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Abstract

Unlike electromagnetic waves, gravitational waves self interact. This interaction

is non-linear and can have very interesting properties which effect the curvature

of space-time. A gravitational plane wave collider, implemented in the Python

package COFFEE [20] that been developed in recent years by the Otago relativ-

ity group and implements the method of lines, can be reliably used to study

this self-interaction. This was shown to work well numerically as profounded by

Frauendiener, Stevens and Whale in 2014 [24]. For this reason, COFFEE will be

used to study these gravitational wave propagations and subsequently collisions.

The Einstein field equations are formulated as a well-posed initial boundary value

problem (IBVP) in the Friedrich-Nagy gauge [26] and due to the large class of

boundary conditions admitted by this framework, a variety of investigations into

the propagation of plane gravitational waves could be carried out.

This study focuses on the propagation of plane gravitational waves in the de Sit-

ter (dS) space-time, which is the maximally symmetric solution of the Einstein’s

vacuum field equations with a positive cosmological constant λ. There is sub-

stantial cosmological evidence that our universe is asymptotically de Sitter, yet

no work, analytical nor numerical, has been done on gravitational plane waves

propagating on such a space-time, mainly due to the increased complexity from

the non-vanishing λ.

Firstly, it is found analytically that with an arbitrary cosmological constant λ

and a non-vanishing energy momentum tensor, the constraints will propagate.

This means that we still have a wellposed IBVP, which is nontrivial since the

Friedrich-Nagy gauge has only been shown to lead to a wellposed IBVP without

matter [26]. Using this system, we consider one ingoing wave propagating on

said space-time in vacuum. The area of the ingoing wave profile is varied and

inferences are made about the different phenomena that arise in the curvature of
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space-time during the evolution. It is found that there exists a critical value of

the wave’s area, ac, whereby taking the area below this value the system asymp-

totes to its initial state, and above the system diverges, indicating the presence

of a singularity. Furthermore, we define an expansion parameter H to meas-

ure how the gravitational waves influence the accelerated expansion, generalising

(numerically) results of Tsamis and Woodard [48].
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Chapter 1

Introduction

The Theory of General Relativity, a postulate by Albert Einstein in November

1915 [14], explains that what we perceive as the force of gravity in fact arises

from the curvature of space and time. He put forward the well known non-

linear Einstein field equations (EFEs) (see Appendix A.9) which describe the

gravitational field. The equations match the curvature of local space-time to the

local energy and momentum within that space-time. These equations have since

been shown to have wave solutions [28]. According to this theory, perturbations of

space-time curvature, generated by accelerated masses, are known as gravitational

waves and these propagate at the speed of light, just like electromagnetic waves.

Traditional means such as optical telescopes or radio telescopes have been and

are still being used to observe and understand our universe but are limited due to

scattering, absorption and long distances travelled by the electromagnetic waves

they detect. On the other hand gravitational waves can penetrate regions of

space that electromagnetic waves cannot due to their weak interactions with

matter. They do so while carrying undistorted information about their sources.

Phenomena like merging neutron stars, colliding black holes and exploding stars

which was utterly invisible to electromagnetic astronomers have become seeable

by detecting and analysing gravitational waves they produce. This has created a

new window in multi-messenger astronomy with which scientists can use to see

all the way back even to the origin of the cosmos itself. Thus gravitational wave

astronomy gives new insights into the working of the universe.

Due to the faintness and weakness of the gravitational waves, though being detect-

able, Einstein wondered if they could ever be discovered and be useful in science.

However, almost 100 years after his postulate, on 14 September 2015, gravita-
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tional waves were finally directly detected [50]. The existence of such waves has

further been proven with other several recent detections by the Laser Interfero-

meter Gravitational wave Observatory (LIGO) and VIRGO collaboration [1, 2].

Unlike electromagnetic waves which superpose rather than self interact when they

collide, gravitational waves interact non-linearly [28]. Though this phenomenon

is very weak so much that it is very hard to detect, its study is intriguing as we

strive to understand our universe in greater depth.

As a first attempt at studying this non-linear self-interaction, one must consider

some sort of simplifying assumptions. Taking a vanishing cosmological constant

and plane symmetry in vacuum is what people have been drawn toward. Spherical

symmetry is neglected as by Birkhoff’s theorem, this precludes the existence of

gravitational waves. As a final simplification, one considers only one wave.

Thus, consider the evolution of a plane gravitational wave in Minkowski space.

Griffiths in [28] highlights that the widely known class of plane-fronted gravita-

tional waves having parallel rays are the pp-waves first introduced by by Jürgen

Ehlers and Wolfgang Kundt in 1962, see [23]. The term pp being an acronym for

parallel propagation. Their definition is based upon their property of admitting

a covariantly constant null vector field identified by the tetrad vector la, that is

the covariant derivative of la must vanish. The field components for pp-waves are

the same at all the points of the wave surfaces and for this very reason they are

plane symmetric. Using the null coordinate u, the line element for a plane wave

can then be defined as

ds2 = 2dudr + (h11X
2 + 2h12XY + h22Y

2)du2 − dX2 − dY 2 (1.1)

where hij are functions of u alone and X and Y are the space-like coordinates

spanning the wave surfaces.

Another interesting class of gravitational waves admitting these simplifying as-

sumptions are the sandwich waves. Podolskỳ and Veselỳ in 1998 explored ex-

amples of sandwich gravitational waves in [42]. They found out that sandwich

gravitational waves can be constructed from the homogenous pp-solution in the

case where du is non-zero on some u ∈ [u1, u2]. For this case the spacetime can

be split into three distinct regions similar to the work put forward by Khan and

Penrose in [31] which is the first exact solution for the case of colliding plane
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impulsive gravitational waves. The regions u < u1, u1 < u < u2 and u > u2 are

flat, curved and flat respectively. In order to describe this class of waves, the line

element (1.1) above can also be used.

Earlier work by Bondi et al in 1959 [12] as well as Bondi and Pirani in 1989 [11]

further analysed the focusing property of plane waves explaining it in terms of

caustics. They probed the action of sandwich plane gravitational waves onto a

collection of test particles that are initially at rest in a Minkowski spacetime. The

particles were strung in a fixed direction determined by the polarisation of the

wave. They observed that for the case of waves having a constant linear polar-

istion, all the particles collided after a certain known time irrespective of their

initial positions and such is the focusing power of gravitational waves. Penrose

in 1965 (see [40]) had also made a similar finding which was remarkable by that

time. In the same article [11], geometrical properties of plane gravitational waves

were explored. They found out that an observer, after passing through the front

of such a wave, will after a predetermined time have seen the entire spatial volume

lying in a space-like half-hyperplane in front of the wave.

There are also a class of space-times that describe the collision of plane-fronted

gravitational waves with colinear polarisation. This was put forward by Khan

and Penrose in 1971 [31] where the two waves had delta-function wave profiles

(called impulsive waves.) This solution was generalised later by Nutku and Halil

to include arbitrary polarisations [36]. They found that the space-time was split

into four regions: The initial region between the waves (Minkowski space-time),

two regions containing one wave each and the interaction region. Suprisingly, the

interaction region contained an unavoidable future space-like curvature singular-

ity. This was postulated to be an artifact of the plane symmetry.

With the large study of plane gravitational waves in Minkowski space, the ques-

tion arises: What happens if we make the cosmological constant non-zero? The

simplest space-times with positive and negative cosmological constant are the de

Sitter and anti-de Sitter space-times respectively. In 1999 Podolský and Bičák

in [9] carried out an analytical investigation into gravitational waves in de Sitter

and anti-de Sitter backgrounds. They analysed properties of non-twisting type

N solutions of the vacuum Einstein field equations. They found that for a non-

vanishing cosmological constant there exist two cases to consider i.e (i) the Kundt

Introduction 3



class of non-expanding gravitational waves and (ii) the Robinson-Trautman class

of expanding gravitational waves. Within the same year, they put forward work

on the physical properties of these type N solutions also referred to as transverse

gravitational waves. There has been no investigations done into plane gravita-

tional waves propagating in de Sitter space-time.

There is enough undeniable evidence in literature that our universe is expanding

at an accelerated rate. The expansion of the universe is merely an increase in

length of path between two gravitationally unbound parts of the universe over

time [37, 45]. Early work done by Edwin Hubble in 1929 [30] suggested beyond

doubt that the universe was expanding. In his work he measured the velocities

of a number of nearby galaxies and discovered that they were moving away from

us and this has been verified by observing galaxies using better equipment [45].

This accelerated expansion can be realised mathematically by including a positive

cosmological constant into the Einstein equations. De Sitter space-time is a

simple example of an expanding universe where the expansion is accelerating at

a constant rate.

Recently Woodard and Tsamsis in [47, 48] carried out an investigation into the

effects of gravitational waves on the expansion rate of the de Sitter space-time.

Once clarifying what they mean by expansion rate of the perturbed space-time,

they showed that on an initial timeslice, gravitational waves do indeed affect

the expansion rate due to the modified extrinsic curvature. They defined this

expansion rate H(t,x) as

H(t,x) = 1
3D

µuµ(t,x) (1.2)

in terms of a covariant derivative Dµ of a time-like four velocity vector field uµ.

In order to investigate the propagation of plane gravitational waves in the de Sitter

space-time, we turn to numerical solutions of the EFEs. To accomplish this, it is

useful to formulate them as an IBVP as demonstrated by Fraundiener et al in [24],

who consider the numerical evolution of plane gravitational waves in Minkowski

space-time, implementing the system in the Python package COFFEE [20]. This

formulation involves the introduction of artificial timelike boundaries to reduce

the physically-infinite system to a finite one. They highlight that one will be left

with the question as to which boundary conditions guarantees the existence of
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a unique solution to the Einstein’s equations which admits the given values on

the initial data hypersurface and boundary. The set up put forward by Friedrich

and Nagy in [26] is then utilised which implements the Einstein equations in the

Newman-Penrose formalism [34] and the resulting IBVP and was analytically

proved to be wellposed in vacuum with an arbitrary cosmological constant.

In this work we seek to analyse numerically the de Sitter spacetime perturbed by

plane gravitational waves. This is achieved by imposing an initial boundary value

problem to the EFEs, generalising [24] by including a cosmological constant. We

seek to investigate the influence of the wave profiles on the resulting space-time, in

particular the curvature and expansion rate. A critical phenomenon is discovered

and analysed in detail.

1.1 Objectives

1.1.1 General objective

To numerically evolve a single plane gravitational wave on a de Sitter space-time

in the Friedrich-Nagy gauge using the aforementioned COFFEE and characterise

the resulting space-time.

1.1.2 Specific objectives

1. Experiment with different wave profiles using the numerical framework de-

veloped and tested in [24] to find interesting cases of the evolved gravita-

tional waves by modifying their area and amplitude.

2. Analyse the perturbed space-time by looking at:

• The Kretschmann scalar, a scalar curvature invariant, to see whether

any physical curvature singularities occur.

• A self-defined expansion parameter, to measure how introducing a

gravitational wave affects the accelerated expansion of the space-time.
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1.2 Description of the work

Having drawn the road map for the entire study in this first chapter, the following

section contains literature reviews of previous researches and their significance to

the context under study. Derivations of the field equations and other essential

equations in the Friedrich - Nagy gauge with a cosmological constant are presented

in Chapter 3. This is then followed by a discussion regarding the numerical tools,

setup as well as implementations executed to achieve the research objectives.

Chapter 5 is devoted to an analysis, presentation and evaluation of findings and

their applications. Reflections, recommendations for future work and an overall

summary of this research are presented in Chapter 6. Additional material deemed

necessary to follow this research are then provided in the appendices.
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Part I

Plane Gravitational Waves
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Chapter 2

Literature Review

2.1 The Newman-Penrose Formalism

In 1962, ideas from Penrose’s spinors [38] and Newman’s tetrad approach were

brought together to formulate the well known Newman-Penrose (N-P) formal-

ism [34]. This approach has proven very useful for many applications in general

relativity as it allows for simplification of many theorems in the study of gravita-

tional radiation and for the search of exact solutions [49]. Griffiths further points

out that the N-P formalism facilitates the geometrical analysis of the colliding

plane wave problem [28]. The main ingredients of this technique are the spin

coefficients and its usefulness relies on the fact that the end equations are first

order and so can be grouped into linear equations. In addition, all the equations

become complex thereby reducing the total number by half and this allows the

reduced number of equations to be written explicitly without the use of index and

summation conventions. For these same reasons the Friedrich-Nagy (F-N) gauge

which shall be employed in this research was formulated using the N-P formalism

[39] and it makes sense to derive our field equations using the same technique.

