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Abstract

The number of independent subsets and the energy
of caterpillars under degree restriction

S. Xhanti

The energy En(G) of a graph G is defined as the sum of the absolute
values of its eigenvalues. The Hosoya index Z(G) of a graph G is
the number of independent edge subsets of G, including the empty
set. And, the Merrifield-Simmons index ¢(G) of a graph G is the
number of independent vertex subsets of G, including the empty
set. The studies of these three graph invariants are motivated by
their application in chemistry, combined with pure mathematical
interests. In particular, they can be used to predict boiling points of
saturated hydrocarbons and estimate the total m-electron energy.

For ¢ > 1, let ay,as, ...,a, be non-negative integers, such that a; and
a, are positive. The tree obtained from the path graph of vertices
v1, V9, ..., by attaching a, new leaves to v;, for 1 < i < ¢, is called
a (a,as,...,ar)-caterpillar and denoted by C(a; + 1,a2 + 2,..., a1 +
2,a,+1). In this thesis, we characterize extremal caterpillars relative
to the energy, the Hosoya index and the Merrifield-Simmons index.
We first study caterpillars with the same degree sequence, then
compare caterpillars of the same size, same order, and different
degree sequence. For any given degree sequence D, we characterize
the caterpillar X'(D) that maximizes Z and En. In X(D), as we move
along the internal path towards the center, the degrees are in a non-
decreasing order. Characterization of the caterpillar S(D) that has
the minimum Z and En and maximum o is also provided. In S(D),
large and small degrees alternate.

We also compare X(D) with X(Y) and S(D) with S(Y), for a degree
sequence Y majorized by a degree sequence D. Suppose Y = (y1,...,yn,)
and D = (dy,...,d,) are degree sequences such that Y is majorized
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by D and
=1 =1

then Z(X(D)) < Z(X(Y)), Z(S(D)) < Z(S(Y)), En(X(D)) < En(X(Y)),
En(S(D)) < En(S(Y)), and o(S(D)) > o(S(Y)), for all positive = € R.
From these results, one deduces that, among all caterpillars of order
n and size m, the path graph P, maximizes Z and En, and minimizes
o. The star S, minimizes Z and En. The broom P, turns out to be
the caterpillar with order n and second largest Z and En, and second
smallest 0. The double star S,,_3 3 is the caterpillar with order n and
second smallest Z and En.
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=

the set of real numbers

the set of integers

the set of natural numbers

the smallest integer greater than or equal to =

the largest integer smaller than or equal to x

the identity matrix of order n

the determinant of a matrix A

the set of vertices of a graph G

the set of edges of a graph G

the set of vertices adjacent to v in a graph G

the set of vertices v and all its neighbors in a graph G
the number of independent vertex subsets of a

graph G

the number of independent edge subsets of order k of
a graph ¢

the number of independent edge subsets of a

graph G

the number of independent vertex subsets of order & of
a graph ¢

an adjacency matrix of a graph G

the characteristic polynomial of a graph G

the spectrum of a graph G

the energy of a graph G

the n-vertex path graph

the n-vertex star

the n-vertex cycle graph



a complete graph of order n

the number of connected components of a graph ¢
the length of the n-vertex path graph

the length of the n-vertex cycle graph

the cyclomatic number of a graph of a graph ¢
the set A is a subset of the set B

graph H is a subgraph of G

B majorizes A

the complete bipartite graph with bipartitions of
cardinality p and ¢

the complement of a graph G

the degree of a vertex v

the minimum vertex degree in a graph G

the maximum vertex degree in a graph G

the set of trees with degree sequence D

the set of trees with vertex degree either 1 or d
the distance between vertices v and v in a graph
G

the eccentricity of a vertex u

the double star with heads of order p and ¢

the broom with head of order k£ + 1 and tail of
lengthn —k—1

tree T} is root isomorphic to tree T,

tree T; is not root isomorphic to tree T,

the root of the complete branch B

the degree of the root »(B) in B

the union of the two graphs G; and G,

graph G, is isomorphic to graph G,

the n-th fibonacci number

the set of all caterpillars of diameter d, size m
and order n

the set of all caterpillars with degree or reduced de-
gree sequence D

the caterpillar with ¢/ non-leaf vertices ug, ..., uy,
labelled from left to right, where the degree of u;
is d; for all ¢

mean the zero-tuple



1 Introduction

Mathematical chemistry [133] is the field of study entailing the novel
applications of mathematics to chemistry. It focuses on mathematic-
al modelling of chemical phenomena. Chemical Graph Theory [11]
is a branch of Mathematical Chemistry that uses graphs to model
structure of molecules. One such model is representing atoms as
vertices and chemical bonds as edges. The resulting graph is called
a molecular graph. Around the middle of the 20th century, several
researchers found various relations between the molecular graph
and the physico-chemical properties of a molecule corresponding
to it, see [64, 106, 140]. These relations drew attention of many
researchers. More and more graph invariants were introduced, some
have chemical interpretations and some don’t: Chromatic index,
Wiener index, graph energy, Hosoya index, Merrifield-Simmons ind-
ex, Lovasz number, Estrada index, number of subtrees, Harary index
etc. In this thesis, we will study the energy, Hosoya index and
Merrifield-Simmons index of the so-called caterpillars.

Let G be a finite and undirected simple graph with vertex set V(G)
and edge set F(G). Let V(G) = {v1,v,...,v,}. The adjacency matrix
A(G) of G is a square matrix of order n, whose (i, j)-entry is equal
to one if the vertices v; and v; are adjacent and is equal to zero
otherwise. The eigenvalues of A(G) are called the eigenvalues of
G, and are denoted as A, \g,...,\,. As a whole they are called the
spectrum of G and denoted by spec(G). The energy En(G) [88] of
G is defined as the sum of the absolute values of its eigenvalues.
The number of independent vertex subsets ¢(G) of G, including the
empty set, is called the Merrifield-Simmons index [106]. Similarly,
the number of independent edge subsets Z(G) of G, including the
empty set, is called the Hosoya index [64]. The study of the above
three mentioned graph invariants is fast growing and most of the
work done is on extremal problems, see surveys [135, 153], and the
book [88]. Some of the results on extremal problems will be shared
in Section 1.6. This thesis is also working on extremal problems.
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1.1 Outline of the thesis

This thesis is divided into 6 chapters. Chapter 1 is dedicated to the
basic notions and background of the three graph invariants, graph
energy, Hosoya index and the Merrifield-Simmons index. Bas-ic
notation and terminology, formal definitions, and structures of some
extremal graphs are provided there. We establish in Chapter 1 the
connections between an auxiliary invariant M (G, z) and the energy
and the Hosoya index of G. Using these relations, in Chapter 3,
we study M (G, z) and deduce results for En and Z as corollaries. A
similar invariant ¢(G, z) is also defined in Chapter 2. This invariant
is introduced so that similar techniques used in Chapter 3 to charac-
terize extremal caterpillars relative to the EFn and Z can also be
used in Chapter 4, to characterize extremal caterpillars relative to
the Merrifield-Simmons index. Chapter 2 is reserved for preliminary
results that play a vital role in finding formulas and proving results
in this thesis. In Chapter 3, the formula of the auxiliary invariant
M (G, z) of a caterpillar G is found. Then, it is used to characterize
extremal caterpillars relative to the energy and Hosoya index. Simila-
rly, in Chapter 4 the formula of ¢(G, z) is found and the formula is
used to characterize extremal caterpillars relative to o(.,z) and the
Merrifield-Simmons index. Chapter 5 summarizes the results found
in this thesis.

1.2 Basic notation and terminology

A non-oriented graph G, which we will simply call a graph, is an
ordered pair of sets G = (V(G), E(G)), where each element of F(G)
is a 2-element subset of V(G). The elements of the sets V(G) and
E(G) are called vertices and edges, respectively. The cardinality
of V(G) is called the order of G. Similarly, the cardinality of F(G)
is called the size of G. In a drawing of a graph, the vertices are
usually represented with dots while the edges are represented with
lines joining the dots.

Every graph in this thesis is finite, simple and undirected. That
is, the number of vertices and edges in a graph is finite, each pair of
vertices in G is connected by at most one edge, and all the edges in
G are not directed. In a graph, two vertices are said to be adjacent
if there is an edge connecting them, and two edges are said to be
adjacent if they share a common vertex. A vertex is said to be
incident to the edge if it is one of the end points of that edge.
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The identity matrix (sometimes called the unit matrix) I, of order
n is a square matrix of order n with all its diagonal entries equal to 1
and all other entries equal to zero. The adjacency matrix A(G) of the
graph G of order n is a square matrix of order n, whose (i, j)-entry
is equal to 1 if the vertices v; and v; are adjacent and equal to zero
otherwise.

A graph of order n is called an n-vertex graph. Similarly, a graph
of order n and size m is called (n, m)-graph. The graph of order n and
size (g) is a complete graph and is denoted by K,,. A path in a graph
is an alternating sequence vy, e, vg, €5 . .., U, €, Ux+1 Of distinct vertices
and edges, where the edge ¢; is incident to v; and v;,; for all i. The
path graph is the graph consisting of only one path. The path graph
of order n is denoted by F,. It is common to find the terms path
and path graph used interchangeably since they technical mean
the same thing. A graph G is said to be connected if every pair
of vertices is connected by some path. Otherwise, G is disconnected,
and the number of connected components of G is denoted by w(G).
An articulation point or cut vertex of a connected graph G is a vertex
when deleted with its incident edges from G leaves GG disconnected.
A cycle in a graph is an alternating sequence vy, ey, vs,€5. .., U, €x, U1
of distinct vertices and edges, where k£ > 3, the edge e; is incident to
v; and v;4, for all 4, and e, is incident to v, and v;. The cycle graph is
the graph consisting of only one cycle. It is also common to find the
two terms cycle and cycle graph used interchangeable. The length
I(P,) (I(C})) of a path (cycle) is the number of edges in the path (cycle).

Let G and H be simple graphs, H is said to be a subgraph of G
and write H C G if V(H) is a subset of V(G) and E(H) is subset of
E(G). An acyclic graph is a graph without a cycle as its subgraph.
An acyclic graph is also called a forest. A tree is a connected acyclic
graph, and so a tree of order n has size m = n — 1. A graph G of
order n and size m is called unicyclic, bicyclic, and tricyclic if G is
connected with size m = n, m = n + 1, and m = n + 2, respectively.
Note that the definitions of unicyclic, bicyclic and tricyclic graphs
have nothing to do with the number of cycles, e.g the bicyclic graph
can have three cycles. The cyclomatic number ¢(G) of a connected
graph G of order n and size m is defined as ¢(G) = m —n + 1. A graph
G with ¢(G) = k is said to be k-cyclic.

A bipartite graph G = (V'(G) U V"(G), E(G)) is a graph composed
of two independent sets of vertices (bipartition) V'(G) and V" (G) of
cardinality p and ¢ respectively, such that for every edge uv € E(G),
v and v are not in the same partition. If a bipartite graph G has
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partitions V' and V" of cardinality p and ¢ respectively, and for every
pair of vertices u € V' and v € V" there exists an edge uv in G, then
G is called a complete bipartite graph and is denoted by K, ,. Every
tree is a bipartite graph and every cycle of even number of vertices is
a bipartite graph. The complete bipartite graph K, ,_; is also called
the star of order n and is denoted by S,,.

The complement G of a graph G = (V(G), E(G)) is the graph with
the same vertex set V(G), such that two vertices v and v in G are
adjacent if and only if v and v are not adjacent in . The edgeless
graph of order n is the complement of the complete graph K, and
can also be denoted by K.

The set of vertices adjacent to a vertex v in a graph G is called the
neighborhood of v and is denoted by N¢(v), and N(v) when there is
no necessity to specify the graph G. The set of vertices v and its
neighbors in a graph G is denoted by Ng[v] (i.e Nglv] = {v} U N(v)),
and by N[v] when there is no necessity to specify the graph G. The
cardinality of the neighborhood N(v) of a vertex v in a graph G is
called the degree of v and is denoted by deg(v) (i.e deg(v) = |N(v)|.
The minimum degree of a graph G is denoted by /(G), while the
maximum degree is denoted by A(G). A vertex of degree O is called an
isolated vertex. A vertex of degree 1 is called a leaf vertex (or simply
a leaf) and sometimes it is called a pendent vertex. The edge incident
with a pendent vertex is called a pendent edge. The non-increasing
sequence D = (dy,ds,...,d,) of vertex degrees of a graph G is called
the degree sequence of G. We sometimes write D = (& ® 4,

[e%1 (e %) a
where d; < dy < --- < d,; and «; indicates the number of vertices of
degree d; in G. The reduced degree sequence of a graph G is a non-
increasing sequence obtained by removing all the 1's in the degree
sequence of G. The degree sequences and reduced degree sequences
are equivalent for trees. The set of all trees with degree sequence D
will be denoted by T (D). And all the set of trees with vertex degree 1
or d will be denoted by T, ,.

The distance dg(u,v) (or simply d(u,v)) between two vertices « and
v of a graph G is the length of the shortest path joining v and v in
G. If G has no path between vertices v and v, then dg(u,v) = 400
and the trivial distance between the vertex v and itself is zero (i.e
dg(u,u) = 0). The diameter of a graph G is the maximum distance
between any pair of vertices of G. The eccentricity of a vertex u,
denoted by ¢(u) is the maximum distance from u to any vertex v in
G, i.e €(u) = max,ey(g) d(u,v). Then, the diameter of a graph G equals
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the maximum of the vertex eccentricities. The radius of a graph G
is the minimum of the vertex eccentricities. The center of a graph is
the set of vertices whose eccentricities equal the radius of the graph.
The center of a tree is a single vertex called the center vertex, or the
ends of an edge called the center edge, see [15]. A centered tree is
a tree with only one center and a bicentered tree is a tree with two
centers.

Let P = vy, ep,v1,€1...,05_1, €51,V be a path in a graph G. If deg(vy) >
3, deg(vr) > 3, and deg(v;) = 2, for 1 < i < k — 1, then P is said
to be an internal segment of G. If deg(vg) > 3, deg(vy) = 1, and
deg(v;) = 2, for 1 < i < k — 1, then P is said to be a pendent path
of G with root v,. A segment of a graph G is an internal segment of
G, or a pendent path of G, or a cycle in G where all its vertices are
of degree 2 except possibly one vertex, which is a cut vertex. The
non-increasing sequence of lengths of all the segments of graph G is
called the segment sequence of G.

For a given graph G = (V(G), E(G)), a subset H of E(G) is called
a matching of G if no two edges in H are adjacent in G. The edges in
H are said to be independent. The two ends of an edge in a matching
H of a graph G are said to be matched under H. If every vertex in G
is matched under H, then H is said to be a perfect matching. H is
a maximum matching if G has no matching H with |H'| > |H|. Note
that H can be empty. The number of matchings of order k of G is
denoted by m(G, k). Note that m((, k) = 0, for all positive integers £,
m(G,0) = 1, and m(G,1) = |E(G)|. Two vertices of a graph G are said
to be independent if they are not incident to the same edge. The
number of independent vertex subsets of order k of G is denoted by
(G, k). Similarly, u(0,k) = 0, for all positive integers k, u(G,0) = 1,
and p(G,1) = |[V(G)|.

A tree obtained by joining by an edge the centers of two stars 5,
and S, is called the double star and is denoted by S,,. The order
of a double star S,, is n = p + ¢. A comet or a broom P, of order
n is a tree obtained by merging the center of the star S;,; with one
end of the path P, ,. For n > 1, let ay,as,...,a, be non-negative
integers, such that a; and a, are positive, the tree obtained from
the path graph vy, ey,v9,...,¢€,,v, by attaching a; new leaves to v;, for
1 < i < /¢, is called a (ay,aq,...,a,)-caterpillar, and is denoted by
Clay + l,as + 2,...,a0-1 + 2,a, + 1). The set of all caterpillars with
degree or reduced degree sequence D is denoted by Cp. The set of
all caterpillars of diameter d, size m and order n is denoted by C. Let
D be a degree sequence or a reduced degree sequence of a caterpillar
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G. We say G is maximal with regard to an invariant F(G), if and only
if F(G) = max{F(C):C € Cp}. Likewise, G is said to be minimal with
regard to an invariant F(G), if and only if F(G) = min{F(C) : C € Cp}.
If G is either maximal or minimal with regard to an invariant F(G)
we say G is extremal.

For a graph G, we use G — u to denote the graph obtained from G
by removing the vertex v in G together with all its incident edges,
while G — uv denote the graph obtained from G by removing the edge
wv € E(G). Similarly, for a graph G, G + uv is a graph obtained from
G by adding the edge wv ¢ F(G) in G, where u,v € V(G). Let G
be a graph, V' C V(G), the graph obtained from G by deleting the
vertices in V' together with their incident edges is denoted by G — V.
Let G, = (V(G41), E(G1)) and Gy = (V(G2), E(G2)) be two graphs. The
union G U G, is the graph G = (V(G,) UV (G,), E(G1) U E(G,)).

The subtree B of a tree T is called a complete branch of 7" if and
only if 7' — V(B) is connected. The vertex denoted r(B) € V(B) is
called the root of B if and only if it has a neighbor in 7" — V(B), and
the neighbor of r(B) in T'— V(B) is denoted by rn(B). Note that there
is only one vertex r(B) € V(B) that has a neighbor in 7' — V(B), and
that neighbor rn(B) € V(T — B) is unique. The degree of the root r(B)
in B is denoted by rd(B). Note that the degree of the vertex r(B) in
T is rd(B) + 1. If By, Bs,..., Bqp) are the connected components of
B —r(B), we write B = [By, Bs, ..., Byqp)]. For any two rooted trees T}
and 7T, we write 77 ~, T; if and only if there exists an isomorphism
f:V(11) — V(Ty) which preserves the roots, that is f(r(7})) = r(12),
otherwise we write 77 %, T;. A non-leaf vertex in a tree 7', that has
at most one neighbor of degree greater than 1 is called a pseudo-
leaf. A complete branch B is called a pseudo-leaf branch if its root
is a pseudo-leaf, in the original tree 7' containing B. A pseudo-leaf
branch with d vertices is denoted by [d].

Let G be a graph of order n, A(G) its adjacency matrix and I, the
identity matrix of order n. The characteristic polynomial ¢(G,z)
given by ¢(G, x) = det(zI,, — A(G)) of the adjacency matrix A(G) is the
characteristic polynomial of G. Some of the well known properties
of the characteristic polynomial ¢(G, z) will be presented in Section
1.3. The roots of the characteristic polynomial ¢(G,z) are called
the eigenvalues of G and are denoted by A, \s,..., \,. The set of all
eigenvalues of a graph G is called the spectrum of G and is denoted
by spec(G). For more basic notation and terminology, see standard
textbook [36].



CHAPTER 1. INTRODUCTION 13

1.3 Introduction to graph energy

Let G be a graph of order n, A(G) the adjacency matrix of G, and I,, a
unit matrix of order n. The characteristic polynomial ¢(G,z) of G is
given by

$(G, z) = det(aL, — A(G)) = > apz" ", (1.1)
k=0
The coefficients a; of the characteristic polynomial in Equation (1.1)
can be obtained using Theorem 1.1 [21], which is best known as the
Sachs Theorem.

Theorem 1.1 (Sachs theorem) Let G be a graph with characteristic
polynomial ¢(G,z) = > ;_, axz"*. Then, ap = 1 and for k > 1,

ae= 3 (14929

SeLy

where L, is the set of Sachs subgraphs of G with k vertices, the
subgraphs in which every component is either a K, or a cycle, w(S)
is the number of connected components of S, and ¢(S) is the number
of cycles contained in S.

While the adjacency matrix of a graph may depend on the labelling of
its vertices, the characteristic polynomial doesn’t. Suppose G; = G-
(G, is isomorphic to G5). Then, there exists a permutation matrix
@, associated with permutations of vertex labelling of G, such that
A(G2) = QA(G1)Q~, where ()~ is the inverse of the invertible matrix
@. Then,

$(G, x) = det(xT, — A(Gy)) = det(2T, — QA(G1)Q")
= det(zQL,Q — QA(G1)Q™) = det(Q(21, — A(G1))Q™)

(
(z@

— det(Q) det(aT, — A(GL)) det(Q™) = det(Q) det(xT,, — A(G1))~—
(

det(Q)
= det(zI,, — A(G1)) = ¢(Gy, x).

So, isomorphic graphs have the same characteristic polynomial. It is
also possible to have non-isomorphic graphs with the same characte-
ristic polynomial and they are said to be cospectral, see [59]. The
following are some basic properties of the characteristic polynomial,
which can also be found in [88].
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Theorem 1.2 [f G,G,,...,G, are connected components of a graph
G, then

t

0(G,x) = [ [ 6(G}. ).

j=1

Theorem 1.3 Let uv € E(G) of a graph G. Then,

o(G,x) = (G —uv,x) — (G —u—v,x) — 2 Z o(G —C,x),

CeL(uv)

where L(uv) is the set of cycles containing uv.
The following are direct consequence of Theorem 1.3.
Corollary 1.4 Let G be a forest and uv € E(G). Then,

o(G,x) = (G —uv,x) — (G —u — v, x).
Corollary 1.5 Let P, be a path of order n. Then, fori=1,2,... n,

(P, 1) = G(Poy)$(Pacsy @) — S(Prt, ) Pai1, ),

where ¢(Py,x) = 1.

Theorem 1.6 Let G be a forest and v € V(G). Then,
Qb(G,I) = $¢(G - ’U,f) o Z ¢<G — U= 'U,SC)-
ueEN (v)

Theorem 1.7 Let G be agraph. Let H be obtained from G by attaching
k pendent vertices to each vertex v of G. Then,

ottt.) a0 (G- L),

It is convenient to set ¢(), x) = 1, so that the equation in Theorem 1.3
remains valid for all graphs. The following theorem was first stated
explicitly in [64].

Theorem 1.8 [f G is a forest of order n, then

5]
¢<G’ :L‘) = Z(_l)km(G’ k>xn_2k;

k=0

where m(G, k) is the number of independent edge subset of order k of
G.
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The roots of the characteristic polynomial ¢(G,z) of a graph G are
called the eigenvalues of G, and are denoted by A, X\o,..., \,. The
set of all the eigenvalues of G, listed in the set according to their
multiplicities is called the spectrum of G and is denoted by spec(G).
The k-th spectral moment M;(G) of G is defined as M, (G) = > 7, \.
The Schatten k-norm of a graph G is defined as (}_7_, |A;/¥)'/*. The
spectrum and spectral moments of graphs have been studied intensi-
vely, and have their own applications, see [92, 129]. Similarly, the
Schatten k-norm have been studied in matrix theory and functional
analysis, see [9,98,111-113]. The k-th spectral moments and Schatten
k-norm of a graph G are mentioned because the energy of a graph
G seems to be related to them. One such relation is that the energy
of a graph G is equivalent to the Schatten 1-norm of G, which is
commonly known as the trace class norm. The sum of the absolute
values of the eigenvalues of G is called the energy of G, and is
denoted by En(G). That is,

n

En(G) =) I\l (1.2)

Jj=1

The energy En(G) of a graph G is always greater than zero, except
when G is an edgeless graph. The edgeless graph is the only graph
that has all its eigenvalues zero. In 1940, Charles Coulson discovered
an alternative formula for calculating the energy of a graph G, see
[18]. The formula is known as the Coulson integral formula and is
given by,

1t izg/ (G, iz) R d _
En(@) = /_m [” - W] = /_m { - ’f%ln@ﬁ(G’“ﬂ(g

where G is a graph, ¢(G,z) is the characteristic polynomial of G,

¢'(G,z) = L¢(G,r), and i = /—1.

The Coulson integral formula (1.3) shows that the energy of a graph
G depends on the characteristic polynomial ¢(G,x) of G, while the
sachs Theorem 1.1 reveals that the ¢(G,z) depends on the structure
of G. This shows that the energy En(G) depends on the structure of
G, see [52]. Let Gy, Gs, .. ., G be the connected components of a graph
G, and ny,na, ..., n; their respective orders. Then, using Theorem 1.2
and the Coulson integral formula (1.3), one gets the energy of G as,

En(G)
+oo d )
/ {n T In¢(G,iz)| dz

[e.e]

1
us
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+oo [ d

:—/ n1+n2+---+nt—x%1n¢(G1UG2U---UGt,ix)}clx
oo L ;

= —/ ny+mng+ -+ ng— T In ¢(Gy,iz)p(Ga,ix) . .. qﬁ(Gt,ix)} dx

= —/ _nl +ng+ -+ my —xi (In ¢(Gy,ix) —i—---—i—lnqb(Gt,ix))} dx

dz
1 [T d
_/_ |:nt — ZC% In Qb(Gt, 1:17):| dx

@ 00

L dl (Gy,iz)| dx + -+
-2/ _nl x% n¢(Gy,ir) | dr

= En(Gy) + En(Gs) + - -+ + En(G,).
Therefore,

Corollary 1.9 [4]IfG1, G, ..., G, are connected components of a graph
G, then
t
= Z En(Gy)
j=1

There are several modifications of the Coulson integral formula (1.3),
and can also be found in [19,47, 52, 88, 100].

Corollary 1.10 [47] If G, and G4 are two graphs of the same order n,
then . oGy i)
1 e 1,

En(Gy) — En(Gs) = — In ————~dx. 1.4

(@) = En(Go) = 1 [ S (1.4

Equation (1.4) is known as the Coulson-Jacobs formula, see [19] or

a report in [100]. Since En(G;) and En(G;) must be real numbers,

then the right handside of the Equation (1.4) must be real, that is,

+OO (b Ghlx

: 1.
GQ,m: da (1.5)

If we choose Gy = K, and let ¢(G,z) = Zk 0" *, then ¢(Gy,ir) =

2 ko @ (12)"F, ¢(Go, i) = (iz)", En(Gh) = En(K, ) =0 and

+OO ¢ Gl,l,f

d
GQ,I.T v

En(Gy) = En(Gy) — En(Gs) =

1 400 n i —k 1 400 n
= —/ In Lo ak( :c) dz = —/ In |y ap(iz)™*| dx
TJ) o (iz)" TJ) o
k=0
1 [* ok -2k —(2k+1) —(2k+1)
_ - 1 '
W/oo n Z( Qo) T +Z agk 1T dx
k>0 k>0

1 [T
= —/ In Z(i)_Zkagk[l?_Qk + (i)7" Z(i)_Qka2k+1x_(2k+l) dx

o0 k>0 k>0
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1 [T k. ok o k —(2k+1)
=/ In Z(—l) Qo)™ —|—IZ(—1) Aokt 1 T
o0 k>0 k>0

= %/:O In {J (;(—1)ka2m—2k> + (;(_1)ka2k+1x—(2k+l)) ] de.

= % e In [(Z(_l)kagk;p%> + <Z(_1)ka2k+lx—(2k+l)> ] de.

k>0

dx

Let z = 1/z, then

En(Gy) = En(G1) — En(G3)

2 2
1 oo q
=5 ?111 |:<Z(1)ka2kzzk> + (Z(—l)ka2k+1z2k+1> ] dz.

k>0 k>0
(1.6)

The Coulson-type formula in Equation (1.6) is commonly used in
deriving explicit formulas of energies of graphs, and when comparing
the energies of two graphs, see [57,58, 151, 152, 154] and the book
[88]. We have already seen in Theorem 1.8 the relationship between
the number of matchings m(G, k) of order &k and a characteristic
polynomial ¢(G,z) of a forest G. This implies the following relation
between the number of matchings of order £ and the energy of a
forest G.

Theorem 1.11 [52] If G is a forest of order n, then

2 +o0 1 ok
En(G) = —/ —1In Zm(G, k)x="| dx, (1.7)
0

T 2
k>0

where m(G, k) is the matching number of order k.

This relation motivates us to use the auxiliary graph invariant M (G, z)
of a graph G, which in turn helps us study the energy En(G) and
Hosoya index Z(G) (to be introduced in Section 1.4) together.

Definition 1.12 Let G be a graph of order n and m(G, k) the number
of matchings of order k. The auxiliary invariant M (G, z) is defined to

be
M(G,z) =Y m(G,k)z".

k>0
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Then, the Equation (1.7) can be rewritten as

En(G) = 2 /+OO ilnM(G z?)dx. (1.8)
0

T 2

Remark 1.13 It is clear from Equation (1.8), that if 7 and T’ are
trees and M(T,z) < M(T',z), for all positive z € R, then En(T) <
En(T"). If furthermore, there exists a positive 2 € R, such that
M(T,z) < M(T',z), then En(T) < En(T").

