U F".

O<y<x

2
3. FaDFpif0<B<aand a€ C(F);and 72 D FPif 0 < B < a < ¢(F),
4
5

PRrOOF.

(1) Let « € C(F). Then alx ¢ F. So, for v € F, v® # 0. We also know F,, # 0.

Let pu*,v* € Fy. Then p* Nv® = (U AV)* € Fy.

Let u> € F,and F O u® Then 1lpVu> u, lpVu € F and (15 V p)* = F Therefore
FeF,.

Hence F,, is a filter.

For o € (0, ¢(F)], F* 5 D and 0 ¢ F>.

Let v2, u7 € F* where v, u € F and 8,7 < a. Then

(wApPY VP nuland vAp € F.

Therefore F* is a filter base.

Clearly F* C< F* >, Let Ac< F* > . Then v € F and B < o such that A D /°.
Define p =14 Vv > vthen p € F. yf = A € F. Therefore < F* >= F*, Hence F* is a
filter.

(2) Let vP € F5 then we have v € F.
0<B<a<c(F)=1°eF~

Therefore 5 C F&
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5.3.3

(8) Let v® € F5. Then we have v € F. Define p = 1,6 Vv > v then y € F, since 0 < S < cu.
So u* = 1. Therefore v° € F,. Hence F5 C Fa-

Let vY € 7. Theny< Bandv € F. Since 0 < f < a < ¢(F) we have y < v and v €
F. Therefore v7 € F. Hence FP C F°.

(4) Let v™ € F,. Then v € F and so v € G. Therefore v* € G,,.
Let ¥? € F*. Then B < avand v € F and so 8 < a and v € G. Therefore 1# € G=.

(5) We have

-z

D<y<a=>FTCF*= U FYCF=™
O<y<e

Let ° € = Then S < a and v € F. So 3v: 8 < v < o such that ¥ € F7. Therefore

We U FY. Hence Fe= U F7.
O<y<e O<y<a

O

Theorem
Let F and G be filters on X and F and G are prefilters on X. Then we have

1. F=(F,)° = (F*Pif0<B<q,
F=(Fo)s=(F*)sif0<B<a,

(FEY 2 Fif 0 < B < a<c(F),

(FX)s D Fif0< 8 < a < c(F),

(Fo)’) 2 Fif0< B < o and a € C(F),
(Fo)s 2 Fif0< B < a and a € (0, ¢(F)),
((F*)*)* = F= for any a € (0, ¢(F)),

8. if F € Fp and ¢(F) < v< 1 then vl € F.

N o~ W N

PROOF.

(1) Let F € F. Thenalp € Foandfory < 8 < o, (alp)? = F € (Fo)?. Therefore
F C (F,)°. We have '
Fo CF* = (Fo)° C (F*)°.

So, F C (Fa)? C (F*)°.
Let v7 € (F*)? then v < B and v € F*,
veF*=V6<a ’€F.
Since 0 < 8 < @, we have v7 € F. Therefore (F*)? CF.
Hence F = (F,)? = (F*)?.

(2) Let F € F. Thenalp € Fyandfor0 < 8 < o, (alp)? = F € (Fq)s- Therefore
F C (Fo)3. We have
F, C F* = (Fa)ﬁ - (]Fa)ﬁ.

SoFC (IFa)ﬂ - (]Fo‘)ﬁ.
Let 1# € (F*)g. Then v € F°.

veF=Vy<a vV7T€F.
Since 0 < B < o we have v? € F. Therefore (F>)g CF.
Hence F = (Fy)s = (F*)g.
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(8) Let v € F. Then since o < ¢(F) soV v < a, ¥ € F=. Since 0 < 8 < a it follows that
Y v < B, VP € F*. Therefore v € (F*)%. Hence F C (F%)P.

(4) Let v € F. Then since o < ¢(F) we haVéV N < a, VT € F Since 0 < 8 < . So
v > Bl,e € (F*)g. Therefore v € (F*)g. Hence F C (F*)g.

(5) Let v € F. Then v* € F,. Since0 < B < a. SoV vy < B, vY € F,. Therefore v € (F,)P.
Hence F C (F,)°.

(6) Let » € F. Then v* € F,. Since 0 < 8 < o we have v > 81, E (.7-' )s- Therefore
v € (Fo)p- Hence F C (Fo)p-

(7) We have
(FO)* D F = ((FY))* 2 F*.
Let v € ((F*)®)*. Then 8 < o and v € (F®)%. SoV v < a, v7 € F*. Therefore 1° € F*.
Hence ((F*)®)* = Fe.
(8) Let F € Fp. Then F = 1 for some v; € F. We have

v >c(F)= ;I/Ig;r sup v.

Therefore 3 v € F such that sup 12 <v. Let v =11 Vvp. Thenv € F and 10 = 19N D
F. Sosup v <sup vy <. Therefore v < ylp € F: O

The following theorem is very useful when we try to show two saturated prefilters are
equal.

5.3.4 Theorem o
If F and G are saturated prefilters such that ¢(F) = ¢(G) = o and 78 = GP for all B € (0, o]
then 7 = G.

PRroOF.

Let 4 € F and e € Ip. We seek v € G such that v < u -+ £. Then, since ¢ is arbitrary,
we will have V € € Iy, 1+ & € F and since G is saturated we have y € F.

Choose ag, 1,... ,apsuchthat 0= <oy <o < ... < op = awith oy — ;-1 < g/4
foreach i € {1,2,... ,n}. T

(i) We have u® € F* = G*. Thus 31} € G and 81 < oy with ()% = p®0. Thus
Iy =v{Aalx € G and 1 < o with Vf‘ C (1)) = poo.

(i) We have u® € F*2 = G, Therefore 3 v} € G and B8} < ap with (14)%2 = p*.
Thus I, = vyAalx € G and G285V a; < ag with zxﬁz C ()% C (¥h)P2 = u®'. In general

we have:

For each i € {1,2,...,n}, alx > v, € G and B; € (o1, ;) with Vf" C p%i-1, Let
v= A u

i€{1,2,... ,n}

Then alx > v € G and V% C V?" C p*-1 for each I € {1,2,... ,n}.
Thus Vi€ {1,2,...,n} and V 2 € X we have:

viz) > 6= ulz) > o1 > o;1/4e > B; — 1/4e.

Now we have to show v <y + €.
Let « € X and v(z) > 8. Then
() if0< B <Brthen (u+e)(@)>e>an > 5 >0
(b) if B; < B < Biy1 for some i € {1,2,...,n} then

vi(z) > B2 B = (ute)(x) = u(z)+e > Bi—1/4e+e = Bi+3/4e > o;_1+3/4e > a1 > Bit1 > B-
(c)if 8, < B < athen
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5.3.5

5.3.6

v(z) >8> 8, = (pte)(x) = plz)+e> B,—1/4e+e=B,+3/4c > a,_1+3/4e > a > B.

Therefore in any case
viz)>B=(u+e)z) > 6.
Thus p(z) < (1 +¢€)(z). But z is arbitrary therefore v < u +e.

O
Proposition
Let F be a saturated prefilter and ¢(F) = a. Then
F=[)(F*F.
B
Proor.

Let G = ﬁﬂ (.7:‘3)’3 . Then G is a saturated prefilter, as an arbitrary intersection of
<

saturated prefilters.

tix €6 <=Vf<a, ﬂxE(f'@)B
=Vl<a Vy<B (tlx)Y € FP
=V Vy<pB, v<1
—=VB<ao B
1> aq.

Therefore C(G) = [0, &) = C(G). Now we have to show V 8 € (0,a], F# = GP. Since G D F,
we have G8 D FP,

On the other hand G C (F%)? and so G° C ((F%)%)® = FB. Therefore by the above
theorem F =G = ,@Q (FBYP.

O

Theorem )
Let F be a prefilter on X with ¢(F) = ¢ > 0 and let F be a filter on X. Then

1. F is prime & 7y is an ultrafilter,

2. F is prime = Fy = F€,

3. F is ultrafilter < F, is prime, for any o € (0, 1],
4. F is ultrafilter & F¢ is prime, for any o € (0, 1],
5. if F is prime and F C § then G is prime.

PRrROOF.

(1)
=)

Let AUB € Fy. Then laug € F. laus = 1laV1g € F. Now F is prime. So
14 € For lg € F. Therefore A € Fy or B € Fp and so Fp is prime. That is Fp is ultra.

(<)
Let uVv € F. Then (uvv)? = p®U® € F. Since Fp is an ultrafiter, u° € F or v° € F.
Therefore u € F or v € F and hence F is prime.
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(2) Fo € F° and Fy is ultra = Fp = F°.
(3) We have F = (F,)o and by (1)

F = (Fu)o is an ultfafilter <= F,, is prime .

(4) We have F = (F*)p and by (1)

F = (F%)o is an ultrafilter <= F” is prime .

- -
-

(5) We have F C G = Fy C Gp and F is prime <= Fp is ultra. Therefore Gy is ultra and
hence G is prime.

d

5.3.7 Lemma
If F is a prefilter on X and F is a filter on X then

1. fN]F1=>(.7:V]F1)0=f0VF,

2. If F is an ultrafilter then
F~FieFCFe (FVF)o=F.

PRroor.

(1 -

WPe(FVF ) =v>unlpforsomepeF, FEF
=02 0NFwithueF, FeF
il/oE.ﬂ)VF.

Let A€ FoVF. Then AD P NF forsome u € F, FE€F. So AD (uA1p)? with u €
F, F €F. Therefore A € (F VFy)p. Hence (F VF,;)p = F VF.

(2) Let F be an ultrafilter. Then

Fr~F, <<YveF, YFeF, vvip#0
< VYVveF, VFeETF V'NF#D
= VveF, VLeF
< F, CF.

FnTFy= (FVF)o=Fo VF=F. Cleatly, (FVF,)o=F= F ~F,. O

The following definition aims to characterise the collection of minimal prime prefilters.

5.3.8 Definitions
If F is a prefilter and T is filter on X we define,
P(F) oo {K: K is an ultrafilter and F C K};

& {G : G is a prime prefilter and F C G};

P(F)
Pn(F) & {G: G € P(F) and G is minimal }.

5.3.9 Lemma
1. P(F) has minimal elements,

2.F= N G,

GEP(F)
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3.F= N 6.
GEPm(F)

PROOF.

(1) For G1,G2 € P(F) define,
G120 <= G126

Then P(F) is a partially ordered set. Let C be a non-empty chain in P(F). Then
H= grewcg is a prime prefilter and F C H.

Clearly F C H,

We have H # 0 and 0 ¢ H.

Let yyv € H. ThenV G €C; p,vG = unveH.

Let peHand p<vthenVGel, pcGandus<v=veH.
Therefore H is a prefilter.

Let uyvve HthenVGeC, uvreg. So

—- -

VGeC, (ueEGorveQ).

VY GEC, uegthen pu€H.

If3G €Csuchthat u ¢ G’ thenv e G’

Therefore V G € Csuchthat G DO G'wehavev € G and if G € C such that G C
G' then u ¢ G, so we must again have v € G. Therefore v € H. Hence H is a prime
prefilter. .

So, we have H € P(F) and an upper bound for C. By Zorn’s Lemma, (P(F), <) has a
maximal element. That is (P(F), C) has a minimal element. Therefore P, (F) # 0.

(2) First we have to show that

G e 'P(}—) <= Gy € IP)(]:()) and Fp = geg(f)go.

G € P(F) <= G is prime prefilter and F C G
<= Gp is ultra and Fp C Gp
< Gy € P(F). .

We have

Fo= n T
FeP(Fp)

F € P(Fy) =T is an ultra filter and 7y CF
= (FVF1)o =F and F is ultra.
=FVF isprimeand FCFVEF
=FVF, € 'P(}')

That is we have
G € P(F) = Gy € P(Fp) and
FeP(F) = (FVF, € P(F) and (FVF1)o =F).

Therefore

Fo= nNn F= n G
FeP(Fo) GEP(F)

Clearly FC N
GEP(F)

Let p € gﬁgmg. Then V G € P(F), u€ G. SoV G € P(F), u° € Go. Therefore u° € Fp
andsop€F. Hence F= N G.
GeP(F)
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5.3.10

5.3.11

(8) f G € Ppp(F) then G € P(F) and G is minimal.

So obviously, F= n G.
GEPm(F)
O

The following crucial theorem due to Lowen [49] characterises the mimimal prime pre-
filters.

Theorem B
If F is a prefilter then T
Pm(F)={FVF,:F € P(F)}.
Proor.
Let G € P, (F). Then G € P(F) and G is minimal. We have
Ge :D(}-) =0p € P(fo)
and

Go is ultra = (Gp); is prime = FV (Gp); is prime .
Therefore F V (Go)1 € P(F). We have
Go={FCX:1p€gG}.
and so .
(Goh=<{lr:FeGo} >=<{lp: FCX, 1p€G} >CG.
So (Gp)1 € G and F C G. Therefore FV(Gp); € G. But G is minimal. Hence G = FV (Gp);-
That is, if G € P (F) then G = FV (Gp)1 and Gy € P(Fop). Therefore
Pm(F) C{FVF,:FeP(F)}

Let F € P(Fp). Then F VFy € P(F).
If 3G € P,,,(F) such that G C FVF; then

g:fV(go)1CfV]F1. o

So (Go)y € F1 = Gp C F. This is a contradiction, since F,Gy € P(F). Therefore
FVF € Pp(F). Hence
Pu(F)={FVF,:FeP(F)}.

Theorem
If F is a prefilter then 3G € Py, (F) with ¢(F) = c(G).

PRrOOF.

If ¢ = ¢(F) > 0 then choose F € P(F¢). Then we have F € P(Fp) and so FVEF; € P (F).
Therefore ¢(F) > ¢(FVF). Let 0 < o < ¢(F)and p € FVF;. Then Iv € F, F €
F such that u > vAlp. Now v* € F¢ C F and so ¥*NF # 0. Let z € v*NF. Then sup u >
supvAlp > v(z) > o Since p is arbitrary we have ¢(FVF;) > « and since « is arbitrary we
conclude that ¢(F V F1) > ¢(F). Therefore ¢(F) = ¢(F VF;). If ¢(F) = 0 then choose F €
P(Fp). Therefore FVF; € P (F) and so 0 = ¢(F) > ¢(FVF;). Therefore ¢(F) = ¢(FVF1).

O

For a prefilter we now see the definition of lower characteristic.
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5.3.12

5.3.13

5.3.14

Definition
For a prefilter 7 we define the lower characteristic of F by

&F) L inf Q).

=< -inf ¢
GEPL(F)

1t is easy to see that ¢(F) = ¢(F) when F is prime.

Lemma
If F is a prefilter with ¢(F) > 0 then -
0<a<iF)eSVveF, v*eF.
Proor.
We have F f ofF f e(FVF
_ _ _ v
AF) = gl gy ) = oIy TV )
= vt B F oA I
So .
0<a<ig(F) <VFeP(F), VveF, YFeF, v*NF#£D
=VveF, VFeP(F), v*eF
<VveF, vve N F=5%F.
FeP(Fo)
O
Proposition

If F is a prefilter with ¢(F) > 0 and F is a filter then
L 2(F) = inf supfa: v* € Fo} = supfa: Fu = Fo},

2. If F = F then (F°), C F, where & = &(F) and ¢ = ¢(F),
3. e(F) > &(7),
4. §(F,) = a and &F*) > a, for a € (0, 1].
Proor.
(1) Let B= nelgr sup{c: v* € F}. Then
D<a<ié(F) <=VYveF v¥eF
<= VvEF, a<sup{b: v’ e Fy}
= a< 12;; sup{6:1° € o} = 8.
That is o < ¢(F) < a < 8. So ¢(F) = 8. Now we have

e<iEF) <=VveF, ek
= F.CH
<~ a<sup{b:F5s C Fp} =sup{b: Fs = Fo}.

So & = sup{6 : F5 = Fp}-

(2) Let u € (F%). Then u >cl,s where 3 < cand v € F. 8 < &= 1P € Fp. We intend to
show that p € F.

Let € € Iy and define v. = (¢ +¢/2) A1l and v, = V1,6. Then p+¢e > v, and 1. € F.
Now Z/ﬂ € Fo and ¢(F) < 7. < 1. Therefore V € € Iy, v, € F such that v; < p+ €. Hence
peF=>=~,.
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B)Let 0<a<EF), Ge P’B(]}) and p € G. Then 3F € P(%p) such that G = F VF,; and
hence p 2 vAlp where v € F and F € F.

Now let ¥ = sup (v — &) for some family: (¢ : € € Ip) € FP. Choose 8 such that o <
e€lp

B<t&F)andlet 6=F— . Thenwehavel},sefandVZVg—é. ﬁ<§(f)=>v§ € Fp C
(F)o CF and henceugﬂF#(D. ChoosemEV?ﬂF,

sup pu>sup VAlp=sup vy) 2 viz) >vs(x) -6 >F—-6=na.
yeFR

Y
- -

Since u is arbitrary, ¢(G) > o. Since G is arbitrary &(F) > a. Since a is arbitrary,

&(F) > &(F).

(4) Let G € Pp(Fy). Then IK € P((F,)o) such that G = F, VK;. But (Fo)o = F. So
K € P(F) and
¢(G) =c(Fa VKy) = inf inf sup (alpAlk)

= q [since FNK #0).
and so &(F,) = a. Therefore &(F) = &(F,) > ¢(F,) = o

It is worth noting that the inequality in 3 may be strict. This can be seen by lettlng
F=<{aVlp:a>0,F €F}>, where Fis a filter on a set X. Then
F=<{lp: F€F}>=F" and hence &F) = 0 but &F) = 1.

5.4 Images and Preimages

If f: X — Y ,Fis a prefilter on X and G is a prefilter on Y then

FF)E {flu) : pe F} and £YG) % {72 p]: v e 6.

