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Abstract

In this thesis we investigate a class of invariant optimal control problems, and their associated quadratic
Hamilton-Poisson systems, on the orthogonal groups SO(3) and SO(4). Specifically, we are concerned
with the class of left-invariant control affine systems. We begin by classifying all cost-extended systems
on SO(3) under cost equivalence. (Cost-extended systems are closely related to optimal control problems.)
A classification of all quadratic Hamilton-Poisson systems on the (minus) Lie-Poisson space so(3)*, under
affine equivalence, is also obtained. For the normal forms obtained in our classification (of Hamilton-Poisson
systems) we investigate the (Lyapunov) stability nature of the equilibria using spectral and energy-Casimir
methods. For a subclass of these systems, we obtain analytic expressions for the integral curves of the
associated Hamiltonian vector fields in terms of (basic) Jacobi elliptic functions. The explicit relationship
between the classification of cost-extended systems on SO(3) and the classification of quadratic Hamilton-
Poisson systems on s0(3)” is provided. On SO(4), a classification of all left-invariant control affine systems
under £L-equivalence is obtained. We then determine which of these representatives are controllable, thus
obtaining a classification under detached feedback equivalence. We also obtain a partial classification of
quadratic Hamilton-Poisson systems on the Lie-Poisson space so(4)”. An investigation of the stability
nature of the equilibria for a subclass of these systems is also done. Several illustrative examples of optimal
control problems on the orthogonal group SO(3) are provided. More specifically, we consider an optimal
control problem corresponding to a representative of our classification (of cost-extended system) for each
possible number of control inputs. For each of these problems, we obtain explicit expressions for the extremal
trajectories on the homogeneous space S? by projecting the extremal trajectories on the group SO(3). The
examples provided show how our classifications of cost-extended systems and Hamilton-Poisson systems can
be used to obtain the optimal controls and the extremal trajectories corresponding to a large class of optimal
control problems on SO(3). An example of a four-input optimal control problem on SO(4) is also provided.
This example is provided to show how the solutions of certain problems on SO(4) can be related to the
solutions of certain optimal control problems on SO(3).

Keywords and phrases. Affine equivalence, cost-extended system, cost equivalence, detached feedback
equivalence, left-invariant control affine system, Jacobi elliptic function, Lyapunov stability.
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Chapter 1

Introduction

This chapter contains a brief introduction of the use and developments of geometric control theory
over the past several decades. We also introduce the main aims of the thesis as well as the general
results used in the analysis of the classes of control systems considered. A summary of the contents
of each chapter is also provided. Lastly, we give a list of the original contributions made in this
thesis.

History

Mathematical control theory is the area of application-oriented mathematics that treats the basic
mathematical principles, theory and problems underlying the analysis and design of control systems.
Control theory has applications in many areas including engineering, robotics, physics and biology.
Invariant geometric control theory is the study of invariant control systems evolving on Lie groups.

Geometric control theory started in the early 1970s with the realisation of the significance of the
Lie bracket in control problems by of R. Brockett, H. Hermes and C. Lobry. Geometric control
theory approaches the problems of nonlinear control theory using the methods and tools of differ-
ential geometry and Lie theory. The development of geometric control theory has also been heavily
influenced by practical problems in mechanics, physics, and engineering by researchers such as Ju-
rdjevic and Sussman. The following quote motivates well the study of Lie groups and their role in
applications: “due to their unique combination of geometric and algebraic properties, Lie groups
arise naturally as the models for the configuration space of mechanical systems which provide [one
of| the major practical motivations for their study”, [58]. It should also be noted that one of the
major contributions that lead to the field of geometric control theory was the discovery of the Max-
imum Principle by L.S. Pontryagin in the late 1950s, “a far reaching generalization of Weirstrass’s
necessary conditions for strong minima, which provides geometric conditions for a (strong) mini-
mum of an integral criterion, called the cost, over the trajectories of a differential control system”
[34]. The Maximum Principle, in its original form, suffers from some serious limitations; geometric
control theory forms a theoretical foundation for extensions of the Maximum Principle to optimal
control problems on arbitrary differential manifolds. “This theoretical foundation comprises im-
portant results concerning the topological and differential properties of the reachable sets and is
an essential complement to modern optimal control theory” [34]. Geometric control theory is an
active area of research. Some notable researchers of this topic include: R. Brockett, V. Jurdjevic,
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A.A. Agrachev, Y.L. Sachkov, H.J. Sussmann and A. Krener.

Invariant control systems

Mathematically, a control system is a family of smooth dynamical systems together with a class of
admissible controls. In particular, a left-invariant control system on a Lie group G consists of a
family of left-invariant vector fields = = (=,)uer on G, parametrized smoothly by controls. An
admissible control is a U-valued map, defined on some interval of R, which is (Lebesgue) measurable
or piecewise constant, or of some regularity type between these two possibilities. The input set U
is usually equipped with a separable metric space structure. A trajectory of such a system is an
integral curve of the (non-autonomous) vector field =), where u(-) is an “admissible control”.
Thus a control system can be viewed as a family of ordinary differential equations parametrized by
control parameters, which can be used to influence the behaviour of the system.

In this thesis, a (left-invariant) control system is a pair ¥ = (G, =), where the state space G is
a (matrix) Lie group and the dynamics =: G x U — T'G are left-invariant. In classical notation,
such a control system X is written as

¥:g==2(g,u)=9=2(1,u), geGuel.

For our purposes we shall assume that U = R¢.

One of the first natural questions to ask in the study of control systems is the following: given
any initial state of the system, does there exist an admissible control taking the system to any
final state? This is known as the controllability problem. Using the tools of differential geometry
and Lie theory, a number of powerful results have been developed to answer this question (see,
e.g., [54], [37]). The next natural question is then, given a controllable control system, can we
find an admissible control which transforms the system to a given final state in some optimal way?
This is known in the literature as the optimal control problem. Such problems involve considering
some (practical) cost function associated to a control system which we want minimize, given some
appropriate boundary data. More specifically, in this thesis, we will be considering invariant control
problems of the form

9(t) = g E@, u(t)), g():[0,T] =G, u() : [0, 7] - R
g0 =go, g(T)=g1, go,91€G, T >0 fixed

J = / TQ(u(t) — p)dt — min, p e R

on the matrix Lie groups G = SO(3) and G = SO(4). Here @ is a positive definite £ x £ matrix.
In addition, we will assume that the underlying control system is affine in controls, i.e., we will be
concerned with left-invariant control affine systems. There has been much research devoted in the
last several decades to such types of optimal control problems, particularly on lower-dimensional
Lie groups; see e.g., [33, 53]. Numerous applications can be modelled in this fashion and include
problems such as Euler’s elastic problem [33] [53], the motion of a rigid body [19], and the sub-
Riemannian length-minimization problem [45] [54].

The introduction of appropriate equivalence relations can drastically simplify the investigation
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of invariant control systems on Lie groups (see, e.g., [39]). In this thesis we present a classification
of left-invariant control affine system on the Lie groups SO(3) and SO(4) under detached feedback
equivalence (or the closely related concept of £-equivalence). Roughly, two systems are detached
feedback equivalent if there exists a diffeomorphism mapping trajectories to trajectories, and an
affine isomorphism mapping the corresponding controls to each other. Detached feedback equiva-
lence turns out to be the most general feedback equivalence for which the state component (i.e.,
the diffeomorphism between state spaces) preserves left-invariant vector fields [20]. This motivates
it as the right choice of equivalence relation as we are interested in left-invariant control systems.
This approach has been used, for example, in the investigation of control systems on the FKuclidean
group SE(2) (see, [3], [7]). A full classification, under detached feedback equivalence, of all (real)
three-dimensional Lie groups has been completed in [23], [24], [25].

After obtaining a classification of control systems, another natural question arises: can we find an
appropriate equivalence relation under which to classify the associated optimal control problems?
That is, can we find an appropriate way to decide when two optimal control problems are essentially
the same and given this relation, can we practically classify classes of these problems? The answer to
this question is yes, at least for low-dimensional Lie groups. The notion of cost-extended equivalence
was introduced by Biggs and Remsing in [26] to answer just this question. It turns out that cost
equivalence is also closely related to the detached feedback equivalence of control systems. In this
thesis, we classify all left-invariant control affine problems on the Lie group SO(3) under cost
equivalence.

Invariant optimal control problems on Lie groups can be lifted to the cotangent bundle, via the
Pontryagin Maximum Principle, and then reduced to Hamilton-Poisson systems on the dual spaces
of Lie algebras, equipped with the Lie-Poisson structure. The problem of determining the optimal
controls for a large class of such optimal control problems on Lie groups has been shown to reduce
to the study of the integral curves of Hamilton-Poisson systems, see, [21], [26]. Hamilton-Poisson
systems have been considered by several authors (see, e.g., [5, 16, 33, 38, 43, 60, 59]), most notably
in the context of invariant optimal control and geometric mechanics. The study of such systems has
received increased attention in recent years. For instance, (Lyapunov) stability as well as (numerical
and analytical) integration for systems on se(1, 1)*, se(2)*, and so(3)* were treated in [13], [5],
[6], [L1]. A natural approach is again to try and classify these classes of Hamilton-Poisson systems
under some appropriate equivalence relation. In order to achieve this, we use the notion of affine
equivalence. Roughly, two Hamilton-Poisson systems are affinely equivalent if there exists an affine
isomorphism such that their associated Hamiltonian vector fields are compatible. The notion of
affine equivalence has also been shown to be closely related with that of cost equivalence (see [26]).
In this thesis we are interested in determining the (Lyapunov) stability nature of the equilibria of
Hamilton-Poisson systems. Energy-Casimir methods (see appendix C) are used to prove stability.
On the other hand, instability usually follows from spectral instability; however, a direct approach
is required in some cases. We are also interested in obtaining (analytic) expressions for the integral
curves of the associated Hamiltonian vector fields. In general, this is done as follows. The equations
of motion are reduced (using the constants of motion) to a single separable differential equation,
which is then transformed into a standard form (see appendix D.2). An appropriate elliptic integral
is then used to obtain (after some manipulation) an explicit expression for the integral curve in
terms of (basic) Jacobi elliptic functions.

Given a left-invariant control affine problem the optimal controls are affinely related to the



integral curves of the associated quadratic Hamilton-Poisson system. Thus, obtaining the integral
curves for the Hamilton-Poisson systems allows us to determine the optimal controls for a given
optimal control problem. What remains is to find the explicit expressions of the trajectories on the
group and its associated homogeneous space, given the optimal controls obtained. There seems to
be no standard technique for achieving this on an arbitrary Lie group, and different approaches
have been employed for various Lie groups. In this thesis we are concerned with optimal control
problems on the orthogonal groups SO(3) and SO(4). Techniques for obtaining the trajectories
on the groups (and their homogeneous spaces) have been considered in [15, 33, 34, 36].

In recent years, advances in computer algebra software have provided tools for solving problems
that historically were too computationally difficult. Throughout this thesis, MATHEMATICA is used
extensively to facilitate calculations as well as for plotting figures. In appropriate sections and/or
theorems, propositions, etc., we will include the path and file name of the associated MATHEMATICA
file. For example

Thesis Mathematica\SO(3)\ Affine equivalence\ AequivVerification.nb

These files will be included with the thesis separately. Remarks concerning the use of Mathematica
will appear as follows:

MATHEMATICA. Throughout the thesis, when we use phrases such as “simple to show”/
“straightforward” / “easy to see (verify)” etc. the result or claim will either be obvious or will
have been verified using Mathematica. In the latter case, we will make il explicitly clear which
file the calculations are contained in.

In summary, the aim of this thesis is to contribute to the study of a class of optimal control
problems on the orthogonal groups SO(3) and SO(4). In particular, we are concerned with the
class of invariant control problems. For each such problem, the underlying control system is a
left-invariant control affine system and the cost functional to be minimized is the integral of an
affine quadratic function of the controls. Our primary contribution to this class of problems is the
use of various equivalence relations to classify cost-extended systems (optimal control problems)
and to classify quadratic Hamilton-Poisson systems on the dual space of the associated Lie algebra.
The approach of first classifying classes of objects, under appropriate equivalence relations, allows
us to drastically simplify the work required in the investigation of such optimal control problems.
Our various classifications also allow us to obtain a greater overall understanding of the different
possible qualitative behaviours of the systems under investigation. In chapter 6 we provide several
illustrative examples of optimal control problems on SO(3) and SO(4). These examples show
how the classifications we have obtained in this thesis can be used in the study of such optimal
control problems. In particular, the examples we provide show how our classification of quadratic
Hamilton-Poisson systems can be used to find the optimal controls associated to a large class of
optimal control problems. We also provide an example to show how our classification of cost-
extended systems can be used to obtain the extremal curves on the group SO(3) (associated to
some optimal control problem) from the extremal curves on SO(3) of an equivalent optimal control
problem.



CHAPTER 1. INTRODUCTION 5

Overview

We now give an overview of each of the chapters in this thesis.

In chapter 2 we define and recall the necessary results that will be used in this thesis. In
particular, we include the necessary theory of invariant control systems, optimal control problems,
and Hamilton-Poisson systems. We also provide the definitions and results used for the various
types of equivalences used in the paper, i.e., detached feedback, cost, and affine equivalence.

Chapter 3 is devoted to the various topics considered on the Lie group SO(3). More specifically,
we provide a classification of all left-invariant optimal control affine problems on SO(3) under cost
equivalence. (This is based on a classification of left-invariant control affine systems under detached
feedback equivalence.) A classification of all quadratic Hamilton-Poisson systems on so(3)* under
affine equivalence is done, and a list of normal forms obtained. The normal forms are divided into
two types. Type I systems correspond to those whose equilibria are a union of lines or planes.
On the other hand, systems of type II are those whose equilibria are not just unions of lines or
planes. For type I systems, an investigation of the (Lyapunov) stability and (analytic) integration
of each of the normal forms is done (in terms of Jacobi elliptic functions). (The well-known results
for the homogeneous systems are included for the sake of completeness.) For type II systems, an
analysis of the stability nature of the equilibria is included. (We were unable to obtain explicit
expressions for the integral curves for the systems of this type due to computational complexities.)
We then investigate the relationship between cost equivalent optimal control problems on SO(3)
and quadratic Hamilton-Poisson systems on so(3)*. An approach for how extremal trajectories on
the group SO(3), and the homogeneous space S?, is provided.

Chapter 4 is dedicated to our investigation of the Lie group SO(4). In particular, we investigate
the relationship between the Lie algebra so(4) and the Lie algebra s0(3) x s0(3), as well as the cor-
responding group of Lie algebra automorphisms. A classification of all left-invariant control affine
systems on SO(4), under £L-equivalence, is obtained. A list of which of these system are full rank
is also provided (and thus a classification under detached feedback equivalence). We then attempt
to classify homogeneous quadratic Hamilton-Poisson systems on the Lie-Poisson space so(4)* . We
only manage to obtain a partial classification of these systems (due to certain computational diffi-
culties). In particular, we determine the class of Hamilton-Poisson systems that are ‘decomposable’
as the product of two systems on so(3)*.

In chapter 5 we investigate several classes of quadratic Hamilton-Poisson systems on so(4)*
obtained in chapter 4. Specifically, we show how the integral curves of a Hamilton-Poisson system
s0(4)* , which decomposes as the product of two systems on s0(3)* , can be found from the integral
curves of each subsystem on so0(3)*. For such systems on so(4)*, we also show how the stability
nature of the equilibria is related to that of each subsystem on so(3)*. We also investigate the
simplest class of systems which are not directly decomposable as a product of two systems on
s50(3)* . For these systems we attempt to investigate the stability nature of the equilibrium states
and for one case obtain the integral curves of the associated Hamiltonian vector field.

Finally, in chapter 6 provide several illustrative examples of optimal control problems on the group
SO(3). Our main goal in this chapter is to obtain explicit expressions for the trajectories on the
group and on the associated homogeneous space S?, corresponding to each of these optimal control
problems. More specifically, we consider some selected cases obtained from our classification of



cost-extended systems in chapter 3. We also consider an optimal control problem that is associated
to a cost-extended system which is not a representative of our classification. For this system, we
solve for the trajectories on the group independently, as well as by transforming the results obtained
from an equivalent system (which is a representative of our classification). We then discuss the
difference between these two approaches. The specific examples considered are chosen to show how
our various classifications can be used in the investigation of optimal control problems on SO(3). In
addition, we investigate a four-input optimal control problem on the group SO(4). The quadratic
Hamilton-Poisson system associated to this optimal control problem is equivalent to a Hamilton-
Poisson system that is decomposable as the product of two systems on s0(3)* . The investigation
of this optimal control problem shows how we can use the solutions of optimal control problems on
SO(3) to obtain the solutions on SO(4).

Original Contributions

To the best of our knowledge, the following contributions in this thesis are original.

Chapter 3. The classification (under cost equivalence) of all full-rank cost-extended systems
on SO(3); propositions 3.2.2, 3.2.4, 3.2.6, and 3.2.7. The classification (under affine equivalence)
of all quadratic Hamilton-Poisson systems on so0(3)*; theorem 3.3.1. The investigation of the
stability nature of the equilibria for the inhomogeneous quadratic Hamilton-Poisson systems on
s50(3)* ; theorems 3.3.8, 3.3.10, 3.3.21, 3.3.31, 3.3.32, 3.3.34, and 3.3.37. The integration of the
inhomogeneous quadratic Hamilton-Poisson systems on so(3)* of type I; theorems 3.3.9, 3.3.12
through 3.3.20, and 3.3.23 through 3.3.29. The explicit relations of the cost-extended systems on
SO(3) to the quadratic Hamilton-Poisson systems obtained in 3.3.1; propositions 3.4.1 through
3.4.6.

Chapter 4. The classification (under £-equivalence) of all control affine systems on SO(4);
theorems 4.2.2, 4.2.7, 4.2.12, 4.2.15, 4.2.17 , 4.2.19, 4.2.21, and 4.2.23, and corollaries 4.2.9 and
4.2.4. The controllability of each of these representatives, and thus a classification under detached-
feedback equivalence of all control affine systems on SO(4). The partial classification of homo-
geneous quadratic Hamilton-Poisson systems on the Lie-Poisson space so0(4)* ; propositions 4.3.2,
4.3.3, and 4.3.4.

Chapter 5. A useful result on the stability nature of equilibria of Hamilton-Poisson systems on
s0(4)* which are decomposable as Hamilton-Poisson systems on so(3)* ; theorem 5.1.3. The inves-
tigation of the stability nature of the equilibria for some subclasses of indecomposable Hamilton-
Poisson systems on so(4)* ; theorems 5.2.2, 5.2.3, and 5.2.5. The integration of a particular inde-
composable Hamilton-Poisson system on so(4)* ; theorem 5.2.4.

Chapter 6. The explicit expressions for the trajectories on the groups SO(3) and SO(4), as
well as the trajectories on the base space S?. Each sub-section of this chapter contains a specific
example of an optimal control problem and the style of this chapter is quite different to the rest
of the thesis. In particular, the results in this chapter are not stated as propositions or theorems.
Therefore, we make more explicit our original contributions in this chapter itself. We also discuss
similar problems investigated by other authors in the conclusion.
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Notation

We outline the notational conventions used in this thesis. Lie groups are denoted using uppercase
Sans Serif letters (e.g., G). Lie algebras are denoted using lowercase Fraktur letters (e.g., g). We
shall also use the following notation:

1

identity element of a Lie group.

semidirect product of Lie groups (normal subgroup on the left).

the set of (smooth) real-valued functions on a smooth manifold M.

the set of (smooth) vector fields on a smooth manifold M.

group of invertible linear transformations of a vector space V.

Lie algebra of GL(V).

linear span of a subset S C g or of elements By,..., By € g.

Lie algebra generated by S C g, i.e., the smallest Lie subalgebra containing 5.
natural pairing g* x g = R, (p, X) — p(X) between g* and g.

linearisation of F' € C*°(M); the linearisation at x is denoted dF'(x).

tangent map (differential) of a smooth map ¢ between manifolds; the tangent map at x
is denoted T, ¢.

directional derivative of F' € C'"*°(M) in the direction of X.
group of Lie group automorphisms of G.

group of Lie algebra automorphisms of g.

Hamiltonian vector field associated to a smooth function H.
group of affine isomorphisms of RE.

left translation by g, i.e., Ly: G — G, Ly : h— gh.

sign of x € R.






21.1

2.1.2

Chapter 2

Invariant control systems

2.1 Left-invariant control affine systems

Let G be a (real, finite-dimensional) matrix Lie group. A left-invariant control system > = (G, Z) is
a (smooth) control system evolving on G, whose dynamics Z: G xU — T'G are invariant under left
translations. For the purposes of this work we shall assume U = R’. In particular, we are interested
in those systems which are affine in controls, i.e., the parametrization map =Z(1,-) : R® — g is an
affine embedding. Thus we have the following definition.

DEFINITION. A left-invariant control affine system is a pair ¥ = (G, =) such that:

e The state space G is a (real, finite dimensional) connected matrix Lie group with Lie algebra
g.

e The dynamics = :G x R — TG are left-invariant, i.e., for any ¢ € G and u € RY,
(9, u) = Z(g,u) = g=(1, u).
e The paramelrization map is an affine embedding, i.e.,
2(1,) R —»g, u— A+u B+ +uBy
where the set {B;},_1; is linearly independent.

The “product” g=(1,u) denotes the left translation 77 L, -=(1,u) of Z(1,u) € g by g. The trace
I' =imZ(1,") = A+ (By,...,B) = A+TY is affine subspace of the Lie algebra g. A system ¥
is called homogeneous if A € T'°, and inhomogeneous otherwise. ¥ is said to have full rank if the
Lie algebra generated by its trace coincides with g, i.e., Lie(I') = g. (Lie(I') is the smallest Lie
subalgebra containing I'.)

REMARK. Henceforth when we refer to a control system we will implicitly assume we are talking
about a left-invariant control affine system, unless explicitly specified otherwise.

Admissible controls are piecewise continuous maps u(-) : [0,7] = R, 0 < T < oo. A trajectory,
corresponding to an admissible control u(-), is an absolutely continuous curve g(:) : [0,7] — G

9
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which satisfies the differential equation §(t) = ¢g(t) Z(1, u(t)) for almost every t € [0,7]. The pair
(g(+),u(:)) will be referred to as a trajectory-control pair. A system . is said to be controllable
if for any pair of points go,g1 € G, there exists a T > 0 and a trajectory g(-) : [0,7] — G such
that ¢(0) = go and ¢(T") = g1. Two necessary conditions for controllability are that the group G
be connected and that the system > have full rank (see e.g., [52]). If > is homogeneous or G is
compact, then these conditions are also sufficient for controllability (see, e.g., [52]).

REMARK. The affine group is given by

AFF(RY) — { E ;ﬂ . NeGL(LR), ve Rﬁ}.

This group is isomorphic to the group of affine transformations of R¢ given by

u— Nu+wv, det(N)#£0, veR:

Let X = (G,Z), with dim(G) = n, be a control system where Z(1,u) = A+ u1 By + -+ + ugBy,
1 </Z <n. Given a basis Fi,..., F, of the Lie algebra g such a control system is specified by
E(lu) = >0 a'E tur >y (BYE 4+ ued oy biE;. When convenient such a system which
will be represented in matrix form as

at b b

MR N

E : . . .
ar by b
For a system written in matrix form v - =(1,u) (for a linear map ) is then just matrix multipli-
cation.

Applying an affine transformation ¢ : u — Nu + v is then equivalent to multiplying the matrix
form on the right by the corresponding element K € Aff(RY) | i.e.,

at bl - b} Lo
O N E e
ar b W
Here K corresponds to a reparametrization =(1, Nu+v) of the system .. For drift free systems,
i.e., where Z(1,0) = 0, a reparametrization of . is given by
bl - b}
: K, K e€GL({R).
v by
Here K corresponds to a reparametrization =(1, Ku) of the system 3.
The optimal control problem

An (invariant) optimal control problem is defined by the specification of (i) a left-invariant control
affine system ¥, (ii) a cost function (or Lagrangian) y : R — R, and (iii) boundary data, consisting
of an initial state go € G, a terminal state g1 € G and a (fixed) terminal time 7" > 0. The problem is
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then to minimize the cost functional 7 (u fo ))dt over all admissible trajectory-control
pairs (g(-),u(-)) such that g(0) = go and g( ) = 91

DEFINITION. Let ¥ = (G,Z) be a left-invariant control affine system. A left-invariant control
affine problem (or just an optimal control problem) is given by

gt) = () 2(Lu(t)), ¢():[0,T] =G, u():[0,T] - R
9(0) = gy =91, go,91€G, T >0 fixed

T
/ /o (u(t) — ) T Q(u(t) — p)dt — min, p € R

(2.1)

Here @ is a positive definite £ x £ matrix.

To each such problem we associate a cost-extended system (), x). Here ¥ is the control
system and the cost function y : R® — R has the form given in (2.1). Each cost-extended system
corresponds to a family of invariant optimal control problems; by specification of the boundary
data (go,g1,T), the associated problem is uniquely defined.

The Pontryagin Maximum Principle

The Pontryagin Maximum Principle provides necessary conditions for trajectory-control pairs to
be optimal and is most naturally expressed in the language of the cotangent bundle 7*G of G.
The cotangent bundle can be trivialized (from the left) such that 7*G = G x g*. To an optimal
control problem (2.1), we associate a family of Hamiltonian functions on 7*G = G x g*:

H (&) = Ax(w) + £(Eu(g))
= Ax(u) +p(Eu(1)), & =(g,p) €T*G.

MaxiMuM PRINCIPLE ([9]) Suppose the trajectory-control pair (g(-),u(-)), defined over the in-
terval 10,7, is a solution for the optimal control problem (2.1). Then, there exists a curve
) 10, T] = TG with £(t) € Tg<t)G, t € |0,7], and a real number A\ < 0 such that the fol-
lowing conditions hold for almost every t € [0,T]:

(A &(1) #(0,0) (2.2)
£(t) = Hppy (€(1)) (2.3)
Hé\(t) (&) = max HME(L)) = constant. (2.4)

An optimal trajectory g(-) : [0,7] — G is the projection of an integral curve &(-) of the (time-
varying) Hamiltonian vector field ﬁé\@) for all ¢ € [0,7]. A pair (£(-),u(-)) defined on [0,7] is
said to be an extremal pair if £(-) satisfies the conditions (2.2),(2.3), and (2.4). The projection
¢(-) of an extremal pair is called an extremal. An extremal curve is called normal if A < 0 and
abnormal if A = 0. (In this work, we shall only be concerned with normal extremals.)

For an optimal control problem suppose the maximality condition (2.4) eliminates the parameter
v from the family of Hamiltonians (H,),cgre. The result is a G-invariant Hamiltonian function H
defined on T*G = G x g*. The fact that the cotangent bundle can be left-trivialized in this way
allows for a reduction of the Poisson structure on 7*G to a Poisson structure (the (minus) Lie-
Poisson structure) on the dual space g* (see, [40] for details). Accordingly, we obtain a Hamiltonian
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function H on g*. The extremal controls are affinely related to the integral curves of H (see
theorem 2.1.5 below). As such, the investigation of the extremal controls is essentially reduced to
the study of the Hamilton-Poisson system (g, H).

Given a control system > = (G,Z), let B be the n x £ matrix formed by taking the coordinate
vector of B; (with respect to some given basis) for the i column of B; thus, in coordinates
=(1,u) = A+ Bu.

THEOREM. ([26]) Any trajectory-control pair (g(-),u(-)) of (%, %) is given by ¢(t) = Z(g(t), u(t)),
w(t) = Q"B p(t)T +u. Here p(-):[0,T] — g* is an integral curve of the Hamilton-Poisson system
on g* specified by

1
H(p) = p(A+Bp) + ;pBQ™'Bp’. (2.5)
Here p is written as a row vector (in terms of the dual basis of g*).

The Hamiltonian function (2.5) on g* is called the reduced Hamiltonian. Since @Q is positive
definite and B does not have full rank in general, it follows that BQ~'BT is positive semi-definite.
Consequently, H is of the form

H(p) = Hao(p) = p(A) + Q(p)

where A € g and Q is a positive semidefinite quadratic form on g*. The system (g*, Ha,0) will
be called homogeneous if A = 0, and inhomogeneous otherwise. Let La(p) = p(A4). Then, we
have that Hg(p) = adleQ@) (p) and La(p) = adgy, () = ad(p). As X — adkx(p) is a linear
map on g for any p € g*, it follows that

Hao(p) = La(p) + Ho(p).

That is, FIAQ decomposes as the sum EA + ETQ.

2.2 Equivalences

The idea of classification (in order to study the properties of large classes of objects simultaneously)
is a central theme in mathematics. In this section we introduce the various equivalence relations we
use in classifying control systems, cost-extended systems, and their associated Hamilton-Poisson
systems. We also explain how each of these equivalences are related to one another.

2.2.1 State-space equivalence

In order to understand the (local) geometry of (nonlinear) control systems, it is very useful to intro-
duce natural equivalence relations. The most natural equivalence relation for (smooth, nonlinear)
control systems is equivalence up to coordinate change in the state space. Although we do not
explicitly classify any control systems in this thesis under state space equivalence, the notion helps
to make clear how detached feedback equivalence of control systems (defined in the next subsection)
fits into the picture of our analysis of control systems. Two control systems are state space equiv-
alent if they are related by a diffeomorphism, in which case their trajectories, corresponding to the
same controls, are also related by that diffeomorphism. State space equivalence is well understood
(cf. 20, 51]).
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Let 3 =(G,2) and ¥ = (G',Z') be two (left-invariant) control systems.

DEFINITION. Y and Y/ are called (locally) state space equivalent at ¢ € G and ¢ € G if
there exist open neighbourhoods N and N’ of g and ¢/, respectively, and a (local) diffeomorphism
¢ N — N’ with ¢(g) = ¢, such that

T,6-=(g,u) == ($(g),u) forall ge N, uecR.

Y. and Y are called globally state space equivalent if this happens globally (i.e., N = G and
N = G).

This equivalence can also be viewed as the commutativity of the diagram

o xid
N x RETCRE N S RE

TN ———TN'
T¢

This equivalence relation is very strong. Consequently, there are so many equivalence classes
that any general classification appears to be very difficult, if not impossible. However, there is a
chance of some reasonable classification in low dimensions (see, e.g., [2]).

PROPOSITION. ([20]) X and X' are state space equivalent if and only if there exists a Lie group
isomorphism ¢ : G — G’ such that Ty¢ - Z(1,u) = Z'(1,u) for all u € R".

2.2.2 Detached feedback equivalence

Feedback equivalence is such that we now allow a transformation of the controls (the feedback
component) as well as the state space (the state component). (State space equivalence is a spe-
cialisation of feedback equivalence.) Here the transformation of the controls is done in a way that
is dependent on the state: thus feeding the system back into itself (see, e.g., [51]). This level of
equivalence, however, turns out to be too general when considering the class of left-invariant control
systems as we want our transformations to be compatible with the Lie group structure (i.e., left-
invariance). More precisely, the push-forward of a left-invariant vector field (by a diffeomorphism)
is left-invariant if and only if the feedback component is independent of the state (see [20]). In this
case the feedback component is said to be G-invariant.

Thus, for our purposes, we wish to be able to transform the controls in a way that is independent
of the state. This type of equivalence is called detached feedback equivalence.

DEFINITION. Y = (G,E) and Y/ = (G/,Z') are called detached feedback equivalent (or DF-
equivalent) if there exist diffeomorphisms ¢ : G — G’ and ¢ : R® — R such that Ty¢ = (g,u) =
= (¢(g), (u)) for every g € G and u € R-.

REMARK. From this definition one can see that two control systems ¥ and ¥’ are detached
feedback equivalent if they are state space equivalent under some reparametrization of the controls.

PROPOSITION. DF-equivalence is an equivalence relation.
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PrOOF. Let 3 = (G,2), ¥ = (G',Z'), and ¥ = (G" Z") be left-invariant control affine systems.

Let ¢ = idg and ¢ = idge. Then Ty¢ = idr,c for every g € G. Hence Ty¢-=(g,u) = =Z(g,u) =
Z(d(g9),(u)). Thus, ¥ is DF-equivalent to itself, i.e., DF-equivalence is reflexive.

Suppose Y is DF-equivalent to /. Then there exist diffeomorphisms ¢ : G — G’ and ¢ :
R — RE such that Ty - Z(g,u) = Z'(é(g),o(u)) for every g € G and u € R’. Now, as
(Ty§) ™" = Tyq¢~", we have that Ty - Z($(9), p(w)) = Z(¢7He(g)), ™ (W) = E(g,u)
for every ¢(g) € G and ¢(u) € RY. That is, ¥’ is DF-equivalent to 3, i.e., DF-equivalence is
symmetric.

Finally, suppose ¥ is DF-equivalent to ¥ and ¥/ is DF-equivalent to »”. That is, there exist
diffeomorphisms ¢1 : G — G/, ¢2 : G’ — G”, and 1, @2 : R® — R such that

Tygr-E(g,u) =Z(¢1(g),1(u)) and  Thdy - Z'(h,u) = Z"($2(h), p2(w))

for every g € G, h € G/, and u € RY. Let ¢ = ¢p0 ¢ and ¢ = v 0. Then, for every g € G
and u € R, we have

Ty¢ Z(g,u) = Ty, (gyP2 - Ty1 - (g, u)
= Ty ()02 - Z(01(9), 1 (u))
= Z"(pa(91(9)), p2(p1(u)))
= E"(6(9), p(u)).

Thus, ¥ is DF-equivalent to %", i.e., DF-equivalence is transitive. O

The following two results motivate why D F-equivalence is the natural choice for the equivalence
relation to be used in the investigation of left-invariant control systems.

PROPOSITION. If Y is DF-equivalent to Y, then the trajectory-control pairs of ¥ and ' are in
a one-to-one correspondence.

ProoOF. Let (g(-),u(:)) be a trajectory-control pair of 3. Since ¥ and ¥’ are DF-equivalent
there exist diffeomorphisms ¢ : G — G’ and ¢ : R — R* such that T,¢ - =(g,u) = Z'(¢(g), ¢(u))
for every g € G and u € R®. We now show that (¢(g(-)), w(u(-))) is the unique trajectory-control
pair of Y corresponding to (g(+),u(-)). Indeed, for almost every t it follows that

—0(g(1)) = Ty 4(t)
= Ty - E(g(t), u(t))
= Z'(6(9(0)). lu(1)))-

Thus, (¢(g(-)),o(u(-))) is a trajectory-control pair of ¥'. Now, suppose ¢(g1(-)) = ¢(g2())
and ©(u1(+)) = @(uz(-)), where (g1(-),u1(-)) and (g2(-),uz(-)) are trajectory control pairs of >.
Applying ¢! and ¢~!, we have g1(-) = ga(-) and ui(-) = ua(-). Hence, trajectory-control pairs
are mapped injectively from X to /. Next let (¢'(:),u/(-)) be a trajectory control pair of 3.
Then (¢~ 1(g'(+)), o~ (4/(-))) is the trajectory-control pair of ¥ that is mapped to (¢'(:),%'(:)) by
¢ x . Thus, trajectory-control pairs are mapped surjectively. Hence, the trajectory-control pairs

of ¥ and Y are in a one-to-one correspondence.
O
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PRrOPOSITION. ([20]) Suppose 3 and ' are DF-equivalent. > is controllable if and only if >
is controllable.

The above result simply relies on the fact that attainable sets are preserved by D[F-equivalence.
The following results provide a useful way of characterising the concept of detached feedback
equivalence at the level of the Lie algebra. Throughout the remainder of this section we shall
assume that all systems are of full-rank.

LEMMA. ¥ and X' are DF-equivalent if and only if there exist diffeomorphisms ¢ : G — G' and
@ RE = RE, satisfying definition 2.2.3, such that (the feedback component) ¢ is G-invariant.

This just follows from the definition of D F-equivalence.

PrOPOSITION. ([20]) Let ¥ = (G,Z) and ¥ = (G',Z') be two systems and let ¢ : G — G
be diffeomorphism such that ¢(1) = 1'. There exist unique diffeomorphisms ¢ : G — G and
¢ : RY = R, satisfying definition 2.2.3, such that (the feedback component)  is G-invariant if
and only if ¢ is a Lie group isomorphism such that Ty¢ - T =1,

COROLLARY. Two systems Y. and ¥ are DF-equivalent if and only if there exists a Lie group
isomorphism ¢ : G — G’ such that Thr¢-T =T1".

PROOF. Suppose Y and Y/ are DF-equivalent. Thus there exist smooth maps ¢ : G — G’ and
¢ : RE — R such that T,¢-Z(g,u) = Z'(¢(g), p(u)) for every g € G and u € R, We may assume
¢(1) = 1'. Indeed, suppose ¢(1) = h. Then (L;-10¢) (1) =1" and

Ty (Lp—100) - E(g,u) = Tyg) L1 - Tg9 - Z(g, u)
sy Ln-1 - Z(9(9), (u))

=(h (), p(u))
E'((Lp-1 0 6)(9), p(w))

That is, 3 and ¥ are also DF-equivalent with respect to (L1 0 ¢) and . Hence, by replacing
¢ with (L;,-1 0 ¢) we can always arrange for ¢ to preserve the identity. Thus, by proposition 2.2.9
it follows that ¢ is a Lie group isomorphism such that Ty¢ - T' = I".

Conversely, suppose we have a Lie group isomorphism ¢ : G — G’ such that Ty¢-T' = I". Then,
again by proposition 2.2.9, it follows that the systems Y and Y/ are DF-equivalent.

Il
~

[1

[1

0

Assume the map d : Aut(G) — Aut(g), ¢ — T1¢, is a bijection. (This holds, for example, when
G is simply connected.) Then the following result follows immediately.

COROLLARY. Two systems % and Y are DF-equivalent if and only if there exists a Lie algebra
isomorphism ¥ : g — g’ such that ¢ -T =T".

Accordingly, the classification of systems (where dAut(G) = Aut(g)) under D F-equivalence
reduces to the classification of affine subspaces I' of g under Lie algebra automorphisms. In
this work, we shall find it convenient to use the above characterisation as its own definition of
equivalence, which we call £-equivalence. More precisely,
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DEFINITION. Two (not necessarily full-rank) systems > and ¥ are £-equivalent if there exists
a Lie algebra isomorphism 1 : g — g’ such that ¢ - I' = I". In particular, if G =G’ and T' = I",
then we say that X' is a reparametrization of 3.

Notice that if two full-rank systems are £-equivalent, then they are detached feedback equivalent.
(The converse, however, does not hold.) Any two £-equivalent systems are either both controllable
or neither is controllable whenever the full-rank condition is equivalent to controllability.

2.2.3 Cost-extended equivalence

Now that we have a way of talking about two control systems being equivalent, we want to introduce
a way of talking about when two associated optimal control problems are equivalent. This theory
was introduced and investigated by Biggs and Remsing in [26] and this section is based upon their
work. Where proofs for statements are not given they can be found in [26].

DEFINITION. Two cost-extended systems (¥ = (G,=Z),x) and (¥ = (G',Z'), x’) are cost equiva-
lent (or C-equivalent) if there exists a mapping ® = (¢, ) : (%, x) = (3, x/) such that

®:G xR =G xR, (g,u) = (6(g), p(u)

where the state component ¢ : G — G’ is a Lie group isomorphism and the feedback component
¢ : R 5 RY is an affine isomorphism (in particular, ¢ = ¢'), such that

Typ-E(g,u) = Z (9(g),p(u)) and (X op)(u) = rx(u)

for every g € G and u € R%.
In other words, the following diagrams

GxR—2 G xR R —Z L RY
T T
TG T) TG R 6—) R

commute for some r > 0. (Here ¢, denotes the dilation by r.) For any ®, the constant r > 0 is
uniquely determined.

PROPOSITION. Cost equivalence is an equivalence relation.

ProoF. Let (33,x), (3, x'), and (3", x") be cost extended systems.

Let ¢ =idg and ¢ = idge. Then Ty¢ = idr,c for every g € G. Hence Ty¢-=(g,u) = =Z(g,u) =
Z(d(g9), o(u)) and (x oidpe)(u) = x(u). Thus, (3, x) is C-equivalent to itself, i.e., C-equivalence
is reflexive.

Suppose (32, x) is C-equivalent to (3, x'). Then there exist a Lie group isomorphism ¢ : G — G’
and ¢ : R® — R’ such that T,¢  Z(g,u) = Z'(é(g),o(u)) and (x' o p)(u) = rx(u) for every
g € G and u € R. Now, as (T,0)"" = Ty~ ', we have that Typd~' - Z'(¢(g), p(u) =
2(¢~(0(9)), ¢~ (0(u)) = (g, u) for every ¢(g) € G and p(u) € R". Also, (X" 0™ ())(u) =
¥ () = (xo™!)(u). Thatis, (3, x') is C-equivalent to (X, x), i.e., C-equivalence is symmetric.
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Finally, suppose (3,x) is C-equivalent to (3, x’) and (3,x') is C-equivalent to (X", x").
That is, there exist Lie group isomorphisms ¢; : G — G/, ¢o : G — G”, affine isomorphisms
©1, 2 : RE — R and constants 1,72 > 0, such that

Typ1 - Z(g,u) = E'(¢1(g), p1(u)) and Tz - E'(h,u) = E"(¢a(h), pa(u))
(x" o p1)(u) = rix(u) (X" 0 p2)(u) = rax'(u)

for every g € G, h € G, and u € R’ Let ¢ = ¢a0¢1 and ©p = 3 0 . Then, for every
g €G and u € R, we have T,¢ - Z(g,u) = Z"(¢(g), v(u)) (see proof of proposition 2.2.5). Also,

(X" o pz0pi)(u) = (X" 0 w2)(p1(u)) = rax’(p1(u)) = rarix(u). Thus, (¥,x) is C-equivalent to
(X7, x"), i.e., C-equivalence is transitive. O

PROPOSITION. If (33, x) and (3, X') are cost equivalent cost-extended systems, then the underlying
control systems Y. and X' are detached feedback equivalent.

This follows immediately from the definition of cost-equivalence. The following result also follows
almost immediately from the definition of cost-equivalence and provides the relationship of cost-
equivalence with state space equivalence and detached feedback equivalence.

PROPOSITION. Let ¥ = (G,Z) and ¥/ = (G, Z') be two full rank systems and let x : R® - R be
any admissible cost.

(i) If ¥ and Y are state space equivalent, then (3,x) and (X', x) are cost equivalent.

(it) If 3 and Y are detached feedback equivalent with respect to a feedback transformation o,
then (X, x o) and (X',x) are cost equivalent.

Let (g(-),u(-)) be a trajectory-control pair, defined over an interval [0,7], of a cost-extended
system (3, x). Then (g(-),u(-)) is an optimal controlled trajectory (shortly OCT) of (3, x) if it is
a solution for the associated optimal control problem.

THEOREM. ([26]) Suppose (3,x) and (X',X") are cost equivalent (w.r.t ® = (¢, ) ).

(i) If (pog(-),pou(-)) is an OCT of (3',X'), then (g(-),u(-)) is an OCT of (%,X).

(i) If (¢'(-),w'(*)) is an OCT of (3',x"), then there exists an OCT (g(-),u(:)) of (3,x) such
that (g'(-),w'(-)) = (¢og(-),pou()).

Proor. Let (g(-),u(-)) be a trajectory-control pair of ..

(i) Assume the image (¢ o g(-),pou(:)) is an OCT of (¥',x') but (g(-),u(-)) is not an OCT
of (3,x). Then there exists a trajectory-control pair (h(:),v()) such that h(0) = g¢(0),
W(T) — g(T), and
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Hence (¢ o h(:),pov(:)) is a trajectory-control pair of (3',x’) such that (for some r > 0)
T T
Tt = [ oyt —r [ s

T T
< / ()t = / (0 o @) (u(t))dt = T ((u(-))).

This contradicts the fact that (¢ o g(-), pou(-)) is an OCT of (X'y).
Hence, if (¢pog(-),pou(-)) is an OCT of (3/,x’), then (g(-),u(:)) is an OCT of (3, x).
(ii) Suppose that (¢'(-),u'(-)) is an OCT of (3',x’). As ¢ is surjective, there exists g € G such

that ¢(g) = ¢’(0). Thus, there exists a trajectory-control pair (g(),¢o~!ow/(-)) of ¥ such
that ¢(0) = g. We claim that the image of (g(-), ™' o4/(-)) under @ is (¢'(-),u/(:)). Now

L 00(1)) = Ty -(g(0), o™ (0 (1)
— Z(lg(1), (9 0 v~ (D))
== (Plg(t)),u'(t ))

Hence, as ¢(g(t)) and ¢'(t) solve the same Cauchy problem, they are equal. By part (i) of
the proof, it follows that (g(-), "o /(-)) is an OCT of (X, x).
O

2.2.18 COROLLARY. Suppose (3,x) and (X', X'} are cost equivalent (w.r.t ® = (¢,0)). Then (g(-),u(-))
is an OCT of (3,x) if and only if (¢pog(-),pou(:)) is an OCT of (3, x").

Thus we have that optimal trajectories are in a one-to-one correspondence for cost-equivalent
systems.

