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Abstract

Renormalisation is an important aspect of Quantum Field Theory.
It is used to create physically meaningful theories and some major
developments took place in the 1970’s and onwards. We consider
Renormalisation in its application to the theories of y* , Quantum
Electrodynamics, Quantum Chromodynamics and the Background Field
Method. Feynman diagrams are used to illustrate many of the concepts.
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Preface

This thesis contains four chapters which lead progressively to the subject of
renormalisation which is mainly referred to in chapters 3 and 4.

Chapter one introduces much of the terminology which is used to describe
such fundamental concepts as the path integral and the generating function.
From this we define the free particle Greens functions and give the diagram-
matic representation of the Feynman rules. * theory is then introduced as an
example of an interacting field and the 2 and 4 point functions are calculated.
Emphasis is placed on the use of Feynman diagrams which summarise much of
the mathematical notation. The end of the chapter deals with fermions and
functional methods and the use of Grassmann algebra to describe anticommut-
ing fields.

Chapter two deals with gauge field theories and begins by describing the
Fadeev-Popov method and the motivation for its introduction. The Feynman
rules for gauge theories are introduced and the ghost and gauge field propagators
are calculated. Reference is also made to the coupling terms which arise from
the cubic and quartic terms in the Lagrangian. Next the self energy operator
and vertex function are considered followed by an introduction to the Ward
Takahashi identities which describe a relationship between the vertex functions
and the propagators and which are important in the renormalisation of QED.
The renormalisation of QCD requires the use of the BRS transformation and
the Slavnov-Taylor Identities and the end of the chapter contains two sections
devoted to this.

Chapter three is concerned with the renormalisation of 4*, QED and QCD.
Renormalisation is required so that the divergences occuring in the Feynman
diagrams may be eliminated. The chapter begins by describing these divergences
for 1* theory and by describing the technique of dimensional regularisation
which enables these divergences to be represented by poles in the dimension
plane. It is then shown how these divergences may be removed by making
suitable adjustments to the Lagrangian. An investigation is made into how
the Greens functions change as the scale p varies and this leads to a section
on the Renormalisation Group Equation. Having completed our discussion on
¥* we turn our attention to QED. As before the graphs containing primitive
divergences are examined but the renormalisability of QED is shown by means
of the Ward Identities which were derived in Chapter 2. Following this section
is a brief discussion of the BPHZ renormalisation scheme. This technique is
illustrated by placing boxes around the primitive divergences. Finally we look at
the one-loop structure of Yang Mills Theory (QCD). The approach here is similar
to that of the previous discussion on QED. We examine the primitive divergences
of the theory and use the Taylor Slavnov identities to prove renormalisability.

Chapter four deals with a more specialised area of Quantum Field Theory
called the Background Field Method. The chapter begins by introducing stan-
dard quantities such as the functional Z[J, A], T'[0, A]. Unlike the conventional
approach these quantities also depend on the background field A. Feynman
rules are established and we check the mathematical expression for a particular



Feynman diagram. The chapter ends with a brief discussion on renormalisation.
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Chapter 1

Introduction to the Path
Integral Formulation

1.1 Path Integrals

Path integrals are used in the quantisation of classical systems. The path in-
tegral approach to Quantum Field Theory was developed by Feynman who
continued the earlier work of Dirac in the 1950’s. In the classical approach to
quantisation one forms the classical action by integrating over the Lagrangian
density £. The Lagrange equations of motion may be derived by the Hamilton
variational principle. One then sets up the Hamiltonian which is the starting
point in the method of canonical quantisation.

The path integral approach to Quantum Mechanics is based on the notion
of a time evolution operator (or propagator) K(zsts;z;t;) which relates the
wavefunction ¥(z;,t;) at an initial time ¢; to the wavefunction ¥(zs,ts) at a
later time ¢;. Following the approach of Frampton [10] we start by considering
the one-dimensional Schroedinger equation for a particle of mass m moving in
a potential V(z). The equation governing the wave function (setting i=1) is

( 1 o2

2m Oz

Let us suppose that the wavefunction at an inital time ¢t = ¢; is given by
U(z,t;) = f(z). We would like to find the evolution operator K such that

+V(2)¥(z,t) = i%‘l’(x,t)

U(zs,tf) = /de(wf, tr; @, t:) f(z)
(This equation results from Huygens’ principle) It is clear that if
K(zyg,ts;z,t:) = 6(zy — )

then
/de(xf,tf;x, ti) f(z) = f(zy) = U(zy, t;)



We now have to consider the time component. The trick is to express K as a
path integral. We do this by dividing the time interval (¢; — t;) into (n + 1)
parts such that

to =t
t1 =t;+e¢
tn, =1t;+ne

ty =ti+ (n+1)e
where
ty —t;
n+1
We may represent typical paths from (z;t;) to (zsty) as Markov chains.

The Lagrangian is

L = T-V
1
= 52‘:2 - V(z)
We can therefore write the action as a discrete sum
iy
S = dtl
t;
L ma?
= S (B -V
k=1
n+1 m
= 3 e(5z(Te = zp-1)* — V(zk))
k=1

Note that Zj is the gradient of a particular segment and is given by

— Th— 1
T —Th—1 - —(Ilfk _zk_l)
e — tho1 €

We now consider the following expression which is a sum over all possible paths.

/ dzi ...dzne™ (1.1)



We may think of this integral in terms of the following illustration. Suppose we
have n parallel inﬁn\i:tely long horizontal wires each of which contains a bead.
ead n .

-
-
.

bead 1

—_— X,

Each of the beads can move freely along the respective wire to which it is
attached. If we associate x; with the position of bead 1, z» with bead 2 etc
- then a particular path (or positioning of the beads) may be defined by an
n-dimensional vector (z1,Z2,...,Z,). A sum over all possible paths is therefore
associated with the expression

) o0
/ dz; ...dzy,
-00

is simply a weighting factor dependent upon the particular path being con-
sidered. S : R® — R is the action functional which associates a real number
with each path. In the limit ¢ — 0 we find that the expression given by (1.1)
vanishes - it is therefore necessary to introduce a normalisation factor; we define

eiS

limn_,oo(wlre-y)""’l [dzy ... dzee®  (t; > t;)
0

K(zystsziti) = { (t; <)
1

It can be shown that

2mie, 1
N{e) = (—)2
() = (=)
Using a shorthand notation we have
K(Iltf,tf;.’l)i,ti) = /'Dxeis (tf > ti)

We now find the equation which K satisfies. We consider the time t = t; + ¢
when the position is £,,+2 Then

K(znyo,ty +6zi,t;) = /K($n+‘2>tf + € Tnt1,t ) K (Tnt1, ty; @i, t)dTnia

1 (B (03— ) 2V (B
= WO [ don et e VD K (g 3, 1)

im

1 o0 2 i
= dnel e —ieV(znt2)) ) tei s ts
N(E) /__oo 7€ (xn+2 +n,tf; X4, z)

where T,,4.2 = Tny1 —7. Expanding K as a Taylor series (setting z,+2 = = and
temporarily ignoring ty; z;, t;) gives

oK 1 ,0%K
K(z+n) = K(z) +77‘8;($) + 5772 52

(z) + ...
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Using the Gaussian

integrals
dne%"z _ ine
—o0 a
o i 2
ia
dqme~™ = 0
ble o)
o o iap2 1€ [ime
dptes” = o f—
—o 2aY a

and the Taylor expansion

one finds

1—3eV hd imn?
K(Znio,ty + 6 14,t5) = (—]\Z,e(e)‘(‘w—))[/ dn(K (z)e 3)

0K e imn? 0

+G@ [ e )+
1 . 2ime
D) (1 - ieV(z)) —
ie 2K

We also know that

K(z,ty + ¢z,

e~ V) =1 —ieV (k) + O(e?)

%W(% tr; i, ts)] + O(€%)

0 .
ti) = K(z,ty;24,t:) + e—a—E—K(;c,tf;a:,-,ti) + O(ez)
i

It follows by equating (1.3) and (1.2) that

2 6 9 H Rk 2 k] ai ’ 11y e
or ,
2 9 2 > f7 (204 9t1 3 f7 1 Ve

[K('Ta tfy T, tl)

2K oo = imn?
@ [ dnle ¥

(1.2)

(1.3)

Notice how our choice of N(e) simplifies (1.2). We have therefore shown that
K satisfies the Schrodinger equation. This result demonstrates that if ¥(z,,t;)
satisfies the Schrodinger equation then so also does

The above discussion is a useful introduction to path integrals.

\Il(a:f,tf) :/de(xf,tf;w,ti)\If(m,ti)

One of the

key results is equation (1.1) which demonstrates how the transition amplitude



< zmiti|lzyty > may be expressed in terms of a path integral. In relativistic
field theory the number of degrees of freedom is infinite. A field generalises the
concept of a generalised coordinate. We consider not just several particles but
a continuum of particles. If there is one coordinate for each point x of space
we may write the field as ¥(x,¢). In the case of a single degree of freedom (as
discussed earlier) we have with m =1

K(zg ty;zi,ts) = hm ( _+_ /dq1 .dgnes (1.4)

2171'6

+
S = Z[ =gk — ax—1)" — V(ax)]

k=1
n+l 1
6[541% ~ Vig)]
k=1
We now use the result that
_ L diedd _ [ WP ieprin—1a})

V2irwe 27

(which can be easily shown using a standard Gaussian integral) Substituting
this into (1.4) gives

k = [DPPDq if= i-(ip*+V))at (1.5)
27r
B dpidgs s
— n 5% i34 i (g5—0i-1)—H(ps, (05 +05-1))(t5—¢5-1)]
i, [ TLTT =it "
=17=

where H(p,q) = 3p* + V(g) is the Hamiltonian.
K may be expressed in terms of the Hamiltonian or alternatively in terms of the
Lagrangian. Both formulae are equivalent. We have

D4DP i f(pi—H)t
27r

_ / Dget S £ )it

K(.’L‘f,tf,.’b‘l,tz)

i

/ Dyqet’ (1.6)

The notion of the path integral is extended to field theory by allowing the
number of variables to approach infinity. We consider the case of a single bo-
son field. In this case the role of a coordinate is played by the field operator
D(z)| >= P(x)]yy > where ¥(x) is a function of the spatial coordinates. We
now consider the transition amplitude < ¥stajth1t; > from one field eigenstate

10



at time t; to another eigenstate at t». Just as in the previous discussion for
discrete quantum mechanics we may write this amplitude as a path integral.

< htalthits >= N/D%/J@ifw%

(%2(x) = ¥ (x,t2) P1(x) = P(x,t1))

Here we have made the substitution Dg — Dy and instead of dividing time
up into segments, we divide space and time up, and Minkowski space is broken
down into 4 dimensional cubes of volume 64 in each of which 4 is taken to be
constant.

1.2 Coupling to External Sources

In quantum field theory it is useful to introduce a source field in the path
integral. It has been stated (Guidry [13] 1991) that “all dynamical information
about a system may be extracted by studying the response of the vacuum to
an arbitrary external source.” A source field represents the act of creating
a particle. The act of destroying a particle may be represented by a sink.
The boundary conditions of the problem may be represented in the following
diagram.
_ t 0
i fachicle der;m;-%gc{

Poshele Cleated

o -

As t — oo we assume that the system is in its ground state of lowest energy
which we call the vacuum. The system evolves back into the vacuum as t = oo
via the creation, interaction and destruction of a particle, through the agency of
a source. What we would like to investigate is the vacuum-to-vacuum transition
amplitude in the presence of a source. We often write

< 0707 > =< vacuum(t = +oojvacuum(t = —o0) >
which measures the amplitude of the system to be in the ground state at ¢t = —oo
when it was known to be in the ground state at t = —oo, while in the presence

of an external source J that is turned off in the remote past and future. We
incorporate the source term in the path integral by modifying the Lagrangian

L= L+ yY(x)d(x)

We write
< ottty >5= Np /D¢eifd4z(‘c(¢)+¢(z)J(z)) (1.7

11



1.3 Generating Functionals

This section and the remainder of Chapter 1 follows closely the approach of
Ramond [2] and Ryder [5]. The right hand side of (1.7) is a functional of J. We
define the vacuum-to-vacuum transition amplitude in the presence of the source
J as

zZlJ = /Dz/)eif‘”z{EWHJ(ZW(zng?]
X< 0707 >y (1.8)

Notice that the convergence factor %iey’fz has been added to the Lagrangian.
Without this factor the integrand in (1.8) is oscillatory and the path integral
ill-defined. As mentioned earlier, we are to interpret (1.8) as a path integral
over all field configurations. Further to the previous discussion we can think
of the whole system as being enclosed in a (4-dimensional) box. We divide the
volume of the box into N* small cubes each of volume 6. This idea is nicely
illustrated in Guidry [13]

Z
% \52\33“ Z 2

By imposing this lattice, the field ¥ may be represented in each cube by a
discrete value. In the diagram, we may label each cube by a 4-component
object. For example, the cube highlighted may be labelled (x4,ys, z1,t1). The
field value in this cube may be denoted by 4311 or in general ¢;;z;. We may
replace the four indices (4,7, k,1) by one index n and write

L&ijrr, Outbijr) = L{¥n,0u¢n)
= L,

Since each of 1, 7, k, [ varies between 1 and N we see that n will vary between 1
and N%. The action S is defined as being the integral of the Lagrangian.

S:/£d4x

In the discrete case, in which we divide Minkowski space up into N* cubes we
have

N4
S~y 'Ly
n=1

12



(Notice that d*z has been replaced by §* - the volume of each individual cube).
The vacuum-to-vacuum amplitude Z[J] is therefore given by

Z[J] = hm /Hd¢ etZ” 6 (Ln+¥nTntier?)

As N becomes very large the cubes will become very small, shrinking to points
as N — oo. This is because the total volume of the box remains constant.
We calculate Z[J] in the case of the free particle field of mass m in which the
Lagrangian Lo is given by

1
Lo = 5(0up0"y —m?y?) (19)
The vacuum-to-vacuum amplitude (taking the limit as N — o0) is
Zo[J] = / Dypet S} 10u 40" b= (m? =iy |+ w)d*e (1.10)

This expression is most easily evaluated using a Fourier transformation to mo-
mentum space. The Fourier transforms we use are 4—dimensional

-~ S 4 .
Fo)= [ e P

F(z) = /jo g;%eipwﬁ(p) (1.11)

We also consider a 4—dimensional Dirac delta function

Ma—2) = 6(F-7)(=" - z%)
1 /oo dt i(z—z').p
= —rr— p e °
2m)* J_oo

Performing a Fourier transform on all the quantities under the d*z in (1.10)
gives

4 4t
/d4 d Pd [{ 3 zpzau ip’.x _;_(mz _ie)ei(p+P )~1}

xp(p)h(p') + T2 )y (p')]
=i [ dtp aty g T gl G — i) + T D )
The integral
diz
(2m)*

e@+P)2 = 5(p 4 p')

13



The dirac delta is then used to perform the integration with respect to p’. The
result is

; / 236 — m? + ie)bE)d(-p) + T)D(~p)

Next we make a transformation of functions -

. - J
¥'(p) = ¥(p) + 55?7%)--_;-75—) (1.12)
so that the exponent becomes
i [ @ 50 - m + 9P () - R (1Y

The first term in (1.13) gives the contribution to the vacuum amplitude with
J switched off. The second term gives the effect of J only. We notice that in
(1.12) 4 and ¢’ differ only by a constant function. This means that

Dy =Dy’
Hence
Zo[J] = e_%fd4p(pr,: =) /'deeifd“zf%@nﬂ’@“ b—%(m®—ie)y? | (1.14)
where we have used the property that J(—p) = J*(p). We may write (1.14) as
i ()12
Zo[J] = ¢~ LR 7 0] (1.15)

where
Z[0] = / Dy i f Aald0, v 0 =3 (mP=ic) 7]

We have therefore succeeded in factoring off the J dependence of Zg[J]. Consider
the J-dependent term in (1.14). We may revert back to spatial coordinate
dependence by means of (1.11) to give

2 = 1 -
—5/61410 J(P)mJ(—P)

7 dizdty _; 1 .
- _2 —ip.x ip.y
s/ P e P (@) )

e~ ip-(z—y)

= —% /d4xd4yJ(m){(2711_)4 /d4pp2 — +ie}J(y)

= -5 [ I@ar@ - Ity (1.16)

h
where . -
Ap(z —y) = g /d p(p (1.17)

2 —m? + e

14



Ap(z—1y) is called the Feynman propagator. The i€ term in (1.17) ensures that
one gets the correct contour integration around the correct poles which occur
at ko = £(k? + m?)2. We may write (1.14) as (dropping the prime on 1 )

Zo[.]] - e—%fJ(z)Ap(z-—y)J(y)d‘zc#y
x/D¢e—%f[¢(6“6y+m’—ie)¢]d“z (1.18)
We have used the fact that
/ O, p0# diz = — / YOO pdtx (1.19)

The surface term which arises will vanish if ¢ — 0 at infinity. We may rewrite
(1.18) in terms of Zy[0] to give

Zo[J] = [e—%fJ(I)AF(z—y)J(y)d4¢d4y]Zo[o] (1.20)

1.4 Free particle Green’s functions

We can show that Z,[J] is the *generating functional’ for the free particle Green’s
functions which will shortly be defined. Introducing the shorthand notation

< J1Ap12ds >1,2= fJ(z)AF(z —y)J(y) d'z d'y
we may expand (1.20) to give
Zo[J] = N{1- % < N1 Ap1ads >

1 7.,1
+§(%)2§(< J1Ap12dy >< J3Ap3ads >
+ < hAp13Js >< JoApogJy >
+ < 1A p1ady >< JoApasJs >) + .. } (1.21)

In order to interpret (1.21) we recall the power series expansion of a functional.

Fly]= Z / dey... dxn%Tn(azl, oo n)y(Ta) .. y(zn)
n=0

where

é )
e M
F[y] is called the generating functional of the functions Tp(z1,...,z,). We shall
relate this expansion to (1.21) after dealing with the question of normalisation.
Since Zg[J] is the vacuum-to-vacuum expectation in the presence of the source
J - it is sensible to set Zg[J = 0] = 1. This means that we can write (1.20) as

To(z1,...,Tn)

Zo[J] = e—3 JI(@)Ar(z—y)I(y) d*z d'y _ ~§</18F1272>1,2 (1.22)

15



Zp[J] defined in (1.22) is the generating functional for

T(z Tp) = L O /]
DT T im0 (1) 00 (®@n) | =0
The quantities 7(z1,. .., &) are called the Greens functions or n -point functions

of the theory. We shall now calculate the 2-point function

oy = BT
4 6J(#)0J (y) | 7=0
From (1.22) we have
l(;Zo[J] — 1 g —i<J1Ar12d2>1,2
i 0J(z) i 0J(z)

= (_/AF(w_ml)J(xl)d4xl)e—%<J1AF12J2>1,2

1__6_1__i__ — —i<JiAp12J2>1,0
Gir@m sy 2l = A —ye

+/Ap(x—zl)J(zl)d4x1/Ap(y~a:1)J(x1)d4x1

x e—-;-<J1AF12J2>1,2 (1.23)

Putting J = 0 then yields

1 6 1 46

T30 T 5 2o = k(e =)

or
7(z,y) = iAF(z — y)

Concerning the physical significance of the 2-point function we should note that

1 (_kz + m2)e—ik.z
u 2 — 4

= —§(z) (1.24)

Hence the name : Greens function! It turns out that the 3-point function is
Zero.

1 6 1 6 1 6
25J(x1)25J(x2)?5J(z3)Z°[J]‘J=°

= —iAp(ze —z3) /Ap(x1 —z)J(z)d'z e~ 3</18r12 2>,

7(z1,T2,%3)

—iAp(z2 — 1) / Ap{zs ~ :zz)J(x)d4:1: e~ 5</18r12J2>1,2

16



—iAF(IL‘s _ 331) /AF(:L‘Q _ :E)J(:E)d4.’L‘ 8—%<J1AF12J2>1,2

—/A(gg2 —z)J(z) d4z/Ap(x3 —z)J(z)d*z
X Ap(z —z)J(z)dis e 3<N1AF12/2>12
(The differentiation is easy to see using (1.23)). Setting J = 0 gives
T(21,22,23) =0

The 4 -point function is not zero.

1 4 1 4

—_— e T Z = —A — _ “i<J1Ap12J2>
P57 i 5a(an 2] F(2 — 23)Ap (21 — 24)e™

~Ap(z2 — z1)Ar(z3 — x4)e_%<J1AF12J2>

~Afp(z3 — 21)Ap(zs — ;1;4)6—%<J1AF12J2>

(The other terms in the 4-point function vanish when J = 0). There is a
standard diagrammatic representation for the n -point functions. We associate
with Ap(z —y) a line connecting the two space-like points x and y.

m(z,y) =iAr(c—y)==2 y

For the 4 -point function 7(z1, 2,3, z4) we have

. T1—-T2 T1—T3 T1—T4
7(zy, 72,73, T4) = ( o3—g ) +< o > + ( y—2s ) (1.25)

It is always the case that when n is odd the n-point function will vanish when
J=0.

1.5 Generating functionals for interacting fields

In equation (1.9) we dealt with the Lagrangian (L) in the case of a free particle
field. We now include an additional interaction term in the Lagrangian. A
standard case is when the interaction term is proportional to ¥*. This is known
as ¥* theory and the Lagrangian we consider is

L = Lo+ Ly

1 1
— _z_auwaud) _

2,2 9 4
Emlﬁ—zﬁl/’

We deal first with the case of a general interaction £;,; and show how the Greens
functions may be obtained. The normalised generating functional is
f Dwe(i5+i JJvd*z)

Z[']] f 'D’g/)eis

(1.26)

17



where

i
—
[

o
+
I
3
=
3]

Note that the denominator is just Z[0]. In the case when L;,; = 0 the numerator
becomes equal to the right hand side of (1.20) and the denominator becomes
Zo[0]. The left hand side is (by definition) Z,[J]. Hence we arrive at

(e~ J @ ArG@-9)IW)d"2d'y) 7 o7
Zol0]

which is the result in {1.22). (Note that we got round the problem of normal-
isation earlier by defining Zy[0] = 1). Equation (1.22) was in a suitable form
for functional differentiation with respect to J and we showed how the 2-point
function and the 4-point function could be calculated. Our aim is to find the
corresponding expression to (1.22) in the case of interacting fields. From (1.22)
we have

Zo[J] =

| ) ;
- ZolNl=~ | A —u)J d4 —3<J1AF12J2>1,2
ATeS] o[J] / F(z —y)J(y)d'ye™?
We now let the operator (8#8, + m?) act on both sides of this equation to give
! i
@0, +m) 5= told) = = [(00+mAR = I )y EEm

- / —04(z — y)J (y)dty e 3T AmTi>1s
_ J(x)e—%<JxAF12J2>1,2
() Z0[J] (1.27)

(using the result in (1.24) that (8%, + m?)Arp(z) = —&*(z). Equation (1.27)
is the differential equation which Zp[J] satisfies. From (1.26) we have

_1- (SZ[J] _ fD¢(eiS+ifJ¢d4x)1,/)(x)

= - 1.2
i 0J(z) [ Dypeis (1.28)
We define the functional _
. 6zS
b = ———
Z[Y] T<5Dy
Then from (1.26)
DweiSeifJ(z)d)(z)d“z
Z[J] f f’D 1etS
e
- / D2 [pled IEwE s (1.29)
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Note that

S = / (%aﬂzpa“«p - %m2¢2 + Lont)d'z

= [ GO0+ m?) = Lun)'a

Using this expression we obtain

(SZ . ) —i {1 M mAy—L; z i -
zﬁf‘% —_ Zw{e Jz9(@*8u+m®)y ‘Cznt]d4 }X [/eS'Dw] 1
= (00, + m2)¢(x)2[¢] _ a—g;—"iz‘w]
= (08, +m*)Y(x)Z[Y] — Ll (V) 2] (1.30)

Multiplying both sides of (1.30) by e"f J(@)(@)d'e and then integrating over
gives

5Z[¢] sz(z v(z)d zer (6uau+m2)15Z[J] - | )

() 157(z) ez 5712171 (1:31)

(we have used (1.28) and the argument of £}, has been changed from ¢ to 1%
since L s

sl il @)t i] J(@)y(@)ds

i 67(2)° =v(z)e )

The left hand side of (1.31) may be simplified
NEYAT Sdts iy Data
z/ﬁﬂgﬁ(@ﬂ oDy = i I TR Z

+ [ @2 @@y

= J(z)Z[J] (1.32)
Combining (1.32) and (1.31) we have
00, + m*) T ST = Lo Gy = J@21) (133)

Our aim is to solve this equation for Z[J]. In the case of the free field £,y =0
and we reobtain (1.27). We can show that the solution to (1.33) is

Z[J] = Netd Line(37) 0= 71 1) (1.34)

where N is the normalising factor. The proof is as follows.
Proof
We start by proving the identity

8

i [ Lin (bt )dt N G N 1
oSGt (@)l S TN = 5 (@)~ LG 5505)

(1.35)
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Let us call ] L s ] L s e
0, = et LintGaTEIY 5 ()t Lone GG 4y

We evaluate this quantity by introducing a parameter A by defining
0, (\) = e_i’\jLs‘nt(%TJJ(_y))d4yJ(z)ei’\fLint(%Tfy))d4y (1.36)

We then create a first order ordinary differential equation for 6.

dea:()\) = —ie —ZAfﬁtnt(t 51(:1))'1 y[/ Emt(

) = )dty]J (z)eP I Lzt

5.]( )
+[ie—zAf£;nt(7W)d y]J(z)[/ Lint(= JJ(z ))fy]eikfﬁint(%ﬁ)')d‘ly

= —iem M Em Gty / [Lint (3 ), J (@)t ye S Cone i)y

6J( )

To work out the commutator, we note the result
[Cint(3 ), J(2)] = =il (3 )84 (z — ) (137)
ST 6T ( ) '
which is the functional analogue of the elementary result
d g d
[F(Z)a = F'() (1.38)

We may verify (1.38) for a simple example. Suppose F(z) = z? then

[F) el = () () = a(30)

_d dif 2,
- E:L:(z’b xdx) zde
_ody | dy | Ay Py
= i Tt T
-
- dz

. d
= (E)w

Equation (1.37) means that

dfz () A [ Line(L =)y 0 A Line(:Sr)d?
_(11;—A_ = —je AS Line(3 JJ(y))d y[_l[';nt( 5J( ))]elz\fﬁ (3 6_,(!,))(1 Y
¢
R Y .
Equation (1.39) may be integrated to give
)
ezo\) = mt( (SJ( ))’\ +C
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C may be evaluated by noting that 6,(0) = J(z) from (1.36). We would like to
calculate 8, which is done by setting A = 1.

