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Abstract

The number of independent subsets and the energy
of caterpillars under degree restriction

S. Xhanti

The energy En(G) of a graph G is defined as the sum of the absolute
values of its eigenvalues. The Hosoya index Z(G) of a graph G is
the number of independent edge subsets of G, including the empty
set. And, the Merrifield-Simmons index σ(G) of a graph G is the
number of independent vertex subsets of G, including the empty
set. The studies of these three graph invariants are motivated by
their application in chemistry, combined with pure mathematical
interests. In particular, they can be used to predict boiling points of
saturated hydrocarbons and estimate the total π-electron energy.

For ℓ ≥ 1, let a1, a2, . . . , aℓ be non-negative integers, such that a1 and
aℓ are positive. The tree obtained from the path graph of vertices
v1, v2, . . . , vℓ, by attaching ai new leaves to vi, for 1 ≤ i ≤ ℓ, is called
a (a1, a2, . . . , aℓ)-caterpillar and denoted by C(a1 + 1, a2 + 2, . . . , aℓ−1 +
2, aℓ+1). In this thesis, we characterize extremal caterpillars relative
to the energy, the Hosoya index and the Merrifield-Simmons index.
We first study caterpillars with the same degree sequence, then
compare caterpillars of the same size, same order, and different
degree sequence. For any given degree sequence D, we characterize
the caterpillar X (D) that maximizes Z and En. In X (D), as we move
along the internal path towards the center, the degrees are in a non-
decreasing order. Characterization of the caterpillar S(D) that has
the minimum Z and En and maximum σ is also provided. In S(D),
large and small degrees alternate.

We also compare X (D) with X (Y ) and S(D) with S(Y ), for a degree
sequence Y majorized by a degree sequence D. Suppose Y = (y1, . . . , yn)
and D = (d1, . . . , dn) are degree sequences such that Y is majorized

1



ABSTRACT 2

by D and
nX

i=1

yi =
nX

i=1

di,

then Z(X (D)) < Z(X (Y )), Z(S(D)) < Z(S(Y )), En(X (D)) < En(X (Y )),
En(S(D)) < En(S(Y )), and σ(S(D)) > σ(S(Y )), for all positive x ∈ R.
From these results, one deduces that, among all caterpillars of order
n and size m, the path graph Pn maximizes Z and En, and minimizes
σ. The star Sn minimizes Z and En. The broom Pn,2 turns out to be
the caterpillar with order n and second largest Z and En, and second
smallest σ. The double star Sn−3,3 is the caterpillar with order n and
second smallest Z and En.
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Nomenclature

Symbols Definitions
R the set of real numbers
Z the set of integers
N the set of natural numbers
⌈x⌉ the smallest integer greater than or equal to x
⌊x⌋ the largest integer smaller than or equal to x
In the identity matrix of order n
det(A) the determinant of a matrix A
V (G) the set of vertices of a graph G
E(G) the set of edges of a graph G
NG(v) the set of vertices adjacent to v in a graph G
NG[v] the set of vertices v and all its neighbors in a graph G
σ(G) the number of independent vertex subsets of a

graph G
m(G, k) the number of independent edge subsets of order k of

a graph G
Z(G) the number of independent edge subsets of a

graph G
µ(G, k) the number of independent vertex subsets of order k of

a graph G
A(G) an adjacency matrix of a graph G
ϕ(G, x) the characteristic polynomial of a graph G
spec(G) the spectrum of a graph G
En(G) the energy of a graph G
Pn the n-vertex path graph
Sn the n-vertex star
Cn the n-vertex cycle graph
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Kn a complete graph of order n
ω(G) the number of connected components of a graph G
l(Pn) the length of the n-vertex path graph
l(Cn) the length of the n-vertex cycle graph
c(G) the cyclomatic number of a graph of a graph G
A ⊆ B the set A is a subset of the set B
H ⊆ G graph H is a subgraph of G
A ⪯ B B majorizes A
Kp,q the complete bipartite graph with bipartitions of

cardinality p and q
G the complement of a graph G
deg(v) the degree of a vertex v
δ(G) the minimum vertex degree in a graph G
∆(G) the maximum vertex degree in a graph G
T(D) the set of trees with degree sequence D
T1,d the set of trees with vertex degree either 1 or d
dG(u, v) the distance between vertices u and v in a graph

G
ϵ(u) the eccentricity of a vertex u
Sp,q the double star with heads of order p and q
Pn,k the broom with head of order k + 1 and tail of

length n− k − 1
T1 ≈r T2 tree T1 is root isomorphic to tree T2

T1 ̸≈r T2 tree T1 is not root isomorphic to tree T2

r(B) the root of the complete branch B
rd(B) the degree of the root r(B) in B
G1 ∪G2 the union of the two graphs G1 and G2

G1
∼= G2 graph G1 is isomorphic to graph G2

Fn the n-th fibonacci number
C the set of all caterpillars of diameter d, size m

and order n
CD the set of all caterpillars with degree or reduced de-

gree sequence D
C(d1, . . . , dℓ) the caterpillar with ℓ non-leaf vertices u1, . . . , uℓ,

labelled from left to right, where the degree of ui

is di for all i
() mean the zero-tuple
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1 | Introduction

Mathematical chemistry [133] is the field of study entailing the novel
applications of mathematics to chemistry. It focuses on mathematic-
al modelling of chemical phenomena. Chemical Graph Theory [11]
is a branch of Mathematical Chemistry that uses graphs to model
structure of molecules. One such model is representing atoms as
vertices and chemical bonds as edges. The resulting graph is called
a molecular graph. Around the middle of the 20th century, several
researchers found various relations between the molecular graph
and the physico-chemical properties of a molecule corresponding
to it, see [64, 106, 140]. These relations drew attention of many
researchers. More and more graph invariants were introduced, some
have chemical interpretations and some don’t: Chromatic index,
Wiener index, graph energy, Hosoya index, Merrifield-Simmons ind-
ex, Lovasz number, Estrada index, number of subtrees, Harary index
etc. In this thesis, we will study the energy, Hosoya index and
Merrifield-Simmons index of the so-called caterpillars.

Let G be a finite and undirected simple graph with vertex set V (G)
and edge set E(G). Let V (G) = {v1, v2, . . . , vn}. The adjacency matrix
A(G) of G is a square matrix of order n, whose (i, j)-entry is equal
to one if the vertices vi and vj are adjacent and is equal to zero
otherwise. The eigenvalues of A(G) are called the eigenvalues of
G, and are denoted as λ1,λ2, . . . ,λn. As a whole they are called the
spectrum of G and denoted by spec(G). The energy En(G) [88] of
G is defined as the sum of the absolute values of its eigenvalues.
The number of independent vertex subsets σ(G) of G, including the
empty set, is called the Merrifield-Simmons index [106]. Similarly,
the number of independent edge subsets Z(G) of G, including the
empty set, is called the Hosoya index [64]. The study of the above
three mentioned graph invariants is fast growing and most of the
work done is on extremal problems, see surveys [135,153], and the
book [88]. Some of the results on extremal problems will be shared
in Section 1.6. This thesis is also working on extremal problems.

7



CHAPTER 1. INTRODUCTION 8

1.1 Outline of the thesis

This thesis is divided into 6 chapters. Chapter 1 is dedicated to the
basic notions and background of the three graph invariants, graph
energy, Hosoya index and the Merrifield-Simmons index. Bas-ic
notation and terminology, formal definitions, and structures of some
extremal graphs are provided there. We establish in Chapter 1 the
connections between an auxiliary invariant M(G, x) and the energy
and the Hosoya index of G. Using these relations, in Chapter 3,
we study M(G, x) and deduce results for En and Z as corollaries. A
similar invariant σ(G, x) is also defined in Chapter 2. This invariant
is introduced so that similar techniques used in Chapter 3 to charac-
terize extremal caterpillars relative to the En and Z can also be
used in Chapter 4, to characterize extremal caterpillars relative to
the Merrifield-Simmons index. Chapter 2 is reserved for preliminary
results that play a vital role in finding formulas and proving results
in this thesis. In Chapter 3, the formula of the auxiliary invariant
M(G, x) of a caterpillar G is found. Then, it is used to characterize
extremal caterpillars relative to the energy and Hosoya index. Simila-
rly, in Chapter 4 the formula of σ(G, x) is found and the formula is
used to characterize extremal caterpillars relative to σ(., x) and the
Merrifield-Simmons index. Chapter 5 summarizes the results found
in this thesis.

1.2 Basic notation and terminology

A non-oriented graph G, which we will simply call a graph, is an
ordered pair of sets G = (V (G), E(G)), where each element of E(G)
is a 2-element subset of V (G). The elements of the sets V (G) and
E(G) are called vertices and edges, respectively. The cardinality
of V (G) is called the order of G. Similarly, the cardinality of E(G)
is called the size of G. In a drawing of a graph, the vertices are
usually represented with dots while the edges are represented with
lines joining the dots.

Every graph in this thesis is finite, simple and undirected. That
is, the number of vertices and edges in a graph is finite, each pair of
vertices in G is connected by at most one edge, and all the edges in
G are not directed. In a graph, two vertices are said to be adjacent
if there is an edge connecting them, and two edges are said to be
adjacent if they share a common vertex. A vertex is said to be
incident to the edge if it is one of the end points of that edge.
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The identity matrix (sometimes called the unit matrix) In of order
n is a square matrix of order n with all its diagonal entries equal to 1
and all other entries equal to zero. The adjacency matrix A(G) of the
graph G of order n is a square matrix of order n, whose (i, j)-entry
is equal to 1 if the vertices vi and vj are adjacent and equal to zero
otherwise.

A graph of order n is called an n-vertex graph. Similarly, a graph
of order n and size m is called (n,m)-graph. The graph of order n and
size


n
2

�
is a complete graph and is denoted by Kn. A path in a graph

is an alternating sequence v1, e1, v2, e2 . . . , vk, ek, vk+1 of distinct vertices
and edges, where the edge ei is incident to vi and vi+1 for all i. The
path graph is the graph consisting of only one path. The path graph
of order n is denoted by Pn. It is common to find the terms path
and path graph used interchangeably since they technical mean
the same thing. A graph G is said to be connected if every pair
of vertices is connected by some path. Otherwise, G is disconnected,
and the number of connected components of G is denoted by ω(G).
An articulation point or cut vertex of a connected graph G is a vertex
when deleted with its incident edges from G leaves G disconnected.
A cycle in a graph is an alternating sequence v1, e1, v2, e2 . . . , vk, ek, v1
of distinct vertices and edges, where k ≥ 3, the edge ei is incident to
vi and vi+1 for all i, and ek is incident to vk and v1. The cycle graph is
the graph consisting of only one cycle. It is also common to find the
two terms cycle and cycle graph used interchangeable. The length
l(Pn) (l(Cn)) of a path (cycle) is the number of edges in the path (cycle).

Let G and H be simple graphs, H is said to be a subgraph of G
and write H ⊆ G if V (H) is a subset of V (G) and E(H) is subset of
E(G). An acyclic graph is a graph without a cycle as its subgraph.
An acyclic graph is also called a forest. A tree is a connected acyclic
graph, and so a tree of order n has size m = n − 1. A graph G of
order n and size m is called unicyclic, bicyclic, and tricyclic if G is
connected with size m = n, m = n + 1, and m = n + 2, respectively.
Note that the definitions of unicyclic, bicyclic and tricyclic graphs
have nothing to do with the number of cycles, e.g the bicyclic graph
can have three cycles. The cyclomatic number c(G) of a connected
graph G of order n and size m is defined as c(G) = m− n+ 1. A graph
G with c(G) = k is said to be k-cyclic.

A bipartite graph G = (V
′
(G) ∪ V

′′
(G), E(G)) is a graph composed

of two independent sets of vertices (bipartition) V
′
(G) and V

′′
(G) of

cardinality p and q respectively, such that for every edge uv ∈ E(G),
u and v are not in the same partition. If a bipartite graph G has
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partitions V
′ and V

′′ of cardinality p and q respectively, and for every
pair of vertices u ∈ V

′ and v ∈ V
′′ there exists an edge uv in G, then

G is called a complete bipartite graph and is denoted by Kp,q. Every
tree is a bipartite graph and every cycle of even number of vertices is
a bipartite graph. The complete bipartite graph K1,n−1 is also called
the star of order n and is denoted by Sn.

The complement G of a graph G = (V (G), E(G)) is the graph with
the same vertex set V (G), such that two vertices u and v in G are
adjacent if and only if u and v are not adjacent in G. The edgeless
graph of order n is the complement of the complete graph Kn and
can also be denoted by Kn.

The set of vertices adjacent to a vertex v in a graph G is called the
neighborhood of v and is denoted by NG(v), and N(v) when there is
no necessity to specify the graph G. The set of vertices v and its
neighbors in a graph G is denoted by NG[v] (i.e NG[v] = {v} ∪ N(v)),
and by N [v] when there is no necessity to specify the graph G. The
cardinality of the neighborhood N(v) of a vertex v in a graph G is
called the degree of v and is denoted by deg(v) (i.e deg(v) = |N(v)|.
The minimum degree of a graph G is denoted by δ(G), while the
maximum degree is denoted by ∆(G). A vertex of degree 0 is called an
isolated vertex. A vertex of degree 1 is called a leaf vertex (or simply
a leaf) and sometimes it is called a pendent vertex. The edge incident
with a pendent vertex is called a pendent edge. The non-increasing
sequence D = (d1, d2, . . . , dn) of vertex degrees of a graph G is called
the degree sequence of G. We sometimes write D =


d1 d2 ... d

n
′

α1 α2 ... α
n
′

�
,

where d1 < d2 < · · · < dn′ and αi indicates the number of vertices of
degree di in G. The reduced degree sequence of a graph G is a non-
increasing sequence obtained by removing all the 1’s in the degree
sequence of G. The degree sequences and reduced degree sequences
are equivalent for trees. The set of all trees with degree sequence D
will be denoted by T(D). And all the set of trees with vertex degree 1
or d will be denoted by T1,d.

The distance dG(u, v) (or simply d(u, v)) between two vertices u and
v of a graph G is the length of the shortest path joining u and v in
G. If G has no path between vertices u and v, then dG(u, v) = +∞
and the trivial distance between the vertex u and itself is zero (i.e
dG(u, u) = 0). The diameter of a graph G is the maximum distance
between any pair of vertices of G. The eccentricity of a vertex u,
denoted by ϵ(u) is the maximum distance from u to any vertex v in
G, i.e ϵ(u) = maxv∈V (G) d(u, v). Then, the diameter of a graph G equals
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the maximum of the vertex eccentricities. The radius of a graph G
is the minimum of the vertex eccentricities. The center of a graph is
the set of vertices whose eccentricities equal the radius of the graph.
The center of a tree is a single vertex called the center vertex, or the
ends of an edge called the center edge, see [15]. A centered tree is
a tree with only one center and a bicentered tree is a tree with two
centers.

Let P = v0, e0, v1, e1 . . . , vk−1, ek−1, vk be a path in a graph G. If deg(v0) ≥
3, deg(vk) ≥ 3, and deg(vi) = 2, for 1 ≤ i ≤ k − 1, then P is said
to be an internal segment of G. If deg(v0) ≥ 3, deg(vk) = 1, and
deg(vi) = 2, for 1 ≤ i ≤ k − 1, then P is said to be a pendent path
of G with root v0. A segment of a graph G is an internal segment of
G, or a pendent path of G, or a cycle in G where all its vertices are
of degree 2 except possibly one vertex, which is a cut vertex. The
non-increasing sequence of lengths of all the segments of graph G is
called the segment sequence of G.

For a given graph G = (V (G), E(G)), a subset H of E(G) is called
a matching of G if no two edges in H are adjacent in G. The edges in
H are said to be independent. The two ends of an edge in a matching
H of a graph G are said to be matched under H. If every vertex in G
is matched under H, then H is said to be a perfect matching. H is
a maximum matching if G has no matching H′ with |H′ | > |H|. Note
that H can be empty. The number of matchings of order k of G is
denoted by m(G, k). Note that m(∅, k) = 0, for all positive integers k,
m(G, 0) = 1, and m(G, 1) = |E(G)|. Two vertices of a graph G are said
to be independent if they are not incident to the same edge. The
number of independent vertex subsets of order k of G is denoted by
µ(G, k). Similarly, µ(∅, k) = 0, for all positive integers k, µ(G, 0) = 1,
and µ(G, 1) = |V (G)|.

A tree obtained by joining by an edge the centers of two stars Sp

and Sq is called the double star and is denoted by Sp,q. The order
of a double star Sp,q is n = p + q. A comet or a broom Pn,k of order
n is a tree obtained by merging the center of the star Sk+1 with one
end of the path Pn−k. For n ≥ 1, let a1, a2, . . . , aℓ be non-negative
integers, such that a1 and aℓ are positive, the tree obtained from
the path graph v1, e1, v2, . . . , en, vℓ by attaching ai new leaves to vi, for
1 ≤ i ≤ ℓ, is called a (a1, a2, . . . , aℓ)-caterpillar, and is denoted by
C(a1 + 1, a2 + 2, . . . , aℓ−1 + 2, aℓ + 1). The set of all caterpillars with
degree or reduced degree sequence D is denoted by CD. The set of
all caterpillars of diameter d, size m and order n is denoted by C. Let
D be a degree sequence or a reduced degree sequence of a caterpillar
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G. We say G is maximal with regard to an invariant F (G), if and only
if F (G) = max{F (C) : C ∈ CD}. Likewise, G is said to be minimal with
regard to an invariant F (G), if and only if F (G) = min{F (C) : C ∈ CD}.
If G is either maximal or minimal with regard to an invariant F (G)
we say G is extremal.

For a graph G, we use G − u to denote the graph obtained from G
by removing the vertex u in G together with all its incident edges,
while G−uv denote the graph obtained from G by removing the edge
uv ∈ E(G). Similarly, for a graph G, G + uv is a graph obtained from
G by adding the edge uv /∈ E(G) in G, where u, v ∈ V (G). Let G
be a graph, V

′ ⊆ V (G), the graph obtained from G by deleting the
vertices in V

′ together with their incident edges is denoted by G−V
′.

Let G1 = (V (G1), E(G1)) and G2 = (V (G2), E(G2)) be two graphs. The
union G1 ∪G2 is the graph G = (V (G1) ∪ V (G2), E(G1) ∪ E(G2)).

The subtree B of a tree T is called a complete branch of T if and
only if T − V (B) is connected. The vertex denoted r(B) ∈ V (B) is
called the root of B if and only if it has a neighbor in T − V (B), and
the neighbor of r(B) in T − V (B) is denoted by rn(B). Note that there
is only one vertex r(B) ∈ V (B) that has a neighbor in T − V (B), and
that neighbor rn(B) ∈ V (T −B) is unique. The degree of the root r(B)
in B is denoted by rd(B). Note that the degree of the vertex r(B) in
T is rd(B) + 1. If B1, B2, . . . , Brd(B) are the connected components of
B − r(B), we write B = [B1, B2, . . . , Brd(B)]. For any two rooted trees T1

and T2 we write T1 ≈r T2 if and only if there exists an isomorphism
f : V (T1) → V (T2) which preserves the roots, that is f(r(T1)) = r(T2),
otherwise we write T1 ̸≈r T2. A non-leaf vertex in a tree T , that has
at most one neighbor of degree greater than 1 is called a pseudo-
leaf. A complete branch B is called a pseudo-leaf branch if its root
is a pseudo-leaf, in the original tree T containing B. A pseudo-leaf
branch with d vertices is denoted by [d].

Let G be a graph of order n, A(G) its adjacency matrix and In the
identity matrix of order n. The characteristic polynomial ϕ(G, x)
given by ϕ(G, x) = det(xIn −A(G)) of the adjacency matrix A(G) is the
characteristic polynomial of G. Some of the well known properties
of the characteristic polynomial ϕ(G, x) will be presented in Section
1.3. The roots of the characteristic polynomial ϕ(G, x) are called
the eigenvalues of G and are denoted by λ1,λ2, . . . ,λn. The set of all
eigenvalues of a graph G is called the spectrum of G and is denoted
by spec(G). For more basic notation and terminology, see standard
textbook [36].
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1.3 Introduction to graph energy

Let G be a graph of order n, A(G) the adjacency matrix of G, and In a
unit matrix of order n. The characteristic polynomial ϕ(G, x) of G is
given by

ϕ(G, x) = det(xIn − A(G)) =
nX

k=0

akx
n−k. (1.1)

The coefficients ak of the characteristic polynomial in Equation (1.1)
can be obtained using Theorem 1.1 [21], which is best known as the
Sachs Theorem.

Theorem 1.1 (Sachs theorem) Let G be a graph with characteristic
polynomial ϕ(G, x) =

Pn
k=0 akx

n−k. Then, a0 = 1 and for k ≥ 1,

ak =
X

S∈Lk

(−1)ω(S)2c(S),

where Lk is the set of Sachs subgraphs of G with k vertices, the
subgraphs in which every component is either a K2 or a cycle, ω(S)
is the number of connected components of S, and c(S) is the number
of cycles contained in S.

While the adjacency matrix of a graph may depend on the labelling of
its vertices, the characteristic polynomial doesn’t. Suppose G1

∼= G2

(G1 is isomorphic to G2). Then, there exists a permutation matrix
Q, associated with permutations of vertex labelling of G1, such that
A(G2) = QA(G1)Q

−, where Q− is the inverse of the invertible matrix
Q. Then,

ϕ(G2, x) = det(xIn − A(G2)) = det(xIn −QA(G1)Q
−)

= det(xQInQ
− −QA(G1)Q

−) = det(Q(xIn − A(G1))Q
−)

= det(Q) det(xIn − A(G1)) det(Q
−) = det(Q) det(xIn − A(G1))

1

det(Q)

= det(xIn − A(G1)) = ϕ(G1, x).

So, isomorphic graphs have the same characteristic polynomial. It is
also possible to have non-isomorphic graphs with the same characte-
ristic polynomial and they are said to be cospectral, see [59]. The
following are some basic properties of the characteristic polynomial,
which can also be found in [88].
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Theorem 1.2 If G1, G2, . . . , Gt are connected components of a graph
G, then

ϕ(G, x) =
tY

j=1

ϕ(Gj, x).

Theorem 1.3 Let uv ∈ E(G) of a graph G. Then,

ϕ(G, x) = ϕ(G− uv, x)− ϕ(G− u− v, x)− 2
X

C∈L(uv)
ϕ(G− C, x),

where L(uv) is the set of cycles containing uv.

The following are direct consequence of Theorem 1.3.

Corollary 1.4 Let G be a forest and uv ∈ E(G). Then,

ϕ(G, x) = ϕ(G− uv, x)− ϕ(G− u− v, x).

Corollary 1.5 Let Pn be a path of order n. Then, for i = 1, 2, . . . , n,

ϕ(Pn, x) = ϕ(Pi, x)ϕ(Pn−i, x)− ϕ(Pi−1, x)ϕ(Pn−i−1, x),

where ϕ(P0, x) = 1.

Theorem 1.6 Let G be a forest and v ∈ V (G). Then,

ϕ(G, x) = xϕ(G− v, x)−
X

u∈N(v)

ϕ(G− u− v, x).

Theorem 1.7 Let G be a graph. Let H be obtained from G by attaching
k pendent vertices to each vertex v of G. Then,

ϕ(H, x) = xnkϕ

�
G, x− k

x

�
.

It is convenient to set ϕ(∅, x) = 1, so that the equation in Theorem 1.3
remains valid for all graphs. The following theorem was first stated
explicitly in [64].

Theorem 1.8 If G is a forest of order n, then

ϕ(G, x) =

⌊n
2 ⌋X

k=0

(−1)km(G, k)xn−2k,

where m(G, k) is the number of independent edge subset of order k of
G.
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The roots of the characteristic polynomial ϕ(G, x) of a graph G are
called the eigenvalues of G, and are denoted by λ1,λ2, . . . ,λn. The
set of all the eigenvalues of G, listed in the set according to their
multiplicities is called the spectrum of G and is denoted by spec(G).
The k-th spectral moment Mk(G) of G is defined as Mk(G) =

Pn
j=1 λ

k
j .

The Schatten k-norm of a graph G is defined as (
Pn

j=1 |λj|k)1/k. The
spectrum and spectral moments of graphs have been studied intensi-
vely, and have their own applications, see [92, 129]. Similarly, the
Schatten k-norm have been studied in matrix theory and functional
analysis, see [9,98,111–113]. The k-th spectral moments and Schatten
k-norm of a graph G are mentioned because the energy of a graph
G seems to be related to them. One such relation is that the energy
of a graph G is equivalent to the Schatten 1-norm of G, which is
commonly known as the trace class norm. The sum of the absolute
values of the eigenvalues of G is called the energy of G, and is
denoted by En(G). That is,

En(G) =
nX

j=1

|λj|. (1.2)

The energy En(G) of a graph G is always greater than zero, except
when G is an edgeless graph. The edgeless graph is the only graph
that has all its eigenvalues zero. In 1940, Charles Coulson discovered
an alternative formula for calculating the energy of a graph G, see
[18]. The formula is known as the Coulson integral formula and is
given by,

En(G) =
1

π

Z +∞

−∞

�
n− ixϕ′(G, ix)

ϕ(G, ix)

�
dx =

1

π

Z +∞

−∞

�
n− x

d

dx
lnϕ(G, ix)

�
dx,

(1.3)
where G is a graph, ϕ(G, x) is the characteristic polynomial of G,
ϕ′(G, x) = d

dx
ϕ(G, x), and i =

√
−1.

The Coulson integral formula (1.3) shows that the energy of a graph
G depends on the characteristic polynomial ϕ(G, x) of G, while the
sachs Theorem 1.1 reveals that the ϕ(G, x) depends on the structure
of G. This shows that the energy En(G) depends on the structure of
G, see [52]. Let G1, G2, . . . , Gt be the connected components of a graph
G, and n1, n2, . . . , nt their respective orders. Then, using Theorem 1.2
and the Coulson integral formula (1.3), one gets the energy of G as,

En(G)

=
1

π

Z +∞

−∞

�
n− x

d

dx
lnϕ(G, ix)

�
dx
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=
1

π

Z +∞

−∞

�
n1 + n2 + · · ·+ nt − x

d

dx
lnϕ(G1 ∪G2 ∪ · · · ∪Gt, ix)

�
dx

=
1

π

Z +∞

−∞

�
n1 + n2 + · · ·+ nt − x

d

dx
lnϕ(G1, ix)ϕ(G2, ix) . . .ϕ(Gt, ix)

�
dx

=
1

π

Z +∞

−∞

�
n1 + n2 + · · ·+ nt − x

d

dx
(lnϕ(G1, ix) + · · ·+ lnϕ(Gt, ix))

�
dx

=
1

π

Z +∞

−∞

�
n1 − x

d

dx
lnϕ(G1, ix)

�
dx+ · · ·+ 1

π

Z +∞

−∞

�
nt − x

d

dx
lnϕ(Gt, ix)

�
dx

= En(G1) + En(G2) + · · ·+ En(Gt).

Therefore,

Corollary 1.9 [4] If G1, G2, . . . , Gt are connected components of a graph
G, then

En(G) =
tX

j=1

En(Gj).

There are several modifications of the Coulson integral formula (1.3),
and can also be found in [19,47,52,88,100].

Corollary 1.10 [47] If G1 and G2 are two graphs of the same order n,
then

En(G1)− En(G2) =
1

π

Z +∞

−∞
ln

ϕ(G1, ix)
ϕ(G2, ix)

dx. (1.4)

Equation (1.4) is known as the Coulson-Jacobs formula, see [19] or
a report in [100]. Since En(G1) and En(G2) must be real numbers,
then the right handside of the Equation (1.4) must be real, that is,

En(G1)− En(G2) =
1

π

Z +∞

−∞
ln

����
ϕ(G1, ix)
ϕ(G2, ix)

���� dx. (1.5)

If we choose G2
∼= Kn and let ϕ(G, x) =

Pn
k=0 akx

n−k, then ϕ(G1, ix) =Pn
k=0 ak(ix)

n−k, ϕ(G2, ix) = (ix)n, En(G2) = En(Kn) = 0 and

En(G1) = En(G1)− En(G2) =
1

π

Z +∞

−∞
ln

����
ϕ(G1, ix)
ϕ(G2, ix)

���� dx

=
1

π

Z +∞

−∞
ln

����
Pn

k=0 ak(ix)
n−k

(ix)n

���� dx =
1

π

Z +∞

−∞
ln

�����
nX

k=0

ak(ix)−k

����� dx

=
1

π

Z +∞

−∞
ln

�����
X

k≥0

(i)−2ka2kx
−2k +

X

k≥0

(i)−(2k+1)a2k+1x
−(2k+1)

����� dx

=
1

π

Z +∞

−∞
ln

�����
X

k≥0

(i)−2ka2kx
−2k + (i)−1

X

k≥0

(i)−2ka2k+1x
−(2k+1)

����� dx
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=
1

π

Z +∞

−∞
ln

�����
X

k≥0

(−1)ka2kx
−2k + i

X

k≥0

(−1)ka2k+1x
−(2k+1)

����� dx

=
1

π

Z +∞

−∞
ln



vuut
 X

k≥0

(−1)ka2kx−2k

!2

+

 X

k≥0

(−1)ka2k+1x−(2k+1)

!2

 dx.

=
1

2π

Z +∞

−∞
ln



 X

k≥0

(−1)ka2kx
−2k

!2

+

 X

k≥0

(−1)ka2k+1x
−(2k+1)

!2

 dx.

Let z = 1/x, then

En(G1) = En(G1)− En(G2)

=
1

2π

Z +∞

−∞

1

z2
ln



 X

k≥0

(−1)ka2kz
2k

!2

+

 X

k≥0

(−1)ka2k+1z
2k+1

!2

 dz.

(1.6)

The Coulson-type formula in Equation (1.6) is commonly used in
deriving explicit formulas of energies of graphs, and when comparing
the energies of two graphs, see [57,58,151,152,154] and the book
[88]. We have already seen in Theorem 1.8 the relationship between
the number of matchings m(G, k) of order k and a characteristic
polynomial ϕ(G, x) of a forest G. This implies the following relation
between the number of matchings of order k and the energy of a
forest G.

Theorem 1.11 [52] If G is a forest of order n, then

En(G) =
2

π

Z +∞

0

1

x2
ln

"X

k≥0

m(G, k)x2k

#
dx, (1.7)

where m(G, k) is the matching number of order k.

This relation motivates us to use the auxiliary graph invariant M(G, x)
of a graph G, which in turn helps us study the energy En(G) and
Hosoya index Z(G) (to be introduced in Section 1.4) together.

Definition 1.12 Let G be a graph of order n and m(G, k) the number
of matchings of order k. The auxiliary invariant M(G, x) is defined to
be

M(G, x) =
X

k≥0

m(G, k)xk.
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Then, the Equation (1.7) can be rewritten as

En(G) =
2

π

Z +∞

0

1

x2
lnM(G, x2)dx. (1.8)

Remark 1.13 It is clear from Equation (1.8), that if T and T
′ are

trees and M(T, x) ≤ M(T
′
, x), for all positive x ∈ R, then En(T ) ≤

En(T
′
). If furthermore, there exists a positive x ∈ R, such that

M(T, x) < M(T
′
, x), then En(T ) < En(T

′
).

The study of the energy of graphs can be traced back to the 1930s, to
the German physicist Eric Hückel, who brought forward a method of
finding approximate solutions of the time-independent Schrödinger
equation of the conjugated hydrocarbons. His approach was later
known as the "Hückel Molecular Orbital (HMO) theory". The HMO
theory can be found in relevant textbooks such as [20, 30]. In his
theory, he shows that the total π-electron energy of a conjugated
hydrocarbon in β-units can be predicted using the eigenvalues of its
molecular graph. In a chemical structure of a molecule, remove all
the hydrogen atoms with their bonds, so that the carbon to carbon
atom skeleton is left, then replace each carbon with a vertex and
each bond (whether single, double or triple) with an edge. The newly
formed structure is a molecular graph of such molecule, see the
books [37,52] and the reviews [40,45,54]. The total π-electron energy
being predicted by the Equation (1.9)

En(G) = 2
X

+

λj, (1.9)

where G is the molecular graph and
X

+

indicates summation over

positive eigenvalues. Since the sum of all the eigenvalues of a molec-
ular graph is zero, then

En(G) = 2
X

+

λj =
nX

j=1

|λj|. (1.10)

En(G) was later known as the HMO total π-electron energy. Equation
(1.10) is the same as Equation (1.2) except that at this stage it was
not known that Equation (1.10) was valid for all graphs, see [18,
60,101,120,121]. These results motivated Ivan Gutman to propose
the energy of graphs to be that of Equation (1.2) and which was
initially stated publicly in a conference held in Austria [39], in 1978.
Then, later restated on several other lectures and conferences as
well as the papers [42, 47] and the books [23, 52]. The study of
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the energy of graphs did not attract many researchers in its early
days, we only saw a significant change in the number of publications
between 2000 and 2001 and then between 2006 and 2007 and from
then we had a significant number of publications. The survey on the
growth of the study of energy of graphs, one should consult [27,47–
49], monographs [13, 21–25] and the books [6, 88, 107]. The graph
energy has been found to be related to the graph entropy, see [28,
87]. The graph energy has also found its application in modelling
protein properties, see [31,141,149,150]. More on the applications
of the energy of graphs, one should consult [1,7,108,126,127,134,
143]. To complete this introduction on graph energy, we present in
Section 1.6, some results on extremal graphs relative to the energy.
We next introduce the so-called Hosoya index.