In this section, we review and closely follow the derivations put forward by Grif-

fiths in [28]. In 1962 Newman and Penrose put forward the most convenient ap-

proach of representing Einstein’s equations well known as the Newman-Penrose

formalism [34]. This involves the introduction of a tetrad system of null vectors

(lµ, nµ,mµ, m̄µ) (2.1)
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where lµ and nµ are real null vectors and mµ is a complex null vector along with

its conjugate m̄µ. All their inner products are zero except

lµn
µ = 1, mµm̄

µ = −1. (2.2)

It can then be shown (see Appendix) that in terms of the null tetrad basis, the

metric tensor becomes

gµν = lµnν + nµlν −mµm̄ν − m̄µmν . (2.3)

Having defined this basis, the Ricci and Weyl tensor components can now be

given.

2.1.1 The Ricci Tensor

The ten independent components of the Ricci tensor (Rµν) can now be divided

into a component λ (in vacuum λ = 1
6λ where λ is the cosmological constant)

which represents the curvature scalar and nine independent components of a

Hermitian 3 × 3 matrix ΦAB, which represents the trace-free part of the Ricci

tensor satisfying ΦAB = ΦBA. Indices AB can take values 0, 1, 2 [28]. These

components can be defined as

Φ00 = −1
2Rµνl

µlν Φ11 = −1
4Rµν(lµnν +mµm̄ν)

Φ10 = Φ01 = −1
2Rµνl

µmν Φ21 = Φ12 = −1
2Rµνn

µmν

Φ20 = Φ02 = −1
2Rµνm

µmν Φ22 = −1
2Rµνn

µnν

λ = 1
24R.

2.1.2 The Weyl Tensor

The free gravitational field is then represented by the ten components of the Weyl

tensor (Ψi) conveniently expressed as the five complex scalars

Ψ0 = −Cκλµνlκmλlµmν Ψ3 = −Cκλµνnκlλnµm̄ν

Ψ1 = −Cκλµνlκnλlµmν Ψ4 = −Cκλµνnκm̄λnµm̄ν .

Ψ2 = −Cκλµνlκmλm̄µnν
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Interpretations for these Weyl tensor components are as follows:

• Ψ0 represents a transverse wave component in the nµ direction.

• Ψ1 represents a longitudinal wave component in the nµ direction.

• Ψ2 represents a coulomb component.

• Ψ3 represents a longitudinal wave component in the lµ direction.

• Ψ4 represents a transverse wave component in the lµ direction.

Such an interpretation is important when analysing gravitational wave propaga-

tions and consequently interactions.

2.1.3 The Spin Coefficients

Spin coefficients are the main feature of the Newman-Penrose formalism. These

are obtained from complex linear combinations of the Ricci rotation coefficients

associated with the null tetrad mentioned earlier. Although we are following

the outline as given by Griffiths as mentioned earlier, we adopt conventions by

Penrose and Rindler in [39].The spin coefficients are defined as

κ = lµ∇νm
µlν κ′ = nµ∇νm̄

µnν

ρ = lµ∇νm
µm̄ν ρ′ = nµ∇νm̄

µmν

σ = lµ∇νm
µmν σ′ = nµ∇νm̄

µm̄ν

τ = lµ∇νm
µnν τ ′ = nµ∇νm̄

µlν

ε = 1
2(lµ∇νn

µlν −mµ∇νm̄
µlν) β = 1

2(lµ∇νn
µmν −mµ∇νm̄

µmν)

α = 1
2(lµ∇νn

µm̄ν −mµ∇νm̄
µm̄ν) γ = 1

2(lµ∇νn
µnν −mµ∇νm̄

µnν).

(2.4)

It will be more convenient to describe and analyse the geometric properties of

solutions in terms of these spin coefficients later in this study.

The commutator relations between the directional derivatives (D,D′, δ and δ′)

defined in section (3.7) below that act on scalars are given as

D′D −DD′ = (γ + γ̄)D − (γ′ + γ̄′)D′ − (τ − τ̄ ′)δ′ + (τ ′ − τ̄)δ

δD −Dδ = (β + ᾱ + τ̄ ′)D + κD′ − σδ′ − (ε+ γ̄′ + ρ̄)δ

δD′ −D′δ = κ̄′D + (τ + β̄′ + α′)D′ − σ̄′δ′ − (ε̄′ + γ + ρ′)δ

δ′δ − δδ′ = (ρ′ − ρ̄′)D − (ρ− ρ̄)D′ − (α′ + ᾱ)δ′ + (α + ᾱ′)δ.

(2.5)

The next set of useful equations in this formalism are the curvature equations.
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These are merely derivatives of spin coefficients found by applying the relations

above on spin coefficients and they are given in general by

Dρ− δ′κ = ρ2 + σσ̄ − κ̄τ − κ(τ ′ + 2α + β̄ − β′) + ρ(ε+ ε̄) + Φ00,

Dσ − δκ = σ(ρ+ ρ̄+ γ̄′ − γ′ + 2ε)− κ(τ + τ̄ ′ + α− α′ + 2β) + Ψ0,

Dτ −D′κ = ρ(τ − τ̄ ′) + σ(τ̄ − τ ′) + τ(γ̄′ + ε)− κ(γ̄ + 2γ − ε′) + Ψ1 + Φ01,

δρ− δ′σ = τ(ρ− ρ̄) + κ(ρ̄′ − ρ′) + ρ(ᾱ + β)− σ(ᾱ′ + 2α− β′)−Ψ1 + Φ01,

δτ −D′σ = −ρ′σ − σ̄′ρ+ τ 2 + κκ̄′ + τ(β + β̄′)− σ(2γ − ε′ + ε̄′) + Φ02,

D′ρ− δ′τ = ρρ̄′ + σσ′ − ττ ′ − κκ′ + ρ(γ + γ̄)− τ(α + ᾱ′)−Ψ2 − 2λ,

D′β − δγ = τρ′ − κ′σ − κ̄′ε+ ασ̄′ + β(ρ′ + ε̄′ + γ)− γ(β̄′ + α′ + τ)− Φ12,

δ′ε−Dα = τ ′ρ− κσ′ + κ̄γ − βσ̄ − α(ρ+ ε̄+ γ′) + ε(β̄ + α + τ ′)− Φ10,

Dβ − δε = κ(ρ′ − γ)− σ(τ ′ − α) + β(ρ̄+ γ̄′)− ε(τ̄ ′ + ᾱ) + Ψ1,

δ′γ −D′α = κ′(ρ+ ε)− σ′(τ + β)− α(ρ̄′ + γ̄) + γ(τ̄ + ᾱ′) + γβ′ − ε′α + Ψ3,

Dγ −D′ε = κκ′ − ττ ′ − β(τ ′ − τ̄)− α(τ̄ ′ − τ)− ε(γ + γ̄) + γ(γ′ + γ̄′)

+ Ψ2 + Φ11 − λ,

δ′β − δα = ρρ′ − σσ′ − αᾱ + βᾱ′ + α(β − α′) + γ(ρ̄− ρ) + ε(ρ′ − ρ̄′)

+ Ψ2 − Φ11 − λ. (2.6)

The other twelve curvature equations in addition to the above are found by per-

forming the priming operation on (2.6) [49].

The other essential part of the Newman-Penrose formalism is the set of equations

known as the Bianchi identities [35]. These can be regarded as equations for the

Weyl tensor components (Ψi), and as put forward by Penrose and Rindler in [39]

they are given as
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DΨ1 − δ′Ψ0 −DΦ01 + δΦ00 = −τ ′Ψ0 + 4ρΨ1 − 3κΨ2 + τ̄ ′Φ00

− 2ρ̄Φ01 − 2σΦ10 + 2κΦ11 + 2κ̄Φ02,

DΨ2 − δ′Ψ1 − δΦ01 +D′Φ00 + 2Dλ = σ′Ψ0 − 2τ ′Ψ1 + 3ρΨ2 − 2κΨ3 + ρ̄′Φ00

− 2τ̄Φ01 − 2τΦ10 + 2ρΦ11 + σ̄Ψ02,

DΨ3 − δ′Ψ2 −DΦ21 + δΦ20 − 2δ′λ = 2σ′Ψ1 − 3τ ′Ψ2 + 2ρΨ3 − κΨ4 − 2ρ′Φ10

+ 2τ ′Φ11 + τ̄ ′Φ20 − 2ρ̄Φ21 + κ̄Φ22,

DΨ4 − δ′Ψ3 − δ′Φ21 +D′Φ20 = 3σ′Ψ2 − 4τ ′Ψ3 + ρΨ4 − 2κ′Φ10 + 2σ′Φ11

+ ρ̄′Φ20 − 2τ̄Φ21 + σ̄Φ22,

DΦ11 +D′Φ00 − δΦ10 − δ′Φ01 + 3Dλ = (ρ′ + ρ̄′)Φ00 + 2(ρ+ ρ̄)Φ11

− (τ ′ + 2τ̄)Φ01 − (2τ + τ̄ ′)Φ10 − κ̄Φ12

− κΦ21 + σΦ20 + σ̄Φ02,

DΦ12 +D′Φ01 − δΦ11 − δ′Φ02 + 3δλ = (ρ′ + 2ρ̄′)Φ01 + (2ρ+ ρ̄)Φ12

− (τ ′ + τ̄)Φ02 − 2(τ + τ̄ ′)Φ11 − κ̄′Φ00

− κΦ22 + σΦ21 + σ̄′Φ10. (2.7)

The other missing equations will be the primed versions of these. In the next

chapter, equations (2.5), (2.6) and (2.7) will be reviewed to the case under study

subject to some necessary simplifications in deriving the field equations in this

formalism.

2.2 Plane gravitational waves in Minkowski space-

time

Hawking and Ellis in [29] define the Minkowski spacetime (M) as the simplest

empty spacetime in General Relativity, mathematically being the manifold R4

with a flat Lorentz metric η that can be expressed in the form

ds2 = −(dt)2 + (dx)2 + (dy)2 + (dz)2

for the natural coordinates (t, x, y, z) in R4.

Griffiths in [28] did put forward a discussion on a class of solutions to the EFEs
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known as the pp-waves discovered earlier by Brinkmannn (1923). These plane

fronted gravitational waves are known to admit a null vector field that is covari-

antly constant and so a tetrad vector lµ can be identified with this field. From the

properties defining lµ that lµ;ν = 0 it immediately follows that this vector field is

tangent to a wave surface like Minkowski spacetime which is non-expanding and

bearing neither shear nor twist null geodesic congruence. Owing to the congru-

ence being expansion-free, such wave surfaces are said to be plane. For a null

coordinate u such that lµ = ∂u
∂xµ

, the line element known to represent the pp-wave

spacetime in the Kerr-Schild form is

ds2 = 2dudr +H(u,X, Y )du2 − dX2 − dY 2 (2.8)

with space-like coordinates X and Y spanning the wave surfaces and H being

a smooth metric function. For these metrics, Griffiths then points out that the

only curvature components which are non-zero are

Φ22 = 1
4(H,XX +H,Y Y )

Ψ4 = 1
4(H,XX −H,Y Y +2iH,XY ). (2.9)

The consequence of this is that the line element Eqn.(2.8) satisfies the Einstein’s

vacuum equations if and only if H,XX +H,Y Y = 0 that is if the Ricci tensor Φij

components are zero [51, 41]. Moreso, a pp-gravitational plane wave is one with

the same field components at every point of the wave surfaces and so is said to

exhibit plane symmetry. For such a wave with constant linear polarization the

line element is then

ds2 = 2dudr + h11(u)(X2 − Y 2)du2 − dX2 − dY 2 (2.10)

with Ψ4 = h11(u) having removed H terms linear in X and Y by coordinate

transformation.

Impulsive plane gravitational waves propagating in Minkowski spacetime have

been looked into in the past. Podolskỳ et al in [43] defines them as mere theor-

etical models of gravitational bursts, which are short but violent, first introduced

by Penrose in the late 1960s (see [41] p.82). These can be constructed on a

Minkowski background using the ‘cut and paste’ approach put forward by Pen-

rose in [41]. Griffiths in [28] puts forward a detailed discussion on these and for a
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null coordinate u the Brinkmann-Peres-Takeno line element can used to describe

one such wave as

ds2 = 2dudr + δ(u)(X2 − Y 2)du2 − dX2 − dY 2 (2.11)

where δ(u), the Dirac delta function, being a component of the impulsive wave.

In 1971, Khan and Penrose [31] obtained the first exact solution for colliding

plane impulsive gravitational waves in a flat region of Minkowski background.