1
=7
91_‘ ‘Cznt( (5.]()

We use this result to show that (1.34) is a solution of (1.33). Multiplying both
sides of (1.34) by J(x) gives

) +J (@)

J(2)2[J] = NJ(z)etd S Caam) vz ) (1.40)

Using the identity in (1.35) we can write the right hand side of (1.40) as

Lol 57771201

Using (1.27) for the term involving J(z)Zo[J] and interchanging the order of
efint and L), , gives

Neifcint(%" 76 )d4y[‘](z) -

ol 67y
5J( )

)[eifﬂinr(%rf:—y))d Y1Zo[J]

E;"t(Z(iJ(:c)
= (@0, +m)TFIR - L5512l

We have shown that (1.34) satisfies the differential equation (1.33). Equation
(1.41) is often rewritten as

" > 1 1 JZ[ Iy — 52 . 1

(1.41)

Let us call
1 1 6z[J]

va(®) = I 217 57()

(v () is the field which satisfies the classical equations of motion. ie.
(0#8u + m®)pa(z) = J(z)

in the case when L;,; = 0 see Chapter 2 -equation (2.42) }. The last term in
(1.42) represents a force since it involves the derivative of the potential function.
Let us suppose that Lins = —%9* (¢* theory). Then

1,016 gL 8

The right hand side of (1.43) may be evaluated in terms of ¢;(z). We note the

identity in which L9Z occurs :
Z 578

62 162 _ 2 (‘S_Z_)3 3 éQ_Z_)(‘S_ZH_l‘_S_a_Z_
SI2ZsJ 7z Z2°6J2 V6 ZéJ3

(1.43)

(1.44)
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The left hand side and the first term on the right hand side may be easily
interpreted in terms of ¥ (z). The second term on the right hand side cannot.
But then we may appeal to the identity

192, 2523 2 827 62
Pl 3] =~ () + a(52)(57) (1.45)
(1.44) and (1.45) may be combined to eliminate the unwanted term -5 (é—ﬂ)(
Then the whole of the right hand side of (1.43) may be expressed in terms of
1. The result is

( i 67 é_é___i5_2)2_( zéZ) 1622
J2 ZzsJ’ 287\ Z%3) TVTZ81 TZerE
Referring back to (1.42) we have

(00, +m*)pa(z) = J(z)- z)3(Z ¢cz(fv) ¢cz() i (z))

6J2 26J

J(z) - ggbf,(z) 3l 5J2¢cz( z) + ZJJ’(/)CI(:D)

The first two terms on the right hand side give the classical equation of mo-
tion. The last two terms are purely quantum mechanical. We now examine the
generating functional Z[J] for ¥* theory. Using perturbation theory we show
how the (disconnected) Green’s functions may be obtained. The major differ-
ence between these functions and the free particle Green’s functions (discussed
earlier) is that in the former case the interaction term proportional to 1% gives
rise to vertex diagrams >< . Such diagrams do not occur in the latter case
in which £;ns = 0. The normalised generating functional Z[J] for ¢* theory is -

i f Lint (3 55f5)d% 2 o4 [ J(2)Ar(z—y) I (v)d*edly

Z[J] = (1.46)

eif‘c-'n'(% u(z))d Fe—3% L [ J(z)Ar(z—y)J (y)dizdty [J=0

where Lin; = —;f—lw“. Using perturbation theory we may expand the numerator
as a power series in the coupling constant g - :

1- ig /(1 e ))4d42+0(g Ye~ —£ [J(2)Ap(z—y) T (v)d*zd*y

The term independent of g is simply the free particle generating functional
Zg[J]. 1t is a straightforward exercise to show that

1 4 Jie—t S T@Ar (=) (1) d sty
i 6J(2)

{=3[AF(0)]® + 6iAF(0) x [/ Ap(z — z)J(z)d*z]?

+[/ Ap(z — z)J(z)d* z]*} x g5 J@Ar(-v)I ()d =dy (1.47)

22



Using diagrammatic notation we may write (1.47) as

1 46
i6J(z)

)4€—§<J1AF12J2>1,2 — {—3&3 +6ix—0-x+x }e—%<J1AF12J2>1,2 (1.48)

Notice that crosses have been introduced. This is due to the J terms. The
standard convention within quantum field theory is to represent the expression
i(2m)*J(p) by a line with a cross attached as follows

e

The Feynman propagator Ap(z — y) is represented by a line

X—Yy
Ar(0) = Ap(z — z) is represented by a closed loop. The interaction vertex
is a consequence of the fact that L;; contains 1*. The coefficients 3, 6 and
1 in (1.48) follow from symmetry considerations and are known as symmetry
factors. There are three possible ways of constructing the first diagram o©0
from the vertex X . I ,2

X,

We may join (1 to 4 and 2 to 3) or (1to 2 and 3 to 4) or (1 to 3 and 2 to 4).
Similarly there are six ways of constructing the diagram _O from X . The
double loop graph 0o is known as a vacuum graph since it contains no external
lines. Just as in 1.48 a factor of J is associated with each external line. (Hence
there are 2 J’s and hence 2 crosses associated with the graph x QO y and 4 J’s
and 4 crosses associated with the graph X ). The denominator of (1.46) is
easily evaluated by setting J = 0 in (1.47). This gives

[eif'Cinte‘%<J1AF12J2>1,2]IJ:0 =1- 9 /(_3 o0 )d4z (1_49)

The complete generating functional to order g is found by combining (1.48),
(1.49), and (1.46).

[1-8 [(~300 +6ix0x + P& )diee $<hdrali>ia
1-% (-3 00 )diz
_ %1% f(GZy'Q"x+ X)d4z]8—§<J1AF12Jz>1,2
1-% [(-3c0 )diz

zl)] =

The denominator may be expanded using the standard Taylor series
A4+z) ' =1-z+...

To order g we have

2= 1= 2 [(Gixox+ B ) diz ertshdmaina (150
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An important point to notice is that the vacuum diagram QO has disappeared
in Z[J). It turns out that this is true to all orders of perturbation theory.
2 point function The 2-point function is defined by

&z
(5J(.’L‘2)6J(.’L‘1) [J=0

T(Z1,T2) =

On differentiating the first term in (1.50) (namely e~5</1AF12J2>12 ) we have

1 ) i 4 17
= -3 [J(=@)Ap(z—y)J(v)d*zd'y _ _ _
i 6J(z1) " (=3 / Ar(z1 —y)J(y)d'y)

X e—%fJ(z)AF(z—y)J(y)d‘zd“y] x 2
(]

(e—%fJ(z)AF(z—y)J(y)d‘zd‘y) = iAp(zy — xz)e——;-jJ(z)Ap(z~y)J(y)d4zd4y

1.6 1 4

+ other terms

The omitted terms will vanish when J = 0 and we see that the first term in the
2-point function is iAg(z; — z2) which is the free particle propagator. We now
differentiate the second term in (1.50). We must evaluate

1 4 1 4

zm;mé%(m / d*zdtyd z Ar(2—3)J(z)AF (z—y)J (y)e T <TArala>1z)

The result (on setting J = 0) is
~LA#(0) / & 20p(z - £1)Ap(z — 22)
We then have

7(z1,2) ZiAF(xl—.’L‘z)———g'AF(O)/d4ZAF(Z—.’L'1)AF(Z—$2)+O(gz) (1.51)

TN = U “% -0 4+ O
The effect of the correction term in (1.51) is to change the value of the

physical mass away from m. Using (1.17) it is straightforward to show that

) gAF(O)/ e—ip.(:n—-zz) 4
—ZgA Ap(z —z1)Ar(z — fe=-3 d
59 F(O)/ Fle—e)brlz—alde = =500 | (Gr a4 P
The 2 -point function is therefore given by
i e—ip-(z1~22) %igAF(O) 4
T(z1,32) = @n)t /p'z —m? +ie 1 p? —m? +ie]d P
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The term in square brackets may be written as

- 3igAp(0) .,
p2 —_ m2 + 1€
This gives
i e—ip-(z1—22)
? = d4
7(z1,%2) (2m)t /(pz ~m? — $igAp(0) +ie) P

The Fourier transform of 7(z,,z2) will now possess a pole at

2
T

1
p?P=m?+ §igAp(O) =m?+ém’=m

where 1
(sz = §lgAF(O)
m, is called the physical or renormalised mass.

4 point function
The 4-point function is given by

_ 8*Z[J]
T($17$2,-’133y$4) - 5J($1)5J($2)5J($3)5J(.’L‘4) /=0

The first term in the expansion of 7 ( to order g°) is given by (1.25) which we
may write as

——(: +1+ X)) = -3(2)

We can now calculate the next term. We must evaluate

g ot
437 (21)0J(22)0J (z3)0J (z4) [Ar(0) / dzd'zd'y
Ap(z — z)J(z)Ap(z — y)](y)e"—%<J1AF12J2>1,2]|J:0 (1.52)

It is straightforward to show that (1.52) is equal to

—YAp0) [d*2[AF(z — 1) AF (2 — z3) Ap(zs — z4)

+Ap(z —21)Ap(z — 23)Ap (T2 — 14)

+AF(z — 21)Ar(z — £4)Arp(z2 — z3)

+Ap(z —22)Ar(z — 23)Ap (21 — 24)

+AF(z — 22)Ap (2 — 24)Ar (21 — z3)

+Ap(z — 23)Ap(z — 24) AF(z1 — 32))

which we may write as
eSS
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Finally we calculate the term involving the 4-point vertex in (1.50). This is the
last term to give a contribution of order g to Z[J]. We must evaluate

_ig &
41 8J(z1 )0 (x2)6J (23)8J (24)
x{[ / Ap(z = z)J(z)da] dtze™ 1 [ T@Ar eI W)dadtyy |

= -ig/AF(z1 — 2)AFp (22 — 2)Ap(zs — 2)Ap(zq — 2)d*z
= —ig X ] (1.53)

The cross in (1.53) should not be confused with the cross in (1.50). The cross
in (1.50) is taken to mean

[ / Ar(z - 2)J(z) dz]?
The complete 4-point function, to order g is then
7(21,22, 23, 74) = —3[=] = 3ig(L) — ig(X)
We summarise the Feynman rules for 4* theory. In coordinate space they are

line T y Ap(z —y)
vertex integration over z —ig

We call diagrams such as ( &—) disconnected since it describes two particles
moving independently. Notice that in the expression

—igAp(0) /d4z Ap(z — 21)AFr(2 — z2)Ap(z3 — 34)

Afp(zz — r4) does not take part in the integration. It is “disconnected” from
the rest of the expression.

1.6 Generating functional for connected diagrams

We now define a generating functional W which generates only connected Feyn-
man diagrams. It is given by W[J} = —ilnZ[J]. For example, the connected
4-point function is given by

5w
(5J($1)5J(.’D2)6J($3)(5J($4) [J=0

It can be shown that this expression will not contain disconnected diagrams
such as (=)
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1.7 Path Integral Formulation with Fermions

In this section we consider a “path” integral over Grassmann (anticommuting)
fields rather than ordinary commuting fields. We start by considering the case
of a single Grassmann variable . It satisfies

{6,6} =0 or 6% =0 (1.54)
({ , } is the anti-commutator) The differential operator 4 is defined by

{d%,a} =1 (1.55)

Due to the anticommuting nature of the variables there are two types of differ-
entiation, left differentiation and right differentiation. The left derivative of the
product 46, is

6L

£ (6182) = 1182 — 6261
and the right derivative is

8R

%j(&az) = 0;26h — 6,102
Both these derivative operators satisfy

3] g 0
{59_i’6j} =d;; and {8_&’5—9_3—-} =0 (1.56)

Notice that (1.55) follows from (1.56). For any function f(6) we have a power
expansion

f@)=a+bd
This follows from (1.54) since the quadratic term vanishes. Integration is defined
as follows.
/dQ:O and /d06=1
For n Grassmann variables #,,...,6, we have

/d&, =0 and /dei 0,‘ =1 (1.57)

(no summation over i). When more than one variable is involved the integration
is performed according to a nested procedure. For example,

/d91 /d@gelgg = —/d6‘1 /(dggez)el = -1

An integral which arises frequently in path integral evaluations with fermions is

In(M) = / dby ...doye"M?
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M is an N x N antisymmetric matrix with ordinary valued elements m;;. If
the exponential is expanded by means of a power series we will obtain a finite
number of non-zero terms. (This is because of the Grassmann nature of the
variables.) We guess at the general result by looking at some special cases. For

N=2
)
0, @ mi1 My2 1
(6 62) ( M1 Mag )

muef + m216201 +1m126:105 + ngeg
= 0+ (—m2)(—6162) +m126:10, +0
= 277’1120192

6T Mo

Note that at the outset we could have set the terms mi; and mas equal to zero
since M is antisymmetric. The last line follows from the antisymmetry of M
and the Grassmann nature of 8;. Hence

I(M)

/ df; dfpe=>m20162

/d&ld{)g(l —2m120162)
= 2miq

(Using the Grassmann rules for integration and noting that the power expansion
of the exponential terminates because of the Grassmann property). For an
antisymmetric 2 X 2 matrix

migs = detM
This gives
I (M) =2VdetM (1.58)

In the case of an odd value of N, say N = 3 we may show that

e—0TMO g _ 2(m126105 + ma36263 + m31636,)
So then

I3 (M) = f d61d62d63(1 — 2(m126192 + ma3636, + m310301))
=0

Before making an intelligent guess we go one step further: N =4
It is straightforward to show that

TME = 2(m129192 + 11360103 + M1461604 + 030502
+mM246204 + m346364)

In the exponential e=¢" M? we need only retain the term involving 8,826, since
Yy g

all other terms will vanish by (1.57) and (1.54). We find that
1 .
emfTMO — 4 5 OTMOP + ..

= ...+ —2'—|(m12m34 — M13Mas + M14Mao3)61620304
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Hence
Li(M) = 4(miamas — mizmoyg + Mygmag = 4VdetM (1.59)
This generalises to give
In(M) = 2% VdetM (1.60)

We see from (1.58) and (1.59) that this formula gives the correct result for N = 2
and N = 4 respectively. It is perhaps early to infer the factor 27. If we had
performed a similar calculation for N = 6 it would have been more convincing
evidence that 2% is correct.

(1.60) may be generalised to the infinite-dimensional case and its importance is
seen in Chapter 2 when ghost fields are introduced.

When describing Fermi fields we need to make the transition to an infinite
dimensional Grassmann algebra. We denote the generators by 8(z). They obey

the relations
{6(z),8(y)} =0

/ dC(z) = 0 / C(z)dC(z) = 1

We consider the following Lagrangian for a free Dirac field :
L=y"( @ —m)yp

The normalised generating functional for free Dirac fields is

Zofn ] = — / Dy Dypet ¥ @EF-m)v(@) 1" @)v(e)+4" @n(elds (1 61)

’ N
N is the normalisation factor and is given by
N = /Dlﬁ*Diﬁe"fw*(“’)(ia”m‘)‘/’(z)d%

n{z) and n*(x) are the sources for the fields ¢*(z) and ¥ (z) respectively. By dif-
ferentiating (1.61) functionally with respect to the sources we can calculate the

Greens functions. Firstly we simplify the appearance of (1.61) by introducing
the notation

Sl=ig—-m
Then .
Zoln,n"] = / Dy~ Dipet [V o v Tndte (1.62)
By putting
Q, ™) =" ST + "y + 9™ (1.63)
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we would like to find the value of ¥y which minimises ). This approach is similar
to the saddle point evaluation of the path integral. Integrals of the form

I= /da: e~

where a(z) is a function of = can be approximated by expanding a{z) around
zo where a(z) is stationary.

a(z) ~ a(zg) + %(1‘ — z0)%a" (o) +

Then
[ ~ g—(@0) / doe—}(@—20)%a" (z0)

If a"(zg) > O (ie. the function is concave up) the integral becomes a Gaussian
and is easily evaluated. The approximation will be good if a(z) climbs away
rapldly from the minimum value at z¢

{ MA [19510{
GPFfoleaG’\w WFF(DXJM Qh‘oyg

We apply this technique to approximate the integral in (1.62). Instead of min-
imising the function a(z) we work with the function @ (¢, %*). To find the value
of ¥ which minimises ¢} we must calculate the partial derivatives aﬁ} and <

I
and set them equal to zero.

aQ —_ * aQ__ * %
w—wS and %—0 = o, =-n"S
oQ

8Q
1 - _
e =S¢ +7n and 51/) =0 = Ym Sn

We have assumed that S~! has an inverse. The minimum value of Q is

Qm = Q(Ym,¥y,) = —n"Sn

We then have
Q = Qm + (1/)* - Wn)s—l(lﬁ - "/’m)

and
7y = %7_ / Dy Dipet J[Q@m+ " =93)5 T W= dte

= ]ive[—ifn*(z)sn(y)d“zd"y]/D¢*D¢eif[(¢*—¢:n)s~l(¢_¢m)]d4z
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Notice that e’/ @=4'% has been taken outside the path integral since it does not
depend on ¢ or ¥*. If we make the change of variables

Y=yt~ and ¢ =4 — U,

then we find
Dy =Dy* and Dy’ =Dy

This gives

Zo = 71/'_6[—27n'(ac)Sn(y)d“zal“y] /D¢*/D¢/eif(w*'s-1¢')d4z

Dropping the primes it is clear that N = e S ST 9)d% il cancel with the
path integral term on the numerator. This means that

Zoln,m*] = el=i S 7 (@)S(z~y)n(y)d*zd®y]
We now show that S exists. It is given by
S(x) = (i §+m)Ar(z)
where Ar(z) is the Feynman propagator. Note that

S7IS =G d-m)(i @+ m)Ar(z)
= (~049, —~ m*)Ap(z)
= §*(z)
The free particle propagator for the Dirac field is defined by
6220{777 77*]
T(z,y) = ——————+
) = = 5 @)on ) o
This is equal to
¢ é
n{z) on*(y)

This last line is just iS(z — y). It is convenient to summarise our formulae for
the free propagators of scalar and spinor fields. The free particle Lagrangian for
scalar fields is given by

{-i / 7" (2)S(@ — v)()ded*y} o

Lo = 50,00 — sm™? =~ (33, + m*)y
and the 2-point function was found to be
T(z,y) = iAp(z —y)
For spinor fields the Lagrangian is
Lo =i yH0up — myp™y

=¢*(i Py —m)p
= ¢=S~1y
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and the 2-point function is ¢ times the propagator

T(z,y) =iS(z —y)

In each case the propagator is the inverse of the operator appearing in the
quadratic term of the Lagrangian. ' ‘
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Chapter 2

Gauge Field Theories

2.1 Quantisation of Gauge Field Theory

We begin by considering the generating functional
Z = / DA, ¢S4l (2.1)

where the action S[A,] is invariant under a gauge transformation. We write
S[A,] = S[4]

where A/, is related to A, by a gauge transformation. Notice that in (2.1) the
integration is taken over all fields, including those field configurations which are
related to A, by a gauge transformation. This gives an infinite contribution to
Z and leads to an overcounting of the physical configurations.

The set of all fields A} (z) (for a given space-time point x) which are related
to A,(z) by a gauge transformation constitute an orbit. Our aim is to devise
an integration procedure which selects a unique representative from each orbit.
The restriction which we introduce to achieve this is called gauge fixing. A
useful illustration which is contained in Guidry [13] is as follows -

0o € Afowe
NG ‘\;,;\..— ) \_,\\ T .
Mo

olp.

/\)

The gauge fixing constraint is of the form f;(4,) = 0 where ¢ = 1,2,3. When
performing the integration in (2.1) we would like to count each orbit once only.
This is achieved by taking the point at which the orbit crosses the surface defined
by the gauge fixing condition (2.1).

