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Abstract
Stochastic models for pricing �nancial securities are developed. First, we consider the Black
Scholes model, which is a classic example of a complete market model and �nally focus
on Lévy driven models. Jumps may render the market incomplete and are induced in a
model by inclusion of a Poisson process. Lévy driven models are more realistic in modelling
of asset price dynamics than the Black Scholes model. Martingales are central in pricing,
especially of derivatives and we give them the desired attention in the context of pricing.
There are an increasing number of important pricing models where analytical solutions are not
available hence computational methods come in handy, see Broadie and Glasserman (1997).
It is also important to note that computational methods are also applicable to models with
analytical solutions. We computationally value selected stochastic �nancial models using
C++. Computational methods are also used to value or price complex �nancial instruments
such as path dependent derivatives. This pricing procedure is applied in the computational
valuation of a stochastic (revenue based) loan contract. Derivatives with simple pay o�
functions and models with analytical solutions are considered for illustrative purposes. The
Black-Scholes P.D.E is complex to solve analytically and �nite di�erence methods are widely
used. Explicit �nite di�erence scheme is considered in this thesis for computational valuation
of derivatives that are modelled by the Black-Scholes P.D.E. Stochastic modelling of asset
prices is important for the valuation of derivatives: Gaussian, exponential and gamma variates
are simulated for the valuation purposes.

Keywords: Risk neutral, Martingale, Black-Scholes, Simulation, C++ computation, Finite
di�erence, Lévy processes
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Chapter 1

Introduction

Most resources discuss the theory around stochastic models and derivatives valuation in
particular and neglect the computational part. For that reason our work bridges the gap
that exist by giving a theoretical exposition of the models and then practical implementation
in C++. The work will help in enriching the stochastic models literature with computational
implementation.

In this thesis we consider stochastic models initially in a complete market set up. In a
complete market portfolio replication for any contingent claim is possible, Davis (2004). With
complete market models every claim can be perfectely hedged by the underlying asset. The
Black-Scholes is a complete market model. In asset and contingent claim pricing, martingale
theory plays an important role. It is necessary to �nd an equivalent martingale measure when
pricing �nancial instruments. Chapter 2 and 3 deal with the review of martingales, change
of measure and the risk neutral pricing. Derivatives are priced in a risk neutral environment.
This risk neutral pricing is achieved when there is a change of probability measure. A risk
neutral probability measure makes a pricing process a martingale.

Jumps may render the market incomplete thereby making the applicability of the Black-
Scholes model di�cult, see Staum (2007). In Chapter 5, we focus on the Lévy driven models
and the Poisson process is very important in inducing jumps in any model. A model that
incorporates the Brownian motion component and the Poisson process is called a Lévy Jump-
Di�usion model. These models have been applied in a wide range of asset price modelling, a
good example is in the electricity price modelling, see Cartea and Figueroa (2005) and Benth
et al. (2007) among others.

For derivatives with simple payo�, the analytical solution for the price is available but for
more complex derivatives where an early exercise is possible, e�cient and accurate numerical
algorithms are required, see Kadalbajoo et al. (2015). In this thesis our focus is on the
European option and hence there is no possibility of early exercise.

Empirical implementation of these stochastic models require some computational e�ort. To
start with, we have to approximate the integrals, di�erentials and boundary conditions for
the equations. To achieve this goal we consider �nite di�erence schemes (methods). In
Chapter 4 we review the �nite di�erence methods that are available especially in the �nance
literature. From those methods, the Crank-Nicolson scheme is the one that is widely used.
In Chapter 6, we present computational work. The goal of the presented sections of chapter
6 is computational valuation of �nancial models. We implement basic �nancial models using
the Dev C++ software and then generate uniform variates using the standard C library.
The uniform variates are then used in the generation of normal and exponential variates.

1



Chapter 1 Introduction 2

We further use the exponential variates in generating the gamma variates. The exponential
process is important especially when working with both the Poisson and Gamma processes.
After simulation of the random variates in C++, we then simulate asset price processes.
We consider the crude Monte Carlo and the antithetic variate methods. For discussion of
Monte Carlo methods, see Boyle (1977), Korn et al. (2010) and London (2005) among other
resources. The last section of Chapter 6 is devoted to the application of �nite di�erence
method in pricing using C++. The explicit �nite di�erence method is the only method that
we implement since the Implicit di�erence and Crank-Nicolson involve solving a system of
equations for the unknown parameters and this is usually achieved using matrices in C++.
We assume that the functions that we consider are smooth and di�erentiable up to order
two.

The thesis is arranged as follows; Chapter 1 gives a brief insight into the work, Chapters 2,
3, 4 and 5 covers literature review. Chapter 6 focuses on computational implementation of
stochastic models in C++.



Chapter 2

Review of Selected Financial Models

This chapter provides conceptual foundation for the next and subsequent chapters. De�ni-
tions and other preliminary concepts such as martingales are introduced. Chapters 3 and 5
depends heavily on the theory developed in this chapter.

2.1 Introduction to Martingales; De�nitions

In this section, we de�ne important terms. Some terms such as �ltration and martingales
are de�ned in both discrete and continuous setting. A very brief introduction to an essential
concept of the conditional expectation and to its basic properties is given in Appendix A.

De�nition 1. (Filtration) If X1, X2, ... is a sequence of random variables, then the asso-
ciated (discrete time) �ltration is the collection {Fn}n∈N where Fn denotes the information
in X1, X2, ...Xn. Sometimes the �ltration is given starting at time n = 1 and other times at
n = 0. If it starts at time n = 1, we de�ne F0 to be �no information�.

De�nition 2. (Martingale) Let (Ω,F , P ) be a probability space where Ω, is the sample
space and P is a probability measure. Suppose X1, X2, ... is a sequence of random variables
to which we associate the �ltration {Fn} where Fn denotes the information in X1, X2, ...Xn,
for each n. A sequence of random variables M0,M1, ... is called a martingale with respect to
the �ltration {Fn}n∈N i�

1. for each integer n, Mn is an Fn measurable random variable and E [|Mn |] <∞;

2. for any integers n and m, if m < n then E [Mn | Fm] = Mm (or E [Mn −Mm | Fm] =
0).

If Mn is a martingale, then

E [Mn] = E [E [Mn | F0]] = E [M0] .

If we replace conditions E [Mn | Fm] = Mm by E [Mn | Fm] ≥Mm, then sequence of random
variablesM0,M1, ... is called a sub-martingale. If we replace conditions E [Mn | Fm] = Mm

by E [Mn | Fm] ≤ Mm, then sequence of random variables M0,M1, ... is called a super-
martingale.

3
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De�nition 3. (Adapted ) Given a probability space (Ω,F , P ) and a �ltration {Fn} n∈N,
that is a sequence of σ−�elds, F0 ⊆ F1 ⊆ .... A sequence of random variables Xn, n ∈ N, is
called adapted if for every integer n, Xn is Fn measurable.

De�nition 4. (Square Integrable Martingale) A martingale {Mn}n∈N is called square
integrable martingale if additionally E [M2

n] <∞, for each n.

De�nition 5. (Stationary Increments ) A continuous time process {X(t), t ≥ 0} is said
to have stationary increments if for any 0 ≤ s ≤ t, the probability distribution functions of
X(t)−X(s) and X(t− s)−X(0) are identical.

De�nition 6. (Continuous version-Filtration) A collection {Ft : t ∈ [0,∞)} of
σ−algebras of sets in F is called a �ltration if Ft ⊆ Ft+s for any t, s ∈ [0,∞).

De�nition 7. (Continuous version-Martingale) A stochastic processMt is called a mar-
tingale with respect to measure P and �ltration {Fn}n∈N if and only if

1. EP (|Mt|) <∞, ∀t;

2. EP (Mt|Fs) = Ms, ∀s ≤ t.

De�nition 8. ( Usual Conditions) A �ltration (Ft)t≥0 or (the �ltered probability space(
Ω,F , (Ft)t≥0 , P

)
) is said to satisfy the usual conditions if it is right continuous and com-

plete. Ft is right continuous if for each t ≥ 0, Ft ≡
⋂
ε>0 Ft+ε. We say that (Ft)t≥0 is

complete if (Ω,F , P ) is complete (ie. all subsets of the P -null sets are measurable) and
{A ∈ F : P (A) = 0} ⊂ F0 .

De�nition 9. (Brownian Motion) A stochastic process {Wt, t ≥ 0} de�ned on a �ltered
probability space (Ω,F , P ) is said to be a Brownian motion process with parameter, σ if:

� {Wt, t ≥ 0} has stationary and independent increments;

� for every t > 0, Wt is normally distributed with mean zero and variance σ2t;

� {Wt, t ≥ 0} has continuous sample paths and W0 = 0.

The Brownian motion process is sometimes called the Wiener process, see Chapter 10, Ross
(2014) and Chapter 11, Kijima (2013).

De�nition 10. The process W ∗ = (W ∗
t : t ≥ 0) is a standard Brownian motion when σ = 1

in the above de�nition. Any Brownian motion can be converted to a standard Brownian
motion by letting:

W ∗
t =

Wt

σ
.

2.2 Examples of Martingales

Example 1. The constant process St = c, for all t, is a martingale with respect to any
measure:

E [St | Fs] = E [c | Fs] = E [c] = c,

this holds for all s ≤ t, since c is independent of Ft.
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Example 2. A P -Brownian motion {Wt, t ≥ 0} is always a P -martingale with respect to
its natural �ltration (Ft = σ(Ws, 0 ≤ s ≤ t))t≥0. Note that, for every 0 ≤ s ≤ t, Wt −Ws is
independent of Fs (Ws is Fs measurable), and E(Wt−Ws) = E(Wt−s−W0) = E(Wt−s) = 0
(because of stationary increments). Hence, due to Wt −Ws also having expected value of
zero, we obtain

E [Wt | Fs] = E [Ws | Fs] + E [Wt −Ws | Fs] = Ws + E [Wt −Ws] = Ws.

2.3 Examples of Sub-martingales

Example 3. Assuming {(Wt,Ft), t ≥ 0} is a Brownian motion, the process Xt = µt+ σWt

with µ > 0 is a sub-martingale. The integrability follows from the inequality |Xt(ω)| ≤
µt+ σ |Wt(ω)| and the integrability of Wt. As Xt is adapted to Ft, we obtain

E [Xt+s | Ft] = E [µ(t+ s) + σWt+s | Ft]

= µs+ E [µt+ σWt+s | Ft] .

But

µs+ E [µt+ σWt+s | Ft] > E [µt+ σWt+s | Ft] .

Finding the above expectation, in the square bracket;

E [µt+ σWt+s | Ft] = µt+ σE [Wt+s | Ft]

= µt+ σWt

= Xt,

where E [Wt+s | Ft] = Wt , because {(Wt,Ft), t ≥ 0} is also a martingale (refer to Example
2 above).

Example 4. We show here that the square of a Brownian motion, (W 2
t )t≥0, is a sub-

martingale. We �rst show that (W 2
t − t)t≥0 is a martingale (i.e. E [W 2

t − t | Fs] = W 2
s − s

for t ≥ s).

E
[
W 2
t − t | Fs

]
= E

[
((Wt −Ws) +Ws)

2 − t | Fs

]
= E

[(
(Wt −Ws)

2 + 2Ws(Wt −Ws) +W 2
s

)
− t | Fs

]
= E

[
(Wt −Ws)

2 | Fs

]
+ 2E [Ws(Wt −Ws) | Fs] + E

[
W 2
s − t | Fs

]
= E

[
(Wt −Ws)

2 | Fs

]
+ 2WsE [Wt −Ws | Fs] + E

[
W 2
s − s− (t− s) | Fs

]
= E

[
(Wt −Ws)

2
]

+ 2WsE [Wt −Ws] + E
[
W 2
s − s− (t− s) | Fs

]
= E

[
(Wt −Ws)

2
]

+ 2WsE [Wt −Ws] + E
[
W 2
s − s | Fs

]
− (t− s)

= E
[
(Wt −Ws)

2
]

+ 0 +W 2
s − s− (t− s)

= t− s+W 2
s − t. Hence

E
[
W 2
t − t | Fs

]
= W 2

s − s ∀t ≥ s.

Using this crucial result, we �nally get

E
[
W 2
t+s | Ft

]
= E

[
W 2
t+s − (t+ s) | Ft

]
+ (t+ s) = W 2

t − t+ (t+ s) = W 2
t + s ≥ W 2

t .
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2.4 Continuous Martingales

De�nition 11. (Predictable Process) The predictable σ−algebra is the σ−algebra P
generated on [0, T ]×Ω by all adapted left continuous processes. A mappingX : [0, T ]×Ω → R
which is measurable with respect to P is called a predictable process. Any left continuous
process is therefore predictable. However there are predictable processes which are not left
continuous, see Tankov (2003).

De�nition 12. (Exponential Process) Let u ∈ L2[0, T ] be a deterministic function. Then
a stochastic process

Mt = e
∫ t
0 u(s)dWs− 1

2

∫ t
0 u

2(s)ds, t ≥ 0,

is called an exponential process induced by u.

Example 5. If v(s) is a continuous function on [0, T ], then Xt =
∫ t

0
v(s)dWs is an Ft

martingale.

Proof.

E [Xt | Fs] = E

[∫ s

0

v(ζ)dWζ +

∫ t

s

v(ζ)dWζ | Fs

]
= E

[∫ s

0

v(ζ)dWζ | Fs

]
+ E

[∫ t

s

v(ζ)dWζ | Fs

]
= Xs + E

[∫ t

s

v(ζ)dWζ

]
= Xs,

because
∫ t
s
v(ζ)dWζ is independent of Fs which implies that;

E

[∫ t

s

v(ζ)dWζ | Fs

]
= E

[∫ t

s

v(ζ)dWζ

]
= 0.

As a special case, we observe that Mt = eσWt− 1
2
σ2t is an Ft martingale, for any positive

constant σ.

Example 6. Let u : [0, T ]→ R be a continuous function, then

Mt = e
∫ t
0 u(s)dWs− 1

2

∫ t
0 u

2(s)ds

is an Ft martingale for 0 ≤ t ≤ T .

Proof. Let us consider the process Ut =
∫ t

0
u(s)dWs − 1

2

∫ t
0
u2(s)ds. Note that Mt = eUt and

dUt = u(t)dWt −
1

2
u2(t)dt.

Using basic properties of Itô's di�erentials, we obtain(dUt)
2 = u2(t)dt, see Appendix B.

Moreover, customising the Itô's Lemma, df(Ut) = f
′
(U t)dUt + 1

2
f
′′
(Ut) (dUt)

2 , to the case of
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f(x) = exp(x) , we get;

dMt = MtdUt +
1

2
Mt (dUt)

2

= eUtdUt +
1

2
Mt (dUt)

2

= eUt
(
u(t)dWt −

1

2
u2(t)dt

)
+

1

2
eUt (dUt)

2

= eUt
(
u(t)dWt −

1

2
u2(t)dt

)
+

1

2
eUtu2(t)dt

= eUt (u(t)dWt)

dMt = u(t)MtdWt.

Now, integrating between s and t yields

Mt = Ms +

∫ t

s

Mζu(ζ)dW
ζ

Note that
∫ t
s
Mζu(ζ)dW

ζ
is independent of Fs and

E
[∫ t

s
Mζu(ζ)dW

ζ
| Fs

]
= E

[∫ t
s
Mζu(ζ)dW

ζ

]
= 0. Hence

E [Mt | Fs] = E

[
Ms +

∫ t

s

Mζu(ζ)dW
ζ
| Fs

]
= Ms,

which completes the proof.

2.5 Radon-Nikodym Theorem

De�nition 13. (Absolute Continuity) Let P and P̃ be two probability measures on space
(Ω,F ). Assume for every A ∈ F satisfying P (A) = 0, we also have P̃ (A) = 0. Then we say
that P̃ is absolutely continuous with respect to P .

De�nition 14. (Equivalence) If for any event A in the sample space one has that

P (A) > 0 ⇐⇒ P̃ (A) > 0,

then two measures P and P̃ are said to be equivalent. In other words, if A is possible under
P then it is also possible under P̃ and if it is impossible under P then it is also impossible
under P̃ .

Theorem 1. (Radon-Nikodym) Given that P̃ is absolutely continuous with respect to P
then there is a non negative random variable Z such that

P̃ (A) =

∫
A

ZdP ∀A ∈ F

and Z is called the Radon-Nikodym derivative of P̃ with respect to P . For the proof of the
theorem, see Miermont (2017).
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Remark. The equation in the above theorem implies a stronger condition given below

Ẽ [X] = E [XZ]

for every random variable X for which E [XZ] < ∞. Here Ẽ is expectation with respect
to measure P̃ and E is expectation with respect to measure P . Given that P̃ and P are
equivalent probability measures and Z is the Radon-Nikodym derivative of P̃ with respect
to P then 1

Z
is the Radon-Nikodym derivative of P with respect to P̃ , that is:

E [Y ] = Ẽ

[
Y

1

Z

]
∀Y.

