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ABSTRACT

Radio interferometric data volume is exponentially increasing with the potential to cause slow

processing and data storage issues for radio observations recorded at high time and frequency

resolutions. This necessitates that a sort of data compression is imposed. The conventional

method to compress the data is averaging across time and frequency. However, this results in

amplitude loss and source distortion at the edges of the field of view. To reduce amplitude

loss and source distortion, baseline-dependent window functions (BDWFs) are proposed in the

literature. BDWFs are visibility data compression methods using window functions to retain

the signals within a field of interest (FoI) and to suppress signals outside this FoI. However,

BDWFs are used with window functions as discussed in the signal processing field without any

optimization. This thesis evaluates the performance of BDWFs and then proposes to use machine

learning with gradient descent to optimize the window functions employed in BDWFs. Results

show that the convergence of the objective function is limited due to the band-limited nature

of the window functions in the Fourier space. BDWFs performance is also investigated and

discussed using several weighting schemes. Results show that there exists an optimal parameter

tuning (not necessarily unique) that suggests an optimal combination of BDWFs and density

sampling. With this, ∼ 4 % smearing is observed within the FoI, and ∼ 80 % source suppression

is achieved outside the FoI using the MeerKAT telescope at 1.4 GHz, sampled at 1 s and 184.3

kHz then averaged with BDWFs to achieve a compression factor of 4 in time and 3 in frequency.

Keywords: [Radio Interferometer, Smearing, BDWFs, Optimization, FoI shaping]
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CHAPTER 1

General Introduction

The essence of this thesis is to explore radio interferometric techniques such as radio interfer-

ometric visibility data compression together with signal processing techniques such as window

functions. It is of paramount interest to find the best link in how the two disciplines can be con-

nected and modelled to perform low loss data compression. Fundamentally this is essentially

optimization. Optimization is exploring the most desirable possible solution to a problem with

as minimal cost as possible. In this setting, we are concerned about optimizing certain features

of data compression models by finding an optimal matched filter that will optimally re-sample

the visibility data, which is a mathematical model that governs the nature of the interferometric

measurements. Also, by optimization, we desire to find the best combination of Fourier space pa-

rameters, visibility sampling and weighting parameters. All this optimization is done to achieve

a nearly lossless data compression scheme. This compression has the potential to allow for long-

term storage of compressed visibilities and therefore allow an opportunity for later reprocessing

with improved algorithms.
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1.1 The origins of radio astronomy

Early in 1932, radio astronomy was established with an experiment conducted by Jansky (1933)

at Bell Telephone Laboratories (Akhmanw & Khokblov, 1959). Jansky built the very first ra-

dio telescope, and this instrument was primarily designed to trace cosmic interference in radio

communications. The experimental aim was to tackle the problem of sources of static inter-

ference in radio communications. In the process, he discovered far-off thunderstorm static as

one of the causes of this interference. Jansky accidentally detected radio waves/radiation from

an astronomical source in the experiment. The instrument was then also used to detect natural

radio emissions from objects located light-years away from our planet. Jansky observed sig-

nals from a source that repeated at a rate of almost 24 hours, going through all compass points.

After eliminating the sun as the source of the static, he deduced that the static source was not

from our solar system. The signal was indeed propagating from our galaxy centre (Milky Way,

Sullivan III (2009), Akhmanw & Khokblov (1959)). Jansky could not accurately measure the

location, the flux density, and other properties of the radio source but only knew the existence

of a radio source that dissipates radiations across the band at a specific frequency. To be able to

measure such properties in detail, one needs an angular resolution, which is obtained by:

θ ≈ λ

D
, (1.1)

where λ represents the wavelength of a radio wave, andD is the diameter of a dish. By definition,

Equation (1.1) measures the ability to discern fine detail in a radio source’s structure, measured

in radians. To obtain higher resolution, the diameter D of a dish must be large enough, meaning

that a single-dish telescope has to have a large enough aperture/diameter. The Byrd Green Bank

Telescope (Prestage et al., 2009) is the biggest movable radio telescope, of dimensions 100 by

110 meters. This is followed by the Effelsberg telescope, with an aperture of 100 meters, fol-

lowed by the Jodrell Bank Lovell Telescope (Lovell, 1985), with 76 meter-diameter. Steerable

telescopes of this size represent the limits of engineering, and they only attain limited resolution.

In other words, at 21 cm wavelength, a telescope with a 100 meters dish size has an angular

resolution of about seven arcminutes. Calls for big-sized-diameter telescopes (e.g., the Jodrell
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Bank Mark IV and V telescopes at 305 and 122 meters, respectively) posed insurmountable de-

sign, manufacturing and maintenance challenges, and have also proven financially intractable.

Hence, the approach to linking multiple telescopes through interferometry (Thompson (1999),

Thompson et al. (1999)). As a result, at high frequency, interferometers such as Very Large ar-

rays (JVLA, Napier et al. (1983), Thompson et al. (1980)) allow efficient imaging at arcseconds

resolution, and large apertures can be utilized by combining the outputs of much smaller sizes,

less than 20 meters in diameter. Hence, the precursor MeerKAT (Booth & Jonas, 2012)) and the

future Square Kilometer Array (SKA, Dewdney et al. (2009)). The SKA will be one of the most

gigantic and sensitive radio interferometers ever. SKA is expected to have thousands of single

antenna dishes, achieving extremely high sensitivity and resolution (Krichbaum et al., 1999).

1.2 What is SKA

The SKA will be one of the biggest radio interferometers ever to be built in history, the beginning

of what will become the most sophisticated intelligent network in existence. This will consist of

two separate telescopes in its first development stage, covering the radio spectrum in the range

of centimetres to meters of wavelengths. In the first phase, there is a SKA1-LOW telescope to

be built at the Murchison Radio Observatory in Western Australia and will cover frequencies in

the range of 50 MHz-350 MHz (L-band), perfectly suitable for measuring the redshifted 21 cm

signal from the Epoch of Reionization (EoR). It will be comprised of linked antenna stations with

a physical baseline of 65 km separating them. The SKA1-MID is the second component and will

be built in the Karoo Astronomy Reserve of South Africa. It can support radio receivers that work

at mostly high frequencies. The SKA1-MID will extend its antenna number to approximately

200, constructed to span baselines greater than 100 km. It is designed to address a number of

fundamental science areas; these include but are not limited to the detection of gravitational

waves through pulsar techniques and other fundamental science (Dewdney et al., 2009).
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1.3 SKA Big data problem and data size estimates

Here, we shall briefly review the data size estimations for the future SKA, describe the fun-

damental procedure required for radio imaging, and highlight the challenges this project will

face. We describe the data trajectories from the individual antenna stations (SKA1-LOW and

SKA-MID). The per antenna measured voltages are transported from each antenna to the central

signal processing facility. It is this data that radio astronomers work with for advanced scientific

discoveries; in the SKA, the concern is data size resulting from the cross-correlation of a permu-

tation of 200 antennas. This telescope is expected to produce approximately 0.5–1 TB of data

per second. Since SKA observations are expected to be carried out more or less continuously,

this results in thousands of megabits of data being recorded for any particular observation. This

problem will be even more severe in terms of data processing since the data reduction techniques

(imaging and calibration) for the SKA will be done in real-time by the Science Data Processor

(SDP). To gain insight into the expected data rates, consider a preliminary case for MeerKAT

data rates: A single visibility record is a 2 × 2 matrix of complex correlations. Assuming 32

bits per correlation, we have 32 × 4 = 128 bits per visibility record. Assuming na antennas,

one has na(na − 1)/2 unique baselines. For a given baseline, Tobs is the total observing time.

If ∆t is the integration time, then Nt is the number of timeslots. In addition, if B is the total

bandwidth, dividing it into frequency channels, giving a Nν total channels of width (∆ν), the

correlator records a data size of the amount:

datasize =
na(na − 1)

2
× Tobs

∆t
× B

∆v
× 128 bits, (1.2)

where Tobs refers to the overall duration during which the observation was conducted, Nt repre-

sents the divisions of the total observing time into discrete time intervals, each of duration ∆t.

Mathematically, this relationship can be expressed as:

Tobs = Nt ×∆t. (1.3)

Similarly for frequency, as described above, the relationship is given by

B = Nν ×∆ν, (1.4)
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where B is channelised into nν channels of size δν each.

In light of the modern big interferometers where observation is continuously taken over long

periods and large bandwidths, this will result in storage issues and a computational burden for

sub-processing. For example, the data size for MeerKAT, 64 antennas, 32768 channels, 8 hour

observation with 8 s integration time will result in approximately 30 TB of data being recorded.

Furthermore, for SKA1-mid, with an additional 136 antennas and significantly higher correlator

dump time rates of 0.1 s, one is looking at approximately 2404 TB of data being recorded.

The data sizes of this magnitude are considered a challenge, as they can not be stored long-term.

Hence, the current SKA SDP plans to process the visibilities in real time to produce image cubes,

and only store the image cubes. Typical image cubes have the spatial size of 210 by 216 pixels

Scaife (2020). However, the risk with this is that the imaging algorithm used to process the cubes

becomes fixed, and there is no opportunity to reprocess the data again with better algorithms, as

they become developed in the future.

1.4 Problem statement

The compression of visibility data is an imperative option, as discussed. Traditionally, compres-

sion is done by simply averaging the visibility data across time and frequency. However, if the

time and frequency compression factors are scaled above some limit, this leads to an undesirable

effect known as smearing or decorrelation. This has a corresponding effect in uv-space since

uv-space is made up of baseline samples which are functions of both time and frequency. The

source distance from the field centre is equivalent to a phase gradient in the visibility plane, with

a more significant gradient for sources at a large distance relative to the phase centre. To illus-

trate this concept, consider a simplified scenario of a single point source with a flux denoted as

S. The point source is located in the sky, and its position is specified by the direction cosine

elements, denoted by the vector l = (l,m, n). Here, l, m, and n are the directional cosine com-

ponents that define the celestial position of the observed source in a coordinate system relative

to the observational reference frame. The directional cosine elements represent the projection of

the source’s position vector onto the observational axes. Specifically, l represents the east-west
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projection, m along the north-south direction, and n along the direction of the source. Similarly,

consider a baseline denoted indexed pq. A baseline represents the separation vector between two

antennas. Associated with this baseline is a vector upq = (u, v, w). These components, u, v, and

w, quantify the projection of the baseline vector onto three orthogonal directions: u corresponds

to the east-west direction, v to the north-south direction, and w to the vertical direction. For a

particular baseline pq, the visibility of the single source on the fixed time-frequency bin is given

by:

Vpq = Se−iΦ(upq ,l), (1.5)

where Φ(upq, l) = 2π
λ

upql⊤. Note that Φ is a function of the baseline vector and direction co-

sine. It should be clear now that for any source positioned at an increasing distance away from

the phase centre, for a given long baseline upq at sufficiently large time and frequency integra-

tions, Φ(upq, l) becomes large, which make the exponential term in Equation 1.5 to decrease S,

resulting in significant signal attenuation.

