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Abstract 

Renormalisation is an important aspect of Quantum Field Theory. 
It is used to create physically meaningful theories and some major 
developments took place in the 1970's and onwards. We consider 
Renormalisation in its application to the theories of ",4 , Quantum 
Electrodynamics, Quantum Chromodynamics and the Background Field 
Method. Feynman diagrams are used to illustrate many of the concepts. 
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Preface 

This thesis contains four chapters which lead progressively to the subject of 
renormalisation which is mainly referred to in chapters 3 and 4. 

Chapter one introduces much of the terminology which is used to describe 
such fundamental concepts as the path integral and the generating function. 
From this we define the free particle Greens functions and give the diagram­
matic representation of the Feynman rules. 'lj;4 theory is then introduced as an 
example of an interacting field and the 2 and 4 point functions are calculated. 
Emphasis is placed on the use of Feynman diagrams which summarise much of 
the mathematical notation. The end of the chapter deals with fermions and 
functional methods and the use of Grassmann algebra to describe anticommut­
ing fields. 

Chapter two deals with gauge field theories and begins by describing the 
Fadeev-Popov method and the motivation for its introduction. The Feynman 
rules for gauge theories are introduced and the ghost and gauge field propagators 
are calculated. Reference is also made to the coupling terms which arise from 
the cubic and quartic terms in the Lagrangian. Next the self energy operator 
and vertex function are considered followed by an introduction to the Ward 
Takahashi identities which describe a relationship between the vertex functions 
and the propagators and which are important in the renormalisation of QED. 
The renormalisation of QCD requires the use of the BRS transformation and 
the Slavnov-Taylor Identities and the end of the chapter contains two sections 
devoted to this. 

Chapter three is concerned with the renormalisation of 'lj;4, QED and QCD. 
Renormalisation is required so that the divergences occuring in the Feynman 
diagrams may be eliminated. The chapter begins by describing these divergences 
for 'lj;4 theory and by describing the technique of dimensional regularisation 
which enables these divergences to be represented by poles in the dimension 
plane. It is then shown how these divergences may be removed by making 
suitable adjustments to the Lagrangian. An investigation is made into how 
the Greens functions change as the scale f.l varies and this leads to a section 
on the Renormalisation Group Equation. Having completed our discussion on 
'lj;4 we turn our attention to QED. As before the graphs containing primitive 
divergences are examined but the renormalisability of QED is shown by means 
of the Ward Identities which were derived in Chapter 2. Following this section 
is a brief discussion of the BPHZ renormalisation scheme. This technique is 
illustrated by placing boxes around the primitive divergences. Finally we look at 
the one-loop structure of Yang Mills Theory (QCD). The approach here is similar 
to that of the previous discussion on QED. We examine the primitive divergences 
of the theory and use the Taylor Slavnov identities to prove renormalisability. 

Chapter four deals with a more specialised area of Quantum Field Theory 
called the Background Field Method. The chapter begins by introducing stan­
dard quantities such as the functional Z[J, A], frO, A). Unlike the conventional 
approach these quantities also depend on the background field A. Feynman 
rules are established and we check the mathematical expression for a particular 
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Feynman diagram. The chapter ends with a brief discussion on renormalisation. 
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Chapter 1 

Introduction to the Path 
Integral Formulation 

1.1 Path Integrals 

Path integrals are used in the quantisation of classical systems. The path in­
tegral approach to Quantum Field Theory was developed by Feynman who 
continued the earlier work of Dirac in the 1950's. In the classical approach to 
quantisation one forms the classical action by integrating over the Lagrangian 
density C. The Lagrange equations of motion may be derived by the Hamilton 
variational principle. One then sets up the Hamiltonian which is the starting 
point in the method of canonical quantisation. 

The path integral approach to Quantum Mechanics is based on the notion 
of a time evolution operator (or propagator) K(xftf; xiti) which relates the 
wavefunction IJi(Xi,ti) at an initial time ti to the wavefunction lJi(xf,tf) at a 
later time tf. Following the approach of Frampton [10] we start by considering 
the one-dimensional Schroedinger equation for a particle of mass m moving in 
a potential V(x). The equation governing the wave function (setting Ii = 1 ) is 

1 82 8 
(- 2m 8X2 + V(x))IJi(x, t) = i 8t lJi(x, t) 

Let us suppose that the wavefunction at an inital time t = ti is given by 
lJi(x, ti) = f(x). We would like to find the evolution operator K such that 

lJi(xf,tf) = J dxK(xf' tf; x, ti)f(x) 

(This equation results from Huygens' principle) It is clear that if 

K(Xf' tf; x, ti) = 5(xf - x) 

then 
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We now have to consider the time component. The trick is to express K as a 
path integral. We do this by dividing the time interval (tf - ti) into (n + 1) 
parts such that 

where 

The Lagrangian is 

to = ti 
tl = ti + 10 

tf - ti 
10=---

n+1 

C = 
= 

T-V 

~X2 - V(x) 
2 

lIVe can therefore write the action as a discrete sum 

s lit! dtC 

n+l '2 

'" mXk ( ~E(-2- - V Xk)) 
k=l 

n+l 

L E(~2 (Xk - xk-d - V(Xk)) 
k=l 

Note that Xk is the gradient of a particular segment and is given by 

"Te now consider the following expression which is a sum over all possible paths. 

(1.1) 
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We may think of this integral in terms of the following illustration. Suppose we 
have n parallel infinitely long horizontal wires each of which contains a bead. 

~BQ~Q--t-~----------
1\ 

b~ndl __ +--+ __ ~ ______ __ 
~>(\ 

Each of the beads can move freely along the respective wire to which it is 
attached. If we associate Xl with the position of bead 1, X2 with bead 2 etc 
- then a particular path (or positioning of the beads) may be defined by an 
n-dimensional vector (Xl, X2, ... , xn). A sum over all possible paths is therefore 
associated with the expression 

(X> dXI ... dxn Loo 
eiS is simply a weighting factor dependent upon the particular path being con­
sidered. S : Rn -+ R is the action functional which associates a real number 
with each path. In the limit € -+ 0 we find that the expression given by (1.1) 
vanishes - it is therefore necessary to introduce a normalisation factor; we define 

Imn-+ oo N«) Xl ... Xn e 
{ 

1· ( I )n+l J d d is 
K(Xj, tj; Xi, ti) = 0 

(tj > ti) 
(tj < ti) 

It can be shown that 

Using a shorthand notation we have 

We noW find the equation which K satisfies. We consider the time t = tj + € 

when the position is X n+2 Then 

K(Xn+2,tj+€;Xi,ti) = J K(X n+2,tj + €;xn+l,tj)K(xn+l,tj;Xi,ti)dxn+l 

_1_ J dx +le(i<[~(X"+2-X"+1)2_V(X"+2)]) K(x '1 tj· X· t·) N ( €) n nT' , 2, 2 

= 1 100 

(i'" 2 . V( )) N(€) -00 dT}e "2<'7 -2< X,,+2 K(xn+2 + 1], tj; Xi, ti) 

where Xn+2 = Xn+l -1]. Expanding K as a Taylor series (setting Xn+2 = X and 
temporarily ignoring tj; Xi, ti) gives 
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Using the Gaussian integrals 

and the Taylor expansion 

one finds 

We also know that 

K(x, tj + E; Xi, ti) = K(x, tj; Xi, ti) + Eaa K(x, tj; Xi, ti) + O(E2) (1.3) 
ti 

It follows by equating (1.3) and (1.2) that 

. ~ a 
("::':"'a 2 -iEV(X))K(x,tj;Xi,ti) =E-a K(X,tj;Xi,ti) 
2m X ti 

or 

Notice how our choice of N(E) simplifies (1.2). We have therefore shown that 
K satisfies the Schrodinger equation. This result demonstrates that if I]!(Xi, ti) 
satisfies the Schrodinger equation then so also does 

The above discussion is a useful introduction to path integrals. One of the 
key results is equation (1.1) which demonstrates how the transition amplitude 
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< x;t;lxftf > may be expressed in terms of a path integral. In relativistic 
field theory the number of degrees of freedom is infinite. A field generalises the 
concept of a generalised coordinate. We consider not just several particles but 
a continuum of particles. If there is one coordinate for each point x of space 
we may write the field as 'I/J(x, t). In the case of a single degree of freedom (as 
discussed earlier) we have with m = 1 

s 

We now use the result that 

1 ~i€q·2 J dPk i€(p q' _~p2) --e2 k = -e k k 2 k 

,/2i7r€ 27r 

(1.4) 

(which can be easily shown using a standard Gaussian integral) Substituting 
this into (1.4) gives 

where H(p, q) = ~p2 + V(q) is the Hamiltonian. 
K may be expressed in terms of the Hamiltonian or alternatively in terms of the 
Lagrangian. Both formulae are equivalent. We have 

J VqVp ei J(pq-H)dt 

27r 

= J Vqe i J .c(q,q)dt 

= J Vqe
iS (1.6) 

The notion of the path integral is extended to field theory by allowing the 
number of variables to approach infinity. We consider the case of a single bo­
son field. In this case the role of a coordinate is played by the field operator 
-J(x) I'I/J >= 'I/J(x) I'I/J > where 'I/J(x) is a function of the spatial coordinates. We 
now consider the transition amplitude < 'l/J2 t21'I/J1 tl > from one field eigenstate 
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at time tl to another eigenstate at t2. Just as in the previous discussion for 
discrete quantum mechanics we may write this amplitude as a path integral. 

Here we have made the substitution Dq -+ D'Ij; and instead of dividing time 
up into segments, we divide space and time up, and Minkowski space is broken 
down into 4 dimensional cubes of volume 84 in each of which 'Ij; is taken to be 
constant. 

1.2 Coupling to External Sources 

In quantum field theory it is useful to introduce a source field in the path 
integral. It has been stated (Guidry [13]1991) that "all dynamical information 
about a system may be extracted by studying the response of the vacuum to 
an arbitrary external source." A source field represents the act of creating 
a particle. The act of destroying a particle may be represented by a sink. 
The boundary conditions of the problem may be represented in the following 
diagram. 

As t -+ -00 we assume that the system is in its ground state of lowest energy 
which we call the vacuum. The system evolves back into the vacuum as t -+ 00 

via the creation, interaction and destruction of a particle, through the agency of 
a source. What we would like to investigate is the vacuum-to-vacuum transition 
amplitude in the presence of a source. We often write 

< 0+10- >J'=< vacuum(t = +oolvacuum(t = -(0) >J 

which measures the amplitude of the system to be in the ground state at t = - 00 

when it was known to be in the ground state at t = -00, while in the presence 
of an external source J that is turned off in the remote past and future. We 
incorporate the source term in the path integral by modifying the Lagrangian 

£ -+ £+'Ij;(x)J(x) 

We write 

(1. 7) 
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1.3 Generating Functionals 

This section and the remainder of Chapter 1 follows closely the approach of 
Ramond [2) and Ryder [5). The right hand side of (1.7) is a functional of J. We 
define the vacuum-to-vacuum transition amplitude in the presence of the source 
J as 

Z[J) J V'ljJei J a<x[.c(.p)+J(x).p(x)+~€.p21 

cx< 0+10- >J (1.8) 

Notice that the convergence factor ~iE:'ljJ2 has been added to the Lagrangian. 
Without this factor the integrand in (1.8) is oscillatory and the path integral 
ill-defined. As mentioned earlier, we are to interpret (1.8) as a path integral 
over all field configurations. Further to the previous discussion we can think 
of the whole system as being enclosed in a (4-dimensional) box. We divide the 
volume of the box into N 4 small cubes each of volume 84

. This idea is nicely 
illustrated in Guidry [13) 

)<4-
x3 
Xz-
.xl. '--l-...i......J....-'--!......l.--L....c.-- ~ 1.,1.+" 

\I ~ '1 .' -2-, ~L v 
J, 2"3 

By imposing this lattice, the field 'IjJ may be represented in each cube by a 
discrete value. In the diagram, we may label each cube by a 4-component 
object. For example, the cube highlighted may be labelled (X4,Y3,Zl,tr). The 
field value in this cube may be denoted by 'ljJ4311 or in general 'ljJijkZ. We may 
replace the four indices (i,j,k,l) by one index n and write 

Since each of i, j, k, l varies between 1 and N we see that n will vary between 1 
and N 4 . The action S is defined as being the integral of the Lagrangian. 

In the discrete case, in which we divide Minkowski space up into N 4 cubes we 
have 
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(Notice that d4 x has been replaced by 84 - the volume of each individual cube). 
The vacuum-to-vacuum amplitude Z[ J] is therefore given by 

As N becomes very large the cubes will become very small, shrinking to points 
as N -t 00. This is because the total volume of the box remains constant. 
We calculate Z[ J] in the case of the free particle field of mass m in which the 
Lagrangian £0 is given by 

The vacuum-to-vacuum amplitude (taking the limit as N -t (0) is 

Zo[J] = J V'ljJeifCHfJl',pfJl',p-(m2-ic),p21+,pJ)atx 

(1.9) 

(1.10) 

This expression is most easily evaluated using a Fourier transformation to mo­
mentum space. The Fourier transforms we use are 4-dimensional 

- 100 

d
4
x . F(P) = --4 e-wx F(x) 

-00 (211') 

F(x) = 100 

d
4
p eip.x F(P) 

-00 (211')4 

We also consider a 4-dimensional Dirac delta function 

(1.11) 

Performing a Fourier transform on all the quantities under the d4x in (1.10) 
gives 

J 14 J d4p d4p' 1. . 1 1 2 .( ..... ') i a~x [{ -8 e,p·xf)f'e'p·x - -(m - i€)e' p, p .X} 
(211')4 2 J.I. 2 

x;j;(p);j;(p') + ei(p+pl).x i(p);j;(p')] 

= i J d4p d4p' (~:~4 ei(P+P').X[{ -~PJ.l.p' J.I. - i(m2 
- i€)};j;(p);j;(p') + i(p);j;(p')] 

The integral 

13 



The dirac delta is then used to perform the integration with respect to pl. The 
result is 

i J ctp[~(P2 _m2 + i€)-J;(P)-J;(-p) + J(p)-J;(-p)] 

Next we make a transformation of functions -

(1.12) 

so that the exponent becomes 

iJcrP [!(p2 _m2 + i€)-J;'(P)-J;I(-p) - J(p)J(-p). (1.13) 
2 2(P2 - m2 + u) 

The first term in (1.13) gives the contribution to the vacuum amplitude with 
J switched off. The second term gives the effect of J only. We notice that in 
(1.12) 'IjJ and 'ljJ1 differ only by a constant function. This means that 

V'IjJ=V'ljJ1 

Hence 

(1.14) 

where we have used the property that J(-p) = J*(p). We may write (1.14) as 

(1.15) 

where 
Zo[O] = J V'ljJlei ! d4 x[!81' 'I/J'81'1/;,-t (m2-if)'I/J' 2) 

We have therefore succeeded in factoring off the J dependence of Zo[J]. Consider 
the J-dependent term in (1.14). We may revert back to spatial coordinate 
dependence by means of (1.11) to give 

where 
1 J e-ip.(x-y) 

~F(X - y) = (2 )4 d
4
p( 2 2 + . ) 

7r P - m z€ 
(1.17) 
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tJ.F(X - y) is called the Feynman propagator. The i€ term in (1.17) ensures that 
one gets the correct contour integration around the correct poles which occur 
at ko = ±(k2 + m2)~. We may write (1.14) as (dropping the prime on 'IjJ ) 

ZoP] = e-~ J J(X)fl.F(X-V)J(v),fx,fv 

(1.18) 

We have used the fact that 

J OJ1.'ljJoJ1.'IjJ d4x = - J 'ljJoJ1.0J1.'IjJ~x (1.19) 

The surface term which arises will vanish if 'IjJ -+ 0 at infinity. We may rewrite 
(1.18) in terms of Zo[O] to give 

(1.20) 

1.4 Free particle Green's functions 

We can show that Zo[J] is the 'generating functional' for the free particle Green's 
functions which will shortly be defined. Introducing the shorthand notation 

< J1tJ.F12h >1,2= J J(X)tJ.F(X - y)J(y) ~x ~y 

we may expand (1.20) to give 

Zo[J] = t 
N {l- 2 < J1tJ.F12J2 > 

1 i )21 
+21(2 3"« J1tJ.F12 J2 >< J3tJ.F34J4 > 
+ < J1tJ.F13J3 >< J2tJ.F24 J4 > 
+ < J1tJ.F14 J4 >< J2tJ.F23 J3 » + ... } (1.21) 

In order to interpret (1.21) we recall the power series expansion of a functional. 

where 
<5 <5 

Tn (X1, ... ,Xn ) = <5Y(X1)'" <5y(x
n

)F[y]lv=o 

F[y] is called the generating functional of the functions Tn(X1, ... , xn). We shall 
relate this expansion to (1.21) after dealing with the question of normalisation. 
Since Zo[J] is the vacuum-to-vacuum expectation in the presence of the source 
J - it is sensible to set Zo[J = 0] = 1. This means that we can write (1.20) as 

(1.22) 
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ZO[J] defined in (1.22) is the generating functional for 

1 In Zo[J] 
r(XI, ... ,Xn)=~JJ( ) JJ( ) 

2 Xl'" Xn IJ=O 

The quantities r(XI' ... ,Xn) are called the Greens functions or n -point functions 
of the theory. We shall now calculate the 2-point function 

reX, y) = 
J2 Zo[J] 

JJ(x)JJ(y) IJ=O 

From (1.22) we have 

~ JZo[J] = 1 J . ___ e-~<JILl.F12J2>1,2 
i JJ(x) i JJ(x) 

= (-/.6. F(x - XI)J(xI)rfxI)e- t <JILl.F12h>1,2 

1 J 1 J (i JJ(x) i JJ(y) )Zo[J] = i.6.F(x - y)e-t<JILl.F12J2>1,2 

+ I.6.F(X - XI)J(XI)rfxI I.6.F(y - XI)J(XI)rfxI 

x e- t <J1Ll.F12 J2>1,2 (1.23) 

Putting J = 0 then yields 

or 
r(x,y) = i.6.F(X - y) 

Concerning the physical significance of the 2-point function we should note that 

_1_1 d4k (_k2 + m2)e-ik
.
x 

(27l")4 k2 - m 2 + if 

= _J4(x) (1.24) 

Hence the name : Greens function! It turns out that the 3-point function is 
zero. 

~_J_~_J_~_J_z [ 1 
i JJ(XI) i JJ(X2) i JJ(X3) 0 J IJ=O 

= -i.6.F(X2 - X3) I.6. F(XI - x)J(x)d4x e- t <JILl.F12h>1,2 

-i.6.F(X2 - Xl) I.6. F(X3 - x)J(x)d4x e- t <J1Ll.F12h>1,2 
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-i[).F(X3 - xd J [).F(X2 - X)J(X)atx e-~<Jl!.1.F12h>1,2 

-J [).(X2 - X)J(X) cPX J [).F(X3 - X)J(X)cPX 

X [).F(XI - x)J(x)d4x e-~<Jl!.1.F12h>1,2 

(The differentiation is easy to see using (1.23)). Setting J = 0 gives 

T(Xl,X2,X3) = 0 

The 4 -point function is not zero. 

1 6' 1 6' 
i 8J(xd ... i 6'J(X4) ZaP] 

-[).F(X2 - Xl)[).F(X3 - x4)e-~<Jl!.1.F12h> 

-[).F(X3 - Xd[).F(X2 - x4)e-~<Jl!.1.F12J2> 

(The other terms in the 4-point function vanish when J = 0). There is a 
standard diagrammatic representation for the n -point functions. We associate 
with [).F(X - y) a line connecting the two space-like points x and y. 

T(X, y) = i[).F(X - y) = x -- y 

For the 4 -point function T(Xl,X2,X3,X4) we have 

T(Xl,X2,X3,X4) = (:: :~) + ( :~-:: ) + ( :~_:: ) (1.25) 

It is always the case that when n is odd the n-point function will vanish when 
J= O. 

1.5 Generating functionals for interacting fields 

In equation (1.9) we dealt with the Lagrangian (La) in the case of a free particle 
field. We now include an additional interaction term in the Lagrangian. A 
standard case is when the interaction term is proportional to 'ljJ4. This is known 
as 'ljJ4 theory and the Lagrangian we consider is 

L La + Lint 

= ~8 'ljJ8 11 'IjJ _ ~m2'IjJ2 _ !L'ljJ4 
2 /l 2 4! 

'Ve deal first with the case of a general interaction Lint and show how the Greens 
functions may be obtained. The normalised generating functional is 

J V1/;e(iS+i J Nd4
x) 

ZP] = J I'S V'lpe' 
(1.26) 
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where 

s = j Ld4 x. 

= j (Lo + Lint)d4x 

Note that the denominator is just Z[O]. In the case when Lint = 0 the numerator 
becomes equal to the right hand side of (1.20) and the denominator becomes 
Zo[O]. The left hand side is (by definition) Zo[J]. Hence we arrive at 

(e-t J J(x)~F(x-y)J(y)d4Xd4Y)Zo{DT 
Zo [J] = Z<,{tJ] 

which is the result in (1.22). (Note that we got round the problem of normal­
isation earlier by defining Zo[O] = 1). Equation (1.22) was in a suitable form 
for functional differentiation with respect to J and we showed how the 2-point 
function and the 4-point function could be calculated. Our aim is to find the 
corresponding expression to (1.22) in the case of interacting fields. From (1.22) 
we have 

We now let the operator (o/.LO/.L + m 2
) act on both sides of this equation to give 

- j(o/.LO/.L + m 2 )llF(x - y)J(y)d4 y e-t<Jl~F12h>1.2 

- j -c54 (x _ y)J(y)d4 y e-t<Jl~F12h>1,2 

J(x )e-~<Jl~F12h>1,2 

= J(x)Zo[J] 

(using the result in (1.24) that (o/.Lo/.L + m 2 )llF(x) = -c54 (x). Equation (1.27) 
is the differential equation which Zo[J] satisfies. From (1.26) we have 

1 c5Z[J] jD1j;(eiS+iJ Nd4x)1j;(x) 

i c5J(x) = j D1j;eiS 

We define the functional 

Then from (1.26) 

Z[J] 
jD1j;eiSeiJ J(x)1J;(x)d4x 

j D1j;eiS 

j D1j;Z[1j;JeiJ J(x)1J;(x)d4x 
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Note that 

J 1 /1 1 2 2 .14 
S = (28/1'l/J8 'l/J - 2m 'l/J + .cint)a x 

- J(~'l/J(8/18/1 +m2 )'l/J - .cint )d4 x 

Using this expression we obtain 

. JZ['l/J] i~{e-iJ[~,p(8"8,,+m2),p-.L:;n,]a'x} x [J eiSV'l/J]-l 
z J'l/J(x) = J'l/J 

= (8/18/1 + m 2 )'l/J (x) Z['l/J] - 8~~nt Z['l/J] 

= (8/18/1 + m 2 )'l/J(x)Z['l/J]- .c~nt('l/J)Z['l/J] (1.30) 

Multiplying both sides of (1.30) by ei f J(x),p(x)d
4
x and then integrating over 'l/J 

gives 

i J JZ['l/J] eif J(x),p(x) d4X V'l/J = (8/18 + m2)~ JZ[J] - .c'. [~.i.]Z[J] (1.31) 
J'l/J(x) /1 i JJ(x) tnt i JJ 

(we have used (1.28) and the argument of .c~nt has been changed from 'l/J to t iJ 
since 

~_J_eif J(x),p(x)d4x = 'l/J(x)eif J(x),p(x)d4x ) 
i JJ(x) 

The left hand side of (1.31) may be simplified 

i J JZ['l/J] eif J(x),p(x) d4XV·i. = ieif J(x),p(x)d4x Z[·i.] J'l/J <P <P l,p-too 

+ J J(x)Z['l/J]ii J(x),p(X) d4x V'l/J 

= J(x)Z[J] (1.32) 

Combining (1.32) and (1.31) we have 

/1 2 ~ JZ[J] _ ' ~_J_ []_ ) ] 
(8 8/1 + m ) i JJ(x) .cint ( i JJ(x))Z J - J(x Z[J (1.33) 

Our aim is to solve this equation for Z[J]. In the case of the free field .cint = 0 
and we reobtain (1.27). We can show that the solution to (1.33) is 

(1.34) 

where N is the normalising factor. The proof is as follows. 
Proof 
We start by proving the identity 

e -i f .L:int( + JJ~y) )d4y J(x)e i f .L:;nt( + cJ~y) )a'y = J(x) -.c'. (~_J -) (1.35) 
tnt z JJ(x) 
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Let us call 
ex = e-ij .cint(LAy))d4y J(x)eij .cint(t .!Ayj)d4y 

We evaluate this quantity by introducing a parameter>' by defining 

We then create a first order ordinary differential equation for ex. 