One can investigate cost equivalence when either the dynamics or costs, of two (cost-extended)
systems, are identical. Let Y. be a control system and y : R®* - R be an admissible cost.

For an f-input system ¥ = (G.Z), let Ty denote the group of feedback transformations leaving
> invariant. More precisely,

Ty = {gp € AFF(RY) : T € dAut(G), o - =(1,u) — E(l,gp(u))} .

Likewise, for an admissible cost x : R® — R, let 7, denote the group of feedback transformations
leaving y invariant. More precisely,

ﬁi{@GAff(Rﬁ) : xowzrxforsomer>()}.

2.2.19 THEOREM. ([26]) (3, x) and (3,X') are cost equivalent if and only if there exists ¢ € Ts; such
that X' o =rx for some r > 0.

2.2.20 THEOREM. ([26]) (3, x) and (3, x) are cost equivalent if and only if there exists a Lie group
isomorphism ¢ : G — G and ¢ € Ty, such that Z'(1,u) = T1¢ - Z(1, p(u)).
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The groups 7. and 7T, may facilitate the classification of various distinguished subclasses of
cost-extended systems. For the purposes of classification, one only considers classes of full-rank cost-
extended systems on a fixed Lie group G (and a fixed input space R’). If one has a classification of
systems under detached feedback equivalence, one need only consider feedback transformations Tx
to complete a classification of cost-extended systems under cost equivalence. On the other hand,
if one wished to fix a cost x, one need only consider feedback transformations 7, to complete
a classification of cost-extended systems under cost equivalence. Both of these approaches are
included here for completeness and for a better understanding of cost equivalence. In this thesis
we will use the approach of classifying control systems under DF-equivalence and considering the
class of feedback transformations 7s;.

Let (X =(G,2),x) and (3 = (G',Z'),x’) be two cost-extended control systems. Consider the
cost function given by y(u) = (u—pu) T Q(u — ), where Q is a positive-definite £ x ¢ matrix. Then
for an affine transformation of the controls ¢ : u — Fu + x it follows that

(xow)(u) = (Futz—p)' QUFu+x—p)
= (Flu+ P& =) " QUF(u+ F~ (- )
—(u—p)TFTQF(u—y'), where u' =F Y —p).

To any cost-extended control system (X,y) we can associate, via the Pontryagin Maximum
Principle, a Hamilton-Poisson system on the corresponding Lie-Poisson space g*. (See theorem
2.1.5.)

2.2.4 Linear and affine equivalence

We have seen that the investigation of the extremal controls of a cost extended system (3 =
(G,Z), x) reduces to the investigation of the associated Hamilton-Poisson system on the dual space
of the Lie algebra g*. We now introduce the notion of two Hamilton-Poisson systems being equiv-
alent. This greatly simplifies the necessary work. (The definitions and basic results concerning
Hamilton-Poisson systems are given in appendix B.)

DEFINITION. Two Hamilton-Poisson systems (g*,G) and (h*, H) are said to be affinely (resp.
linearly) equivalent if the associated vector fields G and H are compatible with an affine (resp.
linear) isomorphism. More precisely, these two systems are equivalent provided there exists an
affine (resp. linear) isomorphism 2 : g* — h* such that T - G =Hou.

PROPOSITION. Affine equivalence is an equivalence relation.

Proor. Let Ha o, Hpr, and Hes be quadratic Hamilton-Poisson systems on a (minus) Lie-
Poisson space g* .

We have idg+ - Hq 0 = Ha,00idg+, and so H4 o is equivalent to itself. Hence, affine equivalence
is reflexive.

Suppose H4 o and Hpgr are equivalent. Thus there exists an affine isomorphism v : p —
Yo(p) + ¢ such that )y - FIAQ = FIBR o1p. Then w5t - FIBR = FIAQ oyl and so Hpr is
equivalent to H4 o. Hence, affine equivalence is symmetric.

Now, suppose H 4 ¢ is equivalent to Hp and Hpg is equivalent to Heos. Then there exist

affine isomorphisms ¥ : p — o(p) + ¢ and ' : p — Y)(p) + ¢ such that g - FIAQ = FIBR o
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and ) - FIBR = ﬁag o). Then ¥ o) 1 p > (W) o vo)(p) + ¥)(q) + ¢ is an affine isomorphism
such that (¥} o ¢o) - FIAQ = - ﬁBJg o) = FIQS o (¢ o), and so Hya o is equivalent to He s.
Hence, affine equivalence is transitive. ]

The map ¥ establishes a one-to-one correspondence between the integral curves of G and H )
which we show below. Clearly, if two systems are linearly equivalent, then they are also affinely
equivalent.

ProproSITION. If Ha o is affinely equivalent to Hpr, then the integral curves and equilibrium
states of Ha o and Hpr are in a one-to-one correspondence.

PROOF. Let p(-) be an integral curve of Hy4 0, le, p(t) = Hy o(p(t)). Since Hy o and HBR
are aflinely equivalent, there exists an affine 1somorphlsm Y :p e Yop ) + ¢ such that g - Hy Q=

HBR o 1. We will show that ¥ (p(-)) is the unique integral curve of HB r corresponding to p(-).
Indeed,

L0(p(0) = Ty - (1)
— v Hao(p(0) = Hpr(b(p(1).

Therefore, ¥(p(-)) is an mtegral curve of HBR Suppose ¥(p1(-)) = ¥(p2(-)), where pi(-) and

p2() are integral curves of Hag. Then pi() = ¢~ (¥(p(-) = ¢ (¥ (p2())) = p2(). Thus,
mtegral curves are mapped injectively from Hy o to H BR. Now, let 2'(+) be an integral curve of

H BR. We have

d
ST ) = Tyu ™ #(0)

=g Hpr = Hao( ™ (' (1))

Therefore, p/(t) is an integral curve of H AQ: That is, integral curves are also mapped surjectively.
Hence, the integral curves of H A0 and H B,R are in a one-to-one correspondence.

The fact that the integral curves are in a one-to-one correspondence immediately implies that
the equilibrium states of H A0 and H pR are also in a one-to-one correspondence. (Equilibrium
states are just those points corresponding to constant trajectories.)

O

Given a fixed Lie-Poisson space g*, the following lemma proves useful in classifying Hamilton-
Poisson systems.

LeMMA. The following Hamilton-Poisson systems (on g* ) are affinely equivalent to Hy o:
(€1) Hy oo, where ¢ is a linear Poisson automorphism;
(€2) Hypro, wherer #0;

(€3) Hp o+ C, where C is a Casimir function.
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Proor. (€1) Let '€ C*(g*) and let G = Hy g 01. Then

(HagoW)[F] = HaolF ot = {F,Hago} ot
= {Fot,G} = GIF ot)] = (¢ G)[F].
Thus, it follows that o - G = FIAQ o, le., Ha o is affinely equivalent to H4 0 0 1.
(¢2) Let G = Ha o+ C. Then for every F' € C*°(g*) we have
GIF) = {F,Hyo+C} = {F,Hayo} +{F,C}
= {F,Hao} = HaolF.
Thus, G — ﬁAQ? and so Hy4 ¢ is affinely equivalent to H4 o + C.

(¢3) Let v be the linear isomorphism 1 : p — %p. Then
— — 1 — —
(- Ha0)(p) = Haro(p) = ~Hao(p) = Haro(7p)
= 104(p) + THo(p) — La(tp) + Holtp).

As L4 is linear, it follows that LA(%p) = %EA(p). Moreover, as dH,go = rdHg(p) =

dHo(rp) and adiqy ;P = radipy, ) (p), we get
1. L1 1, . 1
;HQ(I?) - H,Q(;(p)) = ~adanyp y(p) —adgy 1 >(;p)

1 * 1 *
= sadau, ) (P) — adap, ) (P) = 0.

Thus, ¥ - FIAQ = FIAJ-Q o1, and so Hy o is affinely equivalent to Ha 0.
O

It turns out that the linear equivalence of quadratic Hamilton-Poisson systems on g* is closely
related to the cost equivalence of cost-extended control systems on G.

2.2.25 THEOREM. ([26]) If two cost-extended control systems (3, x) and (X', X') are cost equivalent, then
their associated Hamilton-Poisson systems, given by (2.5), are linearly equivalent.

2.2.26 REMARK. The converse of this statement is not true. (See [26] for a counter example.)
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Chapter 3

Control systems on SO(3)

3.1 Preliminaries

The orthogonal group
SO (3) = {g EGL(3,R) : gTg=1, detg— 1}
is a three-dimensional, simple, compact Lie group. Its Lie algebra is given by

50(3):{A€R3X3 : AT+A:0}.

Let
0 0 O 0 0 1 0 -1 0
EFi=10 0 -1 EFs=10 00 F:=11 0 0
01 0 -1 0 0 0O 0 0

be the standard (ordered) basis for so(3). These three basis elements represent the infinitesimal
rotations about the three axes of R?. The basis elements satisfy the following commutator relations:

[y, B3] = Fq, [Es, 1] = Fy,  |[E1, Ea] = Es.

The Lie algebra so (3) is isomorphic to the Lie algebra (R?, x), where x is the usual cross-product
on R®. The group of Lie algebra automorphisms (w.r.t the standard basis) is just the Lie group
SO (3), i.e.,
Aut(so(3)) ={A | A€SO(3)}.

PROPOSITION. ([34],[52]) A control system > = (SO(3),Z) with trace T' is controllable if and
only if Lie(I') = 50 (3).

The above result follows from the fact that the full-rank condition is a necessary and sufficient
condition for controllability when the state space is compact.

PROPOSITION. The group dAut(SO(3)) = Aut(so(3)).

ProoF. This result follows immediately from the fact that every automorphism of so(3) is an
inner automorphism and Int(so(3)) C dAut(SO(3)).
O
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Let (Ef, F3, EY) denote the dual of the standard basis. We shall write an element p = piF{ +
po oy +psFs € s0(3)* as [pl Do pg]. The group of linear Poisson automorphisms takes the form

{prsp¥ : U eR™3 U7 =1, det¥ = 1} = SO(3).

Note that C(p) = p? + p3 + p2 is a Casimir function.

on the compact subsets C~1(cp), co > 0 (cf. [1]).

REMARK. The Hamiltonian vector fields on so(3)* are complete as their integral curves evolve

REMARK. The Hamiltonian vector field associated to a function H € C*°(s0(3)*) can be expressed
as H = %VC x VH. Hence the (regular) level sets of H and C' are tangent exactly at equilibria.
3.2 Equivalence of control systems

In this section we provide a classification of all cost-extended control systems on SO(3). We begin
by recalling a classification of detached feedback equivalent systems on SO(3).

PROPOSITION. ([23]) Any full-rank control system 3. = (SO(3),Z) is detached feedback equivalent
to exactly one of the systems on SO(3) specified by

E(o}zl)(]_yu) — aEl + U1E2
E(ZO)(]_7 u) =ui1 o + ugBs
E(o?zl)(]_7 u) — OéEl + U1E2 + U3E3
EGO(L,u) = w1 By + up By + usFs

Here o> 0 parametrizes families of (non-equivalent) class representatives.

In the remainder of this section we shall assume that all the control systems we consider have
full rank.
Single-input systems

Clearly no single-input homogeneous system can have full rank.

PROPOSITION. Every (full-rank) single-input inhomogeneous cost-extended system is C-equivalent
to exactly one of the systems (Eé}’l),xn), where LY = (SO(S),ES’D) and xn(u) = (ug —n)?,
n=0.

PROOF. Every single-input inhomogeneous cost-extended control system (32, x) has underlying
system > which is detached feedback equivalent to the system Dt = (SO (3), ES’D) where

Eg}’l)(l, u) = a1+ u Es.
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Thus (3, x) is cost equivalent to (Eg}’l),xg) for some xo. A simple calculation shows that 71 =

{(1) 2}7 o€ {-1,1}. We have xo :u— (u—p)" q(u—p) for some ¢ >0 and p € R. Clearly,

i) = gxw) — (- )T ).

In fact we may assume g > 0. If not, apply ¢ = diag(1l,—1). That is every such cost-extended
system is equivalent to one of the systems

ES’D(LU) = ol +uiFy

(28, x8) -
" Xn(u) = (ur —n)%, 12 0.

We now verify that no two systems (E&l’l),xn) and (E&l’n,xnl) are equivalent. (Clearly, for
different «v and o/ two systems cannot be equivalent us there underlying control systems are not
detached feedback equivalent.) Assume these two systems are equivalent for some n # o', n,n/ > 0.
10
0 o
such that x, 0 ¢ = rx,y, for some r > 0. Specifically, we have that (u1 —on)? = r(ur — /)% Tt
is straightforward to verify that this equation holds only if r = 1 and on = 7/, a contradiction.
Thus the representatives obtained are distinct.

Then there exists an affine transformation of the controls ¢ = { } € 7’Z<1,1>7 with ¢ € {—1,1},

O
Two-input homogeneous systems
LEMMA. The group of feedback transformations for %29 is given by Tseo0 = 0(2).

ProoOF. Let 1 € Aut(SO(3)) and let K € GL(2,R). We then consider the condition v - =(1,u) =
=(1, Ku), ie.,

r1 T2 X3 0 0 0 0
k1 ko
T4 Ts Te 1 0f=11 0O ke kil
Ty Tg Xg 0 1 0 1 3 4
This conditions immediately implies that x5 = x5 = 0. As ¥ € SO(3) it then follows that

ko
ka4

X5

x4 — 27 — 0 and 21 = ¢ = £1. Thus we have that LC
8

K € 0(2). Hence Ty = 0(2).

Te| k]l . . .
wg} = L‘B } which implies that

0

PROPOSITION. Every two-input homogeneous cost-extended system is C-equivalent to exactly one
of the systems (E<2’O>,X}75) or (529, x2), where %29 = (SO (3),229) and

X = (U1 —m)? + Blug — 12)?
Xo(u) = (ur —m)* +uj.

Here m,n2 >0 and 0 < 5 < 1.
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PROOF. Every two-input homogeneous cost-extended control system (3, x) is detached feedback
equivalent to the system (20 = (SO (3),229) where

E<2’O)(1, u) = w1l + us Fs.
Thus (%,x) is cost equivalent to (%30 yo) for some xo. Recall by lemma 3.2.3 that Ty =

O(2). We have xo : u+ (u— p)"Q(u — ) for some positive definite matrix @ = {abl ab} and
2

p € R?. Now there exists a @1 € O(2) = Ty such that

x1(u) = (xo 0 ¢1)(u) = (u — ') Tdiag(a, az)(u — 4
for some p/ € R?, where oy > a2 > 0. Tt then follows that

Xal) = () = (u = ) Teltag(1, 6)(u — 4

where 0 < 8 < 1. Suppose S # 1. The only transformations left preserving this quadratic form

are the matrices
g1 0
0 g9

60(2), 01,026{—1,1}.

Thus we can transform g} and g, into 7 and 7, respectively, for some 71,72 > 0. Hence, every
such cost-extended system (with 5 # 1) is equivalent to one of the systems

E<2’O>(1, u) =u1 By + usFy

(0, xh)
" X117/8(u) :(Ul _771)2+5(U2_772)27 n, 72 207 O</8 <1

We verify that each choice of constants leads to a distinct non-equivalent representative. As-
sume (E@’O),X}?ﬁ) and (2(2,0)7%17/5/) are two C-equivalent systems. Then there exists a 1 —

sin @ cos 0
specifically, we have

0 —osinf
{OCOS 7= } € O(2) and r > 0 such that X7175 o) = rx}?,ﬁ,. (Here o € {—1,1}.) More

B (ursin@ + ug cos @ —n2) 2 + ((ug sin @ —uy cos @) o +m1) 2
=7 ((wr =) "+ B (2 =) %)

It is then straightforward to verify that this equation holds only if r =1, § = g/, n = 1}, and
ne = 1. Hence each of these representatives are distinct and non-equivalent.

Now, if 5 = 1, then clearly any element of O (2) preserves the quadratic form. There then exists
cos — sin&} it

> = = s -
an=0and ¢ €R such that py =ncos@ and pz = nsind. Thus, for ¢, Line cos

follows that
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That is, every such cost extended system is equivalent to one of the systems

E<2’O>(1, u) = urEy + ug g

(220 2y
K Xo(u) = (u1 —n)? +uj, n>=0.

We verify that each choice of constants leads to a distinct non-equivalent representative. Let

$0 y2y and (29, y2,) be two such systems. Let ¢ = ocosf —osing € Ty0, where
n 7 %

sin @ cosd
o € {—1,1}. Considering the equation X?, o= rxfw for some r > 0, it follows that we must have

o — u12n0 cos 0 + u? + up2nosin 0+ u3 = r’> — 2r'uy + rul + rui.
Comparing coefficients it is simple to check that the above equation holds only if » =1 and n =17
Hence, each of these representatives are distinct and non-equivalent.
Using the same arguments, it is straightforward to verify that no system (E<2’O>, X,l7 5) is equivalent
to a system (E<270>,Xf],).
O

Two-input inhomogeneous systems

1
LEMMA. The group of feedback transformations for ©>Y is given by Tsen = {O O} , S eS0(2).

PrOOF. Let 1 € Aut(SO(3)) and let ¢ = Ll, [047 where v € R? and K € GL(2,R). We then
consider the condition ¥ - =Z(1,u) = Z(1, p(u)), i.e.,

1 29 x3] [ae 0 0O a 0 0] 1 0 O
Trq4 Ty Tg 0O 1 of=1(0 10 m k]l k]g
Ty Tg To9 0 0 1 0 0 1 | V2 k]g k]4

These conditions immediately imply that 22 =23 =0 and z1 = 1. As ¢ € SO(3) it then follows

that x4 = 27 = 0, which implies that v; = vo = 0. Thus, as s To| _ ki Ky it follows that
_558 Tg k]g I{J4
K € S0(2).
O
PROPOSITION. Every two-input inhomogeneous cost-extended system is C-equivalent to exactly one

(2,1)

of the systems (Do (1) (2,1) (2,1) =(2.1)

7X71,/3a,): (X 7X%7]) or (Xa” 7X§])7 where Y& = (SO (3),Ea"") and

X (W) = (1 — e1)® + Blug — 7)*
X3(u) = ui + Bluz —n)*
Xo(u) = (uy —m)* + u3.

Here a; >0, n>0, 0< 8 <1, and v €R.
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PROOF. Every two-input inhomogeneous cost-extended control system (32, x) is detached feedback

equivalent to one of the systems )2 G (SO (3), Eg’l)) where

=2V(1,u) = By +u By +ugFs,  a > 0.

Thus (33, x) is cost equivalent to (22?’”,X0) for some xp. Recall by lemma 3.2.5 that T, =

Ll) g} , S €S0(2). We have that xo : u+— (u— pu)TQ(u — u) for some positive definite matrix

a1

o- ]t

and p € R?. Now there exists a ¢; € 7’2@,1) such that

x1(w) = (xo 0 p1)(w) = (u— 1) diag(on, o) (u — p)
for some 1/ € R?, where a; > iy > 0. It then follows that

Xa() = —-xa(w) = (u— o) diog(1, B)(u — 4

where 0 < g < 1. Assume 0 < 8 < 1. The only transformations preserving this quadratic form
are those where S = {%1 ;)J €50(2), 01 € {—1,1}. Thus py =n and p5 =~ for some n >0,
v € R. If n = 0, then the same transformation can be applied such that we may assume that
v > 0. That is, every such cost-extended system is equivalent to one of the systems

’_‘<271)(17u) = O[El + U1E2 + U2E3, a>0

(S, xbse) - N
Xagy (W) = (u1 — 1) + Bluz —7)%, o1 >0,0<5 <1, yER

[1

or
Eff’l)(l, u) = akly +ur By +usls, a>0

(232’1>7X2 ) :
” Xoy(u) = uf + Blua —m)?, 0<p<1,n>0

We verify that each choice of constants leads to a distinct non-equivalent representative. Let
(Z@’l),xém) and (E<2’1>,X}],5,V,) be two such systems and let

1 0 0
w= |0 cosf —sind| € Tyey. (3.1)
0 sinf cosé

Considering the equation Xéﬁﬂ/ o = rxi,ﬁ,w for some r > 0, it follows that we have (after
simplifying)
B (u1sin® + ug cos@ — ) 2 + (o1 — ug cos 0 + ug sin §) ?
=r(ug —af)? +rp (u2—+)>
Expanding the above equation and comparing coeflicients it is straightforward to determine that

this equation holds only if r =1, 8 = ', a3 = o, and v = /. Hence, each of these representatives
are distinct and non-equivalent. (The verification for X%’n is similar and thus shall be omitted.)
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Now, if 5 =1, then clearly any element of SO (2) preserves the quadratic form. Therefore, there
exists an 7 >0 and 6 € R such that g} =ncosf and py = nsinf. Thus, for ¢ (as in equation

(3.1)), it follows that
) (- [2])

That is every such cost-extended system is equivalent to one of the systems

n

xa(u) = (xa2(u) o @) (u) = (u -

Eff’l)(l,u) =aF) +uiFy +usks, a>0

OISRIVIE {
T X)) = (ur—n)* i, n>0.

We verify that each choice of constants leads to a distinct non-equivalent representative. Let
(232’”,;(‘;’;) and (232’”,;(‘;’;,) be two such systems. Let ¢ € Tyey. Considering the equation
X?, op = rxl;)’lu for some r > 0, it follows that we must have

0% 4+ ui2ncos + u? — us2nsin @ + ud = ri* — 2ry'ug + ru? + ru.

It is straightforward to verify that this equation holds only if » = 1 and n = n’. Hence, each of
these representatives are distinct and non-equivalent.

In a very similar fashion one can verify that none of the systems (E(<3¢2’1),><71]5ﬂ/)7 (232’1)796%7,)7 and

(=@, X;) are equivalent.
]

Three-input systems

PROPOSITION. Every three-inpult homogeneous cost-extended system is C-equivalent to exactly one
of the systems (539 x), where %39 = (SO (3),239) and x is given by exactly one of the
following:

Xengy (W) = (w1 — a1)® + Bi(ug — aa)? + Ba(uz — )
Xogy (W) = uf + Bi(uz — a1)® + Balus — m)?
Xpp(w) = (uy —m)? + Brus + Ba(us — 1)
Xis(w) = (ur —m)? +ud + Bi(us —n2)*.
Xy () = (w1 —m)® + Brus + B1(uz — n2)”
Xo(u) = (ur —m)® 4 u3 + uj.

Here ag, a0 >0, i, >0, 0< o < B1 <1, and v € R.

PROOF. Every three-input homogeneous cost-extended control system (X, x) is detached feedback
equivalent to the system %30 = (S0 (3),239) where

5(370)(17 u) = w1 1 + us By + usEs.

Thus (X, ) is cost equivalent to (239 yg) for some yo. A simple computation (very similar to
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lemmas 3.2.3 and 3.2.5) shows that T = SO(3). Now, xo : 4+ (u —p) T Qu — u) for some
positive definite matrix @ € R**? and u € R3. Then, there exists a ¢; € SO (3) = Ty@eo0 such
that

x1(w) = (xo 0 1) (u) = (u— p') T diag(a, o, as) (u — 1)

for some 4/ € R?, where a3 > ag > a3 > 0. It then follows that
1 NT qs /
Xa(w) = xi = (u— ) diag(l, B, Bo)(u — 1)
where 0 < 2 < 1 < 1.

If 0 < B2 < 81 <1 then the only transformations preserving this quadratic form are the matrices
diag (o102, 01, 02), where 01,09 € {—1,1}. Thus p} = m, ) = n2, and g} = v, where ny,n2 > 0,
vy e R If 1 =0 or np =0, then the same transformation can be applied such that we may assume
that v > 0. Hence, every such cost extended system is equivalent to one of the systems

DEUNVIES E¢0(1,u) = w By + uaBy + usEs (3.2)
O Xhpy (0) = (a1 — an)? + Ba(ua — 2)? + Pa(us — )2

or

(RGO 2y 2¢0(1,u) = w By + uaFy + usEs (3.3)

PN W) = 13+ Br(ua — an)? + Palus — ).

or

(RGO 3y 2#0(1,u) = wy By +uz By + usEs (3.4)

e Xf},@(u) = (uy —m)? + Brui + Palus — m2)*.

Here ay,a0 >0, 11,2 >0, v € R and 0 < fy < 81 < 1. We verify that each different choice of
parameters leads to a distinct non-equivalent representative. Let (5239, xL ,67) and (RGO, xL & ﬂ/,)
be two such systems and let ¢ € SO(3). Considering the equation X}lm op =1yl By for some
r > 0, we need only check this condition for ¢ = diag (0102, 01, 02), where 01,02 € {—1,1}. Indeed,
by lemma 4.2.11, it follows that if Rdiag (1,31, 82)RT = diag (r,r3;,r35) for some R € SO(3)
then r =1, 81 = 31 and B2 = B5. Then the matrices diag (o102, 01, 02), where 1,02 € {—1,1},
are the only matrices such that Rdiag (1,51, 82)R' = diag (1, 81, B2). It then follows that

B (uzo1 — ) >+ (usoa — 1) 2+(U10102 —ay) = ((Ul - 04/1) >+ (Uz - 04/2) 251 + (’Yé - US) 255) .

FExpanding the above equation and comparing coeflicients it is straightforward to determine that
this equation holds only if r =1, 8 = 8, a = o/, and v = «/. Hence, each of these representatives
are distinet and non-equivalent. (The verifications for x2 an and Xf}@ are similar and thus shall be
omitted.)

On the other hand, if 0 < 82 < 81 = 1, then the transformations preserving this quadratic form

are the all matrices of the form B de(‘z sl € SO (3). There then exist n > 0 and 6,z € R such

that
Wy = ncosd, ph=mnsing and b = z.
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cos —sinf 0
Now, for @9 = |sinf cosf 0|, we have
0 0 1

T

diag(1,1,8) | u —
z z

n n
0 0

x3(u) = (x2 o p2)(u) = [ u—

In fact, we may assume that z > 0. If not, apply the automorphism diag(1, —1,—1). That is every
such cost-extended system is cost equivalent to the system

EGO(L, u) = w1 By + upFy + usFs

3,0 4 N .
(E< >7X175)'{ 4

Xhsu) = (uwr = m)? + 13+ Blus — mo)2. (3.5)

Here m,n2 > 0 and 0 < 8 < 1. We verify that each different choice of parameters leads to a
distinct non-equivalent representative. Considering the equation X%/B op = rxf?, I for some r > 0,

we need only check this condition for ¢ = B de(‘z g| €50 (3). It then follows that

uitudnitp (ug + 77%)—2 ((u1 cos @ —ugsin @) my + Pusme) o1 = r (u% + (w1 — ) 2y (us — nb) 2) X

FExpanding the above equation and comparing coeflicients it is straightforward to determine that
this equation holds only if r = 1, § = 8/, and n = 1. Hence, each of these representatives are
distinct and non-equivalent.

Similarly, if 0 < 81 = B2 < 1, then the transformations preserving this quadratic form are all the

matrices of the form de(‘; S g

€ SO (3). Then there exist n > 0 and 0,z € R such that u} = z,

1 0 0
th =nsin®, and ph = ncosd. Now, for wy = [0 cosf —sinf|, we have that
0 sinf cosf

-
z z
xa(u) = (x20p2)(u) = [u— |0 diag(1,8,8) [u— |0
n n

Again, we may in fact assume that z > 0. That is, every such cost-extended system is cost
equivalent to the system

E(&O)(l’ u) — UlEl + U2E2 + U3E3

3,0 5 v .
(E< )’XU/B)'{ 5

Xnp(w) = (u1 — m)? + Bui + Bluz —n2)°. (3.6)

Here 11,72 > 0 and 0 < 8 < 1. The verification is almost exactly the same as for the case when
0< B2 <fr=1.

Lastly, if 0 < 82 = 81 = 1, then any R € SO (3) preserves this quadratic form. There then exist
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n >0 and @2 € SO (3) such that

T
n n
0 u— |0
0 0

x3(u) = (x2op2)(u) = | u—

That is every such cost-extended system is cost equivalent to the system

E(&O)(l’ u) — UlEl + U2E2 + U3E3

(3.7)
Xp(u) = (ug —n)* +u3 +ujz, n=>0.

(Y, x5) {

Again, straightforward calculations show that each of these representatives are distinct.

Finally, we verify that none of the systems (3.2), (3.3), (3.4), (3.5), (3.6), (3.7) are equivalent
to one another. It follows almost immediately that (E<3’0>,Xf75)7 (E<3’0>,Xf75)7 and (RGO x5)
cannot be equivalent to any other system as their respective quadratic parts cannot be the same.
That is, from lemma 4.2.11, it follows that if Rdiag(a1,as,as)R’ = diag(a}, a},a}) for some
R € SO(3) then a = a’. Thus we need only consider the systems (E<3’0>,X})‘ﬂﬂ/)7 (E<3’O>,X2ﬂn)7

and (NG9, Xg)- As in the verification of (3.2), we need only consider those transformations of
the controls of the form ¢ = diag (61032, 01,02), where g1,02 € {—1,1}. Considering the condition
thx ENCECES rxi, B for some r > 0, it follows that

Br (ugoy — a)® + B2 (uso2 — ) * + (wio102 — ) ® =7 (uf + (u2 — o) 281 + (us — 1) 253) -

It is straightforward to verify that there is no solution of this equation, which satisfying the con-
ditions on the parameters. In a similar fashion, we get that none of the systems (2<3’0>,X,115ﬂ,)7
(E@”()),XQ&,@)7 or (E<3’O>,Xf;,6) are equivalent. _
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Cost-equivalence classification

=(1,u) Cost function
sy aln +uil Xn(u) = (ur —m)?
»(2,0) urbo +ug ks X}?B(U) = (= m)” Al = o)
Xo(u) = (w1 —m)* +uj
Xagy (W) = (u1 — a1)® + Br(uz — 7)*
NPV | aB b ui By sk Xy (w) = uf + Br(uz —m)?

Xo(u) = (u1 —m)* + uj
Xy (1) = (u1 — a1)? + Bi(ug — a2)? + fa(uz — 7)?
Xogy () = i 4 Br(ug — 1) + Ba(uz —m)?
Xpp(w) = (ur —m)® + pruj + Ba(us — 1)
Xops(w) = (ur —m1)? +ud + fi(us —n2)?
Xos(u) = (u1 —m)? + Brui + B1(us — n2)?
Xo(w) = (ug —m)? + uj + u3

NEO By +usFy +usFy

a, 01,02 >0, n,me>0, veR, 0<Ba<pr<1

Table 3.1: Classification of cost-extended systems on SO (3)

3.3 Hamilton-Poisson systems

In this section we provide a classification of all (quadratic) Hamilton-Poisson systems on so(3)*
under affine equivalence. This work has been published in [6]. It is interesting to note that Tudoran,
in [60], introduced a stronger form of equivalence, called orthogonal equivalence, in the investigation
of homogeneous quadratic Hamilton-Poisson systems on the Lie-Poisson space so (3)* . Essentially,
in [60], two systems are equivalent if there exists an orthogonal matrix, i.e., an element in SO(3),
such that the solutions of one system are mapped into the solutions of the other system, under this
orthogonal map. In our work, orthogonal equivalence corresponds to two systems being equivalent
under a linear Poisson automorphism. Although our equivalence relation is much weaker, the
stability nature of the equilibria and the integral curves of the Hamiltonian vector fields are still
preserved under our equivalence.

One of the main contributions of this section is our investigation of inhomogeneous quadratic
Hamilton-Poisson systems on the Lie-Poisson space so(3)*. There are nine (families of) such
systems, under affine equivalence. A system will be referred to as a system of type I if its set of
equilibria is a union of lines or planes; otherwise, it will be referred to as a system of type II. For
the sake of completeness, a brief treatment of the homogeneous systems is included.
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For each system we investigate the (Lyapunov) stability nature of the equilibria. Energy-Casimir
methods (see appendix C) are used to prove stability; note that for any system on so(3)* the
origin is a stable equilibrium state. On the other hand, instability usually follows from spectral
instability; however, a direct approach is required in some cases. Throughout this section, we graph
the stable and unstable equilibria in blue and red, respectively.

We obtain explicit expressions for the integral curves of systems of type I (but not of type II).
In each case we partition the set of initial conditions so as to distinguish between integral curves
with different qualitative behaviour. The equations of motion are reduced (using the constants of
motion) to a single separable differential equation, which is then transformed into a standard form
(see appendix D). An appropriate elliptic integral is used to obtain (after some manipulation) an
explicit expression for the integral curve in terms of Jacobi elliptic functions.

We distinguish between integral curves with different qualitative behaviour by determining when
the level surfaces of the Hamiltonian and Casimir are tangent to one another. These surfaces are
tangent exactly at equilibria. Hence we get a set of critical values (corresponding to equilibria) for
the energy states (ho,co) of the Hamiltonian and Casimir. This set partitions the space of energy
states into a number of regions. (Within each region, the corresponding nonconstant integral curves
can be continuously deformed into one another.) Each region usually corresponds to different
explicit expressions for the integral curves.

For each system we graph the critical energy states. We select some typical values for (hg, co)
from each region (as well as some typical critical values) for which we then graph the corresponding
level surfaces of the Hamiltonian and Casimir. For convenience, we shall refer to this as a typical
configuration. The intersection of these surfaces (i.e., the traces of the corresponding integral
curves) and the equilibria are also graphed.

3.3.1 Affine equivalence

We now provide a classification of all quadratic Hamilton-Poisson systems on so(3)* under affine
equivalence.

MATHEMATICA. For detailed calculations of the verification procedure of the following theorem
refer to the Mathematica file:

Thesis Mathematica\SO(3)\ Affine equivalence\ AequivVerification.nb

3.3.1 THEOREM. Let H be a quadratic Hamilton-Poisson system on so(3)“. If H is homogeneous,
then it is equivalent to exactly one of the systems:

H°(p) =0 (type 1)
H'(p) = ip} (type 1)
H*(p) = pi + ip3 (type T).
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If H isinhomogeneous, then il is equivalent to exactly one of the systems:

H?,a(p) =apy a>0 (type 1)
Hy(p) = %p% (type 1)
Hi(p) = p2 + 301 (type 1)

H3 o (p) = p1 + aps + 3pi a>0 (type 1)

H%,a(p) = ap1 +p%+%p% a>0 (type 1)

H22,a(p) = ap2 +p% + %p% a>0 (type 1)

H??,a(p) = aip1 + agpz +pi + %p% oy, 0 >0 (type II)

H3 o (p) = cap1 + asps + p? + 3p3 a1>az >0 (type 1)

HZ \(p) = cupy + azpa + asps +pi + 4p3

ay >0, a1 >laz| >0 or ay>0,a;=a3>0 (type I1).

Here a,aq, ao,as paramelrize families of class representatives, each different value corresponding
to a distinct (non-equivalent) representative.

PROOF. Let H(p) = pA+pQp', where Q is a symmetric 3 x 3 matrix. Here A = a1E1 + asFo +
asFs € s0(3) is identified with [al as ag]T. We may assume that @ is positive definite. (If @
is not positive definite, then H is equivalent to a system H + uC' for which the quadratic form is
positive definite, for some sufficiently large p.)

Given a linear Poisson automorphism % : p — pW¥, we have

(H o)(p) = pUA + pBQU TpT.

As any symmetric matrix can be diagonalized by an orthogonal matrix (see, e.g., [56]), it follows that
there exists a linear Poisson automorphism 1 such that (H o)(p) = pWA + pdiag(A, A2, A3) p'"
with A1 > Ay > A3 > 0. Thus

(H o)) (p) — AsC(p) = pPA + pdiag(\1 — A3, Aa — X3,0)p"

with Ay — A3 > A2 — A3 > 0. If \y — A3 = 0, then (by (¢1) and (&3)) H is equivalent to an
intermediate system G%(p) = pB, where B = WA. On the other hand, if A — A3 > 0, then

(H 0 6)(p) = MsC(p) = pUA + (M = Ag) peing (1,32532,0) p7

and so H is equivalent to H'(p) = pWA + p? + ap?, with o = 2=2%. If o = 0, then H'(p) =

Al—Ag*
pUA+p? and so H' is equivalent to (an intermediate system) GL(p) = pB + %p% with B = VA.
Suppose a = 1. Then

0 0 1
W=10 -1 0
1 0 0

is a linear Poisson automorphism such that (H' ot —C)(p) = p¥'WA —p3. So H' is equivalent to
GL(p) = pB + 3p3, where B = W'WA. On the other hand, suppose 0 < a < 1. Then the vector
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fields associated to
H'(p) = dlp1 + ahps + asps +pi + ap3, A = VA

and
G%H(p) = bip1 + bapa + bsps + pi + 5p3

are compatible with the affine isomorphism

12 a
—/2(1 — ) 0 0 2(1—a) !
DD 0 2/ a(l — a) 0 + 2\/1%%
0 0 —V 2« _1-2a
V2o 3
. _oy/2(1-0a) _ 1 _ V2(1-a)
prOVIded bl = —?alh b2 = maé7 and b3 = —Taé

Suppose that H is homogeneous, i.e., A = 0. Then, by the above argument, H is equivalent
to G = H°, G} = H! or G3 = H2. No two of the systems H°, H' and H? are equivalent.
Indeed, if two systems are equivalent, then there exists an affine bijection between their equilibria.
However, the set of equilibria for H' is the union of a plane and a line, whereas the set of equilibria
for H? is the union of three lines.

On the other hand, suppose that H is inhomogeneous. Then, by the above argument, H is
equivalent to one of the intermediate systems

Gy =pB  Ghe) =pB+int  Gh) = pB i+

for some B € s0(3). (Here B is the image of A under some linear isomorphism and so B # 0). We
note that G and GQB, are not equivalent for any B, B’ € s0(3). Indeed, if they were equivalent,
then a simple calculation shows that their homogeneous parts H' and H? would be equivalent, a
contradiction. Likewise, G% cannot be equivalent to G}, or G%, (for any B, B’ € 50(3)).

Suppose H is equivalent to G%. As SO(3) acts transitively on any sphere, there exists a linear
Poisson automorphism 1 such that (G% o ¥)(p) = ap; for some a > 0. Thus H is equivalent
to HY,. We claim that [}, and Y 4 are equivalent only if o= 3 (i.e., no further reduction is
possible). Indeed, if they are equivalent, then there exists an affine isomorphism ¥ : p — pW¥ + ¢
such that 7% - FIRQ = ﬁ?ﬁ o1, ie.,

—aWs31py + aWarps =0
—aWsaps + aWoops — B(Ws1p1 + Waopa + Wasps +¢3) = 0
—aWssps + aWasps — B(Waip1 + Wagpa + Wasps + g2) = 0

for all p € s0(3)*; however this implies that o = . (Here ¥ = [¥;;].)

Next, suppose H is equivalent to G}g. Given a linear Poisson automorphism ¢ : p — pV¥, we
have that (G4 o)(p) = p¥B +p\1/diag(%, 0,0)UTpT. Now U leaves diag(%, 0,0) invariant, i.e.,
det(S) 0

Pdiag (1,0,0)0 T = diag(3,0,0) if and only if ¥ = 0 s

}7 S € 0(2). Thus, there exists a

linear Poisson automorphism % such that

H'(p) = (Gpo¥)(p) = mp1 + Yop2 + 1pi
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for some 1,72 > 0, (71,72) # (0,0). Assume -3 = 0. Then the vector fields associated to
H'(p) = vop2 + 3p% and Hl(p) = p2 + $p? are compatible with the affine isomorphism

1 0 O 0
p—=p|0 2 O+ |1—73
0 0 7 0

Assume 7 = 0. Then the vector fields associated to H'(p) = vip1 + 3p7 and H'(p) = 3p? are
compatible with the affine isomorphism

-1 0 0 —-M
p—p|l0 0 1|+ 0
0 1 0 0

Assume 71,72 > 0. Then the vector fields associated to H'(p) = y1p1 + Y2p2 + %p% and H%ya(p) =
p1 4+ apa + %p% a = y2./71 are compatible with the affine isomorphism

1 0 0 ’}/1—1
1 —
0 0 % 0
71

By direct computation, it is straightforward to show that T - ﬁ21,a = FI21 5 oY for some affine
isomorphism ¢ only if o = 8. Thus H217a is equivalent to H2175 only if = .

Lastly, suppose H is equivalent to GQB(p) = byp1 + bapa + baps +pt + %p% Assume b1, by, b3 are
all nonzero. Note that
—1
Y p— pW, U=

_ o O
O~ O

0

0
is a linear Poisson automorphism such that (G% ot —C)(p) = bsp1 + bopa — bips — p} — 3p3. Thus
G% is equivalent to a system H'(p) = b\p1 + bypa + bips + p? + $p3, where [b}] > |b5] > 0. The
linear Poisson automorphisms diag(—1,1,—1), diag(l,—1,—1), and diag(—1,—1,1) allow us to
change the signs of b; and bs. Thus H' is equivalent to Hgﬁ(p) = Bip1 + Pap2 + Baps +pi+ %p%
for some 3, where 81 > |03 > 0 and B2 > 0. If 51 = |53], then there exists an automorphism such
that H' is equivalent to Hgﬁ(p) = Bip1 + Bap2 + Pips + p? + 3p3 for some B, B2 > 0. Likewise,
if b1 =0, by =0, b3 =0, by =by =0, by = b3 =0, or by = b3 =0, then H is equivalent to H§”67
Hiﬂ’ Hgﬁ7 H%ﬁ’ Hiﬁ7 or Hiﬁ (respectively) for some 31 > |33 > 0, 82 > 0.

Direct computations shows that Hi2,,6 is equivalent to Hz?ﬁ, (i=1,...5) only if 8 =0".
O

REMARK. For any Hamilton-Poisson system on so (3)*, the origin is a stable equilibrium state.
This follows trivially from the continuous energy-Casimir method since C(p) = p? + p3 + p2 is a
Casimir function for so (3)%.
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It turns out that any homogeneous system on so(3)* is equivalent to a system on se(2)*,
see [22]. The Euclidean Lie algebra

0 0 0
5¢ (2) = 1 0 —z3| = LElEl + LEQEQ +£E3E3 D x1,re, 23 €ER
o I3 0

has nonzero commutators [Eg,Eg] — F, and [Eg,El] — 5. The Lie-Poisson space se (2)* has
Casimir function C(f) = p% + p3. The systems

p1 =0 P1 = P2Ps3
(s0(3)", 3p) © < P2 =pips and  (se(2)*, $p3) ©  { D2 = —PiPs
P3 = —pip2 Pz =0

are compatible with the linear isomorphism

0 01
WY s0(3)F — se (2)F, =10 1 0
-1 0 O
On the other hand, the systems
P1 = —p2p3 P = 2p2ps
(so(3)Z, pT+4p3) : {P2=2pwps  and  (se(2)L, B3 HEE) + { P2 = —20Ps
P3 = —pip2 s = 2p1P2
are compatible with the linear isomorphism
1
0 0 ~7
Yiso(3) —wse(2)t, Y= 0 -3 0
-1 9 0
V2

We shall make use of such an equivalence in the investigation of the system Hf , to relate to some
results previously obtained.

3.3.3 REMARK. Throughout the following sections we present results on the stability nature of the equi-
librium states for the systems corresponding to the different normal forms obtained in our classi-
fication of Hamilton-Poisson systems on s0(3)*. For each case we provide what we consider the
important details required to justify our claims but omit the technical calculations and details.
(See below.)

MATHEMATICA. The explicil calculations and lechnical details for the stability nature of each
of these system’s equilibria are contained in the Mathemalica file:

Thesis Mathematica\SO(3)\ Stability\ StabilitySO(3).nb
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3.3.2 Homogeneous systems

We consider the two homogeneous systems H 1 and H?2 (see theorem 3.3.1). The integral curves
of the system H 1 can easily be found in terms of elementary functions; it is then a simple matter
to determine the stability nature of the equilibria. On the other hand, the integral curves of the
system H2 can be found in terms of basic Jacobi elliptic functions. The stability nature of the
equilibria can be determined via the energy-Casimir methods (and the investigation of spectral
stability). Somewhat less refined versions of these results were obtained elsewhere (cf. [29], see also

[5D).

Throughout, we shall parametrize the equilibrium states by g,v,n e R, v = 0.

System H1

The system H1l(p) = 2p2 has equations of motion

jPL=0
< P2 = PIP3
= -P1P2.

The equilibria are ef'n = (0,g,rj) and ef = (g, 0,0). In Figure 3.1 we graph the critical energy
states (c0,h0) and a corresponding typical configuration.

G

Figure 3.1: Critical energy states for H1 and a corresponding typical configuration

3.3.4 Theorem. The equilibrium states have the following behaviour:
(i) Each equilibrium state ef’v is unstable

(ii) Each equilibrium state ef is stable.

Proof. (i) Consider the equilibrium state ef'v. Let Be be the open ball of radiuse= g2+ v2> 0
around the point ef'v= (0, g, v). We have that p(t) = (S, g cos(St) + v sin(St), v cos(St) —g sin(Jt))
is an integral curve of H1 (for S > 0) such that ||p0) —ef'v] = S. Accordingly, for any neigh-
bourhood V C BE of ef'v there exists S > 0 such that p(0) e V. Furthermore, |p(3") —ef'v]=
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02 + 2 +v? > e. Thus, there exists a ¢; = g5 > 0 such that p(t1) ¢ B.. Hence, by definition,
the states e{"” are unstable.