1.4 Introduction to the Hosoya index

The Hosoya index Z(G) of a graph G is defined as the total number
of matchings in G, that is,

Z(G) =
X

k≥0

m(G, k), (1.11)

where, m(G, k) is the number of matchings of order k. Recall that,
m(G, 0) = 1, m(G, 1) = |E(G)|, and m(∅, k) = 0 , for all positive k ∈ Z.
Hence, the Hosoya index of a graph G is always greater than or equal
to 1, even if G is empty.

Remark 1.14 It is clear that Z(G) = M(G, 1). And if G and G
′ are

two graphs, such that for all positive x ∈ R, M(G, x) ≤ M(G
′
, x), then

Z(G) ≤ Z(G
′
). Note that, it is possible to have two trees T and T

′

such that, for all positive x ∈ R, M(T, x) ≤ M(T
′
, x), Z(T ) = Z(T

′
)

and En(T ) < En(T
′
). But if M(T, x) ≤ M(T

′
, x) for all positive x and

En(T ) = En(T
′
), then Z(T ) = Z(T

′
).

The Hosoya index possesses the following properties, which will be
realised later in Chapter 2.

Lemma 1.15 [2] Let G and G
′ be two disjoint graphs. Then:

(i) Z(G ∪G
′
) = Z(G)Z(G

′
).

(ii) If v ∈ V (G), then

Z(G) = Z(G− v) +
X

w∈N(v)

Z(G− {v, w}).

(iii) If uv ∈ E(G), then

Z(G) = Z(G− uv) + Z(G− {u, v}).
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The Hosoya index, also known as the Z-index, was introduced by the
Japanese chemist Haruo Hosoya. He discovered that this topological
index (or graph invariant) can be used to characterize the topological
nature of structural isomers of saturated hydrocarbons. To be more
precise, in 1971 he published a paper [64] titled “Topological Index.
A newly proposed quantity characterizing the topological nature of
structural isomers of saturated hydrocarbons”. In that paper, he
showed that: There is a strong correlation between the Hosoya index
and the characteristic polynomial of the molecular graphs of satura-
ted hydrocarbons. By setting x = 1, in Theorem 1.8, we can get
a sense of this correlation, when we consider the set of trees. The
correlation between the Hosoya index and the boiling points of satur-
ated hydrocarbons, the correlation between the Hosoya index and
the Fibonacci numbers are also pointed out in that paper. Following
this paper, several papers [35,41,66,70,74,75,99,109,110] show-ed
that the Hosoya index is related with a variety of physico-chemical
properties of alkanes. To illustrate, Hosoya and Gao [35] find that
the boiling points of alkanes are strongly correlated to the Hosoya
index. Hosoya, Gotoh, Murakami and Ikeda, also find [70] the correl-
ation between the density of liquids and the Hosoya index, and hence
the dependency of the Hosoya index to the molecular structure of
alkanes. And finally, Hosoya [66] further show that a highly branch-
ed gasoline isomer must have low boiling points and smaller Hosoya
index. Another series of papers pointed out the applications of the
Hosoya index in the theory of conjugated π-electron systems, see
[50,55,56,65,71,72]. In particular, Gutman, Furtula, Vidovic, and
Hosoya [50] in their attempt to examine the structure-dependence
of the total π-electron energy, they find that all chemical trees have
a positive and unique solution to the so called Coulson function
(F (G, x) = lnZ(G)), and that the solutions, irrespective of their size
and other structural features, are nearly equal to an estimate of 1.2.
More on the chemical aspects and applications of the Hosoya index
one should also consult [67–69, 73]. While the Hosoya index was
still enjoying the attention it was getting, about a decade later a new
similar topological index was introduced by Richard E. Merrifield
and Howard E. Simmons. We next introduce the Merrifield-Simmons
index also known as the number σ.
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1.5 Introduction to the
Merrifield-Simmons index

The Merrifields-Simmons index σ(G) of a graph G is defined as the
total number of independent vertex subsets of G, including the empty
set. That is,

σ(G) =
X

k≥0

µ(G, k),

where µ(G, k) denotes the number of independent vertex subsets of
order k of G. By definition, µ(G, 0) = 1, µ(∅, k) = 0, and µ(G, 1) =
|V (G)|, for all positive k ∈ Z. Hence, the Merrifield-Simmons index of
a graph G is always greater than or equal to 1, even if G is empty. The
Merrifield-Simmons index possesses the following properties, which
are similar to those of the Hosoya index.

Lemma 1.16 [106] Let G and G
′ be two disjoint graphs. Then:

(i) σ(G ∪G
′
) = σ(G)σ(G

′
).

(ii) If v ∈ V (G), then

σ(G) = σ(G− v) + σ(G−N [v]).

(iii) If uv ∈ E(G), then

σ(G) = σ(G− uv)− σ(G−N [u] ∪N [v]).

The Merrifield-Simmons index was introduced as the number σ, by
the American chemists Richard E. Merrifield and Howard E. Simmo-
ns. In their attempt to give an answer to the question, “to what
extent can the topological spaces be used to describe the structure of
molecules?”, they discovered the number σ, which was the number
of open sets of the finite topology. The year was 1980 and the
paper was titled “The Structures of Molecular Topological Spaces”.
In that paper they discovered that this number σ is equal to the
number of independent vertex subsets of the associated molecular
graph. They pointed out the correlation between the number σ
and alkane heat formations, the correlation between the number
σ and the alkane boiling points, and the correlation between the
number σ and the fibonacci numbers. To which, regarding the latter,
they showed that σ(Pn) = Fn+1. The two continued to strengthen
their theory on using topological spaces to describe the structure
of molecules, and published a series of articles [102–104, 106, 124]
and the book [105]. Despite the hard work, their theory did not get
much attention. Recognizing the similarities between the Hosoya
index and the number σ, researchers did not see the number σ as
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a topological index on its own right, rather as the Hosoya index of
the second kind, see [51]. It was until the Serbian chemist and
mathematician Ivan Gutman in [43], who first mentioned the number
σ as the Merrifield-Simmons index, then followed two papers [44,46],
that the number σ was accepted as a topological index and the name
Merrifield-Simmons index was used since then. We next highlight
some of the known results on extremal graphs, relative to the energy,
Hosoya index and the Merrifield-Simmons index.

1.6 Selected results on graph energy,
Hosoya index, and the
Merrifield-Simmons index

The energy, the Hosoya index and the Merrifield-Simmons index
are among graph invariants that have applications in chemistry,
in describing physico-chemical properties of molecules. In recent
years, a lot of work has been done on the extremal problems, i.e.
on characterizing graphs within prescribed classes that minimize
or maximize the value of the index. We have seen in the previous
sections that, if G1, G2, . . . , Gt are components of a graph G, then
En(G) =

Pt
j=1 En(Gj), Z(G) =

Qt
j=1 Z(Gj) and σ(G) =

Qt
j=1 σ(Gj). In

view of these relations, most authors only study connected graphs.

We have also seen the similarities between the Hosoya index and the
Merrifield-Simmons index, and the relation between the energy and
the Hosoya index of trees through the auxiliary invariant M(G, x). It
turned out in [136], that there exists a negative correlation between
the Hosoya index and the Merrifield-Simmons index, when the family
of trees is considered. Even though there is no explicit formula
showing the relation between the Hosoya index and the Merrifield-
Simmons index, we note that in most, not all classes of graphs, the
graph that maximizes the Hosoya index minimizes the Merrifield-
Simmons index, and vice versa. Also the graph that maximizes/mini-
mizes the Hosoya index maximizes/minimizes the energy, this has
been proven for some non-trees, see [76].

When all graphs of order n, are considered, the edgeless graph Kn

maximizes the Merrifield-Simmons index (with σ(Kn) = 2n, note that
all the vertices in Kn are independent from each other) and minimizes
the Hosoya index (with Z(Kn) = 1, for only the empty set) and energy
(with En(Kn) = 0, since all the eigenvalues are 0). While, the complete
graph Kn minimizes the Merrifield-Simmons index (with σ(Kn) =
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n+1) and maximizes the Hosoya index (with Z(Kn) =

⌊n
2 ⌋X

k=0

n!

2kk!(n− 2k)!
,

see [135]). Among all graphs of order n, the graph maximizing the
energy is still unknown. We are aware of the recent upper bound
found in [12].

When we consider only connected graphs of order n, the complete
graph Kn still minimizes the Merrifield-Simmons index and maximiz-
es the Hosoya index. While, the path graph Pn maximizes the Merrifi-
eld-Simmons index (with σ(Pn) = Fn+2) and minimizes the Hosoya
index (with Z(Pn) = Fn+1). And the energy is minimized by a star
Sn (with En(Sn) = 2

√
n− 1). For more explanations on the above

discussion, see survey [135] and book [88]. When extra conditions
are imposed on connected graphs of order n, one can also consult
the papers [14,62,115,119,132,147,155] for the Hosoya index and
Merrifield-Simmons index, the book [88] for the graph energy, and
the references therein.

When the family of trees of order n is considered, the star Sn maximi-
zes the Merrifield-Simmons index (with σ(Sn) = 2n−1+1) and minimiz-
es the Hosoya index (with Z(Sn) = n) and the energy. While, the path
graph Pn minimizes the Merrifield-Simmons index and maximizes
the Hosoya index and energy, where

En(Pn) =





2
sin π

2(n+1)
− 2 if n ≡ 0(mod 2)

2 cos π
2(n+1)

sin π
2(n+1)

− 2 if n ≡ 1(mod 2)
.

These results can also be found in [4, 38, 52, 88, 135]. It is natural
that once you have characterized the graph that attains the first
largest/smallest value of a certain graph invariant, one may want
to characterize the graph that attains the second largest/smallest
value of that invariant. Well, for the Hosoya index and the Merrifield-
Simmons index one can consult the papers [38,83,89,90,137], for
the trees attaining the second largest and second smallest value
of the Hosoya index and the Merrifield-Simmons index. On the
ordering of trees from the tree with the smallest energy, one may
consult [53,79,84,85,122,123,125], and the ordering of trees from
the tree with the largest energy, one may consult [3,88].

The broom Pn,k−1 has been found to maximize the Merrifield-Simmo-
ns index and minimize the Hosoya index among all trees of order n
and k-leaves, see [114,146]. The characterization of a tree attaining
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the second largest Merrifield-Simmons index and second smallest
Hosoya index can be found in [96, 138]. The characterization of a
tree of order n and k-leaves that minimizes the Merrifield-Simmons
index and maximizes the Hosoya index was studied in [29,144]. For
more on the number of maximal independent sets in trees with a
given number of leaves, one may consult the recent paper [130].
The broom has also been found to be extremal among all trees of
order n and diameter d, see [17, 83, 89, 114, 116, 145]. The broom
minimizes the Hosoya index and maximizes the Merrifield-Simmons
index. Among all trees of order n and diameter d, the second and
third on the list of extremal trees is characterized in [91]. As we
have stated earlier, that the study of these graph invariants is fast
growing and we can’t capture every single detail in this thesis, the
interested reader is referred to the surveys [135,153] for the Hosoya
index and Merrifield-Simmons index, the book [88] for the graph
energy, and for the recent results: For graph energies of general
graphs, see [10,12,82,118]. For graph energies of trees, see [81]. For
graph energies of unicyclic graphs, see [8,139]. For graph energies
of bicyclic graphs, see [80]. For graph energies of tricyclic graphs,
see [16,86,97,128,157]. For independent subsets of general graphs,
see [14,62,78,115,119,132,147,155]. For independent subsets of
trees, see [131, 159]. For independent subsets of unicyclic graphs,
see [5,77,93,95,139,148,156]. For independent subsets of bicyclic
graphs, see [142]. For independent subsets of tricyclic graph, see
[26,32–34,61,94,117,128,157,158].

Going back to the energy, Hosoya index and the Merrifield-Simmons
index of trees. In [4], Eric Andriantiana investigated the energy,
Hosoya index and Merrifield-Simmons index of trees under degree
restrictions. In his paper, he showed that the tree M(d1, d2, . . . , dn) is
the unique (up to isomorphism) tree that maximizes the Merrifield-
Simmons index among all trees with reduced degree sequence d1, d2,
. . . , dn, where M(d1, d2, . . . , dn) is constructed as follows: Let d1, d2, . . . ,
dn be a reduced degree sequence of a tree T . If n ≤ dn + 1, then
M(d1, d2, . . . , dn) is the tree obtained by merging the root of each of
[d1], [d2], . . . , [dn−1] with a leaf of [1 + dn], respectively. If n ≥ dn + 2,
then M(d1, d2, . . . , dn) is constructed recursively: First label vertices
as shown in Figure 1.1, such that

deg(vi) ≤ deg(vj), if i < j. (1.12)

Let l be the greatest integer, such that vl is a label in M(ddn , . . . , dn−1).
Let s be the smallest integer, such that vs is adjacent to a leaf in
M(ddn , . . . , dn−1). Let Rdn = [[d1], . . . , [ddn−1]], where the pseudo-leaves
are labelled vl+1, . . . , vl+dn−1, respecting Inequality (1.12). M(d1, d2, . . . , dn)
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Figure 1.1: Relabeling for the construction of M(d1, d2, . . . , dn).

is the tree obtained by merging the roots of Rdn to a leaf adjacent to
vs. See Figure 1.2, for example. Following his work, we wondered

Figure 1.2: Step-by-step construction of M(7, 7, 7, 5, 4, 4, 3, 3, 2, 2, 2).

what would be the properties of extremal caterpillars relative to the
energy, Hosoya index and the Merrifield-Simmons index, when the
family of caterpillars with prescribed degree sequence is considered.
In this thesis we characterize the caterpillar minimizing the Hosoya
index and energy, caterpillar maximizing the Merrifield-Simmons
index, and finally, we characterize the caterpillar maximizing the
Hosoya index and energy. The attempt on characterization of caterpi-
llars minimizing the Merrifield-Simmons index became a little harder,
and we leave a conjecture regarding this matter. We next present
preliminary results that play a vital role in the derivation of formulas
and proving of results in this thesis.



2 | Preliminaries

In this chapter we present basic lemmas that will be useful in Chapters
3 and 4. In Chapter 1, we defined the auxiliary invariant M(G, x) of
a graph G as

M(G, x) =
X

k≥0

m(G, k)xk.

It possesses the following properties.

Lemma 2.1 ([2]) Let G and G
′ be two disjoint graphs and let x > 0 be

a real number. Then, we have

M(G ∪G
′
, x) = M(G, x)M(G

′
, x). (2.1)

If v ∈ V (G), then we have

M(G, x) = M(G− v, x) + x
X

w∈NG(v)

M(G− {v, w}, x). (2.2)

For any uv ∈ E(G) we have

M(G, x) = M(G− uv, x) + xM(G− {u, v}, x). (2.3)

Proof. Let G and G
′ be two disjoint graphs and let x > 0 be a real

number. Then, for every pair of edges e1 and e2 with e1 ∈ E(G) and
e2 ∈ E(G

′
), e1 ∩ e1 = ∅. Then, in order to form an independent edge

subset of cardinality k in G∪G
′, we take an independent edge subset

of cardinality j in G and another of cardinality k − j in G
′, for some

0 ≤ j ≤ k. Hence m(G ∪G
′
, k) =

X

j+j
′
=k

j≥0,j
′≥0

m(G, j)m(G
′
, j

′
). Then,

M(G ∪G
′
, x) =

X

k≥0

m(G ∪G
′
, k)xk =

X

k≥0




X

j+j
′
=k

j≥0,j
′≥0

m(G, j)m(G
′
, j

′
)


 xk

26
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=
X

k≥0




X

j+j
′
=k

j≥0,j
′≥0

m(G, j)m(G
′
, j

′
)


 xj+j

′

=
X

j≥0

m(G, j)xj
X

j′≥0

m(G
′
, j

′
)xj

′
= M(G, x)M(G

′
, x).

Hence Equation (2.1).

Suppose v ∈ V (G). Suppose we remove the vertex v from G. Then, for
every pair of edges e1 and e2 in G−v, e1∩e2 = ∅ if and only if e1∩e2 = ∅
in G. Thus, any independent edge subset of G − v are independent
edge subsets of G. So m(G, k) = m(G− v, k) + r, for some positive real
number r. The independent edge subsets in G that are not counted
in m(G − v, k) are the ones that contain v. Note that, if any subset
contains v, then it can not contain the edge incident to the neighbor
of v. Hence m(G, k) = m(G− v, k) +

X

w∈N(v)

m(G− {v, w}, k − 1). Then,

M(G, x) =
X

k≥0

m(G, k)xk

=
X

k≥0


m(G− v, k) +

X

w∈N(v)

m(G− {v, w}, k − 1)


 xk

=
X

k≥0

m(G− v, k)xk +
X

k≥0

X

w∈N(v)

m(G− {v, w}, k − 1)xk

=
X

k≥0

m(G− v, k)xk + x
X

w∈N(v)

X

k≥0

m(G− {v, w}, k − 1)xk−1

= M(G− v, x) + x
X

w∈N(v)

M(G− {v, w}, x).

Hence Equation (2.2).

Suppose uv ∈ E(G). Suppose we remove the edge uv from G. Then,
for every pair of edges e1 and e2 in G − uv, e1 ∩ e2 = ∅ if and only if
e1 ∩ e2 = ∅ in G. Thus, any independent edge subset of G − uv are
independent edge subsets of G. So m(G, k) = m(G−uv, k)+r, for some
positive real number r. The independent edge subsets in G that are
not counted in m(G − uv, k) are the ones that contain the edge uv.
Note that, if any subset contains uv, then it can not contain any
other edge incident to u, and cannot contain any other edge incident
to v. Hence m(G, k) = m(G− uv, k) +m(G− {u, v}, k − 1). Then,
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M(G, x) =
X

k≥0

m(G, k)xk =
X

k≥0

(m(G− uv, k) +m(G− {u, v}, k − 1)) xk

=
X

k≥0

m(G− uv, k)xk +
X

k≥0

m(G− {u, v}, k − 1)xk

=
X

k≥0

m(G− uv, k)xk + x
X

k≥0

m(G− {u, v}, k − 1)xk−1

= M(G− uv, x) + xM(G− {u, v}, x).

Hence Equation (2.3). □
Note that the Hosoya index of a graph G is given by, Z(G) = M(G, 1).
Hence the properties of the Hosoya index in Section 1.4 follow from
those of M(G, x) in Lemma 2.1.

Definition 2.2 For every complete branch B of a tree, we define
m0(B, k) to be the number of matchings of order k in B, not covering
the root r(B), M0(B, x) =

P
k≥0 m0(B, k)xk, and τ(B, x) = M0(B,x)

M(B,x)
. Induc-

tion on M(B, x) and Lemma 2.1 give the following properties of τ(B, x).

Lemma 2.3 ([4]) Let B = [B1, . . . , Brd(B)] be a complete branch of a
tree. Then, for all positive x we have

τ(B, x) =
1

1 + x
Prd(B)

i=1 τ(Bi, x)
. (2.4)

It is convenient to set τ(∅, x) = 0 for all x > 0, so that recurrence 2.4
still holds if some of the Bi’s are empty.

Lemma 2.4 ([4]) Let B be a complete branch of a tree and x > 0.
Then,

1

1 + x rd(B)
≤ τ(B, x) ≤ 1.

Remark 2.5 Note that the upper bound 1 is reached only if B is a
leaf. It follows that the lower bound is also obtained only if B is a
pseudo-leaf branch.

We define σ(G, x) of a graph G and ρ(B, x) of a complete branch B, so
that the techniques used in Chapter 3 using M(G, x) and τ(B, x) to
characterize extremal caterpillars relative to the energy and Hosoya
index, can be deployed also in Chapter 4 using σ(G, x) and ρ(B, x) to
characterize extremal caterpillars relative to the Merrifield-Simmons
index.
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Definition 2.6 Let G be a graph. Let µ(G, k) denote the number of
independent vertex subsets of order k in G. For a rooted tree T with
root v, we also define µ0(T, k) to be the number of independent vertex
subsets of order k in T not containing the root v and µ1(T, k) to be the
number of independent vertex subsets of order k in T containing the
root v. Let x > 0 be a real number, then σ(T, x), σ0(T, x) and σ1(T, x)
are defined to be:

σ(T, x) =
X

k≥0

µ(T, k)xk,

σ0(T, x) =
X

k≥0

µ0(T, k)x
k

and
σ1(T, x) =

X

k≥0

µ1(T, k)x
k,

respectively. We also define ρ(T, x) to be ρ(T, x) =
σ0(T, x)

σ(T, x)
. Note that

σ(T, x) = σ0(T, x) + σ1(T, x), and σ(G, 1) = σ(G).

Lemma 2.7 ([2]) Let G be a graph.
(i) If uv ∈ E(G), then

σ(G, x) = σ(G− uv, x)− xσ(G−N [u] ∪N [v], x).

(ii) If v ∈ V (G), then

σ(G, x) = σ(G− v, x) + xσ(G−N [v], x).

(iii) If G1, G2, . . . , Gt are the connected components of G, then

σ(G, x) =
tY

j=1

σ(Gj, x).

Proof. (i) Let G be a graph. Suppose uv ∈ E(G). Suppose we remove
the edge uv from G. After removing uv from G, to get G − uv, the
independent vertex subsets of order k containing both u and v are
counted in µ(G − uv, k). So, to get the correct value for µ(G, k) we
need to remove those subsets. Note that if both u and v are present
in an idependent vertex subset, then their neighbors cannot be in
that independent vertex subset. Hence

µ(G, k) = µ(G− uv, k)− µ(G−N [u] ∪N [v], k − 1).

Then,
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σ(G, x) =
X

k≥0

σ(G, k)xk =
X

k≥0

(µ(G− uv, k)− µ(G−N [u] ∪N [v], k − 1)) xk

=
X

k≥0

µ(G− uv, k)xk −
X

k≥0

µ(G−N [u] ∪N [v], k − 1)xk

=
X

k≥0

µ(G− uv, k)xk − x
X

k≥0

µ(G−N [u] ∪N [v], k − 1)xk−1

= σ(G− uv, x)− xσ(G−N [u] ∪N [v], x).

(ii) Suppose v ∈ V (G). Suppose we remove v from G. Then, for
every pair of vertices v1 and v2 in G − v, v1v2 /∈ E(G − v) if and only
if v1v2 /∈ E(G). Thus, any independent vertex subset of G − v are
independent vertex subsets of G. So, µ(G, k) = µ(G − v, k) + r, for
some positive real number r. The independent vertex subsets with
k elements in G that are not counted in µ(G− v, k) are the ones that
contain v. Note that, if an independent vertex subset contains v,
then it cannot contain any neighbor of v. Hence,

µ(G, k) = µ(G− v, k) + µ(G−N [v], k − 1).

Then,

σ(G, x) =
X

k≥0

µ(G, k)xk =
X

k≥0

(µ(G− v, k) + µ(G−N [v], k − 1)) xk

=
X

k≥0

µ(G− v, k)xk +
X

k≥0

µ(G−N [v], k − 1)xk

=
X

k≥0

µ(G− v, k)xk + x
X

k≥0

µ(G−N [v], k − 1)xk−1

= σ(G− v, x) + xσ(G−N [v], x).

The proof of (iii) is the same as that of Equation (2.1) in Lemma 2.1.
□

Lemma 2.8 ([63]) Let T be a rooted tree with root v and branches
T1, . . . , Tk. Then,

(i) σ0(T, x) =
kY

j=1

σ(Tj, x),

(ii) σ1(T, x) = x
kY

j=1

σ0(Tj, x),

(iii) ρ(T, x) =
1

1 + x

kY

j=1

ρ(Tj, x)

.
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Proof. Let T be a rooted tree with root v and branches T1, . . . , Tk.
Then,

(i) σ0(T, x) =
X

k≥0

µ0(T, k)x
k =

X

k≥0

µ(T − v, k)xk = σ(T − v, x)

= σ(T1, x)σ(T2, x) . . . σ(Tk, x) =
kY

j=1

σ(Tj, x).

(ii) Let v1, . . . , vk be the roots of T1, . . . , Tk, respectively. Then, any
vertex independent subset of T that contains v must not contain
any of the elements in {v1, . . . , vk}. Then,

σ1 =
X

k≥0

µ(T −N [v], k − 1)xk

= x
X

k≥0

µ(T −N [v], k − 1)xk−1 = xσ(T −N [v], x)

= xσ(T1 − v1, x)σ(T2 − v2, x) . . . σ(Tk − vk, x)

= xσ0(T1, x)σ0(T2, x) . . . σ0(Tk, x) = x
kY

j=1

σ0(Tj, x).

(iii) ρ(T, x) =
σ0(T, x)

σ(T, x)
=

σ0(T, x)

σ0(T, x) + σ1(T, x)
=

σ0(T, x)

σ0(T, x)

 
1

1 + σ1(T,x)
σ0(T,x)

!

=
1

1 + σ1(T,x)
σ0(T,x)

=
1

1 +
x
Qk

j=1 σ0(Tj, x)Qk
j=1 σ(Tj, x)

=
1

1 + x
Qk

j=1
σ0(Tj ,x)

σ(Tj ,x)

=
1

1 + x
Qk

j=1 ρ(Tj, x)
.

□
It is convenient to set ρ(∅, x) = 1 for all x > 0, so that (iii) in Lemma
2.8 still holds if some of the Tj ’s are empty.

Lemma 2.9 Let T be a rooted tree with root v and branches T1, . . . , Tk.
Then,

1

1 + x
≤ ρ(T, x) ≤ 1

1 + x


1
1+x

�k .

Proof. Let T be a rooted tree with root v and branches T1, . . . , Tk.
Then, T is not empty. Suppose T is a star rooted at its center. If T
is a 1-vertex star, then

ρ(T, x) =
σ0(T, x)

σ(T, x)
=

1

1 + x
, (2.5)
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since there is only one vertex subset of T that does not include the
root v. Otherwise, Tj is a leaf, for all j ∈ {1, . . . , k}. Then, ρ(Tj, x) =
1

1+x
. Hence,

ρ(T, x) =
1

1 + x
Qk

j=1 ρ(Tj, x)
=

1

1 + x


1
1+x

�k . (2.6)

Suppose T is not a star, hence at least one branch is not a leaf.
Then,

ρ(T, x) =
σ0(T, x)

σ(T, x)
=

σ0(T, x)

σ0(T, x) + σ1(T, x)
< 1,

since T is not empty and σ0(T, x), σ1(T, x) > 0. By similar reason,
ρ(Tj, x) < 1 for all j ∈ {1, . . . , k}. This implies that

Qk
j=1 ρ(Tj, x) < 1.

Hence,

ρ(T, x) =
1

1 + x
Qk

j=1 ρ(Tj, x)
>

1

1 + x
. (2.7)

With the same reasoning, ρ(Tj, x) ≥ 1
1+x

, with equality only if Tj is a

leaf. This implies that
Qk

j=1 ρ(Tj, x) >


1
1+x

�k and hence

ρ(T, x) =
1

1 + x
Qk

j=1 ρ(Tj, x)
<

1

1 + x


1
1+x

�k . (2.8)

And therefore, from Equations (2.5) through (2.8) we get

1

1 + x
≤ ρ(T, x) ≤ 1

1 + x


1
1+x

�k ,

both inequalities are equalities if and only if T is a star rooted at its
center. □

Remark 2.10 Note that the lower bound in Lemma 2.9 is reached
only if T is a leaf, and the upper bound is reached only if T is a
pseudo leaf or a leaf branch.



3 | Extremal caterpillars with
regard to M(., x), energy and
Hosoya index

In this chapter, we derive a formula of M(G, x) of a caterpillar G, and
this formula is used to characterize extremal caterpillars relative to
the auxiliary invariant M(., x), Hosoya index and energy.

3.1 A formula for the auxiliary invariant
M(G, x) of a caterpillar G

Let G be a caterpillar and be decomposed as in Figure 3.1. Then,
using Equations (2.1) and (2.3) we have:

Figure 3.1: Decomposition of a caterpillar for Chapters 3 and 4.

33
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M(G, x)

= M(G− vr(B), x) + xM(G− {r(B), v}, x)
= M(B, x)M(F, x) + xM(G− {r(B), v}, x)
= M(B, x)

h
M(F − wr(B

′
), x) + xM(F − {w, r(B′

)}, x)
i

+ xM(G− {r(B), v}, x)
= M(B, x)

h
M(T, x)M(B

′
, x) + xM(F − {w, r(B′

)}, x)
i

+ xM(G− {r(B), v}, x)
= M(B, x)

h
M(T, x)M(B

′
, x) + xM(T − w, x)M(B

′ − r(B
′
), x)

i

+ xM(B − r(B), x)M(F − v, x)

= M(B, x)
h
M(T, x)M(B

′
, x) + xM(T − w, x)M(B

′ − r(B
′
), x)

i

+ xM(B − r(B), x)
h
M(F − v − wr(B

′
), x) + xM(F − v − {w, r(B′

)}, x)
i

= M(B, x)
h
M(T, x)M(B

′
, x) + xM(T − w, x)M(B

′ − r(B
′
), x)

i

+ xM(B − r(B), x)
h
M(T − v, x)M(B

′
, x)

+xM(T − {w, v}, x)M(B
′ − r(B

′
), x)

i

= M(B, x)
h
M(T, x)M(B

′
, x) + xM(T − w, x)M(B

′ − r(B
′
), x)

i

+ xM(B − r(B), x)
h
M(T − v, x)M(B

′
, x)

+xM(T − {w, v}, x)M(B
′ − r(B

′
), x)

i

= M(B, x)M(B
′
, x)M(T, x) + xM(B, x)M(B

′ − r(B
′
), x)M(T − w, x)

+ xM(B
′
, x)M(B − r(B), x)M(T − v, x)

+ x2M(B − r(B), x)M(B
′ − r(B

′
), x)M(T − {v, w}, x).

Further iterative use of Equations (2.1) and (2.3) gives

M(T, x)

= M(T − v1v, x) + xM(T − {v1, v}, x)
= M(T − v1, x) + xM(T − v, x)

= M(T − v1 − v2v, x) + xM(T − v1 − {v2, v}, x) + xM(T − v, x)

= M(T − {v1, v2}, x) + xM(T − v, x) + xM(T − v, x)

= M(T − {v1, v2}, x) + 2xM(T − v, x)



CHAPTER 3. EXTREMAL CATERPILLARS WITH REGARD TO M(., x),
ENERGY AND HOSOYA INDEX 35

= M(T − {v1, . . . , vd}, x) + dxM(T − v, x)

= M(T − {v1, . . . , vd}− w1w, x) + xM(T − {v1, . . . , vd}− {w1, w}, x)
+ dxM(T − v, x)

= M(T − {v1, . . . , vd}− w1, x) + xM(T − {v1, . . . , vd}− w, x)

+ dxM(T − v, x)

= M(T − {v1, . . . , vd}− w1 − w2w, x)

+ xM(T − {v1, . . . , vd}− w1 − {w2, w}, x)
+ xM(T − {v1, . . . , vd}− w, x) + dxM(T − v, x)

= M(T − {v1, . . . , vd}− {w1, w2}, x) + xM(T − {v1, . . . , vd}− w, x)

+ xM(T − {v1, . . . , vd}− w, x) + dxM(T − v, x)

= M(T − {v1, . . . , vd}− {w1, w2}, x) + 2xM(T − {v1, . . . , vd}− w, x)

+ dxM(T − v, x)

= M(T − {v1, . . . , vd}− {w1, . . . , wd′}, x) + d′xM(T − {v1, . . . , vd}− w, x)

+ dxM(T − v, x)

= M(H, x) + d′xM(H − w, x) + dxM(T − v, x)

= M(H, x) + d′xM(H − w, x) + dx [M(T − v − w1w, x)

+xM(T − v − {w1, w}, x)]
= M(H, x) + d′xM(H − w, x) + dx [M(T − v − w1, x)

+xM(T − v − w, x)]

= M(H, x) + d′xM(H − w, x) + dx [M(T − v − w1 − w2w, x)

+ xM(T − v − w1 − {w2, w}, x) +xM(T − v − w, x)]

= M(H, x) + d′xM(H − w, x)

+ dx [M(T − v − {w1, w2}, x) + xM(T − v − w, x) + xM(T − v − w, x)]

= M(H, x) + d′xM(H − w, x) + dx [M(T − v − {w1, w2}, x)
+2xM(T − v − w, x)]

= M(H, x) + d′xM(H − w, x) + dx [M(T − v − {w1, . . . , wd′}, x)
+d′xM(T − v − w, x)]

= M(H, x) + d′xM(H − w, x) + dx [M(H − v, x) + d′xM(H − {v, w}, x)] ,

M(T − w, x)

= M(T − w − vv1, x) + xM(T − w − {v, v1}, x)
= M(v1, x)M(T − w − v1, x) + xM(T − w − {v, v1}, x)
= M(T − w − v1, x) + xM(T − w − {v, v1}, x)
= M(T − w − v1 − vv2, x) + xM(T − w − v1 − {v, v2}, x)

+ xM(T − w − {v, v1}, x)
= M(v2, x)M(T − w − v1 − v2, x) + 2xM(T − w − v − {v1, v2}, x)
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= M(T − w − v1 − v2, x) + 2xM(T − w − v − {v1, v2}, x)
= M(T − w − v1 − v2 − vv3, x) + xM(T − w − v1 − v2 − {v, v3}, x)

+ 2xM(T − w − v − {v1, v2}, x)
= M(v3, x)M(T − w − v1 − v2 − v3, x) + 3xM(T − w − v − {v1, v2, v3}, x)
= M(T − w − v1 − v2 − v3, x) + 3xM(T − w − v − {v1, v2, v3}, x)
= M(T − w − {v1, . . . , vd}, x) + dxM(T − w − v − {v1, . . . , vd}, x)
= M(H − w, x) + dxM(H − w − v, x)

and by similar way as above

M(T − v, x) = M(H − v, x) + d
′
xM(H − w − v, x).