5.4.1 Lemma ‘
Let f: X — Y ,F be a prefilter on X and G be a prefilter on Y. Then

1. f|F] is a prefilter base on Y,
2. If f is sujective then f~1[G] is a prefilter base on X,
3. ¢(F) = c(fIF]),
4. If f is injective then c(f~1[G]) = ¢(G),
5. If f is injective and u € IX then ¢(G, f[u]) = c(f~1(G], 1),
6. If F is prime then < f[F] > is prime,
7. e(f[F]) 2 e(F).
Proor.

(1) Clearly f[F]+# 0 and 0 ¢ f[F].

Let flu, flue] € fIF) with py, pe € F. Then flui]Aflug] > flua Apg] with p1Aug € F.
Therefore f|F] is a prefilter base on Y.

(2) Clearly f[F] # 0. Since f is surjective, we have 0 ¢ f[F].
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Let f~ 1], f~ '] € f~1[G] with v1,02 € G. Then f~ ] A f~p) = F i Awg) €
gl
Therefore f~1[G] is a prefilter base on X."

(3) We have
e(F) = inf sup pend c(fIF]) = inf sup Flul-
and
sup flu] = =sup f [w)(y) =sup sup u(z)
yeY fx)=y -
= sup u(z) [since X = U f" {y}]
zeX ye
=sup U.
Therefore ¢(F) = c(f[F]).
(4) We have
o/ (6] = inf sup f7lM] = inf sup. v(f(z))
=g W
= ¢(G).
(5) We have

G~ flul =VveF, vAflul#0
<~ VveF, f IAp#0 [since f is injective]
<= 1G] ~

Now f is injective. So ¥ A flu] = fIf~1[v] A ). Therefore

sup vAflul=sup f[fT'Apl=sup fY| AL

Hence

¢(G, flul) = inf sup vAflu) = inf sup STV Ap=c(f71[G] p).

(6) Let 11 Vip €< f[F] >. Then Iu € F such that v, Vip > flu). So f~y Ve >

“Hful] = u. Therefore u < f~1n] vV f~ 1] € F. Now F is prime. So f~ 1] € F
or f~g] € F. Therefore v; > f[f 1] € fIF)orve > fIf 1[2]] € f[F]. Hence
1 €< fIF] > or vy €< fIF] >

(T) We have
oF) =, ok olF)= inf  c(f1H]).
and
() = _inf ()
But

P (fIF]) € {f[H] : H € Pru(F)}.
Therefore e(F) < e(f[F]).
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5.5.1

5.5.2

5.5.3

5.5 Convergence in Fuzzy Topological Spaces

Topological spaces provide the appropriate setting for the abstract study of continuity and
convergence. In [49] Lowen extended the theory of continuity and convergence in topological
spaces to the realm of fuzzy topological spaces.

Let (X, T) be a fuzzy topological space. We define the adherence and limit of a prefilter
in a fuzzy topological space as follows.

Definition
If F is a prefilter, then we define the adherence of F by

adh F = inf 7.

veF

where 7 is the fuzzy topological closure of v.

Definition
If F is a prefilter then we define the limit of F,

m

limF= inf adh G.
G F)

Proposition
Let F and G be prefilters. Then

1. If # D G then adh F < adh G,
2. imF < adh F,
3. If F is prime then limF = adh F,

4. If F is a prefilter base then
adh < F >=adh F.

Proor. .
(1) We have
FO2G= infr < infp.
veF veEG
Therefore
F2O6G=adh F<adh G.
(2) We have
G € Pp(FF) = adh G <adh F.

Therefore

lim F= inf adh G <adh F.
GEP,(F)
(3) If F is prime then P, (F) = {F}. Therefore im F = adh F.
(4) we have

adh <F>= inf 7and adh F=inf ».
ve<F> veF

Clearly adh < F ><adh F. ButVyu €< F >, v € Fsuchthat v € pandso 7 < fi.
Therefore
inf 4A>inf b
pESF> veF
Thus
adh < F >>adh F.
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Therefore
adh <F >=adh F.

5.5.4 Theorem
Let f:(X,71) — (Y, T2) be a function. Then the following are equivalent

-

1. f is continuous,
2. For each prefilter on X, fladh F] < adh f[F],
3. For each prefilter on X, f[lim F] <lim f[F].

Proor.
(1) = (2)
‘We have .
adh F = tréf;rﬁ and adh f[F] = L%ff Tyl
and
fladh F] = f[Lréff p<inf flal.
But

f is continuous = Ve X, fla <flul.

Therefore consequently
f is contimious <= fladh F] < adh f[F].

The rest of the proof can be found in [49].

More information regarding prefilters can be found in [34, 65, 73].
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Chapter 6

Fuzzy Uniform Spaces

6.1 Introduction

In [53] Lowen introduced and studied the notion of a fuzzy uniform space. To define a fuzzy
uniform space first we have to provide some basic definitions which are generalisations of
the standard notions.

If 0,9 € IX*X we define,

def
os(2,y) = oly,z),
ef )
(0 0w)(z,y) = supy(z,2) Ao(2,1).
HU,VCXxX and o=1y,¥ = 1y then

(lv)s(z,y)=1 <= ly(y,z)=1
= (y,x) €U
= (x,y) € U;
<> (1y,)(z,9) = 1.

Therefore (1y), = 1y, .

Qyely)(xy) =1 <= Sll}))(lU(Z, 2)N1ly(z,y) =1

z€
= eX: (z,2)€Uand (2,y) €V
< (z,y) €VolU
= 1vou($,y) =1.

Therefore 1y o 1y = 1y.p.
Therefore the above definitions are natural generalisations of the standard notions.

6.1.1 Definitions
If X is a set and D C IX*X is called a fuzzy uniformity on X iff

1. D is a prefilter and D = D;

2.VoeD, VzeX, olz,z)=1;
3.YoeD, o,€D;

4. YoeD, Veely, WeD:ypop<o+e
We call (X, D) a fuzzy uniform space.

If X is a set then B C IX*X is called a fuzzy uniform base on X iff
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6.1.2

6.1.3

1. B is a prefilter base;

22VoeB VzeX, olz,z)=1;
3.VYoEB Ve>0, WeB:p<o,+e
4. VoeB, Ve>0, WeB Yoy <o+e.

If D is_a fuzzy uniformity on X, then we say that B is a base for 12 iff-B is a prefilter
base and B =D.

Proposition .
(1) If B is a fuzzy uniform base then B is a fuzzy uniformity.
(2) If B is a base for a fuzzy uniformity D, then B is a fuzzy uniform base.

PROOF.

(1) Let B is a fuzzy uniform base.

Then B is a prefilter base. So B is a saturated prefilter.

ClearlyVaEB Vze X, o(z,z)=1.

Let o € B and € € Iy. Then 3o, € B such that o > 0, — 8/2 So 03 > (0:)s —€/2. Since
o: € B,it follows that 3. € B such that 9. < (0e)s+&/2. So 05 > (0:)s — /2 > 9 — €.
Therefore V e € Iy, 0, +¢ € B and so 0, € B.

Let ¢ € B and € € I. Then 0. € B such that o > o0 — /2. Now o, € B. So
FB such that 1 ot < g +&/2. Therefore Iy € B such that Yoy < 0. +¢.
Hence B is a fuzzy uniformity.

(2) We have B is a prefilter base and B is a fuzzy uniformity.

Clearly Vo€ B, Vz € X, o(z,z) = 1.

Let 0 € Bande € Iy. Then 0 +¢/2 € B and so 05 +¢/2 € B. Therefore Iy €
Bsuchthat o, +&/2>2 9 —¢/2=>9 <o, +e.

Letoc € Band e € Iy. Theno+¢/3 € Bandso 3’ € B such that ¥/ oy’ < (o0+e/3)+¢</3.
We have

¥’ € B= T € B such that ¢’ > v —¢/3.
Soy <Y +e/3= oy <Y oy +e/3<o+e. Thatis Iy € B such that Yoy <o+e. O

Proposition
If D is a fuzzy uniformity on X then

B {seD:o=0,}

is a fuzzy uniform base for D.

ProOF.

Clearly 0 ¢ B and B # 0.

Let 0,79 € B. Then 0 =0, and ¥ = 9,. So (0 AY)s = (0 A2).
Therefore B is a prefilter base.

Now we have to show B =D.

Let 0 € B. Then 3(y. : € € Ip) € B such that

o > sup (Y —€).
g€l

But B C D and D is a saturated prefilter. Therefore o € D.
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Conversly let 0 € D. Then 0, € D. We have (0 A 0;)s = 0 A 0s. Therefore o Ao, € B.
But ¢ > o0 Ao and so 0 €< B >C B. Hence B="7D.
| 0

The proof of the following proposition is straightforward.

6.1.4 Proposition
If 0 € D then
o <ogoo and
c<c"foranyn €N
- where 0™ =g ogo...00 (n factors).

6.2 Fuzzy Neighbourhood Spaces

It is shown in [51] that a fuzzy topology can be defined using a fuzzy neighbourhood system.
Here we only assemble some facts regarding neighbourhood spaces which are essential for
defining a fuzzy topology. More information regarding fuzzy neighbourhood spaces can be
found in [51].

6.2.1 Definitions

A collection (M;)zcx of prefilters on X is called a fuzzy neighbourhood system iff the following
conditions are fulfilled:

LYz€X, VY ueN,, ulr)=1;
2VzeX, No=Ny;

3.V2EX, VUEN,, Ve€ Ip,Iv,:2€ X)suchthatV 2 € X, v, €N,
andVye€X,
sup va(2) Ava(y) < ply) +e.
2€

N is called a fuzzy neighbourhood prefilter in X and the elements of AV, are called fuzzy
neighbourhoods of x.

A collection of prefilter bases (8:)zex on X is called a fuzzy neighbourhood base iff the
following conditions are fulfilled:

1.VazeX, VuepBs, ul)=1;

2V2EX,VUE LB Ve€ly, Ivs;2€ X) such that V z € X,v, € B,
andVyeX

sup vz (2) Av.(y) < u(y) +e.
z€X

Bz is called a fuzzy neighbourhood base in x and elements of B, are called basic fuzzy
neighbourhoods of x.

If N = (Ng)zex is a fuzzy neighbourhood system then we call 8 = (8;)zcx is a base for N’
ifVaeX, B is a prefilter base and 3, = M.

6.2.2 Proposition _
If (B:)zex is a fuzzy neighbourhood base then (8:)zcx is a fuzzy neighbourhood system
with (8;)zex as a base.

49



PROOF.

(i) Clearly Va € X, Yu € ,3; =< B, >, ulz) = 1.
(if) We also have V € X, B, is saturaged.
(i) Let z € X, p€ Bz and e € Ip then I(Ns: 6 € Ip) € (Bz)® such that

2 sup (As — 96)
(X3¢}

é}j,>/\s/2—€/2 -

-

We have x € X, A;/2 € B; and € € Iy and so (v, : z € X) such thatVzEX v, €8,
andVy € X,

Sup Vs () Ave(y) < Aejaly) +e/2 < ply) +e

b4

Therefore ~ ~
Vee X, Vuepf,, Ve, v,:2€ X)suchthatVz€ X, v, € 3,
andVyeX,

sup vz (2) Avy(y) < ply) +e.

Hence (,B;)me x Is a fuzzy neighbourhood system with (8;)zex as a basis.

6.2.3 Proposition ’
If (Bz)zex is a base for the fuzzy neighbourhood system (NV;)zex then (Bz)zex is a fuzzy
neighbourhood base. .

PROOF.

Clearly Vz € X, V uu € By C NG, plz) =1 ~
Letxe X, peByande € [pthenI(v,: 2€ X)suchthat Vze X, v, € B, =N,
and Yy € X,

sup va(2) Ava(y) < ply) +e/2.

We haveV z € X, v, € B, and so T
Y z € X,3\, € B, such that v, > A, — /2.

So
sup Az (2) A Az (y) <sup va(2) Ava(y) +6/2 < ply) +¢
z€X z€X

Therefore Vo € X, V4 € B, Ve €I, F(N,:2€ X) suchthatV z€ X, A, € 8,
andVyeX

sup Az (2) Az (y) < ply) +e.
z2e€X

Hence (B;)zcx is a fuzzy neighbourhood base.

6.2.4 Theorem
If N'= (M;)zex is a fuzzy neighbourhood system on X then the operation

X —XforpelX andzeX
B(z) = J?vaj?}? py) Av(y) = Jnf sup pAv

is a fuzzy closure operator.
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PROOF.

We have
0= 1nf sup O(y) A v(y) = 0.
Ne yEX
So 0 =0.
‘We have
Bz) = Jé’zfvmj‘é}} py) Av(y).
Since v(z) = 1, B(x) > p(z). -
‘We have .
pVAz) = inf sup (uVAy) Aviy)
veENz yeX
= jnf sup () Av(y) v (AY) Av(y)))
S
= uier}\f,w (Sup ply) Av(y) v sup Aly) Av(y)
> inf, /u( )/\ v(y) v inf Sup /\(y) Av(y)
(m) VA(z) = (Bv /\)(56)
and _
! BV = ipf (b uls) AV) Y sup M) AY()
> ml’nngSUP (/u/\V) v (/\/\V’)(y)

But v, e Ny = v AV € M. So we have

AV (@) 2 inf sup ((uV N AV)(y) = wV X().

We have - i
Alz) = inf sup BAV(y)
VENmyGX

= inf sup ( 1nf sup u(z) AV'(2)) Av(y))
VEN; yeX v/

= inf su mf su 2NV (2) AV
Jof, sup ol ze}gu() (2) Av(y).
ForveN;ande€lp, (v, :2€ X)suchthat V2 € X, v, €N,
andVze X
sup 5(y) AT, (2) < U(2) +e.
X

yE€
Then
sup u(2) Av(z) +e > sup u(2) A w(z)+¢)
z€X ze€X
> sup p(z) A (sup v(y) Avy(2))
zeX yeX
= sup u(z) Ava(y) Ay(2).
z,y€X
So B
A(x) <sup inf sup u(z) Av'(2) Avs(y)
yez V' ENyzeX
< sup p(2) Avy(2) Ave(y)
y,2€X
<sup p(2)Av(z) +e.
zeX
Therefore

R(z) < sup p(z) Av(z) +e.
zeX
is true for all ¥ € N, and € € I. It follows that

fi(z) < p(x).
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6.2.5

But we have shown that fi(z) > f(x). Hence i = ji.

Proposition *
If B = (Br)eex is a base for the fuzzy nelghbourhood system A =
IX, V¥V z € X we have

a{x) = inf su Av= inf su Av
A(z) Jnf sup p ,Juf  sup p

= nf sup p A v.

VE:.‘

PROOF.
Let p€ IX and x € X. Then

i(z) = inf Av.
A(z) Jnf, sup pAv

Since 8. C /ém c Ea: =N; and B; C< B >C /ém = Nz. So we have

A(z) < inf sup pAv < 1nf sup uAv

v€fs

and

x

i < inf Av < inf Av.
i) < ,Juof JSup pAv < nf sup wAv
ButV A€M, and V ¢ € Iy, Iv € B, such that
A2 v—E¢.
Therefore ¢
[ =i AA
B(z) Jnf, sup p
> inf ANy —
2 inf sup pA(v—e)
> inf Av —e.
2 inf sup pAv —e

This is true for all € € Iy and hence

L(z) = inf Av.
A=) inf sup pAv

(Na:)mGX thenV u €

If N = (Nz)zex is a fuzzy neighbourhood system then the above fuzzy closure operator

generates a fuzzy topology and is denoted by 7ur.

The fuzzy topology which is generated by a fuzzy neighbourhood system, will be called

a fuzzy neighbourhood space.

Not every fuzzy topological space is a fuzzy neighbourhood space. The reader can find

more facts regarding fuzzy neighbourhood spaces in [51].

6.3 Fuzzy Uniform Topology

A fuzzy topology can be defined using a fuzzy closure operator. Here we find two fuzzy
closure operators one directly from a fuzzy uniform space and and the other from a neigh-

bourhood system which is generated from a fuzzy uniform space.

First we define some natural generalisations of the standard notions.
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For o0 € IX*X € IX and z € X we define 0 < z > by

o<z> ) Yoy

and o < u > by
c<p> (@) L supuic <z >=sup w) No(y,x).
yeX

-

HAC X and U C X x X then
- ly<la>{z)=1 < sup lap) Alu(y,2)=1
€x

Y
= yeclA:(yx)eU
=z U(A)

— ].U(A)(m) =1

Therefore 1y < 14 >= 1y(4y. Thus the definition of ¢ < u > is a natural generalisation
of the standard notion.

Let 0 € IX*X and B € I. Then

of € {(2,9): o(z,p) > B}.
In the following lemma we collect some basic facts.

6.3.1 Lemma
Let o, € I**X; vueIX, eel, B, x€ X and n € N. Then
Mv<o<y >,
(2) (c+e)<v>Lo<y>-te,
B)o<puVr>=oc<pu>Vo<v>,
o<y <v>>=(ocoy)<v>,
(B)sup o <v>Au=sup pAo, < p>,
(6) (0°)s = (04),
(1) (o < v>)P =dP(P) -
(8) 0 <z >P=0f(x),
(9) (@%)" = (o™)°.

PRroOOF.