-ie-i),j .cint(t .!J~y»)d4Y[j .cint(~ fJJ~y) )crylJ(x)ei>"j .c(t .!Ay»)d
4

y 

+[ie -i>.. j .cint (t .!J~y) )d4YlJ (x)[j .cint ( ~ OJ~Y) )crylei >.. j .cint( LAy) )~y 

= -ie- i >.. j .cint( t .!J~Y) )~y j[£- (.!_o_) J(x)ld4yei>.. j .cint( t .!Jty) )d4
y 

mt i oJ(y) , 

To work out the commutator, we note the result 

which is the functional analogue of the elementary result 

(1.38) 

We may verify (1.38) for a simple example. Suppose F(x) = x2 then 

d 
[F( dx)' xl'0 

Equation (1.37) means that 

(1.39) 

Equation (1.39) may be integrated to give 

ex (>.) = -.c~nt( ~ fJJ~X))>' + C 

20 



C may be evaluated by noting that Bx(O) = J(x) from (1.36). We would like to 
calculate Bx which is done by setting .A = 1. 

ex = -.c~nt( ~ OJ~x)) + J(x) 

We use this result to show that (1.34) is a solution of (1.33). Multiplying both 
sides of (1.34) by J(x) gives 

Using the identity in (1.35) we can write the right hand side of (1.40) as 

N e iJ .cint(LJ~Y) Jd4Y [J(x) -.c'. (~_O_)jZo[Jj 
mt t oJ(x) 

(1.40) 

Using (1.27) for the term involving J(x)Zo[Jj and interchanging the order of 
e.cint and .c~nt gives 

J(x)Z[J] 

(1.41) 

We have shown that (1.34) satisfies the differential equation (1.33). Equation 
(1.41) is often rewritten as 

/J. 2 (1 1 oZ[ Jj) _ () 1 I [1 0 ] [ j 
(0 o/J. + m ) i Z[J] oJ (x) - J x + Z[Jj.cint i oJ (x) Z J 

Let us call 
1 1 oZ[Jj 

~cl(X) = i Z[Jj oJ(x) 

(~cl (x) is the field which satisfies the classical equations of motion. ie. 

(o/J.o/J. + m2)~cl(x) = J(x) 

(1.42) 

in the case when Lint = 0 see Chapter 2 -equation (2.42) ). The last term in 
(1.42) represents a force since it involves the derivative of the potential function. 
Let us suppose that Lint = _1r~4 (~4 theory). Then 

1 I ( 1 0 ) [1 9 ( .) 3 1 0
3 

[j 
- Z[Jj Lint i oJ(x) Z J = 3! -t Z[JJ03J(x) Z J (1.43) 

The right hand side of (1.43) may be evaluated in terms of~cl(x). We note the 
identity in which ~ ~~~ occurs: 
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The left hand side and the first term on the right hand side may be easily 
interpreted in terms of 'lj;cl(X). The second term on the right hand side cannot. 
But then we may appeal to the identity 

(1.45) 

(1.44) and (1.45) may be combined to eliminate the unwanted term -b(ffo)(~~). 
Then the whole of the right hand side of (1.43) may be expressed in terms of 
'lj;cl. The result is 

. J2 i JZ 3 J i JZ 2 . i JZ 3 1 J3 Z 
z JJ2 (- Z JJ) - "2 JJ (- Z JJ) - z( - Z JJ) = Z JJ3 

Referring back to (1.42) we have 

(8"'8", + m2)'Ij;cl(x) = J(x) - :! (_i)3 (i /;2 'lj;cl(X) - ~ /J 'Ij;~I(X) - i'lj;~I(X» 
( g 3 () g J2 ) i J 2 = JX)-3!'l/JCI X +3!JJ2'I/Jcl(X +4JJ'l/JCI(X) 

The first two terms on the right hand side give the classical equation of mo­
tion. The last two terms are purely quantum mechanical. ,Ve now examine the 
generating functional Z[J] for 'lj;4 theory. Using perturbation theory we show 
how the (disconnected) Green's functions may be obtained. The major differ­
ence between these functions and the free particle Green's functions (discussed 
earlier) is that in the former case the interaction term proportional to 'lj;4 gives 
rise to vertex diagrams X . Such diagrams do not occur in the latter case 
in which Lint = o. The normalised generating functional Z[ J] for 'l/J4 theory is -

ei J Lint (t 8A%) )d
4

z e-t J J(X)!.l.F(X-y)J(y)~xd4y 
ZP] = . J.c- (1._8_)d4~ i J 4 e' .n' i 8J(%) ~ e-2" J(X)!.l.F(X-y)J(y)d xd4y IJ=a 

(1.46) 

where Lint = -1i'I/J4. Using perturbation theory we may expand the numerator 
as a power series in the coupling constant g -

The term independent of g is simply the free particle generating functional 
ZaP]. It is a straightforward exercise to show that 

(~_J_)4e-t J J(x)!.l.F(x-y)J(y)d4xd4y = 
i JJ(z) 

{-3[~F(OW + 6i~F(O) X [/ ~F(Z - x)J(x)atxF 

+[j ~F(Z - x)J(x)atX]4} x e-~ J J(x)!.l.F(x-y)J(y)d4x~y (1.47) 
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Using diagrammatic notation we may write (1.47) as 

Notice that crosses have been introduced. This is due to the J terms. The 
standard convention within quantum field theory is to represent the expression 
i(27TlJ(p) by a line with a cross attached as follows 

)( 

The Feynman propagator .6.F(x - y) is represented by a line 

X---j 

.6.F(O) = .6.F(x - x) is represented by a closed loop. The interaction vertex 
is a consequence of the fact that Lint contains 'ljJ4. The coefficients 3, 6 and 
1 in (1.48) follow from symmetry considerations and are known as symmetry 
factors. There are three possible ways of constructing the first diagram 00 

from the vertex X . I X2. 
3 4 

We may join (1 to 4 and 2 to 3) or (1 to 2 and 3 to 4) or (1 to 3 and 2 to 4). 
Similarly there are six ways of constructing the diagram ..J:L from X . The 
double loop graph CO is known as a vacuum graph since it contains no external 
lines. Just as in 1.48 a factor of J is associated with each external line. (Hence 
there are 2 J's and hence 2 crosses associated with the graph ~ and 4 J's 
and 4 crosses associated with the graph X ). The denominator of (1.46) is 
easily evaluated by setting J = 0 in (1.47). This gives 

[eij.cin'e-f<Jl6..F12h>1,2]IJ=O = 1- ~ /(-300 )d4z (1.49) 

The complete generating functional to order g is found by combining (1.48), 
(1.49), and (1.46). 

Z[J] 
[1 - ¥t J( -300 + 6i ~ + X )d4z]e-~<Jl6..Fl2h>1,2 

1- ~ J(-3 ex:> )d4 z 

i1J. J(6i~+ X)d4 z . [1 _ 4! .' ]e-~<Jl6..F12h>1,2 

1 - .;n J (-3 CO )d4 z 

The denominator may be expanded using the standard Taylor series 

To order g we have 

(1.50) 

23 



An important point to notice is that the vacuum diagram CO has disappeared 
in Z[J]. It turns out that this is true to all orders of perturbation theory. 
2 point function The 2-point function is defined by 

On differentiating the first term in (1.50) (namely e-t<Jl~F12h>1,2 ) we have 

x e-t f J(Z)~F(Z-y)J(Y)d4Zd4y] X ~ 
z 

! __ c5_!_c5_(e-t f J(z)~F(z-y)J(y)~zd4y) = i~F(Xl _ x2)e-t f J(z)~F(z-y)J(y)d4z~y 
i c5J(X2) i c5J(xd 

+ other terms 

The omitted terms will vanish when J = 0 and we see that the first term in the 
2-point function is i~F(Xl - X2) which is the free particle propagator. We now 
differentiate the second term in (1.50). We must evaluate 

The result (on setting J = 0) is 

-~~F(O) J rtz~F(Z - Xd~F(Z - X2) 

We then have 

The effect of the correction term in (1.51) is to change the value of the 
physical mass away from m. Using (1.17) it is straightforward to show that 

The 2 -point function is therefore given by 
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The term in square brackets may be written as 

This gives 

[1 _ ~i9~F(O) )-1 
p2 -m2 +i€ 

The Fourier transform of r(X1, X2) will now possess a pole at 

where 

6m2 = ~i9~F(O). 
mr is called the physical or renormalised mass. 
4 point function 
The 4-point function is given by 

64Z[J) 
r(x1,x2,X3,X4) = 6J(x1)6J(x2)6J(x3)6J(x4) IJ=o 

The first term in the expansion of r ( to order gO) is given by (1.25) which we 
may write as 

-(:=+11+3'<) -3 (=) 
We can now calculate the next term. "We must evaluate 

g 64 J 
4 6J(xJ)6J(x2)6J(x3)6J(x4) [~F(O) rrzrrxd

4
y 

~F(Z - x)J(X)~F(Z - y)J(y)e-~<Jl6.F12J2>1,2)IJ=0 (1.52) 

It is straightforward to show that (1.52) is equal to 

-~~F(O) J d4Z[~F(Z - XJ)~F(Z - X2)~F(X3 - X4) 
+~F(Z - XJ)~F(Z - X3)~F(X2 - X4) 
+~F(Z - XJ)~F(Z - X4)~F(X2 - X3) 
+~F(Z - X2)~F(Z - X3)~F(X1 - X4) 
+~F(Z - X2)~F(Z - X4)~F(X1 - X3) 
+~F(Z - X3)~F(Z - X4)~F(Xl - X2)) 

which we may write as 
-3ig [-1L ] 
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Finally we calculate the term involving the 4-point vertex in (1.50). This is the 
last term to give a contribution of order 9 to Z[ J). We must evaluate 

ig 04 

4! OJ(Xl)OJ(X2)OJ(X3)0J(X4) 

x{[/ ~F(Z - x)J(x)crx)4crze-t J J(X)AF(X-y)J(y)d
4
xd4Y }IJ=O 

-ig / ~F(XI - Z)~F(X2 - Z)~F(X3 - Z)~F(X4 - z)crz 

-ig[ X ) (1.53) 

The cross in (1.53) should not be confused with the cross in (1.50). The cross 
in (1.50) is taken to mean 

[/ ~F(Z - x)J(x) crx)4 

The complete 4-point function, to order 9 is then 

We summarise the Feynman rules for 'ljJ4 theory. In coordinate space they are 

line x y ~F(X - y) 
vertex integration over z -ig 

/<. 
We call diagrams such as (....£L) disconnected since it describes two particles 
moving independently. Notice that in the expression 

~F(X3 - X4) does not take part in the integration. It is "disconnected" from 
the rest of the expression. 

1.6 Generating functional for connected diagrams 

"We now define a generating functional W which generates only connected Feyn­
man diagrams. It is given by W[J) = -ilnZ[J). For example, the connected 
4-point function is given by 

It can be shown that this expression will not contain disconnected diagrams 
such as (~) 
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1. 7 Path Integral Formulation with Fermions 

In this section we consider a "path" integral over Grassmann (anticommuting) 
fields rather than ordinary commuting fields. We start by considering the case 
of a single Grassmann variable B. It satisfies 

{B,B} = 0 or B2 = 0 (1.54) 

({ , } is the anti-commutator) The differential operator le is defined by 

d 
{dB,B}=l (1.55) 

Due to the anticommuting nature of the variables there are two types of differ­
entiation, left differentiation and right differentiation. The left derivative of the 
product Bl B2 is 

and the right derivative is 

[}R 
[}B

i 
(Bl ( 2) = 0i2Bl - Oil B2 

Both these derivative operators satisfy 

[} [} [} 
{[}B/ Bj } = Oij and {[}B i ' [}B

j
} = 0 (1.56) 

Notice that (1.55) follows from (1.56). For any function f(B) we have a power 
expansion 

f(B) = a + bB 

This follows from (1.54) since the quadratic term vanishes. Integration is defined 
as follows. J dB = 0 and J dB B = 1 

For n Grassmann variables B1 , ..• , Bn we have 

J dBi = 0 and J dBi Bi = 1 (1.57) 

(no summation over i). ·When more than one variable is involved the integration 
is performed according to a nested procedure. For example, 

An integral which arises frequently in path integral evaluations with fermions is 
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M is an N x N antisymmetric matrix with ordinary valued elements mij' If 
the exponential is expanded by means of a power series we will obtain a finite 
number of non-zero terms. (This is because of the Grassmann nature of the 
variables.) We guess at the general result by looking at some special cases. For 
N=2, 

ml1 8r + m21 8281 + m1281 82 + m228~ 
= 0 + (-m12)( -81( 2 ) + m128182 + 0 

= 2m128182 

Note that at the outset we could have set the terms mll and m22 equal to zero 
since M is antisymmetric. The last line follows from the antisymmetry of M 
and the Grassmann nature of 8i . Hence 

J2(M) = J d81d82e-2m121h02 

= J d81d82(1- 2m1281(2) 

= 2m12 

(Using the Grassmann rules for integration and noting that the power expansion 
of the exponential terminates because of the Grassmann property). For an 
antisymmetric 2 x 2 matrix 

m12 = v'detM 

This gives 
J2(M) = 2v'detM 

In the case of an odd value of N, say N = 3 we may show that 

So then 

J3(M) = J d81d82d83(1- 2(m128182 + m2383 82 + m 31 83( 1)) 
=0 

Before making an intelligent guess we go one step further: N = 4 
It is straightforward to show that 

8T M8 = 2(m128182 + m138183 + m 148184 + m238283 
+m248284 + m3483( 4) 

(1.58) 

In the exponential e-oT 
MO we need only retain the term involving 81828384 since 

all other terms will vanish by (1.57) and (1.54). We find that 

1 T 2 ... + ,(8 M8) + ... 
2. 
4.2 ( ) ... + -, m12m34 - m13 m 24 + m14m23 81828384 2. 
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Hence 
14(M) = 4(m12m34 - m13m24 + m14m23 = 4JdetM 

This generalises to give 

(1.59) 

(1.60) 

We see from (1.58) and (1.59) that this formula gives the correct result for N = 2 
and N = 4 respectively. It is perhaps early to infer the factor 2~. If we had 
performed a similar calculation for N = 6 it would have been more convincing 
evidence that 2~ is correct. 
(1.60) may be generalised to the infinite-dimensional case and its importance is 
seen in Chapter 2 when ghost fields are introduced. 
i,Vhen describing Fermi fields we need to make the transition to an infinite 
dimensional Grassmann algebra. i,Ve denote the generators by B(x). They obey 
the relations 

{B(x), B(y)} = 0 

OL,RB(x) 
oB(y) = S(x - y) 

J dC(x) = 0 J C(x)dC(x) = 1 

We consider the following Lagrangian for a free Dirac field: 

The normalised generating functional for free Dirac fields is 

N is the normalisation factor and is given by 

N = J V'!jJ*V'!jJeij ,p*(x)(if/-m),p(x)d
4
x 

(1.61) 

1}(x) and 1}*(x) are the sources for the fields '!jJ*(x) and '!jJ(x) respectively. By dif­
ferentiating (1.61) functionally with respect to the sources we can calculate the 
Greens functions. Firstly we simplify the appearance of (1.61) by introducing 
the notation 

S-l = i ~ - m 

Then 

(1.62) 

By putting 
(1.63) 
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/ 

we would like to find the value of'IjJ which minimises Q. This approach is similar 
to the saddle point evaluation of the path integral. Integrals of the form 

1== J dx e-a(x) 

where a(x) is a function of x can be approximated by expanding a(x) around 
Xo where a(x) is stationary. 

Then 

If a" (xo) > 0 (ie. the function is concave up) the integral becomes a Gaussian 
and is easily evaluated. The approximation will be good if a(x) climbs away 
rapidly from the minimum value at Xo 

(bO,J, 
Off (\)X trv, 0-\;100 

We apply this technique to approximate the integral in (1.62). Instead of min­
imising the function a(x) we work with the function Q('IjJ, 'IjJ*). To find the value 
of 'IjJ which minimises Q we must calculate the partial derivatives ~ and ~ 
and set them equal to zero. 

~~ = 'IjJ* 8-1 + r}* and 8Q = 0 
8'IjJ => 'IjJ':n = -1]* 8 

8Q = 8-1'IjJ + 
8'IjJ* 1] 

and 8Q = 0 
8'IjJ* => 'ljJm = -81] 

We have assumed that 8-1 has an inverse. The minimum value of Q is 

We then have 

and 

Zo ~ J D'IjJ*V'ljJei f[Q=+(,p*_,p;")S-l (,p-,p=)]a'x 

~e[-iJ 7)* (x)S7)(y)d4 xd4 y] J V'IjJ*V'ljJei f[(,p*_,p;")S-l (,p_,p=)]d
4
x 
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Notice that eiJ Q~d4X has been taken outside the path integral since it does not 
depend on 'Ij; or 'Ij;*. If we make the change of variables 

'Ij;'* = 'Ij;* - 'Ij;';" and 'Ij;' = 'Ij; - 'lj;m 

then we find 
V'Ij;'* = V'Ij;* and V'Ij;' = V'Ij; 

This gives 

Zo = ~e[-iJ'7"(X)S'7(Y)d4Xd4y] J V'Ij;*'V'Ij;'eiJ (.p"'S-'.pI)d4x 

Dropping the primes it is clear that N = eiJ(.p"S-'.p)d
4
x will cancel with the 

path integral term on the numerator. This means that 

Zo[1],1]*] = e[-iJ'7"(x)S(x-y)'7(y)d4xd4y] 

We now show that S exists. It is given by 

Sex) = (i ~ + m)~F(x) 

where ~F(X) is the Feynman propagator. Note that 

S-lS = (i ~ - m)(i ~ + m)~F(x) 
= (-c)l18/l - m2)~p(x) 
= 04(X) 

The free particle propagator for the Dirac field is defined by 

r(x y) = _ 02Zo[1],1]*] 
, 01](x)01]*(Y) 1'7='7"=0 

This is equal to 

- 01]~x) 01]:(y) {-i J 1]* (x)S(x - Y)1](y)d
4
xd

4
y} 1'7='7*=0 

This last line is just is(x - y). It is convenient to summarise our formulae for 
the free propagators of scalar and spinor fields. The free particle Lagrangian for 
scalar fields is given by 

1 1 2 2 1 2 
£0 = 2 8/l'lj;8/l'lj; - 2m 'Ij; = -2'1j;(8/l8/l + m )'Ij; 

and the 2-point function was found to be 

rex, y) = i~F(X - y) 

For spinor fields the Lagrangian is 

£0 = i'lj;*,/l8/l'lj; - m'lj;*'Ij; 
= 'Ij;*(i 93/l - m)'Ij; 
= 'Ij;*S-l'1j; 
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and the 2-point function is i times the propagator 

r(x,y) = is(x - y) 

In each case the propagator is the inverse of the operator appearing in the 
quadratic term of the Lagrangian. 

32 



Chapter 2 

Gauge Field Theories 

2.1 Quantisation of Gauge Field Theory 

We begin by considering the generating functional 

Z = J VAILeiS[A,,] (2.1) 

where the action S[AILJ is invariant under a gauge transformation. We write 

where A~ is related to AIL by a gauge transformation. Notice that in (2.1) the 
integration is taken over all fields, including those field configurations which are 
related to AIL by a gauge transformation. This gives an infinite contribution to 
Z and leads to an overcounting of the physical configurations. 
The set of all fields A~ (x) (for a given space-time point x) which are related 
to AIL(x) by a gauge transformation constitute an orbit. Our aim is to devise 
an integration procedure which selects a unique representative from each orbit. 
The restriction which we introduce to achieve this is called gauge fixing. A 
useful illustration which is contained in Guidry [13J is as follows -

" " 41. 11 //,c 

I I /~ \-; , 
:>( / / OIo\n: \'(\ 

X I / I 

,'/ -¥-~: 

/7\;' 
I / 1, 

The gauge fixing constraint is of the form fi(AIL) = 0 where i = 1,2,3. When 
performing the integration in (2.1) we would like to count each orbit once only. 
This is achieved by taking the point at which the orbit crosses the surface defined 
by the gauge fixing condition (2.1). 
We now introduce the Fadeev-Popov procedure which applies the above ideas 
in the Feynman Path Integral. 
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2.2 The Fadeev-Popov method 

A good description of this idea is found in Lee [17) and the following discussion 
follows this approach. As mentioned above the path integral (2.1) is to be 
performed over distinct orbits of AJl (x). This idea was implemented using gauge 
fixing. We can define the gauge condition by the equation 

(2.2) 

(a and b are internal indices.) Since the divergence due to "overcounting" 
in (2.1) is due to an integration over group space we recall some facts about 
integration over group representations. Given a symmetry group G and two 
elements g, g' E G we define the Hurwitz measure as an integration measure 
which is invariant in the sense that 

dg' = d(g' g) 

The infinitesimal form of the general gauge transformation associated with 

is 
(2.3) 

Notice that the gauge transformation is determined by the gauge parameters 
wa(x). We may then choose the group measure to be 

where 9 ~ 1 
a 

We also have 
(2.4) 

where jabe are the structure constants of the group G. Consider now the quantity 

f.-I [A) = J V w J(F[AwD = J Vg J(F[Ag)) (2.5) 

where 
V w = II d w (x) 

x 

Vg = II dg(x) 
x 

and 
(2.6) 

b,x 

is a product of Dirac delta functions one at each space time point. In this 
formula A is short for A~. 
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Notice that the measure Vg in (2.5) has an infinite number of degrees of freedom, 
one at each space time point. If we let gi = g(Xi) then we may write (2.5) as 

J n dgi c5(F[Ag.J) 
, 

Consider a space time point x = xp. We may write (2.5) as 

J II dgi c5(F[Ag.)))dgpc5(F[Agp)) 
i,ii'p 

Examining the gp integration we see that we will only obtain a contribution to 
the overall integral when gp assumes the value which makes F(Agp) = o. At 
each space time point Xq there is a unique element of the group (say gZq) which 
contributes to the integration. 
We now observe that f}. -1 [A] is gauge invariant -

f}.-I[Ag] = JVg' c5(F[Ag'g]) 
= JV(g'g) c5(F[Ag'g)) 
= JV(gll) c5(F[Ag,,]) 
= f}. -1 [A] 

Notice that gil = g'g and Vg" = Vg'. Since f}.[A] is defined by f}.-I[A]f}.[A] = 1 
we therefore have 

f}.[A] J V w c5(F[Aw]) = 1 (2.7) 

We may insert this into the expression for the path integral giving -

Performing a gauge transformation A/-L --+ (A/-L)w-1 gives 

(2.8) 

Under the transformation the action and f}.[A] remain invariant. But now noth­
ing in the expression depends on wand the integral over gauge transformations 
V w is a multiplicative factor associated with the" overcounting". If we there­
fore redefine Z as 

Z = J VA/-Lf}.[A/-L] c5(F[A/-L))eiS
[Aj 

the difficulties in (2.1) will be removed. 
We must now find an expression for f}.[A/-L] 
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= Fa[A] + ~~: (D/lW)b 
/l 

for infinitesimal transformations w close to zero. D/l is the covariant derivative 

Choose A such that Fa[A] = 0 then (for infinitesimal w ) 

(2.10) 

and 

~ -1 [A] = J Vwa t5Fa[Aw] (2.11) 

It can be shown that this expression equals (det M)-l where 

(2.12) 

Now one can apply (2.10) since w is now infinitesimal. Hence using the more 
compact notation we have 

We should note that the right hand side of (2.12) is 

2.3 Feynman Rules for Gauge Theories 

A clear treatment of this is contained in Ryder [5]. We begin with the generating 
functional 

z = J VA/l t5 (F [A]) detl ~~ leiS[A] (2.13) 

Note that we could have chosen the more general gauge condition 

(2.14) 

where ca(x) is an arbitrary space-time function. Since ca(x) is independent of 
A the determinant ~[A] is unaffected. We may then write (2.13) as 

z = J VA/l~[A]t5(F[A]- c)eiS[A] (2.15) 
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Since Z in (2.15) is independent of ca(x) we may include a weighting factor of 

in (2.15). This just results in a change in the normalisation of Z and gives 

Z = N f 1)A/l~[A]eiJ d4x(cYM-2~.F[A12) (2.16) 

Here we have written S[A] as the integral of the Yang-Mills Lagrangian 
( J LYM ) where LYM = -~F/lvF/lv. Dropping the N we may take the above 
equation as our starting point for the definition of the generating functional. 
The next step is to change the determinant in (2.13) into an exponential by 
introducing the Fadeev- Popov ghost fields. Letting ~[A] = det(iM) and using 
the fact that 

(2.17) 

(This last result arises from the properties of integration on a Grassmann alge­
bra, the'fJ and 'fJ* being Grassmann fields. They are called Fadeev-Popov ghosts. 
) we get 

We may write this as 

(2.18) 

where the effective action is given by 

(2.19) 

We are now in a position to write down the Feynman rules. We begin by 
computing Mab in the Lorentz gauge which is given by Fa = o/l A~ = O. In the 
abelian case we obtain 

(2.20) 

In Quantum Electrodynamics (QED) we are dealing with the group U(1) which 
is an abelian group. The rule for the gauge transformation of the potential 
becomes 

c5A/l = 0/lw 

If F = o/l A/l we obtain M = ~~ = O/lo/lr54 (x - y) From (2.12) (in the non­
abelian case) we have 
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The ghost part of the generating functional is 

J V1]*V1]e -i f d"x('I/'" ~~~ 'l/b) 

The exponent is (reintroducing g ) 

