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Abstract 

The purpose of this thesis is to investigate a class of four left-invariant optimal control problems 

on the special orthogonal group SO(3). The set of all control-affine left-invariant control systems 

on SO(3) can, without loss, be reduced to a class of four typical controllable left-invariant con­

trol systems on SO(3) . The left-invariant optimal control problem on SO (3) involves finding a 

trajectory-control pair on SO (3), which minimizes a cost functional , and satisfies the given dynam­

ical constraints and boundary conditions in a fixed time. The problem is lifted to the cotangent 

bundle T* SO(3) = SO(3) x 50 (3)* using the optimal Hamiltonian on 50 (3)*, where the maximum 

principle yields the optimal control. In a contribution to the study of this class of optimal control 

problems on SO(3), the extremal equations on 50(3)* (ident ified with JR3) are integrated via elliptic 

functions to obtain explicit expressions for the solution curves in each typical case. The energy­

Casimir method is used to give sufficient conditions for non-linear stability of the equilibrium states. 
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Introd uction 

We begin with a very brief introduction to geometric control theory, followed by a description of 

the optimization problem on the matrix Lie group 50(3) , and an out line of the thesis. 

Geometric control theory 

Mathematical control theory is an established, rapidly growing field of application-oriented math­

ematics. It is one of the most interdisciplinary areas of research, providing both theoretical and 

computational tools for solving problems arising in fields such as engineering, robotics, economics, 

biology and medicine. Concepts like controllability, observability, stability, realization and opti­

mization are fundamental in control theory. 

The language and methods of geometry are relevant to control theory - this is termed geometric 

control theory. 'A control system can be viewed informally as a dynamical object (e .g. ordinary 

differential equation) containing a parameter (control) which can be manipulated to influence the 

behaviour of the system so as to achieve a desired goal' [22J. The right-hand side of the ordinary 

differential equation is a vector field and the dynan1ical system governed by the equation is the flow 

generated by this vector field. Hence, a control system is a family of vector fields. The structure 

of admissible trajectories and attainable sets is intimately related to the groups of transformations 

generated by the dynamical systems involved. In turn, groups of transformations form the heart of 

geometry. 

Geometric control theory has been studied and developed by a number of researchers, for example: 

Jurdjevic [9,lOJ, Agrachev [1], Sachkov [24,25J and Puta [19,20J. 

A class of optimal control problems on the matrix Lie group 50(3) 

The set of all orthogonal 3 x 3 matrices over JR, with unit determinant, forms the matrix Lie group 

50(3) known as the special orthogonal group. This group is non-Abelian , compact, path-connected 

and simple, and it is also a smooth submanifold of JR3 x3, diffeomorphic to JRJP'l. The Lie algebra 
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2 Introduction MSc 2009 

50 (3) consists of all 3 x 3 skew-symmetric matrices, and has dimension 3. The matrices 

form the standard basis for 50 (3) . 

The proofs of these well-known and standard results concerning 50(3) are given in chapter 2 in a 

simple and direct manner. 

The control-affine left-invariant control systems on 50(3), in classical notation, are given by 

9 = 9 (X + u1Y1 + ... + UeYe) , 9 E 50(3), U = (Ub ... , ue) E ]Re, 1 ::; e ::; 3. 

Now, we express X and Y1, ... , Ye as linear combinations of the standard basis matrices for 50 (3). 

A left-invariant control system on 50(3) is controllable if it is composed of either two or three of 

the standard basis matrices. We consider the following typical controllable left-invariant control 

systems on 50(3) : 

Type I: 

Type IIa: 

Type IIb: 

Type III: 

9 = g(E3 + uE1), 

9 = g(uIEl + U2 E2) , 

9 = g(E3 + u1E1 + U2 E2), 

9 = g(u1E1 + U2 E2 + U3 E3), 

uE]R 

U = (Ul ' U2) E ]R2 

U = (Ul ' U2) E]R2 

U = (Ul ,U2,U3) E JR3 . 

We use the word 'typical' as any results for the remaining controllable left-invariant control systems 

on 50(3) can easily be deduced from these cases, with some simple elementary changes. This gives 

a class of four left-invariant optimal control problems on 50(3) . The description of the problem 

and the explanations that follow have been formulated generally, and are sufficient to cover all the 

typical cases at once. 

Let g1 and g2 be arbit rary but fixed points in 50(3), and T > 0 be fixed in advance. A left-invariant 

optimal control problem on 50(3) consists of minimizing the cost functional 

J = foT L(u(t)) dt 

over all trajectory-control pairs (gO, uO), of the left-invariant control system 

g(t) = g(t) ( X + t Ui(t)Y; ) , 9 E 50(3), u(t) = (U l (t), ... , ue(t)) E ]Re, 

-
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satisfying the boundary conditions 

g(O) = gl and g(T) = g2· 

The Lagrangian L has the form 

1 (2 2) L(u) = 2" C1 u 1 + ... +ceue , c}, ... , Ce > 0, 1 :'0 e :'0 3. 

The problem is lifted from SO(3) to the cotangent bundle T*SO(3) as follows. 

The Hamiltonian H of the left-invariant vector field X + L:;~1 UiY; is defined by 

for each ~g E T;SO(3). 

3 

Let 50(3)* denote the dual space of 50(3). Then the correspondence dL;_lP ..... (g,p) realizes 

T*SO(3) = SO(3) x 50(3)*, giving 

H(g,p ) =p (x+ tu;y;). 
Hence, H is a linear function on 50(3)* parametrized by the control values. The cost extended 

Hamiltonian on 50(3)* , of the left-invariant optimal control problem on SO (3), is defined by 

1-£(p, u) := -L(u) + p ( X + t UiY; ) . 

The maximum principle is used to find the best possible control, thus yielding a single (cost ex­

tended) Hamiltonian: the optimal Hamiltonian. 

Proceeding with the non-canonical coordinates (g,p) in SO(3) x 50(3)*, the set of differential equa­

tions on 50(3)* is known as the extremal equations. For semi-simple matrix Lie groups, the Killing 

form sets up a correspondence between the adjoint and co-adjoint orbits, which in turn converts 

the extremal equations on 50 (3)* to their dual forms on 50(3). Further, 50 (3) can be identified with 

]R3 using the hat mapping, giving the extremal equations on ]R3. 

Due to the left-invariant symmetries of the problem, there is another constant of motion, I< (in 

addition to 1-£) , which allows the extremal equations to be integrated via elliptic functions. The 

explicit expressions for the solution curves are given in the final four chapters, and to my knowledge, 

the results obtained are my own, i. e., 

Theorem 4.3.1, Theorem 5.3.1 , Theorem 6.3.1 and Theorem 7.3.1. 
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These contributions will be checked at two levels. Firstly, I allow C2 --> DO in the Type lIb case and 

compare the result to the Type I case; similarly, I allow C3 ---> DO in the Type III case and compare 

the result to the Type IIa case. At the second level, I choose arbitrary constants and initial values, 

substitute them into the previously mentioned theorems and produce the graphical output. These 

solutions can be compared to those produced by a MATLAB solver. 

The solution curve to the left-invariant optimal control problem on 50(3) is the projection down to 

50(3), of the integral curve (g(-) ,p(.)) of the Hamiltonian vector field if. on T*5 0 (3) . 

Lastly, the energy-Casimir method is used to give sufficient conditions for non-linear stability of the 

equilibrium states in each typical case. These results will also be checked using the first approach 

mentioned above, i.e., I allow C2 ---> DO in the Type lIb case, and C3 ---> DO in the Type III case. 

Overview of the thesis 

Chapter I contains some basic material (definitions, theorems and propositions), along with math­

ematical preliminaries required for the analysis of the left-invariant optimal control problem on 

50(3). The following standard objects (and some results) are reviewed in each section, respectively. 

In section 1.1: the general and special linear groups, a matrix Lie group, a path-connected matrix 

Lie group, a tangent vector, the tangent space, the dimension of the tangent space, the tangent 

mapping, the Lie algebra, the Lie bracket, the tangent bundle, the dual space, the exponential 

matrix, the exponential mapping, a Lie algebra isomorphism, the adjoint representation, the dual 

mapping, the co-adjoint representation, an ideal, a simple and semi-simple Lie algebra, a simple 

matrix Lie group, the unitary and special unitary groups, a torus, a maximal torus, a diffeomorphism 

and a local diffeomorphism, a double cover, the inverse mapping theorem, the real projective space, 

a vector field , a left-invariant vector field , an integral curve, the flow, a tangent covector, the 

cotangent space, the cotangent bundle, and the Killing form. 

In section 1.2: an admissable control, a left-invariant control system, a trajectory, the reachable set, 

and controllability of a left-invariant control system. 

In section 1.3: a differential I-form, a differential 2-form, non-degeneracy, the wedge-product, the 

exterior derivative, a closed form, a symplectic form, a symplectic manifold, the interior product, 

a Hamiltonian vector field, a Hamiltonian system, canonical coordinates, Hamilton's equations in 

canonical coordinates, the Poisson bracket, a constant of motion, vector fields and the symplectic 

form on the cotangent bundle, and Hamilton's equations in non-canonical coordinates. 

In section 1.4: the cost functional, the Lagrangian, an optimal trajectory, the left-invariant optimal 

control problem, the cost extended Hamiltonian, the adjoint orbit, the co-adjoint orbit , and a 

Casimir function. 
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In section l.5: the maximum principle, an extremal pair, and abnormal and normal extremals. 

In section l.6: an elliptic function, the period of an elliptic function, the Weierstrass elliptic function, 

Jacobi elliptic functions , and an elliptic integral. 

In section l. 7: an equilibrium state, non-linear stability, and the energy-Casimir method. 

Chapter 2 collects some well-known and standard results concerning 50(3), together with simple 

and direct proofs. These are arranged as follows. 

In section 2.1: 50(3) is a matrix Lie group; every element of 50(3) is a rotation; and 50(3) is 

non-Abelian, compact and path-connected. 

In section 2.2: the Lie algebra of 50(3) consists of all 3 x 3 skew-symmetric matrices; the standard 

basis for the Lie algebra of 50(3); the dimension of 50(3) is 3; the definition of the hat mapping; 

the hat mapping is an isomorphism of Lie algebras; and 50(3) is simple. 

In section 2.3: the standard maximal torus of 50(3) is a maximal torus; if 1I' is a maximal torus of 

50(3), then g']['g- 1 is also a maximal torus; the exponential map exp : .6'0(3) -> 50(3) is surjective; 

and Rodrigues' formula. 

In section 2.4: 50(3) is a smooth submanifold of IR3X3 ; 5U (2) is diffeomorphic to §3; the range of 

the adjoint representation on 5U (2) is 50 (3); and this map is a double cover. To end, we discuss 

the implications of the double cover and the coordinates on 50(3). 

Chapter 3 focuses specifically on geometric control and 50(3). The set of all control-affine left­

invariant control systems on 50(3) is reduced to a class of four typical controllable left-invariant 

control systems on 50(3). Examples of these are given, and descriptively named the stiff SF-system, 

attitude control of a rigid body and path planning on 50(3). Further , as described in the previous 

section, the optimal control problem on 50(3) can be lifted to T*50 (3) = 50(3) x .6'0(3)* . In 

this chapter, 50(3)* is identified with 50(3) via the Killing form, and .6'0(3) with IR3 using the hat 

mapping. The Casimir function K on .6'0(3)* is given, with a proof, and the chapter concludes by 

presenting the general solution curve in terms of the local coordinates on 50(3). 

Chapters 4- 7 are devoted to solving the left-invariant optimal control problem on 50(3) for the 

Type I, Type IIa, Type lIb and Type III cases, respectively. These chapters begin with a statement 

of the problem, followed by a theorem giving the optimal control(s), optimal Hamiltonian and the 

extremal equations. The main aim is to solve the extremal equations using elliptic functions, and 

these results are checked numerically. A set of differential equations is achieved, which can be solved 

using numerical techniques to determine the specific expression for the solution curve. Lastly, the 

non-linear stability of the equilibrium states associated with the extremal equations is investigated. 

In the conclusions, comparisons are drawn between the Type I and Type lIb cases by examining 

the extremal equations, their solutions, the sets of differential equations yielding the Euler angles 

and the stability results, similarly, for the Type IIa and Type III cases. The graphical output 
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in appendix C is discussed and summarized in a table. The chapter concludes with some closing 

remarks and identifies areas for further research. 



Chapter 1 

Preliminaries 

This chapter contains the definitions, theorems and propositions , along with the mathematical 

preliminaries required to analyse the left-invariant optimal control problem on SO(3). The chapter is 

formulated in general for matrix Lie groups, and not specifically for SO(3). The topics include matrix 

Lie groups, left-invariant control systems, Hamiltonian formalism, optimal control, the maximum 

principle, elliptic functions and stability. In the section on the maximum principle, a brief history 

of this important result is provided. 

1.1 Matrix Lie groups 

The references used include [30], [21], [2], [6], [23), [14) and [10). 

We will denote the set of all real n x n matrices by lRnxn , similarly, the set of all complex n x n 

matrices by cnxn . 

DEFINITION 1.1.1. GL(n,lR) is the set of all invertible n x n matrices over lR, i.e., 

GL(n,lR) := {g E lRnxn I detg of o}. 

SL(n,lR) is the set of all invertible n x n matrices over lR, with unit determinant , i.e., 

SL(n,lR) := {a E GL(n,lR) I detg = I}. 

PROPOSITION 1.1.1. GL(n, lR) and SL(n, lR) are groups under matrix multiplication. 

GL(n,lR) is called the general linear group and SL(n,lR) is called the special linear group. 

DEFINITION 1.1.2. A matrix Lie group is a closed subgroup of the general linear group. 

7 
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A (real) Lie group is a smooth manifold G which is also a group such that the operations 

are smooth mappings. Matrix groups are Lie groups (hence, commonly called matrix Lie groups), 

however , not all Lie groups are matrix groups. 

DEFINITION 1.1.3. A matrix Lie group G is called path-connected if, for any 91, 92 E G, there 

exists a continuous curve a : [0, I J -; G such that a(O) = 91 and a(l) = 92. 

DEFINITION 1.1.4. Let G be a matrix Lie group and a be a smooth curve in G. Then 

1 
&(t) := lim -h(a(t + h) - art)) 

h~O 

is called the tangent vector to a at art). 

DEFINITION 1.1.5. Let G be a matrix Lie group and 9 E G. Then the tangent space to G at 9 is 

the set 

TgG := {&(O) I a is a smooth curve in G with a(O) = 9}. 

PROPOSITION 1.1.2. Let G be a matrix Lie 9rouP and 9 E G. Then the tangent space TgG is a real 

vector subspace of Rnxn. 

We will denote the identity element by I d. 

DEFINITION 1.1.6. If G is a matrix Lie group, then its dimension is the dimension of the vector 

space TidG. 

DEFINITION 1.1.7. Suppose F : GI -; G2 is a smooth mapping between matrix Lie groups. For 

any curve a on GI , F 0 a is a smooth curve on G2 . Then the tangent mapping is 

DEFINITION 1.1.8. A real Lie algebra 9 is a real vector space equipped with a product 

[ . , . J : 9 x 9 -; g, (X, Y) f-> [X, YJ, 

such that (for AI, A2 E R and X, Y, Z E g): 

1. [X , YJ = -[Y, XJ (skew-symmetric) 

2. [AIX + A2Y, ZJ = AJ[X, ZJ + A2 [Y, ZJ (bilinear) 
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3. [X, [Y, ZlJ + [Y, [Z, X lJ + [Z, [X , YlJ = 0 (J acobi identity) . 

The product [., .] is called the Lie bracket of the Lie algebra g. 

EXA1IPLES: 

1. Let 9 = jR3 and define 

[x, y] := X X y, the cross product for all x, y E jR3. 

jR3 equipped with this bracket operation forms a Lie algebra. 

2. Let 9 = jRnxn and define the matrix commutator 

[X, Y ] := XY - YX for all X, Y E jRnxn. 

IRnxn equipped with the matrix commutator forms a Lie algebra. 

Let G be a matrix Lie group. Then T1dG equipped with the matrix commutator forms its Lie 

algebra, denoted by g. Let X , Y E g. Then 

[gX,gY] = g[X, Y] = g(XY - YX ), 9 E G. 

It is natural to assemble together all tangent spaces of a matrix Lie group G into a new structure 

called the tangent bundle of G, denoted by TG. T he tangent bundle is a smooth manifold with 

double the dimension of G. 

For each 9 E G, let Lg denote the left translation by g. 

PROPOSITION 1.1.3. Let G be a matrix Lie group and 9 be its Lie algebm. Then the correspondence 

dLgX ..... (g, X ) realizes T G = G x g. 

DEFINITION 1.1.9 . Let G be a matrix Lie group and 9 its Lie algebra. Then the dual space g' of 

9 is the space of all linear functionals on g. 

DEFINITION 1.1.10. Let X E IRnxn. Then the matrix exponential of X is 

DEFINITION 1.1.11 . Let X E IRnxn. Then the exponential mapping is 
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PROPOSITION 1.1.4. Let X, Y E jRnxn. 

1. exp X is invertible with inverse exp( - X). 

2. fit exp tX = X exp tX = (exp tX)X. 

3. eXYX -
1 = XeY X - I, where X is invertible. 

4. If X and Y commute, then exp(X + Y) = exp(X) exp(Y). 

5. (Liouville 's Formula) det(expX) = etr(X ). 

DEFINITION 1.1.12. Let 91 and 92 be two Lie algebras. A linear mapping F : 91 ---> 92 is called a 

Lie algebra homomorphism if 

F([X, YJ) = [F(X) , F(Y)] for all X, Y E h 

If F is also bijective, then F is called a Lie algebra isomorphism. 

The most important type of Lie algebra homomorphisms are those determined by smooth group 

homomorphisms. 

PROPOSITION 1.1.5. Let GI , G2 be matrix Lie groups and 9,,92 their Lie algebms, respectively. Let 

be a smooth group homomorphism. Then the derivative 

dF : 91 ---> 92 

is a Lie algebm homomorphism. 

Thus, smoothly isomorphic matrix Lie groups have isomorphic Lie algebras. 

DEFINITION 1.1.13. Let G be a matrix Lie group and 9 its Lie algebra. For any 9 E G, the 

conjugation map is 

This is a smooth isomorphism. Then the derivative of the conjugation map is 

Adg : 9 ---> g, X >-> AdgX := gXg- I for all X E 9. 

The mapping 

Ad: G ---> GL(g) , 9 f--> Adg 

--



JK Rodgerson 

is a smooth group homomorphism called the adjoint representation of G. 

For any X E g, the derivative of the adjoint representation is 

adx : 9 ---> g, Y >-+ adx Y := IX, YJ for all Y E g. 

The mapping 

ad: 9 ---> End(g) , X >-+ adx 

is a Lie algebra homomorphism called the adjoint representation of g. 

11 

DEFINITION 1.1.14. Let F : V ---> W be a linear mapping between vector spaces. Then the dual 

linear mapping is 

F' : W' ---> V', w>-+ (F'w)v := w 0 F(v) for v E V 

DEFINITION 1.1.15. Let G be a matrix Lie group and g' be the dual of its Lie algebra. The 

co-adjoint representation of G is the smooth group homomorphism, defined by 

The infinitesimal version of this representation is the co-adjoint representation of g, 

ad' : 9 ---> End (g' ), X>-+ adj.... 

( d ' , • ax:g ---> g , p>-+ (adj...p)Y := p(adx Y) for all Y E g.) 

DEFINITION 1.1.16. A subspace 'J of a Lie algebra 9 is called an ideal of g, if for X E 9 and Y E 'J, 

IX, YJ E 'J. 

DEFINITION 1.1.17. A simple Lie algebra is non-Abelian with no ideals except 0 and itself. A 

semi-simple Lie algebra has no Abelian ideals. 

In general, the representations Ad and Ad' are not equivalent. When 9 is semi-simple, the adjoint 

and co-adjoint representations may be regarded as identical. 

DEFINITION 1.1.18. A simple matrix Lie group is path-connected and non-Abelian with no 

non-trivial path-connected normal subgroups. 

PROPOSITION 1.1.6 . A path-connected matrix Lie group is simple if its Lie algebra is simple. 
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DEFINITION 1.1.19. Urn) is the set of all unitary n x n matrices over IC, i.e., 

U(n):= {a E GL(n, iC) I a*a = Id}, where a* is the Hermitian conjugate matrix. 

SU(n) is the set of all unitary n x n matrices over IC, with unit determinant, i.e., 

SU(n) := {a E Urn) I deta = I}. 

Urn) is called the unitary group and SU(n) is called the special unitary group. 

PROPOSITION 1.1.7. Urn) and SU(n) are matrix Lie groups. Purther, SU(n) is a simple matrix Lie 

group. 

DEFINITION 1.1.20. The n-dimensional torus Tn is the group 

Tn := Uri) x Uri) X ... X Uri) , n copies. 

DEFINITION l.l.2l. Let G be a matrix Lie group. A torus in G is a subgroup of G which is 

isomorphic to a torus. A maximal torus in G is a torus in G which is not contained in a higher 

dimensional torus in G. 

DEFINITION l.l.22. S C ~ml and T C JRm, are called diffeomorphic if there exists a smooth 

bijective mapping F : S -> T whose inverse is also smooth. In this case, F is a diffeomorphism. 

F is a local diffeomorphism if there exists a neighbourhood of any point of the domain, restricted 

to which the function is a diffeomorphism onto its image. 

DEFINITION 1.1.23. S <;; JRm is said to be a smooth submanifold if, for every XES, there exists 

an open neighbourhood U of x in JRm and smooth diffeomorphism F : U -> fj <;; JRm such that 

where 0 ::; e ::; m. 

We say that S is a smooth submanifold of dimension C (or simply, an C-submanifold). The codi­

mension of S is m - e. 

DEFINITION 1.1.24. Let F : S <;; JRm, -> T <;; JRm, be a smooth map of constant rank. If F is 

surjective, then F is a submersion. 

PROPOSITION 1.1.8. Let S <;; JRm and suppose 0 ::; e ::; m. The following statements are equivalent: 

1. S is an e-submanifold ofJRm. 
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2. For every X E S, there exists an open neighbourhood U of x in lRm and a smooth submersion 

F : U -> lRm -£ such that 

DEFINITION 1.1.25 . A surjective, 2-to-l local diffeomorphism between matrix Lie groups is called 

a double cover. 

THEOREM 1.1.1. (The inverse mapping theorem) Let S c lRm1 and T c lRmz . Let U <;; S be an 

open set and let F : U -> T be a .smooth mapping. Let IdE U and .suppose that dF is a linear 

isomorphism. Then there exists an (open) neighbourhood W of I d in U such that F I IV : W -> F(W) 

is a smooth diffeomorphism. Moreover, for X2 E F(W) there is the following formula for the 

derivative of F - 1 at X2: 

PROPOSITION 1.1.9. Let S c lRm1 andT c lRm, . IfF: S -> T is a surjective group homomorphism 

with kernel N, then there is a unique isomorphism F' : SIN ~ T such that F is the composite F' 0 IT 

(where IT: S -> SIN is just the projection of S onto its quotient set S IN). 

DEFINITION 1.1.26. The set of all lines through the origin in lRn+1 is called the n-dimensional 

real projective space and is denoted lRlpm 

IRlP'n is a smooth manifold of dimension n. 

DEFIN1TION 1.1.27. A vector field X on a matrix Lie group G is a mapping from G into T G such 

that, for every g E G, the natural projection IT : TG -> G projects X (g) to g. 

The vector field X is a smooth provided the map X is smooth; and the set of all smooth vector 

fields on a matrix Lie group G is denoted by X(G). 

The tangent map of a left translation L9 is invertible, in particular, 

is a linear isomorphism. 

DEFINITION 1.1.28 . A vector field X on a matrix Lie group G is called left-invariant if 

dLgX = gx. 

It follows that a left-invariant vector field on G is determined by its value at the identity. 

The set of all smooth left-invariant vector fields on a matrix Lie group G is denoted by XdG). This 
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is a real vector space, and further, a real Lie algebra. 

PROPOSITION 1.1.10. Let G be a matrix Lie group and 9 its Lie algebra. Then XL(G) and 9 are 

isomorphic as Lie algebras. 

DEFINITION 1.1.29. Let X be a smooth vector field on a matrix Lie group G. An integral curve 

of X, with initial condition go, is a curve", in G such that ",(0) = go and a(t) = X(",(t)) for all t. 

DEFINITION 1.1.30. Let X be a smooth vector field on a matrix Lie group G. The flow of X is the 

collection of maps </>, : G ---> G such that t t-> </>,(g) is an integral curve of X with initial condition 

go· 

DEFINITION 1.1.31. Let G be a matrix Lie group and 9 E G. A linear function on TgG is called a 

tangent covector to G at the point g. In other words, a tangent covector is the element of the 

space T;G dual to TgG, called the cotangent space. 

It is natural to assemble together all cotangent spaces of a matrix Lie group G into a new structure 

called the cotangent bundle of G, denoted by T* G. The cotangent bundle is a smooth manifold with 

double the dimension of G. 

The dual mapping of the tangent map of a left translation dLg-l is given by 

PROPOSITION 1.1.11. Let G be a matrix Lie group and g* be the dual of its Lie algebra. Then the 

correspondence dL;_lP ...... (g,p) realizes T*G = G x g*. 

DEFINITION 1.1.32. Let G be a matrix Lie group with Lie algebra g. The Killing form is the 

symmetric bilinear mapping defined by 

K : 9 x 9 ---> JR, K(X, Y) := tr (adx ady) for any X, Y E g. 

PROPOSITION 1.1.12. Let G be a matrix Lie group and 9 be its Lie algebra. If 9 is semi-simple, 

then the Killing form is non-degenerate, i.e., if K(X, Y) = 0, for every Y E g, then X = O. 

PROPOSITION 1.1.13. Let w be a bilinear mapping w : 9 X 9 ---> lR. w is non-degenerate if and only 

if the associated linear map 

w' : 9 ---> g* , X ---> w'(X)(Y) := w(X, Y) for any Y E 9 

is an isomorphism. 
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1.2 Left-invariant control sytems 

The references used include [24], [10], [25] and [1]. 

Let G be a matrix Lie group and 9 be its Lie algebra. 

DEFINITION l.2.l. An admissible control is a vector-valued mapping 

U(-) : [0, Tu ] --7 U = ]R£ 

whose components - the input functions ur(-), . .. , u£(·) - must be measurable on [O,Tu] . 

We will denote the set of all admissible controls by U. 
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DEFINITION l.2.2 . A left-invariant control system r on G is an arbitrary set of left-invariant 

vector fields on G, i.e., any subset 

r <;;; 9 (= XdG)). 

EXAMPLE. A class of left-invariant control systems is formed by control-affine systems 

where X and (linearly independent) Yr, .. . , Ye are some fixed elements of g. 

In classical notation, the system is written as 

9 = 9 (X + t Ui¥;)' 9 E G, U = (Ub.·., ue) E]Rt 
'/.= 1 

DEFINITION l.2.3. A trajectory of a left-invariant control system r on G is an absolutely contin­

uous curve g(-) in G defined on an interval [0, T] such that 

g(t) = g(t) (X + t Vi¥;) E r, for a.e. t E [0, T]. 

DEFINITION l.2.4. For any T :::: 0 and any 9 E G, the reachable set for time T of a left-invariant 

control system r <;;; g, from the point g, is the set Ar(g, T) of all points that can be reached from 9 

in exactly T units of time: 

Ar(g, T) = {g(T) I gO a trajectory of r, g(O) = g}. 
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The reachable set for time not greater than T 2: 0 is defined as 

A r(g,:'O T) = U A r(g, t). 
O~t::;T 

The reachable (or attainable) set of a system r from a point 9 E Gis the set Adg) of all terminal 

points g(T), T 2: 0, of all trajectories of r starting at g: 

Adg) = {g(T) I gO a trajectory of r, g(O) = g, T 2: O} = U Adg, T). 
T2;:O 

If there is no ambiguity, we will denote the reachable set Ar(g) by A(g). 

