BAYESIAN INFERENCE FOR CRONBACH’S ALPHA

A thesis submitted in fulfillment of the requirements for the degree of

Doctor of Philosophy
in

Mathematical Statistics

Department of Statistics

Rhodes University

by

Sharkay Ruwade Izally
Student number: G1013478

ORCID iD: 0000-0002-7686-138X

December 2024

Supervisor: Prof. L. Raubenheimer

Co-Supervisor: Prof. A.J. van der Merwe



Declaration

I, the undersigned, declare that the work contained in this thesis is my own work, except for references
specifically indicated in the text, and that I have not previously submitted it elsewhere for degree

purposes.

S. R. Izally Date



Acknowledgements

I would like to acknowledge and express my gratitude to my supervisor Prof. Raubenheimer. This
thesis would not have been possible without her meaningful advice, patience and motivation. I cannot
thank her enough for all her efforts, emotional support and guidance. I am grateful to Prof. Rauben-
heimer for sharing her excellent knowledge with me and without her ideas this thesis would not have
been possible. I would like to thank my co-supervisor Prof. Abrie van der Merwe for all the hours we
spent on the phone discussing ideas and going through proofs with me. All my visits to Prof Abrie
significantly improved my research. I want to thank Prof. Piet Groenewald for his valuable input on
all the computational work. I also want to thank my colleagues, Rene, Jeremy, Amos, Sisipho, Amy
and Rakesh, who have been very supportive and encouraging throughout this journey. The amount of
support that I have received from of each of my colleagues was just so wonderful to experience. I thank
my parents, Norman and Lydia for all the words of encouragement and prayers, my siblings, Heinrich
and Sharday for always showing interest and my niece Shakira. I would like to thank my aunt, Teresa
for all the special prayers.

I would like to express my gratitude to the Rhodes University UCDP and UCDP-Mass funding that
assisted me in attending conferences and all my co-supervisor visits.

Lastly, I would like to thank God for guiding me and pulling me through to complete my thesis.

Without God, none of my achievements would be possible.

i



Research Outputs

Academic Articles

1. Izally, S. R., Van der Merwe, A. J. and Raubenheimer, L. (2024). A comparison of objective
priors for Cronbach’s coefficient alpha using a balanced random effects model, Communications
in Statistics — Theory and Methods, DOI: 10.1080/03610926.2024.2315300.

2. Van der Merwe, A. J., Izally, S. R. and Raubenheimer, L. (2024). Bayesian process control using
Cronbach’s alpha, revised paper submitted to The South African Statistical Journal.

3. Van der Merwe, A. J., Izally. S. R. and Raubenheimer, L. (2024). Bayesian estimation of
Cronbach’s alpha in the case of more than one balanced random effects experiment, revised

paper submitted to Communications in Statistics — Theory and Methods.

4. Izally, S. R., Van der Merwe, A. J. and Raubenheimer, L. (2024). A comparison of objective
priors for Cronbach’s coefficient alpha using a three-component hierarchical model, submitted

to Communications in Statistics — Theory and Methods.

5. Izally, S. R., Van der Merwe, A. J. and Raubenheimer, L. (2024). Fiducial and Bayesian estima-
tion of Cronbach’s alpha, submitted to Afrika Mathematika.

Conference Presentations

1. Izally, S. R., Van der Merwe, A. J., and Raubenheimer, L. (2023). Objective priors for Cron-
bach’s coefficient alpha using a balanced random effects model, The South African Statistical As-
sociation (SASA) Conference hosted by the University of KwaZulu-Natal, Durban, South Africa,
November 2023.

2. Izally, S. R., Van der Merwe, A. J., and Raubenheimer, L. (2023). Loss functions for Cronbach’s
coefficient alpha using a balanced random effects model, The Bayesian Young Statisticians Meet-

ing, Virtual Conference, November 2023.

3. Van der Merwe, A. J., Izally, S. R., and Raubenheimer, L. (2024). Bayesian estimation of Cron-

bach’s alpha in the case of more than one balanced random effects model, The International

11



v

Society for Bayesian Analysis (ISBA) Conference, The University of Venice, Venice, Italy, July
2024.

. Izally, S. R., Van der Merwe, A. J., and Raubenheimer, L. (2024). Fiducial and Bayesian estima-
tion of Cronbach’s alpha, The South African Statistical Association (SASA) Conference hosted
by the University of the Western Cape, Stellenbosch, South Africa, November 2024.

. Izally, S. R., Van der Merwe, A. J. and Raubenheimer, L. (2025). A comparison of objective
priors for Cronbach’s coefficient alpha using a three-component hierarchical model, abstract
submitted for presentation at the Objective Bayes Methodology Conference, Athens, Greece,
June 2025.



Abstract

Cronbach’s alpha is used as a measure of reliability in fields like education, psychology and sociology.
The reason for the popularity of Cronbach’s alpha is that it is computationally simple. Only the sample
size and the variance components are needed and it can be computed for continuous as well as binary
data. Cronbach’s alpha has been studied extensively using maximum likelihood estimation. Since
Cronbach’s alpha is a function of the variance components, this often results in negative estimates of the
variance components when the maximum likelihood method is considered as a method of estimation.
In the field of Bayesian statistics, the parameters are random variables, and this can alleviate some of
the problems of estimating negative variance estimates that often occur when the frequentist approach
is used. The Bayesian approach also incorporates loss functions that considers the symmetry of the
distribution of the parameters being estimated and adds some flexibility in obtaining better estimates
of the unknown parameters. The Bayesian approach often results in better coverage probabilities than
the frequentist approach especially for smaller sample sizes and it is therefore important to consider
a Bayesian analysis in the estimation of Cronbach’s alpha. The reference and probability matching
priors for Cronbach’s alpha will be derived using a one-way random effects model. The performance
of these two priors will be compared to that of the well-known Jeffreys prior and a divergence prior. A
simulation study will be considered to compare the performance of the priors, where the coverage rates,
average interval lengths and standard deviations of the interval lengths will be computed. A second
simulation study will be considered where the mean relative error will be compared for the various
priors using the squared error, the absolute error and the linear in exponential (LINEX) loss functions.
An illustrative example will also be considered. The combined Bayesian estimation of more than
one Cronbach’s alpha will also be considered for m experiments with equal o but possibly different
variance components. It will be shown that the reference and the probability-matching priors are the
same. The Bayesian theory and results will be applied to two examples. The intervals for the combined
model are however much shorter than those of the individual models. Also, the point estimates of the
combined model are more accurate than those of the individual models. It is further concluded that
the posterior distribution of & for the combined model becomes more important as the number of
samples and models increase. The reference and probability matching priors for Cronbach’s alpha will
be derived using a three-component hierarchical model. The performance of these two priors will be

compared to that of the well-known Jeffreys prior and a divergence prior. A simulation study will be



Vi

considered to compare the performance of the priors, where the coverage rates, average interval lengths
and standard deviations of the interval lengths will be computed. Two illustrative examples will also
be considered. Statistical control limits will be obtained for Cronbach’s alpha in the case of a balanced
one-way random effects model. This will be achieved by deriving the predictive distribution of a
future Cronbach’s alpha. The unconditional posterior predictive distribution will be determined using
Monte Carlo simulation and the Rao-Blackwell procedure. The predictive distribution will be used to
obtain control limits and to determine the run-length and average run-length. Cronbach’s alpha will
be estimated for a general covariance matrix using a Bayesian approach and comparing these results
to the asymptotic frequentist interval valid under a general covariance matrix framework. Most of the
results used in the literature require the compound symmetry assumption for analyses of Cronbach’s
alpha. Fiducial and posterior distributions will be derived for Cronbach’s alpha in the case of the
bivariate normal distribution. Various objective priors will be considered for the variance components
and the correlation coefficient. One of the priors considered corresponds to the fiducial distribution.
The performance of these priors will be compared to an asymptotic frequentist interval often used in
the literature. A simulation study will be considered to compare the performance of the priors and the
asymptotic interval, where the coverage rates and average interval lengths will be computed.
Keywords: Absolute error loss, Bayesian process control, Compound symmetry, Coverage, Cron-
bach’s alpha, Divergence prior, Fiducial distribution, Hierarchical model, Jeffreys prior, LINEX loss,
One-way random effects model, Predictive distribution, Probability matching prior, Reference prior,

Run-length, Squared error loss.
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Chapter 1
Introduction

Cronbach’s alpha is a measure used to assess the reliability of a set of test items. Reliability refers to
the consistency or stability of a measurement instrument. In other words, if you were to administer the
same test multiple times, the results should be similar and stable. A higher Cronbach’s alpha suggests
that the items are highly consistent with one another, meaning they reliably measure the same concept
and a lower Cronbach’s alpha suggests that the items are not consistent and may not all be measuring
the same underlying concept. Cronbach’s alpha is well-known and by far the most frequently used and
reported index of reliability. According to [Cortina (1993), Cronbach’s (1951) article has been cited
approximately sixty times per year in the time period 1966 — 1990 and in a total of two hundred and
seventy eight different journals. Recently it was cited 69919 times on Google Scholar (Accessed on
February 26, 2025). Cronbach’s alpha is computed by correlating the score for each scale item with the
total score for each observation and then comparing that to the variance of all individual item scores.
The resulting coefficient of reliability typically ranges from zero to one although there are cases where
Cronbach’s alpha can be negative. In practice, it is difficult to compare values of alpha across studies
and computing confidence or credibility intervals will thus be considered. Cronbach’s alpha will be
estimated using Bayesian inference. It is well-known that the posterior is proportional to the prior
times the likelihood when using Bayesian inference. The choice of the prior distribution is critical in
a Bayesian analysis, although this can also be the most difficult part. If the prior is chosen such that it
influences the posterior minimally and the posterior is dominated by the data, then this prior is known
as an objective prior. Objective priors are also known as non-informative, vague or flat priors. When
an objective prior is considered then the results often mirror frequentist results. In order to compare
frequentist results to Bayesian results, it makes sense to use objective priors to do so. The main focus
of this research will be on estimating Cronbach’s alpha using objective priors. The frequentist results
often rely on large sample theory and the Bayesian approach can play a crucial role in the estimation

of Cronbach’s alpha for smaller sample sizes as well as for larger sample sizes.
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1.1 Objectives

The main objectives and aims can be summarized as follows:
* to provide an overview of some objective priors and Cronbach’s coefficient alpha;

* to derive the Fisher information matrix involving Cronbach’s alpha for the following cases: the
one-way analysis of variance model, an extension of the one-way model with possibly different

variance components and a balanced two-factor nested random effects (hierarchical) model;

* to derive the probability matching prior and the reference prior using the Fisher information

matrix under each of the above-mentioned cases;

* to compare the performance of the probability matching prior and the reference prior to other

objective priors and to frequentist methods;
* to show the properness of the posteriors resulting from the different objective priors;

* to derive statistical process control limits for Cronbach’s coefficient alpha in the case of the bal-
anced one-way random effects model by deriving a predictive distribution of a future Cronbach’s
alpha coefficient using Bayesian inference and using the predictive distribution to determine the

distribution of the run-length and the average run-length;
* to compare the performance of the Bayesian intervals with that of various frequentist intervals;

* to see how these Bayesian methods can be implemented in practice, and actually improve re-

search in other fields.

1.2 Outline

In Chapter [2| a literature review is provided giving a background on Cronbach’s alpha and how it is
estimated using frequentist methods and Bayesian methods in the literature. The chapter also summa-
rizes some of the methods and notations used to derive objective priors in this thesis.

In Chapter 3| a number of objective priors for Cronbach’s alpha will be derived using a balanced
one-way analysis of variance model. The following objective priors will be investigated: the well-
known Jeffreys prior (from Jeffreys,|1939), a reference prior (see Berger & Bernardo, |1992 and |Berger
et al., 2009)), the probability matching prior using the method proposed by Datta & Ghosh|(1995) and
a divergence prior developed by |Ghosh et al.|(2011). A reference prior for grouping order {Oc, 0, 612} ,
which means that ¢ is the most important parameter and 012 is the least important parameter, will be
derived using the algorithm in Berger & Bernardo (1992). The marginal posterior for a will be derived

using the different priors and a simulation study will be conducted where the frequentist coverage rates,
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the interval lengths and the standard deviation of the interval lengths will be computed to compare the
different priors. A second simulation study will be conducted to evaluate the performance of the Bayes
estimators using the well-known squared error loss function, the absolute error loss function and the
LINEX loss function, which was first introduced by |Varian| (1975).

In Chapter [ the combined Bayesian estimation of o for m experiments with equal ¢ but possibly
different variance components will be derived. The priors that will be considered are the reference prior
by Berger & Bernardo| (1992)) and the probability matching prior using the method by Datta & Ghosh
(1995)). Since our model is a one-way balanced random effects model, the assumption of equicorrelated
normal data is satisfied. Our approach is therefore different from the method of [Van Zyl (2001) who
had to make the assumption of equicorrelation and [Van Zyl (2001) only considered a uniform prior.
The work is therefore an extension of the work done in Chapter [3| and also an extension of the work
done by Van Zyl (2001) .

In Chapter |S|several objective priors for Cronbach’s alpha will be derived under the balanced two-
factor nested random effects (hierarchical) model of |Van der Merwe & Hugo (2007). The marginal
posterior for a will be derived using the different priors and a simulation study will be conducted
where the frequentist coverage rates, the interval lengths and the standard deviation of the interval
lengths will be computed to compare those of the different priors. This chapter is an extension of the
work done by [zally et al.|(2024).

In Chapter [§] statistical process control limits will be obtained for Cronbach’s coefficient alpha in
the case of the balanced one-way random effects model. This will be achieved by deriving a predictive
distribution of a future Cronbach’s alpha coefficient using the Bayesian methods developed. The prior
that will be considered in the Bayesian analysis is the Jeffreys independence prior from Box & Tiao
(1973). The predictive distribution will also be used to determine the distribution of the run-length and
the average run-length.

In Chapter [7| the focus is on the estimation of Cronbach’s alpha for a general covariance matrix
using a Bayesian approach and comparing these results to the asymptotic frequentist interval valid
under a general covariance matrix framework. In this chapter fiducial and posterior distributions will
be derived for Cronbach’s alpha in the case of the bivariate normal distribution. Various objective
priors will be considered for the variance components and the correlation coefficient. It will be shown
that the right-Haar prior corresponds to the fiducial distribution. The performance of these priors will
be compared to an asymptotic frequentist interval derived by Van Zyl et al.|(2000), which is often used
in the literature. A simulation study will be considered to compare the performance of the priors and
the asymptotic interval, where the coverage rates and average interval lengths will be computed.

In Chapter [§]the distributions for Cronbach’s coefficient alpha and the intra-class correlation will
be derived in the case of single coefficients as well as for the case when there are two coefficients, using
a one-way random effects model. Since there is a mathematical relationship between Cronbach’s alpha

and the intra-class correlation coefficient, the work that will be done in this chapter is an extension of
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the research done by |Koning & Franses (2003) on Cronbach’s coefficient alpha and the research done
by |Chung & Dey| (1998)) on the intra-class correlation coefficient.

In Chapter [9] the conclusions are summarized for each chapter and possible future research in this
area is proposed.

Appendix A contains the derivation of the Fisher information matrix for Cronbach’s alpha using
the one-way random effects model. It also contains the proofs for the reference prior for the group
ordering: {057612, 0},{0‘12, 0,a}, {(712,057 0}, {0,612,05} and {9,06,612}. The additional results for the
simulation studies are also provided. The MATLAB code for the simulation studies and the example
are provided in Appendix A.

Appendix B contains the MATLAB code for two examples and the MATHEMATICA code of all
the figures for the combined Bayesian estimates for Cronbach’s alpha.

Appendix C contains the derivation of the Fisher information matrix for Cronbach’s alpha using a
three-component hierarchical model. It also contains the proofs for the reference prior for the group
orderings {Oc , 612, 0, (722} and {Oc, 0, 012, (722} . Additional results and MATLAB code for the simulation
study are provided as well as the MATLAB code for the two examples considered.

Appendix D contains the MATLAB code for the simulations done for Bayesian process control of
Cronbach’s alpha.

Appendix E contains the derivation of the fiducial distributions and the posterior distributions for
(01,02,p). MATLAB code for the simulation study is also provided.

Appendix F contains the derivation of the distributions of Cronbach’s alpha and the intra-class

1—oy

correlation coefficient. The proof of the mean and variance of the statistic, o,

MATLAB code for all the figures and results is also provided.

is also provided.



Chapter 2

Literature Review

2.1 Cronbach’s Alpha

Cronbach’s coefficient alpha was introduced in Cronbach’s (1951)) article based on the work of|(Guttman|
(1945). It is important to ensure that instruments or tools used to collect data (such as surveys, tests, or
questionnaires) produce consistent and dependable results. When conducting research, you are often
measuring a specific concept or construct, such as intelligence, motivation, or satisfaction. However,
these constructs can’t directly be observed, so researchers create measurement tools, for example, a set
of survey questions, to assess them. To determine the accuracy of measurement it makes sense to take
two measurements and compare them. Cronbach| (1951) mentions that it can be time consuming and
costly to do this in practice. One of the methods used to alleviate this problem was to rescore a test, half
the items at a time, to get two estimates. This is the split-half approach. The Spearman-Brown formula
is then applied to get a coefficient similar to the correlation between the two forms. (Cronbach| (1951)
states that this procedure was used for forty years. Kuder & Richardson| (1937) criticized the split-half
approach because it did not give a single coefficient for a test, instead, it gave different coefficients
depending on which items are grouped when the test is split into two. In an attempt to improve on this,
Kuder & Richardson| (1937) developed the following formula

n

" El Pigi

OKR20 = 1-
n—1 Gtz ’

2.1

where i represents an item, p; is the proportion receiving a score of 1, g; is the proportion receiving a
zero score on the item and 67 is the variance of the total test scores. Equation [2.1]is used to estimate

the reliability of tests with binary items. |Cronbach|(1951) then generalized this formula by writing it
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as

(2.2)

where V; is the variance of the test scores and V; is the variance of item scores after weighting. The item
variance,V;, represents how much individual items vary in relation to the overall test. Since the items
are binary, the variance V; depends on the proportion of correct answers, p;, and incorrect answers, ¢;,
for each item. The weighting occurs since each item’s variance is not treated the same as the others
which results in some items contributing more to the overall test score variance than others. Equation
[2.2]reduces to Equation [2.1| when all items are scored one or zero. [Van Zyl| (2001) defines Cronbach’s
alpha using the normal distribution below. Suppose that X' = (X,...,X}) and E (X) = 0, where X;
refers to an item in the test, with a variance-covariance matrix given by X. Then the covariance matrix,

with the assumption of equicorrelation, is given by

1 pp ... p
p 1L p p
Y=o
PP

When the covariance matrix has equal variances and equicorrelation, this property is referred to a

compound symmetry. Cronbach’s alpha is therefore given by

k
Z Var (X,)
k—1 Total Variance
k
Z Var (Xi)
_ _k 1=
k—1 1'>1
K {— trace(X)
k-1 X1
kp
= T _ 2.3
1+ (k—1)p (2-3)

where 1 is a k x 1 column vector of ones. From Equation [2.3|it is clear that

l—oa=
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and

o
p= m. (2.4)
Equation [2.3]is commonly known as the Spearman-Brown formula. This formula was published
independently by Spearman| (1910) and Brown| (1910). This mathematical relationship only exists
under compound symmetry. L1 & Woodruff] (2002) mention that Cronbach’s alpha equals reliability
rather than just being a lower bound for reliability under compound symmetry. Equation [2.4] shows

how the correlation coefficient relates to Cronbach’s alpha.

2.2 Frequentist Methods

The method of maximum likelihood is a well-known tool for parameter estimation given the sample
data. Suppose that random variables X, ..., X, have a joint density f(x1,x2, ...,X,| @), where the vector
0 =(61,6,,...6,), and 6; for i = 1, ...k are the unknown parameters. Assume the X; are independent
and identically distributed random variables. Given the observed values X; = x;, for i =1, ...,n, the

likelihood function of @ is given by

C(Ox1,x2, .ooxn) =[] £ (xi]0). (2.5)
i=1

The maximum likelihood estimator (MLE) of 0 is the value of 0 that maximizes the likelihood or
makes the observed data most probable. It is usually easier to maximize the natural logarithm of the

likelihood function and this is given by

L=10gl(0|xi,x2, ..., xs) = Y _log f (xi|@). (2.6)
i=1

To find MLE’s the partial derivatives of the log likelihood function should be taken with respect to the
unknown parameter, equate them to zero and solve for the unknown parameters. This method works
well for large samples of data. The maximum likelihood estimator for Cronbach’s alpha, derived in
Van Zyl et al.| (2000), is given by

& k 1 trace(S)
MEE = =1 st )

where S is the unbiased estimator of X given by § = n]TlA7 where A has a Wishart distribution
with parameters X and n — 1 degrees of freedom, that is A ~ W (n—1,X). A is a sample covariance
matrix that is based on n independent and identically distributed samples from a multivariate normal

distribution with covariance matrix, X. See Van Zyl et al.| (2000) for more details.
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2.3 Bayesian Methods

Bayesian statistics provide mathematical tools to update prior beliefs based on new observed data.
In Bayesian statistics, the unknown parameter 0 is treated as a random variable which follows some
distribution. This distribution is known as the prior distribution, 7(6). The prior distribution represents
what is known about the parameter before observing the data. Suppose that n continuous random
variables, X = (X1, X3, ...,X,), form a random sample from the distribution 7(x|0), it then follows that
their joint distribution will be given by

T(x|0)=m(x1,%0,....,.%, | 0)=7(x1 | 0)... (x| ).

Then, using Bayes theorem

n(x[6)7(6)
7(x)

. m(x[6)=(8)

C [m(x|0)7(0)d6

(8% (6)
[4(6|x)m(0)d6’

(0]x) =

where £ (6]x) is the likelihood function as defined in Equation [2.5] The left-hand side of the equation,
m(0]x), is known as the posterior distribution and represents what is known about the parameter after

the data had been observed. Since the denominator is not a function of 0 it is conventional to write

(0]x) o< £(0]x) x 7(0). (2.7)
—— ~—— ~—~—
Posterior  Likelihood Prior

There can be more than one unknown parameter in which case 8 will be denoted as a vector 8. Equa-
tion 2./ shows that a Bayesian analysis involves two components, the likelthood which represents the
data and a prior distribution. In the frequentist paradigm, the analysis is only based on the likelihood
and the unknown parameter is considered as an unknown constant, which is in contrast to a Bayesian
analysis where the unknown parameter represents a random variable. The difference is fundamentally
in where the uncertainty lies. In Bayesian statistics, the uncertainty is over 6. In frequentist, it is over
other data sets that might be have been observed. Bayesian inference therefore changes the interpre-
tation of a confidence interval. When using Bayesian inference it is called a credibility interval. A
credibility interval for 0 of level 1 — 3 can be interpreted as 0 is in the interval with a probability of
1-B.

When Bayesian models are specified, a decision must be made on which priors to use for the
unknown parameters. As mentioned by Robert (2001), the most critical and most criticized point of

Bayesian analysis deals with the choice of the prior distribution. Goligher & Harhay| (2024) mention
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that the most difficult part of executing a Bayesian analysis is selecting priors. (Goligher & Harhay
(2024) also mention that prior selection is so important because it is the only place that a Bayesian
analysis can go wrong. Objective Bayes is a framework that can be used to derive priors for the
unknown parameters and will be used in this thesis. When the prior has minimal effect such that the
posterior is dominated by the data then the prior used is known as an objective prior. The result of using
an objective prior is a posterior distribution that often mirrors frequentist results, the only difference
is in the interpretation of the results. Objective priors are used when little or no prior information is
available. Objective priors are often improper which means the prior does not integrate to one or is
not a proper density. This is usually not a problem as long as the posterior distribution results in a
proper density. [Daniels (1999) mention that the choice of prior distributions for variance components
can be difficult. It is also mentioned how important it is for these priors to result in proper posterior
distributions and how important it is for the posterior to be proper in order to use Markov Chain Monte
Carlo methods such as Gibbs sampling. We will investigate a number of objective priors in this thesis
and confirm in each case whether they are proper or not. This thesis will also focus on simulating from
the posterior distribution without using MCMC methods, but instead using Monte Carlo simulation
methods. This will alleviate any computational challenges that usually occur in the literature when

using MCMC to simulate variance components.

2.3.1 The Jeffreys Prior

Jeftreys (1939) proposed this prior as a solution to the problem that the uniform prior does not yield
an analysis invariant to the choice of parameterization. It is invariant to reparameterization, meaning
that if the Jeffreys prior in one parameterization is transformed to a different parameterization, then
the transformed prior will be the Jeffreys prior in the new parameterization. The Jeffreys prior is pro-
portional to the square root of the determinant of the Fisher information matrix and will be denoted by
7. Berger & Bernardo (1992)) mention that Jeffreys prior is remarkably successful in one-dimensional

problems and that Jeffreys himself noticed difficulties with the method in a multi-parameter setting.

2.3.2 The Divergence Prior

Ghosh et al.| (2011)) set out to find an objective prior which approximately maximizes the distance
between the prior and the posterior. They maximized the distance to ensure that the prior distribution
would have as little effect on the posterior as possible. The general expected divergence between the

prior and the posterior after observing x = (xy,...,x,) is given by,

L—[|[ =P (8)x'~P (6]x)d6|m(x)p (dx)

R () B p) ’

(2.8)
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where m (x) is the marginal probability density function of x and u (dx) = (i (dxy),..., 1 (dxy,)).
Equation [2.§] is the Rényi divergence between two probability distributions, introduced by [Rényi
(1961). Mohammed-Djatari (2015) mention that the Rényi divergence is a generalization of the
Kullback-Leibler divergence. (Ghosh et al. (2011) noted that maximizing all general divergence cri-
terion produced the Jeffreys rule prior, except for one special case - the chi-squared divergence. All
other criteria only required a first order approximation to produce the prior, whereas the chi-squared
divergence required a second-order approximation. The chi-squared distance is found by substituting

B = —1 into Equation The divergence prior for a single parameter 6, which will be denoted by

Tp o< exp [/ 283 (f;(_;;/(e)de} )

7p, was derived to be

2%1n¢(6 231In/(6
where F () = —E [% %

¢(0|x) is the likelihood function. After checking the priors for the exponential family of distributions,

} is the Fisher Information matrix and g3 (6) = —E [ }, where
which included the binomial and Poisson distributions, these priors were compared to that of Jeffreys
prior. This leads to the conclusion that the divergence prior is proportional to the positive fourth root
of the determinant of the Fisher Information matrix. The Fisher information, F(6), for the Poisson
distribution and the binomial distribution is easy to compute. The term g3(6) simplifies to the first
derivative of the Fisher information for any of the distributions that belong to the one-parameter expo-
nential family of distributions. For this reason, the divergence prior results in being proportional to the
positive fourth root of the determinant of the Fisher Information matrix. The method used to derive
the divergence prior does not incorporate the importance of the parameters so similarly to the Jeffreys
rule prior, the divergence prior might not perform optimally when there is more than one unknown

parameter.

2.3.3 The Reference Prior

Bernardo (1979) investigated the reference prior approach to develop objective priors. For a multi-
dimensional 6 = (6y,0,...,6;), Bernardo| (1979) divided 0 into parameters of interest and nuisance
parameters. This enabled the development of an objective prior. Similar to the Jeffreys prior, this
approach was based on the Fisher information matrix. Berger & Bernardo, (1992) mention that this
approach resulted in the Jeffreys prior in the one-dimensional case. The method to determine the
reference prior by Bernardo (1979) is to first find the conditional reference prior for the nuisance
parameters given the parameters of interest and then to determine the reference prior for the parameters
of interest by integrating out the nuisance parameters. Berger & Bernado| (1992) mention a limitation
of the method by Bernardo| (1979) which is that the conditional reference prior found in the first step is
often improper. Berger & Bernardo (1992)) showed that the improper conditional reference priors must

be normalized. They also recommended that all parameters in the model must be grouped and ordered
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in terms of importance so that the reference prior is determined through a series of one-dimensional
conditional steps. The following method from Berger & Bernardo (1992) describes the algorithm and
the notation needed to derive the reference prior when each parameter is in its group and ordered in
terms of their importance: Consider 0 as an ordered parameterization, (0;,6s,...,6,,). By successive

conditioning, a reference prior relative to this ordered parameterization is given by
71'(9) = 7'C(9m|91, ceny Gmfl) 71'(92|91)7'C(91).

Consider a parametric statistical problem in which the random observation X has density f(x|0)

where 8 € ® C R¥ is the unknown parameter and the Fisher information matrix

92
H(6)= —Ex|9 {mlOgP(XW)}
i0Uj

has full rank k. Strictly this defines H;;(0), the (i, j)" element of the information matrix. Define
S(6) = H~'(0) and define the component vectors

e[]] — (91’...791'), e[J] = (9j+17...,9m)

and denote S;(0) as the corresponding upper left N; x N; corner of S, with S, = S and H; = S]TI. We
assume that the 6; are separated into m groups of sizes ny,...,n, and that these groups are given by

6(1) - (615"'76711)79(2) — (61,...,6n2)7...7

9(1) = (91\][71"‘17""61\][)""9('") = (GNmfl-H;'“vek)?

where Nj = ny +...+n;j for j = 1,...,m. The matrix § is written as

Ay Ay AL
G Ay Ay - A,
Am1 Am2 Amm

such that A;; is n; X n;. In order to use the algorithm by Berger & Bernardo (1992), it is important
to establish how to determine 4, which is essentially the function needed to derive the reference prior.
In order to determine the functions /;, the inverse of the Fisher information matrix is needed. The
functions & are defined to be the lower n; X n; corner of H;. Berger & Bernardo| (1992) note that
hy = Al_ll and that if S is a block diagonal matrix then h; = A;jl. In the case of S being a block diagonal
matrix, this simplifies the algorithm to determine the reference prior substantially. In the case where S

is not a block diagonal matrix then the functions /; can still be determined but it is required to partition
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H corresponding to the unknown parameters according to the following procedure described in|Berger
& Bernardo| (1992): Define B; = (Ajl...Aj(j_l)) for j =2,...,m, then

-1
hj=(Aj;—BjH;1B}) .

Consider a nested sequence @' C ®2 C ... of compact subsets of ® such that
Jo'=e.
=1

The reference prior for the group ordering (0, 65, ..., 6,,) is given by

2(8) = 1im *8)

I—e0 TT1(07)
for some 8 € @ and where 7/ (8) is determined using an iteration process according to the following

procedure:

1. For j =mand 6,, 6@,1,1,

nrln <9[m—1]‘9[m71]) = ﬂ:rln (QWZ|917“'; em—l)

_ {m(8)}
f@l {hmw)}

m

2. For j=m—1,m—2,...,2 and 0; E@]l.,

(840U ") =l (60"

where

1 L j
E| [log{hj(e)}z} :/@h log {h;(8)}> m} (9[11\9[’})619[1]-
J

3. For j=1, 8p) = 6, with 6! vacuous and
' () = ! (0[o]|0[0]>.

The notation used for the reference prior algorithm is complicated. The following explanation aims to
simplify the notation. Consider the case where the number of groups to be considered is m = 3 and the

group ordering is (61, 6,,03) where this means that 0; is the most important parameter and 65 is the
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least important parameter. Therefore, each parameter is in its own group. The elements of the Fisher
information matrix have to be put in the order H (6, 6,, 63) so that it corresponds to this selected group

ordering. Now for j = m = 3 according to Step 1 of the procedure above:

3 (9[2]|9[2]) = 75(65/61,6,

__ {m(8)}
f@g {n3(0)}

RI=| o= ~—

d6;
For Step 2, consider j = 2 then we have

1 1
£} [10g {12 (8)}}] = | tog {h2(8)} 7} (81/6) by
2]

1
:/@1 log {h2 (0)}* 7k (65]61, 6,) d6s
3

where this expectation is used to determine

1
2/1 log {1 (8)}2 5 (62, 65(61) d62d 65
®2 @3

where this expectation is used to determine

m (61,62,63) = 7} (62,65]6))
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The reference prior for the group ordering (6, 6, 03) is given by

l
1 1292
The iterative procedure used to derive the reference prior can get tedious especially when there are
3 or more unknown parameters. For the three-parameter case, it is clear from above that the expected
values can involve double integration. For the four-parameter case, it can involve triple integration
and so on. If the expected values do not have closed forms, then it might prove difficult to derive the
reference prior. |Berger & Bernado (1992) suggested to use the reference prior where each parameter
is in its own group and they also suggest that the ordering of the parameters should be in terms of
inferential importance. [Berger & Bernado| (1992) also suggested to choosing the compact @' as a

collection of nested rectangles in @. The reference prior will be denoted by 7.

2.3.4 The Probability Matching Prior

A probability matching prior, as introduced by Datta & Ghosh|(1995), is a prior distribution in objec-
tive Bayesian statistics designed so that the posterior probabilities of certain outcomes closely align
with their actual long-term frequencies. The posterior intervals of level 1 — B will therefore result
in good frequentist confidence intervals at the same level. |Datta & Ghosh! (1995) derived the differ-
ential equation that a prior must satisfy if the posterior probability of a one-sided credibility interval
for a parametric function and its frequentist probability agree up to O (nfl) where n is the sample
size. The method by Datta & Ghosh| (1995) is as follows. Suppose that 6 = [ 6 6, ... 6 ]/ isa
k-dimensional vector of parameters and the parameter of interest is # (0). The prior density function

7 (0) for ¢ (0) which matches the frequentist and posterior probability can be derived in the following

way. Let V;(0) = a%11/‘(0) a%k;(e) } and

(G)Vr(e)
\/V 0)V, (8)

/

:[m<e> m(e)],

where F () is the Fisher information matrix of and F ~! () is its inverse. Itis evident that ' (8) F ()1 (8) =
1 for all 6. Datta & Ghosh|(1995) proved that the agreement between the posterior probability and the
frequentist probability holds if and only if

ko9
Za_ (0)7(0)} =0. 2.9)
i=1
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Therefore 7 (0) is the probability-matching prior for 7 (@), the parameters of interest. Equation [2.9|is
a differential equation that needs to be solved to obtain an expression for 7 (0) . This equation usually
results in a first-order linear partial differential equation and the method used to solve this differential
equation is the method of characteristics. See Dennemeyer (1968) for more details on how to solve

partial differential equations. The probability matching prior will be denoted by 7pyp.

2.4 Maximum Likelihood Estimation (MLE) of Cronbach’s alpha

Frequentist methods used to estimate Cronbach’s alpha are well developed and have been considered
by many authors. [Kristof] (1963) first introduced confidence intervals for Cronbach’s alpha followed
by Feldt (1965). These confidence intervals required the assumption of normality as well as compound
symmetry. Based on the same assumptions used by Feldt (1965)), Hakstian & Whalen| (1976) used a
normalizing transformation to derive an approximate confidence interval for Cronbach’s alpha using
the normal distribution. [Feldt et al. (1987) summarized the important aspects of the sampling theory
for Cronbach’s alpha. [Feldt et al.| (1987) used numerical illustrations to explain the hypothesis tests
and confidence intervals derived previously in the literature for a single coefficient as well as for sev-
eral alpha coefficients. Hulin et al. (1983) and |Kaplan & Saccuzzo| (1993) give detailed discussions on
how test-retest reliability is assessed, how Cronbach’s alpha differs from other methods of estimating
reliability and how to increase the reliability of a test. Cronbach’s alpha is used as a measure of reli-
ability in for example psychological research (Cortina, 1993). Cortina (1993) presented a discussion
of the assumptions and the meaning of coefficient alpha. This discussion is followed by a demonstra-
tion of the effects of test length and dimensionality on alpha by determining the statistic for tests with
varying number of items, dimensions and average item intercorrelations. As mentioned by Padilla &
Zhang| (2011) the reasons for Cronbach’s alpha’s popularity is that it is computationally simple and
can be computed for continuous as well as binary data. [Duhachek & lacobucci| (2004) mention that
the assumption of compound symmetry limits the application of Cronbach’s alpha in applied research.
Van Zyl et al.| (2000) derived the maximum likelihood estimator (MLE) for Cronbach’s alpha and its
corresponding confidence interval. They also made the assumption of normality but the confidence
interval holds even when the covariance matrix is not compound symmetric. The confidence interval is
based on asymptotic theory. Van Zyl et al.| (2000) also derived a pivotal quantity for Cronbach’s alpha
which can be used to construct an exact interval for alpha but this pivotal quantity only holds under
compound symmetry. Koning & Franses| (2003) considered various confidence intervals for Cron-
bach’s alpha. They considered the asymptotic interval derived by |Van Zyl et al.| (2000) and also the
exact interval for Cronbach’s alpha using the pivotal quantity derived in Van Zyl et al.| (2000). |Koning
& Franses| (2003) mention that the asymptotic interval may yield anti-conservative intervals because
the variance of the asymptotic result is unstable since it depends on alpha. It is also mentioned in

Koning & Franses| (2003) that anti-conservative intervals have nominal coverage less than the required
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coverage. Duhachek & lacobucci (2004) conducted a simulation study comparing the performance of
the confidence interval for Cronbach’s alpha by Feldt (1965) with the confidence interval derived by
Van Zyl et al.| (2000) under a non-parallel measurement model. The results of their simulation study
showed that the MLE outperformed across all their simulation conditions. In applications of psychol-
ogy, most items are dichotomous or likert-type. For these item types the normality assumption may be
unrealistic. For this reason, Yuan et al. (2003) and [Maydeu-Olivares et al. (2007) looked at asymptot-
ically distribution-free (ADF) confidence intervals for Cronbach’s alpha. [Yuan et al.| (2003) compared
the ADF, MLE and bootstrap confidence intervals for Cronbach’s alpha using the Hopkins Symptom
Checklist. The study showed that the ADF confidence intervals are between the MLE and the bootstrap
methods in terms of their accuracy. Raykov| (1998) proposed a non-parametric bootstrapping proce-
dure to approximate the sampling distribution of Cronbach’s alpha. The advantage of the bootstrapping
procedure is that it does not rely on strict distributional assumptions. |Cui & Li (2012) evaluated and
compared various parametric and non-parametric methods for constructing confidence intervals for
Cronbach’s alpha. The coverage and width of different confidence intervals were compared across

simulation conditions.

2.5 Bayesian Estimation of Cronbach’s alpha

There has also been some work done using Bayesian methods on estimating Cronbach’s alpha in the
literature. Vianal (1995) derived theory for the combined Bayesian estimation of a correlation where
separate estimates are available. Viana (1995) derived the posterior density for the intraclass correla-
tion coefficient using a uniform prior. This work proved to be useful when working with Cronbach’s
alpha since the intra-class correlation is related to Cronbach’s alpha via the Spearman-Brown equation.
Van Zyl (2001) considered the combined Bayesian estimation of Cronbach’s alpha where seperate esti-
mates are available by using the posterior distribution for p derived in Viana|(1995)) and the Spearman-
Brown equation to derive a posterior distribution for ¢ using a uniform prior. |Van der Merwe & Hugo
(2007) considered a balanced two-factor nested random effects model and determined Bayesian tol-
erance intervals using simulation methods. Although they did not consider Cronbach’s alpha in their
study, their work involves the study of variance components and Cronbach’s alpha is a function of
variance components. Padilla & Zhang (2011) set out to develop a Bayesian internal consistency esti-
mate and to evaluate its performances through a simulation study. They considered a conjugate prior
to derive the posterior distribution for . L1 & Woodruft (2002) also used a conjugate prior to de-
rive Cronbach’s alpha but their approach was based on the normal distribution theory for random and
mixed effects analysis of variance (ANOVA). L1 & Woodruff (2002) also considered a Markov Chain
Monte Carlo (MCMC) method for Bayesian inference for Cronbach’s alpha and compared it to the
maximum likelihood estimate for & by selecting non-informative priors for the variance components.

Payandeh Najafabadi & Najafabadi (2016) estimated Cronbach’s alpha using non-informative priors.
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They considered a gamma-type prior and estimated Cronbach’s alpha using various loss functions.
They considered the squared error loss function and the linear exponential (LINEX) loss function and
found that under LINEX loss, the Bayes estimator does not overestimate reliability. From the liter-
ature, it appears that there is a lack of formal approaches used to derive objective priors to estimate
Cronbach’s alpha. However, Chung & Dey| (1998) considered a Bayesian approach to estimating the
intra-class correlation using various objective priors. The priors that were considered by (Chung &
Dey| (1998) were the reference prior and the probability matching prior. Izally et al.| (2024) estimated
Cronbach’s alpha using various objective priors to estimate Cronbach’s alpha for the one-way random
effects model. They considered the well-known Jeffreys rule prior, a divergence prior, the probability
matching prior and various group orderings of the one-at-a-time reference prior. Since the intra-class
correlation can be written in terms of Cronbach’s alpha using the Spearman-Brown equation, this work
was an extension of (Chung & Dey (1998) with a focus on deriving objective priors for Cronbach’s
alpha. |[zally et al.| (2024) also considered various loss functions to estimate Cronbach’s alpha. The
loss functions that were considered were the well-known squared error loss, the absolute error loss and
the LINEX loss. Similar to the conclusion of Payandeh Najafabadi & Najafabadi| (2016)), it was found
that the LINEX loss provided the best estimates for Cronbach’s alpha.



Chapter 3

Cronbach’s Alpha for the One-Way Random
Effects Model

3.1 Introduction

In this chapter a number of non-informative priors for Cronbach’s alpha will be derived. The follow-
ing non-informative priors will be investigated: the well-known Jeffreys prior (from Jeffreys, [1939), a
reference prior (see Berger & Bernardo, |1992| and Berger et al., 2009), the probability matching prior
using the method proposed by Datta & Ghosh! (1995) and a divergence prior developed by Ghosh et al.
(2011). A reference prior for grouping order {a, 6,07} which means that o is the most important
parameter and (712 is the least important parameter will be derived using the algorithm in Berger &
Bernardo| (1992). The marginal posterior for & will be derived using the different priors and a simula-
tion study will be conducted where the frequentist coverage rates, the interval lengths and the standard
deviation of the interval lengths will be computed to compare the different priors. A second simulation
study will be conducted to evaluate the performance of the Bayes estimators using the well-known
squared error loss function, the absolute error loss function and the LINEX loss function which was
first introduced by |Varian| (1975).

