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INTRODUCTIO N 

The discovery of new solut~ons to E~nste~n's f~eld 

equat~ons has long been a problem ~n General Relat~v~ty. How­

ever due to new techn~ques of Newman and Penrose [1], Carter 

[2] and others there has been a cons~derable prol~ferat~on 

of new solut~ons ~n recent t~mes. Consequently a new problem 

has ar~sen. How are we to ~nterpret the new solut~ons phys~-

cally? The tools ava~lable, despite a spate of papers in the 

past f~fteen years, rema~n inadequate although often soph~s­

t~cated. 

Any attempts at phys~cal ~nterpretat~ons of metr~cs are 

beset with d~fficult~es. There is always the poss~b~l~ty that 

two ent~rely d~fferent phys~cal p~ctures w~ll emerge. For 

example a d~rect approach would be to attempt an n~nfill~ng" 

of the metr~c, that is, an extens~on of the metric ~nto the 

reg~on occup~ed by the grav~tat~ng matter. However even for 

the Kerr [1] metr~c the ~nfilling is by no means un~que, in 

fact a most natural "~nf~ll~ngH turns out to be unphys~cal 

(Israel [1]). Yet few people would doubt the phys~cal s~g­

n~ficance of the Kerr metr~c. 

V~ewed ~n th~s l~ght our attempt to discuss, among 

other things, the phys~cal ~nterpretat~on of type D metr~cs 

~s sl~ghtly amb~t~ous. However the problems w~th regard to 

th~s type of metr~c are not as formidable as for most of the 

other metr~cs, s~nce we have been able to ~ntegrate the geo­

des~c equat~ons. Nevertheless ~t is still not poss~ble to 

produce/ .•• 
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produce complete answers to all the questions posed . 

After a chapter on Mathematical preliminaries the study 

divides naturally into four sections. We start with an out-

line of the Hamilton-Jacobi theory of Rund [1] and then go on 

to show how this theory can be applied to the Carter [2] 

metrics. In the proces s we lay a foundation in the calculus 

of variations for Carter's work. This leads us to the con-

struction of Killing tensors for all but one of the Kinnersley 

[1] typ e D vacuum metrics and the Carte~ [2] metrics which are 

not necessarily vacuum metrics. The geodesic equations, for 

these metrics, are integrated using the Hamilton-Jacobi pro-

cedure. 

The remaining chapters are devoted to the Kinnersley [1] 

type D vacuum metrics. We omit his class I metrics since 

these are the Schwarzschild metrics, and have been studied 

in detail before. Chapter three is devoted to a general study 

of his class II a metric,' a generalisation of the Kerr [1] and 

NUT (Newman, Tamburino and Unti [1]) metrics. We integrate 

the geodesic equations and discuss certain general properties : 

the question of geodesic completeness, the asymptotic proper-

ties, and the existence of Killing horizons. Chapter four is 

concerned with the interpretation of the new parameter • £ ' , 
that arises in the class II a and NUT metrics. This par'ameter 

was interpreted by Demi a nski and Newman [1] as a magnetic 

monopole of mass. Our work centers on the possibility of 

obtaining observable effects from the presence of .e,. We 

have been able to show that its presence is observable, at 

leas t/ ••.• 
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least in principle, from a study of the motion of particles 

in. the field. In the first place, if £ is comparable to 

the mass of the gravitating system, a comparatively large 

perihelion shift is to be expected. The possibility of ano­

malous behaviour in the orbits of test particles, quite unlike 

anything that occurs in a Newtonian or Schwarzschild field, 

. also arises. 

In the fifth chapter the Kinnersley class IV metrics 

are considered. These metrics, Which in their simplest form 

have been known for some time, present serious problems and 

no .interpretations have been suggested. Our discussion is 

essentially exploratory and the information that does emerge 

takes the form of suggestions rather than conclusions. In­

trinsically the metrics give the impression that interesting 

results should be obtainable since they are asymptotically 

flat in certain directions. However the case that we have 

dealt with does not appear to represent a radiation metric. 

There are two appendices. The first is devoted to the 

reduction of the geodesic equations for the six Kinnersley [lJ 

class II metrics to quadratures. In the second we consider 

the possibility of generating new solutions of Einstein's 

equations by applying conformal transformations to Carter 

type metrics. 

References to equations are given in the form (a.b.c), 

where a denotes the chapter number, b the section number 

and c the equation number. If the equation is in the same 

chapter/ •• 
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chapter the reference is given as (b.c) with the chapter 

number omitted. References are given as "Author [a]" and 

details of the publication are given in the reference list. 

The list of references given at the end is by no means: 

intended as an extensive bibliography. 

can be found in the literature quoted. 

Further references 
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CIIAPTER I 

PRELI MINARIES 

Before we attempt to discuss the problems that interest 

u~ it is neces s ary to establish a number of definitions and 

an agreed notation which, once de fined, will be used subse-

quently without reference. 

§l.l Notation and Mathema tical Background. 

For our purposes a space-time is defined to be a 4-

dimensional connected, orientable (Hausdorff) differentiable 

manifold 1.1 of class COO without boundary, together with a 

Lorentzian metric ds 2 on M. The signature of ds2 will 

be taken to be (-2). In a coordinate neighbourhood G of Y, 

with local coordinates !xil(~), the covariant components of 

the metric will be denoted by k g . . (x ) 
:1.) 

k 
= g . . (x ) 

):1. 
and the 

contravariant components by ij 
g • 

The curvature tensor is defined via the Ricci identities 

1.1 X)' • k' m , , 
i = R 01 X. J<.m 3.. X) .. m' k , , 

for / .... . 

We will use Latin indices i,j,k, .... = 1;2,3,4 through-

out. Where necessary Greek indices Q,~,y, ... = 1,2,3 

will be used. 
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for an arbitrary vector field X., where a semi-colon denotes 
1. 

a covariant derivative in terms of the Christoffel Symbols 

associa ted with the tensor g... A partial derivative will 
l.J 

be denoted by a comma thus 

The curvature tensor determines the Ricci tensor 

1..2 = Ri 
jki ' 

the curvature invariant 

1.3 

and the Hey1 tensor, 

1.4 h 
C ijk = 

h 
R •. k + 

l.J 
1 (Oh. R oh R Rh. 

2 J ik - k .i j + g.ik J n -

h 
- gij R k) , 

where a~ is the Kronecker delta. 
J 

A geodesic in G is a solution xi = xi(t) of the 

second order differential equat.ions 

1.5 = 0 • 

The parameter t is called an affine parameter and the aff.ine 

distance between two points p and q on the geodesic .is 

given by 

1.6 t pq 

q 

= i dt . 
P . 

AI •..•..•• 



· .' 
- ;) -

A geodesic y wi11 be said to be incomp1ete if for any point 

p on y the affine 1ength of the geodesic from p in either 

or both directions is finite. On a non-nu11 curve t is pq 

re1ated by a 1inear transformation to the proper time between 

p and q. 

The structure imposed on V, up to now, has been pure1y 

geometric. The physica1 content of the theory enters through 

the Bins tein fie1d equa tions for ds2 , name1y 

1.7 R .. - 1'g .. R - )"R = kT<J' I 
~J ~J ~ 

where k is the gravitationa1 constant and )" is the cos-

m010gica1 constant. The tensor fie1d T.. describes physica1 
~J 

fie1ds other than gravitation, and thus equation (1.7) re1ates 

the physica1 content of the region to its geometry (1~ A 

so1ution to the equations (1.7) is referred to as a s01ution 

to the Binstein-Maxwe11 equations if T .. 
~J 

is the energy mo-

mentum tensor for an e1ectromagnetic fie1d. 

(1 ) 

A I ...... . 

Both the interpretations of the fie1d equations (1.7) 

suggested by Synge [1] are used in this thesis: for the 

Carter [1] metrics a tensor Tij is proposed and then 

the equations (1.7) are s01ve~ and in Appendix B we a110w 

the T .. 
~J 

to be determined by the equations (1.7) and 

attempt to transform to a physica11y reasonpb1e prob1em. 
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A device that we will use extensively is the Newman-

Penrose null tetrad (i) of vectors; and -j m , 

where OJ and n j ( ) . ! are real null vectors 2 and mJ and 

-j 
m (the components of mj are complex conjugates of the 

components of mj ) are complex null vectors. The vector ' mj 

can be defined in terms of a pair of real, orthogonal, space­

like vectors a j and b j by 

1.8 

where i = r-l. The system of vectors and -j 
m 

determines a complex anho1onomic coordinate system. 

It is convenient to introduce the tetrad notation: 

1.9 h j 
a 

where the indices (labels) a, b, c, ... = 1,2,3,4 are called 

tetrad indices. We can now define the tetrad components of 

the metric tensor by 

1.101 • •••• 

We will refer to these vectors as the Newman-Penrose null 

tetrad although the idea5 were introduced in Sachs [1] . 

(2) Given a vector with componerits k i we will use the 

terminology 
. i ' 

"k1 is null" if k2 = gijk k' = 0, 

time1ike" if k 2 > 0 and "k
i is ~pace1ike" if 
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1.10 T/ ab 

which, under the orthogonality condition imposed by Newman 

and Penrose [1], yields 

o 1 o o 

1 o o o 
TJ ab == 

o o o -1 

o o -1 o 

The invariant and its inverse 1] ab are used to raise 

and lower the tetrad indices. With the machinery at our dis-

posal it is possible to define the tetrad components of any 

tensor, but for our purposes it suffices that the tetrad 

components of any covariant tensor can be defined by analogy 

with the definition (1.10). 

From the definition (1.10) it follows that the contra-

variant components of the metric tensor are given, in terms 

of the tetrad, by 

or, 

1.11 i-j -i j - m m - m m 

Certain tetrad components of the Weyl tensor are important 

since they can be employed in the classification of the Weyl 

tensor; 

1 . 12/ ..... 
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1.12 
i j k 1 

'1'0 = -Cijkt t m e m 

1.13 '1'1 = 
i j k t 

-CijkL L n e m 

i j k £ ei j k-l) 
'1'2 = -tc i j kt (t n l n - n m m , 1 . 14 

1.15 '¥3 = it j k-t -Cijkt n n m 

'¥-i, 
i-j k-t 

= -Cijkl n m n m 1.16 

We will call these the Newman-Penrose invariants. 

The orthogonality conditions imposed on the tetrad only 

define it up to a six parameter restricted Lorentz group given 

by Newman and Janis [1] as; 

1.17 lj = ej 

1.18 -j m = mj 
+ ae j 

1.19 -j n = n j 
+ aiii j 

+ am j 
+ aae j 

where a is an arbitrary complex function; 

1.20 lj = " e
j 

1.21 -j -1 j n = " n , 

1 . 22 -j m = ei¢mj 

where " and ¢ are real functions; 

L23 

1.. 24/ ..... 
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1. 24 

1. 25 
~j 
n = 

where b is an arbitrary complex function. 

Under these transformations the Newman-Penrose invari-

ants transform as follows; 

(a) for the transformations (1.17), (1.18) and (1.19), 

Wo = '!'o , 

W3- = '!'3- + a'!' 0 , 

.1.26 W2 = '!'2 + 2ii'l'3- + -2'l' a 0' 

Wa = 'l'3 + 3a '!'2 + 3a2 ,!, . 3- + a 31j1 0 

Wi, = '±'i, + 4a'l'3 + 6a2 '±'2 + 4a31f3- + ai,1f 0 , 

(b) for the trans forma tions (1. 20), (1. 21) and (1. 22) 

1.27 

and 

( c ) / ••••••• 
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(c) for the transformations (1. 23), (1. 24) and (1. 25), 

1. 28 

The space-times we consider are not flat and therefore 

at least one of the Newman-Penrose invariants must be non zero. 

Thus from the transformations (1.26) and (1.28) it follows 

that we can always choose a tetrad so that W~ and W 0 are 

both non zero, and c.onsequen tly there is no loss in generality 

if we assume them non zero. From the transformations (1.26) 

-it is clear that by an appropriate choice of a we can make 

w~ = O. The required function a will be a solution of the 

quartic 

1.29 

Bach vector -j 
n corresponding to a root of (1.29) is called a 

p~incipal null vector. Since Wo # 0 there will be four such 
t 

prinCipal null vectors, not necessarily all different. 

We may use the equation (1.29) to define the Petrov 

types. If equation (1.29) has 

(i) four distinct roots - the Weyl tensor is of Petrov 

Type I, 

(11)/ ••••• 
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(ii) two single roots and one repe a ted root - the Weyl 

tensor is of Petrov Type II, 

(iii) one single root and three coincident roots - the 

weyl tensor is of Petrov Type III 

(iv) four coincident roots - the Weyl tensor is of Petrov 

Type N, 

(vI two repeated roots - the Weyl tensor is of Petrov 

Type D. 

It can be shoHn (see for instance Newman. and Janis [1]) that 

and 
~j 
n may be chosen as the principal null vectors for 

a Petrov Type D Weyl tensor and then Wo = W~ = W3 = W~ = 0 
~ 

and only Wa is non zero. In the subsequent discus&ion we 

will· loosely refer to metrics as being of Petrov Type D, 

meaning in each case that the corresponding Weyl tensor is of 

that type. 

The fact that the metric is only determined 

locally poses problems, since the "extent" of the manifold M 

has to be deduced from the metric (Geroch [1]). The main 

problem is the occurence of "singularities" in the metric. 

Since even a definition of a "Singularity" has not yet been 

satisfactorily stated . (Geroch [1]), the problems are consid-

erable. However we will confine ourselves to what seems to be 

the most useful approach and define a space-time to be non-

singular if all the geodesics are complet~ in the sense tha~ 

given any point p on a geodesic y. the affine parameter 

must be unbounded in either direction from p. 

A criterion for an incomplete geodesic has been estab-

lishedj ••• 
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1ished by ~a1ker [1) who has shown that a geodesic is not 

extendible if a COO scalar field becomes unbounded along it. 

This type of singularity is the only one that we will con-

sider in the subsequent discussion. In some cases, where we 

require it, we will show how the effect of a spurious singu­

larity, the result of an unfortunate choice of coordinates, 

can be removed. 

Once the geodesics for a metric have been obtained it 

is possible to find the so called g-boundary for a singularity 

(Geroch [2)}. This boundary does yield the possibility of 

characterising a singularity locally bu~ as mentioned by 

Geroch [l),it does not lead to a unique definition. The b­

boundary of Schmidt [1) may be. preferable but, as yet, it is 

difficult to compare the two types of boundary as Schmidt's 

technique has not been sucessfu11y applied to even the Schwarz-

schild or Riessner-Nordstrom metrics. Until the concept of a 

singular boundary has been developed sufficiently there is 

little that can be contributed by computing the g-boundaries 

for all Petrov type D metrics, although the computation, 

using our results, would be relatively Simple. 
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CHAPTER II 

THE HAMILTON-JACOBI THEORY 

In th~s chapter we w~ll discuss some aspects of the 

Hamilton-Jacobi theory in General Relativity, and then go on 

to show how the approach of Rund [1], [2] and [:>] to the 

theory can be used to relate the work of Penrose and ~alker 

[1] on Killing Tensors, for Petrov type D metrics, to the 

work of Carter [1] on ~etrics which lead to separable Hamilton-

Jacobi equations. 

§2.1 Some Remarks on the Hamilton-Jacobi Theory in General 

Relativity.(1) 

There are various ways in which the geodesic equations 

in a space-time can be approached. In Chapter one we defined 

the geodesics to be the curves which satisfy the equations 

(1.1. 5). Alternatively we could have defined the geodesics as 

the extremals. of a suitably defined Lagrangian, in which case 

the Euler-Lagrange equations will correspond to our equation 

(1.1.5). Whichever way we approach the equations they usually 

prove difficult to integrate. This situation is most un-

fortunate! ..• 

The essential results in this chapter, that is in §2.1, 

§2.2 and §2.3, are to be published in Matravers [1]. 
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fortunate because, as we have shown, much of the work on 

singularities is based on a knowledge of the geodesics (see 

§l.l and the references there). Als~ in experimental tests 

of the predictions of General Relativity, the motion of re­

latively small bodies is . compared with the expected behaviour 

based on a study of the timelike geodesics. The classic 

instance of such a comparison is the work on the perihelion 

shift of Mercury. 

Under these circumstances it is natural that some 

authors, Vanstone [1], Sen [1], Carter [1] and [2] and Fock 

[I}, should have explored the possibil~ty of using an analogue 

of the Hamilton-Jacobi theory of classical mechanics to in-

tegrate the geodesic equations, However these authors do not 

agree on the choice of formalism, and therefore we will examine 

what we would expect from such a formalism: 

(i) a set of equations of motion, preferably in the form 

of Euler-Lagrange equations or Hamilton's Canonical 

Equations; 

(ii) a first order partial differential equation, the 

complete integrals of which yield solutions to the 

equations of motion. 

In addition the four space-time coordinates should be 

treated symmetrically, if possible, and the whole formalism 

should arise from a problem in the calculus of variations. 

We do not require that the Hamiltonian be identifiable with 

the energy, since one would expect the energy to be associated 

with the momenta in a symmetric way. Also, we are not 

concerned/ •.• 
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concerned with the use of the canonical equations and lIamilton­

Jacobi formalism in quantisation, since, in view of the new 

role of the Hamiltonian, it is quite clear that the quanti­

sation procedure of non-relativistic mechanics cannot be ap­

plied to a relativistic formalism without great care. This 

aspect is discussed for the special relativistic case in Rund 

[ 1] . 

We are now in a position to comment on some of the 

~nggested formalisms. Sen [1] has sttempted to retain the 

characteristics of the non-relativistic Hamilton-Jacobi equa~ 

tion and thus does not treat the coordinates in a homogeneous 

way. Therefore his formalism does not satisfy our require­

ments. 

The approach of Carter [1] and [2] is similar in many 

ways to the five dimensional formulation of Kalman [1]. As 

we will show her~ the introduction of a five dimensional 

formulation is not necessary to achieve all the results that 

Carter obtains and the interpretation of the work is much 

simpler. Rund [3] has discussed the five dimensional scheme 

of Kalman [1] and has shown that the formalism that we will 

use has advantages over that particular scheme. The ideas 

of Pock [1] on the Hamilton-Jacobi formalism are essentially 

the same as those used here for null geodesics but his inter­

pretation and nomenclature differ considerably. He calls the 

fourth component of the momentum the Hamiltonian and does not 

attempt to suggest a canonical procedure. 