The study of the energy of graphs can be traced back to the 1930s, to
the German physicist Eric Hiickel, who brought forward a method of
finding approximate solutions of the time-independent Schrodinger
equation of the conjugated hydrocarbons. His approach was later
known as the "Huickel Molecular Orbital (HMO) theory". The HMO
theory can be found in relevant textbooks such as [20,30]. In his
theory, he shows that the total wm-electron energy of a conjugated
hydrocarbon in $-units can be predicted using the eigenvalues of its
molecular graph. In a chemical structure of a molecule, remove all
the hydrogen atoms with their bonds, so that the carbon to carbon
atom skeleton is left, then replace each carbon with a vertex and
each bond (whether single, double or triple) with an edge. The newly
formed structure is a molecular graph of such molecule, see the
books [37,52] and the reviews [40,45,54]. The total m-electron energy
being predicted by the Equation (1.9)

En(G)=2)_ ), (1.9)
+

where G is the molecular graph and Z indicates summation over

+
positive eigenvalues. Since the sum of all the eigenvalues of a molec-
ular graph is zero, then

En(G)=2) X\=> [\l (1.10)
+ j=1

En(G) was later known as the HMO total 7-electron energy. Equation
(1.10) is the same as Equation (1.2) except that at this stage it was
not known that Equation (1.10) was valid for all graphs, see [18,
60,101, 120, 121]. These results motivated Ivan Gutman to propose
the energy of graphs to be that of Equation (1.2) and which was
initially stated publicly in a conference held in Austria [39], in 1978.
Then, later restated on several other lectures and conferences as
well as the papers [42,47] and the books [23, 52]. The study of
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the energy of graphs did not attract many researchers in its early
days, we only saw a significant change in the number of publications
between 2000 and 2001 and then between 2006 and 2007 and from
then we had a significant number of publications. The survey on the
growth of the study of energy of graphs, one should consult [27,47-
49], monographs [13,21-25] and the books [6, 88, 107]. The graph
energy has been found to be related to the graph entropy, see [28,
87]. The graph energy has also found its application in modelling
protein properties, see [31, 141, 149, 150]. More on the applications
of the energy of graphs, one should consult [1,7,108, 126,127,134,
143]. To complete this introduction on graph energy, we present in
Section 1.6, some results on extremal graphs relative to the energy.
We next introduce the so-called Hosoya index.

1.4 Introduction to the Hosoya index

The Hosoya index Z(G) of a graph G is defined as the total number
of matchings in G, that is,

Z(G) =Y _m(G, k), (1.11)

k>0

where, m(G, k) is the number of matchings of order k. Recall that,
m(G,0) = 1, m(G,1) = |E(G)|, and m(0, k) = 0 , for all positive k € Z.
Hence, the Hosoya index of a graph G is always greater than or equal
to 1, even if G is empty.

Remark 1.14 It is clear that Z(G) = M(G,1). And if G and G’ are
two graphs, such that for all positive € R, M(G,r) < M(G', ), then
Z(G) < Z(G"). Note that, it is possible to have two trees T and T’
such that, for all positive z € R, M(T,z) < M(T',z), Z(T) = Z(T")
and En(T) < En(T"). But if M(T,z) < M(T',z) for all positive » and
En(T) = En(T"), then Z(T) = Z(T").

The Hosoya index possesses the following properties, which will be
realised later in Chapter 2.

Lemma 1.15 [2] Let G and G’ be two disjoint graphs. Then:
) Z(GUG) = Z(G)Z(G).
(i) If v € V(G), then

Z(G)=Z(G-v)+ Y Z(G—{v,w}).
weN (v)

(iii) If wv € E(G), then
Z(G)=Z(G—uv)+ Z(G — {u,v}).



CHAPTER 1. INTRODUCTION 20

The Hosoya index, also known as the Z-index, was introduced by the
Japanese chemist Haruo Hosoya. He discovered that this topological
index (or graph invariant) can be used to characterize the topological
nature of structural isomers of saturated hydrocarbons. To be more
precise, in 1971 he published a paper [64] titled “Topological Index.
A newly proposed quantity characterizing the topological nature of
structural isomers of saturated hydrocarbons”. In that paper, he
showed that: There is a strong correlation between the Hosoya index
and the characteristic polynomial of the molecular graphs of satura-
ted hydrocarbons. By setting x = 1, in Theorem 1.8, we can get
a sense of this correlation, when we consider the set of trees. The
correlation between the Hosoya index and the boiling points of satur-
ated hydrocarbons, the correlation between the Hosoya index and
the Fibonacci numbers are also pointed out in that paper. Following
this paper, several papers [35,41,66,70,74,75,99,109, 110] show-ed
that the Hosoya index is related with a variety of physico-chemical
properties of alkanes. To illustrate, Hosoya and Gao [35] find that
the boiling points of alkanes are strongly correlated to the Hosoya
index. Hosoya, Gotoh, Murakami and Ikeda, also find [70] the correl-
ation between the density of liquids and the Hosoya index, and hence
the dependency of the Hosoya index to the molecular structure of
alkanes. And finally, Hosoya [66] further show that a highly branch-
ed gasoline isomer must have low boiling points and smaller Hosoya
index. Another series of papers pointed out the applications of the
Hosoya index in the theory of conjugated w-electron systems, see
[50, 55, 56,65, 71, 72]. In particular, Gutman, Furtula, Vidovic, and
Hosoya [50] in their attempt to examine the structure-dependence
of the total 7-electron energy, they find that all chemical trees have
a positive and unique solution to the so called Coulson function
(F(G,z) = InZ(G)), and that the solutions, irrespective of their size
and other structural features, are nearly equal to an estimate of 1.2.
More on the chemical aspects and applications of the Hosoya index
one should also consult [67-69, 73]. While the Hosoya index was
still enjoying the attention it was getting, about a decade later a new
similar topological index was introduced by Richard E. Merrifield
and Howard E. Simmons. We next introduce the Merrifield-Simmons
index also known as the number o.
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1.5 Introduction to the
Merrifield-Simmons index

The Merrifields-Simmons index ¢(G) of a graph G is defined as the
total number of independent vertex subsets of GG, including the empty

set. That is,
o(G) = u(G,k),

k>0

where (G, k) denotes the number of independent vertex subsets of
order k of G. By definition, u(G,0) = 1, p(b, k) = 0, and u(G,1) =
|V (G)|, for all positive k € Z. Hence, the Merrifield-Simmons index of
a graph G is always greater than or equal to 1, even if G is empty. The
Merrifield-Simmons index possesses the following properties, which
are similar to those of the Hosoya index.

Lemma 1.16 [106] Let G and G’ be two disjoint graphs. Then:
(i) o(G U G') = O‘(G)O‘(G/).
(i) If v € V(G), then

0(G) =0(G —v)+o(G— N[vl).
(iti) If wv € E(G), then
0(G) =0(G —ww) —o(G — N[u] U Nv]).

The Merrifield-Simmons index was introduced as the number o, by
the American chemists Richard E. Merrifield and Howard E. Simmo-
ns. In their attempt to give an answer to the question, “to what
extent can the topological spaces be used to describe the structure of
molecules?”, they discovered the number ¢, which was the number
of open sets of the finite topology. The year was 1980 and the
paper was titled “The Structures of Molecular Topological Spaces”.
In that paper they discovered that this number o is equal to the
number of independent vertex subsets of the associated molecular
graph. They pointed out the correlation between the number o
and alkane heat formations, the correlation between the number
o and the alkane boiling points, and the correlation between the
number ¢ and the fibonacci numbers. To which, regarding the latter,
they showed that o(P,) = F,,;. The two continued to strengthen
their theory on using topological spaces to describe the structure
of molecules, and published a series of articles [102-104, 106, 124]
and the book [105]. Despite the hard work, their theory did not get
much attention. Recognizing the similarities between the Hosoya
index and the number o, researchers did not see the number o as
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a topological index on its own right, rather as the Hosoya index of
the second kind, see [51]. It was until the Serbian chemist and
mathematician Ivan Gutman in [43], who first mentioned the number
o as the Merrifield-Simmons index, then followed two papers [44,46],
that the number o was accepted as a topological index and the name
Merrifield-Simmons index was used since then. We next highlight
some of the known results on extremal graphs, relative to the energy,
Hosoya index and the Merrifield-Simmons index.

1.6 Selected results on graph energy,
Hosoya index, and the
Merrifield-Simmons index

The energy, the Hosoya index and the Merrifield-Simmons index
are among graph invariants that have applications in chemistry,
in describing physico-chemical properties of molecules. In recent
years, a lot of work has been done on the extremal problems, i.e.
on characterizing graphs within prescribed classes that minimize
or maximize the value of the index. We have seen in the previous
sections that, if G,Gs,...,G; are components of a graph G, then
En(G) = Z§:1 En(G;), Z(G) = H;':1 Z(G;) and o(G) = H§‘:1 o(G;). In
view of these relations, most authors only study connected graphs.

We have also seen the similarities between the Hosoya index and the
Merrifield-Simmons index, and the relation between the energy and
the Hosoya index of trees through the auxiliary invariant M (G, z). It
turned out in [136], that there exists a negative correlation between
the Hosoya index and the Merrifield-Simmons index, when the family
of trees is considered. Even though there is no explicit formula
showing the relation between the Hosoya index and the Merrifield-
Simmons index, we note that in most, not all classes of graphs, the
graph that maximizes the Hosoya index minimizes the Merrifield-
Simmons index, and vice versa. Also the graph that maximizes/mini-
mizes the Hosoya index maximizes/minimizes the energy, this has
been proven for some non-trees, see [76].

When all graphs of order n, are considered, the edgeless graph K,
maximizes the Merrifield-Simmons index (with o(K,) = 2", note that
all the vertices in K,, are independent from each other) and minimizes
the Hosoya index (with Z(K,) = 1, for only the empty set) and energy

(with En(K,) = 0, since all the eigenvalues are 0). While, the complete
graph K, minimizes the Merrifield-Simmons index (with o¢(K,) =
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5]

|
n+1) and maximizes the Hosoya index (with Z(K,) = Z m
k=0 © VT A

see [135]). Among all graphs of order n, the graph maximizing the

energy is still unknown. We are aware of the recent upper bound
found in [12].

When we consider only connected graphs of order n, the complete
graph K, still minimizes the Merrifield-Simmons index and maximiz-
es the Hosoya index. While, the path graph P, maximizes the Merrifi-
eld-Simmons index (with ¢(P,) = F,,2) and minimizes the Hosoya
index (with Z(P,) = F,;1). And the energy is minimized by a star
S, (with En(S,) = 2yv/n —1). For more explanations on the above
discussion, see survey [135] and book [88]. When extra conditions
are imposed on connected graphs of order n, one can also consult
the papers [14,62,115,119, 132, 147, 155] for the Hosoya index and
Merrifield-Simmons index, the book [88] for the graph energy, and
the references therein.

When the family of trees of order n is considered, the star S,, maximi-
zes the Merrifield-Simmons index (with o¢(S,) = 2"~!+1) and minimiz-
es the Hosoya index (with Z(S,,) = n) and the energy. While, the path
graph P, minimizes the Merrifield-Simmons index and maximizes
the Hosoya index and energy, where

——==——2 if n=0(mod 2)
2(n+1)

En(P,) = :

2;252@ —2 if n=1(mod 2)
2(n+1)

These results can also be found in [4, 38, 52, 88, 135]. It is natural
that once you have characterized the graph that attains the first
largest/smallest value of a certain graph invariant, one may want
to characterize the graph that attains the second largest/smallest
value of that invariant. Well, for the Hosoya index and the Merrifield-
Simmons index one can consult the papers [38, 83, 89, 90, 137], for
the trees attaining the second largest and second smallest value
of the Hosoya index and the Merrifield-Simmons index. On the
ordering of trees from the tree with the smallest energy, one may
consult [53,79, 84, 85,122, 123, 125], and the ordering of trees from
the tree with the largest energy, one may consult [3, 88].

The broom P, ;_; has been found to maximize the Merrifield-Simmo-
ns index and minimize the Hosoya index among all trees of order n
and k-leaves, see [114, 146]. The characterization of a tree attaining
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the second largest Merrifield-Simmons index and second smallest
Hosoya index can be found in [96, 138]. The characterization of a
tree of order n and k-leaves that minimizes the Merrifield-Simmons
index and maximizes the Hosoya index was studied in [29, 144]. For
more on the number of maximal independent sets in trees with a
given number of leaves, one may consult the recent paper [130].
The broom has also been found to be extremal among all trees of
order n and diameter d, see [17,83,89, 114, 116, 145]. The broom
minimizes the Hosoya index and maximizes the Merrifield-Simmons
index. Among all trees of order n and diameter d, the second and
third on the list of extremal trees is characterized in [91]. As we
have stated earlier, that the study of these graph invariants is fast
growing and we can’t capture every single detail in this thesis, the
interested reader is referred to the surveys [135, 153] for the Hosoya
index and Merrifield-Simmons index, the book [88] for the graph
energy, and for the recent results: For graph energies of general
graphs, see [10,12,82,118]. For graph energies of trees, see [81]. For
graph energies of unicyclic graphs, see [8, 139]. For graph energies
of bicyclic graphs, see [80]. For graph energies of tricyclic graphs,
see [16,86,97,128,157]. For independent subsets of general graphs,
see [14,62,78,115,119, 132, 147, 155]. For independent subsets of
trees, see [131, 159]. For independent subsets of unicyclic graphs,
see [5,77,93,95, 139, 148, 156]. For independent subsets of bicyclic
graphs, see [142]. For independent subsets of tricyclic graph, see
[26,32-34,61,94,117,128,157, 158].

Going back to the energy, Hosoya index and the Merrifield-Simmons
index of trees. In [4], Eric Andriantiana investigated the energy,
Hosoya index and Merrifield-Simmons index of trees under degree
restrictions. In his paper, he showed that the tree M(d;,ds,...,d,) is
the unique (up to isomorphism) tree that maximizes the Merrifield-
Simmons index among all trees with reduced degree sequence d;, ds,
..., d,, where M(dy,d,, ...,d,) is constructed as follows: Let d;,ds, ...,
d, be a reduced degree sequence of a tree 7. If n < d, + 1, then
M(dy,ds,...,d,) is the tree obtained by merging the root of each of

[di1], [da], ..., [dn—1] With a leaf of [1 + d,,|, respectively. If n > d, + 2,
then M(dy,ds,...,d,) is constructed recursively: First label vertices
as shown in Figure 1.1, such that

deg(v;) < deg(v;), if i < j. (1.12)

Let | be the greatest integer, such that v, is a label in M(dy, ,...,d,_1).
Let s be the smallest integer, such that v, is adjacent to a leaf in
M(dg,, ... ,d,—1). Let Rq, = [[di1],...,]ds,-1]], where the pseudo-leaves
are labelled v;y1, ..., v.q4,_1, respecting Inequality (1.12). M(d;,ds, ..., d,)
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relabelling

Figure 1.1: Relabeling for the construction of M(d;,ds,...,d,).

is the tree obtained by merging the roots of R,, to a leaf adjacent to
vs. See Figure 1.2, for example. Following his work, we wondered

Figure 1.2: Step-by-step construction of M(7,7,7,5,4,4,3,3,2,2,2).

what would be the properties of extremal caterpillars relative to the
energy, Hosoya index and the Merrifield-Simmons index, when the
family of caterpillars with prescribed degree sequence is considered.
In this thesis we characterize the caterpillar minimizing the Hosoya
index and energy, caterpillar maximizing the Merrifield-Simmons
index, and finally, we characterize the caterpillar maximizing the
Hosoya index and energy. The attempt on characterization of caterpi-
llars minimizing the Merrifield-Simmons index became a little harder,
and we leave a conjecture regarding this matter. We next present
preliminary results that play a vital role in the derivation of formulas
and proving of results in this thesis.



2 Preliminaries

In this chapter we present basic lemmas that will be useful in Chapters
3 and 4. In Chapter 1, we defined the auxiliary invariant M (G, z) of
a graph G as

M(G,z) =Y m(G,k)z".

k>0

It possesses the following properties.

Lemma 2.1 ([2]) Let G and G’ be two disjoint graphs and let z > 0 be
a real number. Then, we have

M(GUG ,z) = M(G,z)M(G ). (2.1)
Ifv € V(G), then we have

M(G.z)=M(G—v,x)+x Y M(G—{v,w} ). (2.2)

wWENg(v)
For any uwv € E(G) we have
M(G,z) = M(G —w,x) +2M(G — {u,v},x). (2.3)

Proof. Let G and G’ be two disjoint graphs and let = > 0 be a real
number. Then, for every pair of edges e¢; and e; with ¢; € E(G) and
es € E(G), e1Ne; = 0. Then, in order to form an independent edge
subset of cardinality & in GUG', we take an independent edge subset
of cardinality j in G and another of cardinality k¥ — j in G, for some

0<j<k. Hence m(GUG k) = Z m(G,j)m(G ;). Then,

j+j//:k
Jj=0,5 20

M(GUG ) :Zm(GUG/,k):Ek:Z Z m(G, j)m(G,j) | «*
k>0 k20 | i o
>0, >0

26



CHAPTER 2. PRELIMINARIES 27

=S| 3 m@mc. ) |2

k20 \ j4j =k
/
7>0,5'>0

= Z (G,j) xJZm(G/,j/)le = M(G,z)M(G', z).

320 i'>0

Hence Equation (2.1).

Suppose v € V(G). Suppose we remove the vertex v from G. Then, for
every pair of edges e; and e; in G—v, e;Ney = () if and only if e;Ney = ()
in G. Thus, any independent edge subset of G — v are independent
edge subsets of G. So m(G, k) = m(G — v, k) + r, for some positive real
number r. The independent edge subsets in G that are not counted
in m(G — v, k) are the ones that contain v. Note that, if any subset
contains v, then it can not contain the edge incident to the neighbor

of v. Hence m(G, k) =m(G —v,k)+ »_ m(G - {v,w},k—1). Then,

weN (v)
=> m(G, k)"
k>0
—Z G—v,k)+ Z m(G — {v,w}, k—1) | 2
k>0 weN (v)
:Zm( — v, k)a” —i—ZZ (G — {v,w}, k—1)z"
k>0 k>0 weN (v)
= Zm(G — v, k)" + Z Zm(G —{v,w}, k- 1)z
k>0 weN (v) k>0
=M(G—v,z)+x Z M(G —{v,w}, x).

weN (v)

Hence Equation (2.2).

Suppose uv € E(G). Suppose we remove the edge uv from G. Then,
for every pair of edges e; and e; in G — uv, e; Ney = ) if and only if
e1Ney = () in G. Thus, any independent edge subset of G — uv are
independent edge subsets of G. So m(G, k) = m(G —uv, k)+r, for some
positive real number r. The independent edge subsets in G that are
not counted in m(G — wv, k) are the ones that contain the edge uv.
Note that, if any subset contains uv, then it can not contain any
other edge incident to u, and cannot contain any other edge incident
to v. Hence m(G, k) = m(G — uv, k) + m(G — {u, v}, k — 1). Then,
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M(G,z) =Y _m(G k)a* =Y (m(G —uv,k) +m(G — {u, v}, k — 1)) 2*

k>0 k>0
= Zm(G —uv, k)r* + Zm(G —{u, v}, k—1)z"
k>0 k>0

= Zm(G —uv, k)z® + Zm(G —{u, v}, k — 1)z

k>0 k>0

=M(G —w,z) +2zM(G — {u,v},x).

Hence Equation (2.3). O

Note that the Hosoya index of a graph G is given by, Z(G) = M(G, 1).
Hence the properties of the Hosoya index in Section 1.4 follow from
those of M(G,z) in Lemma 2.1.

Definition 2.2 For every complete branch B of a tree, we define
mo(B, k) to be the number of matchings of order £ in B, not covering
the root r(B), My(B,x) = > ,-,mo(B,k)z*, and 7(B, x) = %. Induc-
tion on M (B, z) and Lemma 2.1 give the following propertie:s of 7(B, z).

Lemma 2.3 ([4]) Let B = [By,...,B.mn)) be a complete branch of a
tree. Then, for all positive x we have

1
L+ (B, )

1

(B, ) = (2.4)

It is convenient to set 7(0),z) = 0 for all x > 0, so that recurrence 2.4
still holds if some of the B;’s are empty.

Lemma 2.4 ([4]) Let B be a complete branch of a tree and x > 0.

Then,
1

— < 7(B <1
1+ zrd(B) s7(B) <

Remark 2.5 Note that the upper bound 1 is reached only if B is a
leaf. It follows that the lower bound is also obtained only if B is a
pseudo-leaf branch.

We define o(G, x) of a graph G and p(B, z) of a complete branch B, so
that the techniques used in Chapter 3 using M (G, z) and 7(B, z) to
characterize extremal caterpillars relative to the energy and Hosoya
index, can be deployed also in Chapter 4 using o(G, x) and p(B, z) to
characterize extremal caterpillars relative to the Merrifield-Simmons
index.
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Definition 2.6 Let G be a graph. Let u(G, k) denote the number of
independent vertex subsets of order k£ in G. For a rooted tree 7" with
root v, we also define (7, k) to be the number of independent vertex
subsets of order £ in 7' not containing the root v and p; (7, k) to be the
number of independent vertex subsets of order k in 7' containing the
root v. Let x > 0 be a real number, then o(7,x), oo(T,z) and o,(T,x)

are defined to be:
o(T,x) = (T, k)at,

k>0
OO(Ta l’) = Z MO(Tv k)xk
k>0

and

o(T,x) = (T, k)",

k>0

oo(T, z)
o(T,z)

respectively. We also define p(T', z) to be p(T,z) = . Note that

o(T,x) =00(T,z) + 01(T,z), and o(G, 1) = o(G).

Lemma 2.7 ([2]) Let G be a graph.
() If wv € E(G), then

o(G,z) =0(G —uv,z) —xo(G — N[u]UN[v],z).
(i) If v € V(G), then

o(G,z) =0(G—v,z) +20(G — N[v], x).

(iii) If G4, Go, . . ., G, are the connected components of GG, then

t

o(G,x) = H o(Gj,x).

j=1

Proof. (i) Let G be a graph. Suppose uv € E(G). Suppose we remove
the edge wv from G. After removing uv from G, to get G — uv, the
independent vertex subsets of order &k containing both v and v are
counted in u(G — uv, k). So, to get the correct value for u(G, k) we
need to remove those subsets. Note that if both v and v are present
in an idependent vertex subset, then their neighbors cannot be in
that independent vertex subset. Hence

w(G k) = (G —uv, k) — p(G — Nu]U N[v], k —1).

Then,
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o(G,x) = o(G k)" =>" (WG —w, k) — p(G — N[u] UN[], k — 1)) 2*

k>0 k>0

= Zu(G—uv,k)mk - ZM(G—N[U] UN[], k—1)z"
k>0 k>0

= ZM(G — uw, k)z® — xZu(G — N[u] UNJ[v], k — 1)z"!
k>0 k>0

=0(G —uwv,z) —xo(G — Nu] U N|v], z).

(ii) Suppose v € V(G). Suppose we remove v from G. Then, for
every pair of vertices v; and v, in G — v, vyv2 ¢ E(G — v) if and only
if vy, ¢ E(G). Thus, any independent vertex subset of G — v are
independent vertex subsets of G. So, u(G,k) = u(G — v, k) + r, for
some positive real number r. The independent vertex subsets with
k elements in G that are not counted in (G — v, k) are the ones that
contain v. Note that, if an independent vertex subset contains v,
then it cannot contain any neighbor of v. Hence,

w(G k) = (G — v, k) + u(G — Nl k —1).
Then,

o(G,x) =Y G k)" =" (u(G —v,k) + u(G — N[v] .k — 1)) z*

k>0 k>0

= ZM(G — v, k)z" + ZM(G — N[v],k — 1)2"
k>0 k>0

=> G —v, k)" + 2 (G = N[p], k- 1)2*"!
E>0 k>0

=0(G —v,z)+20(G — N|v],z).

The proof of (iii) is the same as that of Equation (2.1) in Lemma 2.1.
O

Lemma 2.8 ([63]) Let T' be a rooted tree with root v and branches
T1,...,T,. Then,
k

() 0o(T,z) = [[ o(T}, ),
j=1

k
(i) o1(T, ) = & [ [ o0(T}, 2),
j=1

1

- )
L+ ] [ (T, )
j=1

(iii) p(T, x) =
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Proof. Let T be a rooted tree with root v and branches Ti,...,T}.
Then,
i) oo(T,x) = ZMOTkx —Zu —v, k)" =0o(T —v,x)
k>0 k>0

k

=o(T1,2)0(Ty,x)...0(Tp, x) = [ [ (T}, 2).

j=1

(ii) Let vy,...,v; be the roots of 7T,...,T}, respectively. Then, any
vertex independent subset of 7' that contains v must not contain

any of the elements in {vy,...,v;}. Then,
o1 =Y u(T = N[, k- 1)a*
k>0
=2y p(T = N[l k- 1)a*" = 20(T — N[v], z)
k>0

=zo(T) —vy,2)0(Ty — vg, ) ... (Tk—vk, x)

= zoo(T1,2)o0(Te, ) ... 00(Tk, x _xHUO
T T T |
mmm@:%@@: o0(T, z) _ oo(T, 1)
O-(T; I) JO(T) x) —I'_ OI(T, I) Jo(T’ 1‘) + 015;71';
g0 ,
_ 1 1 1
o o1(Tx) L T
1+ 25 HxHJ L 00(T), @) 1—|—1:Hj o)
HJ 1J(T x)
1

1+ mH?:l p(T‘]wa‘)
]

It is convenient to set p((),z) = 1 for all z > 0, so that (iii) in Lemma
2.8 still holds if some of the T}’s are empty.

Lemma 2.9 LetT be a rooted tree with root v and branches T}, ..., T}.

Then,
1 1

<p(Tz) < ——-
1—|—$ 1+ (1+:Jc)k

Proof. Let T be a rooted tree with root v and branches Ti,...,T.
Then, 7T is not empty. Suppose 7' is a star rooted at its center. If T’
is a 1-vertex star, then

. 0'0(T, .CB) . 1
Pl w) = o(T,z) 1+2a’ (2.5)
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since there is only one vertex subset of 7' that does not include the
root v. Otherwise, 7} is a leaf, for all j € {1,...,k}. Then, p(1j,z) =

1
ppr=p Hence,

1 1

_ : _ . (2.6)
L+ a]lio p(Th2) 142 ()

p(T',x)

Suppose T is not a star, hence at least one branch is not a leaf.

then (1,2) (1.2)
oo(T, x oo(T, x
T, x) = = <1
L) =Ty ~ aoTow) tor(Ta)
since 7' is not empty and oy(7,z),0,(7T,z) > 0. By similar reason,
p(T;,z) < 1for all j € {1,...,k}. This implies that H?Zl p(T,z) < 1.
Hence,

1 1

= > . 2.7

p(T,x)

1

With the same reasoning, p(7;,x) > with equality only if 7} is a

H’_QE’
leaf. This implies that Hle p(T;,z) > (Hﬁ)k and hence
1 1
(T, z) = - < 7 (2.8)
1+$Hj=19(7}ax) 1+1’(1+—$)

And therefore, from Equations (2.5) through (2.8) we get

1 |
Y (TR E——
tz 1+ (13)

both inequalities are equalities if and only if 7" is a star rooted at its
center. U

Remark 2.10 Note that the lower bound in Lemma 2.9 is reached
only if 7" is a leaf, and the upper bound is reached only if 7" is a
pseudo leaf or a leaf branch.



3 Extremal caterpillars with
regard to V/(.,z), energy and
Hosoya index

In this chapter, we derive a formula of M (G, x) of a caterpillar GG, and
this formula is used to characterize extremal caterpillars relative to
the auxiliary invariant M (., z), Hosoya index and energy.

3.1 A formula for the auxiliary invariant
M (G, z) of a caterpillar ¢

Let G be a caterpillar and be decomposed as in Figure 3.1. Then,
using Equations (2.1) and (2.3) we have:

Figure 3.1: Decomposition of a caterpillar for Chapters 3 and 4.

33
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=M(G —vr(B),z)+xzM(G — {r(B),v},x)
= M(B, )M( ,x) +axM(G — {r(B),v}, )

= M(B, )

+xM(B

M(F wr(B ) x)+axM(F — {w,r(B/)},x)]
+2M(G — {r(B),v},x)

:M(T, 2)M(B',z) + 2M(F — {w,r(B)}, x)]

+2M(G — {r(B),v},x)

:M(T, 2)M(B',z) + 2 M(T — w,z)M(B — (B, x)]

+aM(B —7r(B),z)M(F — v, )

:M(T, )M (B, x) + e M(T — w, z)M(B' —r(B’),x)]

—(B), ) [M( v —wr(B),z) + aM(F — v — {w,r(B’)},x)}

— M(B, ) [M(T, 2)M(B',x) + 2 M(T — w,z)M(B — r(B’),x)]

+aM(B

— +(B), ) [M( — v, 2)M(B,z)

+2M(T — {w, v}, z)M(B" —r(B'), :L‘)]

— M(B,z) [M(T, )M (B, 2) + M(T — w,z)M(B —r(B), :1:)]

+aM(B

—+(B), ) [M(T v, 2)M(B,z)

+aM(T — {w, v}, 2)M(B —r(B), x)]

= M(B,z)M(B',z)M(T,z) + xM(B,z)M(B" — r(B),z)M(T — w, z)

+2*M (B

+xM(B',z)M(B — r(B),z)M(T — v, x)

—r(B),x)M(B —r(B),z)M(T — {v,w}, z).

