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Abstract
Problem: In today’s world, missing values are more present than ever. Due to the ever-changing and 
fast paced global society in which we live, most business and research data produced around the world 
contain missing data. This means that locating data which is meticulously precise can be a hard task 
in itself, but at times may prove essential as the consequences of making use of incomplete data could 
be disastrous. The reasons for missing data cropping up in almost all forms of work are numerous and 
shall be discussed in this dissertation. For example, those being interviewed or polled may choose to 
simply ignore questions which are posed to them, recording equipment may malfunction or be mis­
placed, or organisers may not be able to locate the respondent in order to rectify the missing data. 
Whatever the reasons for data being incomplete, it is necessary to avoid having to use inefficient and 
incomplete data as a result from the above problems. Therefore, various strategies or methods have 
been developed in order to handle these missing values. It is important, however, that these strategies 
or methods are utilised effectively as missing data treatment can introduce bias into the analysis. This 
dissertation shall look at these and other problems in more detail by using a data set which consists of 
records for 581 children who were interviewed in 1990 as part of the National Longitudinal Survey of 
Youth (NLSY).
Approach: As mentioned above, many strategies or methods have been developed in order to deal 
with missing values. More specifically, traditional methods such as complete case analysis, available 
case analysis or single imputation are widely used by researchers and shall be discussed herein. Al­
though these methods are simple and easy to implement, they require assumptions about the data that 
are not often satisfied in practice. Over the years, more up to date and relevant methods, such as 
multiple imputation and maximum likelihood have been developed. These methods rely on weaker 
assumptions and contain superior statistical properties when compared to the traditional techniques. 
In this dissertation, these traditional methods shall be reviewed and assessed in SAS and shall be com­
pared to the more modern techniques.
Results: The ad hoc techniques for handling missing data such as complete case and available case 
methods produce biased parameter estimates when the data is not missing completely at random 
(MCAR). Single imputation techniques likewise produce biased estimates as well as result in the 
underestimation of standard errors. Although the expectation maximisation (EM) algorithm yields un­
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biased parameter estimates, the lack of convenient standard errors suggests that using this algorithm 
for hypothesis testing is not a good idea. Multiple imputation, however, yields unbiased parameter 
estimates and correctly estimates standard errors.
Conclusion: Ignoring missing data in any analysis produces biased parameter estimates. Using single 
imputation to handle missing values is not recommended, as using a single value to replace missing 
values does not account for the variation that would have been present if the variables were observed. 
As a result, the variance will be greatly underestimated. The more modern missing data methods 
such as the EM algorithm and multiple imputation are preferred over the traditional techniques as they 
require less stringent assumptions and they also mitigate the downsides of the older methods.

Keywords: Missing Data; Missing Data Mechanisms; Complete Case; Available Case; Single Im­
putation; Maximum Likelihood; EM Algorithm; Multiple Imputation
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Chapter 1 
Introduction
In today’s world, information and knowledge play a crucial role in the lives of all individuals and, in 
many cases, the success of many businesses and institutions. Researchers in particular believe that 
it is becoming more and more common for organisations to base strategic decisions on information 
inferred from data. Thus data quality plays a critical role in decision making.

One hallmark of good data quality is the absence of any missing values within a data set. However, 
in practice, one is bound to face the familiar and unavoidable problem of missing values. According 
to Osborne (2013), data is considered to be ‘missing’ or ‘incomplete’ if any data on any variable does 
not exist. These missing values may either be legitimate or illegitimate. Legitimate missing data may 
be described as an absence of data, however, the data is absent for a reason. An example is a survey 
which first asks individuals whether they are married, and second, if so, for how long. It makes sense 
for those individuals who are not married to skip the second part of the question.

On the other hand, an example where illegitimately missing values can hinder a study is where par­
ticipants may, for example, refuse or forget to answer specific questions. Or, where files are lost or 
human error has played a role and the data has not been recorded correctly. According to Osborne 
(2013), legitimate and illegitimate missing values can add meaning to analyses. For instance, in the 
above case regarding legitimate missing values, the missing values can provide information and re­
inforce the status of an individual, as well as provide researchers with the opportunity to confirm an 
individual’s response.

The main focus of this dissertation is, however, on illegitimate missing data. In order to find solu­
tions to the problems described above, researchers spend copious amounts of time, effort and funding 
to minimise incomplete data or non-responses amongst participants. Given the expense of collecting 
data, researchers cannot afford to start over or wait until there are effective methods of collecting in­
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CHAPTER 1. INTRODUCTION 2
formation in place.

It is therefore important to determine what options are available for analysing data with missing in­
formation. According to Luengo et al. (2012), missing information can be treated in three different 
ways:

1. Those cases that have missing values that can be discarded; or
2. Maximum likelihood procedures may be used, where available data for each subject is used 

to compute a likelihood and to estimate parameters where these parameters are later used for 
imputation; or

3. The technique of imputation may be used to treat missing values. Here, missing values are 
replaced with estimated values. In most cases, variables in a data set are not independent of each 
other and finding relationships between these variables will be important in order to determine 
missing values.

This dissertation shall demonstrate how missing values make data analysis very difficult and will pro­
vide an in-depth study of some of the methods available to address this problem. Deletion techniques 
which include pairwise and listwise deletion will be discussed. Single imputation methods such as 
mean/mode/median, k-nearest neighbour as well as regression imputation will be studied. Further, 
maximum likelihood and multiple imputation will also be discussed. It is important to note that the 
above list is by no means exhaustive.