(i) Let Hx(p) = M H (p) + A2C(p). Let p # 0 and let Ay = 1 and Ay = —1. We have that
dH)(e5) = 0 and that the Hessian d2H,(ey) = diag(0,—1,—1) is definite when restricted to
the subspace W = span{(0, 1,0), (0,0, 1)}. Hence, by the generalized energy-Casimir method, the

states e are stable. O

MATHEMATICA. The verification calculations for the integral curves of the system H' are
contained in the Mathematica file:

Thesis Mathematica\ SO(3)\ Integration\ H1(p)\ Hlint.nb

THEOREM. Suppose p(-) : (—e,e) — s0(3)* is an integral curve of H' such that H'(p(0)) =
ho > 0, C(p(0)) = co > 0, and co > 2hg. Then there exist to € R and o € {—1,1} such that
p(t) = p(t +to), where

]52(15) = o/ cg — 2hg sin( 2ho t)
P3(t) = \/co — 2hg cos(v/2ho t).

We note that for cg = 2hg the intersection of the level surfaces is two isolated points, and for
co < 2ho the intersection is empty. We omit the proof in this case as this is a straightforward
result.

System H?

The system H?(p) = p? + 1p3 has equations of motion

P1 = —P2pPs3
P2 = 2p1p3
D3 = —p1p2.

The equilibria are e}’ = (1,0,0), 5 = (0,v,0), and € = (0,0,v).

There are three qualitatively different cases for the intersection of a parabolic cylinder (H?)~!(ho)
and a sphere C~!(cp), corresponding to (a) co < 2hg, (b) co = 2ho, and (¢) co > 2ho. In Fig-
ure 3.2 we graph the critical energy states (ho, co); in Figure 3.3 we graph the corresponding typical
configurations.

3.3.6 THEOREM. The equilibrium states have the following behaviour:

i) The stales € are stable.
1
(1) The states €5 are (spectrally) unstable.

1t) The states €5 are stable.
(i1i) 5
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ho

Figure 3.2: Critical energy states for H2

E3

Figure 3.3: Typical configurations for H2

41
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PROOF. Let Hy(p) = M H?(p) + XC(p). (i) Suppose 1 # 0 and let A\; = —Ay = 1. We have
d?H,(ef) = 0 and that the Hessian d?H,(ef) = diag(0, —1,—2) is definite when restricted to
the subspace W = span {(0,1,0),(0,0,1)}. Hence, by the generalized energy-Casimir method, the
states €| are stable.

(ii) The linearization of the system at e has eigenvalues A\; = 0 and Ag3 = £v. Thus, the
states ej are spectrally unstable.

(iii) Let Ay = 1 and Ay = 0. We have d?H,(e4) = 0 and that the Hessian d?H,(e%) =
diag (2,1,0) is definite when restricted to the subspace W = span {(1,0,0),(0,1,0)}. Hence, by
the generalized energy-Casimir method, the states ef are stable.

O

MATHEMATICA. The verification calculations for the integral curves of the system H? are
contained in the Mathematica file:

Thesis Mathematica\ SO(3)\ Integration\ H2(p)\ H2int.nb

We now derive the expressions for the integral curves of the system H?2. The proof for case (a) is
similar to that of case (¢). A full proof is provided. However, we only explain how the expressions
for the integral curves were found in case (c).

3.3.7 THEOREM. Let p(-) be an integral curve of the system H? through p(0). Let ho = H?(p(0)) and
co = C(p(0)).

(a) If 0 < co < 2ho, then there exist to € R and o € {—1,1} such that p(t) = p(t + to), where

p1(t) = ov/ho dn (¢, k)
]52(15) = \/5\/ co — ho sn (Qt, k])

pa(t) = ov/eo — ho en (4, k) .
Here @ = \/2hq and k = 1/%,

(b) If co = 2hy > 0, then there exist to € R and 01,02 € {—1,1} such that p(t) = p(t + to),
where

p1(t) = o1/ ho sech ( 2ho t)
172(15) = 0102V 2h0 tanh ( 2h0 t)
pa(t) = o2/ ho sech ( 2ho t) )
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(¢) If co > 2hg > 0, then there exist to € R and o € {—1,1} such that p(t) = p(t + to), where
p1(t) = vV ho en (Qt, k)
]52(15) = o4/2hy sn (Qt, k])
pa(t) = 0% dn (Qt, k).

Here Q= +/2\/co — ho and k = 1/00}10%,

PrOOF. (a) The expressions for the integral curves in this case can be found by the method of
reduction to standard form and applying the elliptic integral (D.2). We show that p(-) (as stated
in the theorem) is an integral curve for ¢ € {—1,1}. Indeed, after some simplification we get

L palt) 201 (Ops(0) = 2 (1~ %) VIoleo o) en (21, k) dn (01, ).

Therefore, %ﬁg(t) = 2p1(t)p3(t) whenever o € {—1,1}. (It is not difficult to verify that H?(p(t)) =
ho and C(p(t)) = ¢o for t € R.) It is then easy to show that p(t) satisfies %p(t) — H2(p(t))
whenever o € {—1, 1}. Hence p(-) is an integral curve; it is straightforward to verify that 0 < k < 1
and that p(-) is defined for all ¢ € R.

Let p(-) be an integral curve through p(0), let hg = H?(p(0)), co = C(p(0)), and suppose
2hg > co > 0. We claim that p(t) = p(t + to) for some o € {—1,1} and t;x € R. Let ¢ =
sgn(ps(0)). (We may assume o # 0.) Note that (pi(t), p2(t)) parametrizes the ellipses S =
{(x,9) | #* +1y? = ho}. We have p1(0)2 + 1py(0)2 = ho, i.e, (p1(0),p2(0)) € S. Therefore, there
exists to € R such that pi(to) = p1(0) and p2(to) = p2(0). Accordingly, we get

p3(0)* = co — p1(0)* — p2(0)* = co — p1(to)® — P2(to)® = p3(to)®.

Hence, as sgn(ps(to)) = o = sgn(ps(0)), we have p3(0) = ps(to). Thus there exists to € R such
that p(0) = p(to). Consequently, the integral curves t — p(t) and t — p(t + to) solve the same
Cauchy problem, and therefore are identical.

(b) By limiting ¢g — 2ho in case (a) or case (¢), and allowing for possible changes in sign, we

_—

obtain the following prospective integral curve for Ha:

pi(t) = C1v/ho sech ( 2ho t)
Pa(t) = C21/2h tanh (v/2hot )
Pa(t) = C3v/ho sech ( 2ho t)
where (1, (5, (3 € {—1,1}. We investigate under which conditions p(-) is an integral curve. Now

d

201(t) + pa(D)ps(t) = (—C1 + CaCs)V2ho sech ( 2ho t) tanh ( 20 t) .

Therefore, if (1 = o1, (o = 0109, {3 = 09, and 01,09 € {—1,1}7 then %ﬁl(t) = —ﬁg(t)ﬁg(t). It is
easy to verify for these choices of signs that £p(t) = H2(p(t)) for all t € R. Hence p(-) is an
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integral curve.

Let p(-) be an integral curve through p(0). Let o1 = sgn(p1(0)), o2 = sgn(ps(0)), let ho =
H?(p(0)), cog = C(p(0)), and suppose that cq = 2hg. We claim that p(t) = p(t+1g) for some t5 € R.
As p1(0) + 5p2(0)® = ho and p1(0) + p2(0)* + p3(0)* = 2ho, we have —/2hg < p2(0) < /2ho.
Now, lim¢_s100 P2(t) = £0102v/2ho. Thus there exists ¢y € R such that p2(0) = pa(tp). As

1 1
p1(0)* = ho — 5172(0)2 = ho — §ﬁ2(t0)2 = p1(to)?

and sgn(p1(0)) = sgn(p1(to)) = o1, it follows that p1(0) = p1(to). Similarly, as
p3(0)% = 2hg — p1(0)* — p2(0)* = 2k — P1(to)? — Pa(to)® = P3(to)?

and sgn(ps(0)) = sgn(ps(to)) = o9, it follows that p3(0) = ps(to). Thus there exists tp € R such
that p(0) = p(ty). Consequently, the integral curves t — p(t) and t — p(t + £p) solve the same
Cauchy problem and therefore are identical.

(¢) We start by explaining how the expression for p(-) was found. A number of convenient
assumptions are made implicitly and translations in the independent variable are discarded. We
shall verify that p(-) is a maximal integral curve (defined for any ¢y and hg satisfying the conditions
of the theorem) only at the end of the construction. Suppose p(-) is an integral curve of H? such
that ¢y > 2ho, where hy = H2(5(0)) and co = C(5(0)). As (%1)2 = p3p%, H2(j(t)) = ho, and
C'(p(t)) = co, we have

dp _ -
E — ﬂ\/(ho —p%)(co - 2hO ‘|“p%)'

Therefore,

dp
V2t = / .
V/(ho = pF)(co — 2ho + )
By applying the elliptic integral formula (D.1), we obtain p1(t) = Vhocn (2, k), where Q =
V2co —2hy and k = co}ioho. As ho = pi(t)* + 1p2(1)?, we have pa(t) = o+/2hosn(Qt, k)
for some o € {—1,1}. Then as %£ps(t) = —o+v/2hgcn (¢, k)sn(Qt, k), it follows that ps(t) =

oY2he dn (O, k) — o dn (1, k).

An easy calculation shows that %p(t) — H2(p(t)) whenever o € {—1,1}. Thus p(-) is an integral
curve; it is not difficult to verify that 0 < k < 1 and that p(¢) is defined for all t € R .

Let p(-) be an integral curve through p(0), let hg = H?(p(0)), co = C(p(0)), and suppose
co > 2hy > 0. We claim that p(t) = p(t + ty) for some o € {—1,1} and tHp € R. let ¢ =
sgn(ps(0)). (We may assume o # 0.) Note that (pi(t), p2(t)) parametrizes the ellipses S =
{(z,y) | 2* +1y? = ho}. We have p1(0)2 + 1p2(0)2 = ho, i.e, (p1(0),p2(0)) € S. Therefore, there
exists to € R such that p1(to) = p1(0) and p2(to) = p2(0). Accordingly, we get

p3(0)* = co — p1(0)* — p2(0)* = co — p1(to)® — P2(to)® = p3(to)*.

Hence, as sgn(ps(to)) = o = sgn(ps(0)), we have p3(0) = ps(to). Thus there exists to € R such
that p(0) = p(ty). Consequently, the integral curves t — p(t) and t — p(t + £p) solve the same
Cauchy problem, and therefore are identical. [
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3.3.3 Inhomogeneous systems of type |

In this section we consider those inhomogeneous systems whose equilibria are unions of lines and
planes (type I). There are five such systems (in fact two systems and three one-parameter families of
systems; see theorem 3.3.1). Note that the systems which are equivalent to HO are homogeneous
systems in disguise. For each system we obtain explicit expressions for the integral curves: for
HOa in terms of elementary functions and for the remaining systems in terms of rational functions
of (possibly square roots of) Jacobi elliptic functions. For each system the stability nature of all
equilibria is determined (again via the energy-Casimir methods). We note that the system Hj2a
is equivalent to a system on se (2)- which has been considered previously (see [7]). Again, the
equilibria are parametrized by ~, v,ne R, v = 0.

System H~°a

The system H°a(p) = api, a > 0 has equations of motion

pi=0
p2 = ap3
p3 = —ap2.
The equilibria are = (», 0,0); all equilibria are stable. In Figure 3.4 we graph the critical

energy states (h0,c0) and a corresponding typical configuration. (The value a = 1 was used in
Figure 3.4.)

2

Figure 3.4: Critical energy states for HOa and a corresponding typical configuration

The integral curves of this system are given by

pi(t) = pi(0)
p2(t) = p2(0)cos(at) + p3(0) sin(at)
p3(t) = p3(0)cos(at) —p2(0) sin(at).
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System H

The system H-(p) = p2+ 2p- has equations of motion

R
2 = pip3
3 = pi —pip2.
The equilibria are ef = (0,7, 0) and ef = (v, 1,0).

There are three qualitatively different cases for the intersection of a parabolic cylinder (H -)- 1(h0)
and a sphere C--(c0), corresponding to (a)cO< h2,(b) cO= h0O, and (c) cO > hO0. In Figure 3.5
we graph the critical energy states (hO, c0); in Figure 3.6 we graph the corresponding typical
configurations.

Figure 3.5: Critical energy states for H

3.3.8 Theorem. The equilibrium states have the following behaviour:
(i) The states ef, ~ < 1 are stable.
(if) The states ef, ™~ > 1 are (spectrally) unstable.

(iii) The states €2 are stable.

Proof. Let H™p) = AlH- (p) + A2C(p). (i) Suppose < 1, ~ =0, and let Al= 1 and A2= —
We have dH”(”, 0,0) = 0 and that the Hessian d2H”™(™, 0,0) = diag(f--i,—f ,—f ) is definite.
Thus, by the generalized energy-Casimir method, the states ef, ~ < 1, ~ = 0 are stable. Suppose
N = 1 Then H(e-) = C(e-) = 1 It is a simple matter to show that (H-)-1(1) n C--(1) = {e-}.
Thus, by the continuous energy-Casimir method, the state e- is stable. Likewise, the origin is
stable.
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(ii) The linearization of the system at ef has eigenvalues Al = 0, A23 = £/~ —1. Thus the
states ef, ™ > 1 are spectrally unstable.

(iii) Let A1= 1 and A2= —2. We have dH”(v, 1,0) = 0. Also, d2H"(v, 1,0) = diag (0, —1, —1)
is definite when restricted to the subspace W = span {(1, —v, 0), (0,0,1)}. Hence, by the generalized
energy-Casimir method, the states eV are stable.

O

Figure 3.6: Typical configurations for H-

Mathematica. The explicit details for the integration of the system H- are contained in the
directory:
Thesis Mathematica\SO(3)\Integration\H1-1(p)\

The individual files for each case are as follows: case (a) - H1llInt.clth2.nb; case (b) -
H1llint.cegh2.nb; and case (c) - H1llInt.cgth2.nb.

3.3.9 Theorem. ([6]) Let p(-) be an integral curve of the system H- through p(0). Let h0O= H-(p(0))
and c0 = C(p(0)).
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(a) If co < h3, then there exist tg € R and o € {—1,1} such that p(t) = p(t +to), where

V35 1+ ksn(Qt, k)

pill) = oV20 — o R

p2(t)h0+5_1—k;sié(m k)

o cn(Qt k)
()f—ak’Q\/i = OIROR

Here Q= \ho— 110, k= /12=155. and 6 = \/h3 — co.

(b) If co = h3, then there exist to € R and o € {—1,1} such that p(t) = p(t + to), where

ﬁl(t) = 201/ hg — 1 sech ( ho — 1t)
]72(15) = ho — Q(ho — 1) sech ( ho — 1t>2

p3(t) = 20(ho — 1) sech ( ho — 115) tanh (x/ho —1 t) .
(c) If co > h3, then there exists 1o € R such that p(t) = p(t + lo), where

p1(t) = /2(ho +0 — 1) en (4, k)

Do (t) — ho — (ho+6 — 1) en (Qt, k)

3(t) = /20(ho + 06 — 1) dn (1, k) sn (Qt, k).
Here Q= /3, k::\/h”i“, and & =+/1+ co — 2ho.

ProoF. In [6], details were only provided for case (a). In order to illustrate the method used we
provide details for case (c¢). (The result for case (b) is found by limiting ¢q to h3.)

We start by explaining how the expression for p(-) was found. A number of convenient assump-
tions are made implicitly and translations in the independent variable are discarded. We shall
verify that p(-) is a maximal integral curve (defined for any ¢q and hg satisfying the conditions of
the theorem) only at the end of the construction. Suppose p(-) is an integral curve of Hi such that
co > h3, where ho = H](p(0)) and co = C(p(0)). As (1)2 = pZ, Hl(p(t)) = ho, and C(p(t)) = co,
we have

% - %\/(2 + 28 — 2ho + p3)(2ho + 20 — 2 — p})

where 6 = /1 + ¢g — 2hg. Therefore
dpl
Lagp - /
/ V(a4 p}) (2 — p})

where a = V21 +6 —hg and b = v2\/hg + 5 — 1. By applying the elliptic integral formula

(D.1), we obtain
p1(t) = /2(ho+ 0 — 1) en(Qt, k)
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where Q =6 and k = \/h”‘s L. As ho = pa(t) + 3p1(1)?, we have
P2(t) = ho — (ho +0 — 1) en (024, I{:)Q,

Then as £p1(t) = —ps(t) it follows that

=/20(ho +0 — 1) dn (Q¢, k) sn (Qt, k).

It is easy to show that p(t) satisfies %p(t) — H1(p(t)). Hence p(-) is an integral curve; it is not
difficult to verify that 0 < k < 1 and that p(¢) is defined for all ¢ € R.

Let p(-) be an integral curve through p(0), let ho = Hi(p(0)), co = C(p ( )), and suppose
that co > h3. We claim that p(t) = p(t + to) for some to € R. As pa(0) + 3p1(0 ) = ho and
p1(0)2 + p2(0)2 + p3(0)% = co, we have (2ho — co) — 2p2(0) + p3(0) <0 and p2(0 ) ho. It follows

that

1— /T4 co— 2ho < pa(0) < ho < 1+ /1 + o — 2hg.
Now pg(()) =1- \/1+co—2ho and pg( ) = ho. Thus there exists to € [0, %] such that
p2(0) = pa(t2). A

101(0)2 = ho — p2(0) = ho — Pa(tz) =

1~

2
it follows that p1(0) = £p1(t2). Furthermore pi(t + 2K) —p1(t ) and po(t + 2K) = pa(t). Thus
there exists ¢ € R (1 = t2 or t; = t2 + 2&) such that p1(0) = pi(t1) and p2(0) = pa2(t1). On the
other hand

p3(0)% = co = p1(0)* = p2(0)* = co — p1(t1)* — pa(t1)? = Pa(t1)?
and so p3(0) = £ps(t1). Furthermore pi(—t) = p1(t), p2(—t) = p2(1), and ps(—t) = —ps(¢). Thus
there exists tg € R (tg =1 or tg = —t1) such that p(0) = p(fp). Consequently, the integral curves
t— p(t) and t— p(t +1p) solve the same Cauchy problem and therefore are identical. O

System Hia

The system H fa(p) —ap; +p+ %p% a > 0 has equations of motion

P1 = —D2pP3
P2 = (a+ 2p1)ps
p3 = —(a +p1)p2.

The equilibria are €} = (p,0,0), € = (—a,v,0), and e = (—%,0 1/)

The system (s0(3)*, H%a) is equivalent to the system (56(2) Hy), where Ho(p) = p1+ Lp3+
1p%. Stability and integration of H,, were treated in [7]. Explicitly, the systems (se(2)*, Ha) and
(so(3)*,H},) are compatible with the affine isomorphism ¥ : se(2)* — s0(3)* given by

-1 0 0
pepl 0 =¥ 0 | +[-2 0 0]

1

0o 0 -3

Hence, any integral curve of (so (3)*_,H127a) is just the image under v of an integral curve of
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(se(2)*, fIa) The expressions for the integral curves split into a number of cases. (Some divisions
are based on qualitative grounds, whereas others where retrospectively made to facilitate integra-
tion.) An index of the conditions defining these cases appears in Table 3.2. In Figure 3.7 we graph
the critical energy states (ho, ¢o); in Figure 3.8 we graph the corresponding typical configurations.

(The value o = 3 was used in both these figures.)
Conditions (w+ = 2hg + a(a £ Va2 + 4hg)) Index
a® + hg > co + /e + hE —co(a® + 2h) | 1a(i)
2c0 > Wy a? + ho = o+ \/cd + h3d —co (a® + 2hg) | 1a(ii)
he <0 a2+ hy < cg + /e + hE —co (a® + 2hg) | 1afiii)
— co < a?+ ho 1b(i)
co = a? + ho 1b(ii)
w_ < 2¢) <wy lc
co > a? + 2hy 2a
co = o + 2hg 2b
fio >0 20 > wy 2c(i)
co < a? + 2hg 200 = Wy 2¢(ii)
wo < 2¢p < wy 2c(iii)

Table 3.2: Index of cases for integral curves of Hf,

We provide the details for how the expressions of the integral curves on so(3)* are obtained
from those on se (2)* only for case la(i). (The remaining cases follow a similar argument and thus

the proofs are omitted.) We provide an independent proof for the stability nature of the equilibria.

MATHEMATICA. The verification of the expressions for the integral curves of the system H 12704
are contained in the Mathematica file:

Thesis Mathematica\SO(3)\ Integration\ H21a(p)\ H21aSysVer.nb

3.3.10 THEOREM. The equilibrium states have the following behaviour:
(i) The states €}, p € (—oo,—a) U[—F,00) are stable.
(i) The states e, —a < p < —%5 are (spectrally) unstable.
(iii) The state e is unstable.
(iv) The states €5 are (spectrally) unstable.

(v) The states € are stable.
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PrOOF. Let Hy(p) = MH7, + AC(p). (i) Suppose p € (—oo, —a) U (—%,00) and let Ay =1
and Ay = _aiéu' We have dHy(e}) = 0 and that d?H,(¢}) = dia (a+2u’1 + a+2“,2) is
definite when restricted to the subspace W = span{((), 1,0),(0,0,1)}. Hence the states €}, u €
(=00, —a)U(—=F,00) are stable. Suppose y = —5. We have H o8 %) = —O‘TQ and C’(el_%) = 0‘72.
It is straightforward to show that (Hfa)_l(—%) nC(e- °) = {e, %} Hence the state el_% is
stable.

(ii) The linearization of the system at €| has eigenvalues \j 2 = £+/—(a + p)(a +2u), Az = 0.
Thus the states e}, —a < p < —% are spectrally unstable.

(iii) Consider the equilibrium state e]®. We have that p(t) = (210;;52, 2‘@3‘2@, 2;32%‘[2
integral curve of the system Hf, such that lim;,_.p(t) = e® Let B. be the open ball of
radius £ = « centred at the point e;“. For any neighbourhood V C B. of e[® there exists
to < 0 such that p(tg) € V. Furthermore [|p(0) —e7%| = v2a > ¢, i.e., p(0) € B.. Hence the
state eJ” is unstable.

(iv) The linearization of the system at ef has eigenvalues A\; = 0, A23 = £v. Thus the states
eb are spectrally unstable.

(v) Let Ay =1 and Ay = 0. We have dH,(e%) = 0 and d?H,(e4) = diag(2,1,0) is definite

) is an

when restricted W = span {(1/, 0,%5),(0,1, O)} Therefore the states ef are stable. O
REMARK. In theorems 3.3.12-3.3.20 we shall find it convenient to use 19 = va? + 4hgy instead of

ho; also, we shall make use of the following notation

0= i\/(OZQ—400)2—2(a2+4co)n§+n§ and pi — %\/4%—042—773145,

THEOREM. (CASE la(i)) Let p(-) be an integral curve of the system Hﬁa through p(0). Let ho =
Hfa(p(())) and co = C(p(0)). If the conditions of case 1a(i) are satisfied, then there exist to € R
and o € {—1,1} such that p(t) = p(t +to), where

o P— — pysn(Qt, k)
p+ — p—sn (¢, k)
- en(Qt, k)

= 2
Palt) = o2 p+ — p—sn (¢, k)
206 dn (Q2¢, k)
M opp —posn(Qt, k)

1 o2 — a2 _ [ 4d4d—dcot3ng f_o [ 25
Here Q = 4\/4co — o — 305 + 40, k = a2_46_400+3n8,andk:f2 PR

PROOF. Any integral curve of Hia is the image under 1 of an integral curve of H,. In [7],

=3

pa(l) = —

explicit expressions for all integral curves of H, are determined; there are a number of cases
(corresponding to different explicit expressions). The expression for the integral curve p(-) of
H, through a point $(0) € se(2)* involves the constants hg = H,(5(0)) and & = C(5(0)). The
various cases are expressed in terms of inequalities in ho and &. We wish to find the image ¥((-))
of each such integral curve and to express ¢ and hg in terms of the constants hg = H £ ((p(0)))
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and co = C(¥(p(0))). Moreover, we wish to find the corresponding conditions for the various cases
on s0(3)* in terms of inequalities in hy and c¢g.
Let p € se(2)* and let

ho = Ha(p) = p1 + 5205 + 575 and & = C(p) = ji + 5.
Correspondingly, let ho = Hfa(z/}(ﬁ)) and co = C'(¥(p)); we have
2

ho = 5T +75) — 1 and o = P+ 5P5 + 595 + S (BT + 53) + 1o

Hence
ho = 56— 1a? and ¢y = ho + a + 2co (3.8)

We can invert these relations to get
éo = &’ho + io/1 and  hg = co — hy — %oﬂ (3.9)

Therefore, § € (Ha) ™ (ho) NC~H) if and only if ¥(p) € (H} )~ ho)NC~Y(co) whenever (3.8)
or (3.9) holds.
We consider the first case for the integral curves of H, treated in [7]. Let $(:) be an integral
curve of H, and let hg = H,(5(0)) and & = C((0)). If the conditions

Co — iO/l <0, iLo > 1/ Co, %042 — iLo >/ iLg —Co (3.10)

hold, then there exist ¢ € {—1,1} and o € R such that p(t) = p(t + to), where

_ = ~Vho—d—ho +8sn(t, k)
O A S, sy T v

~ N~ / en(Qt, k)

Palt) = = /200 Vo 48 — Ty —ssn(Qt, k)
_ 2i5 dn(¢, k)

-k Vo + 06— Vho —dsn(Qt, k)

1
S /12 _x00_ [2/7 Nel,oo2 7 o 5 [(ho=d)(502—ho—0)
Here & = /B3 &, = \/ Z(ho + 0)(302 — ho +9), k= \/<h0+6)<1a2 s and
k= \/<a2+2533‘2‘§)<5%0). We now find the corresponding integral curves of Hfa. Let p(-) be an
integral curve of H{, and let ho = Hf ,(p(0)) and co = C(p(0)). We have that ~!(p(-)) is an

integral curve of H,. By (3.9) we have that = '(p(-)) satisfies the requisite conditions (3.10) of
the above result if and only if the conditions

ho <0, 2co > 2ho + ala + v a? + 4hg), a2+ho>co+\/cg+h(2)—co(a2+2ho)

hold. Supposing these conditions hold, there exist o € {—1,1} and %y € R such that ¢~'(p(t)) =
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p(t + t0), i.e., p(t) = ~(p(t + t0)). Finally, we let p(t) = ~(p(t)) and replace h0O and cO with
expressions in hO and cO (using (3.9)) and simplify to obtain the result. O

ho

Figure 3.7: Critical energy states for H2_

3.3.13 Theorem. (case la(ii)) Let p(-) be an integral curve of the system H2_ through p(0). Let

hO = H2 (p(0)) and cO = C(p(0)). If the conditions of case la(ii) are satisfied, then there exist
t0e R and a e {—1,1} such that p(t) = p(t + 10), where

pl(i) = -1 - if B:F -_B+ ngHB

cos(H t
p2(t) = anoV~”™ ( .)
p+ —p_ sin(Ht)
; 2aS
pi(t) = " p+ —p_ sin(Ht)"

Here H= ~/3 2 £°+n2.

3.3.14 Theorem. (cases la(m) & 2a) Let p(-) be an integral curve of the system H2_ through p(0).

Let hO= H2_(p(0)) and c0 = C(p(0)). If the conditions of case la(iii) or 2a are satisfied, then
there exist t0Oe R and a e {—1,1} such that p(t) = p(t + 10), where

mp_ —p+cn(H ™ K)

P1(®) _2 - 2 pt —p_cn(Ht, k)
sn(Ht, k)
p2(t) ano 25 p+ —p_cn (Ht, k)
dn (Ht, k)

2aS
pi(t) p+ —p_cn(Ht, k)'

Here H = \/2S and k (3a2 45 4c +n22;£5a2+45_4c +n2)
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Case la(iii)

Case 2a

3.3. Hamilton-Poisson systems

Case 1b(i)

Case 2b

Figure 3.8: Typical cases of Hfa

Case 1c

Case 2c(i)
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3.3.15 THEOREM. (CASE 1b(i)) Let p(-) be an integral curve of the system Hia through p(0). Let hy =
H2_(p(0)) and co = C(p(0)). If the conditions of case 1b(i) are satisfied, then there exist 1y € R

and o € {=1,1} such that p(t) = p(t +to), where

51 (1) — _oatno (Oé - 770) Mo
pit) 2 no — acosh(21)2
_ sinh(§2¢)
t) = 2 —
Pa(l) = omov/2ec(a = m) no — acosh(2¢)?
cosh(Q21)

ps(t) = o (o = mo) /Tl no — cccosh(21)2

_ [ la=n0)
Here Q) = /==,

3.3.16 THEOREM. (CASE 1b(ii)) Let p(-) be an integral curve of the system Hfa through p(0).
ho = H? _(p(0)) and co = C(p(0)). If the conditions of case 1b(ii) are satisfied, then there exist

to€R and o € {=1,1} such that p(t) = p(t + to), where

Let

- (t) B a3t2
P = e
200t
1) t = ———
P2l) = =5
2000

p3(l) = ——5—-
Pslt) = =5 ap
3.3.17 THEOREM. (CASES lc & 2c¢(iit)) Let p(-) be an integral curve of the system Hfa through p(0).
Let ho = Hfa(p(())) and co = C(p(0)). If the conditions of case 1c or 2c(iii) are satisfied, then
there exists to € R such that p(t) = p(t + to), where

a2 TG — VG Ged (2 k)

) = = T e T G = Ged (8, )
sd (3¢, k) /1 +ked (Qt, k)y/1+ nd(Q4, k)

Palt) = 2 Vo TG Vo _Ged(Qt k)
() — en (3¢, k) /1 —ked (4, k)/1+ nd (¢, k)
Pty == Va1 G —Va = Ged Q1 k) '
Here
Q=2L1/¢G+¢— 42 Ta<a+no—\/§\/a2+n§—2co>
_ _ 1.2
k— % C1:i(4042(Oé+770)770—04(04+4770)T+7'2)
8
¥ 2 G = Lo (@@t m) —7) (2 (o T o) —7) 2o —7)

Na+@-ir

and
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3
T 2q2 (Z ZO;?;O?% 207 f2 = 2\/%\/7770 (4G — 4G + a?7)
oG = @) (@ (Gt a?mo(at m)) — (G + o) 7)
’ kadng (a2 4 2amy — 7)° )

€1

3.3.18 THEOREM. (CASE 2b) Let p(-) be an integral curve of the system Hfa through p(0). Let hy =

Hi ,(p(0)) and co = C(p(0)). If the conditions of case 2b are satisfied, then there exist to € R
and o1,02 € {—1,1} such that p(t) = p(t + to), where

Q2
5(f) — —o—
pi(?) @ a — a1 cosh(Q 1)
_ sinh(§2¢)
t) = — Q
p2(t) 719270 a — 11 cosh(Q 1)
(TQQ2

p3(t) = .
ps(l) a — 11 cosh(Q 1)

2 2
N~

Here Q1 = 5

3.3.19 THEOREM. (CASE 2¢(i)) Let p(-) be an integral curve of the system Hia through p(0). Let hy =
Hi ,(p(0)) and co = C(p(0)). If the conditions of case 2¢(i) are satisfied, then there exist to € R
and o € {—1,1} such that p(t) = p(t +to), where

Koy —op_dn(Qt, k)

gi(t) = —¢ 10
) == = S o dn (L k)
i Ot, k)
1) — 20m cn (8¢,
rell) = S G )
sn (Qt, k)

pa(t) = —200k' :
Pall) = =200k S QL k)

L 3 B T r_ [al=deot3ni—49
Here Q = /a2 —4co + 303 + 46, k= 2mf and K =\ s ae rantas

3.3.20 THEOREM. (CASE 2¢(ii)) Let p(-) be an integral curve of the system Hfa through p(0).
ho = H? ,(p(0)) and co = C(p(0)). If the conditions of case 2¢(ii) are salisfied, then there exists

to € R such that p(t) =p(t +to), where

Let

— __oatno (Oé - 770) Mo
p(t) = —=5 no — ccos(Q1)2
~ sin(€2 ¢)
_ — 2 —
pQ(t) Moy «C (770 Oé) o — OZCOS(Q t)2
cos(§21)

PO = () VT

Here ()} = \/w,
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System H227a

The system H3 ,(p) = apz + p? + 303, o> 0 has equations of motion

p1 = —(a+ p2)ps
P2 = 2p1p3
P3 = p1(a — p2).

The equilibria are e/ = (v, «,0), e = (0, 4,0), and €§ = (0, —a, V).
THEOREM. The equilibrium states have the following behaviour:

(i) The states €y are stable.

(ii) The states e, p € (—oo, —a) U («,00) are (spectrally) unstable.
i e states e, —a < pu <« are stable.

ii) The states € <pu< tabl

i e states €4 are stable.

(iv) The states €} tabl

PrOOF. Let Hx(p) = )qH%ya(p) + X C(p).

(i) If A\; = 1 and Ay = —1, then we have that dHy(e4) = 0 and that d?H,(e¥) = diag (0, —1, —2)
is definite when restricted to W = span {(«, —1,0), (0,0, 1)}. Hence the states e} are stable.

(ii) The linearization of the system at e has eigenvalues A\ =0, Ay3 = £+/u? — 2. Thus the
states e, 1 € (—oo, —a) U (e, 00) are spectrally unstable.

(iii) Suppose —a < p < @, p # 0 and let A\; = 1 and Ay = —%. We have dH)(e) = 0
and that d?H,(eb) = diag(—o‘—;“, -2 —0‘—:“) is definite when restricted to the subspace W =
span {(1,0,0),(0,0,1)}. Thus the states e, —a < g < a, pu # 0 are stable. Suppose p = —a.
Then H227a(e2_0‘) = —0‘—22 and C(e;®) = a?. It is easy to show that (H%ya)_l(—%z) NC~Ha?) =
{e5”}. Hence the state e;® is stable. Similarly, the state eJ is stable.

(iv) Let Ay = 1 and Ay = 0. We have dH(e%) = 0 and that d?H,(e%) = diag (2, 1,0) is definite
when restricted to the subspace W = span {(1,0,0), (0, v, «)}. Hence the states e are stable.

O

There are five cases for the intersection of a parabolic cylinder (H3,)~'(ho) and a sphere
C~Y(co). (We note that if the intersection is nonempty, then ho < o+ 3a2.) We further subdivide
one of these cases into two subcases to facilitate integration. An index of the conditions defining
these cases appears in Table 3.3. In Figure 3.9 we graph the critical energy states (hg, co); in
Figure 3.10 we graph the corresponding typical configurations. (The value o =1 was used in both
these figures.)

We will find the following lemma useful when verifying that a given curve is an integral curve.

LEMMA. If p() s o curve such that H2,(p(t)) — ho, C(p(t)) — co, and pa(t) — 2p1(Dpa(t) for
t € R, then p(-) is an integral curve of the system H22,a'

PROOF. As $C(p(1)) = 2pipn + 2papa + 2paps = 0, - H3 o (p(1)) = ap + 2p1p1 + pap = 0, and
P2 = 2p1p3, we have pip1 = —(a + p2)pips and ps3ps = (0 — p2)pips. It follows that p(-) is an
integral curve of the system H227a.

O
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Conditions Index

c0+ a”~cO < ho a
0+ a”~cO = ho b

% S )

C0- a~cO < ho < ™ + a™cO

co = 2ho c (i)
f- - a~cO = ho d
- a~cO > hO e

Table 3.3: Index of cases for integral curves of H|]a

Figure 3.9: Critical energy states for a
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Case d Case e

Figure 3.10: Typical configurations for

a
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MATHEMATICA. The explicit calculations for the integration of the system H227a are contained

in the directory:
Thesis Mathematica\SO(3)\ Integration\ H22a(p)\

The individual files for each case are as follows: case (a) - H22aIntA.nb; case (b) - H22aIntB.nb;
case ¢ (i) - H22aIntC(i).nb; case c(ii) - H22aIntC(ii).nb; case (d) - H22alntD.nb; and case (e)
- H22aIntl.nb.

We now derive the expressions for the integral curves in the first case.
3.3.23 THEOREM. (CASE a) Let p(-) be an integral curve of the system H227a through p(0). Let ho =
H3 ,(p(0)) and co = C(p(0)). If L + a\/co < ho, then there exist to € R and o € {—1,1} such
that p(t) = p(t +to), where

- dn (Qt, k)

pi(t) = oV co + 6 — a2 Vo s (L E)

a(t) — L 00— 2h0)Vp 0+ (8 —co+2ho)v/p—dsn (Qt, k)
PV T VPt —p—3dsn(Qt k)

- en (Qt, k)
t) = —oVov a2 + 2¢co — 2h ’ .
Pa(t) 7Vl + 2o O\/er —Vp—90sn(Qt, k)

Here § = +/c3 +4h3 —4co (a? + hg), Q =+co +0 — a2, k = ,/gijgjgg, and p = 2hg — co — 202,

3.3.24 REMARK. If we take the limit of the expression for p(t), as « tends to 0, then we obtain integral
curves for the first case of the system H?2.

PrROOF. We start by explaining how the expression for p(-) was found. (Again, a number of conve-
nient assumptions are made implicitly and translations in the independent variable are discarded.)
Suppose p(-) is an integral curve of H227a such that ho > ay/co + 5, where hg = H%ya(p(())) and

co = C(p(0)). As p(-) satisfies (%2)2 = 4p2p3, H3 (p(t)) = ho, and C(p(t)) = co, we have

.
% = \/(2h0 — 2ape — p3)(2co — 2ho + 2apa — p3). (3.11)

We transform (3.11) into standard form (see appendix D.2). First, we can rewrite (3.11) as

dp = V/(A1(p2 — r1)2 + Bi(p2 — r2)2) (A2(p2 — 71)2 + Ba(p2 — 72)?)

dt
where

& — o+ 2hg 0+ co—2hg

£ Py = ——

20y 20

202 —§ — ¢o + 2ho p—20

A = 0 Ay =—>0

! 2 > 27 %5
202 -4 —2h 5

B - 2 motaz By~ —Pt% oy

20 20
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Here & = \/c2 +4hZ — 4co (a® + hg) and p = 2hg — co — 202

pa—r1
D2—7T2

Making the change of variable s = yields

2772

. 1 /°° ds .
(r1 —r2) VAL A2 f?”\/(st(—&)) (52— (-4)

By applying the elliptic integral formula (D.3) we obtain

/_B1
/_ Ba /__Bs A
(&) ~ A ns <(7’1 —7’2)\/A1A2 _A_zt’ \/T2> — T
T Ay
/_B1 )
/_% ns <(7’1 — 7’2)\/141142\/—%15, ﬁ) -1
2
Substituting the values for Ay, Ay, By, Bs,r1, 72 and simplifying then yields

pa(t) = 1 (6 +co—2ho)y/p+0d+ (0 —co+2ho)y/p—dsn(QL, k)
PR T Vp+o—Vp—70sn(Qt, k)

where Q = +V/cp+0—a? and k = wg‘;%ﬁ:gg. As ho = pa(t) + p1(1)? + $p2(t)?, we have pyi(t) =

o1 \/ho — apa(t) — 4p2(1)? for some o1 € {—1,1}. Accordingly, we get

p2(l) =

51(1) — o 0 (a? +2hg) (a? + 2¢9 — 2hg) dn (Qt, k)
Pty = a1 co—a2—9§ VP o —+/p—38sn(Qt k)

Then, as pa(t)? = co — p1(t)? — pa(t)?, it follows that

o () — V0 (a2 + 2¢ — 2hg) en (L, k)
Palt) = o2 Vp+d—+vp—="3sn(Qtk)

for some o2 € {—1,1}. We show that p(-) is an integral curve for certain values of o; and os.
We have

co—a2—9

a(vVp+d— \/p—ésn(Qt,k:))2

Therefore 4py(t) = 2p1(t)ps(t) whenever oy = —oy = ¢. By construction, H3 (p(t)) = ho and
C(p(t)) = co. Consequently, by lemma 3.3.22, it follows that p(-) (as stated in the theorem) is an
integral curve; it is not difficult to show that 0 < k < 1 and that p(t) is defined for all ¢ € R.

(2&(1 +a109) (a2 + 2c0 — 2hg) ] 2t2he ) en (0t k) dn(Qt, k)

Sa(t) — 2 ()p() =

Let p(-) be an integral curve through p(0), let hg = HZ ,(p(0)), co = C(p(0)), and suppose
that ho > ay/co + 5. We claim that p(t) = p(t + to) for some o € {—1,1} and t € R. As
ap2(0)+p1(0)2+3p2(0)2 = ho and p1(0)2+p2(0)2+p3(0)? = ¢y, we have ho—co—ap2(0)+2p2(0)? =
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—p3(0)2 < 0. It follows that

a— a2+ 2co — 2hg < p2(0) < a+ v a2+ 2o — 2hy.

Now ]52(%) = a —va? 4 2co —2hg and pg(%) = a +va? 4+ 2cg — 2hg. Thus there exists t; €
[%, %] stuch that pa(0) = pa(t1). As p1(0)2 = hg — apa(0) — %pg(())2 and

. 1,2y 2 \/—
Hllnoé_\/mgp2 (ho — Qpy — 5]92) = 2h0 — 20 — Co — 20 042 -+ 200 — 2h0 >0
ot/ 0?2 42co—2ho >po

it follows that p1(0) # 0. Let ¢ = sgn (p1(0)). We have
p1(0)% = ho — ap2(0) — 1p2(0)* = ho — apa(t1) — 3p2(t1)® = p1(t1)*.
Hence, as sgn (p1(t1)) = o, we get p1(0) = p1(t1). On the other hand
p3(0)* = co — p1(0)* — p2(0)* = co — p1(t1)* — Pa(t1)” = Pa(tr)?

and so p3(0) = £ps(t1). Furthermore py(—t+25) = pi(t), pa(—t+25) = Pa(t), and ps(—t+25) =
—p3(t). Thus there exists to € R (fo =11 or to = —t1 + &) such that p(0) = p(to). Consequently,
the integral curves ¢t — p(t) and ¢ — p(t + ty) solve the same Cauchy problem and therefore are
identical. n

One might consider limiting ho to % + a/co in case (a) in order to produce integral curves for
case (b). However, this limit degenerates and so another approach is required. The proof for case
(b) is similar to that of case (d). Thus for case (b), we do not explain how the expressions for the
integral curve were found. However, we do verify that the expressions given are indeed integral
curves of the system.

3.3.25 THEOREM. (CASE b) Let p(-) be an integral curve of the system H227a through p(0). Let ho =

H3 ,(p(0)) and co = C(p(0)). If %L + ay/co = ho, then there exist to € R and o € {—1,1} such
that p(t) = p(t +to), where

. 20(00—042)\/5 COSh(%Qt)

pi(t) Vve—a \/eo + a cosh(Qt)
B B 2(co — 042)

pa(t) = Veo — Vo + a cosh(Q )
pa(l)_ 2olo-at)va _sinh(300)

Vveota /ey + a cosh(Qt)
Here 0 = 2v/cg — a?.

PrOOF. We show that p(-) (as stated in the theorem) is an integral curve for o € {—1,1}. After
some simplification, we get

 4asinh(Qt) (02 — 1) (a? — co) Vieo — o2
a (cvcosh(2t) + \/%)2 .

%ﬁz(t) — 2p1()ps(t)
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Therefore £pa(t) = 2p1(t)ps(t) whenever o € {—1,1}. (It is not difficult to verify that H3 (p(1)) =
ho and C(p(t)) = co for t € R.) Consequently, by lemma 3.3.22, it follows that p(-) is an integral
curve; it is not difficult to show that 0 < k < 1 and that p(¢) is defined for all ¢ € R.

Let p(-) be an integral curve through p(0), let ho = H3 ,(p(0)), co = C(p(0)), and suppose that
ho = ay/co + 5. We claim that p(t ) = p(t +to) for some o € {—1,1} and tp € R. We have
ap2(0) +p1(0)* + 5p2(0)* = a/éo + % and p1(0)® + p2(0)® + pa(0)* = co. If p1(0) = 0, then p(-)
is constant. We assume p;1(0) # 0. Let sgn (p1(0)) = 0. As /o + L — apa(0) + 1p2(0)? < co, it
follows that

20— /@ < pa(0) < /.
+ Ve and limye P2(t) = /co. Thus there exists ¢; € [0,00) such that

p3(0)? = co — p1(0) — p2(0)? = o — p1(to)* — P2(to)* = P3(to)?
it follows that p3(0) = +ps(t1). Furthermore ps(—t) = —ps(t) and pa(—t) = p2(t). Thus there
exists to € R (tg =11 or tp = —t1) such that p3(0) = ps3(tp). On the other hand
p1(0)% = hg — 2ap2(0) — 3p2(0)* = ho — 2apa(t1) — 3p2(t1)* = pi(t1)?

and so, as sgn (p1(0)) = o = sgn (p1(t1)), we have p1(0) = p1(tp). Thus there exists tp € R such
that p(0) = p(to). Consequently, the integral curves t — p(t) and t — p(t + to) solve the same
Cauchy problem, and therefore are identical. ]

In the reduction to standard form in case c(i) the roots of the two quadratics need to be dein-
terlaced. Consequently, the expressions for the corresponding integral curves are more involved.