Consider a balanced variance components model
Y;j=0+ri+¢g; fori=1,..Iand j=1,...J, 3.1

where the mean effect 6 is unknown. The r; and g;; are independent normal variables with zero means
and variances 622 and 612 respectively. Let Y = [V;; V... Y; J]/ . It can be shown that Var (Y| 0, 612, 62) =
621+ 11'6? where 1 is the J x J identity matrix and 1 =[11...1] is a J x 1 column vector of ones.

Therefore the covariance matrix is given by

18
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[ 62+02 o2 o3 o2 |
o; oi+o; 03 o7
= o} ... ot+o3 -+ o3
2 2 2 2, 2
. 9 ) 6y = 01 +0y |,
Cronbach’s alpha is defined by
o J 1_tra/ce(2)
=1 1,21y
o J . J (o7 +03)
e J(o}+03)+J(J—1)03
Jo? o}
=2 =1-—1 (3.2)
oy +Jo; o; +Joj3

Cronbach’s alpha can also be written in terms of the intra-class correlation coefficient. Let

Cov (Y] iy Y;
- v (i, Yiy) for j # j/
\/Var (¥ij) Var (v;y)
__ %
ot +o3’
then Cronbach’s alpha is given by & = 1 (j’i p using the Spearman-Brown formula as defined in

L1 & Woodruff (2002). The covariance matrix can therefore be expressed as

1L p p p
1
s=¢2| P P P
pp P 1

where ¢? = (of +07). The covariance matrix is therefore compound symmetric. The final form
of Cronbach’s alpha is true only when the covariance matrix is compound symmetric. In Palmer &
Broemeling| (1990), they considered the one-way random effects model for the balanced and unbal-
anced case. They wrote the intra-class correlation coefficient for the unbalanced case, in terms of the
variance components. The relationship between the intra-class correlation coefficient and Cronbach’s
alpha using the Spearman-Brown formula could be used to derive an expression for Cronbach’s alpha

for the unbalanced one-way random effects model.
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3.2 The Prior and Posterior Distibutions

In this section the prior and posterior distributions will be derived for Cronbach’s alpha using the
balanced one-way random effects model. The objective priors considered in this section are all derived
using the Fisher information matrix and therefore it is important to establish the likelihood function
for the one-way random effects model. The likelihood function for the one-way random effects model
has been covered extensively by Box & Tiao (1973). They wrote the likelihood function based on
sufficient statistics. Since ¥; is well known to follow a normal distribution with mean 0 and variance
w and the ¥; are distributed independently of ¥;; —¥; . This implies that

! (Yl_Yl) vimq
ZZ = N%v21:1(171)~

O]

Therefore vim is a sufficient statistic for 612. The likelihood can be obtained using the group means

Y; and the residuals Y;; — ¥; and can be written as

1 % 2
-1/2 J(Y;.—06 —1/2 vim; [ 1
((6, 01,03 |data) = [;I_! of +J03) eXP{—mH (of) " Texp 2\
-1)2 LJYL (7 —6)°  vim nf2
_ (02 +Jc2) exp{—il 107 vim | L2y n/2,

(of +Jo3) Oj
Now since ¥'1_, (Y,;—B)zzl (Y. ) +Y; (Y ) the likelihood is given by
- - 1@ -6 JY(T—Y) vim
0(0,0?,0%|data) < (6% +Jo? 122y expd — = = G LN
(o orldua=lortio) el e 3 (o viod) (o7 iod) | o

where ¥; = 7 Z 1 Y;j and Y = ILJ Zl(:l Z§: 1Yij. See Box & Tiao (1973) for more details on the like-
lihood of the one-way random effects model. From Equation [3.2] Cronbach’s alpha can be written

as
2

Oi
ol +Jos’
therefore the likelihood function can be written in terms of Cronbach’s alpha. The likelihood function

for (0,067, @) is given by

vo+1
2 2-w/2( Ot (=) 1 5 2
0(0,07,aldata) =< (o) ™" T a eXP) ~5 3 [U(Y..—G) (1—a)+vzm2(1—a)+v1m1]
o 1
(3.3)
where vomy = JZle(Y,; —Y)?, vimy = Zle Z§:1(Yij — V), vi=IJ—1)and vy =1—1. vimy
is the within group sums of squares and vym; is the between groups sums of squares. Also m; =
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Y (-1)? I (¥,-7)2 _
Yioi foél( %) and my = J):':‘(v—z’), the within group mean square error and the between group

mean square error respectively. The Fisher information matrix is given by

1(1-a)
0 0
vi+vy+1 vo+1
F(o,0f,0)=| 0 G Setes ) (3.4)
0 (ro+1) (ra+1)

2(l-a)o?  2(1-a)?

The derivation of the Fisher information matrix can be found in Appendix [A.T]
The well-known Jeffreys prior is proportional to the square root of the determinant of the Fisher

information matrix, and is therefore
(0,07, 0) o< (1— )~ 1/?(c}) 32 (3.5)

The divergence prior is proportional to the positive fourth root of the determinant of the Fisher infor-

mation matrix, and is therefore
(0,07, a) < (1—a)~/4(c?) 73/, (3.6)

The probability matching prior will be derived in the following theorem.

Theorem 3.1. The probability matching prior for Cronbach’s alpha is given by

top (0,6%,0) = G <log (7) ~ 1os (1~ oc)> (—a)" (o))"

where G is an arbitrary continuously differentiable function.

Proof. The inverse of the Fisher information matrix is given by

2

O
IJ(ll—a) 0 0 5
B B 2(52)2 —2(1—
F'(@)=F(8,0f,a) = 0 ,((f_l)l) (z(ﬁ)l()cl)
0 —2(1-a)(0?) 2J(1—a)?
=1 10-1)

We are interested in a probability matching prior for 7 (60) = a.. Now

V! (8) [ 21(0)  91(8) aqe)}

96 do da

00 1]
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Also,
vi(6)F(6)=] 0 2U_acf) o)
and
V.0 (0),(0) =21 —2)
Define

~[m(8) m(e) ns(8) |

:[O 7\6(612) \/27(10‘)]
V-1 \1U-1) |’

The prior 7 (0) is a probability matching prior if and only if the differential equation

2 vai-a | 9 | v2(ep) 1, 3.7)
Ju 1(J—-1) 1J(J—1) '

is satisfied. To find a probability matching prior satisfying the differential equation, let
n*(0,0f,0) = (1—a)(of)n (6,0, a).

Then Equation [3.7] can be simplified to

P oY & P V2 T B
I S

Now 7* = 1 is a solution to Equation [3.8] corresponding to

n(8,0f,a)=(1—a)"'( 12)_1.

Using the product rule and implicit differentiation it can be shown that Equation [3.§] is a first-order
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homogeneous and linear partial differential equation given by

*

V2l my o V2 e
VIO-1)o? Ju-1)(1-«a

where 7;, and 71: denote the first derivative of 7* with respect to ¢ and Gl respectively. The method

(3.9)

by Dennemeyer (1968) will be used to solve the partial differential equation. The idea is to use a

transformation to reduce the partial differential equation to an ordinary differential equation which is

2 2
easier to solve. Let 61 = W then re-arranging and integrating both sides we have
1 1
— |dot = — / ——do
/ (612> ! (1—a)J
1
log (612) =-log(1—a)+c where ¢ is some constant

Now let & (@, 07) = log (0}) — }log(l — o) and 1) (@, 67) = o7. Therefore

1

Ty = ﬂgga‘f’”};na = mﬂg

and |
”02 = M8z + My M2 = 127r2+7r;;
Substituting back into Equation [3.9|results in

_\/E 77:1’,‘,
- (l-a)

The solution is therefore 7% = G (&) = G (log (67) — log (1 — &) where G is an arbitrary continu-

ously differentiable function. Finally since
n*(0,0f,0) = (1-a)(of) (0,07, a)
G (log (7) ~ tos (1 - a>> — (1-a) (o) 7 (6,02 a)
Top (6,6%,0) = G (log (7) ~ 1os (1 - a)) (—a)" (o))"
OJ

If we consider the function G (log (67) — Jlog (1 — a)) = 1 which is a constant function then we
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have that the probability matching prior is
- ~1
TTppPp (9,612,06) < (1—o)! (62) . (3.10)

The following theorem shows that the reference prior for the group ordering {Oc, 0, 612} is the same

as the probability matching prior in Equation[3.10]

Theorem 3.2. The reference prior for the group ordering {Ot, 0, 612} is given by
— -1
g (@,0,07) < (1—a)"' (67) .

Proof. We are interested in the reference prior for the group ordering {Oc, 0, 612} which means that
o is the most important parameter and 612 is the least important parameter. In order to derive the
reference prior, the inverse of the Fisher information matrix is needed. Let S(0) = H~' (0) where H

is the Fisher information matrix. Now

Ay Ay A 27(1-a) —2(1-a)(o})
All Azl A;ul 10-1) 0 T-T) 1
) 210 Ax 0 A 2
S(c,0,07) = : . — 0 IJ(T—Loc) 0
) ’ —2(1-a)(o}) 2(02)?
Aml Am2 - Amm I(J——l)1 0 I(J—Il)

Define the truncated ranges for the 3 parameters as a € [a;,b;], 0 € [c;,d)] and 67 € [e;, fi] where
¢ — —oo, by — 1, dl7fl — oo and a;,e; — 0. Now

hl EHl EAl_ll =

and
hy = (Apy — B2H 1 BS) .

Now S| is the upper left N; x N; corner of S. We have m = 3 groups with n; =1, np =1 and n3 =3
which implies that Sy is the upper left 1 x 1 corner of S, that is

27 (1—a)?

Si=—F—>—

I(J-1)

Therefore 101
Hy st LU=
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and B, = A>; = 0. Hence

Also
h3 = (As3 —B3H23/3)_] ;

where S, is the upper left N, x N, corner of S. Now N, = n| 4+ ny = 2. Therefore S, is the upper left
2 x 2 corner of S, that is

2J(1—a)? 0
S, = 1(J—1) .
0 J(1—a)
Now
1(J-1) 0
-1 2/(1-a)?
Hy = Sz = ( Oa) il-o) |>
o}
and
—2(1- 2
Bs = [A31 A3 ] = [ (,(ﬁ)lgc‘) 0 }
Therefore )
2
B3HzB/ . (Gl)
ST (I -1)
So

The three functions

I1(J—1 IJ(1—« 1J
hl: ( )2’ h2: ( 2 )7 h3:—
2.](1-&) Gl

are the functions needed to calculate the prior. During the iterations, first the truncated conditional
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function of 012 given o and 6 can be computed as

Now
E [zog{hz(e)}%]

o</elﬁlog{[(l—@) (0'12)1]%}01_201612

log® (f;) —log ()]
log(flel )

:—%log (flel_l) [—log(l—aH- > [

o< —log(1 —OC)-|—1 [l0g® (f1) — Log® (e1)]

2 log(flel_l)
=—log(l—a)+K

[log? (fi)—log* (e))]
log(flefl)

where K = %
Therefore

i (of|a,6) exp{ [log {h» (6)}%] }

4 exp {E [log{hz (e)}ﬂ }de
713(61|Oc 0)exp{—log(1—a)+K}
f exp{—log(l—a)+K}d6
_713(61|Oc 0)exp{—log(1—a)+K}
exp{—log (1 — o)+ K} (d —c1)

_ o’
log (fie; ") (d—ci)

™ (6,0f|a) =

=0, K’ fore; < o < fiand¢; < 0 < d,

26

is denoted as a constant which only relates to the ranges of the parameters.
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1

: . We now need the function, /1, to determine E [log {h1(0)}?>

I _
whete K = ogGier e

E [tog {h <e>}%}

I 2 gt 2
/ log(1—a 61_ K'dOdoj

= 108(1—) o, 2K’ (d; —¢)

—K'log (1 —a) " (d;—¢,)log (ﬁe;l)
_(dl—cl)log (f[el_l)
log (flefl) (di—cy)
—log(1—a)".

x log(1—a)™!

Alsoj;z’exp{log(l— o) }doc—log{g g}Therefore

7, (6, 0ta) exp{ [log(l - 06)*1] }
=
B G-
' log (fie, ') (di—ci) log { 8:23 } |

! (@, 0,07) =

Finally
l 2
T (o, 0,0
7 (,0,07) o< lim 1( 12) <o 2(1-a)',
where oy, 6y and 6120 are the three inner points in the ranges of the parameters. U

The reference prior for the group orderings {a,07,0},{c%,0,a}, {o?,a,0}, {0,0%,a} and
{6,a,0; 21 all resulted in the same reference prior obtained in Theorem H The proofs for the ref-
erence prior considering the above mentioned group orderings can be found from Appendix [A.2] to
Appendix [A.6]

All the prior distributions considered are proportional to the negative powers of (1 — a) and 612.

Therefore a general form can be written as
n(6,07,a) < (1-0)~(cf) ™" (3.11)

for various non-negative a and b. Speciﬁcally for a = b = 1 we have the probability matching prior,

which is also the reference prior. For a = 5 Land b = 2 we have the Jeffreys prior and for a = ; I and
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b= % then we have the divergence prior.
The posterior for (6, 012, o) using the prior in Equation is given by

- [U(i —0)’(1— ) +vamy (1 — 1) +v1m1}

20}

7(8, 02, aldata) e (67)~ H0r+1420) (| _ gy a+1-20) exp{

(3.12)
The parameter of interest is Cronbach’s alpha which is the main interest of this chapter. After integrat-

ing out 6 and 612, the resulting marginal posterior distribution of & is
7 (aldata) o< (1 — ) 20272 [yymy 4 vomy (1— )] 2024202 for0cq <1, (3.13)

Notice that in Equation [3.13| the marginal posterior distribution of & depends only on vym; and vms.
Therefore it is only necessary to simulate vim; and vom; for inferences on . In Bayesian statistics,
when using objective priors, they are often improper. This is not a problem provided that the resulting

posterior is proper. The following theorem proves that the marginal posterior of « is proper.

Theorem 3.3. The marginal posterior distribution of o for model 3.1 using the prior in Equation[3.11]
is proper and is given by

‘7727a+1
vamp
(vlml) 1

Vot —%(V1+V2+2b—2)
n(aldata) = — . (1—o)202729) [1+ (1 —oc)} for0<a<l,
By (% +a+b—2,%—a+1) vim
(3.14)
~1
where By (a,b) = fxl 1Y (1 —1)>=dt is the upper incomplete beta function and t* = <1 + %)

Proof. For the posterior to be proper, the following should hold true:

1

1
/ K(1—0)202729) [y fvamy (1 — )] 2002202 g —
0

where K is the normalizing constant. Let ¢ = [1 + 2 (1= a)} then by the substitution rule

dt=1

1 Utatb—2—1 2 _a4+1-1
12 1—1)2

/ K ( )
t

v v
(vlml)jl+a+b—2 (vzmz)%—a—o—l

B (% +a+b—2,%—a+1)

(vlml)vjl+a+b—2( )VTZ—CH-] o

)”71+a+b—2 (

v2m3

\
K— (vimy vamy)? ot

CBe (% +a+b-2,%—a+1)

Therefore the marginal posterior for o is proper and the posterior density is given by Equation

B.14 O
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It can be shown that the mean of the marginal posterior of « is

E(a|data):1_<v1m1) (B,*( tat+b—3,%+2— a)>, a1s)

Vomy Bt*(2+a+b—2,2—a—|—l)

and the variance of the marginal posterior of « is given by

By (3 +a+b—4,%4+3—
Var (ot|data) = (Vlml) ( r (3 +a )

+2E (a|data) — 1 — |[E (a|data 2,
Bt*(2+a+b—2,2— +1)> (a|data) [E (or|data)]

Vamy
(3.16)
where B, (a,b) and t* is defined in Equation The following theorem will be useful for simulating

from the marginal posterior for o.

Theorem 3.4. For the transformation Z = % (1 — @) the posterior distribution is a truncated F distri-
bution with d fi = v, +2 — 2a numerator and d fy = v| + 2b + 2a — 4 denominator degrees of freedom

over the interval 0 < Z < %

Proof. Let Z = 72 (1 —a) = g(a) then g2 =1~ meZ and ‘dg;l—lz(z)‘ = 7. By the method of

transformation we have

2 _a+1
<m> 2 1 (v3—2a) Ly 26-2)
vimg 2 V2 2 mi
wt(Z|data) = 1+—Z — Z
) g rarr—25 —at ) ( 2) " o 2o 05 @

_ (vl)f(%zfa‘l»l) (VZ) —a+1
By (Y +a+b-2,%2 a—|—1
(VI)%(V1+2a+2b—4)( ) (vz 2a+2) ZV2+2 2a_

liom2)(2)

7ml

— 2 (vi+v+2b-2)
[ 1+ z]

frd m Z
B, <v1+2b2+2a 4,v2+% 2a> [(v]+vzz)]1 (va+vi+2b-2) (O,m—f)( )5

1, 0<Z<™2
2 (2) = " is the indicator function. The posterior density for Z is
0, otherwise

a truncated F distribution with d fi = v, + 2 — 2a numerator and d f, = v{ + 2b + 2a — 4 denominator

where [, (0,"

7m1

degrees of freedom over the interval 0 < Z < % O

3.3 Simulation Studies

3.3.1 Simulation Study I

A simulation study is done and coverage probabilities are obtained for Cronbach’s alpha using the
random effects model. The Jeffreys prior, divergence prior and the probability matching prior, which

is also the reference prior, will be used. The values considered in the simulation are considered using
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the following pairs: / =6andJ =5,/ =20and J = 5 and I = 6 and J = 20. The rationale for the
values chosen for the simulation is as follows: I = 6 and J = 20 is an example of an experiment with
a small number of groups but with a large number of observations within each group. I = 20 and
J =5 on the other hand is an example of an experiment with a large number of groups but with a
small number of observations within each group. I = 6 and J = 5 means that the number of groups are
small and the number of observations in each group are also small. The variance values considered are
(712 =1,4,6,10,15,25 and 622 =1,2,4,6,8,10,15,20,25. The average length and standard deviation
of the intervals are also given. If two priors have the same coverage probabilities then the one with
the shortest interval length and smallest standard deviation of the interval length is preferable. The
number of simulations is 10000. The average length (I) and standard deviation (SD;) of the intervals
are calculated by using the following formulas, where /; is the interval length and num is the number

of intervals:
num

:_21

num

and

1 nu
Shr = \/num—l ZU D

The method used for simulating the coverage probabilities is as follows:

Vlml

1. Since ~ xvzl we have that vim; = Glzxv

Xz, (0f +J03).

xvz, it follows that vomy, =

2. Simulated xvzl and )(vzz values are used to determine vim; and vom, which is substituted into the
posterior for o in Equation |3.14] If the probability matching prior is used, a = 1 and b =1, and

for the Jeffreys prior, a = %, b= % In the case of the divergence prior, a = % and b =

3. Determine for each simulated posterior a 95% credibility interval from the quantiles of the sim-

ulated posterior values.

4. All possible values that & can be, have been considered. When J =5, 67 = 25 and 05 = 1, the
smallest value that o can take on is 0.1667 and when J = 20, 612 =1 and 622 = 25,the largest
value that o can take on is 0.9980. On each iteration, the simulation counts whether these o
values are in the posterior credibility interval or not. The proportion of times that ¢ is contained

within these intervals is the coverage probability.

Figures [3.1] to[3.3] summarize the coverage rates obtained using each prior for Cronbach’s alpha when
[=6,J=20and 612 =1,4,6,10,15,25 over all values of 622 chosen for this simulation study. Figures
to summarize the coverage rates obtained using each prior for Cronbach’s alpha when I = 20,
J =15 and 612 = 1,4,6,10,15,25 over all values of 622 chosen for this simulation study. Figures to
[3.9] summarize the coverage rates obtained using each prior for Cronbach’s alpha when I =6, J =5
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and 012 =1,4,6,10,15,25 over all values of 022 chosen for this simulation study. Additional results for
the simulation studies are given in Figures[A.T]to in Appendix

From Figures [3.1] to [3.3] it is clear that the probability matching prior generally does better than
the Jeffreys and divergence prior in estimating the coverage probabilities. The Jeffreys and divergence
priors tend to underestimate the coverage probabilities over 622 for various 612 values. The average cov-
erage probabilities of the probability matching prior, Jeffreys and divergence priors are 0.9558,0.9386
and 0.9194, respectively, while the average interval lengths are 0.2607, 0.2746 and 0.2836. The aver-
age standard deviations of the interval lengths are 0.0042, 0.0045 and 0.0046. The probability matching
prior has an average coverage rate closest to 0.95 as well as the shortest average interval length and
the smallest standard deviation of the interval length compared to the Jeffreys prior and the divergence
prior. From Figures to it is clear that the probability matching prior has some over coverage
over the smaller 622 values but generally outperforms the Jeffreys and divergence prior in estimating
the coverage probabilities. The Jeffreys and divergence priors overestimate the coverage for the lower
622 values over the various 612 values. The Jeffreys and divergence priors tend to underestimate the
coverage probabilities over 622 in the interval 4 to 25 for the various 612 values. The average cover-
age probabilities of the probability matching prior, Jeffreys and divergence priors are 0.9552,0.9522
and 0.9478, respectively, while the average interval lengths are 0.3044, 0.3081 and 0.3146. The aver-
age standard deviations of the interval lengths are 0.0052, 0.0052 and 0.0054. The average coverage
probabilities for the probability matching prior and the Jeffreys prior are quite similar and the aver-
age standard deviation of the interval length is the same. Looking at the average interval length, it is
clear that the probability matching prior performed slightly better but the Jeffreys prior also did well
in comparison. The performance of the divergence prior was the worst in terms of its average cov-
erage, average standard deviation and average interval length. Figures to [3.9) show that there is
not much difference between the three priors. The average coverage probabilities of the probability
matching prior, Jeffreys and divergence priors are 0.9550,0.9568 and 0.9445, respectively, while the
average interval lengths are 0.5261, 0.5259 and 0.5497. The average standard deviations of the inter-
val lengths are 0.0094, 0.0095 and 0.0100.For the special case where 612 = 622, this corresponds to the
intra-class correlation coefficient of p = % and Cronbach’s alpha is @ = ﬁ It is interesting to see that
for 612 = 622 the coverage rates for the probability matching prior were quite close to the nominal level
for various chosen values for the variances except for 612 = (722 =1and 612 = 622 = 4 where there was
some over coverage. It therefore seems that in general the probability matching prior is the best of the

three priors.
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Figure 3.1: Coverage for (a) 612 = 1and (b) 612 =4.
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Figure 3.2: Coverage for (a) 67 = 6 and (b) 67 = 10.

33



CHAPTER 3. CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL

Coverage Probability.

Coverage Probability.

0.99

0.98

0.97

0.96

o
©
@

154
©
R

0.93

0.92

0.91

0.9

0.89

0.98

0.97

0.96

o
©
@

o
©
R

o
©
@

0.92

0.91

0.9

0.89

Coverage Probabilities for ai =15, 1=6, J=20.

=+ = Jeffreys Prior, a=0.5, b=1.5.
=« Divergence Prior, a=0.25, b=0.75.

= Probability Matching Prior, a=1, b=1.] |

..... '0'°

0_2
2

(a)

Coverage Probabilities for ai =25, 1=6, J=20.

25

=+ = Jeffreys Prior, a=0.5, b=1.5.
=« Divergence Prior, a=0.25, b=0.75.

= Probability Matching Prior, a=1, b=1.

3
3
L | | | | | |
1 2 4 6 8 10 15 20

2

%2

(b)

Figure 3.3: Coverage for (a) 612 =15 and (b) 612 =25.

©

34



CHAPTER 3. CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL

0.99

0.98

0.97

0.96

o
©
a

Coverage Probability.
o o
8 g

0.92

0.91

0.9

0.89

0.99

0.98

0.97

0.96

o
©
@

0.93

Coverage Probability.
o
S

0.92

0.91

0.9

0.89

Coverage Probabilities for a'i =1, =20, J=5.

T T T 1

= Probability Matching Prior, a=1, b=1.
=+ = Jeffreys Prior, a=0.5, b=1.5.

=« Divergence Prior, a=0.25, b=0.75.

LN /"__—"_—4§‘-|-—_ -
N - BT  SETTTTT. rerTrea I e . - -“'<>
L o..,_( ________ °~ “o__..-- " --..--...__.. = - -““‘_.---- "y
..""Q"““ ""l-.o--""
| | | | | | | |
0 1 2 4 6 8 10 15 20 25
o2
2
(a)
Coverage Probabilities for ai =4,1=20, J=5.
T T T 1
= Probability Matching Prior, a=1, b=1.
L =+ = Jeffreys Prior, a=0.5, b=1.5.
-« Divergence Prior, a=0.25, b=0.75.

2

72

(b)
Figure 3.4: Coverage for (a) 612 = 1and (b) 612 =4.

35



CHAPTER 3. CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL

Coverage Probability.

Coverage Probability.

Coverage Probabilities for a'i =6, 1=20, J=5.

0.99 T T T T 1
= Probability Matching Prior, a=1, b=1.
0981 =+ = Jeffreys Prior, a=0.5, b=1.5. a
-«{- Divergence Prior, a=0.25, b=0.75.
0.97 — —
0.96 — —
0.95 —
__4___———*——————+______
0.93 —
0.92 —
091 —
09—
0.89 | | | | | |
0 1 6 8 10 15 20 25
o2
2
(a)
Coverage Probabilities for o’i =10, 1=20, J=5.
0.99 é T T T T
* = Probability Matching Prior, a=1, b=1.
0.98 =+ =Jeffreys Prior, a=0.5, b=1.5.
- Divergence Prior, a=0.25, b=0.75.
0.97 — -
0.96 — —
0.95 m—— m—
- ——t— - o
—_— - e Y e )
0.94 - o ..... T . T .o. ........................ .1>
0.93 — —
092 —
091 — —
0.9 — —
0.89 | | | | | |
0 1 6 8 10 15 20 25
o2
2

(b)

Figure 3.5: Coverage for (a) 67 = 6 and (b) 67 = 10.

36



CHAPTER 3. CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL

Coverage Probability.

Coverage Probability.

0.99

0.98

0.97

0.96

o
©
a

o
©
R

o
©
)

0.92

0.91

0.9

0.89

0.99

0.98

0.97

0.96

0.95

0.94

0.93

0.92

0.91

0.9

Coverage Probabilities for af =15, 1=20, J=5.

= Probability Matching Prior, a=1, b=1.
=+ =Jeffreys Prior, a=0.5, b=1.5.
=« Divergence Prior, a=0.25, b=0.75.

o
‘—__6_____——»
\ \ \ \ \ \
1 6 8 10 15 20 25
0_2
2

(a)

Coverage Probabilities for ai =25, 1=20, J=5.

= Probability Matching Prior, a=1, b=1.
=+ = Jeffreys Prior, a=0.5, b=1.5.
=« Divergence Prior, a=0.25, b=0.75.

0_2
2

(b)
Figure 3.6: Coverage for (a) 612 =15 and (b) 612 =25.

20

25

37



CHAPTER 3. CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL

Coverage Probabilities for o’i =1, 1=6, J=5.
T T T

0.98

0.97

0.96

1
= Probability Matching Prior, a=1, b=1.
=+ =Jeffreys Prior, a=0.5, b=1.5.

-«§ - Divergence Prior, a=0.25, b=0.75.

Eo.gs A
Q
_‘é‘ \
6: 0.94 \
()
o) \
®©
o @ e
3 093 . ~E o
(@) 5 ~
092 5 -
0.91 “-
o e g, o',o LT S R SN
0.89 ! ! ! ! ! ! ! !
0 1 2 4 6 8 10 15 20 25
2
72
(a)
Coverage Probabilities for ai =4, 1=6, J=5.
K \ \ \ \
0.99 - "Q = Probability Matching Prior, a=1, b=1.
S =+ = Jeffreys Prior, a=0.5, b=1.5.
0.98 A} -«§* Divergence Prior, a=0.25, b=0.75.
0.97
0.96
2
% 0.95
Q
=
o
& 094
@
[
>
8 o093 — -
0.92 —
0.91 o
"""""Q""""" ----- ----...,._......
0.9 "'--.q>
089 ! ! ! ! ! ! !
0 1 2 4 6 8 10 15 20 25
2

2
(b)
Figure 3.7: Coverage for (a) 612 = 1and (b) 612 =4.

38



CHAPTER 3. CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL

Coverage Probability.

Coverage Probability.

Coverage Probabilities for oi =6, I=6, J=5.

\ \ \ \ I
0.99 - 66 = Probability Matching Prior, a=1, b=1.
- K =+ = Jeffreys Prior, a=0.5, b=1.5.

008 - ««§+ Divergence Prior, a=0.25, b=0.75.
0.97 — —
0.96 — |
0.95
0.94 — —
093 - \
0.92 — -
0.91 BRI TR 7
09— """'---...,..-1>
0.89 ! ! ! ! ! ! ! !
0 1 2 4 6 8 10 15 20 25
-2
2
(a)
Coverage Probabilities for ai =10, I=6, J=5.
6 \ $ \ \ \ I
ol ¥ * — Probability Matching Prior, a=1, b=1.| |
=+ = Jeffreys Prior, a=0.5, b=1.5.
vosl ««§+ Divergence Prior, a=0.25, b=0.75.
0.97 — —
0.96 — —
0.95
0.94 — —
0.93 — —
0.92 — —
001 B T Q.. —
09 "'-.!»
089 ! ! ! ! ! ! ! !
0 1 2 4 6 8 10 15 20 25
o2
2

(b)
Figure 3.8: Coverage for (a) 67 = 6 and (b) 67 = 10.
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3.3.2 Simulation Study II

In this section, a simulation study will be conducted using various loss functions to compare the perfor-
mance of the probability matching, Jeffreys and divergence prior. The three loss functions that will be
considered is the well-known squared error loss, the absolute error loss and the LINEX loss function
first introduced by Varian| (1975)). For the squared error loss, it is well known that the Bayes estimator
is the mean of the posterior and under absolute error loss, the Bayes estimator is the median of the
posterior. The LINEX loss function is given by ¢ (& — o) = exp{c[&— o]} —c (& — o) — 1 for ¢ # 0.
The parameter c¢ serves to determine the shape of the loss function. The sign of ¢ represents the direc-
tion and its magnitude represents the degree of symmetry. It can be shown that the Bayes estimator
of o under LINEX loss is Gy = —LIn[Eq (exp {—ca})] provided that Eq (exp {—co}) exists and is
finite. In this simulation study we have selected the values of « for 67 = 6 and 05 = 2,3,6 and 8 for
I1=5J=6,1=5,J=20and I = 6,J = 6. The different values considered for ¢ in the LINEX loss
function are ¢ = —9,—5,0.5, 1. Additional results for this simulation study are given in Tables to
[A.3]in Appendix [A.8 The number of replications used was R = 10000. The simulation procedure is
as follows:

1. Since "5t ~ %7 we have that vim; = 6fx7, . Similarly

1
x% (ot +Jo3).

vomy
ol+Jo;

~ ?Cv22» it follows that vom, =

2. Simulated szl and XV22 values determine vim and vom, and these values are used to simulate
from the posterior using the fact that Z = n’% (1 — ) follows a truncated F distribution with
d fi = vy 4+ 2 —2a numerator and d f, = v + 2b + 2a — 4 denominator degrees of freedom over
the interval 0 < Z < n’%, where m; = % and my = % which are obtained using the simulated
values in step 1. If the probability matching prior is used, a = 1 and b = 1, and for the Jeffreys

prior, a = %, b = 2. In the case of the divergence prior, a = % and b = %. Therefore, the posterior
Zmy

for Cronbach’s ¢ is ot =1 — e

3. Determine the Bayes estimates for o under each loss function, repeat this R = 10000 times.

4. After estimation of the parameters, the Mean Relative Error (MRE), and the estimates were
determined to compare the methods of estimation. The Mean Relative Error (MRE) is defined

as

Tt
Q8

MRE (o) =* 2

The results of the simulation study are summarized and tabulated in Tables [3.1] [3.2] and [3.3] for
the MRE and the estimates of the three estimators for the chosen I, J, & and ¢ values. The best

method is the method that gives the value of MRE closest to one.
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Table 3.1: MRE and Estimates Using Different Loss Functions and Values for &« When I =5 and J = 6.

o = 0.6667
MATCHING [ JEFFREYS DIVERGENCE
MRE [EST |[MRE [EST |[MRE |EST
Squared Error | 0.9561 [ 0.6374 [ 0.9399 | 0.6266 | 0.9228 | 0.6152
Absolute Error | 0.9994 | 0.6662 | 0.9760 | 0.6506 | 0.9566 | 0.6378
Linex Loss ¢: -9 | 1.1671 | 0.7780 | 1.1385 | 0.7590 | 1.1208 | 0.7472
-5 [ 1.0971 | 0.7314 | 1.0699 | 0.7133 | 1.0515 | 0.7010
0.5 | 0.9385 [ 0.6256 | 0.9241 [ 0.6161 | 0.9074 | 0.6049
1]0.9203 | 0.6135 [ 0.9079 | 0.6053 | 0.8916 | 0.5944
o =0.75 |
MATCHING [ JEFFREYS DIVERGENCE
MRE |EST |[MRE |EST |[MRE |EST
Squared Error [ 0.9215 | 0.6911 | 0.9052 | 0.6789 | 0.8989 | 0.6742
Absolute Error | 0.9638 | 0.7228 | 0.9408 | 0.7056 | 0.9333 | 0.7000
Linex Loss ¢: -9 | 1.0759 | 0.8070 [ 1.0524 | 0.7893 | 1.0431 [ 0.7823
-5 | 1.0252 | 0.7689 | 1.0021 | 0.7516 | 0.9933 | 0.7449
0.5 ]0.9081 | 0.6811 | 0.8932 | 0.6699 | 0.8872 | 0.6654
1]0.8942 | 0.6706 | 0.8807 | 0.6605 | 0.8752 | 0.6564

o =0.8571 |

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE | EST MRE | EST

Squared Error | 0.9155 | 0.7847 | 0.9082 | 0.7785 | 0.9041 | 0.7749

Absolute Error | 0.9501 | 0.8144 | 0.9381 | 0.8041 | 0.9330 | 0.7997

Linex Loss ¢: -9 | 1.0009 | 0.8579 | 0.9884 | 0.8472 | 0.9830 | 0.8426

-5 1 0.9729 | 0.8339 | 0.9611 | 0.8238 | 0.9559 | 0.8194

0.5 | 0.9079 | 0.7782 | 0.9014 | 0.7726 | 0.8975 | 0.7692

11]0.8999 | 0.7713 | 0.8942 | 0.7665 | 0.8905 | 0.7633

| o = 0.8889 |

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE | EST MRE | EST

Squared Error | 0.9221 | 0.8196 | 0.9141 | 0.8126 | 0.9152 | 0.8135

Absolute Error | 0.9524 | 0.8466 | 0.9404 | 0.8359 | 0.9405 | 0.8360

Linex Loss ¢: -9 | 0.9873 | 0.8776 | 0.9763 | 0.8678 | 0.9746 | 0.8663

-5 1 0.9658 | 0.8584 | 0.9551 | 0.8490 | 0.9542 | 0.8481

0.5 ] 0.9163 | 0.8144 | 0.9088 | 0.8079 | 0.9102 | 0.8091

1 {0.9101 | 0.8090 | 0.9033 | 0.8029 | 0.9050 | 0.8044

From Table [3.1] we see that the MRE values are closer to one under the absolute error loss for
the probability matching prior for @ = 0.6667. The LINEX loss function seems to be doing well
when n ¢ is negative for the remainder of the cases in terms of estimating & and having the

MRE closer to one. Except for the case where o = 0.75, the probability matching prior provided
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the best estimates of & under each of the various loss functions considered in this simulation
study. The divergence prior mostly did not do well in estimating & compared to the probability

matching prior and Jeffreys prior.

Table 3.2: MRE and Estimates Using Different Loss Functions and Values for « When I = 6 and J = 6.

o = 0.6667
MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST
Squared Error | 0.9447 | 0.6298 | 0.9282 | 0.6188 | 0.9212 | 0.6141
Absolute Error | 0.9839 | 0.6559 | 0.9623 | 0.6416 | 0.9540 | 0.6360
Linex Loss ¢: -9 | 1.1412 | 0.7608 | 1.1156 | 0.7438 | 1.1051 | 0.7367
-5 | 1.0740 | 0.7160 | 1.0496 | 0.6997 | 1.0396 | 0.6931
0.5 | 09288 | 0.6192 | 0.9136 | 0.6091 | 0.9070 | 0.6047
109124 | 0.6083 | 0.8986 | 0.5991 | 0.8925 | 0.5950
o =0.75
MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST
Squared Error | 0.9176 | 0.6882 | 0.9074 | 0.6806 | 0.9028 | 0.6771
Absolute Error | 0.9555 | 0.7166 | 0.9410 | 0.7057 | 0.9353 | 0.7015
Linex Loss ¢: -9 | 1.0587 | 0.7941 | 1.0413 | 0.7810 | 1.0340 | 0.7755
-5 | 1.0109 | 0.7582 | 0.9946 | 0.7460 | 0.9879 | 0.7409
0.5 | 0.9058 | 0.6793 | 0.8966 | 0.6725 | 0.8923 | 0.6693
1| 0.8935 | 0.6702 | 0.8855 | 0.6641 | 0.8815 | 0.6612

o =0.8571

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9227 | 0.7909 | 0.9190 | 0.7877 | 0.9169 | 0.7859

Absolute Error | 0.9529 | 0.8168 | 0.9459 | 0.8108 | 0.9431 | 0.8083

Linex Loss ¢: -9 | 0.9957 | 0.8534 | 0.9872 | 0.8462 | 0.9836 | 0.8431

-5 1 0.9709 | 0.8322 | 0.9635 | 0.8259 | 0.9603 | 0.8231

0.5 | 09164 | 0.7855 | 0.9133 | 0.7829 | 0.9114 | 0.7812

1109098 | 0.7799 | 0.9074 | 0.7778 | 0.9057 | 0.7763

o =0.8889

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9330 | 0.8293 | 0.9307 | 0.8273 | 0.9292 | 0.8260

Absolute Error | 0.9589 | 0.8523 | 0.9538 | 0.8478 | 0.9516 | 0.8459

Linex Loss ¢: -9 | 0.9861 | 0.8765 | 0.9801 | 0.8712 | 0.9774 | 0.8688

-5 1 0.9680 | 0.8604 | 0.9628 | 0.8558 | 0.9605 | 0.8538

0.5 | 0.9284 | 0.8253 | 0.9266 | 0.8237 | 0.9253 | 0.8224

1 |0.9236 | 0.8210 | 0.9223 | 0.8198 | 0.9211 | 0.8187

From Table [3.2] we see the results are quite similar to the results from Table [3.1 where the Bayes
estimates under Absolute error loss provide the MRE value closer to one for o« = 0.6667 and for
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the rest of the cases the LINEX loss function provides the MRE values closer to one. Except
for the case where @ = 0.75, the probability matching prior provided the best estimates of o
under each of the various loss functions considered in this simulation study. Compared to the
probability matching prior and Jeffreys prior, the divergence prior did not produce good estimates
of o.

Table 3.3: MRE and Estimates Using Different Loss Functions and Values for « When I = 5 and J = 20.

o = 0.8696

MATCHING JEFFREYS DIVERGENCE

MRE | EST MRE EST MRE | EST
Squared Error | 0.9220 | 0.8018 | 0.9136 | 0.7945 | 0.9117 | 0.7928
Absolute Error | 0.9505 | 0.8265 | 0.9371 | 0.8149 | 0.9333 | 0.8116
Linex Loss ¢: -9 | 0.9944 | 0.8647 | 0.9817 | 0.8536 | 0.9770 | 0.8495
-5 1 0.9701 | 0.8435 | 0.9579 | 0.8329 | 0.9538 | 0.8294
0,5 | 0.9158 | 0.7964 | 0.9081 | 0.7897 | 0.9066 | 0.7883
1 10.9093 | 0.7907 | 0.9024 | 0.7847 | 0.9012 | 0.7837

o =0.9091

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9311 | 0.8464 | 0.9294 | 0.8449 | 0.9260 | 0.8418

Absolute Error | 0.9538 | 0.8671 | 0.9480 | 0.8618 | 0.9434 | 0.8576

Linex Loss ¢: -9 | 0.9800 | 0.8909 | 0.9735 | 0.8850 | 0.9691 | 0.8810

-5 1 0.9633 | 0.8758 | 0.9579 | 0.8708 | 0.9537 | 0.8670

0,5 | 0.9269 | 0.8426 | 0.9258 | 0.8417 | 0.9226 | 0.8387

1 |0.9226 | 0.8387 | 0.9221 | 0.8383 | 0.9191 | 0.8356

o =0.9524

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9583 | 0.9127 | 0.9575 | 0.9120 | 0.9558 | 0.9103

Absolute Error | 0.9723 | 0.9260 | 0.9690 | 0.9229 | 0.9666 | 0.9206

Linex Loss ¢: -9 | 0.9791 | 0.9325 | 0.9762 | 0.9297 | 0.9740 | 0.9276

-5 1 0.9718 | 0.9255 | 0.9694 | 0.9233 | 0.9674 | 0.9213

0,5 | 0.9566 | 0.9111 | 0.9561 | 0.9106 | 0.9544 | 0.9090

1| 0.9548 | 0.9094 | 0.9546 | 0.9091 | 0.9530 | 0.9076

o =0.9639

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9662 | 0.9312 | 0.9664 | 0.9315 | 0.9665 | 0.9316

Absolute Error | 0.9774 | 0.9421 | 0.9755 | 0.9402 | 0.9750 | 0.9397

Linex Loss ¢: -9 | 0.9807 | 0.9453 | 0.9791 | 0.9437 | 0.9783 | 0.9430

-5 1 0.9756 | 0.9403 | 0.9744 | 0.9392 | 0.9740 | 0.9388

0,5 | 0.9650 | 0.9301 | 0.9654 | 0.9305 | 0.9656 | 0.9307

1 ]0.9637 | 0.9289 | 0.9644 | 0.9296 | 0.9647 | 0.9298

From Table 3.3] the LINEX loss function provides the best Bayes estimates for ¢ = —9 using the
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probability matching prior. For ¢ = —9, the Jeffreys and divergence prior provide MRE values
close to one and also performs well in estimating ¢ in comparison to the corresponding Bayes
estimates under the Squared error and Absolute error loss functions. The divergence prior did

not estimate & as well as the Jeffreys prior.