DEFINITION 1.2.5. A left-invariant control system r on G is controllable if, given any pair of 

points gl and g2 in G, the point g2 can be reached from gl along a trajectory of r for a nonnegative 

time, i.e. , 

g2 E A(gIl for any gl, g2 E G, 

or in other words, if 

A(g) = G for any 9 E G. 

PROPOSITION 1.2.1. A left-invariant control system r on a matrix Lie group G is controllable if 

and only if A(I d) = G. 

Let Lie (r) denote the Lie algebra generated by r, i.e., the Lie algebra generated by calculating the 

commutators of all pairs ofleft-invariant vector fields in r, and then by taking all linear combinations 

of the left-invariant vector fields and their commutators. 

PROPOSITION 1.2.2. A left-invariant control system r on a compact, path-connected matrix Lie 

group G is controllable if and only if Lie (r) = g. 

1.3 Hamiltonian formalism 

The references used include [15]' [20]' [31 and [101. 

Let T* G be the cotangent bundle of a matrix Lie group G. 

DEFINITION 1.3.1. A I-form is a term used in two ways - they are either members of the cotangent 

space T;(T*G) or else, analogous to a vector field, an assignment of a covector in T;(T* G) to each 

~ E T*G. The set of aliI-forms on T*G is denoted by AI(T*G). 

A basic example of a I-form is t he differential of a real-valued function. 
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DEFINITION 1.3.2. A 2-form W on T *G is any mapping 

such that 

1. w{ : T{(T* G) x T«(T*G) --> lR is a bilinear, skew-symmetric mapping, and 

2. the dependence ~ f-> w( is smooth. 

The set of all 2-forms on T *G is denoted by A2(T*G). 

DEFINITION 1.3.3. The bilinear map 

is non-degenerate if, when W{(VI,V2) = 0 for every V2 E T{(T*G), then VI = O. 

DEFINIT ION 1.3.4. A k-form Q on T* G is a function 

Q(~) : T«(T*G) x ... x T{(T*G) (k factors) --> lR 
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that assigns to each point ~ E T* G a skew-symmetric k-mulitilinear map on the tangent space 

T{(T*G) to T* G at ~ . The set of all k-forms on T *G is denoted by Ak(T*G). 

DEFIN ITION 1.3.5. Let Q and {3 be I-forms on T*G. Then their wedge product QI\{3 is the 2-form 

Let Q be a 2-form and {3 be a I-form. Then their wedge product Q 1\ {3 is the 3-form 

DEFINITION 1.3.6. The exterior d erivative dQ of a k-form Q (k = 0, 1, 2) on T*G is the (k + 1)­

form on T* G determined by the following proposition: 

PROPOSITION 1.3.1. There is a unique mapping 

such that 

1. if Q is a O-form, i.e ., Q = F E COO(T*G), then dF is a I-form, i.e., dF: T(T* G) --> lR. 

2. dQ is linear in Q, 
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3. dC/ satisfies the product rule 

d(C/ 1\ (3) = (dC/) 1\ (3 + (-I)kC/ 1\ (d(3), 

where C/ is a k-form and (3 is an f-form (f = 0, 1, 2) . 

4. d2 = 0, i.e., d(dC/) = 0 for any k-form C/. 

5. d is a local operator, i. e., dC/g depends only on C/ restricted to any neighbourhood of g. 

DEFINITION 1.3.7. A k-form C/ (k = 0, 1,2) is called closed if dC/ = O. 

DEFINITION 1.3.8. A symplectic form on T*G is a non-degenerate, closed 2-form w on T*G. 

There is a natural symplectic form on T*G that can be described as follows. Assume that the matrix 

Lie group G is n-dimensional and pick local coordinates {dq" ... , dqn}. Then {dq" ... , dq,,} is a 

basis of T;G, and by writing ~g E T;G as ~g = p,dq, + ... + Pndqn we get local coordinates 

{q" ... , qn , PI,"" Pn} on T*G. We define the canonical symplectic form won T*G by 

n 

W = Ldqi 1\ dpi · 
i=l 

This 2-form w is independent of the choice of coordinates {q" ... , qn}. Observe that w is locally 

constant, that is w is independent of the base point (q" ... , q.,,, PI"", Pn), and so dw = O. 

DEFINITION 1.3.9. T* G equipped with the canonical symplectic form w is a symplectic manifold. 

DEFINITION 1.3.10. Let C/ be a k-form and X a vector field. The interior product is defined by 

ix : Ak(T*G) --> Ak- I(T*G) 

C/ f-> (ixC/Mv2, ... , Vk) .- C/((X(x), V2, ... , Vk). 

DEFINITION 1.3.11. Let H E COO(T*G) . The vector field H, determined by the condition 

is called the Hamiltonian vector field associated with Hamiltonian function H. We call 

(T*G,w, H) a Hamiltonian system. 

Non-degeneracy of w ensures that H exists. 

PROPOSITION 1.3.2. (Hamilton's equations in canonical coordinates) Let (q" ... , qn, PI , "" Pn) be 

canonical coor-dinates on T*G, i.e., w = l:~ , dqi 1\ dpi . Then (q(-),p(-)) is an integral curoe of H 
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if and only if Hamilton's equations hold, i.e., 

. aH 
qi=­

api 
and Pi = - aaH for i = 1, 2, ... , n. 

qi 
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DEFINITION 1.3.12. Let F, G E COO(T*G). The Poisson bracket of F and G is the function 

defined by 

{F, G}w : T*G -+ lR 

{F,G}w(O .- W((i\~),G(m· 

PROPOSITION 1.3.3. The real vector space COO(T*G) , together with the Poisson bracket, forms an 

infinite-dimensional Lie algebra. 

For any smooth vector field X on G, let H X denote the Hamiltonian function on T* G that corre­

sponds to X. 

PROPOSITION 1.3.4. If Hx and Hy are Hamiltonian functions on T*G, then 

{Hx,Hy} = - H1X,YJ. 

PROPOSITION 1.3.5. Let H be a Hamiltonian function and 1>t be the flow of H. Then, for each 

FE COO(T*G), 
d 
dt (F 0 1>t) = {F 0 1>t, H} = {F, H} o1>t. 

PROPOSITION 1.3.6. (Leibniz rule) For FE COO(T*G), 

{F,} : COO(T*G) -+ COO(T'G) 

is linear and satisfies 

{F,GJ} = {F,G}J + G{F,J}. 

DEFINITION 1.3.13. Let (T'G,w,H) be a Hamiltonian system. A function F E COO(T*G) is called 

a constant of motion if it satisfies the following condition: 

{F, H}w = O. 

Rather than expressing the integral curves through canonical coordinates on T *G and Hamilton's 

equations, it will be more appropriate to regard T* G as G x g*, and proceed with non-canonical 

coordinates (g,p) relative to this decomposition. 

PROPOSITION 1.3.7. Let T(G x gO) denote the tangent space to G x g* . Then T(G x gO) can be 

realized as the product (G x g) x (g* x gO ) . In this realization, each element ((g, X ), (p, YO)) is a 
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tangent vector (X, Y*) based at (g,p) in T*G. 

PROPOSITION 1.3.8. Let the tangent vector (X, Y*) in 9 x g* define a vector field V on G x g* 

equal to (X, Y*) at each point (g,p) in G x g* . Then V is a left-invariant vector field on the product 

G x g*. 

PROPOSITION 1.3.9. The natural symplectic form w on T *G = G x g* takes the following form: 

for any (g,p) in G x g* and any vectors (Xi, Y,*) in 9 x g*, i = 1, 2. 

Having identified T*G with G x g*, functions on T*G become functions on G x g*. The next 

proposition specifies the Hamiltonian vector fields in terms of the partial derivatives of the defining 

function. 

PROPOSITION 1.3.10. (Hamilton's equations in non-canonical coordinates) 

Let H (g, p) = (X (g, p), Y * (g, p)) denote the Hamiltonian vector field corresponding to a function H 

on G x g*. Then 

X(g,p) = ~; (g,p) and Y*(g ,p ) = - dL; (~; (g,p)) + ad* X(p). 

COROLLARY 1.3.1. Each integral curve (gO,p(·)) of H satisfies the differential equations 

. (8H) g=g -
8p 

1.4 Optimal control 

The references used include [10], [1] and [25]. 

Let G be a matrix Lie group and 9 be its Lie algebra. Let g, and g2 be arbitrary but fixed points 

in G. 

DEFINITION 1.4.1. A trajectory-control pair (g(.), u(-)) is said to transfer a point g, to another 

point g2 if there exists an interval [0, T ], contained in the domain of (g, u ), such that g(O) = g, and 

g(T) = g2. The cost of this transfer is given by 

J = faT L (g(t), u(t)) dt, ' 

where L is the Lagrangian. 

DEFINITION 1.4.2. A trajectory-control pair (gO, uO) is optimal relative to the given points g, 
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and g2, if g(O) = g1 and g(T) = g2, and if J[ L(g(t), u(t)) dt is the minimal cost among all costs of 

trajectories that transfer g1 to g2' 

DEFINITION 1.4.3. A Lagrangian L E GOO(G x IRe) is called left-invariant if 

L(gh, u) = L(h, u) for all g, h E G. 

L is constant over G and depends only on the controls. 

DEFINITION 1.4.4. An optimal control problem on G is called left-invariant if both the Lagrangian 

L and the control system are left-invariant. 

DEFINITION 1.4.5. (A left-invariant optimal control problem on G) We shall be interested in finding 

the optimal trajectory-control pair (gO , uO) , relative to the given points g1 and g2 of the following 

left-invariant control system on G: 

g(t) = g(t) (X + E UiY; ) , 9 E G, u = (uJ, ... , ue) EIRe. 

The problem is lifted from G to the cotangent bundle T*G as follows. The Hamiltonian H of the 

left-invariant vector field X + 2:;=1 UiY; is defined by 

When ~g = (g ,p) with p E g*, then ~g = dL; _I P: 

Hence, H is a linear function on g* parametrized by the control values. 

DEFINITION 1.4.6. The cost extended Hamiltonian on g* of the left-invariant optimal control 

problem is defined by 

rt>'(p,u) := ->.L(u) +p (X + EUiY;) ' p E g* , u = (U1,. '" ue) EIRe. 

with>' = 0 or >. = 1. 

DEFINITION 1.4.7. The set {AdgX I 9 E G} is called the adjoint orbit of G through X. 

DEFINITION 1.4.8. The set {Ad;_I P I 9 E G} is called the co-adjoint orbit of G through p. 
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The set of co-adjoint orbits of G partitions g*. It is known that each co-adjoint orbit is a symplectic 

submanifold of g*. 

PROPOSITION 1.4.1. Suppose that (gC),pC)) is an integral curve of the Hamiltonian vector field 

ii(p, u(t)) for some control function uC), with 1{A(p, u) = -AL(u) + p(X + 2:;=1 uiYi) . Then 

(
a1{A ) 

9 = 9 ap (p,u) and p(t) = Ad;(t)p(O), 

for some p(O) E g*. Consequently, p(t) is contained in the co-adjoint or'bit of G through p(O). 

COROLLARY 1.4.1. Ad;(t)_,p(t) = constant for each integral curve (gC),pC)) of1{(P,u(t)). 

DEFINITION 1.4.9. A Casimir function, denoted by K, is any AdG-invariant (smooth) function 

on g*. 

A function K is AdG-invariant if K(p) = K(Ad;(p)), for all 9 E G and p E g*. 

PROPOSITION 1.4.2. Let F and G be any functions on g*. Then 

{F, G} = - p [dF(P), dG(p) ] for all p E g*. 

Note that dF(p) is a linear function on g* and is thus an element of g. Therefore, the Lie bracket 

[dF(p), dG(p)] makes sense. 

PROPOSITION 1.4.3. A Casimir function is a constant of motion for any Hamiltonian function H 

on g*. 

1.5 The maxImum principle 

In optimal control theory, the maximum principle is used to find the best possible control for taking 

a system from one state to another. The contemporary view is that the maximum principle was 

formulated by the Russian mathematician L. Pontryagin (1908-1988) and his students in the late 

1950s. However, Sussmann and Willems [29] argue that optimal control and the maximum principle 

were birthed 300 years ago. 

In the mid-1800s, L. Euler (1707-1793) and J-L. Lagrange (1736-1813) studied the optimization 

problem from the calculus of variations perspective, and succeeded in deriving a necessary con­

dition for optimality. Later, A-M. Legendre (1752-1833) found an additional necessary condition 

for a minimum, and W. Hamilton (1805-1865) rewrote the Euler-Lagrange condition in a different 

formalism. K. Weierstrass (1815-1897) also revisted the optimization problem, but with the as­

sumptions that the Lagrangian be positively homogenous with respect to the velocity, and that it 

did not depend on time. He further introduced the 'excess function', and made a statement known 
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as Weierstrass' side condition, which says that for a curve to be a solution to the minimization 

problem, the excess function must satisfy a certain condition. 

Sussmann and Willems believe that if Hamilton had considered treating the velocity as an indepen­

dent variable in his expression of the Hamiltonian function, and if Weierstrass had used the excess 

function but re-expressed it in terms of this different Hamiltonian function , Weierstrass could have 

come very close to Pontryagin 's statement of the maximum principle [29J. 

We now make a statement of the maximum principle [9-11, 29J in terms of the cost extended 

Hamiltonian (DeL 1.4.6) and in the context of our problem on matrix Lie groups (DeL 1.4.5) . 

THE MAXIM UM PRINCIPLE. If (gO, u(-)) is an optimal trajectory-control pair of our left-invariant 

optimal control problem on an interval [0, T J. Then, gO is the projection of an integral curve 

(g(.),p( .)) of the Hamiltonian vector field ii>., with .A = ° or.A = 1, such that 

1. if .A = 0, then (gO,p( ' )) is not identically zero on [0, T ], 

2. 1-e'((g(')' pO), uO) 2 1i'\(gO,p(-))), u ) for any u E IRi , and t E [0, T ], and 

3. 1i), ((g(')' p(')), uO) is constant for all t E [0, TJ. 

DEFINITION 1.5.1. A pair of curves ((gO ,p(')), u(·) ) on an interval [0, T J is said to be an extremal 

pair if (gO,pO) is an integral curve of ii>., for either .A = ° or .A = 1, such that 1. and 2. of the 

Maximum Principle hold. The projection (gO, pO) of an extremal pair is called an extremal. The 

extremals which correspond to .A = ° are called abnormal, and the extremals which correspond to 

.A = 1 are called normal. 

We restrict ourselves to normal extremals, and from now on a normal extremal will simply be called 

an extremal. 

1.6 Elliptic functions 

The references used include [12J and [16J. 

DEFINITION 1.6.1. An elliptic function is a meromorphic function F , defined on IC, for which 

there exist two non-zero complex numbers W I and W2 , with Wt!W2 not real, such that 

F (z + WI) = F(z + W2) = F (z) for all z E IC. 

DEFINITION 1.6.2. Any complex number w such that F(z + w) = F (z) for all z E IC is called a 

period of F. 

PROPOSITION 1.6.1. The derivative of an elliptic function is again an elliptic function, with the 

same periods. 
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Weierstrass' elliptic functions are elliptic functions that take a particularly simple form. These 

functions are also referred to as P-functions and are generally written using the symbol p. The 

Weierstrass elliptic function can be defined in three closely related ways; we will only consider one 

of these definitions. 

DEFINITION 1.6.3. The Weierstrass elliptic function can be defined in terms of a complex 

variable z and two periods WI and W2 as 

with integers m and n. 

PROPOSITION 1.6.2. Let z be a complex variable and let WI, W2 be periods of p. For points close 

to the origin, the Weierstrass elliptic function is expressed in terms of the following Laurent series: 

where 

and the summation is over all pairs of integers (except m = n = 0). The numbers gI and g2 are 

known as invariants. 

PROPOSITION 1.6.3. For complex variable z, the p function satisfies the differential equation 

(1.1) 

where dependence on WI and W2 is suppressed, and gI, g2 are invariants. 

The solutions to differential equations of this form have been compiled into tables. 

The Jacobi elliptic functions are a set of twelve basic elliptic functions, with useful analogies to the 

functions of trigonometry. 

DEFINITION 1.6.4. Let k be a number in (0, 1). The Jacobi elliptic functions sne, k), cne, k) 

and dn(· , k) are defined as the solutions of the system of differential equations 

1; = yz 

y = -zx 

i = - k2xy, 
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that satisfy the initial conditions 

sn(O, k) = x(O) = 0, cn(O, k) = y(O) = 1 and dn(O, k) = z(O) = 1. 

The parameter k is known as the modulus. 

DEFINITION 1.6.5. Nine other elliptic functions are defined by taking reciprocals and quotients -

the notations will be clear from the definitions below. 

1 1 1 
ns(t,k) .-

sn(t,k)' nc(t,k):= (k)' nd(t,k):= dn (t,k) en t, 

sc(t,k) 
sn(t,k) cn (t , k) ds (t ,k) := dn(t, k) .-
cn(t, k)' cd (t , k) := dn(t,k)' sn(t, k) 

cs (t, k) 
cn(t,k) d ( k)·=dn(t , k) sn (t, k) 
sn(t,k)' c t , . (k) , sd(t, k) := dn(t ,k)' en t , 

Historically, these elliptic functions were discovered as inverse functions of elliptic integrals. 

DEFINITION 1.6.6. An elliptic integral is any function F which can be expressed in the form 

F(x) = [ R(t, P(t)) dt, 

where R is a rational function of its two arguments, P is the square root of a polynomial of degree 

3 or 4 with no repeated roots, and c is a constant. 

We will use the following elliptic integrals in chapters 4-7: 

O:O;x:O; b < a (1.2) 

O:O;x:O; b (1.3) 

O:O;x:O;b <a (1.4) 

O:O;x:O;b (1.5) 

b <a:O;x (1.6) 

b < a:O;x (1.7) 

b :O;x:O;a (1.8) 
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(1.9) 

a:O;x (1.10) 

a :0; x. (1.11) 

In sections 4.3 and 6.3, we will need to solve differential equations of the form 

(1.12) 

where C is a positive constant. However, we will need to make some changes to (1.12) before we 

can continue with an elliptic integral mentioned previously. 

Firstly, let 

Consider the quadratic expression SI + A S2; this has coincident zeros and is a perfect square 

whenever 

D(A) == (al + Aa2)(CI + AC2 ) - (b l + .Ab2)2 = 0 

{o} (a2c2 - b~)A2 + (alc2 + a2cI - 2blb2)A + aici - bi = o. 

Let Al and A2 be the roots of D(A) = 0, then 

where 

SI + AIS2 = (al + Ala2)(X - 0<)2 

SI + A2S2 = (al + A2a2)(X - (3)2, 

(1.13) 

(1.14) 

(1.15) 

and (x _ (3)2 = x2 + (2bl + A2 2b2) x + h + A2C2) . 
(al + A2a2) (al + A2a2) 

(1.16) 

Solving (1.14) and (1.15) for SI and S2, we show that they can be expressed in the forms 

where 

B, = Al (al + A2a2) 
Al - A2 ' 

(1.18) 
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Referring back to (1.12), we can now continue to solve the differential equation with the new forms 

(1.17) for S, and S2: 

(We do not consider ± = - JC(A, (x - a)2 + B, (x - 13)2)(A2(x - a)2 + B2(x - 13)2) as it can be 

checked numerically that this does not contribute any new solutions in sections 4.3 and 6.3.) 

Changing the variable in the above integral by the transformation 

yields 

x-a 
u=--f./' x - IJ 

(1.19) 

(1.20) 

From here, this can be manipulated to match the form of one of the Jacobi elliptic integrals men­

tioned before. We conclude by substituting the integral value, followed by (1.19) , and solving for x 

we obtain a solution. 

1. 7 Stability 

The references used include [20J and [15J. 

Let G be a matrix Lie group, and 9 be its Lie algebra. 

The energy-Casimir method due to Holm, Marsden, Ratiu and Weinstein [7J is a generalization of 

the Lagrange-Dirichlet theorem to Hamiltonian systems. It gives sufficient conditions for non-linear 

stability of equilibrium states. 

The energy-Casimir method is contructed for Poisson spaces (P, {-, .} ), i.e., a vector space P ad­

mitting a Poisson bracket operation. The dual space g*, i.e., (g*, {-, .}), is a Poisson space, and we 

consider the energy-Casimir method in this context. 

Let P E g*. 

DEFINITION 1.7.1. An equilibrium state is a state Pe such that H(Pe) = o. The unique trajectory 

starting at Pe is Pe itself, i.e. , Pe does not move in time. 
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DEFINITION 1.7.2. An equilibrium state Pe is said to be non-linear stable if, for every neighbour­

hood U of Pe, there is a neighbourhood V of Pe sucb that trajectories p(.) initially in V never leave 

U. 

THE ENERGy-CASIMIR METHOD. Let Pe be an equilibrium state of i> = H(p). The algorithm of the 

energy-Casimir method is the following: 

STEP 1. Find a family of constants of motion for the Hamiltonian system. A good way to find these 

constants of motion is to look for Casimir functions on g* . 

STEP 2 . Find a constant of motion K from the family in STEP 1 such that the energy-Casimir 

function 1-{ + K has a critical point at the given equilibrium state. 

STEP 3. Check whether the second derivative is positive or negative definite at the given equilibrium 

state. 

If the second derivative is positive or negative definite, then the equilibrium state is non- linear stable. 

If not, the test is inconclusive. 



Chapter 2 

The Group 50(3) 

The orthogonal group 0 (3) is the set of all orthogonal 3 x 3 matrices over JR , i.e., 

0 (3) := {g E GL (3 , JR) I 9 T 9 = I d}. 

0 (3) is a matrix Lie group. 

T he special ort hogonal group 50(3) is the set of all orthogonal 3 x 3 matrices over JR, with unit 

determinant, i.e., 

50(3) := {g E 0 (3) I detg = I}. 

In this chapter we collect some well-known and standard results for 50(3), along with simple and 

direct proofs . T he references used include [30], [2], [21], [23], [8], [15J and [28J. 

2.1 Geometric, algebraic and topological properties 

PROPOSIT ION 2.1.1. 50(3) is a matrix Lie group. 

P ROOF: STEP 1. 50(3) is a subgroup of GL(3, JR) under matrix multiplication, i. e., the closure 

property is satisfied and for each element in 50(3) a mult iplicative inverse can be fo und. 

STEP 2. Now, we want to prove that 50(3) = 0 (3) n 5L(3, JR) is closed in GL(3 , JR) . 

First, we show that 0 (3) is closed in GL(3, JR). We define the mapping 

29 
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This mapping P is continuous, since for each ij, the JR-valued function 

is continuous, as it is a polynomial in entries of X. The single element set {I d} C JR3x3 is closed, 

so p - l( {I d}) = 0 (3) is closed in JR3x3 (the inverse image of a closed set under a continuous map is 

closed) . Therefore, 0 (3) is closed in GL(3, JR) . 

To show that SL(3, JR) is closed in GL(3, JR), consider the function 

det : JR3x3 ---> JR, Y >-> det Y. 

This is a continuous function because the det Y is a polynomial in entries of Y. The single element 

set {O} C JR is closed, so det- 1({O}) = SL(3, JR) is closed in JR3x3 (the inverse image of a closed set 

under a continuous map is closed). Therefore, SL(3, JR) is closed in GL(3, JR). 

Thus, SO(3) = 0(3) n SL(3, JR) is closed in GL(3, JR) (the intersection of two closed sets is closed), 

and from STEP 1 and STEP 2 is a matrix Lie group (Def.1.1.2). o 

PROPOSITION 2.1.2. Every element ojSO(3) is a rotation ojJR3 about an axis through the origin. 

PROOF: Let 9 E SO (3). Then the ch&acteristic polynomial char;,(g) = det(Ald - g) is a cubic and 

must have at least one real root i. e., 9 has a real eigenvalue. The other two eigenvalues are complex 

conjugate. They have absolute value 1, since if A is an eigenvalue of 9 then gv = AV, for some 

eigenvector v corresponding to A. So we have Ilgv ll = IIAVII = IAlll v l1 (homogeneity) and Ilgvll = Il v ll 

(yIgv· gv = VV:U) . Then equating the two, IAlll v ll = Il vl l giving IAI = 1. The complex conjugate 

eigenvalues can be written as eiO aJld e- iO , e E R Since the product of the eigenvalues equals the 

determinant of the matrix, we see that +1 is aJl eigenvalue of 9. 

Let w be t he corresponding eigenvector i.e., gw = w. The line through the origin determined by 

w is invariant under 9. Since 9 preserves all right angles it sends the plane orthogonal to w, which 

contains the origin, into itself. 

Construct an orthonormal basis for JR3 which has the unit vector n;\;n . w as the first member. The 

matrix of x f--+ 9X with respect to this new basis will be of the form 

g = 091 g3 =[~ ~] . 
[

1 0 0 1 
o 92 94 

Since r E SO(2), 9 is a rotation about the axis determined by w. 

SO(3) is also called the rotation group. 

o 
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PROPOSITION 2.1.3. 50(3) is non-Abelian. 

PROOF: Consider 

-~] v'2 
I 

v'2 

Since gl g2 oJ g2 gl , the result follows. 

PROPOSITION 2.1.4. 50 (3) is compact. 

[ 

I 
v'2 

and g2 = _~ 

v'2 

o tz] 
1 .: E 50(3). 

o v'2 

PROOF: 50 (3) is closed in GL(3, IR) (Prop. 2.1.1). Let 9 E 50(3) . Then 

Ilgll = V tr (g T g) = vtr (Id) = v/3, 

therefore, 50(3) is bounded. Since it is closed and bounded, 50(3) is compact. 

PROPOSITION 2.1.5. 50(3) is path-connected. 
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o 

o 

PROOF: Let gl E 50(3). It suffices to find a path in 50(3) from Id to gl, because if there are paths 

from I d to gl and gz then there is a path from gl to gz. This amounts to finding a continuous 

motion taking the basic vectors el, e2, e3 to their final positions gle}, glez, gle3 (the columns of 

gd· 
The vectors el and gel (if distinct) define a plane P , so, by the obvious path-connectedness of the 

circle, we can move el continuously to the position gel be a rotation R of P. It then suffices to 

continuously move Re2, Re3 to glez, gle3, respectively, keeping gel fixed. Notice that 

• Rez, Re3 are all orthogonal to Rei = gl el, because e2, e3 are orthogonal to el and R preserves 

angles . 

• glez , gle3 are all orthogonal to glel, because ez, e3 are all orthogonal to el and gl preserves 

angles. 

Thus the required motion can take place in the plane of vectors orthogonal to glel (where it exists 

since the circle is path-connected). 

Performing the two motions in succession - taking el 

gives a path from I d to gl in 50(3). 

2.2 The Lie algebra and properties 

to glel and then Re2, Re3 to gle2, g2e3 -

o 

PROPOSITION 2.2.1. The Lie algebra of 50(3) consists of all 3 x 3 skew-symmetric matrices. 
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PROOF: We begin by showing that the Lie algebra of the orthogonal group 0 (3) consists of all 3 x 3 

skew-symmetric matrices, denoted by 5k - sym(3). 

(=?) Given the curve a: (a,b) C lR -> 0 (3) with a(O) = Id, 

Q(O) E lR3x3 is then skew-symmetric, and 0(3) ~ 5k - sym(3). 

(<=) Let X E 5k - sym(3), and consider the curve 

a: (a,b) C lR -> GL(3,lR), t 1-+ exp(tX), 

then 

art) T art) = exp(tX) T exp(tX) = exp(tX T ) exp(tX) = exp( -tX) exp(tX) = I d. 

Therefore, a can be viewed as the curve in 0 (3), and since <itO) = X, we have 5k - sym(3) ~ 0(3). 

Since X E 5k - sym(3), tr X = 0, and Liouville's formula gives 

deta(t) = detexp(tX) = etr(tX) = ettr(X) = etO = l. 

Hence a : (a, b) -> 50(3). This shows that 50(3) = 0(3) = 5k - sym(3). o 

The matrices 

[

0 0 0 1 
El = 0 0 - 1 , 

o 1 0 

form the standard basis for 50(3). 

COROLLARY 2.2.l. The dimension of 50(3) is 3. 