It was remarkably noted from this pioneering work that the spacetime before

the collision was flat and after the collision was not only curved, but developed

a future curvature singularity. Metrics describing approaching impulsive plane

gravitational waves are well known [28] and one such metric is

g = 2T 3dUdV

RW (PQ+RW )2 − T
2
(
R+Q

R−Q

)(
W + P

W − P

)
dX2 − T 2

(
R−Q
R+Q

)(
W − P
W + P

)
dY 2

(2.12)

where

P = UΘ(U), Q = VΘ(V ), R = (1− P 2)1/2, w = (1−Q2)1/2,

T = (1− P 2 −Q2)1/2 (2.13)

in which Θ is the Heaviside step function. Using a suitable symbolic manipula-

tion, the same line element was transformed and together with the gravitational

wave components Ψ4 and Ψ0, the initial situation of two approaching waves was

defined. The form of the metric (2.12) suggests that the spacetime divides into

four different regions in a natural way using the signs of U and V as illustrated

below.
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Figure 2.1: The singularity structure of the Khan-Penrose solution.

Region I (U ≤ 0, V ≤ 0) represents the flat background, Region II (U ≥ 0, V ≤ 0)

and III (U ≤ 0, V ≥ 0) contain the two approaching waves. Region IV (U > 0,

V > 0) is the interaction region following the collision, which is not flat. Khan

and Penrose found that the line element in this region was a unique solution to

the Einstein’s vacuum equations subject to appropriate boundary conditions set

on the two null surfaces V = 0, U ≥ 0 and U = 0, V ≥ 0. The equation for this

line element is given in the Appendix. It was also noted that metrics for regions

II and III are singular on the null hypersurface U = 1 and V = 1 respectively.

They regarded these as coordinate singularities since they could be removed by

suitable coordinate transformations.

Tremendous work for the case of gravitational waves propagating in Minkowski

spacetime has been done in recent years and one such investigation was done by

Wulandari and Triyanta in [17]. They found out that the passing of gravitational

waves which carry along the fluctuation effect causes ripples in spacetime making

each of the rest particles present feel a tidal acceleration.

Clearly from the available literature there is no doubt that most exact solutions

for the Einstein vacuum equations are for impulsive plane gravitational waves on

flat backgrounds. These have been heavily studied because analytical solutions

can be found for them. For these same reasons this work seeks to fill up the
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gap in literature by considering the case of plane gravitational waves evolved

numerically on a de Sitter background followed by an analysis of the perturbed

spacetime. This will involve comparing and contrasting the findings with what

could be achieved in Minkowski spacetime.

2.3 Plane gravitational waves in de Sitter space-

time

Hawking and Ellis in [29] define the de Sitter spacetime as a space of constant

curvature for λ > 0 having a topology R1 × S3. It is easily visualised as a

hyperboloid

−v2 + w2 + x2 + y2 + z2 = α2 (2.14)

and in a flat R5 space has metric

−dv2 + dw2 + dx2 + dy2 + dz2 = ds2. (2.15)

In flat slicing which is implemented in this work, for coordinates (t, x, y, z) on R4,

it can be partly covered by the line element

ds2 = dt2 − e 2t
α

(
dx2 + dy2 + dz2

)
. (2.16)

An investigation into the propagation of gravitational waves in vacuum with a

positive cosmological constant (λ) was carried out in [9] and subsequently [10] by

Bičák and Podolskỳ in 1999. In the former paper, they analysed the geomet-

ric properties of non-twisting type N solutions and in the later they discussed

their physical properties. Their main focus in [10] was to analyse the equation of

geodesic deviation and using the Newman-Penrose null tetrad and having ana-

lysed the said equation, they did show that the non-twisting N type solutions

can be interpreted as transverse gravitational waves propagating in Minkowski,

de Sitter or anti-de Sitter depending on the value assigned to λ . They further

demonstrated that for a positive cosmological constant, an observer moving along

the geodesics will witness waves decaying fast exponentially and the spacetime

approaching de Sitter locally. On the contrary, in this work we seek to investigate

the phenomena arising using waves which exhibit plane topology.
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There are a number of earlier works on well-posedness of an initial boundary value

problem for the Einstein’s equations and among them is one by Friedrich and

Nagy in 1999 [26]. In their article they prescribed initial data on an oriented 3-

dimensional manifold and boundary conditions to this manifold. They went on to

prescribe gauge source functions which described the evolution of the fields. Given

that all data are smooth and consistency conditions are met on the boundaries, it

was shown that there exists a smooth solution to the Einstein’s vacuum equations

Rab = λgab.

Substantial research in astronomy as in Hawking et al. [29] among others and ob-

servations made by renowned organisations like National Aeronautics and Space

Administration (NASA), have provided enough evidence that the the universe is

expanding at an accelerated rate. Efforts to measure this rate already exist in

literature for instance in [19]. Recent researches by Woodard and Tsamis in 2014

[48] and earlier in 2013 [47] revealed that indeed gravitational radiation affects

this expansion rate on an initial time slice. In particular, they found out that the

introduction of gravitational radiation has the potential to slow down the expan-

sion rate enough to stop the expansion or even make the universe contract. In

this research we numerically investigate this finding, away from the initial hyper-

surface, using a similar expansion parameter derived in our ansatz as provided in

Chapter 4.
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Chapter 3

The Friedrich-Nagy gauge with cos-

mological constant and matter

The Friedrich-Nagy gauge, which was put forward by Friedrich and Nagy in

[25, 26], is a formulation of the Einstein equations that employs the Newman-

Penrose formalism discussed above. The spin-coefficients and curvature quantities

are the variables in the Friedrich-Nagy representation of the Einstein equations.

The gauge gives an initial boundary value problem (IBVP) formulation of the

Einstein equations which is a symmetric-hyperbolic system and thus well-posed.

The gauge therefore reduces the geometric initial boundary value problem for

the Einstein field equations to a maximally dissipative initial boundary value

problem. That is, boundary conditions are imposed (or not) based on the ingoing

characteristic modes of the system, and do not add positively to the rate of change

of the ’energy’ of the system. Thus, we will write down the EFEs for our particular

case in the Friedrich-Nagy gauge in the subsequent sections.

The aforementioned F-N gauge has rarely been implemented in numerical simu-

lations as it is deemed to be too complicated. The only implementation to date

was put forward by Frauendiener and Stevens in 2014 [24]. In their research they

studied the numerical performance of the F-N gauge and the related boundary

conditions considering a very simple case, that of colliding plane gravitational

waves in Minkowski space-time. Frauendiener and Stevens concluded that their

numerical implementation of the EFE as an IBVP in the F-N gauge is numeric-

ally stable. In this study we investigate the propagation of plane gravitational

waves in the same way, but with the addition of a positive cosmological constant.

As stated earlier, the IBVP for the Einstein’s equations is the basic tool used
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in the numerical study of interaction of gravitational waves. In the upcoming

section we present the derivation of the field equations in the Friedrich-Nagy

gauge from the perspective of well-posedness of the IBVP. Here we closely follow

the derivations put forward by Griffiths [28] and Frauendiener et al [24].

3.1 Gauge conditions

In order to permit the existence of gravitational waves in the spacetime, we

assume that the spacetime (M, g) allows for the action of a two-dimensional

translation group using isometries and also assume that the orbits foliate M and

are R2 topologically.

On collision, the approaching waves which have plane symmetry will warp each

other. In order to investigate this interaction of the gravitational plane waves we

can introduce local coordinates (x, y) and initially assume the existence of Killing

vectors represented as coordinate derivatives

ξ1 = ∂x, ξ2 = ∂y (3.1)

throughout the entire spacetime. Thus at each point of the manifold M , there

are just two null directions which are orthogonal to the planes (v = const and

u = const) spanned by the Killing vectors ξ1 and ξ2. We can introduce a vector

la that is orthogonal to the null hyper-plane u = constant and likewise introduce

vector na that is orthogonal to v = constant with the assumption that these two

vectors are normalised against each other i.e lana = 1. In addition to these real

future-pointing null vectors, we choose a third complex null vector to span the

hyperplanes and is defined as

ma = ξ∂x + η∂y,

where ξ and η are functions that will be fixed later. For numerical computation,

we need a suitable coordinate system which is attained by the introduction of

local coordinates t(u, v) and z(u, v) which are constant on the planes. These are

fixed by imposing the FN gauge conditions. First, we chose an initial spacelike

hypersurface on which to prescribe initial data for the IBVP assuming that the

Killing vectors are tangent to it. We then choose a timelike vector field ta such
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that it is tangent everywhere to the timelike boundaries (T−1 and T1) set at

z = −1 and z = 1 and so ta is orthogonal to the constant z surfaces. To eliminate

the remaining boost freedom we require that the unit vector ta be proportional

to the sum of the null vectors la and na that is

ta = α(la + na). (3.2)

The value of α can be determined from the requirement of unit vectors as

tata = 1

1 = (α(la + na))(α(la + na))

1 = α2(lala + lana + nala + nana)

1 = α2(1 + 0 + 0 + 1)

1 = 2α2

⇒ α = 1√
2

(3.3)

and so equation (3.3) becomes ta = 1√
2(la + na). At this stage it can be noted

that the unit vector ta is yet to be fixed and so we can choose z in an arbitrary

way. The natural way of achieving this is to choose them is such a way that they

be orthogonal to the initial hypersurface. This freedom will be fixed by specifying

the mean extrinsic curvature later in this study.

We then choose another spacelike unit vector za which is orthogonal to ta and

satisfying the inner product taza = 0. Likewise, za must be a linear combination

of la and na as

za = Cla +Dna. (3.4)

Again the values of C and D can be determined using the inner product require-

ment of unit vectors as follows

zaza = 1

1 = (Cla +Dna)(Cla +Dna)

1 = 2CD

and taking into account the condition taza = 0

it follows that C = −D = 1√
2
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and so (3.4) becomes

za = 1√
2

(la − na). (3.5)

Having chosen the spatial coordinate z on our initial hypersurface, we now denote

the other two remaining coordinates x and y. We then choose two spacelike unit

vectors xa and ya in such a way that they are orthogonal to ta and za. Since we

have chosen ma to span the planes we then have

ma = 1√
2

(xa + iya). (3.6)

We need to check whether this satisfies inner product requirement for unit vectors

mama = 0 = ( 1√
2

(xa + iya))( 1√
2

(xa + iya))

= (xaxa − yaya) + 2ixaya

= 2ixaya

⇒ xaya = 0.

Thus xa and ya are orthogonal. Also to note is that

mam̄a = 1
2(xa + iya)(xa − iya)

= 1
2(xaxa + yaya) = −1

This is as required from the null tetrad vector properties.

Extending the coordinate system everywhere in the neighbourhood of the timelike

boundaries, we then choose t to be the parameter of the integral curves of ta, that

is

ta∇at = 1⇒ ta∇a = ta∂a = ∂t.

Moreso, our conditions imply

za = − 1
A
∇az ⇒ za∇a = B∂t + A∂z +X∂x + Y ∂y

where A(t, z), B(t, z), X(t, z) and Y (t, z) are invariant functions. It had been

shown in [24] that using the freedom in the choice of x and y, we can eliminate

the functions X and Y and so we will ignore equations involving these. Having
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defined a gauge with coordinates (t, x, y, z) and frame (ta, xa, ya, za) we can now

derive la and na using (3.2) and (3.5) as

ta + za = 2√
2
la ta − za = 2√

2n
a

⇒ la = 1√
2

(ta + za) ⇒ na = 1√
2(ta − za).