Further iterative use of Equations (2.1) and (2.3) gives

M(T,x)

= M(T —vv,x) + cM(T — {vy,v}, )

T —wv,z)+aM(T —v,x)

= M(T — {v,vo},2) + M (T — v, 2) + e M(T — v, x)
= M(T —{vy,v2},x) +2aM(T — v, x)

(

= M(T — vy —vou,x) + M (T — vy — {vg, v}, 2) + aM(T — v, x)
(
(
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=M(T —A{vy,...,vq},x) +daeM(T — v, x)
= M(T — {vy,...,vq} —ww,x) + cM(T — {vy,...,vq} — {wi,w}, x)
+daeM(T — v, x)
=M(T —{v1,...,va} —wi,x) + M (T — {v1,...,v4} —w,x)
+ dzM(T — v, x)
= M(T —{vy,...,v4} —w; — waw, x)
+aM(T — {vy,...,v4} —w; — {we,w}, )
+aM(T — {vy,...,v4} —w,z) +deM(T — v, x)
= M(T —A{v1,...,v4} — {wr,we},x) + M (T — {v1,...,v4} —w,x)
+aM(T —A{vy,...,v4} —w,z) +deM(T — v, )
= M(T —A{v1,...,vq} —{w,we},z) + 2eM(T — {v1, ..., 04} —w, )
+deM(T — v, x)
= M(T —{vy,...,vq} — {wi,...,wa},z) + doM(T — {vy,..., 04} —w, )
+deM(T — v, x)

(H,z)+daM(H —w,z) + deM(T — v, x)
(H,z)+dxM(H — w,z) 4+ dx [M(T — v — wiw, z)
+aM(T — v — {wy,w},x)]
=M(H,z)+daM(H —w,z) +dx [M(T — v — wy, x)
+2M(T — v —w, x)]
= M(H,z)+dzM(H —w,x) + de [M(T — v — w; — waw, )
+aM(T —v—w; —{wy,w},z) +aM (T — v — w, )]
=M(H,z)+dxM(H — w, x)
+de [M(T —v —{wy,we},z) +aM(T —v—w,z) + aM(T —v — w, x)]
= M(H,z)+dxM(H —w,x) + de [M(T —v — {wy, ws }, )
+2eM(T —v — w, x)]
=M(H,z)+daM(H —w,z) +de [M(T —v—{wy,...,wa},x)
+d'eM(T — v — w, z)]
=M(H,z)+dzM(H —w,z) +de [M(H —v,z) + daM(H — {v,w}, z)],

M
M

M(T — w,x)
=M(T —w—wvvy,z)+2M(T —w— {v,v},2)
—M(vl, ) M(T —w —vy,x) + aM(T —w — {v,v }, 7)
M(T —w—vy,2)+aM(T —w—{v,0n},x)
—M(T w—v —vvg,x) + aM(T —w —v; — {v,v2}, )
+aM(T —w — {v,v1 }, )
= M(ve, x)M(T —w — vy —vg, ) + 22 M (T — w — v — {v1,v2}, )
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=M(T—w—v; —vg, )+ 2eM(T —w —v — {vy,v2}, )
=M(T —w—vy —vy—wvvsg,x) +aM(T —w — vy — vy — {v,v3}, 7)
+2eM(T —w — v —{v1, 02}, )
M(v3, x) M(T — w — vy —vg —v3,x) + 3xM (T —w — v — {v1,v9,v3}, )
=M(T —w—v, —vy—v3,2)+3zM(T —w — v — {vy, 09,03}, )
=M(T —w—{vy,..., vat, ) +deM(T —w —v —{uy, ..., va}, x)
_ M )

and by similar way as above
M(T —wv,2) = M(H —v,z) +d aM(H —w — v, ).
Hence,
M(G, z)
= M(B,z)M(B',z) |M(H,z) + dxzM(H — w, )
tdz [M(H —v,2) +dzM(H - {v, 0}, x)”
+aM(B,z)M (B —r(B),z) [M(H —w,z) + deM(H — {v,w}, z)]
e M(B,2)M(B - r(B),z) [M(H —v,2) +dzM(H — {v,0}, m)]
+ 22M(B —r(B),z)M(B —r(B'), )M (H — {v,w}, z)
= M(B,z)M(B',z) |M(H,z)+ dzM(H — w, )
tdx [M(H —v,z) +dzM(H — {v, 0}, :c)H
+xM(B,2)M (B, z)7(B',z) [M(H — w,z) + deM(H — {v,w}, z)]
+ e M(B,z)M(B',2)r(B, z) [M(H —v,2) +daM(H — {v, 0}, x)]
+ 2*M(B,z)M(B',z)7(B, z)7(B , )M (H — {v,w}, z)
= M(B,z)M(B',z) |M(H,z) +d zM(H — w, z)
+dx [M(H —v,2) +dzM(H — {v, 0}, x)}

+27(B',z) [M(H —w,z) +deM(H — {v,w}, z)]
+a7(B,x) [M(H —v,z) + dzM(H — {v,w}, )]

42?2 7(B,a)r(B, )M (H — {v,w},x)}
= M(B,z)M(B',z) |M(H, )+ dd 2*M(H — {v,w}, z)

+ 2%7(B,z)7(B',z)M(H — {v,w},z) + x [d/M(H —w,x)+dM(H — v, )
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+a |7(B2)M(H —w,z) + (B, 2) M(H — v, x)}
42 M(H — {v,w},2) [dT(B’, ) +d (B, I)H
— M(B,2)M(B,z) [M(H, )+ dd 2 M(H — {v,w}, )
+227(B,x)r(B', 2)M(H — {v,w}, z)
+a [(d (B, x)) M(H —w,z) + (d + (B, z)) M(H — v, x)}
22 M(H — {v,w}, ) [dT(B’, z)+d (B, x)“ . 3.1
We define
MP(G,z) =z [(d + (B, x)) M(H —w,z) + (d+7(B,z)) M(H — v, :1:)]
+ 2 M(H — {v,w}, ) [dT(BQ ) +d (B, x)] ,
so that
M(G,z) = M(B,z)M (B, ) [M(H, 2) + dd 2> M(H — {v,w}, )

+ 227(B,z)7(B',z)M(H — {v,w},z) + M¥(G, x)} . (3.2)

3.2 Caterpillar with given degree sequence
and maximum M (., z)

Let G be a graph of order » and m(G, k) the number of matchings of
order k. Recall that the auxiliary invariant M (G, x) is defined to be

M(G,z) =Y m(G, k),

k>0

for all positive x € R. The Hosoya index Z(G) is given by
Z(G)=M(G,1)

and the energy En(G) is given by

2 +oo 1 9
En(G) = — — In M(G,27)dz.
T™Jg X
In this section we characterize the caterpi-llar with given degree
sequence, maximum M (., z) and hence maxim-um Hosoya index and
maximum energy. We first characterize a caterpillar X' (D) that maxi-
mizes M(.,z), among all caterpillars with given degree sequence D.
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This caterpillar is found to also maximize the Hosoya index and the
energy. Then, we compare the two caterpi-llars X' (D) and X (Y) i.e.
M(X(D),z) with M(X(Y),z), Z(X(D)) with Z(X(Y)) and En(X (D))
with En(X(Y)), where the degree sequence Y is majorized by the
degree sequence D. We say G is maximal with regard to an invariant
F(G), if and only if F(G) = max{F(C) : C € Cp}, where D is a degree
sequence of G.

The following simple technical lemma will play central role as we
try to find out what exchange of branches increases M(., z).

Lemma 3.1 Let a,b,c and d be non-negative real numbers such that
a<b<c<d, thenac+ bd,ad + bc < ab+ cd.

Proof. Let a,b,c and d be non-negative real numbers such that a <
b < c¢ <d. Then,

ab+cd—(ac+bd) = ab—ac+cd—bd = —a(c—b)+d(c—b) = (c—b)(d—a) > 0,
since ¢ > b and d > a.
ab+cd—(ad+bc) = ab—ad+cd—bc = —a(d—b)+c(d—b) = (d—b)(c—a) > 0,

since ¢ > a and d > b. O

Lemma 3.2 Let G be a caterpillar with degree sequence D, decompo-
sed as in Figure 3.1 and suppose that M (G, z) = max{M(C,z) : C €
Cp}. If 7(B',x) > 7(B, z), then either

d <dand M(H —w,z) < M(H — v, ),

or
d =dand M(H —w,z) > M(H — v, ).

Proof. Let G be a caterpillar with degree sequence D and decomposed
as in Figure 3.1. Suppose that M(G,z) = max{M(C,z) : C € Cp}. In
particular, M (G, x) is maximal with respect to all possible swappings
and flippings in G that preserve the degree sequence: the swapping
of B and B’, the swapping of d and d (exchanging d and d') and/or
the flipping of H (exchanging v and w) in G. Equation (3.2) suggests
that the swapping of B and B’, the swapping of d and d and/or the
flipping of H in G only affect MY (G, z) in M(G,x). This implies that
the maximality of M’(G, x) implies the maximality of M (G, z).

Suppose 7(B',z) > 7(B,z). The contrary to the statement results
in two cases:
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1)d #dand (d >dor M(H —w,z) > M(H — v, x)) or
2.)d >dand M(H —w,z) < M(H — v, ).

To prove the two cases, we break them down into five clear different
sub-cases. Let a, b, € and 7 be positive real numbers.

(i) Suppose d = a+¢ >a =d, 7(B',z) = b+n > b = 7(B,z) and
M(H —w,z) < M(H — v, x). Then,
MP(G,z) = [(d/ (B, x)) M(H — w,z) + (d+7(B,z)) M(H — v, :c)]
+2?M(H — {v,w},z [dT (B',z) +d 7(B, x)}
=zlla+e+b+n)MH —w,z)+ (a+b)M(H — v, )]
+a*M(H — {v,w}, ) [a(b+n) + (a+2)b].
Let G’ be obtained from G by swapping d and d’, then

MG x) =z |:(d+7'<B/,l‘)> M(H —w,z) + (d +7(B, x)) M(H—U,x)]
+2*M(H — {v,w},z) [ (B, x) -l—dT(B,:L‘)}
=z[(a+b+n)MH —-w,z)+ (a+ec+bM(H —v,x)]
+2*M(H — {v,w},z)[(a+¢)(b+n) + ab]

and

MY (G, x) — M (G, x)
=z[M(H—-w,z)(a+b+n—(a+e+b+n))

+M(H —v,z)(a+e+b—(a+10))]
+ 2*M(H — {v,w},z) [(a+¢e)(b+n) + ab— (a(b+n) + (a + £)b)]
=xe[M(H —v,z) — M(H — w, )] + 2*M(H — {v,w},x)en > 0,
since z,e, n > 0, M(H — v,z) > M(H — w,z) and M(H — {v,w},x) >

0. This implies that M¥(G',z) > MY¥(G,z). This contradicts the
maximality of MY (G, ).

(ii) Suppose d = a < a+¢e¢ =d, 7(B,z) = b+n > b = 7(B,z2) and
M(H —w,z) > M(H —v,z). Then,

Mff’(G,x):w[(d'—kr(B',x))M(H—wx) F(d+7(B,2)M ( —v,x)]
+2?M(H — {v,w}, ) |dr(B',2) + d 7(B, )}
=zlla+b+n)M(H —w,x)+ (a—i—e—l—b)M(H—vx)]
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+2*M(H — {v,w},z)[(a+¢e)(b+n)+ ab].
Let G’ be obtained from G by flipping H in G, then

MP(G ) =z [(d (B, x)) M(H —v,2) + (d+7(B,z)) M(H — w, x)}
+22M(H — {v,w}, z) |dr(B',z) + d 7(B, :L‘)]

=z[(a+b+n)M(H —-v,z2)+ (a+e+bM(H —w,x)]

+ 22 M(H — {v,w},z)[(a+¢) (b+n) +ab],
and
MY(G',x) — M¥(G, x)
=z [M(H —-v,z)(a+b+n—(a+c+0))

+M(H —w,z)(a+e+b—(a+b+n))]

+2*M(H — {v,w},z)[(a +e)(b+n)+ab— (a+¢e)(b+n) — ab]
=z(e—n)[M(H—-w,z)— M(H —v,2)] >0, sincee>1>n>0,r>0
and M(H —w,z) > M(H — v, x).

This implies that M (G, z) > M"(G, ). And contradicts the maxima-
lity of M*(G, ).

(iii) Suppose d = a+¢ > a =4d, 7(B,x) = b+1n > b = 7(B,z) and
M(H —w,z) > M(H —v,z). Then,

M®(G,z) = x [(d' + (B, :13)) M(H —w,z) + (d+7(B,z)) M(H — v, x)]
+ 22 M(H — {v,w},z [d’i’ (B',z) 4+ d (B, x)}

=zlla+e+b+n)M(H —w,z)+ (a+b)M(H — v, )]
+a?M(H — {v,w},z) [a(b+7) + (a +e)b].

Let G’ be obtained from G by swapping B’ and B, then
MP(G ) =z [(d’ +7(B, a:)) M(H — w,z) + (d (B, :1:)) M(H — v, :1:)]
2 M(H — {v,w}, ) [dT(B, 2)+d (B :z:)]

=z(la+e+b)MH—-w,z)+ (a+b+n) M(H —v,z)]
+ 22 M(H — {v,w}, ) [ab+ (a +<)(b+1)],

and

M:)U(G/ax) - M;U(G> 37)
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=s[M(H—-w,z)(a+e+b—(a+e+b+n))

+M(H —v,z)(a+b+n—(a+0b))]
+2*M(H — {v,w},z)[ab+ (a +&)(b+n) —a(b+n) — (a+e)b]
=an[M(H —v,2) — M(H —w,z)] + 2°M(H — {v,w},z)en

= [M(H—v,a:) —~M(H—-w—w,z)—zMH—w—{v,v'},x)
+xeM(H — {v,w},z)]

= [M(H—v,a:) — M(H — {v,w},z) —zM(H — {v,v",w}, x)

+zeM(H — {v,w},z)] >0,

Since z,n > 0, ¢ > 1, M(H —v,z) > M(H — {v,w},z) and M(H

{v,w},r) > M(H—{v,v",w}, x). This implies that M*(G",z) > M"(G, z).
Contradicting the maximality of MY (G, z).

(iv) Suppose d =a=d, 7(B,x) =b+n>b=7(B,2) and M(H —w,x) <
M(H —v,x). Then,
MP(G,z) =z [(d’ + (B, x)) M(H —w, ) + (d+7(B,z)) M(H — v, x)]
a2 M(H — {v,w},2) |dr(B,z) +d (B, xﬂ
=x(a+b+n) M(H—w,z)+ (a+b)M(H —v,)]
+2*M(H — {v,w}, ) [a(b+n) + ab].
Let G’ be obtained from G by flipping H in G, then

MG z) = [(dl + T(B/,a:)> M(H —v,z)+ (d+7(B,x))M(H — w,x)]
+ 22 M(H — {v,w}, ) [dT(BQ ) +d (B, x)]

=xzlla+b+n)MH —v,z)+ (a+b)M(H — w,x)]
+a’M(H — {v,w},z) [a(b+1) + ab],

and

M:)D(lem) —M:}U(G,:L‘)
=z[M(H—-v,2)(a+b+n—(a+b)+ MH—-w,x)(a+b—(a+b+n))]
=an[M(H —v,x) — M(H —w,z)] >0,

since z,n > 0and M(H —v,z) > M(H — w, x).

This implies that M (G',z) > M"(G,z). This contradicts the maxima-
lity of M (G, x).
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(v) Suppose d = a+¢ >a =d, 7(B,2) = b+n > b = 7(B,z) and
M(H —w,z) < M(H —v,z). Then,

MP(G,z) = [(d/ (B, x)> M(H —w,z) + (d+7(B,z)) M(H — v, :c)]

+2?M(H — {v,w},2) [dr(B,2) + d (B, xﬂ

=zlla+e+b+n)MH —w,z)+ (a+b)M(H — v, )]
+ 2 M(H — {v,w},2) [a(b+n) + (a +€)b].

Let G’ be obtained from G by swapping d and d', then
MY (G z) =g [<d+ T(B,,I)> M(H —w,z) + (d/ + T(B,:L’)) M(H — v,x)]
2 M(H — {v,w}, ) [d’T(B’, x) + dr(B, x)]

=zlla+b+nMH —w,z)+ (a+e+b)M(H —v,x)]
+2?M(H — {v,w}, ) [(a+e)(b+n) + ad],

and

M(G x) = My(G. )
=z[M(H—-w,z)(a+b+n—(a+e+b+n))

+M(H —v,z)(a+ec+b—(a+Db))]
+2°M(H — {v,w},z) [(a+&)(b+n) +ab— (a(b+n) + (a + £)b)]
=xe[M(H —v,z) — M(H —w, )] + 2°M(H — {v,w},z)en > 0,

since z,e,n > 0, M(H—v,z) > M(H—-w,z) and M (H—{v,w},z) > 0. This
implies that M*(G',z) > M*(G,z). This contradicts the maximality
of M(G,x). Since all the cases of the negation of the claim lead
to contradiction, then if 7(B',z) > 7(B,r), then either d < d and
M(H —w,z) < M(H —v,z) or d =dand M(H —w,z) > M(H — v,z).
And that completes the proof. O

Lemma 3.3 Let G be a caterpillar. Label all the non-leaf vertices in
G from left to right as uy,us,...,u,. If G is maximal with respect to
M(.,x), then u; and u, have the smallest degrees among all the non-
leaf vertices in G.

Proof. Let GG be a caterpillar and be decomposed as in Figure 3.1.
Suppose B is a leaf adjacent to u; and B a complete branch of G
such that B does not contain u; and u,, and the root of B  is u,,
for 3 < i < (. Then, B’ is not a leaf and by Remark 2.5 we have
7(B,z) = 1 > 7(B',z). By Lemma 3.2, we have deg(u;) < deg(u;_1).
Hence

deg(uy) < min{deg(u;) : 2 <i < ¢ —1}.
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Same reasoning leads to
deg(ug) < min{deg(w;) : 2 <i < ¢ —1}.

4

Lemma 3.4 Let B and B’ be complete branches of a caterpillar G,
h(B) and h(B') their respective heights. If h(B) = h(B'), then 7(B, z) =
7(B',z) ifand only if B ~, B’

Proof. 1t is clear that B ~, B’ implies 7(B,z) = 7(B',z). We only
need to prove that 7(B,z) = 7(B’,z) implies B ~, B'. Let r(B) and
r(B') be the roots of B and B’, respectively. Then, B and B’ can be
decomposed as in Figure 3.2:

Figure 3.2: Decomposition of complete branches in Lemma 3.4.

Suppose h(B) = h(B") = h. If h=1 and 7(B,z) = 7(B’,z), then

1 1 /
=7(B,x).

m(B,z) = 1+ zrd(B) "1 +ard(B")

Then, 1 + 21d(B) = 1+ zrd(B'). Since x > 0, then rd(B) = rd(B’) and
B =, B'. Suppose that for h = k > 1, 7(B,r) = 7(B',z) = B =, B'.
Then, forh=Fk+1:

1 - 1
1+ 2P (B, 2)  1+a@d(B)—1+7(Bi, 1))

T(B,z) =

and
, 1

m(B,2) = 1+z (rd(B') —1+7(By, )

Then, Suppose 7(B,z) = 7(B',z). Then, 1+ z (xd(B) — 1+ 7(By,z)) =
1+ (rd(B") — 1+ 7(Bj,)). Since z > 0, then

rd(B) + 7(By, z) = rd(B') + 7(B,, z). (3.3)
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Suppose that rd(B) # rd(B'), without loss of generality assume rd(B)>
rd(B). Then, rd(B) > 1d(B’) + 1. Since B and B’ are non-empty and
h > 2, then B, and B, are non-empty and 0 < 7(B,),7(B,z) < 1.
With rd(B) > rd(B') + 1 and 0 < 7(By, z), 7(B;,z) < 1, then

rd(B) +7(By,z) > rd(B) +1 > rd(B) + 7(B}, z). (3.4)

From (3.3) and (3.4) we have rd(B) + 7(By,z) = rd(B') + 7(B;,z) and
rd(B) + 7(By,z) > 1d(B') + 7(B,,z) which is a contradiction, hence
rd(B) = rd(B'). With rd(B) = 1d(B’) and Equation (3.3) we have
7(B),r) = 7(By,r). So rd(B) = 1d(B') and 7(B;,z) = 7(B,z), then
B, ~, B| and thus B ~, B'. O

Lemma 3.5 Let G be a caterpillar, label all the non-leaf vertices in
G from left to right as uy, us,...,us. Let s = min{deg(w;) : 1 < i <
(}. Suppose M (G, x) is maximum among all caterpillars of the same
degree sequence as G and there are at least 2 vertices in G of degree
s, then

(i) deg(uy) = deg(uy) = s.

(i) If deg(u;) = s and deg(uj;+1) > s, then

deg(uy) = deg(uz) = - - - = deg(u;) = s.

Proof. Suppose G is maximal with respect to M (., z) and there are at
least 2 vertices of degree s. Then, by Lemma 3.3, we have deg(u;) =
deg(us) = s, which proves (i).

Suppose deg(u;) = s and deg(uj11) > s. j = 1 is trivial. If j = 2 we
are done because deg(u;) = deg(uy) = s. Otherwise decompose G as
in Figure 3.3, such that deg(u;) = deg(u;) = s with ¢ + 1 < j and each
of B; and B, non-empty. Then,

Figure 3.3: Decomposition of caterpillar G in Lemma 3.5.

1
1+z(s—2+7(B1,7))

T(B,z) =
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and
1

1+ (deg(uj1) — 2+ 7(By, z))

T(B/,x) =

Since both B, and B, are non-empty and deg(u;) = s < deg(u;,1), then
0 < 7(By,r),7(B},r) <1and

s — 2+ 71(By,x) < deg(uji1) — 2 < deg(ujy1) — 2+ 7(By, ).

Hence 7(B,r) > 7(B',r). Since 7(B,r) > 7(B’,r), then by Lemma 3.2,
we must have deg(u;11) < deg(u;) = s. But s is the smallest degree
among all non-leaf vertices in G, hence deg(u;;1) = s and that proves
(ii). O

Lemma 3.6 Let G be a caterpillar, label all the non-leaf vertices in G
Jrom left to right as uy, us,. .. ,u;. Suppose G is maximal with respect to
M(.,z) and suppose j is the largest positive integer with

deg(uy) = deg(uz) = - - - = deg(u;) = s.

If j > 2 and G have at least 1 vertex of degree greater than s, then
deg(ue—1) > s and deg(u,) = s.

Proof. Suppose G is maximal with respect to M(.,z), j > 2 is the
largest integer with

deg(ur) = deg(us) = - - = deg(uy) = s

and there exists vertex u; in G with degree greater than s. Since
j > 2, then by Lemma 3.5, we must have deg(u,) = s. If j = ¢ —2
we are done. Suppose that 2 < j < ¢ — 3. Then, decompose G as in
Figure 3.4. Then,

1
B pr—
(B, z) 1+2(s—2+7(By,1))
and .
"B = TGS

Since j > 2, then B; is non-empty and not a leaf. Since B; is non-
empty and not a leaf, then by Remark 2.5 we must have

0<7'(Bl,l') < 1.

Since 0 < 7(By,z) < 1, then s — 1 > s — 2+ 7(By,z) and hence 7(B’, r) <
7(B,z). Since 7(B,z) > 7(B’,z), then by Lemma 3.2, we must have
deg(ujir1) < deg(ue—1). Since deg(u;) < deg(ujr1) < deg(ue—1), then s =
deg(u;) < deg(up—1). O
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Figure 3.4: Decomposition of a caterpillar G in Lemma 3.6.

Lemma 3.7 Let G be a caterpillar, label all the non-leaf vertices in G
from left to right as uy, us,...,u,. Suppose G is maximal with respect
to M(.,z) among all caterpillars with the same degree sequence as G.
And suppose j is the largest positive integer with

deg(uy) = deg(uz) = - - - = deg(u;) = s.
If j > 2 and G have at least 1 vertex of degree greater than s, then
deg(uj11) = min {deg(w;) : deg(w;) #s and1 <i</(}
and
deg(up—1) = min {deg(w;) : deg(u;) #s and j+2 <i < (}.

Proof. Suppose G is maximal with regard to M(.,z), 7 > 2 is the
largest integer with

deg(ur) = deg(us) = - - = deg(uy) = s

and there exists vertex v in G with degree greater than s. Then,
decompose G as in Figure 3.5. Then,

1
B0 =1 (deg(ux) =2+ 7(By, 7))
and 1
"B = G o

If j+1 < k < (-1, then by Lemmas 3.5 and 3.6 and by the assumption
deg(ux) > s. Since j > 2, then B, is non-empty and not a leaf hence
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Figure 3.5: Decomposition of a caterpillar G in Lemma 3.7.

by Remark 2.5 we must have 0 < 7(B;,z) < 1. Since 0 < 7(By,z) < 1
and deg(ux) > s, then

s —1 <deg(ug) — 2 < deg(ug) — 2 + 7(By, x).

Since s — 1 < deg(uz) — 2+ 7(By, ), then 7(B',2) > 7(B,z). 7(B',z) >
7(B,x), then by Lemma 3.2, we have deg(uy_1) < deg(ux41), for all
7+ 1<k</{¢-3. Hence,

deg(up—1) < min{deg(u;) : j+2<i<{—1}. (3.5)
If k = j, then deg(ux) = s and
deg(ug) =2+ 7(By,x) = s — 2+ 7(By, z).
Since 0 < 7(By,z) < 1, then
deg(ug) =2+ 7(By,x) = s —2+7(By,z) < s — 1,

hence 7(B,z) > 7(B',z). Since 7(B,r) > 7(B’,z), then by Lemma 3.2,
we get
deg(ugy1) < deg(ue—1). (3.6)

Equations (3.5) and (3.6) imply
deg(up+1) < deg(ue—1) < min{deg(u;) : j +2 <1 <€ —1}.
And hence,
deg(uj11) = min {deg(w;) : deg(w;) # sand 1 < i < (}

and
deg(up_1) = min {deg(w;) : deg(u;) # sand j+2 < i < (}.
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Lemma 3.8 Let B and B’ be two complete branches of a caterpillar G.
Label all the non-leaf vertices in B starting from its root as uy, us,. . . ,u,
and let their degrees be d., ds,. . . ,d,, respectively. Label all the non-leaf
vertices in B’ starting from its root as v, vs,. .. ,v,, and let their degrees
be dy, d,,....d ,, respectively. Let B; be a complete branch of G such

that B; is in B and the root of B; is u;. Let B;. be a complete branch of
G such that B; is in B" and the root of B; is v;. If 1 < m < min {¢,m'},
dy = dy, dy = dy,...,dy, = d,, and 7(B,,,;,2) > T(By41,7), then the
JSollowing holds:

() if m is odd, then 7(B',z) < 7(B, x),

(ii) if m is even, then 7(B',z) > 7(B, ).

Proof. Suppose 1 < m < min{{,m'}, d, = d,, dy = d,.....d,, = d,, and
7(B,,.1,2) > T(Bpy1,7). By assumption m > 1, B = B, and B’ = B,.

Base case: Suppose m =1 (odd). By assumption

1 1
; <
1+ (di —2+7(By,z))  14a(d —2+7(By,2))
=7(By,z) =7(B,x).

T(B/,ZE) = T(B;,fl]) =

Suppose that the lemma holds for m = k, for some £ > 1. Consider
m==k+ 1.

(a) Suppose k + 1 is odd so that k is even. Suppose d; = d, ..., dp 1 =
dy. and 7(By,,z) > 7(Byya, z). Since

1
T(Bry1, ) =
(Brir, @) 14 2 (dgy1 — 2+ 7(Bpyo, 7))
and .
T(Bl/c—i-l?x) = )

14 2 (dps1 — 24 7(Byyy, @)

then T(Bk+1,[L‘) > T(B;H_I,ZE). So, dl = dll,,dk = d;g, T(Bk+1,$) >
7(By.,z) and k is even. By the induction assumption 7(B,z) >
7(B',r). And hence, if k + 1 is odd, then 7(B',z) < 7(B, ).

(b) Suppose that k£ + 1 1s even so that £ is odd. Suppose d; =

dy,...,dg1 = dyy and 7(By 4, x) > 7(Byye, 7). Since

1
1 +x (dk+1 — 2 + T(Bk+2, %))

T(Bk+1> l’) -

and
1

1+ (djp1 — 24 7(By 9, @)

T(BlchrlJI) =
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then 7(Bjy1,7) > 7(Bj.p.2). So, di = dy,...,dy = dy, 7(Bjy1,2) >
7(By.,, ) and k is odd. By the induction assumption 7(B, z) < 7(B', z).
And hence, if k + 1 is even, then 7(B', z) > 7(B, z). O

Lemma 3.9 Let G be a caterpillar, label all the non-leaf vertices in G
from left to right as uy, us,...,u, and let their degrees be di, ds,. .. ,d,,
respectively. If G is maximal with respect to M(.,x), all the d;’s are
different and d; < d,, then

d1<dg<d2<dg_1<d3<dg_2<"'<dj<dg_j+1,

Jfor some positive integer j.