We now introduce the Fadeev-Popov procedure which applies the above ideas
in the Feynman Path Integral.
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2.2 The Fadeev-Popov method

A good description of this idea is found in Lee [17] and the following discussion
follows this approach. As mentioned above the path integral (2.1) is to be
performed over distinct orbits of A, (z). This idea was implemented using gauge
fixing. We can define the gauge condition by the equation

F*l4b]=0 (2.2)

(a and b are internal indices.) Since the divergence due to “overcounting”
in (2.1) is due to an integration over group space we recall some facts about
integration over group representations. Given a symmetry group G and two
elements g,¢' € G we define the Hurwitz measure as an integration measure
which is invariant in the sense that

dg' = d(g'g)
The infinitesimal form of the general gauge transformation associated with
U= eiwa(z)M“
is
Uw) =1+ iwM® + O(w?) (2.3)

Notice that the gauge transformation is determined by the gauge parameters
w®(z). We may then choose the group measure to be

dg:Hdw“zdw “where g~1

We also have

Al = (Au)g = A5+ febeAbwe + 0,0 (2.4)
where f%¢ are the structure constants of the group G. Consider now the quantity
87 = [Dw s(FIA) = [ Do s(FLAL) (2.5)

where

Dw = H dw (z)
Dg =[] dg(=)
T
and
S(FIAL]) = [T o(F[(4 (@) (2.6)
b,z

is a product of Dirac delta functions one at each space time point. In this
formula A is short for Af,.
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Notice that the measure Dg in (2.5) has an infinite number of degrees of freedom,
one at each space time point. If we let g; = g(z;) then we may write (2.5) as

J T dass(Fl46D

Consider a space time point z = z,. We may write (2.5) as

J 11 dasd(FLan0)do,(F14, )
i,i#p
Examining the g, integration we see that we will only obtain a contribution to
the overall integral when g, assumes the value which makes F(4,,) = 0. At
each space time point 4 there is a unique element of the group (say g.,) which
contributes to the integration.
We now observe that A~![A] is gauge invariant -

A~l[4,] = [Dg' §(F[Ag,))
= f’D(g'g) 5(F[Ag’y])
= [D(g") 6(F[44"])
= A-'[4]

Notice that g = g'g and Dg" = Dg'. Since A[A] is defined by A~![4]A[4] =1
we therefore have

A[A4] / D w 8(F[AJ]) = 1 @.7)

‘We may insert this into the expression for the path integral giving -

/ DA = / DALA[A,] / D w §[F(4,)u])e’

Performing a gauge transformation A, — (A4,),-1 gives

/ DA,eS = / DA,AA] / D w §(F[A])e*® (2.8)

Under the transformation the action and A[A] remain invariant. But now noth-
ing in the expression depends on w and the integral over gauge transformations
D w is a multiplicative factor associated with the ”overcounting”. If we there-
fore redefine Z as

Z= / DALAA,] S(F[A,)eS1A) 2.9)

the difficulties in (2.1) will be removed.
We must now find an expression for A[4,]

oF 5A% +

F“[Aw]zF“[A]+6AZ A
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_ pa OF® b
= P+ G (D)

for infinitesimal transformations w close to zero. D, is the covariant derivative
bd _ sbd bde e
D, =60, + f**°A;,

Choose A such that F°[A] = 0 then (for infinitesimal w )

Fa[Aw] = g%(Duw)b (2.10)
n
and
A-[4] = / Du® §F[A,] @.11)

It can be shown that this expression equals (det M)~! where

Mab(z:y) = gu}—f@-(Fa[(Au(x))g])lg=£dentity (2'12)

Now one can apply (2.10) since w is now infinitesimal. Hence using the more
compact notation we have

oF
A(A) = det!'&;!F:o

We should note that the right hand side of (2.12) is

= 0 OF peaa
= T gy e o
oF°

= Sl Fr )% (z ~ )
u

2.3 Feynman Rules for Gauge Theories

A clear treatment of this is contained in Ryder [5]. We begin with the generating
functional

.
Z = / DAud(F[A])detli—uﬂe’S[A] (2.13)
Note that we could have chosen the more general gauge condition
FeA] - c*(z) =0 (2.14)

where c®(z) is an arbitrary space-time function. Since c¢?(z) is independent of
A the determinant A[A] is unaffected. We may then write (2.13) as

Z= / DAL A[AS(FIA] - c)eiSA] (2.15)
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Since Z in (2.15) is independent of ¢*(z) we may include a weighting factor of
e~ J e (z)d%z
in (2.15). This just results in a change in the normalisation of Z and gives

Z=N / DA, A[Alet) 4o Evr—g5 FIAP) (2.16)

Here we have written S[A] as the integral of the Yang-Mills Lagrangian

( [ Lyum ) where Lyy = —1F,, F**. Dropping the N we may take the above
equation as our starting point for the definition of the generating functional.
The next step is to change the determinant in (2.13) into an exponential by
introducing the Fadeev- Popov ghost fields. Letting A[A] = det(:M) and using
the fact that

det(iM) = /’DnDn*e‘ifd4$(nZMacnc) (2.17)

(This last result arises from the properties of integration on a Grassmann alge-
bra, the n and n* being Grassmann fields. They are called Fadeev-Popov ghosts.
) we get

7 = N/'DA#Dn'Dn*eifd‘*z(CYM—z—‘;(F[A])’—n‘“Mam")
We may write this as
Z=N / DA, DyDy*eiSer1[Amn"m] (2.18)
where the effective action is given by

SesslAsm™nl = / d'z{Lyy — %(F[A])‘Z — 1 Moy (2.19)

We are now in a position to write down the Feynman rules. We begin by
computing Mgy in the Lorentz gauge which is given by F* = 0# A% = 0. In the
abelian case we obtain

Map(z,y) = 0,06 ( ~ y)dap (2.20)

In Quantum Electrodynamics (QED) we are dealing with the group U(1) which
is an abelian group. The rule for the gauge transformation of the potential
becomes

A, =0,w

If F = 0*A, we obtain M = % = 0,0¢*(z — y) From (2.12) (in the non-
abelian case) we have

May(z,y) = 0*(9,0% — f*°47)8" (z ~ y) (2.21)
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The ghost part of the generating functional is

/Dn*Dne—ij d*z(n®* ‘ii: %) (2.22)
The exponent is (reintroducing g )
-i [ d'a 1 ()0 05" - g A5 (D)1 3) (2.23)
This integral may be written as
—i / d'z n®"(88,)6n® +igfere / d*z (8* A5 )™ n® + n®* (8"n°) A;,
The ghost propagator may be defined as the inverse of the operator appearing

in the quadratic term. By switching to momentum space and taking the inverse
operator gives -

7;5“” (2.24)
This may be represented diagramatically by
o ... K ..b

.

The (Lorentz) gauge field propagator is found in the same way but in this case
we must examine the term in (2.19) which is quadratic in the gauge field. We
find this term by considering the gauge fixing term (computed in the Lorentz
gauge) and writing out Ly a explicitly in terms of the gauge field
-1 -1
CYM = TF;VFQUV = —4-{6qu — BVAZ + gfabCAZA‘C;]
x[a,uAua _ 6uAua + gfamnAumAun]

This may be expanded to give -

-1 : a c va v m m Av
-z—-[quadratlc term+2g f bcAZA,,(@”A — QY AHe) 4 g% fobe fa "AZA,C,A“ A¥™]

(2.25)
The quadratic term is 2(09,4%)(0* A**) — 2(8,A%)(0” A**). By combining this
with the gauge fixing term we may write the quadratic part of S as -

[ 4t (0@ 4 + J0,ADE 4) - - 0uaw)0.4)
Integrating by parts gives
1 4 a 1 va
5 [ d's 4"[9.,,8,0° — (1 - =)0,8,]4

By switching to momentum space via the Fourier transform

At(z) = / (;W’): e~ g (k) (2.26)
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gives -
1 [ d*%
2) (2m)*
The propagator is calculated by finding the inverse of the operator in square
brackets. Let us assume that the required operator is of the form

Ar(B) [~ kg + (1 - é)kuku]fi““(—k) (2.27)

X (k)guv + Y (K)kuky
Then we require
1
Guo = (X (k) guv + Y (k)kuko ) (—k2gu, + (1 — E)k,,k,,)

By solving for X (k) and Y (k) we find that

1 a—1
The inverse operator and hence the propagator is given by
& b i Kok,

One of the interesting features about the Yang Mills Lagrangian is that the
gauge field couples to itself. Referring back to (2.25) we see that Lqg contains
terms which are cubic and quartic in A. The cubic term is -

— g2gfete Al As (3 4ve — 0% 4]

which equals
be 4b va
—gf* A, AL 0" A

(found by relabelling the indices and noting the antisymmetry of f%¢ ). We
therefore consider the integral

-gi/d4:1; f“bcAZ(w)A,c,(:c)a“A”“(m) (2.30)

Switching to momentum space via (2.26) gives

4y o dir o
_gfabc/ (;175))4 (3734 (;iw)4p“9)‘y(277)45(p +q+ )AL () A (N AL ()

(6(p + q +7) comes from the term [ d*ze~#P+9+7)2 ) Note that there are 3!
ways of interchanging the terms of A. For example (A, a,p) ¢ (u,b,q) would
mean that

—gfetept gt AL () AS (r) AS (p)
= —gf**g g A% (p) AS(r) AL (q)
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=9/ q*g" A5 (p) A5 (r) AL (q)
(using the antisymmetry of f°*¢.) We find that (lowering the indices on the
metric tensor)
1
9 pugrw = 579U — Drguw + (@ = Pogau + (P =hugna]  (231)

‘We represent this coupling as - ¢ w

dr
A A
o et
(with p+ g +r =0.) The quartic term gives rise to the coupling
o, f ~ dv
-,

o
4,
7 o
b,v;"? 2 .
which represents the mathematical expression

_igz[fabcfade (gAugup - guugAp) + fadefabe (guAgup - gu,\gup)

+fabdface(gAung - gmg)\p)] (2.32)

We may also compute the gauge field propagator in the axial gauge which is
defined by the condition

thAL =0 tr't, =-1 (2.33)
(t is a space-like vector.) We define the gauge-fixing term by
Fe =tt45 (2.34)
then
OF® = tH'6A;
= f“bcwbt“Az +tho,w®
= tho,w® (2.35)
Hence SFo
=5 = 519, (2.36)

We extract the term quadratic in A, by considering

/ 0 [~ 3(OuAS — B ALY A™ — 8 44) — =L (#AL)’]

By proceeding as before we find ( in the limit as o — 0)

& ¥ b i L EM R
Y = —7z v E v — ————————e—— a 2_
/M(‘mw - "+ gk P (2.37)
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2.4 The self energy operator and the vertex
function

We recall from Chapter 1 that the connected Green’s functions were defined by

1 S"WI[J]
(n) =
Gc (:1;1 .. -xn) gn—1 6J($1) e 5J($n) |J=0

(2.38)

where Z = e, The 2-point function may be expanded to all orders (ignoring
factors of 7 and numerical factors ) as -

(2)
G e

c

+q—2

+ @[oe 4+ B 4 o]

t g'[eea o 4 oo

+ 8 + £ 4 2]+ oo@Y)

We wish to find a way of summing the above graphs. We call the sum the
complete or dressed propagator and denote it by -

X—0—Y =G60(z,y) (2.39)

Note that the first graph
-0 O

may be decomposed into a product

-

where the first and last terms are external propagators. These external propaga-
tors may be removed by mutiplying by inverse propagators. This multiplication
produces a truncated graph which we can denote by

-0 _O0____

The second graph in g? becomes 8  and the third graph becomes © .
Note that the first graph of order g> may be broken into two parts by cutting
one internal line. We call this graph I-particle reducible . This property is
not shared by the second or third graphs which are called 1-particle irreducible
(1PI) graphs. We define the proper self-energy as the sum of (1PI) graphs. We
denote this as follows -

;

-0 = L5 (e
=04 8 4 g+ 8-
+ s
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We may write G2 in momentum space as follows - (note that Go(p) = 1-)2—_% is
the bare propagator.)
b)) b)) b)Y
) = Gole) + o) 2260 (p) +Cole) 22 o) 2P o) + ..

b)) b)) )y
= G0(1+7G0+—7;G07G0+...)
= Go(l - ?Go)_l

= (65 0) ~ 330))

P )

This expansion in terms of £(p) may be represented graphically as

—0— = — + @ + Q&+~

This expansion is also used in the theory of QED when calculating the photon
and electron propagators.

If we define the physical mass Mphys by
2 2
Mohys =™ + Z(p) (2.40)
then we may write )
1
Gep) = (2.41)

" phys

Note that G& - (p) is an example of a vertez function. We define I'®)(p) by
demanding that

r®@GeP (p) =i
& TO(p) =i[GP(p)]~' =p* — m? ~ Z(p)

We may derive an identity relating the connected 3-point function and the
irreducible (1PI) 3 point vertex. Our starting point is to construct the Legendre
transform of Z[J] defined in Chapter 1. Let () be the functional of J defined
through
SWJ]
= e 2.42

d)d (.’l? ) 5 J ( .’b‘) ( )
We denote the propagator by G(z,y) and the inverse propagator by I'(z,y).
The functional I'[¢¢] is by definition

Mfpal = W) - [ d'z J@)ba(z) (2.43)
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and this gives

5F[¢cl] —
0ta(z)

As expressed in Itzykson [11] we have

—J(z) (2.44)

4 _ 6¢cl($)

e = )

5 sW[J]

chl (y) 5‘](1")

_ / . 8I() &)
0Yaly) 8J(2)0J (z)

P R 2T
6er(2)0%a(y) 6J(2)0J (x)

= —/d4z [(z,y)G(z, 2) (2.45)

Changing the dummy indices we may write the relationship as

) / 2w FEIN
0%z - 2') = /d4 J(2)8J(2) 6 (2)0%e(z")

which implies that ,

] F[¢cl]

T(z,y) = — LU
@9 = 5w ()

Differentiating with respect to J' using

4 _ 4 _1 6¢cl(zu) 4
§J(z") /d 8J(z") ¢a(z")

—/d4Z"G(:l:“,z”)

5¢cl(z”)
gives 82T
/ d4z6](:c)6J(:v”)(5J(z) 6 (z)09a(z')

1" 521/{7 " 1" 5‘. —
‘/ T d i O s s ) =

Hence

EW
/ d's 57T @5 )
" &°T -
@b 00al)
If we now multiply by G(z',2') and integrate over 2z’ using (2.45) we obtain
FW
§J(z)dJ (=) J (!

+/d4z d*2'G(z, 2)G(z", 2

- / &z &2 &2 G(e,2)C(, 2)G (", 2"
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9 8T
6Yci(2)0%er(2')0%er (2")

The effect of propagators in the right hand side is to add external legs to 6°T ...
which is the truncated 3-point function. We may represent this graphically as

A=A

We obtain a similar identity for the 4-point function. Its graphical representa-

tion is -
o 2 5 ctocced |
- + C—o0—CX% -+ N
= raalfmaes
|- o )

2.5 Ward Takahashi identities in QED

(2.46)

A relationship between 1PI vertex functions and propagators follows from the
gauge invariance of QED. This relationship is necessary when proving the renor-
malisation of QED. We start with the generating functional Z for a system of
photons and electrons given by -

Z=N / DA, DY Dipei S Lersd'a (2.47)

1 . .
Lepr = _ZF“"FW + i yH (0, + ied, )y

1
——22(8171,‘)2 +JFA, + Y+ (2.48)

( Fyw =0,A, —0,A,)

Note that the photon is described by the vector potential A, and that the
Grassmann field describes the electron. The effective Lagrangian contains the
free field part, the free field electron part, a gauge fixing term for the Lorentz
gauge and source terms for 4,, ¥ and ¥~ (resp. J,57*,n). We perform a local
infinitesimal gauge transformation associated with the group U(1) -

¥(z) = p(z) — teA(z)(z)

¥ (z) > ¢ (z) +ieA(z)Y" (z)
Au(z) = Au(z) — 0,A(2) (2.49)

Under this transformation the first three terms of (2.48) are invariant and
1
Loff — Logy = Loff = (0" 4,)0,0°A — ieh (" = 1) + (70, )
Z transforms as

7 7 = eijd“z[—%(B“A,‘)6"8,,A)+J"6,‘A—ieA(n‘¢—¢*n)]Z
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We may expand the exponential (ignoring terms of order A%,A%...) to give

= (141 [ d'a [-£0,0°(0" 4,) = 040, — ieli™y - ¥ n)]A)} 2

(the derivative operator has been removed from A by integrating by parts.)
Since A is an arbitrary function §Z = Z' — Z = 0 ( invariance of Z ) implies

that 1
[==0,0°(0"Ay) = 0%J, — ie(n™y —4™)]Z =0

Making the substitutions

16 .15 1e
i o> i 6ny

Y= =

we obtain the functional differential equation

[éa,,aﬂaﬂ% — 0k, —e(n®

é )
—n=—)Z[n,9",J] =0
The corresponding equation for
Win,n*, Ju] = —iln Z[n,n", J,]
is

- 000" 6“ 6 —B“J W1 —ie(n*

J J
— p—)|W * K] =
6 * 176 ] [77’77 7J ] 0

The effective action which is given by
F(¢’¢*7Aﬂ) = W[’%n*, Ju] - / d4$ (77*’(/} + lb*ﬂ + J#Alt)

implies that

or Ju W _ Ly
SALx) J4(2) ARG

W or W _ s
@ Y m T Gm e

Equation (2.52) then becomes
0,07

. oT
@

or
0 Aue) + O o+ Vit ™

(2.50)

(2.51)

(2.52)

(2.53)

Repeated differentiation of (2.53) at ¥* = ¢ = A, = 0 generates relations
between the 1PI diagrams. Letting the operator A5 i) act on equation (2.53)

gives
_le(apa")za"cs(w ~y) + 0, (@ ~y) =0
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where
8°r
6Au(x)0 A, (y)

By switching to momentum space via the Fourier transform (2.26) we obtain

(e —y) =

—ék%" — kTR (k) =0 (2.55)

I'#¥ (k) is the Fourier transform of the inverse photon propagator. From (2.27)
the inverse propagator for the free theory is

TAY(K) = gk + B¥(1 - 2)
We recall that in gy theory

r® = p? —m? - T(p)
where ¥(p) was the self-energy.
The analogous expression for the inverse photon propagator is -

T# (k) = —g" B + B4kY (1 — <) — iATT# (k) (2.56)
(04

where I'* is a self-interaction term. By combining equations (2.55) and (2.56)
we obtain the condition

k JI* (k) =0 (2.57)
This is a necessary condition for the photon to be massless and implies that
(k) = (—g*"k* + k*k*)II(k) (2.58)

By substituting this expression into (2.56) we see that the inverse photon prop-
agator does not contain terms like m?g#* which would give rise to mass. The
identity in (2.52) has a second application. By letting the operator

62
5 @60 (0)
act on (2.52) at A, =¢* =9 = 0 we obtain
520} o 52I[0]
O )b A @) e T T e e )
o 52T[0]
sl ) S ) (259)

The left hand side is the derivative of the (1PI) electron-photon vertex whereas
the terms on the right are the inverses of exact propagators. The expression
becomes more transparent by performing a Fourier transform to momentum
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space. If the momenta conjugate to z,y; and z; are ¢,p and p’ = p + ¢ we
obtain the Ward Takahashi identity

¢*Tu(p,g,p+q) =S5 (p+q) — Sz () (2.60)

where we denote the inverse propagator

32T
dyp* o
by S7'. In the limit as g, — 0 we have
Syt
6].1;‘ = Fu(p,O,p) (2'61)
It may be expressed pictorially as
Lo -]
-1
a* = —0— — —0—
. ,,)g\\»q Frq o g, P P

The expansion of I';,(p, g, p + q) to the two lowest orders is

The expansion of S%(p) is

Following Berestetskii [6] it is useful at this stage to make some comments about
vertex parts. We start by examining graphs corresponding to three-ended ( one
photon and two electron) sections.

/3\: AL +£ﬁi -!-*s*{ﬂ

J"/}«S” r A®

Diagram (a) is to first order. Diagrams (b)-(e) are third order correction terms
but they do not all provide essentially new information. By performing cuts
across the photon and electron lines (marked with *’s) in (b), (¢) and (d) we
obtain the simple vertex (a) and a second order self-energy part. We describe
(b), (c), (d) as being 1P-reducible. They are correction terms of a particular
type and are obtained by replacing the photon and electron lines in (a) by the
first order correction terms in the expansion of the complete photon and electron
propagators. Diagram (e) is 1PI and is an example of a vertex function.

Vertex parts may be reducible or irreducible. The irreducible ones are those
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which do not contain self-energy corrections. eg. the third and fifth order

diagrams
,& /é\
The fifth-order diagrams
A

are examples of reducible vertices because they contain the self-energy parts

__&_ MOYW
To lowest order S% is the bare propagator Sr.

_ R
Sz'(p) =vup* —m and —aﬁz;u(—pl ="

We may calculate I',(p, 0, p) to lowest order. Our starting point is

&°r _ .
6'(/1*(1'1)(5’(/)(1}1)644”(3;) = - /d4U1 d4'U1 d4u [.S’Fl(ul - -'Dl)Sp (Ul - yl)]
52 Z[ ]

S is the bare electron propagator and D, is the photon propagator function.
It can be shown to lowest order that

P V
on(u1)én* (v1)6Jk(u) — ZGB/d‘iz Sr(us — 2)Sp(vy — 2)Dyy(u — 2)y

By substituting this into (2.62) and performing a Fourier transform gives, to
lowest order

Fup,a:p+a0) =
This therefore verifies (2.61) to lowest order. We may verify the identity (2.61)
to the next order. We shall proceed by rewriting the Ward identity in a different
form. To see what is happening we require the following result. Differentiating
the identity
Sr(p)Sy'(p) =1

with respect to p* gives

i 0Se(r) _ ¢ 0SF'0)g
apr F(P)—5 o Dt (p)
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= —Sr(P)7uSF(p) (2.63)

" ( S5 (p) = vup* ~ m.) The term —Sr(p)7,Sr(p) is associated with the vertex
having zero momentum in the photon line. The overall effect of differentiating
the propagator with respect to p, is to insert a photon line carrying zero mo-
mentum into each internal electron line. We now return to the task of verifying
(2.61) to the next order. We may write out the complete electron propagator
iS% in terms of the bare propagator iSr as -

¥ b))
iSp = iSr+iSp=iSe +iSp=SpZiSr 4 ...
1

¥ is the electron self-energy which we may denote graphically by
_ s ; Y £

It follows from (2.64) that Sz’ = S;' — £ and hence

oSyt 88zl o
opt  Bpr ot
ox
= %5

If we expand the vertex function as

Lulp, g:p+ @) =Y+ Au(pr0,p + 9)

H

where A, represents the contributions from %" ) A%\
The Ward identity then implies that

0%

Au(p,0,p) =~

(2.65)

To verify this to lowest order we have to show that

3 3]
A(p,0p)= = = *w(v)'

(This result is in logical agreement with the earlier remark about the insertion
of a photon line. )
The Feynman rules tell us that

z . _ . \2 d4k —ig,;,\ K
PT W =l / @ri k2 )

d*k 1
= —¢’ (—2?)7%57’\517(? — k)

A

Tk —m’
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Note that the photon propagator is taken in the gauge with o = 1. Using (2.63)
we have

8 ., [ d%k 1 , 9
R R

o [ d%k 1,
= e on)t 727 Sr(p = k)7uSr(p — k)7
We now calculate ‘L—%*

1k —ig.
—ieAu(p,q,p+q) = (—ie)® d SIed yr

i
2r)t k2 7 'y.(p—k)—m‘m

? A
><'y.(p—k+q) e
By letting ¢ = 0 we see that (2.65) is satisfied.
We now derive the more general form of the Ward identities for non-abelian
gauge fields which are known as the Taylor-Slavnov identities. We begin by
introducing the Becchi-Rouet-Stora transformation. Under this transformation
the effective Lagrangian

Log = _i- F:V FHY® + gauge fixing term + ghost term

is invariant.

2.6 Becchi-Rouet-Stora Transformation

Our starting point is the expansion for Z which is given by
Z = N/’DAu'DnDr}* ¢t f Lessdie
where (in the Lorentz gauge)

1 1
Log = —ZFgVF””“ - g(a“AZ)2 + Fadeev Popov Ghost Terms(Lrpa)
The Fadeev-Popov ghost terms may be written as

Lrpg = —n" (70,00 — gf*O" AS, ~ gf A58
= 0 0,00n° + gf M (AL + ASEM)
Oty 0um® — gf“bc(B”n*“)Aﬁnb + total derivative
— 8#77*(1(3“7](1 + gfabcAch)
0y Dy’
—n*9*D,n® + (total derivative)

I

| integrating by parts|

I
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The total derivative terms may be ignored since they only contribute to surface
terms of the action. We look for transformations which leave Lo and the
measure DA, Dn*Dn invariant. The transformations are global. For the A-

fields they are of the form
1
(5AZ = EG“A“ + fabcAZAc

1
= —(D,A)°
5 (Duh)

Now we suppose that A® = —7%) where A is a Grassmann constant.

The famous transformation discovered by Becchi, Rouet and Stora is defined by

the following 3 equations .
345 =~ (D))
1
é'na — _§fabcnbncA
1
*a (98 AC
on o (8" A7)\
We now show that Lyg is invariant under this transformation.
1
Lo = "Z‘S(F;‘ZIF“W) +8Lgr + 6LFpc

= 5£GF + 5£FPG
( 6(F2,F#ve) = 0 for any A® = —7°X ).

1 1
_ “AQ veAay _ nwepe v 4a
——20(6 Aj)(0Y6A3) 201(8 0A3)(0” A7)
1 1
— (B AN —H¥ a
SO AD (0 (D))

Lerp =

1 a 1 a v
= E(@“Au)E(G.Dn )A (where 0.D =9"D,)

dLrpG = —01*"[(80.D)n]* — n**0,(6D )

By letting .
*a _ __—_ uAQ
on ag(a AR
we find that
1
—(6n™)[(6.D)n)* = @(6",4;»(3.1377)"
1
= ——(0*A%)(0.Dy*)A
- (0"43)(@.D7°)

(Using the fact that n°A = —An®. ) (2.67) and (2.68) cancel leaving
SLegy = —1""0*(SD,")
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For the overall variation to vanish we require that 6[D,7]* vanish. We have

6[Dun]* = 6[0un" + gfabcAch]
= 8,(6n%) + gf**(6AL)n° + g e Al (n°)

1 1
— 8ﬂ(_§fabcnb77c/\) +gfabc(__g_aunb _ fbmnAZlnn))‘nc
a.bcAb _l emnmny
+gf A (=57 A
Note that
1 1
Ou(=5 e’ nPN) = —5f°0u(n"n")A

3 P But ) + P @A

= —% fabe [(6u77b)nc - (a,,nc)nb}A (using Grassmann property)
— _fabc(au'rlb)nc (2.69)

(The last line follows by relabelling the indices and using the antisymmetry of
fe¢. ) Combining ( 2.69) with the last equation means that

8(Dun®) = —f*Bun”) X + Npf)
1
+gfabcfbmnAz'L,’7nncA _ _igfabCfcmnAannnA

The first term vanishes since °A = —An® ( A and 5° are Grassmann quantities.)
In the last term the structure constants f obey the Jacobi identity

fabCfcmn — _famcfcnb _ faancbm

This means that
J(Du”)a) — gfabcfbmnALnnnnc/\

1 1
g agfamecnbAannnA ; §gfaancbmAZ,’7mnnA (2-70)
The last term
1 1
_é_gfaancbmAannn)\ _ _z_gfamecbnAZnnnmA

1
= GOFVE(= F AL (A
1
— _z_gfamecnbAznmnn)‘
The last term is therefore equal to the second term in ( 2.70 ). The first term

gfabCfbmnAzznnncA — gfapnfpbmAannnA
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(relabelling the indices.) We therefore have

6(Dun®)

b
g(fer™ frim 4. fome fnb) 41y \
— g(_fapmfpbn + fampfpnb)AannnA
=0 (2.71)

This shows that Lo is invariant under the BRS transformation. Notice that
1 a
6*(A5) = —-g-(5(D;m )A) =0

We say that the variation in A§, in nilpotent.