The remainder of this thesis will be set out as follows: Chapter 2 shall discuss the goals and crite­
ria of the analysis, as well as look at the various missing data patterns and missing data mechanisms. 
Chapter 3 shall provide a discussion of the methods that may be used to treat missing values. In Chap­
ter 4, the different methods discussed will be applied to a data set that has missing values. The data set 
chosen is one used by Allison (2001) and consists of records for 581 children who were interviewed in 
1990 as part of the National Longitudinal Survey of Youth (NLSY). The different missing data meth­
ods will then be compared in order to find the most appropriate technique to deal with this problem. 
Chapter 5 will address future scope and some concluding remarks will be made.



Chapter 2
Understanding the Basics
Before beginning an examination of the specific methods referred to in Chapter 1, Chapter 2 shall 
spend some time discussing the aims or goals of the analysis. Then, the differences between missing 
data patterns and missing data mechanisms will be examined as these terms are often used inter­
changeably when they are, in fact, different in meaning. Lastly, possible assumptions as to how the 
data came to be missing will be discussed as this impacts the performance of missing data methods.

2.1 Goals and Criteria of the Analysis
The aim or goal of every statistical analysis should be to draw valid inferences about a population 
of interest, whether or not missing values exist in the data (Schafer & Graham (2002)). Researchers, 
however, should not focus on trying to estimate or recover missing values that may be present in a 
data set, as trying to recover these missing values could result in invalid inferences being made. For 
example, if one decides to replace all missing values in the data set with the average of the observed 
values, the missing items might be predicted correctly but the variance and correlations may be ad­
versely affected.

Schafer & Graham (2002) state that Neyman & Pearson (1933) and Neyman (1937) developed princi­
ples in order to assess statistical procedures. That is, let Q represent a quantity denoting the population 
of interest and let Q be an estimator of Q. If missing values exist in the sample, then the techniques 
used to treat them should play a role in the overall method used to compute Q.

Further, the bias of Q is defined as the difference between the estimator’s expected value (E(Q)) 
and the true value of Q (Hand et al. (2001)). Ideally, one would want the bias as well as the variance 
and standard deviation of Q to be as small as possible. According to Hand et al. (2001), the mean 
square error (MSE) is defined as the average squared difference between the estimator and the true
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CHAPTER 2. UNDERSTANDING THE BASICS 4
value of the quantity being measured. The equations below show that when the bias and the standard 
deviation are combined into a single measure, the MSE is obtained (Schluchter (2014)).

MSE  (Q) =  E (Q -  Q) (2.1)

=  E (Q -  E [Q] +  E [Q] -  Q)2

E [Q] - Q )2+ E |"(Q- E [Q])2'

=  (Bias (Q ))2 +  Yar(Q)

(2.2)

(2.3)

(2.4)

2

=  squared bias + variance (2.5)
As can be seen from Equation 2.5, the MSE is considered to be an important criterion incorporating 
both systematic (bias) and random (variance) differences between the estimated and true values (Hand 
et al. (2001)).

Although the bias, variance, as well as the mean square error all play a role in describing how an 
estimate behaves, achieving honesty in the measures of uncertainty is also important. That is, reported 
standard errors, SE(Q) should be as close to the true standard deviation of Q as possible (Schafer & 
Graham (2002)). A 95% confidence interval, for example, should not only cover the true value of Q 
but should also have a probability that is close to the nominal rate. According to Pal et al. (2006), the 
coverage probability is defined as the probability that the random interval includes or covers the true 
value of the parameter. When the nominal coverage probability equals the coverage probability, that 
is, when the coverage probability is accurate, the probability of a Type I error occurring will also be 
accurate. According to Banerjee et al. (2009), a Type I error occurs when the null hypothesis is re­
jected when it is in fact true and a Type II error occurs if one fails to reject the null hypothesis when it 
is actually false. Narrow confidence intervals are preferred as this helps to increase power in a study as 
well as helps to prevent the probability of a Type II error from occurring (Schafer & Graham (2002)).

When one has no control over the cause of missing values in a data set, assumptions about the meth­
ods that produced them need to be made. One often finds, however, that these assumptions cannot be 
tested (Schafer & Graham (2002)). Explicit assumptions are required and any results that are unclear 
and require further analysis should be reported. Researchers aim to draw similar conclusions when 
using several realistic but different assumptions.
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2.2 Missing Data Patterns
A missing data pattern describes the pattern between the observed and missing data (Enders (2010)). 
These patterns represent the place where the “holes” in the data occur but they do not provide any 
explanations as to how missing values came about in the data set. On the other hand, missing data 
mechanisms refer to relationships between the probability of missing values and the observed data and 
they form a crucial role in Rubin’s missing data theory.

As can be seen from Figure 2.1 below, there are six typical missing data patterns that one might 
come across when handling missing values. The areas that have been shaded indicate places where 
there are missing values. In panel A, a univariate pattern exists. This panel has missing values asso­
ciated with a single variable, in this case Y4 (Little (1992)). Univariate patterns exist in experimental 
designs. For example, let variables Y1 to Y3 be between subject factors in an ANOYA experiment and 
let Y4 be the outcome variable that consists of incomplete data.

A unit non-response pattern exists in panel B. This pattern is very common in survey research. For 
example, Y1 and Y2 represent characteristics that are complete for every individual in a survey and Y3 
and Y4 represent questions in the survey that some individuals may have declined to answer (Enders 
(2010)).

In panel C, a monotone missing data pattern exists. These patterns are usually linked to longitudinal 
studies where a participating individual decides to leave the study and never come back (Raghunathan 
(2004)). In order to illustrate this type of pattern, suppose new medication is being tested in a clini­
cal trial and those individuals who react badly to the drug decide to leave and not return. Monotone 
missing data patterns are popular due to the fact that they can reduce the complexity of maximum 
likelihood and multiple imputation procedures.

Panel D represents the most common missing data pattern: the general missing data pattern. This 
pattern has random missing values occurring throughout the data set (Enders (2010)). Although the 
pattern is random, there may actually be relationships between the values and this is why it is impor­
tant to keep in mind that missing data patterns only describe the places where the missing values exist 
and not the reasons why these missing values occur.

