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INTRODUCTION 

In probability theory it is o~ten convenient to 

represent l aws by characteristic ~unctions, these be­

ing particularly suited to classical analysis . Trott­

er has sugges ted that probability laws can 31so be 

represented by probability operators. These operators 

are easily hundled since they are continuous, and 

hence bounded, positive linear oper ators on a normed 

linear space. This r epresentation arises because 

distribution ~ctions and their complete convergence 

correspond to probability operators and their complete 

convergenCe. Hence the relations between distribution 

~ctions and probability operators will be discussed 

be~ore the introduction o~ probability l aws . 

The ~irst part o~ section t wo is devoted to 

de~initions Dnd results o~ linear spaces. In the 

secund part certain correspondences between distribu­

tion ~unctions and probability operators are proved. 

Rao has proved these ~or di stribution ~unctions o~ 

r andom variabl es . To extend these results to general 

distr ibution ~unctions has involved only minor changes. 
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In section three necessD.ry and sufficient condi­

tions a r c given for a linear operator on C (the space 

of con tinuous bounded :Lunc ti.ons on the renl line), to 

to a probClbili ty operntor . This result is ,mala c;ous 

for probability operators to Brochner's Theorem 

(Loeve, p.207). 

The follo'·lin£; section depends fiL:inly on theorem 

3b. A line ;:;. r operutor A f: [C] (the cpClce of all continuous 

linear operc:tor:s on. C), is sho,ill to be expressible 

in the form AF.;(Y) = !g(y+X) d~(x), where ~ is 0-

function of bounded vnrintion, provide d A commutes 

VIi th every de :::; ener ~'. te pr obnbili ty opern tor. 

The lQst nection is independent of the rosults 

obtained in sections three and four. I t deals pincipal-

ly with the rel ~.tions 1:Jet'::een probability laws and 

probability operators. An operation, corresponding 

to the complex conjuga te of a chcr'1cteristic function, 

is defined for probability operators. A topology is 

then introduc ed into the linear SPGCO genera t ed by 

ell probability operators. In this topoloc:y , converg-

cnce of prob,-,bili ty opere. tors corresponds to ~7e(lk 

convergence of distributi.on functions. In t h is 

section it is concluded th·q t probnbili ty opera tors 
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are a useful r epresentation of laws, though there 

ere certain disadvantages . An example of' their useful­

ness is Trotter's proof of the cl~ssical normal 

conver~ence criterion. The main disadventagc is that 

given a distribution fm1ction, the probability 

opera tor may not be vrri tten dovm explicitly, as one 

is often able to do with the characteristic fill1ction. 

Thus characteristic fU.."lCtions have a uider applica-

tion in probability theory than probability 

opera tors hc-ve. 

The appendix is virtually independent of the 

other sec tions. It is shovm that a necessary and 

sufficient condition for a non-de~enerate law i(x) 

of a random variable X to be N(o,~), is that 

L(ax) ')I(bX) =;[(.fa 2 +b!3 x) for all a E'.nd b~ o. The 

method of proof involves characteristic functions. 

2 PROBABILITY OPERATORS 

Before cOl1Sidel'ing probability operators, some 

notation of and results of linear spaces are 

stated. Let R denote. the set of real numbers , and 

C the rea11inear space of all bOill1ded continuous 
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functions, from R into R, uhere addition ~nd 

mul tiplicc. tion by a scalC\r nre def ined as usual. A 

norm is defined for all g €' C, by ~~ g :: = ~1W J g(JO/ 

(Taylor, p. 89). C is then ~ complete normed linear 

space, a Banac.h space or a B- space (Taylor, p .103; 

D and S, p. 261). The set of all continuous linear 

operators from C into C is denoted by [C) (Taylor, 

p. 162). A norm is defined, for nIl A€,[C], by 

' 1 , . r 'I t · I'" l - ) i:A:i == sup i '.A" ,: : :g! '" 1, g €' C ; then LC is a 

B-space (Taylor,p.162, D and S, p.61) . 

Probability operators possess certain ordering 

properties for "rhich we require SOI,te definitions of 

ordered sets. These are i n Taylor on page 391 

(or Birkhoff, p.l,16,238). If L is a le.ttice, we . 

denote sup (6., b) e.nd in£' (0., b), where a €' L ·.dnd 

bA,' b;. by aUb and anb. The '7ampositive is used 

with respect to the zero and pnrtinl ordering in the 

sys t e::J considered. ".'e nm'! introduce p~rtial 

orderings into C nndI.C]. T.J.king "less than or equal to" 

as the ordering relation in R, we define a partinl 

ordering in C by f < g iff f(x) ~ g(x) for all 

x €' R and a partial ordering in [C] by A ~ B 
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iff Ag ~ Bg for el l posi ti ve e in O. With these 

dufi~itions 0 is Q vector lattice (the proof is 

streiGht for~"lc.rd nnd is similnr to the proof of 

em example on page 239 ir- 3 irlchoff), end [0] is 

n pnrtic.lly ordered lineer spe ce. 

Before definine: n pr obn"bility oporc.tor 

one more concept, th::-.t of n distribution flllction , 

is needed . A distribution function (d.f.), is o. 

non- clecre2sinc; function continuous from the left 

8.!1d bounded by ° 2nd 1 on R . I t is not :lss11.1!led 

t hnt F(-co) = Ijm F(x) = 0, nor th,:-, t 

F(+oo) = lim F(x) = 
x -t +00 

1. A s e quence Fn of d.f . s 

is said to convcr ;::e weakly to 0. c.l .f' .. F, uri tten 

"" . Fn ... F, iff Fn(X)-> F(x) for ::'.11 x in '~he 

continui ty set , O(F), of F. A sequence Fn of 

d.f .s is s'.: id to converge conpletely, '-Iritten 

F C; F '"1' FWD d D (+ \ D (+ \ (. ,t. n - > ,lI 'n -'>.l! rm "n -=)-> .!!. -"<:0) ,.woeve,p. 

175-178). 

'."e nre no'll in ., position to define n 

probability operc. tor end to investi~(lte some of its 
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properties . If " is c'. disLri.butLm function then the) 

probnbili ty opercc tor (pr. OP,) , Tp is J.efiner} 

for ';11 y f: R :'..)(1 ~\ 11 g f: C by '!F.c:(y) = r,(X+Y)dF( X) . 

f3incc ~: is con t inuOU8 i t"'-1e intcgrc. l !"]:: y bo rt:g:-'.rdccl 

either as ~n improner n iemnn-~ tieltjies integral 

o~ os n LebeB~uc-S tieltjies integral ; the 

i;-iter:-r ,~ l exists :::ince !! is bounded. The pro op. 

1r is ,::n oper~, tor fron C to C .: 

sup I 'J.' lid~· ~ I '" (:;:' (co) - p( -00)11:.:11 <, IIdl, so 
y f.' R 

IITFdl '" II:: jj; if z -> y, then '1'7 Z(Z) -> TF,g(y ), by 

J-!.::lnos,p . l10); thu3 '!}eLl is '.' continuous 

lJounc1cd function on R. Trivi::-.lly TFi s [\ line r.r 

oper n tor on C. " con t r .c c tion opLrn t or [, i 'rol'! C in~ 

to C is '.lsuc. lly defined ',8 ~.n opere, tor for vlhich 

!JAil < 1. ' 0 sh~. 11 11 1 ter this definition slie-htly 

to include the cr.se II '~II = 1, so th~,t our 

c1ef i ni tion of '., contr~. ction ope r e. tor A is one 

for \7hich III'.! I.; l C"ro ttcr) . "ith t his definition 

a probc,bili t:' opc r :. tor is n contr':lction operator, 

0.8 i s seen from 



IITp l1 = S U:r, 

Ihll,,; 1 

,,; 1 

sup 
Y € R 

7 

l!g (X+Y)dF(X) I 

Since IITpll < 00, TF is Cl continuouG linenr opero.tor 

on C (Toyl or,p. C5 ; D arid S . ,p . 59) . Sinc e Tpg ;. 0, 

if g ;. 0, TF is positive. 