§2. 2/ •.... 
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§2.2 The Hamilton-Jacobi Equa tion. 

We will now briefly outline the Hamilton-Jacobi theory 

of Rund [1], [2] and [3]. This formali.sm satisfies all our 

criteria given in §2 . l. The final equations that we will ob-

tain are the same as those of Rund [1] although they are ex-

pressed in a slightly different form. The form that we use 

has the slight advantage that the Hamilton-Jacobi equation for 

a charged particle in an Einstein-Maxwell field corresponds to 

that obtained by Vanstone [1]. Therefore- it becomes apparent 

that the equations of motion for charged particles bear the 

same formal relation to those for uncharged particles as in 

the non-relativistic case. 

Let i [x 1. i,j = 1,2,3,4 be local coordinates in a 

region G of space-time with metric 

and 

ds 2 i j 
= gijdx dx, where 

We take the motion of 

a particle to be determined by the geodesics of the varia-

tional problem with Lagrangian 

2. 1 L = x,i = 

where r is an arbitrary parameter. For the present we as-

sume L # o. 

Following Rund [1], we define the canonical momenta by: 

2.2 

and thence, since det !gij! # 0, we sblve for 

2'. 3/ ....•• 



2.3 x,i 

Again following Rund, the Hamiltonian is defined by 

2.4 

2.5 

and the Hamilton-Jacobi equation is 

2.6 

where S(xi ) = b is a one-parameter family of hypersurfaces 

which cover the region G simply. The sign used in equation 

(2.6) must coincide with that pf L. (See equation (2.9) be-

low). The congruence of curves determined by 

as 
y i = axi 

satisfies the Euler-Lagrange equations, 

2.8 

provided that the parameter r be chosen such that: 

2.9 

The sign in equations (2.6) and (2.9) is fixed if we choose 

r = s to be the proper time s. We now put 

2.10 

Since I . ... 1 



Since 

2.11 

with 

2.12 

dF 
ds = °t 

· .' 
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the Euler-Lagrange equations become 

2-
ds (::i) - o , = dX

i
) 

ds 

Clearly, the null geodesics, for which L = 0, cannot 

be handled in the above manner. However, results analogous to 

the above equations do hold. Rund [1], p.318 f, shows that 

the orthogonal trajectories of the family of hypersurfaces 

cover G simply and for which 

= 0 , satisfy the Euler-Lagrange equations (2.11). 

Thus we are left with the conclusion that, in the re-

gion G of space-time, the geodesics satisfy 

2.13 A = 1, -lor 0, 

aud the equations (2.11). The are given in terms of 

by the equations (2.7) or by equations (2.2) i~ terms of xi 

and .i 
x • depends on whether the geodesics The value of A 

are time1ike, space1ike or null. We regard the equations 

(2.11), (2 . 13) with (2 . 7) and (2.12) as the generalisation of 

the Hamilton-Jacobi theory of classical mechanics . Note that 

the complete set of equations doe s not arise from a parameter-

invariant problem in the calculus of variations. Although this 

is und e sirable, the choice of parameter for the null geodesics 

cannot be arbitrary and it is therefore unavoidable. For 

time1ike/ . . 
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timelike and spacelike geodesics, hDwever, the equations do 

arise from a parameter-invariant problem. 

The Hamilton-Jacobi theory we have introduced can be 

used to integrate the geodesic equations for all the Carter 

[lJ metrics. The method is as follows. 

All these metrics depend On only two of the four co-

ordinates, let us say xi and x 2 • Thus there exist two 

first integrals: 

2.14 
aF 

k1 Y3 = = , 
a x3 

Y4 = ~ = ~ 
GX 4 

2.15 

Thus from the equations (2.7) we have 

2.16 
as 

~ = 
o x 3 

~ = k2 
OX4 

2.17 

In addition, once appropriate coordinates have been found, the 

metrics that we are considering take the form: 

a 11 
1 0 0 0 

i- 1 
0 a 22 0 0 2 

2.18 g J = U 
0 0 a 33 + a 33 a 34 + a 34 

1 2 1 2 

0 0 a43 
1 + a43 

2 
a 4 4-

1 + a 44 
2 

where the suffixes 1 and 2 denote that the quantity in 

question is a function of Xi only, and U = U(X 1 ,X2 ). 

Thus/ •.•.• 
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Thus the Hamilton-Jacobi equation becomes: 

2.19 aJ:1(~)2 
ox i 

or ,,= 0, in 

which case it has a solution of the form 

~.20 

The first case, where U can be reduced to a sum of terms in 

Xi and X2, arises with all Carter metrics. Of course ,,= 0 

for all null geodesics. The generalisation to cases where U 

is not separable has not previously been considered, and these 

will be referred to subsequently as Generalised Carter metrics. 

Once S has been obtained in the form (2.20), the 

equations (2.16) and (2.17) together with equations (2.7) and 

(2.12) for Y1 . and h yield a set of four ordinary diffe-

rential equations which can be reduced to quadratures because 

of the simple form of the metric. 

The particular form (2.20) of the solution to the 

Hamil ton-J acobi equation is not surprising since, for the 

Carter metrics, the formalisms of Carter and Rund agree al-

though the interpretation is not the same. For instance, 
, 

unlike the situation in the Carter approach where the solu-

have no apparent significance (Carter [2]) the 

equation (2.l3) has an immediate geometric interpretation: 

according/ •• 
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according to the choice of A the sol.utions yiel.d one-

parameter families of nul.l, spacel.ike or timel.ike hypersur-

faces transversal. to the corresponding geodesics. Thus the 

separability of. the solutions implies that, for these metrics, 

there exist coordinate systems in which famil.ies of nul.l, 

timel.ike and spacel.ike hypersurfaces transversal. to the geo-

desics take the form 

2.21 

where ~ is a constant over each surface. 

If the motion of a charged particle in an Einstein-

Maxwel.l. fiel.d (with el.ectromagnetic potential. given by ¢i) is 

consid.ered, then the Hamil ton-J.acobi equation can be written as 

2.22 ij 
g l. , 

in suitabl.e units (Vanstone [l.]). The charge On the particl.e 

is e. If ¢. ' is chosen according to the prescription of 
~ 

Carter [1] and the metric ij 
g is a Carter separabl.e sol.ution 

to the Einstein Equation~ then the equation (2.22) separates 

and has a sol.ution of the form (2.2l.). This sol.ution differs 

from the type of sol.ution obtained in Carter [l.] and [2] in 

the same way as for the uncharged particle. However, unl.ike 

the case of an uncharged particl.e and for the Carter formal.ism, 

the geodesic equations cannot be obtained as simple first or-

der ordinary differential. equations from the momenta . . This 

problem is merely formal howeve~ as the geodesic equations can 

be reduced to quadratures; we use the solution of equation 

(2.22)/ ••• 
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(2.22) and the fact that the derivatives with respect to the 

integration constants are constant. The first order ordinary 

differential equations required can then be found by differen-

tiating these integrated forms of the equations, as is done 

in Vanstone [1]. 

§2.3 Killing Tensors fdr the Carter Metrics. 

Killing tensors (1) and Conformal Killing tensors are 

defined by Penrose and Halker [1] as follows. If each paral-

lelly-propagated tangent vector t i along the geodesics 

satisfies 

3.1 

for .some tensor a .. 
~) 

i j a .. t t = constant 
1) 

symmetric in i and j, then a . . 
~) 

called a Killing tensor of valence two. If equation (3.1) 

is 

holds only along the null geodesics, then a .. 
1) 

is called a 

Conformal Killing tensor of valence two. He note that, if 

a ij is a Conformal Killing tensor, then 

3.2 

where ¢ is an arbitrary function of the coordinates, is· also 

a Conformal Kil ling tensor, since along the null geodesic 

3. 3/ •••••. 

These tensors are not the same as the Yano-Killing tensors 

(Yano [1]). A Killing tensor which is also a Yane-Killing 

tensor vanishes identically. 
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i j 
(a .. + ¢ g .. )t t 

1) 1) 

i j = a .. t t = 
1) 

constant • 

We will now show that all Carter metrics admit Killing 

tensors and that all Generalised Carter metrics admit Con for-

mal Killing tensors . 

As we have already seen, the equation (2.13) has a 

solution of the form (2.' 20) if U = Ui + U2 • Thus equation 

(2.13) can be separated into: 

3.4 

and 

3.5 

i ' a ) 
i 

as 
--r 
ax 

-K , 

where non-constant terms in the first equation depend only on 

Xij those in the second equation depend only onx 2 • 

These equations can be written as one if we use the 

notation: 

3.6 
as 

. - "U(r) 
ax) 

= (-1) r+ i K , r = 1,2 • 

~ 
axi 

If we substitute for thp. in the equations (3.6) 

using the equations (2.7) and then use the equations (2.12) to 

express the Yi as functions of the .i x , we obtain: 

3.7 

If we introduce 

3. 8/ •.•..• 
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3.8 

and reca~~ the definition of A, 

3.9 

equation (3.7) becomes 

3.~O ( 'I U ) oi.j = (_,)r+1 K , 
-(r)ij - (r)gij x x ~ 

which shows that (M(r)ij - U(r)gij) is a Ki~~ing tensor. 

Thus we have: 

Theorem ~. A~~ Carter [~] metrics admit Ki~~ing tensors of 

the form 

3.11 

where r = ~,2 . 

If we consider the Genera~ised Carter metrics for which 

U is not separab~e, then, for nu~~ geodesics, equations 

simi~ar to (3.4) and (3.5) ho~d with A = O. Thus one finds 

very simply that M( ) .. r 1.) 
is a Conformal Killing tensor for 

the Generalised Carter metrics. In view of the tensor defined 

by (3.2), we have: 

Theorem 2. All Generalised Carter metrics admit Conformal 

Killing tensors of the form 

3.12 

where ¢ is an arbitrary function of the coordinates. 

These/ •..• 

: I 
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These theorems provide a link between the work of 

Carter [1], on metrics which yield separable Hamilton-Jacobi 

equations, and Penrose and Walker [1], on the existence of 

Killing tensors and Conformal Killing tensors for type D 

metrics. In particular Theorem 2 relates to the fact that, 

although the Kinners1ey [1] class III a metric is not a Carter 

[1] metric, the null geodesics can still be integrated using 

the Hamilton-Jacobi formalism. 

We also note that these two theorems support, at least 

in part, the conjecture of Kinners1ey and Walker [1], given in 

a footnote on page 1367, that Killing tensors eXist ' for all 

type D solutions (since the Carter metrics are type D solutions 

to the Einstein-Maxwell equations). 

The approach via the Killing tensors has the advantage 

of not depending on the coordinate system. However, once 

appropriate coordinates have been found, our method yields 

more information. 

Kinners1ey [1] gives an exhaustive set of Petrov , type 

D vacuum metrics and we show that all the ones that we con­

sider are Generalised Carter metrics if not Carter metrics . 

The only case that we do not consider is the Kinners1ey class 

IIIb metric which involves elliptic functions and looks less 

interesting from the physical viewpoint. However the work of 

Penrose and Walker [1] suggests that it will probably be pos­

sible to find a set of ' coordinates in which it is a Generalised 

Carter metric. 



- 24 -

CHAPTER III 

THE KINNERSLEY CLASS II a OR NEHMAN-DEMIANSKI ~!BTRIC 

§3.l The Metric. 

This metric was first found by Demianski and Newman [1) 

using the "complex derivation" technique that Newman and Janis 

[1] developed to "derive" the Kerr [1] metric. Unfortunately 

the Demianski and Newman [1] paper is marred by misprints, and 

therefore difficult to use. Later Kinnersley [1] found the 

same metric, in different coordinates, using the Newman-Penrose 

formalism, demonstrating quite clearly the value of the for­

malism since he has been able .to obtain all the Petrov type D 

vacuum metrics. Again, the work is marred by errors; the tet-

rad from which Kinnersley obtains the metrics dOes not satisfy 

the conditions that he presupposes. However, the metrics have 

been confirmed as type D vacuum metrics by D'Inverno and 

Russell-Clark Il]. 

Although no details are known on whon and why the 

Newman and Janis [1) complex transformation technique works, 

it provides a useful tool for rinding the Newman-Penrose [1] 

tetrad. Of course, in general, it is as difficult to find 

the complex transformation as it is to find the tetrad by 

direct methods. However, for the Kinnersley II a metric, 

the Newman-Janis technique proves the simpler approach. The 

following argument leading to the Newman-Penrose tetrad is 

.not/ ..... . 
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not meant as a der~vat~ve of the metr~c.(I) 

The complex~f~cat~on process ~s appl~ed to the Schwarz-

sch~ld metr~c, 

1.1 ds 2 c (1 2:0~ 2mo 
( )

-1 

- 1 - -r- dr2 

after we ~ntroduce the retarded t~me coord~nate, 

1.2 u = t -r 2mo log(r - 2mol , 

to obta~n the Edd~ngton [lJ form of the metr~c, 

1.3 ds 2 = (1 - 2: 0
) du2 + 2 du dr - r2 (d (}2 + s~n2() d if?-) • 

The Newman-Penrose [lJ tetrad for th~s metr~c ~s 

1.4 ej = oj 
2 

1.5 n j = 02 - ; (1 2m) . _ -D oJ 
r 2 , 

1.6 mj 
= (.[2 rl-1(0~ + ~ cosec (}02> 

-j = (n r)-1(0; + ~ cosec () 02 ) m 1.7 

where/~ •... 

The tetrad for the Newman-Dem~ansk~ metr~c can be ob-

ta~ned ~n the same way, but unfortunately the complex-

~f~cat~on techn~que has to be d~fferent from the one we 

use to get the K~nnersley II a metr~c and therefore ~ t 

proves of l~ttle use ~n relat~ng the two coord~nate 

systems, and w~ll not be d~scuSsed. 
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where i =~. This tetrad has the property that, if the 

contravariant components of the metric tensor in equation 

(1.3) are denoted by gij with 

1.8 Xi = u, X2 = r, x3 = fJ, 

then, 

1.9 j-i 
- m m 

Before we go on with the complexification procedure it 

is convenient to write the tetrad (1.4), (1.5), (1.6) and (1.7) 

in differential operator form; 

1.4a 

1.5a n = ...£... _ ; (1- 2;0) L - au ar , 

m = (.[2 r) -1(a af) + i cosec f) a~) -1.6a 

- (.{2 r) -1 (fi - i at) m = cosec f) . -1.7a 

The reason for preferring this form is that it makes the sub-

sequent complexification procedure clearer. We replace mo 

by m - ie where m is a real constant and not to be con-

fused with the vector m, and allow rand u to take 

complex values. The tetrad (1.4a), (1.5a), (1.6a) and (1.7a) 

is / ••..•. 

(1 ) 
We will use either of the coordinates given in (1.8) 

according to which is most appropriate in the following 

discussion. 
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~s replaced by the new tetrad, wh~ch ~s arb~trar~ly def~ned to 

resemble the or~g~nal form;(1) 

1.10 e = 
~ 

1.11 n = 
~ 

1.12 m = 

1.13 

a 
ar , 

a - ; (1 -au 

.m - -1( a (-.2 r) ao 

a 
all 

mo ;;;ro) ..a... 
r ar 

, 

+ ~ cosec (j it) 

- ~ cosec (j a~~ 

where a bar ind~cates the complex conjugate. The coord~nates 

used ~n the tetrad (1.10), (1.11), (1.12), (1.13i are projected 

back ~n to the real doma~n by the trans forma t~ons: 

1.14 u' = u - 2~e log (cosec (j ) - ~a cos (j 

1 . 15 r' = r - ~(e - a c o s Il ) 

1.16 (j , = (j 

1.17 ¢ , = ¢ 

where u', r', (j' and ¢' are real. The trans forma tions 

(1.14) and (1.15), in effect, def~ne the complex~f~cat~on · of 

the rand u. 

Before/ •.. 

( 1 ) 
Th~s arb~trar~ness poses e8sent~al d~ff~cult~es for any 

theoret~cal d~scussion of the techn~que. 
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where 

1.19 
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Before we apply the transformat~on, we note that 

1 _ m 
l' 

= (1"2 - 2mr' - [2 - -1 + a 2 cos 2 1i) (rr) 

t::.' = ·1"2 - 2mr' - t~ + a 2 • 

It is also conven~ent to def~ne, 

1. 20 p = l' '+ ~ (e - a cos Ii) , 

then 

1.21 P 2 = pp = l' ,2 + Ce - a COS Ii ) 2 • 

In the transformations (1.14 ) and (1.15 ) we regard 

as a real valued funct~on of u and Ii , and r' as a real 

valued funct~on of r and IJ Thus we have, 

1.22 (~) = 1 
au IJ 

, 

1.23 (~) = ~(a sin IJ + 2e cot IJ) 8IJ u , 

1.24 (~) = 1 
8r IJ 

, 

1. 25 (k) = -~a si.n IJ 
8 IJ l' 

u' 

where the suff~xes ~nd~cate wh~ch var~ables are held constant. 

Note that ~n equat~ons (1.23) and (1.24) the complex var~-

ables l' and u are held constant. After the transformat~on 

the tetrad becomes 

1. 26/ .•..• 
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1. 26 

a tp- 2 (6 a 2 sin2 tJ' ) -L n = au' - - or' -1.27 

m = (..{2 p ) -:1 [ i ( a sin tJ ' + 2e cot tJ') _0_ 
ou' 

1. 28 

- ia sin tJ ' 
_ 0_ + _0 _ 

+ i cosec tJ' o~,J or' o tJ' 

1.29 - (0/2 p )-:1[ - it a sin m = tJ ' 2f. cot tJ ' ) 
0 + o u' 

+ ia i cosec tJ' 

As no confusion can arise we will drop the primes and compute 

the metric from the new tetrad (1. 26), (1. 27), (1. 28) and 

(1.29) using equations (1.9). We get; 

1.30 g:l1 = _p-'2 (a sin tJ + 2t cot tJ)2 , 

1.31 -2 (2 e2 ) gi2 = P r + + a 2 , 

1. 32 gi3 = 0 , 

gi* 
-2 tJ ( a = -p cosec 1 . 33 sin tJ + 2t co t tJ ) , 

g21! -2 = -p 6 1 . 34 

1. 35 g2S = 0 

g2* -2 
= ap , 1. 36 

g33 -2 
= -p 1.37 

1.38 g3* = 0 , , 

1. 39 -2 8** = -p cosec" (j , from/ • • •.• 
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from wh~ch the covnr~ant components are: 

1.40 

1. 41 

1.42 

1.43 = _2p-2 e cos -2 
(}f:; + 2p a s~n2(}(mr + f2) , 

1.44 = -8 s~n 2 () - 2 f a:os () 

1.45 gsa = _p2 , 

1.46 g44 = -2 P f:; (a s~n2(} + 2 P cos () l 2 

-2 sin2 () ( r2 f2 a2) 2 -p + + , 

1. 47 g22 = g23 = g34 = 0 . 