2.5.1 Radon-Nikodym Martingales

Let Ω be the sample space, P and P̃ , be two equivalent probability measures. Let Z be the
Radon-Nikodym derivative of P̃ with respect to P i.e.

Z (ω) =
dP̃ (ω)

dP (ω)
.

Let us also de�ne the process

Zk = E [Z | Fk] k = 0, 1, ..., n,

whereFk is a �ltration. Zk is actually a P martingale, because

E [Zk+1 | Fk] = E [E [Z | Fk+1] | Fk]

= E [Z | Fk]

= Zk.

Lemma 1. If X is Fk measurable, then

Ẽ [X] = E [XZk] .

Proof. Note that

Ẽ [X] = E [XZ]

= E [E [XZ | Fk]]

= E [XE [Z | Fk]]

= E [XZk] .

as required.

If X is Fk measurable, then for any A ∈ Fk

Ẽ [IAX] = E [ZkIAX]

or equivalently ∫
A

XdP̃ =

∫
A

XZkdP.
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Lemma 2. If X is Fk measurable and 0 ≤ j ≤ k, then

Ẽ [X | Fj] =
1

Zj
E [ZkX | Fj] .

Proof. We �rst note that 1
Zj
E [ZkX | Fj] is Fj measurable. For any A ∈ Fj, we have:∫

A

1

Zj
E [ZkX | Fj] dP̃ =

∫
A

E [ZkX | Fj] dP

=

∫
A

XZkdP

=

∫
A

XdP̃ .

Therefore, we have shown that

Ẽ [X | Fj] =
1

Zj
E [ZkX | Fj] .

Please note that the continuous versions of the Lemmas presented in this Section can easily
be obtained by using a continuous �ltration (F t).
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Chapter 3

Black-Scholes Model

This chapter is dedicated to the Black Scholes model. We start by introducing Girsanov's
Theorem and change of measure. Girsanov`s Theorem is fundamental when we need to change
the drift of a stochastic di�erential equation. Removing drift in the price process makes it
a martingale. Risk neutral valuation is covered as the next aspect and the importance of a
martingale measure is highlighted in this section. We end the chapter by looking at valuation
of derivatives in a risk neutral environment.

3.1 Girsanov's Theorem and Change of measure

Let (Ω,F , P ) be a �ltered probability space when dealing with Ft martingale on the men-
tioned probability space. The �ltration Ft is considered to be the sigma-algebra generated
by the given Brownian motion Wt, that is Ft = σ {Wu : u ≤ t} .

Theorem 2. (Cameron-Martin-Girsanov) If (Wt)0≤t≤T is a P Brownian motion and
(u(t))0≤t≤T ( drift) is an (Ft)0≤t≤T predictable process satisfying the boundedness condition

(EP

[
exp

(∫ T
0
u2(t)dt

)]
<∞), then there exist a measure Q such that;

1. Q is equivalent to measure P ;

2.

dQ

dP
= e−

∫ T
0 u(s)dWs− 1

2

∫ T
0 u2(s)ds;

3. W̃t is a Q Brownian motion where

W̃t = Wt +

∫ t

0

u(s)ds, 0 ≤ t ≤ T.

( see Baxter and Rennie (1996))

Theorem 3. (Converse to the Cameron-Martin-Girsanov Theorem) If (Wt)0≤t≤T is
a P Brownian motion and Q is a probability measure equivalent to P , then there exists an
(Ft)0≤t≤T predictable process u(t) such that

W̃t = Wt +

∫ t

0

u(s)ds,

11
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is a Q Brownian motion. That is Wt plus
∫ t

0
u(s)ds is a Q Brownian motion and the Radon-

Nikodym derivative of Q with respect to P (at time t) is e−
∫ T
0 u(s)dWs− 1

2

∫ T
0 u2(s)ds, see Baxter

and Rennie (1996).

3.1.1 Cameron-Martin-Girsanov and Stochastic Di�erentials

Cameron-Martin-Girsanov (C-M-G) theorem applies to Brownian motions and is a powerful
tool for controlling the drift of any process. Let's consider a stochastic process Xt with
increment;

dXt = µ(t)dt+ σ(t)dWt, (3.1.1)

where; µ(t) is the drift term, σ(t) is volatility and Wt is a P Brownian motion. Suppose we
want to �nd if there is a measure Q such that the drift process under Q is v(t)dt instead of
µ(t)dt. The stochastic di�erential equation (3.1.1) can be rewritten as

dXt = σ(t)

(
dWt +

µ(t)− v(t)

σ(t)
dt

)
+ v(t)dt.

If we set u(t) = µ(t)−v(t)
σ(t)

and u(t) satis�es growth condition (EP

[
exp

(
1
2

∫ T
0
u2(t)dt

)]
<∞),

then there is a new measure Q such that

W̃t = Wt +

∫ t

0

(
µ(s)− v(s)

σ(s)

)
ds

is a Q Brownian motion. That is the process ˜(Wt) de�ned by

dW̃t =

(
µ(t)− v(t)

σ(t)

)
dt+ dWt,

is a Brownian motion under Q. The di�erential of Xt under Q is given by

dXt = v(t)dt+ σ(t)dW̃t.

3.2 Risk Neutral Valuation

An (F t) predictable stochastic process Xt on a probability space (Ω,F , P ) is not always a
martingale. It might become a martingale with respect to another probability measure Q
on F . This is called a martingale measure and this play an important role in mathematical
explanation of the risk neutral valuation.

If the stock prices (St) are assumed to follow the Black-Scholes model, i.e. satisfy the
stochastic di�erential equation

dSt = µStdt+ σStdWt

then one can easily check that St = S0e
(µ− 1

2
σ2)t+σWt solves it. Here µ and σ > 0 are assumed

to be constants, and (Wt) is a Brownian motion.
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Proposition 1. Let us consider a Black-Scholes stock price model (St) with µ being the rate
of return of the stock St. Then

E
[
e−µtSt | Fu

]
= e−µuSu,

for all u < t, that is (e−µtSt) is an Ft martingale.

Proof. The process e−µtSt is non-explosive since E [| e−µtSt |] = e−µtE [St]=e
−µtS0e

µt=S0 <
∞. Moreover St is Ft is predictable, so is e−µtSt. Now

E [St | Fu] = E
[
S0e

(µ− 1
2
σ2)t+σWt | Fu

]
= E

[
S0e

(µ− 1
2
σ2)u+σWue(µ− 1

2
σ2)(t−u)+σ(Wt−Wu) | Fu

]
.

Here we are making use of the independent and stationary increments of a Brownian motion
process, Wt;

E [St | Fu] = S0e
(µ− 1

2
σ2)u+σWuE

[
e(µ− 1

2
σ2)(t−u)+σ(Wt−Wu) | Fu

]
= S0e

(µ− 1
2
σ2)u+σWu

[
e(µ− 1

2
σ2)(t−u)E

(
eσ(Wt−Wu) | Fu

)]
(3.2.1)

since S0e
(µ− 1

2
σ2)u+σWu is Fu measurable. Wt is a Brownian motion and Wt ∼ N(0, t) where

N(0, t) is a Gaussian random variable with mean 0 and variance t. The Brownian motion
process, Wt −Ws ∼ N(0, t − s) where s < t, see Chapter 2, Lawler (2017) and Chapter 3,
Baxter and Rennie (1996) among other resources. The above conditional expectation, (3.2.1)
becomes (the condition was dropped because of independence):

E [St | Fu] = Su

[
e(µ− 1

2
σ2)(t−u)E

(
eσ(Wt−Wu)

)]
,

where Su = S0e
(µ− 1

2
σ2)u+σWu . Making use of the moment generating function, we have

E
[
eσ(Wt−Wu)

]
= e

1
2
σ2(t−u).

Therefore

E [St | Fu] = Sue
(µ− 1

2
σ2)(t−u)E

[
eσ(Wt−Wu)

]
= Sue

(µ− 1
2
σ2)(t−u)e

1
2
σ2(t−u)

E [St | Fu] = Sue
µ(t−u).

This is equivalent to

E
[
e−µtSt | Fu

]
= e−µuSu.



Chapter 3 Black-Scholes Model 14

3.3 Risk Neutral Valuation for Derivatives

A martingale measure, under which the discounted stock price, Mt = e−rtSt becomes a
martingale, is called a risk neutral martingale measure. The constant, r denotes here the risk
free interest rate. If we assume that such a measure exists then

Ê
[
e−rtSt

]
= Ê

[
e−rtSt | Fu

]
= e−ruSu,

where Ê denotes the expectation with respect to the risk neutral martingale measure. The
previously stated relation can be then written as

e−r(t−u)Ê [St | Fu] = Su, u < t.

The following theorem is of paramount importance in pricing �nancial derivatives. Its proof
can be found in Chapter 14, Calin (2017) and many other advanced texts on stochastic
calculus.

Theorem 4. Assume the price process (St) follows a Black Scholes model. If f(St, t) is the
price of the derivative at time t, then e−rtf(St, t) is an Ft martingale under the uniquely
determined risk neutral martingale measure, that is

Ê
[
e−rtf(St, t) | Fu

]
= e−ruf(Su, u), u < t.



Chapter 4

Finite Di�erence Methods and

Techniques

Numerical methods �nd great place in computational work and have wider applications in
�nance and derivatives valuation cannot be sparred. In this chapter we discuss the popular
Black Scholes model under various �nite di�erence schemes.

Numerical methods known as �nite di�erence methods for pricing derivatives by approximat-
ing the di�usion process are presented. Finite di�erence methods are a means for generating
numerical solutions to partial di�erential equations and linear complementary (free bound-
ary) problems such as those used in pricing of American options. Finite di�erence schemes
are useful for valuation of derivatives when closed form analytical solutions do not exist or
for solutions to complicated multi-factor (multi-dimensional) models. By discretising the
continuous time partial di�erential equation that the derivative security must follow, it is
possible to approximate the evolution of the derivative and therefore the present value of the
security, see chapter 5 London (2005).

4.1 Fundamentals of Numerical Di�erentiation

Lets consider a real valued function of a real variable as follows

y = f(x).

In general we are interested in �nding approximations to the �rst and second order derivatives
of the function f . This is needed because, in general the form of the function f is unknown
and thus impossible to calculate its derivatives analytically and so we have to use numerical
approximations. Lets consider approximating the �rst derivative of y at some point a and
assume that h is a (small) positive number. We approximate the �rst derivative using the
following three approaches:

1. Centered di�erence formula;

2. Forward di�erence formula;

3. Backward di�erence formula.

15
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4.1.1 Centered Di�erence formula

To come up with the formula we consider the following points, (a− h, f(a− h)) and
(a+ h, f(a+ h)), the approximation of the �rst derivative is given by:

f
′
(a) ≈ f(a+ h)− f(a− h)

(a+ h)− (a− h)

=
f(a+ h)− f(a− h)

2h
.

4.1.2 Forward di�erence formula

The forward di�erence method considers the following points, (a, f(a)) and (a+ h, f(a+ h))
and the �rst derivative approximation is given by:

f
′
(a) ≈ f(a+ h)− f(a)

(a+ h)− (a)

=
f(a+ h)− f(a)

h
.

4.1.3 Backward di�erence formula

The backward di�erence method considers the following points, (a, f(a)) and (a− h, f(a− h))
and the �rst derivative approximation is given by:

f
′
(a) ≈ f(a)− f(a− h)

(a)− (a− h)

=
f(a)− f(a− h)

h
.

4.2 Comparison of the three formulas

How good are these approximations to the derivative of f at a point a and which one should
we use? To answer these questions we have to examine the central di�erence case �rst. We
use Taylor's expansion to show that:

f(a± h) = f(a)± hf ′(a)± h2

2!
f
′′
(a)± h3

3!
f
′′′

(η±),

where; η− ∈ (a− h, a) and η+ ∈ (a, a+ h). To distinguish the formulas above we use the
following notation, D0f(a) denotes the centered di�erence, D−f(a) denotes the backward
di�erence formula and D+f(a), the forward di�erence formula. The centered di�erence gives
a second order approximation to the �rst derivative if h is small enough and if f has a
continuous derivatives up to order 3, that is

D0f(a) = f
′
(a) +

h2

6

(
f
′′′

(η+) + f
′′′

(η−)

2

)
.

This we can show from Taylor series expansion of the above expression:

f(a+ h) = f(a) + hf
′
(a) +

h2

2!
f
′′
(a) +

h3

3!
f
′′′

(η+) (4.2.1)
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f(a− h) = f(a)− hf ′(a) +
h2

2!
f
′′
(a)− h3

3!
f
′′′

(η−). (4.2.2)

Subtracting equation 4.2.2 from 4.2.1 we obtain:

f(a+ h)− f(a− h) = 2hf
′
(a) +

h3

3!

[
f
′′′

(η+) + f
′′′

(η−)
]

dividing by 2h yields the following expression

f(a+ h)− f(a− h)

2h
= f

′
(a) +

h2

6

(
f
′′′

(η+) + f
′′′

(η−)

2

)
.

Some arithmetic shows that the forward and backward di�erencing give the �rst order ap-
proximation to the �rst derivative of f at point a that is:

D+f(a) = f
′
(a) +

h

2
f
′′
(η+), η+ ∈ (a, a+ h) .

This can also be veri�ed the same way we did for the centered di�erence formula, we consider
Taylor series expansion as follows:

f(a+ h) = f(a) + hf
′
(a) +

h2

2!
f
′′
(η+). (4.2.3)

Rearranging equation 4.2.3 to get:

f(a+ h)− f(a)

h
= f

′
(a) +

h

2
f
′′
(η+).

The backward di�erencing is given by:

D−f(a) = f
′
(a)− h

2
f
′′
(η−), η− ∈ (a− h, a) .

We observe that these one sided schemes are �rst order accurate and they also place low
continuity constraints on the function f . We only need to assume that the second derivative
is continuous, see Du�y (2013b).

4.3 Di�erence formulas for the second derivative

We now consider the divided di�erences for the second derivative of f at some point a. The
second derivative is denoted by D+D−f(a) and is given by:

D+D−f(a) =
f(a− h)− 2f(a) + f(a+ h)

h2
.

The above expression is obtained from:

D+D−f(a) = D−

(
f(a+ h)− f(a)

h

)
=

1

h
D− (f(a+ h)− f(a)) .
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Taking the divided di�erences of f(a+ h) and f(a) with respect to h gives:

=
1

h

(
f(a+ h)− f(a)

h
− f(a)− f(a− h)

h

)
=

f(a+ h)− 2f(a) + f(a− h)

h2
.

This divided di�erence is a second order approximation to the second derivative of f at point
a and we assume that the function has continuous derivatives up to and including order 4.
The discretization error is given by:

D+D−f(a) = f
′′
(a) +

h2

4!

(
f (4)(η+) + f (4)(η−)

)
.

This can be veri�ed using Taylor series expansion

f(a+ h) = f(a) + hf
′
(a) +

h2

2!
f
′′
(a) +

h3

3!
f
′′′

(a) +
h4

4!
f (4)(η+) (4.3.1)

f(a− h) = f(a)− hf ′(a) +
h2

2!
f
′′
(a)− h3

3!
f
′′′

(a) +
h4

4!
f (4)(η−). (4.3.2)

Adding 4.3.1 and 4.3.2 we obtain;

f(a+ h) + f(a− h) = 2f(a) + h2f
′′
(a) +

h4

4!

(
f (4)(η+) + f (4)(η−)

)
.

Rearranging the above equation, we get;

f(a+ h) + f(a− h)− 2f(a) = h2f
′′
(a) +

h4

4!

(
f (4)(η+) + f (4)(η−)

)
.

Dividing the above equation by h2, gives the desired result;

f(a+ h) + f(a− h)− 2f(a)

h2
= f

′′
(a) +

h2

4!

(
f (4)(η+) + f (4)(η−)

)
.