3. Theorem 

The r e is 0. one-to- one correspondenc e between a . f.s 

(up to additive const~nts), and pro op .s, 

lXoof 

If PI = F2 + C, ythere C is :1 conctrmt, them 

= T by definition of TF' 
F2 

then gn £' ,C. 

= 0 if x ;. 0' 

,1 
n 

= -nx if - 1 < x < 0, for n - 1,2, ••• , 
n 

I.L~ T 
'F 

1 
= Tp , then 

' 2 

'l'F gn ( - y) , :..'or 
2 

1::11 "J' £' R . 

Gince I gn I " ,,; 1, the t hcor cl'l of dOf1in rc t e d convergence 

applies (Loeve,p.125; Hal;10s , p . llO);thuc 
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/1~!'I e n (x-y)CF1 (x) = /1;- t\n(X-Y)dF 2 (X), so th:: t 

F1 (y) - r\ h",) = :5'2(Y-) - F2 ( --co) f'01' 0.11 Y c R. 

Otherwise the result f'0110'7s f'rom the inequality 

p(y- !) - ph,,) 
n 

.:; TP[':n(-y) 

.:; F(y) -p(-oo) ::md 1ef't continuit~' of' F. 

The expression r [n,b), where Q c R ~nd b c R 

(or b => ), '.-.-il1 denote PCb) - F(G) (Loove,p.95). 

This not~ tien .'1rlCCS f'ro;;) the equc~ tion 

F(b) - F(a.) = J 1 dl<'(x), ..-[he re 

[ ~ 1) . ,- , 9 ·) 

[a,b) = [x: 0. ':; X < 1>-). F(-oo,b) -.,ill donate 

b 'l'heor(c 

A seauenc e F of' d.f'.o converrr.e s cor,let: 1y (up to .. n 

addi ti ve cons t <.!n ts), to G d . f'. F iff' 

TF c:(y-) --+ TFe( y) f'or 0.11 y c R o.nd all e c C. 
n 

Proof' 

If' Pn ~ F (up to Qdditive constants), then, by 

the Be11y-Brc.y Theorem (Loeve,p.18~), since 
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e;(x+y) c C, it follows that TF g (y) -? TFg( y) 
n 

fo r ,'111 Y c R. 

By the 

1 

definit ion of' the 

F(y- il) - F(-oo) 

" TFe:n (-y) 

fy_ ~ 
=J-oon dF(x) 

"J~(lF(X) = F(y ) -F(~) , for y c R ~nd n = 1,2 ... 

Sioilar1y Fk(Y- ~) - FI({~) 

" T,." ccn ( _:T ) 
L"k 

" F k( y) - F k( -00) • 

Therefor e 

F k(~' y - ~) - F(.-co, y) 

" TF ken ( - y) - T-gg'tl ( -y) 

"F (-00, y )- F'(~ , Y-n~)' 
k 

Now ify f: C(F) t h en, given c>O, there i s ... 
a = o(c, y) such that 

F (-00, y+ 1) - 111 ( -co 1) < c for 1 < '0 . 
n -- , y-

n n 

Fix y c C(1") o.nd fix n > $,y). 
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FrOD this inoqu~,li ty ~:nc1 ~: pr8vious pcir of' ine qUl:"l i-

tic s it f'olloUG th~ t 

Fk ('""CO, y- ~) - F( - "'" y) < £ ~md 

F~('""CO, y) - F (-oo, y- ~) > - £, f'o r k ~ K. 

In th8 f'ir s t of' t" ese inoqun1i ties r cp1,J. cc y by 

Y + ~; t hen, f'o~ k ~ K = K(£ , y+ ~,n) 
i 

No,' f'or k ~ max ( X, K ), 
i 

Fk(~ ' y) - F(--= , y) 

> - 2£ [tnd 

Fle( -00 , y) - 1'\ -=, y) 

< £ + F {-/X), y+ ~) - F (--=, n y) 

Thcr 8f'orc, f'o r k ~ r.lO.X (K, " 
1Fk (-00, y) - F (-00 , y) I < 2£, 

< 2£. 

) , 
i 

Thus Fk 4 F (up t o ndditivc constcnt s) , 
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(T
Fk 

- T
I
) ley) 

= /1 dFk(X) - /1 dF(x) 

~ 0 as k ~ 00, so, by 0 theorem in LOcvc (p ,178), 

Fk 4 F (up to odditive constants). 

The above result is, as noted by Rao , a special 

case o~ Alexandro~~'s theorem (D, and S.,p.316), 

Trot ter proved the second part o~ this ~or a 

continuous limit d.~ , and Rno proved it when the 

d . ~.s are d . ~ . s o~ r . v.s . Let I,) denote the se t o~ 

all non-increasing continuous ~unctions bounded by 

o and 1 on R. The above sho\7s that Fk 4 F (up 

t o additive constants) 

~ TF e(y) ~ TFG(Y ), g € C. 
k 

~ TFkg (y) ~ TFG(y), G € M, 

~ Fk 4 F (up to additive cons t ants). 

A sequence o~ pro op.s TF is said t o conver ge 
k 

completely i~~ 
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TF g (y) - TFdy) -+ 0 for All y f.: P c ~nd nIl g f.: C . 
k 

.ThcorCD 

If F i. nne'. P 2 .'lr e (:. . f. s, then Tp 
i. 

T F = T . F = Tl!' * E 
. ~ 5{. 

Proof 

i 2 
p 

= Tp jd3'+Z) dF
2 

(2) 
l' 

2 i 

elF (z), by Fubini's The orem , 
2 

Tn g) (y), for nIl y f.: R end for a ll ~ f.: C. 
-'-' 

2 1 

The use of li'ubini' s Theorem is jus tif i cd : 

~(y+x+z) is n continuous function of x nnd z , s i n c e 

~ is continuous; 

./Jl g (y+x+z) I dF 1 (x) 

Hnlnos , p . 147). 

dF (z) ,;; Ileli . (LoDvo, 11 , 136; 
2 
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A function F on R is s~i~ to be composed of 

d.f.s F .'J.nd F (or;is the convolution of F and F ) , 
i 2 i 2 

Y.Ti tten F = Ii' '~F, iff 

F(Y) = !F(Y-:) dF 2 (x) , Y c R, . ,here it io "ssunecl 
:I.. 2: 

thQt F (~) = F (~) = 0; then r - '" ;~ F = F 
i 2 i 2 2 

( I.,oeve , p. 193) . 

Let F ( Y) = F 
1 

* F (y) = I~" (y- x) dF (x) , 
2 J i 2 

l et s < b ~n~ le t s = x 
Dc:) 

< •••• • • < 

. .'i th sup(x - xnk ) --> 0 as n --> 00. 
k n,k+1 

Then for every: t C s nd Y c R, 

= lim I~(Y+Xnk) F[Xnk , xn k+-\ ) 
n ' , 

k 

= lim ~(y+xnk) fF:f. [xnk - u , x 
n L-. 

n,k+1 

k 

= If: e(y+x) elF (x- u) d.,~ (u) :f. 2 

x = b n,kn +1 

-u) dF (u) 
2 

.:~ F 
:l 



= !fb
-

U 

z(y+x+u) 
, c.-u 

14 

cW (x) elF (u) 
i 2 

Therefore, 1c ttinc: 0. .... -00 ,~,n(l b .... +00, 

TF~(Y) = TF T:B' I3(Y), by Fubini's Theorcn. 
i 2 

The second :p~rt of the proof is simi1: .r to the 

proof of the co:::po Gition theorem (Loeve,p.193) . 
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3 A COY-1DITION FOR i~ IINI'.'IR 

OITRATOR TO :JE A PROBABHITY OPPRATOR 

'rho fol lo\'!ing 101 'Eln i s a convcm i cn t tool in 

the thoorem of t h is !s oction, sinco '.'f O T.1C'.y r es trict 

our 2. tton tion fr OD C to the cl1.,ss !i of [,,11 non-

i ncre:cc inc: con ti,nuous femctions bounded by 0 ~,nd 1. 