2.7 Slavnov-Taylor Identities

We establish the Slavnov-Taylor identities by applying the BRS transformation
to the following generalised generating functional which is dependent on five
sources. We start with

Zl,z,y; 1, 1] = / Dy DDA, et (2.72)

where
Stot = /d4$ [Leff + J:Aa“ + n“x“ + n‘”y“

1 1
+I““(§Dun)“ - §I“f“"cnbnc] (2.73)

Of these sources z,y and I, are anticommuting. In order to construct identities
that have ghosts on the external legs we need to introduce sources coupled to
the ghosts in all possible ways.

Under the BRS transformation the only change in (2.72) comes from the
second, third and fourth terms in (2.73). By the way the BRS transformation
was constructed we know that L.ys is invariant. The result in (2.71) demon-
strates that the coefficient of 7#® is invariant.

To prove that the coefficient of I is invariant we have ( using (2.66) )

S(f ) = FlEn" ) + 0 (6n°)
1 . mn, . m,n
— ____Q_fabc(fbmnnmnn)‘nc + nbfc "y A)
|Relabelling and using A7 = —nAgives | = —;—(f“bfc"‘"nmn"nb + fabe femnpmpnanbyX
= 0 (2.74)

The last line results from the antisymmetry of the structure constant f2%¢. We
may now observe that the change in 5® is nilpotent. ie. 62(n%) = 0.



To prove that the measure is invariant we must show that the Jacobian of the
transformation defined by

A A4+64A n—on+dn 7" -0 +p"
is unity. The Jacobian is

o (A=) + 6A% (), 1% (z) + 1% (x), 1™ (z) + dn** ()
7=0 ( Ab (1), (y), 77t (y) )

The only non-zero elements of the determinant are

5[Aa (:1:) + 0A; (.’l:)] v 54 ab é 1 a afc pf c
= §u8% e — )6 — 5164z — )b F ol onoA
- 6;:64 (.’D _ y)(éab - fabc,ch)
Sn(x) +on ()] _ . reab 10 omnomon
57 ) = S-y)b” -5 5o (Femrym ™Al

1
— 54($ _ y)[‘;ab _ _é_(fambnm _ fabnnn)A]
= So— )"+ 1)
{( Note that the right derivative 5‘%;(7)"‘7)") = 6™ — Somn™. )
0[Aj (z) + 6 A% (2)]
an®(y)

To find the Jacobian we examine the determinant of the matrix { represented
schematically ) by

5%(0 — ) f AL

JAT  SA

T?{O
det | 0 7?’—0

0 0 L
By working to first order ( since A2 = 0 ) we find that the Jacobian is equal to
unity. It follows from this last result and (2.74) that if the Z functional (2.72
} is unchanged under the BRS transformation then we must have Z = Z' (
Z' = Z +46Z ) where

7=z / DA, DDy ety &' UisAM +a%dn® +y6n")

=2 /DAMDnDn*[l + / d*z (J6A#® +x%0n® + y*n™)] (2.75)

Z' = Z implies that

Z / DA,DnDy* / d*z (JEOAPY + g%6n® + y*on™*) =0 (2.76)
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From (2.66) and (2.73) we can write (2.76) as
w6z 6z 1, 52 .
M@ s+ @)ty — gV @Bz =0

Since this contains first-order derivatives only (resulting from the introduction
of the sources I, and I for the non-linear terms 64 and é7 } we may write it as

[ e 1775+ 25— 2o @) (277

We now convert (2.77) into a condition on the generating functional T’ which is
defined via the usual Legendre transformation

ClAL,m,n"5 L, 1) = Wdy,z,y; Iy, I) — /d"x (J3A® +z%9° + y°n™)

Then
a or o ér “ or
JE = —_—, r = - s Yy =-
B dAge one dn*a
In addition, 5
ow w or W or
= AMC — T — —_—— e — 2.
6J¢ A% oIz oIz’ &I 4l (2.78)

(2.77) therefore becomes

/d4 6r 8 4T 4T

1 6T
_— — —— (P AC
5Aa 575 T Spasla (0" 40)5

(2.79)

A simpler form of this equation may be obtained. In the expression for the
generating functional Z the only terms involving n* and [j; are given by

Z = /DA”DnDn*eifd4z [—n"®(8.Dn)* +0"*y*+I5(D*n)*+..]

This gives
VA
— = ily*—(0.Dn)*Z
67]*(1 Z[y (8 n) }
- 6Z
= w7 - g@um
This implies that 5 5
W, w
(577*0' =Yy ~gaﬂ(61"(:)
Bt sW 6T
6,,7*0, = O and y = _677*a
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Therefore
or

57;'; = _ga"(d—lfj)

and (2.79) becomes (integrating by parts)

4 __1_ B(HY AC 6_F£ =
/d T [Mau 5Aa GO+ sl =
Defining
r=r-2L / i (5”42)?
2a
yields

/d4 or' o1 6F’ 61’"]

JI‘W 6A“ 61“ dne
This expresses the Taylor-Slavnov identity in a form which will be used in
Chapter 3 to show the renormalisability of Yang-Mills fields.
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Chapter 3

Renormalisation

3.1 Divergences in Feynman diagrams

This chapter follows the approaches of Ramond [2] and Ryder [5]. In Chapter 1
¢* theory was introduced and it was discovered that the first order contribution
to the propagation was given by the ’tadpole’ graph

_ 0 (3.1)

which, in momentum space corresponds to

/ dq 1
9] e —m?

(More formally, the "tadpole’ graph is the lowest order self-energy graph.) This
integral is divergent as ¢ — oo. This is because the measure has 4 powers of
g and the denominator has only 2 powers of q. The integral therefore diverges
quadratically at large ¢ and is an example of what is known as ultra—violet
divergence (i.e. it diverges as momentum goes to large values). Another diver-
gence occurs in the O(g?) contribution to G which is given by

ol (3.2)

In momentum space it corresponds to the integral

2 d'qr d'q 6(q1 + @2 — p1 — p2)
7] @mient (@ - mA)(g - md)
=g dtq 1
(27)8 (¢* —m3)[(p1 +p2 — 9)* — m?]
This integral is logarithmically divergent since it behaves as

d'q
q4

~
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A useful example to study is the following graph

oo

dq

7
This integral is convergent. But if space—time had 6 dimensions this would
have a logarithmic divergence. The simple examples above illustrates the idea
of “power counting”. We need to find some method of computing the degree
of divergence of a particular Feynman diagram. It is clear that the propagator
contributes a factor of ¢? to the denominator and that each integration con-
tributes a factor of g* to the numerator, together with the delta function which
gives overall momentum conservation. The numbers of loops (L) is equal to the
number of independent [ dk integrations. If a graph has n vertices, E exter-
nal lines, I internal lines, L loops, and if we assume that the dimensionality of
space—time is d, then the superficial degree of divergence is given by:

which behaves as

D=dL-2I (3.3)

The first term on the right—hand side counts the number of momentum inte-
grations, the second counts the number of propagator factors 1/¢%. The number
of loops is given by

L=I-n+1 (3.4)

where n — 1 is the number of momentum conservations. We make use of a
topological relation: each vertex (in ¢* theory) has 4 lines attached — some of
these being external lines, the remaining lines being internal lines. Each internal
line is connected to two vertices and it is shared by two vertices. Hence,

dn=E+2I (3.5)
Combining (3.3), (3.4), and (3.5) gives
D=d—(g—1)E+n(d—4) (3.6)

The more general expression, if the graph has n; vertices, each with [ lines
attached is -

D:d—(g—1)E+%l-[(d~2)(l—2)-4] (3.7)
If we replace n; by n and ! by 4 we obtain (3.6). If d = 4 then (3.6) gives

D=4-E (3.8)

This gives the correct result of D = 2 for the “tadpole” graph (which has 2
external legs) and D = 0 for the 4 point function {(which has 4 external legs).
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If the coefficient of n in (3.6) is greater than 0 then D will increase with n.
It means that the overall degree of divergence of any graph becomes as large
as you like by expanding to a high enough order in g. Such a theory is called
unrenormalisable. In ¢* theory we should note that D is only a function of the
external legs and not of the order of g in perturbation theory. So we find that
there are only a finite number of divergent graphs. It is useful to examine the
more general case for ¢* theory in which each vertice has I lines attached. The
more general expression for the superficial degree of divergence becomes

D.—_d—(‘—;~1)E+327’-[(d—2)(l—2)—4] (3.9)
When d = 4 we have

D=4-F+n(l-4) (3.10)
We clearly obtain (3.8) when ! = 4. In ¢® theory we have

D=4-E+2n (3.11)

This theory is therefore unrenormalisable because D increases with n. See
Callan [18]

We should note an important point at this stage which is that for a given
graph, negative D does not necessarily imply convergence. This is why D is
called superficial. Consider the following diagram

The diagram is “n-particle reducible” because it can be disconnected by cutting
at least n internal lines. The overall superficial degree of divergence, D is given
by

D=Dy+Dy+4(n—-1)—-2n

where D; and D, are the superficial degrees of divergence of the subdiagrams
1 and 2 respectively. This is because the diagram is connected together by n
internal lines and (n — 1) loops. In the case of n =1

D=D;+D,—2 (3.12)

To illustrate this we may consider the case of two primitive logarithmically
divergent diagrams connected together by a single internal line.
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We find that
D=0+0-2

where we have used (3.12) setting D; = Dy = 0. Although D is negative the
graph is clearly divergent due to the two divergent loop integrations. (We may
note in passing that this graph is a contribution of order of order g* to the
6-point function G®.) This happens with all Feynman diagrams which contain
hidden 2 or 4-point functions with one loop or more. The diagrams will diverge
despite the fact that D is negative. As g increases the diagrams become more
complex and may contain a number of hidden divergences. We consider the
“face” diagram which is a contribution of order g'® to the 2-point function. The

hidden divergences have been surrounded by boxes.
S N

K

The important point about the above discussion is that in ¢* theory there are
two basic divergent diagrams which are given by (3.1) and (3.2). They are
called primitive divergences. The fact that there is a finite number of these
primitive divergences is crucial if we are to be able to remove these divergences
by making a redefinition of the Lagrangian. Since dimensional considerations
are central in dimensional regularisation it is useful to present some results
about the quantities with which we are dealing. Working in d dimensions the

action is given by
S = / d?zL

Because S is dimensionless and the measure has dimension L¢ (where L is the
length) the dimension of the Lagrangian is L=%. We write £ ~ L~%. We now
consider the kinetic term 6,,30%. It is easily seen that ¢ ~ L'~% because then

8,9 ~ L% and 8,98*¢ ~ L~%. The interaction term is given by gy”. It is

seen that g ~ L—4-r+%_ This is because ¢" ~ L%

3.2 Dimensional Regularisation of
Feynman Integrals
Before studying the technique developed by t'Hooft and Veltman [15] we derive

some formulae which are used in the evaluation of Feynman diagrams. The
integrals which we typically have to deal with are of the form

Q:/fwm
l, is a d—dimensional vector. We introduce polar coordinates

L,¢,91,---’9d—2
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where L? = 1,1, so that

dil = L% dL dy sin6:idf; sin®0,dfs...sin% 204 odby_o

d—2
= L% dL d H sin® 6.dy
k=1
(OSL<OO7 OS¢S2W9 OfekSﬂ')

Then in
L=2r]] / sin® 8;,doy, / dL L*'F(L)
k=1 0 0

The angular integrations can be performed using the well-known formula from
analysis

I

/02 (sin ¢)**~I(cos t)*¥~ldt = é————llj‘((z)i(z))

Putting y = 1 gives

/ " sin* (£)dt = V7Y (—"L—)}
0 r(E2)
Hence
I, = xi2L) r§) TE-1Hr&%
r¢)re) " rEt) rE)
* d—2 2
X/O 2L dL L** f(L*)
= @ / d 247 £(2)
where F (Lj = f(L?) = f(z) with z = L2, Typically f(z) has the form
1
f(a:):za_:;?_)7 (A=1,2,3..)

We therefore have
© dr p3-1

/ (a® + l2)A F( 4 Jo (z+a*)A

The integral on the right hand side of (3.13) may be rewritten (by using a simple
substitution) as

(3.13)

ad_2A/d:c (:v) 114 z)4
This last expression is similar to the beta function which is given by

4 - 4d o0 4
B(é,A——g) = &%A—)—z— =/0 dy y@ N (1+y)™*
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(Valid for R(A ~ £) > 0 and R(£) > 0). By applying this to our expression for
the Feynman integral (3.13) yields

4 4, 94-4T(A-%
[ = S 14

We assume that this expression is valid for non-integer d by analytic
continuation. By letting [ = I’ + p and relabelling 4> = a® + p? we obtain

dl 4 F(A -4 1
/ (12 + 2p.l + b2)A = T'(A4) [(b2 _pz)A..g] (3.15)

By differentiating with respect to p, we obtain the formula

(SN

Ll -
/d"’l (> +2pl+ad)d {F(A)(a2 — At } (3.16)
x[T'(A - g)Pppu + %JuyF(A ~1= g)(a2 —p2)]

This formula has been derived in Euclidean space. The equivalent formula,
working in Minkowski space is found (technically) by replacing a® by —a® and
Ouv by guv. This is because

/Elz—ii(%Q)—A = (0% [/ (@ '(f‘d‘llz)A] Euclidean

All future calculations will be done in Minkowski space and a list of integrals
(in Minkowski space) is given in the appendix. The above result demonstrates
how they may be switched to Euclidean space. The formula in (3.16) requires
some mathematical justification. The integral on the left hand side of equation
(3.16) only converges if d < 2A4. We show using the following technique by
t’Hooft and Veltman that this type of integral may be analytically continued
into one which is convergent for any d. In this section the Feynman diagrams
will be evaluated. We start by introducing the a basic theorem on analytic
continuation. This theorem will then be applied to Euler’s I'— function. (see
Leibbrandt [14])

Theorem(Knopp)

Let an analytic function g;(z) be defined in a region D; and let D» be another
region which has a certain subregion R;, but only this one, in common with D;.
Then if a function g»(z) exists which is analytic in Dy and coincides with g (2)
in R, there can only be one such function. We call g;(2) and g2(2) analytic
continuations of each other.

ie. go(z) is unique if R = Dy N'Dy # @ The difference between the Euler and
Weierstrass representations of the I'-function serve as a useful illustration. For
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R(z) > 0 Euler’s I" function may be written as

I(z) = /0 " gt et (3.17)

The domain of this function may be represented by the shaded region.

@”i@// /5/ g

In this region the function is analytic. The integral in (3.17) diverges when

R(z) < 0. (ie it is in the left hand plane) because as t — 0 the integral is not
well defined. In order to discuss points lying in the divergent regions we find an
analytic continuation of I'(z) which is valid in that region. Such a continuation

is given by
n n+4.
Z ( 1) / dt -tt::—l
(z+n)

When a =1 we obtain the Weierstrass representation which is analytic in the
entire z-plane, except at the points z =0,—-1,-2,-3.... '

The Weierstrass representation is unique (from the theorem) since its domain of
definition clearly overlaps the domain of the Euler representation. In quantum
field theory we are often faced with integral expressions of the form

I(d, k) = / d%l F(l,k)

where d is complex and F' is a function associated with the form of the Feynman
diagram it represents. This expression is similar to the Euler representation of
the I" function. Our aim is to find the equivalent Weierstrass representation.

The procedure to be followed is to

1. establish a finite domain of convergence in the w-plane for which the in-
tegral of F(I,k) converges. (typically it will lie to the left of the line
R(d) =4.) .

2. derive a new function F’ identical to F inside the domain of convergence
of F' but analytic in an enlarged domain containing the point d = 4.

3. take the limit on F' as d — 4

We therefore illustrate the above procedure by considering the first order
contribution to the self energy diagram Q. . Firstly we split the k-dimensional
space into a 4 dimensional (physical) space and a (k — 4)-dimensional subspace.

d¥l — d*l 4?4
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Introducing polar coordinates we may write the measure as

d¥l = d*l dQg4_q L%° dL

4 L35 -

Integrating over the angles one finds

2rd-
T3 /d“l/ dLL2+l2 (3.18)

This expression is still ultra-violet divergent for d > 2 since the original integral

dil
2 _m2
contains this divergence and the above manipulations have not eliminated this.
Note that the integral in (3.18) contains an infrared divergence for d < 4. These
observations mean that (3.18) as it stands has no convergent domain. t’Hooft

and Veltman [15] demonstrate how the infrared divergence may be removed by
partial integration (throwing away surface terms). Firstly we observe that

We then have

2 d d—1
d—6 _ _G roydxt
L= d—4 dL? L)
Then
/°° il L3 _ 1 /°° d(L?)L¢-5
0 (L24+12-m2) — 2J, (L2+12-m2)

&) 2
- | e
o d—4'L’1 B _—mddl?

( dL? = 2L dL - using the exterior derivative.) The last expression is equal to

1 (L% 1 s nd=a d 1
d—4[L2+l'z—m2L _d-4/0 dL(L) = s L2412 —m? (3.19)

We discard the surface term which is zero in the region of convergence. Infrared
divergence in the last term now occurs for d < 2. We may repeat this procedure.

2 d d—2
(L)% = T

So in (3.19) integrating and discarding the surface term gives

© 4L 2 © e d 1
/0 L2+l‘2—mz“(d~4)(d—2)/0 dL(L) dL2) {L2+l2—m2}
(3.20)
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Infrared divergence now occurs for d < 0. The “tadpole” integral is therefore
convergent for 0 < d < 2 and we have

F( )/d4 / dL*(L?) (_z)(sz) {m} (3.21)

using the fact that

d d d d
@) =G -G -2 -2)

(L is the length of [ in the (d— 4)-dimensional subspace.) If integration by parts
is performed p times the “tadpole” integral will be convergent for

4-2p<d<?2

By taking p sufficiently large the domain of convergence may be extended to
arbitrarily small values of d. The degree of convergence regarding the ultraviolet
behaviour is 2 — d and it is d — 4 + 2p for the infrared behaviour. Instead of
starting with the tadpole diagram this technique could have been applied to
more general diagrams. The final result would have been

4 2 72\E-3+p(_ p 2
e 4)+p)/dz/ A ()47 (50 £ (1, 1)

We now return to (3.21). This expression must be analytically continued to
d = 4. Carrying out the differentiation given

ox(%52) (L?) 4-1

2o\

= d*l / dL? 3.22
F(d) / (L2 +12 —m?)3 (3:22)
We now insert into this expression

1 0L o,
sGL ) = ! (3.23)

to give (integrating by parts)

27r<“ = o R L (L»)*z*

Note that (3.22) is true for the case of the “tadpole” graph. In passing we
should note that the more general form of (3.22) is ( see t'Hooft and Veltman

(15])
;\,-

— ’ PP p
R i o e e
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Notice that (3.22) is of the form (3.25) when x = 5. The integration over ps in
(3.25) is nothing but the integration over L in (3.22) . The more general form
of (3.23) which is also equal to unity is

1 Z Opi
Ip;
By carrying out the differentiation in (3.24) and using (3.22) gives

3m? 4r T )%
(dm2) Ty d“l/ dLZ(L2£_l2) —r (3.26)

This expression has a pole at d = 2. Ultraviolet divergence occurs when d > 4.
By inserting (3.23) in (3.26) and following the steps as before gives

4234 m? (%) dL? Lz)—
_(d—2)(d—4)r(2)/ /(L2+l2—-m2)5

This now displays ultraviolet divergence for d > 6. The integral will therefore
converge if d = 4. The price we pay for making the integral converge is the
pole term 51—4 which gives rise to a singularity. The technique of dimensional
regularisation discovered by t’Hooft and Veltman justifies the use of the formulas
in Appendix A which were derived in a naive fashion earlier.

3.3 Evaluation of Feynman Integrals

We now apply the technique of dimensional regularisation to the evaluation of
Feynman Integrals in 4* theory. We must first generalise the Lagrangian defined

by
1 m? g
L = 20,0t — —op? — Syt

from 4 dimensions to d dimensions. We introduce u as an arbitrary mass pa-
rameter ( whose units = 1 over length). From the end of section (3.1) we recall
that ¢ was of dimension 1 — £. This means that ¢¥* ~ 4 — 2d. Since £ has
dimension —d we must multiply g by a factor of u*~%. This is necessary if we
wish to keep g dimensionless in d dimensions. Then u*~%g /* ~ —d as required.
The Feynman rules need to be adjusted when working in d dimensions.

1. All 4-vectors become d-vectors. (summated indices in calculations run
from 1 to d)

2. Integrals over 4-dimensional space-time become integrals in d-dimensional
space.

3. The vertex strength —ig becomes —igu?~¢.
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We now use these rules to calculate the correction of order g to the ’tadpole’
graph -Q_. (We shall, as usual, work in Minkowski space). Omitting propagators
of external lines we have

Q | dip 1
= —2'9/1'4 d/ (Zﬂ)d(p2 ___mg)

_ ig 477;/,

2™
-using (A1) in the appendix which is the Mlnkowskl analogue of (3.15). Central
to the theme of dimensional regularisation is the ability to express the divergence
of the integral as a pole. This is achieved by expanding around d = 4. To this
end, note that,

47 p?

4
(’”‘ )2--_1+(2——)1(m )+ ... (3.27)
and that
ra-3y=c2 144+, (3.28)
2’ " "1-4d 7 '
Equation (3.28) is obtained from the standard expansion of the I" function -
—n4e) = — [ +¢(n +1)+ { +i(n+1) —¢'(n + 1)] + O(e%)]
where 1 1

(v is the Euler-Mascheroni constant). Equation (3.27) comes from the standard
Taylor series expansion. We therefore have

o _ -igm’ 2 _ 4 d A
3003 [ gy 1+y+0(4 -d)j[1+ n( 5]
. 2 2
_ gm zgm m _
= 16”2(4 d) 1 '7+1n(47m2)]+0(4 d)
igm?

= ]_67[‘2 {m + finite part}

The divergence in QO _ therefore takes the form of a single pole. Note that the
finite part is arbitrary since it depends on the arbitrary mass. We now consider
the 4-point function X>{ to order g2. It is given by

2)id a1 1

L,
29 T | e R B U= g = (3:30)
This integral is evaluated using the following general formula -
1 I(a; +as + .. S(l—zq —...21)
Rapa  par = dzl -dzy, e T a
D1 D2 .. 'Dk I‘(al)l“(az) T(ak (Dl.’l:] + ...+ Dkwk) 17k

x{zf )
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Applying this formula to the denominator of the integral in (3.30) gives

1 _ 5(1 — z1 — 19)x929
Eom) (- —md) — T /o /0 1 T e + (U= 0) — m)aa?
1

d:lI1
- / [(Z—mDa + (( —q)? —mD) (1 —z1)

/1 dlL’l
o [2—m?—=2lq(1—=z1)+¢*(1 — z,)]?

