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ABSTRACT. 

The class of pseudo-differential operators with symbols from S~6(nx mn) 

has been extensively studied.The main assumption which characterises --
this class of symbols is that a(x.t) (S~6(nxmn) should have a polynomial 

growth in the t-vartabte only. The x-variable is controlled on compact 

subsets of n . 

A polynomial growth in both the x and 1; variables on a C"'(lR2n) function 

a(x.1;) gives rise to a di·fferent class· of symbols and a correspondig class 

of operators. In this work. such symbols and .the action of the operators 

on the · functional spaces S(lRn) • S'(lRn) and the Sobolev spaces QS(lRn) 

(s E mn) are studfed. A .study of the calculus (i.e. transposes.adjoints 

and compositions) and the functional analysis of these operators is done 
. 2 . 

with special attention to L ~boundedness and compactness. 

The class of hypoelliptic pseudo-differential operators in:mn is introduced 

as a subclass of those considered earlier.These operators possess the 

property that they allow a pseudo- inverse or parametrix. 

In conclusion. the spectral theory of these ope.rators is considered. 

Since a general spectral'theory would be beyond the scope of this work. 

only some special cases of the pseudo-differential operators in mn are 

considered. A few applications of this spectral theory are discussed. 
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PREFACE 

The pseudo~differential operators are just natural extansions of the 

linear partial differential operators and singular integral operators. 

The Fourier Transform is employed to convert the theory of linear partial 

differential operators into an algebraic theory of characteristic polynomials 

or symbo Is. These pseudo-d i fferent i al operators are 'c lass i fied in accordance 

with the growth behaviour of their symbol~. 

-.. -
An extensive ~tudy on the class S:5(OX ffin ) and some of its gemeralisations 

is done in e.g. Unterberger- [27] , Beals[2] ,Hiirmander [11],[12] ,faylor[24], 

and Treves [25].Maslov and Fedorjuk [A] introduce a class of symbols that 

,have a ,given polynomial growth with all derivatives. They express the 

opinion that a class of a symbol depends on the problem under consideration. 

Since the Hormander and Maslov classes , we have not observed an appearance 

of any new important class of symbols. 

Combining the concepts of sm , classes and the Maslov classes, a different 
p6 

class of symbols is born: We denote this class by rm(ffi2n) and the 
p 

corres~ondingclass of pseudo-differential operators by Gm(ffin) 
p • 

We shall basically follow the book by Shubin "[21] to develop this 

work.The proofs of most of the theorems in this book are brief and even 

omitted in certain cases. We attempt to complete these proofs ,using the 

ideas of Feigin [B] , Shubin [22] ,Tulovskii and Shubin [26] and the 
" " m n 

knowledge-of the !;;p6( 0 x ffi )-classes. The ideas of Catchpole [4] , Weder 

[28] and Wong [30] are used to develop a spectral theory for the 

unperturbed and the perturbed pseudo-differential operators in ffin. A few 

applications are given with special reference to quantum mechnics. 

Furthermore ,a study of the spectrum of hypoelliptic pseudo-differential 

operators in ffin ,is done and some appl.ications given. 

In the first chapt~r , we study the rm-classes and the um-classes, introducing 
p p 

the language which is used throughout, Asymptotic expansions, properties of 
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the r~-classes and the effects of the G~ORn} 

spaces SORn} and S'ORn) are considered and we 

operators on the functional 

prove that the tt:m-classes 
p -

have asymptotics in the rm-classes. This result is analogous to the 
p -

result that the S~6(XX Y xlRn)-clilsses have asymptotics in S~6(n xlRn)-classes 

(see [24] ). This result is used to define the left,right and the Weyl 

symb61 and deduce their asymptotic expansions. These definitions are of 

vital importance for the development of our discussion. 

The calculus of these operators is studied in the second chapter, and the 

asymptotic formulas for the transposes, adjoints and compositions of these 

operators are determined. This chapter is prel iminary to chapter 4 , where 

we shall give the construction -of a parametrix of a hypoelliptic pseudo- -

differential operator in lRn. 

In Chapter 3 we do a functional analytic study of these operators. We study 

jn particular their L2-boundedness and compactness. The notion of aW-symbols 

is used. B~sically , two important results are proved; firstly it is proved 

that if A € G~ ( lRn) then A extends to a bounded operator on L 2 ( lRn); secondly 
- 2 n 

if A € Gm ( lRn) and m < 0, then A extends to a compact operator on L ( lR ). 
p 

The fourth chapter is devoted to the study of the hypoelliptic pseudo­

di fferential operators in lRn, namely the HG~,mo ( lRn) operators. We prove 

a very important result tnat -every A E HG: imo( lRn) has a parametrix-

BE HG~mO,~m( lRn) such that AB - I = R1 and BA - I = R2 are integral 

operators with kernels from S( lR2n ). The construction of this pqrametrix 

is studied. Furthemore the elliptic pseudo-differential operators in lRn 

--
and the classical symbols are introduced. We prove that every operator 

with a classical elliptic symbol is hypoelliptic and then show that the 

construction of the parametrix of this operator yields an explicit formula. 

Finally in this chapter, the Sobolev spaces Q5( lRn) (s ElRn) and the effects 

of the Gm( lRn) operators on these spaces are considered. 
p 



'. 
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"Chapter 5 contains the spectral theory of the pseudo-differential operators 

in IRn. We g.i ve some exampl es of pseudo-d i fferent j a.I operators 

as discussed in Catchpole [4] ~ Weder [28] and Wong [30L Jhi s may be 

regarded as the spectral theory of constant coefficient differential operators. 

The ·spectrum of the hypoelliptic pseudo-different"ial operators is , considered 

and we prove that these operators are essentially self-adjoint and have 

discrete. spectrum only. In .conclusion some applications of this spectral 

theory ar.e gi ven ·. 

_ · r 

' .. 
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NOTATION 

JRn : n-dimensional real Eucl idean space. 

x = (x, •...• )(n).1; = . . (I:, ••••• 1;n);variables and coordinate s in 

in JR n . 

. n 2 Y. 
II x II = ( 1: x.) : norm 

. , 1 . 
1= 

We shall use the following version of the Fourier'Transform 

trroughout . the text; 

He d~fine the Fourier Transform (F) of u as. 

, . 

(Fu)(1;) = u(l:) = J e- ix 1;u(x)dx ':' Ff,i_x{U(x)}, 

and the inverse Fourier Transform (F-') as; 

(F-'u)( x ) = u(x) = (2.)-n J eiX~G(I';)dl'; 
<z> = (' + IIzI12)Y'. for z = (x.1;) cJR 2n =JR n x JRn a ncr 

· llzI1
2

,. Ilx112+ IIqL
2 

in .. this case,also<x> = ('+ilxll 2)Y,. 

Z:se t of integers. ' 

Z+:set 

z: :set 

of non-negative integers . 

of n-tuples "'= (a, •.. • • a ) wi'th . n 
n j = '.2 . 3 •.••• n.Z+ is also referred to a·s a set of multi-indices. 

n' For a.8 E Z+' 8!£ameans 8j ~aj; j = ' ••••• n. 

n 
I a I = 1: "'i 

i=' 

n the length of a E ·Z+. 

a! = a,! 1 an' . (~) a! n 
if a. 8 E Zi-

(a - 8) ! e ! 
and e $ a. 

a a (x, , ) X = 
a 

(xnn) if XE lRn and a E Z:. 

aa (..E-
a, 

= ) x a 
x, 

a an ( a;-) 
n 

, 
al so denoted by aa. '. 

OtT) : domain of the operator T. 



- --
( i x ) _ 

'" 0'" =(.2... .£...) "'1 
x 

(_1 L ) n a I so denoted by p"', i = r-1 . 
i 6>< 1 

- ?k 2 
<D~;; = (1 + D~ 

1 

i aXn 

+ .... + D~ )-k for~E lRn , 
n 

If u ( C~ is a function bf x then, 

u ("') = a'" u 
x 

lou 
= T ax. ' j = 1, ... ,n • 

J 

Tay lor Expansion _ 

k E Z 
+ 

u( x) - = 1: -+ (x-y)~ . 1 
a"'u (y)+ 1: (N/",l·)(x-y)'" J (l_t)N-l a"'u[y+t(x-y)) dt. 

I ",I SN-l ",. I"'I=N 0 

Leibnitz Formula 

a'" (uv) = 1: ("') (a",-a u )(oa v). 
flS'" fl. 

General Leibnitz Formula 

Let p(a) be a partial · differe-ntial operator with constant 

coefficients,u and v be ~~ functions. Then -

P( o) (uv) = 1: (~! )o"'u p("') (a)v 

'" 
where P("')(E) = a~p(E). 
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CHAPTER 1 

THE OPERATORS AND SYMBOLS 

Introduction to G~ ( JRn) operators 

We begin our discussion by defining the class of pseudo-differential 

op2rators in ' IRn. This is the Gm ( JRn) class of operators character-
p . , 

ised by the symbols from rm( JR2n ). First of all we recall the 
p 

definition of the S~6 (ox JRn) classes. They wi 11 aid us in defining 

the rm ( lR2n )-classes. 
p 

Suppose m, p and 6 a re rea I numbers wi th O~6 < p Il:. 1. Then we say 

a(x, 1';) € S~6 (ox JRn) (oc:::JRn open), ' if a(x,F; ) E C~ (ox JRn) and 

for every compact set K c 0 and all multi-indices a,e E 

Zn 
+ 

(1) 

there exists a positive constant CaSK such that 

I Oil Oa a (x I'; )1 < C' <I';>m-plal+/ilel 
x F; ' , "aeK . 

for all x€K and I';E JRn. The corresponding pseudo-differential 

operator is expressed as: 

(2) lIu(x) = (2n)-n r f ei(x-y)1'; a (x,F;) u(y)dydl'; · 

ff for every UE S ( JRn). where S(IRn) is, the Schwartz space (see p15). 

The estimates in (1) mean that a(x,l'; ) has a polynomial growth on 

the I';-variable only. The x-variable is confined to a compact 

subset of 0 in.ii1 

For tHe pseudo-differential operator A€G~(JRn) we assum2 that the 

symbol ,i\(x, I'; ) of A should have a polynomial growth' in both the 

variables x and 1';. Thus formally, we have the following definition. 

., 
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-.-

1 1 1 [- m _ ( __ JR2n)] .::D~e f:...:i:..:.nc:.i ..:.t:...; I- o:.;..n,--,-• ....;._ r p- Let mE JR, 0< p 'S 1. 

We shall denote by rm( JR2n) a 
, p 

class of em
( Jl<2n) functions 

a(z) such - that for ever:y multi.-index a, there is a positive constant 

t such that the following estimates hold, -­
a 

( 1 ) loa a (z) I~ C <z>m-pl,,1 
Z . a 

for all z E JR2n , where <z:> = (1+IIz II 2)Y, • 

We give an exaniple to make our definition lucid. 

Example 1.1.2 Let P(z) be a polynomial of degree ~ m. In other words 

P(z) = E as'. Then for a5 -S we have 
Isl ~ m 

a~p (z ) ~ _ E 

a~S 

lsi ~m 

s! as zS-a • Therefore 
(S-a) ! 

a S! S a laz _F(z) I ~ E laSllz - I 
a:::S (S-a)! 

Isl:::m 

Q . Q . 

Since III II ~ <z> I , we have 

S! 
I a~ p (z ) I ~ E (S _ a) ! 

a5S 
lsi :::m 

I a I < z> ISI-Ial 
S 

C <z>m-Ial 
a where e = E 

a 
- a~S 

IsI5m 

The above est imates prove that P (z)€ r ~(R2n) 

Before g.iving the s_econd example we make the following observation, 

- if a(z)(r~(R2n) and a'(z) ' =- a(z) + b(z) , where b(z)€SOJfn) then a'(z)Er~(lR2n). 
Actually, ' liila 

11' (z) I ~I aaa(z) I -+ I aab( z·) I ~ C
a 
<z>m-p I a ~ Ma <z>m-p la I 

by (1) and the definition of the Schwartz space (see p15). Thus the following 

conclusion is justfied; if a € C
m

(JR2n ) then a €rm(IR2n) provided. U) is true 
p 

for IlzII~R, where R is any -positive real number. 
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Examp le 1.1.3 Any posi tively homogeneous function P(z) E. C"'(IR~~) of degree 

m for large z also belongs to r~(IR2n) . 

,Recall: P(z) is positively homogeneous of degree m for large z if there 

is areal number R > ° such that for any A> ° and II zil ~ R 

P( AZ) = >.m P(z). 

For example we can take P(z) = ~(z) II z 11
m ,where ' ~(z) ( C"'(IR2n )" 

~(z) = 1 for IIzll;.>R arid ~(z) = ° for II zll ~ R/2. 

We cons Lder the estimates en for II z II~ R+ 1 only. 

We have 

IP(z) I = IP[II zIINIIZlIlJ ' I 

=lIzll
m 

I pNIIZII) I 

~ C <z>m, where C = sup I P(w) I ' since IlzI/< <Z> 
II wlI=l 

For the partial derivatives consider (for t> 0) 

0/0 P(tz) = lim' 
zk h-O 

= lim 
h-O 

= t m- 1 

P(tz + hek) - P(tz) 

h' • 

P[t(z + !fek)] - P(tz) 

h 

lim P(z + !fek) - P(z) 
h-O 

oP(z) 

oZk 

hit 

, where ek =--'0, •• • ',0, ~ ,0, • • • O)E lRn 

k-th position. 

Therefore we cone I ude that o~P (z) jls pos i ti ve Iy homogeneous of 

degree m- lal and thus 



la~ P(z) I 

.4. 

s (sup la: ,p(w)l) II zll m-Ial 
II wll= 1 

< 
m-I "'I c <z > 

a 

Some properties of these symbols are given in the Lemma below. 

These properties will be of vital importance in the development 

of our discussion. 

1.2 PROPERTIES OF SYMBOLS IN tn ( ~2n) CLASSES 
p 

Lemma 1. 2.1 The rm ( . ~2n) classes have the following properties. 
p 

1. 

2. 

3. 

Proof 

a(z) b(z) € tn. + m. (JR2n) 
p 

aaa(z) (rll\- plal(JR2n) z . p • 

a(z) + b(z) € rmax(~~I1J.) (IR2n ) 
, -'- ' p " 

1. From Leibnitz formula. 

I a~ (a(z) b(Z)) I =1 1: 
"(t6=a "(! 6! 

a! 

1: a! la"( a(z)11 a6 b(z) I 
"( + 6= a 6 ! "(! z z 

< 1: ~ 
6 + r- a. "( ! 6! 

a1 a(z) o~ b(z) I 
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= a! Cy C 0< Z > (m,.+ m.) -p I Hoi 
Ho=a y! o! 

::: <Z> m,,~ m.- p la I a! ' 
eyC o 1: I 

Y+o=a Y. o! 

which proves 1. 

Thus 

la~ a~ a(z)/:;CIl<z>mrplal -plill which 

shows clearly that aa a (Z) ( rm,-p 1",1 (IR2n ). 
, z p 

3. ' 3 8. 4 is obv i a'us ;-

The following proposition gives us the relationship between the rm ( 1R2n) and 
p 

the functional space S(IR2n ). 

Proposition 1.2.2 

m, 2 
= nr J (1R n), where m

J
. - -~ as j - - ~ 

j p 

Proof 

The fi rst ecual i ty follows from the defi ni tion of rm ( 1R2n) 
p 

classes and the definition of the semi norm on the space S( R2n) which are 

given on page 15 or Treves [25] , page xix . The second equality is a trivial 

consequence of the first one and the property 4 of rm symbols . 
p 

1. 3 Asymptotics in rm (IR2n ) classes 
p 

Firstly we shall define the asymptotics in rm - classes. 
p 

Definition 1'.3 .1. Let ' aj(z)f r~j (IR2n ) , j = 1,2,3 .•• Suppose also that 

~ 2n) a(z ) E C (1R • We write 

(1) --- a(z) - 1: a . (z) 
j=1J 
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if there exist {m.}~ 1 with lim m
J
. = -'" such .:that 

J J= j-

r-l 
(2) - -- a(z) - r 

j=1 

where mr = max {m . ;-j ;;:-r} ';The formal expansion (1) is called the 
. J 

asymptotic expansion of the .symbol a(z) in m 2n fp(IR) classes . 

NOTE: One can replace the series in (1) by a new one for which 

(2 ' ) mj > mj +1, (see Appendix A). 

Now we shall show that given a formal asymptotic expansion in the 

f-classes,the exists a function from fm(ffi2n) such that th i s asymptotic 
. p 

expansion defines the function at our disposal uniquely mod a function 

from S(IR31 ). Without loss of generality we restrict ourselves to the .case (2'). 

From now on we shall omit the argument z except where confusion 

In other words by a 
. 2n 

,we shall refer to a(z) ,where z € ffi . 

m. 2n 
Theorem 1.3.2. Let aj €fp

J ( ffi ) ,mj > mj +1, j ff ri 1,2,3, .. • , 

'" 2n m. - " '" as j - + '" • Then there exists a (C (R ) such that 
J 

'" 
(1) --- a - r a. 

j =1 J 

if a' E C'" (IR2n) is another functi on with property (1) then, 

(2) --- a - a 'E S(IR2n) • 

Proof Take <jI(z) E C"'(IR2n) defined by 

(R) --- 4(z) = 
{

Ol 
for IIzll '" V, 

for liz II ~ 1 

and ° ~ <jI(z) ~ 1 for all z • 

may arise. 

Choose a sequence {t
J
.} E lR+ such that t. - + '" and t . > t . 1 ' 

. J J J-

for j = 1,2,3, .. • 

. , 
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and let 

(3) a (z) = 
. '" 

1: 4(t.- 1 z) a .(z) 
j = 1 J J 

- .-

The series (3) is well-defined since it is locally finite. ' In fact if 

II ~j -1 z II d, then 4 (tj -1 z) =0. So given a positive constant R, 

there ex i sts N:> 0 such that if j > N then II tj -1 z II <Yz for liz II~. Therefore 

4(tj - 1 z) = 0 for j>N. Therefore in the ballllzll~R the series (3) has at 

most N non zero terms. 

Now a(z)E C'" (JR2n) since4(z) and aj(z) are all from C"'( JR2n ). 

We shall now focus our attention on the partial derivatives of a(z).- By 

Leibnitz formula we have 

l aet[4(t~1 z) a .(z)] I ~ 1: (ete )lazB4(tJ~1z) aet-Ba.(z)1 
z J . J z J 

B~a 

Observe ' that a~ 4( tj -1 z) = 0 for II tj -1 z II ~ 1 and 

II t. -1 II I I J z ~y, if B > O. We consider the case 

a) y, ~ II tj -1 zll S 1 or II z II '5 tj~ 2 II z II , 

For tj in this annulus we have, 

10: 4(tj -1 z)1 = tj-ISII(o~ 4) (tj -1 z) I 

~ sup I ( a ~ 4) ( t j - 1 z) I t j -I' s I • 
Z .€ JR2n 

Since IIzll < <z> we have 

( 4) las 4 (t.- 1 z)1 < t:,lslc <z> -lsi where 
z J - J S 

To prove this theorem it is sufficient to show that 

I B ( -1 °z 4 tj z) I '5 
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From Leibnitz formula and (4) together with the rm (R2n ) estimates. we obtain 
p . 

laa{ <\>(t~1 z) a . (z)} I ~ l:( a )t~lfllc CZ>-Ifll c . cz>mj - p la-flI 
z J . J • i3 J 13 a-13,J 

fI~a ' 
if II z II ct j c 2 IIzll ~ . 

Since 0 < p E~,we have plfllslfll and so 

<z >-Is Icz> -p la I +p Ifli ':cz> -p la I and therefore, " . 