If t ',fO continuous line ~,:r oper n t ors, ~, [,nel:G, on C 

['. r o cCluCl l on the clelDs of a ll non-incrcncing 

can tinuous func t ions bOlffi(lcd by 0 and 1, t hon , 

A = B 0:1 C. 

By hypothesis, A ;::: B on H. 

Siaco ev e ry :fune tion i n t~1U s :~ t, M of' nI l 
i 

non- rl ccr 0 _sin,:.: conti:'1uous .func t ions bound...,c. b:~r 0 ".l1c. 

1 is ~ diff J r enc0 of t·o rno:~~rc of " f = B on M • 
:l 

TO t €' > 0 b e ::e rb j tr '!ry bu t fizc(~, cuch tIn t 

€' ,,; it; lc t c: he " 'l~' i'j,;:ccl nOi·lnc r of C . ',,'hOll ; '0 sholl 
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cons.tr,uc t D. se t of' f'u."lctioHG l\: r; Mic e: ,.-.n.r.." Get of 

cons t~ ;1 ts 2.k (I ~;k I <:: 1 ) , k = :!:1, 2:2 , •• •• • • • , such 

00 

t hc.t Ii::: - ::- (0) - \' L, 
k := -00 

Sinc e L is bOlrtlUCC!. Gn d. con tinll..Ou.c.. or;. R? it ic 

lli"l iforr~lj~ c on tinu0US on 

Thus ther e exict,[j rS 1 = S (r;) = 
1 n 

such the. t 1 on 
1 

[0, 1], I::: (x) - g (y; I < ~, fo r I x - y I 

Then if 0 ~ ~ ~ 0' 

'7here h (x) r; 
1 

b ( x ) = 0 fo r 
1 

= 1 for 

10. I r; 
~ 1 . < 1+ 1 

l\:(x) = 0 for 

= 1 r op 

(

, 0 , 

D'k = fT .i{U ) -" . :l 

Then i f C ~ x 

''1 such t;·~r. t 
i 

y: .:; 0 

x ;;: " l et 0 
1 

LLt ''lk(x) E: 

-r ~ ( J.:-l) S ~ 

1 

~ ,. ~ ~- ,~':' ; l e t 
1 

8- = 
1 

" . , b e 
1 

c: (k:'''IU' ) , f or k = 
1 

= 1 , 

dO' , 
; -

1 

cho fJcn 

< 20' • 
1 

" (0 ' '_ I , then 

GO tk.t 

b ] • 
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nt 

le(x) - z(o) - )' 

k = 1 

~hi r, T.Jethod r.;ety b e ctpplie cl to the inte rvr,ls Ii, 2J, 

[2, 3J'Qo.o o o~. l~ 3llCc8so i on . Since [0, ro}is the 

e,"ch o~ ":'hich l .(12 r.:; on .. .fini to numbor' of " ' .. 

follows thet there is a SCQllv lce !~:l 0i' 

such thr.t 00 

Ig(;:) - g(e) - \/ ~k~(X) 1 
- , 

c < - for x > 0 0 2 

1 

~'" .0, it 

e l u ,:ents 

The s criGs tcr !'l:in:J. t8s for fixed f'i!li tc x ::nd is thus 

convergen t for o:"). c 11 x cR . The S::Llne type of process 

EL.Y no':.' be applied to ( - 00 , O}, us i n c; it in place 

of :.! • Thus 
i 

Id x) - do) -

-1 

)"' The series 
._ ' 
k = 

- 1 

)' 
k _. 



Gnd 

00 

\' 
L 
k = 1 
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constrrnts (!akl / l' -:::: ) ::mc_ t he ~(lrc sui t'.:bly chosen 

00 

mc;mbers of' ~.7 1,..1;.: 0 

i 
)' [\kh (x) k . is n con tinuous 
'-
k = - 00 

€ function of x Gnd is bounded by 2 

Therefore 

IIAg - 3e ll 

.; (11All + ils:!)€" + 111,(,, (0)) - B(C( o) 11 

,----
+ LY-",hk - Bhkll 

k 

.; ( IIAI! + liB II) € I since A = B on : '\.'11 • 
i 

Since € is nr 1Jitro.ry ::.nd II{,II + IIDII is finite , 

A8 = B: for ell ~ € C. Thus A = B on C; t he proof 

i s cOr.lplete . 
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If p~(x) = 1 for x > a 
,-.I. 

= 0 for x ~ [1, then F 
So 

is cellod o. 

dogenerate d.L (:'oeve,p .202) . The pro op. corres-

pondinc; to P is 
[1 

Tr ,} (y) = I g (y + x) dP 2 (x) 

= g(y + 0). 

The linear opere, tor T
Q

, a c R , definE;Q, frorr 

C onto C, by T0 g (X) = g(& .~ x) is coIled n dcgcner-
c . 

Ct 'co pr 0 op •. 

8. The orem 

_\ necosLnry .:.nd suf'::'icicn t condi tj.on for :: linear 

c:ncr,:'.tor T, fro;" C into C, to ·oe cpr. op . i::; th'i t 

T be ::: positive contr::cticn opcr'1tor thf'.t commutes 

. 'i t h every de::cner~. '~{' :': PI'. oj:!. 

If II is ::: el.f. then IITji'11 '" 1, Tp io positive 

c:.nd TFT., = T T7;1; tho necessity is prov(2d. _ Q l' 

To prove the oufficiency, 0 d . f . F corre s-

ponding to T is definE;d, then Tp is proved to be 
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equo.l to T on M; the result then f'ollows by lcmma. 

30.. 

Let 1 if' " 
1 

eny = z y - n 

= 0 if' z , y ,. 

= -n( z - y) if' y - 1 
n < z < y, for n = 19 2 , 

.. " ... Gnd all y c R. Then 0 " Tg "ny " 1 C'.nd, 

if' n > n then, eniy " gn y' so 
i 2 

2 

Tg (z)" n y 
Tg (z), f'or all y 2nd z cR. 

n y 
i 2 

Thus lim Tt; (z) (;;;is ts f'or ::111 y and z cR. ny 
n 

gny " gny , 
:1. 2 

Fo(Y ) = lim 
i n 

" lim 
n 

lim Tg (0). If' Y 
n ny :1. 

so 

Tg ny ( 0) 
i 

Tgny (0) = F (y). 
a 2 

2 

" Y 2 
then 

Obviously 0 " F (y) " 1. a 

Let F(y) = Fo(Y) if' Y is Q point of' lof't 

continuity of' F, a 

= Fo(Y - 0) if' Y is a point of' lof't 

discontinuity of' Fa. 
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The:.1. F is ;-:-. d.i'. ( Locvc , l? 175) y en.c., if C(:r'o) is 

the continFi t~T sat of' F 0 in R then, F = F on o 

C(Fo ) 0 C(I"o) is dcm~" i1' R: C(F:;} = R. 

No\"! (Tg ) ( ;. ) ny' . 

= ('1 T ) [g ( z; I ( 0), by hypo the 8 i G, 
X ny 

x(z)l(o), since z + x ~ y ~ z < y - x 

= Tg _ x(o); c. flimi l ·}r result holds ';:ith TT01 n,y ~ 

in place of T. 

lim 
n 

~?:'y clefini t ion of' F, 

T IT (0) 
'~ny 

lim TFC:n/O) '" p(;:!), for ,,11 J E R( I. 
n 

~. \ '., / .. 

Thus lim (T - TF ) en} 0) ~ 0, if Y c C (F 0) • 
n 

TheP Gfore lim (T - TF ) gny( x) = 0, ii' 
n 

y £ X -} C(F ), Ylhcre x + C(F ) denot~s the set o 0 

[x + z 
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Lc t T be o.n~r 3~j t cle:DSG in R " Lc t E b e 0.. 

