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Abstract 

I investigate some algebras and calculi naturally associated with the sym­

plectic and metric Clifford algebras. In particular, I reformulate the well 

known Lepage decomposition for the symplectic exterior algebra in geomet­

rical form and present some new results relating to the simple subspaces 

of the decomposition. I then present an analogous decomposition for the 

symmetric exterior algebra with a metric. Finally, I extend this symmetric 

exterior algebra into a new calculus for the symmetric differential forms on 

a pseudo-Riemannian manifold. The importance of this calculus lies in its 

potential for the description of bosonic systems in Quantum Theory. 
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Chapter 1 

Introduction 

Quantum theory uses principally two types of algebra. One is character­

istically antisymmetric and based on the commutator bracket. The other 

is symmetric and based on the anticommutator bracket. In a geometrisa­

tion of the Quantum Theory, one would expect each to arise from some well 

defined underlying natural geometrical structure and to be associated with 

some calculus that codifies the content of that structure. 

For the commutator bracket, this expectation is not empty. Its associated 

geometry is the symplectic geometry. Quantum Theory inherits it directly 

from Classical Mechanics through the classical quantisation procedures of 

Heisenberg and Dirac. Symplectic geometry is well understood and well 

developed. It also possesses a substantial body of mathematical knowledge 

behind it. 

The matter is not so clear cut in the case of the anticommutator bracket, 

but it seems that the associated geometry is almost certainly related to a 

pseudo Riemannian structure of the hyperbolic type (that is, of zero signa­

ture). Unlike its symplectic counterpart, this type of geometry is neither 

1 
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well developed nor well understood. In fact it seems that we do not even 

yet have a sufficiently well defined mathematical framework against which 

its distinctive properties may be conveniently discussed. 

The object of this thesis is to investigate aspects of the geometrisation of 

Classical and Quantum Mechanics. In particular, I aim to develop (at least 

in part) a proper framework against which the geometry underlying the anti­

commutator bracket may be understood. But my efforts will not be directed 

exclusively to that objective. Some interesting aspects of the symplectic ge­

ometry are also in need of attention, so a part of this thesis is taken up also 

with those. 

Some of the results that I shall present are already well known. However, I 

rework them in order to cast them into a form more suited to a thoroughgoing 

geometrical outlook. The Lepage decomposition discussed in chapter 2 and 

some of the results on the symplectic geometry in the same chapter are of this 

type. Other results are, to the best of my knowledge, completely new. Among 

these are the generalisation of the Lepage decomposition to the symmetric 

exterior algebra in chapter 3, and the definition of a calculus for symmetric 

forms in chapter 4. 

In the following sections, I shall describe four algebras that form the context 

for the material presented in this thesis. They are the two algebras associated 

with the commutator and the anti-commutator, and two other closely related 

algebras. I shall be concerned principally with the last two. Each of these 

algebras has an associated geometric calculus which facilitates the study of 

its underlying geometry and provides a language for the expression of its 

geometric content. Several of these calculi are well known, but one of them 

in particular does not seem to have been investigated. It fact, it does not 

seem even to have been explicitly identified previously. I shall outline below 
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my interest in it. 

Symmetric exterior algebra 

The symmetric exterior algebra arises naturally in the context of the quanti­

sation of Classical Mechanics. It is associated with the symplectic structure 

of the phase space. 

For a mechanical system with n degrees of freedom, the phase space has 

position coordinates qi and momentum coordinates Pi for i = 1, . .. , n in some 

local coordinate chart. Indigenous to this space is the symplectic two-form 

w = dPi A dqi. This non degenerate form defines an isomorphic map P from the 

vectors to the forms, with inverse ~. The isomorphism immediately selects a 

distinguished two-vector A defined by A := ~w, which allows the symplectic 

structure of the cotangent spaces to be characterised by the expressions 

0 , (1.1) 

This structure is more commonly expressed in terms of the Poisson brackets 

(Fetter and Walecka, 1980 p 198). 

The dynamical information is contained in a Hamiltonian function H (p, q, t) 

on the phase space. The evolution of the system is given by the curve "y( Xoj t) 

passing through the initial point Xo. This curve belongs to a congruence of 

curves satisfying Hamilton's canonical equations, which may be expressed as 

This simple framework contains the basic ingredients of Classical Mechanics. 
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Discussions of similar material may be found in Guillemin and Sternberg 

(1984), Arnold (1978) and Woodhouse (1980). 

One passes to Quantum Mechanics by making the standard replacements 

c/ ----> ri, Ii 8 
Pi ---t 

i 8qJ (1.2) 

The commutators for these operators are 

[c/ , lj - 0, 

[Ii 8 Ii 8 ] -- --
i 8qi ' i 8qk = 0, (1.3) 

[~8~i ' l] - ~cSk 
i )' 

These expressions are similar, but not identical, to those defining the sym­

plectic structure (1.1 ). The symplectic two-vector appearing in the classical 

case is replaced by the commutator bracket in the quantum case. The sym­

plectic structure is still present, however, and for the case of the quantum 

mechanical harmonic oscillator, is made explicit by the transformations 

Here Pi and l are the operators (1.2). b, bt are called the Bose operators 

(Haken 1976 p 16) and satisfy the relations 

These relations define the symplectic Clifford algebra (Bacry and Boon 1987, 

Crumeyrolle, 1990). They may be expressed in the basis independent, slightly 

modified form 

xy - yx = 2w(x,y), 
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where x, y are vectors and xy is the symplectic Clifford product of x and y. 

The symplectic Clifford algebra is isomorphic, as a vector space, to the space 

of symmetric tensors, which we will refer to as the symmetric exterior alge­

bra. This infinite dimensional algebra will be one of the principal structures 

studied in this thesis. 

Antisymmetric exterior algebra 

The antisymmetric exterior algebra arises naturally in the context of Quan­

tum Mechanics. In Quantum theory, anti commutators are common and occur 

for several classes of operators in the form 

xy+yx=2g(x,y), (1.4) 

where x, y are again vectors and 9 is a metric on the vector space. The 

above expression defines the standard metric Clifford algebra. While for 

given dimension a symplectic structure w has only one local canonical form, 

a symmetric structure 9 may be of several kinds, depending on its signa­

ture, each geometrically distinct. The Pauli spin matrices CTi , (i = 1, . .. ,3) 

satisfy this relation when 9 is the three dimensional orthogonal metric of 

the ordinary three dimensional space. The Dirac matrices ,~ (Ji. = 0, .. . ,3) 

satisfy this relation when 9 is the four dimensional spacetime metric. The 

fermionic operators of Quantum Field Theory (see Haken 1976 p 105) satisfy 

the anti commutator expression 

aiaJ + aJai = Oij. 

This expression also takes the form (1.4) in a 2n-dimensional vector space 

with basis {at, ... , an; aL ... , aD, where 9 has the canonical form 
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The recently identified geometry associated with this particular metric has 

been called the cosymp/ectic geometry (Frescura and Lubczonok, 1990, 1991) 

due to its similarities with the symplectic geometry. 

All these Clifford algebras are isomorphic, as vector spaces, to the exterior 

algebra NV') built on their respective vector spaces. Unlike their symplectic 

counterparts, the metric Clifford algebras have been studied in some detail 

(see for instance Benn and Tucker, 1987). The fermionic Clifford algebras 

however appear to be of a new kind not previously studied and need attention. 

The attempt by Frescura and Lubczonok to identify them with a cosymplectic 

structure on the phase space is not very convincing and they now think that 

they are probably better identified with a cosymplectic fibre bundle on the 

phase space (Frescura and Lubczonok, private communication). 

Four algebras 

The two algebras described above are the symmetric exterior algebra V(V) 

with a distinguished antisymmetric two-form w and the antisymmetric exte­

rior algebra NV) with a distinguished symmetric two-form g. In both cases, 

the distinguished forms do not belong to the algebras themselves. There 

is reason to believe that some physical systems require the simultaneous 

existence of both a symplectic and a metric structure for their description 

(Frescura and Lubczonok, 1991). I will not consider such a coexistence here, 

but this possibility leads me to investigate two further algebras, closely re­

lated to the above ones, namely V(V) with a distinguished symmetric form 

g, and NV) with a distinguished antisymmetric form w. In these algebras, 

the distinguished forms have been 'swapped' so that they are elements of the 

algebras themselves. I denote the two new structures by M(V,g) and S(V,w) 

respectively. The four algebras so defined are tabulated in Table (1.1). 
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Calculus on manifolds 

An algebra codifies only the local, pointwise characteristics of a geometrical 

structure. It is natural to consider the ways in which an algebra on a man­

ifold may be exploited to define a calculus codifying nonlocal information 

also. This may always be done for differentiable manifolds by means of the 

exterior differential calculus. This calculus, together with the geometrical 

information, usually contained in a metric, provides a geometrical language 

in which the properties of the manifold may be discussed. In physics, this 

calculus finds one application in the theory of the Dirac equation. In this 

context, the metric is the spacetime metric and the resulting calculus carries 

the physical information and properties of the relativistic electron. 

The Clifford algebra arising from the Dirac matrices is, as we mentioned, 

isomorphic to the exterior algebra constructed on the same vector space. By 

coincidence, or for some more profound reason, the algebra of this physical 

system has been provided with a naturally defined calculus. One is led to ask 

whether this scheme works as well for bosonic systems as it does for fermionic 

ones. Immediately a problem arises in the fact that the bosonic, or symplectic 

Clifford algebra is isomorphic to the infinite dimensional symmetric tensor 

algebra, which has no well developed naturally associated calculus. It is 

these considerations that have motivated us to try to define a calculus for 

the symmetric tensors, with the eventual aim of using the resulting language 

as an apparatus for the discussion of bosonic systems in physics. 

Outline of thesis 

The material in this thesis is organised as follows. 
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In chapter 2, I investigate the symplectic exterior algebra. The main achieve­

ments are a new geometrical interpretation of the Lepage decomposition the­

orem in terms of a direct sum of subspaces, and various results about the 

component subspaces. In broad overview, the chapter is arranged as follows. 

I first review the exterior algebra and introduce a symplectic two-form. In 

doing so I define and investigate several operations that, while not new, are 

not yet in common use and have not been systematically discussed in any 

publications I know. I then use the structures set up to obtain the Lepage 

decomposition theorem. The proof is adapted from proofs of the same the­

orem for Kaehler manifolds . I then investigate the component subspaces of 

the decomposition, giving several completely new results. 

In chapter 3, where I investigate the symmetric exterior algebra with a dis­

tinguished metric, almost all the results are new. I show that this algebra 

may be decomposed in a fashion completely analogous to the exterior Lepage 

decomposition' . The development is almost identical to that in chapter 1. 

After reviewing the algebra of symmetric tensors, a metric is introduced and 

various structures are defined from it. These are used to prove the decom­

position theorem. Again the basic structure of the component subspaces is 

found . 

The purpose of chapter 4 is to present a new, but still tentative calculus 

for the symmetric tensors on a pseudo-Riemannian manifold. This calculus 

exhibits many similarities with the standard exterior differential calculus. We 

have been able to define a symmetric exterior derivative2
, and an associated 

coderivative. The algebraic structures set up in chapter 3 are closely related 

to this calculus. I discuss the use of this calculus in the context of symmetric 

'That this could be done was originally the conjecture of Fabio Frescura. 

2This definition was proposed by Fabio Frescura. 
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Killing forms and Harmonic forms, where we put forward definitions for a 

'Laplace operator' and a 'Dirac operator'. As mentioned above, the objective 

is to use this calculus to investigate bosonic systems in Quantum Mechanics, 

and there are positive indications are that this will be possible. 
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antisymmetric exterior algebra symmetric exterior algebra 

i\(V) V(V) 

metric metric Clifford algebra M(V,g) 

9 xy+yx = 2g(x,y) 

symplectic S (V,w) symplectic Clifford algebra 

w xy - yx = 2w(x,y) 

Table 1.1: The four algebras 



Chapter 2 

Lepage decomposition of the 

symplectic exterior algebra 

The primary result of this chapter is a new interpretation of the Lepage 

decomposition theorem for the symplectic exterior algebra. This decomposi­

tion theorem is proven on Kaehler spaces in several works, including Hodge 

(1941), Chern (1956) and Weil (1958). The result for the symplectic case ap­

pears in Libermann and MarIe (1987), but their presentation, which differs 

from the above authors, is Incomplete. They attribute the result to Lepage, 

who seems to have found it in a matrix context. 

A secondary objective of this chapter is to set up a framework that may be 

adopted in the study of the symmetric exterior algebra in the next chapter. 

Many of the results of that chapter are straightforward generalisations of 

those in the present one. In those cases, the proofs given here will not be 

duplicated. 

The material in this chapter is distributed as follows. 

11 
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I first review the exterior algebra built on a vector space, and in particular 

define generalised interior products. These products, while not new, are not 

in common use, and are often not discussed in any detail. I then introduce 

a symplectic structure by means of the two-form w. Using this structure, 

I define the isomorphisms D and ~. These correspond to the lowering or 

raising of all the indices of antisymmetric tensors . The symplectic structure 

is used to define a volume form n, and a Hodge dual operator. A new 

definition in the context of this algebra, the extended symplectic metric, is 

introduced. This 'metric' provides a lot of information in the sections that 

follow. Two operators Land M are defined, and their commutation relations 

are obtained. These expressions are used to prove the Lepage decomposition 

theorem. Up to this point the material is based mainly on the first chapter 

of the book by Libermann and Marie. The remainder of the material is new. 

The geometrical interpretation of the Lepage decompositon is gi ven in terms 

of a direct sum of 'simple' subspaces. These subspaces are investigated in 

detail and expressions for their dimension and signature are found. 

2.1 Exterior algebra 

The standard interior product has the restrictive feature in that its first 

argument is limited to only one gradation of the exterior algebra - the vectors, 

while its second argument may be any exterior form. In this section I define 

generalisations of the interior products which allow both arguments to be 

completely general elements. I will attempt to follow this lead throughout, 

by avoiding definitions that are restricted to subsets of the algebras. I will 

also discuss a few results on volume forms in this section. 

Take a finite dimensional vector space V. Let it have dimension m and let 
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its dual be V'. Denote the set of exterior forms of degree p by N(V') and 

the multivectors of degree p by N(V), according to the usual convention. 

2.1.1 Left interior product 

The standard interior product J is defined by as follows. 

Definition 2.1 

The interior product J is a map 

J v x N(V*) --> N-l(V*) 

(x,¢) t-t xJ¢, 
(2.1) 

given by the following. Let x be a vector. 

If ¢ is a scalar, define 

xJ¢ := O. 

If ¢ is a homogeneous exterior form of degree p ;:::: 1, define 

(2.2) 

where U2, ... , up are all vectors. 

J generalises to non-homogeneous forms by linearity. o 

Before generalising J, we state a result, needed later, related to the homo­

genei ty of a form. 

Proposition 2.1 

Let V be an m-dimensional vector space with any basis {e;}. Let {ei } be its 
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dual basis in V* and let I/> belong to N(V*). Then 

m 

Lei /\ (eM) = pI/> (2.3) 
i=l 

The result may be found in Sternberg 1964 (p 21), and is analogous to Eu-

ler's theorem for homogeneous functions. As it appears here, it is a similar 

theorem for homogeneous exterior forms. 

The definition of the left interior product may be extended so that a k­

vector X may be contracted onto a p-form I/> to yield a (p - k)-form X J 1/>. 

The extended definition is in two steps. First define X J I/> for decomposable 

X; then extend this to the non-decomposable case. This definition may be 

found in Yano (1970, p 5). 

Definition 2.2 

Let I/> be any p form. Let a be a scalar. Define 

aJ¢>:= al/>. 

Let el, . . . , ek be vectors. Define 

Let X be a k-vector with coordinate presentation Xi, ... i· ei, /\ . . . /\ ei •. If 

k ::; p, define 

XJI/> = (Xi, ... i· ei, /\ ... /\ ei.)J4> 

.- Xi, ... i'((ei, /\ .,. /\ ei.)J¢». 

If k > p, define 

XJ¢>:= O. 

o 
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This definition is expressed in terms of a coordinate system, but it is co­

ordinate independent, by the extension principle (Crampin and Pirani p. 

112). Libermann and MarIe (ch I, §15.1) generalise the interior product by 

means of a different condition, given as follows, but which we will show to 

be equivalent. 

Definition 2.3 

Let ¢ be a p-form and let X be a k-vector. If k > p then 

X j ¢:= O. 

If k .:::; p, then 

(X j ¢)(Y) := ¢(X A Y), (2.4) 

for all (p - k)- vectors Y. o 

The equivalence of the two definitions may be demonstrated as follows. 

Proof 

For k > p the two definitions are explicitly equivalent. In the following, 

consider only k .:::; p. To show that definition (2.2) may be deduced from 

definition (2.3), let a be a scalar and let Y be any (p - k)-form. Then 

(aj¢)(Y) = ¢(a A Y) (by definition (2.2)) 

= ¢(aY) 

= (a¢)(Y); 

(el A ... A ekJ¢ )(Y) = ¢( el A ... A ek A Y) (definition (2.3)) 

= (ed¢)(e2 A ... A ek A Y) (definition (2.3)) 

(definition (2.3)) 
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(definition (2.3)) 

{(Xi, ... i· ei, II ... II ei.)J¢}(Y) = ¢(Xi, ... i· ei, II ... II ei. II Y) (definition (2.3)) 

= Xi, ... i. ¢( ei, II ... II ei. II Y) 

= Xi, ... i. {(ei' II ... II ei.J¢)(Y)} (definition (2.3)) 

= { Xi, ... i. (e" II ... II e,.J ¢) } (Y) . 

To show tha.t definition (2.3) ma.y be deduced from (2.2): 

(XJ¢)(Y) YJXJ¢ (definition (2.2)) 

Y ,,···ip _, e , A A e· J (X;'·· ·i· e . A A . J-I.) 
- II 1\ ... 1\ lp _ k 11 f\ ... 1\ e'k If' 

- yi, ... ip-'eip_.J . . . Jei,J (X;' .. ·i'ei.J .. . Je;,J¢) (definition (2.2)) 

yi, ... ip-'Xi, ... i· ej, II ... II ej. II ei, II ... II eip_.J¢ (definition (2.2)) 

= XIIYJ¢ 

- ¢(X II Y). 

Proposition 2.2 

Let X , Y be multivectors and let ¢,7/J be p-forms. Then 

Proof 

(XIIY)J¢ = YJ(XJ¢) 

XJ(¢+7/J) = XJ¢+Xj.p 

XJ(a¢) = a (XJ¢) 

o 

(2.5) 

(2.6) 

(2.7) 

Let X and Y be of degree r and s respectively. If r + s > p, (2.5) is trivial; 
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if 0 :::; r + s :::; p, then choose any (p - r - s )-form Z, and (2.5) is proven as 

follows: 

(X /\ y)H(Z) = I/>(X /\ Y /\ Z) (definition (2.3)) 

= (XJ4»(Y /\ Z) (definition (2.3)) 

- {YJ(XJ4»}(Z). (definition (2.3)) 

This holds for all Z and so (2.5) is proven. 

To demonstrate (2.6), let X be an r -vector. Then for any (p - r)-vector Y, 

(X J( I/> + 7f;))(Y) (I/> + 7f;)(X /\ Y) (definition (2.3)) 

= I/>(X /\ Y) + 7f;(X /\ Y) (definition of +) 

= (XH)(Y) + (XN)(Y) (definition (2.3)) 

= (XH + XN)(Y) ( defini tion of +) . 

Since this holds for all Y, (2.6) is proven. 

(2.7) may be proven by similar reasoning. o 

2 .1.2 The right interior product 

Because the multi vectors are duals of the exterior forms it is possible to de­

fine an operation analogous to the left interior product. The only difference 

between this new operation and the old one is that it allows forms to be 

contracted onto multivectors, rather than the other way around. Not sur­

prisingly, the definition and properties are essentially the same as those given 

above. It is a generalisation of the right interior product defined by Liber-
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mann and Marie (ch I §4.3) and we will use the same name and symbol l for 

it. 

Definition 2.4 

Let X be a multivector of degree k. Let a be a scalar. Define 

Xla:= ax' 

Let (J be any one-form. Define 

where e2
, ••• , ek are i-forms. 

Let ei1 , ... , eip be one-forms and let p :::: k. Define 

Let ¢ be any p-form with a coordinate presentation ¢il ... ipeil II ... II eip. If 

p:::: k, define 

Xl¢ = Xl( ¢il ... ipeilll ... lleip) 

._ ¢i, ... ip(Xlei, II ... II eip ). 

If p > k, then define 

Xl¢:=O. 

o 

Again, this definition is expressed in terms of a coordinate system, but it is 

coordinate independent, by the extension principle (Crampin and Pirani p 

112). As for the left interior product , an equivalent definition is possible: 
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Definition 2.5 

Let X be a k-vector and let ¢ be a p-form. If p > k then 

Xl¢:=O. 

If p :<:: k, then 

(Xl¢)(1/» := X(¢ II 1/» , (2.8) 

for all (k - p)-forms 1/>. o 

The following properties may be proven by the methods used above. 

Proposition 2.3 

Let X, Y be multi vectors of equal degree, let ¢ and 1/> be forms, and let a be 

a scalar. Then 

X l(¢I11/» = (Xl¢)l1/> (2.9) 

(X + y)l¢ = Xl¢+Yl¢ (2.10) 

(aX)l¢ = a(Xl¢) . (2.11) 

Proposition 2.4 

Let X be a p-vector, Y any multivector and () a one-form. Then 

(X II Y)l() = (Xl()) II Y + (-l)"X II (YlO). (2.12) 

This property is the analogue of the Leibnitz property for the interior product 

of a I -vector with an exterior product of forms. 

Proposition 2.5 

Let X be a multivector, and let¢ be a form of the same degree. Then 

XJ¢ = Xl¢· (2.13) 
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Proof 

The proof relies on applying definition (2.3) , which requires that XJ ¢ have 

a scalar argument a: 

(XJ¢)(a) = ¢(X II a) 

= a¢(X) 

= aX(¢) 

= X(¢lIa) 

(Xl¢)(a) 

(definition (2.3)) 

(definition (2.5)) 

2.1.3 The volume form and volume multivector 

o 

Further structure may be introduced into the vector space V by assuming 

it to have a volume m-form!1. Associated with this form is an m-vector A 

defined by 

Definition 2.6 

Given the volume form !1, define the volume vector A by 

AJ!1 = 1. (2.14) 

o 

There exists a basis {el, .. . , em} of V with dual basis {el, ... , em} in V' such 

that 

A - el II ... II em . 
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We will delay the choice of volume form until after the symplectic structure 

has been added in the next section. This will enable us to define the volume 

form in terms of the symplectic two-form. However it is appropriate to 

consider the volume here because while it may be defined from the symplectic 

structure, it does not require a symplectic structure to be defined. 

Proposition 2.6 

Let X be a p-vector of any degree 0 :::: p :::: m. Then 

Al(XJ!1) = (_ l)(m-I)PX (2.15 ) 

Proof 

It will suffice to show the result for decomposable X since it then extends to 

all X by linearity. First XJ!1 will be evaluated, after which Al(XJ!1) will be 

found. Choose X = e,. /I ... /I e" where the indexes are arranged, without 

loss of generality, so that ip > ... > i l . 