THEOREM. (CASE c(i)) Let p(-) be an integral curve of the system H227a through p(0). Let hy =
Hgya(p(())) and co = C(p(0)). If co = 2hg, then there exists to € R such that p(t) = p(t + o),
where

o . en (24, k) 1+dn(Q2t, k)
pl(lf)*Oék’\/a\/a /72+co—\/_+adn(Qt,k)\/k’+dn(Qt,k)

Va2 +cg —/cg —adn (Qt, k)
Va2 4 co — /o + adn (Qt, k)

S~ sn (01, k) \/k'+dn(m,k)

pa(t) = Veo

VaZ+ ey — Jeo +adn (k) \ 1 +dn(Qt k)
H Q — o? k _ 2%\/a2+00 ’ A /a2+00 \/*
ere o tea—vs’ Ny and k' = =

PrOOF. We start by explaining how the expression for p(:) was found. Suppose p(-) is an integral
curve of H227a such that ¢y = 2hg, where hy = H%ya(p(())) and ¢ = C(p(0)). Note that § —a,/cy <

ho < £ +a/eo is trivially satisfied when co > 0. As p(-) satisfies (%2)2 = 4p3p3, H3,(p(1)) = <2,
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and C'(p(t)) = ¢y, we have

dp2
L V/(co — 202 — p3)(co + 202 — p3).

After deinterlacing the roots of the two quadratics we get

b
% - \/(CO +2va? + copa +p3)(co — 2V a2 + copa + p3).
We transform this equation into standard form. Making the change of variables s = p 2 “ yields

/| B1
1 T A ds

= ) )
(re=ra)v=Mds SRt SR - s9)(s - (- B)
Here
Ay =1 l«/1+ — <0 A:l+l«/1+ ~ >0
1—=32 73 2 2 1T 2
B1:%+%\/1+§‘—0>0 By=1- %\/1+—<0
7"1:\/% 7“2:—\/%

By applying the elliptic integral formula (D.2) we obtain

Va2 4 co — /co — adn (Qt, k)
Va2 4 co — /co + adn(Qt, k)
and k — 2@ V0 e

here Q — ——a®
whnere /a2+00_\/7 / 2+CO+\/—
As p1(1)? = L — apa(t) — 3P2(1)?, we have

ay/co (14 dn(Q2¢,k)) (2«/00 (a? + ) 2co—a2+a2dn(9t,k;))

(VaZ T o — /@ + adn (Q1, k)
& (1+ dn(Qt, k) (dn(Qt, k) — k)

(Va? T eo — /e + adn (214, k)

p2(t) = Vo

pt)® =

2
here k' = teo f ‘We now multiply this equation b
W J—V%w e ply q y

en(Qt, k) K*en(Qtk)? k2en (Qt, k)?
en (Qt k)? dn(Qt, k) — (k)2 (dn(Qt, k) — k) (dn(Qt, k) + k)

and take the square root to obtain

il) =

ak /oo en (L, k) \/1 +dn(QL k)

T T o — o+ adn (26 k) || B dn (@ k)
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for some oy € {—1,1}. Similarly, using ¢ = p1(t)? + p2(t)? + p3(t)? and multiplying by

sn (Qt, k) k2sn (Qt, k)?

s (QL k)7 (L—dn(Q6Lk)(1 +dn(QL k)

yields

pa(t)

. ak+/a/eosn (21, k) kK +dn(Qtk)
STt — ya tadn (@t k) \ T dn(Q k)

for some o3 € {—1,1}.
We show that p(-) is an integral curve for certain values of o1 and o. We have

 2k%0\/ep(1 — o102) en (2L, k) sn (Qt, k)
(\/oz2 +co — /o + adn (24, k:))2

%172(15) —2p1(t)ps(t) .

Therefore £py(t) = 2p1(t)ps(t) whenever o1 = o2 = 1. By construction, H3 ,(p(t)) = ho and
C'(p(t)) = co. Consequently, by lemma 3.3.22, it follows that p(-) (as stated in the theorem) is an
integral curve; it is not difficult to show that 0 < k < 1 and that p(t) is defined for all ¢t € R.

Let p(-) be an integral curve through p(0), let hy = H22704(p(0))7 co = C(p(0)), and suppose that
co = 2ho. We claim that p(t) = p(t+1o) for some to € R. We have apa(0)+p1(0)?+ 3p2(0)2 = 2
and p1(0)2 + p2(0)2 + p3(0)2 = co. Therefore apy(0) + 3p2(0)2 < L and so —a —VaZ+ ¢ <
p2(0) < —a +vVa? + cp. We also have p1(0)2 + p2(0)? < ¢g, which implies that o — va2 + ¢y <
p2(0) < a++va? +¢p. Thus

a—va?+c <p2A0) < —a+ Va2 +co.

Now p2(0) = a— Va2 +¢o and pa(E) = —a+ Va2 + ¢g. Thus there exists ¢, € [0, £] such that
pQ(O) = ]52(152). As

p1(0)* = L —2ap2(0) — %p2(0)2 = D —2apa(t2) — %ﬁ2(t2)2 = P1(t2)?

it follows that pi(0) = £p1(t2). Furthermore p1(¢ + 25) = —p1(t) and pa(t + 25) = po(¢). Thus
there exists t1 € R (t1 =ty or t1 =ty + %) such that p1(0) = p1(¢t1) and p2(0) = p2(t1). On
the other hand

p3(0)% = co — p1(0)% — p2(0) = co — P (t1)* — Pa(t1)® = pa(t1)?

and so p3(0) = £ps(t1). Furthermore pi(—t) = p1(t), p2(—t) = p2(t), and p3(—t) = —ps(t). Thus
there exists tg € R (to =1 or to = —t1) such that p(0) = p(fp). Consequently, the integral curves
t— p(t) and t— p(t+ o) solve the same Cauchy problem, and therefore are identical. O

Case c(ii) is very similar to case c(i), although the computations are more involved. Thus, we
do not provide details for how the expressions of the integral curves were found. (Refer to the
Mathematica file mentioned in this section for the details on how the expressions for the integral
curves were found.) The identity c¢n (%Qt + %K ) k:)2 = %m proved to be useful in deriving

the below expression for pi(t).
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3.3.27 THEOREM. (CASE c(ii)) Let p(-) be an integral curve of the system H227a through p(0). Let hy =
H%ya(p(())) and co = C(p(0)). If G —ay/eo < ho < G +ay/ag and co # 2ho, then there exists
to € R such that p(t) = p(t +to), where

(0) < en (30t + 1K, k) /1 1+ ksn (Qf k) /K + dn (Q1, k)
Pty = 5= VW p—sy/w—psn(Qt, k)
p2(t) = € Z+§3§ig§ VwFp+sy/w—psn(Qt, k)
b2t) = =2 VW T p =5y —=psn(Qt, k)
en (306 — 2K, k)/1—ksn (Qt, k)/K + dn (Qt, k)

pa(t) = ses V& T p—sy/a —psn(Q, k)
Here
Q:% 20— T o = vV a2+ 2hg
k\/ﬁ T =6 —4a® — 60m0 + ng
kK — ‘/2p4p p:2\/6n0(2a+5—no)(2a—6+770)
\/2 o + o) — 12 w = 20(8 + 1) — (8 —mo)?
¢ =sgn (6 —mno)
and

e = k[ ) (78 + 20—y — 3) (8 — (201 By + 4)

., pt 20+ m)
T 20-m)
€3 = @_TW\/(erp) (624 2a—m0) 6 —1p) (62 — (2a+m0) 5 + 3p).

ProoF. Using MATHEMATICA one can verify that p(-) is an integral curve for ¢ € {—1,1}.

Let p(-) be an integral curve through p(0), let hg = H3 ,(p(0)), co = C(p(0)), and suppose
that the conditions of case c(ii) hold. We claim that p(t) = p(t + to) for some ty € R. We have
ap2(0) +p1(0)% +5p2(0)* = ho and p1(0)® +p2(0)® +p3(0)? = co. Therefore aps(0) +5p2(0)* < ho
and so —a — va? +2hg < p2(0) < —a + Va2 + 2hg. We also have 2p2(0)? — ap2(0) + ho < cq,
which implies that a — Va2 + 2co — 2hg < p2(0) < a+ Va? + 2¢o — 2hg. Thus

a— a2+ 2co —2ho < pa(0) < —a+ Va2 + 2hy.
2(—8) = a — Va? +2¢0 —2ho and Pa(E) = —a + v/a? + 2ho. Thus there exists tp €

Q
| such that p2(0) = pa(t2). As

Now
[_%7

o]

p1(0)% = hy — 2ap2(0) — 3p2(0)* = ho — 2apa(ts) — 3Pa(t2)* = pi(t2)?
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it follows that p;(0) = £p1(t2). Furthermore pi(t + &) = —pi(¢) and pa(t + ) = pa(¢). Thus
there exists t1 € R (t1 =ty or t1 =ty + %) such that p1(0) = p1(¢t1) and p2(0) = p2(t1). On
the other hand

p3(0)* = co — p1(0)* — p2(0)* = co — p1(t1)* — p2(t1)® = p3(t1)?

and so p3(0) = +ps(t1). Furthermore fiy(—t—35) = pi(t), pa(—t—25) = pa(t), and pa(—t—25) =

—p3(t). Thus there exists tp € R (tog =11 or tg = —t1 —ﬁ) such that p(0) = p(to). Consequently,

the integral curves ¢ +— p(t) and ¢ +— p(t + to) solve the same Cauchy problem, and therefore are

identical. O
00

One might consider limiting hg to £ — a\/co in case (e) in order to produce integral curves for
case (d). However, as in case (b), this hmlt degenerates. Thus a more direct approach is required.

THEOREM. (CASE d) Let p(-) be an integral curve of the system H227a through p(0). Let hy =
H%ya(p(())) and co = C(p(0)). If § —ay/co = ho, then there exist to € R and o € {—1,1} such
that p(t) = p(t +to), where

_ (t) - 20(00—042)\/5 sinh(%Qt)
P = Vveota | Jeg + a cosh(Qt)
2(co — ®)

Pa(t) = \/7+\/7+acosh((2t)

20’(00—042)\/5 COSh(igt)
Vveo—a \Jeg + o cosh(Qt)

pa(l) =

Here Q = 2v/cg — a2,

PROOF. We start by explaining how the expression for p(-) was found. Suppose p(-) is an integral
curve of Hj, such that hg > o/co + %, where hg = Hj (p(0)) and ¢ = C(p(0)). As p(-)
satisfies (%) — 4Ap3p3, ho = H27a( (1)), and co = C(p(t)), we have

P2V (el 1 (fa - ).

p2 7'1

We transform this equation into standard form. Making the change of variables s = yields

_204\/00—04215/& ds
Vo I P 3 _ 2y <2 _ 12
ron (@ — )5~ 57)

&)

where a = /5% and b= 0. By applying the integral formula (D.2) we obtain

2(co — o)

V/Co + a cosh(Q2t)
Here @ =2v/co — 2. As ho = apa(t) + p1(t)? + 1p3(t) we have
22

2a (a0 — /@) ? (a+ /o) (cosh(Qt) — 1)
(\/ + acosh(Qt)) 2 ’

p2(t) = —veo +

pt)? =
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Accordingly, we get
 201(co — &®)Va sinh(3Q1)

pi(t) = V@ ta e+ acosh(Qt)

for some o1 € {—1,1}.

Likewise, as p3(t)? = co — p1(t)? — pa(t)?, we get

s (1) — 209 (co — o)/ cosh(%Qt)

P = T —a Vo + o cosh(Q)

for some oy € {—1,1}.
We show that p(-) (as stated in the theorem) is an integral curve for certain values of o7 and
2. We have

da (1 + 0102) (co — o®) Veo — a? sinh (2 )

d _ I
Spalt) — 2p (1P (1) = - [ Tacom(@l)?

dt

Therefore Lpy(t) = 2p1(t)ps(t) whenever —oy = 05 = 0. By construction, H3 ,(p(t)) = ho and
C(p(t)) = co. Consequently, by lemma 3.3.22, it follows that p(-) (as stated in the theorem) is an
integral curve.

Let p(-) be an integral curve through p(0), let ho = H3 ,(p(0)), co = C(p(0)), and suppose that
ho = —a/co + . We claim that p(t) = p(t +to) for some o € {—1,1} and ?, € R. We have
ap2(0) +p1(0)? + 5p2(0)? = —a /G + % and pi(0) +p2(0)? +p3(0) = co. If p3(0) = 0, then p(-)
is constant. We assume p3(0) # 0. Let sgn(p3(0)) = 0. As apz(0) + 3p2(0)? < —ay/ep + 3o, it
follows that

—v/cg < p2(0) < —2a + Jeo.

Now p2(0) = —2a + /eo and limy_o po(t) = —y/co. Thus there exists t; € [0,00) such that
pQ(O) = ]52(151). As
p1(0)% = ho — 20p2(0) — 1p2(0)* = ho — 2apa(t1) — $pa(t1)” = p1(t1)”
it follows that p1(0) = £pi(¢1). Furthermore p;(—t) = —pi(t) and pa(—t) = pa(t). Thus there
exists to € R (tg =11 or tp = —t1) such that p;(0) = p1(tp). On the other hand
p3(0)% = co — p1(0)2 — p2(0)® = co — P1(to)? — Pa(to)* = Pa(to)?

and so, as sgn (p3(0)) = o = sgn (ps(t1)), we have p3(0) = ps(tp). Thus there exists tp € R such
that p(0) = p(ty). Consequently, the integral curves t — p(t) and t — p(t + tp) solve the same
Cauchy problem, and therefore are identical.

O

The proof for case (e) is similar to that of case (a). A full proof is provided. However, this time
we shall not explain how the expression for p(t) was found.

THEOREM. (CASE e) Let p(-) be an integral curve of the system H227a through p(0). Let hy =
H3 ,(p(0)) and co = C(p(0)). If ¢ — ay/cg > ho, then there exist to € R and o € {—1,1} such
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that p(t) = p(t +to), where

t)iﬂ\/g‘/ia”%om en (Qt, k)

—Vp—0sn(Qt k)
_ (t)7L(5—Co+2ho)\/p+5+(5+co—2ho)\/p—5sn((2t,k:)
PV VP Fo—p—3dsn(Qt k)

B —— dn (Qt, k)
) =ovo 5+Co_a2\/pT—\/msn(Qt,k:)'

Here § = +/c3 +4h3 —4co (a? + hg), Q=0 +co— a2, k = ,/gijgjgg, and p = co — 20 — 2hy.

3.3.30 REMARK. If we take the limit of the expression for p(t), as « tends to 0, then we obtain integral
curves for the third case of the system H?2.

PrOOF. We show that p(-) (as stated in the theorem) is an integral curve for o € {—1,1}. After
some simplification, we get

20(1 — 02)4/(6 + co — ) (a2 + 2ho) en (21, k) dn (Q t, k:)
(Vo+p—+p—0sn(Qt, k:))

Therefore %ﬁg(t) = 2p1(t)ps(t) whenever ¢ € {—1,1}. (It is not difficult to verify that HZ ,(p(t)) =
ho and C(p(t)) = co for t € R.) Consequently, by lemma 3.3.22, it follows that p(-) is an integral
curve; it is not difficult to show that 0 < k < 1 and that p(¢) is defined for all ¢ € R.

Let p(-) be an integral curve through p(0), let ho = H22704(p(0))7 co = C(p(0)), and suppose
ho < —ay/co + 5. We claim that p(t) = p(t + to) for some o € {—1,1} and t, € R. As
ap2(0) + p1(0)? + 3p2(0)? = hg we have

—a — vV a? +2hy < pa(0) < —a+ Va2 + 2hy.

Now po(E) = —a — Va2 +2ho and pa(35) = —a + Va2 +2hg. Thus there exists ¢ € [&, 3]
such that pa(0) = pa(t1). As p3(0)2 = co — p1(0)2 — pa(0)? = g — (ho — ap2(0) + 2p2(0) ) and

max ho — aps + p ho +a{a+ Va2 +2h >0
—a—\/a2+2h0§p2( ° 2 2 2) ( 0 ( O))

—aty/a?+2ho>p2

Salt) —2pr()p(t) =

it follows that p3(0) # 0. Let o = sgn (p3(0)). We have
p3(0)* = co — p1(0)* — pa(0)* = co — Pr(t1)” — Pa(t1)® = Pa(t1)*.
Hence, as sgn (ps(t1)) = o, we get p3(0) = p3(t1). On the other hand
p1(0)* = hy — ap2(0) — 1pa(0)® = ho — apa(t1) — 1p2(t1)? = p1(t1)?
and so p1(0) = £p1(t1). Furthermore

=t +25) = —pi(t), pa(—t+3) =pa(t), pa(—t+25) = ps().
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Thus there exists tO GR (t0 = t2 or t0 = —12+ ~ ) such that p(0) = p(t0). Consequently, the
integral curves t ~ p(t) and t ~ p(t + t0) solve the same Cauchy problem and therefore are

identical.
O

3.3.4 Inhomogeneous systems of type 1l

Among the inhomogeneous systems on so (3)_, there are four kinds of systems whose equilibria
cannot be expressed as unions of lines and planes (type Il). In fact, there is one one-parameter family
of systems, two two-parameter families of systems, and one three-parameter family of systems (see
theorem 3.3.1). The stability nature of all equilibria is determined for the system Hia. On the
other hand, for the remaining systems (i.e., those with homogeneous part H2) we were unable
to determine the stability nature of a few isolated equilibrium states. We found it unfeasible to
compute expressions for the integral curves, due to computational complexity. Some indication of
this complexity can be inferred from the graphs of the critical energy states.

System H"a

The system H”a(p) = p2+ ap2+ ip2, a > 0 has equations of motion

= —ap3
2 = (1 + Pi)P3
= api —(1 + Pi)p2.
The equilibria are = (e~—1, a(l —e_"), 0) and = (—eM—1, a(l + en), 0).

In Figure 3.11 we graph the critical energy states (h0,C0); in Figure 3.12 we graph the corre-
sponding typical configurations. (The value a = 2 was used for both these figures.)

Figure 3.11: Critical energy states for H ia
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(b)

(d) (e)

Figure 3.12: Typical configurations for H (

(©)
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3.3.31 THEOREM. The equilibrium states have the following behaviour:
(i) The states € are stable.
(it) The states e, uw < 21na are (spectrally) unstable.

(iti) The state ey, p = 3Inw is unstable.

(iv) The states €y, > 2Ina are stable.

PROOF. Let Hy(p) = MHj,(p) + XC(p). (i) Let Ay = 2(e7#—1) and Ay = 1. We have
dH)(e}) = 0 and that d?H,(e]) = diag (2e7#,2,2) is definite. Thus the states €] are stable.
(ii) The linearization of the system at e has eigenvalues Ay = 0, Aa3 = /e # (a? — &),
Hence the states e}, p < %lna are spectrally unstable.
(iii) Let u = 2Inq; we consider the equilibrium state e} = (—1 — a%, as a,0). We have that

2 1 5
43 1203 + 4ast? 8at
p(t): a4 —1—04%,04%+Oé— - +4a > a4
1+ ast? (14 a3t2)2 (14 «a3t?)?

is an integral curve of the system H217a such that lims—,_ p(t) = €5. Let B be the open ball of
radius £ = a# centred at e. For any neighbourhood V C B: of €} there exists to < 0 such that

p(to) € V. Furthermore ||p(0) —eh|| = dosy/1+ a3 > e, Le., p(0) € B.. Thus €5, = 2Ina is
unstable.

(iv) Assume g > 2Ina and let \; = —2(e™* +1) and Ay = 1. We have dH,(e5) =0 and that
d?H,\(ef) = diag (—2e7#,2,2) is definite when restricted to W = span {(«, ¢*,0), (0,0, 1)}. Hence
the states €5, © > 2Ina are stable. U

System H?,

The system Hgya(p) = aqpy +aope +pE %p% a1, ap > 0 has equations of motion

p1 = —(az + p2)p3

P2 = (o1 +2p1)ps

Ps = aop1 — (1 + p1)pa.
The equilibria are ef = (et —ay, aa(l — e ™), 0), e = (—e# —aq, as(l + a1 e7™#), 0), and e =
(=%, —ag, v). In Figure 3.13 we graph the critical energy states (ho, co); in Figure 3.14 we graph
the corresponding typical configurations. (The values oy =1 and «ay = % were used in both the
figures.)

3.3.32 THEOREM. The equilibrium states have the following behaviour:
(i) The states €, p <InS%t are (spectrally) unstable.
(i) The states €}, In% < p are stable.

(iti) The states €, 1 < $lncqad are (spectrally) unstable.
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Figure 3.13: Critical energy states for H 2,

(iv) The states e), p > |JIna ™ 2 are stable.

(v) The states e3 are stable.

3.3.33 Remark. The equilibrium state e), p = 3Inala2 is spectrally stable. However, we were unable
to determine its Lyapunov stability nature. We suspect that this state is unstable (see Figure 3.14f).

Proof. Let HA(p) = AlH|] a(p) + A2C(p). (i) The linearization of the system at e) has eigenvalues
Al = 0, A23 = te— Val—2e) Ae3) +ala2- Hence the states e), p < In0l1 are spectrally

unstable.
(ii) We consider that states e), In01 < p, p = Inal Let AL= 1 and A2 = —1 —2e/0iZa =
We have dHA(e)) = 0 and that d2HA(e)) = diag(a—/ ,aie-M-1,"y— —2) is definite when

restricted to the subspace W = span{(—a2,¢e),0), (0,0,1)}. Hence the states e), In01l < p,
p = Inal are stable. The state el ai is the origin and is therefore stable. Next, we consider the

ai , inai i
state e!” 2. We have H2g(e™ 2) = —Oi —ajr and C(e aﬂ) = Oi + a2. It is straightforward to
2 2 in-
show that (H2a)1(—01 —a2)n C 1( + a2) = {eln2}. Hence the state e™ 2 is stable.

(iii) The linearization of the system at e) has eigenvalues Al2 = + V2eMtraie/aia2 e 3 and
A3 = 0. Therefore the states e), p < lIlnala2 are spectrally unstable.

(iv) Suppose p > 3lnala2 and let Al= —1 —2e/+a and A2 = 1 We have dHA(e)) = 0
and that d2HA(e)) = diag(—a 22e/, +27,2) is definite when restricted to the subspace W =
span {(a2,e),0), (0,0,1)}. Hence the states e), p> 3Inala2 are stable.

(v) Let Al= 1 and A2= 0. We have dHA(e3) = 0 and that d2HA(e3) = diag (2,1,0) is definite

when restricted to W = span {(2v, 0,a1l), (0,v, a2)}. Hence the states eV are stable.
O
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Figure 3.14: Typical configurations for H 2a
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System Hia

The system Hia(p) =oaup1 +asps +pi+ %p% a1 > aiz > 0 has equations of motion
p1 = (az —p3)p2
P2 = —aaspr + (a1 + 2p1)ps
pa = —(a1 + p1)p2.

The equilibria are e} = (3(e” —a1), 0, L(1 —are™)), e = (=1(e"+a), 0, L1+ are™)),
and e = (—ay, v, az). When a; = as the set of unstable equilibria degenerates (see Figure 3.15);
we treat this case separately. In Figures 3.17 and 3.18 we graph the critical energy states (hg, co)
and the corresponding typical configurations. (We used the values a1 = 1, a3 = % for Figures
3.15i, 3.16, 3.17, and 3.18 and the values a3 = as = 1 for Figure 3.15ii.)

3.3.34 THEOREM. If a1 > as > 0, then the equilibrium stales have the following behaviour:

(i) The states € are stable.

(ii) The states ey, 3Inajad < p<Inay are (spectrally) unstable.

(iii) The state e, p=Incay is unstable.

(iv) The states €y, € (—oo,3Inaia?) U(Inay,co) are stable.
(v) The states € are (spectrally) unstable.

If ay = ag > 0, then the equilibrium states have the following behaviour:

(vi) The states €] are stable.

(vii) The state €5, 1 =1nay is unstable.

(viii) The states €, u# Inay are stable.

(iz) The states € are (spectrally) unstable.

3.3.35 REMARK. The equilibrium state e}, u = %ln 102, ag # as is spectrally stable. However, we were
unable to determine its Lyapunov stability nature. We suspect it is unstable (see Figure 3.18e).

PROOF. Suppose a1 > az > 0. Let Ha(p) = MHJ o(p) + XC(p). (i) Let Ay = ape™—1 and
A2 = 1. We have dH(ef) = 0 and that d?H,(e}) = diag (2c; 7,1+ g e7#,2) is definite. Thus
the states e are stable.

(ii) The linearization of the system at e; has eigenvalues \j2 = i%m\/e?’“ —as,
A3 — 0. Hence the states eg7 %ln alag < i <Incy are spectrally unstable.

(iii) Consider the equilibrium state e12Il = (—q1,0,a3). We have that

(t) B 4(041 + 043) . —2(041 + 043)2t e — 4(041 + 043)
P = 4+2(041 +043)2t2 b 2+ (041 +043)2t27 3 4+2(041 +043)2t2
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Figure 3.15: Equilibria of H2a

Figure 3.16: Critical energy states for H2a

Figure 3.17: Typical configurations for H2a



(b)

O]

(©)

)

Figure 3.18: Typical configurations for Hza .

cont.

(d)

@
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is an integral curve of the system H2a such that limt*_~ p(t) = e€nai. Let B be the open ball

of radius e = al+ a3 centred at the point e2nai. For any neighbourhood V cB £ of e2nai there
exists t0 < 0 such that p(to) G V. Furthermore ||p0) —e2nai |= \/2(al+ a3) > e, i.e.,, p(0) G Be.
Hence the state elnai is unstable.

(iv) Suppose p G (—to,3Inalal3) U(lnal to) and let Al= —1 —ale_Mand A2= 1. We have
dH”eg) = 0 and that d2™ ~ ) = diag (—2ale_M1l—ale_M2) is definite when restricted to the
subspace W = span {(a3,0,eM, (0,1,0)}. Hence the states e£, p G (—to,3Ina”2) U(lnal, to)
are stable.

(v) The linearization of the system at eV has eigenvalues Al = 0, A23 = tv. Thus the states
e3 are spectrally unstable.

When al= a3 the same arguments apply; item (ii), however, falls away.

O
System H?2a
The system
H®a(p) = alPl + azxr2 + 03"3 + p2+ 3p2 °2 > 0, ar >

has equations of motion

= 03P2—(a2 + P2)P3

2 = —03P1 + (al + 2p1) P3
= a2Pl —(al + P1)P2.
ho
Figure 3.19: Critical energy states for H2a

The equilibria are x, O+Xx, , X = —al, x = —lal. These points are the union of three

curves which have respective parametrizations

|l
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[0}

as(aq + et)
o+ 2eH

nwo _
1= <_QM_OZ17 ag + ojage™,

4042
eg — (iOJl tanh(,u) — %Oél, o — H»Tnh(u)’ %043(2 -+ e2l‘«)>
2041042 _
e = (o= U dou - ).

The first case corresponds to & < —a, the second to —a; <z < —%ah and the third to z > —%al.

The paraboloid (Hgya)_l(ho) and sphere C~1(cg) are tangent at a point p € so0(3)* if and only
if ho=HZ,(p), co=C(p), and [a1+2p1 o +pa 3] =k [2p1 2py 2ps] for some k € R.
Assuming p # 0, this yields p = (ﬁ, 2(5—_2%), g‘—:>7 Kk #£ 0, %, 1. In other words, apart from at

the origin, the level surfaces of H gya and C' are tangent at the points

03] a2 a3 1
e = , ,— |, k#£0,5,1.
<2(ﬁ—1) 2(k — 3) 2ﬁ> 7 0.2

We shall find it more convenient to use this parametrization of the equilibria (covering all equi-
librium points except the origin) in determining the stability nature of the equilibria. We note

that

e = e for l<ﬁ772e“+a1 <1, peR

! 2 2 (et +aq) B

1
KoM [ — 1
e" = e, for O<I€—2+e2u<2,M€R
2t o 2et o

KM f _ 0 In == = >1 > ln—.
S = or K 2e“—0z1< , < n2 or K el —ouy , W n2

In Figure 3.19 we graph the critical energy states (ho,co); in Figures 3.20 and 3.21 we graph

the corresponding typical configurations. (We used the values oy = %7 y = %7 a3 = % for these

figures.)
The polynomial following will be central to our discussion of the stability nature of the equilibria:

Po(k) = —a3 (1 — 3k + 2&2)3 + 1 (=8a3(k — 1)* — af(2k — 1)%).
3.3.36 LEMMA. The polynomial Pu(K) has ezactly two real roots k1 € (0,1) and k2 € (3,1).

Proor. We have that
Pa(—kK) = — a3 — 903k — 33a3k* — (of + 8a3 + 63a3) k° — (60 + 2403 + 6603) K*
— (1207 + 2403 + 3603) K° — (8a7 + 8aj + 8a3) K°.

Thus P,(—k) < 0 for kK > 0 and so P, has no nonpositive real roots. Furthermore, P,(0) =
2
—a3 <0, Pa(3) =2 >0, and Pa(l) = —a? < 0. Therefore P, has at least one root in (0, 3)

[
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@

(b) (©) (d)

O]

Figure 3.20: Typical configurations for Hz 5
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(@)

0} @

Figure 3.21: Typical configurations for H| a, cont.
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and at least one root in (3,1). As (1 —3k+ 2ﬁ2>3 >0, (k—1)>>0,and (2k—1)* >0 for x > 1,
it follows that P,(x) <0 for x > 1. Thus P, has no real roots in (1, 0).
It remains to be shown that P, has at most one real root in (0, %) and at most one real root in

(%, 1). Suppose & € (%, 1). Then we have that 1 —6x + 8x? >0 and so

%Pa(ﬁ)

= —48a3(k — 1)%5% — 6aik® (1 — 6k + 8K?) — 603(k — 1)%(3 + 2k(4K — 5))
o

1

2
< —6a3k% (1 — 6k + 8k%) — 6a3(—1 + K)2(3 + 26(—5 + 4k))
— —6(as — 2038)%(3 + 4(k — 1K) < 0.

Hence P, is strictly decreasing on (4, 1). Therefore P, has at most one real root in (3,1). Similar
computations, although somewhat more involved, show that P, is strictly increasing on (0, 3);

)
hence Py has at most one real root in (0, 3).
O

THEOREM. The equilibrium states have the following behaviour:

(i) The states €%, k € (%, K2), or correspondingly €y, p <In %, are (spectrally) unstable.

a1(2H2—1)

i=rg) » OT€ stable.

(ii) The states e, k € (k2,1), or correspondingly €/, 1> In

1—2K1

(iii) The states €, k € (0, K1), or correspondingly €, > %ln -

, are stable.

1—2K1
K1

(iv) The states e~, K € (K1, %), or correspondingly €, < %ln , are (spectrally) unstable.

(v) The states €, K € (—o0,0) U (1,00), or correspondingly €5, p # In<-, are stable.

(vi) The origin €5, p=1In% is stable.

REMARK. The states e™ and e"2 are spectrally stable. However, we were unable to determine
their Lyapunov stability nature. We suspect that they are unstable (see Figures 3.20e and 3.21i).

++/Pa(k)

\/5\/&2(1—3&+252)2 )
as k2 (1— 3ﬁ+2ﬁ2)2 >0 for K £ 0, K # 3, k# 1, we have a positive real eigenvalue if and
only if P,(k) > 0. We have that Pa(0) = —a% <0, Pa(}) = %% > 0, and P,(1) = —a? < 0.
Furthermore, by the foregoing lemma, P, has exactly two real roots k1 € (0,3) and k2 € (3,1).
Therefore Py(k) > 0 for k € (k1,k2) and Py(k) < 0 for k € (—o0, k1] U [k2, 00). Consequently,
the equilibrium states €%, x € (k1, %) and e, Kk € (%, k2) are spectrally unstable; all other states
are spectrally stable.

Consider the energy function Hy = AHZ, — AkC. We have dHx(e") = 0 and d?Hj(e") =
diag (2(1—k)A, AM(1—2k), —2kX). Suppose k € (—oo,0)U(1,00) and let A = —x. Then d?H,(e") =
diag (2(k — 1)k, k(2K —1), 2k2\) is positive definite. Therefore the states e, k € (—o0, 0)U(1, o0)
are stable.

ProoF. The linearization of the system at e has eigenvalues 0 and

Hence,
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On the other hand, assume that & € (0,1). It is a simple matter to show that p € ker dC'(e") if

and only if p; = (1—&)(20255(2;;04_31825—1)p3)7 i.e., kerdC(e") has basis

(Gamee) (amo),

The restriction of d?H)y(e") to ker dC(e”) is

_ (80‘%<“_1)3+0‘%<2“_1)3)>\ _dosas(s—1)3)
Q— a?(1-2k)2 204%&(2?—1% ,
_ dagas(r=1)%) _ 2(a3(r=1)*+afr)A
a?r(2k—1) afrk?

Suppose & € (0,k1) and let A = 1. Then the first minor —8a%<ﬁ;;zifg§535_l>g
1
2P, (k)

———2—~—. Hence, as P, is negative on (0,k1), we have det@ > 0 and so the states e~,

a?(1-2r)2k2"
2(04%(&— 1)3+a%53)

>0 and det@ =

k € (0,K1) are stable. Suppose k € (k2,1) and let A\ = —1. We have that — >0
1
and det@Q = _02(21#2(,:)2#' Hence, as P, is negative on (kg,1), we have det@ > 0 and so the
1
states €%, k € (k2,1) are stable. O

3.4 Relating cost extended systems to Hamilton-Poisson systems

In this section we give the Hamiltonian functions associated to each of the cost-extended systems
obtained in our classification, propositions 3.2.2 to 3.2.7. We also show which normal form, obtained
in our classification under affine equivalence, each of the associated Hamiltonians are equivalent to.
The proofs are in a sense constructive and provide the specific affine isomorphisms under which the
Hamiltonian systems are equivalent.

MATHEMATICA. The verification of the resulls of this section are contained in the Mathematica

file:
Thesis Mathematica\SO(3)\ Cost-equivalence\ SO(3) Pontryagin functor.nb

3.4.1 PROPOSITION. The family of Hamiltonians corresponding to (ES’D,XW) is given by

HOY (p) = apy + mp2 + 503

for a >0, n>0.

i) If n =0, then oY () s affinely) equivalent to Hi(p) = ps + 1p2.
" i 2P1

(ii) If n >0, then Héﬁ,’l)(p) is equivalent to H%ya\/ﬁ(p) = p1 + ay/mp2 + 1pi.
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Proor. Consider the Hamiltonian H&’D(p). If n =0, then T’(/Jﬁll = om oz/J7 where Hi(p) =
p2 + $p3, given that

01 o0
Giperp |l 00|+ [=et o o]
00 —1 :
On the other hand, if n > 0, then T - H21af = FIM, o 1), where Hzla\/( ) = p1+ a2 + 30,
given that
0 \/ﬁ 0
Y:p—pll 0 0 |+[a(l—m) 1—n 0].
0 0 —y7

g

3.4.2 PROPOSITION. The families of Hamiltonians corresponding to (X9, xl5) and (X9, x2) are
given, respectively, by

2,0

H{d ) = mpy s + 3 (0 + 403) M 20,0< B <1
2,0 1

H () = npa + 5 1+ 13), n>0.

Let G(p) = H{%0)(p) and G(p) = HE" (p).
(i) If ;1 = o = 0, then G(p) is equivalent to H?*(p) = p3 + %p%

(i) If m =0, 1o >0, then G(p) is equivalent to H} 5(p) = op1 + pi + 5p3, where § = mSV2

:

(i) If m >0, na =0, then G(p) is equivalent to H2276(p) = &pa+pi + 3p3, where § = 2(1’71_5)5

(i) If m,me >0, then G(p) is equivalent to H3 5(p) = d1p1 + dapa + p3 + 5p3, where &, = %
and by = ST it

(1-B)8’
(v) If 1 =0, then G(p) is equivalent to H'(p) = %p%

(vi) If n >0, then G(p) is equivalent to H}(p) = py + %p%

Proor. Consider the Hamiltonian Hﬁ%)(p) If m =mn =0, then T - H? = ﬁfﬁ,O) o 9, where
H?(p) = pi + %p% given that

8
0 20
Vip | V28 P.
2 0
0 0 —28
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If 71 =0, m2 >0, then T - ﬁ12,6 = ﬁfnoﬁ) o1, where H}4(p) = Mpl +p? + 1p3, given that

T Vi
0 25 0
: B(26-1
bipop| Y8y o | t]o ZEZL ol
0 0 —V2P

If m >0, 7y =0, then T - Fli(; = FIanﬁ) o1, where H3 5(p) = 2&’71_@5192 + p% + $p3, given that

0 25 0
. (28-1)
bipop |2 o |+ |%am 00
0 0 -2
72 _ 7720 _ mBV2 1 .
If n1,m2 > 0, then T - H§75 = Hy 5 01, where H§75(p) = :’j/f_—ﬁpl + 2\/(71]1_5)5172 +p3 + 3p3, given
that
0 2 0
. (28-1) B(26-1)
Yipep _\/15_% 0 o |t Es HaE )
0 0 —28

On the other hand, consider the Hamiltonian Héi’]m. If n =0, then T - H' = ﬁéi’lm o1, where
HY(p) = 1p?, given that

00 1
Yip—pl0 1 0
100

If >0, then TV - ﬁll = ﬁéi’]m o1, where Hi(p) = pa + %p% given that

0 — 0
gipop |0 0 Li4[ion 0 0.
10 0

REMARK. Note that in the proof above we have actually provided more details than necessary.
More specifically, considering the Hamiltonian Hf’oﬁ)? one can notice that the linear part of the
affine isomorphism is the same in each case. Also, the affine part is completely captured by the
case when 71,72 > 0. That is, if we allow 73 = 0 and/or 7, = 0 in this case, we get back the
previous cases. In the remaining cases we will not repeat the isomorphism for every subcase.

7 : : : (21) 1 (2,1) .3
PROPOSITION. The families of Hamiltonians corresponding to (Xa"", X;5,) and (X&', x3) are
given, respectively, by

21
HE ) = o +ape+aps + 3 (B4 393), @>0,020,7eR 0<f<1

21
HY D (p) = apr +p2 + & (03 +92) a>0,1>0.
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Then

(i) 1047,57( p) is equivalent to HZ 5(p) = S1p1 + Sap2 + 3ps + pT + 5p3, where 61 = %;

_ 1 V28y
% i T viss

(ii) If n =0, then Hé?o’i;(p) is equivalent to H'(p) = ip?.
(iii) If n >0, then Hé?o’i]) (p) is equivalent to H%yﬁn(p) = p1 +nvaps + ipt.

3.4.5 REMARK. Note that we do not consider the cost-extended systems (2&2’”,;(3,5) as, by slightly
relaxing the conditions on the parameters, they form a sub-case of the Hamiltonians corresponding
to the systems (E&Q’D,X}]m).

s

Proor. Consider the Hamiltonian H i om>5“/ Then T - H g 5= Hi om)ﬁ'y o1, where

H2 5(p) = 81p1 + 82p2 + 3ps + p? + 1p3

_ 0B, N V25 s+ p3 + L}
given that
—/20 0 0
B 28-1) (28-1
Yipep 0 V18 0 + (28 — 1) n2<(1/8_5)> ( 51_5)57 .
0 0 -
1-8
Note that §; = % >0 and 2 = W > 0. Also, we have that sign(ds) = sign(vy). If
01 < |d3], we can compose the affine isomorphism above with the linear isomorphism
0 0 -1
Yo :pr—>p |0 —1 0
1 0 0

to obtain the Hamiltonian H'(p) = d3p1 +dapa— 8103 +p% + %p% (We can then use diag (—1,1, —1)
to adjust the sign of &3 if necessary.)

Now, consider the Hamiltonian Hé M])( ). If n =0, then Tw)-H' = ﬁé?o’é?oz/g where H'(p) = 1p3,
given that
0
0| +[a 0 0].
—1

O = O

1
Yiprp |0
0

If n >0, then T - ﬁ21,om é o1, where Hj om( ) =p1 +Vanps + %p% given that

—1 0
Yip—pl|l 0 —Ja
0 0

0
0
—Ja

+[a—=1 (a—1)n 0].
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3.4.6 PROPOSITION. The families of Hamiltonians corresponding to the three-input cost-extended systems
(2<37O)7X(11,6»y)7 (2<370)7X;17'y)7 (E<37O>7X?7/8)7 (E<37O)7X76]) are given, 7'68]9661%"06[:[/, by

,nﬂv(p) =mp1+mp2+yp3+ 3 (p% + 5_11193 + %pg)

2175 O (p) = mp1 +12p3 + 3 (p% +pd 4 %pg)

317,3(17) =mp1 +mps+ 5 ( + 51172 + ﬁ_llpg)
o) =mpr+ L (02 + 03+ p2).

Here m,m2 >0, 0 < B2 < 51 <1, and v € R. Il follows that:

(3,0) . . 2 o 2,12 \[771(51 52)
o Hy 5. (p) is equivalent to H 5(p) = d1p1+02p2-+dsps+pi+3p3, where 61 = e
(5 7]251( /82) d (5 _ \/5"/(1—51)52 .
2 2 /Bali- ) 08 V/B1(B1—B2)(1-B2)

. Hf;]m (p) is equivalent to HY () =mp1.

Let G(p) = H) (p) and G = H{) (p).
o If n1,m >0, then G(p) is equivalent to 2mxﬁ( p) = p1 + m\/T2p2 + 307
o If ;1 =0 and n2 > 0, then G(p) is equivalent to H}(p) = %p%
o If 11 >0 and ny = 0, then G(p) is equivalent to Hi(p) = pa + %p%
o If ;i =1 =0, then G(p) is equivalent to H(p) = 3p3.
e If m,m2 >0, then G(p) is equivalent to Hgmm(p) =p1+my/Mmp2 + %p%
o If ;1 =0 and n2 > 0, then G(p) is equivalent to Hi(p) = p2+ %p%

e If 71 >0 and ny =0, then G(p) is equivalent to Hi(p) = 1p?.

3.4.7 REMARK. Note that we do not consider the cost-extended systems (%30, X23y) OF (2(3,0)%%).
By slightly relaxing the conditions on the parameters, these systems correspond to a sub-case of
the Hamiltonians corresponding to the systems (E<3’O>,X}lm).

Proo¥F. First, consider the Hamiltonian H<3’O>(p). Then Tz/wﬁgﬁ = ﬁi?ﬁ%vom where H§75(p) =

. ZAL20 Vo (1518 2 102 ion that
V/B1Ba2(1— p1 + NE= p + NACE S >p3 +p{ + 3p5 , given tha
__ 28183 . T

(15 0 0 m28 5 —515)

buy/By Sr(25a 5B

: 0 T T Y o 0 m2P1 2—P1—P152
vipep (1=B1)(B1—B2) + 2(1—-B)(FL—F2)

0 0 . Bav2B1 ¥B2(2B2—51—B152)

(1—52) (B1—52) (1=52)(B1—P2)
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Note that the linear part of the isomorphism is independent of the variables 7,7, and . Thus
the affine isomorphism given above, is the correct one for any allowable choice of the constants
m, 2,7, 51, and fa. For example, if 7y = o = v = 0, then the system H£3’O> (p) is equivalent to

the system HZ(p) = p? + 2p3 under the above affine isomorphism (with 1 =7, = = 0).

Now, consider the Hamiltonian Hégn%) (p). Assume 1,712 > 0. Then T - ﬁ% Hég’nog o1,

7771\/% -
where Hy, o (p) = p1+m/f2p2 + 5p7 , given that
V232
0 =5 0
r(/] PP 0 0 V1282 + N1 (1-12)B2 0 (1=12)p2

132 1-82 1-52

B
1_252 0 0

Note that the linear part of this isomorphism depends on 7. Thus we cannot use this isomorphism
in the other sub-cases. If 7, = 0 and m > 0, then Ty - Hi — Héi’;g o9, where H{(p) = 3p?,
given that

O \/77?52 O
Yipesp 00 yur | gl 0 ],
0 0

If 71 >0 and 7y =0, then T - Flll = ﬁég’(g o1, where Hi(p) = pa + %p% , given that

B2
0 771<1_52> ﬁ? 8 (7]2 1)
. 2 2 -
Yip=p| O 0 m(1—p52) T {771(11—52) 0 0.
B2
1-5 0 0
2

If nn =n2 =0, then Ty - ﬁ(} = ﬁég(g o9, where H}(p) = p?, given that

0 1 0
Yip—p| 001
B
1_252 0 0
Next, consider the Hamiltonian Hégé(g(p). Assume 11,12 > 0. Then T - ﬁ21m2 = H;E,S,}(,)(a) o1,

where Hy, q(p) = p1+n2y/Mip2 + 507 , given that

_ B
1-81 0 \ﬁO/B
. P Brlm—1) B1lmi—1)
Yipp 0 0 5 | T 11?151 0 = 11_7’511
O _\/77151 O
1-81

Again, note that the linear part of this isomorphism depends on 7, and thus we cannot use this

isomorphism in the other subcases. If 71 =0 and 72 > 0, then T - ﬁll(p) = ﬁégn(g (p) o ¢, where

Hi(p) = pa + 3p3, given that
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B1 0 0

e 8 51 (1-n3)

. P {1l

Yip=p| 0 (/)81 m=8) | 70 0 5

w0
If ;4 >0 and 1, =0, then T - ﬁ&(p) = Hé?’n%) (p) o ¥, where Hl(p) = %p% given that
B
1_%1 0 0 5
gipep| 0 1 0|+ [BE 0 0.
0 0 —1

Lastly, consider the Hamiltonian H, ﬁ’]O)(p). Clearly this system is equivalent to H Rm (p) = mp1 as

(G = 1¢) ) = HY,, (o).

