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SUPrARY. 

( i) A litwar eire ui t is sho'.i'n not to explain _ the be~·. ' · 

h::J.viour of a conductivity cell to 1::ards a long rectancular 

pulse of a:·:l~li tu:Je less than the decomposition potential 

of the solution in the cell. 

(ii) It is sho~n that the flow of current throuch tho 

cell is gov~rned by diffusibn to the electrode. The 

diffusion current expression is the familiar one used 

in the case of diffusion up to a plane micro-electrode, 

except that in this case the concentration in the layer 

next to the electrode is not ze ro, but only some~vhat 

l~ss than the bulk concentration. 

(iii) 3xcert jurinc a short initial period (less than 

10 S8conjs ), the resistance of the electrol~tic cell 

varies directly 1Ni th the square root of the time for . 

,~·hich an e.:-n . .f. (less tba.n the doco:~1posi tio_'l roten.tial) 

is ar-i liod to t he ce ll, anc.1 inversel:r ··: ith the concen­

tration jiffurenco oct• ccn the electrode surface and 

tho bul~ of the solution. 
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I. INTRODUCTION. 

In the measurement of conductivities of electro-

lytic solutions it is customary to measure the resis­

tance of the solution with a Wheatstone bridge (F i g. 1). 

The electrolyte, contained in a cell with two platinum 

electrodes, forms one arm of the bridge. If direct 

current (d.c.)' is used, the condition for balance (i.e. 

no current flowing between A and B) is 

The use of a.c., however, causes electrolytic action 

result·ing in the formation of gas films at the elect-

rodes and concentration changes aue to transport pheno-

mena, This method is therefore not suited for the 

measurement of small resistances. Even in the case 

of large resista~ces, or if a high degree of precision 

is reQuired, elaborate precautions must be taken to 

mL:dmise polsrisation and thus obtain satisfactory 

results (1). 

Kohlrausch, Wion and others investigated the uso of 

alternating current (a.c.) to overcome those polarisation 

effects at the Glectrodes. They obtained such an im-

provement in accuracy thot a.c. hcs since been used 

almos t exelusiv0ly in electrolytic conductivity measure-

ments, The circuit is the same as that used when moasuri~ 

with a. c., except that earphones re place the galvano-

muter as null point indic ato r anrl an oscillator is 

substituted for tho battery. According to the theory 

of a. c. notvvorks, the equation for balance is 

the Z's representing impedances containing resis tive and 

reactive components. In orjor to obtain an expression 
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for the resistance of the solution in the cell it i s 

necessary to examine the electrical characteristics 

of the cell and other arms of the bridge. 

It is found that the measured resistance of the 

cell is greater than the actual resistance of the elec-

trolyt e between the electrodes by an amount depending 

on the frequency of the a.c. used (2,3). ~ithin l imits, 

the high~r the frequency the more nearly does the measured 

resistance approach the actual v~lue. This is explained 

by considering the elect r olyte in the layer s adjacent 

t o the electrodes separatel~r fro m the r emaini ng bulk 

of the solution. In the layers the conce ntration changes 

throughout the current cycle, and the longer the durat ion 

of the cycle (i.e. the lower the f requency) the greater 

wil l be th6 change . How the me asure d resistance de pends 

on the change of concentre tion whi ch has occ urred. 

VVi th increasing frequency this change will decre ase 

and the measured r es istance will apbJ roach t he true 

value . Jones and Christi an (3), working e·Yipirica lly, 

found a relation between the apparent s~ rics r csis-

tance R4 of the cell and the t r ue resistance rt of 

the e l e ctrolyte 

= rt + L\r , -where p ~ 2H x fr equency ~nd K is a constant . A c on-

denser eff ec t is sh ov.>n a t the elect rod e s 'bf a cond uc-

t ancc cell and f or the purpo se of a.c. b r idge niD as urc-

ment s thu call may therefore ; as a f i r s t approximation , 

b e cons ide r ed t o cons i s t of a resistance and capaci t y 

in se r ies (4). The usual t echnique i n cond ucti vity 

me asurement s i s t o mc ~surc the resis t ance ~t several 
1 

frequencies and plo t these value s aga inst p- ~ . Li near 

ex t rapol a tion to i nfinite f r equency give s a value ~ 
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for the true resistance rt or the electrolyte (3). 

Considering the cell to behave lik6 a simple series 

resistance and capacitance, an expression may be do-

rived for R4 which is actually loss than rt• This 

is contrary to tho experimentally observed behaviour. 

Jones and Christian found that the introduction of the 

"polarisation resistance" term !:Y,r produces an ~g_uivalont 

circuit in which the capacity is shunted by a leak 

o£ high resistance. - A second approximation to tho 

equivalent circuit of tho coll is therefore a resistance 

and a leaky capacity in series. Factors affecting the 

value of the capacity arc tho si?oG and condition of the 

electrode suri'ace, the na.turc of the electrolyte being 

moasure:J and tho reactions which may occur gt the clec-

trades. 

1 ... easure·.~1cnts over a wide range of frcc~uencios are 

roquirGd to dctormL~o tho additional olcmonts which 

:na1w the simulating network more precise. Shmlating 

networks w0rc origin~lly derived from steady state a.c. 

mcasurc~cats. In order to test whether those would 

apply for tho transient currents which flow imm~diatcly 

8-ftcr switching the source of' a.c. to the cell, Acree 

and his co-workers (2) made various oscillograph tests. 

They took asci llograms to sho··· the waveforms of the 

potential across the cells and tho current through them 

for a number of cycles aft0r swi tchinrr on tho source 

of a.c. This was carried out at different points on 

tho potcn_tial wave-for·m. Those oscillograms shou that t he 

simulating ne~wor:{ ~btainej from steady state relations 

servos oqually ~el l for the transient statu. Tho pr9-

ci s ion was, }!o· ·over, onl~! of the order of 5 per cent. 

They also suggested as a close approximation a high 

resistance l~ak in parallel with a capacity, which 
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is in series with a resistance. They found that the 

equivalent capacity was independent of frequency pro­

vidGd that the e.m.f. was loss than tho decomposition 

potential. At higher o.m.f.'s a shift occurred in the 

current peaks and the current through tho cell no longer 

had a sinusoidal form, indic~tin& that the cell ceased 

to h2ve tho ~ropcrtios of a leaky condenser in series 

with a resistance. .. 

In the present ~ork the response of tho cell to 

sq_uarc i,)Ulses is invos tiga ted. As has been, pointed 

out, the accurate rc., presentatio .. l of the simulating 

net·Nork requires measurements over a large range of 

a.c. frequencies. Applying a square pulse to tho elec­

trolytic cell is equivalent to a~[lyine all frequencies 

from zero upwards, since by Fourier's theorem tho pulse 

may be analysed into an infinite number of sino waves 

of all frequencies from 0 to r::<1. An advantage of the 

pulsG ::1c t :-~od is that the rcs ;:,onsos of equivalent series 

an~J parallel R-C comb i.n.a tions to tr' ':lnsients d iffor, 

whereas to 3 given a.c. frequency equivalent surics 

and parallel R-C co:7!binations respond in an i:'.!entical 

manner ( 5). 

Since eYperimental observation injicated that, 

on a~plication of an o.m.f. of the order of 1 volt, 

the current through a conductance cell fell to ~ of 

it's initial value in a length of time of thu order 

of 3 seconds, most information of the cell characteristics 

will be obtainGd by using pulses of ·length abo ut 10 

seconds. Tho best way to observe the effect of such 

.J. pulse would apr.ear to be by using an oscilloscope 

with a slow s~ccp. This apparatus is ho~ever highly 

speciali sr3d and unobtainable in this dG 'lartment . The 

next be st proced ure appeared to be to measure the current 
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response with a short period galvanometer. Since the 

periods of the galvanometers used were less than 2 sec­

onds, it wss expected that useful informstion about 

the cell characteristics could be obtained in this 

msn.:1er. 

In this work it is sttempted to fit linear ~ircuits, 

contsining a resistsnce in series with one, two snd 

three cspacities with leaks, to the experimental dsta. 

A circuit containing two cspscities - one with leak 

and one without leak- is also tried. The Laplace 

transformstion (6) is used to calculate the current 

responses of these circuits to a squsre pulse. In 

each case the expression for the current is found to be 

the sum of s numb e r of exponential terms. This is fitted 

to the experimental data as described in Appendix I. 

It i s shown thst no 1.inesr circuit sdequstely explains 

the behaviour of the cell. 

It is then assumed that the current whiOhflows 

is Jue to diffusicn of ions to the electrodes . Fick's 

la~s of diffusion are used to derive an equation re­

latinr current to time. This equation fits the experi­

mental curves well, which is taken to indicate that 

the current flow is indeed controlled by diffusion. 

Usi11g this expression an equi vslent circuit containing 

a col1stant resistance and a variable resistance in 

series, i s derived. This circuit, in which the total 

resistance ·varies directly with the squsre root of the 

time and with tho voltage, explains the experimentD.l curves 

adequately. 
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II. Apparatus and Technique, 

(i) The Cell and ~lectrodes. 

The cell (Fig. 2a) is made of Pyrex glass and 

6 

is so designed that the electrodes may be removed for 

cleaning purposes. The electrodes arc strips of polished 

platinum, 2cm X ~em and 0.4fi1m thick, scaled into the 

ends of glass tubes by means of a blue glass seal. 

The tubes fit into the cell through standard taper 

ground glass joints. The solution is introduced into 

the cell through either of the capillary tubes c. 
Air displaced by the solution entering the cell escapes 

through the tubes ~. Taps arc provided at the ends 

of these tubes so that the solution in the cell may 

be kept out or contact with the air. Electrical contact 

to tho el0ctrodes is made by moans of amalgamated copper 

wires dipping into mercury contained in the tubas to 

which the electrodes arc scaled. 

The cell is so dLsigned that the distance bct~ecn 

the elcctrojcs is large (10cm), thus diminishing tho 

effect of diffusion of solution from one electrode 

to the other. On ap~licstion of a pulse of 2 volts 

to the cell containing o. 01i~- I(Cl solution, the effect 

of diffusion is obscrv~d only after 50 minutes, which 

is much longGr than the duration of tho pulse used. 

3y making the distanc8 between the electrojos large , 

the electrostatic capacity be t•·wen th e el,_;c trodes is 

made negligible, being of the ord6r of 0.5pFd. 

Since the condition of the electrode surface is 

probably the most i~portant single factor influencing 

the r e producibility of results, much attention was paid 

to tho initial polishing of electrodes and subscq_uent 

cleaning betwe en runs. Before usc the electrodes were 

polished success~vcly with fine emory papqr, Brasso 
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and rouge (red ferric oxide). This produced a highly 

polished surface on ~hich no scratches could be observed 

wJ.th the naked eye. The electrodes w::;re also cleaned 

after every run. At first it was attempted to restore 

the electrodes to their original condition by heating 

to redness in a Bunsen flame. Thi~o·.·ever alto red the 

condition of the surface of the platinum, as shown by 

the formation of etched markings. It was later found 

that c;:;,_ually r.::;producib lc rcsul ts \.;~Jere obtainable merely 

by boiling the electrodes in distilled wator for 15 

to 30 mi.11.utes. 'i'his treatment did not alter visibly 

thG surface of the electrodes. Tho most satisfactory 

reproducibility was obtained by re-polishing with rouge 

after 0v-:-ry run. ~."' ith this proco::lure, results ~·ith a repro-

ducibili ty of 15 to 20 rer cent were Obtained. G.reat 

C8rC V'/aS b:J.kCn in hc:.ndling tho OldCJtrod:.;s. They were 

never allo~cd to stand in tho electrolytic solution 

for longer than necessary and ':!hen ';'lOt in usc were 

kor,t immGrscd i!l :Jistillcd •.·atc...r. Tv10 pairs of clcc­

trodo~wore used and 'yielded results ~hich wGrc tho 

same within the eXfiG.i."'imGntal error. 

(ii) The Saturator and Storage Flask. 

Since the presence of air in the solution pro1uccd 

results which differed appreciably frow those obtained 

using de-aerated solutions, it was necessary to bubble 

nitrogen through to remove oxyge.c1 and carbon dioxide. 

'rhis '11'8.S cffocted by passi~ dry nitrogen from a gas 

cylinder through a saturator and thence through the 

solution (contained in a flat-bottome~ 1! 1. flask) for 

app roximately 3 hours (Fig. 2b). It is necessary to 

saturate the gas since the passage of £Ex 
nitrogen through tho solution would remove water and 
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anj hence concentrate the solution. In order to sat-

urate the nitrogen at the vapour pressure of the solution, 

the same solution ~as used in the saturator as in the 

flask. The flask was fitted with two outlet tubes 

A and B, o~ which B reached to the bottom of the flask. 

A constant slow stream of nitrogen was allowed to bubble 

through the solution. 

Since it was not intended to ffi·9.ke absolute conduc-

tivity measurements, the use of A.R. quality KCl was 

adequate in preparing t~e solutions of concentrations 

0.1 and 0.01N which were used in the cell. Before 

transferring the solution to the cell, a current of 

nitrogen was blown through the latter in order to remove 

the air present. The cell was filled with solution 

by connecting tube B of the fl.ask to one of the inlet 

tubes C of the cell, clcsing the tap on A and allowing 

the nitrogen pressure ~~·hich built up in the f lask to 

force the solution up throu~h B into the cell. The 

flask, saturator 9.nd cell •.r•ere immcrsej in the thermo-

stat. 

(iii) The Thermostat. 

A thermostat of capacity about 30 gallons was 

used. With a 250 ·;~at t heater and toluene thermoregu­

lator a constant temperature of 25°0 was maintained 

to '~!i thin 0.05°. All current readings in this work 

were t aken at this temperature~ 

( i v) The Galvanometers~ 

Two instruments were used. The first was a Baird 

·and Tatlock galvanometer ( catalogue no. G1026/372) 

of resistance 608 ohms, period 1.1 seconds and scnsi-

tivi ty 20mm .per yAmp at 1 metro. The zero shift in 
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this instrument was appreciabler having a magnitude 

of up to 1 Ornrn after full scale def letcti on. It was 

found to be dependent on a number of factors~ (a) the 

$iZe of the deflection, (b) the length of time for r•hich 

the coil was de:flected . and (c) the direction in which 

the joflection occurred. The effect of the first two 

factors was minimised by passing a current through the 

galva.nometer before the run, sufficient to produce 

a deflection of about 300mm for 15 minutes, and then 

re-adjusting the zero. The effect of the third factor ~as 

eliminated by deflecting elways in the same direction. 

Since the sensitivity of tho galvanometer was 

found to increase by 0.1 per cent for every 1°0 rise 

in temperature, it was kept at a constant temperature 

in a Oelotex box (50 x 40 x 30 em). A 75 natt heater 

and a Sunvic bi-metallic spiral regulator ~erG used 

to maintain a temperature of 25°0 constant to within 1°0. 

For the second part of thi s work a Tinsley galvano­

me tel' of sensitivity 167rrt"'Tl per fA:np at 1 metro, became 

available. It had a stable zero and low resistance 

(10.1 ohms). Ttese f ac tors together its greater sensi­

tivity made it far more suitable. Nevertheless the 

same precautions were observed as with thG Baird and 

Tatloc~ galvanometer. 

The galvanometers were calibrated by passing measured 

currents through the coils. A shunt of total resistance 

10,000 ohms was used with the galvanometer and the calib­

ration made for each shunt range. The current passed 

was calculated by measuring, with a Leeds Northrup 

potentiometer, tho potentia l drop caused across a 5,000 

or 10,000 ohm r esistance. Since plotting deflection 

against current required a cumbersome graph if the 

required accuracy was to be obtained, tho calibration 
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graphs were drawn in the following manner : deviations 

from the linear relation i = ! were plotted against n 

the deflection b, where n is an integer chosen to give 

the best fit. For example, a current of 23.58 ~Amps 
J 

produced a jefl · ..... ct ion of 497. 6mm. Dividing the deflec­

tion by 20 gives an approximate value of 24.58 pAmps 

for the current. The difference, 1. 30 fAmps, between 

the true and the approximate current and the deflection 

497.6mm are used to plot one of the points on the calib-

ration curve. The same value of n, 20, was naturnlly 

used for all other points on this calibration curve. 

(v) The Pulse Circuit and Technique. 

A square pulse is produced by switching an e.m.f. 

E on to the electrodes at time t = dand short-circuiting 
J 

the cell a t time t = 1-, where 1:'" is the length of pulse 

reQuired. A 2 volt leaj accumulator usoj in conjunc-

ticn with a potential divider of total resistance 30 

ohms provides ~ulsos of amplitudes~ from 0~1 to 2 

vo 1 ts (Fig. 2c). After time:. t = "t tho cell is allowed 

to discharge through the galvanoineter. :n Since thG direc­

tion in which the current now flov·s is opposi to to 

that in which it flowed on charging, a s ·, ·i tch is a r ranged 

t :J t:ass the current through the gal v anomc tor in the 
R1 . 

sar:1o direction. R ...... R.- lS thG nominal value of the 
1 ' 2 

shunt ratio usGd having values 1, 1/3, 1/10, 1/30, 

1/100, 1/300, 1/1000. But since the r esistance R~ 
. G 

* The terms "chargc11 and. ''dischargen are used to de-

scribe the current response of the ceil. Thi s assumes 

the cell to behave like a condenser .or s;ystcr:1 of condon-

sers ll'hich on applying a certain c.m. f . becomes charged 

a nd on short-circui tine a· discharge takes pl ace . 
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of the galvanom~ter is in series with R' The true value 
2 

R1 
of the shunt ratio is R

1 
+ R

2 
, ~11hcrc R2 = R2 + Ra· 

Since a diffGrcnt resistance is brou3ht into the 

circuit each time the shunt ratio is changed, it is 

neccssar;y· to alter R by a corresponding amount, so th .gt 

the total resistance or the circuit in kept constant 

8t 10,000 ohms, excluding the resistance of the cell. 

Vvhile the electrodes were left to stand in the 

KCl solution in the cell for 15 minutes in order to 

att cin temperature equilibriu~, precautions ~ere taken 

to minimise the zero shift of th::; galvanometer and the lead 

accumulator was allowed to discharge through the paten-

tial divider. This second precaution was necessary 

since it usually took 5 to 10 minutes before the e.m.f. 

of the accumulator became steady to within 0.01 volt. 

The potential divider was then adjusted to yield the 
. 

desired e.rn.f., as measured on a Leeds-Northrup poton-

tiometer. 

At time t = 0 switch · K was closed anj the stop· 

··atch started. Current readings .,,,Gre then taken, the 

first at 3 seconds. Since the decay ··as approximat0ly 

cxr.onential it ·,•g_s necessary to take readings at short 

intervals at the b8ginni.1£ of tho run, becoming less 

freq uent a.s the current decreased. The input vol tago 

~as checked after abo ut 900 S0COl~S. At tho end of 

tho pulse the S'Pi tch S was thrown over and current read-

in.gs taken on discharge in the same wa·y as for charge. 

At the conclusion of the run tho electrodes were removed, 

rinsed and placed in distilled water. Since two pairs 

of electrodes were used, one pai r could be cle~ned 

while the other was in use. 

Tho response of tho cell was measurGd with input 

voltages over the range 0.1 to 2 volts for the 0.01N 
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KCl solution (using the Baird and Tatlock g~lva.nomctcr) 

a.ad ovc.r tho .range 0.1 to 0. 75 volts for the 0.1N ?::01 

solution (using tho Tinsley g~lvanometor). 

(vi) The Conductivity Bridge. 