1.5 Motivations

With the newer telescopes having longer baselines and wide fields of view, the decorrelation

effect becomes more severe. Alternative methods for data compression and mitigation of the

decorrelation effect were investigated in Atemkeng et al. (2016) which simply uses BDWFs to

average visibility data. BDWFs result in a much more reduced amplitude loss within the FoI and

less aliasing effect or distortions held to an acceptable level. BDWFs use window functions in

the Fourier space to compress visibility data while preserving signal attenuation. The Window

functions are not optimized and are used as known in signal processing theory. This thesis

investigates the use of machine learning optimization via gradient descent to find optimal window

functions that could be used with BDWFs. We note with the optimization that since window

functions are band-limited in theory, and this has an urgent effect on the optimization results,

which require a wide enough window function extension. To mitigate the latter, we study BDWFs
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and their performance with several weighting schemes known in the literature.

1.6 Dissertation Structure

Chapter 1: I start by providing a holistic approach to this research and provide motivations.

Chapter 2: Here, I review some fundamental background literature on radio interferometer and

aperture synthesis and optimization theory.

Chapter 3: Here, I provide the analytical development of data compression in a mathematical

formalism, particularly for time and frequency averaging and the effect (signal loss), with major

derivations from literature.

Chapter 4: In this chapter, I perform BDWFs simulations in a more context-based framework,

using simulated MeerKAT data as they are studied and developed in Atemkeng et al. (2016).

Chapter 5: I revise filter theory in digital signal processing, then implement the gradient descent

optimization method for filter design in radio interferometric data compression. I highlight the

shortfalls of the current application of BDWFs and progress towards developing a solution.

Chapter 6: This is the main chapter where I present the findings of this research and justify their

importance in data compression and interferometric data reduction.

Chapter 7: The general conclusion with the summary of the major results of this work and some

possible suggestions of how this can benefit the radio community and implied future research.
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CHAPTER 2

Fourier transform, filter theory and radio interferometry

2.1 Introduction

In this chapter, we discuss the Fourier transform concept, then proceed to review filter theory,

fundamentals of radio interferometry and background literature on Artificial Neural Networks

(ANNs, McCulloch & Pitts (1943)).

2.2 Fourier transform

We begin this chapter by revisiting a fundamental concept in signal processing, the Fourier trans-

form (FT). This transformation relates a signal from a representation in the time domain to its

frequency equivalent. The FT of a signal f(x) is given as:

F (y) = F{f(x)} (2.1)

=

∫ ∞

−∞
f(x) exp−2iπxy dx, (2.2)
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where x,y ∈ R. In general, the transformation can be reversed to recover f(x), and that is done

via the inverse Fourier transform:

f(x) = F−1{F (y)} (2.3)

=

∫ ∞

−∞
F (y) exp2iπxy dy. (2.4)

Equations (2.2) and (2.4) tell us that f(x) and F (y) are unique Fourier pairs. Alternatively, the

2-D FT is given as:

F (u, v) = F{f(x, y)} (2.5)

=

∫ ∞

−∞

∫ ∞

−∞
f(x, y) exp−2iπ(xu+yv) dxdy. (2.6)

Its inverse is obtained analogous to the 1-D inverse FT, Equation (2.3) implies that corrugations

of appropriate frequencies, phases, and amplitudes can be summed to produce the original two-

dimensional waveform given by Equation (2.5). The above developments cater for physical

signals and cannot be implemented in practice. In real life, one assumes that the 2-D function

f(x, y) has been spatially sampled along the spatial coordinates x with sample interval Tx and

y sampled with interval Fy, respectively. The resulting sampled function is f(kTx, lFy), where

k = 0, 1, ...,M − 1 and l = 0, 1, ..., N − 1, and we refer to it as DFT defined as:

F
( m

MTx
,
n

NFy

)
=

M−1∑
k=0

N−1∑
l=0

f
( k

MTx
,

l

NFy

)
e−2iπ( km

M
+ ln

N
). (2.7)

This gives us the 2-D discrete FT along the data points defined by parameters k and l. To

evaluate this, we compute N 1-D transforms: one for each l, where l = 0, 1, ..., N − 1, along

each data direction k and vise-versa. In applications such as image processing and filter design,

a Fast Fourier transform (FFT, (Deeming, 1975), Cooley & Tukey (1965)) is used as an efficient

algorithm to calculate DFT due to better algorithm scaling of O(n log n) compared to direct DFT,

which scales as O(n2).
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2.3 Filter theory

Digital filters are, systems of numerical calculations performed on a sampled, discrete-time-

frequency signal to maximise or minimise specific components of that signal and improve the

quality of a signal by eliminating additional noise, extracting information from the signal, or sep-

arating two or more previously combined signals (Alexander & Williams, 2016). In particular

cases, filtering is designed by rejecting all frequencies outside the desired band. There are two

types of digital filters that are widely used: Finite impulse response (FIR) and infinite impulse

response (IIR). FIR filters have a finite-duration impulse response, which means that their output

is only influenced by a finite number of past input samples. FIR filters are known for their stabil-

ity, linearity, and straightforward design process, which involves designing a set of coefficients to

determine the filter’s behaviour. Due to these advantages, FIR filters are preferred from a design

perspective. On the other hand, IIR filters have an infinite-duration impulse response, meaning

that their output is influenced by an infinite number of past samples. In some cases, IIR filters

can achieve similar filtering effects as RIF but will have fewer coefficients, making them more

computationally efficient. However, designing IIR filters is generally more complex due to the

need to satisfy stability and other design constraints. With that being said, FIR is favoured when

a linear phase response and ease of design are essential. Based on the form of the frequency

transfer function, the FIR digital filters are classified into; low-pass, band-pass, high-pass, and

stop-band filter (Joaquim & Lucietto, 2011). A general formalization of an FIR filter is given as:

x[n] =
N∑
i=0

h[i]x[n− i], (2.8)

where N is the filter order, x[n] is input signal, and, h[i] is FIR filter coefficients.

The DFT of an FIR filter is given as:

X(k) =
∞∑

n=−∞

x[n]ei2πkn/N. (2.9)

From Equation (2.9), one can find its equivalent inverse FT:

x[n] =
1

N

N−1∑
k=0

X[k]ej2πnk/N . (2.10)
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Now that we have laid the mathematical base for the FIR filter, the next step is to explore the

properties which will lead us to the matched filter design. Consider a low-pass FIR filter with

some cut off frequency ωc, the impulse response h(n) is given by :

h(n) =
1

2π

∫ ωc

−ωc

einωdω (2.11)

=
ωc
π

sin(nωc)

nωc
. (2.12)

As with the ideal filter, this response is non-causal and, therefore, can not practically be imple-

mented. Hence, a causal response is required. A causal response can be obtained by, firstly,

truncating the impulse to length n = N . Secondly, time delaying the impulse response to main-

tain the linear phase property, the symmetry of the response must be preserved (Alam & Hasan,

2010), and the required delay is denoted by α = (N−1)/2. Hence, the shifted truncated impulse

response is given by

h[n] =


ωc

π
sin(n−α)ωc

(n−α)ωc
n = 0 to N − 1

0 otherwise.
(2.13)

The truncation of the impulse shows that the ideal frequency response can not be obtained. Trun-

cating an infinite support impulse to a finite response gives rise to the effects of the pass and stop

band ripples and finite transition band. As a remedy, we think of the truncated response hd(n) to

be a result of multiplying the delay impulse response by some window function, w(n) ;

hd(n) = h(n− α)w(n), ∀n, (2.14)

where

w[n] =

1 n ≤ 0 ≤ N − 1

0 otherwise.
(2.15)

The window function’s primary technique is to transform an infinite duration of the IIR to a

finite duration FIR filter design (Alwahab et al., 2018). The window method for FIR design that

is used in the DSP field is approximated approaches of Kumar & Purwar (2017), which are far

from optimal results in the FIR filter design. Therefore, other FIR filter design strategies that are

not based on the window method, such as gradient descent-based optimization, can be used.
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2.4 Radio interferometry and aperture synthesis

Interferometry is a scientific practice using two or more radio telescope elements to observe

radio source emissions. These elements, along with their electronics, are essentially used to

synthesize signals by measuring Fourier components of the source brightness distribution. This

instrument is referred to as an interferometer. The invention of an interferometer is motivated by

the limitations of using a dish telescope, particularly the angular resolution given by Equation

(1.1). To obtain an acceptable resolution for any given wavelength, the D in Equation (1.1) is

now replaced by the maximum baseline length ||umax||:

θ ≈ λ

||umax||
, (2.16)

where umax is the largest separation between all pairs of antennas. Here, ||.|| is the Euclidean

norm. The limitation is the number of Fourier components that provide information about the

observed source structure. To improve that, the radio signals are obtained from the relative

orientation of both elements and the sources under observation, which change due to Earth’s

rotation. In astronomical terms, this is referred to as Aperture synthesis (Ryle & Hewish, 1960).

Aperture synthesis techniques give an approximation angular resolution comparable to that of

a single large dish telescope with a diameter D. If this is done repeatedly, each separation is

repeated in different places, increasing the number of Fourier measurements.

2.4.1 Response of an interferometer and Measurement Equation

To demonstrate the principle of a radio interferometer, let us reduce the idea to that of a two-

element interferometer A two-element radio interferometer measures the complex quantity Vpq(u),

known as visibility data. Here, u = (u, v, w) is the vector that separates antennas p and q. The

question becomes, how is this quantity measured? The fundamentals of modern radio interfer-

ometer measurements stem from the famous mathematical formalization known as the Radio

Interferometric Measurement Equation (RIME, Hamaker et al. (1996), Smirnov (2011)). Here,

we are interested in a RIME-based framework over some small sky regions (small angle approx-

imation), not full-sky. We assume that the sky is composed of at least one discrete point source.
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We define the visibility measurement from correlating antenna p and q as:

Vpq =
∑

l

(JplBlJHql ), (2.17)

where H is the hermitian operator, Jpl and JHql are Jones matrix representing the signal propagation

effects from the source to each antenna p and q over an image plane region at discretised sky

l = (l,m, n − 1). Here, l,m and n are directional cosines and the n − 1 term ensures that

the compensating delay phase centre vector is unity; otherwise, it is n. Note that, Bl is the sky

distribution matrix over an image plane region at l. The formalism provided in Equation (2.17) is

general concerning all the propagation effects of the Jones matrix. Let us now consider a subset

of the propagation effects relevant to this work:

Jpl = GplKpl (2.18)

JHql = GH
qlK

H
ql . (2.19)

The matrices Gpl and GH
ql describe the direction-independent propagation effects in each path of

antenna p and q and the scalar terms Kpl and KH
ql describe the phase effects variations associated

with antenna p and q at the sky position l. For compactness, we can write Kpql = KplK
H
ql ,

which satisfies commutative property when applied to any matrix of the same dimensionality.