Proof. Suppose G is maximal with respect to M(.,z), all the d;’s are
different and d; < d,. Then, by Lemma 3.3, u; and u, must have the
smallest degrees among all non-leaf vertices in G hence

dl < dg <min{d2,d3,...,dg_1}. (37]

Let G be decomposed as in Figure 3.6. If the root of B is u; and the

Figure 3.6: Decomposition of a caterpillar G in Lemma 3.9.

root of B’ is u,, then

1
T(B,z) = TTo@d-D

and .
"B = T

Since d; < d, and = > 0, then 7(B,z) > 7(B’,z). Then, by Lemma 3.2,
we have dy < d,_;. dy and d,_; are different hence

dg < dg_l. (38)

If the root of B is u; such that 2 < i < ¢ — 3 and the root of B’ is uy,
then

1
B =
T( ’ZB) 1+x(dz—2—}—7'(Bz—17$>)
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and
1

Since ¢ > 2, then B, ; is non-empty and not a leaf. Then, by Lemma
2.3 and Remark 2.5, we have 0 < 7(B;_;,z) < 1. Since d;, < d; and
x>0, thend,—1 < d;j—2 < d;—2+7(B;_1,z) and hence 7(B',z) > 7(B, z).
Then, by Lemma 3.2, we must have d; ; < d;;;. Butd,_; and d;;, are
different hence

T(Bl,x) =

dg_l < di+1 for all 2 < </{-3. (39)
Then, from (3.7), (3.8) and (3.9)

d1 < dg < dg < dg_l < min {dg,d4, . ,dg_g} .
Now suppose that
d; < dg <dy < dg_l << dk < dg_k_,_l < min {dk+1,dk+2, . ,dg_k},

for k > 1. If the root of B is u;, and the root of B is u,_;1, then

1
B pu—
"B = @ =2+ (B )
and .
T(B,,[l?) =

14 @ (de—pr1 — 2+ 7(By_jy0, 7))

Since k > 1, then By, and B,_, ., are non-empty. Then, by Lemma
2.3 and Remark 2.5, we have 0 < 7(Bj_1,),7(B,_j.5, %) < 1. Since
dp < dg—g1 and 0 < 7(By_1, ), 7(B,_;.0,2) < 1, then

dk -2+ T(Bk_l,f) < df—k-ﬁ-l —2< dﬁ—k—&-l -2+ T(B;—k—i-Qv ZL’)

Then, 7(B,z) > 7(B’,2). By Lemma 3.2, we get d 1 < dy_. But dpy,
and d,_; are different, then

dk—i—l < dy_y. (310]

Suppose the root of B is u; with k+1 < i < ¢ —k — 2 and the root of B’
is uy_gy1, then

1
B pr—
7(B, ) 1+2(d;—2+7(Bi1,1))
and )
T(B/,ZC> =

1+ (dg,kﬂ — 24+ T(BE_HQ, x)) '
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Since i > k+ 1 > 2, then B, ; and B, , 4o are non-empty. Then, by
Lemma 2.3 and Remark 2.5, we have 0 < 7(B;_1,z),7(B,_ 5 7) < 1.
Since dy_j41 < d; and 0 < 7(B;_1,2),7(B,_; 5, ) < 1, then

dg,]erl — 24 T(Bé_k+2,l') <d;—2<d;—2+ T(Bifl,l').

Then, T(B/7$> > 7(B,z). Then, by Lemma 3.2, we have d,_; < d;;; for
all k+1<i</¢—Fk—2. Since d,_;, and d;,, are different, then

dg,k < di+1. (3 1 1)
Then, from (3.10) and (3.11) and the hypothesis we have

di < dp<dy <dp_1<--+<d < dz,kJrl < dk+1 < dp_p

< min {dk+2, dk+3, . ,dg_k_l} .

U

The following form of writing a reduced degree sequence makes it
easy to define the extremal caterpillar X' (D). While the standard way
(dy,ds,...,d,) is convenient to define the extremal caterpillar S(D).

Definition 3.10 Let G be a connected, simple graph. The reduced
degree sequence of G will be written in the following form:

S1 83 ... S
D _ 1 2 t ’
(&1 T2 N Tt
where 1 < 51 < s < --- < s, and r; is the number of repetitions of s; in
the degree sequence of G.

The following definition will be needed for describing the structure
of extremal caterpillar.

S1 S22 . St

Definition 3.11 Let D = ( ) be a reduced degree seq-

. Te c. Tt
uence of a tree, for some positive integer ¢t. Let k be a positive
integer such that £ <t and let < and j be nonnegative integers such
that i + j < . Then, B;*(D) and B}(D) are two disjoint complete
branches such that:

(@) If £ = 1, then B;°(D) = B;"(D) = [1], otherwise
BN D) =[], 0 (] O L ([ (1 0] ]

~~ —— S—— S~—~—

s1—2 times s1—2 times s1—2 times i—1 times
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and

By='(D) = [\[1]7;,[117[[1],-;7[117 e R A I e

s1—2 times s1—2 times s1—2 times 7—1 times

See Figure 3.7 for an example.

B (D): . B (D):
B (D): — B*(D):
By (D): B (D):

Figure 3.7: Graph representations of Bi’O(D), Bi’l(D), B}JJ(D), Bi’3(D),

B (D) and B;°(D), for a reduced degree sequence D = (3 % 4 5 ).

(ii) If £ > 2 and £k is even, then

BE(D) = (1], ., (1, ([, (1] Lo (1, - 1], BE YD) )

~—" S —— S~
s —2 times s —2 times sp—2 times 7 times
and
k,j k=1rp_1—1
By (D) =[[1],....[1,[[1], ..., [}, [.--, [[1],.. -, 1], By 7" (D)]...]]].
—_— S——— SN~
s —2 times s —2 times s —2 times j times

See Figure 3.8 for an example.
(iii) If £ > 2 and k is odd, then

By'(D) =[[1),.... 0L (@), ., O Lo (@ ] BTN D) )LL)
—;rﬁmes sk—;rtimes sp—2 times i times
and

BY(D) =[], [ ([, [ Lo [ L B D))

~—" S——— SN~

sp—2 times s —2 times s —2 times j times

See Figure 3.9 for an example.

Remark 3.12 Note that BY°(D) = Bgfl””k*l(D) and BY°(D) =
By VYD), if k > 2 and k is odd. B;°(D) = B} “'(D) and B}’(D) =
By V7N (D), if k > 2 and k is even.
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Bi"(D)=Bi'(D): — t

Bi'(D): l

——s
By'(D): By (D):
Bi*(D): B (D):
B¥(D): Bi'(D):
t B}'(D) = Bi'(D):

B}'(D): I

Figure 3.8: Graph representations of Bz’O(D), Bi’l(D), Bi’Z(D), B%?’(D),
B%A(D), Bf%’A‘(D), B%*(D), B#*(D), sz’l(D) and Bé’o(D), for a reduced degree
5

sequence D = (2 ‘Zﬁj i f)

Figure 3.9: Graph representations of Bi’O(D), Bi’l(D), Bi’z(D), BE’S(D),
Bi’4(D), B%A(D), B3*(D), B3*(D), Bfél(D) and B;’%’O(D), for a reduced degree
5

sequence D = (; fj | 5
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Definition 3.13 Let D= (! * ~ )beareduced degree sequence

of a caterpillar, for some positive integer ¢t. Then, we define X (D)
to be the caterpillar, with reduced degree sequence D, obtained by
joining by an edge the roots of B}'(D) and B (D) where: if t is odd,
theni=1and j=r, — 1 and iftis even, then:=r, — 1 and j = 1, see
Figure 3.10 for an example.

Figure 3.10: Graph representation of X' (D), where D = (51 52 - St)

T1 T2 Tt

The roots of BY'(D) and BY/ (D) is selected as follows: Suppose ¢ = 1.
Then i = 1 and the root of B}'(D) is the pseudo-leaf or a leaf of degree
s — 1in BY(D). If j = 0, then the root of B} (D) is an isolated vertex
BY (D). If j > 1, then the root of B% (D) is the pseudo-leaf or a leaf of
degree s; — 1 in BY/ (D).

Suppose ¢t > 2 and ¢ is even. If i = 0, then the root of B (D) is
the root of B (D). If i > 1, then the root of B}'(D) is the pseudo-
leaf of degree s, — 1, adjacent to the root of BY"'(D). Conversely, if ¢
is even, then j = 1 and the root of B}/ (D) is the pseudo-leaf of degree
s, — 1, adjacent to the root of B, " i "(D).

Suppose ¢t > 2 and ¢ is odd. Then, i = 1 and the root of B’ (D) is
the pseudo-leaf of degree s, — 1, adjacent to the root of B, ""*"'"'(D).
Conversely, if j = 0, then the root of BY/(D) is the root of B YY(D).
If j > 1, then the root of BY/(D) is the pseudo-leaf of degree s; — 1,
adjacent to the root of B/~ 1( ). That is,

X (D) = C(81,82, -+ ,82, 83«3 StyevyStyvny83yenr,83,82,81,--,51),
N—— N—— N———

ro—1 ¢ rg—1 ri—1
if r; > 1 for all i. See Figure 3.11 for an example.

Lemma 3.14 LetD = (;! > = ) be areduced degree sequence of
a tree, for some positive mtegert Let k be a positive integer such that
k <t. Leti and j be nonnegative integers such thati + j = ry.
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Figure 3.11: Graph representations of X'(D), with D = (g Y44

Ifk is odd, then 7(B}" (D), z) < 7(B} (D), ), with equality if and only if
ByY(D) =, By (D), forall0 < j < ry—1. Ifk is even, then (B} (D), z) >
7(By'(D),z), with equality if and only if BY (D) ~, B%'(D), for all
0<i<r,—1landz > 0.

Note that when B}"'(D) ~, B}y (D) or B}*(D) ~, By'(D), then
7“1:T2:-":Tk:2.

Proaf. (i) If k = 1, then B;"' (D) = [s,] and

1
Bl,l D o
T(L( )7) 1+$(51_1>
By (D)
1], if j =0.
L], [ [ [ s s - [, 8] ] -2 2], 1<y <m—1.
~— —— N————r S——
s1—2 times s1—2 times s1—2 times 7—1 times
Then, .
B(D),x)=1> ———— =7(B;(D
H(BR (D)) = 1> ey = 7(B(D) )
and for r;, > 1, we have
1
B;'(D),x) = —————— = 7(By'(D), ).
r(BR (D)) = gy = (B (D))
In this case B;'(D) ~, B} (D).
~ 1
~(B}*(D),x)

T 1ta(si—2+7(BY (D)x)
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Since j > 2, then By’"'(D) is neither a leaf nor empty, hence by
Lemma 2.4 and Remark 2.5, we must have 0 < (B’ (D),z) < 1.
Then, s, — 2+ 7(By’ (D), z) < s, — 1. Hence

7(BR'7*(D),x) > 7(B (D), z).

Therefore, if £k = 1 the lemma holds.

(ii) If £ = 2, then

B'(D) = [[1]7-;,[1]7[\[1],-;,[1} Lol 1 B D)L
for 0<i<r—1, B3 (D)=1[[1],...,[1], B (D)] and
——

so—2 times
1

(B (D), 7) = 1+ (82 -2+ T(lefm_l(D)’x)).

(@) If : =0, then

1

7(B;°(D),z) = 7(B; (D), x) = Th a2 = 1)

Since By '(D) is not empty and s; < s, then by Lemma 2.4 and
Remark 2.5, we have 0 < 7(B;" ' (D),z) < 1. Then, s; — 1 < s, — 2 <
sy — 2+ 7(By" (D), z). Hence 7(B>°(D),z) > 7(B%'(D), x).

(b) If i = 1, then

2,1 — !
7(Bp (D), x) = 1+ 2(sy — 2+ 7(B (D), x))

From (i), 7(B,' (D), z) < 7(Bg™'(D), z), hence
7(Br'(D),z) > 7(Bg (D), ).

If 7(By'(D),z) = 7(B3'(D),z), then by Lemma 3.4, we get B, (D) ~,
By (D).
(c) If : > 2, then
B 1

1+x(sy — 2+ 7(B2 (D), z))
B 1
Lt a(s: -2+ 7(BY (D), 1))

7(By'(D), z)

r(BXY(D), )
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and

1 .
14a(s1—2+7(BL 2(D),2))’ ifry =2

(BN (D), ) =

1, otherwise.

Since i > 2, B} *(D) is neither empty nor a leaf. If r; > 2, then
By (D) is not empty. Then, by Lemma 2.4 and Remark 2.5, we
have 0 < 7(B>"*(D),z) < 1 and 0 < 7(B3" (D), z) < 1. Then,

. 1 1
e B2,7,71 D ) = _ <
(B (D)) 14 z(sy — 24+ 7(B2 (D), z)) 1+x(s2—2)
1 1
S S 1,r1—-2
1+{L‘(81+1—2> 1—{—.73(81—2“‘7_(3}{71 (D),.’E))
11,'r172 ) if,rl Z 2

1+x(81*2+T(BR (D),:E))
<

1, otherwise
=7(Bg" (D), 2).

Hence 7(B}'(D),z) < 7(Bg" (D), z) and thus
7(B7'(D),x) > 7(By' (D), x).
Therefore, if £k = 2 the lemma holds.

(iii) Suppose the lemma is true for £ = m > 2. That is, if m is odd,
then 7(B}"(D),z) < 7(Bj’(D),z), where 0 < j <7, — 1 and z > 0. If
m is even, then 7(B}"'(D),z) > 7(Bjy'' (D), z), where 0 <i < r,, — 1 and
x > 0. With equality if and only if B}**(D) ~, By’ (D).

(@) If m + 1 is odd, then
1

T(BZH_LI(D)VT): m,i ’
1+ 2(5mp1 — 2+ 7(B} (D), 7))

for some i with 0 <i<r,, —1and

(Bg (D), x)
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( 1

17 ; for some ;" with
1+ a(sm—2+7(Bg 7 (D), x))

0< " <rmy—1,ifj/ =0,

— 1
1+ 2(8ps1 — 2+ 7(BR (D), 7))

, if j =1,

1
m+1,5 —1 )
L1+ 2(3m1 — 2+ 7(By (D), 2))
Since m > 2, then neither B}*'(D) nor B}Zj_l’j"(D) is empty, where
0<i<r,—land0<j” <r,_;—1. Then, by Lemma 2.4 and Remark
2.5, we have 0 < 7(B}*(D),z),7(By " (D),z) < 1. Then,
1 1
L+ 2(spp1 — 2+ 7(BM(D),x) 1+ 2(Smy1 —2)
1 1
< < 7
T4+ 2(sm+1—2) 7 14 a(s, —2+7(By " (D),z))
=7(By (D), x).

if j' > 2.

T(By(D), @)

Thus, 7(B}"*"(D),z) < 7(By*'°(D),z). This completes the case of
' =0.

Now we consider the case of j/ = 1. Since m + 1 is odd, then m
is even. From the inductive hypothesis 7(B}"'(D),z) > 7(By"' (D), z),
with equality if and only if B}**(D) =, Bj''(D). Hence,

7(By (D), )

1 1
<

T L4 2(sm1 — 24 7(BPU(D)2) Lt a(smr — 2+ 7(BR (D), )
= 7(Bpt(D),a),

with equality if and only if B]**(D) ~, Bi''(D).

We are left with the case of ;' > 2.
B 1
1+ 2(xd(B}" (D)) — 1+ 7(C, x)))’
where C is the largest branch of the root of B}**(D), and 0 < i < r, —1.
Since m > 2, then C' is not empty, then by Lemma 2.4 and Remark

2.5, we have 0 < 7(C,z) < 1. If i = 0, then rd(B}"°(D)) = sp_1 — 1,
otherwise ¢ > 1 and rd(B}""(D)) = s, — 1. Now

1
Lt 2(Sme — 24 7(BRTY (D), 2)

7(Bp"(D), )

(Bt YD), x)
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Since m > 2 and j/ > 2, then B%™/'?(D) is neither empty nor a leaf.
Then, by Lemma 2.4 and Remark 2.5, we have 0 < T(Bg+1’j1_2(D), x) <
1. Then,

T(BRT (D), x)

1 1
= - <
1+ 2(smp1 — 24+ 7(BR74(D), ) 1+ 2(sm1 — 2)
_ 1 B 1
14 a(s,+1-2) 14+a(s,—1—-1+1)
1 1

=1 + 2(xd(B]¥' (D)) —1+1) =1 + 2(xd(By" (D)) — 1 + 7(C, x))
= 7(B}" (D), ).

Hence 7(B]"'(D),z) > T(Bg”rl’jl*l(D), x), if j/ > 2. Therefore, if m + 1 is
odd the lemma holds.

. m—+1,1 o 1
(b) If m + 1 is even, then 7(B;" " (D), x) = e 2 BT D)) where
0<j<r,—1and

(B (D), x)
( 1

N .
— 7 , for some ¢ with
14+z(sm—2+7(B]'" " (D),x))

0<i" <rpyq—1,ifi" =0,

- 1 £
ifi =1,
1+ (sm1—2+7(B7" (D))

1 £
: if ¢/ > 2.
L 142 (sma1—2+7(BT T "1(D),a)) =

Reasoning as in (iii) (a) we conclude the proof. O

Proposition 3.15 Let GG be a caterpillar with reduced degree sequen-
ce D= (' ), for some positive integer t. If G is maximal with

respect to M(.,z), then G has disjoint complete branches B;"' (D) and
By ~Y(D). That is G can be decomposed as in Figure 3.12:

Proof. Label all the non-leaf vertices in G from left to right as v,
Vg,...,vp. Suppose G is maximal with respect to M(.,z). Then, by
Lemma 3.3, v; and v, must have the smallest degrees among all
non-leaf vertices in G. We choose deg(v;) < deg(vy). If = 1, then
deg(vy) = s and deg(vy) = so. Then, G can be decomposed as in Figure
3.12 with v, being the root of B;'(D) and B;’(D) as a leaf. If r; = 2,
then by Lemma 3.5 (i), we must have deg(v;) = deg(v,) = s;. Then, G
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Figure 3.12: Decomposition of a caterpillar in Proposition 3.15.

can be decomposed as in Figure 3.12 with B;"' (D) =, Bg'(D) = [s1].

Suppose r; > 3. If t = 1, we are done, because deg(v;) = deg(ve) =
-+ = deg(vy) = s;. Hence G can be decomposed as in Figure 3.12.
Suppose ¢ > 2. By reversing the labelling if needed in the non-leaf
vertices in (G, we can assume there is a positive integer j such that
2 <j < {—1and deg(v;) > deg(v;+1) = s;. By Lemma 3.5 (ii), we must
have

deg(vj1) = deg(vj42) = -+ - = deg(ve) = s1.

By Lemma 3.6, we get that deg(vy) > s;. By Lemma 3.7, we get that
deg(v;) = min{deg(v;) : 2 <1i < j}
and
deg(vy) = min {deg(v;) : 2 <i < j—1}.

Then, G can be decomposed as in Figure 3.12. Therefore in all the
cases G can be decomposed as in Figure 3.12. O

Definition 3.16 Let GG be a caterpillar and label all its non-leaf verti-
ces from left to right as u;, us,...,u,. We define B}’ to be a complete
branch of G that contains u; but not u;.; and By = G — B;""' for
ie{l,...,0 —1}.

Lemma 3.17 Let G be a caterpillar with reduced degree sequence

D = (ji j’; - jjz) Jfor some positive integer t. Suppose that C' and C’
are disjoint complete branches of G, with roots y, and y,, respectively.
Let u,,...,u; be the internal vertices of the path from y, to y, in this

order. See Figure 3.13. Suppose G is maximal with respect to M (., ).

(i) If deg(y1) < deg(uy) = deg(uz) = s = deg(u;_1) = deg(u;) and deg(u;) >
s, forany 1 <i < j, thendeg(u;) = s, foralli € {1,...,j}.

(i) If deg(u1) = s = deg(u;j_1) < deg(u;) and deg(u;) > s, forany 1 < i < j,
then deg(uy) = deg(ug) = - - - = deg(u;j_1).
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Figure 3.13: Decomposition of caterpillar G in Lemma 3.17.

Proof. Since C' and C’ are non-empty and non-leaves, then by Lemma
2.4 and Remark 2.5, we have 0 < 7(C,z), 7(C’, x) < 1.

m(Cx) = 1+ z(deg(y1) 1— 24 7(C*, 1))
> g x(deg(;l) 5 1) with equality if C* is a leaf.
> T x(de;(uj) —3) with equality if deg(u;) = deg(y1) + 1.
> 7 (e 1_ ) since C’ is not empty.
= 1(BY,z).

Therefore, 7(C,z) > 7(B},z). Then,

(B o) = 1 B 1
L T T e(deg(w) — 2+ 7(Cow)) 1t al(s — 2+ 7(Cx))
1 1
< - = -
[+ a(s -2+ r(BY,2) 1+ a(deg(u, 1) — 2+ 7(BY,2)

=7(By ", ).

Therefore, 7(B}*,z) < 7(By ',x). Then, by Lemma 3.2, we have
deg(uz)

> deg(u;j_2) > s. Since deg(uz) = s, we have deg(u;_2) = s. Since
deg(uj_s) = deg(u;_1) = s, then with the same reasoning as above with
deg(y1) < deg(uy) = deg(uz) = s, we get deg(u;_3) = s. By iterating the
process, we get deg(u;) = deg(uz) = --- = deg(u;) = s. This completes
the proof of (i).

Now, we prove (ii).

1
T 1+ x(deg(uy) — 2+ 7(C, x))

7(BL', x)
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> 1 +x(deg(1ln) ot 1) since C is not a leaf.
> T x(de;(uj) —3) with equality if deg(u;) = deg(u) + 1.
> 7 T a(den(u) 1_ 2T (D) since C’ is not empty.
= 1(By,z).

Therefore, 7(B}',z) > (B}, z). Then, by Lemma 3.2, we have deg(us)
< deg(u;_1). Since deg(u;) > s for any 1 < i < j and deg(u;_1) = s,
then s < deg(us) < deg(u;—1) = s. Hence deg(uz) = s. Since s =
deg(uz) = deg(uj—1) < deg(u;), then with the same reasoning we get
deg(uz) = s. Then, by iterating the process we get deg(u;) = deg(us) =
cer = deg(uj_l) = S. O

Theorem 3.18 Let Cp be the set of all caterpillars with reduced deg-
ree sequence D = (ii S j’:) for some positive integer t. Let x > 0.
IfG € Cp such that forall H €« Cp M(H,z) < M(G,z), then G = X (D).

Proof. Suppose G € Cp such that for all H € Cp M(H,z) < M(G,x).
Label all the non-leaf vertices in G from left to right as u, uo,...,u,
and their degrees as d;, ds,...,d,;, respectively.

1.) If t = 1, there is only one caterpillar of reduced degree sequence
D, as all the internal degrees are the same, and its X' (D).

2.) If t = 2, then by Proposition 3.15 G can be decomposed as in
Figure 3.14. Which we can view as in Figure 3.15. Hence G = X' (D).

Figure 3.14: Decomposition of a caterpillar G in the proof of Theorem
3.18.

3.) Now assume that ¢ > 3. Then, by Proposition 3.15 G can
be decomposed as in Figure 3.16, for some positive integer j with

deg(uy), deg(u;) > s1. Then, 7(B;'(D),z) = m
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Figure 3.15: Alternative view of Figure 3.14.

Figure 3.16: Decomposition of the caterpillar GG in the proof of Theorem
3.18.

(@) If r, = 1, then by Lemma 2.4 and Remark 2.5, we have

1

7_(311;171(1)),3;) = T(B;{O(D)vx) =1> m

=1(B; (D), ),
since B5’(D) is a leaf.

(i) If r, = 2, then B;"*"(D) = B;'(D) ~, B;'(D) and by Lemma 3.4,
we get that
1

m(By" (D), x) = 7(By (D), ) = 7(By (D), 7) = gy

(iii) If ;, > 3, then
B 1
1+ (s =2+ 7(Bg" (D), z))

(B (D), )

Since r; > 3, then By *(D) is not empty and not a leaf. Then, by
Lemma 2.4 and Remark 2.5, we have 0 < 7(Bz" *(D),z) < 1. Then,
s1—2+7(Bg" (D), z) < s,—1 and hence 7(B;" (D), z) > 7(B;' (D), z).
Therefore 7(B;"* (D), z) > 7(B;'(D),z) in all the cases, with equality
if and only if B (D) ~, B, (D).

Let i be a positive integer such that 2 < i < j. Then, s; = d; < q
for all 2 <[ < j. Since 2 < i < j, then By " is non-empty. Then, by
Lemma 2.4 and Remark 2.5, we have 0 < 7(By"*,z) < 1. Then,

7(B;' (D), )
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1 1 1
TTtaio0) Ita(d-1) Ita(d -2+ (B )
=7(B*, x).

Since 7(B;' (D), x) > 7(By*", r), then by Lemma 3.2, we get that
dy < d;. (3.12)

By Lemma 3.14, we have, 7(B;' (D), z) < 7(Bg" (D), z). If 7(B;"(D), z)
< 7(By" (D), z), then by Lemma 3.2, we get that d, > d;.
If 7(B;'(D),z) = 7(B™ (D), z), we choose dy > d;. So we can assume

dy > d;. (3.13)
Then, from (3.12) and (3.13), if 7(B;"(D),z) < 7(B" (D), z), then
S9 = dj S d2 S di. (314)

Now, if ro = 1, then dj = S9 and d2 = S3. If?”Q > 2, then dj = d2 = S9.

Suppose r, > 3. Suppose dy = d3 = s; = dj_; = d;. Since s; =
di < dy =ds = sy =d;—1 = dj, then by Lemma 3.17 (i), we must have
dy =d3 = --- =d; = s,. Which is a contradiction since ¢t > 3. Hence

dy = d3 - dj,1 # dj and dj,1 = d]' — dy 7é d3. (315)
Since 7(B;' (D), z) < 7(Bg" (D), z), then

T(BL*, x)
B 1
14 (dy—2+7(ByN(D),2))
1 .
= T , since dy = s9
1+ (s2—2+7(B; (D), x))
1 . 1,1 1,r—1
> , since 7(B; (D), x) < 7(By"' (D), x).
> T BT D) (BN (D), 2) < r(By" (D), x)
1 .
= T , since d; = sy
14z (dj —2+7(Bg" (D), xz))
:T(BRNI)'

Therefore, 7(B}?,

) (BR], z), with equality if and only 7(B;" (D), z) =
7(B" (D), z) i.e B

>T
' (D) =, Bg" (D).

If 7(B}?,z2) = (B}, r), then we choose d; < d;_;, otherwise 7(B}?,z) >
7(By ,z) and by Lemma 3.2, we get that d3 < d; ;. Hence

So = dg S djfl. (316)
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Let h and A’ be two positive integers such that 4 <h < j—2,2<h' <
h—1and sy = dy = d, < dp41. Since d; > sq, for all 2 < ¢ < h, then by
Lemma 3.17 (ii), we must have d;, = dy1 = --- = dj, = s5. Hence

d2:d3:---:dh282,forall4§h§j—2. (317]

From (3.15), (3.16) and (3.17) we have, d;,_; > d3 = s,. Therefore
G can be decomposed as in Figure 3.17, for some positive integer
n’. Now, suppose G can be decomposed as in Figure 3.18, for some

Figure 3.17: Decomposition of the caterpillar GG in the proof of Theorem
3.18.

positive integers k£ < t > 2 and n”, such that if k is odd, then i = 1
and j =r, — 1 and if k is even, then i/ =r, — 1 and j' = 1. If k = ¢,

Figure 3.18: Decomposition of the caterpillar G in the proof of Theorem
3.18.

then n” — 1 = 0 and we are done, because G = X (D). If k =t — 1, then
deg(uy) = deg(u}y) = --- = deg(ul,_;) = sg+1 and G can be decomposed
as in Figure 3.19, such that if £ is odd, then " = r;,; — 1 and j” =1
and if k£ is even, then " = 1 and j” = r,; — 1. This is just X(D), hence
G = X(D).

Suppose 2 < k < t— 1. Then B,” and B, are non-empty and non-

leaves, for all 2 < i < n” — 1. Then, BZ and B;{'"“ are non-empty
and by Lemma 2.4 and Remark 2.5, we have

1
i1

O < T(Bzilufl,m)’T(B;;i//url’x) S 1.
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Figure 3.19: Decomposition of the caterpillar GG in the proof of Theorem
3.18.

Then,

(B (D), )

1
Lt (desu) — 2+ 7(5 (D))
1
=z ) since s, = d " <d ‘-
~ 1+ x (deg(ull,) — 2) sk = deg(uy) < deg(ujnm)
1 Ul
> , since 0 < 7(Bg"", x)

l+x <deg(ug’,,,) -2+ T(BZil/url,.CE))
= T(B;;/W,$).
Therefore, 7(BY (D), z) > 7(B." ,z). Similarly,

7(By (D), )

1
1+ (deg(u;f,,) — 2+ 7(BY (D), x))
1
2 , since d ") < d "
= 1+ 2 (deg () — 2) eg(t) < deg(ujn)
1 ulh,
> . since 0 < 7(B,"" ', z)

1+ (deg(u;’,,,) —247(B"", a:))

”
)

=71(B,"", x).