A Pye Wheatstone bridge with variable ratio a.rms 

was used to measure the resistance of the cell. A 

1000 c.p.s. oscillator was used as thu source of e.m.f. 

and earphones us ed as tho null ~oint indicator. Tho 

rosistancc of the cell containing 0. 01N KCl v:;as found 

to be 27,000 ohms, an:l 3000 ohms whc.a containinG 0.1N 

I':Cl at 25°c. 
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III. Results. 

A specimen plot (Graph 1) of current (it) agaiast 

time (t) for a 1000 second pulse shows the followinc 

general characteristics: 

(i) The current falls very rapidly for tho first few 

seconds after the pulse is applied. The first recorded 

current after 3 or 5 seconds guncrally has a value of 

betryeen 1/2 and 1/10 of the value (i
0
), calculated for 

the current at t = o. 1
0 

is calculated from the relation 

i
0 

= ~' where E is the applied voltace and R is the 

resistance of the solution when me asured with a.c. 

(henceforth referred to !:l.S the a .c. measured resista.nce) . 

Since there is no d~positcd laYer of atoms at the elec-

trade surface until after the pulse is a~rlied, it is 

unlikely that the resistance at t = 0 ~ill differ from 

the a.c . measured value. 

(ii) The i-t curve flattens out very much at larger t, 

so that the plot at first sight appears to be exponen­

tial. This is, however, not the casu since the plot . 

· of log i ggains t t (Graph 2) is not l inear. The current 

decay after 500 seconds is approximately exroncntial, 

but the r8te of drop before 500 seconds i s too fast. 

(iii) After 1000 secon~s, when the e.m.f. becomes zero 

at the end of the pulse, a discharge of current in the 

opposite direction occurs. At 3 or 5 seconds after 

the discharge is commenced, the current is slightly 

less than its corresponding valuo on charging. 

(iv) The discharging current is always numerically 

less than the charging current nt the corresponding 

time. The area unaer the curve above the time axis 

is always les~ th an tha t bel01JI.', indicating that a large 

part of -the charge passed into the·cell is apparently 

lost, i.e. does not flm~, out again during the discharge. 
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·I'his is in accordance with ovservations made by Newbery 

( 7) in his investigation of' residual currents. 

(v) The general shape of the curve is the same as the 

current response curve to a square pulse of a series 

resistance and cnpaci ty, if the pulse le:agth. is of the 

same order as the tit;le constant of the circuit (5). 

The usual convent ion of plotting points as c ir'cles, 

the size of which indicate the probabl8 error involved, 

is u;:;ed throughout this work. ·I'his is holf.'GVer incon­

venient in the case of large errors. Tho error is thon 

indicat0d by a straight line. 

Fro1i1 the large number of' i-t curves available at 

each value of E the three curves which appeared to be 

nearest the mean ·-·ere chos{;n, and the mean current at 

uach time c~lculatcd from these. In this way a fic­

titious i-t curve was obtain~d which was taken to re­

present the mean behaviour of the cell at a particular 

value of ~. For future reference the data for discharge 

at different vo.lues of :J a rc included (Appendix V). 
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IV. Attempts to ~it various li~ear circuits to th~ data. 

A linear circuit is one in which all the elements 

(in this C':JSe rcsistan.ces a.nd caracitics) behave in 

a manfwr which ca~1 be described b3r a ~irst degree equa­

tion. 

The m6.thematical tre:.:;tc:1ent of tho rest~onsllS of 

tht- followiag four circuits is given in Appendix I. 

(i) Series resistance and capacity with leak (Fig. 3a). 

When a potential dif~ere~1c.o less than the decom­

position potential is ~prlied to an aqueous solution 

of an electrol;)rte 1 hydrogen, presumably as a monomolecu­

lar film, will be deposited on the surface o~ the cathode. 

This film effectively insulates the electrode from the 

electrolyte, ~arming e condenser of capac ity about 6 f1F:J 

por sq. em. (7). Some H atoms diffuse out o~ this film 

either into tho solution or into the platinum of the 

e lectrode. Ia order to replace these, some H ions must 

diffuse from the bulk of the solution up to the film 

and lose their charge. Conseg_uent1Jr the condenser 

will behave :JG if it hus a high resistance leak across 

it. 

The first circuit invcsti[1atcd v1as therefore a 

simple series resistance and "leaky" capacity. The series 

resistance R is thu a . c . measu r ed resistance of the 

solution plus tho circuit rosi stanc~. This is a l so 

tho circuit sucgested as a first approxlnation by Acree 

ahd hi s co-~orkors(2). 

In ord'cr to test this circ ui t on the availabl e 

data it is necessary to assume tha t tho current through 

the cell falls to a definite value (i~)after infinite 

time, and choose a value for this current. That thL 

current docs fall to a definite value has been shown 
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by Scarpa and ~cnina in their pap~r on the alectrical 

resistance of the electrode-electrolyte double layer (8). 

In measuring the resistance of an H
2
so4 solution they 

found that the current became steady after 50 days, 

although with small current Jonsities pcrioas of pseudo-

stabili t:r were observed. 

If a linear circuit fits the conductivity coll, 
li! 

Ohm's law will be ob~yed and i . will be given by R ~ R' 

~here R' represents the sum of all the r0sistancc leaks 

across condensers present. In practice it was round 

that only with small Z (0.1 volt)is the current nearly 

steady at t = 1000 seconds. From th6so figures for 

i,..:,(=i 1000) at 0.1 volts, iOQ can be round for other 

values of E. Those values of i 00 flrc henceforth r•eferrcd 

to as the experimental values, and arc included in the 

rollowing four tables for co:npari son '-~·i th the c ale ula ted 

figures. 

From Table 1 it is seen that for 0 . 01l:l KCl solution 

R1 varies between 900 and 23,000 ohms and c1 is approx­

imately constant at 0.1 - 0.3 Fd. over tho e.m.f. range 

0.1 to 0.75 volts . For 0.1li solution R
1
is much smaller 

and increases from 52 to 390 ohms~ ~heroas c1 has very 

larzo valuus decreasing from 18.6 to 3.1 Fd. Even 
"P"' 

with the larzcst valu0s of R1 , R ~ R
1 

is ~ever surfi-

cic.:ntl~r small to account for the magnitud e of ~' being 

approximately 60 ti~es too large in the case of o.01N 

KCl and 750 times too large for 0.1~; so-l ution. Tho 

value 0. 3 Fd. is much larger than would be expected 

for a monomolecular film of hydrogen at the surface 

of the cathode . This is therefore not a good 

equivalent circuit for tho cell. 
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Table 1. Ref. Fig. 3a. 

Table 9. 

R1 c1 ioo ioo 

"' calcd. ; exptl. . .J 

ohms F<J. ; pAmp. ; pAmp. : 
r-

..____ _ _, 

i 
·(a) 0.01N ~~c 1 •. 

o. 10 ! 905 o. 300! 2.59 o. 04 i 
I 
I 

o. 20 i 1 '130 I 0.267 : 5.15 0.08 I : ! 
I 

o. 30 : 1 ,360 : o. 26 i 7.68 o. 12 

1,890 
I 

0.16 0.40 ; 0 • 2 24 : 'i 0. 1 0 l 
I, 

o. 50 I 2 '9"30 0. '131 12.30 0.20 
I 

o. 75 3,020 0.218 , 18.41 0.30 
! i ' 

' 1. 00 3' 390 : 0.388 :24.3 0.40 ' ' 

1.25 6,340 0.500 ;28.4 0,50 ; 
: ! 
: ! 

1.50 ! 'I 0, 100 ' 0.390 : 31.4 0.60 ! 

' 

14' 100 
; 

34.8 1. 80 ' o. 141 0.72 
I ' 
I ! 

2.00 ' 23' 100 0.608 .32.9 o.so : 

i 
I 

I 

i I 

·(b) o. 1 ~r :'.~Cl. 
I ! 
I I i 18.6 7.66 l 0.10 52 I 0.010 ' 

' I ' 
' i 0.20 : 65 ' 19.7 : ·1 5 •. 30 : o. 020 ' t 

I 
; 

0.30 130 ; 10.5 22.8 : o. 030 ; 

! : 
0.40 ! 208 7.3 :30.2 C. Ol~O 

i 

I 0.50 260 5 . 2 ' 37 . 7 ; o. 050 
1 ' ' ! 

o. 75 390 3. 1 ~ c 
: 0 . 075 1 : 5o . O ; 



(ii) Serius resista~ce and two capacities with leaks 

(Fig. 3b). 

It was thought that since the previous circuit 

takes into account the condenser effect at only one 

electrode 9 this may be a source of error. Possibly 

a similar cas film is fcrmed at the anode, which acts 

.e.s a high capacity condenser. Newbery ( 7) investigated 

rcsijual currents by a series of experiments in which 

the current passing between a pair of unattackable 

electrodes '!lias meg,sured when the applied e.m.f. ,~·as 

changed by regular small stcrs. As a result of th0se 

he carne to the conclusioa th.Jt current passed is useJ 

reversibly (a) in genera t,ing gas at one or both elect­

rodes at low pressure thus forming rnetal: gas fi l~n: elect­

rolyte condensers; (b) in charging these condensers 

and (c) to generate 1ore gas to replace that lost by 

diffusion into the electrolyte and into the electrodes. 

A second anf.l, perhaps, more probable circuit is 

therefore that shown in Fig. 3b. The introduction 

of a second resistance and capacity into the equivalent 

circuit is an improvement since this circuit fits the 

data above 100 seconds. Table 2 gives the results of 

the mathe.natic:al troatmcnt (Appendix I) of this circuit 

anCI shows that the second car;aci ty is smaller than 

the first . For 0 . 01~ KCl R
2 

i s of the or~Gr of 3 ,000 

ol~ms and c2 is about C• . 03 l.<'d . l:'or o. Hi. =~Cl R
2 

is slightly 

greater than R1 an~ c2 is about one t enth of c1 being 

of the order of 0.5 .b.,d. This circuit hO'·'GVcr still 

docs not adequa tely represent the behaviour of the 

cell durin£: the first 'I 00 seconds of the application 

of the pulse and the calculated figures for i c.:-> are still 

much too great. 
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Table 2. Ruf'. lvig. 3b. 

Table.; 10, 

R1 
.,.., 

c1 I c2 ic-..... L,., · .!.•2 ' I ~ calcd. 1 exptl.: ' E I 
' 

ohms ohms i Fd. ! j·'::l • . p Amp. I pAm1~., I 
...l +--r .. • 1 ---I 

-I l( a) 0.01E KCl. 

I 0,1'J I 710 ' 2 '200 i o. 38 C.C'07 i 2.46 i c. 04 . 
I l 

I : I ' 

I 0, 20 I 1 ,400 1 '500 j 0.22 0.034 : 4. 92 i o. 08 j 
' ' I i 

0 •. 30 i 1 '500 : 1 '700 l 
I 

7. 35 i o. 12 ; 0.25 0. 041 ; 

0.40 ; 
I 

j 
2,600 i 1 ,550 i 0.27 o. 021 ' 9 . 55 1 0.16 ; I 

' ! ; I I i I I ' ' 
o. 50 ' 3 '250 ; 3,400 ! 0, 11 o. 021 ~ 1i, ). tJ ! o. 20 : 

l I 
I 

I I 

o. 75 i 15. r3 2
1 I 

3 '600 ~ 6 ?1 00 I c. 18 ' 0. OH+ , 0.30 1 
I 

I I I 

·1.00! 4,550 I 7 '900 1 0.2? 0,011 ! 1S.92 0.40 ! 
1 I 

i I I 

1. 25 . 8,7L~O !13, 300 t o. 36 o. 048 : 21,0 0 , 50 I 

i 
0. 04L~ : 

I 

1. 50 ' 11,3CO I 3 Glin l 0.35 2 :~ . 5 o.6o I I ' "'· v 

1, 80 I 16,200 : 5 ,000 I 0.12 C' n34 3'"' I'" o. 72 I I \ 1,0 
! 

J • .._J I 
I i i 

24,600 
i 

2,6co i 
0.059 1 30.8 0,80 : 2. 00 .. ' 0 . )7 

' ' 
I 

:(b) 0.01lT KCJ. 
I 

0.10; 51 ' 210 19 0.55 7.55 <0.010 1 

i I 

' ·14. ''5 : o. 020 I 0,20 ; 104 I 286 ' 12 0.42 I I 
I 

j 

243 ! I ' o. 30 ! 198 ' 6.9 0.52 22.3 ; o. 030 ' 
I i I 

0.40 ! 
I I 261 259 i .:::>.8 0.45 29.6 !0,040 ; 

I 
! 

i o or-o I o. 50 i 312 ~.!-+5 I 4. 3 0.29 36.4 I I • ' :J ' 
' ! 

0 , 75 1 43.3 
I 

559 I 2.9 0. 25 54 . 5 0 . 075 
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(iii) Series resistance and three capacities with leaks 

(Pip;. 3c). 

At tbe electrode at 1t-Jhich the !110.ll9.to,nic layer 

of hydrocen is formed, there is in addition the 

Gtcrn-Gouy double layer. These both ma3r behave like 

condensers with leaks. In the equivalent circuit con­

tai:..1ing two condcmsers 9 the capacity dtlo tc tho diffuse 

layer was, in effect, regarded as negligible compared 

to tho capacity of the atomic l ayer. Alternatively 

the concept of two capaciti es due to atomic laye rs 

of hydrogen and chlorin8 at the olectrc:'les may be in­

correct. There i s a possibility th at there is only 

a diffuse layer at the anode, since each Cl- i on wh ich 

reaches the surface of the electrode may lose an electron 

leaving an activated chlorine a tom, which may remove 

a ~lat inum ion from the electrode and diffuse back 

into the soJ.u tio.n. There is, thorrjforo, some r;-ossiblo 

justification f e r assuming thgt the equivalent circuit 

contains three co ·1 '~ e llScrs with leaks ( Pig. 3c). 

Prom Table 3 it is soon that for both Cl. 0 1 ~-T an::l 

O. ilf :'~Cl solutio~1s c
3 

is a:tJ,ro::-·ima tely one tonth of 

c2 , being of the order 0.005 Fd. for the 0.01N solutioJl 

an.J o. 05 Fd. for> the 0. 1 !~ solution. Tho v11l uo of R
3 

is of the sa:!le order of mo.gni tude as R
2

• Sinco the 

cxtro. capacity and rcsiatancc introduce two more cons­

tants into the current expression this expression fits 

the data botter th3n previously. Only for the f irst 

50 seconds of the charging period is i greater than 

the predicted value. Nevertheless, from the mo.gnitude 

of iM it is seen that in spi t c of the introduction of 

a third res i stance and capacity into the equivalent 

circuit a considerable portion of the resi stance of 

the solution remai ns unaccounted for. 
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Table 3. Ref. Pig. 3c. 

Table 11. 

----~----~----~------~--~-----------.----~-----
1 • • c3 1 1 1 . .., l~·. : · 
i cal c. o:xpt •. 

ohms ohms ohms II }.,d. Fd. . Fd. :~Amp. p::Amp . _ j 

i (a) 0. 01N KCl. \ I i I I 
: o.1o ; 1,016 ; 2,210 1 3,L~1ojo.27 1 o.oo7 ! o.oo1o 1 2.26 1 o.o4 ~ 
. I I ' l I I 
,o.2o i 1,39o

1 
1,560 ! 2,68aJ o.22 JO.D33 Jo.oo26 ! 4.61l o.oa: 

10.?0 ! 1,578 ! 1,792 ; 2,740 j0.23 :0.032 l0.0041 : 6 . 85: 0.12 : 

0o40 2,360 ~ 2,530 i 2,990 0,1 8,
1

0.024 ; 0.0043 1 8 .75! 0. 16 I 
. I I I l ! I I 
j 0.50 f 3,6L,.o : 3,76o ! 3,700 j0.11 i0.019 lo.oo46 110.25 I o.2o· 
i I I ! I l i I 
j 0 .75 ~ 3,770 . 6,520 1 3,620j0.17 j O.C20'0.0071 : 1 J. ~ .• 5 il 0 . 301 

!1.oo l 4,770 ~.3501 4,3soio.2B:o.o12lo.oo6o!17.~ 1 o. 4o , 

; 1 0 ~ .:) ~ 1 Q '8 QO !15 '8 50 i 7' 500 1 0 0 2 91 Q 0 009 1 0 o QQ26 . 1 7 o 181 Q o 50 ~ 
I I I l I 

j 1.5C 1·J4,300 ~ s,6oo l1 o, :;1r. ll o.28 looo31 oooo33 !21.q I c . 6o : I . . I 

: i . BOj2o,6oo! 7, 300 '10 ,36o ,o.10 \o.o3o lo. co3ol23. 5 I 0. 72 i 
:2 . 00 ~32 ,000 : 3,770 ! 12,500 i 0.37 ~ 0.041 1 0. 0031 )23 . 2 0.80 : 

: I l I II I 
I I 

I ( b ) (; . 1 K KC l. ! ! I l l 

I 0.10 j 33 : 113 ' 322 ; 2:: . 5 1.02 
1

0. 05.3 j 7. 34i 0o010 : 
I I I . 

. Oo20 , 72 : 1J O; 3<'12 ;18.0 o.64 0.046 
1

1 14o 6Gjo.020 : 
i ! i ! I I 
i 0 o 3 0 ' 1 2 7 2 2 Q I 48 0 !11 o 0 0 • "-5 0 • 0 ~ 0 21 6 0 0 ~ 0 ; 
I ! " I I .J .-/ I 0 

• .-/ j 

; Oo40 : 202 ! 22 7 1 440: Oo OI ~O : 
i 0 0 50 3 64 ! 3 70 : 8 88 I I 0. 0 50 ~ 
: o o 75 555 : 686 : 91 o I o. 075 1 

I I 

·----------~-----~---~--~-----~----~----~-----
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(iv) Serios resistance, capacity and capacity with 

leak ( lllig. 3:J). 

A possibility that also arises is that the current 

through the cell w.ould fall to zero if loft for a long 

enough time. This implies that tho resistance across 

ono o.f the condonsc:es (probably that duo to the monato~nic 

layer of hydrogen atoms) in the equiYBle,t circuit, 

is infinite. 

Tho simple case of one condenser and resistance 

L .. parallel and a second condenser in series, is con-

sidor0d, Note that this circuit is a special case of 

circuit 3b in which R1 =<:.AFig.3ci). This circuit doos 

not explain the behaviour of the cell adequately since 

the calculated values of R are about 10 to 100 times 

greater than tho measured ones. In Table 4, R is 
2 

calculated using equation ( 1.5.22) (Appendix I(v)) 

V'!horc R is tho calculato::J value (not the meas ured re­

sistance). The values of o
1 

and o2 arc smaller than 

boforo 9 being of tho order of magnitujo of 0.001 P.d. 

for both solutions. Tho initial steep dro p in current 

bolow 150 soconcls is also not o.xplainod by this circuit. 
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Table 4. Ref. Fig. 3d. 

Table 12. 

I 

R R2 c1 cl) 
" <.. 
.!I 

ohms ohms :B,a. Fd. 

I 
l( a) 0.01N KCl. 

0.10 860,000 615,000 0.00132 0.00039 

I 0. 20 728,000 404,000 0.00131 0.00053 

O.jO 575,000 405,000 0.00139 0.00069 

0.40 426,000 323,000 0 .• 00162 0.00093 

0.50 I 303,000 246,000 0.001 72 0.001 36 

o. 75 182,000 217,000 0.00279 0.00192 I 

1. 00 I 160,00(' 190,000 0.00463 0.00140 

1.25 101 '000 113 '(1 00 0.0133 0.00231 

1.50 114 '000 48 '1 00 0.0228 0.00531 

1. 80 92,900 32,800 0.0134 0.00930 I , 
2.00 80,300 26,800 0.0944 

I 0 .00538 

i(b) 0. 1N I<:Cl. 