-i J d4 x 1t* (x)o/-L (o/-Lc5ab - grbc A~(X»l]b(X) 
This integral may be written as 

(2.22) 

(2.23) 

-i J rfx 1]a*(o/-LO/-L)c5ab1]b + igrbc J d4x (o/-L A~)1]a*1]b + 1]a*(o/-L1]b)A~ 

The ghost propagator may be defined as the inverse of the operator appearing 
in the quadratic term. By switching to momentum space and taking the inverse 
operator gives -

(2.24) 

This may be represented diagramatically by 

0.... .. "},, ••• b 

The (Lorentz) gauge field propagator is found in the same way but in this case 
we must examine the term in (2.19) which is quadratic in the gauge field. We 
find this term by considering the gauge fixing term (computed in the Lorentz 
gauge) and writing out .cYM explicitly in terms of the gauge field 

.c = -1 Fa Fa/-LV = -1 [0 A a _ 0 A a + gjabc AbA c 1 
Y M 4 /-LV 4 /-L V v /-L /-L v 

x[O/-L Ava _ OV A/-La + grmnA/-Lm Avnl 

This may be expanded to give -

~1 [quadratic term+2grbc AtA~(o/-L Ava _Ov A/-La)+g2 r bc rmn AtA~A/-Lm Avnl 

(2.25) 
The quadratic term is 2(0/-LA~)(0/-L Ava) - 2(0/-LA~)(oV A/-La). By combining this 
with the gauge fixing term we may write the quadratic part of Seff as -

Integrating by parts gives 

~ J d4 x A/-La[g/-LvOpOP - (1 - ~)O/-LOvlAva 

By switching to momentum space via the Fourier transform 

(2.26) 
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gives -

(2.27) 

The propagator is calculated by finding the inverse of the operator in square 
brackets. Let us assume that the required operator is of the form 

Then we require 

By solving for X(k) and Y(k) we find that 

X(k) =-:2 and Y(k)=_a~l (2.28) 

The inverse operator and hence the propagator is given by 

(2.29) 

One of the interesting features about the Yang Mills Lagrangian is that the 
gauge field couples to itself. Referring back to (2.25) we see that Leff contains 
terms which are cubic and quartic in A. The cubic term is -

which equals 
_ grbc A~A~8iL Ava 

(found by relabelling the indices and noting the antisymmetry of r bc ). We 
therefore consider the integral 

(2.30) 

Switching to momentum space via (2.26) gives 

(6(p + q + r) comes from the term J d4 xe- i (p+q+r).x .) Note that there are 3! 
ways of interchanging the terms of A. For example (,x, a,p) ++ (/1, b, q) would 
mean that 

_grbcpiLgAV A~(q)A~(r)A1 (p) 

= _glaCqAgiLv A1(p)A~(r)A~(q) 
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= 9rbcq>'9f-LV AA(p)A~(r)At(q) 

(using the anti symmetry of r bc.) We find that (lowering the indices on the 
metric tensor) 

We represent this coupling as - c.v 
~ .it r 

),~.A 
1A- ~ ~ct. b 

p 
(with p + q + r = 0.) The quartic term gives rise to the coupling 

~.f r d..,v 

s~~'l 
b4~~ , ).. c., 

which represents the mathematical expression 

-il[Jabc!ade(9).v9f-Lp - 9f-Lv9>.p) + fadcfabe(9v>.9f-Lp - 9f-L>.9vp) 

+ fabdface(9)'f-L9vp - 9vf-L9>.p)j 

(2.31) 

(2.32) 

We may also compute the gauge field propagator in the axial gauge which is 
defined by the condition 

tf-L A~ = 0 tf-Ltf-L = -1 

(t is a space-like vector.) We define the gauge-fixing term by 

Fa = tf-LAa 
/-L 

then 

Hence 
c5F

a = c5ab tf-L8 
c5wb f-L 

We extract the term quadratic in Af-L by considering 

J d4x [-~(8f-LA~ - 8vA~)(8f-L Ava - 81' Af-La) - 2~ (tf-L A~)21 

By proceeding as before we find ( in the limit as a -t 0) 

(,)c f( b = _..£[ f-LV ~kf-LkV _ kf-Lt
V + tf-LkVjrab r ()""".,,"r'n"> '" k2 9 + (k.t)2 k.t U 
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(2.34) 

(2.35) 

(2.36) 
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2.4 The self energy operator and the vertex 
function 

We recall from Chapter 1 that the connected Green's functions were defined by 

en) __ 1_ !5nW[J] 
GC (Xl ... X n ) - ·n-l ~J() ~J( ) 

~ U Xl ... U Xn IJ=O 
(2.38) 

where Z = eiW . The 2-point function may be expanded to all orders (ignoring 
factors of i and numerical factors ) as -

GYlJ 
t 

+9-°-
+ 9.2. [ ~ + ~ + -e- ] 

9
3

[ ~ + M + ~ 
+ 4- + 1.. + .:!EJ 

+ 
+ 

We wish to find a way of summing the above graphs. We call the sum the 
complete or dressed propagator and denote it by -

(2.39) 

Note that the first graph 
a 0 

may be decomposed into a product 

[ J 1- olr 11"'0] r ] - ... Jl-Jl l-

where the first and last terms are external propagators. These external propaga­
tors may be removed by mutiplying by inverse propagators. This multiplication 
produces a truncated graph which we can denote by 

____ O ..... _~O ___ _ 

The second graph in g2 becomes 8 and the third graph becomes e 
Note that the first graph of order g2 may be broken into two parts by cutting 
one internal line. We call this graph 1-particle reducible. This property is 
not shared by the second or third graphs which are called 1-particle irreducible 
(lPI) graphs. We define the proper self-energy as the sum of (lPI) graphs. We 
denote this as follows -

----0---- =: +L"(p) 

= __ 0-- + __ 8. __ + --8-- + --§--
+ ... 
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We may write G~ in momentum space as follows - (note that Go(p) = p2~m2 is 
the bare propagator.) 

= Go(P) + Go(P) 'L,~) Go(P) + Go(P) 'L,~) Go(P) 'L,~) Go(P) + ... 
z z z 

'L, 'L, 'L, 
= Go(l + -;-Go + -;-Go-;-Go + ... ) 

z z z 

= Go(l- ~GO)-l 
z 

= [GOI (P) - ~'L,(p)rl 
z 

i 
= 

This expansion in terms of 'L, (p) may be represented graphically as 

--0- = - + -®- +- -®-©- + . ,'. 

This expansion is also used in the theory of QED when calculating the photon 
and electron propagators. 
If we define the physical mass mphys by 

2 2 ) mphys = m + 'L,(p (2.40) 

then we may write 

(2.41) 

(2)-1 
Note that Gc (P) is an example of a vertex function. We define r(2)(p) by 
demanding that 

r(2)(p)G~2)(p) = i 
{:} r(2)(p) = i[G~2)(p)rl = p2 _ m 2 - 'L,(p) 

VIe may derive an identity relating the connected 3-point function and the 
irreducible (lPI) 3 point vertex. Our starting point is to construct the Legendre 
transform of Z[J] defined in Chapter 1. Let 'l/Jcl(X) be the functional of J defined 
through 

bW[J] 
'l/Jcl(X) = bJ(x) (2.42) 

We denote the propagator by G(x, y) and the inverse propagator by rex, v). 
The functional r['l/Jctl is by definition 

(2.43) 
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and this gives 

Jr[~czl = -J(x) 
r5~cl(X) 

As expressed in Itzykson [11] we have 

= 

r5~cl(X) 

r5~cl (y) 
15 r5W[J] 

r5~cl (y) r5J(x) 

= fd4 M(z) r5
2W[J] 

Z r5~cl(Y) M(z)M(x) 

= f d4 r52r[~czl r5
2W[J] 

- z r5~cl(Z)J~cl(Y) r5J(z)r5J(x) 

= - f d4z r(z, y)G(x, z) 

Changing the dummy indices we may write the relationship as 

4( I f 4 Pw r5
2r 

-15 x - z ) = d z r5J(x)r5J(z) r5~cl(Z)r5~cl(Z') 
which implies that 

r( ) _ r52r[~czl 
z,y - r5~cl(Z)r5~cl(Y) 

Differentiating with respect to J" using 

gives 

Hence 

15 
r5J(X") f d4 II r5~cl (Zll) 15 

Z r5J(X") r5~cl(Z") 

= f d4 "G( II ") 15 - z x, Z J~cl(Z") 

~z--~~~~~---~--~ f r53W J2r 
r5J (x )JJ (X")r5J (z) r5~cl (z )r5~cl (Zl) 

f ~ ~ II J2
1V II II 153 r 

- z z M(x)JJ(z) G(x , z ) r5~cl(Z)r5~cl(Z')J~cl(Z") = 0 

f r53W 
d

4
z r5J(X)M(X")M(z) r(z, Z/) 

f d4 d4 'G( )G( II ") r5
3
r + z z x, z x, Z r5~cl(Z)r5~cl(Z/)J~cl(Z") = 0 

(2.44) 

(2.45) 

If we now multiply by G(X', Zl) and integrate over Zl using (2.45) we obtain 

J3W f d4 d4 I d4 II G( )G( I ')G( II ") JJ(x)JJ(xll)JJ(XI ) =- Z Z Z x,z x,z x,z 
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(2.46) 

The effect of propagators in the right hand side is to add external legs to J3r ... 
which is the truncated 3-point function. We may represent this graphically as 

A=A 
We obtain a similar identity for the 4-point function. Its graphical representa­
tion is -

cr-~eJ -I' 
ct\Q.5rtt\ .... t -." 

2.5 Ward Takahashi identities in QED 

A relationship between 1PI vertex functions and propagators follows from the 
gauge invariance of QED. This relationship is necessary when proving the renor­
malisation of QED. We start with the generating functional Z for a system of 
photons and electrons given by -

Z = N J VAJJ,V'l/J*V'l/Jei! .ceffd
4

x 

Ceil = -~FJJ,IIFJJ,II + i'l/J*/JJ,(oJJ, + ieAJJ,)'l/J 

1 
-2a(oJJ,AJJ,f +JJJ,AJJ, +r/'l/J + 'l/J*1] 

( FJJ,II = oJJ,AII - oIlAJJ,) 

(2.47) 

(2.48) 

Note that the photon is described by the vector potential AJJ, and that the 
Grassmann field describes the electron. The effective Lagrangian contains the 
free field part, the free field electron part, a gauge fixing term for the Lorentz 
gauge and source terms for AJJ" 'l/J and 'l/J* (resp. J, 1]* , 1]). We perform a local 
infinitesimal gauge transformation associated with the group U(l) -

'l/J(x) -7 'l/J(x) - ieA(x)'l/J(x) 

'l/J*(x) -7 'l/J*(x) +ieA(x)'l/J*(x) 

AJJ,(x) -7 AJJ,(x) - oJJ,A(x) (2.49) 

Under this transformation the first three terms of (2.48) are invariant and 

Z transforms as 

Z -7 Z' = ei!d4x[_";(8I'AI')8P8pA)+JI'8I'A-ieA(1j*,p-,p*1j)]Z 
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We may expand the exponential (ignoring terms of order A 2 , A 3 ... ) to give 

(the derivative operator has been removed from A by integrating by parts.) 
Since A is an arbitrary function c5Z = Z' - Z = 0 ( invariance of Z ) implies 
that 

[-.!.opoP (OIL AIL) - OIL JIL - ie(1]*'ljJ - 'ljJ*1])]Z = 0 (2.50) 
0: 

Making the substitutions 

1 15 
'ljJ --+-­

i 151]* 

we obtain the functional differential equation 

[io oPolL_
c5
_ - olLJ - e(1]*~ -1]~)lZ(ry 1]* J] = 0 

0: P 15 JIL IL 151]* 151] " 

The corresponding equation for 

is 

The effective action which is given by 

implies that 

c5f _ IL ( ) 
I5AIL(x) - -J x ~-AIL( ) 

I5JIL (x) - x 
c5f * ( ) 

c5'ljJ(x) = -1] x 

c5W 
c51]*(x) = 'ljJ(x) 

c5f 
c5'ljJ*(x) = -1](x) c5~7x) = 'ljJ*(x) 

Equation (2.52) then becomes 

_opoPoILA() 0 c5f . ~_. *~_ 
0: IL X + IL I5AIL(x) + ze'ljJ c5'ljJ(x) ze'ljJ c5'ljJ*(x) - 0 

(2.51 ) 

(2.53) 

Repeated differentiation of (2.53) at 'ljJ* = 'ljJ = AIL = 0 generates relations 
between the 1PI diagrams. Letting the operator OA:(Y) act on equation (2.53) 
gives 

(2.54) 
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where 
[JLV( ) _ 8

2
[ 

X - Y - 8AJL(x)8Av(Y) 

By switching to momentum space via the Fourier transform (2.26) we obtain 

(2.55) 

[JLV (k) is the Fourier transform of the inverse photon propagator. From (2.27) 
the inverse propagator for the free theory is 

We recall that in g'IjJ4 theory 

where ~(p) was the self-energy. 
The analogous expression for the inverse photon propagator is -

flLV(k) = _gJLvk2 +kJLkV(l-.!.) -ihITJLV(k) 
a 

(2.56) 

where [JLV is a self-interaction term. By combining equations (2.55) and (2.56) 
we obtain the condition 

(2.57) 

This is a necessary condition for the photon to be massless and implies that 

(2.58) 

By substituting this expression into (2.56) we see that the inverse photon prop­
agator does not contain terms like m2 gJLV which would give rise to mass. The 
identity in (2.52) has a second application. By letting the operator 

act on (2.52) at AJL = 'IjJ* = 'IjJ = 0 we obtain 

~[~ . ~[~ 
-8~ 8'IjJ*(xd8'IjJ(Yl)8AJL(x) = -ze8(x - xd 8'IjJ*(xd8'IjJ(Yl) 

. 82 r[O) 
+ze8(x - Yi) 8'IjJ*(xd8'IjJ(Yd (2.59) 

The left hand side is the derivative of the (lPI) electron-photon vertex whereas 
the terms on the right are the inverses of exact propagators. The expression 
becomes more transparent by performing a Fourier transform to momentum 
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space. If the momenta conjugate to x, YI and Xl are q,p and p' = p + q we 
obtain the Ward Takahashi identity 

(2.60) 

where we denote the inverse propagator 

by S'j;l. In the limit as qf1, ~ 0 we have 

(2.61) 

It may be expressed pictorially as 

'ACI" 

'\"" 
f' ,1'1 ~'*<t 

-/ 

p-O--p 
The expansion of r f1,(p, q,p + q) to the two lowest orders is 

A ~ 
-L + -¢- + .. , 

The expansion of SF (P) is 

~p - + f) + ... -

Following Berestetskii [6] it is useful at this stage to make some comments about 
vertex parts. We start by examining graphs corresponding to three-ended ( one 
photon and two electron) sections. )r\ f) 

A } ra ) + k~ + ~ 
+~} + )~(e\ 

.,.. 
Diagram (a) is to first order. Diagrams (b)-(e) are third order correction terms 
but they do not all provide essentially new information. By performing cuts 
across the photon and electron lines (marked with *'s) in (b), (c) and (d) we 
obtain the simple vertex (a) and a second order self-energy part. We describe 
(b), (c), (d) as being 1P-reducible. They are correction terms of a particular 
type and are obtained by replacing the photon and electron lines in (a) by the 
first order correction terms in the expansion of the complete photon and electron 
propagators. Diagram (e) is 1PI and is an example of a vertex function. 
Vertex parts may be reducible or irreducible. The irreducible ones are those 
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which do not contain self-energy corrections. ego the third and fifth order 
diagrams 

The fifth-order diagrams 

A 
are examples of reducible vertices because they contain the self-energy parts 

To lowest order SF is the bare propagator SF. 

8S-1(p) 
Sp;l(p) = 1/1P/1 - m and ;p/1 = 1/1 

We may calculate r /1 (p, 0, p) to lowest order. Our starting point is 

ci,¢*(Xdci~3(:dciA/1(X) = - J atUl d
4
vl atu [Sp;l(Ul - Xl)Sp;l(Vl - Yl)] 

-1 . <53 Z[O] 
x{ -D/1v (u - x)(-z) ci1J(Ul)ci1J*(Vl)ciJ/1(U)} (2.62) 

SF is the bare electron propagator and D/1v is the photon propagator function. 
It can be shown to lowest order that 

By substituting this into (2.62) and performing a Fourier transform gives, to 
lowest order 

r /1(p, q,p + q) = 1/1 

This therefore verifies (2.61) to lowest order. We may verify the identity (2.61) 
to the next order. We shall proceed by rewriting the Ward identity in a different 
form. To see what is happening we require the following result. Differentiating 
the identity 

with respect to p/1 gives 

8SF(P)S-1( )+S (p)8Sp;1(p) =0 
8p/1 F P F 8p/1 

or 
8SF(P) = -S ( )8Sp;1(p) S ( ) 

8p/1 F P 8p/1 F P 
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(2.63) 

, ( S]/ (P) = [/1-p/1- - m.) The term -SF(P)[/1-SF(P) is associated with the vertex 
having zero momentum in the photon line. The overall effect of differentiating 
the propagator with respect to P/1- is to insert a photon line carrying zero mo­
mentum into each internal electron line. We now return to the task of verifying 
(2.61) to the next order. 'Ve may write out the complete electron propagator 
is'p in terms of the bare propagator is F as -

iS~ 'S 'S 1:·S 'S 1: S 1:·S = t F + t F-;-t F + t F-;- F-;-t F + ... 
t t t 

= iSF(l + ~iS'p) 
t 

1: is the electron self-energy which we may denote graphically by 

.L :- --g- + -G- + 
It follows from (2.64) that SpY = SF 1 

- 1: and hence 

8St
- 1 

_ F_ 8S-1 81: = __ F __ _ 

8p/1- 8p/1- 8p/1-
81: 

[/1- - 8p/1-

If we expand the vertex function as 

r /1-(p, q,p + q) = [/1- + A/1-(p, q,p + q) 

where A/1- represents the contributions from ... 2,. ) A 
The Ward identity then implies that 

To verify this to lowest order we have to show that 

~ 

A/1-(p, O,p) = II,.:., 

+ 

(2.64) 

(2.65) 

(This result is in logical agreement with the earlier remark about the insertion 
of a photon line. ) 
The Feynman rules tell us that 

1: . 2! d
4 
k -igKA KiA 

= \,,<,,! = (-te) (211')4 J;,2[ ,.(p - k) - m I 
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Note that the photon propagator is taken in the gauge with a = 1. Using (2.63) 
we have 

We now calculate 

. . 3 J d4 
k -ig"A " i 

-zeA/l(p, q,p + q) = (-ze) (211")4 ~'Y T(P _ k) _ m 'Y/l 

x i 'YA 
'Y.(p - k + q) - m 

By letting q = 0 we see that (2.65) is satisfied. 
We now derive the more general form of the Ward identities for non-abelian 
gauge fields which are known as the Taylor-Slavnov identities. We begin by 
introducing the Becchi-Rouet-Stora transformation. Under this transformation 
the effective Lagrangian 

L = _~Fa F/lva + gauge fixing term + ghost term eff 4 /lV 

is invariant. 

2.6 Becchi-Rouet-Stora 'Transformation 

Our starting point is the expansion for Z which is given by 

Z = N J 7JA/l7J'T/7J'T/* eif C e
fl

d4X 

where (in the Lorentz gauge) 

L = _~Fa Fl-tva - ~(o/l Aa)2 + Fadeev Popov Ghost Terms(LFPG) eff 4 /lV 2a /l 

The Fadeev-Popov ghost terms may be written as 

LFPG _'T/*a(rSabopoP - grbco/l A~ - grbCA~o/l)'T/b 

_'T/*aopOP'T/a + grbc'T/*a(o/l A~ + A~O/l)'T/b 

I integrating by partsl = o/l'T/*ao/l'T/a - grbC(o/l'T/*a)A~'T/b + total derivative 

o/L'T/*a(o/l'T/a + grbcAt'T/C) 

= o/l'T/*a D /l'T/a 

_'T/a* o/l D/l'T/a + (total derivative) 
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The total derivative terms may be ignored since they only contribute to surface 
terms of the action. We look for transformations which leave Leff and the 
measure VAf.LV'f}*V'f} invariant. The transformations are global. For the A­
fields they are of the form 

= .!.O Aa + rbcAb AC 

g f.L f.L 

= .!.(D A)a 
g f.L 

Now we suppose that Aa = _'f}a>.. where>.. is a Grassmann constant. 
The famous transformation discovered by Becchi, Rouet and Stora is defined by 
the following 3 equations 

oAa = -.!.(D 'f}a)>.. f.L g f.L 

1 O'f}a = --rbc'f}b'f}c>" 
2 

O'f}*a = _-.!..(of.LAa)>.. 
ag f.L 

We now show that Leff is invariant under this transformation. 

c5£eff -~O(F:vFf.LVa) + c5£GF + c5£FPG 

= OLGF + OLFPG 

(o(F:vFf.Lva) = 0 for any Aa = _'f}a>..). 

By letting 

LGF = - 2~ (of.L A~)(oV oA~) - 2~ (of.LoA~)(oV A~) 

= -!(of.L Aa)( -.!.ov(Dv'f}a)>..) 
a f.L g 

1 1 
-(of.L A~)-(o.D'f}a)>.. (where o.D = (]V Dv) 
a g 

c5£FPG = -O'f}a*[(o.D)1J]a - 'f}a* Of.L (oDf.L'f}a) 

we find that 

-(O'f}*)[(8.D)'f}]a -.!.. (of.L A a ) >..(o.D'f}) a 
ag f.L 

-....!:.-(of.L Aa)(o.D1Ja)>.. 
ag f.L 

(Using the fact that 'f}a>.. = ->..'f}a. ) (2.67) and (2.68) cancel leaving 
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(2.66) 

(2.67) 

(2.68) 



For the overall variation to vanish we require that 8[DJ.l1)]a vanish. We have 

8[DJ.l1)]a = 8[oJ.l1)a + grbc At1)C] 

oJ.l(81)a) + grbC(8At)1)c + grbc At (81)C) 
1 1 = oJ.l(-2rbC1)b1)C).) + grbC (--;/J.l1)b - fbmnA'';1)n).1)c 

1 
+grbc At( -2"rmn1)m1)n).) 

Note that 

OJ.l(-~rbC1)b1)C).) = -~rbCOJ.l(1)b1)C). 
1 = -2"rbC [(OJ.l1)b)1)C + 1)b(OJ.l1)c)]), 

= -~rbC[(OJ.l1)b)1)C - (OJ.l1)c)1)b]). (using Grassmann property) 

- r bc (OJ.l1)b)1)c (2.69) 

(The last line follows by relabelling the indices and using the antisymmetry of 
r bc . ) Combining ( 2.69) with the last equation means that 

8(DJ.l1)a) = -rbc(OJ.l1)b)(1)C).+).1)C) 

1 
+grbc fbmn A:1)n1)c). - 2"grbC rmn At1)m1)n). 

The first term vanishes since 1)c). = -).1)c ( ). and 1)c are Grassmann quantities.) 
In the last term the structure constants f obey the Jacobi identity 

This means that 
8(DJ.l1)a) = grbc fbmn A:1)n1)c). 

1 1 
+2"grmc r nb At1)m1)n). + 2"grnc r bm At1)m1)n). 

The last term 

~grnc r bm At1)m1)n). ~grmc r bn At1)n1)m). 

= ~grmc( - rnb)At( _1)m1)n). 

~grmc r nb At1)m1)n). 

(2.70) 

The last term is therefore equal to the second term in ( 2.70 ). The first term 
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(relabelling the indices.) We therefore have 

J(Dllrt) = g(fapn fPbm + rmp fPnb)A~rrrt A 

g( - rpm fPbn + rmp fPnb)A~ rr'f}n A 

= 0 (2.71) 

This shows that Leff is invariant under the BRE transformation. Notice that 

We say that the variation in A~ in nilpotent. 

2.7 Slavnov-Taylor Identities 

We establish the Slavnov-Taylor identities by applying the BRE transformation 
to the following generalised generating functional which is dependent on five 
sources. We start with 

where 

Stot = J d4 x [Lef! + J:Aall + 'f}aXa + 'f}a*ya 

+Illa(!:'D 'f})a - !..IarbC'f}b'f}C] 
9 Il 2 

(2.72) 

(2.73) 

Of these sources x, y and III are anticommuting. In order to construct identities 
that have ghosts on the external legs we need to introduce sources coupled to 
the ghosts in all possible ways. 
Under the BRE transformation the only change in (2.72) comes from the 
second, third and fourth terms in (2.73). By the way the BRS transformation 
was constructed we know that Lef! is invariant. The result in (2.71) demon­
strates that the coefficient of lila is invariant. 
To prove that the coefficient of Ia is invariant we have ( using (2.66) ) 

IRelabelling and using A'f}c = -'f}c Agives I 

The last line results from the antisymmetry of the structure constant jabc. We 
may now observe that the change in 'f}a is nilpotent. ie. J2('f}a) = O. 
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To prove that the measure is invariant we must show that the Jacobian of the 
transformation defined by 

A --+ A + <5A "I --+ "I + <5"1 "1* --+ "1* + <5"1* 

is unity. The Jacobian is 

The only non-zero elements of the determinant are 

<5[A~(x) + <5A~(x)) 
<5A~(y) 

<5[rJa(x) + <51]a(x)) 
<5rJb (y) 

<5~<54 (x - y)<5ab + <5A: (y) [-}3 tL rJa - ric At (x )rJc», 
= <5~<54(X - y)<5ab - <5~<54(x - y)<5}rlcrJc). 