X J!1 - ei. /I ... /I e" J el /I .. . /I e" /I .. . /I eip /I ... /I em 

( 1),,-1 . A A. J " A 1 A A it A A" A A " A A m = - e,p 1\ ... 1\ ell e 1\ e " ... f\ e 1\ .•• f\ e f\ . . . 1\ e 1\ • .. 1\ e 

where the hat indicates a missing factor. The e"s dual to those in X are 

each taken to the 'front ' of the volume form, as done above for e": 

... /I e" /I ... /I e" /I . .. /I em 

... /I eO, /I ... /I e" /I . .. /I em 

Therefore 



_ (-l)I>a-PA( 1 i1-1 i1+1 ip-1 ip+1 m _ ..... _) - e ''''le ,e , .. o,e ,e , ... ,e)~ 

P spaces 
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We want to move each of the p spaces to the corresponding p positions of the 

'missing' eias. First, we move all the p spaces so as to lie between eip- 1 and 

eip+l. This involves moving an argument past m - ip arguments, p times, 

and so introduces a factor of (-l)p(m-i p): 

_ (_l)2::ia-P(_l)p(m-ip) A(e
' 

e'1-1 ei1+l e'p-l _ _ eip+l em) 
- )"0) , "." "'.") "." -------P spaces 

Now move the leftmost p - 1 spaces towards the left, past ip - 1 - i p _ 1 

arguments to lie between e ip- 1- 1 and e ip- 1+L 

A( 1 ip_ 2- 1 ip_2+1 ip_ l-l ip _ 1+l ip-l ip+l em) e , .. o,e ,e , ... ,e J -, ••• , - ,e , .. o,e ,-,e )''', -------p-1 spaces 

Continue until each space is correctly positioned. Then 

A( 1 il - l i 1+l ip_l-l i p_l+1 ip-l ip+l m') e , ... ,e ,-,e , .. ole , -,e , .. o,e ,-,e , .. o,e 

2::P- 1 
after collecting terms in the exponent. Since eip /\ ... /\ ei1 = ( -1) a=1 C< eil /\ ... /\ eip , 

it follows that 

Al(XJD) 

Proposition 2.7 

(_l)(m-l)Peip /\ ... /\ ei1 

= (_1)(m -1 )p X. 

Let rP be any homogeneous form of degree p. Then 

o 

(2.16) 
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Proof 

Choose X = Al4>. This multi vector is of degree m - p. Substituting X into 

(2.15) we have 

This is equivalent to 

((A l4»J !1) = (_l)(m-l)(m-p)4> 

= (_1)(m-l)p 4>. 

2.2 The symplectic exterior algebra 

2.2.1 The symplectic two-form 

o 

A symplectic structure is now introduced into the vector space V. This 

is done by selecting a nondegenerate two-form wand decreeing it to be an 

invariant. This object generates a wealth of structure on the exterior algebra. 

In this section I will use it to define an isomorphism between the forms and 

the multivectors, a volume form, an isomorphism between the p-forms and 

the (m - p)-forms and an 'extended metric'. 

The exterior algebra with this dignified form will be called the symplectic 

exterior algebra on V, and will be denoted by S(V·,w). The homogeneous 

subspaces of degree p of this exterior algebra will be denoted by SP( V*, w), 

and the duals of these subspaces by SP(V,w). 

Implicit in the requirement that w be nondegenerate, is the fact that V is of 

even dimension m = 2n and that there exists a basis {e1
, ..• , en; p, ... , fn} 
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of V' such that 

(2.17) 

Such a basis is referred to as a canonical basis (see Libermann (1987), p. 

6). The dual basis {el>' .. , en; 11, ... , In} of V will also be called a canoni cal 

basis. 

2.2.2 The lowering operator 

Libermann and Marle (ch I, §2) describe how a two-form, such as the sym­

plectic two-form w, sets up a map from the 1-vectors to the 1-forms. This 

definition may be extended into a map from the p-vectors to the p-forms for 

o :::; p ::; 2n. We employ the symbol p in our notation 1 . This generalised 

operation and its inverse, the raising operation (see the next section), are 

not explicitly defined by Libermann and Marle; however they make use of 

such operations - for example in chapter I (§15 .2, p 43). 

Definition 2.7 

If a is a scalar , then 

pa:= a; (2.18) 

if x is a vector, then 

px := -xJw; (2.19) 

if X is any p-vector, then 

(2.20) 

where U1, . .. ,up are vectors. o 

lThe symbol presumably originates from the analogy between the lowering of the pitch 

of musical notes by a semitone, and the 'lowering' of contravariant indices of tensors to 

produce covariant indices. 
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Recalling that w is nondegenerate, 

Proposition 2.8 

w is nondegenerate {=;- b V --+ V' is a vector space isomorphism. 

This result is standard. See for instance Libermann and Marie (1987) ch. I 

part 1, §2.1. 

Proposition 2.9 

Let {ei,Ji} be a canonical basis of the symplectic vector space V', and let 

the dual basis for V be {ei, I;}. Then 

Proof 

bei - -e;jw 
n 

bei -1' 
b Ii = e' 

(by definition) 

(2.21) 

(2.22) 

= - L eiJ(ei ;\ Ii) (the basis is canonical) 
j=l 

n 

- -L{(e;j ei);\Ii-ei;\(eiJIi)} 
i=l 

n 

= - L{6fji -a} 
j =l 

- -1' 

Similarly, for b k 

(by the Leibnitz rule) 

o 
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Proposition 2.10 

Let X, Y be multivectors of degree 0, 1, ... , 2n. Then 

b(X + Y) = (bX) + (DY) (2.23) 

b(aX) = a(bX) ( where a is a scalar) (2.24) 

b(X II Y) (bX) II (DY) (2.25) 

P roof 

For X, Y of degree zero the results follow trivially. To prove (2.23), let us 

assume X, Yare p-vectors where p ranges from 1 to 2n and let Ul,"" Up be 

vectors. 

b(X + Y)(Ul, . . . , up) = (- l)P((X + Y)(bUl, .. . , bup)) (by definition of 0) 

- (-l)"(X(bur, . . . , bup) + Y(bUl," ' , bup)) 

= (-l)"(X(bul'"'' bup) + (- l )PY (bul,.", bup)) 

= bX(Ul,.",Up) +bY(ul,"',up) (by definition ofb) 

((bX) + (DY))(Ul,""Up) (by definition of +) 

To prove (2.24), let a be a scalar: 

(b(aX))(Ul,'" ,up) = (- l)P(aX)(bur, . . . ,bup) (by definition of b) 

= (( -l)P a)X (bur, ... , bup ) (by vector properties) 

- a( (-l)P X (bUl, ... , bup)) (by vector properties) 

- a(bX(ur, ... , up)) (by definition ofb) 

= (a(bX))(ur, ... , up) (scalar multiplication) 
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To prove (2.25), let Y be a q-form and let Vb"" Vq be vectors. 

(b(X II Y))(UI,'" ,Up, V" . . . ,vq) 

= (( -l)"+q(X II Y))(bu" ... , bup, bv" ... , bVq) (by definition of b) 

= ( -1 r q {-i-T 2: sign( 7r)X (7r(bUI )' ... , 7r(bup) )Y( 7r(bVl)' . .. , 7r(bVq))} 
p.q. ~ 

(by definition of II) 

= -i-T Lsign(7r) {( -1)" X(7r(bUl),"" 7r(bup)))(( -l)qY(-IC(bvl)"'" 7r(bvq))} 
p.q. " 

1 . - -'-I 2:S1gn(7r)bX(7r(Ul),"" 7r(up))DY(7r(v,), . .. , 7r(vq)) 
p.q. " 

(by definition of b) 

= ((bX) II (DY))(Ub"" up, Vl>"" vq) 

(by definition of II) 

Proposition 2.11 

Let X and Y be k-vectors. Then 

(bX)(Y) = (-llX(bY) . 

2.2.3 The raising operator 

o 

(2.26) 

By analogy with the definition of the lowering operator, a 'raising' operator 

will now be defined. It is denoted by « and is the inverse of the b operator. 
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The definition makes use of a two-vector given special status by wand is an 

extension of the mapping from I-forms to I-vectors defined by Libermann 

and MarIe in chapter I, §4.3. 

Definition 2.8 

A E S2(V, w) is defined by 

PA = w. (2.27) 

o 

We call.\ the symplectic two-vector or the symplectic bivector(see Libermann 

ch 1 §4). 

Proposition 2.12 

If {ei , f;} is a canonical basis of a symplectic vector space (V,w), then 

n 

A=Lei/\fi (2.28) 
i=1 

Proposition 2.13 

AJW = n. (2.29) 

Proof 

In a canonical basis, 

n n 

.\Jw = LLei /\ fde; /\ fj 
£=1 j=1 

n n n n 

L L ei /\ M ej ,1j) - L L ei /\ Mfj, ej
) 

i=1 ;=1 i=1 j=1 
n n 

= LLS{S{ 
i=1 j=1 
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n 
_ "~6i 
~" 
i=l 

- n. 

o 

Definition 2.9 

If a is a scalar, then 

~a:== a; (2.30) 

if e is a one-form, then 

(2.31 ) 

if rp is any p-form, then 

(2.32) 

where e1 , ••• , (}P are one-forms. o 

Proposition 2.14 

If {ei,!;} is a canonical basis of a symplectic vector space (V,w), and if 

{e i , t} is the dual basis then 

~ei == l' (2.33) 

Ui == _ei (2.34) 

Proposition 2.15 

For rp, 'if; forms of any degree, 

U( rp + 'if;) - (~rp)+(~'if;) (2.35) 

U( arp) - a(~rp) (2.36) 

U(rpi\'if;) == (~rp) i\ (U'if;) (2.37) 
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The proof of this proposition is essentially identical to the proof of the anal­

ogous set of properties for the b operator. 

Proposition 2.16 

Let r/; and ..p be p-forms. Then 

(2.38) 

We have seen that band tt define homomorphisms on the exterior algebra, 

and that D is an algebraic isomorphism on V. The next result shows that 

both operators are algebraic isomorphisms on the entire exterior algebra. 

Proposition 2.17 

Let r/; be a form of any degree and let X be a multi vector of any degree. 

Proof 

X 

r/;. 

(2.39) 

(2.40) 

For X and r/; of degree zero the result is trivial. For a vector x, consider the 

vector tt(DX). We operate it on an arbitrary form. Because D is an isomor­

phism, we may express this arbitrary form as DU: 

(n(DX))(DU) = (>'l(bx))(DU) (by definition of ttl 

>'(bx, DU) (by definition of l) 

= D>'(X,U) (by definition of D) 

= w(x,u) (by definition of >.) 

= (-uJw)(x) (by definition of J) 
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= x(bu) 

For a p-vector X with arbitrary one-form arguments bUl, ... ,bup we have 

(~(bX))(bub ' .. , bup) = (-l)P(bX)(Ubul,"" Ubup) (by definition of U) 

= (-l)P(bX )(Ul,"" up) (by previous result) 

= (-1)"( -l)P X(bUl' ... ,bup ) (by definition of b) 

This is sufficient to prove the result since any p-form r/> (including a one­

form) may be written bX by the above. Hence b(Ur/» = b{U(bX)} = b{X} 

which is just r/> . o 

Proposition 2.18 

Let X be any r-vector and let r/> be any homogeneous form. Then 

U(XJr/» = (-l),(Ur/>)l(bX). (2.41) 

Proof 

Let r/> be of degree p. If p < r then both sides are zero. In the following 

consider only p:::: r. For any (p - r)-form 1/;, 

{H( XJr/>)} (1/;) - (-l )p-r(XJr/»(U1/;) (using (2.38)) 

- (_l )"- r r/>( X !\ U1/;) (definition (2.3)) 

- (_l)p-r r/>WbX )!\ U1/;) 

- (_1)p-r( - l)P(Ur/»((bX)!\ 1/;) (using (2.38)) 
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= (- 1)' W~)l(~X)}(7/» (definition (2.5)) 

o 

2.2.4 The volume element s of S(V*,w) 

It is natural to define a volume m-form in terms of the symplectic two-form 

w. This in turn selects a volume m-vector and it will be expressed in terms 

of the symplectic two-vector A. 

Definition 2.10 

The volume form of S(V',w), denoted by 0, is defined by 

wn 

0:=-,. 
n. 

In a canonical basis, 0 is given by 

(2 .42) 

o 

0= (_I)~n(n-1)e111 .. . II en II f1 11 ... II r (2 .43) 

(see Libermann (1987), ch I, §3.4). Woodhouse (1980) (ch. 1, §1.2) refers to 

o as the 'Liouville volume element '. 

The volume vector A is selected by the condition (2.14) and may be expressed 

in the canonical basis as 

It follows that 

A = (_ 1)tn(n-1)e1 II ... II en II f111 ... 11 fn. (2.44) 

An 
A=-. 

n! 
(2.45) 



Proposition 2.19 

Proof 

~n -

~n = A 

DA = n 

~ (~~) (by definition) 

~~(wn) 
n. 

(by linearity of ~) 

~! (Uwt (~ respects 1\) 

~An 
n! 

(definition of A) 

A. 
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(2.46) 

(2.4 7) 

To prove (2.47), note that DA - D(un) by (2.46) just proved, and hence 

DA = n. CJ 

2.2.5 Symplectic Hodge dual 

The structures defined above may be used to define an operation analogous 

to the Hodge star operator of metric vector spaces. The definition is due to 

Libermann and Marie (ch I p 43): 

Definition 2.11 

The star or adjoint operator * is given by 

* SP (V',w) ---+ S 2n-p(v*,w) 

<P >-t *<p=(~<p)Jn 
(2.48) 
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where 11 is the volume form defined previously. o 

Proposition 2.20 

Let ¢ and 7f; be homogeneous forms of equal degree, and let a be a scalar. 

Then 

*(¢+7f;) = (*¢)+(*7f;) 

*(a¢) - a(*¢). 

For ¢ and 7f; not necessarily of equal degree, 

Proof 

To prove (2.49): 

*(¢ + 7f;) = (U(¢ + 7f;))jl1 (by definition oh) 

- (U¢ + U7f;)jl1 (by properties of U) 

- (U¢)jl1 + (U7f;)jl1 (by properties of j) 

- *¢ + *7f; (by definition of *) 

To prove (2.50): 

*(a¢) = (U(a¢))jl1 (bydefinitionof*) 

- (a(U¢))jl1 (by linearity of U) 

- a{(U¢)jl1} (by properties of j) 

- a( *¢) (by definition of *) 

(2.49) 

(2.50) 

(2.51) 



To prove (2.51): 

*( ¢ II 'if;) = ("(¢ II 'if;))J.I! (by definition of *) 

- (~¢ II U'if;)J.I! (by properties of ") 

= (U'if;)J W¢)J.I!) (by properties of J) 

= (~'if; )J(*¢) (by definition of *) 

Proposition 2.21 

Let ¢ be any homogeneous form. Then 

Proof 

To prove (2.52), let ¢ E SP(V· ,w). Then 

*(*¢) = *W¢)J.I!) (by definition of *) 

= {WU¢)J.I!)}J.I! (by definition of *) 

= (-l)P((~.I!)l¢)J .I! (by property of " and J) 

- ( -l)P(Al¢)J.I! (by definition of A) 

- (-l)P( _1)(2n-l)p¢ (by (2.16) with m = 2n) 

= ¢ 

35 

o 

(2.52) 

(2.53) 
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(2.53) is proven as follows. 

( defini tion of *) 

= 1. ( defini tion of A) 

o 

Because of the duality between the forms and the vectors, it is possible to 

define a similar adjoint operator on the multi vectors, using the definition 

*X := A l(bX) , 

where X is a multivector. I will not make use of this operation. 

2.2.6 The extended symplectic metric 

'Metric' here should strictly be 'bilinear form' since we will use the former to 

refer to antisymmetric as well as symmetric bilinear maps. The symplectic 

form defines a bilinear map (to the reals) on only one gradation of the algebra 

S(V' ,w), namely the one-forms. To eliminate this imbalance, I will use w to 

induce a bilinear map on the entire exterior algebra S(V·,w). 

The symplectic bivector .\ defines a 'metric' on V' as follows: 

V' x V' -+ iR 

a, 13 >->.\( a, 13) 
(2.54) 

By rewriting this expression for the metric, an expression is obtained that 

generalises to the entire symplectic exterior algebra. 

.\(a,f3) = (.\lallf3 ( defini tion of U 



~al,B 

= ~aJ,B 

(definition of ~) 

(property of the interior product) 
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This expression does not require the arguments a, ,B to be one-forms, so 

define 

Definition 2.12 

Let a E S"(V',w) and,B E sq(V·,w). Then define 

w(, ) 
(2.55) 

a,,B 

o 

The abuse of notation here should not lead to any confusion as the degrees 

of the arguments will usually be clear from the context. 

2.2.7 Properties of the extended symplectic metric 

We examine some properties of the extended symplectic metric. 

Proposition 2.22 

For a, q, E S"(V',w), 

Proof 

w(a, q,) = (-l)"w(q" a). (2.56) 

It will suffice to show the result for decomposable a since it extends to the 
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non-decomposable forms by linearity. We assume then that a = a"/\ ... /\ aP. 

w(a, <1» - ~aJ<P (definition of metric) 

- H( a" /\ ... /\ aP)J<P 

(Ha" /\ ... /\ UaP)J <I> (property of H) 

- <l>Oa" ... , «an (definition of interior product) 

(definition of H) 

- (-l)PH<I>la (defini tion of interior product) 

= (-l)P«<I>Ja (since the degrees are equal) 

( -1 JPw( <1>, a) (definition of metric.) 

o 

This result shows that the extended symplectic metric is symmetric on the 

homogeneous subspaces of even degree and antisymmetric on the homoge­

neous subspaces of odd degree. 

Proposition 2.23 

Let a, <I> E SP(V', w). Then 

(2.57) 

Proof 

(definition of *) 
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- WaJD)J * ¢ (definition of metric) 

= (-I)P(Ala)J * ¢ (property of ~ and J) 

- (-I)P(Ala)l*¢ (property of J) 

- (-I)P( _1)p(2n-p)(A l *¢) la (swapping arguments) 

= (-1)"( _1 )2np
-

p2 (A W¢ J D) ) l a ( defini tion of *) 

Because the dimension of our vector space is 2n, it follows from (2.15) that 

AL(~¢JD) = (_I)(2n-l)p~¢, and this is just equal to (-l)P~¢. Therefore 

2 
= ( -1)" w( ¢, a) (definition of metric) 

= (-l)P'+Pw(a,¢) (symmetry of metric) 

w(a, ¢) (since the exponent is always even.) 

o 

Proposition 2.24 

Let ¢ and ,p be forms of equal degree p, for 0 ::; p ::; 2n. Then 

¢ /I. *,p = w(,p, ¢)D (2.58) 

Proof 
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= w(*1/;,*1» (definition of extended metric) 

- w(1/;,1» (by (2.57).) 

Since w(1/;, 1» is a scalar, *w(1/;,1» = w(1/;, 1»0.. Thus taking * of both sides 

yields 

1> 1\ *1/; = w(1/;, 1»0.. 

o 

Definition 2.13 

Let e1
, ... , en; r, ... , r be a canonical basis of V'. The basis of SP(V', w) 

generated by exterior products of these l-forms will be referred to as a canon­

ical basis of S P(V', w). 0 

Proposition 2.25 

The extended metric is nondegenerate. That is, for p-forms 1>, 1/;: 

Proof 

w(1) ,1/;) = 0 'v'1/; ==} 1> = o. 

w(1),1/;) = 0 'v'1/; 

~ 1/; 1\ *1> = 0 'v'1/;. (by (2.58)) 

If this holds for all 1/;, then in particular it holds for the elements of a canonical 

basis. For instance, if 1/; = e1 1\ .. . 1\ ek 1\ r 1\ ... 1\ p-k , then 

e1 1\ ... 1\ ek 1\ p 1\ ... 1\ jP-k 1\ *1> = o. 
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By a standard result, we know that for a I-form B and a p-form (, B /\ ( = 

o .;==> B is a factor of (. Thus, *¢ has factors el , . .. , ek, jl , ... , p - k. By 

putting ,p equal to each element of a canonical basis, we find that *¢ has 

the 2n factors {e\ . .. , en, jl, ... , r}. But *¢ is of degree 2n - p only; this 

contradiction implies that *¢ = 0, and consequently that ¢ = 0, for those 

cases where p > O. 

If p = 0, then we have that *¢ = aD., with a being a scalar. 7p = b is also a 

scalar, because the arguments of the metric need to be of equal degree. Then 

,p 1\ *¢ =0 v,p 

.;==> baD. = 0 Vb 

.;==> ba = 0 Vb 

.;==> a=O 

.;==> ¢ = o . 

0 

Theorem 2.1 

The homogeneous subspaces SP(V', w) of the symplectic exterior algebra are 

symplectic vector spaces for p odd, and metric vector spaces for p even. 

Proof 

A vector space is symplectic if it has a non-degenerate, antisymmetric, bi­

linear form on it (see Libermann (1987) ch. I, part 1, §3.1). The extended 

metric is all of these things, for p odd, by the above results. For p even, the 

extended metric is nondegenerate, symmetric and bilinear; hence the even 

degree subspaces are metric vector spaces. o 
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The matrices representing the metric on the odd degree homogeneous sub­

spaces of S(V',w) all have the same symplectic canonical form, by the above 

result. But the corresponding matrices for the even degree subspaces have 

different canonical forms, determined by their signatures. In the following 

results, the signature of S2r(v·, w) , for 0 ::; r ::; n, is obtained. 

To avoid confusion between different definitions of the signature, we specify 

that the signature of a symmetric matrix is the number of positives less the 

number of negatives on the diagonal when expressed in the diagonal basis. 

Proposition 2.26 

Let ¢ , !/J be elements of a canonical basis of SP(V', w) . Then w( ¢ ,!/J) of 0 if 

and only if the following two conditions are met: 

(i) the set of e-indices of ¢ equals the set of f-indices of!/J, 

(ii ) the set of f-indices of ¢ equals the set of e-indices of !/J . 

Proof 

( i, /\ /\ i. /\ fjl /\ /\ fj, k, /\ /\ ko /\ fll /\ /\ fld) we". e ... ,e ". e .. . 

But from (2.33) and (2.34) we have that k = fi and "fi = -ei; hence the 

above becomes 

_ (_1)"(0+1) I: sign(1l')ekl /\ ... /\ eko 
/\ l' /\ ... /\ ld(1l'ejl,···,1l'ej,,1l'fil , · ·· ,1l'fi.)' 

" 
where each 1l' is a permutation of the index set of a + b elements. From 

consideration of this expression it is clear that it is non-zero if and only if 
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the following sets are equal: 

{k" . .. , kc } = {j" ... ,jb} 

{l" ... ,ld} = {i" .. . ,ia }. 

Consequently, a = d and b = c, and the result is proven. o 

Corollary 

Let q, be any element of a canonical basis for SP(V',w), where 0 ~ p ~ 2n . 

There exists one and only one element 'if! of the basis, not necessarily distinct 

from q" such that w( q" 'if!) =J O. 

Proof 

The existence as well as the uniqueness follow quite easily from the construc-

tion used in the proposition above. o 

Definition 2.14 

Given a canonical basis of SP(V',w) for any 0 ~ p ~ 2n, two distinct ele­

ments q" 'if! of the basis satisfying w( q" 'if!) =J 0 will be called 'conjugates'; an 

element q, of the basis satisfying w(q" q,) =J 0 will be called 'self-conjugate'. 

o 

From the previous corollary, it follows that any canonical basis element is 

either self-conjugate, or has an unique, distinct, conjugate element. This 

conjugation relation is symmetric. 

Theorem 2.2 

For 0 ~ r ~ n, 

signature s2r(v·,w) = (~) . (2.60) 
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Proof 

The result is obtained by considering the matrix representation of the ex­

tended metric with respect to the canonical basis. 

Because of the symmetry of the extended metric on the spaces we are 

considering, any pair of distinct conjugates induces a 2 x 2 block on the main 

diagonal, of the form 

( 0 I) or (0 -1). 
1 0 -1 0 

But both of these blocks are similar to the zero signature block 

The problem of finding the signature of the metric on the whole space is thus 

reduced to that of finding the signature of the block corresponding to the 

self-conjugate canonical basis elements only. This block must by definition 

be zero everywhere except on the main diagonal, where all the elements 

must be non-zero. Because all self-conjugate elements must be of the form 

ei , /I ... /I eir /I i i, /I ... /I 1'r, we have, by putting a = b = c = d = r into 

(2.59), that: 

w( e i , /I . . . /I eir /I 1" /I ... /I !,r, ei
, /I ... /I eir /I 1" /I . .. /I 1'r) 

- (-1y(-1y'ei, /1 ... /1 eir /I ii, /1 . . . /1 kJe i
' /1 ... /1 eir /I 1" /1 ... /1 1'r 

_ ( -1 r(r+1)1 

- 1. (for r even or odd) 

Thus each self-conjugate element contributes + 1 to the signature of the met­

ric; the signature S2r(v·,w) is therefore equal to the number of self- conju-
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gate elements in the canonical basis. 

In how many ways may we choose elements ei , /I ... /I eir /I f i, /I ... /I pr? 