1)
oc<v>(x)=sup vAc <z >=sup v(y) Ao(y,z) > v(z).
yeX

(2)

(c+e)<v>(z) =sup v(y)A(o+e)(y,x)
yeX
< sup (v(y) +e) Aoy, ) +¢)
yeX
= (sup v(y) Ao(y,z)) +e
yEeX
=0<v>(z)+te.
(3)
o<puVvr>(x) =sup (pVrv)Ao<z>
=sup (UAc<z>)V(VAc<z>)
=sup pAoc<z> Vsup vAoc <z >

=o<u>@)Vo<r>(z)
= (o < u> Ve <v >)(x).
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(4)
o< <v>>(x) —supw<V>(y)/\0<:v>(y)
yeX

= sup (sup ¥(z) AY(2,y)) Ao(y, z)
yeX . zeX

= sup sup v(z) ANp(z,y) Aoy, z).
(coy) <v>(z) :5161)}‘)’ v(z)A(coy) <z > (2)
= sup v(z) A (Sup $(zy) No(y,z))

= leel}I? slelp V(Z) /\w(z y) Aoy, z).
()

sup 0 < v > Au(z) = sup(sup v(y) Aoly,z)) A u(z)
zeX TeX yeX

= sup sup ¥(y) Ao(y,z) A p(z)
zeX yeX

= sup(sup w(@) Nos(z,y)) Avy)
yeX z¢

= sup 0, <u> (v) Av(y)
yeX

= sup s < p > Av(y).
yeX

(6)
(z,9) € (6°)s <> (y,z) € 0P
= o(y,z) >0
— O'S(CC, 3/) > /6
= (x,y) € (0.)°.

(7)
z€(oc<v>)P <=>a<u>(:c)—supz/()/\a(y,x)>ﬁ
<~ JyeX: V(y)/\a(y,:c)>6
< Jyeif:(yz)€c’
<~z ed®(P).

yeo<e>P —=o<z> ) >8
= o(y,x) =o.(z,y) > 6
= (z,y) € 0?
<y € ().

(9)
(z,y) € (6°) =3z, 72,..., 201 : (2,71) €07, (z1,22) €0°,... , (Tn_1,7) € 0°
— sup{o(z,z1) No(x1,z2) A ... Ao{Tpn_1,y) 1 € X,1€{1,2,... ,n—-1}} >0

= o™(z,y) > B
< (z,y) € (o™)°.

6.3.2 Theorem
Let (X, D) be a fuzzy uniform space. Then the map ~: IX — I defined by

o
A=t <n>

is a fuzzy closure operator.
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PROOF.

We have _ )
O(z) = 3;%%30 <0>(x) =lljréfpys§§ O(y) Ao(y,z) = 0.

Therefore 0 = 0.

‘We have
n=inf o< > .
s g€D gz p
‘We have . -z
Vv =info Vv
B oeD <K >
- =info<u>vo<y>
ceD
>info<pu> vinf o/ <v>
o€D o’eD
=LV
and

=1}
<
U

=sinfo<u> Vvinf o/ <v>
c€D c’'e€D

= inf o<pu>Vvo' <v>.
o,0'€D

Buto, 0’ €ED=>0Ac’€Dando <pu>Vo' <v>>0 Ao’ <uVy > Therefore
pvezinf o< uvy>=uvw.
c€D
Hence
LVVU=[hVD.

Let 0 € Dand e € Ip. Then 3o’ € D such that 6’ oo’ <o + €.
Therefore for any x € X we have,

o<p>(z) =sup uly)Aoly,z)
yeX

> sup p(y) Ao’ oo’ (y,x) —¢€)
yeX

= sup sup u(y) Ao'(y,z) No'(z,z) — ¢

yeX z€X
> sup o'(z,z) A (inf_sup p(y) No"(y,2)) —e e
26X . 0"€Dyex

= sup o'(z,2) Afi(z) — ¢
z€X

=0 <p>(x)—e.

Thus for any € € Ip and ¢ € D there exists 0’ € Dsuchthat o < p > (z) 2 0’ < i1 > () —e.
Therefore

i >inf o' <p>.
¢lrléfDo-<#>_alpeDo < jp>
That is i{z) > j(x). Hence i = L. a
6.3.3 Proposition

If B is a base for the fuzzy uniformity D then for all u € IX we have

i =infe<pu>= inf o<u>
,U/ aeé M oe<B> lIL
=info<pu>.
c€EB
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PRroOOF.
Since BCBC D and BC< B>CD. Soforpelx we have

L<inf o <u><info< u>
3 oceB

oeB
and
RS0 <n>Siho<u>.
Let € € Ip and o € D then € B such that -
o>Y—¢.
Therefore

e
>inf (v -
_;eﬁ(d) g)<p>
>inf ¥ < —€.
_11/)11682/) u>—e

which proves that

Hence

The above fuzzy closure operatoer defines a fuzzy topology
mp={c":0=06}={1-0:0=7}
associateed with D and 7p is called the fuzzy uniform topology.

6.3.4 Theorem
Let (X, D) be a fuzzy uniform space. For x € X define, T

: Dm°'=ef{a<m>:0€1)}.

Then (Dz)zex is a fuzzy neighbourhood system.

PROOF.

First we have to show D, is a prefilter.
og<z>(z)=0(x,z)=1s00¢ D, and D, # 0.
Lleto<z> v <ax>€D,;. Theno, €D andsoo A €D
o<T>NY <z>=(0AY)<x>ED,.
Leto<az>€D,ando<z>Lpu.Thenoc€eDandVye X, o<z> (y) =0y, z) <

H(y)-
Now define 9 € IX*X by

,2) ifz#
- { o H2te

So 9 > 0. Therefore 9 € D such that ¥ < x >= u € D,. Hence D, is a prefilter.
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WehaveVz e X,VoeD, o<az>(x)=1.

LetVee€ Iy, o <z >+e € D;. ThenVe € Iy, (ct+e)<z>=0<z>+e€D,.
SoV e € Iy, (0 +¢) €D. Now D is saturated prefiter and therefore o € D. Hence D, is
saturated. o

Let € X, 0 € D and € € Iy. Then 3 € D such that Yoy < o +&.
Therefore we have (¢ < z >: z € X) with the property: ¥V 2 € X, ¥ < 2 >€ D,.

and for y € X,
sup p <z > ()N <z>(y) =sup ¥(y,2) AY(2,8) ~
z2e€X z€X
N =Y oi(y,x)
<o(y,z)+e

=o<z>(y) +e.

Hence (D;)zex is a fuzzy neighbourhood system. O

Thus (D,)zex is a fuzzy neighbourhood system and therefore the operator
SN A
Bz} = inf sup pAv
is a fuzzy closure operator. This is precisely what we have earlier because
g(x) =inf z) = inf No<zxz>
pla) =info<p>(z)=inf sup p x
= inf Av.
Jof, suo v

Therefore a fuzzy uniform topology is a fuzzy neighbourhood space.

6.3.5 Lemma
Let (X, D) be a fuzzy uniform space and v € JX. Then

L v(z) = ¢(Dq,v),
2. sup 7 =sup v,

3. v=info<v>.
c€D

PROOF.
(1) We have
p(z) =inf o <v>(z)=inf sup vAo <z>
oc€D €D
= inf A
nf sup v Ap
and
c(Dayv) =c¢(DpV <v>)
inf Av.
nf sup pAv
(2) We have

v<py=sup v <sup 7.
For each x € X,
v(z) = ¢(D,,v) < sup .
Therefore
sup ¥ < sup V.

(3) We have
r=info<rv>Xinfo<rv>.
c€D ceD
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Let 0 € D and € € Iy. Then I € D such that Y oy < 0+ ¢ and so

v =inf £ € <V>>
Y<v> gépf P

<Y<Y Ly>>=yYoyp <v>
<(lc+e)<v>
Lo <v>+e

‘We have shown that Ve € Iy, Vo € D, Iy € D such that
PY<rv>Lo<y>+te,

- Therefore
inf y<v><inf c<v>=7.
PpeD ceD

6.4 Convergence in Fuzzy Uniform Topology

We have seen convergence in a fuzzy topological space and here we see convergence in a
fuzzy uniform space. For this we simply use the fuzzy topology which is associated with the
particular fuzzy uniform space.

Let (X,D) be a fuzzy uniform space. Then we have the fuzzy topology 7p associated
with D. If F is a prefiler on X then we have )

adh F=inf D
vEF

and
lim F = S inf adh G.

m

6.4.1 Lemma
Let (X, D) be a fuzzy uniform space, F a prefilter on X and € X. Then

1. (adh F)(z) = ¢(Da, F),

2. (lim F)(z) = geglj(r)c(l)m,g),

3. sup adh F < ¢(F),
4. sup lim F < &(F),

5. adh F= sup adh G.
GEPm(F)

Proor.
For z € X we have (1)
(adh (e} = inf 7le) = inf Infio <v> (a)

=inf inf sup vAo <z >
vEFoE

D
=c(F VD) =¢e(Dy, F).
(2) For z € X we have

(im F)(x) = inf adh F(z)= inf (f_)c(Dz,g).

GEPm(F) GEPm
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(3) If z € X then
(adh F)(z) = c(Ds, F) < ¢(F)

= sup a:dﬁ F <L e(F)
(4) If x € X then

(im F)&) = inf _e(De0)
<ol o) =)

- -

= sup lim F < &(F).

(5) For each G € Pp,(F), adh G <adh Fandso sup adh G<adh F.
- GEPm(F)
To prove the reverse inequality let x € X.

If (adh F)(z) = 0 then clearly (adh F)(z) <( sup adh G)(z).
GEPm(F

If (adh F)(x) > 0 then choose « such that (adh .7’-:))(:15) > o > 0. Therefore ¢(D,, F) =
¢(D:VF) > a. So choose an ultrafilter F D (D, VF)y. Now we have Fy C F, C (DpVF)e C
F.

Let G = FVF;. Then G € P, (F) and

(adh G)(z) =¢(G,Dz) =c((FVFi1)VDy)

=inf inf inf sup vAlpAOc<2z>
vEF FEF o€D

f inf inf A
=W PG s A <))

Therefore
vAoc<z>EFVD andso FN(vAc<z>)*#D. _
It follows that sup (vAc < « >)(y) > aand hence (adh G)(x) > . Thus sup (adh G)(z) >
yeF

GEPm(F)
o and since « is arbitrary,

(adh F){(z) < sup (adh G)(x).
GEPm(F)

Since z is arbitrary, the result follows.

6.5 Uniformly Continuous Functions
We extend the notion of uniform contimuity in uniform spaces in a natural way as follows:

6.5.1 Definition
Let (X, D) and (Y, &) be fuzzy uniform spaces and f : X — Y a mapping. [ is said to be
uniformly continuous

ftvyel oD, : (fxfllo]<y
ifftvy el (fxf) 'weD

6.5.2 Proposition
Let (X, D) and (Y, &) be fuzzy uniform spaces and B and C be bases for D and £ respec-
tively. If f: X — Y is a mapping, then f is uniformly continuous if and only if

V€&, Ye€ly, o€ Bsuchthat o —e < (f x £) ]
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6.5.3

6.5.4

PRrOOF.
‘We have
[ is uniformly continuous <= V9 €&, 30 €D: (f x f)lo] <o
<=Vye& JoeD: o< (fxf) ).

But we have B=D and C = &.
=)

Let 9 € Cand e € Iy. Then ¥ +¢/2 € £. Therefore Jo' € D: o' < (f x /)~y +
€/2] = (f x f)"'[w} + /2. Since ¢’ € D, Jo € Bsuch that ¢’ > o= &/2. Therefore
c—€/2<0 <(fxf)y '] +¢e/2. Hence 0 —e < (f x f)~ L[]

(<)

Letyp e & ThenVéely, s €C: ¥ >Ys—5. Fore € Iy, Jo. € B such that 6. —¢ <
(f % )" lpe]. Therefore o < (f x f) " tve +& < (f X f)7 0 + 2¢] = (f x )" ] + 2e.
Thus V € € Iy, Jo. € B such that 0. — 2e < (f x f)~1[¢y]. Therefore o = sup (0. — 2¢) <

e€lp
(f x £)~[%]. Hence o € D such that o < (f x f)~[¢)].
|

Corollary
Let (X, D) and (Y, &) be fuzzy uniform spaces and f : X — Y a mapping. Then f is
uniformly continuous if and only if

Yy €& Ye€lp Jo€Dsuchthat o —e < (f x ) ).
PRroOOF. '

Since each fuzzy uniformity is a basis for itself, the result follows.

Theorem
Let (X, D) and (Y,€) be fuzzy uniform spaces and f : (X,D) — (Y, &) be a uniformly
continuous function. Then f : (X, 7p) — (Y, 7¢) is continuous.

PROOF.
Let u € I* and y € £~ (X). Then
flul) = inf ¥ < flul > ()
= glefssup (flul A <y >)(z)
z€Y
= inf sup ( sup pu(z) AY(z,v))

YEELEY  f(z)=¢
=1inf sup u(z) AY(f(z),y).
PYE€geX

Therefore V 2’ € £~ ({y}),

Flul(y) = Lnefsf‘;)’} u(x) Ap(f(), f(2)).

Since f is uniformly continuous we have V ¢ € €, 30 € D such that o < (f X f)~1[%]). Thus
Va,z' € X, o(z,z') <¢¥(f(x), f(z')). Hence
JTu(y) = inf sup p(z) Ao(z,z') = p(a’).
YE€EreX

Therefore

flully) > sup  Ga’) = flEIY).
&'ef = ({y})

Hence f[u] > f[f]. Since pu € IX is arbitrary we have f is continuous.
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6.5.5 Lemma
If f:(X,D1) — (Y,D3) and g : (Y,D3) — (Z,D3) are two uniformly continuous func-
tions, then {go f) : (X, D1) — (Z,D3) is uniformly continuous.

PROOF. <.
Let 9 € D3. Then (g X g)~'[¢] € D2 and

(fxH M axg) ' Wl=(gxg)o(f x N W= (gof)olgef) ¥l €Ds.

Therefore g o f is uniformly continuous. .

6.6 The o-Level Uniformities

Investigating a prefilter by its a-levels is a very useful device used in [50, 63, 9]. First we
define the a-level uniformities of a fuzzy uniformity.
If (X, D) is a fuzzy uniform space then for each o € Iy we define

D"‘déf{aﬁ:OSB<a, g €D}

6.6.1 Proposition
Let {X,D) be a fuzzy uniform space and a € Iy. Then D® is a uniformity on X.

PROOF.

(1) Since D is a prefilter it follows that D is a filter. e

(i) Let U € D*. Then 30 € Dand 0 < B < asuchthat U = o®. Now, V z €
X, o{z,z) =1andso ACU.

(iii) Let U € D*. Then 30 € Dand 0 < B < a such that U = 0. We have U; =
(6%)s = (05)P. But 0, € D and 0 < 8 < a. Therefore U, € D.

(iv) Let U € D*. Then 30 € D and 0 < B < a such that U = ¢%. Let ¢ = (a — 8)/2
and v = (3a+28)/5. Then e > 0. So 3y € D such that Yoy < o+e. We have <y < a.
SoV=97"eD*and VoV CU since:

(myy) EVoV «—=3z: (z,2),(23,y) €V
< sup ¥(@,2) ANb(2,y) = Yo ¥(z,y) > v
= (o +€)(z,y) >

= oz,y) > (a+96)/10> 0
< (z,y)€c? =U.

The uniformity D* will be referred to as the a-level uniformity of D.
Wealsohavefor 0 < 8 <a <1

DPPCcpCDland D*= U D",
O0<y<x

Thus a fuzzy uniformity D generates a family (D : a € Ip) of uniformities which become
stronger as o increases.
‘We intend to build a fuzzy uniformity with a predetermined o-level uniformities.

6.6.2 Theorem
Let (D(a) : « € (0,1)) be a family of uniformities on X satisfying
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(a) 0<B<a<l=DQB) C D(a),

(b) D(a) = (7) for each a € (0,1).

U D
O<y<ae
Let Eo
D={cel™*X*X:Vae(0,1),VB<a o c D)

Then D is the unique fuzzy uniformity on X such that D* = D{«) for each « € (0, 1).
PRrooOF.
(i) D is a saturated prefilter.

Leto € D and 0 < B < 1. Choose a such that 8 < o < 1. Then o € D(a) and so {(z,x) :
x € X} C 0? and hence o(z,z) > 3 for each z € X. Since 8 is arbitrary we have -

-

Vee X, olz,z) = 1.

In particular, o # 0.

Let 01,02 € D and 0 < 8 < a < 1. Then af,og € D{a) and sou‘fﬁag =(o1A0p)P €
D(c). Thus o7 Aog € D. '

Let 0 € D. Then o, € D. Since if 0 < 8 < a < 1 then (0,)° = (07), € D().

Let 0 €D, 0 <9 and 0 < B < a < 1. Then o C 9%? and since 0 € D(a), v* € D(c).
Consequently 9 € D.

Let c =sup (0. —¢) € D with each g. €D and let 0 < B < a< 1. We note that
eclp

olz,y) >B<=Fe€l,:0.(z,y) —e > P> (z,y) € éJI osth,
£Cip

In other words, 0f = U o5+5.

e€lp S
Choose € € I such that 8 < 8+¢ < a. Then o5*% C o? with os1P € D(a) and so
o? € D(a). Thus ¢ € D and we have shown that D C D from which it follows that D = D.

() Vo€eD,Ve>0, I €Dsuchthat poy <o +e.

Let 0 € D, € > 0 and choose ag, @1,... ,0, such that 0 = o < a7 < ... < ¢, = 1 and
o;—aj—1 <eforeachi€ {1,2,...,n}. Fori=0,1,2,...,(n—1) we have 0 € D(c; ;1 and
0 Ia,,, € D(cit1) such that Uy, oUs,,,, C0*. Let U, = Uy, and U, = jQ]U%_. Then
since for each j < 1, U,; € D(a;) € D(ey), wehave Ul € D(ey;) and U, 2 U, D ... 2 U, .
So we can state:

Vie{1,2,...,n}, W, € D(e): Uy, 0Us, Co** and Uy, D Usy 2 ... 2 Vs,

Let
Upp =X x X
and let
Y= swp oily,, .
i€{1,2,... ,n} b

Then ¥ € D since if 0 £ f < a < 1 then o; < o < o4 for some I. Thus 8 < ;1 and
hence 9# D 9+ = U, € D(e;) C D(a). It follows that 1* € D(a) and so % € D.