Therefore, r(B%' (D), z) > T(BZ;/’”,J;). Then, by Lemma 3.2, we get
that

deg(us) < deg(upm_,) and deg(up,_;) < deg(ujm ). (3.18)
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(@) If k£ is odd, then by Lemma 3.14, we have
7(ByN(D),x) < 7(BE™ (D), ),

with equality if and only if B''(D) ~, BE"™"Y(D). If 7(B¥(D),z) =
7(By™ (D), z), we choose deg(uy) > deg(u”,_,). Otherwise 7(B}"'(D), x)
< 7(BE™ (D), z) and by Lemma 3.2, we get that deg(u4) > deg(u’,_,).
Therefore

deg(ugy) > deg(up,_4). (3.19)

Then, from (3.18) and (3.19) we have,
deg(ull,_;) < deg(uy) < deg(uj), for 2 <" <n" —2. (3.20)

Then, from (3.20) if 7,1 = 1, then deg(u!, ;) = sr+1 and deg(u}) = Sg42.
If 11 = 2, then deg(u],_,) = deg(u}) = sj+1.

Suppose 7,11 > 3. Suppose

deg(uy) = deg(uy) = sp1 = deg(upn_o) = deg(upy_;).

Since deg(uf), deg(uy,) < sp < sg41 and deg(ugn) > si, for all 2 < ¢ <
n” — 1, then by Lemma 3.17 (i), we must have

deg(uy) = deg(uy) = -+ = deg(up,_o) = deg(ul,_1) = Sg11.

Since k < t — 1, then there exists a vertex v/, such that deg(u},) =
S > 84_1 > Sky1, for some 2 < ¢ < n” — 1. This is a contradiction.
Hence, we have the following labeled statements. The statements
are labeled as we will refer to them later in the proof.

If deg(uy) = deg(uy), then deg(ull,_,) # deg(u.,_,) and if deg(u., ;) =
deg(ul,_,), then deg(uy) # deg(us). (3.21)

Since 7(By' (D), z) < 7(Bi™ (D), z), with equality if and only if B}"' (D)
~, B (D), then

(B}, )
B 1 B 1

14z <deg(u’2’) — 24+ 7(BYY(D), x)> 14z <sk+1 — 24+ 7(BY(D), x))

1

>

1+ (skﬂ — 24 (B (D), x))

]- u////

= :T(BRn 7171')'

1+a <deg(ug,,_1) -2+ T(Bférk_l(D)a x))
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Therefore, (B*,z) > r(By""~", z), with equality if and only if B*!(D)
~, BE (D). If 7(B", z) = 7(By" ', z), we choose deg(u!)

< deg(u’,_,). otherwise 7(B" z) > 7(By"'~',z) and by Lemma 3.2, we
get that deg(u}) < deg(u,_,). Therefore

deg(uy) < deg(upy_s). (3.22)

Let m and m’ be two positive integers such that 4 < m < n” — 2,
2 <m <m-—1and spy1 = deg(u,) = deg(ul,) < deg(ur, ;). Since
sp+1 < deg(uly,), for any 2 < " < n” — 1, then by Lemma 3.17 (ii), we
must have

deg(uy, ) = deg(upy. 1) = - = deg(u,) = Skt1. (8.23)
Since r,4; > 3, then from (3.20) we have deg(u!, ;) = deg(u3) = Sk41-
From (3.23) we have either deg(u}) = si41 or deg(u!,_,) = sp+1. From
(3.21) and (3.22) we have s, = deg(uj) < deg(u”,_,). By (3.23) we
have

deg(uy) = deg(us) = - = deg(uy,) = Sp11-

Therefore, deg(u;’) > Spao, forallm+1 < ¢ < n” —2. And G can be
decomposed as in Figure 3.20.

Figure 3.20: Decomposition of the caterpillar G in the proof of Theorem
3.18.

(b) If £ is even, then by Lemma 3.14, we have
(B YD), x) > 7(BR' (D), ),

with equality if and only if B;"*~'(D) ~, Bi;'(D). By replacing B}"'(D)
with By'(D), B! (D) with B}""*~'(D) and keeping the other notation
in (a), we arrive to G decomposed as in Figure 3.21. Hence we
conclude that G = X (D). O
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Figure 3.21: Decomposition of the caterpillar G in the proof of Theorem
3.18.

Remark 3.19 In Chapter 1, we saw that if 7 and 7" are trees, such
that M(T,z) < M(T', z) for all positive = € R, then

/

Z(T) = M(T,1) < M(T',1) = Z(T"),

and

2 [t 1 2 [T 1 /
En(T)=— In M (T, 2*)dx < = In M(T', 2%)dx = En(T").
0 a? T Jo a?

™ T T

Then, from Theorem 3.18 we deduce the following theorem.

Theorem 3.20 Let Cp be the set of all caterpillars with reduced deg-
ree sequence D = (;' > = ), for some positive integer t.
() If G € Cp such thatfor all H'e Cp Z(H) < Z(G), then G = X (D).

(ii) If G € Cp such that for all H € Cp En(H) < En(G), then G = X (D).

Lemma 3.21 Let D = (di,...,d;,...,d;,...,d,) be a reduced degree
sequence, for some positive integers i and j. Let d = d; — 2 and
d = d; — 2. Decompose X (D) as in Figure 3.1, such that either

(l) deg(v) = di, deg(w) = dj and dz > dj + 3, or

(ii) deg(v) = d; = d; + 2 = deg(w) + 2 and H is either a 2-vertex path with
end vertices v and w or H is a d; + 2-star. Note that v and w are leaves
of H.

Let v, be a leaf adjacent to v, such that v, # B. Let G be obtained
Jrom X (D) by removing the edge vv; and then adding the edge wu;.
Then, the reduced degree sequence of G is

D' =(dy,...,di1,di —1,diy1,...,dj_1,d; +1,d;11,...,d,) and

M(X(D),z) < M(G,z) < M(X(D), ).

Proof. Since G and X(D') have the same reduced degree sequence
D', then by Theorem 3.18, M (G, z) < M(X(D'), x).
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() Suppose deg(v) = d;, deg(w) = d; and d; > d; + 3. Then, from
Equation (3.1) we have

M(X(D),x)
— M(B,2)M(B,z) [M(H, 2) + dd 2> M(H — {v,w}, )

+ 227(B,z)7(B', 2)M(H — {v,w}, z)
+ [(d/ + T(B/,ac)> M(H —w,z)+ (d+7(B,z)) M(H — v,x)]

+ 22M(H — {v,w}, z) [dT(B/, r) + d,T(B,$)H 5

M(G, )
— M(B,z)M(B',z) [M(H, ¥)+ (d—1) (d’ + 1) 2 M(H — {v,w}, )
+ 227(B, x)7(B, x)M(H — {v,w},z)
+a [(d’ (B, z) + 1) M(H —w,z) + (d+7(B,z) — 1) M(H — v,x)}
+ 2 M(H — {v,w}, ) [(d —)r(B,x) + (d’ + 1) (B, x)”
and
M(X(D),z) — M(G, z)
— M(B,z)M(B,z) [xZM(H ~ {v,w}, ) (dd’ —(d-1) (d’ + 1))
ta [M(H —w,z) (d’ (B, x) - (d’ (B z) + 1))
+ M(H —v,2) (d+7(B,z) — (d+7(B,z) —1))]
+ 22 M(H — {v,w}, ) [T(B’, 2)(d— (d—1)) + (B, z) (d’ - (d’ + 1))”
= M(B,2)M(B',2) [¢*M(H  {v,w},2) (~d+d +1)
[~ M(H — w,x) + M(H — v, )]
+ 22M(H — {v,w}, ) [T(B’, z) — (B, x)H
— M(B,z)M(B,z) [xQM(H ~ (v, w},z) <d/ +7(B,2)+1—(d+7(B, x)))
4 [M(H —v,2) — M(H —w,2)]]. (3.24)

Let v be a neighbor of v in H and let w' be a neighbor of w in H.
Then,

M(X(D),z) — M(G,z)
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— M(B,z)M(B,z) [ﬁM(H ~ {v,w}, ) (d’ +7(B,2)+1— (d+7(B, x)))
ta [M(H v —ww 7))+ e M(H — {v,w,w'},x) — M(H —w— v, )

— eM(H — {v,v/,w},x)ﬂ
— M(B,z)M(B,z) [:z:2M(H ~ v, w},z) (d’ +7(B,2)+1—(d+7(B, x)))
+a [M(H ~ fv,w},z) + e M(H — {v,w,0'}, ) — M(H — {v,w}, )

~ eM(H — {v,vl,w},x)::

— M(B,2)M(B,z) [xQM(H ~ {v,w}, z) (d’ v 7(B,x)+1— (d+7(B, ;c)))

+a? [M(H — fv,w,w'},x) — M(H — {v, U/,w},x):_
— M(B,2)M(B,z) [;c?M(H ~ {v,w}, ) (d’ 4 r(B,1)+1

—(d +3+a+ T(B,x)))
+a? [ M(H - {v,0,0'}, ) — M(H — {o, v/,w},x)H
= M(B,2)M(B',) [+*M(H — {v,w},2) (7(B',2) = 2+ a+ 7(B,x)))

+ 22 [M(H— {fv,w,w'},z) — M(H — {v,vl,w},x)” ,

where « is a nonnegative integer. Since —a < 0, B and B’ non-emp-
ty and 7(B',z) — 7(B,z) < 1, then 7(B',z) — 7(B,z) —a — 2 < —1. So

M(X(D),z) — M(G,z) < M(B,2)M (B, ) [-2*M(H — {v,w}, x)
+ 22 [M(H — v, w,w'},x) — M(H — {v, v’,w},x)ﬂ
— M(B,2)M(B,z) [—xQ (M(H — {v,w,w'}, @) + a’)
s [M(H ~ v,w,w'},x) — M(H — {v, U’,w},x)ﬂ
< 0, where o is a nonnegative real number.

The last inequality followed from the fact that M (B, z), M(B', z), M(H—
{v,w,w'},x), M(H — {v,v",w},r) >0 and = > 0. Hence

M(X(D),z) < M(G,z) < M(X(D), ).

(ii) Suppose deg(v) = d; = d; +2 = deg(w) + 2 and H is either a 2-vertex
path with end vertices v and w or H is a d; + 2-star and v and w are
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leaves of H. Then, H—v = H —w and hence M (H —v,z) = M(H —w, x).
Then, from Equation (3.24) we have

M(X(D),z) = M(G, )
= M(B,z)M (B, x) _xQM(H —{v,w},z

!/

d +7(B,z)+1—(d+7(B, x)))
x [M(H—v,z) — M(H —w, )]

/

)(
+

= M(B,z)M (B, x) :sz(H— {v,w},z (d’ 7(B,z)+1—(d+7(B, a:)))]
) (d

/

7(B ,z)+

— M(B,2)M(B',z) :x2M(H ~v,wd,x
~(d +2+7(B,2)))]

= M(B,z)M (B, x) :xQM(H —{v,w}, x) (T(B/,ZE) —7(B,x) — 1)]

<0, since B and B are non-empty, 7(B,z) — 7(B,z) < 1 and M (B, z),
M(B',z), M(H — {v,w},z) > 0

Hence

/

M(X(D),z) < M(G,z) < M(X(D'), ).
O

Lemma 3.22 Let G be a caterpillar and be decomposed as in Figure
3.22, such that deg(w) = 1, deg(v) = d +2 > 3 and v a leaf adjacent to
v. Let G’ be obtained from G by removing the edge vv' and then adding
the edge wv'. If d > 2 or H is a path, then

M(G,z) < M(G, ).

G—wv,z)+zM(G —{v,v'},z) = M(G—v',z)+2zM(G - {v,v'}, )
G—v —or(B),z) +zM(G —v —{v,r(B)},z) + xM(G — {v,v'},z)
,o)M(T,z)+axM(B —r(B),x)M(H —v,x) + M (B,x)M(H — v, x)
,)M(T,x) +xM(B —r(B),z)M(H — v, z)

+xM(B,x) M(H—v—ww,,m)—|—xM(H—v—{w,wl},m)],

where w' is a neighbor of w in H. Therefore,

M(G,z) = M(B,z)M(T,z) + cM(B —r(B),x)M(H — v, x)
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Figure 3.22: The caterpillar G in Lemma 3.22, T=G - B —v.

+aM(B,z) |M(H — {v,w},z) + cM(H — {v,w,w'},z)| .

MG, x)
= M(G' —wv, x)—i—xM( "—A{w,v'}, )
:M(G—v z) +zM(G — {w,v'}, )
= M(G —v —vr(B),z)+2M(G —v — {v,r(B)},z)
+ 2 M(G — {w,v'}, z)

= M(B,z)M(T,z) + M (B — r(B),z)M(H —v,z) + M (G — {w,v'}, )
=M(B,x)M(T,z) + M (B —r(B),z)M(H — v, z)

+a | M(G —{w,v'} —or(B),z) + tM(G — {w,v'} — {v,7(B)}, )
=M(B,x)M(T,z) +xM(B —r(B),x)M(H — v, x)

+ax[M(B,z)M(T —w,z) +axM(B —r(B),z)M(H — {v,w}, x)]
=M(B,z)M(T,z) +xzM(B —r(B),x)M(H — v, x)
+aM(B,z)M(T —w,z) + 2*M (B — r(B), )M (H — {v,w}, )
=M(B,x)M(T,z) +xM(B —r(B),z)M(H — v, x)
+aM(B,x) [ M(H —w,z)+ (d— 1)zM(H — {v,w}, x)]
+2*M(B —r(B),z)M(H — {v,w},z)

and
M(G,z)— M(G )
— +M(B,z) [M(H — {v,wh, @)+ e M(H — {v,w,w'}, a:)]

—aM(B,z) [ M(H —w,z)+ (d — 1)aM(H — {v,w}, x)]
—2*M (B —r(B),r)M(H — {v,w}, )
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— +M(B, z) [M(H ~ fv,wh,x) + e M(H — {v,w,w'}, :c)]
— aM(B,z) [M(H —w—w', )
+eM(H —w— {v,v"},z) + 2(d — )M (H — {v,w}, z)
— 2*M(B — r(B),z)M(H — {v,w},z), where v" is a neighbor of v in H.
— +M(B,z) [M(H ~ fw,w), @)+ e M(H — {v,w,w'), x)]
—aM(B,x)[M(H — {v,w}, )
+aM(H — {v,0", w},z) + (d — )M(H — {v, 0}, x)]
— 22M(B — r(B), )M (H — {v,w}, z)
= 2’ M(B, )M (H — {v,w,w'}, z)
— 2?M(B,z) |M(H — {v,v",w},z) + (d — 1)M(H — {v,w}, xﬂ
— 2M(B — r(B), )M (H — {v,w},z).

Ifd > 2, thend— 1> 1. Since M(H — {v,w},z) > M(H — {v,w,w'},z),
M(B,z), M(H—{v,w},z), M(H—{v,w,w'},z), M(H—{v,v",w},z), M(B—
r(B),z) >0, x > 0, then

M(G,z) — M(G,z)
= 2*M(B,z)M(H — {v,w,w'}, z)
—2*M(B, x) [M(H —{v, 0", wl, x) 4+ (d— 1)M(H — {v,w},x)}
—2*M(B —r(B),z)M(H — {v,w}, )
< 2*M(B,z)M(H — {v,w,w'}, x)
—2*M(B, ) [M(H —{v,v" w},x) + M(H — {v,w},x)]
—2*M(B —r(B),z)M(H — {v,w},z) < 0.
If H is a path, then H—{v,w,w'} = H—{v,v",w} and M(H—{v,w,w'}, )
= M(H — {v,v",w},z). Then,
M(G,z) — M(G,z)
= 2’ M (B, x)M(H — {v,w,w'},z)
—2*M (B, z) [M(H —{v,v",w},x) + (d—1)M(H — {v,w},a;)]
—2’M(B —r(B),z)M(H — {v,w},z)
= —2*M(B,z)(d — 1)M(H — {v,w}, z)
—2*M(B —r(B),z)M(H — {v,w},z) < 0.

Hence
M(G,z) < M(G, ).
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l

The transformation in Lemma 3.22 may form a tree that is not a
caterpillar. If the neighbor of w is a pseudo leaf, then the new graph
G’ is a caterpillar.

Definition 3.23 Let (by,...,b,) and (di, ..., d,) be two degree sequen-
ces of trees. We say that (di,...,d,) majorizes (by,...,b,) and write
(b1,...,by) =< (dy,...,d,), if and only if for all k£ € {1,...,n} we have

k k
Z b < Z d;.
=1 =1

If furthermore there exists iy, such that d;,, # b,, then we write
(b1, ..., by) < (di,...,dy).

Theorem 3.24 Let (yy,...,y,) and (dy,...,d,) be two degree sequences
of caterpillars. If (y1,...,yn) < (di,...,d,) and Z Y = Z d;, then there
i=1 ;

= =1
exists a caterpillar G with degree sequence (y,...,y,) such that

M(X(dy,...,dy),z) < M(G,x) < M(X(yi,...,yn), x), for all positive x € R
and hence
Z(X(dy, ... dn) < 2(C) < Z(X(yn,. ... yn))

and
En(X(dy,...,d,)) < En(G) < En(X(y1,...,un)),

with equality if and only if G = X (y1, ..., Yn)-
Proof. Suppose Y = (y1,...,y,) and D = (di,...,d,) are two degree

n n

sequences of caterpillars, ¥ < D and Zy’ = Zdi‘ Then, there
i=1 i=1
exists ig, such that d;, # y;,,.- In fact, the set I = {i : d; # v}

must have at least two elements, otherwise Zyi = Zdi would be
i=1 i=1
impossible. Let [ = min{i : d; # y;} and m = max{i : d; # y;}. We
must have y,, > d,, > 1 and we must also have d; > y,. We define
D, to be a degree sequence consisting of the numbers d;,...,d;_;,d; —
L,di1, ey dmo1,dm + 1,dpye, ..., d,. Since d; > y; > y,, > d,, > 1, then
d>y+1>y,+1>d,+1. Thend, >y, +1>y,+1>d, + 2. Hence
d >d,+2and d,—1 > d, +1 > 2. Therefore D, is indeed a valid
degree sequence. It is clear that D, < D. If d, > d,, + 2 and d,,, = 1,
decompose X' (D) as in Figure 3.22 such that deg(w) = d,, = 1 and
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deg(v) = d; > 3. Since d; > 4 = 2 + 2, then by Lemma 3.22, we can
obtain a caterpillar G from X (D), by removing the edge vv" and then
adding the edge wv' and get M (X(D),z) < M(G,x). Since the degree
sequence of G is D, then by Theorem 3.18, we must also have

M(X(D),z) < M(G,z) < M(X(D,), ).

If d, > d,, +2 and d,, > 2, decompose X (D) as in Figure 3.1, such that
deg(v) = d; > d,, + 3 = deg(w) + 3. Let v; be a leaf adjacent to v, such
that v; # B. Let G be obtained from X (D), by removing the edge vv,
and then adding the edge wv;,. Then, the degree sequence of G is D;
and by Lemma 3.21 (i), we must have

M(X(D),z) < M(G,z) < M(X(D,), ).

If d = d,, +2 and d,, > 2, decompose X (D) as in Figure 3.1, such
that deg(v) = d; and deg(w) = d,,. Let v; be a leaf adjacent to v, such
that v; # B. Let G be obtained from X(D), by removing the edge vv,
and then adding the edge wv;. Then, the degree sequence of GG is D;.
Then, from Equation (3.1) we must have
M(X(D), )
= M(B,z)M (B, x) [M(H,z) + d(d — 2)z*M (H — {v,w}, )
+ CL’QT(B,[E)T(B/,ZE)M(H —{v,w}, x)
+x |:<d—|—T(B/,ZE) — 2) M(H —w,z)+ (d+ 7(B,x)) M(H — v,x)}
+ 22 M(H — {v,w},2) |dr(B',2) + (d — 2)7(B, x)”

and

M(G, )
= M(B,2)M(B',x) [M(H,z) + (d — 1)(d — 1)2> M (H — {v,w}, )

+ 2%7(B,z)7(B',z)M(H — {v,w}, z)
+a [(d+ (B, z) - 1) M(H — w,z)+ (d+7(B,z) — 1) M(H — v,x)}

2 M(H - {v,w},2) [(d = D)r(B,2) + (d - l)T(B,:L‘)” .

Let G’ be obtained from G by swapping B and B'. Let v' be a neighbor
of v in H and let w" be a neighbor of w in H. Then,

M(G', x)
= M(B,2)M(B,x) [M(H,z) + (d — 1)(d — )2’ M (H — {v,w}, )
+ 227(B,x)7(B',2)M(H — {v,w}, z)
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+a|(d+7(B,x)—1)M(H —w,z) + (d—i—T(B/,ZE) — 1) M(H—v,x)}
+ 22 M(H — {v,w}, ) [(d —1)7(B,z) + (d - ) (B, a;)H

and

M(X(D),z) — M(G ,z)
= M(B,2)M(B',z) [+*M(H — {v,w}, ) (d(d — 2) — (d — 1)?)
ta {(T(B’, ) —7(B,x) — 1) M(H — w,z)
+ <T(B, 2) —7(B,z) + 1) M(H — v, g;)]
+ @ M(H = {v,w},2) [7(B,2)(d — (d = 1)) + 7(B,x)(d 2 (d—1)]
= M(B,x)M (B, z) [-2*M(H — {v,w},)
+a (T(B’, ) — (B, ) — 1) (M(H —w,z) — M(H — v, 1))
+ 2 M(H ~ {v,w},2) (7(B2) - 7(B,2))]
— M(B,2)M(B',z) [xQM(H — {v,w},x) (T<B’, ) —1(B, ) — 1)
+ao (T(B’, ) — (B, ) 1) (M(H —w,z) — M(H — v, x))}
= M(B,2)M(Bz) (7(B',2) = 7(B,2) = 1) [¢*M(H — {v,w},2)
b (M(H —w,z) — M(H —v,2))]
— +M(B,2)M(B,z) <T(B’, ) — (B, z) — 1) e M(H — {v,w}, )
+ M(H —w,z) — M(H — v, )]
= aM(B,o)M(B',2) (r(B',2) = 7(B,x) — 1) [eM(H — {v,w},2)
+ M(H - {v,w},z) +xzM(H — {v,v',w},z) — M(H — {v,w}, z)
— eM(H — {v,w,w’},x)]
—aM(B, )M (B ) (7(B',2) = 7(B,x) — 1) [pM(H — {v,w},2)
e M(H — {0, w},2) — e M(H — {o, w,w'},a:)] <0,
since z > 0, M(.,z) > 0,0 < 7(B,z),7(B",z) < 1, 7(B",z)—7(B,z) =1 < 0
and M(H — {v,w},2) > M(H — {v,w,w'},x). Therefore, if d; = d,, + 2,

then M(X(D),z) < M(G',z). Since the degree sequence of G is D,
then by Theorem 3.18, we must also have

M(X(D),z) < M(G',x) < M(X(Dy), z).
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If d = d,, + 2 and d,, = 1, decompose X (D) as in Figure 3.22 such
that deg(w) = d,, = 1, deg(v) = d; = 3, H is a path with end vertices v
and w and v" a leaf adjacent to v. Let G be obtained from X (D), by
removing the edge vv' and then adding the edge wv'. Since H is a
path then M(H — w,z) = M(H —v,z). Then by Lemma 3.22, we must
have M (X (D),z) < M(G,z). Since the degree sequence of G is Dy,
then by Theorem 3.18, we must also have

M(X(D),z) < M(G,z) < M(X(D,), ).

If Dy =Y, then we are done. Otherwise, we iterate the process.
We set D = Dy, and if k is a positive integer and D, # Y, then we
construct Dy, in exactly the same way as D; was constructed from

1
D. After a finite number J = 5 Z |d; — y;| of iterations, we will get the
il
chain
D=Dy>Dy>Dy»>--->=Dj 1>=D;=Y.

For any k € {1,...,J — 1}, we can apply Lemmas 3.21 and 3.22 with
Theorem 3.18 to X(Dy) as we did above, to deduce that there exists
a caterpillar Gy, with degree sequence Dj; such that

M(X(Dy),z) < M(Gyy1,2) < M(X(Dgs1),x)
and hence
M(X(D),z) < M(X(Dy),x) <--- < M(X(Dy),z) = M(X(Y),zx).

O

From Theorem 3.24, we can conclude that among all caterpillars of
size m, the path graph is maximal with respect to M (., z) and hence
maximal with respect to Z and En. This is well-known see [38] and
[88]. The path graph was found to be extremal, when the family of
trees is considered. Since the family of caterpillars is within the class
of trees, the path graph must also be extremal among all caterpillars.
The following corollaries can also be deduced from Theorem 3.24.

Remark 3.25 Let d, m and [ be positive integers. Let d and m be
diameter and size of a caterpillar G, respectively. Let

D=(0+1,...,0+1, {,....;0 , 1,...,1)
——— T N — N——
r times d—r—1 times m—d+2 times

be a degree sequence of a caterpillar G. Then, the total number of
internal vertices in the backbone of GG is d — 1. The number of leaves
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is m — d+ 2. Let d; be a degree of a vertex in G, for 1 <i < m+ 1. The
degree sum of the vertices of G is given by

m+1

ddi=(+r+d—r—1Dl+m—d+2.
=1

The degree sum of the vertices of GG is also given by

m+1
Y di=2d—1)+2(m—d+2) -2

=1

This implies that

(+Dr+d=-r—-1)l=2(d-1)+m-—d
= (l+)r+d-1Dl—-lr=2(d-1)+m—d
= (l+1)r—lr=2d-1)+m—-d—(d—1)I
— (41— r=2d-1)—(d—Dl+m—d
= r=d-1)2-0)4+m—-d=m—-d—(d—1)(l-2).

Therefore,
r=m-—d—(d—1)(—2). (3.25)
Equivalently,
| _o_ m —d o
Cd—1 d-1
Note that if r = d — 1, then
D=(U+1,...,0+1, 1,...,1 ).
————— N —
d—1 times m—d-+2 times

This is equivalenttod —r —1=0. If r <d — 1, then -~ < 1. Hence,

d—1
=24+ m—d
N d—1

and from Equation (3.25)

m—d m—d

r—m—d—(d—1) (2+ {mJ —2) —m—d—(d—1) {HJ <d-1

Corollary 3.26 Let d, m and n be positive integers. Let C be the set
of all caterpillars of diameter d, size m and order n. Then, among all
caterpillars in C, the caterpillar X (D) maximizes M(.,xz) and hence Z
and En, where

D=(+1,...00+1, [,....;01 , 1,...,1)
———— N — ——
r times d—r—1 times m—d+2 times

is a degree sequence, | = 2+ |2=2| andr = (m—d)—(d—1) | 2=¢| < d—1.



CHAPTER 3. EXTREMAL CATERPILLARS WITH REGARD TO M(.,x),
ENERGY AND HOSOYA INDEX 80

Remark 3.27 Let m and § be positive integers. Let m and ¢ be the
size and minimum internal vertex degree of a caterpillar GG, respectiv-
ely. Suppose

D=U\+1,....,0+1, 6,...,0 , 1,...,1)

r times d—r—1 times m—d+2 times

is a degree sequence of G, such that » < §. Then, using the hand-
shake lemma we have

2m—(m—d+2)=(d—-1)+r = m+d—-2=(d—-1)+r
—m-2—-r=d-1)0—d = m—-2—r=dé—6—d
—m+0—-2—-—r=ddi—d

—m+0—2—-r=d(d—-1) (3.26)
m+6—-3 r—1

5—1 _5—1_d'

—m46-3—(r—1)=d(6—1) —

Since r < § and d is an integer, then 0 < =1 < 1 and d = | =222,
Then, from Equation (3.26), we have

m-+46—3

—m—d(f—1)+6—2=m—
r=m-—d0—1)+94 m L 51

J(6—1)+5—2<d—1.

Note that » < d — 1 as suggested in Remark 3.25.

Corollary 3.28 Among all caterpillars of size m and minimum internal
degree §, X (D) maximizes M(.,z) and hence Z and En, where

D=0+1,....,0+1, 4,....6 , 1,...,1)

~
r times d—r—1 times m—d+2 times

is a degree sequence, d = | =3 | and

{m+5—3
r=m-—|———

o J(6—1)+5—2<d—1.

Corollary 3.29 Among all caterpillars of size m and number of leaves
k, X (D) maximizes M(.,z) and hence Z and En, where

D=(3,....3, 2,...,2 ,1,...,1)
—— N —

k—2 times m—2k+3 times k times

is a degree sequence.
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Since there are are m edges and k leaves in Corollary 3.29, once all
the leaves are removed, there are m —k edges remaining and m—k+1
vertices making up the backbone. To get a degree sequence that is
majorised by all degree sequences of caterpillars with m edges and
k leaves, the degrees of the vertices in the backbone have to be as
small as possible. Then, out of those k — 2 have degree 3. Leaving
out m — k+1— (k —2) =m — 2k + 3 vertices of degree 2.