4.4 Explicit Di�erence Method

In this section we consider the explicit �nite di�erence method with particular reference to
the Black-Scholes partial di�erential equation. Finite di�erence methods are used to value
more complex derivatives with non linear payo�s, such as exotic options. They are used
to price derivatives by solving the di�erential equation in conjunction with the initial asset
price condition and boundary value conditions (that is payo�s) that the derivative must also
satisfy. The di�erential equation is converted into a system of di�erence equations that are
solved iteratively. Let's consider the Black-Scholes PDE:

∂f

∂t
+ (r − q)S ∂f

∂S
+

1

2
σ2S2 ∂

2f

∂S2
= rf, (4.4.1)

subject to the payo� condition f(ST , T ) = (ST −X)+, see London (2005). When implement-
ing �nite di�erence methods, we divide space and time into discrete intervals, ∆x and ∆t,
which generate the lattice. We add boundary conditions to the grid, which determines the
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option prices as a function of the asset price for high and low values so that ∂f
∂S

= 1 for large

S and ∂f
∂S

= 0 for S small. We can now discretize the PDE to develop a numerical �nite
di�erence scheme. First we simplify the PDE by letting x = logS and dx

dS
= 1

S
thus dS = Sdx

so that:
∂f

∂t
+ µ

∂f

∂x
+

1

2
σ2∂

2f

∂x2
= rf,

where; µ = r − q. To get rid of the rf term on the right hand side, we let u(x, t) be a new
function:

u(x, t) = er(T−t)f(ex, t),

since x = logS and S = ex, the term u is a forward price of the option f and satis�es the
PDE;

µ
∂u

∂x
+

1

2
σ2∂

2u

∂x2
= −∂u

∂t
.

We will discretize this PDE by taking the central di�erence of the state variable x and the
forward di�erence of the time variable t. We denote unj = u(xj, ti), ti = i∆t and xj = j∆x,
see London (2005) and Boyle and Tian (1998). From the di�erence formulas above the second
derivative's �nite di�erence is given by:

unj+1 − 2unj + unj−1

(∆x)2 .

The �rst derivative of the space variable using the centered di�erence is given by:

unj+1 − unj−1

2∆x
and for time we have;

un+1
j − unj

∆t
.

Substituting the �nite di�erences into the the PDE we obtain:

1

2
σ2

(
unj+1 − 2unj + unj−1

(∆x)2

)
+ µ

(
unj+1 − unj−1

2∆x

)
= −

(
unj − un+1

j

∆t

)
.

Rearranging the terms and making un+1
j the subject we get:

un+1
j = unj+1

(
∆tσ2

2 (∆x)2 +
µ∆t

2∆x

)
+ unj

(
1− ∆tσ2

(∆x)2

)
+ unj−1

(
∆tσ2

2 (∆x)2 −
µ∆t

2∆x

)
.

The recurrent relation for the forward option price is:

un+1
j = p̃uu

n
j+1 + p̃mu

n
j + p̃du

n
j−1, (4.4.2)

where:

p̃u =
∆tσ2

2 (∆x)2 +
µ∆t

2∆x
, p̃m = 1− ∆tσ2

(∆x)2 , p̃d =
∆tσ2

2 (∆x)2 −
µ∆t

2∆x
.

Lets note that
p̃u + p̃m + p̃d = 1.

Thus p̃u, p̃m and p̃d can be interpreted as probabilities and a su�cient condition for conver-
gence is that p̃u, p̃m and p̃d must all be non negative for su�ciently small ∆t, see Boyle and
Tian (1998). If we substitute the present value of the option fn+1

j = e−r(T−t)un+1
j into the

equation 4.4.2, we arrive at the backward relationship

fn+1
j = e−r∆t

(
p̃uf

n
j+1 + p̃mf

n
j + p̃df

n
j−1

)
.

This is equivalent to the discounted expectation of the forward option price (under a risk-
neutral measure), see London (2005).
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4.5 Implicit Finite Di�erence

In this section we focus on the implicit schemes where the solution of the �nite di�erence
equation at time level n+ 1 is calculated from the solution at the level n by solving a system
of linear equations. The di�erence between these methods lies in how they calculate values at
time level n+ 1 terms of the solution at level n. Thus the values of the solution are known at
level n and we march to time n+ 1 in order to compute a solution. In �nancial literature, we
march from a �terminal� value to at level n+ 1 to the solution at level n, see Du�y (2013a).
We consider the fully implicit method for the Black-Scholes PDE;

µ
∂u

∂x
+

1

2
σ2∂

2u

∂x2
= −∂u

∂t
.

It is approximated by:

1

2
σ2

(
un+1
j+1 − 2un+1

j + un+1
j−1

(∆x)2

)
+ µ

(
un+1
j+1 − un+1

j−1

2∆x

)
= −

(
un+1
j − unj

∆t

)
.

The above relation reduces to;

unj = p̃uu
n+1
j+1 + p̃mu

n+1
j + p̃du

n+1
j−1 ,

where:

p̃u =
∆tσ2

2 (∆x)2 +
µ∆t

2∆x
, p̃m = 1− ∆tσ2

(∆x)2 , p̃d =
∆tσ2

2 (∆x)2 −
µ∆t

2∆x
.

In this scheme we have one known solution and three unknowns namely p̃u, p̃m and p̃d, see
London (2005). This scheme is more di�cult than the explicit scheme because we have to
solve a system of equations. We now have to solve tridiagonal matrix system;

AUn+1 = Un,

where; Un+1 is a vector of the option values and

A =


˜pm1 p̃d1 . . 0
p̃u2 ˜pm2 p̃d2 .
. p̃u3 . . .
. . . ˜pdn−1

0 . . ˜pun ˜pmn


, see Du�y (2013a).

De�nition 15. (Spectral Radius) Let A = (aij) be an n× n real matrix with eigenvalues
λj , j = 1, ..., n. The spectral radius ρ(A) is given by;

ρ(A) = max|λj| , j = 1, ..., n.

De�nition 16. (Unconditional Stability) The time-dependent matrix T (t) is stable for
0 ≤ t ≤ T if;

ρ[T (t)] ≤ 1.

It is unconditionally stable if;

ρ[T (t)] < 1, ∀t : 0≤t≤ ∞,

see Du�y (2013b).
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Let us consider a one step �nite di�erence scheme for an initial value problem in the vector
form;

un+1 = Qun, n ≥ 0 (4.5.1)

where: un =
(
..., un−1, u

n
0 , ...

)′
and Q is an operator.

De�nition 17. (Stability) The di�erence scheme (4.5.1) is said to be stable with respect
to the norm, ‖�‖ , if there exist positive constants k0 and h0 and two non-negative constants
K and β such that;∥∥un+1

∥∥ ≤ Keβt ‖un‖ for 0≤t = tn + 1, 0 < h≤h0 and 0 < k≤k0.

We now generalise (4.5.1) to include an inhomogeneous term;

un+1 = Qun+ kGn, (4.5.2)

where; Gn =
(
..., Gn

−1, G
n
0 , G

n
1 , ...

)′
is the inhomogeneous term.

De�nition 18. (Accuracy of order (p, q)) The di�erence scheme (4.5.2) is said to be
accurate of order (p, q) to the given partial di�erential equation if;

‖τ n‖ = O(hp) +O(kq),

where; h and k are positive constants and ‖τ n‖ , is the truncation error, Du�y (2013b).

De�nition 19. (Two-factor Black-Scholes equation) The general two-dimensional Black�

Scholes equation is given by;

=

∂u

∂t
+ L1u+ L2u+ L3u = f,

where;

Lju = σj
∂2u

∂x2
+ µj

∂u

∂xj
+ bJu, j = 1, 2

and

L3u = ρ12
∂2u

∂x1∂x2

(cross term) .

There are three main operators, namely two convection�di�usion operators and a cross-term.
These correspond to single-factor models and coupling respectively, chapter 21, Du�y (2013a).

4.6 Crank-Nicolson

Both the Crank-Nicolson and the implicit methods use the centered di�erence to approximate
the �rst and second derivatives of the option price with respect to the space variable, x, in
this case while they employ one step di�erencing in time, t. We can view the Crank-Nicolson
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as the averaged scheme by adding the fully explicit and implicit schemes together. We de�ne
the quantity

u
n+ 1

2
j =

1

2

(
un+1
j + unj

)
.

The Crank-Nicolson method has gained wide acceptance in the �nancial literature and seems
to be standard �nite di�erence scheme for one and two factor Black-Scholes equations. It
has second order accuracy in the time parameter and is stable, see Du�y (2013a). It has
been known for some considerable time that the centered di�erencing in space combined
with averaging in time leads to spurious oscillations in the approximate solution and in the
divided di�erences approximating its derivatives. In this section we use the Crank-Nicolson
scheme and implement the Black-Scholes partial di�erential equation below:

µ
∂u

∂x
+

1

2
σ2∂

2u

∂x2
= −∂u

∂t

and this becomes;

µ

un+ 1
2

j+1 − u
n+ 1

2
j−1

2∆x

+
1

2
σ2

un+ 1
2

j+1 − 2u
n+ 1

2
j + u

n+ 1
2

j−1

(∆x)2

 = −
un+1
j − unj

∆t
.

Making use of u
n+ 1

2
j = 1

2

(
un+1
j + unj

)
and simplifying we get:

−α0unj+1 + β0unj − γ0unj−1 = α0un+1
j+1 + β0∗un+1

j + γ0unj+1,

where:

α0 =

(
µ∆t

4∆x
+

σ2∆t

4(∆x)2

)
,

β0 =

(
1 +

σ2∆t

2(∆x)2

)
,

β0∗ =

(
1− σ2∆t

2(∆x)2

)
,

γ0 =

(
σ2∆t

4(∆x)2
− µ∆t

4∆x

)
.

There are variations in notation and arithmetic manipulations of our �nite schemes to the
referenced sources. For further discussion see Du�y (2013b), Du�y (2013a) and London
(2005).

4.6.1 Criticism of the Crank-Nicolson scheme

The Crank-Nicolson method has become a very popular �nite di�erence scheme for solving
the Black-Scholes equation, which is an example of a convection-di�usion equation, see Du�y
(2013a). The main problem is that the traditional �nite di�erence schemes start to oscillate
when the coe�cient of the second derivative (the di�usion term) is very small or when the
coe�cient of the �rst derivative (the convection term) is large (or both). In this case the
mesh size ∆x, in the space direction must be smaller than a certain value, if we wish to avoid
these oscillations, see Du�y (2013a).



Chapter 5

Generalisations: Lévy Processes

Chapter 5 is developed as an extension or generalisation of the Black Scholes model. This
chapter has strong theoretical foundations in chapters 2 and 3. Lévy processes play a central
role in several �elds of science, such as physics; in the study of turbulence, laser cooling
and in quantum �eld theory; in engineering for the study of networks, queues and dams; in
economics for continuous time series models; in actuarial science for calculation of insurance
and reinsurance risk and mathematical �nance cannot be spared. In mathematical �nance,
Lévy processes are becoming extremely fashionable because they describe the observed reality
of the �nancial markets in a more accurate way than the models based on Brownian motion
Papapantoleon (2008).

The Lévy stable model was introduced to �nance by Mandelbrot (1963); however, in its gen-
eral form it cannot be used for pricing, since its exponential moments do not exist, therefore,
should one use an exponential Lévy stable model to price a stock, its expected future price
would be in�nite. The variance gamma (VG) model, introduced to �nance by Madan and
Seneta (1990), was the �rst non-Gaussian model used in derivative pricing. In recent years,
however, the VG model has become less relevant in practical applications, since empirical
studies have shown that, for calibrations to liquid option prices, VG seldom provides a best �t
within a wider class of Lévy processes. Later, a host of other models were introduced which
were also based on Lévy processes with exponentially decaying tails (semi-heavy tails), but
without the undesirable property of the PDFs of VG processes, which decay rather slowly at
in�nity.

5.1 Stylized statistical properties of asset returns

Stylized statistical facts which are common to a wide set of �nancial assets are presented
below;

5.1.1 Absence of Autocorrelations:

(Linear) autocorrelations of asset returns are often insigni�cant, except for very small intraday
time scales (20 minutes) for which microstructure e�ects come into play.

23
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5.1.2 Heavy tails

The (unconditional) distribution of returns seems to display a power-law or Pareto-like tail,
with a tail index which is �nite, higher than two and less than �ve for most data sets studied.
In particular this excludes stable laws with in�nite variance and the normal distribution.
However the precise form of the tails is di�cult to determine.

5.1.3 Gain/loss asymmetry

One observes large drawdowns in stock prices and stock index values but not equally large
upward movements.

5.1.4 Aggregational Gaussianity

As one increases the time scale, ∆t over which returns are calculated, their distribution looks
more and more like a normal distribution. In particular, the shape of the distribution is not
the same at di�erent time scales.

5.1.5 Intermittency

Returns display, at any time scale, a high degree of variability. This is quanti�ed by the
presence of irregular bursts in time series of a wide variety of volatility estimators.

5.1.6 Volatility clustering

Di�erent measures of volatility display a positive autocorrelation over several days, which
quanti�es the fact that high-volatility events tend to cluster in time.

5.1.7 Conditional heavy tails

Even after correcting returns for volatility clustering (e.g. via GARCH-type models), the
residual time series still exhibit heavy tails. However, the tails are less heavy than in the
unconditional distribution of returns.

5.2 Some Stylized statistical properties in brief

In this section we brie�y describe some of the stylized statistical properties. As in Cont
(2001), let S(t) be an asset price, say a stock, an exchange rate or a market index. We are
considering the log returns at time t, given by;

r(t,∆t) = ln(
S(t+ ∆t)

S(t)
),

where; ∆t is a time scale which can range from a few seconds to a month.
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5.2.1 Leptokurtic distributions

The �nancial data displays a high peak and asymmetric heavy tails. The name leptokurtic
is given, which means the kurtosis of the distribution is large. More precisely, the kurtosis
and skewness are de�ned as:

k = E

(
(X − µ)4

σ4

)
,

where; k is the kurtosis, σ is the standard deviation and µ is the mean

s = E

(
(X − µ)3

σ3

)
,

where: s is the skewness, σ is the standard deviation and µ is the mean. For a standard
normal distribution k = 3. If k > 3 the distribution is called leptokurtic and the distribution
will have a higher peak and two heavier tails than those of a normal distribution. Examples
of leptokurtic distributions include the double exponential distribution with the density;

f(x) = pθ1e
−xθ11{x>0} + (1− p)θ2e

xθ21{x<0}.

The leptokurtic feature has been observed since 1950s. However classical �nance models
simply ignore this feature for example in Black Scholes Brownian motion model, the stock
price is modelled as a geometric Brownian motion

St = S0e
(µ− 1

2
σ2)t+σW (t),

where; W (t) has a normal distribution with mean zero and variance t. Here µ is called
the drift, which measures the average return and σ is the standard deviation of the return

distribution. In this model, the continuously compounded return, ln
(
S(t)
S(0)

)
has a normal

distribution which is not consistent with leptokurtic feature. Many alternative models for
example models with jumps or stochastic volatility have been proposed to incorporate the
feature, Staum (2007).

5.2.2 Heavy Tails

Serious interest in the functional form of the distribution of prices began with Mandelbrot's
1963 study of cotton prices, in which he showed that logarithmic price returns are far from
normal and suggested that they might be drawn from a Lévy distribution. There have
been many studies since then, most of which indicate that the cumulative distribution of
logarithmic price changes has tails that asymptotically scale for large |r| as a power law of

the form |r|
−αr

, see Mike and Farmer (2008). The exponent, αr which takes on typical values
in the range 2 < αr < 4 is called a tail exponent. It is important because it characterizes the
risk of extreme price movements and corresponds to the threshold above which the moments
of the distribution become in�nite. Having a good characterization of the the price returns
has important practical consequences for risk control and option pricing.

From theoretical point of view, the heavy tails of the price returns excite interest among
physicists because they suggest non-equilibrium behaviour. A fundamental result in Statis-
tical mechanics is that except for unusual situations such as phase transitions, equilibrium
distributions are either exponential or normal distributions. The fact that price returns have
tails that are heavier than this suggests that markets are not in equilibrium. Many models
have been proposed that attempt to explain the heavy tails of the price returns, see Mike and
Farmer (2008). An exposition of how heavy the returns distributions are, is well documented
in Cont (2001).
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5.2.3 Power tails and exponential tails

The returns of stocks have two tail distributions heavier than the normal distribution. How-
ever how heavy the stock tail distributions are is debatable. Two main classes proposed in
literature are the power-type tails and the exponential-type tails. We say that the right tail
of the random variable X has a power-type tail if P (X > x) ≈ c

xα
, x > 0 as x→∞ and the

left tail of X has a power-type tail if P (X < −x) ≈ c
xα
, x < 0 as x → ∞. X has a right

exponential-type tail if P (X > x) ≈ ce−αx, x > 0 as x→∞ and a left exponential type tail
if P (X < −x) ≈ ce−αx, x < 0 as x→∞, see Staum (2007).

5.2.4 Volatility Clustering

One of the best known stylized features of �nancial asset returns is volatility clustering.
That is, high volatility movements (represented by large �uctuations in returns) tend to be
followed by high volatility movements (characterized by a period of relative turbulence in the
market), while low volatility movements (indicated by small �uctuations in returns) tend to be
followed by low volatility movements (characterized by a period of a relative tranquility in the
market). The former is indicative of the clusters of high volatility while the later is suggestive
of the clusters of low volatility. This pattern of volatility clustering appears to describe the
dynamics of volatility �uctuations in �nancial asset returns. Modeling this type of volatility
clustering in the �nancial market is important since volatility of asset returns can directly
impact prices of options and risks of stocks and portfolios. Volatility clustering has mainly
been analyzed within the class of Generalized Autoregressive Conditional Heteroscedastic
(GARCH) and Stochastic Volatility (SV) models. Each of these classes of models is capable
of capturing the volatility clustering in asset returns in a symmetric way, see Ning et al.
(2015). Volatility clustering and non linear dependence is well covered in Cont (2001).