This allows us to collapse the generic form given in Equation (2.17) and rewrite it as follows:

Vpq =
∑

l

(GplBlGH
ql )Kpql. (2.20)

This allows one to define the Jones scalar term as the Fourier kernel that associates baseline

vector upq = (upq, vpq, wpq) and sky position vector l ;

Kpql = e−2πiupq l. (2.21)

2.5 Imaging

The RIME formalism, as defined in Equation (2.17), can also be presented in a functional nota-

tion, assuming no effects of uv-Jones term as:
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Vpq(u, v, w) =
∫ ∞

−∞

∫ ∞

−∞

A(l,m)I(l,m)√
1− l2 −m2

)e−2πiλ
ν
(ul+vm+w(

√
1−l2−m2))dldm, (2.22)

where A(l,m) and Iν(l,m) are the primary beam pattern and surface brightness, respectively.

The antenna’s reception pattern,A(l,m), describes the sensitivity of the interferometer elements.

Equation (2.22) tells us that the visibility as a function of baseline coordinates at a centre fre-

quency ν is the product of the primary beam of each antenna multiplied by the phase term of each

position on the sky integrated over the entire sky. According to Thompson (1999), Thompson

et al. (2001), van Cittert-Zernike theorem Equation (2.22) is an equivalent representation of the

Fourier component of the sky brightness, I(l,m) together with the beam pattern A(l,m). One

may notice that Equation (2.22) is neither a 3-D nor 2-D Fourier transform and hence can not be

efficiently implemented via FFTs. For a practical approximation, the following assumptions are

imperative; the FoV must be small, i.e. l2 +m2 ≈ 1 or the interferometer is coplanar, meaning

w = 0, throughout. Having met these assumptions, and in addition, assuming the beam pattern

is unity for all antennas, one can write:

Vpq(u, v) =
∫ ∞

−∞

∫ ∞

−∞
I(l,m)e−2πi(ul+vm)dldm. (2.23)

Equation (2.23) is the true visibility measurement. In practical situations, an interferometer

measures the sampled version of Equation (2.23). Assuming that S(u, v) is the sampling function

defined as:

S(u, v) =
N∑
k

δ(u− ui, v − vi), (2.24)

where, δ(., .) is a 2-D delta function. The sampled visibility function or measured sky brightness

S(u, v)Vpq(u, v) output of the array data collection. To be precise, the interferometer is not

necessarily sensitive to the sky but to the FT of the sky.

The measured sky brightness is the inverse FT of the sampled version of Equation (2.23):

Imeas(l,m) =

∫ ∫
S(u, v)V(u, v)e2πi(ul+vm)dudv. (2.25)

In practice, producing an image is done via discrete DFT. However, an FFT algorithm is used

instead due to better computational efficiency. Using FFT results in image formation challenges
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because FFT requires uniformly spaced samples in the spatial dimension, but in the uv-plane,

the visibility data is irregularly sampled. To deal with this, gridding is adopted. Gridding is an

algorithm that transforms the irregularly sampled uv domain into a regularly sampled one. This

is known as gridding. The gridding mechanism uses a gridding kernel or convolutional kernel

Ca(u, v) to minimize aliasing effects. Mathematically, the gridded visibilities can be expressed

as:

Vg(uk, vk) = [[V(u, v)S(u, v)] ∗ Ca(u, v)]X(uk, vk), (2.26)

where X(uk, vk) is a sampling or comb function. Sampling by a Shah function means we

regularly sample as a form of discretization data. Having obtained the gridded visibilities, also

known as (resampled visibilities), the FFT is now valid, meaning we have arrived at the imaging

process. Firstly, sampling with a Shah function introduces some aliasing as the collection of

these delta functions often has large gaps in between discrete samples, causing sidelobes that

affect or distort the shape of the Fourier window. Secondly, most arrays are designed such that

most typical data points are in the inner region of the uv-plane and sparse in the outer, giving rise

to shorter spacing being given more weights. This causes the visibility sampling to be different at

each grid point, highlighting the difference in spatial features due to array configuration. These

spatial features affect the resolution, sensitivity of the resulting image, and how the beam shape is

controlled. To account for these, we introduce a weighting functionW (u, v) which down-weights

certain data points and minimizes the effect of non-uniform density of visibility samples in the

uv-plane. The weighting function shall be defined implicitly as a function of density weighting

and tapering functions. Equation (2.26) can now be written as:

Vg(uk, vk) = [[V (u, v)S(u, v)W (u, v)] ∗ Ca(u, v)]X(uk, vk). (2.27)

We can now take the inverse FT of Equation (2.27) to get an image.

F−1
{
Vg(uk, vk)

}
= F−1

{
[V(u, v)S(u, v)W (u, v)] ∗ Ca(u, v)

}
∗F−1

{
X(uk, vk)

}
, (2.28)
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ID(l,m) = F−1
{
V(u, v)

}
∗F−1

{
S(u, v)W (u, v)

}
F−1

{
Ca(u, v)

}
X(l,m) (2.29)

ID(l,m) =

(
I(l,m) ∗B(l,m)

)
C ′
a(l,m)X(l,m). (2.30)

Where ID(l,m) is the resulting dirty image, which is true sky brightness I(l,m) convolved with

the point spread function B(l,m) and the convolutional kernel C ′
a(l,m). One notes that under

FT, the comb function is invariant, and multiplication by it results in aliasing, which manifests

as a periodic function of l and m. We shall return to this in chapter 6 and elaborate on how it ties

in with this thesis.

2.6 Conclusion

In this chapter, we have studied the principles of Fourier analysis, particularly the FT and how

it is applied in image processing. Then moved to discuss filter theory and its use in FIR filter

design. We also provided fundamental principles of radio interferometry, from the measurement

function to imaging. Chapters 3 and 4 will implement these principles of the radio interferometer

reviewed in this chapter through simulations.
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CHAPTER 3

Simulation of Time-Frequency Decorrelation with the

MeerKAT telescope

3.1 Introduction

In this chapter, we review the effect of time and bandwidth smearing caused by coarser time and

frequency averaging. We start by deriving the average approximation form of the measurement

equation or visibility averaging and convolution, then we show the effect of averaging from an

empirical perspective, and then simulations are used to visualize the effect using MeerKAT data.

3.2 Averaging and Convolution

We introduce the concept of compression of the data, and the traditional method of compressing

interferometric data is simply averaging the visibilities. We present the mathematical framework

for visibility averaging at a single baseline pq at discrete time tk and frequency νl instances.

An actual interferometer can only measure the average visibility over some discrete finite time-
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frequency bin B[∆t]
k and B[∆ν]

l in time and frequency respectively:

B
[∆t∆ν]
kl = B[∆t]

k ×B
[∆ν]
l .

This is the set of all ordered pairs or tuples (tk, νl), where tk is an element of B[∆t]
k and νl is an

element of B[∆ν]
l

B
[∆t∆ν]
kl = [tk −

∆t

2
, tk +

∆t

2
]× [νl −

∆ν

2
, νl +

∆ν

2
]. (3.1)

Where ∆t and ∆ν are the integrations in time and frequency respectively. The sampling bin

in Equation (3.1) is finite and discrete over time and frequency. The motivation behind this is

that in practice, the propagation effects in the Jones matrix J depend necessarily on the phase

scalar matrix Kpql and are time-frequency variable due to the baseline vector measured in units

of wavelengths. This means the baseline vector is scaled by inverse wavelength, which then

causes the phase matrix to depend on frequency. Again, assuming an Earth-based interferometer,

Earth’s rotation causes the baseline vector to rotate with time, making the scalar phase matrix

time-dependent. Considering this, Equation (2.20) takes a new form of representation as being

explicitly time and frequency dependent and we shall adopt that representation onwards.

If we consider an integration bin in the correlator domain given by Equation (3.1), then the

measured visibility function is simply an average of the visibility observed by the baseline pq.

To obtain this we take the limit of Equation (2.20) as the sampling bin gets large:

V̄pqkl = lim
|B∆t

kl |,|B
∆ν
kl |→(∞,∞)

Vpq(tk, νl)|B∆t
kl ||B∆ν

kl | (3.2)

=
1

|B∆t
kl ||B∆ν

kl |

∫ ∫
B

[∆t∆ν]
kl

V(upq(t, ν)dtdν, (3.3)

where |B∆t
kl | and |B∆ν

kl | denotes the post averaged integrations in time and frequency. We have

shown averaging in the regular time and frequency space. However, we can also show that

averaging is equivalent to convolution by a boxcar window function in the irregular Fourier space

(uv-plane). To develop this, we define a uv-space corresponding bin by Buv
pqkl through a change

of variables. Assuming a small enough sampling bin where the smearing effect is neglectable,

the measured visibility representation in tν-plane is the same as in uv-plane. Allowing us to

write:

V̄pqkl =
1

|B∆t
kl ||B∆ν

kl |

∫ ∫
Buv

pqkl

Vpq(u, v)|
∂(u, v)

∂(t, ν)
|dudv. (3.4)
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Note that the integrand has only pq index, which indicates a baseline dependent, since the sam-

pling bins in the uv space are non-regular or elliptical arcs and is a function of time and frequency.

We can now introduce a boxcar window function:

Πtν(t, ν) =


1

∆t∆ν
|t| ≤ ∆t/2, |ν| ≤ ∆ν/2

0 otherwise

(3.5)

Equation (3.5) is a convolution kernel that is applied to get re-sampled visibilities; since the re-

sampling function is defined in the uv-plane, it should be a per baseline function. When applying

the boxcar window function to visibilities Equation (3.4) becomes equivalent to:

V̄pqkl =

∫ ∞

−∞

∫ +∞

−∞
Vpq(t, ν)Πtν

pq(t− tk, ν − νl)dtdν. (3.6)

Similarly, Equation (3.6) can be written as a convolution of the true visibility by a boxcar function

of a fixed sampling bin uv-space :

V̄pqkl = [Vpq(tk, νl) ∗ Πuv
pq (tk, νl)], (3.7)

where ∗ represents convolution.

3.3 Time and bandwidth Decorrelation/ smearing

Let us start this section by recalling the Fourier space irregular average in Equation (3.7). For a

single baseline pq, through the inverse Fourier transform, we can obtain a dirty image which is

the inverse Fourier transform of the collection of averaged visibility samples in Equation 3.7 at

each kl:

IDpq =
∑
kl

F−1

{
Vpq(tk, νl) ∗ ⨿uv

pq (tk, νl)

}
(3.8)

=
∑
kl

F−1

{
⨿uv
pq (tk, νl)

}
Ipqkl, (3.9)

where Ipqkl = F−1
{
Vpqkl

}
is the apparent sky. The inverse Fourier transform of a boxcar-like

function is a sinc-like function. Therefore, Equation (3.9) becomes:

IDpq = DpqIpq, (3.10)
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where we assume that the sky Ipq ≡ Ipqkl is constant across each sample at kl and

Dpq =
∑
kl

sinc(r1)sinc(r2), (3.11)

where r1 = ∆ϕ
2

and r2 = ∆ψ
2

are half of the phase difference in time and frequency defined as:

∆ϕ = 2π∆upq(t, νl)l, (3.12)

∆ψ = 2π∆upq(tk, ν)l. (3.13)

We can see from Equation (3.10) represents a dirty image seen by baseline pq as the apparent

sky multiplied by the baseline-dependent sinc responses. The baseline dependent response rep-

resents the overall effect of all the accumulated averaging effects emphasized by the extra kl

subscripts. Each baseline will taper the sky differently depending on the time-frequency indices

kl. For shorter baselines, the sinc response appears wider, and for longer baselines, the response

appears narrower, which signifies a strong effect on Ipq. Another way to look at this is that the

per baseline window response acts as a factor determining amplitude variation as a function of

integration over time-frequency intervals. Each re-sampled visibility is obtained in the Fourier

space by scaling the measured visibility matrix with the factor. The scaling depends on the lim-

its of B∆t
kl , B∆ν

kl : if the data is initially sampled at very high resolution (∆t,∆ν → 0); and

|B∆t
kl |, |B∆ν

kl | are also small enough, then the boxcar function is approximately one, and that cor-

responds to no averaging, else if these are large, then the boxcar function will be very different

from one, resulting in the magnitude of the visibility function being scaled down by dividing by

large product which results in a significant amplitude loss.