We have 

c z > mj - p la I = cz> mj _ CP la I cZ > mrmJ -1 . ' Si nce by the assumpti on mj < mj + 1 

one can choose t. so large that for all z such that .t
J
., 211 zll we have J . 

<1> mj -mj -1 c 2- j/c . 
.... a. ,J 

Then for IlzlI, t. ~2I1zll\. lal~j 
J . . 

. :, 

we have 

(6)--- la~(<\> (t;1 z) aj(z))1 .~ z-j cz>mj_1-plalfor 

IlzII E tj ,%:2 liz II and any finite number of derivatives, say for all /al~j . 

We now 'deal with those z which are not in the annulus; 

( b ) II t; 1 z II E y, or II t j 1 z II ~ 1. 

If I~jlzlls~ . then <\>( tj l z ) = 0 and (6) does hold. 

If II tj lzl1 ~ 1 which is equivalent to saying that IIzll ~ tj then 

a;q,.( tj l Z ) = 0 for la/>O since <j.( tj l Z) = 1 by (R) . 

rhere~ore the following estimates are valid: 



'. 
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= I a'" a . (z) I 
Z J m . -p I '" I 

= 

C . <Z> J 
"', J 

I I . m -m. 1 

C . 
"', J 

mj _1-p "" . j J- . 
<Z> < Z> 

Thus we have proved '(6) for ' every Z E 1R
2n 

• 

Therefor~ 

a( z) E rm (1R2n ) where m = m1 .. p 

- ". . 

At this juncture. we shall show that (1) is an asymptotic series. that is 

r 
a - 1: 

j = 1 

Clearly. 
r 

a - L 
j=1 

Since 4(tj·1z ) - 1 e C:(JR2n ) 

We need to show that~ 

= 2n then the second sum above is also in Ca(lR ). 

(6' ) 

Given", take N>I",land split the sum 

_ N' mN - pi'" I 
2 <z > 

and thus ' the infinite sum is in . rmrt~(1R2~) .Since j ~r+1 then the finite 
N -1 ' . m p . 

sum; .. 1: 4(tj z) aj.(z) E r r+1(lR?n), by 3 of Lemma 1.2.1. 
. j=r+l p . 
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This proves that (3) is uniformly convergent with all derivatives. 

Hence from (6 ' ) 
r-1 

a - l: a. 
j = 1 J 

Finally ~e prove (2): 
k-1 

. Observe that. a - a ' = a - l: 
j=l 

as required. 

a.-(a ' -
J 

k-1 
l: 

j = 1 

m . 
E/ r k (JR2n) for k> 1. 

p 

Letting k= 1,2,3, ..•• we get (see Appendix B) 

a - a I E' S (JR2n) as requi red 
- --

by Proposition 1.2.2. 

The theorem that follows give us even weaker conditions than condition (2) 

of Definition1.3.1,under which the series (1t of Theorem 1.3.2 is valid. 

Theorem 1.3.3 
m· Er/ ( JR2n), 

as j -+= . Suppose a E C=(1R2n) and 

constants Va C > 0 such that 
I '" 

( 1 ) I a ~ a ( z) I ~ C", < z> ~ ~ • 

j = 1, 2, 3, . • • m . - -= 
. J 

for every multi-index a there are 

Suppose further that for some sequences {i
j

} and{C
j

} j=1,2,3 ... such 

that i . - -= as j - += , the following estimates hold 
J 

( 2) I a (Z) -

a(z) - l: 
j=l 

a . (z) 
J 

i ( Cr <z> r , then 

To prove this theorem we need two lemmas. 

We formulate the first Lemma for tE [-1,1] . The proof for any interval 

[a,b] is the same. 



Lemma 1.3.4 

for j = 0,2. 

. 11 • 

Let fE C' (1R) and A. = sup I f(j) 
J t E [-1 , 1 ] 

. Then If' (0)12~ AO(AO + A
2

) • 

Proof By t .he Mean-Value Theorem we have 

(t) I 

(3) Ilf' (t)l- If'(O)11 ~ If'(t) - f'(O)I~Az It I ' forltl~1 

Now we shall show that 

(4) If '(t)1 ~Y'lf'(O)1 for A2 IthY,lf'(O)I, Itl~1 • 

From (3) Ilf' tt) I - If' (0)11 ~ A2 It I or 

If' (0) I - A2 It I ~ If' (t) I ~ If'(O) I + A2 It I 

So ifA2 It I "" y, If' (0)1 we get 

y, If' (0) I = If' (0) I - y, If' (0) I ~ If' (0) I - A2 I tl ~ If' (t) I wh i c h pr ove5 (4). 

Let 6= min {I f '( 0) I /.2 A 2 ' 1}, the n by (4), . 

(5) If' (t)l::: y, If' (0) I for tE [ -6, 6]. 

Mean Value Theorem yields 

(6) If (6) - f (-6) I = 261 f' ((;) I ~ 261f' (0) I /2 , 1; E (-6, 6) , by (5). 

Also If(6) - f(-6) I ~ 2 Ao' Therefore 

61f' (0) I ~ I f(6) - f(-6) I :s. 2Ao 

i . e . If' (0) I ~ 2A/6 

By definition of 6 we have 

If' (0) I ~ 2Ao max {2A 2/lf' (0) I: 1} 

This inequality implies 

If' (0) I S 4AoA2/ If' (0) I or If' (0) I ~ 2Ao 

which means If' (0)12~4AoA2 or If' (Oll2~4A~ 
These two inequalities yield 

(5) If' (0) I 2 ~ 4Ao ' ( A~ + A2 ) as r e qui red. 
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Remark: Replacing f(t) by fh(t) = f(t+h) in the Lemma above, 

we get If'(h)1 ~ 4Ao(Ao + A2 ),for any h·in[-1,1]. 

Second Lemma: 

Lemma 1.3.5. Let K1 and K2 be two compact set in IR n such 

that K1 C IhtK2 (Int = interior) and dist(K
1

,oK
2

) > 1 

(dist = distanc~ and oK
2 

= boundary of K
2

).Then for any 

fun c t ion f ' € C 2 (IR n) we h a v e . 

(6) (sup 1: I Dar(z) 1)2 S 4n2 sup If(z) I (sup If(z) I + sup 1: IDa f(i) I 
zEK

2 
zEK2 1al=2 zE K1 lal =1 zEK2 

P.roof: Put <l>z(t) = f(Z+te i ), i = 1, ... , nand e.· = (0, .. • ,0, 1 ,0, . . . ,0) 
1 I 

ith posi1;ion 

Applying Lemma 1.3.4 we get. (we assume that <l>z is defined for It I < 1 

i<l>' (0) 12<4 sup l<I>z(t)I ' (sup I <l>z(t)1 + sup I <I>£(t) I) 
z 1t1~1 · . . 1t1::;1 Itl:::1 

ot 0' f 
Observe that <l>z(t) = oz (Z+te i ) and <I>~(t) = oz'. (Z+te i ·) 

1 1 

From the assumption dist(K1, oK2 )? 1. we infer that 

<l>z( t) is C2 fqr I tI.,,: 1 .•. Thu s 

(7) I: (z) I 2~ 4 sup If(z+tei)1 (sup If(z+te.) I 
1 It I ~ 1 I tl ~ 1 1 

: + sup 10 ' f (z+te i )1 
I tI ~ 1 oz'i . 

and thus 

n 
(8) .1: I :(z)1

2
:::4n sup If(Z+te i ) I (sup If(Z+te i )I + 

1=1 1 Itl:::1 Itl':::1 

i=1 • • .. ,n i=l , :.' . . ,n 

, 
sup 10 f 

Itl:::1 oz' 
1 

i = 1 ••••• n 

(Z+te i ) I ) 

We can take sup over z E K1 and ·K
2 

to get 

sup (sup If(Z+te i )I )~ sup If(z) I; i . ~ 1, •• .• n · and 
ZEK1 It I ~1 " . .zE K2 . 

sup (sup 
zl K, Itl~1 

0' f 
oz'. 

1 

0' f 
sup I az' (z)l;i = 1 ••.• ,n. 
zEK

2 
i 



Hence, 

( 9) 
n , 
L 

i=1 

Now using the " i 'nequal ity 
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... 4 n sup I f(Z) I 
Z cK2 

( sup I f( z) I 
z£K2 

n sup 
zcK 1 

(1 
+ L 

i,j= 1 

we get (6). This completes the proof. 

0' f 
sup I oZ,oZ(z) P . 
ZEK2 1 J 

Proof of Theorem 1.3.3 Since '£.- _m as j- +m by Th~orem 1.3.2 there 
J 

exists b(z) E C
m

( lR2n) such that 

b ( z)- L 
j=1 

a, (z) , 
J • 

Let d(z) = a(z) b(z} 

r r 
= a(z) - L aj(z) 

j=1 
- (b(z) + L aj(z)}. 

j=1 

Hence I d (z) I :::. la(z) -
r 
L 

j = 1 

r 
aj(z)1 +Ib(z)- L 

j=1 
a,(z)1 -' -J • 

Using the asymptoti<;-,fol"m of b(z) , and (2) of the Theorem we have 

Id (Z)I ~ c;. <2> £r , for ZElR2n and ariy r. 

We need to show that the same esti~ates also hold for the 

derivatives of d(z).Now put Kl = {z:n $IIZ II ~n+1l and 

K2 = {z;n-E ~ Ilzll ~ n+l-d , O<E< 1 .. Applying Lemma 1.3.5. to Kl and 

K2 we obtain, (the condition dist(K 1, oK;i» 1 is not satisfied by the sets defined 

here. The condition is not, however, necessary for an inequality of the 

type of equation (6), but the constant would change) 

.( sup 
Z( Kl 

L 10~d(z)I)2 < 4n2 sup Id(z)l(sup Id(z)1 + sup 
I a 1= 1 Z( K2 Z€ K2 Z( K2 

L IOad(z) I) 
lal=2 z 
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Hence for any 1 there is Cr such that 
r 1 

(sup L 16azd(Z)I)2~Crsup <z>r 
\l", 

L C <z> 

ZEX 1 1"'1=1 . ZEK2 
lal =2 a 

If 1r <0 (which is not restri·ctive since 1r- -"', as r-"') then for some 

Cr 

(sup 
Z lK1 

where· 11 = max 111 I. 
lal =2 a . 

Clearly [1+(n+1_d2]11/2~ M[1+(n-d2]w'~where M is i,ndependent of n. 

---
Since 1 --'" as r-+'" we have 1 +11 <0 for sufficiently large r. We observe 

r . r 2 1/2 
that for 1 <0 sup <w/ "= [1+(n-e:)] ~ Q <z>1 for all Z( K2 , 

, wEK2 
where Q is independent. of n. Thus we get .. 

21/2+w'2 1 +\l ' 
C

r 
[.1+( n-e:} ] ~ CrM Q <z> r and thus 

This proves that 6;d(z) are rapidly decreasing at infinity 

for 1",1=1.Similarly we can 

at infinity for · any a.This 

a ' .' 
prove that 6zd(z) decreases 

completes the proof. 

1.4 ~ (rnn) Pseudo-Differential Operators 
p 

rapidly 

We shall now define a class of pseudo-differential operat,ors 

correspondi ·ng to the rm ( rn2n) classes. 
, p 

Definition 1.4.1 Let a(x, ~) E rm (rn2n ). We define the corresponding 
p 

pseudo-differential opera'tor AE Gm ( rnn) as follows. 
p 

(a) Au(x) = (2,)-n If ei(x-y)~ a(x, ~) I,l(y)dyd~ 

where u (S ( rnn)or equivalently 
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(b) Au(x) = (2.)-n J ei xf; a (x, f;) li(C)dC 

,where u E S ( lRn) and U (f;) is the Fouri er Transform of u. The 

formula (a) must be treated as ' an iterated integral ,and not as a double 

integral (see Appendix C). 

The functional spaces SORn) (the Schwartz space) and its dualS' ORn) (the -- .-

space of tempered distributions) are important. 

We therefore need to' Know the action of the ' pseudo-differential operators on 

these spaces.It turns out that the operators from GJRn) define contin'uous 

maps on ' S(lRn) and ',5' (lRn) .'These ' a're the important theorems in th i s secti on. 

Before we formulate these theorems , we briefly discuss ,the concepts 

of continuity and the principle of duality. , 

The space S(IRn) is equipped with semi-norms {q,,~} ,where 

(1) ... q (u)= SuP{<x> I"lla~u(x)1 :x (, lRn }<", ;"'~ (z: and u E 'S(lRn). 
"'~ 

We say a I inear map 

, is con,tinuous if (as n-'" ) 

A dual map A' :S'(lRn) - S'(lRn) we shall define as follows; 

(2) ••• A'f(u) = f(Au) for f E 5' (IRn)~nd u € S(lRn). 

We shall prove that AE (J~(lRn) maps S(lRn l into itself in a contiriuous way, 

and thus A'f is a continuous functional on S'( lRn). 

We shall adopt a poIntwise topology on 5' (lRn) Le. f n- f in 5' (lRn). if and 

on Iy if f (u) - feu) n . 
, n 
as n - "'for every u € S(lR ) .Clearly the dual map 

'A' :S' (lRn) - S' (lRn) is continuous', if f n- f in S' ORn) then A'fn :.. Af i.e. 

,'I'fn(U) = fn(AU) - f,(Au) = A'f(u) for every u € scmn
) in view of (2). 

Therefore we conclude that a continuous map on S(lRn) induces a sequ'entially 

continuous map on its , dual space 5' (lRn) . This is the ,principle of dual ity 

restricted to scmn) and 5' cmn
). 
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Th 1 4 2 The operator A l ' Gm
p(lRn ,) defines a continuous operator eorem " . . 

On 5' (JRn) we have a simnal' result; 

• Theorem 1.4.3. The operator A ( Gm(Rn) defines a continuous map 
p 

We wi II prove the'se theorems for theUGm(IRn) operators because thi,s class 
, p 

of pseudo~differential operators is more ' general than theG~(IRn) class of 

operators. 

- ·- ---

W~ shall discuss a c' I'a~~~f ·~y~bOIS u;'(IR3n) which is more general than 

the r;(1R2n ).We shall prove that every member of the U;(IR3n) has an 

asymptotic expansion in the rm(IR2n) class of symbols. 
p 

Definition 1.5.1 [J: ( 1R 3n )] . We shall denote by nm (1R3n ) the set of 
- 3n ' p , 

d II C (IR ) functions a(x,y.r;) such that for some mflR and every multi- , 

indices "',5 and 1, there is a positive constant C for which the following 
",f!>1 

estimates hold: 

ID~ D~ D; a(x,yr;) I (C"'51 «x,y,r;» m-plcrlfl+ll <x_y>m'+pl",+5 +0 I 

for some suitable m' E JR. 

Example 1.5.1. If a(x,y, r;) = a (x,y) r;'" where 
'" 

a (x,Y) are polynomials in x and y variables of degree~k, then 
" 

a (x',y r;) (n~ ( IR 3n ) where m = p",:k. To see this, observe that 



I a(x,y, 1;) I 

~ <I;> p 

( <I;> p 

• 17 • 

1: I a (x,y) I 
I", I~p '" 
C «x,y» k 
k,p 

- .-

lihere m = p+k,C k and Ck' are some appropriate positive constants.Similar ,p ,p 

estimates also hold for the partial .,derivatives of a(x,y,I;). 

1.6 Properties ofu m (1R3n ) 
p 

Lemma 1.6.1 

If a E I1 m, ,( 1R 3n ) and bEl1rn,( 1R3n ) then 
p P , 

1. ab ' f 11 m, + m2 (1R3n ). 
p , 

2. a'" i a1 a E 11 lTl,.-pl",+6+11 ( 1R3n ) 
I; x y p 

3. a + b f I1max(m" m2 ) ( 1R3n ) 
p 

The properties 1,2 and 3 are analoguous to those of the rm - classes 
p 

in Lemma 1.2.1. Thus we shall give the proof of 4 only. 

Proof of 4: From the definition of 11
m ( 1R3n ) with a =6 =-y = 0 we have 
p 

I a'(x,x, 1;) I ( C «x,x, 1;» m when x = Y., . 

Clearly «x ,x, 1;» ~ 2 «x , 1;» 

Thus 

«x,x, E;» m< zn < (x, E;»m for m> 0 

and «x ,x, E;» m ~ «x, E;»m for m~ , O 
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Hence we conclude that 

I a(x,x 1;) I ~ C «x, 1;» m where C is some suitable positive constant. 

For the partial derivatives we have 

10'" 0 a a (x, x, I',; ) I ~ C_
a 

< (x, x, 1',;) > m- pi", +a I and 
1',; . . x -

we argue as above. This proves our assertion. 

The pseudo-differential operator corresponding to the ~m (m3n ) symbol is 
p 

defined just in the same way as for the rm ( m2n ). 
p 

Definiiton 1.6.2 [~Gm (mn)] We say A E ~Gm ( mn) if and only if 
p p 

( ) m· 3n A has a symbol a x,y, I',; E ~ (m ) so that 
p 

(1) Au(x) = (2.)-n J J ei(x-y)1',; a(.x,y, 1',;) u(y) dy dl',; 

for every u f 5 "(Ji<h) , ~here (1) is an iterated integral. 

<x_y>-N <0 >Nei(x-y)f; = ei(X-Y)1; and 
f; 

- "-

Using the identities 

<I',;> -M <0) >Mei(X-y)1',; 
.y. = ei(x-Y)f; ,where M and N are even positive integers. 

Carrying out integration by parts on Y and subsequently on I; to get the new 

iterated integral 

(2) Au(x) = (2.)-n f f<x- y> -N ei(x-y)1',; < DI;>N< Dy>M 

x [<1;> -M , a(x,y ,1;) u(y)] dy dE; • 

For details see Appendix C. 

Theorem 1.6.3 The operator A E UGm ( mn) defines a continuous operator 
p 
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Proof: First we shall show that A transforms SOR
n

) into itself.The form (2). 

of Definition 1.6.2. will ' be handY ' in this tase. 

Using Peetre's inequality (lemma .1.1 p6 of [27J) one has 

-N N -N N 
<x-y > ~ 2 <x> <y> ,for any positive integer N. We claim that with 

sufficiently. large M and N, (2) is absolutely integrable on the pair y,~ 

Now, 

I A ()I 5(2.)-n. 2Nff . -N NI N M[-M U x _ <x> <y> <D~::; <0/ <1;> a(x,y,~)u(y)JidydC. 

App ly i ng Le i bn i tz Formu I a to the different i a I operators <D >N and <D >M we 
~ y 

get; 
N M -M 

(3) ... <~> <D? [<~> a(x,y,~) u(y) ] = r C Il O~<1;>-MD~Dlla(x,y,~)DPu(y) 
a'Yp., .,y Y 

la+'YI~N 

IIl+pl :$M 

where Call'YP are some appropriate constants. Thus, 

IAu(x) 1 :$ <x>-N 2N(2n(n fIr Cai'YpID~<I;>Mllo~o~a(x,y,~) 110;u(y) Idyd1; 
. la+'Y1 ~ N 

IIl+p I ~ M 

By the nmOR3n ) est imates and Peetre' s i nequa I i ty, 
p . . 

ID~ ~a(x,y,l;) 1 ~ Call <x;y,1;>m- pla+1l1 <x_y>m'- p1a+1l1 

. m m' 
"'- Call <x,y,1;> <x-y> 

m' m -m' m' 
~ 2 Call<x,y,1;> <x> <y> 

for some positive constant Call and m'> O. Hence 

1
m' -m'-N -n ff IAu(x) !S.2 <x> (2.) -M-him N+m' p ( ) 1 r C Il C 1l<1;> <x,y,~> <y> ID u Y dyd~ . 