3.5 Trajectories on SO(3), SU(2) and S*

We begin this section with a presentation of the results for obtaining the extremal trajectories on
the Lie groups SO(3) and SU(2), and their associated homogeneous space S?. This work recalls
the results of Jurdjevic [33, 34] and Biggs and Holderbaum [15]. The results of these works are
given here for completeness and to fix notation. The approach outlined in this section will be used
in chapter 6 to investigate several illustrative examples of optimal control problems on SO(3).

There exist isomorphisms between the vector spaces R? 2 s50(3) = su(2), explicitly given by

x 0 —x x . .
1 3 2 1 121 Xy + s
ro| — | 23 0 21| — = . . (3.12)
2 |—x2 + ixs —ixq
I3 —X2 s} 0

As SO(3) (and SU(2)) is a simple Lie group it follows that any element p(t) € so(3)* can
be identified with an element p(t) = p1(t)E1 + p2(t) E2 + p3(t)Es € so(3). This identification is
obtained using the nondegenerate Killing form, with exists for all (semi) simple Lie groups. Using
this identification, it follows that the extremal equations Zp(t) = {p(t), H} (of a given Hamilton-
Poisson system) can be expressed in the dual form

p(t) = [p(t), dH(1)]. (3.13)
The equations of motion on the group can then be expressed using the equation

WO ynyar) = o=, u(w). (3.14)

The equations (3.13) and (3.14) are what are known as the Lax-pair equations.
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On SO(3) it follows that

0 _9H 9oH
oH 81)3 8%)% O _p3 p2
dH(l) = o a?{ —apr | - pt)=|ps 0 —p1]. (3.15)
~Opa Bt 0 —Pp2 o 0

To derive the equations for the optimal trajectories g(t) € SO(3) it is useful to consider a
particular solution of g(t)p(t)g(t)~' = p(0). As SO(3) acts transitively on the sphere there always
exists a go € SO(3) such that p(0) can be conjugated to gop(0)gy' = /CoF1. (Recall that
co = C(p(t)) = p? +p3+ p2.) This conjugation, which corresponds to the adjoint action Ad,,, does
not change the orbit we are on, and thus by fixing our initial point on the sphere (adjoint orbit) to
be \/cgl; we are in essence solving the same problem which is just computationally simpler.

REMARK. In this section we will assume that p3 +p2 # 0. This assumption turns out to be true for
any Hamilton-Poisson system associated to one of the controllable systems on SO(3) we obtained
in our classification of systems under detached feedback equivalence.

Extremal curves on SO(3)

Let ¢1, ¢2, ¢3 denote the coordinates (Euler angles) of a point in SO(3) given by the formula

g(t) = exp(¢1 E1) exp(p2 Ba) exp(ps ) (3.16)

COS @2 sin ¢ sin ¢ COS @3 sin ¢g
= | singisings  cos @1 cos ¢z — cos@ssin @y sings  — cos P2 cos @3 sin ¢ — cos ¢ sin @3
—cos¢rsin¢y  cos Pssin @y + cos @1 cos P2 sin s cos P COS P2 cOs Pz — sin ¢y sin @3

It then follows that

p(t) = exp(—@s L) exp(—p2F2)\/coly exp(p2 k) exp(ps Fr)

0 —cos(¢3) sin(¢pz)  sin(¢p2) sin(¢ps)
=/co | cos(¢s)sin(¢2) 0 — cos(¢2)
— sin(¢s) sin(¢s) cos(¢2) 0

Equating the above expression for p(t) with equation (3.15) then gives that

VD3 + D3

cos(¢p) = 5—%, sin{¢o) = £ NG
cos(¢z) = + bs 4 2

— sin(¢3) = .
N N

In order to obtain an expression for ¢; we substitute the coordinate expression for ¢(t) into
equation (3.14), which yields
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dg(t) I 0 —cos(¢3) sin(¢2)  sin(¢2) sin(¢s)
g(t)_17 = ¢1 | cos(¢s)sin(¢2) 0 — cos(¢2)
|—sin(g)sin(gs)  cos(g) 0
[ o sin(¢3) cos(¢s) [0 0 o
+ @2 | —sin(¢3) 0 0 +¢3 |0 0 —1
| —cos(¢a) 0 0 01 0
Equating this to dH () in equation (3.15), and simplifying, then gives
. NGE <8H OH )
=2t s ).
"R R o o

Extremal curves on SU(2)

Again, as SU(2) is (semi) simple, we can express the equations of motion in Lax-pair form, where
now

dH (1) ! afj% oH g_g +a§{% p(t) 1 { 1 P2+ ips (3.17)
2 |~ Tiops o, 7 2 |[—p2+ips  —ip

(See appendix A.2 for details of SU(2) and its Lie algebra su(2).) Let 1, 2,3 denote the
coordinates of a point in SU(2) given by the formula

g(t) = exp(p1F1) exp(p2F2) exp(psFr). (3.18)

From the particular solution we are interested in it then follows that

p(t) = exp(—palF1) exp(—p2F3)\/co 1 exp(p2la) exp(ps )
_ iy/co | cos(ypa)

2 |e¥3sin(py) —cos((pa)

e_iSOS

Equating the above with equation (3.17) then gives that

) )

. Py + D

cos(p2) = Nk sin{pg) = + 200 3
cos(ps) = £ ps sin(ps) = + P2

N RS

N R

In order to obtain an expression for ¢ we substitute the coordinate expression for g¢(¢) into

equation (3.14), which yields

icos(p2)

_1dg(¥) _ o1 '
i e"P3 sin(s)

9O = 3

i e7%3 sin((po)
—icos(p2)

e_iSOS
0

0

P2
5 | givs

2

s
2

R

Equating this to dH () in equation (3.17), and simplifying, then gives
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) V¢ <8H oH >
p1 = — D2+ —D3).

p3+p3 \Op2 ~ Ops
The above function is a meromorphic function of time and can thus be integrated to obtain (.
This result illustrates that integrating on SU(2) gives exactly the same expressions for optimal
paths in local coordinates (or, Euler angles) as integrating on SO(3), i.e., ¢; = ;. However, the

solutions g(t) are expressed much more compactly on SU(2).
Explicitly, we obtain the expression

2
Clion lio Zlio 14
—e T 2Wled"sgin(F) e 2%le 23 cos(F

g(l) = [

/1

coS(ﬁ) - + c08(2) - Voo L i

2 2 2\/co
_p2y - [L—cos(p2)

sin( 5 ) = 5 = 5

1 1
obivs <vp3+p§+p3>2 4 \/p§+p§—p3>2.

i VP2 trs—ps
2v/P3 +p3 2v/P3 +p3

02101 g2iP3 cos(£2) 0211 o213 sin( %
)

with

E

— M

g

Extremal curves on S2

Having solved for the optimal curves in the group it is also of interest to study the projections on
to the base space (homogeneous space) S? = SO(3)/SO(2). For example, given a sub-Riemannian
structure on SO(3) one can project it down to its homogeneous space S?. This projection endows
S? with the structure of an almost-Riemannian manifold. These structures arise in problems of
population transfer in quantum mechanics and in the problem of orbital transfer in space mechanics
(see [14] and references within). The projections onto S? are the same for SO(3) and SU(2). For
SO(3) this projection is done by multiplying the matrix (3.16) on the right-hand side by the vector

ei=1[1 0 ()]T7 which yields # = g(t)ey = [x1 22 $3]T7 where

21 = cos(p2)
xy = sin(py) sin(ypz)
x3 = —cos(y1) sin((ps).

In the case of SU(2), with g(t) given by equation (3.18), the equivalent projection

O A

gives an element of SU(2) isomorphic to S? through equation (3.12). Therefore, substituting in
the expressions obtained for SO(3) (or, SU(2)) we obtain the extremal curves # € S?, explicitly
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given by:
P1
ry = ——
€o
2 2 t [ OH oH
2V, P2+ 503
v/ Co 0 05 + 03
2 2 t [ OH oH
2V, P2+ 503
X3 = :F7p2 + 1 cos | \/co Op2Tc  Ops 5 853 dt
v/ €o 0 05 + 03

Clearly this projection is onto the unit sphere as p? + p3 + p32 = co.
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Chapter 4

Control systems on SO(4)

This chapter is dedicated to the investigation of control systems on the orthogonal group SO(4).
We begin with an introduction of the algebraic, topological and geometric properties of the Lie
group SO(4) and its Lie algebra so(4). A characterisation of the adjoint (and thus the coadjoint)
orbits is given, as well as the relations between the three isomorphic Lie algebras su(2) x su(2) =~
s50(4) 2 s50(3) x50(3). We also classify, under £-equivalence, all left-invariant control affine systems
on the group SO(4).

4.1 Preliminaries

The orthogonal Lie group SO(4) is given by
SO(4) = {g eGL(4,R) : gTg=ygg' =1, detg = 1}.
This group is a (real) six-dimensional, semi-simple, compact Lie group. Its Lie algebra is given by
s0(d) = {A eR . A4 AT = o}

which has standard basis

000 0 0 0 0 0 00 0 0
000 0 0 0 0 1 00 —1 0
s s s
El*()()()—l E2*0000 E3*0100
00 1 0 0 -1 0 0 00 0 0
0 —1 0 0] 0 0 —1 0] 0 0 0 —1T
s (1 0 00 s (000 0 0 s« |00 0 0
E‘foooo E5*1000 E6*0000
0 0 0 0 00 0 0 1 0 0 0

The basis elements satisfy the commutator relations given in Table 4.1.

95
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EY B | Ly | B§ | By | Eg
EP |0 L3 —FE5 10 L —F;
ES | —E3 |0 £} —Fg | 0 Ej
E3 | ES —FE{ 0 EE —Ej |10
Ef|0 E§ —EZ 10 E3 o
Ef| —E5 |0 £y —F5 10 E}
E§ | EE —FE; |0 Es —FE{ 0

Table 4.1: Commutator relations for the standard basis of so(4)

Relation to s0(3) x s0(3)

Let
0 0 O 0 0 1 0 -1 0
E, =10 0 -1 Ec=10 00 Es=1|1 0 0
01 0 -1 0 0 0O 0 0

be the standard (ordered) basis for so(3). The map ¢ :s0(3) @ s0(3) — s0(4), given by

0 —a3 0 -y s 0 —xity —w2ty2 —w3tys
o S U ys 0  —uy e 0 —T3—Ys T2+ Y2
2y 1 0 | -y2 0 2 |P2=Y2 @31 Ys 0 —r1— Y1
T3—Ys —X2—Y2 X1ty 0
is a Lie algebra isomorphism. The natural basis of so(4) is given by
Ly =< (B, 0) i—1,2,3
Ej=<-(0,E;_s) j=4,5,6.
Explicitly, we have
[0 —3 0 0] 0 0 -1 0] 000 0 1]
1 1 )
5 0 0 0 0 0 0 3 00 =L o
_ |2 _ 3 B !
0 0 3 0] 0 -1 0 o L0 0 0]
[0 5 0 0] [0 0 % 0] [0 0 0 4]
1 1 )
- 0 0 0 0 0 0 3 0 0 =% o
O R N K A
[0 0 3 0] 0 -1 0 0 -1 0 0 o

This choice of basis proves to be the most convenient for our investigation. The commutator

relations for the natural basis are given below (see Table 4.2).
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| | B [ B | Bs | By | Bs [ B |

E; 0 Es | —F5 0 0 0
Es|| —F5 0 E; 0 0 0
Es|| FEy | —E 0 0 0 0
E4 0 0 0 0 Es | —FE5
Ex 0 0 0| —FEs 0 E4
Es 0 0 0 Es | —F4 0

Table 4.2: Commutator relations for the natural basis of so(4)

4.1.1 PROPOSITION. The map s : s0(4) — s0(4) given by

Uns(x1 B + w22 + xabs + va By + x5 Es + x6E)

1
=3 ((x1 + xg) BT + (w2 + x5)ES + (23 + w6) B3 + (1 — 24) B + (22 — a5) EE + (3 — v6) E§)

is a Lie algebra isomorphism between the natural and standard basis of so(4).

Relation to su(2) x su(2)

1[i 0 1[0 1 1[0 i
F:— F:— —
o {0 ——i}’ 272 {-—1 0}’ Fs=3 {i 0}

be the standard (ordered) basis for the Lie algebra su(2). The commutator relations are given by

Let

[F1, Fol = F3, [Fy, Fs) = Fy, [Fs, 1| = Fs.
The map < : s0(4) — su(2) @ su(2) given by

0 —bi —by —b3

by 0 —az ao o 1 (a1 + b1)i (as + b2) + (as + bs)i
by  as 0 —a1 2 —(a2 + bg) + (ag + bg)i —(a1 + bl)i ’
bg —9 a1 0
1 (a1 —by)i (ag — b2) + (az — bS)Z})
2 —(a2 — bg) -+ (a3 — bg)i —(a1 — bl)i
where a1, as,as, b1, b2, b3 € R, is a Lie algebra isomorphism. Again, the natural basis for so(4) can
be given by
E; =gt (I,0) i=1,2,3

Ey =" (0,Fj_3) j=4,5,6.
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PropOSITION. The following Lie algebras are isomorphic
su(2) @ su(2) > so(4) > s0(3) @ so(3).
In fact, 305 :50(3) ®s0(3) — su(2) ®su(2) is such that

socs-(E;,0) = (F,0), i=1,2,3
o -(0,E) =(0,F), i=1,23.

These relations will prove useful in the investigation of control systems on SO(4).

REMARK. From this point on when we refer to the basis of so(4) will mean the natural basis. We
will be explicit when referring to the standard basis of so(4).

In this chapter we will be considering the following types of optimal control problems. Let
Y. = (SO(4),Z) be a left-invariant control affine system. An optimal control problem on SO(4) is
given by

g(t)
9(0)

g
T
J = / u(t) T Qu(t)dt — min.
0

g(t) 2(1,u(t), g():]0,T] = SOM4), u(-) : [0,7] — R

go, 9(T)=g1, go,g1 €SO(4), T >0 fixed 1)

Here @) is a positive definite £ x £ matrix. These systems are different from the ones considered
on SO(3) as here we only consider quadratic cost functions, i.e., not quadratic affine cost functions
(here 1 = 0). When considering optimal control problems on SO(4) we will also restrict ourselves
to the case when the underlying control system is homogeneous. Under these restrictions we
cannot consider a general classification of cost-equivalent systems, even when restricting ourselves
to homogeneous control systems. However, our interest is primarily in the investigation of quadratic
Hamilton-Poisson systems on so(4)* . This investigation can be done without considering the cost
equivalence of cost-extended systems on SO(4).

Automorphisms

LEMMA. The group of inner automorphisms of so (4) is given by

Int (50 (4)) — { ﬁ’)l 122} b, s € 50(3)}.

For convenience we will identify an inner automorphism ¢ = {1/11 0 } with the pair (171,159).

0 4

PROPOSITION. The group Aut (so (4)) is generated by Int (so (4)) and the swap automorphism ¢ =

01
1 0

. Moreover, the group of automorphisms decomposes as a semi-direct product:

Aut (s0(4)) = Int(so(4)) x {1,(}.
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PrOOF. Let M € Aut(so(4)). We show that there exist Ni,..., Ni € Int(so(4)) U ¢ such that
NlNkM = 1. Write

(a1 az az a4 as ag]
bl bg b3 b4 b5 b6
€1 C2 €3 C4 C5 Cg
d1 d2 d3 d4 Cl5 d6
€1 €2 €3 €4 €5 €

L1 fe fs fa s fel

There exists a rotation ¥y € SO (3) such that 1/11~[a1 b cl]T = [a’l 0 O}T with @} > 0. There
T

exists another rotation ¢/, preserving [a} 0 O}T7 such that ¢ - [az b2 CQ]T = [a} b, 0]
with &, > 0. Therefore the top-left block of (¥},1)- (¥1,1) - M is

! ! !
ayp Gy as
/ /

0 b U
/

0 0 5

Similarly, by the application of an automorphism (preserving the top-left block), the entries ey, f4,
f5 can be made zero and the entries d4, es can be made nonnegative. Thus there exists an
automorphism Nj such that Ny - M = M’, where

[ay ay ay ay ap ag
0 05 by by b5 b
0 0 ¢ d o c
a4 d )
ey ey e 0 el e
Lfiofe S5 000 il

/ / / /
and a), b5, d, ex > 0.

As M’ is a Lie algebra automorphism, M’ [E;, E;| = [M'- E;, M’ - Ej], i,j7 =1,...,6. Hence
! ! / ! ! ! VR N AN ) VN BN | VN i N ) J AN B J VAR A J )
ay, ay, by, di, di, ep are all zero. Also o) = bhch, U, = acy, o5 = albhy, dy =erfi, er = d f§, and

J¢ = djek. Consequently, the diagonal entries are either all zero or all one.

Suppose the diagonal entries are all one. Then

1 0 0 a) af af]
/ / /
0 1 0 b;l 5 U
0 0 1 ¢ ¢ ¢
M — 4 C5 Ce
dy dy dy 1 0 0
el ey et 0 1 0
i fa f3 000 L]

Again, we impose the condition that M’ preserves the Lie bracket. Simple calculations show that
M =1.

Suppose the diagonal entries of M’ are all zero. Then
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(dy di dy 0 0 0]
e% e%) eé 0 0 0
0O 0 0
| Ja Ts T
¢ M 0 0 0 da) da, df
0 0 0 b b, b
0 0 0 o ) o]

A similar argument shows that there exists an automorphism Ny such that Ny - (- M’ = 1.

4.1.6 PROPOSITION. We have that dAut(SO(4)) = Aut(so(4)).

PrOOF. Let ¢ :SU(2) x SU(2) — SO(4) be the universal covering. It then follows that ker(q) =
(1,1) U (—1,—-1). Then, according to proposition A.1.10, it follows that if ¢ € Aut(so(4)), then
¥ € dAut(SO(4)) if and only if ¢(kergq) = kerg. Clearly, every inner automorphism (i1,v2) €
0 o] € daut(so()).
Now, if we consider the standard basis of su(2) and the natural basis of so(4), then T1q = 1. Also,
as SU(2) x SU(2) is simply connected, there exists a unique ¢ such that Ty¢ = (Tyq)~' - ¢ - Tiq.
Let (A, B) € su(2) x su(2) such that exp((4, B)) = (exp(A), exp(B)) = (1, 1). It then follows that

¢((1,1)) = ¢lexp((4, B))) = exp(T1¢ - (A, B))
p((B; 4))
p(B), exp(A))
1).

dAut(SO(4)). Thus we need only check that the swap automorphism ¢ = {

ex
= ex
= (ex
= (1,

Similarly, ¢((—1,—1)) = (=1, —1), which implies ¢(ker ¢) = kerq. Hence, ¢ € dAut(SO(4)). O

Let (L}, E3, ES, B}, B, I5}) denote the dual of the natural basis. We shall write an element

p= Z?leiE;‘ € so(4)* as [pl P2 P3 Pa D5 p6]. The group of linear Poisson automorphisms
(being the dual of the Lie algebra automorphisms) are given by

Aut (s0 (4)*) = Int (so (4)) x {1,(}.

Adjoint orbits

It is well known that there exists two functionally independent Casimir functions for the (minus)
Lie-Poisson bracket on so(4)*. In the natural basis the Casimir functions are given by

Ci(p) =pi+p3+p3 and Ca(p) =pi+p2 +pa.

As so0(4) is semi-simple, we can identify the Lie algebra so(4) and its dual space by using the
Killing form. Let X = Z?:1 ziF; and Y = Z?:1 yiF;. We shall use the pairing given by

<X7 Y> —1 ICBU Z T3l
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(Given our choice of basis the Killing form has the matrix Kgo4) = diag (-2, -2, -2, -2, -2, -2).)
Then, each curve p(-) € so(4)* is identified with a curve p(-) € so(4) via the formula (p(t), X) =
p(t)(X) for all X € so(4)*. (We use the same symbol, p(t), for a curve in so(4) and so(4)*. It will
be clear from the context which is intended.) Hence, there is a one-to-one correspondence between
the adjoint and coadjoint orbits of SO(4). Given p € so(4), let c¢1 = Ci(p) and cz = Ca(p).
Generic adjoint (coadjoint) orbits are then exactly the level sets Orb(p) = (C7 x C3)~!{ey, ca),
c1,c2 > 0. In this basis it can readily been seen that the adjoint orbits of SO(4) are given as
follows. (The following result is a slight modification of the one given by Birtea et. al. [27].)

THEOREM. ([27]) Denote by S2 the sphere in R® of radius r. If c1,c2 > 0, then the adjoint orbit
is given by Orb(p) = S?/E X Sf/c—z, and hence is reqular. If either ¢y =0 or co = 0, then the adjoint

orbit is given by either {0} x Sf/a or Sf/a x {0}, respectively, and so is singular. If ¢ = co =0,

then the adjoint orbit is just the origin of so(4) and so is singular.

Closed form solutions via SU(2) x SU(2)

The results in this section follow closely that of Biggs and Holderbaum (see [19, 34, 36]). In this
section we present an approach for obtaining the solutions g(¢) € SO(4) corresponding to the
optimal control problem (4.1). Using the fact that SU(2) x SU(2) is a double cover of SO(4) we
can decouple the system on SO(4) into two lower-dimensional systems. The solutions can then be
computed for each of these lower-dimensional systems. The solutions of the decoupled systems can
then be projected back to the original system on SO(4). We now show how this coupling can be
achieved.

Using the pairing in the previous section, (-,-) = —%IC50<4)(~, -), it follows that the extremal
equations can be expressed in the dual form
p(t) = [p(t), dH ()] (4.2)

and the equations of motion on the group can be expressed using the equation

dg(t) -

—g ~ IWAH({) = g(O=(L, u(?)). (4.3)
The equations (4.2) and (4.3) are what are known as the Lax-pair equations. These equations can
be used to represent the equations for the Riemannian, sub-Riemannian, elastic and mechanical
problems, where each problem differs by the appropriate left-invariant Hamiltonian H. On SO(4)
it follows that (in our choice basis)

i 0 _9H + OH _O0H + 9H _0H + OH
P P p) p) ) P
. g—H—g—H p10 P4 —g—lﬁ—gﬁ g—ﬁ3+g—6
dH50(4) 9 ﬁ _ ﬁ OH | 9H pg() P _gﬁ _ gj
Ip2 Ips opa Ipe op1 opy
OH O0H _90H 0H  0H + oH 0
LOp3 Ipe Op2 Ips op1 Op4
0 —p1+ps —p2+ps —p3 s
p(t) — Lipi—pa 0 —p3—Ps P2+ D5
2 |p2—p5 D3+Dps 0 —P1 — P4
1P3—Ps —DP2—D5 DP1+D4 0
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Recall that for su(2) we have

OH oOH OH . R
dHg ) = . 8I§8 OH op2 +a£r% p(t) = L o b2 + P3|
su(2) 2 ~ s + laps _i% 7 —p2 +1ip3 —1P1

Then the system defined by (4.2) and (4.3) can be decoupled into a system on SU(2) x SU(2). Here
(g1(t), g2(t)) € SU(2) x SU(2) are the solutions of the following differential equations

g1(t) = g1(t)dH 4, p(t) = [p(t), dHa(t)]
g2(t) = g2(t)dHp, p(t) = [p(t),dHp(1)]
where
1 90 + 2K 1 o + 2L
dH,4 = = 8H8p1 o 81)2 o 81)3 dHg = = [ 8H8p4 or 8p5 8H8p6
2 [_3_172 + " ops _Zapl 2 Bps + " ops Zam
1 ip1 P2 + lps} 1 { P4 ps + ip«s}
t) == , , ) = = , .
pal® {—pz tips  —ip e =5 | i —ipa

The main difference between the work presented here and that of Biggs and Holderbaum [19], is
that they identify the equations of motion on SU(2) x SU(2) (decoupled system) with the the
equations of motion on SO(4) with respect to the standard basis on so(4). This results in slightly
more complex solutions for dH 4 and dHpg. (Their expression for dHg,4y, however, is simpler.)
The choice of the natural basis is convenient here as the system is essentially already decoupled.

Consider the following set

{1{%04‘1@1 ro + i3
S=<= . .
2 |—xo +ixs ®9 — X1

| 20,21,22,23 € R} . (4.4)

For any element z € R? we associate an element Z € S via the mapping:
20
N 21 1| z0+4iz1 20+ 1iz3
z= = = , o
292 2 |—22 +izs zo—iz1
<3

The following result then holds.

THEOREM. ([35]) The homomorphism ® : SU(2) x SU(2) — SO(4) is defined through the following
equivalent group actions:

for g(t) € SO(4) if and only if

where gi(t), g2(t) € SU(2).
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Then, using the projection
gl(t)Zgg(t)_l =Wm—we R4

and the equivalence of the group actions, implies that the solution g(t) € SO(4) can be constructed
by associating each column of ¢(t), denoted by w;, ¢ = 1,2,3,4, with each corresponding basis
element of the orthonormal frame {ey, e, e3, es} (the standard basis for R*). This is done using
the projection w; = g(t)e;, i = 1,2, 3,4, with each element of the orthonormal frame in S (4.4).
That is,

1 10 _ . 1 0 — .

O N PO T R VIO A PRORSS
1 0 1 _ N 1 0 4 _ .
S91(1) {_1 0} g2(t) ™" = Wi > iy 591(0) L é} g2(t) ™! = Wy iy

where

4.2 £-equivalence

4.2.1 Homogeneous systems

In this section we classify the homogeneous systems on SO (4). We may assume that =(1,0) = 0,
as any homogeneous system is equivalent to such a system by use of some reparametrization.
We distinguish between the number ¢ of controls involved; this yields six types of systems. For
each of these types we simplify an arbitrary system by successively applying automorphisms (as
well as considering reparametrizations of the system). Finally, we verify that all the candidates
for class representatives are distinct and non-equivalent. Families of representatives are typically
parametrized by some vector a = («;) or some scalar (.

Any automorphism of so (4) preserves the dot product Ae B =39  a;b;. (Here A =39  a;F;
and B =% b;F;.) Let T+ denote the orthogonal complement of a subspace I' C 50 (4).

LEMMA. Suppose T, I are subspaces of so(4) and ¥ € Aut(so(4)). Then ¥ -T' =T if and only
if - T+ =T+,

PROOF. As ¢ is an isomorphism we only need show that 1-T+ C T, Let o € Aut(so(4)), A €T,
and B € I't. Then, as these mappings preserve the inner product on so(3) x so(3), it follows that
0=AeB—=1 Aet-B. Now /- A el and thus by definition ¢ - B € T't. Hence ¢ -I't C T't.
The argument for the converse is almost identical.

O

The classification of the (6 — £)-input systems therefore follows from the classification of the
£-input systems. Hence, we need only classify the single-input, two-input, and three-input systems.
The results for the four-input and five-input systems then follow as corollaries. (The classification
for the six-input systems is trivial.)

When convenient, an f-input homogeneous system . : g S0 BiE; + - +ue Y20 B E; will
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be written (in matrix form) as

ol bl
o My| ' .E
M) 6 5
0 b

Here My, My € R®**. The evaluation v - =(1,u) then becomes a matrix multiplication. Accord-
/

ingly, two f-input homogeneous systems 3 : {%; and ¥/ : {Mz

there exist an automorphism ¢ € Aut (so (4)) and K € GL (¢,R) such that
My . [Ml
v o) - L)

(K corresponds to a reparametrization Z(1, Ku) of the system 3..) More precisely, > and >/ are
equivalent if and only if there exist Rj, Ry € SO (3) and K € GL (£,R) such that

} are equivalent if and only if

(RiM K = M| and RoM,K = Mj})
or  (RiM;K =M] and RoM K = Mj).

The singular value decomposition (SVD) (see e.g., [44]) turns out to be useful in classifying sys-
tems. For any matrix M € R™*"™ of rank r, there exist orthogonal matrices U € R™*™_V ¢ R™**"?
D 0
0 0

- > 0, > 0. Specialised forms of the SVD (stated as lemmas) will be used in classifying the
two-input and three-input homogeneous systems.

For each theorem and corollary, we include a remark about which representatives are controllable
(i.e., have full rank). The method of determining which systems are controllable is dealt with in
appendix E.

and a diagonal matrix D € R™*" = diag(oy,...,0,) such that M =U { } VT with o >

THEOREM. Any single-input homogeneous system is equivalent to 2(51,0) : uw(Eqy + BEy) for some

0 < B < 1. Here B paramelrizes a family of class representatives, each different value corresponding
to a distinct non-equivalent representative.

REMARK. Clearly, no single-input homogeneous system is controllable.

ProoOF. Let ¥ : {%1} be a single-input system. (Here Mj, My € R3%1)) We may assume that
2

My # 0. (If not, consider > : (- {%1} .) There exist Rj, Ry € SO (3) such that
2
1 [| M2
oM 1 0 d o M 1 ||
1M o = an 2 M2 = = 0
AR A
(Here || -|| denotes the usual Euclidean norm) . Thus X is equivalent to ' : wi(FE; + H%iHE‘l)
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[l M| [ Mz
Yoou (B + %E@. Hence X is equivalent to 2(51,0) for some 0 < 5 < 1.

If H%ﬁ” > 1, then we have ( - <E1 + ”M2”E4> = <E1 + ”Ml”E4>7 and so X is equivalent to

Suppose Eg’o) and 2(51/,0) are equivalent. Then there exist Ri, Rz € SO(3) and k£ # 0 such
that
[1 1 5] (5]
R1 0 = |0 and R2 Olk=10
K 0 0] A
3 1 1] (5]
or Ri 10 =10 and Ry |0 k=10
K 0 0] a
Therefore 8| = |5'| or |88'| =1. Thus, as 0 < 3,5 <1, we get 5= 0"
O
4.2.4 COROLLARY. Any five-input homogeneous system is equivalent to 2(55,0) s u(Fy — BEL) +usFs +

us by + ug s + us kg for some 0 < 5 < 1. Here 5 parametrizes a family of class representalives,
each different value corresponding to a distinct non-equivalent representative.

4.2.5 REMARK. Every five-input homogeneous system is controllable.

The following lemma will assist us in the classification of two-input systems. It is just a refor-
mulation of the singular value decomposition (SVD).

4.2.6 LEMMA. For any M € R3*? there exist orthogonal matrices Ry € SO (3) and Ry € O(2) such
D al 0 D D
— — > > . —
that R1 M Ry {O O},whereD {O aJ and a1 > azx > 0 Ile{O O}Rg {O O}
for some Ry € SO(3) and Rz € O(2), then D = D' (provided that D and D' are diagonal
matrices such that ay > as >0 and a}) > al, >0).

4.2.7 THEOREM. Any two-input homogeneous system is equivalent to exactly one of the systems

232’()) s ur B+ usFy

2,

for some a1,z € R, where (0 = az < ay) V(1 < a—12 <o) V(0 < ay < ap <1). Here

o parametrizes a family of class representatives, each different value corresponding to a distinct
non-equivalent representative.

(2,0)

4.2.8 REMARK. ¥ is not controllable. E<2’O)

5 o is not controllable exactly when as = 0 or a; = g = 1.
M,y
M,
rank(Mz) = 1 or max{rank (M;),rank (Mz)} = 2. Suppose rank (M;) = rank (My) = 1.

PROOF. Let ¥ : be a two-input system. (Here M, My € R?**2)) Now either rank(M;) =
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Then there exists K € GL(2,R) such that

by 0O 0 by
MlK = bg 0 and MQK =10 b5
bs 0O 0 bs

Hence there exists Ry, Ry € SO (3) such that

b 0] |—L— 0 10
R b; 0| | VOIthEts X —lo o
b3 0] | 0 VOO | 10 0]
[0 by] [—L 0 i [0 1]
and R2 0 b5 ”b%er%er“g’ 1 =10 0O
10 bs] | 0 VOO | 10 0]
(2,0)

Therefore 3 is equivalent to 33;
On the other hand, suppose rank (M;) = 2 or rank (Mz) = 2. We may assume rank (M;) = 2.

/
(If not, consider > : (- {%q .) There exists R; € SO(3) such that R4M; = { ()Ml() } Hence,
2
I

there exists K € GL(2,R) such that Ry M; K = I, where [oo = { 0 0

}. Thus X is equivalent

to X' {12’0} By lemma 4.2.6, there exist Ry € SO(3) and K € O(2) such that

M;
et 0o 10 a0
0 0 1| K=10 1 and RoMLK = |0
0 0 detK 0 0 0 0 0 O

(2,0)

for some a1 > a > 0. If as =0 or 0 < as < a3 < 1, then ¥ is equivalent to 227(1

1 <ay <ay. Then

. Suppose

01 0]fax 07y 1 1 0]
10 0 OQQ{LO(‘)l}Ol
0 0 —1] |0 0] te 0 0]
01 071 0]y = 0]
and 10 0|01 L 0(31} 0 o+
0 0 —1] |0 0] tee 0 0]

with 0 < a% < a% < 1. Thus ¥ is equivalent to E<22 9 for some 0 < af < o) < 1. Suppose

- S X
ag <1 <a. If a—12 < a1, then we are done. If a—12 > a1, then X is likewise equivalent to Eg(’f,)
for some 1 < a—l,z <.
We now verify that none of the class representatives are equivalent. As the traces of 232’0) and
Eé?£>7 respectively, do not generate the same subalgebra (for any ai, s € R), they cannot be
(2,0)

equivalent. We claim that 357" and E<22£,) are equivalent only if a = a’. Indeed, assume there
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exist Ry, R € SO(3) and K € GL(2,R) such that

10 10 ap 0 of 0
Ri|0 1|K=10 1 and Ry |0 ao| K=|0 af
0 0 0 0 0 O 0 O

Then K € O(2) and so, by lemma 4.2.6, it follows that oy = ) and az = 4. On the other
hand, assume there exist Ry, Ry € SO(3) and K € GL (2, R) such that

ar 0 10 10 o) 0
Ri|0 | K=1]0 1 and Ry |0 1| K=|0 af
0 0 0 0 0 0 0 0
Then ay # 0 and o), # 0. Hence, we need only consider the cases: (i) 1 < a—12 < oy and
0<ay <of <1,(i) 0<ap <oy <1and 0<ap<aj <l (i) 1 <L <o and
. S 0 So 0
< d <. . — —
1< o S Assume (i) holds. It follows that Ry {O dot SJ and Ry {O dot SJ for
L0 . L0 v [ah 0
some S1,82 € 0(2). Thus K = |2 ;| S;" andso Sz |2t | | S = |1 ° |. By applying
0 oz 0 oz 0 (07
1 ;2
. 2 o 0
the mapping A — AAT, we get S, [0(‘)1 1 S = 8 0/22} As o% > a—ll >0 and o > o, >0,
¥

it follows that a?ab® =1 and o/%a2 = 1. Hence o/, > 1, a contradiction. Similarly, if (i) or (iii)
hold, then we arrive at a contradiction.
O

COROLLARY. Any four-input homogeneous system is equivalent to exactly one of the systems

234’()) Dur by +upbs + ushs 4 ug B
2o wy(By — 01 By) + ua(Bs — aal) + usFs + ug B

2«

for some a1,y € R, where (0 = g < ay) V(1 < a—12 <a)) V(0 < ag < g < 1). Here

o parametrizes a family of class representatives, each different value corresponding to a distinct
non-equivalent representative.

(4,0)

REMARK. >} is controllable. E<4’O)

54 s not controllable exactly when a; = ap = 0.

The following lemma will assist us in the classification of three-input systems. It is just a
reformulation of the SVD.

LEMMA. For any M € R3%3 there exist Ry, Ry € SO (3) such that Ry M Ry = diag (aq, as, a3),
where a1 > az > |as| > 0. Moreover, if diag (i, ag, a3) and diag (o), ob, o) are two such
matrices and

Ry diag (a1, ap, au3) Re = diag (o, o, )

for some Ry, Ry € SO (3), then oy = ), ag = oy, and as = of.
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4.2.12 THEOREM. Any three-input homogeneous system is equivalent to exactly one of the systems

Ef’ﬁm s ur(Ey + BEy) +ug bl + uzle

n30) ur(E1 + onBy) +up(B2 + 0o Bs) + ua(E3 + az Es)

2,

for some aq, a9, as,8 € R, where 0 < <1 and (0 = as < as < ay) V (0 < |ag| < ag <

ITAha<ay) V(iw=1< |a—13| < aq). Here oo and 8 parametrize families of class representatives,

each different value corresponding to a distinct non-equivalent representative.

4.2.13 REMARK. 2(13,50) is controllable exactly when 5 > 0. Eéi’f) is not controllable exactly when
) =ag =a3 =1 or ag = 0.

M
PROOF. Let I : {Ml} be a three-input system. (Here M, My € R3%3))
2

Clearly either max{rank (Mi),rank (M2)} = 3 or max{rank (M;),rank (Ms)} = 2. Suppose,

rank (M;) = 3 or rank (Ms) = 3. We may assume rank (M;) = 3. (If not, consider ¥ : (- {%1} )
2

Then there exists K € GL (3,R) such that MK = I3. Thus ¥ is equivalent to >’ : L\I;’,}
2
By lemma 4.2.11, there exist Ry, K € SO(3) such that RoM,K = diag (a1, g, as) for some
a1 > az > |as| > 0.
If a3 =0 or |aa] <as <1 or 1 =ay < A <oy, then we are done. Suppose 1 < |as| < ag <

o]

ayp or 0<|as| <1 <ay<ap.If ag> 0, then

0 0 1]few 0 0][0 0 —2L
0 1 0[|0 a 0|0 L 0 |=1Is
-1 0 0] [0 0 as] [ 0 0
[0 0 1710 0 =37 [ 0 0
and 0 1 0[[0 & 0]=]0 & 0
1 1
-1 00/ [ 0 o] 0 0 &
If a3 <0, then
0 0 17 [ax 0 0] O 0 &
01 0|0 aa O] 0 £ 0f=1Is
10 0]J[0 0 agf [-= 0 0
[0 0 110 0 &1 [ 0O O
and 0 10|00 £ 0[=|0 4+ 0
1 1
-1 00/ [-L 0 o] 0 0 -t
In both cases 0 < &= < L < |a—13| Thus ¥ is equivalent to some system E<23£,) with 0 < |af| <
oy <1 and o < of. Likewise, if @ > a1 > ap = 1, then 3 is equivalent to some system Eéi’f,)

s ) 1 /
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On the other hand, suppose rank (M;) = 2 and rank (Msz) € {1,2}. Again, a simple argument

Ir0 I, O N
M|’ 0 O} If rank (M]) = 1,

it is easy to show that ¥ is equivalent to 2(1%0). Assume that rank (M) = 2. Then there exist
R, Ry € SO(3) and K € GL (3,R) such that

shows that ¥ is equivalent to some system ' : where Iyo =

a1 ag 0
R1[270K11270 and RQM{K: as a4 0
0 0 1
By the SVD there exist Sq,S2 € O(2) such that Sy Zl 32} S1 = diag (3,0) for some 3 > 0. Let
3 G4
Sl 0 52 0
r_ I
K' = {O det 5 €SO (3) and R, = {O det S, € SO (3). Now
a1 ag 0 ,3 0 0
(K'Y 'ILoK' =Ly and Rh|as aq O K'=1]0 0 0
0 0 1 0 0 1

If 5 < 1, then we are done (i.e., ¥ is equivalent to Ef”;)). Suppose that 5 > 1. Then (-

(E1 + BEy, Eo, Fg) = <%E4 +E1,E5,E3>. It is a simple matter to show that there exists an
automorphism 1 such that 1 - <%E4 + Ey, Es, E3> = <E1 + %E4, Es, E6>. Thus ¥ is equivalent

to E<3’O>

15 for some 0 < B <1.
(3,0)
7/8

We now verify that none of these class representatives are equivalent. As the traces of 3

and E<3’0>7 respectively, do not generate the same subalgebra (for any f,aq, as € R), they cannot

2«
be equivalent. Suppose two systems Eéi’f) and E<23£,>7 with a3 > g > |as| >0 and o) > o, >

lafy| > 0, are equivalent. We claim that a = o'. Indeed, assume there exist Ry, Ry € SO (3)
and K € GL(3,R) such that RiIsK = I3 and Rpdiag (o, an, a3)K = diag (o), o, of). Then,
by lemma 4.2.11, it follows that e = @’. On the other hand, assume there exist Ry, Ry € SO (3)
and K € GL(3,R) such that Ridiag (a1, an,a3)K = I3 and Ryl3K = diag (o), b, k). Then
2oh? =1, 2ab® =1 and o2d® = 1. Clearly, as,a} # 0. Three possibilities remain, either (i)
0 <|as] <ax <1 and 0 < |af] <o <1,o0r (i) 0<|azg] <az <1 and 0< || <) <
I A ahy<af,or(iii) 0<]az| <ae <1 A ag<ap and 0<|of| <ah <1 A oy <. Again (as
in theorem 4.2.7), each case leads to a contradiction.

O

REMARK. There is only one six-dimensional affine subspace of so(4), namely so(4). Therefore
any six-input system is equivalent to the system »(6.0) . w11+ us Byt usEs+us By +usEs+ugEs.
Clearly, this system is controllable.
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4.2.2 Inhomogeneous systems

MATHEMATICA. In this section we find il simpler to verify that the representatives oblained
are distinct and nonequivalent using Mathemalica. These results can be found in the following
Mathematica file:

Thesis Mathematica\ SO(4)\ Lequivalence\ InHomSys.nb

We now proceed to the classification of the inhomogeneous systems on SO (4). This classification
is, in part, based on our classification of homogeneous systems. As before, we distinguish between
the number ¢ of controls involved; this yields five types of systems. (Clearly there are no six-
input inhomogeneous systems.) Suppose Y : A + u1 By + - - +ug By is an inhomogeneous system.
Then the corresponding homogeneous system > : w1 By + --- + ugBy is equivalent to exactly
one homogeneous class representative ¥.°. Consequently, ¥ is equivalent to a system ¥’ with
parametrization map ='(1,u) = A’ +Z°(1,u). Such an (arbitrary) system is then further simplified
by applying automorphisms preserving the trace I'’ of %Y. Accordingly, for each homogeneous class
representative ©.0, representatives for the associated class of inhomogeneous systems are identified.
We will, in addition, use vectors & = (g;) to parametrize class representatives.

Again, it is convenient to write the condition of equivalence in matrix form. An {-input inho-
mogeneous system specified by 3 1 320 @' By dug 30 WiE - g S0 biE; will be written
(in matrix form) as

al b ... b

3o {Ml} = | : :
M2 . . . .
a® b .. B8
Here Mj, My € R¥>*HD . Two f-input inh t D {Ml} d >’ {Mq

1, Mo . Two f-input inhomogeneous systems 3 : My an g are
equivalent if and only if there exist an automorphism ¥ € Aut (so (4)) and K € Aff (R®) such that
My My
o[ = i

For an inhomogeneous system > : A+ w1 By + -+ ugBg, with A = Z?:l g, Fy, it follows that
S8 €2 # 0. We omit this condition in the statements of the theorems throughout this section.
A proof sketch is provided for theorem 4.2.15 to elucidate the approach used in the classification
of inhomogeneous systems. More details are provided in the proof of theorems 4.2.17, 4.2.21, and

4.2.23. The proof of theorem 4.2.19 is similar to the other cases, however there are a much larger
number of subcases. We shall therefore omit the proof of theorem 4.2.19.

4.2.15 THEOREM. Fvery single-inpul inhomogeneous system is equivalent to exactly one of the systems

Egéfl) : A+U1(E1 +,8E4) 0<p<1
(i) A=eolly +24Ey if =0 £9,64 20

(ii) A =eolly +e4Ey + &5k if 0<pB <1 (,3 =1= &9 285), £9,64,65 = 0.
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Here B and e parametrize a family of class representatives, each different value corresponding to
a distinct non-equivalent representative.

4.2.16 REMARK. If S =0, then 2(516,1) is not controllable. If 5 > 0, then Eglg’l) is not controllable exactly
when g0 =0V g5 =0V (e2 =5 Ay =0A[3 = 1).