The metr~c tensor defined by equat~ons (1.40) to (1.47) 

is the class II a metr~c, ~ ts determinant 

is 

1.49 

wh~ch seems to ~mply that there will be no difficult~es with 

the s~gnature of the metric near () = 0 or () =~, at least 

~n appropr~ate coordinates. Th~s property w~ll be discussed 

aga~n when we have an asymptotic form for the metric. 

Certa~n properties of the class II a metric have been 

determined. Demianski and Newman [1] and Kinnersley [1] have ' 

shown that it is a Petrov type D metric with 

1. 50/ ....• 
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1.50 

Also they have pOinted out that the metric becomes the Kerr 

metric (Kerr [1]) if R = 0, and the NUT metric (Newman, 

Tamburino and Dnti [1]) if a = O. If a = ° and g = 0 it 

is obvious fro m the tetrads that it reverts to the Scbwarz-

B-child metric. Thus, with the appropriate choice of i, m 

and a, we get the NUT, Kerr or Kinnersley II a tetrads. 

Accordingly m and a will be interpreted as in the case of 

the Kerr metric: m is taken as the mass of the source and ma 

as its angular momentum. This interpretation is discussed in 

detail in Carter [2] where detailed references to earlier work 

are given. Demianski and Newman [1] have endeavoured to inter-

pret the e by using the analogy of a magnetic monopole in 

electrodynamics. This idea led them to call t the "magnetic 

monopole of mass" in the case where £2 > a 2 • The interpre­

tation agrees with the definition of a magnetic monopole of 

mass (we will drop the inverted commas) given by Bergmann and 

Sachs [1] and used by Newman and Janis [1] although Bergmann 

and Sachs maintain, on the basis of a linearised model , that 

such a monopole cannot exist. The contradiction that arises 

may be due to the assumptions made by Bergma nn and Sachs and 

by Newman and Janis. In both papers it is assumed that the 

metric is asymptotically flat and that certain coordinate 

conditions are satisfied. The fact that the NUT metric is not 

asymptotically flat suggests that the interpretation of I as 

a monopole of any sort may be unreasonable and that perhaps 

the metric should be regarded as a cosmological solution as 

suggested/ •... 
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suggested by Misner [1]. We will be able to add to these 

remarks when we have discussed the equatorial orbits of 

particles. 

Although there are quite a number of papers that deal 

with the Kerr and NUT metrics separately there appear to be 

only tJ./O papers that are devoted to the class II a metric. 

These are by Demianski and Newman [1] and Kinnersley [1]. It 

is possible that the reason for this is the somewhat patho-

logical behaviour of the NUT metric. Howev~r, some of the 

difficulties that occur with the NUT metric are less serious 

when it is combined with the Kerr metric thus making the com-

bined metric more interesting. 

then there is a singularity in the metric 

at 

1.51 p2 = 0 , 

which does not occur if a2 > a2 since then p" cannot 

vanish. The singularity (1.51) carries through to the Newman-

Penrose invariants since ~2' given in equ&tion (1.50), is 

singular at p2 - O,and thus it is an "essential singularity" 

in the terminology of Misner [1]. This means that it cannot 

be removed by a coordinate transformation. We note that this 

singularity resembles the one that occurs in the Kerr metric 

in that it has a ring structur~ since equation (1.51) implies , 

that 

1.52 r 2 = 0 

and 

1. 53 cos 8 

The / . ~ ••. 
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However, the r~ng is "tilted" from its position ~n the case oE 

a Kerr metric. The nature of th~s singular~ty will be d~s-

cussed again when we have integrated the geodesic equations. 

§::s.2 Killing Horizons. 

The class II a metr~c is a general~sat~on of the 

Schwarzsch~ld metr~c and, as we have seen, has a singular~ty 

if e 2 .. a 2 • Therefore ~t ~s natural to enqu~re whether a 

general~sat~on of the Schwarzschild hor~zon at r = 2mo 

exists. Before we attempt to discuss the general~sat~on ~t 

~s best to rev~ew br~efly the main character~stics of the 

Schwarzsch~ld hor~zon. The metr~c in the form (1.3) has a 

K~ll~ng vector 

2.1 

wh~ch becomes null on the null hypersurface 

2.2 

Also the K~11ing vector ~ 
ex 

r = 2mo • 

~s t~mel~ke as The 

general~sat~on of these ~deas has been d~scussed by Carter [A] 

and V~shveshwara [1]. Carter'B work led h~m to ~ntroduce the 

~dea of a K~11ing Hor~zon wh~ch he def~ned as "a null surface 

whose generat~ng null vector can be normal~sed so as to co-

inc~de w~th a K~ll~ng f~eld". Thus the K~11~ng Hor~zon does 

not carryall the character~st~cs of the Schwarzschild hor~zon 

since the K~llirig vector field may not be timel~ke as r .... 00. 

In an attempt to generalise th~s idea Vishveshwara defined 

stat.ionary/ •. 
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stat~on a ry "observers" and "sources " for a stat~onary metr~c 

as those observ e rs and sources with 4-veloc~ties which satisfy 

2.3 i -1/1: i u = e y , 

2.4 

where yi is a t~melike K~lling vector field. For such 

observers and sources he has shown that the red shift for a 

light ray is given by 

2.5 = 

where the suffixe s refer to the source and observer and v 

is the frequency of the light ray. In terms of equation (2.5) 

the horizon r = 2mo for the Schwarzschild metric is called an 

infinite red shift horizon by Vishveshwara. (Condition (2.4) 

is of course not satisfied on the surface given by equation 

(2.2». 

We are now in a position to exam~ne the class . II a 

metric. The Killing vectors are 

2.6 
ci _ pi 
!D - u 1 , 

and 

2.7 

The vector ~i is timelike as r ~ = and becomes 

null where 

2.8 

tha t/ ...•• 
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that is, on the surface 

2.9 r2 - 2mr - P2 + a2 cos2 f) = 0 , 

where we have substituted from the definiticn (1.19) and drop-

ped the prime. The surface described by equation (2.9) is not 

null unless a = O. Thus, as with the Kerr metric but not the 

NUT or SchNarzschild met"rics for which a = 0, the Killing 

vector field ~i becomes null on a non-null hypersurface. 

From equation (2.5) and the fact that the alass II a metric is 

stationary it follows that the surface (2.9) is the Visvesh-

wara red shift horizon and does not coincide with the Killing 

horizon, unless a = 0, since it is not null. We are thus 

forced to look for the Killing horizons by different methods. 

Experience with the Kerr and NUT metrics suggests the surface 

2.10 6 = r 2 - 2mr - £2 + a2 cO, 

which is null. The proof that it is null follows easily from 

equation (1.34). The surface defined by equation (2.10) cor-

responds to the values 

2.11 r = r + = m + .J m2 - a2 + £2 , 

and 

2.12 r = r = m - .; m2 - a2 + /2 

of r, and will only exist if m2 + 12 ~ a 2 • The normal to 

the surface (2.10) is given by 

2.13 = o~ 
J 

The / ••.•.• 



- 36 -

The contravari.ant components of k. are: 
J 

2.14 k j 
= gi. j ol?: 

J 

= p-2[(r 2 + a 2 + £2)02 - 601 + a 01] 

where we have used the components of the metri.c gi.ven i.n 

(1.31), (1.34) and (1.36). On the surface (2.10), r takes 

the values rand r. Thus the null generator of the sur­
+ 

face i.s 

2.15 

and for r = r i.t i.s 

2.16 

Apart from the factor P 

vectors 

2.17 

2.18 

respecti.vely. 

Thus the surfaces 

-2 these c~i.nci.de wi.th the Ki.lli.ng 

r = r 
+ 

and r = r are Ki.lli.ng 

hori.zons for the class II a metri.c. These two Ki.lli.ng hori.-

zons correspond to the ones that occur for the Kerr metri.c i.f 

e = 0 and reduce to the Schwarzsclli.ld hori.zon r = 2"'0 and 

r = 0 i.E a = R = O. The Vi.sllveshwara red shi.ft hori.zon 

(2.9), for the larger value of r, li.es outsi.de the Ki.lli.ng 

hori.zons at all poi.nts except where cose = 1. The Ki.lli.ng 

vectors/ •• 



- 37 -

vectors def~ned ~n (2.17) and (2.1 8 ) w~ll now be shown to be 

spacel~ke as r -> 00. We put 

R = r! + a2 
+ 2.19 

2.20 R = r2 + a 2 

A2 i j 
= gi j A+ A+ + 2.21 

2.22 A= = 
i j 

g .. A A 
1J - -

or in terms of an obv~ous notat~on, 

2 . 23 A2 
+ 

i j 
= g .. "+ "+ 1J - _ 

+ R2 , 

+ 12 , 

, 

, 

After substituting from the me·tric (1.40 to 1.47) we find that 

2.24 

where 

2.25 p+ = r! + (R - a cos (j )2 , 

2.26 R = r2 + a 2 + e2 , 

and 6 is defined in equa tion (1.19) with the primes dropped. 

As r -> 00 the R2 term in equation (2 . 24) dominates and the 

Killing vectors Ai are spacelike except when (j = O. Note 

that if a = 0 the~ as expected, the Killing vectors are 

timelike as r -> ~. 

If u is set constant then the metric on a Killing 

horizon is 

2.27 ds2 = _p2 [d(j2 + p -of, (r2 + R2 + a2) sin2 (j d¢2] , 

where/ .... 
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where r is constant. The topology of this surface will not 

be investigated here. ~uch an investigation will be worth-

while but involves a discussion of the behaviour of the metric 

near (} = 0 and (} = 7T. We have deliberately not considered 

the problems associated with these neighbourhoods of (} · for 

reasons that will be made clear when we consider the asymp­

totic properties of the metric. 

Since most of the discussion of black holes has in­

cluded the assumption that the space-time be at least asymp­

totically flat (Hawking [1], Carter [5]~ we will examine the 

asymptotic properties of the class II a metric. 

§3.3 Asymptotic Properties of the Kinners1ey Class II a 

Metric. 

The asymptotic properties of the class II a metric are 

most easily studied if we bring it into the Boyer-Lindquist 

[1] form. For this purpose we introduce the notation 

H c a sin2 Cl + 2 f. cos (j , 

3.2 t. = r 2 _ 2mr _ ~ 2 + a 2 , 

R = r2 + £2 + a2 , 

3.4 p2 = r2 + (e - a cos Cl)2 = R - aH , 

in terms 0 f which the Kinnersley form of the class II a metric 

becomes; 

3.5/ ••.•.• 
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3.5 ds 2 = -p2 d(]2 + 2dudr + p-2 6 [JU 2 + H2 d¢2 - 2Hdud¢ 

-1. ] - 2p2 H6 dr d¢ 

or, if we complete the square, 

We now make a singular coordinate transformation, which is a 

generalisation of one introduced by Boyer and Lindquist [1], 

3.7 dt = du -R6-1. dr , 

3.8 d¢' = d¢ - a6-i dr • 

The metric then takes the form 

3.9 

where we have dropped the prime on the ¢. The coordinates 

we are now using resemble the coordinates in which the 

Schwarzschild metric takes the form (1.1). This is immediately 

obvious if we put a c f = 0, when the metric (3.9) reduces to 

the metric (1. 1) • The singular trans forma tion (3.7), (:;.8) 

has had the effect of introducing a Singularity, resembling 

the Schwarzschild singularity at r = 2m, into the metric. 

Thus the new coordinates and form of the metric cannot be used 

in the neighbourhood of the Killing horizons but there are no 

difficulties for large values of r. We can write 

3.10/ ..... 
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3.10 
-2 

(1 2rm) O( r- 2 ) p {::, = + , 

2 -1-
(1 + 2rm) + 0(r-2 ) p {::, = , 3.11 

-2 0(r- 2
) p = , 3.12 

-2 
1 + O( r -2 ) P R = , 3.13 

and 

3.14 2 -2 Rp 2 2 -2 - 2) = ( P + aH) p = p 2 + 2 aH + 0 ( r , 

for large values of r. In terms of the asymptotic forms de-

fined in (3.10), (3.11), (3.12), .(3.13) and (3.14) the metric 

(3.9) becomes: 

3.15 ds2 = -(1 + 2rm )dr 2 .- p2 [dt1 2 + [1 + (2aH 

- (1 - 2rm) sin-2H2) p-2] sin2I1d¢2] 

+ ( 1 - 2;) dt2 _ (4£ cos 11 _ 4;H) dt d¢ 

-2 
+ O( r ) 

also for large values of r. Now Bonnor [1] has suggested 

3.16 ds 2 = -(1 + 2rm) dr 2 - r2 (d11 2 + sin2 11 d¢2) 

. ( 2m) + 1 - r dt2 + 

as the asymptotic form of the metric for a rotating mass, with 

angular momentum h, situated at the origin. From the simi-

larity between the metrics (3.15) and (3.16) one is tempted 

to conclude, as do Bonnor [1] and Sackfield [1], for the NUT 

metric, that the class II a metric represents some form of 

rotating/ ••• 
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rotating source. However the "rota t ion" is different from a 

simple rotating sphere, wh i ch le d BonDor and Backfield to 

consider "e cemi-infinite rotating spike" (Sackfield [1]) aa 

the source for the NUT metric. Tbe s:l.miJ.:i!'i'd.es RUggSSt: tha'" 

a corresponding interpretation may bold fo!' th~ class IIc 

This idea will not be followed up here. H()l-~CVer7 as metric. 

in §3.1, we note that extrapolation f rom liuear ised theories 

applied to asymptotically flat s9ace-~im8c can be misleading 

when applied to the class II a metric. 

If we coneider only t e rmc of z~ro order in 

the metric (3.15) becomes 

3 . 17 ds2 = -dr2 - p2[d(i2 + !l - ( 4£ cot2 t) 

_ a2 sin2 !J)p-2l sin2C d¢ 2 ] + dt2 

+ 4£ cos (} dt d¢ + O(r-:1.) 

-:1. 
r then 

which s·.lggests that the class II f1 r"e tric is not as~''''ptotically 

flat since as r .... 00, the metric does not tend to 

3.18 

We now wish to conside r th e R~ymptDt~c form (3.17) of 

the me tric in mOTe detail. A cursory look at the metric svg-

gests that its s igna t u re will cb ange f0r (} riearly zor o. 

Tbis is not an altogether unexpected possibility s ~n ce the 

s~gnature of the NUT metric has a singulari:y ~t Rithe~ 0 - 0 

or (} =1r (Misner [1]) . Examin~tion of t h~ Fcy@v-Lindquist 

form of the clas s II a metric (3. 9 ) and the (btr.,r"1i.nant g 

given in (1. 49 ), show that coordinates exist in which the 0 

singular i ty / ••• • 
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singularity can be reduced to a form typical of polar coor­

dinates. However, even in the case of the NUT metric more 

than one approach to the e singularity has been proposed 

(Misner [I], Bonnor [I]), and thus, since we are primarily 

interested in the geodesics on the equatorial plane i.e. ' on 

the surface e = ~ , we will not discuss it further, except to 

note that the problem will have to be resolved before a worth­

while investigation of the asymptotic form of surface rand 

t constant can be completed. However i~ would appear that 

the reason why the class II a metrj,c does not arise in the 

Wald [I] classification is that it is not asymptotically flat. 

§3.4 Integration of the Geodesic Equations. 

We can now consider one of the attractive features of 

the class II a metric. Examination of the Boyer-Lindquist 

form in equation (3.9) reveals that it satisfies Carter's 

separability conditions and therefore the geodesic equations 

can be brought to quadratures by the Hamilton-Jacobi procedure 

described in Chapter two. This is an extremely important re-

suIt since it means that we have additional methods at our 

disposal for finding an interpretation of the parameter t. 

The equations of the geodesics are taken to be given 

by e = e (s), r = r( s), ¢ = ¢ (s), t = t( s) where s is a 

parameter chosen according to the prescription in Chapter two. 

The Lagrangian follows from equation (3.9), 

4.1/ ..... . 
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4 . 1 

where H,6 and R are def i ned in equations (3.1), (3.2) and 

(3.3), and where a dot indicates the derivative with respect 

to s. The fun c tion F in (2.2.10) is defined by 

4.2 F = tL2 • 

From the Euler-Lag rang e equation (2.2.11) we immediately get 

the first integrals 

4.3 Y t = -E , 

4.4 

where E and ~ are constants. From equation (2.2.12) and 

equations (4.1) aud (4.2): 

4.5 
aF -2 • - 2 • 

Yt = at = P (6 - a2 sin 2 0)t + p (aR sin 2 0 - H6)¢, 

4.6 
-1.. 

Yr = -p 2 6 r 

The oontravariant components of the Boyer-Lindquist form of 

the metric are 

4.9/ ..... . 
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-2 0 0 0 -p 

0 -2 0 0 -p 

4.9 g ij = _\ H2 R2) -2CR H) 0 0 -p -- p --
sin2 (j 6 6 sin2(j 

0 0 -2(SR H) -2( 1 a
2

) p -- -p --
6 sin2 (j, sin2(j 6 

where t = x~, r = X2, (j = x 3 and ¢ = X4. Thus the Ilami1ton-

Jacobi equation (2.2.19) becomes 

4.10 -2( as J -p eo - p 6 - --2 CSJ or 
-2( H2 

p sin2(j 
_ ~2)( ~~y 

-\aR 
Si:2 (j) 

as as -2( 1 a
2

) csy + 2p -;:;- --
- p sin 2(j - -;:; o¢ at a¢ 

= '1\, 

where '1\ = +1, -lor O. If we substitute from equations 

(4.:» and (4.4), using equation (2.2.7), then equation (4.10) 

becomes 

4.11 
s.in 2 e 

B2 - 2 
112 

-=--Bcp + 1 
\f> 2 - 'l\aH J 

+ 'l\R J = o . 