Hence,

M(G, x)

= M(B, x)M(B
′
, x)
h
M(H, x) + d

′
xM(H − w, x)

+dx
h
M(H − v, x) + d

′
xM(H − {v, w}, x)

ii

+ xM(B, x)M(B
′ − r(B

′
), x) [M(H − w, x) + dxM(H − {v, w}, x)]

+ xM(B
′
, x)M(B − r(B), x)

h
M(H − v, x) + d

′
xM(H − {v, v}, x)

i

+ x2M(B − r(B), x)M(B
′ − r(B

′
), x)M(H − {v, w}, x)

= M(B, x)M(B
′
, x)
h
M(H, x) + d

′
xM(H − w, x)

+dx
h
M(H − v, x) + d

′
xM(H − {v, w}, x)

ii

+ xM(B, x)M(B
′
, x)τ(B

′
, x) [M(H − w, x) + dxM(H − {v, w}, x)]

+ xM(B, x)M(B
′
, x)τ(B, x)

h
M(H − v, x) + d

′
xM(H − {v, w}, x)

i

+ x2M(B, x)M(B
′
, x)τ(B, x)τ (B

′
, x)M(H − {v, w}, x)

= M(B, x)M(B
′
, x)
h
M(H, x) + d

′
xM(H − w, x)

+dx
h
M(H − v, x) + d

′
xM(H − {v, w}, x)

i

+ xτ(B
′
, x) [M(H − w, x) + dxM(H − {v, w}, x)]

+ xτ(B, x) [M(H − v, x) + d′xM(H − {v, w}, x)]
+ x2 τ(B, x)τ(B

′
, x)M(H − {v, w}, x)

i

= M(B, x)M(B
′
, x)
h
M(H, x) + dd

′
x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x) + x

h
d

′
M(H − w, x) + dM(H − v, x)

i
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+ x
h
τ(B

′
, x)M(H − w, x) + τ(B, x)M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

ii

= M(B, x)M(B
′
, x)
h
M(H, x) + dd

′
x2M(H − {v, w}, x)
+x2τ(B, x)τ(B

′
, x)M(H − {v, w}, x)

+ x
h�

d
′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

ii
. (3.1)

We define

Mw
v (G, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i
,

so that

M(G, x) = M(B, x)M(B
′
, x)
h
M(H, x) + dd

′
x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x) +Mw

v (G, x)
i
. (3.2)

3.2 Caterpillar with given degree sequence
and maximum M(., x)

Let G be a graph of order n and m(G, k) the number of matchings of
order k. Recall that the auxiliary invariant M(G, x) is defined to be

M(G, x) =
X

k≥0

m(G, k)xk,

for all positive x ∈ R. The Hosoya index Z(G) is given by

Z(G) = M(G, 1)

and the energy En(G) is given by

En(G) =
2

π

Z +∞

0

1

x2
lnM(G, x2)dx.

In this section we characterize the caterpi-llar with given degree
sequence, maximum M(., x) and hence maxim-um Hosoya index and
maximum energy. We first characterize a caterpillar X (D) that maxi-
mizes M(., x), among all caterpillars with given degree sequence D.
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This caterpillar is found to also maximize the Hosoya index and the
energy. Then, we compare the two caterpi-llars X (D) and X (Y ) i.e.
M(X (D), x) with M(X (Y ), x), Z(X (D)) with Z(X (Y )) and En(X (D))
with En(X (Y )), where the degree sequence Y is majorized by the
degree sequence D. We say G is maximal with regard to an invariant
F (G), if and only if F (G) = max{F (C) : C ∈ CD}, where D is a degree
sequence of G.

The following simple technical lemma will play central role as we
try to find out what exchange of branches increases M(., x).

Lemma 3.1 Let a, b, c and d be non-negative real numbers such that
a ≤ b ≤ c ≤ d, then ac+ bd, ad+ bc ≤ ab+ cd.

Proof. Let a, b, c and d be non-negative real numbers such that a ≤
b ≤ c ≤ d. Then,

ab+cd−(ac+bd) = ab−ac+cd−bd = −a(c−b)+d(c−b) = (c−b)(d−a) ≥ 0,

since c ≥ b and d ≥ a.

ab+cd−(ad+bc) = ab−ad+cd−bc = −a(d−b)+c(d−b) = (d−b)(c−a) ≥ 0,

since c ≥ a and d ≥ b. □

Lemma 3.2 Let G be a caterpillar with degree sequence D, decompo-
sed as in Figure 3.1 and suppose that M(G, x) = max{M(C, x) : C ∈
CD}. If τ(B′

, x) > τ(B, x), then either

d
′
< d and M(H − w, x) ≤ M(H − v, x),

or
d

′
= d and M(H − w, x) ≥ M(H − v, x).

Proof. Let G be a caterpillar with degree sequence D and decomposed
as in Figure 3.1. Suppose that M(G, x) = max{M(C, x) : C ∈ CD}. In
particular, M(G, x) is maximal with respect to all possible swappings
and flippings in G that preserve the degree sequence: the swapping
of B and B

′, the swapping of d and d
′ (exchanging d and d

′) and/or
the flipping of H (exchanging v and w) in G. Equation (3.2) suggests
that the swapping of B and B

′, the swapping of d and d
′ and/or the

flipping of H in G only affect Mw
v (G, x) in M(G, x). This implies that

the maximality of Mw
v (G, x) implies the maximality of M(G, x).

Suppose τ(B
′
, x) > τ(B, x). The contrary to the statement results

in two cases:
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1.) d′ ̸= d and (d′ ≥ d or M(H − w, x) > M(H − v, x)) or
2.) d′ ≥ d and M(H − w, x) < M(H − v, x).

To prove the two cases, we break them down into five clear different
sub-cases. Let a, b, ε and η be positive real numbers.

(i) Suppose d
′
= a + ε > a = d, τ(B

′
, x) = b + η > b = τ(B, x) and

M(H − w, x) ≤ M(H − v, x). Then,

Mw
v (G, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

= x [(a+ ε+ b+ η)M(H − w, x) + (a+ b)M(H − v, x)]

+ x2M(H − {v, w}, x) [a(b+ η) + (a+ ε)b] .

Let G′ be obtained from G by swapping d and d
′, then

Mw
v (G

′
, x) = x

h�
d+ τ(B

′
, x)

�
M(H − w, x) +

�
d

′
+ τ(B, x)

�
M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
d

′
τ(B

′
, x) + dτ(B, x)

i

= x [(a+ b+ η)M(H − w, x) + (a+ ε+ b)M(H − v, x)]

+ x2M(H − {v, w}, x) [(a+ ε)(b+ η) + ab]

and

Mw
v (G

′
, x)−Mw

v (G, x)

= x [M(H − w, x)(a+ b+ η − (a+ ε+ b+ η))

+M(H − v, x)(a+ ε+ b− (a+ b))]

+ x2M(H − {v, w}, x) [(a+ ε)(b+ η) + ab− (a(b+ η) + (a+ ε)b)]

= xε [M(H − v, x)−M(H − w, x)] + x2M(H − {v, w}, x)εη > 0,

since x,ε, η > 0, M(H − v, x) ≥ M(H − w, x) and M(H − {v, w}, x) >
0. This implies that Mw

v (G
′
, x) > Mw

v (G, x). This contradicts the
maximality of Mw

v (G, x).

(ii) Suppose d
′
= a < a + ε = d, τ(B

′
, x) = b + η > b = τ(B, x) and

M(H − w, x) > M(H − v, x). Then,

Mw
v (G, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

= x [(a+ b+ η)M(H − w, x) + (a+ ε+ b)M(H − v, x)]
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+ x2M(H − {v, w}, x) [(a+ ε)(b+ η) + ab] .

Let G′ be obtained from G by flipping H in G, then

Mw
v (G

′
, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − v, x) + (d+ τ(B, x))M(H − w, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

= x [(a+ b+ η)M(H − v, x) + (a+ ε+ b)M(H − w, x)]

+ x2M(H − {v, w}, x) [(a+ ε) (b+ η) + ab] ,

and

Mw
v (G

′
, x)−Mw

v (G, x)

= x [M(H − v, x) (a+ b+ η − (a+ ε+ b))

+M(H − w, x) (a+ ε+ b− (a+ b+ η))]

+ x2M(H − {v, w}, x) [(a+ ε)(b+ η) + ab− (a+ ε)(b+ η)− ab]

= x(ε− η) [M(H − w, x)−M(H − v, x)] > 0, since ε ≥ 1 > η > 0 ,x > 0

and M(H − w, x) > M(H − v, x).

This implies that Mw
v (G

′
, x) > Mw

v (G, x). And contradicts the maxima-
lity of Mw

v (G, x).

(iii) Suppose d
′
= a + ε > a = d, τ(B

′
, x) = b + η > b = τ(B, x) and

M(H − w, x) > M(H − v, x). Then,

Mw
v (G, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

= x [(a+ ε+ b+ η)M(H − w, x) + (a+ b)M(H − v, x)]

+ x2M(H − {v, w}, x) [a(b+ η) + (a+ ε)b] .

Let G′ be obtained from G by swapping B
′ and B, then

Mw
v (G

′
, x) = x

h�
d

′
+ τ(B, x)

�
M(H − w, x) +

�
d+ τ(B

′
, x)

�
M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B, x) + d

′
τ(B

′
, x)
i

= x [(a+ ε+ b)M(H − w, x) + (a+ b+ η)M(H − v, x)]

+ x2M(H − {v, w}, x) [ab+ (a+ ε)(b+ η)] ,

and

Mw
v (G

′
, x)−Mw

v (G, x)
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= x [M(H − w, x) (a+ ε+ b− (a+ ε+ b+ η))

+M(H − v, x) (a+ b+ η − (a+ b))]

+ x2M(H − {v, w}, x) [ab+ (a+ ε)(b+ η)− a(b+ η)− (a+ ε)b]

= xη [M(H − v, x)−M(H − w, x)] + x2M(H − {v, w}, x)εη
= xη

h
M(H − v, x)−M(H − w − vv

′
, x)− xM(H − w − {v, v′}, x)

+xεM(H − {v, w}, x)]
= xη

h
M(H − v, x)−M(H − {v, w}, x)− xM(H − {v, v′

, w}, x)
+xεM(H − {v, w}, x)] > 0,

Since x, η > 0, ε ≥ 1, M(H − v, x) > M(H − {v, w}, x) and M(H −
{v, w}, x) ≥ M(H−{v, v′

, w}, x). This implies that Mw
v (G

′
, x) > Mw

v (G, x).
Contradicting the maximality of Mw

v (G, x).

(iv) Suppose d
′
= a = d, τ(B′

, x) = b+ η > b = τ(B, x) and M(H −w, x) <
M(H − v, x). Then,

Mw
v (G, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

= x [(a+ b+ η)M(H − w, x) + (a+ b)M(H − v, x)]

+ x2M(H − {v, w}, x) [a(b+ η) + ab] .

Let G′ be obtained from G by flipping H in G, then

Mw
v (G

′
, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − v, x) + (d+ τ(B, x))M(H − w, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

= x [(a+ b+ η)M(H − v, x) + (a+ b)M(H − w, x)]

+ x2M(H − {v, w}, x) [a(b+ η) + ab] ,

and

Mw
v (G

′
, x)−Mw

v (G, x)

= x [M(H − v, x)(a+ b+ η − (a+ b)) +M(H − w, x)(a+ b− (a+ b+ η))]

= xη [M(H − v, x)−M(H − w, x)] > 0,

since x, η > 0 and M(H − v, x) > M(H − w, x).

This implies that Mw
v (G

′
, x) > Mw

v (G, x). This contradicts the maxima-
lity of Mw

v (G, x).
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(v) Suppose d
′
= a + ε > a = d, τ(B

′
, x) = b + η > b = τ(B, x) and

M(H − w, x) < M(H − v, x). Then,

Mw
v (G, x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

= x [(a+ ε+ b+ η)M(H − w, x) + (a+ b)M(H − v, x)]

+ x2M(H − {v, w}, x) [a(b+ η) + (a+ ε)b] .

Let G′ be obtained from G by swapping d and d
′, then

Mw
v (G

′
, x) = x

h�
d+ τ(B

′
, x)

�
M(H − w, x) +

�
d

′
+ τ(B, x)

�
M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
d

′
τ(B

′
, x) + dτ(B, x)

i

= x [(a+ b+ η)M(H − w, x) + (a+ ε+ b)M(H − v, x)]

+ x2M(H − {v, w}, x) [(a+ ε)(b+ η) + ab] ,

and

Mw
v (G

′
, x)−Mw

v (G, x)

= x [M(H − w, x)(a+ b+ η − (a+ ε+ b+ η))

+M(H − v, x)(a+ ε+ b− (a+ b))]

+ x2M(H − {v, w}, x) [(a+ ε)(b+ η) + ab− (a(b+ η) + (a+ ε)b)]

= xε [M(H − v, x)−M(H − w, x)] + x2M(H − {v, w}, x)εη > 0,

since x,ε,η > 0, M(H−v, x) > M(H−w, x) and M(H−{v, w}, x) ≥ 0. This
implies that Mw

v (G
′
, x) > Mw

v (G, x). This contradicts the maximality
of Mw

v (G, x). Since all the cases of the negation of the claim lead
to contradiction, then if τ(B

′
, x) > τ(B, x), then either d

′
< d and

M(H − w, x) ≤ M(H − v, x) or d
′
= d and M(H − w, x) ≥ M(H − v, x).

And that completes the proof. □

Lemma 3.3 Let G be a caterpillar. Label all the non-leaf vertices in
G from left to right as u1, u2, . . . , uℓ. If G is maximal with respect to
M(., x), then u1 and uℓ have the smallest degrees among all the non-
leaf vertices in G.

Proof. Let G be a caterpillar and be decomposed as in Figure 3.1.
Suppose B is a leaf adjacent to u1 and B

′ a complete branch of G
such that B

′ does not contain u1 and u2, and the root of B
′ is ui,

for 3 ≤ i ≤ ℓ. Then, B
′ is not a leaf and by Remark 2.5 we have

τ(B, x) = 1 > τ(B
′
, x). By Lemma 3.2, we have deg(u1) ≤ deg(ui−1).

Hence
deg(u1) ≤ min{deg(ui) : 2 ≤ i ≤ ℓ− 1}.
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Same reasoning leads to

deg(uℓ) ≤ min{deg(ui) : 2 ≤ i ≤ ℓ− 1}.

□

Lemma 3.4 Let B and B
′ be complete branches of a caterpillar G,

h(B) and h(B
′
) their respective heights. If h(B) = h(B

′
), then τ(B, x) =

τ(B
′
, x) if and only if B ≈r B

′.

Proof. It is clear that B ≈r B
′ implies τ(B, x) = τ(B

′
, x). We only

need to prove that τ(B, x) = τ(B
′
, x) implies B ≈r B

′. Let r(B) and
r(B

′
) be the roots of B and B

′, respectively. Then, B and B
′ can be

decomposed as in Figure 3.2:

Figure 3.2: Decomposition of complete branches in Lemma 3.4.

Suppose h(B) = h(B
′
) = h. If h = 1 and τ(B, x) = τ(B

′
, x), then

τ(B, x) =
1

1 + x rd(B)
=

1

1 + x rd(B′)
= τ(B

′
, x).

Then, 1 + x rd(B) = 1 + x rd(B
′
). Since x > 0, then rd(B) = rd(B

′
) and

B ≈r B
′. Suppose that for h = k ≥ 1, τ(B, x) = τ(B

′
, x) =⇒ B ≈r B

′.
Then, for h = k + 1 :

τ(B, x) =
1

1 + x
Prd(B)

i=1 τ(Bi, x)
=

1

1 + x (rd(B)− 1 + τ(B1, x))

and
τ(B

′
, x) =

1

1 + x

rd(B′)− 1 + τ(B

′
1, x)

� .

Then, Suppose τ(B, x) = τ(B
′
, x). Then, 1 + x (rd(B)− 1 + τ(B1, x)) =

1 + x

rd(B

′
)− 1 + τ(B

′
1, x)

�
. Since x > 0, then

rd(B) + τ(B1, x) = rd(B
′
) + τ(B

′
1, x). (3.3)
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Suppose that rd(B) ̸= rd(B
′
), without loss of generality assume rd(B)>

rd(B
′
). Then, rd(B) ≥ rd(B

′
) + 1. Since B and B

′ are non-empty and
h ≥ 2, then B1 and B

′
1 are non-empty and 0 < τ(B1, x), τ(B

′
1, x) ≤ 1.

With rd(B) ≥ rd(B
′
) + 1 and 0 < τ(B1, x), τ(B

′
1, x) ≤ 1, then

rd(B) + τ(B1, x) > rd(B
′
) + 1 ≥ rd(B

′
) + τ(B

′
1, x). (3.4)

From (3.3) and (3.4) we have rd(B) + τ(B1, x) = rd(B
′
) + τ(B

′
1, x) and

rd(B) + τ(B1, x) > rd(B
′
) + τ(B

′
1, x) which is a contradiction, hence

rd(B) = rd(B
′
). With rd(B) = rd(B

′
) and Equation (3.3) we have

τ(B
′
1, x) = τ(B1, x). So rd(B) = rd(B

′
) and τ(B

′
1, x) = τ(B1, x), then

B1 ≈r B
′
1 and thus B ≈r B

′. □

Lemma 3.5 Let G be a caterpillar, label all the non-leaf vertices in
G from left to right as u1, u2,. . . ,uℓ. Let s = min{deg(ui) : 1 ≤ i ≤
ℓ}. Suppose M(G, x) is maximum among all caterpillars of the same
degree sequence as G and there are at least 2 vertices in G of degree
s, then
(i) deg(u1) = deg(uℓ) = s.
(ii) If deg(uj) = s and deg(uj+1) > s, then

deg(u1) = deg(u2) = · · · = deg(uj) = s.

Proof. Suppose G is maximal with respect to M(., x) and there are at
least 2 vertices of degree s. Then, by Lemma 3.3, we have deg(u1) =
deg(uℓ) = s, which proves (i).

Suppose deg(uj) = s and deg(uj+1) > s. j = 1 is trivial. If j = 2 we
are done because deg(u1) = deg(u2) = s. Otherwise decompose G as
in Figure 3.3, such that deg(ui) = deg(uj) = s with i + 1 < j and each
of B1 and B

′
1 non-empty. Then,

Figure 3.3: Decomposition of caterpillar G in Lemma 3.5.

τ(B, x) =
1

1 + x (s− 2 + τ(B1, x))
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and
τ(B

′
, x) =

1

1 + x

deg(uj+1)− 2 + τ(B

′
1, x)

� .

Since both B
′
1 and B1 are non-empty and deg(uj) = s < deg(uj+1), then

0 < τ(B1, x), τ(B
′
1, x) ≤ 1 and

s− 2 + τ(B1, x) ≤ deg(uj+1)− 2 < deg(uj+1)− 2 + τ(B
′
1, x).

Hence τ(B, x) > τ(B
′
, x). Since τ(B, x) > τ(B

′
, x), then by Lemma 3.2,

we must have deg(ui+1) ≤ deg(uj) = s. But s is the smallest degree
among all non-leaf vertices in G, hence deg(ui+1) = s and that proves
(ii). □

Lemma 3.6 Let G be a caterpillar, label all the non-leaf vertices in G
from left to right as u1, u2,. . . ,uℓ. Suppose G is maximal with respect to
M(., x) and suppose j is the largest positive integer with

deg(u1) = deg(u2) = · · · = deg(uj) = s.

If j ≥ 2 and G have at least 1 vertex of degree greater than s, then
deg(uℓ−1) > s and deg(uℓ) = s.

Proof. Suppose G is maximal with respect to M(., x), j ≥ 2 is the
largest integer with

deg(u1) = deg(u2) = · · · = deg(uj) = s

and there exists vertex ui in G with degree greater than s. Since
j ≥ 2, then by Lemma 3.5, we must have deg(uℓ) = s. If j = ℓ − 2
we are done. Suppose that 2 ≤ j ≤ ℓ − 3. Then, decompose G as in
Figure 3.4. Then,

τ(B, x) =
1

1 + x (s− 2 + τ(B1, x))

and
τ(B

′
, x) =

1

1 + x(s− 1)
.

Since j ≥ 2, then B1 is non-empty and not a leaf. Since B1 is non-
empty and not a leaf, then by Remark 2.5 we must have

0 < τ(B1, x) < 1.

Since 0 < τ(B1, x) < 1, then s− 1 > s− 2+ τ(B1, x) and hence τ(B
′
, x) <

τ(B, x). Since τ(B, x) > τ(B
′
, x), then by Lemma 3.2, we must have

deg(uj+1) ≤ deg(uℓ−1). Since deg(uj) < deg(uj+1) ≤ deg(uℓ−1), then s =
deg(uj) < deg(uℓ−1). □
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Figure 3.4: Decomposition of a caterpillar G in Lemma 3.6.

Lemma 3.7 Let G be a caterpillar, label all the non-leaf vertices in G
from left to right as u1, u2,. . . ,uℓ. Suppose G is maximal with respect
to M(., x) among all caterpillars with the same degree sequence as G.
And suppose j is the largest positive integer with

deg(u1) = deg(u2) = · · · = deg(uj) = s.

If j ≥ 2 and G have at least 1 vertex of degree greater than s, then

deg(uj+1) = min {deg(ui) : deg(ui) ̸= s and 1 ≤ i ≤ ℓ }

and

deg(uℓ−1) = min {deg(ui) : deg(ui) ̸= s and j + 2 ≤ i ≤ ℓ} .

Proof. Suppose G is maximal with regard to M(., x), j ≥ 2 is the
largest integer with

deg(u1) = deg(u2) = · · · = deg(uj) = s

and there exists vertex v in G with degree greater than s. Then,
decompose G as in Figure 3.5. Then,

τ(B, x) =
1

1 + x (deg(uk)− 2 + τ(B1, x))

and
τ(B

′
, x) =

1

1 + x(s− 1)
.

If j+1 ≤ k ≤ ℓ−1, then by Lemmas 3.5 and 3.6 and by the assumption
deg(uk) > s. Since j ≥ 2, then B1 is non-empty and not a leaf hence
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Figure 3.5: Decomposition of a caterpillar G in Lemma 3.7.

by Remark 2.5 we must have 0 < τ(B1, x) < 1. Since 0 < τ(B1, x) < 1
and deg(uk) > s, then

s− 1 ≤ deg(uk)− 2 < deg(uk)− 2 + τ(B1, x).

Since s − 1 < deg(uk) − 2 + τ(B1, x), then τ(B
′
, x) > τ(B, x). τ(B

′
, x) >

τ(B, x), then by Lemma 3.2, we have deg(uℓ−1) ≤ deg(uk+1), for all
j + 1 ≤ k ≤ ℓ− 3. Hence,

deg(uℓ−1) ≤ min {deg(ui) : j + 2 ≤ i ≤ ℓ− 1} . (3.5)

If k = j, then deg(uk) = s and

deg(uk)− 2 + τ(B1, x) = s− 2 + τ(B1, x).

Since 0 < τ(B1, x) < 1, then

deg(uk)− 2 + τ(B1, x) = s− 2 + τ(B1, x) < s− 1,

hence τ(B, x) > τ(B
′
, x). Since τ(B, x) > τ(B

′
, x), then by Lemma 3.2,

we get
deg(uk+1) ≤ deg(uℓ−1). (3.6)

Equations (3.5) and (3.6) imply

deg(uk+1) ≤ deg(uℓ−1) ≤ min {deg(ui) : j + 2 ≤ i ≤ ℓ− 1} .
And hence,

deg(uj+1) = min {deg(ui) : deg(ui) ̸= s and 1 ≤ i ≤ ℓ}
and

deg(uℓ−1) = min {deg(ui) : deg(ui) ̸= s and j + 2 ≤ i ≤ ℓ} .
□
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Lemma 3.8 Let B and B
′ be two complete branches of a caterpillar G.

Label all the non-leaf vertices in B starting from its root as u1, u2,. . . ,uℓ

and let their degrees be d1, d2,. . . ,dℓ, respectively. Label all the non-leaf
vertices in B

′ starting from its root as v1, v2,. . . ,vm′ and let their degrees
be d

′
1, d

′
2,. . . ,d

′

m′ , respectively. Let Bi be a complete branch of G such
that Bi is in B and the root of Bi is ui. Let B′

j be a complete branch of
G such that B′

j is in B
′ and the root of B′

j is vj. If 1 ≤ m < min
�
ℓ,m

′	,
d1 = d

′
1, d2 = d

′
2,. . . ,dm = d

′
m and τ(B

′
m+1, x) > τ(Bm+1, x), then the

following holds:
(i) if m is odd, then τ(B

′
, x) < τ(B, x),

(ii) if m is even, then τ(B
′
, x) > τ(B, x).

Proof. Suppose 1 ≤ m < min
�
ℓ,m

′	, d1 = d
′
1, d2 = d

′
2,. . . ,dm = d

′
m and

τ(B
′
m+1, x) > τ(Bm+1, x). By assumption m ≥ 1, B = B1 and B

′
= B

′
1.

Base case: Suppose m = 1 (odd). By assumption

τ(B
′
, x) = τ(B

′
1, x) =

1

1 + x

d1 − 2 + τ(B

′
2, x)

� <
1

1 + x (d1 − 2 + τ(B2, x))

= τ(B1, x) = τ(B, x).

Suppose that the lemma holds for m = k, for some k ≥ 1. Consider
m = k + 1.
(a) Suppose k + 1 is odd so that k is even. Suppose d1 = d

′
1, . . . , dk+1 =

d
′
k+1 and τ(B

′
k+2, x) > τ(Bk+2, x). Since

τ(Bk+1, x) =
1

1 + x (dk+1 − 2 + τ(Bk+2, x))

and
τ(B

′
k+1, x) =

1

1 + x

dk+1 − 2 + τ(B

′
k+2, x)

� ,

then τ(Bk+1, x) > τ(B
′
k+1, x). So, d1 = d

′
1, . . . , dk = d

′
k, τ(Bk+1, x) >

τ(B
′
k+1, x) and k is even. By the induction assumption τ(B, x) >

τ(B
′
, x). And hence, if k + 1 is odd, then τ(B

′
, x) < τ(B, x).

(b) Suppose that k + 1 is even so that k is odd. Suppose d1 =
d

′
1, . . . , dk+1 = d

′
k+1 and τ(B

′
k+2, x) > τ(Bk+2, x). Since

τ(Bk+1, x) =
1

1 + x (dk+1 − 2 + τ(Bk+2, x))

and
τ(B

′
k+1, x) =

1

1 + x

dk+1 − 2 + τ(B

′
k+2, x)

� ,
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then τ(Bk+1, x) > τ(B
′
k+1, x). So, d1 = d

′
1, . . . , dk = d

′
k, τ(Bk+1, x) >

τ(B
′
k+1, x) and k is odd. By the induction assumption τ(B, x) < τ(B

′
, x).

And hence, if k + 1 is even, then τ(B
′
, x) > τ(B, x). □

Lemma 3.9 Let G be a caterpillar, label all the non-leaf vertices in G
from left to right as u1, u2,. . . ,uℓ and let their degrees be d1, d2,. . . ,dℓ,
respectively. If G is maximal with respect to M(., x), all the di’s are
different and d1 < dℓ, then

d1 < dℓ < d2 < dℓ−1 < d3 < dℓ−2 < · · · < dj < dℓ−j+1,

for some positive integer j.

Proof. Suppose G is maximal with respect to M(., x), all the di’s are
different and d1 < dℓ. Then, by Lemma 3.3, u1 and uℓ must have the
smallest degrees among all non-leaf vertices in G hence

d1 < dℓ < min {d2, d3, . . . , dℓ−1} . (3.7)

Let G be decomposed as in Figure 3.6. If the root of B is u1 and the

Figure 3.6: Decomposition of a caterpillar G in Lemma 3.9.

root of B′ is uℓ, then

τ(B, x) =
1

1 + x (d1 − 1)

and
τ(B

′
, x) =

1

1 + x (dℓ − 1)
.

Since d1 < dℓ and x > 0, then τ(B, x) > τ(B
′
, x). Then, by Lemma 3.2,

we have d2 ≤ dℓ−1. d2 and dℓ−1 are different hence

d2 < dℓ−1. (3.8)

If the root of B is ui such that 2 ≤ i ≤ ℓ − 3 and the root of B′ is uℓ,
then

τ(B, x) =
1

1 + x (di − 2 + τ(Bi−1, x))
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and
τ(B

′
, x) =

1

1 + x (dℓ − 1)
.

Since i ≥ 2, then Bi−1 is non-empty and not a leaf. Then, by Lemma
2.3 and Remark 2.5, we have 0 < τ(Bi−1, x) < 1. Since dℓ < di and
x > 0, then dℓ−1 ≤ di−2 < di−2+τ(Bi−1, x) and hence τ(B

′
, x) > τ(B, x).

Then, by Lemma 3.2, we must have dℓ−1 ≤ di+1. But dℓ−1 and di+1 are
different hence

dℓ−1 < di+1 for all 2 ≤ i ≤ ℓ− 3. (3.9)

Then, from (3.7), (3.8) and (3.9)

d1 < dℓ < d2 < dℓ−1 < min {d3, d4, . . . , dℓ−2} .

Now suppose that

d1 < dℓ < d2 < dℓ−1 < · · · < dk < dℓ−k+1 < min {dk+1, dk+2, . . . , dℓ−k} ,

for k ≥ 1. If the root of B is uk and the root of B′ is uℓ−k+1, then

τ(B, x) =
1

1 + x (dk − 2 + τ(Bk−1, x))

and
τ(B

′
, x) =

1

1 + x

dℓ−k+1 − 2 + τ(B

′
ℓ−k+2, x)

� .

Since k ≥ 1, then Bk−1 and B
′
ℓ−k+2 are non-empty. Then, by Lemma

2.3 and Remark 2.5, we have 0 < τ(Bk−1, x), τ(B
′
ℓ−k+2, x) ≤ 1. Since

dk < dℓ−k+1 and 0 < τ(Bk−1, x), τ(B
′
ℓ−k+2, x) ≤ 1, then

dk − 2 + τ(Bk−1, x) ≤ dℓ−k+1 − 2 < dℓ−k+1 − 2 + τ(B
′
ℓ−k+2, x).

Then, τ(B, x) > τ(B
′
, x). By Lemma 3.2, we get dk+1 ≤ dℓ−k. But dk+1

and dℓ−k are different, then

dk+1 < dℓ−k. (3.10)

Suppose the root of B is ui with k+1 ≤ i ≤ ℓ− k− 2 and the root of B′

is uℓ−k+1, then

τ(B, x) =
1

1 + x (di − 2 + τ(Bi−1, x))

and
τ(B

′
, x) =

1

1 + x

dℓ−k+1 − 2 + τ(B

′
ℓ−k+2, x)

� .
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Since i ≥ k + 1 ≥ 2, then Bi−1 and B
′
ℓ−k+2 are non-empty. Then, by

Lemma 2.3 and Remark 2.5, we have 0 < τ(Bi−1, x), τ(B
′
ℓ−k+2, x) ≤ 1.

Since dℓ−k+1 < di and 0 < τ(Bi−1, x), τ(B
′
ℓ−k+2, x) ≤ 1, then

dℓ−k+1 − 2 + τ(B
′
ℓ−k+2, x) ≤ di − 2 < di − 2 + τ(Bi−1, x).

Then, τ(B′
, x) > τ(B, x). Then, by Lemma 3.2, we have dℓ−k ≤ di+1 for

all k + 1 ≤ i ≤ ℓ− k − 2. Since dℓ−k and di+1 are different, then

dℓ−k < di+1. (3.11)

Then, from (3.10) and (3.11) and the hypothesis we have

d1 < dℓ < d2 < dℓ−1 < · · · < dk < dℓ−k+1 < dk+1 < dℓ−k

< min {dk+2, dk+3, . . . , dℓ−k−1} .

□
The following form of writing a reduced degree sequence makes it
easy to define the extremal caterpillar X (D). While the standard way
(d1, d2, . . . , dn) is convenient to define the extremal caterpillar S(D).

Definition 3.10 Let G be a connected, simple graph. The reduced
degree sequence of G will be written in the following form:

D =

�
s1 s2 . . . st
r1 r2 . . . rt

�
,

where 1 < s1 < s2 < · · · < st and ri is the number of repetitions of si in
the degree sequence of G.

The following definition will be needed for describing the structure
of extremal caterpillar.