Qxist -

o'l1.d 1'1 = .~,: ( t 9 :3) such t.l~f1 t 

x 
llg - C;(oo ) - )' 

k = 1 

Le t x 9·O~.G. xK i 
be such th~t 

C;(x ) - c;( <Xl ) = c , c:(x ) - g(x , = € 9 " 0 " , <. , 
i 2 i 

be f inite, thus g(-oo ) :;; Kc + 13 (00) . 

x > X 
i 2 

> oeo" •• • > X K " 

Let 0 C(e ,ee) 1 
min (x = = 0" - x 

r r - 2 :; r :;; K 

let "1 = ;'1(0 , C) = [~J + l. Le t Yk 0 I, ., 
',' 

X, 
..:.\:. 

+ ? r'--: 
~ , . 

K 

Le t G(x) = g(];) - c;(oo ) -)' 

k = 1 

- 1) 

]{ = 

c.nd 

1, •.• K , 



n " IT .. Then 

0(x ) = 0, 
:L 

f'.n.d so 0110 

I G( x) I " 0 

I o( x) I ,;; 0 

Thus IO(x) I 
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for 

for 

,;; 

" " 

-
~ 

-. 

x > 

x 
:L 

for 

Therefore 1I:::(x) - [:: (00) - L. 
k = 1 

n ~ N. 

> 

There i s :-.n x 0 R such t.h · t 

!\ T.~ - T. "':\ < .8' '''' , 

of the norm . 

?y the c.ppr o:-.:Lmrc tion to e: , 

K 

< ITl::: - [:(0') - r 
l{ = 1 

1< 

+ ITr !g - S(M) - .)' 

k -- 1 

+ I (T - Tp)< I. [" (00) 

K 

+ oj' I ('J.' - r:L'_-,) 
1" 

p ' (x) I 
c ny . 

k 
k = 1 

+ E' 

x , 
~ 

x > x , G( x ) = 0, 
n 2 

"111 x f; R. 



Insert the following beitween 

Mo . " (L.7) and liThe proof 

If we n0Y! prove that T1 
will follow that T = TF .on 

the ab:ove inequalities, since 
(T - TF )1 (x) gC",) = 

Let gk(x) = 1 k + 1/4 

" • . • T = TF vn 
is complete . "( L. 8). 

= TF1 , then it 

M , from 

("-

.;; x .; k + 3/4 

= 0 x .; k - 1/L( or x ~ k + 5/4 
line '~. r k - 1/4 to k + 1/L( :from 0 to 1 
linecT k + 3/4 to k + 5/4 from 1 t o 0 

Then 1 (xi = and gk is the difference 

of t wo m(';mbers of Bo ' so tho. t (T - T};) gk = 0 

Therefor e 

II (T - Tt;»1 II 

.;; r II (T - TF ) gkll 
k 

= 0 '. 

• 
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K 

.; 3£ + £ L I (T -

k = 1 

Therefore 

'K 

.; 3£ + £ )' 

k <= - 1 

I lim 
11 

(T-TF)g (x)l. nYk 

If the dense set I is chosen to be x + C(Fo )' then, 

lim I (T - TF ) g (x) I = O. 
n nYk 

Therefore IITg - Tp.gll .; 3£; hence T = TF on M. 

The proof is complete. 

The above theor em corresponds , for pro op.s to 

Bochner's Theorem (Loeve, p. 207), for ch. 'f. s. The 

following lemma permits us to reduce the conditions 

in the,orem 3b. 

c Lemma 

If T £ [cJ commutes n ith Tx for every x £ H, which 

is a set of real numbers that gener 2tc s an Qdditive 
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e"roup donso in R then T commutes with eve ry 

~ocencr~tc prob~bility oper~ tor. 

If x 2nd y € H, then 

7 T;:: T TT T 
- j{ -x x - x 

= T"T .'1n e1 -x 

T T T x y 

= TT rn x y 

= TT x + y 

Thu s T commu t (, s ':; i th 'i' ";:h .:: r e x is in the c.cWi tivc _·x' 

f.roup f, enerate c1. by 1'0 

l c.. mrn c:. 32 ) 'rT:X = T J:: ~ 0 ~ ix x £ ~ .:::nd C £ J f, t~en 

[!, is uniforml;:.'" continuous on ~:t . I·ct xn b e 8. 

s cqUC)ll.CC of 1'0:', ). numbcl's, in th.) 8.ddi ti v c g roup 

CO!lc r a t ed oy II , t Gr..r:' i ;".1Z to x. 
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IT Tg (y) - ~~ (y\1 x ~ · ..Lx ~ I 

+ 1'1'("( -· 'z' .- 1..-;' \., '",'" .J 
"-

-4 0 ,::. 8 Xn -+ X, stncc Irg is c onti!1uous ':.'.nd 

s up I e (xn + z) - p; (x + z) I -> 0 e s x -+ X 0 

n z f: R 

The proof is cO~lpl c te. 

Using t h i s l emmCl the Gktcment of theorCD 

3]) . may b0 r educed, since it i s only r.:;\'.\.;ir(.d 
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4 
OF LIKE!J( OPERATOR 

'.".'e hnve defined a partial ordering in [e] 'by 

A :;; B iff Af ,;; Bf for a ll fee ~;nd 0 ,.. f, :md 

have noted thc;t e is u partially orderc:::<l vector 

space. It can be sho';m that [e] is not 2. voJctor 

lattice (sec appen d ix B). This difficulty is not 

serious, as the linear operators that are considere d 

form n lattice. Befor e this is prov::;d some prelim-

inary definitions and results will be eiven. 

Let ED deno te the B-sp,:'\ce of Qll bounded 

functions on R <lith norm :;[:0 = sup I g(x) I. 
x C R 

[e] is 0. closed line0.r SUbspD.ce of BD. Por A € [e] 

define /j + as follo./s : 

if 0 ,,; f f: e, 

A+f (x) = sup !Ag(x) o ,~ g " f; C c e 1, and for 

general f c ' e, !~ + f '" ; + (fUO) - A + ( - (fnO»). 

A+ is a lino o.:. r opere-tor froEl e into rlD . 

" -\- '\ In eencrQl I'A f ·, 

,,'" I' :," 1:f11 ,... ~ 'I r. +f'; 
-.:::: : . .A:~' . :1 v.n Q so ;: .r.l. " 

•<'., 2 ~1" '\1 ti f :' . .t. of !1 • 
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J_ 

From this ~.nd by ('-efini tion 0:1" 1,' fit follo"-s thCl t 

+ . L ~s -::n opere, tor from C into BIl. The result thct 

+ ~ ~ A cf = c/' f, .,here c I; R <::nd I' I; C, ' -ill :;'0110'7 in 

g0ncr 0 1 if it holds for c ~ 0 ~nf 0 ~ f; the l~ ttcr 

follows from 

sup \ !"cgl,,) 
~ .. . ". \ ~ .. : 0 ~ cg ~; cf" cO'I;c1 , ,~ 

+ ( , ;::: ell f' x) D 

+( ) + + It only rcn.: ins to prove th,:, t A f + h, = ." f + ,~, h, 

for :.'..11 f :J.n!:7. h € C. :.rhis 'will follo'/! in gC:l3re.l 

if it hollis for 0 < f and 0 <; h. The follo ',:i , c; 

ineo,ue,li tics prove the p fl rticulr-:r C ~_8e: 

A+(f + h)(x) ~ sUldA(c:- + k)(x) : 0 c: !:- '" f, 0 < k,. hl 

= A + f( x) + A +h(z) ::',nd 

= GuPi l ( p:(',f) (x) + A(Cnh) (x; 

'+f('\ + f,-ch(x\, .::.:: .d. :x. j .. 