= <5~<54(X - y)(<5ab _ rbcrJc),) 

<54(x - y)[<5ab _ !~(famnrJmrJn).) 
2 <5rJb 

= <54(x - y)[<5ab - !(fambrJm - rbnrJn).) 
2 

<54(x - y)(<5ab + rbcrJc),) 

( Note that the right derivative 8~b (rr1]n) = <5nb1]m - <5bm1]n. ) 

<5[A~(x) +<5A~(x)) 

<5rJb (y) 

To find the Jacobian we examine the determinant of the matrix ( represented 
schematically) by 

det [~1 # ~ 1 
(j f. a a 1}.-

By working to first order ( since ).2 = a ) we find that the Jacobian is equal to 
unity. It follows from this last result and (2.74) that if the Z functional (2.72 
) is unchanged under the BRS transformation then we must have Z = Z' ( 
Z' = Z +<5Z) where 

= Z J VAtLV1]V1]*[l + J d4x (J:<5AtLa +xa<5rJa +ya<51]*a)) (2.75) 

Z' = Z implies that 
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From (2.66) and (2.73) we can write (2.76) as 

,\ J d4x{J~(x) O~~X) +xa(x) o!a~x) - :gya(X)[OJL O~~X)]} = 0 

Since this contains first-order derivatives only (resulting from the introduction 
of the sources IJL and I for the non-linear terms oA and Or] ) we may write it as 

(2.77) 

We now convert (2.77) into a condition on the generating functional r which is 
defined via the usual Legendre transformation 

r[AJL, r], r]*j IJL,!] = W[JJL' X, Yj IJL, 1]- J d4x (J~Aa + xar]a + yar]*a) 

Then 

In addition, 
oW = AJLa 
oJa ' JL 

oW or 
M~ = M~' 

a or 
y = - Or]*a 

(2.77) therefore becomes 

Jd4x [or ~ + or ~ _ ~(oJLAa)~] = 0 
oA~ MJLa Or]a Ua o:g JL or]*a 

(2.78) 

(2.79) 

A simpler form of this equation may be obtained. In the expression for the 
generating functional Z the only terms involving r]* and I~ are given by 

This gives 

This implies that 

But 
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Therefore 
Jf _ 8 (Jf) 

Jry*a - -g I-' JIg 

and (2.79) becomes (integrating by parts) 

Defining 

yields 

J 4 Jfl Jfl Jfl Jfl 
d X [JIaI-' JA~ + JIa Jrya) = 0 

This expresses the Taylor-Slavnov identity in a form which will be used in 
Chapter 3 to show the renormalisability of Yang-Mills fields. 
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Chapter 3 

Renormalisation 

3.1 Divergences in Feynman diagrams 

This chapter follows the approaches of Ramond [2] and Ryder [5]. In Chapter 1 
¢4 theory was introduced and it was discovered that the first order contribution 
to the propagation was given by the 'tadpole' graph 

o (3.1) 

which, in momentum space corresponds to 

(More formally, the 'tadpole' graph is the lowest order self-energy graph.) This 
integral is divergent as q -+ 00. This is because the measure has 4 powers of 
q and the denominator has only 2 powers of q. The integral therefore diverges 
quadratically at large q and is an example of what is known as ultra-violet 
divergence (i.e. it diverges as momentum goes to large values). Another diver­
gence occurs in the 0(g2) contribution to G(4) which is given by 

(3.2) 

In momentum space it corresponds to the integral 

2 J d4qI d4q2 S(ql + q2 - PI - P2) 
9 (211")4 (211")4 (qi - m2)(q~ - m 2) 

2 J d4
q 1 

= 9 (211")8 (q2 - m 2)[(P1 + P2 - q)2 - m 2] 

This integral is logarithmically divergent since it behaves as 
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A useful example to study is the following graph 

~ 
which behaves as '" J d4

q 
q6 

This integral is convergent. But if space-time had 6 dimensions this would 
have a logarithmic divergence. The simple examples above illustrates the idea 
of "power counting". \Ve need to find some method of computing the degree 
of divergence of a particular Feynman diagram. It is clear that the propagator 
contributes a factor of q2 to the denominator and that each integration con­
tributes a factor of q4 to the numerator, together with the delta function which 
gives overall momentum conservation. The numbers ofloops (L) is equal to the 
number of independent J d4 k integrations. If a graph has n vertices, E exter­
nallines, I internal lines, L loops, and if we assume that the dimensionality of 
space-time is d, then the superficial degree of divergence is given by: 

D = dL- 2I (3.3) 

The first term on the right-hand side counts the number of momentum inte­
grations, the second counts the number of propagator factors 1/q2. The number 
of loops is given by 

L=I-n+l (3.4) 

where n - 1 is the number of momentum conservations. We make use of a 
topological relation: each vertex (in ¢4 theory) has 4 lines attached - some of 
these being external lines, the remaining lines being internal lines. Each internal 
line is connected to two vertices and it is shared by two vertices. Hence, 

4n= E+2I 

Combining (3.3), (3.4), and (3.5) gives 

d 
D = d - (-2 - l)E + n(d - 4) 

(3.5) 

(3.6) 

The more general expression, if the graph has nl vertices, each with l lines 
attached is -

d nl 
D = d - (- - l)E + -[(d - 2)(l - 2) - 4] 

2 2 
(3.7) 

If we replace nl by nand l by 4 we obtain (3.6). If d = 4 then (3.6) gives 

D =4-E (3.8) 

This gives the correct result of D = 2 for the "tadpole" graph (which has 2 
external legs) and D = 0 for the 4 point function (which has 4 external legs). 
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If the coefficient of n in (3.6) is greater than 0 then D will increase with n. 
It means that the overall degree of divergence of any graph becomes as large 
as you like by expanding to a high enough order in g. Such a theory is called 
unrenormalisable. In 'lj;4 theory we should note that D is only a function of the 
external legs and not of the order of 9 in perturbation theory .. So we find that 
there are only a finite number of divergent graphs. It is useful to examine the 
more general case for 'lj;l theory in which each vertice has l lines attached. The 
more general expression for the superficial degree of divergence becomes 

d n 
D = d - (- - I)E + -[Cd - 2)(l- 2) - 4] 

2 2 
(3.9) 

When d = 4 we have 

D = 4 - E + n(l - 4) (3.10) 

We clearly obtain (3.8) when l = 4. In ¢6 theory we have 

D =4- E+2n (3.11) 

This theory is therefore unrenormalisable because D increases with n. See 
Callan [18] 
We should note an important point at this stage which is that for a given 
graph, negative D does not necessarily imply convergence. This is why D is 
called superficial. Consider the following diagram 

The diagram is "n-particle reducible" because it can be disconnected by cutting 
at least n internal lines. The overall superficial degree of divergence, D is given 
by 

D = Dl + D2 + 4(n - 1) - 2n 

where Dl and D2 are the superficial degrees of divergence of the sub diagrams 
1 and 2 respectively. This is because the diagram is connected together by n 
internal lines and (n - 1) loops. In the case of n = 1 

D = Dr +D2 - 2 (3.12) 

To illustrate this we may consider the case of two primitive logarithmically 
divergent diagrams connected together by a single internal line. 
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We find that 
D=0+0-2 

where we have used (3.12) setting D1 = D2 = O. Although D is negative the 
graph is clearly divergent due to the two divergent loop integrations. (We may 
note in passing that this graph is a contribution of order of order g4 to the 
6-point function G6.) This happens with all Feynman diagrams which contain 
hidden 2 or 4-point functions with one loop or more. The diagrams will diverge 
despite the fact that D is negative. As 9 increases the diagrams become more 
complex and may contain a number of hidden divergences. \Ve consider the 
"face" diagram which is a contribution of order g16 to the 2-point function. The 
hidden divergences have beep. surrounded by boxes . 

./ ' \, 

The important point about the above discussion is that in 'ljJ4 theory there are 
two basic divergent diagrams which are given by (3.1) and (3.2). They are 
called primitive divergences. The fact that there is a finite number of these 
primitive divergences is crucial if we are to be able to remove these divergences 
by making a redefinition of the Lagrangian. Since dimensional considerations 
are central in dimensional regularisation it is useful to present some results 
about the quantities with which we are dealing. Working in d dimensions the 
action is given by 

s = J ddxL 

Because S is dimensionless and the measure has dimension Ld (where L is the 
length) the dimension of the Lagrangian is L-d. We write L '" L-d. We now 
consider the kinetic term o/1.'ljJo/1.'ljJ. It is easily seen that 'ljJ '" L1-~ because then 
o/1.'ljJ '" L-~ and o/1.'ljJo/1.'ljJ '" L-d. The interaction term is given by g'ljJr. It is 
seen that 9 '" L -d-r+ "2d. This is because 'ljJr '" Lr- "2

d 
• 

3.2 Dimensional Regularisation of 
Feynman Integrals 

Before studying the technique developed by t'Hooft and Veltman [15] we derive 
some formulae which are used in the evaluation of Feynman diagrams. The 
integrals which we typically have to deal with are of the form 

l/1. is a d-dimensional vector. We introduce polar coordinates 
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where £2 = l/l-l/l- so that 

Then 

ddl = £d-l d£ d'IjJ sin 81d(h sin2 82d82 ... sind- 2 8d- 2dBd- 2 
d-2 

£d-l d£ d'IjJ II sink BkdBk 
k=l 

(0::; £ < 00, 

Id = 211" IT r sink BkdBk roo d£ £d-l F(£) 
k=llo 10 

The angular integrations can be performed using the well-known formula from 
analysis 

r"5: (sin t)2X-l(cos t)2y-1dt =! r(x)r(y) 
10 2 rex + y) 

Putting y = ~ gives 

Hence 

d/2 r(l) r(%) r(~ - 1) r(9) 
11" r(%) r(2) ... r(d21) r(~) 

x 100 

2£ d£ £d-2 f(£2) 

11"(' !) roo dx X~-l f(x) 
r 2 10 

where F(£) = f(£2) = f(x) with x = £2. Typically f(x) has the form 

We therefore have 

1 
f(x) = (x + a2)A (A = 1,2,3 ... ) 

! ddl 11"~ roo dx x~-l 

(a2 + Z2)A = r(%) 10 (x + a2 )A 
(3.13) 

The integral on the right hand side of (3.13) may be rewritten (by using a simple 
substitution) as 

ad- 2A J dx (x)~-l(l+x)-A 

This last expression is similar to the beta function which is given by 

B(5!. A - 5!.) = r(~)r(A - %) = 100 

d ~-l (1 + )-A 
2' 2 rCA) 0 y y y 
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(Valid for iR(A -~) > 0 and iR(~) > 0). By applying this to our expression for 
the Feynman integral (3.13) yields 

J ddt .d. 2 .d._Af(A-~) 
(a2 + Z2)A = 11"2 (a ) 2 f(A) 

We assume that this expression is valid for non-integer d by analytic 
continuation. By letting [ = [I + P and relabelling b2 = a2 + p2 we obtain 

By differentiating with respect to P/L we obtain the formula 

(3.14) 

(3.15) 

This formula has been derived in Euclidean space. The equivalent formula, 
working in Minkowski space is found (technically) by replacing a2 by _a2 and 
o/Lv by g/Lv. This is because 

All future calculations will be done in Minkowski space and a list of integrals 
(in Minkowski space) is given in the appendix. The above result demonstrates 
how they may be switched to Euclidean space. The formula in (3.16) requires 
some mathematical justification. The integral on the left hand side of equation 
(3.16) only converges if d < 2A. We show using the following technique by 
t'Hooft and Veltman that this type of integral may be analytically continued 
into one which is convergent for any d. In this section the Feynman diagrams 
will be evaluated. We start by introducing the a basic theorem on analytic 
continuation. This theorem will then be applied to Euler's f - function. (see 
Leibbrandt [14]) 
Theorem(Knopp) 
Let an analytic function gl (z) be defined in a region D1 and let D2 be another 
region which has a certain subregion R 1 , but only this one, in common with D1 • 

Then if a function g2 (z) exists which is analytic in D2 and coincides with gl (z) 
in R, there can only be one such function. We call gl(Z) and g2(Z) analytic 
continuations of each other. 

~ 
ie. g2(Z) is unique if R = D1 n D2 f. 0 The difference between the Euler and 
Weierstrass representations of the f-function serve as a useful illustration. For 
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lR(z) > 0 Euler's r function may be written as 

r(z) = 100 

dttZ-1e-t (3.17) 

In this region the function is analytic. The integral in (3.17) diverges when 
lR(z) < O. (ie it is in the left hand plane) because as t --+ 0 the integral is not 
well defined. In order to discuss points lying in the divergent regions we find an 
analytic continuation of r(z) which is valid in that region. Such a continuation 
is given by 

00 ( l)n (\:'n+z 100 
r(z) = L ---- + dt e-ttz - 1 

n=O n! (z+n) Q 

When (\:' = 1 we obtain the Weierstrass representation which is analytic in the 
entire z-plane, except at the points z = 0, -1, -2, -3 .... 
The Weierstrass representation is unique (from the theorem) since its domain of 
definition clearly overlaps the domain of the Euler representation. In quantum 
field theory we are often faced with integral expressions of the form 

J(d, k) = J ddZ F(l, k) 

where d is complex and F is a function associated with the form of the Feynman 
diagram it represents. This expression is similar to the Euler representation of 
the r function. Our aim is to find the equivalent Weierstrass representation. 

The procedure to be followed is to 

1. establish a finite domain of convergence in the w-plane for which the in­
tegral of F(l, k) converges. (typically it will lie to the left of the line 
lR(d) = 4.) 

2. derive a new function F' identical to F inside the domain of convergence 
of F but analytic in an enlarged domain containing the point d = 4. 

3. take the limit on F' as d --+ 4 

We therefore illustrate the above procedure by considering the first order 
contribution to the self energy diagram ..Q... . Firstly we split the k-dimensional 
space into a 4 dimensional (physical) space and a (k - 4)-dimensional subspace. 
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Introducing polar coordinates we may write the measure as 

We then have 

Integrating over the angles one finds 

I = 7r rt [ dL--:::----:::--~ 2 ~-2 J 1= Ld-5 
r( ~ - 2) 0 L2 + [2 - m 2 (3.18) 

This expression is still ultra-violet divergent for d 2 2 since the original integral 

J d~[ [2 -m2 

contains this divergence and the above manipulations have not eliminated this. 
Note that the integral in (3.18) contains an infrared divergence for d ::; 4. These 
observations mean that (3.18) as it stands has no convergent domain. t'Hooft 
and Veltman [15] demonstrate how the infrared divergence may be removed by 
partial integration (throwing away surface terms). Firstly we observe that 

d-6 __ 2_ ~( 2)d;4 
L - d-4 d£2 L 

Then 

( dL2 = 2L dL - using the exterior derivative.) The last expression is equal to 

1 (L -2- 1 2 2 d-4 d 1 
[ 

2) d-4 1 = = { } 
d - 4 £2 + [2 - m 2 0 - d _ 410 dL (L ) 2 dL2 £2 + [2 _ m 2 (3.19) 

We discard the surface term which is zero in the region of convergence. Infrared 
divergence in the last term now occurs for d ::; 2. We may repeat this procedure. 

( 2) d-4 _ 2 d ( 2)(d-2) L 2 _ ---- L 2 

d - 2 d£2 

So in (3.19) integrating and discarding the surface term gives 

roo dL Ld-5 2 roo 2 2 d-2 d 2 { 1 } 
Jo £2+[2-m2 = (d-4)(d-2)Jo dL (L) 2 (dL2) £2+[2-m2 

(3.20) 
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Infrared divergence now occurs for d ~ O. The "tadpole" integral is therefore 
convergent for 0 < d < 2 and we have 

1= Jrd;4 Jd4z 1°O dL2(L2)(d;2)(~)2 { 1 } 
r(~) 0 dL2 L2 + [2 - m 2 (3.21) 

using the fact that 

r(~) = (~ - 1)(~ - 2)r(~ - 2) 
2 2 2 2 

(L is the length of Z in the (d- 4)-dimensional subspace.) If integration by parts 
is performed p times the "tadpole" integral will be convergent for 

4 - 2p < d < 2 

By taking p sufficiently large the domain of convergence may be extended to 
arbitrarily small values of d. The degree of convergence regarding the ultraviolet 
behaviour is 2 - d and it is d - 4 + 2p for the infrared behaviour. Instead of 
starting with the tadpole diagram this technique could have been applied to 
more general diagrams. The final result would have been 

We now return to (3.21). This expression must be analytically continued to 
d = 4. Carrying out the differentiation given 

(3.22) 

We now insert into this expression 

(3.23) 

to give (integrating by parts) 

(3.24) 

Note that (3.22) is true for the case of the "tadpole" graph. In passing we 
should note that the more general form of (3.22) is ( see t'Hooft and Veltman 
[15] ) 

(3.25) 
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Notice that (3.22) is of the form (3.25) when K = 5. The integration over P5 in 
(3.25) is nothing but the integration over L in (3.22) . The more general form 
of (3.23) which is also equal to unity is 

.! ~ 8Pi 
K~8p· 

1 ' 

By carrying out the differentiation in (3.24) and using (3.22) gives 

2 d-4 2 d-2 
3m 41l'-2 J 4 roo 2 (L )-2 

1= (d _ 2) r(~) d llo dL (£2 + [2 _ m2)4 (3.26) 

This expression has a pole at d = 2. Ultraviolet divergence occurs when d ~ 4. 
By inserting (3.23) in (3.26) and following the steps as before gives 

This now displays ultraviolet divergence for d ~ 6. The integral will therefore 
converge if d = 4. The price we pay for making the integral converge is the 
pole term d':4 which gives rise to a singularity. The technique of dimensional 
regularisation discovered by t'Hooft and Veltman justifies the use of the formulas 
in Appendix A which were derived in a naive fashion earlier. 

3.3 Evaluation of Feynman Integrals 

We now apply the technique of dimensional regularisation to the evaluation of 
Feynman Integrals in 'ljJ4 theory. We must first generalise the Lagrangian defined 
by 

2 
I:- = ~8 'ljJ811-'ljJ _ ~'ljJ2 _ !L'ljJ4 

2 11- 2 4! 

from 4 dimensions to d dimensions. We introduce fl, as an arbitrary mass pa­
rameter ( whose units = lover length). From the end of section (3.1) we recall 
that 'ljJ was of dimension 1 - ~. This means that 'ljJ4 rv 4 - 2d. Since I:- has 
dimension -d we must multiply g by a factor of fl,4-d. This is necessary if we 
wish to keep g dimensionless in d dimensions. Then fl,4-d g 'ljJ4 rv -d as required. 
The Feynman rules need to be adjusted when working in d dimensions. 

1. All 4-vectors become d-vectors. (summated indices in calculations run 
from 1 to d) 

2. Integrals over 4-dimensional space-time become integrals in d-dimensional 
space. 

3. The vertex strength -ig becomes -igfl,4-d. 
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We now use these rules to calculate the correction of order g to the 'tadpole' 
graph Jl.. (We shall, as usual, work in Minkowski space). Omitting propagators 
of external lines we have 

~ -! 4-d J ddp 1) 
- 2g/l (211")d (p2 _ m 2 

= _-.!:!Lm 2(411"J.L2 )2-1r(l- ~) 
3211"2 m2 2 

-using (AI) in the appendix which is the Minkowski analogue of (3.15). Central 
to the theme of dimensional regularisation is the ability to express the divergence 
of the integral as a pole. This is achieved by expanding around d = 4. To this 
end, note that, 

2 2 
( 411"/l )2-1 _ 1 (2 _ '!.) 1 (411"/l ) 

2 - + 2 n 2 + ... m m 
(3.27) 

and that 
d 2 

r(l- -) = --- -1 +, + ... 
2 4-d 

(3.28) 

Equation (3.28) is obtained from the standard expansion of the r function -

(-I)n 1 1 11"2 
r(-n + E) = -,-[- + 7,iJ(n + 1) + -2E[-3 + 7,iJi(n + 1) -7,iJ'(n + 1») + 0(E2») 

n. E 

where 
1 1 

7,iJ(n + 1) = 1 + - + ... - -, 
2 n 

(3.29) 

b is the Euler-Mascheroni constant). Equation (3.27) comes from the standard 
Taylor series expansion. We therefore have 

The divergence in ~ therefore takes the form of a single pole. Note that the 
finite part is arbitrary since it depends on the arbitrary mass. We now consider 
the 4-point function )c;;( to order g2. It is given by 

1 2 2 4-d J ddl 1 1 
"2 g 

(/l ) (211")d (l2 - m 2) (l- q)2 - m 2 
(3.30) 

This integral is evaluated using the following general formula -

1 
= 
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Applying this formula to the denominator of the integral in (3.30) gives 

1 

By changing variables to 
l' = l - q(l - xd 

we see that the denominator can be written as 

[l,2 _ m 2 + q2X1 (1 - X1))2 

Under this transformation ddl' = ddl and hence (3.30) becomes 

1 2 2 4-d {I J ddl 1 
'2 g 

(f-L ) 10 dx (21r)d [[2 - m 2 + q2x(1- x))2 

(We have replaced the dummy indices l' and Xl by l and X respectively.) We 
now use the formulas in the appendix to perform the l integration to give 

i 2( 2)4-d 11 dx 1rtf(2 -1) 
-g f-L d 
2 0 (21r)d(m2 - q2x (1- X))2-2' 

= ...':L(f-L2)2-tf(2 __ ) dx[ 1rf-L )2-t . 2 d 11 4 2 

321r2 20m2 - q2x(1 - x) 

In the limit d --t 4, 

d 2 
f(2 - -) = - - 'Y + 0(4 - d) 

2 4-d 

so we have 

zg f-L (__ _ 0(4 _ d)){l _ -=- d 1 [m - q x - x )} . 2 4-d 2 4 d 11 2 2 (1 ) 
321r2 4 - d 'Y + 2 0 x n 41rf.L2 

ig2f-L4-d ig2 f-L4-d ( m 2 - q2x(1- x) 
161rZ(4 - d) - 321rz b + 10 dx In[ 41rf-LZ ]} 

Setting q2 = s and letting 

11 m2 - sx(l- x) 
F(s,m,f-L) = dx In[ 4 2 ) 

o 1rf-L 

gives 
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We have now evaluated the 2 and 4-point functions to lowest order. This means 
that 

L= gm2 

167r2 (4 _ d) + finite part 

where E is the self-energy function defined in Chapter 2. 
Since 

we have 
r(2)(p) = p2 _ m 2 (1 _ 9 ) 

167r2 (4 - d) 

(3.31) 

We may also apply the above calculation to r(4) (P) which is similar to a(4) (P) 
but with the external legs amputated. Diagramatically we have 

. , ,,/ , ' '\" :' 

= ,I + \::::>:' + X + ~\ ' , V. 
I \ # ,. " \ 

I\.· \ 

. 4-d 3ig2~4-d ig2~4-d 
= -zg~ + 167r2 (4 _ d) 327r2 x 

{3,+ F(s,m,~) + F(t,m,~) + F(u,m,~)} 

where s = (PI +P2)2, t = (PI +P3)2 and u = (PI +P4)2. We now calculate the 
second order correction to a(2). Using the same technique as before we arrive 
at ~ 

11~= i 2 2 4-d! ddl 1 ! ddq 1 
"4 g (~ ) (27r)d [2 - m 2 (27r)d (q2 - m2)2 

ig2m 2 4 2 47r~2 
10247r4 {(4 - d)2 + 4 _ d[2ln( m2 ) + '!,b(2) + '!,b(1)] 

+2(ln 47r~2)2 + 2ln(47r~2 ) ['!,b(2) + '!,b(1)] + -2
1 

(['!,b(2) + '!,b(1)]2 (3.32) 
m m 

+ 7r
2 

_ !'!,b' (2) - !'!,b' (1)) + O( ~ - 2)} 
3 2 2 2 

(3.33) 

where '!,b is defined by (3.27) and '!,b' is defined by 

2 n 1 
'!,b'en + 1) = ~ - L k 2 

k=1 

There are other techniques for evaluating Feynman diagrams. Brown [8J fre­
quently employs the method of exponential parametrisation. This method is 
also referred to in Leibbrandt [14J. 
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3.4 Renormalisation of 'lj;4 theory 

In the previous sections we have shown how the divergences arise in Feynman 
diagrams. The primitive divergences were found in the 2 and 4-point Greens 
functions. These exhibit quadratic and logarithmic divergences respectively. 
We were able to represent these divergences as poles in the complex plane using 
dimensional regularisation - a technique developed by t'Hooft and Veltman. We 
now consider the process of renormalisation which is associated with the removal 
of these divergences. We begin 'with the vertex functions r(2) and r(4). Our 
aim is to make r(2)(p) finite to the (I-loop) approximation. Let us consider 

r(2)(p) = p2 - mi 

where m1 is a finite parameter and is taken to represent the physical mass. We 
assume that the original mass m is infinite. The relationship between m and 
m1 is given by 

(3.34) 

where we have replaced m by m1 in the first order correction. (In this equation 
we have set e: = 4 - d and all future calculations shall use this notation.) To 
order 9 this does not create any error. The physical mass m1 is also called the 
renormalised mass and is given by 

mi = _r(2) (0) 

A similar approach may be taken to the vertex function r(4). It was shown that 

r(4) (Pi) = -ig{L€(I - I::2e:) + finite part 

where the finite part is given by 

ig2{L€ 
- 3211"2 [3')' + F(s,m,{L) + F(t,m,{L) + F(u,m,{L)] 

Vie may write this as 

g2 {L€ 6 
ir(4) (Pi) = g{L€ - 3211"2 [-; - 3')'- F(s, m, {L) - F(t, m, {L) - F(u, m, {L)] (3.35) 

Once again we can define a new parameter gl which is taken to be finite. We 
let 

(3.36) 

We find that 

(3.37) 
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satisfies (3.36) if we ignore terms of higher order than g2. We check this by 
substituting the expresssion for 9 in (3.37) into the right hand side of (3.36). 
This gives 

3g2~-2f 2 3g2~-2f 2 ~f 6 
[gl~-f + ;211"2 (~+ ... ))~f - [gl~-f - ;211"2 (~+ ... W X 3211"2[~ - ... ) 

6gr ~-f 6gr ~-f 
= gl - 3211"210 + 3211"210 = gl 

Terms of order gr etc. have been ignored. We therefore see that replacing 9 by 
the expression in (3.37) eliminates the divergence in (3.35). We obtain 

gf~-f 
gl + 3211"2 [F(s,ml'~) + F(t,ml'~) 

+F(u,ml'~) - 3F(0,ml>~)) 

and we see that 
ir(4) (0) = gl 

since s = t = u = 0 when PI = P2 = P3 = P4 = O. Note that there are other 
ways of defining the renormalised mass and coupling constant to make the the­
ory finite. 
The above discussion shows how the coupling constant and mass may be renor­
malised to one loop. When dealing with 2-loop diagrams we are faced with 
divergences arriving from the diagrams 

o 

The first two diagrams are contributions to r(2) of order g2 and the remainder 
are contributions to r(4) of order g3. It can be shown using dimensional 
regularisation that the divergence in ~ takes the form of a single pole and a 
double pole. We find that 

2 2 K L 
= ig m [2" + - + finite part) 

10 10 
(3.38) 

It turns out that the double pole ¥r is cancelled by a new diagram. This diagram 
is induced by using the expression in (3.34) for m 2 in the Lagrangian. We may 
denote it by 

The single pole in (3.38) remains. This can be removed by adding a term of the 
form 
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to the right hand side of (3.34). In r(4) there &e divergences which arise from 
the 2-100p graphs. Some of these disappear as a result of the new diagrams 
which are induced by the renormalised mass ml. The other divergences can be 
removed by making a suitable redefinition of the renormalised coupling constant 
gl. So it is possible to make r(4) finite to two loops. We find, however, that 

K 2 2 
r(2) is still divergent. This is due to a pole term of the form ~ which comes 
from the diagram o 
(We do not need to know the precise expression for K.) The divergence multi­
plying p2 is removed by making an overall "wavefunction" renormalisation. We 
define the renormalised 2-point function by 

(3.39) 

r~2) is now finite and Z1/J is infinite. We may expand Z'" as a series in the 
renormalised coupling constant gl. 