3.4 Example

The following example is from Box & T1ao/(1973) which has to do with dyestuff data. The purpose of
the experiment was to learn to what extent batch-to-batch variation in a certain raw material was
responsible for variation in the final product yield. Five samples from each of six randomly chosen
batches of raw material were taken and a single laboratory determination of product yield was made
for each of the resulting 30 samples. In this example, I = 6 refers to the number of batches and J =5

denotes the number of observations contained within each batch. The data is given in Table [3.4]

Table 3.4: Dyestuff Data.

Batch 1 2 3 4 5 6
1545 1540 1595 1445 1595 1520
Individual 1440 1555 1550 1440 1630 1455
Observations | 1440 1490 1605 1595 1515 1450
1520 1560 1510 1465 1635 1480
1580 1495 1560 1545 1625 1445

From the data, we obtained vim; = ):llzl Zle (Yij— Y;)? = 58830 and

vomy =J 21{21 (Y, —-Y .)2 = 56358. From the results of the simulation studies involving the coverage
probability and the Bayes estimators, it is suggested that the probability matching prior be used to
analyze this data. The posterior distribution for o using the probability matching prior is given in
Figure [3.10] The Bayes estimates under the various loss functions are given in Table [3.5| where the
subscripts for & in the table, namely, SE, ABS and LIN denote the squared error loss, absolute error

loss and LINEX loss, respectively.

Table 3.5: Bayes Estimates of Cronbach’s Alpha for the Dyestuff data.

Osg OaBs | OLINc;=—9 | OLiNci——5 | QLiNc,=0.5 | OLIN ¢;=1
0.7670 | 0.8053 0.8377 0.8146 0.7603 0.7529

A 95% equal tailed credibility interval is given by [0.3139;0.9654], means that the probability is 0.95
that Cronbach’s alpha will be included in the interval. A 95% highest posterior density (HPD) interval
for o is given by [0.4339;0.9863]. The MATLAB code used for this example can be found in

Appendix
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Figure 3.10: Posterior Distribution of & Using the Probability Matching Prior, a = 1 and b = 1, for the Dyestuff
Data.

3.5 Conclusion

In this chapter, a number of objective priors for Cronbach’s alpha have been derived. The reference
prior for the group ordering {Oc, 0, 612} was shown to be the same as the probability matching prior
when Cronbach’s alpha is the parameter of interest. For the group orderings {a, 0,0}, {6,072, a},
{6, , 612}, {612, 0,a} and {612, o, 0}, the result for the reference prior remained the same as the result
for the group ordering {Oc, 0, 612} . The probability matching prior, Jeffreys prior and divergence prior
were compared using a simulation study involving their coverage probabilities. The simulation study
showed that the probability matching prior outperformed the Jeffreys prior and the divergence prior
in terms of the coverage rates obtained. The divergence prior performed the worst in terms of its
coverage rates which were either larger than the nominal rate or smaller than the nominal rate of 0.95.
The second simulation study showed that the LINEX Loss function mostly performed the best with
its ¢ parameter equal to —9. It also showed that for ¢ = —9 and if the probability matching prior is
considered then the best estimates for Cronbach’s alpha were obtained and the Mean Relative Error
values were close to one. The Jeffreys prior did quite well in some cases but the divergence prior
performed the worst in both of the simulation studies. It is recommended that the probability matching
prior be used for the Bayesian analysis of Cronbach’s alpha and to also use the LINEX loss function

with ¢ = —9 to obtain the best estimate of Cronbach’s alpha.



Chapter 4

Combined Bayesian Estimates for Cronbach’s
Alpha

4.1 Introduction

In Chapter 3] a balanced random effects model given by

Y,-j:6+r,~+£,~j fori=1,..land j=1,...J, “4.1)

was considered and objective priors for a single Cronbach’s coefficient alpha were derived. Van Zyl
(2001) considered p normally distributed random variables with equal variances and zero means. The
combined Bayesian estimation of more than one Cronbach’s alpha with possibly different variances
was derived by |Van Zyl (2001)) using a uniform prior. In this chapter the combined Bayesian estimation
of Cronbach’s alpha is considered. The priors that will be considered are the reference prior by |Berger
& Bernardo| (1992)) and the probability matching prior using the method by Datta & Ghosh| (1995).
Since our model is the one-way balanced random effects model, the assumption of equicorrelated
normal data is satisfied. Our approach is therefore different from the method of |[Van Zyl (2001) who
had to make the assumption of equicorrelation and Van Zyl (2001) only considered a uniform prior.
The work is therefore an extension of the work done in Chapter [3| and also an extension of the work
done by Van Zyl (2001) .

4.2 The Likelihood and the Fisher Information Matrix

From Chapter 3] it was shown that the likelihood function, in terms of Cronbach’s alpha is given by

47
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—_

_1 v 1
(e, 8,02 |data) < (62) 2" (1 - )3 x

1 _
exp{—ﬁ [IJ(Y” — 0 (1— &) +voma (1 — ) +v1m1] } , 4.2)
i

where ¥, = 3 Y0 Y Y. = S X X0 Yipovim = Xl X (Vi —Yi) 2 vamy = T X1 (Vi =Y )2,
vi=I1(J—1)and v, =1—1.vym is the within group sums of squares and v,m; is the between groups
sums of squares.

In the case of m experiments with equal & but possibly different variance components, if we denote
0 = (a, 9(1), s o(m) , 612 (1), - 612 (m) ) , the likelihood defined in Equation can be extended to

ml | —5(I+v) 13 1
((8|data) = (1 — )" {H(cf”)) : }exp{—iz " [vzmé”(l—anmY’]} (4.3)
1

=1 =10
(RS 1 vall 1 2
xexp{_iz_zm (700 (l—oc)]},
I=1 O]
h Y ) ) () _ Y() d () _
where ]Zj 1 z] > Ll UZ 1ZJ 1 l] ’Vlml 12 ( ) and vom,

JZi:l(_i. - Y.@)z-
When deriving objective priors, the Fisher information is needed. Therefore the Fisher information

matrix will be derived in the following theorem.

Theorem 4.1. The Fisher information matrix for the ordering {o,01), ..., 9(’”),612(1) ...,Glz(m)} is

Y

given by the following (2m+ 1) x (2m+ 1) matrix

F <oc,9(1),...,9(’”),612(1),...,612('")> =

L The row vector

where Fj| = ﬁ.

FIZZ

1 1
0---0
2(1 _a>2612(1) 2(1—05)2612('")]
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- o D 0
consists of 2m elements and Fip = F2/1~ Fr = 1 D where
22
[ — 0 0 |
2(1)
0}
1
0 . 0 0 0
Dyp=l(1-a)| O 0 ﬁ 0 -~ 0
1
0 0 0 !
i or" |
and
_ { .
(612(1)>2 0 0 0
1
0 oz 0 0
(1)
1J 1
Dy = > 0 0 o2 0 0
()
0 0 0 <62<m)>2
L 1 _

D11 and Dy, are both m X m diagonal matrices. 0 is a m X m matrix of zeros.

Proof. As in the case of the Jeffreys prior, the derivations of the reference and probability matching
priors are based on the Fisher information matrix. Differentiation of the log likelihood function twice
with respect to the unknown parameters and taking expected values give the Fisher information matrix.

From Equation 4.3| the log likelihood function is obtained as

L=logl <OC, 9(1)7 " Q(m)vclz(lx _..,Glz(m))

ml 1 1 1 i )
o 7log(l —o)— 5 (I+VI)IZ:1 (clz(l)> _ EZZI 0 {IJ (Y.@ — 9(1)> (1-a) _|_v2m§l) (1—a) +v1m(1[)
- =10
oL (I4vy) 1 0 a2 0 0
8612(1) 2(c?)¥) 2(62(1))2 {U <Y-~ —0 ) (1=a)+vomy’ (1 —o)+vimy
_ 2
oL _ —ml i 1] <y§l> —60) 4 yml)

da 2(1-a) ~ 5520
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J°’L I+ 1 _ 2
; = Ao L [u(x@_w) (1= &)+ vom® (1 - &)+ vym®
(8612(1)> 2(0, ) (o)’
L (-
(0602 G20
2L EFY-e)(1-a) L
dopd6( (6202 960907
J°L 1 _ 2 J°L
S 0 _ g0 O] —
9590 2(612(”)2[J(Y“ ° )+V2m2] daac’?)
2L —(FW-e") 92
20900 20 ~0000a
From the above it follows that
£ 0%
(90) (957"
{0 e o)
2(0y )?
0 2(1) 2(1)
= ;(l) kd ) o = 2(1)61 [14v2)]
2(0; )2 [ 1= I=a] 2c)")2(1-0a)
B I
2(1—06)612(1)’

_ (/+v1) + 1 —E (”<‘(1)_9(1)>2)(1—a)+E(vzmgl)>(1—O£)+E(v1mll

G20 520

o 2(1)
= — + (1—o)+v——(1—a)+vic
2(0-12(1) 2 (612(1))3 _I—OC -« !

)
1 1
— 0 {1—1—1}1—1—1/2—5(1—1—\/1)]

1
1+IJ—1—§(IJ)} sincevi=I1J—ITandvi+v, =1J—1
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where [ = 1,2, ...,m. Finally

220 _ J(l-a) 0%\ _ I o _ k24 _ .
£ ((ae<1>)2) = ((aa)2> BECET <W> =F (W) = 0for 7.

2
The Fisher information matrix follows from these equations. []

4.3 Prior and Posterior Distributions

4.3.1 Probability Matching Priors
The probability matching prior where o is the parameter of interest is derived in the following theorem.

Theorem 4.2. By making use of the properties of partitioned matrices, the probability matching prior

for o is obtained as

TpMP <OC, o) ..ot (712(1), ...,Glz(m)) o< (1— a)—l HGI*Z(I)‘
=1

Proof. The inverse of the Fisher information matrix is F ! (oc, 9(1), ey 0(’"), 612 (1), ey 612 (m) ) . Denote
it by
Fll F12 F1,2m+1
FZl FZZ . F2’2m+1
F~'(0)=
F2m+1,1 F2m+1,2 . F2m+172m+1

The parameter of interest is 7 (@) = a which means that

d d d
V,(O):[wf(e) mf(e) —aGIZ(m)t(e)
/
:[1 0 .. 0}.
. . . : . . Fy Fi
To get the inverse of the Fisher information matrix, we partition F'(0) as follows: F(0) = P
21 I

where the partition is defined in Theorem {.1] The following result from [Sahai & Ojeda (2004) states

that the inverse of the partitioned Fisher information matrix F(0) is given by

Fll FIZ

-1 o
F(8) = F21 p22

I

~ ~ T I e - B T T EPVRUUE S 1~ e Lo~ 1~ 1
where F!' = (Fi — FioFy, ' Bor) F'2 = — (Fii — FaFy ' Fat)  FioFy', F?' = =y By (Fiy — FioFyy ' Fon )
and

F?2 — F2_21 —|—F2_21F21(F11 —Flzﬁz_zlﬁzl)_lﬁlzﬁz_zl.
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o ml
Now Fiy =37 7 and
FioFy'
0
0
2(1 2(m)
— |o-. o " 0
J(l-a) J(1-a) /
207 (1-a)
;
207" (1-a) |
. ml
J(1-a)?
Therefore
o 5 o melp ]
F'' = (Fi—FoFy,'Fy)
-1
_ ml ml
21—a)? J(1—a)?
-1
. ml {J—Z}
(1—a)* | 2J
2J (1 —a)?
ml(J—2)"
Now
g L
F12 = _<F11_F12F22]F21) F12F221
_2J(1—a)2 0.0 612(1) GIZ(m)
- omIi(J-2) Jl-—a) J(1-a)
— o 0—2(1—05)012(1) —2(1—05)012(’")
- ml (J —2) ml (J —2)
Now
V?(B)F*I(B)Z[FU Fl2 .. Flvz’”“]:[ﬁnﬁn},

and V, (0)F~1(0)V,(8) = F'! = F!!_ Therefore there is no need to determine the complete inverse

of the Fisher information matrix to be able to derive the probability matching prior in this case.
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Further \/V, (8) F~1(8) V: (8) = VFTT = (1- @) | /52 and

v,(6)F'(8)
Vi (0)F-1(8)V,(8)
| M(8) Mm(8) - Mt (8)Ti2(8)- Mans (6) |

n'(0) =

_ 11 . Flm+2 o Fl2m+l
- [ VFTT 0 0 i L ]
_ ;“ [Fllﬁlz]
_ 7 Fl12
A
Now
F12
M2(0)-- N2my1(0)] = 71l
_ | . 0“‘0—2(1—05)012(1)”.—2(1—05)612('")
(1—a) ml(2JJ_2) ml (J —2) ml (J —2)

[()...0 _\/5612(1) _\/ZGIZ(m) ]
Jml(—2)  \Jml(J—2)J

Therefore

/ . 2J —\/50'2(1) _\/EGZ(m)
10 = |1 o 0 e v

By using the prior 7 (0) o< (1 —a) "' i 61_2(1) it follows that

2m+1 p]

Y. 5 (m(®)m(8)}=0.

i=1

Therefore
m

TTpmp ((X, 9(1)7“'7G(m)7612(1)7"'7612(m)) = (1 N a)_l HGIZ(Z)
=1

is a probability matching prior for the parameter .

] |

|
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4.3.2 Reference Priors

Theorem 4.3. The reference prior for the ordering {, o), ..M

R (a,e(])"__79(’”),612(1)"”7612(’")> o (1 _a)leG—Z(l)'

Proof. To calculate the reference prior for the ordering {«, 9(1), . gm ,

) 0-12(1)7.”70.12(770}7
hy = Fiy — FioFyy' By
must first be calculated. As shown Fj; = ja)z ,
- 1 1
Fr=10---0 ’
2(1—a)?oV  2(1—a)et™
% Du 0 1 m ; > 1 g
and F>, = oo | Therefore h; = = (I—%) which means that 7 (@) o< h} = 1. Since
22 B
the Fisher information matrix does not contain 8(!, ..., (")
m
T <9(1)’ ,g(m)> — Hp (9(1)) ’
I=1
where

T <6(l)) oc constant,

To derive the reference prior for (712 (l), the matrix H = F| — F}5F,; 1Fz*1 must first be obtained. The

submatrix F}| is a (m+2) x (m+2) matrix that consists of the first (m +2) rows and the first (m +2)
columns of the Fisher information matrix. Therefore

[ I D S
(1-a)’ 0 0 0 2612(])(1—06)
o HEoo 0 0
1
1J(1—a)
0 0 62(2> e () O
= . ! .
. IJ(l‘—oc)
0 0 0 2 0
___r _J
2670 (1—a) 0 0 0 2(012<1>>2
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[ —I DY —I ]
2(1-a)ot? 2(1—a)o™
0 e 0
Further F, = : : . F5is a (m+2) x (m— 1) matrix that consists
0 0
I 0 e 0 |
of the first (m+2) rows and last (m — 1) columns of the Fisher information matrix. Also F}; = F,
S VA
2<612(2))2 0
and F, = : : isan (m—1) x (m— 1) diagonal matrix consisting of the last
0 1J
2(o")

(m—1) rows and last (m—1) columns of the Fisher information matrix. From this it follows that
Hy, Hyp -+ Hippo
Hy; Hy, - Hypm

—1

Hyi21 Hpy2r 0 Hpiomio
1
Since 7 (67) o< hZ,, it follows that the reference prior for o} Wis <612 (1)) o< —7.Similar for the
!

other variance components. Therefore
iR <a,0(1),...,G(m),alz(l),...,clz(m)> <(1—o)! Hcfz(l)
I=1

is a reference prior. [

It is therefore clear that the probability matching prior and reference prior are the same.

4.4 The Posterior Distribution of o

The parameter of interest is Cronbach’s alpha, therefore the marginal posterior distribution for o will

be derived in the following theorem.

Theorem 4.4. The posterior distribution of o is given by

m m —L—1
n(a|dam)o<(1—a)z“‘l)‘ln{(vzmg”(l—a)+v1m(1”) o )}. 4.4)
=1

Proof. By multiplying the likelihood defined in Equation by the reference (probability matching
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prior), the joint posterior
m | —3(17+2) 1& 1
7 (O1data) = (1- )"t 1{H(fff(”) 2 }exp{—zZ 2 [Vzmg)“—“)“'mm
1
1 & 1 _ 2
-y @0 _ g0 —
xexp{ ) ) [11(1/“ 0 )(1 a)}}

is obtained. Consider

%4 0'12(1)
RN AIED)

From this it follows that

m mn L+ 1
7 (8|data) o< (1— a)TI_l {H (GIZ(I)> 2 }exP {_5 )3 2(1) [vzmg) (1-a) +v1mgl)} }
1

=1 =10
Further
m ) 1 m
20y) 72 Iy ! 0 o1\, 20
-5 l—o d
11;11{/0 <G] > exp 21:21612(1) [vzm2 ( ) +vimy } o,
-
_ﬁ ( 2 )2(” 1)F<IJ—1)
1| \vamd) (1= @) + vy 2 )
and

4.5 Examples

4.5.1 Example 1

Two samples are obtained from random-effects models. The sample values for the first sample are
yim{!) = 414.0005 and v,m{" =297.2577 and for the second sample vim'® = 328.4378 and
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vzmgz) =126.7261. Also I =20 and J = 6 for each sample. The variance components of the first
random-effects model are 612 W — 4 and 0'22 ('~ 1 and for the second model 0'12 @ —3and

622 @)~ 0.75. Although the corresponding variance components of the two models differ, they have
the same Cronbach’s alpha coefficient namely, o = 0.6. By using Theorem [{.4] the posterior

distributions of ¢ are obtained and are displayed in Figure 4.1 and Table 4.1}

Table 4.1: Central Values, Variances and Credibility Intervals for the Posterior Distributions of c.

Mean | Median | Mode | Variance 90% CI 95% CI

Combined | 0.6469 | 0.6550 | 0.673 | 0.0080 | (0.503-0.788) | (0.467-0.809)
1% Sample | 0.7128 | 0.7250 | 0.752 | 0.0101 | (0.556-0.858) | (0.506-0.883)
ond Sample | 0.4773 | 0.4940 | 0.538 | 0.0286 | (0.197-0.749) | (0.123-0.772)

Posterior Distributions of Cronbach's Alpha

(7)) 4 — Combined
8 - - 1st Sample
5. 2nd Sample
-
Q L
-
B
o
o 2
i)
[ .
9
UJ L
: 1 \\\\\\\\\\\
D- A \)
O nmumm\\m\\\\\\\\\\\\

Figure 4.1: Posterior Distributions of Cronbach’s Alpha.

Inspection of Figure .1 and Table d.1] shows that for the combined sample the central values are all

near 0.6. Also, the variance is less and the credibility intervals are shorter than those for the individual

samples.

By making use of sufficient statistics vlmgl) ~ 0'12 m szl and vzmgl) ~ 622 m Xv22 and also that vlmgz) ~

612 @ szl and vzmgz) ~ 622 @ Xv22 a 100000 first sample and a 100000 second sample observations are

simulated. For the posterior mean the following are calculated

MSE| = Mean [(PosteriorMean —0.6)°
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and P; = Percentage M SE that is the smallest. Also for the posterior mode
MSE, = Mean |(Posterior Mode — 0.6)2]

and P, = Percentage M SE, that is the smallest. The results are given in Table

Table 4.2: A Comparison of the Results for the Combined, First and Second Samples.

’ \ MSE; \ P, \ MSE, \ P \ 95% Coverage \ Mean Length ‘

Combined | 0.0119 | 37.29% | 0.0109 | 30.06% 94.20% 0.4022
1% Sample | 0.0220 | 31.49% | 0.0251 | 35.06% 95.09% 0.5431
2"? Sample | 0.0222 | 31.22% | 0.0250 | 34.88% 94.96% 0.5426

The credibility intervals are H.P.D intervals. The frequentist coverage of the intervals are for all
practical purposes 95%. The mean interval length for the combined sample is shorter than that for
the individual samples. MSE| and MSE, for the combined sample are also much smaller than the

corresponding values for samples 1 and 2.

4.5.2 Example 2

In this example the two-sample case is extended to three samples. Consider 612 m 4, 622 -

1,60% =3,62% =0.75, 67 = 5 and o7
Sample 1: vim!") = 349.9693 and vom") = 151.5623
Sample 2: vim?) = 274.5413 and v,m? = 100.2209
Sample 3: vim'” = 386.3027 and vom” = 220.3655.

The posterior density functions of « are illustrated in Figure 4.2

= 1.25. The sample values are
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_Posterior Distributions of Cronbach's Alpha
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Figure 4.2: Posterior Distributions of Cronbach’s Alpha.

and in Table .3 important statistics are given.

Table 4.3: Central Values, Variances and Credibility Intervals for the Posterior Distributions of & in the Case of
Three Samples.

Mean | Median | Mode | Variance 90% CI 95% CI

Combined | 0.5783 | 0.5840 | 0.5990 | 0.0075 | (0.425-0.708) | (0.389-0.728)
15" Sample | 0.5285 | 0.5460 | 0.5880 | 0.0251 | (0.252-0.765) | (0.182-0.803)
ond Sample | 0.4525 | 0.4670 | 0.5120 | 0.0299 | (0.168-0.737) | (0.067-0.766)
3rd Sample | 0.6388 | 0.6540 | 0.6880 | 0.0159 | (0.423-0.922) | (0.361-0.843)

As in the previous example the sufficient statistics are used to simulate a 100000 observations for

each of the three samples. The results are given in Table 4.4

Table 4.4: Comparative Results for the Combined, First, Second and Third Samples.

| | MSE, | P | MSE, | P, [ 95%Coverage | Mean Length |

Combined | 0.0079 | 34.87% | 0.0071 | 37.31% 94.75% 0.3302
1 Sample | 0.0221 | 21.70% | 0.0253 | 21.19% 95.03% 0.5431
2" Sample | 0.0220 | 21.67% | 0.0251 | 20.89% 95.07% 0.5435
3" Sample | 0.0222 | 21.76% | 0.0254 | 20.61% 95.07% 0.5430

Inspection of Table |4.4] and also from the results of the previous example it can be concluded that
the posterior distribution of o for the combined sample becomes more important as the number of

samples increase since the mean square error is the smallest when the combined model is considered.
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4.6 Conclusion

In this chapter the combined Bayesian estimate of o for m experiments with equal o but possibly
different variance components are derived. Since the model considered is the one-way balanced ran-
dom effects model, the assumption of equicorrelated normal data is satisfied. Our Bayesian results are
therefore different from those of |[Van Zyl (2001) who had to make the assumption of equicorrelation.
Reference and probability matching priors are derived in Section They lead to procedures with
properties that frequentists can relate to while still retaining Bayesian validity. The fact that the result-
ing Bayesian posterior intervals of level 1 — 3 are also good frequentist intervals of the same level is a
very desirable situation. It is also shown that the reference and probability matching priors for o are
the same. The Bayesian theory and results derived in Sections 4.3]and .4] are applied to two examples
in Section[4.5] The frequentist coverage of the credibility intervals are for all practical purposes 95%.
The intervals for the combined sample are however much shorter than those of the individual samples.
Also, the point estimates of the combined sample are more accurate. It is further concluded that the
posterior distribution of & for the combined sample becomes more important as the number of samples

increase.



Chapter 5

Cronbach’s Alpha for a Three-Component
Model

5.1 Introduction

This chapter is an extension of the work done by [Tzally et al|(2024) and the work done in Chapter 3]
The work done in this chapter will focus on deriving objective priors for Cronbach’s alpha where the
balanced two-factor nested random effects model by Van der Merwe & Hugo| (2007) will be used. In
[zally et al.| (2024)), the one-way random effects model defined in Equation was considered, where

it was shown that the covariance matrix is given by

2 2

[ <2 <2
oy +0y 0; 03 03
2 2, 42 2 2
c? ot+o; o7 ... O3
r= o5 ... of4+o0} -+ 03
2 2 2 2, 52
o o o . ol+to
| 9 2 2 11702 |,

and is also compound symmetric. By definition, Cronbach’s alpha is given by

a=(,f1){1—”f%f>}

__of
ol +Jo3
E (Within-Mean Squared Error)
E (Between-Mean Squared Error)’

S.D

where Iis the J x J identity matrix and 1 =1 1... 1]/ isaJ x 1 column vector of ones. The definition
of Cronbach’s alpha in Equation [5.1]will be used in this chapter to extend the work done by [Tzally et al.

61



CHAPTER 5. CRONBACH’S ALPHA FOR A THREE-COMPONENT MODEL 62
(2024). Consider a three-component hierarchical variance components model
Yijk =60 +ritcij+E&jk fori=1,..land j=1,..J,k=1,..K, (5.2)

where the mean effect 6 is unknown. The r;, ¢;; and §;j; are independent normal variables with zero

means and unknown variances 632, 622 and 612 respectively. Let
!
Y = [Yi11 Yio... Yk Y1 Yoo Yo Yint Yz Y] -

It can be shown that

117 0 0
Var (Y|0,07,05,05) =11'05+05 | 0 11" 0 |+o7l,
0o o0 11

where I is the JK x JK identity matrix, 1=[11... 1], isaJK x 1 column vector of onesand 1 =[11... 1]/

is a k x 1 column vector of ones. If we let J/ = 3 and K = 2 then the covariance matrix is given by

[ 62+02+02 o+l o3 o3 oA oA
0;+07  ol+07+07 oy o7 o7 o7
. o7 o7 ol+0;+07 oOi+o07 o o
o7 o2 0;+0; o}+o03+07 o3 o5
o7 o7 o7 o7 ol+0+0; O3 +07
I o7 o7 o7 o7 0;+0; 0l+0;+03

Cronbach’s alpha is defined by

a*:L){l_M}

(JK—1 1,21y
__JK ], JK (o} + 05 +03)
- (JK-1) JKo} + K263 +J2K?03

_ JK ((K-1)o3+(JK—1)03
-~ (JK-1) o} +Koj +JKoj '

The covariance matrix is not compound symmetric and therefore the expression for Cronbach’s
alpha is not easy to work with. Cronbach’s alpha will therefore be redefined such that the likelihood

function for the hierarchical model can be expressed in terms of Cronbach’s alpha to make it easier to

16x6
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derive objective priors for the hierarchical model. Define Cronbach’s alpha using Equation |5.1| by

E (Within-Mean Squared Error)

oa=1-
E (Between-Mean Squared Error)
of

=== 2 2

o; + Ko5; +JKoj

Ko3 +JKo3
=2 +2 3. (5.3)
o; + Koy +JKo3

In this chapter a number of objective priors for Cronbach’s alpha in the case of a balanced three-
component hierarchical model will be derived. The following objective priors will be investigated:
the well-known Jeffreys prior (from [Jetfreys, |1939), a reference prior (see Berger & Bernardo, 1992
and Berger et al., [2009), the probability matching prior using the method proposed by Datta & Ghosh
(1995) and a divergence prior developed by (Ghosh et al. (2011)). A reference prior for the group
orderings {@,07,05,0}, {a,07.0,05,}, {,0,0%,05} where a is considered the most important
parameter in each case, will be derived using the algorithm in|Berger & Bernardo (1992). The marginal
posterior for o will be derived using the different priors and a simulation study will be conducted where
the frequentist coverage rates, the average interval lengths and the standard deviation of the interval
lengths will be computed to compare the different priors. In Section the priors and posteriors are
derived, a simulation study is considered in Section [5.3] and two examples are considered in Section

[5.4] Concluding remarks are given in Section [5.5|and all the proofs are provided in Appendix C.

5.2 Priors and Posteriors

In this section, the likelihood, priors and posteriors are derived. By using the results given in Box &
Tiao| (1973)), the integrated likelihood can be written as

_u n 1
0(8,01,03,05|data) =< (0f) * (of +Ko3) * (of +Koj +JKo3) 205+l

{ 1 IJK (Y — 9)2 V3ms3 Voo V]I”I’l]] }
eXp _5 ;

o+ Ko;+JKo} ol+Koj+JKo; ol+Ko; of
where ¥ij = £ X0 Y, Vi = e Xio Xic Yo, Y= g Licy e Doy Yk
vimy = Yi_ Yoy Yy Y —Yij)? vamy = K Y (Vi — ¥ )2, vams = KI Y] (Vi —Y.)?,
vi=I1J(K—1),vy=1(J—1) and v3 = I — 1. By integrating the multivariate normal density from
Equation with respect to the random effects, r; (i = 1,2,...,1) and ¢;;(j = 1,2,...,J), the integrated

(5.4)
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likelihood can be obtained. Using Equation [5.3| we have

2
o
l—a 1

o} +Koj +JKoj'

64

therefore the likelihood function can be written in terms of Cronbach’s alpha. The likelihood can be

shown to be

vV

1

(6,01,03, a|data) < (07) Lvi4v3+1) (624 Ko?) T (1-a)btot)

UK. -0)*(1—a)

ox 1 v3ms (1 — OC) %) (1%) n vimy
P12 o} o} ol+Ko; of ||
(5.5)
Using the likelihood function, it can be shown that the Fisher information matrix is given by
'IJKS;a) 0 0 0o |
1 (itvs+1) v2 VoK (v3+1)
2 2 2 2
F(6,02,062, ) = 2(o?) ;(612+K022) 2(012+ch§) 2(1-a)oq (5.6)
0 V2 5 nK 5 0
2(o%+Ko3) 2(0%+Ko3)
0 (v3+1) 0 (v3+1)
i 2(1-a)ot 2(1-a)* ]
The Jeffreys prior is given by
_1
n(8,06%,07,a) o (63)32(1—a)"V/? (Ko +07) 2. (5.7)
The divergence prior is given by
_1
mp(0,07,03,a) < (67) /(1 —a) /* (Ko3 +07) *. (5.8)

The reference prior for the group ordering {oc, 612, 622, 0} is derived in the following theorem.

Theorem 5.1. The reference prior for the group ordering {Oc, 612, 622, 9} is given by

2 2 2\ 1 -1 2, ~2\1
mr (a,01,05,0) < (0f) (1—a)  (Kos+o7) .
Proof. We are interested in the reference prior for the group ordering {Oc , (512, 622, 6} which means
that o is the most important parameter and 6 is the least important parameter. In order to derive the
reference prior, the inverse of the Fisher information matrix is needed. Let S(8) = H~! (0) where H
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1s the Fisher information matrix.

A
Ax
Az
Agp

S(a,0t,03,0)

Now

2(1—a)’(mfntl)  —2(of)(1-a)

2(612)(1706)

n K
—2(o?)’
v K
" (K0'22+0',2)2

vi(v3+1) 1
Vi Vi
2(o?)(1-a) —2(?)’ 2 (o)
K viK K2 Vi
0 0

V2

0
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0
0

0

2
Oj

UK(1—a)

Define the truncated ranges for the 4 parameters as o € [a;,by], 0 € [c;,d)], 67 € [e;, f;] and 05 €

[gl,hl] s where ¢; — —o0o, by — 1, dl,fl,hl — oo and ay,e; gy — 0. Now

and

]’ll = H] EA;II

1(J=1)
20(1—a)*

hy = (Ayy — B,H\BY) .

Now S| is the upper left Ny x Ny corner of S. We have m = 4 groups withn; =1, ny =1,n3 =1 and

n4 = 1. This implies that S is the upper left 1 x 1 corner of S, that is

¢ C2(1—a)*(vi+vi+1)
! vi(v3+1)
Therefore |
Hy =5 = 4 (2V3+ )
2(l—a)“ (vi+v3+1)
and )
—2(07)(l—o
gy 2loD(-a)
Vi
Hence
—1
, 2(62) [(—2(c))(1-a)\ 1(-1) [-2(c?)(1-a)
2= -
Vi Vi 27 (1 —a)? Vi
~ (v3F+vi+1)
2(ot)’
Also

hy = (As3 — BsHyBS)

1

where S, is the upper left N, x N, corner of S. Now N, = n| 4+ ny = 2. Therefore S, is the upper left
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2 x 2 corner of S, that is
2(17(1)2(V1+V3+1) 72(612>(17(X)
S, = vi(v3+1) Vi

—2(0?)(1-a) 2(c?)’
Vi Vi
Now
(va+1) (v3+1)
_ 21-a)>  2(o?)(1-a)
H2 == S2 - V3+1) ((V]I+)V3+1)
2(012)(1—06) 2(612)2
and
2
S CRE TR
Therefore )
2(o})
BiH By = 1
3273 K2
So
-1
o 2 (012)2+(K622+612)2 2(d})’
37 K? 2] ) viK?
_ V2K2
2(ko3 +07)”
Now

hy = (Ags — B4H3BY) ™'

where S3 is the upper left 3 x 3 corner of S, that is

21— (vi+v3+1)  —2(0f)(1-a) 2(0})(1-ax)
v](V3+1) V1 K
—2(c?)(1-a) 2(c2)’ ~2(c?)’
S3 = 9 Vi ) ) K )
2(of)(1-a) -2(o?) 2 (o7) n (Ko3+07)
K viK K? V1 %)
Now
_ -1
(v3+1) (v3+1) 0
2(1—a)? 202(1-a)
(r3+1) v (vitvs+1) Kv,
20i(1-@)  2(ko?+o?)’  2(02)’  2(Koi+o?)
0 Kv) K2v2
Z(Kczz—i-o]z)z 2<K622+O'12)2

66



CHAPTER 5. CRONBACH’S ALPHA FOR A THREE-COMPONENT MODEL 67

Now By — [A41 A A ] - [ 000 } Therefore B4H3B/, = 0. This implies that

_ VK (1 - )
hy=A;l =—""~_ 7/
4 44 612
The four functions
o 1(J—1) . ~ (vatvi+1) _ nK? ., _UUK(1—a)
1_—2’ 2_#a 3_ﬁa 4_—2
2] (1-a) 2(o?) 2(Ko3 +of) o

are the functions needed to derive the prior. During the iterations, first the truncated conditional func-

tion of 0 given «, 612 and 622 can be computed as

m} (0|, 6%,07) =

1
— f <0<d
(dj—ci) =T
Now
E [1og {1(8)}?]
oc/dIZO {(K62+62)_]} ! de
a § 2 (d—«c)
_ 2, 2\~
_log{(K62 +o7) }
Therefore,

T} (6]a, 612,622) exp {E [log{hg (9)}%} }
fg};l exp {E [log{h3 (6)}%] }d622
B ﬁexp{log{([(ozz+512)—l}}
g’exp{log{(KGzz—f—Glz)*l}}dGZz
K (Ko?+a2)"'

- (d—c1) <Khl+0'12>
lOg Kgl+612

né (622,9\05,62) =

for g; < (722 <hjandc; < 06 <d.




CHAPTER 5. CRONBACH’S ALPHA FOR A THREE-COMPONENT MODEL 68

The function, Ay, is now needed to determine E [log {h, (6)}%}

E [1og {h2(8)}?]

2 2\~ 1
. /d' /h’—zog(of) K_(Kostoi) o240
a Jg (di—ci) (Khz_H’lz)
1 J& log Kerto?
/ Kh+of
KK~ ‘98 kgro?

d
_ [ _ 2
_/Cl log (o}) (d;—¢)) log <Khl+0'12>

Kgi+o}

=log (612) -
Therefore

7, (62,0]a, 02) exp {E [log {hz(e)}%] }
fe{/ exp {E [log {hy (9)}%} }dclz

75 (0f,03,0|a) =

K (ka3+a)) (o)
(B=) tog (gt ) 1 (o7) " dof

K _(koi+op) (of)

s (s ()

The function, A1, is now needed to determine £ [log {h1(0)} 2] in order to proceed with the iterative

rocess to determine 7! (o0, 02,62, 0) . We have
p 1 I R

E [10g {1 (8)}?]

“1 -l
. /d’ / " g1 —ayt K _(Kor o) (00) 224
c Jgr Je (dl_cl)l Khl—+0-12 l fi 1
08 Kg+o} 08 \ &

fi K (K62+62)71 (62)71
= (dj—c;)log(1—o)~! 2l L d62do?
/ /g ) l g ) (dl Cl) I 2 1

—log(1—a)".
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Therefore,
1 L, ) (of,03,60|a) exp{E [log{hl(e)}ﬂ}
m (o.0f.02,6) = P exp {E [log{hl (9)}%} }da
a

_ Kk (ka3to)) ' (of) (1-a)!
(di—ar) log <§Zj—igg> log (g) r(1-a) da
& (keio) () -
(d =) log <§Z—ig§) log (g) log (%:Z;) |

Finally

) )
g (a,0,07,05) o< lim 7 (,0¢,03,6)

I 2 2
I=e 71} (0, 07y, O3, 60)

o (Ko?+0?2) " (o2)  (1—a)",

where p, 90,(7120 and 6220 are the four inner points in the ranges of the parameters. O]

The reference prior for the group orderings {c,67,0,035}.{a,0,0},037}, where & is the most
important parameter in each case resulted in the same reference prior derived in Theorem The
proof of the reference prior for these group orderings can be found in Appendices [C.2] and [C.3] re-
spectively. The following group orderings where ¢ is the most important parameter have also been
considered: {Oc, 0, 622, 612} , {Oc, 622, 612, 6} and {OC , 622, 0, 612} . The reference prior could not be de-
rived for these group orderings, mainly because the integrals for the E [log {h j (O)}%} described by
the algorithm in|Berger & Bernardo| (1992) could not be expressed in a closed-form solution. There are
other group orderings where o is not the most important parameter that may be considered to derive
the reference prior, but the focus in this chapter is on the group ordering where Cronbach’s alpha is the
most important parameter.

The probability matching prior will be derived in the following theorem.

Theorem 5.2. The probability matching prior for Cronbach’s alpha is given by

2
) 2 2 o 2\ 1 -1
wpup (0,07,03,0) =G | Koy + o, Yo | (of)  (1-a) (5.9)
(1 _ a) (V]+V3+1)

where G is an arbitrary continuously differentiable function.
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Proof. The inverse of the Fisher information matrix is given by

9 g 0 o |
TK(1—q)

0 2(07) ~2(0})? —2(1-a)(o})

F1(0)=F (0,067,062 0) = " " ;
(8)=F"(8,01,03,0) = 0?2 o [(62) (ka2+a?l] 2(1-a)(cd)

0 K K2 1% + 1) T wK

) 2(1-a)(ot) 2(1-0)> (v +v3+1)
| Vi n K vi(v3+1)

We are interested in a probability matching prior for 7 (60) = a.. Now

a(6) d(6) (6) (6
Vi0)=| %5 G G ‘a |

=000 1]
Also,
o)1 (0)=[ 0 Hple) Hogle) angiee
and
Vﬁ(G)FI(G)V,(e):2(1_:)(2‘)?:;;3+1).
Define

:[ <> (6) n3(6) n4(6)
:{() 2(af)V/vils+l)  2(0f)y/mls+l)  2(1—a)(vi+v3+1)/vi(vs+]) ]

vl\/z (vi+v3+1) VlK\/Z(V1+V3+1) vl(V3+l)\/2(v1+V3+l)

The prior 7 (0) is a probability matching prior if and only if the differential equation

HM#

7(8)} =0

J | —2(c?) vl(V3—|—1)n_ N ) 2(012) V1(V3+1) 2 o |20 —a)(vi+vs+1) V](V3+1)7r
8012 v Z(V1+V3+1) 8622 viK+\/2 V1+V3+1 V](V3+1) Z(V1+V3+1)
(5.10)

=0




CHAPTER 5. CRONBACH’S ALPHA FOR A THREE-COMPONENT MODEL 71
is satisfied. To find a probability matching prior satisfying the differential equation, let
n* (0,0f,03,0) = (1—a)(c})n (6,067,035, ). (5.11)

Then Equation can be simplified to

d =2\/vi(vs+1) x* d 2y/vi(vs+1) Tt d | 2vi+wvi+1)y/vi(va+1) *
2 53 T30 Ao a1 o2 [

361 2(V1+V3—|—1) (1-a) 862 nK 2(V1+V3+1) (1_05) V](V3—|—1) 2(v1+\/3—|—1) (o
(5.12)

Now 7* = 1 is a solution to Equation|5.12} corresponding to
2 2 —1(2\"!
m(0,07,05,a)=(1—a)" (of) .

Using the product rule and implicit differentiation it can be shown that Equation is a first-order

homogeneous and linear partial differential equation given by

2\/V1(V3+1)7l' 2 2 V1(V3+1)7l’ 2 2(V1+V3—|—1) /Vl(v:,'—{-l)ﬂ?é
_|_ _

2vi+vs+1) (1 — ) le 2vi+va+ ) (1—a) vy V3+1)\/2(V1+V3+1)612 B
(5.13)

where 7*,, m*, and 7, denotes the first derivative of ©* with respect to 612, 622 and o respectively.
6" 0

The method of characteristics used in |Dennemeyer (1968) will be used to solve the partial differential

equation. Let

—V1\/2(V1+V3+1)(1—OC) ) K 2(V1+V3+1)(1—OC) )
dGl - dGz
2 V](V3—|—1) 2 V](V3+1)

—do} = Kdo?.

This is a separable differential equation. Integrating both sides we have

—dcrl2 = /chzz

—oi+c} = Koi
¢ = Ko3+ o7
Now let
—V1 2(V1+V3+1)(1—(X>d02 B V1(V3+1) 2(V1+V3+1)(012)da
2\/vi(va+1) ! 2vi+v3+1)y/vi(v3+1)

1 2

—(1—06)0’612 — M

(vi+v3i+1)

This is a separable differential equation therefore moving all terms involving 612 to the left hand
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side of the equation and all the terms involving ¢ on the right hand side of the equation and integrating

dof  —(v3+1) 1
/6121 N (V1+V3+1)/(1—0‘)da
2) (v3+1)

l = ————log(1—
Og(Gl (V1+V3—|—1) Og( a)+C2

both sides we have

’ (V3+1)
co = log (Gl) —log (1 — o) 13 th)

2
o
= log 1

(v3+1)
(1 _ a) (V1+V3+1)
2
(03
oy =exp{ca} = ST
(1 _ a) (vi+v3+1)

2
The solution is therefore 7* = G (c},c3) = G | Ko3 + o7, % where G is an arbitrary

(lfa) (V1+V3+1)

continuously differentiable function. Finally, since

n*(0,01,07,a) = (1-a)(o})n(6,0f,03,)
2, 2 i 2 )
G | Koy + o7, oy = (1-a)(of)m(0,01,05,)
(1 _ a) (1’1+V3+l)
2 2 2, 2 o} —1 2\
mpup (0,07,05,0) = G| Kos +of, o | (- a) (o) .
(1 _ a) (vi+v3+1)
2
If we consider the function G | K 622 + 0'12, % = 1 which is a constant function then
(l_a) (V1+V3+1)
we have that the probability matching prior is
_ -1
ftewp (6,07,03,a) o< (1— )" (a7) . (5.14)

The following theorem proves that the reference prior is also a probability matching prior.
Theorem 5.3. The reference prior is also a probability matching prior.