Analogously we can also show the effect of regular averaging in the correlator domain, and

one can adopt Equation (3.3) for this derivation; the measured visibility matrix is written as:

V̄pq(tk, νl) =
∫ ∫

B∆t∆ν
kl

[∑
l

(
GplBlGH

ql

)
Kpqtνl

]
dνdt. (3.14)

Since both the integration and the summation are finite, one can always interchange the two.

If we recall that we are dealing with net amplitude loss caused associated with only the Jones

phase term (decorrelation in this case), the Jones scalar term Kpql changes significantly across
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the integration bin. We also assume that the jones matrix Gpl and GH
ql together with the matrix

brightness Bl are constant across the integration intervals, then Equation (3.14) can be written as:

V̄pq(tk, νl) =
∑

l

GplBlGH
ql

[ ∫ ∫
B∆t∆ν

kl

Kpqldνdt
]

(3.15)

=
∑

l

GplBlGH
qlDpq (3.16)

=
∑

l

Gpl(DpqBl)GH
ql . (3.17)

Since Dpq is a scalar factor, which commutes with any other Jones matrix; hence Equation (3.16)

can be rearranged to Equation (3.17). Note that Dpq is defined as,

Dpq =

∫ ∫
B∆t∆ν

kl

Kpqldνdt. (3.18)

It is now explicit that the true sky brightness matrix Bl is tapered by Dpq, which is the time-

frequency decorrelation term. One can still write Dpq as:

Dpq =

∫ +∞

−∞

∫ +∞

−∞
Πtν(t, ν)Kpqldνdt (3.19)

= F
{
Πtν(t, ν)

}
(3.20)

= sinc(r1)sinc(r2), (3.21)

where r1 = ∆ϕ
2

and r2 = ∆ψ
2

are half of the phase difference in time and frequency as defined in

Equations (3.12) and (3.13) respectively.

SubstitutingDpq back to Equation (3.17) one can now express the averaged visibility function

as :

V̄pq(tk, νl) =
∑

l

Gpl

(
sinc

(
2π∆upq(t, νl)l

)
sinc

(
2π∆upq(tk, ν)l

)
Bl

)
GH
ql . (3.22)

Equation (3.22) tells that the measured visibility function experiences an amplitude modulation

by a sinc function, which depends on the integration time, ∆t and integration frequency, ∆ν at a

given sky position l.
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3.4 Simulations with MeerKAT data

The standard database structure used in this thesis to record the complex visibility data is the

measurement set (MS, Kemball & Wieringa (2000)). The MS appears in software programs as

a hierarchical directory in which the radio interferometric data is stored as tables and directo-

ries. The MS is created as a configuration file containing tunable parameters that determine the

visibility data structure and size.

We made an MS from a MeerKAT at 1.4 GHz observation. The observation time is 400 s

sampled at each 1 s integration time, each with a bandwidth of 30 MHz divided into channels of

width 83.4 kHz each. Using the MeqTrees software (Noordam & Smirnov (2010)) a simulation

is made, and the MS is populated with a 1 Jy source at a given position. The source visibilities

are then resampled with a boxcar-like window function of sizes [100 s × 10 MHz], [50 s × 5

MHz] and [20 s × 2 MHz], where the notation [x s × y mHz] means x samples are averaged

in time and y samples averaged in frequency i.e |B∆t
kl | = x and |B∆ν

kl | = y. The visibilities

are then translated to the image using the csCLean imager (Voronkov & Wieringa (2004)) with

natural weighting. We begin by individually showing the effect of time and frequency average:

the smearing increases with increasing distance from the phase centre, and the effect worsens

on large time/frequency intervals. The below Figures 3.1, 3.2 are reproduced from Atemkeng

et al. (2016), with Figure 4.1 showing the effect of averaging in time (top-panel) and frequency

(bottom-panel) and Figure 3.2 show averaging in both time and frequency over four different

sampling bin: [1 s × 83.4 kHz], [20 s × 2 MHz], [50 s × 5 MHz] and [100 s × 10 MHz].

Figure 3.2 shows the effect of applying time and frequency averaging simultaneously: the

smearing magnitude decreases following the same reason, but the smearing is a bit significant

since it decreases proportionally to the product of time and frequency amplitudes.

Figure 3.3, provides simulations illustrating a 1 Jy point source observed at 1.4 GHz. The

data is sampled at high time integration of 1 s and 83.4 kHz then resampled to 100s × 10 MHz.

The simulation shows the 1 Jy point source at three distinct sky locations. The top panel of

Figure 3.3 shows the point source at the phase centre of the observation; we note that there is

no smearing. The middle shows a source at a specific sky position, where the source is located
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Figure 3.1: An example of a MeerKAT at 1.4 GHz simulation of a 1 Jy point source, showing

effects of visibility averaging: Top-panel: Time smearing as a function of source distance from

the phase centre. Bottom panel Frequency smearing as a function of distance from the phase

centre.
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Figure 3.2: An example of a MeerKAT at 1.4 GHz simulation of a 1 Jy point source, showing

the effect of visibility averaging at several time and frequency integrations.

at 1 deg relative to the phase centre, one can observe the distortion of the source’s shape due to

smearing. However, when compared to the bottom panel, in which the source is at 3 deg, the

smearing is less pronounced.

3.5 Conclusion

In this Chapter, we have introduced, defined and derived the effect of smearing caused partic-

ularly by averaging in post-processing. We presented two forms in which smearing manifests;

firstly, as a result of averaging in the regular plane and secondly, as a convolution with a boxcar

window function in the irregular plane. We have also shown that smearing manifests as base-

line size and distance from the phase centre. Lastly, the empirical results and synthesis imaging

depicting smearing have been simulated.
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Figure 3.3: Simulations illustrating a 1 Jy point source observed at 1.4 GHz with visibility av-

eraging using a sampling bin of size 100s × 10 MHz. The simulation shows three distinct sky

locations: the top panel depicts the point source at the phase centre (0◦), the middle panel shows

the point source positioned (1◦) offset from the phase centre, and the bottom panel features the

point source located (3◦) offset from the phase centre.
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CHAPTER 4

MeerKAT time and frequency smearing simulation with

BDWFs applied

4.1 Introduction

In this chapter, we discuss the application of BDWFs. BDWFs are techniques used to compress

the visibility data while preserving source amplitude loss at the edge of the FoI of an interferom-

eter.

4.2 BDWFs and FoI shaping

In the context of BDWFs, the boxcar window function, as discussed in Equation (3.5), is now

replaced by a window function that depends on the uv distance swept by the baseline pq:

V̄pq(u(tk, νl)) = [Vpq(u(t, ν)) ∗Dα
pq(u(t, ν)− u(tk, νl))], (4.1)

where α and Dα
pq(tk, νl) are the chosen FoI and the BDWF respectively. The only difference, as

discussed in Chapter 3 is that a sinc-like window rather than a boxcar is used to convolve the

27



visibility function. The extra subscript α means the window has an independent parameter α that

could be tuned to a desired FoI. For simplicity, let us look at a 1-D case, in time, for a single

baseline and sampling bin, Dα
pq is given as.

Dα
pq = sinc(απ∆upq(t)), (4.2)

and we can write the Image Plane Response (IPR) as :

F−1
{
Dα
pq

}
= F−1

{
sinc(απ∆upq(t))

}
(4.3)

=
1

α
Π(

r

α
), (4.4)

where, r = ∆ϕ
2

, the half phase difference in time defined in Equation (3.13). Figure 2.1 shows

an example of Dα
pq and their corresponding inverse FT. Applying a window to different-sized

baselines of the same sampling bin results in shorter baselines appearing as boxcar-like win-

dows, medium baselines appearing as semi-arch-like windows and longer baselines appearing

as sinc-like windows together with their corresponding IPRs. In the image plane, the physical

interpretation is exactly contrary due to FT properties. In addition, the division by FoI parameter

results in the shorter baselines corresponding to a wider sinc-like window (more like a boxcar)

with a narrower IPR (still producing a sinc-like smearing response). In contrast, the longer base-

lines correspond to a narrower window with extended side lobes with a rectangular window-like

IPR.

This chapter demonstrates through simulations the principle of averaging visibility data via

BDWFs. We employ BDWF (sinc window in this case) for the MeerKAT antenna station. Here

we demonstrate the procedure to apply BDWFs to visibility data and how the quantities of in-

terests (signal information) are measured. This chapter describes a series of simulations per-

formed to inform the choice of optimal BDWFs to 1) average visibility data, 2) shape the FoI

by conserving amplitude within a specific chosen FoI, and suppress any amplitude outside this

field. Analytical approximations have been performed in Atemkeng et al. (2016) for JVLA-C,

at various sampling rates, one particular interest was 100 s × 10 MHz sampling bin size post

correlation at different FoI settings. In this chapter, we performed the exact simulations but now
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Figure 4.1: Left: Baseline sizes, with the longest baselines, looking sinc-like, and short baselines

looking like boxcar-like window functions. Right: Corresponding IPR for each baseline

using the MeerKAT simulated data and will provide an equivalency of the JVLA-C sampling rate

for MeerKAT and verify the analytical results.

4.3 Procedure and simulation

The effect of time and frequency decorrelation on MeerKAT data is to be studied here by per-

forming simulations of time-frequency BDWFs for three FoI settings. A sky model containing

point sources aligned regularly in the m-direction of the image plane and extending to approxi-

mately 5 degrees, is simulated. The Primary beam effects are neglected in the model so that the

decorrelation with the BDWF period can be associated with only time and bandwidth averaging.

4.3.1 Creating datasets

We made an MS from MeerKAT at 1.4 GHz observation. The observation time is 400 s sampled

at each 1 s integration time, each with a bandwidth of 30 MHz divided into channels of width

83.4 kHz each. Using the MeqTrees software, a simulation is made, and the MS is populated

with a 1 Jy source at a given position. The source visibilities are then re-sampled with BDWFs

of sizes [100 s × 10 MHz], [50 s × 5 MHz] and [20 s × 2 MHz], where the notation [x s × y
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MHz] means x samples are averaged in time and y samples averaged in frequency i.e. |B∆t
kl | = x

and |B∆ν
kl | = y. The visibilities are then translated to the image using the csCLean imager with

natural weighting.