Z'" = 1 + gl Zl + gr Z2 ... 
= 1 + grZ2 + ... 

There is no term in the expansion of order gl since we were able to make r(2) 

finite to one loop without introducing the multiplicative factor Z",. In analogy 
with equation (3.36) we consider a renormalisation condition which reduces the 
degree of arbitrariness in (3.39). The following set of conditions, depending on 
the arbitrary mass scale f.1, may be used. 

r~4) (0, 0, 0,0) = gl 

There is a great deal of choice in writing these conditions (see Itzkson [l1J ). 
We could have had 

~ (2)(p2) _ 
8p2 r r Ip2=/l2 - 1 

{ 
P

2 _ p2 _ p2 _ p2 _ /12 
(4) _ _ 1 - 2 - 3 - 4 - fA' 

r r - g at s = t = u = i£ 
3 

We recall that the expression for m 2 in (3.34) was enough to make r(2) finite 
to one loop. It was not sufficient, however, to make r(2) finite to two loops. 
Expressed in another way, we say that ml is infinite in the 2-100p approxima­
tion to r(2). The renormalised vertex function r~2) gives a finite value for the 
renormalised mass m r . We have 
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(from (3.34)) 

2 (1 g )Z-l 2 
m = + 161l"2€ '" mr 

We should note here that m2 contains all the infinities and is defined in terms 
of the infinite multiplicative factor Z;;l. m2 therefore diverges as € --+ O. We 
should note in passing that m2 is called the bare mass. More will be said about 
this when we look at counter-terms. But the renormalised mass mr remains 
finite and is to be identified with the physical mass of the theory. We now turn 
to r(4). r(4) and d4

) are linked together by the equation 

r~4) = z~r(4)(p,ml'f.L) 

Setting Pi = 0 we obtain a relationship 

gr = Z~gl 

A similar relationship holds between g and gr. If the Lagrangian is written in 
terms of the bare quantities m, g and 'lj; then we obtain the Greens functions 
of the previous section. These functions contain pole terms due to the diver­
gences. If we now replace m and g by their infinite expansions in terms of the 
renormalised quantities mr and gr the divergences cancel - making the Greens 
functions finite. This information is contained in the equality. 

(3.40) 

We briefly summarise what we have done. Owing to the divergences which arise 
in the Feynman diagrams we were forced to make an order-by-order redefinition 
of the parameters of the theory. This procedure may be thought of as renor­
malising the parameters from their bare to physical values. In this way we were 
able to make the Greens functions finite. 
An alternative approach is to regard the parameters m and g in the original 
Lagrangian as being the physical parameters of the theory. The fact that we 
obtain divergences in the Greens functions means that additional counter-terms 
must be added to the Lagrangian. 

3.5 Counter-terms 

We recall from the previous section that the "tadpole" graph was given by -

. 2 

= ~~:;'2€ + finite terms 

\\Then we considered mass renormalisation we set 

(3.41) 
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(m1 was the physical or renormalised mass in the I-loop approximation) This is 
equivalent to changing our original Lagrangian (defined in terms of the physical 
parameters m1 and g1) from 

~(8 'lj;)2 _ mi'lj;2 _ g1jl€ 'lj;4 
2 J.L 2 4! 

to 
!(8 'lj;)2 _ mi (1 + _g_)'lj;2 _ g1jl€ 'lj;4 
2 J.L 2 1611"2 10 4! 

\\Te may represent this change as 

where 
6£,1 = _ gmi 'lj;2 = !(_ gmi )'lj;2 

3211"2 10 2 1611"2 10 

This extra term gives rise to an additional Feynman rule 

-igmi 
1611"2 10 

This term can be considered as an extra interaction term. Let us now assume 
that the original Lagrangian is defined in terms of m ( and not md The 
complete inverse propagator is given by 

or 

[-+~ + 

[p2 _ m 2i _ L:(p)t1 

1 [P2 2 (gm
2 

. 1 -:- - m - --- + fimte part) 
2 1611"2E 

(using the expression for L:(p) in (3.31).) We now suppose that at the start of 
the calculation we had replaced 

(cf. (3.41)) Then we find 

. . -gm2 m 2g 
r(2)(p) = p2 _ m 2 - ( __ ._ + finite part) _ --

1611"2 10 1611"2 10 

The last two terms cancel which is as we would expect since the combination 

Q + x 
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is, by definition, finite. 
So, ignoring the finite term 

Here m is finite and represents the renormalised mass and is equal to _r(2) (0) in 
an appropriate order of perturbation theory. So we see that adding the divergent 
counter-term J£l to the Lagrangian gives rise to the interaction -if- . This 
interaction term cancels the divergence in J:L. and makes r(2) (p) finite (to order 
g). It is important to note that the counter term's dependence on the field is 
the same as that of a term already appearing in £ (in this case the mass term). 
We explain why J£l gives rise to a term which is considered as an interaction. 
Suppose we consider the Lagrangian 

(3.42) 

regarding 1/J as a massless field with an interaction given by -~m21/J2. Notice 
that we may write 

1 1 2 2 
£ = -21/JOJ1.oJ1.1/J - 2m 1/J 

Switching the operator 0J1.0J1. to momentum space in the first term and taking 
the inverse gives 

i 
= p2 

The interaction term given to the vertex diagram 

(The vertex has 2 external lines since we are dealing with 1/J2. ) The complete 
propagator is given by 

-+---?f- + xx + ... 
i i ( . 2) i i ( . 2) i ( . 2) i "2 +"2 -tm "2 +"2 -tm "2 -tm "2 + ... 

p p p p p P 
t 

= 

This is the usual expression for the propagator when we think of £ in (3.42) 
as describing a massive field. r(4) can be treated in a similar way. r(4) is 
represented diagramatically by 

\, / \ / ' " \ ,/ 
~ - \' + \~ + K p.. - /\ ,'x,.J't'l }...,(, 

/ '\ ,\ " " ,'\. 
I , 

, 
+ O'-{ , ... , , 

= -igfJ,'(l - 1::2€) + finite terms 
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This diverges as € -+ O. To remove this divergence we add the counter-term JL2 
to the Lagrangian where 

1 3g2 p€ 
JL2 = - 41 167r2€ 'ljJ4 

This gives rise to an additional Feynman rule denoted by 

x 
This graph cancels the divergences in (3.43) rendering r(4) finite. 

'~ = -igp€ + finite terms , 

\Ve should note that these new rules will generate new diagrams whenever their 
counterparts among the rules operated. For example, the diagrams 

o 
are necessary when considering the renormalisation of the inverse propagator 
to order g2. These diagrams contain double poles (1 pole from the crossed and 
dotted vertices and 1 pole from the loop integration) as well as single poles. It 
was previously stated that r(2) contained a divergence due to the term 

o 
This divergence was due to a pole term of the form K g:p2 the removal of which 
necessitated introducing the multiplicative factor Z",. An equivalent approach 
is to introduce a counter-term 

A 2 
JL3 = -2(8/L'ljJ) 

to the Lagrangian with 1 + A = Z",. Counter-terms of this type will produce 
terms of the form Ap2. We only need to choose A carefully so that it cancels the 
term Kg:p2. The above discussion outlines how the insertion of counter-terms in 
the Lagrangian will cancel the unwanted divergences. We now ask whether this 
same technique may be applied to diagrams of any order iri g. This leads to the 
question of renormalisability and what is known as "overlapping divergences". 
Consider the general two loop diagram 

CD 
All external lines have been omitted. There are three one-loop diagrams con­
tained in the two-loop diagram. They are 

Cl 
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Owing to the divergences due to the various loop integrations we have counter­
term diagrams associated with them -

o Q 

These diagrams contain double poles and single poles. The single pole from the 
vertex multiplied by the finite part of the loop integrations leads to terms of the 
form 

In p2 

to 

This term can not be cancelled since it does not correspond to any term in 
L. The theory will only be renormalisable if these divergences cancel with 
similar divergences from the two loop diagram. t'Hooft and Veltman [15] have 
shown that these divergences do indeed cancel - a crucial result in the proof of 
renormalisability. To make the theory finite we shall only require counter-terms 
which are of the same form as those appearing in the original Lagrangian. The 
Lagrangian which gives finite answers (often called the "bare Lagrangian" ) is 
given by 

LB =L+LcT 

where 12 is the original Lagrangian given by -

12 = !(8 'Ij;)2 _ !m2'1j;2 _ gJ.L€ 'lj;4 
2 /l 2 4! 

and 

We therefore have 

LB=(I+A)(8 'Ij;?_ (1+om
2
)m2'1j;2_(I+B)gJ.L€'Ij;4 

2 /l 2 4! 

Introducing the bare quantities 'lj;B, mB and gB the Lagrangian may be rewritten 
as 

giving the equation 

1 1. 
'lj;B = (1 +A)2'1j; = ZJ'Ij; where Z1/J = 1 +A 

Jl+0m
2 

Jl+0m
2 

mB = 1 + A m = Zmm where Zm = 1 + A 

_ I+B € _ € _ I+B 
gB - ((1 + A)2)J.L g - ZgJ.L g where Zg - (1 + A)2 

The "bare" quantities are defined in terms of (infinite) multiplicative factors. 
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3.6 The Renormalisation Group 

We now investigate how the Greens functions change as the scale J.L varies. This 
question may be answered by recalling equation (3.40) which shows how the 
renormalised and unrenormalised Greens functions are linked. It is important 
to notice that the bare parameters are independent of J.L. This means 

J.L~r(n) =0 
OJ.L 

where r(n) is unrenormalised and is written in terms of the bare parameters. 
From (3.40) we therefore have 

.!!...[Z-~r(n)(p. )]- 0 J.LdJ.L '" r t,gr,mr,J.L-

Performing the differentiation (using the chain rule) and multiplying by zj 
gives -

(3.44) 

We note that r~n) depends implicitly on J.L via gr and m r . Defining the coeffi­
cients 

and 

og 
/3(g) = J.L OJ.L 

() 
1 0 In Z'" 

, 9 =-J.L 
2 OJ.L 

equation (3.44) becomes 

000 
[J.L OJ.L + /3 (g) og - n,(g) + m,m(g) om]r(n) = 0 (3.45) 

This is called the Renormalisation Group Equation. When the regularisation 
parameter J.L varies the changes in the renormalised quantities gr and mr are 
such that the unrenormalised r(n) (which as stated above, does not depend on 
J.L) does not change. We now perform a change of scale given by 

P --t tp 

(t is dimensionless.) r(n) has an engineering dimension of Deng given by 

€ 
Deng = 4 - n + Z(n - 2) 

Since r(n)(tp,g,m,f-l) is homogeneous of degree Deng in p, m and J.L we have 

( ~ ~ ~) (n)( ) - D r(n)( ) tot +mom +J.LOJ.L r tp,g,m,J.L - eng tp,g,m,J.L (3.46) 
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Combining (3.46) with the renormalisation group equation given by (3.45) we 
eliminate J.L g~ to obtain 

000 
[-t ot + j3 og - wy(g) + m(,m(g) - 1) om + Deng) 

xr(n)(tp,g,m,f-l) = 0 (3.47) 

This equation shows how r(n) behaves as the momentum is scaled. This 
equation may be solved by introducing the running coupling constant which will 
be defined as the solution to the differential equation. 

tog(t) = j3(g) 
ot 

This equation is derived as follows. We assume the existence of functions get), 
met) and J(t) such that 

r(n) (tp, m, g, f-l) = J(t)r(n) (p, met), get), J.L) 

Differentiating this with respect to t gives 

o r(n)( ) at tp,m,g,JL = : r(n) (p, met), get), f-l) 

om oren) og oren) 
+ J(t)( fit om + ot ag-) 

or, multiplying both sides by t 

o r(n)( ) tot tp,m,g,f-l 
dJ om 0 og 0 

= (t dt + J(t)tfit om + J(t)t ot Og) 

xr(n) (p, met), get), J.L) 

dJ om 0 og 0 
= (t dt + tJ(t)75t om + tJ(t) ot og) 

1 r(n)( ) x J(t) tp,m,g,f-l 

Hence 
o t dJ om 0 og 0 (n) 

(-t- + --+t--+t--)r (tp m 9 11.) = 0 
ot J dt ot om ot og " ,t" 

(3.48) 

Comparing (3.48) with (3.47) we obtain the following differential equations. 

tog(t) = j3(g) 
ot 

-1 : = Deng -n,(g) with the initial conditions g(l) = 9 J(l) = 1 m(l) = m 

The last equation is separable and can be integrated to give 

D Jt~dt J(t) = t enge- 1 t 
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In the limit as to ---+ 0, Deng = 4 - n and we have 

(3.49) 

This equation demonstrates how the mass and coupling constant scale under a 
scaling in the external momenta. We should note that an "anomalous dimen­
sion" is now present in the exponential. Equation (3.49) represents a solution 
to the renormalisation group equation. We now investigate solutions to the 
differential equation 

t o~~t) = j3(g) 

given that we know the behaviour of 13 (g) . We examine the following cases (each 
with the assumption 13(0) = 0). 

1. j3(g) > 0 for all values of g. Then g will always increase -showing upward 
or downward concavity depending on the sign of 13' (g). 

2. j3(g) begins positive for small 9 then reaches a local maximum, decreases 
and finally becomes negative. 

P(~\tLy':~ 
j3(gF) = 0 9 = 0 and 9 = gF are called fixed points. We examine the 
behaviour of 9 near gF by expanding 13 around gF. 

To first order we have 

\Ve therefore have 
og(t) , 

t[jt = 13 (gF)(g - gF) 

Let us choose the starting value of 9 to equal gs· If gs < gF then 
gs - gF < 0 and j3'(gF)(gs - gF) > O. (since j3'(gF) < 0 from the 
diagram) This means that for t > 0, 8~~t) > 0 and implies that g 
starts off increasing. As 9 ---+ 9 p., 13' (g F) (g - 9 F) ---+ 0+ and as t---+ 
00 8~~t) ---+ 0+ . 

Arguing in this way we see that 9 ---+ gp. as t ---+ 00. If on the other hand 
gs > g, a similar argument yields 9 ---+ gt as t ---+ 00. We can sketch 
these two situations as follows. 

J~~_ 
1"'- '> t 
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gP is called an ultraviolet stable fixed point because get) -+ go as t -+ 00. 

This happens both from above and bEllow depending on where our starting 
point is. 

3. f3(g) behaves as follows -

f?{SI 

g 
If gs < g, then f3'(gp)(gs - gp) < 0 . (since f3'(gp) > 0 from 
the diagram.) This implies that for t > 0 8~~t) < 0 and means that 
get) starts off decreasing. (ie. it moves away from gp.) get) continues 
decreasing and asymptotically approache""S"Zer"o in the limit as t -+ 00 . If, 
however, gs > gp th(}n using a similar argument 9 will be driven away 
from gp. We can sketch these situations. 

8£')1 C :JF - - - - - - - - -
t 

We say that 9 = gp is an infrared stable fixed point and 9 = 0 is an 
ultraviolet stable fixed point. 

3.7 Divergences in Quantum Electrodynamics 
(QED) 

We now turn to the dimensional regularisation of QED (see Berestetskii [6]). In 
this section the graphs containing primitive divergences shall be examined and 
the renormalisability of QED will be shown by means of the Ward Identities 
derived in Chapter 2. We begin by considering a diagram with n vertices, Ne 
external lines and N-y external photon lines. If Ei are the number of internal 
electron lines then we have 2n = Ne + 2Ei . This is because there are two electron 
lines attached to each vertex - some of which will be internal and hence count 
twice and the rest external counting once. One photon line emerges from each 
vertex. There will be N-y vertices at which the photon line is external. There 
are n - N-y remaining vertices and ~(n - N-y) internal photon lines since each 
photon line is attached to two vertices. For example, in the following diagram 

- the "alien" ~j 
. . ,..., 

n = 8 N-y = 2 and the number of internal photon lines is ~(8 - 2) = 3. Ne = 6 
and the number of internal electron lines is 8 - ~(6) = 5. Since each internal 
photon line has a k 2 term in the denominator we associate a factor of -2 with 
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it. Similarly we associate with each internal electron line a factor of -1. This 
means that the total power of momentum in the denominator is given by 

2(No. of internal photon lines) + I(No. of internal electron lines) 

= 2(~(n - N"J) + n - ~Ne 
= 2n - t Ne - N, 

We now compute the power factor in the numerator due to the loop 
integrations. The number of integrations (or loops L) over d4 k is equal to 
the number of internal lines minus the number (n - 1) of additional conditions. 
Multiplying by 4 we obtain the number of integrations over all the 4-momentum 
components. So 

L = 4[(n - tNe) + ten - N,) - (n - 1)) 
= 2(n - Ne - N, + 2) 

The superficial degree of divergence D is equal to the difference between the 
total power of the integration measure and the power of the momenta in the 
denominator. This gives 

D =2(n-Ne-N,+2)-(2n-~Ne-N,) 
= 4 - ~Ne - N, 

(3.50) 

This expression is true in the case of d = 4. The more general formula working 
in d-dimensions is 

d d-l d-2 
D = d + n( 2 - 2) - (-2-)Ne - (-2-)N, 

We notice that in (3.50), D is independent of the number of vertices - a condition 
which is crucial if we are to prove renormalisability of the theory. Just as in 
'ljJ4 theory, the condition D < 0 is not sufficient to garuantee convergence - a 
diagram may contain internal sections (primitive divergences) for which D > O. 
If D ~ 0 for the whole diagram, the integral always diverges. Since Ne and N, 
are positive integers there is a limited number of pairs of values of Ne and N, 
for which D ~ O. We can draw the corresponding graphs as follows. 

\" K ~ k.~' A 
~ ,~'" ?~. 

! - -"" "«t.. f-l( f' ~ ? 
(a) D = 2(N, = 2,Ne = 0) (b) D = I(Ne = 2,N, = 0) (c) D = I(N, = 3,Ne = 0) 

~ "'\-(' 
~ ",.,w,,,,. 

(d) D = O(N, = I,Ne = 2) (e) D = O(Ne = O,N, = 4) 

The above graphs are all primitively divergent in QED. 
Graph(a) is part of the photon self-energy. 
Graph (b) is the part of the electron self-energy. 
Graphs (c) and (d) are vertex graphs. 
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Graph (e) may be thought of as a scattering of light by light (see Aitchison 
[1] ). We recall the Feynman rules for the matter propagator, the gauge-field­
matter coupling and the gauge-field propagator given by 

? i i 
= = I·p-m jJ-m 

)tK 
p ~P = -ieJ/-L 

C\. k. b i 
~ - k2 [g/-Lv] in the Feynman gauge Q:' = 1 

J'A -v 

Since QED is based on the group U(l) we lose the group matrix terms. Notice 
that we have replaced g bye. With these rules we can write down the expression 
for the electron self-energy in (b). We have 

E(P) _ / d
4
k ( . /-L)( i )( ig/-Lv)( . V) 

-i- - (211")4 -zeJ I.(P - k) - m -""""""k2 -zel 

=(_. )2/ d
4
k /-L( i )(_ig/-LV) V 

ze (211")41 p_ ~ -m k2 I 

Notice that the superficial degree of divergence is 4 - 3 = 1 which agrees with 
equation (3.50) setting Ne = 2 and Ny = O. This four-dimensional integral 
is ultraviolet divergent at large k. It is also infrared divergent. The integral 
associated with the photon self-energy depicted in graph (a) is 

(3.51) 

is seen to be quadratically divergent. This result is in keeping with (3.50) setting 
N"{ = 2 and Ne = O. rr/-LV(k) is known as the polarisation tensor. We may now 
write down the expression for the photon propagator D~v which is, to one loop 

·D' (k) = -ig/-Lv + (-igwl:) ·rrO:.8(k)( -ig.8v ) 
z /-LV k2 k2 Z k2 

== 7 + Kr.~K: 
We may regard the photon-self-energy graph as the amplitude of the transition 
of a boson into itself via a decay into an electron-positron pair. In graphs (c), 
(d) and (e) the divergences are logarithmic. Diagram (d) is an example of a 
vertex graph and is given by 

The integral is logarithmic divergent as k -+ 00. The only three primitively 
divergent diagrams in QED are given by graphs (a), (b) and (d). It follows from 
Furry's Theorem that graph (c) may be ignored. The graph is in fact, cancelled 
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by a similar graph with the electron arrows reversed. The remaining graph (e) -
although superficially divergent - happens to be convergent. We now show how 
to apply dimensional regularisation to the primitively divergent integrals. The 
Lagrangian which describes the interaction of photons and electrons is given by 

c = i'l/J*,/L8/L'l/J - m'l/J*'l/J - eA/L'l/J*'/L'l/J 
-t(8/LAv - 8vA/L)2 - t(8/L A/L)2 

We must generalise this expression to d-dimensions. If C is to have mass 
dimension d this means that A/L must have dimensions d22. This gives the 
correct dimension to all the terms excluding the third. This problem is cor­
rected by multiplying e by J.L2-f where J.L is the mass parameter of dimensional 
regularisation. We therefore deal with the Lagrangian given by 

We check the dimension of the third term. 

eJ.L2- f A/L'l/J*'/L'l/J "" 2 - ~ + ~ - 1 + ~ - ~ + % - ~ 
=d 

Dimensional regularisation shall now be applied to the electron self-energy. 
Working in a space-time of complex dimensionality d we have 

i ...LL- "(P) __ . 2 4-d! ddk 1 g/L
V 

- ~ - ze J.L (21r)d//L'I- Ii _ m /v k2 

. 2 4-d! ddk //L(p-}C + m)r/L 
= -ze J.L (21r)d [(P _ k)2 - m 2]P 

Combining the propagator by means of the Feynman formula 

1 r1 dz 
ab = Jo [az + b(l - z)J2 

yields 

Feynman's formula works well in the case of one-loop diagrams. Care must be 
taken when using it in the case of multiple-loop diagrams - as pointed out by 
t'Hooft and Veltman (1972). It turns out that ultraviolet divergences find their 
way into parametric integrals. An example of this occurs in the diagram 
We now perform a shift of the integration variable given by 

k' = k - pz 
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to give 

""CP) . 4-d 2 r1 
d J ddk' J/l(p- PZ- ~' + m)J/l 

~ = -tJ-L e 10 z (21r)d [k,2 _ m 2z + p2z(1- z))2 

We now have the integrand in a form in which the denominator depends only 
on k,2. We use the following result which is the analog of symmetric integration 
in 4-space. 