0.10 '1 ' ·j 00' 000 
I 

910,000 0 .00072 0.00031 
I . 

0.20 743,000 81<),000 o. 00085 . ! 0.00038 
I 

0.30 427,000 472,000 0 . 00169 ' 0 .00063 

0.40 354,000 320,000 0.0023g 0 .00072 

I 0.50 237,000 I 220,000 0.00288 0.00127 

I 0 .75 169,000 168,'000 0 . 00362 0.00180 
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(V). The Diffusion Aspect, 

One of the processes occurring in the neighbour-

hood of an electrode (which is at a potential different to 

that in the bulk of the solution) is diffusion, If 

transport to the electrode is governed by diffusion 

alone i,e, in the absence of other factors such as 

stirring, convection, chemical action at the electrodes 

etc,, Fick's law~of diffusion are operative (9,10,11 ,12).· 

Diffusion Currents ~nd LineQr Diffusion_Qoefficients. 

The direction of difrusion is from regions of 

higher to regions oi' lower concentration ar1d its rate 

is governed by Fick's laws. If dN is the number of 

moles of substance diffusing in the the x-direction 

in time dt across a plane of cross-sectional area A, 

at which the the concentration gr'3dient is ~~C, then 
<X 

dN 

r) C 
dt 

= D A dC dt ax •..........• (5.1) 

• • . . . . • . . . . . ( 5 . 2 ) 

where D is called the diffusion coefficient , 

The diffusion current (i.e, the current ~hich 

flows due to the loss or gain of charee by a ll elec t ro-

rcduci.ble or electro-oxid isable ion diff using to . the 

electrode) must not be confused with the £Olarographic 

residual current, Ions which undergo oxidation or re­

duction at an electrode arc, in general, supplied by 

two forces~ (a) a diffusive force propo rtional to the 

concentration gradient at the electrode surface and 

(b) an electrical force, proportional to the electric 

potential difference between the surface and the solution. 

Jons are therefore supplied partly by diffusion and 



partly by electrical migration, so that the limiting 

current set up in the polarographic case, due to the 

extreme state of concentration polarisation, may be 

regarded as the sum of a "diffusion current" and a 
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11migration current 11 • In the presence of an excess of 

11 indifferent 11 electrolyte (i.e. one which docs not 

possess ions which undergo reaction at the electrode), 

practically all the current through the solution will 

be carried by the indifferent ions. Tho transference 

number of the ions undergoing reaction is reduced prac­

tically to zero and the migration co~ponent of t he 

limiting current is nullified, so that the limiting 

current becomes solely a diffusion current. The residual 

current is the small current (small relative to the 

diffusion current) which flows before the decomposition 

potential of tho electrolyte is reached (11). 

The case of diffusion up to a plano electrode is 

considered. Consider the electrode to be at positi on 

x = 0 and a diffusion field to be establichcd by applica­

tion of a voltage sufficient to produce tho diffusion 

current. Then if C is tho bulk concentration and c
0 

tho concentration of the diffusing substance at the 

elec trade surfocc, the follo,dng arc t he boundary con­

di tions: 

At t ::;; o, c
0 

= C ancl at t > o, c
0 

::;; o (or G >> c
0

) 

for tho polarographic case since, if depos ition of the 

diffusing substance occurs at the electrode, the la~rer 

of electrolyte adjacent to tho electrode will become 

so depleted of diffusing ions that the concentration 

there is virtually zero. 

Thc·solution of (5. 2 ) under the above boundary 

conditions is given by Kontecky and Pliva as 
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••••••.••••• (5.3) 

= C x erf z ••.•.•••••.. (5.4) 

where erf z is termed the 11 error function11
, and where 

•••••.....•• (5.5) 

The error function has been calculated for various 

values of z, and is given in Table II-1 of Kalthoff 

and Lingane (11). The value of the error function rapi dly 

approaches unity as a limit for the boundary conditions 

stated above, and hence 

<i)i with increasing z. 

a curve (11, p.24), the 

the integral itself approache s 

Tho plot of 0x,t against x is 
c 

slope of which is the concent-

ration gradient at the .corresponding value of x. It 

is soon that the concentration gradient is greatest 

at x = o. 

The solution (5.3) however only holds under the 

given boundary conditions. If c
0 

·> 0 at t > 0 (which 

is a likely possibility in the application of the theory 

to the present work) it is necessary to derive an ex-

pression for C t correspondinG to (5.3). Following x, 
the treatment of Harned (10) we introduce the variable 

X 
y = -,into equation ( 5 .2): 

t2 

if.. dC = - D d2C .•.•.•...... (5.6) 2 dy dy2 

d2C;dC = L 
dy2 dy 2D Therefore 

and d dO L - ln ay = dy 2D 

Integrating: (a ln dO = 
' dy _, 

1 
- 2D J y dy 
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or + constant ...... (5.7) 

Let 

then 

and 

constant = ln I 

ln I 

I 

dC 
2 

= L 
dy 4D 

dC - v
2/4D 

dy = 0 .., -

dC _ dC - Qx 
dx - dy • dx 

............ (5. 0)· 

In order to find the value of the cons tant I integrate 

( 5 . 9 ) from 0 to '~ with respec t to x. 

Therefore 

l dC dx 
..1 dx 

1 ...._ 1 
= --:r (;1Dt) 2 

It~ 

I = 

and s ubstitutinG back intb ( 5 . 1) 

r.c ... t 
In t c ;:_:- rat i ne : 1 ·"' ' d C = ( C - C 

0 
) ( 

.· c 
0 

• I I I I I I I I I. I ( 5 . 10 ) 

. 1 rx 2 
Dt)- 2 le-x / 4Dt dx 

v'o 
•••...•• . •. ( 5 .11) . 
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into 5.11 gives 

1 rz 2 1 z -c 
X, t - co = (c - co) (riD) - 2 ; e- 2D 2 dz 

Jo 

1 r z -z2 
= 2(C - c

0
) rr- 2 ~ e dz ........ (5.1~) 

J 0 

i.o. c 
z: ~ t 

= co + (C - co) crf z •......... (5.'13) 

and the sa~o erro r funct ion is obtained as in (5.3). 

Tho ex~rossio.n (5.12) holds for the case v1Jh01·c some of 

tho ions diffusi~g to tho electrode surface aro not 

discharged imaedi~tely, so that there is a finite con-

cent ration of these ions at the elec trode surface. 

The diffusion current it is governed by the f lux 

o~ olectro-red ucibl0 or elcctro-oxidisable substanco 

at the elec trode surface, according to: 

it = n l:i' A f X=O,t •........... (5.14) 

= n F A D (°C) (5 15) J X X=O 
9 

t • • • • • • • • • 

~ho rG f is t he f l ux at tho clcctrodu of surface x=O, t 
area A, n is the nu:-nber of· Faradays required per mole 

and F i s the Far aday. 

By difforentiatin~ (5 . 3) 

( :) c ) (- ) - 1_ ox x =O ~ t = C I Dt - ........... ( 5 .16) 

i t = n F C A (~ t ) ~ . . • • . • . . . . . ( 5 • 1 7 ) 

or in tho caso where c
0 

> 0 at t > 0 



2) 
1 

l.t = n }!, (c- co) A (Dn·t)2 ( 8) . . . . .. . . . . . 5. 1 

Tho limitations of cqu8tions (5.17) and (5.18) 

are the follo Tiing: 

(1) It is assumed that tho current flowing is only that 

due to diffusion of tho ions in quustion and not to 

their misration to tho electrode surface i.e. there 

is an excess of an indifferent electrolyte present. 

In this ~ork it seems plausible to assume at first that 

tho current i s that due to the diffusion of hydrogen 

ions a nd tho potassi um chloride acts as the excess of 

indifferent electrolyte necessary to prevent tho migra-

tion oi diffusing ions. If so~o migration of tho dif-

fusing ions (of" transport number n ) occurs, then the 
+ 

t otal flux to surface area A of tho electrode becomes 

= D A C ()TDt)-t + 

From equation (5.14) 

1 

There foro = DAC(lrDt)-2 + 

+ ----

n+itA 
nF 

nP 

•..... (5.19) 

..........•• (5. 20 ) 

Eow (1 - n ) is the s um o.f' tho trans port numb ers of 
+ 

&11 tho other non-diffusi ng ions in tho solution. If 
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•P••••••••••(5.21) 

This equation applies for tho CEJ.Se whore c0 <<c. If 

c0 is apprGciablo, equation (5.21) becomes 

.....••..•.• (5."22) 

Although it . is greater than before it still varies 

inversely with the square root of t. 

( 2) Tho diffusion cur rent oq_ua tions a.ro strictly applicable 

only to linear jiffusion to the electrodes. In the 

experiments of Laitinen and Kalthoff (11) on diffusion 

currents, they ensured that diffusion was only linear 

by hB-ving o. glass mantle with an open Gnd extending 

. perpendicularly to the electrode surface. Since some 

non-linear diffusion occurs in the present ~ark, these 

equations would be expected to predict low current 

values, 

(3) Tho sotti~g up of concentration grad i ent Q (or 0 - Co) 
.'".! 

6 
(where J = thickness of the diffusion layer) may not 

be instantaneous. 

All tho diffusion current equations (5.17), (5.18) 9 

(5.21) and _(5. 22 ) a rc of the form 

•...... , .... ( 5 . 23 ) 

and log it = log K ~log t •••.. ..•.• (5. 24 ) 

Tho plot of log i against lac t should thorofare be 
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a straight line of slope Good such straight lines 

v.·cro obtained for tho 0,1H KCl solution but in tho 

case of 0.01N solut1on, straight lines of slope greater 

than or curves, were obtained (Graphs 3). 

Tho fact that Fick's laws, as roprusontod by oqua-

tions (5.17), (5.18), (5.21) and (5.22), arc obeyed 

reasonably well, suggests that the form of tho oqui-

valent circuit will bo governed by diffusion to tho 

electrode. 
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VI. Non-linear Circuits. 

In all tho linear circuits considered thus far 

tho current as a function of time may be written 

it 
E f(t) = R 

i.e. it 1 f(t) ... .......... (6.1) = R ~ 
.;:.J 

where f(t) is a function of time containing R's and 

C's as constants. It follows that at any particular 

value of t, it/E should bo constant. A plot of it/~ 

(or log it/~) against t should therefore yi~ld tho 

same curve for different values of ~. Curves wore 

obtained (Graphs 4) in which the values of it/E were 

dependent upon 3; they increased with increasing E. 

Evidently then, one or more of tho clements in the 

eq_ui valent circuit depends upon i and ··m cannot oxpoc t 

to find a circuit with constant clements which will 

fit the observed currents for all ~·s. 

(i) Series resistance and capacitl with variable leak 

In thL equivalent circuit (Fig. 4a) tho resistance 

lOD.k across the condu.nscr is considered to be variable, 

dcronding on tbc r.otential EC across thu condenser, 

which varies with time. 

Let R = R(~0 ) = Rt and lat the potentials at the 

nodes 1 and 2 be ~i and E
0 

with respect to thu potential 

at node 3 as zero. Current i through the main branch 

of the circuit divides at node 2 into iR and i
0 

through 

the R and C branches rcspcctivuly. R1 is the measured 

resistance of the solution. 

The variation of R with time may be found approximately 



:-t 
0 

0.---------------

U'l 
0 
0 

,. 
(It 
A 
n 
Cll . 

(i) 
lJ 
)> 
-o 
:I: 

.r:. 
0 



VI 
0 
0 

G) 
::0 
> , 
:I: 

~ ,... 
tr 

"' A 
n 
Ut 



33 

by assuming that after 1000 seconds it has reached its 

constant value so that the condenser is fully charged. 

Then R' ~ the apparent resistance of the solution after 

1000 seconds may be written as 

Now 

..... .. ,~, .. (6.1 . 1) 

= Rt since Rt>> R 1 as is sho'.''n by the 

values of ico. 

R' E E since the condenser is = 
iR 

= 
i1000 

fully charged .•.. (6.1,2) 

R1 was calculated (Table 5) and plotted against 

E to give a r ectang ul ar hyperbola, On plotting log R' 

against loc 3 an approximate straibht line of slope 

unity was obtained over the range~= 0,1 to 0. 75 volts 

(Graphs 5). Therefore 

and 

R' = K 
E 

log R' = lou ~: 

••.......... (6.1.3) 

log ~ ............ (6.1.4) 

(Par tial electrolysis occurs above 0. 75 volts an~] the 

current f lowing is greater than if e l ec trolysis had 

not occurred. Consequently above 0.75 volts the value 

of R' as calculated from equation (6.1.2) will be smaller 

than that p_rlJdictod by equation (6,1,4) .. 

If R' varies with 3 in thi s manner then it is 

reasonable to ass ume that before tho condenser is fu lly 

charged, R varies with ·~0 in the same way; 

i.e. K 
Rt = 

:.;0 
........... . (6.1~5) 
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Table 5. Ref. Pig. 4a. 

I ~ [ log~ 0
j ohmg !log R'i 

~--r- t;JR-1 
!volts 1 1x1o- 1 

1 

!<a) 0. 01;: l'Cl. Ref. Grap:-5a. J 
o. 10 I 1. 00 0. 04 2. 50 0. 40 I 

i o. 20 1. 30 o. o8 2. so o. 40 I 
I I 

I 0. 3 0 T. 48 0 • 1 31 2 • 3 1 0. 3 7 I 
I o • .L~o 1.6o o.2o 2.oo o.3o 1 

I o.5o 1.10 o.25 2.oo o.3o 

j 0. 7 5 1. 88 0. 591 1 . 26 0. 1 0 i 
j1.00 o.oo 1.3<3 0.72 1.861 

:1.25 0.10 3.791 0.33 . 1.521 

11.50 0.18 I 6. 74
1 

0.22 i ~.351 
11 .80 0.26 7.2 0.25 I 1.40 I 
i I - 4 ~2,00 0,30 1 18,6 0 .11 I 1,0 I 

i 

I ( b ) o . nr YC 1. Rc f • Graph 5b . I 

! 
1 o. 1 o -:r. oo 
I 0 20 I . 1.30 

0.0221 4.57 

0.052 3 .86 

0.66 
1 , 
I 

I 

o. 59 ! 
i 

j 0.30 1.48 0.1~-q 2.01 

I o.4o 1.60 

I 

o. 30 ; 
i 

0.286

1

1.40 I 0.15
1 ' 

I o. 50 

' o. 75 

1. 70 o. 44. 5I 1. 1 2 I o. 05 ~ 

·-1_._88--~n_._3_3_j_0. 01~~6 i 
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UsiDg th~ e~uation (6.1.5) for expressing Rt in 

tC;;r~?S of J}, the ci rc ui t may bG anulysc d (Appendix II). 

The solution is 

l V l (B: 2V _1) 
og10 B + V + og10 lR

1 
= 0.868K'D 

c t 

where :B, V and D are constants defined in Appendix II. 
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A graphical method of finding C from this equGtion 

is by plotti~g log (~ :R2V- 1) against t when a strai[ht 

line of slope 0 · 86~K'D a~d intercept lor B ~ V should 

b bt . d It f d that B :R2V h t e o a1ne • '~:as oun was ~Juc . e;roa er 
l 1 

than 1 and thcroforo this plot is virtually that of 

B + 2V log "R against t (Graphs 6), which was found to 
l '1 

be non-lincgr over tho first 500 seconds. This circuit 

is thus unsatisfactory since it fails to explain the 

behaviour of tho conductancu cell for the first 500 

seconds after applying an c,m,f. 

A fact that emerges, if C is calculated from tho 

slo~e of tho linear portion of the curves, is that tho 

tho cell behaves after 500 seconds as if it contains 

a condenser of approximately constant capacity. The 

value of this capBcity is 0.03 ~d.in tho cas~ of tho 

0.01N solution and 0.1 Fd. for tho 0,1 TI KCl solution 

( - , • l L) .:. ao c o • In this table tho two valuGs of K' us~d 

arc those obtained from graphs 5. 

(a) o. onr ':Cl: 1~-' 201 - 6 = 1 • x 1 0 and R
1 

= 3 7, 700 Oh:TIS • 

Now 1 
B = I:' R1 (Appendix II; equation II.Q) 

= 22.1 

(b) 0.1 ~~ rCl: Y. ' = 1.700 X 10-6 and R
1 

= 13 ,000 ohms. 

Therefore B = 45.3 

D is calculated from B using equation ( ~ I. 14). 
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Table 6 . RGf, 4a. 

·a.s68K'nf2.:_s6sK~ I c 

x 10
6 I x

0
1o3 

J Fd . 
t--·---·.1..---- _j_ ___ _ 

(a ) o.,o1H =~cL Ref,. Graph 6a. 

0,10 

0.20 

0.30 

0 , 40 

0 .50 

o. 75 

11 .62 

11.73 

11.83 

11 .94 

12 . 04 

12 . 31 

,(b ) 0 , 1N YCL Rof. 
I 

o . 10 I 33 . 6 

0 . 20 33 . 7 

0 . 30 33 . 8 

0,40 34 . 0 

0 . 50 34. 1 

0. 75 34. 5 

0.22 

0.46 

0.32 

0.47 

0 . 57 

0 . 35 

Gr aph 

0.64 

0 . 25 

0, 36 

0 .26 

0 . 30 

0.31 

0.053 

10.026 

!0.037 
I 
,0 . 025 

I 
1
0 .021 

l 

1 o.035 

6b. 

l o. 053 

!0, 135 

l o .o~ 7 
! C.130 

jo .11 .3 
I 
,0.1 09 
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( i i) Ser i es res i stance and ca]2city ~ith vari ab l u l e ak 

~ig.~ (the v ari a t ion in le ak be ing found empi rically 

assuming tha t C is known). 

If the circ uit (Fig. 4b) containing a variable 

leak re s istance R fits tho conductivity cell tho v~r i a-

tion in R ma~r be fou .nd c mpirical l ~· provided R
1 

and 

C arc knoV'm • R1 .is assumed to be t ho measured resist ance 

of tho cell . Upper and lower limits o C ma y easi l y 

bo establis.hod. 

(a ) Cons i dorin[ tho lo~cr limit of ca9acity to bo thot 

d uo to a l aye r of hydrogen atoms at tho surface of tho 

e l ectrode, this ca~acity may be cal cu l a ted to be 
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approximately 2C f.lli'd (7). Ne~1•bcry in his investigation 

of the response of a cell to rLcular small · c.m,f. stcps 9 

found that a 20 p:B,d condenser responded to the voltage 

ster:•s he used in tho same manner as the coll. 

(b) AssumLlg· tha.t the cell behaves like a perfect con­

denser (i.e. without leak) tho capacity of the cell 

is given by c = 9, whore •i is the number of coulombs 
E 

required to charge the condenser to pot0ntial E. Q 

is obtained by integration below tho charge curves 

(Table 7). The se arc maximum values of C since by 

integration to find C, it is assumed that the condenser 

is porfact and no c t argo is lost through a resistance 

leak. These maximum values of C increase with incroas-

inc E. · Assuming that the amount of ch ~ rgo lost through 

the condenser leak is hi[hcr tho greater tho charging 

potontial 9 the maxi mum value of C may bo taken as th 9t 

f'o u:nd for a ch9.rg.ing potential of 0. 1 val ts. Tho li::Ji ts 

Jccidod upon in this manner were 20 and 400~Fd. 