3.3 Caterpillars with given degree
sequence and minimum M (., x)

In this section we first characterize a caterpillar S(D) that minimizes
M(.,z) and hence Hosoya index and energy, among all caterpillars
with given degree sequence D. This caterpillar is found to also
maximize o(.,z). Then, we compare the two caterpillars S(D) and
SY) ie. M(S(D),z) with M(S(Y),z), Z(S(D)) with Z(S(Y)) and-
En(S(D)) with En(S(Y)), where the degree sequence Y is majorized
by the degree sequence D. We say G is minimal with regard to an
invariant F(G), if and only if F(G) = min{F(C) : C € Cp}, where D is
a degree sequence of G.

The following simple technical lemma will play central role as we
try to find out what exchange of branches reduces M(., z).

Lemma 3.30 Let a,b,c and d be nonnegative real numbers. If a < b
and c < d, thenac+bd > ad+be. Ifa <b<c¢ <d, thenab+cd > ac+bd >
ad + be.

Proof. Let a,b,c and d be nonnegative real numbers. Suppose a < b
and ¢ < d. Then, ac + bd — (ad + bc) = (b —a)(d — ¢) > 0. Hence

ac + bd > ad + bc. (3.27)

Suppose a < b < ¢ < d. Then, ab+ cd — (ac + bd) = (d — a)(c —b) > 0,
since d > a and ¢ > b. Hence

ab+ cd > ac + bd. (3.28)

Therefore, from (3.27) and (3.28) we have ab -+ cd > ac+bd > ad -+ be. [

Lemma 3.31 Let G be a caterpillar and be decomposed as in Figure
3.1, with both B and B’ non-empty. Suppose G is minimal with respect
to M(.,z).
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@) If7(B',z) > 7(B,z), thend >dand M(H —w,z) < M(H — v, z).

(i) If d > d and 7(B',x) # 7(B,z), then 7(B',z) > 7(B,x) and M(H —
w,z) < M(H —v,z).

(iii) If d > d and 7(B',z) = 7(B, ), then M(H — w,z) < M(H — v, x).

Proof. Let GG be a caterpillar and be decomposed as in Figure 3.1.
Suppose G is minimal with respect to M(.,z). In particular, M (G, x)
is minimal with respect to all possible swappings of branches and
flippings of H in G that preserves the degree sequence while keeping
the graph to be caterpillar. That is, the swapping of B and B, the
swapping of d and d', and/or the flipping of H in G.

(i) Suppose 7(B', z) > 7(B, z). Equation (3.2) suggests that the swappi-
ng of B and B', the swapping of d and d and/or the flipping of H in
G only affect M”(G, z) in M(G, x). This implies that the minimality of
MY (G, x) implies the minimality of M (G, x). Since

MY (G, x)
=2 |d M(H — w,z) + dM(H — v, :1:)]

+a P(B’, 2)M(H — w,z) +7(B,2)M(H — v, z)
+ 2 M (H — {v,w}, ) [dT(B,, x) + d/T(B,ZE)] :

Then, MY (G, r) is minimal if each of the expressions: d M (H —w, z) +
dM(H — v, ), 7(B,2)M(H — w,z) + 7(B,2)M(H — v,z) and dr (B, z) +
d7(B, ) is smallest. Since 7(B’,z) > 7(B,z), then by Lemma 3.30,
dr(B',r) +d (B, ) is smallest only if d < d. Again, since 7(B’,z) >
7(B, r), then by Lemma 3.30, 7(B',2)M(H — w,z) + 7(B,2)M(H — v, z)
is smallest only if M(H — w,2) < M(H —v,x). 7(B,2) > 7(B,x),
d >d, M(H—w,z) < M(H —v,2) and Lemma 3.30 correspond to
d M(H —w,z)+dM(H —v,z) being smallest. Hence, if 7(B',z) > 7(B, z),
thend >dand M(H —w,z) < M(H —v,z).

(ii) Suppose d > d, 7(B',r) # 7(B,z) and either 7(B',z) < 7(B,z)
or M(H —w,z) > M(H —v,x).

Suppose 7(B',z) < 7(B,z). Then, from (i) we must have d < d.
But d > d. This is a contradiction. Hence 7(B',z) > 7(B, ). Since
7(B',r) # 7(B, z), then we conclude that 7(B',z) > 7(B, x). Furtherm-
ore, suppo-se M(H — w,x) > M(H — v,z). Since 7(B',r) > 7(B,x),
then from (i) we must have M(H — w,z) < M(H — v,z). This is a
contradiction. Hence we must have M(H — w,z) < M(H — v,z). And
therefore, if d > d and 7(B',z) # 7(B,x), then 7(B’,z) > 7(B,r) and
M(H —w,z) < M(H — v, x).
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(iii) We proceed as in (i). Since 7(B',r) = 7(B,r), then M¥(G, ) is
minimal only if the expression d M (H —w, z)+dM (H —v, z) is smallest.
Since d > d, then by Lemma 3.30, d M(H — w,z) + dM(H — v,z) is
smallest only if M(H —w,z) < M(H —v,z). Hence, we conclude that,
ifd >dand 7(B',r) = 7(B, ), then M(H —w,z) < M(H —v,z). O

Lemma 3.32 Let G be a caterpillar. Label all the non-leaf vertices
in G from left to right as uy,us,...,u,. If G is minimal with respect to
M(.,x), then u; and u, have the largest degrees in G.

Proof. If ¢ = 1, then G is a star and has only one non-leaf vertex,
which is of largest degree. If ¢ = 2, then G has two non-leaf vertices
and they have the largest degrees in G. If / > 3, decompose G as in
Figure 3.1 with B a leaf adjacent to u; and B" a complete branch of
G such that B’ does not contain u; and u, and the root of B’ is u;, for
3 <i < /(. Then, B is not empty and not a leaf. By Lemma 2.4 and
Remark 2.5, we have 7(B,z) = 1 > 7(B’,r). By Lemma 3.31, we get
that deg(u;) > deg(u;—1). Hence deg(u;) > max{deg(u;) : 2 < i < ¢ —1}.
Same reasoning leads to deg(u,) > max{deg(u;) : 2 <i < /¢ —1}. O

Definition 3.33 Let D = (d;,d,, ..., d,) be areduced degree sequence
of a caterpillar. Let k = [2]. Then, C}(D) and C%(D) are defined as
two disjoint complete branches such that:

() If n = 1, then C¥(dy) = CL(dy) = C(dy) and C5(D) = Ch(dy) = ().

(ll) If n = 2, then Clz(dl,dg) = Ci(d17d2) = O(dl — 1) and Oﬁ(dl,dg) =
Ch(dy,dy) = C(dy — 1).

(111) If n = 3, then Cf(dl,dQ,dg) = O%(dl,dg,dg) = C(dl,dg — 1) and
Cll%(dl, dz, dg) == C]%b(dl, dg, dg) == C(dg — 1)

(IV) If n = 4, then CE(dl,dQ,dg,dzl) = C%(dl,dg,d3,d4) = C(d17d4 — 1) and
C]k{(dl» d2a d37 d4) - C]%g(db d2) d37 d4) - C(d27 d3 - ]-)'

(v) If n > 5, then

Cr(dy,dy, ... dy) = CLH (dy,da, ..., dy)
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(

C(dlv d?"w d37 dn—27 s 7d2i+17 dn—2i7 s 7d"%—‘+27 d"%—‘ - 1)7
if both n and [%] are odd,

Oy, dy iy o2, i, o dpagypdpag g — 1),
if n is odd and [%] is even,

C(dladnadi’ndn—% s 7d2i+17dn—2i7 cee 7d"%—‘7d" —‘+1 - 1)7

if n is even and n/2 is odd,

C(dy, s oy oz, o, dsis g7y dpa o — 1),
if both n and n/2 are even,

and

n
2

Cr(dy,dy, ..., dy,) :(JJ[E w(dl,dg,...,dn)

C(d27 dn—lv d47 dn—37 s 7d2i+27 dn—?i—h s ’d[%—l—l’ d"%—‘_t,_l - 1)7
if both n and [%] are odd,

C(dg,dn_17d4,dn_3, . ;d2i+27dn—2i—17 e ,dl‘%“l_i_g,d(%} — 1),

if n is odd and [%] is even,

C(d27 dn—lv d47 dn—37 s 7d2i+27 dn—?i—h s ’d[%—l—l’ d"%—‘_t,_Q - 1)7
if n is even and n/2 is odd,

C(dz, dn—ly d4, dn_g, . ,d2i+2, dn—2i—17 . ,dl‘%“l s d[%‘|+1 — 1),
if both n and n/2 are even,

for a nonnegative integer .

Definition 3.34 Let D = (d;,ds, ..., d,) be areduced degree sequence
of a caterpillar G. Then, we define S(D) to be the caterpillar of
reduced degree sequence D, obtained by joining by an edge the root
of C}(D) and the root of C%(D), where k = [%]. The roots of C}(D)
and C%(D) are identified as follows. If n = 1, then the root of C%¥(D) is
the pseudo-leaf or a leaf of degree d;, and the root of C%(D) is empty.
If n = 2, then the root of C%¥(D) is the pseudo-leaf or a leaf of degree
d, — 1, and the root of C%(D) is the pseudo-leaf or a leaf of degree
dy — 1. If n = 3, then the root of C¥(D) is the pseudo-leaf or a leaf
of degree ds; — 1, and the root of C%(D) is the pseudo-leaf or a leaf of
degree d, — 1. If n = 4, then the root of C%(D) is the pseudo-leaf or a
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leaf of degree d, — 1, and the root of C%(D) is the pseudo-leaf or a leaf
of degree ds — 1.

Suppose n > 5. If both n and [%] are odd, then the root of C¥(D)
is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of degree
d[ﬂ — 1, that also has a neighbor of degree d[ﬂ .o~ The root of

2

Ck(D) is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of
degree d [ — 1, that also has a neighbor of degree d (2]~ If n

5]+ 5]-1°
is odd and [%] is even, then the root of C}(D) is the pseudo-leaf, or
a leaf attached to a pseudo leaf, of degree d (241 — 1, that also has

a neighbor of degree d[ﬂ}r The root of C%(D) is the pseudo-leaf, or
a leaf attached to a pseudo-leaf, of degree d[ﬂ — 1, that also has a

neighbor of degree d( If n is even and n/2 is odd, then the root

sl
of C¥(D) is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of

degree d(ﬂ .1 — 1, that also has a neighbor of degree d [27- The root

of C%(D) is the pseudo-leaf, or a leaf attached to a pseudo-leaf, of
degree d Ma]42 1, that also has a neighbor of degree d ra]1- If both

2 +2 %

n and n/2 are even, then the root of C%¥(D) is the pseudo-leaf, or a
leaf attached to a pseudo-leaf, of degree d(ﬂ .o — 1, that also has a
neighbor of degree d[ﬂ}r The root of C%(D) is the pseudo-leaf, or a
leaf attached to a pseudo-leaf, of degree d [a]e1 ~ 1, that also has a
neighbor of degree d[ﬂ' That is: If n =1, then S(D) = C(d,), if n = 2,
then S(D) = C(dy,dy), if n = 3, then S(D) = C(dy,ds,ds), if n = 4, then
S(D) = C(dl, d4, dg, dg), and if n > b, then

S(D)

;
C<d17 dn7 d37 dnf27 s 7d(%—|+27 d[%—l ) d[%-‘+17 dlyg—l_p s 7dn737 d47 dnflv d2)7
if both n and [%] are odd,

C(dladn7d37dn—27 s 7d"%—|_17d"%—|+1a d"%—‘ad"%—“_ga s adn—37d4adn—17d2)7

if n is odd and [%] is even,

C(d17 dn7 d37 dn727 s 7d[%—| ) dIV%~| +10 d[%-‘+27 dl'%"|_1, s 7dn73; d47 dn717 d2)7
if n is even and n/2 is odd,

C(dla dn7 d37 dn—27 s 7d"%—| 1 d"%—|+2a d"%—‘_i_la d"%—‘ y e adn—37 d47 dn—h d2)7

| if both n and n/2 are even.

See Figure 3.23, for a reduced degree sequence D = (5,5,5,4,4,4,4, 3,3, 3).
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the roots

s ;/\\ ChD):
ANIANTAN ANATA
|
NTATAANANTA

Figure 3.23: The graph representation of C? (D), C3(D) and S(D), for a
reduced degree sequence D = (5,5,5,4,4,4,4,3,3,3).

Theorem 3.35 Let Cp be the set of all caterpillars with reduced degr-
ee sequence D. Then, M (S(D),x) < M(H,z) forall H € Cp,.

Proof. Let H be a caterpillar with reduced degree sequence D =
(dy,ds,...,d,). Suppose H is minimal with respect to M(.,z). Label
all the non-leaf vertices in H from left to right as uy, us, ..., u,.

(i) If n = 1, then H is a star and H = C(d,) = Cl(d;). Hence H = S(D),
with C(d;) = ().

(ii) If n =2, then H = C(dy,ds). C(dy,d2) can be viewed as a caterpillar
obtained by joining the roots of C(d; — 1) = C}(d1,d2) and C(dy — 1) =
C}Q(dl, dg) Hence H = C(dl, dg) = S(D)

(iii) If » = 3, then by Lemma 3.32, u; and uj attains the largest
degrees in H. Assume deg(u;) > deg(us). Then, H is the caterpillar
of Figure 3.24 (a), which can be viewed as in Figure 3.24 (b), with
C%(dy,dy,d3) = C(dy,d3 — 1) and C%(dy,ds,d3) = C(dy — 1). This is just
S(D), and hence H = S(D).

(iv) If n = 4, then by Lemma 3.32, u; and us must have the largest
degrees in H. Assume deg(u;) > deg(uy). Then,
1 1

(Br' ) = 1+ x (deg(uy) — 1) = T+a (deg(us) — 1)

= T(B]%47 l‘),
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Figure 3.24: The caterpillar H in the proof of Theorem 3.35 for n = 3.

with equality if and only if deg(uy) = deg(u4). If 7(B}*,z) = 7(BR, z),
then we choose deg(us) < deg(us). Otherwise 7(B}',z) < 7(Bj3',x)
and by Lemma 3.31, we get that deg(us) < deg(us). Hence deg(usz) <
deg(uz). Then, H is the caterpillar of Figure 3.25 (a), which can be
viewed as in Figure 3.25 (b). This is just S(D) and hence H = S(D).

Figure 3.25: The caterpillar H in the proof of Theorem 3.35 for n = 4.

(v) Suppose n > 5. Note that it is enough to show that for all integers
1 <j<mn,ifjis odd, then

(B, ) > 7(By ", x) > (B x), forall j +2<i<n—j—1
and
et 2 dog(un_s11) > mavs {log(ugen) . degin )}
And if j is even, then
r(BY2) S T(By ) < r(By o), forall j+2 < i<n—j—1

and
deg(u;) < deg(up—j11) < min{deg(ujt1),...,deg(un,—;)} .
As the former characterizes the caterpillar S(D).

Base case: By Lemma 3.32, u; and v, must have the largest degrees
in H. Assume deg(u;) > deg(u,). Therefore

deg(uy) > deg(u,) > max {deg(us),...,deg(u,_1)}. (3.29)
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(Br', ) ! < ! (B, x), (3.30)
T x) = =T x .
Lo 1+ (deg(uy) — 1) = 1+ z (deg(uy,) — 1) Roh

with equality if and only if deg(u;) = deg(u,). If 7(B}",z) = 7(By", ),
we then choose deg(us) < deg(u,—1). Otherwise, 7(B}',z) < 7(By",x)
and by Lemma 3.31, we get that deg(uy) < deg(u,_1). Hence

deg(ug) < deg(up_1). (3.31)

From (3.29) deg(u,) > max {deg(u;) : 2 <i<n—1}. Since n > 5, then
for 2 <i <n—1 B} is neither empty nor a leaf. Then, by Lemma 2.4
and Remark 2.5, we have 0 < 7(B;**,z) < 1. Then, for 2 <i <n —1

1
BY x) =
TR = T (deglun) = )
1
< i d > d ;
1 .
‘ , since 0 < 7(B%~!, 1
< T 2 (deg(uy) — 2 4 7(B, gy Sinee 0 < 7B w) <
= 7(B}", x).
Hence
T(By,z) <7(Bj,z), forall 2<i<mn-—1 (3.32)
By Lemma 3.31,
deg(u,—1) < deg(u;yq), forall 2 <i<n—3. (3.33)

From (3.31) and (3.33) we get that deg(us) < deg(u,—1) < deg(u;41), for
all 2 < i <n — 3. Therefore,

deg(ug) < deg(up—1) < min {deg(us),...,deg(u,—2)}. (3.34)

From (3.30) we have 7(B}*,z) < 7(By", x), with equality if and only if
deg(u;) = deg(u,). From (3.34) we get that deg(us) < deg(u,_1). Since
deg(uq) < deg(u,—1) and 7(B}*,z) < 7(Bp", z), then

1
1+ (deg(ug) — 2+ 7(B}', @)
S 1
~ 14 2 (deg(up—1) — 2+ 7(By, x))

T(BL*, x)

=T7(By" ", x).

Therefore,
(B2, x) > 7(By ', x). (3.35)
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By Lemma 3.4, we get 7(B}?,z) = 7(By' ', z) if and only if Bf* ~, By""',
that is, if deg(uz) = deg(u,—1) and deg(u;) = deg(u,). If 7(B}*z) =
7(Bg'',z), then choose deg(uz) > deg(u,—2). Otherwise 7(B}*,z) >
7(By'',z) and by Lemma 3.31, we get deg(us) > deg(u,_2). Hence

deg(uz) > deg(up_2). (3.36)

For any 3 < i < n — 2, B}’ is neither empty nor a leaf. Then, by
Lemma 2.4 and Remark 2.5, we have 0 < 7(B;*,z) < 1. And for any
3<i1<n-2 we get

(B, x)
_ 1
N 1 +x (deg(un> - 1)

1
< , Si d n) > d ;—1) in (3.29
= T4 (deg(u 1) = 1) since deg(u,) > deg(u;—1) in ( )

1 .
< : , si 0<7(BY?2x) <1
1+ 2 (deg(ui_1) — 2+ 7(B; %, x)) Sinee (B @)
=7(B; ', ).
Therefore,
T(Bg',x) < 7(By ', x), forany 3 <i<n—2. (3.37)

From (3.34) and (3.37) we get

T(B;”‘l,x)
_ 1 - 1
1t a(deg(un) — 2+ 7(Bg*,x)) T 14 x(deg(ui) — 24 7(B; ", 1))
=7(B}, x).
Therefore,
(B ' x) > (B}, x), forany 3 <i <n-—2. (3.38)

By Lemma 3.31, we get that deg(u,,—2) > deg(u;+1) for any 3 <i < n—4.
Hence

deg(u,—2) > max {deg(uy), ..., deg(u,—3)} . (3.39)
From (3.36) and (3.39) we get that

deg(uz) > deg(u,—2) > max {deg(uy4), ..., deg(u,—3)}. (3.40)
Therefore, from (3.29) we have

deg(uy) > deg(u,) > max {deg(us),...,deg(u,_1)},
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from (3.30) and (3.32) we have
(B}, x) < 7(By',x) < 7(B; *,z), forany 4 <i<n—3
and from (3.34) we have
deg(uz) < deg(up—1) < min {deg(us), ..., deg(un—2)}.
From (3.35) and (3.38) we have
(B, x) > 7(By ', x) > 7(B;*,z), forany 5 <i <n—4
and from (3.40) we have
deg(uz) > deg(un_o) > max {deg(uy),...,deg(u,_3)}.

Suppose that for all integers 1 < j < n:
(a) If j is odd, then

T(B ' x) > 7(BE " x) > 7(By *,x), forany j+2<i<n-—j—1,
(3.41)
and

deg(u;) > deg(up—jt1) > max {deg(u;t1), ..., deg(un—;)}. (3.42)
(b) If j is even, then

T(By ™" x) < 7(BRx) < 7(Bp %, x), forany j+2<i<n-—j—1
(3.43)
and

deg(u;) < deg(un—j+1) < min {deg(u;4+1),...,deg(u,—;)}. (3.44)

(i) Suppose j is odd. Then, from (3.41) and (3.42) we have 7(B,” ", z) >
T(B?{HHZJJ) and deg(uj) > deg(un7j+1>. Hence,
(BY @) :
T Tr) = .
Lo 1+ z (deg(u;) — 2+ 7(B ", z))
1
1+ 2 (deg(up—jt1) — 2+ 7(By" ", x))

IN

= 7(Bg"7" x).

Therefore,

(B, ) < 7(By ", x). (3.45)
By Lemma 3.4, 7(B;’,z) = (B "', z) if and only if B,’ ~, By, in
such a case deg(u;) = deg(u,_;41) and 7(B}’ ", z) =
(B ", z). Otherwise, 7(B,’,x) < 7(Bg" ", z). f (B’ ,z) =
T(By' "', z), then we choose deg(u;;1) < deg(u,_;). Otherwise 7(B’, )
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< 7(By",z) and by Lemma 3.31, we must have deg(u;;1) < deg(u,_;).
Hence,
deg(ujt1) < deg(un—j). (3.46)

From (3.41), we have 7(By" ", z) > 7(B}'?,x), for any j +2 < i <
n —j— 1. Then, by Lemma 3.31, we must have deg(u,,—;+1) > deg(u;_1)
and hence,

, 1
T(BY =t x) = T
( R ) 142 (deg(un—j+1) . T(BRTL7J+27 I))
1 .
< - =7(B}) ", x).
1+ 2 (deg(ui—1) — 2+ 7(B; 7%, 2)) (Br )
Therefore,
(B " x) < 7(By ', x), forany j +2<i<n-—j—1. (3.47)

Hence, from (3.45) and (3.47) we get
(B, x) < 7(Bg 7", x) < 7(B} ", x), forany j+2 <i<n—j—1. (3.48)

From (3.48) we have 7(By," ’*',z) < 7(B;"",z). By Lemma 3.31, we
must have deg(u,_;) < deg(u;). Hence

deg(un—j) < min {deg(u;42),...,deg(un—j—1)}. (3.49)
Therefore, from (3.46) and (3.49) we must have
deg(uji1) < deg(uy,—;) < min {deg(u;t2),...,deg(un,—;—1)}. (3.50)
Hence, from (3.48) and (3.50) if j is odd, then
(B, x) < 7(By " x) <7(B ,x), forany j+2<i<n—j—1

and

deg(uji1) < deg(uy—;) < min {deg(u;42), ..., deg(un—j-1)}.
(ii) Suppose j is even. From (3.43) and (3.44) we have 7(B;’ ", z) <
7(By' ", z) and deg(u;) < deg(u,_;+1). Then,

w; 1
BY . z) = _
(B, ) 1+2x (deg(uj) -2+ T(BL”l,x))
1
> T
1+ (deg(un_js1) — 2+ 7(By 7", x))

= T(BZ,"_"“,Q:).

Therefore,
(B, x) > 7(Bg"" ). (3.51)
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By Lemma 3.4, 7(B,’,z) = 7(By' "', z) if and only if B,” ~, By, in
such a case deg(u;) = deg(u,,_j41) and 7(B;" ", z) =
7(By' ", z). Otherwise 7(B,’,z) > 7(By" "™, z). If 7(B}’,z)
= 7(By""*',r), then we choose deg(u;.1) > deg(u, ;). Otherwise,
(B}, x) > 7(Bg""', z) and by Lemma 3.31, we must have deg(u;1) >
deg(u,—;). Hence,

deg(ujt1) > deg(un—j). (3.52)
From (3.43) we have 7(By ’**,z) < 7(B}*,z), for any j +2 < i <
n —j — 1. By Lemma 3.31, we must have deg(u,_;+1) < deg(u;_;) and
hence

, 1
(B ) = Un
( R ) 142 (deg(un—j+1) . T(BRnfjJrZ’ l‘))
1 .
> - =7(B}) ", x).
1+ (deg(uiy) — 2+ 7(BY 2, 2)) (B )
Therefore,
T(Br" x) > 7(B ", x), forany j +2<i<n-—j—1 (3.53)

Hence, from (3.51) and (3.53) we must have
7(BY,z) > 7(By "' 2) > (B} ', z), forany j+2 <i <n—j—1. (3.54)

From (3.54) we have 7(By "', x) > 7(By ', z), for any j +2 < i <
n —j — 1. By Lemma 3.31, we must have deg(u,_;) > deg(u;). Hence

deg(un—;) > max {deg(u;42), ..., deg(u,—j—1)}. (3.55)
From (3.52) and (3.55) we have
deg(ujt1) > deg(u,—;) > max {deg(ujt2), ..., deg(un,—j—1)}. (3.56)

Hence, from (3.54) and (3.56) if j is even, then
(B, x) > 7(Bg " x) > (B} ,x), forall j+2<i<n—j—1
and

deg(ujt1) > deg(un—;) > max {deg(u;t2),. .., deg(un,—j—1)}.
U

Remark 3.36 In Chapter 1, we saw that if 7 and 7" are trees, such
that M(T,z) < M(T', ) for all positive = € R, then

Z(T) = M(T,1) < M(T',1) = Z(T"),

and
9 [ ] ) 9 [ ] . ,
En(T)=— —InM(T,z*)dx < — —InM(T ,z*)dx = En(T).
0 0

T 22 T 2

Then, from Theorem 3.35 we deduce the following theorem.
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Theorem 3.37 Let Cp be the set of all caterpillars with reduced degr-
ee sequence D. Then, Z(S(D)) < Z(H) and En(S(D)) < En(H) for all
H e Cp.

Lemma 3.38 Let i, j and n be positive integers such that1 <i < j <
n. Let D = (dy,....d;,...,d;,...,d,) be reduced degree sequence of a
caterpillar C, such that d; > d; > 2. Decompose S(D) as in Figure 3.26,
with B, B' and H non-empty. Let v and w be vertices of S(D) such
that deg(v) = d; and deg(w) = d;. Let w' be a leaf adjacent to w. Let G
be obtained from S(D) by removing the edge ww' and then adding the
edge vw'. If either (i) d; > d; or (i) d; = d; and M(H —w,z) > M(H —v, x),
then
M(S(D),z) > M(G,z) > M(S(D), x),

where Dl = (dl, c 7di—1;di + ]-7di+17 ce ,dj_l,dj — 1,dj+1, C 7dn)

Figure 3.26: Decomposition of the caterpillar S(D) in Lemma 3.38.

Proof. Let d = d; —2 and d = d; — 2. Suppose deg(v) = d; > d; = deg(w).
Then, d > d. Since S(D) is minimal with respect to M(.,z) and d > d ,
then by Lemma 3.31 (ii) and (iii), we must have 7(B,z) > 7(B’, z) and
M(H —v,z) < M(H —w,z). From Equation (3.2), we have

M(S(D),z) = M(B,z)M(B', ) [M(H, 2) + dd 22 M(H — {v,w}, )
+ 227(B,2)7(B, 2)M(H — {v,w},z) + M¥(S(D), x)]
where,
M®(S(D),z) =z [(d’ +7(B, x)) M(H —w,z) + (d+7(B,z)) M(H — v, ;c)}
42 M(H — {v,w}, ) [dT(B’, z)+d (B, :1:)]
and

M(G,z) = M(B,2)M(B', z) [M(H, )+ (d+1)(d — 1)2>M(H — {v,w}, z)
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+ *7(B,a)r (B )M (H — {v,w},2) + M2 (G, x)|
where,
M¥(G, )
—z [(d +7(B,z) - 1) M(H — w,z) + (d+7(B,z) + 1)M(H — v, @]
e M(H — {v,w}, z) [(d +1)r(Bz) + (d’ - 1) (B, xﬂ .
Then,

M(S(D),z) — M(G, z)
— M(B,z)M(B,z) (dd (d+1) (d —1))x2M(H—{v,w},x)
+ME(S(D),z) — M2(G,a)]
= M(B,2)M(B2) | (dd —dd +d—d +1) 2M(H — {v,u}, )
FMP(S(D),z) — MP(G, )]
(d—d +1) 2 M(H — {v,0},2)
+M(S(D),x) — M) (G, z)].