By changing variables to
l'=l—-q(1—x1)

we see that the denominator can be written as
[l'2 - m2 + q2:c1 (1 - :L‘l)]2

Under this transformation d*l' = d%l and hence (3.30) becomes

Loy [ as [ 2 1
29 W | e Fal = oP

(We have replaced the dummy indices I’ and z; by [ and z respectively.) We
now use the formulas in the appendix to perform the [ integration to give

EQQ(MQ)/%—d ! dz W%F(z — %)
2 o (2m)i(m? — ¢?z(1 — z))>~%

4 dmp? _4
= 232 2 - - / ____—____ 2
32 2( I da - ¢ :1:(1—-.7;)]

In the limit d — 4,

d 2
F(Z-E)—Z_—d—’)"f-O(‘l—d)
so we have
2,4—d 2 2.
9% B _ m —g*z(1l — )
(o v+ 0 - )1 ——-/ dz )
2, 4—d 4—d
ig*u igu m? - ¢°z(1 — x)
= - Jpft — 4 27 2

6@ —d) 327 {7+/0 do [~ a2 1

Setting ¢° = s and letting

m? — sz(1 — x)
47

F(s,m,,u):/o dz In| ]

gives

zgzu“ —d ig2/1,4_d g2H4 d

_ A4 fini
i@ —d)  sem 0T FEmm] = e gy + finite part
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We have now evaluated the 2 and 4-point functions to lowest order. This means
E = ~T6n 2(4 ) + finite part (3.31)

where Y is the self-energy function defined in Chapter 2

that

Since
I® @) =p*—m? - (p)
we have - g
2 — —————————————
r®(p) =p* —m?*(1 - 167r2(4—d))

We may also apply the above calculation to I'®)(p) which is similar to G®)(p)
but with the external legs amputated. D1agramat1cally we have

@) =,
O +O + O
/ N\
. _ 31:92”4-—(1 i92ﬂ4_d
. _io4-d _
/R T T ) S TR
{37+ F(s,m,p) + F(t,m, ) + F(u,m, p)}

t = (p;+p3)? and u = (p; + ps)?. We now calculate the
Using the same technique as before we arrive

where s = (p; +p2)?,
second order correction to G(2).

at \.
_&q 3 —d d?l 1 de 1
292(/1,2)4 (27r)d 12 —m2 (271.)(1 (q — m2)2
_ ig*m? 4 2 ol ) .
= Tom- @Tar Ti=dl ”( )+¢( ) + (1)

+2(zn4’”‘ )? + 2in( 5~

A1 ) 0(2) + ()] + <[¢<2> + (L)) (3.32)
+T @) - éw'm) +0(5-2) (3:33)

where ¢ is defined by (3.27) and ¢ is defined by
Y'(n+1) ﬂ— i L
6 Ik
. Brown [8] fre-

There are other techniques for evaluating Feynman diagrams
quently employs the method of exponential parametrisation. This method is

also referred to in Leibbrandt [14].
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3.4 Renormalisation of )* theory

In the previous sections we have shown how the divergences arise in Feynman
diagrams. The primitive divergences were found in the 2 and 4-point Greens
functions. These exhibit quadratic and logarithmic divergences respectively.
We were able to represent these divergences as poles in the complex plane using
dimensional regularisation - a technique developed by t’Hooft and Veltman. We
now consider the process of renormalisation which is associated with the removal
of these divergences. We begin with the vertex functions I'® and I'®). Our
aim is to make I'?)(p) finite to the (1-loop) approximation. Let us consider

F(z)(P) P —ml

where m; is a finite parameter and is taken to represent the physical mass. We
assume that the original mass m is infinite. The relationship between m and
my is given by

2

2 2 m-g
= m -
m 1+167r2

= mi(l+

1 67r2 ) (3.34)

where we have replaced m by m; in the first order correction. (In this equation
we have set € = 4 — d and all future calculations shall use this notation.) To
order g this does not create any error. The physical mass m; is also called the
renormalised mass and is given by

= -T'®(0)

A similar approach may be taken to the vertex function @, It was shown that

I (p;) = —igpe(1 — 163 5—) -+ finite part
where the finite part is given by

B ig2/f
3272

We may write this as

[By + F(s,m, p) + F(t,m, p) + F(u,m, 1))

2,,€

. . 6
it (pi) = gu* — L5 (= = 37— Fls,m, ) = F(t,m, u) = F(u,m, )] (3.35)

Once again we can define a new parameter g; which is taken to be finite. We
let

2 €
g p 6
= gyt — = —3y—3F 3.36
g1 = g 32WQ[E 3y — 3F(0,m, u)] (3-36)
We find that 22,2 9
o=+ T2 (0 (3.37)
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satisfies (3.36) if we ignore terms of higher order than g?>. We check this by
substituting the expresssion for g in (3.37) into the right hand side of (3.36).
This gives

—e, 3giu 2 —e_ 3qip
€ VAP 4 € _ €_ z 2
gip™ + 3572 (6+---)]# (g1 3972 (=+..)] ><327T2[

B6g3u=c | Bgiu

3272 3272¢
Terms of order g} etc. have been ignored. We therefore see that replacing g by
the expression in (3.37) eliminates the divergence in (3.35). We obtain

=41 =01

2,,—€
iTp) = g+ gglzp;rz [F(s,m1,p) + F(t,my,p)
+F(u,my, u) — 3F(0,mq, p)]

and we see that
ir®(0) = g1

since s =t = u = 0 when p; = ps = ps = pg = 0. Note that there are other
ways of defining the renormalised mass and coupling constant to make the the-
ory finite.

The above discussion shows how the coupling constant and mass may be renor-
malised to one locop. When dealing with 2-loop diagrams we are faced with
divergences arriving from the diagrams

8 o XX XX
Dl

The first two diagrams are contributions to I'?) of order g2 and the remainder
are contributions to I'® of order g°. It can be shown using dimensional
regularisation that the divergence in _8_ takes the form of a single pole and a
double pole. We find that

. K L
_B_ = igzmz[@- +=+ finite part] (3.38)

It turns out that the double pole fg— is cancelled by a new diagram. This diagram
is induced by using the expression in (3.34) for m? in the Lagrangian. We may

denote it by

The single pole in (3.38) remains. This can be removed by adding a term of the

form .
mig®’L
€
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to the right hand side of (3.34). In I'¥) there are divergences which arise from
the 2-loop graphs. Some of these disappear as a result of the new diagrams
which are induced by the renormalised mass m;. The other divergences can be
removed by making a suitable redefinition of the renormalised coupling constant
g1. So it is possible to make ') finite to two loops. ‘We find, however, that
I'®) is still divergent. This is due to a pole term of the form K’éﬁ which comes

from the diagram

(We do not need to know the precise expression for K.) The divergence multi-
plying p? is removed by making an overall “wavefunction” renormalisation. We
define the renormalised 2-point function by

r® = Z,(g1,m, 1) T® (p,m1, p) (3.39)

I'® is now finite and Zy is infinite. We may expand Z, as a series in the
renormalised coupling constant g;.

le’ :1+ngl+g%Z2...
=1+4+¢2Z5+...

There is no term in the expansion of order g, since we were able to make I'(?)
finite to one loop without introducing the multiplicative factor Zy. In analogy
with equation (3.36) we consider a renormalisation condition which reduces the
degree of arbitrariness in (3.39). The following set of conditions, depending on
the arbitrary mass scale p may be used.

2 4o 4

T () pr=o = —m T e =

F£'4) (07 07 Oa O) =0

There is a great deal of choice in writing these conditions (see Itzkson [11] ).
We could have had

. ; . 0
F$,2)(P2)[p2:u2 = p? —m? 6_})3{*1(“ )@2)1p2=u2 =1
2 2

2 2 2
4) _ PI=py=p3 =Py =l
FS)_—g at{s=t=u=432

We recall that the expression for m? in (3.34) was enough to make I'®) finite
to one loop. It was not sufficient, however, to make I'®) finite to two loops.
Expressed in another way, we say that m; is infinite in the 2-loop approxima-
tion to I'®), The renormalised vertex function I’,(?)
renormalised mass m,. We have

gives a finite value for the



2
m -1,.2

——5— =2, m; (from (3.34))
1+ 1672¢ :
g -
m? = (1+ 16ﬂQe)Zwlm,%

We should note here that m? contains all the infinities and is defined in terms
of the infinite multiplicative factor Z 1. m? therefore diverges as ¢ — 0. We
should note in passing that m? is called the bare mass. More will be said about
this when we look at counter-terms. But the renormalised mass m, remains
finite and is to be identified with the physical mass of the theory. We now turn
to T™4). T and Tt are linked together by the equation

F$*4) = Zfbr(4) (p’ my 7/1')
Setting p; = 0 we obtain a relationship
gr = Z?pgl

A similar relationship holds between g and g.. If the Lagrangian is written in
terms of the bare quantities m, g and 1 then we obtain the Greens functions
of the previous section. These functions contain pole terms due to the diver-
gences. If we now replace m and g by their infinite expansions in terms of the
renormalised quantities m, and g, the divergences cancel - making the Greens
functions finite. This information is contained in the equality.

F(n)(pisgam) = Z,;%Fg‘n)@i,gmmra,u) (340)

We briefly summarise what we have done. Owing to the divergences which arise
in the Feynman diagrams we were forced to make an order-by-order redefinition
of the parameters of the theory. This procedure may be thought of as renor-
malising the parameters from their bare to physical values. In this way we were
able to make the Greens functions finite.

An alternative approach is to regard the parameters m and ¢ in the original
Lagrangian as being the physical parameters of the theory. The fact that we
obtain divergences in the Greens functions means that additional counter-terms
must be added to the Lagrangian.

3.5 Counter-terms

We recall from the previous section that the “tadpole” graph was given by -

O = %-g%z; + finite terms
When we considered mass renormalisation we set
2 2 g
= 1+ 3.41
m? = mi(1+ r-55) (3.41)
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(m, was the physical or renormalised mass in the 1-loop approximation) This is

equivalent to changing our original Lagrangian (defined in terms of the physical
parameters m; and g;) from

1 o Mmoo Gt 4
to

1 2 mi g s QIS 4

We may represent this change as

L—L+ (Sﬁl
where ) . )
amy o amsi 2
L = —=22—= = (e
0L = —gomc¥ = 3 (- 1gme?

This extra term gives rise to an additional Feynman rule
_ —igm}
© 1672

This term can be considered as an extra interaction term. Let us now assume
that the original Lagrangian is defined in terms of m ( and not m;.) The
complete inverse propagator is given by

ré(p) =46 @)™

or

———@-——l: [— + O + -—9‘\—1_‘

@ (-1 = ____i____—1
OO = (]

L, 2 ?
- ;[p -m _(—1671'26

(using the expression for Y (p) in (3.31).) We now suppose that at the start of
the calculation we had replaced .

+ finite part)]

2 2 g
m® by m(1+ 167re)
(cf. (3.41)) Then we find
2 2
T (p) = p? —m?2 — —gm finit, t_ﬂi
(p) =p" —m" = (F575; + finite part) — T

The last two terms cancel which is as we would expect since the combination
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is, by definition, finite.
So, ignoring the finite term

r®(p) = p* —m?

Here m is finite and represents the renormalised mass and is equal to —I'® (0) in
an appropriate order of perturbation theory. So we see that adding the divergent
counter-term 6£; to the Lagrangian gives rise to the interaction —¥— . This
interaction term cancels the divergencein O and makes I'®) (p) finite (to order
g). It is important to note that the counter term’s dependence on the field is
the same as that of a term already appearing in £ (in this case the mass term).
We explain why dL; gives rise to a term which is considered as an 1nteract10n
Suppose we consider the Lagrangian

L= 3@u)@"4) - 3m?s? (342

regarding v as a massless field with an interaction given by —3m?y?%. Notice
that we may write

1 1
- = oy am2a)y2
L= 21/)%31,0 2m¢

Switching the operator 0,0 to momentum space in the first term and taking
the inverse gives ]

1

P2

The interaction term given to the vertex diagram

—im?

—H—

i

(The vertex has 2 external lines since we are dealing with %®>. ) The complete
propagator is given by

= — 4+ % + —xx— +.
1% pz( im?)— + —(—im?) = (—zm2) =+
i
= P

This is the usual expression for the propagator when we think of £ in (3.42)
as describing a massive field. T™) can be treated in a similar way. ' is
represented diagramatically by

\/ '
<! =/\+\O+Q +()

VY ,/\
’ N

= —igu‘(l - ) + finite terms (3.43)

3g
1672%¢
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This diverges as € — 0. To remove this divergence we add the counter-term 6Ls
to the Lagrangian where

This gives rise to an additional Feynman rule denoted by

X _ "37:92/16
T 167

This graph cancels the divergences in (3.43) rendering I'¥) finite.

N
7

‘,‘Q, = —igu® + finite terms

2
We should note that these new rules will generate new diagrams whenever their
counterparts among the rules operated. For example, the diagrams

O Q-

are necessary when considering the renormalisation of the inverse propagator
to order g2. These diagrams contain double poles (1 pole from the crossed and
dotted vertices and 1 pole from the loop integration ) as well as single poles. It
was previously stated that I'® contained a divergence due to the term

—O—

2,2
This divergence was due to a pole term of the form K-qe—ﬂ the removal of which
necessitated introducing the multiplicative factor Z,. An equivalent approach
is to introduce a counter-term

L5 = ——g(a,ﬂp)?

to the Lagrangian with 1 + A = Z,. Counter-terms of this type will produce
terms of the form Ap?. We only need to choose A carefully so that it cancels the
term K.qéﬁ The above discussion outlines how the insertion of counter-terms in
the Lagrangian will cancel the unwanted divergences. We now ask whether this
same technique may be applied to diagrams of any order in g. This leads to the
question of renormalisability and what is known as “overlapping divergences”.
Consider the general two loop diagram

@

All external lines have been omitted. There are three one-loop diagrams con-
tained in the two-loop diagram. They are

¢ D O
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Owing to the divergences due to the various loop integrations we have counter-
term diagrams associated with them -

O O O

These diagrams contain double poles and single poles. The single pole from the
vertex multiplied by the finite part of the loop integrations leads to terms of the
form

In p

€

This term can not be cancelled since it does not correspond to any term in
L. The theory will only be renormalisable if these divergences cancel with
similar divergences from the two loop diagram. t’Hooft and Veltman [15] have
shown that these divergences do indeed cancel - a crucial result in the proof of
renormalisability. To make the theory finite we shall only require counter-terms
which are of the same form as those appearing in the original Lagrangian. The
Lagrangian which gives finite answers (often called the “bare Lagrangian” ) is
given by

Lg=L+ Lcr
where L is the original Lagrangian given by -
_1 9 1 45 9 Q_ﬁ_‘i 4
L=30u) —gmy" =S
and 1 1 Byt
Lor = 5AB)° - 5m?(Om?)y? - Ty
We therefore have
1+ 4 1+ ém?

Lp= (_2—_)(8‘”[))2 - £—2ng
Introducing the bare quantities ¥g, mp and ¢gp the Lagrangian may be rewritten
as

gus
P - (1+ B)—4!—¢4

1 2 m%ﬂ/’%a 9B¢4B
Lo =3500u¥8) - —5— - =4~
giving the equation

Yp = (L+A)iy = Z3¢ where Zy,=1+4

1+ 6m? 14 dm?
:\/—-—— = Znmn h I = | ——
mpg 1+Am m where Zn, 1+ 4

1+ B 1+ B
= (— g = € 7 = ———
9B ((1+A)2)ﬂ 9= Zgu'yg where Z, (1+A)2

The “bare” quantities are defined in terms of (infinite) multiplicative factors.
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3.6 The Renormalisation Group

We now investigate how the Greens functions change as the scale p varies. This
question may be answered by recalling equation (3.40) which shows how the
renormalised and unrenormalised Greens functions are linked. It is important
to notice that the bare parameters are independent of u. This means

3}

p=—TIm =g

6

where '™ is unrenormalised and is written in terms of the bare parameters.
From (3.40) we therefore have

d,  _—=n
#E[ZVJ ’ Fg")(pi,gr,mr,p)} =0

Performing the differentiation (using the chain rule) and multiplying by ZE
gives -

Hou " " ou dg, Mo om, 2%

We note that an) depends implicitly on u via g, and m,. Defining the coeffi-
cients

IriM =0 (3.44)

B(g) =
1 01nZ¢
1(9) = Su—5— o
and
o )_1 dlnm?
9/ =3k on
equation (3.44) becomes
0 0
—_ Hapn) —
i + (o) = m1(a) + (o)) = 0 (3.45)

This is called the Renormalisation Group Egquation. When the regularisation
parameter u varies the changes in the renormalised quantities g, and m, are
such that the unrenormalised T'(™ (which as stated above, does not depend on
1) does not change. We now perform a change of scale given by

p—ip

(t is dimensionless.) '™ has an engineering dimension of Deng given by
€
Deng:4—n+§(n—2)
Since I'(") (tp, g, m, 1) is homogeneous of degree Deng in p, m and p we have

o 8 i
(b +mp—+ u—)F("’(tp 9,m, 1) = Deng T (tp,g,m,u1) ~ (3.46)
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Combining (3 46) with the renormalisation group equation given by (3.45) we
eliminate ,u—— to obtain

0 0 3]
{—t‘a'z + ,355 —ny(g) + m(vm(g) — 1)% + Deng]

xI'™(tp, g,m, p) =0 (3.47)

This equation shows how I'®) behaves as the momentum is scaled. This
equation may be solved by introducing the running coupling constant which will
be defined as the solution to the differential equation.

240 — 5(0)

This equation is derived as follows. We assume the existence of functions g(t),
m(t) and f(t) such that

r®) (tp,m, g, 1) = ()L™ (p,m(t), 9(2), 1)
Differentiating this with respect to t gives

8 d
TV pm.g,m) = G+ (5, m(t), 9(2), 1)

dt
Om or™  ggor)
A i iy

or, multiplying both sides by ¢

13}

D (tp,m, g, ) o i

(t +f(t)t6t8 + f(t)t= 3t 5g =)

xr<"><p,m(t> 9(0), 1)
= (F 0 g + OG5

I )
f(t)F (tp,m, g, 1)

Hence
( t + ii +t(9__m_3_ +t 89 o
ot fdt at Om ot dg

Comparing (3.48) with (3.47) we obtain the following differential equations.

229 _ pg) + 5 = min(e) - 1

—)F™M(tp,m,g,u) =0 (3.48)

tdf
f dt
The last equation is separable and can be integrated to give

= Deng~nv(g) with the initial conditions g(1) =¢ f(1)=1 m(l) =

F(t) = tPenoem Ji 213t
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In the limit as € = 0, Deng =4 — n and we have

T (tp, m, g, p) = t1~ "= F U0 (b m(1), g(t), ) (3.49)

This equation demonstrates how the mass and coupling constant scale under a
scaling in the external momenta. We should note that an “anomalous dimen-
sion” is now present in the exponential. Equation (3.49) represents a solution
to the renormalisation group equation. We now investigate solutions to the
differential equation

9g(t)

=5 = B(g)
given that we know the behaviour of 3(g). We examine the following cases (each

with the assumption 5(0) = 0).

1. B(g) > 0 for all values of g. Then g will always increase -showing upward
or downward concavity depending on the sign of F'(g).

2. f(g) begins positive for small g then reaches a local maximum, decreases
and finally becomes negative.

B3\ I C ;' e
3
Blgr) =0 g=0 and g=gr are called fixed points. We examine the
behaviour of g near gg by expanding g around gp.

B"(gr)(g = gr)?

B(g) = Blgr) + B'(9r)(g9 — gF) + o1

To first order we have

B(g) = B'(gr)(g — gF)

‘We therefore have

dg(t)

t=2 2 = B (9r)(g  9r)

Let us choose the starting value of g to equal g,. If gs < gr then
gs —gr <0 and B'(g9r)(gs — gr) > 0. (since B'(gr) < O from the

diagram) This means that for ¢ > 0, Q%itﬂ > 0 and implies that g

starts off increasing. As g = g7, B'(9r)(g—gr) = 0" and as t -
oo Qg;l - 07 .

Arguing in this way we see that g — gz as t — oo. If on the other hand
gs > gy a similar argument yields g — g}" as t = oo. We can sketch
these two situations as follows.
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gr is called an ultraviolet stable fixed point because g(t) = go as ¢ — oo.
This happens both from above and below depending on where our starting
point is.

3. B(g) behaves as follows -

iN_ g .
If g < g5 then ' (gr)(gs —gr) <0 . (since B'(gr) > 0 from
the diagram.) This implies that for ¢ > 0 Q%t-t-l < 0 and means that
g(t) starts off decreasing. (ie. it moves away from gr.) g(t) continues
decreasing and asymptotically approaches zero in the limit as ¢ — oo . If,
however, g, > gr then using a similar argument g will be driven away
from gr. We can sketch these situations.

s
5L
t

We say that g = gp is an infrared stable fixed point and g = 0 is an
ultraviolet stable fixed point.

3.7 Divergences in Quantum Electrodynamics
(QED)

We now turn to the dimensional regularisation of QED (see Berestetskii [6]). In
this section the graphs containing primitive divergences shall be examined and
the renormalisability of QED will be shown by means of the Ward Identities
derived in Chapter 2. We begin by considering a diagram with n vertices, NV,
external lines and N, external photon lines. If E; are the number of internal
electron lines then we have 2n = N,+2F;. Thisis because there are two electron
lines attached to each vertex - some of which will be internal and hence count
twice and the rest external counting once. One photon line emerges from each
vertex. There will be IV, vertices at which the photon line is external. There
are n — N, remaining vertices and 5(n — N,,) internal photon lines since each
photon line is attached to two vertices. For example, in the following diagram
- the “alien” : 3

n =8 N, =2 and the number of internal photon lines is %(8 ~2)=3. N.=6
and the number of internal electron lines is 8 — 2(6) = 5. Since each internal
photon line has a k% term in the denominator we associate a factor of -2 with
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it. Similarly we associate with each internal electron line a factor of -1. This
means that the total power of momentum in the denominator is given by

2(No. of internal photon lines) + 1(No. of internal electron lines)

=2(3(n-N,))+n-1iN,
=2n — -;—Ne - N,

We now compute the power factor in the numerator due to the loop
integrations. The number of integrations (or loops L) over dk is equal to
the number of internal lines minus the number (n — 1) of additional conditions.
Multiplying by 4 we obtain the number of integrations over all the 4-momentum
components. So

L =4[(n-1N)+(n-N)—(n—1)

The superficial degree of divergence D is equal to the difference between the
total power of the integration measure and the power of the momenta in the
denominator. This gives

D =2(n-N,-N,+2)—(2n—- %N, - N,)

~4-IN, - N, (3.50)

This expression is true in the case of d = 4. The more general formula working
in d-dimensions is

d d—1 d-2

D=d+n(3-2) = (5 )Ne = (—5—

)N,

We notice that in (3.50), D is independent of the number of vertices - a condition
which is crucial if we are to prove renormalisability of the theory. Just as in
y* theory, the condition D < 0 is not sufficient to garuantee convergence - a
diagram may contain internal sections (primitive divergences) for which D > 0.
If D > 0 for the whole diagram, the integral always diverges. Since N, and N,
are positive integers there is a limited number of pairs of values of IV, and N,
for which D > 0. We can draw the correspondglg graphs as follows.

by

?
CE % BN
O e % ;_f > 4
PoK P PE P .
(@ D=2(Ny=2,Ne=0) (b)) D=1(N,=2,N,=0) (¢) D=1(N,=3,N,=0)
i L
AN A=,

() D=0N,=1,N.=2) (¢) D=0(N, = 5’:1\@ = 4)

The above graphs are all primitively divergent in QED.
Graph(a) is part of the photon self-energy.
Graph (b) is the part of the electron self-energy.
Graphs (c) and (d) are vertex graphs.
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Graph (e) may be thought of as a scattering of light by light (see Aitchison
[1] ). We recall the Feynman rules for the matter propagator, the gauge-field-
matter coupling and the gauge-field propagator given by
P ] o
yp—m p-—m

~iey,

Tx
NG

& K b 7 .
,va = _k_z'[gl“’] in the Feynman gauge a =1

Since QED is based on the group U(1) we lose the group matrix terms. Notice
that we have replaced g by e. With these rules we can write down the expression
for the electron self-energy in (b). We have

i

4
2= N ) R

d*k i ig
— (—ie)2 " HV v
(~ie)? [ G
Notice that the superficial degree of divergence is 4 — 3 = 1 which agrees with
equation (3.50) setting N, = 2 and N, = 0. This four-dimensional integral
is ultraviolet divergent at large k. It is also infrared divergent. The integral
associated with the photon self-energy depicted in graph (a) is

dip i

iI# (k) = —(—ie 2/——-Tr o v 3.51
(k) = ~(ie)* [ EETrOr oty o) (351

is seen to be quadratically divergent. This result is in keeping with (3.50) setting
N, =2 and N, = 0. II*¥(k) is known as the polarisation tensor. We may now

write down the expression for the photon propagator Dj,, which is, to one loop

D}, (K) = T 4 (Timyires (1) (<1002,
= e Dy

We may regard the photon-self-energy graph as the amplitude of the transition

of a boson into itself via a decay into an electron-positron pair. In graphs (c),

(d) and (e) the divergences are logarithmic. Diagram (d) is an example of a

vertex graph and is given by

d'k —igye , i i,
@+ F—d-m " E—m’
The integral is logarithmic divergent as £k — oo. The only three primitively

divergent diagrams in QED are given by graphs (a), (b) and (d). It follows from
Furry’s Theorem that graph (c) may be ignored. The graph is in fact, cancelled

—ieAu(p,q,p+ ) = (—ic)® /
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by a similar graph with the electron arrows reversed. The remaining graph (e) -
although superficially divergent - happens to be convergent. We now show how
to apply dimensional regularisation to the primitively divergent integrals. The
Lagrangian which describes the interaction of photons and electrons is given by

L =i "0, ~ mip*yp — eAHp* v, 9
—L(8, 4, — B,A,)? — 1(8,4k)?