Definition 3.11 Let D =

�
s1 s2 . . . st
r1 r2 . . . rt

�
be a reduced degree seq-

uence of a tree, for some positive integer t. Let k be a positive
integer such that k ≤ t and let i and j be nonnegative integers such
that i + j ≤ rk. Then, Bk,i

L (D) and Bk,j
R (D) are two disjoint complete

branches such that:

(i) If k = 1, then B1,0
L (D) = B1,0

R (D) = [1], otherwise

B1,i≥1
L (D) = [[1], . . . , [1]| {z }

s1−2 times

, [[1], . . . , [1]| {z }
s1−2 times

, [. . . , [[1], . . . , [1]| {z }
s1−2 times

, [s1] ] . . . ]]]| {z }
i−1 times
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and

B1,j≥1
R (D) = [[1], . . . , [1]| {z }

s1−2 times

, [[1], . . . , [1]| {z }
s1−2 times

, [. . . , [[1], . . . , [1]| {z }
s1−2 times

, [s1] ] . . . ]]]| {z }
j−1 times

.

See Figure 3.7 for an example.

Figure 3.7: Graph representations of B1,0
L (D), B1,1

L (D), B1,2
L (D), B1,3

L (D),
B1,4

L (D) and B1,5
L (D), for a reduced degree sequence D =


2 3 4 5 7
5 4 4 4 3

�
.

(ii) If k ≥ 2 and k is even, then

Bk,i
L (D) = [[1], . . . , [1]| {z }

sk−2 times

, [[1], . . . , [1]| {z }
sk−2 times

, [. . . , [[1], . . . , [1]| {z }
sk−2 times

, Bk−1,1
L (D) ] . . . ]]]| {z }

i times

and

Bk,j
R (D) = [[1], . . . , [1]| {z }

sk−2 times

, [[1], . . . , [1]| {z }
sk−2 times

, [. . . , [[1], . . . , [1]| {z }
sk−2 times

, B
k−1,rk−1−1
R (D) ] . . . ]]]| {z }

j times

.

See Figure 3.8 for an example.
(iii) If k ≥ 2 and k is odd, then

Bk,i
L (D) = [[1], . . . , [1]| {z }

sk−2 times

, [[1], . . . , [1]| {z }
sk−2 times

, [. . . , [[1], . . . , [1]| {z }
sk−2 times

, B
k−1,rk−1−1
L (D) ] . . . ]]]| {z }

i times

and

Bk,j
R (D) = [[1], . . . , [1]| {z }

sk−2 times

, [[1], . . . , [1]| {z }
sk−2 times

, [. . . , [[1], . . . , [1]| {z }
sk−2 times

, Bk−1,1
R (D) ] . . . ]]]| {z }

j times

.

See Figure 3.9 for an example.

Remark 3.12 Note that Bk,0
L (D) = B

k−1,rk−1−1
L (D) and Bk,0

R (D) =
Bk−1,1

R (D), if k ≥ 2 and k is odd. Bk,0
L (D) = Bk−1,1

L (D) and Bk,0
R (D) =

B
k−1,rk−1−1
R (D), if k ≥ 2 and k is even.
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Figure 3.8: Graph representations of B2,0
L (D), B2,1

L (D), B2,2
L (D), B2,3

L (D),
B2,4

L (D), B2,4
R (D), B2,3

R (D), B2,2
R (D), B2,1

R (D) and B2,0
R (D), for a reduced degree

sequence D =

2 3 4 5 7
5 4 4 4 3

�
.

Figure 3.9: Graph representations of B3,0
L (D), B3,1

L (D), B3,2
L (D), B3,3

L (D),
B3,4

L (D), B3,4
R (D), B3,3

R (D), B3,2
R (D), B3,1

R (D) and B3,0
R (D), for a reduced degree

sequence D =

2 3 4 5 7
5 4 4 4 3

�
.
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Definition 3.13 Let D =

s1 s2 ... st
r1 r2 ... rt

�
be a reduced degree sequence

of a caterpillar, for some positive integer t. Then, we define X (D)
to be the caterpillar, with reduced degree sequence D, obtained by
joining by an edge the roots of Bt,i

L (D) and Bt,j
R (D) where: if t is odd,

then i = 1 and j = rt − 1 and if t is even, then i = rt − 1 and j = 1, see
Figure 3.10 for an example.

Figure 3.10: Graph representation of X (D), where D =

s1 s2 ... st
r1 r2 ... rt

�

The roots of Bt,i
L (D) and Bt,j

R (D) is selected as follows: Suppose t = 1.
Then i = 1 and the root of Bt,i

L (D) is the pseudo-leaf or a leaf of degree
s1 − 1 in Bt,i

L (D). If j = 0, then the root of Bt,j
R (D) is an isolated vertex

Bt,j
R (D). If j ≥ 1, then the root of Bt,j

R (D) is the pseudo-leaf or a leaf of
degree s1 − 1 in Bt,j

R (D).

Suppose t ≥ 2 and t is even. If i = 0, then the root of Bt,i
L (D) is

the root of Bt−1,1
L (D). If i ≥ 1, then the root of Bt,i

L (D) is the pseudo-
leaf of degree st − 1, adjacent to the root of Bt,i−1

L (D). Conversely, if t
is even, then j = 1 and the root of Bt,j

R (D) is the pseudo-leaf of degree
st − 1, adjacent to the root of Bt−1,rt−1−1

R (D).

Suppose t ≥ 2 and t is odd. Then, i = 1 and the root of Bt,i
L (D) is

the pseudo-leaf of degree st − 1, adjacent to the root of Bt−1,rt−1−1
L (D).

Conversely, if j = 0, then the root of Bt,j
R (D) is the root of Bt−1,1

R (D).
If j ≥ 1, then the root of Bt,j

R (D) is the pseudo-leaf of degree st − 1,
adjacent to the root of Bt,j−1

R (D). That is,

X (D) = C(s1, s2, . . . , s2| {z }
r2−1

, s3, . . . , st, . . . , st| {z }
rt

, . . . , s3, . . . , s3| {z }
r3−1

, s2, s1, . . . , s1| {z }
r1−1

),

if ri > 1 for all i. See Figure 3.11 for an example.

Lemma 3.14 Let D =

s1 s2 ... st
r1 r2 ... rt

�
be a reduced degree sequence of

a tree, for some positive integer t. Let k be a positive integer such that
k ≤ t. Let i and j be nonnegative integers such that i+ j = rk.



CHAPTER 3. EXTREMAL CATERPILLARS WITH REGARD TO M(., x),
ENERGY AND HOSOYA INDEX 55

Figure 3.11: Graph representations of X (D), with D =

2 3 4 5 7
5 4 4 4 3

�
.

If k is odd, then τ(Bk,1
L (D), x) ≤ τ(Bk,j

R (D), x), with equality if and only if
Bk,1

L (D) ≈r B
k,j
R (D), for all 0 ≤ j ≤ rk−1. If k is even, then τ(Bk,i

L (D), x) ≥
τ(Bk,1

R (D), x), with equality if and only if Bk,i
L (D) ≈r Bk,1

R (D), for all
0 ≤ i ≤ rk − 1 and x > 0.

Note that when Bk,1
L (D) ≈r B

k,j
R (D) or Bk,i

L (D) ≈r B
k,1
R (D), then

r1 = r2 = · · · = rk = 2.

Proof. (i) If k = 1, then B1,1
L (D) = [s1] and

τ(B1,1
L (D), x) =

1

1 + x(s1 − 1)
.

B1,j
R (D)

=





[1], if j = 0.

[ [1], . . . , [1]| {z }
s1−2 times

, [[1], . . . , [1]| {z }
s1−2 times

, [. . . , [[1], . . . , [1]| {z }
s1−2 times

, [s1] ] . . . ]]]| {z }
j−1 times

, if 1 ≤ j ≤ r1 − 1.

Then,

τ(B1,0
R (D), x) = 1 >

1

1 + x(s1 − 1)
= τ(B1,1

L (D), x)

and for rk > 1, we have

τ(B1,1
R (D), x) =

1

1 + x(s1 − 1)
= τ(B1,1

L (D), x).

In this case B1,1
R (D) ≈r B

1,1
L (D).

τ(B1,j≥2
R (D), x) =

1

1 + x(s1 − 2 + τ(B1,j−1
R (D), x))

.
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Since j ≥ 2, then B1,j−1
R (D) is neither a leaf nor empty, hence by

Lemma 2.4 and Remark 2.5, we must have 0 < τ(B1,j−1
R (D), x) < 1.

Then, s1 − 2 + τ(B1,j−1
R (D), x) < s1 − 1. Hence

τ(B1,j≥2
R (D), x) > τ(B1,1

L (D), x).

Therefore, if k = 1 the lemma holds.

(ii) If k = 2, then

B2,i
L (D) = [[1], . . . , [1]| {z }

s2−2 times

, [[1], . . . , [1]| {z }
s2−2 times

, [. . . , [[1], . . . , [1]| {z }
s2−2 times

, B1,1
L (D) ] . . . ]]]| {z }

i times

,

for 0 ≤ i ≤ r2 − 1, B2,1
R (D) = [[1], . . . , [1]| {z }

s2−2 times

, B1,r1−1
R (D)] and

τ(B2,1
R (D), x) =

1

1 + x

s2 − 2 + τ(B1,r1−1

R (D), x)
� .

(a) If i = 0, then

τ(B2,0
L (D), x) = τ(B1,1

L (D), x) =
1

1 + x(s1 − 1)
.

Since B1,r1−1
R (D) is not empty and s1 < s2, then by Lemma 2.4 and

Remark 2.5, we have 0 < τ(B1,r1−1
R (D), x) ≤ 1. Then, s1 − 1 ≤ s2 − 2 <

s2 − 2 + τ(B1,r1−1
R (D), x). Hence τ(B2,0

L (D), x) > τ(B2,1
R (D), x).

(b) If i = 1, then

τ(B2,1
L (D), x) =

1

1 + x(s2 − 2 + τ(B1,1
L (D), x))

From (i), τ(B1,1
L (D), x) ≤ τ(B1,r1−1

R (D), x), hence

τ(B2,1
L (D), x) ≥ τ(B2,1

R (D), x).

If τ(B2,1
L (D), x) = τ(B2,1

R (D), x), then by Lemma 3.4, we get B2,1
L (D) ≈r

B2,1
R (D).

(c) If i ≥ 2, then

τ(B2,i
L (D), x) =

1

1 + x(s2 − 2 + τ(B2,i−1
L (D), x))

,

τ(B2,i−1
L (D), x) =

1

1 + x(s2 − 2 + τ(B2,i−2
L (D), x))
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and

τ(B1,r1−1
R (D), x) =





1

1+x(s1−2+τ(B
1,r1−2
R (D),x))

, if r1 ≥ 2

1, otherwise.

Since i ≥ 2, B2,i−2
L (D) is neither empty nor a leaf. If r1 ≥ 2, then

B1,r1−2
R (D) is not empty. Then, by Lemma 2.4 and Remark 2.5, we

have 0 < τ(B2,i−2
L (D), x) < 1 and 0 < τ(B2,r1−2

R (D), x) ≤ 1. Then,

τ(B2,i−1
L (D), x) =

1

1 + x(s2 − 2 + τ(B2,i−2
L (D), x))

<
1

1 + x(s2 − 2)

≤ 1

1 + x(s1 + 1− 2)
≤ 1

1 + x(s1 − 2 + τ(B1,r1−2
R (D), x))

≤





1

1+x(s1−2+τ(B
1,r1−2
R (D),x))

, if r1 ≥ 2

1, otherwise

= τ(B1,r1−1
R (D), x).

Hence τ(B2,i−1
L (D), x) < τ(B1,r1−1

R (D), x) and thus

τ(B2,i
L (D), x) > τ(B2,1

R (D), x).

Therefore, if k = 2 the lemma holds.

(iii) Suppose the lemma is true for k = m ≥ 2. That is, if m is odd,
then τ(Bm,1

L (D), x) ≤ τ(Bm,j
R (D), x), where 0 ≤ j ≤ rm − 1 and x > 0. If

m is even, then τ(Bm,i
L (D), x) ≥ τ(Bm,1

R (D), x), where 0 ≤ i ≤ rm − 1 and
x > 0. With equality if and only if Bm,i

L (D) ≈r B
m,j
R (D).

(a) If m+ 1 is odd, then

τ(Bm+1,1
L (D), x) =

1

1 + x(sm+1 − 2 + τ(Bm,i
L (D), x))

,

for some i with 0 ≤ i ≤ rm − 1 and

τ(Bm+1,j′
R (D), x)
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=





1

1 + x(sm − 2 + τ(Bm−1,j′′
R (D), x))

, for some j
′′ with

0 ≤ j′′ ≤ rm−1 − 1, if j′ = 0,

1

1 + x(sm+1 − 2 + τ(Bm,1
R (D), x))

, if j′ = 1,

1

1 + x(sm+1 − 2 + τ(Bm+1,j′−1
R (D), x))

, if j′ ≥ 2.

Since m ≥ 2, then neither Bm,i
L (D) nor Bm−1,j′′

R (D) is empty, where
0 ≤ i ≤ rm− 1 and 0 ≤ j′′ ≤ rm−1− 1. Then, by Lemma 2.4 and Remark
2.5, we have 0 < τ(Bm,i

L (D), x), τ(Bm−1,j′′
R (D), x) ≤ 1. Then,

τ(Bm+1,1
L (D), x) =

1

1 + x(sm+1 − 2 + τ(Bm,i
L (D), x))

<
1

1 + x(sm+1 − 2)

≤ 1

1 + x(sm + 1− 2)
≤ 1

1 + x(sm − 2 + τ(Bm−1,j′′
R (D), x))

= τ(Bm+1,0
R (D), x).

Thus, τ(Bm+1,1
L (D), x) < τ(Bm+1,0

R (D), x). This completes the case of
j′ = 0.

Now we consider the case of j′ = 1. Since m + 1 is odd, then m
is even. From the inductive hypothesis τ(Bm,i

L (D), x) ≥ τ(Bm,1
R (D), x),

with equality if and only if Bm,i
L (D) ≈r B

m,1
R (D). Hence,

τ(Bm+1,1
L (D), x)

=
1

1 + x(sm+1 − 2 + τ(Bm,i
L (D), x))

≤ 1

1 + x(sm+1 − 2 + τ(Bm,1
R (D), x))

= τ(Bm+1,1
R (D), x),

with equality if and only if Bm,i
L (D) ≈r B

m,1
R (D).

We are left with the case of j′ ≥ 2.

τ(Bm,i
L (D), x) =

1

1 + x(rd(Bm,i
L (D))− 1 + τ(C, x)))

,

where C is the largest branch of the root of Bm,i
L (D), and 0 ≤ i ≤ rm−1.

Since m ≥ 2, then C is not empty, then by Lemma 2.4 and Remark
2.5, we have 0 < τ(C, x) ≤ 1. If i = 0, then rd(Bm,0

L (D)) = sm−1 − 1,
otherwise i ≥ 1 and rd(Bm,i

L (D)) = sm − 1. Now

τ(Bm+1,j′−1
R (D), x) =

1

1 + x(sm+1 − 2 + τ(Bm+1,j′−2
R (D), x))

.
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Since m ≥ 2 and j′ ≥ 2, then Bm+1,j′−2
R (D) is neither empty nor a leaf.

Then, by Lemma 2.4 and Remark 2.5, we have 0 < τ(Bm+1,j′−2
R (D), x) <

1. Then,

τ(Bm+1,j′−1
R (D), x)

=
1

1 + x(sm+1 − 2 + τ(Bm+1,j′−2
R (D), x))

<
1

1 + x(sm+1 − 2)

≤ 1

1 + x(sm + 1− 2)
=

1

1 + x(sm − 1− 1 + 1)

≤ 1

1 + x(rd(Bm,i
L (D))− 1 + 1)

≤ 1

1 + x(rd(Bm,i
L (D))− 1 + τ(C, x))

= τ(Bm,i
L (D), x).

Hence τ(Bm,i
L (D), x) > τ(Bm+1,j′−1

R (D), x), if j′ ≥ 2. Therefore, if m+ 1 is
odd the lemma holds.

(b) If m+ 1 is even, then τ(Bm+1,1
R (D), x) = 1

1+x(sm+1−2+τ(Bm,j
R (D),x))

, where
0 ≤ j ≤ rm − 1 and

τ(Bm+1,i′
L (D), x)

=





1

1+x(sm−2+τ(Bm−1,i′′
L (D),x))

, for some i
′′ with

0 ≤ i′′ ≤ rm−1 − 1, if i′ = 0,

1

1+x(sm+1−2+τ(Bm,1
L (D),x))

, if i′ = 1,

1

1+x(sm+1−2+τ(Bm+1,i′−1
L (D),x))

, if i′ ≥ 2.

Reasoning as in (iii) (a) we conclude the proof. □

Proposition 3.15 Let G be a caterpillar with reduced degree sequen-
ce D =


s1 s2 ... st
r1 r2 ... rt

�
, for some positive integer t. If G is maximal with

respect to M(., x), then G has disjoint complete branches B1,1
L (D) and

B1,r1−1
R (D). That is G can be decomposed as in Figure 3.12:

Proof. Label all the non-leaf vertices in G from left to right as v1,
v2,. . . ,vℓ. Suppose G is maximal with respect to M(., x). Then, by
Lemma 3.3, v1 and vℓ must have the smallest degrees among all
non-leaf vertices in G. We choose deg(v1) ≤ deg(vℓ). If r1 = 1, then
deg(v1) = s1 and deg(vℓ) = s2. Then, G can be decomposed as in Figure
3.12 with v1 being the root of B1,1

L (D) and B1,0
R (D) as a leaf. If r1 = 2,

then by Lemma 3.5 (i), we must have deg(v1) = deg(vℓ) = s1. Then, G
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Figure 3.12: Decomposition of a caterpillar in Proposition 3.15.

can be decomposed as in Figure 3.12 with B1,1
L (D) ≈r B

1,1
R (D) = [s1].

Suppose r1 ≥ 3. If t = 1, we are done, because deg(v1) = deg(v2) =
· · · = deg(vℓ) = s1. Hence G can be decomposed as in Figure 3.12.
Suppose t ≥ 2. By reversing the labelling if needed in the non-leaf
vertices in G, we can assume there is a positive integer j such that
2 ≤ j < ℓ− 1 and deg(vj) > deg(vj+1) = s1. By Lemma 3.5 (ii), we must
have

deg(vj+1) = deg(vj+2) = · · · = deg(vℓ) = s1.

By Lemma 3.6, we get that deg(v2) > s1. By Lemma 3.7, we get that

deg(vj) = min {deg(vi) : 2 ≤ i ≤ j}

and
deg(v2) = min {deg(vi) : 2 ≤ i ≤ j − 1} .

Then, G can be decomposed as in Figure 3.12. Therefore in all the
cases G can be decomposed as in Figure 3.12. □

Definition 3.16 Let G be a caterpillar and label all its non-leaf verti-
ces from left to right as u1, u2,. . . ,uℓ. We define Bui

L to be a complete
branch of G that contains ui but not ui+1 and Bui

R = G − B
ui−1

L for
i ∈ {1, . . . , ℓ− 1}.

Lemma 3.17 Let G be a caterpillar with reduced degree sequence
D =


s1 s2 ... st
r1 r2 ... rt

�
, for some positive integer t. Suppose that C and C ′

are disjoint complete branches of G, with roots y1 and y2, respectively.
Let u1, . . . , uj be the internal vertices of the path from y1 to y2 in this
order. See Figure 3.13. Suppose G is maximal with respect to M(., x).

(i) If deg(y1) < deg(u1) = deg(u2) = s = deg(uj−1) = deg(uj) and deg(ui) ≥
s, for any 1 ≤ i ≤ j, then deg(ui) = s, for all i ∈ {1, . . . , j}.

(ii) If deg(u1) = s = deg(uj−1) < deg(uj) and deg(ui) ≥ s, for any 1 ≤ i ≤ j,
then deg(u1) = deg(u2) = · · · = deg(uj−1).
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Figure 3.13: Decomposition of caterpillar G in Lemma 3.17.

Proof. Since C and C ′ are non-empty and non-leaves, then by Lemma
2.4 and Remark 2.5, we have 0 < τ(C, x), τ(C ′, x) < 1.

τ(C, x) =
1

1 + x(deg(y1)− 2 + τ(C∗, x))

≥ 1

1 + x(deg(y1)− 2 + 1)
, with equality if C∗ is a leaf.

≥ 1

1 + x(deg(uj)− 2)
, with equality if deg(uj) = deg(y1) + 1.

>
1

1 + x(deg(uj)− 2 + τ(C ′, x))
, since C ′ is not empty.

= τ(B
uj

R , x).

Therefore, τ(C, x) > τ(B
uj

R , x). Then,

τ(Bu1
L , x) =

1

1 + x(deg(u1)− 2 + τ(C, x))
=

1

1 + x(s− 2 + τ(C, x))

<
1

1 + x(s− 2 + τ(B
uj

R , x))
=

1

1 + x(deg(uj−1)− 2 + τ(B
uj

R , x))

= τ(B
uj−1

R , x).

Therefore, τ(Bu1
L , x) < τ(B

uj−1

R , x). Then, by Lemma 3.2, we have
deg(u2)
≥ deg(uj−2) ≥ s. Since deg(u2) = s, we have deg(uj−2) = s. Since
deg(uj−2) = deg(uj−1) = s, then with the same reasoning as above with
deg(y1) < deg(u1) = deg(u2) = s, we get deg(uj−3) = s. By iterating the
process, we get deg(u1) = deg(u2) = · · · = deg(uj) = s. This completes
the proof of (i).

Now, we prove (ii).

τ(Bu1
L , x) =

1

1 + x(deg(u1)− 2 + τ(C, x))
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>
1

1 + x(deg(u1)− 2 + 1)
, since C is not a leaf.

≥ 1

1 + x(deg(uj)− 2)
, with equality if deg(uj) = deg(u1) + 1.

>
1

1 + x(deg(uj)− 2 + τ(C ′, x))
, since C ′ is not empty.

= τ(B
uj

R , x).

Therefore, τ(Bu1
L , x) > τ(B

uj

R , x). Then, by Lemma 3.2, we have deg(u2)
≤ deg(uj−1). Since deg(ui) ≥ s for any 1 ≤ i ≤ j and deg(uj−1) = s,
then s ≤ deg(u2) ≤ deg(uj−1) = s. Hence deg(u2) = s. Since s =
deg(u2) = deg(uj−1) < deg(uj), then with the same reasoning we get
deg(u3) = s. Then, by iterating the process we get deg(u1) = deg(u2) =
· · · = deg(uj−1) = s. □

Theorem 3.18 Let CD be the set of all caterpillars with reduced deg-
ree sequence D =


s1 s2 ... st
r1 r2 ... rt

�
, for some positive integer t. Let x > 0.

If G ∈ CD such that for all H ∈ CD M(H, x) ≤ M(G, x), then G ∼= X (D).

Proof. Suppose G ∈ CD such that for all H ∈ CD M(H, x) ≤ M(G, x).
Label all the non-leaf vertices in G from left to right as u1, u2,. . . ,uℓ

and their degrees as d1, d2,. . . ,dℓ, respectively.

1.) If t = 1, there is only one caterpillar of reduced degree sequence
D, as all the internal degrees are the same, and its X (D).

2.) If t = 2, then by Proposition 3.15 G can be decomposed as in
Figure 3.14. Which we can view as in Figure 3.15. Hence G ∼= X (D).

Figure 3.14: Decomposition of a caterpillar G in the proof of Theorem
3.18.

3.) Now assume that t ≥ 3. Then, by Proposition 3.15 G can
be decomposed as in Figure 3.16, for some positive integer j with
deg(u2), deg(uj) > s1. Then, τ(B1,1

L (D), x) = 1
1+x(s1−1)

.
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Figure 3.15: Alternative view of Figure 3.14.

Figure 3.16: Decomposition of the caterpillar G in the proof of Theorem
3.18.

(i) If r1 = 1, then by Lemma 2.4 and Remark 2.5, we have

τ(B1,r1−1
R (D), x) = τ(B1,0

R (D), x) = 1 >
1

1 + x (s1 − 1)
= τ(B1,1

L (D), x),

since B1,0
R (D) is a leaf.

(ii) If r1 = 2, then B1,r1−1
R (D) = B1,1

R (D) ≈r B1,1
L (D) and by Lemma 3.4,

we get that

τ(B1,r1−1
R (D), x) = τ(B1,1

R (D), x) = τ(B1,1
L (D), x) =

1

1 + x (s1 − 1)
.

(iii) If r1 ≥ 3, then

τ(B1,r1−1
R (D), x) =

1

1 + x

s1 − 2 + τ(B1,r1−2

R (D), x)
� .

Since r1 ≥ 3, then B1,r1−2
R (D) is not empty and not a leaf. Then, by

Lemma 2.4 and Remark 2.5, we have 0 < τ(B1,r1−2
R (D), x) < 1. Then,

s1−2+τ(B1,r1−2
R (D), x) < s1−1 and hence τ(B1,r1−1

R (D), x) > τ(B1,1
L (D), x).

Therefore τ(B1,r1−1
R (D), x) ≥ τ(B1,1

L (D), x) in all the cases, with equality
if and only if B1,r1−1

R (D) ≈r B
1,1
L (D).

Let i be a positive integer such that 2 ≤ i < j. Then, s1 = d1 < dl
for all 2 ≤ l ≤ j. Since 2 ≤ i < j, then B

ui+2

R is non-empty. Then, by
Lemma 2.4 and Remark 2.5, we have 0 < τ(B

ui+2

R , x) ≤ 1. Then,

τ(B1,1
L (D), x)
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=
1

1 + x (s1 − 1)
=

1

1 + x (d1 − 1)
>

1

1 + x (di+1 − 2 + τ(B
ui+2

R , x))

= τ(B
ui+1

R , x).

Since τ(B1,1
L (D), x) > τ(B

ui+1

R , x), then by Lemma 3.2, we get that

d2 ≤ di. (3.12)

By Lemma 3.14, we have, τ(B1,1
L (D), x) ≤ τ(B1,r1−1

R (D), x). If τ(B1,1
L (D), x)

< τ(B1,r1−1
R (D), x), then by Lemma 3.2, we get that d2 ≥ dj.

If τ(B1,1
L (D), x) = τ(B1,r1−1

R (D), x), we choose d2 ≥ dj. So we can assume

d2 ≥ dj. (3.13)

Then, from (3.12) and (3.13), if τ(B1,1
L (D), x) ≤ τ(B1,r1−1

R (D), x), then

s2 = dj ≤ d2 ≤ di. (3.14)

Now, if r2 = 1, then dj = s2 and d2 = s3. If r2 ≥ 2, then dj = d2 = s2.

Suppose r2 ≥ 3. Suppose d2 = d3 = s2 = dj−1 = dj. Since s1 =
d1 < d2 = d3 = s2 = dj−1 = dj, then by Lemma 3.17 (i), we must have
d2 = d3 = · · · = dj = s2. Which is a contradiction since t ≥ 3. Hence

d2 = d3 =⇒ dj−1 ̸= dj and dj−1 = dj =⇒ d2 ̸= d3. (3.15)

Since τ(B1,1
L (D), x) ≤ τ(B1,r1−1

R (D), x), then

τ(Bu2
L , x)

=
1

1 + x

d2 − 2 + τ(B1,1

L (D), x)
�

=
1

1 + x

s2 − 2 + τ(B1,1

L (D), x)
� , since d2 = s2

≥ 1

1 + x

s2 − 2 + τ(B1,r1−1

R (D), x)
� , since τ(B1,1

L (D), x) ≤ τ(B1,r1−1
R (D), x).

=
1

1 + x

dj − 2 + τ(B1,r1−1

R (D), x)
� , since dj = s2

= τ(B
uj

R , x).

Therefore, τ(Bu2
L , x) ≥ τ(B

uj

R , x), with equality if and only τ(B1,1
L (D), x) =

τ(B1,r1−1
R (D), x) i.e B1,1

L (D) ≈r B
1,r1−1
R (D).

If τ(Bu2
L , x) = τ(B

uj

R , x), then we choose d3 ≤ dj−1, otherwise τ(Bu2
L , x) >

τ(B
uj

R , x) and by Lemma 3.2, we get that d3 ≤ dj−1. Hence

s2 = d3 ≤ dj−1. (3.16)
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Let h and h′ be two positive integers such that 4 ≤ h ≤ j − 2, 2 ≤ h′ <
h − 1 and s2 = dh′ = dh < dh+1. Since di ≥ s2, for all 2 ≤ i ≤ h, then by
Lemma 3.17 (ii), we must have dh′ = dh′+1 = · · · = dh = s2. Hence

d2 = d3 = · · · = dh = s2, for all 4 ≤ h ≤ j − 2. (3.17)

From (3.15), (3.16) and (3.17) we have, dj−1 > d3 = s2. Therefore
G can be decomposed as in Figure 3.17, for some positive integer
n′. Now, suppose G can be decomposed as in Figure 3.18, for some

Figure 3.17: Decomposition of the caterpillar G in the proof of Theorem
3.18.

positive integers k ≤ t ≥ 2 and n′′, such that if k is odd, then i′ = 1
and j′ = rk − 1 and if k is even, then i′ = rk − 1 and j′ = 1. If k = t,

Figure 3.18: Decomposition of the caterpillar G in the proof of Theorem
3.18.

then n′′ − 1 = 0 and we are done, because G ∼= X (D). If k = t− 1, then
deg(u′′

2) = deg(u′′
3) = · · · = deg(u′′

n′′−1) = sk+1 and G can be decomposed
as in Figure 3.19, such that if k is odd, then i′′ = rk+1 − 1 and j′′ = 1
and if k is even, then i′′ = 1 and j′′ = rk+1−1. This is just X (D), hence
G ∼= X (D).

Suppose 2 ≤ k < t − 1. Then B
u′′
i′′′

L and B
u′′
i′′′

R are non-empty and non-

leaves, for all 2 ≤ i′′′ ≤ n′′ − 1. Then, B
u′′
i′′′−1

L and B
u′′
i′′′+1

R are non-empty
and by Lemma 2.4 and Remark 2.5, we have

0 < τ(B
u′′
i′′′−1

L , x), τ(B
u′′
i′′′+1

R , x) ≤ 1.
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Figure 3.19: Decomposition of the caterpillar G in the proof of Theorem
3.18.

Then,

τ(Bk,i′
L (D), x)

=
1

1 + x
�
deg(u′′

1)− 2 + τ(Bk,i′−1
L (D), x)

�

≥ 1

1 + x (deg(u′′
i′′′)− 2)

, since sk = deg(u′′
1) < deg(u′′

i′′′)

>
1

1 + x
�
deg(u′′

i′′′)− 2 + τ(B
u′′
i′′′+1

R , x)
� , since 0 < τ(B

u′′
i′′′+1

R , x)

= τ(B
u′′
i′′′

R , x).

Therefore, τ(Bk,i′
L (D), x) > τ(B

u′′
i′′′

R , x). Similarly,

τ(Bk,j′
R (D), x)

=
1

1 + x
�
deg(u′′

n′′)− 2 + τ(Bk,j′−1
R (D), x)

�

≥ 1

1 + x (deg(u′′
i′′′)− 2)

, since deg(u′′
n′′) < deg(u′′

i′′′)

>
1

1 + x
�
deg(u′′

i′′′)− 2 + τ(B
u′′
i′′′−1

L , x)
� , since 0 < τ(B

u′′
i′′′−1

L , x)

= τ(B
u′′
i′′′

L , x).

Therefore, τ(Bk,j′
R (D), x) > τ(B

u′′
i′′′

L , x). Then, by Lemma 3.2, we get
that

deg(u′′
2) ≤ deg(u′′

i′′′−1) and deg(u′′
n′′−1) ≤ deg(u′′

i′′′+1). (3.18)
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(a) If k is odd, then by Lemma 3.14, we have

τ(Bk,1
L (D), x) ≤ τ(Bk,rk−1

R (D), x),

with equality if and only if Bk,1
L (D) ≈r Bk,rk−1

R (D). If τ(Bk,1
L (D), x) =

τ(Bk,rk−1
R (D), x), we choose deg(u′′

2) ≥ deg(u′′
n′′−1). Otherwise τ(Bk,1

L (D), x)

< τ(Bk,rk−1
R (D), x) and by Lemma 3.2, we get that deg(u′′

2) ≥ deg(u′′
n′′−1).

Therefore
deg(u′′

2) ≥ deg(u′′
n′′−1). (3.19)

Then, from (3.18) and (3.19) we have,

deg(u′′
n′′−1) ≤ deg(u′′

2) ≤ deg(u′′
i′′′), for 2 ≤ i′′′ ≤ n′′ − 2. (3.20)

Then, from (3.20) if rk+1 = 1, then deg(u′′
n′′−1) = sk+1 and deg(u′′

2) = sk+2.
If rk+1 = 2, then deg(u′′

n′′−1) = deg(u′′
2) = sk+1.

Suppose rk+1 ≥ 3. Suppose

deg(u′′
2) = deg(u′′

3) = sk+1 = deg(u′′
n′′−2) = deg(u′′

n′′−1).

Since deg(u′′
1), deg(u

′′
n′′) ≤ sk < sk+1 and deg(u′′

i′′′) > sk, for all 2 ≤ i′′′ ≤
n′′ − 1, then by Lemma 3.17 (i), we must have

deg(u′′
2) = deg(u′′

3) = · · · = deg(u′′
n′′−2) = deg(u′′

n′′−1) = sk+1.