PROOF. Let X A+ u1 By be a single-input system. Then, by theorem 4.2.2, >} is equivalent to a
system X : Z?:z g0 +uy (B + BEy) for some 0 < 8 < 1. Suppose > 0. Now

1 1 S]] J5}
R; |0 k=10 , R5 |0 k=10 , and Rl, Ry € SO (3)
0 0 0 0

exactly when k = det 57 = detSe, R; =

_detSl 0 R, — det52
O Sl ? 2 —

O} and 1,5 € 0(2).
Accordingly, there exist Sy, € O(2) such that

0 So

{detSl o}gér 0}32(1)
0 Sl 4 0 0 det51 0 0
N AR

Al 0 sl 1o o

for some &, &), > 0. Therefore Y. is equivalent to the system Y : eLFy + &) Fy + ctkFs +
u1(Ey + BE,). Moreover, if § = 1, then X can be shown to be equivalent to a system Y :
0 D
D 0} '
Here D = diag(—1,1,—1). Likewise, if 8 = 0, it follows that Y is equivalent to a system
¥ ehEy+ e Ey+u By for some g}, ¢} > 0. (Again, as in the homogeneous case, one verifies that
all the systems obtained are distinct and non-equivalent.) U

b B + el Es + ui(Ey + Eyq) for some &) > 2! > 0 using a swap automorphism ¢ - ¢ = {

4.2.17 THEOREM. Fvery two-input inhomogeneous system is equivalent to exactly one of the systems
(1) Ef;” D eolly +esls +ur By + ugky g9 2¢e52>0

(2) E<22al€) A4 ui (B + o By) 4+ ue(Es + aolls)
(041ZOJQZO)V(lSO%SOq)\/(O<OJQSOJ1<1)

(i) A=e3l3 +24Ey if ap=a2=0 £3,64 >0

(ii) A=e3l3 +e4Ey + gl if o] =as >0
(83:O:>€6ZO)/\(041:1:>€4Z|€6|ZO), g €R, £3,64 20

(iii) A= e3l3+ e, + e5Fs if ap > o =0 £3,64,65 > 0

(z'v) A=e3l3 4 e4Ey + eslis + egl if ap >a>0
(63,64 > 0)V (e3> 0Ae5 > 0)V (4,85 > 0) V (e5,66 > 0), 5,66 € R, e3,64 > 0.
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Here oo and & parametrize families of class representatives, each different value corresponding to
a distinct non-equivalent representative.

REMARK. Efé” is controllable exactly when &5 # 0. 2(2202 is not controllable exactly when
a=0A(1=0Ves=c5=0)orag=as=1A¢eg4=0A g3 =¢.

4.2.18

PROOF. Let X A4u1 B+ usBsy be a two-input system. Then, by theorem 4.2.7, 3 is equivalent
either to Xy : Z?:l gl + w15y +usldy or 3o Z?:?) g0 + Ul(El + 041E4) + UQ(EQ + 042E5). It

is easy to show that il is equivalent to Efé”. Suppose X is equivalent to ig and o1 > ap > 0.
1 0 1 0 1 0 (03] 0
R101N:01 RQOOZQN:OOZQ
00 0 0 0 0 0 0
S 0
Ri, Ry € SO(3), and N € GL(2,R) exactly when N = S, Ry = Ry = 0 detS| and S =

ﬁ)l 0 , 01,02 € {—1,1}. Accordingly, (a tedious but straightforward
2

there exists 1,02 € {—1,1} such that

computation shows that)

op 0 0 0 1 o]t 0 O 0 1 0
0 o9 0 0 0 110 oo Ol =10 0 1
0 0 g102 £33 0 O_ _O 0 (b)) _8% 0 0
a1 0 0 g4 0 i _1 0 0 i _821 1 0
and 0 oo O g5 0 | |0 o O =|ef 0
0 0 ag102 £6 0 0 1 _O 0 a2 _€I6 0 0
where (g5, >0)A (g5 =0Ve,=0)=cL >0 A (e =¢, =0= (e, e, > 0)) A (e =L =0 =
gg > 0). These conditions are equivalent to those given in the theorem.
On the other hand, suppose X is equivalent to > and a3 = agy > 0. Then
1 0 1 0 ar 0 ap O
R101N:01 RQO (03] N = 0 (03]
00 0 0 0 0 0 0
T S 0
Ri, Ry €S0 (3),and N € GL(2,R) exactly when N =S', R = Ry = 0 detS ,and S € 0(2).
Therefore there exists S € O (2) such that
5o ol a] oo
Tl =
0 detS e 0 0] 0 S 0 0
T -/
and I E I N R
5 1 T = 1
0 detS % 0 0 0 S 2 0 0

where €5, >0 and £ =0 = ¢ > 0. If ay = 1, then we can apply a swap automorphism to
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interchange the values of ¢4 and £4. Thus, in this case, we can assume that g4 > =¢.
The (families of) equivalence representatives 2(i) and 2(iii) are obtained similarly. (Again one
verifies that all the systems obtained are distinct and non-equivalent.) 4

4.2.19 THEOREM. Fvery three-inpul inhomogeneous system is equivalent to exactly one of the systems
(1) 233516) s At ui(By + BEy) +ugBs + usl 0<AB<1

(i) A=e3l3 +24Ey if =0 £3,64 >0

(ii) A =e3l3 +e4E) + eskbs if 0<pB <1
(,3: 1 == £3 285), £3,£4,E€5 >0

(2) nED A g ui(Ey + a1 By) +us(FBe + aols) + us(Es + as Fg)

2,e
(0=as<as<ay)V(0<|ag|<as <1l Aay<al)V (agzlgﬁgal)
(i) A:€4E4 if a1:a2:|a3| 8420
(ii) A=¢c by +e5E5 if o] > Qg = |043| £4,65 >0
(iii) A =By + g5l if 0] — Qg > |043| £4,66 2> 0

(iv) A:€4E4 + es s + el if a1 > g > |043|
((64:0\/65:0)=>66ZO)/\((&@>0/\O¢2:1/\Oz1:#)=>64266ZO),E@ER, c4,65 > 0.

Jaeg ]
Here o, B and & parametrize families of class representalives, each different value corresponding
to a distinct non-equivalent representative.

(3,1)

5 e 18 DOt controllable exactly

4.2.20 REMARK. 2(3,51) is controllable exactly when 5 #£ 0 or g4 £ 0. 3

1,8e

when ay =0 A (g =0 V g5 =0).

Proor. These representatives are obtained using the same ideas as theorems 4.2.17 and 4.2.21.
However, in this case there is just a larger number of subcases. As we do not want to repeat
similar calculations unnecessarily, we omit the details on how we obtained these representatives.
The verification that each of these representatives are distinct and non-equivalent is included in
the Mathematica file previously mentioned for this section. O

4.2.21 THEOREM. Fvery four-input inhomogeneous system is equivalent to exactly one of the systems
(1) Eﬁ‘f;” Del +ealy +urn By + ug s + uslls + ug B €1 26420

(2) 2(2471(,112 A+ ul(E4 — OélEl) + U2(E5 — O[QEQ) + usls + us Eg
(alzo@:())v(lgO%Sal)\/(()<a2§a1<1)

(i)A:€1E1 if a1 = Q9 8120
(ii) A=g1FE] + ek if o] > 0o £1,62 > 0.

Here oo and & parametrize families of class representatives, each different value corresponding to
a distinct non-equivalent representative.

4.2.22 REMARK. Every four-input inhomogeneous system is controllable.
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Proor. Let »: A+ Z?Zl u; B; be a four-input system. Then, by corollary 4.2.9, ¥ is equivalent
either to .
Ya ek +eqky Hui by +ugbis + uskis + uga b
or
Yo a1y 4 a2l +ui(Ey — onEh) +ua(Es — aoli) +uskbs + ugFs.

Consider the system 3. Let Ry — diag (0109,01,02), Ry = diag(o304,05,04) , and K =
diag (1,01, 02,03,04), for o; € {—1,1}, i = 1,2,3,4. (Note that for any such choice of the a;’s,
Rl, Ry € 80(3)) Then

£1 0 0 0 0 _81(71(72 0 0 0 0
0 1000 0 62 0 0 0
{Rlo}O()lOOKO 0 o5 0 0
0 R2 &9 0 0 0 O £40304 0 0 0 0
00010 0 0 0 o2 0
(0 0 0 0 1] . 0 0 0 0 o2

That is, we can choose o;, i = 1,2,3,4, such that 1,64 > 0. If g4 > 21, applying the swap
automorphism ( along with the reparametrization

10 000
0 00 01
K=|000120
00100
01000

allows us to swap €1 and 4. Thus 21 is equivalent to one of the systems EY};). It is then straight-

forward to verify that each choice of €1 > g4 > 0 leads to a distinct non-equivalent representative.

Now consider the system Y. Assume ap > ao. Let Ry — Ry — diag (o1, 02, 0102) and

K = diag (1, 01, 02, 0102, 0102), for 01,05 € {—1,1}. In a very similar way as above, we can then
choose suitable values of ¢; and o2 such that any system 22 is equivalent to a system 2(2402

with £1,£9 > 0. On the other hand, assume a3 = . Let

1 0 0 0 0

cosf sinf 0 0 cosf —sinfd 0 0

Ry = [—sinf cosf 0 and K = |0 sinf cosf 0 O
0 0 1 0 0 0 1 0

0 0 0 01

Clearly, R € SO(3) and det(K) = 1. It follows that

gg —a¢1r 0 0 0 [e1cos0 +c98in —y 0 0 0
gg 0 —a; 0 0 ggcos —e18inf 0 —a; 0 0
{Rl 0} 0 0 0 10| . _ 0 0 0 10
0 R 0 1 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 1 0 0
0o 0 0 0 1] I 0 0O 0 0 1]
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Thus, there exists a ¢ € R such that €5co80 —z1sin = 0. Hence, 22 is equivalent to a system
224(’;2, (with a1 = ag) for some ¢} > 0. Again it is straightforward to verify that each choice of
g1 > 0 leads to a distinct non-equivalent representative.

O
THEOREM. FEuvery five-input inhomogeneous system is equivalent to exactly one of the systems

ng;l) ca B+ ui(By— BEY) v usBsy +FusEs +usFs +usEs 0< <1, g >0.

Here B and e parametrize families of class representatives, each different value corresponding to
a distinct non-equivalent representative.

REMARK. Clearly, as every five-input homogeneous system is controllable, so is every five-input
inhomogeneous system.

Proor. The proof of this theorem is very to similar to that of theorem 4.2.21. Clearly any five-
input inhomogeneous system is equivalent to a system

St a1 B+ ui(By — BEL) + upEy + usFEs + ug Es + us Fg

for some £7 # 0. Using a similar automorphism as in theorem 4.2.21 we can always make the sign
of &1 positive. It is then straightforward to verify that each choice of 1 > 0 leads to a distinct
non-equivalent representative.

O

As a simple by-product of the classification of homogeneous systems, we recover a classification
of subalgebras of so(4). (Two subalgebras aj,a2 C s0(4) are equivalent if there exists ¢ €
Aut (s0(4)) such that ¥ -a; = as). Any (non-trivial) subalgebra of so(4) is equivalent to exactly
one of the following subalgebras

= (b1 +aky) —¢ - ((Ey,aEy))
= (B, Ey) =< (E1) @ (Ey)

= (E1, Fa, E3) = - 50(3) @ {0}

=By + By, By + B5, By + Bs) =< - {(A4) : Aeso(3)}
= (b1, Iy, b3, Ey) —s-s50(3) @ (Ey).

Here 0 < o < 1 parametrizes a family of nonequivalent class representatives. (Only a<13) is an
ideal.)
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Single-input
=0(1,u) A
1 0 0
0 £ €9
(1.1 0 0 0
Be 15} €4 £4
0 0 €5
0 0 0
B8=0 0<B<1
Two-input
2°(1,u) A
1 0 0
0 0 €2
(2,1) 0 0 0
Xie 01 0
0 0 £x
0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
(2,1) 0 O £3 £3 €3 €3
2,ae ar 0 £4 £4q £4 £4q
0 o 0 0 £s5 &5
0 O 0 £ €6 €6
a1 =as=0 a1=ag>0 a1 >ag=0 a1 >ag>0
Three-input
=0(1,u) A
1 0 0 0 0
0 1 0 0 0
(3,1) 0 0 0 £3 £3
Lae ,3 0 0 4 4
0 0 0O 0 £x
0 0 1 0 0
B8=0 0<B<1
1 0 0 0 0 0 0
0O 1 0 0 0 0 0
E(3,1) 0O 0 1 0 0 0 0
2,0 ar 0 0 £4 £4 €4 €4
0 [6%) 0 0 £x 0 £x
0 0 as 0 0 €6 £6
a1:a2:|a3| a1>a2:|a3| a1:a2>|a3| 041>042>|O¢3|

Table 4.3: Classification of systems on SO (4) in matrix form (the homogeneous systems correspond

to A =0)
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Four-input
=0(1,u) A
0 0 0 O £1
1 0 0 0 0
E(4,1) 01 0 0 0
Le 0 00O £4
0 01O 0
0 0 0 1 0
—Q 0 0 0O £1 £1
0 —as 0 0 0 £9
E(4,1) 0 0 1 0 0 0
2,ae 1 0 00 0 0
0 1 0 0 0 0
0 0 01 0 0
al1=03 o] >
Five-input
=01, u) A
-5 0 0 0 0 £1
0 1 0 0 O 0
E(5,1) 0O 01 00 0
Be 1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 01 0
Six-input
=0(1,u)
1 0 00 0O
01 0 00O
2(670) 0 01 00O
pe 000100
000 O0T1O0
000 001
> A+EO(1,U) Eo(l,U):UlBl+“’+UeBe<—>[B1 Bﬁ]

Table 4.4: Classification of systems on SO (4) in matrix form (the homogeneous systems correspond
to A = 0), cont.
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4.3 Linear equivalence of Hamilton-Poisson systems on so(4)*

In this section we present some results on the classification of quadratic homogeneous Hamilton-
Poisson systems on so(4), under linear equivalence. We were unable to obtain a complete classifi-
cation in this case, unlike for so(3). This is primarily due to the following. In general, we need to
find a linear isomorphism ¥ : s0(4)* — s0(4)* such that T% - G = H o . In this case, however,
Y € RS% and even with MATHEMATICA the number of equations that need to be solved are just
too many to manage. We are able to obtain a partial classification using the properties of lemma
2.2.24.

LEMMA. Every homogeneous quadratic Hamilton-Poisson system Hg(p) = pQ pl (where Q is a
6 X 6 positive semi-definite matriz) is equivalent to one of the systems

D, XT

HaﬂX(p) =p |:X Dﬂ pTv D’Y :diag(,yh,y%o)v Y1 > 72 > 07’7: a?ﬁ? X GRSXS'

PrOOF. Let Hg(p) = pQpT be a homogeneous quadratic Hamilton-Poisson system on so(4)*. We
write ¢} as
0- X X,
Xo X3

where X1, X3 € Sym(3) and X, € R3*3. Then for ¢ = (11, 4») € Aut(so(4)*) it follows that

X! i Xg Yy
(Hov)p) =2 L/@le/j o Xoth]

Now, as X7 and X3 are symmetric it follows that they can be diagonalized by orthogonal matrices.
Thus there exists 11,1y € SO(3) such that

T

_ dlag (0/17 0/27 Oéé) YT T
e S AP

where Y — 1/12X21/11T7 a1 > oy >0, and 1 > [y > 0. It then follows that

D, YT

(H o 9)(p) — abCi(p) — B5Ca(p) = p { Y Dg !

p .

Here D’)/:diag(’}/h’y%()%’}/l 2,72207’7:057/8' U

Throughout the remainder of the thesis we consider several special cases of the Hamilton-Poisson
system Hagx.
Case 1: Assume X =0 and «a,3 #0.

PROPOSITION. If X =0 and o,B # 0, then Hag is equivalent to one of the systems
Dy 0] T
H p—
po(p) =p { 0 Dyl P

where Dy, Dy € {0,diag (3,0,0),diag (1, 3,0)}. This system is just the product of two of the homo-
geneous systems obtained in the classification for so(3)*.
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Proor. Let Hqag (with X = 0) be a quadratic Hamilton-Poisson system on so(4)*. Assume
that oy > ap > 0 and f; > B2 > 0. Then Hag and Hpp, with Dy = Dy = diag(1, %,O)7 are
compatible with the linear isomorphism

rorls )

where 1y, = v2diag (v/71(71 — 12), V2y/ (11 — 12)72, V2), v = o, 8. On the other hand, as-
sume ag — G — 0. Then FIalg and FIDQ7 with Dy = Dy = diag(1,0,0), are compatible with
the linear isomorphism p — p diag (g, 1,1, 51,1, 1). The remaining cases are just combinations of
these of these linear maps.

O

Case 2: Assume aa =3 = 0.

PROPOSITION. If =3 =0, then Hx is equivalent to one of the systems
_ 1 0 Da| T
Ho,p(p) = 5p {Da 0

where D = diag (1, aq, ag), with 0 < |ag] < o < 1.

PROOF. For any X € R3*3_ it follows from lemma 4.2.11 that there exist Ry, Ry € SO(3) such
that R1 X Ry = diag (81, B2, f3), where 1 > 3 > |B3] > 0. (We shall assume that 8 # 0, as
otherwise we just have the trivial system H = 0.) Thus let v = (R] , R1) € Aut(s0(4)*). Then

S r o mxTHE] .
g { 0 diag (81, B2, B3) | T
diag (31, B2, f3) 0
It then follows that . .
1 1 0 Da| T
Hop) = g5 (xo0)0) = v | '

where 1> a1 > |aa| > 0. Here o = % and ap = /B—i’ Note that these two operations correspond

to (€1) and (€2) of lemma 2.2.24. Thus any system Hyx (for o = 8 = 0) is equivalent to the
system Ho p (for some 1> ag > |ag| > 0).
O

Case 3: Assume either a« =0 or 8 =0.

PROPOSITION. If either o« =0 or B =0, then Hopgx 1s equivalent to one of the systems
T Y1 Y2 Y3
Do U T .
Hpu(p) =p p', where U= |0 ys ys|, D =diag(ai,a,0)
’ U o 0 0 y
6

for some y1,...,ys € R, where y1,y2 > 0, and a1 > as > 0.
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PROOF. Assume either o« = 0 or 8 = 0. In fact we can assume that 8 — 0 as we can use
the swap automorphism to swap D, and Dg. It then follows that there exists an automorphism

¥ = (13,91) € Aut(so(4)*) that
Do Xy

o) = (o w)) —p| 5 X |07
Do UT
P { 0o

Here U is as an upper-triangular matrix, as in the statement.



Chapter 5

Homogeneous systems on so(4)*

In this chapter we investigate the homogeneous quadratic Hamilton-Poisson systems obtained in
case 1 and case 2 of section 4.3. We provide an analysis of the stability nature of the equilibrium
states for each system.

Unlike for so(3)* it is possible that there exist extra integrals of motion for a Hamilton-Poisson
system on so(4)*. In fact, such a system on so(4)* is integrable only if we can find at least one
additional integral of motion (i.e., apart from the Casimirs and Hamiltonian) which is functionally
independent (see appendix D). We therefore only consider Hamilton-Poisson systems on so(4)*
for which we can find such an additional integral of motion.

5.1 Decomposable systems

Recall that, in the natural basis, we have so(4)* = s50(3)* ®&s0(3)*. We shall say that a (quadratic)
Hamilton-Poisson system (so(4)* , H) decomposes into two Hamilton-Poisson systems (so(3)*, H1)
and (so(3)*, Hy) if

H(p) - gl(mv y) + g2(mvy)v for all P = (iE, y) € 50(4)*

where Hi(x,y) := Hi(x) and Ha(x,y) := Ha(y). A similar approach concerning the derivation of
explicit expression on so(4)*
We define the two canonical projections my, 7 : s0(4)* — so(3)*, for p = ZlepiE;‘7 by

71 p— (p1,P2,D3) and 72 1 p > (P41, D5, Ds)-

Let ad% denote the dual of the linear map ady : so(4)* — so(4)*, where adx : Y — [X,Y]. We
now consider the Hamiltonian vector field associated to H, i.e., for any p = (z,y) € so(4)*,

H(p) = adg ) () = adjlgl(m’w(x, y) + adjlgz(m’w (x,y)
= adjlﬁl@o)(w, y) + ad;ﬁz(o,y)(m’ ).
It now follows that adgy, (,0)(@, ) = adgp, (,.0)(2, 0). Let A= S0 By € s0(4)*.
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Then

<addH1<zO (2,7), > (p, adam, (2,0)(4))
= (p, [dH1(,0), A])

> as [F;, B;] =0, € {1,2,3}, j € {4,5,6}

J)

(Eh, Fa, Es). (Similarly, adgp, (@ y) = adgp, o, (0,%).) There-

3
=1

dH;(x,0), Zaz
=1

as |dH(z,0),> 1az }

fore,

ﬁ(p) - adjlﬁﬂm’()) (.T, O) + adjlﬁz(()’y) (Ov y)

Hi(2,0) + H2(0,y)

H. y))

The following proposition thus immediately follows.

[l
N
]
H
—
)
A

PROPOSITION. We have that, p(-) is an integral curve of the Hamilton-Poisson system (so(4)*, H)
if and only if m1(p(+)) and ma(p(-)) are integral curves of the Hamilton-Poisson systems (so(3)*, Hy)
and (so(3)%, Hy), respectively.

COROLLARY. We have that, et = (€', e4?) is an equilibrium state of the system H if and only if
M1

el* and e5? are equilibrium states of the systems Hy and Ha, respectively.
THEOREM. An equilibrium state e = (e}',eh?) of the system H = Hy + Hs is stable if and only
if ei' and €4? are stable equilibrium states of the systems Hy and Ha, respectively.

PROOF. Assume e = (e]',¢e}?) is a stable equilibrium state of H. Let U; and Uy be any
pair of open neighbourhoods of €i" and €5?, respectively. Then 7' (Uy) Ny (Us) = (U, Us)
is an open neighbourhood of e*. Thus there exists an open neighbourhood V' C (U, Usz) such
that, if p(0) € V, then p(t) € (Ul,UQ) for all £ > 0. Now, Vi = 7 (V) and Vo = my(V)
will be open sets containing ej* and e5?, respectively. (The projections are open maps.) Then,
there exist open neighbourhoods W; C Vi and Wy C Vo of e‘f and e ?, respectively, such
that 7 '(W1) Nay {(Wa) = (Wi, Wa) C V. TIf 2(-) and y(-) are any traJectories such that
x(0) € Wy and y(0) € Wy, then p(0) = (x(0),y(0)) € V. Now as any trajectory, such that
p(0) € V, satisfies p(t) € (Uy,Us) for all ¢ > 0, it follows that 71(p(t)) € m1((U1,Us2)) = Uy and
ﬂg(p(t)) € mo((U1,Uz)) = Uy for all ¢ > 0. Thus for any open neighbourhoods Uy and Uy of €/
and eh?, respectively, there exist open neighbourhoods Wi and Wj containing these respective
equihbrium states, such that any trajectory starting in Wi, respectively Ws, never leaves Uy,
respectively Us. Hence, the equilibrium states et and e4? are stable.

On the other hand, assume €' and e’ are both stable equilibrium states of H; and Ha,
respectively. For every open neighbourhood U C so(4)* of e*, there exist open neighbourhoods
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Uy and Uy of €& and e5? | respectively, such that 771 (Uy) Ny Y(Us) = (U, Us) € U is an open
set containing e*. For each such U, Us there exist Vi C Uy, Vo C Uy such that any trajectory
starting in V3, respectively Vz, will never leave Uy, respectively Us. Let V = a7 (Vi)Nmy '(Va) =
(V1, V2). Then, as every trajectory is of the form p(-) = (w1 (p(-)), m2(p(-))), if p(0) € (V1, V2), then
p(t) € (U1, Us) C U for all ¢ > 0. Hence, e is stable.

O

The following results now follow immediately from our investigation of homogeneous Hamilton-
Poisson systems on s0(3)*, see the systems H'(p) = 1p? and H?(p) = p? + 1p3 of section 3.3.2.

Subcase 1.1: Dy = Dy = diag(1,1,0)

The first subcase we consider is when Dy = Dy = diag (1, %, 0), i.e., we are considering the system

specified by the Hamiltonian Hp ,(p) = pf + 1pd + pi + 3p2.
The equilibrium states of this system are given as follows:

ellt - (0707M370707M6) eéw — (0707M3707V570) eg“/ - (0,0,Mg, V47070)
ei“/ - (071/27 070707M6) eg - (071/27 07071/570) el6/ - (071/27 0, V47070)
el7“/ :(V1707070707M6) eg :(V17070707V570) eg :(V170707V47070)'
Here we assume that e # 0, ¢ = 1,...,9. (This is as the origin is always a stable equilibrium

state for any Hamilton-Poisson system on so(4)*.)
PROPOSITION. The equilibrium states have the following behaviour:
(i) The states ef , €&, and ¥ are stable.

(ii) The states eb” e}", e¥, ek, eX, and €4 are unstable.

Subcase 1.2: D; = diag(1,0,0) and = D; = diag (1, 3,0)

Now, consider the case when D; = diag(1,0,0) and D, = diag(l, 3,0), iLe., we are considering
the system specified by the Hamiltonian I3 ,(p) = pf + pj + 102,
The equilibrium states of this system are given as follows:

ellt — (07M27M370707M6) eg — (Ov ,U27,u3707,u570) eg — (07M27M37M4707 O)
el = (111,0,0,0,0, 1) et = (111,0,0,0,v5,0) el = (111,0,0,v4,0,0).
Here we assume that e 20, i=1,...,6.

THEOREM. The equilibrium states have the following behaviour:
(i) The states €} and el are stable.

(ii) The states ef, e, ef', and ef' are unstable.
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Subcase 1.3: Dy = Dy = diag(1,0,0)

We now consider the case when Dy = Dy = diag(1,0,0), i.e., we are considering the system
specified by the Hamiltonian I3, ;(p) = p? + 3.
The equilibrium states of this system are given as follows

e'f = (0, p2, 13, 0, s, pts) eg‘ = (0, 2, 3, tig,0,0)
el = (111,0,0,0, 5, i) e = (11,0, 0, i, 0,0).
Here we assume that et £0, i=1,..., 4.

5.1.6 THEOREM. The equilibrium stales have the following behaviour:
(i) The states e} are stable.

(ii) The states ey, e, and e are unstable.

5.2 Indecomposable systems

0 Dy
Do 0
D = diag (1,1, a9) with 0 < |ag| < a1 < 1. In particular, we investigate the stability nature
of the equilibria for several subclasses of these systems. In the case as = a1 = 1, we integrate
the associated Hamiltonian vector field in terms of elementary functions. It is known that not all
quadratic Hamilton-Poisson systems on so(4)* are completely integrable. We restrict ourselves to
several cases where we have found an additional first integral. Ixamples of deriving the explicit
expression on s0(4)* (when such a first integral exists) can be found in the paper [18].

In general, the use of Kowalevski exponents can prove useful in determining which systems
possess such an additional first integral, see e.g., [57]. We, however, do not provide the details of
calculating these exponents here as they fall outside the scope of this thesis. For those systems
that we investigate we will provide the explicit additional first integral.

p', where

In this section we investigate the Hamilton-Poisson systems Ho p(p) = %p {

5.2.1 REMARK. In this section p; € R, i =1,...,6,and v; 20, i =1,...,6. Also, we let {e,...es} €
RS denote the standard ordered basis of RS.

MATHEMATICA. The details of the calculations for the stabilily analysis of the systems in this
section can be found in the Mathematica file:

Thesis Mathematica\SO(4 )\ Stability\ StabilitySO(4).nb

5.2.1 Subcase 2.1: 0 <ay<a; <1

The first subcase we consider is 0 < oy < a1 < 1, i.e., we are considering the system specified
by the Hamiltonian H&D(p) = p1p4 + cupeps + aspsps. In this case, there exists a functionally



CHAPTER 5. HOMOGENEOUS SYSTEMS ON s0(4)* 125

independent first integral given by
I(p) = (1 — o) (95 + 202paps + p3) + (1 — a3) (13 + 20apaps + p)

Indeed, one can verify that {H& p, 1} = 0. The Jacobian matrix of I, H& p, C1, Co is given by

{ 0 2y (p2+psa2) 2(p3+psai)ye 0 271 (ps +pecv2) 2(ps + p3ca) ’Yﬂ

Pa Py PeCro ! P20 P32
2])1 2]72 2])3 0 0 0
L 0 0 0 2])4 2])5 2])6 J

which has rank 4 for a generic point p € so(4)* (i.e., these functions are functionally independent).
Here v; = 1 —a? and 72 = 1 — 3. This system has equations of motion

P1 = QaPaPs — Q1 P3Ps P4 = Q2P3P5 — Q1 P2P6
P2 = Paps — C2P1Ds D5 = P1Pe — Q2P3P4
P3 = Q1 P1P5 — P2P4 Do = Q1P2P4 — P1Ds5-

The equilibrium states of this system are given as follows:
e?:(OaOaOaM4aM5aM6) el2/:(07071/370707y6) egz(OaV270707V570)
eZ:(V170707V47070) eg:(.ulv/@v,u?novovo)'

We were unable to determine the nature of the equilibria for every equilibrium state. We only
state those equilibria and conditions for which we could determine their stability nature. For the
omitted equilibrium states both spectral and energy methods provided no insight into their stability
nature.

5.2.2 THEOREM. The equilibrium stales have the following behaviour:
(i) The states e are stable if either pqg = ps =0, or pg = pg =0, or ps = g = 0.
(ii) Consider the states €}.

(1) The states € are stable for either vs,vg >0 or vz, vg < 0.

(2) If either vs = —vg, or aqvs = —vs, or V3 = —aule, then the states are unstable.

(3) If aa >, sgn(vs) # sgn(ve), and min (—Z—Z, —Z—g) <ar < —fgj’r’;%, then the states are
unstable.

(4) If ag >, sgn(vs) # sgn(ve), and oy > —-23Y%  then the states are stable.

2 2
vztvg

Here n = 2\/— V3V6<a“(ji;r”i>2<)”;’+aly6>, (If ag <, then the states are unknouwn.)
37 Y

(i1i) The states e are unstable.

(iv) The states e} are stable.

(v) The states et are stable if either py = 2 =0, or py = i3 =0, or iz = pg = 0.
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PROOF. Let Hk(p) = )\1H&D(p) + )\201(}9) + )\302(]9) + )\4[(])).

(i) First, assume py = pus = 0. Let \; = 2aqa, A2 = 1, A3 = a3, and \y =

2
—17%5. We have
2
dHy(el") = 0 and that the Hessian

2 0 2041042 0
0 2—-2 2—0;%)04% 0 2042(04%—204%)
l—« l—«
d2H, (et = 2 2
M wow = | 90,0, 0 203 0
0 2042(04%—04%) 0 204%(04%—04%)
1—0422 1-a3

where W = span{ey, es, eq,e5}, is (positive) definite.

Thus, by the generalized energy-Casimir
method, the states ef’, sy = s = 0 are stable.

Next, assume pg = g = 0. Let A\; = 20‘27 Ao =
dH,(el") = 0 and that the Hessian

—a2, A3 = —1,and M\ = 1_10%. We have

—20i3 0 —202 0
o  2ed)ed g 2Aai-ad)(artas)
2 2
d2H>\(eg)|WxW | 200 ! 00‘1 9 041(10—&1)
gl 2(0&% %)(al‘f’aZ) O 2(0&%—0&%)(0&14»042)
T a(l=ad) =

where W = span{ej,es, eq,es}, is (negative) definite. Thus, by the generalized energy-Casimir
method, the states ef’, a4 = s = 0 are stable.

Lastly, assume ps = g = 0. Let A\f = X3 =0, Ao =1, and M\ =
and that the Hessian

. We have dH,(e]') =0

4 0 2ciy 0
0 2(2—04%;04%) 0 2041(1—2043)
d2H>\(eg)|WXw _ 1-ag 1-af
2cip 0 2 0
201 (1—03) 2(1-03)
0 1—04% 0 1—04%

where W = span{es, es, es5,e5}, is (positive) definite.

Thus, by the generalized energy-Casimir
method, the states ef’, us = us = 0 are stable.

(ii) We consider the states e}.

(1) Assume either vs, s > 0 or vs, v < 0. Let A\ = 2a9(l

vy w(0f—ad), s = (l-af) + 3 (a%—%) and Ay = —
the Hessian

—ad), = a1 (1—aj) +
a1. We have dHx(e¥) = 0 and that

[2(0n (v3—a2v +uvsy i
(1(3V§3) 6) ( 0 ) 2(1_04%)&2 0
2v(a1v3+ve
0 Y 0 0
d2H v _ v3
M) 1w ) (1 B Oz%) o 0 2(V3ﬂ/+a1£61/6—a§1/6)) 0
0 0 0 2'\/(1/3:20411/6)




CHAPTER 5. HOMOGENEOUS SYSTEMS ON s0(4)* 127

where W = span {eq, e, e4, €5}, is (positive) definite. Here v = o — o3. Thus, by the generalized

energy-Casimir method, the states e¥, for either v3,1v5 > 0 or 3,15 < 0, are stable.
In the following subcases (1) — (3) we assume v3 and v have opposite signs.

(2) The linearization of the system at €5 when either vs = —vg, or vz = —g, or Vs = — Vs,
has respective eigenvalues

)\172 =0 )\374 = :|:I/3\/(041 — 042) (1 + 042) )\5,6 = :|:I/3\/(1 — 042) (041 + 042)
)\172 =0 )\374 - :|:I/3\/(041 — 042) (041 + 042) )\5,6 - :|:I/3041 1-— Oé%
)\172 =0 )\374 = :|:I/6\/(041 — 042) (041 + 042) )\5,6 = F+rga4/1 — Oé%.

Clearly, as 0 < as < a1 < 1, at least one of the eigenvalues in each of these cases will have a
positive real part. Hence the states ef for 13 = —vs, ayvs = —vs, Or V3 = —a1Vs are unstable.

In the following subcases we now assume that vs # —vg, aivs # —vs, and vz # —aqvg. Also,
+ +
let n= 2\/_ V3V6<041V32 V6)2<V3 041V6).

(VS_V6)2
(3) The linearization of the system at ef has eigenvalues Ao = 0, A\34 = £/71 — 72, and
As6 = £/ + 72, where

2/ 2 2
Y1 = —2001/3V — (45 (1/3 + 1/6)

Yo = 042\/41/31/6 (aqvs + ve) (Vs + aavs) + a% (1/3? — Vg) 2,

Note that if az < 7, then <2 will be imaginary. Thus at least ag > 1 for one of the eigenvalues
to have a real part. Assume, v3 < 0 and vg > 0. It then follows that 43 — 92 > 0, if —v3 > vg

__ Ve %14 e 3 _ 2vspe
and —3 < < vZtur OF if —v3 <ws and —32 < a < Tl On the other hand, assume

v3 > 0 and vg < 0. It then follows that v; — 2 > 0, if v3 < —vg and —Z—Z <y < —32”1’2627 or
3 6

Combining all these conditions together gives us that the

s . _Us _ 2v3pg
if 3 > —vs and o < a1 < vl

states e¥, min (—Z—Z’, —Z—g) <ap < —3?2?’1’;% are unstable.

—« v3—Ug ) (V3 —a3)(v3—ve)(vatv
(4) Let A = & (1—a2), Ay = UmeDamwllabg) 0 (Imaf)Wavolatve) gy, =

s v3(a1v3+uve) vg (va3t+oaivs) -

L _vaReavsvet ] oy pave dH,(e¥) = 0 and that the Hessian d2H,(e¥)

(a1va+uve)(vataivs)
span {eq, €2, €4, €5}, is (positive) definite when «; > — T
3 6
d?H, (e} )lww is omitted in this case as the expression is rather large; the expression can be found
in the Mathematica code given for this section.) Thus, by the generalized energy-Casimir method,

the states e}, sgn(vs) # sgn(vs), a1 > —32”1’2627 ag > 1 are stable.
3 6

where W —=

and az > 7. (The expression for

lwxw s
2U3Vg

(iif) The linearization of the system at e has eigenvalues A\; = Ay = 0, X34 = £/ 2522, and

Ase = 1/ 2422 where

Y1 = —4dagloels — 204% (1/22 + Vg)

2
Yo = 201 \/41/21/5 (covo + v5) (v + aovs) + a% (1/22 — Vg) .
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It is straightforward to determine that the eigenvalue As = \/% > 0 for all vy, v5. Hence the
states e are unstable.

(iv) Let A\t = X2 = A3 =0 and Ay = 1. We have dH(e}) =0 and that the Hessian

2(1 — a?) 0 2(1—af) 0
0 2(1 — 03) 0 201 (1 — a3)
2 v _ 2 2
FHEDww = 15 (1~ a2) ay 0 2(1 — a}) 0
0 201 (1 — a3) 0 2(1 — a3)

where W = span {es, €3, €5, e}, is definite. Thus, by the generalized energy-Casimir method, the
states e} are stable.

2
(v) First, assume g1 = g2 = 0. Let Ay = 20102, A2 = a3, A3 = 1, and Ay = —1632. We have
2
dHy(el') = 0 and that the Hessian

203 0 2001002 0
0 204% (a% —a%) 0 209 (a% —a%)
—= 1 2
d2 n _ 1—aj 1-a3
A& w = | 90,0 0 2 0
0 2042(04%—04%) 0 2—2(2—04%)04%
1—04% 1—04%

where W = span{ey, ez, eq,e5}, is (positive) definite. Thus, by the generalized energy-Casimir
method, the states ef', u; = pa = 0 are stable.

Next, assume p1 = us = 0. Let A\ = —2a0, As = —ay, A3 = 1, and Ay = %; We have
1
dH)(ef') = 0 and that the Hessian

—2041 0 —2042 0
0 20‘1<0‘%_0‘§> 0 2(“%_0%)
d2H>\ (e#) _ 1-af I—af
2lwew T | 20y 0 2 0
o et o 2ne(-m-od)
1—04% 1—04%

where W = span{ej,es, eq,es}, is (negative) definite. Thus, by the generalized energy-Casimir
method, the states ef’, u; = pus =0 are stable.

Lastly, assume o = 3 = 0. Let Ay = Ay = 0 and A3 = 2\y = 1. We have dH,(ef') = 0 and
that the Hessian

1 —a? 0 as(l — a?) 0
B 0 1 —a3 0 ar(l —ad)
wow = lay(1 — o) 0 3—a? 0
0 ar(l — a3) 0 3— a2

d2H>\(eg)

where W = span{eq,es,es5,e5}, is (positive) definite. Thus, by the generalized energy-Casimir

method, the states ef', us = us =0 are stable.
O
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5.2.2 Subcase 2.2: o —ay =1

Next, we consider the case when oy = as = 1, i.e., we are considering the system specified by the
Hamiltonian H& p(P) = p1p4 + p2ps + p3ps. In this case, there exists two functionally independent
first integrals given by

Li(p) =p1 +pa
Iy(p) = p2 +ps

Indeed, one can easily verify that {H&D,Ii} =0, i = 1,2. The Jacobian matrix of H&D7 I, I,
1, Cy is given by
Ps Ps P P1 P2 D3
1 0 0 1 0 0
0 1 0 0 1 0
2p1 2p2 2ps 0O 0 O
0 0 0 2ps 2ps 2ps

which has rank 5 (i.e., these functions are functionally independent). Note that although [Ii(p)
and I2(p) are not in involution, i.e., {I1, Iz} # 0, they can still both be used in the study of the
stability of this system.

This system has equations of motion

D1 = P2Pe — P3Ds P4 = P3Ps — P2Ps
P2 = P3Pa — P1Ds D5 = P1P6 — P3P4
P3 = P1P5 — P2P4 Pe = P2apa — P1P5-

The equilibrium states of this system are given as follows:

ellty - (,Ul, V2, 13, M1M57M57 MSME))

' —=1(0,0,0
Vo Vs €5 ( » YUy 7,u4vlu57,u6)
M3M4)

eg“/ - (Vlv 07 13, g, 07

el = (0,0, 13,0,0, ).
Here we assume that ef” £0, i =1,...,4.
5.2.3 THEOREM. The equilibrium stales have the following behaviour:
(i) The states ef'” are stable for ps+ ps # 0.
(ii) The states ek are stable.
(iii) The states ek are stable for i + pa # 0.

(iv) The states € are stable for us + ug # 0.

Proor. Let Hk(p) = )\1H&D(p) + )\201(}9) + )\302(]9) -+ )\4[1(}9) + )\5[2(])).

(i) First, assume ps, 15 # 0. Let A = —0 = —sgn(vaps), Ao = 35>, A3 = %7 and Ay = A5 = 0.



130 5.2. INDECOMPOSABLE SYSTEMS

We have dHy(e]") =0 and that the Hessian

U(M%+M§)(V2+M5)2 Uul(Verug,)z
2 2
d2H. (et _ Vapg s M3 s
A( 1 )|WXW o (votus)? U(VSJFM?,S)(VQWLMF))Q
H3us vaudis
— H1 v . .
where W = span {(61 —eq) — Ex(es —es), (e2 —e5) — 2 (es — 66)}7 is definite when va + s # 0.

Thus, by the generalized energy-Casimir method, the states e, usus # 0 and vy + ps # 0, are

stable. When v5 + s = 0 both spectral and energy-Casimir results provide no useful insight.
Now, assume g3 = 0 and pus # 0. Let Ay = % ()\1 = W) A = —li1 ()\1 + 2’\3%)7 and

A5 = —Aiva — 2Xsp5. We have dH\(ef'”) = 0 and that the Hessian

()\1-2)\3)(#%4’7/%)(7/24“#5)

- 7 0 0
d2H>\(el1“I)|WXW - 0 A — (>\1—32>\3)M5 A
0 A1 2)3

where W = Span{(el—64)—%(62—65),63,66}. Now, for wvo,us > 0 or vo,us < 0, if we

choose A1 = 1 and A3 = 2, then the Hessian is (positive) definite. If either (vo > 0, ps < 0,
and vy + pus > 0) or (v < 0, pus > 0, and v + ps < 0), then there exist A\, A3 > 0 with
—2X\38% < A1 < 2)s, such that the Hessian is (positive) definite. On the other hand, if either
(ra >0, pus < 0, and vy + ps < 0) or (1o < 0, pus > 0, and vy + us > 0), then there exist
A, Az > 0 with 2A3 < A\ < —2)\3*;—;’7 such that the Hessian is (positive) definite.

Thus, by the generalized energy-Casimir method, the states ef™ (ps =0, ps # 0, and vao+ s #

0) are stable. A very similar argument shows that €| is stable whenever us # 0, us = 0 or

ps = ps = 0.
(i) Assume fig £ 0. Let Ay = A3 = A = A5 = 0 and Az = 2. We have dH,(e}) = 0 and that
the Hessian ,
Hi paps
| - Hr i 1 2
Wxw paps L
1 1+ 13

d?H,(e})

where W = span {(61 —eyq) — Z—g(eg —eg), (ea —e5) — %(63 - 66)}7 is (positive) definite. Thus, by

the generalized energy-Casimir method, the states b, ug # 0 are stable.
On the other hand, assume pug = 0. Let A\j = o =1, A3 = %7 Ay = —lg, and Az = —pus. We
have dH(e}) = 0 and that the Hessian

d’Hy(ey)

0 0

lww — 0 2 1

1 1

where W = span {us(e1 — eq) — pa(e2 —e5), e3,e5}, is (positive) definite. Thus, by the generalized
energy-Casimir method, the states e}, ps = 0 are stable.

(iii) Assume py # 0. Let \y = —0 = —sgn(vipig), Ao = %7 A3 = %7 and Ay = A5 = 0. We
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have dH,(ef"”) = 0 and that the Hessian

) o (v +13) (vi+pa)? 0
L — v1p4
d HA(e?) )|W><W 0 o(v14pa)?
V1t

where W = span {us(e; —eq) — v1(es — es), 62 — e5}, is definite when vy + pg # 0. Thus, by the
generalized energy-Casimir method, the states e}”, u4 # 0 and 14 + g # 0, are stable. When
v1 + pg = 0 both spectral and energy-Casimir results provide no useful insight.
On the other hand, assume, pg = 0. Let A\j = Ao = Ay = A5 = 0 and A3 = % We have
dH(ef”) = 0 and that the Hessian
2 2
PO (PR

where W = span {us(e1 —eq) —vi(es —eg), €2 — es}, is definite. Thus, by the generalized energy-
Casimir method, the states ef”, uy = 0, are stable.

(iv) Assume pgz, s # 0. Let A\ = —0 = —sgn(uspg), Ao = %7 A3 = %7 and A\ = A5 = 0.
We have dHx(e}) = 0 and that the Hessian

(u3+p6)’o 0
2 _ 3ub
d HA(eZ)|WxW - [ M(;l (u3+u6)20]
n3ub

where W = span {e; — ey, e5 — e5}, is definite when ps + pe # 0. Thus, by the generalized energy-
Casimir method, the states e}, ps, e # 0 and ps + e # 0, are stable. When 3 + pig = 0 both
spectral and energy-Casimir results provide no useful insight.