Clearly, once the e's are selected, the f's are fixed, so we need merely count 

the number of possible choices of the former. The e's are to be distinct, there 

must be r of them, and they must be taken from the pool of n available e's. 

Thus they may be chosen in (~) different ways. 

Hence there are (~) self-conjugate elements in any canonical basis of S2r(v*, " .. ), 

and by the above reasoning, this number equals the signature of the space. 

This completes the proof. 0 

2.3 The Lepage decomposition 

In this section, I use the existing symplectic structure to introduce two op­

erators Land M. Their definitions are not new - see Libermann and Marje 

(1987), Hodge (1941), and Chern (1956). The properties of these opera­

tors will be investigated and in particular their commutation relations will 

be found. These relations will be used to prove the Lepage decomposition 

theorem following arguments similar to those of Chern. 

2.3.1 Operators Land M. 

Definition 2.15 

Let B be an element of SP(V·,w). Define 

(2.61 ) 
B ....... LwB = w /I B 
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Where no ambiguity arises, the subscript will be dropped, and we will write 

L in place of Lw' o 

Proposition 2.27 

Let a, b be reals . Let ¢,1/; belong to SP(V',w) and ~ to Sk (V·,w) . Then 

L( a¢ + b1/;) = aL¢ + bL1/; 

L(¢I\~) = (L¢)I\~ = ¢I\(LO. 

Proof 

(2.62) 

(2.63) 

The linearity follows trivially from the bilinearity of the exterior product. To 

demonstrate the distribution over the exterior product: 

L(¢I\1/;) - wl\(¢I\'lj;) (by definition ofL) 

= (w 1\ ¢) 1\ 'lj; (by associativity of 1\) 

- (L¢) II 1/; ; (by definition of L) 

furthermore 

L(¢ 1\ 1/;) = wl\(¢I\1/;) (by definition of L) 

- (w 1\ ¢) 1\ 1/; (by associativity of 1\) 

- (¢l\w)I\'lj; (since w is of even degree) 

- ¢ 1\ (w II 1/;) (by associativity of 1\) 

- ¢ 1\ (L1/;) . (by definition of L) 



Definition 2.16 

Let e be an element of SP(V*,w). Define 

SP(V',w) 

e 
-> SP-Z(V',w) 

f-> MwB = (Uw)Je = AJe 
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o 

(2.64) 

Where no ambiguity arises, the subscript on M will be dropped and we will 

write M in place of Mw' 0 

Proposition 2.28 

M is a linear operator on the exterior algebra. That is, for a, b reals and ,p, 1/; 

belonging to SP(V', w) 

M(a,p + b1/;) = a(M,p) + b(M1/;). (2.65 ) 

Furthermore, M is not a derivation with respect to the exterior product. 

The above proposition is easily proven; I give no explicit proof. To 'measure' 

the degree to which M fails to be a derivation, define: 

Definition 2.17 

Let ,p, 1/; be forms of degree k and r respectively. Define 

Sk(V',W) X sr (v·,w) -> Sk+r-Z(V·,w) 

(,p,1/;) f-> PM (,p ,1/;) 
(2.66) 

where 

o 



48 

I will not investigate the properties of PM here. 

Proposition 2.29 

Let e be an element of SP(V·,w) . Then 

(2.67) 

This result appears in Libermann and MarIe, but I nevertheless include a 

proof. 

Proof 

Let e be a p-form. 

*L * 0 *L(rte J D) (by definition of *) 

= *(w 1\ (rtOJD)) (by definition of L) 

- tt(w 1\ (tteJD))JD (by definition of *) 

= (J., 1\ rt(ttOJD))JD (property of tt) 

- (-1 )P( J., 1\ (A lO))JD (property oq) 

= (- l )P((AlO) 1\ J.,)JD (J., is of even degree) 

- (-l)PJ.,J((A lO)J D) (property of J) 

= (-1 )P( -1 )(2n-l)pJ.,JO (identity for D and A) 

= MwO (by definition of M) 

o 
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Proposition 2.30 

M and L are adjoint operators with respect to the extended symplectic met­

ric. That is, if degree( a) is two less than degree(,8), then 

w(La,,8) =w(a,M,8). (2.68) 

Proof 

w(La, ,8) - w(w A a,,8) (definition of L) 

= ~(wAa)J,8 (definition of metric) 

- (~w A ~a)J,8 (property of ~) 

= ~aWwJ,8) (property of interior product) 

= ~aJ (M,8) (definition of M ) 

- w(a,M,8) (definition of metric.) 

o 

Proposition 2.31 

Let degree( a) be two less than degree(,8) = p. Then 

w((3, La) = w(M(3, a). (2.69) 

Proof 

w(,8, La) - (- l)"w(La, (3) (property of metric) 
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(- 1)"w(a,M,B) (M and L are adjoints) 

w(M,B, a) (property of metric) 

o 

Proposition 2.32 

Let </> E S"(V·,w). Then for any homogeneous form,p 

w([M'", L'] <I>,,p) = w( <1>, [M', Lr],p). (2.70) 

Proof 

The result is trivially true if the degree of [Mr, LS] <I> is not equal to the degree 

of ,p since the extended metric is zero on forms of differing degree. For ,p of 

degree p + 2s - 2r, 

w([Mr, LS
] <I>,,p) 

Proposition 2.33 

Let <I> E S"(V·,w). 

= 

-

-

-

w(MrLs<I>_L'Mr<l>,,p) 

w(Mr L'</>,,p) - w(L' Mr <I>,,p) 

w(L'<I>, Lr,p) -w(Mr<l>,M',p) 

w( <1>, M' Lr,p) - w( <I>.L' M',p) 

w(<I>,M'Lr,p-LrM',p) 

w(,p, [M', 1'],p). 

(adjoint property) 

(adjoint property) 

o 

(2.71 ) 
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(2.72) 

(2.73 ) 

It was shown previously that M ¢ = *L * ¢. From this it follows immediately 

that 

M * 7/> = *L7/> (2.74) 

by putting ¢ = *7/> and recalling that * * 7/> = 7/>. It also follows that 

(2.75) 

by acting * on both sides of M ¢ = *L * ¢. To prove (2.71), we act M on 

both sides of (2.74); this yields 

M2 * 7/> = M * (L7/» 

= *LL7/> (by (2.74)) 

= *L27/> 

The result follows by repeating this process as many times as necessary. To 

prove (2.72) we act L on both sides of (2.75) : 

L2*¢ = L*(M¢) 

= *M(M ¢) (by (2.75)) 

= *M2¢. 

The result follows by iterating this procedure. To prove (2.73) : 

[Mr,L'] *¢ MrL' * ¢ _ L'Mr * ¢ 

_ Mr*M'¢-L'*Lr¢ (by (2.72) and (2.71)) 

= *LrM'¢ _*M'Lr¢ (by (2.71) and (2.72)) 

- - * [M',Lr] ¢ 

o 
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2.3 .2 Commutation relations for M and L. 

Some of the relations proved here may be found in other references, but a 

complete list including the most general form of these relations, has not been 

found in the literature. 

Proposition 2.34 

Let rjJ belong to SP(V',w), where 0 :::: p:::: 2n. Then 

[M, LlrjJ = (n - p) rjJ (2.76) 

Proof 

Let {ei, p} be a canonical basis of (V', w) and let {ei'!;} be the dual basis. 

M LrjJ - ~w J(w ;\ rjJ) (by definition of M, L) 
n 

= L {ei 1\ f;j(w 1\ rjJ)} 

n 

= L f;J e;j (w 1\ rjJ) 
i=l 

We apply the product rule for exterior forms twice, to give 

n 

MLrjJ = Lf;j{(e;jw)l\rjJ+wl\(eMn 

n 

= L {(J;je;jw) 1\ rjJ - (eiJw) 1\ (JM) + (J;jw) 1\ (eM) +w 1\ (JiJe;JrPn 
i=l 

n 

= (~w J w) 1\ rjJ + w 1\ (~w JrP) + L { - ( e;J w) 1\ (J;j rjJ) + (J;J w) 1\ (eM n 

n 

= nrjJ + LM rjJ + L { -J' 1\ (J;J rjJ) - ei 
1\ (e;J rjJ) } 

i=l 

The simplification of the first term involves the result (2.29). The summation 

here is over the entire basis. We invoke (2.3) to yield 

M LrjJ = nrjJ + LM rjJ - prjJ, 
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which completes the proof. o 

Proposition 2.35 

Let ¢ E SP(V' , w), for ° ::; p ::; 2n. Then for r ::::: 0, 

[Mr,L] ¢ = r(n - p + r _1)Mr- 1 ¢. (2.77) 

Proof 

If r = ° or if r > n then (2.77) is just the trivial statement ° = 0; the 

nontrivial range of r values is thus 1 ::; r ::; n. The result must be proven for 

these r values. We use a standard identity for operators to express [Mr, L] ¢ 

as 
r 

[M', L] ¢ = 2: Mr- i [M,L] Mi-l¢. 

The argument of [M,L] in each term has degree p - 2i + 2. Invoking (2.76) 

we have 

r 

[M', L] ¢ = 2: Mr-i{n - (p - 2i + 2)}Mi-l¢ 

Proposition 2.36 

r 

= 2:(n - p - 2 + 2i)Mr-l ¢ 
i=l 

= r(n - p - 2)/vr-l¢ + 2 (~i) Mr-l¢ 

= r(n - p - 2)Mr
-

1 ¢ + r(r + l )M'- '¢ 

= r(n - p + r - l)Mr-l¢ 

Let ¢ E SP(V', w), for ° ::; p ::; 2n. Then for r ::::: 0, 

[M,Lr]¢ = r(n - p- r+ lW-1¢ 

o 

(2.78) 
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Proof 

We note that if r = 0 or if r > n then (2.78) is just the trivial statement 

o = 0; the non-trivial range of r values is thus 1 ~ r ~ n. For these latter 

values, let 'if; be any (p + 2r - 2)-form. 

w([M,L']qS,'if;) - w(4),[Mr,L]'if;) 

= w(4),r{n - (p+2r-2)+r-1}Mr- 1 'if;) (by (2. 77)) 

_ w(4),r(n - p - r + 1)Mr- 1 'if;) 

- w(r(n - p - r + l)L r
-

l 4>, 'if;) 

Using the adjoint property and the bilinearity of the extended metric. The 

result follows since this holds for all such 'if;. o 

The following four propositions have not been found in the literature. 

Proposition 2.37 

Let 4> belong to SP(V·,w). Then for r ?: 1 and a?: 0, 

A proof, using the method of induction, is given in the appendix. 

Proposition 2.38 

Let 4> belong to SP(V*,w) where 0 ~ p ~ 2n. Then, for r ?: 1 and a ?: 0, 

Proof 

(2.80) is non-trivial for 1 ~ r ~ nand 0 ~ a ~ n - r; outside of these ranges , 
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it is the trivial expression 0 = O. For the non-trivial cases, let 1/; be of degree 

q = p - 2a. Then 

(by (2.70)) 
r (r + a)I i-I 

= .z=(i) '. I I1(n-p-a-k)w(,p,Lr+a-iMr-i1/;) 
i=1 (r + a - z). k=O . 

(by (2.79)) 

r (r + a)I i - I 
= .z=(i) '. I I1(n-p-a-k)w(Lr- iMr+a-',p,1/;) 

.=1 (r+a-z)'k=O 

using the adjoint property of M and L. Since (n - p - a - k) = (n - (q_. 

2a) + a - k) = (n - q + a - k), 

r ( + )1 .-1 
w([Mr+a,Lr] ,p,1/;) =.z= (i) r a. II1(n -q+ a- k)w(Lr- iMr+a-i,p,1/;). 

i=1 (r+a - ')'k=O 

This holds for all ,p; hence the result. o 

Proposition 2.39 

Let,p belong to SP(V· ,w), where 0 ::; p::; 2n. Then, for r 2: 1 and a 2: 0, 

Proof 

This identity is non-trivial for 1 ::; r ::; n and 0 ::; a ::; n - r; outside of these 

ranges it is the trivial expression 0 = O. We assume that r, a are non-trivial. 

Since ,p is of degree p, *,p is of degree 2n - p. Then 

[Mr+a, Lr],p = * * [Mr+a, L'],p 

_ - * [Mr, Lr+a] *,p (by (2.73)) 

= - * :t G') (r + a)I I IT (n - (2n - p) - a - k)Lr+a- i Mr-i ,p 
.=1 (r + a - z) . k=O 
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where we have substituted (2.79). Applying (2.72) then (2.71) we have 

r () (r + a) I i-I 
- 2: i '. I II ( -n + p - a - k )Mr+a- i r-i ¢ 

i=1 (r+a-~)'k=o 
r . (r + all i-I 

= 2:(-1),+1 (i) '. I II(n-p+a +k)Mr+a-ir-i¢ 
i=1 (r + a - ~). k=O 

and the result follows. o 

Proposition 2.40 

Let ¢ belong to SP(V', w), where 0 ~ p ~ 2n. Then, for r ~ 1 and a ~ 0, 

[Mr, Lr+a] ¢ = iJ _1 )i+l (i) (r + a)l I IT (n - p - a + k)Mr- ir+a- i¢. 
i=1 (r + a - ~). k=O 

(2.82) 

Proof 

This identity is non-trivial for 1 ~ r ~ nand 0 ~ a ~ n - rj outside of these 

ranges it is the trivial expression 0 = O. We assume r, a are non-trivial. Since 

¢ is of degree p, *¢ is of degree 2n - p. Then 

[Mr,L'+a] ¢ = **[Mr,Lr+a]¢ 

- * [Mr+a, r] * ¢ (by (2.73)) 

Invoking (2.80) and then applying (2.71) and (2.72), we obtain 

[Mr, Lr+a]¢ = - *t(i) (r+a)'-I IT(n-(2n-p)+a -k)Lr-'Mr+a-i*¢ 
,=1 (r+a- ~) 'k=O 

_ t(- l)iH (i) (r+a)l. I IT (n - p_a+k)Mr- iLr+a-lq,. 
i=1 (r + a - ~ ). k=O 

o 
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2.3.3 The Lepage decomposition for p < n 

The Lepage decomposition theorem states that any p·form in SP(V' ,w) may 

be uniquely decomposed in terms of simple forms, to be defined later. In this 

section, the proof is given for forms of degree less than n. First, I will define 

the effective forms (see Libermann and MarIe p 64) : 

Definition 2.18 

Let </J E S (V', w) . Then </J is called effective or primitive if 

M</J=O. 

o 

Proposition 2.41 

Let </J be an effective p·form. Then for r 2: 1 

T-1 

Mr L'</J = r! II (n - p- k)</J. (2.83) 
k=O 

(See Lemma C of Hodge, 1941, section 42.2.) 

Proof 

The result holds trivially for r > n. We consider the non-trivial values, where 

1 ::; r ::; n. We have from (2.79) that 

[MT,LT+a]</J= tG') (r+a)!. I IT(n-p-a-kw+a-'Mr-'</J. 
,=1 (r+a-l)'k=O 

Since </J is effective, all the terms except the i = r term are zero. Including 

also the requirement a = 0, yields 

I r-l 

[Mr,Lr]</J = (~) ~i 8(n - p- k)</J. 
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Hence 
,-I 

M'L'¢ = r! II(n - p - k)¢. 
k=O 

o 

Theorem 2.1 (The Lepage decomposition for p :::; n) 

Every form ¢ of degree p :::; n may be uniquely decomposed into a sum of 

simple forms 

(2.84) 

where each ';;p-2i is an effective form of degree (p - 2i) for 0 ::: i ::: q and 

q ::: [~l. (See section 42.3 of Hodge) 

Proof 

If ¢ = 0, then it is already effective and the result holds trivially. 

We define q by the requirements 

Mq¢ of 0 

Mq+l¢ = O. 

Since (2.85), it follows that p - 2q ~ 0 and hence that q:::; [~l. 

(2.85) 

(2.86) 

We next induce a series of p·forms from ¢. They are defined in the following 

iterative way, where ao, ... ,aq are constants to be selected later. 

¢(O) . - ¢ 

¢(J) .- ¢(O) - aoLq Mq ¢(O) 

(2.87) 



<p(q) .- <P(q - I) - aq_1LM <P(q-I ) 

<P(q+l) .- <P(,) - a,¢(q)' 

If we can select ao, ... ,a, so that 

Mq+l<p(O) = Mq¢(I) = . . . = Mk<p(q_k+l) 

= M 2
¢(q_l ) = M <P(,) = 0 

then we may define a series of effective forms as follows: 

,pp- 2q . - aoMq¢(o) 

"" Mq-I~ 'l"p-2(,-I ) .- al '1"(1) 

,pp- 2 . - aq_1 M ¢(q- l) 

,pp .- aq<p(q) 

Using (2.89) we may write (2.87) as 

¢(O) = ¢ 

<P(I) = ¢(O) - L q,pp-2q 

¢(2) = ¢(l) - L,-I,pp_2(q _ l) 

¢(,) = ¢(,-I) - L,pp-2 

<P(qH) = <P(q) - ,pp 
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(2.88) 

(2.89) 

(2.90) 
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By substituting each expression of (2.90) into the one below it, we obtain 

q 

¢(q+l) = ¢ - L Li ..pp _2i' (2.91) 
i=O 

The above relies on the assumption that (2.88) holds true. I prove this to be 

the case in the following lemma. 

Lemma 

If ¢(OJ, . .. , ¢(q+l) are defined as in (2.87), then there exist numbers ao , ... , aq 

such that 

is effective (2.92) 

for 0 :::; i :::; q, and they are given by 

(n - p + q - i)! a,= ~~~~~~~~~ 
. (q - i)!(n-p+2q -2i)! 

(2.93) 

Proof 

By induction on i. 

For i = 0: Mq ¢(O) is already effective by (2.86). 

We assume that for some r satisfying 0 :s: r < q, 

is effective. (2.94) 

For Mq-(r+l)¢(r+l) to be effective, we require 

o Mq- r ¢(r+l) 

_ Mq-r {¢(r) - arLq-r Mq-r ¢(r)} (by (2.87)) 
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By the inductive hypothesis (2.94), Mq-r ¢(r) is effective and we may make 

use of the result (2.83), to yield: 

q-r-l 

o = Mq-r¢(r)-ar(q-r)! II (n -(p-2q+2r)-k)Mq-r¢(r) 
k=O 

= {I - ar(q - r)! q-ti\n - p + 2q - 2r - k)} Mq-r ¢(r). (2.95) 
k=O 

Consider 

q-r-l 

II (n - p + 2q - 2r - k) = 
k=O 

(n - p+2q - 2r)(n - p +2q - 2r -1) .. . (n - p+q -r + 1X2.96) 

The smallest term is the last one, (n - p+q -r+ 1). Since p :S nand r < q, it 

follows that this term and thus the whole expression (2.96) is strictly positive. 

It is therefore possible to select ar so that the coefficient of (2.95) vanishes; 

this is done by the choice 

1 

(q - r)! m=~ '(n - p + 2q - 2r - k) 

(n - p+ q - r)! 
for O:S r :S q, = 

(q - r) !(n - p + 2q - 2r)! 

which completes the lemma. o 

Examining (2.91) it is clear that the result will be proven if we can show 

that ¢(q+l) = o. From (2.87) we have 

(using (2.93).) 

- o. 
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Thus (2.91) becomes 

Because q and the 'ifJp-2;'S were explicitly constructed, they must be unique. 

This completes the proof. o 
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2.3.4 The Lepage decomposition for p > n 

The Lepage decomposition is more difficult to prove for p > n than for p :s; n. 

It is necessary to prove several preliminary results first. 

I use the following notation: 

(p-n)+ = max(O,p - n). 

I will also use [~l to indicate the integral part of ~. 

Proposition 2.42 

Let ,p be any effective form of degree p. For all a 2': 1, 

(2.97) 

Proof 

Since ,p is effective, 

r ( + )1 i-I 
= 2:: (i) r a. 1 I1 (n - p+a- kW-iMr+a- i,p, 

i=1 (r+a-') ' k=O 

using (2.80) . Each term of the expansion contains M,p because a 2: 1; there-

fore the summation is zero and the result follows. o 

Proposition 2.43 

Let ,pp-2i be an effective form of degree p - 2i, for any value of p from 0 to 

2n . If i lies in the range (p - n)+ :s; i:S; [~l, then 

(2.98) 



64 

Proof 

From our previous result (2.83), it follows that 

i -1 

M'L'..pP_2' = i! II (n - (p - 2i) - k )..pp-2i 
k;O 

= i!(n - p + 2i)(n - p + 2i - 1) ... (n - p + i + 1)..pp-2, 

Therefore 

==> 0 = (n-p+2i)(n-p+2i-1) ... (n-p+i+1)..pp_2,(2 .99 ) 

To deduce the result, it will suffice to show that the coefficient of (2.99) is 

non-zero. Consider the smallest term in the coefficient, (n - p + i + 1). If 

p:S; n, then (p - n)+ = 0 so that 0 :s; i :s; [~l· The minimum value this term 

assumes 1S 

where i = 0, being (n - p + 0 + 1). This is strictly positive and so for this 

case the coefficient of (2.99) is non-zero. 

Ifp > n, then (p-n)+ =p-nsothatp-n:S; i:S; [~l. The term (n-p+i+ 1) 

has minimum value when i = p - n, being (n - p + (p - n) + 1) = 1. Thus 

the coefficient of (2.99) is non-zero for all values of p. o 

Before proving the Lepage decomposition for p > n, it will be necessary to 

prove the uniqueness for these degrees. The following theorem does this but 

also does so for degrees p :s; n. 

Proposition 2.44 

Let 1> be any p-form. The decomposition 
q 

1> = L Li ..pp-2, 
,;(p-n)+ 

(2.100) 
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where the 'l/Jp- 2; are effective, and q satisfies Mq¢> "# 0 but M(Mq¢» = 0, is 

unique if it exists. That is to say, q is unique and so is each 7/;p-2;' 

Proof 

It will suffice to prove that if 

then 

, 
o = L L

i
'l/Jp_2i 

i=(p-n)+ 

7/;p - 2; = 0 for (p - n)+ ::::: i ::::: q. 

(2.101) 

I will prove this latter assertion by induction on i, starting with i = q and 

reducing it by one each time. 

i = q: Apply M' to both sides of (2 .101) to obtain 

, 
o = L M'L' ,pp_2; 

i=(p-n)+ 

by (2.97) since in all the other terms i < q. Because Mq¢> "# 0, it follows 

that p - 2q ~ 0 and hence that q ::::: [¥]. Therefore we may invoke (2.98) to 

deduce 

,pp-2, = O. 

Now make the inductive hypothesis that the result holds for all va.lues of i 

from q down to T + 1, where (p - n)+ ::::: T < q ::::: [¥]. Then 

,pp-2q = ,pp-2(,- 1) = ... = ,pp-2(r+2) = ,pp-2(r+1) = O. 

i = T: With (2.102) substituted into (2.101) we obtain 

r 

0= L L
i
,pp_ 2i; 

i=(p-n)+ 

(2.102) 



apply Mr to both sides, to give 

r 

0= L M r L'1/;p-2,. 
,=(p - n)+ 

By (2.97) only one term survives, since all the terms with i < r 

are zero; therefore 

o = Mr Lr 1/;p-2r. 

Since (p - n)+ ::; r < [~l we invoke (2.98) to give 

66 

1/;p-2r = O. (2.103) 

This completes the induction, and we conclude that every1/; is zero. 0 

Proposition 2.45 

Let if> be any form of degree p > n. Then 

(2.104) 

Proof 

Consider *if> of degree 2n - p = r, say. Then r < n and we may decompose 

*if> using the Lepage decomposition (2.84) for degree less than n. Hence 
3 

* if> = L L'1/;r-2' 
i=O 

where 5 ::; [~l and satisfies M' * if> ,p 0, M(M' * if» = O. Then 

, 
*LP-n L L'1/;r-2' 

i=O 

, 
* L LP- n+'1/;r_2,. 

i=O 

(2.105) 
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Taking * of both sides, we have 
s 

o = L p-n+',pT_2, (2.106) 
i;;::O 

Re-express (2.106) by redefining the indices. Put j = P - n + i. Then 

i = j - p + n, and r - 2i = 2n - p - 2(j - P + n) = p - 2j. The summation 

begins at j = p - n , where i = 0 and ends at j = p - n + s, where i = s. 

