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Chapter I. Introduction 

During the past decade, the theory of twistors has been introduced and 

developed, primarily by Professor Roger Penrose, as part of a long-term 

program aimed at resolving certain difficulties in present-day physical theory. 

These difficulties include, firstly, the problem of combining quantum mechan­

ics and general relativity, and, secondly, the question of whether the con­

cept of a continuum is at all relevant to physics. 

Most models of space-time used in general relativity employ the idea 

of a manifold consisting of a continuum of points. This feature of the 

models has often been criticised, on the grounds that physical observations 

are essentially discrete in nature; for reasons that are mathematical, rather 

than physical, the gaps between these observations are filled in a continuous 

fashion (see, for example, Schrodinger (I), pp.26-31). Although analysis (in 

its generally accepted form) demands that quantities should take on a contin­

uous range of values, physics, as such,does not make such a demand. 

The situation in quantum mechanics is not all that much better since, 

although some quantities such as angular momentum can only take on certain 

discrete values, one still has to deal with the complex continuum of prob­

ability amplitudes. From this point of view it would be desirable to have 

all physical laws expressed in terms of combinatorial mathematics, rather 

than in terms of (standard) analysis. 

As far as the first difficulty mentioned is concerned, it would appear 

as if quantum mechanics and general relativity cannot satisfactorily be 

combined by merely applying standard quantization techniques to gravitation­

al phenomena (Anderson (I)). One aspect of this is that it is not really 

sufficient for the uncertainty principle to "smear out" the light cones of 

points without "smearing out" the points themselves. Thus again the concept 
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of a continuum of points as primary objects in space-time becomes undesirable . 

One way of avoiding these difficulties would be to choose a physical 

quantity which takes on discrete values as the primary object out of which 

to construct space-time; points in space-time would then become secondary 

or derived objects. It would be desirable for such a quantity to have the 

concept of space direction built into it, if a meaningful type of space­

time was to be constructed. The most obvious choice satisfying these cri­

teria is total angular momentum. 

It will be seen that a twistor can be visualised (more or less) as 

a zero-rest-mass particle in free motion • The concept of a twistor is 

conformally invariant and is therefore ideal for describing physical phen­

omena which posses conformal invariance (for example, zero-rest-mass systems). 

On the other hand, there is the drawback that twistors, as such, do not 

provide a description of phenomena which break conformal invariance, such 

as nonzero-rest-mass and curved space-time. Consequently, one has to adopt 

the viewpoint that zero-rest-mass phenomena and conformal invariance are of 

primary importance in physics and that theconforma~symmetry-breaking part 

of physics can be derived from this primary structure. There is some 

evidence to support this idea; for example, nonzero-rest-mass fields can 

be regarded as arising from the interaction between zero-rest-mass fields 

(Penrose (5». 

It was pointed out above that the concept of the complex continuum 

should, if possible, be avoided. In flat space-time, however, it turns 

out that twistor space possesses a complex structure and that holomorphic 

functions play an important role in twistor theory. Thus complex numbers 

seem tied up not only with quantum mechanics, but also with the structure 

of space-time itself. Penrose is of the opinion that it may eventually 

be possible to replace ho~omophic functions with concepts which are purely 

combinational (Penrose and MacCallum (1», but this possibility is very 
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much an open question. 

The problem of extending twistor theory to conformally curved space­

times presents difficulties which are essentiallY due to the lack of points 

as primary objects. In the most logical extended ' theory, namely that of 

global twistors, the complex structure breaks down - in fact, it appears 

to "shift" when viewed from distant regions of space-time. All that is 

left is a weaker, symplectic structure. This symplectic structure, however, 

ties in very neatly with the Hamiltonian and Hilbert space structure used 

in quantum mechanics. These matters will not be discussed in this essay; 

for a detailed description of them the reader may refer to Penrose (5), 

Crampin and Pirani (I), and Penrose (7). The other known curved-space 

twistor formalisms ,namely that of asymptotic twistors and their generalisa­

tion, hypersurface twistors, will be dealt with in detail. 

The discussion of twistor theory presented here derives primarily 

from Penrose (4) and Penrose and MacCullum (I); the notation of the former 

paper has been changed so as to conform with that of the latter. 

Formulae will be numbered in the form (c.s.n), where c denotes the 

chapter and s the section. A defining relationship will be indicated by 

the symbol := (or =:), the colon being written on the same side of the 

equation as the quantity being defined. 
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CHAPTER 2. PRELIMINARIES. 

S 2. I. THE ABSTRACT INDEX NOTATION. 

For a more comprehensive discussion of the material in this section, 

the reader may refer to Penrose(I), pp. 135 - 141. 

The ranges of the indices that will be used are as follows: 

a, b, .... range over 0,1,2,3 ; 

A,B, .... .. range over 0, 1 ; 

AI ,B' , ..... range over Oftl'; 

a,e, ... range over 0,1,2,3. 

Symmetrization and skew-symmetrization will be denoted in the usual 

way by enclosing the relevant indices in, respectively, round brackets 

and square brackets . The Einstein summation convention will be used 

throughout, and will apply to actual indices and to abstract indices 

in the sense of contraction. 

A symbol such as ;a is usually taken to denote a component of a 

vector in some particular basis frame; this interpretation forces 

one to avoid the use of indices when discussing frame-independent 

concepts. The great disadvantage of this restriction is that some 

algebraic operations ( such as contraction ) can be expressed very 

usefully in terms of indices, even though the operations are in 

fact completely frame-independent. 

The convention that will be used in this essay is the abstract 

index notation, whereby tensors and spinors are denoted by symbols 

such as ;ab .• d 
ef •• g d " .A •• BA' •• B' 

an 't' C .. DC' .. D' respectively; the 

indices are to be regarded as abstract, in that they do not have to 

be i.nterpreted numerically in a particular basis frame. Where an 

index has to be interpreted numerically, it will be written with a 

tilde underneath it. Thus ~a denotes a cotravariant vector ( a 

frame-independent concept) and ;!!' denotes the j-th component, with 

respect to a particular basis frame, of the vector ;a. 
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Two symbols with the same kernel letter and the same form of 

indexing (for example ~a and ~b) are regarded as denoting the same 

vector; the two symbols must , however, be regarded as different 

entities . This distinction is important when considering algebra ic 

relat ions and operations , which will now be considered in br ief . 

The notion of equality i s only defined if the same indices 

ap pear on both sides of the equation (for example, ~a = n a is 

permissibl e , whereas ~a= nb is not). Indice s t hat are summed over 

are disregarded ; in other words , it is permissible to write 

~a 

A similar criterion applies to addition : an expression such as 

~a a. . f 1 b h . ~a b. I s + n 15 mean1ng U , ut t e expreSS10n s + n 15 not . n a 

tensor or spinor product , however, the indices are no t allowed to 

be the same, so that ~anb, say, is allowed, whereas ~ ana is not. 

Products are also required to be commutative; for example, the 

identity 

~a nb = nb ~a 

h 1d f 11 ~a d 11 b S · d . mu s t 0 or a s an an . 1nce a tensor pro uct 18 non-

con~utative , the reason why an expression like ~ana is not allowed 

becomes clear: the indices must be kept distinct so as to label the 

various factors in the product uniquely . 
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~ 2. 2 . SPACE- TIME. 

The following definitions and formulae cover t he details that are 

required for this ebsay. For further details t he reader is referred to 

Hawking and Ellis(l) , pp. 10 - 44 ; wher e this reference is inadequate 

other references will be given. 

By a s pace-time is meant a pair (M, gab) ' where M is a connected, 

'" Hausdorff, paracompact, 4-dimensional manifold of class C and gab is 

a C '" metric of signature - 2 on M. A space- time with boundary is 

defined in exactly the same way , except that the word "manifo l d" is 

replaced by "manifold with boundary" . 

Minkowski space-time is the manifold R4 with t he natural pseudo-

Cartes ian coordinates o 1 2 3 (x ,x ,x ,x ) and the metric 

i . e. 

n b : = diag( l ,-1 ,- 1 , - 1), 
iii-

(2 . 2. 1) 

Given a space-time (M,gab), the metric gab determines a un1que 

tors ion- f r ee connection on M; this connection in turn determines a 

covariant derivative operation. The covar i ant derivative operator 

will be denoted by V 
a 

In Minkowski space-t ime, ·the operator V is 
a 

identically equal t o the operator aJ axa • 

A conformal rescaling on M is a replacement of gab by 

2 
gab = n gab ' 

where n is a C '" real-valued function on M. 

(2 . 2. 3) 

A metric is conformally flat if it i s a conformal rescaling of 

a fla t metric (a flat metric being one which is derived from the 

Minkowski metric nab by means of a coordinate transformation). 

Let (M,gab) and (PI, gab) be two space- times . A C'" diffeomorphism 

~ of M on~o PI is called a conformal mapping if the metric on PI 

induced by ~ from gab is a conformal res caling of gab' 

A phys ical theory is said to be conformally invariant if conformal 
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weights can be attached to the quantities and operators appearing in 

the field equations, in such a way that the equations are form-

invariant under a conformal rescaling of the metric. 

Let (H,n ab ) be Minkowski space-time . A procedure for obtaining a 

compactification of M will nm' be sketched; more details may be 

found in Penrose(I), Penrose(2) and Penrose(3). 

There exists a space-time (H',gab) with boundary and a conformal 

mapping which maps M onto the interior of M' (this mapping is described 

in Penrose (1) • p . 175) . The boundary of M' (denoted by aM) can be 

interpreted by studying the straight lines in M. All timelike straight 

lines in M become curves having as past endpoint a point I on aM 

and as future endpoint a point 1+ on aM. All spacelike straight lines 

become closed curves through a point 1° in M. Let f- be the 

null cone of 1° and §t the future null cone of 1°. Then it can 

in M 

past 

be shown that f is also the future null cone of I and t+ the past 

+ null cone of I. In addition , 

aM = !)-- u t+ U 1- U 1° U 1+ 

The null straight lines in M become null geodesics originating on 

~- and terminating on ~+. 

Strictly speaking , the space M' as described above i s not a 

manifold with boundary, because the conformal curvature becomes 

infinite at the points rO, r-, and r+ (Hawking and Ellis(I), p.222) . 

These points should therefore be deleted from M' and from aM when a 

strict definition is given; the boundary of M' will then consist of 

the two hypersurfaces ~- and t+. 
Two null geodesics in M' terminate at the same point of f+ if 

and only if the two corresponding null lines in H lie in the same 

null hyperplane (Penrose(I), p . 179). Also,this condition is necessary 

and sufficient for two null geodesics in H' to originate at the same 

point of ~-. Consequently, t o each null hyperplane in M there corresponds 
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a unique poiLt on i+ and a unique point on t-; this permits the identi­

fication of ~- with f+, giving a single hyper surface ~ at infinity. So 

each null hyperpl ane in M acquires exactly one point on ~ in M'. The 

+ - ° points I , I , and I can also be identified: the resulting single 

point on a M is denoted by 1. 1 

The hyper surface t can be regarded as the null cone of the point I , 

and will occas ionally be called the null ·cone at inf inity. It possesses 

the important property that each of its generators consists of a set 

of points (at infinity) corresponding to a sys t em of parallel null 

hyperplanes in M (Penrose(4». Conversely, to each such system of 

parallel null hyperplanes corresponds a unique generator of the null 

cone at infinity. 

Thus M is compactified by the addition of a closed null cone at 

infinity and may be visualised as in f igure I. The two null hyper­

surfaces ~- and t+ are identified along opposite generators and the 

space bounded by the two hyper surfaces represents M. Note that this 

picture is inaccurate in the "equatorial" region, since 1° is in fact 

a s ingle point. 

In space-times which are not Minkowski, it may still be possible 

to define a conformal infinity . A space-time (M,gab) is said to be 

asymptotically simple if 

(a) there exists a space-time (~,gab) with boundary (denoted by aM) 
00 

and a C diffeomorphism ~ mapping M onto the interior of ~ ; 

00 

(b) There exis ts a C function n on ~, positive on the interior of 

~ and zero on M, such that 

2 
~g = (l g' 

ab ab (2 . 2. 4) 

1 Note that this procedure, although possible in Minkowski space-time, 

is not necessarily possible in more general space-times. 
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Fig. 1. Compactified Minkowski Space-time. 

- --
------

- --- ---..: 

r 

\ 
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on cj>(M) , where g~b is the metric on cj>(M) induced by cj> from gab; 

(c) on M. \7a 
., 0; and 

(d) every null geodesic in M has two endpoints on M. 

An asymptotically simple space-time is said to be asymptotically 

f lat if, in some neighbourhood of M, 

(a) Einstein's vacuum field equat ions (without cosmological term) 

hold; and 

(b) the energy-momentum tensor Tabis zero. 1 

As was the case with Minkowski space-time, the boundary ~ of an 

asymptotically flat space-time (M,gab) can be written as 

aM = f u ~+ 

(Hawking and Ellis(I), p.222), where ~- and ~+ are disconnected null 

hypersurfaces at infinity. Every null geodesic in M has a past 

endpoint on ~- and a future endpoint on t+, but f- and ~+ cannot, in 

general, be identified as in the Minkowski case. 

1 For a less restrictive definition of asymptotic flatness, see 

Penrose(I), p .1 84. 
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~ 2.3. SPINORS. 

The most convenient formalism for discussing zero-rest-mass 

phenomena and conformal invariance is that of two-component spinors, 

s ome details of which are outlined in this section. For more details 

the reader is referred to Penrose(l), pp.141-160 and Pirani(I), 

pp.305-330. 

The correspondence between tensors and spinors is provided by the 

AA' Infeld-van der Waerden symbols a 
a 

the corresponding spinor, then 

Th ' f a , d us ~ x 15 a vector an x AA ' 

AA' AA' a 
x = a x 

a 
(2.3.1) 

In Minkowski space-time one may use the Pauli spin matrices for 

the a's. The correspondence (2.3. I) then becomes 

00' a I' a I 2 
+ ix 3 x x I x + x x 

,l2 (2.3.2) 
10' II ' 2 3 a I x x x - ix x - x 

where i =;.=r 1 

The use of the abstract index notation permits the identification 

of each tensor index with a pair of spinor indices, one unprimed and 

one primed. Thus given, say, a vector xa , the spinor corresponding to 

it will be denoted by a symbol with the (abstract) contravariant 

indices AAf. It is therefore permissible to write down an identity 

such as 

a AA' x = x (2.3.3) 

where the equality sign is to be interpreted in terms of the corres-

pondence (2.3.2) or (2 . 3.1). 