We must generalise this expression to d-dimensions. If £ is to have mass

dimension d this means that 4, must have dimensions d_;g This gives the
correct dimension to all the terms excluding the third. This problem is cor-
rected by multiplying e by ,uz‘? where u is the mass parameter of dimensional

regularisation. We therefore deal with the Lagrangian given by

L =iy Ot — mip*yp — ep’ =% Abypy 0
—1(8u 4 = 8, Au)? — 1(8,41)?

We check the dimension of the third term.

ep? f ARy ~2-g4d 14414
=d

vl
[S1E

Dimensional regularisation shall now be applied to the electron self-energy.
Working in a space-time of complex dimensionality d we have

§ L= 3 ) = et [ o O

2 )df)/uﬁ k m7" k2

_ a—qg [ 4%k v (B— K+ m)y*
= —ieu d/ (@m)¢ [é? — k)% — m2k?

Combining the propagator by means of the Feynman formula
1 / 1 dz
ab  Jy [az+b(1 - 2)]?

vields

Z = _iptd 2/ dz/ dk Yu (B~ K +m)y*
@Cm)t(p—k)?z—m2z+ k?2(1 — 2)]?
Feynman’s formula works well in the case of one-loop diagrams. Care must be
taken when using it in the case of multiple-loop diagrams - as pointed out by
t’Hooft and Veltman (1972). It turus out that ultraviolet divergences find their

way into parametric integrals. An example of this occurs in the diagram
We now perform a shift of the integration variable given by

k' =k—pz
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to give

Ak’ yu(f— poe— K +mhy*
> (p) = —ipt? 2/ dz 2mya | k'g—mzz +p?2(1 - 2)]?

We now have the integrand in a form in which the denominator depends only
on k2. We use the following result which is the analog of symmetric integration

in 4-space.
ek k,
| Gy = (3.52)

(Hg is a constant.) This means that the integral over the linear term in &’ is
zero. We therefore have

> () = —ipt~le? / iz Vu(B— ¥z +m)y*
0

d°K’ 1
(2m)? [k'2 — m?z 4+ p?2(1 — 2))?

From equation (A1) in the appendix we have we have

S () =t~ “FZ )2)/ 0z 7l H(1L - 2) + ]

x[m?z — p?z(1 — z)]%_2

Using the following properties of the gamma matrices

Wyt = d
YWt = 2-drn
or R, Y = (2-d) ¥

we have

YulB(1 = 2) + mpy* (2~d) (1 —2z)+md
= (e-2) g1 —2)+m{d—¢)

= —[24Q1~2) - 4m— (1 - z) — m)]

This means

) = r( ‘) / dz{2 §(1 ~ z) — dm — [f(1 — z) — m]}

" m?z —p*z(1—2)\ " *
472

r(E)=2-7+0(

Letting
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from equation (3.28) and

m?z—p?z(l—z)\"? 15 m2z — p*2(1 - 2)
47 p? - 2'" 4drp?

(using a standard Taylor expansion.) Retaining only the pole and the finite
term gives

Z(p) 1;,:_2 2/ dz (2 p(1 — z) —4m)

2 1
+15-;57/0 42 1= 2) = 4m) 4ty [z (B(1=2) )

m?z — p?z(1 —2)
4 p?

2 gl
+1g7;-2 /o dz (2 p(1 — z) — 4m) In| ]

e? 2
= goa(- PHam) + e {(#(1L+7) - 2m(1+29)

+2/0 dz [H(1 - 2) — 2m] In("Z ‘4*’7’:;2(1 ~2)y

2
= éi(_ #+ 4m) + finite part

We now calculate the vacuum polarisation graph. Generalising (3.51) to d di-
mensions we have

. . d® 1 1
aull) =6 [ T

= ie? i d% Trly.(#+m)y.(#— K+ m)]
@m)d (p* —m?)[(p - k)> — m?]
Introducing a Feynman parameter z and shifting the integration variable by

putting p' = p — kz gives
g

.24 Trlyu(¥+ Kz + m)n(F'— K1 ~z) +m)]
162# d/ /(271')‘1 a [p/z —m2 4+ k22 (1 ——z)]2

The numerator of this expression may be simplified by means of the trace
relations (Akyeampong and Delbourgo 1973)

Tr(vuvw) = f(d)guw

and
TT(7#'7P7V'Y¢7) = f(d) (gupgua + GuoGpv — guugpv)

where f(d) = 2%_ We also have the relation that

Tr(odd no. of y matrices) = 0
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and (3.52). This last identity means that we may write the numerator as

[p*'p" — K"k 2(1 = 2)|Tr(Vuve ) + m*Tr ()

= [pmp)\/ e k"“k’\z(l - Z)}f(d)(g;mgw\ — GuvGex + gu)\gfw)
+m? f(d) g (from the trace relations)

= f(d){2p,p}, - 22(1 - 2)(kuks — k*gp)
"QMV[P'2 —m® + kQZ(l - 2)]

Hence, dropping the prime on p

2pupu
(27r)d{[p2 —m? +k2z(1 — 2))?

i
(k) = ietut~41(@) [ d

22(1 — 2)[kuky — guk?] Guv
P om+RA-F i+ B —2)

From the equation (A2) in the appendix we observe that the first integral is

(-1)~%ix%2 1 ra-4)
EmiTE) | 2% k(- 2) - m?i-%
The third integral is just equal to the negative of this and cancels. The middle
term integrates to give

(=1)~#irf 02— §) —2z(1 - 2)[kuky — guk?]
@m)® T2 (k22(1—z) —m?)2~%

This gives

e? 1 v
M, (k) = 'z_g(kukv - g‘“'kQ){_e %

k z(l

/ dz (1 — 2)in[™ 2+ o)}

where we have used

D) =2 ~7+0(9

€
2
and

a ¢ =1-¢lna

The latter result is from the standard Taylor expansion. We now evaluate the
one-loop vertex correction -

2y
P-x

pli
Au(prg,p) = p \

740
>
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We have changed the notation from the way it was defined previously by letting
p' = p + q. The Feynman rules give

i

K—m

(—ier A (p,0,7) =0%M“f/@dvy )

Tl }: m)vp(—zg )

2_%)3 d'k Y (#' = K+ m)Yu (= K +m)y”

) B[(p — k)7 = m2|[/ - k) — ]
Owing to the 3 quadratic factors in the denominator we introduce two Feynman
parameters. The delta function means that the y-integration goes from 0 to 1—z.

_ 2,4—d l—z
Au(pq,p) = ——— 216 / dz / dy / d%k

’YV(IfI— K+ m)vu(#— K+ m)y”
[k? — m2(z + y) — 2k(pz + p'y) + P’z + p'2y]?
We now shift the integration variable by setting

= —(en

X

k' =k—pz—ply
This changes the denominator to
[k? —m?(z +y) + p’z(1 — z) + p’y(1 — y) — 2p.p'zy)?

Dropping the prime on the k gives

. 2,4—d 1~z
Au(p,q,p') = zw ” / dz / dy / dik

([P (L= y)— pr— K+ mly,[p( —2)~ Fy~ K +ml]y”

[lc2 —m?(z +y) +p2z(l —z) + p2y(l —y) — 2p.p'zy]?
This integral is divergent in the term quadratic in k. (As d — 4 the integral
behaves as %:Tk which is logarithmic divergent.) The rest of the integral is
convergent. So we may write

— 2
Ay =AD +AQ

where A,(}) consists of the part quadratic in k£ and AE;Z) contains the finite part.
The divergent part may be evaluated by means of the equation (A2) in the
Appendix to give

e-z _ 11—z
AD(p,q,p) = 3#4 "( el *-)/ dw/

Yo Yo Yy’ Y
"+ v) — PPl - 2) — pPy(l ) + 2o e
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We have the following Dirac matrix identities in d-dimensions.

T Yo YuYe? = (2 = )V VuYo + 2(VuYe Yo = YoYoVu)
VYo Yu Y7 =12 - Ay = Q- d)
Letting e =4 — d gives

re-5)=rE)=2-7+0(

N3 N

2- d)z')/ﬂ ={e— 2)27” = (4 -2¢)v, + 0(62)
2 1.4,2

AD N & a-dr 2 y$2 -

w (q,0") i (4ﬂ)2 - )4~ 2€)7,

X /0 dx/o - dy[1 - %ln(mQ(w +y) —p’s(1 - z) — p*y(1 —y) + 2p.p'zy)]

As d — 4 we extract the divergent pole term which is

62 1— :z
2 1671'2 47“_/ d.’c/ 871'2 8rze ™

We therefore have

2
1 € .
A,(‘ )(P, q,p) = _871'267” + finite terms

Aff) is convergent and so we may let d = 4. The integral over k is evaluated by
means of equation (A1) in the Appendix giving

@) , e2 1 11—z
A (p,g,p) = 16”2/0 dz/o dy

(L = y)— o+ m)y, (H(L - 2)= Py +m)y”
mz(m +y) —p?z(l - z) — p?y(l —y) + 2p.p'zy

We have now calculated the primitively divergent graphs in QED. It is
convenient to represent our results as follows.

Superficial Deg. of Div. Actual Deg. of Div. Explimt expression

Z(p) 5 1 Logarithmic 87{25( ¢+ 4m) + finite part
. (k) 2 Logarithmic = e(k k, — guvk*) + finite part
A( )(p, 7,p") /é\\ 0 Logarithmic 87:25'7# + finite part
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3.8 1-Loop renormalisation of QED

We consider the counter-terms which, when added to the Lagrangian cancel the
divergences. We start by considering the electron inverse propagator, P(Q)(p)

) = Spe) -3 (o)

2

= g-m-— 8:26(— p+4m) (We neglect the finite part.)
142 142

= A+ 87r26) —m(l+ 27r26) (3.53)

Here we must add the two counter-terms to the Lagrangian. The first divergence
in ¥ is similar to the divergence 5%2 occuring in the diagram S~ in ¥* theory.
We recall that in order to cancel this term we needed to renormalise the wave-
function. A similar technique is therefore applied to the above divergence. The
second divergence in (3.53) is cancelled by a counter-term giving a contribution
to the electron mass. To the Lagrangian £; defined by

Ly =" g —myp™ip
we add
(L1)er =iBy™ @y — AY™yp

(B is chosen in such a way as to cancel the divergence in ¥ ; A cancels the
divergence in m ) We define the bare Lagrangian as

(L1)B = L1+ (Lr)or =i(1+ B)Y™ §yp — (m + A"y (3-54)

Clearly
B= e and A4 = —me?
"~ 8m2e T 272
To one loop, the electron propagator is finite. We have
—_— = 4+ £ 4 e - ‘““32)
-iZfe) 21¢E
2 .
A Y e 4
i ()

The addition of the counter-terms iByY* Ay is equivalent to a wave-function
renormalisation. We define the bare wave-function by

¥B =V 2%

where Z; = 1+ B and the bare Lagrangian by

(L1)B = iYp PYB — mBYEYE
We have from (3.54)

mpyYpYe = mpZyYp Y = (m+ A)Y*y
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ie.

m+ A
mp = Z2
e? e .
= 1-—- : — -
m(l - =—-)(1+ g—-) (expanding Z; to first order )

3e2 ) 1
= m(l- m) (ignoring terms of order = )

= m+dm

m is called the physical or renormalised mass. We make a brief comment here
about the Dirac equation. The last equation shows how the electron mass may
be renormalised to first order. We could have based our perturbation theory on
the equation
G@d-m+ted—0myp=0
rather than on
it@—mp+ed)p=0

édm = mp — m is to be regarded as an “additional interaction”. The Dirac
equation for the physical free particle is now

(i@-—m+ed)p=0

So we are beginning to see definite similarities between the renormalisation of
QED and #* theory. The divergences which arise in the Feynman diagrams
are cancelled by adding appropriate counter-terms to the Lagrangian. The
expansion for the two-point vertex is

-1

O =

=y T o T gj/

r®(p) =ilSpm)]!
=g—m~(3_(p)+A-Bp)

=g — m + finite term

(since by definition Y (p) + A — B p is finite to 1-loop by construction.) We
now deal with the case of the photon propagator. Analogous to the expansion
of G2 in Chapter 2 we have

D:w(k) = Duu(k) - Dua(k)naﬂ(k)Dﬁ,, + ...

Working in the Feynman gauge { @ — 1 ) means that
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This gives

~Guv 9
D!, (k)= —& ““[ (k“kﬁ “"k?)(

g,@u
R e

10m2

The % is a finite term in the calculation of I1*?(k). (This was not, however,
shown in the earlier calculation.) Rearranging the expression yields

2 2 12 2
g v e” k e 1 kuk,
:u/(k) u ( 6

2 6072 m2) 612 k2 k2 *e (3.55)

We now add correction terms to the Lagrangian to cancel these divergences.
The part of the Lagrangian which gives rise to the Feynman propagator

Dy (k) = =5~

is
1 1 1
Lo = _ZF”"FW — E(BﬂA“)2 = EA“gu,,a,,apA"
(note that o = 1) This is easily seen by switching the operator g,.,0,6” to
momentum space and taking the inverse. So by adding a suitable counter-term
given by

¢ v
_ZFWFu

we may cancel the divergences

Guv€? an —e* 1 kuky
k2672¢ 6m2e k2 k2
This is achieved by setting

6m2¢

We define the required counter-term to cancel these divergences by

C
(L2)er = -ZFWF”"

The bare Lagrangian is

1+C
—(—+—)F,,,,F“ + gauge fixing terms

Z
= _23. F,, F* + gauge fixing terms

(L2)B

with
2

6m2e
We now show that the photon mass remains zero after renormalisation. This
differs from the case of the electron-self-energy in which a bare mass (different

Zy=1- (3.56)
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from the physical mass) had to be introduced. The vacuum polarisation tensor
may be written in the form

%A (k) = (k°k® — g*P k)T (k?) (8.57)

We note that
k, I1o8 kak®kP — kog*Pk2)I1(K?)

(
(k?kﬂ K2 k2)II(k?)

Using (3.57) we may write (3.55), to one loop, as

D, = Dy, — Dyua(k®k? — g°*°k*)II(K*) Dj,

where R 22
1
(k2 ° (242
(k%) = 6n2 (e + 10m2>
Letting g
Dy =~
gives
D! S _gﬂ —_ gi‘_g‘.(kakﬂ - aﬁkQ)H(k2)Dl
wr T k2 Bv
Guv g v
= - :2 " H(k2)~ H(k2)
1 k, k v
= ﬁewf- ))g“mW)

1 ky k 9
k2(1 + H(k2)) (_guv - H(k ))
(using the standard binomial expansion (14 z)® = 1+ nz + ... and neglecting
terms of 2nd order ie. I12(k?) ). II(k?) contains divergences. We may write

(k) =

e
672e )

where

2k2
6072m
I1;(k*) contains no divergences. The dressed propagator may be written as

(k%) = s —0 as k* 20

"/
P = s ne)]
—Guv

= + gauge terms
R2[1 + 55 + T4 (k)]

Z3g;w
— L LA, .5
= 2[ I (kz)] + gauge terms (3 8)

+ gauge terms
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In this last expression the divergence has been absorbed by the multiplicative
constant Zz given by (3.57). The constant Z3 relates the bare and renormalised
A, -fields by the equation

Al = 27 4»

D), - the propagator obtained from the bare field A’ - is related to the renor-
malised complete propagator D;“, by the equation

D,, =ZsD}, (3.59)
Comparing (3.59) and (3.58) gives

- —Guv
D, = auge terms
B k2[4 g (k2)] +gaug
This means that the photon mass remains zero after renormalisation. The
process of renormalisation removes the divergences in D:“,. It does not, however,
remove the finite parts and in the above expression for D), there is a finite
correction of order k2. viz.
2 12
r _ “Guv € L 4
D[,LV - k2 (1 - 6072 m2 + O(k ))
The correction term means that Coulombs law requires to be modified. The
potential separating two charges e a distance r apart is now

2 2
e e
—_— 4]
drr  60m2m? (r)
We finally turn our attention to the vertex diagram and show how the divergence
may be eliminated. By adding a counter-term to the Lagrangian given by

(Ls)or = —Dep® 5y* Ay

We modify A,(Ll) from

e? .
m’m + finite part

to
2
e .
(D + 87575)7“ + finite part
Choosing D = ﬁ% will therefore remove the divergence. The bare Lagrangian
(La)a = ~(1+ D)eut A#4p* v,y
= —Ziep? Ak,

2 .
with Z; =1 — &%ﬁ? To summarise our results we have

1 =2y =1-—
1 2 8n2e
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e? —me?
Zy3=1— —ro A= ——
3 6n2e 2n2e

and we may write the total bare Lagrangian as

Ly =iZyy* 0,0 — (m+ AW — Zieps APp* v,y
—Z(9, 4, — 8,4,)? + gauge terms

Using this Lagrangian we obtain, (to one loop) finite calculations for the self
energy and the vertex. Alternatively we could write the Lagrangian in terms of
the bare quantities to give

. ok * * 1
L =iypy"yYp — mpYpyp — epAgYsV.¥B — Z(auABu — 0,AB,)?

The bare quantities contain all the pole terms which are needed to cancel the
divergences to one loop. We now investigate whether it is possible to cancel the
divergences to all orders in perturbation theory. ie. whether QED is renormal-
isable. We begin by recalling some results which were derived in the previous
chapter. The compete electron propagator and vertex functions were given by

Se@ ™ =Srp)™ = > ) (3.60)

and
Lulp,gp+ @) =7+ Au(pig,p +q)
We also have the Ward Identity

S22 - 5,0

pllr
In the same way as (3.60) was derived we have the relationship
D'(k)~' = D(k)™! — II(k) (3.61)
where
Duy(k) = guD(k)

D:uz(k) = guy D'(k)
Huu(k) Z"‘QLWH(k)

Analogous to (3.56) we have

D' =D+ DID + DIIDID + ...
D

(3.62)

1-~IID

or
(DY'=D'-TI
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This verifies (3.62). > (p) is the proper self-energy given by the sum of the
graphs

G £ S g

ITI(k) represents the proper vacuum polarisation diagrams which are given by

B R e e A

A is the 1PI contribution to I', and is given by

%+&‘+é~+%+%;

To show renormalisability we must absorb the divergences in the propagators
and vertex function. This is done by introducing multiplicative constants Z,
Zy and Z3. We can define finite propagators and vertex functions.
Sp =Sk Dp=-Dp [,=2T
F_Z F» F—Z F Fu.— i1y,

We now turn our attention to the divergences on Feynman diagrams. In the
previous chapter the term 1PI (1-particle irreducible) was introduced to de-
scribe graphs which could not be cut into two parts by cutting one internal line.
These graphs were called proper (1PI) Feynman diagrams. We now introduce
a subclass of diagrams called irreducible.

From the above expansion we see that the lowest order contributions to X, IT
and A are given by £3_ |, e~Qw~ and “{%r . The first two are examples of
self-energy graphs and the third is an example of a vertex graph. A skeleton
graph is a graph for which no subgraphs containing self-energy parts or vertex
parts can be formed. For example, the following Feynman diagram is not a

skeleton graph E

Its skeleton is obtained by replacing the self-energy part by a line and every
vertex part by a “bare” vertex. Hence the skeleton is

S

A graph which is its own skeleton is called irreducible. Skeleton graphs occur
in ¢* theory. Skeleton graphs for I'™) are graphs for which no subgraphs with
positive degree of divergence (ie. non-trivial insertions of ['®) and T ) can be
found. The following is a skeleton graph for I'(®) .- ’

Clearly g
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is not a skeleton graph.

We firstly consider the divergences occuring in irreducible graphs. In the self-
energy graphs the only irreducible graphs are ™0 and .£3_ . In the vertex
diagrams there are an infinite number of irreducible graphs. For example,

< Rl

The superficial degree of divergence is given by

3
D=4-:N,-N,

In each of the above graphs N, = 2 and N, = 1 giving D = 0 for all of them.
(ie. they are logarithmically divergent ) The lowest order contribution to A,
was the graph &~ and it was shown that

2
€ .
Ay = 8?;')/“ + finite part

If we consider all the irreducible graphs in the expansion of A, ( not just the
lowest order) we obtain an expansion of the form

Ay = Ly, + AQ (3.63)

where L is an infinite multiplicative constant and A,(,f ) is finite. Since A, is of
this form all the divergences in irreducible vertex graphs may be isolated. We
now return to the reducible graphs. To obtain a reducible graph it suffices to
write down its skeleton and then to replace the propagators (lines) and bare
vertices by the relevant self-energy and vertex parts. We first consider a vertex
part V and its skeleton V. We have

Au(p,p,;SF, DF775 6) = A,us(p7pl;5377DlF)F7 6)

from which it follows that
Fu(p,p') =%+ Aus(p,p'; S}M D/F, F,e) (3-64)

The right hand side of this equation may be represented graphically as

A+ A+ A

We have taken the lowest order terms in the skeleton expansion and replaced the
internal lines by thick lines and the vertices by black dots. (ie. they have been
replaced by the propagators S and D% and the approximate vertex operator
v by T.

The self-energy parts are more awkward to handle due to the problem of over-
lapping divergences (which we recall occurred in ¢* theory). Overlapping di-

vergences occur in the diagram K\
P %
v P
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It is difficult to separate out the divergences. It turns out that the problem is

solved by appealing to the Ward-Takahashi identity.

A similar situation arises in the case of the photon self-energy diagrams. ( eg. ww(Dw—
). Just as the Ward identity implied that

[$)))

Au=—'aﬁ

(in the case of the electron self-energy ) we have the operator A, (analogous
to A, ) defined by
o (k)

Ok+

Differentiating II(k) with respect to k* results in the insertion of a photon line
in the internal electron lines.

Eg. %}\ (WG}WM): Wé)—rm " Mmémw

We denote the expression analogous to I', by W,,. W, is defined by

Au(k) =—

Wy(k) = =2k, + AL (k) (3.65)
We now recall the equation for the complete photon propagator given by

D'(k)™! = D(k)™! — TI(k)

with 1 8D
= e — = —2kH
D 2 A 2k
and
omoH—t . o1
g = T o
= -2k +ALk)
= WM

Analogous to ( 3.64) we have
Au(k; S, Dp,k,e) = Ays(k; Sg, Dr,W,e)
and hence (3.65) becomes
W (k) = =2k, + Dys(k; S, D, W, )
By performing the necessary subtractions we may define convergent functions

Au@P) = Aus(p,0') — Aps(Pos Po)pg=m
Au(k) Aus(kz) - Aus(ll'2) (3'66)

i
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where pp is the momentum of an on-shell electron, so that p = m? and u is an
invariant photon mass. Since

Aus (pO,pO)[p{;:m =L, (367)

(L is an infinite constant) we may cancel the divergence occuring in (3.63). We
define finite propagators and vertex functions {(denoted by ™) by the following
equations.

f,u (pa pl) = Y+ Aus(P;pl§ S'F, EF) f, 3ren) (3-68)
Sr®)™' = 8r(po)™" = (p— po)*Tu(p,p0)
Wuk) = —2k,+A,.(k;Sr,Dr,W,eren)  (3.69)
dDp (k)1 ~
—5 W, (k) (3.70)

The electron and photon propagator are normalised so that
Sr(po) ™' =po —m
kzﬁp(kz)!kzznz =1

We now show the fundamental relations

. ~ 1 . 1
I'n=2T, Sr=-=Sy Dr=-=D%p (3.71)
Z Z3
providing that the renormalised charge e, is given by
er =/ Z3e (3.72)

We first examine the expression for A,. Each irreducible vertex part of degree
2n has n photon lines, 2n electron lines and 2n + 1 corners. Introducing the
transformations (3.71) and (3.72)
/ o _ G 1 1 P

SIF - Za ‘S;F :SF 2F - Za2DF ) Dy (373)

Fu_)erlL:FIl e’ — Zze = e,
we find A,s = Z1A,,. (The Ward Identity means that Z; = Z, ) or,

1 1 . .
Aus[zs'F, ZD’F, ZiTy, Z3€’] = Z1A 5[Sk, Dp, Ts, €7 (3.74)

The left hand side of this equation is finite; Z; cancels the divergences in
Aus[St, D, Ty, €?]. From (3.68), (3.66), (3.67) we have

fu = ’Yu"']\us
= ’Yu+Aus_I/YM
1
= (- D)+ T Aw)
1 p o
= Zl{')’u""Z—l'A,us[SFyDFaP,ei]}

Zy{vu + Aus[SF, D, F.,,ieQ]} using(3.74)
ZiTy, (3.75)
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(Note that we have set Z; = 1 — L.) The above calculation shows that (3.68)
holds when the renormalisation is performed according to (3.73). A similar
argument can be used to show that (3.69) holds when W, is renormalised by

WIJ = Z3Wu

The above discussion shows that renormalisation may be performed by means
of a subtraction procedure (3.66). This procedure is equivalent to introducing
a multiplicative constant (as shown in (3.75) ). A more extensive treatment of
the renormalisation of QED may be found may be found in Bjorken [7].