I a+'Y I '-' N a 'YP a Y . 

Observe that 

For m >0 we get 

m' m-mo"-N -nff IAu(x) 1 ~ 2 <x> (2.). 

IIl+p I ~ M 

if m> 0 

if m~O 
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The case m ~o yields a similar result .Thus, 

(5) .•• I Au (x) I ~ 

where, 

Integration with respect to the, t-variable yields a finite value provided 

that the exponent -M-hl +m <-no .Tllis is indeed the case since M can be 

chosen arbitrarily larg€ to satisfy this requirement. Clearl.y CMN<~' and 

thus (2) is absolutely integrable as claimed. 

The number m'+m-N can be made negative by a suitable choice of the even 

positive 'integer N and thus making Au(~) to decrease rapidly at infinitY. 

This state of affairs is valid for the partial derivatives of Au{x) as 

Ive II . Therefore \ve cone I ude that Au E S ORn) _ -

In the final analysis we prove that the map A: S(IRn) - SORn) is continuous . 

Using (5) \ve 

k <x> I Au (x) I 

Hence, 

have, 

C m'+m-N+k 
~ MN<x> for k>O. Hence 

( 6 ) • .. k 
<x> IAu(x)1 ~ CMN • 

becau se m'+m-N+k <x> ~ 1 for the choice m'+m-N+k ~ o. 
The estimates in (6) hold for partial derivatives of Au(x) also. 

To be explicit the relation (6) becomes, 

'" (2 )-nJJ2N l: C C <t>M-I1'I+m< ~+m'+mIDPU(Y)ldydt 
• 1 a+ 1'1 '" N "B1'p "B Y y 

IB+p1 ~M 

$ (2.rn2N { , l: C"B C"B sup [<y>2N+m'+mI DPu(Yll ]}Jr<t~~M<y>NdYdf; 
, -1"+1'I$N yp y J 

1 B+p I ~ M 



The integral 

H <f;;~+m <y> -Ndydf; < m, 

for M-m and N > n°. 

Thus 

(7) 
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, The estimates (7) hold for any k> 0 and for the partial deri vati yes of 

Au (x) • 

Now take a sequence {un} 
n 

in S( IR ) such that u
n
- 0 as n-m. Then 

qK "o(/l.U ) ~ C l: q2N " (u ) - 0 as n- m by (7). Similarly for qk (Au). 
, n ' I I < M +m+m, p n , a n p • , 

This proves the continuity of the operator A 'and the theorem. 

By duality we obtain: 

Theorem 1.6.4. ' The operator A f UG~(lRn) can be extended to 'a continuous operator 

A : S' (lRn) - S' (lRn) . 

Remark: We know that S(lRn)c S'(IRn) if we identify UES( IRn) with the 

v - (u,v) = f u(x)v(x)dx.Suppose A' :, S'(Rn) - S', (lRn) be the dual map to 

n n 
the map A: S(lR ) - S(lR ) .Then, 

A'u(v) =u(Av) = f u(x) (Au)(x) dx . . 

= (2n)-n f u(X)[ff ei(x-y)f; a(x,y,f;)v(y)dyd~] dx 

= JV(Y)[(2.,-n If ei(x-Y)f; a(x,y,f;)u(x)dxdr.] dy. 

- ,-
The above change of the order of integration is possible since we are 

deal ing ~Iith functions from S(IRn). 

Therefore A' acts on S(lRn) as a transposed operator 
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tAu(y) = (2 w)-n If ei(y-x)f;a(x,y,_ f;) u(x)dxdf;. 

We shall ' define the transposed operator accordingly in Chapter 2. 

t m n . m 3n ' Clearly AE UG (IR ) since a(x,y,-f;) E,1f (IR .).Therefore the map 
p " p . . 

tA: 5(IRn) - 5(IRn) is continuous in view of Theoreml.6.3.Hence A has an 

extension '(tA) , which is a ~ontinuous map of 5'_ 5'. 

--
Now we shall define a class of operators which is the intersection of all 

m n -(I) n 
UGp(IR ) classes .We denote this 'class of operators by G ,(IR). The 

operators from G-m(IRn) are characterized by kernels' from 5( JR2n) i.e. 

AE G-m(IRn) if and only if the kernel KA(x,y) -_ (2 )-n f i(x-y)<" 
II e " a(x,y, f; )de 

, 2n 
of A belong to 5( JR ). The following result is useful: 

Theorem 1.6.5. 

Proof: We shall use the results of Theorem 1.6.6 which we shall present 

later.The results are that the amplitude 

by b(X,F;) ( 5 OFfn). Hence consider 

Au(x) = (2 wr n If ei(X-y)f; b(x,F;)u(y)'dydf; 

. m,...,3n 
a(x,y,. ~) EWp\JK ) can be replaced 

As we observed,the dual operator A': 5' (IRn) - 5' (IRn) is an extension 

of the transpo?ed operator tA.5imilariy,we can regard the dual operator 

of tA as being an extension of A. As in Theorem 1.6.4. denote this extension by 

'" n n ..... n ,.. n 
A : 5'(IR ) - 5'(IR ),Au = Au for UE 5(IR ).We need to show that A maps 5'(IR ) 

into 5 (IRn) cont i nuously. 
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This problem arises iri -the ' case of Hormander Sm (lR3n) classes and theref ore 
p6 

we treat it briefly. 

If a(x " 1;) E S (JR2n ) then one can integrate on I; to get 

K(x,y) = (2.)-n J ei(x_y~ a(x,F; )dl; 

which belongs to S(rn2n ) ' on x and y. 

Now one can extend A to !J E S' (IRn) by 

Au(x) = uy (K(x,y)) 
, 

i.e. the tempered distribution u acts on y variable. 

From Corollary [1] page 180 every u (' S' (IRn )ha s the form 

u = aa [ (1+ Ilxll' )k/2 f(x)] 

for some a and k where f is a ,bounded 'cont'inuous function on IRn. 

Thus, 

Au(x) = J (1+ IIyll' )k/2 f(y) Bay K(x ,y)dy 

and clearly Au(x) E S(IRn). 

For the complete proof of the continuity we refer to [25] pacagraph 2. 

The following' theorem tells liS that every symbol from the fipmoRl
n

) classes 

has an asymptotic serle's In th~ rm(IR2n) class,es.We have applied this 
, p , , 

result in , the , p~oof of Theorem 1.6.S.furthermore,wlth the results of this 

theorem we shall define the , I-symbols and also deduce their asymptotic 

expan"sions. The latter are -important in the next ' chapter. 

- ,-



Theorem 1.6,6. 

(0) A u(x) 
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Let A E U Gm '( JRn) ' i n other words 
p 

= (2. )-n Jf ei(x-y)t; a(x,y t;) u(y) dy d 1; 

for UE C~ ( JRn) and a(x,y, E;) E urn (JR3n ). Then for each iE [0,1] , 
p , 

(1) Au(x) = (2.)-n Jf ei(x-y)E; b,. ((1-t)x + ty,F.:) u(y) dy dE; 

where 

(2) ~[(1-t)x + ty,F;,] ' €i r ~ (JR3n ) and 

( 3) b ( ~) - 1 tllli (' 1_"') I~I all+3" (-0 )Il 03" ( ~) I T x,.. 1ll.3" Il! "t! • E; x y.a x ,y,.. y=x 

Before, we prove this theorem, we gi,ve a definition. 

Definition 1.6.7. The function bT (x. t;) in (3) is called the i-symbol 

,of the operator A. When 1'=0, 1 and ~, we call the corresponding symbols 

the left symbol 

the right symbol 

and 

by,(X' F;) ' = 0A,w (x, F;) the Weyl symbol of the operator A 

(respectively). These symbols have the following asymptotic expansions (obtained 
-, -

from (3) by inserting l' = 0,1 and ~ ) 

0A,l (x, F;) -; ~ al ' a~ D~ a(x,y E;) Iy=x 



Remark 1: Since a(x,y, 1;) E 
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11 m ( lR3n ) we have 
p 

I II +1 ( D )Il D 1 a(x y <")1 C
ll1 

< (x,y, <") > m-2plll +11 6 - , ,., ~ ., 
I; x Y 

x <x~y> m'+2plll + 11 

Thus for x=y we get 

1
-·e+1( )Il 1 ( 

61; -Dx Dy a x,y, 

or equivalently 

1;) 1 I ~ C In«x,x.F;l> m-2plll+ll 

y=x . 

Since p>O it means that as IIlHI- + m, m-2plll +11- _m. So the condition 

on the asymptotic expansion is satisfied (as required by Definition 1.3.1). 

Note that the above estimates gi ve the requi red es·timate (1) of Theorem 1.3.3 

which we shall use to justify that the series (3) is an asymptotic expansion 

Proof of Theorem 1.6.6 

Take 0 'L~l and put 

(S) C : ~~~11 x + '[y 

Then 

then 

(4) a(x,y, 1;) = a(VtlW, v-( 1-"nw, 1;) 

x = V+lW 

y = v-(l-T) w 

Applying the Taylor 'Expansion to (4) on w at w=O we obtain: 
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where RN = L 
Ixl=N 

N wJ< 
;-r 

. 1 . f (1_t)N-1 a"w a(v+t lW, v-t( l-"Ow, I;)dt 

O. 

is the integral form of the remainder term, see [5]. 

Furthermore, by" the chain rule one ha~ 

(6) a: . a(v+lw, v-( 1-t)w, 1;;) 
w=o 

= 
x! (_1)I~1 IBI 

B!~! t (1-.. 01 ~I (a~ a~)a(v,v,l;) 

and from (5) and ( 6) we obtain 

.1. ,,! ~~~)I~~BI ( 7 ' ) a(x,Y, 1;) = L L 
1~I~N~l x! 

B+~=x 
B! 

X ia~ ,a;) a(v,v, 1;) + RN 

where 

R' = 
· N 

L 
Ixl=N 

a(v+tTw,v-t( l~T)w, 1;) dt 

(l-T)I~ I 

where CBn are suitable constants • Simplifying (7') we get 

(x-y) B+~ 

(7) a(x,y, 1;) = L 

(_1)I~1 
TIBI (l-T)I~· I(x_y)B+~(aB a~) ( ) B! ~! . . x y a v, v ,~ 

1!I+11~N-1 

1 
+ L N C (x_y)B+ o f (l_t)N-1 (aB aD) a(v+tTw, v-t( l~T)w, ~ )dt • 

IB+ol=N Bn 0 x y 
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Remark 2 : An operator with amplitude 

(X_y)B+D (aB aD) .a(v,v, ~) is equal to an ·operator with the amplitude x y 

The form~las (8) follow from the following calculations. 

Let (a~ a~) a(v,v, ~) = o(x,y, ~). Then for u 6C~ (JRn) 

1 nteg;'at i ng by parts we get 

(9) (2n)-n J Jei(X-Y)~ (x-y)~ o(x,y, t) u(y)dy d~ 

= (2n)-n J Jei(X-y)E; (-DE;)~ o(x,y,~) u(y) dy dE; 

Note ·that the integrals in (9) are not double integrals but iterated ones. 

The validity of (9) for our class of functions follows ·from the regularisation 

process as in the Appendix B. 

Returning to the v-variable we get from (9) (~= B+D ) I 

( 10) (2.)-n J Jei(X-Y)~ (x_y)B+D (a~ a~)a(v,v, 

(2.)-n J Jei(X~Y)~ (_D~)B+D (a: ·a;)a(v,v, 

~) u(y) dy d~ = 
.- . -

~) u(y) dy dt . 
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= (-1) 111+11 (aB+1 i-IBlaB 
f; x 

i- 111 a1 ) 
y a(x,y,f;) I x=y 

= (_1)IB+11 (aB+ 1 DB 01 ) a(x,y, f;) Ix=y as required. f; . x y 

EmploY'i ng the above results in (7) we get 

(7") a(x,y, f;) - L (-1)I~rIBI (1-r)~1 
I B+ 11 ~N-1 B!1! 

+ L N C' r (1_t)N-1 aB +10B 
I B+11 =N Brr 0 f; x 

-- .-
0; a(v+tTw, v-t(1-T)w;() dt • 

To establish formula (3) we need to show that the integral remainder in (7") 

. belongs to nm- 2pN (lR3n ) . It is enough to prove that the terms 
p 

(11) J 1 (O~+oO~ 0;) a(v+tTw, v-t(1:-1)w,() (1_t)N-1 dt 

are in nm- 2pN ( lR3n ) for I B+11 = N. 
p 

Observe that 

( 12) 
\ v -

L tw = 

Then we have, 

(1"1) (v+tlw) +T [v-t(1-I)w ] 

(v+tTw) - [v-t(1-T)w ]. 

II v+tTw II + II v-t( 17T)wll 

( 13) C 1 < ---,,--.,.,-.,.,----,-,---- C 
'1I':v1l+lltwll ~ 

wher'e C >0 is independent of t f[ 0, 1] • 

Really the left inequality in (13) follows from (12) in the following way.: 

II v 11 ~ (1-1') IIv+tTwll + r ( II v-t( 1-T) wll 

and IItwll ~ lIv+tTw 11+ IIv-t(1-T)wll 

Therefore, 

IIv 11+ IItw II ~(1+ 1-'() (II v+tTwll ) + (1+ l' ) (II v-t(1-I)wll) 

~ C1 [1Iv+tTw II +11 v-t(1-T)wIlJ 

where 1 ~ Cr = max {1 + 1-T , 1 + . n = 2 = C 1 . 
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C1 (/I v+ /ltw /I) we get 

/I v+ trw /1+ /I v-t (1-r)w/l 

I~ /I + II tw /I 

Continuing we have: 

.-.. -
Ilv+1;"rw/i +lIv-t(1-I)w/i ~/lvll +Itl/ltw/l + /lv/l +11-T/lltwll 

' ~ 2/1 v /I + (III + ' 11-1'1) /I tw /I 

~ c2 (/I vfl + /I tw /I ) 

where Cr = max (2, I TI +11-tl}= ' 2 = C2.: 7 

These prove that 

-1 /I v+ tTw /I + /I v-t( 1-T)w /I 
2 ~ /I v /I + II tw /I ~2 , • 

Thus any C ~ 2 s,atisfies (13). 

Choose N large enough such that m-2pN < O. Then by the definition of nm 
p 

classes and formula (13) we have : 

(14) la<;B+la~ a~ a(v+tTw, v-t(1-r)w,<;)1 

~ Cel (1+ Ilv+tTw /I + Ilv-t(1-T)w/i + /1<;/1 )m-2pN (1+ IItw II) m'+2pN 

From (13) we have 

C 1 ( /I v /I + II tw /I) ~ /I v+ trw/l +11 v- t ( 1-1) w /I 

and thus 

C-
1 

(1+ IIv/i + /ltwll + 11<;/1 ) ~ 1+/1 v+tTw/i +11 v-t(1-I)w/l + /lE;/I. 
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Since we have chosen m-2pN<O,we obtain; 

. Now (14) becomes 

a~+l a~ a; a (v+tTw, v-t(l-T)w, ~ )1 

~ Gel d 1 + II v II + IItw II + II ~ II )m-?p N (1 + II tw II )m!t2pN . 

Since in the definition of um classes, any sufficiently" large exponent 
p 

m' is "good", we may assume that m'+ pN>, 0 and m'+m> O. Under these 

assumptions we have 

(15) (1+ /Iv II + IItw II + II~II )m-2pN (1 + IItwll)m'+2pN 

~ (1+ IIvll + IIw II + II~II )m-2pN (1+ IIw II)m'+2pN • 

We shall justify (15) by using the methods of calculus. In fact we 

shall treat the left hand side '(LHS) of (15) as a function of t(tE[O,l] ) and 

then differentiate to obtain the extrema : ' 

Let I/W II = a > 0 and 1/ v II + II ~ If = b> O. Then LHS becomes 

g(t) = (1+ta+b)m-2pN (1+ta)m'+2pN 

and . g'(t) = (m-2pN) a(1+ta+b)m-2pN-1 (1+ta)m'+2pN 

+ a(m'+2pN) (1+ta+b)m-2pN (1+ta)m'+2pN-1 

Let g' (t) = 0 for extrema, then 

(m-2pN) (l+ta) + (m'+2pN) i1+ta+b) = 0 

thus ta(m+m') + (m'+m) + b(m'+2pN) = 0 • 

.- .-
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Since we can choose m' such that m'+m >O and m'+2pN> O,we conclude that 

g(t) has no lo.cal extrema on [O,n and g'(t»O for t( [O,n.Thus the 

global maximum of g(t) occurs when t = 1.This yields (15) • 

Thus we have 

. I 11+"1 11"1 ( T -(16) a~ . ax ay a v + t w,V -t (l-T)w,~ ) 

Therefore, 

( 17) f1 (allHall a"1 ) a (v+tTw,v-t(1-T) ,~) 
o ~ x y 

x (l_t)N dt I 

~CCIl"1(l+lIvll + IIwU+II~1I )m-2pN (1+lIwll)m'+2pN 

x f (1_t)N-1 dt 
o 

The estimates in (17) .also hold for partial derivatives. The proof of this 

fact is analogous to that above. The inequality (17) implies that the integral 

remainder belongs to Il
m-2pN ( lR 3n) and thus (3) is proved. 
p 

The inequality (17) and the remark implies that all the assumptions of 

Thoerem 1.3.3 are satisfied. Thus the asymptotic expansion (3) is true . 

. This completes the proof. 
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1.7. CONCLUDING REMARKS . 

Accord i ng to Theorem 1. 6.6 every a € 11m ( ",3n) b I p .' '" can e rep aced by a functi on 

with an asymptotic expansion given by formu 'I'a ( 3) • 

Conversely, given a formal asymptotic expansion in rm classes, 
p 

1: 
1 TIIlI (1-T) 1~lall+O(_D )Il D~ a(x,y, I; ) I Il! ~! I; x Y 

Il~ y=x 

in (3) we can apply Thoerem 1 .3.2 to construct a. symbol. 

- -1 _1 rllli (1-T) I ~Iall+~ bT (a, 1;) = 1: cj. (t(""Il) (x, 1;») Il!~! 
Il ~ !; 

by taking.a {t(",.Il)}sequence arid the regularisation function <v(x,!; ) 

in (R). of Theorem 1.3.2 . For any ·two different {t(", Il)}sequences, the 
, 

correspondi ng ampl i tudes differ by a func'tion from s(lfn). Furthermore for 

the corresponding pseudo-differential operators A, A € 11 Gm(JR n) one has 
. p 

A - AEG-=(JJ~n) or equivalently A-A has a kernel from S(R2n ) . . 

We ther~fore conclude that two pseudo-differential operators with the 

same asymptotic expansion differ by a smodthin~ operator or by an 

operator with a kernel from SOR2n ). 

These resulti define a one-to-one correspondence (mod smoothing 

operators) between the. n~(II<3n)ClaSSes and a set ?f asymptotic-expansions 

in rm(JR2n) classes 
p 

.. 
and thus' a one-to-one correspo~dence between the 

m n nGpOR )operators and the GmORn) t d t f G-=ORn). p opera ors mo opera ors rom 
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This correspondence will .be extended to an algebra of symbols (transpose, 

adjoints and compositions) and th.e algebra of the corresponding pseudo­

differential operators in the next chapter. 

We close this chapter with an example. 

, Example 1.7.1. Let A u(x) = l.: a,,(x) D~ u(x)~ Ut S (JRn) 
I"hm 

c. 

with the symbol 'a(x, f;) = l.: 

l"l,;m 
a (x)f;" ( 
" 

We shall determine the I-symbol, GA,! '(x, f;), GA ,r (x, f;) and 

We apply (3) of Theorem 1.6.5 directly. We have 

_1 .... 1~la~ (-D )s a(x ' ,,) 
~ , ! \ 1; x ,~. 