If o(z,y) > ap-2 then o(z,y) +& > an_2 + (@ — _2) = &, = 1 and hence we have
(6 00)(2,9) < 0(z,9) +e.

If o(z,y) < ap_z then H <n—2: a1 < o(z,y) < o;. Since (z,y) ¢ 0% we have

(x,y) & Ua,y, © Us,,, and for no z do we have (x,2) € U,,,, and (z,y) € Uy,,,. In other
words

V 2z (2, 2) ¢ Uaiys or (2,9) € Unira)-
Thus Y z

1/}(1’.7 Z) S Q41 Or w(Z, y) _<_ Qi4-1-
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6.6.3

Consequently,

You(z,y) =sup ¥(2,2) AY(2y) S iy <1 +e<o(ey) +e

(iii) D> = D(c) for each o € (0,1).

Let U € D*. Then U = 0 for some 0 € D and B < o and so ¢ € D(c). Thus we have
D C D(c).

On the other hand, if U € D(ap) then U € D(B) for some 8 < a since D(a) = ﬁL<Ja1D)(B).

Let 0 = Blxxx V1y. Toshow that 0 € D welet § < 1 and 0 < v < § and show that
o7 € D(8). If v < B we have 07 = X x X and if v > B then 67 = U € D(B8) C D(v). So in
both cases we have 7D(y) C D(8). Thus U = o” and hence U € D% and we have shown
that D(a) C D=.
(iv) D is unique.
We invoke (5.3.4 ) and claim that there is precisely one fuzzy uniformitiy whose o-level
are the D(a)’s.
O

It follows that a fuzzy uniformity is uniquely determined by its family of o-level unifor-
mities. 7

It is shown that the convergence of a prefilter can be expressed in terms of the convergence
of its o-levels.

Theorem
Let (X, D) be a fuzzy uniform space, F a prefiter on X, £ € X and a < &F). Then

(lim F)(z) > a <= Fy — = w.r.t D%,
Proor.

D% is a uniformity on X. Therefore z € X
De={U(x):UeD*}={c°(x):0<B<a, 0 €D}
is a neighbourhood base at z. We can also write
D2 ={0P(z):0<B<a oD}

We first prove the result for a prime prefilter 7. In this case we have lim F =
adh F, ¢(F) = ¢(F) and Fp is an ultrafilter.
We have

(adh F){z)>a <= inf inf c<v>(z) >«
veF o€D

V<o VVveF,VoeD,vAc<z>>f

<—=VoeD, Vi<a, YVveF, vn(oc<z>)P 0
<=VoeD VB<a VFeF, FNol(z)# D [since Fy = F%]
= VYVEDE, YFeF, FNV 4D

“=VYVeD Uek

= DICH

~— Fp — z w.r.t D%,

‘We have Fg = N Go. Now
GEPm(F)

(im F)(x) > a <=V G € Pn(F), (adh G)(z)>a
<=V G € P,L(F), Go — z wrt D™
<=V GePn(F), D2C G

<=D2C N G=%
GEP W (F)

<= Fo — x w.r.t D>
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6.6.4

6.6.5

Next we characterise closedness in terms of the a-levels.

Theorem
If (X, D) is a fuzzy uniform space and p € IX then

pis D -closed <=V o € Iy, e is D -closed.

- -

PROOF.

Let u be a D-closed, o € Iy and let z € ¢l (i), the D*—closure of p,. We have to show
that z € p,.
So let 8 < a be a arbitrary and show u(z) > 8. Now, since u is D—closed,

u(z):u(m):;rg;)a<p>(:t):;réfb sup pAo<z>.

Let 0 € D. Then o € D*. So we have z € 00 () C 0?(4f) and hence Jy € 4® such
that o{y,z) > 8. Thus
pno <z >>ply) Noly,z) > 6.

Since ¢ € D is arbitrary, pu{a) > 8. Therefore u(z) > c.
(«)
Let 2 € X and o < fi{z). Then

oz_<_,a(:tr)=tiyréfD sup pno<z> —=VP<a VoeD, < uAo<z>

«—=VB<a, VoD, yep’ Cug: oly,z)>p
+=VYB<a YoeD, z€oP(us)

= Vpf<a YUEeD xeUug)

—=VE<a, zecy(us)=pg

—=VB<a plx)= 8B

<~ ulz) > a.

Therefore p(x) > f(z). Since z is arbitrary it follows that 1 > i and hence u = [i.
-0

From the following theorem we establish a fuzzy uniformity from a uniformity.

Theorem
Let (X, D) be a uniform space. Then

Dl={oce X .Yacl, oD}
is a fuzzy uniformity on X.

Proor.

(i) Since D is a filter it follows that D! is a saturated prefiter.

(ii) Let c € D' and z € X. ThenVa € I, 0* € D. SoV a € I, (z,z) € 0*. Therefore
o(z,z) =1.

(iii) Let c € D!, ThenV a € I}, 0% € D and so (6®), € D. Therefore V o € I, (0,)* =
(c*)s € D. Hence o, € D

(iv) Let 0 € D' ande € Iy. ThenV a € I, 6® € D. Take § = 1 — e € I;. Therefore
o® € D. So U € D such that Uo U C 0. Now take ¥ = 1y then 3 € D!.

If ¥ o 9(z,y) = 0 then clearly Yoy < o +e.

If ¥ op(x,y) = 1 then 2z : (z,2),(2,9) € U and so (z,3) € UoU = (z,y) € 0° =
o(z,y) > 6.
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6.6.6

6.6.7

Therefore o(x,y) +€ > 6 +e=1. So 9 oy < o+ ¢. Hence the result.

Theorem
Let (X, D) and (Y, E) be uniform spaces. Then

f:(X,D) — (Y, E) is uniformly continuous <= f: (X, D!) — (Y, E!) is uniformly continuous.

PROOF. -
Let vy € X x X and o € I;. Then
(@,y) € (f x )~ W) <= (fxf)lz,y) € y®
= P((f x f)(=,9)) >

= (f x N Wl(=,y) > o
<= (z,y) € ((f x /)=

?’h‘;refore (f x )= (™) = ((f x /)~ h)>
=
Let f: (X, D) — (Y,E) be uniformly continuous. ThenV U € E, (f x f)~—(U) € D.
Let ¥ € B'. ThenV o € I, ¥* € E. So .
((f x O = (f x /)~ (v*) € D.

Thus V « € I, (f x f)"[y])* € D. Therefore (f x f)~1[¢y] € D!. Hence f is (D! — E')
uniformly continuous.

o E

Let £ : (X, D!) — (Y, E') be uniformly continuous. ThenV % € E!, (f x f)~Y[y] € D’
Let U € E. Then 1y € E'. Therefore (f x f)~[1y € D'. Take a € I; then

(f < N MoD* = xH"(A)*) = (F x )~ ([U) e D.

Therefore f is (D — E) uniformly continuous.

‘We obtain an a-level theorem for uniform continuity.

Theorem

Let (X, D) and (Y, &) be fuzzy uniform spaces. Then

(1) f: (X,D) — (Y,€) is uniformly continuous = V a € (0,1), f : (X,D%*) —
(Y, &%) is uniformly continuous,

(2)V a€(0,1), f:(X,D*) — (Y,£) is uniformly continuous = f: (X,D) — (Y, &) is
uniformly continuous.

ProoF.

(1) Let o € Iy and U € £%. Then Iy € € and B < o such that U = ¥®. Now f is uniformly
continuous and ¥ € £. So

(fx N7 W)=(F x N~ @) = ((f x )W)’ € D*
Therefore f is D% — £ uniformly continuous.

(2) Let ¥ € £, a € (0,1) and B < . Then ¥? € £* and so

(f < )~ (W) = ((f x ) w])° € D*.
Thus
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(8)Vae(0,1),VB<a, (fx "W €D

Now D is completely determined by its a-level; in other words
D={cel**:Vae(01),VB<a o D%}

and so

b)oceD<+=>Vac(0,1),VB<a o €D

1t follows from (a) and (b) that (f x ) [¢] € D and hence f is D — & uniformly
continuous.

. O

More information regarding fuzzy uniform space can be found in [32, 35, 36, 37, 42, 43, 45]
and regarding fuzzy neighbourhood space can be found in [2, 3, 5, 7, 39, 40, 69, 70, 71, 73,
74, 79].
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7.1.1

7.1.2

Chapter 7

Generalised Filters

7.1 Introduction

In [16] and [17] the notion of generalised filter is introduced and studied. We summarize in
this chapter most of the results from [16]and [17].

Definition :
We call a non-zero function f : 2X — I a generalised filter (or a g-filter) on X iff

L f(0) =0

2. VA,B C X, f(ANB) > f(A) A f(B);

3. VA,BC X, AC B= f(A) < f(B).

Of course, the requirement that f be non-zero is equivalent to requiring that f(X) > 0.

For f:2%X — I and A C X, we define

() (A) E sup £(B)
BCA

If f is non-zero and satisfies:
1. f(0) =05
2. VA, BC X, f(ANSf(B) < (/I ANB).
we shall call f a generalised filter base (or a g-filter base) on X.

Naturally, a g-filter is a g-filter base. Furthermore:

Theorem
If X is a set and f is a g-filter base on X then {f) is a g-filter.

PROOF.

(i) (F)(0) = sup f(A) = £(0) = 0, (f/H(X) = sup f(4) > 0.
ACP ACX

(i) Let A, B C X. If (f)(A) A (f)(B) = 0 then (f)(A) A (f}(B) < (f}(AN B). So let

o < {f)(A) AN {F)(B).
Then:

a<sup f(U)Asup f(V) =3IUCA IVCB, a< f(UAFV){(HUNV)
Uca VCB

=IVCUNVCANB, a< f(W)
=a < (fY(ANB).
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7.1.3

7.1.4

7.1.5

7.1.6

Thus (F)(A) A (FH(B) < (fH (AN B).
(iii) If A C B then:
(FYA) = sup f(U) < sup f(U) = (f)(B).
vca . T ucm

Definition
If f is a g-filter base on X, we define the characteristic, c(f), of f by: =~

¢(f) = sup f(A).
ACX

It follows from definition that c(f) > 0.

Just as for prefilters, we have:

Lemma
If X is a set and f is a g-filter base on X then:

e(f) = c({(F)-

PROOF.

c({f)) = sup (f)(A) = sup sup f(B) = sup f(B) = c(f).
ACX ACXBCA BCX

The proof of the following lemma is straightforward.

Lemma
Let f be a g-filter on X and let 4, B C X. Then
L c(f) = f(X); .

2. f(ANB) = f(A) A f(B).

If f is a g-filter (base) on X with ¢(f) = ¢ then for 0 < o < ¢, we define the (upper)
a-level filter (base), f*, associated with f by:

YR CX f(F)>a)

and for 0 < a < ¢, we define the (lower) o-level filter (base), f,, associated with f by:
fu E{F CX: f(F) > a}.

Theorem

If f is a g-filter (base) on X with ¢(f) = ¢ and:

(a) 0 < a < ¢, then f® is a filter (base) on X;
(b) 0 < o < ¢, then f, is a filter (base) on X.
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7.1.7

7.1.8

7.1.9

PROOF.

(a) Let f be a g-filter on X. f(X)=c>a= X € f* Thus f* #0.
If F € f* then f(F) > o > 0 and hence F # 0.
If A, B € f* then f(A)A f(B) = f(AR B) > o and hence AN B € f<.
Finally, if A € f* and A C B then f(B) > f{A) > « and hence B € f°.

The proofs of the remaining three assertions are equally simple.

a

It is an easy exercise to show that the a-level filters decrease as « increases and we record
this as a lemma.

Lemma
If fis a g-filter (base) with ¢(f) =cand 0 < a < 8 < ¢ then

feCffcrecr

The notion of a g-filter is a strict extension of the notion of a filter in the sense that
we can associate a g-filter with every filter and there are g-filters which are not necessarily
merely copies of filters. More precisely:

Theorem
Let X be a set, let F(X) denote the collection of all filters on X and let G(X) denote the
collection of all g-filters on X. Let

Y: F(X)— G(X), Fr lp.
Then ¥ is injective but not surjective.
PRrROOF.

The proof that 1f is a g-filter is left as an exercise.

To see that ¥ is not surjective, let X = {1,2, 3} and consider
f:2X =1
where

P) =0
f({2}) =7({2,3}) = f({3}) =0
) =7{L2n=r{1,3) =f(X) =3

Alternatively, let
3 2
de = ifF={1
g(F) :f{ : {1}

otherwise

and let f = (g). Then f is a g-filter and, of course, f cannot be the characteristic function
of a filter. '

O

‘We note the following examples of g-filters, leaving the checking to the reader.

Examples

69



(a) Let X = {1,2,3} and define f by

f(F)
F({1,3})
F({1,2})

f({1,2,3})

{m e N:m>n}. Let f:2Y — I be defined by

[e]
=X
—
hi3S
=

f{1p =

= s w-

(b) For n € N let U, &

f(F)d:ef{ e U CFY#£D . .

0 otherwise

- Alternatively, let

1
def = lf F= Un
9(F) = { 6 otherwise

and let f = (g).
(c) Let X beaset, 0 <a<1andlet a € X. Define fo , by

def | aifaeF
faalF) = { 0 otherwise

In other words -
foa = alifay)-
Alternatively, let

def [ aif F={a}
9(F) = { 0 otherwise
and let f = (g).
This g-filter has the special property that, for all A, B C X

fa,a{AUB) = fa,a(A) V fa,a(B).

Ifh: X ->Yisafunctionand f€ I ¥ isa g-filter on X then we define the direct image
of f, denoted h(f) by
r(f):2¥ =1, Bw f(h7[B]). -
In other words

h(f)(B) ' f(r=1B)).

7.1.10 Theorem
If h: X - Y is a function and f is a g-filter on X then A(f) is a g-filter on Y.

Proor.

() R(£)(@) = F(R710]) = £(B) = 0, R(f)(Y) = F(A~![Y]) = f(X) > 0.
(ii) If A, B € 2¥ then:

MfANB) [AﬁB])

(R~
(hlAInA~1[B])
(r 1[A)/\f(h '[B])
(A AR(F)(B).

v»\x

(iii) If A C B then:
R(f)(A) = f(rHAD < f(h7Y[B]) = h(f)(B).
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7.2 G-filters from Prefilters

Let F be a prefilter on X with ¢(F) = ¢ > 0. For F C X define

def

Sr(F) € {a € (0,¢: FeF).

7.2.1 Lemma
Let F be a prefilter with ¢(F) = ¢ > 0. Then Sz(F) = 0 or Sz(F) is an interval of form
(8, ¢l-

PROOF.

- If SE(F) # B then there exists some o € Sx(F).
fa<y<cthen F € F* CF7 and so vy € Sz (F).
Since

- -

Fe= y F°

0<f<

we have:

a€Sr(F) =FeFe= y Fb
<<

=30<a FeFB
=30 < a, B Sx(F).

This lemma allows us to define, for F C X:

prmy e { oS RO

We now need to check that the object defined above is indeed a g-filter.

7.2.2 Theorem .
If F is a prefilter with ¢(F) = ¢ > 0 then fr is a g-filter.

Proor.

(a)
Va<c(F), D¢ F* =Va<c(F), ag¢gSr(®)
=>S_7:(@) =0
ﬁf}'(@) = 0.

(b) Let A, B C X. Then:

a< fr(A)A fx(B) =inf Sx(A) <c—a and inf Sx(B) < c—«
=c—a€ Sr(A) and c— € Sx(B)
= A BegFe =
= ANBegF=
=>c—a€Sr(ANB)
= inf S;(AﬂB)Sc—a
= ¢—inf Sy:(AﬂB)Zf]:(AﬂB)ZO(.

Thus
fr(ANB) > fx(A) A fx(B).
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(c) Let AC B C X. Then:

fr(A) >a =c—inf Sx(A) > a
=inf Sz(A) <c— o
=>C—':OZES‘7:(A)
=>AgF*
=~ BeFee
:c—aES’;(B)
=inf Sz(B)<c—a
= ¢—inf S;c(B):f;c(B)Za. - -

It follows that fz(A) < fz(B).

7.3 Prefilters from G-filters

Our next task is to show that a g-filter gives rise to a prefilter. However, we first discover
the connection between the characteristic of a prefilter and the g-filter that it generates.

7.3.1 Lemma
If F is a prefilter on X with ¢(F) = ¢ > 0 then:

(f7) = ().
PROOF.

Let ¢ = ¢(F). Then:
e(fr) = fr(X) = c—inf Sr(X).

Now
Va<e, XE€F* =>Va<e a€Sr(X)
= inf S]:(X)=0
= o(f5) = f£(X) = ¢

For a g-filter f with ¢(f) = ¢ > 0 we define:

F¥verX:W<a<e V8<a, P efo}
Of course, we need to check that this does produce a prefilter.

7.3.2 Theorem
If f is a g-filter with ¢(f) > 0 then Fy is a prefilter.

PROOF.

(a) We observe that
VB<e(f), 0°={z e X:0(x)>B}=0.

It follows that
Yo<a<e VB<a, 0 ¢ fo@

and this means that 0 ¢ F5.
On the other hand, since ¢ = ¢(f) = f(X) > 0 we have

YWo<a<e V8<a, (Ix) =X e fo@
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7.3.3

7.3.4

and so 1x € F.
(b) Let u,v € Fy. It follows from:

Y6 < c(f), ¥ = (v A )

that ¥ A u € Fy.
(c)Letve Fandv < p. Let 0< a<c, 8 <a. Then v € f¢=%. Since v° C u® we have

FP) > F0P) > c—o .
Thus ue ff.