(3.52) 

(Ho is a constant.) This means that the integral over the linear term in k' is 
zero. We therefore have 

LCP) = -iJ-L4- de2 !a1 dz J/l(p- pz +m)J/l 

J ddk' 1 
x --'O"~-~-~--~ 

(21r)d [k,2 - m 2z + p2 z(1- z)J2 

From equation (AI) in the appendix we have we have 

f(2 _.4) 11 
LCP) = J-L4-de2 } dz J/l[p(1- z) + mh/l 

(41r) '2 0 

x [m2z - p2z(1- z)]~-2 

Using the following properties of the gamma matrices 

we have 

d 

(2 - d)Jv 

= (2 - d) P 

J/l[p(l - z) + mh/l = (2 - d) p(l - z) + md 

= (E-2)p(1-z)+m(4-E) 
-[2 p(l - z) - 4m - E(p(l - z) - m)] 

This means 

e
2 

E 11 L(p) = ~f(-2) dz{2 p(l- z) - 4m - E[p(l- z) - m]} 
l61r 0 

Letting 

x (m2Z- p2Z(1-Z))-t 
41rJ-L2 

E 2 
f(-)=--J+O(E) 

2 E 
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from equation (3.28) and 

(
m2z - p2z(1- z))-~ = 1- ~ln [m2z - p2 z(1- z)] 

47rf..l2 2 47rf..l2 

(using a standard Taylor expansion.) Retaining only the pole and the finite 
term gives 

_e2 211 -- dz (2 p(l- z) -4m) 
167r2 € 0 

e
2 11 2e

2 
11 +-6 2' dz(2 p(l- z) - 4m) + -6 2 dz (p(l- z) - m) 

17r 0 17r 0 

e2 t m 2z-p2z(1-z) 
+ 167r2 Jo dz (2 p(l - z) - 4m) In[ 47rf..l2 ] 

e2 e2 

= 87r2 € (- P + 4m) + 167r2 {p(l + ,) - 2m(1 + 2, ) 

+21
1 

dz [p(l- z) _ 2m]ln(m
2
z _:2zp -z))} 

o 7rf..l 
e2 

= -8 2 (- p+4m) + finite part 
7r € 

We now calculate the vacuum polarisation graph. Generalising (3.51) to d di­
mensions we have 

( . 4-d 2 J ddp [1 1] 
ITJLv k) = Zf..l e (27r)d Tr IJL p _ m IV p_ Ii _ m 

. 2 4-d J ddp Tr[,JL(p + mhv(p- Ii + m)] 
= ze f..l (27r)d (p2 _ m2)[(p _ k)2 - m2] 

Introducing a Feynman parameter z and shifting the integration variable by 
putting pI = P - kz gives 

IT ·2 4-d r1 d J ddp' Tr[,JL(p'+ /Cz+mhv(p'- li(l-z)+m)] 
JLv=zef..l Jo z (27r)d [p/2-m2+k2z(1-z)J2 

The numerator of this expression may be simplified by means of the trace 
relations (Akyeampong and Delbourgo 1973) 

and 
TrC'YJLIPlvlu) = f(d)(gJLpgvu + gJLugpv - gJLvgpu) 

where fed) = 2~ We also have the relation that 

Tr(odd no. of I matrices) = 0 
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and (3.52). This last identity means that we may write the numerator as 

[PKlpl>' _ kKk>'z(l- z)]TrCi/L1Klvl>') + m2TrCi/Llv) 

[pKlp>.1 - kKk>'z(l- z)]f(d)(g/LKgV>' - g/LVgK>' + g/L>.gKV) 

+m2 f(d)g/Lv(from the trace relations) 

f(d){2p~p~ - 2z(1- z)(k/Lkv - k2g/Lv) 

_g/Lv[p/2 - m2 + k2z(1- z)] 

Hence, dropping the prime on p 

II (k) . 2 4-df(d) {I d f ddp { 2p/LPV 
/LV = ze J.l io Z (21l')d [P2 _ m 2 + k2z(1 - z)]2 

2z(1 - z)[k/Lkv - glLvk2] 
[P2 _ m2 + k2 z(l - z)J2 [P2 - m2 + k 2z(1 - z)] 

From the equation (A2) in the appendix we observe that the first integral is 

The third integral is just equal to the negative of this and cancels. The middle 
term integrates to give 

(-1)-h1l'~ f(2 -1) -2z(1- z)[klLkv - g/Lvk2] 

(21l')d f(2) (k2z(l - z) - m2)2-~ 

This gives 

where we have used 

and 

E 2 
f(-) = - -1+O(E) 

2 E 

a-€ = 1 - E lna 

The latter result is from the standard Taylor expansion. We now evaluate the 
one-loop vertex correction -
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We have changed the notation from the way it was defined previously by letting 
p' = p + q. The Feynman rules give 

( 2 d) (p ') . 2-;f)3 J dd k i -ieJl -"2 AJL ,q,p = (-teJl 2 (27rlYV(pl- J( _ m) 

i _igVP 
X ,JL ( P_ ~ _ m)Jp( -p:-) 

2_;f 3 J ddk IVCP'- ~ + m)JJL(p- ~ + m)Jv 
= -(eJl 2) (27r)d P[(P _ k)2 _ m 2][(p1 - k)2 - m 2] 

Owing to the 3 quadratic factors in the denominator we introduce two Feynman 
parameters. The delta function means that the y-integration goes from 0 to I-x. 

I -2ie2Jl4-d 11 iI-x J d 
AJL(p, q,p ) = (27r)d 0 dx 0 dy d k 

IV(p'- ~ + m)JJL(p- ~ + m)JV 
x~~~~~~--~~~~~~~--~~ 

[k 2 - m 2(x + y) - 2k(px + ply) + p2x + pl2yJ3 
We now shift the integration variable by setting 

k' = k - px - p'y 

This changes the denominator to 

Dropping the prime on the k gives 

(p 
') -2ie2Jl4-d 11 [I-X J d 

AJL ,q,p = (27r)d 0 dx 10 dy d k 

Iv[p'(1 - y)- px- J( + mlJJL[p(1- x)- p'y- J( + mlJV 
x [k2 _ m2(x + y) + p2x(l- x) + p'2 y(l- y) - 2p.plxyJ3 

This integral is divergent in the term quadratic in k. (As d -+ 4 the integral 

behaves as J d;l' which is logarithmic divergent.) The rest of the integral is 
convergent. So we may write 

where A~I) consists of the part quadratic in k and A~) contains the finite part. 
The divergent part may be evaluated by means of the equation (A2) in the 
Appendix to give 

A~I) (p, q,p') = 2 I d 11 iI-x e 4 d -f-L - --d [(2 - -) dx dy 
2 (47r) "2 2 0 0 

p v x IVIPIJLI I 
[m2 (x + y) - p2x(1 - x) - p'2 y(1 - y) + 2p.pIXYF-~ 
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We have the following Dirac matrix identities in d-dimensions. 

IIIIPI/-LIUI
II 

= (2 - dhpl/-LIU + 2C'Y/1-IuIP - IPIUI/1-) 

,1I'P,/1-,P,II = 111[(2 - dh/-Lhll = (2 - d)2'/1-

Letting € = 4 - d gives 

d € 2 
f(2 - 2) = f(2) = -; - 1+ G(€) 

(2 - d)2'/1- = (€ - 2)2'/1- = (4 - 2€h/1- + O(€2) 

e2 1 d 2 
A~l)(p, q,p') = "'2 Jl4 - d(411") 2 (-; - ,)(4 - 2€h/-L 

x 11 dx 11-'" dy[l- ~ln(m2(x + y) - p2x(1 - x) - p,2 y(1_ y) + 2p.p'xy)] 

As d -+ 4 we extract the divergent pole term which is 

We therefore have 

2 

A~1) (p, q,p') = 8e 
2 1/1- + finite terms 

11" € 

A~) is convergent and so we may let d = 4. The integral over k is evaluated by 
means of equation (AI) in the Appendix giving 

e
2 11 11

-
x 

A~)(p,q,p') = 1611"2 0 dx 0 dy 

III(p'(l - y)- px + mh/-L(p(l - x)- ly + mhll 
x m2(x + y) _ p2x(1 _ x) - p'2y(1 - y) + 2p.p'xy 

We have now calculated the primitively divergent graphs in QED. It is 
convenient to represent our results as follows. 

L::(p) 
II/-LII(k) 

A~1) (p, q,p') 

Superficial Deg. of Div. Actual Deg. of Div. 

...£:L 1 Logarithmic 
2 

o 
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Logarithmic 

Logarithmic 

Explicit expression 

8~~€ (- P + 4m) + finite part 
6~~€ (k/-Lkll - g/1-lIk2) + finite part 
e2 fi . 

871"2€ 1/1- + mte part 



3.8 I-Loop renormalisation of QED 

We consider the counter-terms which, when added to the Lagrangian cancel the 
divergences. We start by considering the electron inverse propagator, r(2) (P) 

r(2)(p) = SF(P)-1 - 2:(P) 

e2 

= If - m - 871"2 10 (- If + 4m) (We neglect the finite part.) 

e2 e2 

= If(1 + -8 2 ) - m(l + -2 2 ) (3.53) 
71" 10 71" 10 

Here we must add the two counter-terms to the Lagrangian. The first divergence 
in p is similar to the divergence ¥ occuring in the diagram -e- in 'lj;4 theory. 
We recall that in order to cancel this term we needed to renormalise the wave­
function. A similar technique is therefore applied to the above divergence. The 
second divergence in (3.53) is cancelled by a counter-term giving a contribution 
to the electron mass. To the Lagrangian £1 defined by 

we add 
(£dCT = iB'lj;* ~'lj; - A'lj;*'lj; 

(B is chosen in such a way as to cancel the divergence in p ; A cancels the 
divergence in m ) We define the bare Lagrangian as 

Clearly 
-e2 2 

B=-- and A=~ 
871"2 10 271"2 10 

To one loop, the electron propagator is finite. We have 
~ 

~_ =- _ + -D- + --*-_~r~ \ 
-i.r{tl) . "\ 2'1t€ ) 

+- -*- -"'1(-(/ ') 
~11~ 

(3.54) 

The addition of the counter-terms iB'lj;* /J'lj; is equivalent to a wave-function 
renormalisation. We define the bare wave-function by 

where Z2 = 1 + B and the bare Lagrangian by 

We have from (3.54) 
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ie. 

m+A 
= Z2 

e2 e2 

= m(1 - 21T2 €)(1 + 81T2 €) (expanding Z;1 to first order) 

3e2 

m(1 - 81T2 €) (ignoring terms of order ,12 ) 

m+c5m 

m is called the physical or renormalised mass. We make a brief comment here 
about the Dirac equation. The last equation shows how the electron mass may 
be renormalised to first order. We could have based our perturbation theory on 
the equation 

(i ~ - m + e f.. - c5m)'lj; = 0 

rather than on 

c5m = mB - m is to be regarded as an "additional interaction". The Dirac 
equation for the physical free particle is now 

(i~-m+ef..)'lj;=O 

So we are beginning to see definite similarities between the renormalisation of 
QED and 'lj;4 theory. The divergences which arise in the Feynman diagrams 
are cancelled by adding appropriate counter-terms to the Lagrangian. The 
expansion for the two-point vertex is 

---0---
-\ 

r(2)(p) = i[S~(P)l-1 
=p - m - (I:(p) + A - B p) 
=p - m + finite term 

)( 

(since by definition I:(p) + A - B P is finite to 1-100p by construction.) We 
now deal with the case of the photon propagator. Analogous to the expansion 
of G~ in Chapter 2 we have 

Working in the Feynman gauge ( 0: --+ 1 ) means that 

91 



This gives 

D' (k) = -gp.v _ gp.a [~(kakP _ gaPk2)(~ + ~)lgpv + 
p.v k2 k2 611"2 10 10m2 k2 ... 

The lOk:2 is a finite term in the calculation of naP (k). (This was not, however, 
shown in the earlier calculation.) Rearranging the expression yields 

, () -gp.v e2 e2 k2 ) e2 1 kp.kv 
Dp.v k = ~(1- 611"210 - 6011"2 m2 - 611"210 k2 ~ + ... (3.55) 

We now add correction terms to the Lagrangian to cancel these divergences. 
The part of the Lagrangian which gives rise to the Feynman propagator 

is 
£2 = -~F Fp.v - ~(o AP.)2 = ~AP.g 0 oPAl' 4 p.v 2 p. 2 p.v P 

(note that a = 1 ) This is easily seen by switching the operator gp.vopoP to 
momentum space and taking the inverse. So by adding a suitable counter-term 
given by 

we may cancel the divergences 

2 -e c=-611"2('; 

We define the required counter-term to cancel these divergences by 

The bare Lagrangian is 

with 

(£2)B = -( 1: C ) Fp.vFp.v + gauge fixing terms 

= - ~3 Fp.vFp.v + gauge fixing terms 

(3.56) 

We now show that the photon mass remains zero after renormalisation. This 
differs from the case of the electron-self-energy in which a bare mass (different 

92 



from the physical mass) had to be introduced. The vacuum polarisation tensor 
may be written in the form 

We note that 
koIIo/3 = (kokok/3 - kogo/3k2)II(k2) 

= (k2kf3 - kf3 k2)II(k2) 
=0 

(3.57) 

Using (3.57) we may write (3.55), to one loop, as 

D~II = D/111 - D/1o(kokf3 - 9of3k2)II(k2)D~1I 

where 

Letting 
D 9/111 

/1 11 =-kT 
gives 

(using the standard binomial expansion (1 + x)n = 1 + nx + ... and neglecting 
terms of 2nd order ie. II2(k2 ) ). II(k2) contains divergences. We may write 

2 e2 
2 

II(k ) = -6 2 +IIf(k) 
7r € 

where 
2 e2 k 2 

2 
IIf(k ) = 607r2m 2 --+ 0 as k --+ 0 

IIf(k2 ) contains no divergences. The dressed propagator may be written as 

k2 [1 + II(k2 )] + gauge terms 

P[l ~9/111 II (P)] + gauge terms 
+ 61[2, + f 

-Z39/lV (3 58) 
k2[1 + IIf(k2 )] + gauge terms . 
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In this last expression the divergence has been absorbed by the multiplicative 
constant Z3 given by (3.57). The constant Z3 relates the bare and renormalised 
AIL-fields by the equation 

1 

A~ = ZiAIL 

D~v - the propagator obtained from the bare field A~ - is related to the renor­

malised complete propagator D~v by the equation 

(3.59) 

Comparing (3.59) and (3.58) gives 

- -gIL v 
D~v = k2 [l + IIf(P)) + gauge terms 

This means that the photon mass remains zero after renormalisation. The 
process ofrenormalisation removes the divergences in D~v' It does not, however, 
remove the finite parts and in the above expression for D~v there is a finite 
correction of order k2 . viz. 

The correction term means that Coulombs law requires to be modified. The 
potential separating two charges e a distance r apart is now 

We finally turn our attention to the vertex diagram and show how the divergence 
may be eliminated. By adding a counter-term to the Lagrangian given by 

We modify A~l) from 

to 

2 
e fi . -8 2 III + mte part 
1T to 

e2 

(D + -2-hlL + finite part 
81T to 

2 

Choosing D = 87r~f will therefore remove the divergence. The bare Lagrangian 

(£3)B = -(1 + D)eJLt AIL'¢*'IL'¢ 
= -ZleJL~AIL'¢*'IL'¢ 

2 

with Zl = 1 - 8~2f' To summarise our results we have 
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e2 

Z3 =1---
61T2E 

and we may write the total bare Lagrangian as 

LB = iZ2'lj;*/IL{}IL'lj; - (m + A)'lj;*'lj; - Zle/-L~ AIL'lj;*/IL'lj; 
-~({}ILAv - {}vAIL)2 + gauge terms 

Using this Lagrangian we obtain, (to one loop) finite calculations for the self 
energy and the vertex. Alternatively we could write the Lagrangian in terms of 
the bare quantities to give 

< Zl <-~ 
eB = e/-L2--1 = e/-L2Z3 2 

Z2 Z'i 
The bare quantities contain all the pole terms which are needed to cancel the 
divergences to one loop. 'We now investigate whether it is possible to cancel the 
divergences to all orders in perturbation theory. ie. whether QED is renormal­
isable. We begin by recalling some results which were derived in the previous 
chapter. The compete electron propagator and vertex functions were given by 

and 
r IL(P, q,p + q) = /IL + AIL(p, q,p + q) 

We also have the Ward Identity 

(}L:(P) - {} = AIL(P,O,p) 
plL 

In the same way as (3.60) was derived we have the relationship 

where 

Analogous to (3.56) we have 

or 

D' = D + DIID + DIIDIID + ... 
__ D_ 
- l-IID 
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This verifies (3.62). :ECP) is the proper self-energy given by the sum of the 
graphs 

---D- + ~ + + + " . 
II(k) represents the proper vacuum polarisation diagrams which are given by 

A is the IPI contribution to r J1 and is given by 

-&+ + 
To show renormalisability we must absorb the divergences in the propagators 
and vertex function. This is done by introducing multiplicative constants Zl, 
Z2 and Z3. We can define finite propagators and vertex functions. 

We now turn our attention to the divergences on Feynman diagrams. In the 
previous chapter the term IPI (I-particle irreducible) was introduced to de­
scribe graphs which could not be cut into two parts by cutting one internal line. 
These graphs were called proper (IPI) Feynman diagrams. We now introduce 
a subclass of diagrams called irreducible. 
From the above expansion we see that the lowest order contributions to ~, II 
and A are given by 1:L ,~ and ~ . The first two are examples of 
self-energy graphs and the third is an example of a vertex graph. A skeleton 
graph is a graph for which no sub graphs containing self-energy parts or vertex 
parts can be formed. For example, the following Feynman diagram is not a 

skeleton graph ~~-4 

Its skeleton is obtained by replacing the self-energy part by a line and every 
vertex part by a "bare" vertex. Hence the skeleton is 

A graph which is its own skeleton is called irreducible. Skeleton graphs occur 
in ¢} theory. Skeleton graphs for r(n) are graphs for which no subgraphs with 
positive degree of divergence (ie. non-trivial insertions of r(2) and r(4) ) can Qe 
found. The following is a skeleton graph for r(6) :- ' 

Clearly 
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is not a skeleton graph. 
We firstly consider the divergences occuring in irreducible graphs. In the self­
energy graphs the only irreducible graphs are ~ and ...D.- . In the vertex 
diagrams there are an infinite number of irreducible graphs. For example, 

J ~~ o?t 
\S2J ~ 

The superficial degree of divergence is given by 

3 
D =4- "2Ne -Ny 

In each of the above graphs Ne = 2 and N"( = 1 giving D = 0 for all of them. 
(ie. they are logarithmically divergent) The lowest order contribution to AfJ. 
was the graph ~ and it was shown that 

e2 

AfJ. = -8 2 IfJ. + finite part 
7r € 

If we consider all the irreducible graphs in the expansion of AfJ. ( not just the 
lowest order) we obtain an expansion of the form 

(3.63) 

where L is an infinite multiplicative constant and Afj) is finite. Since AfJ. is of 
this form all the divergences in irreducible vertex graphs may be isolated. We 
now return to the reducible graphs. To obtain a reducible graph it suffices to 
write down its skeleton and then to replace the propagators (lines) and bare 
vertices by the relevant self-energy and vertex parts. We first consider a vertex 
part V and its skeleton Vs. We have 

from which it follows that 

f fJ.(p,p') = IfJ. + AfJ.s(P,p'; S~, D~, f, e) (3.64) 

The right hand side of this equation may be represented graphically as 

---L .+ A -+- A -+-
We have taken the lowest order terms in the skeleton expansion and replaced the 
internal lines by thick lines and the vertices by black dots. (ie. they have been 
replaced by the propagators S~ and D'p. and the approximate vertex operator 
I by f. 
The self-energy parts are more awkward to handle due to the problem of over­
lapping divergences (which we recall occurred in 4>4 theory). Overlapping di-
vergences occur in the diagram l< \ 

? f~ 
1<2- F. 
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It is difficult to separate out the divergences. It turns out that the problem is 
solved by appealing to the Ward-Takahashi identity. 
A similar situation arises in the case of the photon self-energy diagrams. (eg. ~ 
). Just as the Ward identity implied that 

A _ 8~ 
1'- -8p/.l 

( in the case of the electron self-energy) we have the operator !)./.l (analogous 
to AI' ) defined by 

!). (k) = _ 8Il(k) 
I' 8k/.l 

Differentiating Il(k) with respect to k/.l results in the insertion of a photon line 
in the internal electron lines. 
Eg. 

We denote the expression analogous to r I' by WI'" WI' is defined by 

W/.l(k) = - 2k/.l + !)./.l(k) 

We now recall the equation for the complete photon propagator given by 

with 

and 

1 
D=-­

k2 

Analogous to ( 3.64) we have 

and hence (3.65) becomes 

8D-l 
--=-2k/.l 
8k/.l 

8Il 
-2k/.l--

8k/.l 
= -2k/.l + !)./.l(k) 

WI' 

W/.l(k) = -2k/.l + !)./.ls(k; S~, D~, W, e) 

(3.65) 

By performing the necessary subtractions we may define convergent functions 

AI' (p,p') 

!5./.l(k) 

A/.ls(p,p') - A/.ls(Po,PO)I1i6=m 

= !)./.ls(k2
) - !)./.ls(/12) 
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where Po is the momentum of an on-shell electron, so that P5 == m 2 and f1 is an 
invariant photon mass. Since 

(3.67) 

(L is an infinite constant) we may cancel the divergence occuring in (3.63). We 
define finite propagators and vertex functions (denoted by -) by the following 
equations. 

f 1l(P,P') 
- , - - -

III + Alls(P,p ; SF, DF, f, eren ) 

SF(P)-l - SF(PO)-l (P - po)llf 1l(P,PO) 

WIl(k) = -2kll + Lills(k; SF, DF, W, eren ) 

ODF(k)-l 
= WIl(k) 

Okll 

The electron and photon propagator are normalised so that 
- 1 SF(po)- =PO - m 
2 - 2 

k DF(k )lk2=1l2 = 1 

We now show the fundamental relations 
- - 1, 
fll = Zlfll SF = -Z SF 

2 

providing that the renormalised charge er is given by 

er = .JZ;e 

(3.68) 

(3.69) 

(3.70) 

(3.71) 

(3.72) 

We first examine the expression for All" Each irreducible vertex part of degree 
2n has n photon lines, 2n electron lines and 2n + 1 corners. Introducing the 
transformations (3.71) and (3.72) 

S' 1 S' S- D' 1 D' D-F -r Z2 F = F F -r Z3 F = F 
f~ -r Zlf~ = f Il e2 -r Z3e2 = e; 

(3.73) 

we find AilS -r ZlAlls . (The Ward Identity means that Zl = Z2 ) or, 

(3.74) 

The left hand side of this equation is finite; Zl cancels the divergences in 
Ails [SF , D F , f v, e2

]. From (3.68), (3.66), (3.67) we have 

f Il III + AilS 

III + AilS - 01l 
1 

= (1- L)C'Y1l + 1- LAlls) 

1 - - - 2 
= Zl {'ll + Zl Ails [SF, DF, f, er]} 

= Zlbll+AIlS[SF,DF,fv,e2]} using(3.74) 

Zlfll 
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(Note that we have set Zl = 1 - L.) The above calculation shows that (3.68) 
holds when the renormalisation is performed according to (3.73). A similar 
argument can be used to show that (3.69) holds when W/l is renormalised by 

The above discussion shows that renormalisation may be performed by means 
of a subtraction procedure (3.66). This procedure is equivalent to introducing 
a multiplicative constant (as shown in (3.75) ). A more extensive treatment of 
the renormalisation of QED may be found may be found in Bjorken [7]. 

At this stage it is appropriate to introduce a renormalisation scheme de­
veloped and perfected by Bogoliubov, Parasiuk, Hepp and Zimmermann. To 
understand this method we introduce some appropriate terminology (see Chang 
[9] and Callan [18]). 

(a) 

(b) 

Subgraph A subgraph is defined by a set of vertices and all the lines 
connecting these vertices. It may be hidden inside a Feynman diagram 
and corresponds to a renormalisation part. The following examples from 

QED~a~d 'lj;4 theory illustrate this ide~ 

t~) :' J -1 CIA) ,,'w.' 
11-3$1 ~ 

--=---.l~ ,~ "i 
Ql. :L .2., 

In (i) there are two non-trivial subgraphs defined by the vertices 'Yl == 
(1,2,3) and 'Y2 == (2,3,4). (ii) contains two non-trivial subgraphs 'Yl == 
(1,2) and 'Y2 == (3,4). (iii) (which is an example from 'lj;4 theory) contains 
the subgraphs 'Yl == (1,2) and 'Y2 = (1,2,3). 