Now, assume pz = 0 and pg £ 0. Let A\j = A3 = A\ = A5 = 0 and A2 = % We have
dHy(ef)) = 0 and that the Hessian

d>H\ (), = diag (1,1)
where W = span {ey, e2}, is definite. Thus, by the generalized energy-Casimir method, the states
elf, us =0, ug # 0, are stable. A very similar argument shows that e} is stable whenever ps # 0
and pg = 0.
O

MATHEMATICA. The verification of the integration for this system can be found in the Mathe-
matica file:
Thesis Mathematica\ SO(4)\ Integration\ Simple HOD.nb

5.2.4 THEOREM. Let p(:) be an integral curve of the system H&D through p(0). Let ho = H(}’D(p(())),
c10 = C1(p(0)), c20 = C2(p(0)), dia = p1(0) +p4a(0), das = p2(0) + p5(0), and ds = p3(0) + ps(0).
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Then there exists tg € R such that p(t) = p(t + to), where

1
pl(t) = W (Cl14 (Clo + ho) + v14 sin(Q t) -+ COS(Q t)?]l)

1
pa(t) = P (das (c10 + ho) + 25 © sin(€2t) + cos(2t)n2)

1

pa(t) = el (dss (c10 + ho) + 36 Q sin(Qt) + cos(Qt)ns)
1

]54(15) = — (d14 (CQO + ho) — V14 Q sin(Q t) — COS(Q t)?]l)

02
1
p5(t) = Vel (das (cop + ho) — Y25 Q sin(Qt) — cos(Qt)ne)

1
pe(t) = el (ds6 (coo + ho) — 36 2 sin(Q 1) — cos(Qt)ns) .

Here Q = \/d3, + %5 + d2%, ni = pi(0)Q? — dyo(c1o + ho), i =1,2,3, and
14 = p2(0)ps(0) — p3(0)p5(0), 725 = P3(0)p4(0) — p1(0)ps(0), v36 = P1(0)p5(0) — P2(0)p4(0).

PRrROOF. In this case one can immediately notice that p;(t) = —pi43(t), i = 1,2,3, for all t € R.
Therefore pa(t) = —p1(t) + dia, ps(t) = —pa(t) + das, and ps(t) = —ps(t) + dse for some constants
di4, dos, dsg. Substituting these conditions back into the original equations of motion we obtain the
linear system of ordinary differential equations

p1 = dzep2 — dasps3 Pa = dzePs — dasps
P2 = d1aps — dssp1 P5 = d1ape — dzepa
p3 = dasp1 — d1ap2 Pe = dosps — d1aps.

This system can be written in matrix form as

B 0 0 d3s  —das
p(t) = { 0 BJ p(t), where Bj = | —dss 0 d1a
dos —dia 0O

Here Bj € s0(3) and this system can be solved directly using the matrix exponential. Therefore,

R (A D PO R L S )

where exp(tBj) is given by

d%4 + COS(Q t) (d%g) + d§6> f(t)d14d25 + Q sin(Q t)d36 -0 sin(Q t)d25 + f(t)d14d36
) f(t)d14d25 -0 sin(Q t)d36 d%g) -+ COS(Q t) (d%4 -+ d§6> Q sin(Q t)d14 + f(t)d25d36
Q sin(Q t)d25 + f(t)d14d36 f(t)d25d36 - Q sin(Q t)d14 COS(Q t) (d%4 + d%g)) + d§6

Here f(t) = 1—cos(Qt) and Q = \/d}, + d3; + dss. It is straightforward to verify that Hj ,(p(t)) =
ho, C1(p(1)) = c10, Ca(p(t)) = c20, p1(t) +pa(t) = dia, po(t) +p5(l) = d2s, and ps(l) +ps(l) = dse,
for all t € R. Making several simplifications the expression for p(t) can then be found to be given
as in the statement of the theorem. O
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5.2.3 Subcase 2.3: 0 <o —as <1

Now, we consider the case when 0 < a1 = ag < 1, i.e., we are considering the system specified
by the Hamiltonian H&D(p) = p1p4 + aupeps + a1psps. In this case, there exists a functionally
independent first integral given by

Ii(p) = p1 + pa.

Indeed, one can easily verify that {H& 1} = 0. The Jacobian matrix of H& p, 1, C1, Cy is given
by
P4 P51 Petr pP1 P20 psag
1 0 0 1 0 0
2pr 2p2 2ps O 0 0
0 0 0 2ps 2ps  2ps

which has rank 4 (i.e., these functions are functionally independent).
This system has equations of motion

1 = a1 (paps — Paps) Pa = a1(paps — pape)
P2 = paps — Q1P1Ds P5 = P1Pe — Q1P3P4
P3 = QP1Ps — P2pa4 Pe = Q1P2P4 — P1Ds5-

The equilibrium states of this system are given as follows:

v
ellt - (070707,”47,”57,”6) eg - (.Ulvlu%.u?novovo) eg“/ — (07V27M3707V57 MZ)—;)
ey =(0,0,v3,0,0,15) er = (11,0,0,v4,0,0)

Here we assume that ef” £0, i =1,...,6.

We were unable to determine the nature of the equilibria for every equilibrium state. We only
state those equilibria and conditions for which we could determine their stability nature. For the
omitted equilibrium states both spectral and energy methods provided no insight into their stability
nature.

5.2.5 THEOREM. The equilibrium stales have the following behaviour:

(i) The equilibrium states €)' are stable if s = ps = 0.

(ii) The equilibrium states ey are stable if s = s = 0.
(iii) The equilibrium states 5" are unstable if sgn(va) # sgn(vs) and 0 < aq < —ié‘i‘j’z
2 5
(iv) The equilibrium states €} are unstable if sgn(vs) # sgn(vs) and 0 < ag < —%,
3 6

(v) The equilibrium states ef are stable.



134 5.2. INDECOMPOSABLE SYSTEMS

ProOOF. Let H,\(p) = )\1H&D(p) -+ )\201(}9) -+ )\302(]9) -+ )\4[1(}9).
(i) Assume ps =g = 0. Let \y =1, A3 = %7 Ao = a3, and Ay = —py. We have dHy(ef') =0

and that the Hessian
402 0 201 0

10 40 0 2m
wxw = 120y 0 2 0
0 201 0 2

d®Hj(el")

where W = span {es, e3, €5, €6}, is positive definite for all pg # 0. Thus, by the generalized energy-
Casimir method, the states e, s # 0 are stable. (When us # 0 or ug # 0 both spectral and
energy-Casimir results provide no useful insight.)

(ii) Assume po = p3 =0. Let A\y =1, \p = %7 A3 = af, and Ay = —py. We have dH)y(e)) =0
and that the Hessian

2 0 2041 0

0 2 0 2«

2 m B 1
A Hx ()i = 200 0 402 0

0 20 0 4a?

where W = span{es,es,e5,e6}, is positive definite for all @y # 0. Thus, by the generalized
energy-Casimir method, the states e, p1 # 0 are stable.
(iii) The linearization of the system at e has eigenvalues A1 234 =0 and

Vou(v3+3) (ravs ton (3 +12))

A5 — i —
Thus, either A5 or A\g will be positive when 2vov5 + oy (1/% + Vg) < 0. This is equivalent to the
condition 0 < ay < —%. Thus ef” is unstable if sgn(ra) # sgn(vs) and 0 < g < —%.
2 5 2 5

(iv) The linearization of the system at ef has eigenvalues Aj 234 =0 and

As.6 = j:yi\/al (21/31/6 + o <V92, + Vg))'
2

Thus, either A5 or Ag will be positive when 0 <y < —%. Thus e} is unstable if sgn(vs) #
3 6
2v3V
sgn(vg) and 0 < ag < —ﬁ.

(v) Let A\t =2, Adg = A3 = 1, and Ay = —2(v; +1v4). We have dH,(e¥) = 0 and that the
Hessian

2 0 2041 0

0 2 0 20

2 v o 1
TS ww = 0, 0 2 0

0 201 0 2

where W = span {es, e3,€5,¢e6}, is positive definite for all vq,v4 (as 0 < a3 < 1). Thus, by the
generalized energy-Casimir method, the states et are stable.
O



Chapter 6

Some illustrative examples of optimal
control problems

6.1 Path planning on SO(3)

In this section we provide several examples of optimal control problems related to our classification
of cost-extended systems on SO(3). In each case we find closed-form solutions for the extremal
curves on the sphere S?, obtained by projecting the extremal curves on SO(3).

The examples we consider show how our classifications of Hamilton-Poisson systems, under affine
equivalence, and of cost-extended systems, under cost-equivalence, can be used to investigate opti-
mal control problems on the group SO(3). We provide an example corresponding to each number
of possible inputs. Specifically, we consider a single-input inhomogeneous, two-input homogeneous,
two-input inhomogeneous, and three input (homogeneous) system. (Recall that a single-input
homogeneous system cannot be controllable.)

In general, an optimal control problem of interest will not correspond to a representative of
our classification of cost-extended systems. Thus, we require a way of transforming the extremal
curves of our representative cost-extended system to the system of interest. In this regard, our
investigation of the optimal control problems corresponding to two-input homogeneous systems are
of particular interest. In this case, we consider two systems which are cost-equivalent and show
how the expressions for the extremal curves on SO(3) for the one system can be obtained from the
other; using a Lie group isomorphism. We show that the construction of the appropriate Lie group
isomorphism is far simpler than integrating the system independently.

A large part of the investigation of optimal control problems on Lie groups reduces to the inves-
tigation of an associated Hamilton-Poisson system and the integral curves of its Hamiltonian vector
field. However, the final step of obtaining expressions for the extremal curves on the group still
requires a further step of integration. In our case, for obtaining expressions for the Euler angles.
Our examples indicate the level of complexity that can be involved in this step, which turns out to
be nontrivial; even for rather simple representative systems.

We do note that there are a number of cost-extended systems (optimal control problems) we
do not consider in this thesis. Clearly, any system whose associated Hamilton-Poisson system is
equivalent to one of the systems of type II cannot be investigated. This is because we were unable
to obtain expressions for the integral curves of such systems due to computational complexities.

135
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We also do not consider any system whose associated Hamilton-Poisson system is equivalent to one
of the systems H 12704 or H227a. These systems divide into a large number of subcases; some of which
have rather complex expressions for their integral curves. To obtain the extremal trajectories on
the group requires the integration of these expressions which we were not always able to perform.

Fach example is presented following the approach outlined in section 3.5. In each case, we find
the associated Hamilton-Poisson system, H, as well as the representative of theorem 3.3.1 it is
equivalent to. We then use the expressions of the integral curves of H to obtain the optimal
controls and to solve for the Euler angles. Using the expressions for the Euler angles we then
obtain the explicit expressions for the extremal trajectories on the sphere S2. In each case we also

plot these trajectories on S? for some specific values.

6.1.1 The system (Z@’O),X%)

MATHEMATICA. The details of the calculations for this system are contained in the Mathematica

file:
Thesis Mathematica\ SO(3)\ Applications\Sys20.nb

We begin by considering the cost-extended system (E<2’O>, X?,) In particular, we consider the case
when n = 0. Thus, we are considering the optimal control problem given by

9(t) = g(t) (w(t) Bz +ua()Es),  g(-) +10,T] = SO(3), u(’) : [0,7] — R

g(0) =go, 9(T)=g1, 90,91 €SO(3), T >0 fixed 6.1)

T
J = / (u1(t)? + uz(t)?)dt — min.
0

The associated quadratic Hamilton-Poisson system is H§2’O> (p) = 33 + p?), and the optimal
controls associated to this system are given by (u1(t),u2(t)) = (p2(t), ps(t)).

It follows that the system H§2’O>(p) is linearly equivalent to the system H'(p) = %p’% Indeed,
Vipspl 0 —1 0
0

is a linear isomorphism such that T - H'(p) = (ﬁézo) o)(p). The original integral curves for the
system H'(f) can be expressed as follows (see theorem 3.3.5):

ﬁl(t) g 2%0
Pa(t) = a\/ &0 — 2ho sin(\/ﬁt)
pa(t) =/ éo — 2h cos(\/%t).
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Here ho = HY(j(0)) and & — C(5(0)). Let ho — H* (1p(5(0))) and co = C(¥(5(0))). We then

obtain the relations ¢y = ¢ and ﬁo = %co — hp. The integral curves of the system H§2’O> are

obtained by applying v to the integral curves of the system H!. Explicitly, we get

p1(t) = —ov/cg — 2ho
pa(t) = —o+/2hg sin(ty/co — 2hg)
p3(t) = —v/2hg cos(ty/co — 2hg).
For the remainder of this example we shall for convenience assume that ¢ = —1. Using the Euler
angles ¢1, ¢2, ¢3 it follows that g(¢) is given as in formula (3.16) where
VvV Cy — 2h0 YV 2h0
= — i — :l:
cos(¢a) e sin(¢s) e

cos(¢3) = Feos(v/co —2hot) sin(¢s) = £sin(+/co — 2ho t)

and

. NG HH(2,0) AH(20) NG
¢1(t) = P2 +p3 = p2p2 + paps) = +/Co.
2 P} -+ p3 Op2 Ops ﬁ+ﬁ( )= e
Therefore ¢1(t) = fg ¢1(7)dr = \/eot. We wish to obtain the trajectories of this system starting
from the identity, i.e., 1 € SO(3). Thus, we translate this trajectory to start at the identity using

the left translation
1 |[Veo— 2hg 0 —V2v/ho
g(0)y™t = — 0 —/C 0
Ve —V2vho 0 —veo — 2Ry

Let z;(t) = g(0)~'g(t)é;, i = 1,2,3. The resulting trajectories on the sphere S?, using the
projection x1(t) =

s

g(0)~tg(t) &1, are given by

~~

(co — 2ho) + 2hg cos(t+/co)
LEl(t) = — —/ 2COho sin(t\/%)
| /2ho (co — 2ho) (cos(ty/an) — 1)

We also have

1 v2ho (\/%cos (dt)sin (\/%t) 448 (1 - cos (\/%t)) sin (& t))
xo(t) = — co cos (y/eot) cos (8 t) + dy/co sin (/o t) sin (5 ¢)
‘o 8y/Co cos (6t)sin (\/eot) —sin(8t) (2ho + 6% cos (/e t))
and
. V2ho (/€0 sin (\/%t) sin (6¢) — 6 (1 — cos (\/%t)) cos (61))
x3(t) = — co cos (/o t) sin(8t) — 8y/cg cos (8¢) sin (/Co t)
co §/o sin (/co t) sin (8¢) + cos (8t) (2ho + 6% cos (\/eot)) .
where § = \/cg — 2hg. The curve g(t) € SO(3) is then given by g(t) = [21(t) 22(1) x3(t)]. We
plot the three projections x1(t), z2(t), x3(t) onto S? for some specific initial values (see Figure 6.1).

6.1.1 REMARK. In general it is only meaningful to talk about the first projection x;(¢). Only in this
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subsection do we consider the plots of all three projections as we want to compare the expressions
between two cost-equivalent systems.

Figure 6.1: xI(t), x2(t), x3(t) over the interval [0, 2n] for c®> = 6, h®° = 2

6.1.2 An equivalent (2,0) system
We now consider the following optimal control problem given by

g(t) = g(t) (ui(t)Ei+ W(t)E2), g(-) : [0,T]™ SO(@), u(-):[0,T]™ R2
g(0) = go, g(T)= gi, go,gi e SO3), T> O fixed ~2)

J

(ul(t)2+ u2(t)2)dt ~ min.
0

Note that this system is not a representative of our classification under cost-extended equivalence.
This example is included to illustrate how one can obtain the integral curves of one system from an
equivalent system. We calculate the trajectories of this system in two ways. First, we calculate the
trajectories by using the equivalence of this system to the system previously investigated. Second,
we integrate this system independently. We give an analysis of the results obtained by these two
approaches.

The transformed system

We begin by noticing that the systems
S20 : g=g9g(uiE>- + U2E3) and S' : g=g(uikEi + U2E2)

are detached feedback equivalent. Indeed, there exists ™ e Aut(so(3)) = SO(3) such that 2T (20 =
r'. Explicitly this is given by

010 00 10

001 1 0 = 01

100 01 00
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Now, every Lie algebra automorphism of so(3) is an inner automorphism. That is, any automor-
phism can be written as Adg : X ~ gXg-1 for some g £ SO(3). Using the fact that the ith column
of 0 £ SO(3) is given by Adh£i (in the basis E1,E2,E3) we can calculate the corresponding h
explicitly. In this case it follows that

'0 1
h= 0 O
1 0

o - O

It then follows that the corresponding group automorphism 0 £ Aut(SO(3)) is given by the con-
jugation map, i.e., 0 : g ™ hgh-1. Thus, the projection onto the sphere S2 of the transformed
system is given by X1(t) = 0(g(O)- 1g(t)) el. Explicitly, we have

cos (JCOt) cos (51) cO+ sin (JCO1) sin(51) j cOS
Xi(t) 1 cos (St) sin (JCO1) jc 0S—sin (St) (cos (jc Ot) S2+ 2h0)

@ 32jcoho (cos (St) sin (jc01) — (—1 +cos (jc01)) sin (St~ /T —"2h0j

Here S = y/c0—2h0. (The expressions for X2(t) and X3(t) are obtained in a similar fashion.)
We plot the three projections X1(t),X2(t),X3(t) onto S2 for some specific initial values (see Figure
6.2).

Figure 6.2: X1(t),X2(t),X3(t) over the interval [4, f] for cO= 6, hO= 2

Independent solution

We now solve the optimal control problem (6.2) independently. The associated quadratic Hamilton-
Poisson system is given by H'(p) = 1(p2+p2) and the optimal controls are given by (ul(t),u2(t)) =

(pl(t),p2(t)). It follows that the system H' is equivalent to the system h 22,0). Indeed,

01
0O o0oO
10

o - O
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is a linear Poisson automorphism such that 7y - ﬁézo) (p) = (H' o ¥)(p). Let hg = H§2’O> (p(0))
and ¢y = C(p(0)). Let ho = H'(¥(p(0))) and co = C(¥(p(0))). We obtain the relations & = co
and hg = ho. (Recall that ¢y > 2hg > 0.) Therefore the integral curves of H' are given by

pi(t) = V2sin (Veo = 2hot) Vo
pa(t) = —v2cos ( co — 2hg t) \/h_o
pg(t) = /o — 2hy.

Using the Euler angles it follows that ¢(t) is given as in formula (3.16), where

cos(¢p) = 1/2cﬂ sin ( co — 2hg t) , sin(¢o) = j:\/%\/co — 2hg sin ( co — 2hg t) 2
0 0
Vo — 2hg 2hg cos (y/eo — 2ho t)

\/Co — 2h0 sin (\/ Co — 2h0 t) 2 \/Co — 2h0 sin (\/ Co — 2h0 t) 2

cos(¢3) = = ,  sin(¢3) = £

and

V@ <8H’ oH’ )
= +

p% + pg ap2 P2 8p3 Ps3
B 2cos (v/eo — 2ho t) 2\ /cohg
N co — 2hg + 2 cos (\/Co — 2hg t) 2h0.

d1(1)

Hence, we have that

O1(t) = /()tél(T)dT = /cot — arctan <\/% tan ( co — 2ho t)) .

We wish to obtain the trajectories of this system starting at the identity, i.e., 1 € SO(3). Therefore
we translate this trajectory using the left translation

0 0 —+/Co
g(0)y~! = N —V2hg  Veo—2hy O
0 Ve — 2h0 vV 2h0 0

Let x;(t) = g(0)"'g(t)e;, i = 1,2,3. The resulting trajectories on the sphere S?, using the
projection x1(t) = g(0)~'g(t) €y, are given by
cos (¢1) \/co (co — 2hg sin (Vo — 2ho t) ?)
1
LEl(t) — C_ —2h0 sin (\/Co — 2h0 t) — sin ((]51) \/(Co — 2h0) (Co — 2h0 sin (\/ Co — 2h0 t) 2)
0
YV 2h0 (sin (\/Co — 2h0 t) \/Co — 2h0 — sin ((]51) \/Co — 2h0 sin (\/ Co — 2h0 t) 2)

The curve g(t) € SO(3) is given by ¢(t) = [21(t) x2(t) w3(t)]. We plot the three projections
x1(t), 22(t), 23(t) onto S? for some specific initial values (see Figure 6.3).
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Figure 6.3: X1(t), X2(t), X3(t) over the interval [4,f] for cO= 6, hO= 2

Note that the trajectories X1(t),X2(t),X3(t) coincide (at least graphically) with the trajectories
X1(t), X2(t),X3(t) corresponding to Figure 6.2. The issue we have with integrating the system (6.2)
independently is that the solution is not defined for all values of t; this is due to the complexity
of the expression for the Euler angle 01. However, we can simplify this expression in the following

way. Let 7 = arctan 1—27 tan (\/cO—2h01 . It then follows that

1 jc Ocos (yjab—2h01)
cos(y)
1+ 1—77 tan (jc 0—2hot) 2 @ —2h0sin (jc 0—2h0t) 2
and
) 1— tan (jc 0—2hOt) yjA@ —2h0sin (Vc0—2h01)
S|n(Y) = = = = = =
1+ (1 —¥@) tan (jc 0—2hot) 2 @ —2h0sin (jc 0—2h0t)2

Let X1(t) denote the first row of X1(t) and let S= ~ c0—2h0sin (jc 0—2h0t)2. Thus we have
that

X~t) = Clcos (01 ¢cO(cO0O—2h0sin (VC0O—2H0t) 2j

JCOs cos (JCOt) cos (jc 0—2h0t) JCO + sin (JCO1) sin (jc 0—2h0t) jc 0—2h0
cO S S

cos (JCO1) cos (WVeO —2h0tj + sin (JCOL) sin A 0 —2h0 2P,

We can now see that this is exactly the first row of X1(t). A similar argument shows that X2(t) =
X2(t) and X3(t) = X3(t).

It can be seen in this case that it is thus far simpler to obtain the integral curves for the optimal
control problem (6.2) by finding and applying the Lie group automorphism to the integral curves
of the optimal control problem (6.1). This approach is extremely useful in the investigation of
optimal control problems on SO(3). Indeed, one can always integrate the simplest representative
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and then obtain the integral curves for any equivalent systems by finding the corresponding Lie
group automorphism taking the one system to the other. (Finding the Lie group automorphism
is a far simpler process than integrating each system independently.) Although there is no exact
way to know which system in an equivalence class will be the easiest to integrate, experience in
working with these systems allows one to make a “well educated guess”. In particular, we try to
look for the representative which contains the least number of parameters (already done in our
classification of cost-extended systems) and most importantly which gives the simplest expression
for the differential equation describing the angle ¢g.

6.1.3 The system (ZS’D,XW)

MATHEMATICA. The details of the calculations for this system are contained in the Mathematica

file:
Thesis Mathematica\SO(3)\ Applications\Sys11.nb

Here we consider the cost-extended system (22}’” , Xn). We will only consider the case when o =1
and n = 0. This system is cost-equivalent to one investigated by Jurdjevic in [33]. This allows
for a comparison of our results to previously known ones. However, in [33], Jurdjevic provides
sketches of the extremal curves on S? but does provide any explicit closed-form solutions. Using
our approach we provide closed-form solutions for the extremal trajectories on S?. (Note that we
do not consider the trajectories corresponding to constant controls.)

Thus in this section we are considering the optimal control problem given by

g(t) = g(t) (B2 +wi(O)Er), g():[0,T] = SO@3), u(-) : [0,T] - R
9(0) =g0, 9(T) =91, go,91 €SO(@3), T >0 fixed

T
j/ u1()?dt — min.
0

We know by theorem 2.1.5 that the associated quadratic Hamilton-Poisson system is described
by the Hamiltonian function Hi(p) = ps + %p% and that the optimal controls associated to this
system are given by wuq(t) = p1(t). This system is exactly one of the quadratic Hamilton-Poisson
systems previously studied and the integral curves are given in theorem 3.3.9.

Subcase 1: ¢y > h3

We shall first consider the case when c¢g > h%. The explicit expressions for the integral curves in
this case are given by

p1(t) = /2(ho+ 0 — 1) en(Qt, k)
Pa(t) = ho — (ho + 6 — 1) en (¢, k)?

p3(t) = /20(ho + 6 — 1) dn(Q¢, k) sn(Qt, k).

Here Q = V3, k = \/h‘”gig_l7 and § = /1 + co — 2hy. Using the Euler angles it follows that g(t)
is given as in formula (3.16), where
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cos(02) ~ 2(he+5)cn (Qt, K) sin(02) = ~ (S + 1)2—45dn(Qt, k)2
| 26dn(Qt, K) sn(Qt, K) . 5+1-5dn(Qt, k)2
c0s(03) T 54 1)2 45dn(OLK)2 sSin3) 54 1)2 45Ot K2
and
c0 dH1  dH1 5+ 1—25dn(Q t, k)2
01(® p2+ p3 P dp12 TP dp:% AM (B + 1)2—45dn (Qt, k)2

Therefore we have that

/ 0t_ /COS+ 1) n 4k2s

am (/5t,k2), k
2 2/5(5 —1) (5—1 7,

01(t) 0 Ol(t)dr

(Here n denotes the elliptic integral of the third kind; see appendix D.2.) We now translate this
trajectory to start at the identity using the left translation

2k /S 0 —ct{s —/ "'
g(0)— 1—5 0 —CT2k/5 a= sgn(s —1)
0 oaf D 0
The resulting trajectories on the sphere S2, using the projection X1(t) = g(0) 1g(t)el are given by
4k25cn(/51, k) —a(S —1)cos(O/y~ (5 + 1)2—45dn(/5t, k)2
X1(t) 2k/5 cos(O)™ (5+ 1)2—45dn(/5t, k)2— (B —1)cn(/5t, K)

cf Dsin(01™ /(5+ 1)2—45dn(/5t, k)2

We plot this projection onto the sphere for two sets of specific values (see Figure 6.5, 6.6).

Figure (6.5) c® = 30, h° = 2 and t G Figure (6.6) C° = 100, h° = 15 and t G
[—3.5n, 3.5N] [- 2.5n, 2.5n]
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Subcase 2: cO= hO

Next, we consider the case when cO = h0. The explicit expressions for the integral curves in this
case are given by

p~t) = 2aQsech(Q t)
p2(t) = h0—2 (h0—1) sech (Q t)2
p3(t) = 2a(h0—1) sech(Q t) tanh(Q t).

Here Q = \/h0O—1. Using the Euler angles it that follows g(t) is given as in formula (3.16), where

2 , .
c0s(02) :Q sech (Q t) sin(02) i 1 b —4(ho — 1) sech(Q 1)z
0
c0s(03) 1 2ath— seoch Q1) tanh(Qt) sin(03) 1 h°—2(h°°—1) sech (Qt)2
/h N —4(h°—1) sech (Q b2 /h ™~ —4(h°—1) sech (Q t)2
and
O ()= ho / = 2 (ho —2) (ho —1)
O01() p2+ p2 p2dp2 + p3dps 4 + ho (ho cosh(Q t)2 —4).
Therefore we have that 0i1(t) = Jooi(t)dr = t+ arctan ™2 Q . We now translate this

trajectory to start at the identity using the left translation

1 2 0 (@2 —h0)
g(0)— ho 2—h0 O —2aQ where = sgn (h0—2).
0 gho 0]

The resulting trajectories on the sphere S2, using the projection X1(t) = g(0) 1g(t)el are given by

(h0O—2)2 cos(t) + 4(h0—1)sech (Qt) + 2Q(h0—2) sin(t) tanh(Q t)
2aQ(h0—2) (cos(t) —sech(Q t)) + 4a(h0—1) sin(t) tanh(Q t)

X1(t) = ho hO ((h0—2) cos(t) —2Q sin(t) tanh(Q 1))

We plot this projection onto the sphere for some specific values (see Figure 6.7, 6.8, 6.9).

Figure (6.7) h® = §f, a = -1, Figure (6.8) h®° = ,a = —1,  Figure (6.9) h° = IT6, a = 1,
and t G [0, 3n] and t G [0, 8n] and t G [0, 2°]
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Subcase 3: ¢y < hi

Lastly, we consider the case when 0 < ¢y < 2hg. The explicit expressions for the integral curves in
this case are given by

\/—1+kzsn(Qt, k)

p1(t) = 24
nilt) = o dn (¢, k)
_ 24
P2(l) =ho +0 = o
- en(Qt, k)
= — Q 2 .
Pa(t) ok(v'28 1 —ksn(Qt, k)

Here Q@ = vVho—1+9, k= ,/Zgjjrg and & = Vho? — ¢g. Using the Euler angles it that follows
g(t) is given as in formula (3.16), where

20 1+ ksn(Qt, k) . (co—28) — (co+28) ksn (Qt, k)
cos(z) = 0\/g dn(Qt, k) sin(g) = i\/ Veo/1 —ksn(Qt, k)
V26 kQen (Qt, k)
V(1 —ksn(Qt, k) ((co — 20) — (co +20) ksn (Q, k))
N (ho —0) — (ho + 0) ksn (2, k)
VI —ksn(Qt, k) ((co — 26) — (co + 20) ksn (Qt, k))

cos(¢s) = F

sin(¢s) =

and

P1(t) =

NG, ( oH 8H%>@(<h0—6>—<é+h0>ksn<m,k))
B \Pap TP ) T T (o —20) — (20 teo) ken (LK)

Therefore we have that

Vo (ho +6) 26./co (co — 2ho) k2 (26 + co)?
/q51 c0+26 t= 9(03_452> H( (60_25)2 ,am (Qt, k), k

1 2kS€2\/co 1 2k$2\/co
e d(Q _ -
+ 5 arctan ((Co — 2h0) ed (2, k:)) 5 arctan (Co — 2h0>

We now translate this trajectory to start at the identity using the left translation

|: O\/25(0—25) 0 26 — ¢ ]

Vo — 28 (hg — 0) —a+/26co (hg —1—0) /26 (hg — )
—a+/2(co —26)+/6 (ho — 1 — ) Ve (8 — ho) —28vhog —1 -4

The resulting trajectories on the sphere S2, using the projection z1(t) = g(0)~'g(t)e; are given by

20R1.(t) + (co — 20) S(t) cos (¢1)
V200 ((ho — 6) (R4(t) — S(t) cos (¢1)) — y/eon S(¢) sin (¢1))
20mS(t )COS (@1) + /o (8 — ho) S(t) sin (¢1) — 20nR+.(1)

-1 _ 1
g(O) - v/ co(co—26)

LEl(t)

COR (t)

Here n=vhy — 1 =98, Re(t) = /1L ksn(Qt, k), and S(t) = \/<00—2‘5> (cort2N b snl@1bk)
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We plot this projection onto the sphere for some specific values (see Figures 6.10, 6.11, 6.12).

e3

-10 -05 0.0 05 10

Figure (6.11) c® = 268, h® = 21, Ejgyre (6.12) ¢® = 299, h° = 1750,

Figure (6.10) c®° = 32, h® = 17,
a=—1andt€ [o,8n] a=1andte€ [0 3n]

a=—1 and t € [0,10n]

6.1.2 Remark. It is worth comparing the plots of this section with the plots given by Jurdjevic in
[33]. Although the system investigated in [33] is not the exact system investigated here, it is an
equivalent system. The figures are therefore not identical to those in [33], however, the similarities
of the corresponding cases can clearly be seen.

6.1.4 The system (si2l),x3)

Mathematica. The details of the calculations for this system are contained in the Mathematica
file:
Thesis Mathematica\SO(3)\Applications\Sys21.nb

We now consider the cost-extended system (si21),%3). In particular, we consider the case when
n = 0. Thus we are considering the optimal control problem given by

g(t) = g(t) (aE + UL(t)E + U2(t)E3), g(-) :[0,T]~ SO(3), u(-) : [0, T1™ R2
g(0) = g0, g(T) =gl, g0,gl1GSO(3), T > O fixed

rT
(ul(t)2+ u2(t)2)dt ~ min.
0]

J

The associated quadratic Hamilton-Poisson system is given by HI21)(p) = apl+ 2(p2+ p2), and
the optimal controls are given by (ul(t),u2(t)) = (p2(t),p3(t)).
It follows that the system H (2,1) is affinely equivalent to the system HO(p) = 2p2. Indeed,

—1 0 O a
p~p O 1 O + O
0O 01 0
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is an affine isomorphism such that 7% - H0 (p) = (Hy P o )(p). The original integral curves for
the system H! can be expressed as follows (see theorem 3.3.5)

ho
P2(t) = o\/ éo — 2ho sin(y/2ho t)
]53(15) =1/ 50 — 2%0 COS( 2%0 t).

Here hg = H'(p(0)) and & = C(5(0)). Let hg = HZV((5(0))) and co = C((p(0)). We
then obtain the relations ¢y = ¢y — & (a — 20/ cg — 2hg + a2) and hg = ( co — 2ho + « ) (Here

o = sgn(pi(t)).) The integral curves of the system H"

integral curves of the system H'. Explicitly, we get
p1(t) = a—av/a? +cg — 2ho
pa(t) = aﬂ\/ho — o (a — am) sin ( a? + cg — 2hg t)
ps(t) = ﬂ\/ho —w (a—a\/W) cos( a? +eg —2hot) )
For convenience, let Q = Va2 + cg — 2ho.

Using the Euler angles it follows that ¢(t) is given as in formula (3.16), where

3
iy
—~
o~
A
I
Q
[\

are obtalned by applying ¥ to the

a—of)
_ = Qt
cos(¢2) NG cos(¢s) = cos (1)
V24/ho — a(a — o)
‘ = i — osin (Q¢
sin(¢gs) NG sin(gs) = osin (Q21)
and (2,1) (2,1)
. Veo OHy” OHy”
t) = + = /¢Co.
71 B\ o " ops veo
Therefore, we have that ¢1(t) fo q51 ydr = \/cot. We now translate this trajectory to start at
the identity using the left translation
1 a— o 0 —vV2yho —ala—oQ)
g(0)~! = T 0 Vo 0
0 V2y/ho —ala—aQ) 0 a—of)

The resulting trajectory on the sphere S?, using the projection z1(t) = g(0)~'g(t)e}, is given by

1 co — 2 (ho — ala — Q) (1 — cos (/oo t))
x1(t) = — V2¢oy/ho — ala — o) sin (\/eot)
“ V2y/ho — ala — oQ)(a — aQ) (1 — cos (/e t)) -

It then follows that g(t) = [21(t) 22(t) 23(t)], where




148 6.1. Path planning on SO(3)

1 —2 "27™na(a —aQ) sin(Q t) sin2 M2° tj —cos(Q t) sin(—c01)- N
xX2(t) - a(—a + aQ) sin(Q t) sin(—c01)—c0 + cos(Q t) cos(—c0t)cO
a (2n + (a —aQ)2cos(—<c0t)) sin(Qt) + (a —aQ) cos(Q t) sin(—c01)—c0
—2 7"27n(a —aQ) cos(Q t) sin(Q t) sin2 M2° tj + asin(Q t) sin(—c0t)—nc0j
X3 - (—a + aQ) cos(Q t) sin(—c01)—c0 —acos(—c01) sin(Q t)cO
cos(Qt) (2n + (a —aQ)2cos(—<c01)) + a(—a + aQ) sin(Q t) sin(—c01)—c0

[,

Here n = hO—a(a —aQ). We plot the projection of x1(t) onto the sphere for some specific values
in Figures 6.13, 6.14, 6.15.

Figure (6.13) co = 77, ho = 44, Figure (6.14) co = 5, ho = f§, Figure (6.15) co = 74, ho = 245,

a= 61, u=1and t€ [o,n] a= 117, u=1 and t€ [o,5r] a= 644, u= —1 and t€ [o,n]

6.1.5 The system (£ (39), )

Mathematica. The details of the calculations for this system are contained in the Mathematica

file:
Thesis Mathematica\SO(3)\Applications\Sys30.nb

We begin by considering the cost-extended system (X(3,0),ya”7). We will consider the case when
a = 0 and 7 = 0. Thus, we are considering the optimal control problem given by

g(t) = g(t) (UL(t)#1 + U(t)E2+ WB(t)E3(t)), g() :[0,T]~ SO@), u(-) :[0,T]~ R3
g(0) = g0, g(T)=g9gl, g0,glGSO(B), T > 0 fixed

ot
(ul(t)2+ ~R2()2+ ~27n2(1)2)dt ~ min, 0<M2 <M < 1,
0

[
1
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The associated quadratic Hamilton-Poisson system is given by /gs,o) (p) = %(p% + %p% + %p%%
and the optimal controls are given by (u1(t), u2(t), us(t)) = (p1(t), %pg(t) /81 pa(t)).

The system H39) is linearly equivalent to the system H2(j) = p? + 2p2. Indeed,

2313
(= (1-52) 0 0
e . 0 B1v B2 0
PP (1=B1)(B1—PB2)
0 0 _ Bav2B1

(1-B2)(B1—B2)

is a linear isomorphism such that T - H2(p) = (ﬁg”O) 01))(p). The original integral curves for H?

are given in theorem 3.3.7. Let hg = H2(p(0)) and & = C(j(0)), and let hy = Hgg’o)(z/}(p’(())))
and co = C(1(p(0))). We then obtain the relations

= (1= p51)(co —2B2h0) (L =2B1+ Ba)eo + 2(81 + (81 — 2)B2)ho
o = 20132 and o = 20132

The integral curves of the system Hg”m

are obtained by applying ¢ to the integral curves of the
system H?2.

Subcase 1: & > QiLo B
We first consider the case when & > 2hg > 0. Then the transformed integral curves are given
explicitly by

pr(t) = /L2 en(Qt, k)

pa(t) = o/ BLL=220) sn (1, k)

pa(t) = =0/ 2E0) dn(Qt, k).

Here O = /& 15;0 ) |- \/ e 00%20522)0) and o € {—1,1}. The new conditions on this

system become 0 < 28shy < ¢o < 2831hg. Using the Euler angles it follows that g(¢) is given as in
formula (3.16), where

,32(2h0 — Co) + (Co — 2,32h0) SH(Q t, k])2
co(l — B2)

cos(d2) = \/ LB en(Q, k), sin(¢n) \/
\/,32 2h0—Co dn Qt k]

\/52 2ho — ¢o) + (co — 2B2h0o) sn(Q2t, k)?
\/,31 1— ,82 ( Co — 2,82h0) SH(Qt k])
vﬁl B2/ B2(2ho — co) + (co — 22h0) sn(Qt, k)2

cos(¢s) =

sin(¢s) =

and

. V& 8H/(33’0) 8H/(33’0) - (2h0 — Co) -+ (Co — 2,32h0) SD(Q t, k])2
1) = — ./ .
(bl( ) P3+p3 <p2 9p2 +Ds 9p3 “ B9 (2h0 — Co) -+ (CO — 2,32h0) SD(Qt, k])2
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Therefore we have that

cov21i(l —22)n j@c® 2ho), am(Q t,k2),k2
©1(t) = VCO1 +
adCo022(21 —22) (2ho — )

We now translate this trajectory to start at the identity using the left translation

1 VCo —222ho 0 —N" 22 (2ho — )
g(0)-1 = 0 —CT"co(1 —22) 0

a(cO(l _22) —- al 22 (2ho —c0) 0 —av G —222ho _

The resulting trajectory on the sphere S2, using the projection x1(t) = g(0) 1g(t)el, is given by
(@0—222M cn(Qt, k) + 22 (2h0—Q)) cos(©1)S(t)

X1(t) ! —a”Nc0(1l —22) sin(©1)S(t) n
@ —22) av A —222h0 ~cos(01)S(t) —4d 22 (2h0—c0) cn(Q t, k))

where S(t) = a22 (2ho —c0) + (co —222h0) sn(Q t, k)2. We plot this projection onto the

for some specific values (see Figure 6.16, 6.17, 6.18).

Figure (6.16) co = 31, ho = 44, Figure (6.17) co = 33, ho = 98, Figure (6.18) co = 267, ho = 138,
Pi = 156, P. = j&2 and te [0, 4] Pi= H, P2= and te [o,f] pi=if , 6 p2=iog and te [0,f]

Subcase 2: c0= 290
Next, we consider the case when cO= 2h0> 0. The transformed integral curves in this case are

given explicitly by

pl(t) = alj 2(jli- j 2ho sech (Q t)
p2(t) = alcT~/221h0tanh(Q t)
p3(t) = —a2j 2j21°(j- ji) sech (Qt).

2ho(1-ji) (ji-i2

Here Q jij2
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The conditions on this system become ¢y = 281hg > 0. Using the Euler angles it follows that
g(t) is given as in formula (3.16), where

VB1(1 = B2) — (B1 — B2) sech (Q11)?
Bi(l — 32)

cos(go) = 014/ =52 ) sech (Q 1), sin{¢o) =

B1(1-p2)
o V/Ba(1 — B1) sech (1)
cos(@s) = Fo2 VB1(1 = Ba) — (B1 — fB2) sech (Q1)?

\/,81(1 — ,82) tanh(Q t)
VB1(1 = B2) — (B1 — B2) sech ()2

sin(¢s) = L0102

and

Lo VB [ OHG 8H<3’0>> — B2 — (B1 — Ba)sech (Q1)%
o1(t) = P2+p2 (Pz o P \/2ﬁ1hoﬁ( B (B B) sech (002

Therefore we get ¢1(t) = arctan (7%5(11_552) tanh(Qt)) + 2h0 t. We are specifically interested in
2\1—F1

finding cos(¢1(t)) and sin(¢;(t)). These expressions can be s1mphﬁed using the following results:

1
\/1 + % tanh(Q ¢)2
_ V2 cosh(Qt)\/(1 — B1) B2
V202 — B (1 + f2) + B1 (1 — B2) cosh(2021)

cos (arctan( 525(1 /8/6?>tan((2t))) =

and
h(Q2
sin (arctan( 5;8(1 /852 3 tan(Qt))) tanh(}1)
/8251 BB 4 tanh()2t)2
V2sinh(Qt)v/B1 — B2

- V/2B2 — B1 (1 + Ba) + b1 (1 — B2) cosh(2Q21)

We can then break up cos(¢1(t)) and sin{¢;(t)) using the addition formulas for trigonometric
functions. We now translate this trajectory to start at the identity using the left translation

o1V — B2 0 —/B2(1 = B1)
g(0)~! = ﬁ 0 —oa/ B1(1 — B2) 0 .
B2(1 = B1) 0 —o102vB1 — B2

The resulting trajectories on the sphere S2, using the projection z1(t) = g(0)~'g(t)e; are given by

a1(1 — ag)cos(wt) + agsech (Qt) — y/aras(l — ag) sin(wt) tanh(Qt)
1 —02y/a(l — ay) <\/a1(1 — ag)sin(wt) + /asz cos(wt) tanh(Qt))

ml(t) T )
o102y aras(l — ag) (cos(w t) —sech (21) — m sin(w t) tanh(Qt))
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where w , Q = Nj(1-2ak)(3j a6), a = 1—21,a = 1—22 and 0:3 = 21 —22. We plot

this projection onto the sphere for some specific values (see Figure 6.19, 6.20, 6.21).

Figure (6.19) ho = ~ |, Pi = joL, Figure (6.20) ho= ~ , Pi = , Figure (6.21) ho = i73, Pi = j7,

ft = ,G=-Ji=p te[05] ft =23 32=3i=-1 te [On] p2= 984, Ji= J2=1, te [0, 5]

Subcase 3: 0 < @ < 2ho

Lastly, we consider the case when 0 < co < 2k0. Then the transformed integral curves are given
explicitly by

pi1(t) = a dn(Q t, k)
p2(t) = sn(Q t, k)
p3(t) = —a jj2(2- j - cn(Qt, K).

Here Q = j (1-ji~ij-32ho), k= j (@G--1H40—o0-0j), and a e {—1,1}. The new conditions on this
system become 0 < 222ho < 221ho < co < 2h0. Using the Euler angles it follows that g(t)

is given
as in formula (3.16), where
Ao (D-Zj_ZD o + Cp(l1 —22) — (Co —222h0) dn(Q t, k)2
cos(™2) = a co(l-j 2) dn(Qt, k), sin(~2) =X CoL —22)
_+ an/22 (2h0—c0) cn(Q t, k)
cos(03) =
/c 0(1 —22) —(C0—22270) dn(Q t, k)2
sin(r3) = /21(1 —22) (2h0—c0) sn(Q t, k)

\/(1 —21) (cc(l —22) —(C0—222M dn(Q t, k)2)

and

2h0(1 —22) — (cp —222h0) dn(Q t, k)2

3
01() p2+p3 p2 dp2 te dp3 @ CO(1 —22) —(co —22270) dn(Q t, k)2
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Therefore we have that
V2CO0(1 —22)n —~ -1),am(Q t, k2), k2

o1(t) =/ o1+
22\ /(1 —21) (co —222”"0)

We now translate this trajectory to start at the identity using the left translation

a 22 (2ho — Q@)
0

~NJco —222ho 0

1
0 —a”Nco(l —22)

9(01 o(1-j2)
—/c o0 —222ho

—a”n/22 (2ho —cO0) 0

The resulting trajectories on the sphere S2, using the projection x1(t) = g(0) 1g(t)e1 are given by
(Co —22270) dn(Q t, k) + 22 (2ho — @) cos(01)S(t)

1 —a”~co(l —22) sin(01)S(t)

XY o (1-j2)
Vcec —222ho (cos(01)S(t) —d 22 (2ho —c0)dn(Q t, k))

d c0(1 —22) —(co —222h0) dn(Q t, k)2. We plot this projection onto the sphere for

where S(t) =
some specific values (see Figure 6.22, 6.23, 6.24).