DEFINITION 2.2.l. We define the hat mapping: : 50(3) -> lR3 by 

PROPOSITION 2.2.2. The hat mapping from 50(3), equipped with the matrix commutator, to lR3, 

equipped with the cross product, is an isomorphism of Lie algebras. 
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PROOF: We must show that for all X, Y E 50(3), M = [X, Y]. 

(Def. 1.1.8 (Ex. no. 2 and no. 1), Def. 2.2.1) 

The hat mapping is also linear and bijective. 

REMARK: We can identify 50(3) with the Lie algebra ]R3 

PROPOSITION 2.2.3. 50(3) is simple. 

PROOF: We first show that 50 (3) is simple. Consider the commutator of the standard basis: 
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o 

If J # 0 is an ideal of 50 (3), then let X = aEI + bE2 + CE3 be an arbitrary non-zero element of J. 

Consider the following: 

adE,X=[Ej,X]= bE3-cE2, then adE,(adE,X) = [E2,bE3 -cE2]= bEj EJ 

adE,X = [E2' X ] = - aE3 + cEI , then adE, (adE,X) = [EI' - aE3 + cEI] = aE2 E J. 

If a # 0 and b = 0, then E2 E J. If a # 0 and b olO, then EJ, E2 E J. If a = 0 and b olO, then 

EI E J. If a = 0 and b = 0, then E3 E J. Therefore, J = 50 (3). It follows that 50(3) is simple, and 

hence, 50 (3) is simple (Prop. 1.1.6). 0 

2.3 Maximal tori and properties 

PROPOSITION 2.3.1. The standard maximal torus of 50(3), 

f [COS 0 
1l' = l Si~ 0 

is a maximal torus. 

-sinO 

cos 0 

o 

PROOF: STEP 1. We begin by showing that 1l' is isomorphic to a torus. Consider the mapping 

F: U(I) --+ 1l' , 
- sinO 

cosO 

o 
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Since F is a bijection and satisfies the homomorphism property, F is an isomorphism. 

STEP 2. We now show that 1r is a maximal torus. We will justify this by proving that any element 

9 E 50(3), which commutes with all elements of 1r, i.e., ga = ag, must lie in 1r, since any element 

of an alleged higher-dimensional torus would commute with all elements of 1r. 

For 0 # 0, the only vectors fixed in ]R3 by a are multiples of e3. Now, since 

a fixes ge3, and the third column of 9 must have the form [0 0 ± 1] T 

The other case to consider would be to allow 0 = O. This means that a = I d, and it fixes gel and 

ge2. Then the first and second columns of 9 each have the form [a b 0] T , because otherwise 

Thus, 9 = diag (gl,±l), for some gl E 0 (2), i.e., 

[

COS 0 - sin 0] 
gl = , det = 1 

sin 0 cos 0 [

COSo 
or gl = . 

smO 
sin e ] 

- cose 
,det = -l. 

Notice that gl E 50(2), because if gl E 0 (2) \ 50 (2), then 9 would not commute with a. This will 

force the last argument of 9 to be +1, and the result follows. o 

PROPOSITION 2.3.2. If 1r is a maximal torus of 50(3), then, for any 9 E 50(3), g1rg- 1 is also a 

maximal tor-us of 50(3) . 

PROOF: STEP l. We begin by showing that g1rg - 1 is a torus. The conjugation map Cg is an 

isomorphism (Def.l.l.13), so the image of 1r under Cg , g1rg- l , is isomorphic to 1r and, therefore, a 

torus. 

STEP 2. We now show that g1rg-1 is a maximal torus. If 1r c 50(3) were a higher dimensional 

torus containing g1rg- l , then Cg - 1 ('if) would be a higher dimensional torus containing 1r. However, 

this is impossible since 1r is maximal, so g1rg- 1 is a maximal torus. 0 

PROPOSITION 2.3.3. The exponential map exp : so (3) -> 50(3) is surjective. 

PROOF: STEP 1. Let 1r C 50(3) be the standard maximal torus of 50(3) (Prop. 2.3.1) and T C so(3) 

be the Lie algebra of 1r. The restriction 
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is surjective, therefore, every element of 1f can be expressed in the form eX, for some X E T. 

STEP 2. For any 9 E 50(3), let gTg- 1 C 50 (3) be the Lie algebra of the maximal torus g1fg- 1 C 

50(3) (Prop. 2.3.2). We want to show that 

exp: gTg-1 ---> g1fg- 1, where g1fg- 1 := {gag- I I for all a E 1f} 

is surjective. For all a E 1f, any 9 E 50(3) and some X E T, 

gag- 1 = geX g- I = eyXg-
1

, (STEP 1, Prop. 1.1.4 (no. 3)) 

and this shows surjectivity. 

STEP 3. Since the standard maximal torus is not a normal subgroup (Prop. 2.2.3, Def. 1.1.18) , it 

differs from some of it s conjugates. Every element of 50(3) is contained in g1fg-
' 

for some 9 E G. 

The result follows from STEP 2. 0 

REMARK: This result can be used to confirm that 50(3) is path-connected (Prop. 2.1.5). 

PROPOSITION 2.3.4. (Rodrigues' formula) For X E 50(3), 

(X) - Id sin IIXII exp - + ~ 
IIX II 

PROOF: By Definition 2.2.1 , 

Consequently, we have the recurrence relation 

Therefore, 

(2.1) 

(Def. 1.1.10) 

(2.1) 

(Taylor series) 
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We obtain the result from the identity 2 (sin 1I{ lI f = 1- cos IIXII . o 

2.4 The shape of 50(3) and local coordinates 

PROPOSITION 2.4.1. 50(3) is a smooth submanifold of lR3x3 . 

PROOF: STEP 1. GL(3, lR) is an open subset of lR3X3 . We define the mapping 

F: GL(3,lR) -> lR6 , F(g):= 9 T 9 - Id. 

(Since (g T g) T = 9 T g, 9 T 9 is a symmetric matrix. The symmetric matrices form a vector space of 

dimension 6, therefore, are isomorphic to lR6 ) 

To each 9 E GL(3,lR), we associate the linear mapping 

dF(g) : lR3X3 -> lR6 , dF(g)· X = gXT + Xg T 

In particular, for 9 = I d, we have the map 

Thus, F is a smooth map of constant rank. Further, this map is onto and F is a smooth submersion 

(Def.l.l.24). By Proposition 1.1.8, 0(3) is a smooth submanifold of lR3X3 . 

STEP 2. For 9 E 0 (3), 

detId = det(g T g) = detg T . detg = (detg)2 

Thus detg = ±1. Then 

0 (3) = 0 +(3) U 0 - (3), 

where 

0 +(3) := {g E 0 (3) I detg = I} and 0 -(3) := {g E 0 (3) I detg = -I}. 

Each component of 0(3) is a smooth sub manifold of lR3x3 and hence, the path-connected component 

0 +(3) = 50(3) is a smooth submanifold of lR3x3 . 0 

Let a and (3 be arbitrary complex numbers. Then the elements of 5U (2) (Def. 1.1.19) are of the 
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form 

[; ; ], satisfying 10,,2 + 11312 
= 1. 

5U(2) is a smooth submanifold of C2X2 = )R8 

The 3-sphere 

§3 := {(Xl,X2 ,X3, X4) E )R4 1 xi + x~ + x~ + x~ = 1} 

is a smooth su bmanifold of )R4 . 

PROPOSITION 2.4.2. 5U (2) is diffeomorphic to §a 

PROOF: Consider the map 

F : §3 -> 5U (2) 
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(2.2) 

Since F is a smooth bijection, and F - 1 is also smooth, F is a. diffeomorphism (Def. 1.1.22). 0 

PROPOSITION 2.4.3. Let Ad be the adjoint representation on 5U (2). Then the range is 50(3), i.e., 

Ad : 5U (2) -> 50(3). 

PROOF: STEP 1. From the definition of the adjoint representation (Def. 1.1.13), we have the 

mapping 

Ad: 5U(2) -> GL(su(2)), a >-> Ada. 

STEP 2. The Lie algebra su(2) is a 3-dimensional real vector space given by 

su(2) = 
{ [ 

ZY3 

Y2 + iYl 

The matrices 

, 1 [i 0 ] and E3 = - . 
2 0 -z 

form the standard basis for su(2). The map 

(2.3) 
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is an isomorphism of Lie algebras (Def. l.l.12), so 

Ad: SU(2) ---> GL(su(2)) = GL (JR3) . 

STEP 3. We can identify the inner-product on su(2) by 

(X I Y) = - 2tr (XY) for all X, Y E su(2). (2.4) 

For a E SU(2) , Ada is an orthogonal transformation with respect to the inner-product, since, for all 

X, Y E su(2), 

therefore, 

(AdaXIAdaY) = (aXa-1 IaYa-1) 

= - 2tr(aXa- 1aYa- 1) 

= -2 tr (Ya- 1aX) 

=-2tr(XY) = (X IY), 

Ad: SU(2) ---> 0 (3). 

(Def. l.1.13) 

(2.4) 

(tr (AB) = tr (BA)) 

(tr (AB) = tr (BA), (2.4)) 

STEP 4. Since SU (2) is diffeomorphic to §3 (Prop. 2.4.2), and §3 is path-connected, SU(2) is path­

connected. The Ad is smooth (Def. l.l.13) and therefore continuous. A path-connected set under 

a continuous function is path-connected, and the path-connected component of 0 (3) is SO(3). The 

result follows. 0 

Next, we prove that 

is a double cover (Def. l.l.25). 

PROPOSITION 2.4.4. The mapping 

Ad : SU(2) ---> SO(3) 

Ad: SU(2) ---> SO (3), a 1-7 Ada 

is surjective. 

PROOF: Let a E SU(2) (as seen in (2.2)) and Yl, Y2, Y3 E lR. Then a can be expressed in the form 

[

COS 11 0] [ iY3 
a= + 

o cose Y2 + iYl 
-Y2 + iY1 ] = cose (Id) + S, 

-'Y3 
(2 .5) where S E .5u(2) . 

Since Re(a) = cosO, for 0 E [0 , ,,]' sine ~ O. 
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Now, 

s2= -(Yi+Yi + y~)Jd 

= -(IY2 + iYll
2 + y~) Jd 

= -(1 - cos2 0) Jd 

= -sin20 Jd 

Let X E su(2) such that (S I X) = O. Then 

Next, 

SXS = S (-~(X I S)Id+ ~ [X, S ]) 

= ~S[X,S] 
1 

= 2S(XS - SX) 

= ~(SXS - SSX) 

1 1 
=2SXS+2sin20X 

= sin2 0X 

AdaX = (cos IJ Jd + S)X(cos IJ Id - S) 

= (cosOX + SX)(cosIJJd - S) 

= cos2 IJX + cos OSX - cosOXS - SXS 

= cos2 OX + cosO [S,X] - SXS 

= (cos2 0 - sin2 O)X + cos (} IS, X] 

= cos 20 X + cosO [S , X ] 

= cos 20 X + hcos o sin IJ [8, X] 

= cos 20 X + 2h sin 20 (8 x X) . 

(IY2 + iYl l
2 

= yi + yi) 

((2 .2) IY2 + iYl l2 
= 1 - Icos 0 + iY3 12) 

(sin2 0 + cos2 0 = 1) 

(Lengthy yet basic calculations) 

((X I S) = 0) 

(Def. 1.1 .8 (Ex. no. 2)) 

(2 .6) 

(2.6) 

(2.7) 

(Def. 1.1.13,Def.1.1.19, a - l = a* = cosOld - S) 

(2.7) 

(cos 20 = cos2 0 - sin2 0) 

- 1 1 
(where S = -lS I S = h' S is of unit length) 

2smO 

(sin 20 = 2cosOsinO, (2.3) , Def.l.l .8 (Ex. no. 1)) 

(2.8) 

Noting that X and 8 x X are orthogonal to S , we see that the effect of Ada on X is to rotate it 

in the plane orthogonal to S (and spanned by X and 8 x X) through the angle 20. We can now 

see that every element of 50(3) has the form Ada for some a E SU (2). This follows from the fact 

that every element of 50(3) is a rotation of]R3 about some axis w through the origin (Prop. 2.1.2). 

Now we can take a = cos(~) Id + S, where S E su(2) is chosen to correspond to a multiple of w 
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and (S I S) = 2 sin2 (~) ((2.4), (2.6)). If we choose -<p in place of <p, we obtain -a in place of a. 0 

PROPOSITION 2.4.5. Let Ad: 5U(2) -> 50(3), then 

Ker(Ad) = {±1d}. 

PROOF: Consider Ad : 5U(2) -> 50(3) and let a E Ker (Ad) . From the definition of the kernel, 

AdaX = aXa- 1 = X, 'I X E sll(2) . (2 .9) 

Then from (2.8), 

AdaX = cos 2() X + sin 2() (8 x X) = X , 8 E sll(2) such that (8 I X) = o. 

Therefore, () = 0 or () = 1f. Substituting into (2.5) gives a = I d + S and a = -I d + S, respectively. 

However, we need to show that a = {±1d}. For () = 0, (2.9) becomes 

(1d+S)X=X(1d+S) ~ SX=XS. 

This cannot be true since sll(2) is non-Abelian (similarly for () = 1f). This statement will only hold 

true when a = {±1d}. 0 

PROPOSITION 2.4.6. Ad: 5U (2) -> 50(3) is a local diffeomorphism. 

PROOF: To prove that Ad : 5U (2) -> 50(3) is a local diffeomorphism at the identity, we will need 

to show that 

ad : sll(2) -> so(3) (Def. 1.1.13) 

is an invertible linear map (Thm.1.1.1 ). It will suffice to prove that ad maps a basis of su(2) to a 

basis of so (3) . The matrices 

E' = ~ [0 i] 
1 2 i 0 ' 

E' = ~ [0 -1] 
2 2 1 0 

, 1 [i and E3 =-
2 0 

0], 
-t 

form the standard basis for sll(2). Then starting with the curve 

Q: (a, b) C IR -> 5U (2), Q(t) := exp(tE;), 

we can construct another curve 

(J: (c,d) C IR -> 50(3), (J(t ) := Ad,,(t)· 
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We can differentiate (3 at t = 0 to obtain an element of 50 (3). Now, for any X E su(2) , 

d d 
dt (3(t) lt=o = d/da(t) X lt=o 

d , , I = -d (exp(tEt)X exp( - tEt)) 
t t=O , , 

= EtX - XEt · 

= [E;,X] . 

Then 

(Def. 1.1.13, Prop. 1.1.4 (no. 1) ) 

(the product rule, Prop. 1.1.4 (no. 2)) 

(Def. 1.1 .8 (Ex. no. 2)) 
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Therefore, the matrix E; acting on 5u(2) relat ive to the basis {E; , E;, E;} is Et . Now, repeat 

this argument with E; and E;, and we verify that {ad(E; ), ad(E;), ad(E;)} is the standard basis 

{Et , E2 , E3 } of 50 (3). The corresponding derivative map is 

ad : 5u(2) ---> 50 (3) 

and the matrix of this linear map is the identity, which is invertible. The result can then be extended 

to every a E 5U (2), since Ad : 5U (2) ---> 50(3) is a smooth homomorphism. 0 

Implications of the double cover 

The algebraic importance can be summarized as follows: we know that 

Ad : 5U(2) ---> 50(3) 

is a surjective group homomorphism with Ker (Ad) = {± I d}, therefore, 

5U(2)/{± Id} ~ 50(3) (Prop. 1.1.9). 

The geometric importance of this has to do with the shape of 50 (3). Since every line through 

the origin in ]R4 intersects the sphere §3 in a pair of antipodal points, one often identifies ]R?l 

(Def. 1.1.26) with the set of antipodal pairs on §a The identification 5U (2)/ {± I d} ~ 50(3) asso­

ciates each point of 50(3) with a pair of antipodal points on the sphere §3 ~ 5U (2) (Prop. 2.4.2). 

This then provides a bijection between 50(3) and ]R?l, and we have 50(3) diffeomorphic to ]Rll'3. 
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Coordinates on 50(3) 

There are various charts on 50(3) that set up rival coordinate systems (see e.g. [31]). In our case 

we prefer to use the Euler angles to describe a rotation. According to Euler's rotation theorem, any 

rotation may be described using three angles . If a rotation is written in terms of rotation matrices 

91 , 92 and 93, then in general it may be written as 9 = 919293 , with the three angles giving the 

rotation matrices termed Euler angles. T here are several conventions for Euler angles, depending 

on the axes about which the rotations are carried out. We use the so-called 'x-y-z convention'. In 

this convention, the rotation is given by Euler angles (<P1, rh, <P3), where the first rotation is by an 

angle <P1 about the z-axis, the second is by an angle <P2 about the y-axis, and the third is by an 

angle <P3 about the x-axis. 
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Geometric Control on 50(3) 

In this chapter we consider the control-affine left-invariant control systems on 50(3), and restrict 

ourselves to four typical controllable left-invariant control systems. Examples of these are given, 

and descriptively named the stiff SF-system, attitude control of a rigid body and path planning 

on 50(3). As explained in chapter 1, the left-invariant optimal control problem on 50(3) can be 

lifted to T*50(3) = 50(3) x 50 (3)*. Here we show in detail how 50(3)* can be identified with 50(3) 

via the Killing form, and 50 (3) with ]R3 using the hat mapping. The Casimir function K on 50(3)* 

is presented, and a proof is supplied to support the result. Lastly, an expression is given for the 

solution to the problem in terms of the Euler angles. The references used include [9], [10) , [24) 

and [21) . 

3.1 Left-invariant control systems 

The control-affine left-invariant control systems on 50(3) , in classical notation, are given by 

This can be rewritten 

and regrouped to 

43 



44 

[

AI 

where rank A~ 
Al 

3 

For e = 3: 
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(due to the linear independence of YI , ... , Ye). 

9 = 9 ((A~ + ulAl + U2Ai + U3ADEI + (Ag + UIA§ + U2A§ + U3A~)E2 + (Ag + UIA~ + U2A~ + U3A~)E3) , 
(3.1) 

I I 

[

AI A2 

where rank A~ A§ 
Al A2 

3 3 
can be rewritten 

For e = 2: 

A

3

] A~ = 3. If A?, for i = 1, 2, 3, equals zero or does not equal zero, then (3 .1) 

A3 
3 

[

AI 

where rank Ai 
Al 

3 

A~ = 2. If A1 = A~ = 0 and Ag # 0, for example, then (3.2) can be rewritten 
A2] 

A2 
3 

where we can normalize with respect to Ag. However, if A§ = A§ = 0 and Ag = 0, for example, then 

(3.2) can be rewritten 

(In the instance where a row in the matrix is not entirely zero, this gives the same result as when 

1'. = 3.) 

For e = 1: 

(3.3) 
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where rank [~!l = 1. If >-~ = >-~ = 0, >-g =f ° and >-g = 0, for example, then (3 .3) can be rewritten 

where we can normalize with respect to >-g . However, if >-1 = >-~ = ° and >-g = >-g = 0, for example, 

then (3 .3) can be rewritten 

(Any remaining options are covered in one of the above cases.) 

Using Proposition 1.2.2, we see that all systems composed of either two or three of the standard 

basis matrices are controllable, i. e., 50(3) is compact (Prop . 2.1.4), path-connected (Prop. 2.1.5) 

and the Lie (r ) = 50 (3). 

We consider and name the following typical controllable left-invariant control systems on 50(3): 

Type I: g = g(E3 + uEl ), uER (3.4) 

Type IIa: g = g(ulEl + U2 E2), u = (Ul' U2) E R2 (3.5) 

Type lIb: g = g(E3 + ulEl + U2E2) , u = (ut, U2) E R2 (3 .6) 

Type III: g = g(ulEl + U2E2 + U3 E3), U = (ut, U2, U3) ERa (3 .7) 

We use the word 'typical' as any results for the remaining controllable left-invariant control systems 

on 50 (3) can easily be deduced from these cases, with some simple elementary changes. 

3.2 Examples 

DEFlNITION 3.2.1. Let a : (a, b) C R ---7 R3 be a unit speed curve with nonzero curvature. Then the 

three vector fields 

T:= a 

(K : J ---7 R, t r-. K(t) := IIT(t) II 
1 . 

N :=-T 
K 

B := T x N 

(unit tangent vector fielli) 

(curvature function)) 

(principle normal vector field) 

(binormal vector field) 
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on a are unit vector fields, which are mutually orthogonal at each point. The ordered set (T, N, B) 

is called the Serret-F'renet frame on the unit speed curve a. 

THEOREM 3.2.1. (The Serret-Frenet theorem) If a : (a , b) C IR ---+ IR3 is a unit speed curve with 

nonzero curvature, then 

t = KN, N = - KT+7B and B = -7N, 

where 7: (a, b) C IR ---+ IR3 is given by the third equation and is called the torsion function of a. The 

minus sign is traditional. 

The stiff SF-system (see e.g. [10]) 

Let a denote any curve in IR3 whose derivatives ~t~, i = 1, 2, 3, span a 3-dimensional vector space 

at each point along the curve. This means we choose a curve whose first three derivatives are 

linearly independent (this rules out lines and plane curves, as their second derivatives vanish). The 

Serret-Frenet frame (Def. 3.2.1) along the curve is described by an orthonormal matrix 

g= [T N B] ESO(3). 

The matrix relates the frame to the standard orthonormal frame (el ' e2, e3) in IR3 and further 

satisfies the following differential equation in SO(3) (Thm.3.2.1): 

g = [t N ill = [T N B] '" [ ~o -~K _007] (3.8) 

with the curvature and torsion playing the role of controls. Fixing (U3 =)K = 1 (a constant control) 

and allowing (UI =)7 = U to vary with time, we can rewrite (3.8) as 

g = g(E3 + uEI ), 9 E SO(3). 

This is called the stiff SF-system and corresponds to our Type I system. 

Attitude control of a rigid body (see e.g. [19], [26] and [27]) 

Consider the motion of a rigid body and denote by g E SO(3) the orthogonal matrix whose columns 

are the directions of the body's principle axes at time t with respect to some reference coordinate 

system - this is called the body's attitude (or orientation) at time t. We denote by h, h, h the 

moments of inertia, by WI, W2, W3 the angular velocities and by TI , T2, T3 the exerted torques about 
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the principle axes. Then the attitude evolution is 

where the angular velocit ies satisfy Euler's equations: 

JjWj = (J2 - J3)W2W3 + Tj 

J2W2 = (I3 - h)W3Wj + T2 

J3W3 = (h - J2)WjW3 + T3· 

47 

(3.9) 

The application we have in mind is the attitude control of a satellite (which is necessary to obtain 

and maintain desired orientations for instruments like antennae, telescopes, radiometers, or solar 

arrays) . It is possible to maneuver this satellite between two fixed t imes to and t j , from a given 

initial att itude 9(to) = 90 and given angular velocites w;(to) , i = 1, 2, 3, to a prescribed target 

attitude 9(tj) = 9j and prescribed angular velocities w;(tj). We treat the angular velocites (rather 

t han the torques [26]) as control variables and hence from (3.9) we can view 

as the control system evolving on 50(3) . T his corresponds to our Type III system. 

When only two components of the angular velocity can be controlled, for example, if we can control 

t he angular velocity about the body's first two principle axes, then 9 satisfies 

This corresponds to our Type IIa system. 

Path planning on 50(3) 

The problem stated below is related to the landing tower problem [17J. 

Let 9j and 92 be arbi trary but fixed points in 50 (3), and T > 0 be fixed in advance. Given a cont rol 

system which evolves according to the equation 

iJ = 9(E3 + ujEj + U2 E 2) , 9 E 50 (3) 

and Uj, U2 are the scalar inputs corresponding to the twisting about the body's first two principle 

axes, one would need to find controls u;O : [0, TJ -> ]R2, which steer the system from 9j to 92 on 

the interval [0, TJ. From all the cont rols uO that solve the boundary value problem, pick the one 
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that minimizes the cost 11T 2 2 J = - (CIUI + C2U2) dt, 
2 0 

This corresponds to our Type IIb problem. 

3.3 Optimal control 

The left-invariant optimal control problem on 50(3), as explained in section 1.4, can be lifted to 

T*50(3) = 50(3) x 50(3)* (Prop. 1.1.11). We now identify 50(3)* with 50(3) via the Killing form 

(Def. 1.1.32). The Killing form on 50(3) is given by 

1 
K(X, Y) = XIYI + X2Y2 + x3Y3 = -2'tr (XY) for any X, Y E 50(3) . 

Since 50(3) is semi-simple (Prop. 2.2.3, Def. 1.1.17) , we know that the Killing form is non-degenerate 

(Prop. 1.1.12). Then the associated linear mapping 

Kb : 50(3) -> 50(3)*, P f--> pO = Kb(P)(-) := K(P,') (3.10) 

is an isomorphism (Prop. 1.1.13). Thus the projection pO of the extremal curve (gO,p(')) in 

50(3) x 50(3)* is identified with a curve PO in 50(3) via the associated linear map of the Killing 

form. 

If 

P(t) = [-P~(t) 
P2(t) 

E 50(3), 

and if Pitt) denotes each Hamiltonian HE,(p(t)) := p(t) (Ei) for i = 1,2,3, then we have 

-Pitt) = K(P(t), Ed = p(t) (Ei) = Pitt) for i = 1, 2, 3, 

so that 

-P3(t) P2(t) 1 
o -PItt) 

PI (t) 0 

E 50(3). 

Using the hat mapping (Def. 2.2.1) we associate an element in 50(3) to a vector in JR3. 

Proposition 1.3.4 gives that the Poisson brackets (Def. 1.3.12) of PI , P2 and P3 satisfy 

(3.11 ) 



JK Rodgerson 49 

PI , P2 and P3 for Types I-III are obtained by solving a set of differential equations on IR3 known 

as the extremal equations, and in the remaining chapters this set of differential equations will be 

solved using the Hamiltonian of the system (Def. 1.4.6), the Casimir function on 50(3)* (Prop. 3.3.1) 

and elliptic functions (section 1.6). 

PROPOSITION 3.3.l. Let Pi denote each Hamiltonian HE,(p) := P(Ei) for i = 1, 2, 3. Then pi + 
pi + pl is a Casimir function on 50 (3)*, and thus a conservation law for any left-invariant optimal 

control problem on 50(3). We shall denote this Casimir function by K. 

PROOF: The Killing form identifies co-adjoint orbits (Def. 1.4.8) with adjoint orbits (Def. l.4.7) as 

follows: 

(Ad;_lP)X = constant, for any X E 50 (3), (Cor. 1.4.1) 

¢} p(Adg-l X ) = constant, (Def. l.1.15) 

¢} p(g-I Xg) = constant, (Def. 1.1.13) 

¢} K.(p,g-I Xg) = constant, (3.10) 

¢} K.(gPg-1 ,X ) = constant , (tr (Pg - I Xg) = tr (gPg- 1 X )) 

(=> gPg- I = A, for some element A of 50(3) , (Def. 1.l.32)) (3.12) 

¢} (gPg-1)(X) = constant , (3.10). 

Hence, Ad;_lP is identified with AdgP = gPg- I (Def. 1.1.13). As g varies, gPg- 1 describes the 

conjugacy class of P , so that the eigenvalues of P are constant in each orbit. The characteristic 

polynomial of P is equal to 

The non-zero eigenvalue). satisfies _ ).2 = K making K an invariant function on each orbit and 

therefore a Casimir function on 50(3)* (Def. 1.4.9). There are no other Casimir functions on 50(3)* 

that are functionally independent of K. 0 

REMARK: The co-adjoint orbits of 50(3) are spheres and PO is contained in the co-adjoint orbit of 

50(3) through P (O) (Prop.l.4.1 ) (this will be verified numerically for Types I-III in the remaining 

chapters). 