Since k < t − 1, then there exists a vertex u′′
i′′′ such that deg(u′′

i′′′) =
st > st−1 ≥ sk+1, for some 2 ≤ i′′′ ≤ n′′ − 1. This is a contradiction.
Hence, we have the following labeled statements. The statements
are labeled as we will refer to them later in the proof.

If deg(u′′
2) = deg(u′′

3), then deg(u′′
n′′−2) ̸= deg(u′′

n′′−1) and if deg(u′′
n′′−1) =

deg(u′′
n′′−2), then deg(u′′

2) ̸= deg(u′′
3). (3.21)

Since τ(Bk,1
L (D), x) ≤ τ(Bk,rk−1

R (D), x), with equality if and only if Bk,1
L (D)

≈r B
k,rk−1
R (D), then

τ(B
u′′
2

L , x)

=
1

1 + x
�
deg(u′′

2)− 2 + τ(Bk,1
L (D), x)

� =
1

1 + x
�
sk+1 − 2 + τ(Bk,1

L (D), x)
�

≥ 1

1 + x
�
sk+1 − 2 + τ(Bk,rk−1

R (D), x)
�

=
1

1 + x
�
deg(u′′

n′′−1)− 2 + τ(Bk,rk−1
R (D), x)

� = τ(B
u′′
n′′−1

R , x).
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Therefore, τ(Bu′′
2

L , x) ≥ τ(B
u′′
n′′−1

R , x), with equality if and only if Bk,1
L (D)

≈r B
k,rk−1
R (D). If τ(Bu′′

2
L , x) = τ(B

u′′
n′′−1

R , x), we choose deg(u′′
3)

≤ deg(u′′
n′′−2), otherwise τ(B

u′′
2

L , x) > τ(B
u′′
n′′−1

R , x) and by Lemma 3.2, we
get that deg(u′′

3) ≤ deg(u′′
n′′−2). Therefore

deg(u′′
3) ≤ deg(u′′

n′′−2). (3.22)

Let m and m′ be two positive integers such that 4 ≤ m ≤ n′′ − 2,
2 ≤ m′ < m − 1 and sk+1 = deg(u′′

m′) = deg(u′′
m) < deg(u′′

m+1). Since
sk+1 ≤ deg(u′′

i′′′), for any 2 ≤ i′′′ ≤ n′′ − 1, then by Lemma 3.17 (ii), we
must have

deg(u′′
m′) = deg(u′′

m′+1) = · · · = deg(u′′
m) = sk+1. (3.23)

Since rk+1 ≥ 3, then from (3.20) we have deg(u′′
n′′−1) = deg(u′′

2) = sk+1.
From (3.23) we have either deg(u′′

3) = sk+1 or deg(u′′
n′′−2) = sk+1. From

(3.21) and (3.22) we have sk+1 = deg(u′′
3) < deg(u′′

n′′−2). By (3.23) we
have

deg(u′′
2) = deg(u′′

3) = · · · = deg(u′′
m) = sk+1.

Therefore, deg(u′′
q) ≥ sk+2, for all m + 1 ≤ q ≤ n′′ − 2. And G can be

decomposed as in Figure 3.20.

Figure 3.20: Decomposition of the caterpillar G in the proof of Theorem
3.18.

(b) If k is even, then by Lemma 3.14, we have

τ(Bk,rk−1
L (D), x) ≥ τ(Bk,1

R (D), x),

with equality if and only if Bk,rk−1
L (D) ≈r B

k,1
R (D). By replacing Bk,1

L (D)
with Bk,1

R (D), Bk,rk−1
R (D) with Bk,rk−1

L (D) and keeping the other notation
in (a), we arrive to G decomposed as in Figure 3.21. Hence we
conclude that G ∼= X (D). □
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Figure 3.21: Decomposition of the caterpillar G in the proof of Theorem
3.18.

Remark 3.19 In Chapter 1, we saw that if T and T
′ are trees, such

that M(T, x) ≤ M(T
′
, x) for all positive x ∈ R, then

Z(T ) = M(T, 1) ≤ M(T
′
, 1) = Z(T

′
),

and

En(T ) =
2

π

Z +∞

0

1

x2
lnM(T, x2)dx ≤ 2

π

Z +∞

0

1

x2
lnM(T

′
, x2)dx = En(T

′
).

Then, from Theorem 3.18 we deduce the following theorem.

Theorem 3.20 Let CD be the set of all caterpillars with reduced deg-
ree sequence D =


s1 s2 ... st
r1 r2 ... rt

�
, for some positive integer t.

(i) If G ∈ CD such that for all H ∈ CD Z(H) ≤ Z(G), then G ∼= X (D).

(ii) If G ∈ CD such that for all H ∈ CD En(H) ≤ En(G), then G ∼= X (D).

Lemma 3.21 Let D = (d1, . . . , di, . . . , dj, . . . , dn) be a reduced degree
sequence, for some positive integers i and j. Let d = di − 2 and
d

′
= dj − 2. Decompose X (D) as in Figure 3.1, such that either

(i) deg(v) = di, deg(w) = dj and di ≥ dj + 3, or
(ii) deg(v) = di = dj +2 = deg(w) + 2 and H is either a 2-vertex path with
end vertices v and w or H is a dj +2-star. Note that v and w are leaves
of H.

Let v1 be a leaf adjacent to v, such that v1 ̸= B. Let G be obtained
from X (D) by removing the edge vv1 and then adding the edge wv1.
Then, the reduced degree sequence of G is
D

′
= (d1, . . . , di−1, di − 1, di+1, . . . , dj−1, dj + 1, dj+1, . . . , dn) and

M(X (D), x) < M(G, x) ≤ M(X (D
′
), x).

Proof. Since G and X (D
′
) have the same reduced degree sequence

D
′, then by Theorem 3.18, M(G, x) ≤ M(X (D

′
), x).
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(i) Suppose deg(v) = di, deg(w) = dj and di ≥ dj + 3. Then, from
Equation (3.1) we have

M(X (D), x)

= M(B, x)M(B
′
, x)
h
M(H, x) + dd

′
x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x)

+ x
h�

d
′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

ii
,

M(G, x)

= M(B, x)M(B
′
, x)
h
M(H, x) + (d− 1)

�
d

′
+ 1

�
x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x)

+ x
h�

d
′
+ τ(B

′
, x) + 1

�
M(H − w, x) + (d+ τ(B, x)− 1)M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
(d− 1)τ(B

′
, x) +

�
d

′
+ 1

�
τ(B, x)

ii

and

M(X (D), x)−M(G, x)

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
dd

′ − (d− 1)
�
d

′
+ 1

��

+ x
h
M(H − w, x)

�
d

′
+ τ(B

′
, x)−

�
d

′
+ τ(B

′
, x) + 1

��

+ M(H − v, x) (d+ τ(B, x)− (d+ τ(B, x)− 1))]

+ x2M(H − {v, w}, x)
h
τ(B

′
, x)(d− (d− 1)) + τ(B, x)

�
d

′ −
�
d

′
+ 1

��ii

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
−d+ d

′
+ 1

�

+ x [−M(H − w, x) +M(H − v, x)]

+ x2M(H − {v, w}, x)
h
τ(B

′
, x)− τ(B, x)

ii

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1− (d+ τ(B, x))

�

+ x [M(H − v, x)−M(H − w, x)]] . (3.24)

Let v
′ be a neighbor of v in H and let w

′ be a neighbor of w in H.
Then,

M(X (D), x)−M(G, x)
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= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1− (d+ τ(B, x))

�

+ x
h
M(H − v − ww

′
, x) + xM(H − {v, w, w′}, x)−M(H − w − vv

′
, x)

− xM(H − {v, v′
, w}, x)

ii

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1− (d+ τ(B, x))

�

+ x
h
M(H − {v, w}, x) + xM(H − {v, w, w′}, x)−M(H − {v, w}, x)

− xM(H − {v, v′
, w}, x)

ii

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1− (d+ τ(B, x))

�

+ x2
h
M(H − {v, w, w′}, x)−M(H − {v, v′

, w}, x)
ii

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1

−(d
′
+ 3 + a+ τ(B, x))

�

+ x2
h
M(H − {v, w, w′}, x)−M(H − {v, v′

, w}, x)
ii

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
τ(B

′
, x)− (2 + a+ τ(B, x))

�

+ x2
h
M(H − {v, w, w′}, x)−M(H − {v, v′

, w}, x)
ii

,

where a is a nonnegative integer. Since −a ≤ 0, B and B
′ non-emp-

ty and τ(B
′
, x)− τ(B, x) < 1, then τ(B

′
, x)− τ(B, x)− a− 2 < −1. So

M(X (D), x)−M(G, x) < M(B, x)M(B
′
, x)

�
−x2M(H − {v, w}, x)

+ x2
h
M(H − {v, w, w′}, x)−M(H − {v, v′

, w}, x)
ii

= M(B, x)M(B
′
, x)
h
−x2

�
M(H − {v, w, w′}, x) + a

′
�

+ x2
h
M(H − {v, w, w′}, x)−M(H − {v, v′

, w}, x)
ii

< 0, where a
′
is a nonnegative real number.

The last inequality followed from the fact that M(B, x),M(B
′
, x),M(H−

{v, w, w′}, x),M(H − {v, v′
, w}, x) > 0 and x > 0. Hence

M(X (D), x) < M(G, x) ≤ M(X (D
′
), x).

(ii) Suppose deg(v) = di = dj +2 = deg(w) + 2 and H is either a 2-vertex
path with end vertices v and w or H is a dj + 2-star and v and w are
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leaves of H. Then, H−v ∼= H−w and hence M(H−v, x) = M(H−w, x).
Then, from Equation (3.24) we have

M(X (D), x)−M(G, x)

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1− (d+ τ(B, x))

�

+ x [M(H − v, x)−M(H − w, x)]]

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1− (d+ τ(B, x))

�i

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d

′
+ τ(B

′
, x) + 1

−(d
′
+ 2 + τ(B, x))

�i

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
τ(B

′
, x)− τ(B, x)− 1

�i

< 0, since B and B
′
are non-empty, τ(B

′
, x)− τ(B, x) < 1 and M(B, x),

M(B
′
, x),M(H − {v, w}, x) > 0.

Hence
M(X (D), x) < M(G, x) ≤ M(X (D

′
), x).

□

Lemma 3.22 Let G be a caterpillar and be decomposed as in Figure
3.22, such that deg(w) = 1, deg(v) = d + 2 ≥ 3 and v

′ a leaf adjacent to
v. Let G′ be obtained from G by removing the edge vv

′ and then adding
the edge wv

′. If d ≥ 2 or H is a path, then

M(G, x) < M(G
′
, x).

Proof.

M(G, x)

= M(G− vv
′
, x) + xM(G− {v, v′}, x) = M(G− v

′
, x) + xM(G− {v, v′}, x)

= M(G− v
′ − vr(B), x) + xM(G− v

′ − {v, r(B)}, x) + xM(G− {v, v′}, x)
= M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x) + xM(B, x)M(H − v, x)

= M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x)

+ xM(B, x)
h
M(H − v − ww

′
, x) + xM(H − v − {w,w′}, x)

i
,

where w
′ is a neighbor of w in H. Therefore,

M(G, x) = M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x)
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Figure 3.22: The caterpillar G in Lemma 3.22, T = G−B − v
′
.

+ xM(B, x)
h
M(H − {v, w}, x) + xM(H − {v, w, w′}, x)

i
.

M(G
′
, x)

= M(G
′ − wv

′
, x) + xM(G

′ − {w, v′}, x)
= M(G

′ − v
′
, x) + xM(G

′ − {w, v′}, x)
= M(G

′ − v
′ − vr(B), x) + xM(G

′ − v
′ − {v, r(B)}, x)

+ xM(G
′ − {w, v′}, x)

= M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x) + xM(G
′ − {w, v′}, x)

= M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x)

+ x
h
M(G

′ − {w, v′}− vr(B), x) + xM(G
′ − {w, v′}− {v, r(B)}, x)

i

= M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x)

+ x [M(B, x)M(T − w, x) + xM(B − r(B), x)M(H − {v, w}, x)]
= M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x)

+ xM(B, x)M(T − w, x) + x2M(B − r(B), x)M(H − {v, w}, x)
= M(B, x)M(T, x) + xM(B − r(B), x)M(H − v, x)

+ xM(B, x) [M(H − w, x) + (d− 1)xM(H − {v, w}, x)]
+ x2M(B − r(B), x)M(H − {v, w}, x)

and

M(G, x)−M(G
′
, x)

= xM(B, x)
h
M(H − {v, w}, x) + xM(H − {v, w, w′}, x)

i

− xM(B, x) [M(H − w, x) + (d− 1)xM(H − {v, w}, x)]
− x2M(B − r(B), x)M(H − {v, w}, x)
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= xM(B, x)
h
M(H − {v, w}, x) + xM(H − {v, w, w′}, x)

i

− xM(B, x)
h
M(H − w − vv

′′
, x)

+xM(H − w − {v, v′′}, x) + x(d− 1)M(H − {v, w}, x)
i

− x2M(B − r(B), x)M(H − {v, w}, x), where v
′′

is a neighbor of v in H.

= xM(B, x)
h
M(H − {v, w}, x) + xM(H − {v, w, w′}, x)

i

− xM(B, x) [M(H − {v, w}, x)
+xM(H − {v, v′′

, w}, x) + x(d− 1)M(H − {v, w}, x)
i

− x2M(B − r(B), x)M(H − {v, w}, x)
= x2M(B, x)M(H − {v, w, w′}, x)

− x2M(B, x)
h
M(H − {v, v′′

, w}, x) + (d− 1)M(H − {v, w}, x)
i

− x2M(B − r(B), x)M(H − {v, w}, x).
If d ≥ 2, then d − 1 ≥ 1. Since M(H − {v, w}, x) ≥ M(H − {v, w, w′}, x),
M(B, x),M(H−{v, w}, x),M(H−{v, w, w′}, x),M(H−{v, v′′

, w}, x),M(B−
r(B), x) > 0, x > 0, then

M(G, x)−M(G
′
, x)

= x2M(B, x)M(H − {v, w, w′}, x)
− x2M(B, x)

h
M(H − {v, v′′

, w}, x) + (d− 1)M(H − {v, w}, x)
i

− x2M(B − r(B), x)M(H − {v, w}, x)
≤ x2M(B, x)M(H − {v, w, w′}, x)

− x2M(B, x)
h
M(H − {v, v′′

, w}, x) +M(H − {v, w}, x)
i

− x2M(B − r(B), x)M(H − {v, w}, x) < 0.

If H is a path, then H−{v, w, w′} ∼= H−{v, v′′
, w} and M(H−{v, w, w′}, x)

= M(H − {v, v′′
, w}, x). Then,

M(G, x)−M(G
′
, x)

= x2M(B, x)M(H − {v, w, w′}, x)
− x2M(B, x)

h
M(H − {v, v′′

, w}, x) + (d− 1)M(H − {v, w}, x)
i

− x2M(B − r(B), x)M(H − {v, w}, x)
= −x2M(B, x)(d− 1)M(H − {v, w}, x)

− x2M(B − r(B), x)M(H − {v, w}, x) < 0.

Hence
M(G, x) < M(G

′
, x).
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□
The transformation in Lemma 3.22 may form a tree that is not a
caterpillar. If the neighbor of w is a pseudo leaf, then the new graph
G

′ is a caterpillar.

Definition 3.23 Let (b1, . . . , bn) and (d1, . . . , dn) be two degree sequen-
ces of trees. We say that (d1, . . . , dn) majorizes (b1, . . . , bn) and write
(b1, . . . , bn) ⪯ (d1, . . . , dn), if and only if for all k ∈ {1, . . . , n} we have

kX

i=1

bi ≤
kX

i=1

di.

If furthermore there exists i0, such that di0 ̸= bi0, then we write
(b1, . . . , bn) ≺ (d1, . . . , dn).

Theorem 3.24 Let (y1, . . . , yn) and (d1, . . . , dn) be two degree sequences

of caterpillars. If (y1, . . . , yn) ≺ (d1, . . . , dn) and
nX

i=1

yi =
nX

i=1

di, then there

exists a caterpillar G with degree sequence (y1, . . . , yn) such that

M(X (d1, . . . , dn), x) < M(G, x) ≤ M(X (y1, . . . , yn), x), for all positive x ∈ R

and hence

Z(X (d1, . . . , dn)) < Z(G) ≤ Z(X (y1, . . . , yn))

and
En(X (d1, . . . , dn)) < En(G) ≤ En(X (y1, . . . , yn)),

with equality if and only if G ∼= X (y1, . . . , yn).

Proof. Suppose Y = (y1, . . . , yn) and D = (d1, . . . , dn) are two degree

sequences of caterpillars, Y ≺ D and
nX

i=1

yi =
nX

i=1

di. Then, there

exists i0, such that di0 ̸= yi0. In fact, the set I = {i : di ̸= yi}

must have at least two elements, otherwise
nX

i=1

yi =
nX

i=1

di would be

impossible. Let l = min{i : di ̸= yi} and m = max{i : di ̸= yi}. We
must have ym > dm ≥ 1 and we must also have dl > yl. We define
D1 to be a degree sequence consisting of the numbers d1, . . . , dl−1, dl−
1, dl+1, . . . , dm−1, dm + 1, dm+1, . . . , dn. Since dl > yl ≥ ym > dm ≥ 1, then
dl ≥ yl + 1 ≥ ym + 1 > dm + 1. Then dl ≥ yl + 1 ≥ ym + 1 ≥ dm + 2. Hence
dl ≥ dm + 2 and dl − 1 ≥ dm + 1 ≥ 2. Therefore D1 is indeed a valid
degree sequence. It is clear that D1 ≺ D. If dl > dm + 2 and dm = 1,
decompose X (D) as in Figure 3.22 such that deg(w) = dm = 1 and
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deg(v) = dl > 3. Since dl ≥ 4 = 2 + 2, then by Lemma 3.22, we can
obtain a caterpillar G from X (D), by removing the edge vv

′ and then
adding the edge wv

′ and get M(X (D), x) < M(G, x). Since the degree
sequence of G is D1, then by Theorem 3.18, we must also have

M(X (D), x) < M(G, x) ≤ M(X (D1), x).

If dl > dm+2 and dm ≥ 2, decompose X (D) as in Figure 3.1, such that
deg(v) = dl ≥ dm + 3 = deg(w) + 3. Let v1 be a leaf adjacent to v, such
that v1 ̸= B. Let G be obtained from X (D), by removing the edge vv1
and then adding the edge wv1. Then, the degree sequence of G is D1

and by Lemma 3.21 (i), we must have

M(X (D), x) < M(G, x) ≤ M(X (D1), x).

If dl = dm + 2 and dm ≥ 2, decompose X (D) as in Figure 3.1, such
that deg(v) = dl and deg(w) = dm. Let v1 be a leaf adjacent to v, such
that v1 ̸= B. Let G be obtained from X (D), by removing the edge vv1
and then adding the edge wv1. Then, the degree sequence of G is D1.
Then, from Equation (3.1) we must have

M(X (D), x)

= M(B, x)M(B
′
, x)

�
M(H, x) + d(d− 2)x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x)

+ x
h�

d+ τ(B
′
, x)− 2

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + (d− 2)τ(B, x)

ii

and

M(G, x)

= M(B, x)M(B
′
, x)

�
M(H, x) + (d− 1)(d− 1)x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x)

+ x
h�

d+ τ(B
′
, x)− 1

�
M(H − w, x) + (d+ τ(B, x)− 1)M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
(d− 1)τ(B

′
, x) + (d− 1)τ(B, x)

ii
.

Let G′ be obtained from G by swapping B and B
′. Let v′ be a neighbor

of v in H and let w′ be a neighbor of w in H. Then,

M(G
′
, x)

= M(B, x)M(B
′
, x)

�
M(H, x) + (d− 1)(d− 1)x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x)
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+ x
h
(d+ τ(B, x)− 1)M(H − w, x) +

�
d+ τ(B

′
, x)− 1

�
M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
(d− 1)τ(B, x) + (d− 1)τ(B

′
, x)
ii

and

M(X (D), x)−M(G
′
, x)

= M(B, x)M(B
′
, x)

�
x2M(H − {v, w}, x)


d(d− 2)− (d− 1)2

�

+ x
h�

τ(B
′
, x)− τ(B, x)− 1

�
M(H − w, x)

+
�
τ(B, x)− τ(B

′
, x) + 1

�
M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
τ(B

′
, x)(d− (d− 1)) + τ(B, x)(d− 2− (d− 1))

ii

= M(B, x)M(B
′
, x)

�
−x2M(H − {v, w}, x)

+ x
�
τ(B

′
, x)− τ(B, x)− 1

�
(M(H − w, x)−M(H − v, x))

+ x2M(H − {v, w}, x)
�
τ(B

′
, x)− τ(B, x)

�i

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
τ(B

′
, x)− τ(B, x)− 1

�

+ x
�
τ(B

′
, x)− τ(B, x)− 1

�
(M(H − w, x)−M(H − v, x))

i

= M(B, x)M(B
′
, x)

�
τ(B

′
, x)− τ(B, x)− 1

� �
x2M(H − {v, w}, x)

+ x (M(H − w, x)−M(H − v, x))]

= xM(B, x)M(B
′
, x)

�
τ(B

′
, x)− τ(B, x)− 1

�
[xM(H − {v, w}, x)

+ M(H − w, x)−M(H − v, x)]

= xM(B, x)M(B
′
, x)

�
τ(B

′
, x)− τ(B, x)− 1

�
[xM(H − {v, w}, x)

+M(H − {v, w}, x) + xM(H − {v, v′
, w}, x)−M(H − {v, w}, x)

− xM(H − {v, w, w′}, x)
i

= xM(B, x)M(B
′
, x)

�
τ(B

′
, x)− τ(B, x)− 1

�
[xM(H − {v, w}, x)

+ xM(H − {v, v′
, w}, x)− xM(H − {v, w, w′}, x)

i
< 0,

since x > 0, M(., x) > 0, 0 < τ(B, x), τ(B
′
, x) ≤ 1, τ(B′

, x)−τ(B, x)−1 < 0
and M(H − {v, w}, x) ≥ M(H − {v, w, w′}, x). Therefore, if dl = dm + 2,
then M(X (D), x) < M(G

′
, x). Since the degree sequence of G

′ is D1,
then by Theorem 3.18, we must also have

M(X (D), x) < M(G
′
, x) ≤ M(X (D1), x).
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If dl = dm + 2 and dm = 1, decompose X (D) as in Figure 3.22 such
that deg(w) = dm = 1, deg(v) = dl = 3, H is a path with end vertices v
and w and v

′ a leaf adjacent to v. Let G be obtained from X (D), by
removing the edge vv

′ and then adding the edge wv
′. Since H is a

path then M(H −w, x) = M(H − v, x). Then by Lemma 3.22, we must
have M(X (D), x) < M(G, x). Since the degree sequence of G is D1,
then by Theorem 3.18, we must also have

M(X (D), x) < M(G, x) ≤ M(X (D1), x).

If D1 = Y , then we are done. Otherwise, we iterate the process.
We set D = D0, and if k is a positive integer and Dk ̸= Y , then we
construct Dk+1 in exactly the same way as D1 was constructed from

D. After a finite number J =
1

2

X

i∈I
|di − yi| of iterations, we will get the

chain
D = D0 ≻ D1 ≻ D2 ≻ · · · ≻ DJ−1 ≻ DJ = Y.

For any k ∈ {1, . . . , J − 1}, we can apply Lemmas 3.21 and 3.22 with
Theorem 3.18 to X (Dk) as we did above, to deduce that there exists
a caterpillar Gk+1 with degree sequence Dk+1 such that

M(X (Dk), x) < M(Gk+1, x) ≤ M(X (Dk+1), x)

and hence

M(X (D), x) < M(X (D1), x) < · · · < M(X (DJ), x) = M(X (Y ), x).

□
From Theorem 3.24, we can conclude that among all caterpillars of
size m, the path graph is maximal with respect to M(., x) and hence
maximal with respect to Z and En. This is well-known see [38] and
[88]. The path graph was found to be extremal, when the family of
trees is considered. Since the family of caterpillars is within the class
of trees, the path graph must also be extremal among all caterpillars.
The following corollaries can also be deduced from Theorem 3.24.

Remark 3.25 Let d, m and l be positive integers. Let d and m be
diameter and size of a caterpillar G, respectively. Let

D = (l + 1, . . . , l + 1| {z }
r times

, l, . . . , l| {z }
d−r−1 times

, 1, . . . , 1| {z }
m−d+2 times

)

be a degree sequence of a caterpillar G. Then, the total number of
internal vertices in the backbone of G is d− 1. The number of leaves
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is m− d+ 2. Let di be a degree of a vertex in G, for 1 ≤ i ≤ m+ 1. The
degree sum of the vertices of G is given by

m+1X

i=1

di = (l + 1)r + (d− r − 1)l +m− d+ 2.

The degree sum of the vertices of G is also given by

m+1X

i=1

di = 2(d− 1) + 2(m− d+ 2)− 2.

This implies that

(l + 1)r + (d− r − 1)l = 2(d− 1) +m− d

=⇒ (l + 1)r + (d− 1)l − lr = 2(d− 1) +m− d

=⇒ (l + 1)r − lr = 2(d− 1) +m− d− (d− 1)l

=⇒ (l + 1− l)r = 2(d− 1)− (d− 1)l +m− d

=⇒ r = (d− 1)(2− l) +m− d = m− d− (d− 1)(l − 2).

Therefore,
r = m− d− (d− 1)(l − 2). (3.25)

Equivalently,

l − 2 =
m− d

d− 1
− r

d− 1
.

Note that if r = d− 1, then

D = (l + 1, . . . , l + 1| {z }
d−1 times

, 1, . . . , 1| {z }
m−d+2 times

).

This is equivalent to d− r − 1 = 0. If r < d− 1, then r
d−1

< 1. Hence,

l = 2 +

�
m− d

d− 1

�

and from Equation (3.25)

r = m− d− (d− 1)

�
2 +

�
m− d

d− 1

�
− 2

�
= m− d− (d− 1)

�
m− d

d− 1

�
< d− 1.

Corollary 3.26 Let d, m and n be positive integers. Let C be the set
of all caterpillars of diameter d, size m and order n. Then, among all
caterpillars in C, the caterpillar X (D) maximizes M(., x) and hence Z
and En, where

D = (l + 1, . . . , l + 1| {z }
r times

, l, . . . , l| {z }
d−r−1 times

, 1, . . . , 1| {z }
m−d+2 times

)

is a degree sequence, l = 2+
�
m−d
d−1

�
and r = (m−d)−(d−1)

�
m−d
d−1

�
< d−1.
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Remark 3.27 Let m and δ be positive integers. Let m and δ be the
size and minimum internal vertex degree of a caterpillar G, respectiv-
ely. Suppose

D = (δ + 1, . . . , δ + 1| {z }
r times

, δ, . . . , δ| {z }
d−r−1 times

, 1, . . . , 1| {z }
m−d+2 times

)

is a degree sequence of G, such that r < δ. Then, using the hand-
shake lemma we have

2m− (m− d+ 2) = (d− 1)δ + r =⇒ m+ d− 2 = (d− 1)δ + r

=⇒ m− 2− r = (d− 1)δ − d =⇒ m− 2− r = dδ − δ − d

=⇒ m+ δ − 2− r = dδ − d

=⇒ m+ δ − 2− r = d(δ − 1) (3.26)

=⇒ m+ δ − 3− (r − 1) = d(δ − 1) =⇒ m+ δ − 3

δ − 1
− r − 1

δ − 1
= d.

Since r < δ and d is an integer, then 0 ≤ r−1
δ−1

< 1 and d =
�
m+δ−3
δ−1

�
.

Then, from Equation (3.26), we have

r = m− d(δ − 1) + δ − 2 = m−
�
m+ δ − 3

δ − 1

�
(δ − 1) + δ − 2 < d− 1.

Note that r < d− 1 as suggested in Remark 3.25.

Corollary 3.28 Among all caterpillars of size m and minimum internal
degree δ, X (D) maximizes M(., x) and hence Z and En, where

D = (δ + 1, . . . , δ + 1| {z }
r times

, δ, . . . , δ| {z }
d−r−1 times

, 1, . . . , 1| {z }
m−d+2 times

)

is a degree sequence, d =
�
m+δ−3
δ−1

�
and

r = m−
�
m+ δ − 3

δ − 1

�
(δ − 1) + δ − 2 < d− 1.

Corollary 3.29 Among all caterpillars of size m and number of leaves
k, X (D) maximizes M(., x) and hence Z and En, where

D = (3, . . . , 3| {z }
k−2 times

, 2, . . . , 2| {z }
m−2k+3 times

, 1, . . . , 1| {z }
k times

)

is a degree sequence.
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Since there are are m edges and k leaves in Corollary 3.29, once all
the leaves are removed, there are m−k edges remaining and m−k+1
vertices making up the backbone. To get a degree sequence that is
majorised by all degree sequences of caterpillars with m edges and
k leaves, the degrees of the vertices in the backbone have to be as
small as possible. Then, out of those k − 2 have degree 3. Leaving
out m− k + 1− (k − 2) = m− 2k + 3 vertices of degree 2.

3.3 Caterpillars with given degree
sequence and minimum M(., x)

In this section we first characterize a caterpillar S(D) that minimizes
M(., x) and hence Hosoya index and energy, among all caterpillars
with given degree sequence D. This caterpillar is found to also
maximize σ(., x). Then, we compare the two caterpillars S(D) and
S(Y ) i.e. M(S(D), x) with M(S(Y ), x), Z(S(D)) with Z(S(Y )) and-
En(S(D)) with En(S(Y )), where the degree sequence Y is majorized
by the degree sequence D. We say G is minimal with regard to an
invariant F (G), if and only if F (G) = min{F (C) : C ∈ CD}, where D is
a degree sequence of G.

The following simple technical lemma will play central role as we
try to find out what exchange of branches reduces M(., x).

Lemma 3.30 Let a, b, c and d be nonnegative real numbers. If a ≤ b
and c ≤ d, then ac+ bd ≥ ad+ bc. If a ≤ b ≤ c ≤ d, then ab+ cd ≥ ac+ bd ≥
ad+ bc.

Proof. Let a, b, c and d be nonnegative real numbers. Suppose a ≤ b
and c ≤ d. Then, ac+ bd− (ad+ bc) = (b− a)(d− c) ≥ 0. Hence

ac+ bd ≥ ad+ bc. (3.27)

Suppose a ≤ b ≤ c ≤ d. Then, ab + cd − (ac + bd) = (d − a)(c − b) ≥ 0,
since d ≥ a and c ≥ b. Hence

ab+ cd ≥ ac+ bd. (3.28)

Therefore, from (3.27) and (3.28) we have ab+ cd ≥ ac+ bd ≥ ad+ bc. □

Lemma 3.31 Let G be a caterpillar and be decomposed as in Figure
3.1, with both B and B′ non-empty. Suppose G is minimal with respect
to M(., x).
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(i) If τ(B′
, x) > τ(B, x), then d

′ ≥ d and M(H − w, x) ≤ M(H − v, x).
(ii) If d

′
> d and τ(B

′
, x) ̸= τ(B, x), then τ(B

′
, x) > τ(B, x) and M(H −

w, x) ≤ M(H − v, x).
(iii) If d′

> d and τ(B
′
, x) = τ(B, x), then M(H − w, x) ≤ M(H − v, x).

Proof. Let G be a caterpillar and be decomposed as in Figure 3.1.
Suppose G is minimal with respect to M(., x). In particular, M(G, x)
is minimal with respect to all possible swappings of branches and
flippings of H in G that preserves the degree sequence while keeping
the graph to be caterpillar. That is, the swapping of B and B

′, the
swapping of d and d

′, and/or the flipping of H in G.

(i) Suppose τ(B
′
, x) > τ(B, x). Equation (3.2) suggests that the swappi-

ng of B and B
′, the swapping of d and d

′ and/or the flipping of H in
G only affect Mw

v (G, x) in M(G, x). This implies that the minimality of
Mw

v (G, x) implies the minimality of M(G, x). Since

Mw
v (G, x)

= x
h
d

′
M(H − w, x) + dM(H − v, x)

i

+ x
h
τ(B

′
, x)M(H − w, x) + τ(B, x)M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i
.

Then, Mw
v (G, x) is minimal if each of the expressions: d′

M(H −w, x)+
dM(H − v, x), τ(B

′
, x)M(H − w, x) + τ(B, x)M(H − v, x) and dτ(B

′
, x) +

d
′
τ(B, x) is smallest. Since τ(B

′
, x) > τ(B, x), then by Lemma 3.30,

dτ(B
′
, x) + d

′
τ(B, x) is smallest only if d ≤ d

′. Again, since τ(B
′
, x) >

τ(B, x), then by Lemma 3.30, τ(B′
, x)M(H − w, x) + τ(B, x)M(H − v, x)

is smallest only if M(H − w, x) ≤ M(H − v, x). τ(B
′
, x) > τ(B, x),

d
′ ≥ d, M(H − w, x) ≤ M(H − v, x) and Lemma 3.30 correspond to

d
′
M(H−w, x)+dM(H−v, x) being smallest. Hence, if τ(B′

, x) > τ(B, x),
then d

′ ≥ d and M(H − w, x) ≤ M(H − v, x).

(ii) Suppose d
′
> d, τ(B

′
, x) ̸= τ(B, x) and either τ(B

′
, x) < τ(B, x)

or M(H − w, x) > M(H − v, x).