Proof. To show that the reference prior is also a probability matching prior, the following differential
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equation needs to be satisfied:

49
- ()} =0.
;a (6)}

If the reference prior given by 7 (@, 6, 67,03) o« (K03 + 07) - (612)_1 (1— o) is substituted

into this equation and the equation is satisfied then the reference prior is also a probability matching

prior.
Now,
d [-2(cf) Vvi(vs+1) <K62+62)_l (62)_1(1—06)_1
8012 \% 2(V1—|—V3—|—1) 2 ! !
2 1 _
= (3t 1l) (Ko3 +o7) 2(1—06)_1
2(V1—|—V3—|—1)
d | 2(cf)\/vi(vs+1) -1 -1 _
5 (o1) (Koz+o0?)” (of) (1—a)!
oy | viK\/2(vi+v3+1)
-2 1 _
= it (Ko3 + o7) 2(1—06)_1
2(V1—|—V3+1)
and

o |2(1—a)(vi+v3+1)\vi(va+1) , 5 51, 51 ne
ﬁ{ vi(3+1)y/2(vi+v3+1) (Koy +o1) (of) (1-a) }—0.

Therefore, the differential equation is satisfied and the reference prior is also a probability matching

prior. [

All the prior distributions considered are proportional to the negative powers of (712, (1—a) and

(K 622 + 612) . Therefore a general form can be written as

7(0,07,05, ) o< (67) “(1— ) " (Kos + 67) " (5.15)
for various non-negative a, b and c. Specifically fora =56 =1 and ¢ =0 we have the probability
matching prior. For a = b = ¢ = 1 we have the reference prior. For a = 3 ,b=73 Land ¢ = 2 we have

the Jeffreys prior and for a = %, b= }‘ and ¢ = % then we have the divergence prior.
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The posterior for (0, 012, 622, o) using the prior in Equation is given by

- [UK(Y,,. — 0 (1— ) +v3ms (1 — a)]

7(0,07,07, aldata) o< () 20T H I (1 g2 D exp

207
% (Ko? +62) T exp {—% (K;;”fclz) + V;’?] } . (5.16)
The marginal posterior for « is derived in the following theorem.
Theorem 5.4. The marginal posterior distribution of Cronbach’s o is given by
x(aldata) o (1— o) P [vymy +vyms (1 — q)] 201Ht2a2) (5.17)
x P (FV1+V3+2G_27V2+ZC_2 > (v2 +i;;22()vgvin133$2—aoi);;vlm1]> forO<a <1+ :;Z;,

(va+2¢—=2)[vsmz(1—ot)+vimy]
vomy(vi+v3+2a—2)
with numerator degrees of freedom v 4+ v3 + 2a — 2 and denominator degrees of freedom given by

vy +2¢c—2.

where P <Fvl+v3+2a,27vﬁ2€,2 > ) is a probability under the F distribution

Proof. To determine the marginal posterior for ¢, the parameters 0, 612 and 622 need to be integrated

out of the joint posterior. Integrating out the parameter 6 results in

- (6127622’ a‘data) _ /oo (G%)_%(V1+V3+l+2a)(1 _ (X)%(V3+1)_bexp {_l

2

2 o;

IJK(Y,,,—e)Z(l—a)”

X

ko veh e

Vom vimi+vismz (1l —o
; 2 - 1mj 323( ) 40
(Ko + o?) o

1

o< (612)—7(m+va+2a)(1_a)”73—b (K622+0_12)—C—§exp{ —Vaina }

2 (Koj +0o7)
1 V1m1+V3m3(1—(X)
expy =5 = :

X

To determine the marginal posterior for o the remaining parameters 612 and (722 need to be integrated
out. This is not an easy integral to evaluate. The transformation method using the Jacobian will
be applied to determine the constant that makes the joint posterior of 0'12 and 0'22 integrate to one
and knowing this constant will assist in determining the marginal posterior for &. Consider the joint

posterior
1 1

e
7 (of,03|data) = z(o7) 21320 (K62 4 67) 2 exp{—i

vim; +vam3 (1 — ) Vomy
o} (Ko3 +0o?)

}
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. .. Ko3 . . .
where z is the normalising constant. Let z* = 1+ % and 0'12 = 612. The Jacobian method gives rise to
1

2 2 27*

7 (of,z"|data) =zK ' (o7) (" raten) () %exp{_c_{ 1y vsms (1—a) | ve 2]}
i

The idea is to integrate 7 (67,z*|data) with respect to 67 and then integrate 7 (z*|data) over the

entire domain where z* is defined then z can be determined. Now

oo [ vitvatvs -~ . n 1 1_a
n(z*|data):/ K () (A2 rae-1) ()¢ gexp{—; [v1m1+V3m3( )+vzm2}}d612
0 i

2 27*

2
—1 (%\—C—# vi+vo+v3+2a+2c—4
K= ()T ( 5

Vi+vo+v3 +2a+2c—4
2

(27 vimy +v3ms (1 — @) +voma(z9) 1))

+vy+v3+2a+2c—4 v v3
ZK—lz% (v1+v2+V3—2i-2a+2c—4> (Z*)Tl+7+“_2

vitvp+v3+2a+2c—4
(vomp 4 2* [vimy +v3m3 (1 — a)]) 2

1ttty t2atle—d _ M, 71(W>
K12 A F(v1+vz+V3;rza+2c 4) (%) o 2<v2m2) 3 .
- vitvptvstlatle—4
« vimi+vama(1-a)] 2
<1+Z o
Also,
/ 7 (*|data)dz* =1
1
1A 1ty 2at2ed _ VLY 71(M)
A G e L A . I
/1 vy 2ar2cd =1
« vimi+vsma(1-a)] 2
<1+Z o
4% e _ 1 _
/oo (Z*)2+2+a Zdz* z lK(Vzmz)z(v1+V2+V3+2a+2c 4)
vi+vp+v3+2a+2c—4 T vi+vp+v3+2a+2c—4 _
1 (1 +Z* [V]m1+V3m3(17(x)] 5 2 ) F <V1+V2+V3-2i-2a+26‘ 4)
Vvomy
143 .0
1 1 et (Z*)7+7+a dz* _ Vvo+2¢c—2 « vimi+vamz(1—a)]
Consider the integral |, M‘Letw_ vi+v3+2a—2 ) vamy

[vimy+v3m3(1-0)]
vpmy
then using the substitution rule of integration, it can be shown that

1+z*

1 vit+vz+2a—2
2 2

(v2+2c=2) [vams (1= o) +vimi]\ _ 271K (vamg) 2222 [pymy + vams (1 — )]
Vo (v1 +v3+2a—2) Zwr <v1+v3;-2a—2) r (szr%cfz)

P (Fv.+V3+2a2,v2+2cz >
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Therefore,
l(vz+2c 2) vitva+2a—2
K(Vzmz) [v1m1 +v3ms (1 — OC)] 2

= vitvp+v3+2a+2c—4 v _ . _ _
R B i e 1+v3+2a—2 vo4+2c—2 (va+2¢—2)[vamz(1—0t)+vimy]
2 : r ( 2 r 2 P FV1+V3+20*27V2+2C*2 > vomy (vi+v3+2a—2)

Since the double integral of 7 (G] , O \data) is one, the double integral of the kernel is the recipro-

cal of z. Therefore

_e_2 _
wlaldas) (1?0 [ [ty o s at)Fap{ s

Kc22 ol)
1 {vim+vim3 (1l —
{ |: — 3( ):|} ]2 22

X

2 o}
B_p vi+v3+2a—2 vp+2¢—2 (va+2¢—2)[v3mz(1—ot)+vimy]
(I—a)27"r ( 2 r 2 P Fy +v3+2a—2v,42c-2 > Sarty (V1 43 2a-2)
o<

v1+V3+2a72
vimi+vym3 (1l —o)] 2

f%(vl +v3+2a—2)

K (V2m2) ! 5 (v2+2c-2) [

o (1—a)2 P [vymy +v3ms (1 — )]
(va+2¢—=2)[vam3 (1 — ) +v1m1])
vomy (vi +v3+2a—2) ’

X P(Fv1+V3+2a2,v2+202>

An interesting thing to note is that in Box & Tiao| (1973)) the following result is given: For p; > 0,
p2>0,a; >0,a; >0and c >0,

(pr+1) ~(PH) exp [— (A 4 92 _ )L,
/ / (x+cy) exp{ (x +x+cy)} dxdy = ca’ ab? Iﬁ(ﬂzml)’

where I(p,q) is the incomplete beta function. If this result is compared to the double integral

above and the incomplete beta integral is expressed in terms of a probability under the F distribution
then the result from Box & Tiao| (1973) gives the same marginal posterior for & as the one derived in
this chapter. [

Notice that in Equation the marginal posterior distribution of & depends only on vimy, vom;
and v3m3. Therefore, it is only necessary to simulate vymj, vom, and v3ms for inferences on «. The
marginal posterior for ¢ is also not a closed-form expression due to the o parameter appearing in the
lower limit of an F integral so it is not easy to determine the normalising constant by hand but it can
be simulated or determined using numerical integration. It is also evident from Equation that the
boundary for ¢ is 0 < o < 1+ % Ideally o should be defined between zero and one since it is a
reliability coefficient. It is not the case in general for the 3-component model since the variance covari-
ance matrix is not compound symmetric which is a common assumption used for analysis involving

Cronbach’s alpha. However, when v3m3 > vim; then Cronbach’s alpha will be defined approximately
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between zero and one. For datasets where v3m3 > vim; for the 3-component model, Cronbach’s alpha
is an approximate reliability coefficient. For the case where vam3 > vym, the marginal posterior for o

is given by

Vv

7 (at|data) o< (1— )2 2 oymy +vyms (1 — )] 20H5+2072) g0 < g < 1. (5.18)
In the case of vam3 > vimj, the marginal posterior for & is analytically tractable, making it easy to

simulate from it. It can be shown that the mode for this posterior density is given by

vim (v3 —2b)
Vv3ms (V] +2a— 2+2b) .

Knode = I—

The mean, variance and median do not have closed forms for this posterior density but they can easily
be determined using numerical integration or they can be determined by simulation. The following
theorem will be useful for simulating the mean, variance and median from the marginal posterior for
o.

Theorem 5.5. For the transformation Z = % (1 — &) the posterior distribution is a truncated F distri-
bution with df1 = v3 —2b+ 2 numerator and df2 = v\ +2a+ 2b — 4 denominator degrees of freedom
over the interval 0 <Z < 3.

Proof. Let Z = J3 (1 —a) = g(a) then g ' (2)=1- meZ and ‘d'g;—lz(z)‘ = 7. By the method of

transformation we have

Bop —L4v3+2a-2)
my 2 m 2V m
n(Z|data) o< (— ) [ (vimy +v3ms3 <—1Z))] - (0,73) (Z2)

m ms3 m3 \Vom

i 1 _

= 234 wsZ)] TRy (2),
1, 0<zZz<™
where I(o ms ) (2) = "1 is the indicator function. The posterior density for Z is a

Ty 0, otherwise
truncated F distribution with d f1 = v3 — 2b 4 2 numerator and df2 = v + 2a + 2b — 4 denominator

degrees of freedom over the interval 0 < Z < Z—f O



CHAPTER 5. CRONBACH’S ALPHA FOR A THREE-COMPONENT MODEL 78

5.3 Simulation Study

A simulation study is done and coverage probabilities are obtained for Cronbach’s alpha using the ran-
dom effects model. The Jeffreys prior, divergence prior, probability matching prior and the reference
prior will be considered in the simulation study. The values in the simulation are considered using the
following pairs: (I =3&J=4); [=3&J=8); [=10&J=4) and (I=10&J =8) with K =2
for each of these (/,J) pairs and then we considered K = 3 for the same (/,J) pairs that were chosen.
The variance component values chosen for the simulation study are: 612 =1,2,5,7,8,9,10,11,12, 622 =
0.2,0.6,0.8,0.9,1,3,4,11,14 and 632 =0.2,2,14,0.4,4 and 8. The average length and standard devi-
ation of the intervals are also given. If two priors have the same coverage probabilities then the one
with the shortest interval length and smallest standard deviation of the interval length is preferable.
The number of simulations is 10000. The average length and standard deviation of the intervals are
calculated by using the following formulas, where /; is the interval length and num is the number of

intervals:
num

:_21

numi

and

1 nu
SDI_\/num—l Z (i = I_)

The method used for simulating the coverage probabilities is as follows:

Vlml 2 — ~242 foi Vonip 2 _
1. Since & ~ Xy, we have that vim; = oy x,, . Similarly oy ~ Xy, it follows that vomy =
2 v3m3 o~ 2 2 (2 2 2
%%, (o} +Jo3) and GTRol kol ™ Xun therefore vams = 27, (of +Ko3 +JKo3).

2. Iterate the process 10000 times by simulating xvzl, xvzz and XV23 values, determining vimp, vom;
and vymj3 for each simulated value and substitute these values into the posterior for & in Equation
3.13| When the probability matching prior is used, a = b = 1 and ¢ = 0, when the reference prior
is used then a = b = ¢ = 1. When the Jeffreys prior is used, a = %, b= %, c= % and when the

divergence prior is used then a = 3 b =7 Land c = i

3. Determine for each simulated posterior a 95% equal tailed credibility interval from the quantiles

of the simulated posterior values.

4. The proportion of times that o is contained within these intervals is the coverage probability.

The values of alpha considered in the simulation are values of alpha between 0 and 1.

Tables|5.1|and |5.2| summarize the average coverage rates, average interval lengths and the average stan-
dard deviation of the interval lengths for the pairs: (I =3&J=4); (I=3&J=28); (I=10&J =4)
and (I = 10&J = 8) with K = 2 for each of these (/,J) pairs. Tables and [5.4| gives a summary
using the same values in Tables[5.1]and [5.2] but for K = 3.
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Table 5.1: Average Coverage, Interval Lengths and Standard Deviation of Interval Lengths for Each Prior.

K=2
I=3andJ =4 I=3andJ =28
Prior Coverage | Length SD Coverage | Length SD
Jeffreys 0.9339 | 0.7287 | 0.0434 | 0.8999 | 0.6407 | 0.0380
Divergence | 0.8918 | 0.7508 | 0.0445 | 0.8508 | 0.6541 | 0.0387
Reference | 0.9736 | 0.7170 | 0.0428 | 0.9599 | 0.6267 | 0.0373
PMP 0.9758 | 0.7258 | 0.0434 | 0.9602 | 0.6300 | 0.0375

For I = 3 and J = 4, the Jeffreys prior has an average coverage rate closest to 0.95 while the reference
and probability matching prior has some over coverage although its values are not far from 0.95 in
comparison to the Jeffreys prior. The reference prior has the smallest average interval length and
standard deviation of the interval length. The reference prior has an average coverage closest to 0.95
as well as the shortest average interval length and the smallest standard deviation of the interval
length compared to the rest of the priors. The probability matching prior has an average coverage rate,
average interval length and average standard deviation of the interval length slightly larger than that of
the reference prior but the values are quite close, so their performance is similar. The divergence prior
has the lowest average coverage rate and largest interval length as well as the standard deviation of the
interval length and therefore performed the worst. For I/ = 3 and J = 8, the reference prior has an
average coverage rate closest to 0.95 as well as the shortest average interval length and the smallest
standard deviation of the interval length compared to the rest of the priors. The probability matching
prior has an average coverage rate, average interval length and average standard deviation of the
interval length slightly larger than that of the reference prior but the values are quite close, so their

performance is similar.

Table 5.2: Average Coverage, Interval Lengths and Standard Deviation of Interval Lengths for Each Prior.

K=2
I=10and J =4 I=10and J =8
Prior Coverage | Length SD Coverage | Length SD
Jeffreys 0.9422 | 0.4542 | 0.0180 | 0.9354 | 0.3588 | 0.0139
Divergence | 0.9281 | 0.4664 | 0.0185 | 0.9207 | 0.3607 | 0.0141
Reference 0.9537 | 0.4475 | 0.0178 | 0.9505 | 0.3532 | 0.0137
PMP 0.9543 | 0.4499 | 0.0179 | 0.9506 | 0.3539 | 0.0138

For I = 10 and J = 4, the Jeffreys prior also has an average coverage quite close to 0.95, therefore the
performance of the reference, probability matching and Jeffreys prior are similar. The divergence
prior has the lowest average coverage rate and largest interval length as well as the standard deviation
of the interval length and therefore performed the worst. For I = 10 and J = 8, the reference and

probability matching prior have an average coverage closest to 0.95 as well as the shortest average
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interval length and the smallest standard deviation of the interval length compared to the rest of the
priors. The Jeffreys prior also has an average coverage rate quite close to 0.95, therefore the
performance of the reference, probability matching and Jeffreys prior are similar. The divergence
prior has the lowest average coverage rate and largest interval length as well as the standard deviation

of the interval length and therefore performed the worst.

Table 5.3: Average Coverage, Interval Lengths and Standard Deviation of Interval Lengths for Each Prior.

K=3
I=3andJ =4 I=3andJ =8
Prior Coverage | Length SD Coverage | Length SD
Jeffreys 0.9063 | 0.6691 | 0.0403 | 0.8752 | 0.5770 | 0.0346
Divergence | 0.8553 | 0.6835 | 0.0409 | 0.8195 | 0.5868 | 0.0351
Reference | 0.9661 | 0.6554 | 0.0396 | 0.9502 | 0.5622 | 0.0338
PMP 0.9667 | 0.6595 | 0.0399 | 0.9502 | 0.5634 | 0.0340

For I = 3 and J = 4, the reference prior has an average coverage closest to 0.95 as well as the shortest
average interval length and the smallest standard deviation of the interval length compared to the rest
of the priors. The probability matching prior has an average coverage rate, average interval length and
average standard deviation of the interval length slightly larger than that of the reference prior but the
values are quite close, so their performance is similar. The divergence prior has the lowest average
coverage rate and largest interval length as well as the standard deviation of the interval length and
therefore performed the worst. For I = 3 and J = 8, the reference and probability matching prior have
an average coverage rate closest to 0.95 as well as the shortest average interval length and the smallest
standard deviation of the interval length compared to the rest of the priors. The divergence prior has
the lowest average coverage rate and largest interval length as well as the standard deviation of the

interval length and therefore performed the worst.

Table 5.4: Average Coverage, Interval Lengths and Standard Deviation of Interval Lengths for Each Prior.

K=3
I=10andJ =4 I=10and J =8
Prior Coverage | Length | SD | Coverage | Length | SD
Jeffreys 0.9343 | 0.3787 | 0.0152 | 0.9298 | 0.2971 | 0.0117
Divergence | 09188 | 0.3859 | 0.0155 | 0.9145 | 0.3013 | 0.0118
Reference | 0.9504 | 0.3725 | 0.0150 | 0.9481 | 0.2917 | 0.0115
PMP 0.9507 | 0.3734 | 0.0150 | 0.9479 | 0.2921 | 0.0115

For I = 10 and J = 4, the reference prior has an average coverage closest to 0.95 as well as the shortest
average interval length and the smallest standard deviation of the interval length compared to the rest
of the priors. The probability matching prior has an average coverage rate, average interval length and

average standard deviation of the interval length slightly larger than that of the reference prior but the
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values are quite close, so their performance is similar. The divergence prior has the lowest average
coverage rate and largest interval length as well as the standard deviation of the interval length and
therefore performed the worst. For I = 10 and J = 8, the reference prior has an average coverage rate
closest to 0.95 as well as the shortest average interval length and the smallest standard deviation of the
interval length compared to the rest of the priors. The probability matching prior has an average
coverage rate, average interval length and average standard deviation of the interval length slightly
larger than that of the reference prior but the values are quite close, so their performance is similar.
The divergence prior has the lowest average coverage rate and largest average interval length as well

as the standard deviation of the interval length and therefore performed the worst.

For K = 2, Figures [5.1]to [5.2] summarize the coverage rates obtained using each prior for Cronbach’s
alpha for the pair (I =3&J =4). Figures to summarize the coverage rates obtained using
each prior for Cronbach’s alpha for the pair (I = 10&J = 4). For K = 3, Figures|[5.5|to
summarize the coverage rates obtained using each prior for Cronbach’s alpha for the pair

(I =3&J =4). Figures|5.7|to summarize the coverage rates obtained using each prior for
Cronbach’s alpha for the pair (I = 10&J = 4). From Figures|5.1|and |5.2| we see that the reference
prior and the probability matching prior perform similarly. Although there is some under-coverage
and over-coverage from all four priors, the reference and probability matching prior generally does
better than the Jeffreys and divergence prior in estimating the coverage probabilities. The divergence
prior consistently performs the worst in terms of coverage rates. From Figures [5.3]and [5.4 we see that
for 632 = 0.2 and 0.4, the performance of all four priors are similar. For the remainder of (73% values,
the probability matching prior and the reference prior obtains the best coverage rates which are
closest to 0.95. The divergence prior performs the worst and has the lowest coverage rates for

0'32 =2,14,4 and 8. From Figures and we see that for 632 = 0.2 and 0.4, except for when

612 =2, the divergence prior performs similarly to the other priors, in fact it slightly outperforms them
for 612 =35,7,8 and 9. For 632 = 14,4 and 8, the probability matching prior and the reference prior
obtains the best coverage rates which are closest to 0.95 although there are cases of under coverage
and over coverage. From Figures and |5.8| we see that for 032 = 0.2 and 0.4, the performance of all
four priors are similar. For the remainder of 63% values, the probability matching prior and the
reference prior obtains the best coverage rates which are closest to 0.95. The divergence prior

performs the worst and has the lowest coverage rates for 632 =2,14,4 and 8.
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Coverage Probabilities for ag =0.2, 1=3, J=4 and K=2.

S . ) ke 4
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=&~ Probability Matching Prior, a=1, b=1, c=0.

09 -v-Jeffreys Prior, a=1.5, b=0.5, c=0.5.
——Divergence Prior, a=0.75, b=0.25, ¢=0.25.
9 Reference prior, a=1, b=1, c=1.

Coverage Probability.
S
2]
I

0.8
0.75~
07 I I I I I I I I I J
2 3 4 5 6 7 8 9 10 11 12
0_2
1
(a)
1r ==—% ——— %
0.95
2
% 0.9 =&~ Probability Matching Prior, a=1, b=1, c=0.
g =v-Jeffreys Prior, a=1.5, b=0.5, c=0.5.
E —+*—Divergence Prior, a=0.75, b=0.25, c=0.25.
o 0.85y 9 Reference prior, a=1, b=1, c=1.
o)
o
Q 08
o
(@]
0.75
07 I I I I I I I I I J
2 3 4 5 6 7 8 9 10 11 12
0_2
1
(b)
Coverage Probabilities for ag =14, 1=3, J=4 and K=2.
l —
0.95 5
> =&~ Probability Matching Prior, a=1, b=1, c=0.
E | =v-Jeffreys Prior, a=1.5, b=0.5, ¢=0.5.
g 09 - Divergence Prior, a=0.75, b=0.25, ¢=0.25.
S -9+ Reference prior, a=1, b=1, c=1.
Q085 w7
S N
< v--""F
S 08
(@)
O
0.75
0.7
2 3 4 5 6 7 8 9 10 11 12
0_2
1

()
Figure 5.1: Coverage for (a) 05 = 0.2 (b) 05 = 2, and (c) 0 = 14.
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Coverage Probabilities for ag =0.4, =3, J=4 and K=2.
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Coverage Probabilities for ag =0.2, 1=10, J=4 and K=2.
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Figure 5.3: Coverage for (a) 05 = 0.2 (b) 05 =2, and (c) 07 = 14.
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Coverage Probabilities for ag =0.4, 1=10, J=4 and K=2.
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Coverage Probabilities for ag =0.2, 1=3, J=4 and K=3.
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Figure 5.5: Coverage for (a) 05 = 0.2 (b) 05 =2, and (c) 07 = 14.
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Coverage Probabilities for ag =0.4, 1=3, J=4 and K=3.
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Figure 5.6: Coverage for (a) 05 = 0.4 (b) 05 = 4, and (c) 07 = 8.
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Coverage Probabilities for ag =0.2, 1=10, J=4 and K=3.
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Figure 5.7: Coverage for (a) 05 = 0.2 (b) 05 = 2, and (c) 07 = 14.
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Coverage Probabilities for ag =0.4, 1=10, J=4 and K=3.
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5.4 Examples

5.4.1 Example 1

The following is a simulated example used in Box & Tiao| (1973). The data were generated using the
3-component hierarchical model for 6 = 0, 0‘12 =1, 622 =4, 632 =225 I=10and J =K =2. The
data are given in Table[5.5]

Table 5.5: Simulated Data from Box & Tiao| (1973)).

J=1 J=2
I |[K=1|K=2|K=1|K=2
1 | 2.004 | 2.713 | 0.603 | 0.252
2 | 4342 | 4229 | 3.344 | 3.057
3 1 0.869 | -2.621 | -3.896 | -3.696
4 | 3.531 | 4.185 | 1.722 | 0.380
5 (2579 | 4271 | -2.101 | 0.651
6 |-1.404 | -1.003 | -0.775 | -2.202
7 | -1.676 | -0.208 | -9.139 | -8.653
8 | 1.670 | 2.426 | 1.834 | 1.200
9 | 2.141 | 3.527 | 0.462 | 0.665
10 | -1.229 | -0.596 | 4.471 | 1.606

From the data, we obtained vim; = Y, Zle Zszl (Yijk — Y:;)? = 20.8696 and

vomy = K[ Y (Vi —Yi )* = 122.9290 and v3m3 = KJ ¥i_, (¥; —Y_)* = 240.2827. Since

v3m3 > vymy, the marginal posterior for o in Equation [5.18| will be used to obtain results for
Cronbach’s alpha. From the results of the simulation studies involving the coverage probabilities, it is
recommended that the reference prior and probability matching prior be used to analyse this data. The
exact and approximate posterior density functions for & using the probability matching prior and
reference prior are given in Figures [5.9]and [5.10|respectively. From Figures[5.9]and[5.10] it is clear
that the exact posterior which was plotted using Equation [3.13]and the approximate posterior which
was plotted using Equation[5.18]are exactly the same. This is because v3m3 > vim; for this data and

(v242¢=2)[v3mz(1—0t)+vimy] . . . .
the P (FV1+V3+2a_2_‘V2+2C_2 > Yoy (v £v3 12a—2) term in Equation [3.13[tends to one in this

case which results in the exact posterior and approximate posterior being equal. It is also evident that
the marginal posterior for o using the probability matching prior is the same as the marginal posterior
using the reference prior. This is because the constant ¢ does not appear in the marginal posterior for
« in Equation Therefore since the values of a and b are both equals to one for these two priors,
the marginal posteriors using these priors are the same and any statistics obtained from the marginal
posterior for o« will be the same for both priors. Important statistics obtained from the posterior

distribution of ¢ are given in Table[5.6]
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Posterior Distribution for Cronbachs alpha using the Probability Matching Prior, a=b=1 and c=0.
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Figure 5.9: Posterior for a Using the Probability Matching Prior.

Posterior Distribution for Cronbachs alpha using the reference prior, a=b=c=1.
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Figure 5.10: Posterior for o Using the Reference Prior.

Table 5.6: Central Values, Variances and Credibility Intervals for the Posterior Distributions of ¢ for the Paste
Data Using the Reference and Probability Matching Prior.

Mean | Median | Mode | Variance 90% Cl1 95% Cl1
0.9566 | 0.9625 | 0.9724 | 0.0007 | (0.9065-0.9867) | (0.8891-0.9893)

5.4.2 Example 2

The following data are from Davies & Goldsmith| (1972). They reported data from an experiment
designed to measure batch-to-batch and cask-to-cask variation in the manufacture of a chemical paste
product. The paste is shipped in batches and delivered in casks and it is suspected that there are
variations in the mean strength of the paste between delivery batches. There are ten randomly selected

delivery batches, from each batch, three casks are selected at random and two analyses are performed
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on the contents of each selected cask. The data comprising the percentage paste strength in the analysed

sample are given in the following table:

Table 5.7: Paste Data from Davies & Goldsmith|(1972).

J=1 J=2 J=3
I |[K=1|K=2|K=1|K=2|K=1|K=2
1 | 628 | 62.6 | 60.1 623 | 62.7 | 63.1
2 1 600 | 614 | 575 | 569 | 61.1 58.9
3 | 587 | 575 | 639 | 63.1 654 | 63.7
4 | 57.1 564 | 569 | 58.6 | 64.7 | 64.5
5| 551 55.1 547 | 542 | 58.8 | 575
6 | 634 | 649 | 593 | 58.1 60.5 | 60.0
7] 625 | 62.6 | 61.0 | 58.7 | 569 | 57.7
8 | 592 | 594 | 652 | 66.0 | 648 | 64.1
9 | 548 | 548 | 64.0 | 640 | 57.7 | 56.8
10| 583 | 593 | 59.2 | 59.2 | 589 | 56.6

From the data, we obtained vim; = Y1, Zf;l Y& (Yijx — ¥ij.)? = 20.3400 and

vomy = K Y[ Y_, (Vi —Yi)* = 350.9067 and v3mz = KJ Yi_ (¥; —V_)* = 247.4027. Since
v3m3 > vymy, the marginal posterior for o in Equation [5.18| will be used to obtain results for

Cronbach’s alpha. From the results of the simulation studies involving the coverage probabilities, it is

recommended that the reference prior and probability matching prior be used to analyse this data. The

exact and approximate posterior density functions of ¢ using the probability matching prior and

reference prior are given in Figures[5.11and [5.12] respectively.

Posterior Distribution for Cronbachs alpha using the Probability Matching Prior, a=b=1 and c=0.
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Figure 5.11: Posterior for ¢ Using the Probability Matching Prior.
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Posterior Distribution for Cronbachs alpha using the reference prior, a=b=c=1.
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Figure 5.12: Posterior for o Using the Reference Prior.

From Figures [5.11] and [5.12] it is clear that the exact posterior which was plotted using Equa-
tion [3.13] and the approximate posterior which was plotted using Equation [5.18] are the same and the
marginal posterior for o using the probability matching prior is the same as the marginal posterior

using the reference prior. Important statistics obtained from the posterior distribution of & are given in
Table[5.8]

Table 5.8: Central Values, Variances and Credibility Intervals for the Posterior Distributions of ¢ for the Paste
Data Using the Reference and Probability Matching Prior.

Mean | Median | Mode | Variance 90% CI 95% CI
0.9736 | 0.9766 | 0.9820 | 0.0002 | (0.9455-0.9914) | (0.9365-0.9931)

The high reliability values implies that there is good consistency/reliability from batch to batch and
cask to cask.

5.5 Conclusion

In this chapter, a number of objective priors for Cronbach’s alpha in the case of a balanced three-
component hierarchical model, have been derived. The reference prior for the following group order-
ings: {Oc, 012, 622, 9}, {a, 622, 612, 9} , {a, 0, 612, 622} , {Oc, 0, 622, 612} , were considered. It was shown
that the reference prior for the group orderings {a,67,67,6}, {a,07,0,05} ,{@, 0,067,067}, were
equivalent to the probability matching prior when Cronbach’s alpha is the parameter of interest. The
probability matching prior that we have used when ¢ =0 when « is the parameter of interest is different
from the reference prior that was obtained in this chapter. We compared the probability matching prior,
Jeffreys prior and divergence prior using a simulation study involving their coverage probabilities. The
simulation study showed that the reference prior and the probability matching prior outperformed the

Jeffreys prior and the divergence prior in terms of the coverage rates obtained. The coverage rates
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obtained for the reference prior were the same as those for the probability matching prior. The math-
ematics showed that they both satisfy the condition to be a probability matching prior therefore it is
expected that the coverage rates obtained using these priors should be similar. The divergence prior
performed the worst in terms of its coverage rates which were either larger than the nominal rate or
smaller than the nominal rate of 0.95. It is recommended that the reference prior and the probability
matching prior should be used for the Bayesian analysis of Cronbach’s alpha for the three-component

hierarchical model.



Chapter 6

Bayesian Process Control for Cronbach’s
Alpha

6.1 Introduction

In this chapter statistical process control limits will be obtained for Cronbach’s coefficient alpha in the
case of the balanced one-way random effects model. This will be achieved by deriving a predictive
distribution of a future Cronbach’s alpha coefficient using Bayesian statistics. The prior that will be
considered in the Bayesian analysis is the Jeffreys independence prior from Box & Tiao| (1973). The
predictive distribution will also be used to determine the distribution of the run-length and the average
run-length.

While statistical process control (SPC) techniques such as control charts have not been widely used
in applications of Cronbach’s alpha (o), they could be a useful method to monitor if the reliability of a
test remains stable across different samples or time points. If there is variation in alpha across different
samples or time points SPC could be helpful to identify whether the variability is due to natural causes
or special causes.

Since Bayesian statistical process control (SPC) techniques applied to Cronbach’s alpha are even
less common than classical (traditional) SPC methods and since Cronbach’s coefficient alpha is one
of the most important statistics in the research field of reliability, Bayesian statistical process control
procedures will be developed on alpha.

In Section[6.2]an introduction to Bayesian statistical process control is given and in Section|[6.3] the
model, the choice of prior and the posterior distribution of o are derived. In Section |6.4|an example is
given and it is shown that by using numerical integration or the Rao-Blackwell simulation procedure
that the predictive density function of a future (unseen) Cronbach’s alpha can be obtained. In Section
[6.5] the run-length and average run-length are discussed. The predictive density function of a future
run-length is the average of a large number of geometric distributions each with its own parameter

value. In Section [6.6] the posterior and predictive densities for a larger example are calculated and in

95
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Section [6.7]the “In Control” and “Out of Control” situations are considered. In Section[6.8an example
of measured values of “Bore diameter” is analysed. Section[6.9]is the conclusion section.

6.2 Statistical Process Control

Statistical process control (SPC) refers to statistical procedures and problem solving methods used to
control and monitor the quality of the output of a production process. The aim of SPC is to detect and
to eliminate uncontrolled variation in the process. For more information see for example |Balakrishnan
et al.| (2006)), Montgomery| (2005) and Human (2009). Statistical process control is usually imple-
mented in two phases. Control limits are established during Phase /, and in Phase /1, the process is
monitored to detect any breaches of these limits. It is indicated in [Van Zyl & Van der Merwe| (2019))
that the conventional approach to statistical process control is frequentist in nature, where unknown
parameters are estimated using maximum likelihood estimates in a Phase / study, and these estimates
are then used for modelling distributions in Phase /. The Bayesian framework, postulates however,
that assuming the true underlying parameter values can be derived in such a way, is unsatisfactory.
Instead by using a prior distribution, the posterior distributions of the unknown parameters are derived.
These posterior distributions illustrate the uncertainties in the parameter values and these uncertainties
are incorporated through predictive distributions.

A number of Bayesian process monitoring schemes are based on predictive distributions. See for
example Menzefricke (2002, 2007, 20104, |2010b)) and Van Zyl & Van der Merwe| (2019). Also, in
Tsiamyrtzis & Hawkins| (2000) the following is mentioned “A particularly interesting feature in the
Bayesian paradigm is forecasting. Namely one can use the available data to derive the predictive dis-
tribution of the next (unseen) observation". In this chapter it will be the next (unseen) Cronbach’s
alpha (&). Given a stable Phase I process the predictive distribution ( f (&f|data)) will be used to
calculate central values, variances, prediction intervals, control limits, the run-length and the average
run-length of a future Cronbach’s alpha. Bayarr1 & Garcia-Donato| (2005)) highlighted the following
reasons for recommending a Bayesian analysis for control charts: (i) Bayesian methods allow natu-
rally for prediction and control charts rely on future observations. (ii) Objective Bayesian procedures
are possible without introduction of any other information other than the model. (iii) The numerical
difficulties of a Bayesian procedure are easily handled via Monte Carlo simulation. By using Monte
Carlo simulation and the Rao-Blackwell procedure or numerical integration the unconditional predic-
tive distribution of a future Cronbach’s coefficient, &, will be obtained. The advantage of a Bayesian
approach to process monitoring arise from the sequential nature of Bayes theorem. As pointed out by
Tsiamyrtzis & Hawkins (2006), Shiau & Feltz (2006), Alt (2006), [Tagaras & Nenes (2006) and Graves
(2006), a Bayesian approach allows a more flexible framework in particular with respect to the usual
assumption made in SPC charts about known parameters. The above mentioned authors considered

both univariate and multivariate process monitoring techniques. Applications and development of full
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Bayesian approaches and empirical Bayes methods are discussed by them.

The researchers Peterson (2006) and Moreno (2006) focussed on Bayesian methods for process
optimization. According to them the predictive approach to response surface optimization represented
a major advance in response surface method techniques as it incorporates the uncertainty of the param-

eter estimates in the optimization process. They also mentioned that this has no frequentist counterpart.

6.3 The Balanced Random Effects Model

6.3.1 The Model

The model that will be used is the balanced one-way random effects (variance components) model,

previously considered in Chapters [3|and 4] and is given by
Yij:9+ri+£ij fori=1,..land j=1,...J, (6.1)

where Y;; is the value corresponding to the j'" observation made at the i group (sample). 6 is a con-
stant referred to as the overall mean and it is unknown. The r; and g;; are independent normal variables
with zero means and variances, which will be denoted in this chapter by 67 and o7 respectively. Let
Y = [Y;1,Yn, ...YU], . It was shown in Chapterthat Var (Y|6,07,067) = 01+11'c? = X where I is
the J x J identity matrix and 1 = [11... 1]/ is aJ x 1 column vector of ones. The model in Equation
is called the balanced one-way random effects model because the number of observations, J in each

sample are the same.

2, 2 2 2 2
cl+o? o o’ o’
c? o’+c? o’ o?
r = c? o} +o? c?
2 2 2 2, 2
o o’ o - oitol |,

The covariance matrix is called compound symmetric since all the variances along the diagonal are the

same, namely 62 + o> and all the covariances 67 are equal. A general definition for « is

“:uil){“%}

where trace (X) is the sum of the diagonal elements (variances) of the covariance matrix. For the
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random effects model

_J ] J (o¢ +07)
a_(J—l) J(c2+02)+J(J—1)c?

Jo? o}
oz +Joy oz +Joy

6.3.2 The Prior and Posterior Distribution of o

In Box & Tiao| (1973) it is shown that the likelihood function for the model defined in Equation 6. 1|is

1
2

—vi/2 - 1)/2
((6.07. 07 |data) = (o2) " (o7 +107) "+ e"p{ (03+707) ' (o2+107) o
€ r € r €

1J -0
( . ) vanip i V1m1] }

where vi=1(J—1),m=I-1,7 Z}Z Y Y=Lyl 1 Yo iy vimy = X X (Y — ¥ )?
and vomy =J Zl s —Y.)%. vymy is the within group sums of squares and vom; is the between groups

sums of squares. Since E (m;) = 62 and E (m;) = 67 +Jo? an estimate of « is
. m
a=1-——.
m

The prior that will be used in the analysis, is the Jeffreys independence prior
2 2 PN ) 2y~ 1
w(0g,07) < (07) (o7 +Jo7)

It can be shown that it is also a reference and probability matching prior. By multiplying the like-
lihood with the prior and integrating with respect to 0 the posterior density function of the variance

components is given by

2 n-i+2)/2 2 2\ —(1+2)/2 1 [vim vomy 2 2
J'L'G ,OF |dat o, o;+Jo —= o, >0,0->0.
(o2 oPldata) < (0F) P (0 s02) P Pexp{ F [ 2 G2 0.0;
(6.3)
From Equation [6.3|it is clear that 7t(02,02 +Jo?|data) = n(c?|data)n(c? + Jo?|data). Since the
posterior distributions of 67 and 62 + Jo? are independent inverse-gamma distributions, it follows
that

vim vany
GSZN >— and 682+Jcr2~ 5
Vi V2

2
The posterior density function of ot = 1 — % can therefore easily be obtained and is given in
L r
Theorem [6.11
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Theorem 6.1. The posterior density function of & is given by

1 1 1
N \%) %2 1 %2 1,1 v(l-—oa —2(n4v)
w(o|&) =K | — l—o)2?  x |[1+—=
( | ) l(vl) <1—& ( ) +V1 1—&
r(52) 1
where K| = O (%) and 0 = - Since
alb~1—(1—6)F,,, (6.4)
A N Vi
E(a|joe)=1—(1—
(o) =1~ (1- ) (25
AN (1 A2 2v3 (va+v;—2)
and Var (ot|&) = (1 — &) P e
Proof. The proof is given in Appendix [D.1] O

6.4 Example and Simulation Procedure of the Predictive Density

Function

6.4.1 Example: The Dyestuff Data

Consider the following example from Box & Tiao| (1973) based on the dyestuff data. The purpose
of the experiment was to learn to what extent batch to batch variation in a certain raw material was
responsible for variation in the final product yield. Five samples from each of six randomly chosen
batches of raw material were taken and a single laboratory determination of product yield was made
for each of the resulting 30 samples. The data is from Davies & Goldsmith|(1972)), where they reported
the data from an experiment designed to investigate the batch to batch variation in the quality of an
intermediate product (H-acid) on the yield of a dyestuff (Naphthlence Black 1213) made from it. Six
samples of the H-acid representing different batches of works manufacture were selected and five
preparations of the dyestuff were made in the laboratory from each sample. The equivalent yields of
each preparation as grams of standard color was determined by dye-trial and the data are given in Table
[6.1] (Sahai & Ojedal 2004). This is a repetitive process. In this example / = 6 refers to the number of

batches and J = 5 denotes the number of observations contained within each batch.
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Table 6.1: Dyestuft Data.