Defining q := p - n + s, we will show that q ::; [~l. By the definition of s, 

s ::; [~l = [2n;.]. For p even, we have 

for p odd, 

q < p _ n + [2n; P] 
2n - p 

p-n + 2 
p 

= 
2 

= [~]; 

q < p - n + [2n 2- P] 
2n-p-1 

= p - n + ---,=----
2 

= 
p-1 

2 

= [~]. 
This demonstrates that q ::; [~l. So we may write (2.106) as 

q 

0= L Lj,pp_2j. 
j=p-n 

This is the Lepage decomposition of the zero p-form, with p > n. By the 

uniqueness of the decomposition (2.100), all the ,pp-2j are zero. Therefore in 

(2 .105) we have 

*¢ = 0 

¢=} ¢ = o. 
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o 

Corollary 

Let c/> be any form of degree p > n. Then for r ~ p - n 

M r 
c/> = 0 ==} c/> = o. (2.107) 

(See corollary 15.15 of Libermann (1987) ch. I, part 3.) 

Proof 

If r = p-n, then the result follows from the proposition above. For r < p-n, 

we have p - n - r > 0, so that 

M r c/> = 0 ==} MP-n-r Mr c/> = 0 

(by the above proposition.) 

o 

Theorem 2.2 (The Lepage decomposition for p > n) 

Let c/> be any p-form, with p > n. Then c/> may be decomposed as 

q 

c/> = L L'"pp_2i (2.108) 
i=p-n 

where the "pp-2i are effective of degree p - 2i, and q ~ [~l. 

Proof 

If c/> = 0, then it is already effective and the result holds trivially. 



If ¢> =I 0, we define q by the requirements 

Mq¢> =I 0 

M(Mq)¢> = o. 
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(2.109) 

(2.110) 

The range of allowed q values is found as follows. (2.109) implies that p-2q ;::: 

OJ hence q ::; [~l . If q + 1 ::; p - n, then from (2.110) and (2.107) it follows 

that ¢> = O. Therefore to eliminate this contradiction, q + 1 > p - n, or 

q :::: p - n. Hence the range of values for q is 

(2.11l) 

I now follow a series of definit ions and manipulations very similar to those 

carried out in the proof of the Lepage decomposition for p ::; n. Define a 

series of p-forms 

¢>(O) .- ¢> 

¢>(I) .- ¢>(O) - aoL" Mq ¢>(O) 

¢>(2) .- ¢>(1) - a1Lq-1Mq-1¢>(1) 

(2.112) 

A. A. LP-n+1 MP-n+ 1 A. 
'/'(q-(p-n)) .- '/'(q-(p-n)-l) - a q_ (p-n)-l '/'(q-(p-n)-l) 

¢>(q-(p-n)+1) .- ¢>(q-(p-n)) - aq_ (p_n)U-
n 

MP-n¢>(q_ (p_n)) , 

where the a's are scalars. If we can select aD, ... , aq_(p- n) such that 

Mq+1¢>(0) = Mq¢> (l) = ... = M
k

¢>(q _k+1 ) = ... 

M P-n+1 A. MP-n A. 0 
- ,/,(q-(p-n)) = ,/,(q-(p-n)+1) = (2.113) 

then we may define a series of effective forms as follows: 
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(2.114) 

Using (2.114) we may write (2.112) as 

<P(1) = <P(O) - Lq..pp_2q 

<P(2) <P(1) - Lq-1..pp_2(q_1 ) 

(2.115) 

'" = ' LP-n+1" , ,/,(q-(p-n» ql(q-(p-n)-l) - ,/,p-2(p-n)-2 

¢(q-(p-n)+1) = <P(q- (p- n)) - p-n..pp_2(p_n). 

By substituting each expression of (2.115) into the one below it, we obtain 
q 

<P(q-(p- n)+l) = <P - L L i ..pp_2i' 
i=p - n 

Assuming (2.113) to be correct, we have that 

(2.116) 

where <P(q-(p-n)+l) is a p-form. Recalling that p > n, it follows from (2.104) 

that 

<P(Q-(p-n)+1) = O. 

Thus (2.116) becomes 
q 

<P = L L
i
..pp_2i' 

i=p-n 
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To complete the proof, it will suffice to show that the coefficients aD, ... , aq_(p_n) , 

satisfying (2.113), do indeed exist . This I show in the following lemma. 

Lemma 

If ¢(D), . .. , ¢(q-(p-n)+l) are defined as in (2.112), then there exist numbers 

aD, ... , aq_(p-n) such that 

is effective (2.117) 

for i = 0, ... , q - (p - n) + 1. 

Proof 

By induction on i. 

For i = 0: Mq¢(D) is already effective by (2.110). 

Assume that for some r satisfying 0 ::; r < q - (p - n) + 1, 

is effective. (2.118) 

For Mq-(T+l)¢(r+l) to be effective, we require 

o - Mq-T ¢(r+l) 

_ Mq-T { ¢ (r) - arLq- r Mq-T ¢(r)} (by (2.112)) 

By the inductive hypothesis (2.118), Mq - r ¢(T) is effective and we may make 

use of our earlier result (2.83), to yield: 

q-r-l 

o = Mq-r ¢(r) - ar(q - r)! II (n - (p - 2q + 2r) - k)Mq-r ¢(r) 

k=D 

(2.119) 
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Consider 

q-r-l 

II (n - p + 2q - 2r - k) = 
k=O 

(n - p+ 2q - 2r)(n - p+2q- 2r -1) ... (n - p+ q- r+ l()2.120) 

The smallest term is the last one, (n - p + q - r + 1). The largest value that 

r may take on determines the minimum value of this smallest term. Since r 

has maximum value q - (p - n), it follows that (n - p + q - r + 1) :::: 1. Thus, 

the product in (2.119) never vanishes, and is always positive. The Lemma is 

proven if we select 

1 

(q - r)! m:~ 1 (n - p + 2q - 2r - k) 

(n - p+ q - r)! 
for 0::; r ::; q - (p - n) 

(q - r)!(n - p + 2q - 2r)! 

This completes the Lemma, o 

and hence the entire proof of the decomposition. o 

2.3.5 Simple subspaces 

I will show that the Lepage decomposition may be interpreted as a direct sum 

decomposition of S (V·,w) in terms of vector subspaces to be defined below. 

The decomposition states that any p-form ¢> may be expressed, uniquely, as 

). - L(p-n)+ .1. L •• I. 
'I' - 'l'p-2(p-n)+ + ... + 'l'p-2. 

where the ?/J's are effective. It is natural then to consider in more detail forms 

that are expressible as ¢> = Lr?/Jp_2r where ?/Jp-2r is effective. 

Define 
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Definition 2.19 

Let q, E S(V·,w). q, is called simple if there exists an effective form 7/J and 

an integer r E {a, .. . , n} such that 

q, = L r 1/1 

(Libermann and Marie, 1987 p 64). We will refer to r as the height of q" and 

to 1/1 as the effective part of q, . o 

It follows as an immediate consequence of the Lepage decomposition that 

the height of any simple form is unique, as is its effective part. We also 

note that a non-zero simple form is effective if and only if it has height is 

zero. The standard result that a non-zero effective form must be of degree no 

greater than the half dimension n (Libermann and Marie ch I, proposition 

15.7, 15.10) may also be deduced from the decomposition. 

I next demonstrate that the set of simple forms of given degree and height 

constitute a vector subspace. 

Proposition 2.46 

The effective forms of fixed degree constitute a vector subspace of S(V· ,w) . 

Proof 

Consider the effective p-forms. Noting that the zero p-form is effective, it 

remains to show the closure of this set. Let q" 1/1 be effective p-forms. For 

scalars a, b we have 

M(aq,+b7/J) = aMq,+bM1/1 (by linearity of M) 

- a.O + b.O 

= O. 

(since q" 7/J effective) 
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Linear combinations of effective p-forms are thus also effective, and the result 

IS proven. o 

Proposition 2.47 

The simple forms of fixed height and degree constitute a vector subspace of 

S (V·,w) . 

Proof 

We consider the set of simple p-forms of height k . It will suffice to show that 

this set contains the zero p-form and that it is closed. The zero p-form is 

indeed simple for it may be written Op = L kOp_2k , and Op-2k is effective by 

the previous proposition. Let ¢, 1f; be simple p-forms of height k. Then there 

exist effective forms ~ and TJ of degree p - 2k such that 

a¢ + b1f; = aLk~ + bLkTJ 

= Lk(a~ + bry) (by linearity of L). 

This expression is simple because the argument of Lk is effective by (2.46). 

This completes the proposition. 0 

Therefore make the 

Definition 2.20 

The subspace of simple exterior forms of degree p and height h will be de­

noted by S;. We will refer to these subspaces as simple subspaces. 0 

The Lepage decomposition may now be interpreted as giving a direct sum 
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decomposition of the homogeneous subspace S"(V' , w) of the symplectic ex­

terior algebra into simple subspaces of various heights. For 0 :s: p :s: 2n 

where q = [~l. 

To clarify this consider the case of n = 5. The decompositions of each of the 

ten homogeneous subspaces of S(V*,w) are: 

S°(V* ,w) = sg 
Sl (V*,w) = So 

1 

S2(V*,W) - sg Ell Sl 
2 

S3(V*, W) - So 
3 Ell Sl 

3 

S4(V* ,W) = So 
4 Ell S~ Ell Sl 

S5(V*,w) = So 
5 Ell SJ Ell S2 

5 

S6(V*, w) = S~ Ell Si Ell S~ 

S7(V*,W) = Si Ell S~ 

S8(V*,w) = S3 
8 Ell S4 

8 

S9(V*,W) = S~ 

SlO(V*,w) = Sfo 

The geometrical interpretation given here has not been explicitly stated in 

the literature; it is felt that these comments provide a better understanding 

of what the Lepage decomposition is. 

2 .3.6 Dimensions of the simple subspaces 

To investigate the structure of the simple subspaces, it is natural to try and 

find their dimensions. This is accomplished in this section where a series of 

results not present in the literature are given. 



A few preliminary results are necessary. 

Proposition 2.48 

Let 0 S; r S; n. Then 
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r-I 

II (n -p-k)= 

(n-p) ! -J. 0 
(n p r)! -r , 

0, 

for 0 S; p S; n - r 

forn-r+1S;pS;n (2 .121) 
k~O 

(_1)' (p-n+,-I)! -J. 0 for n + 1 S; p S; 2n 
(p n I)! -r ) 

Proof 

,-I 

II (n - p - k) = (n - p)(n - p -1)(n - p - 2), .. . , (n - p - r + 1) (2.122) 
k~O 

By inspection, it is clear that the expression is zero for n - r + 1 S; p S; n. 

For 0 S; p S; n - r, consider the smallest factor, (n - p - r + 1). Since 

p S; n - r, it follows that (n - p - r + 1) ~ 1. Therefore the whole expression 

is strict ly positive, and the factorial expression is justified. 

For n + 1 S; p S; 2n , consider the largest factor , (n - p). Since p ~ n + 1, 

it follows that (n - p) S; -1, so the whole expression is strictly negative. 

Taking out - 1 from each factor, we obtain 

r -I 

II (n - p - k) - ( -1 np - n) (p - n + 1) (p - n + 2) , . .. , (p - n + r - 1) 

= (_1)'(p-n+r -l)! 
(p -n- l)! 

We saw previously that for an effective form q,p, 

, - I 

[M', L'] q,p = r! II (n - p - k)q,p 
k~O 

o 
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By the proposition (2.121), it follows that for 0 :s; r :s; nand 0 :s; p :s; n - r, 

MrL'q, = r!(n-p)! q,. 
P (n-p-r)! P 

(2.123) 

From this expression it is evident that an isomorphism may be set up as 

follows. 

Definition 2.21 

For 0 :s; r :s; n and 0 :s; p :s; n - r, 

f; so --+ sr+2 p p r 

'" fr(", ) (n-p-r)lLr '" 'f'p t-> P 'f'p:= -rl(n--p)! 'f'p' 

(2.124) 

o 

This linear map has inverse given by 

(2.125) 

as can be seen from (2.123). 

Consequently, we may assert that 

Proposition 2.49 

For 0 :s; r :s; nand 0 :s; p :s; n - r, 

So ,..... {'fT 

P = Dp+2r (2.126) 

where "'" denotes a vector space isomorphism. 

Corollary 

Let 0 :s; r :s; n, and let 2r :s; p :s; n + r. Then 

So ~ sr 
p-2r = p' (2.127) 
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Proof 

From (2 .126) S~ ~ S;+2T only if 0 ::; q ::; n - r. This range is equivalent to 

the range 2r ::; q + 2r ::; n + r . Putting p = q + 2r yields 

2r ::; p ::; n + r ==> S~_2r ~ S; . 

Proposition 2.50 

Let r be any given height in the range 1 ::; r ::; n . Then 

2r < P < n + r ==> sr ~ sr-1 . 
- - p p-2 

Proof 

We assume that 2r ::; p ::; n + r. From (2.127), 

But 

Sr ~ SO 
p = p- 2r " 

2r ::; p ::; n + r ==> 2r - 2 ::; p - 2 ::; n + r - 2 

==> 2(r - 1) ::; p - 2::; n + (r - 1) -1 

==> 2(r - 1) ::; p - 2 < n + (r - 1) , 

and so applying (2. 127) again, 

sr-l ~ Sa Sa 
p-2 - p-2-2(r-1) = p-2r . 

The result follows by comparison of (2.129) and (2.130). 

o 

(2.128) 

(2.129) 

(2.130) 

o 



Theorem 2.3 (The dimension of the effective subspaces) 

For 0 ::; p ::; n: 

Proof 
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(2.131) 

We use the convention that defines (~) := 0 for r < 0 (see Riordan (1958) 

ch. 1, §3.1, p. 5) . Then for p = 0,1 the result holds, since all scalars and 

1-forms are effective; for these p values, 

dim(S~) = dim (SP(V',w)) = an) 

For the remaining p values, 2 ::; p ::; n, the Lepage decomposition yields 

SP(V",w) = S~ EB S~ EB .... EB S~ 

where q = [~l. Therefore 

dim(S~) = dim(SP(V',w)) - dim (S; EB··· EB S:). 

Consider the subspaces S~ for 1 ::; i ::; q. Since q = [ ~J, it follows that 

2q ::; p. Consequently, 2i ::; p for each i. In addition, since p ::; n, we have 

that p < n + i, so for 1 ::; i ::; q, p satisfies 2i ::; n + i. So, (2.128) may be 

invoked to yield 

dim(S~) = dim(SP(V',w)) - dim(~_2 EB··· EB S;::~). 

It is easily demonstrated that [EfJ = q - 1, since 

for p even 

[p; 2] = p; 2 = ~ _ 1 = [~]_ 1 = q _ 1; 

and for p odd 

[p; 2] = p; 3 = p; 1 _ 1 = m -1 = q - 1. 
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Therefore, by the Lepage decomposition (2.84): 

dim(S~) - dim(SP(V',w)) - dim(SP-2(V',w)) 

= an) - (~n_ 2) . 

o 

Corollary. 

Given 0 ::; r ::; nand 2r ::; p :s n + r, 

(2.132) 

Proof 

By (2.127), 

dim (S;) - dim (S~_2r) (2.133) 

- (~n_ 2r) - (~n_ 2r _ 2) (by (2.131)) (2.134) 

for these values of rand p. o 

2.3.7 Metric structure of the simple subspaces 

We will demonstrate that the simple subspaces are mutually orthogonal and 

that they are nondegenerate. We calculate the signatures of the even degree 

simple subspaces, which are metric spaces. 

The following result demonstrates that the simple subspaces are pairwise 

orthogonal. 
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Proposition 2.51 

Let the extended metric act on two simple forms of degree p + 2r and heights 

r + a and r respectively. They may be uniquely expressed as Lr+·,pp_2. and 

L'1/;p where ,pp- 2. and 1/;p are effective. We have 0 :::; r :::; n, 0 :::; p :::; n - r, 

and 0 :::; a :::; [~l. Then 

Proof 

{ 

0 for a > 0 
w(Lr+·,pp_2., Lr1/;p) = ' 

r!(n-p)! ('" 0/.) f 
(n" 'P r)! W o/P) 'f'P) or a = O. 

H(wr+. II ,pp_2.)JLr1/;p 

= H,pp-2.J Hwr+. J Lr 1/;p 

_ H,pP-2.J Mr+. Lr 1/;p 

(by definition) 

(2.135 ) 

= H,pp-2.J [Mr+., Lrj1/;p (since 1/;p is effective) 

{--- (r) (r + a)! 'rr·-
1

( k)"'" JLr-, ,,,r+.-' o / . 

~ i (r + a _ i)! . =0 n - p + a - ''I'p-2. IYl 'l'p, 

using (2.80). If a > 0, every term contains M 1/;p so that the expression 

vanishes due to the effectiveness of 1/;p. If a = 0, one term, the term with 

i = r , survives. Thus 

r-1 

w(Lr,pp , Lr1/;p) = r! rr (n - p-k)U,ppj"if;p 
0=0 

r!(n - p)! 
- (n _ p _ r)!w(,pp, 1/;p) . (from (2.121), & definition of w( , )) 

o 

Proposition 2.52 

The simple subspaces are nondegenerate. 
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P r oof 

We use a contradiction argument. Assume the simple subspace Sp of degree 

p is degenerate. Then 

3x ESp, x of 0, such that w(x,u) = 0 Vu E Sp. 

By the Lepage decomposition, SP(V*, w) = Sp Ell R", where Rp is the direct 

sum of the other simple subspaces of degree p. Consider any v E SP(V*,w) : 

w(x, v) = w(x, Vs + VR) (unique components) 

= w(x, vs) + w(x, VR) 

- w(x, vs) (Sp and R" are orthogonal) 

- o. (by the assumption) 

This holds for all v in SP(V',w) and and implies that SP(V', w) is degenerate. 

To resolve the contradiction, we must conclude that x cannot be nonzero, 

and hence that Sp is nondegenerate. o 

We recall that the extended metric was symmetric or antisymmetric on the 

homogeneous subspaces, depending on whether the degree of the space was 

even or odd, respectively. Since the simple subs paces are also subspaces of 

the homogeneous subspaces, they too are either symmetric or antisymmetric. 

Hence 

P r op osition 2.53 

Let 0 S; r S; nand 2r S; p S; n + r. 

{

metric, S; is 
symplectic, 

if p even; 
(2.136) 

if p odd. 

Symplectic forms have only one canonical form, for given dimension. There is 

thus no further structure to be found in the odd degree simple subspaces. The 
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even degree subspaces are metric, and it is natural to find their signatures. 

This is done in the following material. 

Proposition 2.54 

For 0 :::; r :::; n and 0 :::; 2m ::; 2 [n~r], 

(2.137) 

Proof 

Let 0 :::; r ::; nand 0 ::; 2m ::; 2 [ n~r]. Consider the isomorphism defined 

above: 

For 12m and ,p2m effective, 

(n - 2m - r)' 
'( -2 ), ' w(Lr 12m ,P,p2m) r. n m . 

(by definition of f;m) 

= 
(n - 2m - r )! r!(n - 2m)! (1 ,p ) 
r!(n - 2m)! (n _ 2m _ r)!W 2m, 2m 

- W(12m,,p2m)' 

(by (2.135» 

Because the isomorphism preserves the extended metric, it must preserve the 

signature of the metric as well. Hence the signatures of sgm and S;(m+r) are 

equal . o 

Corollary 

For 0 :::; r :::; n and 2r :::; 2q ::; 2 [nr 1 ' 

signature(S;q) = signature(sg(q_r)' (2.138) 



Proof 

We had in (2. 137) that for 0 ~ r ~ n and 0 ~ 2m ~ 2 [ nz-r 1 ' 

signature (S;(m+r)) = signature (~m)' 

Put q = m + r and eliminate m in favour of q. Then 

0< 2m < 2 --[
n - r] 

- - 2 ¢=} O~2(q_r)~2[n~r] 

¢=} 2r ~ 2q ~ 2 [n ~ r] + 2r. 

Consider 2 [nZ-r] + 2r. 

For 17. - r even, 

[
17. - r] [17. + r] 2 -2- + 2r = 17. - r + 2r = 17. + r = 2 -2- ; 

and for 17. - r odd 

[
17. - r] [17. + r] 2 -2- + 2r = 17. - r - 1 + 2r = 17. + r - 1 = 2 -2 - . 

So the previous proposition (2.137) is translated into the statement 

signature(S;q) = signature(Sg(q_r)), 

for 0 ~ r ~ nand 2r ~ 2q S; 2 [nr ]. 

Corollary 

For 1 S; r S; 17. and 2r S; 2q ~ 2 [nr ] , 

signature(S;q) = signatureS;;-.\ 

84 

o 

(2.139) 
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Proof 

Assume that 1 ::; r::; n and that 2r::; 2q::; 2 [nyj. Then.by (2.138), 

signature(S;q) = signature(S~(q_r))' (2.140) 

But 2r ::; 2q ::; 2 [~] from which it follows that 2(r - 1) < 2q - 2 ::; 

2 [ny j- 2. Consider this maximum value for 2(q -1) , namely 2 [ny]_ 2: 

for n + r even, 

2[n;rj_2=n+r_2=2[n+(;-1)]; 

and for n + r odd 

So we may rewrite the above ranges for r and for 2(q - 1) as 1 ::; r ::; nand 

2(r -1) ::; 2(q - 1) < 2 [n+(;-l)j. 

This allows us to invoke the previous corollary (2.138) to yield 

signature(S;~:'I)) - signature(Sg(q_l_(r_l))) 

= signature(Sg(q_r))' 

Comparison of (2.140) and (2.141) yields the result. 

(2.141) 

o 

Theorem 2.4 (The signature of an even degree effective subspace) 

For 0 ::; 2q ::; 2 [~j , 

signature(S~q) = (~) - (~_ 1) . (2.142) 

Proof 

If q = 0, then the result holds trivially: sgq is just S8, which is 
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the set of scalars, or SO(V·,w ). Putting any non-zero number, say a, into 

the arguments of the extended metric produces a positive number, since 

w(a, a) = "aJa = a2
• Following the convention where (q) = 0 for q < 0, the 

result holds in this case. 

For 0 < 2q :::; 2 [~J, we have by the Lepage decomposition (2.84) that 

S2
q
(V',w) = S~, Ell S~q Ell··· Ell Si,. 

Because the simple subspaces are mutually orthogonal by (2.135), it follows 

that 

signature(sgq) = signature(S2q(V',w)) - signature(S;q Ell· ·· E9 Siq)· 

Consider the subspaces S;, for 1 :::; i :::; q. Since 2q :::; n, it is certainly true 

that q < n. Thus we have 1 :::; i < n. For the range of 

values of 2q, note that i :::; q from which 2i :::; 2q; in addition, since 2q :::; 2 [~J, 

it is clear that 2q :::; 2 [!!fJ. Thus the ranges of values for i and 2q are 

1 :::; i :::; nand 2i :::; 2q :::; 2 [!!f J. 

This allows us to invoke corollary (2.139) to yield 

signature(Sgq) - signature(S2q(V' ,w)) - signature(Sgq_2 Ell·· · Ell Si;':2) 

signature( S2,(V', w)) - signature( S2q-2(V', w)) 

by the Lepage decomposition (2.84) . Thus, using our earlier result (2.60), 

signature(Sgq) = (q) - (~_ 1) . 
o 

Corollary 

For 1 :::; r :::; nand 2r :::; 2q :::; 2 [!!f-J ' 
signature(S;q) = (~- r) - (~- r -1) . (2.143) 
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Proof 

For 0 :5 ' :5 n and 2, :5 2q :5 2 [nt 1 we had in (2.138) that 

We saw in the proof of (2.140) that for 0 :5 r :5 n , the mnge 27' :5 2q :5 2 [nt' ] 
is equivalent to the range 0 :5 2( q - 7') :5 2 [n~r] . So clearly 0 :::: 2( q - T') S 

2 [~l, which allows us to invoke (2.142), yielding 

. t . ' N ) _ (n ) (n \ sIgna me\.". - q - r - q - r - 1) . 

o 

A natural development of the material of this chapter is to ext.end the results 

onto a manifold. This line is not followed here. Accounts of symplectic 

manifolds may be found in Libermann and Marie (1987), or Guillemin and 

Sternberg (1977 ,1984) . 