5.2.5 Implied Volatility Smile

Volatility measures how much prices move. The direction of the move, whether up or down,
is irrelevant. The magnitude and the speed of the change are most important. In the futures
and options markets, the implied volatility is often used, which refers how much the market
anticipates price changes and is re�ected on the prices of contracts. Implied volatility is used
independently or together with historical volatility and other di�erent methodologies for
instance Stochastic volatility, GARCH and EWMA (Exponential Weighted Moving Average)
models to estimate the future volatility, see García-Machado and Rybczy«ski (2015).

5.3 Some alternative models to the Black-Scholes

Many studies have been conducted to modify the Black-Scholes model to explain the above
empirical stylized facts; leptokurtic feature, volatility clustering and implied volatility smile
among others. The following subsections consider a list of the proposed models:

5.3.1 Chaos Theory and fractal Brownian Motion

Chaos Theory and Fractal Brownian Motion, have dependent increments rather than inde-
pendent, for example Mandelbrot (1963). According to Staum (2007), Rogers pointed out
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that these models may lead to arbitrage opportunities. Fractal Brownian motion (FBM) is
characterized by its Hurst exponent, H ∈ (0, 1). Given any H ∈ (0, 1), the associated FBM,
WH is a Gaussian stochastic process that can be de�ned on an appropriate probability space,(
Ω,F , PH

)
satisfying the following properties;

1. the process WH has continuous sample paths with WH
0 = 0;

2. WH
t is a zero mean Gaussian random variable ∀t ≥ 0;

3. E
[
WH
t W

H
s

]
= 1

2

[
t2H + s2H − |t− s|2H

]
∀t, s ≥ 0, where E denotes the expectation

with respect to measure PH , see Brody et al. (2002).

De�nition 20. (Fractal Brownian motion) If H ∈ (0, 1), the fractal Brownian motion
with Hurst parameter, H is a zero mean centered Gaussian process WH with continuous
paths such that ∀s, t ≥ 0

E
[(
WH
t −WH

s

)2
]

= |t− s|2H .

If H = 1
2
, the correlation between increments is zero and we recover a standard Brownian mo-

tion. Positive correlation exists between the increments when H > 1
2
and negative correlation

exists for H < 1
2
, see Lawler (2017).

5.3.2 Stochastic Volatility and GARCH models

Stochastic Volatility and GARCH models, for example the 1987 model by Hull and White,
Engle's GARCH model of 1995 and Heston's Stochastic Volatility model of 1993, have mainly
been designed to capture the volatility clustering e�ect. A typical example of these models
is:

dS(t)

S(t)
= µdt+ σ(t)dW1(t)

dσ(t) = −α(σ(t)− β)dt+ γ
√
σ(t)dW2(t),

where; W1(t) andW2(t) are correlated Brownian motions and γ, is the correlation coe�cient.
The generalised autoregressive conditional heteroscedastic, GARCH(p, q) model is given by:

σ2
t = ω +

q∑
i=1

αiε
2
t−i +

p∑
j=1

βjσ
2
t−j,

where: w is the mean, αi, the error coe�cient, measures the degree of volatility reactivity to
the unexpected news and βj, the lag coe�cient, measures the degree of volatility persistence
from previous shocks to the conditional variance.

5.4 Characteristic Functions

The characteristic function of a random variable is the Fourier transform of its distribution.
Many probabilistic properties of random variables correspond to analytical properties of their
characteristic functions, making this concept very useful for studying random variables.
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De�nition 21. (Characteristic function) The characteristic function of the R valued
random variable X is the function ϕX : R→ R de�ned by

∀s ∈ R, ϕX(s) = E
[
eisX

]
=

∫
R
eisxdµ(x)

where; X has distribution (law) µ.

The characteristic function of a random variable completely characterizes its law; two vari-
ables with the same characteristic function are identically distributed. A characteristic func-
tion is always continuous and veri�es ϕX(0) = 1.

Proposition 2. (Characteristic function and moments)

1. If E [|X|n] <∞, then ϕX has n continuous derivatives at s = 0 and ∀k = 1, 2.., n,

mk ≡ E
[
Xk
]

= ϕ
(k)
X (0) =

1

ik
dkϕX(0)

dsk
|s=0 . (5.4.1)

2. If ϕX has 2n continuous derivatives at s = 0 then E
[
|X|2n

]
<∞ and ∀k = 1, 2.., 2n,

mk ≡ E
[
Xk
]

= ϕ
(k)
X (0) =

1

ik
dkϕX(0)

dsk
|s=0,

see Tankov (2003).

5.5 Jump-Processes

The assumptions that led to the Brownian motion were:

1. Independent increments;

2. Stationary increments and

3. Continuous paths.

To consider more general processes we need to give up at least one of the assumptions. Here
we will not assume continuity of the paths, Lawler (2017). The simplest Lévy process is a
linear drift, a deterministic process. Brownian motion is the only non-deterministic Lévy
process with continuous sample paths. Other examples of Lévy processes are the Poisson
and Compound Poisson, Papapantoleon (2008). More examples of Lévy processes include
the Gamma model and Variance Gamma model, see P�ug and Thoma (2016). The sum of
linear drift, a Brownian motion and a compound Poisson process is again a Lévy process,
it is often called a �jump-di�usion process�. We shall call it a �Lévy jump-di�usion� process
since there exist other jump-di�usion processes which are not Lévy processes, Papapantoleon
(2008). Let (Ω,F , P ) be a �ltered probability space where F = (Ft)0≤t≤T satis�es the usual
conditions. A �ltered probability space is said to satisfy the usual conditions if it is complete
(that is contains all sets of measure zero) and right continuous (for all times).

De�nition 22. (Cadlag) We call a function a cadlag, if the paths are right continuous
everywhere and have left limits.
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The paths of the usual Poisson and the compound Poisson processes are cadlags, Lawler
(2017).

De�nition 23. (Lévy process) A cadlag, adapted, real valued stochastic process X =
(Xt)0≤t≤T with X0 = 0 is called a Lévy process if the following conditions are satis�ed:

1. has independent increments that is Xt−Xs is independent of Fs for any 0 ≤ s < t ≤ T ;

2. X has stationary increments that is for any t ≤ T the distribution of Xt+s −Xt does
not depend on t;

3. X is stochastically continuous that is for every 0 ≤ t ≤ T and ε > 0

lim
s→t

P (|Xs −Xt| > ε) = 0,

Papapantoleon (2008). An adapted process is de�ned in de�nition (3).

5.6 Poisson processes

The Poisson process is the basic jump Lévy process. It is obtained by taking jumps of size
one at a particular rate λ.

De�nition 24. (Poisson process) A cadlag, adapted stochastic process N = (Nt)0≤t≤T
with Nt : Ω × R→ N

⋃
{0} is called a Poisson process if:

1. N0 = 0;

2. (Nt)0≤t≤T has independent increments, Nt −Ns is independent of Fs for any
0 ≤ s < t < T ;

3. Nt −Ns is Poisson distributed with parameter λ(t− s) for any 0 ≤ s < t < T . Then
λ is also called the intensity of the Poisson process.

Suppose we have such a process and let p(s) denote the probability that there is at least
one jump in the interval [t, t+ s]. If increments are to be stationary, this quantity must not
depend on t. Rate λ means that the probability that there is a jump sometime during the
time interval [t, t+∆t] is about λ∆t; more precisely, p(∆t) = λ∆t + o(∆t) as ∆t ↓ 0. We
can use this observation to construct the Poisson process. We consider the waiting times
between the jumps, let Xt denote the number of jumps that have occurred by time t and let
T = inf{t : Xt = 1} denote the amount of time until the �rst jump. Using the assumption
of independent stationary increments, we have that:

P {T > t} =
n∏
j=1

P

(
no jump during

[
(j − 1)t

n
,
jt

n

])
=

[
1− p( t

n
)

]n
.
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Therefore:

P [T > t] = lim
n→∞

[
1− p( t

n
)

]n
= lim

n→∞

[
1− λt

n
+ o

(
λt

n

)]n
= e−λt.

We have used that; lim
n→∞

o
(
λt
n

)
→ 0 and lim

n→∞

(
1− x

n

)n → e−x. A random variable T has an

exponential distribution with rate λ if it has density

f(t) = λe−λt, 0 < t <∞

and hence

P [T > t] =

∫ ∞
t

f(s)ds = e−λt.

Our assumptions imply that the waiting times of a Poisson distribution with parameter λ
must be exponential with rate λ.

E[T ] =

∫ ∞
0

tf(t)dt =
1

λ
.

This observation gives a way to construct a Poisson process, this construction also gives a
good way to simulate Poisson processes. Let T1, T2, ... be independent random variables each
exponential with rate λ, let ξ0 = 0 for positive integer n,

ξn = T1 + T2 + ...+ Tn

in other words, ξn is the time at which the nth jump occurs. ξn is gamma distributed with
parameters n and λ, see Lawler (2017), Papapantoleon (2008) and Tankov (2003).

5.6.1 Characteristic Exponent

De�nition 25. (Characteristic exponent) If X is a random variable, then its character-
istic exponent, ψ(s) = ψX(s) is de�ned to be the continuous function satisfying

E[eisX ] = eψ(s), ψ(0) = 0.

If Xt is a Lévy process, then the characteristic exponent of the process is the characteristic
of X1 −X0. If X and Y are independent then:

ψX+Y = ψX + ψY . (5.6.1)

If X ∼ N(µ, σ2) then:

ψ(s) = iµs− σ2s2

2
.

If X is Poisson with mean λ then:

ψ(s) = λ
[
eis − 1

]
.
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This can be seen from the computation:

E
[
eisX

]
=

∞∑
n=0

eisnP [X = n]

=
∞∑
n=0

(λeis)ne−λ

n!

= eλ(eis−1).

If Xt is a Lévy process starting at the origin with the characteristic exponent ϕ then inde-
pendent stationary increments and relation 5.6.1 imply that

ψXt = tψX1 = tψ.

An important property of the Lévy process is the following: Suppose that X1
t and X2

t are
independent Lévy processes with ψX1 = ψ1, ψX2 = ψ2 then Xt = X1

t +X2
t is a Lévy process

with ψXt = ψ1 + ψ2. For example if X1
t is a Brownian motion with drift µ and variance σ2

and X2
t is an independent Poisson process with rate λ then Xt = X1

t +X2
t is a Lévy process

with

ψ(s) = iµs− σ2s2

2
+ λ

[
eis − 1

]
.

5.6.2 Generator for a Poisson process

In this subsection, we start by de�ning a generator of a stochastic process, Xt. The de�nition
considers a smooth function and is extended to a Poisson process that has jumps.

De�nition 26. (Generator of Itô Di�usion) The generator of the stochastic process Xt

, is the second order partial di�erential operator L de�ned by;

L [f(x)] = lim
∆t→0

E[f(Xt) | X0 = x]− f(x)

∆t
,

for any smooth function with compact support f : Rn → R. E, stands for the expectation
operator.

The generator for a Brownian motion, Wt with drift µ and variance σ2, is;

L [f(x)] = µf
′
(x) +

σ2

2
f
′′
(x).

We now compute the generator for the Poisson process. Although the Poisson process takes
integer values, the de�nition can be extended so that X0 = x. In this case, in a small time
interval ∆t, the values taken by the process are x, x+ 1, x+ 2, ...

P [X∆t = X0 + 1] = 1− P [X∆t = X0] = λ∆t+ o(∆t).

The expectation is given by;

E [f (X∆t) | X0 = x] = λ∆tf(x+ 1) + [1− λ∆t] f (x) + o(∆t),

thus

E [f (X∆t) | X0 = x]− f (x) = λ∆tf(x+ 1)− λ∆tf (x) + o(∆t).
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Taking the limit as ∆t→ 0,

lim
∆t→0

E [f (X∆t) | X0 = x]− f (x)

∆t
= λf(x+ 1)− λf (x) + lim

∆t→0

o(∆t)

∆t
,

but lim
∆t→0

o(∆t)
∆t
→ 0. Now we have;

lim
∆t→0

E [f (X∆t) | X0 = x]− f (x)

∆t
= λf(x+ 1)− λf (x) .

Therefore;

L [f(x)] = λ [f(x+ 1)− f(x)] .

5.7 Compensated Poisson process

De�nition 27. (Compensated Poisson process) Let N be a Poisson process with pa-
rameter λ. The process N̄ = (N̄t)0≤t≤T with Nt : Ω × R→ R where;

N̄ = Nt − λt

is called a compensated Poisson process.

Proposition 3. The compensated Poisson process is a martingale.

Proof. We have that:

1. The process N̄ is adapted to �ltration because N is adapted ( by de�nition);

2. E[N̄t] <∞ because E[Nt] <∞ for all 0 < t < T .

Finally, let 0 ≤ s < t < T then:

E
[
N̄t | Fs

]
= E [Nt − λt | Fs]

= E [(Nt −Ns) +Ns | Fs]− λ((t− s) + s)

= E [Ns | Fs] + E [Nt −Ns | Fs]− λ ((t− s) + s)

= Ns + E [Nt −Ns]− λ(t− s)− λs
= Ns + λ(t− s)− λ(t− s)− λs
= Ns − λs = N̄s.

The characteristic function of the compensated Poisson random variable is given by:

E
[
eisN̄t

]
= E

[
eis(Nt−λt)

]
= e−λtisE

[
eisNt

]
= e−λtiseλt(e

is−1)

= exp
{
λt
(
eis − 1− is

)}
.
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5.8 Compound Poisson process

A stochastic process {Yt, t ≥ 0} is said to be a compound Poisson process, if it can be
represented as:

Yt =

N(t)∑
k=1

Jk, t ≥ 0,

where; {N(t), t ≥ 0} is a Poisson process with intensity λ, {Jk, k ≥ 1} is a family of inde-
pendent and identically random variables that are also independent of {N(t), t ≥ 0}. When
J1 = 1 then Yt = N(t) and we have the usual Poisson process.

5.8.1 Properties of the Compound Poisson process

1. The sample paths of Yt are cadlag piece-wise constant functions.

2. The jump times (Ti)i≥1 have the same distribution (law) as the jump times of a Poisson
process, {N(t), t ≥ 0}; they can be expressed as partial sums of independent exponen-
tial random variables with parameter λ.

3. The jump sizes {Jk, k ≥ 1} are independent and identically distributed with distribu-
tion (law) µ#.

De�nition 28. (Lévy measure) Let Xt be a Lévy process, the measure ν on R de�ned by;

ν (A) = E [# {t ∈ [0, 1] : ∆Xt 6= 0,∆Xt ∈ A}] , A ∈ R

is called a Lévy measure of Xt ; ν (A) is the expected number, per unit of time, of jumps
whose size belong to A. ν (A) is �nite for any set A such that 0 /∈ A. If this is not true, the
process would have an in�nite number of jumps of �nite size on [0, T ], see Tankov (2003).

Proposition 4. Suppose Xt is a Compound Poisson process (CPP) with Lévy measure ν and
X0 = 0 then

ψ(s) =

∫ ∞
−∞

[
eisx − 1

]
dν(x)

L [f(x)] =

∫ ∞
−∞

[f(x+ y)− f(x)] dν(y).

Proof. Let µ# denote the distribution of random variable Jk that is if A ⊂ R then ν(A) =
P{J1 ∈ A}, we de�ne ν = λµ#, which is a measure on ν (R) = λ. Let

φ(s) = E
[
eisJk

]
=

∫ ∞
−∞

eisxdµ#(x),

denote the characteristic function of a random variable with distribution F , then

E
[
eisYt

]
=
∞∑
n=0

P [N(t) = n]E
[
eisYt | Nt = n

]
.
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Conditioning on N(t) = n, the distribution of Yt is that of J1 + J2 + ....+ Jn. Hence

E
[
eisYt | Nt = n

]
= E

[
eis(J1+J2+....+JNt) | Nt = n

]
= E

[
eis(J1+J2+....+Jn)

]
=

n∏
j=1

E
[
eisJk

]
=

(
E
[
eisJ1

])n
= φ(s)n.

Since Nt is Poisson with mean rate λt;

E
[
eisYt

]
=

∞∑
n=0

e−λt(λt)n

n!
φ(s)n

=
∞∑
n=0

e−λt
(λtφ(s))n

n!

= e−λt
∞∑
n=0

(λtφ(s))n

n!