Batch
1 2 3 4 5 6
1545 | 1540 | 1595 | 1445 | 1595 | 1520
1440 | 1555 | 1550 | 1440 | 1630 | 1455
1440 | 1490 | 1605 | 1595 | 1515 | 1450
1520 | 1560 | 1510 | 1465 | 1635 | 1480
1580 | 1495 | 1560 | 1545 | 1625 | 1445

From the data it follows that vim; = ¥i_; Y7 (vij—5i.)* = 58830 and vomy = J ¥ (3. — 7.)* =
56358 and & =1 — % = 0.7825268. The posterior distribution of ¢ which is derived in Theorem
is illustrated for the Dyestuff data in Figure

Table 6.2: Summary Statistics and Credibility Intervals of c.

Mean (o) | Median (@) | Mode (o) | Var(a)
0.7666 0.8051 0.879 0.0266
90% HPD Interval 95% HPD Interval

(0.5187,0.9705) (0.3990;0.9746)

The values for the Mean () = 0.7666 and Var () = 0.0266 correspond well with the theoretical

values
V1

E(al@d)=1-(1—a) < 2) =0.7627564

Vi —

and )
2 2vi(va+vi—2)

Var (&) = (1 — & 5 = 0.0303936.
1%} (v1 — 2) (v1 — 4)
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(87

Figure 6.1: Posterior Density Function 7 (¢t|&) in the Case of the Dyestuff Data.

6.4.2 The Predictive Density Function of a Future Cronbach’s o

Consider a future (unseen) experiment
Yij = 9+r,-+e,-j fori= 1,...fand j=1,...J

where ¥;; is the value of the j observation in the " group (sample). As before the r; and & ;j are

independent normal variables with zero means and variances 67 and 67 respectively. Define

U

I J
pmp =YY (V- i)
i=1j=1

and

where 9 =T(J—1), 9, =1—1,%; = %25:1 Y, Y = ilj {:125:1 Y;;. 91 is the within group sums
of squares and V,71; is the between groups sums of squares of the new (unseen) experiment (data set).
It is well known from classical (traditional) statistics that E (1)) = 67 and E (i) = 62 +Jo?. A future

(unseen) Cronbach’s alpha is therefore defined as
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2

' 2 2 2 Py 2 )ity 2 ~ 255
For given o7 and o7 + Joy, it follows that o2~ X, and Trior ~ Xi: Therefore m; ~ oz =+,
2
i~ (62 2 %
iy ~ (07 +J07) 52 and
l’lN’ll Gg
— ~ ot
my Oz +JO;
o 2
A _ﬂ ~ . Gg L
Also 0 =1 o 1 P F, ,. and therefore
&f’OCN 1—(1—06)}717],\72 (65)

where Fj, 5, is a F distribution with ¥; and ¥, degrees of freedom. The following theorem can now be

proved.
Theorem 6.2. The predictive density of a future Cronbach’s alpha (&), for given o is

1/~ | ~
51— o (16 \] 20
SRl e

|

e —r (2) (1) 0

Bl—

and Var (6at) = (1— (x)2 w
71

Proof. The proof is given in Appendix [D.2] O

6.4.3 Calculation of the Unconditional Predictive Density Function of a Future
Cronbach’s Alpha (&)

The predictive density of a future Cronbach’s alpha is

F(ayla) = /f(af|a) 7 (ald)da ©6.7)

where 7 (| @) is the posterior density function of & which is derived in Theorem (6.1 and f (¢/|ct)
is the conditional predictive density function derived in Theorem [6.2] The integral in Equation [6.7]
is difficult to solve analytically but can be obtained by either numerical integration or the following

simulation procedure:

1. Calculate & =1 — ;ﬂ
2
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2. Simulate o from its posterior distribution and substitute it in f (df|a) and draw the density
function. In the proof of Theorem [6.1]it is shown that

alé~1—(1—0)F,,,,. (6.8)

It is therefore easy to simulate ¢ from its posterior distribution.

3. Iterate step two a 100000 times and determine the average of the 100000 conditional predictive
density functions to obtain f (&f|&) the unconditional predictive density function. This method

is called the Rao-Blackwell procedure. & represents the data.

4. Determine the mean, median, mode and variance of f (df|&) as well as the 90" and 95" pre-
diction intervals. For the Dyestuff data it will first be assumed that ¥{ =v; =24 and ¥, = v, = 5.
In other words future experiments will have the same number of samples and observations per

sample as the original data set.

In Figure f(6|@) is illustrated.

A~

a@f

Figure 6.2: Predictive Density Function f (&|¢) for the Dyestuff Data.

Table 6.3: Summary Statistics and Credibility Intervals of & for the Dyestuff Data, § = 0.1.

Mean (@) | Median (&) | Mode (@) | Var (éy)

0.6038 0.780 0.922 0.6023

90% Equal tail Interval 95% HPD Interval
(—0.275;0.9638) (—0.332;0.989)

For the predictive density function f (&f]&) the exact mean and variance can be derived analyti-

cally. The following theorem can now be stated.
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Theorem 6.3. The mean and variance of f (df|d) , the unconditional predictive density function of

E(&f\&)zl—(l—&)( n )( V2 ) (6.9)

Oy, are given by

vi—2 vy —2
and
. %
Var (6|&) = (1— &)? {Var(FvZ,vl) + (Vl i2) }Var(thﬁz)
v 2
+(1—a)? ( 2 ) Var (F,, ) (6.10)
Vo — 2 !
_ 2b%(a+b-2)

where Var (Fa,b) = a2
Proof. The proof is given in Appendix [D.3] O

For the Dyestuff data E (0|&) = 0.6045941 and Var (0| é&) = 0.6261647. The numerical values

of the mean and variance given in Figure[6.2]are for all practical purposes the same as the exact values.

6.5 Distribution of the Run-length and the Average Run-length in
the Case of the 90% Prediction Interval for O

Assuming that the process remains stable, the predictive distribution of &y can be used to derive the
distribution of the run-length and the average run-length. Montgomery| (1996) defines the average run
length as the average number of points that must be plotted before a point indicates an out-of-control
condition. The run-length (r) is defined as the number of future &y values until the process goes out
of control (until the control charts signals for the first time). Note that r does not include that &y value
when the control chart signals. The process goes out of control if &, of a future experiment is very
small or very large.

The resulting region of size B for the determination of the run-length is given by
B= [ f(ayla)dsy, 6.11)
e AC ALY

where f (0|0 ) is defined in Equation|6.7|and R () is the size of the rejection region.
In the case of the 90% prediction interval B = 0.10 and R (f) presents those values of & that are
smaller than -0.275 and larger than 0.9628. Given « and a stable Phase I process, the distribution of

the run-length is geometrical with parameter

¥Y(a)= /R(B)f(&f|oc)ddf, (6.12)
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where f (&f |Oc) is the distribution of a future &, value given that o is known. See Theorem
Equation [0.6] The values of ¢ is however unknown and its uncertainty is described by the posterior
distribution given in Theorem [6.1] By simulating ¢ from the posterior distribution and substituting it
in Equation ¥ (o) can be calculated. This must be done for each future experiment. Therefore by
simulating a large number of o values, a large number of ¥ (¢t) values can be obtained. Also a large
number of geometric distributions, i.e. a large number of run-length distributions, each with a different
set of parameter values {‘P ((x (1)> S (a (2)> . 4 <Oc (’”)> } will be obtained. Since the run-length r

for given «, is geometrical distributed with mean

and variance
Var (r|o) = 1;50(;;)

The unconditional mean is
E(rla) = E{E(r|a)}
and the unconditional variance
Var (r|&) = E{Var (rla) } + Var{E (rla) }

can be calculated. The expectation and variance are taken with respect to the posterior distribution
w(al|k).
In Figure the simulated distribution of the geometric parameter, ¥ (o), using f (&f|a) is

given and the summary statistics and credibility intervals are given in Table
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Figure 6.3: Histogram of ¥ ().

Table 6.4: Summary Statistics and Credibility Intervals of ¥ («).

Mean (¥ (¢)) | Median (¥ (¢)) | Mode (¥ («¢)) | Var (¥ («))
0.0989 0.0545 0.0228 0.0149
90% Equal Tailed Interval 95% HPD Interval
(0.0240;0.4816) (0.0239;0.3185)

As it should be, the mean of 0.0989 is in the line with § = 0.1. The long tail of the above distribution
is an indication of the uncertainty in the parameter ¥ (). In Figure the simulated distribution of
the average run-length (E (r|@)) is illustrated. Summary statistics and credibility intervals are given
in Table In Figure [6.5] the distribution of Var (r|e) is given and in Figure [6.6] the predictive
density function of a future run-length which is the average of a large number of geometric distributions
each with its own parameter value, ¥ (), is given. Summary statistics and credibility intervals are
illustrated in Table
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Figure 6.4: Distribution of the Expected Run-Length E [r | ] in the Case of the 90% Prediction Interval.

Table 6.5: Summary Statistics and Credibility Intervals of E [r|c].

Mean (E [r|a]) | Median (E [r|e]) | Mode (E [r|ct]) | Var(E [r|a))
19.4147 17.3609 40 164.2296
95% HPD Interval
(2.1222;40.8112)
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Figure 6.5: Histogram of Var (r|a).
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E{Var(rla)} = 560.5730

r

Figure 6.6: The Predictive Density Function f (r|&) in the Case of the 90% Prediction Interval (8 = 0.1).

Table 6.6: Summary Statistics and Credibility Intervals of r.

Mean (r|6&) | Median (r|&) Var (r|é&)
19.4113 9.01 723.41
90% HPD Interval 95% HPD Interval
(0;50.33) (0,72.27)

e A comparison of Figures [6.4] and [6.6] show that Mean (E [r|a]) = 19.4147 and Mean (r|&) =
19.4113. The means are for all practical purposes the same. Theoretically this should have been
the case. Also Var(r|&t) = E{Var(rla)} + Var{E (r|la))} = 560.5730 + 164.22 = 724.8026.
From Figure [6.6| it is clear that Var (r|&) = 723.41. The two methods of calculating Var (r|&)

give for all practical purposes the same answer.

1-0.1
0.1

0.1. The reason for this larger average run-length is the small parameter values of some of the

* A mean run-length of 19.41 is larger than = 9 that would have been expected if f =

geometric distributions.
* The median run-length of 9.01 however corresponds well with the theoretical value of 9.

* A mean run-length of 19.4 is an indication that the charting statistic (&) will signal on average

every 19" or 20" experiment even if the Phase I process is stable (in control). It can however
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take much longer. According to the 95% HPD Interval it can take as long as 72 experiments. It
is however not impossible that & will signal as early as the first experiment.

6.6 A Larger Experiment

In the example of the Dyestuff data, it was mentioned that it is a repetitive process. So let us assume that
after a certain time period the number of samples obtained were hundred and twenty and the number of
observations per sample is five which means that I = 120, J =5,v; =1(J—1)=480,v; =1—-1=119
and & = 0.7825. In Figure[6.7] the posterior distribution of « is illustrated.

(8%

Figure 6.7: Posterior Density Function 7 (a|&) with vi =480, v, = 119 and & = 0.7825.

Table 6.7: Summary Statistics and Credibility Intervals of c.

Mean () | Median () | Mode (o) Var (o)
0.7816 0.7834 0.786 0.0010
90% Equal Tail Interval | 95% Equal Tail Interval
(0.7264;0.8306) (0.7143;0.8386)

Using the formulas derived in Theorem[6.1] the exact mean and variance can be calculated E (a|&) =
0.7815899 and Var (or|¢&) = 0.0010055. The theoretical values are for all practical purposes the same
as the numerical values, Mean(a) = 0.7816 and Var(o) = 0.0010. The predictive density function of
O for a future (unseen) experiment consisting of ninety samples and five observations per sample (
[=90,J=59=1(J—1)=360,7p =1—1=289and & = 0.7825 ) is displayed in Figure
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~

af

Figure 6.8: Predictive Density Function f (&y|¢&) with ¥; = 360, ¥, = 89 and & = 0.7825.

Table 6.8: Summary Statistics and Credibility Intervals of & for the Larger Data, 8 = 0.1.

Mean (@) | Median (&) | Mode (@) | Var (é)

0.7765 0.7822 0.79 0.0025

90% Equal tail Interval 95% HPD Interval
(0.6854;0.8486) (0.6763;0.8677)

The formulas for the exact mean and variance are derived in Theorem [6.3] which is given by
E (0|&) =0.776569 and Var (Gt¢| &) = 0.0025414. The theoretical values are similar to those given in
Figure[6.8] which are equal to Mean(éty) = 0.7765 and Var(éty) = 0.0025. The posterior and predictive
density functions illustrated in Figures and [6.8] are much more symmetrical than those shown in
Figures [6.1)and [6.2] The reason for this is the larger sample sizes. Researchers are usually interested
in a run-length of about 370. The reason for this originated from the fact that if a random variable
Z ~N(0,1) then P(—3 <Z < 3) = 0.0027. In other words if B = 0.0027 the expected run-length
E (rlo)) = 1599927 _ 369 37 In practice however a B = 0.0027 will give a much larger average run-

0.0027
length than 370. The reason for this is the variation in ¢ which is illustrated by the posterior distribution

in Figure The run-length will also be large if the parameter values of the geometric distributions
are small. An advantage of the Bayesian procedure however is that  can be adjusted so that the
average or median run-length takes on a value near 370. In our case a median run-length of 354 will
be used. In Table the average and median run-lengths for & are given for the different values of

B. The theoretical run-length is %
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Table 6.9: Run-Lengths (r) for & in the Case of Different f Values. vi =480, v, = 119, ¥ = 360, ¥, = 89 and

& =0.7825.
| B | E[r]&] | Median[r|&] | Theoretical Run-Length
0.0050 | 1754.9 562 199.0
0.0060 | 1356.5 456 165.7
0.0070 | 1027.7 354 141.9
0.0080 | 843.7 305 124.0
0.0090 | 891.2 250 110.1
0.0100 | 577.8 215 99.0
0.0150 | 305.3 120 65.7
0.0200 | 194.2 80 49.0
0.0250 | 137.9 58 39.0
0.0300 | 103.3 44 32.3
0.0350 | 80.9 35 27.6
0.0400 | 66.7 30 24.0
0.0450 | 56.7 25 21.2
0.0500 | 47.5 21 19.0
0.0550 | 41.2 19 17.2
0.0600 | 36.4 17 15.7
0.0650 | 31.8 14 144
0.0700 | 28.5 13 13.3
0.0750 | 26.0 12 12.3
0.0800 | 23.6 11 11.5
0.0850 | 214 10 10.8
0.0900 | 19.8 9 10.0
0.0950 | 18.3 8 9.5
0.1000 | 16.6 7 9.0

6.7 The Out of Control Situation

Assume in a future experiment with 7 = 90 and J = 5 the true parameter value of & has changed from
0.78 to 0.74 then the average run-length might change dramatically. If the process is in control and if
the desired median run-length is 354, then B = 0.007 and R (f) presents those values of ¢ that are
smaller than A = 0.6003 and larger than B = 0.88. For the out of control situation the parameter of the
geometric distribution is

¥(a)= /R(ﬁ)f(&f\a)daf =0.0077
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which means that for o = 0.74 the average run-length is now

1-¥(a) 1-0.0077

E = = = 128.87
(rlo) = =5 0.0077
and the variance of the run-length is
1-¥ ()

A change in run-length from 354 to 129 is quite large and is a clear indication that the process is out

of control. In Figure [6.9|the “in control” and “out of control” situations are illustrated.

Figure 6.9: Graphs of the In Control and Out of Control Situations.

6.8 Box Diameter Data

6.8.1 Example[6.§]

The data in this example are the data provided by |Wooluru et al. (2014) from the manufacturing in-
dustry. The critical quality characteristic is the “Bore diameter” on the driver gear. The number of
batches (samples) I = 20 and the number of observations per sample J = 5. The sample Cronbach’s
alpha, & = 0.4952. In Figure the posterior density function of « is given and in Figure the
predictive density function of @& is given. The number of batches in the future data set are also twenty.
Therefore / =20 and J = 5.
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Figure 6.10: Posterior Distribution f (a|&),v; = 80 and v, = 19.

Table 6.10: Summary Statistics and Credibility Intervals of a.

(0%

Mean (o) | Median (o)

Mode (o) Var (o)

0.4822 0.5089

0.56 0.0359

90% Equal Tail Interval

95% Equal Tail Interval

(0.1330;0.7414)

(0.0400;0.7741)

Figure 6.11: Predictive Density f (0y|&),01 =80 and ¥, = 19.

af
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Table 6.11: Summary Statistics and Credibility Intervals of &y for the Bore Diameter Data, 8 = 0.1.

Mean (écf) Median (&f) Mode (étf) Var (df)
0.4213 0.4951 0.61 0.1064

90% Equal tail Interval

95% HPD Interval

(—0.1901;0.7858)

(—0.2091;0.8819)
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In Table the average and median run-lengths for & are given for the different values of 3.

Table 6.12: Run-Lengths (r) for &; in the Case of Different B Values. vi =80, vo =19, 71 = 80, ¥, = 19.

B E[r|6&] | Median|r|&]
0.0050 | 3030.3 820
0.0060 | 2355.4 643
0.0070 | 1887.2 528
0.0080 | 1493.5 431
0.0090 | 1214.6 353
0.0100 | 1023.9 304
0.0110 | 870.8 266
0.0120 | 733.8 231
0.0130 | 638.7 203
0.0140 | 564.6 185
0.0150 | 504.9 165
0.0160 | 453.7 151
0.0170 | 406.5 138
0.0180 | 371.7 127
0.0190 | 336.5 115
0.0200 | 305.9 106

From the table it can be seen that for an average run-length in the vicinity of 370 § = 0.0180 should

be used instead of B = 0.0027.

6.9 Conclusion

In this chapter statistical process control limits have been obtained for Cronbach’s alpha coefficient in

the case of the balanced one-way random effects model. This has been achieved by deriving the pre-

dictive distribution of a future (unseen) Cronbach’s alpha coefficient. For given variance components,

it was shown that the predictive density function of f (df]oc) can be derived analytically. The Jeffreys

independence prior was used to derive the posterior distribution of ¢. The unconditional posterior

predictive density function f (&f]&) can be obtained by Monte Carlo simulation or numerical integra-

tion. The predictive density function f (df]&) as well as the conditional predictive density functions

f (&f|a) can be used to determine the run-length and the average run-length. The distribution of the
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run-length f (r|&) is the average of a large number of geometric distributions each with its own pa-
rameter value. Three examples are considered. The first example has to do with Dyestuff data and it
is from |Box & Tiao (1973)). In the second example it is assumed that the number of Dyestuff samples
have increased from six to hundred and twenty and the number of samples in a future (unseen) data set
is ninety. The third example is from Wooluru et al. (2014) and are measured values of “Box diameter”
on the driver gear. From the results it can be seen that the average and median run-lengths are usually
larger than the theoretical values. An advantage of the Bayesian procedure however is that control

limits can be adjusted in such a way that the average or median run-length has a specific value.



Chapter 7

Fiducial and Bayesian Estimation for
Cronbach’s Alpha

7.1 Introduction

Although Cronbach’s alpha is mostly used for assessing internal consistency for specific types of data,
it can also be applied to more general covariance matrices. For example, covariance matrices that occur
in structural equation models and in multilevel or nested data sets.

Without the assumption of the usual parallel condition, Van Zyl et al.|(2000) derived an asymptotic
normal distribution for & the sample Cronbach’s alpha for the case of multivariate normal data with a
general covariance matrix. That is, if n — oo, then \/n (@ — &) is normally distributed with mean zero

and variance

Q= [(p— 12)121,21)3] {(1’21) (trace22+trace22) — 2 (traceX) <1’221> }, (7.1)

where 7 is the sample size, & is the population Cronbach’s alpha, X is a p X p covariance matrix of the

data and 1is a p x 1 vector of 1’s. Cronbach’s alpha is defined as

o — p 1_z‘rczceZ
p—1 121

where frace is the trace operator. The sample Cronbach’s alpha, & is therefore normally distributed

with mean o and variance %.Q and the 100 (1 — ) % asymptotic confidence interval for a can therefore

be obtained by
R /1
a:l:Zl_ﬁ/z ZQ (7.2)

Since X is unknown [Van Zyl et al.| (2000) used the estimator £ in Equation for the calculation
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of their confidence intervals. X is the unbiased estimator of X and

G P {1_trac;eﬁ}.
p—1 121

For the compound symmetric case, Van Zyl et al.|(2000) shows that Equation [/.1|simplifies to

2(p-1)(1-a)?
. :

Q= (7.3)

_ )2
Therefore, as n — eo, \/n (0t — &) is normally distributed with mean zero and variance w.

Since o is unknown the variance is estimated by

2(p—1N(1-a)?
. :

Q=

Koning & Franses (2003)) mention that it is well known that using the estimated asymptotic variance
may well yield anti conservative intervals which are intervals that obtain coverage probabilities below
the nominal rate and can therefore lead to a false impression that o is estimated with sufficient accuracy.
For this reason, Koning & Franses|(2003) proposed to use an exact interval for Cronbach’s alpha under
compound symmetry by using a result derived from Van Zyl et al.| (2000) which states that

-

1 — o ~ Fn(pfl)vn

which is used as a pivotal quantity to derive an exact 100(1 — 8)% confidence interval for a given by

1—(1_6‘);1—(1_&) (7.4)
F Fy

where Fy, and Fy are the lower and upper values of the interval from the F distribution with numerator
degrees of freedom n(p — 1) and n denominator degrees of freedom. Koning & Franses (2003) showed
that this interval obtained coverage probabilities closer to the nominal rate and performed better than
the asymptotic confidence interval. However, this exact interval only holds under compound symmetry
and it is not known if there exists an exact confidence interval for a general covariance matrix. As
mentioned before, |Van Zyl et al.| (2000) only derived the asymptotic confidence interval for a general
covariance matrix, the exact interval only works under compound symmetry. A number of authors
used the asymptotic confidence interval, see|Koning & Franses| (2003)), Duhachek & Iacobucci|(2004),
Cur & Li (2012) and [Tsagris et al.| (2013) for more details. Duhachek & lacobuccil (2004) studied
the standard error of Cronbach’s alpha and showed using simulation studies that the alpha standard
error (ASE), which is the standard deviation of the variance derived by |Van Zyl et al.| (2000), is the

most well-behaved error statistic as determined by both accuracy and precision. |Duhachek & Iacobucci
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(2004) concluded that the ASE’s and asymptotic intervals function in a predictably robust manner even
when covariance heterogeneity is severe.

Padilla & Zhang|(2011) also considered a multivariate normal distribution with mean g (p x 1) and
covariance X (p X p). By choosing a conjugate prior for both the covariance matrix and the mean vector
they derive the posterior distributions of g and X. By simulating values from the posterior distribution
of X an estimation of the posterior distribution of & can be obtained. In terms of coverage, the Bayesian
confidence intervals performed better than the frequentist intervals.

Payandeh Najafabadi & Najatabadi| (2016) considered the estimation of o under a Bayesian frame-
work. Simulation studies suggested that the Bayes estimator under the LINEX loss function reduces
the bias of the ordinary maximum likelihood estimator.

In the next sections, fiducial and posterior distributions will be derived for & in the case of the
bivariate normal distribution. Various priors will be considered for the variance components 6%, 67
and the correlation coefficient p. These prior distributions are derived from Berger & Sun| (2008).
Since most of the posterior distributions are obtained in closed form, Monte Carlo simulation can be
used to compute them. Credibility intervals for Cronbach’s alpha using the objective priors derived
by Berger & Sun| (2008) and an asymptotic interval by [Van Zyl et al.| (2000), will be compared with
respect to coverage probabilities and interval lengths. Most of the results that are used in the literature
requires the compound symmetry assumption for analyses of Cronbach’s alpha. This chapter focuses
on estimation of Cronbach’s alpha for a general covariance matrix using a Bayesian approach and
comparing these results to the asymptotic frequentist interval valid under a general covariance matrix

framework.

7.2 Fiducial Distributions

7.2.1 The Bivariate Normal Distribution

The bivariate normal distribution is denoted by X ~ N (i, X) where X = [X; ,Xz]/ has mean parameters

!
U = [U1, 1p] and covariance matrix

P

2 2
oy O12 o (O pPO10

2 o 2 ’
021 O pOL0] (o)

where p = % is the population correlation coefficient. For the bivariate normal distribution, Cron-

2 52
i +0
azz{l— > 12+ 2 }
i +05, +2p010,

bach’s alpha is given by

Since Cronbach’s alpha is a function of the variance components and the population correlation

coefficient, it is easy to simulate ¢ if it is known how to simulate 61, 6, and p. The following sections
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will discuss closed-form results that can be used to simulate these parameters using Monte Carlo

simulation.

7.2.2 Sufficient Statistics

For a random sample of n > 3 observations drawn from a bivariate normal distribution, the sufficient

statistics are X = [¥] %] and &; = %Zzzﬂik- Also s;j = Y7 (xix — i) (xjk —Xi) where i, j = 1,2 and

g | Smosiz | 511 r\/511522
- - b
8§21 8§22 r\/522511 522

where r = \/% is the sample correlation coefficient between x| and x;. The distribution of the ele-

ments of § will be used to derive the fiducial distributions of o7, 6, and p. The unbiased estimate of X

is given by

_ L s ose
n=1| sy s2
which will be used in the calculation of the confidence interval proposed by Van Zyl et al. (2000).

7.2.3 Distribution of S

We are interested in the distribution of f(s11,522,521) = f (s11) f (s22]s11) f (s12]511,522). By making
use of Anderson| (1958) the following can be obtained

S11~ OF Xt (7.5)
S22|S11 ~ 622 (1 —p2> %,%_2 (7.6)
and
S11pO
s12|511,522 NN< Hclr)l 251102 (1 —Pz)) : (7.7)

From Equations and [7.7] it follows that the fiducial distributions of (o7, 03,p) given the

data are
o = |-, (7.8)
xn—l




CHAPTER 7. FIDUCIAL AND BAYESIAN ESTIMATION FOR CRONBACH’S ALPHA 120

2
1 1 Z r

+ - 9
ngz %;%—1 \/%2_2 \/1—7”2

Y:\/EJF\/)?jh, (7.10)

v(X)= \/1)i7 and Z ~ N (0, 1) is the standard normal distribution, > , and x> , are chi-squared

distributions with the indicated degrees of freedom. For further details see Berger & Sun| (2008)). The

proofs of Equations and are given in Appendix

Oy = S22(1 —7‘2) (7.9)

p =y (Y) where

7.3 Prior and Posterior Distributions

In this section, various prior distributions will be discussed for the variance components 612, 622 and
the correlation coefficient p. As mentioned, these prior distributions are given in Berger & Sun/(2008)).
They considered the prior

1

I, U, 51, G, p) o< 7.11
b(.ul Uz, 01,02 p) 6137410.227[7(1 _pZ)Z—b/Z ( )

which is a subclass of the generalized Wishart priors from Brown et al,| (1994). Special cases of
this class of priors are the Jeffreys rule prior m; = 7y, the independence Jeffreys prior 77y = 71, the
right-Haar prior g = 71> and 7o which has a = b = 1. The independence Jeffreys prior follows from
using a constant prior for the means and the Jeffreys prior for the covariance matrix. It is proved by

Berger & Sun| (2006)) that if the prior 7, is applied the constructive posterior of (1, 0,,p) given the

o= | (7.12)
xn_a

1 L 1 Z r
Xib )(,%,a \/% \/1 —r? ’

data can be expressed as

(7.13)

Oy = S22(1 —1’2)

2
—b

2
Y\/%-l-\/\/;%ﬁ (7.14)
X

and y(X) = T where as mentioned Z ~ N (0, 1) is the standard normal distribution, x>

p =y (Y) where

and )(57 » are chi-squared distributions with the indicated degrees of freedom. The proofs of Equations
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[7.12] [7.13] and [7.14] are briefly explained in Appendix The most interesting prior of the form 7,
(besides the Jeffreys and independence Jeffreys priors) is the right-Haar prior 7y = 71>. Equations
and follow by substituting a = 1 and b = 2 in Equations [7.12] [7.13] and [7.14] It is shown by
Berger & Sun|(2008) that the Jeffreys rule prior 7y = 7 is very often optimal while the independence

Jeffreys prior m;; = 7y is virtually never optimal. This is in contradiction to the common perception
that the independence Jeffreys prior is better than the Jeffreys rule prior. It is also interesting to note
that the Jeffreys rule posterior yields credible sets for 07, 0, that have exact frequentist coverage of
1 — B, while the right-Haar posterior distribution (57 = 715) on the other hand yields credible sets for
o1 and p with the correct coverage. If this is the case, the fiducial/objective posterior distribution will
be called exact frequentist matching. Berger & Sun| (2008)) also mentioned that it was not known that
the right-Haar prior for p yields a posterior distribution that is exact frequentist matching (proved in
Theorem 2 on page 980). “Indeed standard statistical software utilizes various approximations to arrive
at frequentist confidence sets for p, missing the fact that a simple exact confidence set exists even for
n=3".

In Section simulation studies will be performed for the priors 7y, 7, Ty, Tro, TRp <

v/ 14+p2
0102(1-p?) and Ty o< 0100\/1—-p2"
Coverage rate probabilities as well as interval lengths will be compared for the different posterior

1
c102(1-p?)’

TlRo <

distributions and also the asymptotic normal distribution of & derived by [Van Zyl et al.| (2000) and
given in Equations[7.1]and

The prior mg, was developed in Lindley| (1965), using certain notions of transformations to con-
stant information and studied extensively in Bayarri (1981), where it was shown to be a one-at-a-time
reference prior. The second prior 7gs is derived in Berger & Sun| (2008) where it was shown to be a
reference prior for the parameter ordering {o1,0,,p}. The power of mys is smaller than that of 7z,
and 7rg.

For the priors 7gy, Trs and mys independent samples from their marginal posterior distributions

n(0o1,0,,pldata) can be simulated by the following acceptance-rejection algorithm:

1. Generate (07,02, p) from the independence Jeffreys posterior 77;(01, 02, p|data) and indepen-

dently sample u ~ uniform(0,1).

2. Suppose
77’.(017 GZap)
715(01,02,P)

If u < rm(oy,00,p)/Mm;(01,02,p) accept (01,02, p); If not, return to (1).

M= sup(ffhffzﬁ)

For each of the prior distributions listed in Table the ratio 7/ is listed in the table, along with
the upper bound M, the rejection step and acceptance probability for p = 0.8, 0.95 and 0.99.
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Table 7.1: Ratio 7/ m;; Upper Bound M, Rejection Step and Acceptance Probability.

Priors Ratio Bound M | Rejection Step Acceptance Probability
p=0.80]p=095]p=099
TR | \/1—p2 1 u<+/1—p% | 06000 | 03122 | 0.1410
Tre | /1 —p* 1 u</1—p* | 07684 | 04307 | 0.1985
s | 1—p? 1 u<l—p? 0.3600 | 0.0975 | 0.0199
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Berger & Sun| (2008)) mentions that the algorithm is efficient for sampling these posteriors. For
p =~ 0 the acceptance probability is close to one. They mention that for large |p|, the acceptance
probabilities are reasonable for g, and 7Tre as evidenced by Table For 7@ it is clear from Table
that the algorithm is less efficient for large |p|. Berger & Sun| (2008) states that even though these
acceptance rates are so low they may be fine in practice, given the simplicity of the algorithm. For
further details see Berger & Sun| (2008).

7.4 Simulation Study

A simulation study is done and coverage probabilities are obtained for Cronbach’s alpha using the
bivariate normal distribution. The values considered in the simulation are for sample sizes n =5,10,30
and 50. These sample sizes represent small, medium and relatively large sample sizes. Suppose the

exact covariance matrix X and sample size is given. The following represents the given covariance

o |42
2712 4

The parameter values considered for the bivariate normal distribution are y; = 10, yu, = 12 for all

matrices for the simulation study.

three covariance matrices considered above. For X, the variance components are 61 = 1, 6, = 2 and
p = 0.5 which corresponds to &¢ = 0.5714. For X,, the variance components are 01 =2, 0> = 2 and
p = 0.5 which corresponds to o = 0.6667. For X3, the variance components are 6] = v/5, 6» = /8
and p = 0.9487 which corresponds to o = 0.96. Covariance matrices X; and X3 have unequal variance
components but equal covariances. Covariance matrix X, represents a compound symmetric matrix.

The method used for simulating the coverage probabilities is as follows:
1. Simulate samples of size n from the bivariate normal distribution.

2. Tterate the process 10000 times by simulating Z values and y2_, xr%_ » to determine the posterior
distributions for o7, 0, and p. If the Jeffreys rule prior is used, a = 1 and b = 0, and for the
independence Jeffreys prior, a = 2, b = 1. In the case of the right-Haar prior, a =1, b = 2 and
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Tro, a = b = 1. For the priors 7gy, Trs and Ty, the simulation is done using the rejection

sampling technique explained in Section
3. Determine for each simulated posterior a 95% equal-tailed credibility interval.
4. The proportion of times that o is contained within these intervals is the coverage probability.

Tables and summarize the coverage probabilities for covariance matrices X, X, and X3
using n = 5,10,30 and 50. These tables also contain the coverage probabilities using the asymptotic
interval of [Van ZyI et al|(2000). Tables and [7.7] contain the average interval lengths for each

prior and the frequentist asymptotic interval.

Table 7.2: Coverage Probabilities (in percentages) of Cronbach’s Alpha for X; Using Different Priors and Sam-

ple Sizes.
Sample size Priors Asymptotic Interval
Ty Ty TTH RO TRp TRo Mms
n=>5 8591 | 90.22 | 90.19 | 88.65 | 93.08 | 92.47 | 93.33 78.56
n=10 92.09 | 93.54 | 93.29 | 92.99 | 94.24 | 94.01 | 94.07 87.59
n =230 93.70 | 94.70 | 94.52 | 94.52 | 94.66 | 95.18 | 94.96 92.61
n =150 94.65 | 94.54 | 94.60 | 94.79 | 94.65 | 94.66 | 94.61 93.27

Table 7.3: Average Interval Lengths of Cronbach’s Alpha for X; Using Different Priors and Sample sizes.

Sample size Priors Asymptotic Interval
Ty Ty TH RO TRp TRc s
n=>5 2.9140 | 3.8260 | 2.5860 | 2.8064 | 3.0701 | 3.2124 | 2.6203 1.6880
n=10 1.1730 | 1.2778 | 1.2101 | 1.1837 | 1.2466 | 1.2581 | 1.2473 0.9027
n =30 0.5201 | 0.5329 | 0.5324 | 0.5216 | 0.5336 | 0.5302 | 0.5380 0.4777
n=>50 0.3833 | 0.3878 | 0.3888 | 0.3863 | 0.3908 | 0.3880 | 0.3936 0.3654

For n =5, mys has coverage closest to the nominal level of 0.95. The priors 7g, and 7gs also
performed well. The asymptotic interval performed the worst with coverage probabilities far below
0.95. For n = 10, the one at a time reference prior, 7gp obtained a coverage rate closest to 0.95 and
therefore performed the best. All three priors, 7gp,Trs and 7ys performed similarly. For n = 30,
the coverage probabilities improved for all the priors considered and the asymptotic interval. The
prior, s obtained a coverage rate closest to 0.95 and therefore performed the best, followed by 7gs
and Jeffreys independence prior, 7;;. The asymptotic interval improved but is still outperformed by
the various priors considered. For n = 50, the coverage probabilities also improved for all the priors
and the asymptotic interval. The prior, 7o obtained a coverage rate closest to 0.95 and therefore
performed the best. The asymptotic interval obtained the shortest interval lengths for all the sample

sizes considered in the simulation study. The right-Haar prior obtained the shortest interval for n =5
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among all the priors considered. The Jeffreys prior obtained the shortest interval lengths for n = 10,30

and 50 for all the priors considered.

Table 7.4: Coverage Probabilities (in percentages) of Cronbach’s Alpha for X, Using Different Priors and Sam-

ple Sizes.
Sample size Priors Asymptotic Interval
Ty Ty TH RO TRp TRo s
n=>5 85.97 | 90.37 | 92.15 | 89.53 | 92.34 | 92.82 | 92.90 78.71
n=10 91.97 | 93.56 | 93.66 | 93.28 | 94.63 | 94.66 | 94.35 85.92
n =30 93.89 | 94.51 | 94.88 | 94.70 | 94.71 | 94.59 | 94.88 91.53
n =150 94.51 | 94.55 | 94.56 | 94.85 | 95.06 | 95.25 | 94.53 93.09

Table 7.5: Average Interval Lengths of Cronbach’s Alpha for X, Using Different Priors and Sample Sizes.

Sample size Priors .
Asymptotic Interval
Ty Ty TH RO TRp TRc ms
n=>5 3.5897 | 4.8759 | 3.6806 | 3.8193 | 3.8534 | 4.3495 | 3.1652 1.9913
n=10 1.3626 | 1.4882 | 1.4648 | 1.4039 | 1.4680 | 1.4607 | 1.4520 1.0009
n =30 0.5605 | 0.5750 | 0.5790 | 0.5638 | 0.5783 | 0.5713 | 0.5853 0.49979
n=>50 0.4048 | 0.4091 | 0.4156 | 0.4104 | 0.4142 | 0.4110 | 0.4199 0.3820

For n =5, mys has coverage closest to the nominal level of 0.95. The priors 7g, and 7gs also
performed well. The asymptotic interval performed the worst with coverage probabilities far below
0.95. For n = 10, mgs obtained a coverage rate closest to 0.95 and therefore performed the best. All
three priors, Tgp, g and Ty performed similarly. For n = 30, the coverage probabilities improved for
all the priors considered and the asymptotic interval. The prior, ;s and the right-Haar prior obtained a
coverage rate closest to 0.95 and therefore performed the best, followed by 7, and 7go. The Jeffreys
rule prior performed the worst in terms of the coverage rate obtained for each prior. The asymptotic
interval improved but is still outperformed by the various priors considered. For n = 50, the coverage
probabilities also improved for all the priors and the asymptotic interval. The prior, 7g, obtained a
coverage rate closest to 0.95 and therefore performed the best. The asymptotic interval obtained the
shortest interval lengths for all the sample sizes considered in the simulation study. The prior myg
obtained the shortest interval for n = 5 among all the priors considered. The Jeffreys prior obtained the

shortest interval lengths for n = 10,30 and 50 from all the priors considered.
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Table 7.6: Coverage Probabilities (in percentages) of Cronbach’s Alpha for X3 Using Different Priors and Sam-

ple Sizes.
Sample size Priors Asymptotic Interval
Ty Ty TTH RO TRp TRo ms
n=>5 86.57 | 90.23 | 88.73 | 87.78 | 91.15 | 90.82 | 86.08 78.17
n=10 92.16 | 93.87 | 91.87 | 92.48 | 93.03 | 93.44 | 91.54 86.89
n =30 93.58 | 94.45 | 94.20 | 94.09 | 94.74 | 94.32 | 93.75 92.26
n =150 94.33 | 94.86 | 94.60 | 94.66 | 94.74 | 94.67 | 93.91 94.05

Table 7.7: Average Interval Lengths of Cronbach’s Alpha for X3 Using Different Priors and Sample Sizes.

Sample size Priors .
Asymptotic Interval
Ty Ty TTH RO TRp TRo TTpms
n=>5 0.3008 | 0.3909 | 0.5680 | 0.4111 | 0.5453 | 0.5058 | 0.7275 0.1698
n=10 0.1175 | 0.1275 | 0.1623 | 0.1373 | 0.1579 | 0.1490 | 0.1891 0.0894
n =30 0.0519 | 0.0523 | 0.0560 | 0.0534 | 0.0555 | 0.0554 | 0.0588 0.0477
n =50 0.0381 | 0.0386 | 0.0399 | 0.0391 | 0.0398 | 0.0396 | 0.0411 0.0363

For n =5, mg, has coverage closest to the nominal level of 0.95. The priors 7;; and 7g also per-
formed well. The asymptotic interval performed the worst with coverage probabilities far below 0.95.
For n = 10, the Jeffreys independence prior obtained a coverage rate closest to 0.95 and therefore per-
formed the best. The prior gy obtained the second-best coverage rate and the one at a time reference
prior, 7gp got the third best coverage rate. For n = 30, the coverage probabilities improved for all the
priors considered and asymptotic interval. The prior, 7g, obtained a coverage rate closest to 0.95 and
therefore performed the best, followed by 7;; and 7gs. The Jeffreys rule prior performed the worst in
terms of the coverage rate obtained for each prior. The asymptotic interval improved but is still outper-
formed by the various priors considered. For n = 50, the coverage probabilities also improved for all
the priors and the maximum likelihood estimate. The prior, 7;; obtained a coverage rate closest to 0.95
and therefore performed the best. The asymptotic interval obtained the shortest interval lengths for all
the sample sizes considered in the simulation study. The Jeffreys prior obtained the shortest interval

lengths for all the sample sizes considered in the simulation study.

7.5 Conclusion

In this chapter a number of objective priors were considered in the Bayesian analysis of Cronbach’s
alpha for a bivariate normal distribution under a general covariance matrix. The asymptotic interval
of Cronbach’s alpha was also considered for a general covariance matrix. A simulation study was
conducted for various sample sizes where the coverage probabilities and average interval lengths were

computed for the posterior distributions considering all of the objective priors as well as the asymptotic
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interval. For the covariance matrices considered in the simulation study, it was evident that the objec-
tive priors outperformed the asymptotic interval where their coverage probabilities were all closer to
the nominal rate of 0.95. The asymptotic interval underestimated the coverage probabilities for all the
sample sizes considered in the simulation study. The performance of the asymptotic interval was espe-
cially bad for small sample sizes. This is not surprising since the interval was derived by |Van Zyl et al.
(2000) for large sample sizes using asymptotic results. The average interval lengths for the asymptotic
interval were the shortest for all covariance matrices considered but with a shortcoming of not getting
coverage probabilities closer to the nominal rate. The Jeffreys rule prior also obtained the shortest aver-
age interval lengths between all the priors considered but also fell short with the coverage probabilities
being below the nominal level. In practice, for small sample sizes, it is not recommended to use the
asymptotic interval for alpha. For small sample sizes, it is recommended to use either the one-at-a-time
reference prior, 7gp, or the reference prior with group ordering {01, 02,p}, g, or the prior mys. For
larger sample sizes, all the objective priors considered performed similarly. It is recommended to also
use Trp, Mrs Or Ty for larger sample sizes although any of the priors considered may also be con-
sidered. Even though the asymptotic interval improved for larger sample sizes, the Bayesian approach

still consistently outperformed the asymptotic frequentist interval.