4.3.2 Imaging

We make a naturally density-weighted image of size 512 × 512 with a gridded cell size of 10.

arcsec centred at each point source position in an array with 10 arcminute spacing. For each

of the simulations, the procedure is as follows: The imaging is done with csCLean with zero

iteration, meaning a dirty image was created. This is done to prevent additional effects that may

vary between re-sampled datasets due to differences in source fluxes that might be caused by

deconvolution due to CLEAN implementations.

4.3.3 Amplitude measurement of the sources

The amplitude is measured by sequentially extracting the flux of each simulated source in the

dirty images using pyfits from astropy (Robitaille et al., 2013). This is done by accessing the

first extension of the image data and taking its maximum for each source in the array. The

flux response of the array sources should resemble the shape of a low-pass filter across the FoI.

For example, given a FoI of 2 degree (equivalent to source at position 120 arcminutes in m-

direction), the amplitude response should be preserved with as minimal decrease as possible

within a 1-degree radius relative to the phase centre. It should ideally attenuate almost abruptly

at exactly 1 degree. One can now see that this response shapes the FoI. To get better shaping

means, the amplitude response should approximate a perfect low-pass. The desired response is

an inverse FT of the convolution kernel we used to average the visibilities. The dirty image is

now the true sky tapered by the inverse FT of the convolution kernel, which is a boxcar in the

case of sinc. We can see this by recalling Equation (2.27) with additional parameter α.

The α parameter is the tunable FoI used to parameterize the spatial frequencies in the Fourier

space. By definition of the scaling property of FT in the image plane, the parameter scales the

window and then grids the pixels.
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4.3.4 Simulation results

In this section, we show a typical performance of BDWFs used to re-sample the simulated visi-

bility data, and we also observe or study other effects that play a role. The quantity we wish to

measure in these simulations is the decorrelation of flux as a function of distance from the phase

centre and increasing averaging bins in FoI shaping. Systematic effects on the source ampli-

tude must be corrected before the measurement can be associated to decorrelation alone: array

baseline distribution and density weighting schemes. Figures, 4.2, 4.3 and 4.4 depict the BDWF

performance at different FoI settings.

• At 1 degree FoI, the BDWF’s IPR is exactly the same as that of the traditional averaging.

• Increasing the FoI setting to 2 degrees, the IPR for BDWF is the same as that of traditional

averaging except at a large sampling bin (e.g. 100 s × 10 MHz). At this sampling bin, the

FoI induced by BDWF is broader than that of a traditional averaging.

• At 4 degrees FoI, the IPR induced by BDWF becomes broader as the sampling bin in-

creases and it starts to shape the FoI as a function of increasing both the FoI setting and

averaging bin.

We summarise the above results by showing how the BDWFs perform at different FoI settings

and a specific sampling rate of 100 s × 10 MHz. To quantify the improvement, we find the ratio

between the ideal lowpass, with the cutoff being half a given FoI, and the measured amplitude

response corresponding to different sampling bins at different fields. We use Riemann sum to

find the ratio of areas and then convert them into percentages. We start by defining two target

functions which depend on the radial distance from the phase centre; let us define the total

amplitude response area in the image plane as the sum of the within-FoI and out-of-FoI signal:

A(r) = AFoI(r) + AFoI(r) ≈

1 r ≤ FoI
2

0 r ≥ FoI
2

+

1 r ≤ max(r)

0 otherwise.

(4.5)
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Figure 4.2: An example of BDWF simulation with MeerKAT 1.4 GHz smearing degree against

source distance from the phase centre, for boxcar averaging at sampling intervals of 20 s × 2

MHz, 50 s × 5 MHz, and 100 s × 10 MHz bins, and for various BDWFs at 1 deg FoI
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Figure 4.3: An example of BDWF simulation with MeerKAT 1.4 GHz smearing degree against

source distance from the phase centre, for boxcar averaging at sampling intervals of 20 s × 2

MHz, 50 s × 5 MHz, and 100 s × 10 MHz bins, and for various BDWFs at 2 deg FoI
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Figure 4.4: An example of BDWF simulation with MeerKAT 1.4 GHz smearing degree against

source distance from the phase centre, for boxcar averaging at sampling intervals of 20 s × 2

MHz, 50 s × 5 MHz, and 100 s × 10 MHz bins, and for various BDWFs at 4 deg FoI
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Now we define the Riemann finite sum over a closed interval [r0, rn]. The finite set of ele-

ments in the closed interval forms a partition. We define f(j) as a function of an arbitrary factor

[ri − ri−1]. Then the nth Riemann sum of f concerning partition is defined as:

R(fp) =
n∑
i=0

fp(ji)(ri − ri−1). (4.6)

The performance of the BDWF is shown in Table 4.1. Table 4.1 shows the effect of visibility

averaging in terms of the amount of signal and attenuated signal in percentages. We can observe

that with conventional averaging, a significant amount of information is lost within the field of

view, e.g., information of about 28 % and 12 % at 2 and 4 deg FoI, respectively, is lost through

averaging visibilities using boxcar. We can compare these percentages with averaging using the

BDWFs: at 2, 4 deg FoI about 8 % of the information is lost. We can note that a weighted average

scheme conserves more signal within the FoI and compresses significantly outside as compared

to the unweighted average scheme. Furthermore, it is worth noting that as the FoI size increases,

the ability of a window function to shape the field is better due to the FT scaling property. A

narrow window in the uv-plane corresponds to a wider IPR in the image domain. This is shown

in Figure 4.1.

Table 4.1: Window function performance results

Field of views Integrations/bin size Conserved signal (%) Suppressed signal (%)

1 deg 100 s × 10 MHz 90 63

1 deg (Normal Average) 100 s × 10 MHz 90 60

2 deg 100s × 10 MHz 92 63

2 deg (Normal Average) 100 s × 10 MHz 88 66

4 deg 100s × 10 MHz 92 64

4 deg (Normal Average) 100 s × 10 MHz 72 72

Ideal BDWF (1,2, 4 deg) 100 s × 10 MHz 100 100
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4.4 Conclusion

I have discussed the technique of compressing the visibility data using BDWFs and how BDWFs

are used to shape the FoI. An application of this is done via simulations on MeerKAT simulated

data, after that we evaluated the BDWF’s performance quantitatively relative to simple averaging.
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CHAPTER 5

Revisiting BDWFs in the context of obtaining an optimal

Field of Interest shaping via gradient descent optimization

5.1 Introduction

We introduce the context of optimization into the problem of FoI shaping. The chapter begins

with a desire to use a gradient descent algorithm to optimize the FoI via BDWFs used to re-

sample the visibility data. We re-examine what defines optimal FoI shaping in detail, and then

proofs are provided as to whether optimizing only the window function is sufficient for FoI shap-

ing. To that end, alternative optimization techniques are considered and explored to shape the

FoI. This chapter starts with the BDWFs application’s limitations and then proposes an optimiza-

tion strategy based on gradient descent as a solution. From there, we explore efficient parameters

for off-axis source suppression.
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5.2 Using BDWFs for visibility data compression and FoI shap-

ing has shown potential but is that the best we can achieve?

Beyond any reasonable doubt, replacing the unweighted average with a weighted average of vis-

ibility data brought a significant improvement in data compression and FoI shaping of a radio

interferometer. To highlight a few, according to Atemkeng et al. (2016), the potential capabil-

ities of tuned BDWFs have been theoretically and practically demonstrated that their use can

both reduce smearing within the FoI regime (compared to normal “boxcar” averaging) and sup-

press unwanted signal outside FoI regime. At the same time, the data size is compressed to an

acceptable level.

However, BDWFs (as applied currently) pose several negative effects. To mention a few is

the unavoidable loss in sensitivity due to re-sampling using a weighted sum. Moreover, averaging

over larger sampling bins, with larger tuned FoI where BDWFs appear as sinc-like weigh-down

short uv-spacing, causing a decrease in nominal sensitivity. Another apparent downside of the

current application of BDWFs is the poor off-axis attenuation compared to simple averaging.

This poor off-axis attenuation implies far-field contamination, which then decreases the signal-

to-noise in the FoI. However, this poor off-axis attenuation is mitigated by employing overlap-

ping BDWFs as discussed in Atemkeng et al. (2016). Overlapping BDWFs gain their advantage

from using visibility data points more than once in the application, approximating the infinite

support of the sinc window function. However, in the case of snapshot observations, the use of

overlapping BDWFs is limited because the data available is small. While data compression is not

needed in the snapshot regime, overlapping BDWFs could still be used to shape the FoI. Also,

the computational complexity increases due to the duplicated visibility samples, making the over-

lapping BDWFs scale poorly. One would expect a method that uses non-overlapping BDWFs

to result in an equivalent performance compared to overlapping BDWFs while few computation

resources are in demand.

Another way to achieve optimal FoI shaping is using baseline-dependent averaging combined

with BDWFs (Atemkeng et al., 2018). BDWFs ability to shape the FoI is, to some extent, limited
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by the number of baselines of different sizes in the same fixed bin; by this, we mean very few

long baselines sweeping out larger bins in the uν-space, with window function becoming sinc-

like over them and the large number of short baselines sweeping out smaller bins in uν-space,

with window function resembling boxcar-like shape over them. These downfalls motivated the

study of this thesis.

5.3 The use of gradient descent-based optimization

This thesis attempts to provide the optimal solution to visibility data averaging by designing

optimally matched filters for BDWFs. What we mean by this is that we want the IPR of the

visibility domain filter to approximate a brick-wall boxcar window or an ideal lowpass filter

response. We first propose using a gradient descent algorithm (Ruder, 2016) for this approxi-

mation. This method is designed in the Fourier space, which considers the ideal lowpass FIR

filter as a target value, using a pre-existing (sinc window) function to obtain the initial value

and then using a modified backpropagation algorithm (Werbos, 1990). Various approaches were

explored, including using a neural network for this purpose. However, after initial experimen-

tation and evaluation, it became evident that a neural network-based solution was unnecessary

and could be considered an overkill for the problem. The desired response could be effectively

approximated using a simpler gradient descent algorithm in Fourier space, where a pre-existing

sinc window function served as a suitable initial value, and a modified backpropagation algo-

rithm was applied to fine-tune the filter parameters. The idea is that the change in the error value

can decrease/flatten the stop-band and the pass-band ripple separately, depending on the desired

FIR filter, and simultaneously decrease transition bandwidth. The main idea of using a gradient

descent optimizer in linear phase FIR filter design is to find filter coefficients, by simply mini-

mizing the mean squared error function. There exist some forms of error functions for the filter

design. Let us visualize the output responses of ideal and actual filters. As discussed in Chapter

1, the actual response in real-life problems would not be perfectly rectangular. Hence, the rip-

ples in the pass, stop band and finite transition band. The most intuitive way to make the actual

response closer to the ideal response is to minimize the ripples in both pass and stop bands and
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make the transition band infinite. To achieve this objective we consider a weighted error function

of the form

Ef = min(maxf |w(f)[Hd(e
if )−H(eif )]|), (5.1)

where H(eif ) is the actual frequency response of the input function (sinc in this case) and w(f)

and Hd(e
if ) are window functions and desired frequency response, respectively:

w(f) =


1 0 ≤ f ≤ fp

0 fp ≤ f ≤ fs

ks fs ≤ f ≤ π

(5.2)