The complex conjugate of a spinor TIA will be denoted by TIA,. The 

1 The correspondence (2.3.2) will be used throughout unless 

otherwise stated. 
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AB A'B ' 
.spinors E

AB
, EA".B' , E and E are used to raise and lower indices; 

each of the E'S has coordinate representation 

[:, 0 I 
and they are linked to the Minkowski metric by 

nab = EAB EA'B' • (2 .3. 4) 

Note that £ A' B' should be written as lOA' B' , but the bar will be 

omitted . 

a A vector x is real if and only if its spinor equivalent is 

Hermitian, i.e. if and only if 

AA' A'A -AA' x ::::: X ::::: X 

Identities that will be found very useful are 

and 

i;AB _ i;BA = EAB i;C C , 

AB 
for any 2-spinors i;AB and S . 

(2 . 3.5) 

(2.3 .6a) 

(2 .3. 6b) 

A spinor TfA has a geometrical interpretation , up to sign , as ;j 

null flag, with its flagpole pointing in the (future-pointing) null 

direction 

a A -A' 
P := Tf Tf (2.3.7) 

and its flag representing a 2-plane element given by the bivectoc 

+ (2 . 3 . 8) 

The spinor operator corresponding to the covariant derivative 

operator 9
a 

is written as 9AA ,. In Minkowski space-time, as was 

noted above, the vector covariant derivative operator is a/ axa ; its 

spinor equivalent, using the correspondence (2.3 . 2), is clearly 

AA' a/ ax (since the relevant a's, being constant, commute with 

derivative operators). 

Consider now the effects on spinors and spinor operators of the 

conformal rescaling (2.2.3). 
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The E'S will be taken to transform as follows: 

£A'B' = n EA'B' 

£AB ~ n- I EAB 

A'B' £ A'B' 
E 

(2. 3. 9) 

The transformation law for the operator V
AA

, must be such that 

the covariant derivative axioms are satisfied (Penrose(I), p.141); 

this criterion is met by the following definitions. 

If ~ i s a scalar function, take 

= (2.3.10) 

For V
AA

, acting on spinors of valence one, take 

~AA' TfB = VAA , Tf - TBA, TfA B 

~AA' 
B VAA , B B C Tf = Tf + EA TCA' Tf 

V
AA

, nB, = VAA, nB, - TAB' nA, ; (2.3.11) 

VAA , B' VAA , B' B' 
TAC ' 

C' n = n + E
A

, n 

where 

-I 
:= n V

AA
, n. (2.3.12) 

For VAA, acting on spinors of higher valence, treat each index in 

turn according to the scheme of (2.3.11) using the Leibnitz rule. 

The remainder of this section is devoted to stating certain results 

concerning the curvature tensor and its representation in terms of 

spinors. More comprehensive treatments may be found in the references 

mentioned above, and also in Penrose and MacCallum(I). 

Suppose that the curvature tensor Rabcd satisfies the sign 

convention 

and that Rab and R are defined by 

Rab := RC 
acb 

R := Ra . a 

c =: R
abcd 

V 

A spinor representation of R is given by abcd 

(2 . 3 . 13) 

(2.3.14) 
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(2.3.15) 

+ 2 A(sAC £BD £A'B' EC ' D' + sAB sCD sA'D' EB,C') < 

The spinor ~ ABCD is completely symmetric -and is related to the 

Weyl conformal curvature ten~or C b d by - a c 

~ABCD sA'B' £C'D' + EAB SCD WA'B'C'D' = Cabcd • (2.3.16) 

Both ~ABCD and Cabcd vanish if and only if the space-time is confor­

mally flat. 

The spinor ~ABC'D' and the scalar A are both real, in the sens e 

that 

~ABC'D' = ~ABC'D' 
(2.3. 17) 

A = A. 

Furthermore, both ~ABC'D' and A vanish in regions of space-time 

containing no mass-energy. 

Under a conformal rescaling, the spinor ~ABCD is invariant and the 

spinor PABC'D' , defined by 

PABC'D' := ~ABC'D' - AEAB sC'D' , (2.3.18) 

transforms as 

~ABC'D' = (2.3.19) 

Notice that 

= P ABC "D' (2.3.20) 

by (2.3.17). 
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CHAPTER 3. TWISTORS IN FLAT SPACE 

Throughout this chapter, let (M, nab) denote Minkowski space-time and 

(M ' , gab) its compactification . The phrase "null straight line" (or "null 

geodesic") in M or in M' will usually be abbreviated to "null line". 

§ 3.1 THE BASIC CONCEPT 

The object of this section is to describe the representation of null 

lines in M (i.e . world,-lines of zero-rest-mass particles in M) in terms of 

twistors. The concepts of momentum, angular momentum and spin will be utilised; 

details of these may be found in Synge (I), pp.216-227. 

Consider a finite system with 4-momentum pa # 0 , and total angular 

momentum with respect to the origin 0 ; the tensor _.ab. k . M 1S S ew-symmetr1c. 

If a displacement a 
x is applied to the origin, taking it to o , the 

angular momentum with respect to 0 is 

I:fb = 

The momentum vechor pa is invariant under such a change of origin. 

Assume firstly that pa p > 0 • 
a 

defined as the locus of origins such that 

Mab p = 0 
a 

The centre of mass ' of the system is 

Equation (3 .1 .2) has as its solution a straight line (Synge (I), p .21 9) and, 

as can be verified by substitution, this line is given by 

a x 

where A is a real parameter. 

The spin tensor Hab ' is defined by 

(3.1.1) 

(3. 1.2) 

(3.1.3) 

(3. 1.4) 
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where 
a x is given by (3.1.3). In other words, the spin tensor gives the 

intrinsic angular momentum of the system about a point on the centre of mass 

line. The spin s is usually defined in ~erms of H
ab 

by 

(3 .1.5) 

Now consider the case pa p = 0 i.e. zero rest mass. 
a ' 

Equation 

(3. 1.2) becomes 

The null vectxb:r can be represented by a spinor A' 
1T 

(3.1.6) 

(cf. (2.3.7», 

according to 

-A A' 
= 1T 1T 

and this representation is unique up to the phase transformation 

A' i8 A' b 
1T ~ e 1T ,with 8 real. The skew-symmetric tensor Ma can be 

represented by a symmetric 2-spinor ~AB = ~(AB) , such that 

b ABA'B' -A'B' AB Ma=~ E: +~ E: 

In terms of these spinors, equation (3.1.6) can be written 

where 

= 
AA' 

x is the spinor corresponding to 

Multiplication of (3.1.9) by 

AB -
~ 1TA 1TB = 

gives 

o 

AA' 
(x 

-B 
1T A 1TA,) 1T 

a 
x (cf. (2.3.2». 

B' 
1T 

(3.1.7) 

(3.1.8) 

I (3.1.9) 

(3.1 .1 0) 

Now, s ince 
AB 

~ is symmetric, it is the symmetrized outer product of two 

I-spinors (Pirani (1),p.319), say 

~AB = 2 ~ (A nB) 

substitution of (3.1.11) into (3.1.10) yields 

A - B 
(~ 1TA) (n 1TB) = 0 

Therefore at least one of ~A and nA i s proportional to 

consequently a spinor wA can be defined by 

AB 
~ = 

Using (3 . 1. 13), equation (3.1.8) becomes 

(3 .1.11) 

(3. 1.12) 

-A 
1T , and 

(3 .1.13) 
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b (A B) A' B ' . - (A ' B' ) AB Ma = i W TI E - 1 W TI E (3.1.14) 

while substitution of (3 .1.13) into (3.1.9) gives 

(3 . 1.15) 

Notice that Mab takes the special from (3 . 1.14) as a necessary condition 

for equation "(3 . 1.9) (or (3 . 1.6» to possess a solution; the equation for 

the centre of mass then becomes (3.1 . 15), which is the equation of a null 

hyper plane . This hyperplane will be denoted by K; it can be regarded as 

the analogue of t he centre-of- mass line in the case . 

Carrying this analogy further, let 

the t ensor H
ab 

by (cf . (3.1.4» 

a x bea point on K and def ine 

Hab := Mab _ 2 x[a pb] (3.1.16) 

Equation (3.1.5) suggests that the product H
ab 

Hab be evaluated; using / f 
(3 . 1.6) and (3 . 1.1 4) it is 

(M
ab 

- x
a 

pb + x
b 

pa) (Mab - xa Pb + ~ Pal 

= ~b Mab + 4(x
a 

p a)l - 2(x
a 

P a)2 

= M + 2(xa p )2 
ab a 

= 
(A - B) A'B' -(A' B') AB) (i W TI E - i W TI E 

= 

= 

Now, let ting I 

(3 . 1. F ) 

which is independent of the choice of 
a x on K. Comparison with (3 . 1. 5) 

shows that the spin is given by 

s = (3.1. 103) 

Spin, as defined by (3.1 . 5), can only take on non-negative values, whereas 

this is not true of the quantity s in equation (3.1 .18 ) . From now on, 
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however, the word "spin" will be used in the wider sense (namely that of 

(3.1 . 18» when applied to zero-rest-mass systems . 

If the angular momentum with respect to some point on K is zero, 

then everywhere on K and hence the spin is zero . Convers e ly, 

suppose that s = 0 Then equation (3 .1.1 8) implies that 

C - -C' 
W 1fC + W 1fC' = 0 

i. e. that 

c -
e:AB A'B' - C' A'B' AB W 1fC e: + W 1fC ' e: e: = 0 

whence, using (2 . 3.6), 

i [A - B l A'B' + i -[A' B' l AB 
W 1f e: W 1f e: = 0 (3 .1. 19) 

Addition of (3.1.19) to (3 .1. 14) yields 

M
ab A - B A' B ' - B ' A' e:AB =iw1fe: -iw 1f (3.1.20) 

The two cases A -and W 1fA = 0 will now be considered 

separately . In the first case , (3.1 . 20) leads to 

- B' ab - B' . A -B A'B' . - B' A' AB 
(w 1fB, )M = (w 1f B,)(1 W 1f e: - 1 W 1f e: ) 

A -B -C' AB' . -B' A' C - AB 
i W 1f (w 1f C' e: ) + 1 W 1f (w 1f C e: ) = 

A -B -A' B' 
=- iw1f(w 1f 

-B' A' . -B' A' A -B B-A 
W 1f ) - 1 W 1f (W 1f - W 1f) 

A -B -A' B' . -B' A' B-A 
=-iw1f W 1f +1W 1f W1f 

-B' Dividing both sides of (3.1.21) by W 1fB, and letting 

~' := -B' - -1 A -A' 
i(w 1f

B
,) W W 

yields 

= 

where Ta is the vector corresponding to AA' 
T (notice that 

since AA' 
T is Hermi tian) • 

(3 .1.21) 

(3 . 1. 23) 

is real , 

In the second case (i.e . = o ), there exists a complex con-

stan t CL such that 

A - A 
W = CL1f 

Thus (3 .1.20) becomes 
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M
ab 

~ i C4 
-A - B 
Tf Tf E 

A'B' 
- i C4 Tf 

A' 
Tf 

B' EAB (3 .1.24) 

Let A' 
be a spinor such that 

C ' 
1 n TfC' n = . Then (3.1 .24 ) can be written 

as 

Let 

• -A -B C' A'B' • - A ' B ' - -C AB 
i C4 Tf Tf (Tf c' n E ) - 1 C4 Tf Tf (Tf c n E ) 

- A -B A' B' B' A' . - A' B' - A -B -B-A 
i C4 Tf Tf (Tf n - Tf n ) - 1 a. Tf Tf (Tf n - Tf n ) 

A A' • -B B' . - B' -B -B B' -A A' 
Tf Tf (1 C4 Tf n - 1 C4 Tf n) - Tf 1f (i a. Tf n 

A' - A ia.1f n) 

AA' - A A' • A' -A 
R := - i a. Tf n + 1 a. 1f n s i nce 

AA' 
R is Hermitian, it 

corresponds to a real vector Ra and so equation (3.1 . 25) is the same as 

= 

Summarising, it follows form equations (3. 1.23) and (3.1.26) that 

if the spin is zero, then Mab has the form 

where 
a 

W 

= 

is a (real) vector. 

The angular momentum about a point on the nul l line given by 

where 

a x = 

is a real parameter and 
a 

W 

= 2 w [a pb] _ 2 x [a pb] 

is defined in (3.1.27), is 

= 2 w[a pb] _ 2 w[a pb] _ 2A p[a pb] 

= o 

Thus, as in the case, the system is characterised by the line 

(3.1.25) 

(3 .1.26) 

(3.1. 27) 

(3.1 .28) 

(3 . 1.28), which lies in the hyperplane K, since equation (3.1.2) is sat- I 
I 
I 
I 
I 
I 
I 
I 

isfied. 

If, on the other hand, s '" 0 , then the angular momentum is non-zero 

about every point on the null hyperplane K In this sense, if the sys t em 

consists of a particle, the particle is not localised (i. e. "tied" to a 

world line) as it would be if its spin were zero. 

I 

I 
I 
I 

I 
I 
I 
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It has been shown that the pair (pa, ~b) can be represented by 

the pair (w
A 

, 'IT A' ) . This representation is not unique, s ince replacing 

A 
) by (e 

ie A i6 
) , with e real , alters neither pa (w , 11' A' W , e lI

A
, 

nor M"b . Analogous ly, a twistor is something which can be represented 

h . (wA ) by t e pa1r , lI
A

, A symbol such as ZU i s used to denote a twist-

or; in component form it is given by 

Z'J : = ( W 0 , Wi , 11
0

, , 11 l' ) 

The complex conjugate of the twistor ZU is denoted by 

defined, in component form , as 

z· : = (11 Q 0 

The inner product of (3.1.29) and (3 . 1.30) is 

= 

= 2 s 

-
Z 

U 
and 

Since s is independent of the spinor frame, equation (3.1.31) can be 

written as 

If a twistor ZU is such that ZuZ = 0 , it is said to be null 
U 

and, as seen above (the s = 0 case) , it represents a unique null line 

(3 .1.29) 

(3.1.30) 

(3.1.3 1) 

in M . (This holds provided lI
A

, ; 0 ; the case lI
A

,= 0 will be consid­

ered later.) Thus, in Minkowski space-time, null twistors can be ident ified 

with null lines. It must be borne in mind, however, that if ZU represents 

a nul l line , then A ZU ,where A; 0 is a complex constant, represents 

exactly the same null line. (Th . ,u e tw1stor ,.. Z is defined "component-wise" , 

i. e . if (wA , lIA, ) represents ZU , then A 
(A W ,A wA' ) represents 
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§ 3.2 Twis tor Intersections. 