Since differentiation with respect to the f;-varia~le can be done up to 

lsi =m it means that the asymptotic expansion above is in, fact finite ,i.e. 

the remainder term is zero. 

Therefore 

Letting 1=, 0 in (1) we are compelled to set I~I= 0 to get a non-zero term. Thus 

= a(x,~ ) . 

The above observation suggests that if a symbol depends on the x-variable, 
a natural thing to do is to tr.eat it as a left symbol. 
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When r = 1: 

b 1 (x, 1;) (x, 1,;) L 
( -1) I ~ I g.! D~ a (x) '" -~ = rJA,r = 1,; 

~ ~ a, ~! (a-~)! X a 

lal~ m 

and when T = y, 

by, (x, 1,;) = rJA,w(x, :1,;) = L 
(-1 )1~la! 2-1~ID~ a (x) 1,;<>'- B 

~ ~ a ~! (a-e)! X a, 

lal~ 

In particular for a constant coefficient differential operator, we see that 

aa(x) = aa = constant. Therefore differentiation on the x-variable results in 

a zero ,contribution to the sum in (1) and thus we are led to choose 161= 0 and 

hence 

= a 1,;a • 
'" 

This fact suggests that every symbol of a constant coefficient differential 

operator should be treated as a left symbol. 

Example 1.7.2. Consider once again the differential operator 

A = L a (x)Da 

1"I';m a X 
,where the coefficients aa(x) are polynomials j ,n the 

x-variable .The left symbol of A is a(x,1,;) 
, a 

= L a (x)1,; as suggested in 
1,,1::: m " 

the preceeding example.Now we shall develop a formula for determining the 

left symbol of differential operators similar to A and then extend this 
m n result to r.GpOR ) operators. 

Observe that, 

= e-iXF;( L a,,(x) F;a )eiXF; 
lal~ m 

" = L a,,(x)E; 
lal::: m ' 

= a(x,F;). 
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Hence for differential operators,the left symbol can be determined by the 

formula ; aA,I(X'~) = e-ix~(Aei(·)~)(x). 

We now extend the above results ,to the 'G~(rnn) operators. Let AE.G~ORn),we 

shall show that the left symbol aA,I(x,~) of A is given by, (mod S(rn
2n

)) 

C1 A, I ( x,~) = e - i x ~ ( Ae i ( • )~ ) ( x ) • 

Ini tially we cssume that a(x,y ~ ) = 0 if Y ~ K, K compact 

Au(x) = (2.)-n If ei(X-'Y)~a(x,y,~)U(Y)dYd~, UE SORn) and a(x,y,~hn~(rn3n). 

Thus II e-ixe(Aei(.)s)(x) = (2.)-n 

= (2.)-n If 
put ~-e=n then d~ = dn. 

i( x-y)~ -ixe iye 
e ~e a(x,y,~)e dyd~ 

SO'e-ixe(Aei(.)e),(x) -- (2n) ~ n II .( ) e1 x-y na(x,y,n+e)dydn. 

Let z = y~x ,then dz = dy. 

-izn e a(x,z+x,n+e)dzdn 

Expanding a(x,z+x,n+e) about n=O,we obtain; 

a(x,z+x,n+e) = 1: 1., a"a(x,Z+x,e) n" + RN where 
I" 1 ~ N-1 ". e 

1 "110. ' N-1 RN. = 1: -,N n aea(x,Z+x,n+te)(1-t) at. 
lo.l=N o.. 0 

Hence, 

e-ixe(Aei(.)e)(x) = (2n)-n 1: If e-izn(:~) a~a(x,z+x,e)d:d_n + RN' 
. , ' I" 1 ~ N-1 

where, )-n If -izn (1) •.. RN =(2. - e -- Rildzdn. 

Using the results of formula (9) of Theorem 1.6.5.,we obtain; 

(2n)-n If e-izn(~) a~a(x,z+x,e)dzdn = ~D;a~a(x,z+x,e) Iz=o • 

Therefore, -ixe i(.)e 1 a a 1 
e (Ae )(x) = 1: ~!Dyaea(x,y,e) x=y + RN ' 

lo.l~N-1 
where RN is given by formula (1). 

Finaly,we have to show that RN E .~-PNOR3n).we · argue as in Theorem 1.6.5. to . 

establish this result. 
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N f ) N-1 '" '" { 1 RN = l: 1 (l-t D 0sa x,y,s+tn) dt. 1 ",I = N "', Y x=y 

Now, 

iD;o~a{x,y, s+tn) 1 < c",<x,x,s+tn>m-2p l",l.<x,x,s+tn>ril'-2PI ",1 

We then argue as in the expression (17) of Theorem 1. 6.S.,that 

ID;o:a{x,x,s+tn)1 < C",<x,x,s>m-2p1 ",I<x,x,e>m'+2p1 ",I+m 

Therefore " 

e- ixe {Ae i (. )e ) (x) = 
as 'required. 

To extend this result to any n{X,y, 

as applied in the Appendix D. 

~)E nm (1R3n ) we use the regularisation 
P 

-- .-
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CHAPTER 2 

SYMBOLIC CALCULUS --

This section is devoted to the study of the algebra of symbols and the 

algebra of their corresponding pseudo-differential operators .We shall 

study transposes ',adjoints and compositions of these operators. 

A celebrated result is that the Weyl-symbol yields a clean formula as 

far as ·transposes and · adjoints are concerned. For the composition of 

symbols ,we shall use the left-symbol Quite often because it furnishes 

us with a nice illustration of this concept. 

We shall begin by establishing a relationship between the T-symbols 

for different values of T.This result will be .of vital importance in 

our .discussion here. 

2.2 RELATIONSHIP BETWEEN THE T-SYMBOLS FOR DIFFERENT VALUES OF t. 

Theorem 2.2.1. Let 0.,: T; T1,> 1. Then the symbols 

bT(X,,~) and b-r (x,l; ) ;atisfy the following, · 

(a)--- bT(X,r;!- L ~;2~IBITIIlI(I-T)hITltl('-TI)lllla~+'YD~+'Y b
T 

(x,r;) 
Ily .,. .. 1 

and when 1l+'Y =o.,then 

(b)--- bT(x,r;)-~ CJl~D>Tl(X'1:) 

where, 

(c)--- Co. 
, ' III I 

= L (_1)1':'. (T( 1-T ))11l1 (( 1-·0r JI'Y I 
~ 1 1 

Il+"(= a 

Proof : 

Letting a(x ,y ,r;) = bT [( 1-r1)X + T,y,l;} in Theorem 1.6.5. we get 
1 

bT(x,r;) - L 
1l'Y 

=L _1_ TIIl I(I_T)IrI(I_T )IBIT lrl aB+Y (_I)IBI.B+'Yb ( <) 
Q Il!r! 1 1 r;Ux T X,,, 
y y , 1 

after applying the chain rule.On simplifying we obtain', 
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b ( I;) \' (_1)l
a

l [(1-1 )T] lal [(1-1)T ]Iyl (j1i+Y[Oa+Yb (x <)] 
T x, - a; a h! - . - 1 - 1 I; x T 1 ,,> 

which proves (a) . . 

When a+y= a ,the formula (b) follows immidiately by letting 

lal - . 
Ca = 1: (-11 I [(1-1 )d,al [(l-nn lyl 

a+y=aa,y. 1 1 

Now we are going to improve the results of Theorem 2. 2.1. 

Theorem 2.2.2. Under the assumptions of Theorem 2.2.1 we have, 

(a) --- bT(x,l;) - I 1 (T -1) lalaaOab (x r,:) 
a a! 1 I; X T1 ' 

Proof 

We shall use the binomial formula; 

(b) --:.. (x + y)a = \" a! xYl 
l. B! y! 

n , for X,YEIR . 

B+y = a 

Now let X= (1-T)T
1
e and y= (1-T

1
)'(e ,where e = (l, ••• ,1)ElRn 

Applying (b) to Theorem 2.2.1 we get 

(1 _T)lal = t a!(~1):BI [(1-1lT ]Iyl [(1-1 )tJIBI 
1 B+y=aa.y, 1 1 

We observe that Ca = 1 (T _T)lal and thus (a) is established. a! 1 _ 

2.3 . TRANSPOSE OPERATOR 

Oefine (u,v) = I u(x) v(x) dx 

Given a pseudo-differential operator AE G~(IRn) acting on the sp~ce S(lRn) , 
. t 

we define the transpose operator A of A as follows: 

(1) --- (Au,v) = (u,tAv ) for every U,VE S(lRn) • 

Now 

(Au,v) = (2n)-n Iff ei (X-y )l;b
T

[(l-T)x + Ty,l;]u(y)v(x)dydl;dx 

Since the interpretation on y yields a function of from S(lR
n

) we have 

(Au,v) = (2n)-n fffei(x-y)1; ~- [(l-Tlx+TY,I;] u(y)v(x)dydxdl; 
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since u,v ES(R
n

) and br has a polynomial growth in x and y. Finally, integration 

on x yields a function of r;;from S(IRn), thus, 

(Au,v) " (2.(n Iff ei(y-x)r;; bT [(1-T)x+TY,-f;] u(x)v(y) dxdr;;dy = (u~Av) 

Therefore " 

(2)--- tAv(y) = 

where T' = 1-T . 

Thus the symbol of tb,(X,I;;).= b1_T(x,-I;;). Consequently we get from Theorem 2.2.2 

the following asymptotic formula for tbT(x,r;;); 

If r = 0,1 .and ,1/2 we get 

"t (Xof;) = 
, A ,I 

(b)--- "t (x ,r;;) 
A,r 

= t b1 (x, r;;) - 1: ~ , a~ D~b1(x ,-I;l 
, a 

"t (x,r;;) = 
A,w 

Proof 

(respecti ve Iy). 

That tAt Gm( JRn) follows from (2) since b
T

, (x ,-I;;) t 

To prove the rest of the theorem, we employ the results of Theorem 2.2.2, 

We have, 

tbT(X of; ) '': bT, (x,-r;;) ~ ~ a! (T' -·0 lala~D~b1_T' (x,-d . 

Letting T = 1-T' we get (a). 
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Formulas (b) follow form (a) with T = 0,1 and 1/2 respectively.When 

T = 1/2 ,then T' = 1/2 and thus T'-T = O.Therefore we get a 

nonzero contribution :only when lex 1= 0 a'nd this gives formula for ""t (x,~). 
A,w 

Remark: The formula for 0t (x,~) shows clearly that it is obtained 
A,w 

directly from 0A,w(x.r;} upon replacing ~ by -~ . 

2.4 ADJOINT OPERATOR 

To define the adjoint operator A* of A,we shall use the hermitian product 

(3)--- (u ,v) = J 
For the pseudo-differential operator AE G~( Rn} ori S( lRn}, we define 

A* as follows: 

(4}--- (Au,v) = (u,A*v) for U,V(S(lRn). 

Applying (3) in (4) we get: 

(Au,v) = (2.}-nJJJ ei(X-Y}~bTr(1-T}x + TY,~Ju(y}~) dyd~dx 

= J U(Y}~2.}-nff ei{y-x)r;bT [( 1-t}x +Ty '~]V(X}dXd~J dy 

= (u ,A*v). 

Therefore, 

In the same way as for the transpose operator ,we get the following 

theorem: " 

Theorem 2.4.1 If A (G~( lRn) then A* £ G~( Rn} and the t -symbo I bTl x r. } 
of A* is given'by: 

(a}--- bf(x,~) = b1_T(x,~} 

a nd therefore 
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The proof of Theorem 2.4.1. can be obtained by direct application of 

Theorem 2.2.2. and the definition of the adjoint operator in the discussion 

above. 

When T = 112,whicti correspMds to the Weyl-symbol , ' we ob,serve that the 

factor (1-21) = O.Thus in the formula (b) above,weget a nonzero 

contribution· to the sum when lal = O.This observation yields the 

following corollary; 

Corollary 2.4.2. If AE Gm( lRn) · then 

where 0A and · ° are the Weyl-symbols of A and A* respectively. ,w A* ,w 

Remark: From Corollary 2.4 .2. we conclude that A* = A 

if and only if 0A,w(x,~) is real-valued. 

Example 2.4.3. Consider once again the differential operator of 

Example 1.7_2. that is 

with a symbol . a(x,d = 

bf( x, F,;) and bi/2(x,F,;). 

Au(x) = L · · '1.(x)~u(x) foruE.S(R n)· 
lakm. . . ' 

. L a(x)F,;a € r~( JR2n) *). We shall ct'etermine 
lal~m . a 

By formu I a (b) of Theorem 2.4.1 · we obtain 

r .!. (1-21)IBI DB~) a! F,;a-B 
. B~a B! X a (a-B)! 

= 

lal~ m 
L (;, )(l_2T)IBID~aa(X)F,;a-B 

. B~a 
= 

lal~m 
When T = 1/2,we see that a nonzero · contribution to the sum is only when 

la I = O. Therefpre, 

=a(x,F,;) . 

*) See Example 1.5.1. 
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Furthermore ,we observe that in the case of a dHferential operator ,the 

asymptotic expansion of the transpose and adjoint are exact formulas; 

in other words their remainder terms turn out to be zero. 

2.5 COMPOSITION OF PSEUDO-DIFFERENTIAL OPERATORS IN mn 

Theorem 2.5.1. Suppose A' ~ Grn,. (mn) and A" E 
p 

A'oA" £ Gm. , + m.( Rn) and if bT'(x,t;) is a 
p 1 

a T2 -symbol of A" ,then the T-symbol ,bT(x, r:;) 

T1-symbol of A' and b~(X ,~) 

of A.lo,A" has the following 
- .. -

asymptotic expansion; 

.' 
(a)--- br(q;)- I Cafl6(a~D~b+(x,E;))(a~D>T.(x,~)) 

a!\y6 y 1 2 
a+y=il+6 

where the coeffic ients Cafly6 ,depend on T ,T1 and T2 only,C oooo = 1. In 

particular 

bT(x,~) - bt,(x,~)bTix,~) c r;:,+fn 2-2P(mn). 

Proof 

We shall prove the theorem for the special case when 1"1=0, and T2 =1. This 

particular case simplifies our calculations considerably. In this case the 

pseudo-differential operators A' and A" are given by; 

{b)--- A"u(x) = (2·)-n JJ ei(X-Y)E;bl(y,~)U(Y)dYdE; 
or equivalently, 

Similarly, 

{d)--- A'v(x) = (2.)-n Jf ei(X-Y)~b6(X,~)V(Y)dYd~ 

= (2.)-n f eiXE;b6(x,~)Q(~)d~ 
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Applying the definition of composition of operators we get; 

.' 
(e)--- A'oA"u(x) = A'(A"u(x)l 

= (2X)-nf eiX~bo(x,~)(~(~))d~ 

= (2 n)-n feiX~bo(X ,~)( fe-iY~b'i(Y ,qu(y)dy)~ 

= (2x)-n If ei(X-Y)~b6(x,~)b'i(y,~)U(Y)dYd~ 
Hence the composition operator A'oA" has the symbol; 

Thus A'oA" E G~ + m,( JRn) • 

Using formula (3) of Theorem '.6.5 we get 

- '-

(g)--- bT(q)-I t'~1~11IBI('-T)lrla~+Y ~b6(x,~)D;b'i(Y,~)}ly=x 
B 'Y' • .. 

Now we use the Leibnitz Formula to establish the required results: 

Finally we have 

This proves the theorem for T, = D and T2 = 1. To obtain a ggner'al case 

of the theorem that is for any T, and T2 ,we use Theorem 2.2.2 . to express 

bO and b, in terms bT and bT and substitute into formula (h). 
, 2 

In particular if T = 0 we get the following theorem;' 

Theorem 2.5.2 Under the assumptions of Theorem 2.5.' we get; 
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Proof: 

Follows from the fact that when T = 0, we get a nonzero contribution to 

our series provided III I = 0 in formula (h). 

We shall derive the composition formula for the left-symbols independently 

because they will be of vital importance in the development of our 

discussion. 

Theorem 2.5.3. Under the assumptions of Theorem 2.5.1. we get 

(a) - -- bO(x,f,;) - L ~! (j~bo(x,f,;iD>O(X'f,;); 
2n 

The symbol bO(x,f,;) mod S(IR ) is called a composition of synbols b~ and b~. 

Proof: 

From the definition of A' and A" we have 

A'u(x) = (2.)-n ii ei (x-y )f,;b6(x,f,;)u(y)dYdf,; 

A"v(x) = (2.)-n If ei(x-y)f,;bC;(x,f,;Jv(y)dydf,; 

Using the identity t(tA") =A" we express the operator A" in terms of its 

transpose symbol. 

A"u(x) = (2<)-n JJ ei(x-y)f,; tbC;(y,-f,;)u(y)dYdf,; 

where, 

(b)--- tbC;(Y,-f,;) - L ~! 
a. 

a~bC;(Y,f,;) (by Theorem 2.3.1.(b)). 

Thus we have; 

and 
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Therefore, 

(A'oA")u(x) = (2.)-nf eixf; b6(x ,~)(.:;;(f;)df; 

= (2.)-n f eixf; b6(x ,f;) (Je-iY~ tbO(Y ,-f;)~(y)dY)df; 

= (2.)-n Sf ei(X-Y)Cb6(X,f;)tbo(Y,-C)U(Y)dYdf; • 

Let a(x ,y ,f;) = b6(X,C)tb8 (y ,-C) ,then we get (forT = 0) from The,orem 1.5 . 5. (2) 

Substituting the asymptotic formula for t b8 (x,-f;) ,namely 

(-1)1 ~ 1 
t b8 (X,-f;) - L a! o~O~bo(x,f;) 

e 
we get, 

-r (-1)le l a 
·L aiel Of; 
a~ . • 

Using Leibnitz Formula we obtain, 

- L (_1)1 13 1 
a~ a! ~! 

Let 6 + e = II ,then 
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= 

Clear ly (e - e)1l = 0 for \.I # (0.0 •...• 0),: 

So ~e get a' nonzero ~ontributLon ,to the last expression only if \.1= (0.0 •... ,0) 

and this implies that 6 =a = (0,0 •... ,0) .Hence 

bO(q;) - L ~! 6~b6(x,<;)D~bO(X;;) 
'Y 

Example 2.5.4. 

as required. 

a"(x,<;) = . Suppose A' , and A" are pseudo-

differential operators with left symbols a'(x,<;) and a"(x,<;) respectively. 

We sha ll determine the left ' symbol of the composition operator A = A '0 A" 

Put b6(x,<;) = a'(x;<;) and bo(x.<;) = a"(x,<;).By formula (a) of 

Theorem 2.5.3 we get 

- L .!.la~bo(X,<;)Dabo (x.<;) 
lal~ 2a. x , 

In this case differenti~tion on the <;-variable can be done up to the 

second order only. Therefore the ' symbol of the composition operatOr 

becomes 
2 

- L 
j= 0 

= 
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,Since the subsequent terms in the expansion above improve at infinity 

upon differentiating,we conclude that A'oA" - I + K,where I is an identity 

operator on S( mn) and K is some integral operator with a smooth kernel . 

We shall dicuss these type of examples in the section on hypoelliptic 

operators. 

- ,-
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CHAPTER 3 

BO~NDEDNESS AND COMPACTNESS OF PSEUDO-DIFFERENTIAL OPERATOS ON L2(IRn) 

3.1 INTRODUCTION 

In this section we study boundedness and compactness of pseudo­

differential operators in rnn in order to use it in the spectral 

analysis of Chapter 5 . 