Chapter 8

Estimating Cronbach’s o and p under

Compound Symmetry

8.1 Introduction

In this chapter, distributions for Cronbach’s coefficient alpha and the intra-class correlation will be
derived in the case of single coefficients as well as for the case when there are two coefficients, using a
one-way random effects model. Since there is a mathematical relationship between Cronbach’s alpha
and the intra-class correlation coefficient, the work that will be done in this chapter is an extension of
the research done by Koning & Franses| (2003)) on Cronbach’s coefficient alpha and the research done
by |(Chung & Dey| (1998) on the intra-class correlation coefficient. This work is an extension of the
work done in Chapter 3 since it involves inference on two alpha coefficients. Recall from Chapter

that the variance-covariance matrix for the one-way random effects model is given by

2, 2 2 2 2
O] +0; ) ) )
o} ol+o0; oF o
r= o} ... of+o; o5 : (8.1)
2 2 2 2, 2
c c c .. o240
. 9 2 2 11+02 |,

It was also shown in Chapter [3] that for the one-way random effects model that Cronbach’s alpha and

the intra-class correlation is given by

2

_ Jo
T2 2
o; +Jo;

and
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respectively. Using the well-known Spearman-Brown formula, Cronbach’s alpha can be written in

terms of the intra-class correlation coefficient given by o = or equivalently, the intra-class

Jp
1+(J-1)p>
correlation coefficient can be written in terms of Cronbach’s alpha using the equation p = %.
These results will prove to be very useful in this chapter in deriving distributions for Cronbach’s alpha
and the intra-class correlation coefficient using a pivotal quantity F = The main reason why this
method works so well is because of the compound symmetrical structure of the covariance matrix
of a one-way random effects model since the Spearman-Brown formula only works under compound

symmetry.

8.2 The Distributions of Cronbach’s Coefficient Alpha in the Case
of the Balanced Random Effects Model

8.2.1 Inference for a Single Cronbach’s Coefficient Alpha

It is well known from classical statistics that if 612 and 622 are known for the random effects model then

V;—’I”l ~ le and G];i"}z - XV22 where vim; and vom, are defined in Section Alsovy =1(J—1) and

2 2
vo = I — 1. From this it follows that m ~ 612% and my ~ (612 +J 022) % Since

1™ _ o} szl/vl
a=l-""=1-- )

my O +J62 XVZ/VZ

= _(1_a)FV1 V2
it follows that
1—&
By, = —a (8.2)

has an F — distribution with 7 (J — 1) and (I — 1) degrees of freedom. See also [Van Zyl et al. (2000),
Kristof] (1963)), Feldt| (19635)), Koning & Franses| (2003), Duhachek & lacobucci| (2004) and Cu1 & Li
(2012). Equation [8.2]is therefore a pivotal quantity for o and can be used to obtain accurate and precise

confidence interval estimates for o as follows:

A

1—-&
P | F —<Fy)=1-
<L<1_a U> B

I l-a I
P~ LI
(FU<1—&<FL) P

and therefore
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which means that

L Fy
From Equation [8.2]it follows that

—(@a—1)F+1 (8.3)

where F ~ Fiy_1)1-1)- Equation is the posterior distribution of ¢ and it illustrates the uncer-
tainty about the true value of the parameter «. Another method to prove that Equation [8.3]is in fact a
posterior distribution is the following: It was proved in Equations [6.3] and [6.4] that the posterior dis-
tribution 7(0?, 07 +Joj|data) = n(o}|data)n(o} + Jo3|data). If the Jeffreys independence prior
7 (62,62) o (62) ' (62+J02) " is used then the posterior distributions of 6% and 67 +Jo? are

inverse gamma distributions and it follows that

vimi Vamyp
GIZN >— and 612+J622N—2.
V1 V2

The posterior distribution of & can therefore be easily derived. Since

yim

2
1 B /v
— Y T vomp, — YT T )
222 mZX\%I/Vl
Xy

it follows that
albe=1-(1-a)F,,,,

which is identical to Equation [8.3] because

a=1-"1 =l -landv=1(J—1).
my

The following theorem can now be proved.
Theorem 8.1. The posterior distribution of ot = (& — 1) Fy_1) yj—1) + 1 is given by
(1-3)

row (i) (58) " [+bice)

(% (-1 (I-1)

where K = F(@)F[@] (-1 [J-1] 7=

Proof. The proof is given in Appendix
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Corollary 8.2. The mean, variance and mode of « is given by

E(alé) = (6—1) [%] +1 8.4)

22 (J—1)* (17 -3)

AN a2
Var(odo) = (0 =) = D) 2P 1) -4 (8:3)
and
L 1u=)U-n-&)
Mode (@) =1 — o (s e (8.6)
0

8.2.2 Example

Koning & Franses| (2003)) considered the following two studies. Study A consisted of 100 subjects
(I; = 100) and the number of items per subject were 4 (J; = 4). The estimated Cronbach’s alpha, & =
0.7. Study B also used 100 subjects (I, = 100) but the number of items per subject were 6 (J, = 6) and
the estimated Cronbach’s alpha, &, = 0.8. The probability density functions 7 (o |é&) and 7 (0 |é;)
are displayed in Figure Using Equations and [8.5] it follows that E (0q|d;) = 0.6980 and
Var (o4 |d;) = 0.0025 for study A. Also, the E (0|dp) = 0.7992 and Var (| dz) = 0.00098 for study
B. It is clear from Figure that the numerical values are for all practical purposes the same as the

theoretical values.

Table 8.1: Summary Statistics for a; and 5.

Mean | Median | Mode | Variance | Approximate 95% Interval | Exact 95% Interval
o | 0.6980 | 0.7008 | 0.7080 | 0.0025 (0.591; 0.785) (0.5910; 0.7857)
o | 0.7992 | 0.8005 | 0.805 | 0.00098 (0.732, 0.855) (0.7325, 0.8551)

Since the sample sizes are large, the mean, median and mode for the first sample are for all practical
purposes 0.7. This is also the case for the second sample where the central values are 0.8. From the
table it is also clear that the 95% confidence intervals for ¢ calculated by using numerical integration
and those obtained from the pivotal quantity are the same. These intervals are accurate and precise,

that is, they have the correct coverage properties.
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Density Functions of 7(ay|&;1) and 7(az|ds) of Cronbachs Alpha
14 \ \ \ \ \

12 -

()Y

snn(}

Figure 8.1: Posterior Density Functions 7 (a;|&;) and 7 (0|é;) of Cronbach’s Alpha.

8.2.3 Inference for Two Cronbach’s Alpha Coefficients

Koning & Franses (2003) were also interested in testing Hy : a; = & vs H, : a; # o at B = 0.05,
that is, whether there is a significant difference between a; and o,. The testing procedure can be done
in the following way:

Since % + 1 where F ~ Fy;_1) (7-1), @1 and o can easily be simulated.

0.7—1 T 1 and ap = 0.8—1 T 1.

[ ] a fd _ =
1= Fo099 F500,99

» Simulate ¢ and o a large number of times- say a 100000 times.

e At each iteration, calculate &y = g—f and Yy = 0p — Q.
The summary statistics for 9y using the data in the Example from Section is given in Table

Table 8.2: Summary Statistics for Jy,.

Mean (0q) | Median (6¢) | Mode (8y) | Var(8q) |  95% Interval | P(8q > 1)
1.1516 1.1418 1.125 0.0096 | (0.9878;1.3732) 0.9635

Since one is included in the 95% confidence interval, Hy : o = op will not be rejected at the

B = 0.05 level. If we were interested in the alternative hypothesis H, : o < o then Hy would
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have been rejected. As mentioned Yy, = @ — o can also be used to test Hy. Now, E (Y |04, 0p) =
E (062|(3C2) —FE (OC1 ‘661) =0.1012 and Var(}/a]&1 R 652) = Var(az\dz) +Var(a1 |&1) =0.0035. The sum-

mary statistics for ¥, are given in Table[8.3]

Table 8.3: Summary Statistics for Y.

Mean (Yy) | Median(Yy) | Mode (Vy) | Var (Vo) 95% Interval P (Yy > 0)
0.1015 0.0996 0.096 0.0035 | (—0.0093;0.2230) 0.9636

In Figure [8.2] the distribution of & is illustrated.

The Distribution of §, = @2
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Figure 8.2: The Posterior Distribution of 8y, =

Since zero is included in the 95% confidence interval Hy : oy = o will not be rejected. It is also
clear from Figures[8.2and [8.3|that P (8¢ > 1) = P (Y5 > 0) = 0.964.
In Figure [8.3] the posterior distribution of ¥y is illustrated.
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The Distribution of v, = as — a1
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Figure 8.3: The Posterior Distribution of ¥ = o, — ;1.
Another statistic that can be used for testing Hy : & = ap vs H, : o # o is 2 where
1— 1—0)Fp i —1) (1, —
g_l-a A1) BU2—1)(=1) &7
l—a  (1=0)Fu-1),m-1)
The following theorem will first be proved.
Theorem 8.3. The mean and variance of £ are given by
N (1—ty) (L—1 L(J—1)
E(Q|6,0p)= — 8.8
( | ! 2) (1—062) 12—3 Il(Jl—l)—Z ( )
and
Var(Q0u,00) = Var{E (Q|Fp,,-1),1,-1)) } + E {Var (QFy 0,1 -1) ), (89)
where

Var{E (Q’FIQ(Jz—l),([Q—I))} = (1_&2)2 (J] _1)_2

u—mﬁ< hUrﬂ))zﬂb—U%bUr%%Hb—ﬂ}
I L(h—1)(L—=3)*(L—5)

Y
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and
_(1-&)’ 2{h (i = P {(h/1 -3)}
£ {vor (i)} = e { OO G
2(b- 1) {b(h-1)+h-3}  (h-1\°
X{ h(h=1)(k=3)*(1-5) +(12—3> }
Proof. The proof is given in Appendix [F.3] [

IfI; =100, J; =4, & = 0.7, I, = 100, J, = 6 and &, = 0.8 are substituted into Equations[8.8]and
it follows that E (2|é1, ) = 1.5413 and Var (2], &) = 0.1260. The summary statistics for £2
is given in Table |8.4

Table 8.4: Summary Statistics for Q.

Mean (R2) | Median(2) | Mode () | Var(2) | 95% Interval | P(Q > 1)
1.5407 1.5013 1.45 0.1257 | (0.9616;2.3443) 0.9632

It can be seen that the theoretical values and numerical values for the means and variances are for
all practical purposes the same. Since one is included in the 95% interval Hy will not be rejected. It is
also clear that

P(6>1)=P(y>0)=P(2>1)=0.96.

Koning & Franses (2003) claimed that the 95% confidence interval for log (£2) does not contain
the value zero, indicating that there is a significant difference between o and ;. According to our
simulation study the 95% confidence interval is (—0.0381;0.8504) which contains zero. From this it
follows that e ~0-9381 = 0.9626 and €*-8% = 2.3406 which corresponds to the 95% confidence interval
for Q. It seems that Koning & Franses (2003) made a mistake with respect to the number of degrees
of freedom in the F'— distribution. For example they used n; = 100, n; is in fact, I; — 1 which is 99. In
the next section inferences about the intra-class correlation coefficient p will be considered. In Figure
[8.4] the distribution of € is illustrated.
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The Density Function 7(Q2|&q, &2)
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Figure 8.4: The Density Function 7w (|6, ;).

8.3 The Posterior Distributions of the Intra-Class Correlation Co-
efficient in the Case of the Balanced Random Effects Model

8.3.1 Inference for a Single Intra-Class Correlation Coefficient

Confidence interval estimates for p can be derived using the pivotal quantity in Equation [8.2] and the
confidence interval for Cronbach’s alpha that was derived in Section

P(l—(l%L&)<a<l—(1F;U&)>:1—ﬁ.

Jp

TU-1)p it also follows that

P(l—(l_&)< L <1—w):1—ﬁ.

Since o =
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And therefore

P((%‘“‘”)_l P (%“”))1 -0

which is an exact confidence interval for p. Fyy and Fy, are the 100 (8/2) and 100 (1 — 3/2) percentile
points of the central F— distribution with 7 (J — 1) and (I — 1) degrees of freedom. The distribution of

p, the intra-class correlation coefficient is given in Theorem [8.4]

Theorem 8.4. The posterior distribution of p = % is given by
1 1
- 20-3) -1 1 1— —2(W=D
r(pla) = K{—P} {1 (/—1) _ (I-p)
l+p(J—1) IJ-1)(1=0)[14+p(J—1)]
J 1)y
‘ i ( : ) .
[(+p(/-DF \1-&

Proof. The proof is given in Appendix [F.2] O

By using the data given in Example [8.2.2} the posterior density functions 7 (p1|&;) and 7 (p2|ép)
can be calculated and are illustrated in Figure [8.5]

Density Functions of mw(p1|&1) and m(p2|é2) of the Intra-Class Correlation

Illp2

0.1 0.6 0.7

Figure 8.5: Posterior Density Functions 7 (p;|&;) and 7 (p2|é;) of the Intra-Class Correlation Coefficient.
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Table 8.5: Summary Statistics for p; and p,.

Mean | Median | Mode | Variance | Approximate 95% Interval | Exact 95% Interval
p1 | 0.3704 | 0.3695 | 0.369 | 0.0030 (0.269; 0.478) (0.2717; 0.4738)
p2 | 0.4024 | 0.4011 | 0.400 | 0.0022 (0.313, 0.495) (0.3134, 0.4959)

From Table [8.5]it can be seen that the 95% confidence intervals for p, calculated using numerical

integration and those obtained from the pivotal quantity are for all practical purposes the same.

8.3.2 Inference for Two Intra-Class Correlation Coefficients

If we are interested in testing Hy : p; = p2 vs H, : p1 # p> then we can proceed as follows:

* As indicated before o; and o can easily be simulated using the equation ot = % + 1.

* Since p = 5=

%, p1 and p; can easily be obtained.

* Simulate p; and p, a large number of times.

* At each iteration, calculate 6y = % and Y = p2 — p1.
In Figure [8.6| the posterior distribution of 8, is illustrated.
e P2
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Figure 8.6: The Posterior Distribution of J, = o
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The summary statistics for 8, are given in Table

Table 8.6: Summary Statistics for Jp.

Mean (5p) Median (5p) Mode (5,,) Var (5p) 95% Interval P (5p > 1)
1.1117 1.0872 1.071 0.0473 (0.7600; 1.6091) 0.6724

Since one is included in the 95% confidence interval Hy : p; = p, will not be rejected at the f = 0.05
level. As mentioned previously, ¥, = p» — p1 can also be used for testing Hy. In Figure[8.7) the

posterior distribution of 7, is given.

The Distribution of v, = p2 — p1
I I

-0.3 -0.2 -0.1 0 0.1 0.2 0.3

Vo

Figure 8.7: The Posterior Distribution of ¥, = p2 — py.
The summary statistics for 7y, are given in Table

Table 8.7: Summary Statistics for y,.

Mean (yp) Median (yp) Mode (yp) Var (yp) 95% Interval P (yp > O)
0.0321 0.0322 0.033 0.0051 | (—0.1077;0.1727) 0.6724

Since zero is included in the 95% confidence interval, Hy : p; = p; will not be rejected. It is also clear
from Figures andthat P (8, >1)=P(y >0) =0.6724.

0.4
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8.4 Conclusion

In this chapter a number of confidence intervals were derived for Cronbach’s alpha and the intra-class
correlation coefficient under compound symmetry. Since the one-way random effects model has a
covariance matrix that is compound symmetric, it was used in the analysis of Cronbach’s alpha and
the intra-class correlation coefficient. In practice it is difficult to compare values of Cronbach’s alpha
across studies since it depends on the number of items, therefore computing confidence intervals for
alpha is essential since it accounts for the differences across the number of items. Confidence intervals
for Cronbach’s alpha were derived and simulated to test significant differences of alpha across studies
in this chapter. Various distributions of statistics were used to compare the significant differences of
alpha, the ratio of two Cronbach’s alpha values, 0, = g—f, the difference between two Cronbach’s alpha

values, Yo = 0 — @1 and the distribution of Q = {=2

— a;, was also considered. The distributions of the
intra-class correlation coefficient was also considered for the ratio of correlation coefficients from two
studies, 6p = g—?, the difference between two correlation coefficients, ¥, = p> — p1 and their confidence
intervals were derived and simulated. These distributions were derived from the posterior distributions

of Cronbach’s alpha and the intra-class correlation coefficient.



Chapter 9
Conclusion and, Possible Future Research

This chapter gives a summary of the conclusions of the chapters in the thesis and possible future

research.

9.1 Conclusion

In Chapter 3, a number of objective priors for Cronbach’s alpha have been derived. The reference
prior for the group ordering {Oc, 0, 612} was shown to be the same as the probability matching prior
when Cronbach’s alpha is the parameter of interest. For the group orderings {a, 0,0}, {6,07,a},
{6,q, 612}, {612, 0,a} and {612, o, 6}, the result for the reference prior remained the same as the result
for the group ordering {oc, 0, 612} . The probability matching prior, Jeffreys prior and divergence prior
were compared using a simulation study involving their coverage probabilities. The simulation study
showed that the probability matching prior outperformed the Jeffreys prior and the divergence prior
in terms of the coverage rates obtained. The divergence prior performed the worst in terms of its
coverage rates which were either larger than the nominal rate or smaller than the nominal rate of 0.95.
The second simulation study showed that the LINEX Loss function mostly performed the best with
its ¢ parameter equal to —9. It also showed that for c = —9 and if the probability matching prior is
considered then the best estimates for Cronbach’s alpha were obtained and the Mean Relative Error
values were close to one. The Jeffreys prior did quite well in some cases but the divergence prior
performed the worst in both of the simulation studies. It is recommended that the probability matching
prior be used for the Bayesian analysis of Cronbach’s alpha and to also use the LINEX loss function
with ¢ = —9 to obtain the best estimate of Cronbach’s alpha.

In Chapter 4, the combined Bayesian estimate of ¢ for m experiments with equal & but possibly
different variance components was derived. Since the model considered is the one-way balanced ran-
dom effects model, the assumption of equicorrelated normal data is satisfied. Our Bayesian results are
therefore different from those of [Van Zyl (2001) who had to make the assumption of equicorrelation.

Reference and probability matching priors were derived in Section They lead to procedures with

140
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properties that frequentists can relate to while still retaining Bayesian validity. The fact that the result-
ing Bayesian posterior intervals of level 1 — 3 are also good frequentist intervals of the same level is a
very desirable situation. It is also shown that the reference and probability matching priors for o are
the same. The Bayesian theory and results derived in Sections [4.3]and were applied to two exam-
ples in Section [4.5] The frequentist coverage of the credibility intervals are for all practical purposes
95%. The intervals for the combined sample are however much shorter than those of the individual
samples. Also, the point estimates of the combined sample are more accurate. It is further concluded
that the posterior distribution of & for the combined sample becomes more important as the number of
samples increase.

In Chapter 5, a number of objective priors for Cronbach’s alpha in the case of a balanced three-
component hierarchical model, have been derived. The reference prior for the following group order-
ings: {a,06%,07,0}, {o,07,0%,0},{a,0,07,05},{a,0,05,0}}, were considered. It was shown
that the reference prior for the group orderings {o,07,07,0}, {,67,0,05}.{a,0,0},037}, were
equivalent to the probability matching prior when Cronbach’s alpha is the parameter of interest. The
probability matching prior that we have used when ¢ = 0 when « is the parameter of interest is different
from the reference prior that was obtained in this chapter. We compared the probability matching prior,
Jeffreys prior and divergence prior using a simulation study involving their coverage probabilities. The
simulation study showed that the reference prior and the probability matching prior outperformed the
Jeffreys prior and the divergence prior in terms of the coverage rates obtained. The coverage rates
obtained for the reference prior were the same as those for the probability matching prior. The math-
ematics showed that they both satisfy the condition to be a probability matching prior therefore it is
expected that the coverage rates obtained using these priors should be similar. The divergence prior
performed the worst in terms of its coverage rates which were either larger than the nominal rate or
smaller than the nominal rate of 0.95. It is recommended that the reference prior and the probability
matching prior should be used for the Bayesian analysis of Cronbach’s alpha for the three-component
hierarchical model.

In Chapter 6, statistical process control limits were derived for Cronbach’s alpha coefficient in
the case of the balanced one-way random effects model. This was achieved by deriving the predic-
tive distribution of a future (unseen) Cronbach’s alpha coefficient. For given variance components, it
was shown that the predictive density function of f (écf|oc) can be derived analytically. The Jeffreys
independence prior was used to derive the posterior distribution of ¢. The unconditional posterior
predictive density function f ( df]d) can be obtained by Monte Carlo simulation or numerical integra-
tion. The predictive density function f (&f|éc) as well as the conditional predictive density functions
f (df|a) can be used to determine the run-length and the average run-length. The distribution of the
run-length f (r|&) is the average of a large number of geometric distributions each with its own param-
eter value. Three examples were considered. The first example had to do with Dyestuff data and it is

from |Box & Tiao| (1973). In the second example it was assumed that the number of Dyestuff samples
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have increased from six to hundred and twenty and the number of samples in a future (unseen) data
set is ninety. The third example was from |Wooluru et al.| (2014) and were measured values of “Box
diameter” on the driver gear. From the results it was observed that the average and median run-lengths
are usually larger than the theoretical values. An advantage of the Bayesian procedure however is that
control limits can be adjusted in such a way that the average or median run-length has a specific value.

In Chapter 7, a number of objective priors were considered in the Bayesian analysis of Cronbach’s
alpha for a bivariate normal distribution under a general covariance matrix. The asymptotic interval
of Cronbach’s alpha was also considered for a general covariance matrix. A simulation study was
conducted for various sample sizes where the coverage probabilities and average interval lengths were
computed for the posterior distributions considering all of the objective priors as well as the asymptotic
interval. For the covariance matrices considered in the simulation study, it was evident that the objec-
tive priors outperformed the asymptotic interval where their coverage probabilities were all closer to
the nominal rate of 0.95. The asymptotic interval underestimated the coverage probabilities for all the
sample sizes considered in the simulation study. The performance of the asymptotic interval was espe-
cially bad for small sample sizes. This is not surprising since the interval was derived by |Van Zyl et al.
(2000) for large sample sizes using asymptotic results. The average interval lengths for the asymptotic
interval were the shortest for all covariance matrices considered but with a shortcoming of not getting
coverage probabilities closer to the nominal rate. The Jeffreys rule prior also obtained the shortest aver-
age interval lengths between all the priors considered but also fell short with the coverage probabilities
being below the nominal level. In practice, for small sample sizes, it is not recommended to use the
asymptotic interval for alpha. For small sample sizes, it is recommended to use either the one-at-a-time
reference prior, 7gp, or the reference prior with group ordering {01, 02,p}, rg, or the prior mys. For
larger sample sizes, all the objective priors considered performed similarly. It is recommended to also
use Trp, Mrs Or Ty for larger sample sizes although any of the priors considered may also be con-
sidered. Even though the asymptotic interval improved for larger sample sizes, the Bayesian approach
still consistently outperformed the asymptotic frequentist interval.

In Chapter 8, a number of confidence intervals were derived for Cronbach’s alpha and the intra-
class correlation coefficient under compound symmetry. Since the one-way random effects model has
a covariance matrix that is compound symmetric, it was the model considered in the analysis of Cron-
bach’s alpha and the intra-class correlation coefficient. In practice it is difficult to compare values of
Cronbach’s alpha across studies since it depends on the number of items, therefore computing confi-
dence intervals for alpha is essential since it accounts for the differences across the number of items.
Confidence intervals for Cronbach’s alpha were derived and simulated to test significant differences of
alpha across studies in this chapter. Various distributions of statistics were used to compare the signif-

icant differences of alpha, the ratio of two Cronbach’s alpha values, 8, = g—f, the difference between
1—oy
1—0p’

distributions of the intra-class correlation coefficient was also considered for the ratio of correlation co-

was also considered. The

two Cronbach’s alpha values, Yy, = 0p — o) and the distribution of Q2 =
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efficients from two studies, 5p = %, the difference between two correlation coefficients, ¥, = p2 — pi
and their confidence intervals were derived and simulated. These distributions were derived using a
pivotal quantity derived by [Van Zyl et al.| (2000) as a fiducial or objective Bayesian distribution for

Cronbach’s alpha and the intra-class correlation coefficient.

9.2 Possible Future Research

* For parameters defined on (0, 1), a common approach is to put a normal prior on the logit, for
example, log(a) —log(1 — a) . Taking such a prior with, say, 0 mean and large variance, would
be another possible non-informative prior. The idea would be to extend the work done in this

thesis using the vague prior.

* Possible further studies would be to investigate an unbalanced one-way random effects model
and estimate Cronbach’s alpha using various objective priors. (Chaloner (1987) estimated vari-
ance components in the one-way random model with unequal sample sizes. Chaloner| (1987)
considered various objective priors in their study to estimate the variance components. They
also did a simulation study for the ratio of the variance components. The idea is to extend
the work done by |Chaloner| (1987) by deriving the reference and probability matching prior for
Cronbach’s alpha using the unbalanced one-way random effects model. (Chaloner| (1987) used
the mode as the Bayes estimator, we will investigate the mode as well as other loss functions
such as the absolute error, squared error and the LINEX loss function to estimate Cronbach’s

alpha.

* It is also possible to extend the work using Bayes factors. Kang & Lee| (2004) developed a
Bayesian test procedure for the intra-class correlation coefficient using the balanced and unbal-
anced one-way random effects model using a reference prior. They used the fractional Bayes
factor by |(O’Hagan (1995)) since the prior used was improper which can lead to the Bayes factor
containing unspecified constants. They showed that the calculation of the fractional Bayes factor
required only one-dimensional integration. Since Cronbach’s alpha is related to the intra-class
correlation coefficient using the Spearman-Brown equation, we can extend the work done by
Kang & Lee (2004) by developing a Bayesian test procedure for Cronbach’s alpha using ob-
jective priors. To gain further insights beyond estimation, the comparison of different priors in
conjunction with fixed likelihoods for one-way or two-way ANOVA models using Bayes Factor

could be considered. This would add a complementary perspective to the existing analysis.

* Development of general loss functions by exploring more general loss functions, such as the
Kullback-Leibler divergence and invariant loss functions. These could provide additional in-

sights into the robustness and applicability of the proposed Bayesian methods.
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* Hierarchical and Empirical Bayesian Approaches: The inclusion of results on hierarchical and

empirical Bayesian methods for estimating Cronbach’s alpha.
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Appendix A: Cronbach’s Alpha for the
One-Way Random Effects Model

A.1 Fisher Information Matrix for Cronbach’s Alpha using the
One-Way Random effects Model

The likelihood function is given by
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To obtain the Fisher information matrix we take the logarithm of the likelihood function and differen-
tiate twice with respect to the unknown parameters.
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The Fisher information matrix is therefore given by
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A.2  Proof of the Reference Prior for the Group Ordering { o, 67,6 }

We are interested in the reference prior for the group ordering {Oc, 612, 9} which means that « is the
most important parameter and 0 is the least important parameter. In order to derive the reference prior,
the inverse of the Fisher information matrix is needed. Let S(8) = H~!(8) where H is the Fisher

information matrix. Now
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Define the truncated ranges for the 3 parameters as & € [a;,b;], 0 € [c;,d)] and o} € [e;, fi] where
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Since the values of A3; and As; are both zero, it was not really necessary to compute H, but we include

it for completeness. Therefore, hz = A3_31 = U(;a) . The three functions
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are the functions needed to calculate the prior. During the iterations, first the truncated conditional

function of 612 given o and 6 can be computed as
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Also fczl exp {log(l — a)_l}doc = log{%}:% } .Therefore,
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where o, 6y and 6120 are the three inner points in the ranges of the parameters.
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A.3  Proof of the Reference Prior for the Group Ordering { 67,0, a }

We are interested in the reference prior for the group ordering {612, 0, OC} which means that 612 is the
most important parameter and « is the least important parameter. In order to derive the reference prior,
the inverse of the Fisher information matrix is needed. Let S(8) = H~!(8) where H is the Fisher

information matrix. Now
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are the functions needed to calculate the prior. During the iterations, first the truncated conditional

function of & given 612 and 0 can be computed as

log (i:gj)



APPENDIX A: CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL 157

Now,
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We now need the function, 4, to determine E [log {l (6)}%]
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where o, 6y and 6120 are the three inner points in the ranges of the parameters.
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A.4  Proof of the Reference Prior for the Group Ordering { 67, c,6 }

We are interested in the reference prior for the group ordering {612, 0, OC} which means that 612 is the
most important parameter and 0 is the least important parameter. In order to derive the reference prior,
the inverse of the Fisher information matrix is needed. Let S(8) = H~!(8) where H is the Fisher

information matrix. Now,

Ay AL A 2022  —2(1-0)(a7)
A” A21 A;nl -1 o 0
) B 21 A2 o Ayp —2(1-a)(o}) 2J(1—a)?
S(Gl7a79) - . I(J-1) 1 1(J-1) 0
62
Am Amz - Awm 0 0 7o)

Define the truncated ranges for the 3 parameters as o € [a;,b;], 0 € [¢;,d)] and 612 € ley, f1] where ¢; —
—oo, by — 1,d}, f; — o and ay,e; — 0. Now hy = Hy = A7 = 20 hy — (Ayy — BoH B,) L. Sy is the

2(07)??
upper left N; X Ny corner of S. We have m = 3 groups withn; =1, np =1 and n3 = 3 .". Sy is the upper
@ _ 2(07) P (A . 2(1-a)(e})
left 1 x 1 corner of S, that is S} = =1 Therefore H; = S| = 2(o7)? and B, = Ay = — 0
1

Hence,

N —2(1—-a)(o}) -2(1-«a)(o}) -
hy = _A22_< 1(J-1) 1 >H1< 1(J—1) 1 )]

2(l—a)P 20-a?]"
1J—-1)  I1(J-1)
I

2(1—a)*

Also, hz = (A33 = BgHng) ~! Where S, is the upper left Ny x N, corner of S. Now N, = nj +ny = 2.

20fp  Z20-0)(of)
Therefore S, is the upper left 2 x 2 corner of S, thatis S = | _, (11 (j;;zcﬁ) 2; E{ :(11))2 . Now,
10-1) 10-1)
i 1
Hy=sy'=| 27 200 | ngp, = [ As Az ] - [ 00 }  Therefore, ByHy By = 0.
2(o})(1-a)  2(1-a)?

Sohy =A3 = 11(1205)' The three functions
33 o

1(J—1) I U (1-a)

=", = =
2(07)? 2(1-a)? i
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are the functions needed to calculate the prior. During the iterations, first the truncated conditional

function of 6 given 612 and o can be computed as

2 (0l07,0) =2 O

Now,

Therefore,

m} (9|(712, o) exp {E [log{hz (0)}%] }
fabl’ exp {E [log{hz(e)}%] }d(x
_m(6lo7,a)(1-0)"'
fabl’(l—a)_ldoc
(1—a)”
(dl—Cl)IOgG:Zj)
K

:(1—06) foralgagblandclgegdl,

5 (o, 8]07) =

where K =

——— = 1s denoted as a constant which only relates to the ranges of the parameters.
L
(dlfcl)10g< =5, )

We now need the function, %1, to determine E |log {h (6)}%]
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E [1og {1 (8)}]

di b K
/ log (c?) " =gy

:/C Klog (612)_1 (/a (l—oc)_lda> do

d; 1 1-—
= [ Klog(c?) o ( )de
/q ¢(0f) ' tog (1=

—1 1 —aq
=Klog (612) log (1 7 ) (di—cy)
1

-1 —
= log (o7) 108( ) (d—c1)
(d;—ci)log (}:Zj) 1=b

=log (612)71

Therefore,

) (a,0|07) exp{log (612)_1}
[frexp {log (o7) "} do?
K (0’12)_1

(- ) [Ji(c?)” 'do?

K(l—a) ' (o})” 1

log(fie; ")

7} (of,0,a) =

Finally,

! (0},60,a)
{ (07, 60, 0)

o 2(1-a)!

7 (a,0,07) o< lh_}rgn

where o, 6y and 6120 are the three inner points in the ranges of the parameters.
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A.5 Proof of the Reference Prior for the Group Ordering { 0,07, ., }

We are interested in the reference prior for the group ordering {9, 612, Oc} which means that 0 is the
most important parameter and « is the least important parameter. In order to derive the reference prior,
the inverse of the Fisher information matrix is needed. Let S(8) = H~!(8) where H is the Fisher

information matrix. Now

Ay AL, L A of
A11 Azl A:nl m 0 0
2 _ 21 A2 2 | 2(02)? —2(1-a)(o?
§(0,01,a) = : - = 0 1((JG—1)1) I(J—l() )
' . —2(1-a)(o})  2w(1-a)
Am1 Ama - Amm 0 I1(J—-1) l I1(J-1)

Define the truncated ranges for the 3 parameters as & € [a;,b;], 0 € [c;,d)] and o} € [e;, fi] where
c1— —o0, by — 1,dy, fy — o and ay,e; — 0. Now hy = Hy = Ay = 5% py = (4, — By B) .
1

S1 1s the upper left N1 x Ny corner of S. We have m = 3 groups withny =1,ny =1andnz3 =3 ..S; is
2

the upper left 1 x 1 corner of S, thatis S| = U(f—ia). Therefore H; = Sl_1 = U(;—;a) and B, = A,; =0.
1
Hence hy = A2_21 = IZ((JG—})IQ Also hy = (A33 — BgHng) ! where $ is the upper left N> X N, corner of S.
1
o} 0
Now N, =ny+ny = 2. Therefore S is the upper left 2 x 2 corner of S, thatis S, = L(1-a) 262
1
0 1(J—1)
y-a) 0
2 2
Now Hp = Sz_1 = (8 1(-1) and B3 = |:A31 Az } = [ 0 72(11(;—%61) . Therefore,
2(o})?

r_ 2(1-a)?
B?,HQB:;, = m So

hs = [Az3 — BsHyBy] !

2/ (1-a)® 2(1 —oc)2] B

1(J-1) I(J—1)
-
2(1—a)*

The three functions
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are the functions needed to calculate the prior. During the iterations, first the truncated conditional

function of & given 6 and 612 can be computed as

m} (al6, 012) {13 (e)i
Joy {h3(8)}2d6s
(1-a)”
Ji(1—a) " da
(1-a)!

log (tgﬁ)

o<

fora; < o < by.

Now,
E [1og {2 (8)}]
bl 1 _ —1
oc/ log (612) ! %d(x
' s (15)
-1
_ log (o) log (1 —al)
log(iiij) I=b
-1
=log (Gl ) .
Therefore,

7l (al0.07) exp { E [10g {2 (0)}?] }
e {E [1og {a(8)}}] } do?
_m(6lo?.a) (o)
Ji (ot) " dot
o (o)
_log (i%gj) log (flel_l)

foralgagblandelgclzgfl‘

We now need the function, /1, to determine E [log {m (6)}%]
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E [tog {h <e>}%}

b 1 1 _ 1 n—1
/Z/Z og 051)2 (1-a) (Gl) — dGlda
o Ja | (o)t rog (1) tos (i)
1

[a-a! [ fleg1-a)-1ag (o)) (o7) ' dota
>log (fle ) !

210g (

e
b i . y )
— ! l(l—oc)l{ "log (1 a) (?) ldclz—/llog(clz) (0?) ldcf} dot
2[0g( a’)log(flel ) ar e el

—K* /abl(l—oc)‘1 [log(l —a)log (fie, ') —% [log® (fi) —log? (el)}] da

1

bi K** [log? (f;) — log* (e bi
=K"*log (flel_l)/ (1—a) 'log(1—o)do — [log (flz) 8" (er)] / (1-a) 'da
aj aj
K*log (fie,') ., , 5 K** [log* (f;) — log* (e))] j—
= 5 [log” (1 —a;) —log” (1 —b;)] — > log b,
=K'
where K** = ! and K’ are just constants which only relate to the ranges of the param-

ZIog(] B )log(fle] )
eters. Therefore,

ﬂz(cl,a\G)eXP{log(Gl) 1}
ffzexp{log o}) }dcf
(1—06)71 (612)71 exp (K')
log (1) tos (fieg ") Jif exp (K)o
1

(e |
log (1 “l> log (flel_l) (di—cp)

! (9,612,06) =

Finally,

o 2(1-a)!

I (2
7k (t,8,07) o< lim 7 (07,6,2)
= 1) (075, 60, %)

where o, 6y and 6120 are the three inner points in the ranges of the parameters.
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A.6 Proof of the Reference Prior for the Group Ordering {6, ¢, 67 }

We are interested in the reference prior for the group ordering {9, a, 0'12} which means that 0 is the
most important parameter and 612 is the least important parameter. In order to derive the reference
prior, the inverse of the Fisher information matrix is needed. Let S(0) = H~! (@) where H is the

Fisher information matrix. Now

Ay AL, A of
A11 Azl A:nl m 0 0
2 N | A2 A o Ay | 2(1—a)®  —2(1-a)(o})
5(9761 70‘) = . . - 0 17-1) 1(J-1) :
' ’ —2(1-a)(o}) 2(c2)?
Am1 Ama - Amm 0 I1(J—-1) l I(]il)

Define the truncated ranges for the 3 parameters as & € [a;,b;], 0 € [c;,d)] and o} € [e;, fi] where
c1— —o0, by = 1, dy, fi — oo and aj,e; — 0. Now hy = Hy = Ay = Y059 py = (A, — ByH ) .
1

S1 1s the upper left Ny x Ny corner of S. We have m = 3 groups withn; =1,n, =1 and n3 =3 .S is the
2
upper left 1 x 1 corner of S, thatis S| = H((f—ia). Therefore H; = Sl_1 = @ and B, =A;; =0. Hence
1

hy = A2_21 . (Cnd) 5 Also h3 = (A33 — B3HzB/3> ! where S5 is the upper left N, x N, corner of S. Now

2/(1-a)

o} 0

Ny = nj +ny = 2. Therefore S, is the upper left 2 x 2 corner of S, that is S, = L(1-a) 27(1-a)?
0 I1(J-1)

H(l—-o) 0
2 2
Now H; = Sz_1 = (8 1) and B3 = [ A3l Az } = [ 0 72(11(;—?)1561) ] . Therefore,
2J(1—a)?
2(02)
B3;H,B, = H((‘J’—L)l) So,

hy = [As3 — BsHyBy]

_ [z<o%>2 2(02)? ]

IJ-1) LJ-1)

1J
p— 2 2 .
2(o7)
The three functions
hl:IJ(l—oc) Iy = I1(J-1) hy = 1J
or 27 (1-a)* 2(c2)?
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are the functions needed to calculate the prior. During the iterations, first the truncated conditional

function of & given 6 and 612 can be computed as

m} (al6, 012) {13 (e)i
Joy {h3(8)}2d6s
(1-a)”
Ji(1—a) " da
(1-a)!

log (tgﬁ)

o<

fora; < o < by.

Now,
E [1og {2 (8)}]
bl 1 _ —1
oc/ log (612) ! %d(x
' s (15)
-1
_ log (o) log (1 —al)
log(iiij) I=b
-1
=log (Gl ) .
Therefore,

7l (al0.07) exp { E [10g {2 (0)}?] }
e {E [1og {a(8)}}] } do?
_m(6lo?.a) (o)
Ji (ot) " dot
o (o)
_log (i%gj) log (flel_l)

foralgagblandelgclzgfl‘

We now need the function, /1, to determine E [log {m (6)}%]
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E [tog {h <e>}%}

b 1 1 _ 1 n—1
/Z/Z og 051)2 (1-a) (Gl) — dGlda
o Ja | (o)t rog (1) tos (i)
1

[a-a! [ fleg1-a)-1ag (o)) (o7) ' dota
>log (fle ) !

210g (

e
b i . y )
— ! l(l—oc)l{ "log (1 a) (?) ldclz—/llog(clz) (0?) ldcf} dot
2[0g( a’)log(flel ) ar e el

—K* /abl(l—oc)‘1 [log(l —a)log (fie, ') —% [log® (fi) —log? (el)}] da

1

bi K** [log? (f;) — log* (e bi
=K"*log (flel_l)/ (1—a) 'log(1—o)do — [log (flz) 8" (er)] / (1-a) 'da
aj aj
K*log (fie,') ., , 5 K** [log* (f;) — log* (e))] j—
= 5 [log” (1 —a;) —log” (1 —b;)] — > log b,
=K'
where K** = ! and K’ are just constants which only relate to the ranges of the param-

ZIog(] B )log(fle] )
eters. Therefore,

ﬂz(cl,a\G)eXP{log(Gl) 1}
ffzexp{log o}) }dcf
(1—06)71 (612)71 exp (K')
log (1) tos (fieg ") Jif exp (K)o
1

(e |
log (1 “l> log (flel_l) (di—cp)

7; (0,07,0) =

Finally,

o 2(1-a)!