Let (0/, 1T A') with 1T A' 
AA' 

x 

" 0 
represent a twistor . If the origin 0 

is displaced by the vector to -0 , pa . h d d r ema1ns unc ange an so 1T A' 

is unal t ered up to a phase factor; take this factor to be unity, s o that 

the phase of 1T A' i s preserved . Suppose that wA is defined to transform 

as 
_A A AA' 
w = w - 1 X 1T A' (3 . 2 . 1) 

then it follows that 

Flab : (A' B') AB w 1T E 

= 
ab ( AC' -B 

M +!x 1T C,1T E 
A' B' 

+ x 
BC' 

1T C' 
-A A' B' A'C - B' EAB 1T E + x 1TC 1T 

B'C - A' AB) 
+ x 1TC1T E 

Mab _ AA ' B'-B AB' A' -B BA' B' -A BB' A' -A 
!(x 1T 1T - x 1T 1T + x 1T 1T - x 1T 1T 

A' A - B B' A'B -A B' B'A - B A' B'B -A A') +x 1TiT -x 'Tr1T +x TI1T -x 'IT'TT 

= 

1n agreement with equation (3 .1.1 ) . 

If A (w ,1TA,) represents a null twistor whose corresponding null line 

z passes through the origin, then 

applying a displacement of 
AA' -x 

and hence , are zero . By 

to the origin, it follows that if z 

passes through the point 
AA' 

x ,then 

A AA' 
w = i x 11 A' (3 . 2 . 2) 

Suppos e now that Z intersects the null cone of the origin and denote 

the point of intesection by AA' 
x 

since Z passes through the point 

Then equation (3 . 2 . 2) is satisfied , 

AA' 
x In addition , 

AA ' x ,regarded as 

a vector, lies in the null cone of the origin and is therefore null . Con­

sequently, 
AA' 

x has the form 

xAA ' = ± nA ijA' 

where nA is some spinor . 

(3 . 2. 3) 

By substituting (3.2 . 3) into (3.2.2) it is seen that n A is proportional t o 
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A 
(J) ,whence 

AA' A -A' 
x = K w w 

where K 1 5 a constant. 

Subs titution of (3 . 2.4) into (3 . 2.2) gives 

provided 

AA' 
x = 

(cf . equation (3.1.22». If 
- B' 
W 1T B' = 0 , then 

- A' 
w is proportional to A' 

1T and from (3.2.2) it follows that 

In other 

AA' -
x 1TA 1TA, 

AA' 
words , x 

= 0 

is orthogonal .to the null vector and therefore 

lies in a null hyperplane through the origin (in fact the null hyperplane 

K of section 3.1). 

Suppos e that the two null twistors zo. and yo. are represented, 

(3 .2.4) 

(3.2.5) 

(3 .2.6) 

r espectively, by A 
(w , 1T A' ) and 

A 
(~ , n A' ) This gives , respectively , 

two nul l lines Z and Y in M. What is required is a criterion which 

deter mines whether or not the null lines intersect . 

If they inters ect at the point AA' 
x , then both (3.2 . 2) and 

. AA ' = 1 X 

must hold . 

"Thus 

since 
AA' 

x 

= i AA' 
x 

-AA' 
= inA x 

-A' 
~ 1T A' 

represents a real vector and is therefor e Hermitian . 

Equation (3.2.8) is the same as 

zo. Y = 0 
0. 

which is cons equently a necessary condition for intersection. 

(3.2.7) 

(3.2.2) 

(j.2.9) 

To show that the condition (3.29) is also sufficient, assume firstly 

that and are not proportional (i.e. that 
A' 

1T
A

, n # 0) . Then 

the two null lines will be non-parallel . Define the vector 
AA' 

x as 
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AA' ( BI) A A' A A' x = - if (7f B,n ) (w n - ~ 7f ) 

Then (3. 2. 2) and (3 . 2 . 7) are satisfied and it only remains to check t hat 

AA' 
x i s a real vector, i.e . that 

AA ' - AA ' x - X = 0 

Thi s is done by taking components with respect to the two non-parallel 

spinors and 

AA' -AA' 
7f A 'IT A I (x - X ) = 

= 

AA' -AA ' 
n A nA ' (x - ) = 

= 

AA' -AA' 
n A 7f A I (x - X ) = 

= 

- i 

- i zo. Z 
c!. 

i 
A - -A' - (~ n A 

+ ~ 

- i yC'y 
c!. 

i 
A - -A' 

(w n
A 

+ ~ -

- i zc!' Y 
C!. 

nA,) 

7f A ,) 

So a necessary and sufficient condition for a pair of null non-paralle l 

lines (represented by zc!' and yC') to "_ntersect is 

zC!. y = 0 
C!. 

A di agr annnatic representa tjpn is provided in fig. 2. 

If and are proportional but non-zero, it is poss i bl e t o 

(3.2 .1 0) 

r eason as follows . Fix Y and move Z so that it continues to intersect 

Y and so that its direction approaches that of Y The point of inters ec-

t ion is the vertex of the null cone containing Z and Y and this point 

is moved "out to infinity" as the two lines approach parallelism. In the 

l i mit , the null cone becomes a null hyperplane and so it is seen that the 

condition (3.2 . 9) is a necessary and sufficient for the two parallel null 

lines to be contained in the same null hyperplane. In other words , condi-

tion (3.2. 9) is necessary and sufficient for two parallel null lines t o 

intersect at a point at infinity. 

It is now possible to interpret the meaning of the twistor zc!' whose 
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r epr es entation is (WA , 0). The condition (3.2.9) becomes 

A -w n
A 

= 0 , (3 .2.11) 

s ince IT A' = 0 From (3 . 2.11) it follows that the collection of a ll null 

lines which intersect Z is the set of all null lines whose direct ion 

coi ncides wi th the null direction represented by wA This gives a col l -

ection of parallel null hyperplanes; as seen in § 2.2, each hyperplane has 

a point at infinity and the points at infinity corresponding to the paralle l 

hype r planes "join up" to form one of the generators of the null cone at 

infini ty . The required interpretation of the twistor Za is provided by 

this nu l l l i ne : indeed, it intersects each of the null lines in each of 

the set of parallel null hyperplanes corresponding to it. 

To summarise: a non-zero null twistor Za (i.e. Za Z = 0 , Za # 0 ) 
a 

deter mines a unique null geodesic in compactified Minkowski space- time M' 

Above the implicit assumption has been made that null geodes i cs i n 

(M, n ab ) are also null geodesics in (M' , gab) ' This can be substant i ated 

as follows : Ka = A - A' the condiiton for a null line with tangent vector K- ~. 

t o b e a geodesic is given in Pirani (1), p.343, as 

A B -B' 
Ie K K 'l BB' KA = 0 

Since gab is a conformal resealing of nab ' (2.3.11) can be used to 

yie l d 

= 0 , 

-where 'lBB ' is the covariant derivative operator corresponding to gab ' 

This pr oves the assertion. 
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§ 3.3 Robinson Congruences 

In sections 3 . 1 and 3. 2 it was found that null twistors could be vis-

ualised in terms of null lines; the object of this section is to obtain a 

geometric interpretation of non-null twistors. 

A null line in M' can be represented by the collection of all null 

lines which meet it. In other words, a null twistor Za determines, and 

is determined up to proportionality by, the set of all twistors ya satis-

fying and yU Z = 0 ; the twistor 
a 

-
Z 
a 

can be thought of as 

representing this set of null lines. Similarly, the general twistor Ra 

whether null or not, can be regarded as a representation of the collection 

of null lines whose twistors r satisfy yUy = 0 and r R = 0 If 
a a 

i a ,; 0 this co llec tion is called a Robinson If R 
-a 

= 0 R , congruence . R 
a a 

i a i s taken to denote the null line which is met by all the members of the 

collection R ; thus t he notation remains consistent with that us ed above . a 

A Robinson congruence for which Ra ~ > 0 is called right-handed, while 

one for which R i a < 0 is called left-handed . 
a 

A particular Robinson congruence (suggested by Penrose (4)) will now 

be inves tigated: let E be a real number and take 

, 

R : = (1,0, E1/2 , 0) 
0. 

(3.3 .1) 

Let ya be a null twistor represented by the spinor pair A 
(w ,11 A' ) 

The condition for the null line y repres ented by r to belong to the 

congruence given by R is 
a 

WO + 11 
0' 

EI/2 = 0 (3.3 .2) 

If 
a 

is a point the line y x on , write xo= t , xl= x , xl= Y , 

From equations (3.2.2) and (2.3.2) it follows that 

[ ::]. ,':::] [:::] [

t+x 
il/2 . 

y-1 
(3 .3.3) 

Using (3.3.2), equation (3.3.3) gives 
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e:jlz = i j /2 (t+x)lT 0' + (y+i zh), ) • 

that is 

y + i z 
(3 .3. 4) 

= 

Now the direction of Y is given by the null vector corresponding to 

A' IT and so 

[~: 
, ;0 <] z] lTD [" + dx dy + i d 

oC 
I ;1 lTD lTl dy idz dt - dx 

or equivalently 

[ :' c, ' 
-' ' IT ) CO'] ~" d. 

d,. id , ] 
cC (3.3 .5) 

- lTOlT) , lTO lTO' dy - i d z dt - dx 

Combining (3 . 3.4) and (3.3.5) gives the differ ential equations for the line cif' 
Y • namely 

y + i z t + x - i e: = dy + i d z : dt + dx 

= dt - dx : dy - i d z (3.3.6) 

The first equation in (3.3. 6) gives 

t + x - i.E = a(y + i z) • (3.3 .7 ) 

where a is a complex constant; th'e second equaiton in (3.3 . 6) then yields '~'!' 
(t - x)a = Y - ' i z + a (3 . 3.8) 

where a is another constant. 

Multiplying the complex conjugate of (3.3.8) by a and subtracting (3 .3.7) ,It 

from the result, it is seen that 

(t - x) jaj2 - -
t - x + i e: = a a , 

the imaginary part of which reads 

Im(aa) = e: (3.3.9) 

The constants a and a determine the particular nu l l line Y of thr 

congruence; for consistency they must satisfy (3.3 . 9) . Determinat ion of 

a l ine requires three equations, whereas (3.3 .7) and (3 . 3 . 8) provide fou r, 

but there is no problem, since both the imaginary part of (3.3 . 7) and the 

i maginary par t of (3 .3.8) read 

z Re (a) + y Im(a ) + E: 0 

I 

I 
I 
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where use has been made of (3.3.9). Consequently, three (at most) of th e 

fou r equations are independent. 

A useful visualisation of the congruence can be obtained by cons ideri ,,~ 

its intersection with the hyperplane t = T, where T is a real cons t ant. 

The tangents to the curves of the congruence are projected onto this hyp er-

pl ane and integration then y.ields a collection of curves in the hyperpl ane . 

The projection can be achieved in the following way: firstly (not ing thBt 

dt2 = d~ + dy2 + dz2 for a null line), replace dt in (3 . 3 . 6) by 

ds := (dx2 + dy2 + dz2) i ; and secondly replace t by T . This gi ves 

(y+i z)(dy - i dz) = (T + x - i E)(ds dx) 

Introducing the new real variables w, r and ~, given by 

w := T + x 

y := r cos ~ 

z := r sin ~ 

it is seen that (3.3.10) is equivalent to the two real equations 

weds - dw) = r dr 

dds - dw) = ~ d ~ 

From (3.3.11) it f ollows immediately that 

E dr = w r d ~ 

Using (3.3 . 12) and the definition of ds , equation (3 . 3.lla) be comes / 

w2ds2= if (dw2 + dr2 + E2dr2/w2) 

= r 2dr2 + 2 r w dr dw + w2d w2 

whence 

2 r w d w = (w2 - r2 + E2)dr 

Hultiplying both s ides of (3.3.13) by (w2 + r2 + E2) gives 

2 r w3 dw + 2 r3 w dw + 2 P w E2dw 

w' dr + 2 w2E2dr + E'dr - r' dr 

or,pividing by r3 and rearranging, 

(3.3 .10) 

(3.3.lla) 

(3.3.11b) 

\3 .3.17.1 

(3.J. !3, 
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- 2 _3 2 - 2 2 2 - 3 
r dr + 2 w d w + 2 r w3 d w - w4r dr + 2 £ w r d w - 2 £ w-r dr 

-3 
- £4 r dr ; 0 , 

that is 

Integration yields 

",here d is a (real) constant . 

Equation (3 . 3.14) can be rewritten as 

or 

where a := 

; 4 £2 (a2r2 - if) 

( d - 2 £2)! I 2 £ • 

Multip lying out equation (3 . 3.15) leads to 

w4 + 2 w2 (r2 +£2) + (t' - 4£2 a2 r2 - 2 £2 r 2 + £4) = 0 

whence 

(3.3.14 ) 

(3.3.15) 

w2 f - r 2 - £2 ± 2 1£1 r(a2+1)! (3.3 . 16')::::c-

The minus part of the ± sign can clearly be discarded . ThUG w is giv~ by 

w = ±(- r 2_£2 + ZI£lr(a2 +1)!)! (3.3.17) 

Substituting (3 . 3. 17) into (3 .3. 12) and integrating with respect ro r 

yields 

w + ¢ = ± sgn (£) arcsin 

(2[£lr(a2+1)i - Z £2) / 2 r [£1 lal) (3.3 . 18) 

where ¢ is a constant. The uncertainly in sign can be taken care of by 

an appr opriate choice of ¢ , so that (3 . 3.18) can be written more simply 

as 

by (3.3 . 16), and hence 



30. 

if- + ~ - £2 + 2 £ a r sin(1/J+¢) = 0 

From (3.3.15) and (3.3.19) it follows that 

4 £2a2 r2 - 4£2if- = (r2+if-""£2)2 

uhence 

w = ar cos (1/J+<j» 

(3 . 3 .19) 

(3. 3. 20) 

Reverting to the original coordinates , equations (3 . 3.19 ) and (3.3.20) be-

come 

y2 + z2 + (t+X)2 + 2 E: a(y sin <j> + z cos <j» = £2 (3 . 3.21) 

1 + x = a(y cos <j> - z sin <j» (3 .3. 22. ) 

This solution is the same as the one given in Penrose (4) . The slightly 

differ ent appearance arises from a change of notation . 

Equation (3 . 3 . 21) represents a collect ion of spheres and equation 

(3 . 3 .22) a collection of planes , so that the intersection curves are circles. 