, ho = 9f, Figure (6.24) co = , ho = 95,

Figure (6.23) co = »
P4=0.32, p2=0.1 and te [0, n]

Figure (6.22) co = 23, ho = f ,
Pi. = 0.8, p2= 0.3 and te [0, 2n] Pi = 0.9, P2=10.12 and te [0, ]

6.2 A four-input control system on SO(4)

Mathematica. The details of the calculations for this system are contained in the Mathematica

file:
Thesis Mathematica\SO(4)\Applications\Sys40.nb
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Let us consider the optimal control problem on SO(4) , (24’0, 1), specified by
1

g(t) = g(t) (ur(t) o + uz(t) s + ua(t) Bs + ua(t) Ls)
g() :[0,T] = SO(4), wu(-):]0,T] - R
9(0) =g0, 9(T) =91, go,91 €SO(4), T >0 fixed

T (u( / <ZC’ )dt—ﬂmn Cly...,cq > 0.

We shall consider the case when ¢ = ¢ = ¢3 = ¢4 = 1. In this case the associated quadratic
Hamilton-Poisson system is given by Ha(p) = $(p3 + p3 + p? + p2). This system in turn is linearly
equivalent to the system H(p) = %(p% + p?). Indeed,

~(Hy — SOy = SO (p) = H ().

That is we have used the properties (€2) and (€3) of lemma 2.2.24. Thus the linear isomorphism

Y =diag (=1, —1, =1, —1,—1,—1) yields T4 - H(p) = (Hs 0 )(p).

The functions H'(p) = %p% and H?(p) = %pi are both integrals of motion for the system H.
Similarly, for the system H, the functions H(p) = 1(p3 + p2) and H%(p) = 3(p? +p3) are both
integrals of motion. Let hig = H'(5(0)), hao = H?(j(0)), ¢10 = C1(5(0)), and éa = Ca(5(0)).
Let hio = H'(¥(p(0))), hoo = H?*(¥(p(0))), c10 = Cl(¢(~(0))) and ¢z = 02(1/1(~(0)))-

We then obtain the relations ci1g9 = ¢é1g, 20 = €20, hlo = 2010 hio, and hgo = 020 — hog. The
transformed integral curves for the system H, are then given by

p1(t) = —o1v/ 10 — 2h1o pa(t) = —o2+/ a0 — 2h2o

pg(t) = =01V 2h10 sin(t Cl10 — 2h10) p5(t) = —02v/ 2h20 sin(t Co0 — 2h20)

pg(t) = —/ 2h10 COS(t Clo0 — 2h10) p6(t) = —/ 2h20 COS(t Con — 2h20).
For convenience we shall assume that ¢; — g2 = —1.

Let (w1,92,93) and (@4, ps5,s) denote the coordinates of two points in SU(2). It then follows
that g1(t) = exp(p1F1) exp(paFy) exp(psFy) and go(t) = exp(paF1) exp(psFa) exp(pe FY), where

@)7\/1+51 (ﬁ): 1+

]

cos = cos
(53 NG 2 NG
sin( g02) L= sin(ﬁ) = 1—0%
2 /2 2 NG
. ) ,/ ) ,/ : 324/ Vv
eiPs sin(— ‘10 t)‘ +i |cos(— a0 t)‘ eziPe sin(— 2C2O t)‘ +i |cos(22 2620 t)‘

Here 6 = /1 20}% and 8o — 2h20 . We also have

\/C10 oOH oOH
2 2 <p2 — + P3—
P35+ p3 Ip2 Ips3

$1(t) = ) = /1.
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Therefore ¢1(t) = fg $1dt = Jeot. Similarly, we have ¢4(t) = \/eaot. For convenience, we
shall assume that ¢ € [O,min (%, %)} We now use theorem 4.1.8 in order to find the
corresponding trajectory on the group SO(4). We have

L | dedtvent=b0 yTorgy  —jexttvaollydn) T,
n(t) = V2 | —iemsiven(48) T=5,  —je=siven(l=81) T 5,

(t)—lzi _jesitven(l=02) T 5, jesitven(l+d) T 5,
g2 NG jo— 5itv/ean(1402) 1—0, ie%itm(l—éz)m

10

First consider Wy = g1(¢) 01

1

} g2(t)~!. This matrix can be written in the form

- {woJrzwl w2+zw3}

1
2 |—ws + w3 wo — 1wy

where

PPt t) + VP14 p2+ cos ((7p17;p27 l

Pt t) + /P14 p2+ sin (pk;pzf t))

; (
2(c10c20)4
1
2(c10c20)%
1
O et (m sin (plﬁgmf t) — V/P14p2— sin (% t)) )
2(c10c20)4

Here, p14 = \/E(l ~|>51)7 P1— — \/%(1 — 51)7 P24+ — /C20 (1 + (52)7 and pa— = \/@(1 — 52).
We then get that the first column of SO(4) is given by w; = [wo w1 w; wg]T. The columns
Wy, W3, and w4, can be found in a similar fashion, where each is defined through the equations
given below (refer to theorem 4.1.8)

1 10 _ N 1 ;0 _ .

00y Ym0 —wea a0 ]y O] w0 - wes e
1 0 1 _ . 1 0 4 _ .
591(1) {_1 0} g2(t) ™" = Wi > g 591(1) L (Z)} g2(t) ™! = Wy g

It follows that

\/P1-p2— sin %t — /P2t sin (Pl—;pzf t) T
o 1 VPt P2y cos ( B=5P2=t) — \/p1—pa= cos <m+;pz+ t)
2ewen)* | /Papry sin (242 1) 4 pipar sin (242 1)
~V/P2- Py €08 (% t) — \/P1=p2y €OS (% t)
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_ VPa=piy cos<p2+ A=t ) VP1-p2+ cos(p1+ P2y )
N —1 VP2 P14 Sln p” p1 — /Pi=pay sin <01+ p2— t)

o 2(010620)i V/P1-p2— cos p1++m+t +\/mcos< 1 +p2, )
\/P1-p2— sin p1++p2+t + /PPt sin p1 +p27 t)

| V/P1-p2+ sin Lle—p2 ) JPa—piy sin <02+ Py )

) 1 VP2—P1t cos p2+ e JPIPEE Cos <m+ Py )

Wy = —
2(c10c20)1 | /Pryp2y sin | 2= “2*15 N/ Sm( pri s t)
VPI—pa— cos | P ) — /pry pay COS(m +p27 )

We then have that g(t) =

[y Wy ws Wl



Conclusion

In this thesis we have considered a class of invariant optimal control problems on the orthogonal
groups SO(3) and SO(4). The objective was to find ways to study large subclasses of these problems
effectively. To this end, we introduced several appropriate equivalence relations. We then classified
classes of objects (e.g., control systems, optimal control problems, Hamilton-Poisson systems) under
these equivalence relations in order to obtain finite lists of representatives (or normal forms). We
needed then only consider each of these normal forms, rather than arbitrary objects.

In general, a left-invariant control affine system on SO(3) will depend on up to twelve parame-
ters. Under detached feedback equivalence (see proposition 3.2.1) this class of control systems has
been reduced to two representatives containing no parameters and two single-parameter families of
representatives. This reduces the complexity of the control systems we need consider dramatically.
An arbitrary cost function, associated to an f-input control system, will depend on up to £2 + /¢
parameters; thus a maximum of twelve for a cost-extended system on SO(3). For our classification
of cost-extended systems, under cost equivalence, we obtained the following results. For single-
input inhomogeneous systems we reduced the class of cost functions to a single-parameter family
of representatives. For two-input homogeneous systems, we were able to reduce the class of cost
functions to a single-parameter family and a three-parameter family of representatives. On the
other hand, for two-input inhomogeneous systems we reduced the class of cost functions to three
families of representatives containing one, two, and three parameters. Lastly, for three-input homo-
geneous systems we were able to reduce the class of cost functions to six families of representatives;
containing between one and five parameters.

An arbitrary quadratic Hamilton-Poisson system on s0(3)* will also depend on up to twelve pa-
rameters. Using affine equivalence, we reduced this class of systems to three homogeneous represen-
tatives (containing no parameters) and nine families of inhomogeneous representatives; containing
at most three parameters. We further divided these families into two types according to the struc-
ture of their equilibria. For type I systems we provided a complete description of the (Lyapunov)
stability nature of their equilibria. We also found explicit expressions for the integral curves of the
associated Hamiltonian vector fields in terms of (possibly rational functions of)) basic Jacobi elliptic
functions. For type II systems we provided an almost complete analysis of the stability nature of
their equilibria. (There were only a few isolated equilibrium states for which we were unable to
determine their stability nature.) We now elaborate on how these results have contributed to the
study of optimal control problems on SO(3) and Hamilton-Poisson systems on so(3)*.

Over the last few decades, there have been a number of papers dealing with optimal control
problems on SO(3) and Hamilton-Poisson systems on so(3)* (see, e.g., [29, 6, 11, 50]). Typically
these papers have only dealt with very specific problems and have primarily focused on the free rigid
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body problem. Daniasa et. al. (|29]) have performed a more general analysis of quadratic Hamilton-
Poisson systems on so(3)*, using the notion of orthogonal equivalence. Their paper, however, is
only concerned with those Hamilton-Poisson systems on so(3)* which are homogeneous; despite
this, it makes for an interesting comparison with the results obtained in this thesis. In particular,
they also obtain three classes of homogeneous systems. However, unlike in [29], our approach of
using affine equivalence produces homogeneous representatives which contain no parameters but
still cover all possible cases effectively. This simplifies the necessary work required as well as the
complexity of the expressions for the integral curves of the normal forms.

To date there has been little research devoted to the study of inhomogeneous quadratic Hamilton-
Poisson systems on s0(3)*, and in particular, the calculation of explicit expressions for the integral
curves of the associated Hamiltonian vector fields. The approach we used to determine the critical
energy states provides a useful way of partitioning the cases of qualitatively distinct integral curves.
That is, each region (which results as the partitioning of the energy states) usually corresponds to
integral curves with different explicit expressions. The typical configurations are then the graphs
of the intersections of the Casimir and Hamiltonian functions for typical values of each region.
These graphs provide a practical means of visualizing the behaviour of the integral curves, as well
as how they change as they pass through critical values. (This knowledge generally proves useful
in obtaining explicit expressions for the integral curves.) We believe the approach we have taken
could be applied to the integration of quadratic Hamilton-Poisson systems on other Lie-Poisson
spaces (see, e.g., [5]).

To the best of our knowledge our results pertaining to the stability nature of the equilibria,
as well as the explicit expressions for the integral curves, of inhomogeneous quadratic Hamilton-
Poisson systems on so0(3)* are original. However, that is not to say that none of these systems
have ever been considered. For example, in [33], Jurdjevic considers an inhomogeneous quadratic
Hamilton-Poisson system on so(3)*, which is affinely equivalent to our system H{(p) = pa + %p%
However, his interest lies mainly with an optimal control problem associated to this Hamilton-
Poisson system. Thus, although he provides the intersections of the level sets of the Casimir and
Hamiltonian functions, he does not investigate the stability nature of the equilibrium states nor
does he provide any explicit expressions for the integral curves of the associated Hamiltonian vector
field. We were very recently made aware of a paper by Montaldi, [46], dealing with bifurcations of
relative equilibria of Hamiltonian systems. The plots he provides for the equilibria seem to make
for an interesting comparison with the results obtained in this thesis for inhomogeneous systems on
s50(3)* . However, as far as we can tell, Montaldi was not able to determine the Lyapunov stability
nature for a number of equilibrium states that we were.

In section 6.1 we considered several examples of optimal control problems on SO(3). To the
best of our knowledge, the explicit expressions for extremal curves on the group SO(3) and S? are
original. However, the following contributions merit acknowledgement. As mentioned in subsection
6.1.3 similar results, particularly the plots of the extremal curves, were obtained by Jurdjevic
in [33]. However, he did not provide the final explicit expressions for the extremal curves on the
group SO(3) and the homogeneous space S%. Recently, an article by Beschastnyi and Sachkov [14],
dealing with the sub-Riemannian geodesics on SO(3) and S?, has also been made available. In this
paper, they find explicit expressions of the Euler angles (as do we) for a class of sub-Riemannian
problems on SO(3). (The sub-Riemannian problem can be treated by realising it as on optimal
control problem on the corresponding Lie group.) The class of systems they investigate are, under
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affine equivalence, equivalent to the system H?(p) = p? + %p% and the optimal control problems
they investigate are related to the system (E<3’O>, Xiﬁﬂ/) we consider in subsection 6.1.1. Their
paper makes for a good comparison with the work done in this thesis (in particular, comparing the
expressions they obtain for the Euler angles and the figures of the extremal curves). It is worth
mentioning that their paper goes further in that it discusses under what conditions the extremal
trajectories are periodic, as well as considering the conditions and constraints under which these
extremal trajectories are in fact optimal.

An arbitrary left-invariant control affine system on SO(4) will depend on up to forty-two param-
eters. In this thesis we provided a classification of all such systems, under £-equivalence. We also
determined exactly which of these systems had full rank, thus also obtaining a classification under
detached feedback equivalence. The largest family of representatives obtained in our classification
contains six parameters. Thus, although this approach is not as effective as it for control systems
on SO(3), this is a very useful reduction from an arbitrary system. Our classification of control
systems on SO(4) is an original contribution and has been published in [4].

We were also able to obtain a partial classification of homogeneous quadratic Hamilton-Poisson
space on so(4)*. We found arriving at a complete classification in this case was not possible due
to computational difficulties. However, using the fact that so(4) > so(3) @ s0(3), we were able to
arrive at a number of conclusive results concerning the stability nature of the equilibria for a large
subclass of Hamilton-Poisson systems (specifically, those systems which are shown to decompose as
the product of two such systems on so0(3)*, see section 5.1). In this case, we showed how already
known results for Hamilton-Poisson systems on so0(3)* can be used to determine results for such
systems on so(4)*. An investigation of the stability nature of the equilibria for a simple class of
indecomposable systems was also provided (see section 5.2).

There have been a number of papers published concerned with optimal control problems on SO(4)
and quadratic Hamilton-Poisson systems on so(4)* (see, e.g., [12], [17], [27], [28], [55]). Again, as
for SO(3), these papers typically deal only with specific problems. In [27], the authors provide a
detailed investigation of the stability nature of the equilibria for a class of Hamilton-Poisson systems
on so0(4)* relating to the free rigid body problem. In their work, energy-Casimir methods fail to
always determine the stability nature of the equilibria. We also encountered this problem in our
investigation of indecomposable systems on s0(4)*. Hence there remain many open problems for
such systems on so(4)*. Although there is still much research to be done on SO(4) and so(4)*,
we believe that our approach of classifying control systems, as well as quadratic Hamilton-Poisson
systems, is a useful starting point for the study of these objects. Classifying systems also helps to
gain a better understanding of the different possible types of qualitative structures of these systems
(for example, being able to determine when a system can be decomposed into two simpler systems,
as in section 5.1).

Finally, in section 6.2, we provide an example of an optimal control problem corresponding to a
four-input control system on SO(4). This example shows how the approach presented in section
4.1 can be used to obtain the extremal trajectories of an optimal control on SO(4) via the double
cover SU(2) xSU(2). This approach has also been considered in [42] in the investigation of a similar
optimal control problem on SO(4). Our example helps to strengthen the practical usefulness of this
approach. In conjunction with our classification of systems, we believe that with further research,
there is potential for the application of this approach to the calculation of the extremal trajectories
for a number of optimal control problems on SO(4).
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Outlook

This thesis makes some important contributions to the study of optimal control problems on the
orthogonal groups SO(3) and SO(4). However, there are a number of ideas that can be investigated
further. The following are topics of possible future research.

The ideas used in [14] to consider when the extremal trajectories obtained are periodic, and
under what conditions they are in fact optimal, would be an worthwhile extension of the work done
in this thesis on SO(3).

An investigation into alternative theoretical approaches or techniques in order to refine our
classification of quadratic Hamilton-Poisson systems on so0(4)* could be of particular interest.
Ideally, this could be done, in order to obtain a complete classification (with distinet non-equivalent
representatives) and hopefully to provide tools for investigating such systems on other higher-
dimensional Lie-Poisson spaces, e.g, se(3).

The integration of Hamilton-Poisson systems on so(4)* is also a topic which requires further
investigation. In this thesis, we have essentially restricted our consideration to those systems
whose solutions are expressible in terms of basic Jacobi elliptic functions. It is known, at least in
theory, that solutions for integrable systems on so(4)* can be obtained in terms of hyper-elliptic
functions (consider the remarkable results of Kowalevski). Jurdjevic, in [35], discusses the results
of Kowalevski from a more modern perspective. Thus, a better understanding of the nature and
role of hyper-elliptic functions and how they can be used to solve more challenging optimal control
problems on SO(4) would be an interesting field of research.

An extension of our investigation of Hamilton-Poisson systems on so(4)* to include inhomo-
geneous systems would also be an exciting area to investigate. For example, it should not be
too difficult to find expressions for the integral curves and determine the stability nature of the
equilibria for those inhomogeneous system which decompose as the product of inhomogeneous sys-
tems on s0(3)*. As mentioned in this thesis, one of the concerns when dealing with systems on
higher-dimensional Lie-Poisson spaces is whether the system is actually integrable (generally in the
sense of Liouville) or not. In this regard, especially for inhomogeneous systems on so(4)* , Sokolov
and Wolf [57] have done some interesting work using the ideas of Kowalevski exponents and using
the tools of modern computer algebra. Further investigation into the integrability and explicit
integration of such systems would be a viable topic for future research.
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Appendix A

Lie groups

A.1 Preliminaries

A Lie group G is a group equipped with the structure of a (finite-dimensional, real) smooth
manifold such that the product map p: G x G — G, (g,h) — gh is smooth. By the implicit
function theorem, it then follows that the inverse map g — g~' is also smooth. In this thesis we
are interested in restricting our attention to real finite-dimensional matrix Lie groups. Let H be
an abstract subgroup of G. H is called a Lie subgroup of G if it is an immersed submanifold of G.
If H is also an embedded submanifold of G, then it is called a closed Lie subgroup of G.

DEFINITION. A (real, finite-dimensional) matrix Lie group is any closed Lie subgroup of some
general linear group GL(n,R).

A map ¢ : G — H between Lie groups G and H is a Lie group homomorphism if it simultaneously
a homomorphism of abstract groups and a smooth map. A Lie group homomorphism ¢ : G — H
is called a Lie group isomorphism if it is simultaneously an isomorphism of abstract groups and a
diffeomorphism of manifolds.

DEFINITION. A (real) Lie algebra consists of a vector space V, together with a bilinear map
[,1]: V xV =V called the Lie bracket, such that for all 2,3,z € V,

[,y = —[y, ], (Skew symmetry)
[z, [y, z]] + [y, [z, 2]] + [2, [z, 9]] = O (Jacobi identity).

To each matrix Lie group G we can naturally associate a Lie algebra g, which is the tangent
space at identity 171G = {g(0) | g(-) is a smooth curve in G, g(0) = 1} equipped with a Lie bracket
given by the matriz commutator [A, Bl = AB— BA. A Lie subalgebra of g is a subset h C g that
is a Lie algebra in its own right. An ideal of g is a Lie subalgebra h such that for every X € f
and Y € g we have [X,Y] € h. Let I' be a subset of a Lie algebra g. The Lie algebra generated
by I is denoted Lie(I'). That is, Lie(I") is the smallest Lie subalgebra of g containing I'.

A linear map ¢ : g — b is called a Lie algebra homomorphism if it preserves the Lie bracket, i.e.,
o[ X, Y]g) = [0(X),o(Y)]y for all X,Y € g. If ¢ is also bijective, then it is called a Lie algebra
isomorphism.
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Using left (or right) translations one can construct natural isomorphisms between the tangent
spaces of a Lie group G at different points. Let Ly, : G — G, h — gh denote the left translation.
Then for £ € TG we have

g£ = Tth . £ e TghG.

In particular for matrix Lie groups the “product” g¢& coincides with matrix multiplication. The
Lie algebra of a Lie group may be characterised in terms of left-invariant vector fields. A vector
field X € Vec(G) is termed left-invariant if T5,L, - X(h) = gX(h) = X(gh) for all g,h € G.
(Consequently, every left-invariant vector field is of the form X(g) = gA for some A € g.) It
is well known that the set Vecr(G) of all left-invariant vector fields on G, together with the Lie
bracket of vector fields (defined by [X,Y][f] = X[Y[f]] — Y[X[f]], f € C*(G)), is isomorphic (as
Lie algebras) to the Lie algebra g. Indeed, we have the correspondence

X € X(G), X(g) = gA < X(1) = Aeg.

We will denote the centre of a Lie group G as Z(G) and the centre of a Lie algebra as Z(g).
These centres are explicitly given by

Z(G) ={ge G| VheG,gh=hg} Z(g)={Aecg|VBeyg, |A B]=0}.

Note that Z(G) is a normal closed Lie subgroup with Lie algebra Z(g), an ideal of g.

Topology of Lie groups

Recall that a Lie group G is called simply connected if for every two smooth curves g(-) :
[0,1] — G and A(:) : [0,1] — G with the same endpoints, there exists a continuous function
H :Gx 0,1 = G such that H(-,0) = g(-) and H(-,1) = h(-). (That is, the curve g(-) can be
continuously deformed into h(-).) Alternatively, G is called simply connected if it is connected and
the fundamental group of G, denoted 7;(G), is the trivial group (i.e., 71(G) = {1}).

PROPOSITION. ([30]) A simply connected Lie group is determined up to isomorphisms by its Lie
algebra.

Let N be a normal closed subgroup of G. The quotient G/N may be given a smooth structure
such that it is a Lie group. (However, G/N may not be a matrix Lie group.) Indeed, the following
results hold.

PROPOSITION. ([30]) Let H be a closed Lie subgroup of a Lie group G. The set G/H of left cosets
of Hin G possess a unique differentiable structure for which the canonical map p : G — G/H,
g — gH is a quotient map.

PROPOSITION. ([30]) Let N be a normal closed Lie subgroup of a Lie group G. Then the quotient
group G/N with the differentiable structure of proposition A.1.4 is a Lie group.

Let G and H be Lie groups with Lie algebras g and h, respectively. A covering homomor-
phism from G onto H is a Lie group homomorphism ¢ : G — H such that T3¢ : g —  is a Lie
algebra isomorphism. Equivalently, ¢ is a covering homomorphism if ker¢ = {g € G | ¢(g) = 1}
is discrete. A covering homomorphism is called a double cover if it is also a 2-to-1 map. We
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note that for every Lie group G there exists a simply connected Lie group G with isomorphic Lie
algebra. Moreover, we have the following result.

THEOREM. ([30]) Ewvery connected Lie group G is isomorphic to a quotient ~(NS/N where G is a
simply connected Lie group and N is o discrete normal subgroup. The pair (G,N) is determined
by these conditions up to an isomorphism.

A Lie group G satisfying the conditions of theorem A.1.6 is called the universal covering
Lie group of the Lie group G. A covering homomorphism ¢ : G — Gis then called a universal
covering (homomorphism) of G.

Representations

Let G be a Lie group with Lie algebra g and Let V be a vector space over R. A Lie group homo-
morphism p: G — GL(V) is called a linear representation of G in V. By the dual representation
of a linear representation p, we mean the linear representation p* of the group G in the dual space
V* defined by (p*(g) - 1)(v) = u(p(g)~'v) for p € V* and v € V. A linear representation of g is
a Lie algebra homomorphism ¢ : g — gl(V).

For a Lie group G there exists a natural linear representation (and associated dual representation)
of the group (and its Lie algebra) in its Lie algebra g. The adjoint representation (respectively
coadjoint representation) of a Lie group G in its Lie algebra g, denoted by Ad (respectively Ad*)
are linear representations defined by

Ad: G — GL(g) Ad*: G — GL(g")
g — Ad, g Adj
Adg: g—yg Ady: g =g
X gXgt = po Adg

Their tangent maps at identity are linear representations of g, denoted by ad and ad* respectively,
given by

ad: g — Der(g) ad* : g — Der(g")
X — ady X — —ad¥

adx: g—g¢ ady : g —g¢g*
Y — [X,)Y] p— poady

The adjoint orbit through a point X € g is given by {Ady(X) | g € G}. Similarly, the coad-
joint orbit through a point g € g* is given by {Adz,l(u) | g € G}. Note that these orbits are
independent of the connected Lie group chosen (i.e., they are solely properties of the Lie algebra).

Lie group and Lie algebra homomorphisms

THEOREM. (UNIQUENESS) A Lie group homomorphism ¢ from a connected Lie group G to a Lie
group H is uniquely determined by its tangent map 11¢.
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THEOREM. (EXISTENCE) Let G,H be Lie groups with G simply connected. Then for every Lie
algebra homomorphism  : g — b there exists a Lie group homomorphism ¢ : G — H such that

Tiop = 1.

Let G be a Lie group, let Aut(G) be its group of automorphisms and let Aut(g) be the group
of automorphisms of its Lie algebra g. If G is connected, then the map

d: Aut(G) — Aut(g), o — Ti¢

is an injection. Moreover, if G is simply connected, then it is a Lie group isomorphism. The group
Aut(g) is a matrix Lie group. In general we have the following.

PROPOSITION. For any connected Lie group G, the group dAut(G) is a closed Lie subgroup of the
Lie group Aut(g).

If G is connected, then Int(g) = Ad(G) depends only on the Lie algebra g and is a normal
subgroup of Aut(g). It is called the group of inner automorphisms of the algebra g.
The following proposition is useful for determining the group dAut(G).

PROPOSITION. ([31]) Suppose that G is a connected Lie group with Lie algebra g and suppose
that ¢ - G — G is a universal covering. Then dAut(G) C Aut(g). Moreover, if ¢ € Aut(g), then
¥ € dAut(G) if and only if ¢(kerq) = kerq, where ¢ € Aut(G) is the unique automorphism such
that Tl(b - (qu_l) . ’(/J -Thq.

Simple and semi-simple Lie algebras

DEFINITION. A (non-abelian) Lie algebra is called:
e simple if it contains no ideal other than the trivial ideal {0} and itself g.
e semisimple it has no nontrivial abelian ideals.

Clearly any simple Lie algebra is also semisimple.

A bilinear form B on a Lie algebrag, of a Lie group G, is said to be invariant if
B(Ady(X), Ady(Y)) = B(X,Y)

for all ¢ € G, X,Y € g. For a connected Lie group, this definition is equivalent to the bilinear
form B satisfying the property

for all X,Y,Z € g. Consider now the (real) bilinear form
Kg:gxg—R, KgX,Y)=tr(adx oady)

on a finite-dimensional Lie algebra g. This form is called the (Cartan) Killing form of g.
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A.1.12 PROPOSITION. ([30]) A Lie algebra g is semisimple if and only if its Cartan Killing form is
nondegeneralte.

A.1.13 PROPOSITION. ([30]) A Lie algebra g is semisimple if and only if g can be decomposed into a
direct sum

g=01 D Dgs

where g;, i = 1, s, are simple nonabelian ideals. Any ideal of the Lie algebra g is a sum of the
ideals g;. In particular, the above decomposition is unique.

A Lie group G is called compact if it is compact as a topological space. A (real) finite-dimensional
Lie algebra g is said to be compact if there exists a definite invariant scalar product on g. It is
well known that the Lie algebra g of any compact Lie group G is compact.

A.1.14 PROPOSITION. ([30]) The Killing form of a compact Lie algebra is negative definite. A (real) Lie
algebra is semisimple and compact if and only if its Killing form is negative definite.

A.2 The Lie group SU(2)
The special unitary group of dimension three is given by

SUR) H_aﬁ ﬁ | a8 eC, |a|2+|ﬁ|21}.

The (real) Lie algebra of SU(2) is given by

1 7;.%1 ry + 7;.%3
2) =< = ’ ’ "y
24l {2 L@ + 3 —ixy | 21,22, 23 €

1[i 0 1[0 1 1[0 i
= — - — F:_
£ 2{0 —z}’ £ 2{—1 0}’ s 2{@ 0}

be the standard (ordered) basis for the Lie algebra su(2). The commutator relations are given by

Let

[F, Fo) = F3,  [Fy, F3| = Fy,  [F3, 1] = F.

The group SU(2) is a simply-connected, compact Lie group.

A.2.1 PROPOSITION. The Lie group SU(2) is a double-cover of the Lie group SO(3). In fact, it is the
universal covering group of SO(3).

There is an isomorphism between the vector spaces R? — s0(3) — su(2) given explicitly by

s} 0 —xs3 €Zo . .

1 111 T2 + 123
Tol| — xr3 0 —X1| — = . )

2 |—x2 + ixs —1ixq
xrs —Xx2 X 0

A.2.2 PROPOSITION. The Lie group SU(2) x SU(2) is a double-cover of the Lie group SO(4). In fact, it
is the universal cover of SO(4).
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Appendix B

Hamilton-Poisson formalism

In this thesis we wish to investigate the optimal controls associated to cost-extended control sys-
tems. It is shown that these controls are affinely related to the integral curve of a vector field H
associated to some function H on the dual space of the Lie algebra. In this section we introduce
the terminology and results required for the investigation of such systems, called Hamilton-Poisson
systems.

Let M be a smooth manifold. A Poisson structure (or Poisson bracket) on M is a bilinear,
skew-symmetric map {-, -} : C°(M) x C®(M) — C(M) satisfying:

o {F{G,H}}+{G,{H,F}}+{H,{F,G}} =0 (Jacobi identity)
e {FG,H} = F{G,H} + {F, H}G (derivation property)

for all F,G,H € C°(M). The pair (M,{-,-}) is called a Poisson manifold. If the underlying
manifold is a vector space, then we will refer to the pair as a Poisson space.

DEFINITION. Let (M, {-,-}) be a Poisson manifold and H € C°°(M). The vector field H defined
by
H|F| = {F,H}, FeC®(M)

is called the Hamiltonian vector field associated to the Hamiltonian function H. (Here H [F] is
the Lie-derivative of the function F' along the vector field H.) The triple (M, {-,-}, H) is called
a Hamilton-Poisson system.

If the Poisson manifold (M, {-,-}) is fixed, we identify a Hamilton-Poisson system with its Hamil-
tonian function. Given a Hamiltonian vector field H on M , an integral curve of H is an abso-
lutely continuous curve p(-) that satisfies the equations of motion, i.e., p(t) = H(p(t)). By the
Caratheodory existence and uniqueness theorem for ordinary differential equations, there exists a
unique solution to the Cauchy problem

p(t) = H(p(t)), p(0)=poe M.

As such, integral curves always exist locally. The vector field H is said to be complete if the domain
of every integral curve can be extended to R. A function C' € C*°(M) is called a Casimir function
it {C,F} =0 for every I' € C(M). That is, C' is constant along the flow of all Hamiltonian
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vector fields, or equivalently, c=0. Note, however, that nontrivial Casimir functions are not
guaranteed to exist; furthermore, they may not be defined globally.

Suppose (M, {-,-}) admits a (global) Casimir function C' and let H be a Hamiltonian vector
field. Since C' is a constant of motion, every integral curve p(-) of H (through some p(0)) evolves
on the level set C~!(cp), where co = C(p(0)). Similarly, as H is a constant of motion, it follows
that p(:) evolves on the level set H~'(hg), where hg = H(p(0)). Thus p(-) evolves along the
intersection C~1(eg) N H~1(hy).

Lie-Poisson structure

Let g be a (real, n-dimensional) Lie algebra, with dual space g*, and let |[-,:] denote the Lie
bracket on g. The (minus) Lie-Poisson structure (or (minus) Lie-Poisson bracket) on g* is given
by

{F,G}(p) = —p([dF(p),dG(p)]) -

Here p € g*, F,.G € C*(g*), and dF(p),dG(p) € g** =~ g. A Lie-Poisson space is a pair
(g%, {-,-}) where {-,-} is the (minus) Lie-Poisson bracket on g*; we denote g* = (g*, {-,}).

A linear Poisson automorphism is a linear isomorphism 2 : g* — g* that preserves the Poisson
bracket, i.e., {F,G}oy = {Foy,Goy} for every F,G € C*(g"). Linear Poisson automorphisms
are exactly the dual maps of Lie algebra automorphisms.

Let H be the Hamiltonian vector field associated to the Hamiltonian function H € C(g*).
Specifically we have H(p) = ad} () (P)- The equations of motion can be expressed componentwise
as

pi=-—p(E,dH(P)), i=1,...,n

where (1), is a basis for g.
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Appendix C

Stability

C.1 Nonlinear stability

In this thesis we are interested in the Lyapunov (nonlinear) stability of nonlinear dynamical systems
evolving on the dual spaces of Lie algebras. The reduced extremal equations on g*, corresponding
to optimal control problems on Lie groups, form such a class of systems.

DEFINITION. Let X be a smooth vector field on g*. We say that a point p. in g* is an equilib-
rium state of X if X(p.) = 0.

DEFINITION. Let p. be an equilibrium state of a smooth vector field X, and let DX(p.) denote
the linearization of X at p.. We say that p. is

1. (Lyapunov) stable if for every neighbourhood U of p. in g* there exists a neighbourhood
V C U of pe such that for every integral curve p(-) of X with p(0) € V' we have p(t) e U
for all £ > 0.

2. (Lyapunov) unstable if it is not stable. That is, there exists a neighbourhood U of pe in g*
such that for every neighbourhood V' C U of p. there exists an integral curve p(t) of X
with p(0) € V' such that p(t1) ¢ U for some t; > 0.

3. spectrally stable if the eigenvalues of DX (p.) all have non-positive real part.

4. spectrolly unstable if it is not spectrally stable.

The most common method for proving the instability of an equilibrium state of a nonlinear
system is to prove that the state is spectrally unstable; as spectral instability implies Lyapunov
instability. This method, however, is sometimes insufficient to prove instability and one may have
to refer to the definition of Lyapunov instability, i.e., one must find a specific integral curve that
satisfies the definition. For low-dimensional Lie groups such as SO (3) this is generally not too
difficult. Looking at the intersection of the level sets of the Casimir and Hamiltonian functions, on
which the solution curves evolve, can give one a good idea as to whether or not certain equilibrium
states are (nonlinearly) stable or unstable.
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C.2 Energy-Casimir methods

The energy-Casimir method [32] gives sufficient conditions for Lyapunov stability of equilibrium
states of certain types of Hamilton-Poisson dynamical systems (cf. [43, 49]). The method is
restricted to certain types of systems, since its implementation relies on an abundant supply of
Casimir functions.

The standard energy-Casimir method states that if p. is an equilibrium point of a Hamiltonian
vector field H (associated with an energy function H) and if there exists a Casimir function C
such that p. is a critical point of H + C and d?(H + C)(p.) is (positive or negative) definite,
then p. is Lyapunov stable. Ortega and Ratiu have obtained a generalization of the standard
energy-Casimir method (cf. [48, 47]).

GENERALIZED ENERGY-CASIMIR METHOD Let (M, {-,-}, H) be a Poisson dynamical system. Let
Pe be an equilibrium state of H and Cy,...,Cy : M — R conserved quantities of H, that is
{Cis, H} =0, i =1,..., k. Assume that there exist constants Ao, A1, ..., \x such that

d(AoH + MC1+ -+ MCr)(pe) =0
and the quadratic form
Ao H + MC1+ -+ MCr)(Pe) [wxw=0

is positive definite, where W = kerdH (p.) N kerdCy(pe) N -+ N kerdCr(pe). Then pe is (Lya-
punov) stable.

CONTINUOUS ENERGY-CASIMIR METHOD If C1,C5,...,Cy are (locally) conserved quantities such
that NE_ C7H(Ci(pe)) = {pe} then the equilibrium state p is (Lyapunov) stable.
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Appendix D

Integration

D.1 Integrability

In this section we include the theory relevant to the study of integrability of dynamical systems,
and specifically, for the integrability of Hamilton-Poisson systems.

Liouville integrability

A system of differential equations is said to be integrable by quadratures if its solutions can be found
after a finite number of steps involving algebraic operations (including the inverting of functions)
and integration of given functions.

Let T*G be the cotangent bundle of a Lie group G with n = dimG. A family ¢ of functions
on T*G (or in fact any symplectic manifold) is said to be involutive if {f,g} =0 for any f,g € ®.
The functions fi,..., fm are said to be functionally independent (or just, independent) at a point
¢ € T*G if their differentials are linearly independent. It is well known that the maximal number of
independent functions at & that are also involutive cannot exceed the dimension of G. In general,
we are seeking enough integrals of motion such that the system can be explicitly integrated; in
our case the Hamiltonian plus an additional n — 1 first integrals {H, fi,..., fo—1}, which must
be involutive and independent. For the system @(t) = H(x(t)), these first integrals (which are
involutive with respect to the Poisson bracket) automatically provide n—1 symmetries of the form

diEz’
=iz fi}, t=1,...,n, j=1,...,n—1
Taken together with the Hamiltonian H, we then have a set of integrals and symmetries which
are sufficient to integrate the system by quadratures. Thus we call such a Hamiltonian system,
admitting n — 1 additional first integrals, complelely integrable. We provide a more specialised
statement of this idea in the following definition.

DEeFINITION. ([8]) Let (M, {-,-}) be a Poisson manifold of rank 2r and let F = {fi,..., fs} be
involutive and independent, with s = dim(M) — r. Then we say that F is completely integrable
and that (M, {-, -}, F) is a completely integrable system. The vector fields ﬁ are then called
integrable vector fields and the map F is called the momentum map.
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We say that r is the number of degrees of freedom of the integrable systems and we call 2r its
rank.

REMARK. Notice that 2r is the dimension of the symplectic leaves of maximal dimension (typically
the generic leaf) and that r is the number of independent commuting Hamiltonian vector fields on
such a leaf.

D.2 Jacobi elliptic functions

Given the modulus k € [0, 1], the basic Jacobi elliptic functions sn(-, k), en(-, k), and dn (-, k) can
be defined as

sn(x, k) = sin am(x, k)

en{x, k) = cos am(x, k)

dn(x, k) = \/1 — k2sin? am(zx, k)

where am(-, k) = F(-,k)~! is the amplitude and F(p,k) = [ \/ﬁ. (For the degenerate
cases k =0 and k£ = 1 we recover the circular functions and the hyperbolic functions, respectively.)
The number K is defined as K = F(5,k) and the complementary modulus is defined as k' =
V1 —k?. (The functions sn(-, k) and cn(-, k) are 4K periodic whereas dn(-, k) is 2K periodic.)
Nine other elliptic functions are defined by taking reciprocals and quotients; in particular, we get
ns(-, k) = m7 nd(-, k) = m and cd(-, k) = ;I:l((g

The elliptic integrals of the second and third kind are given respectively by

¢
E(gp,kz)/o /1 —k2sin? o dy

I(n, v, k / .
(0.0, ) o (1 +mnsin?p)y/1—k2sin?yp

The complete elliptic integrals of the second and third kind are defined as E(Z, k) and Il(n, 3, k),
respectively.

Reduction to standard form

For the purposes of this thesis, we are interested in solving an integral of the form [ %7 where w?

is a quartic (or cubic) in 2. We briefly outline how an integral of this form may be reduced to a
standard form, as discussed in [10].
First, any quartic (or cubic) w? in 2 (with no repeated factors) can be expressed in the form

(A1(z —r1)® + Bi(x — r2)?) (Aao(w — 1) + Ba(w — 12)?)

where Ay, By, Ag, Ba,r1, 72 € R. We can express w? as the product of two quadratics (which, if the
roots are real, are arranged to have non-interlacing roots)

w? = X1X3 = (a12° + 2012 + ¢1)(aga® + 2b2 + ¢3)
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with a;, b;,¢; € R, i = 1,2. Consider the polynomial X7 — AX3. We solve for the values of A which
make a perfect square in x. Let the roots of this quadratic (in A\) be A\; and A2. Then there exist
r1 and rz such that

X1 — )\1X2 = (a1 — )\1&2)(% — 7’1)2, X1 — )\QXQ = (a1 — )\2&2)(% — 7’2)2.

(We note that A\; and Ay can be shown to be real and distinct under our assumptions, unless
arby = asby, in which case X1 = ai1(x — r1)? + By, Xa = az(x — r1)? + Bs.) In other words our
quartic takes the given form

X1Xo = (A1(@ — r1)? + Bi(x — 12)?) (Aa(x — r1)* + Balx — 12)?),

where

A2 (a1 —aghy)
A2 — A1 ’

a1 — A1

Ay — B, — A1 (a1 — az o) By~ W~ g2

A = o o et el —
! Mo — N M=y A — Ao

Thus we have

[5-] .
W VAL (@ =12 F Bi(x —r2)?) (Aa(w — )2 + Ba(w —r2)2)

Consider the change in variable s = £=2£. Then (provided A; # 0 and As # 0) we have that

r—7r2

dx (r1 —ro)ds

(s - 1)%@(% — )2 By(PE = 1p)?) (Aa(PEER — )2 4+ By(BE — 1))
ds

(rs - m)\/m%f (2 +2) (2 + &)

for some o € {—1,1}. Thus we can express the integral [ i—m as

/ dr 1 / ds

U T (r1—ro)VoA1As :
\/o <32 + %) <32 + E;)

Once the integral has been reduced to this form we can use one of the well-known elliptic integral

formulas. Indeed, simple elliptic integrals can be expressed in terms of appropriate inverse (elliptic)
functions. The following formulas hold true (see [10, 41]):

’ dt 1 1 (1 b

/g: V(a2 +12) (b2 —12) = Varrz (5 L \/m) , O=z<b (D.1)
¢ dt _ 1 -1{1 a2 —b2

/m \/(a2 —12)(12 — b?) - Edn (Em’ a ) , b<r<a (D.2)
~ dt _dl—l(l. b

/x e« ama) b<asw (D.3)
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Appendix E

Controllability of a system on SO(4)

In this appendix we show, using an example, how we determine which control systems on SO(4)
are controllable (or, equivalently, have full rank).

MATHEMATICA. The full-rank calculations for the remaining systems can be found in the Math-
ematica file:
Thesis Mathematica\ SO(4)\ Lequivalence\ Full RankSys.nb

We shall consider the two-input homogeneous systems as an example. Consider the family of
systems Eg(’f) s ur(Eh 4 a1 Ey) + ua(Ea + azEs). We construct a certain matrix Z € R™*%. The

first three rows are given by

zi=[1 0 0 a1 0 0]
=001 0 0 a 0]
=00 01 0 0 ao].

These are just elements that span the trace Féi’f ) along with the Lie bracket of these two elements,

identified with vectors in R®. We then add the rows corresponding to the Lie brackets of the
elements 21, 29, 2z3. That is, we add the rows corresponding to z4 = [z1,23] and z5 = |22, 23]
These are given by

z4=[0 -1 0 0 —cfay 0]
z5=1[1 0 0 a3 0 0].

We then keep adding, as rows, the Lie brackets of all the elements we have obtained thus far, i.e,
[2i, 25], 4,7 =1,...,5. (Excluding all bracketed terms which result in the zero vector.)

The following lemma provides us with the conditions of how many iterated Lie brackets of
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elements we need to consider. For convenience we introduce the following notation,
Eup = 2(1,uq)
S ug. e [:uluzmurfu :ur]-

LEMMA. Let 3 = (G,Z) be a left-invariant control affine system. Then the Lie algebra generated
by I', where I' is the trace of 3, is given by

Lie (F) = Span {Euly Eul,uzv cee Eu17u27”‘7un7m+1 | UL, U2, .+« Un—m+41 € RE}
where n = dim(G) and m = dim(span (I")).

In this case dim(SO(4)) = 6 and dim(span (I')) = 2. Thus we need only consider up to the 5-th
order of iterations of Lie brackets. Collecting all the vectors as rows, it follows that

342

-1 0 0 —ojo; 0 0
-1 0 0 -—-mai 0 0

0 -1 0 0 —afay 0

0 0 -1 0 0 —ada
0 0 -1 0 0 —a ol

Z=10 0 1 0 0 Q100

0 1 0 0 Qg 0

0 1 0 0 atjas 0

0 1 0 0 adas 0

1 0 0 a1 0 0

1 0 0 a3 0 0

If det(ZZT) = 0, it follows that the system does not have full rank. On the other hand, if
det(ZZ7) # 0, then the system does have full rank. In this case we have that

det(ZZT) = 2070 (3+ 30 — 203 (1 +03) — 205 (1 +a3) + of (1 — 203 + 3a3))
(3-2(1+a3) a3+ (1 —2ai +3a}) o+
21+ a) o +303) (14 af — 0 + b —af (1 + o).

(2,0)
2,

It follows that det(ZZ ") = 0 if and only if ap = 0 or oy = ap = 1. Thus &
exactly when o =0 or a3 = as = 1.

is not controllable
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