As we have already discussed in Chapter two this equation is 

separable and has a solution of the form (2.2.20), that is 

4.12 s = -Et + S~ (r) + ~ «(j) + \f>¢ . 

Thus we can obtain the functions ~ (r) and S2 (8) by inte-

grating the pair of equations, 

4.13/ ..... 
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4.13 (::2 y H2 E2 2 
H 

Eel> 1 <t>" - "aH K + - - = , 
sin2 (1 sin2 (1 sin2 (1 

4.14 6 (::1Y R2 
E2 + 2 aR cI> E a 2 

el>2 + "R -K - - = . 
6 6 6 

If we put 

4.15 x = "cH + K -
1 (HE - el»2 , 

sin2(1 

4.16 

then from equation (2.2.7) 

4.17 Y() = ±. .rx , 

Yr = +~ - , 
6 2 

4.18 

where either sign may be chosen. Then from equations (4.6) 

and (4.7) we have 

4.19 

4.20 

Also from equations (4.3), (4.4), (4.5) and (4.8) we have 

4.21 

4.22 = (aR _ H ) el> 
6 sin2 (I 

- :) E , 

4.23. p2 (j = '!:.J "aH + Ie -
1 (HE - el» 2 , 

4.24/ ..... 
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4.24 

wher e we have written the equations for B 

full for future reference. 

and r out in 

We will end this chapter with a discussion of the .be­

haviour of the geodesics near the p s eudo-singularity 4 = 0 

and the singularity p2 = O. We remark that it is already 

clear from the form of the metric given in equation (3.5) 

that the geodesics can be extended through the Killing hori~ 

zons. The whole probl e m of geodesic completeness will not be 

discussed since, as before, we wil·l avoid the difficulties 

associated with the neighbourhood of points where sin 2 0 is 

small. The reason for avoiding this region was made clear in 

§ 3.3. 

The problem resolves itself into two possible cases; 

(i) 6 = 0 and m2 + £2 - a 2 = 0 

( ii ) 6 = 0 an d m 2 + 12 _ a 2 > 0 ( 1. ) 

We will consider case (i) first and show that the re­

sults may be extended to case (ii) later. The technique is 

formally the same as that devised by Carter [2] for the Kerr 

metric. The alterations required are, to a large extent, 

covered by the choice of notation given in equations (3.1), 

(3.2), (3.3) and (3.4). 

The/ ..... . 

If m2 + 22 - a 2 < 0 there is no Killing horizon. 
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The condition (i) yields a Killing horizon at the 
• 

double root r = m and therefore the space-time is divided 

into two regions; I in which r < m, and II in which r > m. 

Consider the transformations: 

4.25 dt = du - R6-:l. dr 

d¢ dy -:I. 
= - a6 dr , 4.26 

4.27 r = r , 

4.28 () = () , 
and 

4.29 dt = -dw + R6-:I. dr , 

d¢ -dy -:I. = + a6 dr , 4.30 

4.31 r = r , 

4.32 () = () 

On substituting from either of these sets into the Boyer-

Lindquist form of the metric (3.9), formally the same Kinners-

ley form of the metric results. A transformation from one 

Kinnersley form of the metric to the other is given by 

4.33 du + dw = 2R6-:I. dr 

4.34 -:I. = 2a6 dr, 

4.35 r = r , 

4.36 () = () 

These/ •••• ' 
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These two coordinate systems give rise to two distinct 

extensions, which can be performed alternately, giving rise to 

an extended manifold consisting of overlapping patches of 

(u,r,{j,¢) and (w,r,~,¢) coordinates. This process has been 

more than adequately described in Carter [2J and Walker [1] (1). 

There still remains a problem with the geodesic~ as we inte-

grated the equations in Boyer-Lindquist coordinates not the 

Kinnersley type. It is a pecularity of the Kerr metric that, 

despite its seemingly complicated form, the llamilton-Jacobi 

equation proves to be integrable even in what Carter [2] calls 

Kerr-Newman coordinates, which correspond to the coordinates in 

which Kinnersley [J_] gives the class II a metric. This fact 

apparently led Carter to the investigation which resulted in 

the paper we discussed in Chapter two (Carter [1]). 

If we employ the transformation (4.25), (4.26), (4.27) 

and (4.28) then the geodesic equations (4.21) and (4.22) 

bec..ome; 

4.37 
H ( H) B - ~ -

sin2 {j 
~ (P - Q') , 

and 

4.38 
1 

( 
H B _ il.i) _ ! (P _ Q') 

sin2 {j ~ sin2 {j 

where 

4.39 P = RB - ail.i , 
and 

4.40 I . .... 

( 1 ) 

Clear diagrammatic representations of the process are 

given in Carter [3] and in Walker [1]. 
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Q' = :!:..[Q = :!:..J (RE - acp) 2 - l AR + K) 6 

= ±.Jp2 _ (AR + K)6o (d 

S~m~larly ~f we use transformat~ons (4.29), (4.30), (4.31) 

and (4.32) then the equat~ol1s (4.21), (4.22) become 

4.41 
H 

C~:2~ B - <p) R (P + Q' ) + - , 
s~n2~ 6 

1 (H ) l~ 
(P + Q' ) E - <P + 

6 
, 

s~n2~ s~n2~ 
4.42 

where we have again used equation (4.39) and (4.40). 

If P ~ 0 at r - m where 6 = 0, then in the neigh-

bourhood of r = m, we have 

4.43 60Jt + K) - , 
p2 

from equation (4.40). For values of r near enough to r = m, 

4.44 

so that ~ (P - .rQj 

~ (AR + K) + 
2p2 o (;r] , 

converges to (AR + K) • 

Compar~son with equations (4.37), (4.38), (4.41) and (4.42) 

shows that, by an appropriate choice of coordinates, which 

H~ll depend on the choice of sign ~n equation (4.40), we do 

not get a singularity in the geodesic equations at 6 = 0, ~f 

P ~ O. 
If / •.•••.• 

Note that the case A = K = 0 cannot arise because the 

right hand side of equation (4.23) goes complex, so that 

we do not get the case everywhere. 
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If P = 0 and 6 = 0 then, since 6 has a double 

root at r = m, Q must have a double root at r - m. Thus 

we can "rite 

4.45 Q = (r - m)2f(r) , 

where we will assume that fer) is non zero and bounded in 

a neighbourhood of r = m. Then, in terms of differentials, 

equation (4.20) yields; 

4.46 ds 

where we have taken the case with positive sign for con-

venience. The case with the negative sign works similarly. 

If we substitute from equation (4.45) in equation (4.46) and 

integrate from r = ro > m, with s = 0 at r o ' 

4.47 S r1 

for m < r 1 < r If we . 
0 

be L then 

4.48 

ro 
/2 2 dr 

= l ( r - m)..rETrl 
1 

take the minimum 

ro 
L J dr 

(r - m) 
r 1 

value of 122 to 
.ff(ri 

and thus r 1 ~ m and the geodesic from r o 
is 

complete in the direction of the Killing horizon . If p2 = 0 

the method fails, as expected, since p2 = 0 is a singularity. 

If f(m) = 0 then equation (4.46) becomes 

4.49 Q = (r - m)3 g (r) 

or / ...... . 



- 51 -

or 

4.50 Q : k(r - m)'" 

where k is a consta nt. In both cases the method yields 

complete geodesics in the direction of the Killing horizon. 

We now consider case (ii). In place of the single 

Killing horizon in case (i) we have two values I' : I' 
+ 

and 

I' = I' of r, for which 6 = O. However, in a similar way 

to case (i), if P f 0, overlapping patches of Kinnersley co-

ordinates can be used to enable us to continue the geodesics 

through each Killing horizon. The process is the same as that 

used by Carter [2] and will not be described here. Again 

illustrations of the process are given in the references cited 

in the footnote on page 48. 

If P = ° then the occurrence of two different roots 

to 6: 0 poses problems, since we are no long er assured that 

Q will have a double root, and therefore that s is un-

bounded. Thus we should consider the case where both - u and 

w diverge to += or - = tog ether. The method that we will 

use to overcome this problem is again based on that used by 

Carter [2] for the Kerr metric. The notation introduced in 

(3.1), (3.2), (3.3) and (3.4) makes the similarities b e tween 

the two problems very easy to see. It is convenient at this 

stage to label the regions I' > r as I, I' < r < I' as II 
+ + 

and I' < I' as III. Essentially the solution requires a 

further extension of the class II a me tric. It incorporates 

both the previous extensions and is done by two coordinate 

transformations, one covering the regions I and II and the 
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other covering the regions II and III. Since the trans for-

mations are similar only the first will be discussed here. 

The transformation th a t we use is a generalisation of the One 

used by Carter [2] for the Kerr metric. It is given by: 

4.51 

4.52 

4.53 

4.54 

where 

4.55 

4.56 

x 

y 

"'+ 
() 

R 
+ 

v (t + J ~ dr) + = exe 

v (-t + J R 
dr) 

= f3e + 6 

= 
'" 

- aR:
1

t 

= () , 

= tR-:-1 r - r ) + + 

= r2 + f2 + a2 
+ ' 

and ex and f3 are +1 or -1 such that 

4.57 xy > .0 , 

4.58 xy < 0 , 

if 

if r < r < r 
+ 

Before discussing these inequalities in more detail we need 

an expression for xy in terms of r. We have 

4.59 , 

where 

4.60 

4.61 

and/ •.•... 
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4.62 

Hhere 

4.6:3 

xy 

. . ' 
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-1 _ (r - r)G (r), 
+ 

-2V r R IR 
+ Ir - r I - + G( r) = e 

The region I is mapped into the region xy > 0, region II is 

mapped into the region xy < ° and the Killing horizon r = r 
+ 

is mapped into a bifurcate Killing horizon, in the sense that 

x = 0, y * 0; x * 0, y = ° and x = 0, y = 0 all correspond to 

the Killing horizon r = r + • (Boyer [l) · deliines a bifurcate 

Killing horizon as the union of at least tHO intersecting 

Killing horizons.) Also ris an analytic function of x and 

y. The metric becomes 

4.64 

-2 2 [ a - p sin () 2 V+ 

If we now use the result 

4.65 

and the equation (4.62), the metric becomes 

4.66 
4p 2 V 2 R . + + 

G(r - r ) 
---- I ... 
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Ua sinze 1 ( d + R " ") Y x - x 
[1' - r 

+ -

This metric is regular at x = 0 and y = 0 and thus at 

r = r. Thus even if P = 0, and u and w diverge together, 
+ 

we can still obtain a regular metric in the neighbourhood of 

the Killing horizon and the~ef0re the geodesics can be con-

tinued through it. 

Finally we note that if a ge0desic is to reach the 

singulari ty pZ = 0, if it exis ts, then the possible values 

of the parameters a, e, ~, K and E are restricted. In the 

firs t place p2 = 0 implies tha t 12 '" a2 since we must have 

4.67 cos e 

and 

4.68 r = 0 

at the singularity. From equations (4.67) and (4.68) it 

follows that 

4.69 sin2 e 3 Z - £2 
= 

a 2 

4.70 H 
a + e2 

= 
a 

4.71 R = a 2 :I- e2 = A , 

4.72 l::. = a 2 - P2 = B . 
We/ •• ~ •• 4. 
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He do not wish to discuss the problems associated with 

sin2 6 - 0 end therefore we will not consider the case 

~ - £2, which means that B > 0 and we may assume a 2 > O. 

If we substitute from equations (4.69), (4.70), (4.71) and 

(4.72) into equation (4 .24) , we find that 

4.73 o - (AE - aq,)2 - (AA + K)B • 

The other geodesic equations do not yield any other relations 

independent of equation (4.73). Since B > 0 we must have 

4.74 AA + K " 0 • 

It follows that no geodesics with K ~ -A can reach p - O. 

Only timelike geodesics with - A ~ K ~ 0, timelike and null 

geodesics with 0 ~ K ~ A and geodesics of all typ es with 

K ;;. - A can re a ch p - O. We observe that the condition 

(4.73) can be looked upon as a restriction on the range of K 

given a, ~, Band q" or if K is given then it restricts 

E and q,. 

For instance, if K - 0 then no spacelike geodesics 

can reach the sing~larity; null geodesics can only reach it if 

4.75 

and timelike geodesics must have 

4.76 a 4 - £4 _ (AB - aC!»2 

which provide restrictions on E and q, given a and e. 



- 56 -

CHAPTER IV 

}~U!.TORIAL OJ:lHfS FOR A PARTICLE IN A GHAVTTATIONAL 

FJ!.'LD DESeR,IB!];) BY A KINNERSLEY CLSSS n: a METRI C: ---'--

§4.1 Introductj, o~. 

Tb8 mot~Dn of a p8rt~clc ~n D gravitational f~cld is 

described by the solution of the geodesic equa~~ons assDc~ated 

w~th the metric. In keeping with the termino10gy used 1n New-

tonian theory we will ca11 the sDlut~on the o rbit cf tba pcr-

t~cle. In particular, the equat{)r~al o,.tlts are defj.netl as 

tiiobe for wbj.ch Thus in th. notat~on of ChaptGr three, 

1.1. cos (J = 0 s~n (J = 1 , 

1.2 II = a , 

1.3 p~ = r 2 + e2 , 

1.4 R = r2 + 1. 2 + a 2 , 

1.G 6 = :,2 - 2mr + 1\2 - t 2 . 

The geodes5.c ~q4&tions (3. 4 . 2 .1), (3. 4.22) , ( ~L ·4" ~J) 

1.6 p2~ :"= (~Z 1) 0 + a (1 ~) ,. ., 

pn .,. r..: a (~ - 1) ~ + ( a2 :2) B .' , 1..7 

1.8 P 2() = + / " - ~ a + K - ( all .- ~)2 , 
1. 9/ •....• 
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1.9 

For the or'oi ts to be, and to rems·in, equatorial we 

!'equire 

Some aspects of the equatorial orbits for tbe Kerr a nd 

NUT metrics have been d~scussed in the 1iteratur~~ The m3in 

work on the Kerr metric is contained ~n pnpers by "Beyer and 

Lindquist [1] and by Bcysr' and Price [1]. Some additional 

work has been done by Garter [ 2 ] and [3] and Israel [1], ~l-

though Israel's (tontribu'cion has .. been largely sUJ!erceded by 

Carter's. In the c ase of tI,e nUT metr'i c the main conce rn has 

been the extension of the metric and hence indirectly Hith th~ 

geodesics, Some discnssion io however eiven in Newman, TEm-

burino and Unti [lJ, Misner [1] and MiRDEr and Tauo [lJ. The 

discuss.i on of both these metrics is hot.ever far simpler elld 

offers less possibilities than does the Kinnersley claso II a 

metric, since the qualitative behaviour of the geodesics i s . 

governed by a quartiG "while i~ the caS2 of the Korr nletri~ it 

is governed by a cubic; and in the NUT (;z,sc- the (i.:i_so::u .. sion of 

Mis ne r and Tau~ employs a qUqd~atic. 

Fr'om equ~~ion (1.9) 

, 1 OJ 
_ •• ..A.._ 

+ ( ~mA + 2Km )r + ( A 2 I3 2 - 2aEci.'A .:- a 2 cV 2 

- AJ3 - KB) , 

where / .... 
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where 

1.12 A = a 2 + .t 2 

1.13 E _ a 2 _ /2 • 

Now we p~~t 

1.14 e = E2 •• , 

1.15 ex - 2m , 

1.16 fJ = £2 ( ~ :a + 2 e2 ) - (p2 , 

1.17 Y = 2m[ {2 + (aB - q, )2] 

loU Jh = 22 [(£2+ III !2 - a 2) + (2£8 - .., )2] 

in wh~ch we uot~ that wh~le e, fJ Bnd Jh can taka positive, 

negative and zero value~ nand y can only take nOD­

negative values unless we are ready to forfe~t the interpre­

ts tion 0 f m as mass and 'chere fore its being posi ti ve. 

:""llfj OCCUI'i"cnce of tlv:: coefficient p4 of r2, in equa-

tion (1.111, .,akes it difficult to introduce a generalised 

potential Rild we ~r& thcrdfore prevented from studyine the or­

bits ~n the l\sual way (Robertson Dnd Noonan [1] p.242 fl. l~i~ 

difficulty can bb Gv~rccme to som& extent a s we ~jl1 now show~ 

After s ubst~tj.tiD:1 fl'() m equati(>tls (1.]4), (I.I!», 

(1.3.6), (1.17) anG p .. }?') ~"0quat~on (.1..9), He get 

while eq ua tion (1.7) Rnd e quation (1.3.9) together y~eld: 

1.20 (a)/ •• 
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or 

1. 20 (b) 
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€ 1'4 + 0: I' 3 + 81'2 + y I' + U 

6" ( € 1'4 + 0: r" + 8 r 2 " X I' + ill 
((e 2 -t.)~ + a{t~- R)EJ2 

For must of the s~bsequent discDssion i~ ~s convenient 

to usc a dimcnsion~3ss form of equation (~o 20 (a) and (hI) Bnd 

therefore He introduce the new variable 0: X = - , so that 
I' 

L 21 ! a) 

or 

1.21 ( b ) = 
t.~ ( € + x + t30:-

2
X 2 + yo:-3 X3 

[(a 2 
- Lli )<li + fI(Ll i -

where the suEriA ~ is used to indicate that ~ has Doen sub­
x 

stituted for 1', in R Bnd LI. We can now discuss the bc-

hav~our of dr 
d¢ (01" 

dx 
d¢ ) . 

Fl.'om equati,on (1.20 (a» it is apparent that 

remains finite fcr all fin~te values cf ~ un~ess, 

(~; - - ~) E = o 0 

dr 
d¢ 

T~e bebaviour on the Ki1~ilig horizons (LI ~ 0) wili be 

d~sregarded here as ~t is ~iscussed e2sewhars. Therefore 14e 

take LI # 0 and then t~~ oqustion (1.22) has roots 

1.23 l" = m( 1 - ,~!3) ::,}.,'<1 0 - ~F:.r + f2(~ _ 2:E) 
i. f / • •••... 
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:if \Ii f. o. I f eli = 0, B I- 0 and a '" 0 then 

1. 24 r = - E 
m 

is the only 1',001; ('r egua'tior. (1. 22 ). 