The following lemma simplifies some of the work later on.

Lemma
If f is a g-filter with ¢(f) = ¢ > O then:

Fr={vel*:Y0<y<ec, VN E fory}

Proor.

Let us define et
G= {vel*X:Y0<y<e VY E fonl ]
Let v € F5. To show that v € G let 0 < v < ¢. Choose o such that v < o < ¢. Then
VY € f¢7%, Since o is arbitrary, we have )

Vy<a<e f(')>c—a

and hence f(v7) > ¢ — «. In other words, 1Y € fo_,.

Conversely, let v € G. To show that v € Fr let 0 < a < ¢,0 < § < a. Then we have
0<B<ec Thus P e fe—p and so f(¥P) > ¢ — B > ¢ — a. Therefore VP g fome,
0O

The correlation between g-filters and prefilters is not completely straightforward. In fact,
as we shall see, the prefilter associated with a g-filter is rather special.

Theorem
If f is a g-filter then the associated prefilter F is saturated.

PRrROOF.

Suppose that
Ve>0, v+e€F;.

We show that v € F;. To this end, we let a < ¢(f) and B < o and show that P e fore,
Choose 7y such that § < v < o and let € = v — 3. Then, since v + ¢ € F; we have

(+e) =(v+efte =108 e foo.

0

‘We saw, in Lemma 7.3.1, the connection between the characteristic of a prefilter and the
g-filter that it generates. Let us now find the connection between a g-filter and the prefilter
that it generates.
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7.3.56

7.3.6

7.3.7

Theorem
Let f be a g-filter on X. Then:

c(}'f)_:c(f).
PRrROOF.
Let ¢(f) = ¢. Then:
YWweF;, V0<B<a<yg, W9 g feme SWWeF, VO<B<a<e V¥P£0D

=>VYWweF, V0O<B<a<c supr>p
=>WYweF; supr>c .-

-

. _ >c
= ,,1?};, sup v =c(Fs5) > ¢
On the other hand,
Va<e¢ Vi<, (clx)ﬁ =Xefo«
and so clx € F;. Thus
c(Fs) = inf supr<supcly =c.
JIE]:f

O

The use of a-level theorems has proved to be very useful in various situations. See, for
example [83, 84, 40]. We therefore investigate the a-levels of g-filters.

Lemma
Let f be a g-filter with ¢(f) = ¢ and let a € (0,¢]. Then

]:fa — fc—cz‘
PROOF.

Let F € (F7)®. Then there exists v € Fy, 8 < a such that F = 1%, Since v € Fy, we
have V8 = F € feo,

Conversely, if F € f¢=% then f(F) ise—0a. Letv= {c—1t)1x V 1p. We intend to
invoke Lemma 7.3.3 to show that v € ;. To thisend, let 0 < v < c.

Ify€lc—t,c) theny? = F andso f(1")= f(F)=t>c—1. T

Hvy€[0,c—1t)then v = X and so f(1)=f(X)=c>c—1.

We therefore have 17 € f._, forally € [0,c) andsov € Fy and F = v°" ! withc—t < a.
Thus F € 5.

d
Lemma
If Fis a prefilter on X with ¢(F) = ¢ > 0 then, for « € [0, ¢):
() = 7.
PROOF.
Ae (f]:)a <~ f}‘(A) =¢—inf S]:(A) > o
< inf Sx(A) <c—~a
< c—ac Sr(A)
— AeFee
O0

We now establish the g-filter analogue of Theorem 5.3.2(5)
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7.3.8

7.3.9

7.3.10

7.3.11

7.3.12

Lemma
If f is a g-filter with ¢(f) = ¢ and 0 < & < ¢ then:

fe= uo fo
‘;c>'ﬂ>a

PROOF.
If F € f* choose (3 such that a < 8 < f(F). Then F € f% and so F € ﬂU f8.
>o

Conversely, let F € >LL3J> fB. Then F € fP for some 8 > a. Thus f(F) > 8> a and
[4 (24 -

hence I’ € f*.
W]

Corollary
If f is a g-filter with ¢(f) = ¢ and 0 < & < ¢ then:

c—o u c—ﬁ.
f 0<B<x f

In [9] we saw that saturated prefilters are specified by their a-level filters. We show that
a similar situation pertains for g-filters '

Lemma
If f and g are g-filters with ¢(f) # c(g) then f # g.

Lemma
Let f and g be g-filters with ¢{f) = ¢(g) = ¢. Then:

Va<e, ff=g% < f=g.

PROOF.

Va<e f*=g% <= VYa<e¢ VACX, Aef* & Acyg” -
= VACX, Va<cg (f(A)>a < g(A)> o)
< VACX, f(A)=g(4)
= f=g.

O

We have seen that to each g-filter there corresponds a saturated prefilter and, conversely,
to each prefilter there corresponds a g-filter. This inspires the following theorem.

Theorem
Let
S(X) def {Fe2 * . Fis a saturated prefilter on X },
G(x) & {fe J L f is a g-filter on X }.
Then

¥:S(X) = G(X), F=fr

is a bijection.

75



PROOF.

We first show that 9 is injective. To this end, let 7, G € S(X) with F # G.
If ¢(F) # ¢(G) then:

F(X) = e(F) —inf{a < o(F) : X € F*}
=¢c(F)-0
# ¢(G)
= fg(X)

and so fr # fg.
- If ¢(F) = ¢(G) = ¢ then:
Ja <L ¢, F* # G

This follows from the fact that saturated prefilters are completely determined by their o-
level filters [9]: Theorem 2 and [30]): (Theorem 11). Suppose that F € F*\ G*. Then
o € Sg(F)\ Sg(F). Thus inf Sr(F) < a and a < inf Sg(F). Thus

f7(F)=c~inf S7(F) > c—a > c—inf Sg(F) = fg(F).

So, once again, fr # fg-
In order to show that % is surjective, let f € G(X) and let ¢(F) = c. Then:

Fr={ve X :Va<e VB<a, VP efo).
Now, appealing to Lemmas 7.3.6 and 7.3.7, we have
Va € [0,¢), (fr,)* = (Fp) %= fo7) = g
It therefore follows from Lemma 7.3.11 that

WY(F5) = fr, = 1.

We extract the following corollaries.

7.3.13 Corollary
If f is a g-filter on X then:

f]:f = f
7.3.14 Corollary

If 7 is a saturated prefilter on X then:

Fir=F.
PROOF.

Let % : S — G as in the theorem. Then:

Y(F)=Fr

and

?/J(fff) = f(y:f}_) = f]-'-
Thus it follows from the injectivity of ¥ that F = Fy,.
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7.3.15

7.3.16

O

We have developed the g-filter analogues of various prefilter notions and it is natural
therefore to seek a g-filter analogue of the'saturation operator. In other words, if f is a g-
filter, we seek a definition of f, the saturation of f, which is consistent with the theory which
we have developed thus far. We would require, among other things, that the saturation of
the g-filter associated with a prefilter is the g-filter associated with the saturation of the
prefilter. In symbols:

- -

fr=Tfz.
However, we have the following lemma.
Lemma
If F is a prefilter then:
fr=Trz
PROOF.
For F C X:

f2(F) =c(F)—inf{a:F e (F)*}
=¢(F) —inf {a: F € (F)*}
= f=(F).

Thus, for a prefilter F
fr=fr.
The most natural definition of f which accomplishes this is the simple

~

F¥r.

In this sense, g-filters are already saturated. This explains why, in [15], the definiition
of a generalised uniformity did not include a saturation condition. The situation is also
illustrated by the following theorem which extends Theorem 7.3.4.

Theorem
If F is a prefilter then:

Fip=7F.
PROOF.

From Theorem 7.3.4 we know that F;, is a saturated prefilter and so, according to [30],
Theorem 11, we must show that

Ya < c(ﬁ) = C(f)’ (fff)a = (j:‘-)o:.

Now R
(Fra)* = ()" = 7= = F=.

O

From this last result we obtain the following characterisation of the saturation of a
prefilter.
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7.3.17

7.4.1

7.4.2

Corollary
If F is a prefilter with ¢(F) = ¢ > 0 then:

F={vel*:W<a<c V8<a, ¥ e 7=},

PROOF.

veF vEeFs,
<= YW<a<geV8<a, V€ (fr)®=F°,

—-

7.4 Prime G-Filters

We seek a suitable definition of a prime g-filter which ties in with the theory of prime
prefilters.

Definition
We call a g-filter f on X prime if

VA, BC X, f(AUB) = f(A)V £(B).

For example:

for a € X, a € I, it is straightforward to check that f = f, o defined earlier is a g-filter
and that f is prime.

Theorem 5.3.10, which characterises the minimal prime prefilters finer than a given
prefilter, has found a number of applications. With this in mind, we attempt to construct a
similar theory of prime g-filters.

We first find the connection between prime g-filters and ultrafilters.

Lemma
Let IF be a filter on X and let 0 < o < 1. Then

F is an ultrafilter <= «lp is a prime g-filter.

Proor.
(=)
Let I be an ultrafilter. If AU B € F then alp(AU B) = . Furthermore, since F is an
ultrafilter, A€ F or B € F. Thus
alp(A) V alg(B) = a = alg(AU B).
If AUB ¢ F then 1g(AU B) = 0. Since F is a filter, A ¢ F and B ¢ F and hence
O{IF(A) \ alF(B) =0= alF(A U B)

(<)

Let aly be prime and let AU B € F. Then
alg(AUB) = a = alp(4) V alp(B).

Therefore
alp(A) =aor alp(B) =a

and so A€ F or B € F. Thus F is an ultrafilter.
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7.4.3 Theorem
Let f be a g-filter with ¢{f) = ¢. Then

f is prime <= f. is an ultrafilter.

PROOF.
=)
AUuBef. < fLAUB)=fAVf(B)=c
< f(A)=cor f(B)=¢
< Acf,or BE f, N
(<)
If @ < ¢ then

a< flAUB) = AUBe fe=f,
= f(AUB)=cand A€ f,or B€ f,
= f(A)V f(B)=c= f(AUB)

0
7.4.4 Corollary
If £ is a prime g-filter with ¢(f) = ¢ then f. = f°.
Proor.
We have f. C f° and £. is an ultrafilter.
0

The reader can check that if A C X, o > 0 and F = ({A}} then
alp is prime <= A is a singleton.

If F is a filter then we define

P(IF) &of {K:F CK, Kis an ultrafilter}

We now investigate the situation with regard to prime g-filters finer than a given g-filter.

7.4.5 Lemma
If f is a g-filter then

Fe IP’(fO) = 1f is a prime g-filter and f < 1.
PROOF.

Let g = 1g. Then, by Lemma 7.4.2, g is prime.
IfAC X and f(A) >0then A€ fOCF. Thus g(A)=12> f(A) andso f <g.

0
7.4.6 Corollary
If f is a g-filter, o > ¢ = ¢(f) and F € P(f°) then al is a prime g-filter with f < aly.
Proor.
It follows from lemma, 7.4.2 that aly is prime. Furthermore, if A C X then
flA)>0 =Acf°CF
= alg(A) =a 2 c= f(X) 2 f(4)
O
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7.4.7

7.4.8

7.4.9

7.4.10

Theorem

If f is a prime g-filter with ¢(f) = ¢ and F = f, then
f ="clp.

Proor.

Let AC X. If f(A) > 0 then A € f° = f. =F and hence f(A) = ¢ = clg (A).
If f{A) =0 then A ¢ F and so f(A) = 0 = clg(A).

- -

Thus prime g-filters are precisely those g-filters of the form alr with F an ultrafilter.
If f is a g-filter on X, let

P(f) % {g: g is a prime g-filter and f < g}.
‘We now aim for the g-filter equivalent of Lowen’s Theorem 5.3.10.

Theorem
If f is a g-filter with ¢(f) = c then

P(f) = {alr : F € P(f°), a > c}.
PROOF.

Let g € P(f) with ¢(g) = « and F = g,. Then, by Theorem 7.4.7, g = aly with F an’
ultrafilter. Furthermore, since f < g, we have c¢(f) < o = ¢(g) and F D f°.
Conversely, if g = aly then, by Corollary 7.4.8, g € P(f).
]

For a g-filter f let us define

P &ef {g : g is a minimal prime g-filter and f < g}.

It is now an easy matter to obtain a characterisation of the minimal prime g-filters which
are finer than a given g-filter.

Corollary
If f is a g-filter with ¢{f) = ¢ then

Pr(f) = {clp : F € P(f°)}
PROOF.

Let g € Pp(f). Then g = aly for some o > ¢ and some F € P(f°). If & > ¢ then we
can choose § such that ¢ < 8 < o and then h = Blg € P(f) with A < g and h # g which
contradicts the minimality of g.

O

Our next task is to find the relationship between prime prefilters and prime g-filters. We
first need the following lemma.

Lemma
Let (1,<) be a totally ordered set and let (X, <) be a partially ordered set. Let

¥:(I,<) = (X,3)
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be decreasing functions in the sense that
Vo, B eI, (a< B = ¢(B) 2 pla), $(B) 2 ¥(a)).
Let F C X have the property
Ve, (z€F, Ly, = yEF).
Then
Va1, (p(a) € Foryla) € F) < (Va€l, p(a) € F) or (Va E’j, ;/)(a) € F).

- PRroor.

‘We only have to show the forward implication so suppose that 3o € I such that ¢(a) € F.
‘We must show that V3 € I, ¥(8) € F. Now

o(a) € F = (o) € F.

Thus if 8 < « then
Y(o) 2Y(B) =>y(B) € F.

On the other hand, if o < 8 then

©0(B) X p(a) = ¢(B) & F( otherwise p(a) € F. )
=9(B) € F.

7.4.11 Corollary
Let 7 C R be an interval, X a set and let ¢, : I — P(X) be functions with the property
that

Vo,B€ 1, (a < B=¢(f) Cola), ¥(B) C¥(a)).
and let F be a filter on X. Then

Va €1, (pla) €eFor y(a) €F) — (Vae€l,p(a) e F)or (Ve I, o) E]F).. N

7.4.12 Theorem
Let f be a prime g-filter on a set X with ¢(f) = c¢. Then F; is also prime.

PROOF.
Let uV v € Fs. Then, according to Lemma 7.3.3, Theorem 7.4.3 and Corollary 7.4.4,

V’YE [O’C)a (/JV]/)’Y :,U:YUV’Y € fc—n/ :fc d:efIF

with F an ultrafilter on X. We therefore have
Yy € [0,¢), (u” € For v €F).
‘We now invoke Corollary 7.4.11 and claim that
(Vv € [0,¢), u” €F) or (Vy € [0,¢), v7 € F).

This, together with Lemma 7.3.3, shows that u € For v € F.
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7.4.13 Theorem
Let F be a prime prefilter on a set X with ¢(F) = ¢. Then fr is also prime.

PRroOOF.
We need to show that, for A, BC X

fr(AUB) < fx(A)V fx(B).
To this end let 0 < o < fr(AU B). Then

ao<c—inf Sx(AUB) < c¢—a€Sr(AUB)
< AUBeF“*=F
< A€ Fpor BEF (since Fp is an ultrafilter)
<> c—a€Sr(A)orc—ac Sr(B)
= inf Sg(A)<c—aor inf Sz(B)<c—«
= fr() > aor f£(B)>a
=>fy:(A)\/f}'(B) > .

Since « is arbitrary, we are done.

|
7.4.14 Corollary
If fis a g-filter and F is a prefilter then
fis prime <= Fj is prime
Fisprime <= fr is prime.
PRroorF.
The proof follows immediately from 7.3.13, 7.3.14, 7.4.12 and 7.4.13.
0

Finally, we check that prime g-filters are preserved by functions.

7.4.15 Theorem
Let h: X — Y and let f be a prime g-filter on X. Then h(f) is a prime g-filter on Y.

PRrOOF.
We saw in Theorem 3.6 that h(f) is a g-filter on Y. Now let A4, B € 2¥. Then
R(f)(AUB) = f(h™Y[AUBI) = f(h™![AJUR™[B]) = f(h~ AV F (R [B]) = () (A)VR(f)(B).

Thus A(f) is prime.
O
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8.1.1

8.1.2

Chapter 8

Generalised Uniform Spa(;exs

8.1 Introduction

In [15] the notion of a generalised uniform space is introduced and studied. Here we study
generalised uniform spaces with the aid of generalised filters.

Let X be a set and U C P(X x X) = 2X*X_ Then we define
A={{z,z):z€ X} and Us = {(z,y) : (y,2) € U}.

‘We define .
U={VCXxX:VoVCU}.

Definition
If X is a set then a function d : 2X*X — I is generalised uniformitiy on X iff

1. dis a g-filter and ¢(d) = 1;
2VUCXxX,diU)>0=ACU;
3. YUCXxX, dU,) > dU);

4. VUC X x X, dU) < sup d(V).
vel

We call (X,d) a generalised uniform space (or g-uniform space).

The following lemma, establishes a generalised uniform space from a uniform space.

Lemma
If (X, D) is a uniform space then 1p : 2X*X — I is a generalised uniform space.

PRroor.

1p is a g-filter and 1p(X x X) = 1.

FUCX xX and 1p(U) >0then ACU.

Let U C X x X. Then if 1p{(U) > 0 then U € I and so Us € D. Therefore 1p(Us) >
1p(U).

Let U C X x X. If 1p(U) > 0 then U € D and so 3V € D such that V € U. Therefore
sup 1p(V) 2 1p(V).
Vel

O
Next we define the a-level uniformities of a generalised uniformity.
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8.1.3

8.1.4

8.1.5

Theorem
Let (X, d) be a generalised uniform space. Then for each « € I;

d*={Ue X xX:d(U) > a}
is a uniformity on X. o

PROOF.