From these we can represent the null tetrad (la, na,ma) in terms of directional

derivatives

D = la∇a = 1√
2

((1 +B)∂t + A∂z), (3.7)

D′ = na∇a = 1√
2

((1−B)∂t − A∂z), (3.8)

δ = ma∇a = ξ∂x + η∂y (3.9)

Here the complex spacelike vector ma is given in terms of complex-valued func-

tions ξ(t, z) and η(t, z). It is in these coordinates that the metric assumes the

form

g =
(

dt− B

A
dz
)2
− 1
A2 dz2 + 2

(ξη̄ − ξ̄η)2
(ηdx− ξdy)(η̄dx− ξ̄dy). (3.10)

3.2 The field equations

The derivation of the field equations in the Newman-Penrose formalism involves

the use of the commutator relations (2.5) put forward by Penrose and Rindler

[39]. Acting these on to the coordinates (t, x, y, z) we obtain the relationships

between the tetrad functions and the spin coefficients

ρ = ρ̄, ρ′ = ρ̄′, κ′ = 0, κ = 0, α = 0, β = 0, τ = 0, τ ′ = 0,

(D +D′)B = (γ + γ̄ + ε+ ε̄) + (γ + γ̄ − ε− ε̄)B,

(D +D′)A = (γ + γ̄ − ε− ε̄)A,

(D +D′)X = (γ + γ̄ − ε− ε̄)X,

(D +D′)Y = (γ + γ̄ − ε− ε̄)Y,

Dξ = σξ̄ + (ε− ε̄+ ρ)ξ, D′ξ = σ̄′ξ̄ + (γ − γ̄ + ρ′)ξ,

Dη = ση̄ + (ε− ε̄+ ρ)η, D′η = σ̄′η̄ + (γ − γ̄ + ρ′)η. (3.11)
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We then come up with next set of equations put forward in [39] equation (4.11.12)

which are curvature equations. These are derivatives in the direction of null

vectors of spin coefficients given above and are known to contain information

about curvature. Subject to the given simplifications together with non-zero

cosmological constant as well as Ricci tensor components (i.e λ 6= 0, Φij 6= 0)

they read
Dρ = ρ2 + σσ̄ + ρ(ε+ ε̄) + Φ00,

D′ρ′ = (ρ′)2 + σ′σ̄′ − ρ′(γ + γ̄) + Φ22,

Dσ = 2ρσ + σ(3ε− ε̄) + Ψ0,

D′σ′ = 2ρ′σ′ − σ′(3γ − γ̄) + Ψ4,

D′σ = ρ′σ + σ̄′ρ+ σ(3γ − γ̄)− Φ02,

Dσ′ = ρσ′ + σ̄ρ′ − σ′(3ε− ε̄)− Φ20,

D′ρ = ρρ̄′ + σσ′ + ρ(γ + γ̄)−Ψ2 − 2Λ,

Dρ′ = ρ′ρ̄+ σσ′ − ρ′(ε+ ε̄)−Ψ2 − 2Λ,

Dγ −D′ε = −γ(ε+ ε̄)− ε(γ + γ̄) + Ψ2 + Φ11 − Λ,

(3.12)

together with the algebraic conditions for theWeyl tensor components Ψ1,Ψ2 and Ψ3 :

Ψ1 = 0, Ψ2 = σσ′ − ρρ′ + Φ11 + Λ, Ψ3 = 0, (3.13)

where Λ is the curvature scalar related to the cosmological constant by 6Λ = λ

in vacuum.

From the Bianchi identity, ∇[aR
e
bc]d = 0, we obtain the final set of equations

regarded as equations for the Weyl tensor components

DΨ2 +D′Φ00 − 2(γ + γ̄)Φ00 + 2DΛ = σ′Ψ0 + 3ρΨ2 + ρ̄′Φ00 + 2ρΦ11 + σ̄Φ02,

D′Ψ2 +DΦ22 + 2(ε+ ε̄)Φ22 + 2D′Λ = σΨ4 + 3ρ′Ψ2 + ρ̄Φ22 + 2ρ′Φ11 + σ̄′Φ20,

DΨ4 − 4γ′Ψ4 +D′Φ20 + 2(γ − γ̄)Φ20 = 3σ′Ψ2 + ρΨ4 + 2σ′Φ11 + ρ̄′Φ20 + σ̄Φ22,

D′Ψ0 − 4γΨ0 +DΦ02 − 2(ε− ε̄)Φ02 = 3σΨ2 + ρ′Ψ0 + 2σΦ11 + ρ̄Φ02 + σ̄′Φ00,

DΦ11 +D′Φ00 − 2(γ + γ̄)Φ00 + 3DΛ = 2ρ′Φ00 + 2ρΦ11 + σΦ20 + σ̄Φ02,

D′Φ11 +DΦ22 + 2(ε+ ε̄)Φ22 + 3D′Λ = 2ρΦ22 + 2ρ′Φ11 + σ′Φ02 + σ̄′Φ20.

(3.14)

We face a problem, we have twenty variables and fifteen equations. We turn
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back to the F-N gauge conditions imposed earlier and first determine the mean

curvature of the timelike boundaries in terms of spin coefficients as

χ = (gab + zazb)∇azb

= 1√
2

(ε+ ε̄+ γ + γ̄ − 2ρ+ 2ρ′). (3.15)

From the symmetry assumptions, it can be noted that the Fermi transport F of

the space-like unit vectors xa and ya (and consequently of ma) along the time-like

unit vector ta reduces to parallel transport and so

Fma = tc∇cm
a

= 1√
2

(ε− ε̄+ γ − γ̄)ma. (3.16)

The remaining gauge freedom in choosing ma is determined by using

Fma = βfma

where f is an arbitrary real valued invariant function of t and z. Combining

(3.15) and (3.16) we get

ε+ γ = ρ− ρ′ + F, (3.17)

with F (t, z) being an invariant complex valued function where
√

2F = χ + βf .

If we introduce another complex valued function µ(t, z) defined as

µ = γ − ε, (3.18)

then we can explicitly express ε and γ in terms of µ and F which yields the

following ε−γ rules in terms of freely specifiable complex-valued functions F (t, z)

and µ(t, z) as;

ε = 1
2(ρ− ρ′ + F − µ), γ = 1

2(ρ− ρ′ + F + µ). (3.19)

If then we insert these expressions into the last of the curvature equations (3.12)

above, we obtain an equation for the function µ as;

(D +D′)µ = D′F −DF + µ(µ+ ρ) + µ̄(µ+ ρ+ ρ′) + ρ′(3F + µ+ 8ρ+ F̄ )

− F 2 − 2Λ− 3ρ(F + ρ)− F̄ (F + ρ)− σσ̄ − 3(ρ′)2 − σ̄′σ

+ 2Φ11 + 2Ψ2. (3.20)
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3.2.1 Evolution equations

The final step is to split the equations obtained above into evolution and con-

straint equations. First, we substitute ε and γ given in (3.19) as well as replacing

D and D′ into the first two equations in (3.11) above to get evolution equations

for the metric functions A and B as the first two equations in (3.21) below. We

ignore the rest of the equations involving functions ξ and η because equations

for these decouple from the system and could be determined once the other re-

maining equations have been solved. Doing the same for the curvature equations

in (3.12) and combining them appropriately we obtain the rest of the evolution

equations below (3.21) for the divergences ρ and ρ′, shears σ and σ′, µ, the Ricci

tensor components Φij as well as the Weyl tensor components Ψ0 and Ψ4 as
√

2∂tA = A(µ+ µ̄),
√

2∂tB = (F + F̄ + 2ρ− 2ρ′) + (µ̄+ µ̄)B,
√

2∂tρ = 3ρ2 + σσ̄ + ρ(F + F̄ )− 3Λ + Φ00 − Φ11,
√

2∂tρ′ = 3(ρ′)2 + σ′σ̄′ − ρ′(F + F̄ )− 3Λ + Φ22 − Φ11,
√

2∂tσ = 4ρσ − σρ′ + ρσ̄′ + σ(3F − F ) + Ψ0,
√

2∂tσ′ = 4ρ′σ′ − σ′ρ+ ρ′σ̄ − σ′(3F − F ) + Ψ4,
√

2∂tµ = µ2 + µµ̄− 3(ρ− ρ′)2 + (µ+ µ̄)(ρ+ ρ′)− σσ̄ − σ′σ̄′ + 2σσ′

− (ρ− ρ′)(F̄ + 3F )− F 2 − FF −
√

2A∂zF

−
√

2B∂tF − 6Λ− Φ00 + 2Φ11 − Φ22,

(1−B)∂tΨ0 − A∂zΨ0 =
√

2
[
σ(3Λ + 5Φ11 − 3ρρ′ + 3σσ′)

+ (2F + 2µ+ 2ρ− ρ′)Ψ0 + Φ00σ̄
′
]
,

(1 +B)∂tΨ4 + A∂zΨ4 =
√

2
[
σ′(3Λ + 5Φ11 − 3ρρ′ + 3σσ′)

+ (−2F + 2µ+ 2ρ′ − ρ)Ψ4 + Φ22σ̄
]
.

(3.21)
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3.2.2 The constraint equations and the subsidiary system

The remaining equations after identifying the evolution equations can be writ-

ten as the vanishing of constraint quantities Ci. These are those equations not

containing time derivatives thus are defined on each slice of constant time as

C1 = − 1√
2A

[
3(1 +B)Λ− ρ(µ− ρ+B(F + 3ρ))−BρF̄

− (−1 +B)σσ̄ − ρ(µ̄+ 2ρ∗)
]

+ ∂z(ρ),

C2 = − 1√
2A

[
− 3BF + 3µ− 2ρ+ 4Bρ)σ +BσF̄ − (1 +B)ρσ∗

− (−1 +B)Ψ0 + σ(µ̄+ (−1 +B)ρ∗)
]

+ ∂z(σ),

C3 = − 1√
2A

[
3(1 + B̄)Λ̄− FB̄ρ̄− ρ̄(µ̄− ρ̄+ B̄(F̄ + 3ρ̄))

− σ(−1 + B̄)σ̄ − ρ̄(µ+ 2ρ∗)
]

+ ∂z(ρ̄),

C4 = − 1√
2A

[
FB̄σ̄ − (3B̄F̄ + 3µ̄− 2ρ̄+ 4B̄ρ̄)σ̄ − (−1 + B̄)Ψ0

+ σ̄(µ+ (−1 + B̄)ρ∗)− (1 + B̄)ρ̄

(3.22)

We then check for constraint propagation, i.e. how the constraints propagate from

one time slice to the other. We do so by taking the time derivatives,∂t[Ci], of the

constraint equations above taking into account the fact that ∂tΛ = 0, ∂zΛ = 0

together with other necessary simplifications we have
√

2T (C1) = σC3 + C1(F + 6ρ+ F̄ ) + σ̄C3,
√

2T (C2) = σ∗C4 + C2(−F − F̄ + 6ρ∗) + C4σ
∗,

√
2T (C3) = ρC4 + C1(4σ + σ∗)− σC2 + C3(3F + 4ρ− F − ρ∗),
√

2T (C4) = C3ρ
∗ + C4(−3F − ρ+ F + 4ρ∗)− C1σ

∗ + C2(σ + 4σ∗).

(3.23)

and the result above are equations involving combinations of the constraints them-

selves. Thus if Ci are zero initially, they will remain zero. The constraint quantit-

ies do propagate within the hypersurfaces only and they do not cross the constant

z boundaries. This then means that the only boundary conditions to be imposed

are those for the Weyl tensor components Ψ4 and Ψ0.
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3.3 The expansion parameter H.

Here we derive the expansion parameter in our ansatz. The standard definition

of the expansion rate H as in [29],[47],[48] in terms of a covariant derivative, ∇a,

of a timelike 4-velocity co-vector field (dt)a :

H = 1
3∇

a(dt)a

= 1
3g

ab∇b(dt)a (3.24)

From equations (3.7) in the proceeding section, we have expressions for the null

vectors la and na as

la = 1√
2

((1 +B)∂t + A∂z) (3.25)

na = 1√
2

((1−B)∂t − A∂z) (3.26)

Since these are normalised against each other such that lala = 0 and lana = 1, we

obtain

la = 1√
2
dt− 1√

2
(1 +B)
A

dz (3.27)

na = 1√
2
dt+ 1√

2
(1−B)
A

dz (3.28)

Adding (3.27) and (3.28) above we have

la + na =
√

2dt−
√

2B
A
dz (3.29)

Subtracting (3.27) and (3.28) and solving for dz, substituting the result into

(3.29) above yields

dt = 1√
2

((1−B)la + (1 +B)na) (3.30)

substituting (3.30) into definition (3.24) and simplyfying yields

H = 1
3(lanb + nalb −mamb − m̄amb)∇b[

1√
2

((1−B)la + (1 +B)na)]a (3.31)

expanding the above and simplifying it subject to the definitions put forward in

[39], Eq. (4.5.21) through to Eq. (4.5.23) we have

H = 1
3

[
1√
2
[
(1 +B)(ε′ + ε̄′ − 2ρ′) + (1−B)(ε+ ε̄− 2ρ) +D′B −DB

]]
(3.32)
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Now taking into account the ε − γ rules derived earlier in Eq. (3.19) together

with definitions (3.7) and (3.8) the above expression simplifies to

H = 1
3

[
−
√

2
(
ρ+ ρ′ + 1

2(µ+ µ̄)
)
− B√

2
(F + F̄ )− (BḂ + AB′)

]
. (3.33)

This is the expansion rate to be numerically implemented in our code and the

results will be discussed in the following chapter.