3.4 Integration 

Assume first that K I- O. The appropriate choice of coordinates for 50(3), suitable for integrat­

ing equations (3.4), (3.5), (3.6) and (3 .7), is dependent on the nature of the symmetry matrix A 

from (3.12) and the structure of 50(3). We shall coordinatize 50(3) in terms of the Euler angles 
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In this representation we are implicitly assuming that A is not linearly dependent on E 2 · 

When K = 0, it is assumed that A = E J - E3 and that the coordinates are given by 

g(t) = eM,(t)eE24>2(t)eE34>3(t) 

MSc 2009 



Chapter 4 

The Type I Problem 

We now look at the solution to the Type I left-invariant optimal control problem on 50(3) . After 

defining the problem we prove a theorem that gives the optimal control, optimal Hamiltonian and 

extremal equations. Two alternative approaches are employed to solve the extremal equations, 

using both Jacobi elliptic functions and the Weierstrass elliptic function. Numerical calculations 

are performed to test the non-numerical results . Finally, a set of differential equations is achieved, 

which can be solved for Euler's angles to give the solution to the problem. We conclude this chapter 

by investigating the non-linear stability of the equilibrium states associated with the extremal 

equations. 

4.1 The Type I left-invariant optimal control problem 

Let 91 and 92 be arbit rary but fixed points in 50(3), and T > 0 be fixed in advance. Then the 

Type I left-invariant optimal control problem on 50(3) consists of minimizing the cost functional 

CI > 0 

over all trajectory-control pairs (9(-), u(-)), of the left-invariant control system 

9 = 9(E3 + uE1 ), 9 E 50(3), u E iR, 

satisfying the boundary conditions 

g(O) = 91 and 9(T ) = 92. 

51 

rEB 
R 

(4.1 ) 

(4.2) 
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4 .2 The extremal equations 

Theorem 4.2.1 has been derived from similar results found in [9] and [18]. 

THEOREM 4.2.1. Given a left-invariant control system on 50 (3) defined by (4.2) with cost (4.1), 

the optimal control is 

and the optimal Hamiltonian is 

'Where PI and P3 are solutions of 

1 
U = -PI 

CI 

1 2 
11. = -2 PI + P3, 

cI 

PI = P2 

. 1 
P2 = -PI + -PIP3 

CI 
. 1 

P3 = - - PI P2 . 
CI 

PROOF: The control Hamiltonian (Def. 1.4.6) is 

which simplifies to (Prop. 3.3.1) 

Applying (2) of the maximum principle (section 1.5), the optimal control is 

811. = 0 
8u 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

Substituting u into (4.8) gives (4.4), which combined with Propositions 1.3.6, 1.3.4 and 1.3.7 gives 

. 1 2 1 
Pi ={Pi' -2 PI + P3}=-PdPi,PI}+{Pi,P3}, i=1, 2,3, 

Cl Cl 

and using the Poisson bracket relations from (3.11) we get (4.5), (4.6) and (4.7). o 
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4.3 The solution to the extremal equations 

The beginning of the proof of Theorem 4.3.1 is based on similar ideas found in [18J and [19J. However, 

the integration using elliptic functions is original (with reference to [12]) . 

THEORE~! 4.3 .1. The equations (4.5), (4·6) and (4 .7) can be integrated via elliptic functions. More 

exactly (the restraint rt2 - K > 0 is imposed since Cj is real), 

and/or 

where 

a2 = Cj - Jrt2 - K - rt b2 = 1 
Cj + Jrt2 - K - rt ' 

a = rt + -Jrt2 - K , fJ = rt - -Jrt2 - K 

Cj + Jrt2 - K - rt 
AjA2 = 4(rt2 - K) 

PROOF: Multiplying the Hamiltonian (4.4) by 2cj gives 

(4.9) 

Using the Casimir function on 50 (3)* (Prop. 3.3.1), 

(4.10) 

and rearranging for pl, we subst itute into (4.9) and solve for Pi: 

K - pi - pl + 2Cj P3 = 2rtcj 

=? pi = K - 2rtCj + 2Cj P3 - P;' (4. 11 ) 

Rearranging (4.9) for Pf: 

(4.12) 
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Squaring equation (4.7), 

and substituting in equations (4.11) and (4.12) leaves us with 

( 4.13) 

The form of (4.13) does not match the standard form of the elliptic integrals. Therefore, we need 

to perform a transformation on (4.13) and the approach is outlined in section 1.6. Some of the 

working that follows has been done in Wolfram Mathematica 7.0, and this code can be found in 

appendix A. 

The expression -J7{2 - K appears in the calculations throughout the remainder of this proof. It is 

always real since the discriminant of K - 27{c1 + 2C1P3 - Pi (4.13) is 

!J. = 4ci - S7{c1 + 4K, 

and this is a quadratic in C1 with discriminant given by 

!J. = 64(7{2 - K) > 0 (since C1 is real) =} 7{2 - K > o. 

Hence, the condition imposed in the theorem. 

CASE (4 .13): Let 

(If we swap S1 and S2 we achieve no new results.) 

Consider the quadratic expression S1 + A S2; this has coincident zeros and is a perfect square 

whenever (see (1.13)) 

Solving this expression for A (see appendix A) yields 

Substitute AI and A2 into (1.16) and (LIS) (see appendix A), then (1.17) gives 
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where 

CI + J1i2 - K - 1i 
Al = - 2J1i2 _ K ' 

A _ 1 
2 - 2J1i2 _ K 

CI - J1i2 - K - 1i 
B - -=----;;-~===;~-
1- 2JH2 _ K ' 

1 
B2 = 

2J1i2 - K 

Q = 1i + V1i2 - K , (3 = 1i - V1i2 - K. 

Now, since 81 and 82 have been expressed in the form of (4.14), we can rewrite (4.13) as 

Following the steps towards the end of section 1.6 we achieve (1.20), and this can be rewritten to 

match the form of the Jacobi elliptic integrals (1.6) and (1.7). Substituting the integral value (1.6) 

followed by u (1.19), and solving for P3 gives (a2 = -~, b2 = -~: ) 

(4 .15) 

Q - (3 a de ( ("-il)VAlA2a t 1>. ) 
F - .jCl 'a 

3 - 1 _ a dc ( (" - tJ)VAlA2a t 1>.) , 
y'Cl , a 

where (see appendix A) 

2 CI - J1i2 - K - 1i 
a = > 0, 

C] + J1i2 - K - 1i 

Similarly, substituting the integral value (1.7) into (4.15), followed by u (1.19), and solving for P3 

gives 

Q - (3 a ns ( ("-B)VAlA2a t 1>.) 
P3 = y'cl' a 

1 ( 
("-tJ)VAlA2a t b) , - ans -.;cl J a 

Although, 
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the condition 

cannot hold, as this would make AIA2 negative under the root for P3. 

Substituting a2 and b2 into b < a (from (1.6) or (1.7)) gives 

Cl - .J1i2 - K - 1i 
1 < , 

Cl + .J1i2 - K - 1i 

which is satisfied when 1i - Cl > .J1i2 - K. The naming of Al and A2 were chosen to ensure that 

this condition would be satisfied. 

It can be checked (with Mathematica) that no combination of values for Cl and prO) will satisfy 

the condition 

-VW - K < 1i - Cl < V1i2 - K. 

Finally, we obtain PI and P2 by substituting P3 into (4.12) and (4.11), respectively. o 

An alternative approach to solving (4.5), (4.6) and (4.7), is by employing the Weierstrass elliptic 

function. Theorem 4.3.2 has been derived from a similar result found in [5J. 

THEOREM 4.3.2. The equations (4 .5), (4 .6) and (4 .7) can be integrated via a Weierstrass function . 

More exactly, 

PI = ± V2Cl (1i - P3) 

P2 = ± JK - 2Cl(1i - P3) - Pi 

1i + 2Cl 
P3 = 2CIP + 3 ' 

where P is the Weierstrass function given by 

with 

( 4.16) 

( 4.17) 

(4 .18) 
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PROOF: Following the identical steps taken in the proof to Theorem 4.3.1 up to (4.13), 

If we choose the affine transformation 

P3 = ap + b, ( 4.20) 

then the derivative squared is given by 

(4.21) 

Equate (4 .21) and (4.19), and substitute (4.20) into (4 .19) . Some simplification will give the result. 

Divide (4.22) by a2 and we obtain: 

Due to (1.1) we need to ensure that the leading coefficient is 4 and there are no second order terms. 

Let 
7-{ + 2c, 

a = 2C1 and b = 3 

Substituting a and b into the higher order terms of (4.23), 

·2 4 3 P = P - 92P - 9" 

where 

91 
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2(3 2 (1) 1) and g2 = -- - b -2 2+-7-{ b+47-{--K . 
a Cl Cl CI 

The result follows from (4.20), (4.9) and (4.10). o 

4.4 Numerical solutions to the extremal equations 

In the appendix, I have included the MATLAB code (appendix B) used to generate graphs (appendix 

C) of the solution to the extremal equations ((4.5), (4.6) , (4.7)). SECTION 1 of the code plots the 

solution for arbitrarily chosen CI and initial values using a MATLAB solver. In SECTION 2, the 

same constants are used , but we substitute them into Theorem 4.3.1 (inc!. (4 .9) and (4.10)) and 

plot the result. In both sections the individual components PI, P2 , P3 are plotted on one set of axes, 

followed by the solution curve PO plotted on a seperate set of axes. In the instance where either 

PI or P2 cut the x-axis the negative curve needs to be plotted, as this forms part of the solution 

(otherwise, the negative of the curve does not satisfy the chosen initial values). In the conclusion, 

the plots produced by the MATLAB solver are compared to those from Theorem 4.3.1 - this will 

help us gauge the accuracy of the results in the theorem. 

4.5 The solution to the left-invariant optimal control problem 

Proposition 4.5.1 has been derived from a similar result found in [9J. 

Assume first that K # o. Recall (from section 3.4) that the solution curve on 50(3) is given by 

(4.24) 

where g(t)p(t)g-I(t) = A, and we are implicitly assuming that A is not linearly dependent on E2. 

PROPOSITION 4.5.1. Suppose that (gO, PO) is an extremal curve such that g(t)p(t)g- I (t) = A, 

then 'h(·) , </>2(-) and </>30 are given by the following differential equations: 
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PROOF: We calculate the derivative of (4.24), 

which can be rewritten as 

and applying the hat mapping (De£. 2.2.1) gives 

sin<P3 

COS<P3 

o 
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The first two equations can be solved for ¢l and ¢2; ¢l is substituted into the third equation to 

obtain the final result. 0 

This set of differential equations is solved using numerical techniques, but this goes beyond the 

scope of what we are interested in achieving here. 

Recall (from section 3.4) that when K = 0, it is assumed that A = El - E3. The required set of 

differential equations is then obtained from Proposition 4.5.1 by substituting in JK = l. 

4.6 Stability 

Theorems 4.6.1-4.6.2 have been derived from similar results and ideas found in [19J and [20J. 
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The equilibrium states for the system (4.5), (4.6) and (4.7) are: 

Pel = (M, 0, cIl and Pe2 = (0,0, M), M E JR, CI > 0. 

THEOREM 4.6.1. The equilibrium state Pel = (M, 0, cIl is non-linear stable, M -# 0. 

PROOF': STEP 1. For any arbitrary smooth function cp : JR -> JR, the function K>p, defined by 

gives a family of Casimir functions on 50(3)* (Prop. 3.3.1, Prop. 1.4.3, Def.1.3.13). 

STEP 2. We want to find a single K>p such that the energy-Casimir function, 

has a critical point at the equilibrium of interest. 

Now, we calculate the first derivative of H + K>p: 

D(H + K>p)(p) . op = :t (H + K>p) (p + to) lt=o, 

= :t (2~1 (p] + tod + P3 + tS3) It=o (4.25) 

+ ! cp O(PI + tod + ~(P2 + t02)2 + ~(P3 + t63)2) It=o 

= 2.6IPI + 03 + (OIPI + 02 P2 + 03 P3),p (~(Pf + pi + Pi)) , (4.26) 
CI 2 

and this equals zero at the equilibrium of interest if and only if 

(4.27) 

STEP 3 . Next, using (4.26), we can calculate the second derivative of H + K>p: 
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Using (4.27), the second derivative of 1t + K <p at the equilibrium of interest is 

This can be written in the matrix form 

and is negative definite if and only if: 

o 
_l 

o 

l. the first entry of the matrix is negative =} <p G(M 2 + ci)) < ° 
2. the determinant of the upper left 2 x 2 matrix is positive =} <p G(M2 + e¥) ) < 0 

3. the determinant of the 3 x 3 matrix is negative =} <p G(M2 + en) < O. 

Thus, having chosen that 

<p G(M2 + ei)) < 0, 

this quadratic form is negative definite. Consequently, 
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(4.28) 

(4.29) 

satisfies the above conditions and the second derivative of 1t + K <p is negative definite. 0 

THEORE1! 4.6.2. The equilibrium state Pe2 = (0 , 0, M ) is non-linear stable if M E (-x, 0) U (0, Cl). 

PROOF: Theorem 4.6. 1 covers STEP 1 and the first part of STEP 2 for this proof. 

STEP 2. Eq. (4.26) equals zero at the equilibrium of interest if and only if 

(4.30) 
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STEP 3 . Using (4.30), the second derivative of 7-{ + K<p (4.28) at the equilibrium of interest is 

Thus, having chosen that 

this quadratic form is positive definite if and only if M < o. Consequently, 

satisfies the above conditions and the second derivative of 7-{ + K<p is positive definite. 

Otherwise, having chosen that .. (1 2) 1 
'P 2M < M3' 

this quadratic form is negative definite if and only if 0 < M < Cl. Consequently, 

satisfies the above conditions and the second derivative of 7-{ + K<p is negative definite. o 



Chapter 5 

The Type IIa Problem 

We turn our attention to the solution of the Type Ira left-invariant optimal control problem on 

50(3). After defining the problem we prove a theorem that gives the optimal controls, optimal 

Hamiltonian and extremal equations. The J acobi elliptic functions are used to solve the extremal 

equations, and these results are tested by some numerical calculations. Finally, a set of differential 

equations are achieved, which can be solved for Euler 's angles to give the solution to the problem. 

We conclude this chapter by investigating the non-linear stability of the equilibrium states associated 

with the extremal equations. 

5.1 The Type IIa left-invariant optimal control problem 

Let g1 and g2 be arbit rary but fixed points in 50 (3), and T > 0 be fixed in advance. Then the 

Type Ira left-invariant optimal control problem on 50(3) consists of minimizing the cost functional 

(5.1) 

over all trajectory-control pairs (g(-) , u(-)), of the left-invariant control system 

(5.2) 

satisfying the boundary conditions 

g(O) = g1 and g(T) = g2 · 
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5.2 The extremal equations 

Theorem 5.2.1 has been derived from similar results found in [9J and [18J. 

THEOREM 5.2.1. Given a left-invariant control system on 50(3) defined by {5.2} with cost {5.1}, 

the optimal controls are 

and the optimal Hamiltonian is 

where PI and P2 are solutions of 

and 
1 

U2 = - P2 , 
C2 

1 1 2 1 2 
H = -2(-PI + - P2 ), 

C1 C2 

PROOF': The control Hamiltonian (Def. 1.4.6) is 

which simplifies to (Prop. 3.3.1) 

Applying (2) of the maximum principle (section 1.5), the optimal controls are 

8H = 0 -CIUI + PI = 0 
1 

¢} ¢} UI = -PI 
8uI CI 

8H = 0 1 
¢} -C2U2 + P2 = 0 ¢} U2 = -P2· 

8U2 C2 

(5.3) 

(5.4) 

(5 .5) 

(5 .6) 

(5.7) 

(5.8) 

Substituting UI and U2 into (5 .8) gives (5.4), which combined with Propositions 1.3.6, 1.3.4 and 

1.3.7 gives 

. 1 2 1 2} 1 1 
Pi = {Pi , - PI + -2 P2 = - PI {Pi , Pd + -P2{Pi, P2}, 

2cI C2 CI C2 
i = 1, 2, 3, 

and using the Poisson bracket relations from (3.11) we get (5 .5), (5.6) and (5.7). o 
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5.3 The solution to the extremal equations 

PROPOSITION 5.3.l. Considering the case where c = CI = C2, we can rewrite equations (5.5), (5.6) 

and (5.7) as 

which have the solutions 

. 1 
PI = --P2P3 (0) 

C 

. 1 
P2 = -PIP3 (0) 

C 

F3 = 0, 

PI(t) = PI (0) cos Gp3(0)t) - P2(0)sin Gp3 (0)t) 

P2(t) = PI (0) sin Gp3(0)t) + P2(0) cos Gp3(0)t) 

P3(t) = P3(0). 

PROOF: Equations (5.9), (5 .lO) and (5.11) in matrix form become 

(5.9) 

(5.lO) 

(5.11) 

Since Pit) = exp(tA)Po is the only solution of F = AP, prO) = Po, the solution can be written as 

and simplified to 

o 

The beginning of the proof of Theorem 5.3.1 is based on similar ideas found in [181 and [191. However, 

the integration using elliptic functions is original (with reference to [12]) . 

THEORE~I 5.3.l. The equations (5.5), (5.6) and (5.7), where CI 01 C2, can be integrated via elliptic 

functions. More exactly, 

CASE (1): Cl > C2 
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If then 

and/or 

or if then 

P
3 

= J(2Hc j - K)(K - 2Hc2) sd ( 2H(cj - C2)t ,jK - 2Hc2 ) 
J2H(Cj - C2) Cj C2' J2H(cj - C2) 

and/or P3 = JK-2HC2cn ( 2H(Cj -C2) t, ,jK-2HC2). 
Cj C2 J2H(cj - C2) 

CASE (II): C2 > Cj 

If c,-c, p 2 < p2 then 
C! 1 3' 

and/or 

or if then 

and/or 

Finally, 

Pj = ± . / Cj (K - 2Hc2 - Pl) V Cj - C2 

P2 = ± / C2 (K - 2HCj - Pl) . V C2 - Cl 

MSc 2009 
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PROOF: Multiplying the Hamiltonian (5.4) by 2CIC2 gives 

Using the Casimir function On 50(3)* (Prop. 3.3.1), 

and rearranging for Pf , we substitute into (5.12) and solve for Pi: 

We rearrange (5.13) for pi, substitute into (5.12) and solve for Pl: 

Squaring equation (5 .7), 

and substituting in equations (5 .14) and (5. 15) leaves us with 

Possible rearrangements of this equation to get a positive constant in front include: 

Let us consider each equation and its solution independently. 

67 

(5. 12) 

(5. 13) 

(5 .14) 

(5. 15) 

(5. 16) 

(5. 17) 

(5.18) 

(5. 19) 
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Eq. (5 .16) corresponds to the elliptic integrals (1.8) and (1.9) : 

b ~ P3 ~ a, 

where 

a2 = K - 211.c2 > 0 and b2 = K - 211.Cl > o. 

Substituting (5.12) and (5.13) into a2 > 0 and b2 > 0, and simplifying gives 

C2 - Cl p2 < p2 and b2 > 0 
c l 1 3 

C1 - C2p2 p2 
2 < 3· 

C2 

MSc 2009 

(5 .20) 

(5.21) 

Substituting a2 and b2 (and further (5 .12) and (5. 13)) into b ~ P3 ~ a (from (5 .20) and (5.21)), 

and simplifying gives another constraint: C2 < Cl. Therefore, a2 > 0 is always satisfied. 

From (5.16) and (5.20) we determine P3 : 

(We do not consider P3 = -J'
C1

C-1c-, (-K---2-11.-C2---P-,l-)-(P-l:----(-K-- -2-11.-C-l-)) as it can be checked numer­

ically that this does not contribute any new solutions.) 

Similarly, from (5 .16) and (5.21) we can also determine P3 : 

Case (5.17) (i.e., CASE (u) (the first part)) is easily deduced from case (5.16) (i.e ., CASE (I) (the 

first part)) by swapping Cl and C2 · 
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Eq. (5.18) corresponds to the elliptic integrals (1.5) and (1.3): 

(5.22) 

(5.23) 

where 

Substituting (5 .12) and (5.13) into a2 > 0 and b2 > 0, and simplifying gives 

Substituting b2 (and further (5.12) and (5.13)) into 0 :0; P3 :0; b (from (5.22) and (5 .23)), and 

simplifying gives another constraint: CI < C2 . Therefore, b2 > 0 is always satisfied. 

From (5.18) and (5.22) (following the same approach as before) we determine P3 : 

Similarly, from (5.18) and (5.23) we can also determine P3: 

Case (5.19) (i .e., CASE (I) (the second part)) is easily deduced from case (5 .18) (i.e., CASE (II) (the 

second part)) by swapping CI and C2. 

Finally, we obtain PI and P2 by substituting P3 into (5.15) and (5.14), respectively. o 

5.4 Numerical solutions to the extremal equations 

In the appendix, I have included the MATLAB code (appendix B) used to generate graphs (appendix 

C) of the solution to the extremal equations ((5 .5), (5.6) , (5.7)) . SECTION 1 of the code plots the 

solution for arbitrarily chosen CI , C2 and initial values using a MATLAB solver. In SECTION 2, the 

same constants are used, but we substitute them into Theorem 5.3.1 (inc!. (5.12) and (5 .13)) and 

plot the result. In both sections the individual components PI, P2 , P3 are plotted on one set of axes, 
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followed by the solution curve PO plotted on a seperate set of axes. In the instance where either 

PI or P2 cut the x-axis the negative curve needs to be plotted, as this forms part of the solution 

(otherwise, the negative of the curve does not satisfy the chosen initial values). In the conclusion, 

the plots produced by the MATLAB solver are compared to those from Theorem 5.3.1 - this will 

help us gauge the accuracy of the results in the theorem. 

5.5 The solution to the left-invariant optimal control problem 

Proposition 5.5.1 has been derived from a similar result found in [9]. 

Assume first that K i D. Recall (from section 3.4) that the solution curve on 50(3) is given by 

(5.24) 

where g(t)P(t)g- I(t) = A, and we are implicitly assuming that A is not linearly dependent on E2. 

PROPOSITION 5.5.1. Suppose that (g(.), P(-)) is an extremal curve such that g(t )p(t)g- I (t) = A, 

then <PI (-) , <P2(-) and <P3(-) are given by the following differential equations: 

PROOF: We calculate the derivative of (5.24), 

which can be rewritten as 
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and applying the hat mapping (Def. 2.2.1) gives 

1 · . 1 
IYPl ¢ l + (sin ¢3)¢2 = - PI, 

vK C] 

sin¢3 

COS ¢3 

o 
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The first two equat ions can be solved for 4>1 and 4>2; 4>1 is substituted into the third equation to 

obtain the final result. 0 

This set of differential equations is solved using numerical techniques, but this goes beyond the 

scope of what we are interested in achieving here. 

Recall (from section 3.4) that when K = 0, it is assumed that A = El - E3 . The required set of 

differential equations is then obtained from Proposition 5.5.1 by substituting in JK = 1. 

5.6 Stability 

Theorems 5.6.1-5.6.3 have been derived from similar results and ideas found in [19J and [20J. 

The equilibrium states for the system (5.5), (5 .6) and (5 .7) are: 

Pel = (M, 0, 0) , Pe2 = (0, M, 0) and Pe3 = (0,0, M) , M E lR. 

THEOREM 5.6.1. The equilibrium state Pel = (M, 0, 0) is non-linear stable if Cl < C2, M # o. 

PROOF: STEP 1. For any arbitrary smooth function cp: JR -> JR, the function K"" defined by 

gives a family of Casimir functions on 50 (3)* (Prop. 3.3.1, Prop. 1.4.3, Def. 1.3.13). 
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STEP 2. We want to find a single K", such that the energy-Casimir function , 

has a critical point at the equilibrium of interest . 

Now, we calculate the first derivative of 'Ii + K",: 

and this equals zero at the equilibrium of interest if and only if 

STEP 3. Next, using (5 .25), we can calculate the second derivative of 'Ii + K",: 

D2('Ii + K", )(p) . op = dd (~OI(PI + tOI) + ~02(P2 + t02)) 1,=0 
t CI C2 

d 
+ dt (01 (PI + tOl) + 02(P2 + t02) + 03(P3 + t03)) 

x rp G((PI + tod + (P2 + t02)2 + (P3 + t03?)) 1,=0 

1 -2 1 2 (2 -2 2) . (1 2 2 2 ) = -°1 + -02 + 01 + 02 + 03 'P -(PI + P2 + P3 ) 
~ ~ 2 

MSc 2009 

(5.25) 

(5.26) 

+ (OIPI + 02 P2 + 03P3?" G(P{ + pi + Pi)) . (5.27) 

Using (5 .26) , the second derivative of 'Ii + K", at the equilibrium of interest is 

Thus, having chosen that 



JK Rodgerson 73 

this quadratic form is negative definite if and only if Cl < C2 . Consequently, 

satisfies the above conditions and the second derivative of 1-1. + K <p is negative definite. 0 

THEOREM 5.6.2. The equilibrium state Pe2 = (0, M , 0) is non-linear stable if Cl > C2, M # o. 

PROOF: Theorem 5.6.1 covers STEP 1 and the first part of STEP 2 for this proof. 

STEP 2 . Eq. (5.25) equals zero at the equilibrium of interest if and only if 

. (1 2) 1 
cp 2M = - C2· (5.29) 

STEP 3. Using (5.29) , the second derivative of 1-1. + K <p (5 .27) at the equilibrium of interest is 

(5.30) 

Thus, having chosen that 

~GM2)<0, 
this quadratic form is negative definite if and only if Cl > C2. Consequently, 

satisfies the above conditions and the second derivative of 1-1. + K<p is negative definite. 0 

THEOREM 5.6.3. The equilibrium state Pe3 = (0 ,0, M ) is non-linear stable, M # o. 

PROOF: Theorem 5.6.1 covers STEP 1 and the first part of STEP 2 for this proof. 

STEP 2. Eq. (5.25) equals zero at the equilibrium of interest if and only if 

<P (~M2) - 0 2 -. (5.31) 

STEP 3. Using (5.31) , the second derivative of 1-1. + K <p (5.27) at the equilibrium of interest is 

(5.32) 

Thus , having chosen that 
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this quadratic form is positive definite. Consequently, 

satisfies the above condit ions and the second derivative of }-{ + K", is positive definite. D 



Chapter 6 

The Type lIb Problem 

Here we look at the solution to the Type IIb left-invariant optimal control problem on 50(3). After 

defining the problem we prove a theorem that gives the optimal controls, optimal Hamiltonian and 

extremal equations. The Jacobi elliptic functions are used to solve the extremal equations, and 

these results are tested by some numerical calculations. Finally, a set of differential equations is 

achieved, which can be solved for Euler's angles to give the solution to the problem. We conclude 

this chapter by investigating the non-linear stability of the equilibrium states associated with the 

extremal equations. 

6.1 The Type lIb left-invariant optimal control problem 

Let 91 and 92 be arbitrary but fixed points in 50 (3), and T > 0 be fixed in advance. Then the Type 

IIb left-invariant optimal control problem on 50(3) consists of minimizing the cost functional 

(6.1) 

over all trajectory-control pairs (90, uO), of the left-invariant control system 

(6.2) 

satisfying the boundary conditions 

9 (0) = 91 and 9(T) = 92· 

75 
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6.2 The extremal equations 

Theorem 6.2.1 has been derived from similar results found in [9J and [18J. 

THEOREM 6.2.1. Given a left-invariant control system on 50(3) defined by (6.2) with cost (6.1), 

the optimal controls are 

and the optimal Hamiltonian is 

1 
U 1 = -P1 

C1 

where P1 , P2 and P3 are solutions of 

and 

PROOF: The control Hamiltonian (Def. 1.4.6) is 

which simplifies to (Prop. 3.3.1) 

Applying (2) of the maximum principle (section 1.5), the optimal controls are 

oH = 0 -qu1 + P1 = 0 
1 

{o} {o} U1 = -P1 
OU1 C1 

oH =0 -C2U2 + P2 = 0 
1 

{o} {o} U2 = -P2 · 
OU2 C2 

(6 .3) 

(6 .4) 

(6.5) 

(6.6) 

(6.7) 

(6.8) 

Substituting U1 and U2 into (6.8) gives (6.4), which combined with Propositions 1.3.6, 1.3.4 and 

1.3.7 gives 

. 121 2 }1 1 } Pi = {Pi, -P1 + -P2 + P3 = -PdPi, P,} + -P2{Pi , P2} + {Pi, P3 , 
2C1 2C2 Cl C2 

and using the Poisson bracket relations from (3.11) we get (6 .5), (6 .6) and (6.7). 

i = 1, 2, 3, 

o 
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6.3 The solution to the extremal equations 

Proposition 6.3.1 can be found in [17J. 