Let o € I;. Since ¢(d) = 1, d* is a filter.
Let U € d*. Then d(U) > a>0= A C U. .
Let U € d*. Then d(U,) > d(U) > o = U, € d*.

Let U € d*. Then sup d(V) > d(U) > «. Therefore 3V € U such that d(V) > a. Thus

Vel
IV € d* such that VoV CU.

Hence the result.

The uniformity d* will be referred to as the a-level uniformity of d.

Our next task to build a fuzzy uniformity from a generalised uniformity. This can be
done using the previous theorem together with theorem 6.6.2.

|
Theorem
Let (X, d) be a generalised uniform space. Then
Dy E o e X :Vae(01),VB<a, o €d %}
is a fuzzy uniformity on X.
ProOOF.
We have d® is a uniformity for each o € I.
Let d(a) = d*~* for each o € Iy. Then we have
0<f<a<i=d)Cdl)
and for each o € Iy, ST
=dl"*= y dg"F= d(B) by 7.3.10.
d(a) 0<B<x 0<[L3J<o: ('6) y 7.3.10
Therefore
Dy={o el X :Yae(0,1),VYB<q o cd)}
is a fuzzy uniformity on X.
0

Now we try to establish a generalised uniformity from a fuzzy uniformity.
Let (X, D) be a fuzzy uniform space. Then D is a saturated prefilter with ¢(D) = 1. For
U C X x X we have
Sp(U) ={a€ (0,1]: U € D*}
and
drs — 1—inf Sp(U) if Sp(U) #0
710 if Sp(U) = 0.

Theorem
Let (X, D) be a fuzzy uniform space. Then dp : 2X*X — [ is a generalised uniformity.
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8.1.6

8.1.7

8.1.8

PROOF.

(i) We have dp is a g-filter and dp(X x X) = 1.

(i) Let U € X x X and dp(U) > 0. Then Sp(U) # 0. Therefore U € D! == ACU.

(ili) Let U € X x X and dp(U) > 0. TFhen 38 < « such that Sp(U) = (8, 1]. Therefore
Vo€ ((B1], U€ D* and so U; € D* and hence Sp(U;) = (B,1]. Therefore dp(U) =
dp(Us).

(iv) Let U € X x X and a < dp(U). Then inf Sp(U) < 1 — a. Therefore 1 — o €
Sp(U)=UeD"%=3IV €D "*suchthat VoV CU. Thus V € U and 1 — a € Sp(V).
Therefore dp(V) > 1~ (1— o) = . So sup dp(V) > . Since o is arbitrary; sup dp(V) >

veU VeU
dp(U).
Hence the result.

Theorem
The collection of fuzzy uniform spaces is in a one-to-one correspondence with the collection
of generalised uniform spaces.

PRrOOF.

Let |FUS| be the collection of fuzzy uniform spaces and |GUS| be the collection of
generalised uniform spaces. Then define

¥ : |FUS| — |GUS), (X, D) — (X, dp).

Let (Xl,Dl) # (Xz,Dz).

If X, # X2 then clearly (Xl, le) # (Xg, dD2).

If Dy # Dy then we have dp, # dp,.

Consequently v is injective.

To see 9 is surjective, let (X, D) € |GUS|. Then d is generalised filter on X.
By 7.3.13, (X, Da) = (X, dp,) = (X, d).

Therefore ¥ is bijective.

O
Corollary
Let (X, D) be a fuzzy uniform space and (X, d) be a generalised uniform space. Then
Dap, =D and dp, = d.
PRroor.
Since D is saturated prefilter and by (7.3.14) and (7.3.15) the result follows.
O
Proposition
Let (X, D) be a uniform space. Then
Yaeh, (1p)*=D.
PRroOOF.
Let a € I. Then
Ue (Ip)* <= 1p(U) >a<=1p(U) >0 U € D.
0O
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8.2 Uniformly Continuous Functions

8.2.1 Definition .
Let (X, d) and (Y, e) be generalised uniform spaces and f : X — Y be a mapping. Then f
is said to be uniformly continuous if o

YV CY XY, d(f x )~ (V) 2 e(V).
‘We obtain an a-level theorem for uniformly continuous mappings.

8.2.2 Theorem
Let (X, d) and (Y, e) be generalised uniform spaces. Then

(a) f: (X,d) — (Y,e) is uniformly continuous = ¥V « € I, f : (X,d*) — (Y,e%) is
uniformly continuous.

(b) Vae€(0,1), f:(X,d*) — (Y, e*) is uniformly continuous = f: (X,d) — (Y,e) is
uniformly continuous.

PROOF.

f is d — e uniformly continuous 7
<= VV Y XY, d((fx )~ (V) 2e(V)
= VVCY XY, Vae(0,1), (eV)>a=d({(fxf)(V))>a)
—=VVCYXY,Vae(0,1), (Veer=(fxf) (V)ed¥)
—=Vae(01), f:(X,d*) — (Y, e*) is uniformly continuous.
To complete the proof we only have to show, if f is d — e uniformly continuous then
f:(X,d®) — (Y,€°) is uniformly continuous. This can be proved by taking o = 0 in the
above result.

O

The following three theorems simpilifies some of the the work later on when we map a
morphism of a category into a morphism of another category.

8.2.3 Theorem
Let (X, D) and (Y,E) be uniform spaces. Then

f: (X, D) — (Y, E) is uniformly continuous = f: (X, 1p) — (¥, 1g) is uniformly continuous.

PROOF.
Let VCY x Y. Then

IE(V)=1=VeE=(fxf) " (V)eD=1p((f x f)~(V))=1.

It follows that YV V C Y x Y, 1p((f x £)~(V)) > 1g(V) and hence that f is 1p — 1g
uniformly continuous.

O

8.2.4 Theorem
Let {X,d) and (Y, e) be generalised uniform spaces. Then

f:(X,d) — (Y, e) is uniformly contimous <= f : (X,D,;) — (Y, D.) is uniformly continuous.
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PROOF.

f is d — e uniformly continuous.
<=VYae(01), f:(X,d*),— (Y, e%) is uniformly continuous
< f:(X,Dq) — (Y, De) is uniformly continuous (by 6.6.7).

8.2.5 Theorem -
Let (X, D) and (Y, &) be fuzzy uniform spaces. Then

f:(X,D) — (Y, &) is uniformly continuous <= f: (X,dp) — (Y, dg) is uniformly continuous .

PROOF.
f is D — £ uniformly continuous
= Vae(0,1), fis D*— &% uniformly continuous

<>V ae(0,1), fisdy *— dg”® uniformly continuous
<=V ac(0,1), fis dp — de¢ uniformly continuous.
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9.1.1

9.1.2

Chapter 9

Fuzzy Filters

9.1 Inroduction

In [23], the notion of a fuzzy filter is introduced and studied. We adopt a slightly different
definition of a fuzzy filter. In [29] some special propeties of fuzzy filters can be found. Some
results are from J.Gutiérrez through private communication.

Definition
We call a non-zero function ¢ : X — I a fuzzy filter or a f-filter on X if ¢ satifies the
following conditions.

1. ¢(0) =0;
2. Yu,v € I, p(uAv) 2 o(p) Ap(v);
3. Vv € I, p<v=p(u) <o)

Of course, the condition that ¢ is non-zero is equivalent to the condition (1) > 0.
This definition of a fuzzy filter differs from the definition in [23], where it is required that
o(1) = 1.

If ¢ : IX — I is a function and u € IX, we define C-

() (1) = sup p(v).

vip

We call a non-zero function ¢ : IX — I a fuzzy filter base or a f-filter base on X if ¢
satisfies the following conditions.

1. ¢(0) =0;
2. Vi, v € I%, p(n) Ap(1p) < () (1 A ).
Tt follows immediately that a fuzzy filter is a fuzzy filter base.

Theorem
If X is a set and ¢ is a fuzzy filter base on X then (p) is a fuzzy filter on X.

PROOF.
(i) {(¢)(0) = sup p(v) = p(0) =0.
(if) Let 1, v € IX. If (9} (1) A {0)(v) = O then {p)() A (9} (¥) < (@) (A ). So let

0 < a < {p)(u)Ap)).
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Then

0 << sup p(u) A sup (P(Vl)
mp vy

So there exists 113 < p and v1 < v such that

0 < a<p(u) Ap(v) <{p)( An).

Thus there exists ¥ < p1 Ay < uAv such that 0 < o < (). Therefore o < {P){(uAV)
and hence, since o is arbitrary, it follows that

(@) AMp)(v) < (X Av). ~

(iii) Let u <v. Then

(P () = sup w(pa) < sup w(p) = () (V).

msy wi<v

9.1.3 Definition
We define the characteristic, (), of a fuzzy filter © by

def
c(p) = sup p(v).
veix

9.1.4 Theorem
Let @ be a fuzzy filter base on a set X . Then

() = c({p))-

PRrOOF.

c({p)) = sup {(p)(v) = sup supp(u) = sup p(u) = c(p).

velX uly perXx

9.1.5 Lemma
Let @ be fuzzy filter on a set X and let u,v € IX. Then

L. (@) = o(1);
2. p(uAv)=p(u) Ap).
PROOF.
(1) Let @ be fuzzy filter. Then we have
By =) < ).
Therefore c{p) = sup e{v) = p(1).
(2) We have p(u /\ 1/) > () Ao(v). But uAv < pand pAv <v. Consequently,
p(pAv) < op) Ap).
O

Remark When we try to show ¢ : IX — T is a fuzzy filter it is enough to show that ¢
satisfies the following conditions.

(1) ©(0) = 0;
@)V prvelX, plurv)=pu) Ap).
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9.1.6 Examples
(1) Let 0 # u € IX. For each v € IX we define,

_J o ifv>p
@“(V)_{‘O ifv 2 u.
Then ¢, is a fuzzy filter on X, with ¢(p) = a.

(2) For each u € I* we define
p(p) = inf p.
Then ¢ is a fuzzy filter on X with ¢(p¢) = 1.
Since:

©(0) =0 and (1) = 1.
inf pAv = inf (pAV)(@)= A (k@) Av(z)
= (mé\X u(z)) A (mé\X v(z)) =inf pAinf v
Therefore (A v) = p(p) A p(v).
(3) Let zp € X be fixed and for each v € IX we define

oy (1) = p(0)
Then @, is a fuzzy filter on X with ¢(p) = 1.
(4) Let F be a prefiter on X with ¢(F) = 1. For each p € IX we define
pp) =1-c(F).

Then g is a fuzzy filter on X with ¢(p) = 1.
Since:

p0)=1—-¢(F)=1-1=0.

p(D=1-c(F)=1-0=1.

et A={a€l:u+aeF}, B={acl:v+a€F}and
C={a€el:uAv+a€F}. Now we have to show

~ inf C = (inf A) A (inf B).

ac€l =>uAv+aeF
2>uta€Fandv+aceF
=a€ Aand o € B.

Therefore C C A and C C B. Hence inf C > inf A and inf C > inf B.
If inf C > inf A then 3v : inf C > v > inf A. Now we have to show inf C = inf B.
Assume that inf C' > inf B then 38 : inf C > 8 > inf B. Therefore

infC>BVy>infAand infC>FVvy>inf B

and hence fV~y € AandfV~y € B. Thus u+8VvVy € Fandv+BVy e F. So
(u+BVYIA(v+BVy)=puAv+BV~y. Therefore BV € C and so BV +y > inf C. This is
a contradiction. Therefore inf C' = (inf A) A (inf B). So

1—infC =1- (inf A) A (inf B)
= (1 —inf A) A (1 — inf B).

Therefore
el Av) =p(u) Apv).
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9.1.7 Definition
A fuzzy filter @ is said to be prime if it satisfies,

Vv e IX, opvv) = o) Vo).

9.1.8 Definition
A fuzzy filter ¢ is said to be siratified if
Vae[01], p(alx) =aAe(l).

9.1.9 Proposition
Given a fuzzy stratified filter ¢, if for any u € IX we define, -

. @(k) = inf p(u+¢)
ecly
then @ is also a fuzzy stratified filter finer than that ¢ which will be called the saturated
hall of .
Proor.
Let © be a fuzzy stratified filter and
@(u) = inf o(u +e).
e€ly
Then
@(0) = inf e Ap(1)=0.
EEIU
PpAv) = inf oluAv+e)
e€lp
= inf p(u+eAv+e)
e€l,
= inf A inf
Jnf <p(u~ +e) A dnf (v +e)
= @(p) A p(v).

Glalx) = 12}' wlalx +¢) = 12; (a+e)Ap(l)=aAe(l)=aAd(l).

Finally, since ¢ is non-decreasing, it follows that ¢ is finer than ¢. Ce

9.1.10 Definition
A fuzzy filter ¢ is said to be saturated if it is stratified and @ = (.

9.1.11 Proposition
A fuzzy stratified filter ¢ on X is saturated iff for each family (u;)ecz, € I we have

e(sup(pe —¢€)) = nf p(pe)-

ecly
Proor.
=)
Let @ be saturated, {ue}ees, C I* and p = sup(ue — €). Then

e€lp
o(u) = ¢(p) = inf p(u+e).
gkip

But wehave Ve € Iy, u+e> ..
Therefore V € € Iy, o(p+¢€) > ¢(u.) and hence

pp) = eiglfn wlp+e)
> inf o(pe).

g€lp
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9.2.1

9.2.2

(<)

Conversly, if for each family {u.}eer, € I%,

(sup (ke — €)) = inf (ue)-
eely 2 e€ly
Then for any u € IX, we can consider the family {u+ €}ecz, € I* and we have
p(sup(p+e—eg)) > inf p(u+e).
el g€y

Thus (1) > @(p). Therefore p(u) = @(u) and hence ¢ = @.

9.2 Fuzzy Filters with Characteristic 1

We will see in Chapter 10 that a super uniformity is a fuzzy filter with characteristic 1 plus
other conditions. So let’s investigate some properties of fuzzy filters with characteristic 1.

Proposition
Let @ be a fuzzy filter on X with ¢(¢) = 1. For each o € (0, 1] the collection

Yo ={pn€ I : p(p) 2 a}

is a prefilter. Furthermore the family {¢q}acr, is non-increasing and for o € Iy, wo =

m .
ﬁ<a(p'@

PRrooOF.
Let o € Iy. Then
1 € @, and 0 & @, and so @, # 0.

Let u, v € po. Then ¢(u) > a and ¢(v) > a. Therefore p(uAv) = o(p) A (V) > a
and hence p AV € p,.

Let 4 € ¢, and u < v. Then @(u) > o and (1) < @(v). Therefore (i) > « and so
V€ Qg .
Hence ¢y, is a prefilter.

It is easy to see that
0<B<La<sl=ps 2@,

Let o € Iy. ThenV 8 < o, ¢, C . Therefore g, C ﬂg ©a-
14
Let u € gg ws. ThenV 8 < o, u € pg. Therefore V f < a, ¢(u) > B and so
(o7

w(u) > supf = . So it € Y, and hence po = N Pg.
B<o <

B
O

We call @, the a-level prefilter of the given fuzzy filter ¢ and the construction

¢ ~— {patact,
will be called the decomposition of ¢ into the system of its o-level prefilters.

Lemma

Let {F(c)}ae(o,1) be a non-increasing collection of prefilters on a set X. Then for u € I X
let

Ay={a€(0,1): pe F(a)}.
Then A, =0or3Be(0,1): A, =(0,8) or A, = (0,8].
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9.2.3

Proor.
Let A, #0 and B € A, Then ue F(B). If a < B then p € F(B) C F(a).

Proposition
Let {F(a)}ae(0,1) be a non-increasing collection of prefilters on a set X. If for any u € I*
we define

o(p) = sup{a € (0,1) : u € F(a)} .

then @ is a fuzzy filter with ¢(p) = 1.
Furthermore (o) is exactly the a-level prefilter ¢, of ¢ iff the collection {Fa}ac(o,1)
satisfies the condition that for any o € (0,1), F{a) = ﬁﬂ F(B).
<o

PROOF.
Let {F(a)}ae(o,1) be a non-increasing collection of prefilters. Then

D<a<fB<1l=F(a)DF(B),

©(0) = sup® = 0 and (1) = sup(0,1) = 1.

‘We have to show
o(pAv) =) Ae(v). That is sup A,a, = sup A, Asup 4,.

Now
aEA;L/\JI i'/‘11/\1/'6.7:((1)
= u € Fla) and v € Fla)
=a€A,and a € A4,.

Therefore A,p, © A, and Ayp, © A, Hence sup A, < supA, and supAun, <
sup A,.

If supApsy < supA, then 38 : supA,n, < B < supA,. Now we have to show
sup A, n, = sup 4,,.

Assume that sup A,a, < sup A, then 3 y:sup A,a, <y < supA,. Therefore

supA,n < BAy<supA, and sup A, < BAY <supA4,

and hence BAy € A,and BAy € A,. Therefore p € F(BAY) and v € F(B A7)
and so uAv € F(BA~). Hence BA~y < supAyn,. This is a contradiction. Therefore
supA,a, =supA, A A,. Thus

p(pAv) = p(u) Ap(v).

Therefore ¢ is a fuzzy filter.
=)
If F(a) is exactly the o-level prefilter ¢, of ¢ then by the above proposition for any
a€(0,1)
Fla)y= n F(B).

B<x
(<)
Let the collection {F(o)}ac(o,1) satisfy the condition that for any o € Ip, F(a) =
0, 7).

Let v € (0,1). Then

Fln)= 0 F(B) and oy ={ue I 1 p(p) >~}
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Now we have to show F(7) = ¢,.
Let u€ F(y). ThenV 8 <, p€ F(B). Therefore
o(u) =sup{a € Io : € Fa)} 2 .
Therefore i € ..
Let ¢ € . Then @(u) > 4. Thus
sup{la€ Ip:pe Fla)} > 7.
Therefore V o < 7y, o € F(r) and hence p € F(v). -

9.2.4 Proposition

Let @ be a fuzzy filter on X with ¢(p) = 1. If ¢ is prime then for all o € I, @, is prime.
Proor.