Disjoint subgraphs Two diagrams which have no common vertices are 
said to be disjoint. This relation is denoted by 'Yl n 'Y2 = 0. Graph (ii), 
for example, contains two disjoint subgraphs 'Yl and 'Y2· 

N on-Overlapping graphs If any of the following conditions are satisfied two 
graphs 'Yl and 'Y2 are said to be non-overlapping. 

1. 'Yl C 'Y2 

2. 'Y2 C 'Yl 

3. 'Yl n 'Y2 = 0 

The following examples illustrate this concept. 
!.-~-- , r-- " 

~ I,'. ,-,"i~ 1 '~ "- :~ . --. 
I ' ' • 

"6: ! i c) ~i 
2.. \ 

'Yl and 'Y2 in the first two graphs are non-overlapping. The third graph is 
overlapping. 
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(d) Unrenorlllalised and renorlllalised alllplitudes We consider the 
unrenormalised amplitude Mr for a diagram r. 

( II cf:)i4 is the factor associated with internal integrations.) {p} is the 
external momenta and {k} is the internal momentum variable. By apply­
ing the Feynman rules we obtain Mr from r. \Ve denote the renormalised 
amplitude by 

if. is the renormalised integrand. 

Our aim in this discussion is to construct [r from Ir. We shall do this for three 
classes of diagrams. 

Class 1 - Diagrallls without divergent subgraphs Superficial degrees of 
divergence of r are denoted by D(r). If a diagram r contains no divergent 
sub diagrams and is not a renormalisation part, that is having a negative 
degree of divergence, we define 

[r = Ir 

If r is a renormalisation part we have to introduce a Taylor operator tr. 
We define 

- r Ir = Rrlr == (1 - t )Ir 

The operation (l-tr) on Ir (which we shall assume is a function f(PI, ... Pn) 
where PI ... Pn are external momenta) is defined by subtracting from Ir the 
first D(r) derivative terms in a Taylor expansion. tr acting on f(PI, ... Pn) 
is therefore the first d derivative terms in the Taylor expansion of f( {p}). 
We have 

tr f(PI,'" ,Pn) == f(P~, .. · ,p~) + ... 
1 "'(P 0) (P 0) ad f({p}) 

+df L.... - Pi··· - P j api ... apj 
(3.76) 

where d = D(r). The point {pO} about which the Taylor expansion is 
made is called the renormalisation point. In equation (3.76), t r is a short­
hand for tD(r). This construction ensures that Mr is finite. 

Class 2 - Diagrallls with no overlapping divergences In this case we have 

(3.77) 
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where {"Yi} (i = 1, ... ,n) describes all the renormalisation parts. Equa­
tion (3.77) may be expanded out to give 

If. = L II (-{Y)Ir (3.78) 
U 'i'EU 

U is the set of possible divergent sub graphs. We have 

Each element in U represents a particular laying down of boxes. Diagram 
(iii) in part (a) serves as a useful example. Boxes may be layed down as 

follows. '0. ""6 ~ 

1~1X{; ~~~r)~t~J) ~ f~)12-1 
Each element of U gives rise to a forest. We call {/1, ... , /m} a forest. 
It is important to notice that a forest may be empty and it is legal to 
draw a box around the entire diagram provided that the diagram is a 
renormalisation part. A more formal definition of a forest will be given 
shortly. Another useful example to consider is the following self-energy 
diagram which has 2 non-overlapping renormalisation parts. 

----,'0 lfi.l ~ 
There are two divergent subgraphs /1 and /2. The renormalised amplitude 
is from (3.77) given by 

Ir = (I-Pl)(I-t'i'2)Ir 

The forests are given by 

= Ir + (_Pl )Ir + (-t'i'2)Jr 
+( _t'i'l) (-t'i'2 )Ir 

and we see that this result is in agreement with (3.78) 

Class 3 - Overlapping diagrams ''Ie now turn our attention to the case of 
diagrams containing overlapping subgraphs. A set of forests U belonging 
to a diagram r is defined as a family of superficially divergent subgraphs 
such that 

1. Elements of the forest U are renormalisation parts. 

2. Elements of U are non-overlapping. 

3. The empty set 0 is a forest. 
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The following diagram contains overlapping sub diagrams 11 and 12. 

~ 
l'-~;~ 

The forests are given by .3 

{II, 12} and {II, 12, 13} are not forests since 11 and 12 are non-overlapping. 
The renormalised integrand fr is given by 

fr = L:all U I1'YEU( -t'Y)Ir 
= Ir + (-t'Yi)Ir + (-t'Y2)Ir + (-t'Y3)Ir 

+( -t'Y3) ( -t'Yi )Ir + (-t'Y3) ( -t'Y2)Ir 
= (1 - t'Y3)(1 - t'Yi - t'Y2)Ir 
i= (1 - t'Y3)(1 - t'Yi )(1 - t'Y2)Ir 

Equation (3.78) may be used in calculating I~ when overlapping subgraphs 
are present in r. Equation (3.77), however, may not be used and, as the 
above example shows, it gives a different result to that which is obtained 
when applying equation (3.78). We provide a further example from 'ljJ4 
theory. The following gr~_~_(l, contribution to the four point function 

ofo,de'g'. ~.j; ~.~)~.t--"'~.' ,.:r ,. '-{. 
i ! I.' , : 1-
_.:===-~. :~-''::!:i ' 

We note that 12 and 13 are overlapping - hence {/2, 13} can not be included 
in the set of forests. The possible forests are 

U = 0;/1;/2;/3;/4; {l1,/2}; {l1,/3}; 
{l2, 14}; {l3, 14}; {II, 14}; {II, 12, 14}; 
{l1,/3,/4} 

Applying equation (3.78) gives 

fr = [1 - t'Yi - t'Y2 - t'Y3 - fY4 + (_t'Yi)( _t'Y2) 
+(-t'Yi)(_t'Y3) + (_t'Y2)(_t'Y4) + (_t'Yi)(_t'Y4) 
+( -t'Y3) ( _t'Y4) + (_('1i)( _t'Y2)( _t'Y4) + (_t'Yi)( -t'Y3) ( -t'Y4 ))Ir 

= (1- t'Y4)(1 - t'Y2 - t'Y3)(1 - fYl )Ir 

We do not obtain two factors (1 - fY2)(1 - t'Y3) as we might expect from 
(3.77) because of the overlapping nature of the sub diagrams 12 and 13. 
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3.9 One-loop structure of Yang Mills theory 

In this section we look at non-abelian gauge theory based on the group SU(3). 
(We recall that QED was based on the abelian group U(l).) This theory is 
known as QCD or Quantum Chromodynamics. We shall calculate the expres­
sions for the self-energy, the vacuum polarisation and the vertex diagrams in 
QCD. At each stage we show how the renormalisation is performed by selecting 
appropriate counter-terms. We start with the quark self-energy diagram 

r-p 

C>v ! C\ ~ 10 
p-K 

The Feynman rules (in the Feynman gauge - see Chapter 2) give 

. ""CP) 2 4-d f dd k 1 g/-L
V 

(TC) (TC) 
-t ~ = -g f..l (21T)dl/-L p_ It _ m Ivj!2 ad db 

ab 

By recalling the integral expression for the electron self-energy in QED we see 
that 

The only factor that remains to be calculated is (TCTC)ab' T C = ~c where 
>.c (c = 1,2, ... 8) are the Gell-Mann matrices. These matrices are the gener­
ators of the group SU(3) and are given in the Appendix. It is easy to verify 
that 

TCTC = l(>'? + >.~ + ... >.~) 
= 31 (where 1 is the 3 x 3 unit matrix) 

Hence 

(TCTC)ab = ~(l)ab = ~c5ab 
(In general, (TcTc)ab = C2 (F)c5ab . ) We therefore have 

ab 2 

""CP) = -g-( - p + 4m)c5ab 
~ 61T2€ 

Since the divergence occurs in the term involving p its removal is achieved by 
renormalising the wavefunction. We define the bare wavefunction ( in analogy 
with the QED case) by 

where 
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We shall now consider the gluon propagator. (This is the analogue of the 
photon propagator in QED. ) The gluon propagator up to one loop is given by 

~ + ~('M + J.t.. 
+ """(>'<-,~~ + ---.~ + /h'Y~ 

.~ ... , -
+ '" 
~ 

This expression differs from the case of the photon propagator in that we have 
an interactions like 

), and X 
These interactions result from the non-abelian nature of the theory as may 
be recalled from Chapter 2. We calculate the gluon loop contribution to the 
vacuum polarisation in QCD as follows. 

in~~(l) = 
The Feynman rules tell us to associate a factor of 

with the internal loop integration. We also need to analyse the couplings 
Ct. .ft 

f'!i 
-Cf4/:){'/~~ 0-

f 01.. 

The expression for this is (from Chapter 2) 

-grCd[(k/l - (-(p + k))/l)gpu + (p - k)pg/lu 

+( -(p + k) - p)ug/lp] 

-grCd[(2k + p)/lgpu + (p - k)pg/lu - (k + 2p)ug/lp] 

The other coupling 

is given by 

Combining these results we therefore have 

'nab (1) = _~ 2 4-djaCdjbdC! ddk E/lv 
~ /lv 2g 

f-L (27r)d (p + k)2P 
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where 

E/lII(k,p) = [(2k + p)/lgup + (P - k)pg/lu - (k + 2p)ug/lp] 

x [(2k + p)lIgpu - (2p + k)ugplI + (P - k)pguv 

The factor of ~ in (3.79) comes from the symmetry of the diagram. (There are 
two ways of attaching the labels to the internal lines.) 

E/lII(k,p) = (2k/l + p/l)(2kv + PII)d - (2k/l + p/l)(2pv + kv) 

+(2k/l + P/l)(Pv - kv) - (k/l + 2p/l) (2kv + Pv) 

+(ku + 2Pu)(2pu + ku)g/lv - (kv + 2plI)(P/l - k/l) 

+(P/l - k/l)(2kll + Pv) - (pv -lv)(2p/l + l/l) 

The integral 

+(Pu - ku)(Pu - ku)g/lv 

= k/lkv(4d - 6) + (P/lkv + k/lPv)(2d - 3) + p/lPv(d - 6) 

+g/lv[(2p + k)2 + (P - k)2](usingg/l/l = d) 

(3.80) 

is both infrared and ultraviolet divergent at d = 4. We deal with this by using 
the standard technique of dimensional regularisation. Introducing Feynman 
parameters in (3.80) gives 

r(2) r1 r1 J ddk 15(1 - x - y)E/lv(k,p) 
r(l)r(l) Jo dx Jo dy (21l')d [k2x + (k + p)2yj2 

= t dx J ddk E/lv(k,p) 
Jo (21l')d [k2x + (k2 + 2k.p + p2)(1 - x)J2 

(Performing integration with respect to y causes the Dirac delta to disappear.) 
The denominator may be transformed as follows. 

k2 + (1 - x)p2 + 2(1 - x)kp = (k + (1 - x)p)2 + p2x(1 - x) 

Making the substitution 
k' = k + (1- x)p 

gives ( dropping the prime on the k) 

Symmetry allows us to reduce the numerator to 
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to give 

·nab (1) = _! 2 4-d rcd fbdc [1 d J ddk E/l-v(k - px,p) 
~ /l-V 2

g 
fl io X (27r)d [P + p2x(I - x)]2 (3.81) 

E/l-v(k - px,p) may be expanded as follows -

E/l-v(k - px,p) = (4d - 6)(k/l- - xp/l-)(kv - XPV) 

+(2d - 3)[(k/l- - XP/l-)Pv + (kv - XPV)P/l-) 

+(d - 6)p/l-Pv + [(p - k + pX)2 + (k - px + 2p)2)g/l-v 

Expanding this expression, dropping all terms linear in k (since they do not 
contribute to the integral) gives 

E/l-V = (4d - 6)k/l-kv + [(4d - 6)x(x - 1) + d - 6)p/lPv 

+[2k2 + p2(2x(x - 1) + 5))g/lv 

Substituting this expression in (3.81) gives 

inab(I) = !g2fl4-drCdfbCd [1 dxJ ddk 
/lV 2 io (27r)d 

(4d - 6)k/lkv + [(4d - 6)x(x - 1) + d - 6)p/l-Pv + [2k2 + p2(2x(x - 1) + 5)Jg/lv 
x [P + p2x(I - x))2 

Using the formulas in the Appendix gives 

1 rcd jbcd [1 1 7r~ f(I - 4) 
n~~(1) = "292fl4-d (27r)d io {(4d - 6)"2 f(2)g/l-V (P2x(I _ X))1-~ 

d f(2 - ;,!) 1 
+[(4d - 6)x(x - 1) + d - 6Jp/lPv7r'2 f(2) 2 d 

(P2x(I - x))2-'2 

2 ;i f(2 -1) 1 
+[p (2x(x - 1) + 5))g/lv7r 2 f(2). d 

(P2x(I - X))2-'2 

1 7r~ f(1-1) 
+2g --d } 

/lv 2 f(2) (P2x(1- X))1-~ 

or 
n~~(I) = 92fl4-: rCdfbcd [1 dx{(3d ~ 3)9/lvf(1-}) 

2 (47r) '2 io (p2x(I - X))1-'2 

f(2 - 4) 
+ 2 d [g/lvp2(5 - 2x(I - x)) + p/lPv(d - 6 - (4d - 6)x(1- x)))} 

[P2x(I - x)j2-'2 

This expression may be simplified by making the following algebraic manipula­
tions. We write 
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d € 2 
f(2 - "2) = f("2) = ~ + 1P(1) (€ = 4 - d) 

[P2x(1 - X)]2_~ = [p2x(1- x)]~ = 1-': In(P2x(1- x)) 
41f J.L2 41f j.L2 2 41f j.L2 

This gives 

€ p2x(1- x) g2 red f bed [1 2 € p2x(1 - x) 
xgJ,tv(l-"2ln( 41fj.L2 ))]+ 321f2 io dX(~+1P(l))(l-"2ln( 41fj.L2 )) 

x [gJ,tvp2(5 - 2x(1 - x)) + PJ,tPv( ~(8x(1 - x) - 2) - (lOx(l - x) + 2))] 

We now rearrange the order of the terms and write 1P(2) = 1 -, to give 

2faedfbed { 2 [1 2 (1 ) } 
II~~(l) = 9 321f2 -(~ + 1-,)gJ,tv(-3€ + 9)p2 io x(l- x)(l- ~ln(P :1fj.L~ x ))dx 

+g {( __ ,) dx(l-':ln(Px -x)) 
2faedfbed 2 11 2 (1 ) 

321f2 € 0 2 41fj.L2 

x [gJ,tvp2(5 - 2x(1- x)) + PJ,tPv(~(8x(1- x) - 2) - (lOx(l- x) + 2))]} 

Expanding and retaining only the terms in ~ and €o gives 

14 2 11 2 
-3",gJ,tvP + 3"'PJ,tPv - "3PJ,tPv} 

g2 red ped 2 19 2 11 2 19 1 
= 321f2 {~({fgJ,tvP -3"PJ,tPv)+gJ,tvP(-{f'-"2) 

2 11 t p2x(1-x) . 
-PJ,tPv( "3-3"')+ io dx In( 41fj.L2 )[PJ,tPv(10x(1-x)+2)-gJ,tvp2(5-11x(1-x))]} 

The pole term is therefore given by 

108 



We now calculate the ghost contribution to the vacuum polarisation in QCD. 
This contribution is given by the following diagram 

ill~~(2) = 

From Chapter 2 the Feynman rules tell us that 
~ A 

~ 1- P = _gfdca( -k,J 
/ , = gfdcak/-l 

= gradk/-l - k ,,: ',,: - (PH:) , , 
'c. 

b "II 

p 11 
~\ 

-(f'40,~ '~/!. 
c~ \0{ 

(using anti-sym. of the structure constants.) 

= -grdb ( -(p + k)/-I) = grdb(p + k)/-I 
= gfdbc(p + k)/-I 

Combining this information with the integral which is associated with the in­
ternalloop momentum gives 

'nab (2) = 2fcadfdbc 4-d J ddk (p + k)/-Ikv 
Z /-IV 9 f-L (21r)d (p + k)2k2 

To evaluate this integral we introduce a Feynman parameter to give 

'nab (2) = _ 2 rcd f bcd 4-d r1 
d J ddk (k - px)v(k + p(l - x))/-I (3,82) 

Z /-IV 9 f-L 10 x (21r)d [k2 + p2x(1 - x)J2 

(Note that r ad = - rcd. We now expand the numerator of (3.82) (ignoring 
terms which are linear since they disappear on integration.) Our aim, as usual, 
is to apply the standard formulas derived earlier dealing with dimensional reg­
ularisation, We have 

'nab (2) = _ 2 4-dfacdfbcd t d J ddk k/-lkv - x(1 - x)P/-lPV 
Z /-Iv 9 f-L 10 X (21r)d [k 2 + p2x(1 - x))2 

Applying the formulas in the Appendix gives 

_g2f-L4-d facdfbcd 11 I Ii f(l- ~)(p2x(1 - x)) 
dx{ -1r 2 9 __ -'2=--___ -.-

(21r)d 0 2 /-IV (+p2x(l- X))2-~ 

1r~f(2 - ~) 
-x(l - x)P/-IP'" (p2x(1 _ x))2-~ } 

_g2f-L4-dr cd fbcd 11 d f~ g/-l ... f(I-1) 
d Xl. d 

(41r) 2 0 2 (P2x(1 - X))1- 2 

_ x(1 - x)p/-Ip ... f(2 - ~)} 
(P2x(l- X))2-~ 
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We now expand the quantities j14-d, (p2x(l- X))l-~ and r(2 -~) using the 
standard results. 

r( -n + €) = (-~r [1 + ~(n + 1) + O(€)] 
) 

. 1 < 1 
~(n + 1 = 1 + '2 + ... + Ii -, 

a< = 1 + € In a + ... 

This gives 

b _g2 f aed f bed 2 2 11 € p2x(1 - x) 
rr~v(2) = 32 2 {-g/LVP (-+1-,) dxx(l-x)(I--

2
ln( 4 2 )) 

7r € 0 ' 7rj1 

(3.83) 

Adding rr~~(I) and rr~~(2) which are the gluon and ghost contributions to the 
total pure Yang-Mills contribution to the vacuum polarisation in QeD. This 
gives 

g2 red f bed 2 10 10 
rr~~(1 + 2) = 327r2 {;( 3'(g/LVp

2 
- P/LPv)) - 3',(g/LVp

2 
- P/LPv) 

1 2 2 t p
2
x(1- x) )) 2 ()))} -'3g/LVP -'3P/LPv+ 10 dx In( 47rj12 )[p/LPv(8x(l-x +2 -g/LVP (5-10x I-x 

(3.84) 
The pole term is given by 
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We now concentrate on the integral term which may be rearranged into the 
following form. 

p2 10 {I 
-In(47rjL2)(g/.LIIp2 - P/.LPII) 3" + 2p/.LPII io (4x(l- x) + 1) In(x(l- x)) dx 

-5g/.LIIP2 11 (1 - 2x(1 - x)) In(x(1 - x)) dx 

Elementary methods of integration yield the following results -

t (4x(1 - x) + 1) In(x(1 _ x))dx = _ 28 
io 9 

t 13 
io (1 - 2x(1 - x)) In(x(1 - x))dx = -g 

Hence the integral in (3.85) reads 

p2 2 10 28 65 2 
-In(47rjL2)(g/.LIIP - P/.LPII) 3" - 2p/.LPIIg + gg/.LIIP 

and 

rr~~(1 + 2) = 
g2 red jbed 2 10 10 62 p2 10 

327r2 {-;3" - 3"1' + 9 -In(47rjL2)3"} 

2 ) x(p g/.LII - P/.LPII 

We should note that rr~~(1 + 2) is proportional to the projection operator 

2 

The term In(~) gives rise to an infrared divergence when P -t O. 
We now turn to the quark contribution to the vacuum polarisation in QCD. 
This contribution is represented by the following diagram 

P"'k 

Cl~~_~b 
A·······~nv 

irr~~(3) = ~ 

To calculate iII~~(3) we shall require the expressions for the following 
gluon-quark-quark interactions. b v 

(AI'-'-
~) ~ 
jyP f4-i< ~ 

K~{I:: ~K 
cl C. C c{ 

The expressions can be found from Chapter 2. We find that 

'rrab (3) 2 4-d J ddk (Ta) (Tb) 
t /.L" = -g jL (27r)d de cd 
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1 1 
x Tr['Y/l ]1+ }t - m 'Yv Ii - m 1 

= iTr(TaTb)IT/lv(QED) 

Here we have used the fact that (Ta)de(Tb)ed = Tr(TaTb). IT/lv(QED) is the 
vacuum polarisation for QED which was calculated earlier in this chapter. It is 
therefore unnecessary to go through this calculation again. We therefore have 

(3.85) 

As defined earlier we know that the matrices Ta (a = 1 ... 8) are proportional 
to the well known Gell-Mann generators of SU(3). A standard result concerning 
the trace operator is that 

Tr()...a )...b) = 20ab 

where Ta = >'2
G

• This result may be substituted in (3.85) if " only quarks be­
longing to one representation of SU(3) contributed to the vacuum polarisation." 
In general we have 

Tr(TaTb) = nF oab 
2 

nF is a number. It refers to the number of quark flavours. In (3.83) it can be 
shown that 

lacd I bed = 30ab 

The structure constants are for the group 8U(3) and are given by 

/t23 = 1 
/t47 = -/156 = 1246 = 1257 = 1345 = -1367 =:1 
/458 = 1678 = 4- All other quantities are zero. 

More generally, for an arbitrary group we have 

red I bed = Oab C2 (G) 
C2(G) = N for 8U(N) 

= 3 for 8U(3) 

In the case of 8U(3) the sum of the gluon, ghost and quark loops give 

Since the divergence is proportional to the term 

this suggests (in analogy with QED) setting 
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\Ve now proceed to the case of the quark-gluon vertex function. This involves 
the two diagrams f ~ "'--

~ ~ "- ~ t P-tt 
b P P"1<~ r~K .p c. ~,J.Cf., I N-V 
>~ >e- k ,,~q, 

J" '-4 K P ,?I CJ.. "" I'L 

We shall concentrate on the first of these diagrams which has three internal lines 
(two quark and one gluon) and involves three couplings given by 

;t'- <\. f J '1J J . / ~ tq, . . ~ t k ~. f,_K 
l-~J b~L- j~C 
-iYlJ.L(Ta)ji -ig'P(Td)ib -ig,v(Td)cj 

The Feynman rules give 

. 2-"'-(Aa) (p ')() (. 2-"'-)3 J ddk (d) ( i ) -zgJ-L 2 J.L cd ,q,p 1 = -zgJ-L 2 (27r)dlV T cj p'_ Je-m 

a i d -igVP 
x'J.L(T )ji( p_ ~ _ m)(T )idlP( ~) 

This expression is very similar to the corresponding diagram in QED and differs 
only by some gauge matrix terms. We find that 

It can be shown that 

This gives 

= - ~ r dc jdcbTb + C2 (F)Ta 
2 

[-~C2(G) + C2 (F)]Ta 

Aa(l) = L(_ C2 (G) +C2 (F)h T a 
J.L 87r2€ 2 J.L 

The second diagram which is a cor~ction to the quark-gluon vertex involves the 
3-gluon vertex f 11 a_p 

"'-K ~~ I.-

, .?'f J"" ~ - "v 
;"\~ ~v 

b c-
= _grbc[((p - k) - (q - p))vgllP + ((k - q) - (p - k))pgJ.Lv 

+((q - p) - (k - q))J.Lgvp] 

There are also internal lines. (Two gluon lines carrying momentum k - p and 
q - k ; one quark line carrying momentum k. ) Finally there are the couplings 
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Combining all this information means that the vertex contribution is given by 

2 d () (.)2) ( 4-d) ~ J dd k b -i -igf.L -2A~ 2 = -zg (-g f.L 2 (27r)d,,,(T )dm(k_p)2 fabC 

X[(P - k - q + p)vg"p + (k - q - p + k)pg"v 
. . -z z 

+(q - k - p + q)"gvp]( (q _ k)2)( ;c _ mhv(TC)mn 

or, 

(3.88) 

where 

Our aim is to extract the divergent part of this integral. The technique is 
standard. We begin by making the substitution 

k' = k - px - qy 

obtaining an expression for Ip in terms of k'. (Note that dk' = dk.) We ignore 
terms which are linear in k' since they will integrate to zero. We may also 
neglect terms which do not involve k'. On carrying out the integration a finite 
result will be obtained in the limit d -+ 4. The only important terms (which 
give rise to a divergence) are those which are quadratic in k'. Working through 
these steps it is found that the divergent term is 

Applying the standard formulae in the appendix yields the pole part 

(c=4-d) 

The group theoretic factors in (3.88) are easily calculated using (3.87) giving 

The final result is 
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Adding A~(1) and A~(2) yields the total vertex contribution 

g2 
Aa = -8 2 [C2 (G) + C2 (F)hILTa 

IL 7r € 

g2 13 a = 87r2 € (3 hILT (in the case of the group SU(3)) 

The divergence is eliminated by setting the renormalisation constant 

(see analogous case in QED) 

3.10 Renormalisation of Pure Gauge Theories 

In this section a summarised account of the renormalisation of pure Yang-Mills 
theories will be presented. It is based on one of the original papers by Lee [17]. 
We begin with a preliminary result on power counting. We shall consider Feyn­
man diagrams which do not contain quark (fermionic) lines. (As stated in the 
paper by Lee, a more general theory including matter fields, such as scalar and 
spinor fields may be treated with no difficulty.) This is equivalent to a theory in 
which no spinor fields are present. The basic building blocks are the couplings 

x 
These diagrams are, respectively, a 3-vector vertice, a 4-vector vertice and a 
vector-ghost-ghost interaction. We shall use the following notation to write 
down an equation for the superficial degree of divergence (D) of a diagram 
based on the above building blocks. Let 

n3 = number of 3-vector vertices 
n4 = number of 4-vector vertices 
ng = number of vector-ghost-ghost vertices 
Ve number of external vector lines 
Vi = number of internal vector lines 
Gi = number of internal ghost lines 

We find that 
D = 4£ - 2Vi - 2G i + n3 + ng 

for d = 4. The number of loops (£) is given by 

£ = Vi + Gi - n3 - n4 - ng + 1 
= Vi - n3 - n4 + 1 (since ng = Gi ) 

We also have the result that 
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By combining (3.89), (3.90) and (3.91) we find that 

D=4- Ve 

Since D < 0 is associated with convergent diagrams we see that D > 0 for only 
a finite number of graphs. This demonstrates that the number of primitively 
divergent graphs is finite. So we would expect the Yang-Mills theory to be 
renormalisable. (It would certainly not be renormalisable if D increased with 
Ve.) We now turn to this task. 
The basic idea which is central to renormalisation is the ability to scale the fields 
and coupling constant so that the generating function f is finite by introduc­
ing suitable multiplicative constants. Using the notation of equation (3.56) we 
have to show that the scaling can be accomplished according to the following 
equations. 