On the other hand, j. f <li -" U, B = 0 and/or a : = 0, 

then the left hand' side or eq~ation (1 .22 ) vanishes identi-

cally. 30wever, from equntion (1.9), we find that 

1. 2;; 

It is eaaily shown that in t~is case (R + K) > 0 for all 

real values of r, e and a. Thus no solution for r is 

possible unless 6 < 0, i.e. the particle is between the KL1-

ling horjzcns if eli = 0, B - C and/or a - O. I f a = 0, 

than cq~ation (1.22) gives eli - 0 and we have the si1:v ation 

just descrilJed. 

It follows that outside the Killing horizons dr 
d¢ 

mains finite except for isolated values of r. In othel' 

re-

words, freely falljng particles in the equatorial plane out-

sidp tI,e Killing ~orizon never move directly toward$ cr away 

from l":; 0, exoept pelhaps at isolated points. 

Xn eq' ta tion (l . !.!l (a» IVe note that there l~ill IJ(.- zeros 

of ( ~~¢': )'" u w\l p. re 6 = 0. 

sed, these v alues ccrr&opond to the Killing horizons. They 

requ~re special attcnt~on snd ara theref0~e discussed in §~ ~4 . 

All that is left to dis~uss are the zeros of the quartic: 

1.26 

Thel'e/ ••.• 
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There are f~ve unspec~f~ed parameters ~n this quart~c 

and therefore a H~de range of p att erns of behaviour are pos-

sible. The coefficients of the quartic cannot all be given 

physical intcrpretetion8 although tha a, E, ~ nnd a can 

be interpreted. In til;'", section ;w l'cgarG til.., class. II a 

metric as a generalisation of the Sch~arzschild metric and 

thus c = 2m is the Schwarzschild mass term and rna is the 

.ngulae momentum oP tbe source (C~rtA r ( 2) ). Equations 

(3.4.3) aod (3.4.4) euggest that He interpret E and I, 

respe ctively as the total en~rgy acd angular momentum per unit 

rest energy of the orbiting particle ~n the field (K611er [1) 

pp. 28C - 294). 

In the rollow~ng d~scussion of the quartic we will not 

discuss all th~ possible cases that c . n arise. Inste'ld our 

attent~on will be focussed on those cases that appeal' mOre 

interesting. 

In this Bect~on the relevant parameters w~ll be assumed 

~c have val~es of the same orde r as thos~ for a body in an 

approxlwately Circular orb~t. In fact the v~lues that we will 

USR w~l l , be typ~cal ~f tte planet Me~cury. The un~t8 are such 

that c = 1 and thus v, tho speed ef the orb~t~ng part~cle, 

is very small. In the c ,se 0f Mercury v 2 does not exceed 

2.56 X 10-8 ( r ' ) McV~ttjo llJ p.88 • ?cr 6~mpl~c~ty and s~nce 

actual numerical val~po ar0 llot importan~, we will use a 

symbol to mean " of 'r.ha same order 80" and He Hill denote 

terms/ ...• 



- 62 -

terms of order V O , Vi, v2 , ••••• by °0 , 0i' °2 , ••••• respec-

tively. On ~his scale 

2.2 

where Me have replace~ ~ by h to conform with normal 

usage. More Drec~se VRtu~A of Yo: and for Mercu.-y and 

other planets are given in McVittie [1]. 

Tbe interpretation and estimation of £ is a ljt~le 

more difti.cult. We have folloMed M6l1er [1] and called E 

th<> Energy. HOMever, if Me examine equation (1.11) with 

a = we find that ~t can be rewritten in the form, 

€ == ';'2 _ 

Mhich led Robert~on and NooDan [1] to relate £ to the t::taJ. 

"Kinetic" and "Potential" enErgy per unit rest energy or the 

pal'ticl e , Irrespective of th~s jnterpretation, cince ~ll trie 

terms cn the right hand side of equation (2.3) are of o~der 

02 or 11~ghe rf we have that the magnitu~e of € ~ 

2·. £! 

In the fo11owing dis c ussion ~ .. ~ will use ~hc above ~lent~onea 

values and ntake the asc~mption th3t 3, a aud I a~e al! of 

the same order of laa~n~tud0 au cur heels. 

From equBtiona (1.16 ) and (1.181 it is clear that 

2. 5/ •••••. 
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2.5 {3 < 0 

and 

2.6 J-l :> 0 

in (.1; 26) • I f we \:akt! C < 0 , then, by Desc,",r·tes rule of 

edg::.s, there are at r."lOst tllreoe pOdj.tive roots to the quartic 

Q. A compariaon with tha cub~c that arises in the Scbwarz-

schild case, shows that at least two of the positive roots 

Hi1-l occur. 

The cubic that arises Hhen we put f ~ a - 0 is 

2.7 

which , a~ expected, is the cubic that governs the orbits i~ 

the SchwarzAchild c ase. M¢ller [1] showed that Qs has two 

roots of 02' Now for values of x - 02 the difference 

2.8 

so that one would expect Q ~lso to have two roots S~ a~j 

Sitica C < 0 and J-l > 0 there mu~t be an odd numbsr 

(If pOt.iti'.r~ rOuts to the qu a l"tic Q tl.n1 t hus, sine\) ax! odd 

nunlbe~ or real roate. c a nnot 0ccur} we de~uce that if nll the 

roots are real there must be t~ree pos~tive roots and one 

negative root. 

Figure 1/ •....• 
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x 

Pigure 1. 

S~nce Q - Qs - 04 we migh~ expect X to be ln~gA 

compared with SI Bnd 52' ~e will not show this here as it 

is not required, but later, ~n the casa where agO, we will 

show tbat the ~oot corresponding to X is very lRrge co~pa1'Dd 

to and n 
v~ • .. The root Y h~G no nnulogue in tIle SchKarz -

scbild case, 

(_tl1'\ 
According to the grapb w& o~taiD real valuas of ) 

. :i¢ 

EoI' S2' X 'S~ and for all x ~ X. Hence,if ~ ~ 0 and 

and c < 0, then the particle cannot escape to ir.fin; ty. In 

fact it w~11 b~ captu~ed in an "elliptic" orbit (j .• e~cGnfineJ 

to 

The lIG>lJip"\..ic" crbits betht8Cli. ~~;,. '~il1 be 

referred to as "S~hT~arz 6 childll o r"bitG, Gince they corrcepolld 

to/ ...... . 

------- ----------------.----
POI' the Kerp metric ~ R 0, so the condition simplifies 
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to the ones discussed by M¢ller [1] and others when discussing 

the perihelion shift. Physically the pa~ameter values cor-

respond, as we have said, to an crb1t R~cb hs · that of Mer c ury 

in a New~onian rra~ework. 

A natural questi",) ',0 ask abollt X i13 whether it can 

lie inside the outer KL11~ng h0r~zon. Clearly ~i~h tho f~ee-

dom aVb~lable ~n t:10 choice o f parametere, ~t can be - maGe ~o 

do so. However for til;;, parameter valuec we are u!lir.g it wi.ll 

ge!ler~lJ.y lie outsj.de the Killing hor~zons. This we can ~1. -

lustrate as follews. 

Corres~onding to the root X of the quartic Q there 

will be a root V of th. quar~ic 

2.9 

The graph of Qi will be 

where II. and w correspond to the roots S 1 If 

V is to lie inside tho outer Killing horizon ~~eu ~a must 

have 

2"lO/.oe •• 
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2.1.0 

at the outer Killing horlzon given by 

I' := r + ~ m + ~z - 8 2 -t [2 

(ascuming m2 •• it'" + f2 ;;, 0), ~U~ ~f we take m = e ~ a then 

1" = ~m and 
+ 

2.12 

for all va1.t!ea <;)f il and CP, so 1;hat V ca~not l~e ~ns~de 

the outer Killing hcri~on. The general case is more difficu1.t 

to analyse b'lt the behaviour appears to be t~e SMme for the 

values of i, a and a that we are USing. 

Anotber interesting feature wonld be the existence of 

stab1e circu1.ar orbits, by which we mean stable orbits for 

which x is con.tant. Criteria for such orbits arD easy to 

cstab1.ish. 

From equation (1.21 (b l ) 

2_ ~ 13 
6~Q 

~ d~f' fIx) , 
D£ 

2.14 

For a stable circ'll.a::' etObii: at b we requi. r(; that: 

2.1.5 ~(b) = o • 

2.16 o , 

and/ .•.•.. 
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d
2 ~l < 0 • 

dX 2J b 

I t fellows tha -;; f( b) = 0 is a local maxiJ.mrr. val \IE:- 0 f. f (x) • 

TIlis situBt~on clparly gives r~se to a stab1e orb~i; since, 

lolhile dX] 
"d.p b i s real., is imaginary for all valuGs of 

in a neigr.bournood of b except at b. We arc not concerned 

t~ith orbits within or an the Ki~lin8 horizon aud therefore we 

will look for circular orbits outside the Kill~ng horizons. 

Thus we assume 

and 

2 • . 1.9 o < b < x 
+ 

tlhere x+ is the smallest value cf x for which 6~ ~ 0, 

The criteria (2.15), (2.16) and p.17) yield the following 

results: 

2.20 f (b) -- 0 => Q( b) = 0 

o _ <i!'(X 1] 
dx b " 0 

2.22 o > < () • d
2Ql 

dx2 j l> 
~] => 
dx 2 b 

A ~etail~d analysis of the equatLcns and inequ~l~ties (2.20), 

( 2.21) and (2,22) in the general case is not v0~y informative 

si ~ c e the [reatiom jn the choice of parameters makes ~t impos-

sible to draw definite conclusions. Given a, t and m the 

conditions/.,. 
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conditions (2. 20), (2.21) and (2.22) would normally yield 

restrictions on E and ~ for a stable circular orbit to 

exist at b . To s hew that some s:a~lD ~ircular orb i ts do 

exist we ~onsider the situation de s cribB ~ in Figure 1. The 

three criteria wou].d be satisfied if 

2.23 

and thus it ~eems worthwhile to consider the possibility 0f a 

circular orbit with x = b - 02 i . e. r quite larg". Fo,.. 

simpl i city we add the conditioc that a = a-E. The con-

ditions (2.20), (2.21) and (2.22) become: 

2.24 o , -4 
+ fJ-a X4 = 

2.25 
- 2 -3 -4 

1 + 2f3a x + 3ya x 2 + 4fJ- r::l x 3 _ 0 , 

2.26 
-2 '-3 -4 

2f3 a + 6ya X~· 12fJ-CI. x 2 < ° . 
we find that 

2.27 

and 

2.28 

sati s f y tile co~Gi t~ons we ~mposed. Thus !l o t ahlp- t: .:t 1.·r. ~!.1 & 1· 

o~b~t exists f o r p a rticle s w~th pa r a me ter v alueo s i.)t!i ]a~ to 

tho RS fo r a "S c h wa r zs chi ld" o r bit i. B. for the orb i ~ of 

S4.3/o .... 
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§4.3 The Per~hcl~on Sh~ft for Equator~al Orb~ts or a Part~cle 

in a Gray~ tat~ona1 F~e1d Descr~bed by a Kinnersley Class 

II a M<.--tr ic wit.h a ~ O. 

If a ~& put equal. to zero in the Kin~ersley clBc a I!a 

me tr~c then it becoj,!c a th a NUT met.I'~c (Kinnel'sley [l)}, wh~ch 

hes ~.en the subJect of a num~er of papers (Newman, Tamburino 

and Vuti (1), Misne~ [1) and Misner and Taub (1)}. The per~­

helion shift is discusscd in Newman, Tambur·:i.no Bnd Unti (1) 

but, as the geodes~c equationG were not inteBra~e d,the ex­

plicit fcrm of the shift could not be calculated. As is well 

know~ (Bo~nor [1), MiGner [1)} there are difficulties witri the 

s~gnDture of tbe NUT metric near cos 0 = 1. However we w!11 

confine our attention to the equatorial orbits, in the senEe 

tl~at they arc equatorial for' the Kinn&rs1ey class II a metric 

when a 1 0, [01' which the difficulty does not arise. One 

reason for continuing the work on the NUT metric is that t!le 

parameter l has no interpre tation as yet although it has 

been labelled as s "Jli",gnet~c monopole of mass" by Demianski 

and Newmah [1]. Ce rta in properties of I become ap~ a rent in 

the present ana1yc~~ although none seeln encourag1.ng from the 

physical v~e~poil1t and on6 is tempted to conjectlt~~ that for 

e to be mcani~g~ul it Rhoul~ be e coupled with othe~ ~a~B-

When a = 0 cq~~~~ou (l.lO) becomes 

3.1 

we will continue to gce h instead of ~ to c onfo rm with the 

usue.l./ .... 
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usual pract~ce ~n orb~t theory. The equat~on (1.11) b~comes 

wbere 

3.3 

Equation (1.6) beCOMes 

Again the presencA of l~ on the left hand side of 

equation (3.2) prevents us fr0m discuss!~g the generalised 

potential in the usual way. Some ~f the diff.iculties can be 

overcome as before. We introduce n new variable 1 
r 

put a = 2m Dnd find from equations (3.3) and (3.A) that 

3.5 = 

If e = 0 this reduces to the usual equation in the Schwarz·· 

schild case (RobertS()D ~nd Noonan [1] c.243 whcr~ a - l). 

Now we caD make certain 

(i) The "potential" due to f is shorter 111..:a~ bed u than 

that due to a, in the sense that te r large values ~f r, the 

effect of l ~riRes from terms in 

ariEes from tG ~~S ~n 
1 
r 

while tho t of a 

(ii ) In view of the suggestion by Demianski and Newrna~ 

tha t / .. ... 
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that £ is a magnetic monopole of mass it is surprising that 

it does not enter the equations in a mOl'e symmetric Ha~' c om-

pared with 0.. On the contrar~ th~ effect ~r i 

be closely all~qd to ~ho augular m~mentum of the part~cl.e. 

The net effect seem~ to be to Alter the apparent e~eular mD-

mentum of the particle. 

Ne~ther of these rcnarks ~nB[}le one ~o d~ctingu1.sh 

betl.Jeen the i dCDS tha 'C the NUT mctric is due i:o 0 mU&!let.:i.c 

mcnopO)4e cf !1~ass, or a cosmological. effect as su,sgest:ed by 

~lisner.· [l j . IE anythLng the f~r$t remark tenrls to support 

the monopole idAo i~ that the eff~ct Deems to be related to a 

source at r = O. 

Since He would expect E , I, 11 and m to be real and 

m to be positivG, more tha~ OlIO pcs~tive root of the quartic 

can only occur if 

3.6 ,,~ .. 
Unless 

;;. 'J 

Since ti > f) 

j .B negative.- Thus gj .ver~ that fJ. > 0 

conditicl1 (3.7) IHU;]'j. ;)0 ~ai;l.sfied for aa el1 ~. pt:Lr.. 0!'bi.".: to 

exist. In view of (~.7) if ali the roots are re~l ~he& ut 

least one must be neeative because tho qtlartic ~s rcs~t~ve for 

large negativD values of u, and nDgDt~ve for u·- O. Thus, 

in/ ...... . 
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~n th~s case, we can get bound orbits between the smaller of 

the two pos~tive roots. 

Q 

x 

P,' gure 3. 

Motion of tne Pt!ricent~E. 

l~e have already rbmJrked on the fact that 1 seems to 

alter the apparent angular momentum of a particle. Thus it 

seemB resonable to expect that the ~ntroduction nf ~nto a 

Sch~arzachilct metric should al~cr the perihelion Shift . Of 

cours~ i~ does y~eld an, ~n principle, obs9rv3b1~ 3hiEt~ 

then it may be possible to c~ggeAt a metllod of d9tectiug an~ 

;neasuring thp m&~n j ~ud~ o~ th~ magnetic mon0po13 o~ nlSSA of ~ 

~lso sue t a eh~ft nlny :e&ri tv a physir:al i~ter-

p r·e ta t~ . on 0 f 
p 
< • 

about ~hc param e ters i~volv~d, we c a n ex~ect bOU1~ ,1 0·'hits to 

exist loJith aphelion ar!cJ periheli.on neat' ttOS(-' '<:0:'" the 3chHsrz-

. schild solution. Fo~ th~ purposes of the prCsAnt ~~ ~!ysis it 

is useful to reduce equ a tion (3.5) to dimen s io).l~sti form by 

putting/ .• 
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putting x .. o;U. Then 

3.8 
£0;2 0;2x 
--+--+ 
h 2 h 2 

.> ---

' where 

A1SD we assume &&&io that for the "S=hwarzEchi1d" type of 

orbit (see page 6 4 ) 

3.10 

3.11 o~ 

3.12 

This aspect is discussed in more det ai1 ~ll the prevlcus 

sectiop-. 

New we aSSURe that 

3.13 ! = 0: 

)'.: 2 M 0.;, , 

3.15 x:3 'v 0 G • 

3.1.6 

io the domain of tbe ellipti c orbit. 

The / • • ~ ••• 
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The following analysis is based 00 that of M~ller [1] 

although the present problem is more comp!3cated. From (3.14) 

and (3 .16) it ~~ appsrent that conditi0n (3.6) holds. We wi.ll 

assume that E is aegative and that all thH roots are reel. 

The two smaller positive roots, the apheliun and perillelion 

for the orbit, ~ill be denoted ~y x~ and x~. Prom eq".latioll 

(3.8) it follows thot the perihelion advance is ~e9crib ed by 

wbe~e 

3.18 
1-12 2e z <- Fe + h 2 

a - -

where we have usee :?!qt'3 tion (1.1 4 ). 

3.19 b -E:t.~ h 2 

3.20 
2 f2E2 - b 2 

C - h 2 

3.21 d - 0: 2 

h'" 

3.22 
€(Y.2 

Po = 
h ,-

We can write eq~ation (3ftl?) a~ 

Z.23 

and proceed from her0. AG ~e w~11 Gbo~ expliG i tly later, D 

and B a r c bo ;;h o f orde l' 00 and th UG sin ce a x 2 ~ s of 

order I . .... 



order D. we can wr~te 

3.24 

where 
B 
D x is of ol'ciep 

for ell~pt~c ~nteg~a; . s. 