3.4 The Kretschmann Scalar I

In general relativity applications, the Kretschmann scalar I is a quadratic poly-

nomial scalar invariant first introduced by Erich Kretschmann. It is said to be

quadratic as it can be expressed as a sum of squares of tensor components. It

is sometimes referred to as the square of the Riemann curvature tensor, in other

words

I = RabcdR
abcd (3.34)

where Rabcd is the Riemann tensor. An equivalent expression for this curvature

invariant in the Newman-Penrose formalism to be implement in our code is

I = 2Ψ0Ψ4 + 6(Ψ2)2, (3.35)

using that Ψ1 = 0 = Ψ3. It shall be computed during the evolutions together

with the other system variables and later analysed in Chapter 5.
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Chapter 4

The numerical setup

4.1 The Python package COFFEE

Recently, the relativity group at the University of Otago developed a Python

package called COFFEE, an acronym for COnFormal Field Equation Evolver,

although being able to evolve generic partial differential equations [20]. This

was developed to numerically evolve systems of hyperbolic partial differential

equations over time using the method of lines. It comprises of time integrators

and finite differencing stencils with the summation-by-parts property. In addi-

tion the package has a pseudo-spectral functionality for angular derivatives of

spin-weighted functions. Generally COFFEE does not require much from users

and was written with PEP8 [20] as the guiding philosophy. Additional advant-

ages of this numerical integrator are that it is Message Passing Interface (MPI)-

parallelisable on a variety of different geometries, offers Hierarchical Data Format

(HDF) data output and post processing scripts to visualise data. This functional-

ity has given rise to its recent uses in the numerical studies of conformal properties

of general relativity put forward in [7], [21], [5], [6], [4], [24], [22], [8]. According to

the findings of Frauendiener and Stevens in their research project [24], COFFEE

can reliably be used in the numerical study of propagating and colliding plane

gravitational waves. In addition the package has pseudo-spectral functionality

for angular derivatives of spin-weighted functions, however we do not use them

here. In this study we are dealing with complex and challenging systems of equa-

tions derived from the Einstein’s field equations and so we shall use COFFEE, a

software built on the principle of user-friendliness and flexibility.
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4.2 Numerical description

We arrived at a IBVP formulation of the Einstein equations realised by the

Friedrich-Nagy gauge in the preceding sections. This is a finite system and so

we need to discretise our computational domain in the z-direction. We discretise

our z-grid into equidistant points in the interval [-1,1]. Furthermore we discretise

the time direction into equidistant points in which the stepsize ht is related to

the stepsize for the z-direction hz by ht = Chz, where C denotes the Courant

number. This number is meant to satisfy the Courant-Friedrichs-Levy (CFL)

condition [16] in order to attain stable evolutions. Unless otherwise stated we

take the CFL condition to be 0.5 which means that together with the special

discretisation that fixes the temporal stepsize this fixes our grid. Then on this

organised grid we will put our equations.

The main idea is to prescribe some initial data for the system variables on a

chosen hyper-surface in such a way that the constrains Ci (3.22) are satisfied.

We then evolve this initial data using evolution equations (3.21) and boundary

conditions are carefully chosen to avoid constraint violation throughout the period

of evolution. In order to achieve this, our system is discretised first using the

method of lines. This is done in order to evolve the system on a computer using

numerical methods.

The method of lines (MOL) has been commonly used in numerical codes de-

veloped for solving systems of differential equations. Conceptually, MOL dis-

cretises the space dimension while leaving time continous. This results in an

ODE in time to be solved at each spatial grid point, which we solve using, for

instance a Runge-Kutta method. The commonly used fourth-order Runge-Kutta

method (RK4) has a broad stability range for a variety of hyperbolic problems.

To demonstrate this as in [3], we consider an initial value problem of the form

du

dt
= f(u, t), u(t0) = u0 (4.1)

for a function u. Then for a step-size ∆t > 0, the value of the function u at the

next time-step (un+1) using the RK4 method is
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un+1 = un + ∆t
6 (k1 + 2k2 + 2k3 + k4), (4.2)

where

k1 = f(un, tn) (4.3)

k2 = f
(
un + k1

∆t
2 , tn + ∆t

2
)

(4.4)

k3 = f
(
un + k2

∆t
2 , tn + ∆t

2
)

(4.5)

k4 = f
(
un + k3∆t, tn + ∆t

)
. (4.6)

Hence the method of lines obtained in this way, MOL-RK4, consists of four

evaluations of the RHS of the PDEs at each grid point in order to move forward

once in time. The method can be shown to be fourth order accurate in time.

The spatial finite differencing operators to be used in our case are the summation-

by-parts (SBP) operators put forward by Kreiss in 1974 [32]. The SBP are analog-

ous to integration by parts but discrete and are conventionally known to consists

of centered difference interior schemes. The boundary stencils are designed to

satisfy a discrete version of initial boundary problem (IBP) and these are usually

imposed by the simultaneous-approximation term (SAT) method [46]. The com-

bination SBP-SAT, known to be stable and accurate for long time simulations,

has proven to be a powerful framework for treating the boundaries as proved by

its wide use for instance in [7],[18] [33] and more recently in [24],[27].

4.2.1 SBP finite difference operators

Here we present the SBP finite difference operators used to approximate a first

order derivative operator. We are dealing with PDEs emanating from EFEs

which are hyperbolic equations however we shall use a simple advection to explore

methods for hyperbolic problems. Consider a simple 1D advection equation

ut = αuz, in [0,∞)× [z0, zN ] (4.7)

where z and s are real numbers, α is a non-zero constant, z0 and zN are the left

and right boundaries respectively, u is a differential function in the space of real
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integrable functions L2[z0, zN ]. In this discussion we wish to approximate the

spatial derivative operator ∂
∂z

using finite differencing. We now define

(u, v) :=
∫ zN

z0
(uv)dz,

thus the L2-norm of u is given as

||u|| :=
√∫ zN

z0
(u2)dz.

An estimate of the energy of the system is obtained by looking at the derivative

of the L2−norm of u with respect to time and using integration by parts together

with (4.7) we get

d
dt ||u||

2 = d
dt

∫ zN

z0
(u2)dz

=
∫ zN

z0

[
(utu) + (uut)

]
dz

=
∫ zN

z0
(utu)dz +

∫ zN

z0
(uut)dz

= α
∫ zN

z0
(uzu)dz + α

∫ zN

z0
(uuz)dz

= αu2
∣∣∣∣∣
zN

z0

= α
(
u(t, zN)2 − u(t, z0)2

)
(4.8)

where the last equality arises from IBP. The method is designed to ensure that

the energy estimate is non-increasing so that it remains stable. To achieve this

for α > 0, we set the boundary condition u(t, zN) = 0 and leave u(t, z0) free

thus for the case α < 0 we do exactly the opposite. Now, in order for us

to get a similar estimate of the discretised equation’s energy, we discretise the

z−derivative operator. First we discretise u into N+1 equidistant points denoted

by v := {v0, v1, ..., vN} and then denote the discretised norm by ||v||H := vTHv,

where H is a (N + 1)× (N + 1) positive-definite symmetric matrix. Then we can

define the derivative operator as D := H−1Q where Q is a (N + 1) × (N + 1)

matrix of constant entries. With this we can have the discretised equation as

vt = αDv (4.9)

for which the energy estimate becomes

d
dt ||v||

2
H = d

dt
(
vTHv

)
= αvT

(
QT (H−1)TH +Q

)
v = αvT

(
QT +Q

)
v. (4.10)
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In order to obtain a similar form of the energy estimate (4.8) given earlier, we

then restrict Q by the condition that

Q+QT = diag(−1, 0, ..., 0, 1) (4.11)

which then implies that the energy estimate can be expressed as

d
dt ||v||

2
H = α

(
v2
N − v2

0

)
. (4.12)

Clearly it is the discretised equivalent of the energy estimate for the system (4.8)

As explained in [46], any finite difference operator D := H−1Q in which H = HT ,

is said to exhibit the summation-by-parts property which guarantees numerical

stability.

4.3 Boundary conditions

As mentioned earlier, the only boundary conditions to be imposed for our sys-

tem are those for Ψ0 (right boundary) and Ψ4 (left boundary). It is shown

in Friedrich-Nagy [26] that if we take non-reflecting boundary conditions, these

functions can be prescribed arbitrarily. Numerically, we impose the boundary

conditions using the simultaneous-approximation-term (SAT) method discussed

by Carpenter, Nordström and Gottlieb in [13]. The SAT method requires the

addition of a penalty term, which is weighted, to each of the evolution equations

in such a way that the functions will be driven towards a desired value at the left

(z0) and right (zN) boundaries.

In order to illustrate how the SAT method is implemented we adopt the one-

dimensional problem (4.7) used previously and will then impose data on zN , the

right boundary. We wish to solve (4.7) taking into account the Dirichlet boundary

condition

u(t, zN) = gN(t) (4.13)

In order to drive the solution to the predetermined boundary value, we add a

penalty term to the right hand side of the evolution equation (i.e (4.7)). We

again introduce a parameter τ which determines the rate at which the solution
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is driven to this prescribed value on the boundary. Using (4.13)) the boundary

condition, the energy estimate for the system (4.8) becomes

d
dt ||u||

2
H = α

(
gN(t)2 − u(t, z0)2

)
(4.14)

As explained above, we then modify D to get the new equation for v as

vt = αH−1Qv − ταH−1
(
ENv − eNgN(t)

)
, (4.15)

where EN = diag(0, 0, ..., 0, 1) is an (N + 1) × (N + 1) matrix, τ is the penalty

term and eN = (0, 0, ..., 0, 1). The method proves to be stable by choosing τ ≥ 1.

Finally the energy estimate after imposing the SAT method is given by

d
dt ||v||

2
H = αH−1

(
Qv − τgN(t)2ENvN

)
+ Te, (4.16)

where Te is the truncation error. In this work we choose τ = 1.

4.4 Implementation of the SBP finite difference

operators and the SAT method

The SBP finite difference operator implemented in COFFEE in our case is known

as D43_Strand [46] derived from the fact that it is fourth order accurate in the

interior and third order accurate on the boundaries. This inherits from a base

class called SBP contained in COFFEE that contains methods relevant to any

finite difference operator, such as the calculation routine. The calculation routine

first checks to see if the grid is large enough to contain the chosen finite difference

operator. It then computes the derivative on the entire interior part of the grid.

It then updates the derivatives close to the boundaries where the finite difference

stencil does not fit, by using a different stencil Q.

For the interior stencil, we use the standard centralised finite differencing stencil

with weights {−1/12, 2/3, 0,−2/3, 1/12} to approximate the first derivative of

some function f at the point xi. For example,

f ′(xi) ≈ −
1
12f(xi−2) + 2

3f(xi−1)− 2
3f(xi+1) + 1

12f(xi+2). (4.17)

The D43_Strand subclass contains the 5× 7 matrix Q, which is used to evaluate

the derivative at the boundary and the four points immediately interior, using
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the function evaluated at the boundary and the six points immediately interior.

The matrix Q is obtained according to the prescription of Strand (see [46] page

66.).

The implementation of the SAT method is more straightforward, whereby we

simply modify the evolution equations, for the functions needed a boundary con-

dition, at the boundary points. This is done by adding to the evolution equations

there the difference of the numerical value of the function with the desired bound-

ary condition, multiplied by τ , the characteristic speed and a value P . We choose

τ = 1, and the value of P comes again from Strand [46], which is P = 11
3

1
hz
,

where hz is the step size in the z-direction.
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Chapter 5

Results

In this chapter we fix (with the exception of the convergence tests) the spatial

resolution to be 401 grid points. The CFL condition, put forward in [16] which

is a requirement for a stable evolution, is set to 0.5. This then fixes the timestep

to be ht = 0.5hz = 0.5(2/400) = 0.0025 where hz is our spatial stepsize. We

now need to prescribe initial data, boundary data and choose the gauge source

function F . For the latter, we initially choose it to match the gauge of the exact

spacetime used as initial data, which for all our cases is F = 0. We extend this

to the entire space-time by requiring F (t, z) = 0 throughout. Also in this section

we now refer to Λ as the cosmological constant for convenience, where in our case

we have that 6Λ = λ as stated earlier.