In tho eire ui t (l!,ig . L~b) it is tho c urront through 

the main branch of' the circuit and iR and ic tho currents 

through R and C respectively, have the directions indi-

catod. Then 

it = iR + ic ., ...... .... (6. 2.1) 

ITOY.' E = pot on t i 9. l a c r oss c · c 

= s - iR1 ............. ( 6 . 2 , 2 ) 
c 

= :sJ. c 

Therefore in = ~ c 
dEC 

............ ( 6 . 2 . 3 ) dt = crt-'-' 

dEC dE . d i But dt = R1 by (6 . 2 . 2). d t dt 

= R1 
a1 a t cons t ant ..,..., ... · . . .. (6 , 2 . 4 ) - • .:J 

d t 
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Thercforo di 
10 = - c R1 d t by ( 6. 2. 3) •.•.... ( 6. 2. 5) 

and by Ohm's law ., .......... (6.2.6) 

10 may bo found at any valuu of t by moasurinc 

the slopo ~~ of the i against t ~lot at that valuo 

oft and using o~uation (6.2.5); honco iR from oquation 

(6.2.1), ~C from equation (6,2 . 2) and R from oquation 

(6.2.6). 

This derivation is included for theoretical interest 

only. It will bo shown in tho nuxt sGction that tho 

introduction of a capacity into tho equivalent circuit 

is unnecessary to oxplain tho portion of tho charge 

curv0 studiud in this wor~ i.e. from 3 seconds onwards. 
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Table 7. 

U
T .. ·~; ~ 

I . ~ 
• j..ICO~ .f.J..Fd. 

I I( a) 0. OHT YCl 

O.iO 56.0 560 

0.20 134.5 672 

0.30 242 807 

0. 4 0 4 06 1 ' 0 1 5 

0.50 636 1,272 

0.75 1,388 1,850 

1.00 2,360 2,360 

1.25 5,850 4,6ao 

1.50 8,630 5,750 

1.80 10,390 5,760 

2.00 20,500 10,250 

(b) 0. 1 ~~ rc1. 

0.10 48.?- 489 

0.20 118.5 5CI2 

0.30 309 1,030 

0.40 518 1 ,295 

0.50 ')62 1 '':124 
I 

I o. 75 __ _j 
1,850 2,465 

(iii) ;quivalont circuit govGruo~ by diffusion. 

Tho diffusion currant expression 

.....•...... (5. 23 ) 

may bo used in conjunction with tho dGrivation in the 
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previous section to establish values of R at jiffcront 

t i:ncs. 

From (5.23) 

1 
- 2 

T- t-3/2 
t~ .......•...• (6.3.1) 

and by (6.2.1) and (6.2.3) 

1 ~CR1 t-3/2 Therefore iR = it ic = Kt-2 

1 

= Kt- 2 ( 1 - ~CR1 t- 1 ) •.•.. (6.3 .2 ) 

According to (6.2.6) and (6. 3,2 ) 

.•.•..•.. • (6. 3.3 ) 

In this expression it is soon that unl0ss t is small 

the term ~CR1 t- 1 in the denominator may be considGrod 

nogl it:iblc. 

(To illustrate thi s substitute the maximum value of 

C of 400 P,":J1d nnd the measured value of R
1 

in tho ·case 

of the 0.01N ZCl solution: 

1 -6 6 = 2 X 400 X 10 X 0,037 X 10 = 7.4 

and for the 0.1 N solution 

1 . -6 6 = 2 X 400 X 10 X 0 ,01 3 X 10 = 2.6 ) . 

Since the term cont a ining C in (6.3.3) i s nc8ligiblc 

(c.-. ccpt for t l os s than 10 sue ond s) tho cg_ua t ion sim-

plifios to 
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1 ., - Kt-2R .;J E .:L 
~ 

1 
R1 = == -t- -K 

............ (6.3.4) 
Kt- 2 

R 
~ - itR1 or = .......... ... (6.3.5) 

it 

anj the plot of R (as calculated from 6.3.5) against 

t~ should boa straie~t line of slopo ~and intercept -R1 • 

Good such straight lines (Graphs 7) were obtained in 

the case of 0.1H KCl solutions right down to the smallest 

measured values of t. In the case of the 0.01N solution 

the ~ipcctcd positive deviation in R was obtained for 

small t. (These graphs arc, of course, those of Graphs 

3 in other form). 

Assuming that H+ ions diffusing up to the elec­

trodes arc responsible for the diffusion current, it 

is necessary to know the diffusion coefficient of HCl 

in computinL the theoretical value of K. The method 

of estimating the diffusion coefficient of HCl is sho•11m in 

Appendix III. It is founj to be 3.2 x 10-5 cm2/sec . 

Therefore if the current is due to H+ ions diffusing 

up to the electrode, K should have the value given 

by e~uation (5.17): 

1 

K = n F C A . (~) 2 

where n = 1 

1" = 96,500 coulombs 

.c = 1 o-1 o gm ions I ml sinco the removal 

of C02 renders the solution neutral, 

A 2 
2 

= em 

D 3.2 
2 

= em /sec. 

This gives a value forK of 6. 14 x 10-8 Amps sec~, 



f\) 

0 b 8 :0 0 
0 

)( 

;:c G) o. ..... 
R a-

..... 

~ ::0 
.... 

0 

ci l> =r 
(]) :u 3 

'"0 "' A - 0" ..... ..... 
Cll , 

::t: o .... 
r+ 0 R ... 

3 ' ...... 
(/) 
r+ m Q) 

~' ., c \ ' Q )( ...J \ .a· n"' 0 cA b '~ ;;r ., ., 0 r+ < 3 ' r " n \ 
Cll :::J ' ....... :::J r+ A 0 ....... 

' Cll 

' ....... .......... 
'\ 

....... ' ' ....... .......... 

' ' '"' ..... ' ....... .......... ... ...... ~""'0 ' ....... 
.......... .... ":.!.o \ 

' ' ....... .......... 

' '\. ' ....... .......... '\ '0 ,o 0 .......... \ 
\ ' ' ' .......... 

' ' ....... .......... 
\ ' ....... ' '\ ' ....... .......... ' ' ' ....... .......... \ 

\ '\ ' "' ' ' '\ ' ....... .......... 
\ '\ ' ....... <~ 
' '\ · ' ....... .Q. . .c> 

\ 

' ' 0' 0 ' ' ' \ 
' 0 

....... w 

' ' 0 '~ \ 

....... ~;:. 
,, 

(.0 - 'o 
-..{) 

r+ 
\~ '1: ·.r. - .to 0 .:::::. 

~ 



R x I0-6 ohms 

GRAPH 7b 
Ref. Table 8b 

I 
I 

- R from Experimental 1 

Curves 1 

-- - Best St-raight 
Lines 

I 

I 

I 

I 

I 

I 

0 

I 
0 

I 

I 

I 

>O 

' 
' 

I 
I 

I 

- I I 
I I 

I I 
o I 

I 0 
I I 

I. I 
I 

I 
I I 

II I 

., 
I 

I 

I 

I 

I 

I 

I 

I I 
I I / ,. ... 

II I / , "" , 

'~ // ..... ~0' /"' ..... "/" ~ ..... 0 ;'_, 

0 

I 

I 

I 

I 

I 

Q 
I 

I 
I 

I 

I 
I 

i 
I 

10 

I I 

I 

I 
I 

I 

I 

I 

I 

I 
I 

I 

I 

I 
I 

I 
I 

I 

I 

... 

I 
I 

I 

I 

I 

I 

I 
I 

I 

ol 
I 

Q.; , 

I 

I 
I 

20 

I 

/ 

I 

I 

/ 

I 

I 

I 

I 

/ 

,.. 

/ 

0 
0~ 

lq·-o 
I 

30 "2 (t) 



42 

which is seen to be much smaller than any of the oxpcri-

mental values in Table 8. This presumably indicates 

that the concentration of H+ ions in the solution is 

insufficient to account for the observed current in 

t~rms of diffusion. 

It seems more probable that K+ ions (~ith a dif­

fusion cocffici~nt of 1.9 x 10-5 cm2/scc.) arc rcspon-

sible for the diffusion current. SubstitutinG this 

value of D in equation (5.17) and values for C of 10-5 

., o-4 g:n ions/ml for the two concentrations of Y.Cl used, 

the follO".'ing values of Y arc obtainc:]: 

-5 1 

( ) 6 ( 1 • 9 x 1 o ) ~ 0- 5 
8. 0.01~~ KCl: K = 1 X 9 ,500 X 2 X 3. 14 X 1 . 

( b ) 0 • 1 N I'.:C 1 : 

= 4. 75 X 10-3 

-5 1 

K = 1 X 96,500 X 10-4 X ( 1 •r X 
10 ) 2 X 2 

3.14 
-2 

= 4.75 X 10 

It is seen that those values of K arc much larger 

than the observed ones. It is suggested that this is 

due to the fact that when a steady state has been set 

up, the concentration of diffusing ions at thG elec-

trade s urface is not zero~ FurthermorG, since there 

is no cxcGss of indifferent electrolyte ( tho concentration · 

f H+ + o being ncglieible compared to tho Y. ion concun.-

tra t ion) so!'llG K+ ions ·,·•ill migre. t0 to the electrode 

surface. In this case equation (5.22) is appl i cable . 

The ozprcssion forK is then (accordin,::: to equation 5.2 2): 

n F (C - co) A 
(~) ~ K = 

ns 

which reduces K since (C - co) is smaller than c. 



n is very noa.rly 0. 5 in tho case of KCl in ~~~·ater. s 

(C - c
0

) was calculated for tho V8rious values of ~ 

at the two concentrations (Table 8)and it was found 

that c was only a lit tlo smaller th8.n the bulk con-
0 
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centrat i on and depended on E. When the polarographic 

diffusio~ current flo ws, the layer adjacent to the 

electrode is co ::1plctol~depletod of ions since tho applied 

voltage is greater than tho decomposition potential 

of tho electrolyte. I n this ~ork however potent ial s 

much below the decomposi t ion potential arc used and 

probably only very little deposition occurs. 

In t able 8: since the graphical va l ue of K ( ob­
.1.. 

t a i ncd from tho rlot of R agains t t') is given by 

and the calculated val ue of K i s g iven by 

1 

K = n F C A (~) 2 calcd. ~ 

K 
therefore graph = 

v 

and 

-·calcd 

C - C = n 
0 s 

K 
0 graph 

v 
-·cal cd 

.•........... (6.3.6 ) 

This ci r cuit in which the resistance varies prop-

ortionatc l y to the square root of tho time and the 

o,m, f , applied ( as in equation 6.3.4 ) , is tho most satis­

factory dod uced for a cond ucti vi ty cell. The f itting 

of thi s equation to tho · a . c . r esponse of cells will 

form tho subjGct of future war~ in this department . It 

is also intended to test this diffusion theory on solu­

tions of other electrol ytes containing H+ ions (such as 

HCl), and on concontrfl.tions of I:Cl other thfl.n tho two 

concentrations used in this work. 



E Kgraph 
K 

E 
,.-

1 o6 
X 1 o-o X 

(a) O. 01 N KCl. Ref. 

0,10 0.137 o. 73 

0.20 0.089 2.25 

0.30 0.073 4. 11 

0.40 0,056 7.15 

0,50 0 . 043 111 . 62 

0. 75 0.028 1 26.8 

Table 8. 

K gra;eh 
K cal c. 

X 105 

Fig. 7a. 

15.4 

47.2 

86,2 

150,0 

244 

562 

c - co 
gm cq./1 

X 105 

44 

gm oq./1 

-1--- -- _____ __, 

0.077 o.ooqogg 

0.236 o.oo9q98 

0.431 0.00')9~6 

o. 75 0.009993 

1. 22 0, 00':" 0 i38 

2.86 0.009971 

(b) O. 1.lf 1:01. Ref, }t, ig. 7b. 

0.10 o. 151 0.662 

0,20 0.116 1. 725 

0.30 0.064 4.69 

0.40 0.045 8.90 

0.50 0,034 14. 7 

o. 75 0.025 30.0 

1. 3? 0.069 

o. 181 3.63 

9.8 ... C) 0.494 

0.935 

1 .. 54 

3.15 

18.7 

30.9 

63. 1 

o ooqq99 . _,.,,.... ..,. 

0.099::'98 

0.099995 

0,099991 

0.09C':J?85 

0.09?969 



Appendix I. 

Calculation of the Res22nses of Linear Circuits to Square 

Pulses by the Laplace Transformution. 

(i) Introduction. 

The behaviour of linear circuits, when subjected 

to discontinuous voltage inputs may bo calculated by 

solving 7irchhoff's voltage 6r current rel£J.tionships 

for the branches of tho circuit. A most elegant matho-

·mD tical technique for accom!.)li shing this solu tion is 

by means of the Laplace transformation (6). By means of 

thi s transformB.tion, functions of a reB.l variable·-(sg_y t) 

arc transformed into functions of a complex variable (s), 

where 

s = v + j •..J ' ......... ... (I.1.1) 

1 

and~ and ware reDl variables and j = (-1) 2 , by multi-
-st plication bJr e and integration over t from 0 to ao. 

The function of t transforms to a much simpler func tion 

of s, which is more amonB.ble to mathematical trc atmont. 

The direct (cf...~) transfor:na tion is '?Jri t ten 

£{f(tY ~ F(s) ~tr(t) e-st dt ......... (1.1. 2) 

Consider as an example tho discontinuous function 

f(t) = 0 for t < 0 

= ~ for t ~ o. 

This-transforms into 

F(s) ~f( t) 
-st 

dt = G 

. 0 

~~· -st """' dt for t ' 0 = .::.. e 
~ 

.JQ 
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-. 

-stl }!' ( s) """ = - - e s 
0 

-::;" 
-'-" = s 

Tho rather complicated function, f(t), transforms to 

""' tho simple functiou, ~. 
0 

After tho solution of tho transformed Yirchhoff ' s 

relationships, the; inverse (£- 1
) Laplace transformation 

is used to find tho solution in terms of t. TabL:s 

of function-transform (f-t) pairs have been constructed 

(6)~ which arc usoj to pass from a function, f(t), 

to its transfer~, F(s ), and vice-versa. 

A rectan(~Ular pulse of unit amplitude starting 

at t == 0 and ond ing at t = ~t- , m:;.y bu C011Sidcroj g_s the 

sum of a ];·osi tivG unit stop at t = 0 snd an equal :t1oga-

tivu stop at t = l. (A unit stop at t = a has tho 

form f(t) = 0 when t < a and f(t) = 1 when t,? s.) 

The Laplace transform is thus 

<e (unit pulse) -Os 
== 0 1 

-1"s 
·1 0 -s s 

~"ts 
1 c ............. (1.1.3) = --s s 

-"'is Tho cff~ct of multirlying a trsnsform by o " is merely 

to move tho tim!,; f unction through sn interval -r (6: opora­

tio21-transform 1 0) . Since tho invors0 trans form ,i;- 1 ('1) 
s 

is tho unit sto~, u(t) at t = 0 (6: f -t 1.1 01), tho 

response to a pulse of unit amplitude may bo found 

by sol vi.ne tho equation:.:; for a unit stop at thG origin 

and · thoil subtract.ing sn identical .fu :lCtion from it 

at timet=~ (as the second term in I .1. 3). ThOro-

sponso to a pulse of amplitude~ is obtained by multi-

plying the •vholo fuaction by-.; , It is thorofare only 
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necessary to solve the ~ 'irchhoff's rola.tionships for 

a step at the origin. 

( ii) Series resistance and caraci t3r '!:' i th leak C•i'ic. 3a). 

The mathamatical trcat~cnt of this circuit (anJ 

ca.ch of the thrca circuits to follo~) is conveniently 

considurcd in three stagos: 

(a) To obtain the current ezpression. 

The currents 1 and i
1 

in the branchus of this 

circuit have, by convention, the directions injlcatcJ. 

e. is tho input val tage 'K. =~irchhoff' s currt.n t relation­
l 

ships for the branches arc 

C
1

1 Iot i1 dt 

= e ...... , ••.. , .. (1.2.1) 
l 

= 0 . . . . , . . . . . . . ( I ~ 2 . 2 ) 

which, re- written ~i th ter~s in i and i
1 

collected, beco me 

= c .•••. (1.2.3) 
1 

1 It . c 11 dt 
1 0 

= 0 • ..• (1.2.4) 

By m~ans of the Laplace transformation each of tho 

func t lons of t i!Tlc in the so cxprossioDs .. 1ay be trEJ.nsfori.lcd 

int o functions of a llcw variables. Co.nsidC;ri.nr: e!J.ch 

tcr~n: in turn: 

* c., ~' i 1 etc. arc functions of t and should be .l 

w r i t ten e i ( t ) , i ( t ) , i 1 ( t ) etc , , b u t f' or the sake of' 

conveni~ncc the variable t is omitted. Simil!J.rly s is 

omitted in writing the trensfor~s ~ , I , r
1 

etc. 
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(
-.M. 

-st ( ) i becomes I where I = , 1 e dt •.........•. I.2.5 
JO 

a ad 

............ (r.~.6) 

f't 
The function , f( t) = ~ 1 j 0 

11 dt , becomes 

F(s) = jr~fi_Q1 rt i
1 

dt_j e-st dt 
0 I_ 1 .I 0 

Integrating b;v farts: 

- _1 r- t 
dt c ",'X) -, 

F( s) 1 -st } . J 0-
1 -st - e 1

1 - e i
1 

a t 1 • - c s s 1 . I 0 

f
·t. -st 

Since e = o •nhen t = oc. and 1 1 clt = 0 when t = O, 
' 0 

the first term in the integrated expression above is O, 

so that 

F( s) = -
0
1 [ - r(': .1. e-st i

1 
d t] 

1 Jo s 

1 r ] = 
01

l I 1 by (I.2.6) •...•....•.• (I.2.7) 

e., being a step of aMplitude~ at the origin, trans­
l 

3 forms to -, so that s 

:Le. = ~ 
l s ............ (1.2.8) 

Th e tr9.!1sfo rmcd for ·.1s of equations (I. 2 . 3 ) and 

(1.2.4) therefore are 

7 
.•.........•. ( 1 .2. 9 ) R1I1 = ·' 

s 

(R1 
1 

•. . .•.•••.•• (1.2.10) + cs) 11 = 0 
1 

Solving for I from (1.2.0) a nd (1.2.10) by determinants: 
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7-1 IR + R1 I = :.::. 1 -R1 -R1 s 

I 
10 -(R + _1_) -(R 1 

R1 + cs) 1 01S 1 1 

(R1 + o
1
s) 

--:-~ 1 .J 

= 1 R 2 s (R + R1)(R1 + 0 s) 
1 

- 1 

s 
L~ul ti plying numerator and d0nomina tor by R, gives 

1 

(s + _1_) 
--, o1R1 

I 
.J = 1 R s Rs + a; + 01R1 

::J ( s + D{1 ) = 
R s(s + n) r' 

• • • • • • • • • • • • ( I • 2 • 1 1 ) 

1 ('~! = 
'"· 1 o

1
R

1 
••.•••...... (1.2.12) 

............ (1.2.13) 

From f-t pair no. 1.107 (6), the function of which 

(I.2.11) is the transform is 

-_, d1 ~ _{:3 
e-/1t) i .J ( = R !:.( H IJ ,./ 

":";1 R R1 eat) ·" ( ~-{ = R1 
+ c~1 (R R1) R + + 

- ;-, 
R 

a + o£1 at) .:J 

(R = + --- e 
R + R1 a 

"? 
a + d. at ~J ·"' 1 

= R R1 
+ I-1. 

e 
+ a •.•.•....•• (1.2.14) 

( 1 
R1 

where a = ,.-, = _o( + -) - {....' 1 R 
••••• , ••••• (I. 2 . 1 5) 

(b) To fit the c urrent expression (I .2,14) to the data. 