PROPOSITION 6.3.1. Given a Hamiltonian system on 50(3), described by {6.2}, with cost {6.1} so 

that c = C1 = C2, there exist two extra constants of motion, 

K1 = pl + pi and 

K2 = P3 · 

We can rewrite equations {6.5}, {6.6} and {6.7} as 

which have the solutions 

where 

P1 (t) = ,jk; cos ( (1 - k:) t + k3) 
P2(t) = ,jk; sin ( (1 - k: ) t +k3) , 

k) = Pf(O) + pi(o), 

PROOF: We first show that (6 .9) and (6.10) are constants of motion: 

Equations (6.11), (6.12) and (6 .13) in the mat rix form become 

(6.9) 

(6.10) 

(6 .11) 

(6 .12) 

(6.13) 
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Since P(t) = exp(tA)Po is the only solution of P = AP, P(O) = Po, the solution can be written as 

which is equivalent to 

PI (t) V Pf(O) + Pi(O) cos ( (1 - ~P3 (O) ) t - tan- I ;:i~~ ) 

P2 (t ) V(-PI(O))2 + Pi (O) sin ((1 - ~P3(O)) t+tan- I !;;~b) )· 

If we let 

kl = pf(O) + pi(O), 

we obtain the desired result. o 

The beginning of the proof of Theorem 6.3.1 is based on similar ideas found in [18] and [19]. However , 

the integration using elliptic functions is original (with reference to [12]) . 

THEOREM 6.3.1. The equations (6.5), (6.6) and (6.7), where CI i= C2, can be integrated via elliptic 

functions. More exactly (the restraint H2 - K > 0 is imposed since CI and C2 are real), 

CASE ( I ) : CI > C2 

If H - CI < - JH2 - K, 

where 

Ct 

Ct - (3 a dc ( r<>- IJ)vAJA2 at!!.) 
v'CIC2 ' a P3 = -----;--'---~=~-____ '-

1 - adc ( r<>-IJ)vAJA2 at !!. ) 
v'CIC2 ' a 

and/or 
Ct - (3 a ns ( r<>-IJ)vAJA2 at!!.) 

p _ ft1C2 'a 

3 - 1 _ ans ( r<>-Il)vAJA2 a t !!.) , 
vC1C2 1 a 

H - C2 + JH2 - K b2 = H - CI + JH2 - K 

H - C2 - JH2 - K ' H - CI - JH2 - K 

H + VH2 - K , (3 = H - VH2 - K 

( H - C2 - JH2 - K) (H - CI - JH2 - K) 
4(H2 - K ) 

I 
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or if - ,j7-{2 - K < 7-{ - Cl < ,j7-{2 - K and 7-{ - C2 > ,j7-{2 - K , then 

Ct - (3 a ne ( ( <>- ill VA!A2 Va""+b" t _b_) 
P3 = y'clC2' Va""+b" 

1 - a ne ( (<>-illVA!A2Va""+b" t _b_) 
y C! C2 1 Va""+b" 

and/or 
Ct - (3,ja2 + b2 ds ( (<> - illVA!A2Va""+b" t _b_) 

P 
_ Vel C2 1 Va""+b" 

3 -
1 - ,ja2 + b2 ds ( (<> illVA!A2Va""+b" t b ) ' Ve l e2 ,~ 

where 

a2 = 7-{ - C2 + ,j7-{2 - K b2 = 7-{ - Cl + ,j7-{2 - K 
7-{ - C2 - ,j7-{2 - K' 7-{ - Cl - ,j7-{2 - K 

Ct 

CASE (II): C2 > Cl 

If 7-{ - C2 < _ ,j7-{2 - K , 

where 

7-{ + )7-{2 - K , (3 = 7-{ - )7-(2 - K 

( 7-{ - C2 - ,j7-{2 - K) (7-{ - Cl - ,j7-{2 - K) 
4 (7-{2 - K) 

7-{ - Cl > ,j7-{2 - K and 'H-C2+~ < 'H-Cj+~ then 
'H-c2-vH2_K 'H-Cl-v7i2-K' 

Ct - (3 a dc ( (<>-illVA!A2 at £) 
P3 = ..jCi""C2' a 

1 - adc ( (<>-)l)VA!A2at £) 
vqcz 1 a 

and/ or 
Ct - (3 a ns ( (<>- illVA!A2 at £) 

P 
y'ciC2' a 

3= 
1 - a ns ( (<>- 8lVA!A2 at £) , 

.jele2 1 a 

7-{ - Cl + ,j7-{2 - K b2 = 7-{ - C2 + ,j7-{2 - K 
7-{ - Cl - ,j7-{2 - K ' 7-{ - C2 - ,j7-{2 - K 

Ct = 7-{ + )7-{2 - K , (3 = 7-{ - )7-{2 - K 

(7-{ - Cl - ,j7-{2 - K) (7-{ - C2 - ,j7-{2 - K) 

4 (7-{2 - K) 

or if - ,j7-{2 - K < 7-{ - C2 < ,j7-{2 - K and 7-{ - Cl > ,j7-{2 - K , then 

Ct - e a ne ( (<>-illVA!A2Va""+b" t _b_) 
P · Vc1C2' Va""+b" 
3= 

1 - anc ( (<>-il)VA!A2\'a2.+b" t _ b_) 
.jel C2 ' Va""+b" 

79 
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and/or 

where 

a2 

a 

AIA2 

Finally, 

= 

= 

= 

Chapter 6 - Type IIb 

1-( - CI + J1-(2 - K b2 = 1-( - C2 + J1-(2 - K 

1-( - CI - J1-(2 - K' 1-( - C2 - J1-(2 - K 

1-( + )1-(2 - K, (3 = 1-( - )1-(2 - K 

(1-( - CI - J1-(2 - K) (1-( - C2 - J1-(2 - K) 
4 (1-(2 - K) 

PROOF: Multiplying the Hamiltonian (6.4) by 2CIC2 gives 

Using the Casimir function on 50(3)* (Prop. 3.3.1), 

and rearranging for Pl, we substitute into (6 .14) and solve for Pi: 

We rearrange (6 .15) for Pi, substitute into (6.14) and solve for P{: 

C2Pf + cI(K - Pf - pi) + 2CIC2P3 = 21-(cl c2 

Squaring equation (6 .7), 

=> Pf = CI (21-(C2 - K - 2C2P3 + Pi) . 
C2 - CI 

p2 = (CI - C2)2 p2p2 
3 CC 12, 

-I 2 

MSc 2009 

(6.14) 

(6 .15) 

(6.16) 

(6 .17) 
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and substituting in equations (6 .16) and (6 .17) leaves us with 

Possible rearrangements of this equation to get a positive constant in front include: 

(6.18) 

(6.19) 

The form of (6 .18) and (6.19) do not match the standard form of the elliptic integrals. Therefore, 

we need to perform a transformation on (6.18) and (6 .19), and the approach is outlined in section 

1.6. Some of the working that follows has been done in Wolfram Mathematica 7.0, and this code 

can be found in appendix A. 

The expression )(C1 - c2)2(H2 - K) appears in the calculations throughout the remainder of this 

proof. It is always real since the discriminant of pi- 2C1P3 - K + 2Hc1 (6. 18) (and similarly for 

(6.19)) is 

t:,. = 4ci - 8Hct + 4K, 

and this is a quadratic in C1 with discriminant given by 

t:,. = 64(H2 - K) > 0 (since C1 is real) =;. H2 - K > O. 

The same result holds true for C2. Hence, the condition imposed in the theorem. 

Let us consider (6.18) and (6. 19), and their solutions. 

CASE (6.18) : Let 

S1 = K - 2Hc2 + 2C2P3 - pi and S2 = pi- 2C1P3 - K + 2Hc1 · 

(If we swap S1 and S2 we achieve no new results. ) 

Consider the quadratic expression S1 + ). S2; this has coincident zeros and is a perfect square 

whenever (see (1.13)) 

(- K + 2Hc1 - ci) . 2 + 2(K - HC2 - Hct + C1C2). - K + 2Hc2 - c~ = O. 
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Solving this expression for .\ (see appendix A) yields 

(The values for .\) and .\2 are chosen to restrict ourselves to real solutions later.) 

Substitute .\) and .\2 into (1.16) and (1.18) (see appendix A), then (1.17) gives 

where 

(C1 - C2) (H - C2) - v(e, - C2)2 (H2 - K) 

A , = 2V(CI _ C2)2 (H2 _ K ) , 

V(CI - C2)2 (H2 - K) - C, (C2 + H) + c2H + ci 
A2=~----~~==~========------~ 

2V(C1 - C2)2 (H2 - K) 

V(CI - C2)2 (H2 - K ) + (C1 - C2) (H - C2) 
Bl = - , 

2V(C1 - C2)2 (H2 - K) 

ex = 'Ii + yCH"'2-_-K:;-;, 

ex='Ii - yH2 - K , 

,..----------V(c1 - C2)2 (H2 - K) + (C1 - C2) ('Ii - C1) 
B2=~----~P=====~====~--~ 

2V(C1 - czl' (H2 - K) 

f3 = H - JH2 - K, when c, > C2 

f3 = H + JH2 -K, when C2 > C,. 

Now, since 8) and 82 have been expressed in the form of (6 .20), we can rewrite (6.18) as 

Following the steps towards the end of section 1.6 we achieve (1.20), and this can be rewritten to 

match the form of the Jacobi elliptic integrals (1.6) and (1.7). Substituting the integral value (1.6) 

followed by u (1.19), and solving for P3 gives (a2 = -t and b2 = - t) 

(6.21) 
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Ci - 6 a dc ( (a-B)v'Ai"A2a t 1» 
, v'CIC2' a 

P3 - ------,'------:::-'-;o~~~c_'__ 
- 1 - a dc ((a - B)v'Ai"A2a t 1» , 

v'CIC2 ' a 

where (see appendix A) 

V(CI - c,)' (rt' - K) + (Cl - c,) (rt - c,) 
a2 = > 0, 

(Cl - c,) (rt - c,) - V(c1 - c,)' (rt' - K) 

V(c1 - c,)' (rt' - K) + (Cl - c,) (rt - Cl) 
b' = >0 and 

V(c1 - c,)' (rt' - K) - 0, (c, + rt) + c,rt + c; 
((c1 - c,) (H - C2) - J(CI - C2)' (H' - K )) ( ";"(C-,---C-,') '''(''H'''''---;K=) - C, (c, + H ) + c,H + cn 

A1b= . 
- 4(Cl - C,)'(H' - K) 

Similarly, substituting the integral value (1.7) into (6.21) , followed by u (1.19), and solving for P3 

gives 

Ci - (3 a ns ( (a- B)v'Ai"A2a t 1» 
p _ .jCiC2 1 a 

3 - 1 _ a ns ((a - .B)v'Ai"A2a t 1» , 
yCIC2 ) a 

Although, 

a' > 0 '* (Cl - c,) (rt - c,) > V(CI - c,)' (rt' - K ) or (Cl - c,) (rt - c,) < - V(CI - c,)' (rt' - K) 

b' > 0 '* (Cl - c,) (rt - Cl) > V(CI - c,)' (rt' - K) or (Cl - c,) (rt - Cl) < - V(CI - c,)' (rt' - K ), 

the combinations 

(Cl - c,)(rt - c,) > ";(Cl - c,)'(rt' - K ) and (Cl - c,)(rt - cJl > J (CI - c,)2(rt' - K), 

and 

(Cl - c,)(rt - C2) < -J(CI - C2)'(rt' - K) and (Cl - c,)(rt - cJl < - J(CI - c,)2(rt' - K) 

cannot hold, as these would make AlA, negative under the root for P3. 

Furthermore, it can be checked (with Mathematica) that no combination of values for Cl, C2 and 

prO) will satisfy the condition 
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therefore, 

is the only restriction enforced by a2 > 0 and b2 > O. 

Substituting a2 and b2 into b < a (from (1.6) or (1.7)) gives 

MSc 2009 

V(C] - 0,)2 (H' - K) + (c] - C2) (H - cd 

V(C] - C2)' (H2 - K) - CJ (c, + H) + c2H + cr 
< 

V(C] - c,)2 (H2 - K) + (C] - C2) (H - C2) 

(c] - C2) (H - c,) - V(C] - c,)' (H2 - K) 

CASE ( \) (the first part) is achieved by assuming that Cl > C2 in the above section of the proof. 

However, if we assume that C2 > Cl, it can be checked numerically that the results for PI and P2 

are mostly complex. 

Alternatively, (1.20) can be rewritten to match the form of the Jacobi elliptic integrals (1.10) 

and (1.11). Substituting the integral value (1.10) followed by u (1.19), and solving for P3 gives 

(a2 =_~ and b2=t) 

(6.22) 

(3 ( 
(<> - ill v'AiA2 Va'+b' t b ) (Y- ane --

P VclC2' Va"W 
3 -

- 1 (<>- il)v'AiA2Va"W t b ) ' 
- a DC ";CIC2 ' v'a2+b2 

where (see appendix A) 

f(c] - cd (H2 - K) + (c] - C2) (H - C2) 
a' = V > 0 

(c] - c,) (7-( - c,) - V(C] - cd (H2 - K) 

f(c] - c,)' (H2 - K) + (c] - C2) (H - c]) 
b2 = V >0 and 

V(C] - c,)2 (H' - K) - c] (c, + H) + c2H + c; 

((c l - c,)(H - C2) - vi(c] - C2)2 (H2 - K)) (vi(c] - c,)' (H2 - K) - c] (c, + H) + c2 H + cn 
A]~ = . 

4 (c] - c,)' (H' - K ) 

Similarly, substituting the integral value (1.11) into (6.22), followed by u (1.19), and solving for P3 
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gives 

(} - (h/a2 + b2 ds ( <Hl)v'A1A2Ja'W t _b_) 
~= ~ 'Ja'W 

1 - )a2 + b2 ds ( 0< 1l)v'A1A2Ja'W t _b_) , 
,.k] C2 ' Ja'W 

with the same values for a2, b2 and A rA 2. 

Although, 

a2 > 0 ~ (CI - C2) (11 - C2) > J(CI - C2)2 (112 - J<) or (Cl - C2) (11 - C2) < - J(CI - C2)2 (112 - J<) 

b2 > 0 ~ -)(Cl - C2)2(112 - J< ) < (Cl - c2)(11 - Cl) < /(Cl - c2)2(112 - J<), 

it can be checked (with Mathematica) that no combination of values for Cr , C2 and P(O) will satisfy 
the condition 

and 

Further , 

but this cannot hold . 

It can be checked (with Mathematica) that the remaining condition 

and 
(Cl - C2) (11 - C2) > ,)(Cl - cd (112 - J< ) 

is only satisfied when Cr > C2; therefore, this can be simplifed to CASE (I) (the second part). 

CASE (6 .19) (i.e ., CASE (Il)) is easily deduced from CASE (6 .18) (i.e. , CASE (I) ) by swapping Cr 

and C2 . 

It can also be checked (with Mathematica) that nO combination of values for Cl, C2 and P(O) will 
satisfy the conditions 

-)(Cl - c2)2 (112 - J< ) < (Cl - c2)(11 - Ci) < )(Cl - c2)2(112 - J< ) for i = 1 and 2, 

or 
- /(CI - c2)2(112 - J< ) < (C2 - c,)(11 - e;) < )(c, - C2)2(112 - J< ) for i = 1 and 2. 
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Finally, we obtain PI and P2 by substituting P3 into (6.17) and (6 .16), respectively. o 

6.4 Numerical solutions to the extremal equations 

In the appendix, I have included the MATLAB code (appendix B) used to generate graphs (appendix 

C) of the solution to the extremal equations ((6.5), (6 .6) , (6.7)). SECTION 1 of the code plots the 

solution for arbitrarily chosen CI, C2 and initial values using a MATLAB solver. In SECTION 2, the 

same constants are used, but we substitute them into Theorem 6.3.1 (incl. (6.14) and (6.15)) and 

plot the result. In both sections the individual components PI , P2, P3 are plotted on one set of axes, 

followed by the solution curve PO plotted on a seperate set of axes. In the instance where either 

PI or P2 cut the x-axis the negative curve needs to be plotted, as this forms part of the solution 

(otherwise, the negative of the curve does not satisfy the chosen initial values). In the conclusion, 

the plots produced by the MATLAB solver are compared to those from Theorem 6.3.1 - this will 

help us gauge the accuracy of the results in the theorem. 

6.5 The solution to the left-invariant optimal control problem 

Proposition 6.5.1 has been derived from a similar result found in [91. 

Assume first that K # O. Recall (from section 3.4) that the solution curve on SO(3) is given by 

(6.23) 

where g(t)p(t)g-I(t) = A, and we are implicitly assuming that A is not linearly dependent on E2· 

PROPOSITION 6.5.1. Suppose that (gO , P(·)) is an extremal CUT-ve such that g(t)p(t)g- I(t) = A, 

then 4>1(-),4>2(-) and 4>3(-) are given by the following differential equations: 

PROOF: We calculate the derivative of (6.23), 
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which can be rewritten as 

and applying the hat mapping (De£. 2.2 .1) gives 

sin¢3 

COS¢3 

° 
it follows that e-E3¢3 ez = (sin ¢3)el + (cos¢3)e2. Therefore, 

87 

The first two equations can be solved for ¢I 

obtain the final result. 

and ¢2; ¢l is substituted into the third equation to 

o 

This set of differential equations is solved using numerical techniques, but this goes beyond the 

scope of what we are interested in achieving here. 

Recall (from section 3.4) that when K = 0, it is assumed that A = El - E3 . The required set of 

differential equations is then obtained from Proposition 6.5.1 by substituting in Jx = 1. 

6.6 Stability 

Theorems 6.6.1-6.6.3 have been derived from similar results and ideas found in [19J and [20J. 

The equilibrium states for the system (6 .5), (6.6) and (6.7) are: 

Pel = (M, 0, cil, Pe2 = (0, M, cz) and Pe3 = (0,0, M), ME iR, Cl, Cz > O. 

THEOREM 6.6.1. The equilibrium state Pel = (M, 0, cd is non-linear stable if Cl < C2, M ol D. 
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PROOF: STEP 1. For any arbitrary smooth function <p : ffi. -> ffi., the function K"" defined by 

gives a family of Casimir functions on 50(3)* (Prop. 3.3.1, Prop. 1.4.3, Def. 1.3.13). 

STEP 2. We want to find a single K ", such that the energy-Casimir function, 

has a critical point at the equilibrium of interest. 

Now, we calculate the first derivative of 1i + K ", : 

a nd this equals zero at the equilibrium of interest of and only if 

STEP 3. Next , using (6.24), we can calculate the second derivative of 1i + K ",: 

D2(1i + K",)(P) · 6p = dd (~61 (PI + t61l + ~62 (P2 + t62) + 63) I 
t CI C2 t~O 

+ :t (61 (PI + t61l + 62 (P2 + t62) + 63 (P3 + t63 )) 

x <jJ (~ ((PI + t6d + (P2 + t(2)2 + (P3 + t63 )2) ) I 
2 t~O 

1 2 1 -2 -2 2 2· (1 2 2 2 ) = - 61 + -02 + (01 + 62 + 63 )<p -2(PI + P2 + P3 ) 
CI C2 

(6. 24) 

(6.25) 

+ (6I P I + 62P2 + 63 P3)2cp G (Pf + pi + PJ )) . (6 .26) 
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Using (6.25), the second derivative of 7-i + K", at the equilibrium of interest is 

2( )(') -' 2 .. (1( 2 2))? (1 1) 2 D 7-i + K ", Fel . OFel = M 'P - M + CI OJ + - - - 02 
2 C2 CI 

( 
.. (1(M2 2)) 2 1) -2 .. (1(M2 2))2 '{--+ 'P 2 + CI CI - CI 03 + 'P 2 + CI CIl' 01 03. 

This can be written in the matrix form 

[

M 2</! (~(M2 + c~)) 
[61 62 63] ° 

clM</! (~(M2 + cm 

and is negative definite if and only if: 

° ~-~ 
C2 Cl 

° 

cIM</! (!(M2 + cm 1 
</! (~ (M2 +Oci)) c~ - ;1 

1. the first entry of the matrix is negative ~ </! (!(M2 + cm < ° 
2. the determinant of the upper left 2 x 2 matrix is posit ive ~ CI < C2 
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3. the determinant of the 3 x 3 matrix is negative. Given the previous implications, this now 

holds. 

Thus, having chosen that 

</!G(M
2

+ci)) < 0, 

this quadratic form is negative definite if and only if Cj < C2. Consequently, 

satisfies the above conditions and the second derivative of 7-i + K ", is negative definite. 0 

THEOREM 6.6.2. The equilibrium state Pe2 = (0, M , C2) is non-linear stable if CI > C2, M # 0. 

PROOF: Theorem 6.6.1 covers STEP 1 and the first part of STEP 2 for this proof. 

STEP 2. Eq. (6. 24) equals zero at the equilibrium of interest if and only if 

. (1 2 2) 1 'P - (M + C2) = -- . 
2 C2 

STEP 3. Using (??), the second derivative of 7-i + K", (6.26) at the equilibrium of interest is 

2( )(' ) - A ( 1 1) 2 2 .. (1 (2 2)) -2 D 7-i + K", Fe2 . oFe2 = CI - C2 °1 + M 'P 2 M + CO2 02 

(6.27) 
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This can be written in the matrix form 

o 
M2ip (!(M2 + c~)) 

C2M ip WM2 + c~)) 

and is negative definite if and only if: 

1. the first entry of the matrix is negative => C1 > C2 

MSc 2009 

2. the determinant of the upper left 2 x 2 matrix is positive => ip (!(M2 + ~) ) < 0 

3. the determinant of the 3 x 3 matrix is negative. Given the previous implications, this now 

holds. 

Thus, having chosen that 

ip G(M2 + ~)) < 0, 

this quadratic form is negative definite if and only if C1 > C2. Consequently, 

satisfies the above conditions and the second derivative of 1i + K <p is negative definite. 0 

THEOREM 6.6.3. The equilibrium state Pe3 = (0, 0, M ) is non-linear stable if M E (-<Xl, 0) U (0, e;) U 

( Cj l oo), Ci < Cjl i , j = I, 2. 

PROOF: Theorem 6.6.1 covers STEP 1 and the first part of STEP 2 for this proof. 

STEP 2. Eq. (6.24) eqnals zero at the equilibrium of interest if and only if 

(6.28) 

STEP 3 . Using (6.27), the second derivative of 1i + K <p (6 .26) at the equilibrium of interest is 

Thus, having chosen that 
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t his quadratic form is positive definite if and only if M > Ch C2 or N[ < O. Consequently, 

1. if M > Cl, C2, then we choose. 'P as follows 

2. if M < 0, then we choose 'P as follows 

Otherwise, having chosen that 
.. ( 1 2) 1 

'P "2M <M3' 

this quadratic form is negative definite if and only if 0 < M < Cl, C2. Consequently, if M > 0, then 

we choose 'P as follows 
1 2 

'P(x) = - M3x . 

o 
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Chapter 7 

The Type III Problem 

Lastly, we consider the solution to the Type III left-invariant optimal control problem on 50(3) . 

After defining the problem we prove a theorem that gives the optimal controls, optimal Hamiltonian 

and extremal equations. The Jacobi elliptic functions are used to solve the extremal equations, and 

these results are tested by some numerical calculations. A set of differential equations is achieved, 

which can be solved for Euler's angles to give the solution to the problem. We conclude this chapter 

by investigating the non-linear stability of the equilibrium states associated with the extremal 

equations. 

7.1 The Type III left-invariant optimal control problem 

Let 91 and 92 be arbitrary but fixed points in 50(3) , and T > 0 be fixed in advance. Then the 

Type III left-invariant optimal control problem on 50(3) consists of minimizing the cost functional 

(7.1) 

over all trajectory-control pairs (90, uO), of the left-invariant control system 

(7.2) 

satisfying the boundary conditions 

9(0) = 91 and 9(T) = 92· 

93 
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7.2 The extremal equations 

Theorem 7.2.1 has been derived from similar results found in [9J and [18J. 

THEOREM 7.2.1. Given a left-invariant control system on SO(3) defined by (7.2) with cost (7.1), 

the optimal controls are 

and 

and the optimal Hamiltonian is 

where PI, P2 and P3 are solutions of 

PROOF: The control Hamiltonian (Def. 1.4.6) is 

which simplifies to (Prop. 3.3.1) 

Applying (2) of the maximum principle (section 1.5) , the optimal controls are 

87-1. = 0 -CjUj + Pj = 0 
1 

¢} ¢} Uj = - Pj 
8uj C1 

87-1. = 0 1 
¢} -C2U2 + P2 = 0 ¢} U2 = -P2 

8U2 C2 

87-1. = 0 1 
¢} - C3U3 + P3 = 0 ¢} U3 = - P3 · 

8U3 c3 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

(7.8) 

Substituting Uj, U2 and U3 into (7.8) gives (7.4), which combined with Propositions 1.3.6, 1.3.4 and 

1.3.7 gives 
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and using the P oisson bracket relations from (3.11) we get (7.5), (7.6) and (7.7) . o 

7.3 The solution to the extremal equations 

PROPOSITION 7.3 .1. Considering the case where C = CI = C2 = C3, we can rewrite equations (7.5), 

( 7. 6) and (7.7) as 

which have no non-constant solutions. 

PROPOSITION 7.3.2 . Considering the case where CI = C2 =I C3 , we can rewrite equations (7.5), (7.6) 

and (7.7) as 

which have the solutions 

PI = C2 - C3 P2P3 (0) 
C2 C3 

P2 = C3 - CI PIP3 (0) 
CI C3 

P3 = 0, 

PI (t) = PI (0) cosh ( (CI - C3)~ C2) P3(0)) t 
v CIC2 C3 

_ P
2 

(0) CI (C2 - C3) sinh ( ";'C-I C-2 '( C-I ---C-3") (~C3---C'2 )C-:p,"""370( 0"")) t 

CIC2(CI - C3)(C3 - C2) CI C2C3 

P
2
(t) = PI (0) C3(C3 - cd sinh ( JCI C2(CI - C3)(C3 - C2)P3(0)) t 

CI C2(C2 - C3)(C3 - CI) CIC2C3 

+ P
2

(O) cosh ((C] - C3)~ C2)P3(0) ) t 
v CI C2 C3 

P3(t) = P3(0). 

Similar results hold for the cases where CI =I C2 = C3 and C3 = CI =I C2· 

PROOF: Equations (7.9), (7. 10) and (7.11) in matrix form become 

[
P I ] = [ 0 ~P3(0)] [PI] . 
P, C3 - CJ P, (0) 0 P, 

2 ClC3 3 2 

(7.9) 

(7.10) 

(7.11) 

Since P (t) = exp(tA) Po is the only solution of P = AP, prO) = Po , (using Mathematica) the 
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solution can be written as 

X [Pl (0)] . 
P2 (O) 

o 

The beginning of the proof of Theorem 7.3.1 is based on similar ideas found in [18J and [19J. However, 

the integration using elliptic functions is original (with reference to [12]). 

THEOREM 7.3.1. The equations {7.5}, {7.6} and {7.7}, where CI # C2 # C3, can be integrated via 

elliptic functions. More exactly, 

CASE lA (r): C3 > c2 , c3 > C1 and C1 > C2· 

If C2(C1 - c3)pi < C3(C2 - CI)P:}, then 

where 

P3 = bnd ( 

and/or P3 = adn ( 

2 c3(K - 2HC2) 
a = --"-''------=­

c3 - c2 

or if C3(C2 - ctlP:} < C2(C1 - c3)Pi, then 

and/or 

where 

CASE lA(U): C3 > C2 > CI. 

and b2 = c3(K - 2HCI), 
C3 - C1 

and b2 = c3(K - 2Hc2) . 
C3 - C2 
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where 

P3 = bnd ( 

and/or P3 = adn ( 

2 C3(K - 2HcI) 
a = --'-'----'-'­

c3 - C! 

or if C3(CI - C2)P? < CI(C2 - c3)Pi , then 

and/or 

where 
2 c3(2HC2 - K) 

a = --'-'----=----'­
C3 - c2 

CASE IB (r) : c3 < C2, c3 < Cl and C! < C2. 