3.25 

3.26 

and obta:i!l 

;).27 ? = 
( 
.1-
\ 

D ... 
~ 
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( 
\,1 Xl 

B 
x ... 0 .. ) • 

He now use the fol1uwing ~06uli:s 

- 1l: , 

+ x 2 ) + () .. ) • 

The problem ~s thus reduced tc the cst~mat~on of B, D and 

From the quart~c ~n equation (3.23! it ~s clear that 

3.28 

,,,here ;< 

3.29 

D ::: a'V" "'-. "'k-" . ... + 

is the neg~tiv0 root: aad x 
'" 

B ~ .• /l ( :l< + x_ ) 
'r 

" 

~he l al'gcc '~ pcsit~v~ 

The purn of the roots ol~ the quar t~c io given by 

3.30 

wbere we have reverted to the ~ota t~cD of equ~t~0b (3.17) in 

\.:hich/ + ••• 
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wb~ch the quart~c bas the form 

3.31 Q = ax" + bxs .. cx 2 + dx + " • 

Thus we fjnd that 

l:?r.'om aqua tio', (3 , ~.,6 ) 

3.33 
H2 

a = = 
liZ 

b 
1 - -3.34 

a 

1 + 

0:2 
+ 

h 2 

x - x 
+ 

20: 2 
-- + 
b 2 

°'1 , 

• 

0 .. • 

libel.'e He nave; useel equat:ion(~.19) and def:in~tion (1.1 .1) co 

He DOW scbstitu~e ~r equation (3.27) to obta~n 

3.35 
2IT 

a~d tb£ problem has been reduced to the evaluation of x 
+ 

anel 

I~ is aaciest tc obtain estimateD of the root& X+ Bud 

( 3.18) to (3.22) it fol~D~S that 

:;. 36 + 2x2 + x' + 0 1 4 , 

where/ •• . . 
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where the terms of order 0<1, nre those with coefficients of: 

order O~. (The 52 tnrnis were remove d using the definition 

(1.14) o f c). The yunrtic 

3.37 

has four l' 00 ts, 0 , o. t ( -1 - (5) and t( -1 + .ff,). 'fhese 

corres p cnd to the zer~ orde r parts of the solutiu n to tba 

quartic Q. This is clear because a Newto~ itera tio~ proce-

dure baGed or. any of. these roc..ts can ,)lIly g:"-\'3 a cOl':'ection 

of order 02 ~ sj.nc~ the terrl"t H ~, f cl'der 00 van.ish, thc\ t .is 

if the cterivbti;e of Q does become of oreer less th~n o~ 
" 

near any of the roots~ However, as we have ass~mea tllkt all . 

four roo ts arc di s tinct, it is impossible for .9S1 
dx to vani.sh 

at a root. The convergenc e will be shown explicitly for the 

r00t s that interest us. 

The Newton iteration procedure (Turnbull [1] p . ~2) 

based on the no n zero r o o ts of Q. ~'i e lds 

3.38 x = x + p a 2 
<- °4 + + 

, 
h " 

c.: 2 

O"z ,.:: ~ x + q • , 
•. 2 .. 

~ ·-t (1 - IS\ , .. 
+ 

~ . , 
, 

3.4:1. x = --It ( 1 + .[5) 

:> 4 {5 P = + 5 
, 

q .- S + 2 '[5 

On/ .. " ••• •• 
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On substituting from equations (3.38) and (3.39) in equation 

(3.35) we obtain 

3.44 
,~ 

¢ = !;;;-) 1 t 

'-

_CC__ "' - [p{2x __ - 1.) l-

4h" 

.,. OoS, 1 
J 

- 1) - 3] 

N = p{ 2x - 1.) + q ( 2;:: - 1 i - 3 
+ 

= -.-.18.0 

Hence one obtaias a perihelion shift 

which is r8trograde and mucb larger than the chift predicted 

t1.sing the Schwarzechi1d metric, viz 6¢ = 67r 

§4.4 ?ome Special Cases of Interest. 

He will now exami ne some of the possibilities that 

arise if we al.loN greater freedom in the choice of the para-

meters in equation (1 .26). The rBB~lts will be represented 

~iag~ammat~clll1y; ~he i~tantion ~s merely to j , 11ust~ate ~he 

valueo. Most 0r tha ' alternativ93 thLt &riSA are not new and 

consequ e ntly aJ'6 of l~mit(:d iutorest, howeyer, a ~cw pheno-

mehon does appea~ which ~ou~d ~e detecta i;le evell fo r small 

values of 

haustive but covers r:JJ~ m01-" inter el' ti:1 g r ossibili ties. In 

all ca ses the roo ts wil . ~ 0e ass umed to l~ e o utside the values 

or / ............ .. 
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of x on the Killing horizon. 

Case 1. 

We aS6ume £ > 0, e < 0 ana ~ > 0, then accord~ng to 

Descartes x'ule of signs i;l.cre can b .. ?, 6:: r.lvst~ tv:,') positive 

roots. Assuming that el1 the roots nrc real we would hRve 

the sj.tuBtion represanted jn Pig.lr. ~. 

Q 

x 

Figure 4 

A perticle with the above paremeter va1uBB coming ~n from 

infinity is bounded away from the Killing horizon by 8 2 , at 

which it will either be ~apt~ryd in an unstable circu~sr orhit 

if S, coi..nci.des Hith S2 o!' be r~tlectt)d back to iJlf~lli.'t~T 

It , the ~Rrticle ~t9~ tS at & vR1u~ ~ > S1' and 

outs~ao th e Kj.l~ing l!Grixo~ s tIlen it ~il~ ovpnt~ally opir~l 

in to the KLLLlng hori7Q;,. 

Case 2. 

As s ume that £) 0, p < ° and ~ < 0, w~~,ch im~liGs 

that 

4.1 (E ll + 1)(a2 - f :l ) > (:.lE a - cp ) ;;, 

from/ ••• • • 
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frol~wh~ch ~t follOWS that we must have a 2 a £2. Th~s means 

that the condition ~ < 0 can only be sBt~Bfied for a metric 

which has a ~.in~ulaT·i~~ c~nce. as ~~e already know, a singu-

l .. rity in the mp.tric must occur if a~;' 12, at p2 = O. In 

this case Descartes rule of aigna ~ndicateH tbnt there can be 

ht inost thr&e pODitive rooto. Diagramatically he have: 

IQ 

---T-------~~----­x 

Figure 5. 

Th~e s;.t:uation is enti-rely new. The parti.cle coming 

in trom infillity is boun~ed away from the region in wbich 

"eD ipti.c" type (110'01. te are possible: it may be trapped at 8
3 

or ~ctu~n to jnEj.~ity. A particle with the Ohn,e energy &nd 

will be trapped in ~llipt~c 

~ypa orbj. t~. and c~nnct g~t o ut to infin~ty. ThUD we have tbe 

p0ssibili~y 0f ejthcr Bu el1ip~ic Qr hYDerbolic type orbit 

depeLd~llg on ~~here th~ particle is sit\l~te~. A more int~rea-

tins possibility ariYes if WE ollnw S~ m 3ft = S, i n which 

case the particle c~mj~g in from ~nfinity on reaching Swill 

4.2 Q - 0 , 

4.3/ ..... . 
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4.3 

~ > 0 , 

which is the condition f or an unstable circular orLit. 

Given the parametoers ,., l and ex tben equa'.:io rw ( 4,2; , 

(4.3) an~ (4,4) provide conditions which must be Ra~is[i0d 

by 11 aad ~. Quite clearly, with the freedom a~ail~ble 

here in the cboi~e Df p n ramet e r c , such orbits a~e ?oBsi~le. 

The particle that L~ captured in tbe orbit at S may leava 

this orbit as a resu1t of a perturbation and enter- the r 'e 3 ion 

between 8 and 8 1 or- it may ~eturn to i~rinity. Ther~-

fore, in effect, 8 represents a ba1'rier that ='lay or. .nay 

not be penetr&ted. 

1'=8 
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A s~m~lar result holds for the particle if it is in an 

ell~ptic orbit between Sand Sl io that o u reach~ng S 

it enters the same unstable circulD" o,·bit. 

F;.gure 'J. 

The nBx·t cas e that '·/e will discuss gives all even more 

interest~ng exaMple of the phenomenDn that we are considering. 

c <: 0, fJ < 0 anrJ J~ -< O. Again 

t ·~ &~d a ~ingulnrity !nvbt occur. 

would expect a sLngul~r~~y to occur Ln a phyS~G31.1y i~tel'6s-

t~ng metric. that ~s r. g0neralisation of tlle eCil~&~zsch~ld 

metric,and purports to represent a maGQ sour~e m. t0gether 

with other parame ter s , In this case we h ave fr0m Des carte s 

rule / ..... 
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rule of s~gns that all four roots can be pos~t~ve; 

\ 
"E.1.1ipt'ic" t~'pe orbits ar'e po£,s:Lble between s 

j . 
an~ 

which in ~tself ~s interesting 

because we arB allowed orb~ts at var~oas "levels" of x at 

the Game energy tied angula~ momentum. However, if we allow 

S 2 TO coincide t we get a far more ~rateresting 

phenomenon. Let us call tbM reg~on between S~ 

and that between t\n:i S~ I B. 

fart~cl@ nrhiting in A or D which reaches S is trapped 

3..ll an un~1· ~ bl e circe.18r orlii t (t!.l€ r·eaSoa being the same ns 

in C&se 2) ~nd ~h~lJ i t mny ABC&re, as a result of a small. 

p ")rtt!rbnt=-o~, i i lt. ·Z-, c i tber A or B to retu~n later to S 

a~~ repent the ~rC Ced l\r~. Tt~us we have the pos6j.bility o i a 

9srttclc performi.ng Pi~ ex~r eme l y compliGflted orbj. ~t for 0X~ 

Figure 9/ ••.• 
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Figure 9. 

Case 4. 

Here w~ apply the s ame conditions to t~e cOEfrlcien~D 

of tbe quartic as in Case 2 but n0 H we cons ider t h e case 

whe re there are only t wo real roots; 3 . and 8 1 " 

Q 

/ 
..J' ' 

-I-&-~--+-----.----)i+-: ---- -------. ~--)' 
.. \ , , 

\ 

Pi.o;~ re 10 . 

Here tb~ pRr~icle we are considering cowes in from 

ir.finity and i ~ l:'ef.1ec~.e d bac), to i nfinity, from 8
" 

The 

orbit!. " •.. 
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orbit, however, differs remarkably from the usual Newtonian 

type in that it has a kink correspondiug to the value x-X. 

, 
1------.. 

1 • 
_ • .L • 

Case S. 

We now apply the conditions of C&se 3 except that we 

only requ:lre tHO of the roots to be real; S ... 

Thus Figure G becooles 

'\ i\ 
_Lj ___________ ~: _______ 1 ______ . __ _ 

(~ X Sl \ x 

J 

Th e / •... • • 
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The pBrt~cle ~s trapped ~n an "ell~pt~c" type orb~t 

w~th a kink at ~ = X. 

Remark;,:;. ------

\ 
\ 

F~gure 13. 

All th9 a~ngramB above are designed to ilJ.uHtrnte 2~d 

clarj. ~y the idees but they are not meant to be in any way 

q USH t.i "'c~ t:~ ve . 

The p~~~nomeDa descl'~bed in CAS~S 2, 3, 4 and 5 cannot 

CCCU.Z H:i. th the S\.:ln~A.rzsc..hi.ld or Y..e!" T j:1ctric~ ~inc8 i·.he anD. .:'" 

lYD~3 dGrends on F cu~~c,aad not a quart~c. 

can a&cE~tain,theGe ~heco~ena ttat we have deEc ~' ~bed h~ve net 

beeJ~ d~8CUSGed hefore. 

The main concluo3. cl~ '~e Can draw from tIle above anhlss~R 

~3 that ~~ the abspucp of ~le~t!'omaGn~ti~ fipldG tl1e presence 

of .:l Hmagnetic monop8.1 (.lo of !". nt~sl1 or a (,.~ s m01. ogic a l effect 

d . • -I 0£crJ.Deo .• . 
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described by R is observable, at least in principle, either 

through the per~hclion shift of elliptic orbits or the occur-

~ence of the anom61n~s (Irb~ts that we have desc~ibed. 
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CHAPTER V 

THE KINN:CRSLEY CLASS III , AND CLASS_.!,,~;'-!,!l(l b ~mTRICS 

The remaining KiDne~sley metn~cs will net be diocusaed 

in the same detai.l. as the class II Il r.lei;,:·ic. ThE' c·lass III 

metric has alreftd~ becn dealt with, in dept~. by Kinnersley 

and Wulker [1); the only reaso~s for including it here are 

f~rstly to SIIOW that the null geodesic equations can he re­

I 1. ) 
duced to quadratures \ and secondly, aB an example hf a 

G 1 · A C . (2) 'r' 1 I" b enera 1seu arter metr1c . ~e c .ass , metric is the 

Kundt and Ehlers [lJ type B nl Btric and ~as been kncwn for 

for some time. Despite this fact there does not appear to be 

any j.nterpretation available as yet. Kinnersley [1J 8uggests 

that the IVa metric is a "l'otating" generalisat .i..oll of the 

metric IVb. However it suffices here to Ray that,~hereas the 

IV b metr .i. c has two parameters, the IVa metL'ic has three and 

can therefore be regarded as a generalisa t ion oE the class 

IV t> metric. We are able to integrate the geodes~c equations, 

and to discu6D c.er~ai~l I'Gssibiliti.es fo,' the class IVa 

metric hut no def~nitc intcrpreta~~on haa be~D obtained. 

§5.1/ ..... 

( :!. ) The methods of Scho u t e n [lJ and Penl'oBE anG ~31ker [1] 

that are used in ~innersley and Walker [lJ only produce 

the first ~ntegralB. 

The problem of genera ting Generalised CBrtpr I.etrics 

from Carter metrics or other GeneL'alised Carter metrics 

i~ d~scussed in Appendi~ B. 
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§S.l The K~nnerBley Class III Metr~c. 

The K~nner31ey clas s III metric ~s the Kundt and Ehlers 

[1] typ e C metr~c (Kinnersley [1])(1)and therefore in suitable 

a.Coordinates i L .,:akes the form 

1. J. 1. 

(x + y)2 

~here Y = Y(y) is a fWlction o f y only BDd X = X(x) is 

~ function Df x only. In fact X and Yare polynomials. 

The integration of th e geodesic equations 6aes not depend on 

th~ explicit form of the X and Y and therefore applies 

equally weJ.I; in a formal sense, to the charged C metric of 

Kinnsrsley aud Walker [1]. All that has to be done is to aub­

stitute the correc t forms of A and Y. The metric is of 

the Carter typ e except for the conformal factor 1 

(x + y)2 

and thus it is an example ~f what we have called a Generalised 

CartsI' metric (§ 2 .2 p.18). Consequentl~ as explairte~ in Chap-

te~ tw~ the null geode8io equations call be reduced to quad-

roturee, as He will now show. 

The geodeeic eq'latiollS BPe given in terms of a para-

metsl' s by x ~ x(s), Y = y( 8), Z = z(s) anel t = t(<» and 

the funct~Con ~ defined in ( 2 .2.10) is given by; 

( 1. ) 

1.2/ ...... 

This metric, fir s t disC l)~' &red by Lev.!. Civitn [1], haG 

been ~edis coverG~ a n~rnter of times. ~o the list given 

in K~nnersley anr} Halker [1] we add Wang [lJ. 
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1..2 F = 1 

2 (x + y)2 

1 

where tbe ~ots in~icate the derivativti with respect to s. 

The parametor s is chosen GO that co~ditior (2.2.9) is 

satisfied. 

L3 

1.4. 

1.5 

1..6 

From equation (2.2.12) the "momenta" are 

p 
y 

p 
x 

p 
z 

1 
r- ------

(x ' .. y)2 

1 

(x + y)~ 

1 
= ------

(x + y)2 

1 Xz = 
(x + y)2 

where W~ have replaced the y in (2.2.12) by P to avoid 

confusion. From the EUler-Lagrange equDtions (2.2.11) it 

follows immediately that 

1..7 

1.8 

P t = -U , 

P = II> z 

whore n aod ¢ arp constanta. ConsequButly (2.2.7) i~plie& 

t~at 

1.9 
as -- -E at , 

as 
= q, az . 1..10 

Since no cross terms occur in the Inetric given j.n equRtion 

(1.2)/ ..... 
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(1.2), the co n travarian t components 0 f the metric tensor can 

be found by inspection. The Hamilton-Jacobi equation is then 

easily found Lo be 

L 11. 
(oS)2 

- Y \ - -
\ il Y 

v las)" _ X-1.(08) 2J .. 'ax oz 

::; " r 

where ~ = 0, +1, or -1 depending on the geodesic under 

co~sideration. The factor (x + y)2 makes this equation ex-

treme1y difricu1t to integrate unless ~ - O. However, if 

~ = 0, then He are (lea1ing with the null geodesics and the 

equation can be integrated quite easily. If we 6ubst~tute in 

equation (1.,J.l) from equI'.tions (1.9) and (1.1.0), the equati.un, 

witb ~ = 0, becomes 

1. 1.2 y (E.~)2 oy 
-1 (oS)2 - y ~2 + X ax + 

which cLearly hus a solution of the form 

1.13 

If S, in the fornl . (1 . 1 3 ), is substituted in eq~ation (1.12) 

~t can be saparateJ to yield • 

. (rts 1r y··.1 E " 1. 1.4 Y -- - .- -K 
dy 

8.nd 

1. 1.5 
( dS~ Y Y.\--

elx 
+ X-1i!>2 = K 

where K is an ~nteGrutioll constant. From equations (1..1.4), 

(1.1.5) and (1.13) we get 

1.16/ ...... 
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+.jB2 KY J 
--~~Y~--~ dy + 

:t .J KX - q,2 
X 

dx + eli z - Bt 

where the plus or m~CU9 s~en may b e ChOS6D arb~t rur~ly. As 

was dODa ~n Appen0lx A, we now use the method of Vanstone [1] 

to obta~n the geodes~c equat~ons as quadrdtures. The de~~-

vat~ves of S w~th respect to E, K and <P are put equal 

to cons tants. This proces s y~elds; 

1.17 

1.18 

and 

1.19 
KY 

wh~ch completes the reduction of the null geo de s~c equations. 