If 0 :::; f, -Chen ', +f(x) ~ 0 

row by the "'bovu ;,+ will be Q member of [cJ 

iff~+(C) C C. This will folIo\': iff A+f ic continuous 

for every f such thC'. tO e fCC . We prove th::" t this 
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holcls iff ,+ ,., 1 is continuous . 

Iet € :- 0 be ~' i:z:(:d but ,lrb i. tr - r y • :f.·et f ~ ° be 

f i xecl memb :,r of C ~.ncl x 
_. 

fi x ed member of ~ . If 

G > 0, den ote [z : Iz - xl , tj by ::(x, 6' . ~h~re 

i s [": gee s1.l.ch th':i t 0 < c ": f and 

!~ + f' (x) < Ag (x) + ~ ancl 0. d'1 = t ~ (x, E:, r;) such tho. t 

!Jl.c( x) - A;; (Y) I < ; for y c K(x,O, i . 
,. 

< ' -' (x \ '-(.; 1 -

< E, for y C X(x, t ) . 

(;xists ~ f' .... v 
2 

> 0 thet 

+() +(' A h x - A h y)< ~, for '. C X(x, J ), wh~r0 
~. a 

h - ~:fll - .p . 
- " , .l 

Since f' ... - h, 

p/f'(x) - ll+f(y) 

= !: f!! L'.+1 (x) - 1,+ 1 (y;; ~ t +h( x ) - Jl.+h(Y) 1 
> "f iJL'+ 1(x) ! +1(y)l - ~ f or y CeJ ( x, tz.)' Thus 

A+f will be continuous c t ;; if there is ~ t > 0 
3 

a 
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TLe: 10. tt(;r ··.· ill hell'. 1):;' the d10ve 

is continuouG at x • 

. Thc.~ 

iff' + A j 

If'1. c:: [C] cOY:1L:ute r. ;:ith (overy df}sener ,c.te pro OPe 

thc;rE) is 8. f'unction f,l, of' boundec. v - ri::.tion on R, 

such th;"t 
.-

-',[iCy) '" jg(x + y l d;.((x), f'or 'l ll gee :md ~:ll y E: R • 

.. (; prove, firstly, th,. :t if' 1. commutes with every 

dc:senerCtte pro OP e tl:en ;,. +ci.C). 'ly c, previous 

rewC'.rk, to prove this \:'8 hc.ve only to "hOVI thc.t 

A+1 is continuous. 

If 0 ~ f' c C, th~n 

'" ~upi "I' r;( -') 0 c ~~ fY ..- T f' T r c cl ..:> _J. . • . y .J ~ - y -" 
.< y , y ~ 

" 

'" SUP!TyAr:;(X) 0 ..- . ~ ( f, c • e 6] , ..::, 

" 

since T C '" C Qnc1 m ..- Tyf' '" r; - f', 
Y .LyfJ .< ~ 



'" cup !J\5(x + y; 
= f;+f(x + y) 
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o ~ e ~ f, g c CJ 

= TyA+f'(x) • Applyi nG this to 1 we obtClin 

A+1(Y) '" A+T : (0 ) y . 

'" (l,+(T .\ \ 10" 
~ Y I \ I 

= A+1(0) for ~ ll y e R. This impl i es tha t 

+ A -1 is Cl cons t ::ln t ,:~ ncl is thuG con tinUOTIl8 . 

- ·£'1.1 then A- e C. 

~ -
If 0 c: f, then Af ." _'.' f s o t he, to,;: .t f. P, :cnce 

" +T T " + j., = .f'l.., 

Y Y 
on the Bot of pos i tive 

+ func tions in C, it fo llo"'s th<:l t .'\ , D.nO. hence (l, , 

commutes vlith every de:;enera t e pr, op . Thus 

L ::md A~ ar e positive contr~ . c -('ion op erators 
. ro.+ . :i A-'; 
~'"l.. , , .n.. . ~ 

tha t commute ,-11 th over y rlegen or8.t e pro op . They 

sr:. ti sfy th :::: conditions of t he t b.eor e;n j.n section 3, 

so there exint d. 0 i.~ • S P 
+ 

and F such t::./2 t 

A+ _ g (~T ) 
i 

y) dF (x) '" r(y + u _. 
+ 

I~A +\1 
?,nd 

- g ( y~ jg(x y l dF_ (x) . L.... = + 
. , - ;1 
,A i t 



32 

: ince t··! is t he d. iff"rGnc c of t " o cl0noton1c lJOunded 

functions i t is ~ f unction of bounucd v ::.;ri -.tion 

(D. ~nd ~ .• p.350; quain, p.102) . 

The comment :.c t the .:;nel of l '~mm:,. 3c i s Epplic:lblC 

to the bov(; t hCON"Jn . 
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5 

A prob ~.bili ty sp ," cc (.\1 , ()., p) , is a nori~ed 

over .\1 flnd P is :c. DC. 3urc c1cf'ine d on CiL such th ..... t 

1' ( .\1 ) = 1 ( r.ocv~ ,p. 150; Eal l,lo3,p . 191) . Throughout 

th8 follO'.!in:c; cliccuscion it ,-,.'ill be 2coul!lGd that 

t!L.! pr.. spe.c c ia fix(~d • .I.~ r.?ndon v :'.ri;""1.1 1e (r . v .. ) 

the a-- f i e l cl in R is th '; 30r81 a-- i' i c 1d I, . Corresponci-

inc; to the r.v. X, on t he pro SP[l.C8 (.\1, ft, p), 

thor e ic ,,=,, non-nG :,"c·. ttvc S0t functton P
X

' c:,. l loc1 

tho distribution of' ~: , definod b y F 12 = p [x : x 0 .\1 , 

X(x) 0 S J for SoD. :;Ox io " pr o on th0 a-- ~1:::8brn 

B; hence Z !3c:ner.r:~ t8s 9 on i t s r :'n,c::e op ·. CC ~ ~ 

pr o sp:~ ce (R, Il, PX ) (I ,00ve,p,166). To tl lC pro J'x 

on B th(; r8 corr8 sponds Q unioue d,f. P
x 

def inccl 

on R b~' :D' .... ( ;: ) ~ ~,_ .( -oo, x) = ;'[y: y o.\1 , ::(y) < xJ. 

A sequence. ;' n of' r . v , ~ is s ', id to conv8rc;e in pro 
j) 

to 8. r L v,--.l.? '."ri t tsn Y
n 
~ X9 i f'f' 

pi x : x 0.\1, I:: (x) - x(x)1 ? oj ~ 0 , for every 
n 

c -> 0 " The chc~p '-. c t~ I' isti c i'uncti·:,n( ch. 1' .. ) of a 
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d.f.F is defined ~y feu) 
J
" iu;c 

= G 

( - 18'r-\ J.oc..vo,p .. JI" 

There is ::: one-Qne corrospondcncc b(-::twccn 

distributions y c1 .. .f .. s (up to [tc1(litiv ~; const~::'1.ts) jl 

ch.f.s ;~ncl pro op.s • The one-on e corr c' sponc1ence 

lJe t ween c.istrib1.ctions i1nd. cl .f. s (up to adc'.i tive 

consta nts), is cst:::blishcd in I·oeve on PC'.CC 96; 

b·: .t1N,,~· n cl . f,s (up to C\c'ditive CO'lCt~;l tS ) Em.·J 

ch . f. s follows from the inver sion forDul::, i'or 

c11.:f.s (Locvc,p.186), :md between d.i'.s (up to 

additiv e cons t~nts) ~ncl pr.op.s is proved in l.a. 