These circles must lie on the surfaces given by (3 . 3.16), which are nest ed 

tori axisymmetric about the w-axis . Their intersection wi th the (y, w) 

plane for a few different values of the parameter a, is pictured in f i gure 

3. The relevant equation, which follows immediately from (3.3.16), is 

(3 . 3 . 23 ) 

The particular curve given by a = 0 is acircle , centred at (x,y,z) = 

(1,0,0) and with radius 1£1 To recons truct the original null linc ~ 

which gave rise to this circle, one must "lift" out the t angent vector s t o 

the circle so that they become null vectors in the full four-dimensional 

space, and then allow 1 to vary . The result of this process may be vis-

ualised as in figure 4 . It is seen that the null lines twist around the 

line t = x in the (t ,x) plane; the screw sense of the twist will of 

course depend on the sign of £ , i. e . on whether Ra is right- or left-

handed. 
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Fig. 3. The Nested Tori (with Ea # 0). 
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Fig. 4. Some Members of the Rob i nson Congruence. 

t=x LIt-lE 

THE (a. :0) NULL LINES 
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Cons ider, f i nally , the limiting case when £ + O. From equation 

(3 . 3.23) it then follows t hat the entire Robinson congruence collapses to 

t he line t = x , y = 0 = z . This is axact l} the null line correspond i ng 

to the twis t or given by 

[R'\=O = (0,0,1,0) 



\ 
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§3.4 The Associated Spinor Field 

In this section it will be shown how twistors can be interpreted in 

terms of certain spinor fields. Let the twistor Za be represented by 

and r ecall equation (3.2.1) which describes the behaviour of 

under a shift of origin: 

_A A . AA' 
w = w - ~ X--- 11 A' 

A w 

This can be regarded as defining a spinor field 
-A w on M . Taking the ) ",) r 

covariant derivative of both sides gives 

= 
AS A'B ' 

-i1l e: e: 
B 

and hence 

Conversely, given a spinor field wB satisfying (3.4.1), unique spinors 

wA and 1IA, exist such that (3.2.1) holds; for (3.4 .1) implies that 

AA ' B CC' AA' _B· 
V w is skew in AB , and therefore V V w is skew in both 

AB and CB, since covariant derivative operators commute in Minkowski 

space-time. But then 

VCc ' VAA ' wB 
= 

= 

= 

so that VCC ' VAA ' wB is skew in CAB and mus t vanish (by the two-dim­

ensionality of spinor space) . Thus VAA ' wB is constant and since it i s 

skew in AB , it can be written as 

VAA ' wB = HVAA ' wB 

= 

= 

where \ 11 A' : = ! i V CA' 
_C 
w 

Integrat i on of (3 . 4.2) leads directly to (3.2.1), where 

of i ntegration. 

A 
w is a cons tant 
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Consequently the field iJiB determines a unique twistor , in that it 

determines the two spinors 
A w and Tf A I • Furthermore, equation (3 .4.1) 

:-B .... B 
is invariant under the conformal rescaling (2 . 2.3) ... ith w = w , for 

if "AA' ii)B is skew in AB , then 

""'AA' ~B .... AC ... A'C'... _B 
V w = E E V CC' W 

__ ,,-2 AC A'C' (n _B B w-D) 
.. E E v CC' W + E C T DC ' 

is also skew in AB 

= n-2 (V 4A ' ii)B + EAB T
D

A' iJiD) 

Thus the spinor field 
_B 
W 

invar i ant description of a twistor. 

provides a cOnformally 

If this spinor field is to be defined on the compactification M' 

of Minkowski space-time, a global problem arises, namely the question of 

how the field is to be defined across the null cone at infinity. It is 

stated in Penrose (4) that the field must "pick up" the facto r i on 

crossing infinity; for this reason it has to be regarded as four-valued 

on M' . This will not be proved here , but it will be shown in section 

3.6 that twistors of odd total valence are four-valued under the conformal 

group of transformations. 

Strictly speaking, the operator VAA , should be writ t en as "AA' , 

since the metric of compactified Minkowski space- time is a conformal re-

scaling of the usual Minkowski metric nab However , the conformal in-

variance of (3.4 .1) means that the "hat" can be dropped without causing 

ambiguity . 

The behaviour of the spinor ~A' under a conformal rescaling follows 

immediately from equation (3.4.3): ITA' becomes 

~A' = ! i "CA' ~c 

= 1 • ( -C + C _A 
2 1 VCA' W EC TAA , W ) 

= . -A 
ITA ' + 1 TAA , W 
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Notice t hat f1 A' is not a constant spinor like rr A' ; i n f act f1 A' is 

a spinor f ield . The spin s , however, depends neither on the position 

of the origin nor on the conformal factor n s ince 

:A ;:::: :A' 
-IT At 

A - i 
- A' - A' 

(rr A' i o.h W rr +w = w (rr A - TA, A W ) + W + TAA, 

_A - + ;A' = W rrA rr A' 

(wA _ 
i 

AA' 
rrA,)rrA 

- A' i A'A -= x + (w + x rr A)rr A' 

A- -A' = W rrA + W rr A' 

Consider now the collection of null lines {Y} whose twistor s {yU} 

satisfy 

mined by 

yU Y = 0 

Z 
a 

a 

if 

and ..D. -Y L.- = 0 
a 

(i . e. the Robinson congruence deter-

is not null; or the "congruence" of null lines 

intersecting t he null lines given by fl ,if fl is nul l). Let yU be 

repres ented by the spinors 
A 

(I,; ,n A,) and suppose that the line Y € {Y} 

passes through the point 
AA' 

x 

that 

A - - A ' 
W nA + I,; rr A' = 0 

i. e . 
A AA' -

(w - i x )n
A 

= 0 

i.e. 
_A -
W n

A 
= 0 , 

i mplies fl Y = 0 
a 

Then the equation 

ubing equations (3.2 . 7) and (3 . 2.1) . This means that the field of null 

W
a 

vectors given by 

a W := 

i s such that t he null vectors are tangent to the null lines in the con-

gruence. 

Equation (3. 4. 5) permits one to write 

A - A 
w = p n 

"here p i s some differentable function on M . 

is skew in AB , it follows that 

- - 'OAA' _B 0 w
A 

wB v W = 

Also , since AA ' B 'V W 

(3.4.5) 
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and hence that 

o = p2 TiA TiB VAA ' (p TiB) 

= pSTiA TiB VAA' TiB (3.4.6) 

The condition for a null congruence with tangent vector field ka = kA kA' 

to the geodesic and shearfree is given in Pirani (1) p.343, as 

kAkB " k ·· 
vBB ' A = o 

Comparison wi th (3.4.6) shows that the shear of the congruence vanishes, 

provided p ~ 0 The case p = 0 only occurs when Za is null, and 

P is then zero on the null line Z determined by Za, i . e. where the 

lines of the "congruence" meet Z Therefore every Robinson congruence 

is shear-free. 
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§ 3 . 5 The C-picture. 

It has been seen that a twistor tx, represented by A 
(w ,n A I), can 

be interpreted as representing a null line (H lJ. is null) or a Robinsor. 

congruence (if tx is not null). Neither of these geometric structures 

is altered if is replaced by A 
(AW ,An A I) ' where A is a non-

zero complex constant . Twistor space C will therefore be chosen to be a 

three-dimensional complex projective space, each point of which represents 

a non-zero twistor up to proportionality. The zero twistor, ZU = 0 , has 

no geometric interpretation and has no place in the C-picture . 

The spin s associated with a twistor ZU is given by (cf . (3 .1.32» 

~A~ZUZ • 
U 

while that assoicated with is s ince " ,,>0, 

each proportionality class of twistors in the c-picture (i .e. each point 

in C) can consequently be described as having positive , negative or zero 

spin. 

Let N denote the subset of C consisting of those points having 

zero spin; C+ the Bet of points with positive sp in; and C the set of 

points with negative spin (see fig. 5) . The points of N are in one-to-

one correspondence with the null lines in MI. Since C is six-real­

dimensional and the equation ZU Zu = 0 is essential ly jus t one real 

equation , the subspace N is five-real-dimensional. The system of null 

lines ~n MI is also five-dimensional, as can be seen by cons idering a 

fi xed spacelike hypersurface S in M Each null geodesic in M inter-

sects S in exactly one point p , so that the null lines in M can be 

l abelled uniquely by specifying a point P on S (003 choices) and a 

future-pointing null direction at P (002 choices). Thus the null lines 

in M form an 005 system. In M' , the null l ines at infinity must be 

counted as well; but these form an 003 system (being the generators of 

the null cone at infinity) and do not increase the dimens ionality of the 
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Fig. S. The C- Picture. 

N 

p 
I 

- - - - -~ 
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system. 

The notion of conjugation of a twistor (i . e. the connection between 

tx and Z) can be interpreted in the C-picture as follows . While a 
et 

twistor tx determines a point in C , a twistor Ret determines a pl ane 

R in C , consisting of those points whose twistors yet satisfy 

RyCI=O. 
et 

(3.5.1) 

The word "plane" here means "complex plane", Le. a linear four-

real-dimensional subset of C; such a plane determines in turn a twistor 

R , unique up to' proportionality. 
et 

So the correspondence 

comes, in the C-picture, a point""'" plane correspondence. 

tx ....... Z be­
a 

Let zet be a non-null twistor. The conjugate twistor Zet de ter­

mines a Robinson congruence in M' , and also determines a plane P in 

C . Let Q denote the intersection of P with N ; then equation (3". 5.1) 

shows that the points of Q represent a collection of null lines in M' 

which is exactly the Robinson congruence (see fig. 5) . 

If 

conjugate Z 
et 

is null, it determines a point Z on N and its complex 

determines, as above, a plane P in C . In this case , 

however, the point Z lies in the set Q = FIN , since the equation 

z yo.:: 0 
et 

(cf. (3.5.1)) is satisfied for yet = zet . In other words, points with 

zero spin lie in their corresponding conjugate planes . 

Null lines i n M' correspond to points in C ; poi nts in M' will 

now be interpreted in the C-pict~e. A point P in M' determines , and 

is determined by, an 00
2 system of null lines in M' , namely the gen-

erators of the null cone of P. Let Z and Y be two of these gener-

ators; Z and Y then determine two points in C . Denote the conjugate 

-
planes of these points by Z and Y respectively, and let 

L := Z n Y 
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Firstly, notice that L is not the empty set , s ince Z (being 

null ) lies in Z ,and Z also lies in Y , because the line Z inter-

sects the line Y Secondly, the set L , being the intersection of two 

planes in C , i s a complex projective straight line in C. Thirdly , L 

lies enterely in N, because if ~ and yn are two twistors corres-

ponding to Z and Y respectevely, then a point on L corresponds to 

a t wistor of the form 

(3.5 . 2) 

where a i s a complex parameter. That Xl is null now fo llows from 

JfiC 
Cl 

+ a yn)(z + S Y ) 
Cl Cl 

= 

= 0 , 

since both Z and Yare null and since Z intersects Y. The twistor 

summation operation used in (3.5.2) is defined component-wise , i. e . if 

A 
(w,IT

A
,) and 

A 
(I; ,nAt) represent ZCl and yCl respective ly, then 

A A 
+ n

A
,) ZCl + yn (w + I; , llA' represents 

Returning to the problem of representing the null cone of P, any 

generator of this null cone intersects both of the lines Z and Y 

Therefore the point in C corresponding to this generator lies in both 

-of the planes Z and Y, i.e. it lies in L . 

Conversely, let L be a (straight) line in N and suppo se that 

Z and Yare two points on L If ZCl and yCl are two twistors 

corresponding, r espectively, to Z and Y, then any other point X on 

L has a twistor of the form (3.5.2). Since Z, Y and X are all null, 

it follows that 

= o 

= 0, 

= o 

and hence that 
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Thus z· and Y, cons ider ed as null lines in M' , intersect . since Z 

and Y were arbitrary points on L , the points of L must therefor e 

correspond to an system of null lines in M' which intersect at a 

s ingle point. 

So, in addition to the:ee being a one-to- one correspondenc e bet1Jeen 

null lines in M' and points in N , there is a one- t o-one corr espond-

ence between points in M' and complex projective lines in N . Further-

more, i t follows from the discussion above that a point will lie on a null 

line i n M' if and only if the corresponding line in N passes through 

the corresponding point in N. This is reminiscent of the duality prin-

ciple in projective geometry (Semple and Kneebone (1), p. 79). 

Consider now the collection of all lines in C (not only those 

lying i n N) . This is a four-dimensional complex system, which suggests 

that these lines correspond to points in ~, the comp lexification of 

M' (for details of complexification, see Trautman (1), pp . 47-48). This 

inter pretation can be realised by using equation (3 . 2 .1 0) , name l y 

xAA ' = ( - i I (rr
B

, nB'») (wA nA' - i;A rrA') , 

where Za , represented by A a (w ,rr
A

,) , and Y ,represented by 

(~,nA') • are twistors corresponding to two points Z and Y on a given 

line L For this to be consistent, it has to be shown that any other 

pair of points L determine the same point 
AA' t.f' So re-on x 1n . 

place ya , say, by X
a 

= Za + fl ya , where fl is a complex constant. 

Then the point determined by Za and Xa is 

[ - i I (rrB' (rrB' + fl nB'») ] (wA(rrA' + fl nA
') - (J + fl i;A) rr

A
') 

= - i 

AA' = x 

8S required . 

B' I (rr
B

, n )] A A' ..A A' 
(w n -!; rr ) 
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This section is concluded by mentioning a theorem due to Kerr, 

which bears on the problem of constructing all the shear-free null con-

gruences in M' ; for more details, see Penr0~e (4) . The theorem reads 

as follows: 

A congruence of null lines in M' is shear-free if and only if 

this congruence can be represented in C as the intersection of N with 

a complex analytic hypersurface in C (or as a liwiting case of such a 

construction). 

A complex analytic hypersurface in C is given by an equation of 

the form 

o 

where $ is an analytic function of the four complex variables WO , WI , 

~O ' and in addition $ must be homogeneous in these four var-

iables, becaus e of the definition of C as a complex projective space . 
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§3 . 6 TWistor Transformations 

Since twis tors can be interpreted in terms of null lines in M' , 

it is natural to consider the continuous transformations of M' onto itself 

which preserve its null line and null cone structure. Such transformations 

form a fifteen-parameter group, called the conformal group, which is gener­

ated (in the case of Minkowski space-time) by the conformal rescalings to-

gether with the Poincare transformations (i.e. the inhomogeneous Lorentz 

transformations)(Kuiper (I), Penrose and MacCallum (1». In the latter 

reference it is stated that the group SU(2,2) (the pseudo-unitary unimodu­

lar group of signature (++--» is 4-1 homomorphic with the restricted con­

formal group (i.e. that subgroup of the conformal group connected with the 

identity). This statement will not be proved, but it is illustrated by 

the results of this section. 