The next panel is known as a planned missing data pattern. This pattern represents a three form 
questionnaire plan where the aim is to allocate questionnaires across various forms and administer a 
subset of these forms to each participating individual. In panel E, the four questionnaires are allocated
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across the three forms where each form includes Y1 but not Y2, Y3 or Y4 as they are missing from the 
data. According to Enders (2010), these data patterns are considered to be beneficial for gathering a 
large quantity of information, while at the same time reducing non-response issues.

The last missing data pattern in panel F is known as the latent variable pattern. This pattern is only 
used in structural equation models. According to Massell (2000), a latent variable cannot be observed 
or measured directly. These variables can, however, be inferred from other measured variables. As 
can be seen in this panel, the values of the latent variables are missing for the whole sample. Latent 
variables do not have to be regarded as missing data problems but some researchers have developed 
algorithms in order to estimate these models nonetheless (Enders (2010)). For example, multilevel 
models may be used.

Figure 2.1: Missing data patterns where the shaded areas indicate the places where the missing values occur.
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2.3 Missing Data Mechanisms
Baraldi & Enders (2010) state that Rubin (1976) and Little & Rubin (2002) developed a classification 
system for missing data problems that is widely cited. They discovered three missing data mecha­
nisms that look at possible relationships that may exist between measured variables in a data set and 
the likelihood of missing data. These three data mechanisms include: missing completely at random 
(MCAR), missing at random (MAR) and missing not at random (MNAR). When looking at these 
mechanisms from a practical point of view, they are assumptions that evaluate the performance of 
various missing data methods.

According to Luengo et al. (2012), data is considered to be MAR if the probability of an attribute 
having a missing value is related to other variables in the study but is independent of the missing. The 
term “random” may deceive some individuals since the missing values in the study are not random but 
depend on the observed variables in the analysis. In order to illustrate this, an example from Schafer 
& Graham (2002) is used, where Ycom represents a complete data set. This complete data set is di­
vided into two parts, namely Yobs and Ymis, where Yobs represents the observed data and Ymis represents 
the missing data. Further, R is an indicator variable which represents the missingness in a data set. 
Schafer & Graham (2002) state that the more recent missing data methods regard missingness as a 
probabilistic phenomenon and they treat R as a random set of variables that have a joint probability 
distribution. They refer to the probability distribution for R as the “distribution of missingness” or the 
“probabilities of missingness”. Then, using the framework proposed by Rubin (1976), they classify 
missing data as MAR if:

P  (R | Ycom) =  P (R | Yobs) (2.6)

Assumptions about the reasons for missing data for the MAR mechanism are not as strict as they 
are for the MCAR mechanism. For instance, MCAR data assumes that the underlying distribution of 
incomplete and complete data are identical, whereas for the MAR mechanism this is not the case (Lu- 
engo et al. (2012)). That is, the complete data set can be used to predict missing values when the data 
is MAR. According to Schafer & Graham (2002), when researchers cannot control whether missing 
values will occur in the data or not, MAR is only an assumption as the distribution of the missing data 
is not known. In other words, it is extremely difficult to test for MAR in a data set, unless one can 
get hold of follow-up data from those individuals who did not answer all of the questions given to them.
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For an example of MAR, consider a study between men and women where they are required to record 
their weight. Women are less likely to report their weight and as such, the missing values depend 
on the variable gender. Alternatively, consider a scenario in which students may participate in an ad­
vanced maths course, provided they score above a certain percentage in an aptitude test. The marks 
they receive are considered to be MAR because any missing values will depend on the scores of the 
aptitude test (Baraldi & Enders (2010)). That is, those students that achieved scores below the re­
quired pass mark will not go on to participate in the advanced maths course and hence will not have 
scores recorded for this course. According to Donders et al. (2006), using techniques such as available 
or complete case analysis, as well as mean imputation on data that is MAR will yield biased results. 
Multiple imputation is preferred when missing values are classified as MAR.

According to Baraldi & Enders (2010), data is classified as MCAR when the probability of miss­
ing data on a variable X does not depend on other measured variables in the data set and is also not 
related to the values of X itself. That is, data that is classified as MCAR assumes that there is no rela­
tionship between the missing data and the other measured variables in the data set. Thus, according to 
Schafer & Graham (2002), using the framework proposed by Rubin (1976), data is considered to be 
MCAR when

P (R | Ycom) =  P  (R) (2.7)
For example, consider an individual who participates in a study but halfway through the study the 
individual drops out because he/she had to relocate to another town. One would consider the missing 
values to be MCAR if the reason that the individual stopped participating in the study is not related 
to any of the other variables in the data set. A possible reason might be that the individual could no 
longer afford to stay in that particular area. Participants who flip a coin to decide whether or not to take 
part in a survey is another example of MCAR. According to Donders et al. (2006), since the MCAR 
mechanism assumes that the underlying distribution of incomplete and complete data are identical, 
complete and available case analyses will produce unbiased results. These methods, however, are less 
than ideal because some of the data is not being used in the analysis. Since the MCAR mechanism 
requires stringent assumptions, it is often argued that this assumption will not be satisfied in practice 
(Baraldi & Enders (2010)).

When observations are not classified as MCAR or MAR, they are MNAR. Data is classified as MNAR 
when the probability of a variable having a missing value does not depend on information that has 
been observed or the missing values themselves (Donders et al. (2006)). In other words, a relationship 
exists between the probability of missing values and the hypothetical values that are actually missing 
(Baraldi & Enders (2010)). This data mechanism is said to be the most challenging type since data 
that is MNAR cannot be ignored as it will bias the results significantly. A possible solution would be
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to go back to the data source and gather more information about the attributes or alternatively, find a 
complete data set.