Thus dis tr ibutions, eLLs (up to ndditivQ constants ), 

ch.f.s cmcl pr.op.s repres::m t the s,me D-.them~· t ic ~ ·. l 

concept, ca: l ed 2 pro lew (or l aw). I l~w is 

clenot:::d by 1 :md if the d .f., correspondinG to 

the 10.'.7 , is the ct.:E. 0:(' P. r "vo ;: then the l(:~vi is 

\':r i ttcn i (~:) . This view is str c.nr;thcnucl l)y t.he 

follo~inz corrcspond~nc0s: 

F *F = F < f f = f 
1 2 1 2 

TF TF = 'l' (Loeve ,p.lq::;) , .. F 
1 2 

whore corr csponc'.ing subscripts denotL.. corr csTlondine 

ch.:.::. ... . . ] ~nd d.f .. s. The l-::.r.~ t, correspoYl':-:"inc to '~he 
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cho i' . f, is c : icl -Co b3 compo sed oi' the 1['.'. :8 d 2nc1 
i 

1~, corrosponrUnc: to 'chc ch. f. s J: end f' , d~,no ted 
... 1. 2 

,,; L = i ~i., iff' f = :r:- f . Comple tc cOl1v(;rc;cnc o 
i 2 1 2 

of (1.Ls up to ,:;d(j. tive constnnts iB cquiv:'. l cnt to 

poin tu/i :c co~:.ver;::cnc .:: 0:[' the carre ",;ponc1in:; ch. f. s 

o.no. '~o complc te conv8rgcnce 

pro OP . . s . :. 3cauc,ncc £ of .. n 

of the corrospon(Jine: 

l~.ws , 

d . f. s F n' is D ,' i d to converge to 

corrc spondinc: to 

, 1'''1/ - '- , . , 
corresponding to - d.:r. :,", i ff "' ~ Ii' 1m to fldd itivc -' n 

const:\nts . 

The above perC'.:::r.~ph m~ :r b e sU!i1D~. ris()c1 cIS 

fol lo~s: if corronpondinc l ~us, d . f. s, ch. f.s ~nd 

pr.op . s hr.ve the l, -.; .'0 subscr ipt, then 

1=/ 
i 2 

<> F = F (up -('0 o."~clt ti Vf:; t .) con;:. -;.'.l1."'CS 
i 2 

'" f' = _0 
~ 

i 2 

'" T = T 
i 2 

1 =/ ,:iJ 
ji 2 

... F - P. '~F (--'h .; rc F h",; = p. h,,,) -- 0) 
i i "2 i 2 .. f' = -F' f' ~ 

i 2 

T = T T c.nd 
i 2 



36 

;[ -> i 
n 

.;:. F 9, F (up to r:Hldi ti ve; cons t~n ts) , 'n 

"' ~n -> f 

for :' 11 y t R ,' :l.d .",11 c; t Co 

Tho uB8fulness of chof.B in the rLprosent~ tion 

of Pl'. laws is th:"1,t ch,i' of, ' cre i(i:' a lly sui teel, to 

1 . 1 l' c , ..... SS:Lcr. :~nr: y S1E; chc fo S 'J.re con t.tnuous bOWlded 

complex conjug~.tc O:L D. cho£'" of' ::: rov,,;= coY'responc1s 

" Ff­to the r.v. -X; ... :;:f.:r;-F ·. ·n! . .-f~ D. r.Vg iG [:!jT~i":1ctric 

( . 11 1 ' . l'~f n,'.' f'"r i', reV. 18 en (;(!. S:/"tL l....;l·rlc.... t 

X(:.') < ;d = "'[y : y t 12, x (y) > - x l); poLt1, ioe 

COnV8r~(;nCC of ch.f oL corrosponds to convergence 

of th0ir 1:-;"W8; poin t,,:isc convergenco of' the 

indefinite int~ : ~r· . ls of ch.i'oc corr .~8~on~c to 

tho usu~~ l opc r ).tions:; on. -C·lle comp l ex f' l.lll.cti c 

of' , ...... rC ~· . l vr·.ri::~hlc~ -- nplicd to r: ch .. :2" h:.-tve 

corre sponclinr: oper:.;, t:i.ons o f inter, ' ] t i:'l pro th80ry. 

Another adv(',nt",cc of ch.f.s L given " p~rticul~r 

d .• · f~o (r~ . ,'·' ·_', ~,·or·,I."'. I.',', ~ · }l~ corrcsponcil'nry ch? m w _ _ '.J , J .. ~'; ,. . _ b .:._ < • ..!... 1 . . 1,,· 

He c.h . ~ 
-r e 0..1 

IS 
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of'-i:.cn DC;. '.\·Ti ·~, t. 11. dO'lt'ln . S 2.n oj"plic1 t :Lunction in 

terms cr cll:;;-':1cnt::.I'Y :\. 'u~lct :l. onL; this in i .1lport":':1. t 

so pr .. o:t1. S :'.r e: [:ui t .:: .:~. to the th{;ory of 1 inc.:'.r 

equi val cn t to converg ence of' their 1 ': '8. ' n 0 por", tion 

on pr.op . c corrr, sponrlinC': to the' co ,pl ex conjuc;::: t c 

of' G ch. f . h~18 not oc;(n ':ivcn . ~ho line'1r opc-r - tor 

m J,p is 

T is 
F 

c1cfin,: cl for 

c, pr. op. 

"',II gte, - (\ by T~;,,: \ ~r : = 

= ~'_ X. Th8 (1. f'. of 

1 - 11\,_( -)( + 0), thUG 

- (\ Tvf. y, 
.1 ".. 

= Jg(y - x) dl'~ :(x) 

= -I r' (~, ,:, x) (11':::( - Y:) 

= j r.(y + x\ rll:! (v'J ' " , ,. ,. - ::-:. ", , since 

F(-x + 0) = F(-x) on C(F), so 'h2 t 

-.(.Locve,p .149) • 

! f. (Y - x) rlF(x). 

_ is 
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T ~~ --x TX = T . X. 

The opc r ;:tion Tp to Tp on pr.op.s is continuous. 

Given t > 0, l e t I! Tp - Tp 'II < ~, then 
1 2 

li T - T II F F ' 
1 Ii 

" IITF g - TF gil + f. f'o r some c; • • Ilgll " 1, 
1 2 

" I TF dy) TF C(y)1 t for R, - + 2' SOEl0 Y C 

1 2 

IT f(O) T f( 0) I e where f'(x) g(y x) • = - + :2' = -
1 2 

" liT 1 - T 2!1 + ~ < Co 

The usc of' prob~,bili ty ope r ntors in pro theory 

is best illustr. t ed by Trotter's proof (,-'rotter) 

of the clnssicel norm : l conver~cncc criterion 

(or clnG Gic ·~ l ccntr~l limit thoor :n) . Rao US t.S 

pr.op.s - if' :; j~ c (x + y) dF(x~ . 

r!hore F i3 the ~J. .1'. C()rr0Lpondi~r: t.o the r. V. -lC -

the clns cical norcal convGra enCL criterion (Rno). 

C'r .op. G provide C'.'.10thcr tool in pro~ , :'bili t;\' th:::ory 
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for :.:i. purpose sui tL/L to ::. t ::. ::3('1f . Tb .... ro iG on ..... 

ch . f • c: ,.1 pr . op. oi' ['. ,:"i ven ('to f. ' 1 ' y no t be ',!ri t t on 

'-'-0\','i1 o :plici tly in the 8 Cl mc "' ,'y tl". t tho ch . f. 