Chapter 3 

Lepage decomposition for the 

symmetric tensor algebra 

The main result of this chapter is the proof of a Lepage decomposition the­

orem for the symmetric exterior algebra endowed with a metric. As in the 

symplectic case, this decomposition has been interpreted in terms of a direct 

sum of simple spaces. As far as I know, these results are new. 

My strategy here has been to imitate the development of the material in 

the previous chapter. This turned out to be a most successful scheme, and 

with only a few exceptions, the structures of the symplectic exterior algebra 

carried over into the present case. This chapter is consequently shorter than 

chapter 2 as many proofs are omitted, being identical to their symplectic 

counterparts. 

The material is distributed as follows. 

There are three sections. In the first section, I review the symmetric exterior 

algebra, and define generalised interior products. In the second section, I 
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introduce a metric and use it to define the isomorphisms D and U. These 

structures closely follow those defined in the symplectic case. However, there 

is no volume form, so a Hodge dual operator cannot be defined . The next 

structure set up is an extended metric. In the final section, I define operators 

Land M, obtain their commutation relations, and use the results to prove 

a Lepage decomposition theorem in this exterior algebra. I interpret this 

theorem in terms of a direct sum of simple subspaces and investigate the 

properties of these spaces. 

3 .1 A lgebra of sy m metric tensors 

I review some definitions and properties of the algebra of symmetric tensors 

in its two guises, with upper and lower indices. Similar material can be found 

in Shaw (1983) vol. II, ch. 10, and Crumeyrolle (1990). 

3 .1. 1 Symmetric forms 

Given an m dimensional vector space V, a symmetric p-form r/> is a mul­

tilinear map from p cartesian products of V into the reals which is totally 

symmetric. In other words, it is a totally symmetric tensor with p covariant 

indices . Addition of symmetric forms is defined as for tensors or exterior 

forms, by requiring that the valuation of a sum is the sum of the valuations. 

This does not affect the symmetry, and the set of all symmetric p-forms is a 

vector space, denoted by VP(V*). I will refer to this vector space as the 'ho­

mogeneous symmetric p-forms' . The dimensions of the homogeneous spaces 

of degree p are given by (Crumeyrolle p 32, Shaw p 370) 

(3.1) 
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As in the exterior algebra, the zero-forms are identified with the reals; fur­

thermore, the I-forms coincide with the antisymmetric I-forms. Unlike the 

exterior algebra which terrrilnates after the antisymmetric forms of degree 

equal to the dimension of V, the symmetric algebra, consisting of the di­

rect sum of symmetric forms of all degrees, never terminates; it is infinite 

dimensional. In this chapter, 'form' will refer to 'symmetric forms', unless 

otherwise stated. 

The symmetric product, denoted by V, produces a (p+ q)-form from a p-form 

and a q-form. It is essentially a symmetrised tensor product, defined by 

The symmetric prod uct is bilinear and associative. 

The interior product of a p-form and a vector produces a (p-l)-form, defined 

by 

(XJrP)(Y" .. ·,1';,-d := </>(X, Y" ... , 1';,-d (3.3) 

where X, Y" ... , 1';,-1 are arbitrary vectors. This operation is also referred 

to as the 'contraction of X onto </>'. The interior product is bilinear, and acts 

as a derivation in distributing over the symmetric product: 

XJ(</> V 1/1) = (XJ<P) V 1/1 + </> V (XJ1/J). (3.4) 

The symmetric algebra on the m dimensional vector space V is isomorphic 

to the polynomials in m indeterminates (Shaw p 390). The following re­

sult which I shall use later is essentially Euler's theorem for homogeneous 

functions in m unknowns. 

Proposition 3.1 

Let V be an m-dimensional vector space with any basis {ei}. Let {ei} be a 
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dual basis of V' and let r/> belong to vr(v*). Then 

m 

I>iV(e;Jr!»=rr/> (3.5) 
i;;;;l 

Proof 

It suffices to show the result for decomposable r/> only, as it then extends 

to all r/> by the linearity of the interior and symmetric products. Since 

. . e. . . e . . . e 1 E Jl, · · · , Jr 

{ 

i,V ViV Vir' {' '} 
e;jeJ1V .. . VeJr = 0 

it follows that 

i rf. {j"", ,jr} 

i E {j" ... , jr } 

i rf. {j"", ,jr}. 

If we sum over all values of i then clearly 

m 

Lei V (e;Jei' v ... Veir ) = rei' v ... Veir . 
i=l 

A corresponding result , (2.3), was stated for the exterior algebra. 

o 

I now generalise the definition of the interior product so that any multi vector 

may be contracted onto a form. As in the case of the exterior algebra, the 

definition is in two steps. First, X J r/> is defined for a decomposable X; in the 

second step this is extended to the non-decomposable case. 

Definition 3.1 

Let r/> be any (symmetric) p-form and let e" ... , ek be vectors, with k s: p. 

Then define 
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Let a k-form X have a coordinate presentation Xi, ... i· ei, V . . . Vei •. Then 

define 

XJ<P = (Xi, ... i· ei, V ... Vei.)J<P 

.- Xi" ""((e" V ... Vei.)J<P). 

To complete the definition, we define, for a scalar a: 

a J<P := at/>, 

and we define X J<P := 0 if X is of degree greater than that of t/>. 0 

It is easy to demonstrate the following properties: 

Proposition 3.2 

Let X, Y be multivectors and let t/>,?jJ be p-forms. Then 

XJ(YJ<P) = YJ(XJ<P) (3.6) 

(X V Y)Jt/> = XJ(YJ<P) (3.7) 

X j(t/> + ?jJ) = XJt/> + XJ?jJ (3.8) 

XJ(at/» = a (XJ<P) (3.9) 

3.1.2 Symmetric multivectors 

The symmetric forms are tensors with lower indices that are symmetric; an 

isomorphic structure may be set up for the upper index symmetric tensors. 

This is the algebra of symmetric multivectors. 

Let V' be the dual of the m dimensional vector space V. Then a symmetric 

p-vector X is a multilinear map from p cartesian products of V' into the reals, 
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which is totally symmetric. The set of all symmetric p-vectors is a vector 

space under the operations of scalar multiplication and addition defined as 

for the exterior forms. Denote this space by VP(V) and refer to its elements 

as 'homogeneous multi vectors of degree p'. The dimensions of these spaces 

are given by the same expression as above: 

P 

dim V(V) (3.10) 

The multivectors of degree zero are identified with the reals, and those of 

degree one make up the vector space V. The algebra consisting of the direct 

sum of the symmetric multi vectors of all degrees is also infinite dimensional. 

It wi ll be denoted by V(V). In this chapter, 'p-vector' will mean 'symmetric 

p-vector', unless otherwise stated. 

A symmetric product of multivectors is defined along the same lines as for 

the symmetric forms. It is denoted by the same symbol V, and prod uces a 

(p -t- q)-vector from a p-vector and a q-vector. It is defined by 

(XVY)(Ol, .. . ,O(p+q)) := -h 'LXW'(l), ... ,O,,(p)) y(O"(P+1), .. . ,O,,(p+q)) 
p.q. " 

(3.11) 

where X , Y are multivectors of degree p and q respectively and 01 , . .• ,O(p+q) 

are arbitrary 1-forms. This product is again bilinear and associative. 

The interior product of a p-vector and a 1-form produces a (p - l)-vector, 

defined by 

(3.12) 

where 0,.,,1, ... , ."P-1 are arbitrary 1-forms. Again, the interior product is 

bilinear, and acts as a (right) derivation in distributing over the symmetric 

product of multi vectors: 

(X V YHO = (XlO) V Y + X V (YlO). (3.13) 
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As in the case of the left interior product, we may generalise the definition of 

this interior product to allow any form to be contracted onto a multi vector. 

Definition 3.2 

Let X be a multi vector of degree p and let ail, ... ,ai• be one-forms. If k :::; p, 

define 

Let ¢ be any k-form with a coordinate presentation ¢i, ... i. gil V ... V ai•. If 

k :::; p, define 

XL¢ = XL(¢il .. .;,ail V ... vai.) 

.- ¢i, .. .;.(XLai, V ... V gi.). 

For any scalar a, 

XLa:=aX. 

If ¢ has degree k > p, define 

XL¢:=O. 

o 

We have the following properties: 

Proposition 3.3 

Let X, Y be multivectors, ¢ a form, and let a be a scalar. Then 

(XL¢)l1f; = (XL1f;)l¢ (3.14) 

XL(¢v1f;) = (XL¢)l1f; (3.15) 

(X + Y)l¢ = X L¢+YL¢ (3.16) 

(aX)l¢ = a(XL¢) . (3.17) 
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We may also prove that 

Proposition 3.4 

Let X be a homogeneous multivector, and let ¢> be a form of the same degree. 

Then 

XJ¢>=XL¢> · (3.18) 

3.2 Symmetric algebra with a metric 

3.2.1 The metric 

Recalling that our scheme in this chapter is to set up a framework parallel to 

the framework established for the symplectic exterior algebra, it is necessary 

to define a structure analogous to the symplectic two form, for the symmetric 

exterior algebra. The object has to be of degree two and must belong to the 

algebra itself. It is therefore a symmetric two-form, or metric. By analogy 

with the symplectic case it must also be nondegenerate. 

From this point on, we may assume our vector space V has such a distin­

guished nondegenerate metric 9 belonging to V2(V*) . We know from the 

standard theory (Gockeler and Schucker, 1987 pp 33-4) that there always 

exist orthonormal bases of V in which g, considered as a matrix, takes on 

a diagonal form having only +1 's or -1 's on the diagonal. The number of 

positive and negative entries is independent of the orthonormal basis chosen, 

and is thus a property of g. Denote the number of positives and negatives by 

p and q respectively. The nondegeneracy of 9 then requires that p + q = m . 

Thus there will always exist a basis {el, ... , ep, f" ... ,Jq} of V such that 

g(e;, e;) = +1 and g(Jj, Ij) = - 1 for i, j running from 1 to p, q respectively. 
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g is then given in terms of the dual basis {et, ... , eP, j1, ... , r} as 

g = ~ (el V el + ... + eP V eP - fl V t - ... - r V r) . (3.19) 

3.2.2 The lowering operator 

We may use the metric g to define an isomorphism from vr(v) to vr(v') 

for all r. The development here is aimed at imitating that followed for the 

exterior algebra with a distinguished symplectic form. 

Definition 3.3 

If a is any scalar, then 

pa .- a; 

if x is a vector, then 

PX := xJg; 

and if X is any symmetric r-vector, t hen 

where Xl, ""XT are arbitrary vectors. 0 

It is easily verified that the above operation expressed in index form corre­

sponds to the standard method of lowering tensor indices using a metric. 

Proposition 3.5 

Let {el, ... , ep,jb ... , fq} be a canonical basis of V and let {et, ... , eP,1\ . .. , r} 

be its dual basis. Then 

bei = e' 

(3.20) 
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Proof 

(by definition) 

- ~IiJ (elvel+ ... +epvep-pvfl_ ... _!"v!") 
1 . . 

- -21;Jf' V l' (no summation over j) 

But for any vector x, 

(no summation) 

= fj(Jj)fj(x) + 1'(x)fj(Jj) (no summation) 

2fj(x) , 

and substituting Ii J f' V P = 2f' into the above expression yields the result 

that b Ii = - P for j = 1 to q. Similarly, we have be; = ei for i = 1 to p. 0 

Proposition 3.6 

Let a be a scalar, and let X, Y be symmetric r-vectors, and let Z be an 

s-vector, with s not necessarily equal to r. Then 

b(aX) a(bX) 

b(X + Y) = bX + DY 

b(X V Z) (bX) V (bZ). 

The proof of this proposition closely follows the analogous proof in the sym­

plectic case. 
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3.2.3 Raising operator 

I will define a distinguished 2-vector and use it to express the inverse of the 

lowering map. 

Definition 3.4 

G is a symmetric 2-vector satisfying 

bG := g. 

o 

It is easily shown that in a canonical basis {e" ... , ep,h, . . . , jq}, G is ex­

pressed as 

(3.21 ) 

Definition 3.5 

If a is a scalar, then 

Ua .- a; 

if (J is a I-form, then 

U(J := GlB; 

and if <I> is any symmetric r -form, then 

(U<I»((J', .. ·,(Jr) := <I>(U(J', ... ,W) (3.22) 

where (J', ... , (Jr are arbitrary I-forms. o 
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Proposition 3.7 

Let {e" ... ,ep, j" . .. ,fq} be a canonical basis of V with dual basis {e1 , ••. ,eP , f 1 , • •• , r}. 

Then 

The properties of ij are no different from those of ~: 

Proposition 3.8 

Let a be any scalar, let ¢, 'I/; be symmetric r-forms, and let t be any s-form. 

Then 

ij(a¢) a(ij¢) 

H¢ + '1/;) = U¢ + ij'l/; 

ij(¢ V 0 (ij¢) V (~O 

We also have 

Proposition 3.9 

For any symmetric form ¢ and any symmetric vector X, 

~~¢ = rf> 

~~X = X 

~(XJ¢) - (~¢ll(~X). 

3.2.4 Extended metric 

The vector space V' has metric G. I will extend this metric to act on sym­

metric forms of any degree. The homogeneous subspaces will be mutually 
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orthogonal by this definition. I will show that the extended metric on the ho­

mogeneous subspaces is symmetric in all cases. The signature of the extended 

metric on these subspaces will be found. 

Definition 3.6 

Define a metric that maps the cartesian product of vr(v*) and VS(V*) into 

the reals. Referring to it as the extended metric and denoting it by g( , ), 

we define 

where ¢J, 'if; belong to vr(v*) and V'(V*) respectively, o 

Proposition 3.10 

The extended metric g( , ) is bilinear and symmetric in its arguments, for 

a.ll degrees. 

Proof 

The bilinearity is evident from the fact that U and J act linearly. If the degrees 

of the arguments are unequal, the outcome is zero and symmetry is trivial; to 

prove the symmetry for arguments of equal degree, it will suffice to consider 

only decomposable ¢J = ¢JI V ... V ¢Jr as the result follows by linearity. 

g(¢J,'if;) = U¢Jj,p (by definition) 

- UW V . .. V ¢Jr)j,p 

= 'if;(W,···,W) 

= U'if;( ¢JI , ... , ¢Jr) (by definition of U) 

= (U'if;)l¢1 V ... V ¢Jr 

U'if;l¢J 



101 

U,p J¢> (since arguments are of equal degree) 

= g(,p, rp) 

o 

From here on, Mk(V*, g) will denote the homogeneous subspace Vk(V*) with 

the above extended metric on it. The complete algebra formed from the direct 

sum of the homogeneous subspaces will be denoted by M(V*,g) . The two 

dual spaces will be denoted by Mk(V,g) (for the homogeneous k-forms) and 

M(V,g) (for the direct sum of the homogeneous subspaces of k-forms). 

Proposition 3.11 

The extended metric expressed in the basis of Mr(V*,g) generated from any 

diagonal basis of V* is diagonal. If the general element of this basis is given 

by eil V ... V eir-o V Ijl V ... V Ijo for 0 :S a :S r, then the sign of the 

corresponding diagonal entry is (-1)". 

Proof 

Consider the extended metric operating on an arbitrary pair of basis r -forms 

in Mr(V·,g). Suppose in the following that a:S b. Then 

g (ei l V ... V eir-o V PI V ... V po, ekl V ... V ekr-' V /, V . .. V /') 

= U(e i
' V .. . V eir-. V F' V ... V fjo)Je k

, V ... V ekr- b V /, V ... V /'. 

But we have that Uei = ei and «l = - Ii; hence the above becomes 

( 1)" k, V V kr _, V II, V V 11,( . . f· f · ) - - e . . . e . . . e~l , ... , efT_a.' J1"'" Ja 

_ (_1)" I:>kl(7l'ei, ) ... ekr-b(7l'eir_,)/'(7reir_'+')'" 
" 
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where each 'Ir is a permutation of the index set of r elements. As long as 

a i' b the above expression will be zero because there are more e;'s than 

Ji's. Thus a non-zero result is possible only when a = b. In these cases, the 

expression becomes 

9 (ei1 V ... V ei
,-" V fi1 V ... V p", ek1 V ... V ek,-" V f1 V ... V f") 

= ( -1)" I>k1 ('lrei1) ... ek
,-"( 'lre;,_Jf' ('Ir fiJ . . ·f" ('Ir Ii.) . 

Excluding the coefficient (_l )a, the summation has at least one non-zero 

term, where the permutation 'Ir takes the index set {i" ... , ir-a,j" ... ,ja} 

to 

{k1 , ... , kr _ a, I" ... , la}, but there may be more due to the possibility of re­

peated factors. However the summation itself has positive sign, and so the 

sign of the expression is given by (_l)a. o 

Definition 3.7 

Any basis for Mk(V',g) generated from a diagonal basis for M1(V',g) will 

be called a diagonal basis. o 

Corollary 

The extended metric g( , ) is nondegenerate on each homogeneous subspa.ce. 

Proof 

By the arguments in proposition (3.11) there can never be a zero on the 

diagonal of the matrix representing the extended metric in a diagonal basis. 

This guarantees the non degeneracy. o 
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The signature of the metric 9 on the vector space is determined by the pair 

of numbers p and q, where p + q = m. As in the previous chapter, we will 

express the signature as the difference p-q. Then the signature of the vector 

space is p - q = p - (m - p) = 2p - m. 

Proposition 3.12 

If M'(V', g) has signature 2p - m where p is the number of posi tive entries 

on the diagonal of any orthonormal basis, then the signature of M r(V',g) 

is given by 

Proof 

As in the previous theorem, we work in the basis induced from a diagonal 

basis 

{e l , ... , eP , f', ... , I'} of v'. The proof is a simple counting procedure. We 

write out the basis of (~ + r - 1) symmetric r-forms gathering together first 

those elements with no Ii's, then those with one Ii, those 

with two, and so on, until finally we get to those with r Ii's. 

Letting i denote the number of f's in a particular category, we claim that 

the number of basis elements in this category having i Ij,s and r - i ej,s is 

(
p + r - i - 1) (m - p + i - 1) . 
p-l m-p-1 (3.24) 

To justify this, note that the r - i ej,s are selected from a pool of p, with 

unlimited repetition. This may be done in 

(
p+r-i-1) 
p-1 

different ways. In the case of the Ii's, there are i of them, to be selected 

from a stock of m - p, also with unrestricted repetition. This may be done 
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III 

(
m - p+i -1) 
m-p-1 

different ways. The product of these two combination formulae therefore 

yields the number of basis elements in this category. 

By the previous theorem, the negatives in the signature are contributed by 

the basis elements with i odd, and the positives by those with i even. To 

obtain the signature, we must find the sum of all products like (3 .24) with i 

even, and subtract all those with i odd. This is precisely what is expressed 

in the gi ven formula (3 .23). o 

3.3 The Lepage decomposition 

3.3.1 Operators Land M 

By analogy with the symplectic exterior algebra, define two operators which 

arise naturally from the structure of Mr(v', g). 

Definition 3.8 

Let f) be an element of Mr(V·,g). Then define 

Mr(V',g) -t M r+2(V',g) 
(3 .25) 

f) 

Where no ambiguity arises, we will write L in place of Lg • o 

L has the following properties: 



105 

Proposition 3.13 

Let a, b be reals. Let cp, 'if; belong to MT (V', g) and let ( belong to M k(V', g). 

Then 

Definition 3.9 

L( aq, +b'if;) = 

L(q, V 0 

aLq, + bL'if; 

(Lq,) V ( = q, V (LO. 

Let B be an element of MT(V*,g). Then define 

MT(V*,g) -; MT-2(V*,g) 

B r-+ MgB=(Ug)JB=GJB 

Where no ambiguity arises, we will write M in place of Mg . 

Proposition 3.14 

(3.26) 

(3.27) 

(3.28) 

o 

}'1 is a linear operator on the exterior algebra. That is, for a, b reals and q" 'if; 

belonging to Mr(V' ,g) 

M(acp + b'if;) = arM ¢) + b(M'if; ). (3.29) 

Furthermore, M is not a derivation with respect to the exterior product. 

Because M is not a derivation, it seems natural to define 

Definition 3.10 

Let q" 'if; be forms of degree k and r respectively. Define 

Mk(V*,g) X Mr (V',g) 

(¢,'if;) 

-; M k+T-2(V*,g) 

r-+ PM(q,,'if;) 
(3.30) 
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where 

o 

PM measures the degree of departure of M from being a derivation. I do not 

investigate PM any further here. 

Proposition 3.15 

M and L are adjoint operators with respect to the extended metric. That 

is, if the degree of q, is two less than that of ,p, then 

Proof 

g( Lq" ,p) = 

= 

= 

-

= 

g( Lq" ,p) 

g(,p,Lq,) = 

g(q"M,p) ; 

g(M,p, q,). 

g(g V q",p) (definition of L) 

~(g V q,)N (definition of metric) 

(~g V ~q,)N (property of ~) 

~q,JOgN) (property of interior product) 

~q,J(M,p) (definition of M) 

g( q" M,p) (definition of metric.) 

The second statement follows trivially from the symmetry of the extended 

metric. o 
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Proposition 3 .16 

Let rj E Mk(V·,g). Then for any homogeneous form 1/; 

g( [MT,L'] rj,1/;) =g(rj, [M',L'] 1/;) . (3.31) 

Proof 

The result is trivially true if the degree of 1/; is not equal to the degree 

of [MT, L'] rj since the extended metric is zero on forms of differing degree. 

For 1/; of degree k + 28 - 2r, 

g([MT,L'] rj,1/;) = g(MT L'rj - L'MTrj,1/;) 

P roposition 3.17 

Proof 

~gJ g - GJg 

= g(MT L'rj, 1/;) - g(L' M r rj, 1/;) (since g is bilinear) 

g(L'rj,Lr1/;) - g(Mrrj,M'1/;) (adjoint property) 

- g(rj,M'LT1/;) - g(rj , L™'1/;) (adjoint property) 

g( rj, M'L' 1/; - LT M'1/;) (bilinearity of g) 

_ g(rj,[M',LT]1/;). 

o 

1 
~gJg --m - 2 . (3.32) 
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- l {t ~(ei V ei)J(e
h 

V e
h) + t,~(fj V fJ)J(fk V jk)} 

1 
4" {2p+ 2q} 

1 
- 2m . 

o 

For convenience, I will make the following definition. 

Definition 3.11 

1 
n "- -m . 

2 
(3.33) 

o 

Note that n is not necessarily an integer as m, the dimension of V, may be 

an odd number. 

3.3.2 The commutators of Land M 

Proposition 3.18 

Let if; belong to Mk(V·,g). Then 

[M,Ljif;=(n+k)¢. (3 .34) 

Proof 

We work in a diagonal basis {e\ ... ,eP,J\ ... , r} of (V·,g). 

M L¢ = ~gJ (g V ¢) (by definition of M, L) 
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= HE e, V e, -~ Ji v Ji } J (g v ~) 
1 p 1 q 

- 2" L e;J e;J (g V ~) - 2" L Ji J Ji J (g v ¢) 
l=l J=1 

The Leibnitz product rule is applied twice, giving 

1 p 1 q 

ML~ = "2 Led {(e;Jg) V ~ + 9 V (e;J¢)} - 2" LJiJ {(JjJg) V ~ + 9 V (JiJ¢)} 
t=1 p=1 

1 P 

= - L {(e;Je;Jg) V ~ + (e;Jg) V (e;J¢) + (e;Jg) V (e;J~) + 9 V (ede;J~)} 
2 ,=1 

1 q 

- 2" L {(fjJIjJg) V ~ + (fjJg) V (JiJ~) 
]=1 

+ (JiJg) V (JiN) + 9 V (fjJJiJ¢)} 

Recalling that e,Jg = be, = e' , that IjJg = bIj = -ji, and gathering like 

terms, we have 

ML~ - n(Ee,ve,- ~JiVIj)J9} V~ 

+g V { i (E ei V ei - ~ 1; V 1;) J ~} 
p q 

+ L ei 
V (e;J¢) + L I j 

V (1;J¢) 
i=l j=l 

Using (3.5) the last two summations may be replaced by k ~ since ¢ is of 

degree k. Thus 

ML~ - (~gJg)V~+gV(~gJ¢)+k~ 

- n~+LM¢+k~ (using (3.32), ) 

which completes the proof. 0 
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Proposition 3.19 

Let q, E Mk(V*,g). Then for r ~ 1, 

[Mr,L] q, = r(n + k - r + 1)Mr- 1q,. (3.35) 

Proof 

The method of proof is identical to that used in the symplectic case: use a 

standard identity for operators to express [Mr, L] q, as 

r 

[Mr,L]q, = I:Mr-i[M,L ] Mi-1q,. 
1=1 

The argument of [M, L] in each term has degree k - 2i + 2. Invoking (3.34) 

we have 

r 

[Mr,L]q, = I:Mr- i{n +(k-2i+2)}Mi- 1q, 

Proposition 3.20 

r 

= I:(n + k + 2 - 2i)Mr- 1q, 
i=l 

= r(n + k + 2)Mr- 1q, - 2 (~i) Mr-1q, 

= r(n + k + 2)Mr- 1q, - r(r + 1)Mr- 1q, 

= r(n + k - r + 1)Mr
-

1q,. 