Hd(f) =

1 0 ≤ f ≤ fp

0 fp ≤ f ≤ π,

(5.3)

where fp is the cut-off pass-band frequency, fs is the cut-off stop band frequency. Ideally, we

would have only fp, but due to the finite sampling problem, we have, in practice, fs. Let E1 and

E2 be the error representations on the pass-band and stop-band ripples, respectively. We have:

E1 = maxf≤fp(|Ef | − δp) + maxf≥fs(|Ef | − δs), (5.4)

E2 =
(
|H(f)−Hd(f)| − δp

)
+
(
|H(f)− δs|

)
. (5.5)

For clarity, all the components in Equation (5.4) are illustrated in Figure 5.1, where δp and δs are

small enough pass band and stop band components that govern the ripple size, respectively. The

main error to be minimized is the sum of E1 and E2. The total squared error is defined as:

E = argmin
fi

(E1 + E2) (5.6)

=
N∑
i=1

(
|Hd(e

ifi)| − |H(eifi)|
)2

. (5.7)

Equation (5.6) is non-linear; hence gradient descent optimization could be used to find an

optimal filter by minimizing the error difference between the ideal window filter and an actual
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Figure 5.1: Window design: FIR ideal low-pass filter specifications vs a practical low-pass-

like response (blue curve) obtained from a truncated sinc transformation. Figure is taken from

:Latifoğlu (2020)

FT of the sinc. Gradient descent-based algorithm considers a univariable or multi-variable func-

tion, Ef (w) which is defined and smooth (i.e. differentiable) in a neighbourhood of a point

f . Also, Ef (w) descends fastest if one goes from the point w in the direction opposite to

the gradient of Ef (w), i.e. at (w,−∇Ef (w)). It follows that if we define the weight vector

w(f) = (w(0), w(1), · · ·, w(N)) to represent a set of parameters that the objective function

depends on, in this case, the filter coefficients or the parameters that define the filter’s response

characteristics. Then, the objective function E(w) aim to minimize the difference between an

ideal filter response and a realisable filter response parameterized by the vector w. The goal is

to find the optimal values for the filter coefficients that result in a filter response that closely

approximates the ideal response. One then proceeds to modify the weight vector by taking the

derivative of Equation (5.6) with respect to the parameter vector; this is done iteratively until

the error in Equation (5.6) is minimal. In principle, this vector can have many components. If

we denote each component as wi, then wi becomes the ith coordinate of the parameter of inter-

est. Traditionally, w is randomly initialized. After this, a partial derivative of the cost function
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is calculated with respect to w at the initial instance. The resulting vector of n input variables

represents the positive direction of the function. Still, since the goal is to minimize the error, the

derivative is multiplied by a negative sign which reverses its behaviour and causes it to descend

to the minimum. However, reversing the gradient only concerns the direction to the minimum

and does not say anything about how much. The magnitude by which the vector changes in the

reverse direction is calculated by multiplying the value of the gradient at a point by some small

enough constant λ. This constant is known as the learning rate, fixed along every direction of the

steepest descent. The randomly initialized vector is then updated iteratively until a minimum is

reached, and this process is known as backpropagation. The update of w follows:

wn+1 = wn − λ∇Ef (wn). (5.8)

The pseudo-code of the error minimization is provided in Algorithm 1:

Algorithm 1 Gradient descent algorithm for filter design
1: procedure OPTIMIZATION OF THE FOURIER TRANSFORM OF BDWF

2: Initialize w1 = 0

3: calculate fmax

4: if Ef (h) ≈ 0 then

5: stop

6: else

7: −∇Ef (wn) = − ∂
∂wn

(Ef (wn))

8: for n from 1 to N do

9: wn+1 = wn − λ∇Ef (wn)

10:

Before we go any further with gradient descent, it is worth noting that the principle is valid

for smooth functions, which means that the loss function is differentiable (Ruder, 2016) or at

least partial in the search domain. However, an ideal low-pass filter is naturally non-smooth and

exhibits a jump discontinuity at the cut-off (due to abrupt transition). In other words, the resulting

rectangular pulse contains a high-peaked side lobes level because the abrupt time changes at its
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edges increase its high-frequency content, resulting in higher and sharper side lobes. This leads to

the high-frequency component being poorly suppressed, as shown in Figure 5.1. With that being

said, we can conclude that: To mitigate this effect, we require that the transition boundary of the

pulse be smooth, thereby resulting in much fewer high-frequency components and significant

side lobes will be attenuated. The above premise leads us to the following remark: We either use

smoothing windows or extend the window length in one domain to suppress the sidelobes. The

latter is the overlap BDWFs.

To demonstrate further the ineffectiveness of realizing an optimal sinc based on a perfect

rectangular pulse. Having an infinity discontinuity would mean that most standard loss functions

used in the optimization of the neural network will fail at the discontinuity depending on the

particular loss function and the details of the optimization algorithm used. A possible solution

around this comes from knowing precisely the matrices of the function we wish to optimize since

it is an FT of a known, well-defined window function. Our matrices are pass-band and stop-band

with a bit slow transition band; we then create a perfect low-pass filter by taking the values from

the point in the transition band and collapsing them to pass and stop band classes creating an

infinite slope transition. To better observe the pass-band shape, Figure 5.2 shows the response

plotted logarithmically (i.e. decibels, dB):

Figure 5.2 shows explicitly that the peak side-lobe level of transformed sinc (optimized-

sinc in the legend) is higher than that of the sinc, and the roll-off rate is slower than that of

the sinc, which translates directly to much lower off-axis suppression. It is primarily due to

the inherent characteristics of an ideal sinc function. The FT of an ideal sinc function has an

infinite transition band, and truncating it to a finite length introduces undesirable side effects,

such as the Gibbs’ phenomenon. Figure 5.2 and 5.3 show the experimental results of this, from

these figures, one can see that the resulting sinc still exhibit higher sidelobes compared to the

non optimized version of which this is the manifestation of the residual effects of the Gibbs

phenomenon and inherent characteristics of inverse FT. In addition, even though one could also

explore windowing functions technique which helps to smooth the shape transition and reduce

sidelobes. However, this results in a more localized spectrum and in our case means less ability

to shape the FoI, moreover, in the application of BDWFs, that would also lead to increasing the
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Figure 5.2: Window functions

IPR for a truncated sinc and an optimized sinc

medium-sized baselines and short-sized baselines hence reducing number of longer baselines,

resulting in poorer FoI shaping. Figure 5.3 shows the simulated results of applying the two sinc

windows with the IPR depicted in Figure 5.2.

The smearing factor represents source flux attenuation as a function of distance from the

phase centre in the image domain. This flux results from the dirty image tapered by the top-hat

function (inverse FT of sinc). The transformed sinc shows that the off-axis suppression is lower,

corresponding to high side-lobes and slow decaying side-lobes. This is evident that a top-hat

function is impractical to realize as a filter with a frequency response of that shape is impractical.

5.4 Desired options for off-axis suppression

This section looks at possible off-axis suppression techniques, particularly avoiding under-sampling

and using an optimal window function whose FT drops off rapidly outside the FoI. Here, we ei-

ther look for a taper with the highest roll-off rate or find better criteria to sample such that a

significant off-axis suppression is achieved. Conventional techniques usually control the win-
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Figure 5.3: IPR induced by BDWF vs BDWF obtained from an ideal lowpass-like, with the

abrupt transition. The window function used is the sinc

.

45



dow spectral characteristics by tuning several parameters of closed-form expressions given by

a chosen window function. The commonly adjustable spectral characteristics of a sinc window

include the main lobe width (MLW), the peak sidelobe level (PSL), and the sidelobe roll-off

rate (SLROR, Sun et al. (2019)), which are closely associated with the resolution and spectrum

leakage or sensitivity (de Jesus Romero-Troncoso, 2016).

5.4.1 Raised cosine window

The waveform of the sinc window with large bandwidth and infinity support makes it practically

difficult to achieve as its frequency response has a perfect rectangular shape. We then explore

raised cosine due to its adjustable waveform, controlled by a tunable roll-off parameter making

it more practical and feasible. This window is an optimizable version of a sinc because it is

parameterized by a roll-off factor β (Alagha & Kabal, 1999). The raised cosine is defined as :

Rc(u, v) =
sinc(u, v)cos(βu, βv)

(1− 2βu)(1− 2βv)
, (5.9)

where u,v and β are spartial frequencies and roll-off factor respectively. The good thing about

raised cosine is that its shape varies smoothly on the closed interval [0,1]. Towards β = 0 raised

cosine window becomes a sinc-like function, and towards β = 1, it becomes Gaussian-like. For

these reasons, we propose that a raised cosine filter must be employed as it is a generalized sinc.

The impact of the roll-off factor is subject to the user and the problem at hand. In this instance,

one should not confuse the suggestion of generalizing the sinc with calling raised cosine an

optimal window function.

5.4.2 Window decomposition and recombination

A similar approach to parametrizing a sinc with a roll-off factor is via (the decomposition and

recombination) mechanism. Since the goal is to optimize a subset of chosen matrices of the

window function, one considers taking a window function (sinc in this case) and decomposing

it into its Fourier modes (low spatial and high) or, equivalently, main lobe and sidelobes. The

reason for doing this is that these two spatial frequency modes behave contrary; using a window
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function to taper sidelobes causes the main lobe to broaden, and narrowing the main lobe causes

high sidelobes, and that is so to preserve the properties of the window. Now that necessitates

optimizing each metric independently and without interfering with the behaviour of the other.

What is it that should be optimized? One notes the somewhat even distribution of values to the

spatial frequency modes; a truncated sinc tends to give more values to the lower and high spatial

modes, causing wider main lobe and high sidelobes level, which increases the noise resulting in

a low-resolution image and slower attenuation rate. This is mainly due to improper sampling and

finite space representation. After decomposing the sincwindow, the function with a padded main

lobe is then smoothed by applying a hamming function in order to minimise or taper the nearest

side lobes. The resulting windowed function is then added to the smoothed high-frequency

modes to reconstruct the sinc function with only one difference which is minimal sidelobes:

Again, when applying this technique to the visibility data, we still observe no corresponding

effect in the image plane regarding significant off-axis suppression. This is because BDWF

being optimized is of a fixed baseline mapped into a fixed finite bin size. That particular baseline

determines the average of these results in the finite-fixed bin. Hence no improvement in the shape

of the IPR. This can be understood by considering the number of longer baselines optimized

relative to the number of non-optimized short baselines. The shorter baselines will dominate the

shape of the IPR.