Firstly, notice that the signature of the form is (++--) ; 

this can be seen by introducing new twistor coordinates u, v, t, w, where 

for · the form 

2u :; Z·o + Z2 

2v :; ZO - Z2 

2t :; ZI + Z3 

2w :; ZI - Z3 

then becomes 

Z2 + ZI Z3 + Z2 ZO + Z3 ZI 

The (++--) signature suggests that twistors form a 4-1 representation 

space for the restricted conformal group. In fact, it will now be shown 

that conformal transformations of M' correspond to elements of the group 

SU(2,2) acting in twistor space. 

Recall that null lines and null cones in M' correspond to points 

and straight lines in N , in such a way that a null line is a generator of 
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a null cone in M' if and only if the corresponding point in N lies on 

the corresponding line. Therefore, since the null line structure of M' 

is conformally invariant, a conformal transformation of M' corresponds 

to a continuous transformation of N into itself which preserves its lin-

earity structure . This transformation on N can be extended uniquely to 

a transformation on C , because corresponding to every point of C there 

is a spinor field 
_A 
w on M satisfying equation (3.4.1), namely 

= 0 

But this equation is cOnformally invariant, so if the conformal transforma-

tion on M sends 
_A 
W into a new spinor field 

A' (A -B) 
'iJ ~ = 0 

so that ~A will determine a unique point of C according to the scheme 

of section 3.4. In addition, since the linearity sturcture of C corres-

ponds to the conformally invariant null line structure of M' , the trans-

formation on C preserves this linearity structure. 

It follows that a conformal transformation of M' connected with 

the identity, becomes a projective point transformation in the C-picture 

(Semple and Kneebone (I), p. 29); this means that twistors zo. and Yo. 

trans form as 

ll. ->- 'to. = tel l' a 0.6.1a) 

yo. ->- ~ = Ta Y 
0. 0. a (3.6.lb) 

under a (restricted) conformal transformation of M' • 

The four-by-four matrices t~ and T! are non-singular and are 

only defined up to proportionality, i.e. up to a constant multiplicative 

factor. This factor will be chosen so that 

det 

det 

0. 
(ta ) 
(Ta ) 

0. 

= 

= 

This choice is consistent with the choice of 

0.6.2) 
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o~ := diag (1.1.1.1) 

as the identity twistor transformation. 

since the orthogonality relation 

{J. y =0 
ct 

between points and planes in C can be interpreted in terms of conformally 

invariant incidence properties of null line systems in M' • equations 

(3.6 .1) imply that 

that is 

that is 

= 

where A is some (complex) scalar. Taking the determinant on both sides -;0 
yields 

ct S .. 
det (ts ) .det(\) = A" • 

which. using (3.6.2). leads to 

Equations (3.6 . 2) determine the constant of proportionaiity only up to the 

factor .n h 1. ,were n is an integer. Thus there is just enough freedom 

left to allow the further condition 

A = I 

to be imposed. It then follows that 

ct TY o~ • ts = ct 
(3.6.3a) 

and • . similarly. 

t ct TS 
13 Y = oct 

Y 
(3.6. 3b) 

Complex conjugation when more than one twistor index is involved 

i s defined by analogy with single-index twistors (cf.(3.1.30»: upper and 

lower index positions are interchanged and the pair 0.1 is interchanged 
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with the pair 2,3 . For example, the matrix [9 is given by 7 
to = t2 to = 

-:r to = -0" to tr t3 to" t3 tr , t . t , = .... , = = 
0 2 1 2 2 2 3 2 2 1 3 1 

Using this defini tion, it is consistent to write the complex conjugate of 

(3.6.la) as 
- =tf3 -Z Ze a a 

and comparison with (3.6 .lb) yields 

~ = ~ 
or 

= (3.6.4) 

using (3.6.3). 

By adopting a procedure similar to that used in "building up" ten-

sors out of vectors (see, for example, Willmore (I), pp.172-179), twistors 

y 
T 

may be defined; if the indices a ,e, ... , yare r in number 

and p, cr , ••• , Tar e s in number, the twis tor is said to be of valence 

(r,s). Under a restricted conformal transformation its transformation law 

will be (cf. (3.6. I)) 

A a ... y = 
p ••• T 

t .. . v 
~ . .. $ (3.6.5) 

Equation (3.6.4) means that the form ~ Za is invariant under a 

conformal transformation (i.e. that the matrix [ ~ is pseud~unitary) 

and also states that the complex conjugation operation is a twistor opera-

tion, in the sense that if Aa ... y 
p ••• T 

is a twistor of valence (r,s), then 

A p ... T is a twistor of valence (s,r). The usual tensor operations such a. ••• y 

as addition and contraction between upper and lower indices are also twistor 

operations, in that they commute with the transformation (3.6.5). 

Consider now the right-handed Robinson congruence R given by the 

twistor R a with components 

R := 2- 1 (1,0,1,0) 
a 

For each real number e , define a matrix t(e)~ by 

I This is a particular case of a Robinson congruence discussed in Penrose(4). 
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t(6 )~ := i6 
e c/J. 

a 
+ (e3i6 _ e i6 )if' 

~ (3.6.6) 

Firstly (noting that if' R = I) it follows that 
C!. 

t (6)~ t(6)~ = ( e
i6 o~ + (e- 3i6 _ e i6 )if' ~ ) (e- i6 o~ ( 3i6 

+ e -

= oC!. + (e4i 6_1)if' R + (e- 4i6 _1)if' R + (2 - e-4i6 - e4i6 )if' R 
a y y C!. 

= oc!. 
a • 

so that (3 . 6.4) is satisfied . 

Secondly. putting 

- 4i6 
p := p(6) := (e - 1)12 • 

C!. 
the determinant of t(6)a becomes 

p 0 4i6 I+p 0 e 

0 o 0 

p 0 I+p 0 

0 0 o 

= 
4i6 

I+p 0 e p 

0 o 

p 0 I+p 

e 4i 6 (t + 2p + p2 _ p2) 

= e 4i 6 (t + e 
- 4i6 

- I ) 

= • 
so that t(6)~ is unimodular and is consequently an allowable twistor 

t r a nsformation. 

Thirdly. since 

t(6)~ t(<I»~ = 

= 

I 
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= t(S+~)~ 

these transformations form a one-parameter subgroup of 8U(2,2). 

Finally, if Z (represented by the twistor Za) is any member of 

the Robinson congruence R , then ZU transforms as 

= 

eiS Za + (e- 3iS - eiS)Ru Rs zB 

is 
e ~ 

so that every null line in the congruence is invariant under the transform-

ation. 

Now, the transformation t(O)~ i s both the identity twistor trans­

formation and the identity transformation on twistor space C; the trans-

formation 

t(TI/2)~ = i o~ (3.6.7) 

however, gives the identity transformation on C (and therefore also the 

identity transformation on M), while it multiplies every twistor of valence 

(1,0) by i Furthermore, the transformation (3 . 6. 7) is continuous with 

the identity twistor transfromation t(O)~, as can be seen by lettigg 

8 run from 0 to W2 in (3.6.6). This means that twistors of valence 

(1, 0) are four-valued under restricted conformal transformations. The 

same result clearly holds for any twistors of odd total valence. 
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Chapter 4. Twistor Description of Zero-Rest-Mass Fields 

In this chapter it will be seen how solutions of the zero-rest-mass 

free- field equations may be written in terms of contour integrals of holo­

morphic (i.e . complex analytic) functions of twistors. More comprehensive 

discussions may be found in Penrose (5) and Penrose (6). 

§ 4.1 The Contour Integral 

In Minkowski space-time, replace the usual coordinates (xO, xl, x2 , x 3 ) 

by 

u :::;: (xo + xl )/12 

v := (xo - xl )/12 (4.1.1) 

I'; := (x2 + i x3 )/12 

Thus u and v are real and Z; is complex. The Minkowski metric (2.2.2) 

becomes 

ds2 = 2 du dv 2 dl'; dZ; (4.1.2) 

Let f be a complex-valued function of three complex variables and 

suppose that f is holomorphic on some region of C3
. • Then for u, v, 

and Z; fixed, and A a complex variable. the function g of A given 

by 

g(A) := f(A, u + A I'; Z; + A v) 

will be holomorphic in some region r of C The region r will depend 

on u, v and Z; ; suppose that r is non-empty for . (u, v ,Z;) En, where 

n is some region of R2 x C 

For each set of values (u,v,Z;) En, choose a closed contour y 

lying in r, in such a way that y varies continuously with (u,v,I';). 

Let s be a real number such that 2s is a non-negative integer, and for 

r = 0, 1, •••• , 28 def ine 
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fAr f(A ,u+AI; ,1;+Av)dA 
y 

(4.1.3) 

Notice that unless r is multiply connected and g(A) has non-zero periods 

(Ahlfors (I), p.146), 4> will be identically zero. 
r 

From Ahlfors (I), p.123, it follows that 4>r is a differentiable 

function of u, v and I; in n and that 

a4>r a4>r+ I 
= - a u al; 

a4>r a4>r+ I 
= av ---aT 

for r = 0 ,1 , ••• ,2s-1 and s > 0 

Now define a totally symmetric spinor 4> = 4> AB •••• K (AB •••• K) 

2s indices by 

Equations (4.1.4) 

4>0 : = 4>00 0 

4>1 := 4> 10 ... 0 

4>r := 4>11 ... ~ ... 0 
~ 

r 

become (using the total 

a4> = a4> OBC ••• K IBC .. ' K 

a ~ a u 

a4> = a4> OBe ••• K IBC ... K 
a v a I; 

symmetry) 

(4.1.4) 

with 

(4 .1.5) 
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If 
AA' is the spinor equivalent of a 

x x , equation (2.3.2) shows that 

A A' = [; :J x.._ , (4.1.6a) 

whence 

~; -:] xA A' = , (4.1.6b) 

~g (4 . 1. 6b) , the equations (4 . 1.5) become It 
a.p OBC ••• K 

all(jp' 

a.p I BC •• • K 

ax lO ' 
= o + 

or 

(4.1.7) 

No t ice in passing that (4.1.4) also gives 

{ a2 
- a2 

} <Pr 0 (4.1.8) auav = 
a~a~ 

which is the wave equation in the coordinates (4.1.1) . 

In the case s = 0 , it follows from (4.1 . 3) that 

and hence that 

(4.1.9) 

Equations (4 . 1. 7) and (4 . 1.9) are the zero-rest-mass free-field equations 

for spin s > 0 and spin s=O respectively (Dirac (I». Thus any holo-

morphic function f determines a zero-rest- mass free field in the region 

Q I t is s t ated in Penrose (5) and Penrose (6) that most (if not all) 

analytic zero-rest-mass fields can be written in this contour integral 

form. However, no proof is given and this particular question remains 

open . 

The theory described above is reminiscent of the way in which solu-

tions of ordinary differential equations may be expressed as contour in-

tegrals (Burki ll (I), pp.59-67). In both cases, the solution depends on 
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the residues of the integrand function at its poles and on the homotopy 

class to which the contour belongs (Ahlfors (I), p.283). 
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§ 4.2 Transition to Twistor Notation. 

Let Z be a null line passing through the point AA' 
x (with coor-

dinates as in (4.1.6»; suppose that the direction of Z is given by 

du : dv : d~ : d~. Since the direction is null, ds = 0 in equation (4.1.2) 

and so 

du dv = d~ dl; (4.2.1) 

If complex number A (possibly infinite) is defined by 

( := - du/d~ 

then (4.2.1) shows that the line is given by 

du + A d~ = 0 = dl; + A dv (4.2.2) 

thus 

-du : dv : dl; : dl; = A A : 1 : - A : - A • (4.2.3) 

Let Za be a null twistor corresponding to the null line Z and 

let a Z be r epresented by A 
(w ,ITA') ; then (cf.(4.1.6b» it follows that 

-Thence, writing Wa := Za ,equation (4.2.2) yields 

The complex conjugate of equation (3.2.2) reads 

and consequently 

-A' 
w . AA'-

= - 1 X ITA 

- , - . 
(W2,W

3
) = (wO ,wl ) 

= - i (ITO,IT 1) [; :] 
= - i W (u + A~, ~ + A v) • 

o 

Combining (4.2.5) and (4.2.6) gives 

"-. ------

(4.2.4) 

(4.2.5) 

(4.2.6) 

I 

( I) , 
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(WO'W1'W2'W3) = WO(I, A, - i(u+A~), - i(/;+A v» 

and i f f is a function of the type considered in section 4.1, then 

Def i ne the function F of one twistor variable by 

-s-2 I I I F(W~) = (WO) f(W1 WO' i W2 WO' i W3 WO) 

t hen F is homogeneous of degree (-s- 2) in W~ 

W can be written as 
~ 

where 

Then, since both 

and 

W = WO(U~ + A V~) , 
~ 

U = (1, 0, -i u, - i 1;) 
~ 

-V = (0, 1 , -il;,- i v) 
~ 

u If 
~ 

= (i u + 0 - i u - 0) = 0 

V V~ = (0 + i v - 0 - i v) = 0 
~ 

Now using (4 . 2.7), 

u~ and V~ 

(4. 2. 5) t hat 

are null twistors; in fact it is easily seen f rom equation 

represent null lines through the point AA' 
x 

(4.2.7) 

(4.2.8) 

(4.2.9) 

(4.2.10) 

given by A = 0 and A = 00 respectively. Therefore U ~ and V~ can 

AA' be r egarded as defining a spin frame at x ; the values of the function 

CPr for r == 0 , 1 , • • • ,28 (and hence the components of cP ) depend 
AB ••• K 

on the choi ce of spin frame and so cP 
r 

is a function of U~ and V 
~ 

The explicit form of CPr(U~,V~) derived from equation (4.1.3), using (4.2 . 8), 

(4. 2. 9) and (4.2.10), is 

CP r (U~ , V~) = 2rri 9 Ar 
(WO)S+2 F (WO(U~+ A V~») dA 

= z!i 9 A rF(U~ + A Va)dA 

by t he homogeneity of F 

The main object of this discussion has been to illustrate the useful-

ness of having a twistor space endowed with a complex structure. Thus to 
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deal with, say, scattering problems in curved space-times, it would be 

desirable to have curved-space twistors possessing such a complex structure. 

J 

( 
\ 
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Chapter 5. Twistors in Curved Space 

The preceding chapters dealt with the concept of a twistor in Minkow-

ski space-time, and these considerations carryover directly to twistors in 

conformally flat space-times, by virtue of the conformal invariance of 

twistors. The problem now is to extend twistor theory to space-times which 

are conformally curved (i.e. not conformally flat), so as to deal with the 

more general physical situations (such as the presence of non-zero mass 

and gravitation) which break conformal symmetry. 

Three different curved-space twistor concepts will be mentioned in 

this chapter: local twistors, global twistors (briefly) and asymptotic 

twistors, while hypersurface twistors (a generalisation of asymptotic twist-

ors) will be dealt with in"chapter 6. 