The first t e rm i n equation (I.2.14) is seen to 

be a constant and is the limiting value of i at l a rge t, 
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~-. 

since a is .,le[a t i ve. -~ Designating the ~uantityR + R
1 

as ix, equation (1.2.14) has the form 

i = i~; + i I 

or i i,:JO = 
-:3t 

i' = A e •..•........ (1.2.16) 

a.n::l ln i 1 = ln ·~ 

or 

3t 

Bt 
2.:303 •.•.••...••• ( 1 .2.17) 

A 0lot or log10 1 1 eaainst t should thus be a straight 

line of" slo ~ c- 2".~03 and intcrce~.t loL·10 A on the 

log i 1 -axis. 1 1 (= i - iaJ was calculated (A~~cndix1V) 

and log
10 

i' flatted aeainst t, A plot was obt ained 

~hich was only linear from about 500 seconds on~ards 

(Graphs 8), The constants A aild 3 were f oun:J fro:l.1 t .he 

stralfht lino ~ortions of the plots, log A and - 3 
2.303 

bei~g the intercept and slope respectively. 

(c) ~valuation of ~1 , R
1 

and c
1 

from A and 3. 

Fro8 e~uations (1.2.14) anj (1.2.1 6 ) 

., a + C/1 
A ' = R a 

............ (1.2.1 ,3 ) 

a~J.d d,1 ( 1 
R1 

3 = - a = + n- ) 
-"-

.... . ....... ( I . 2 .1 ~ ) 

From (1. 2 .1 d ) a~j (1.2.19) 

= 3 (1 -A@) 
.. ':.J 

•.•.•. (1. 2 . 20 ) 

R = R (!L - 1) 
1 0( 1 

••..••.....• ( 1 . 2.20) 
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:(.'rom ( I. 2 • 1 2 ) ........... . (I.2.21) 

The valuGs of log A, B A. B and a-
1 

arc - 2.303' T 

give:n in 'l'ablc 9, at.Ld tho corrc s;:;onjin;__; values of R
1 

and c
1 

in Tablo 1. 

i 

(a) o.o1~T ::~cl. 

0,10 

o. 20 

o. _30 

0.40 

O.jO 

0.75 

1. 00 

'I. 25 

1. 50 

1. 80 

2.00 

1. 18 

1.45 

T. 7_1 

-1 C'C' . .....-' -· 
0. 16 

0.33 

0.68 

0.93 

1 • 1 1 

1. 30 

( b ) o • 1rT z:c 1. 

0.1 0 2.53 

0,20 2. 86 
-0. 30 1.39 

0.40 T. 68 

Table 9. 

Table 1. 

Ref. G-ra ~;h 8a. 

1, 64-

1 .40 

1.24 

1. 08 

1. 20 

0.71 

0.36 

0. 16 

0.14 

0.30 

0.05 

Ref. 

0.45 

0.34 

0.32 

0.29 

0.063 

0. 151 

0.232 

0.513 

0.~77 

1.445 

2. 14 

t 4.7? 

8.51 

12.88 

3. 78 

3.42-

2. -~6 

2.4') 

2.76 

1. 640 

I o.a3o 
I 0. 369 

o. _322 

0.691 

3. e; 
3.32 

2.37 

2, 56 I 
I 

1 . 520 

o. 762 

0.316 

o. 254 I 
0. 503 

20.0 o.115 1 o.o713 

Graph 8b,l 
I o. 03Y:J I 1. 038 1. 033 

0.0724 1 o. 705 o. 781 

0.245 0.738 0.730 

0.47? 0,670 0.660 

1. 92 o.33 1 o . B~2 0. 761 o. 745 

._o_. 7_s_._ o. 2._2___._o. 35 ~~ 66 J o. a o 7 _ o. 78 31 
0.50 
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(iii) Series rcsi s t ancc and t vv o capacities i.•·i th leaks 

(Fi~. 3b). 

(a) To obtain the current exrrcssion. 

ThL- currc.nts i 1 , i 2 and i in tbc bra :;.c.hos of this 

circuit hove t.ha dirocti0ns. indicated. o. is the input 
l 

voltage. ~~irchhof';' s currc11t rc.;lations hi f·S for tho 

branches are 

R1(i - i1) + R2 (i - i2) + Ri = e. (1. 3 .1) 
l 

R1(i i1) 
1 f t i1 dt 0 (1. 3.2 ) - = ,.., 
"'1 " 0 

1 ~t 

R2 (i - i2) _10 i2 dt = 0 (I ~3 . . 3 ) 
c2 

which rG- '-'I'ri t ten with terms in i ' i1 a nd i2 collc.::cted, 

become 

R2I2 = ei .•• (I. -S .4) 

_1 ct 
i1 dt = 0 ... ( I. '3 .5) 0 1 tJ 0 

1 r 0 2 1 o 
i2 dt = 0 •.• (I. 3 . f,) 

which' by d irec t Laplac0 tra nsformation boco~c 

(R + R1 + R2) R1I1 R2I2 = 0 ••....... (1~3.?.) 
l 

R
1 

I (R1 + c
1
s)I1 = 0 • , ....... (I~3.8) 

1 

R2I ( R2 . 1 ) 0 ........... (1.3.9) + as I2 = 
2 

Solving for I from (1, 3 .7), (I. 3 . 8 ) and ( 1.3. 9) gives 



~ I ::;: 1 
s 

( R1 
1 10 - + [1;) 0 

'""10 

0 0 - ( l{2 + 
1 

c
2

s) 

-(R1 
1 

121 + css) 0 
1 

0 (R2 
1 

R2 - + -) (' s '"'2' 

= J ------------~(R __ 1 __ + __ c~_s_)(_R_.2 ___ +_--c~~~s-) 
3 

(R + R1 + R2)(R1 + C~s)(R2 + C~s) 

- R2
2

(R1 + c
1
s) - R1

2
(R2 + c;s) 

2 
I .ultiplying numor8.tor an·.~ dono·.ninator by RsR 

1 2 

I 

1 
(s + -c R)(s 

1· 'I 
1 . 

+ 'CJT" )( G 
1 1 

---·-----··--· 
- R2 s(s + ~)- R1s(s + 0

1R) 
1 1 2 2 

Jj ( s . + 0( 1 >: ( s + ~2) 
· s (R + R1 + R2 )( s + ~ 1 )(s +-~2 ) 

where, by B.nalogy ··'i th (I. 2.12) 

53 

1 
0(1 - .::; 1 R1 ............ (1.3.10). 

.. , .. .. ... .. (1.3.11) 
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I 

u; 

~ ~ ----

.... . ..... . • (1.3.12) 

H R 
where p ~ d1 ( 1 + R1 ) + cx2 (1 + R2 ) ( · 3 ."7.) • • • • • • • . • • • • · . .l • . i .:;J 

... . •....... ( I . 3 .14 ) 

in 
If the polyno~ial in SAtho j cno~inator of ( 1 . 3.12) 

h as as its roots s = a and s = b, then (I..3 .12) may 

bo ···ritton 

I - ~ (s + ~1)(s + ~2) 
- rt s ( s - a)(s -b) 

Since (s - a)(s - b) 2 
= s + sp + 

therefore by (I. 3 .1 3) and (1.3.14) 

..... . ...... (1. 3 .1 5) 

R R 
(3 = - ( a + b ) = CX 1 ( 1 + R 

1 
) + c/..2 ( 1 + H 2 ) • • • • • • ( I • 3 . 1 6 ) 

••.......... (1. 3 .17) 

~quation (1.3.15) tra~sforms (f-t pair no. 1,111) back 

t o 
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~[ ~~~ 
2 

+ a (ol 1 + oc'2) + 0'1 o(2 a a.t 
i = + 

e.(a - b) 
e 

b2 + b ( d.1 + c{2) + o(1 o{2 
Gbtl + b(b - a) 

-; [ 1 
( a + "\ ) ( a + ot..2 ) at 

= - -R + a(a - b) 
c 

R 1 + _1 + R2 

R R 
+ol1)(b+o(2) 

0 bt j (b 
+ b(b - a) 

-
+ o( 2) "":;' 

. (a + a1) ( e at -.:.1 ·~ 

= 
R rt + R2 

+ R u(a - b) G 
+ 1 

(b + ot.1)(b + d-2) bt] •. (1.3.18) + b(b - a) G 

(b) ?o t'it the cu rrent cxprcssion_i_L_3.A18) tp tho jata. 
--. 

Tho first term R ~ is tho value of i~ and 
+ H1 + R2 

oquaiicn (I.3.1 a ) has thL form 

i = ic;{J + i1 T i2 . . . . .. . ...•.. (I.3.i~) 

.. 
i ioc; i' A 

--~t 
·~ 

- :Jt 
. ( I. 3 . 20 ) or = = r • + 1_, c .... . . . . . . . . . 

i 00 i s ass u.ncd to have the sa:nc value 8.S that · chosen 

in. analysi .n['; the ~·rcvious circuit. 

An dttom~ t ~as made tc f it the o~uati~n (I.3.1 8) 

to the av~ i lablu d a t !J. by tho m!,.; thod of l east s ,1uarGs , 

.. b ut thi s was ab an::Ionl:i d because.; of tho Gz t rcmc ly lob-

or ious n.rl thml:;tic Lwolvi....J , The f olTowiilL . mvthod was 

Plot log i' against t. 
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Case I: If ~) )) :S, then for large t 

-3t -:Jt 
i' =A G since C c is nearly zuro (I.3.21) 

and ln i' =ln .. ~\ 

or log10 i' = log10 A 

Bt 

B t ... (I.3.22) 
2.303 

and thcr~forc tho latter ~art of the ~lot 

will bo a straieht line of slope - 2 .~03 and intorcc rt 

lor A on the lc r.: 1 1 -aYis. 
L. 10 -

0 a s G I I : I f ~) ;;_.,. .:_; , t h 0 n f or 1 a r ['.'.G t 

i' = -l.H -Bt 
C o sincL A o is noarly 0 .• (1.3.23) 

and 1 ~1 i 1 = ln C .Dt 

or i' = D t 
2. "303 

. . .. (I. 3. 24) 

and similarly to Case I, tho lattur part of 

D tho plot ~ill be a straight line of slo pe -
2

_
303 

and intercept· log
10

c . 

.Qaso I II~ I f :3~ 1) and D >3 , eq ua tion (1. 3 . 20) 

ma~' b e ·7r it ten 

I - Bt( i . A c 1 ...... (1. 3 . 25 ) 

( ) - (J - E )t SL1co ~J - E i s a s :na ll ros iti v::.; q uantity , o · 

wi l l b e nearly 1 f o r small t. 'rhoruf orc 



a.nd 

i' =A c-3 t (1 + 

= (A + C) -Bt c 

and ln i' = ln (A+ 0) 
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•..••.•..•.•. ( I . 3 . 26 ) 

Bt 

B 
t (1.3.27) 

2.303 

anJ thLrcforc tho first part of the plot 

B •_•till be a straight line of slo ;:;c - 2 •303 

and intcrcq:t log10( A +C). 

I~ each of these three ca s 0s ~c have an expression 

i2 i' i1 c -Dt 
• I • I •••••• ~ •• ( I . 3. 23) :;:: = c 

log10i2 log10c D t c- :" 2") = ········ " ···· 1. 5 . :_:; 2.303 

A plot of log i 2 against t will be a stra.ight line of 
") 

slope - -- and intGrccpt log C if the circuit fits 2.303 
( Gra.f}hS 9). 

Fr os equ a tions ( I . 3 .18) a n~ ( I . 3 . 20) 

·" ( a + o(1)( a. + o(2 ) 
A -"-' ... ~ ......•. (I. 3 . 30 ) :;:: 

R a ( a b) -

B = - a •........... (!. 3 . 31) 

·' 
( b + ~1) (b + ol.2 ) c . J 

•..••.....•. (!. 3 . 32 ) = b(b a.}-R -

D = - b . .....•... • .. ( !.3. 33) 
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From (1.3~30) and (1.3.31) 

R = A ~ a (a - b) = R AB(D- B)(I.3.34) 
. .J .~ 

Therefore 

1.0. a 2 + s
1 

a + s2 = X •.........•.. (1.3.35) 

where.. 
R X = - ~ AB (~ - B) ............. (1.3.36) 

............. (1.3.37) 

...........•. ( I. 3. 3<3 ) 

Similarly from (!.3.32) ana (1. 3.34) 

= C ~ b(b - a) 
-~ 

~ CD(B - ~) (1.3.39) 
_'J 

i.e. b
2 + s1 b + s2 = Y ............. (1.3.40) 

'''horG Y = g C D (B - ~) 
~ 

•............ (I.3.41) 

s
1 

and s
2 

~nay be found by solving (I.3.35) a .nd 

(I. 3. 41) by 8u t cr··:1inants as fo llows: 

s1 X 2 1 = - a 

y.!.. b2 1 

= (";~ - Y) - ( a 2 b 2 ) 
a - b' 

a 1 

..:. 

b 1 



81 
v y A. - (a + b) = -a - b 

R (AB + CD) + (B = 
·-' 

R = B ( 1 - A =:) + IJ 
. .J 

b 

= aY - bX - ab(b - a) 
a - b 

= 
aY - b.X 

+ 
9. - b 

ab 

( 1 

59 

+ D) by (I. 3. 36) snd (1.3.41') 

R ..••••...•••• ( I. 3. 42) - 0 ~) 
:.J 

I a 1 

b 1 

_ ~ DC~(B - Dt + DAB(B - ~) BD 
- ~ - B - D) + ' by (I. 3. 36) 

and ( I. 3. 4 1 ) 

= ~ B D (A + C) + BD 
. :.I 

R = 3})( 1 - A ~) 
· -' 

~ BDO 
.:.I 

............• (I. 3. 43) 

~ 1 and d
2 

may be found from 8
1 

and s
2 

as follo~s: 

Since by eQuations (1.3.37) snd (I.3.38) 

81 = ~ + 0..2 and 82 = ot.1d2 ' 

~1 and ~2 will be the roots of the equation 

+ = o. ............ ( I . 3. 34) 

By solving this equation, using the numcricsl values 

of 8 1 a~8 8 2 obt aincj from (I.3.42) and (1.3.43), 

el. 1 and o<.
2 

may b e; obtained. 
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s1 and s2 were however not used, since the follow­

ing approximations (which do not involve s1 and s2 ) 

were tested numerically and f ound not to iatroduce any 

appreciable error: 

Since s1 = d-1 + o(2 = B(1 - A ~) + D(1 - C ~) by (I~3.37) 
and ( I. 3. 42) 

and 82 = 0( o{ 
1 2 = BD( 1 -

= BD( 1 -

the approximations that 

o<1 ::: B(1 - A 

a.tld o(2 = D( 1 - c 

A ~) R ..., 
.;J ..J 

R 
A :;; )( 'I -

-~ 

R ;;) 
-'-' 

B) 
? 
..;) 

B:2)C 

c ~) 

by ( I. 3 . 3 8 ) and 

(1.3.43) 
R2B:J.AC 

,.,2 
.'!I 

............. (1.3.45) 

.. .. . . ....... (I . 3. 46) 

hold. aote that using equations (I.3.45) an~ (I.3 .46) 
B:JACR2 

is ey_ui valent to assuming that 2 is small. It 
-;; 
-"' 

is seen that this value of ~1 (I.3.45) is the same as that 

found for the previous ci~cuit (equation I.2.20). 

R1 an:l R2 may be found from eq_uations (I.3.16) 

and (I.3.1 7) as follows: 

:b"" rom (I. 3. 16) 

o(1R1 + ot.2R2 = -R(a + b) - R(0(1 + o(2) 

From (I.3.17) 

= R( B +D) - R(~1 + o(2 ) by (I. 3 . 31) and 

(I. 3 . 33 ) 

.• ...••.•... (I. 3.47) 

R1 R R(~- 1) 
+ 2 = d10(2 

( BD ) = R d 1 ~2 - 1 by (I.3.31) anj ( I . 3. 33 ) . (I.3.48) 



Solving for R1 from (I. 3.47) and (I.3.40) 

= R ( B + D ) - R ( o< 
1 

+ cJ.. ) - Rd. ( __E2_ 
2 2 0(1 (;)('2 

1 ) 

and R R 
1 = 

o(1 - P\2 
( B + D) - (o( 1 + d. 2) - o(2 ( ~ - 1 ) 

d10(2 

(I 7 )::J ) • • • • • • • • • • • • • • .J. 4; 

R
2 

may be obtained from (1.3.48) using the value · of 

R
1 

from (I.3.49): 

R2 = R(~~2 - 1) .......•... ·.·:(r:3.50) 

c
1 

and c
2 

may be found from equations (I.3.10) and 

(I.3.11)~ 

............. (I.3.51) 

............. (1.3.52) 

A, ~' C, D, ~1 and d 2 are give~ in Table 10 and 

the corresiJonding R1 , R2 , c
1 

and c
2 

in Table 2. 
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Table 10, Ref. Fig. 3b. 

Table 2. 

A B c D 0(1 ()(2 
,, 

X 106 ~ 

1 o3 X 103 X 103 ;J 

X 103 10° X X 

(a) O. 01E KCl. Ref. Graph 9a. 

0.10 0.063 3. 78 0.123 71.5 3.69 68.2 

0.20 0.151 3.42 0.209 20.5 3.32 19.7 

0.30 0,282 2.86 0.354 18.2 2.76 17.5 

0.40 0.513 2.49 0.616 16.8 2.37 15.9 

0.50 0.977 2.76 1 . 1 2 15.4 2.56 14.2 

0.75 1 .445 1. 64 2.88 8.88 1. 52 7.60 

1. 00 2.14 0.830 4.68 I 11.0 o. 762 9.05 

1. 25 4.79 I 0.369 
I 

8.51 g,41 0.316 7. 01 

1.50 8.51 I 0.322 4.07 6.50 0.254 5.85 

1. 80 12.88 o. 691 5.75 5.12 0.503 4.52 

2.00 ,20. 0 I 0.115 3.24 I 6. 91 0.0713 6.49 

o.1o I o.o339 1.o3a o.os75 8.73 1.033 8.66 

0.20 0.0724 0.785 0.191 8.30 0.781 8.26 

0.24j o. 738 0.416 8.06 0.730 7.95 

I 0.479 0.670 0.595 8.80 0.660 8.62 I 
0.50 I 0.83~J0.761 1.26 8.10, 0.745 . 7.23 I 

~0_._7_5~~--1._6_6 __ o_._s __ o_7~' _2_._4_6~---7_.4_o~_o_.7_o_3~.~ 

l o. 30 

l 0.40 



63 

(iv) Series resistance and three capacities with leaks 

(Pip;. 3c). 