If C3( C2 - CI) P? < C2(CI - c3)Pi, then 

where 

P3 = bnd ( 

and/or P3 = adn ( 

2 C3(K - 2Hc2) 
a = --'-'----= 

c3 - c2 

or if C2(CI - c3) pi < C3(C2 - CI )??, then 

and/or 

and b2 = c3(K - 2Hc2), 
C3 - C2 

and b2 = c3(K - 2Hctl. 
C3 - CI 

97 
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where 
2 c3(2'HCI - K) 

a = 
C3 - CI 

CASE IB (n ): C3 < Cz < CI-

If C3(CI - c2)Pl < q(cz - C3)P:l!' then 

where 

P3 = bnd ( 

and/or P3 = adn ( 

2 c3(K - 2'HCI) 
a = 

C3 - CI 

or iJ CI(C2 - C3)P? < C3(CI - C2)Pf, then 

and/or 

where 

where 

or 

P3 = bsn( 

and/or P3 = bed ( 

a2 = 
c3(K - 2'Hc2) 

C3 - C2 

a2 = 
c3(K - 2'HcI) 

C3 - CI 

and b2 = c3( K - 2'HC2) . 
C3 - C2 

and bZ = c3(K - 2'HCI). 

C3 - CI 

and b2 = 
c3(K - 2'HcIl 

, 
C3 - el 

and b2 = q(K - 2'Hc2) , 
C3 - Cz 

MSc 2009 

b < a, 

b < a. 
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Finally, 

PROOF: Multiplying the Hamiltonian (7.4) by 2CIC2C3 gives 

(7.12) 

Using the Casimir function on 50 (3)* (Prop. 3.3.1), 

(7.13) 

and rearranging for Pl, we substitute into (7.12) and solve for P{: 

C2C3 (K - P{ - pi) + Cl C3P{ + C} c2pi = 2Hcl C2C3 

'* P{ = C2 C3 - CIC2 ( KC3 - 2HcIC3 _ Pi) . (7.14) 
C2C3 - CIC3 C3 - Cl 

We rearrange (7.13) for P{, substitute into (7.12) and solve for P'f: 

C2 C3Pi + CIC3(K - pl - pi ) + clc2 pi = 2HC}C2C3 

'* pi = Cl C3 - Cl C2 (K C3 - 2Hc2C3 _ Pi) . (7.15) 
CIC3 - C2C3 C3 - C2 

Squaring equation (7.7), 

p2 _ ( Cl - C2)2 p 2p,2 
3- C]C2 12 ) 

and substituting in equations (7.14) and (7.15) leaves us with 

Let us consider the sign of the constant. 
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CASE 1: negative constant 

(C3 - C2)(C3 - C1) 0 
2 > 

c1 C2C3 

'* (C3 - C2)(C3 - C1) > 0 

<* c3 > C2 and C3 > C1 or C3 < C2 and C3 < C1· 

Due to the negative constant, (7.16) can be rearranged in the following ways: 

Let us consider each equation and its solution independently. 

CASE 1A: c3 > C2 and C3 > C1 · 

Eq. (7.17) corresponds to the elliptic integrals (1.8) and (1.9): 

where 

2 K C3 - 27-£C2C3 d b2 K C3 - 27-£C1 C3 
a = > 0 an = > O. 

C3 - C2 C3 - C1 

MSc 2009 

(7.17) 

(7.18) 

(7.19) 

(7.20) 

(7.21) 

(7.22) 

Substituting a2 and b2 (and further (7.12) and (7.13)) into b :0; P3 :0; a (from (7.21) and (7.22)), 

and simplifying gives: C2 < C1 . 

CASE 1A(r): C3 > C2, C3 > C1 and C1 > C2 · 

Substituting (7.12) and (7.13) into a2 > 0 and b2 > 0, and simplifying gives the constraints 

Therefore, a2 > 0 is always satisfied. 
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From (7.17) and (7.21) we determine P3 : 

(We do not consider F3 = - Jf7(c;::3-c:::c~"~;:::~i,---:cc''')-:(-a2-::---P-ff:-:)-(;-P--::ff:-_-b2::7) as it can be checked numerically 

that this does not contribute any new solutions.) 

F3 = (C3 - C2)(C3 - Cl) (a2 _ P2) (P2 _ b2) 
CIC2 C§ 3 3 

1 l p3 dP3 t = 
(C3-C2Hc3-Cl~ b J(a2 - Pff)(Pl- b2 ) 

CI C2C~ 

1 1 nd- l (P3 Va
2 

- b
2

) t = 
(C3 C2}(C3 c,) a b ' a 

Cl c2c5 

P3 bnd ( 
(C3 - C2)(C3 - cd Va2 - b2) 

=> = 2 at, . 
ClC2C3 a 

Similarly, from (7.17) and (7.22) we can also determine P3 : 

P3 = adn ( 

Case (7.18) (i.e., CASE I(A)(n) (the first part)) is easily deduced from case (7.17) (i.e., CASE 

l(A)(I) (the first part)) by swapping C1 and C2. 

Eq. (7.19) corresponds to the elliptic integrals (1.5) and (77): 

(7.23) 

(7.24) 

where 

Substituting b2 (and further (7.12) and (7.13)) into 0 $ P3 $ b (from (7.23) and (7.24)), and 

simplifying gives: Cl < c2· 

CASE lA(n): c3 > C2, C3 > Cl and C2 > Cl· 

Substituting (7.12) and (7.13) into a2 > 0 and b2 > 0, and simplifying gives the constraints 
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Therefore, b2 > 0 is always satisfied. 

From (7.19) and (7.23) (following the same approach as before) we determine P3 : 

P3 = sd ab ( 
Ja2 + b2 

Similarly, from (7 .19) and (7.24) we can also determine P3 : 

P3 = bcn( 

Case (7.20) (i .e. , CASE I(A)(J) (the second part)) is easily deduced from case (7.19) (i.e., CASE 

l(A) (n) (the second part)) by swapping C1 and C2. 

CASE IB: c3 < C2 and C3 < C1· 

As we have seen, eq. (7.17) corresponds to the elliptic integrals (7.21) and (7.22), where 

2 KC3- 27iC2 C3 0 d b2 KC3-27iC1C3 0 a= > an = >. 
C3 - C2 C3 - C1 

Substituting a2 and b2 (and further (7.12) and (7.13)) into b S; P3 S; a (from (7.21) and (7.22)), 

and simplifying gives C1 < C2· 

CASE IB(J): C3 < C2, C3 < C1 and C1 < C2· 

Substituting (7.12) and (7.13) into a2 > 0 and b2 > 0, and simplifying gives the constraints 

Therefore, a2 > 0 is always satisfied. 

From (7 .17) and (7.21) (following the same approach as before) we determine P3 : 

P3 = bnd ( 

Similarly, from (7.17) and (7.22) we can also determine P3 : 

P3 = adn ( 

Case (7.18) (i.e., CASE I(B)(n) (the first part )) is easily deduced from case (7.17) (i.e., CASE 

l(B)(J) (the first part)) by swapping C1 and C2 . 
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As we have seen, eq. (7.19) corresponds to the elliptic integrals (7.23) and (7.24), where 

Substituting b2 (and further (7.12) and (7 .13)) into 0 :::: P3 :::: b (from (7.23) and (7.24)), and 

simplifying gives C2 < CI· 

CASE 1B(n): c3 < C2 , C3 < CI and C2 < Cj. 

Substituting (7.12) and (7.13) into a2 > 0 and b2 > 0, and simplifying gives the constraints 

Therefore, b2 > 0 is always satisfied. 

From (7.19) and (7.23) (following the same approach as before) we determine P3 : 

P3 = sd ab ( va2 + b2 

Similarly, from (7.19) and (7.24) we can also determine P3 : 

P3 = bcn ( 
(C3 - C2)(C3 - cIl (2 b2 ) b) 
-'--"---"-'.~2---"-'- a + t, . 

CIC2C3 va2 +b2 

Case (7.20) (i.e., CASE l(B)(I) (the second part)) is easily deduced from case (7.19) (i. e., CASE 

l (B)(n) (the second part)) by swapping CI and C2. 

CASE 2: positive constant 

(C3 - C2)(C3 - cIl < 0 

CI C2C~ 

=> (C3 - C2)(C3 - CI) < 0 

<=> C2 < C3 < CI or CI < C3 < C2· 

Due to the positive constant, (7.16) can be rearranged in the following ways: 

= 

Let us consider each equation and its solution independently. 

(7.25) 

(7.26) 
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CASE 2A: c2 < c3 < cl. 

Eq. (7.25) corresponds to the elliptic integrals (1.2) and (1.4): 

(7.27) 

(7.28) 

where 

2 K C3 - 21-1.C2C3 0 d b2 K C3 - 21-1.CI C3 0 a= > an = >. 
~-~ ~-~ 

There is no need to substitute a2 and b2 {and further (7.12) and (7.13)) into 0 :::: P3 :::: b < a {from 

(7.27) and (7.28)), since we already have the relationship between CI and C2. 

Substituting (7.12) and (7.13) into a2 > 0 and b2 > 0, and simplifying gives the constraints 

Notice that a2 > 0 and b2 > 0 are always satisfied, therefore, there is no need to consider other 

elliptic integrals . 

From (7.25) and (7.27) (following the same approach as before) we determine P3 : 

Similarly, from (7.25) and (7.28) we can also determine P3 : 

P3 = bCd( 
-'-{ C-,,-3 _-_C-=-2 )'-'{-;C3i------'CIC"-) b ) 
- 2 at, - . 

CrC2c3 a 

Case (7.26) is easily deduced from case (7.25) by swapping a2 and b2 . 

CASE 2A and CASE 2B (i.e., cI < c3 < C2) yield the same result . 

Finally, we obtain PI and P2 by substituting P3 into (7.15) and (7.14), respectively. 

7.4 Numerical solutions to the extremal equations 

o 

In the appendix, I have included the MATLAB code (appendix B) used to generate graphs (appendix 

C) of the solution to the extremal equations ({7.5), (7.6), (7.7)) . SECTION 1 of the code plots the 
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solution for arbitrarily chosen CI, C2, C3 and initial values using a MATLAB solver. In SECTION 2, 

the same constants are used, but we substitute them into Theorem 7.3.1 (incl. (7.12) and (7.13)) 

and plot the result. In both sections the individual components PI, P2, P3 are plotted on one set of 

axes, followed by the solution curve P(·) plotted on a seperate set of axes. In the instance where 

either PI or P2 cut the x-axis the negative curve needs to be plotted, as this forms part of the 

solution (otherwise, the negative of the curve does not satisfy the chosen initial values). In the 

conclusion, the plots produced by the MATLAB solver are compared to those from Theorem 7.3.1 

- this will help us gauge the accuracy of the results in the theorem. 

7.5 The solution to the left- invariant optimal control problem 

Proposition 7.5.1 has been derived from a similar result found in [9]. 

Assume first that K # O. Recall (from section 3.4) that the solution curve on 50(3) is given by 

(7 .29) 

where g(t)P(t)g-1 (t) = A, and we are implicitly assuming that A is not linearly dependent on E2. 

PROPOSITION 7.5.1. Suppose that (g(-), P(-)) is an extremal curve such that g(t )p(t)g-I (t) = A, 

then <PI (-), <P2(-) and <P3(-) are given by the following differential equations: 

PROOF: We calculate the derivative of (7.29) , 

1 . 'A¢ E ~ E ~ . . 9 = jKA9<P1 + eTK 'e 2~2E2e 3~3<p2 + gE3<P3, 

which can be rewritten as 
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and applying the hat mapping (Def. 2.2.1) gives 

sin¢3 

COS¢3 

o 

MSc 2009 

The first two equations can be solved for ¢l and ¢2; ¢I is substituted into the third equation to 

obtain the final result. 0 

This set of differential equations is solved using numerical techniques, but this goes beyond the 

scope of what we are interested in achieving here. 

Recall (from section 3.4) that when K = 0, it is assumed that A = EI - E3. The required set of 

differential equations is then obtained from Proposition 7.5.1 by substituting in ffi = 1. 

7.6 Stability 

Theorems 7.6.1-7.6.3 have been derived from similar results and ideas found in [191 and [201. 

The equilibrium states for the system (7.5), (7.6) and (7 .7) are: 

Pel = (M, 0, 0), Pe2 = (0, M , 0) and Pe3 = (0,0, M), M ER 

THEOREM 7.6.1. The equilibrium state Pel = (M, 0, 0) is non-linear stable if CI > C2, CI > C3 or 

C2 > CI, C3 > CI, M # o. 

PROOF: STEP 1. For any arbitrary smooth function <p : JR -> JR, the function K<p, defined by 

gives a family of Casimir functions on so(3)' (Prop. 3.3.1, Prop. 1.4.3, Def.1.3.13). 
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STEP 2. We want to find a single K <p such that the energy-Casimir function , 

has a critical point at the equilibrium of interest . 

Now, we calculate the first derivative of 1-1. + K<p : 

and this equals zero at the equilibrium of interest if and only if 

. (1 2) 1 
rp 2M = - CI' 

STEP 3. Next , using (7.30), we can calculate the second derivative of 1-1. + K <p : 

D2(1-I. + K <p)(p) . Jp = dd (~Jl (PI + tJtl + ~J2(P2 + tJ2) + ~J3(P3 + tJ3)) 1 
t CI C2 C3 ' = 0 

+ ! (JI (PI + t61) + 02 (P2 + t62 ) + 63(P3 + t63)) 

x <jJ G((PI + t61? + (P2 + t62? + (P3 + t63?)) 1,=0 

1 -2 1 -2 1 2 -2 2 2· (1 2 2 2 ) = -~I + -~2 + - J3 + ( ~I + J2 + 63)rp -2 (PI + P2 + P3) 
CI C2 C3 

107 

(7.31) 

+ (JIPI + J2 P2 + J3P3)20 G (Pf + pi + Pt) ) . (7.32) 

Using (7.31), the second derivative of 1-1. + K <p at the equilibrium of interest is 
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Thus, having chosen that 

o GM2) > 0, 

this quadratic form is positive definite if and only if Cl > C2 and C1 > C3. Consequently, 

satisfies the above conditions and the second derivative of H + K<p is positive definite. 

Otherwise, having chosen that 

this quadratic form is negative definite if and only if C2 > C1 and C3 > C1. Consequently, 

satisfies the above conditions and the second derivative of H + K <p is negative definite. o 

THEOREM 7.6.2. The equilibrium state Pe2 = (0, M , 0) is non-linear stable if C2 > C1, C2 > C3 or 

Cl > C2, C3 > C2, M ol O. 

PROOF: Theorem 7.6.1 covers STEP 1 and the first part of STEP 2 for this proof. 

STEP 2. Eq. (7.30) equals zero at the equilibrium of interest if and only if 

. (1 2) 1 
'P 2M = - C2' (7.33) 

STEP 3. Using (7.33), the second derivative of H + K <p (7.32) at the equilibrium of interest is 

( 
1 1) 2 ( 1 2) 2 -2 ( 1 1 ) -2 - - - 6l + 0 - M M 02 + - - - 03 . 
CJC2 2 C3C2 

Thus, having chosen that 

this quadratic form is positive definite if and only if C2 > Cl and C2 > C3. Consequently, 

satisfies the above conditions and the second derivative of H + K <p is positive definite. 
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Otherwise, having chosen that 

'P GM2) < 0, 

this quadratic form is negative definite if and only if Cl > C2 and C3 > C2. Consequently, 

satisfies the above conditions and the second derivative of 7t + K", is negative definite. o 

THEOREM 7.6.3. The equilibrium state Pe3 = (O ,O, M) is non-linear stable if C3 > Cl, C3 > C2 or 

Cl > C3, C2 > C3, M # O. 

PROOF: Theorem 7.6.1 covers STEP 1 and the first part of STEP 2 for this proof. 

STEP 2. Eq. (7.30) equals zero at the equilibrium of interest if and only if 

. (1 2) 1 
<p 2M = - C3' (7.34) 

STEP 3. Using (7.34) , the second derivative of 7t + K", (7.32) at the equilibrium of interest is 

Thus, having chosen that 

'P GM2) > 0, 

this quadratic form is positive definite if and only if C3 > Cl and C3 > C2. Consequently, 

satisfies the above conditions and the second derivative of 7t + K", positive definite. 

Otherwise, having chosen that 

'PGM2) <0, 

this quadratic form is negative definite if and only if Cl > C3 and C2 > C3. Consequently, 

satisfies the above conditions and the second derivative of 7t + K", negative definite. o 
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Conclusions 

In this chapter, I allow C2 ---> 00 in the Type lIb case and compare it to the Type I case by 

examining the extremal equations, the explicit solutions to the extremal equations, the sets of 

differential equations that give the Euler angles and the stability results. Similarly, I allow C3 ---> 00 

in the Type III case and compare it to the Type IIa case. I discuss the graphical output in appendix 

C and summarize the results in a table. The chapter ends with some final remarks and possible 

avenues for further research. 

Comparison between Type I and Type lIb 

The extremal equations 

If I allow C2 ---> 00 in Theorem 6.2.1 , it is easy to see that the theorem reduces to Theorem 4.2.l. 

Therefore, provided I allow C2 ---> 00, it would make sense that the solutions to the extremal equations 

for the Type I and Type lIb cases are equivalent. 

The solution to the extremal equations 

If I allow C2 ---> 00 in Theorem 6.3.1, CASE (I): Cl > C2 becomes obsolete. However, in CASE (lJ) : 
C2 > C1 (the first part) I make the following changes to the conditions: 

'H - C2 < _ V'H2 - K c~ -1 < 0 

'H - Cl > V'H2 - K remains unchanged, and 

'H - C2 + y''H2 - K 'H - Cl + y''H2 - K 

'H - C2 - y''H2 - K < 'H - C1 - y''H2 - K 

111 

'H - Cl + y''H2 - K 
1 < . 

'H - Cl - y''H2 - K 
(7.35) 
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These final two restraints were the only remaining conditions in the proof to Theorem 4.3.1. The 

values for PI and P2 (Theorem 6.3.1) can be rewritten and reduced to 

which is equivalent to Theorem 4.3.1. Now, for P3 , a2 and b2 have been checked (7.35), Q and (3 
are the same, and V AIA2 (Theorem 6.3.1) can be rewritten and reduced to 

(* - 1 - ~) (H - c, - VH2 - K) 
4(H' - K) 

- H + c, + VH' - K -.JC2 - ---,:-2;;;----;-:c;--

where Fz cancels in P3 , yielding equal P3 values in both theorems. 

Thus, CASE ( II ) : C2 > CI (the first part) corresponds to Theorem 4.3.1. 

CASE (II): C2 > CI (the second part) cannot hold, since 

-)1-1.2 - K < 1-1. - C2 < )1-1.2 - K C2~r 0 < - 1 < O. 

T herefore, provided I allow C2 ---> 00, Theorem 6.3.1 reduces to Theorem 4.3.1. 

The solution to the left-invariant optimal control problem 

4(H2 - K) 

Consider the sets of differential equations from Proposition 4.5.1 and P roposition 6.5.1. Rewriting 

the set of differential equations from Proposition 6.5.1 as 

and allowing C2 ---> 00, reproduces Proposition 4.5 .1. 

Stability 

If I allow C2 -> 00 in Theorems 6.6.1 , 6.6.2 and 6.6.3, the results reduce to the following: 

Theorem 6.6.1: The equilibrium state Pel = (M, 0, cJ) is non-linear stable. 



JK Rodgerson 113 

Theorem 6.6.2: This theorem becomes obsolete. 

Theorem 6.6.3: The equilibrium state Pe3 = (0,0, M) is non-linear stable if ME (- 00,0) U (0, cd, 

(assuming that CI < cz) . 

These statements correspond exactly to those in section 4.6 (Theorems 4.6.1 and 4.6 .2). 

Of course, the energy-Casimir method only provides sufficient conditions for non-linear stability, so 

it would be interesting to further investigate the stability properties of these equilibrium states in 

the instances not covered in the theorems. 

Comparison between Type IIa and Type III 

The extremal equations 

If I allow C3 --> 00 in Theorem 7.2.1, it is easy to see that the theorem reduces to Theorem 5.2.l. 

Therefore, provided I allow C3 --; 00, it would make sense that the solutions to the extremal equations 

for the Type Ira and Type III cases are equivalent. 

The solution to the extremal equations 

If I allow C3 --; 00 in Theorem 7.3.1, CASE IS(I), CASE Is(n) and CASE 2 become obsolete. 

However , CASE lA(I) and CASE lA (n) will be compared to CASE (I) and CASE (n) of Theorem 

5.3.1, respectively. 

CASE lA(I) (the first part) (Theorem 7.3.1) can be rewritten and reduced to: 

If (C~;2 - cz) Pi < (cz - CI)P:?, then 

where 

P3 = bnd ( 

and/or P3 = adn ( 

Allowing C3 --; 00 gives: 

1 f2. £J.. + "1<'.2 ) - C3 - C3 Of vaz - bZ 
----~--~~~at , , 

CICZ a 

and b2 = K - 2H.CI 
1 - £J.. . 

C3 
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P3 = bnd (V-1- at, -'-.v_a
2
_-_b_

2
) 

CIC2 a 

and/or P3 = adn (v-1
-at, va

2 

- b
2

), 
C1C2 a 

where 

This corresponds to Theorem 5.3.1 , CASE (I) (the first part). Similarly, the remaining cases (i.e. , 

CASE 1A(r) (the second part) and CASE 1A(H)) can be simplified and compared to Theorem 5.3.1, 

always yielding positive results. 

Now, the values for P1 and P2 (from Theorem 7.3.1) can be rewritten and reduced to 

which is equivalent to Theorem 5.3.1. 

Therefore , provided I allow C3 --> 00, Theorem 7.3.1, CASE lA, reduces to Theorem 5.3.1. 

The solution to the left-invariant optimal control problem 

Consider the sets of differential equations from Proposition 5.5.1 and Proposition 7.5.1. 1>1 and 1>2 
are the same. However, rewriting rP3 from Proposition 7.5.1 as 

and allowing C3 --> 00, reproduces Proposition 5.5.1. 

Stability 

If I allow C3 --> 00 in Theorems 7.6.1 , 7.6.2 and 7.6.3, the results reduce to the following (in each 

theorem, I assume that C3 > C1 and C3 > C2, for comparison purposes): 

Theorem 7.6.1: The equilibrium state Pel = (M , 0, 0) is non-linear stable if C2 > C1· 

-
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Theorem 7.6.2: The equilibrium state PeZ = (0, M, 0) is non-linear stable if Cl > Cz. 

Theorem 7.6.3: The equilibrium state Pe3 = (0,0, M) is non-linear stable. 

These statements correspond exactly to those in section 5.6 (Theorems 5.6.1, 5.6.2 and 5.6.3). 
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Of course, the energy-Casimir method only provides sufficient conditions for non-linear stability, so 

it would be interesting to further investigate the stability properties of these equilibrium states in 

the instances not covered in the theorems. 

Numerical results 

I found the approach of substituting numerical values into Theorems 4.3.1, 5.3.1 , 6.3.1 and 7.3.1 

(appendix B) and producing the graphs (appendix C) , to be a particularly helpful way of revealing 

what I may have overlooked when constructing the proofs to these theorems. 

In chapter 3, I made the observation that the co-adjoint orbits of SO(3) are spheres, and that P(·) is 

contained in the co-adjoint orbit of SO (3) through P(O). Therefore, it makes sense that the solution 

curves ((b), (d) and (f) in appendix C) appear to lie on a sphere. However, it was surprising that 

these curves were closed in all instances. From these findings, I would conjecture that in general 

the solution curve to the extremal equations is a closed curve contained in the co-adjoint orbit of 

SO (3) through P(O). 

Referring to appendix C, I compare the solution curves (d) and (f) (from the theorems) to (b) 

(outputted by the MATLAB ODE45 solver). The J acobi elliptic functions dc and ns (Type I and 

Type lIb), similarly, sn and cd (Type III) always give equally accurate solutions. However, the 

output of the Jacobi elliptic function en is much closer to the desired solution than that of sd 

(Type IIa and Type III). Similarly, with nc and ds, where nc is more accurate. Lastly, a portion 

of each of the solutions corresponding to the nd and dn Jacobi elliptic functions contribute toward 

the result (Type IIa and Type III), which makes sense as they are inverses of one another. I have 

given these results in more detail in Table 7.1 (on the next page). 

Although the numerical results (appendix C and Table 7.1) point towards a. specific solution, I have 

not found a way to determine, on an algebraic level, which combination of Jacobi elliptic functions 

would give the most accurate result. Therefore, it would be helpful to read Theorems 4.3.1, 5.3.1, 

6.3.1 and 7.3.1 in conjunction with Table 7.l. 
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Type Case First Jacobi Positive Second Jacobi Positive 
elliptic function result? elliptic function result? 

I dc Yes ns Yes 
I (the first part) nd Partly dn Partly 

lla 
I (the second part) sd Partly en Yes 
II (the first part) nd Partly dn Partly 
II (the second part) sd Partly en Yes 
I (the first part) de Yes ns Yes 

IIb 
I (the second part) nc Yes ds Partly 
II (the first part) de Yes ns Yes 
II (the second part) nc Yes ds Partly 
1 (A)(I) (the first part) nd Partly dn Partly 
I(A)(I) (the second part) sd Partly en Yes 
I(A)(II) (the first part) nd Partly dn Partly 
I (A)(II ) (the second part) sd Partly en Yes 

III 
1(8) (1) (the first part) nd Partly dn Partly 
1(8)(1) (the second part) sd Partly en Yes 
1(8)(11) (tbe first part) nd Partly dn Partly 
1(8) (11) (the second part) sd Partly en Yes 
2 (C2 < C3 < C1) sn Yes cd Yes 
2 (C1 < C3 < C2) sn Yes cd Yes 

Table 7.1: Summary of appendix C 

Final remarks 

I used the Weierstrass elliptic function to solve the extremal equations in the Type I case only, as it 

was not possible to use this exact approach for the other types. However, I am aware that there is 

a deeper link between the Weierstrass and Jacobi elliptic functions, and although I did not examine 

this, it might provide another means of solving the extremal equations. 

Lazureanu and Puta [13J nse Definition l.6.4 to solve the extremal equations. This gives an alternate 

and fairly simple way of solving the equations using the systems definition of the Jacobi elliptic 

functions. I only recently became aware of this different approach taken in the literature, so I was 

unable to give it more attention. 

L astly, it would be interesting to solve the sets of differential equations presented in Propositions 

4.5.1, 5.5.1 , 6.5.1 and 7.5.1 , and to obtain specific expressions for gO. 
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Mathematica Code 

Given below is the Wolfram Mathematica 7. a code that was used to help solve the extremal equations 

in the proofs of Theorems 4.3.1 and 6.3.1. 