At this stage it is appropriate to introduce a renormalisation scheme de-
veloped and perfected by Bogoliubov, Parasiuk, Hepp and Zimmermann. To
understand this method we introduce some appropriate terminology (see Chang
[9] and Callan [18]).

(a) Subgraph A subgraph is defined by a set of vertices and all the lines
connecting these vertices. It may be hidden inside a Feynman diagram
and corresponds to a renormalisation part. The following examples from
QED %Pd y* theory illustrate this idea,

N A
0 e TH ) ol (WL
(v M~<§L§~M (w Mégﬂ -
In (i) there are two non-trivial subgraphs defined by the vertices v =
(1,2,3) and % = (2,3,4). (ii) contains two non-trivial subgraphs v =
(1,2) and v2 = (3,4). (iii) (which is an example from ¥* theory) contains
the subgraphs v = (1,2) and 12 = (1,2, 3).

(b) Disjoint subgraphs Two diagrams which have no common vertices are
said to be disjoint. This relation is denoted by 71 N~y = @. Graph (ii),
for example, contains two disjoint subgraphs v; and ..

Non-Overlapping graphs If any of the following conditions are satisfied two
graphs +; and v, are said to be non-overlapping.

L. mCy
2.v%%Cm
3. 71 n Y2 = %]
The following examples 111ustrate this concept. .D/
— \
[ — s
- ; G
el
(A
~v1 and 2 in the first two graphs are non-overlapping. The third graph is
overlapping.
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(d) Unrenormalised and renormalised amplitudes We consider the
unrenormalised amplitude Mr for a diagram I'.

Mp = / n %m{p}, {k})

(I %f)*; is the factor associated with internal integrations.) {p} is the
external momenta and {k} is the internal momentum variable. By apply-
ing the Feynman rules we obtain Mr from I". We denote the renormalised
amplitude by

. dik; -
e = [ T] Gy Fettoh, ()
It is the renormalised integrand.

Our aim in this discussion is to construct fp from Ir. We shall do this for three
classes of diagrams.

Class 1 - Diagrams without divergent subgraphs Superficial degrees of
divergence of I are denoted by D(T"). If a diagram I’ contains no divergent
subdiagrams and is not a renormalisation part, that is having a negative
degree of divergence, we define

Ir=1Ir

If T is a renormalisation part we have to introduce a Taylor operator .
We define _
Ir =Rrlr = (1 - tr)[p

The operation (1—t) on I+ (which we shall assume is a function f(pi,...pn)
where p; ... p,, are external momenta) is defined by subtracting from I+ the
first D(T) derivative terms in a Taylor expansion. t' acting on f(p1,...Pn)
is therefore the first d derivative terms in the Taylor expansion of f({p}).
We have

oy opn) = £ )+ -
B I oI oL

2% f{p
9p;...0p;

where d = D(T'). The point {p°} about which the Taylor expansion is
made is called the renormalisation point. In equation (3.76), t! is a short-
hand for tPT). This construction ensures that Mp is finite.

Class 2 - Diagrams with no overlapping divergences In this case we have

k=J[a-t90 (3.77)

H
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where {y;} (¢ =1,...,n) describes all the renormalisation parts. Equa-
tion (3.77) may be expanded out to give

=Y J[¢r (3.78)

U ~eU

U is the set of possible divergent subgraphs. We have

U=oim;. -y {ymeh- i {mre, -}

Each element in U represents a particular laying down of boxes. Diagram
(iii) in part (a) serves as a useful example. Boxes may be layed down as

follows.
’?" <_ ’62 -~ ,.a/ 3/
¢ e | : » !

DR S S ED=SLARD= AR
Each element of U gives rise to a forest. We call {y1,...,7m} a forest.
It is important to notice that a forest may be empty and it is legal to
draw a box around the entire diagram provided that the diagram is a
renormalisation part. A more formal definition of a forest will be given

shortly. Another useful example to consider is the following self-energy
diagram which has 2 non-overlapping renormalisation parts.

—
e

There are two divergent subgraphs fﬁ ‘and ~3. The renormalised amplitude
is from (3.77) given by

Ir = (1 —tm)1 —t)Ip
=Ir +{(—t")Ir + (—t72)1p
HE) ()

The forests are given by

U=2;7;7%;{1n,1}

and we see that this result is in agreement with (3.78)

Class 3 - Overlapping diagrams We now turn our attention to the case of

diagrams containing overlapping subgraphs. A set of forests U belonging
to a diagram I is defined as a family of superficially divergent subgraphs
such that

1. Elements of the forest U are renormalisation parts.

2. Elements of U are non-overlapping.

3. The empty set © is a forest.
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The following diagram contains overlapping subdiagrams ; and 7,.
1“—*—
o~

The forests are given by 3

U = ;577 {711,73}; {72,713}

{71,72} and {71,72,73} arenot forests since ; and ~, are non-overlapping.
The renormalised integrand It is given by

Ir =% vlleu(=t)r
=Ir + (—t")Ipr + (—t")Ip + (—t"%) 7
+(=£9) (=) I + (—£%) (~£7) I
= (1 —- t"s)(l —tm t’y-.»)[l.,
A=) (1 —t"M)(1 -2

Equation (3.78) may be used in calculating I» when overlapping subgraphs
are present in I'. Equation (3.77), however, may not be used and, as the
above example shows, it gives a different result to that which is obtained
when applying equation (3.78). We provide a further example from 1*
theory. The following graph is a contribution to the four point function
of order g*. [ —t—

We note that v2 and 73 are overlapping - hence {72, v3} can not be included
in the set of forests. The possible forests are

U =077 77 {7 {n. sl
{rasmats {ras mabs {ves mads i v 14 b
{71;73774}

Applying equation (3.78) gives

[} = [1 — T Y2 Y3 e (__t"n)(_t"/z)
() (=E7) o (=£72) (—E74) o+ (=t7) (1)
F(72)(=47) + (£ (=472) (=4 + (=) (~ ) (<) I
= (1 — t”)(l — 72 t%)(l —_ t’h)[r

We do not obtain two factors (1 — ¢t72)(1 — £73) as we might expect from
(3.77) because of the overlapping nature of the subdiagrams v, and ~s.
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3.9 One-loop structure of Yang Mills theory

In this section we look at non-abelian gauge theory based on the group SU(3).
(We recall that QED was based on the abelian group U(1).) This theory is
known as QCD or Quantum Chromodynamics. We shall calculate the expres-
sions for the self-energy, the vacuum polarisation and the vertex diagrams in
QCD. At each stage we show how the renormalisation is performed by selecting
appropriate counter-terms. We start with the quark self-energy diagram

K-p
K

The Feynman rules (in the Feynman gauge - see Chapter 2) give

dik 1
@md = k-

uy
-y (p) = —g*ut " ~ 75 (T)aaT)ar
ab

By recalling the integral expression for the electron self-energy in QED we see
that

QED

(TT)w S (7)

)
ab

2
_ g
= (Tl (- §+4m)
The only factor that remains to be calculated is (T°T%)e. T°¢ = A?c where
A¢ (¢ =1,2,...8) are the Gell-Mann matrices. These matrices are the gener-
ators of the group SU(3) and are given in the Appendix. It is easy to verify
that

T°T =33+ M +...)3)

=351 (where 1 isthe3 x3 unit matrix)

Hence
4

§6ab

(In general, (T°T°)% = Cy(F)6?%. ) We therefore have

(T°T®) 0y = g(l)ab =

ab gg
— ab
> )= gﬁ;(— ¥ +4m)é
Since the divergence occurs in the term involving 2 its removal is achieved by

renormalising the wavefunction. We define the bare wavefunction ( in analogy
with the QED case) by
¥YB = 2oy

2

where

g
Zyg=1———
2 672e
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We shall now consider the gluon propagator. ( This is the analogue of the
photon propagator in QED. ) The gluon propagator up to one loop is given by

S G N @ S
+ 3
This expression differs from the case of the photon propagator in that we have

an interactions like
J,é_\ and }'cf

These interactions result from the non-abelian nature of the theory as may
be recalled from Chapter 2. We calculate the gluon loop contribution to the
vacuum polarisation in QCD as follows. Pk
- e
a ﬂf:“{g)‘“"’c —> N
Y \ v
et (1) = ~—
The Feynman rules tell us to associate a factor of

dik 1

(2m)? (p+ k)2k?

with the internal loop integration. We also need to analyse the couplings
o

Pl3
-@4K)}q ;)fy “‘\4‘5“‘(
<% ox <o
The expression for this is (from Chapter 2)

—gf*Y(ky — (=P + £))u)gpo + (P = k) pGuo
+(=(p+ k) = P)ogul
= "gf(wd[(zk +p)ugpa +(p - k)pglw —(k+ QP)agﬂp]

The other coupling b v
Pl 3

\P*K

Ol O"ZK L“'\Cj}

is given by
_gfbdc[(2k +P)ogps — (2P + k)ogpr + (P — k) p90v)
Combining these results we therefore have

kB,
(27)d (p + k)2k2

. 1 —d sac
i (1) = — g2ttt [ (3.79)
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where

E,. (k,p) = {(21‘7 +p)ugop + (P - k)pg;w - (k + 2P)agup]
X [(2k + p)ugpa - (217 + k)a'gpv + (p - k)pgm/

The factor of & in (3.79) comes from the symmetry of the diagram. (There are
two ways of attaching the labels to the internal lines.)

Eu(k,p) = (2ku +pu)(2ky + po)d — (2ky + pu)(2py + k)
+(2ky + pu)(py —~ ku) — (ku + 2p,)(2ky + p)
+(ka + 2pa) (2p0 + ka)guu - (ku + QPV)(Pu - kll)
+(pu - ku)(2kv +pu) - (pu - lu)(2pll + lu)
+(®s — ko) (0o — ko) guv
= kyk,(4d —6) + (pukv + kup,)(2d — 3) + pup(d — 6)
+9u[(2p + k) + (p — k)°](usingg,, = d)
The integral
&% By (k)
2m)? (p + k)%k?
is both infrared and ultraviolet divergent at d = 4. We deal with this by using

the standard technique of dimensional regularisation. Introducing Feynman
parameters in (3.80) gives

d% 6(1 —z—y)E,.(k,p)
m)m)/ d‘”/ dy/ @m) [k2z + &+ )75 B

/ £e [ 2K E,y(k,p)
(2m)4 [k2z + (k% + 2k.p + p?)(1 — x)]?

(Performing integration with respect to y causes the Dirac delta to disappear.)
The denominator may be transformed as follows.

(3.80)

k24 (1—2)p? + 21— )kp = (k + (1 — 2)p)? + p*o(1 — z)

Making the substitution
K=k+(1-z)p

gives ( dropping the prime on the k)

/ / dk E,,(k+p(z —1),p)
(2m)? [k%2 4+ p%(1 - z)z]?

Symmetry allows us to reduce the numerator to

Euu(k - prc,p)
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to give

ab 4—d racd pbde &’k E v(k — pz,p)
I, (1) = 29# fecef / /(27r)d k2:-p ol — o) (3.81)

E,.,(k — pz,p) may be expanded as follows -

E;w (k —pIII,p) = (4d - 6) (ku - -Tp,u)(ku - a:p,,)
+(2d ~ 3)[(1‘7# —zpu)py + (kv — Tpu)py)
+(d — 8)pups + [(p — k + p2)* + (k — pr + 2p)*] 90

Expanding this expression, dropping all terms linear in k (since they do not
contribute to the integral) gives

By, = (4d—6)kuk, + [(4d —6)z(z — 1) +d — 6]p,ps
+[2k% + p*(2z(z — 1) + 5)]guw

Substituting this expression in (3.81) gives
dik
-Trab 2 4 d racd gbed
I (1) = ff/ o [ Gt

5 (4d — 6)k,k, + [(4d — 6)z(z — 1) + d — 6]pup, + [2k% + p*(2z(z — 1) + 5)]g.s
(k2 + p?z(1 — 2)]?
Using the formulas in the Appendix gives

. 1 facdfbcd 1 % ra- Q)
M) = 39 g /{“d 02T @™ e (l — 27
T2 - ) 1
+[(4d - 6)z(z — 1) +d — ﬁ]pupl' r(2) (p?z(1 — I))2—§-
) B ! re - -) 1
+[p (21’(2} 1) -+ 5)]9;;1/ F(Z) (p‘zz(l _ x))z—% .
+ -~ 1 71'2 F(l - "' _ }

2 1_‘(2)(1(172:1:(1 - x))l“

or
acd gbed (3d 3)9#VF(1 )
COR s A e
re- 9
__—_—Tp,u 5—-2z(1 -z uPo(d — 6~ (4d — 6)z(1l ~ =z
ol —2)P-1 (9P ( (1~ =) + pupu( ( )z ( Dk

This expression may be simplified by making the following algebraic manipula-
tions. We write

4
2

@*e(1—-2)'"% = PPl - o)]lpPe(l ~ 2)]”
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re-9)=r()=2+90) (=4-q)

[pQ‘T(]' —x)]Q—% — [p2$(1 —IL‘)]_;_ =1 E ln(pzz(l - 2?))

472 - 472 5 dn 2
This gives
2 racd £bed 1 9
m (1) = L [ aalat - a)(-se + (-1 +0(2)
(1 — 2 racd gbed
o (15 PELE [ ey - 22D

x[9.9” (5 = 20(1 = 2)) + Pupo (5 (82(1 - 2) - 2) — (102(1 — 2) +2))]

We now rearrange the order of the terms and write 1¥(2) = 1 — «y to give

2 pacd fbed 2 1 2 _
nt ) = LELE Lo - g s+ 0 [ (1= )01 - §in(EEZ D pae

2 acd fbed T
$ELLRE ) [ dota - SimPEEEDy)

X[guup® (5 — 22(1 ~ 2)) +Pupv(§(8w(1 - ) —2) — (10z(1 - =) + 2))]}
Expanding and retaining only the terms in —i— and €° gives

2 racd £bed 3 9
mob 1y = IS 2 23 (1) 2P,
(1) 352 { ~ 9P’ 5 + GurP ( 'r)ﬁpgu

! 2z(l—z),, 2 14 112
99,0 | dafe(l — o)L=y 2, pl4 12
+gup/0 z[z(1 — z)in( yw— N+ =gup’ 5 = 5 —Pup

- /1 dz l”('psz(I‘l:Tai)')[QMVPQ(5 = 2z(1 ~ z)) — pupy (102(1 — z) + 2)]
0 a '

14 , 11 2
=3 V9P + T VPuPy ~ §pupv}
2 facd fbed 9 19 ! , 19 1
S e =Dubv) +guup2(——6—7 -3)

sorr G Gom?’ =3
2 11 ! z(1 -z .
“Pupu(g"—3-7)+/ dz ln(‘z—)——4(—7—)-)[pup,,(IO:v(1-:c)+2)—gu,,pz (5-~-11z(1-z))]}
0 T

The pole term is therefore given by

11 19
facdfbcd[ 3 PuPv — —GuuP ]

1671'2 6
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We now calculate the ghost contribution to the vacuum polarisation in QCD.

This contribution is given by the following diagram —~
Pk
0 By e By
"rwm 'hnrw\,v\,\
e = M NA ~
K’K
FrooILn /g\hapter 2 the Feynman rules tell us that
ir-e = —gfte(~ky) =af*k,
=~k e =levx) = gfcadk”
o(’ e (using anti-sym. of the structure constants.)
v
PTS = —0f* D= +k)) = a4k,
~(E¢ 'k =gf" (p+k)u
4 \\
S d

Combining this information with the integral which is associated with the in-
ternal loop momentum gives

dk (p+ k)uk,
(2m)4 (p+ k)2k2

To evaluate this integral we introduce a Feynman parameter to give

. acd ebed A— d’k (k —pz),(k 1-z)),
iIgs,(2) = —g” fol f* "/ /2)d( ,:;J)”;le( )]2)) (3.82)

zHzl:l(z) — g2fcadfdbc#4-d

(Note that f¢*? = —fe°@ We now expand the numerator of (3.82) (ignoring
terms which are linear since they disappear on integration.) Qur aim, as usual,
is to apply the standard formulas derived earlier dealing with dimensional reg-
ularisation. We have
1 d
d%% kuk, —z(1 — z)p.py
~Hab 2 = — 2 4—d pacd bcd/ d u " M‘
Ma@) = =g w= ST | Gry R+ el o)

Applying the formulas in the Appendix gives

ab oy —giptmdpecdpbed g1 1 4 T(L-)(pz(l - z))
M) = S | G e

7302~ &) y
(PPa(1 — x))>~%
—g* - "f‘”"f”“‘/ gorl 9w (1~ 4)
(4m)% o 2(pPz(l-a))'%
z(1 - z)p,p,T(2 - §)

O

—1,‘(1 - z)pupu
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We now expand the quantities 44, (p?z(1~ 2))'~% and I'(2 — £) using the

standard results.

I(-n+¢) =§I—1)—[ +¢(n+1)+0(e)]
Ppn+l) =1+3+...+2—7
at —1+elna+

This gives

_ 2 racd gbed 2 1 € 21:(1 -l‘)
ab o) = 9SS A1 / N &P
I, (2) 3572 (=g (C+1-7) A dz z(1-z)(1 2l”(_——47m2 )

1 —z
2 E =) [ do 21— 21 - Gin(EELZ 2y

g° focd fhed g(g,wpz L PuPy
3272 ‘e' 6 3

)+ é(l ~Y)guwp’
~gur? [ datolt ~nEHZI) Lo,

—Zpup,,/ dz(z(1 - x)ln(%g—ai)-)) + Ofe)}

_ gofecdfhed 2 ¢ (g,wp | BuPey
=T 32x2 3

1
-5(r- 1)guup’®

~§7pupu / ln(gi%——))[w(l — 2)gup* + 22(1 — z)pup.] + O(€)}

The pole term is therefore given by

1 1
acd gbed = 2
Adding %% (1) and 1% (2) which are the gluon and ghost contributions to the
total pure Yang-Mills contribution to the vacuum polarisation in QCD. This
gives

facdfbcd 2 10 ) 10
ne+2) =L 4 = (5 Gwp® = pups)) = T(900P” — Pups)
1 p’z(l —x)
39uup 3pupu+ dCUl’fl ’—‘Z,T_”'—')[Pupu@x(l z)+2)~- guup (5 10z(1~2))]}

(3.84)
The pole term is given by

871’2 f(wdbed (guvp pupu)
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We now concentrate on the integral term which may be rearranged into the
following form.

2 10 1
—ln(——‘zl—z—)(gw,p2 — Pubv)— + 2puDy / (4z(l —z) + 1) In(z(1 - z)) dz
4mp 3 0

1
500 /0 (1 = 22(1 = 2)) In(z(1 - 2)) do

Elementary methods of integration yield the following results -

1
2
/ (4z(1 — z) + 1) In(z(1 — z))dz = ——98-
]
! 13
/ (1~ 22(1 - 2)) In(e(1 - 2))do =~
0
Hence the integral in (3.85) reads
2
p ) 10 28 65
_ln(W)(guup = Pubv)3 ~ 2puPvg + 5 GurP
and
2 facd gbed 2
ab _ g fefet 210 100 62 Pt (10
LL+2) = 3 - 37+ ~ 23}

X(P*guv — Pupv)
We should note that HZ’,’,(I + 2) is proportional to the projection operator
2
(p° Guv — Pupv)
2

4
We now turn to the quark contribution to the vacuum polarisation in QCD.
This contribution is represented by the following diagram

a — Sﬁb
M ~

il (3) = =

The term In(5&) gives rise to an infrared divergence when p - 0.

To calculate zHZ’,’,(3) we shall require the expressions for the following
gluon-quark-quark interactions. b o
7

/-&
{ie ?

=

K AN ’MWK
d c c d
The expressions can be found from Chapter 2. We find that

dk

sr7ab — _2,4-d
ZH”V(3) =—g K (271')d

(T)de(T%)ca
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1 1 ]
P E-m " F—m
= iTr(T°T%1,,(QED)
Here we have used the fact that (T)ge(T?)cq = Tr(T°T?). 1, (QED) is the

vacuum polarisation for QED which was calculated earlier in this chapter. It is
therefore unnecessary to go through this calculation again. We therefore have

XTrly,

2

b - n_9 2 ._
02(3) = Tr(T°T") o by — 9u) (3.85)
As defined earlier we know that the matrices 7® (a = 1...8) are proportional
to the well known Gell-Mann generators of SU(3). A standard result concerning

the trace operator is that
Tr(A%Ab) = 24

where T% = % This result may be substituted in (3.85) if “ only quarks be-
longing to one representation of SU(3) contributed to the vacuum polarisation.”
In general we have

Tr(T°T") = 5
np is a number. It refers to the number of quark flavours. In (3.83) it can be

shown that
facdfbcd — 35ab (3.86)

The structure constants are for the group SU(3) and are given by
fizz=1
1

fiar = —fis6 = faa6 = fos7 = faas = —fae7 = 3
Sfass = fers = -‘2@ All other quantities are zero.

More generally, for an arbitrary group we have

facdfbcd :(gabc2(G)
Co(@) =N for SU(N) (3.87)
=3 for SU(3)

In the case of SU(3) the sum of the gluon, ghost and quark loops give

l

2np
sz(l +2+3)= 8 2 (guvp ~ Pur)(5—

5ab
)

Since the divergence is proportional to the term
(9#VP2 - Pupv)‘sab
this suggests (in analogy with QED) setting

2ng

Z3 = 3

)
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We now proceed to the case of the quark-gluon vertex function. This involves
the two diagrams

Fox
M 2 j;, § T4
b £ P‘K§ e P /“Cfg; & .
v f Cc N
F w\;i P 7 k \ "
We shall concentrate on the first of these diagrams which has three internal lines
(two quark and one gluon) and involves three couplings given by

p.d v_a4

/E%VJ ! g'fk o ET—K

L d <
—ig7u(T%)5i ~ig%(Thi  —igr(T%e;
The Feynman rules give

dk

= )d7u<Td>m<

—ign 4 (2)ealp 2,0 = (=g 4" [ - —

Xyu(T* )J'l(]d k )( d)zd’Yp( )

This expression is very similar to the corresponding dlagrarn in QED and differs
only by some gauge matrix terms. We find that

A%(p,q,p')(1) = (TT*T?)Au(p, ¢, )(QED)

It can be shown that
TdTaTd —_ —%fadcdebTb 4 Cg(F)Ta
1
= [—‘z'cz(G) + Co(F)IT*

This gives
A2(1) = g’ (G) Co(F))y, T
p( ) 8 2 ( + ( ))7}1
The second diagram which is afcorprfctlon to the quark-gluon vertex involves the
3-gluon vertex i § J2-¢
/" ‘u
M “k'i\f v

—gf* (o~ k) = (a - p))ug.up +((k—a9) = (P—k))oguv
+((q - p) - (k - q))ugup]

]

There are also internal lines. (Two gluon lines carrying momentum & — p and
g — k ; one quark line carrying momentum k. ) Finally there are the couplings
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d——Lm m

~i9Yy (T dm —igv (T )mn

Combining all this information means that the vertex contribution is given by

. o_d,a _ 3 -1
—19;1,2 2A ( ) = (- zg) (—9)( 4 d) / @r ),1711( )dm( _p)zf“bc
X[p—k—=q+p)gup+(k—qg—p + k)oGur
+(q k—p+ Q),ugl/p]( 1k)2 )( K —7' m)'YV(Tc)mn

or,

92”4-—(1
A%(2) = o feberdrer, (3.88)

where

[ e u(E+m)v[Cp—q— k)vgup + 2k —p— @) pgur + (20 — p — k) u9v,)
L= [ @ — )k (@~ kP -

Our aim is to extract the divergent part of this integral. The technique is
standard. We begin by making the substitution

K=k—-—pz—qy

obtaining an expression for I, in terms of k'. (Note that dk' = dk.) We ignore
terms which are linear in &' since they will integrate to zero. We may also
neglect terms which do not involve &'. On carrying out the integration a finite
result will be obtained in the limit d — 4. The only important terms (which
give rise to a divergence) are those which are quadratic in k', Working through
these steps it is found that the divergent term is

Ip=2/d:c/dy/ddk{[k2_ (- 2d)k, K — 29,k

m*(1 —z —y) + p*z + ¢°y ~ (pr+qy)2]3}

Applying the standard formulae in the appendix yields the pole part

6in?
. v (e=4-—4d)

Iy =—
The group theoretic factors in (3.88) are easily calculated using (3.87) giving
fabchTc — —;—Cg (G)T“

The final result is 2 30,(0)
a g
AG(2) = 5 5[5

Te
871'26 ]fYM
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Adding A{(1) and A%(2) yields the total vertex contribution

2
9 a
Ay = glC(G) + Ca(BT
- (13) T* (in the case of the group SU(3))
T Bn2e 3/ group
The divergence is eliminated by setting the renormalisation constant
g 13

H=1- 87!'26(?)