5.4.3 Effect of density weighting and gridding convolution functions

This has motivated the slight change of angle in the proposed optimization scheme. This lim-

itation suggests that perhaps one should look at the overall gridding process. Let us recall the

expression for re-sampled visibilities:

Vg(u(t, ν)) =
(
[Vpq(u(t, ν))Wpq(u(t, ν))] ∗Dα

pq(u(t, ν)− u(tk, νl)
)
F (u(t, ν)), (5.10)

where F (u(t, ν)) = X(u(t, ν)/∆u(t, ν)) is the 2-D shah function. This says that the re-sampled

visibility is a weighted measured visibility convolved with BDWF sampled on a chosen grid,
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Figure 5.4: Top-panel: the sinc is split into the main lobe and its associated sidelobes. Bottom

panel: a hamming window is applied to only the sidelobes and compared with the original sinc,

which we decomposed
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where ∆u represents grid spacing in the uv-space. Vg is normally not a true reconstruction due

to Fourier effects of the function Wpq, F and Dα
pq. The main effect in the image plane translates

to, 1) multiplication by a truncated BDWF, 2) convolution by the PSF (Fourier transform of Wpq),

and 3) aliasing due to convolution with a FT of the comb function. For a proper reconstruction

of Vq, one has to correct the corruptions caused by the underlined functions. Let us look at these

corruptions individually and examine them:

• An optimal BDWF is an infinite sinc function, which is practically impossible. However,

better approximations can be made by simply having more samples, in this context, a long

enough baseline determined by a wider or larger sampling bin and larger FoI settings. The

downside with wider sampling bins is 1): an increase in computation and 2): a decrease in

sensitivity. With that being said, the obvious limitation to having an optimal BDWF is the

FoI size and sampling intervals.

• This leaves us with two functions to alter Wpq and F :

• First, we examine W , looking at the MeerKAT telescope, the density of the visibility sam-

ples in the uv-domain is highly non-uniform. This non-uniformity limits the ability of the

re-sample convolution and, hence, the failure of achieving an optimal matched filter for

FoI shaping. This strongly suggests that we must employ some compensation on the sam-

ple density, which means we are looking for an optimal weighting scheme. The solution

to our density sampling problem is to modify the sampling function to a sum of weighted

impulses. Such weighting function exists, i.e. uniform weighting and its derivatives.

• Lastly, corrections for F : one needs to use large grids on our uniform space to impose

a strong bias in our chosen weighting density function. This spacing size ensures that

samples in dense regions will be highly weighted, and samples in sparser regions will be

over-weighted. This mechanism ensures equity in compensating for sample density. We

shall apply these suggestions in chapter 6.
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5.5 Conclusion

In summary, this chapter discussed how one should interpret to shape the FoI of an interfer-

ometer. For this, we justified the optimization through a different angle by simply redefining

explicitly what to optimizE. This follows after we explored how do filter design theory can tune

window functions to achieve the desired tapering response in both time and frequency spaces.

We also showed the limitations of filter design to obtain an optimal matched filter under certain

conditions, particularly the use of FFT to transform a time-frequency dependent signal to an in-

verse response in the image plane in designing a matched filter and using shorter filter orders or

window sizes (this outlines a sampling problem). Most importantly, we established that finding

only a matched filter is insufficient in achieving large FoI shaping due to the design nature of

radio interferometers.
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CHAPTER 6

Results and discussion

6.1 Introduction

This chapter reports the performance of BDWFs with several weighting schemes to improve FoI

shaping. The JVLA in C-configuration and the MeerKAT telescopes are used for the evaluation.

6.2 MeerKAT and JVLA-C

The MeerKAT telescope consists of 64 antennas of a 13.5 meters diameter dish scatted over

an 8 km radius. The 64 antennas are unevenly distributed such that 75% of them are centrally

placed within a 1 km diameter "core region", and the 25% spread out over a 4 km radius, and

approximately half of all MeerKAT baselines are centrally located. Depicted in Figure 6.1 is the

number of baselines as a function of their length for both MeerKAT and JVLA stations.

The non-uniform distribution of the baselines in these two antennas manifests as follows

in terms of FoI shaping: In Figure 6.2, the smearing behaviour at the same sampling rate for

MeerKAT and JVLA-C differs more in the out-of-FoI suppression. The suppression rate in this
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Figure 6.1: The number of baselines as a function of baseline lengths for MeerKAT and JVLA-C

stations, baseline lengths range between 29 meters and 7474 meters for MeerKAT and from 45

meters to 3400 meters.
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Figure 6.2: The smearing factor as a function of distance from the phase centre for MeerKAT

and JVLA-C at the same sampling interval of 100s × 10MHz at 4 deg FoI.

regime (outside FoI) is no longer the function of all combined factors that cause smearing but

is mostly the function of the array configuration. Similarly, the within-FoI regime is a function

of shorter baselines. This implies that overall, for the same sampling rate (e.g., bin size), same

FoI, and relative distance from the phase centre, the ability of a chosen BDWF to shape the FoI

is dependent on the antenna distribution.

6.3 Effect of array configuration on BDWFs

It is known that the efficiency of BDWFs in shaping the FoI is strongly affected by an array con-

figuration. Modern interferometers such as the MeerKAT a core array with many short baselines

compared to the number of long baselines. For small finite fixed bin sizes, the BDWFs become

more truncated resulting in more boxcar-like windows in the uv-plane, as a consequence, the FoI

becomes narrower. As a result, optimization becomes unpractical. However, we might still apply

BDWFs on the current array design, but one would need to carefully treat the gridding process to
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account for sample distribution and weighting. Figure 6.2 shows the smearing response from ap-

plying the same BDWF to different antenna stations. We see that the IPR induced by MeerKAT

simulation rarely shapes the FoI as compared to the one obtained from the JVLA-C station. More

suppression is due to long baselines being more sensitive to smearing, and JVLA-C has more of

them than MeerKAT. This is in consistent agreement with Figure 6.1, which shows the number

of baselines as a function of baseline length. Note that the discussion only applies to FoI shaping,

and for a large amount of bins, BDWFs can shape the FoI of the MeerKAT telescope and achieve

substantial data compression.

6.4 Optimization via fine parameter tuning

In this section, we reformulate our optimization problem to find the best combination of param-

eters that would yield a wider FoI shaping. This comes after a realization that optimization of

the BDWF is not the unique function of FoI shaping. Alternatively, we explore a more gener-

alized form of sinc, which is a raised cosine, as described in Section 6.5.1. Additionally, we

extend the focus by looking into sampling, particularly gridding the uv-data in a grid of small

cells using a shah function X( u
∆u
, v
∆v

), to minimize aliasing we chose 1
∆u

to be large enough

and this also ensure our scaling factor is small. We highlight a few parameters that improved

the results demonstrated in Section 5 (changing the density weighting scheme from natural to

Briggs (Briggs, 1995)) with 0.0 robustness, using grid cell size of 1.0 arcsec of an image of

size 512 × 512 pixels. This modification considers the effect of array configuration by using a

weighting scheme that brings balance or uniformizes to the uv-data points; the decrease in cell

size minimizes artefacts, the result of the FFT.

6.4.1 Image parameters, density weighting, and tapering

The previous work on BDWFs uses natural weighting and sinc BDWF with large cell size (10

arcsecs) of a small image of size 512×512. With natural weighting, the image parameters do not

play a significant role. However, if one opts for either Briggs or uniform, then these parameters
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must be treated carefully. Some form of parameter compatibility exists that ensures optimal visi-

bility weighting and BDWF. We are now forced to employ a density compensating weighting that

combines uniform and natural weighting features, balancing the resolution, sensitivity, and beam

shape while balancing the conflicting requirements against each other reasonably associated with

BDWF. Let us first tackle the image parameters (image size and grid cell size): These parameters

are generally arbitrary; due to gridding problems in small images, we choose to decrease cell size

per grid to ensure better sampling. Secondly, regarding density weighting selection criteria, for

a heavily sampled array such as MeerKAT, a weighting scheme must be selected such that there

is some equity in the weighting of uv-points. Fortunately, such a weighting scheme exists and

is uniform weighting. This is in line with the statement by Briggs (1995), which states that for

heavily dense arrays, it is usually best to use super-uniform weighting than the standard uniform

and then balance the RMS noise with appropriate robustness. In summary, uniform weighting

gives more weight to sparser regions, precisely the Fourier modes with more smearing than nat-

ural weighting does (this is because of the short period of longer baselines spent per uv cell than

short baselines for a finite observation). Uniform weighting produces narrower beams since it

fills the uv-plane more regularly. However, its disadvantage is due to the discontinuity of the

weights at the grid edges for each sampled portion of the uv-plane, causing more pronounced

sidelobes, which increases the confusion noise and compromises SNR. One way to solve this

is to couple the uniform weighting with a BDWF. We should also notice that having weighted

density and BDWF will affect the overall image sensitivity and increase noise. To counteract

this, one needs to be considerate with weighting, which controls the degree of up-sampling of

isolated points in the uv-plane. This brings us to the realization that we need a factor that ensures

a careful up-sampling. Therefore, a robust parameter will do.

One can attempt to justify this mathematically. To initialize the process, we first acknowledge

the work done by Briggs (1995) introducing Robust weighting. The critical element of the analy-

sis is based on how the re-sampled visibilities should be weighted such that the applied BDWFs

induce the desired IPR. For an efficient application of BDWFs, one should strongly consider the

array distribution and observation length, and this is to find the best combination of the BDWF

parameters and density weighting such that the IPR approximates an ideal low pass filter at a
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given cut-off. Generally, when visibilities are transformed from Fourier to real space, the funda-

mental procedure normally starts with gridding, then applying density weighting and tapering.

In gridding, the visibilities are transformed from irregular to regular representation form, the uv-

plane is changed from elliptic to rectangular, and the rectangular plane is referred to as a regular

grid with grid blocks being grid cells. This is all done by applying a shah or comb sampling

function to the visibilities, the shah function is the function of the size of the gridding box in the

Fourier domain, and here, we make this size large by setting the ratio of the maximum values of

u and v representable on the gridded uv-plane and the maximum values of u and v present in

the dataset to be large. This then translates to a much smaller amount ∆m = ∆l = 1.0 arcsec

separating the pixels along the l and m direction for the image of size 512 × 512 (the image size

is free and flexible).