. Important results in this section are that every A ( GO( rnn) p , 
, 2 

extends to a continuous or bounded operator on L (rnn) and that 

A € G~ ( rnn) (m < 0) extend s to a compact operator on L 2 ( rnn). 

Consider a pseudo-differential operator AE G;(· rnn) with aT-symbol 

b.,.( r'l1( rn2n ). In other words ,for u € S( rnn) 
L P , 

(1)--- Au(x) = (2.)-n JJ ei(x-y)E; bT[( 1-r)x + LY,E;lu(y)dydE; 

Assume further that b-r(V,E;) £ S(R2n ).Then we· can integrate on the 

E;-variable first in (1) and ,get 

Au(x) = f {{2. )-n J ei (X-y)E;b
T 

[( 1-TIx + 1y, E;]dE;)u(y)dy 

= J KA(x,y)u(y)dy 

where, 

,where F- 1 is the .. inverse Fourier transform on S( Rn) and the arrow (-) 

indicates that we pass from the E;-variable to the (x-y)-variable.Clearly 

K A (x ,Y) f S (rn2~ . 

It is apparent from . the above calculations that if we have a pseudo­

differential operator A with aT-symbol b-r ( S( ~n) then it has a kernel 
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KA(x,y) E S(lR2n) given by (2). 

The question may arise as to how can we rediscover br if we a pseudo­

differential operator A with a kernel KA(X ,y) E S(lR2ri)? We simpli -~onsider 

the Fourier Transform tF) applied to (2) with a change of varia'bles 

v = (l-T)x + 1y and w = x-yo This yields 

Thus we are led to conclude that every pseudo-differential operator A 

with kernel KA(x,y) ( S( JR2n) has a r-symbol b
r 

E S( R3n ) given by (3). 

The converse is also true. 

In particular for the Weyl-symbol (·r = 1/2) we have 

The above discussion is an introduction to 'the anti-Wick symbols. , 

3.2.ANTI-WICK SYMBOLS 

We shall first present a scheme that will aid us in defining the anti-Wick 

symbols. 
2 

Let <1>0 (x) = n-n/4 e-x /2 

Clearly ~ (x) ( S( JRn) and also, 

2 
11<1>011 2 n 

L (JR ) 

= 1 , 

and 

since 

(F<I>o)(~) = -;-o(~) = n-n/4J e-ix~ -//2dx 

2 _ n -n/4 e -~ /2 

It is clear that K(x,y) E S(lR2n). We now show that Po as def i ned above 
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is the orthogonal projection onto the subspace of L2(~n) spanned · by ~ . 

Next we show that p . i-s orthogona I. 
o . 

Now from (1) taking u(x) =~o(x), we get 

2 2 
C = n-n/4 f e-y /2 (n -n/4 e-y /2) dy 

2 
= n-n/2 f e-y dy 

= 

Thus Po ~o(x) = ~o(x). 2 This proves that Po .is orthogonal since Po = Po 

and evidently (P" u ,v) = (u ,P" v) on stIRn) and this completes the proof. 

(Note that the kernel of ~ is teal-valued). 

Let us now determine the Weyl-symbol of our operator Po with kernel 
2 2 

K(x,y)= n-n/2e-(x +y, )/2. we shall apply · formula (4) of section 3.1 

directly. 

Observe .· further that F v~{e -a i)= (n/a) n/2e - f! /4a 

Hence for K{x ,y) above we get, 

,a> o. 
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or equivalently, 

Next · cons ider. the function 

a [(x-x o), (~- ~o)] 
W . 

= 2n e-[(x-xo)2 + (~_~.)2] 

( 2n where Zo = xo,f;o) € 1R .Let PZo be the operator with the Weyl-symbol 

a!C(x,~) · .Then we write 

(5)--- P~ou(x) = rr- n JJ ei(x-Y)~e- [(x_Xo)2+(~ ... ~)2L(Y)dYd~ . 

Furthermore,let us introduce the operators M~ and Tx defined as follows; 
o 0 

!
M u (x) = 

(6)--- ~o 

TXou(x) = u(x-Xo) for 

Evidently M~ and Tx
o 

are unitary operators on L2(Rn) .We shall show that 

Pzo is unitarily equivalent to ~ by using M~o and Tx
o

' 

. Proposition 3.2.1 If . UZo = U ( ~) = M~ T Xo ,~o ~o Xo 
then 

Proof: 

n 1 -1-1( Take u € S(lR ) .Then U;ou(w) = TXoMF;o U w) 

i.e. 

e-i(W+xo)~o ( ' ) 
= . u w+xo 

so, 
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- --

and thus, 

Put XoYW ~ y,then dw = dy.Hence , 

(U
z

/
o 

u;.>)(X) = l1-n JJ eiX~oei(X-Y)~e-{(X-Xo)2+~2} e-iY~(j(Y)dYd~, ' 
. 2 2 

= l1- n Jf ei(x-Y)(~+~o)e-{(X-Xo) +0 u(y)dyd~ 

= l1- n JJ ei(X-Y)~e-{(X-Xo)2+(~_~.)2}u(i)dYdf; 

= Pzou(x) 

after making a substitution ~+f;o = 11 and ~o = 110 • 

Since P is unitarily equivalent to eo ,we conclude that Pz is an 
Zo 0 

orthogonal projection onto the subspace of L 2(JRn) spanned by Uzo~o: 

Now we are in a position to introduce the anti-Wick symbols.Take 

a(x,~) E rm(R2n) and define the operator; 
P . ' 

(W)--- Au(w) = (2~)-n II a(x,f;)(P(X,f;)u)(w)dxdf; 

= (2~)-n Jf a(x,f;)((2~)-n If ei (W-Yl'ltlSX,f;)(y,l1)u(y)dYdl1)dXdf; 

=. (2~)-n JJ ei(w-Y)I1{(2~)-n JI a(x,f;)aSX,f;)(Y'I1)dXdOU(Y)d~dl1' 

where a~x'~)(Y'I1) is given by (4). 

Observe that if u € stIRn) ,then (p(x,~)u)(xo) E S(JR2n) as a function of x ~nd 

~ .Thus (W) is well-defined. 

Definition 3.2.2 . . The operator (W) is called an operator with an 

anti-Wick symbol a(x,~).We .shall write aW-symbol for anti-Wic~ symbol. 
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The relationship between the T-symbol and the aW-symbol is contained in 

the theorem below.This theorem furnishes us with a formul,a for determining 

the Weyl-symbol of a pseudo-differential operator from its aW-symb61 and 

also gives the asymptotic expansion of the T-symbol in terms of the 

aW-symbol of this operator. .- --

Theorem 3.2.3. Let A- be an operator with an aW-symbol a(z) = a(x,~) £ 

rfli(JR2n ).Then A ( Gm(JR n)' and the Weyl-symbol of A is given by 
p p 

' ( 1)--- bw(z) = IT- n J e-lIz-z'1I2a(z')dz' 

2n 
(recall IIz-z'1I 2 = L Iz , -z! 12 

'1 1 1 1= 

Moreover ,the T-symbol br(z) of A has the following asymptotic expansion; 

(2)--- br(z) - L Caa~a(z) 
'a 

where Ca are constants dep'endent on r and a with Co = 

for lal odd.In particular 

' (3)--- br(z)-a(z) , r m-2p (IR2n) E. • , P 

Proof: 

and Ca = 0 

Formula ( 1) follows directly from (W). Explicitly we have 

bw(y,n) = (2.)-n Jf a(x,~),,~X,f;)(y,n)dxdf; 
= (2.)-n fJ a(x ,f;)2ne~ {(y_x)2+(n _~)2}dXdf; 

2 
= IT-nJf a(x,f;)e-lI(y-x,n-f;)11 dxdf; , 

" 2 
= IT-nJ] a(x ,f;)e- II (Y,nHx ,~) II dxdf; • 

Put (X,f;) = z' . and (y,n) = z, then (1) follows immediately. 

Next consinder the·Taylor Expansion of a(z') about z. 



.5.4 • 

(4)--- a(z') = t ..!)a~,a)(z)(z'-i)a + RN(z' ,z) 
la I~N-l a. 

where, 

(5)--- RN(z' ,z) = r C;(z'_z)a I~;,a[z + t(zi- z )]( l-d- 1dt 
la I =N 0 . 

Substituting (4) into (1) we get 

(6)--- b (z) = r c aaa(z) + RN 
w la I ~N-l a Z . 

where, 

, 
andu = z'-z . 

From (7) we get Co= 1 and when la lis odd, then the integrand is an odd 

function and thus the integral vanishes over nfn .Hence C =0 for la I 
a 

odd. 

The re~ainder term takes the form, 

We shall show that RN(z)E rm-pN(R2n).It is;enough to estimate the terms 
p . 

(9)--- o~RN(z) = 101 
u"e-lIuI12(a:a)(Z+tU)(l_t)N-ldU dt ,where 

(9' )~--Il =a+y and III 1= N+ hi 
In fact we need to estimate; 

2 
(10)--- I (z) =fuae-liull (olla)(Z+tu)du 

all Z 

We shall estimate Iall by splitting the integration ·. overIRn .as foll ows; 

IR
n 

= III u II ~ liz 11/2) U III ull > IIzll 12} then, 

J u
a 

e-lluI12(o:a)(Z+tU)dU . 

lI u llilllzll/2 

We can choose N sufficiently large such that m- (N+lrl) = m-11l1 ~ O. 

We have, 



·55. 

fo~ Ilull $ IIzli/2 

for .lIuli >- IIzli/2 

In. fact, if m- pia I ~ 0 then <z+tu> ~ <z> and the inequal ity is true. 

If m-p la I .> 0 then <z+tu>~<2.z> for . lIuli ~ liz 11/2 and thus <z+tu> ~2<z> 

Th i s proves the inequal i ty for II u II ~ II z II /2 and every a. The inequa Ii ty 

when II u II >- II z II /2 follows from the i nequal i ty <z+tu:> ~ 2<z> <tu>$ 2<z><u> 

Therefore (Ia I = N), 

~ 2mc
a
<z>m- la l J <u~ e-lIul12dU + 2mC

a
<z>m f <u:!'+me-lIuI12dU 

lIuli ~ IIzll/2 · lIuli ~ IIz ll/2 

J <u~+me-lIuIl2dU 
~ IIzll/2 

where eN = J <u~e-lIiJI12dU 
lIuli ~ liz 11/2 

The integral 
2 J <u~+m e- liull du ,yields a function of the variable z from stIRn). 

lIull >- Ilzll/2 

Using polar coordinates we get 

2 f <u~+m e- lIull2du 

lIull >- IIzli/2 

V f N+m+n -" d 
~ <,,> e ", 

,,~ II z II /2 

h . IRn 
where V = volume of the unit sp ere In . 

Now let 0 = ,,- II z 11/2, then 

2 . '" 2 2 f <,,~+m+n e-" .d" < f <o+lIzll/2~+m+n e- o -lizil /4 do 

" ? II z II /2 0 

2 '" 2 
. = e- lIzll /4 2N+m+n <lIzli/2~+m+n 1 <o~+m+ne·Odo. 

This proves that ' the integral defines a function of the order. 



.56. 

2 ' 
Ce- lizU /4 <lIzlI/2>N+m+n :' which belongs to S(lRn) (C= some positive constant). 

We conclude that a'YR (z) E rm-p(N+I'f1 ) (lR2n) . , z N p . • 

Next we study some of the properties of the operator A in (W) ~ ' - We 

consider the special case . when A is a ~ositive . operator and then 

deduce itsL'2-norm estim~tes. First we recall the definitlon of a 

po s itive operator. 

Definition 3 . 2.4. A symmetric operator T on a Hilbert Space H is said to be 

positive if (x,Tx) ~ 0 for all'x in D(T).We denote this by T;::D . 

It is strictly positive ,if (x, Tx) > 0 for all dO, x from D(T). 

We shall denote this by T> o· or 0 <T.For any two operators A and B we 

, sha\l write A< B if B-A >O.Similarly A< B if 0 < B-A. 

Proposition 3.2.5. Let ' A be the operator of Definition 3.2.2. and 

a(z) = a( x, l;) :;O.Then A i s symmetric and ~O i.e. (Au,u)?:O for all U( S(IRn). 
, ' 

,Pr00f: 

From (1) of Theorem 3.2.3. ,we ' get that Pzis unitarily equivalent to 

Po ,. Take u E S(IRn) ,then 

(Po u ,u) = n-n f (f e-(i+l)/2u(Y)dY)U(X)dX 

= n-n Ife-i12 u(x) ' dxl2?: O. 

In otner words ~ is a positive operator and thus we conclude ,that Pz 

is also a positive operator.Hence a(x,l;)p(X,I;) ;:: O.This means that, 

(Au ,u) ~ J (Au) (w)u(w)dw 

~ JJ a(x,F;)(p(x,t)u)(w)U(W)dXdF;dW = f J(P(X,f;)U) (w) u(w) a(x, 1;) dwdxdpO 

which shows that a is symmetric and non-negative. 
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We are now in a position to estimate the norm of A in L2( mn). 

(recall IIAIIL2(mn) = sup {~ 
is dense in L2( mn) ). 

Proposition 3.2.6. Let the aW-symbol a(z) of A be real-valued and 

sup { /a(z)/;ZE R2n} = M .Then A is a bounded operator on L2(mn) and 

I/AI/L2(mn) s sup (~(z)/ ;zE ]R2n) . 

Proof 

From the proof of Proposition 3.2.5 A is symmetric. 

Now su~ (/a(z)/ ;Z( ]R2n} = M implies that M-a(zh 0 and M+a(z) ~ o. 

Thus by Proposition 3.2.5.,it means that MI - A~O and MI + .A~O. Therefore 

A is bounded on L2(]Rn) and 

and thus 

as required. 

The following theorem is just the consequence of the latter. 

Proposltion 3.2.7. If a(z) in the above proposition is complex-valued · 

then 

Proof: 

We know that / Re(a(zll/ ~ /a(z)/ and /lm(a(z))/ $ /a(z)/ . 

Now let Band C be operators with aW-symbols b(z) = Re(a(z)) and 

c(z) = lm(a(z)) . respectively.The.operators Band C so defined satisfy 

the conditions of Proposition 3.2.6.Thus 
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and 

IiCIiL2(lRn) ~sup{lc(z)1 ;Z(lR2~) ~ suP{ la(z~ ;ZElR
2n

) 

Therefore 

consequently 

as requ ired. 
-.-

Now we shall determine the relationship between the T-symbol and the 

aW-symbol of a pseudo-differential operator.The following theorem 

tells us that every symbol a(z) Erm(JR2n) is also an aW-symbol of some 
p. 

pseudo-differential operator from the corresponding class.· 

Theorem 3.2.8. Let A' E G~(lRn).Then there ·is an operator . AE G~(lRn) with 

an aW- symbo I a (z) f ~(lR2n) such that A-A' £ Gm(lRn) . (Rec a II that A-A' £ G _m(iRn) 

if and only if A-A' has a kernel form S(lRn)). 

Proof: 

Let A' have a Weyl-symbol b'(z) (rm(R2n ).Consider an operator Ao 
r> 

with aW-symbol ao(z) = b' (z).Then by Theorem 3.2.3~ we have A'-Ao E Gm-2p (lRn) 
. p . 

Next .let Al be an operator with an aW-symbol a 1(z) equal to the Weyl­

symbol of A'-Ao.Then we have A'-(A o+A 1)£ G~-4P (lRri).continuing by 

induction we get a sequence of operators A.o .A 1 .A2 ••..• Ap with aW-symbols 

ao(z) .a 1(z) .a2(z) •...• ap(z) (respectively) such that 

A'-(Ao +A 1+A2+ •...• +Ap) E q:n-2pp(lRn).If ak(z) is the Weyi-symbol of the 

operator Ao+A 1+A2+.: ... +Ak .then (since b' (z)-ak(z) E r~-2pk(lR2n) and 
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m-2pk--m as k-+ m) we can find an operator with an aW-symbol a(z) such ' 

that (by Theorem 1.3.2.) 
m 

a(z) - I ak(z). 
k = 0 . 

we know that A-A' has a symbol from S(R2n ).Therefore A-A' is an integral 

operator with a smooth kernel and this completes the proof . 

. We are now going to present the main results of this section. 

Theorem 3.2 .9. Let A (G~(Rn).Then A extends to a continuous operator 

on L2(Rn ). 

Proof: 

By Theorem 3.2.8 we can findA(G~(Rn)SUCh that A-Ac,G-m(Rn). 

SO ' A = A+K,where K is an integral operator with a kernel 

k(X ,y) ( S(R2n ) .Since ii(z) ( r~(R2n) we then have 1<i(z)1 ~ C ,where C is 

some positive constant.Thus, 

sup{ la-(z)1 ;z ( ~2n)~ C.By Proposition 3.2 .6 . we conclude that, 

II All L2(Rn) '" C , 

and therefore, 
-

IIAII L2(JRn) $ IIAIIL2(JRn) + IIKIIL2(Rn) 

The above i nequa I i ty proves that A is bounded on L 2(]Rn) since A and K 

are bounded on L 2 (Rn). 

F ina lly we h'!ve 

Theorem 3.2 . 10. If At ~(1Rn) ,m <O,then A extends to a compact operator 

2 n . on L (R ). 

Proof: 

Suppose At G~(Rn) ,m': 0 wi'th an aW-symbol a(z)(~m(IR2f). Let x(z)€ ~(IR2n), 
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O~x(z) <.1, (. x(z) " 1 forllzll<1/2 and x(z)=O for IIzll> 1) . 

Put aL(z) = X(L- 1z)a(z) and AL be an operator with aW-symbol aL(z). 

Then 

sup {~(z)-aL (Z)I.iZE R2n)_ 0 as L_oo 

and 

la(z)l"c<z~m where'C is some positive constant.Thus given £>0 choose 

< z>>-M (M is some positive constant) such that C<z>m<£ ,(this is possible 

since m<O).Since laLI~lal we have laL(z) I <Efor <z» M. Then for every <z>~M we can 

choose L such that 

I a(z)-aL (z) 1<£ 

precisely 

la(z)-aL(z)t= la(z)- x(L- 1?)a(z)1 

= la(z)[ I ~_~X(L.-1z)1 

Therefore,for sufficiently large L, la(z) - aL(z)I<£,and a(z) = aL(z) for Izl < L. 

5 , ( 00 2n F lnce aL z). €Co(lR ) we conclude that AL is a compact operator. rom· 

Proposition 3.2.6. IIA-ALIIL2(lRn) "suPfla(z)-aL(z)1 ;Z'ElR2n}. 

Therefore IIAL - A II - 0 as L- 00 and thus A is also a compact operator. We have 

used the fact that a limit (in the norm) of a seque'nce of compact 

operators is also a compact operator. 
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CHAPTER 4 

HYPOELLIPTIC OPERATORS 

4.1 INTRODUCTION 

The class of hypoelliptic pseudo-differential operators in ffin is a subset ' 

of Gm(ffin) ~nd a special property that every hypoelliptic pseudo-differential 
p , 

op'erator has a parametr ix or pseudo- inver se. We shall study the construction 

of the parametrix of any such an operator. We shall employ 'the- .€lassical 

symbols to demonstrate the construction of this parametrix explicitly. 

4.2 HYPOELLIPTIC SYMBOLS 

Definition 4.2.1. We wri'te a.(z) E Hrm,m O( ffi2n) if 
p 

(1) a(z) e C"'(IR2n ). 

(2 ) there is a constant R> 0 such that for every multi-index 

a, there are constants C, C1 and C
a 

all positive, such that 

(H1) c (llzlllmo ~ I a(z) I ~ C1l1zllm. 

(H2) ID~a(z) I ~ Ca la(dllzll-plal . for IIzll > R. 