(see analogous case in QED)

3.10 Renormalisation of Pure Gauge Theories

In this section a summarised account of the renormalisation of pure Yang-Mills
theories will be presented. It is based on one of the original papers by Lee [17].
We begin with a preliminary result on power counting. We shall consider Feyn-
man diagrams which do not contain quark (fermionic) lines. (As stated in the
paper by Lee, a more general theory including matter fields, such as scalar and
spinor fields may be treated with no difficulty.) This is equivalent to a theory in
which no spinor fields are present. The basic building blocks are the couplings

A e

These diagrams are, respectively, a 3-vector vertice, a 4-vector vertice and a
vector-ghost-ghost interaction. We shall use the following notation to write
down an equation for the superficial degree of divergence (D) of a diagram
based on the above building blocks. Let

number of 3-vector vertices

number of 4-vector vertices

number of vector-ghost-ghost vertices
number of external vector lines
number of internal vector lines
number of internal ghost lines

0o

no

A&

We find that
D =4L-2V; —2G; +n3z +ny (3.89)

for d = 4. The number of loops (L) is given by
L =V§+G,~—-n3—n4~ng+1

=Vi—ng—ng+1 (since n, = Gy) (3.90)
We also have the result that
4ng + 3ns + 3ny =2V, +2G; + V, (3.91)
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By combining (3.89), (3.90) and (3.91) we find that
D=4-V,

Since D < 0 is associated with convergent diagrams we see that D > 0 for only
a finite number of graphs. This demonstrates that the number of primitively
divergent graphs is finite. So we would expect the Yang-Mills theory to be
renormalisable. (It would certainly not be renormalisable if D increased with
V..) We now turn to this task.

The basic idea which is central to renormalisation is the ability to scale the fields
and coupling constant so that the generating function I' is finite by introduc-
ing suitable multiplicative constants. Using the notation of equation (3.56) we
have to show that the scaling can be accomplished according to the following
equations.

Aoy =23 (AL, no=23(; 7= 23T
. 7L r 3 T = —J—)—X £ r
Iau, -— Z2(€)Iap, Ia Z2( )I g - Z(E)Z’f(e)g

Z(€), Z(€) and X (¢) must be chosen appropriately so that

[Aryyna,na ’I(:;u ;gr] = F{Aauanm"?;alau71a§g]

is a finite functional of its arguments as ¢ = 4 — d — 0. This requirement is
directly linked with the Taylor-Slavnov identity (see Chapter 2)

or’ or’ 6F’ or’
/d (51‘“‘ dAe (5[“6 o) = (3.92)

Following the notation introduced by Zinn-Justin we define

6Ty oL  oby T,
Fixlz= / @ (5Tan 542 5Az ¥ Ie e

The Taylor-Slavnov identity may be written symbolically as
F«I'=0 (3.93)

We expand T in a loop-wise fashion ( = expansion in powers of £ )

I'=>"T, (3.94)

We expand the renormalisation constants in the same way

Z(e) =1+, Zn(e)
X() =1+5% X.(e)

Substituting (3.94) into (3.92) gives (up to order n)

> Tp*[y=0 (3.95)

p+g=n
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Due to the divergences occurring in I' an (infinite) number of counter-terms are
added to the Lagrangian to make the theory finite. Earlier in this chapter in
considering 1* theory and QED we showed how divergences occurring in

one-loop diagrams could be eliminated by adding appropriate counter-terms to
the Lagrangian. It was stated that similar divergences occurring in higher-loop
diagrams could be eliminated by adding further counter-terms to the Lagrangian.
This procedure may be summarised using the following notation. At the outset,
with no counter-terms the action is just the renormalised action. We put

S =8

S1 =S8"+(S1)er

Sy =8"+(S2)er (3.96)
S =SB

Now I'g(So) contains no divergences since the zero-loop diagrams are all
convergent. In ¢* theory, for example, the diagrams

contain no loops and are finite. This means that To(Sp) is finite.
I'1(Sp) is, however, divergent. (eg. consider the one-loop diagram O ) and
may be split up into finite and divergent parts as follows.

I'1(So) = T (So) + TV (Sp) (3.97)
To zeroth order we have (using (3.95) )
T'o(So) * T'o(So) =0 (3.98)

To first order, we have (using (3.97))
Lo(So) * I{(Sa) + T (So) * To(So) = 0

To(So) * TV (S,) + THV(Sy) + So = 0 (3.99)

We now find a counter-term (S;)cr such that T'1(S;) is finite. (This counter-
term will eliminate the divergences in one-loop diagrams.) We also demand that
(S1)cr be chosen such that

S %8 =0 (3.100)
We would like I'1(Sp) + (S1)er to be finite. This means setting
(S)er = —THY  (from(3.97))
The new action S; is (from (3.96)) given by
S1 = S+ (S1)er
So + (S1)er
= So-rdiv (3.101)

Il
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Then the renormalised generating functional is given by

I'1(S1) =T1(So) + (Si)er

=T1(So) + (S1 — So) (3.102)

We show (3.100) -

S8 =(So— Ty (S — rfiv) ' .
= Sp * Sg — So + TV — Piv 4 g 4 TV 4 pdiv
— F(Iiiv * rg:liv

(using (3.98) and (3.99).) We have used a result here which was not proved-
namely I'o(Sp) = Sp. We have also assumed the distributivity property

Ax(B+C)=(A*B)+(4%C)

Since THY & TV is of order A2 we see that (3.100) is satisfied to one loop.
(3.100) can be satisfied to two loops by adding an appropriate term to (3.101).
We have shown how divergences may be eliminated in zero loop and one-loop
functionals. The renormalisation procedure respects the Taylor-Slavnov identi-
ties.

We now assume that the theory may be renormalised to the (n — 1)th loop
approximation. (ie. we assume that I'(,_y) is finite) This means that we have
determined the renormalisation constants up to this order. Using induction our
task is to show that the divergences in the n-loop approximation may be re-
moved by determining the renormalisation constants to order n.

Working to order n (3.56) gives

Liny*L0)+T0)* ' (n) = =L (n-1)* (1)) =T (1) * T (n—1) =T (n—2)*T2) =) *[ (n—2)—- - -

From the induction hypothesis we know that the right hand side of this equation
is finite. This is because it only involves quantities with less _than n loops. The
left hand side is divergent. The divergent part of ', say ['&%(S,,_1) satisfies

L4 (8, 1) % Sp + So * T¥(S,_1) =0

(Here we have used the result that I'p = Sp. ) Using the definition of the *

yields
5S0 &, 8y 6
G, 52 * 51,50 ™

We may write this as

35 5 4S5
SAL Iy Ome 61,

Irge =0

Griv =g (3.103)
with G = Gy + G where

_ 08§ 45 3§
"~ 81, 6A% T 61, Ona

Go
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and
6Sy 6 6So 46

= 3AF oL, T 5na 6L,

An important observation which enables us to solve (3.103) is that

Gy

G’=0
Since G = Gy + (1 this means showing that
G3+{Go,G1}+G3=0

From (2.73) we may write down expressions for % and %& and by direct

calculation we find that G2 = 0. It may also be shown that
{Go,G1} = 'G%

Hence
G*=0

The fact that G is nilpotent means that, in general, G(F) for arbitrary F' =
F(A,n,n*, Iy, 1,) is a solution of (3.103).
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Chapter 4

The Background Field
Method

4.1 Introduction

In this chapter the background field method is introduced. This discussion
closely follows the approach of Abbott [16]. The background field method is
also discussed in Rivers [3] and Weinberg [12]. The idea of the background field
method is to write the gauge field appearing in the classical action as A + @
where 4 is the background field and @ is the quantum field which is the variable
of integration in the functional integral. Normally the classical Lagrangian is
constructed to be gauge invariant but on quantisation the explicit gauge invari-
ance is lost in the Feynman rules because of the necessity to add gauge fixing
and Fadeev-Popov ghost terms. This was discussed in Chapter 2. In the back-
ground field method gauge invariance is maintained at the quantum level.

We start by introducing the generating functional Z[J] in the conventional func-
tional approach to field theory. We recall equation (2.17). Including a source
field J we may write this equation as

7= / DQdet]%|eif(C(Q)*ﬁF[le-‘rJZQZ)d"x 1)

where

£(Q) = ~3(0uQ5 ~ 0,5 +0F Q405

F* is the usual gauge fixing term and %E—;— is the derivative of the gauge-fixing
term under an infinitesimal gauge transformation -

1
5Qz — _fabcwaz + __g_auwa

As discussed in Chapter 1 the disconnected Greens functions of the theory
are evaluated by taking functional derivatives of Z[J] with respect to J. The
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connected Greens functions are generated by
WJ] = —ilnZ[J] (4.2)

The effective action is defined by making the Legendre transformation

Q) =wlJ - / d*z J2Q5 (4.3)
where sW
=573

The derivatives of the effective action with respect to Q are the one-particle
irreducible (1PI) Greens functions of the theory. Having now reviewed the
conventional functional approach to field theory we now define the quantities
analogous to Z, W and T in the background field method. These quantities
shall be denoted by Z, W and I". They are defined exactly like the conventional
generating functions. The only difference is that the field @ in the classical
Lagrangian of (4.1) is not written as ¢ but is decomposed into 4 + @ where 4
is the background field. We define

a 2 aa
210, 4] = / DQdet|§£—b|eifd‘¢[£(A+Q)—ﬁ(F“) +75Qz] (4.4)

The field @ is quantised while the background field A4 is left unquantised. %%:
is the derivative of the gauge-fixing term under the infinitesimal gauge transfor-
mation

1
6Qp = ~FoPw (AL + Q5) + el

Notice that the background field is not coupled to the source.
We now generalise (4.2) and (4.3) and define

W[J, A] = —ilnZ[J, 4]

and the background field effective action

(3, A] = W[J, 4] - / dtz JoGe (4.5)
where B
< W
ge =22
b= 5T

At this stage it is useful to summarise our notation

@y = the quantum fleld, the variable of integration in (4.4)
é‘l,(i = the background field
Q¢ =4% = the “classical” field in the conventional approach

2

;
Q=

o,
<

v
J

= the “classical” field using the background field method

O

Tea
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We chose the background field gauge condition to be
F® = 8,Q% + g/ ™ ALQ;

This is the covariant derivative with respect to AZ acting on Q. Now consider
the infinitesimal transformations '

1
JAL = —fabcwa;JrEaﬂwa
abe, b ye
§J¢ = —fULtIe
a _ abe, b
6QL = —fUuQ; (4.6)

We now show that Z[J, 4] in (4.4) is invariant under these transformations.

4.2 Invariance of Z[J, A
Firstly we show that J;@Qj is invariant.
6(Jp@u) = (8J))Q; + Ji(6Q7)
— be, b a be, bye
=fW Q) + T (= fW Q)

_fabcwaﬁQz _ fcbawalc;QZ
0

{Here we have used the antisymmetry of the structure constant.
ie. ¢ = —fcbe ) We now examine the gauge-fixing term

Fo = 0,Q0 + g f A%, Q;

SF* = 0,(5Q5) +gf*(6AL)Q; + 97" 4, (00Q;)
1

= Ou(=fWt QL) + of (= WAL + —0,")Q
+gfabcAZ(-—deewdQZ)

— _fabC(auwb)Qz _ fabcwb(aqucl) _ gfabcfbdewdAZQz
+fabc(8uwb)QZ _ gfabcAchdewsz

We may rewrite the last term by interchanging the dummy indices. Setting
boe e—c c—b

gives
§F° = _fabcwb(auQZ) + gwdA;QZ[—faebfbdc -~ fabcfbde]
From the Jacobi identity we have

facbfbde — _fadbfbec _ faebfbcd
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or
_fabCfbde — _fadbf'bec + faebfbdc

Hence

BF® = —fut (9, Q5) + g A5Q5 (=1 )
Rearranging the dummy indices in the last term gives k ‘

SF* = _fabcwb (6uQZ) + gwaZQZ(_fabCfced)
- (8,Q5 + 9?1 A5Q4)
— _fabcwac

Then

§(F°F?) 2F*(5F%)
2Fa(_fabcwa0)
_2waacha F¢
0

Il

The last line follows because we are summing an antisymmetric quantity f2b¢
over the symmetric quantity F°F€. Note that

S(A; +Q3) 6A; 4 0Q5

1
— _fabcwaZ + Eanwa _ fabcwaZ

i

1
= WA+ QL)+ 20"

This shows that 6(A$ + Q) is a gauge transformation and implies that L(A+Q)
is invariant under the transformation in (4.6). It can also be shown that the

Fadeev-Popov determinant
6F°

Jwb
is invariant. Combining all this information implies that the generating
functional Z[J, 4] is invariant. o

It then follows that the background field effective action I'[Q), 4] is invariant
under

det

JAL = —fabcwa;+§auw“
6Q% = —foeuwtQs (4.7)

On setting Q = 0 it is clear that T'[0, A] is an explicitly gauge invariant functional
of A since (4.7) becomes an ordinary gauge transformation of the background
field. It will be shown that [0, A] = I'[Q] with Q = A. This means that I'[0, 4]
may be used to generate the proper, one-particle-irreducible diagrams in the

same way as I'[Q] in the conventional approach.
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4.3 Relation between f‘[O, A] and T[Q]

We now demonstrate the relation between [0, A] and I'[Q]. Using the
translational invariance of the measure DQ, (ie. D{(A+ Q) =DQ ) Z[J, A] in
(4.4) may be rewritten as '

I

Z[J, 4] /'DQdeﬂgleifd4$[£(A+Q)—ﬁ(F“)2+J:(QZ+A:)—J;Az}

= Z[J]e~tS CeUiAD) (4.8)

Z[J] is the conventional generating functional evaluated with the gauge-fixing
term

F*=0,Q% — 0,A2 + gf** AL Q"
Note that Z[J] is a functional of A as well as J through the dependence of F*
on A. (4.8) may be rewritten in terms of the conventional W[J] to give

W(J, Al = W[J] - / d*zJ¢AS (4.9)

Differentiating (4.9) with respect to J and recalling the definitions of Q and Q
we find that

Q=ai-4;

We are now able to deduce the relationship between I" and T.

1[0, 4] W[J, 4] - / d*z(J2Q%)
= (W[J]- / d*zJEA%) — / d*z(JH Q% — A%))
= W[J]- / d*z Qs
r@Q]
T[Q + A2]
Setting Q = 0 we have the identity
[0, 4] = I'[4]

As mentioned earlier the effective action I'[0, A] is gauge invariant. From (4.5)
we have

I[0, Al = W[J, 4]
The condition 3
Q=0
implies that _
Q=4
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Hence A and J are related through the dependence of @ on J. Since W[J]
depends on A through the gauge-fixing term we must use the chain rule when
differentiating the W[J] with respect to J. We therefore have (using the condi-
tion that Q = A4 )

SW [ . W GANw), .
ARl vy wr ke

4.4 Feynman Rules

We now establish the Feynman rules to compute all 1PI diagrams with the
background field A appearing only on external lines. The @ fields occur inside
loops. The condition @ = 0 implies that no external lines will contain @ field
propagators. Similarly no A field propagators occur inside loops (since the
functional integral is only over @ ). In order to derive the Feynman rules we
must express the determinant factor

dF*

det b

appearing in (4.4) as an integral over anticommuting scalar ghost fields. This
approach was used in Chapter 2 where we had the result

det(iM) = / DrDyreid* 2 Macne
where

o

Mav =55

We calculate £Er as follows -
dw

SF* = 0,(0Q%) + gf*/cAL(6Q5)
1 1
= Ou(—f" w4, + Q) + Eé‘uw“) + gf AL (— fOU (A + Q)W + Eﬁuwc)
Then
sF° 1 '
G T Oulfetet (A Q) + 20,040

—gf“fchdeAﬁ(AZ + QZ)(;db + fafCA;J:auéCb
1
= 0u(=f""(AL + Q1) + 20,046
—gfHIefe AL (AS + Q) + £ ALD,

We then have
oF®

Jwb

det = / DoDgte= S 4= 0L(EET)0
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The ghost Lagrangian (Lgpest) is given by

dFe 1 achs rc

0] ()0 = ~OLL (3040°" + 90, (£°* (45 + Q)

+gf TP AL O + g £ fP AL (AL, + Q5))16s

We can use integration by parts on the term
90u(F*° (45, + Q3))
Discarding the integrated term we will obtain
—g8; (F (45, + Q)
where J; is assumed to act on 1. We therefore have
1
Lghost = —91[5(5;15“5“” ~ 9O fON AL + Q5) + 9f P A58
+g2faczfzdbAf,(AZ + Qz))]eb

The Feynman rules in the background field gauge are as follows

G
; 1¢
0%;;«4/%\‘(‘
bR T .
0 Farlgua® = 7 = =0)u + Gr(r = Dy + G (g —p+ 21)3]
& d
‘fé“ _J‘f ) 1
“-:'_,J;"‘l = g {fabo:fzcd(gukgvp — GupGvx + Eguug)\p)
57, 1
b “‘@ +fadzf:cbc(gltug,\p — GurGvp — -—gupg,,,\)
T @, @
: +fac:cfzbd(guug/\p - g,upgu)\)]
a
s
:"Yh \\.\‘p‘
a A ? i = —gfacs(p+ @p
v N //.'
D
@, b
‘FT\ ,L B 2
\""’, = g faczfzdbguu
) ke
C/ 14 d RaY)
y )
o b |
™ ,’L = _igzgul/(faczfzdb + fadz foct
g ‘(\‘;3 B
® B
C//! O 3
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Wavy lines are quanturmn gauge field propagators; wavy lines ending with an A
are external background fields and dashed lines are ghost fields.

4.5 Verification of Diagram

As an example, we check the mathematical expression for the diagram

a, n
@y

~
3 0F
% 3
1/ T N
y . “ o Y
o5 C A

(The other diagrams may be verified using a similar approach.) We begin by

extracting the relevant terms in the Lagrangian. The gauge-fixing term is given
by

S (P = [0 + 0f P ALQS) QS + £ ALQE)
~5e[(0uQ5)(BQ%) + 2(0,Q0) (9 £ 1 ALQS) + g Fo1 Fo4e 4L ALQS %)
The term which will give a contribution to the diagram is
= (OuQR9f e ALQS (410
The cubic term in the Yang-Mills Lagrangian is
—g £ (AL + QUI(AS + Q08 (4" + Q™)

= —gfUe(ALAS + ALQS + QLQS + QLQS)(9" A% + 9°Q™)
The relevant terms in this expansion are

—gf P (4,Q5(0" Q") + QL(8* Q") AL + Q,Q5 (9" A) (4.11)

Combining (4.10) and (4.11) ( and reverting to standard summation convention)
we perform a Fourier transform on the expression ’

i [ (20,04 ()0s A @ Q@)

—g fPAR (2)Q(2)(0, Q7 (2))grw + Q¥ (2) (0, Q" (2)) A (2)gw
+QM(2)Q(2)(0uA”* (2))gv])

d4p d4q d*r . .
. 4 i(p+q+r).z
' _/ d x/ (271-)4 (271.)4 (27)4 ge (=)

to give

127



X (2 (~ru)ganf Q) A7) O (7)
(~r)ore f2 A (@) )P (r)
(~r)r F U A ()" (@)@ ()
(~r)gr U2 ()0 (0)0(0))

This may be rewritten as follows (switching around the dummy indices and
using the antisymmetry of f%%¢ )

d4p d4q d4’l' —i(p+g+7).z
[ ] @n)? @rf @

X{(—im)gxu = Pugua + Tagun + Quga J QR () AV (9)Q7 (p)

To use notation which is consistent with Abbott(1981) we swap the dummy
indices according to the following scheme -

r=q g—=p b—=a
w—=>v a—b
Vo poT

We then obtain

dir dp dt¢ _,
./d4£C (27)* (2m)t (27r)4ge e

X{(=20)90 = G + Drs + B0 H-FPIQV QA GQ0) (412)

This expression is antisymmetric under
Ve A bere ger

(since fbe¢ = —fc¢®® ) We may then write (4.12) as

———/d4 / dir d41)7 (g4§4e—i(r+p+q).z
7

x ([0 = 7 = =0+ 9r(r = D+ (g — p + 1] )

xQ"*(q) A4 (p)Q(r)

The renormalisation of the quantum field @ poses difficulty since it involves
the calculation of quantum field Greens functions. But in the background field
method the ghost and quantum gauge fields appear only inside loops and it is
unnecessary to renormalise them. Let us suppose, hypothetically, that the fields
# and () were renormalised by writing

bo=VZs0 Qo=vVZ0Q
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Each internal gauge propagator carries a factor of v/Z, @ at each end due to field
renormalisation at each vertex and a factor of Zg ! from propagator renormal-
isation. The two factors of \/ZQ then cancel exactly with Zg ! In a similar
fashion the two factors of v/Z, at the end of each ghost line cancel with the fac-
tor Z, 1. In view of these observations we see that it is redundant to renormalise
the ghost and quantum gauge fields. It is necessary, however, to renormalise
the coupling constant, the background field and the gauge fixing parameter. We
therefore introduce the multiplicative constants Z,, Z4 and Z, and define the
bare quantities gg, Ap and ag by

go=2,9 Ao=VZiA ag=Z,a (4.13)

Since gauge invariance is retained in the background field method we see that
there is a relationship between the renormalisation factors Z4 and Z,;. The in-
finities in the gauge invariant effective action T [0, A] must take a gauge invariant
form in the background gauge. This means that the unrenormalised field tensor

F§,, = 0uA%, —0,A% , + gof AL LA, (4.14)
and the renormalised field tensor
Fg, =0,A% - 0,A% + gf*" AL A
must be related by

FO,/UI = \/—Z-AF;LV (415)
Substituting the expressions in (4.13) for Ag and gg into (4.14) gives

(F2)o = VZ A0, AL — 8,A% + gZVZ 4 f2° AL AS)]

(4.15) then implies that
ZNZa=1 (4.16)

This is the relation between the charge and background field renormalisations in
the background field gauge. The advantage here is that Z4 may be determined
by calculating loop corrections to the A-field propagator only. In the conven-
tional approach the gauge propagator, ghost propagator and gauge-ghost-ghost
vertex all had to be computed. Here, only the gauge propagator is required.
This is one of the great advantages of the background field method.

We can use the above theory to calculate the 8 function for pure Yang-Mills
theory up to the two-loop level. The calculation is simplified because the 3
function can be determined by computing Z4. From the equation

go = Zgg

we have that

15} 0 0
g0 =0= Z,pu(— —Z
K590 0= Z,u émg) +9pg-Z
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and hence
0 1 0
g = Hapd = ———Zygu(—a #Zg)

0]
= —gugp(ln Zg)

But from ( 4.16 ) this becomes

1 0
8 = 59”8—;;(1" Z4)
= g7A

where v4 = % ,u;%ln Z4. Our task is now to compute Z4. Abbott shows
how this is done using dimensional regularisation and the minimal subtraction
scheme in which Z4 is written as a series of poles. But the main advantage
using the background field method (as mentioned above) is that to calculate Z4
we only require knowledge of the gauge propagator. At the 1-loop level we must
consider the diagrams
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CONCLUSION

In conclusion, we see the importance of renormalisation in quantum field the-
ory. Different field theories have been considered in this thesis (gv/*, QED,QCD
) and we see how renormalisation is used to make these theories more physically
meaningful. The technique of renormalisation has been presented in some detail
and we should note the significant contributions made by t’Hooft and Veltman
in the 1970’s. Apart from dealing with renormalisation this thesis aims to fa-
miliarise the reader with the mathematical language in which Quantum Field
Theory is expressed. Concepts such as the path integral and generating func-
tional form a central part of the theory. We should not, therefore, forget the
pioneering work of Feynman in the 1950s who should surely be remembered as
one of the great founders of Quantum Field Theory.
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Appendix A

Integral Formulas
in Minkowski Space

/ ddl —i(-—l)—%ﬂ% F(A—%) 1
(12 +2p.l—m2)4 T(4) (—p® —m2)A-%

diil,l, g % 1

(12 +2p.l —m2)A = (=7 T(A) (—p? -~ m2)4-%

d. 1 d
X {puqu(A - 5) + §g,“,(—p2 —m)(4-1- 5)}
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Appendix B

The Gell-Mann Matrices
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