"lr y be ( . - Lh ' C'1 ~ ., ' ~; 0 ... ' • t... . '.) J • .L 0 0 '" th" Irq --(0 .1. J .• I... _ '. , . ..1 , 1) is 

f'orr1 0:[' conVvr£!>..:'nc c· o:L' pr" op .. f] .. The topolo.~:·y in 

';,'hich convur[';(.HcL' of pr. op . s corr" ,'ponds to , 'vlk 

convcrc ..:.:l1. c:.., 01.' cl .. f .. o mu:: t bi. ",-:c.- k .. ,r th::n the 

topolo ;:';' in ',:nich the " . 1' . C comTi,r~: L. cO;,lploto ly , 

Thl; fir'c,lt cri t e rioH for ,'::" .1: COHVl~ r,~'Onc () 

Lc t C bo -1:.h _ 8ubsp ~'. c o of C, ' -ho:J '~ nor l~)L. P8 Ol c-.nish o 

:'. t im' in i t.~, - t hU'; if :' €' Co J,i::\ ~~ (x) = O. ThG 
X --+ - 00 

follo\!ine r c suI t hal ~f:j: 

F n ~ F (up to :.~c.. c1i ti v (: eona t ::n t 3 ) if' 9 '-~nd onl;y if' , 

Tr. f!.(y) .... TFc:(Y) for (,, 11 y €' R -n-'. ,-11 
n 

c C • o 
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Thi... proof i ::.. oi :.dl .r to t r.,· t of' r (;:...ul t ,2Do I n~...: tc --::cl 

Tn pl::'.c c 01' t l l C r.;n f [) el i; !, j n.:,d in 2~ ) on,; u s C :-:' f'unc tion 

iYl tc rv ' 1. 

l',~ ~. 1 __ l· -_~0.· .·.r ap- c( ~h ' -l vi' ~ -not·~ thr C '~ -\ C ' _ .1 ..... ,,) .. ~ ; '-'J..L.,1 '.~ C; 'J'J v .... I_' ~I.:" ._ 

.~ 

::;11 linc; :, r J.'uIl.ctionalson V. Cn[l[. t r of 'Ill. 

c : .11. c' tot,~ l if, '.n:'. Dnly if , fe-' = t) for 

0.11 f f: r , i : ·.pli . 8 x = 0 (m"'110r p 1';-1, ') -1. . . ... ~ <. .. ' -' " 

of' 

l· <' ,J 

d~,no t ~ the 1 in .. "r ,= p.- c,; cene r ". t eel_ b ;" -.11 pr . oJ:> . s-

\9 C [C] . If T f: t he:l1 thc r :: l' 0 <­

'-
{l continuous on the left a n d of b ound ecL v '~ri - tion 

on R with p(-oo) = 0 E:uch' lv t 

T['(yi = jc(x -l y) d{J( :') for ,ll y c '~ '.n r' ·· f: C. 

I T = f-J-(Y ) 
Y 

j.l. i s t}~ , 

t corrcspond 3 to r:t == 

since 

:function 
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LyC:/~:jJ, + bTV) 

= L (m ) y .C ~fJ -f 11V 

2. fJ(Y) + bV(Y) 

= ,1. T + b T . 'L' 
Y it Y V 

I·~ t C('T') denote, '::hf; cont1nui~:' so t of' the 

[l ,y , Y c c("') J 0 If' T. l' = 0 f'or -:ell y c C(T), then 
y~v 

v(y) = 0 for ~ 11 y c C(~) ~nd sinc~ v i s continuous 

on t~c 1e~t v = o. ' nc1 so 

.--
r(r.c ) i ::.i c. tot,:,. l DUlJC" . t of t.z!- . Th.:.; o.J'. t r(T) IJay be 

used to c1d'1n.c ~: topo10SZ' ~n " , c·.lLr1. t L'; r ('1') 

topo10 ' y of' ',' (T.~:{lor,p . 151 - 153; Dunford ·.ncl 

L T ~ L T for:ll I ,v f r(T). 
~/n yO v 

~· · c.. :_: k conv,:r .~~ c.nc(. of c1 g ,,--'. 3 (up to ~·:lc1 i ti v(, 

const _ntc 1 to - d.f. F 1 2 ~ouiv ' l ~nt to convcr~enc0 



F E, F (up 1:,0 '~.cl("\ i ti V~; cons t :-'.:'.1 1.8; ~ T-:' -I- C n '" n n 
,., 
-4 F, 

1", 
+ c

n 
-'+ F " fill p( - 001 ~ 0 i r,rp1~,r P ,[:'C 178 , :7n 

1N.l Ii' n ( -00) =. O. ThUG the cn ':',P'" ':, CUmC1r1 to bc 

+ c = O. n. 

Th r ,.; for,~ F .... 4 p (up to c.dcli ti v\ .; C O:,l~: 1.. .:- nto) 

.~ .... TF + n 

" T1" -> 

n 

+ C n 

.'. 1. 

-+ f t ~ 
-1" 

C,1 

cL' 
1" :in 

if' 

in the r( 'EF ) topoloCY of' ~ 

trc r(T
F

} topo10 C~' of' ~!? • 
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i'.ppendix A 

A l nw is cnllt.:d norm~l, d0notod by n eb, ('(2), 

if the ch.f. is feu) 
. o;2U 2 ..... = bxp [lub - 2"- ](1,oc:vc,p.215). 

'frottcr not8s in his peper on tloe cl:lssic-c l 

norm ~l conv:,rz 1.1,ce cri tcri,on the'. t the, only 

proportL,s o~ the norm~, l Iml USQd in tho proof 

Gre -,.r, ( 0 , ('(2) = iT (0, .'1 2 ('(2) '.nd 

N(O , 0:2 ) * :,(0 , (;2) = N(O, C(3 + fJ2) . Thus those 

condi tions muc t be au f'ici ,~~ nt t o chc.r .. ctcrisc the 

norw'l 11m; in th:Ls scc tion t his if> prov ... tl by 

ch .f.s . 

A IlCCCSSD.ry :.-::n.d uu.fficien t condi tion tIln t 

come reel a > 0 , i o th~t 

b ;;, 0 . 

l~roof 

If [) 'n is }T (O, ('(2) then feu) = 0 



Delete a:s " H( S) = e for some constant ex ••••. 

........... f'or all x~ 0 ." 

Insert "H( s) = e Cs for some complex 

constant c (p.96, A~z~l, J. , V~rlesungen 

Uber Funktionnlglei~hungen und ihre 

Anwendungen ,1 961 ) • " 

,"fter the tho:::is h".d b"en typed the 

"uthor's ".ttention \7:-:8 dr:-:i!I1 to 1\'<:1£:.51 pa~e 96 

where the S, De result is proved. 
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and tho ch .. i.· . cOPP£:.:Lpon(l inL to 

rou t"'.SBUTllC th,~. t 

/j"X) ,~ fjbX) =i/rf~,2 + b 2 ',: ) for 811 8. ;> 0, 

b ;> o. I,et f(u) bo tho ch . f. of;tC:) . Then 

f(au).f(bu) = f(if~2 + b 2 u) (Iocvc ,p.194). 

l,o t H(X2) = f(:;c); h ,ncG 

'rhoreforo n(slH(t) = E(s -I- t) for ":1 11 s :md t , 0, 
$rNce >Co), )=~, - FIe""-), 

H(O) = f(O) = 11tt:nd l1 is continuous since f lB. 

The solution of this cguction is well kno\\'Il: 

m 

i);- - .<J-_.- • ...,.-----,-. .,..-.--.. .. . .. 

;;>;nd-...ctt<-Bt- ,6::', fl 

~ 1,2 - .. ~~ 
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esm: USC ' I\!:!!\ <;; 1). 

!Il -c 
~ell;Pl ::>l1t:l;1 =,lgI~( ~iii;"'4)==.6-----.:=n9,:=1'@'t;=-~ .. thefl7" ~-'Ven" c- ) ~-tfte-p.s is 

~~.x.)._SU&l\\ .. ;;fl{;t-·+I -ee~x;;;.c;'-_e,~!t..:c:o,\f--<E- ';-,--..aRf} 
<. 

Th'Jref'orc; feu) = R(uD ) = for 8.11 re.:·:j. u. 

Since f is 0 ch . f' . f (-u) = feu), so 

CU2 cu2 
e = c f or :tll rua l u. 

Thl;rcforc c = c nnd 8 0 c is r c -: l. 

\f(u)\ <;; 1, t hue <;; 0, for if 0 then c 1. c c > c > 

If' c = 0 t hen f (u) = 1 for ".11 u € ~({ . 