Suppose τ(B
′
, x) < τ(B, x). Then, from (i) we must have d

′ ≤ d.
But d

′
> d. This is a contradiction. Hence τ(B

′
, x) ≥ τ(B, x). Since

τ(B
′
, x) ̸= τ(B, x), then we conclude that τ(B′

, x) > τ(B, x). Furtherm-
ore, suppo-se M(H − w, x) > M(H − v, x). Since τ(B

′
, x) > τ(B, x),

then from (i) we must have M(H − w, x) ≤ M(H − v, x). This is a
contradiction. Hence we must have M(H − w, x) ≤ M(H − v, x). And
therefore, if d

′
> d and τ(B

′
, x) ̸= τ(B, x), then τ(B

′
, x) > τ(B, x) and

M(H − w, x) ≤ M(H − v, x).
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(iii) We proceed as in (i). Since τ(B
′
, x) = τ(B, x), then Mw

v (G, x) is
minimal only if the expression d

′
M(H−w, x)+dM(H−v, x) is smallest.

Since d
′
> d, then by Lemma 3.30, d

′
M(H − w, x) + dM(H − v, x) is

smallest only if M(H − w, x) ≤ M(H − v, x). Hence, we conclude that,
if d′

> d and τ(B
′
, x) = τ(B, x), then M(H − w, x) ≤ M(H − v, x). □

Lemma 3.32 Let G be a caterpillar. Label all the non-leaf vertices
in G from left to right as u1, u2, . . . , uℓ. If G is minimal with respect to
M(., x), then u1 and uℓ have the largest degrees in G.

Proof. If ℓ = 1, then G is a star and has only one non-leaf vertex,
which is of largest degree. If ℓ = 2, then G has two non-leaf vertices
and they have the largest degrees in G. If ℓ ≥ 3, decompose G as in
Figure 3.1 with B a leaf adjacent to u1 and B

′ a complete branch of
G such that B′ does not contain u1 and u2 and the root of B′ is ui, for
3 ≤ i ≤ ℓ. Then, B′ is not empty and not a leaf. By Lemma 2.4 and
Remark 2.5, we have τ(B, x) = 1 > τ(B

′
, x). By Lemma 3.31, we get

that deg(u1) ≥ deg(ui−1). Hence deg(u1) ≥ max{deg(ui) : 2 ≤ i ≤ ℓ − 1}.
Same reasoning leads to deg(uℓ) ≥ max{deg(ui) : 2 ≤ i ≤ ℓ− 1}. □

Definition 3.33 Let D = (d1, d2, . . . , dn) be a reduced degree sequence
of a caterpillar. Let k =

�
n
2

�
. Then, Ck

L(D) and Ck
R(D) are defined as

two disjoint complete branches such that:

(i) If n = 1, then Ck
L(d1) = C1

L(d1) = C(d1) and Ck
R(D) = C1

R(d1) = ().
(ii) If n = 2, then Ck

L(d1, d2) = C1
L(d1, d2) = C(d1 − 1) and Ck

R(d1, d2) =
C1

R(d1, d2) = C(d2 − 1).
(iii) If n = 3, then Ck

L(d1, d2, d3) = C2
L(d1, d2, d3) = C(d1, d3 − 1) and

Ck
R(d1, d2, d3) = C2

R(d1, d2, d3) = C(d2 − 1).
(iv) If n = 4, then Ck

L(d1, d2, d3, d4) = C2
L(d1, d2, d3, d4) = C(d1, d4 − 1) and

Ck
R(d1, d2, d3, d4) = C2

R(d1, d2, d3, d4) = C(d2, d3 − 1).
(v) If n ≥ 5, then

Ck
L(d1, d2, . . . , dn) = C

⌈n
2 ⌉

L (d1, d2, . . . , dn)
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=





C(d1, dn, d3, dn−2, . . . , d2i+1, dn−2i, . . . , d⌈n
2 ⌉+2, d⌈n

2 ⌉ − 1),

if both n and
�
n
2

�
are odd,

C(d1, dn, d3, dn−2, . . . , d2i+1, dn−2i, . . . , d⌈n
2 ⌉−1, d⌈n

2 ⌉+1 − 1),

if n is odd and
�
n
2

�
is even,

C(d1, dn, d3, dn−2, . . . , d2i+1, dn−2i, . . . , d⌈n
2 ⌉, d⌈n

2 ⌉+1 − 1),

if n is even and n/2 is odd,

C(d1, dn, d3, dn−2, . . . , d2i+1, dn−2i, . . . , d⌈n
2 ⌉−1, d⌈n

2 ⌉+2 − 1),

if both n and n/2 are even,

and

Ck
R(d1, d2, . . . , dn) = C

⌈n
2 ⌉

R (d1, d2, . . . , dn)

=





C(d2, dn−1, d4, dn−3, . . . , d2i+2, dn−2i−1, . . . , d⌈n
2 ⌉−1, d⌈n

2 ⌉+1 − 1),

if both n and
�
n
2

�
are odd,

C(d2, dn−1, d4, dn−3, . . . , d2i+2, dn−2i−1, . . . , d⌈n
2 ⌉+2, d⌈n

2 ⌉ − 1),

if n is odd and
�
n
2

�
is even,

C(d2, dn−1, d4, dn−3, . . . , d2i+2, dn−2i−1, . . . , d⌈n
2 ⌉−1, d⌈n

2 ⌉+2 − 1),

if n is even and n/2 is odd,

C(d2, dn−1, d4, dn−3, . . . , d2i+2, dn−2i−1, . . . , d⌈n
2 ⌉, d⌈n

2 ⌉+1 − 1),

if both n and n/2 are even,

for a nonnegative integer i.

Definition 3.34 Let D = (d1, d2, . . . , dn) be a reduced degree sequence
of a caterpillar G. Then, we define S(D) to be the caterpillar of
reduced degree sequence D, obtained by joining by an edge the root
of Ck

L(D) and the root of Ck
R(D), where k =

�
n
2

�
. The roots of Ck

L(D)
and Ck

R(D) are identified as follows. If n = 1, then the root of Ck
L(D) is

the pseudo-leaf or a leaf of degree d1, and the root of Ck
R(D) is empty.

If n = 2, then the root of Ck
L(D) is the pseudo-leaf or a leaf of degree

d1 − 1, and the root of Ck
R(D) is the pseudo-leaf or a leaf of degree

d2 − 1. If n = 3, then the root of Ck
L(D) is the pseudo-leaf or a leaf

of degree d3 − 1, and the root of Ck
R(D) is the pseudo-leaf or a leaf of

degree d2 − 1. If n = 4, then the root of Ck
L(D) is the pseudo-leaf or a
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leaf of degree d4− 1, and the root of Ck
R(D) is the pseudo-leaf or a leaf

of degree d3 − 1.

Suppose n ≥ 5. If both n and
�
n
2

�
are odd, then the root of Ck

L(D)
is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of degree
d⌈n

2 ⌉ − 1, that also has a neighbor of degree d⌈n
2 ⌉+2. The root of

Ck
R(D) is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of

degree d⌈n
2 ⌉+1 − 1, that also has a neighbor of degree d⌈n

2 ⌉−1. If n

is odd and
�
n
2

�
is even, then the root of Ck

L(D) is the pseudo-leaf, or
a leaf attached to a pseudo leaf, of degree d⌈n

2 ⌉+1 − 1, that also has

a neighbor of degree d⌈n
2 ⌉−1. The root of Ck

R(D) is the pseudo-leaf, or
a leaf attached to a pseudo-leaf, of degree d⌈n

2 ⌉ − 1, that also has a
neighbor of degree d⌈n

2 ⌉+2. If n is even and n/2 is odd, then the root

of Ck
L(D) is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of

degree d⌈n
2 ⌉+1 − 1, that also has a neighbor of degree d⌈n

2 ⌉. The root

of Ck
R(D) is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of

degree d⌈n
2 ⌉+2 − 1, that also has a neighbor of degree d⌈n

2 ⌉−1. If both

n and n/2 are even, then the root of Ck
L(D) is the pseudo-leaf, or a

leaf attached to a pseudo-leaf, of degree d⌈n
2 ⌉+2 − 1, that also has a

neighbor of degree d⌈n
2 ⌉−1. The root of Ck

R(D) is the pseudo-leaf, or a
leaf attached to a pseudo-leaf, of degree d⌈n

2 ⌉+1 − 1, that also has a
neighbor of degree d⌈n

2 ⌉. That is: If n = 1, then S(D) = C(d1), if n = 2,
then S(D) = C(d1, d2), if n = 3, then S(D) = C(d1, d3, d2), if n = 4, then
S(D) = C(d1, d4, d3, d2), and if n ≥ 5, then

S(D)

=





C(d1, dn, d3, dn−2, . . . , d⌈n
2 ⌉+2, d⌈n

2 ⌉, d⌈n
2 ⌉+1, d⌈n

2 ⌉−1, . . . , dn−3, d4, dn−1, d2),

if both n and
�
n
2

�
are odd,

C(d1, dn, d3, dn−2, . . . , d⌈n
2 ⌉−1, d⌈n

2 ⌉+1, d⌈n
2 ⌉, d⌈n

2 ⌉+2, . . . , dn−3, d4, dn−1, d2),

if n is odd and
�
n
2

�
is even,

C(d1, dn, d3, dn−2, . . . , d⌈n
2 ⌉, d⌈n

2 ⌉+1, d⌈n
2 ⌉+2, d⌈n

2 ⌉−1, . . . , dn−3, d4, dn−1, d2),

if n is even and n/2 is odd,

C(d1, dn, d3, dn−2, . . . , d⌈n
2 ⌉−1, d⌈n

2 ⌉+2, d⌈n
2 ⌉+1, d⌈n

2 ⌉, . . . , dn−3, d4, dn−1, d2),

if both n and n/2 are even.

See Figure 3.23, for a reduced degree sequence D = (5, 5, 5, 4, 4, 4, 4, 3, 3, 3).
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Figure 3.23: The graph representation of C5
L(D), C5

R(D) and S(D), for a
reduced degree sequence D = (5, 5, 5, 4, 4, 4, 4, 3, 3, 3).

Theorem 3.35 Let CD be the set of all caterpillars with reduced degr-
ee sequence D. Then, M(S(D), x) ≤ M(H, x) for all H ∈ CD.

Proof. Let H be a caterpillar with reduced degree sequence D =
(d1, d2, . . . , dn). Suppose H is minimal with respect to M(., x). Label
all the non-leaf vertices in H from left to right as u1, u2, . . . , un.

(i) If n = 1, then H is a star and H = C(d1) = C1
L(d1). Hence H = S(D),

with C1
R(d1) = ().

(ii) If n = 2, then H = C(d1, d2). C(d1, d2) can be viewed as a caterpillar
obtained by joining the roots of C(d1 − 1) = C1

L(d1, d2) and C(d2 − 1) =
C1

R(d1, d2). Hence H = C(d1, d2) = S(D).

(iii) If n = 3, then by Lemma 3.32, u1 and u3 attains the largest
degrees in H. Assume deg(u1) ≥ deg(u3). Then, H is the caterpillar
of Figure 3.24 (a), which can be viewed as in Figure 3.24 (b), with
C2

L(d1, d2, d3) = C(d1, d3 − 1) and C2
R(d1, d2, d3) = C(d2 − 1). This is just

S(D), and hence H ∼= S(D).

(iv) If n = 4, then by Lemma 3.32, u1 and u4 must have the largest
degrees in H. Assume deg(u1) ≥ deg(u4). Then,

τ(Bu1
L , x) =

1

1 + x (deg(u1)− 1)
≤ 1

1 + x (deg(u4)− 1)
= τ(Bu4

R , x),
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Figure 3.24: The caterpillar H in the proof of Theorem 3.35 for n = 3.

with equality if and only if deg(u1) = deg(u4). If τ(Bu1
L , x) = τ(Bu4

R , x),
then we choose deg(u2) ≤ deg(u3). Otherwise τ(Bu1

L , x) < τ(Bu4
R , x)

and by Lemma 3.31, we get that deg(u2) ≤ deg(u3). Hence deg(u2) ≤
deg(u3). Then, H is the caterpillar of Figure 3.25 (a), which can be
viewed as in Figure 3.25 (b). This is just S(D) and hence H ∼= S(D).

Figure 3.25: The caterpillar H in the proof of Theorem 3.35 for n = 4.

(v) Suppose n ≥ 5. Note that it is enough to show that for all integers
1 ≤ j < n, if j is odd, then

τ(B
uj−1

L , x) ≥ τ(B
un−j+2

R , x) > τ(B
ui−2

L , x), for all j + 2 ≤ i ≤ n− j − 1

and
deg(uj) ≥ deg(un−j+1) ≥ max {deg(uj+1), . . . , deg(un−j)} .

And if j is even, then

τ(B
uj−1

L , x) ≤ τ(B
un−j+2

R , x) < τ(B
ui−2

L , x), for all j + 2 ≤ i ≤ n− j − 1

and
deg(uj) ≤ deg(un−j+1) ≤ min {deg(uj+1), . . . , deg(un−j)} .

As the former characterizes the caterpillar S(D).

Base case: By Lemma 3.32, u1 and un must have the largest degrees
in H. Assume deg(u1) ≥ deg(un). Therefore

deg(u1) ≥ deg(un) ≥ max {deg(u2), . . . , deg(un−1)} . (3.29)
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Then,

τ(Bu1
L , x) =

1

1 + x (deg(u1)− 1)
≤ 1

1 + x (deg(un)− 1)
= τ(Bun

R , x), (3.30)

with equality if and only if deg(u1) = deg(un). If τ(Bu1
L , x) = τ(Bun

R , x),
we then choose deg(u2) ≤ deg(un−1). Otherwise, τ(Bu1

L , x) < τ(Bun
R , x)

and by Lemma 3.31, we get that deg(u2) ≤ deg(un−1). Hence

deg(u2) ≤ deg(un−1). (3.31)

From (3.29) deg(un) ≥ max {deg(ui) : 2 ≤ i ≤ n− 1}. Since n ≥ 5, then
for 2 ≤ i ≤ n−1 B

ui−1

L is neither empty nor a leaf. Then, by Lemma 2.4
and Remark 2.5, we have 0 < τ(B

ui−1

L , x) < 1. Then, for 2 ≤ i ≤ n− 1

τ(Bun
R , x) =

1

1 + x (deg(un)− 1)

≤ 1

1 + x (deg(ui)− 1)
, since deg(un) ≥ deg(ui)

<
1

1 + x (deg(ui)− 2 + τ(B
ui−1

L , x))
, since 0 < τ(B

ui−1

L , x) < 1

= τ(Bui
L , x).

Hence
τ(Bun

R , x) < τ(Bui
L , x), for all 2 ≤ i ≤ n− 1. (3.32)

By Lemma 3.31,

deg(un−1) ≤ deg(ui+1), for all 2 ≤ i ≤ n− 3. (3.33)

From (3.31) and (3.33) we get that deg(u2) ≤ deg(un−1) ≤ deg(ui+1), for
all 2 ≤ i ≤ n− 3. Therefore,

deg(u2) ≤ deg(un−1) ≤ min {deg(u3), . . . , deg(un−2)} . (3.34)

From (3.30) we have τ(Bu1
L , x) ≤ τ(Bun

R , x), with equality if and only if
deg(u1) = deg(un). From (3.34) we get that deg(u2) ≤ deg(un−1). Since
deg(u2) ≤ deg(un−1) and τ(Bu1

L , x) ≤ τ(Bun
R , x), then

τ(Bu2
L , x) =

1

1 + x (deg(u2)− 2 + τ(Bu1
L , x))

≥ 1

1 + x (deg(un−1)− 2 + τ(Bun
R , x))

= τ(B
un−1

R , x).

Therefore,
τ(Bu2

L , x) ≥ τ(B
un−1

R , x). (3.35)
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By Lemma 3.4, we get τ(Bu2
L , x) = τ(B

un−1

R , x) if and only if Bu2
L ≈r B

un−1

R ,
that is, if deg(u2) = deg(un−1) and deg(u1) = deg(un). If τ(Bu2

L , x) =
τ(B

un−1

R , x), then choose deg(u3) ≥ deg(un−2). Otherwise τ(Bu2
L , x) >

τ(B
un−1

R , x) and by Lemma 3.31, we get deg(u3) ≥ deg(un−2). Hence

deg(u3) ≥ deg(un−2). (3.36)

For any 3 ≤ i ≤ n − 2, B
ui−2

L is neither empty nor a leaf. Then, by
Lemma 2.4 and Remark 2.5, we have 0 < τ(B

ui−2

L , x) < 1. And for any
3 ≤ i ≤ n− 2, we get

τ(Bun
R , x)

=
1

1 + x (deg(un)− 1)

≤ 1

1 + x (deg(ui−1)− 1)
, since deg(un) ≥ deg(ui−1) in (3.29)

<
1

1 + x (deg(ui−1)− 2 + τ(B
ui−2

L , x))
, since 0 < τ(B

ui−2

L , x) < 1

= τ(B
ui−1

L , x).

Therefore,

τ(Bun
R , x) < τ(B

ui−1

L , x), for any 3 ≤ i ≤ n− 2. (3.37)

From (3.34) and (3.37) we get

τ(B
un−1

R , x)

=
1

1 + x (deg(un−1)− 2 + τ(Bun
R , x))

>
1

1 + x (deg(ui)− 2 + τ(B
ui−1

L , x))

= τ(Bui
L , x).

Therefore,

τ(B
un−1

R , x) > τ(Bui
L , x), for any 3 ≤ i ≤ n− 2. (3.38)

By Lemma 3.31, we get that deg(un−2) ≥ deg(ui+1) for any 3 ≤ i ≤ n−4.
Hence

deg(un−2) ≥ max {deg(u4), . . . , deg(un−3)} . (3.39)

From (3.36) and (3.39) we get that

deg(u3) ≥ deg(un−2) ≥ max {deg(u4), . . . , deg(un−3)} . (3.40)

Therefore, from (3.29) we have

deg(u1) ≥ deg(un) ≥ max {deg(u2), . . . , deg(un−1)} ,
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from (3.30) and (3.32) we have

τ(Bu1
L , x) ≤ τ(Bun

R , x) < τ(B
ui−2

L , x), for any 4 ≤ i ≤ n− 3

and from (3.34) we have

deg(u2) ≤ deg(un−1) ≤ min {deg(u3), . . . , deg(un−2)} .

From (3.35) and (3.38) we have

τ(Bu2
L , x) ≥ τ(B

un−1

R , x) > τ(B
ui−2

L , x), for any 5 ≤ i ≤ n− 4

and from (3.40) we have

deg(u3) ≥ deg(un−2) ≥ max {deg(u4), . . . , deg(un−3)} .

Suppose that for all integers 1 ≤ j < n:
(a) If j is odd, then

τ(B
uj−1

L , x) ≥ τ(B
un−j+2

R , x) > τ(B
ui−2

L , x), for any j + 2 ≤ i ≤ n− j − 1,
(3.41)

and

deg(uj) ≥ deg(un−j+1) ≥ max {deg(uj+1), . . . , deg(un−j)} . (3.42)

(b) If j is even, then

τ(B
uj−1

L , x) ≤ τ(B
un−j+2

R , x) < τ(B
ui−2

L , x), for any j + 2 ≤ i ≤ n− j − 1
(3.43)

and

deg(uj) ≤ deg(un−j+1) ≤ min {deg(uj+1), . . . , deg(un−j)} . (3.44)

(i) Suppose j is odd. Then, from (3.41) and (3.42) we have τ(B
uj−1

L , x) ≥
τ(B

un−j+2

R , x) and deg(uj) ≥ deg(un−j+1). Hence,

τ(B
uj

L , x) =
1

1 + x

deg(uj)− 2 + τ(B

uj−1

L , x)
�

≤ 1

1 + x

deg(un−j+1)− 2 + τ(B

un−j+2

R , x)
� = τ(B

un−j+1

R , x).

Therefore,
τ(B

uj

L , x) ≤ τ(B
un−j+1

R , x). (3.45)

By Lemma 3.4, τ(Buj

L , x) = τ(B
un−j+1

R , x) if and only if Buj

L ≈r B
un−j+1

R , in
such a case deg(uj) = deg(un−j+1) and τ(B

uj−1

L , x) =
τ(B

un−j+2

R , x). Otherwise, τ(Buj

L , x) < τ(B
un−j+1

R , x). If τ(Buj

L , x) =
τ(B

un−j+1

R , x), then we choose deg(uj+1) ≤ deg(un−j). Otherwise τ(B
uj

L , x)
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< τ(B
un−j+1

R , x) and by Lemma 3.31, we must have deg(uj+1) ≤ deg(un−j).
Hence,

deg(uj+1) ≤ deg(un−j). (3.46)

From (3.41), we have τ(B
un−j+2

R , x) > τ(B
ui−2

L , x), for any j + 2 ≤ i ≤
n− j − 1. Then, by Lemma 3.31, we must have deg(un−j+1) ≥ deg(ui−1)
and hence,

τ(B
un−j+1

R , x) =
1

1 + x

deg(un−j+1)− 2 + τ(B

un−j+2

R , x)
�

<
1

1 + x (deg(ui−1)− 2 + τ(B
ui−2

L , x))
= τ(B

ui−1

L , x).

Therefore,

τ(B
un−j+1

R , x) < τ(B
ui−1

L , x), for any j + 2 ≤ i ≤ n− j − 1. (3.47)

Hence, from (3.45) and (3.47) we get

τ(B
uj

L , x) ≤ τ(B
un−j+1

R , x) < τ(B
ui−1

L , x), for any j+2 ≤ i ≤ n−j−1. (3.48)

From (3.48) we have τ(B
un−j+1

R , x) < τ(B
ui−1

L , x). By Lemma 3.31, we
must have deg(un−j) ≤ deg(ui). Hence

deg(un−j) ≤ min {deg(uj+2), . . . , deg(un−j−1)} . (3.49)

Therefore, from (3.46) and (3.49) we must have

deg(uj+1) ≤ deg(un−j) ≤ min {deg(uj+2), . . . , deg(un−j−1)} . (3.50)

Hence, from (3.48) and (3.50) if j is odd, then

τ(B
uj

L , x) ≤ τ(B
un−j+1

R , x) < τ(B
ui−1

L , x), for any j + 2 ≤ i ≤ n− j − 1

and
deg(uj+1) ≤ deg(un−j) ≤ min {deg(uj+2), . . . , deg(un−j−1)} .

(ii) Suppose j is even. From (3.43) and (3.44) we have τ(B
uj−1

L , x) ≤
τ(B

un−j+2

R , x) and deg(uj) ≤ deg(un−j+1). Then,

τ(B
uj

L , x) =
1

1 + x

deg(uj)− 2 + τ(B

uj−1

L , x)
�

≥ 1

1 + x

deg(un−j+1)− 2 + τ(B

un−j+2

R , x)
� = τ(B

un−j+1

R , x).

Therefore,
τ(B

uj

L , x) ≥ τ(B
un−j+1

R , x). (3.51)
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By Lemma 3.4, τ(Buj

L , x) = τ(B
un−j+1

R , x) if and only if Buj

L ≈r B
un−j+1

R , in
such a case deg(uj) = deg(un−j+1) and τ(B

uj−1

L , x) =
τ(B

un−j+2

R , x). Otherwise τ(B
uj

L , x) > τ(B
un−j+1

R , x). If τ(Buj

L , x)
= τ(B

un−j+1

R , x), then we choose deg(uj+1) ≥ deg(un−j). Otherwise,
τ(B

uj

L , x) > τ(B
un−j+1

R , x) and by Lemma 3.31, we must have deg(uj+1) ≥
deg(un−j). Hence,

deg(uj+1) ≥ deg(un−j). (3.52)

From (3.43) we have τ(B
un−j+2

R , x) < τ(B
ui−2

L , x), for any j + 2 ≤ i ≤
n − j − 1. By Lemma 3.31, we must have deg(un−j+1) ≤ deg(ui−1) and
hence

τ(B
un−j+1

R , x) =
1

1 + x

deg(un−j+1)− 2 + τ(B

un−j+2

R , x)
�

>
1

1 + x (deg(ui−1)− 2 + τ(B
ui−2

L , x))
= τ(B

ui−1

L , x).

Therefore,

τ(B
un−j+1

R , x) > τ(B
ui−1

L , x), for any j + 2 ≤ i ≤ n− j − 1. (3.53)

Hence, from (3.51) and (3.53) we must have

τ(B
uj

L , x) ≥ τ(B
un−j+1

R , x) > τ(B
ui−1

L , x), for any j+2 ≤ i ≤ n−j−1. (3.54)

From (3.54) we have τ(B
un−j+1

R , x) > τ(B
ui−1

L , x), for any j + 2 ≤ i ≤
n− j − 1. By Lemma 3.31, we must have deg(un−j) ≥ deg(ui). Hence

deg(un−j) ≥ max {deg(uj+2), . . . , deg(un−j−1)} . (3.55)

From (3.52) and (3.55) we have

deg(uj+1) ≥ deg(un−j) ≥ max {deg(uj+2), . . . , deg(un−j−1)} . (3.56)

Hence, from (3.54) and (3.56) if j is even, then

τ(B
uj

L , x) ≥ τ(B
un−j+1

R , x) > τ(B
ui−1

L , x), for all j + 2 ≤ i ≤ n− j − 1

and

deg(uj+1) ≥ deg(un−j) ≥ max {deg(uj+2), . . . , deg(un−j−1)} .
□

Remark 3.36 In Chapter 1, we saw that if T and T
′ are trees, such

that M(T, x) ≤ M(T
′
, x) for all positive x ∈ R, then

Z(T ) = M(T, 1) ≤ M(T
′
, 1) = Z(T

′
),

and

En(T ) =
2

π

Z +∞

0

1

x2
lnM(T, x2)dx ≤ 2

π

Z +∞

0

1

x2
lnM(T

′
, x2)dx = En(T

′
).

Then, from Theorem 3.35 we deduce the following theorem.
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Theorem 3.37 Let CD be the set of all caterpillars with reduced degr-
ee sequence D. Then, Z(S(D)) ≤ Z(H) and En(S(D)) ≤ En(H) for all
H ∈ CD.

Lemma 3.38 Let i, j and n be positive integers such that 1 ≤ i < j ≤
n. Let D = (d1, . . . , di, . . . , dj, . . . , dn) be reduced degree sequence of a
caterpillar C, such that di ≥ dj > 2. Decompose S(D) as in Figure 3.26,
with B, B

′ and H non-empty. Let v and w be vertices of S(D) such
that deg(v) = di and deg(w) = dj. Let w′ be a leaf adjacent to w. Let G
be obtained from S(D) by removing the edge ww′ and then adding the
edge vw′. If either (i) di > dj or (ii) di = dj and M(H−w, x) ≥ M(H−v, x),
then

M(S(D), x) > M(G, x) ≥ M(S(D′
), x),

where D
′
= (d1, . . . , di−1, di + 1, di+1, . . . , dj−1, dj − 1, dj+1, . . . , dn).

Figure 3.26: Decomposition of the caterpillar S(D) in Lemma 3.38.

Proof. Let d = di − 2 and d
′
= dj − 2. Suppose deg(v) = di > dj = deg(w).

Then, d > d
′. Since S(D) is minimal with respect to M(., x) and d > d

′,
then by Lemma 3.31 (ii) and (iii), we must have τ(B, x) ≥ τ(B

′
, x) and

M(H − v, x) ≤ M(H − w, x). From Equation (3.2), we have

M(S(D), x) = M(B, x)M(B
′
, x)
h
M(H, x) + dd

′
x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x) +Mw

v (S(D), x)
i

where,

Mw
v (S(D), x) = x

h�
d

′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

and

M(G, x) = M(B, x)M(B
′
, x)
h
M(H, x) + (d+ 1)(d

′ − 1)x2M(H − {v, w}, x)
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+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x) +Mw

v (G, x)
i

where,

Mw
v (G, x)

= x
h�

d
′
+ τ(B

′
, x)− 1

�
M(H − w, x) + (d+ τ(B, x) + 1)M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
(d+ 1)τ (B

′
, x) +

�
d

′ − 1
�
τ(B, x)

i
.

Then,

M(S(D), x)−M(G, x)

= M(B, x)M(B
′
, x)
h�

dd
′ − (d+ 1)

�
d

′ − 1
��

x2M(H − {v, w}, x)
+Mw

v (S(D), x)−Mw
v (G, x)]

= M(B, x)M(B
′
, x)
h�

dd
′ − dd

′
+ d− d

′
+ 1

�
x2M(H − {v, w}, x)

+Mw
v (S(D), x)−Mw

v (G, x)]

= M(B, x)M(B
′
, x)
h�

d− d
′
+ 1

�
x2M(H − {v, w}, x)

+Mw
v (S(D), x)−Mw

v (G, x)] .

But,

Mw
v (S(D), x)−Mw

v (G, x)

= x
h�

d
′
+ τ(B

′
, x)−

�
d

′
+ τ(B

′
, x)− 1

��
M(H − w, x)

+ ((d+ τ(B, x))− (d+ τ(B, x) + 1))M(H − v, x)]

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

−(d+ 1)τ (B
′
, x)− (d

′ − 1)τ(B, x)
i

= x [M(H − w, x)−M(H − v, x)] + x2M(H − {v, w}, x)
h
τ(B, x)− τ(B

′
, x)
i
.

Therefore,

M(S(D), x)−M(G, x)

= M(B, x)M(B
′
, x)
h�

d− d
′
+ 1

�
x2M(H − {v, w}, x)

+x [M(H − w, x)−M(H − v, x)]

+ x2M(H − {v, w}, x)
h
τ(B, x)− τ(B

′
, x)
ii

= M(B, x)M(B
′
, x)

�
x2M(H − {v, w}, x) [(d+ τ(B, x) + 1)

−
�
d

′
+ τ(B

′
, x)

�i
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+ x (M(H − w, x)−M(H − v, x))]

> 0, since x > 0, 0 < τ(B, x), τ(B
′
, x) ≤ 1, d > d

′
and M(H − w, x) ≥

M(H − v, x).

Suppose di = dj and M(H − w, x) ≥ M(H − v, x). Then, d = d
′ and

M(S(D), x)−M(G, x)

= M(B, x)M(B
′
, x)

�
x2M(H − {v, w}, x) [(d+ τ(B, x) + 1)

−
�
d

′
+ τ(B

′
, x)

�i
+ x (M(H − w, x)−M(H − v, x))]

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
τ(B, x) + 1− τ(B

′
, x)

�

+ x (M(H − w, x)−M(H − v, x))]

> 0, since x > 0, 0 < τ(B, x), τ(B
′
, x) ≤ 1 and M(H − w, x) ≥

M(H− v, x). Hence M(S(D), x) > M(G, x). Since S(D′
) and G have the

same reduced degree sequence D
′ and are both caterpillars, then

by Theorem 3.35, we must have M(G, x) ≥ M(S(D′
), x). Hence, we

conclude
M(S(D), x) > M(G, x) ≥ M(S(D′

), x).

□

Lemma 3.39 Let G be a caterpillar and be decomposed as in Figure
3.1, with B, B

′ and H non-empty. Let G
′ be obtained from G by

removing the edge wr(B
′
) and then adding the edge vr(B

′
). Suppose

G is minimal with respect to M(., x). If either

1.) τ(B, x) > τ(B
′
, x),

2.) d > d
′, or

3.) τ(B, x) = τ(B
′
, x), d = d

′ and M(H − v, x) ≤ M(H − w, x),
then

M(G, x) > M(G
′
, x).

Proof. Suppose G is a caterpillar and decomposed as in Figure 3.1.
Suppose G is minimal with respect to M(., x). Suppose τ(B, x) >
τ(B

′
, x), then by Lemma 3.31 (i), we must have d ≥ d

′ and M(H −
v, x) ≤ M(H − w, x). Suppose d > d

′, then by Lemma 3.31 (ii) and
(iii), we must have M(H − v, x) ≤ M(H − w, x). Therefore, if 1.), 2.)
or 3.) holds, then d ≥ d

′ and M(H − v, x) ≤ M(H − w, x). G
′ can be

decomposed as in Figure 3.27. Then,

M(G
′
, x) = M(G

′ − vr(B), x) + xM(G
′ − {v, r(B)}, x)
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Figure 3.27: Decomposition of the tree G
′
in the proof of Lemma 3.39.

= M(B, x)M(F ′, x) + xM(G
′ − {v, r(B)}, x)

= M(B, x)M(F ′, x) + xM(B − r(B), x)M(B
′
, x)M(T − v, x)

= M(B, x)
h
M(F ′ − vr(B

′
), x) + xM(F ′ − {v, r(B′

)}, x)
i

+ xM(B − r(B), x)M(B
′
, x)M(T − v, x)

= M(B, x)
h
M(B

′
, x)M(T, x) + xM(B

′ − r(B
′
), x)M(T − v, x)

i

+ xM(B − r(B), x)M(B
′
, x)M(T − v, x)

= M(B, x)M(B
′
, x)M(T, x)

+ xM(B, x)M(B
′ − r(B

′
), x)M(T − v, x)

+ xM(B − r(B), x)M(B
′
, x)M(T − v, x)

Therefore,

M(G
′
, x)

= M(B, x)M(B
′
, x)M(T, x) + xM(B, x)M(B

′ − r(B
′
), x)M(T − v, x)

+ xM(B − r(B), x)M(B
′
, x)M(T − v, x)

and

M(G, x)

= M(B, x)M(B
′
, x)M(T, x) + xM(B, x)M(B

′ − r(B
′
), x)M(T − w, x)

+ xM(B
′
, x)M(B − r(B), x)M(T − v, x)

+ x2M(B − r(B), x)M(B
′ − r(B

′
), x)M(T − {v, w}, x).