For an example of MNAR, consider a group of readers who, when completing a test, fail to answer 
certain questions due to a lack of understanding. In this case the likelihood of having a missing reading 
score is dependent on the level of understanding that the reader possess. As another example, consider 
high school students who have been asked to complete an alcohol assessment report. Data would be 
considered MNAR if those students who consume large amounts of alcohol are more likely to leave 
out certain questions because they may be afraid of the consequences (Baraldi & Enders (2010)). It is 
difficult to confirm that data is MNAR without knowing the values of the missing variables.

According to Enders (2010), only the MCAR mechanism can be tested as it is impossible to test 
for MAR and MNAR without knowing what the values of the missing variables are. Methodologists 
face difficulties with missing data analyses since techniques such as multiple imputation as well as 
maximum likelihood depend on the MAR mechanism. Several MCAR tests have been suggested by 
researchers but these tests result in a loss of statistical power and fail to detect deviations from a ran­
dom mechanism. One technique that is useful for testing MCAR is to create dummy variables for the 
values that are missing. For example, a 1 represents a missing value and a 0 represents the observed 
data. Chi-squared tests or t-tests can be performed to test whether missing values are related to other 
variables in the study. It should be noted that these missing data mechanisms are not representative of 
the whole data set but are rather assumptions that are applicable to certain analyses. That is, depending 
on which variables were chosen to be included in the study, a data set is capable of producing analyses 
that are either MAR, MNAR, as well as MCAR.



Chapter 3
Approaches to Handling Missing Data
There are various methods which may be used to handle or treat missing values. According to Batista 
& Monard (2003), missing data techniques can be divided into three groups: (1) discarding or ignor­
ing data (deletion methods), (2) parameter estimation methods, as well as (3) imputation techniques. 
Before these methods are discussed, Allison (2001) lists some criteria that can be used to evaluate 
missing data methods. In general, a missing data method that performs well should be able to do the 
following:

1. Minimise bias. Missing values may yield biased estimates and thus it is important to use a 
method that will minimise this bias as much as possible;

2. Avoid discarding any data. Ultimately, the aim is to maximise the use of all information and 
produce parameter estimates that are efficient;

3. Produce accurate estimates of standard errors, confidence intervals as well as p-values.
It would be ideal if all missing data methods could achieve the above criterion without violating any 
of the assumptions about the missing data mechanisms. Maximum likelihood as well as multiple im­
putation are capable of satisfying the above criteria, whereas the conventional methods have difficulty 
with accomplishing all three (Allison (2001)). What follows is a discussion on some of the more 
conventional missing data methods.

3.1 Deletion Methods
Complete case analysis, also commonly known as listwise deletion, can be used to remove cases with 
missing values so that the remainder of the analysis only contains cases with complete data (Zhu 
(2014)). The cases that are removed, however, may be highly relevant to the analysis and thus it is 
very important to carefully consider their relevance and influence before discarding them. One of the

10
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advantages of using this method is that it is simple to implement and standard analysis techniques can 
be used as the data set is now complete.

There are, however, many disadvantages associated with this technique. According to Zhu (2014), 
in data sets where there are a large number of missing records, the total sample size will reduce signif­
icantly if all cases with missing values are removed. One will be left with a potentially very small and 
unrepresentative data set and as a result, there may be a loss of power in hypothesis testing. Listwise 
deletion also results in larger standard errors as well as wider confidence intervals.

Secondly, listwise deletion is usually only valid under MCAR (Baraldi & Enders (2010)). In fact, 
when the assumptions of MCAR are not met, the analysis may give biased results and invalid infer­
ences because the complete cases do not represent the entire population. Only in a few situations has 
case deletion produced valid inferences under MAR. Also, according to Osborne (2013), in analyses 
that contain several variables, this method is not ideal. This is because small amounts of missing data 
for each variable may lead to getting rid of a large percentage of the sample, thus significantly impact­
ing power in the analysis. Thus, if listwise deletion has to be used, the analysis should only contain a 
small amount of missing data and the data should be MCAR.

Alternatively, pairwise deletion, also commonly referred to as available case analysis is another tech­
nique that may be used to treat missing data. According to Osborne (2013), when using pairwise 
deletion, one only removes cases that have missing data when calculating a specific variable. As such, 
cases will contribute to some analyses but not to others. For example, in a correlation matrix, each 
correlation will be estimated based on those cases that have data for both variables. Pairwise dele­
tion is considered to be a better technique than listwise deletion because unlike listwise deletion, this 
method keeps as many cases as possible for each analysis, thus minimising the number of cases that 
are removed (Baraldi & Enders (2010)).

A disadvantage of using pairwise deletion is that different analyses will be based on different sub­
sets of data and will not necessarily be consistent with each other, thus resulting in biased parameter 
estimates (Graham (2009)). Also, according to Allison (2001), pairwise deletion has difficulty calcu­
lating accurate standard errors. This is because in order to estimate standard errors, the sample size 
needs to be identified which is not always possible. As such, when each covariance is calculated, it 
will be based on various sample sizes, depending of course on the missing data pattern. Moreover, 
this technique does not work in cases where the estimated correlation matrix is not positive definite (a 
symmetric matrix where all the eigenvalues are positive), as not being able to invert the matrix results 
in inaccurate parameters (Allison (2001)). This technique also yields biased estimates if the data is not
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MCAR. In fact, just like listwise deletion, this method does not work under any other data mechanism 
(Russell et al. (2001)).

Since listwise and pairwise deletion require stringent assumptions, it is unlikely that they will be 
satisfied in practice and as a result, these methods are being used less often especially due to the 
development of more modern techniques.