We shall denote by H~,mO(IRn) the class of pseudo-differential operators 
p 

with T-symbols belonging to Hr~,mO (ffi2n ) . 

Remark: H1 and H2 imply that a(z) Erm( ffi2n) and also H~,mocGm p , p p. 

Firstly, we give some properties of the Hrm,mo (ffi2n) classes. ,These 
p 

properties are contained in the Lemma below. 

Lemma 4.2.2. The classes Hr:,mO(ffi2n) have the following properties. 

(a) (i) ' If a(z) E Hrm,mO(ffi2n ) thena- 1(z)=1/ ~Hr-mO,-m(ffi2n) 
p a(z) p 

provided we multiply a- 1 (z) by cp(Z)E C"'(IRtln ) such that cp(z) ={D 
, , 1 

if IIzllsY, 

if liz 1I~1 
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(ii) If a(Z)EHr:,mOfJRzn) and a(z)EHr~"m~ ' (JRzn), then 

a (z )a'(z) E Hrm-Hll', m 0-r~ l ( JRZn) . 
p 

(i i i) 

(-y) I f A E HGm, m ° ( JRn) and R E Gm 1 (JRn) where m 1 < mo,' then 
p p 

A+R E H~,mo ~JRn). 

Proof: (a) (i). From HI it is clear that the following is true 

Cl1I1zll-m..s ,/.a-\z) / 2 C IIz/rlTb for IIzll > R. 

I t is enough to giVe the estimates for pa~tial derivatives.After expressing 

a"a- 1 (z) in terms of the partial derivatives of a(z) and using HZ we get z ' 

the required estimates; 

The proof of (a) (ii) follows immediately upon the application of the 

Leibnitz formula. 

(a) (iii) . write a(z) + r(z) = a(z) (1 + ~1~l ) 
From (i) and (i i) we have ~ g l E r: l -mo (JR2n) where ml-mo < 0 . - ­

Therefore 1 +r(z) trO(JRn). arzT - p - ' 

Observe that our task is simplified since we only ' have to prove that 

1 + ~)), E ' HrO,O since by (ii) we shall be in a po'sition to draw a\z . p 

the conclusion that a(z)(1 + r(z)/ ) E Hp11,mO(JRZn ) and thus establishing a(z) p 
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the required results. Really, from (i) and the definition of the 

r~-classes,'there exist some positive c~nstants C, and C2 such that 

(2)--- c,/iz/lm,-m'slr(z}/a(z)1 ~ C2 liz/lm,-m'.Since m,-m,<O,we conclude , 

that there are constants C' and C" , (both posltive)such that 

C' ~ I' + r(z) I < C" - ' arZT - , for IIzll~R (R>O) 

Also 
laa(, + r(z) )1 

z aTZT = 

applying Leihnitz formula we get 

la~(' + r(z)/a(z))1 = 

< 

< C""llz'll-plal, ° . SInce m,-m, ~ 
- a 

Hence' + r(z)1 e HrO,O(ffi2n ). This proves the required results. 
a (z) p 

The remaining properties follow from the relationship between symbols and 

their corresponding pseudo-differential operators. 

Remark: Property (a) (iii) tells us :that perturbation of a symbol by a 

lower class symbol does not alter its hypoelliptic class. Hence 

perturbati on of a pseudo-di fferent ial operator, by another pseudo-d i fferent i"a I 

operator from a lower class, does not change the hypoellipticity. 

By Theorem 2.2.2. we expect that if b1' ~ Hrm,m, (ffin) then 
, , p , 

bt E Hr~,m, (ffin) for any two different values of T, and t. This 

presumption is true. 
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b ~ Hrm,ll1o (1R2n) fO~ T p , 
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If for some 11 

all t~ (0,11. 

Proof: Since Hr~,m' I(1R2n) c r~(1R2n), we have b
T1 

(z) E r~(1R2n) and thus 

by Theorem 2.2:2. 

(1)---b (x;~) - I1, T a. 
a 

-- .-

Of course the leading term 'of the asymptotic expansion 

(1) is br E Hrm,m':(1R2n ). By property (a) (iii) of Lemma 4.2.2., we 
l' p 

conclude th'at bT(x,~) E Hrm,m'(1R2n l.. 
p , 

The acti'on of Hrm,m'.-classes on the spaces S(lRn) and S'(lRn) is the same 
p 

as for the rm-classes since in fact Hrm,m'(lRn)c rm(lRn). ' Hence we discuss p p p 

, some more i nteresti ng resul ts about the action of the Hrpm ,m, -c I asses on the 

function space S' (IRn). These results are contained in the Corollary 

below. We invoke the concept of a parametri x to prove these results. This 

concept will be discussed in the next section. 

Corollary ~.2.4. If A €. Htf1,m'~lRn), fur'thermore, UES' (IRn) and 
p 

Au f S(lRn), then u E S (IRn). 

Proof: We know that the map A:S(Rn)_S(lRn) is continuQus., Take the 

operator B which is also a parametri x of A, i.e. AB = I + R1 and 

BA = I + R2, where R1 and 

and I et Au = f E S (IRn) • 

F2 are both from G -~ ( IRn) • Choose u ~ S' ( IRn) 

Then B(Au) = Rf = u + ~u, hence u = Bf - R
2
U. 

Since B E HG~mo, -m(IRn),then BfE S(IRn) and R
2
uE S(JRn) as well(Theorem1.6.5). 

Therefore we, conclude thatu ( S(JRn ). 

4.3 PARAMETRIX OF A HYPOELLIPTIC OPERATOR , 

Before the formulation of the, theorem on parametr ix of, a hypoelliptic 

pseudo-differential operator, we recapitulate some basic facts about 
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the pseudo-differential operators and their symbols. 

Let Au( x ) = (2. )-n rjei{X-y)F;a{X,F;) u{y) dy dF; where 
. ) 

a left symbol of A and u E S(IRn). Suppose further that 

(a)---a(x,F.:)- . I a.{x;F;) · is an asymptotic expansion of a{x,F;) in rm classes, 
. J=1 1 . p 

where aj(z) H;j{lR2n) such that m1 > m2 > m3 > ••• an'd m1 = m. Then the 

asymptoti c expans ion (a) defi nes A mod (3''''{ lRn) operators . . 

To recover A from the asymptotic expansion, we use a smoothing function 

'I'.{x,F;) and.the appropriate sequence {tj}, such that t j -+", as J-+"" and set 

'" - -1 
(b)---a (x,F;) - I 'I1[tj (x. ,F.:)Jaj(x,F.:) 

j=1 
converges in rm-~lasses to an 

. p 

amplitude in rm{ lR2n) s~ch that 
p . 

a{x,F;) - a{x,F;) E. r-"'{ lR2n) . = S(lR2n ). 

This correspondence extends to the alge.bra of operators and algebra' of 

symbol s as in Chapter 2. 

Consider 

(c)---Bu(x) = (2xfn If ei{X-y)F;b{x,F;) u{y) dy dF; 

If the symbol of the composition AoB describes an identity operator or 

(after the compos i·tion formul a) 

1 '" '" (d)--- I CiT of; a(x,f;) 0 x b{x,F;) - 1 -. -

'" 
(we assume that b{x~F;Y- is a left symbol of the operator B in (c) and then 

apply the results of Theorem 2.5.2) then', the . composition AoB of A and B 

is the identity operator plus a smoothing operator since by repeating the 

construction of the asymptotic (d) (as for (c» we get an operator which 

differs from the identity operator by an operator from G-"'(Rn ) or an 

operator with a symbol from r-"'{lR2n ) =. S(IR2n). The operator B satisfying 

(1) of Theorem 4.3.1 is called a parametrix of A. 



---
.66. 

Th i s reduces the prob lem of fi ndi ng B wi th property (d) to a pure 

algebraic problem of fi'nding an asymptotic expansion for B which defines 

a symbol of B and has property (d). 

lheorem 4.3.'. If A e H~,mO( lRn) then there exists B E HG~mo.-m( lRn) 

such that 

(1) ~ --AB = I + R, and BA " I + R2, where R, and R2 are both from G-'" ( lRn) ; 

t1oreover, if 8' E HG-~or-m(lRn) is another such' an operator, i.e. 

-B'A - I and A8' - I are both from G-"'(lRn), then 8' - 8 (G-"'(lRn). 

Proof: Cons ider 

(2)---Au(x) ~ (2.rn rf ei(x-y)E;a('x ,E;) u(y) dy dE; 
, ) 

where a(x,E;) E Hr:,mo{lR2n ) and ' u eS(lRn). 

Then a-'(z) E Hr-mO ,-m(lR2n ) by proprty (a)(i) of Lemma 4.2 . 2.Let 
p -

bo(x,E;) = a-' (x,E;) for II (x,E;) II ~ R,where R ~ O.From Theorem 2.5.3 the symbo l 

booa of the composition of the symbols bo o and a,we have 

~, a a 
(3)---(b,?,a) (X,E;) - La! aE; bo (x , E;) Ox a(x, E;) 

a ' 

for all lI(x,E;)II ~ R. 

Now take the operator Co with amplitude 

~, a~ a-'( x ,f;) O~ a(x,'E;) 
(4)---c o(x,E;) - L""'- -2..-,,--__ 

IOII~' 01 . a-'(x,E;) a(x,E;) 

i.e. th,e symbol of Co has an asymptotic expansion given by the series 

(4) above. Clearly co(x,E;) E r- 2p (lR2n ) by (H2) of Oefinition-- 4.2.'. 
p 

, 
Expl icitly, we observe- that 
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a-I (x,C) € Hr-m.,-m(IR2n ) c rom, (IR2n ) . 
p, p 

Therefore a~ a-I (x,C) E r~m,-pI"I(IR2n) by Lemma 4.2.2 

a" a- 1(x,-li) . ' 
F; Elr-pl"1 (lR2n ) by Lemma 1.2.1 ,1. 

, a-'(x,c) p 
thus 

also, a(x,C) EHr;,m'(lR2n ) c r;(IR2n) 

Therefore, 

Hence 
a~ a- 1

(Q;). a; a(x,F;) 

a-1(x,c) a(x,F;) 

Thus the leading term of ·co(x,F;) (the term corresponding to 1,,1 = 1) 

belongs to r- 2p (lR2n ). Since differentiation improves the class, we 
p 

conclude that co(x,F;) E , r~2p(lR2n). Consequently we can write 

BoA = 1 + Co, were Co EG-2p(IRn). Thus by ' Theorem 3.2.10., Co is a 
p 

compact operator. ThiS fact allows us to express (I + c~rl in terms of 

)-1 2 a Neumann Series i.e. (I + Co =] - Co + Co -... . 

We emploY it to algebra of symbols,(see Appe~dix E). 

(5)---I+r(X,F;) - [1 + Co(x,t)r 1 = 1 c-nt[ Co(x.t lJ t· . where 
1;=0 

[Co(x,F;)]i = Co(X,F;)dco(X,UO .•• 0Co(X,F;) = i-factors of composition of 

co(x,t) , (.0 denotes the product of left ,symbols ). 

Next take an operator R with a symbol 1+r(x,C). From (5) it foll.ows that 

Ro(] + Co) = 1 + R1 and (I + ColoR = 1 + R2 where R1 and R2 are both from 

G1lRn). So BoA = I + Co and thus 

R(BoA)= R(I + Co) = ] + R1• 

If we define the operator B = RB o, then we get the required results. 

By a similar construction as above we can produce B2 such that 

A~= I + R2 ,R
2 

E G~"'(Rn). Now BAB2=B(I+R2)=(I+R,)B2, 
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SO,B-B2 =R1B2-BR2E G-OO(Rn).Thus is the right parametrix. 

Let BA = I + R1 and AB = I + R2 ; B'A = I + R; and AB' = I + ~~ • 

Then BAB' = B' + R1B' . Using AB' = I + R~ we get 

B(I + R2) = B + BR2 = B' + R1B' . Thus B' - B = -R1B' + BR2 € G-oo
( IRn). 

This establishes the required result. 

4.4 ELLIPTIC OPERATORS AND CLASSICAL SYMBOLS 

We shall define a class of pseudo-differential operators in IRn which we 

call elliptic pseudo-differential operators in IRn and then show that this 

class is just a subset of the class of hypoelliptic pseudo-differential 

operators in IR2n. 

In particular, let A = L aa(x) D~ be a differential operator on 
lal~m 

S(IRn). Suppose further that the functions a (x) are positively 
a 

homogeneous of degree lal in the x-variable. The symbol (left symbol 

in this instance) /of 'A is then given by b(x,F;) 

Now introduce ak(x,F;) - L a (x)F;a. 
- 14;k a 

Then 

It is evident that the term with the higheS~ order, i.e. ~(x,F;) (also 

called the leading term of the symbol) decides the nature of the 

operator in view of Lemma 4.2.2. (a) ' (iii). We define ellipticity as 

follows: 

Definition 4.4.1. A differential operator A having a symbol with the 

leading term am(x,F;) is called elliptic if 

am(x,F;) f 0 for,' (x,F;) lO • 

Next we shall define the classical symbol and then employ thi~notion to 

give a demonstration of the construction of a parametrix of ,a classical 

elliptic pseudo-differential operator in IRn. They happen to yield an 

explicit ' formula in this regard. 
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Definition 4.4.2. Let a(x,t;) ~ rm(1R2.n). We say a(x,F;) is a classical 
p 

symbol if its asymptotic formula is given by the series 

(1 )---a(x,F;) - L- a ,(x,F;) where a ,(x,F;) are positively homogeneous 
- j =0 m-J m-J -

of degree m-j in (x,F;), furthermore we say that a(x,F;) is a claSSical 

elliptic syinb?l if its leading term am(x,F;) ~ 0 wh,en ;; (x,F;) # 0 . ' 

Remark: In view of Example 1.1.3.,we in-fer that am_j(x,F;,)€ r~-j(1R2n). 

In the case of Sm 6 sfmboi~s a homogene i ty Ln ~ i!s requi red. -
- p 

The following proposition tells us that every elliptiC pseudo-differential 

operator is hypoelliptic. 

Proposition 4.4.3. Every classical elliptic symbol 

belongs to Hrm,m(1R2n ). 
p 

Proof: We have a(x,F;) - am(x,E:) + 1 a _(x,E:) and am(x,E:) Er m
1(1R 2n ) by 

j = 1 m-J 

definition.Furthermore,observe that 

am(z) = liz 11
m 

am( W ) since am(z) is positively homogeneous of degree m. 

Therefore tne following estimates are valid ' (for IIzll~ R> 0) 

_ C11lzllm ::: lam(z)1 ::: C211zllm , 

whe re C1 ' = min{la (w)I:lIwll = nand C2 = max {lam(z)1 :llwll = n 
w m w 

Therefore am(z) = am(x, F;) E HI'~,m(R2n)" since am(z) satisfies ft2 - (see Appendi x F). 

Also we can show _that r a ,(x,!:;)- E- rm1-1(IR2n) (Lemma 4.2.2. (a)(iii)). 
J =1 m-J 

Hence by (a)(iii) of Lemma 4.2.2. we conclude that, 

a (x,E:) - am(x,F;) + f a ,(x,F;) belongs to Hr m,m(JR2n). 
j=l m-J P 
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4 . S.PARAMETRIX OF PSEUDO-DIFFERENTIAL OPERATORS IN IRn WITH CLASSICAL SYMBOLS. 

Suppose a(z) is a classical elliptic symbol with an asymptotic series 

(1)--- a(z) - I a2m _2j (z) , 
J=O 

where the a2m~2j(z)ls are positively homogeneous functions of degree 

2m-2j (al! elliptic operators in IRn aTe of ev'en order when n~ 2) . 

By a parametrix of a(z) we mean an amplitude of the form; 

= 
(2)--- b(z) - I b 2 2'(z) , 

j =0 - m- J 

where the b_ 2m_2j (z) are positively homogeneous functions of degree 

-2m-2j,such that the composition of (1) and (2) equal to 

1 - a(z)ob(z) 

(3)--- or 

'" 1 1 - I <i1 il~ a(z) D; b(z), 
a 

here we treat a(z) and b(z) as left symbols. 

Inserting(l) and (2) into (3) we get 

Observe ,that a~ a2m _2k (z) is positively homogeneous of degree 

2m-2K-lal and 0; 'b_2m_2~(z) of degree -2m-2~-lal: Now grouping 

terms of the same degree we get 

(5)---1 - I I __ 1__ a~ a2m _2k(z) D; b_2m_2~(z) 
j=O k+-"+Ial=j a! 

with the. observation that when ;j=O then k=1=lal=0. Consequently 

we get the following triangular system for determining the parametrix 
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1 = a2rn (z) b_ 2rn (z) 

(we shall leave out the argument "z" for clarity) 

o = a '· b 2m -2m-2j + I . 1 
k+1+JaJ=j aT 

l<j 

._-

The system (b) defines a re~urrence relation for finding the b_
2

m..2j '5 . 

Let us try to deduce a formula for the. b_ 2m _2j ' s. 

Now we have b_ 2m (z) = 1/a2m (z) = a~(z) (j=O). When j=l. we have 

(£=0 in this case) 

Therefore: 
n 

) -1 ( ... b = -(a2rn_2 b_ 2m a2m - L 
-2m-2 s=l 

= -

A similar calculation can be done for b_ 2m _4• b_ 2rn _6 etc. 

We can write in general 
j + 1 

(7)---b 2 2,(z)=I c_ (z)a2-
s (z) where the coefficents cs(z) are given 

- m- J s=2 ~ .m 

in terms of the polynomials of a2m- 2s and their partial derivatives' of 

degree less than or equal to 2j. Note that 

deg[cs(z) a2~(z)] ~ deg[cs(z)J + deg[ a2~(z)J.and thus 

-2m-2j = deg(Cs (z)) + (-2rns) . Therefore 

(8)- - -deg[cs (z)] = 2[m(s-1-j] where "deg" means "degree of" . 

, , 
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Example A.S.l. Let us determine the parametrix of the operafor 

d2 

,A = - dx2 + x2 .It is the quantum harmonic oscillator operator.The left 

symbol of this operator is; 

a(x.~) = r;2+ x2 . 

By formul"a (1) we ,can write ; 

a(x.r;) = a2(x. r;) ( Hr~,2(R2n).In other words m= 1 in this particular case. 

Then we have 

= r;2 + X2 

= 
i4xl; 

( 1;' + x' )3 

The sUbsequent terms,i.e. b_6,b_8 ,b_ 10 etc. are expressible in the form; 

Pk(x,l;) 

(1;2+' x2)k 
- - ' . -

where Pk(X,I;) are homogeneous polynomials in X' and!;" 

For II (x,r;) II ;: R, where R is some suitably large positive constant we can 

write the parametrix of a(x, 1;) = 1;2+ X2 as 

b(X.I;} - 1;2 + x2 + , i4xf; + ... 
(r;2 + x2't 

p (x,r;) 
K k - 0 as k-., and thus in 

(1;2+ X2) 
For large values of R the terms 

this case the series on the right hand side of b(x,t;} above is the 

asymptotic formula of b(x,~}. 
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Finally •. it may be useful to mention that the process of solving the 

system (6) may be stopped at any stage.If for example m> O.then by 

taking b_2m(x.~) only.we obtain an operator BO with a symbol b_2m(x.~) 

which is an a.pproximation of the parametrix of A..In other words 

AoBO = I + KO • 

where KO is an operator with amplitude b_2m_2(x.~) (r-2m-2(JR2n) and .thus 

KO is a compact operator by Theorem 3.2.10.50 this first approximation 

of the parametrix reduces the problem of finding a pseudo-inverse of A 

(if it does existl,to Fredholm Theory (see Zabreyko [31] ). 