§ 5.1 Local Twistors 

Local twistors, as the name suggests, are twistors defined at each 

point of a space time (M,Gab) : if P EM, then a local twistor Za at 

P may be represented by a pair of spinors Thus the 

space of local twistors of valence (1,0) can be regarded as a fibre bundle 

over M (Hawking and Ellis, p.50), the fibres of which consist of all 

spinor pairs A (w ,nA,). Each fibre, therefore, is the direct sum of a 

spin-space and a conjugate spin-space and is four-complex-dimensional. 

If the theory is to be consistent with flat-space twistors, the spinor 

representation of a local twistor cannot be conformally invariant. Con-

sistency is achieved if the behaviour of W
A 

and nA, under a conformal 

rescaling is chosen to be (cf. section 3.4) 

(»A A - w , 

1't
A

, n
A

, + i'1M , A (5.1.1) - w 
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In order to compare local twistors at different points of space-time, 

the concept of a twistor covariant derivative is needed. This derivative 

will be requ ired to possess the following properties: it should be linear, 

sati sfy the Leibnitz rule, commute with twistor conjugation l and contrac-

tion, be conformal~invariant and be consistent with flat-space theory. 

Getting "back and forth" between the twistor and its spinor representation 

can be effected 

such that 

by defining the 

A 
e
a

, e
aA 

t , 

operators 

a aA ' e
A

, e 

, 
a A aA ' 

e
A 

w + e 

-A' 
eaA' W 

(5.1.2) 

Some consistency relations can be derived from (5.1 . 2): firstly, 

A -A' 
implies that W = W 

A Za A- aA' 
e = e Z = e a a a Za 

whence 

A aA' e = e 
a 

and similarly , 

a eA 
= e

aA
, 

Secondl y, 

A eA Za w = a 

Local twistor conjugation 

(ct . (3 .1. 30»: if 
A 

(w ,11 A') 

r es ents its conjugate Z at a 

A a B 
= e eB w a 

is defined by 

represents 

P • 

(5.1.3a) 

(5.1.3b) 

A aB' 
+ e e a 

analogy 

Za at 

liB' 

with flat-space twistors 

- -A' 
P ,then (lIA,w ) rep-
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whence A Cl A A ClB' 
0 e eB = e: B e e = 

Cl Cl 
(5. I .3c) 

and similarly, 
ClB' B' Cl 

0 e
ClA

, e = e: A, e
ClB

, eA = (5.1.3d) 

Finally, 

= 
Cl A ClA' 

eA W + e 1T A' 

= e~ e~ ZB + eClA ' e
BA

, ZB , 

and so 

Cl A + ClA' e
A 

e
S 

e eaA, = (5.1.3e) 

Notice also, using (5.1.3), that 

Cl A ClA' -B' B -(eAw + e 1TA,)(e
ClB

, W + e
Cl

1TB) = 

A - -A' 
= OJ 1T

A
+W 1T

A
, , 

as expected. 

Under a conformal rescaling the twistor ZCl is required to be invar-

iant, while 

that 

whence 

and that 

whence 

A 
W and 1TA, 

AA ZCl e = Cl 

= 

= 

= 

AA A e = e 
Cl Cl 

A zCl e
ClA

, 

ectA' = 

transform according to (5.1.1). It follows 

AA ACl 
e Z 

Cl 
AA 
W 

A 
OJ 

A ZCl e 
Cl 

'. (5.1.4a) 

A ACl 
= e

ClA
, Z 

= iTA' 

+ i TAA, 
A = 1T A' W 

= e
ClA

, ZCl + i T
AA

, eA ZCl 
Cl 

+ i TAA , A eClA , e 
Cl 

(5.1.4b) 
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Applying the same argument to Za yields 

.n.A' aA' 
e = e 

a e - i 
A 

aA' 
e 

' ( 

(5.1.4c) 

The twistor covariant derivative operator will be denoted by a symbol such 

as since ,;p is linear. satisfies 
p 

the Leibnitz property and commutes 

with (twistor) contraction, it follows that 

aS' R a A o.A' 
e ep VRS' (eA W + e lT A,) = 

aS' R 0. A A 0. o.A' 
e ep (eA VRS' W + W VRS' eA + e VRS ' lT A, = 

o.A' 
+ lT A• VRS ' e ) 

Under a conformal rescaling, (5.1.5) becomes, using (2.3.11), 

vcr ? = va {J. p p 

= 
oS' R ( 0. A A B A A 0. 

e ep .eA (VRS' W + ER TBS ' W ) + W VRS' eA 

... CiA') 
lTS') + IT A' VRS ' e 

(5.1.5) 

(5.1.6) 

Conformal invariance is required (i.e. ;p::o.Z __"a zo.) d . v v an so compar1son 
p p 

of (5 .1. 5) and (5.1.6) yields 

VRS ' e~ = VRS' 

aK aA' o.B' A' 
VRS ' e = VRS' e + e TRB , ES' 

notice the close similarity between (5.1.7) and (2.3 . 11). 

The other desirable requirement is that a constant local twistor 

(5.1.7a) 

(5.1.7b) 

(i . e . one for which VA za = 0) in Minkowski space-time, should correspond 
p 

to a flat- space twistor of the type discussed in chapter 3. The object 

A 
w corresponds to the spinor field of section 3.4, and it satisfies 

= (5.1.8a) 

while the spinor lTA, represents a constant spinor field, so that 

" 11 = 0 vRS' :A' (5.1.8b) 

Substitution of (5.1.8) into (5.1.5) then yields 
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- i 
aA' 

e 

which must then hold identically, irrespective of the values of A w and 

this means t hat 

aA' 
e = 

Revert ing now to general space-time~suppose that 

17 RS' 
aA' i £S' 

A' a e = eR 

17 RS' 
a i PRAS'A' 

aA' eA 
= e 

(5.1.9) 

(s.I.IOa) 

(s.I.IOb) 

Then (5 . 1.9) is satisfied (since PRAS'A' vanishes conformally flat space­

time) and it only remains to check (5.1.7) : this will now be done, using 

(5 . 1.4) and (2.3.19) . 

From (s.I . IOa) it follows that 

wh i ch agrees with (s.I.7b). 

.. ~aA' 
= vRS' e 

= 

= 

.... At .ex. 
i £s' eR 

A' a aA' 
i £S' (eR - i TRA , e ) 

aA' aA' A' 
= I7RS ' e + e TRA , £S' 

Equation (5.1 . 10b) gives 

'" (~a . T aA' 
= vRS' eA + 1 AA' e ) 

~ _A' NA' ~ N N+> ' 
i hS'A' e""'" + i e~ 'JRS ' T

AA
, + i TAA , i £S,A' (ei - iTRB , e~D ) = 

= 
aA' 

i e (P &AS' A' - 17 RS' TAA, + TRA, TAS ') 

+ l' aA'(" T T '" '" T ) T a e VRS ' AA' - AS' 'RA' - 'RA' AS' - AS' eR 

aA' e 

= 



as in (5 . 1. 7a). 

The complex conjugates 

A 
VRS ' eCt 
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of (5. I. IDa) 

A 
- i ER eCtS ' 

and (5. I • lOb) read 

• p A 
- 1 S' A'RA eCt 

(5.1.IOc) 

(5.I.IOd) 

By using (5.1.10), equation (5.1.5) and its complex conjugate can be re-

written as 

1,70 zct ; 

p 

1,70 zct ; 

P 

+ 

and it follows 

oS' R ct A A 
e ep {eA (VRS ' W + i ~ 1TS') 

etA' B 
+ e (VRS ' 1T

A
, + • P w )}, 

1 RBS'A' 

R pS' -A' 
eo e {eCtA , (VRS ' w - i £S' 

A 
eCt (VRS ' 1TA - i PRAS'B' 

-B' w )} 

immediately from (5.1.11) that 

1,70 zct 
p 

; 

A' ii
R

) 

i . e. that the operator 1,70 commutes with complex conjugation. 
p 

(5.1.lla) 

(5.1. lib) 

Notice that although the choice (5.1.10) satisfies all the requirements 

for a covariant derivative, it has not been shown that this is the only 

possible choice; it remains an open question as to whether or not the sup-

positioIB (5.1.10) are necessary. 

This section is concluded by remarking that local twistors, being 

closely tied to points in space-time, cannot be used as a basis for a 

formalism in which points are derived objects. However, local twistors 

are used in formulating the concepts of twistors relative to a hypersurface 

and, in particular, of asymptotic twistors. 
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§ 5. 2 Asymptotic Twistors 

Throughout this section, let (M,gab) be an asymptotically flat space­

t ime and (R,gab) its compactificat ion, in the sense discussed at the end 

of section 2. 2. 

The only part of global twistor theory that will be necessary here 

is summed up in the following definition: a null global twistor Za is a 

nul l geodesic Z in (M,gab) and a spinor ITA' parallelly propagated 

along Z. 

The problem with the space of global twistors is that it possesses 

too little structure. From the work of Roger Penrose it appears that al-

though the concept of a global twistor is useful, other directions will 

be mor e fruitful in extending twistor theory to curved space-times. For 

instance it would be desirable to have a twistor space which possessed a 

complex analyt i c structure, since in that case contour integrals (cf. chapter 

4) could be defined . 

For a space-time which is asymptotically flat, it is in fact possible 

to define this sort of twistor space, relative to the hull hypersurfaces 

at i nfinity (namely t- and ~+). The twistors in this space will be 

cal led asymptotic twistors; the relevant twistor structure will be different 

from that in Minkowski space-time, since there is enough "residual" curva-

ture at infinity to "curve" the twistor space. ,,+ 
The hypersurface :T will 

be used below, but the same arguments apply to a~mptotic twistors con­

structed on ~- • 

The hypersurface 9+ , being null, is generated by null geodesics 

and these null geodesics can be labelled by a complex parameter ~ , the 

t 1 f 11.+ be1'ng Rl x S2 opo ogy 0 J (Hawking and Ellis (I». Through each 

/1.+ point of J passes exactly one of these generators, and so at each point 

1\.+ of J it is possible to choose a spinor 
A 
\ such that the flagpole of 
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A 
1 (cf . section 2.3) points along the generator throu~that point. Since 

the generators are null geodesics, the 1A can be specified along each 

generator by parallel propagation 

B B' A 
1 1 V BB' 1 = 

(Pira~i(l), p.343), so that 
I 

o (5.2.1) 

Consider local twistors A+ 
on .:T which · have a representation of 

the form 

(5.2.2) 

where ~ is a complex number, at each point of j+. In order to equate 

local twistors at different points on the ~ generator y, local twistor 

transport is used; this transport is defined by 

Cl A := B B' P 0 Cl 
11 ee VZ=O 

which holds if and only if 

ACl eA 
= 0 

Cl ' 

BOB' P 

(5.2.3) 

in view of (5 . 1.3e). Using equations (5.1.3), (5.1.11) and (5.2.2) it is 

seen that the condition (5.2.3) is equivalent to 

B B' V
BB

, (~ A) . A B' 
1 1 1 = - l. 1 1 lI

B
, 

B B' 
VBB , = - i ~ PBCB'A' 

B B' C 
1 1. 11 A' 1 1 1 

Writing 

A' 
11 1 ' := 1 lIA, 

"Ill' 
A A' "1M , := 1 1 

PBAB'A' 
B A B' 

PIII'A' := 1 1 1 

and using equation (5.2.1), the equaitons (5.2.4) can be expressed as 

= -

B' 
Strictly speaking, 1 should be written 

-B' 
1 and should be 

(5.2.4) 

(5.2.5) 

(5 . 2.6) 

written VBB , (cL section 2.2), but the "bar" and "hat" will both be 

dropped in this section. 



65 . 

Notice that the form (5.2.2) is preserved by equations (5.2.5) and (5.2.6) . 

since the generator y is simply connected and one-dimensional, no inte-

grability problems can arise . Consequently, the local twistors of the form 

(5 . 2.2) on y form a three-complex-dimensional vector space, parameteriz-

ed at any point of y by 1;, and the two complex components of Tf A I • 

",,+ 
Considering all the generators of J (labelled by 1:;) gives a four-complex-

dimensional space of local twistors, called the space of asymptotic twistors 

II + • relative to :J 

Let Z Cl be null global twistor in M, consisting of a null geodesic 

Z in M and a spinor Tf A I parallelly propagated along Z The line Z 

wi ll also be a null geodesic in the space-time (g,gab)' since (cf. section 

2 . 2) the mapping 

11.+ i s conformal . Since (M,gab) is asymptotically simple, Z intersects J 

at some point, say P The spinor TfA' is also parallelly propagated with 

respect to the metric gab' since, by (2 . 3.11), 

B' -B ~ B' -B 
Tf B ,) Tf Tf VBB, Tf A' = Tf Tf (y BB' Tf A I - TBA' 

B' -B = Tf Tf V BB' Tf A I 

It follows that if determines a local twistor (O,Tf A') at P Conversely, 

a point P E F and a local twis tor (0, TfA I) at P determine a unique 

null global twistor ZCl in M. 

The local twistor (O,TfA,) is of the form (5.2.2) and so, if y is 

the generator through P , local twistor transport along y produces a 

locai twistor (1;, 1 
A 

, TfA ,) at another point (say Q) Conversely, on y 

gi ven a local twistor 
A 

TfA ,) Q E .f+ (1;, 1 , at , one can work back to 

find a point P at which 1;, = 0 (provided such a point exists) and hence 

find the corresponding global twistor ZCl. It is quite possible that 

such a point P will not exist, since 1;, has two degrees of freedom and 

Y is only one-dimensional. This question is partially resolved by the 

following 
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Theorem: Suppose that is a local twistor at Q € ~+ for which 

11 I' ,; 0 , and let y 

y ,such that I; = 0 

be the generator through Q Then a point 

at P, exists if and only if, at Q 

Proof: 
Re(~1I1')=O. 

P on 

(5.2.7) 

Let u be a (real) parameter along y , so that the operator VII' is 

identically equal to the operator d!du when applied to scalar functions 

on y . Then equation (5.2.5) can be written as 

dI;!du=-i1l 1, (5.2.8) 

In Penrose (3) it is shown that the conformal factor n can be chosen so 

tI.+ that the divergence of the generators of ~ vanishes, and that this choice 

of n implies that 

Pili' A' = 0 

Combining (5 . 2.6) and (5.2.9) yields 

VII ,1IA, = 0 

which, with equation (5.2.1), leads to 

d 11 I' ! du = 0 

Equation (5.2.11) implies that 11
1

, is constant along y • Equation 

(5 . 2 . 8) can then be solved, giving 

~(u(P») = - i 11 1, u(P) + l;(u(Q») + i 11 1, u(Q) , 

which is zero if and only if 

(5.2.9) 

(5.2.10) 

(5.2.11) 

u(P) = u(Q)-iI;/1I 1, (5.2.12) 

where I; = ~(u(Q») is the original value of ~. The condition (5.2.7) 

implies that i ~ ! 11 1, is real, so that (5.2.12) gives a real point P 

on y at which I; = O. Conversely, if (5.2.7) does not hold, then no such 

point exists. 