The redu,-t~on that has been a chie ved shows aga~n th a t, for the 

Petrov type D metr~cs, the Hamilton-Jacobi approach has an ad-

vantage over the Killing tensor approach of Penrose and Walker 

[1), since that technique only l eads to first integrals of ~he 

equations. The advantage of thei~ techD~que l ics in tbe fact 

that they do not have to USB special coordinates, but there 

still rema~n the diffj_c~lt~cs of findiJlg tha conformal Kil ling 

tensor , The first integrals CBn be obtained from the above 

equations if required. Frc,nl the equations (1. 3 ) , (3 . • 4) , (1.5), 

(1.6) and (2.2.7) we hove; 

1. 20/ ••..• 
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1. 20 
as 1 '7- 1 • 
ax = A X 

(x + y)2 

as 1 y- 1 • - ------ay y 
(x + :,-)2 

1. 21 

as 1 xi cz = 
(x ... y)2 

as • • -'-
f}t = + Yt 

(x -~ y)2 
1. 2 3 

where it is assumed th a t the derivativee on -t il e righ1; band 

side of eqyatinns (1.20), (1.21), (1.2 2 ), (1.23) are to be 

considered as f uncti ons o f x and y. Now from equation 

(1.16) it follows that 

l. 24 · ±(x y) 2.J X!( ~2 x = + - , 

· ;(x y)2 JB2 KY Y = + - , 1. 2 5 

· - (x 2 - 1 
Z - + y) >X <l! J_.26 

1. 27 t .. -(x + y)2y-1B . 

In th~s Gecticn we do not ~n~end giving a detaj.led 

treatment of ~he Kinnersley class IV metrics ( 1 ); rather we 

will concentrate on some particular a~pect8. Kundt Bn d 

Ehlel'S/ ... 

( 1 ) As was done pr€V~_oHSJ.y the metr-ic" Hill be referred to 

as class IV in the subsequent discussion. 
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Ehlers [1] call the IV t> metrics the 'B' me trics, and as yet 

no physically meaningful interpretation has been suggested. 

We will show '.:bat, under suitable assun,ptions, all the class · 

IV metrics can be reduced asymptotically to f1at cpace met-

rics. Th~s does no~ necessarily imply asymptotic flatness in 

the sense of Penrose [1]. Also we will reduce the gsodesic 

equationl' to quadrRtures and ciscuss the metric IVa 1.n 

various coo~dinate systems that seem useful. 

Asyr"ptotic Properties. 

Tile class IV metrics nre of Petr0v ty"pe D and !1ccording 

to Kinnersloy [1] the Newman-Penr0se invariant W2 in terms 

of a principal null tetrad is giv&n by: 

2 ·.1 
In + it , 

(x -!- ia)3 

where m, e, and a are constant s and i = ~. From equa-

tion (2.1) we see that, as x ~ 00, gOeS to zero as 
-3 

X 

Bnd thus we are l e d to suspect that the metric may he ssymr-' 

tot~cally flat as x ~ 00 and we conclude that t he pORs ibj.lity 

of using x as ae affine parameter along certain of the geo-

cesics should be investigated. 

The asynlptot~c forms of t hA metr~cs · are eeey to obta~n 

once we have made a simple coorcH.nate transformation. The 

Kinnersley [lJ cless IV i:> metrics with C ~ 0 are given by 

2.2 ds2 
r2 

du 2 2 du 4 
l' 

= ·-2C - + dr - du dx 
x 2 X 

- ~ ( C + r1 

: dx 2
- 2 ( C + :) dy2 

l:!here / . ~ .• 
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where C _ + 1 and m is a constant. This metric has singu-- - 2 

larities at 0 and C Al -.:hough interested x = x = -- we are m 

in tbe asymptotic f0~m of the metric Hnd therefo re not in the 

singulariiieH, some aspects will have to be discussed. Unlike 

the Schwarzschild singularity, at which in the usual coordin-

ates, I' changes from ~ op ace- ccordinate to n time-ccordinate 

and t alters in the reverse way, tho signature of tho cl as s 

IV b metric 1;oes from ( .. - - -) to ( .. + .~ .,. ) on crossing tho 

singularity at 
c 

- m • In order to rotain the sigoature x = 

(+- .. -) as X'" 00 we will u s e th e me tric with c = 1. - 2 

We now introdace 11ew coordinates; 

2.3 

2.4 

Which, when substituted in the metric (2.2), yield; 

2.5 
1 (v + H)2 

4 

2 (v + w) (dv _ dW) dx _ 
x 

2m\) d" 2 + - . , x .;! 

Singularities of the type dr 2 ---1 
1 - -

l' 

)

-1 
+ 2m dx 2 

)C 

f , l) cI -+.2 
<{- \ .L - r 'Y 

;,' hi. c h / ••• . 

have been 

discussed in Kuudt and Bhlers [lJ p.?S, where a method 

of removing theM is given. 
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which tends to 

2.6 ds2 = dv 2 - dw2 - dx2 _ dy2 

and thus the metric is asymptotica.J_1y rJ_&;; in the ~: ... a(;e1ike 

direction defined by x 4 00. If we include only the firs~ 

order terms in the metric, given in equation (2.~ 1 , we get; 

2.7 
( 
V- + 

2m ') 
x 

dy2 

lli_:t:..2L (dv 
x 

-2 dw) dx + O( x ). 

We Ni11 now sh:Jw that tile ulass IVa ";e'Lric: taken to the same 

order, has a s~m~lar form. 

The class IVa mp-tric in Kinners1ey [1] coordinates ie 

2.8 d~::I2 ;::: 

n -1 r2 ea 
du~ + 2 du d.- - 4rx du ox 

a(x2 + a 2 1 dx 2 _ 211mx + t ( a 2 - x"l dy2 , 

2 amx + e ( a 2 _ X 2) a (x 2 + a 2 1 

in whicb m, a and l Mre all constants. There are singu­

larities at the points Nbere 2amx + t(a 2 - x 2 ) = 0, "hieh 

again yield changes in tI:,a metric from (- - - + 1 to (+ <- <- -) 

on opposite siees o f the singu19rity. I:1 order to ma~ntaln 

tile s.ignature (- - - + 1 \"h;_<~il is "ousis te!lt Hi-th the res'c of 

this work we will choo se tile metric '>1i th i < 0. 
a 

(Tt-is choice 

is not essential but it is convenient for our pu ~pD~es l. The 

transformation given in equations (2.3 1 Dnd (~. ~ I 1eadd to the 

metric, 

2.9/ .... . c 
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2 (v ... H)~ (dv _ dw) dx _ 
x~ + a 2 

POI' laree values of x, 

2.10 
(_Ex:;) <- fa" + 2amxl.. 

= 
a(x" + a") 

and 

2.11 a(x" + a 21-____ = a 282 m -2 + (l ( x ' ) • 
(- Ix" + Za 2 + 2a",x) 

Thus the metric (2 .9) becomes: 

2.12 2am) + ~ dx 2 + 
"'x 

2(v +.....!:U (dv _ dH) dx <- O(x-") • 
x 

21'm\ 
ex) 

dya 

which if He ahoose a - -e, reduces to the metric (~.7), so 

that the IVa metric .. ith a = -l is Dsymptotice.1ly cqui-

valent to the IV b me'.::r1.c in the ab01'e sense . Oil the other 

hand, Kiunera1ey [1] mentions that if ~e let t ~ 0 and 

a ~ 0 so that 1. ~ C, then the IVa metric tend:; smoothl:" to 
a 

the IV b metric. It iR thus interesting to not0 that even if 

l end D lire llen zeZ'(J then the met:!"ics haV8 similar asymp-

toti.:: forms if e = -D. If He aOlleider the mei.::r:t.c ( 2.12 ) it 

.is ac ain cleai.'" that as x~ 00 the metric tendi} to 

2.13 

'~here/ • ••. 
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where dx· 2 = _ y dx 2 and dy.2 = _ !!. dy2 
l 

in which we note 

that a I < 0, and again we conclude that the space-time is 

aBymptotic~lly flat in the spacelike 6irection given by 

Wo will ~ow put tho metrics into a form which is 

analogous to the l3oyer--Lindquist form of thG class IVa metric 

and reduce the geodeGic equations to guedrstul'es. 

Geodesic EouatioDs. 

We will now ShOH that the metrics IVa and b are Carter 

metr i cs and that thG geodesic equations can be r e dUCEd to 

quadratures undol' certain cDordinR~e cOlldi\j~ns. 

Fo!' o.onvenience He in-troduce a special notati-)n, 

2.14 

2.15 a {:, = 2amx + e ( a? - ;(2) , 

2.16 k = 1. 
a 

in terms of which the metric (2.8) becomes 

2.17 2 -~ ds • = 2 du dr - 41'XP 

~ ->l _ 
... r "'kp du .... -2 2 

!~R dy • 

For values of r > 0 we c&n ~ntroduce th e transformation 

2.1S ~ = log l' - log P~ 

or 

2.19 

then substitution in equation (2.17) yields 

2. 20/ •• •• • 



- 99 -

2.20 -2 
6p dy2, 

which is already in a form which yields a separable Hamiltcn-

Jacobi equatj.on. It ~s convenient, hO~0ver, ·~o go one s~age 

further with the transfermation so as to redec e the metrie to 

diagonal form. We put 

2.21 -:1. -A z = -k e + u 

then the nletrie (2.20) becomes 

2.22 2 ,2A 2 -:1. 2 -2 2 -:1. n ds = p~ke dz - /:::, P ox2 - 6p dy2 - P k dAr., 

which is the form He Hill USB. The IV b metrics can be re-

duced to precisely the same form as equation (2.22) if C i o. 

We put 

2.23 

2,24 

and 

2.25 

2.26 

k = -2C • 

1!!\ 
x) 

X2 , 

If W& , \69 this notat~on the me~ric (2.2) rea6s 

- - -2 - -2 
- 2 du or + b'z (p) dun - 4rx(p) c1u dx 

- -:1. - 2 - - - -2 
- (,0.) (p) dx2 - (6)(p) ' dy2 

The transformation 

2.27 
- 2 

A = log r - log (p) , 

2.28 - -1 -A 
z = -( it ) e + u , 

takes/ .... 
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takes the metr~c (2 .26 1 ~nto the form 

2.29 - 2 - 2), -1 - 2 - - 2 .- (pI k e dz 2 -f::, (pI dx 2 -f::,(pl dy2 

_ (p1 2 (kj -i dAa , 

wh~cb ~s formally Ldentical with the metr~c (2.22). 

If C ~ 0 the met~~c ( 2.2) becomes 

4" 
= 2 du dr - --=- du dx 

x 
X dx 2 _ 2m dy2 • 

2m x 

Then the transfurmat~on of coord~n3te~ It, x, y, z) given by 

, 
2.:n ~ 

r = ..(2 

1 
u = .f2 

2.32 

reduces it to the diagonal form 

2,33 ds 2 

( t -

( t + 

z)x2 

zl 

2m dy2 • 
x 

Since the metric coefficients dep&nd on only one ccordinate, 

namely x, the geodesic equations can be integrated direct.ly. 

There are three first integra~s from the obv~ous Killing 

vectors and then the !nst:ric its e lf', through the aSt;ociated 

Lagrangian, prev!des a fourth equation wbj,ch yields 

function of. x. 

dx 
ds as a 

We cap new return to th e problem of in~egretjng the 

geodes~c equat1c~s for the metrics given in equations (2.29) 

and (2.22). These two me tries are formally tile same so that 

we need only consider the metric (2.22). 

f.gain/ ••. • 
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Aga~n we assume the geodesics given by x = x(s), 

y = y(s), z ~ z(s), ~ ; ~(s) as funct~ons of an affine para-

meter chosen so as to sat~sfy the cond~tions ~n §2.2. Then 

F def~ned ~n (2.2.10) ~s g~ven by 

2.34 1 n 2~·2 -1. 2 -2·~ -i· 
F = 2 (poke z - 6 p2X' -6p y~ - p2l: ),2) , 

where a dot ~ndicates the der~vat~ve w~~b respect to s. Thus 

accord~ng to (2.2.12) 

2.35 P 2 2~. 
= P ke '" z 

2.36 P 
-1. 2 • 

= -6 P x x 

2.37 P 
-2· 

= -6p Y , 
Y 

-1 • 
2.38 p~ = _p 2 k ~ , 

where we have replaced y ~n (2.2.12) by P to avuiJ con-

fus~on. From the Euler-Lagrange equat~ons (2. 2.11) it follows 

tha t, 

2.39 P ; p2 ke2~z = -E , 
'" 

2.40 P -2 • 
V, = -6.0 y = y 

where B and ~ are COD$tnnts. The contravariant componeutd 

of the metric teqsor follow from (2.22) or (2.29) by ~n9pec·-

tion and hence the Hamilton-Jacobi equDt~on 1c given by 

2.41 -~( as)2 -1 (OS) 2 6p - OX - 6 p2 3y 

-2 (as)2 p !e a?-- = /1- , 

. vlhere/ • . .• 
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where J.L = +1, -lor O. From equations (2.39), (2.40) and 

(2.2.7) it follows that 

2.42 as 
-E az = 

2.43 as 
<!? ay = , 

Gnd thus equation (2 .37) has a solution of th~ form 

2.44 s = <!? y - Bz ., 81 (x) .~ 52 (/\) • 

If we substitute from equation (2.44) in equatLon (~.~l) the 

Hamilton-Jacobi equation separates an~ yields the two ord~nary 

difforential equations 

2.45 

2.46 

-1 -2/\ ( dS" \ 2 
k e £2 - k -.-) = N , 

d 1\ / 

( dS1)2 
/::, -- .~ 

dx 
-1. 4- ., 2 /::, p<!?~ + J.LP = N , 

where N is an integration constant. From equati0Ds (2 .45 ) 

Rnd (2.46) we get 

2.47 S1 = I orA dx + 8 --- , /::, 

'" .. J :t..r;:;.' tl/\ 
"2 k 

2.48 

where 

:J. 49 

2.50 
2 -2/\ A = E e - Nk • 

The final form of the solution to the Hamilton-Jacobi equation 

is obtained by substitutine from equations (2. 47) and (2. 48) 

in equation ( 2.49 ) . Differen tiating this final form of the 

solution/ •.• 
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solut~on w~th respect to E, ~ and N y~elds the geodes~c 

equat~ons as quadratures; 

2.51 r
·f,. -1 -<l" Ilk e 

z = -----. 
J ±.J7: 

2.52 dx , 

2. G3 

The solutions to the geodes~c equations for the IV b metric >ire 

obtained by simply replac~ng 6, p, k by ~,~, ~ reepeu­

tive1y,in equatilJl1s (2.51), (2.52) and ( 2.53). 

Ths geodeD~c equat~onG can als~ be g~ven in the form of 

first or~er ordinary diffe~ent~al equatioils. ~e use (2.2.7) 

and the momenta given ~n e'1uations (2.35 ) , (2.36), (2.37) and 

(2.38) nnd the solution to tbe Ham~l.ton-Jacobi equa tiod (2.40) . 

The explicit equations are; 

2.54 p2 Z - ~ -2" .. -Ek e 

2.56 p2 Y .. _<:>p1,6-1 

2.56 p2 x •.. + re , 

2.57 p2 " = + .rF.. - • 

Again the s .olutions f0r tile IV b me ·l:r]..:: C3n be found by re-

placing 6, p, k by ('::', P and Ie r e spcr.tively. 

Some / ••••• 
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Some Remarks on the Possibility of Interpreting the Class IVa 

Metric as a Radiation Met~ic. 

The asymptotic flatness of the ..:18.68 IVa metric, to-

gether with the fact thHt, in terms of • princip~l null tetr a1, 

i s of order tempts one to conclude that, in suitable 

coor6:i.n ::tes and with a corrss[>onuing choice of tetrad, '1'4 

may not vanish. If this is true 1t should be possible to in-

terpret the class IVa metric as a radiatio!l metric using th", 

methods Kinnersley and Walker [1] have .p~lied to the class 

III C:'lse. 

As we have already pointed out we have chosen 1 < 0 
a 

so as to retain the sign'l.tur<> (+ - --). To obviate the nui-

sanee of using ~e3ative valued parameters W~ will replace 1 

by -b; the Inet~ic (2.2 2 ) ~hen reads 

2.58 
r. - ·i -1 2/\ 2 -1 2 ~ - 2 

ds~ = p 2 ab d,,2 - r/-ba e dz - /::, P dx~ - 6p dy'l 

The signature of this metric stil .l only remains (+ - - -) if 

we consider values of x larger than 

larger root of /::, = 0, i.e. 

2.59 

x .. where is the 

.)hich \-lill be gre"l tf>r th &n ze1'O for all :t.'eal val ues of In 

all db. Now we Mish to CODsider the possibility of treating 

the metric ( 2.58), outside as a ~~dL8tion laetric. This 

we w~ll do ' by bringing it to tbe Robinson Bna Trautman [1] 

form and then evalu~ttnJ the Newman-Pearose [1] invariants~ 

In part~cular we w~ll ntt 3mpt to use x a s an aff~ne para-

meter / •••• 
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meter, a~ong certain of the geode8~cs, in vie~ of the form 

given in equation (2.~) 

The tr~n sEormation 

2.60 

brings the metric (2.58) to the ferm 

2.6~ 

where 1:. results from expressing A as a function of x 

and ". We no~ rescale the x coordinate by putting 

2.62 ~Ja A-~·t p~ b U -C 

For all va~ues of x tbet we are cocsidoring, rand u 

exist since the integrals converge. In fact 

2.6:> 

and 

2.64 
x 

J ~-; = 
x+ 

1 

bt 
?l>t + 

We can re~r~te t~e nletric as 

2.65 ds 2 = h du 2 - 2 du dr - f dy2 - :n <1z'? 

where 

2.66 
-2 

f = 6p , considered as a functio~ of 

2;.67 
-i 

h = p2 ab , considered no a function of 

r, 

r • 
2.68/ •.••. 
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2.68 m 2b -~ S (U+g} 
= P a e , considere d as a function of 

rand u, 

:in wh:ich 

2.69 

:is again to be consiJered HB a function of r. 

The c ontravariant form of the me tric ( 2.65 ) :is 

0 1 (, 0 

1 g:ij 
1 -h 0 0 

2. 70 = 
0 0 -~ 0 -f I 
0 0 C -1J -m 
~ 

where 1 - - 1 2 ~ 4 ana- x~ = U, ~2 ~ n, x 3 = Y ~' . ' . - , ,", ~ . and ,,4 = z. 

This metr.ic is in the requ:irec Rob:insoll and Trautmall [lJ form. 