4.6. THE SOBOLEV SPACES 

The Sobolev Spaces which we shall denote by QS(JRn) is a subspace of 

SI(JRn) . It is in fact the domain of the pseudo-differential operator 

LS.The operator Ls is characterized by the left symbol; 

b(x.~) = (1 + IIxjj2 + lI~jj2 )s/2 • 

It is apperent that LSE HG~'s and thus has a·parametrix.We shall denote 

h o t ° b L CI I L belongs to HG-1
s .-s (JRn). t IS parame rix y _so ear y -s 

Some of the stunning results we are going to present in this sequel 

are the facts that ; 

m n) A QS(JRn) _ .Qs-m,..,n) (a) every AE G (JR defines a continuous operator ~ 
p 

(b) QS(JRn) has a Hilbert Space structure on it. 
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The results of this sect.ion are preliminary to the pro'of of the fact 

that every hypoelliptic pseudo-differential operator has a discrete 

spectrum only. This result will be presented in the section on 

spectral theory. 

Definition ~.6.1. We say u E 5' (JRn) belongs to OS(JRn) if 

Lsu E L2(JRn), where Ls is a hypoelliptic pseudo-differential operator 

with a left symbol b(x,l;) = (1+11 xII 2+ 111;11 2)S/2 or b(z) = <z>s, z = (x,I;). 
Clearly b(x,l:) E Hr~,S(JR2n), and ' . 

(l)---L
s
U(x) = (2x ,-n If e i (x-y)I;(1+lIxII2+ 111:112)5/2 u(y)dyH for U€ 5(JRn). 

The proposition below furnishes us with knowledge of the effect of the 

G~( JRn) operators on the space OS ( JRn). 

Proposition 4.6.2. 

(a) 

(b) 

Proof: 

(a) Consider Ls E HGg,s(JRn) and its parametrix L_
s 

E HG~s,-s(JRn). Then 

(0)--- L oLs = I+R where Rs E G1JRI)). -s s 

Take u E OS(JRn), then Lsu. = Uo E L2(JRn) by the definition of OS(JRn). 

Thus we can write 

Hence 

u = L U o - Rsu -s 

= L_su o + V where v = -Rsu E 5( JRn) by Theorem 1.6.5. 

= Ls mA(L. Uo:+ v) - -s 

= Ls_mA L_ s u~ + Ls_m Av 

Observe thatLs_mA L_ s E G~ (JRn) and Av E 5(JRn) and since 
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Hence Ls_mAL_ s 
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-'-

(IR°),- it extends to ' a continuous operator on L2 (JRn). 

2 n 
uoEL(JR). 

, L HGs-m,s-m(IRn) Gs-m(IRn) I d th t Furthermore, s 1 nc e s-m E 1 c:: . 1 we cpnc u e a 

L :S( JRn)_S( JRn) is continuous and therefore Ls ·mAV .E S( JRn). Therefore ' 
s-m -

Ls_mAu E L2(IRn) wh.ich means that Au E Qs-m(IRn). This proves the 

required resul t. 

(b) Let A E HGm, m '( IRn) and Au E QS ( JRn) • 
. p . 

U l Qs+m,{ IRn). Take a parametr i x B of A. 

We want to prove that 

Then B E HG-m" -m ( JRn ) 
, p • 

BAu = u + Rsu. 'where Rs (G-"'(IRn). Thus u = RAu - Rsu'. Since 

Rs E G-"'( JRn) and Au E QS (IRn) then from (a) above we have 

BAu E Qs-(-m')(IRn) or BAu E QS+ffi'(JRn). We know that Rs 

transforms S' (JRn) into S( IRn). This proves that 
, 

u = BAu - Rsu E Qs+m'(JRn). 

and 

In the proposition above, we did not make mention of the ·continuity of 

the maps we have considered. We only give proofs of how these maps 

transform the space QS(JRn). This fact is not surprising because we 

hav~ not adopted any. topology on QS( IRn). Thus in what follows, we 

shall build a Hilbert space structure on QS(IRn) so as to help us in 

considering the continuity of the maps in the above Proposition. 

Let us define the foll-owing inner product on QS(IRn). 

It is easy ' to check that (1) satisfies all the properties of an inner 

product with the following exception: 

Observe that (u,v)s = 0 if and only if (LsU . LsU) = O. But we do not 

know if Ls is one-to-one so that we are not in a position to conclude 

that Lsu = 0 implies that u = O. To emphasize our problem. consider 
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the Lapl ace's operator (-ii-operator )wi th the symbo I II 1;11 2 . Then from 

(ilu,ilu)L'(Rn) = 0 ,it follows that ilU = O.But ilU =-0 only means that 

u is a harmonic function. 

It is upon this observation that we are lead to define the following 

inner product on QS (JRn) . 

. ' (2)---(u,v)s = (Lsu,LsV)L' (JRn) 

+ L _ (Q oR u,Q Rsu)L2 (JRn) I a I +1 a hip a~ s aa 

where Rs is given by (0), pis an even integer such that p> s ,and Q
aa 

= xaO a 

for multiindices a and a. 

Now we shall show that in ' (2), 

(u,u)s = 0 if and only if u = 0 -

Clearly (u~U)s = 0 implies that Lsu = 0 and QaaRs = 0 clal + lal ~ p), 

this impli,es that Rsu = constant, but RsUf S( JRn) _ Therefore Rsu = O. 

Also u = L_sLsu - Rsu. Therefore u = O. 

Next' we need to show that the inner product (,)s defined in (2) i)delds 

a complete normed space with 

_ . . ~ 1I~1I2 = (u,u)s. 

Proposition 4.6.3. QS( JRn) is a Hilbert space under the scalar product (2). 

Proof: If {un} is a Cauchy sequence in QS( JRn) then {Lsu n} is also 

Cauchy in L' (JRn) by definition of QS(JRn). Since L' (JRn) is complete, 

Let lim Lsu n = v 
. n--
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Since RS:SI (lRnr .. S(lRn) is continuous and the topology on OS(lRn) is 

stronger than the topology induced on Os( lRn) by the topology on--

5' (lRn). and the topology of. S(lRn) is - stronger than the topology of L2'(lRn) 

it implies that R defines a continuous maptaking QS(lRn) into ~ (lRn) . 
. S . -

W~ know tha! every' I inear bounded map between normed .. spaces transforms Cauchy 
. n 

sequences into Cauchy sequences. Therefore {RsU
n

} i s a Cauchy sequence in l: (R ) 

and thus converges. Let lim R u = w. Hence. 
n~ s n 

(3)---

We have 

L u -v s n 

we can write u = L_sv - w. 

Now we only have to show that un-u in OS(lRn) or equivalently /lu
n 

- u/ls-o 

as n~. We have 

u -u=u -L v+w n n-s 

= L L u -' R u - L_sv + W -s s n s n 

= L_s(Lsun-v) - (\un-w) • 

Therefore 

(4)---/lun-u/l ., .s: /lLsL_s(Lsun-u)/lL2 (lRn) 

+ l"l+rlll" p/lO"IlRs[L_s(LsUn-V)J/lL2 (lRn) 

+ /lLs(Rsun-w)/lL' (lRn) 

+ L /lO"IlRS(Rsun-w)/lL2(lRn). 
I" I + r III "P 
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Since L_sLs E G~ • it is bounded as an operator on L' (IRn).. It follows 

from the above fact that Ls[L_s(Lsun-v)J-Oin L'(lRn) as n-. Also L_ s 

is compact in L'(lRn). thus L_s(LsUn-V)-O in L'(lRn) asn-. Therefore 

<lxeRs[L_s(Lsun-v)J -0 in L' (lRn) as -n-. since Oae Rs is bounded in L 2( Rn). 

By the same token we have 0aeRs(RsUn-W)-O in : L' (lRn). 

Finally. we shall estimate IIL.; fRsUn~w)IIL'(lRn) • Rs:S' (lRn)_S(lRn) 

is continuous and un-v in L' (lRn), it means that Rsun-w i~ S(lRn) and L2(IRn). 

Therefore IIL_s(Rsun-w)IIL'(lRn)-o as n~, since "-s is bounded. This proves that 

I~n-ulls-O as n-. Therefore OS(lRn) is a Hilbert space. 

Now we are going to prove that the map o( Proposition 4.6 .2. is in fact 

. conti nuous by us i ng the results that OS ( lRn) . is a Hi lbert space. 

Proposition 4.6.4. 

A:Os( lRn)_Qs-m( lRn). 

If A E ~ (lRn) then A extends to a bounded operator 
p 

Proof: 

in terms of IILsullL'(IRn) 

and u E OS (IRn) • 

• 

and 110 oR ullL'(IRn).where L L = 1+ R _ a~ s · m-s s-m · s-m 

(l)---Au = (AL_s)L SU - ARsU and thus we have 

We know that Ls_rnAL_ s £ G~(lRn) and therefore extends to a continuous 

operator on L' (lRn) • Al so Ls_mARs E . G-~(lRn) • So, 

Therefore 
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Where , 

, C1 = IILs~mALslIL'(lRn) + IILs_mARsL_sIIL'(lRn) and 

C2 = 1l00~Rs_mL~sIlL'(lRn) + lIo,.~Rs_mRsL_sIIL'(lRn). 

It is of course clear .that C1 and C2 are finite and thus the proposition 

is proved. 

Finally we shall formulate a simp.le conclusion from Proposition 4.6.2 (b). 

Corollary 4.6.5. nos( IRn) = S(lRn) . 
5 

Proof Since M G~( JRn) contains all the differential operators with 

polynomial coefficients, then Proposition 4.6.2 (b) yields the' results 

immediately. 

Corollory 4. 6. 6 S(IRn) is dense in OS(uf) for ails. 
Proof -' 

,By Proposition 4.6.4 the linear map Ls: OS(IRn) - L2(IRn) is continuous. From 

the definition or os(iRn) 'the map :, t s i s onto. 
Therefore by ' the Interior Mapping Theorem [7] p.SS L is an open map . 

;since Ls mdPs S(lR
n

) onto S(lRn). The preimage of S(Rn) under Ls contains by 
Proposition 4.6.2 ' (b) only the functions from S(lRn) • 

.If closure (L;1 (S(lRn))) ! OS (lRn), then the complementary open' set in 

OS(lR
n

) to , this closure transforms onto an open subset mf L2(lRn) which does 

'not contain an'y element 'from S(lRn) whicn contradicts the density of S(IRn) 
In L 2(JRn). 

" 
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CHAPTER 5 

THE SPECTRAL THEORY OF PSEUDO-DIFFERENTIAL OPERATORS IN ~n 

5.1.INTRODUCTION 

In th is section we study the spectral .theory of the pseudo­

differential operators in Rn.We shall treat these operators as the 

unbounded operators on L2(Rn) with their domain of definition being 

either C~(Rn) or S(Rn).Both these domains are appropriate for our 

theory because they are both dense in L2(Rn). The following books discuss 

a general theory of such operators, [71, [10], [13] , [18] , 

[19] and [29] jointly. 

It is Quite demanding to build a general spectral theory for the 

pseudo-differential operators we have discussed thus far.Hence for 

the sake of clarity,we shall deal with some extreme special cases. 

For hypoelliptic pseudo- differential operators in Rn , we prove 

that they are essentially self -adjoint and have a discrete spectrum 

only. 

S.2.THE SPECTRUM OF SOME G~(Rn) OPERATORS. 

We shall determine the spectrum of a pseudo-differential operator 

A €.G~(Rn) with a symbol a(x,~) Ef~(R2n). 

If m = O,then by Theorem 3.2.9. ,A 'extends to a .bounded operator on 

L2(Rn).The spectral theory of bounded operators is treated in 

Helmberg [10]. 
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If m <0 ;then by Theorem 3.2.10. ,A extends to a compact operator on 

L2(JR n).8y Theorem 6.10.2. of [18] or Theorem 6.7. of [29] ,we 

conclude that A.has discrete spectrum only. [10) also makes an 

extensive study of the spectrum of compact operators. 

For m>O,weshall consider two cases. The first case will be on the 

unperturbed operator and the second case on the per.turbed operator 

as discussed in [4] and [28] .For the unperturbed operator we make 

a cruc ia·l assumption that the symbol a(x ,I;) of A be dependent upon 

the 1;'-variab"Je only.In this particular case we have, 

and tKe estimates, 

where C is some positive constant. 

Then we have, 

(2)--~ Au(x) = (2<)-n f eiXI; a(d~(E;ldl; for every u in S(Rn) 

. or e~ui va lent ly, 

• A • 
(3)- - - AU(I;) = a(l;)u(t) 

Of course (3) means tnat A is unitarily equivalent to the 

multiplication operator by a function a·(t) .Therefore .. in view of 

Corollary 2 in [4] ,we conclude that A has a continuous spectrum 

equal to the closure of the range of a(t).8ecause the discrete 

spectral set of A is ~mpty,we infer that this spectrum of A is in 

fact the e.ssential spectrum. 

A typical example of an unperturbed pseudo-differential operator is 

the constant coefficient differential operator; 

Au(x) = (2<fn JJ ei(x-y)~ ( LC t a )u(y)dydl; 
" lak m a 



" 
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for every u E S(lRn) ,where, 

a(~) = L C ~a and clearly, 
la I~ma 

'la(l;) I *' L I Ca IIll;
a ll ~ C<I;> m 

lal~m ' 
,where C = L Ic I 

laf~m , a , 

The dependence of the spectrum of A on its symbol a(f;) is advantegeous 

in the sense that we are able to deduce the nature of A easily.1f for 

example a(~) is real-valued,we infer that its spectrum 'is contained in 

IRn. 

-- ~ -

d' In particular,suppose A= - Ox' on S(lRn).Then the operator A so defined 

has a symbol 3(1;)'; -111;-11 2• ' So the spectrum is O' ,(A) = {IIq 2 ; ' ~E.lRn} 

Therefore O'(A) = [Q,"').We shall discuss more examples later. 

Let us define the terms' symmetric and formal. adjoint as in Shubin [20 

and Dundford & Schwartz [lJ .Let(u,v)t:(IRn) = (u,v). 

Definition 5.2.1. We say a ' pseudo-differential operator AE G~(IRn) is 

formally s'ymmetric if (Au,v) = (u,Av) for all U,VE C~(IRn).Furthermore, 

we say A+ E G~(IRn} is a formal adjoint of AE: G~(IRn} , if (AU,v;'=' (u,A+v) 

for all u, H C:ORnj. 

5.3 .SPECTRUM OF THE HYPOELLIPTIC PSEUDO-DIFFERENTIAL OPERATORS IN lR n 

l.J,e cont i nue our dl scuss ion by studying the spectrum of the HG~ ,mO,(nn) 

operators (mo>O).We shall prove that they are essentially self-adjoint 

and have a discrete spectrum only.We begin by giving some important 

definitions and results. 
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Let H be a Hilbert space. 

Definition 5.3.1. An operator T: H- H is said to be essential1y 

self-adjoint if the' domain D(T) of T is dense in Hand T = T*, i.e. the 
.' closure of T is equal to T*. 

The relationship between an essentially self-adjoint operator and a 

symmetric operator is contained in the proposition below. 

Proposition 5.3.2. ' An essentially self-adjoint operator is symmetric 

i.e. (Tx,y) = (x,Ty) for an X,YE D(T). 

Proof: Let T: H - H be an essentially self-adjoint operator on H.This 

means that T does exist and, in actual fact T = , T* .Now consider 

X,y ( D(T) .Then, 

(h,y) = (Tx,y) = (x,T*y) = (x,Ty) ' = (x ;Ty), 

as required. 

The following is a characterizatjon theorem for essentially self-adjoint 

operators.The proof of this theorem can be found in [21] ,pp 190-191. 

Theorem 5.3.3. A symmetric operator A: H - H with a domain D(A) dense 

in H 1s essentially self-adjoint if and only if; 

(i) --- ker(A*-iI} c: 0(71) 
and 
(ii)--- ker(A*+iI) c::: 0(71). 

Note that for a symmetric operator A,Ac:A* and therefore A is well­

. defined. since A* is closed,(see [ll ,Lemma 8.page 1226) • 

The following theorem tells us that a formally symmetric operator 

2 n 
A E HGm,mO(IRn)(mo>O), treated as an unbounded operator on L ( 'IR ), i s 

p 

essentally self-adjoint. 

, , 
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Theorem 5.3.4. Let AE HG~ ,mO(JRn) ,where mo>O ,be a formally symmetric 

operator.Consider an unbounded operator Ao on L2(rnn) with domain 

D(Ao) = C;;,(rnn) such that ,Aou = Au for every U( ~(JRn).Then Ao is 

essenti~lly self-adjoint and its closure is equal to the restriction 

of A acting on 5' (Rn) to the subspace; 

(1)--- D(Ao) = {u;u( L2(JRn) and Au (L2(JRn)} 

Proof: 

5ince HGm,riI°(lRn) c: Gm(JRn) ,then the map A:5(lRn) - 5(rnn) is continuous. 
p p 

Denote by ii:5' (rnn) - 5' (JRn) the .extension of A to 5' (JRn) guaranteed by 

by Theorem 1.6.4. We have the following inclusions; 

C';(lRn)c: 5(lRn)c: L2(Rn) c:5'(lRn) (see [9J,page118 or [23J,page162). 

-
Clearly,Ao c: A c: A (see Remark p.21). 

Step1: The equality (Aou,v)= (u,Aov) is true for all U,VE C:(IRn) and 

. therefore extends to u, V( S(lRn) by continuity of A and the fact that 

C:;'(rnn) is dense in S(lRn). 

We shall prove that, 

- - n 
(2)--- (Au,v) = (u,Av) if u,v,Auand Av are all from L2(R ). 

If Au)..V( L2(Rn) = QO(lRn) then U,V£ Qmo(lRn),slnce A€ HG~,mOORn),by 

Proposition 4.6.2 (b). By Corollary 4.6.6 S~n) is dense in QS(lRn) 

since it is dense in L 2(JR n) , and the map A: Qm(lRn) _ QO(lRn) 

is continuous. T k {} d { } . S(IRn) .' a e sequences un ' an vn In 

sucli that un - u 

or L2(Jf) and (Aun,Vn ) -(Au,v) also (un,Av
n

) = (AUn,V
n

) - (u,Av) and this 

proves (2). 

Step 2: We shall show that, 

(3)--- D(A~)= {U€~. (IRn);AuEr(lRn)} = D. 
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In actual fact,since Ao is defiAed on C~ORn),which is a dense subset of 

L'(Rn) ,then the operator M is well-defined.From the equality (Aou,v) = (u,Aou) 

for u,v€ C:ORn),it becomes clear that AocA~ i.e. A~ is an extension of Ao' 

Since A~ is closed ,then the closure of the graph of Ao, defines an 

operator i . e. AocA~ or D(Ao) c D(A~). 

From (2) we have; for every u E C';,'ORn ) , 

(4) --- (Au,v) " (u,Av) = (Aou,v) 

provided that v and AVEt:(lRn). 

The operator A~ is characterized by the equality; 

(Aou,v) = (u,A~v) ,for vE. D(A~). 

The identity (u,Av) = (Aou,v),(UE. C';,'ORn)) shows that 

(5) --- v € D(A~) and Atv = Av. ·provided that v € D 

or 

(6) Dc D(A~). 

Step 3:. To prove the reverse inclusion 

(7) --- D(M) c D, 

we proceed as follows 

Let V€ D(A~) .By the definition of A~ ,the functional u - (Aou,v) extends 

to a continuous functional on L'OR
n

) and (Aou,v) = (u,A~v),A~VE L'ORn). 