= e−λteλtφ(s) = eλt(φ(s)−1),

but φ(s) =
∫∞
−∞ e

isxdµ#(x) then

E
[
eisYt

]
= exp {λt (φ(s)− 1)}

= exp

{
λt

(∫ ∞
−∞

[
eisx − 1

]
dµ#(x)

)}
.

The second last equality uses the fact that µ# is a probability measure. Finally we get;

E
[
eisYt

]
= exp

{
t

(∫ ∞
−∞

[
eisx − 1

]
λdµ#(x)

)}
(5.8.1)

= exp

{
t

(∫ ∞
−∞

[
eisx − 1

]
dν(x)

)}
,

since λµ# = ν. The measure ν is called the Lévy measure for the process (Xt)t≥0, ν is a

positive measure on R but not a probability measure since
∫
R dν(x) = λ 6= 1.

We now consider the computation for the generator, L, which follows from the de�nition of
the compound Poisson process. In a small time ∆t, the probability that there is a jump is
λ∆t+ o(∆t). Given that there is a jump the amount jumped is given by the distribution µ#.
In other words the probability that there is a jump in time ∆t whose size is in (a, b) is given
up to an error o(∆t) by;

λ∆tµ# (a, b) = ∆tν (a, b) ,

since λµ# = ν. Therefore;

E [f (X∆t) | X0 = x] = [1− λ∆t] f (x) + ∆t

∫ ∞
−∞

f(x+ y)dν(y) + o(∆t)

= f (x) + ∆t

∫ ∞
−∞

[f(x+ y)− f (x)] dν(y) + o(∆t).
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Taking the limit as ∆t→ 0,

lim
∆t→0

E [f (X∆t) | X0 = x]− f (x)

∆t
=

∫ ∞
−∞

[f(x+ y)− f (x)] dν(y) + lim
∆t→0

o(∆t)

∆t
,

where lim
∆t→0

o(∆t)
∆t
→ 0. Therefore;

L [f (x)] =

∫ ∞
−∞

[f(x+ y)− f (x)] dν(y).

5.9 The Gamma model

The Gamma(a, b) process is a Lévy process with increment distribution:

X(t+ 1)−X(t) ∼ Gamma(a, b)

that is has a distribution with density:

f(x) =
1

baΓ (a)
xa−1exp

(
−x
b

)
1{x≥0}.

The expectation of the gamma density is given by E [X] = ab and the characteristic function
is, ϕX(t) = (1− ibt)−a.

5.10 Popular Models

In this section we present some popular models in mathematical �nance from point of view
of the Lévy processes, which we denote by Xt. We describe their characteristic functions and
Lévy triplets.

De�nition 29. (Lévy triplet) For every Lévy process, Xt there exist a vector of drift
parameters, γ, a positive de�nite matrix of Brownian motion, A and a positive measure, ν
that uniquely determines its distribution, the triplet (γ,A, ν) is called a characteristic triplet
or Lévy triplet of the process.

5.10.1 Black-Scholes

The most famous asset price model based on the Lévy process is that of Samuelson, Black
and Scholes and Merton, see Papapantoleon (2008). The log returns are normally distributed
with mean µ and variance σ2 that is, the random variable X1 ∼ N(µ, σ2) and its density is:

fX1(x) =
1

σ
√

2π
exp

{
−(x− µ)2

2σ2

}
.

The characteristic function is

ϕX1(s) = exp

{
iµs− σ2s2

2

}
.
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Using 5.4.1, the �rst moment is given by

E [X1] =
1

i

(
dϕX1(s)

ds
|s=0

)
=

1

i

d

ds

(
exp

{
iµs− σ2s2

2

})
|s=0

=
1

i

(
iµ− σ2s

)
exp

{
iµs− σ2s2

2

}
|s=0

= µ.

Using 5.4.1, the second moment is given by

E
[
X2

1

]
=

1

i2

(
d2ϕX1(s)

ds2
|s=0

)
= − d2

ds2

(
exp

{
iµs− σ2s2

2

})
|s=0

= − d

ds

((
iµ− σ2s

)
exp

{
iµs− σ2s2

2

})
|s=0

= −
((
iµ− σ2s

)2
exp

{
iµs− σ2s2

2

}
− σ2exp

{
iµs− σ2s2

2

})
|s=0

= − (iµ)2 + σ2

= µ2 + σ2.

E[X1] = µ and var[X1] = σ2,

var [X1] = E
[
X2

1

]
− E2 [X1]

= µ2 + σ2 − µ2

= µ2 + σ2 − µ2

= σ2

while kurtosis and skewness are: skew[X1] = 0, kurt[X1] = 3. The canonical decomposition
of X is :

Xt = µt+ σWt

and the Lévy triplet is (µ, σ2, 0)

5.10.2 Merton

Merton was one of the �rst to use a discontinuous price process to model asset returns,
Papapantoleon (2008). The canonical decomposition of the driving process is:

Xt = µt+ σWt +
Nt∑
k=1

Jk,

where Jk ∼ N(µj, σ
2
j ) k = 1, 2, ...hence the distribution of the jump size has density:

fj(x) =
1

σj
√

2π
exp

{
−(x− µj)2

2σ2
j

}
.
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The characteristic function of X1 is

ϕX1(s) = exp

{
iµs− σ2s2

2
+ λ

(
eiµjs−

σ2j s
2

2 − 1

)}
.

The Lévy triplet is (µ, σ2, λfj). The density of X1 is not known in closed form, whilst the
�rst two moments are: E[X1] = µ+ λµj which is computed as follows;

E [X1] =
1

i

(
dϕX1(s)

ds
|s=0

)
=

1

i

d

ds

(
exp

{
iµs− σ2s2

2
+ λ

(
eiµjs−

σ2j s
2

2 − 1

)})
|s=0

=
1

i

(
iµ− σ2s+ λ

[
iµj − σ2

j s
]
eiµjs−

σ2j s
2

2

)
exp

{
iµs− σ2s2

2
+ λ

(
eiµjs−

σ2j s
2

2 − 1

)}
|s=0

= µ+ λµj

and var[X1] = σ2 + λµ2
j + λσ2

j .

5.10.3 Kou

Kou proposed a jump di�usion model similar to Merton's where the size of the jump is double
exponentially distributed, Papapantoleon (2008). The canonical decomposition of the driving
process is;

Xt = µt+ σWt +
Nt∑
k=1

Jk,

where Jk ∼ Db (p, θ1, θ2) k = 1, 2, ... hence the distribution of the jump size has density:

fj(x) = pθ1e
−θ1x1{x>0} + (1− p) θ2e

θ2x1{x<0}.

The characteristic function of X1 is :

ϕX1(s) = exp

{
iµs− σ2s2

2
+ λ

(
pθ1

θ1 − is
+

(1− p)θ2

θ2 + is
− 1

)}
.

The Lévy triplet is (µ, σ2, λfj). The density of X1 is not known in closed form and the �rst
moment is given by:

E [X1] =
1

i

(
dϕX1(s)

ds
|s=0

)
=

1

i

d

ds

(
exp

{
iµs− σ2s2

2
+ λ

(
pθ1

θ1 − is
+

(1− p)θ2

θ2 + is
− 1

)})
|s=0

=
1

i

[
iµ− σ2s+ λi

[
pθ1

(θ1 − is)2 −
(1− p) θ2

(θ2 + is)2

]]
× exp

[
iµs− σ2s2

2
+ λ

(
pθ1

θ1 − is
+

(1− p)θ2

θ2 + is
− 1

)]
|s=0

=
1

i

(
iµ+ λi

(
pθ1

θ2
1

− (1− p) θ2

θ2
2

))
= µ+

λp

θ1

− λ (1− p)
θ2

.
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Thus

E[X1] = µ+
λp

θ1

− λ(1− p)
θ2

and

V ar[X1] = σ2 +
λp

θ2
1

+
λ(1− p)

θ2
2

,

also see Kou and Wang (2004).



Chapter 6

Some C++ Implementations

In the following sections we present computational work in C++. Implementation of basic
�nancial models is followed by simulations. Finally derivative securities valuation is consid-
ered. A brief introduction to C++ is given in Appendix C.

6.1 Basic �nancial models

In this section we introduce basic �nancial models such as the accumulated and present value.

6.1.1 Accumulated Amount

In this section, we compute the accumulated amount, given the initial amount and an annual
e�ective interest rate.

A(t) = A(0)(1 + r)t

where A(t) is the accumulated amount, A(0) is the initial amount, t is the time period and
r is the annual e�ective interest rate, see chapter 6 Finan (2008).

#include <iostream >

#include <stdio.h>

#include <cmath >

using namespace std;

// A function for accumulated amount

double AM(double const&t,double const &A_i, double

const&r,double const&i) {

double ACM=A_i*pow (1+r,t);

return ACM;

}

int main() {

double A_i,r,t;

for(int i=0;i<10;i++) {

cout <<"Accummulated Amount="<<AM(t,A_i,r,i)<<endl;

cout <<"Initial Amount:";

39
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cin >>A_i;

cout <<"Interest rate:";

cin >>r;

cout <<"Time in years:";

cin >>t;};

}

Output for the Accumulated amount:

The code computes the accumulated amount or the future value of an investment given, the
initial amount (present value) and time.

6.1.2 Present value function

In this section, we present a code for computing the present value of a given amount where
we assume continuous compounding in the rate.

PV = Ae−rt

where A is a cash �ow at time t, A is usually referred to as the future value, FV in the
literature and r is the interest rate, see section 7 Finan (2008).

#include <iostream >//input and output

#include <cmath >// mathematics library

using namespace std;

double PV(double A,double r,int T){

double PV_=A*exp(-r*T);

return PV_;

}

int main(){

double r,A, P;

int T;

std::cout <<" Enter the Future value:";
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std::cin >>A;

std::cout <<"Enter the risk -free rate:";

std::cin >>r;

std::cout <<"Enter the time in years:";

std::cin >>T;

for(int i=0;i<=T;i++){

P=PV(A,r,i);

std::cout <<"Present Value "<<"for year"<<i<<":"<<P<<

endl;}

}

Output for computing the present value

An amount A is continuously discounted for a period of T years at a constant interest rate
of r. The above code computes the present values for a given amount, A, interest rate, r and
time t = 0 to T .

6.2 Random Number generation

In this section, we generate random numbers which we use in the subsequent sections.

6.2.1 Generation of uniform random variates

We generate uniform (0, 1) numbers from the code below using Cstdlib, see Halterman (2016).
In this section, we generate uniform random number using the rand() function, see Ødegaard
(2017).

#include <iostream >// input and output

#include <cstdlib >// standard c library and is

//important for random number generation

#include <cmath >// mathematics library

using namespace std;

double uniform (){
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double randmax=RAND_MAX;

double x=rand()/randmax;

return x;

};

int main(){

int n;

double U;

std::cout <<"Enter the number of iterations: ";

std::cin >>n;

for(int i=0;i<=n;i++){

U=uniform ();

std::cout <<"uniform variate:"<<U<<endl;

}

}

Output: Uniform random variates

From the above algorithm, the interface will enable the user to specify the number of iterations
so that the above output is produced.

6.3 Simulation

In this section we present codes for simulating the variables that are used in pricing of
�nancial instruments.

6.3.1 Simulation: Exponential variates

We implement a code for generating exponential variates, which are important in the simu-
lation of Poisson and gamma processes. We considered Haugh (2004) for the algorithm that
we implemented in our code.

#include <iostream >//input and output

#include <cstdlib >//random number generation
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#include <cmath >//mathematics library

using namespace std;

double uni(){double randmax=RAND_MAX;

double u=rand()/randmax;

return u;

}

double Exp(){double lambda;

double u1= uni();

double x=-(1/lambda)*log(u1);

return x;

}

int main(){

int n;

double lambda ,u1,y;

std::cout <<"Enter lambda:";

std::cin >>lambda;

std::cout <<"Enter the number of iterations:";

std::cin >>n;

for(int i=1;i<=n;i++) {

u1=uni();

y=Exp();

//std::cout <<"Uniform variate: "<<uni()<<endl;

std::cout <<"Exponential random variate:"<<y<<endl;

}

}

Output: Exponential variates

6.3.2 Simulation: Gamma variates

In implementation of the Lévy processes or Lévy driven models such as the Variance Gamma
model, we need gamma variates. Our Gamma simulation code is based on the algorithm
from Haugh (2004).
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#include <iostream >//input and output

#include <cmath >//mathematics library

#include <cstdlib >//random number generation

#include <vector >//vectors

using namespace std;

double unif(){

double randmax=RAND_MAX;

double y=rand()/randmax;

return y;

}

double Exp(){

double lambda;

double u=unif();

double x=-(1/(lambda))*log(u);

return x;

}

int main(){

double lambda ,u,v,x1;

int n;

double Gamma;

std::cout <<"Number of iterations: ";

std::cin >>n;

std::cout <<"Enter the value of Lambda:";

std::cin >>lambda;

for(int i=1;i<=n;i++){

u=unif();

x1=Exp();

Gamma +=Exp();

std::cout <<"Uniform variate is :"<<u<<endl;

std::cout <<"Expo variate is :"<<x1<<endl;

std::cout <<"Gamma variate is:"<<Gamma <<endl;}

}

Output: Gamma variates
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6.3.3 Simulation: Random Normal variates (Box-Muller)

In this section, we present a code for generating random normal variates from uniform variates
that have been generated using a rand() function. The approximations used for the normal
variates are found in Chapter 2, Glasserman (2013) and Chapter 2, London (2005). In this
code the Box-Muller method has been used in the generation of a normal random variates.

#include <iostream >// input and output

#include <cstdlib >//random number generation

#include <cmath >//mathematics library

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=unif();

U2=unif();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

int main(){double x;

int n;

std::cout <<"Please enter the number of iterations:";

std::cin >>n;

for(int i=1;i<=n;i++){

std::cout <<"Random uniform number is:";

std::cout <<unif()<<endl;

std::cout <<"Random Normal Variates:";

std::cout <<rnorm()<<endl;

}

}
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Output: Random normal and uniform variates

6.3.4 Simulation: Random Normal variates

Here we consider an improved Box-Muller method. Marsagalia and Bray modi�ed the Box-
Muller method with a goal of reducing computing time by avoiding the evaluation of the sine
and cosine functions, see Chapter 2, Glasserman (2013).

#include <iostream >// input and output

#include <cstdlib >//random number generation

#include <cmath >//mathematics library

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double X,U1 ,U2,U,V,Y,Z1 ,Z2;

X=2;

while(X>1){

U1=unif();

U2=unif();

U=2*U1 -1.0;

V=2*U2 -1.0;

X=pow(U,2)+pow(V,2);}

Y=sqrt(-2*log(X)/X);

Z1=-U1*Y;

Z2=U2*Y;

return Z1,Z2;

}

int main(){double x;

int n;

std::cout <<"Enter the number of iterations:";

std::cin >>n;

for(int i=1;i<=n;i++){
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unif();

rnorm();

std::cout <<"Random uniform number is:";

std::cout <<unif()<<endl;

std::cout <<"Random Normal Variates:";

std::cout <<rnorm()<<endl;

};

}

Output: Random Normal variates

6.4 Monte Carlo Valuation of Options

This section deals on stochastic modelling of asset prices and valuation of �nancial securities.

6.4.1 Simulation: Brownian Motion

Korn et al. (2010), provides an algorithm for simulation of a Brownian motion in chapter 4.