5.1 Initial data

As emphasised by Cook in [15], initial data are the starting point for any numer-

ical simulation, we therefore put forward the initial data for our system variables

in Minkowski and de Sitter spacetimes. These initial data sets automatically sat-

isfy the constraints (3.22) as they are solutions to the Einstein equations. We will

shrink the z-direction for later convenience in both initial data sets by choosing

A = 4. Note that B = 0 initially means that the t and z directions are ortho-

gonal, but this will not always be the case once the space-times are gravitationally

perturbed.
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5.1.1 Initial data for Minkowski spacetime

Here we state the initial data at t = 0 for Minkowski space-time, which we take

to be

g = (dt)2 − 1
16
(
(dx)2 + (dy)2 + (dz)2

)
. (5.1)

The initial data for our system obtained from this metric is given as

Λ = 0, B = 0,

A = 4, µ = 0,

σ = 0, ρ = 0,

σ′ = 0, ρ′ = 0,

Ψ0 = 0, ξ = 2
√

2,

Ψ4 = 0, η = 2
√

2i. (5.2)

5.1.2 Initial data for de Sitter spacetime

In order to be compatible with our metric ansatz (3.10), we take de Sitter written

in spatially Euclidean coordinates, which takes the form (2.16), namely

ds2 = dt2 − e 2t
α

(
dx2 + dy2 + dz2

)
. (5.3)

This form of the metric yields the following initial data for t = 0

Λ = 0.5, B = 0,

A = 4, µ = ±
√

Λ,

σ = 0, ρ = ±
√

Λ,

σ′ = 0, ρ′ = ±
√

Λ,

Ψ0 = 0, ξ = 2
√

2,

Ψ4 = 0, η = 2
√

2i. (5.4)

Note the two possible sets of initial data for ρ, ρ′ and µ. The explanation for this

comes from the fact that α appearing in the line element is given by

Results 39



α2 = 1
2Λ ,

thus making the exponential term e±2
√

2Λ. This implies that the freedom in the

choice of α in terms of Λ boils down to whether our universe is contracting or

expanding. This can be compared to the signs of ρ and ρ′, which when α = 1√
2Λ ,

are positive. Hence null congruences along both la and na are initially converging

as expected from a comparison with the exponential term.

As we are interested in an expanding universe, we take ρ, ρ′ and µ to be −
√

Λ.

5.2 Computation of null coordinates

Here we derive expressions for a choice of null coordinates (u, v) for the de Sitter

and Minkowski spacetimes. Considering de Sitter for now, the null coordinates

must satisfy

Du = 0, D′v = 0. (5.5)

Replacing the directional derivatives in the la and na directions with t and z

coordinate derivatives using Eqs. (3.7) and (3.8) we obtain

∂u

∂t
+ A

1 +B

∂u

∂z
= 0 and ∂v

∂t
− A

1−B
∂v

∂z
= 0. (5.6)

Now the de Sitter spacetime can be partly covered by

ds2 = dt2 − A−2
0 e2Ht

(
dx2 + dy2 + dz2

)
, H2 = λ/3 (5.7)

where A0 is a scale for the spatial directions andH being the expansion parameter.

Comparing this metric to our ansatz Eqn (3.10) we can determine the conditions

for the metric functions A and B as

A = A0e
−Ht, B = 0, (5.8)
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which when substituted into Eqn (5.6) gives

∂u

∂t
+ A0e

−Ht∂u

∂z
= 0 and ∂v

∂t
− A0e

−Ht∂v

∂z
= 0. (5.9)

Solving such transport equations yield the general solutions which we fix by

u = 1√
2

[
(1− e−Ht)

H
− 1 + z

A0

]
(5.10)

v = 1√
2

[
(1− e−Ht)

H
− 1− z

A0

]
. (5.11)

The above result has the consequence that initially at the boundaries u(0,-1) =

v(0,1) = 0.

Going through the above procedure with the Minkowski metric will yield the

same results as if we set our exponential term to one. Thus the null coordinates

in Minkowski space-time are given by

u = − 1√
2

(1 + z

A0

)
+ t√

2
(5.12)

v = − 1√
2

(1− z
A0

)
+ t√

2
. (5.13)

Further, we can define new quasi-invariant t and z coordinates T, Z by

T := v + u√
2
, Z := v − u√

2
, (5.14)

which will allow us to produce plots of the Penrose-Carter variety later, where

null rays are given by lines with 45 degree slopes.

5.3 Boundary data

Our system involves only four PDEs, namely the equations for the ingoing and

outgoing gravitational plane waves ψ0 and ψ4 respectively and the two null co-

ordinates. As we are interested in what phenomena arise when there is a single

wave propagating, we only consider the propagation of Ψ0 from the right bound-

ary, i.e. ψ4(t,−1) = 0. Thus we are left with the following boundary data to

fix:
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u(t,−1) = ul(t), v(t, 1) = vr(t), Ψ0(t, 1) = Ψl(t). (5.15)

First we fix the null coordinate’s boundary data by injecting the exact solution’s

data there. I.e. we use

ul(t) = vr(t) = t√
2
, (5.16)

for Minkowski space-time and

ul(t) = vr(t) = α(1− e− t
α )√

2
. (5.17)

for de Sitter. We take the wave profile for ψ0 to be

Ψl(t) =


32a sin8(bt), 0 < t <

π

b

0 otherwise
(5.18)

where a and b are the wave amplitude and phase angle respectively. We choose

b = 35π/4 so the area of the incoming wave is given by

Area of Ψ0(t) =
∫ π

b

0
32a sin8 (bt) dt = a (5.19)

This is one way of putting forward the notion of energy of a gravitational wave

in General Relativity. Schutz in [44] highlights that the question of energy in

gravitational waves is a delicate one as it is not possible to localize the energy

of the radiation to within a wavelength but rather an amount of stress-energy

of a gravitational wave can be contained in an area of space which extends over

several wavelengths.

5.4 Checks for correctness

Before experimenting with our code, which implements the system described in

Chapter 4, checks for correctness must be carried out to validate it. To achieve

this, we use de Sitter initial data and boundary data from the previous two
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sections, where we use the same wave profile for the Ψ4 boundary data to fully

stress the system. This setup then describes colliding plane gravitational waves

in de Sitter, where all system variables become non-trivial. Runs were carried out

with resolutions of 100, 200, 400, 800 and 1600 intervals in the z-direction. See fig

(5.1) below for screenshots of the simulation with 400 intervals.

Figure 5.1: A screenshot of an ingoing and outgoing wave in de Sitter before their
collision.

Figure 5.2: A screenshot of an ingoing and outgoing wave in de Sitter after their
collision.

From the figure above, Ψ4 and Ψ0 indicate the wave fronts approaching each other

from the left and right boundaries respectively. The parameters ρ,ρ′,σ,σ′ and I

are plotted, which are the most physically meaningful system variables and scalar

curvature invariant.

We now do multiple convergence tests to check that our constraints behave well

and our system converges at the correct order. We focus on the constraint C0 for

this analysis, with results being nearly identical to the other constraints.
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First we check how the constraints behave over time. In Fig. (5.3) we show the

log10 of the L2-norm of constraint |C0| as given in Eq. (3.22) over the course of

the simulation.

Figure 5.3: Constraint violation for Co over time

It is clear that the L2-norm of the constraint converges with increasing resolution,

and that it is well behaved over time.

Now to see how the constraints converge on a t =constant slice. Toward this, we

plot the log10 of |C0| in Fig. (5.4)

Figure 5.4: log10 |C0| for all resolutions at t = 0.4.
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It is clear that the constraints converge over the whole spatial domain, and in

fact we hit the numerical floor on the left side of the plot.

To see that we are converging at the expected fourth order we calculate log2 |C0|

for each resolution, then compute the difference in successive resolutions. The

resulting plot is in Fig. (5.5) and shows that indeed we are convering at fourth

order on most of the domain. The odd behaviour on the left is because the higher

resolution simulations have hit the numerical floor there. Further, the spikey

behaviour on the right of the plot is due to the change in our finite differencing

stencil as we approach the boundary. One can see this disappears as the spatial

resolution is increased.

Figure 5.5: Differences between constraints for various resolutions at constant time
t = 0.4s

5.5 Propagation of a single wave in Minkowski

spacetime

As put forward in the literature review, the Minkowski spacetime forms a funda-

mental framework which underlies the formulation of laws of nature and their in-

terpretation. For the same reason we explore what would arise from the propaga-

tion of a single gravitational wave in this spacetime as compared to the de Sitter

spacetime. The figure below shows what was observed.

Results 45



Figure 5.6: A screenshot of Ψ0 propagating in Minkowski from the right boundary.

Figure 5.7: A screenshot showing the blow up of σ and ρ on the right boundary.

Fig (5.6) shows a wave front Ψ0 propagating in from the right boundary. It

then drags along a ripple effect as indicated by the σ and ρ lines which become

non-zero behind the waves. Fig (5.7) then shows that after the wave passes, we

notice that ρ and σ blow up on the right boundary. This is due to Sach’s optical

equations (5.1a) and (5.1b) put forward by Griffiths in [28] as

Dρ = ρ2 + σσ̄ + Φ00

Dσ = σ(ρ+ ρ̄) + Ψ0.

However, Griffiths chooses a particular gauge to arrive at these equations, whereas

in our formalism, the general expressions are:
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Dρ = 1
2
(
Fρ− µρ+ 4ρ2 + 2Φ00 + ρF̄ − ρµ̄+ 2σσ̄ − 2ρρ′

)
,

Dσ = 1
2
(
3Fσ − 3µσ + 6ρσ − σF̄ + σµ̄+ 2Ψ0 − 2σρ′

)
. (5.20)

Considering Griffiths gauge for simplicity, we note everything is initially zero.

Introducing a Ψ0 makes the RHS of the evolution equation for σ non-zero thus σ

becomes non-zero. As soon as σ is non-zero, the RHS of the evolution equation

for ρ becomes non-zero and so ρ becomes non-zero. The RHS of the evolution

equation for ρ is strictly positive now, and thus we can say analytically that

ρ will blow up which coincides with what we are observing numerically in the

Friedrich-Nagy gauge.

The Kretschmann scalar with our symmetry assumptions is I = 2Ψ0Ψ4 + 6Ψ2
2.

The evolution equation for Ψ4 tells us that it remains zero analytically. That

implies that σ′ and ρ′ are also going to remain analytically zero. Thus Ψ0Ψ4 will

always be zero. Since we have that Ψ2 = σσ′ − ρρ′ with vanishing cosmological

constant, it is also analytically zero. Therefore the Kretschmann scalar is ana-

lytically zero for all time. We find the Kretschmann scalar I is numerically zero

(approximately 1e-15) for the whole evolution.

5.6 Propagation of a single wave in de Sitter

spacetime

Repeating the same as above but now in the de Sitter spacetime, we show

that the same analytical procedure to obtain results about the behaviour of the

Kretschmann scalar and the spin-coefficients ρ and σ cannot be reproduced due to

the additional complexity arising from a non-zero cosmological constant. Firstly,

the introduction of a Ψ0 causes σ to be non-zero. Then the introduction of a

non-zero σ causes ρ to be non-zero, just like in the flat case. However, in this

case, we also see the generation of a non-zero σ′. The non-zero σ′ then causes

a non-zero ρ′ and Ψ4. At which point, all system variables are non-trivial. Fur-

ther, the result of the analysis for the blow up of ρ in the Minkowski case cannot

be analogised due to the potential non-positivity of the RHS of the evolution

equations. As for the Kretschmann scalar, because now Ψ4 is non-zero as well
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as σ′ and ρ′, we cannot say anything about this. This emphasises the need for a

numerical analysis.

It turns out that a critical behaviour exists for one gravitational plane wave

propagating in de Sitter, which is dependent on the amplitude/area of the wave

packet. Thus we split our analysis into these two different situations.

5.6.1 Single wave with small amplitude

A single wave with an area of 1.4 was shoot in from the right boundary.

Figure 5.8: A screenshot of Ψ0 with an area of 1.4 propagating in de Sitter after a short
amount of time.

Figure 5.9: A screenshot of Ψ0 with an area of 1.4 propagating in de Sitter after a long
amount of time.

Fig (5.8) looks similar to what was observed for the Minkowski case initially,

however as the space-time evolves, one sees that there is no divergent behaviour

on the right boundary. Rather, the system variables all asymptote back to their

initial values. A reasonable assumption to make here is that the expansion caused
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by Λ 6= 0 was "too strong" for the gravitational wave, and although being con-

tractive, gets wiped out.

5.6.2 Single wave with large amplitude

Figure 5.10: A screenshot of Ψ0 with an area of 2 propagating in de Sitter after a short
amount of time.

Figure 5.11: A screenshot of Ψ0 with an area of 2 propagating in de Sitter after a long
amount of time.

Initially when the wave enters the domain, we make the same initial observations

as in Fig (5.8) for the previous smaller amplitude case. However sometime later,

as seen in Fig (5.11), ρ and σ diverge on the right boundary, mimicking what we

see in the flat case.

As the Kretschmann scalar I is non-trivial, it is interesting to see how this evolves

along the right timelike boundary, see Fig. (5.12).
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Figure 5.12: A plot of the Kretschmann scalar I from the space-time with an ingoing
wave of area 3 propagating in de Sitter using multiple resolutions.

It is clear that I diverges on the boundary, but to be completely sure, we need

to see how the constraints behave during this divergence. They all behave the

same, and we showcase this in Fig. (5.13).