Consider now the case 11 I' DO, i. e. 

11 A' = n tA' 

for some complex number n Then the form (5.2.2) becomes 

( 
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(5.2.]3) 

and it follows from (5 .2. 8), (5 .2. ]0) and (5.2 .]) that both I; and n are 

constant along y This situation can be interpreted in Minkowski space-

A.+ 
time as follows. The hyper surface j becomes a null cone having the 

point I as vertex. As 11 ]' tends to zero in (5.2.]2), the point p 

tends to the point I Thus the null geodesic Z determined by a local 

twistor of the form (5.2.13) on f+ , passes through the point I at in-

finity. But all null geodesics through I are generators of the null cone 

of I , i.e. generators of A.+ ::r ,and therefore z is a generator of 

In Minkowski space-time, therfore, asymptotic twistors for which 11], is 

A.+ • zero can be identified with null global twistors lying entirely on ~ 

It may also be possible to carry out this sort of identification in 

space-times which are not Minkowski, but are still asymptotically flat. 

It is stated in Penrose and MacCallum (]) that, with a further specializa-

ti on of the conformal factor, a type of local twistor transport over any 

,1+ 
curve in :r (not necessarily a generator) may be defined, and that this 

transport is integrable. This proposition is not proved there, but it will 

be assumed here. 

Given that this transport is integrable, it is meaningful to talk 

about equivalence between local twistors of the form (5.2.]3) at any two 

points of ~+, not necessarily on the same generator; the resulting 

t1.+ equivalence classes will be called asymptotic twistors entirely on ~ 

With local twistors of the form (5.2.2), having 11], + 0, equivalence can 

A.+ only be defined along generators of ::r the corresponding equivalence 

~,+ • cl asses are called asymptotic twistors not entirely on ~ The collec-

tion of both these two types of asymptotic twistors forms the space of 

asymptotic twistors (relative to ~+). 

An asymptotic twistor which satisfies equation (5.2.7), is said 
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to be null. From the above results it then foll-ows that the null asymptotic 

.t+ twistors relative to ~ are in one-to-one correspondence with the null 

global twistors in g 

The vector space operations of addition and scalar multiplication are 

defined in the usual way, but it should be noted that two asymptotic twistors 

can in general only be added if they are associated with the same generator 

of l' + • 

The next matter to be consider ed is that of defining a complex ana-

lytic structure on asymptotic twistor space. As a first step, the hyper-

surface 
.1,+ 
J will be complexified : for this to be possib~e, it is necessary 

Il+ for J to be analytic in the real sense. 

The coordinates u, ~ are used for /1.+ 
J : the complex number to 

A.+ label generators of ~ and the real number u as a parameter along the 

generators . Complexify 11.+ :; by rep lacing u by a complex parameter v , 

and replacing ~ and its complex conjugate by two independent complex 

C 
A.+ numbers ~ and ~ respectively. Denote the complexified hy·persurface by J' 

tI,+ 
then the original hyper surface J can be retrieved by letting v be real 

and letting ~ = ~ The hypersurface 
11,+ 
J has the topology 

. f ' ",+ h C 11+ has the topol-and the ch01ce 0 coord1nates on C J ensures t at J 

ogy C 
/1.+ By restricting J to a ' sufficiently small neigh-

bourhood of 9'+ in R2 x S2 X S2 , it can be ensured that c!f+ is sing-

ularity-free (see figure 6). 

Ano ther proposition stated , but not pr oved, in Penrose and MacCallum (I) , 

is that it is possible to choose the conformal factor and the scaling of 

A 
t so that 

A 
'VBB I 1 = o (5.2.14) 

This propos ition is not difficult to justify if the conformal structure of 

t1.+ 
J is considered in detail, as for instance in Penrose (2). 
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Fig. 6. The Complex Hypersurface C~+ . 
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It will be assumed here that such a choice has been made, and that 

it is consistent with the specialization of the conformal factor made earlier . 

Notice that the condition (5.2.1) is not vio lated . 

The gene ralisation of (5 .2.4), specifying parallel transport in an 

arbirtrary direction 
AA' 

t , will be needed; it is defined by 

= 
AB' - i t 

BB' C 
- i ~ P BCB ' A' t 1 

Now suppose that a local twistor of the form A 
(~ 1 , IT A' ), wi th 

(5 . 2. 15) 

IT l' ! 0 , is given at and let y 
<1-+ be the generator of J through 

Q Since v is complex, equation (5.2.12) can be used to find a point 

C 
,1.+ 

P on C y i n :; at which the local twistor takes the form 

(5.2.16) 

C 
A> + Given a l ocal twistor of the form (5.2 .1 6) at a point P in ~ 

define r to be the null line through P with t angent 

AA ' A A ' 
t = 1 IT 

AA' 
t given by 

(5.2 .1 7) 

where 1 A aad A' 
IT are determined by (5 . 2. 14) and (5 .2. 15) respectively. 

Because of the presence of the factor lA, the line r will lie in C ~+ 

Now carry the local twistor (5 . 2.1 6) along r by local twistor transport; 

the transport equati ons are (5.2 .1 5) , which, using (5.2 . 14) and (5.2 .1 6), 

become 

= 0 

1B lTB ' VBB , IT A ' = 0 (5 .2.18) 

Equations (5 . 2.14) and (5 . 2.18) may be combined to give 

B B' A A' 
1 IT V

BB
, (1 IT ) = 0 (5 .2.19) 

BB' AA' 
t; VBB , t = 0 

which means that r is a null geodesic (Pirani (1), p . 333). 
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,1.+ 
Suppose now that the coordinates u and ~ on ~ are chosen so 

C 
11.+ 

that, on J, the surfaces ~ = constant have tangent vectors of the 

A A' 
1 K ~ = constant form and the surfaces have tangent vectors of the 

form 
A A' 

T 1 for some spinors 
A' 

K and A 
T respectively. It is stated 

in Penrose and MacCallum (1) that such a choice can be made and it will be 

assumed here. As a consequence, equation (5 . 2.17) shows that the null geo-

desic r lies entirely in one 1; = constant surface (see figure 6). 

So a local twistor (~ 
A 

1 , 1TA, ) at Q in r determines a unique 

null geodesic r in some 1; = constant surface in C 1+ with a spinor 

defined along r. Conversely, given a null geodesic r lying in a 

A A' 
constant surface, the tangent to r has the form 1 ~ for some 

sp ino" ~AI ; comparison with (5.2.17) yields 
A I A I 

~ = 1T ,i.e. a spinor 

1TA' is defined along r. Equations (5.2.14) and (5.2.19) (r being a 

null geodesic) imply equation (5.2.18), showing that the interpretation of 

1T A, is consistent. Let P be the point on r where ~ = ~ (provided 

such a point exists) and let C Y be the (complex) generator of C 9- + 

which passes through P. Starting with (0, 1TA,) at P, local twistor 

transport along C y produces a local twistor of the form 

at each point of C y this local twistor on y = Re (C y ) gives a 

Ii + • unique asymptotic twistor not entirely on J 

The existence and uniqueness of the point P is ensured if the coor-

dinate ~ can be used to label different points of r cannot 

be so used, it means (since the tangent to r has the form (5.2.17) and 

the tangents to ~ = constant surfaces have the form 
A A' 

that T 1 ) 1T 

is proportional to 
A' 

, whence = 0 In this therefore, 1 1T 1 I . case, 

Ii. + • will determine an asymptotic twistor entirely on J 

A' 

r 

By a similar procedure to that given above, a null geodesic 6 lying 

in the surf ace ~ = constant can be used to derive a dual asymptotic twistor 
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It + • not entirely on ';1 If f1 lies in both a e = constant surface and a 

~ = constant surface, then, as above, the asymptotic twistor determined 

t1. + . by f1 will have 11' l' = 0 , Le. wi ll be entirely on J 

Returning to the case where a null geodesic r lies in a 1,; = constant 

ri. + 
surface, and deter mines an asymptotic twistor not entirely on J , it may 

C 
Jt+ 

turn out that the point P in J also lies in s-+ . Then the theorem 

proved above implies that condition (5.2.7) is satisfied, and hence (by 

definition) that the asymptotic twistor is null and determines a null global 

twistor. 

Two null geodesics in a 1,; = constant surface are said to be equivalent 

if they ar e equal as point sets, and if their tangents are proportional at 

every point along them. The space C is defined by requiring the points 

of C to be equivalence classes of null geodesics in 1,; = constant surfaces. 

If rand r' are equivalent null geodesics and if r determines a null 

asymptotic twistor, then so does r' ; thus it is consistent to define N 

to be that subspace of C whose points determine (equivalence classes of) 

nul l asymptotic twistors. Finally, let I be the subspace of C whose 

points determine (equivalence classes of) asymptotic twistors entirely on 

t1. + ; ~ this definition is also consistent. Notice that the points of N 

are ~n one-to-one correspondence with the null geodesics in g. 

The "complexified" theory of asymptotic twistors has been described 

without introducing the idea of complex conjugate; this means that the space 

C has a complex structure . This complex structure is however only defined 

locally , i n the sense that the hypersurface C ~+ only exists near ~+ 

The asymptotic analogue of the Kerr theorem (cf . section 3.5) will 

now be considered . Let S be a complex analytic surface in C - I; then 

s is a complex analytic congruence of (equivalence classes of) null geodesics 

in C 9-+ . The intersec don of S with N defines a field of spinors 
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11. + " TIAt (up to proportionality) on ~ this spinor field must satisfy (5.2.18) . 

IL+ If the spinors are defined away from J by parallel propagation along the 

/1,+ 
null geodesics A in a which intersect ~ in the directions determined 

by the TIA t field, then the equation 

- B Bt 
TI TI \1 BB, TI A' = 0 (5.2.20) 

i s also satisfied . The spinors B 
1 and 

- B 
TI form a spinor basis (since 

poi nts of I have been excluded so that TI I ,to) and thus equations (5.2.18) 

and (5.2 . 20) can be combined to yield 

B' 
TI \1 BB, TI A' = 0 

whence 

A' B' 
TI TI \1 BB, TI A' = 0 

a t 9- + • Equation (5.2 . 21) is the condit i on for the congruence A to be , 

aSymptotically shear-free (Newman and Penrose (I». 

The final concept to be defined is that of a scalar product for asymp-

totic twis tors. Let ~ denote an asymptotic twistor and W a dual a­a. 

symptotic twistor; suppose that neither ~ nor W a. is entirely on 

Let Za. correspond to the null geodesic r in the surface 1; = 1; 1 (con-

s tant) and let W a. correspond to ~ in the surface ~ = (constant) . 

These two surfaces wi ll intersect in a complex line L Let U and V 

be the points where r and b. , respectively, intersect L If the seg-

lIlent of L between U and V lies outside C 9-+ (as in figure 6), the 

scalar product of Za. and W is not defined, so suppose that this seg-a. 

ment lies in C r . Then W a. can be propagated along L from V to U 

by local twistor transport and the scalar product of Za. and W a. 
can be de-

fined to be t he scalar product of the local twistors i! and W 
a. 

at the point U since the scalar product of two local twistors is pre-

a. served by local transport, one could also propagate Z along L to V and 

form the product at V , without altering its numerical value. 
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Chapter 6. Hypersurface Twistors 

In chapter 4 the concept of asymptot ic twistors (i. e . twistors de-

fined relative to the null hypersurface at infinity) was introduced. This 

concept will now be generalised by cons i dering twistors relative to hyper­

"uri aces other than 9' . 

6. 1 The Basic Concept 

A r eal-valued f unction f defined on some region A of Rn is 

said to be analytic if, for every point x in A, there exists a neigh-

bourhood N of x in A such that f can be written in the form of a 

p,wer series which converges in N . A space-time (M,gab) is said to be 

analytic if the differentiable functions associated with M are analytic 

(for details, see Kobayashi and Nomizu (1), p.2). Finally, a hypersurface 

s in M is said to be analytic if it is given (locally at least) by an 

equation of the form 

where (xO, xl, x2 , x3 ) are local coordinates on M, E is a cons tant, 

and S is a real-valued analytic function on a region of R4 

Let (M,n ab ) represent Minkowski space-time and let S be an analy tic, 

spacelike hypersurface in M . Let L be a null straight line (i.e. a 

null geodesic) in M and suppose that L intersects S in a point Q 

suppose further that the origin of the (Minkowski) coordinate system i s 

translated, if necessary, so that it coi ncides with Q . Then, if Za is 

a twistor corresponding to L, Za has a spinor representation of the fo rm 

z'!: = 

Notice that TIA, 1 0 , since L is not the null line at infinity. This 

condition will be assumed to hold throughout the chapter. 
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Now complexify the coordinates (xO, xl, x2, xl) on M to yield 

complexified Minkowski space-time, which will be denoted by ~ (for 

details of cOID?lexification, see Trautman (I), p . 47). Since S is ana-

lytic by assumption and L is analytic by virtue of its being straight , 

these two structures can be corr.plexified as well, yielding an 00
6 (i . e . 

six-real- dimensional .flYpersurface 8"") and an 00
4 linear subspace L'" / 

J. 
respectively. The possibility of global problems arising f rom this comp l ex-

ification can be eliminated by considering only thos e poi nts l ying in a 

suf£iciently small (complex) neighbourhood R'" of the origin Q . Let 

R denote the real part of R"'. 

In the real s pace- time, L intersects S only in the point Q; but 

i n M'- , the set S" n L'" will contain other points as well (these points 

bcing complex). The condition for a point AA' x to l i e on the twistor 

is given by equation 

AA' 
x 

(3.2 . 2) with o ; in other words , by 

~ 0 

This equation has the (in general complex) solution 

Whfli:'e. 
A 

is n 

AA' 
x = 

A' A 
'IT n 

some spinor~ 

(6 .1. 1) 

(6 . 1.2) 

If 
a 

t = 
AA' 1 

t i s the vector normal to S'" at Q , then the condi-

tion f or 
AA' 

x to be a vector tangent t o S'" is 

AA' 
t = o 

Combining (6.1 . 2) and (6.1 .3) gives 

AA' 
t 'ITA' nA 

= o 

vThellce 

J From now on, all vectors will be complex, unless otherwis e stated . 