#include <iostream >//input and output

#include <cstdlib >//random number generation

#include <cmath >//mathematics

#include <vector >//vector

using namespace std;

double un(){

double randmax=RAND_MAX;

double p=rand()/randmax;

return p;

}

double rnorm (){double un();
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double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=un();

U2=un();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double Brownian(int N,double z,double sigma){

int T;

double Brow=sigma*sqrt(T/N)*z;

return Brow;

}

int main(){

double z,w,v,b,T,sigma;

int N=10000;

vector <double >V(N);

vector <double >Z(N);

vector <double >W(N);

vector <double >t_i(N);

vector <double >B(N);

W[0]=0;

std::cout <<"number of iterations: ";

std::cin >>N;

std::cout <<" enter T: ";

std::cin >>T;

std::cout <<" volatility: ";

std::cin >>sigma;

for(int i=1;i<=N;i++){

V[i]=un();

v=V[i];

Z[i]=rnorm();

z=Z[i];

B[i]= Brownian(i,z,sigma);

b=B[i];

W[i]=W[i-1]+B[i];

std::cout <<" Brownian motion variate: "<<W[i]<<endl;

}}
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Output: Simulation of Brownian Motion

6.4.2 Simulating stock price path in the Black Scholes model

We present a log normal asset model, in this case we consider a European option for illus-
trative purposes. The log normally distributed asset price is given by:

St = S0e
(µ− 1

2
σ2)t+σWt

and

St = S0e
(r− 1

2
σ2)t+σWt

where µ is the drift, r is the risk free rate, σ is the asset return volatility, t is the time to
maturity andWt is a Brownian motion, see Chapters 53-55, Finan (2011), Chapter 2, London
(2005) and Broadie and Glasserman (1997). The code for simulating risk neutral asset prices
is given below. The risk neutral concept has been covered in the literature, see from section
3.2 up to the end of the chapter 3:

#include <iostream >// input and output

#include <cstdlib >// standard c library and is

//important for random number generation

#include <cmath >// mathematics library

#include <vector >//vectors

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=unif();

U2=unif();

PI =3.141592653589793238462643;

R=-2*log(U1);
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V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double Simulation(int i, double r, double b,double

sigma){

double S_i,Z=rnorm();

double t;

S_i=exp((r-b-0.5*sigma*sigma)*t+sigma*Z*sqrt(t));

return S_i;

}

int main(){

double t=0.5;

int n;

double b,r,sigma ,X;

double c,p, Z,Pt ,Cal , CalOpt ,PutOpt;

double U1,U2;

vector <double >a(n);

vector <double >Call(n);

vector <double >Put(n);

std::cout <<" Dividend yield:";

std::cin >>b;

std::cout <<" Volatility:";

std::cin >>sigma;

std::cout <<"Risk -free rate:";

std::cin >>r;

std::cout <<"Number of iterations:";

std::cin >>n;

std::cout <<"Strike price:";

std::cin >>X;

std::cout <<"Current asset price: ";

std::cin >>a[0];

for(int i=1;i<=n;i++){

U1=unif();

U2=unif();

Z=rnorm ();

a[i]=a[0]*Simulation(i,r,b,sigma);

std::cout <<"Sim value: "<<a[i]<<endl;}

}

Output: Simulated asset prices

The independently simulated asset prices below are used in the valuation of options. We
used an initial asset price, S0 = 50 to get the output below;
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6.4.3 Option Valuation

In this subsection, we present a code for computing the options (Call and Put) payo�s from
the simulated asset prices. We subsequently compute the option values based on these payo�s.
The code for valuing call and put options is presented below:

#include <iostream >// input and output

#include <cstdlib >// standard c library and is

//important for random number generation

#include <cmath >// mathematics library

#include <vector >//vectors

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=unif();

U2=unif();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double Simulation(int i, double r, double b,double

sigma){

double Z=rnorm();

double t;

double S_i=exp((r-b-0.5*sigma*sigma)*t+sigma*Z*sqrt(t))

;

return S_i;
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}

int main(){

double t;

int n;

double S_i;

double b;

double r;

double sigma;

double c,v,op ,Z,Pt,Cal;

double U1,U2;

double X;

vector <double >a(n);

vector <double >Call(n);

vector <double >Put(n);

std::cout <<"Enter the number of iterations:";

std::cin >>n;

std::cout <<"Enter the continuous dividend yield:";

std::cin >>b;

std::cout <<"Enter the time to maturity (in years):";

std::cin >>t;

std::cout <<"Enter the risk free interest rate:";

std::cin >>r;

std::cout <<"Enter the volatility of asset retuns:";

std::cin >>sigma;

std::cout <<"Enter the Strike price:";

std::cin >>X;

std::cout <<"Enter the current asset price(Stock):";

std::cin >>a[0];

for(int i=1;i<=n;i++){

U1=unif();

U2=unif();

Z=rnorm ();

a[i]=a[0]*Simulation(i,r,b,sigma);

Call[i]=max(0.0,a[i]-X);

Put[i]=max(0.0,X-a[i]);

Cal +=Call[i];

Pt +=Put[i];

std::cout <<"Simulated value:"<<a[i]<<endl;

}

v=Cal*exp(-r*t)/n;

op=Pt*exp(-r*t)/n;

std::cout <<"The Call Option price is: "<<v<<endl;

std::cout <<"Put Option price is:"<<op<<endl;

}
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Output: Call and Put Options valuation

The output above shows the call and put option values among other data.

6.4.4 Monte Carlo Option Valuation: Antithetic Variate

A number of techniques have been proposed in �nance literature to improve the e�ciency
of crude Monte Carlo method. Control and Antithetic variate methods are among the pro-
cedures that improve the crude Monte Carlo method. For discussions on these methods,
see Boyle (1977), Chapter 2, London (2005) and Chapter 57, Finan (2011) among other
resources. Here we present a code for computing option values, both call and put.

#include <iostream >// input and output

#include <cstdlib >// standard c library and is

//important for random number generation

#include <cmath >// mathematics library

#include <vector >//vectors

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=unif();

U2=unif();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double Simulation(int i, double r, double b,

double sigma){
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double Z=rnorm();

double t;

double S_i=exp((r-b-0.5*sigma*sigma)*t+sigma*Z*sqrt(t))

;

return S_i;

}

double Simulation1(int i, double r, double b,

double sigma){

double Z1=-rnorm();

double t;

double S1_i=exp((r-b-0.5*sigma*sigma)*t+sigma*Z1*sqrt(t

));

return S1_i;

}

int main(){

double t=0.5;

int n;

double S_i;

double S1_i;

double b;

double r;

double sigma;

double c,v,v1 ,op,op1 ,Z,Z1,Pt,Pt1 ,Cal , Cal1;

double U1,U2;

double X;

vector <double >a(n);

vector <double >a1(n);

vector <double >Call(n);

vector <double >Call1(n);

vector <double >Put(n);

vector <double >Put1(n);

std::cout <<"Enter the number of iterations:";

std::cin >>n;

std::cout <<"Enter the continuous dividend yield:";

std::cin >>b;

std::cout <<"Enter the risk free interest rate:";

std::cin >>r;

std::cout <<"Enter the volatility of asset retuns:";

std::cin >>sigma;

std::cout <<"Enter the Strike price:";

std::cin >>X;

std::cout <<"Enter the current asset price(Stock):";

std::cin >>a[0];

for(int i=1;i<=n;i++){

U1=unif();

U2=unif();

Z=rnorm ();

Z1=-rnorm();
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a[i]=a[0]*Simulation(i,r,b,sigma);

a1[i]=a[0]*Simulation1(i,r,b,sigma);

Call[i]=max(0.0,a[i]-X);

Call1[i]=max(0.0,a1[i]-X);

Put[i]=max(0.0,X-a[i]);

Put1[i]=max(0.0,X-a1[i]);

Cal +=Call[i];

Pt +=Put[i];

Cal1 +=Call1[i];

Pt1 +=Put1[i];

std::cout <<"Simulated value:"<<a[i]<<endl;

//std::cout <<"Sim Antithetic value:"<<a1[i]<<endl;

}

v1=(Cal+Cal1)*exp(-r*t)/(2*n);

op1=(Pt+Pt1)*exp(-r*t)/(2*n);

v=Cal*exp(-r*t)/n;

op=Pt*exp(-r*t)/n;

std::cout <<"Antithetic Call Option price is: "<<v1 <<

endl;

std::cout <<"Antithetic Put Option price is:"<<op1 <<endl

;

std::cout <<"The Call Option price is: "<<v<<endl;

std::cout <<"Put Option price is:"<<op<<endl;

}

Output: Option Valuation (Antithetic variate )

The output above shows the option values for call and put options under the Antithetic
variate and crude Monte Carlo methods.
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6.4.5 Simulating Path Dependent prices

We present a log normal distribution for valuing path dependent options. The log normally
distributed asset price is given by:

Si+1 = Sie
µ∆t+σ

√
∆tzi+1

where: ∆t = T
N
, N is the number of time points on a given sample path and T is the time

to maturity, see Chapter 2, London (2005), Chapters 4-5, Korn et al. (2010) and Chapters
53-55, Finan (2011).

#include <iostream >// input and output

#include <cstdlib >// standard c library and is

//important for random number generation

#include <cmath >// mathematics library

#include <vector >//vectors

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=unif();

U2=unif();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double SimPath(int t,int n, double r, double b,

double sigma){

double S_t_n,Z=rnorm();

S_t_n=exp((r-b-0.5*sigma*sigma)*t/12+ sigma*Z*sqrt(t/12)

);

return S_t_n;

}

int main(){

int t=12;// is the time to maturity of the option

int n=5000;

double r,b,sigma ,X;

double w,v,Z,Cal , Pt;

double U1,U2;

vector <double >a(n);

vector <double >g(n);

std::cout <<" Dividend yield:";
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std::cin >>b;

std::cout <<"Volatility:";

std::cin >>sigma;

std::cout <<"Risk -free rate:";

std::cin >>r;

std::cout <<"Strike price:";

std::cin >>X;

std::cout <<"Current asset price: ";

std::cin >>a[0];

for ( int j=1;j<=n;j++){

for(int i=1;i<=t;i++){

U1=unif();

U2=unif();

Z=rnorm ();

a[i]=a[i-1]*SimPath(i,n,r,b,sigma);

}

g[j]=a[t-1]*SimPath(t,j,r,b,sigma);

std::cout <<"Path dep Sim Terminal values:"<<g[j]<<endl;

}

}

Output: Simulating Dependent asset prices

6.5 Revenue based (Stochastic) loan

In this section, we present a code for generating and predicting future revenues that are
used in computation of a stochastic loan. A stochastic loan enables the borrower to repay
a random amount that is a function of the generated revenue on regular basis. That is the
stochastic loan repayment amount, h(t) = f(t, R(t)), where R(t) is revenue at time, t. This is
in contrast to traditional loans where borrowers are expected to make �xed regular payments.
For further discussion on the stochastic loan and model derivation, see Mazengera (2017b)
and Mazengera (2017a).

6.5.1 Revenue Prediction

The empirical revenue model is assumed to be path dependent and is given by:

Rt+1 = Rte
(β− 1

2
σ2)t+σZ(t)
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where β is the drift, σ is volatility and Z(t) is a random normal variate, see Mazengera
(2017a). In our pricing we consider a risk neutral revenue model and is given by:

Rt+1 = Rte
(r− 1

2
σ2)t+σZ(t).

We present the code for the computation of Rt+1;

#include <iostream >// input and output

#include <cstdlib >// standard c library random number

generation

#include <cmath >// mathematics library

#include <vector >

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=unif();

U2=unif();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double Revenue(int t, double r,double z,double sigma){

double R_t;

R_t=exp((r-0.5*sigma*sigma)*t/12+ sigma*z*sqrt(t/12));

return R_t;

}

int main(){

int t=50;

double U1,U2 ,R_t,r,p,z,sigma;

vector <double >R(t);

vector <double >Z(t);

std::cout <<"Revenue returns volatility:";

std::cin >>sigma;

std::cout <<"Risk -free rate:";

std::cin >>r;

std::cout <<"Initial Revenue: ";

std::cin >>R[0];

for(int i=1;i<=t;i++){

U1=unif();
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U2=unif();

Z[i]= rnorm();

z=Z[i];

R[i]=R[i-1]*Revenue(i,r,z,sigma);

std::cout <<"Simulated Revenue: "<<i<<"is"<<R[i]<<endl

;

}

}

Output: Revenue Prediction

The other extract of the predicted revenue is given below;

6.5.2 Computational valuation of a stochastic loan

In this section we present a code that is used in the computation of loan amount that can
be advanced to a borrowing �rm. The computation is based on the generated revenues, see
Mazengera (2017b) and Mazengera (2017a). We solve the problem as a derivative pricing
problem, where we compute the amount that a �rm a�ords as a payo� function of the
repayment amount. In this case we consider

Payoff = max{0, f (t, R(t))}

for all t > 0 where: h(t) = f (t, R(t)) , is the loan repayment amount at time t. After
computing the payo�s, we discount and sum them up. Finally we perform thousands of
iterations and �nd the expected value. The code is presented below:

#include <iostream >// input and output

#include <cstdlib >// standard c library random number

generation
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#include <cmath >// mathematics library

#include <vector >

using namespace std;

double unif(){double randmax= RAND_MAX;

double x=rand()/randmax;

return x;

}

double rnorm (){double unif();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=unif();

U2=unif();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double Revenue(int t,int n, double r,double z,double

sigma){

double R_t_n;

R_t_n=exp((r-0.5*sigma*sigma)*t/12+ sigma*z*sqrt(t/12));

return R_t_n;

}

int main(){

int n=1000,t=24;

double U1,U2 ,H,H2,R_t,Rev0 ,Rev1 ,r,p,z,sigma;

vector <double >Rev(n);

vector <double >h(n);

vector <double >h1(n);

vector <double >H1(n);

vector <double >R(n);

vector <double >Z(n);

double a=0.15;//proportion of revenue used in loan

//repayment

std::cout <<"Revenue returns volatility:";

std::cin >>sigma;

std::cout <<"Risk -free rate:";

std::cin >>r;

std::cout <<"Initial Revenue: ";

std::cin >>R[0];

for(int j=1;j<=n;j++){

for(int i=1;i<=t;i++){

U1=unif();

U2=unif();

Z[i]= rnorm();
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z=Z[i];

R[i]=R[i-1]*Revenue(i,n,r,z,sigma);

h[i]=max(0.0,a*R[i]);

h1[i]=exp(-r*i/12)*h[i];

std::cout <<"Simulated Revenue: "<<i<<"is"<<R[i]<<endl;

std::cout <<"Stochastic repay amount: "<<i<<"is"<<h[i]<<

endl;

std::cout <<"Discounted repay amount: "<<i<<"is"<<h1[i

]<<endl;

Rev[j]+=R[i];

Rev1+=Rev[j];

H1[j]+=h1[i];

H2+=H1[j];

}

H=H2/n;

Rev0=Rev1/n;

std::cout <<" Loan amount: "<<j<<"is"<<H1[j]<<endl;

std::cout <<"Total Revenue: "<<"is"<<Rev1 <<endl;

std::cout <<"Avarage Revenue: "<<"is"<<Rev0 <<endl;

std::cout <<"Avarage Loan Amount: "<<"is"<<H<<endl;

}

}

Input Data: Stochastic loan amount

The above data has been entered in addition to n = 2000 iterations and t = 24 path dependent
iterations.

Output: Stochastic loan amount

We performed n = 2000 iterations and t = 24 path dependent iterations. The changes in
average loan amount were no longer signi�cant starting from 1986 th iteration right up to
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the 2000th. The loan amount is 2500 and after 14 additional iterations the loan amount is
2522.9. This shows that our iterations have converged to the average loan amount. Therefore
given revenue returns volatility of 45%, risk free interest rate of 10%, initial revenue of 50 and
the proportion of revenue that goes towards loan repayment, α = 0.15, based on 24 revenue
periods the loan amount that can be advanced to a �rm is 2500.

6.6 Lévy Processes Simulation

We consider the simulation of �nite Lévy processes, see Korn et al. (2010) for the general
algorithms.

6.6.1 Simulation: Poisson processes

#include <iostream >//input and ouput

#include <cstdlib >//random number generation

#include <cmath >//mathematics library

#include <vector >

using namespace std;

double uni(){double randmax=RAND_MAX;

double u=rand()/randmax;

return u;

}

double Exp(){double lambda;

double u= uni();

double x=-(1/lambda)*log(u);

return x;

}

int Pois(){

int T;

double R,r,s,u,uni(),Exp();

vector <double >X(T);

X[0]=0;

R=0;

r=0;

while (R<T){

u=uni();

s=Exp();

r=R;

return R=R+s;

}

if (R>T){
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R=T;

X[R]=X[r];

return X[r];

}

else {

u=uni();

X[R]=X[r]+1;

return X[R];

}

}

int main(){

int T;

vector <double >X(T);

vector <double >s(T);

vector <double >u(T);

double r,R,lambda ,unif();

std::cout <<"Enter lambda:";

std::cin >>lambda;

std::cout <<"Time , T: ";

std::cin >>T;

for(int t=1;t<=T;t++){

u[t]=uni();

s[t]=Exp();

std::cout <<"Exponential random variate:"<<s[t]<<endl;

std::cout <<"u: "<<u[t]<<endl;

std::cout <<"Poisson process: "<<Pois()<<endl;

}

}
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Output: Poisson simulation

6.6.2 Simulation: Compound Poisson processes

In this section, we simulate a compound Poisson process. The algorithm used is found in
Korn et al. (2010).