Then,

M(G, x)−M(G
′
, x)
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= xM(B, x)M(B
′ − r(B

′
), x) [M(T − w, x)−M(T − v, x)]

+ x2M(B − r(B), x)M(B
′ − r(B

′
), x)M(T − {v, w}, x)

= xM(B, x)M(B
′ − r(B

′
), x) [M(H − w, x) + dxM(H − {v, w}, x)

− M(H − v, x)− d
′
xM(H − {v, w}, x)

i

+ x2M(B − r(B), x)M(B
′ − r(B

′
), x)M(H − {v, w}, x)

= xM(B, x)M(B
′ − r(B

′
), x) [M(H − w, x)−M(H − v, x)

+xM(H − {v, w}, x)(d− d
′
)
i

+ x2M(B − r(B), x)M(B
′ − r(B

′
), x)M(H − {v, w}, x) > 0,

since x > 0,M(B−r(B), x),M(B
′ −r(B

′
), x),M(H−{v, w}, x) > 0,M(H−

w, x) ≥ M(H − v, x) and d ≥ d
′
. □

Lemma 3.40 Let G be a caterpillar and be decomposed as in Figure
3.1, with B, B′ and H non-empty. Let w′ be a leaf adjacent to w. Let
G

′ be obtained from G by removing the edge ww′ and then adding the
edge vw

′. If τ(B, x) ≥ τ(B
′
, x), d ≥ d

′ and M(H − v, x) ≤ M(H − w, x),
then M(G, x) > M(G

′
, x).

Proof. Suppose B, B
′ and H are non-empty. Suppose τ(B, x) ≥

τ(B
′
, x), d ≥ d

′ and M(H − v, x) ≤ M(H − w, x).

M(G, x) = M(B, x)M(B
′
, x)
h
M(H, x) + dd

′
x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x) +Mw

v (G, x)
i

and

M(G
′
, x)

= M(B, x)M(B
′
, x)
h
M(H, x) + (d+ 1)

�
d

′ − 1
�
x2M(H − {v, w}, x)

+ x2τ(B, x)τ(B
′
, x)M(H − {v, w}, x) +Mw

v (G
′
, x)
i
.

Then,

M(G, x)−M(G
′
, x)

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
dd

′ − (d+ 1)
�
d

′ − 1
��

+ Mw
v (G, x)−Mw

v (G
′
, x)
i

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
dd

′ −
�
dd

′ − d+ d
′ − 1

��

+ Mw
v (G, x)−Mw

v (G
′
, x)
i
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= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d− d

′
+ 1

�

+ Mw
v (G, x)−Mw

v (G
′
, x)
i
.

But

Mw
v (G, x)−Mw

v (G
′
, x)

= x
h�

d
′
+ τ(B

′
, x)

�
M(H − w, x) + (d+ τ(B, x))M(H − v, x)

i

+ x2M(H − {v, w}, x)
h
dτ(B

′
, x) + d

′
τ(B, x)

i

− x
h�

d
′
+ τ(B

′
, x)− 1

�
M(H − w, x) + (d+ τ(B, x) + 1)M(H − v, x)

i

− x2M(H − {v, w}, x)
h
(d+ 1)τ(B

′
, x) +

�
d

′ − 1
�
τ(B, x)

i

= x [M(H − w, x)−M(H − v, x)] + x2M(H − {v, w}, x)
h
τ(B, x)− τ(B

′
, x)
i
.

This implies that,

M(G, x)−M(G
′
, x)

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d− d

′
+ 1

�

+ x [M(H − w, x)−M(H − v, x)] + x2M(H − {v, w}, x)
h
τ(B, x)− τ(B

′
, x)
i

= M(B, x)M(B
′
, x)
h
x2M(H − {v, w}, x)

�
d+ τ(B, x) + 1−

�
d

′
+ τ(B

′
, x)

��

+ x [M(H − w, x)−M(H − v, x)]]

> 0, since d ≥ d
′
, τ(B, x) ≥ τ(B

′
, x) and M(H − w, x) ≥ M(H − v, x).

□

Theorem 3.41 Let (y1, . . . , yn) and (d1, . . . , dn) be two degree sequences

of caterpillars. If (y1, . . . , yn) ≺ (d1, . . . , dn) and
nX

i=1

yi =
nX

i=1

di, then for all

x > 0 we have

M(S(y1, . . . , yn), x) > M(S(d1, . . . , dn), x)

and hence,
Z(S(y1, . . . , yn)) > Z(S(d1, . . . , dn))

and
En(S(y1, . . . , yn)) > En(S(d1, . . . , dn)).

Proof. Suppose Y = (y1, . . . , yn) and D = (d1, . . . , dn) are two degree

sequences of caterpillars, Y ≺ D and
nX

i=1

yi =
nX

i=1

di. Then, there
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exists i0, such that di0 ̸= yi0. In fact, the set I = {i : di ̸= yi} must have

at least two elements, otherwise
nX

i=1

yi =
nX

i=1

di would be impossible.

Let l = min{i : di ̸= yi} and m = max{i : di ̸= yi}. We must have
ym > dm ≥ 1 and we must also have dl > yl. We define

Y1 = (y1, . . . , yl−1, yl + 1, yl+1, . . . , ym−1, ym − 1, ym+1, . . . , yn).

Note that Y1 is still a valid degree sequence. If l > 1, then yl−1 = dl−1 ≥
dl ≥ yl+1 > dm+1 ≥ 2 and if l = 1, then dl ≥ yl+1 > dm+1 ≥ 2. If m < n,
then ym − 1 ≥ dm ≥ dm+1 = ym+1 ≥ 1 and if m = n, then ym − 1 ≥ dm ≥ 1.
It is clear that Y ≺ Y1. If ym > 2, then by applying Lemma 3.38 to
S(Y ), we know that there exists a caterpillar G with degree sequence
Y1 such that

M(S(Y ), x) > M(G, x) ≥ M(S(Y1), x).

Otherwise ym = 2. In such case, decompose S(Y ) as in Figure 3.28,
with B non-empty, deg(v) = yl and deg(w) = ym = 2. In view of the

Figure 3.28: Decomposition of the caterpillar S(Y ) in the proof of
Theorem 3.41.

structure of S(Y ), we can choose w so that deg(r(B′
)) ≥ deg(u′), for all

non-leaf vertices u
′ in S(Y ). Since

τ(B
′
, x) =

1

1 + x (deg(r(B′))− 1)
,

τ(Bu′
L , x) =

1

1 + x (deg(u′)− 2 + τ(B∗, x))
, for some branch B∗ in Bu′

L

and deg(r(B
′
)) ≥ deg(u′), for all non-leaf vertices u

′ in S(Y ), then
τ(B

′
, x) ≤ τ(Bu′

L , x), with equality if and only if deg(u′) = deg(r(B
′
)), u′ is

a pseudo leaf and u′ is not r(B′
). Let G be a caterpillar obtained from

S(Y ), by removing the edge wr(B
′
) and then adding the edge w

′
r(B

′
).

Since deg(w
′
) ≥ 2 = deg(w), τ(Bu′

L , x) ≥ τ(B
′
, x) and M(H ′ − w

′
, x) =
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M(H ′ − w, x) (H ′ is the two vertex path with end vertices w and w
′),

then by Lemma 3.39, we must have M(S(Y ), x) > M(G, x).

Note that τ(B, x) ≥ τ(B
′
, x). Let w′′ be a leaf adjacent to w

′ in G. Let
G

′ be a caterpillar obtained from G as follows: if deg(v) ≥ deg(w
′
) and

M(H − v, x) ≤ M(H − w
′
, x), then remove the edge w

′
w′′ and then add

the edge vw′′. Otherwise, deg(v) ≤ deg(w
′
) or M(H−v, x) ≥ M(H−w

′
, x).

If deg(v) ≤ deg(w
′
) and M(H−v, x) ≥ M(H−w

′
, x), then swap B and B

′,
remove the edge w

′
w′′ and then add the edge vw′′. If deg(v) > deg(w

′
)

and M(H−v, x) ≥ M(H−w
′
, x), then flip H, remove the edge w

′
w′′ and

then add the edge vw′′ (note that when flipping H, we assume v and
w are fixed in their original positions in G). If deg(v) ≤ deg(w

′
) and

M(H − v, x) < M(H − w
′
, x), then swap d and d

′
+ 1, remove the edge

w
′
w′′ and then add the edge vw′′. Then, by Lemmas 3.31 and 3.40,

we must have M(G, x) > M(G
′
, x) and the degree sequence of G′ is Y1.

Hence, by Theorem 3.35,

M(S(Y ), x) > M(G, x) > M(G
′
, x) ≥ M(S(Y1), x).

Note that the degree sequence of G is not Y1 and not Y .

If Y1 = D, then we are done. Otherwise, we iterate the process.
We set Y = Y0, and if k is a positive integer and Yk ̸= D, then we
construct Yk+1 in exactly the same way as Y1 was constructed from

Y . After a finite number J =
1

2

X

i∈I
|di − yi| of iterations, we will get the

chain
Y = Y0 ≺ Y1 ≺ · · · ≺ YJ−1 ≺ YJ = D.

For any k ∈ {1, . . . , J −1}, we can apply Lemmas 3.31, 3.38 and 3.40,
with Theorem 3.35 to S(Yk) as we did above, to deduce that there
exists a caterpillar Gk+1 with degree sequence Yk+1 such that

M(S(Yk), x) > M(Gk+1, x) ≥ M(S(Yk+1), x).

Hence

M(S(Y ), x) > M(S(Y1), x) > · · · > M(S(YJ), x) = M(S(D), x).

□
Since Z(T ) = M(T, 1) and En(T ) = 2

π

R∞
0

dx
x2 logM(T, x2), for some tree

T of order n Then, If T is minimal with respect to M(., x), then T is
also minimal with respect to Z(T ) and En(T ).
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Corollary 3.42 For any caterpillar C of order n and diameter m(≤
n− 1), we have

M(C, x) ≥ M(S(d, 2, . . . , 2| {z }
m−2

), x), for all positive x ∈ R

and hence
Z(C) ≥ Z(S(d, 2, . . . , 2| {z }

m−2

))

and
En(C) ≥ En(S(d, 2, . . . , 2| {z }

m−2

)),

with equality if and only if C ∼= S(d, 2, . . . , 2| {z }
m−2

), where d = n−m+ 1.

Remark 3.43 Let

D = (d, . . . , d| {z }
k

, r, 2, . . . , 2| {z }
m−k−1

) =





(d, . . . , d| {z }
k

, r, 2 . . . , 2| {z }
m−k−1

), if d > r ≥ 2

(d, . . . , d| {z }
k

, 2, . . . , 2| {z }
m−k−1

), if d > 1 ≥ r

be a reduced degree sequence of a caterpillar G, with diameter m
and order n. Then,

n =

(
kd+ 2(m− k − 1) + r − 2− (m− 3), if d > r ≥ 2

kd+ 2(m− k − 1)− (m− 3), if d > 1 ≥ r

= kd+ 2(m− k − 1) + max {r − 2, 0}− (m− 3)

= kd+ 2m− 2k − 2 + max {r − 2, 0}−m+ 3

= kd+m− 2k + 1 +max {r − 2, 0}
= k(d− 2) +m+max {r − 1, 1} .

Therefore,

n = k(d− 2) +m+max {r − 1, 1} =

(
k(d− 2) +m+ r − 1, if r ≥ 2

k(d− 2) +m+ 1, if r ≤ 1.

Then,

k =
n−m−max {r − 1, 1}

d− 2
=

n−m− 1−max {r − 2, 0}
d− 2

=
n−m− 1

d− 2
− max {r − 2, 0}

d− 2
=

�
n−m− 1

d− 2

�
,
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since k is a whole number and max {r − 2, 0} < d− 2. Hence,

k =





n−m−1
d−2

, if r ≤ 1
�
n−m−1
d−2

�
, otherwise.

Then,

r =




n+ (m− 3)− kd− 2(m− k − 1), if k = n−m−1

d−2

n+ (m− 3)− kd− 2(m− k − 2), otherwise

=




0, if k = n−m−1

d−2

n−m− k(d− 2) + 1, otherwise

=




0, if k = n−m−1

d−2

n−m−
�
n−m−1
d−2

�
(d− 2) + 1, otherwise.

Therefore, k =
�
n−m−1
d−2

�
and

r =




0, if k = n−m−1

d−2

n−m−
�
n−m−1
d−2

�
(d− 2) + 1, otherwise.

Corollary 3.44 For any caterpillar C of order n, diameter m(≤ n − 1)
and vertex degree at most d ≤ n−m+ 1, we have

M(C, x) ≥ M(S(d, . . . , d| {z }
k

, r, 2, . . . , 2| {z }
m−k−1

), x), for all positive x ∈ R

and hence
En(C) ≥ En(S(d, . . . , d| {z }

k

, r, 2, . . . , 2| {z }
m−k−1

))

and
Z(C) ≥ Z(S(d, . . . , d| {z }

k

, r, 2, . . . , 2| {z }
m−k−1

)),

with equality if and only if C ∼= S(d, . . . , d| {z }
k

, r, 2, . . . , 2| {z }
m−k−1

), where k =
�
n−m−1
d−2

�

and r =




0, if k = n−m−1

d−2

n−m−
�
n−m−1
d−2

�
(d− 2) + 1, otherwise.
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Remark 3.45 Let

D = (d, . . . , d| {z }
k

, r) =





(d, . . . , d| {z }
k

), if d > 1 ≥ r

(d, . . . , d| {z }
k

, r), if d > r ≥ 2

be a reduced degree sequence of a caterpillar G, with order n. Then,

n =




kd− (k − 2), if r < 2

kd+ r − (k − 1), otherwise
=




k(d− 1) + 2, if r < 2

k(d− 1) + r + 1, otherwise

= k(d− 1) + max {2, r + 1} .

Therefore, n = k(d− 1) + max {2, r + 1}. Then,

k =
n−max {2, r + 1}

d− 1
=

n− 2−max {0, r − 1}
d− 1

=
n− 2

d− 1
− max {0, r − 1}

d− 1

=

�
n− 2

d− 1

�
,

since d− 1 > max {0, r − 1} and k is a whole number. Hence, k =
�
n−2
d−1

�

and

r =




0, if k = n−2

d−1

n− k(d− 1)− 1, otherwise
=




0, if k = n−2

d−1

n−
�
n−2
d−1

�
(d− 1)− 1, otherwise.

Corollary 3.46 For any caterpillar C of order n and vertex degree of
at most d ≤ n−m+ 1, we have

M(C, x) ≥ M(S(d, . . . , d| {z }
k

, r), x), for all positive x ∈ R

and hence
En(C) ≥ En(S(d, . . . , d| {z }

k

, r))

and
Z(C) ≥ Z(S(d, . . . , d| {z }

k

, r)),

with equality if and only if C ∼= S(d, . . . , d| {z }
k

, r), where k =
�
n−2
d−1

�
and

r =




0, if k = n−2

d−1
∈ Z

n−
�
n−2
d−1

�
(d− 1)− 1, otherwise.



4 | Extremal caterpillars with
respect to the Merrifield-
Simmons index

Let G be a graph of order n and µ(G, k) the number of independent
vertex subsets of order k in G. Recall that σ(G, x) is defined to be

σ(G, x) =
X

k≥0

µ(G, k)xk, for all positive x ∈ R

and
σ(G) = σ(G, 1).

In this chapter, we derive a formula for the auxiliary invarinat σ(G, x)
of a caterpillar G, and this formula is used to characterize extremal
caterpillars relative to σ(., x) and Merrifield-Simmons index.

4.1 A formula for the auxiliary invarinat
σ(G, x) of a caterpillar G

Let G be a caterpillar and be decomposed as in Figure 3.1. Let v
′ be

a neighbor of v in H. Let w
′ be a neighbor of w in H. Then, using

Lemma 2.7 iteratively, we have

σ(G, x)

= σ(G− v, x) + xσ(G−N [v], x)

= σ(G− v, x) + xσ(G− {v, v1, v2, . . . , vd, v
′
, r(B)}, x)

= σ(G− v − w, x) + xσ(G− v −N [w], x)

+ xσ(G− {v, v1, v2, . . . , vd, v
′
, r(B)}, x)

= σ(G− {v, w}, x) + xσ(G− {v, w, w1, w2, . . . , wd′ , w
′
, r(B

′
)}, x)

+ xσ(G− {v, v1, v2, . . . , vd, v
′
, r(B)}, x)

104
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= σ(G− {v, w}, x) + xσ(G− {v, w, w1, w2, . . . , wd′ , w
′
, r(B

′
)}, x)

+ x
�
σ(G− {v, v1, v2, . . . , vd, v

′
, r(B)}− w, x) + xσ(G−N [v] ∪N [w], x)

�

= σ(G− {v, w}, x) + xσ(G− {v, w, w1, w2, . . . , wd′ , w
′
, r(B

′
)}, x)

+ xσ(G− {v, w, v1, v2, . . . , vd, v
′
, r(B)}, x)

+ x2σ(G− {v, v1, v2, . . . , vd, v
′
, r(B), w, w1, w2, . . . , wd′ , w

′
, r(B

′
)}, x)

= σ(B, x)σ(B
′
, x)σ(H − {v, w}, x)σ(v1, x) . . . σ(vd, x)σ(w1, x) . . . σ(wd

′ , x)

+ xσ(B, x)σ(B
′ − r(B

′
), x)σ(H − {v, w, w′}, x)σ(v1, x)σ(v2, x) . . . σ(vd, x)

+ xσ(B − r(B), x)σ(B
′
, x)σ(H − {v, v′

, w}, x)σ(w1, x)σ(w2, x) . . . σ(wd′ , x)

+ x2σ(B − r(B), x)σ(B
′ − r(B

′
), x)σ(H − {v, v′

, w, w
′}, x).

Since σ(v1, x) = σ(v2, x) = · · · = σ(vd, x) = σ(w1, x) = σ(w2, x) = · · · =
σ(wd

′ , x) = 1 + x, then

σ(G, x)

= σ(B, x)σ(B
′
, x)σ(H − {v, w}, x)(1 + x)d+d

′

+ xσ(B, x)σ(B
′ − r(B

′
), x)σ(H − {v, w, w′}, x)(1 + x)d

+ xσ(B − r(B), x)σ(B
′
, x)σ(H − {v, v′

, w}, x)(1 + x)d
′

+ x2σ(B − r(B), x)σ(B
′ − r(B

′
), x)σ(H − {v, v′

, w, w
′}, x)

= σ(B, x)σ(B
′
, x)
h
σ(H − {v, w}, x)(1 + x)d+d

′

+ x
σ(B

′ − r(B
′
), x)

σ(B′ , x)
σ(H − {v, w, w′}, x)(1 + x)d

+ x
σ(B − r(B), x)

σ(B, x)
σ(H − {v, v′

, w}, x)(1 + x)d
′

+ x2σ(B − r(B), x)

σ(B, x)

σ(B
′ − r(B

′
), x)

σ(B′ , x)
σ(H − {v, v′

, w, w
′}, x)

�

= σ(B, x)σ(B
′
, x)
h
σ(H − {v, w}, x)(1 + x)d+d

′

+ xρ(B
′
, x)σ(H − {v, w, w′}, x)(1 + x)d

+ xρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′

+ x2ρ(B, x)ρ(B
′
, x)σ(H − {v, v′

, w, w
′}, x)

i
.

Therefore,

σ(G, x)

= σ(B, x)σ(B
′
, x)
h
σ(H − {v, w}, x)(1 + x)d+d

′
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+ xρ(B
′
, x)σ(H − {v, w, w′}, x)(1 + x)d

+ xρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′

+ x2ρ(B, x)ρ(B
′
, x)σ(H − {v, v′

, w, w
′}, x)

i
. (4.1)

Definition 4.1 Let G be a caterpillar and be decomposed as in Figure
3.1, v′ the neighbor of v and w

′ the neighbor of w. Then, define

σw
v (G, x)

= x
h
ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d

+ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′i
.

Then,

σ(G, x) = σ(B, x)σ(B
′
, x)
h
σ(H − {v, w}, x)(1 + x)d+d

′
+ σw

v (G, x)

+ x2ρ(B, x)ρ(B
′
, x)σ(H − {v, v′

, w, w
′}, x)

i
. (4.2)

4.2 Caterpillar with given degree sequence
and maximum σ(G, x)

Let G be a graph of order n and µ(G, k) the number of independent
vertex subsets of order k in G. Recall that σ(G, x) is defined to be

σ(G, x) =
X

k≥0

µ(G, k)xk, for all positive x ∈ R

and
σ(G) = σ(G, 1).

In this section we prove that caterpillar S(D) also has maximum
σ(., x) and hence maximum Merrifield-Simmons index σ, among all
caterpi-llars with degree sequence D. Then, we compare the two
caterpillars S(D) and S(Y ) i.e. σ(S(D), x) with σ(S(Y ), x) and σ(S(D))
with σ(S(Y )), where the degree sequence Y is majorized by the degree
sequence D. We say G is maximal with regard to an invariant F (G), if
and only if F (G) = max{F (C) : C ∈ CD}, where D is a degree sequence
of G.

The following simple technical lemma will play central role as we
try to find out what exchange of branches increases σ(., x).
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Lemma 4.2 Let x1, x2, y1, y2, z1 and z2 be nonnegative real numbers
such that x1 ≤ x2, y1 ≤ y2 and z1 ≤ z2. Then,

x1y1z1 + x2y2z2 ≥ max{x1y1z2 + x2y2z1, x1y2z1 + x2y1z2, x1y2z2 + x2y1z1}.

Proof. Since x1 ≤ x2, y1 ≤ y2 and z1 ≤ z2, then

(i) x1y1z1 + x2y2z2 − (x1y1z2 + x2y2z1) = x1y1(z1 − z2) + x2y2(z2 − z1)

= −x1y1(z2 − z1) + x2y2(z2 − z1)

= (z2 − z1)(x2y2 − x1y1) ≥ 0,

(ii) x1y1z1 + x2y2z2 − (x1y2z1 + x2y1z2) = x1z1(y1 − y2) + x2z2(y2 − y1)

= −x1z1(y2 − y1) + x2z2(y2 − y1)

= (y2 − y1)(x2z2 − x1z1) ≥ 0,

and

(iii) x1y1z1 + x2y2z2 − (x1y2z2 + x2y1z1) = x1(y1z1 − y2z2) + x2(y2z2 − y1z1)

= −x1(y2z2 − y1z1) + x2(y2z2 − y1z1)

= (x2 − x1)(y2z2 − y1z1) ≥ 0.

Hence,

x1y1z1 + x2y2z2 ≥ max{x1y1z2 + x2y2z1, x1y2z1 + x2y1z2, x1y2z2 + x2y1z1}.

□

Lemma 4.3 Let G be a caterpillar and be decomposed as in Figure
3.1, with both B and B

′ non-empty. Let v
′ be a neighbor of v in H

and w
′ be a neighbor of w in H. If G is maximal with respect to σ(., x)

and ρ(B
′
, x) > ρ(B, x), then σ(H − {v, w, w′}, x) ≥ σ(H − {v, v′

, w}, x) and
d

′ ≤ d.

Proof. Let G be a caterpillar and be decomposed as in Figure 3.1,
with both B and B

′ non-empty. Let v
′ be a neighbor of v in H and

w
′ be a neighbor of w in H. Suppose G is maximal with respect

to σ(., x). In particular, σ(G, x) has the largest value among all the
possible swappings of branches and flippings of H in G. That is, the
swapping of B and B

′, the swapping of d and d
′, and/or the flipping

of H in G.

Suppose ρ(B
′
, x) > ρ(B, x). Equation (4.2) suggests that the swapping

of B and B
′, the swapping of d and d

′ and/or the flipping of H in G
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only affect σw
v (G, x) in σ(G, x). This implies that the maximality of

σw
v (G, x) implies the maximality of σ(G, x). Since ρ(B

′
, x) > ρ(B, x) and

σw
v (G, x) =

x
h
ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d + ρ(B, x)σ(H − {v, v′

, w}, x)(1 + x)d
′i
,

then by Lemma 4.2, σw
v (G, x) is maximal if and only if

σ(H − {v, w, w′}, x) ≥ σ(H − {v, v′
, w}, x)

and d ≥ d
′. □

Lemma 4.4 Let G be a caterpillar. Label all the non-leaf vertices in G
from left to right as u1, u2, . . . , uℓ. If G is maximal with respect to σ(., x),
then u1 and uℓ have the largest degrees in G.

Proof. If ℓ = 1, then G is a star and has only one non-leaf vertex,
which is of highest degree. If ℓ = 2, then G has two non-leaf vertices
and they have the largest degrees in G. If ℓ ≥ 3, then decompose G as
in Figure 3.1 with B a leaf adjacent to u1 and B

′ a complete branch
of G such that B

′ contains neither u1 nor u2 and the root of B′ is ui

for 3 ≤ i ≤ ℓ. Then, B′ is neither empty nor a leaf. Since B is a leaf
and B

′ is neither empty nor a leaf, then by Lemma 2.9 and Remark
2.10,

ρ(B, x) =
1

1 + x
< ρ(B

′
, x).

Since ρ(B, x) < ρ(B
′
, x), then by Lemma 4.3, deg(u1) ≥ deg(ui−1).

Hence deg(u1) ≥ max{deg(ui) : 2 ≤ i ≤ ℓ− 1}. Same reasoning leads to
deg(uℓ) ≥ max{deg(ui) : 2 ≤ i ≤ ℓ− 1}. □

Lemma 4.5 Let B and B
′ be complete branches of a caterpillar G,

h(B) and h(B
′
) their respective heights. If h(B) = h(B

′
), then ρ(B, x) =

ρ(B
′
, x) if and only if B ≈r B

′.

Proof. It is clear that B ≈r B
′ implies ρ(B, x) = ρ(B

′
, x). We only

need to show that ρ(B, x) = ρ(B
′
, x) implies B ≈r B

′. Let r(B) and
r(B

′
) be the roots of B and B

′, respectively. Then, B and B
′ can be

decomposed as in Figure 3.2. Suppose h(B) = h(B
′
) = h. If h = 1 and

ρ(B, x) = ρ(B
′
, x), then

ρ(B, x) =
1

1 + x


1
1+x

�rd(B)
=

1

1 + x


1
1+x

�rd(B′ )
= ρ(B

′
, x).



CHAPTER 4. EXTREMAL CATERPILLARS WITH RESPECT TO THE
MERRIFIELD-SIMMONS INDEX 109

Then, 1+x


1
1+x

�rd(B)
= 1+x


1

1+x

�rd(B′
). Since x > 0, then rd(B) = rd(B

′
)

and thus B ≈r B
′. Suppose that for h = k ≥ 1, ρ(B, x) = ρ(B

′
, x)

implies B ≈r B
′. Then, for h = k + 1 we have

ρ(B, x) =
1

1 + x
Qrd(B)

i=1 ρ(Bi, x)
=

1

1 + x


1
1+x

�rd(B)−1
ρ(B1, x)

and
ρ(B

′
, x) =

1

1 + x


1
1+x

�rd(B′ )−1
ρ(B

′
1, x)

.

Then, suppose ρ(B, x) = ρ(B
′
, x). Then,

1 + x

�
1

1 + x

�rd(B)−1

ρ(B1, x) = 1 + x

�
1

1 + x

�rd(B
′
)−1

ρ(B
′
1, x).

Since x > 0, then

�
1

1 + x

�rd(B)−1

ρ(B1, x) =

�
1

1 + x

�rd(B
′
)−1

ρ(B
′
1, x)

and hence
�

1

1 + x

�rd(B)

ρ(B1, x) =

�
1

1 + x

�rd(B
′
)

ρ(B
′
1, x). (4.3)

Suppose that rd(B) ̸= rd(B
′
), without loss of generality assume rd(B)

> rd(B
′
). Then, rd(B) ≥ rd(B

′
)+1. Since B and B

′ are non-empty and
h ≥ 2, then B1 and B

′
1 are non-empty and by Lemma 2.9, we must

have

1

1 + x
≤ ρ(B1, x), ρ(B

′
1, x) ≤

1

1 + x


1
1+x

�max{rd(B1),rd(B
′
1)}

< 1. (4.4)

With rd(B) ≥ rd(B
′
) + 1 and Equation (4.4) we have,

�
1

1 + x

�rd(B)

ρ(B1, x) <

�
1

1 + x

�rd(B)

≤
�

1

1 + x

�rd(B
′
)+1

=

�
1

1 + x

�rd(B
′
) �

1

1 + x

�
≤

�
1

1 + x

�rd(B
′
)

ρ(B
′
1, x).

Therefore,

�
1

1 + x

�rd(B)

ρ(B1, x) <

�
1

1 + x

�rd(B
′
)

ρ(B
′
1, x). (4.5)
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Which is a contradiction to Equation (4.3), hence rd(B) = rd(B
′
).

With rd(B) = rd(B
′
) and Equation (4.3) we must have ρ(B1, x) =

ρ(B
′
1, x). So rd(B) = rd(B

′
) and ρ(B1, x) = ρ(B

′
1, x), then B1 ≈r B

′
1 and

thus B ≈r B
′. □

Theorem 4.6 Let CD be the set of all caterpillars with reduced degree
sequence D. Then, σ(S(D), x) ≥ σ(H, x) for all H ∈ CD.

Proof. Let H be a caterpillar with reduced degree sequence D =
(d1, d2, . . . , dn). Suppose H is maximal with respect to σ(., x). Label all
the non-leaf vertices in H from left to right as u1, u2, . . . , un.

(i) If n = 1, then H is a star and H = C(d1) = C1
L(d1). Hence H = S(D),

with C1
R(d1) = ().

(ii) If n = 2, then H = C(d1, d2). C(d1, d2) can be viewed as a caterpillar
obtained by joining the roots of C(d1 − 1) = C1

L(d1, d2) and C(d2 − 1) =
C1

R(d1, d2). Hence H = C(d1, d2) = S(D).

(iii) If n = 3, then by Lemma 4.4, u1 and u3 attain the largest degrees
in H. Assume deg(u1) ≥ deg(u3). Then, H is the caterpillar of Figure
3.24 (a), which can be viewed as in Figure 3.24 (b), with C2

L(d1, d2, d3) =
C(d1, d3 − 1) and C2

R(d1, d2, d3) = C(d2 − 1). This is just S(D) hence
H ∼= S(D).

(iv) If n = 4, then by Lemma 4.4, u1 and u4 must have the largest
degrees in H. Assume deg(u1) ≥ deg(u4). And since x > 0, then

�
1

1 + x

�deg(u1)−1

≤
�

1

1 + x

�deg(u4)−1

and

ρ(Bu1
L , x) =

1

1 + x


1
1+x

�deg(u1)−1
≥ 1

1 + x


1
1+x

�deg(u4)−1
= ρ(Bu4

R , x),

with equality if and only if deg(u1) = deg(u4). If ρ(Bu1
L , x) = ρ(Bu4

R , x),
then we choose deg(u2) ≤ deg(u3). Otherwise ρ(Bu1

L , x) > ρ(Bu4
R , x) and

by Lemma 4.3, we get that deg(u2) ≤ deg(u3). Hence we always have
deg(u2) ≤ deg(u3) in all cases. Then, H is the caterpillar of Figure 3.25
(a), which can be viewed as in Figure 3.25 (b). This is just S(D) and
hence H ∼= S(D).

(v) Suppose n ≥ 5. Note that it is enough to show that for all integers
j in 1 ≤ j ≤ n, if j is odd, then

ρ(B
uj−1

L , x) ≤ ρ(B
un−j+2

R , x) < ρ(B
ui−2

L , x), for all i in j + 2 ≤ i ≤ n− j − 1
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and
deg(uj) ≥ deg(un−j+1) ≥ max{deg(uj+1), . . . , deg(un−j)}.

And if j is even, then

ρ(B
uj−1

L , x) ≥ ρ(B
un−j+2

R , x) > ρ(B
ui−2

L , x), for all i where j+2 ≤ i ≤ n−j−1

and
deg(uj) ≤ deg(un−j+1) ≤ min{deg(uj+1), . . . , deg(un−j)}.

As the former characterizes the caterpillar S(D).