Consider a sequence {v } in C';,'ORn) such that v - v in t:ORn) .Then, 
n n 

(AoU,Vn) = (u,Aovn) = J u(x) AoVn(X) dx = (A~n)(U) 
- -- . 

refers to comp-lex- con] ugation). 

Since A is continuous on S'ORn),it means, - -::-
(AoU,V

n
) = (Avn)(u·) - (Av)(u) a.s n- oo and (Av )(u) ~ (u,Atv) 

for all u € C';,'ORn). 

Hence a tempered distribution u - (Av)(a) extends to a . 

.. 
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continuous functional on ~ORn).As we know,such a distribution 

represents a function from L2(Rn).On using (2) ·we get, 

- '" n (Av)(u) = (u,Av) = (u,Atv) for u ( CoOR ) 
~ 

and thus ,Atv=Av and this 

proves that v E D as required. 

Consequently (6) and (7) yield (3). 

Step 4: We use Theorem 5.3 : 3. to prove that .Ao is essentially self~adjoint. 
, m m n 

Since mo> a,the operator Ao-iIE HGp ' °OR ) by Lemma 4.2.2 andJrom (3) and (5) ,it 

is clear that ker(At-iI)c Ker(A-iI).Also AUE SORn) implies that UE SORn) 
- . n 

by Theorem 1.6.3.We therefore conclude that ker(A-iI) c SOR ) and thus 

ker (At-iI) .c D(At) since SORn) cD(At).Similarly we c.an show that 

ker(At+iI) cD. · 

By (3) ,(5) and essential self-adjointness,wehave: i if V( D then 

Av. = AoV = Atv.This completes the. proof. 

Next we prove that these formally self-adjoint hypoelliptic operatos 

have a drscretespectrum on Iy . . 

Theorem 5.3.5. Let A E HG: ,m ~ (IR n) ,m~> O,be a forma Ily symmetr ic operator. · 

Then A has discrete spectrum {A j } only,j = 1,2,3, ... ,such that 

IA . I - + '" as j - +'" • The eigenfunctions <V . E S(IRn) form a complete 
J J 

orthonorma I set in L 2 (lRn) and the spectrum i 

a CA) = o(A*) ={A j } ;j =1,2,3,: ... 

Proof: 

Let Ao be the unbounded operator defined on cjJRn) as · in Theorem 5.3.4. 

Then Ao = A~ ,in other words Ao is essentially self-adjoint, and Ao 

is the same as A acting on S (IRn) . Therefore the spectrum 0 (ii) is 

contained in the real line,see [7], Lemma 1,p1191. 

Take Ao with ImAo ~ a. 



Thus 1..0 ¢ alA) and the operator A = A-AoI is invertible.Furthermore , 

A- 1 is bounded on L
2

(mn).Consi der now an operator 8,which is a 

parametrix of A.Since 

A E HGm, mo ( mn) . 
p 

We know that 8 t HG -mo,-m (nn) d ' 0 b Th 3 Z 10 Jr\ an sInce mo> , y eorem .. ., 
P 

we conclude that A Z n o is a compact operator on L (m ) .Now, 

(1) --- As = I - K and sA - I - R ,where K and R are integral operators 

with kernels from S(mZn ). 

Form (1) we get; 

- 1 (Z)--- A-

We need to show that A- 1R is a compact operator:We know that the 

composition of a compact operator and a bounded operator is a compact 

opera tor ,Lemma 8.3-Z · of [13] .RE G-1lRn) and A- 1 is bounded OR · -t. Z(mn). 

Therefore 
- -1- . "-1 
A K . is compact.Hence A is compact and self-adjoint.Theorem 

8.3-1. of ~3] ,tells us that A- 1 has a discrete spectrum with the 

corresponding eigenfunctions forming a complete orthonormal set in (!(IRn). 

- -1 -Let the spectra l set of A be {Il j }, where j = 1 ,Z,3, ... . Then 

- -1 - --
A "'j = Ilj '" j ,where {"'j} are the corresponding eigenfuncti oll S. 

Hence A has a spectrum 

with the corresponding 

equal to {;.} ,where ~J' = J _ 
set of eigenfunctions {'", . }. . J 

~o 1 ,j = 
J 

1 ,Z ,3, ... 

Now we have A = 1\+1..01.50 A has a spectrum {A} ={ Aj +Ao } with the 

corresponding set of eigenfunctions {"'j} = {$} . ,j = 1,Z,3, ... 

Cleaarly 11..".1-+'" as j -+"'.This arises as a result of the fact that 
. J . 

and 
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Finally,we shall show that "'j = ~j E 5(lRn) for j = 1,2,3, ... 

Observe that Ak "'. ~ A~<I>. ,for every positive integer k.Also 
J J J 

Ak E HG~m,kmo(lRn). By Proposition 4.6.4 we conclude that 

"'j ( Okm(lRn) for every integer k.We know that OS(lRn) cOs' (lRn) , 

'" 
for s > s ' and Ii Okm (lRn) :::0 n OS (lRn).. Furthermore n Okm (lRn) = 5 (lRn) 

k=1 s> 0 k=1 

by Appendix F. ' 

Therefore <l>j E 5(lRn) for j = 1,2,3, .•. 

This establishes the required proof. 

50 far we have disc'ussed' the spectrum of an unperturbed Ao E HGm,mO(JRn), 
p 

mo> O. The spectrum of the perturbed operator is dependent upon the 

class of the perturbing operator. But of, interest to us are th,ose 

perturbations which leaves the spectrum invariant. 

It is under the above conditions that we consider only perturbations 

by the pseudo-differential operators from Gm' ( JRn) with m' < m in ' . p 

view of Lemma 4.2.2. These operators will leave the operator under 

consideration hypoelliptic. Therefore the spectrum of the new 

operator will be purely discrete by Theorem 5.3.5. 

Consequently,by Lemma 4.2.2. and Theorem 5.3.5. ,we have; 
. m m n m' n 

Corollary 5.3.6. Let Ao E HG ' 0(lR ) and BEG (lR) ,where mo > 0 and mo > m'. 
p p . 

Furthermore suppose Ao and B are both formally symmetric. Then the operator 

A=Ao+B is essentially self-adjoint and has discrete spectrum {A j } only, 

j = 1,2,3,· ... ,such that IA.I - +'" as j - +'" .The eigenfunctions {<I>} c5(lRn) 
J . 

form a complete orthonormal set in .t(lRn). 
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5.4.PSEUOO-OIFFE~ENTIAL OPERATORS AND QUANTUM MECHANICS 

The theory of pseudo-differential operators in IRn finds very wide 

application in geometrical optics and quantum mechaf)ics.For example 

the various symbols;T-symbols,Weyl-symbol etc.,first appeared in 

attempt.s to find a natural arrangement of ~he operators of the 

classical ·quantummechaniCs q and -ih gq 'i.e. the position and 

the momentum operators (respectively). 

The concept of asymptotic expansion on the other hand is related to 

the various methods (like the stationary phase method ,just to mention 

one)developed in geometrical optics. 

The spectral ·theory of pseudo-differential operators can be applied 

to deduce the spectrum of the Schrodi nger operators. In th i s sect ion 

we briefly discuss a few examples. We discuss them for illustration. 

The rm (IR2n )classes are too restrictive for some appl i~ations, for example 
p . . . -. _ . . " 

h' 
the well known operators of quaritum mechanics such as H = - ( 8"m)6 + Vex) , 

where 6 = Laplacian operator and Vex) is the potential energy operator, 

(Schecter [20] ) do not' belong to our classes. 

5.4.1 Free Particle: The Hamiltonian for a sinqle free particle is He = -(-J~)t\ , 
h' 

(see Schecter [20]). The symbol of this operator is aeC.~) · = (8?ii1)~' 

Clearly a o (~) is real-valued'. As a pseudo-differential operator Ho takes 

the form 
2 

He u(x) ~ (2.f n f eiX~+~2u(~) d~, 
8. m 
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Now Ho is self-adjoint since ao(~) is real-valued ([28] Lemma 1.3). 

Therefore d(Ho) = closure {ao(~);~E lRn} = [0,'" ). 

By Corollary 2 of [4], we conclu.de that the essential spectrum 

0e(Ho) = o(Ho) and from the Remark below we conclude that 0d(Ho) consists 

of negative eigenvalues of finite multiplicity. ~hysically, it means that 

the energy states corresponding to these eigenvalues are bound states of 

this free particle and these bound states are discrete. 

Remark 

From [29] p.202, the essential spectrum 0e(T) of a self-adjoint operator T 

is the set of those pOints of o(T) that are either accumulation pOints of 

o(T)are isolated eigenvalues of infinite multiplicity. The discrete spectrum 

0d(T) = o(T) - 0e(T) is the set of these eigenvalues of finite multiplicity. 

The spectrum of T said to be purely discrete if 0e(T) is empty. 

5.4.2. Consider the relativisti~ spin-zero hamiltonian of a particle of 

mass m as presented in Weder [28] .The free-field hamiltonian expressed in 

the language of pseudo-differential operators takes the form; 

Aou(x) = (2n)-1 ff ei(X-Y)~J~'+m"u(Y)dyd~ 
= f eixtJt'+ mi . ~(t)d~ , 

where ' D(Ao) =C~) ·.The symbol of Ao is ao( t) = Jt'+ m' and is real-

'" valued.Therefore Ao is self :adjoi ntOll Co(IR).Hence the speCtrum is given 

by , 

o(Ao) = closure {ao(t);t, lR} 

= closure Ut' + m'; t € lR} 

= [m,"'). 

We therefore make the inference that the relativistic spin-zero particle 

has bound states as well.These bound states correspond to the eigenvalues 

which are less than m. 
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Remark: In the preceeding examples we have assumed that all the physical 

constants are equal to 1 i.e. h = c = 1.We shall adopt this condition ' 

throughout our discussion. 

5.4 . 3. We shall nO\{ dfScuss the quantum harmonic oscillator operator, 

(see [13] ,[14] and [17] for this problem). The operator 

takes the form 

A u(x) = _ d 2U(X) + x2u(x), 
o dx 2 

where u E D(Ao) = S(JR). 

The symbol of thl' s operator I'S a (x <") -- <"2+ x2.Clearly ao(x,<") E Hr21,2(JR21. o ,~ ~ ~ 

In actual fact, 
lao(x,t) I = 1r;2+ x21 

~ Ir;j + Ixl2 

S. «x,r;»2. 

Furthermore,we can choose a positive constant C such that the following 

inequalities are true; 

C «x,r;.»2 ~ lao(x,r;) I ~ «x,r;»2 

thus proving the. assertion th'at ao(x,f:) E Hr~,2(JR"). 

Since mo =2,we conclude that Ao is essentially self-adjoint and has discrete 

spectrum. The spectral .set is contained in the real line ;the eigenvalues are" 
1 

An = n + '2' • 

Suppose we perturb Ao by some function V(x). Physically, it means that 

we subject the osci lla.tor to some external forte with gradieRt V(x). The 

new .operator takes the form; 

A = Ao + AV (x) , 

where A is some non-zero constant. 
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For every funCtion u € S(JR) we have; 

Au(x) = _ ~:~(x) + x'u(x) + )..V( x)u(x). 

In fact we shall cons ider only those potentials V(x) with esti~ates 

which fall into our scheme. -.-

Let V(x) E r m (IR2n ) ,where m 1.s Q real number . Then, of 
. • - : .P 

course, for these perturbations we need m< 2. With this choice of m 

we get that the symbol of A viz. a(x,F;) = F;'+ x'+)..V (x) belongs to . ' . 

Hr~,.2(JR") .Therefore A is essentia'lly self-adjoint and thus has a 'discrete 

spctrum onIy.Lathouwers [14J,discusses a particular case when V(x) = x- 2• 

'A discrete spectrum is obtained. 

S.4.4.It is possible to represent the operators of' the above examples , 

by a general pseudo-differential operator.This is an operator A with 

symbol a(x,F;) = I;k +)..m(x,I;),where .k is som~ posi'tive ,integer and, ).. 

is some constant . Then for uE [}(A) = S(R n) we have, 

Au(x) = (2.)-n Jf e i (x-y)r; [r;k' + m(x,r;)Ju(y)dydr; 

= (Z.,-n If e i (x-Y)E:r;k u(y)dydE: + (z.)-n 'If ei(x-y),r;m( x,~ )dydF; 

= 4(X) + (z.)~n ff. ei(x-y)E:m(x,E:)dydF.:. 
dx 

. Clear Iy the pseudo-di fferent i a I operator A as defi ned above is a I so an 

integro-differential operator.This is an important observation because it 

shows that pseudo-differential operators can unite integral operators and . 

differential operators. 



Hopefully the theory of pseudo-differential operators will be an important 

tool for determining the spectrum of integro-differential operators such 

as those encountered in neutron transport theory like the one . presented in 

Mika [15] . These are operators of the form; 

o - - A ot • 

where A is a pseudo-differential operator. 

Numerical analysis of these operators seems Possible. 

_. - . 
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APPENDIX A 

Let us initially assume that mj f mk for j f k, j,k, = 1,2,3, .... Given an interval (i,i+1J, 

there is a finite number of mj's in this interval, since mj ---; --a> as j ---; +0>. We arrange mj's 

in every (i, i+1J, i E Z in a decreasing order. The new sequence satisfies. the assumptions of 

Theorem 1.3.2 and therefore can be transformed into an absolutely convergent series 'by an 

appropriate choice of {t} and W. Thus the original series is absolutely convergent with all 

derivatives and satisfies the condition (2), If there are repetitions in the sequence {m} we 

consider the decreasing sequence of distinct elements {mj } of the {mj } sequence. 

. . m.:-p! a! ' m. C p! a! 
Let m. = ·m. = ... .. = m .. In this case we have <z> J = <z> .J- <z> mj-mj-1 

J ' J1 Jp , 

, . . m .-m, 1 
By an appropnate chOIce of t j's one can make <z> J .J- sufficiently small as required 

by (6) . 

It thus shows that Theorem 1.3.2 is true for any sequence {mj}, mj ---; --a> as j ---;!D, In 

practice we encounter the case m. f mk, j k, j,k, = 1,2,3, ... only. 
, J ' 

APPENDIX B 

We need to show that n rm (1R2n) = n r m1 (1R2n) if m. ---; --a> as j ---;!D. The property 4 
mEIR p j , P J , 

of Lemma 1.2.1 reduces this problem to a standard question of set theory. 

APPENDIX C 

To show that the iterated integral (1) is well-defined, we demonstrate that 

J ejy~ a(x,y,~)u(y)dy, U E S(lRn) is a rapidly decreasing function of ~, _.-

Observe that if a E n~ (1R3n) then a(x,y.~)u(y) E S(lRn} as a function of y. Actually 

<y>k ! Oya [a(x,y,e)u(y)r! i"I .' .. !~!! 0 ~ a(x,y,~)! ! 0; u(y)! <y>k 
lHu=a 

S L l1f~!C~<x,y,e>m-p!1(!<x_y>m/+p!~!. <y>k! O;u(y)!. 
l+u=a 
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Since a~ u E S(lRn), we conclude that 

a ( I -N layu y) ~CN<y> foranyN>O. 

Observe that 

<x,y,~>m-pl)'1 $ { 1 
«x> <y> <~> r-pl )' 

if m-pl),1 ~ 0 

if m-pl),1 > 0 

Also 

<X_y>ID' +pl )'1 < ' . . {I 
- ( <x><y> )ID' +plA I 

In general we can write 

ifm' +pl),1 $ 0 

ifm' +pl)'1 > 0 

(*) <x,y',~>m-:-pl151 <x_y>m' +pllSl ~ <x>p <y>q <~>r for all j ~ a, where p, q and r 

are appropriate positive real numbers. 

Finally, we have ' 

I. ~ Cr <x,y,~>ID-plil <x_pm' +pltil <y>k I a~ u(y) I 
~+u=a IS! O'! . ' 

It follows that given x, ~; 

sup <y'>k laO' (a(x,y,ej u(y) I <'" as required of a function' from S(lRn). 
y y 

- '-

Since a(x,y,~) U(Y) 'E S(lRn) as a function of y, we are allowed to integrate by parts . Let N 

be an even positive integer. Then 'on using the identity e ~ix( = «>':"'N <De N e -ix( . 

and integrating by parts we obtain 

Je-iY~ a(x,y,() u(y)dy = Je-iY( «> -N <Dy>N [a(x,y,()u(y))dy. 

Since <D > N is a constant coefficient differential operator, by (3) of Theorem 1.6.3 and y . 

(~)weget, 

I <Dy>N [a(x,y,~) u(y)) I $ CN <x>p <y> -M<~> -N+r, 

where M and N can be chosen arbitrari~y large. This proves that, given x 

sup <~> r I J e -ixe a(x,y,() u(y)dy I < '" . 
~ 

and therefore the integration on y yields a function of (from S(lRn). Thus we conclude that 

the iterated integral (1) of Definition 1.6.2 is well defined. 
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APPENDIX D 

Let ,/'(x,y,~) E ~o (1R3n)"r(0,0,0) = 1. Consider u (x,y,e) =,/'( fX,EY,W~) u(x;i,e) . The 
E,W 

formula (10) of Theorem 1.6.6 is valid for (J (x,y,e). We have . _ _. _ ,- EW 

H ei(x-y)~(x_y)J.! (J E,Jx,y,~) u(y)dyd~ = J eix~ [J eiy~(x_y)J.! (J EJx,y,e)u(y)dy] d~. 

From the Lebesgue's Dominated Convergence Theorem applied to the dominant function y 

-+ (J(x,y,~) u(y) from S(lRn) we are in a position to take E -+ ° under the sign of the 

integral in brackets. We get 

J eix~ U eiy~,/'(o,O,w~) (x-y)J.! u(x,y,~) u(y)dy] d~ 

On using Appendix B and the fact that u(x,y,e) E rr~ (1R 3n) we conclude that the result of 

the integration of the term in brackets is a function of ~ from S(lRn). Thus we can take W-+ 

o under the sign of the integral. This justifies the LHS of (10) for u(x,y,e) E rr~ (1R 3n) as 

an iterated integral. 

The same argument applies to RHS of (10). Thus (10) is valid for any o-(x,y,~) E rr~(1R3n) 

if both sides of (10) are considered as repeated integrals. 

APPENDIX E 

Put C(x,e) = E (-I)j <p(t:1 <x,~» C~j) (x,e) 
. j=1 J 

{
o if II zll ~ ~ 

<p(z) = 1 ifllzll ~ 1 

Let tj+l > t j, j = 1,2,3, .. .. If <x,~> ~ t j, th.en 

tp(tjl <x,~» = 1: . Since tj ~ tk, k ~ j, we have 
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<p(tk1 <x,e» = 1 for <x"e) ~ tj" Thus the product 

'of the symbols l+C
O
(x,e) a.nd ~ (_l)k <p(tk-1<x,e» C~k) (x,e) yields 

. k=O 

a symbol 1 + rj, where rj E r;2jp(0!2n) since the calculations tak~ place for 

<x,e> ~ t .. So the infinite s~ yields a symbol1+r, where r E ~ . r-p
2jP (1R2ri): S(1R2n). 

J j=l 

APPENDIX F 

We need to show that I II~ am(z) I 5 Cal am(z)1 IIzll-pl al · 

B·~th sides of the inequality above are homogeneous functions of degree m-pl al (see . 

Example 1.1.3). Thus it is sufficient to prove the result for z on the unit sphere. By 

definition II am(z)1I ~ C1' for IIzll = 1. 

Thus II ~ am (z) is bounded on the unit sphere. Therefore there exists a p.ositive constant. C a 

. such that III~am(z)1 ~ Callam(z)llIzll-pl al forllzll = 1. 

By homogeneity, the above inequality is true for all z E 1R2n. 

,. 
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