#include <iostream >//input and output

#include <cstdlib >//random number generation

#include <cmath >//mathematics library

#include <vector >// vector

using namespace std;

double unif(){double randmax=RAND_MAX;

double u=rand()/randmax;

return u;

}

double Exp(){double lambda;

double u= unif();

double a=-(1/lambda)*log(u);

return a;

}

double Comp_Pois(){

int T;

double R,r,s,u,unif(),Exp();

vector <double >X(T);

X[0]=0;

R=0;

r=0;

while (R<T){

u=unif();
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s=Exp();

r=R;

return R=R+s;

}

if (R>T){

R=T;

X[R]=X[r];

return X[r];

}

else {

u=unif();

X[R]=X[r]+u;

return X[R];

}

}

int main(){

int T;

vector <double >X(T);

double u,s,r,R,lambda ,unif();

std::cout <<"Time , T: ";

std::cin >>T;

std::cout <<"lambda: ";

std::cin >>lambda;

for (int t=1;t<=T;t++){

u=unif();

s=Exp();

std::cout <<"R : "<<R<<endl;

//std::cout <<"r: "<<r<<endl;

std::cout <<"s: "<<Exp()<<endl;

//std::cout <<"u: "<<unif()<<endl;

std::cout <<"Compound Poisson process: "<<Comp_Pois()<<

endl;

}

}
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Output: Compound Poisson process

6.6.3 Simulation: Lévy-Jump process (Finite process)

#include <iostream >//input and output

#include <cstdlib >//random number generation

#include <cmath >//mathematics

#include <vector >//vector

using namespace std;

double un(){

double randmax=RAND_MAX;

double p=rand()/randmax;

return p;

}

double rnorm (){double un();

double U1,U2 ,PI,R,V,Z1 ,Z2;

U1=un();

U2=un();

PI =3.141592653589793238462643;

R=-2*log(U1);

V=2*PI*U2;

Z1=sqrt(R)*cos(V);

Z2=sqrt(R)*sin(V);

return Z1,Z2;

}

double Brownian(int N,double z,double sigma){

int T;

double Brow=sigma*sqrt(T/N)*z;

return Brow;

}
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double Exp(){double lambda;

double u= un();

double x=-(1/lambda)*log(u);

return x;

};

double Comp_Pois(int T,double R ){

double r,s,u,un(),Exp();

vector <double >X(T);

X[0]=0;

R=0;

r=0;

while (R<T){

u=un();

s=Exp();

r=R;

return R=R+s;

}

if (R>T){

R=T;

X[R]=X[r];

return X[r];

}

else {

u=un();

X[R]=X[r]+u;

return X[R];

}

}

int main(){

double z,v,b,T,sigma ,R;

int N;

vector <double >Z(N);

vector <double >W(N);

vector <double >B(N);

vector <double >u(N);

vector <double >s(N);

vector <double >cmp(N);

vector <double >L(N);

W[0]=0;

std::cout <<"number of iterations: ";

std::cin >>N;

std::cout <<" enter T: ";
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std::cin >>T;

std::cout <<" volatility: ";

std::cin >>sigma;

for(int i=1;i<=N;i++){

u[i]=un();

s[i]=Exp();

v=u[i];

Z[i]=rnorm();

z=Z[i];

cmp[i]=Comp_Pois(T,R);

B[i]= Brownian(i,z,sigma);

W[i]=W[i-1]+B[i];

L[i]=W[i]+cmp[i];

std::cout <<"normal variate: "<<z<<endl;

std::cout <<" Brownian motion variate: "<<W[i]<<endl;

std::cout <<"Exponential random variate:"<<s[i]<<endl;

std::cout <<"u: "<<u[i]<<endl;

std::cout <<"Compound Poisson process: "<<cmp[i]<<endl;

std::cout <<"Lévy Jump process: "<<L[i]<<endl;

}

};

Output 1: Lévy Jump process (�nite)
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Output 2: Lévy Jump process (�nite)

6.7 Finite Di�erence Computations

In this section we compute value of an option using the Black-Scholes PDE. We implemented
the code from Ødegaard (2017), by breaking down the code into several codes of several
functions, which is somehow di�erent from the approach taken by Ødegaard (2017). We
come up with small code fragments as a build up for the implementation. At each stage we
program some useful functions and then merge all the codes together to evaluate the option
price given the terminal value conditions. In this section we computationally value f , the
forward option price:

ui,j = p̃uui+1,j+1 + p̃mui+1,j + p̃dui+1,j−1, (6.7.1)

where:

p̃u =
∆tσ2

2 (∆x)2 +
µ∆t

2∆x
,

p̃m = 1− ∆tσ2

(∆x)2 ,

p̃d =
∆tσ2

2 (∆x)2 −
µ∆t

2∆x
.

Lets note that;
p̃u + p̃m + p̃d = 1.

If we substitute the present value of the option fij = e−r(T−t)uij into the equation 6.7.1, we
arrive at the backward relationship;

fij = e−r∆t (p̃ufi+1,j+1 + p̃mfi+1,j + p̃dfi+1,j−1) ,

see section 4.4 of the literature.

6.7.1 Computing values of the underlying(S) from Delta

In this section we compute the values of delta and the underlying asset, S. Delta S is given
by the following approximation:

∆S = 2.0 ∗ S
M
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where: S, is the price of the underlying asset and M is the number of steps

Sm = m ∗∆S = m ∗DeltaS
where: 0 ≤ m ≤M.

#include <cmath >//mathematics library

#include <vector >//vectors

#include <iostream >// input and output

using namespace std;// the above is part of

double delta(double S, int M){

double delta_S=2.0*S/M;

return delta_S;

};

int main(){

int M=10;

double S=50;

vector <double >b(M);

for (int m=1;m<=M;m++){

b[m]=2.0*S/m;

cout <<"value of b"<<m<<"=:"<<b[m]<<endl;

cout <<" delta_S:"<<m<< "is: " <<delta(S,m)<<endl;

};

}

Output for values of S

The above code gives the output below:

6.7.2 Computing Delta(t)

The change in time for the PDE is approximated by delta(t) and is given by:

∆t =
time

N
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where N is the number of steps. The code for computing the above function is given below:

#include <iostream >// input and output

#include <cmath >//mathematics library

#include <vector >// vectors

#include <algorithm >//max function

using namespace std;

double Delta(double time ,int N){

double delta=time/N;

return delta;

}

int main(){

int N=11;

double time =0.4167;

for(int i=N-1;i>0;i--){

Delta(time ,i);

cout <<"value of delta_"<<i<<"is:"<<Delta(time ,i)<<endl;

}

}

Output (Delta(t) computation)

We have assumed 11 steps that is N = 11, in our computation.

6.7.3 Computing the weights (probabilities) of the PDE

In this section, we compute the probabilities or weights of the PDE equation and we have
denoted them p̃u , p̃m and p̃d above. In our code we will denote them by the letters, a[j], b[j]
and c[j] respectively. We present a code for computing these weights below:
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#include <iostream >// input and output

#include <cmath >//mathematics library

#include <vector >// vectors

#include <algorithm >//max function

using namespace std;

double A(double r,double sigma , double time ,

int M,int N){

double Delta=time/N;

double sigma_sqr=pow(sigma ,2);

double r2=Delta/(1.0+r*Delta);

double z=r2*0.5*M*(-r+sigma_sqr*M);

return z;

}

double B(double r1,double sigma ,double time ,double r,

int N,int M ){

double Delta=time/N;

double sigma_sqr=pow(sigma ,2);

r1=1.0/(1.0+r*Delta);

double B_=r1*(1.0- sigma_sqr*M*M*Delta);

return B_;

}

double C(double r, double time ,double sigma ,int N,

int M){

double Delta=time/N;

double sigma_sqr=pow(sigma ,2);

double r2=Delta/(1.0+r*Delta);

double C_=r2*0.5*M*(r+sigma_sqr*M);

return C_;

}

int main(){

int N=11;

double X=50;

double time =0.4167;

double S=50;

int M=10;

double r=0.1;

double r1;

double sigma =0.4;

double r2;

vector <double >a(M);

vector <double >b(M);

vector <double >c(M);

for(int j=1;j<=M;j++){

a[j]=A(r,sigma ,time ,j,N);

b[j]=B(r1,sigma ,time ,r,N,j);
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c[j]=C(r,time ,sigma ,N,j);

cout <<"value of a "<<j<<"is :"<<a[j]<<endl;

cout <<"value of b"<<j<<"is :"<<b[j]<<endl;

cout <<"value of c"<<j<<"is :"<<c[j]<<endl;

}

}

Output for the weights (Probabilities)

For the computed weights to be equated to probabilities, their sum must equal to one and
they must be non-negative. At each jth level all the computed weights should ful�ll these
conditions. This can be veri�ed from the output below;

6.7.4 Calculation of the Option payo�

In this section, we present a code for computing the payo�s, both the call and put payo�.

PayoffCall = max (0.0, Sj −X) ,

PayoffPut = max (0.0, X − Sj) ,

where X is the strike price and Sj is the asset price at time j.

#include <iostream >// input and output

#include <cmath >//mathematics library

#include <vector >// vectors

#include <algorithm >//max function

using namespace std;

double Delta(double time ,int N){

double delta=time/N;

return delta;

}
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double delta_S(double S,int M){

double delta_s=2.0*S/M;

return delta_s;

}

int main(){

double X=50;

double S=50;

int M=10;

vector <double >S_values(M);

vector <double >p_next(M);

vector <double >f_next(M);

for(int j=1;j<=M;j++){

S_values[j]=j*delta_S(S,M);

f_next[j]=max(0.0,S_values[j]-X);

p_next[j]=max(0.0,X-S_values[j]);

cout <<"S_value"<<j<<"is :"<<S_values[j]<<endl;

cout <<"call option pay -off"<<"is :"<<f_next[j]<<endl;

cout <<"put option pay -off"<<"is :"<<p_next[j]<<endl;

}

}

Output for the payo� functions

In our code we assumed a strike price, X = 50.

6.7.5 Computing the option value

In this section, we merge all the code fragments and compute the option value, f and is given
by:

fij = e−r∆t (p̃ufi+1,j+1 + p̃mfi+1,j + p̃dfi+1,j−1) .
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#include <iostream >// input and output

#include <cmath >//mathematics library

#include <vector >// vectors

#include <algorithm >//max function

using namespace std;

double A(double r,double sigma , double time , int M,

int N){

double Delta=time/N;

double sigma_sqr=pow(sigma ,2);

double r2=Delta/(1.0+r*Delta);

double z=r2*0.5*M*(-r+sigma_sqr*M);

return z;

}

double B(double r1,double sigma ,double time ,double r,

int N,int M ){

double Delta=time/N;

double sigma_sqr=pow(sigma ,2);

r1=1.0/(1.0+r*Delta);

double B_=r1*(1.0- sigma_sqr*M*M*Delta);

return B_;

}

double C(double r, double time ,double sigma ,int N,

int M){

double Delta=time/N;

double sigma_sqr=pow(sigma ,2);

double r2=Delta/(1.0+r*Delta);

double C_=r2*0.5*M*(r+sigma_sqr*M);

return C_;

}

double Delta(double time ,int N){

double delta=time/N;

return delta;

}

double delta_S(double S,int M){

double delta_s=2.0*S/M;

return delta_s;

}

int main(){

int N=11;

double X=50;

double time =0.4167;

double S=50;

int M=10;

double r=0.1;

double r1;

double sigma =0.4;

double r2;
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vector <double >a(M);

vector <double >S_values(M);

vector <double >b(M);

vector <double >c(M);

vector <double >p_next(M);

vector <double >f_next(M);

vector <double >f(M);

vector <double >f1(M);

f[M]=0;

for(int j=1;j<=M;j++){

a[j]=A(r,sigma ,time ,j,N);

S_values[j]=j*delta_S(S,M);

b[j]=B(r1,sigma ,time ,r,N,j);

c[j]=C(r,time ,sigma ,N,j);

f_next[j]=max(0.0,S_values[j]-X);

p_next[j]=max(0.0,X-S_values[j]);

f[j]=a[j]*f_next[j-1]+b[j]*f_next[j]+c[j]*f_next[j

+1];

f1[j]=a[j]*p_next[j-1]+b[j]*p_next[j]+c[j]*p_next[j

+1];

f_next[j]=f[j];

cout <<"value of a "<<j<<"is :"<<a[j]<<endl;

cout <<"value of b"<<j<<"is :"<<b[j]<<endl;

cout <<"value of c"<<j<<"is :"<<c[j]<<endl;

cout <<"call option pay -off"<<"is :"<<f_next[j]<<endl;

cout <<"put option pay -off"<<"is :"<<p_next[j]<<endl;

cout <<"value of the call option"<<j<<"is :"<<f1[j]<<

endl;

cout <<"value of the put option"<<j<<"is :"<<f[j]<<endl;

}

for(int i=N-1;i>0;i--){Delta(time ,i);

b[i]=B(r1,sigma ,time ,r,i,M);

a[i]=A(r,sigma ,time ,M,i);

c[i]=C(r,time ,sigma ,i,M);

cout <<"value of delta_"<<i<<"is :"<<Delta(time ,i)<<endl

;

cout <<"value of b"<<i<<"is :"<<b[i]<<endl;

cout <<"value of c"<<i<<"is :"<<c[i]<<endl;

}

}
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Conclusion

In most theoretical and practical applications closed form solutions to stochastic models do
not exist. Computational methods come in handy and in such processes software capabil-
ity is at test. Financial institutions have relied heavily on computational methods for asset
pricing. As more stochastic models are developed for pricing purposes so should be the com-
putational e�ort. We computationally valued assets and derivatives using selected stochastic
models. In computational work codes were developed based on algorithms from referenced
sources. Lévy-driven models have also been computationally implemented. Computational
work accompanied theoretical exposition of these models.

The work will help in enriching the stochastic models literature, with emphasis on pricing
where martingales and risk neutral pricing have been given an attention. The work links
practitioners and academics since practitioners are mostly interested in the practical aspects
of pricing which we have addressed through computational work after theoretical presentation
of the models.

In future, it will be interesting to dig deeper theoretically into Lévy-driven models. Con-
sidering computational implementation of more complicated �nite di�erence methods such
as the Implicit and Crank-Nicolson for pricing purposes especially for advanced Lévy-driven
models will also be a great thing.
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Appendix A

Conditional Expectation

Let X1, X2, X3, ... be random variable which we think of as a time series with data arriving
one at a time. At time n, we have viewed values of X1, X2, X3, ...Xn. If Y is another
variable, then E (Y | X1, X2, X3, ...Xn) is the best guess of Y given X1, X2, X3, ...Xn. We
assume that Y is an integrable random variable which means that E [Y ] < ∞, we let Fn

denote the information contained in X1, X2, X3, ...Xn and we write E [Y | Fn] in place of
E [Y | X1, X2, X3, ...Xn]. We view F0 as no information, if we have no information, the best
guess is the expected value. In other words

E [Y | F0] = E [Y ] .

The conditional expectation E [Y | Fn] should only use the information available at time n,
in other words it should be a function of X1, X2, X3, ...Xn

E [Y | Fn] = ψ (X1, X2, X3, ...Xn)

we say thatE [Y | Fn] isFn measurable. We assume that the random variables Y,X1, X2, X3, ...
are de�ned on a probability space (Ω,F , P ). Here F is a σ− field of subsets of Ω that is a
collection of subsets satisfying

� φ ∈ F ;

� A ∈ F implies Ω\A ∈ F ;

� A1, A2, ... ∈ F implies
⋃∞
n=1An ∈ F .

The information Fn is the smallest sub σ − field G of F such that X1, X2, X3, ...Xn are G
measurable, this means that for all t ∈ R, the event {Xj ≤ t} ∈ F . The �no information �
σ − algebra F0 is the trivial σ − algebra containing only φ and Ω.

De�nition 30. The conditional expectation E [Y | Fn] is a unique random variable satisfying
the following:

� E [Y | Fn] is Fn measurable;

� For every Fn measurable event A, E [E [Y | Fn] 1A] = E [Y 1A] .

Suppose (Ω,F , P ) is a probability space and Y is an integrable random variable and further
suppose that G is a sub σ− algebra of F , then E [Y | G] is de�ned to be the unique G
measurable random variable such that if A ∈ G, E [Y 1A] = E [E [Y | G] 1A].
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Proposition 5. Suppose X1, X2, ... is a sequence of random variables and Fn denotes the
information at time n. The conditional expectation E [Y | Fn] satis�es the following proper-
ties

� If Y is Fn measurable then E [Y | Fn] = Y ;

� If A is an Fn measurable event then E [E [Y | Fn] 1A] = E [Y 1A] and in particular we
have E [E [Y | Fn]] = E [Y ].

Properties of Conditional Expectation

� SupposeX1, X2, ... are independent of Y , then Fn contains no useful information about
Y and hence

E [Y | Fn] = E [Y ] . (A.0.1)

� Linearity, if Y and Z are random variables and a, b are constants, then

E [aY + bZ | Fn] = aE [Y | Fn] + bE [Z | Fn] .

� Projection or Tower Property, If m < n, then

E [E [Y | Fn] | Fm] = E [Y | Fm] . (A.0.2)

� If Z is an Fn measurable random variable, then when conditioning with respect to Fn,
Z acts like a constant

E [Y Z | Fn] = ZE [Y | Fn] .