Let o € Iy, uVV € @o. Then p(uVy) > o

Therefore p(u V v) = ¢(u) V ¢(v) > « and hence

p(u) 2 aor pv) 2 a.
Thus '
U E Qg O V € Qg
Hence ¢, is prime prefilter.

9.2.5 Proposition
Let {F(a)}ae(o,1) be a non-increasing collection of prefilters on X. If for all & € (0,1), F(a)
is prime, then the fuzzy filter generated by this collection is prime.

ProoF.
We have
¢(u) =sup{a € (0,1) : p € Fa)} =sup A, -
is a fuzzy filter. Then
a€Ay, =uVreF(a)

= p € F(a) or v € F(e) [Since F(a) is prime ]
= uelF, orvep,.

Therefore
A,uVu - A,u or Ap\/u CA
and so
sup A,vy <sup A, or supA,y, <supA,.
Thus
sup Ay, <sup A, V supA,.
We have

c€A, = ac€A,,.

Therefore A, C A,v, and so sup A, <supA,y,. Similarly sup A, < sup A,,. Therefore
supA, V supA, < supA,v,. Hence supA, V supA, = supA,y,. Thus p(pVv) =
(p) V p(v).

a

The proof of the following lemma is straightforward.
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9.2.6 Lemma
Let ¢ be fuzzy filter with ¢(¢) = 1. Then

Vael0,1], plalx) =a.

9.2.7 Proposition

Let © be a fuzzy filter on X with ¢(¢) = 1. If i is stratified then for all a € Iy, C(pa) =
[0, a).

Proor.
Let a € Iy. Then
. Yo ={p€ I : p(p) 2 a}
is a prefilter. We have
C((pa) = {ﬁ €1:81lx € <Pa}~

Let v < a. Then ¢(ylx) =y < a. Therefore ylx ¢ ©s. Thus v € C{pe).
Let v > o. Then ¢(ylx) =< > . Therefore Ylx € @q. Thus v & C(pq).
Hence C(p,) = [0, ).

9.2.8 Proposition

Let {F(a)}ae(0,1) be a non-increasing collection of prefilters on X. If for all o € (0, 1), C(F(a)) =
[0, o) then the fuzzy filter generated by this collection is stratified. .

PRrooOF.

Let {F(c)}ae(0,1) be & non-increasing collection of prefilters on X and for any & € (0,1),

C(F(a)) = [0, ).

Thus
{8€1:P81x ¢ F(a)} = [0, ).
Let
p(u) =sup{a € (0,1) : p € F()}.

Then ¢ is a fuzzy filter with ¢{¢) = 1. Now we have to show that Vv € I, o(vlx) = 1.
Let v € 1. Then

vlx ¢ Flo) for y < o
and

vlx € F(a) for v > .
Therefore

p(v1x) = sup(0,7] = 1.
Hence f is stratified.

9.2.9 Proposition

Let ¢ be a fuzzy filter on X with ¢(p) = 1. If @ is saturated, then for all o € Ip, @4 is
saturated.
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PROOF.

Let a€lpandVe€ly, p+e€ @q. Thep
Ve€ Ipr p(p+e) > a.
Since  is a saturated fuzzy filter it follows that
p(p) = inf plp+e) 2 a.

Therefore u € ¢,. Hence @, is a saturated prefilter.

9.2.10 Proposition
Let {F(a)}ae(o,1) be a non-increasing collection of prefilters on X such that for each o €
0,1), C(F(a)) = [0,0). If for all @ € (0,1), F(w) is saturated, then the fuzzy filter
generated by the collection is saturated.

ProoF.

Let {F(a)}ae(o,1) be a non-increasing collection of saturated prefilters on X and for each
a € (0,1), C(F(e)) = [0, @). Then we have '

¢(p) = sup{a € (0,1) : p € F(a)}

is a stratified fuzzy filter.
Let v < 1éllf ©{u+e€). ThenV e € Iy, o(u+€) >+ and hence
€C4p

Ve€ly pte€ Fla)
But F(#) is saturated. So u € F(v) and hence ¢(1) > 7. Consequently,
@(p) 2 inf o(u+e) = G(u).
e€lp

Hence ¢(u) = @(u). Thus ¢ is saturated.

O
9.2.11 Proposition
Let ¢ be fuzzy filter with ¢{w) = 1. Then for all o € I, we have Oy = @q.
Proor.
Let o € Iy. Then
UE Yy =Ve€ly ute€p,
—=Veel, plute)>a
= @) = inf plpt+e)2a
<= U € Pq.
O

9.2.12 Proposition
Let {F(a)}ae(o,1) be a non-increasing collection of prefilters on X such that for each a €
(0,1), C(#(a)) = [0, ). The saturated hull of the fuzzy filter generated {F(c)}uac(o,1) is

——~—

just the fuzzy filter generated by {F(a)}ac(o,1)-
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9.3.1

PROOF.

For p € I, let
(u) = supfa € (0,1) : p € Fa)}
and o o
P(n) =sup{a € (0,1) : p € F(a)}.

Now we have to show @(1) = P(k).

e

Let v < p(x). Then p € F(7). Therefore
Vec€l, p+eeF(y).

So
Veel, plp+e)>a.

Therefore
@) = inf p(u+e) 2.
e€ly

Hence (1) > ¢(u)-
On the other hand let v < @(u). Then

Ve€lo, plute)>r.

So
Vee€ly, pt+eeF(w).

Therefore u € .ﬂ;) and hence ¢(x) > v. Consequently, G(u) > ().
Hence ¢(u) = @(u).

9.3 Fuzzy Filters From G-Filters and G-Filters From
Fuzzy Filters

If f:2%X — I is a g-filter we define p; : IX — I by

def
er(p) = sup f(u*)Ac.
«€(0,1)

If p: IX — [ is a {-filter we define f, : 2 — I by

FolA) E o(14).

Theorem
Let X be a set, f a g-filter on X and ¢ a f-filter on X. Then

i

. @5 is a stratified f-filter and c(ypy) = ¢(f);
. If f is prime then so is @y;

. fo is a g-filter and ¢(f,) = c(p);

. If ¢ is prime then so is f,;

c Jor =1

- 5, <.

S Oov o WN

97



PROOF.

(1)

Firstly:

cles) = pr(1) = s?p f(l"‘) na= il(l(?nf(x) Aa= f(X)=c(f),

@s(0) = sup FO°)AB= sup F(B)AB=0
B€(0,1) B€(0,1)

and for a € (0, 1] we have:

pr(alx)= sup flal%)AB= sup f(X)/\B FX)Aa=c(f) ha=clps) A
B€(0,1) Be(0,0

If 5(u) Awys(v) > t then there exists oy, g > t such that f(u*) >t and f(v*?) > ¢.
Let o = a3 A ag. Then a >t and

FlleAv)®) = fp*nv®) = fu®) AF™) 2 fu™) A F™) >t
Therefore

pr(uAv) = ﬁzl(%)l)f((ﬂ AVPYAB 2 f((mAV)*) Aa>t.
Consequently

pr(uAv) > o5 (u) Aps(v).
Let u < v. Then for each o € (0, 1) we have u® C v*. Hence

w5(p) = SI(:tp f*)Aa < sup f(V*) Aa=p5(v).

«€(0,1)
2
pr(uVy) = ail(lé)l)f (LVV)*) Ao
= su}; Fpurvs)Aa
«€(0,1)
= (fp) vV ) A e
= Sup ((f( S)Aa)V (f(v*) A a))
= sup (f(u”‘) Aa)Vv sup (f(r*)A )
o€(0,1) «€(0,1)
= @5(p) Vs (v).
(3)
fo(0) = ¢(1p) = 0.
fo(ANB) = v(lans) = ¢(la A1) = fo(A) A fo(B).
If AC B then
fo(A) = o(14) < p(18) = fo(B).
Finally,

c(fo) = fo(X) = p(c1) = (o).

98



(4)
fo(AUB) = p(laur) = p(1a V1) = p(la) Ve(ls) = fo(A) V f(,o(B)_-

(5)
Let A C X Then

For(A)=¢s(la) = sup fZ)Aa= sup f(A)/\a—f(A)
«€(0,1) a€(0,1

- -

(6)
Let u € IX. Then

@5, (1) = sup fo(u*)Aa= sup p(l)Aa= sup p(luAalx) <@( sup lu=Aalx) = @(u).
«€(0,1) «€(0,1) €(0,1) «€(0,1)

O

We have seen how to obtain a fuzzy filter from a g-filter and vice-versa. We now show
that

f= o5

is an injective function.

9.3.2 Theorem
If f and g are different g-filters then ¢; and @, are different.

Proor. ..
If f # g then there exists A such that o & f f(A) >g(A) = 4 3. Let 4 1,4. Then

e5(p) =sup f(A) Ay
v€(0,1)
=sup oA~y
v€(0,1)
=a>p

= (1)
0O

So the collection of all g-filters on a set X embeds into the collection of all fuzzy filters
on X.
More information regarding fuzzy filter can be found in [21, 22, 23, 41].
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Chapter 10

Super Uniform Spaces

10.1 Introduction

In [29] the notion of a super uniformity is introduced and studied.

10.1.1 Definition
Let o € Ip. A fuzzy a-uniformity on X is a subset 4% C I**X which satisfies the following

conditions:
1. U® is a saturated prefilter with characteristic set [0, o);
2.Voel*, Ve e X, o(z,z) > o
3. VoelU* o, €U~
4. YoelU*, Veely, WelU*:yop <o +e.
We call (X,U*) a fuzzy a-uniform space and the elements of U*, fuzzy a-entourages.

Note: For a = 1 they are the fuzzy uniformities on X.

10.1.2 Definition L
Let o« € Iy. A fuzzy a-uniform base on X is a subset B% C I*X*X which satifies the following
conditions:

1. B® is a prefilter base with characteristic set [0, a);
2.VoeB* Vze X, olz,z) > o

3. VoeB*, Veecly, WeB*:y<0o,+¢;

4. VoeB* Yeely,, WeB*: Yoy <o-+e.

10.1.3 Definition
A super uniformity on X is a function § : XXX — J which satifies the following conditions:

1. 6 is a saturated fuzzy filter;

2. Vo€ IX*X ig(a(a:,:c) > 8(o);

3. YVoeI*X*X §(c)=6b(c,);

4. VYoeI"*X VYeely, e l*X*X :9poyp—e <o and 6(o) < 5(1).
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Note From the definition we can conclude that
> 1 =1 .
5(c) > m};lef‘xé(m, y)=info

10.1.4 Proposition
If 6 is a super uniformity on X, then for all a € Iy, 6, = {o € IX*X : §(0) > o} is a fuzzy
o~uniformity. Moreover, 6, = ﬁr(w fg.

(24

PRrooOF.

Let 6 : %X — I be a super uniformity and o € Jp. Then
(i) 6 is a saturated fuzzy filter. Therefore

bo = {0 € I**X . §(0) > a}

is a saturated prefilter with C{(8,,) = [0, o).
(ii) Let o € 6, and € X. Then

o(x,z) 2 inf o(z,2) 2 6(c) 2 o

(iii) Let o € 64. Then
6(os) =6(0) > o= 0, € b,.
(iv) Let o € 6, and € € Iy. Then Fp € IX*X such that
Yo —e <o and 6(c) < 5(%).

Thus ¥ € 6, such that Yoy < o +¢.
Since 6 is a fuzzy filter. So we have for o € Iy,

bo = .
« ,Brgoﬁﬁ

Hence the result.

10.1.5 Proposition
Let {L{*}qc(0,1) be a non-increasing collection of fuzzy o-uniformities on a setX such that
for each o € (0,1),U* = ﬁg UP. T for each o0 € I**X we define
(24

6(o) =sup{a € (0,1) : 0 € U*}.
Then 6 is a super uniformity.

PROOF.

Let {##%}oc(0,1) be a non-increasing collection of fuzzy c~uniformities on a setX such
that for each a € (0,1),U* = ﬂﬂ UB. Then for each o0 € XX
<o

6(0) =sup{a € (0,1) : 0 € U*}
is a saturated fuzzy fiter.

Let 0 € I**X and v < §(0). Then ¢ € U” and hence V z € X, o(z,z) > . So

. o
inf o(z,2) 27
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I hel‘efOIe
I pes > .
1 0'( 9 a)) 6(0')

We have T

6(c) =sup{a€(0,1):0 € U}
=sup{a € (0,1): 0, € U*}
= 6(0;).

Let 0 € IX*X and e € Iy. Let 6(c) =a >0. ThenV 8 < a, 0 € U?. So

- ce N UP=U"
B<o

Therefore I € U™ such that 1 0y < 0+ & and we have 6(c) = o < 6(¢)).

10.1.6 Theorem
Let {D(c)}ae(o,1) be a non-decreasing collection of uniformities on a set X. For each o €
(0,1) let
D) ={o e P**:¥8< Wy <B,0" € D(B)} = N (B(B))".
[+

Then:

1. D(«) is a fuzzy o-uniformity, which we call the fuzzy a-uniformity associated with the
collection {D(c)}we(0,1),

2. The family {D(c)}ae(o,1) is non-increasing,

3. Vae (1), D)= N D).

o' <o

Furthermore, if for each o € JX*X we define
6(c) =sup{a € (0,1) : 0 € D{()},

we obtain a super uniformity § such that for each o € (0,1) the corresponding a-level
uniformities are

6o = {0 € IX*X : §(0) > a} = D(a) and 6, = QID(a).

We call 6 the super uniformity generated by the collection {D(c)}c(0,1-

PROOF.
(a) We shall first prove that for each o € (0, 1) the collection
D(a) = {o € I**X : VB < a,¥y < 8,07 € D(B)} is a fuzzy o-uniformity.

CD(a)) ={tel:tlx¢D(}={tel:3<a,Iy<B, (tlx)" ¢ DB}
={tel:P<a,Iy<Bt<A}={tel:P<a,t<Pi={tel:t<a}
= [0, a).

D(a) = ﬁﬁ (D(B))P is a saturated prefilter because it is an intersection of saturated
<o

prefilters.

Let 0 € D(a) and 2 € X. For each 8 < a and each ¥ < 8 we have 07 € D(() and hence
(z,2) € 07. Thus for each § < a and each ¥ <  we have o(z,x) > . So for each § < «
we have o(z,z) > B and hence o(z, x) > «.

Let 0 € D{e). Since (¢7); = (0,)7. Therefore o5 € D().
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10.1.7

Let ¢ € D(a), € € Iy and choose ap,01,...,0p such that 0 = op < oy < g < -+ <

on =aand a; — ;1 < 3¢ for each i € {1,...,n}.
Fori € {0,1,...,n—1} we have 6* € D{a;+1) and so there exists Uy, ,, € D(oy41) such
that Uy, , o Uy,,, C0o%.

Let U, = U,, and U, = NU,. for each i € 2,...,n}. Then, since for each i €
231 1 (271 j<i J

{1,...,n} and each j € {1,...,i}, U,; € D(a;) € Do), we have U/, € D(oy) and U], D
Ug, 2 -+- 2 U, . So we can state that:

for any ¢ € {1,...,n}, there exists U,, € D(c;) such that Uy, o U,, € 0%-1 and U, 2

Ugy 2+ 2 U,, . Let -
Uy =X x X
and let
Y= sup oulx Aly,. E
i€{1,...,n} T

Thus ¥ € D(«) since if 0 < v < 8 < « then for some i € {0,...,n — 1} we have
a; < B < ajr1. Thus v < a;41 and hence Y7 D ¥,,,, = U,, € D(oy) C D(B). It follows
that ¥ € D(B) and so ¥ € D(a).

If o(z,y) > an—2 then o(x,y) + & > an_2 + (0tnh — ap—2) = an = o and hence we have
Woy)(zy) <a<Lo(zy) +e

If o(z,y) < an_g there exists some i < 7 — 2 such that ;1 < o(z,y) < 05 Since
(z,y) ¢ o> we have (x,y) ¢ U,,,, © Us,,, and so for no z € X do we have (z,2) € U,,,
and (2,y) € U,,,,- In other words, for each z € X either (z,2) ¢ Us,,, or (2,y) ¢ Ua,,,-
Thus for each 2 € X either ¥(z, z) < a;41 or ¥(z,y) < a;41. Consequently,

Yoy(z,y) = SUPXTIJ(% 2)AP(2,y) Sy <oy e S ofx,y) +e
z€
Therefore there exists ¥ € D(o) such that Yoy < o +e.
For each o € (0,1) we have
N Do) ={oeIX*X.Va' < a,VB8 <o, Vy<B,07 € D(B)}
o'<o
={o e IX*X VB8 < a,Vy < B,07 € D(B)} = D().
We now appeal to (10.1.5) and claim that the mapping defined for each o € IX*¥X by
6(c) =sup{a € (0,1): 0 € D(a)}

is a super uniformity such that for each o € {0,1) the corresponding o-level uniformities
are

b ={0 € I**X :6(0) > a}=D(a) and 6, = N 6, = N D(a).
a<l a<l
In particular, for a fuzzy uniformity D, the collection {D(a) = D%}ae(o,1), is a non-

decreasing collection of uniformities and in that case, the fuzzy o-uniformity associated
with this collection is D{a) = ﬁﬁ (DP)P.
<o

O

The proof of the following corollary is straightforward.

Corollary
Let (X, D} be uniform space. Then the super uniformity 6p generated by the collection

{D(cr) = D}ae(o,1y is

bp(c) =sup{a € (0,1):0 € gg D} = sup{a: o € D*} = sup{a: 0™ € D}.
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10.1.8

10.1.9

10.1.10

Definition

A non-decreasing collection of uniformities {D(c)}qe(0,1) is said to be generated from below
if for each o € (0, 1) we have D(a) = Lé D(a').
o' <o .