I (2
7k (t,8,07) o< lim 7 (07,6,2)
= 1) (075, 60, %)

where o, 6y and 6120 are the three inner points in the ranges of the parameters.
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A.7 Additional Results for Simulation Study 1
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Figure A.1: Coverage for 612 =2 When (a)/ =6,J =5 and (b) I =20,/ =5.
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Coverage Probabilities forai =8, 1=6, J=5.
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Figure A.2: Coverage for/ =6,J =5, (a) 62 = 8 and (b) 67 = 20.
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I
= Probability Matching Prior, a=1, b=1.
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Figure A.4: Coverage for/ =5,J =6, (a) 62 = 1 and (b) 67 = 2.
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Coverage Probabilities forai =4, 1=5, J=6.
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Figure A.5: Coverage for/ =5,J =6, (a) 612 =4

and (b) 67 = 6.
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Coverage Probabilities forof =8, I=5, J=6.
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Figure A.6: Coverage for I =5,J =6, (a) 62 = 8 and (b) 67 = 10.
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Coverage Probabilities foraf =15, I=5, J=6.
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Figure A.7: Coverage for I =5,J =6, (a) 62 = 8 and (b) 67 = 10.
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A.8 Additional Results for Simulation Study 2

Table A.1: MRE and Estimates Using Different Loss Functions and Values for @ When / = 6 and J = 6 When
o} =6and o5 = 3,10, 15 and 20.

a=0.75

MATCHING JEFFREYS DIVERGENCE

MRE | EST MRE EST MRE | EST
Squared Error | 0.9152 | 0.6864 | 0.9049 | 0.6786 | 0.9028 | 0.6771
Absolute Error | 0.9529 | 0.7147 | 0.9382 | 0.7037 | 0.9353 | 0.7015
Linex Loss ¢: -9 | 1.0574 | 0.7931 | 1.0398 | 0.7798 | 1.0340 | 0.7755
-5 1 1.0092 | 0.7569 | 0.9927 | 0.7445 | 0.9879 | 0.7409
0.5 | 0.9033 | 0.6775 | 0.8940 | 0.6705 | 0.8923 | 0.6693
1| 0.8910 | 0.6683 | 0.8828 | 0.6621 | 0.8815 | 0.6612

o =0.9091

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9400 | 0.8546 | 0.9385 | 0.8532 | 0.9373 | 0.8521

Absolute Error | 0.9626 | 0.8751 | 0.9585 | 0.8714 | 0.9568 | 0.8698

Linex Loss ¢: -9 | 0.9815 | 0.8923 | 0.9768 | 0.8880 | 0.9747 | 0.8861

-5 109672 | 0.8793 | 0.9633 | 0.8757 | 0.9615 | 0.8741

0.5 | 0.9365 | 0.8514 | 0.9353 | 0.8503 | 0.9342 | 0.8493

1 | 0.9328 | 0.8480 | 0.9320 | 0.8473 | 0.9310 | 0.8464

a =0.9375

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9554 | 0.8957 | 0.9547 | 0.8950 | 0.9540 | 0.8944

Absolute Error | 0.9722 | 0.9115 | 0.9696 | 0.9090 | 0.9685 | 0.9079

Linex Loss c¢: -9 | 0.9801 | 0.9189 | 0.9773 | 0.9163 | 0.9760 | 0.9150

-5 1 0.9715 | 0.9107 | 0.9692 | 0.9087 | 0.9681 | 0.9076

0,5 | 0.9533 | 0.8938 | 0.9529 | 0.8933 | 0.9522 | 0.8927

1 {09512 | 0.8917 | 0.9509 | 0.8915 | 0.9503 | 0.8909

a=0.9524

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9653 | 0.9193 | 0.9644 | 0.9185 | 0.9639 | 0.9180

Absolute Error | 0.9785 | 0.9319 | 0.9762 | 0.9297 | 0.9754 | 0.9289

Linex Loss ¢: -9 | 0.9817 | 0.9350 | 0.9796 | 0.9329 | 0.9786 | 0.9320

-5 1 0.9759 | 0.9294 | 0.9741 | 0.9277 | 0.9733 | 0.9269

0,5 | 0.9639 | 0.9180 | 0.9632 | 0.9173 | 0.9627 | 0.9169

1] 0.9625 | 0.9166 | 0.9619 | 0.9161 | 0.9615 | 0.9157
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Table A.2: MRE and Estimates Using Different Loss Functions and Values for &« When / = 3 and J = 30 When
o} =6and 05 =2,3,6 and 8.

o =0.9091

MATCHING JEFFREYS DIVERGENCE

MRE | EST MRE EST MRE | EST
Squared Error | 0.9036 | 0.8215 | 0.8848 | 0.8044 | 0.8792 | 0.7993
Absolute Error | 0.9435 | 0.8577 | 0.9115 | 0.8286 | 0.9018 | 0.8198
Linex Loss ¢: -9 | 0.9881 | 0.8983 | 0.9656 | 0.8778 | 0.9572 | 0.8702
-5 1 0.9629 | 0.8753 | 0.9393 | 0.8539 | 0.9310 | 0.8464
0.5 | 0.8952 | 0.8139 | 0.8778 | 0.7980 | 0.8728 | 0.7934
1| 0.8864 | 0.8058 | 0.8705 | 0.7914 | 0.8661 | 0.7874

o =0.9375

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9134 | 0.8563 | 0.9003 | 0.8441 | 0.8959 | 0.8399

Absolute Error | 0.9466 | 0.8874 | 0.9228 | 0.8651 | 0.9152 | 0.8580

Linex Loss ¢: -9 | 0.9762 | 0.9152 | 0.9596 | 0.8996 | 0.9531 | 0.8936

-5 1 09573 | 0.8975 | 0.9402 | 0.8815 | 0.9338 | 0.8755

0.5 | 0.9072 | 0.8505 | 0.8952 | 0.8392 | 0.8911 | 0.8354

1| 0.9006 | 0.8444 | 0.8898 | 0.8342 | 0.8862 | 0.8308

o =0.9677

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9361 | 0.9059 | 0.9292 | 0.8993 | 0.9269 | 0.8970

Absolute Error | 0.9589 | 0.9280 | 0.9450 | 0.9145 | 0.9405 | 0.9102

Linex Loss ¢: -9 | 0.9723 | 0.9409 | 0.9628 | 0.9317 | 0.9591 | 0.9282

-5 109612 | 0.9302 | 0.9517 | 0.9210 | 0.9482 | 0.9176

0.5 | 0.9325 | 0.9024 | 0.9263 | 0.8965 | 0.9243 | 0.8944

1| 0.9288 | 0.8988 | 0.9233 | 0.8935 | 0.9215 | 0.8918

o =0.9756

MATCHING JEFFREYS DIVERGENCE
MRE | EST MRE EST MRE | EST

Squared Error | 0.9453 | 0.9223 | 0.9402 | 0.9172 | 0.9384 | 0.9155

Absolute Error | 0.9646 | 0.9410 | 0.9534 | 0.9302 | 0.9499 | 0.9267

Linex Loss ¢: -9 | 0.9737 | 0.9500 | 0.9663 | 0.9427 | 0.9634 | 0.9399

-5 1 0.9650 | 0.9415 | 0.9576 | 0.9343 | 0.9549 | 0.9316

0.5 |1 09426 | 0.9196 | 0.9379 | 0.9151 | 0.9364 | 0.9135

1109397 | 09167 | 0.9356 | 0.9128 | 0.9342 | 0.9114
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Table A.3: MRE and Estimates Using Different Loss Functions and Values for @ When / = 10 and J = 50 When
o} =6and 05 =2,3,6 and 8.

o=0.

9434

MATCHING

JEFFREYS

DIVERGENCE

MRE

EST

MRE EST

MRE | EST

Squared Error

0.9824

0.9268

0.9826 | 0.9270

0.9824 | 0.9268

Absolute Error

0.9882

0.9323

0.9878 | 0.9319

0.9874 | 0.9315

Linex Loss ¢: -9

0.9892

0.9332

0.9888 | 0.9328

0.9884 | 0.9324

-5

0.9865

0.9306

0.9863 | 0.9304

0.9859 | 0.9301

0.5

0.9820

0.9264

0.9822 | 0.9266

0.9820 | 0.9264

1

0.9815

0.9260

0.9818 | 0.9262

0.9816 | 0.9261

o=0.

9615

MATCHING

JEFFREYS

DIVERGENCE

MRE

EST

MRE EST

MRE | EST

Squared Error

0.9888

0.9508

0.9882 | 0.9502

0.9882 | 0.9502

Absolute Error

0.9927

0.9545

0.9918 | 0.9536

0.9916 | 0.9535

Linex Loss c¢: -9

0.9920

0.9538

0.9912 | 0.9531

0.9911 | 0.9530

-5

0.9907

0.9525

0.9900 | 0.9519

0.9899 | 0.9518

0.5

0.9886

0.9506

0.9880 | 0.9500

0.9880 | 0.9500

1

0.9884

0.9504

0.9878 | 0.9498

0.9879 | 0.9499

o=0.

9804

MATCHING

JEFFREYS

DIVERGENCE

MRE

EST

MRE EST

MRE | EST

Squared Error

0.9941

0.9746

0.9941 | 0.9746

0.9941 | 0.9746

Absolute Error

0.9961

0.9765

0.9959 | 0.9763

0.9958 | 0.9763

Linex Loss c¢: -9

0.9950

0.9755

0.9949 | 0.9754

0.9949 | 0.9754

-5

0.9946

0.9751

0.9946 | 0.9751

0.9945 | 0.9750

0.5

0.9940

0.9746

0.9941 | 0.9746

0.9941 | 0.9746

1

0.9940

0.9745

0.9940 | 0.9745

0.9940 | 0.9745

o=0.

9852

MATCHING

JEFFREYS

DIVERGENCE

MRE

EST

MRE EST

MRE | EST

Squared Error

0.9956

0.9809

0.9956 | 0.9809

0.9956 | 0.9809

Absolute Error

0.9970

0.9823

0.9969 | 0.9822

0.9969 | 0.9821

Linex Loss c: -9

0.9961

0.9814

0.9960 | 0.9813

0.9961 | 0.9813

-5

0.9959

0.9811

0.9958 | 0.9811

0.9959 | 0.9811

0.5

0.9955

0.9808

0.9955 | 0.9808

0.9956 | 0.9809

1

0.9955

0.9808

0.9955 | 0.9808

0.9956 | 0.9808
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A9 MATLAB Code for Simulation Study 1

clear

tic

I=5; J=6;

vi=I*(J-1);

v2=1-1;

Count=[];

Length=[] ;

SI=[1;

for s1=[1 2 4 6 8 10 15 20 25];
s2=25;

alf=J*s2/(s1+J*s2);
N=10000;
ro=0:0.0001:0.9999;
count=0;

L=0;

for i=1:N
viml=sil*chi2rnd(vl);
v2m2=(s1+J*s2) *chi2rnd (v2) ;

1Inf=((v2-2)/2)*log(1l-ro) - ((vi+v2)/2)*1log(viml+v2m2*(1-r0));

f=exp(1nf); %Kernel of Posterior for Cronbach’s alpha
K=inv(0.0001*sum(f)); %normalizing constant

pro=Kxf; % Normalized Posterior for Cronbach’s alpha
C=0.0001*cumsum(pro) ;

1095=ro(min(find (C>=0.025)));

up95=ro (min(find (C>=0.975)));

1=up95-1095;

L=L+1;

if lo96<=alf & up95>=alf

count=count+1;

end
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end

count;

leng=L/N;

Count=[Count;count] ;

Length=[Length;leng];
si=sqrt(1/(N-1)*(sum(Length."2)-(sum(Length))~2/N));
SI=[SI;si];

end

toc

coverage=Count./N

coverage_2=coverage’ Length’ SI’

xlswrite(’Probability Matching’, [coverage_2 Length’ SI’])

A.10 MATLAB Code for Simulation Study 2

clc

clear

tic

R=10000;

I=5;

J=20;

vi=I*(J-1);
v2=I-1;

%a=1; b=1;
%a=1/2; b=3/2;
a=1/4; b=3/4;
df1=v2+2-2%a;
df2=v1+2*b+2%a-4;
sl1=6;

s2=8;
alpha=J*s2/(s1+Jxs2);
alpha;

n=10000;
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c2=-5;

c3=0.5;

c4=1;

ALPHA_HAT1=[];
ALPHA_HAT2=[];
ALPHA_HAT_LIN1=[];
ALPHA_HAT_LIN2=[];
ALPHA_HAT_LIN3=[];
ALPHA_HAT_LIN4=[];
Z=[1;

for i=1:R
vl_star=sil*chi2rnd(vl);
v2_star=(s1+J*s2)*chi2rnd (v2) ;
ml=vl_star/vi;
m2=v2_star/v2;

m=m2/m1;

u = unifrnd(0,1,1,n);

z = finv(fcdf (0,df1,df2)+u*x(fcdf (m,df1,df2)-fcdf (0,df1,df2)),df1,df2);
alpha_post=1-(z./m);

alpha_hatl=mean(alpha_post);

alpha_hat2=median(alpha_post);

alpha_hat_LIN1=(-1/cl)*log(mean(exp(-cl*alpha_post)));

alpha_hat_LIN2=(-1/c2)*log(mean(exp(-c2*alpha_post)));

alpha_hat_LIN3=(-1/c3)*log(mean(exp(-c3*alpha_post)));

alpha_hat_LIN4=(-1/c4)*log(mean (exp(-c4*alpha_post)));
Z=[Z z];

ALPHA_HAT1=[ALPHA_HAT1 alpha_hatl 1];
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ALPHA_HAT2=[ALPHA_HAT2 alpha_hat2 ];

ALPHA_HAT_LIN1=[ALPHA_HAT_LIN1 alpha_hat_LIN1];
ALPHA_HAT_LIN2=[ALPHA_HAT_LIN2 alpha_hat_LIN2];
ALPHA_HAT_LIN3=[ALPHA_HAT_LIN3 alpha_hat_LIN3];
ALPHA_HAT_LIN4=[ALPHA_HAT_LIN4 alpha_hat_LIN4];
end

MRE1=(sum( (ALPHA_HAT1./alpha)))./R;

MRE2=(sum( (ALPHA_HAT2./alpha)))./R;

MRE3=(sum( (ALPHA_HAT_LIN1./alpha)))./R;
MRE4=(sum( (ALPHA_HAT_LIN2./alpha)))./R;
MRE5=(sum( (ALPHA_HAT_LIN3./alpha)))./R;
MRE6=(sum( (ALPHA_HAT_LIN4./alpha)))./R;
EST1=mean (ALPHA_HAT1) ;

EST2=mean (ALPHA_HAT?2) ;

EST3=mean (ALPHA_HAT_LIN1);

EST4=mean (ALPHA_HAT_LIN2);

EST5=mean (ALPHA_HAT_LIN3);

EST6=mean (ALPHA_HAT_LIN4);

Results_MRE=[MRE1 MRE2 MRE3 MRE4 MRE5 MRE6]’
Results_EST=[EST1 EST2 EST3 EST4 EST5 EST6]’

xlswrite(’Output’, [Results_MRE Results_EST])

toc

A.11 MATLAB Code for the Example

clc
clear
I=6; J=5;

y=[1545 1540 1595 1445 1595 1520; 1440 1555 1550 1440 1630 1455; 1440 1490 1605
1595 1515 1450; 1520 1560 1510 1465 1635 1480; 1580 1495 1560 1545 1625 1445];
y_new_i_dot=sum(y(:,1:I))/J;

ydot_dot=mean (mean(y)) ;

v_1_star=sum(sum((y-y_new_i_dot)."2));
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v_2_star=J*sum((y_new_i_dot-ydot_dot)."2); Between group sum of squares
vi=I*(J-1);

v2=I-1;

ml=v_1_star/vl; 7JWithin group mean square error

m2=v_2_star/v2; YBetween group mean square error

m=m2/m1;

% Function to determine normalizing constant

funl= @(alpha) JPosterior using the PMP:a=1,b=1 (not normalized)
(1-alpha) .~ (0.5%(v2-2)) .*(v_1_star+v_2_star.*(1l-alpha)) .~ (-0.5%(v1+v2));
ql = integral(fun1,0,1);

%» Therefore normalizing constant K=1/ql

K=1/q1;

JFunction to determine mean of posterior of alpha

fun2= @(alpha) (1/ql)*alpha.*(1-alpha).~(0.5%(v2-2)).
x(v_1_star+v_2_star.*(l-alpha)) .~ (-0.5%(vi+v2));

%» Bayes estimate under squared error loss
alpha_hat_SE=integral(fun2,0,1)

JBayes estimate for alpha under Absolute error loss
alpha_hat_ABS=1-finv(0.5,v2,v1)/m % Theorem 4

JParameters for the Linex loss function

cl1=-9;

c2=-5;

c3=0.5;

cd=1,

% Function to determine E(exp(-cl*alpha)) for the Bayes est under Linex loss
fun3=0(alpha) (1/ql)*exp(-cl*alpha).*(1l-alpha)."(0.5%(v2-2)).
*x(v_1_star+v_2_star.*(1-alpha))."(-0.5%(v1+v2));
E_LIN_i=integral(fun3,0,1);

alpha_hat_LIN_c1=(-1/c1)*log(E_LIN_1)

% Function to determine E(exp(-c2*alpha)) for the Bayes est under Linex loss
fun4=0(alpha) (1/ql) *exp(-c2*alpha) .*(1-alpha) .~ (0.5%(v2-2)).
x(v_1_star+v_2_star.*(1-alpha))."(-0.5%(vi+v2));
E_LIN_2=integral(fun4,0,1);

alpha_hat_LIN_c2=(-1/c2)*log(E_LIN_2)

% Function to determine E(exp(-c3*alpha)) for the Bayes est under Linex loss
funb=0(alpha) (1/ql)*exp(-c3*alpha).*(1l-alpha)."(0.5%(v2-2)).
*x(v_1_star+v_2_star.*(l-alpha)) .~ (-0.5%(vi+v2));



APPENDIX A: CRONBACH’S ALPHA FOR THE ONE-WAY RANDOM EFFECTS MODEL 183

E_LIN_3=integral(fun5,0,1);
alpha_hat_LIN_c3=(-1/c3) *log (E_LIN_3)

fun6=0@(alpha) (1/ql)*exp(-cd*alpha).*(1-alpha)."(0.5%(v2-2)).
*x(v_1_star+v_2_star.*(l-alpha)) .~ (-0.5%(vi+v2));
E_LIN_4=integral(fun6,0,1);
alpha_hat_LIN_c4=(-1/c4)*log(E_LIN_4)

CI_95=[1-finv(0.975,v2,v1)/m 1-finv(0.025,v2,v1)/m]

x=[0:0.01:1];

y_1=(1/ql) *x.*x(1-x) .~ (0.5%(v2-2)) .*(v_1_star+v_2_star.*(1-x)) .~ (-0.5%(vi+v2));
plot(x,y_1)

title(’Posterior Distribution of \alpha’)

xlabel(’\alpha’)

ylabel(’p(\alpha)’)



Appendix B: Combined Bayesian Estimates
for Cronbach’s Alpha

B.1 MATLAB Code for Example 1

clear

tic

sl=4; s2=1;

s11=3; s22=0.75;

I=20; J=6;

vi=I*(J-1); v2=I-1;

D=[]; D1=[]; D2=[]; Q=[]; Mo=[]; Mol=[]; Mo2=[]; U=[]; R=[];
count=0; Len=[]; count1=0; Lenl=[]; count2=0; Len2=[];
for i=1:10000

viml=si*chi2rnd(vl);

v2m2=(s1+J*s2) *chi2rnd (v2) ;
vimli=s11*chi2rnd(vl);
v2m22=(s11+J*s22)*chi2rnd (v2) ;
alf=0:0.001:1;
A=(v2m2*(1-alf)+viml) .~ (- (v1+v2)/2);
B=(v2m22*(1-alf)+vimll) .~ (- (v1+v2)/2);
pa=(10~300)* ((1-alf) .~ (1.5%v2-1)) .*A.*B;
K=1/sum(pa)/0.001;
pal=((1-alf) .~ ((v2-1)/2)) .*A;
pa2=((1-alf) .~ ((v2-1)/2)) .*B;
K1=1/sum(pal)/0.001;
K2=1/sum(pa2)/0.001;

figure(1)

184
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plot(alf,K+pa,alf,Ki*pal,alf,K2*pa2)
grid

Fa=pa*xK*0.001;

Fal=pal*K1x0.001;

Fa2=pa2*K2*0.001;

mFa=max(Fa); mFal=max(Fal); mFa2=max(Fa2);
mo=alf (find (Fa==mFa(1)));

mol=alf (find(Fal==mFal(1)));

mo2=alf (find (Fa2==mFa2(1)));
r=(mo-0.6)"2;

r1=(mo1-0.6)"2;

r2=(mo02-0.6)"2;

Mo=[Mo;r]; Mol=[Mol;rl]; Mo2=[Mo2;r2];
rr=[r rl r2];

R=[R;rr];

mr=min(rr);

u=find (rr==mr(1));

U=[U;u(1)];

me=alf*Fa’;

mel=alfxFal’;

me2=alfxFa2’;

d=(me-0.6)"2;

d1=(mel-0.6)"2;

d2=(me2-0.6)"2;

dd=[d;d1;d2];
g=find (dd==min(dd)) ;
Q=0Q;q]l;

D=[D;d]; D1=[D1;d1]; D2=[D2;d2];
ca=cumsum(Fa) /sum(Fa) ;
cal=cumsum(Fal) /sum(Fal);
ca2=cumsum(Fa2) /sum(Fa2) ;

L=[];

for j=0.001:0.001:0.025

a=max (find(ca<=0.025+j));

b=max (find (ca<=0.975+j)) ;
1=alf(b)-alf(a);

L=[L;1];
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end

M=find (L==min(L)) ;
j=0.001:0.001:0.025;
Nlo=max(find(ca<=0.025+j(M(1))));
Nup=max (find (ca<=0.975+3j (M(1))));
lo=alf (Nlo);

up=alf (Nup) ;

len=up-lo;

Len=[Len;len];

if 10<0.6 & up>0.6

count=count+1;

end

L1=[1;

for j=0.001:0.001:0.025
al=max(find(cal<=0.025+j));
bl=max(find(cal<=0.975+j));
11=alf(b1)-alf(al);

L1=[L1;11];

end

Mi=find(L1==min(L1));
j=0.001:0.001:0.025;
Nlol=max(find(cal<=0.025+j(M1(1))));
Nupl=max(find(cal<=0.975+j(M1(1))));
lol=alf(Nlol);

upl=alf (Nupl);

lenl=upl-lol;

Lenl=[Lenl;lenl];

if 101<0.6 & up1>0.6
countl=counti+1;

end

L2=[];

for j=0.001:0.001:0.025

a2=max (find (ca2<=0.025+j));
b2=max (find (ca2<=0.975+j)) ;
12=alf (b2)-alf(a2);

L2=[L2;12];

end
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M2=find(L2==min(L2));
j=0.001:0.001:0.025;

Nlo2=max (find (ca2<=0.025+j(M2(1))));
Nup2=max (find (ca2<=0.975+3j (M2(1))));
lo2=alf (Nlo2);

up2=alf (Nup2) ;

len2=up2-102;

Len2=[Len2;1len?2];

if 102<0.6 & up2>0.6
count2=count2+1;

end

end

mme=length(find(Q==1));
mmel=length(find(Q==2));
mme2=length(find (Q==3)) ;
mmo=length (find (U==1));
mmol=length(find (U==2));
mmo2=length(find (U==3)) ;

Mme=[mme mmel mme?2 ]

Mmo=[mmo mmol mmo2 ]

toc

B.2 MATLAB Code for Example 2

clear

tic

s1=4; s2=1;

s11=3; s22=0.75;

s111=5; s222=1.25;

I=20; J=6;

vi=I*(J-1); v2=I-1;

D=[]; D1=[1; D2=[1; Q=[1; Mo=[]; Mol=[]; Mo2=[]; U=[]; R=[1;
Mo3=[1; D3=[];

count=0; Len=[]; countl1=0; Lenl=[]; count2=0; count3=0; Len2=[]; Len3=[];
for i=1:10000
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viml=si*chi2rnd(v1l);

v2m2=(s1+J*s2) *chi2rnd (v2) ;
vimli=s11*chi2rnd(vl);
v2m22=(s11+J*s22)*chi2rnd (v2) ;
viml1ll=s111*chi2rnd(vl);
v2m222=(s111+J*s222) *chi2rnd(v2) ;
alf=0:0.001:1;
A=(v2m2*x(1-alf)+viml) .~ (- (v1+v2)/2);
B=(v2m22*(1-alf)+vimll) .~ (-(v1+v2)/2);
C=(v2m222*(1-alf)+vimli1l) .~ (-(v1+v2)/2);
pa=(10"300) *((1-alf) .~ (1.5%v2-1)) .*A.*B.*C;
K=1/sum(pa)/0.001;
pal=(10~300)*((1-alf) .~ ((v2-1)/2)) .*A;
pa2=(10~300)*((1-alf) .~ ((v2-1)/2)) .*B;
pa3=(10~300) *((1-alf) .~ ((v2-1)/2)) .*C;
K1=1/sum(pal)/0.001;

K2=1/sum(pa2)/0.001;

K3=1/sum(pa3)/0.001;

figure(1)
plot(alf,K*pa,alf,Ki*pal,alf,K2*pa2,alf,K3*pa3)
grid

stop

Fa=pa*K*0.001;

Fal=pal*K1x0.001;

Fa2=pa2*xK2x0.001;

Fa3=pa3*K3*0.001;

mFa=max(Fa); mFal=max(Fal); mFa2=max(Fa2); mFa3=max(Fa3);
mo=alf (find (Fa==mFa(1)));

mol=alf (find(Fal==mFal(1)));

mo2=alf (find (Fa2==mFa2(1)));

mo3=alf (find (Fa3==mFa3(1)));

r=(mo-0.6)"2;

r1=(mo1-0.6)"2;

r2=(mo2-0.6)"2;

r3=(mo3-0.6)"2;

Mo=[Mo;r]; Mol=[Mol;r1]; Mo2=[Mo2;r2]; Mo3=[Mo3;r3];

rr=[r rl r2 r3];
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R=[R;rr];

mr=min(rr);

u=find (rr==mr(1));
U=[U;u(];

me=alf*xFa’;

mel=alfxFal’;
me2=alf*xFa2’;
me3=alf*Fa3’;
d=(me-0.6)"2;
d1=(me1-0.6)"2;
d2=(me2-0.6)"2;
d3=(me3-0.6)"2;
dd=[d;d1;d2;d3];
g=find(dd==min(dd)) ;
Q=[Q;ql;

D=[D;d]; D1=[D1;d1]; D2=[D2;d2]; D3=[D3;d3];
ca=cumsum(Fa) /sum(Fa) ;
cal=cumsum(Fal) /sum(Fal);
ca2=cumsum(Fa2) /sum(Fa2) ;
ca3=cumsum(Fa3) /sum(Fa3) ;
L=[1;

for j=0.001:0.001:0.025
a=max (find(ca<=0.025+j));
b=max (find (ca<=0.975+j));
1=alf(b)-alf(a);

L=[L;1];

end

M=find(L==min(L));
j=0.001:0.001:0.025;
Nlo=max (find(ca<=0.025+j(M(1))));
Nup=max (find (ca<=0.975+j (M(1))));
lo=alf (Nlo);

up=alf (Nup) ;

len=up-lo;

Len=[Len;len];

if 10<0.6 & up>0.6

count=count+1;
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end

L1=[];

for j=0.001:0.001:0.025
al=max(find(cal<=0.025+j));
bl=max(find(cal<=0.975+j));
11=alf(bl)-alf(al);

L1=[L1;11];

end

Mi=find(L1==min(L1));
j=0.001:0.001:0.025;
Nlol=max(find(cal<=0.025+j(M1(1))));
Nupl=max (find(cal<=0.975+j(M1(1))));
lol=alf(Nlol);

upl=alf (Nupl);

lenl=upl-loil;

Lenl=[Lenl;lenl];

if 101<0.6 & up1>0.6
countl=counti+1;

end

L2=[1;

for j=0.001:0.001:0.025

a2=max (find (ca2<=0.025+j));

b2=max (find (ca2<=0.975+j));

12=alf (b2)-alf(a2);

L2=[L2;12];

end

M2=find (L2==min(L2));
j=0.001:0.001:0.025;

Nlo2=max (find(ca2<=0.025+j(M2(1))));
Nup2=max (find (ca2<=0.975+j (M2(1))));
lo2=alf (Nlo2);

up2=alf (Nup2);

len2=up2-102;

Len2=[Len2;len2];

if 102<0.6 & up2>0.6
count2=count2+1;

end
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L3=[1;

for j=0.001:0.001:0.025
a3=max (find (ca3<=0.025+j));
b3=max (find (ca3<=0.975+j)) ;
13=alf (b3)-alf(al3);
L3=[L3;13];

end

M3=find (L3==min(L3));
j=0.001:0.001:0.025;
Nlo3=max(find(ca3<=0.025+j(M3(1))));
Nup3=max (find (ca3<=0.975+j(M3(1))));
lo3=alf(Nlo3);

up3=alf (Nup3) ;
len3=up3-103;
Len3=[Len3;1len3];

if 102<0.6 & up2>0.6
count3=count3+1;

end

end
mme=length(find(Q==1));
mmel=length(find(Q==2));
mme2=length (find (Q==3)) ;
mme3=length(find (Q==4)) ;
mmo=length (find (U==1));
mmol=length(find (U==2));
mmo2=length (find (U==3)) ;
mmo3=length(find (U==4)) ;
Mme=[mme mmel mme2 mme3]
Mmo=[mmo mmol mmo2 mmo3]

toc

B.3 MATHEMATICA Code for Figure 4.1
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v2 =1 -1
sigl = 4
sig2 =1
sigll = 3
sig22 = 0.75
vimll = 414.
v2m21 = 297.
viml2 = 328.
v2m22 = 126.
flx_] := (1

0005
2571
4378
7261
- x)" (/2 G4 - 1)) -

1) {v2m21 (1 - x) + vim11}~(-0.5 (ixj - 1))*{v2m22 (1 - x) +
vim12}~(-0.5 (i*xj - 1));
¢ = NIntegratel[f[x], {x, 0, 1}, WorkingPrecision -> 40,

PrecisionGoal -> 6, MaxRecursion -> 20]

glx_] =1/

c (1 -x)(w?2 @@ -1) -

1) {v2m21 (1 - x) + vim11}~(-0.5 (i*xj - 1))*{v2m22 (1 - x) +
vim12}~(-0.5 (ixj - 1));

NIntegratelglx], {x, 0, 1}]

hix_] :=

1/cx (1 - x)"((w/2 (1 - 1)) -

1) {v2m21 (1 - x) + vim11}~(-0.5 (i*j - 1))*{v2m22 (1 - x) +
vim12}~(-0.5 (i*j - 1));

meanpost = NIntegratelh[x], {x, 0, 1}]

filt_] := (1 - )~ (

g2[x_] := 1/k1 (1 - x)~(

f2lt_] = (1 - £)~(

g3lx_] := 1/k2 (1 - x)~(

1/2x(v2 - 2)) {v2m21 (1 - t) + vim11}~(-0.5 (v1 + v2));
k1l = Integrate[f1[t], {t, 0, 1}]

1/2x(v2 - 2)) {v2m21 (1 - x) + viml11}~(-0.5 (v1 + v2))
Integrate[g2[x], {x, 0, 1}]

1/2%(v2 - 2)) {v2m22 (1 - t) + vim12}~(-0.5 (v1 + v2));
k2 = Integrate[f2[t], {t, 0, 1}]

1/2x(v2 - 2)) {v2m22 (1 - x) + vimi12}~(-0.5 (v1 + v2))

Integrate[g3[x], {x, 0, 1}]
pl = Plotglx], {x, 0, 1},

192
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PlotLabel ->

Style["Posterior Distributions of Cronbach’s Alpha",

FontSize -> 40], PlotStyle -> {Red, Thickness[0.01]},

Frame -> True, FrameStyle -> Directive[Black, 40],

FrameLabel -> {\[Alpha], "Posterior Distributions"},

PlotLegends -> Placed[LineLegend[{R = "Combined"}], {0.2, 0.85}1];
p2 = Plot[g2[x], {x, 0, 1},

PlotStyle -> { Gray, Thickness[0.01], Dashing[Large]},

Frame -> True, Framelabel -> {\[Alphal},

PlotLegends -> Placed[LineLegend[{R = "1st Sample"}], {0.2, 0.79}1]1;
p3 = Plot[g3[x], {x, 0, 1},

PlotStyle -> {Blue, Thickness[0.01], Dashing[Tinyl]}, Frame -> True,
FrameLabel -> {\[Alphal},

PlotLegends -> Placed[LineLegend[{R = "2nd Sample"}], {0.2, 0.73}]]1;
Show[p1, p2, p3]

B.4 MATHEMATICA Code for Figure 4.2

i=20

j=6

m= 3

vl = ix(j - 1)
v2 =1 -1

sigl = 4

sig2 = 1

sigll = 3

sig22 = 0.75
siglll =5
sig222 = 1.25
vimll = 349.9693
v2m21 = 151.5623
viml2 = 274.5413
v2m22 = 100.2209
viml3 = 386.3027

v2m23 = 220.3655
flx] =@ -x"(w/2 H - 1) -
1) {v2m21 (1 - x) + vim11}~(-0.5 (i*j - 1))*{v2m22 (1 - x) +
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vim12}~(-0.5 (ixj - 1))*{v2m23 (1 - x) +

vim13}~(-0.5 (ixj - 1));

¢ = NIntegratel[f[x], {x, 0, 1}, WorkingPrecision -> 40,
PrecisionGoal -> 6, MaxRecursion -> 20]

glx_] := 1/

c (1 -x)"((m/2 (i - 1)) -

1) {v2m21 (1 - x) + vim11}~(-0.5 (i*xj - 1))*{v2m22 (1 - x) +
vimi12}~(-0.5 (ixj - 1))*{v2m23 (1 - x) +

vim13}~(-0.5 (i*xj - 1));

NIntegratelglx], {x, 0, 1}]

hx_] :=

1/cx (1 - x)~((m/2 (1 - 1)) -

1) {v2m21 (1 - x) + vim11}~(-0.5 (i*j - 1))*{v2m22 (1 - x) +
vim12}~(-0.5 (ixj - 1))*{v2m23 (1 - x) +

vim13}~(-0.5 (i*j - 1));

meanpost = NIntegratel[h[x], {x, 0, 1}]

filt_] := (1 - £)°(

1/2%x(v2 - 2)) {v2m21 (1 - t) + vim11}~(-0.5 (v1 + v2));
k1 = Integrate[f1[t], {t, 0, 1}]

g2[x_] := 1/k1 (1 - x)~(

1/2x(v2 - 2)) {v2m21 (1 - x) + vim11}~(-0.5 (v1 + v2))
Integrate[g2[x], {x, 0, 1}]

f2[t_] := (1 - £)~(

1/2%x(v2 - 2)) {v2m22 (1 - t) + vim12}~(-0.5 (v1 + v2));
k2 = Integrate[f2[t], {t, 0, 1}]

g3lx_] = 1/k2 (1 - x)~(

1/2x(v2 - 2)) {v2m22 (1 - x) + vim12}~(-0.5 (v1 + v2))
Integratel[g3[x], {x, 0, 1}]

£3[t_] = (1 - )~ (

1/2%(v2 - 2)) {v2m23 (1 - t) + vim13}~(-0.5 (v1 + v2));
k3 = Integrate[f3[t], {t, 0, 1}]

galx_] = 1/k3 (1 - x)~(

1/2x(v2 - 2)) {v2m23 (1 - x) + vim13}~(-0.5 (v1 + v2))
Integrate[g3[x], {x, 0, 1}]

pl = Plot[glx], {x, 0, 1},

PlotLabel ->

Style["Posterior Distributions of Cronbach’s Alpha",
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FontSize -> 40], PlotStyle -> {Red, Thickness[0.01]},

Frame -> True, FrameStyle -> Directive[Black, 40],

FrameLabel -> {\[Alpha], "Posterior Distributions"},

PlotLegends -> Placed[LineLegend[{R = "Combined"}], {0.2, 0.85}]];
p2 = Plot[g2[x], {x, 0, 1},

PlotStyle -> {Gray, Thickness[0.01], Dashing[Largel]},

Frame -> True, FrameLabel -> {\[Alphal},

PlotLegends -> Placed[LineLegend[{R = "1st Sample"}], {0.2, 0.79}]];
p3 = Plot[g3[x], {x, 0, 1},

PlotStyle -> {Blue, Thickness[0.01], Dashing[Tinyl]}, Frame -> True,
FrameLabel -> {\[Alphal},

PlotLegends -> Placed[LineLegend[{R = "2nd Sample"}], {0.2, 0.73}]];
p4 = Plot[g4lx], {x, 0, 1},

PlotStyle -> {Black, Thickness[0.01], Dashing[Medium]},

Frame -> True, FramelLabel -> {\[Alphal},

PlotLegends -> Placed[LineLegend[{R = "3rd Sample"}], {0.2, 0.66}1];
Show[pl, p2, p3, p4]



Appendix C: Cronbach’s Alpha for the
Three-Component Model

C.1 Fisher Information Matrix for Cronbach’s Alpha the Three
Component Model

The likelihood function is given by

1
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To obtain the Fisher information matrix we take the logarithm of the likelihood function and differen-
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The following expected values are all zero: —E [ oL } =—FE [ oL } =0,—-F [a—zL] =-E [

d6dc? 90790 90003
°L | _ °L | _ L | _ L | _
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C.2 Proof of the Reference Prior for the Group Ordering { o, c7,6,0; }

We are interested in the reference prior for the group ordering {oc, 612, 0, 622} which means that « is
the most important parameter and 622 is the least important parameter. In order to derive the reference
prior, the inverse of the Fisher information matrix is needed. Since the /& functions needed to derive
the reference prior has already been determined in Theorem [5.1] it is easy to see what they should be
for the group ordering {a, 612, 0, 622} . Define the truncated ranges for the 4 parameters as o € [a;,b)],
6 € [c1,d)], 6} € [e, fi] and 65 € [g;,hy] where ¢; — —oo, by — 1, dj, fi,ly — oo and ay,e;,g; — 0. The

four functions

1 1 (1—a) 1

hy oc ——, <—=, h L e —————
Yy (c2)’ of " (ko?+ o)

are the functions needed to derive the prior. During the iterations, first the truncated conditional func-

tion of 622 given Q, 612 and 6 can be computed as

{h4(0)}?
Jor {14 (8)} a6y
(Ko +o?)
fgh/ (Ko2+02) ' do?
(K622+612)_]

= forg; < o5 < y.

_ Kh+o?
K~llog (ng+012)

754{ <622|a7 6127 9) =

Now,

Therefore,
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T} (622|Oc, ot, 6) exp {E [log {h3 (0)}%} }
fc‘f’ exp {E [log{h3 (6)}%} }d@
(ko3+a?) ! { loe d 1200 5}
K-Uog(%ijiiiz) “p Og{ 012 }
T
fC‘f’ exp{log{(lc;lza)}z}de
<K622+612>_]

= X(dl—Cl)il forglgczzghlandclgegdl.

Khj+c?2
] )
K= log <Kgl+612>

75 (0,03 |a, 0f) =

We now need the function, &;, to determine E [log {h» (0)}%]

E [1og {h2(8)}?]

h rd Ko2 2\~ 1
oc/ l/ ' log (c?) (K03 +9%) (41— e d0do?
81

. 1 Kh1+612>
7 K—'log (—Kgl+612
2 2\ —1
_ h’_l ( 2) (Koj +o}) 2
B 81 o8\ K11 M ?
08 (KgH-Glz)
-1
=log (62) .

Therefore,

(0.t s 0:0)
St exp {E [log {h (e)}%} }dclz

m (07,6,03|0) =

_ (ko3 +0p) ' (di—e) ' (o7)" 1
2 ~1
() R

(Koy + 012)_1 (di—cr)”! (512)_1

_ Khj+o? _
K-llog (ng+22) log (flel 1)

1
We now need the function, /1, to determine E [log {l (6)}7] in order to proceed with the iterative
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process to determine ﬂf (Oc 61 ,0 62) We have

E [tog {1 (8)}?]
fi i pdy Ko2+62) " (d—c) " (6?7
~ ] tog (1 — a1 K% 1)m+(l )10~ dpaciact
e Ja Je K-llog (ng+ )log(flel )
fi B Ko?+o o)
= log(1—a) ! ( 2Kh1+1) ( 1) d62d0'1
e Jg K—'lo (K +02>log(ﬁel )
=log(1—oa)~"

Therefore,

7, (7,6,02|) exp { E [1og {1 (8)}2 | }
ot exp{E |10g{n1(0)}: | } dax

i (a,6%,0,03) =

_(Koj+of) Ydi—e) ™ (o?) (1 —a)™! 1
i (S en s B
:(K622+612)71(d1— ) 1(612)7 (1—a)”! y 1
Ko (%) log(fle;l) log(%iZ?)

Finally,

n{ (a,0%,6,03)

7k (a,07,0,03) o< lim o (K622+012)_1 (012)_] (1—o)!

1= 1} (o, Oy, 60, O3

where o, 90,6120 and 6220 are the four inner points in the ranges of the parameters.
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C.3 Proof of the Reference Prior for the Group Ordering {a, 0, 67,05 }

We are interested in the reference prior for the group ordering {oc, 0, 612, 622} which means that « is
the most important parameter and 622 is the least important parameter. In order to derive the reference
prior, the inverse of the Fisher information matrix is needed. Since the /& functions needed to derive
the reference prior has already been determined in Theorem [5.1] it is easy to see what they should be
for the group ordering {a, 612, 0, 622} . Define the truncated ranges for the 4 parameters as o € [a;,b)],
0 € [c1,d)), 67 € [e;, fi] and 67 € [g;, ] where ¢; — —oo, by — 1, d}, fi,h; — oo and ay,e;,g; — 0. The
four functions

1 (1-—a) 1 1

2 5 h30< o<

hy o< ———, — S
Y1) o (@) (ko?+o?)

are the functions needed to derive the prior. During the iterations, first the truncated conditional func-

tion of 622 given a, 6 and 612 can be computed as

{h4(0)}?
Jor {h4(8)} a6
(Ko +o?)
fgh/ (Ko2+02) ' do?
(K622+612)_]

= forg; < o5 < y.