Linearity Property

In this section, we prove the linearity property, we want to show that

aE [Y | Fn] + bE [Z | Fn] = E [aY + bZ | Fn]

we know that aE [Y | Fn]+bE [Z | Fn] is an Fn measurable random variable. Also if A ∈ Fn,
then the linearity of the expectations implies that

= E [1A (aE [Y | Fn] + bE [Z | Fn])]

= aE [1AE [Y | Fn]] + bE [1AE [Z | Fn]]

= aE [1AY ] + bE [1AZ]

= E [1A (aY + bZ)]

= E [(aY + bZ) | Fn]

Lawler (2017).
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Itô's Formula

Itô's formula is the analog of the Chain rule from elementary Calculus. Let f be a di�eren-
tiable function of a real variable x , let x0 be �xed and consider the changes ∆x = x − x0

and ∆f(x) = f(x)− f(x0). It is known from Calculus that the following second order Taylor
approximation holds.

∆f(x) = f
′
(x)∆x+ f

′′
(x)

(∆x)2

2
+O(∆x)3.

When x is in�nitesimally close to x0 we replace ∆x by the di�erential dx and obtain

df(x) = f
′
(x)dx+ f

′′
(x)

(dx)2

2
+O(dx)3.

In elementary Calculus all terms involving terms equal or higher order to (dx)2 are neglected
then the aforementioned formula becomes:

df(x) = f
′
(x)dx.

Now if we consider x = x(t) to be a di�erentiable function of t substituting into the previous
formula we obtain the di�erentiable form the well known Chain rule.

df(x(t)) = f
′
(x(t))dx(t) = f

′
(x(t))x

′
(t)dt.

We shall present a similar formula for the stochastic environment. In this case the determin-
istic x(t) is replaced by a stochastic process Xt. The composition between the di�erentiable
function f and the process Xt is denoted by Ft = f( Xt). Neglecting the increment powers
higher than or equal to (dXt)

3, we get:

dFt = f
′
(Xt)dXt +

1

2
f
′′
(Xt)(dXt)

2. (B.0.1)

In the computation of the dXt, we may take into account the stochastic relations such as
(dWt)

2 = dt or dtdWt = 0.
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Appendix C

Brief Introduction to C++ Programming

All the computational work is implemented in C++ and hence need for review of some basic
concepts.

Short history of C++

The object oriented way of thinking and programming (we call this paradigm) is almost �fty
years old and it has its origins in the programming language Simula that was developed in
Norway. Simula was the �rst, see page 7-8, Du�y (2013c) language to support the concept of
class as we know it in current form. C++ has origins in the early 1980s, when its inventor Dr
Bjarne Stroustrup was working at AT & T and it was invented in 1997. The original name of
the language was �C with classes�, because the language was developed as an object oriented
extension to the programming language C, while remaining compatible with it. C++ is
compatible with C and was called a �better C� in those early days. The late 1980s can be
seen as the period when C++ came out of the laboratories and began to manifest itself in
mainstream applications, Du�y (2013c).

C++ A Multi Paradigm language

This paradigm is based on the concept of class. Classes have their origins in philosophy, logic
and cognitive psychology. In particular the theory of concepts has been an important in�uence
on the development of the object paradigm. For a class in object oriented programming
languages, some features of the de�ning attribute view are:

1. The meaning of a concept is captured by its de�ning attributes;

2. Attributes are atomic building blocks for concepts;

3. Attributes are necessary and su�cient for de�ning members of a concept;

4. All members of the concept are equally representative of the concept or we cannot
say that one member is more typical of the concept than another member, see Du�y
(2013c).
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The Compilation process

C++ is a programming language and it is possible to write a code in this language using some
kind of text editor. The sentences must conform to the rules as described by the speci�cation
of the language.

De�nition 31. (A compiler) A compiler is an executable program that accepts a text
�le containing C++ code. It translates this code (in a series of steps) to a form that can
eventually be executed in a computer. Basically it translates human readable text into
machine readable code. This is a simplistic explanation but it is reasonably accurate.

When writing programs, we try to split the problem into independent pieces or modules.
Each module will be implemented by valid C++ code for example :

� A C/C++ function;

� A C++ Class.

In general we create two �les, one containing the declaration of all relevant functions and
data while the other �le contains the actual code of each function. These two �les are called
header and code �les. In short a header �le contains declarations of all functions (sometimes
called function prototypes) and data. A code �le contains the actual body of all functions
and the initialised data from the header �le, see Du�y (2013c). In the case of functions we
de�ne the signature of a function as consisting of:

� Its name;

� Its return type;

� Its input arguments (also known as parameters).

In the case of data we need:

� The name of the data (called the variable name);

� The type of the data (this could be built in type or user-de�ned type).

Lets consider an example where we wish to �nd the maximum or minimum of two numbers.
These functions are useful when we de�ne the pay-o� functions for one factor and two factor
options. To this end we create two �les called:

� Inequalities · hpp contains the function declarations;

� Inequalities · cpp contains function code.

The header �le is included by use of a special preprocessor command, see Du�y (2013c).

Structure of C++

C++ is a strongly typed language, Ødegaard (2017). Everything must be declared before it
is used, both variables and functions. C++ has few building blocks, which can be grouped
into types, operations and functions.
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Types

The types that we will work with are: bool (boolean), int (integers), long, double and string.
Here are some example de�nitions
bool this_is_true=true;
int i=0;
long j=123456789;
double pi=3.1415265389793238462643;
string S (�this is a string�);
The most important part of C++ comes from the fact that these basic types can be expanded
by use of classes.

Operations

To these basic types the common mathematical operations can be applied, such as addition,
subtraction, multiplication and division.
int i=100+50;
int j=100-50;
int n=100*2;
int m=100/2;
The operations are de�ned for all the data types with the exception of the string type.

Increment and Decrement

In addition to basic operators there are some additional operations with their own short
hand, for example incrementing or decrementing a variable. When we want to increase the
value of one item by one, in most languages this is written:
int i=0;
i=i+1;
i=i-1.
In C++ this operation has its own shorthand;
int i=0;
i++;
i�.

Functions and Libraries

In addition to basic mathematical operations there is a large number of additional operations
that can be performed on any type. However those are not parts of the core language, they
are implemented as stand alone functions (most of which are actually written in C or C++).
The functions are included in the library that comes in any C++ installation. Since they are
not part of the core language they must be de�ned to the compiler before they can be used.
Such de�nitions are performed by means of the include statement. For example mathematical
operation taking powers and performing exponentiation:
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#include <cmath >//mathematics library

double a=pow(2,2);

double b=exp(1);

,see Ødegaard (2017).

Vectors

A vector in C++ is an object that manages a block of memory that can hold multiple values
simultaneously. A vector therefore represents a collection of values. A vector has a name and
we may access the values it contains through their position within the block of the memory
managed by the vector. A vector stores a sequence of values and the values must be of the
same type. A collection of values all of the same type is said to be homogeneous.

Declaring and Using Vectors

In order to use a vector in C++ we must add the preprocessor directive:

#include<vector>

The vector type is part of the standard (std) namespace, so its full name is:

std::vector,

just like the full name of cout is:

std::cout.

If we include the statement:

using namespace std;

using std::vector;

at the top of the of our source �le, we can use a shorter vector name within our code. We
may declare a vector object that can hold integers as simply as:

vector<int>vec_a;

The type within the angle brackets <> may be any valid C++ data type. When declared
this way, the vector vec_a initially is empty. We can declare a vector with a particular initial
size as follows:

vector<int>vec_b(10);

Here vec_b initially holds 10 integers and all elements are zero by default. The vector size
appears in the parentheses following the vector's name. We may declare a vector object of a
given size and specify the initial value of all elements:

vector<int>vec_c(10,8);

vec_c initially hold 10 integers, all having a value 8 and lets note that the �rst number within
the parentheses following the vector's name indicates the number of elements and the second
number speci�es the initial value of all the elements, see Halterman (2016).
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Transversing Vector

The action of moving through a vector visiting each element is known as transversal, for
loops are ideal for vector transversals. If a is an integer vector containing 10 elements, the
following loop prints each element in a :

for(int i=0;i<10,i++)

cout<�<a[i]<�<endl;

The loop control variable, i step through each valid index of vec_a. Variable, i's values start
at 0 and ends at 9, the last valid position in a vector a. The following loop prints contents
of a vector a in a reverse order:

for(int i=9,i>=9,i--)

cout<�<a[i]<�<endl;

The following code produces a vector named Set containing an integer sequence 0,1,2,...,999:

vector<int>Set(1000);

for(int i=0;i<100;i++)

Set[i]=i;

Standard C++ Classes

In hardware arena, a desktop computer is built by assembling a motherboard (a circuit board
containing sockets for a processor and assorted supporting cards), a processor, memory, a
video card, an input or output card (USB ports, parallel port and a mouse port), a disk
controller, a disk drive, a case, keyboard, a mouse and a monitor. Some of these components
like the Input/Output, the disk controller and video may be integrated with the motherboard.
Software development today is increasingly component based. Software components are used
like hardware components. A software system can be built largely by assembling pre-existing
software building blocks. C++ supports various kinds of software building blocks. The
simplest of these is the function. A more powerful technique uses built in and user designed
software objects. C++ is object-oriented, it was not the �rst object oriented programming
language, but it was the �rst object oriented programming language that gained widespread
use in a variety of application areas. An object oriented programming language allows the
programmer to de�ne, create and manipulate objects. Variables representing objects can
have considerable functionalities compared to primitive numeric variables like int and double.
Like a normal variable, every C++ object has a type. We say an object is an instance of
a particular class and class means the same as type. An object's type is its class. We have
been using cout and cin, cout is an instance of ostream class, which is to say that cout is of
type ostream, cin is an instance of the istream class. Code that uses an object is a client of
the object for example.

cout <<"Hello"<<endl;

uses the cout object, there is a client of cout. Many of the functions we have seen so far have
been clients of cout and or cin objects. Objects provide service to clients, Halterman (2016).
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String Object

A string is a sequence of characters, most often used to represent words and names. The
standard C++ library provides the class String which speci�es string objects. In order to
use string objects, we must provide the pre-processor directive.

#include <string >

The string class is part of the of the standard namespace, which means its full type name
is std::string. We can declare a string object like any other variable: string name; We must
assign a literal character sequence to a string object via a familiar string syntax:

string name="Joe";

cout <<name <<endl;

name="Jane";

cout <<name <<endl;

Like the vector class, the string class provides a number of methods, some string methods
include; operator[ ] provides access to the values stored at a given index within the string.
Operator= assigns one string to another, operator + appends a string or a single character
to the end of a string, at provides bounds-checking access to the character stored at a given
index. Length-returns the number of characters that make up the string, size-same as length.
Find locates the index of sub-string within a string object, substr returns a new string object
made of the substring, empty returns true if the string contains no characters; returns false
if the string contains one or more characters, clear makes the vector empty. Here is a code
fragment:

string word="computer";

cout <<"\"<<word <<"\"contains"<<word.length ()

<<"letters"<<endl;

the code above prints �a computer� contains 8 letters. A string class de�nes a method named
operator[ ] that allows a programmer to access a character within a string as in the code
fragment below:

cout <<"The letter at index 3 is"<<word.[3]<<endl;
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Custom Objects

Named variables and functions allow programmers to abstract away such machine level de-
tails and concentrate on concepts that transcend computers such as integers and characters.
Objects provide a level of abstraction above that of variables. Objects allow programmers to
go beyond simple values, developers can thus focus on more complex things like geometric
shapes, bank accounts and aircraft wings. Programming objects that represent these real
world things can possess capabilities that go beyond the simple variables, we have studied
to this point. A C++ object typically consist of data and code, by bundling data and code
together, objects store information and provide service to other parts of the software system.
An object forms a computational unit that makes up part of the overall computer applica-
tion. A programming object can model a real world object more naturally than a collection
of simple variables since it encapsulate considerable complexity. Objects make it easier for
developers to build complex software systems. C++ is classi�ed as an object oriented lan-
guage, most modern languages have some degree of object orientation. In this section we
will be illustrating how a programmer can de�ne, create and use custom objects, Halterman
(2016).

Object Basics

Mathematicians represent a single point as an ordered pair of real numbers, usually expressed
as (x, y). In C++, the double type serves to approximate a subset of mathematical real num-
bers. A point with coordinates within the range of a double precision �oating point numbers,
therefore can be modelled by two double variables in C++. Something that conceptually is
one thing requires two variables in C++. As a consequence a function that computes distance
between two points requires four parameters; x1, y1, x2, y2 rather than two points (x1, y1) and
(x2, y2). Ideally we should be able to use one variable to represent a point. One approach to
represent a point could use a two element vector, for example:

vector <double >pt{3.2 ,0.0};

This approach has several problems:

1. We must use numeric indices instead of names to distinguish between the two compo-
nents of a point object. We may agree that pt[0] means x-coordinate of pt and pt[1]
means the y-coordinate of point pt but the compiler is powerless to detect the error if
the programmer uses an expression like pt[19] or pt[-3];

2. We cannot restrict the vector's size to two. A programmer may accidentally push extra
items into the back of a vector representing a point object;

3. We cannot use a vector to represent objects in general. Lets consider a bank account
object, a bank account object could include among other things, an account number
(an integer), a customer name (a string), an interest rate (a double precision �oating).
A vector implementation of such an object is impossible because elements in a vector
must all be of the same type. In addition to storing data, we want our objects to be
active agents that do computational tasks. We need to be able to associate code with a
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class of objects. We need a fundamentally di�erent programming construct to represent
objects. An object programmer using the objects needs to know only what the object
can do without needing to know how it works. An object provides an interface to any
client code that wishes to use the object. A typical object selectively exposes some parts
of itself to the clients and keeps other parts hidden to the client. The object's designer
on the other hand must know the complete details of the object's implementation and
must be an expert on both what the object does and how it works.

C++ uses the class keyword to de�ne the structure of an object. A class serves as a pattern
or template from which the programmer may produce objects. We will concentrate on �ve
things facilitating object oriented programming with C++ classes:

1. A class can specify the data that constitute an object's state;

2. A class can de�ne code to be executed on an object's behalf that provides services to
clients that use the object;

3. A class may de�ne code that automatically initialise a newly created object ensuring
that it begins its life in a well de�ned state;

4. A class may de�ne code that automatically cleans up any resources an object may be
using when its life is �nished;

5. The C++ language provides a way for the developer of a class to specify which parts
of its objects are visible to clients and which parts are hidden from the client.

A class is a programmer de�ned type. An object is an instance of a class. The term instance
and object may be used interchangeably, Halterman (2016).

Classes: Private and Public members

Classes and structures are almost the same. In fact the only di�erence is that by default
members of a structure are accessible from the outside via · and → operators. In a class, on
other hand, the members are by default hidden within the class and cannot be accessed from
the outside. We say that members of the class are declared private by default. However if we
want we can declare members of the class to be public. Nevertheless, its bad programming
practice to declare member data to public. For safe and easy to update code, we should
always declare these as private. If the private members of the class are not accessible outside
the class, we have to �nd a way to change and inspect their values. This can be done with
the help of functions that have access to member data and are themselves declared inside the
class, see Nürnberg (2016).

Fields

The simplest kind of objects stores only data. We can de�ne a point type as follows:
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class Point{

public:

double x;

double y;

};

The semi colon that follows the close curly bracket of the class de�nition is required but it is
easy to overlook. By convention class names begin with capital letters, but class names are
just identi�ers like variable names and function names. Here class name is point, the body of
the class appears in the curly braces. The class Point speci�es two double precision �oating
point data components named x and y. These are called �elds or data members. They both
appear within the class body after the public label. We say that x and y are public �elds of
the Point class; this means that the client code has full access to x and y �elds. Any client
may examine and modify the x and y components of a Point object, Halterman (2016).

Methods

Member functions of a class are also referred to as methods. If we make the member data
of our Student class private, we should provide functions to create and print the data. The
declaration of the class would the look as follows:

class Student{

string name ,firstname;

int year;

public:

void create(const string&n,const string&fn ,int y);

void print ();

};

The member data is declared private, since this is the default setting for a class. Before we
can use them we have to give their de�nitions. We have to take note of the usage of the scope
operator :: in the de�nition of member functions. An example below illustrates how we use
the newly de�ned methods, see Nürnberg (2016).

Simulating random normal numbers

Generation of random numbers is a large topic and the generated numbers can never be
truly random, only �pseudo�-random. They will be generated according to some reproducible
algorithm and after a (large) number of random number generations the sequence will start
repeating itself. The number of iterations before replication starts is a measure of the quality
of a random number generator. For anybody requiring high-quality random numbers, gener-
ators like the rand() function provided by the standard C++ library should be avoided, but
for not getting into involved discussion of random number generations we use this function
as a basis for the generation of uniformly distributed numbers in the interval [0; 1) These
uniformly distributed distributed random variates are used as a basis for the polar method
for normal densities, see Ødegaard (2017).
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