This i mplies th ,. t :r r.:"':i!,Emer .:c ks 2. t zc; ro (Loe.. V O , p . 202) • 

Thus c < 0 , SC'.Y c (It > 0; t he;n 

_a2 u 2 

f( u) = e ::l 
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!,_ppr;;ldix B 

[c] i [ nnt n v ~ ctor l~ttic~ 

:<io' tLcf in 1.,,_.:'- ,~ p ,-:rticul :_r op,- r ,:'_ t.o r i.n. [C] 

wo sho'.': J~hc.t [c] i ~ ;.~,.ot ........ 12 tti e-- T~ S t~ ction 4 

it ':-2_[" no ted tha t J. + if! lilcmb i..; ! ' of [C] iff 

i G continuous 0 

Dofine. C, by '.-,(v'. = ° .• 'i.....;. tJ I if' y ,~ ° 
= ,~ ( y ) - r~ « () ) i f y > 0. 

r:I.'hC11.Ar:; is ;, cOD."cinu ou3 bO"Lmdcd function, 

+ /._ 1 

~(3e + bf1(y) = cLf(y) + bAf(y), if Y , 0, ~nc1 

A( f'.g + bf) (:{) 

= rcd if) + hf (y) - ' 11 ( 0) - bf ( 0) 

= ~ rg(y) + b!f(y), if Y > 0, 

··-u ,-,_ Iso h :\vc 

!I idl <: iiI! - 7(0)!! " 2!lg!l, so th2t li:, p " 2. 
Thu'cforc A c [C]. 

so A ~·1 (y) = 0 if Y ~ o . 

If Y > 0, t he. n 

:'. + 1 (y) = GUp k (y) - ::; (0) : ° " f! " 1, G c C 1 
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f)' ( ~ ,. '\ 
•. :. .0<\. / -- 0 if' x =' 0 

=' 1 if x ;;. y, 

-+ 
11. 1 ( y) ;;. 1 

-'. (v\ rl'l~crcrore t 1 v ' -- 0 if' Y " 0 

-- I i :.'-' y > 0 

~Phi s ChO',7G tl1 r · t ,', + i [C J. 
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tion of cOl'ltinuou:~ li-'1c':r f'u'1cti ',n:: l f3 on C. A 

if' X i.e <. CO:'1t:i.:l.UOUf:3 lin( ', r J..'unctionc-. l on Cy t·ll .. re 

i::; ('. f'unctj,on jJA cont:i.nuou8 on ' ~,hc I t.,['t~ of 

XF = F-:( ::r ) (ljl(Y) for ,:- vGry gO" C ;:ncl '.'.r fL - lixll . 

(:Ix'l = sup 
Hell ~ 1 

I x:, I ) 

on. Then X, c'ctin_ d by Xc = "c ( 0) , is ~ continuous 

linG _r funct:ion -l on C, 'rhus ho' the 'bovc thcoruJ.l 

- !,_.( ... " '~"(x\ 
- '_ ':~ I • ..:.., ....... ~ } \' ' [:-' ./t .. == 

HO'~ ' j ' !T (v) ... . ". , ., 

= 'r,/.': (()) 

= A(T .-,-', ( 0 ) 
'T.r" , 

" 



= {dx + 
I ' " 

,r',! ,"1 11 (" .- \) .... .,.,... \ " 

J 

',I s o 11 : i! ,;:: : f, (: (~" i -I- € f or SOl]" C' E: C, ',:ith r1cll = 1 , 

'T'h" ·r,'·f'or',' II ',II .. __ \.., '-'_ c; . " I" (T ~rr.) ( n) I 

'" 11: \1 + € 

-I- € 

.. ' Y:~r J1- -I- ~, SO \I" \I ~ Y·-:.r fl.. 

,UCO 11//\ = rUf 1/ 1<' II 
II ::; , = 1 

sup ih'(O)' " , ,I 

lldl .. , 1 

= 1I::t/ 
= VC.r fLo 

ThUG /lA 1/ = Vc-r iJ. . 

11 "11 Ilfl+n .J PfI--11 Tn ~ ' ctl'rn /1 .- .. ..., (1"0' " '1 " = r , I' ,- ". ..' ~ ,,< . .)-- " . ~ , . ., , < .. '-- th -.t 

':~rc :Dr. 011- G . rIhuD the re. 

c.lof. s F .~,nd P such th·· ~. t. 
+ 

-I-

Jf 1'. ,.(,,) = (" -I- y) r'F (x) • ;:ror.' 
':-:-'T. I.., " \ J '-. . .1.. + 

IIr \1 



+ 
" 

Ii :"'±'II 
Ii i: II 

+ 
= " 1(0) " ......... J: --

11 \ ~ /I 

= JdI"+(X) 

;::: Vc.r r 
' ,' 

T~l;, .rc~_>or,; V:.: r P ::::: 1 c 

+ 
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Bi..:C ':'.l!GG 'Lhcy hath provide C'. rLprc B.:nt:-. tion 

of /, c.n.D LI'L.; ; ', 0 th can tinuouc on t 1>.,·, left, 

SC'.:,:;, '·.C 1 :::.. T ~ t p..(') = p(x) - n( ;: ) d L rc. p is 

then p 1"11.(:' n :.:'. 1"C ., .'.on- clc crc "-~ ;: in:~~ :L'i.!.Ylct:Lons . It is 

~~:~;SU:J . ..('1 th.~ t f,.{ - 00] ::::: 0 Qthcr,o'is c. 

i'~( :':) - ;;( - 00) = p(':, \ - n( " } (]ucCin,,,.102\. L., t 

V"'. r)l. ~ V~.r p .:. 'r .r n. 

(' iv(;n t: ;.. 0 , Y £ ": ' .nc. :; £ C oucil th". t 

o :; f' 
j(c( -~,\ 

1, tIle.rc is':n :[' f5 C . 0 ,;; f ': C , ::3Uch th t 

:, ' € +- ,:['1_. ' 
.'. . ... .1' '!'h8reforc 

C' II( "') Lr J\., 



:'"]0 ', 

dx) 

Th.-.:n 

= e + jr(x 
" 

'" 
e + r·(·, ::: ... " 

choose. r; :':'; 0 , 

= 1 i:c' ;~ '" 
:= --n:.;.-: if 
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.- ~r ) 'pc,,', l. _. 

.- ,,) "u(- '\ 
" 

, ..... _., 

tIl .t 

1 --
n 

-! < __ . < 0 
n 

= C' if x ~ o. 

- Ir(;' - y : (1.1'1( :: ) 

1 " - _I 
" 11' 

"" G + p(.....,." y), so by 1 c) f t 

con tinui t~I o :f:' F 
-1-

, 
y) " 

~.T 01.j.- by """'.Dove ~ 

f(~' y) = p(-oo, y) - n( ~, y) 

= 1l!'+I1~\(-()O, y; - lIell? ('"1>;), yJ'm;. so 

n(-oo, y; - IIA- llr (-.o<J, y) 

= p(-oo, YJ - 1/J,+I1}" (-«), y) ~ 0 
+ 

'i'h(~r0forc.; 11.'-1 \1<'_(..,." y) e:; n(-oo, y) ... ne' [.inc(; 

p, n, ~r~ non-dGcreGGi:\~, 

liAIi 

<:; 11;\+11 + 11.,,"-11 
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,.; V" r p + V:·.r n 

= "';. r ~'.r Jk 

= Ii;dl. 

Thcrc~'ore 11 {.Jl = \I:, + /I + 1/ ::-Ij, provi,kd t comJ:lU t " s 

:Ln II"TIl r'l1. i" C: this is ShO'.ill by ty·c fo1107:inrs 

(~cfin{j n 
1. 1:y 

T ~: (y) = , ( y) i:r y ,;; -1 

= - ,- (-1 \ " if -1 -< Y < 0 
'. ! u 

= -:-(1~ 
'-., I y if 0 ~ y < 

, 
i 

= - S(Y) if 1 .. Y 

Th~n T c f C'i 
L 1 ~.n :,,:. 11TH = \I'r+U = 11",-11 = 1-
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