Secondly, we weigh these gridded visibilities; in doing so, we are interested in the total

gridded weight given by:

Wpq(u, v) = Dα
pq(u, v)Depq(u, v)wpq(u, v), (6.1)

where Dα
pq is a BDWF for gridded visibility pq , Depq is a density weight for gridded visibility

pq and wpq signal-to-noise weight for gridded visibility pq. Here we shall start by showing why

natural weighting rarely gives the desired shape. First case: if we naturally weight the visibilities,

then Depq is 1, and all samples are weighting the same in the uv cell. Now Equation (6.1)

reduces to a product of BDWF with the signal-to-noise weight of each gridded visibility. The

only additional variance is now added by the BDWF since it is a weighted approach as compared

to a simple average and will overall result in relatively small noise. This means the impact of

the BDWF is only significant on individual pq samples and their variance. The density of all the

samples overcomes the ability of the BDWF, resulting in a partially shaped FoI. This is exactly

what is shown in Atemkeng et al. (2016). From these results, it is clear that to shape the FoI

somewhat fully, the visibilities must be tapered by a weighted average, e.g., a relatively sample-

sensitive factor. This overcomes the power of sample density in our tapering function, creating

an interdependency between density weighting and tapering, which improves FoI shaping. The

derivations for Equations (6.3) and (6.4) for Briggs weighting are taken from (Briggs, 1995).
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This necessitates us to base our attention on making the term Depq ̸= 1; now, this implies

either uniform weighting or more flexibly robust weighting. As we have mentioned and justified,

we shall consider robust density function for a gridded visibility pq as :

Depq =
∑
k∈cpq

Dk (6.2)

=
constant(√

2
wpq

√
wkσk

)2∑
k∈cpq wk + 2wkσ2

k

, (6.3)

where σk is the variance associated with each visibility k, Dk is the density weight for vis-

ibility k, wk is the signal-to-noise weight for visibility k. We note that Equation (6.3) holds

whenever the sum of the signal-to-noise weight for each visibility k over a gridded cell pq is

strictly positive; otherwise, Depq varnishes. Equation (6.1) can be rewritten as :

Wpq = Dα
pq

constant(√
2
wpq

√
wkσk

)2∑
k∈cpq wk + 2wkσ2

k

( ∑
k∈cpq

1

σ2
k

/
∑
i

1

σ2
i

)
. (6.4)

Equation (6.4) provides us with a more robust way to weigh the resampled visibilities; this

shows that the weighting is now sensitive to the sample distribution. Now each visibility will be

weighted proportional to its gridded cell pq with dependency in wk and σ2
k. This is the essence

of robust weighting. Suppose wkσ2
k is much larger than σpq. In that case, the dirty image we are

minimizing looks like the dirty beam tapered by the BDWF meaningWpq approaches a value dif-

ferent from 1, and we recover uniform weighting. If the converse, we essentially minimize over

an image of random noise tapered by a raised cosine, and we recover natural weighting (Briggs,

1995). Equation (6.3) is mainly controlled by the squared first term in the denominator, reduces

this term mean we are only left with some scaled signal-to-noise weight of visibility k resulting

in either: 1) a constant density for all visibility if the numerator gets close to the proportionality

constant in the numerator. 2) a larger density for gridded visibilities dominated by proportional-

ity constant dependent on the signal-to-noise weight of each visibility. On the other hand, if we

increase the squared first term in the denominator, then the summed-up signal-to-noise weights

of each visibility will be improved, resulting in lowered density for gridded visibilities. This
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implies that this term specifies the robustness and can be normalized to some range of values.

Having specified this value, one proceeds to taper the optimal weighting visibilities, resulting in

optimal gridded-weighted-tapered visibilities and a better FoI shaping.

6.5 Simulations

We begin this section by presenting how BDWFs are used to average visibility data. Further-

more, this is then extended by studying their effect on smearing and out-of-FoI source suppres-

sion. These simulations are performed based on interferometer configuration corresponding to

MeerKAT, observing at 1.4 GHz. The procedure of the simulations is similar to that presented in

section 5.2.4. We create the high-res MS, which is sampled at 1 s for a total observation time of

400 s, with 30 MHz total bandwidth sampled at a spectral resolution of 83.4 kHz, resulting in 360

frequency channels. A corresponding low-res dataset is then generated by simply re-sampling

the hi-res with a BDWF of sizes 100 s × 10 MHz, 50 s × 5 MHz and 20 s × 2 MHz. The

visibilities are then translated to the image using the csCLean imager with Briggs weighting of

robustness 0.0. The low-res robust weighted visibility data is then transformed into dirty images,

and the flux is measured.

Figures 6.3, 6.4, 6.5 and 6.6 show the amplitude response of several BDWFs at various sam-

pling rates and FoI settings. There is a vertical line at 1 and 2 degrees FoI, which shows the ideal

off-axis suppression. BDWFs’ performance, is evaluated by comparing the amplitude response

with these lines. The more the amplitude response approximates these lines, the better the per-

formance of a given BDWF. The idea is the same in all the Figures, except that of Figures 6.3,

which shows the BDWFs for natural and Briggs weightings for several uv sampling, the bold

curves indicate Briggs plus BDWFs and the dotted curves indicate natural weighting plus BD-

WFs. Moreover, there are two grey curves that indicate normal averaging (with boxcar window)

for natural and Briggs weighting. Figure 6.4 shows only Briggs weighted BDWFs, at 100s × 10

MHz and 50s × 5 MHz sampling bins at 1, 2 and 4 deg FoI settings. The bold curves represent

BDWFs performance at 50s × 5 MHz sampling bin and the dotted curves represent BDWFs

performance at 100s × 10 MHz sampling bin. Figures 6.5 and 6.6 show the performance at the
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highest sampling rate and largest FoI setting. In Figure 6.5, the red region shows the conserved

amplitude in terms of the area bounded by the ideal amplitude response and the one induced by

a given BDWFs with a given weighting function. While the green shows the residual amplitude

as a result of suppression. To indicate better response, both the green and red regions must be

small in area, which is apparent in the top panel of Figure 6.5, and that is where BDWFs are

applied with Briggs weighting. The bottom-panel of Figure 6.5 shows BDWFs applied with

natural which rarely shapes the FoI. Nonetheless, BDWFs are good at conserving amplitude but

have very poor performance at off-axis suppression. In all the Figures, one can notice that the

FoI shaping through BDWF with Briggs weighting is much improved compared to that produced

through natural weighting. We omitted uniform, and this is because it produces the same result

as Briggs, for zero robustness. This is better demonstrated through Table 6.1, where FoI shaping

is quantified by the area of conserved to the suppressed signal.

Table 6.1: Optimal window function performance results

Field of views Integrations/ bin size Conserved signal (%) Suppressed signal (%)

1 deg 100 s × 10 MHz 86 80

1 deg 50 s × 5 MHz 88 70

2 deg 100 s × 10 MHz 92 91

2 deg 50 s × 5 MHz 86 88

4 deg 100 s × 10 MHz 97 83

4 deg 50 s × 5 MHz 94 82

Ideal BDWF (1, 2, 4 deg) 100 s × 10 MHz 100 100

6.5.1 Limitations of BDWFs applied with Briggs weighting

The drawback with applying BDWFs with various weighting scheme always result in a trade-off

between a maximum achievable FoI shaping and sensitivity depending on a chosen FoI and sam-

pling bin size. Briggs weighting is a reasonable compromise between FoI shaping and sensitivity
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Figure 6.3: BDWF performance with MeerKAT at 1.4 GHz for various sampling intervals at 1,

2 and 4 degrees FoI, respectively; density weighting (robustness = 0.0) + BDWF
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Figure 6.4: An example of BDWFs with Briggs weighting of robustness = 0.0
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Figure 6.5: BDWF at 100 s × 10 MHz bin average at 1, 2 4 deg FoIs; top-panel: areas of

interest showing improved performance of BDWFs application; bottom: sub-optimal BDWFs

application
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Figure 6.6: BDWF at 100 s × 10 MHz bin average at 1, 2 4 deg FoIs
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when applying BDWFs with a density weighting scheme. The compromise comes about due to

robustness (R). R is a sample weighting parameter that determines the magnitude on how much

uv samples should be down-weighted or up-weighted. This parameter changes its behaviour

based on the noise variance for averaged visibilities. Specifying the R-value gives a reasonable

transition between natural and uniform weighting. R is generally taken from a closed interval

[−2, 2] where at the endpoints, we have: R = +2, which is close to natural weighting (most

robust against the resolution) at a value of R = −2, which is close to uniform weighting (most

robust against noise). For all R ∈ (−2, 2), the useful regimes in robust weighting are usually ob-

tained by moving inwards from the endpoints on either side. Firstly, moving in from the uniform

weighting limit, one can often obtain a significant decrease in thermal RMS while giving up very

little in resolution. This corresponds to a balanced trivial robustness of 0.0. Working downwards

from the naturally weighted limit, the robustness of 1 results in a somewhat improved resolution

with almost no less sensitivity (see Briggs (1995)). Applying robustness of 0.0 with BDWFs for

various FoI settings and sampling bins results in an amplified noise compared to natural weight-

ing with BDWDF for a particular FoI.

6.6 Conclusion

In this chapter, the results show that FoI shaping can be sufficiently attained. The justification

of the parameter choice is given and explained in detail. We have also shown that there is a

trade-off between FoI shaping and sensitivity for a chosen sampling interval. In other words,

the size of the sampling bin is somewhat limited by the FoI as large FoIs result in BDWFs with

noise scaled up. This emphasizes a threshold on the period of a BDWF used to average the

visibilities. One can also establish that the choice of a BDWF sampling interval should depend

on the scientific goal of the observation: by this, we mean if one is more interested in attending

the best resolution, then a BDWF with a large period and wide FoI is suitable. If the goal is to

maximize sensitivity, then the observation should use narrow sampling intervals with small FoIs

which have compression limitations.
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CHAPTER 7

General conclusion and future work

The current and future radio interferometers promise to reach their full scientific potential through

their capability of sampling at high time and frequency resolutions. This generates far higher data

rates, and these data rates are considered to be computationally prohibitive for current processing

facilities. This is tackled traditionally by simply averaging the data across time and frequency.

However, this leads to smearing/decorrelation, which is the decrease in source amplitude at the

FoV and the distortion of the PSF. To reduce this amplitude loss, BDWFs are used as a two-fold

solution. BDWFs prevent the amplitude loss on the achievable FoI compared to simply averaging

and suppresses more signal at the edges of a FoI while the data is compressed at an acceptable

level.

BDWFs are computationally expensive and require a lot of data in the Fourier space to

achieve their compression capabilities. This means that for snapshot observations where data

is limited, BDWFs could only be employed for FoI shaping and not for data compression. In this

thesis, I studied the drawbacks of BDWFs in detail and investigated a machine-learning optimiza-

tion technique using a gradient descent algorithm to optimize the window functions employed

with BDWFs. The following were achieved in this thesis:
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• I have Studied and discussed the effect of traditional averaging of visibility data.

• I discussed BDWFs and their limitations.

• I moved on to study several window functions in the signal processing field and established

their relationship with BDWFs.

• The window functions employed with BDWFs are not optimized and are used as they are

employed in signal processing. I proposed using gradient descent to optimize the window

functions, which as a result, could shape the FoI to a greater extent compared to using

traditional BDWFs without optimizing the window functions. The optimization, however,

became unpractical due to the band-limited nature of the window functions in the Fourier

space.

• I investigated BDWFs performance applied with several density weighting.

Using Briggs weighting, I have shown that a more enlarged FoI can still be attainable with even

more significant suppression of unwanted signals outside the FoI. With this, ∼ 4 % smearing is

observed within the FoI, and ∼ 80 % source suppression is achieved outside the FoI using the

MeerKAT telescope at 1.4 GHz, sampled at 1 s and 184.3 kHz then averaged with BDWFs to

achieve a compression factor of 4 in time and 3 in frequency. For an effective and enlarged FoI

shaping, one must grid the visibilities such that an array geometry is compensated for. This work

opens the door to several future works. It would be interesting to apply and evaluate the BDWFs’

performance using real data while applying several weighting schemes. A broad investigation

of approximation theories to solve the optimization of the FoI could also be a good avenue for

future work since gradient descent is an iterative method.
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