3.2 Single Imputation Techniques
Instead of discarding all missing values in a data set, it may be tempting to rather replace all missing 
data with plausible values. According to Batista & Monard (2003), imputation is a technique where re­
searchers use suitable replacement values in order to substitute missing values. These plausible values 
are based on information that is available in the data set. The objective is to determine relationships 
that can be identified in the values of the data set in order to estimate missing values.

According to Dempster & Rubin (1983), “the idea of imputation is both seductive and dangerous. 
It is seductive because it can lull the user into the pleasurable state of believing that the data are com­
plete after all, and it is dangerous because it lumps together situations where the problem is sufficiently 
minor that it can be legitimately handled in this way and situations where standard estimators applied 
to the real and imputed data have substantial biases.”

Single imputation is preferred over deletion techniques as none of the data is sacrificed. Accord­
ing to Schafer & Graham (2002), if the entire sample is preserved, a situation resulting in a loss of 
power due to a reduced sample size can be avoided. Also, imputation techniques are able to make 
use of valuable information obtained from the observed data in order to predict missing values - thus 
maintaining high precision in the data set. Imputation methods also provide the analyst with a com­
plete data set where standard methods may be used to analyse the data. Further, imputing values once 
is an advantage as if there are many different individuals using the data, the same sets of units will be 
considered by each individual, ensuring consistency when comparing results.

Single imputation works fairly well when one is dealing with data sets that have a small number 
of missing values but there are many disadvantages associated with this method. Firstly, the standard 
errors of estimates is greatly underestimated (He (2010)). This is because using a single value to re­
place the missing values does not account for the variation that would most probably have been present 
had the variables been observed. Also, according to Pigott (2001), smaller standard errors resulting 
from an increased sample size fail to take into account the uncertainty that is present in the data set.
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Schafer & Graham (2002) state that it can also be tricky to use imputation techniques in cases with 
multivariate data. This is because some single imputation methods can actually alter data distributions 
as well as relationships. Allison (2001) does not believe using single imputation techniques is a so­
lution to handling missing data as “all conventional imputation methods are dishonest and should be 
viewed with some scepticism.” The various single imputation techniques will now be discussed.

3.2.1 Mean / Mode Imputation
As an alternative to using listwise and pairwise deletion, researchers can replace missing values by 
using either the mean or the mode. According to Acuna & Rodriguez (2004), mode imputation can 
be used for categorical data. This technique consists of using the value that occurs most frequently to 
replace missing data for each variable. One of the advantages of mode imputation is that one is left 
with a complete data set where complete data methods can be used.

However, according to Munguia & Armando (2014), mode imputation should not be used as it re­
duces the variability in a data set. That is, if all of the imputed values are concentrated in the mode, 
this will alter the shape of the distribution as spikes are often created. Further, correlation estimates 
may be adversely affected if any relationships that occur within the data set are ignored.

Mean imputation is a technique that involves replacing all missing values with the mean of all known 
values of that variable (Acuna & Rodriguez (2004)). In cases where the overall mean is used, the 
mean is taken from the entire distribution and used to replace missing values. Consider Table 3.1 
below where the variable Xj has missing values:

Table 3.1: An example of a variable Xj, where Xj has missing values.
Xj

case

1 X1.;2 X*. j
3 missing

i missing

n Xnj

All missing values will be replaced by:

£ n=1 xrj-̂ cj  (xrj  
£ ”=1 Icj (xrj)

(3.1)
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=  L”=1XrjIcj (Xrj) (3 2)

nj .
where Cj =  {xkj|xkj not missing, k =  1 ,2 ,..., n}.

An advantage of using mean imputation is that it preserves the sample size. Further, standard analysis 
techniques may be used for the data analysis as the data set no longer contains missing values (Zhu 
(2014)).

According to Peng et al. (2006), there are, however, several disadvantages with mean imputation. 
Firstly, the sample size is often overestimated. Secondly, mean imputation underestimates the vari­
ability among the missing values because the same value is being substituted for each missing item, 
which in turn affects the significance of any statistical test based on it. Also, the correlation between 
variables is biased because relationships between variables are not taken into account. Peng et al. 
(2006) also state that using this technique may result in the distribution of new values not being a true 
representation of the population values. This is because the shape of the distribution may alter when 
values that are equal to the mean are added. Based on these limitations, they recommend never to use 
mean imputation.

3.2.2 Median Imputation
According to Acuna & Rodriguez (2004), median imputation is a technique that involves replacing an 
attribute that contains missing data items with the median of all known values of that attribute. That 
is, all missing data items are substituted with the 50th percentile. This percentile is either the middle 
or the average of the two middle values after sorting the data in ascending or descending order. The 
missing data points will thus be replaced by:

median Xj =  med (Cj) (3.3)

where Cj =  {xkj|xkj not missing, k =  1 ,2 ,..., n}.

Acuna & Rodriguez (2004) prefer to use this technique over mean imputation as the mean can of­
ten be plagued by outliers. There are, however, disadvantages associated with this method. Median 
imputation fails to take into account the correlation structure of the data which may lead to weak es­
timates as well as a weak covariance. In fact, median imputation has the same limitations as mean 
imputation and hence this method is also not recommended.
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3.2.3 Overview of Linear Regression
Regression analysis is a popular tool used in Statistics. It involves using several methods for modelling 
and analysing variables and also explores possible relationships between dependent variables, also 
known as response variables, as well as independent variables which are also known as covariates or 
regressors (Walli (2010)). When a standard normal linear regression model is observed, an assumption 
is made about the mean of the response variable, that is, it is a linear function of the regressors. Hence, 
the term ‘linear model’ arises from the fact that the regressors are linear in the parameters. According 
to Hand et al. (2001), a simple linear model will produce predicted values y, of the response variable 
y, and these are a linear combination of the predictor variables Xj. This can be expressed in Equation 
3.4 below: p

y =  a0 +  £  ajXj (3.4)
j=1

The term ‘predictor variables’ defines the inputs used for prediction and the term ‘response variable’ 
describes the variable that will be predicted. In most cases, it is highly unlikely that one can predict 
the response variable accurately and so interest lies in predicting the mean value that y takes at each 
vector of the prediction variables (Hand et al. (2001)). That is, y is the predicted estimate of the mean 
at x =  (x1,...Xp).