Let q, E Mk(V*, g). Then for r ~ 1, 

[M, r] q, = r(n + k + r _1)Lr-1q,. 

Proof 

Let 'if; be any symmetric (k + 2r - 2)-form. 

g([M,Lr]q,,1/J) = g(q,,[Mr,L]'if;) (by (3.31)) 

o 

(3.36) 
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- g(</>,r{n + (k + 2r - 2) - r + I}MT- 1 v1) (by (3.35)) 

- g(</>,r(n + k + r -1)MT-1 v1) 

== g(r(n + k + r _1 )LT- 1 </> , vi) (adjoint property) 

The result follows since this holds for all such vi. D 

Proposition 3.21 

Let </> belong to Mk(V" g). Then for r ~ 1 and a ~ 0, 

This result may be proved by induction, and is almost identical to the proof 

for the symplectic case (which is given in the appendix). 

Proposition 3.22 

Let </> belong to Mk(V*,g ). Then, for r ~ 1 and a ~ 0, 

T ( + )1 ;-1 
[NI'+aY]</> ==L:(i) r a " 1 mn+k-a+jW-iMT+a-;</>. (3.38) 

i;1 (r + a - z). j;O 

Proof 

Let vi be of degree k - 2a. Then 

g([MT+ay] </>,vI) == g(</> ,[MT,LT+a]vI) (using (3.31)) 
T ( + )1 i -I _ L: (i) r a .. 1 II (n + (k - 2a) + a + j)g(</>y+a-iMT-ivl) (from (3.37)) 

;;1 (r+a -z)'j;O 

T ( + )1 i-I _ L:(i) r a .. 1 II (n+k-a+j)g(LT-iMr+a-i</>,vI) 
; ; 1 (r+a-z)'k;O 

using the adjoint property of M and L. This holds for all vi ; hence the result. 

D 
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Recall that two other expressions were found for these commutators in the 

symplectic case. Their derivations made use of the Hodge star and since 

there is no such operation in the symmetric algebra, there are no further 

commutator expressions analogous to the ones for the symplectic case. 

3.3.3 The Lepage decomposition 

A decomposition very similar to the Lepage decomposition for the exterior 

algebra is possible for the symmetric algebra. 

Definition 3.12 

Any symmetric form ¢ such that M ¢ = 0 will be called effective. 0 

Proposition 3.23 

Let 7f; be any effective symmetric form of degree k. Then 

MrLr7f; 

MrLr7f; = 0 

Proof 

o (for a:2: 1) 
I(n + k +r -1)17f; 

r. (n+k-l)l 

==> 7f; = O. 

To prove the first result we invoke (3.38). 

Mr+aLr7f; = [Mr+a,Lr]7f; (since 7f; effective) 

(3.39) 

(3.40) 

(3.41) 

_ :t (r) (r + all. I ITJn + k - a + j)Lr-. Mr+a-'7f;(.3.42) 
.=1 (r+a-~)'j=O 

Since every term contains M7f; for a > 0, the whole expression is zero. 
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For the second result (3.40), put a = 0 into (3.42) to obtain 

since ..p is effective, all the terms except the i = r term are zero. Thus 

from which follows 

r-1 

[Mr, Lr j..p = r! II (n + k + j)..p, 
j;:::O 

Mr 1'..p = r ! (n + k + r - 1)!..p . 
(n+k-1)! 

To prove (3.41) we need only note that both rand k are non-negative. Be­

cause of this, the coefficient of (3.40) cannot vanish. Therefore, the require-

ment that Mr 1'..p = 0 implies that ..p must be zero. 

Theorem 3.1 (The Lepage decomposition) 

Every form ¢> of degree k may be decomposed as 

q 

¢> = L Li ..pk- 2i 
i=O 

where each ..pk-2i is an effective form of degree (k - 2i) and q ::; [~l. 

Proof 

If ¢> = 0, then it is already effective and the result holds trivially. 

We define q by the requirements 

Due to (3.44), it follows that k - 2q :::: 0 and hence that q ::; [~l. 

o 

(3.43) 

(3.44) 

(3.45) 
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We next induce a series of k-forms from rP. They are defined in the following 

iterative way, where ao, ... , a q are constants to be selected later. 

rP(O) .- rP 

rP(l) .- rP(O) - aoLq Mq rP(O) 

rP(q) -- rP(q- l) - a q_ 1LM rP(q-1) 

rP(q+I) .- rP(q) - aqrP(q)· 

If we can select ao, ... ,aq so that 

Mq+IrP(o) = MqrP(l) = ... = M;rP(q-;+l) 

= M2rP(q_1) = M rP(q) = 0 

then we may define a series of effective forms as follows: 

'if;k-2q .- aoMqrP(O) 

0" Mq-1~ 'l'k-2(q-l) . - a1 '1'(1) 

'if;k-2 .- a q_1 M rP(q-1) 

'if;k .- aqrP(q) 

Using (3.48) we may write (3.46) as 

(3.46) 

(3.4 7) 

(3.48) 



rP(l) rP(O) - L",pk_2q 

rP(2) - rP(1) - Lq-!,pk-2(q-l) 

rP(q-i) - L
i
,pk_2i 

rP(q) = rP(q-l) - L,pk-2 

rP(q+l) = rP(q) - ,pk . 
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(3.49) 

By substituting each expression of (3.49) into the one below it, we obtain 
q 

rP(q+1) = rP - L L
i
,pk_2i. (3.50) 

This relies on the assumption that (3.47) holds true. I prove this to be the 

case in the following lemma. 

Lemma 

If rP(O)," ., rP(q+1) are defined as in (3.46), then there exist numbers ao,.·., aq 

such that 

is effective (3.51) 

for 0 :::: i :::: q, and they are given by 

(n + k - 2q + 2i - I)! 
ai = (q _ i)!(n + k - q + i - I)! . 

(3.52) 

Proof 

By induction on i. 

For i = 0: MqrP(O) is already effective by (3.45). 

We assume that for some i satisfying 0 :::: i < q, 

is effective. (3.53) 
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Now we show that the assertion holds also if we increment i by one unit. For 

Mq-U+1)</>U+1) to be effective, we require 

o - Mq-i</>(,+1) 

Mq-, {</>(,) - a,Lq-'Mq-i</>(i)} (by (3.46)) 

By the inductive hypothesis (3.53) , Mq-'</>(i) is effective of degree k - 2q + 2i 

and we may make use of the result (3.40), to yield: 

o = Mq- i</> ( )1 (n + (k - 2q + 2i) + (q - i) - I)! Mq-i</> 
(i)-ad- z . (n+(k-2q+2i)-I)! (i) 

{ ( ')1 (n+k-q+i - I)! } Mq-'A. . 
I-a, q - z '(n+k-2q+2i - I)! '1'(.). (3.54) 

Noting that the degree of Mq-'</> (i ) is greater than zero, it follows 

that (k - 2q + 2i) ::: O. Thus both the numerator and the denominator of the 

fraction in (3.54) are positive. It is therefore possible to solve for a, to yield 

(n + k - 2q + 2i - I)! 
ai == . 

(q - i)!(n + k - q + i-I)! 

We have shown by induction that this holds for 0 ::; i ::; q, which completes 

the lemma. o 

Examining (3.50) it is clear that the result will be proven if we can show that 

</>(q+1) = O. From (3.46) we have 

</>(q+1) - </>(q) - aq</>(q) 

(n+k - I)! 
- </>(q)-O!(n+k - I)!</>(q) 

== o. 

(using (3.52).) 
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Thus (3.50) becomes 
q 

¢ = "L,Li
1/Jk_2i, 

i=O 

and the proof is complete. o 

Because the above theorem constructs the forms 1/Jk - 2i explicitly, it also 

proves the uniqueness of the decomposition. However I choose to demonstrate 

the uniqueness by a second method also. 

Proposition 3.24 

The Lepage decomposition stated above is unique. That is, q is unique and 

so too are the ,pk-2;'S. 

Proof 

q is unique by the way it is constructed. To show the uniqueness of the 1/J's, 

it suffi ces to prove that if 

(3.55) 
i;:;;:Q 

then each ,pk-2i is zero (for 0 ::; i ::; q). Applying Mq to (3.55), we obtain 

i= O 

(by (3.39).) 

From (3.41), it follows that 1/Jk-2q = O. 

So (3.55) becomes 
q-1 

o = "L, L i
1/Jk_2i . (3.56) 

By applying Mq-1 to this expression, the same reasoning allows us to deduce 

that ,pk-2q+2 = O. Following this procedure iteratively, we can show that all 

the 1/Jk-2;'S are zero. o 
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3.3.4 The simple subspaces 

Following the same development as for the symplectic case, we note that the 

Lepage decomposition uniquely expresses any k-form ¢ as 

where the 'if;'s are effective. It is natural then to consider in more detail forms 

that are expressible as ¢ = Lr'if;k_2r where 'if;k-2r is effective. Define: 

Definition 3.13 

Let ¢ E M (V', g). ¢ is called simple if there exists an effective form 'if; and 

a non-negative integer r such that 

I will refer to r as the height of ¢, and to 'if; as the effective part of ¢. 0 

It follows as an immediate consequence of the Lepage decomposition that the 

height of any simple form is unique, as is its effective part. Also note that a 

non-zero simple form is effective if and only if its height is zero. 

Proposition 3.25 

The effective forms of fixed degree constitute a vector subspace of M (V', g). 

The proof is no different from the analogous proof in the symplectic case. 

Proposition 3.26 

The simple forms of fixed height and degree constitute a vector subspace of 

M(V·,g). 
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Again I omit the proof as it is no different from the symplectic case. 

Definition 3.14 

The subspace of simple symmetric forms of degree k and height h will be 

denoted by Sr. I will refer to these subspaces as simple subspaces. 0 

The Lepage decomposition may now be interpreted as giving a direct sum 

decomposition of the homogeneous subspace Mk(V',g) of the symmetric 

algebra into simple subspaces of various heights. 

where q = [~l. 

Writing out a few cases more explicit ly gives the following. 

l\lt°(V', g) sg 
M 1(V' ,g) = So 

1 

M 2(V',g) = sg ffi Si 

M 3(V', g) = So 
3 ffi SJ 

M 4 (V' ,g) So 
4 ffi Sl 

4 ffi S2 
4 

M 5(V',g) = S~ ffi S~ ffi sg 
M 6 (V',g) = S~ Ell S1 

6 Ell S~ Ell S3 
6 



3.3.5 Dimensions of the simple subspaces 

Definition 3.15 

For r, k 2: 0, 

YJ; SkO -> sr 
HZr 

(n+k-l)! Lr '" 
r!(n+k+r I ) ! o/k· 

This map, which is linear, has inverse given by 

sr -> SkO 
k+Zr 
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(3 .57) 

o 

(n+k-l)! M'r (Lr", ) 
r!(n+k+r-l)! tpk , 

where <Pk is effective, as can be verified from (3.40). 

Because this map is invertible, it follows immediately that 

Proposition 3.27 

So ~ sr 
k = HZr 

where == denotes a vector space isomorphism. 

Corollary 

For k 2: 2r, 

s;; "" S%_Zr. 

(3.58) 

(3.59) 

(3.60) 
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Proof 

Put t = k - 2r and note that this implies t :::: O. Invoking (3.59), we have 

So ~ S' 
t = t+ 2r ' 

and so we have St2r ~ SI;. 

Proposition 3.28 

Let S;; be a simple subspace with r :::: 1 and k :::: 2r. Then 

Proof 

S' 00: S,-1 k - k-2 . 

o 

(3.61 ) 

From (3.59) we have S~ ~ S;+2, for t :::: O. Similarly, for r :::: 1, we have 

S~ ~ S;';:2\'_I )' so that for r :::: 1, 

S1' ~ 5 r - 1 
t+2, t+2(,-l ) . 

Putting k = t + 2r, this becomes 

Sk' 00: S,-1 
- k-2) 

and k - 2r :::: 0 since t :::: 0; hence k :::: 2r. o 

Theorem 3.2 (Dimensions of the effective subspaces) 

dim(SO) = (n + k - 1) _ (n + k - 3) . 
k n-1 n-1 (3.62) 

Proof 

The Lepage decomposition states 



122 

where q = [ ~]. Therefore 

dim(SZ) = dim(Mk(V*,g)) - dim {S~ EB·· · EB S%} . 

In each of the subspaces S1 for 1 :::; i :::; q, we have that k 2: 2i since q = [~ ] . 

Therefore, (3.61) may be invoked to yield 

dim(S2) = dim(Mk(V',g)) - dim{ sL EB·· · EB Sf::;}. 

Since [k;2] = q - 1, it follows that the direct sum in the second term is the 

Lepage decomposition of M k- 2(V*, g); thus 

dim(S2) - dim(Mk(V',g)) - dim(M k- 2(V',g)) 

(~~~-1)_(~~~ - 3) (using (3.1).) 

o 

Corollary 

For ,. 2: 1 and k 2: 2,., 

d· (sr) _ (n + k - 27' - 1) _ (n + k - 2,. - 3) lmk-n_l n - l . (3.63) 

Proof 

Because k 2: 27', (3.60) may be invoked to yield 

dim (Sk) - dim (SLr) 

(n + k - 2, - 1) _ (n + k - 2,. - 3) 
- n-1 n-l 

o 
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3.3.6 Signatures of the simple subspaces 

I will show that the simple subspaces are mutually orthogonal and degener­

ate. They are all metric spaces and we will calculate their signatures. 

The following proposition demonstrates the orthogonality. 

Proposition 3.29 

Let r 2: 0, and let 0 ::; a ::; [~l. Then for ¢k-2a and 1/Jk effective of degree 

k - 2a and k respectively, 

Proof 

~(g,+a V ¢k-2a)JL'1/Jk 

= ~¢k_2aHg,+a J L' 1/Jk 

= U¢k-2aJ M,+a l' 1/Jk 

for a > 0 

for a = O. 

(by definition) 

If a > 0 then from (3.39) the expression is zero. For a = 0, 

(from (3.40)) 

Proposition 3.30 

The simple subspaces are nondegenerate. 

(3.64) 

o 
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I omit the proof, which follows by the same methods as for the analogous 

theorem in the symplectic case. 

We saw that all the homogeneous subspaces in M(V', g) are symmetric, and 

so it follows that the simple subspaces are all symmetric too. It is natural 

then to look for their signatures. 

Proposition 3.31 

signature(S~) == signature(Sk+2r). (3.65) 

Proof 

It suffices to show t.hat the extended metric is preserved under our isomor­

phism 

T r . Sa sr 
k' k -jo k+2r' 

Let rPk, 1/;k be effective k-forms. Then 

(n+k - l)! (Lr", Lr.i.) 
r!(n + k + r _ 1),g 'f'k, 'f'k 

(by definition of TJ;) 

(n + k - I)! r!(n + k + r - I)! 
== r!(n+k+r-l)! (n+k-l)1 g(rPk,,pk) (by (3.64) ,) 

Corollary 

For k ::::: 2r, 

== g(rP.,,pk). 

signature(Sk) == signature(S2-2r)' 

o 

(3.66) 



Proof 

Put t = k - 2r so that t :::: O. Invoking (3.65), we have 

signature( S?) = signature( S;+2r) , 

which is 

signature(Sf_2r) = signature(SkJ· 

Corollary 

Let k :::: 2r. Then 

signature(Sk) - signature(Sk::~) 

Proof 

For t :::: 0 we had in (3.65) that 

signature( S?) 

So too, for r :::: 1, we have that 

signat ure( S?) 

By comparison, 

signature( S;+2r)' 

signature( S;.;i(r_l))' 

signature ( S;+2r) = signature( S;.;i(r-l))' 

and putting k = t + 2r, this becomes 

signature(Sk) = signature(S;;::D, 

and k - 2r :::: 0 since t :::: O. Thus k :::: 2r. 
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o 

(3.67) 

o 
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Theorem 3.3 (Signature of an effective subspace) 

signature(SZ) - signature(Mk(V',g» - signature(M k- 2(V·,g». (3.68) 

Proof 

The Lepage decomposition states that 

where q = [~]. Because the components of the sum are orthogonal, 

signature(S~) = signature(Mk(V', g» - signature { Sk Ell ... Ell St} . 

In each of the subspaces Si for 1 :::: i :::: q, we have that k 2 2i since q = [~]. 

Therefore, (3.67) may be invoked to yield 

signature(SZ) = signature(Mk(V',g» - signature {St2 Ell··· Ell Sr:;}. 

Since [k;2] = q -1, it follows that the direct sum in the second term is the 

Lepage decomposition of M k - 2(V',g); thus 

signature(S2) = signature(Mk(V.,g» - signature(Mk
-

2(V*,g». 

o 

To evaluate the right hand side of this expression, we substitute the earlier 

result (3.23). 

Corollary 

For k 2 2r, 

signature(S~) = signature(M k- 2r (V*,g» - signature(Mk- 2r
-

2(V"g». 

(3.69) 
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Proof 

Because k ;:::: 2r, (3.66) may be invoked to yield 

signature(S;;) - signature (SZ_2r) 

= signature(M k
-

2r (V',g)) - signature(M k- 2r- 2 (V',g)) , 

using (3.68) . 0 

The Lepage decomposition, found in this chapter for the symmetric exterior 

algebra endowed with a metric, exists also for the symplectic exterior algebra 

and Kaehler spaces. This suggests that it might be useful to find a general 

Lepage decomposition theorem on an abstract algebra. The conditions suf­

ficient to set up such a decomposition and the ways in which they may be 

relaxed are possible areas for further research. 

Note also that the geometrical interpretation of the decomposition theorem 

found for the symplectic and metric spaces must presumably also apply to 

the Kaehler case and any other spaces in which the theorem has been found. 



Chapter 4 

A calculus for symmetric 

tensors 

4.1 Introduction 

In this chapter I will define a calculus for the symmetric differential forms on 

a manifold. As outlined in the introduction, such a calculus is of interest in 

the study of bosonic systems in Quantum Mechanics which, unlike fermionic 

systems, do not seem to have a natural mathematical environment for their 

description. My object is to find a structure that parallels the calculus as­

sociated with the Dirac equation. As it turns out, this is possible if the 

manifold is equipped with a pseudo-Riemannian metric. As far as I know, 

this cal cuI us is new. 

In the case of the Dirac equation, the Dirac matrices I~ form a metric Clifford 

algebra. This algebra extends in a completely natural way onto a manifold. 

The way this works is as follows. The extension involves setting up a fibre 

bundle on the manifold where each fibre is a copy of the Clifford algebra. But 

128 
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all differentiable manifolds admit another, naturally defined fibre bundle. In 

this bundle, each fibre is the exterior algebra constructed from the cotan­

gent space at the base point. This fibre bundle over a manifold P , usually 

denoted by I\(T' P) , has a natural calculus associated with it, namely the 

exterior differential calculus. The natural extension of the Dirac equation to 

a manifold can now be seen to arise from the fact that the fibres in the above 

two bundles are isomorphic and can therefore be identified with each other. 

The exterior differential calculus is thus immediately available in the context 

of the Dirac equation on a manifold. 

My strategy is to imitate these fermionic structures as far as possible to define 

a mathematical context appropriate for bosonic systems. Bosonic systems 

in Quantum Mechanics are described by the symplectic Clifford algebra, as 

discussed in the introduction. This algebra is infinite dimensional and, con­

sidered as a vector space, is isomorphic to the symmetric exterior algebra. 

To follow the analogy of the Dirac equation, we must consider two fibre bun­

dies. In the first, each fibre is a copy of the symplectic Clifford algebra above 

the base point . In the second, each fibre is the symmetric exterior algebra 

constructed from the cotangent space above the base point. The latter fibre 

bundle on the manifold P is denoted by V(T' Pl. At this point the analogy 

with the Dirac case breaks down, because the symmetric exterior forms have 

no naturally associated calculus. Continuation of the analogy using only the 

structures defined so far, seems impossible. However, further progress can be 

made by introducing a metric g into the manifold. We will define a calculus 

for the symmetric forms using a metric, and in particular the Levi CivitiL 

connection derived from it. 

Clearly, the manifold of interest will have two coexisting structures. It will 

have a symplectic structure, because each fibre is a symplectic Clifford alge-



130 

bra, and it will need a metric structure by the above arguments. The way 

the t wo structures relate to each other will not be investigated here. A pre­

liminary discussion of this problem may be found in Frescura and Lubczonok 

(1991). 

Because the calculus we will consider uses only the metric structure for its 

definition, it will be convenient to overlook the symplectic structure and to 

consider a manifold with metric structure only. The symplectic structure can 

be re-introduced at a later stage. 

Consider then a differentiable manifold P with metric g. The tangent and 

cotangent spaces of P generate symmetric tensor algebras at each point of 

P. The algebraic structures defined in chapter 3 are all carried over into 

these fibres and their extensions to the manifold are defined by the usual 

point by point method. These structures include the algebra of symmetric 

tensors (addition, scalar multiplication, symmetric exterior products, and 

generalised interior products), lowering and raising operations D and ~ , the 

extended metric, the operators Lg, Mg and the Lepage decomposition. For 

some of our considerations, we will assume P has an invariant volume form 

fl on it , and that it has no boundary. 

The material of this chapter is distributed as follows. 

I first review some properties of the covariant derivative of symmetric tensors . 

I then define a symmetric exterior derivative D, analogous to the standard 

exterior derivative d. A symmetric coderivative 8, analogous to the exterior 

coderivative 8, is also defined. The properties of both these operators are 

discussed. I obtain some expressions involving these derivatives and the 

algebraic operations Mg and Lg from chapter 3. I then relate this material 

to a Lie algebra of symmetric forms defined by N.M.J. Woodhouse, and also 
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to symmetric Killing forms. I also investigate a possible Harmonic theory of 

symmetric forms. A global inner product is defined and it is demonstrated 

that D and a are adjoints with respect to it. Self adjoint 'Laplacian ' and a 

'Dirac' operators are defined by analogy with their standard definitions. 

I will use the following notation. Denote the covariant symmetric tensors of 

degree r by MT(T*P,g), and refer to them as symmetric differential forms 

or just symmetric forms. The direct sum of all the homogeneous subspaces 

of symmetric forms is denoted by M (1'* P, g). The contravariant symmetric 

tensors of degree k are denoted by Mk (TP,g) and are called symmetric 

multivectors; the direct sum of the homogeneous subspaces of symmetric 

multi vectors is denoted by M (TP,g). I use the symbol \1 to denote the LevI 

Civitit connection defined by g. 

4.2 The covariant derivative of symmetric 

forms 

Although the covariant derivative of tensors is a well known operation, the 

expressions obtained for the covariant derivatives of symmetric tensors can 

sometimes be simplified by exploiting their symmetry. For this reason and 

also because the properties of the covariant derivative with respect to the non­

standard operations like the generalised interior products are not generally 

familiar, I will derive a few expressions needed later. 