The currents i, 1
1

, i 2 and i
3 

in the bra~chcs of 

this circuit have the diructions indicated, Kirchhoff's 

current relationships for the branches, when transformed, 

are 

"' (R + R1 + R2 + R3 )I - R1 I1 R2I2 - R3I3 
• .:J 

.(I.4.1) - :;: 

s 

R1I (R1 
1 ••• (r.4.2) - + -) ::: 0 c1s 

R
2

I - (R2 + _1_) 
c2s 

::: 0 .•• (I.4.3) 

R3I - (R3 + _1_) 
c3s 

::: 0 •.• (I.4.4) 

Solving for I, by determinants, from these four equations, 

gives 

E 
I = 1 s 

0 

0 

l 0 

R. .. 
I 

0 

0 

-R 1 

1 
-( R1 + cs) 

1 

0 

0 

-R 2 

1 
-(R2 + C s) 

2 

0 

0 

1 
-( R2 + cs) 

2 

0 

0 

-R 
3 

0 

0 
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·vhen solved, this determinant hss the form 

B ( s + o<1 ) ( 8 + <X2) ( 8 + ex 3) 
I - R 3 2 

s(s + S (3 + s 0 +cf) 

where (cf' •. equations I.3.10 et ~) 

o{ = 
1 

.......... I •••• (I.4.5) 

•............ (I.4.6) 

............. (1.4 . 7) 

............. (I.4.8) 

R
1 

R
2 

. R R R3 R1 
0 = o(1 Q(2 ( 1 + R + R ) + cl2o<3 ( 1 + R 

2 
+ R

3 ) +~0(1 ( 1 + R +R) 

•.•••..••••.• (I.4.10) 

•...•......•• (I.4.11) 

If tho trinomial in the denominator of' (I.4.5) 

has as its roots s = s, s = .b snd s = c, then (I.4.5) 

may be vvrit t c11 

••••...•••••• (I. 4.12 ) 

Since (s - s)(s- b)(s - c) 

Therefo r e 

(3 = -(s + b + c) 

R R R
3 = ~1(1 + R1) + d2(1 + R2) + ~3(1 + R) ... ..... (1. 4 .1 3 ) 

t = sb + be + cs 

. R1 R2 R2 R R3 R1 
+ 0(2~(1 + ~) + o(3~ ( 1 = c(1 ~2 ( 1 +R"+R) + R +- + -) R R R 

& = sbc 
. · •••••.•••.• (ri.4.14) 

••••••••...• (1.4.15) 
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Equation. (I. 4. 12) may be .transfor:necl back to a 

f'U£1Ction of t USi11g f'-t pa.ir JlO 0.11 ~ 

.. 
1<, 

i ·"' = R 
1 {a+ ol.1)(a + 0'-2)(a + o(3) 

+ a(a - b)(a- c) 
at 

e 

-0
bt 

(b + 0{1) (b + o<2) (b + cX3) 
+ b(b - a)(b - c) + 

(c +c;1.,.1)(c + oC2)(c + ot.3)ectl 
c(c - a)(c - b) J 

1i' "':;\ . ..) •. "J + = R + R1 + R2 + R3 R 

+ 

+ 

l(a +~,)(a+ ci2 )(a + cl3 ) 
e.(a- b)(a- c) 

(b + o(1) (b + 00:2) (b + o(3) 

b(b - e.){b - c) 

(c + o1)(c + ~2)(c + ~3) 
. c(c- a)(c- b) 

e ot 

bt 
e 

..•.......... (I.4. ·t6) 

(b) To fit the expression {1.4.16) to the data. 

ThG first term R + R
1 
~ R + R is the value of 

2 3 
i 00 , and equation (I.4.16) hes tho form 

...••....•... (.I. 4. 1 7) 

-Bt -Dt -Ht ) = A e + C e + G e ........ (I. 4. 13 

i~ is assumed to have the same value as that chosen 

Ll analysin.r; the previous twocirclli ts. Equation (I.4.18) 

is fitted to the ex~ ~rimontal curves in an analagous 

manner. In thi s ce.s~ log (i2 + i
3

) is the log i
2 

of 

the two-condenser circuit. By plotting log (i
2 

+ i
3

) 

against t and drawing a straight line through thG latter 

points, log i 2 may be obtain~d. i
1 

and i
2 

or0 t he refo ru 
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known and i
3 

is obtained by subtracting (i
1 

+ i
2

) from 

i'. Log A, log C and log arc the intercepts on the 

log i- axis of the straight line portions of the plots 

of log i', log (i2 + i
3

) and log i
3 

against t respectively. 
B D H 

- 2 • 303 , - 2 • 303 and - 2 _303 arc the respective slopes 

of these straight lines (Graphs 8, 9.and 10 rcspectivGly). 

(c) ~valuation of ~1~~2~~1~2~3~1~2 ana_g3_ 

from A, B, C, D, G and H. 

Comparint. (I.4.16) and (1.4.18) it is seen that 

~ (a+ ~1 )(a + a
2

)(a + ~) 
A= R a(a- b)(a- c) ............. (1.4.1?) 

B = - a ............. (1.4.20) 

-~ (b + ~1 )(b + ~2 )(b + a
3

) 
c . .;J 

-
R b(b - a) (b - c) ..•........•• (I. 4 .21) 

D = b ••........... ( 1.4.22) 

"!{' (c + 0(1)(c + o<2)(c + c::X3) 
G --" = - c(c - a)(c - b) R ....•........ (I.4.23) 

E = - c ••..•........ (1.4.24) 

?rom (1.4.19) and (1.4.20) 

=-A~ B(B- D)(H- B) (I.4.25) 
...!I 

Theroforo 

a 3 + (d1 + d 2 +~)a
2 ( + ) ot - ' X ) + ol 1 o(2 r::J 2ci3 + o( 3 ~ a + 1 ~2~3 = 
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...........•. (I.4.27) 
• J 

............. (I. L,.... 23) 

' I J 20) .............. \ . 4 . .../ 

•....•....... (I.4.30) 

Similarly from (1.4.21) and (I.4.22) 

= C ~ b(b- a)(b- c) 
. ..J 

C ~ _) ( 3 - :J) ("J - H) . ( I • 4 . 31 ) 
:~ 

Therefore b3 + s
1 

b 2 + s2 b + s
3 

= Y .... (I. 4 . 32) 

whor e Y = - ¥ CD (B - D )(~ ) H) 
~ 

............. (1.4.33) 

Simila r l y from (I.4.23) and (I.4.24) 

= - ~ GH(H- B)(D- H) •. ( I.4. 31+ ) 
.:J 

Therefor;.; = z ...• (i.4.35) 

whe r e Z ::: - ~ GH (H- B)(D - ·H) 
..:~ 

..•.......... (1 . 4 . 36 ) 

8
1

, s2 and 8
3 

may be found by sol vi.ng ( I. 4 . 26), 

(I.4.32)and ( I . 4.35) by dete rmi nants , to give th8 follow-

ing: 
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S = B(1 - A B) + D(1 1 E c B)+ H(1- G B) •....•. (1.4.37) E E 

s2 = BD(1 - A ~) + DH(1 - 0 ~) + HB(1 - G ~) 
- ~( BJC + DGH + HAB) ••••• , ••••• (I. 4. 38) 

:!. 

s3 = BDH(1 - A ~) - ~ BDH(O + G) •••••.•.••.•. (I.4.33) 

Again the approximations that 

cl1 = B( 1 - A g) 
E 

............... (I. 4. 40) 

o(.2 = D( 1 - 0 
R ;;) 
_ J 

•..........•. (I.4-41) 

= H( 1 R and o(3 - G ?) apply. 
• .:J 

•.•.••....... ( I. 4. 42) 

It is therefore unnecessary to solv•.o for ci1 , d 2 

and cJ£"
3 

from 81 , 82 and 83" 

rt1 , R
2 

and R
3 

may be obtain~d from eQuations (I.4.13), 

(I.4.14) and (I.4.15), since in these eQuations p, 0 and d 

aro kno,n (since a, b, c aro known) and ~1 , ~2 and 

~3 are known from equations (I.4.40), (I.4,41) and 

(1.4.42). The relations (1.4.28), (I.4.29) and (1.4.30) 

between ~1 , ~2 and a
3 

arc also used. R
1

, R
2 

and R
3 

arc given by tho following determinants: 

r./..3 

(B:D+DH+HB-82 ) 

1 1 

............ (1. 4 .43) 



R = R lot 
2 1 

1 

R3 = R lo/1 
I 
lol1 (o{2 + d-3) 

I 
I 1 

69 

1 

-(o{1 - o/2) (oC2 - d3)(d3 - 0(1) 

.....•....... (I. 4. 44) 

(BD+'Jli+HB-82 ) 

1 

............. (I. 4. 45) 

A 1 so , by ( I. 4. 6 ) , ( I. 4. 7 ) and ( I. 4 . 8 ) 

.•........... (I.4.46 ) 

•.•...•.....• (1.4.47) 

........... , . (I. 4 . 48) 

G, H, ~1 , cx2 and o<
3 

arG given in Table 11. (Soc 

Table 10 for 4, B, C, D). Tho corresponding values 
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Table 1 1 . Ref. Fig. 3c. 

le.blc 3. 

I 

~ I I 
r-

I G H 0(1 I c;,(2 o/3 
I "'71 I 

x 1 o3 x 1 o3 
• .:J 

103 ! X 103 I I X 10° I X I 

I 
' 
/(a) 0. 01 N KCl. Rof. Graph 1 Oa. 

I 0. 10 I o. 220 l 328 3.69 63.2 301 
I o. 20 I 151. o 1 o.35o I 3.32 19.7 142.0 

0.30 o. 55o I a6 7 I 2.76 17.5 90.1 
' ~ • I 

I 

0.4~ ! I 84.51 2,37 15.9 78 .2 o. 793 I 
I 

o. 50 1. 212 1 65. o I 2.56 I 14.2 59 . 1 
I 

I o. 75 1. 361 I 42,9 I 1. 52 7.60 38.9 
I 

1. 00 2.95 I .42. 7 o. 762 I 9.05 37.9 I 

I 
1. 25 I 5.75 I 61.8 0.316 7.01 51. 1 

I I 
1. 5o I 9.1 2 I 38.8 I 0. 254 5.85 2S.9 I 

1. 8o 1 11. o2 I 
L~o. 3 I 0 .503 4.52 31. 0 ' 

I 
2. oo I 11. so 33 .4 : o. 0743, 6.49 25.9 

I 
l(b) 0.1N KCl. Ref. Gr aph 1 Ob. 

I 0 . 66 l o. 1 o I o. 191 54.5 I 1. 033 I 53 . 2 ' 

I I 
I o. 20 I 0.436 57 .2 I 0.781 l 8.26 55.5 
I 

43.6 ! 0.30 0.830 0.730 7.95 42 .0 
I 

0.40 0.975 40.8 1 0.660 8.62 39.5 

0.50 2.34 36.7 1 0.745 7.83 34.5 
0.75 3.94 32 . 1 1 0. 783 7.09 29. 9 

-L-
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(v) -~G ries ros1stsnc2....!._£_apacity and ca12ar: i t y '."'.' ith leak 

(a) ro obtain the current cxprcssio~. 

Tho currents i and 1
2 

have tho directions indicated. 

Kirchhoff's currGnt rclatioaships, ~hen transformed , 

arc 

1 ' "'jo 

(R R2I2 
_.:J 

.......... (I.5.1) + R2 + 0 s)I = 
1 

s 

R2I (-L + R2)I2 = 0 ...•.. ... . (I.5.2) 
026 

Salvin£ for I in the same. manner as bct'oro, g ives 

(s + 0(2) 
I ..l. = R s + s~ + ~ 

.. . . ......... (1.5.3) 

···h.::rc 0(2 
1 

- o2R2 ............. (1.5.4) 

0:1 = 1 c-R 
1 

....... . ... .. (1.5.5) 

# = 0(.1 + ol2 + o{2 R2 
R 

........... .. (1.5.6) 

(f = ~1 ol2 ............. (1.5.7) 

If the binomial in the denominator of (I.5.3) 

has as its roots s = a and s = b, then (1.5.3) may bu 

,Nr it ter1 
.. , 

I = ~ 
R (s 

Since ( s - a )(s - b) 

thGrL..fore 

(s + o-.2) 
·-=---:-

a)(s b) 

2 = s + sp + 't 

't = ab = o(1 0(.2 

.... .......... (1.5.8) 

•.........•. (1.5.10) 
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3~uation (1.5.8-) transforms (f-t pair no, 1.107) 

i - ) 
R + 

(b + ci2) 
ebt ••..•.•• (1.5.11) 

b - a 

(b) To fit th8 expression (1.5.11l_to the data. 

~~uation (1.5.11) has thu form 

i = i1 + i2 •...•.••..••. (I. 5. 12) 

A 
-:3t c -Dt •...... , ..... (1.5.13) = (.. + c 

:3g_uation (!.5.13) is fitted to the expcrLnontal data 

in the same mannor as equation (1.3.20), tho only dif­

fGrGncG b~ir~ that in this caso i replaces i'. A, B,. C 

a_r1d D may be obtai.na4 from tho intercepts and slo pes 

of the plots of log i and log i
2 

against t in the samG 

~BY as b~fora (Graphs 11 and 12). 

Co ~>Jpa.rinr; (1.5,11) a.n::l (1.5,13) it is SG~,;n that 

A = 

~ = 

c = 

D ::: 

:-~ (a + o(2) 

(a - b) R 

- a 

-, (b + ol.2) 
..:!. 
R (b a ) -

- b 

•.........•.. (1 . 5 .1 4 ) 

........•.... (1. 5 .1 5 ) 

.............. (I. 5 .1 6 ) 

...........•. (1. 3 .17) 

Since G ~uations (1.5.14) and (1.5.16) contain only 
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R and ~2 as unknowns, th0y may be solved for from those 

equations. ThG valuGs obtain~d for R should agree ~ith 

the mGasurcd resistance. From (I.5.14) and (I.5.16)! 

I .. 
c = 

A = - 8 - b c 

= B + ~J from (1.5.15) and (1.5~17) 
..J 

~i(;i'lCC o/. 2 = BC + A:J 
A + C •..... , ...... (1.5~18) 

R is the resistance as mcssurc:J gt z,__ro tL"ac. It will 
1? 

thGrcforc be given by 7-, where 1
0 

is thG current at 
10 

t = o. On putti .ng t = 0 in (I.5.13) it is sce.n th8.t 

io = .A. + c 

thGrefora 
..., 

R 
• . J = ' + c .\ 

From (1. 5.10) a~d (1,5.18) 

3D 
= 

d.2 

Prom (I. 5. 'l) 

].2 = (B + D) 

From (1. 5. 5) and (1.5.4) 

c 1 
1 = (,j,1 R 

c2 1 = -
o(1 R1 

............. (1.5.19) 

............. (1.5.20) 

............. (1.5.21) 

R 

o'2 
.....•... (I. 5 .22) 

..... ........ (1. 5 .. 2 ] ) 

•..... • . • .... ( I. 5. 24) 

A, B, C, D, d1 and «
2 

ore civon in Table 12. 
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Table 12. Ref. :b1 ig. 3d, 

?able 4. 

~-B ·-fx C D r~-1 ~-~ 

t) o.'o:;:1::1 ~x 10:c~~ :::Ph: :~~. :2:~3 x 10

3 

l 0,10 0,061,0,48'1 10.055 7.591 0.882 4,20 

I 0 • 2 0 0. 142 I 0 .. 5 81 0. 1 3 3 6 . 8 511 . 04 3. 81 

1 0.30 0.253
1

0.671 0.26q 6. 70 1.25 3.54 

I 0.40 0.419
1
0.738 0.51~ 6.58 1.45 3.50 

I o.so o.624 0.828 1.03 6.4.3 1.92 2.ns
1 

I o. 75 1,20 I 0. 729 2. ">4 6.50 1.97 2,40 

I 1.oo 2,37 lo .s6s 3.89 ~ .o2 1.35 3.77 

1. 25 5.25 

1. 50 I 8.81 

l1. 8o I 12.8 
I I 

20.8 I 2. 00 I 

I 
~ ( b ) 0 • 1I-! Y.C 1 , 
I 

10.334 

!o.265 
I 

10.567 
I . 
10.111 

7.08 

I 4. 30 

6,61 

4.09 

8.55 o. 745 

5.68 o. 385 I 
4.68 0,810 I 

8,28 1 0.132 

Ref. Graphs 11b, 12b 

3.83 

3. 91 

3.28 

6. 91+ 

I 
1 o. 1 o · o.o42j0.639 

0. 0981 0. 661 

0.267 0.5~5 

0,049 0.703 1. 26 3. 56 I 

I o. 20 0. 1 71 
I l 0, 30 0.436 

0,765 

o. 785 

1. 58 

1. 39 

3.20 

3.35 

0~40 0.513 0,576 0.617 0,883 1.18 4.32 

I 0.50 o.371
1

n.682 1.24 0.768 1.47 3.57 

Ls . 1 . 700 1 o. 71 6 2_. 1_s----.!_o_. ~_7 51 1 • 6~--3_._3_1-' 
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A£Eendix II. 

Analysis of Non-linear Circuit (Fig. 4a}. 

R' varies with E in the ~anner given by equation 

(6.1.5) ~ 

i.e. Rt 
K = ~-. 

-'C 

;;:" 7 2 

Ho~: iR 
_ .... c _Jc 

K' ":"• 2 = Rt 
:::: 

K 
:::: 

-~c .•.••....•... (II.1) 

V'!here r' :::: 1 
K 

••..•.......• (1I.2) 

The circuit may now be ~ nalysee as follo~ s: 

v - v1 R
1 

= current flowi(l£ in to node through R1 , 

dV1 C dt = current flo~'· ing out of node through C, 

and 
v1 -- = current flowing out of node through R. 
R 

Since the same current flows in~and out of the node, 

= 0 ............. (II.3) 

which me~ be re-written a£ 

av
1 

v
1 

C dt + R + = 0 ............. (II.4) 

On ma ~;:.ing the sunstitution a= Y./~il0 = I-:-/V1 = 1/::'v1 , 

equation (II.4) becomes 

•,rl \T 2 + .L '11 + 
7 

I 1 

R1 
= o ............. (II.5) · 

This i s ·a first order di f ferential equation in v
1

, the solu- -

tion to which is obtainable by the standard method as 

follo·.·s · 
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1
. dV 

t = - A -...-2 ___ 1...__ __ + C011Stant ......... (II. 6) 
V 1 + _3V1 - 3V . 

= t. J---...,.2~a_v_;_1_. 3 2 
(BV + 3 ) - (VA + -2) 

4 I 

,, 
whc..re A 

v 
= VT 

l. 

:!j 
1 

= r;TR-
'·'·. 1 

+ cons ta nt ...... ( II. 7) 

....... . ..... (li . d) 

............. (rr. :;) 

The int0gral in (II.7) may be ~·ritten in the form 

f :lx 
2 2 

a - x 

1 - 1 X which has the solution - tanh 
a a 

1_ log· ~a+ x~ if a) x . - The soluti c.n 
2a a - x 

or 

of (II.7) therefore iG 

t. = 
A -1 3/2 + v1 

tanh _ 
') ) 

+ constant .......•. (II.10) 

D + (3/2 + A V1) 
or t = 2'.J log 

e + con.sta;lt ..... ( II. ,1) 
D - (B/2 + v1 ) 

1;vhere .D 
3 = 2 

( 1 + ~Y)~ B 
.... . ... .. ... (II.12) 

The val ue of the constant term in each solut io n 

!'!lay be found by puttine v
1 

= 0 at t = 0, On incluc1i!lg 

the value of the coc1stant tcr'n an:J s ub st ituting back 

for A and 3, ey_u9.t io ~1 (LI:~.ll)·. becomes 

c 2V + V1(2Dr ' R1 - 1) 
t = 2 K' 'j l 0 L c 2V - v 1 ( 2 .'J T - I R 1 + 1 ) • . • . . • • . • • . • •. ( I I. 1 3 ) 

UsinG t he apl ,roximation that (1 + ~V)} = 
27 

1 + B 

i.e . = 
B 
2 

+ v 

cq,u.gt.:.on (II.13), :1a~r be 11'/ritten 

.......•..•• ( I I , 1 L+) 
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c v 3 + v + v1 

t = 27'J loge v- v1 x 3 + v ............. (li.1j) 

v, v
1 

( = ~- itR
1
), 3 and K' in this c qua tlon arc all . 

k.nown anitheroforc C may b0 calculated, ·:.;4.uDtion (II.15) 

may be rc-· rittcn 

v 
+ ) ( B + 2V _ 1 ) 

.0[;10 "R ]. 1 
= 

n 868Y.' ·· 
' . • ., • :J t ( I I. ·1 G ) 

\.) 3 + v 

A ~ raphical method ot fin:~ i!l(; G is therefore by plottinc 

10[.'10 

slope 

ta.incd. 