As mentioned above, it is unlikely that the model that is chosen is perfect. In data mining scenarios, 
the models are usually empirical and are not based on an underlying theory. That is, in any sample, the 
actual y values will not be the same as the predicted values. According to Hand et al. (2001), the term 
residuals describe the difference between the observed and the predicted values and may be denoted 
by e: p

y(i) =  y(i) +  e(i) =  a0 +  £  ajXj(i) +  e(i), 1 < i < n (3.5)
j=1

Using matrix notation, the observed y measurements on the n objects are represented by the vector y 
and in the same way, the p  measurements of the predictor variables on the n objects are denoted by 
the n x (p +  1) matrix X (Hand et al. (2001)). Here, an extra column of ones is added in order for the 
model to include an intercept, in this case, a0. The relationship between the observed response and 
predictor measurements can be expressed in the form below:

y =  Xa +  e (3.6)

where y represents an n x 1 matrix of response values, a =  (a0,..., ap) denotes the (p +  1) x 1 vector 
of parameter values, and the n x 1 vector e =  (e1,..., en) comprises the residuals.
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Ideally, one wants to choose the parameters in a model that will result in the most accurate predictions. 
That is, estimates for the aj need to be explored in such a way that the error term is minimised. To 
accomplish this, the elements in e need to be combined so that a single numerical measure is produced 
and then minimised. According to Searle (1971), the method that is most commonly used today is to 
sum the squares. That is, we want to find the values for the parameter vector a that minimises:

£ e(i)2 =  £  (y (i) -  y;)2 (3.7)i=1 i=1
where y(i) denotes the observed y value for the ith sample point. This approach is called the least 
squares method. The parameter vector that minimises the above is represented by (a0,...,ap). Walli 
(2010) argues that when using a matrix, the values of the parameters, (assuming that XTX is of full 
rank), that minimise Equation 3.7 can be expressed as:

a =  (XT X) - 1 XT y (3.8)

Generally, in linear regression, the p  +  1 parameters in a are known as the regression coefficients. The 
estimated parameters are used in the equation above in order to yield predictions. According to Hand 
et al. (2001), the predicted value of y(k), y(k), for a vector of predictor variables xk can be expressed 
as follows:

xT =  (x0(k),X1 (k),. . . , Xp(k)) (3.9)
Difficulties may occur if one has a sample size that is too small, or when linear dependencies between 
the measured values of the predictor variables exist. Further, the matrix XTX must be invertible.

3.2.3.1 Regression Imputation
Regression imputation is a process that generates a predictive model in order to estimate values that 
will replace any missing items that exist within the data set (Batista & Monard (2003)). In cases where 
missing data exists on a single variable, complete case analysis can be used to estimate the regression 
equation. The variables that have incomplete data are used as the outcome variables and the variables 
with complete data are used as the predictor variables. One is now left with a regression equation that 
produces predicted scores for the missing items.

One of the strengths of using this approach, is that when variables are correlated with each other 
or are related in some way, these relationships or correlations can be used to build predictive models 
for regression or classification (Batista & Monard (2003)). If the predicted model does a good job at 
capturing relationships between variables in the data, these relationships can be preserved. Another
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advantage of using regression imputation is that the sample size is preserved since variables with miss­
ing values are not being removed from the analysis (Peng et al. (2006)).

According to Peng et al. (2006), regression imputation has its disadvantages. Firstly, a regression 
model must be specified. Secondly, this technique may yield unstable estimates if the sample size 
is not large enough. Also, in analyses that contain multivariate data, regression imputation may be 
problematic. Peng et al. (2006) state that if the data set fails to contain relevant predictors of missing 
data, then these predicted values will not be any better than the mean. That is, regression imputation 
and mean imputation produce nearly the same results if an efficient regression model is not used.

Further, according to Baraldi & Enders (2010), regression imputation yields biased estimates. This 
is because regression imputation does not take into account the variability that exists between the hy­
pothetical values and, as a result, the variance will be underestimated. A possible way to restore lost 
variability and eliminate biased estimates is to use stochastic regression imputation, where a stochastic 
component is added to each predicted score. This random error is generated from a normal distribution 
with a zero mean and a variance that is the same as the residual variance from the previous regression 
analysis.

Regression imputation also requires correlation among the attributes in the data set. If correlation 
does not exist and there are no relationships between the variables in the data set and the variables 
with missing items, then the model will not estimate these missing values accurately (Acuna & Ro­
driguez (2004)). Computational cost is yet another disadvantage since in order to predict the missing 
values, a large number of models may have to be built.

3.2.4 K-Nearest Neighbour Imputation (KNNI)
According to Hand et al. (2001), nearest neighbour methods are simple. That is, in order to classify a 
new object with input vector y, the k-closest data set points to y are observed and the object is assigned 
to the class that has the bulk of the points among these k. In other words, the idea is to look for those 
objects in the data set that are very alike the new object based on the input variables and then cate­
gorise the new object into the class that has the majority of points among these most similar objects.

From a theoretical point of view, this approach takes a small volume of the space of variables that 
are centered around x that have a radius equal to the distance to the k-nearest neighbours. The prob­
ability that a point in this small space belongs to each class is calculated by taking the proportion of 
points in this volume that belongs to each class (Hand et al. (2001)). The class that has the largest esti­
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mated probability is assigned a new point. Hand et al. (2001) states that nearest neighbour methods are 
similar to regression methods as they directly estimate the posterior probabilities of class membership.