= M(B,z)M (B, x)

But,
My (S(D),z) — My (G, x)
—z [(d’ v (B ,z) - (d’ +7(B,z) - 1)) M(H - w,z)
+ ((d+7(B,z)) — (d+7(B,z) + 1))M(H — v, z)]
42 M(H — {v,w}, ) [dT(B’, ) +d7(B,z)
~(d+)7(B'2) ~ (d = 1)7(B,2)]
= 2 [M(H —w,z) — M(H —v,2)] + 2*M(H — {v,0},2) |7(B,z) — (B, x)} .
Therefore,
M(S(D),z) — M(G, )
— M(B,2)M(B,z) [(d —d + 1) 2 M(H — {v,w}, )
Vo [M(H —w,x) — M(H — v, 2)]
+ 22 M(H — {v,w}, z) [T(B, ) — (B, x)”
= M(B,z)M (B, z) [+*M(H — {v,w},2) [(d+ 7(B,z) + 1)
- (d’ + T(B/,:E)ﬂ
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+x (M(H—-w,z)— M(H —v,x))]
>0, since = > 0,0 < 7(B,z),7(B,z) <1,d >d and M(H —w,z) >
M(H —v,x).
Suppose d; = d; and M(H — w,z) > M(H — v,z). Then, d = d and
M(S(D), z) — M(G, )
= M(B,z)M (B, z) [+*M(H — {v,w},2) [(d+ 7(B,z) + 1)

- (d/ (B, x))] v (M(H —w,z) — M(H — v,1))]
— M(B,z)M(B,z) [a:QM(H ~ {v,w}, z) (T(B,J:) +1-7(B,x )

M(

+z (M(H —w,z) —
>0, since z > 0,0 < 7(B,z),7(B,z) < 1and M(H —w,z) >

H —v,x))]

M(H — v, z). Hence M(S(D),z) > M(G,x). Since S(D') and G have the
same reduced degree sequence D' and are both caterpillars, then
by Theorem 3.35, we must have M (G, z) > M(S(D'),z). Hence, we
conclude

M(S(D),z) > M(G,z) > M(S(D'), ).

O

Lemma 3.39 Let G be a caterpillar and be decomposed as in Figure
3.1, with B, B' and H non-empty. Let G' be obtained from G by
removing the edge wr(B') and then adding the edge vr(B'). Suppose
G is minimal with respect to M(., z). If either

1.) 7(B,x) > 7(B, ),
2)d>d,or
3.) 7(B,z)=7(B',z),d=d and M(H —v,z) < M(H — w, 1),
then
M(G,z) > M(G, ).

Proof. Suppose G is a caterpillar and decomposed as in Figure 3.1.
Suppose G is minimal with respect to M(.,x). Suppose 7(B,z) >
7(B',r), then by Lemma 3.31 (i), we must have d > d and M(H —
v,x) < M(H — w,z). Suppose d > d, then by Lemma 3.31 (ii) and
(iii), we must have M(H — v,z) < M(H — w,z). Therefore, if 1.), 2.)
or 3.) holds, then d > d and M(H — v,x) < M(H — w,z). G can be
decomposed as in Figure 3.27. Then,

/

M(G',z) = M(G —wvr(B),z) + 2M(G — {v,7(B)},z)
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Figure 3.27: Decomposition of the tree G in the proof of Lemma 3.39.

(B,z)M(F', x) —i—xM( —{v,r(B)},x)
( ©)M(F',z) +xM(B —r(B),z)M(B',z)M(T — v, z)
) [ M(F = vr(B),2) + aM(F' — {v,7(B)},2)]
+xM(B —r(B),z)M (B, z)M(T — v, x)
— M(B,z) [M(B', 2)M(T,2) +aM(B —r(B),2)M(T — v, :c)}
+xM(B —r(B),z)M (B, z)M(T — v, z)
= M(B,z)M(B', z)M(T, z)
+aM(B,x)M(B —r(B),z)M(T —v,z)
+aM(B —r(B),z)M(B',z)M(T — v, z)

[
iii

Therefore,
M(G/,:c)
= M(B,z)M(B',z)M(T,z) + 2M(B,2)M(B —r(B'),z)M(T — v, z)
+aM(B —r(B),z)M(B',z)M(T — v, z)
and
M(G,x)
= M(B,z)M(B',z)M(T,z) + M (B,2)M(B —r(B'),z)M(T — w, z)
+aM(B',2)M(B —r(B),z)M(T — v, z)
+2°M (B —r(B),z2)M (B —r(B),z)M(T — {v,w},z).
Then,
M(G,z)— M(G )
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= oM (B, 2)M(B —r(B),z) [M(T —w,z) — M(T —v,z)]

+ 22M(B — r(B),z)M(B" —r(B"),z)M(T — {v,w}, z)
= aM(B,z)M(B —r(B),z) [M(H —w, z) + deM(H — {v,w}, z)
— M(H —v,z)—dzM(H — {v,w},x)]

+22M(B —r(B),2)M(B —r(B),2)M(H — {v,w}, )

= aM(B,2)M(B —r(B),2) [M(H —w,z) — M(H — v, x)
M (H — {v,w},z)(d — d’)}
+22M(B — r(B),z)M(B —r(B'),z)M(H — {v,w},z) > 0,

since x > 0, M(B—r(B),z), M(B —r(B"),z), M(H — {v,w},z) > 0, M(H —
w,z) > M(H —v,r)and d > d . O

Lemma 3.40 Let GG be a caterpillar and be decomposed as in Figure
3.1, with B, B' and H non-empty. Let w be a leaf adjacent to w. Let
G’ be obtained from G by removing the edge ww' and then adding the
edge vw'. If 7(B,z) > 7(B',z), d > d and M(H — v,z) < M(H — w,z),
then M(G,z) > M(G', z).

Proof. Suppose B, B' and H are non-empty. Suppose 7(B,z) >
7(B',2), d>d and M(H —v,z) < M(H — w, ).

M(G,x) = M(B,z)M(B',z) |M(H,z) + dd 2*M(H — {v,w},z)
+ 2°7(B,2)7(B,x)M(H — {v,w},z) + MY (G, z)
and
M(G,x)
= M(B,2)M(B,z) [M(H,2) + (d+1) (d = 1) a*M(H ~ {v,w},2)
+ 2*7(B,2)r (B, o) M(H — {v,w},2) + M2 (G, 2)] .
Then,
M(G,z) — M(G )
— M(B,2)M(B'2) [«*M(H — {v,w},) (dd —(d+1)(d 1))
+ M2(G,x) ~ MP(G )]
— M(B,z)M(B,z) [m2M(H ~ {v,w}, ) (dd’ - (dd’ —d+d - 1))

+ M¥(G,z) — M;”(G',x)]
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— M(B,z)M(B,z) [ﬁM(H ~ {v,w}, ) (d —d + 1)
+ M®(G,z) — M;”(G',x)] .
But
MY(G,z) — MG, x)
= |(d +7(B2)) M(H — w,2) + (d+ 7(B,2)) M(H - v,2)]
+ 2 M(H - {v,w},2) |dr(B ,2) + d 7(B,x)
— o |(d + (B 2) = 1) M(H = w,2) + (d+7(B,2) + )M (H — v,z)|
— 2 M(H ~ {v,w},2) [(d+ D)r(B @) + (d = 1) 7(B,2)]

=x[M(H —w,z) — M(H —v,z)] + 2*M(H — {v,w}, ) |:T(B,l’> —T(B/,Ji)i| :

This implies that,
M(G,z) — M(G )
— M(B,z)M(B,z) [x2M(H ~ {v,w}, ) (d —d + 1)
o [M(H — w,z) — M(H — v,2)] + 2> M(H — {v,w}, ) [T<B, z) — (B x)}
— M(B,z)M(B,z) [xQM(H ~ v, w},z) (d v r(Byx) +1— (d’ + T(B,,:E)>>
+ 2 [M(H —w,2) — M(H —v,2)]]
>0, since d > d ,7(B,z) > (B ,z) and M(H —w,z) > M(H — v, z).
O

Theorem 3.41 Let (yy,...,y,) and (di,...,d,) be two degree sequences
of caterpillars. If (y1,...,yn) < (di,...,d,) and Z Y = Z d;, then for all

=1
z > 0 we have

M(S(y1,...,yn),x) > M(S(dy,...,d,), )

and hence,
Z(S(y1, .- yn) > Z(S(dy, - .., dy))

and
En(S(y1,...,yn)) > En(S(dy, ..., d,)).

Proof. Suppose Y = (y1,...,y,) and D = (dl,...,dn) are two degree
sequences of caterpillars, ¥ < D and Zyz Zd Then, there
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exists iy, such that d;, # y;,. In fact, the set I = {i : d; # y;} must have
at least two elements, otherwise Z Y = Z d; would be impossible.

=1 =1
Let | = min{i : d; # y;} and m = max{i : d; # y;}. We must have
Yym > d,, > 1 and we must also have d; > y,. We define

le = (y17 e Yi-1, U + 17yl+17 o Ym—1,Ym — 1;3/m+17 s 7yn)

Note that Y] is still a valid degree sequence. If [ > 1, theny, | =d;_; >
d>y+1>dy,+1>2andifl =1, thend, > y+1>d,,+1> 2. lf m <n,
theny,—1>d, >dni1 =Yny1 > 1and if m =n, theny,, —1>d,, > 1.
It is clear that Y < Y;. If y,, > 2, then by applying Lemma 3.38 to
S(Y), we know that there exists a caterpillar G with degree sequence
Y: such that

M(S(Y),x) > M(G,z) > M(S(Y1),x).

Otherwise y,, = 2. In such case, decompose S(Y) as in Figure 3.28,
with B non-empty, deg(v) = v, and deg(w) = y,, = 2. In view of the

Figure 3.28: Decomposition of the caterpillar S(Y) in the proof of
Theorem 3.41.

structure of S(Y), we can choose w so that deg(r(B')) > deg(v), for all
non-leaf vertices « in S(Y). Since

/ 1
[ S ) )

1

"(BLo) = 1 (deg(u') =2 +7(B* 1))

. ’
, for some branch B* in B}

and deg(r(B')) > deg(u'), for all non-leaf vertices u in S(Y), then
7(B',r) < 7(BY,z), with equality if and only if deg(v') = deg(r(B')), v’ is
a pseudo leaf and v’ is not r(B’). Let G be a caterpillar obtained from
S(Y), by removing the edge wr(B') and then adding the edge w'r(B’).
Since deg(w') > 2 = deg(w), 7(BY,z) > 7(B',z) and M(H' —w',z) =
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M(H' —w,z) (H' is the two vertex path with end vertices w and w'),
then by Lemma 3.39, we must have M(S(Y),z) > M(G, z).

Note that 7(B,r) > 7(B’,z). Let w" be a leaf adjacent to w' in G. Let
G’ be a caterpillar obtained from G as follows: if deg(v) > deg(w') and
M(H —v,z) < M(H —w',z), then remove the edge w'w" and then add
the edge vw"”. Otherwise, deg(v) < deg(w') or M (H—v,z) > M(H—w', ).
If deg(v) < deg(w') and M(H —v,z) > M(H—w',z), then swap B and B’,
remove the edge w'w” and then add the edge vw”. If deg(v) > deg(w)
and M(H —v,z) > M(H —w', z), then flip H, remove the edge w'w" and
then add the edge vw” (note that when flipping H, we assume v and
w are fixed in their original positions in G). If deg(v) < deg(w') and
M(H —v,x) < M(H —w',z), then swap d and d + 1, remove the edge
w'w” and then add the edge vw”. Then, by Lemmas 3.31 and 3.40,
we must have M (G, z) > M(G', r) and the degree sequence of G’ is ;.
Hence, by Theorem 3.35,

M(S(Y),z) > M(G,z) > M(G',z) > M(S(Y1), x).
Note that the degree sequence of G is not Y; and not Y.

If Y1 = D, then we are done. Otherwise, we iterate the process.
We set Y = Y;, and if k£ is a positive integer and Y, # D, then we
construct Y, in exactly the same way as Y; was constructed from

1
Y. After a finite number J = 5 Z |d; — y;| of iterations, we will get the
i€l
chain
Y=Yy <YV i<--- <Y, 1 <Y;=D.

Forany k € {1,...,J—1}, we can apply Lemmas 3.31, 3.38 and 3.40,
with Theorem 3.35 to S(Y;) as we did above, to deduce that there
exists a caterpillar G, with degree sequence Yj,; such that

M(S(Yy),x) > M(Gry1,2) > M(S(Yii1), ).
Hence
MS(Y),x) > M(SY1),z) > > M(S(Y)),z) = M(S(D),z).
O

Since Z(T) = M(T,1) and En(T) = 2 [* % log M(T,2*), for some tree

T of order n Then, If T' is minimal with respect to M (.,z), then T is
also minimal with respect to Z(T') and En(T).
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Corollary 3.42 For any caterpillar C' of order n and diameter m(<
n — 1), we have

M(C,z) > M(S(d,2,...,2),z), for all positive x € R

2
and hence
Z(C) > Z(8(d,2,...,2
() (S( : )
and
En(C) > En(S(d,2,...,2)),
n(C) > En(S( : )

with equality if and only if C = S§(d,2,...,2), whered =n —m + 1.
—

m—2
Remark 3.43 Let

(dy...,d,r,2...,2), ifd>r>2
— N —’

D=(d,....dr?2,....2)= oot
— d,....d,2,...,2), ifd>1>r

k m—k—1 N RN ,

k m—k—1

be a reduced degree sequence of a caterpillar G, with diameter m
and order n. Then,

CJkd+2(m—k—-1)+r—-2—-(m—3), ifd>r>2
_{hﬂ+%m—k—1y—@r—$, ifd>1>r
=kd+2(m—k—1)+max{r—2,0} — (m—3)
=kd+2m — 2k — 2+ max{r —2,0} —m+3
=kd+m — 2k + 1+ max {r — 2,0}
=k(d—2)+m+max{r—1,1}.

Therefore,

k(d=2)+m+r—1, ifr>2

n:k(d—2)+m+max{r—1,1}:{k(d_2)+m+1 ifr<i

Then,

- n—m-max{r—1,1} n—-—m—1—-max{r—2,0}
a d—2 B d—2
~n—m-—1 max{r—20} |[n-m-1

T d-2 d-2 _{ d—2 f

k
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since k is a whole number and max {r — 2,0} < d — 2. Hence,

n—m—l7 lf?“ Sl
I d—2
|z=m=l] | otherwise.
Then,
n+(m-—3)—kd—2m—k—1), ifk= n—dTQ—I
T =
n+ (m—3) —kd—2(m—k—2), otherwise
_ 0, if k£ = ”—g—l
n—m—k(d—2)+1, otherwise

n—m-— |21 (d—2)+1, otherwise.

Therefore, k = |*="-1| and

a2
0, if = 2=t
T =
n—m-— |21 (d—2)+1, otherwise.

Corollary 3.44 For any caterpillar C of order n, diameter m(< n — 1)
and vertex degree at mostd < n —m + 1, we have

M(C,x) > M(S(d,...,d,r2,...,2),x), for all positive x € R
— ——

k m—k—1
and hence
En(C) > En(S(d,...,d,r.2,...,2))
— ——
k m—k—1
and
Z(C)>Z(8d,...,d,r2,...,2)),
S—— ——
k m—k—1
with equality ifand only if C = S(d,...,d,r,2,...,2), wherek = | =1
quality if yif (k rkl) |25
0, ifk =g

andr =

n—m-— |22 (d—2)+1, otherwise.
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Remark 3.45 Let

(d,...,d), ifd>1>r
——

(d,...,d,r), ifd>r>2
k

be a reduced degree sequence of a caterpillar GG, with order n. Then,

kd — (k — 2), ifr<2 k(d—1)+2, ifr <2
n = —=
kd+r—(k—1), otherwise
=k(d—1)+max{2,r+1}.

k(d—1)4+r+1, otherwise

Therefore, n = k(d — 1) + max {2, + 1}. Then,

~n—max{2,7+1} n—-2-max{0,r -1} n-2 max{0,7r—1}
B d—1 N d—1 Cd-1 d—1
_n—2

S ld—1]"

since d—1 > max {0, — 1} and k is a whole number. Hence, k = |2=2]
and

k

o ifk=1% [0 if k==

n—k(d—1)—1, otherwise n—|22|(d-1)—1, otherwise.

Corollary 3.46 For any caterpillar C' of order n and vertex degree of
at mostd <n —m + 1, we have

M(C,z)> M(S(,...,d,r),x), for all positive x € R
——

and hence

and

with equality if and only if C = 8(d, ..., d,r), where k = |%=3| and
K

{o, ifk=12¢c7
f]":

n—|22|(d-1)—1, otherwise.



4 Extremal caterpillars with
respect to the Merrifield-
Simmons index

Let G be a graph of order n and u(G, k) the number of independent
vertex subsets of order £ in G. Recall that ¢(G, z) is defined to be

o(G,x) = Z“(G’ k)x*, for all positive 2 € R

k>0

and
o(G) =0(G,1).

In this chapter, we derive a formula for the auxiliary invarinat o(G, z)
of a caterpillar GG, and this formula is used to characterize extremal
caterpillars relative to (., z) and Merrifield-Simmons index.

4.1 A formula for the auxiliary invarinat
o(G,x) of a caterpillar ¢

Let G be a caterpillar and be decomposed as in Figure 3.1. Let v" be
a neighbor of v in H. Let w' be a neighbor of w in H. Then, using
Lemma 2.7 iteratively, we have

o(G,x)
=0(G —v,z)+ 20(G — N[v],x)
= 0(G—v,2) +20(G—{v,v1,0s,... 04,0 ,7(B)}, x)
=o0(G—v—w,z)+x0(G—v— Nwl,z)

+20(G — {v,v1, 09, ..., 04,0 ,7(B)}, )
)} @)

+ z0(G — {v, vy, v, ... ,vd,vl,r(B)},:c)

I

= 0(G — {v,w}, z) + 20(G — {v,w, w1, ws, ..., wy,w,r(B

104
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= 0(G — {v,w}, z) + 20(G — {v,w, wy,wa, ..., wy,w,r(B)},x)
+ <U(G —{v, 01,0, ..., 04,0 ,7(B)} —w,z) + 20(G — N[v] U N[w],x))
= 0(G — {v,w}, z) + 20(G — {v,w, wy,wa, ..., wy,w,r(B)},x)
+ z0(G — {v,w, vy, vq, ..., 0, v/,r(B)}, x)
+ 220 (G — {v,v1, ve, . .. Uy U r(B),w,wy,ws, ..., wd/,w/,T(B/)},x)
= o0(B,z)o(B',z)o(H — {v,w},z)o(vy,x)...0(vg, x)o(wy, z) ... 0(wy, z)
+ z0(B,z)o(B —r(B),z)o(H — {v,w,w'}, )0 (vy, 2)0(va, 2) . .. 0(vg, )
+z0(B —r(B),z)o(B,z)o(H — {v,v,w}, z)o(w, z)o(ws, z) . ..o(wy, )
+220(B —r(B),z)o(B —r(B),z)o(H — {v,v,w,w'},z).

Since o(vy,z) = o(ve,z) = -+ = o(vg,x) = o(wy,z) = o(we,x) = -+ =
o(wy,x) =1+ x, then

(G, x)
= o(B,x)o(B,z)o(H — {v,w},z)(1 + x)d”/
+z0(B,z)o(B —r(B),z)o(H — {v,w,w'}, )(1 + z)?
+20(B —r(B),z)o(B,z)o(H — {v,v,w}, z)(1 + x)d/
+ 2%0(B — r(B),z)o(B —r(B),z)o(H — {v,v",w,w'}, z)
= (B, 2)0(B, ) |o(H — {v,w}, z)(1 + z)¢+¢

o(B' —r(B),z) ,
+x O'(B/,l') O'(H—{’U7w7w},l')(1+l')d
o(B—r(B),x) , '
+ J(B,l’) O'(H-{’U,U,U)},QZ’)(l—FQT)d

,0(B —1r(B),x) (T(Bl — T(Bl), x)
o(B, ) o(B',x)

— (B, z)0(B, ) [o(H — {v,w}, z)(1 + z)¢*+¢
+ap(B',x)o(H — {v,w,w'}, z)(1 + z)?
+ap(B,x)o(H — {v,0,w}, 2)(1 +2)*
+ 22p(B,2)p(B, x)o(H — {v,v ,w,w'},z)] .

+ x o(H — {v,v/,w,w/},x)}

Therefore,

(G, x)
= U(B,Q?)O’(B/, z) |o(H — {v,w},z)(1+ x)d+d
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+xp(B,2)o(H — {v,w,w'},z)(1 + z)
+2p(B, x)o(H — {v,v,w},z)(1 + z)°
+ 22p(B,2)p(B',x)o(H — {v,v ,w,w'},2)| . (4.1)

Definition 4.1 Let GG be a caterpillar and be decomposed as in Figure
3.1, v' the neighbor of v and v’ the neighbor of w. Then, define

o) (G, x)
=z |p(B',x)o(H — {v,w,w'},z)(1 + x)?
(B, 2)o(H — {v,0,w}, )(1 + ;c)d'} .
Then,
o(G,z) = o(B,x)o(B',x) [U(H —{v,w},x)(1+ I)d+d, + 0, (G, x)

+ 22p(B, x)p(B', x)o(H — {U,v',w,w/},m)] . (4.2)

4.2 Caterpillar with given degree sequence
and maximum o (G, z)

Let G be a graph of order n and u(G, k) the number of independent
vertex subsets of order % in GG. Recall that ¢(G, x) is defined to be

o(G,z) =Y (G, k)z*, for all positive z € R

k>0

and
o(G) =0(G,1).

In this section we prove that caterpillar S(D) also has maximum
o(.,x) and hence maximum Merrifield-Simmons index o, among all
caterpi-llars with degree sequence D. Then, we compare the two
caterpillars S(D) and S(Y) i.e. o(S(D),z) with ¢(S(Y),z) and o(S(D))
with ¢(S(Y)), where the degree sequence Y is majorized by the degree
sequence D. We say G is maximal with regard to an invariant F'(G), if
and only if F(G) = max{F(C) : C € Cp}, where D is a degree sequence
of G.

The following simple technical lemma will play central role as we
try to find out what exchange of branches increases o(., z).
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Lemma 4.2 Let =, x9,91,Y2,21 and 2z, be nonnegative real numbers
such that r; < x9, y; <y and z; < zy. Then,

T1Y121 + T2Ya29 Z max{xlylzg -+ T2Ya21, L1Y221 + ToY122, L1Y222 + xzylzl}.

Proof. Since ;1 < x9,1; < y2 and z; < z,, then

(D) z1y121 + TaYoze — (T1y122 + Toyo21) = T1y1 (21 — 22) + Tay2(22 — 21)
= —x141(22 — 21) + TaYa (22 — 21)

= (20 — 21)(T2y2 — m131) > 0,

(ii) 719121 + T2y222 — (T19221 + T2y122) = T121(y1 — Y2) + T222(y2 — Y1)
= —fﬂlzl(yz - y1) + x222<y2 — yl)
(y2 — y1) (2222 — 2121) > 0,

and

(iid) z1y121 + Toyezo — (T1y222 + Tath21) = 1 (Y121 — Y222) + X2(Y222 — Y121)
= —21(yY222 — y121) + T2(Y222 — Y121)
= (x9 — 21)(y222 — 11 21) > 0.

Hence,

T1Y121 + TaYezo > max{Ti1y12s + Taya21, T1Ye21 + Taly1 22, T1YaZa + Tay121 ).

t

Lemma 4.3 Let G be a caterpillar and be decomposed as in Figure
3.1, with both B and B non-empty. Let v be a neighbor of v in H
and w' be a neighbor of w in H. If G is maximal with respect to o (., z)
and p(B',z) > p(B,z), theno(H — {v,w,w'},z) > o(H — {v,v",w}, ) and
d <d.

Proof. Let GG be a caterpillar and be decomposed as in Figure 3.1,
with both B and B’ non-empty. Let v" be a neighbor of v in H and
w' be a neighbor of w in H. Suppose G is maximal with respect
to o(.,z). In particular, (G, x) has the largest value among all the
possible swappings of branches and flippings of H in G. That is, the
swapping of B and B’, the swapping of d and d', and/or the flipping
of H in G.

Suppose p(B',z) > p(B,z). Equation (4.2) suggests that the swapping
of B and B’, the swapping of d and d and/or the flipping of H in G
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only affect ¢(G,z) in o(G,z). This implies that the maximality of
o (G, r) implies the maximality of o(G, ). Since p(B',r) > p(B,z) and

o (G, ) =
T [p(B/, 2)o(H — {v,w,w'},z)(1 +2)* + p(B,z)o(H — {v,v,w},z)(1 + x)d,

then by Lemma 4.2, ¢%(G, z) is maximal if and only if
o(H — {v,w,wl},m) >o(H — {v,v,,w},x)

and d > d. O

Lemma 4.4 Let G be a caterpillar. Label all the non-leaf vertices in G
Jrom left to right as uy, us, . .., u,. If G is maximal with respect to o(., x),
then u; and u, have the largest degrees in G.

Proof. 1If ¢ = 1, then G is a star and has only one non-leaf vertex,
which is of highest degree. If / = 2, then G has two non-leaf vertices
and they have the largest degrees in G. If ¢ > 3, then decompose G as
in Figure 3.1 with B a leaf adjacent to u; and B’ a complete branch
of G such that B’ contains neither u; nor u, and the root of B’ is u;
for 3 < i < (. Then, B is neither empty nor a leaf. Since B is a leaf
and B’ is neither empty nor a leaf, then by Lemma 2.9 and Remark
2.10, .
p(B,l’) - 1+—l’ < p(B 71:)‘

Since p(B,z) < p(B',z), then by Lemma 4.3, deg(u;) > deg(u;_1).
Hence deg(u;) > max{deg(u;) : 2 < i < ¢ —1}. Same reasoning leads to
deg(uy) > max{deg(u;) : 2 <i < {—1}. O

Lemma 4.5 Let B and B' be complete branches of a caterpillar G,
h(B) and h(B') their respective heights. If h(B) = h(B'), then p(B, z) =
p(B',z) ifand only if B ~, B'.

Proof. It is clear that B ~, B’ implies p(B,z) = p(B',z). We only
need to show that p(B,z) = p(B’,z) implies B ~, B'. Let r(B) and
r(B') be the roots of B and B’', respectively. Then, B and B’ can be
decomposed as in Figure 3.2. Suppose h(B) = h(B') = h. If h = 1 and
p(B,x) = p(B',z), then

1 1 /
p(B,a:) = vd(B) = p(B 7'73)'
L+ (53)
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/

Then, 1+ (H%)rd(B) =1+ (H%)rd(B ). Since z > 0, then rd(B) = 1d(B)

and thus B ~, B'. Suppose that for h = k > 1, p(B,z) = p(B', )
implies B ~, B'. Then, for h = k + 1 we have

1 1
p(B,x) = rd(B = rd(B)—1
L4+ 2L p(Bia) 14+ (22) P p(By,2)
and .
p(Blﬂ‘r): d(B’ ’
I‘(B)fl ’
1+ () p(By, )

Then, suppose p(B,z) = p(B’,z). Then,

’

1 rd(B)—1 1 rd(B )—1
1+$<1+x) p(Bl,x)zl—l—x(l_'_m) p(B;,x).

Since z > 0, then

1 rd(B)—1 1 rd(B')—1
( ) p(Bi,x) = ( ) p(By, x)

1+ 1+
and hence
1 rd(B) 1 rd(B') )
<1+x) p(B1,x) = <1+x) p(B;, ). (4.3)

Suppose that rd(B) # rd(B’), without loss of generality assume rd(B)
> 1d(B’). Then, rd(B) > rd(B')+1. Since B and B’ are non-empty and
h > 2, then B, and B, are non-empty and by Lemma 2.9, we must
have

1
1+

/ 1
< p(Bi, ), p(By,x) < — <1 (4.4)
142 (H%)max{rd(Bl),rd(Bl)}

With rd(B) > rd(B’) + 1 and Equation (4.4) we have,

1\ B 1\ B 1 rd(B')+1
B < <
<1+x) p(Bi; ) (1+x) _<1+x)

/

1 rd(B) 1 1 rd(B) /
= < B .
<1+x) <1+$>_<1+x> P(Bi, )

1 rd(B) 1 rd(B) )
( ) p(Bi, ) < ( ) p(B;, ). (4.5)

Therefore,
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Which is a contradiction to Equation (4.3), hence rd(B) = rd(B').
With rd(B) = rd(B) and Equation (4.3) we must have p(B,z) =
p(By,z). So 1d(B) = rd(B") and p(By,z) = p(B,,z), then B; ~, B, and
thus B ~, B'. O

Theorem 4.6 Let Cp be the set of all caterpillars with reduced degree
sequence D. Then, o(S(D),z) > o(H,z) forall H € Cp.

Proof. Let H be a caterpillar with reduced degree sequence D =
(dy,ds,...,d,). Suppose H is maximal with respect to o(.,z). Label all
the non-leaf vertices in H from left to right as wuy, us, ..., u,.

(i) f n =1, then H is a star and H = C(d,) = C}(d;). Hence H = §(D),
with Cp(dy) = ().

(ii) If n = 2, then H = C(dy,ds). C(dy,dy) can be viewed as a caterpillar
obtained by joining the roots of C(d; — 1) = C}(dy,dy) and C(dy — 1) =
C}{(dl, d2> Hence H = C(dl, dg) = S(D)

(iii) If n = 3, then by Lemma 4.4, u; and u3 attain the largest degrees
in H. Assume deg(u;) > deg(uz). Then, H is the caterpillar of Figure
3.24 (a), which can be viewed as in Figure 3.24 (b), with C%?(d;, dy,d3) =
C(dy,d3 — 1) and C%(dy,ds,d3) = C(dy — 1). This is just S(D) hence
H >~ S8(D).