_ Kh+o?
K~llog (ng+012)

it (03] a,0,0%) =

Now,

Therefore,
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m, (03]a,0,07) exp {E [log{h3 (9)}%} }
fd’exp{ [log{lg(@)}ﬂ}d@

ﬁé (612,622|OC79) =

:(Kc72 +Gl) (612)_] 1
(Khl+<71) 612 d612
Kgl-l-Gl
1
K
_( 62+61 )KhlJ(rG[ ) lOg flel )} : forelgcfgﬁandglﬁGzzﬁhz-
(Kg +of )

We now need the function, &;, to determine E [log {h» (0)}%]

E |10g {2 (8)}]
-1

L iy _ i 2 N1/ 2
/f/h og{1 3 } (K62+61) (621) x[log(flel_lﬂ dszcl

K-log (M)

Kg+o?
ﬁ ' ]
— [ tos(1 - @) ~tog ()] (7) " tas (e )] o}
_log(l —a) _ 2 S P)
O a7 [log? (f1) — log* (e))]

=log(1 —Oﬂ)% +K*

where K* = — 0g® (f;) —log* (¢;)] is denoted as a constant which only relates to the

1
4log ( flel_1 [l
ranges of the parameters. Therefore

r} (o},03|a,0) exp{ [log{hz (0)}%} }
fc,l exp {E [log {hy (9)}%} }d@

75 (0,0%,05a) =

Ko2+02) ! (62)! _ 1—o)2 K*
:( 2+ I)Khiazl) % [log<f‘lel—1)j| 1)( d( a)?exp{ }
K-llog (KgZM%) JA(1— ) exp{K*}dO

_ (Ko + o?) (di—c) ' (o})"

_ Khj+0? _
K-llog <ng—;:12> log (fie; 1)

1

We now need the function, &1, to determine E [log {h (6)}7] in order to proceed with the iterative
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process to determine 7r1 (Oc 0, 0] ,62) We have

E [tog {1 (8)}?]
fi i pdy Ko2+62) " (d—c) " (6?7
~ ] tog (1 — a1 K% 1)m+(l )10~ dpaciact
e Ja Je K-llog (ng+ )log(flel )
fi B Ko?+o o)
= log(1—a) ! ( 2Kh1+1) ( 1) d62d0'1
e Jg K—'lo (K +02>log(ﬁel )
=log(1—a)~".

Therefore,

7, (7,6,02|) exp { E [1og {1 (8)}2| }
ot exp{E |10g{n1(0)}: | } dax

i (a,6%,0,03) =

_(Koj+of) Ydi—e) ™ (o?) (1 —a)™! 1
i (S en s B
:(K622+612)71(d1— ) 1(612)7 (1—a)”! y 1
Ko (%) log(fle;l) log(%iZ?)

Finally,

n{ (a,6,0%,03)

7k (@, 0,07,03) o< lim o (K622+012)_1 (012)_] (1—o)!

1= 1} (0, 60, O7y, O

where o, 90,6120 and 6220 are the four inner points in the ranges of the parameters.
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C.4 Additional Simulation Results

Coverage Probabilities for ag =0.2, =3, J=8 and K=2.
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Figure A.8: Coverage for (a) 632 =0.2 (b) 632 =2, and (¢) 632 = 14.
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Coverage Probabilities for ag =0.4, =3, J=8 and K=2.
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Figure A.9: Coverage for (a) 05 = 0.4 (b) 05 = 4, and (c) 07 = 8.
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Coverage Probabilities for ag =0.2, I=10, J=8 and K=2.
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Figure A.10: Coverage for (a) o7 = 0.2 (b) 67 =2, and (c) 03 = 14.
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Coverage Probabilities for (rg =0.4, I=10, J=8 and K=2.
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Figure A.11: Coverage for (a) 07 = 0.4 (b) 67 =4, and (c) 05 = 8.
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Coverage Probabilities for ag =0.2, =3, J=8 and K=3.
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Figure A.12: Coverage for (a) 07 = 0.2, (b) 67 =2, and (c) 65 = 14.
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Coverage Probabilities for ag =0.4, 1=3, J=8 and K=3.
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Figure A.13: Coverage for (a) o7 = 0.4 (b) 67 =4, and (c) 05 = 8.
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Coverage Probabilities for ag =0.2, 1=10, J=8 and K=3.
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Figure A.14: Coverage for (a) 07 = 0.2 (b) 67 =2, and (c) 03 = 14.
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Coverage Probabilities for ag =0.4, 1=10, J=8 and K=3.
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Figure A.15: Coverage for (a) o7 = 0.4 (b) 67 =4, and (c) 05 = 8.
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Coverage Probabilities for ag = 0.2, I=3, J=4 and K=5.
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Figure A.16: Coverage for / = 3,J =4, K =5 When (a) 6 = 0.2 and (b) 03 = 2.
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Coverage Probabilities for ag =14, 1=3, J=4 and K=5.
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Figure A.17: Coverage for [ = 3,J = 4, K = 5 When (a) 67 = 14 and (b) 67 = 0.4.
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216

Coverage Probabilities for ag =4, 1=3, J=4 and K=5.
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Figure A.18: Coverage for [ = 3,J =4, K =5 When (a) 67 =4 and (b) 05 = 8.



APPENDIX C: CRONBACH'’S ALPHA FOR THE THREE-COMPONENT MODEL

Coverage Probabilities for ag = 0.2, I=3, J=8 and K=5.
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Figure A.19: Coverage for / = 3,J =8, K =5 When (a) 6 = 0.2 and (b) 03 = 2.

217



APPENDIX C: CRONBACH'’S ALPHA FOR THE THREE-COMPONENT MODEL 218

Coverage Probabilities for ag =14, 1=3, J=8 and K=5.
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Coverage Probabilities for ag =4, 1=3, J=8 and K=5.
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Figure A.21: Coverage for [ =3,/ =8, K =5 When (a) 67 =4 and (b) 05 = 8.
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C.5 MATLAB Code for the Simulation Study

clc

clear

tic

I=3;

J=8;

K=3;

v1=I*xJ*(K-1);

v2=I*(J-1);

v3=I-1;

a=1;

b=1;

c=0;

df1=v2+2xc-2;

df2=v1+v3+2*a-2;

alf=[1;

Count=[];

Length=[] ;

SI=[1;

for j=1:9

s1=[1 257 89 10 11 12 ] ;
s2=[0.2 0.6 0.8 0.9 1 3 4 11 14];
s3=0.2;

for k=1:9
alf(k,j)=1-(s1(k)/(s1(k)+K*s2(j)+I*K*s3));
N=10000;

ro=0:0.001:1;

count=0;

L=0;

for i=1:N

viml=s1(k)*chi2rnd(vl);
v2m2=(s1(k)+K*s2(j)) *chi2rnd (v2) ;
v3m3=(s1 (k) +K*s2(j) +J*xK*s3) *chi2rnd (v3) ;

1nf=((v3+1-2%b) /2) *log(1l-ro) - ((v1i+v3+2*a-2)/2)*1log(viml+v3m3*(1-ro))
+log (fcdf (v2m2* (v1+v3+2*a-2) . % (v2+2*c-2) .~-1.*(viml+v3m3.*(1-ro0)) .~-1,df1,df2));
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f=exp(1lnf);
K_star=inv(0.0001*sum(f)) ;

pro=K_starx*f;

C=0.0001*cumsum(pro) ;
1095=ro(min(find (C>=0.025)));
up95=ro (min(find (C>=0.975))) ;
1=up95-1095;
L=L+1;

if lo95<=alf(k,j) & up95>=alf(k,j)

count=count+1;

end

end

count;
leng=L./N;

Count=[Count;count] ;

Length=[Length;leng];

si=sqrt(1/(N-1)*(sum(Length.~2) - (sum(Length))~2/N));

SI=[SI;sil;

end

end

toc

coverage=Count./N;

coverage_2=coverage’
Length_2=Length’;
SI_2=SI1’;

MATRIX=[coverage_2(1:9); Length_2(1:9); SI_2(1:9); coverage_2(10:18)
; Length_2(10:

3

3

b

; Length_2(19:
; Length_2(28:

Length_2(37:
Length_2(46:
Length_2(55:
Length_2(64:
Length_2(73:

18);
27);
36) ;
45) ;
54);
63);
72);
81);

SI_2(10:
SI_2(19:
SI_2(28:
SI_2(37:
SI_2(46:
SI_2(55:
SI_2(64:
SI_2(73:

18);
27);
36);
45) ;
54);
63);
72);
81)1;

coverage_2(19:
coverage_2(28:
coverage_2(37:
coverage_2(46:
coverage_2(55:
coverage_2(64:

coverage_2(73:

xlswrite(’PMP1sig3=0.2.x1sx’ ,MATRIX)

27)
36)
45)
54)
63)
72)
81)
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C.6 MATLAB Code for Examples 1 and 2

clear
clc
I=10;
J=2;
K=2;

y=[2.004 2.713 0.603 0.252; 4.342 4.229 3.344 3.057; 0.869 -2.621 -3.896 -3.696;
3.531 4.185 1.722 0.380; 2.579 4.271 -2.101 0.651; -1.404 -1.003 -0.775 -2.202;
-1.676 -0.208 -9.139 -8.653; 1.670 2.426 1.834 1.2; 2.141 3.527 0.462 0.665;
-1.229 -0.596 4.471 1.606];

y_i_j_dotbar=[(y(:,D+y(:,2))/K (y(:,3)+y(:,4))/K] ;
y_i_dotdotbar=(y_i_j_dotbar(:,1)+y_i_j_dotbar(:,2))/J ;
ydotdotdotbar=(1/I)*sum(y_i_dotdotbar) ;
y_ij_dot_square=sum([y(:,1)."2+y(:,2).72 y(:,3)."2+y(:,4).72]) ;
viml=sum(y_ij_dot_square)-K+xsum(sum(y_i_j_dotbar."2)) ;
v2m2=K*sum(sum(y_i_j_dotbar."2))-J*xK*sum(y_i_dotdotbar."2) ;
v3m3=K*J*sum(y_i_dotdotbar.~2)-I*J*K*xydotdotdotbar. 2 ;

v1=IxJ*(K-1);
v2=I%(J-1);
v3=I-1;
ml=viml/v1;
m2=v2m2/v2;
m3=v3m3/v3;

c=0;
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df2=v2+2xc-2;

df1=v1+v3+2*a-2;

funl= @(alpha) (1-alpha).~(0.5%(v3-2%b)).*(viml+v3m3.*(1l-alpha))."(-0.5%(vi+v3+2*a-2))
K (1-fcdf (((v2+2xc-2) . *(viml+v3m3.* (1-alpha) )/ (v2m2.* (v1+v3+2*a-2))) ,df1,df2)) ;

ql=integral (fun1,0,1)

K1=1/q1

posterior=0(alpha) Ki.*(l-alpha)."(0.5%(v3-2%b))
.*(viml+v3m3.*(1-alpha)) .~ (-0.5%(v1i+v3+2*a-2))
*(1-fedf (((v2+2%c-2) . *(viml+v3m3. * (1-alpha) )/ (v2m2.* (v1+v3+2*a-2))) ,df1,df2));

Area=integral (posterior,0,1)

figure
hold on
x=[0:0.01:1];
y_1=K1.x(1-x) .~ (0.5%(v3-2%b)) . *(viml+v3m3.*(1-x)) .~ (-0.5*%(v1+v3+2*a-2))

k(1-fedf (((v2+2%c-2) . * (viml+v3m3. *(1-x) )/ (v2m2. * (v1+v3+2*a-2))) ,df1,df2));
y_2=K1.%(1-x).7(0.5%(v3-2%b)) . * (viml+v3m3.*(1-x)) .~ (-0.5%(vi+v3+2*a-2));
plot(x,y_1,’r’,’LineWidth’,3, ’MarkerSize’,10)
plot(x,y_2,’b--0’,’LineWidth’,3, ’MarkerSize’,10)
title(’Posterior Distribution for Cronbachs alpha using

the Probability Matching Prior, a=b=1 and c=0.’,’FontSize’,26)

xlabel (’\alpha’,’FontSize’,26)
ylabel (’Posterior’,’FontSize’,26)
set(gca,’fontsize’,24)

legend ({’Exact Posterior’, ’Approximate Posterior’},’FontSize’,20)

fun2= @(alpha) alpha.*K1l.*(1-alpha)."~(0.5%(v3-2%b))
.*(viml+v3m3.*(1-alpha)) .~ (-0.5x(v1+v3+2*a-2))
A (1-fcdf (((v2+2%c-2) . * (viml+v3m3.*(1-alpha) )/ (v2m2. * (vi+v3+2*a-2))) ,df1,df2));
MEAN_1=integral (fun2,0,1)
fun3= @(alpha) (1-alpha).~(0.5%(v3-2*b)).*(viml+v3m3.*(1-alpha))."(-0.5%(vi+v3+2xa-2));
ql=integral(fun3,0,1);
K2=1/q1;
fun4= @(alpha) K2.*alpha.*(1-alpha)."~(0.5%(v3-2%b))
4 (viml+v3m3.*(1-alpha)) .~ (-0.5%(v1+v3+2*a-2));

MEAN_2=integral (fun4,0,1)



APPENDIX C: CRONBACH'’S ALPHA FOR THE THREE-COMPONENT MODEL 224

funb= @(alpha) K2.*alpha."(2).*(1-alpha)."(0.5%(v3-2%Db))
.*(viml+v3m3.*(1-alpha)) .~ (-0.5*%(v1+v3+2*a-2));

E_X_2=integral (fun5,0,1)

Variance_post=E_X_2- (MEAN_1)"2

m=m3/m1 ;

MEAN_3=mean(1-frnd(v3,v1,1,100000) /m)

MEDIAN=1-finv(0.5,v3,v1)/m MODE=1-viml*(v3-2%b)/(v3m3*(v1+2*a-2+2%b))
CI_90=[1-finv(0.95,v3,v1)/m 1-finv(0.05,v3,v1)/m]
CI_95=[1-finv(0.975,v3,v1)/m 1-finv(0.025,v3,v1)/m]



Appendix D: Bayesian Process Control for
Cronbach’s Alpha

D.1 Proof of Theorem

From the posterior distribution it follows that
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Therefore
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D.2 Proof of Theorem
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v+
2

where K, = W

. Also

v

1
'\~

S

E(Glar) =1— (1= &) E (Fy, 5,)

=1-(1-a) (ﬁji2>

Var (0y|6) = (1 — ) Var (Fy, 5,)

e o02m) (i —2)
_(1 05) \71(\72—2)2(\72—4)‘

and

D.3 Proof of Theorem 6.3

arloe=1—(1—0a)Fy

and

From Equation [D.1]it follows that

E(0so)=1—(1-a)E(F,z)

=1-(1-a) (‘7;32)

(I—0)~(1=0)F, -

and from Equation [D.2]it follows that

Therefore

Also for the variance

Var (0|&) = E {Var (&s|a) } + Var {E (as|a) } .
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Now
Var (df]oc) = (1 - a)ZVar (Fﬁl,ﬁz)
and -
N V2
E =1—(1-— .
(@1 =1-01-a) (2
Further
E{Var (&s|a)} =E (1 — &) Var (F, 5,)
= {Var(l — a) + [E (1 — OC)]Z} Var(F‘;hgz) .
Since

(1 —Ot) ~ (1 _d)sz,Vl

it follows that
Var(1—a) = (1—&)*Var (F,,., )

and 5
(=P = (1-ap ()
Therefore
E {Var (df|06) }
y 2
=(1-@&)* {Var (Fyy) + (Vl 12) }Var(Fal,ﬁz)
and

Var {E (6|t) } :Var{l—(l—(x)( %) )}
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vy —2

From this it follows that

y 2
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V1—2
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D.4 MATLAB Code

clear
m1=2451.25; m2=11271.5;
v1=24; v2=5;

K=5.664409273746257e+71;

ro=-0.2:0.0001:1;
pro=K*((1-ro) .~ ((v2-2)/2)) .x((1+vi*ml+v2*m2*(1-ro)) .~ (- (v1+v2)/2));
T=sum(pro)*0.0001;
C=0.0001*cumsum(pro) ;
1lo95=ro (max (find (C<=0.025)))
up95=ro (max (find (C<=0.975)))
1090=r0 (max (£ind (C<=0.05)))
up90=ro (max (find (C<=0.95)))
a=pro(4339); b=pro(9863);
plot(ro,pro)

grid

vim1=58830; v2m2=56357;

v1=24; v2=5;

ml=viml/v1; m2=v2m2/v2;

N=1000;

alf=1-mi1*frnd(v2,v1,N,1)/m2;

K=gamma ((v1+v2)/2)/gamma(v1/2)/gamma(v2/2) ;
K2=Kx* ((v1/v2)~(v1/2));

faf=[];

for af=-10:0.001:1;
fal=((1-alf) .~ (-v1/2))*((1-af)~(v1/2-1));
fa2=(1+vi*(1-af)/v2./(1-alf)) .~ (-(vi+v2)/2);
fa=K2xfal.*fa2;

faf=[faf fa];

end

Fa=sum(faf)/N;

af=-10:0.001:1;

plot(af,Fa)
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grid
A=sum(Fa)*0.001

vim1=58830; v2m2=56357;

v1=24; v2=5;

ml=viml/v1l; m2=v2m2/v2;

1lo=-0.048; up=0.963;

K=gamma ((v1+v2)/2)/gamma(v1/2)/gamma(v2/2) ;
K2=K* ((v1/v2)~(v1/2));

N=100000; Phi=[]; ERa=[]; VRa=[]; Fr=0;

for i=1:N

alf=1-mi*frnd(v2,v1)/m2;

faf=[1;

for af=-1:0.001:1;
fal=((1-alf) .~ (-v1/2))*((1-af)~(v1/2-1));
fa2=(1+vix(1-af)/v2./(1-alf)) .~ (-(v1+v2)/2);
fa=K2xfal.*xfa2;

faf=[faf fa];

end

phi=(sum(faf(1:953))+sum(faf(1964:2001)))*0.001;
Phi=[Phi;phil;
Era=(1-phi)/phi;
Vra=(1-phi)/(phi~2);
ERa=[ERa;Era]l;
VRa=[VRa;Vral;
r=0:400;
fr=((1-phi)."r)*phi;
Fr=Fr+fr;

end

figure(1)
plot(r,Fr/N)

grid

figure(2)

hist (Phi,30)

grid

figure(3)
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hist (ERa, 30)
grid
figure(4)
hist(VRa,30)
grid

clear
check_predict
v1=80; v2=19;
v11=80; v22=19;
ahat=0.4952;
Me=[];
for j=1:6

J

lo=Lim(j,2); up=Lim(j,3);
P=[]; ERa=[]; VRa=[]; Fr=0;
for i=1:10000
a=1-(1-ahat)*frnd(v2,vl);
N=50000;
af=1-(1-a)*frnd(v11l,v22,N,1);
Li=length(find(af<=10));
L2=length(find (af>=up));
p=(L1+L2) /N;
P=[P;p]l;
Era=(1-p)/p;
Vra=(1-p)/(p~2);
ERa=[ERa;Era];
VRa=[VRa;Vral;
r=0:40000;
fr=((1-p) ."r)*p;
Fr=Fr+fr;
end
cr=cumsum(Fr) /sum(Fr) ;
med=r (max (find (cr<=0.5)));
me=r*Fr’/10000;
Me=[Me; [Lim(j,1) me med]];

end
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clear

v1=80; v2=19;

v11=80; v22=19;

N=1000000;

ahat=0.4952;

a=1-(1-ahat)*frnd(v2,v1,N,1);

af=1-(1-a) .xfrnd(v11,v22,N,1);

me=mean (af) ;

va=var(af);

saf=sort(af);

Lim=[1;

for i=0.005:0.001:0.01
lo=saf ((round (N*i/2)));
up=saf (round (N*(1-1/2))) ;
Lim=[Lim; [i lo upl];

end



Appendix E: Fiducial and Bayesian
Estimation for Cronbach’s Alpha

E.1 Proof of Fiducial Distributions for (o, 0,p).

We are interested in the distribution of f (s11,522,521) = f (s11) f (s22/s11) f (s12]511,522). According to
Anderson| (1958])

2
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Therefore
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Using the notation s2;|s11 = s22.1 ( See (Anderson, |1958)) it follows that
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Accoring to Lemma 4.2 in |Anderson| (1958)), 512 is independently distrubuted of s, but depends
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on s11. It can be shown that for given sy

Y
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where Z ~ N(0,1).
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See Berger & Sun (2006) page 980. From Equation it follows that p = y/(Y) where
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Also p = y(Y) and 1 — p? = 1 — w?(Y). Therefore

1 B 1
1-p2  1-y2(Y)
and | |
= —1+Y2
_n2 Y2
I=p =17
From this it follows that
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> 18 substituted into Equation [E.5} it follows that
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=5 (1-17) + Z__
Too K \\Je2, (Jz, V1T
2
1 1 r

Z
§22 ( r ) 2 %3_1 \/%2_2 V1—r2

Ify =% Ve,

+ Xn—2 \/ a
\/Xlg—l \/Xlg—l 1=r

622 =5 (1 — r2)

xn—Z

and

n—2

1 1 Z r
0y =1/s0n(1—1r2 + —
r=1/522( ) 2, A \/%2_2 V12

Equations [E.T] [E.6| and [E.4] correspond to Equations and

E.2 Proof of Posterior distributions for (c;,0,,p).
It is easier to use the parameters (11,12, 73) instead of 61, 6, and p where

1 1 —p
=—, = ———=and =
m o1 n2 /1= p? UK o1 /1—p2
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(E.5)

(E.6)

(E.7)
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From Equation [E.7|it follows that

and X! can be written as
yol_ | MM m 0
0 m m M

Since the Jacobian between the two parameterizations are

I d(Uy, U, 01,02,p) | 1
- a( ) - 2 2y’
My, M2, M1, 12,13 mny (M +n3)
the prior
1
Tab (15 M2, M1, M2, M3) = ——- (E.8)
mn;

Under the prior defined in Equation the marginal posterior density function of (11, 1m2,13) is

a1 b 1 —\ 2
7 (M1, M2, Msldata) e< =~y =" 1exp{_§ [n%s11+n22s22(1—r2)+s11 (n3+n2r\/f> ]}

(E.9)
From Equation [E.9]it follows that

* The marginal posterior distribution of 13 given 11, Ny is N (‘772"« /%, Y}—1> .
* The marginal posterior distributions of 17y and 1), are independent,

1
ni|data ~ Gamma (5(11 —a), 5171)

and

1 177
n3|data ~ Gamma (E(n —b), %) .

The constructive posterior distributions of 11, 172 and 13 given the data can therefore be written as

2
M=y 2, (E.10)
S11

(E.11)
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and
Uk 2 nar s
V511 S11
2
S T £ (E.12)
VSt 522 V1 —r?
Since n; = Gil, n = p ll,pz and n = clb’ Equations (7.12}(7.13|and [7.14| follow.

E.3 MATLAB Code

clc

clear

tic

mu=[10;12];

sig=[1 1;1 4];

n=5;

p=2;

a=1; b=0;

Y%a=1; b=2;

%a=2; b=1;

%a=1; b=1;

tcron=0; MC=[];MM=[]; Ii=[];
for j=1:10000

X=mvnrnd (mu,sig,n) ;
mx=mean (X) ’;

S=(n-1)*cov(X);
r=S(1,2)/sqrt(S(1,1)*5(2,2));
N=10000;
RHO=sig(1,2)/sqrt((sig(1,1)*sig(2,2)));
CRON=2%(1-(sig(1,1)+sig(2,2))/(sig(1,1)+sig(2,2)+2+«RHO*sqrt (sig(1l,1)) *sqrt(sig(2,2))));
Cron=[];

for i=1:N

chil=chi2rnd(n-a);
chi2=chi2rnd(n-b);

Z3=normrnd (0,1) ;
sl=sqrt(S(1,1)/chil);
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A=1/chi2+(1/chi1)*((Z3/sqrt(chi2)-r/sqrt(1-r"2))"2);
s2=sqrt (S(2,2)*(1-r~2)*A);
Y=-Z3/sqrt(chil)+sqrt(chi2/chil) *r/sqrt(1-r~2);
ro=Y/sqrt(1+Y~2); z=rand(1,1);

cron=(p/(p-1))*(1-(s17°2+s2°2) /(s172+82"2+2*ro*s1%*s2) ) ;
Cron=[Cron;cron] ;

end

mc=mean (Cron) ;

MC=[MC;mc] ;

scron=sort (Cron) ;

M=length(scron) ;

lower=scron((0.025%M)) ;

upper=scron((0.975%M)) ;

leng=upper-lower;

Ii=[Ii leng];

MM=[MM;M] ;

if scron(round(0.025%M))<CRON & scron(round(0.975%M))>CRON
tcron=tcron+1;

end

end

toc

Coverage=tcron/M

Interval_Length=mean(Ii)



Appendix F: Estimating Cronbach’s o and p
under Compound Symmetry

F.1 Proof of Theorem 8.1.

We are interested in the density function of (& — 1) F;_1) ;1) + 1. Let f ~ Fj;_1) ;y—1), then

(I-1)
17—1

| —w-1)
e =k 1 L)

(1-1)
2

r(t)rlt

we must first get the Jacobian. Now, f =

(I-1) (I-1)

(I—1)"2z [I(J—1)]” "z . To obtain the density function fory = (& — 1) f,

and K =

y
(a—1)

T (yl) =K (ﬁ)é(”)l [1+1((IJ__11)) ((ay_ 1))} o 1_1&'

dy
da

and ‘% = ﬁ. Therefore

Letax=y+1,theny=0o—1 and = 1. Therefore,

rlee =k (1 - oc) (1 - Z)() [1 + ,&’[_?fj[f%] _%W—]).

F.2 Proof of Theorem 8.3.

[04

YEI R The Jacobian is

__Jp _ _1-p _
Now o = T U—T)p’ l—a= T 0U—T) and p =

do _J[l+p(J—1)]-J(—1)p J

dp 1+ —1)p)? 1+ - 1pl
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Therefore,

o 1—-p 3(1=3) (I—1) 1 (1—p) ~Lar-)
Tele) = K[1+p(f—1>] [1+I(J—1)(1—&)[1+p(]—1)]

J R
[1+p( -1 (1—d) |

F.3 Proof of Theorem 8.4.

ootz (=0 pon (F.1)
l—on  (1=02)F,—1),0-1)

o (1—a1) ) Fo-1),-1)
E(Q|0y,00) = —E :
(Qfen, ) (1-dn) F}I(Jl_l)a(ll_l)
(1 )

.y
oo E a0 0} E{Fu a0}

( )
-t (3) o)

and
Var (2161, 62) = Var {E (2|, -1).1,-1)) } +E {Var (QFy,-1).0,-1)) }
where
(1—0y) I (J1—1)
E(@1F0-1.0-1) = gy 00 \ 57—y -2
and
C(—&)? K-
Var{E (-Q|F12(J2—1)7(12—1))} - (1 _ Az)z I (Jl — 1) ) Var [Flz(Jz—l),(Iz—l)]
(- { L(J—1) }22(12_ )2 {hL(h—1)+ (L —3)}
(1—dp)? Lhi(1—1)—2 L(h—1)(L-3?%hL-5

Also,

Var (Q|F12(Jrl),(1rl))
(1—0y)*

2
- (1 o (362)2 [FIZ(J2*1)7(12*1)] Var (F(Ilfl),ll (Jlfl))
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and

o)

(=)’ 2{L (i = D {1 —3)}
E{Var ('Q‘FI2(J2_1)7(12_1))} - (1 . (sz 2 {(Il . 1){11 (Jl . 1) _2}2 {Il (Jl . 1) _4}}

)
2L -1 {L(h-1)+hL-3} (L—1)\?
x{ b(J—1)(L-3)*(L-5) +(12_3)}

F4 MATLAB Code

clc

clear

I_1=100;

J_1=4;

I_2=100;

J_2=6;
v_11=(I_1)*(J_1-1);
v_21=I_1-1;
v_12=(I_2)*(J_2-1);
v_22=I_2-1;
alpha_hat1=0.7;
alpha_hat2=0.8;

n=100000;

F_1=frnd(v_11,v_21,1,n);
F_2=frnd(v_12,v_22,1,n);
alpha_1=1+(alpha_hat1l-1)./F_1;
alpha_2=1+(alpha_hat2-1)./F_2;
delta=alpha_2./alpha_1;
MEAN=mean (delta)
temp=sort(delta);

MEDIAN=temp (0.5%n)
VARIANCE=mean(delta."~2)-MEAN"2
CI_95=[temp(0.025*n) temp(0.975%n)]
P_1=sum(delta>1)/n

gamma=alpha_2-alpha_1;
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MEAN_2=mean (gamma)

temp_2=sort (gamma) ;
MEDIAN_2=temp_2(0.5*n)
VARIANCE_2=mean(gamma.~2)-MEAN_2"2
CI_95=[temp_2(0.025%n) temp_2(0.975%n)]

P_2=sum(gamma>0) /n

omega=(1-alpha_hatl) .*F_2./((1-alpha_hat2) .*F_1);

MEAN_3=mean (omega)

temp_3=sort (omega) ;

MEDIAN_3=temp_3(0.5%n)

VARIANCE_3=mean (omega.~2)-MEAN_3"2

CI_95=[temp_3(0.025%n) temp_3(0.975*n)]

P_3=sum(omega>1) /n

figure

hist (delta,60)

title(’The Distribution of $$\delta_\alpha=\frac{\alpha_2}{\alpha_1}$3$’,
>Interpreter’,’latex’,’FontSize’,26)
xlabel(’$\delta_\alpha$’,’Interpreter’,’latex’,’FontSize’,26)
set(gca,’fontsize’,24)

figure

hist (gamma,60)

title(’The Distribution of $$\gamma_\alpha=\alpha_2-\alpha_1$$’,
>Interpreter’,’latex’,’FontSize’,26)
xlabel(’$\gamma_\alpha$’,’Interpreter’,’latex’,’FontSize’,26)
set(gca,’fontsize’,24)

figure

hist (omega,60)

title(’The Density Function $$\pi(\Omega| \hat{\alphal}_1,\hat{\alpha}_2)$$’,
>Interpreter’,’latex’,’FontSize’,26)

xlabel (’$\Omega$’,’Interpreter’,’latex’,’FontSize’,26)

set(gca,’fontsize’,24)

rho_1=alpha_1./(J_1-alpha_1.%(J_1-1));
MEAN_4=mean (rho_1)
temp_4=sort(rho_1);
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MEDIAN_4=temp_4(0.5%n)
VARIANCE_4=mean(rho_1."2)-MEAN_4"2
CI_95=[temp_4(0.025%n) temp_4(0.975%n)]

rho_2=alpha_2./(J_2-alpha_2.*(J_2-1));
MEAN_5=mean (rho_2)

temp_b5=sort(rho_2);
MEDIAN_5=temp_5(0.5%n)
VARIANCE_5=mean(rho_2.~2)-MEAN_5"2
CI_95=[temp_5(0.025%n) temp_5(0.975%n)]

delta_r=rho_2./rho_1;
MEAN_6=mean(delta_r)
temp_6=sort(delta_r);
MEDIAN_6=temp_6(0.5%n)
VARIANCE_6=mean(delta_r."2)-MEAN_6"2
CI_95=[temp_6(0.025%n) temp_6(0.975%n)]
P_1=sum(delta_r>1)/n

gamma_r=rho_2-rho_1;

MEAN_7=mean (gamma_r)

temp_7=sort (gamma_r) ;

MEDIAN_7=temp_7(0.5*n)

VARIANCE_7=mean(gamma_r."~2)-MEAN_7"2

CI_95=[temp_7(0.025%n) temp_7(0.975%n)]

P_2=sum(gamma_r>0)/n

figure

hist(delta_r,60)

title(’The Distribution of $$\delta_\rho=\frac{\rho_2}{\rho_1}$$’,’Interpreter’
,’latex’,’FontSize’,26)
xlabel(’$\delta_\rho$’,’Interpreter’,’latex’,’FontSize’,26)
set(gca,’fontsize’,24)

figure

hist(gamma_r,60)

title(’The Distribution of $$\gamma_\rho=\rho_2-\rho_1$$’,’Interpreter’
,’latex’,’FontSize’,26)

xlabel (’$\gamma_\rho$’,’Interpreter’,’latex’,’FontSize’,26)
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set(gca,’fontsize’,24)

clc

clear

I_1=100;

I_2=100;

J_1=4;

J_2=6;
v_11=(I_1)*(J_1-1);
v_21=T_1-1;
v_12=(I_2)*(J_2-1);
v_22=1_2-1;
alpha_hat_1=0.7;
alpha_hat_2=0.8;

funl= @(alpha) (1/(1l-alpha_hat_1)).*((1-alpha)./(1-alpha_hat_1)).~(0.5%(I_1-3))
K (1+(I_1-1) .*(1-alpha)./(I_1.%(J_1-1) .x(1-alpha_hat_1))) .~ (-0.5%(I_1xJ_1-1));

ql = integral(fun1,0,1);

K=1/q1;

fun2= @(alpha) (1/ql)*alpha.*(1/(l-alpha_hat_1)).*((1-alpha)./(1-alpha_hat_1))

.~(0.5%(I_1-3)) .#(1+(I_1-1) .x(1-alpha)./(I_1.%(J_1-1)
.*(1-alpha_hat_1))).~(-0.5%(I_1xJ_1-1));

alpha_hat_SE=integral (fun2,0,1)

fun3= @(alpha) (1/(1-alpha_hat_2)).*((1-alpha)./(1-alpha_hat_2)).~(0.5%(I_2-3))
.k (1+(I_2-1) .*(1-alpha)./(I_2.%(J_2-1) .*(1-alpha_hat_2))) .~ (-0.5%(I_2*J_2-1));

g2 = integral(fun3,0,1);

fun3= @(alpha) (1/g2)*alpha.*(1/(1-alpha_hat_2)).*((1-alpha)./(1-alpha_hat_2))

.7(0.5%(I_2-3)) . *(1+(I_2-1) .*(1-alpha)./(I_2.x(J_2-1) .*(1-alpha_hat_2)))



APPENDIX F: ESTIMATING CRONBACH’S o« AND p UNDER COMPOUND SYMMETRY 245

(=0.5%(1_2%xJ_2-1));
alpha_hat_SE_2=integral(fun3,0,1)

x=[0:0.01:1];

y_1=(1/q1) .*(1/(1-alpha_hat_1)).*((1-x)./(1-alpha_hat_1))."~(0.5%(I_1-3))
k(1+(I_1-1) . *(1-x) . /(I_1.%(J_1-1) .x(1-alpha_hat_1))) .~ (-0.5%(I_1xJ_1-1));
y_2=(1/q2) .*(1/(1-alpha_hat_2)).*((1-x)./(1-alpha_hat_2)).~(0.5%(I_2-3))
AH(1+(I_2-1) . *(1-x) . /(I_2.%(J_2-1) .*(1-alpha_hat_2))) .~ (-0.5%(I_2%J_2-1));
plot(x,y_1,x,y_2,%:?,’LineWidth’,3)

x1im([0.4 11)

%ylim([0 101)

title(’Density Functions of $$\pi(\alpha_1|\hat{\alpha}_1)$$ and

$$\pi (\alpha_2|\hat{\alpha}_2)$$ of Cronbachs Alpha’,’Interpreter’,
’latex’,’FontSize’,26)

xlabel(’\alpha’,’FontSize’,26)

ylabel (’\pi(\alpha)’,’FontSize’,30)

set(gca,’fontsize’,24) % Setting the fontsize of the values on the axes

Mode_alpha_1=1-(I_1%(I_1-3)*(J_1-1)*(1-alpha_hat_1))/((I_1%J_1-1)
*(I_1-1)-(I_1-3)*(I_1-1))

Mode_alpha_2=1-(I_2%(I_2-3)*(J_2-1)*(1-alpha_hat_2))/((I_2%J_2-1)
*(I_2-1)-(I_2-3)*(I_2-1))

Variance_alpha_1=(alpha_hat_1-1)~(2)*2*I_1~2%(J_1-1)"2%(I_1%xJ_1-3)
/C(I_1-1D)*(T_1%(J_1-1)-2)"2%(I_1%x(J_1-1)-4))

Variance_alpha_2=(alpha_hat_2-1)"(2)*2*I_2"2x(J_2-1)"2x(I_2%J_2-3)
/((I_2-1)*(I_2%(J_2-1)-2)"2%(I_2%(J_2-1)-4))

CI_95_alpha_1=[1-(1-alpha_hat_1)/finv(0.025,v_11,v_21)
1-(1-alpha_hat_1)/finv(0.975,v_11,v_21)]

CI_95_alpha_2=[1-(1-alpha_hat_2)/finv(0.025,v_12,v_22)
1-(1-alpha_hat_2)/finv(0.975,v_12,v_22)]
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clc

clear

I_1=100;

I_2=100

J_1=4;

J_2=6

v_11=(I_1)*(J_1-1);

v_21=1_1-1;

v_12=(I_2)*(J_2-1);

v_22=1_2-1;

alpha_hat_1=0.7

alpha_hat_2=0.8

fund4= @(rho) ((1-rho)./(1+rho.*(J_1-1))).~(0.5.%(I_1-3)).*(1+(I_1-1).*(1-rho)
/(I_1.%((J_1-1)) .*(1-alpha_hat_1) .*(1+rho.*(J_1-1)))).~(-0.5.%(I_1.*J_1-1))
*J_1./(1+rho*(J_1-1)).72.*(1-alpha_hat_1).~(-0.5%(I_1-1));

g4 = integral(fun4,0,1);

K_2=1/q4;

funb= @(rho) K_2.*rho.*((1-rho)./(1+rho.*(J_1-1))).~(0.5.%x(I_1-3)) .x(1+(I_1-1)
.*(1-rho)./(I_1.%((J_1-1)).*(1-alpha_hat_1) .*(1+rho.*(J_1-1))))
7(-0.5.%(I_1.%J_1-1)).%J_1./(1+rho*(J_1-1))."2.*%(1l-alpha_hat_1) .~ (-0.5%(I_1-1));
MEAN_RHO_1=integral (fun5,0,1)

fun6= @(rho) ((1-rho)./(1+rho.*(J_2-1))).~(0.5.%(I_2-3)).x(1+(I_2-1)

.*(1-rho) ./(I_2.%((J_2-1)) .*(1-alpha_hat_2) .*(1+rho.*(J_2-1))))
.7(-0.5.%(I_2.%J_2-1)).%J_2./(1+rho*(J_2-1)) ."2.%(1l-alpha_hat_2) .~ (-0.5%(I_2-1));
g5 = integral(fun6,0,1);

K_3=1/95;

fun7= @(rho) K_3.*rho.*((1-rho)./(1+rho.*(J_2-1))).~(0.5.%x(I_2-3)) .x(1+(I_2-1)
.*x(1-rho)./(I_2.%((J_2-1)) .*x(1-alpha_hat_2) .*(1+rho.*(J_2-1))))
.~(-0.5.%(I_2.%J_2-1)).%J_2./(1+rho*(J_2-1)) ."2.*%(1l-alpha_hat_2)

7 (-0.5%(I_2-1));



APPENDIX F: ESTIMATING CRONBACH'’S oo AND p UNDER COMPOUND SYMMETRY 247

MEAN_RHO_2=integral (fun7,0,1)

x=[0:0.01:1];
y_3=K_2.%((1-x)./(1+x.%(J_1-1))) .~ (0.5.%(I_1-3)) .*x(1+(1-x) ./((J_1-1)
.*(1-alpha_hat_1) .*x(1+x.*(J_1-1)))).~(-0.5.%(I_1-1) .%J_1) .%xJ_1

./ (+x*x(J_1-1))."2.*(1-alpha_hat_1) .~ (-0.5%(I_1-1));
y_4=K_3.*((1-x)./(1+x.%(J_2-1))) .~ (0.5.%(I_2-3)) .*x(1+(1-x) ./((J_2-1)
.*(1-alpha_hat_2) .*x(1+x.*(J_2-1)))).~(-0.5.%(I_2-1) .*%J_2) .*J_2

./ (1+x%(J_2-1)) .72.*%(1-alpha_hat_2) .~ (-0.5%x(I_2-1));
plot(x,y_3,x,y_4,’:°,’LineWidth’,3)

x1im([0 0.7])

title(’Density Functions of $$\pi(\rho_1|\hat{\alpha}_1)$$
and $$\pi(\rho_2|\hat{\alpha}_2)$$ of the Intra-Class
Correlation’,’Interpreter’,’latex’,’FontSize’,26)

xlabel (’\rho’,’FontSize’,26)

ylabel (’\pi(\rho)’,’FontSize’,30)

set(gca,’fontsize’,24) % Setting the fontsize of the

values on the axes

fun8= @(rho) K_2.*rho."2.*((1-rho)./(1+rho.*(J_1-1))).~(0.5.%(I_1-3))
H(1+(I_1-1) .x(1-rho) ./(I_1.%((J_1-1)) .*(1l-alpha_hat_1).*(1+rho.*(J_1-1))))
.~(-0.5.%(I_1.%J_1-1)).%J_1./(1+rho*(J_1-1)) ."2.*%(1l-alpha_hat_1) .~ (-0.5%(I_1-1));
E_RHO__SQ_1=integral (fun8,0,1)

V_RHO_1=E_RHO__SQ_1-(MEAN_RHO_1)"2

fun9= @(rho) K_3.*rho."2.*((1-rho)./(1+rho.*(J_2-1))).~(0.5.%(I_2-3)).*(1+(I_2-1)
.*(1-rho) ./(I_2.%((J_2-1)) .*(1-alpha_hat_2).*(1+rho.*(J_2-1)))).~(-0.5

K (I_2.%xJ_2-1))

*J_2./(1+rho*(J_2-1)).~2.*(1-alpha_hat_2).~(-0.5%(I_2-1));

E_RHO__SQ_2=integral (fun9,0,1)

V_RHO_2=E_RHO__SQ_2- (MEAN_RHO_2)"2

CI_95_rho_1=[((J_1*finv(0.025,v_11,v_12)/(finv(0.025,v_11,v_12)-(1-alpha_hat_1)))
-(J_1-1))~(-1)
((J_1%finv(0.975,v_11,v_12)/(£finv(0.975,v_11,v_12)- (1—a1pha_hat_1)))—(J_l—l))'\(—l)]
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median_rho_1=((J_1*finv(0.5,v_11,v_12)/(finv(0.5,v_11,v_12)-(1-alpha_hat_1)))
-(J_1-1))~(-1)

CI_95_rho_2=[((J_2*finv(0.025,v_21,v_22)/(finv(0.025,v_21,v_22)-(1-alpha_hat_2)))
-(J_2-1))~(-1D)
((J_2%finv(0.975,v_21,v_22)/(finv(0.975,v_21,v_22)-(1-alpha_hat_2)))-(J_2-1))~(-1)]

median_rho_2=((J_2*finv(0.5,v_21,v_22)/(finv(0.5,v_21,v_22)-(1-alpha_hat_2)))
-(J_2-1))~(-1)
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