AalL = Zt(E)A~1L 
IalL = Zt(E)I~1L 

1Ja = Zt(E)1J~ 
Ia = Zt(E)I~ 

Z(E), Z(E) and X(E) must be chosen appropriately so that 

is a finite functional of its arguments as E = 4 - d ~ O. This requirement is 
directly linked with the Taylor-Slavnov identity (see Chapter 2) 

J Jf' Jf' Jf' Jf' 
dx (HaIL JA~ + Ha J1Ja) = 0 

Following the notation introduced by Zinn-Justin we define 

J Jf1 Jf2 Jf1 J f 2 
f1 * f2 = dx (HaIL JA~ + Ha J1Ja) 

The Taylor-Slavnov identity may be written symbolically as 

We expand f in a loop-wise fashion ( = expansion in powers of Ii ) 
00 

\iVe expand the renormalisation constants in the same way 

Z(E) = 1 + 2::=1 Zn(E) 
X(E) = 1 + 2::=1 Xn(E) 

Substituting (3.94) into (3.92) gives (up to order n) 

L fp*fq=O 
p+q=n 
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Due to the divergences occurring in r an (infinite) number of counter-terms are 
added to the Lagrangian to make the theory finite. Earlier in this chapter in 
considering 'lj;4 theory and QED we showed how divergences occurring in 
one-loop diagrams could be eliminated by adding appropriate counter-terms to 
the Lagrangian. It was stated that similar divergences occurring in higher-loop 
diagrams could be eliminated by adding further counter-terms to the Lagrangian. 
This procedure may be summarised using the following notation. At the outset, 
with no counter-terms the action is just the renormalised action. We put 

So =sr 
Sl = sr + (Sl)cT 
S2 = sr + (S2)CT 

Soo =SB 

Now ro(So) contains no divergences since the zero-loop diagrams are all 
convergent. In 'lj;4 theory, for example, the diagrams 

X>%~ 
contain no loops and are finite. This means that ro(So) is finite. 

(3.96) 

r1 (So) is, however, divergent. (eg. consider the one-loop diagram ...Q.... ) and 
may be split up into finite and divergent parts as follows. 

r 1 (so) = r{(So) + r?iv(So) 

To zeroth order we have (using (3.95) ) 

ro(So) * ro(So) = 0 

To first order, we have (using (3.97)) 

ro(So) * r{ (So) + r{ (So) * ro(So) = 0 

ro(So) * r?iv(So) + r?iv(So) * So = 0 

(3.97) 

(3.98) 

(3.99) 

We now find a counter-term (SdcT such that r 1 (Sd is finite. (This counter­
term will eliminate the divergences in one-loop diagrams.) We also demand that 
(Sl)cT be chosen such that 

Sl * Sl = 0 (3.100) 

We would like r 1 (So) + (Sl)cT to be finite. This means setting 

(Sl)cT = - r?iv (from(3.97)) 

The new action Sl is (from (3.96)) given by 

Sl = sr + (Sl)cT 

So + (Sl)cT 

= S r div 
0- 1 (3.101) 
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Then the renormalised generating functional is given by 

r 1(81) = r 1(80) + (8dcT 
= r 1(80) + (81 - 80) 

We show (3.100) -

81 * 81 = (80 - r?iv) * (80 _ r?iv) 
= 80 * 80 - 80 * r?iv _ r?iv * 8 0 + r?iv * r?iv 
= r?iv * r?iv 

(3.102) 

(using (3.98) and (3.99).) We have used a result here which was not proved­
namely ro(80) = 80. We have also assumed the distributivity property 

Since r?iv * r?iv is of order ;h2 we see that (3.100) is satisfied to one loop. 
(3.100) can be satisfied to two loops by adding an appropriate term to (3.101). 
We have shown how divergences may be eliminated in zero loop and one-loop 
functionals. The renormalisation procedure respects the Taylor-Slavnov identi­
ties. 
We now assume that the theory may be renormalised to the (n - l)th loop 
approximation. (ie. we assume that r(n-1) is finite) This means that we have 
determined the renormalisation constants up to this order. Using induction our 
task is to show that the divergences in the n-loop approximation may be re­
moved by determining the renormalisation constants to order n. 
Working to order n (3.56) gives 

r(n)*r(O)+r (O)*r(n) = -r (n-1)*r(l) -r(1)*r(n-1)-r (n-2)*r (2) -r(2)*r (n-2)-' .. 

From the induction hypothesis we know that the right hand side of this equation 
is finite. This is because it only involves quantities with less than n loops. The 
left hand side is divergent. The divergent part of r n, say r~iv (8n - 1 ) satisfies 

r~iV(8n_d * 80 + 80 * r~iV(8n_d = 0 

(Here we have used the result that ro = 80. ) Using the definition of the * 
yields 

\Ve may write this as 
Grdiv - 0 n - (3.103) 

with G = Go + G1 where 
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and 
G

1 
= OS~_O_ + oSo~ 

oAa OIa/-l O'f}a OIa 

An important observation which enables us to solve (3.103) is that 

G2 = 0 

Since G = Go + Gl this means showing that 

From (2.73) we may write down expressions for it: and ~ and by direct 

calculation we find that G6 = O. It may also be shown that 

{Go,Gr} = -G~ 

Hence 

The fact that G is nilpotent means that, in general, G(F) for arbitrary F = 
F(A, 'f}, 'f}*, fa/-l' fa) is a solution of (3.103). 
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Chapter 4 

The Background Field 
Method 

4.1 Introduction 

In this chapter the background field method is introduced. This discussion 
closely follows the approach of Abbott [16]. The background field method is 
also discussed in Rivers [3] and Weinberg [12]. The idea of the background field 
method is to write the gauge field appearing in the classical action as A + Q 
where A is the background field and Q is the quantum field which is the variable 
of integration in the functional integral. Normally the classical Lagrangian is 
constructed to be gauge invariant but on quantisation the explicit gauge invari­
ance is lost in the Feynman rules because of the necessity to add gauge fixing 
and Fadeev-Popov ghost terms. This was discussed in Chapter 2. In the back­
ground field method gauge invariance is maintained at the quantum level. 
We start by introducing the generating functional Z[J] in the conventional func­
tional approach to field theory. We recall equation (2.17). Including a source 
field J we may write this equation as 

Z = J VQdetl
6Fa lei j(£.(Q)- 2:' F[Q12+J=Q~)d4x 
6wb . 

( 4.1) 

where 

C(Q) = -~(8ILQ~ - 8vQ~ + grbCQtQ~)2 
Fa is the usual gauge fixing term and 15 is the derivative of the gauge-fixing 
term under an infinitesimal gauge transformation -

6Qa = _ rbcwbQc +.!.8 wa 
IL IL gIL 

As discussed in Chapter 1 the disconnected Greens functions of the theory 
are evaluated by taking functional derivatives of Z[J] with respect to J. The 
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connected Greens functions are generated by 

WP) = -ilnZ[ J) 

The effective action is defined by making the Legendre transformation 

where 

r[Q) = WP) - f d!x J~Q~ 

Qa _ JW 
f.1 - JJa 

f.1 

(4.2) 

(4.3) 

The derivatives of the effective action with respect to Q are the one-particle 
irreducible (lPI) Greens functions of the theory. Having now reviewed the 
conventional functional approach to field theory we now define the quantities 
analogous to Z, W and r in the background field method. These quantities 
shall be denoted by Z, Wand r. They are defined exactly like the conventional 
generating functions. The only difference is that the field Q in the classical 
Lagrangian of (4.1) is not written as Q but is decomposed into A + Q where A 
is the background field. We define 

Z[ J, A) = f VQdetl ~~: lei f d
4
x[.c(A+Q)- 2:' (Fa)2+J;Q:l (4.4) 

The field Q is quantised while the background field A is left unquantised. ~~: 
is the derivative of the gauge-fixing term under the infinitesimal gauge transfor­
mation 

JQ~ = - rbCwb(A~ + Q~) + ~af.1Wa 
Notice that the background field is not coupled to the source. 
We now generalise (4.2) and (4.3) and define 

W[J, A) = -ilnZ[J,A) 

and the background field effective action 

where 
- JW 
Q~ = JJa 

f.1 

At this stage it is useful to summarise our notation 

= the quantum field, the variable of integration in (4.4) 
= the background field 
= the "classical" field in the conventional approach 

= the "classical" field using the background field method 
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We chose the background field gauge condition to be 

Fa = 8fJ.Q~ + grbc AtQ~ 

This is the covariant derivative with respect to At acting on Q~. Now consider 
the infinitesimal transformations 

1 
SAa = - rbcwb AC + -8 wa fJ. fJ. 9 fJ. 

c5J: = - rbcwb J~ 

c5Q~ = _rbcwbQ~ (4.6) 

We now show that Z[J, A) in (4.4) is invariant under these transformations. 

4.2 Invariance of Z[J, A] 
Firstly we show that JZQ~ is invariant. 

S(J:Q~) = (c5J:)Q~ + J:(c5Q~) 
- rbcwb J~Q~ + J:( - rbcwbQ~) 

- rbcwb J~Q~ - rbawb J~Q~ 

= 0 

(Here we have used the antisymmetry of the structure constant. 
ie. r bc = - rba ). We now examine the gauge-fixing term 

Fa = 8fJ.Q~ + grbc AtQ~ 

c5Fa = 8fJ.(SQ~) + grbC(c5At)Q~ + grbc At(c5Q~) 

= 8fJ.( - rbcwbQ~) + grbc( _ldewd A~ + ~8fJ.Wb)Q~ 

+grbc At( - rdewdQ~) 

= - rbC(8fJ.Wb)Q~ - rbcwb(8fJ.Q~) - grbc fbdewd A~Q~ 

+ rbC(8fJ.Wb)Q~ - grbc AtrdewdQ~ 

\Ve may rewrite the last term by interchanging the dummy indices. Setting 

b-te e-tc c-tb 

gives 
c5Fa = -rbCwb(8fJ.Q~) + gwdA~Q~[_rebfbdc _ rbCfbde) 

From the Jacobi identity we have 

f acb fbde = _ r db fbec _ reb f bcd 
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or 

Hence 
6Fa = -rbCwb(8J1.Q~)+gwdA~Q~(-rdbfbec) 

Rearranging the dummy indices in the last term gives 

Then 

6Fa = -rbCwb(8J1.Q~)+gwbA~Q~(-rbCred) 

= - rbCwb(8J1.Q~ + gred A~Q~) 
_ fabcwb FC 

6(Fa Fa) = 2Fa(6Fa) 

2Fa ( _ rbcwb FC) 

= _ 2wb f abc Fa FC 

° 
The last line follows because we are summing an antisymmetric quantity r bc 

over the symmetric quantity Fa Fe. Note that 

c5(A~ + Q~) = c5A~ + c5Q~ 
_ fabcwb AC +.!8 wa _ fabcwbQc 

J1. 9 J1. J1. 

1 
_ rbcwb(AC + QC) + -8 wa 

J1. J1. 9 J1. 

This shows that c5(A~ +Q~) is a gauge transformation and implies that .c(A +Q) 
is invariant under the transformation in (4.6). It can also be shown that the 
Fadeev-Popov determinant 

det I~~: I 
is invariant. Combining all this information implies that the generating 
functional Z[J, A] is invariant. 
It then follows that the background field effective action f[Q, A] is invariant 
under 

(4.7) 

On setting Q = ° it is clear that fro, A] is an explicitly gauge invariant functional 
of A since (4.7) becomes an ordinary gauge transformation of the background 
field. It will be shown that fro, A] = r[Q] with Q = A. This means that fro, A] 
may be used to generate the proper, one-particle-irreducible diagrams in the 
same way as r[Q] in the conventional approach. 
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4.3 Relation between fro, A] and r[Q] 

We now demonstrate the relation between f[o, A) and f[Q). Using the 
translational invariance of the measure VQ, ( ie. V(A + Q) = VQ ) Z[J,A) in 
(4.4) may be rewritten as 

ZP,A) = J VQdetl8Fa lei J d4 x[C(A+Q)- 2;' (P,,)2+J;CQ:+A:)-J;A:l 
c5wb 

= Z[J)e-iJ d
4
x(J;A:) (4.8) 

Z[J) is the conventional generating functional evaluated with the gauge-fixing 
term 

Fa = {) Qa _ {) A a + gjabc A b QC 
/.L /.L /.L /.L /.L /.L 

Note that Z[J) is a functional of A as well as J through the dependence of Fa 
on A. (4.8) may be rewritten in terms of the conventional WP) to give 

(4.9) 

Differentiating (4.9) with respect to J and recalling the definitions of Q and Q 
we find that 

Q-a = Q-a _ Aa 
/.L /.L /.L 

We are now able to deduce the relationship between rand f. 

f[Q, A) = lVP, A)- J d4X(J:Q~) 
(W[J)- J d4xJ:A~) - J d4X(J:(Q~ - A~)) 

W[J)- J d4xJ:Q~ 
f[Q) 

f[Q~ +A~) 

Setting Q = ° we have the identity 

fro, A) = f[A) 

As mentioned earlier the effective action fro, A) is gauge invariant. From (4.5) 
we have 

fro, A) = wp, A) 

The condition 
Q=o 

implies that 
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Hence A and J are related through the dependence of Q on J. Since W[J] 
depends on A through the gauge-fixing term we must use the chain rule when 
differentiating the W[J] with respect to J. We therefore have (using the condi­
tion that Q = A ) 

4.4 Feynman Rules 

We now establish the Feynman rules to compute all IPI diagrams with the 
background field A appearing only on external lines. The Q fields occur inside 
loops. The condition Q = 0 implies that no external lines will contain Q field 
propagators. Similarly no A field propagators occur inside loops (since the 
functional integral is only over Q ). In order to derive the Feynman rules we 
must express the determinant factor 

appearing in (4.4) as an integral over anticommuting scalar ghost fields. This 
approach was used in Chapter 2 where we had the result 

det(iM) = f Vr(D1]*e- iJd4 x'1:Mac'1c 

where 

\Ve calculate ~ as follows -

JFa 8/1-(JQ~) + grICA~(JQ~) 
1 1 = 8/1-(-recwe(A~ + Q~) + r//1-Wa) + grlc A~( - rde(A~ + Q~)wd + g8/1-wC) 

Then 

We then have 

8/1-( - recJeb(A~ + Q~)) + ~8/1-8/1-Jab 

-grlcrdeA~(A~ + Q~)Jdb + rlcA~8/1-JCb 

8/1-( - rbc(A~ + Q~)) + ~8/1-8/1-Jab 
-grlc r be A~ (A~ + Q~) + rib A~8/1-
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The ghost Lagrangian (Lghosd is given by 

-B1(:: )Bb = -BH~(OJlOJlc)ab + gOJl(Jacb(A~ + Q~)) 

+grlb A~oJl + l ric reb A~(A~ + Q~))lBb 
We can use integration by parts on the term 

gOJl(Jacb(A~ + Q~)) 
Discarding the integrated term we will obtain 

_go:;(Jacb(A~ + Q~)) 

where 0:; is assumed to act on B1. We therefore have 

Lghost = -BH.!.(OJlOJlc)ab - go:; reb(A~ + Q~) + grcb A~o; 
9 

+g2 rex r db A~(A~ + Q~))lBb 
The Feynman rules in the background field gauge are as follows 

®Ov'!'-
J l' fl 

(J"./ :~,,~ ,-,I 
~...r ~."" b :?j ~Jv~ >-. 
) 1 c..) 1 

giabc[gJl>'(P - r - -q)v + gv>.(r - q)Jl + gJlv(q - p + -rhl 
a a 

O-~<l( ~If 
'"Lt ~~l 

'''SF 
~.~~. 

b.l/ "® 'v 'A , ct. 
ct 

P ~ 
:01") ,,~,® 

q, 1- C/p. 
I! I 

D 

il[Jabxixcd(gJl>.gvp - gJlpgv>. + J:gJlvg>.p) 
a 

1 
+ iadxixbc(gJlvg>.p - gJl>.gvp - -gJlpgv>.) 

a 
+ iaex ixbd (gJlvg>.p - gJlpgv>.)] 

126 



\Vavy lines are quantum gauge field propagators; wavy lines ending with an A 
are external background fields and dashed lines are ghost fields. 

4.5 Verification of Diagram 

As an example, we check the mathematical expression for the diagram 

~ ll. ~~ 
'j 

1--11 
~ I r 

C?, ..ff 

7 v-~ "- r 
- '-L-;.i 

Y '-"'r .... 

'oj ::r ~"i. C- i .A 
(The other diagrams may be verified using a similar approach.) We begin by 
extracting the relevant terms in the Lagrangian. The gauge-fixing term is given 
by 

- 2~[(0IlQ~ + grbc A~Q~)(ovQ~ + grde A~Q~)l 
- 2~[(0IlQ~)(OvQ~) + 2(0IlQ~)(grde A~Q~) + g2 r bc r de A~A~Q~Q~l 

The term which will give a contribution to the diagram is 

(4.10) 

The cubic term in the Yang-Mills Lagrangian is 

-grbC(A~ + Q~)(A~ + Q~)oll(Ava + Qva) 

= -grbC(A~A~ + A~Q~ + Q~Q~ + Q~Q~)(OIl Ava + ollQva) 

The relevant terms in this expansion are 

_grbC(A~Q~(OIlQva) + Q~(oIlQva)A~ + Q~Q~(OIl Ava) (4.11) 

Combining (4.10) and (4.11) ( and reverting to standard summation convention) 
we perform a Fourier transform on the expression 

i J cfx( _~(OIlQlla(x))grbC AVb(x)QAC(X)gAv 

_grbc [ Allb (x )Qvc (x) (Oil QAa (x) )gAv + Qilb (x) (Oil Qva (x))A AC (x )gAv 

+Qllb(x )QAC (x) (oJLAva(x) )gAV]) 

to give 

127 



x {!..( -rfJ.)g>.vrbcQfJ.a(r)AVb(q)Q>'c(p) 
a . 

(-rfJ.)g>.vrbc AfJ.b (q)Qvc (p)Q>.a (r ) 

(-rfJ.)g>.vrbc A>'C(p)QfJ.b(q)Qva(r) 

(-rfJ.)g>.vrbc Ava (r)QfJ.b (q)Q>'C(q)) 

This may be rewritten as follows (switching around the dummy indices and 
using the antisymmetry of r bc ) 

J cz4 J cz4p erq err -i(p+q+r).x 
X (21T)4 (21T)4 (21T)4

ge 

x {( -!..rfJ.)g>.v - rvgfJ.>' + r>.gVfJ. + qfJ.g>.v} rbcQfJ.a(r)AVb(q)Q>'c(p) 
a 

To use notation which is consistent with Abbott(1981) we swap the dummy 
indices according to the following scheme -

We then obtain 

r-+q q-+p b-+a 
J-L-+v a-+b 
v-+J-L p-+r 

J cz4 J d4
r d

4p d
4q -i(r+p+q).x 

X (21T)4 (21T)4 (21T)4 ge 

x {(-!..qv)g>.fJ. - qfJ.gv>. + q>.gfJ.v + Pvg>.fJ.}( - rbc)Qvb(q)AfJ.a(p)Q>'C(r) (4.12) 
a 

This expression is antisymmetric under 

VBA bBC qBr 

(since jbac = - jCab ). We may then write (4.12) as 

_~ J d4xJ d
4r d

4
p d

4
q -i(r+p+q).x 

2 (21T)4 (21T)4 (21T)4 e 

x {[gfJ.>'(P - r - ..!.q)v + gv>.(r - q)fJ. + gfJ.v(q - p + ..!.rhlgrbC } 
a a 

x QVb( q)AfJ.a (p )Q>'c (r) 

The renormalisation of the quantum field Q poses difficulty since it involves 
the calculation of quantum field Greens functions. But in the background field 
method the ghost and quantum gauge fields appear only inside loops and it is 
unnecessary to renormalise them. Let us suppose, hypothetically, that the fields 
e and Q were renormalised by writing 
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Each internal gauge propagator carries a factor of VZQ at each end due to field 
renormalisation at each vertex and a factor of ZQl from propagator renormal-

isation. The two factors of VZQ then cancel exactly with ZQl. In a similar 

fashion the two factors of VZ IJ at the end of each ghost line cancel with the fac­
tor Zil. In view of these observations we see that it is redundant to renormalise 
the ghost and quantum gauge fields. It is necessary, however, to renormalise 
the coupling constant, the background field and the gauge fixing parameter. We 
therefore introduce the multiplicative constants Zg, ZA and Zo; and define the 
bare quantities go, Ao and ao by 

(4.13) 

Since gauge invariance is retained in the background field method we see that 
there is a relationship between the renormalisation factors ZA and Zg. The in­
finities in the gauge invariant effective action fro, A] must take a gauge invariant 
form in the background gauge. This means that the unrenormalised field tensor 

and the renormalised field tensor 

must be related by 
Fo,/1V = FzAF/1v 

Substituting the expressions in (4.13) for Ao and go into (4.14) gives 

(F:V)o = FzA[8/1A~ - 8vA~ + 9ZgFzAr
bC AtA~] 

(4.15) then implies that 

(4.14) 

(4.15) 

(4.16) 

This is the relation between the charge and background field renormalisations in 
the background field gauge. The advantage here is that ZA may be determined 
by calculating loop corrections to the A-field propagator only. In the conven­
tional approach the gauge propagator, ghost propagator and gauge-ghost-ghost 
vertex all had to be computed. Here, only the gauge propagator is required. 
This is one of the great advantages of the background field method. 
We can use the above theory to calculate the j3 function for pure Yang-Mills 
theory up to the two-loop level. The calculation is simplified because the j3 
function can be determined by computing ZA. From the equation 

we have that 
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and hence 

But from ( 4.16 ) this becomes 

j3 = 
= g,A 

where, A = ~ f-L lln ZA. Our task is now to compute ZA. Abbott shows 
how this is done using dimensional regularisation and the minimal subtraction 
scheme in which ZA is written as a series of poles. But the main advantage 
using the background field method (as mentioned above) is that to calculate ZA 
we only require knowledge of the gauge propagator. At the I-loop level we must 
consider the diagrams 
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CONCLUSION 

In conclusion, we see the importance of renormalisation in quantum field the­
ory. Different field theories have been considered in this thesis (g'IjJ4, QED,QCD 
) and we see how renormalisation is used to make these theories more physically 
meaningful. The technique of renormalisation has been presented in some detail 
and we should note the significant contributions made by t'Hooft and Veltman 
in the 1970's. Apart from dealing with renormalisation this thesis aims to fa­
miliarise the reader with the mathematical language in which Quantum Field 
Theory is expressed. Concepts such as the path integral and generating func­
tional form a central part of the theory. We should not, therefore, forget the 
pioneering work of Feynman in the 1950s who should surely be remembered as 
one of the great founders of Quantum Field Theory. 
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Appendix A 

Integral Formulas 
in Minkowski Space 
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(A.2) 



Appendix B 

The Gell-Mann Matrices 

A'=U ~ n A'=U ~i n 
A,=O ~I n A·=O ~ n 
As=O~f) 

A7 = 0 ~ ~i ) 

A,= 0 ~ 
AS =}, 0 
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