Each time a missing value exists for a current attribute, the k-nearest neighbour imputation technique 
calculates the k-nearest neighbours and imputes a value for each missing case (Jonsson & Wohlin 
(2004)). When these attributes take on nominal values, the value that occurs most frequently amongst 
all neighbours is used. In the case of numerical values, the average value amongst all neighbours is 
used. A proximity measure between the attributes is required and the Euclidean distance is one of 
the most commonly used distance metrics. According to Jonsson & Wohlin (2004), the Euclidean 
distance is defined as: i

(a,b) =  ( £  (xai -  Xbi)2j  (3.10)

In the above equation, (a, b) represents the distance between the two cases a and b, D represents
the set of attributes that do not have missing values and xai and xbi represent the values of attribute i in 
cases a and b respectively.

According to Acuna & Rodriguez (2004), the KNNI algorithm can be summarised into the follow­
ing steps:

1. The data set D must be divided into two parts say Dm and Dc. Dm represents the set of attributes 
where there are missing items and Dc represents the remaining attributes that have complete 
data.

2. Next, for every vector x in the data set Dm, the instance vector must be divided into two groups: 
namely observed and missing as follows: x =  [x0;xm]. Here, x0 represents the observed groups 
and xm denotes the missing groups. Secondly, the distance between x0 and the rest of the 
instance vectors from set Dc must be computed. Only the features in the instance vectors from 
the set Dc which appear in the vector x should be used. Once the k-nearest neighbours have been 
determined, a replacement value needs to be estimated that will replace the missing attribute. 
The calculation of the replacement value depends on the type of data. As already mentioned, one 
can use the mode for categorical data and the mean for nominal data. The median is preferred 
over the mode because there may be cases where a lot of values have the same frequency. An 
important parameter for this method is the value of k. As the value of k increases, the mean 
distance to the neighbours increases. This implies that the replacement values may not be very 
accurate. As k approaches N , the number of neighbours, the method will simply converge to 
mean imputation.
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According to Batista & Monard (2003), one of the advantages of using KNNI methods is that they 
are capable of predicting both qualitative and quantitative attributes. Further, this technique does not 
require a predictive model to be built for each attribute that contains missing items. In fact, no explicit 
models such as decision trees or a set of rules are required and the algorithm can be easily adjusted 
to work with any attribute. This can be achieved by adjusting the considered attributes in the distance 
metric.

Another advantage of using the KNNI technique is that it is able to handle attributes that have multiple 
missing values. This method also takes into account the correlation structure of the data (Acuna & Ro­
driguez (2004)). According to Jonsson & Wohlin (2004), KNNI methods do not encounter problems 
with the variance reducing, as is the case with mean imputation. Whereas mean imputation imputes 
the same value, KNNI imputes various different values depending of course on the case being imputed.

According to Acuna & Rodriguez (2004), there are many disadvantages of using the KNNI tech­
nique. Firstly, a decision needs to be made with regards to which distance metric will be used. These 
metrics may include Euclidean, Manhattan, Mahalanobis, Pearson as well as others. Secondly, the 
KNNI algorithm has to search through the entire data set in order to find the most similar cases. The 
data set may be large and thus trying to search through each point to find the k-nearest neighbours can 
take up a lot of time. Thirdly, deciding on k, the number of neighbours that will be used may be tricky. 
Choosing a small k results in a poor performance of the classifier after imputation. However, choosing 
a large k includes cases that are significantly different from the cases that have missing values, leading 
once again to a poor performance of the classifier. In small data sets, choosing a k that is smaller than 
10 is satisfactory.

Dimensionality is another issue to consider when using the KNNI technique. Xie (2012) states that 
increasing dimensions may lead to difficulty when using the distance function. Locating the necessary 
storage space may also be tricky.

3.3 Maximum Likelihood (ML)
According to Enders (2001), researchers are becoming more aware of the theoretical advantages of 
using maximum likelihood estimation and simulation evidence suggests that maximum likelihood pro­
duces far better results over the conventional methods discussed thus far. According to Schafer & 
Graham (2002), maximum likelihood is dependent on the MAR assumption, however, in real life ap­
plications an analysis will still produce valid results in situations where MAR does not hold.
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Myung (2003) states that estimates with attractive properties are produced by maximum likelihood 
only if all of the assumptions, in particular, sufficiency, consistency, asymptotic efficiency as well as 
asymptotic normality are satisfied.

Firstly, the sample size needs to be large enough to ensure consistency so that the parameter esti­
mates are unbiased and normally distributed. Missing values in an analysis may reduce the sample 
size significantly and hence it may have to be larger than usual (Russell et al. (2001)). Asymptotic 
efficiency implies that the estimates that are produced have minimal standard errors and are thus close 
to being fully efficient (Allison (2001)). Further, asymptotic normality implies that a normal approxi­
mation can be used in order to compute confidence intervals as well as p-values.

In order to proceed with maximum likelihood estimation, a likelihood function is required where 
the probability of the data is expressed as a function of the unknown parameters. For example, Allison 
(2001) considers a situation where discrete variables X and Z have a joint probability function given 
by p (x, z |0 ) and where 0 represents a vector of parameters. In other words, p  (x, z |0 ) is the proba­
bility that X =  x and Z =  z. If no missing values exist within the data set and the observations are 
independent, the likelihood function may be expressed as follows:

L (0) =  n p(Xi,zi|0) (3.11)i=1
According to Agresti (2002), in order to calculate maximum likelihood estimates, the value of 0 that 
optimises the above function needs to be determined. Next, assume that the data is MAR on Z for the 
first r  cases, and MAR on X for the next s cases. Let:

g (x|0 ) =  E p (x  z |0) (3.12)z
be the marginal distribution of X (summing over Z) and let:

h(z|0) =  £ p (x ,z |0 ) (3.13)X
be the marginal distribution of Z (summing over X). The likelihood function is thus given by:

r r+s n
L(0) =  n g(x ,|0 ) n h(zi|0) n p(xi,z«|0) (3.14)i=1 i=r+1 i=r+s+1

From Equation 3.14 above, it can be seen that the likelihood has been divided into parts that corre­
spond with different missing data patterns. In order to calculate the likelihood for each pattern, the
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joint distribution needs to be summed over all possible values of the variables that have missing data 
(Allison (2001)). In the case where variables are continuous and not discrete, integral signs will re­
place the summation signs.