Type I 

CASE (4.13): 

sol = Solve [-Y' 2 - 2(H - C1)A + 2Hc1 - K -c1"2 == O, AJ 

{ { A --> C1 - J H2 - K - H} , { A ---> C1 + ..; H2 - K - H} } 

{x" 2 + (2C1 - A2)x/( -1) + (K - 2Hc1 + A2H)/(- 1)} ;'sol 

Factor[%J 

( 
2H2_2XH + 2JH2 _ KH + x2_K-2JH2 _ KX) 

2H2 - 2xH - 2JH2 - KH +x2 - K + 2JH2 - Kx 

L = A;'sol 

{c1 - JH2 - K - H, C1 + J H2 - K - H} 

A1 := L [[l JJ 

A2 :=L[[2]] 

A1 = FullSimplify [A2/ (A1 - A2)J 

_cl+\~-H 
2vH'-K 

A2 = FullSimplify [1 / (A2 - A1) J 

1 
2vH'- K 

B1 = FullSimplify [Ad (.\2 - A1) J 

ll7 



118 

CJ-~-H 
2,,(H'-K 

B2 = FullSimplify [1 /(>.'1 - A2) J 

2,,(H' K 

-BJ/AI 

c]-~-H 
Cl +JH'l K H 

AIA2 

c,+.JH2.:K-H 
- 4(H' K) 

Type lIb 

CASE (6.18): 

Appendix A : Mathematica Code 

{x~2+ (2C2 - A2cllx/(A - 1)+ (K - 2Hc2 - A(K -2HCJ ))/(A -l)}f.sol 

Factor[%J 

FullSimplify[%J 

( 

2J(H'-K)(C] -c,)'(x- H)+(2H' -2xH+x' - Kh +( -2H' +2xH-x'+K)c, ) 
CI C2 

2J(H'-K)(cl-c,)'(H -x)+(2H' -2xH +x' - K)c] +( - 2H'+2xlI -x'+K)c, 
Cl C2 

L = Aj.sol 

{ 
y(cl-c,)'(lI'-K)-c,H +C](c,-H)+!< - Y (C] -c,)'(H' K )-c, H+C] (c,-H)+K } 

2CIH+ci+K ' 2c1H+ci+K 

AI: = L[[2]] 

A2:=L [[1]] 

Al = FullSimplify [A2 (AI - 1) / (A2 - AI) J 

(C ] -c,)(H-c')-V(cl-c,)'(H'-K) 

2V(CI-C2)'(H'-K) 

A2 = FullSimplify [(AI - 1) / (AI - A2)J 

V(cl-c,)'(H'-K)-C] (c,+ lI )+c,H +cI 

2J(cI c,)'(H' K ) 

BI = FullSimplify [AI (A2 - 1) / (AI - A2) J 
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_ V(c, c2)' (H ' K )+(CI-C2)(H -c, ) 

2V(cI-C2) ' (H2_K ) 

B 2 = FullSimplify [(),2 - 1) I (),2 - ),l )J 

V(C) -c,)'(H L K )+(cl-c,)(H -C)) 

2V(C) -c,)'(lI L K ) 

-Bli Al 

(C) -C2) ' (Il L J< )+(CI-c,)(H - c,) 

(CI c2)(11 c,) (CI c2)'( H ' K ) 

- B 2IA2 

y'''( C-:-I---:CC2") ,"( H=' - J<"')+( CI -C,) (H -cll 
V(CI-c,)'( H ' -K)-c, (c,+ H )+c,H +c; 

A lA2 
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(C) - c2)(H -C2)-V (CI -C,)'(H'-K ) V (CI-c,)'( H' - K )-cI(c,+H )+c, f!+c; 

4(cl-c,) (H - K ) 

CASE (6.19) : 

{x/\2 + (2cI - ),2C2) xl( )' - 1) + (K - 2H Cl - ), (K - 2H c2 ))1 (), - I )} ;'501 

Factor [%J 

FullSimplify[%J 

( 

2V( H'- J< )(cl-c,)'(11 -x)+(211'-2x H+x'-J<)cI +( - 2H'+2x H -x'+K)c, ) 
Cl C2 

2V(H'- J< )(C, -C2)'(x-H )+(2H' -2xll+x' - K )cI +( - 211'+2xH - x 2+ K) C2 
Cl C2 

L = ),;'501 

{ 
V(C] c,)'(H ' J< ) c, H+C)(c,-H )+K -V(CI 

2C2 H+4+K ' 

),1:=L[[2J] 

),2:=L[[ IJ] 

Al = FullSimplify [),2 (),l - 1) I ( ),2 - ), l)J 

- V (cl-c2)'(H ' - K )-cI (c,+H )+c, H +c; 
2V(c, ",)'(H ' J< ) 

A 2 = FullSimplify [(),l - 1) I (),l - ),2)J 

2 (cl-c,)'( H' - I< ) 

Bl = FullSimplify [), l ( ),2 - 1) I (), l - ),2)J 

V(c,-c,)'( H'-J<)-cI(c,+ H )+C2 H +c; 

2V(c, - c,)'(H'- J< ) 

c,)'(H' J< ) C' lI+CI(C'-lI )+J<} 
2C2H+c~+ /( 
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(e, - e,}'(H' - K}+(e, -C} }(H -e, ) 

2 (e, - e,}'(H '-K) 

- B d .41 

v(e,-e,}'(H ' - K }-e, (e,+ H }+e,H +e1 

- v(e, -e,}'(H'-K }-e, (e,+ H }+e,H +e1 

-B2/.42 

_ y(e, e,)'(H'- K}+(e, -e,)(H-e,} 

v(e, e,}'(H' K }+(C} e,}(H e,} 

Al.42 

Appendix A : Mathematica Code 

..j"(e-,--e-,"}'''(H''''' --;K'''}+(el -e, }(H -e,} -..j(c, -e,}'(H L K }- C} (e,+ H }+e, H +e1) 

4(CI -C2 H -K) 
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Appendix B 

MATLAB Code 

Given below is the MATLAB 7.4 .0 code that was used to help check the results of Theorems 4.3.1 , 

5.3.1,6.3.1 and 7.3.1. 

T he extremal equations are non-stiff in nature, therefore, in the code below, I have chosen to use 

the ODE45 solver to solve these systems. T his is the most common solver in use for this type of 

system, and it has medium accuracy. 

Type I 

Typel.m 

function P = TypeI(t, p, c1) 

P = zeros(3,1); 

P(l) = p(2); 

P(2) = (1/c1)*p(1)*p(3)-p(1) ; 

P (3) = -(1/ c1)*p(1 )*p(2); 

SECTION 1: 

legend('P1 ' , 'P2 ', 'P3 ') 

(Delete graph window) 

plot3 (p(:,1),p( :,2),p(: ,3)) 

xlabel('P 1') 

ylabel( 'P2 ') 

zlabel('P3 ') 

S ECTION 2: 

The l'vIATLAB code used to produce Figure Th fi t il ' t ' fu t' d e rs e Ip IC nc IOn: c 
C.1(a) and Figure C.1 (b) : 

Command window: 

c1 = 2; 

it , pJ = ode45(@TypeI ,[O lOJ,[4 0 1J,O ,c1); 

plot( t ,p(: ,1),' - ' , t,p(: ,2), '-. ' ,t,p (: ,3),' .') 

xlabel('Time') 

ylabel('Output') 

The MATLAB code used to produce Figure 

C.1(c) and Figure C.1(d) (rounding to four dec­

imal places) : 

Command window: 

t = linspace(0,10,100); 

[s,c,dJ = ellipj (1. 7071 *t,O.1716); 

P3 = (7.8284-12.6569* (d. /c))./(1-5.8284*(d. / c) ); 
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P2 = sqrt(-3 + 4. *P3-P3*P3); 

PI = sqrt(20 - 4.*P3); 

plot(t,Pl ,'-' ,t,P2, '-.' ,t,P3,'. ') 

hold 

Current plot held 

plot(t,P l , '-' ,t ,-P2,'- .' ,t ,P3,' . ') 

xlabel('Time') 

ylabel('Output') 

legend('P1 ' ,'P2 ' ,'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

hold 

Current plot held 

plot3(P1,-P2,P3) 

xlabel('Pl ') 

ylabel('P2 ') 

zlabel(,P3') 

The second elliptic function: ns 

Appendix B : l\!ATLAB Code MSc 2009 

Command window: 

t = linspace(0,1O,100); 

[s,c,d] = ellipj(1. 7071 *t,0.1716); 

P3 = (7.8284-12.6569*(1./s) )./(1-5.8284. *(1. /s)) ; 

P2 = sqrt(-3 + 4*P3-P3* P3); 

PI = sqrt(20 - 4. *P3); 

plot{t,Pl , '-' ,t ,P2, '-.' ,t,P3 , (.') 

hold 

Current plot held 

plot(t,Pl , '-' ,t,-P2, '-. ',t,P3,' . ') 

xlabel('Time') 

ylabel('Output ') 

legend('Pl ', 'P2 ' ,'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

hold 

Current plot held 

plot3(Pl,-P2,P3) 

The MATLAB code used to produce Figure xlabel('P1') 

C.1(e) and Figure C.1(f) (rounding to four deci- ylabel('P2 ') 

mal places) : 

Type IIa 

TypelIa.m 

function P = TypelIa(t,p,c1,c2) 

P = zeros(3,1); 

P (l ) = -(1/c2)*p(2)*p(3); 

P (2) = (l /cl)*p(1)*p(3); 

P (3) = ((1/ c2)-(1/c1))*p(I) *p(2); 

CASE (I) (the first part) 

SECTION 1: 

zlabel( 'P3 ') 

cl = 4; c2 = 1; 

It, p] = ode45(@TypelIa, [0 10]'[2 24],[j,cl,c2); 

plot(t,p( :,1), '-' ,t,p(: ,2),'- .' ,t,p(: ,3),' .') 

xlabel( 'Time') 

ylabel('Output' ) 

legend('Pl ', 'P2', 'P3 ') 

(Delete graph window) 

plot3(p(:,1 ),p( :,2),p( :,3)) 

xlabel('Pl ') 
The MATLAB code used to produce Figure ylabel(,P2') 
C.2(a) and Figure C.2(b): 

zlabel(,P3 ') 
Command window: 

SECTION 2: 

-
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The first elliptic function: nd 

The MATLAB code used to produce Figure 

C.2(c) and Figure C.2(d) (rounding for four dec­

imal places): 

Command window: 

t = linspace(O,lO,lOO); 

[s,c,d] = ellipj (2.1794*t,O.8885); 

P3 = 2*(1./d); 

P2 = sqrt(-1.3333 + O.3333*P3*P3); 

PI = sqrt(25.3333-1.3333*P3*P3); 

plot(t,PI , '-' ,t,P2,'- . ', t,P3,'.') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl, '-' ,t,-P2, '-. ',t,P3, (. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel(, Output') 

legend('PI' ,'P2 ', 'P3') 

(Delete graph window) 

plot3(PI ,P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

Current plot held 

plot3(-PI ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(PI ,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(-PI,-P2,P3) 

xlabel('PI ') 

ylabel( 'P2') 

zlabel('P3') 

The second elliptic function: dn 

The MATLAB code used to produce Figure 

C.2(e) and Figure C.2(f) (rounding for four dec­

imal places): 

Command window: 

t = linspace(O,IO,lOO); 

[s,c,d] = ellipj(2.1794*t,O.8885); 

P3 = 4.3589. *d; 

P2 = sqrt(-1.3333+0.3333. *P3. *P3); 

PI = sqrt(25.3333-1.3333*P3*P3); 

plot(t,PI, '-' ,t,P2,'- .' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl ,'-',t,-P2, '-. ' ,t,P3, (. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel(,Output') 

legend('PI', 'P2', 'P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(PI,-P2,P3) 
Warning: Imaginary parts of complex X and/ or Warning: Imaginary parts of complex X and/or 
Y arguments ignored Y arguments ignored 
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plot3(-P1,-P2,P3) Warning: Imaginary parts of complex X and/or 

Warning: Imaginary parts of complex X and/or Y arguments ignored 

Y arguments ignored 

xlabel(,Pl ') 

ylabel('P2') 

zlabel(,P3') 

CASE (I) (the second part) 

SECTION 1: 

hold 

Current plot held 

p}ot(t,-Pl,I-' ,t,P2,'-. 1 ,t ,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output ') 

The MATLAB code used to produce Figure legend('Pl ' ,'P2' ,'P3') 

C.3(a) and Figure C.3(b) : 

Command window: 

cl = 4; c2 = 1; 

[t, pJ = ode45(@TypeIIa,[0 10],[4 2 2J,U,c l ,c2) ; 

plott t,p(:, 1),' -', t ,p (: ,2), ' -. ' ,t,p(: ,3),'.') 

xlabel('Time') 

ylabel('Output') 

legend('Pl','P2' ,'P3') 

(Delete graph window) 

plot3(p(:,1 ),p( :,2),p( :,3)) 

xlabel('Pl ') 

ylabel('P2') 

zlabel('P3') 

SECTION 2: 

The first. elliptic function : sd 

The MATLAB code used to produce Figure 

C.3(c) and Figure C.3(d) (rounding for four dec­

imal places): 

Command window: 

t = linspace(0,10,100); 

[s,c,dJ = ellip.i (2.4495*t,0 .8165); 

P3 = 2.3094.*(s./d); 

P2 = sqrt(2.6667+0.3333*P3*P3); 

PI = sqrt(21.3333-1.3333*P3*P3); 

plot(t,Pl ,'-' ,t,P2, '- . \ t,P3 ,' . ') 

(Delete graph window) 

plot3(Pl ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Pl ') 

ylabel('P2 ') 

zlabel(,P3 ') 

The second elliptic function: cn 

The MATLAB code used to produce Figure 

C.3(e) and Figure C.3(f) (rounding for four dec­

imal places): 

Command window: 

t = linspace(0,10,100); 

[s,c,dJ = ellipj(2.4495*t,0.8165); 

P3 = 4.*c; 

P2 = sqrt(2.6667+0.3333*P3*P3); 

PI = sqrt(21.3333-1.3333.*P3*P3); 

plot(t,Pl, '-' ,t,P2, '-. ) ,t,P3,'. ') 

hold 

Current plot held 

plot(t,-Pl , '-' ,t)P2 , '-. ',t ,P3 ,' . ') 

-
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xlabel('Time') 

ylabel('Olltput ') 

legend('Pl', 'P2' ,'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

hold 

Current plot held 

plot3(-Pl,P2,P3) 

xlabel('Pl ') 

ylabel('P2') 

zlabel('P3') 

CASE (n) (the first part) 

SECTION 1: 

The MATLAB code used to produce Figure 

C.4(a) and Figure C.4(b): 

Command window: 

cl = 1; c2 = 4; 

[t, pJ = ode45(@TypeIIa,[O 10], [1 2 3]' O,cl ,c2); 

plot(t,p(:,1 ),'-' ,t ,p(: ,2) , '-. ' ,t ,p(:,3) ,' . ') 

xlabel('Time') 

ylabel('Output ') 

legend('P l ' ,'P2', 'P3') 

(Delete graph window) 

plot3(p(: ,I ) ,p(: ,2) ,pC :,3)) 

xlabel('Pl ') 

ylabel(,P2') 

zlabel('P3') 

SECTION 2: 

t = linspace(O,1O,100); 

[s,c,dJ = ellipj(1.7321 *t,O.7071); 

P3 = 2.4495*(1. / d); 

P2 = sqrt(-2+0.3333*P3*P3) ; 

PI = sqrt(16-1.3333*P3*P3); 

plot(t,Pl,'- ' ,t,P2, '-. ' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl , '-' ,t,-P2, '-. ' ,t ,P3 ,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel(,Time') 

ylabel( 'Output') 

legend('Pl ' , 'P2 ', 'P3') 

(Delete graph window) 

plot3(Pl ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(Pl ,-P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

plot3( -Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 
The first elliptic function : nd xlabel('Pl') 

The MATLAB code used to produce Figure ylabel('P2') 

C.4(c) and Figure C.4(d) (rounding for four dec- zlabel('P3') 

imal places) : The second elliptic function: dn 

Command window: The MATLAB code used to produce Figure 
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C.4(e) and Figure C.4(f) (rounding for four dec- zlabel('P3') 

imal places): 

Command window: 

t = linspace(0,10,100); 

[s,c,dj = ellipj(l. 7321 *t,O. 7071) ; 

P3 = 3.464l. *d; 

P2 = sqrt(16-l.3333.*P3*P3); 

PI = sqrt(-2+0.3333*P3*P3); 

plot(t,Pl, '-' ,t,P2, '-.) ,t ,P3, (,') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl, '-' ,t,-P2,'-.' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel(,Output') 

legend('Pl' , 'P2', 'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-Pl ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3( -Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Pl') 

ylabel('P2') 

CASE (II) (the second part) 

SECTION 1: 

The MATLAB code used to produce Figure 

C.5(a) and Figure C.5(b): 

Command window: 

cl = 1; c2 = 4; 

[t, pj = ode45(@TypeIIa,[0 10]'[3 21],0,cl,c2); 

plot(t,p(:,1), '-' ,t,p( :,2),'-.' ,t,p(:,3),' .') 

xlabel(,Time') 

ylabel(,Output') 

legend( 'Pl', 'P2', 'P3') 

(Delete graph window) 

plot3(p( :,l),p( :,2),p( :,3)) 

xlabel('Pl ') 

ylabel(,P2') 

zlabel(,P3') 

SECTION 2: 

The first elliptic function: sd 

The MATLAB code used to produce Figure 

C.5(c) and Figure C.5(d) (rounding for four dec­

imal places): 

Command window: 

t = linspace(0,1O,100); 

[s,c,dj = ellipj(2.7386*t,0.3651); 

P3 = l.8619*(s./d); 

P2 = sqrt(5.3333-l.3333*P3.*P3); 

PI = sqrt(8.6667+0.3333.*P3.*P3); 

plot(t,Pl, '-' ,t,P2,'-.' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,Pl, '-' ,t,-P2, '-.' ,t,P3,t . ') 

-
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Warning: Imaginary parts of complex X and/ or Command window: 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

legend('Pl ','P2','P3') 

(Delete graph window) 

plot3(Pl ,P2,P3) 

t = linspace(0,1O,100); 

[s,c,dJ = ellipj(2.7386*t,0.3651); 

P3 = 2*c; 

P2 = sqrt(5.3333-1.3333*P3*P3); 

PI = sqrt(S.6667+0.3333*P3.*P3); 

plot(t,Pl, '-' ,t,P2, '-.' ,t,P3,' . ') 

Warning: Imaginary parts of complex X and/or hold 

Y arguments ignored 

hold 

Current plot held 

plot3(Pl,-P2,P3) 

Current plot held 

plot(t,Pl,'-',t ,-P2, '-. ',t,P3,' . ') 

xlabel ('Time') 

ylabel( 'Output') 

legend('P l ' ,'P2 ', 'P3 ') Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Pl ') 

ylabel('P2 ') 

(Delete graph window) 

plot3(Pl,P2,P3) 

hold 
zlabel('P3 ') Current plot held 

The second elliptic function: en plot3(Pl ,-P2,P3) 

The MATLAB code used to produce Figure xlabel('Pl ') 

C.4(e) and Figure C.4(f) (rounding for four dec- ylabel('P2') 

imal places): zlabel('P3') 

Type lIb 

TypeIIb.m Command window: 

cl = 1; c2 = 0.5; 
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function P = TypeIIb(t,p,cl,c2) 

P = zeros(3,1); 

P(I) = -(I /c2)*p(2)*p(3)+p(2); 

P(2) = (l/cl )*p( I )*p(3)-p( I ); 

P (3) = ((I/c2)-(I /cl ))*p(I)*p(2); 

[t ,pJ = ode45(@TypeIIb ,[0 10],[0.3536 0.S420 

0.1563],[] ,cl,c2); 

CASE (/) (the first part) 

SECTION 1: 

plot(t,p( :,1), '-' ,t ,p(: ,2), '-. ' ,t,p(: ,3),' .' ) 

xlabel( 'Time') 

ylabel('Output ') 

legend('Pl', 'P2', 'P3') 

(Delete graph window) 
The MATLAB code used to produce Figure 

cl = 1', c2 = 0.5', C.6 (a) and Figure C.6(b)(rounding to four deci-
mal places): [t,p] = ode45(@TypeIIb ,[0 30],[0.3536 0.8420 

0.1563],0,cl ,c2); 
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plot3(p( :,I ),p(:,2)'p( :,3)) 

xJabel('Pl') 

ylabel(,P2') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: dc 

The MATLAB code used to produce Figure 

C .6(c) and C.6(d) (rounding to four decimal 

places): 

Command window: 

t = linspace(O,lO,lOO); 

[s,c,d] = ellipj (O.3381 *t,O.0403); 

P3 = (0.9756-0.9845. *( d. /c)) ./ (1-1.1190. *( d. /c)) ; 

P2 = sqrt(0.9971-2.*P3+ P3.*P3); 

PI = sqrt (-0.1386+ 2. *P3-2* P3*P3); 

plot(t,Pl, '-' ,t,P2, '-.' ,t,P3,' . ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl,'- ' ,t,P2,'-. ' ,t,P3,' .') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

legend('P l ', 'P2', 'P3') 

(Delete graph window) 

t = linspace(0,30,100); 

[s,c,d] = ellipj (0.3381 *t,0.0403); 

P3 = (0.9756-0.9845*( d. /c) )./ (1-1.1190. *( d./ c)); 

P2 = sqrt(0.9971-2*P3+ P3.*P3); 

PI = sqrt(-O. 1386+2.*P3-2* P3 * P3); 

plot3(P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-Pl ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('PI ') 

ylabel('P2') 

zlabel( 'P3') 

The second elliptic function: ns 

The MATLAB code used to produce Figure 

C.6(e) and C.6(f) (rounding to four decimal 

places): 

Command window: 

t = linspace(0,10,100); 

[s,c,d] = ellipj (0.3381 *t,0.0403); 

P3 = (0.9756-0.9845*(1./s) )./ (1-l.1190. *(1. /5)); 

P2 = sqrt(0.9971-2*P3+P3.*P3); 

PI = sqrt(-0.1386+2*P3-2*P3*P3); 

plot(t ,Pl , '-' ,t:P2, '-.' ,t,P3,' . ') 

hold 

Current plot held 

Plot (t -PI '-' t P2 '- ' t P3 ' ') 1 ," , . ,' ,. 

xlabel('Time') 

ylabel('Output') 

legend (,Pl ', 'P2', 'P3 ') 

(Delete graph window) 

t = linspace(0,30,100); 

[s,c,d] = ellipj(0.3381 *t,0.0403); 

P3 = (0.9756-0.9845*(1./s) )./ (1-1.1190. *(1./5)); 

P2 = sqrt (0 .9971-2*P3+ P3*P3); 

PI = sqrt(-0.1386+2*P3-2*P3*P3); 

plot3(P l ,P2,P3) 

hold 

Current plot held 

plot3 (-Pl,P2,P3) 

xlabel('PI ') 
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ylabel('P2') 

zlabel('P3') 

CASE (I) (the second part) 

SECTION 1: 

The MATLAB code used to produce Figure 

C. 7( a) and Figure C. 7(b) (rounding to four dec­

imal places): 

Command window: 

c1 = 1; c2 = 0.5; 

[t,p] = ode45(@TypeIIb, [0 10],[1.2247 2.8284 -

1],0,c1,c2); 

plott t,p(:, 1) ,' -', t ,p(: ,2), '-.' ,t ,p(: ,3) ,' .' ) 

xlabel('Time ') 

ylabel('Output') 

legend('P1' ,'P2', 'P3 ') 

(Delete graph window) 

plot3(p(:, 1) ,p( :,2) ,p(: ,3)) 

xlabel('Pl ') 

ylabel( 'P2 ') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: nc 

The MATLAB code used to produce Figure 

C.7(c) and Figure C.7(d) (rounding to four dec­

imal places): 

Command window: 

Y arguments ignored 

hold 

Current plot held 

plot(t ,-Pl , '_1)t,P2, '- . \ t ,P3,'. ') 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

xlabel('Time') 

ylabel( 'Output') 

legend( 'P1 ' ,'P2' , 'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

hold 

Current plot held 

plot3(-Pl ,P2,P3) 

xlabel('Pl') 

ylabel('P2 ') 

zlabel('P3') 

The second elliptic function: ds 

The MATLAB code used to produce Figure 

C.7(e) and Figure C.7(f) (rounding to four deci­

mal places): 

Command window: 

t = linspace(0,1O,150); 

[s,c,d] = ellipj(3.7523*t,0.6413); 

P3 = (14.7901-7.6332*( d./s) )./ (1-8.2504*( d ./ s)) ; 

P2 = sqrt(5-2. *P3+ P3*P3); 

PI = sqrt(5.5+2.*P3-2*P3.*P3); 

plot( t ,P1, '-' ,t,P2,'-. l,t,P3,' . ') 

Warning: Imaginary parts of complex X and/or 
t = linspace(0,1O,150); Y arguments ignored 

[s,c,d] = ellipj(3.7523*t,0.6413); hold 

P3 = (14.7901-5.8572.*(1./c))./(1-8.2504.*(1./c)); Current plot held 

P2 = sqrt(5-2.*P3+P3.*P3); 

PI = sqrt (5 .5+2*P3-2*P3*P3); 

plot(t,Pl / -' ,t ,P2 , '-. ) ,t,P3 ,' . ') 

Warning: Imaginary parts of complex X and/ or 

plot(t,-Pl, '- 'It,P2, '- .' ,t)P3, (. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 
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ylabel('Output') 

legend('P1 ' ,'P2 ' ,'P3 ') 

(Delete graph window) 

(The figure has been slight ly rotated .) 

SECTION 2: 

The first elliptic function: dc 

plot3(P1 ,P2,P3) The MATLAB code used to produce Figure 

Warning: Imaginary parts of complex X and/or C.8(c) and Figure C.8(d) (rounding to four dec-
Y arguments ignored 

hold 

Current plot held 

plot3(-P1,P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

xlabel(,P1') 

ylabel('P2 ') 

zlabel('P3 ') 

CASE (Il) (the first part) 

SECT ION 1: 

imal places): 

Command window: 

t = linspace(0,10,100); 

[s,c,d] = ellipj (0.4 781 *t ,0.4407); 

P3 = (1. 7853-1.9437*( d ./c) )./(1-1.3709. *( d. / c)) ; 

P2 = sqrt(-1.3438+4* P3-2* P3* P3); 

P1 = sqrt(3.875-4*P3+ P3.*P3); 

plot(t,Pl, '-' ,t ,P2,'-. ',t ,P3 , (. ') 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

The MATLAB code used to produce Figure Current plot held 

C.8(a) and Figure C.8(b) (rounding to four dec- plot(t,P1 ,'-', t ,-P2,'-.' ,t ,P3,'. ' ) 

imaJ places) : Warning: Imaginary parts of complex X and/ or 

Command window: 

c1 = 1; c2 = 2; 

[t,p] = ode45(@TypeIIb ,[0 

O.5],[],c1,c2); 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 
10],[1.4577 0.3953 legend('P1 ' ,'P2' ,'P3') 

plot t t,p (:, 1),' -', t ,p ( :,2) , '-. ' ,t,p (: ,3) , '.') 

xlabeJ('Time') 

(Delete graph window) 

plot3(P1,P2,P3) 

ylabel(,Output') 

legend('P1 ' ,'P2' ,'P3') 

(Delete graph window) 

c1 = 1; c2 = 2; 

[t ,p] = ode45(@TypeIIb ,[0 

O.5]'O,c1 ,c2) ; 

plot3(p(: ,1) ,p(: ,2) ,p(: ,3)) 

xlabel('P1 ') 

ylabel('P2 ') 

zlabel('P3 ') 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

Current plot held 

plot3(P1 ,-P2,P3) 
30],[1.4577 0.3953 Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

xlabel('P1 ') 

ylabel('P2 ') 

zlabel ('P3 ') 

-



-
JK Rodgerson 131 

(The figure has been slightly rotated .) 

The second elliptic function: ns 

The MATLAB code used to produce Figure 

C.8(e) and Figure C.8(f) (rounding to four deci­

mal places) : 

Command window: 

t = linspace(0,1O,100); 

[s,c,d] = ellipj(0.4781 *t,0.4407); 

P3 = (1.7853-1.9437*(1. / s))./(1-1.3709*(1./s) ); 

P2 = sqrt(-1.3438+4*P3-2*P3*P3); 

PI = sqrt(3.875-4*P3+ P3*P3); 

plot(t,Pl , '-' ,t,P2, '- .' ,t ,P3 ,' . ') 

hold 

Current plot held 

plot(t,Pl,'-' ,t,-P2, '-.',t,P3,'. ') 

xlabel('Time') 

ylabel('Output') 

legend('Pl ' ,'P2 ' , 'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

hold 

Current plot held 

plot3(Pl ,-P2,P3) 

xlabel('Pl ') 

ylabel('P2') 

zlabel('P3') 

(The figure has been slightly rotated.) 