Figure 5.13: A semi-log plot of the Kretschmann scalar I from the space-time with an
ingoing wave of area 3 propagating in de Sitter using multiple resolutions, overlayed
with the constraint C1.

One can see now the constraints are also diverging in time, but are definitely

converging at fixed z where the Kretschmann scalar is increasing. This is good

evidence to suggest we in fact do get a blow up of the Kretschmann scalar, and

thus a physical curvature singularity is created. This is completely different to
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Minkowski space-time equivalent, where the Kretschmann scalar is identically

zero.

This section and the previous also imply that, for a fixed cosmological constant

and our wave profile modulo the area, there is a critical value of the wave area that

separates two distinct futures. This is no doubt caused by the relation between

the strength of expansion of the space-time generated by the positive cosmological

constant and the strength of contraction of the gravitational wave. This critical

behaviour generates a lot of interesting properties that we now investigate further.

5.7 Critical behaviour in de Sitter spacetime

By varying the area of the wave profile for a fixed cosmological constant it was

noted that there exists a critical value ac in the sense that for values above it a

future curvature singularity is formed and for values below it the spacetime will

asymptote to pure de Sitter.

We are able to find these critical values to arbitrary precision by writing a simple

binary search algorithm. First we find, with trial and error, two wave areas alow
and ahigh, where the former causes the future space-time to asymptote to de

Sitter again, and the later has a future curvature singularity. We then use this

as the seed for the binary search algorithm, which will run a simulation with the

wave area given by anew = (alow + ahigh)/2. If the simulation asymptotes back

to de Sitter space-time within a given tolerance, then we make the replacement

alow = anew. If the simulation diverges, which we can check by monitoring the

size of the system variables, then we make the replacement ahigh = anew.

It is found that for Λ = 0.5, the critical wave area is approximately ac =

1.67691055.

It is of interest to explore whether there is any special critical behaviour obtained

when one is very close to this value, and whether the critical value is stable or

not. For example, a rotating black hole with mass M , angular momentum J and

no charge, as described by the Kerr solution, has a critical value when J = M2.

This value separates whether the resulting black hole has an event horizon or not.
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When the exact critical value J = M2 is taken, one obtains the so called extremal

Kerr solution, which has properties that are different from the other two cases.

We now investigate the behaviour of our system variables, the expansion para-

meter H as well as the Kretschmann scalar I when we vary the area of the wave

profile close to this critical value. First we look at their values along the right

boundary.

5.7.1 Along the right boundary

Fig. (5.14) shows the system variables A,B, ρ, ρ′, σ and σ′ plotted along the right

boundary for different wave areas that are close to ac.

Of particular interest is what happens as we take our wave profile’s area closer

and closer to ac. It is clear there is a period of time, roughly in the interval [3, 7]

for the simulations whose wave area is closest to ac, where these variables become

constant. The closer we get to the critical value, the longer this constant interval

becomes. This gives evidence for the critical value being an unstable one, and

that there may be a new solution, constant in time, which has different values to

the initial data.

Some notes regarding the behaviour of individual system variables:

The A and B variables dictate the scales in the t and z directions, and these

plots show that for wave areas taken less than ac, the z-directions become more

and more stretched, as they return to their initial values describing an expanding

universe. For waves with larger area than ac, the resulting B will approach +1,

causing the z coordinate vector to become null and thus crash the simulation.

The ρ and ρ′ variables both start negative, describing a diverging null congru-

ence in both ingoing and outgoing null directions. However for waves with area

greater than ac, we see that both of these diverge toward +∞, showing that these

congruences become contractive. This indicates the presence of a singularity at

some time in the future, which by noting our analysis of the Kretschmann scalar

as seen in Fig (5.13), we can say is a physical one.

Now also noting Fig. (5.15), we see that all ρ′, σ′, ψ4 and I are non-zero, in

stark contrast to the Minkowski case. The ψ4 is generated (eventually) by the
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(a) A (b) B

(c) ρ (d) ρ′

(e) σ (f) σ′

Figure 5.14: Plots of the system variables A,B, ρ, ρ′, σ, σ′ along the right boundary over
time for different wave areas close to the critical value.
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(a) ψ0 (b) ψ4

(c) I (d) H

Figure 5.15: Plots of the system variables ψ0, ψ4, the Kretschmann scalar I and our
expansion parameter H along the right boundary over time for different wave areas
close to the critical value.
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presence of a non-vanishing ψ0, which indicates that the presence of a positive

cosmological constant allows for a non-linear back-reaction to occur. The non-

vanishing of ρ′ and σ′ indicates that there is a convergence/divergence and a shear

in a congruence of outgoing null geodesics emanating from the boundary, which

is expected with a non-vanishing outgoing wave.

It is interesting to note that the Kretschmann scalar I as well as other spin

coefficients do not blow up for supercritical wave areas but rather asymptote to

their original values. This is a new type of singularity admitted by our gauge

caused by the divergence of µ to +∞.

Finally, looking at our expansion parameter H we see that it is initially one, but

decreases shortly after. This is due to the attractive nature of gravity and hence

of our wave. The simulations with the larger wave areas eventually show that

H diverges toward −∞, which indicates the space-time slows down its expansion

and eventually reverses this into a contraction, in accordance with what we have

already concluded about the existence of a future curvature singularity. For waves

with an area less than ac we find the interesting property that the expansion

parameter actually gets larger than the original value of 1 for a short time, before

asymptoting back to it’s original value. Like in all the other variables, we see that

there is a period at which H becomes constant. If we are to believe that there

does exist a critical solution, where our variables, except A, are constant in time,

with different constant values to the initial ones, then it is very interesting that

the expansion parameter is larger than the initial value. This of course indicates

that the critical solution would be expanding at a faster rate.

5.7.2 On an entire timeslice

As we have only seen what is happening along the boundary where the wave is

propagated in from, the next step is to see the what the variables are doing on

an entire timeslice.

A selection of system variables on a timeslice during the constant period, at

t = 6.02, over the whole spatial grid are displayed in Fig. (5.16). Firstly, one

notices that the small differences in wave area between simulations only affects

the variables within the accuracy of the plotted curve. Importantly, one sees it is
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(a) A (b) B

(c) ρ (d) ρ′

(e) σ (f) σ′

Figure 5.16: Plots of the system variables A,B, ρ, ρ′, σ, σ′ on the timeslice t = 6.02 for
different wave areas close to the critical value.
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(a) ψ0 (b) ψ4

(c) I (d) H

Figure 5.17: Plots of the system variables ψ0, ψ4, the Kretschmann scalar I and our
expansion parameter H on the timeslice t = 6.02 for different wave areas close to the
critical value.

only the values of the system variables on the boundary that are exhibiting a short

phase whereby they are roughly constant in time. Everywhere else the variables

seem to be settling back to their initial values, except the cases where the area of

the wave profile was greater than ac, which diverge on the right boundary instead.

In Fig. (5.17) we see ψ0, ψ4, I and H plotted over the timeslice. These all exhibit

the same behaviour as the other variables plotted in Fig. (5.16), namely they

asymptote back to their original values in the interior, and either do the same on

the right boundary or diverge depending on whether the wave area is smaller or

larger than ac.

5.7.3 Critical wave areas for different Λ

It is useful to plot quantities with respect to a single dimensionless quantity

which may be scale invariant. Dimensionless quantities are found as ratios of

quantities having dimensions, in our case we only have l = length. In our case,
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the two quantities we have available are Λ, which has dimension l−2 and the

parameters of our wave such as the area, which has dimension l3. If we could find

a dimensionless quantity, say D = D(ac,Λ), which is a constant, this could then

be used as a simple way to, given a fixed Λ, obtain the critical wave area without

a time consuming binary search being performed.

To calculate the area of our wave profile on the boundary, note that the metric

tensor can be expressed as gab = gij(dxi)a(dxj)a, where gab is abstract and gij are

the components in the dxi basis. As gab has dimension l2, we take the convention

that gij is dimensionless and the dxi have dimension length. This then implies

that Ψ0 has dimension l2 and ac has dimension l3.

Thus the simplest possible dimensionless quantity we could define from these is

D1 := Λ3/a2
c , which we plot in Fig. (5.18). The quantity is clear not constant

and increases with time.

Figure 5.18: A plot of the dimensionless quantity D1 := Λ3/a2
c .

Another possibility could be to use the Bel-Robinson notion of energy. In spinor

notation, the Bel-Robinson tensor is defined as [41]

TAA′BB′CC′DD′ := ΨABCDΨA′B′C′D′ . (5.21)
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Transvecting this with the timelike vector ta = (la + na)/
√

2, and recalling Ψ1 =

0 = Ψ3, we define

EBR :=
∫ t1

t0
tAA

′
tBB

′
tCC

′
tDD

′ΨABCDΨ̄A′B′C′D′dt

= 1
4

∫ t1

t0
(Ψ0Ψ̄0 + 6Ψ2Ψ̄2 + Ψ4Ψ̄4)dt, (5.22)

where the bounds cover the wave profile on the boundary. From the above ana-

lysis, this has dimensions l5. Thus we can create another dimensionless quantity,

D2 := Λ5/EBR
2, shown in Fig. (5.19). This looks similar to the plot of D1.

Figure 5.19: A plot of the dimensionless quantity D2 := Λ5/EBR
2.

It turns out that these two dimensionless quantities, although not constant, may

follow a power-law. This is found by looking at a log-log plot, shown in Fig.

(5.20), where the line of best fit is overlaid. We have the linear approximations

log(D1) ≈ −6.1014 + 2.2897 log(Λ)⇒ D1 ≈ 0.00224Λ2.2897, (5.23)

log(D2) ≈ −9.1139 + 3.5845 log(Λ)⇒ D2 ≈ 0.00011Λ3.5845. (5.24)

One can see a pretty good fit for the data we have, but it requires a larger data

set to really see if this relationship holds for a larger range of critical values.
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(a) log(D1) (b) log(D2)

Figure 5.20: Log-log plots of D1 and D2 with a linear best fit overlaid.
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Chapter 6

Conclusions

In this research we investigated the evolution of plane gravitational waves in de

Sitter space-time numerically which were analogised with the Minkowski case.

We implemented the equations in the Newman-Penrose formalism together with

the Friedrich-Nagy gauge [26], closely following [24]. This gave us a wellposed

IBVP to use for our numerical evolutions.

The space-time was evolved numerically using COFFEE [20], an already de-

veloped Python package for the numerical solution of PDEs using the method of

lines. We used Strand’s finite difference operator with the summation-by-parts

property [46] for approximating the spatial derivatives, explicit Runga-Kutta 4

for evolving in time and the simultaneous-approximation-term method [13] for

imposing stable boundary conditions.

We first numerically reproduced known analytical results concerning the propaga-

tion of a single wave from the right boundary on Minkowski space-time, which has

a vanishing cosmological constant. In accordance with these analytical results,

we numerically found that the divergence spin-coefficient in the la direction, ρ,

would blow up on the boundary the wave was introduced as the RHS of its evol-

ution equation became strictly increasing due to the introduction of a Ψ0. The

Kretschmann scalar I, a scalar curvature invariant, was identically zero. These

results were then used as a basis for discussions of what was observed for the de

Sitter case.

It was discovered that a wave front with a small enough area propagating in

de Sitter space-time with a positive cosmological constant did not cause any

spin-coefficients to diverge. This was explained due to the accelerated expansion

wiping the wave out and allowing the space-time to asymptote back to pure
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de Sitter, thus showing a completely different phenomenon as compared to the

Minkowski case. The case of a wave with a large enough area propagating in de

Sitter was then considered. It was revealed that in this situation ρ diverges at

the right boundary, which was different to what was observed for the smaller area

case. Thus, there exists some critical wave area ac such that waves with an area

below this value the future space-time will asymptote to pure de Sitter, while

for values above a future singularity will occur. For λ = 0.5, the critical wave

area ac, obtained by performing a binary search, was found to be approximately

1.67691055.

An investigation into the behavior of the system variables was then carried out

by varying the wave profile areas close to ac. It was noted that waves whose areas

were closer to ac took longer to either blow up or asymptote to de Sitter, and in

the meantime took on a constant value in time on the right boundary different

from their initial values. This led us to conclude the possibility of the existence

of a new solution, obtained by taking the exact critical value. It is clear this

critical value is unstable and thus this cannot be fully realised numerically. In

the cases where a future singularity occurs, we presented evidence of this being

a curvature singularity by closely analysing the behaviour of the Kretschmann

scalar. The expansion parameter H revealed that gravitational radiation does

affect the expansion of the universe in a contractive way. For wave areas smaller

than ac, our H initially decreases but then interestingly increases to a value

slightly above the initial value of H = 1, before either settling back down to 1 or

diverging to −∞.