Thus t he vector 

u ' X = 
AB ' 

t 
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(6 .1.4) 

i s tangent both t o x " S and to L' • Equation (6. 1. 4) defines a tangent 

field on S" which can be integrated to yield a curve V, lying in S" 

and passing through Q . The cUeve V is an 00
2 subset of S" and, 

cons idered as a point set, equal s the intersection of S" and L" Any 

gl obal problems that might ar ise in t he integration can be avoided by choos­

ing the ne ighbourhood RX to be small enough; thus it can be assumed that 

the curve V does not intersect itself . Notice that V is a null curve, 

since the vector u' x of (6 .1. 4) is null. 

The spinor TI
A

, in (6 .1.4) is r e garded as a constant spinor field 

on Ii" , i. e . the components of TI A ' are numerically the same at every 

point of 1i". However, "p..' call also be regarded as a spinor which is 

paral lelly propagated alon~V by 

AB' A' 
t Tf B, TI V U ' TIC ' = 0 (6 .1.5) 

since t his means the same thing in Minkowski space-time. The curve V 

t ogether with the pcrallelly propaga,ted spinor TI
A

, is an example of a 

hypersur face twis t or. 

Now consider the mor e general cas e where (M,gab) 1S an analytic 

space-time , not necessarily fl at . Let S be an analytic spacelike hyper -

surface and L a null geodesic intersecting S at Q A null global 

twie t or zo. i s chosen to represent L , the spi nor TI A' being parallelly 

pr opagated along L . Then the above procedure can be carried out to 

obtain a curve V and a spinor TI
A

, defined along V , using equations 

(6 .1. 4) and (6 . I. 5). See Figure 7 . 

It will now be shown that equation (6 .1.5 ) is conformally invariant. 

Under a conformal rescaling , the spi nor TI
A

, is i nvariant ; this follows 

from equation (3 . 4 . 4) wi th A w = 0 . tAB' is the The normal vector 
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Fig. 7. A Hypersurface Twistor . 
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1/ 
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gradi ent of a scalar function and so is invariant by (2.3.10); application 

of (2.3.9 ) then yields 

AB' -2 Ali; 
t = n t 

Now (2 . 3.11) can be applied to equation (6. 1. 5) to give 

AB' AA' VM, 
- 2 AB' A' t 1l'B' 1T 'ITC' = n t 1TB ' 1T (I1

AA
, 1TC ' - T AC' 1T A') 

_ 2 AB ' A' 
= " t 1TB' 1T I1

AA
, 1T C' 

= O. 

wh ". ch mean. that equation (6 . 1. 5) is conformally invariant. 
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6 . 2 Hypersurface Twistor Space 

A formal definition vf hypersurface twistors may be given as follows . 

Le t (M,gab) b e an analytic s pace- time and R a regi on of M which is 

small enou gh to admit 

( a) the complexification RX 
of R, where RX 

n eed only be defined 

near R; 

(b) the complexificat ion S~ of an analytic space l ike hypersurface 

S ;n R; and 

(c) a complex curve V in SX satisfying (6.1.4), with 71
A

, a 

s pinor p aral lelly propagated along V by (6.1.5); in addition, V is re-

1uirea not to intersect itself. Then the curve V, together with the 

"pillOr 71 A' defined a long it, i s by definition a hypersurface twistor. 

Now given 
AA' 

SX • a point !; can be chosen on i t (co6 possibilities ) 

and a apinor KA, 
AA' 

a t !; (co4 possibilities). This will determine a 

unique hypersurf ace twistor (V, 71 A') as follows: the curve V is re-

nr(>s ented by 

V : AA' 
x = AA ' 

x (0). 

is a complex parameter along V and where the function 
AA' 

x (0) 

. .ltis fiec (cf. (6. J. )) 

AA' 
dx (0) I do = 

xAA ' (0) ; !;AA' 

A' 
71 (xCCI 

(0)) 

(6 . 2 .1) 

N ~ · ~h t AA' l: .') Ivl.ce ... a x repres ents a position vector, while dxAA'/dO repre-

1 ." ts 2 tangent v ect or , in fac t the t angent vector 
AA' 

x of (6 . 1.4). The 

'; pi no;: 11 A I (xCC ' (0)) is determined by parallel propagation along V, 

Le . by (6.1.5) with the initial condition 

CC I 

1IA ' (x (0)) = = 
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Choosing ~ny other point on the 00
2 curve 

at that point, to replace i; 
AA' and 

exactly the ,~hypersurfBce twis tor (v. 

surface twistors (which wi l l be denoted by 

V and the corresponding spinor 

K
A

, respectively, will g~ve 
"'---" 

1T A' ) So the space of hyper-

C) is 
6 +4-2. 

an 00 system. 

If the curve V happens to contain a real point AA' p ,then V 

determines a unique null global twistor, namely that global twistor pas sing 

"if 

AA' AA' 
th=ough p with its 1T-spinor at p equal t o 

CC' 
1T A,(p) Conversely, 

this global twistor determinee the hypersurface twistor as in section 6 . 1. 

'lhe uniqueness mentioned above can be ensured by choosing R small enough : 

thus V can contain at most one real point. Denote by N the collection 

of hypersurace twistors in C whose 
• I . 

V-curve conta~n a real po~nt. 
i 

Since 

the i'oint s of N are in one-to-one corre.spondence with the null global 

twistors whose corres ponding null geodesics intersect R, and since these 

null. global twj_s tors fozm an 00
7 system, it follows that N is an 00

7 

subsystem of the 00
8 system C. The hyper surface twis t ors in N will 

be ca lled null. 

Suppose that (V, 1TA,) is a null hypersurface twistor, determining 

~ null global twistor {J. and hence a null geodesic Z . Let A be a 

'''In-zero complex cons tant. The the null hypersurface twistor (V, A 1T A') 

d~ Lermines exactly the same null geodesic Z Consequently, one could 

also regard C as a projective space, being an 00
6 factor space of the 

the subspace N would become an 00
5 system whose 

points were in one-to-one correspondence with the null geodesics inter-

secting R'. 
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6.3 Hy\?ersurface Twi stor Intersections 

Suppose t hat TI
A

, is a spinor field defined on some real region R. 

Camp lexity R yie Iding a camp Ie:, region '" R , and extend the spinor field 

to one on R'" Then TIA, becomes (in a sense) separated from its 

complex conjugate; thus there ar e two spinor fields on R'" , one of which 

is TIA, , and the other of which may be denoted by TIA The field TI A' 

has the property that. on R • 

TIA = TIA 

but that this equation is not true on R'" - R. 

If the (real) null global twistor Za consists of the null geodesic 

Z ana the spinor TI
A

, defined along Z. let the conjugate global twistor, 

-" .,eoted by Z • consist of t he ~ null geodesic 
a 

Z with the spinor 

:r
A 

par allelly propagated along it. It was seen in section 6.1 that Za 

determines a null hypersurface twistor (V, TI
A
,) , via equations (6.1.4) 

.,nd (6.1. 5) . The conjugate global twistor Z may be used to define a 
CL 

dllal hypersurf ace twistor, if equations (6.1.4) and (6.1.5) are replaced 
AA' A'B __ A 

x = t TIB TI (6.3 .la) 

A ' B _ _A _ 
t TIB TI V AA ' TIC = o (6.3.lb) 

.;l~!'e the spinor field TI A equals on Z . Denote the curve derived 

:crom (u.3.1 ) by W ; then the dual hypersurface twistor may be denoted by 

(11, TI A)' In general, an element of the dual hypersurface twistor space 

Cx consis t s of a pair (W, nA), where the curve Wand the spinor n
A 

along H satisfy 

AA' x = 
A'B 

t (6.3 .2a) 

= o (6.3.2b ) 

In Minkowski space-time, the spinor field TI
A

, defined by (6.1.5) 

is ~onstant, as is the field TIA defined by (6.3.lb). Therefore, since 
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it = ·rr .,. the point Q where A A u . Z intersects S , it follows that 

1T
A

;1T
A 

at every point on W . However, this r esult does not hold (in 

be. :ler-aI) { n ':_1.:' " ,' 0 s pace-time s . 

Suppose now that (V,1T
A

,) i s a hypersurface twistor and (W, n
A

) 

• duel hypersurface twistor. If the curves V and W intersect, it is 

" aid (by definition) that the scalar product of (V,1T
A

,) and (W, nA) 

c.;.ists and is zer o . To define a scalar product when V and W do not 

intercect i s certainly more difficult, and may be impossible; this remains 

an open questi6n. 

If (V , 1TA,) is null, then it determines a null global twistor 

~he conjugate global twistor -Z determines (as seen at the beginning 
ex 

of thi s section) a dua l hypersurface twis tor (W, TI
A
). In addition, the 

curves V nnd H inters ect (namely at the point Q) and so the scalar 

pr oduct of (V,1TA, ) and (W, TI
A

) is zero, which i s not an unexpected 

r esult. 

The final result of this section is the following 

Theor em: Let the space-time (M, nab) be Minkowski and let SX be a 

(complex) hypersurface containing two null hypersurface twistors (V, 1T
A

,) 

Then the intersection of V and W in SX 

imp l ies the intersection of the two associated null geodesics in M . 

Proof: S~ppose that the null twistor~as sociated with (V,1T
A

,) and 

(1-1, riA) are Zr:1. (represented by y 
ex 

(represented by 

A' 
(n

A
, t; » respectively . Without loss of generality it can be assumed 

that the null line (geodesic) Z represented by Zr:1. passes through the 

or i gin 0 (if it does not, shift the origin accordingly). Thus A w ; 0 

T.e t P be the point where the null line y associated with t intersects 

S (see figure 8) • Denote the vector oP by AA ' r 

the curve V is given by 
AA' AA' Equation (6 . I .5) Suppose x ; x (0) 
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!!g. ~. Rypersurface Twis tor Intersection. 

y 

\ 

\ 
\ 
\ 



has as its solution , TI A' 

AA' 
dx (0) 
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constant . Equation (6.2.1) 

AA' AB' CC' do,," x (0) = t (x (0») 

becomes 

A' 
Tl

B
, TI 

(6.3.3) 

Because of analyticity, the solution 
AA' x (0) can be expanded in a power 

series as follows: 

AA' 
x (0) . AA'() 1 2 .. AA ' ) = 0 x 0 + 20 x (0 +.. •• • 

But f r om (6.3.3) it is seen that each of xAA ' (0) , xAA ' (0) , etc. can 

be written as 

where is some spinor. Consequently. 
AA' 

x (0) can be expressed as 

AA' A A' 
x (0) = 'I' (0') TI (6.3.4) 

uhere 'I'A(O') is some spinor function of a • 

Now suppose that the curve w is given by 
AA ' AA' 

Y = y (').' being 

a complex parameter. By reasoning similar to that above , it is seen that 

AA' 
can be written '1 (,) as 

AA' AA' + ~A' (,) A y (,) = r n (6.3.5) 

where ~A ' (,) i s a spinor function of , . 
By hypothesis , V and W intersect. Thus there exist numbers 

<.II and 'I such that 

M AA' 
(6 . 3.6) x (0

1
) = y (, 1) 

A' - i 0 and 
A' - = 0 will now be considered The two cases i; nA, i; nA, 

separately. In the first case, the intersection of Y with the null cone 

of 0 is given by equation (3.2.5) as 

(
CA' - - 1 -A A' 

- i <, n
A

, ) i; i; 

and ther efore 
AA ' 

be expressed r can as 

AA' - i(i;A' nA ,) 
_1 -A A' A -A' 

r = i; i; + d n n (6 .3.7) 

where d is a real constant . 

Combining equations (6.3 . 4) to (6 . 3 . 7) ;JliV~ 

-' 

I ') .; 
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A A' . A'- -1 A A' A -A' A' A 
'(OI)TI = -, (~"A') ~ ~ + d" " + ~ (TI) " • (6.3.8) 

of (6 . 3. 8) with "A 
A • I 

( , (a I) "A) 1!" = 

A' 
TIA'~ =0. 

yields 

-i (~A I 

A' 
second case (~ nA,=o), there exists a complex number A such 

A' - A' 
~ = A " 

A Let K be a spinor for which 

A 
" KA = 1 , 

and put 

AA' A -A' -A' A 
u = i AK" - i A K " 

Then it follows that 

. AA' -
1 u "A' = ~ "A 

=t 
AA' AA' -AA ' furthermore, u represents a real vector ( since u - u = 0) and there-

. AA' AA' fore (cf . (3 . 2 . 7» the point glven by u lies on Y. Thus r can be ex-

pr essed as 

AA ' AA' A-A' 
r =u +c"" (6.3.9) 

where c is some constant. Now combine equations (6.3.4),(6.3.5),(6.3.6) 

and (6 . 3.9) and transvect 

A 
( 'P (01) "A) 

TN'hence 

Thus i n both cases, 

and Y intersect . 

with 
"A' 

This yields 

A' 
i 

-A' 
TI = A 11 

i A' 
= ~ 

A' 
1!A' t; = 0, Le. Z~Y = O. This means that z 

~ 

This theorem is clearly valid in any conformally flat space-time, since 

the concepts of null twistor, null hypersurface twistor and their intersections 

aI''' conformally invariant. However, the theorem fails when the space-time 
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is conformally curved , for then anything could happen off the hypersurface, 

so as to prevent the two null geodesics from intersecting. 
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§ 6. 4. The w- Sp i nor. 

A 
I n this sect ion i t will be shown how a pair of spinors ( w , ITA')' 

defined r e lative to some point in SX, may have an interpretation as a 

hyp ersurface t wistor . 

Let P be a poi nt of SX and suppose that A 
wand ITA' are two nonzero 

s pinors. Le t ~' represent the null dir ection at P, tangent to Sx, given 

by 

JIA ' : ~ BA ' wA t W
B 

(6.4.1) 

A null curve U in SX can be 'defined (locally at least) by imposing the 

conditions 

BB' 
U IlBB , ITA' ~ 0 " (6.4.2) 

BB' A A 
U (11 BB' w + i £B IT B') ~ 0, (6.4.3) 

as trans por t conditions for the spinors ITA' and wA respectively, where 

~B ' is the t angent vector to U and UBB ' is required to satisfy (6.4.1) 

at al l points along U. 

A If at some poin t Ron U, the w-spinor is zero (i.e. w ~ 0), the 

point R and t he spinor ITA' at R can be used to construct a hypersurface 

twistor (V, ITA ' ) as in section 6.2 (see figure 9). Two open questions 

arising from t his possibility are firstly, given a triple A 
(P, w , ITA') ' 

J oes this triple determine a unique hypersurface twistor, and, secondly. 

i s this hyper surface twistor (if it exists) null? 
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Fig. 9. The U-Curve . 
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