(iv) If n = 4, then by Lemma 4.4, uv; and uy, must have the largest
degrees in H. Assume deg(u;) > deg(us). And since z > 0, then

L deg(un)-1 1 deglus)—1
<
<1 + x) - (1 + m)

/)(BL1 ) JJ) = 2 deg(ua)—1 p<BR4’ I),

Lt (525) "™ 7 1 (1)

and

with equality if and only if deg(u;) = deg(u4). If p(B}*,z) = p(Bg, x),
then we choose deg(us) < deg(us). Otherwise p(B}',z) > p(By', x) and
by Lemma 4.3, we get that deg(us) < deg(us). Hence we always have
deg(uy) < deg(us) in all cases. Then, H is the caterpillar of Figure 3.25
(@), which can be viewed as in Figure 3.25 (b). This is just S(D) and
hence H = S(D).

(v) Suppose n > 5. Note that it is enough to show that for all integers
jin1<j <n,if jis odd, then

p(Bi 2) < p(BYy~*.2) < p(By~* ), forall iin j+2<i<n—j—1
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and
deg(u;) > deg(up—j+1) > max{deg(u;j+1), ..., deg(u.—;)}.
And if j is even, then

p(B ™, 1) > p(By 7", x) > p(By' %, x), for all i where j+2 <i<n—j—1

and
deg(u;) < deg(up—j+1) < min{deg(u;s1), ..., deg(un—;)}
As the former characterizes the caterpillar S(D).
Base case: By Lemma 4.4, u; and u, must have the largest degrees

in H. Without loss of generality we can assume deg(u;) > deg(uy,).
Then

deg(uy) > deg(u,) > max{deg(us),...,deg(tn-1)}- (4.6)
Then,
1 deg(uy)—1 1 deg(un)—1
<
14+ 2 “\l+4+=x
and
p(Bi* x) = 1 > ! = p(By',z), (4.7)
Lot = deg(ur)—1 = deglun)—1  P\PRT) %
L+ (1) L+ (53)

with equality if and only if deg(uy) = deg(u,). If p(B', z) = p(By", x),
we then choose deg(uz) < deg(u,_1). Otherwise, p(B}',z) > p(By",x)
and by Lemma 4.3, we get that deg(us) < deg(u,—;). Hence

deg(uz) < deg(up—1). (4.8)

From (4.6) deg(u,) > max{deg(u;) : 2 <i <n —1}. Since n > 5, then for
2 <i < n-—1, the complete branch B}’ is neither empty nor a leaf nor
a pseudo leaf branch. By Lemma 2.9 and Remark 2.10, we have

1 u 1

p(BR”,$> = )deg(un)fl > p(BL ,$) > ?, (49)

1—|—a:(1j+x

foralliin 2 <i<n-—1. By Lemma 4.3,
deg(u,—1) < deg(u;qq), foralliin 2 <i <n-—3. (4.10)

From (4.8) and (4.10) we get that deg(us) < deg(u,_1) < deg(u;11), for
all i in 2 < ¢ < n — 3. Therefore

deg(us) < deg(u,—1) < min{deg(us), ..., deg(u, 2)}. (4.11)
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From (4.7) we have p(B}',z) > p(Bp',z), with equality if and only if
deg(u;) = deg(u,). From (4.11) we get that deg(us) < deg(u,_1). Since
deg(UQ) S deg(“n—l) and p(le,ZE) Z p(Bju%na J]), then

1 1
p(BZQ,I) = deg(uz)—2 “ < deg(un—1)—2
1+$(1J+x) glu2 p(B}', x) 1+x(ﬁ) gltin=1 p(By, )
= p(Bju%n_l’x)'

The inequality above becomes equality if and only if deg(uy) =
deg(u,—1) and p(B}*, x) = p(By",x). Note that since

deg(ug) < deg(upn—1),

1 deg(uz)—2 1 deg(un—1)—2
> .
(1 + x) - (1 + x)

p(B}?,x) < p(Bg' ', x). (4.12)

If p(B}?,x) = p(By ', r) and thus B}* ~, By'"', then choose deg(uz) >
deg(u,_s). Otherwise p(B}?,z) < p(By' ', r) and by Lemma 4.3, we get
deg(ug) > deg(u,_2). Hence, we always have

then

Therefore,

deg(uz) > deg(up_2). (4.13)

For any i with 3 < i < n — 2, the complete branch B;"' is neither
empty nor a leaf nor a pseudo leaf branch. By Lemma 2.9 and
Remark 2.10, we get

1 . 1
B} —_— 4.14

p(B“” , x) = 3 —
R 1 eg(un)—2
1 x (1+x)

For any ¢ with 3 <i <n —2. From (4.11) and (4.14) we get

u 1
p(BRn_lvx) = “ _
Lo () 0By )
1 .
< — - = p(B}', x).
1_‘_27(1—"1_3;)(1 g (u;) 2p(le71,x)

vV
—~
|H
~—
[oN)

@D

(o)
—~

S

S
N2
&

Note that since deg(u,_1) < deg(u;), then (HLm)deg(u"‘l)_2
Therefore

p(By ' x) < p(BY,z), forany i in 3 <i<n — 2. (4.15)
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By Lemma 4.3, we get that deg(u,_2) > deg(u;11), for any i in 3 < i <
n — 4. Hence,

deg(u,_2) > max{deg(uy),...,deg(u,_3)}. (4.16)
From (4.13) and (4.16) we get that
deg(uz) > deg(u,_o) > max{deg(uy), ...,deg(u,_3)}. (4.17)
Hence, from (4.6) we have
deg(uy) > deg(u,) > max{deg(us),...,deg(u,_1)}-
From (4.7) and (4.9) we have
p(By',x) = p(By',x) > p(BL ™, x),
forany i in 4 <i <n — 3, and from (4.11) we have
deg(uz) < deg(un—1) < min{deg(us), ..., deg(u,_2)}.
From (4.12) and (4.15) we have
p(By*,x) < p(Bp'™,z) < p(BL, x),
forany i in 5 <i <n —4, and from (4.17) we have
deg(uz) > deg(u,_2) > max{deg(uy), ..., deg(u,_3)}.

Suppose that for some integers j in 1 < j < n we have the following.
(@ If jisodd, then foranyiin j+2<i<n—j—1

p(By ™ x) < p(By' ™, ) < p(BL™*, @), (4.18)
and
deg(u;) > deg(up—j+1) > max{deg(u;+1),...,deg(u,—;)}. (4.19)

(b) If j is even, then forany iin j+2<i<n—j—1
p(By ™" @) = p(BR' ™", x) > p(By'*, x), (4.20)
and

deg(u;) < deg(up—j+1) < max{deg(u;+1),...,deg(u,—;)}. (4.21)
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(i) Suppose j is odd. From (4.18) and (4.19) we have p(B;’ ', z) <
p(BILénijJerr) and deg(“g) 2 deg(un_j+1). Hence

u; 1
p(BLJ,:E): eo(u;)— Wi
1 + T (H%)d g( J) 2p(BL]71,11§')
1 W
Z ) _ . = p(BRn_]+17x)7
1 + T (ﬁ)deg(u7L7g+1) 2 p(an7J+2, x)

Uj—1

with equality if and only if deg(u;) = deg(u,—;+1) and p(B; ', z) =
p(By~** x). Note that since deg(u;) > deg(u,_;11), then

L desu)—2 L\ deglun—i)-2
< .
(1 + x) - <1 + x)

p(By,x) > p(By ", ). (4.22)

If p(B,x) = p(By’*',z) and thus B}’ ~, By "', then we choose
deg(u;11) < deg(u,,—;). Otherwise p(B;’,z) > p(By' "', ) and by Lemma
4.3, we must have deg(u;;+1) < deg(u,—;). In all the cases we have

Therefore,

deg(ujt1) < deg(un—j). (4.23)

From (4.18), we have p(By" 7", z) < p(B;,z), forany i in j +2 <i <
n —j — 1. By Lemma 4.3, we must have deg(u,—;+1) > deg(u;_;) and
hence,

Un—j 1
IO(BRR7]+1>$): oot = -
1+x(14+$)d g(Un—j+1) 2P(BRn—J+2’x)
1 .
> e R =p(B; ", x).
1 —|—ZL‘ (HLx)d g( 171) QP(BL1—271,>

Note that since deg(u,_;+1) > deg(u;—1), then

1 deg(un—jy1)—2 1 deg(u;—1)—2
< .
(i) < (1)

Therefore, for any i in j+2 <i<n —j — 1 we have

p(By 7t x) > p(B T, x). (4.24)
Hence, from (4.22) and (4.24) we get

p(By’,x) > p(By' ", x) > p(B ", 1), (4.25)
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forany :in j+2 <i<n—j—1. From (4.25) we have, p(Bg" " z) >
p(By ', z) forany iin j+2 <i <n—j— 1. By Lemma 4.3, we must
have deg(u,_;) < deg(u;). Hence

deg(un—j) < min{deg(u;i2),...,deg(u,—j_1)}. (4.26)
Therefore, from (4.23) and (4.26) we must have
deg(ujt1) < deg(un—;) < min{deg(u;i2),...,deg(u,—j_1)} (4.27)

Hence from (4.25) and (4.27) if j is odd, then
p(BL x) = p(Bg " x) > p(By ™" x),
foranyiin j+2<i<n-—j—1, and
deg(ujy1) < deg(un—;) < min{deg(u;i2),...,deg(u,—j_1)}.

(ii) Suppose j is even. From (4.20) and (4.21) we have p(B;” ', z) >
p<an7j+2vx) and deg<u]) < deg(un7j+1). Then,

p(BLJ7$): cx(a )= -
L (o) (B )
1 .
: e = B a),
1+2x (H%)deg(“n—ﬁl) 2 p(B;n—J-m’ z)

with equality if and only if deg(u,—;+1) = deg(u;) and p(B ') =
p(By*? x) and thus B}’ ~, By ’"'. Note that since deg(u;) <
deg(un_j+1), then

1 deg(u;)—2 1 deg(un—j+1)—2
> .
(1 + x> - <1 + x)

p(By,x) < p(By ", ). (4.28)

If p(B,x) = p(By*',z) and thus B}’ ~, By "', then we choose
deg(u;11) > deg(u,,—;). Otherwise p(B;’,z) < p(Bg' """, z) and by Lemma
4.3, we must have deg(u;;1) > deg(u,—;). Hence, in all cases we have

Therefore,

deg(ujt1) > deg(un—j). (4.29)

From (4.20) we have p(By" 7**,z) > p(B}*,z), forany i in j +2 <i <
n —j — 1. By Lemma 4.3, we must have deg(u,_;+1) < deg(u;_;) and
hence,

1

142 (ﬁ)deg(unﬂ'ﬂ)—Z p(anfjJrZ’ I)

B =
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1 wi
< = p(B; ", x).

L ()" (B, )

Note that since deg(u,_;+1) < deg(u;—1), then

1 deg(un—j+1)—2 1 deg(ui—1)—2
> .
(1 + x) - (1 + x)

Therefore, foranyiin j+2<i<n—j—1

p(BR ™ x) < p(By ™, ). (4.30)
Thus from (4.28) and (4.30) we must have
p(By,x) < p(BR ", x) < p(B[, x), (4.31)

forany i in j+2 <i <n—j—1. From (4.31) we have p(By" 7", z) <
p(By ' z), forany iin j +2 <i <n—j— 1. By Lemma 4.3, we must
have deg(u,_;) > deg(w;), forany iin j+2 <i<n—j— 1. Hence

deg(u,—;) > max{deg(u;i2),...,deg(t,—j_1)}. (4.32)
From (4.29) and (4.32) we get
deg(ujt1) > deg(u,—;) > max{deg(j +2),...,deg(u,—j_1)} (4.33)

Hence from (4.31) and (4.33) if j is even, then forany i in j + 2 <: <
n—j—1
p(By',x) < p(By ™" x) < p(BL ™", x)
and
deg(ujr1) = deg(up—;) = max{deg(u;i2), ..., deg(un—j-1)}-
O

Remark 4.7 Let G be a caterpillar. Suppose that whenever G is
decomposed as in Figure 3.1, with B, B’ and H non-empty we have
that, if p(B',2) > p(B,z) then d < d. Then G = S(D), where D is
the reduced degree sequence of . This follows from the proof of
Theorem 4.6.

Lemma 4.8 Leti,j and n be positive integers such that 1 <i < j < n.
Let D = (d,...,d,;,...,d;,...,d,) be a reduced degree sequence of a
caterpillar C, such that d; > d; > 2. Decompose S(D) as in Figure 3.26,
with B, B' and H non-empty. Let v and w be vertices of S(D) such
that deg(v) = d; and deg(w) = d;. Let v be a neighbor of v in H and
let w' be a neighbor of w in H. Let w* be a leaf adjacent to w. Let
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G be obtained from S(D) by removing the edge ww* and then adding
the edge vw*. If either (i) p(B',x) > p(B,x) or (ii) p(B',z) = p(B,z),
o(H —{v,w,w'},z) > o(H — {v,v",w},z) and d; > d;, then

a(S(D),z) < o(G,z) < o(S(D), ),
where Dl = (dl, R ,difl, d; + 1, di+1, c 7dj717 dj — 1, dj+17 R ,dn)

Proof. Let d = d; — 2 and d = d; — 2. Suppose deg(v) = d; = d + 2 and
deg(w) = d; = d + 2. Since d; > d; > 2, then d > d > 1. Then, from
Equation (4.2) we have

o(S(D),z) = o(B,z)o(B ,z) |o(H — {v,w},z)(1 + x)dw/ + 0, (S(D), x)

+ 2p(B,2)p(B,w)o(H — {v,0,w,w'}, )]
(4.34)

where
0v(S(D),x) = |p(B ,@)o(H — {v,w,w'},2)(1 + )"
+ p(B,2)o(H — {v,0 w0}, )1 + @d’] , (4.35)
and
o(G, ) = o(B, )0 (B, z) [U(H — {v,w},2)(1+2)"* 407G, x)
+ 22p(B,2)p(B ,2)o(H — {v,v', 0,0}, x)} , (4.36)
where
oV (G,z) = x [p(B’, 2)o(H — {v,w,w'}, 2)(1 + )™
+ p(B,x)o(H — {v,v,wh,2)(1 + x)d'—l} . (4.37)
Then,
o(S(D),z) — 0(G,z) = o(B,x)o(B,z) [c®(S(D),z) — 0%(G, z)] .
But
0, (8(D),z) — 0,/ (G, )
= |p(B 2)o(H — {v,w,w'},2) (1+2)! = (1+2)"7)
+ p(B,z)o(H — {v,0,w}, z) ((1 vl (s x)d'—l)}

—z [p(B’, 2)o(H — {v,w,w0'}, )1+ 2)4 (1 — (1 +2))
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+ p(B,2)o(H = {v,0',wh,2)(1+2) (1 +2) = 1)
=22 |—p(B,z)o(H — {v,w,w'},z)(1 + x)?
+ p(B,@)o(H = {v,0',w},2)(1+ )]
Then,
o(S(D),z) — o(G, z)
= 2%0(B,z)o(B ,z) |—p(B',x)o(H — {v,w,w'},z)(1 + z)°
+ p(B,2)o(H — {v,0,w},2)(1 + x)d’—l] <0,
if p(B',z) = p(B,x), o(H — {v,w,w'},z) > o(H — {v,v',w},z) and d >

d. Suppose p(B',z) > p(B,r). Then, by Lemma 4.3, we must have
o(H — {v,w,w'},z) > o(H — {v,v',w},r) and d < d. Again,

o(S(D),z) —o(G,x)
= 2%0(B,z)0(B,z) |-p(B,z)o(H — {v,w,w'}, z)(1 + z)*

+ p(B,2)o(H — {v,v, w},z)(1 + x)d'*l] <0.

Therefore, o(S(D),z) < o(G,x). Since G and S(D') have the same
reduced degree sequence D’ and are both caterpillars, then by Theor-
em 4.6

/7

o(S(D),z) < o(G,z) <a(S(D),x).
U

Lemma 4.9 Let G be a caterpillar and be decomposed as in Figure
3.1, with B, B' and H non-empty. Let v' be the neighbor of v in H
and let w' be the neighbor of w in H. Let G' be obtained from G by
removing the edge wr(B') and then adding the edge vr(B'). Suppose
G is maximal with respect o(.,z). If either (i) p(B',z) > p(B,z) or (ii)
o(H — {v,w,w'},z) > c(H — {v,v',w},z) and d < d, then

o(G,z) < o(G ).

Proof. Suppose G is a caterpillar and decomposed as in Figure 3.1,
with B, B' and H non-empty. Then,

o(G,x)

=0(G —v,z)+20(G — N[v],x)
=0(G — {v,w},z) + 20(G — v — N[w],z) + z0(G — N|v], z)
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=0(G —{v,w},z)+20(G—v—Nw],z)+z[c(G—w— N[]x)

+ 2 0(G = N[v]U N{uw], z)]
=0(G —{v,w},z) + 20(G —v — N[w],z) + zo(G —w — N[] )

+2%0(G = N[v] U N[uw], ).

G’ can be decomposed as in Figure 3.27. Then,
o(G',x)
= a(G’ —v,z) 4+ z0(G — N[ ], )
= o(G - {v,w},z) + 20(G —v — Nw],z) + zo(G — N[v],z)
= 0(G' — {v,u},2) + 20(G — v = N[w],2) + 2 [o(G' —w— N[t],2)
+ 2 0(G — N U N[uwl, x)]
= 0(G — {v,w},z) + 20(G —v— N[w|,z) + z [O'(G, —w — N[v],x)
+ 2z 0(G — N[v]U N|w], x)]
= 0(G — {v,w},z) + 20(G —v — N[w|,z) + z 0(G —w — N[v],z)
+ 2% o(G — N[v] U N[w], z) .
Then,
o(G,x) —o(G,x)
= |0(G — v = Nlu],z) + 0(G = w = Nlu],2) = oG’ ~v = Nlu], )
— 0(G" —w — N[v],z)
=z [O‘(B,[E)U(B/ —r(B),x)o(H — {v,w,w'},z)(1 + z)?
+0(B,z)0(B —r(B),z)o(H — {v,v,w},z)(1 + x)d/
—o(B,z)o(B,z)o(H — {v,w,w'},z)(1 + z)°
— (B = r(B),z)0(B —r(B),z)o(H — {v,v,w},z)(1 + x)d]

zo(B,z)o(B,z) {U(BU(_BT'SS)%@U(H — {v,w,w'}, z)(1 + z)?
o(B—r(B),7) —{v, v, w},x 2)¢
D 1 o w1+

—o(H —{v,w,w'},z)(1 +z)?
_ U(B/ —r(B'),:L‘) U(B_T(B>7x)a ot ) .
o(B',x) o(B, z) (H —A{v,v, w} z)(1+ )

= 20(B,z)o0(B,z) [p(B’, 2)o(H — {v,w,w'}, 2)(1 + z)?
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4 p(B,2)o(H — {v,v,w},2)(1 +2) — o(H — {v,w,w'}, 2)(1 + z)°
~ (B, 2)p(B, 2)o(H — {v,v,w},2)(1 +2)" |
= 20(B,z)o0(B,z) [(p(B’, z) — 1) o(H — {v,w,0'}, 2)(1 + )
+ (1 (B ,x)) p(B,2)o(H — {v,0,w}, z)(1 + @d’]
— 20(B,z)o(B,z) (1 - p(B’,x)) [—U(H ~ fvw,w' ), 7)1+ 2)

’

+ p(B,2)o(H — {v,v',w}a)(1+2)" |,
Suppose G is maximal with respect to o(.,z). Suppose p(B',z) >
p(B,z), then by Lemma 4.3, we must have o(H — {v,w,w'},z) > o(H —
{v,v",w},z) and d" < d. Thus, in both cases (i) and (ii) we have o(H —
{v,w,w'},r) > o(H—{v,v",w},z)and d < d. Also, since z > 0, p(B',z) <
1 (B is not empty), o(B,z) > 0and o(B',z) > 0, then o (G, z)—0 (G, z) <
0. Hence

o(G,z) < o(G ).

O

Theorem 4.10 Let (y1,...,y,) and (dy,...,d,) be two degree sequences
of caterpillars. If (y1,...,yn) < (di,...,dy) andZyi = Zdi’ then for all
=1

=1
z > 0 we have

oSy, yn),x) <o(S(dy,...,d,),x).
Proof. Suppose Y = (y1,...,y,) and D = (di,...,d,) are two degree
sequences of caterpillars, Y < D and i Yi = i d;. Then, there exits
ig, such that d;, # y;,- In fact, the se’E:]I1 ={i Z:clil # y;} must have at
least two elements, otherwise i Y = i d; would be impossible. Let

=1 =1
Il = min{i : d; # y;} and m = max{i : d; # y;}. Then, we must have
Ym > d,, > 1. And since y; > y,,, we must also have d; > y;. We define

}/1 = (y17 s Y1, Y + 17yl+17 s Ym—1,Ym — 17yTI’L+17 S 7yn)

Note that Y] is still a valid degree sequence. If [l > 1, theny, 1 =d;_; >
d>y+1>d,+1>2andifl=1,thend > y,+1>d,,+1>2. if m <n,
theny,—1>d, >dni1 =Yny1 > 1and if m =n, theny,, —1>d,, > 1.
It is clear that Y < Y;. If y,, > 2, then by applying Lemma 4.8 to



CHAPTER 4. EXTREMAL CATERPILLARS WITH RESPECT TO THE
MERRIFIELD-SIMMONS INDEX 121

S(Y), we know that there exists a caterpillar G with degree sequence
Y: such that
o(S(Y),7) < 0(G,x) < o(S(V1), ).

Otherwise y,, = 2. In such case, decompose S(Y) as in Figure 3.28,
with B not empty, deg(v) = y; and deg(w) = y,, = 2. Since the non-leaf
vertices at the ends of S(Y) are of largest degrees, then without loss
of generality we assume deg(r(B')) > deg(u'), for all non-leaf vertices
u in S(Y). Since deg(r(B')) > deg(u'), for all non-leaf vertices u" in
S(Y), then by Lemma 2.9 and Remark 2.10, we must have

, 1 /
p(B,x) = > p(By ,z),p(B, ),

L ()

with equality if and only if B’ ~, Bg/. Let G be a caterpillar obtained
from S(Y), by removing the edge wr(B') and then adding the edge
w'r(B'). Since deg(w') > 2 = deg(w) and o(H' — {w', w*, w},z) = o(), z) =
1, for all vertices w* (H’ is the two vertex path with end vertices w
and w'), then by Lemma 4.9, we must have

o(S(Y),z) < o(G, x).

Let w" be a leaf adjacent to w' in G. Let w* be the neighbor of v’ in
H and v* be the neighbor of v in H. Let G’ be a caterpillar obtained
from G as follows: If either

@ p(B',z) > p(B,x), or

g( z), o(H — {v,w" w},z) > o(H — {v,v*,w'},z) and

then remove the edge w'w” and then add the edge vw”. Otherwise

z) > p(B,z), o(H — {v,w,w'},z) < o(H — {v,v*,w'},r) and

W p(B,
) > deg(w'), or

deg(v

(i) p(B',z) > p(B,z), o(H — {v,w',w*},z) > o(H — {v,v*,w'},z) and
deg(v) < deg(w).

If (i), then flip H, remove the edge w'w" and then add the edge vuw"
(note that when flipping H, we assume v and v’ are fixed in their
original positions in G). If (ii), then swap d and d + 1, remove the
edge w'w" and then add the edge vw". Then, by Lemma 4.8, we must
have ¢(G, z) < o(G’', z) and the degree sequence of G’ is Y;. Hence, By
Theorem 4.6,

o(S(Y),z) < 0(G,z) < o(G,z) < o(S(V1), z).
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Note that the degree sequence of G is Y;. If Y; = D, then we are done.
Otherwise, we iterate the process. We set Y = Y;, and if & is a positive
integer and Y, # D, then we construct Y, in exactly the same way

1
Y: was constructed from Y. After a finite number J = 3 Z |d; — y;| of
iel
iterations, we will get the chain

Y:YE]<Y1<"'<YJ,1<YJ:D.

For any k € {1,...,J — 1}, we can apply Lemmas 4.8 and 4.9 with
Theorem 4.6 to S(Y};) as we did above, to deduce that there exists a
caterpillar G, with degree sequence Yj,; such that

o(S(Yy), ) < 0(Gry1,x) < 0(S(Yit1), ).

o(S(Y),z) < o(SMW1),2) < ..., < o(S(Yy),z) = o(S(D), ).

O

Corollary 4.11 For any caterpillar C' of order n and diameter m(<
n — 1), we have

o(Cyx) <o(S(d,2,...,2),x), for all positive x € R

m—2

with equality if and only if C = §(d, 2, ...,2), whered =n —m + 1.
——

Corollary 4.12 For any caterpillar C' of order n, diameter m(< n — 1)
and vertex degree at most d(< n —m + 1), we have

o(C,z) <o(S(d,...,d,r2,...,2),z), for all positive r € R
—— ——

k m—k—1

with equality if and only if C = 8(d, ... ,d,r,2,...,2), wherek = | ="-1|

k m—k—1
. __ n—m—1
07 lfk - ndTg )
andr =

n—m-— |22l (d—2)+1, otherwise.

Corollary 4.13 For any caterpillar C' of order n and vertex degree of
at most d(< n —m + 1), we have

o(Cyx) <o(S(d,...,d,r),x), for all positive x € R
——
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with equality if and only if C = S(d,...,d,r), where k = |2=3| and
k
0, ifk="=2¢Z,

n—|22|(d-1)—1, otherwise.



5 Conclusion

In this thesis, it is shown that: among all caterpillars with reduced
degree sequence D, X' (D) maximizes the auxiliary invariant M(., z),
for all positive = € R, the Hosoya index Z and the energy En. Among
all caterpillars with reduced degree sequence D, S(D) minimizes
M(.,z), for all positive x € R, the Hosoya index Z and the energy En.
The caterpillar S(D) was also found to be maximizing the auxiliary
invariant o(.,z), for all positive z € R, and hence the Merrifield-
Simmons index ¢. Furthermore, we show that, if (by,...,b,) and
(dy,...,d,) are two degree sequences of caterpillars, such that

(b1, ...,b,) < (dq,...,d,) and

then
M(X(dy,...,dy),z) < M(X(by,...,bn),x),
M(S(dy,...,dp),x) < M(S(by,...,by),x),
Z(X(dy,...,dy)) < Z(X(by,...,by)),
Z(S(dy,...,dy)) < Z(S(by,...,by)),
En(X(dy,...,d,)) < En(X(by,...,bn)),
En(S(dy,...,d,)) < En(S(by,...,by)),
o(S(dy,...,dy),z) > o(S(by,...,b,),x),
and

o(S(dy,...,dy)) > a(S(by,...,bn)),

for all positive € R. From these results, one deduces that, among
all caterpillars of order n and size m, the path graph P, maximizes
M(.,z), the energy and the Hosoya index, and minimizes o(.,z) and
hence the Merrifield-Simmons index. The star S, minimizes M(., x),
the energy and the Hosoya index. This is to be expected, since the
path graph and star in [38], were found to be extremal, when the
family of trees with given order is considered. Since the family of
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caterpillars is within the class of trees, the path graph and star must
also be extremal among all caterpillars. The broom F, ; turns out to
be the caterpillar with order n» and second largest M(.,z), EFn and
Z, and second smallest ¢(.,2) and hence o. The double star S,_;3
is the caterpillar with order n and second smallest M (.,z), En and
Z. These also are to be expected, as the broom and double star
are extremal among all trees of given order, see survey [135] for
the Hosoya index and [88] for the graph energy. We used similar
techniques used to characterize extremal caterpillars with regard
to M(.,z), to characterize caterpillars with given degree sequence
maximizing o(.,z). Our attempt to use those techniques to characte-
rize caterpillars with degree sequence D that minimize o(.,z) did not
succeed. Our investigation suggests the following conjectures:

Conjecture 5.1 Among all caterpillars of degree sequence D, X(D)
minimizes the auxiliary invariant o(.,z), for all positive x € R, and
hence the Merrifield-Simmons index.

Conjecture 5.2 Let (by,...,b,) and (di,...,d,) be two degree sequen-

ces of caterpillars. If (by,...,b,) < (di,...,d,) and ibi = i d;, then

JSor all positive x € R, we have - -
o(X(dy,...,dy),x) > c(X(by,...,b,),x)

and hence
O'(X(dl,. .. ,dn)) > O'(X(bl, c. 7bn)>

Besides the aforementioned conjectures, we intend to study the num-
ber of independent subsets and the energy of caterpillars with given
segment sequence. We also plan to find cospectral caterpillars. Last
but not least of interest are also the connections between graph
entropies and graph energy under degree restriction, or the average
size of independent sets in caterpillars.
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