- 'l) against t, •;.:hen a straight line of 
- r 

and intercept loc10 B : V shoulj be ob-
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Calculation of the i)iffusion Coefficient of F9l..!.. 

The jiffusio~ coefficient of HCl ~i~ not anpear 

to bo available in the literature, but the diffusion 

coefficient of :Til ~3s kno~n to be ' 2 1.91 :: 10-:.:> c·~'1 /sec. 

1 • ;36 10-5 2 
0. 1~1 for o. o 1 :r solution fmd X em /sec. for 

r- 2 
J~Cl ( 13). If tho value 1 • g X 1 0-:J cr.1 /sec. be taken 

assuminr; it to be: indcpentJcnt of concentration, the 

diffusion coefficient of H0l may be calculated by mecns 

of the equation r . .;lati.~.'1g diffusion coeffici(.;nt to the 

tbe: cquivglu:n.t con:Juct·:tncc at inf'ic!ito dilution (14) . 

D = 2000 l( T l.'I ( 1 
c + . • . • . • . . . . . • . (III. 1) 

\'!he ru 
_1 II 

M = 1. 074 .X 10-20 
X 

)> I z 1 1\ rJ 
+ I~ 1: + ttf .(III.2) 

1 1 1 . 

A~, A~ gnd A0 ar~ tho limiting equivalent conductances 

of the ions 1 gnd 2 an:J tho diffusing electrolyte (~hich 
c)l.n y 

c ± - --' ionises to give io~s 1 and 2) respectively. 
_, 

-1 I c)C 
l. a.nn r.r are cor roc t ion tor~.1s for ion.ic in tcr:::tc t ion., 

anj since the order of Dis ill that is required, they 

:H1;}:- be Dc:glectod. If .JHCl and :J~":Cl arc r0spoctivoly 

the diffusion cocfricicnts of HCl anJ ?:Cl, it is rca.di ly 

seen from c~uatio~s ( II I.1) and (III.2) that 

:JHCl 
l:J ••. ., J 

~ _lj • 

This 

by !Jom. :J.~' 

= 

= 
)50 X 150 
73. 5 :;: 426 

= 3./ >_ 10-5 c:n2/so - ~ - u c. 

............. (lli. 3 ) 

is in good acroemont ~ith tho figures c ivon 
- 5 ~ 

( 15 ): 3. 34 x 10 cm /sec. for concentrat ion 0 



ruendix IV. 

In the f'ollowint tables~ 

-:::; is in v~lts, t L1 seconds, and i in ;.J.Amps. 

Pages 80 to 90 refer to 0. 01i'T l"Cl and pages 91 

to 96 to 0.1N solution. 

All logs are to base 10. 
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i' is given by (it- i~) (R~f. Fig. 3a, Graphs 8). 

i 2 (column 4) is given by (i' - i
1
), where i 1 

is obtained from the linear part of the plot of log i' 

against t. (Ref. Fie. 3b, Graphs ~). 

1
3 

(column 5) is given by (i' - 1
1

- 12 ), where 

i 1 and i 2 are obtained from the linear portions of 

the plots of log i' and log i 2 against t respectively. 

i 2 (column 6) is given by (it - i 1 ), '.IVhere i 1 is 

obtained from tho linear part of the plot of log i 

against t. (Ref. :t·'ig. 3d, Graphs 11 and 12). 



(a) 0.011; KCl. :s = 0.10 

t 

0 

3 

5 

7 

10 

13 

16 

20 

2.65 

0.40 ± 0.05 

0.23 + 0.03 

0.19 + 0.02 

0.16,t0.011 
I 

0.15 I 
o. 14 

o. 1.3 

i' 

2,61 

0.35 

0.19 

0.15 

0.12 

o. 11 

o. 10 

o.og 

o. 13 

0.09 

0,06 

0,05 

0,04 

0.03 

o. 08 0. 02 25 0.12 

30 0.11 

40 0,10 

50 0.10 

60 0.09 

80 0.09 

I 0.07 0,()1 

I 

I. 
I 

100 0,08 

120 0.07 

150 o.o6 

250 I 0,06 

300 0.05 

400 0.05 

600 0 .05 

800 

1 1000 ___ ....___ 

0.04 

0.04 

o.o6 o.o1 

0,06 0.01 

0.05 o.oo 
0 .05 

0. OL~ 

0.03 

0.02 

0.02 

o. 01 

o. 01 

o. 01 

0.00 

0.04 

0.02 

o.oo 

80 

I 

0 17 I 
• I 

I 

o. 1.-s I 
I 

o. 1 o I 
I 

o oq I 
• , I 

o. 081 
o 07 I 

o I 

1 0, 06 : 
I 

o. o5 I 
o. 04: 

I 

_o. o41 
o. 03 I 

I 
0,03 

0.02 

I o. 01 I 
I 

o. 00 I 

I 

_ ___,___j 
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s = 0.20 

~--_t_I_·' it i~ i2 ~3 I i2 -·-+----t--· ·- -----1-------! 

0 I 5.3 5.2 5.0 I 4.8 5.2 

4 

7 

10 

13 

16 

20 

25 

30 

40 

50 

60 

80 

100 

120 

140 

160 

200 

250 

300 

400 

6oo 

o. 3 + o, 2 I o. 7 

o.s5 : o.os I o.4s 
I 

o.47 ± o.o3 1 o.39 

0.43 ± 0.02 0.35 

o.4o I o, .32 

0.37 ± 0.01 I 0.29 

0.34 1 0.26 

t o. 25 

I o. 23 

0.33 

0.31 

0.28 

0,26 

0.23 

0.21 

0.20 

0.19 

o. 18 

0.16 

0.14 

0.13 

I 0 ?O I ! . ~ 

0,12 

0.10 

I o. 1 .. 3 
I 

1 o. 15 

I o. 13 
I 

I O. 12 
I 

I :::: 
0.08 

I 

I 

o. o6 I 
I 

I O. 05 l 
1 o. o4 i 
I o. 02 

800 o. 09 o. 01 

1000 0.08 0.00 

0.5 0.3 0.7 

0.30 0.12 0 .41 1 

0.24 0,07 0.33 

0,21 0.05 0.21 
. 

0,18 0.03 0 .26 

o.1s o .o1 0 . 231 
' o. 1 2 I o. oo o. 2 o 

o. 10 

0.07 

0.06 

0.04 

0.02 

0.02 

0.02 

0.01 

o.oo 

0.1q 

C.17 

0 .14 

0.12 

o. 1 o I 
01 0!3 o 

0.07 
I 

0 .06 

I o. 05 1 

l I 

: o. 031 

j o. 0 2 

0.01 

l__ ___j 
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~ = o.:so 

t it I i' i,., i3 i2 
c::. 

I I l 0 7.')6 7.34 7.56 7. 71 

4 1 . 6 + 0.2 1. 5 1. 2 1. 3 

6 1 • 1 + 0. 1 1. 0 o. 7 0,8 

9 
- I 

0.95 ± 0.05 o.a5 0.5:5 0.70 

12 
I 0.85 ± 0,03 0.73 0,46 0.60 

15 o. 78 0,66 0.39 0.53 

20 o. 71 0.59 0.3 3 0.46 

25 0,66 0.54 0,28 0.41 

30 0,62 ± 0,02 0.50 0.24 0.37 

' 35 0.59 
I 

O. L~7 0,22 0.34 

40 0.55 + 0.01 0.43 0,18 0.30 -
50 0.51 0.39 0.14 0 ,26 

60 0.48 0.36 0.13 0.23 l . 
80 0.42 0.30 0.08 0. 18 i 

I 

t 
100 0.39 0.27 0,06 o . 15 

120 ! 0.36 0.24 0.04 0.1 3 

140 0.34 0 .22 0.03 0 .11 

160 0.32 0,20 0,02 0 .09 

200 0 . 29 0,17 0.01 0.07 

250 0.26 o. 14 o.oo 0.05 
I 

300 0. 24 0,1 2 I 0 ,03 

400 0.20 0.08 I 0 ,00 

600 0.17 0,05 I 
I 

800 0.15 0.03 ' I 
I 

1000 0.1 3 0. 01 I 
.L I , 



t 

0 

5 

10 

15 

20 

30 

40 

50 

60 

so 

100 

120 

1LJ.O 

160 

200 

250 

300 

400 

500 

600 

700 

800 

900 

1000 

-J = 0,40 

it 

1 o. 6 

2.0 + 0.2 

1 . 6 ± 0.1 

1.36 ± 0.0) 

1. 23 ± 0.03 

1. 08 

0,98 + 0.02 

0.90 

0.04 

o. 75 

0.68 

0.62 

0.59 + . 0.01 

0.55 

0.50 

0.45 

0.41 

0.35 

0.31 

0.28 

0.25 

0.23 

0.22 

o. 20 

----
i I 

10 .4 

1 .8 

1 .4 

1 .~o 

1 .07 

0 .92 

0 

0 

.82 

.74 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

.68 

5'1 . ' 

.52 

.46 

.43 

.3C: 

.34 

.2J 

.25 

. 1 ') 

.15 0 

0 . 12 

0 

0 

0 

0 

.09 

.07 

. 06 

.04 

i2 i3 

~.9 ').3 

1 • 3 0.7 

0 g . - 0.4 

o. 70 0,21 

0,513 0,13 

0.44 0,06 

0.35 0.03 

0.28 0.00 

0.23 

0.17 

0,12 

0.08 

0.07 

0.04 

0,02 

0.01 

o.oo 

-..-'---· 
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i2 

·--

10.2 

1. 6 

1 . 2 

o.q4 

0.81 

0.67 

o. 57 

0.49 

0.44 

0.35 

0,2J 

0,2) 

0.21 

0.18 

o. 14 

o. 10 

0.07 

0.03 

0,02 

o. 01 
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~ = 0.50 

r 
t it i I i2 13 i2 

---------1-----·--

0 13.3 13. 1 . 12. 1 11 . 0 12.7 

5 . 3. 5 + 0.3 ?1.3 2.3 1. 3 2 '") • 
10 2.8 + ("\. 1 2.6 1.6 r..6 2.2 

15 2.5 + - 0.05 2.3 1. 4 0.5 1 0 . -· 
20 2,28 2, 08 1. 17 0.34 1,66 

30 1. 98 + 0.03 1. 78 0.39 0.17 1. 38 

40 1. 77 1.57 0.70 0.09 1. 1 7 

60 1 . 4 'l + 0,02 1.29 0.46 o.oo 0.90 

100 1. 18 0.98 0.24 0.60 

140 0.?9 o, 79 0.13 0. 44 

180 0, 86 0,66 0.07 0.33 

200 0.81 o.61 0.05 0.29 

250 o. 71 0,51 0,02 0.21 

300 0,62 0.42 o.oo o. 14 

350 0.57 0.37 0.11 

400 0.52 G.7j2 0,03 

500 0.45 o. 2.5 0.05 

600 0.3--: + 0.01 0.1° 0.0'3 

700 C.35 0,15 0.01 

800 0.30 c. 10 o.oo 

900 0.28 o. 08 

1000 0.25 0.05 
' 

(____ .. 
__ _j 
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~-=-2ill 

--- -·Gl t it i' i2 13 12 

-- -r 
0 19.9 19.6 18.2 15.3 18.7 

5 6.9 + 0.3 6.6 5.2 2.4 5.7 -
10 5.8 ± 0.15 5.5 4.1 1.5 4.6 

15 5.2 + o. 1 4.9 3.5 1. 0 4.0 
I ~ ~.051 4.6 3.2 0,8 3.7 
I 20 4.9 

I 30 4.40 4. 1 2.7 0.5 3. 22 I 
40 3. 7 2.4 0.4 l 4.00 2. 82 I 
50 3.60 3.39 2.07 0.21 2. 5 31 
60 3.42 3.12 1. 83 0. 13 2. 27 1 

80 3.04 + 0.04 2.74 1. 48 0,06 1 . ') 1 

100 2.77 2.47 1. 24 0.06 1 . 65 
140 2.2<) + o. 0.3 1 on . _/- 0.84 1. 20 
130 1. 96 1,66 0.59 0.91 
240 1. 6.3 + 0,021 1. 33 0.35 0.62 
320 . 1.32 I 1. 02 0. 17 0.36 
400 1 • 13 0.83 0,09 0. 24 
450 1. 03 0. 73 o.o4 o. 16 I 
500 0,96 . o. 66 0.03 0.13 
600 0.82 o. 52 o.oo 0,04 
700 0, 73 0.43 0,01 
800 0.67 0.37 

900 0. 62 0.32 

1000 o. 59 0·. 29 
L 
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~ .=_1. 00 

t it E i2 · i I i2 3 I 

0 26.5 26,1 24.0 19.3 24.1 

5 1 o. 4 + 0.7 10.0 7.9 3.4 8.0 
101 8.9 + 0.3 8.5 6.4 2.2 6.5 
15 8. 1 + o. 1 7. 7 5.6 1. 6 5. 7 
20 7.6 7.2 5. 1 1.3 5.3 
30 I 6.69 6.29 4.20 0,81 4.36 i 
40 6.06 5.66 3.57 0.55 3. 74 
60 5.15 4. 75 2, 71 0.27 2~36 

100 3.C)3 + 0,05 3.53 1. 58 0,03 1~69 - -
150 3.20 ± 0.04 2,80 0.89 1. 01 
200 2. 76 2.34 0.52 0,64 

240 2.53 2.13 0.36 0.45 
280 2,34 .± 0,03 1. 94 0.23 0.31 

320 2.20 1.80 0,14 0.21 

360 2.09 I 1. 60 0.0? 0.15 

4oo I 2,00 1. 60 0.05 0,10 

4501 1. 90 1.50 0,01 c.o6 

500 l 1. 83 1. 43 o.oo 0.04 

600 1. 71 1. 31 0.02 

700 1.60 1 . 20 

800 1 . 51 1 . 11 

900 1. 43 + 0,02 1. 03 

1000 1. 38 0.98 
·-
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E = 1. 25 

~ 
it i' _i2~~-i2l 

33.2 32.7 27.9 19.4 -t27.0 

5 18 + 1 18 13 5 113 
I 

10 16. 1 .± 0.3 15.6 11 o. 8 3. 1 1 1 o. 9 

115 .3 2.6 11 o. 1 15 .± 0.2 14.3 I 1 o. o 
20 14.0 1. 7 8.8 13.5 8.8 
30 12.6 ± 0.1 12. 1 7.4 0.9 7.4 

40 11. 5 11. 0 6.3 0. )~ 6.3 

60 11 o. 3 9.8 5. 1 
0,2 5. 1 

100 I 
8.44 ± 0.02 3. 37 I I o.o7 7.94 3.35 I 140 7.33 6.83 2.32 2.31 

180 6.52 ± 0.05 6.02 1. 55 1. 58 

200 6.20 5. 70 I 1. 28 1.29 

250 5.65 5. 15 0.81 o. 82 

300 5.29 4.79 0.52 o. 55 I 

350 5. Ol+ 4.54 0.36 0.37 

400 I 4.8 7 b .• 37 I 0.27 0,28 

. 450 4.67 4. 17 0.14 0 . 15 

500 4.52 4.02 0,07 0.08 

600 4.30 3.80 o.oo 
700 4.16 3.66 
800 4.02 .± 0.04 3.52 

I 

__ l ___ . j_ __ j 
I 900 3.89 I 3.39 I 

I 1000 3.79 3.29 
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E = 1.50 

[ t ~-~it~! 1~T-i2-T·--1~--

o 39.8 39.~~0.7 
5 20.6 ± 0, 7 20.0 11.5 

10 19.1 z 0.4 18.5 10.0 

15 17.8 ± 0.3 17.2 8. 7 

20 16.9 ± 0.2 16.3 7.9 

30 15. 3 + 0. 1 14. 7 6.3 

40 13.8 

60 12.67 

80 11.85 

13.2 L.8 

12.07 3. 71 

11,25 2.95 

26.6 31.0 

7.5 11.8 

6.1 10.3 

5.0 9.0 

4.3 8,1 

2.9 

1.6 

0.49 

6.5 

5. 1 

4.0 

3. 22.1 

100 11.26 

120 1 o. 84 

10.66 2.42 0.28 2.67 

10.24 2.05 0.17 2.31 

150 10.28 ± 0.07 9.68 1.57 0.02 1.83 

180 I 9.93 

210 9.63 

250 9.28 

300 8.?2 

350 8.62 

8. 38 

9.33 1.29 

9. 03 1 . 09 

8.68 0.85 

8.32 0.59 

8,02 0.4":) 

7. 78 400 

500 

600 

700 

800 

900 

7.97 ± o.o6l 7.37 

7.68 . I 1.08 

0.30 

0,13 

0.08 

7.38 

7. 12 

6. 94 

1000 6. 74 

6. 78 

6. 52 

J
l 6. 34 

6.14 

o.oo 

1. 53 

1.31 

1. 04 

0. 79 

0.58 

0, ~~5 

0.28 

o. 18 1 

0.05 

I I 

__ j_j 

\ 

\ 

· . ..,_ 
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:_;,; = 1 . 30 

;-t -r--~-- i, 

~ -----
1 0 47.8 47.1 

5 29 + 1 28 

10 26.4 ± 0.5 25.7 

15 24.9 ± 0.4 24.2 

20 23.5 ± 0.3 22.8 

30 21.6 + 0.2 20.~ 

40 20.0 19.3 

60 13.1 ± 0.15 17.4 

30 17.1 16.4 

100 16.3 15.6 

120 15.7 15.0 

140 1L~.9 

160 14.7 

200 114.2 

240 13.3 

280 12.7 

360 I 11.8 

400 11.3 

500 I 1 ·~. 2 
' 

6GO 1 9. 3 

700 I 
I 8,6 

.± 0. 1 

14.2 

114.0 

13.5 

12.6 

12. 0 

1 1 • 1 

1 o. 6 

9.5 

8.6 

7.9 

7.5 

i2 ! i31i2l 
3~t28~~5.1 
15 · 9 1 16 

12.8 

11. 6 

10.2 

8.3 

6.8 

5. 1 

4.2 

3.6 

3. 1 

2.5 
') ,­
c...,) 

2.3 

1. 7 

1. 4 

1 • 1 

0.8 

0.4 

0. 1 

o.o 

I 

::~ I :~:~ 
5.0 1 10.9 

I 
3.3 I 9.o 

2.1 I 7.s 

0,8 

0.3 

0. 1 

o.o 

5.8 

4.9 

4.) 