In the case {D(a) = D*}qe(0,1), Where¢ D is a fuzzy uniformity, it is easy to check that
it is generated from below.

Theorem
The super uniformities generated by two different, non-decreasing collections-of uniformities,
which are generated from below, are different.

Proor.

Let {D()}ae(o,1) and {Dla/ )}ae(o,1) two different non-decreasing collections of uniformi-
ties which are generated from below. Then there exists « € (0,1) and U € X x X such that
U € D{a) — D'(a). Since U € Do) = L<J D{c’}, there exists o’ < a such that U € D(c).

a'<o

We now consider oy = (alx Aly) Vo'l € XX,
*If B € |a/,a) and v < B then

y U ify>a
o= .
U XxX ify<d.

Thus in any case oy” € D{e’) C D(B).
*If B < o' and v < B then oy” = X x X € D(B).

Therefore, for each 8 < o and each v < 8 we have oy, € I(8), hence oy € D(a) and
so 6(oy) > o .

On the other hand we know U ¢ D'(«). Thus for each o’ € (¢, @) there exists v and
B such that o/ <y < B8 <" <aand oy” =U ¢ D'(B). Thus oy ¢ D'(a”) and therefore
6'(oy) < o. Consequently 6 and ' are different.

Theorem
Let (X, 6) be super uniform space. Then

Ds={c*:a<1l, §(c)=1}
is a uniformity on X.

PROOF.

If 0 = 0 € Ds then 0 < alx. Therefore 6(0) = 1 < 6(alx) = a and this contradiction
shows 0 ¢ Ds. 6(1) =1 and 0* = X x X for any a < 1. Therefore X x X € Ds.

Let 0* € Ds and 0 C U. Then 0 < alx V 1,e < alx V 1y. Therefore §(c) = 1 <
6(alx V1y) and for B € [o, 1) we have (alx V 1y)? = U € Ds.

Let 0, 9% € Ds. Then 6(c Ay) =1 and (0 A)*VP € Ds. But (o Ap)*VP C o NP,
Therefore o NP € Ds.

Let 0* € Ds. For each 2 € X we know that o(z,z) > 6(¢) = 1> « and so (z,z) € o*.
Therefore A C 0.

Let 0% € Ds. Since (0%), = (0,)%, we have (0%), € D;.

Let 0® € Ds. We therefore have ¢ € IX*X and ¢ = I‘Ta > 0. Thus Iy € 1X*X
such that ¥ o9 < 0+ ¢ and 6(y) > 6(c) = 1. Hence for B = 142 € (a,1) we have
Yoy C (o)l C (04 =082 =0 Thus I’ € Ds such that Y8 o y? C o>,

]
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10.1.11 Theorem
Let (X, 6) be a super uniform space. Then

Ds = {0 € X §(0) = 1)

is a fuzzy uniformity on X.

ProoOF.
We have 0 ¢ D; since §(0) =0. §(1) =1 and so 1 € Ds.
Let 0,9 € Ds. Then 6(c) =1 and §(¢p) = 1. So -

S(oc AY) =b6(c) AS(¥) = 1.

Therefore o A € Ds.

Let 0 € Ds and 0 < ¥. Then 1 = §(c) < 6(3¢). Therefore Y € Ds. Hence Ds is a
prefilter.

LetVee€ly, o+e€Ds. ThenVe€ Iy, 6{c+¢)=1. So

o(c) = ;1611;06(0 +e)=1

Therefore o € Ds and hence D, is a saturated prefiter.

Let 0 € Ds and ¢ € X. Then

olz,z) > 6(c) =1.

Let 0 € Ds. Then 6(c;) = 6(¢) = 1 and so o € Ds.

Let 0 € Ds, € € Ip. Then I € IX*X such that Yo —e < 0 and 1 = 6(o) < 6(¥).
Therefore 1 € Ds such that ¥ oy < 0+ €. Therefore Dj is a fuzzy uniform space.
O

10.2 Uniformly Continuous Functions

10.2.1 Definition
Let (X,U*) and (Y, V") be two fuzzy o-uniform spaces. Then a mapping f : (X,U*) —
(Y, V*) is said to be a uniformly continuous if

Yy eV (fxf) ) eu=.
That is, V ¢ € V¥, Jo € U™ such that (f x f)[o] < 9.

10.2.2 Definition
Let (X,6x) and (Y, dy) be super uniform spaces. Then a mapping f : (X, 6x) — (Y, 6y)
is said to be uniformly continuous if

VeI, 6x((f < )7 ) 2 by (¥).

10.2.3 Proposition
Let (X, 6x) and (Y, 6y) be super uniform spaces. Then

1. f: (X,6x) — (Y, 6y) is uniformly continwous = V a € I, f: (X, (6x)e) —
(Y, (6y)e) is uniformly continuous.

2.Vae(0,1), f:(X, (6x)a) — (¥, (6y)a) is uniformly continuous = f: (X, 6x) —
(Y, 6y) is uniformly continuous.
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10.2.4

10.2.5

10.2.6

Proor.
(1) Let % € (6y)a. Then 8y (1) > a. Therefore

Sx((f x )™ W]) 2 by [¥] 2 .

Thus (f x f)"[¢] € (6x)a-

(2) Let ¥ € IY*Y and a € (0,1) such that 6y (%) > a. Then 3 € (6y)o and hence
(f X )7 W) € (8x)a- Thus 6x ((f x f)~*[]) > o Therefore 6x ((f x £)7*[]) = 5Y("/))-D

Theorem
Let (X, D) and (Y, E) be uniform spaces. If f : (X,D) — (Y, E) is uniformly continuous
then f: (X, 6p) — (Y, 8g) is uniformly continuous.

ProoF.

Let f: (X, D) — (Y, E) be uniformly continuous and v € 7Y *Y.
If 6 () = sup{c: ¥* € E} > ¢ then %' € E and so (f x f)™ (¢*) € D. Therefore

(Fx D = (f x )~ @) e D.
So ép((f % f)~[w]) > t. Consequently,

p((f x )7 ) > ().

Theorem
Let (X, 6x) and (Y, 6y) be super uniform spaces. If f : (X,6x) — (Y, 8y) is uniformly
continuous then f: (X, Ds, )} — (Y, Ds,.) is uniformly continuous.

Proor.
Let ¢ € Ds,. Then 6y (9) = 1. Therefore

6x((f x )W) = 6y [w] = 1.

and

(f < 1)~ @) = ((f x /)" W)™ € Doy

Theorem

Given a fuzzy uniformity D on a set X, 6p denote the super uniformity generated by
the collection {D%},¢(0.1). Suppose (X,D) and (Y,€) are fuzzy uniform spaces and f :
(X, D) — (Y, €) is uniformly continuous then f : (X, 6p) — (Y, ¢).

PRroOF.

Let f: (X,D) — (Y, &) is uniformly continuous and ¥ € I¥*Y.
If (%) > o then ¥ € E(). ThatisV B <o, Vy < B, ¥7 € €8 and so Ay €
£ and 4’ < @ such that ¥ = %"7 . Now (f x f)"![¢'] € D and so

(P <N =(F x =@ = <N~ @)= (f x H W) € D’
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Therefore 6p((f x f)~1[%]) > a. Consequently,

6e(¥) < 6p((f x F)~ 1))
- 0

10.2.7 Theorem
Let (X,6x) and (Y, 6y) be super uniform spaces. If f : (X, Dx) — (Y, 6y) is uniformly
continuous then f : (X, Ds, ) — (Y, Ds,.) is uniformly continuous. T

PROOF.
Let 9 € Ds,.. Then by (1)) = 1. Therefore

x ((f x )7 ) 2 sy () = 1.
Hence (f x f)~![¢] € Ds,.
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11.1.1

Chapter 11

Categorical Embeddings

In this chapter we establish categorical embeddings from the category of uniform spaces
into the categories of fuzzy uniform spaces, generalised uniform spaces and super uniform
spaces. We also obtain categorical embeddings from the categories of fuzzy uniform spaces
and generalised uniform spaces into the category of super uniform spaces. We show that
the category of fuzzy uniform spaces and the category of generalised uniform spaces are
isomorphic. These categorical relations are introduced and studied in [30].

11.1 Embedding into the Category of Fuzzy Uniform
Spaces

Let US denote the category of uniform spaces with uniformly continuous maps and let FUS
denote the category of fuzzy uniform spaces with uniformly continuous maps.

Theorem
Let

wy : US —s FUS, (X, D) — (X,DY)

and let wy leave maps unchanged.
Let .
Lu‘.FUS——>US, (X,D)D-—)(X,Dl)

and let ¢y leave maps unchanged.
Then

(a) wy is a functor,

{b) iy is a functor,

(¢) wowy =idys,

(d) wy is co-adjoint.
PROOF.

(a) We have if f : (X, D) — (Y,E) is uniformly continuous in US then f : (X, D!) —
(Y, E') is uniformly continuous in FUS.

Clearly wy preserves compositions and identities.

Therefore wy is a functor.

(b) We have if f: (X,D) — (Y, €) is a uniformly continuous in FUS then f: (X,D!) —
(Y, &) is uniformly continuous in US.

Clearly iy preserves compositions and identities.

Therefore ¢y is a functor.
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(c) Since (D!)! = D, we have
(v owr)((X, D) = Iy (X, D') = (X, (D)') = (X, D).

Therefore 1y o wy = idyg. ‘
(d) We have idx : (X, (D})!) — (X,D) is unlformly continuous, since D C (D).
We also have

f: (Y, D) — (X, D) is uniformly continuous
< f:(Y,D) — (X,D?) is uniformly continuous | since (D!)!-= D
<> f: (Y, D') — (X, (D*)!) is uniformly continuous.

US > FUS

(2%

(X,D)
(x, DY) &~ (v, D) idxt N
(X, (0HY) < (Y, DY)

For (X,D) € Ob(FUS), ((X,D!),idx) is a wy- co-universal arrow with domain (X, D).
Therefore wy is a co-adjoint. wy embeds the category US as a coreflective subcategory

of F'US.
O

11.2 Embedding into the Category of Generalised Uni-
form Spaces

Let GUS denote the category of generalised uniform spaces with uniformly continuous maps.

11.2.1 Theorem
Let o
EU:US—'>GUS, (X, D)H(X, 1]]))

and let ey leave maps unchanged.
Let
v:GQUS —US, (X,d)— (X,d°)

and let vy leave maps unchanged.
Then

(a) ey is a functor,

(b) 4y is a functor,

(€) v oey =idys,

(d) ey is co-adjoint.
PRrOOF.

(a) We have

() ¥ f: (X,D) — (Y,E) is uniformly continuous then f : (X,1p) — (¥,1g) is
uniformly continuous.

(i) ey preserves compositions and identities.

Therefore ey is a functor.
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(b) We have

(i) If f: (X, d) — (Y, €) is uniformly continuous then f : (X, d®) — (Y, €°) is uniformly
continuous. )

(i1) yu preserves compositions and identities.

Therefore vy is a functor. '

() We have
(7U © SU)((X3 D)) = 7U((X’ 111))) = (X7 10D) = (X7 IH))

(d) First we have to show d < 1. -
Ued «=dU)>0.
We have d(U) > 0=>14(U) = 1 and hence
d<1gp.

So we have idx : (X, 150) — (X, d) is uniformly continuous.
‘We also have

f (Y, 1p) — (X, d) is uniformly continuous
= f: (Y, D) — (X, d°) is uniformly continuous | Since 13 = D]
= f: (Y, 1p) — (X, 14) is uniformly continuous.

US = GQUS
YU

(X,d)

(X,d% <L (v, D) idx?  \J
(X1e) <  (¥1p)

For (X,d) € Ob(GUS), {(X,d°),idx) is a ey- co-universal arrow with codomain (X, d).
Therefore ey is a co-adjoint. €y embeds the category US as a coreflective subcategory
of FUS.

O

Next we establish an isomorphim between FUS and GUS.
11.2.2 Theorem

FUS=GUS

PROOF.

Let
F:FUS— GUS, (X,D) — (X, dp)

and F' leave maps unchanged.

We have seen in 8.1.6 that F is bijective. We also have:

(a) if f:(X,D) — (¥,£) is uniformly continuous then F(f) = f: (X, dp) — (Y, dz)
is uniformly continuous.

(b) F preserves composition and identities.

Therefore F is functor. Now we have to show there is functor G : GUS — FUS such
that Go F = idpygs and F o G = idgps. Let

G:GUS — FUS,  (X,d) — (X, Da)
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G leaves maps unchanged.
We have

(a) If f: (X,d) — (Y, e) is uniformly continuous then G(f) = f : (X, Dy) — (Y, D.)
is uniformly continuous. . :

(b) G preserves compositions and identities.

Therefore G is a functor. Now we have

(GOF)((X’ D)) = G((deD)) = (XdeD) = (X7D)a

(FoG)((X,d)) = F((X, D)) = (X,dp,) = (X,d). =~ ~
Hence the result.

11.3 Embeddings into the Category of Super Uniform
Spaces

Let SUS denote the category of super uniform spaces with uniformly continuous maps.

11.3.1 Theorem
Let

Ay US — SUS, (X, D) — (X, bp)

and let Ay leaves maps unchanged.
let

ky : SUS — US, (X, 8) — (X, Ds)
and let &y leaves maps unchanged.
Then
(a) Ay is a functor,
{b) ky is a functor,
{c) ky oAy = idys,
(d) Ay embeds the category US as a coreflective subcategory of SUS,
(e) If 0 € I**X such that 6(c) = 1 then 6p, (o) = 1.
Proor.

(a) We have

if f: (X, D) — (Y, E) is uniformly continuous then f : (X, ép) — (Y, ég) is uniformly
continuous.

Ay preserves compositions and identities.

Therefore Ay is a functor.
(b) We have

if f: (X,6x) — (Y,6y) is uniformly continuous then f : (X, Ds,) — (Y, Ds, is
uniformly continuous.

ky preserves compositions and identities.
Therefore &y is a functor.

(c) We have
(kv 0 Av)((X, D)) = ku((X, 6p)) = (X, Dsy).
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11.3.2

Now we have to show I = Ds,. We have

UeDs;, <3Ja<l, Joe XX :6p(c)=1and U =0"
3o, Jo :U=0¢%andV B<1, oD
= U=0c%€ D+ -

Conversly if U € D, let ¢ = 1y. Then 0* = U for all a € (0,1) and so 6p(U) = 1. It
follows that U = o® € Dj,,.

(d) The injectivity of Ay on morphisms follows from Theorem (10.1.9), together with the
fact that Ay leaves underlying maps unchanged.

(€) If §(c) = 1 then for all @ < 1, o* € Ds and so o € (Ds)!. Therefore

ops (o) =sup{a:0 € (Ds)*} =1.

Theorem
Let
ep: FUS — SUS, (X,D) — (X,6p)

and let ep leaves maps unchanged.
Let
v : SUS — FUS, (X,6) — (X, Ds)

and let yr leaves maps unchanged.
Then
(a) ep is a functor,
(b) 4# is a functor,
(c) vroep =idrys,
(d) ep embeds the category FUS as a coreflective subcategory of SUS,
(e) erowy = Ay,
(f) If o € I**X such that 6(c) = 1 then op,(c) = 1.
Proor.

(a) We have

if f:(X,D) — (Y, &) is uniformly continuous then f: (X,6p) — (Y, 8¢) is uniformly
continuous.

€r preserves compositions and identities.

Therefore ey is a functor.

(b) We have

if f:(X,6x) — (Y,6y) is uniformly continuous then f : (X,Ds, — (Y,Ds,) is
uniformly continuous. '

«yy preserves compositions and identities.

Therefore yr is a functor.
(c) We have

(vr 0 er)((X, D)) = vr((X,6p)) = (X, Dsy)-
Now we have to show that Ds, = D. We have

Ds, ={0€IXX:6p(o)=1}={ce*¥*:Va<l, ceD(a)}
={ocel*X:Ya<l,¥YB8<a Vy<B0 €D}
={oe IX*X:VB<1, Vy<p, oD
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For any 0 € D and for any ¥ < 8 < 1 we have ¢” € D and so D C D(s5,)- Thus for
each a € (0, 1] we have D* C (D(s,,))*.
On the other hand, for each o € (0, 1],

(D)% = {a“’ 10 < a,0 €Dy} = fab" tof <o, VB8 < 1,¥y < 8,67 € DPY C D=,

Therefore for each o € (0,1], (Ds,,))® = D™ and so D(s,,) = D [See Theorem 5.3.4].

(d) The injectivity of er on morphisms follows from Theorem (10.1.9), together with the
fact that € leaves underlying maps unchanged. -
(e) For each {X, D) € |US| we have

(er owy)((X, D)) = er((X, D)) = (X, 6m1)

and 6p: is the super uniformity generated by the collection {(D*)*}qc(0,1). But for each
o € (0,1) we have
(DY ={c?:8<a,0eD}=D

and so 6y is the super uniformity generated by D. That is,

(er owv)((X, D)) = (X, bp) = (X, bp) = Au((X, D)).

(f} If 6(c) = 1 then 0 € D5 = Ql((’Dg)“)"‘. That is, §p,(c) = 1.

We have seen that there is a functor e» which embeds the category FUS into the category
SUS, thereby making SUS an extension of FUS. The categorical isomorphism

F:FUS—->GUS, G:GUS—FUS
between FUS and GUS is established in [11.1.2]. We can therefore define
eqg: GUS — SUS

by
eg=€cpoC

and it follows that ¢ is a functor which embeds the category GUS into SUS. If we define

Y¢ = Foyp
then
Y6 0 Eq = idgus

and also
EpOE&y = ’\U-

Thus SUS is also an extension of the category GUS.
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