Th e explic:it de pendence o f the components of the ~etric :in 

(2.70) on r is difficult t,> obtain . Ti,e Ne1-1ml!n .. Panrose null 

tetrad c orrespondillg to the ,.atric gij given in ( 2.70 ) :is: 

2.71 £i = O'i 
2 

i 6'~ thO; n = 2,72 

i , 
( C}o; . - 1t o i) ~ 

m ~ .... J.m "'" . 
.[2 , 4 2.73 

- i 1 J.. . J,. . 

(f-"o; ; -"6':I.) m = - ..L.m 4 . 
"f2 

2.74 

This te.trad turns out to i.>e rather speciaJ_. 'rne "act01-· f:~elci, 

with components ii , i s orthogonal to the IIt.ll il~'pe,-'surface 

2.75 u = constant 

si n ce/ ..•. 
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u . 
,1 

Since the hypersurface (2.75) is null, the vectors t. arc 
1 

tang~nt to a fam~ly of curves in the sur fa CA. In fact tJlese 

curves are nu1l gpod&siCS siuce 

2.77 

&s can be checked directly. Also along these geodesics r 

is an affine parall1et&r, since 

2.78 

Equations (2.75) to (2.78) characterise the Newn,an Lnd 

Dnti [1] type (radiation) coordinates end the only remainiug 

freedom lies in the other two coordinates. 

It can be shown that the remaining vectors of the tet-

red are propagated paralJ.elly along the null geodesics with 

tangent Thus among the Apin coefficients of Newman and 

Penrose [1], 

~.79 iC.-e~1T--O, 

and the rernaindar ~~re g~ven by: 

2.80 ( = v = r, 
v 

1. -1 
P = 4 

m2 m 2.81. 

1 -,. 
(T = ffi..,m , 

'1 
2.82 

2.83/ ..... 
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2.83 
1 E2 Eh 1 m2hm + I 

m~m J.L = - - • 4 8 4 

" 
I 

f2 fh 
1 1. 

P.1 2 mh = <1 - 4 m!m + 8 , 2.84 

1 
h2 Y = 4 

, 2.85 

where the BuEf~x I or 2 ~udjcates e part~c1 der~vet~ve 

w~th respect to u or r reBpec ~~ve1y. From these spin 

coeff~cients and the Newman-Penrose [1] equations we find 

that 

2.86 

and 

2.87 
1 = 4 h22 . 

Thus i.:he tetrad gj_ven in (2.71), (2.7 2) , (2 .73 ), ( 2.74) :is 

principal null. 

If one takes as a criterion for radiation that 

-~ = OCr ), in terms of a null tet~ad edapted to rad~at~vn 

or Newman-Unti coordinates, where r is an affine parameter 

elong a congrue nce of null geodes~cs, then the class IVa 

matric is not a radiation metric . 
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APPENDIX A 

CLASS ;':1: f.iETRICS 

The follo;ling tab1.e io g:',-.e11 in the form: 

Firs t; the beadini iudi.cates which me~ric, in the K~n-

nereley clds8if~c8t~oD, is being cons~dercd. 

Second; the rnetri.c is given ~n Kinnersley or ~err-N~wman 

coord:itl a teG. 

T/lird; the notation that will be used is defined. 

Fourt:h; tbe traosformatiev which takes the metric into 

Boyer-Lindquist form iB defined. 

Fif:i;h; the Eoyer-Lindq~ist form of the metric is given. 

The notation bas been decigned 60 that all metrics are 

for~ally the same in Doyer-Lindquist coordinates. After all 

t .he equ~ticns have been reduced ~o thj.G form the integrated 

geode8ic equations are g~ven in [1 gAne~al~sed [ornl suitablo 

for appi~cH~ioil to each mAtr~c cnce the appropri~te substitu-

t~c~s hnv~ been M~d6 . 
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Class II a. 

A.l =- rrt._"::'~!!E-=. __ ~l2 + a2coc~x da2 .y-

1.'''' + (,£ - ~ coe X)2 

2 en or 

-4- 4 R. sin2 :xj . ..:.~:.._.!~ 
r·2 «-

a • 2 
~ CO .'! X \ ro-

i P .• I! cos 

•. 2mr - 42 + a 2) 

X)2 

du dy 

- 2(a sin2 :,: + ze cos X)dl'dy - [r02 + (f - a Cos X)~]dX" 

( 1.'2 - 2mr- P2 + a 2 )(a siu"x + 2f COS X)2 - sin2x(!'~ + + --~ \.. - --
1.'2 + (e - a cos x) 2 

Notatioli. 

H _ a sin2 x + 2t cos x 

A.3 8 - 1.'2 - 2mr - b + a 2 

A.~ 

A.5 

Trans for".." ti.(;<1. 
--------.~ -. --

Boyer-Lindquist fnr~. 

R I-:'~ \:2 .. .....y. J .. 

Class II b / .• 
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A.9 ds2 = 
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r2 + 2mr - f2 + a 2 cesh 2 x 

r2 + (£ - a cosh x)2 

+ 4 lcosh x(r B + 2mr .f!2 l' an) - a sinh ~_(.::1r - /r:.' 
. " :=-- J. , du <.Jy 

1,,2 + {l - e cosh X)2 

2m" " f?- ~~_'!:"l.l!:...!'inj13x - 2£ conh x)2 -

r2 ... {t - a cosh x)2 

Nota t:iOl~" . 

A.10 

A.ll 

A. 12 

A.13 

Trans forma'tien. 

A.1.4 tit c d~\ ... RCI-J. dr 

A.15 

& i }1.h,,-2.:.X,,-' .1..\ :..r_2_+.:.....:E,-'ll_ + o..=J - -, x dy" 

A.16 2 "' ~ 2 -1 2 -2 { TO -',' ~ ds = -p""dx" " P CI dl' + P CI,(\ '~ -" d,;,I" 

Cl nss II c/ •. 
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Class II c. 

A.17 

+ -1 1 sinh x(r· a +.~ElI' __ =-e~_~:._'i'Z) ':.2!.£~sh2x(mr .. (2)- de dy 

I'2 + (e - a "l.ah X)2 

;. 2 (a cosh'! x - ::d siu!). x) dr ely [r·2 + (t - a sinh x)2) (\):2 

a sinh X)2 

H ~ -:1 cosh2 x ;. 2t sinh x 

.~ •• J.9 /:; = _ (I'2 + 2mI' - £2 - a 2 i 

A.20 p2 = R - ali 

A.21 U = 1'2 + b - a 2 

• • j 
-- d'.1 + R6 'elI' 

-:1 
== iI:y -:- s.b. dr' 

RO~l er-Lindguist fOI'm. 

A.24 ds 2 -r,"dx 2 •. zt.-', d 2 ) ,D<'A (dt - H d¢)2 -" ,. /J ~ I. l~ . . Ll • 

Clsss II d/ ••• 
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Class II d. 

A.25 
.... 2mr -. 

du2 + 2 du d1' 

Notn "c:l.l'r. • ------

t .• 26 

A.2'7 

A.28 

A.29 

A.30 

A . 31 

Bo~'e r-L:i.n d q u i s t: for n,. 

A.32 

· H 

p2 _ R - aH 

o " + 2 'e'''' 

d¢ ~ (.-y .,. (::, -~ dr 

Cl a ss II c/ ••. 
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A.33 

Notation. 

A.34 

A.35 

A.36 

A.37 
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- 2mr- + 2b + x 2 

l' 2 .; (b + tx2) 2 
dull + ~ ou or 

au dy 

(2mI' + 2b)(bx 2 -c- 1x~)2 + ;;_? (r 2 + ~ o.y2 

r2 + (lJ + t",2)2 

H = -_(bx2 + -:,\-x 4 ) 

R ~ r2 + b 2 

{:; = -(2mI' + 2b) 

p2 - R - H 

TranRformr:~ .. 

A.38 dt; = du - + R{:;-1 J1:" 

A.39 

1'..40 

-2 2 - P x ' ( d t - R (l~h) 2 

Clas s II f I .. " ~ 
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Class II f. 

1\.41 
2m:r du 2 {- 2 du dr {-

1'2 _ 2mrx2 + x 2 
2 du dy 

r2 + x 2 

r~ + 2rr~x41' __ ;-:4--------- ~--- .--

Notation. -----
1\.42 " ~2 .I. .. __ ... 

A. 43 {::, ~ 1 .. 2mx-' 

A.44 

A.45 

Transformation. 

A.46 
-i = GU - R6 dr 

A.47 d¢ = dy - {::, -i dr 

A.48 
~ ·-i , . 

nt"I· dr'" ,_ t..' 
-2", , 

+,G utel "; - II 1¢:2 

-2 ( \ .. pdt: - F de/;,~ 

The / .......... " 
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The general class II metric in Boyer-Lindquist coor-

dinates is! 

A.49 d 2 :2 -'? ~ -i d 2 -2 ''' ' ., -',;,)'" s' - -,0 "'A ' •. P - b. l' + f' t.. \ , \: - h '- r ., 

where the appropl'ia to e::q).'essiop-s for [;" R, f and p:2 ar9 

given above. The first integrala of the ge0des~c equations 

are gi.ven ~y: 

A.50 p2¢ ~ (~2 1\ ik + (~ - !ilZ\ P-I) 6) .' 

, T> n\ (? ~2) p" f. = ( ~-~ - f )q; + '._- E 
\ t 

/ 

A.51 

~ 

~ . ~r;::;~~ 1. (HE - iI? )2 p ... ·x :..' 
f 

A.52 

A.53 p2 r = !.J (RE - ftep ) 2 - ( , " I\ ~\ { . K)b. 

where E, ~ and K are in tesration constants Bnd ~ - +1 for 

timelike geodesics, -1 for apacalike gaodesics Dnd 0 for 

null geodes ics . The aiRD ot t~e roote in (A. 52) and (A. 53 ) 

are chosen i.ndspenden~ly. The 60luticn to ~he Ham~l~on-

Jaco~i eqcat~on is Five~ by: 

A.54 dl' + \') ¢ - Et , 

A.55 x ... ~ • ..r K 
1 (HE ~)3 = , \ ...... + - f -

A.56 Q - ( f,E - a <p) 2 - (~R + K )£', . 

We/.~.p • • ., 



- 117 -

We now use the method suggested in Vanstone [lJ to 

obtain the geodasi~ in the form of qu &dratures. All that is 

required is to 601ve equations th£t result from putting 
as 
aE ' 

equa1 tc constavts. The equati.QDC thnt result ar&~ 

A.57 

A.58 

A.59 

x r!' ~ EE - A.U 
t = J - :..j Q-

R 
dr -

l\ J 
(JlE .. <P ). if 

±':X f 

¢ -

A)?PIlNDIY B 

GENERALISED CARTER METRICS 

dx J 

In Ch<.?ter. t .w we defined a Gener a lised Ca~"cer 11;", t.,-;"" 

as a matr~c which Gct~sf~es the Carter [11 SSr~rabiljty co~-

Jaco~i prcceCure. As Ke saw ~~ Cha p tar fi~~ S11Ch vec~'unl 

Bhle~s [lJ C ~etric. Our i n tention in 1:h~s Ap~en~l~ ~s to 

tcu ; h 0n the q~~6t~or~ of generat~ng fu~ther Gena:al~se6 Car ter 
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conformal transformations (~). 

The background to the study of co&formally related 

metr~cs is weli descr~bcd ~n Schouten l.t) ~nd P0tr~v [1.J, both 

of wllom g~v~ det&~lc6 bj. bii_ ograph~c8. 

for work on confo~Inally ralatcd metrics a~e, h0wever, Br~n~-

mann [1], [2J>, [::;], "thi~h. C(l~tC"::"~ 31.moet all the rest!lts 'Wt:" 

will requ~re. The ~nitial form~~at~o~ of the pI-cblem here 

will be slightly mor& gen~rel thac that uBually used. 

Le t ,. 
"4 b~ a ~pace-t~me w~t~l motr~c tensor g~j in 

a c00~d~nat~ ne~gIlhourhood 
i Ix j. and V4 I,e the ccnformally 

related Dpace-~ime which results from the mapping 

B.l 

where i T = o·(x ) is a cless i 
x • It is fUIH,tion of the 

useful tD introduce the notation 

B.2 

where R is the Ricci tensor and ~ is tl'e cosmologi~al 

constant that appears ia ~he E~~&tcl~ eqaatlous which nOl~ 

take thG torm: 

£ .. 3 

Here the L.. 
J.J 

In./~c>."."t 

( ~ ) 
An alternative m0thod of general~6~ng ttl0~e "&t~~cs w0ul.~ 

be to mod~fy the con dition iv on p.289 c[ CI~ter fl1. 
- t. ... 
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In contrast, the approach used by Carter [~and K~nnersley [lJ 

assumes the Lij given (see footnote on p.3). The COrl'BS-

ponding equarions for ~he conformally rela ted space-time are 

B.4 
-= L .. 
~) 

-where the trausfor~atiunB for ~i~ ' A and g" 
.' ) 

fo11vw !'r'c:n 

cquati.on (B.1). The te:lf30r L.. is agcill l1etet'mj.ned by the 
,. J 

left hend side of the equatiou . From equ~tion (B.3) and eque-

tion (B.4) it ~o11oHs chat 

B.!:' - R .. ;....:: 
~) 

(1:. . . .. L .. ) + 
:i.) ~.) 

If we follow Petrov [1) eud define 

B.6 

and 

~. cr (j."" 
; i : J 

J.. Ie p, . 
.g (j'krT'Qg"~ 

t · · 'v ...... J 

thel! it follows from eCjun-:::iO)'i Zo (£.1), (B. 5) , (B.6) aoc1 (H.? ) 

that 

B.1l 2w . . + g .. ~ - ~ .. 
:1. J ::. J :q 

-.. 
"j. j 

~ 2 ( ::. .. - L . . ) ~ ~~~g._;). - 21\.g. J' , . ~J i'j' .... ..r.. 

and fl'om o'pll.-::i·:>n8 (E. ~) and (n , 2 ), tpat 

B.9 6 -R 2 J" I' ,,2rT( -; ... ) w = e - ~ . = ~ e ~L - A - 2(1\. -' :--) • 

or 

B.10 

We / ••••• 0 • 
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We will impose conditions on the Lij and L .. 
~J 

in 

equations (B.8) and (B.10) and consider whether solutions for 

rr exist. 

B. J.l 

B. J. 2 

The concitiovs are 

,. 
'-' .. 

-
L

4 
. . - 0 

.. J 

>..J 

r •.. .p 0 • 
1J 

The other pcsr:-;ih1.e condi ti~n :i.G 1;0 all0w 

and Tbis caSH will not be discnssed a inca to make 

any so1utioDS phyo~c8l1y inte~estjng, Rncil1iary condi t~oas 

would have to be applied to tha Lij • The£H are difficult to 

include in a formal ciscDssion. For instance one would nor-

mally requ~re that it should be possible to relata L .. 
~~ 

J 

to 

the energy momentum ~ensur of a physicpl field in D relatively 

easy Hay. 

Case 1 Me tric s which satisfy conditions (B.ll) 

This oase correspon ds to going from o~e Carter metric 

or Gener alised Carter metric to aDotber. Notd that the met-

case 

into ::lHotZler. Sin \~t: I, .. = L;.., c qUr.: tiO:!l (B .3 ) a!lG 2qubt;icn 
, .J ... J 

._-_._-"- -_._---
( 1. ) Schouten [1) p.l<:!il defines an EinstC':i.,! S~."C(! '1 :' O'le itl 

which "R ij d:i.ffr ... :r-s from 
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B.13 - 20-
CAe - A)gij , 

B.JA • 

We restr~ct the problem further by tequir~ng that 

as is tho CBse for the Maxwall fields, &4d 

~ a O. Then we have 

B.l5 

and thus from equation (B~2) 

B.16 A"A=O. 

Tbe equations (B . 13) and (B.14) then become: 

B.17 W~j D 0 , 

B.l8 l-i = C • 

The first integrability condition fo~ equation ( B.17 ) is 

B.19 

where C
j 

. tt is the conforni~l curvatu~3 tensor ~~ fin~d In 
·1 .{: 

B.20 

e.i tuer. 

B , 21 

i 
0-

ij e 0-.0- . = 0 , 
,~ ,J 

or/" ... . . .. . 
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or 

B. 22 o . 

These are prec~sely the cond~t~DP e wh~ ch ar~~ e from mapping 

Blnstein Sp ac6s in t 0 E~netBin SpaceH. Thus t~ey will also 

e.pp.ly :i.E but :::I. o. 

TIguation (B.21 ) together Hith equation (B.19) implies 

th.t tbe ~et~ic must be of ?e~rov typa N (P~rall~ [1) p.321). 

These Brs more ~pecialiBcd than the Ca r t er metr~c s that 01-

ready exLst an~ ther efore of limited ~ntereBt. If eqGutiotl 

(B.2l) does nut holct tue n equatiotl (8.2 2) must hold Bnd the 

br ace-ti~~ mcs~ be co~ formally flat and therefore aga~n of 

lim~ted intere8t . 

Ca~e Ii Metrics wh~ch sat~sf~ cond~t~ons (8.12) 

In th is case we requ~re L .. ~ 0 
:I.) 

and thus equations 

( B.l0) and (E.ll ) becom e : 

B.23 

and 

- (i\. A )1 

.i 0 1" r-_ the equa~i0ne yield ... 

and 

8 •. 26 w a 0 , 

for which the f~rBt i~~~~~al.ility c0ndit~o~ is 

B. 27 / •••. • 
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B.27 

The further ~LI~grab~lity conditinnR a~e eive~ in Schouten [lJ 

end Petrov [~J but for these to b~ of value more informat~on 

iR ~eqDired about the form of gij. 

Case II offers More scope since one m3Y start w~th any 

(Generalised) Cartor ffiet~ic satisfying the above conditions. 

Howeve~, i~ need n~t s&t~Ely any par~icular r~eld equat~ons. 

The rRBulting met~ic is then a GeneraJ.:'.sed Cai'ter 'OaClI1..'o1 

metric. The d~fficulty lies in suggesting a suitabJ.E term for 

the in~tial mptric g •. , about ~bich all we know io ~bat it 
~J 

must be Garter s2parcble. It would seem therefore th~t somp 

furthe~ guide lines will have to be found before a worthwhjle 

attempt can be made to solve the equations. 
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