3.8 

3. 1 

3. 1 

2.8 

2. 2 ' 

1 . 8 

1. 4 

1 • 1 

0.6 

0.2 

I 
800 

900 

I 1000 

8.2 

7.6 

7.2 

I 
6. 9 I . I I 
6. 5 I Jl I 

I 
j_ __________ j 



90 

~J-=- it_~- 1'-' ~--r~ i3~ 
0 53 · 52 ~ 29. I 32 

5 34 + 1 33 13 1 () 1 13 

10 32 I 31 11 8 I 11 

20 30 29 9 6 1 9 

30 27.5 ± C.5 26.5 6.5 3.9 i 6.8 

40 26.3 25.5 5. 7 3.2 5.6 
I 

50 25.1 + 0.4 24.3 4.5 2.2 4.5 
60 

I 24.4 23,6 3.8 1 . 7 ),8 

80 23.2 ± 0.3 22.4 2.6 o. 7 I 2.6 
100 22.5 ± 0.21 21.7 2.0 0.4 1.9 
120 22.0 21 . 2 1 ."5 0. 1 1. 5 
150 21.6 + ('·. 1 20.8 1 . 2 0.1 1. 2 
200 21.08 20.28 r. 78 c. 76 

250 20. 75 19.95 G. 54 0.52 

300 20.47 19.67 G.39 0.33 

· 350 I 2C".25 I 10.45 0.26 0.25 
I I 
I I 

0.22 0.16 400 ! 2r:'.07 19.27 
·I 500 19.63 18.83 0.00 o.oc 

600 19.46 18.66 I 
700 19.21 18.41 I 

I 
800 19.05 13 .25 I 
9oo I I 

10.82 18.02 
I I 

I ·-1~:1:8.62 17.82 I j_ ___________ ~ __ ___l 
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(b) O. 1N KCl. ~::: 0.10 

I =r--T- -, I 

I t I it 
. I • 

i3 i2 I 
l 12 

I ~ ----
I 

0 7.70 I 7;69 7.66 7.60 . 7. 66 
I 

3 0.5 .±. 0.1 0.5 0.5 0.4 0.5 

5 0.35 .:!:. 0.05 0.34 0.31 0.25 0.31 

7 I 0.29 .±. o. 04 0.28 0.25 0.20 0.25 

10 0,22 .:!: 0.01 0.21 0.18 0.13 o. 18 

13 o. 19 0.10 0.15 0.10 0.15 

16 o. 17 0.16 o. 13 0,08 0.13 

20 o. 15 0.14 0. 11 0.06 0. 11 

25 0.13 0.12 0.09 0.04 0.09 

30 0.119 .±. 0.002 0.109 1 0.076 0.032 0.078 

40 o. 101 0.091 0.059 0.019 0.060 

50 0.090 o. 080 0.048 0.012 0.050 

60 0.082 0.072 o.o4o I o.ooo 0.042 

80 0.063 0.033 0.073 0.031 0.002 . 

100 0.065 0.055 0 . 025 0.001 0.026 

120 0.060 0.050 0.020 0.022 

150 0.055 0.045 0.016 0.017 

200 0. Ol.p3 ' 
o.o38 ! o.o1o 0.012 

300 0.040 0.030 0.005 o.oo6 

400 0.035 0.025 0.003 0.003 

600 0.028 0,018 o.ooo I o. ooo 

I BOO 10.025 0,015 

J I 
1 1000 0.022 0.01 2 
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E = 0.20 

t it i I i2 i3 i2 

·--· 
0 15.4 15.4 115. 3 1 5. 1 1 5. 3 

4 1. 0 + o. 1 1. 0 I o. 9 0 .7 0.9 

7 0.69 + 0.05 0.67 0.60 0.42 0.59 

10 0.57 + 0.04 0.55 0.48 0.30 0.47 

13 0.49 + 0.03 0.47 r.4o 0.23 0.39 

16 0.44 + 0.02 0,42 0.35 o. 18 0.34 

20 0.40 + 0.01 0.38 0.31 0 . 15 0.30 

25 0. 340 .± 0 .0n3 0.32"' I 0.258 o. 103 o. 25 .3 

30 0.316 0.2CI6 0.225 0.077 0.220 

40 0.270 + 0.002 0.250 0.179 0.043 o. 174 

50 0.241 0.221 0.150 0.024 o. 145 

60 0.201 0.132 0.016 
I 

0.221 0, 1281 I 

80 0.1')3 0.173 1 
0. 1 OLt- o.oo6 (',180 1 

100 0.172 0.152 0.084 o.ooo o. 001 1 

120 0.158 0. 1 )8 0.072 0.067 

14C' 0. 11-+7 0.127 0.06 1 0.058 

160 0.136 o. 116 0 • 051 I 0.04q 

200 0.122 0.102 0.039 0.037 

~50 0. 108 0.038 0.028 0.025 

300 0.099 0.079 0.021 0.020 

4'::o O.Od4 0,064 0.010 o.ooa 

6oo 0.067 0.047 o. 001 0.001 

800 0.053 0.038 

1000 0 .052 0 .032 

:---
___. 
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~ = 0.30 

t it i' i2 i3 
~.-

l.2 

-

0 23.1 3. 1 22.9 22.5 22.8 

3 3. 1 + 0.2 3. 1 2.9 2.5 2.8 

5 2.2 + 0.16 - 2.2 2.0 1. 6 1. 9 

7 1 . 0 + 0.12 1. 8 1 • 6 1. 2 1. 5 

10 1. 53 + 0.08 1. 50 1.26 0.88 1.27 

16 1. 15 + 0.06 1 • 12 0.88 0.52 0.89 

20 1. 03 + 0.04 1. 00 0.76 0.41 o. 77 

25 0.91 + 0.02 0.88 

30 0.82 0.79 

0.64 0.30 I 0.65 

0.55 0.23 0.56 

40 o. 72 0,69 0.45 0.15 0.46 

50 0.633 ± 0.01 0~603 0.36Q 0.093 0.375 

60 0.581 + 0.005 0.551 0.318 0.062 0.3 24 

8o I 0.505 0.475 I 
100 I 0.453 0.423 

0.246 0.028 0.251 

0.1 CJ8 0.013 0.202 

120 O. L( 16 0.386 o. 163 o.oo6 0.167 

140 I o. 384 0.354 

0.330 16010.360 

0.135 0.001 0.138 

0. 114 0. 117 

200 I o . 333 0 .203 0.084 o.o-:6 

250 0.204 0.264 0.061 0.064 

300 0.267 0.237 0.042 0.043 

400 0.231 0.201 0.019 0.021 

6oo 0.1~1 0.161 0.003 0.004 

aoo 0.1 65 0. 135 

1000 0.149 0.119 
I 



I 
it 

--
0 30.8 

5 

10 

15 

20 

30 

40 

1 

1 

1 

1 

2 

2 

3 

4 

5 

6 

7 

8 

q 

10 

50 

60 

80 

00 

20 

40 

60 

00 

50 

00 

00 

00 

00 

00 

00 

00 

00 

3.3 + 0.4 

2.3 + 0.2 

1. 86 + 0. 15 

1. 58 + 0.1 

1. 27 + 0.06 

1 . 12 + 0.02 

1 • 01 

0.94 + 0.01 

0.821 

0.750 

0.693 .± 0.005 

0.652 

0.616 

0.561 

0. 510 +· 0. 004 . -
o. 4 7~~ 

0.426 

0.339 + 0.003 

0.362 

0.341 

0.322 

0.306 

0.286 

94 

--
i I i2 i3 i2 

--
30.8 30.3 29.7 30.3 

3.3 2.8 2.2 2.8 

2.:3 1. 8 1. 3 1. 8 

1. 82 1. 34 0.82 1. 36 

1. 54 1. 07 0.56 1. 08 

1. 23 o. 76 0.30 0.77 

1. 08 0.61 0.19 0.62 

0.97 0.51 o. 1 3 0.51 

0.90 0.44 0.09 0.45 

o. 781 0.326 0.030 0.33~ 
o. 710 0.263 0.013 0.268 

0.653 0.209 o.ooo 0.211 

0.612 o. 175 o. ·J82 

0.576 0.14 7 o. 14S 

0.521 0.103 0.105 

0.470 0.064 o.o6s 

0.439 0.048 0. 05C 

0.386 0.020 0.029 

0.349 0.005 o. ool 
0.322 0.001 

0.301 I 

o. 282 

0.266 

0.246 
I I 
~ 



E = 0. 50 

.---·--· 
t it i I 

0 38.5 38.5 

5 7. 1 + 0.5 7. 1 

10 4.8 + 0.2 4.8 

15 3.9 + 0. 1 3.9 

20 3.36 + 0.03 ~.31 

30 2. 71 + 0.02 2.65 

40 2. Y3 2.27 

6o 1.87 + 0.01 1.82 

80 . 1. 64 1. 59 

100 1. 47 1.42 

140 1.242 + - 0.007 1. 192 

180 1. 09 1. 04 

220 0.985 0.935 

250 0.92.? 0.373 

300 0.845 0.795 

350 o. 778 o. 729 

400 o. 723 0.673 

500 0.646 + 0.005 0.596 

600 0.577 0.527 

700 0.539 0.439 

800 o. 50.3 0.453 

900 0.469 :t 0.004 0.41 9 

1000 0.445 0.395 

-

i2 

37.7 

6.3 

4.0 

3. 1 

2.5 

1 • 8 

1. 4 

1. 0 

0.8 

0.6 

0.4 

0.3 

0.2 

0. 1 

0. 1 

0 

l+ 

6 

3 

0 

3 

2 

27 

81 

31 

o. o. o8 

56 

26 

0.0 

o.o 

o.o 02 

95 

i3 i2 

36.5 37.6 

5. 1 6.2 

2.9 3.9 

2.0 3.0 

1. 45 2.50 

0.86 1.86 

n.s5 1. 48 

0.25 1. 03 

0.13 0.81 

0.06 0.65 

0.01 0.448 

0.31 

0.230 

0,183 

0.086 

0.058 

0.025 

___ ___,__j 
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? 
. J = o. 75 

rt it i' i:-ri3 i2 

0 57.7 57.6 55.9 53.4 56.0 

.5 13.4 + 1 13.3 11 . 6 9.2 11.7 

10 0.5 ± O.l+ 9.4 7.8 5. 5 7.3 

' 15 a.o ± 0. 3 7.9 6.3 4. 1 6.3 

20 6.6 + 0.2 6.5 4.9 2.8 4.9 

30 5.4 ± 0.05 5.3 3.7 1. 8 3.7 

40 4. 6 ± 0.04 4.5 2.9 1 . 1 2.9 

50 4.15 + 0,03 4.07 2.49 0,81 2. 53 

60 3.81 3. 73 2.15 0.58 2.19 

80 3.32 3.24 1. 6q 0.34 1. 72 

100 2.90 + 0.02 2.-32 1. 30 o. 14 1. 32 

140 2.48 2.40 0.')2 0.05 0. 95 

180 2.21 2.13 o. 71 0.72 

240 1. 86 1. 73 0. 42 0.42 

320 1. 58 ± 0 . 007 1.50 0. 2;) 0.23 

400 1. 41 1. 33 0.13 0.14 

450 1. 33 1. 25 0. 10 0.10 

500 1. 24 1 . 16 0.05 0,06 

600 1 . 1 _) 1. 05 0. 03 0.03 

700 1. 02 0.94 o.oo 

800 O.J5 0.87 

900 0. 88 o. 80 

[0001 0 . 83 0.75 

--~ 
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Appendix v. 
Discharge Current Val ues~ 

In the follo·.•ing tables: 

~ is in volts, t in seconds and i in ~Amps. 

Section (a) (pages 98 and 99) anj Sectio~ (b) (page 100) 

contain data for 0.01 and 0.1N KCl solutions rGspectively. 
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(a) O. 01N KCl. 

+---::"-!J ~-o·: 1 o_ -~ 20 L2: 30 T ~-2so I o: 7~_1 

t l l 1 - l -r- 1 l 1 

0.45 T 1 - -

3.5 

2 

3 

4 

5 

0.20 0. 7 I 1.3 5.0 

6 0.13 

7 0.35 

a o. 1 o 
10 0.09 0.20 

11 

13 o. 08 o. 20 

o. 7 
1. 8 2.2 

1.7 3. 1 

1 • 15 

1. 30 2 . 5 

0.90 
2 .0 

15 

16 

20 

25 

30 

35 

40 

0.40 0.69 1.00 

45 

50 

60 

70 

·'30 

90 

100 

120 

140 

150 

160 

180 

200 

230 

250 

260 I 

30C 

400 

500 

600 

aoo 

r .o7 
0.06 

0.05 

0.04 

0.04 

0.04 

0.03 

0 .03 

0.02 

0.02 

0.01 

0.01 

O.QO 

0.18 

0.16 

0 .14 

o. 14 

o. 13 ' 

0. 11 

0.10 

0.09 

0.08 

0.07 

0.06 

0.05 

0. 051 

0.05 

0.04 

0.31 

0.23 

0.21 

c. 10 

o. 17 

c. 16 

0.13 

0.12 

0. 10 

0.09 

0.07 

0.06 

0. 04 

0.04 0.04 

0.03 0 .04 

0.02 O.C3 

0 . 02 0 .02 

0.55 

0.48 

0.41 

0.37 

0 .33 

o. 31 

0.28 

0 .24 

0.21 

0.1J 

0.16 

o. 14 

o. 1 ~ 1 

I 
0.09 

0.82 

0.69 

0.58 

0.48 

0.40 

0.35 

0.31 

0.27 

0 . 25 

0 .2 3 

0.19 

0 . 17 

0 .1 5 

0. 1L~ 

0.13 

o.c3 o.1o 

1. 75 

1 .49 

1. 30 

1. 13 

1. 03 

0.91 

0.76 

0 .65 

0.57 

0.51 

0.46 

0.41 

0 .36 
0.31 

0.28 

0 . 26 

0.23 

0.2 1 

o. 19 

0.07 0.09 0.17 

o. 14 

0. 11 

0.09 

0.08 

0.06 1 ooo I 
----------~·----~------+----~----~~---~ 
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(a) continued. 

-.;'1 
..!J 1. 00 

--r--·-~ 
1.25 1.50 1.8 0 2.00 

t i i i i i 
f---· ~-

4 7.25 11 15 19 
5 
6 5.4 
7 {').. ? 

~;. -
8 4.0 

10 3.6 6.8 
13 5. 7 
15 2.95 
16 5.0 
20 2.47 4.25 
25 1. 95 3. 7 
30 1. 65 3.20 
35 1. 50 2.85 
40 1. 30 2.55 
45 1 . 15 2.30 
50 1.05 2. 10 
55 1. 94 
60 1. 79 
65 
70 0. 74 1. 56 ' 
80 0.66 1. 39 
<)0 0.58 1.24 

100 0.52 1 • 1 3 
11 0 1. 03 
12C 0.44 0.95 
140 0.38 0.2.1 
150 
160 0. 33 c. 70 
200 0.26 n. s6 
250 0. 21 0. L~ 7 
300 o. 17 0. 3~ 

350 
400 0.1 3 0. 20 
5C)0 o. 11 
6CO 0.08 0.20 
700 
800 0.06 0. 13 
900 

12.0 

n.3 

;3.4 

7.4 
6.5 
5.6 
5.0 
4.45 
4.00 
3.65 
3. 38 . 
3. 11 
2. 91 

2.57 
2. 30 
2.10 
1. q2 

1.77 
1. 63 
1. 43 

1. 23 
1. 06 
0. 88 
0.73 

0. 56 
0.45 
0.3q 

0. 29 

-

14 .• 9 

12.2 

10.5 

s. 1 
8. 1 
7. 1 
6 7 • . J 
... I" ?.0 

5. 1 
4.8 
4.4 
4. 2 
3.g 

3.7 
3.5 
3.2 5 

2.8 0 
2.6 7 
2.4 9 
2.3 3 
2. 1 1 

1 • '?. 3 
4 

}3 

21 

1. 6 
1 . 
1 • 

f') 
' . -
0.8 
o. c 
o. 
0. 

5'1 
52 

19 

17.7 

16. 0 

14.6 

13. 0 

12.8 

12. 1 

11 . 5 
11 . 0 
10.50 
10.00 

9.15 

7.99 

6 . 62 
5. 63 
4.93 
4 . 4.8 
4.08 
3. 58 
3. 27 
3.03 
2 .82 
2 . 69 

~1°-vo_o __ ~_~_._o_s~~-o_._1_2~_o. 2~0.42·~-2-.56 

99 



( b ) 0. 1 N KC l. 

~-r 0.1~ 
t 

3 
5 
7 

10 

13 
15 
16 
20 

25 
30 

35 
1.1-0 

45 
50 
60 

70 
80 

i 

0.30 
0.16 
0. 14 
0.117 

C'.095 

o.oa2 
0.070 
0.062 

0.052 

0.046 
C.043 

0.036 
0.032 
0.028 

0.02 -5 

90 o. 024 

100 
120 
140 
160 
170 
180 

190 
200 
220 
230 
240 

250 
260 

300 
350 
400 
500 
600 

7UO 
. 200 

90C 
1000 

0.023 
0.020 

0.017 
0,016 

0.015 

0.015 

('.012 

0.012 
0 .011 
,.... .oc:: 
o.oo8 

c. 0041 

---
0.20 

i 

1.5 
1 . 0 

o. 7 
0.55 
0.43 

o. 3d 
0. 31 
0.26 
0. 223 
0.105 
0.17':l 

0.164 
(' .151 
0.132 
o. 116 
0. 105 
0.010 

o.of""l:: 

0.074 

c.o5o 

0.054 

0.043 

0.039 

0. 035 

0.025 
O.C23 
0.016 

O.C16 

0.013 

---

--
0.30 

i --
2.3 
1. 4 

0.8 
o.67 

0.55 
0.46 
0.365 

0.31 
0.27 
0.24 
0.22 

0,17 
o. 164 
0.139 
0.125 
o, 114 

0,104 

0.087 
0.075 
o.o6S 

0.059 

0.052 

0.044 

0 .035 
0.032 
0.025 

0.016 

0.011 

0.008 

0.4 0 
-

i 
-

3. 7 
2. 1 

1. 6 
1. 2 

0.9 
4 
0 

0.7 8 
0.6 4 

3 
18 
64 
2') 

·::J2 

0.5 
0.4 
o. -:s 

0.3 
0.2 
0.2 
0.2 

E4 

c. 1 

c. 1 

0. 1 

0. 1 

o.o 

o.o 

2r:; 
-' 

~4 

71 

39 
16 

C:i3 

75 

o.o 60 

0. 0 46 
o.o L~O 
0.0 Yi 
o.o 23 
0 . 0 1 ') 
c.o 15 
o.o 12 

o.o 03 

0.0 07 

0.50 

i 

5.7 
4.3 
3. 25 
2.53 

2.07 
1. 70 
1. J4 
1 . 1 1 
0.95 
G.83 

0.648 

0.541 
0.464 
0.410 

0.329 
0.202 
0.232 
o. 201 

0.164 

G. 141 

0.117 

0.0?7 
G. 082 
o.o6..., 

0 .051 
0 .039 

0.024 

o. o-16 

100 

. 
0.75 

i 
. 

20.2 

13. 6 
1 o. 6 

7.9 

5. 7 

4.4 
3.45 
2.8 

2.18 

1. 72 
1. 346 

1.166 
1. 036 

0.323 
0.682 
0.584 

0.430 

I 
o. 4041 

0.321 

0.265 

0,1q6 

o. 1 51 
o. '122 
0,105 
0.087 

0.069 
_L 
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