CASE (Il) (the second part) 

SECTION 1: 

The MATLAB code used to produce Figure 

C.9(a) and Figure C.9(b) (rounding to four dec­

imal places): 

Command window: 

c1 = 1; c2 = 2; 

[t,p] = ode45(@TypeIIb ,[0 10]'[4.4721 1 -

2]' O,c1,c2); 

plott t,p( :, 1),' -' , t,p(: ,2),' -.' , t,p (: ,3),'. ') 

xlabel('Time') 

ylabel('Output') 

legend(,Pl', 'P2' ,'P3') 

(Delete graph window) 

plot3(p( :,1 ),p(:,2),p(:,3)) 

xlabel ('Pl') 

ylabel('P2') 

zlabel(,P3 ') 

SECTION 2: 

The first elliptic function: nc 

The MATLAB code used to produce Figure 

C.9(c) and Figure C.9(d) (rounding to four dec­

imal places): 

Command window: 

t = linspace(0,10,150); 

[s,c,d] = ellipj (2.5617*t,0.8194); 

P3 = (14.8122-7.5635*(1. / c)). /( 1-4.4813*(1. / c)); 

P2 = sqrt(17+4*P3-2*P3*P3); 

PI = sqrt(8-4*P3+P3*P3); 

plot(t,Pl,'-\t,P2, '-. ',t,P3 ,' .') 

hold 

Current plot held 

plot(t,Pl,'- ' ,t,-P2,'-. ) ,t,P3,'. ') 

xlabel('Time') 

ylabel('Output') 

legend('Pl', 'P2', 'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

hold 

Current plot held 

plot3(Pl,-P2,P3) 

xlabel('Pl ' ) 
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plot(t,Pl, '-: ,t,-P2, '-.' ,t,P3, (. ') ylabel(,P2') 

zlabel('P3') Warning: Imaginary parts of complex X and/or 

The second elliptic function: ds Y arguments ignored 

xlabel('Time') 
The MATLAB code used to produce Figure ylabel('Output') 

C.9(e) and Figure C.9(f) (rounding to four deci- legend('Pl','P2','P3') 
mal places) : 

Command window: 
(Delete graph window) 

plot3(P1,P2,P3) 
t = linspace(0,10,150); Warning: Imaginary parts of complex X and/or 
[s,c,dl = ellipj (2.5617*t.0.8194); Y t' d . argumen sIgnore 
P3 = (14.8122-13.1951*( d.js)).j (1-7.8179. *( d.js)) ;hold 

P2 = sqrt(17+4*P3-2.*P3*P3); 

PI = sqrt(8-4*P3+P3*P3); 

plot(t,P1,'-' ,t,P2, '-.' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

Type III 

TypeIII.m 

function P = TypeIII(t,p,cl,c2,c3) 

P = zeros(3,1); 

P(I) = ((I/c3)-(I/c2))*p(2)*p(3); 

P(2) = ((I/cl)-(1/c3))*p(1)*p(3); 

P(3) = ((I/c2)-(1/cl))*p(1)*p(2); 

CASE lA(!) (the first part) 

SECTION 1: 

The MATLAB code used to produce Figure 

Current plot held 

plot3(Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('P1 ') 

ylabel( 'P2') 

zlabel('P3') 

xlabel('Time') 

ylabel(,Output') 

legend('Pl', 'P2 ', 'P3') 

(Delete graph window) 

plot3(p(:, 1) ,p(: ,2) ,p(: ,3)) 

xlabel('Pl ') 

ylabel('P2') 

zlabel('P3') 

SECTION 2: 

C.10(a) and Figure C.10(b) : T he first elliptic function: nd 

Command window: 

cl = 3; c2 = 2; c3 = 4; 

The MATLAB code used to produce Figure 

C.10(c) and Figure C.lO(d) (rounding to four 

[t, pi = ode45(@TypeIII,[0 30],[01 2]' 0,c1,c2,c3); decimal places): 

plott t,p(:, 1), '- ' , t,p(: ,2),' -. ' , t ,p(: ,3),' .') Command window: 
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t = linspace(0,30,150); 

[s,c,dJ = ellipj (0.2887*t,0. 7071); 

P3 = 1.4142*(1. / d); 

P2 = sqrt(-HO.5*P3*P3); 

P I = sqrt(6-1.5* P3 '*P3); 

plot( t,Pl ,'-' ,t,P2, '- .' ,t,P3 ,' . ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl , '-' ,t,-P2 , '-.' ,t ,P3, (. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel(, Output') 

legend( 'Pl ' ,'P2' , 'P3') 

(Delete graph window) 

zlabel('P3') 

The second elliptic function: dn 

The MATLAB code used to produce F igure 

C.I0(e) and Figure C.lO(f) (rounding to four dec­

imal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,dJ = ellipj (0.2887*t,0.7071) ; 

P3 = 2.*d; 

P2 = sqrt(-HO.5.*P3*P3); 

PI = sqrt(6-1.5'*P3 *P3); 

plot(t,P l , '- J ,t,P2 , '- . ',t,P3 ,' . ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl, '-' ,t,-P2, '-. ' ,t ,P3,' ,') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output ') 
plot3(Pl,P2,P3) 

legend('Pl' ,'P2' ,'P3') 
Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

Current plot held 

plot3(-Pl,P2,P3) 

(Delete graph window) 

plot3(Pl ,P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 
Warning: Imaginary parts of complex X and/or hold 

Y arguments ignored 

plot3(Pl,-P2,P3) 
Current plot held 

plot3(-Pl ,P2,P3) 
Warning: Imaginary parts of complex X and/or Warning: Imaginary parts of complex X and/or 
Y arguments ignored 

plot3(-Pl ,-P2,P3) 
Y arguments ignored 

plot3(Pl,-P2,P3) 
Warning: Imaginary parts of complex X and/or Warning: Imaginary parts of complex X and/or 
Y arguments ignored 

xlabel(,Pl ') 

ylabel('P2') 

Y arguments ignored 

plot3( -Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 
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Y arguments ignored 

xlabel('Pl') 

ylabel('P2') 

zlabel('P3') 

CASE lA(r) (the second part) 

SECTION 1: 

hold 

Current plot held 

plot(t,-Pl, '-' ,t,P2, '- .' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel(,Time') 

ylabel('Output') 

The MATLAB code used to produce Figure legend( 'P l ','P2 ','P3 ') 

C.ll(a) and Figure C.ll(b): 

Command window: 

cl = 3; c2 = 2; c3 = 4; 

[t, pj = ode45(@TypeIII, [0 30],[0 2 1]' [J,cl,c2 ,c3); 

plot(t,p( :,1 ),'-', t,p (: ,2),'- .' ,t,p( :,3),'.') 

xlabel('Time') 

ylabel(,Output') 

legend('PI', 'P2', 'P3') 

(Delete graph window) 

plot3(p( :,1) ,p( :,2),p( :,3)) 

xlabel('Pl') 

ylabel('P2') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: sd 

The MATLAB code used to produce Figure 

C.ll(c) and Figure C.ll (d) (rounding to four 

decimal places) : 

Command window: 

t = linspace(0,30,150); 

[s,c,dj = ellipj (0.4082*t,0.3536); 

P3 = 0.9354*(s./d); 

P2 = sqrt(3.5+0.5*P3*P3); 

PI = sqrt(1.5-1.5*P3*P3); 

plot(t,Pl, '-' ,t,P2,'-. 1 ,t,P3, (. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

(Delete graph window) 

plot3(Pl,P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

Current plot held 

plot3(-Pl ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('PI ') 

ylabel('P2') 

zlabel('P3') 

The second elliptic function: en 

The MATLAB code used to produce Figure 

C.ll(e) and Figure C.ll(f) (rounding to four dec­

imal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,dj = ellipj(0.4082*t,0.3536); 

P3 = c; 

P2 = sqrt(3.5+0.5*P3*P3); 

PI = sqrt(1.5-1.5*P3*P3); 

plot(t,Pl, '-' ,t,P2, '-.' ,t,P3, (. ') 

hold 

Current plot held 

plot(t,-Pl , '-' ,t,P2, '-. 1 ,t ,P3,'. ') 

xlabel('Time') 

ylabel('Output') 
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legend('P1', 'P2', 'P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

hold 

Current plot held 

plot3(-P1,P2,P3) 

xlabel('P1 ') 

ylabe1(,P2') 

zlabel('P3') 

CASE 1A (n) (the first part) 

SECTION 1: 

P3 = (l. /d); 

P2 = sqrt(6.3334-l.3333*P3.*P3); 

P1 = sqrt(-0.3334+0.3333.*P3.*P3); 

plot(t)Pl, '-' ,t,P2,'- .' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot( t,-Pl , '-' ,t,-P2, '- .' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 
The MATLAB code used to produce Figure 

Warning: Imaginary parts of complex X and/or 
C.12(a) and Figure C.12(b): 

Command window: 

c1 = 1; c2 = 2; c3 = 3; 

[t, pJ = ode45(@TypeIII, [0 30],[11 2],[J,c1,c2,c3); 

plot(t,p(:,l), '- ' ,t,p( :,2), '- .' ,t,p(:,3),' .') 

xlabel('Time') 

ylabel(,Output') 

legend( 'P1', 'P2', 'P3') 

(Delete graph window) 

plot3(p(:,1),p( :,2),p( :,3)) 

xlabel('P1 ') 

ylabel('P2') 

zlabel('P3') 

SECTION 2: 

The first ellipt ic function: nd 

The MATLAB code used to produce Figure 

C.12(c) and Figure C.12(d) (rounding to four 

decimal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,dJ = ellipj(0.7265*t,0.8885); 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

legend('P1' ,'P2', 'P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(P1,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(-P1,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('P1') 

ylabel('P2') 

zlabel('P3') 

The second elliptic function: dn 
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The MATLAB code used to produce Figure plot3(-Pl,-P2,P3) 

C.12(e) and Figure C.12(f) (rounding to four dec- Warning: Imaginary parts of complex X and/or 

imal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,dj = ellipj(0.7265*t ,0.8885); 

P3 = 2.1795.*d; 

P2 = sqrt(6.3334-1.3333*P3*P3); 

Pl = sqrt( -0.3334+0.3333. *P3. *P3); 

plot(t,Pl, 1_' ,t,P2, '-.' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

Y arguments ignored 

xlabel('P1') 

ylabel('P2 ') 

zlabel('P3') 

CASE 1A(a) (the second part) 

SECTION 1: 

The MATLAB code used to produce Figure 

C.13(a) and Figure C.13(b): 

Command window: 

vVarning: Imaginary parts of complex X and/or cl = 1; c2 = 2; c3 = 3; 

Y arguments ignored [t, pj = ode45(@TypeIII, [0 30],[1 1 1j,[j,cl,c2,c3); 

hold plot ( t,p( :,1), '-' ,t,p( :,2), '-.' ,t,p(:,3),' . ') 

Current plot held xlabel('Time') 

plot(t,-P1, '-' ,t,-P2, '- .' ,t,P3,'. ') ylabel('Output') 

W . I· f I X d/ legend('P1', 'P2','P3') arnmg: magmary parts 0 comp ex an or 

Y arguments ignored 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

legend('P1', 'P2', 'P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

(Delete graph window) 

plot3(p( :,l),p( :,2),p( :,3)) 

xlabel('Pl') 

ylabel(,P2 ') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: sd 

The MATLAB code used to produce Figure 

C.13(c) and Figure C.13(d) (rounding to four 

decimal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,dj = ellipj(0.6455*t,0.6832); 

P3 = 0.9660*(s ./ d); 
Y arguments ignored 

plot3(P1,-P2,P3) 
P2 = sqrt (2 .3334-1.3333*P3*P3); 

Warning: Imaginary parts of complex X and/or 
P1 = sqrt(0.6666+ 0.3333*P3*P3); 

Y arguments ignored 
plot(t,Pl, '-' ,t,P2, '-. ' ,t,P3 ,'. ') 
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Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

Current plot held 

plot (t ,Pl , '-' ,t,-P2, '-. ' ,t ,P3, ' .') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

legend('Pl ' ,'P2', 'P3 ') 

(Delete graph window) 

plot3(Pl ,P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

Current plot held 

plot3(Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

xlabel('Pl') 

ylabel('P2') 

zlabel('P3 ') 

The second elliptic function: cn 

xlabel('Time') 

ylabel('Output') 

legend('Pl' ,'P2', 'P3 ') 

(Delete graph window) 

plot3(Pl ,P2,P3) 

hold 

Current plot held 

plot3 (Pl,-P2,P3) 

xlabel('Pl ') 

ylabel('P2 ') 

zlabel('P3 ') 

CASE IB (I) (the first part ) 

S ECTION 1: 

The MATLAB code used to produce Figure 

C.14(a) and Figure C.14(b): 

Command window: 

cl = 2; c2 = 3; c3 = 1; 

[t , p] = ode45(@TypeIII, [0 30], [11 I], D,cl ,c2 ,c3); 

plot(t,p( :,1), '-' ,t ,p (:,2), '-. ' ,t ,p ( :,3),' .') 

xlabel('Time') 

ylabel('Output') 

legend(,Pl ' ,'P2 ', 'P3 ') 

The MATLAB code used to produce Figure (Delete graph window) 
C.13(e) and Figure C.13(f) (rounding to four dec-

plot3(p( :,1 ),p( :,2),p(:,3)) 
imal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,d] = ellipj (0.6455*t ,0.6832); 

P3 = 1.3229*c; 

P2 = sqrt (2.3334-1.3333* P3 * P3); 

PI = sqrt (O.6666+ 0.3333. *P3. *P3); 

plot(t,Pl,'- ' ,t ,P2, '-. ' ,t ,P3,' .') 

hold 

Current plot held 

plot(t,Pl, '-' ,t ,-P2, '-.' ,t,P3 , i. ') 

xlabel ('Pl ') 

ylabel ('P2') 

zlabel ('P3 ') 

SECT ION 2: 

The first ellipt ic function: nd 

The MATLAB code used to produce Figure 

C.14(c) and Figure C.14(d) (rounding to four 

decimal places) : 

Command window: 
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t = linspace(O,30,150); 

[s,c,d] = ellipj(O.6455*t,O.6832); 

P3 = O.8165.*(1./d); 

P2 = sqrt(-1.9998+ 3*P3*P3); 

PI = sqrt(4.9998-4*P3*P3); 

plot(t,Pl, '-' ,t,P2, '-.' ,t,P3; c. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot (t,-Pl, '-' ,t,-P2, '-.' ,t,P3,'.') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

legend('Pl', 'P2' ,'P3') 

(Delete graph window) 

plot3{Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3{-Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3{Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3{ -Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel{'Pl ') 

ylabel{'P2') 

zlabel{'P3') 

The second elliptic function: dn 

C.14{e) and Figure C.14{f) (rounding to four dec­

imal places): 

Command window: 

t = linspace{O,30,150); 

[s ,c,d] = ellipj{O.6455*t,O.6832); 

P3 = 1.1180*d; 

P2 = sqrt(-1.9998+3. *P3*P3); 

PI = sqrt{ 4.9998-4. *P3. *P3) ; 

plot{t,Pl ,'-' ,t,P2, '-.' ,t,P3,'.') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl , '-' ,t,-P2, '-.' ,t,P3 ,' . ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel{ 'Time') 

ylabel(,Output') 

legend{'Pl' ,'P2' ,'P3') 

(Delete graph window) 

plot3{Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3{-PI ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3{Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3{ -PI,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel{'Pl') 

The MATLAB code used to produce Figure ylabel{'P2') 

-
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zlabel(,P3') 

CASE 1B(r) (the second part) 

SECTION 1: 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

The MATLAB code used to produce Figure legend('P1' ,'P2 ','P3') 

C.15(a) and Figure C.15(b): 

Command window: 

cl = 2; c2 = 3; c3 = 1; 

It, p] = ode45(@TypeIII,[0 30],[1 2 1],[],c1,c2,c3); 

plott t,p(:, 1),' -', t,p (:,2),' -. ' , t,p(: ,3),'. ') 

xlabel('Time') 

ylabel('Output') 

legend('P1 ' ,'P2', 'P3') 

(Delete graph window) 

plot3(p(:,1) ,p( :,2),p(: ,3)) 

xlabel( 'P1 ') 

ylabel('P2') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: sd 

The MATLAB code used to produce Figure 

C.15(c) and Figure C.15(d) (rounding to four 

decimal places): 

Command window: 

t = linspace(O,30,150); 

[s,c,d] = ellipj(0.7265*t,0.8885); 

P3 = 0.5130*(s. / d); 

P2 = sqrt(1.0002+3. *P3. *P3); 

PI = sqrt(4.9998-4.*P3.*P3); 

plot(t,Pl , '-' ,t,P2, '- .) ,t,P3,' . ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot( t,-Pl,'- ' ,t,P2,' -. ' ,t,P3,'. ') 

(Delete graph window) 

plot3(P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-P1 ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Pl ') 

ylabel('P2') 

zlabel('P3') 

The second elliptic function: cn 

The MATLAB code used to produce Figure 

C.15(e) and Figure C.15(f) (rounding to four dec­

imal places): 

Command window: 

t = linspace(O,30,150); 

[s,c,d] = ellipj(0.7265*t,0.8885); 

P3 = 1. 1180*c; 

P2 = sqrt(1.0002+3*P3*P3); 

PI = sqrt(4.9998-4.*P3.*P3); 

plot(t,Pl,'-' ,t,P2, '-.) ,t,P3,'. ') 

hold 

Current plot held 

plot(t,-Pl, '-' ,t,P2, '- .' ,t,P3,'. ') 

xlabel('Time') 

ylabel('Output') 

legend('P1' , 'P2', 'P3') 

(Delete graph window) 
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plot3(Pl,P2,P3) 

hold 

Current plot held 

plot3(-Pl,P2,P3) 

xlabel('Pl ') 

ylabel('P2') 

zlabel('P3') 

CASE IB (n) (the first part) 

SECTION 1: 

plot(t,Pl, ,_ J ,t,P2, '_ . J ,t,P3,' . ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl, '-' ,t,-P2, '-.' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

The MATLAB code used to produce Figure legend('Pl','P2','P3') 

C.16(a) and Figure C.16(b) : 

Command window: 

cl = 3; c2 = 2; c3 = 1; 

[t, p] = ode45(@TypeIII,[0 30],[1 1 1],[],cl,c2,c3); 

plot(t,p(:, 1), '-' ,t,p( :,2), '-. ' ,t,p( :,3),' .') 

xlabel(,Time') 

ylabel('Output') 

legend('Pl ', 'P2','P3') 

(Delete graph window) 

plot3(p(:,1 ),p( :,2) ,p(:,3)) 

xlabel('Pl') 

ylabel(,P2') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: nd 

(Delete graph window) 

plot3(Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(P l ,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(-Pl,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Pl ') 

The MATLAB code used to produce Figure ylabel('P2') 
zlabel('P3 ') 

C.16(c) and Figure C.16(d) (rounding to four 

decimal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,d] = ellipj(0.6455*t,0.6832); 

P3 = 0.8165*(1./d); 

P2 = sqrt(4.9998-4*P3*P3); 

PI = sqrt(-1.9998+3.*P3.*P3); 

The second elliptic function: dn 

The MATLAB code used to produce Figure 

C.16(e) and Figure C.16(f) (rounding to four dec­

imal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,d] = ellipj (0 .6455*t,0.6832); 

-
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P3 = 1.1180. *d; 

P2 = sqrt( 4.9998-4*P3. *P3); 

PI = sqrt(-1.9998+3*P3.*P3); 

plot(tjPl, '-' ,t,P2 , '- .' ,t ,P3 , (.') 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

hold 

Current plot held 

plot(t,-Pl / -' ,t,-P2, '-.' ,t,P3 ,' . ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output ') 

legend('P l ', 'P2', 'P3') 

(Delete graph window) 

plot3(Pl,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(-P1 ,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

plot3(P1,-P2,P3) 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

plot3( -P1,-P2,P3) 

Command window: 

cl = 3; c2 = 2; c3 = 1; 

[t, pJ = ode4S(@TypeIII,[0 30J,[2 1 1],O,cl ,c2,c3) ; 

plott t,p(: , 1),'-', t,p (: ,2), '- . ' ,t,p(: ,3) ,' .') 

xlabel('Time') 

ylabel('Output') 

legend('Pl', 'P2', 'P3') 

(Delete graph window) 

plot3(p(: , 1) ,p( :,2) ,p(: ,3)) 

xlabel( 'Pl') 

ylabel('P2') 

zlabel(,P3') 

SECTION 2: 

The first elliptic function: sd 

The MATLAB code used to produce Figure 

C.17(c) and Figure C.17(d) (rounding to four 

decimal places): 

Command window: 

t = linspace(0,30,IS0) ; 

[s,c,d] = ellipj (0 .5278*t,0.8885); 

P3 = 0.5130*(s./ d); 

P2 = sqrt(4.9998-4.*P3*P3); 

PI = sqrt(1.0002+3*P3*P3); 

plot(t,Pl,'- ' ,t,P2, '-. ' ,t ,P3,' .'} 

Warning: Imaginary parts of complex X and/or 

Warning: Imaginary parts of complex X and/or Y arguments ignored 

Y arguments ignored 

xlabel(,Pl') 

ylabel('P2') 

zlabel('P3 ') 

CASE 1B(u) (the second part) 

SECTION 1: 

hold 

Current plot held 

plot(t,Fl ,'-' ,t,-P2, '-. ' ,t ,P3 ,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel( 'Time') 

ylabel('Output') 

The MATLAB code used to produce Figure legend('P1','P2','P3') 

C.17(a) and Figure C.17(b): (Delete graph window) 
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plot3(P l ,P2,P3) 

Warning: Imaginary parts of complex X and/or SECTION 1: 

Y arguments ignored 

hold 

C urrent plot held 

plot3(Pl,-P2,P3) 

The MATLAB code used to produce Figure 

C.18(a) and Figure C.18(b) (rounding to four 

decimal places): 

Warning: Imaginary parts of complex X and/or Command window: 

Y arguments ignored 

xlabel('Pl') 

ylabel('P2') 

cl = 2; c2 = 0.5; c3 = 1; 

[t , p] = ode45 (@TypeIII,[0 30],[1.7321 1 

1]'0,c1,c2,c3); 

zlabel('P3 ') plot(t,p( :,1), '-' ,t ,p(:,2), '-.' ,t,p(: ,3) ,' .') 

The second elliptic function : cn xlabel('Time') 

ylabel('Output') The MATLAB code used to produce Figure 
legend('Pl ', 'P2' , 'P3 ') 

C.17(e) and Figure C.17(f) (rounding to four dec-

imal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,d] = ellipj(0.5278*t,0.8885); 

P3 = l.1180*c; 

P2 = sqrt(4.9998-4.*P3*P3); 

PI = sqrt(1.0002+ 3*P3*P3); 

plot(t,Pl , '-' ,t,P2,1 _. ' ,t,P3 ,'.') 

hold 

Current plot held 

plot(t,Pl , '-' ,t,-P2, '-. ' ,t,P3 ,' . ') 

xlabel( 'Time') 

ylabel('Output ') 

legend('Pl ' ,'P2' ,'P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

hold 

Current plot held 

plot3(Pl ,-P2,P3) 

x1abel( 'P l ') 

ylabel('P2') 

zlabel('P3') 

(Delete graph window) 

plot3(p( :,1 ),p(: ,2),p(:,3) ) 

xlabel('Pl') 

ylabel('P2 ') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: sn 

The MATLAB code used to produce Figure 

C.18(c) and Figure C.18(d) (rounding to four 

decimal places): 

Command window: 

t = linspace(O,30,150); 

[s,c,d] = ellipj(l.6583*t ,O.8528) ; 

P3 = 2.*s; 

P2 = sqrt (l.3333-0.3333*P3*P3); 

P1 = sqrt(3.6667-0.6667* P3 * P3); 

plot( t ,Pl , '-' ,t,P2, '-. ' ,t,P3, '. ') 

hold 

Current plot held 

plot( t ,Pl , '-',t ,-P2 , '- .' ,t,P3 ,'.') 

xlabel('Time') 

-
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ylabel('Output') 

legend('P1','P2' ,'P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(P1,-P2,P3) 

xlabel(,P1') 

ylabel('P2') 

zlabel('P3') 

The second elliptic function: cd 

The MATLAB code used to produce Figure 

C.18(e) and Figure C.18(f) (rounding to four dec­

imal places): 

Command window: 

t = linspace(0,30,150); 

[s,c,d] = ellipj(1.6583*t,0.8528); 

P3 = 2.*(c./d); 

P2 = sqrt (1.3333-0.3333*P3. *P3); 

PI = sqrt(3.6667-0.6667.*P3*P3) ; 

hold 

Current plot held 

plot(t,Pl, '-' ,t,-P2, '-. ' ,t,P3) (. ') 

xlabel('Time') 

ylabel('Output ') 

legend ('P1 ','P2','P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

hold 

Current plot held 

plot3(P1,-P2,P3) 

xlabel('P1 ') 

ylabel('P2') 

zlabel(,P3') 

CASE 2 (CI < C3 < C2) 

SECTION 1: 

The MATLAB code used to produce Figure 

C.19(a) and Figure C.19(b): 

Command window: 

cl = 1; c2 = 3; c3 = 2; 

[t , p] = ode45(@TypeIII, [O 30],[2 22J, [J,c1 ,c2,c3); 

plot( t,p(:, 1),' -' ,t,p(: ,2),' -.', t,p(: ,3),' .') 

xlabel( 'Time') 

ylabel('Output') 

legend(,P1', 'P2', 'P3') 

(Delete graph window) 

plot3(p(: ,1),p(:,2),p( :,3)) 

xlabel('Pl') 

ylabel('P2') 

zlabel('P3') 

SECTION 2: 

The first elliptic function: sn 

The MATLAB code used to produce Figure 

C.19(c) and Figure C.19(d) (rounding to four 

decimal places): 

Command window: 

t = linspace(O,30,150); 

[s,c,d] = ellipj (1.291O*t,0.6831); 

P3 = 3.0551*s; 

P2 = sqrt(7.0001-0.75*P3.*P3); 

PI = sqrt(5-0.25*P3*P3); 

plot(tjPl, ,_ J) t,P2, '-. ' ,t,P3, (. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot( t,Pl,'-' ,t,-P2, '-.' ,t,P3,'. ') 
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Warning: Imaginary parts of complex X and/or P3 = 3.0551*(c. / d); 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 

legend(,P1 ' ,'P2', 'P3') 

(Delete graph window) 

plot3(P1,P2,P3) 

'Naming: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(P1,-P2,P3) 

P2 = sqrt(7.0001-0.75*P3.*P3); 

P1 = sqrt(5-0.25.*P3.*P3); 

plot(t,Pl , '-' ,t,P2, '-.' ,t,P3,'. ') 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot(t,Pl , '-' ,t,-P2 , '-.' ,t ,P3, '. ') 

Warning: Imaginary parts of complex X and/ or 

Y arguments ignored 

xlabel('Time') 

ylabel('Output') 
Warning: Imaginary parts of complex X and/or legend('P1 ','P2 ','P3') 
Y arguments ignored 

xlabel('P1 ') 

ylabel('P2') 

zlabel('P3') 

The second elliptic function: cd 

The MATLAB code used to produce Figure 

C.19(e) and Figure C.19(f) (rounding to four dec­

imal places) : 

Command window: 

t = linspace(O,30,150); 

[s,c,dj = ellipj(1.2910*t,O.6831); 

(Delete graph window) 

plot3(P1,P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

hold 

Current plot held 

plot3(P1 ,-P2,P3) 

Warning: Imaginary parts of complex X and/or 

Y arguments ignored 

xlabel('P1 ') 

ylabel('P2') 

zlabel('P3') 

-
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Appendix C 

Graphs 

KEY 

(a) The solution curves PI ('), P2('), P30 to extremal equations using the MATLAB solver. 

(b) The solution curve PO to the extremal equations plotted in ]R3 using the MATLAB solver. 

The first elliptic function: 

(c) The solution curves PIO, P20, P30 to the extremal equations using a Jacobi elliptic function. 

(d) The solution curve P(·) to the extremal equations plotted in]R3 using a Jacobi elliptic function. 

The second elliptic function: 

(e) The solution curves PI (.), P20, P3 (·) to the extremal equations using an alternate Jacobi elliptic 

function. 

(f) The solution curve PO to the extremal equations plotted in ]R3 using an alternate Jacobi elliptic 

function. 

For each of the above, the result is plotted on the time interval [0, 101 (or [0, 301 in some instances), 

and on each set of graphs the following is specified: the CASE, the constant value(s), the initial 

condition and the elliptic functions. 
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