Proposition 4.1 

For a vector field X and a symmetric form ~, 

(4.1 ) 
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Proof 

X J ¢> is an interior product of tensors, and the result follows immediately 

from a result quoted in most books on tensor analysis (for example see Spain 

p. 35). However we give a coordinate independent proof. Assuming ¢> to be 

of degree r and letting U1 , .. • , UT - 1 be arbitrary vector fields, 

{\7 y (XJ¢>)}(U1 , ... , UT- 1) = \7y {(XJ¢»(U1,··., UT- 1 )} - (XJ¢»(\7 y U1 , ... , UT-d 

_ ... - (XJ¢»(U1 , •.. , \7yUT- 1) (definition of \7 on any tensor) 

\7y { ¢>(X, U1 , ... , UT- 1)} - ¢>(X, \7yU1 , ... , UT- 1 ) - ... 

-¢>(X, UI, ... , \7yUT- 1 ) (definition of J) 

- (\7y ¢»(X, U1 , .. ·, Ur- 1) + ¢>(\7yX, U1 ,···, Ur- 1 ) 

+¢>(X, \7yU1 , .. · , Ur-rl + ... + ¢(X, U1 , ... , \7yUT_. 1 ) 

-¢>(X, \7yU1 ,.·., Ur- 1) - .,. - ¢(X, UI, .. . , \7yUT-rl 

(properties of \7 on tensors) 

o 

Proposition 4.2 

For a symmetric multivector X and a symmetric form ¢>, 

\7y(XJ¢» = (\7y X)J¢> + XJ(\7yrP). (4.2) 

Proof 

Again, we expect the result to hold, because X J ¢> is an interior product. 

First consider X = Xl V ... V XT: 

\7y(X1J( . . . J(XT J¢»)) 

= (\7yX1 )J(X2J ... JXTJ¢» + XrJ\7y(X2J ... JXrJ¢» (from (4.1)) 



= ('VyXdj(X2j ... jX,j¢» +XI J('VyX2 )j(X3 j ... jX,j¢» 

+X,jX2 j'Vy(X3 j " .jX,j¢» 
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- ('VyX I )j(X2 j ... jX,j¢) + X,j('VyX 2 )J(X3 j .. . jX,j¢» + ... 

+Xlj ... j X,-l ('VyX,)j¢> + Xlj .. . jX,j('Vy¢) 

= {('VyXI ) V .. . V X, + ... + Xl V ... V ('VyX,)}j¢ + X j 'Vy¢ 

= ('VyX)j¢> + XJ('Vy¢). 

The result extends to arbitrary symmetric r -vectors X by linearity. 0 

Proposition 4.3 

For any two symmetric forms ¢ and 7f;, 

'Vx (¢V7f;) = ('Vx ¢)V7f;+¢V('Vx 7f;). (4.3) 

The proof follows without difficulty from the definition of the symmetric 

exterior product and the properties of the covariant derivative. 

Proposition 4.4 

For vectors X, Y 

Proof 

'V x(bY) = 

= 

= 

~('V x Y) - 'V x(bY). ( 4.4) 

'V x(Y jg) 

('VxY)jg + Yj'VXg (by (4.1)) 

('VxY)jg (since 'V xg = 0) 

b('VxY) . 
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o 

Corollary 

For a vector field X and a one-form field B, 

Wv xB) = \1 x(~B). (4.5) 

Proof 

Put Y = ~B in (4.4): 

and sharpening both sides yields the result. o 

Proposition 4.5 

For any vector field X, any symmetric r-form rP, and any symmetric multi­

vector Y, 

11(\1 x Y) 

Proof 

\1 x(bY). 

(4.6) 

(4.7) 

Consider decomposable rP = rPl V ... V rPr. 

FX(rPl V ... V rPr) = W\1xrPr) V ... V rPr + rPl V (\1 XrP2) V ... V rPr + ... 
+ rPl V ... V rPr-l V (\1 X rPr)} (properties of \1) 

- ~(\1 XrPl) V ... V ~rPr + ~¢l V (F X¢2) V .. . V U¢r + ... 
+ ~¢l V ... V ~rPr-l V ~(\1 XrPr) (properties of ~) 



= \7x {~q,1 v ... V ~q,T} 

= \7X(~¢)' 
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The result extends to non-decomposable forms by linearity. The proof of 

(4.7) follows similar lines. o 

Many of these results will perhaps be more familiar in tensor notation. For 

example, (4.6) expressed this way takes the form: 

Ti ,i (Xk "') Xk ( Ti si '" ) 9 9 'f'ij ; k = 9 9 'f'ij; k • 

4.3 Symmetric exterior derivative 

In this section I will define a derivative analogous to the exterior derivative 

of the exterior calculus.1 

To motivate and arrive at our definition, consider the exterior derivative of 

an antisymmetric r-form q" 

dq, (-lY(\7iq,) Adxi
, 

where \7 is a connection. This may be proven by evaluating (\7iq,) 1\ dxi in 

a coordinate system and utilising the symmetry of the Christoffel symbols 

together with the anti symmetry of the exterior product. This suggests the 

following definition. 

Definition 4.1 

Given a differentiable manifold P with a metric 9 and Levi-Civita connection 

'The definition of this derivative is due to F A M Frescura (private communication). 



V, we define the symmetric exterior derivative D by 

D MT(T"P,g) 

,p 

--+ Mr+l(T*P,g) 

>-> D,p:= (Vi,p)Vdxi . 
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(4.8) 

o 

Since the covariant derivative and the symmetric product both preserve the 

symmetry, M(T* P) is closed under the operation D . 

The next result guarantees the coordinate independence of D by expressing 

it in coordinate free terms. It therefore provides an alternative definition of 

D. 

Proposition 4.6 

For any symmetric p-form ,p, 

p+l 

(D,p)(U1"",UP+l) = "L,(VUi¢)(UI, . . . ,Ui-I,[Ji+I, ... ,Up+J, (4 .9) 
i=l 

where U1 , ... ,Up+1 are arbitrary vector fields. 

Proof 

We will prove the result only for a two-form ,p; the same method may be 

adopted to prove the general case. Let U, V, W be arbitrary vector fields. 

Then 

(D,p)(U, V, W) = {(Vi,p) V dx i } (U, V, W) (by definition) 

1 . . 
= - ' - I {(Vi,p)(U, V) dx'(W) + (Vi,p) (V, U) dx'(W) 

2.1. 

+(Vi,p)(U, W) dxi(V) + (Vi,p)(W, U) dxi(V) 

+(Vi,p)(W, V) dxi(U) + (Vi,p)(V, W) dxi(U)} 

(by definition of V) 



= -f-t2!{(Viql)(U, V) dxi(W) + (Viql)(U, W) dxi(V) 
2.l. 
+(Viql)(V, W) dXi(U)} (by symmetry of Viql) 

= Wi(Viql)(U, V) + Vi(Viql)(U, W) + Ui(Viql) (V, W) 

= (Vwql)(U, V) + (Vvql)(U, W) + (Vuql)(V, W), 

which is the result asserted. 
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o 

An analogous result may be proved for the exterior derivative (de Rham p 

128, §26, Crampin and Pirani p 124 Ex 12). For an antisymmetric p-form qI, 

p+1 
(dql)(UJ, ... , UP+I ) = 2:(-1),-1 (Vu,qI) (UJ, ... , Ui_l , Ui+I , ••• , UP+I ) , 

i=l 

or, in coordinates 

P+1 

(dql)i, ... ip+, = 2:( ._l)a-I'Vi.qlil ... ;;: ... ip+l· 
a=l 

Proposition 4.7 

Let ¢ and 7/J be symmetric forms of equal degree. Then 

D ( qI + 1/J) = DqI + D1/J . (4.10) 

For any two symmetric forms qI and 1/J, 

D(qlV1/J) = (DqI)V1/J+qlV(D1/J). (4 .11) 

On the coordinate basis one-forms dxi, 

( 4.12) 

For a function f, 

Df = df· (4.13) 

A special case of (4.11) is 

D(Jql) - (dJ) V qI + f(DqI). (4.14) 
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Proof 

To prove (4.10): 

D( tjJ + 1/;) - {V;(tP + 1/;)} V dxi (by definition) 

= (VitjJ + Vi1/;) V dxi (by linearity of V) 

= (VitjJ) V dxi + (Vi1/;) V dxi (property of V) 

= DtjJ + D1/; 

To prove (4.11): 

D(tjJV1/;) = {Vi(tjJV1/;)}Vdxi (by definition) 

- {(VitjJ) V 1/; + tjJ V (Vi1/;)} V dx i (property of V) 

- {(VitjJ) V dxi} V 1/; + tjJ V {(Vi 1/;) V dxi} (property of V) 

- (DtjJ) V1/; + tjJV (D1/;) 

To prove (4.12): 

Ddx' = (Vjdxi) V dx j (by definition) 

To prove (4.13): 

Df = (V;!) V dxi (by definition) 

= of d i 
OXi X 

= df 

To prove (4.14): 

D(ftjJ) - D(fVtjJ) 

= (Df) V tjJ + f V (DtjJ) (invoking (4.11)) 

- (dJ) V ¢ + f(D¢). (invoking (4.13)) 
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o 

Another coordinate free definition of D is obtained from (4.13), (4.9) with 

p = 1, (4.10), and (4.11): 

Definition 4.2 

Let f be a differentiable function on P. Define 

Df := df· 

Let () be a differential one-form. Define 

(D())(X, Y) := (X, \ly()) + (Y, \l x()) , 

for arbitrary vector fields X and Y. 

Let ¢ and ,p be symmetric differential forms. Define 

D(¢+,p) = D¢+D,p, 

D(¢V,p) = (D¢)V,p+¢V(D,p). 

o 

Proposition 4.8 

In a coordinate basis, the general expression for the symmetric derivative of 

a p-form ¢ is 

D¢ = ¢i, ... ip;i dx i V dx i, V ... V dx ip 
j (4.15) 

and in terms of the Christoffel symbols, 

If"l ·· ·lp S J 11 ! p { a~ . }.. . 
D¢ = axj - P ¢i, ... ip_,' r ipj dx V dx V ... V dx . ( 4.16) 
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Proof 

(4.15) is just a trivial rewriting of the definition. To prove (4.16), 

D¢ - ¢i1 ... ip;,dx' V dXil V ... V dxip 

= {O~~/, _ ¢si, ... i.fSii1 _ ... - ¢il ... i._lsfSii.} dxi V dX i1 V ... V dXip. 

Due to the symmetry in the indices i 1 , ... , ip, the last p terms are equal; 

hence 

If' l l···tp S J '1 lp 

{
OA.. . } . .. 

D¢ = OX' - P ¢il ... i._1S f ipi dx V dx V ... V dx . 

o 

We will need the following result: 

Proposition 4.9 

Dg o. ( 4.17) 

The proof is trivial since the Levl-Civita. connection \l satisfies the compat­

ibility condition \l 9 = O. 

4.4 Symmetric coderivative 

I now propose a definition for a coderivative for the symmetric differential 

forms. It is the analogue of the co derivative 0 of the exterior algebra. It 

produces a symmetric differential form of degree one unit less than that of 

its argument. 

To motivate the definition consider, as a first line of attack, the co derivative 

for the exterior calculus. Ideally, one would like to adopt without alteration 



141 

the defining expression used there. Except possibly for a sign , it is defined 

as 

o¢:=(-lY*d*¢, 

where * is the Hodge dual operator (Choquet-Bruhat et al (1982) p 296, 

Giickeler and Schucker (1987) p 40). Unfortunately, this expression has no 

direct analogue in the symmetric calculus because this calculus has no Hodge 

star operator. 

The following approach, however, does work. Consider the expression for the 

coderivative in the exterior calculus, given in Choquet et alon page 317. Up 

to a coefficient, it is 

Some authors give this as the definition of the coderivative (Yano (1970) P 

64, Guggeuheimer (1963) p 329, Ex 36). In older texts, this operation is 

referred. to as the 'divergence' (Gerretsen (1962) p 161; Misner, Thorne and 

Wheeler (1970), p 261 Ex 10.11). A more modern way of denoting it is 

This expression is suitable for use in the context of the symmetric calculus 

and motivates our definition of the symmetric coderivative. 

Definition 4.3 

Let P be a differentiable manifold with a metric g. Define the coderivative 

of a symmetric form, denoted by the symbol 8, by 

8 Mr(T*p) 

¢ 

-> Mr-l(T*p) 

I-> 8¢ := -UdxiJ'ii'i¢. 
(4.18) 

o 
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The negative sign is introduced for later convenience. 

The divergence of a tensor on a manifold with a metric is a well known 

operation. However a as defined here is specifically a differential operator on 

the symmetric algebra and so strictly constitutes a new object. 

The coordinate invariance of a is inherited from the coordinate invariance 

of the divergence on the general tensors. The symmetric coderivative pre­

serves the symmetry of its argument , and so M(T'P,g) is closed under the 

operation. 

Proposition 4.10 

Let </> and1/; be symmetric forms of equal degree. Then 

a(</> + 1/;) = a</> + a1/;. (4.19) 

For any two symmetric forms </> and 1/;, 

On the coordinate basis one-forms dx i , 

i jk i a( dx) = 9 r kj . (4.21) 

For a function j, 

aj = o. ( 4.22) 

A special case of (4.20) is 

a(f¢) - j(a¢) - (#df)J </>. (4.23) 

Proof 

To prove (4.19): 

(by definition) 
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= -UdxiJ ('ili</> + 'ili1/J) (properties of 'il) 

= -ijdxiJ'ili</> - ijdxiJ'ili1/J (properties of j) 

= 8</> + 81/J. (by definition) 

To prove (4.20): 

a( </> V 1/J) - _ ijdxij 'ili( </> V 1/J) (by definition) 

= _ijdxij {('ili</» V 1/J + </> V ('ili1/J)} (properties of 'il) 

- -(Udxij'ili</» V 1/J - ('ili</» V (Udx iJ1{J) - (~dxiJ<l» V ('ili1/J) 

-</> V (Udxi j'ili1/J) (properties of j) 

- (a</» V 1/J + </> V (a1/J) - ('ili</» V (ijdxiJ1{J) - ('ili1/J) V (ijdxiJ<l». 

To prove (4.21): 

8(dxi) _ - ijdxjj'iljdx i (by definition) 

- Udxjjrikjdxk 

gjkri . 
- kJ' 

To prove (4.22): 

8f = _~dxij \7;/ (by definition) 

= _~dxij 8f 
ax' 

= o. (since aa f is of lower degree than ~dXi) 
x' 

To prove (4.23) : 

au</» - au V</» 

- (aJ) V</>+ f V (8</» - ('il;J) V (UdxiJ<l» - (\7 irP) V (UdxijJ) 

(from result (4.20)) 
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- j v (8¢) - ('ld) v (~dxijrf;) (the first and last terms are zero) 

- j(8¢) - 88f (~dXiJ¢) 
x' 

- j(8¢) - (~aafdxi)J¢ 
x' 

- j (a¢)-(Udf)J¢· 

o 

The first four properties of this proposition may be adopted as an alternative 

defini tion of a. 

Proposition 4.11 

In a coordinate basis , the general expression for the symmetric co derivative 

of a p-form ¢ is 

a -I. ij -I. d i, V v d ip 'I' = pg 'l'ji, ... ip;i x ... x, (4.24) 

and in terms of the Christoffel symbols, 

_ (p _ 1)-1. .. . f '·· - -I.. . f' .. } dxi, V Vdx ip 
1f"'2 ... 1p_lS tpl IPt2 .. . tpS Jt . . . . 

( 4.25) 

Proof 

I will illustrate the proof only in the case of a symmetric three-form. The 

same method may be employed for the general case. 

a¢ = _~dxiJ'li¢ (by definition) 

= _~dxiJ (¢r";i dxr V dx' V dx') 

- I/>r,' ;i {(~dXiJ dxr)dx' V dx' + (~dXiJ dx')dxr 
V dx' + (Hdxi J dx')dxr V dx'} 

(Leibnitz property of J) 

= - I/>r't;i {girdx' V dx t + /'dxr V dxt + gitdxr V dx'}. 
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rP is symmetric in the indices r, s, t so a change of dummy indices allows us 

to collect the three terms, giving (4.24): 

To obtain (4.25), we substitute the full expression for rPTs';i in terms of the 

Christoffel symbols: 

arP = - 3 { at;;, - rPb,r\T - rPTk,r\s - rPTSkr\,} g'T dxS V dx' ; 

due to the symmetries in the various indices, the third and fourth terms are 

equal. Thus 

a.l. = 3 {8rPT8' .l. rk 2.l. rk } iTd' V d t '+' - 8xi - \f'kst ir - "Yrkt is 9 x x. 

o 

A result I will use is: 

Proposition 4.12 

ag o. ( 4.26) 

The proof follows trivially from the fact that \1 g = O. 

The standard divergence of a vector field X is related to the symmetric 

coderivative by 

Proposition 4.13 

divX = -a (bX). ( 4.27) 
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Proof 

divX is defined by the requirement 

£xfl. = (divX)fl. 

(Burke p 369, Matsushima p 292, Crampin and Pirani p 183). Burke (1985) 

states 

1 aM' divX = 11::1""'( IgIX') , 
v Igl uX' 

and in Adler et al (1965) pp 72-3 it is shown how 

- Xi - ·i· 

This in turn is just - a (bX). o 

4.5 Results involving symmetric derivatives 

In this section I calculate the commutators of the differential operators D 

and a with the algebraic operators M and L. I also calculate the commutator 

[a, D]. These results are new, but are analogous to the expressions found in 

Sorani (1969) p 191 for the exterior calculus. 

Proposition 4.14 

Let ¢; be a symmetric form. Then 

[a, M] ¢; = 0 ( 4.28) 

[D,L] ¢; = 0 (4.29) 

[a, L] ¢; = -D¢; ( 4.30) 

[a, Lr] ¢; = -r Lr- 1 D ¢; (4.31) 



Proof 

[D,M] q, - 28q, 

[D ,Mr]q, _ 2r Mr- 1 8q,. 

To prove (4.28): 

8(Mq,) = 8(Ugjq,) (by definition of M) 

- _~dxij\7i(~gJq,) (by definition of 8) 

- _~dxij {(\7iHg)Jq, + ~gJ(\7iq,)} (property of \7) 
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(4.32) 

( 4.33) 

The first term here is zero since \7i"g = ~\7ig = 0, and the connection is 

metric compatible. Hence 

To prove (4.29): 

8(M ¢) = _~dxij (HgJ \7iq,) 

- -HgWdxij \7iq,) 

= M(8q,). 

D(Lq,) = D(g V q,) (by definition of L) 

= (Dg) V q, + 9 V (Dq,) (properties of D) 

- gV (Dq,) (since Dg = 0) 

= L(Dq,). 

To prove (4.30): 

8(Lq,) - 8(gV q,) (definition of L) 

- (8g) V q, + 9 V (8q,) - (\7ig) V (H dxiJq,) - (HdxiJg) V (\7iq,) 

(by properties of 8) 

- 0 + 9 V (8q,) - 0 - (b~dxi) V (\7 iq,) (since 8g = 0 and \7,g = 0) 
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- L(orjJ) - C'VirjJ) V dxi 

- L(orjJ)-DrjJ 

(4 .31) is proved by induction as follows. It holds for T = 1 as shown in (4.30). 

We assume that for some larger integer T, 

( 4.34) 

Now 

oWrjJ) - oL(L'-lrjJ) 

_ LoW-1rjJ) - D(L'-lrjJ) (invoking (4.30)) 

= L(oL'-lrjJ) - L'-IDrjJ (L and D commute by (4.29)) 

- L{W-1orjJ) - (r-1W - zDrjJ}-L,-lDrjJ (by hypothesis (4.34)) 

_ L'orjJ - (r -l)L,-IDrjJ - L,-lDrjJ 

= L'orjJ - rL'-IDrjJ. 

To prove (4.32): 

DM rjJ = {'Vi(HgJrP)} V dxi (by definition of D and M) 

- {('ViHg)JrP + HgJ'VirjJ} V dxi (properties of 'V) 

= (HgJ'VirjJ) V dxi (since 'V is metric compatible) 

= (gjkOjJ(OkJ'VirjJ)) V dxi 

- gjkOjJ{ (OkJ'VirjJ) V dXi} - gjk(OkJ'VirjJ) V (ojJdxi ) 

(Leibnitz property of J) 

= gjkOjJ{(OkJ'VirjJ) V dxi} - gik(OkJ'VirjJ) 

= gjkOjJOkJ{'VirjJ V dxi} - gjkOjJ{('VirjJ) V (okJdxi)} + orjJ 

(Leibnitz property of J) 

- MDrjJ - giiOjJ('Vi rjJ) + orjJ 

= MDrjJ+2orjJ 
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We prove (4.33) by induction. The result holds for r = 1 as demonstrated in 

(4.32). For larger values of r we will assume 

(4.35) 

Now 

DMrrf> - DM(Mr- 1 rf» 

= MD(Mr- 1 rf» + 28(Mr-l¢) (from (4.32)) 

= M(DMr- 1 rf» + 2Mr- 18rf> (from (4.28)) 

= M {Mr-l Drf> + 2r- 1 Mr- 28¢} + 2Mr- 18rf> (by the hypothesis (4.35)) 

= M r Drf> + 2r- 1 Mr- 1 8rf> + 2Mr- 18rf> 

o 

Proposition 4.15 

Proof 

8Drf> - D8rf> = 8{('Virf» V dxi} + D{Udxij'Virf>} 

- (8'Vi rf» V dx i + ('Virf» V (8dxi) - ('Vj'Virf» V (Udxj j dxi) 

-(Udxjj'Virf» V ('Vjdxi) + 'Vj(Udxij'Virf» V dx j ('Leibnitz' property) 

- -(Udxjj'Vj'Virf» V dxi - ('Vi¢)(Hdxjj'Vjdxi) - gji('Vj'Virf» 

+rikj(Hdxjj'Virf» V dxk + (H'Vjdxij'Virf» V dx j + (Hdxij'Vj'Virf» V dx j 



(definition of 8 and properties of V'i) 

{Hdxij(V'jV'i¢ - V'iV'j¢)} V dxj + r ikjgjk(V'i¢) - /j(V';\7j¢) 
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- (HV'kdxiJV'i¢) V dxk + (HV'jdxiJV'i¢) V dx j (since V'i and " commute) 

- {"dxiJ(V'jV'i¢ - V'iV'j¢)} V dx j + r\jgjk(V'i¢) - gij(V'iV'j¢) , 

since the final two terms cancel out. o 

Further developments could include the calculation of the commutators [8", L'j, 

[8", M'j, [D", L'], [D", M'], and [8", D'j. It might also be interesting to cal­

culate the analogous anti-commutators . 
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4.6 Lie algebra of symmetric forms 

In a paper entitled 'Killing Tensors and the Separation of the Hamilton­

Jacobi Equation' (1975), Woodhouse defines a Lie bracket on the space of 

contravariant symmetric tensors (p 16). In this section, I imitate his con­

structions for the covariant symmetric tensors. These results are directly the 

analogues of those given by Woodhouse, and are included here for complete-

ness. 

Based on the coordinate expression of equation (3.10) of the Woodhouse 

paper, we define an operation, denoted by { , } : 

Definition 4.4 

{ , } MT(T* P,g) x M '(T* P,g) --> Mr+,-l(T*P,g) 

(¢, 7/;) >--> {¢, 7/; }, 
(4.37) 

where 

o 

Note that this expression bears a close resemblance to the last two terms 

obtained in the product rule2 for the coderivative of a symmetric product 

( 4.20): 

8(¢ V7/;) = (8¢) v7/;+ ¢ V (87/;) - C'V i¢) V (Udx iJ7f;) - ('V i7/;) V (UdxiJ¢). 

Proposition 4.16 

The space of symmetric tensors M (T* P, g) with the above operation is a Lie 

2This product rule is the analogue of the Leibnitz rule and might be called a "pseudo 

Leibnitz product rule. 
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algebra. That is, 

• { ,} is bilinear (4.38) 

• {q",p} = -{,p,q,} (4.39) 

• {q,,{,p,I'}} + {,p,{I',q,}}+ {I', {q",p}} = O. (4.40) 

Proof 

Proof of the bilinearity is trivial, because of the linearity properties of V, J 
and "V over the reals. (4.39) may be proven as follows: 

{q",p} = ("Viq,) V (~dxiN) - (~dxiJ<P) V ("Vi,p) 

= - [("Vi,p) V (~dXiJ<P) - (~dXiN) V ("Viq,)] 

= -{,p, q,}. 