We also looked at the system variables over the whole spatial domain at a con-

stant time. This showed that everywhere except the right boundary, the system

asymptotes back to its initial state. This shows that the most complicated beha-

viour is happening on the right boundary.

Finally, we investigated the critical wave area ac for a set of different λ. We

presented two dimensionless quantities made up of ac and λ, to try and see if

a simple relationship existed, such as f(λ, ac) = constant. The closest we could

find was that a power law would be the best fit.
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6.1 Future work

In this research we investigated the case of a single wave propagating in de Sitter

space time and so considering the case of two colliding gravitational waves with

the same polarisation would be intriguing. This case was never explored before as

proved in the existing literature. This possible future work could be achieved by

making use of the same COFFEE package made use of in this research. Interesting

phenomena can be found for this case in the interaction region for instance the

formation of a trapped surface.

More so, we only considered the propagation of a single wave profile and it was

revealed that the expansion rate was greatly affected. Hence, having a look at the

propagation of a continuous stream of waves from one boundary with areas close

to the critical value ac and see if expansion will be halted will be interesting.

Moreover, it could be fascinating to look into the collision of such continuous

streams of waves and analyse any interesting phenomena.

The case investigated involved a single wave profile and therefore a look at a single

wave with a different polarisation could be interesting, and is accomplished by

multiplying the wave profile by a phase. This could be extended to the case of

two colliding waves with different polarisations.

It has recently been shown that, from an analytic point of view, data induced

on the null hypersurfaces u = 0 = v from two colliding gravitational plane waves

with the initial region being Minkowskian, can lead to a solution of the Einstein

equations in the interaction region with a positive cosmological constant. It could

be interesting to investigate this numerically by adding some mechanism to turn

on the cosmological constant, such as a scalar field.
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Appendix A

Important concepts

In this section building blocks necessary for the derivation of the field equations

are laid and we closely follow the definitions put forward by Wald in [49].

A.1 Manifolds

Wald [49] defines an n-dimensional infinitely continuously differentiable, C∞, real

manifold M as a set together with a collection of subsets {Oα} satisfying the

following properties:

• The subsets {Oα} cover M , that is every p ∈M lies in at least one Oα.

• For each α, there is an onto map or coordinate system ψα : Oα → Uα, where

Uα is an open subset of n.

• If any two sets Oαand Oβ overlap, then Oα ∩ Oβ 6= ∅ and we can consider the

map ψβ ◦ ψα−1 to be C∞ since the maps are of Rn into Rn.

A.1.1 Tangent vectors and co-vectors

On a manifold M , let Ξ denote a collection of C∞ functions from M to R. We

can then define a tangent vector v at a point p ∈M as a map v : Ξ→ R which

is linear and obeys the following Leibnitz rule

•v(af + bg) = av(f) + bv(g), ∀f, g ∈ Ξ;a, b ∈ R

•v(fg) = f(p)v(g) + g(p)v(f)

Thus a tangent vector is a directional derivative operator acting on a collection

of functions defined on a manifold M that is, if xµ is a curve, parametrised by s
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such that xµ = xµ(s), living on M then the components of a tangent vector at

any point depending on the coordinates are given by

V µ = dxµ(s)
ds

.

Likewise if given a function g and a curve on a manifold parametrised by s then

the directional derivative at a point p on the curve is defined as

dg

ds
|p = dxµ

ds
|p
∂g

∂xµ
,

drop the arbitrary function g, the directional derivative at p can then be written

as

Vp = d

ds
|p = dxµ

ds
| ∂
∂xµ

= dxµ

ds
∂µ

From this definition it is easy to note that a collection of tangent vectors at a

point is a vector space also known as the tangent space Tp of the manifold.

A co-vector can be defined as an object that maps a vector to a number and is

given by

ω = ωµdx
µ

The action of such a co-vector on a vector V = V ν∂ν can be written as

ω(V ) = ωµdx
µV ν∂ν = ωµV

µ

and similarly a collection of co-vectors at a point p form a co-tangent space T∗p
to the manifold.

A.1.2 Covariant derivative

The covariant derivative, ∇, sometimes called the derivative operator on a man-

ifold M is defined as a map which takes each smooth tensor field of type (k, l) to

a smooth tensor field of type (k, l+ 1) thus it gives the rate of change of a tensor.

For two vector fields w and x and any tensors Y and Z, the covariant derivative

has the following properties

• Linearity: ∀α, β ∈ R

∇x(αY + βZ) = α∇xY + β∇xZ
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• Leibnitz rule:

∇x[Y⊗ Z] = [∇xY]⊗ Z + Y⊗ [∇xZ]

• Additiveness: For functions f and g,

∇xf+wgZ = f∇xZ + g∇wZ

• Action on scalar: For a scalar α,

∇x(α) = X(α)

• Action on a vector: In component form, for a vector Aλ,

∇νA
λ = ∂νA

λ + ΓλµνAµ

where Γλµν is the connection defined in the following section.

A.1.3 Connection and geodesic equation

The connection, Γλµν , is an object that is used to compare vectors in different

tangent spaces, i.e it connects tangent spaces. It is symmetric in its lower indices

and is metric compatible. This definition leads directly to the identity

∇σ(gµν) ≡ 0 (A.1)

From this identity, the connection can now be expressed as (see proof in the

Appendix)

Γλµν = 1
2g

λσ(∂µgµσ + ∂νgνσ − ∂σgµν).

The connection is also very useful in the definition of geodesics. These geodesics

are solutions to the geodesic equation given by auto parallel curves

Uµ∇µU
ν = kUν ⇔ d2xρ

ds2 + Γρνσ
dxν

ds

dxσ

ds
= 0

A.1.4 Killing vectors

Previously we defined the notion of vectors that act on curves that exist on

manifolds. We have since introduced more objects, these being tensors, that

exist on a manifold. It makes sense then that we must have object that will act

on tensors much like vectors on curves.

We then define the Lie derivative, £v, which is a linear map from (k, l) tensor
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fields to (k, l) tensor fields along a vector v . Like the covariant derivatives, the

Lie derivative obeys Leibnitz rule. For a general tensor field, T µ1...µk
ν1...νl , and

vector fields vµ, vσ it can be shown by induction that for any covariant derivative

operator ∇µ

£vT
µ1...µk

ν1...νl = vσ∇σT
µ1...µk

ν1...νl −
k∑
i=1

T µ1...σ...µk
ν1...νl∇σv

µi

+
l∑

j=1
T µ1...µk

ν1...σ...νl∇νjv
σ.

When the Lie derivative operates on the metric tensor, gµν , that is using the

above definition, we obtain a useful Killing equation

£vgµν = 2∇(µVν).

Any vector that preserves the metric, i.e

£vgµν = 0 ⇒ ∇(µVν) = 0

is known as a Killing vector. As discussed in section (3.1.12), the existence

of Killing vectors is vital when solving Einstein’s field equations as they add

symmetries and enable us solve complex equations easily.

A.2 Tensor

The formalism most commonly used for the treatment of manifolds and their

metrics is tensor calculus [39]. A tensor T of type (k, l) at a point p is defined as

a multilinear map from k copies of a co-tangent space and l copies of a tangent

space to produce a real number.

T = T µ1µ2...µk
ν1ν2...νl∂µ1 ...∂µkdx

ν1ν2...νl

In studying the laws of physics in the context of curved spacetime, many tensors

are used and the important ones to this research are defined below.
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A.2.1 Metric tensor

Intuitively, a metric tells us the "infinitesimal squared distance" that is associated

with an "infinitesimal displacement". Thus a metric g, at each and every point of

a manifold M , is a symmetric nondegenerate tensor field of type (0, 2) written as

gµν = gνµ. (A.2)

The inverse of the metric tensor is defined as

(gµν)−1 = gµν . (A.3)

Definitions (A.2) and (A.3) are used to raise and lover indices. Sometimes the

notation ds2 is used instead of the metric tensor to convey the flavor of the metric

as representing infinitesimal squared distance and can be written as

ds2 = gµνdx
µdxν (A.4)

A.2.2 Energy momentum tensor

This is a rank (2, 0) tensor denoted by T µν defined as a four momentum pν flowing

in and out of surfaces of constant xν . It describes the density and flux of energy

and momentum in spacetime and also obeys conservation laws. It is defined in

the coordinate basis ∂µ as

T = T µν∂µ∂ν .

It is symmetric and divergence free that is, ∇µT
µν = 0.

A.2.3 Riemann curvature tensor

With the above tools we can now describe the curvature in an infinitesimal region

of a manifold. We can achieve this using the Riemann tensor, which is implicitly

defined as

(∇µ∇ν −∇ν∇µ)V ρ = Rρ
λµνV

λ

and hence it can be shown that

Rρ
λµν = ∂µΓρλν − ∂λΓρµν + ΓσλνΓρσµ − ΓρσλΓσµν
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In general, this tensor has 20 independent components and from it we can con-

struct other useful tensors with fewer components as we describe the curvature

of spacetime.

A.2.4 Ricci tensor and Ricci scalar

From the Riemann tensor we can obtain the Ricci tensor and scalar which encodes

how volume changes in the manifold and describes curvature due to the presence

of matter. The Ricci tensor is obtained by taking the trace of the Riemann tensor

and is given by

Rµν ≡ gλρRλµρσ = Rλ
µλν (A.5)

From the Ricci tensor we obtain the Ricci Scalar/Scalar Curvature which is a

scalar field. It is obtained by contracting the Ricci tensor and is given by

R ≡ gµνRµν . (A.6)

From these two objects we can then define another very useful tensor, the Einstein

tensor, which is a linear combination of the Ricci tensor and the Ricci Scalar. It

s given by

Gµν = Rµν −
1
2gµνR (A.7)

and is divergence free, that is ∇µG
µν = 0.

A.2.5 Weyl tensor

As mentioned in the above sections, the Riemann tensor has in general twenty

independent components and these can be represented by a combination of the

Ricci tensor and the Weyl tensor, Cρ
σµν . The ten components represented by

the Ricci tensor will be the trace part of the Riemann tensor and and the Weyl

tensor, Cρ
σµν , representing the other ten components will be the trace-free part of

the Riemann tensor and is defined for manifolds whose dimension is n ≥ 3 by

Cρ
σµν = Rρ

σµν −
2

n− 2
(
gρ[µRν]σ − gσ[µRν]ρ

)
+ 2

(n− 1)(n− 2)gρ[µgν]σR (A.8)

The components of this tensor describe the components of curvature that are not

generated locally and in a sense they describe the “free-gravitational field” and

governs the propagation of gravitational waves.
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A.2.6 Einstein’s Field Equations

• Space and time (≡ spacetime) is considered to be a four-dimensional manifold

of events where each event can be thought of as a point in space at an instant of

time.

We can then relate the metric tensor, the Ricci tensor and the Ricci scalar to

the energy momentum tensor mentioned above to give a relation known as the

Einstein’s Field Equations

Rµν −
1
2gµνR + gµνλ = 8πG

c4 Tµν (A.9)

where G is Newton’s gravitational constant, λ is the cosmological constant related

to the energy density of space and c is the speed of light in a vacuum. These

equations describe how matter curves spacetime and how curved spacetime tells

matter how to move. As a result any physical spacetime has to be a solution to

these equations. In the non-relativistic limit, (A.9) above reduces to the Poisson’s

equation, which is equivalent to Newton’s law of universal gravitation.

A.3 Useful derivations

A.3.1 Deriving the connection

Using the abstract index notation we have

0 = ∇agbc

= ∂agbc − Γdabgdc − Γdacgbd

⇒ Γcab + Γbac = ∂cgbc .......................(i)

performing index substitution on the above result, we also have

a
 b : Γcba + Γabc = ∂bgac ................(ii)

b
 c : Γbca + Γacb = ∂cgab ................(iii)

Adding equations (i) and (ii) and then subtracting (iii) using the symmetry prop-

erty of Γ we have

2Γcab = ∂agbc + ∂bgac − ∂cgab

⇒ Γcab = 1
2g

cd(∂agad + ∂bgbd − ∂dgab).
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A.3.2 The inner product between coordinate vectors

Using our metric ansatz in which g = (dt− B
A
dz)2 − 1

A2 (dz)2 it the follows that

gabt
azb = gab(∂t)a(∂z)b

=
[
(dt)a(dt)b −

2B
A

(dt)a(dz)b −
(1−B2)
A2 (dz)a(dz)b

]
=

[
(dt)b −

2B
A

(dz)b
]
(∂z)b

= −2B
A

which clearly vanishes if and only if B = 0 thereby implying orthogonality.
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