Base case: By Lemma 4.4, u1 and un must have the largest degrees
in H. Without loss of generality we can assume deg(u1) ≥ deg(un).
Then

deg(u1) ≥ deg(un) ≥ max{deg(u2), . . . , deg(un−1)}. (4.6)

Then, �
1

1 + x

�deg(u1)−1

≤
�

1

1 + x

�deg(un)−1

and

ρ(Bu1
L , x) =

1

1 + x


1
1+x

�deg(u1)−1
≥ 1

1 + x


1
1+x

�deg(un)−1
= ρ(Bun

R , x), (4.7)

with equality if and only if deg(u1) = deg(un). If ρ(Bu1
L , x) = ρ(Bun

R , x),
we then choose deg(u2) ≤ deg(un−1). Otherwise, ρ(Bu1

L , x) > ρ(Bun
R , x)

and by Lemma 4.3, we get that deg(u2) ≤ deg(un−1). Hence

deg(u2) ≤ deg(un−1). (4.8)

From (4.6) deg(un) ≥ max{deg(ui) : 2 ≤ i ≤ n− 1}. Since n ≥ 5, then for
2 ≤ i ≤ n− 1, the complete branch Bui

L is neither empty nor a leaf nor
a pseudo leaf branch. By Lemma 2.9 and Remark 2.10, we have

ρ(Bun
R , x) =

1

1 + x


1
1+x

�deg(un)−1
> ρ(Bui

L , x) >
1

1 + x
, (4.9)

for all i in 2 ≤ i ≤ n− 1. By Lemma 4.3,

deg(un−1) ≤ deg(ui+1), for all i in 2 ≤ i ≤ n− 3. (4.10)

From (4.8) and (4.10) we get that deg(u2) ≤ deg(un−1) ≤ deg(ui+1), for
all i in 2 ≤ i ≤ n− 3. Therefore

deg(u2) ≤ deg(un−1) ≤ min{deg(u3), . . . , deg(un−2)}. (4.11)
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From (4.7) we have ρ(Bu1
L , x) ≥ ρ(Bun

R , x), with equality if and only if
deg(u1) = deg(un). From (4.11) we get that deg(u2) ≤ deg(un−1). Since
deg(u2) ≤ deg(un−1) and ρ(Bu1

L , x) ≥ ρ(Bun
R , x), then

ρ(Bu2
L , x) =

1

1 + x


1
1+x

�deg(u2)−2
ρ(Bu1

L , x)
≤ 1

1 + x


1
1+x

�deg(un−1)−2
ρ(Bun

R , x)

= ρ(B
un−1

R , x).

The inequality above becomes equality if and only if deg(u2) =
deg(un−1) and ρ(Bu1

L , x) = ρ(Bun
R , x). Note that since

deg(u2) ≤ deg(un−1),

then �
1

1 + x

�deg(u2)−2

≥
�

1

1 + x

�deg(un−1)−2

.

Therefore,
ρ(Bu2

L , x) ≤ ρ(B
un−1

R , x). (4.12)

If ρ(Bu2
L , x) = ρ(B

un−1

R , x) and thus Bu2
L ≈r B

un−1

R , then choose deg(u3) ≥
deg(un−2). Otherwise ρ(Bu2

L , x) < ρ(B
un−1

R , x) and by Lemma 4.3, we get
deg(u3) ≥ deg(un−2). Hence, we always have

deg(u3) ≥ deg(un−2). (4.13)

For any i with 3 ≤ i ≤ n − 2, the complete branch B
ui−1

L is neither
empty nor a leaf nor a pseudo leaf branch. By Lemma 2.9 and
Remark 2.10, we get

ρ(Bun
R , x) =

1

1 + x


1
1+x

�deg(un)−2
> ρ(B

ui−1

L , x) >
1

1 + x
, (4.14)

For any i with 3 ≤ i ≤ n− 2. From (4.11) and (4.14) we get

ρ(B
un−1

R , x) =
1

1 + x


1
1+x

�deg(un−1)−2
ρ(Bun

R , x)

<
1

1 + x


1
1+x

�deg(ui)−2
ρ(B

ui−1

L , x)
= ρ(Bui

L , x).

Note that since deg(un−1) ≤ deg(ui), then


1
1+x

�deg(un−1)−2 ≥


1
1+x

�deg(ui)−2.
Therefore

ρ(B
un−1

R , x) < ρ(Bui
R , x), for any i in 3 ≤ i ≤ n− 2. (4.15)
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By Lemma 4.3, we get that deg(un−2) ≥ deg(ui+1), for any i in 3 ≤ i ≤
n− 4. Hence,

deg(un−2) ≥ max{deg(u4), . . . , deg(un−3)}. (4.16)

From (4.13) and (4.16) we get that

deg(u3) ≥ deg(un−2) ≥ max{deg(u4), . . . , deg(un−3)}. (4.17)

Hence, from (4.6) we have

deg(u1) ≥ deg(un) ≥ max{deg(u2), . . . , deg(un−1)}.

From (4.7) and (4.9) we have

ρ(Bu1
L , x) ≥ ρ(Bun

R , x) > ρ(B
ui−2

L , x),

for any i in 4 ≤ i ≤ n− 3, and from (4.11) we have

deg(u2) ≤ deg(un−1) ≤ min{deg(u3), . . . , deg(un−2)}.

From (4.12) and (4.15) we have

ρ(Bu2
L , x) ≤ ρ(B

un−1

R , x) < ρ(B
ui−2

L , x),

for any i in 5 ≤ i ≤ n− 4, and from (4.17) we have

deg(u3) ≥ deg(un−2) ≥ max{deg(u4), . . . , deg(un−3)}.

Suppose that for some integers j in 1 ≤ j ≤ n we have the following.
(a) If j is odd, then for any i in j + 2 ≤ i ≤ n− j − 1

ρ(B
uj−1

L , x) ≤ ρ(B
un−j+2

R , x) < ρ(B
ui−2

L , x), (4.18)

and

deg(uj) ≥ deg(un−j+1) ≥ max{deg(uj+1), . . . , deg(un−j)}. (4.19)

(b) If j is even, then for any i in j + 2 ≤ i ≤ n− j − 1

ρ(B
uj−1

L , x) ≥ ρ(B
un−j+2

R , x) > ρ(B
ui−2

L , x), (4.20)

and

deg(uj) ≤ deg(un−j+1) ≤ max{deg(uj+1), . . . , deg(un−j)}. (4.21)
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(i) Suppose j is odd. From (4.18) and (4.19) we have ρ(B
uj−1

L , x) ≤
ρ(B

un−j+2

R , x) and deg(uj) ≥ deg(un−j+1). Hence

ρ(B
uj

L , x) =
1

1 + x


1
1+x

�deg(uj)−2
ρ(B

uj−1

L , x)

≥ 1

1 + x


1
1+x

�deg(un−j+1)−2
ρ(B

un−j+2

R , x)
= ρ(B

un−j+1

R , x),

with equality if and only if deg(uj) = deg(un−j+1) and ρ(B
uj−1

L , x) =
ρ(B

un−j+2

R , x). Note that since deg(uj) ≥ deg(un−j+1), then

�
1

1 + x

�deg(uj)−2

≤
�

1

1 + x

�deg(un−j+1)−2

.

Therefore,
ρ(B

uj

L , x) ≥ ρ(B
un−j+1

R , x). (4.22)

If ρ(B
uj

L , x) = ρ(B
un−j+1

R , x) and thus B
uj

L ≈r B
un−j+1

R , then we choose
deg(uj+1) ≤ deg(un−j). Otherwise ρ(B

uj

L , x) > ρ(B
un−j+1

R , x) and by Lemma
4.3, we must have deg(uj+1) ≤ deg(un−j). In all the cases we have

deg(uj+1) ≤ deg(un−j). (4.23)

From (4.18), we have ρ(B
un−j+2

R , x) < ρ(B
ui−2

L , x), for any i in j + 2 ≤ i ≤
n − j − 1. By Lemma 4.3, we must have deg(un−j+1) ≥ deg(ui−1) and
hence,

ρ(B
un−j+1

R , x) =
1

1 + x


1
1+x

�deg(un−j+1)−2
ρ(B

un−j+2

R , x)

>
1

1 + x


1
1+x

�deg(ui−1)−2
ρ(B

ui−2

L , x)
= ρ(B

ui−1

L , x).

Note that since deg(un−j+1) ≥ deg(ui−1), then

�
1

1 + x

�deg(un−j+1)−2

≤
�

1

1 + x

�deg(ui−1)−2

.

Therefore, for any i in j + 2 ≤ i ≤ n− j − 1 we have

ρ(B
un−j+1

R , x) > ρ(B
ui−1

L , x). (4.24)

Hence, from (4.22) and (4.24) we get

ρ(B
uj

L , x) ≥ ρ(B
un−j+1

R , x) > ρ(B
ui−1

L , x), (4.25)
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for any i in j + 2 ≤ i ≤ n − j − 1. From (4.25) we have, ρ(Bun−j+1

R , x) >
ρ(B

ui−1

L , x) for any i in j + 2 ≤ i ≤ n − j − 1. By Lemma 4.3, we must
have deg(un−j) ≤ deg(ui). Hence

deg(un−j) ≤ min{deg(uj+2), . . . , deg(un−j−1)}. (4.26)

Therefore, from (4.23) and (4.26) we must have

deg(uj+1) ≤ deg(un−j) ≤ min{deg(uj+2), . . . , deg(un−j−1)}. (4.27)

Hence from (4.25) and (4.27) if j is odd, then

ρ(B
uj

L , x) ≥ ρ(B
un−j+1

R , x) > ρ(B
ui−1

L , x),

for any i in j + 2 ≤ i ≤ n− j − 1, and

deg(uj+1) ≤ deg(un−j) ≤ min{deg(uj+2), . . . , deg(un−j−1)}.

(ii) Suppose j is even. From (4.20) and (4.21) we have ρ(B
uj−1

L , x) ≥
ρ(B

un−j+2

R , x) and deg(uj) ≤ deg(un−j+1). Then,

ρ(B
uj

L , x) =
1

1 + x


1
1+x

�deg(uj)−2
ρ(B

uj−1

L , x)

≤ 1

1 + x


1
1+x

�deg(un−j+1)−2
ρ(B

un−j+2

R , x)
= ρ(B

un−j+1

R , x),

with equality if and only if deg(un−j+1) = deg(uj) and ρ(B
uj−1

L , x) =
ρ(B

un−j+2

R , x) and thus B
uj

L ≈r B
un−j+1

R . Note that since deg(uj) ≤
deg(un−j+1), then

�
1

1 + x

�deg(uj)−2

≥
�

1

1 + x

�deg(un−j+1)−2

.

Therefore,
ρ(B

uj

L , x) ≤ ρ(B
un−j+1

R , x). (4.28)

If ρ(B
uj

L , x) = ρ(B
un−j+1

R , x) and thus B
uj

L ≈r B
un−j+1

R , then we choose
deg(uj+1) ≥ deg(un−j). Otherwise ρ(B

uj

L , x) < ρ(B
un−j+1

R , x) and by Lemma
4.3, we must have deg(uj+1) ≥ deg(un−j). Hence, in all cases we have

deg(uj+1) ≥ deg(un−j). (4.29)

From (4.20) we have ρ(B
un−j+2

R , x) > ρ(B
ui−2

L , x), for any i in j + 2 ≤ i ≤
n − j − 1. By Lemma 4.3, we must have deg(un−j+1) ≤ deg(ui−1) and
hence,

ρ(B
un−j+1

R ) =
1

1 + x


1
1+x

�deg(un−j+1)−2
ρ(B

un−j+2

R , x)
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<
1

1 + x


1
1+x

�deg(ui−1)−2
ρ(B

ui−2

L , x)
= ρ(B

ui−1

L , x).

Note that since deg(un−j+1) ≤ deg(ui−1), then

�
1

1 + x

�deg(un−j+1)−2

≥
�

1

1 + x

�deg(ui−1)−2

.

Therefore, for any i in j + 2 ≤ i ≤ n− j − 1

ρ(B
un−j+1

R , x) < ρ(B
ui−1

L , x). (4.30)

Thus from (4.28) and (4.30) we must have

ρ(B
uj

L , x) ≤ ρ(B
un−j+1

R , x) < ρ(B
ui−1

L , x), (4.31)

for any i in j + 2 ≤ i ≤ n − j − 1. From (4.31) we have ρ(B
un−j+1

R , x) <
ρ(B

ui−1

L , x), for any i in j + 2 ≤ i ≤ n − j − 1. By Lemma 4.3, we must
have deg(un−j) ≥ deg(ui), for any i in j + 2 ≤ i ≤ n− j − 1. Hence

deg(un−j) ≥ max{deg(uj+2), . . . , deg(un−j−1)}. (4.32)

From (4.29) and (4.32) we get

deg(uj+1) ≥ deg(un−j) ≥ max{deg(j + 2), . . . , deg(un−j−1)}. (4.33)

Hence from (4.31) and (4.33) if j is even, then for any i in j + 2 ≤ i ≤
n− j − 1

ρ(B
uj

L , x) ≤ ρ(B
un−j+1

R , x) < ρ(B
ui−1

L , x)

and
deg(uj+1) ≥ deg(un−j) ≥ max{deg(uj+2), . . . , deg(un−j−1)}.

□

Remark 4.7 Let G be a caterpillar. Suppose that whenever G is
decomposed as in Figure 3.1, with B, B′ and H non-empty we have
that, if ρ(B

′
, x) ≥ ρ(B, x) then d

′ ≤ d. Then G ∼= S(D), where D is
the reduced degree sequence of G. This follows from the proof of
Theorem 4.6.

Lemma 4.8 Let i, j and n be positive integers such that 1 ≤ i < j ≤ n.
Let D = (d1, . . . , di, . . . , dj, . . . , dn) be a reduced degree sequence of a
caterpillar C, such that di ≥ dj > 2. Decompose S(D) as in Figure 3.26,
with B, B

′ and H non-empty. Let v and w be vertices of S(D) such
that deg(v) = di and deg(w) = dj. Let v

′ be a neighbor of v in H and
let w

′ be a neighbor of w in H. Let w∗ be a leaf adjacent to w. Let
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G be obtained from S(D) by removing the edge ww∗ and then adding
the edge vw∗. If either (i) ρ(B

′
, x) > ρ(B, x) or (ii) ρ(B

′
, x) = ρ(B, x),

σ(H − {v, w, w′}, x) ≥ σ(H − {v, v′
, w}, x) and di ≥ dj, then

σ(S(D), x) < σ(G, x) ≤ σ(S(D′
), x),

where D
′
= (d1, . . . , di−1, di + 1, di+1, . . . , dj−1, dj − 1, dj+1, . . . , dn).

Proof. Let d = di − 2 and d
′
= dj − 2. Suppose deg(v) = di = d + 2 and

deg(w) = dj = d
′
+ 2. Since di ≥ dj > 2, then d ≥ d

′ ≥ 1. Then, from
Equation (4.2) we have

σ(S(D), x) = σ(B, x)σ(B
′
, x)
h
σ(H − {v, w}, x)(1 + x)d+d

′
+ σw

v (S(D), x)

+ x2ρ(B, x)ρ(B
′
, x)σ(H − {v, v′

, w, w
′}, x)

i
,

(4.34)

where

σw
v (S(D), x) = x

h
ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d

+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′i
, (4.35)

and

σ(G, x) = σ(B, x)σ(B
′
, x)
h
σ(H − {v, w}, x)(1 + x)d+d

′
+ σw

v (G, x)

+ x2ρ(B, x)ρ(B
′
, x)σ(H − {v, v′

, w, w
′}, x)

i
, (4.36)

where

σw
v (G, x) = x

h
ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d+1

+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′−1
i
. (4.37)

Then,

σ(S(D), x)− σ(G, x) = σ(B, x)σ(B
′
, x) [σw

v (S(D), x)− σw
v (G, x)] .

But

σw
v (S(D), x)− σw

v (G, x)

= x
h
ρ(B

′
, x)σ(H − {v, w, w′}, x)


(1 + x)d − (1 + x)d+1

�

+ ρ(B, x)σ(H − {v, v′
, w}, x)

�
(1 + x)d

′
− (1 + x)d

′−1
�i

= x
h
ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d (1− (1 + x))
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+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′−1 ((1 + x)− 1)
i

= x2
h
−ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d

+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′−1
i
.

Then,

σ(S(D), x)− σ(G, x)

= x2σ(B, x)σ(B
′
, x)
h
−ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d

+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′−1
i
< 0,

if ρ(B
′
, x) = ρ(B, x), σ(H − {v, w, w′}, x) ≥ σ(H − {v, v′

, w}, x) and d ≥
d

′. Suppose ρ(B
′
, x) > ρ(B, x). Then, by Lemma 4.3, we must have

σ(H − {v, w, w′}, x) ≥ σ(H − {v, v′
, w}, x) and d

′ ≤ d. Again,

σ(S(D), x)− σ(G, x)

= x2σ(B, x)σ(B
′
, x)
h
−ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d

+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′−1
i
< 0.

Therefore, σ(S(D), x) < σ(G, x). Since G and S(D′
) have the same

reduced degree sequence D
′ and are both caterpillars, then by Theor-

em 4.6
σ(S(D), x) < σ(G, x) ≤ σ(S(D′

), x).

□

Lemma 4.9 Let G be a caterpillar and be decomposed as in Figure
3.1, with B, B

′ and H non-empty. Let v
′ be the neighbor of v in H

and let w
′ be the neighbor of w in H. Let G

′ be obtained from G by
removing the edge wr(B

′
) and then adding the edge vr(B

′
). Suppose

G is maximal with respect σ(., x). If either (i) ρ(B′
, x) > ρ(B, x) or (ii)

σ(H − {v, w, w′}, x) ≥ σ(H − {v, v′
, w}, x) and d

′ ≤ d, then

σ(G, x) < σ(G
′
, x).

Proof. Suppose G is a caterpillar and decomposed as in Figure 3.1,
with B, B′ and H non-empty. Then,

σ(G, x)

= σ(G− v, x) + xσ(G−N [v], x)

= σ(G− {v, w}, x) + xσ(G− v −N [w], x) + xσ(G−N [v], x)
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= σ(G− {v, w}, x) + xσ(G− v −N [w], x) + x [σ(G− w −N [v], x)

+ x σ(G−N [v] ∪N [w], x)]

= σ(G− {v, w}, x) + xσ(G− v −N [w], x) + xσ(G− w −N [v], x)

+ x2σ(G−N [v] ∪N [w], x).

G
′ can be decomposed as in Figure 3.27. Then,

σ(G
′
, x)

= σ(G
′ − v, x) + xσ(G

′ −N [v], x)

= σ(G
′ − {v, w}, x) + xσ(G

′ − v −N [w], x) + xσ(G
′ −N [v], x)

= σ(G
′ − {v, w}, x) + xσ(G

′ − v −N [w], x) + x
h
σ(G

′ − w −N [v], x)

+ x σ(G
′ −N [v] ∪N [w], x)

i

= σ(G− {v, w}, x) + xσ(G
′ − v −N [w], x) + x

h
σ(G

′ − w −N [v], x)

+ x σ(G−N [v] ∪N [w], x)]

= σ(G− {v, w}, x) + xσ(G
′ − v −N [w], x) + x σ(G

′ − w −N [v], x)

+ x2 σ(G−N [v] ∪N [w], x) .

Then,

σ(G, x)− σ(G
′
, x)

= x
h
σ(G− v −N [w], x) + σ(G− w −N [v], x)− σ(G

′ − v −N [w], x)

− σ(G
′ − w −N [v], x)

i

= x
h
σ(B, x)σ(B

′ − r(B
′
), x)σ(H − {v, w, w′}, x)(1 + x)d

+ σ(B
′
, x)σ(B − r(B), x)σ(H − {v, v′

, w}, x)(1 + x)d
′

− σ(B, x)σ(B
′
, x)σ(H − {v, w, w′}, x)(1 + x)d

− σ(B
′ − r(B

′
), x)σ(B − r(B), x)σ(H − {v, v′

, w}, x)(1 + x)d
′i

= xσ(B, x)σ(B
′
, x)

�
σ(B

′ − r(B
′
), x)

σ(B′ , x)
σ(H − {v, w, w′}, x)(1 + x)d

+
σ(B − r(B), x)

σ(B, x)
σ(H − {v, v′

, w}, x)(1 + x)d
′

− σ(H − {v, w, w′}, x)(1 + x)d

− σ(B
′ − r(B

′
), x)

σ(B′ , x)

σ(B − r(B), x)

σ(B, x)
σ(H − {v, v′

, w}, x)(1 + x)d
′
�

= xσ(B, x)σ(B
′
, x)
h
ρ(B

′
, x)σ(H − {v, w, w′}, x)(1 + x)d
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+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′
− σ(H − {v, w, w′}, x)(1 + x)d

− ρ(B
′
, x)ρ(B, x)σ(H − {v, v′

, w}, x)(1 + x)d
′i

= xσ(B, x)σ(B
′
, x)
h�

ρ(B
′
, x)− 1

�
σ(H − {v, w, w′}, x)(1 + x)d

+
�
1− ρ(B

′
, x)

�
ρ(B, x)σ(H − {v, v′

, w}, x)(1 + x)d
′i

= xσ(B, x)σ(B
′
, x)

�
1− ρ(B

′
, x)

� h
−σ(H − {v, w, w′}, x)(1 + x)d

+ ρ(B, x)σ(H − {v, v′
, w}, x)(1 + x)d

′i
.

Suppose G is maximal with respect to σ(., x). Suppose ρ(B
′
, x) >

ρ(B, x), then by Lemma 4.3, we must have σ(H−{v, w, w′}, x) ≥ σ(H−
{v, v′

, w}, x) and d
′ ≤ d. Thus, in both cases (i) and (ii) we have σ(H −

{v, w, w′}, x) ≥ σ(H−{v, v′
, w}, x) and d

′ ≤ d. Also, since x > 0, ρ(B′
, x) <

1 (B′ is not empty), σ(B, x) > 0 and σ(B
′
, x) > 0, then σ(G, x)−σ(G

′
, x) <

0. Hence
σ(G, x) < σ(G

′
, x).

□

Theorem 4.10 Let (y1, . . . , yn) and (d1, . . . , dn) be two degree sequences

of caterpillars. If (y1, . . . , yn) ≺ (d1, . . . , dn) and
nX

i=1

yi =
nX

i=1

di, then for all

x > 0 we have

σ(S(y1, . . . , yn), x) < σ(S(d1, . . . , dn), x).

Proof. Suppose Y = (y1, . . . , yn) and D = (d1, . . . , dn) are two degree

sequences of caterpillars, Y ≺ D and
nX

i=1

yi =
nX

i=1

di. Then, there exits

i0, such that di0 ̸= yi0. In fact, the set I = {i : di ̸= yi} must have at

least two elements, otherwise
nX

i=1

yi =
nX

i=1

di would be impossible. Let

l = min{i : di ̸= yi} and m = max{i : di ̸= yi}. Then, we must have
ym > dm ≥ 1. And since yl ≥ ym, we must also have dl > yl. We define

Y1 = (y1, . . . , yl−1, yl + 1, yl+1, . . . , ym−1, ym − 1, ym+1, . . . , yn).

Note that Y1 is still a valid degree sequence. If l > 1, then yl−1 = dl−1 ≥
dl ≥ yl+1 > dm+1 ≥ 2 and if l = 1, then dl ≥ yl+1 > dm+1 ≥ 2. If m < n,
then ym − 1 ≥ dm ≥ dm+1 = ym+1 ≥ 1 and if m = n, then ym − 1 ≥ dm ≥ 1.
It is clear that Y ≺ Y1. If ym > 2, then by applying Lemma 4.8 to
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S(Y ), we know that there exists a caterpillar G with degree sequence
Y1 such that

σ(S(Y ), x) < σ(G, x) ≤ σ(S(Y1), x).

Otherwise ym = 2. In such case, decompose S(Y ) as in Figure 3.28,
with B not empty, deg(v) = yl and deg(w) = ym = 2. Since the non-leaf
vertices at the ends of S(Y ) are of largest degrees, then without loss
of generality we assume deg(r(B

′
)) ≥ deg(u

′
), for all non-leaf vertices

u
′ in S(Y ). Since deg(r(B

′
)) ≥ deg(u

′
), for all non-leaf vertices u

′ in
S(Y ), then by Lemma 2.9 and Remark 2.10, we must have

ρ(B
′
, x) =

1

1 + x


1
1+x

�deg(r(B′ ))−1
≥ ρ(Bu

′

L , x), ρ(B, x),

with equality if and only if B′ ≈r B
u
′

L . Let G be a caterpillar obtained
from S(Y ), by removing the edge wr(B

′
) and then adding the edge

w
′
r(B

′
). Since deg(w

′
) ≥ 2 = deg(w) and σ(H ′−{w′

, w∗, w}, x) = σ(∅, x) =
1, for all vertices w∗ (H ′ is the two vertex path with end vertices w
and w

′), then by Lemma 4.9, we must have

σ(S(Y ), x) < σ(G, x).

Let w
′′ be a leaf adjacent to w

′ in G. Let w∗ be the neighbor of w′ in
H and v∗ be the neighbor of v in H. Let G

′ be a caterpillar obtained
from G as follows: If either

(i) ρ(B′
, x) > ρ(B, x), or

(ii) ρ(B
′
, x) = ρ(B, x), σ(H − {v, w′

, w∗}, x) ≥ σ(H − {v, v∗, w′}, x) and
deg(v) ≥ deg(w

′
),

then remove the edge w
′
w

′′ and then add the edge vw
′′. Otherwise

(i) ρ(B
′
, x) ≥ ρ(B, x), σ(H − {v, w′

, w∗}, x) < σ(H − {v, v∗, w′}, x) and
deg(v) ≥ deg(w

′
), or

(ii) ρ(B
′
, x) ≥ ρ(B, x), σ(H − {v, w′

, w∗}, x) ≥ σ(H − {v, v∗, w′}, x) and
deg(v) < deg(w

′
).

If (i), then flip H, remove the edge w
′
w

′′ and then add the edge vw
′′

(note that when flipping H, we assume v and w′ are fixed in their
original positions in G). If (ii), then swap d and d

′
+ 1, remove the

edge w
′
w

′′ and then add the edge vw
′′. Then, by Lemma 4.8, we must

have σ(G, x) < σ(G
′
, x) and the degree sequence of G′ is Y1. Hence, By

Theorem 4.6,

σ(S(Y ), x) < σ(G, x) < σ(G
′
, x) ≤ σ(S(Y1), x).
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Note that the degree sequence of G′ is Y1. If Y1 = D, then we are done.
Otherwise, we iterate the process. We set Y = Y0, and if k is a positive
integer and Yk ̸= D, then we construct Yk+1 in exactly the same way

Y1 was constructed from Y . After a finite number J =
1

2

X

i∈I
|di − yi| of

iterations, we will get the chain

Y = Y0 ≺ Y1 ≺ · · · ≺ YJ−1 ≺ YJ = D.

For any k ∈ {1, . . . , J − 1}, we can apply Lemmas 4.8 and 4.9 with
Theorem 4.6 to S(Yk) as we did above, to deduce that there exists a
caterpillar Gk+1 with degree sequence Yk+1 such that

σ(S(Yk), x) < σ(Gk+1, x) ≤ σ(S(Yk+1), x).

Hence,

σ(S(Y ), x) < σ(S(Y1), x) < . . . , < σ(S(YJ), x) = σ(S(D), x).

□

Corollary 4.11 For any caterpillar C of order n and diameter m(≤
n− 1), we have

σ(C, x) ≤ σ(S(d, 2, . . . , 2| {z }
m−2

), x), for all positive x ∈ R

with equality if and only if C ∼= S(d, 2, . . . , 2| {z }), where d = n−m+ 1.

Corollary 4.12 For any caterpillar C of order n, diameter m(≤ n − 1)
and vertex degree at most d(≤ n−m+ 1), we have

σ(C, x) ≤ σ(S(d, . . . , d| {z }
k

, r, 2, . . . , 2| {z }
m−k−1

), x), for all positive x ∈ R

with equality if and only if C ∼= S(d, . . . , d| {z }
k

, r, 2, . . . , 2| {z }
m−k−1

), where k =
�
n−m−1
d−2

�

and r =




0, if k = n−m−1

d−2
,

n−m−
�
n−m−1
d−2

�
(d− 2) + 1, otherwise.

Corollary 4.13 For any caterpillar C of order n and vertex degree of
at most d(≤ n−m+ 1), we have

σ(C, x) ≤ σ(S(d, . . . , d| {z }
k

, r), x), for all positive x ∈ R
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with equality if and only if C ∼= S(d, . . . , d| {z }
k

, r), where k =
�
n−2
d−1

�
and

r =




0, if k = n−2

d−1
∈ Z,

n−
�
n−2
d−1

�
(d− 1)− 1, otherwise.



5 | Conclusion

In this thesis, it is shown that: among all caterpillars with reduced
degree sequence D, X (D) maximizes the auxiliary invariant M(., x),
for all positive x ∈ R, the Hosoya index Z and the energy En. Among
all caterpillars with reduced degree sequence D, S(D) minimizes
M(., x), for all positive x ∈ R, the Hosoya index Z and the energy En.
The caterpillar S(D) was also found to be maximizing the auxiliary
invariant σ(., x), for all positive x ∈ R, and hence the Merrifield-
Simmons index σ. Furthermore, we show that, if (b1, . . . , bn) and
(d1, . . . , dn) are two degree sequences of caterpillars, such that
(b1, . . . , bn) ≺ (d1, . . . , dn) and

nX

i=1

bi =
nX

i=1

di,

then
M(X (d1, . . . , dn), x) < M(X (b1, . . . , bn), x),

M(S(d1, . . . , dn), x) < M(S(b1, . . . , bn), x),
Z(X (d1, . . . , dn)) < Z(X (b1, . . . , bn)),

Z(S(d1, . . . , dn)) < Z(S(b1, . . . , bn)),
En(X (d1, . . . , dn)) < En(X (b1, . . . , bn)),

En(S(d1, . . . , dn)) < En(S(b1, . . . , bn)),
σ(S(d1, . . . , dn), x) > σ(S(b1, . . . , bn), x),

and
σ(S(d1, . . . , dn)) > σ(S(b1, . . . , bn)),

for all positive x ∈ R. From these results, one deduces that, among
all caterpillars of order n and size m, the path graph Pn maximizes
M(., x), the energy and the Hosoya index, and minimizes σ(., x) and
hence the Merrifield-Simmons index. The star Sn minimizes M(., x),
the energy and the Hosoya index. This is to be expected, since the
path graph and star in [38], were found to be extremal, when the
family of trees with given order is considered. Since the family of
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caterpillars is within the class of trees, the path graph and star must
also be extremal among all caterpillars. The broom Pn,2 turns out to
be the caterpillar with order n and second largest M(., x), En and
Z, and second smallest σ(., x) and hence σ. The double star Sn−3,3

is the caterpillar with order n and second smallest M(., x), En and
Z. These also are to be expected, as the broom and double star
are extremal among all trees of given order, see survey [135] for
the Hosoya index and [88] for the graph energy. We used similar
techniques used to characterize extremal caterpillars with regard
to M(., x), to characterize caterpillars with given degree sequence
maximizing σ(., x). Our attempt to use those techniques to characte-
rize caterpillars with degree sequence D that minimize σ(., x) did not
succeed. Our investigation suggests the following conjectures:

Conjecture 5.1 Among all caterpillars of degree sequence D, X (D)
minimizes the auxiliary invariant σ(., x), for all positive x ∈ R, and
hence the Merrifield-Simmons index.

Conjecture 5.2 Let (b1, . . . , bn) and (d1, . . . , dn) be two degree sequen-

ces of caterpillars. If (b1, . . . , bn) ≺ (d1, . . . , dn) and
nX

i=1

bi =
nX

i=1

di, then

for all positive x ∈ R, we have

σ(X (d1, . . . , dn), x) > σ(X (b1, . . . , bn), x)

and hence
σ(X (d1, . . . , dn)) > σ(X (b1, . . . , bn)).

Besides the aforementioned conjectures, we intend to study the num-
ber of independent subsets and the energy of caterpillars with given
segment sequence. We also plan to find cospectral caterpillars. Last
but not least of interest are also the connections between graph
entropies and graph energy under degree restriction, or the average
size of independent sets in caterpillars.



Bibliography

[1] 2023 26th acis international winter conference on
software engineering, artificial intelligence, networking
and parallel/distributed computing, snpd-winter 2023. 2023.

[2] E. Andriantiana. Energy and related graph invariants. PhD
thesis. PhD thesis, University of Stellenbosch, 2013.

[3] E. O. D. Andriantiana. More trees with large energy. MATCH
Commun. Math. Comput. Chem., 68(3):675 – 695, 2012.

[4] E. O. D. Andriantiana. Energy, Hosoya index and Merrifield-
Simmons index of trees with prescribed degree sequence.
Discrete Applied Mathematics, 161(6):724 – 741, 2013.

[5] E. O. D. Andriantiana and H. Wang. Subtrees and independent
subsets in unicyclic graphs and unicyclic graphs with fixed
segment sequence. MATCH Commun. Math. Comput. Chem.,
84(3):537 – 566, 2020.

[6] R. B. Bapat. Graphs and Matrices, Section 3.4 (Springer,
Hindustan Book Agency, London, 2011).

[7] V. Baths, U. Roy, and T. Singh. Disruption of cell wall
fatty acid biosynthesis in mycobacterium tuberculosis using
a graph theoretic approach. Theoretical Biology and Medical
Modelling, 8(1), 2011.

[8] M. A. Bhat and S. Pirzada. On unicyclic graphs with given
number of pendent vertices and minimal energy. Linear
Algebra and Its Applications, 597:86 – 93, 2020.

[9] R. Bhatia. Matrix analysis. Springer-Verlag, New York,, 1997.

[10] A. Bilal and M. M. Munir. Abc energies and spectral radii of
some graph operations. Frontiers in Physics, 10, 2022.

126



BIBLIOGRAPHY 127

[11] D. Bonchev and D. Rouvray. Chemical graph theory:
introduction and fundamentals. Of Mathematical Chemistry,
7:5971 – 5987, 1991.
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