The proof of the Jacobi identity (4.40) is tedious and I omit it . It requires 

applications of the definition of the { , }-operation and the derivation prop-

erties of "V with respect to J. o 

Proposition 4_17 

The Lie bracket {, } satisfies the Leibnitz rule: 

{q",pVI'} = {q",p}VI'+,pV{q"I'} (4.41) 

{q, V I' ,,p } = {q",p} V I' + q, V {I' ,,p} . (4.42) 

Proof 

{q",p V I'} - ("Viq,)V(~dxiJ(,pVI'))-(~dxiJq,)V"Vi(,pVI') (by definition) 

= ("Viq,) V (~dxiN) V I' + ("Viq,) V,p V (~dXiJI') - (~dxiJ<P) V ("Vi,p) V I' 
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-(Hdx'j¢» V 'if; V ('V'j.l) (by Leibnitz rules) 

= ('Vi</J) V (Hdx iJ7f;) V j.l- (~dXij¢» V ('Vi'if;) V J.l + 'if; V ('V,</J) V (Hdx'JJ.l) 

-'if; V (Hdxij¢» V ('ViJ.l) (rearranging) 

= {</J, 'if;} V J.l + 'if; V {</J , J.l} . (by definition) 

The second result follows from the antisymmetry of the bracket { , }. 0 

Note also that the set of symmetric one-forms is closed under the bracket, so 

that M' (T* P, g) is a Lie subalgebra of the Lie algebra of symmetric forms. 

4.7 Killing vector fields 

A vector field X in a manifold P with metric 9 is called a 'Killing field ' if 

Cxg = 0 ( 4.43) 

(Crampin and Pirani p 194, Burke p 142). The symbol C denotes the Lie 

derivative here. I will show that this condition may be expressed in terms of 

the symmetric derivative defined previously. 

Proposition 4.18 

Assuming the manifold is defined using the Levi-Civita connection 'V , 

Cxg = 0 ~ D(bX) = o. ( 4.44) 

Proof 

Cxg = 0 ~ (CXg)(Y, Z) = 0 (V X , Y vector fields ) 

¢} Cx[g(Y,Z)]-g(CxY,Z) -g(Y,CxZ) = 0 (definition of CXg) 

~ 'Vx[g(Y,Z)]-g('VxY-'VyX,Z)-g(Y,'VxZ-'VzX) = 0 
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since the space is torsionless and thus LXY = [X, Yj = VxY - VyX. This 

may be rearranged to give 

v x[g(Y, Z)j - g(V x Y, Z) - g(Y, V x Z) + g(Vy X, Z) + g(Y, V zX) = 0 

<=> (VXg)(Y,Z) +g(VyX,Z) +g(Y,VzX) = 0, 

by the definition of the covariant derivative of a two-form. Since the connec­

tion is metric compatible, 

g(VyX,Z)+g(Y,VzX) = 0 

<=> (bVyX)(Z) + (bVzX)(Y) = 0 

<=> (Vy bX)(Z) + (V z bX)(Y) = 0 (using (4.7)) 

<=> (DbX)(Y,Z) = 0 (V vector fields Y,Z) 

<=> DbX = O. 

4.8 Killing forms 

o 

Motivated by the previous proposition, it is natural to define a Killing one­

form as one having a zero symmetric exterior derivative. This in turn leads 

to a natural definition for a symmetric Killing form of i>.ny degree, which may 

be found in Kramer et al (1979). They do not define a derivative like D, but 

their definition is equivalent. 

Definition 4.5 

Let 4> be any symmetric differential form in M (TO P, g). 4> is called a sym­

metric Killing form if 

D4> = O. 
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o 

The following three propositions may all be found in Woodhouse (p 17). I 

list them and include their proofs. 

Proposition 4.19 

q, is a Killing form ¢} {q" g} = o. 

Proof 

{q"g} = 0 ¢} (V'iq,)V(~dxiJg)-("dxiJq,)V(V'ig ) = 0 (by definition) 

¢} (V'iq,) V dXi - 0 = 0 (since V' is metric compatible) 

¢} D q, = O. (by definition) 

o 

Proposition 4.20 

The set of Killing forms is a Lie sub algebra of the Lie algebra of symmetric 

forms . 

Proof 

The set of Killing forms is a vector space since, trivially, any linear combina­

tion of Killing forms will be a Killing form. It will suffice then, to demonstrate 

closure of this vector space, as all the Lie algebra properties are inherited from 

the larger space. Let q, and ..p be Killing forms. By the Jacobi identity, 

{{q"..p},g}+ {{..p,g},q,}+ {{g,q,} ,..p} = o. 
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The second and third terms are zero since t/J and 1f; are Killing forms. There­

fore 

{{t/J,1f;},g} - 0, 

and {t/J, 1f;} is a Killing form. o 

Proposition 4.21 

The Lie sub algebra of Killing forms is closed under the symmetric product. 

Proof 

Let t/J and 1f; be Killing forms. 

D(t/JV1f;) = (Dt/J) V1f;+ t/JV(D1f;) (Leibnitz property) 

o . (since t/J and 1f; are Killing) 

o 

Other results may be found in Woodhouse and Kramer et al with application 

to differential equations. 

4.9 Harmonic theory of symmetric forms 

It is common to define an inner product of exterior (antisymmetric) differ­

ential forms on manifolds having a Hodge star operation by an expression of 

the form 

where the arguments are of the same degree (De Rham p 122, Warner p 221, 

Choquet-Bruhat et al p 297, Flanders p 137). 
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Direct imitation of this definition for the symmetric forms is prevented by 

the lack of a Hodge operator. Taking a cue from the result (2.58) proved for 

the symplectic exterior algebra, namely 

we find an expression that can be carried over into the symmetric algebra 

provided we have a volume form (antisymmetric) on P. 

From here on we will assume P to have a volume form n. This allows us , 

then, to define: 

Definition 4.6 

The global inner product or inner product on the symmetric forms is defined 

by: 

G( , ) Mr(l'*p,g) x MS(l'*P,g) -> ar 
(q" 1/;) t-> G( q" 1/;) := 0" Jp(~q,N) n, 

(4.45 ) 

where n is the invariant volume on the manifold P. G(,) is extended to 

nonhomogeneous forms by requiring it to be linear over sums of terms of 

differing degrees. o 

By the properties obtained for the extended metric on the symmetric algebra 

in the previous chapter, it follows that G( , ) is bilinear over the reals , and 

symmetric. 

Strictly speaking, G( , ) is not an inner product because inner products are 

positive definite, by definition (Shephard p 135). Positive definiteness is not 

guaranteed for G( , ) unless g is itself positive-definite. 
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The standard developments of Harmonic theory proceed from here to show 

that the exterior derivative and the coderivative are adjoints with respect to 

the inner product (see above references). It is possible to arrive at an analo­

gous result in the symmetric exterior calculus if we introduce an additional 

assumption about P: that it has no boundary. From here on, this property 

will be assumed to hold. 

This allows us to prove Green's theorem (Yano 1970 p 11): 

Proposition 4.22 

Let P be a manifold with metric g, volume form .11 and no boundary. For 

anyone-form 0, 

h,U)O).I1 - o. ( 4.46) 

Proof 

k(oO).I1 = - k div(UO).I1 (invoking (4.27» 

-k .ette.l1 (definition of coderivative of a vector field) 

- h, ~OJd.l1 - h, d(~OJn) (Cartan identity) 

- 0 - 1ap(~oJn) (since d.l1 = 0 and by Stokes ' theorem) 

= O. (P has no boundary, so oP = 0) 

o 

Proposition 4.23 

D and 0 are adjoint with respect to the global inner product. In other words, 

for any symmetric r-form </> and any symmetric (r + I)-form";', 

G(D</>,";') = G( </>,0";') . (4.47) 



159 

Proof 

Consider the argument of the integral G(Dq,,1/;) = n(Dq,)N n: 

~Dq,N = ~ [(\7;q,) V dx;]N (by definition of D) 

- ~dx;J ((~\7;q,)N) (properties of ~ and J) 

- ~dXi J( (\7;~q,)N) (by (4.6)) 

= ~dx;J [\7;(~q,N) - ~q,J \7 ;1/;J (Leibnitz property of \7) 

= -8(~q,N) - ~q,J~dx;J\7;1/; (by definition of 8) 

= - 8(ijq,N) + ~q,J81/; (by definition of 8) 

Therefore 

G(D q,,1/;) - t(~D q,j,p) n 

- - t 8(~q,j,p) n + t(~q,J81/;) n 

= 0 + t(~q,J81/;) n (by Green's theorem) 

- G( q, , 81/;) . (by definition of the inner product) 

o 

In the calculus of exterior differential forms, a Laplacian operat.or is defined 

in terms of the exterior derivative and the coderivative by : 

t:. := od + do 

(Warner p 220, Flanders p 137, De Rham p 125, Choquet-Bruhat et al p 

318, Burke p 200). It is also referred to as the 'De Rham' operator, the 

'Laplace-de Rham' operator or the 'harmonic' operator. We may therefore 

make an analogous defini tion: 
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Definition 4.7 

The Laplacian operator 6. is defined by 

Mr(T*p,g) -t Mr(T*p,g) 

¢ >-> 6.¢ := D8¢ + 8D¢. 
( 4.48) 

o 

Proposition 4.24 

The Laplacian 6. is self adjoint. That is, for ¢ and 7f; of the same degree, 

G(6.¢,7f;) = G(¢,6.7f;). ( 4.49) 

Proof 

The result follows immecliately from the adjoint property of D and 8. 

G(6.¢,7f;) - G(D8¢,7f;) + G(8D¢,7f;) (by definition) 

G(8¢,87f;) + G(D¢,D7f;) (by adjoint property) 

G(¢, D87f;) + G(¢,8D7f;) (by adjoint property) 

G(¢, 6.7f;). (by definition) 

o 

The Laplacian operator is usually used to define harmonic forms (Warner p 

223, Choquet-Bruhat et al p 318, Flanders p138): 

Definition 4.8 

Any ¢ E Mr(T*p,g) is called harmonic if 

6.¢ = o. ( 4.50) 
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o 

If the global inner product is positive definite, it may be shown that an 

equivalent requirement is the two conditions Dq, = 0 and aq, = o. 

In the exterior case, the Laplacian 6. commutes with d and 6 as can be seen 

from 

6.d - d6. - d6d + 6dd - dd6 - d6d 

- d6d + 0 - 0 - d6d (since dd = 0 and 66 = 0) 

- 0, 

and similarly for 6 (Choquet-Bruhat p 319, De Rham p 125). However , for 

the symmetric calculus, DD # 0 and aa # 0; consequently 

6.D - D6. = aDD - DDa, 

and 

6.a _. 86 = Daa - aaD . 

Another self-adjoint operator defined in the standard theory of harmonic 

forms is the ' Dirac ' operator, d + o. It can also be defined for calculus: 

Definition 4.9 

The Dirac operator is the sum of the two derivatives D and a, that is, 

D+a. (4.51 ) 

o 



162 

Proposition 4.25 

The Dirac operator in the symmetric calculus is self-adjoint. Let ¢ and 1/; be 

symmetric differential forms in M (TO P, g). Then: 

G([D + 8]¢,1/;) = G(¢, [D + 8]1/;) . ( 4.52) 

Proof 

The self-adjointness of D + 8 is almost trivial: 

G([D + 8]¢,1/;) G(D</>,1/;) + G(8¢,1/;) 

= G(¢,81/;) + G(¢, D1/;) 

- G(¢ , [8 + D]1/;) 

(adjoint properties) 

- G(¢,[D + 8]1/;). 

o 

In the exterior case, two iterations of the Dirac operator yield the Laplacian. 

This does not happen in the symmetric calculus, because DD # 0 and 88 # 
0: 

Discussion and Prospects 

DD + D8+ 8D + 88 

= 6. + D D + 8f} . 

The above does not provide a complete theory of harmonic symmetric forms. 

It only provides a starting point for further investigations. Two directions 

for further study immediately suggest themselves. 

The Hodge decomposition theorem (Warner p 223) says that any exterior 

differential form may be uniquely decomposed into the sum of a closed form, 
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an exact form and an harmonic form. One is naturally led to ask whether a 

similar result holds for the symmetric calculus. Can a symmetric form 1ft be 

uniquely decomposed into a sum 

1ft = Dc. + 0;3 + I , 

w here I is harmonic? 

Any vector space with an inner product may be decomposed by making use 

of a self-adjoint operator (Shephard p 160, 'Third Reduction Theorem') . If 

we let the metric 9 on our space be positive-definite, then our space would 

appear to have this structure, together with two possible self-adjoint opera­

tors, f':,. and D + o. To what decompositions do these operators lead? The 

relationship between these decompositions and the known structures, such 

as the homogeneous subspaces and the Lepage decomposition would also be 

of interest. 



Chapter 5 

Conclusion 

In this thesis I have investigated some mathematical structures that arise in 

a natural way in the geometrisation of Classical and Quantum Mechanics. I 

have investigated in particular the role and properties of four geometric alge­

bra and of their associated calculi . The emphasis has been on two of these, 

the symplectic exterior algebra (i.e. the classical exterior algebra endowed 

with a symplectic structure) and the symmetric exterior algebra endowed 

with a metric structure, with a view to applying the same techniques to the 

remaining two, the symplectic and metric Clifford algebras. This has yielded 

new results in areas that have already been investigated and has also led to 

the introduction of what appear to be new concepts and definitions, some of 

the consequences of which I have investigated. I shall now briefly list what I 

consider to be the more significant contributions of the work reported in this 

thesis, together with suggestions for further development . 

In chapter 2, I examined the structure of the symplectic exterior algebra. 

The principal advance here was the geometrical interpretation of the Lepage 

decomposit ion and the consequent results on the simple subspaces. The new 

164 
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findings hinged critically on the use of the extended symplectic metric. I 

showed that the even degree homogeneous subspaces were metric spaces, 

while those of odd degree were symplectic. The simple subspaces had similar 

metric structures, determined by their degree. The signatures for all the 

spaces with metric structure were obtained. I also calculated the dimensions 

of the simple subspaces, and showed them to be orthogonal to each other. 

The commutation relations of the operators Lw and Mw were calculated for 

use in later material. 

In chapter 3, I considered the symmetric exterior algebra with a distinguished 

metric. Almost all the results of this section were new. The primary finding 

was that a Lepage-like decomposition theorem holds for this algebra also. 

Following the methods of the previous chapter, an extended metric was de­

fined. All the homogeneous subspaces and all the simple subspaces were 

found to be metric spaces. The signatures for these spaces were obtained 

as well as the dimensions of the simple ones. The simple subspaces were 

again found to be orthogonal to each other. As in the previous chapter, 

commutation relations were calculated for the operators L9 and Mg for use 

in the sequel. One aspect of the symplectic exterior algebra, the Hodge dual 

operator, could not be duplicated in the symmetric exterior algebra. 

The main achievement in chapter 4 was the definition of a calculus for the 

symmetric tensors on a pseudo-Riemannian manifold. As far as I know, this 

tentative calculus is new. A symmetric exterior derivative D was defined 

which reflected many of the properties of the regular antisymmetric exterior 

derivative. A coderivative 8 was defined which, in similar style, reproduced 

many of the properties of the coderivative defined for the antisyrnrnetric 

exterior forms in the presence of a metric. Various commutation relations 

involving these derivatives and the operators Mg and Lg were calculated. The 
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symmetric derivative D provided a natural means to express the condition 

that a symmetric form be a Killing form. We were also able to mimic the 

standard theory of Harmonic forms to an extent. We defined a global inner 

product, and demonstrated that the two symmetric derivatives were adjoints 

with respect to it. We defined possible 'Laplacian' and 'Dirac' operators, by 

analogy with their standard definitions. 

There are many questions related to the symmetric calculus and the two 

exterior algebras studied here that warrant further investigation. I shall now 

outline a few suggestions in this regard. 

The metric structures developed in chapters 3 and 4 were developed with 

the eventual objective of applying them to the symplectic Clifford algebra. 

To succeed in this , it will be necessary to introduce a symplectic structure 

concurrently with the metric structure. I have not pursued this problem here, 

but the work of Frescura and Lubczonok (1991) on associated symplectic and 

cosymplectic structures, or some similar synthesis of metric and symplectic 

geometry, may be relevant. 

If a symplectic two-form can be re-introduced into the context of the sym­

metric algebra M (V', g), a number of new questions will arise. Due to the 

dual metric and symplectic structures, the symplectic Clifford algebra would 

admit a metric Lepage decomposition. It would then be natural to consider 

the relationship between the two structures. One question would be whether 

the Clifford product respected the structure of the orthogonal simple sub­

spaces. The simple subspaces and the operators Mg, Lg might also be of use 

in explicitly expressing the Clifford product of arbitrary symmetric forms. 

The results in Oziewicz and Sitarczyk (1992) might be useful here. 

A parallel consideration would apply to the metric Clifford algebra. Is it 
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perhaps also possible to incorporate a metric 9 into the context of the sym­

plectic exterior algebra? The result would be a metric Clifford algebra with 

a symplectic Lepage decomposition. Again the relationship between the Clif­

ford product and the simple subs paces would be of interest. One could also 

consider ways of expressing the Clifford product explicitly with the aid of the 

operators Mw and Lw. 

The material given in chapter 4 on a symmetric calculus consisted largely 

of defini tions and simple properties of derivatives on the symmetric differ­

ential forms. But a theory requires more than this. To make it into more 

than merely a formalism and to give it real content, non-trivial theorems of 

wide application must be found. The symmetric calculus, while exhibiting 

many promising features, requires further research to put it on a firm foun­

dation, and success in this respect would immediately remove its tentative 

nature. There is every indication that this new symmetric calculus could 

contribute significantly towards the establishment of a framework against 

which the geometry associated with the symplectic Clifford algebra may be 

better understood. 



Appendix A 

Commutation relation proof 

I give a proof of the commutation relation (2.79). 

Proposition 

Let t/> belong to SP (V., w). 'rhen for r ~ 1 and a ~ 0, 

Proof 

It is easily seen that this expression is just the trivial statement 0 = 0 for 

r > n or a > n - T. The result must be demonstrated for 1 ::; r ::; nand 

o ::; a ::; n - T and will be proven by induction. We choose to work with 

(2.79) expressed in a slightly different form: 

where 1 ::; r ::; nand 0 ::; a ::; n - r. 

Induction on r. 

Treating s as a constant, the result holds for r = 1, since we have already 
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seen 

[M,L']¢ = sin - s - p+ l)L'-l¢. (A.2) 

We hypothesize that for r < s 

r-1 ( ) () 1 r-1 
[Mr-t,L']¢ =L: ;-1 ~"I II (n-s-p+k)L,-jMr- I-j¢. (A.3) 

j=l (s )). k=T-j 

For r :<:::: s, 

[MT,L']¢_ MTL'¢-L'Mr¢ 

Substituting [M, L'] <,b = M L'<,b - L' M <,b into the second term yields 

[Mr,L']<,b _ MMr- 1L'<,b+[M,L'](MT-1rp)-ML'(,W-1rf;) 

= M[Mr-1, L'] <,b + [M, L'](Mr-1<,b) 

We substitute (A.3) and (A.2) into the two terms, noting that the arguments 

are of degree p and p - 2r + 2 respectively. 

[MT,L']<,b = M L: ~-l -~ II (n-s-p+k)L,-jMr-l-j<,b 
{ 

r-1 ( ) () 1 T-1 } 
j=l J (s - J). k=r -j 

+ s(n - s - (p - 2r + 2) + l)L'-l Mr-1<,b. 

Thus, 

[MT,L'] <,b _ I:(r-l) (s)"1 IT (n-s-p+k)ML,-jMr- l-j<,b 
j=l J (s - J). k=r-j 

+s(n-s-p+2r-l)L,-lMr- 1<,b. (A.4) 

We next simplify the expression ML,-jMr-1- j<,b which appears in 
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the first term here. Noting that MT-1- i ¢ is of degree p - 2r + 2 + 2j, we 

have from (A.2) that 

[M, L'-i] M T-1-j¢ _ (s - j)(n - (s - j) - (p - 2r + 2 + 2j) + I)L,-i- 1 Mr-j-J¢ 

M L,- j MT-1-i,p - L,-j MT-j,pi 

hence 

(A.5) 

Substituting (A.5) into (A.4) yields 

[.MT, L'],p = 
T- I . ) I T- I L (r -1 s'. II (n - s - p + k)L'-iM T-;¢ 
j=1 J (s-J)!k=T_i 

+ ~ (r - 1) sl. IT (n - s - p + k)(s - j)(n - s - p + 2r - j - 1) X 
i=1 J (s -- J)1 k=T-i 

L,-;- l Mr-;-,¢ + s(n - s - p + 2r _1)L'-1 M r- I ¢ (A.6) 

By putting i = j + 1 in the second summation and replacing the index j in 

the first summation with i, (A .6) may be written as 

I r - l 

+(~=D ( ~. )1 II(n - s-:-p+k)(n-s - p+2r - r)L,- r,p (A.7) 
sr. k=! 

It is a simple algebraic exercise to verify that the coefficients in (A. 7) are 

equal to those in (A. 1). This completes the induction on r. 
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Induction on s. 

We treat r as a constant and show that (A.l) holds for all values of 

s where r < s. We need not consider r = s, since it was treated above. The 

lowest possible value of sis 2; in this instance (A. 1) becomes 

[M,L2] </> = 2(n - p - 1)L</>, 

which agrees with (A.2). We hypothesize that for s - 1 :::: r 

[Mr,L,-lJ</> = t (r) (s -:-1)1 11 (n - s + 1- P + k)L,- j-1Mr-j</> 
) (s - )-I)1 j=1 . k=r+l-j 

(A.S) 

Then, for s > r we have 

[Mr,L']</> = MrL'</>-L'Mr</> 

Because [Mr, L J </> = Mr L</> - LMr </>, it follows that 

[Mr, L'J </> _ Mr L'-l(L</» + L,-I [Mr, L)¢ - L,-I Mr(L</;) 

- [Mr,1'-I](L</;) + L'-l[Mr,LJ </; (A.9) 

In the first term we substitute the hypothesis (A.8), noting that the 

degree of the argument is p + 2; in the second term we substitute the previ­

ously proven result 

[Mr,LJ</; = r(n-p+r-l)Mr- 1</> (A.I0) 

This yields 

[Mr,L'J </; = t (r) (s -:-1)1 IT (n - s + 1 - (p + 2) + k)L,-j-1 Mr-j(L</;) 
\) (s - ) - 1)1 j=1 . k=r+l-j 

+ r(n - p + r - I)L,-l Mr- 1</;. (A .ll) 
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We separate the term where j = r from the summation to yield 

[M',L'Jq, = r(n-p+r-l)L,-lM,-lq, 
,-1 (s _ 1) I ' 

+I::G) _ ._. I II (n-s-p-l+k)Ls-i-IM,-iLq, 
i~l (s) 1) . k~'+I-i 
(s-l)I' 

+( ·)1 II (n - s - P -1 + k)L'-'q, (A.12) 
s - r - 1 . k~l 

To simplify the summation in this expression, we make use of (A.l0); since 

[M'-i,LJq, = M'-iLt/>-LM'-it/>, it follows that 

M'-iLq, = [M'-i,LJt/>+LM'-it/> 

= (r-j )(n -p+r-j-l )M'-i-It/>+LMr-it/> (A.13) 

and substitution of this into (A.12) yields 

[M',L'Jq, = r(n_p+r_l)L,-lMr- 1 q, 
,-1 (s _ 1) I r 

+ I:: (r:) .. II (n - s - p - 1 + k)(r - j)(n - p + r - j - 1) x 
\J (s-)-l)1 j==l . k=:r+l-j 

L,-i-1 M,-i- 1q, 

+ 'f (r:) (s -:-1)! IT (n - s - p - 1 + kW- i Mr- iq, 
) (s - J - 1)1 j=l . k=r+l - j 

(s-l)1 r + . II (n-s-p-l+k)Ls-rq,. 
(s - r - i)! ~1 

(A.14) 

In the first summation of (A.14), we put i = j + 1 and we change the index 

j in the second summation to i. This allows us to give the entire expression 

as 
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(A.l5) 

It is again not difficult to demonstrate that (A.l5) is equivalent to (A.I). 

This completes the induction on s, and the theorem is proven. o 
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