In order to apply maximum likelihood methods to data sets that contain missing values, a model for 
the joint distribution of all the necessary variables is required, as well as a numerical method that max­
imises the likelihood (Allison (2001)). In an analysis with only categorical variables, the unrestricted 
multinomial model or a log-linear model that contains some limitations on the data may be suitable. 
A log-linear model is only required in analyses where many variables with several categories exist. If, 
for example, these restrictions were not in place, several parameters would need to be estimated.

In the case of continuous variables, a multivariate model can be assumed where the variables are 
normally distributed and are linear functions of the other variables (Allison (2001)). Each of these 
variables will have errors that are homoscedastic as well as a zero mean. According to Pigott (2001), 
when the multivariate normal model is used, the likelihood can be maximised by using the expectation- 
maximisation (EM) algorithm. This algorithm is discussed next.

3.3.1 The Expectation-Maximisation (EM) Algorithm
According to Dempster et al. (1977), the aim of the expectation-maximisation algorithm is to max­
imise the likelihood under several missing data models. This method involves an iterative algorithm 
that moves through two stages, namely the expectation stage (the E-step) and the maximisation stage 
(the M-step).

The E-step consists of taking all missing observations that exist within the data set and replacing 
them with the conditional expectation of the missing data given the observed data and an initial es­
timate of the covariance matrix (Enders (2001)). In other words, the predicted scores from a set of 
regression equations are used to replace each of the missing values occurring in the data set. In this 
case, every missing value is regressed on the remaining observed values for a case i. Then, in order to 
determine the sums of squares as well as the cross products, the observed and imputed values should 
be used.

In order to gain a clearer understanding, an example from Enders (2001) is used where one is in­
terested in calculating a mean vector and covariance matrix, 0 =  ( ^ , £) for an n x K  matrix, Y. This 
data matrix should consist of sets of observed values (Yobs) and missing values (Ymis), as well as current 
parameter estimates, 0 (t). The calculations for the sufficient statistics at the ith iteration of the E-step
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are given below:

and

where

and

n n
E yij |Yobs, 0 (,M =  £ y ji=1 /  i=1 j  =  1,..., K

a=1 i=1e ( E  yyy* Yobs, 0 ( t) ) =  £  j }+ c j ) j, k =  1,..., K

,(t)ij yij,
E fy ij |Yobs, 0 «

if is observed 
if yij is missing

c(t)Cjkl
0
coW yij, yik |Yobs, 0(t)

if yij or yik is observed 
if yij and yik are missing

(3.15)

(3.16)

(3.17)

(3.18)

Hence, given the observed data as well as the current sets of parameter estimates, the conditional 
means and covariances are used to replace the missing values of yij.

In the M-step, one can calculate maximum likelihood estimates of the mean vector and covariance 
matrix in exactly the same way as if the data set were complete. This is done by using the sufficient 
statistics that were computed in the E-step mentioned above. Hence, according to Enders (2001), the 
M-step can also be referred to as a complete data maximum likelihood estimation problem. Next, 
using the covariance matrix as well as the regression coefficients obtained from the M-step, new esti­
mates can be calculated for each of the missing observations at the following E-step. This algorithm 
will then start again and will continue to loop through both the E- and M-steps and will only stop once 
the difference between the covariance matrices in the following M-steps converge according to certain 
criteria that has been set (Enders (2001)).

Consider another example which looks at the following matrix where m1 and m2 represent missing 
values:
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yn y12 y13 y14
y21 y22 m1 y24
y31 y32 y33 y34
y41 y42 y43 y44
y51 m2 y53 y54
y61 y62 y63 y64

Suppose we want to find 0 =  (u , E) where

U =  mean vector (3.19)

and

That is,
E =  covariance matrix (3.20)

U' =  [E (Y1),E (Y2), .... ,E (Y4)] (3.21)
and

E
Var (X1)

Cov (X4, X1)

Next, replace m1with starting value r^  where

Cov (X1, X4)

Var (X4)

r 1 =  5 (y13+ y33+ y43+ y53+ y63) 
and replace m2 with starting value r2J where

r 2 =  5 (y12 +  y22 +  y32 +  y42 +  y62)

(3.22)

(3.23)

(3.24)

Then, the E-step is such that:
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yn y12 y13 y14
y21 y22 r? y24
y31 y32 y33 y34
y41 y42 y43 y44
y51 r 02 y53 y54
y61 y62 y63 y64

and the M-step contains the following equations:

o' 1
6

1
6

and

v (o) v (o)v1 .....v4

Cov0 (Xi, Xj) 1
6

6
^  yfciyfcj k=1

v (0)y (0) * j

Next, the “complete” matrix should be used in order to find the following regression equations:

The E-step is as follows:
Y3 — a03 +  ^13 Y1 +  a23 Y2 +  V4

Y2 — a02 +  a12 V1 +  ^32 V3 +  a42 Y4
Then

(1) (1) (1) (1) (1) r r  — a03 +  a13 y21 +  a23 y22 +  a43 y24
and

The M-step is as follows:

(1) (1) (1) (1) (1)( ) ( ) ( ) ( ) ( ) i 2 — a02 +  a 12 y51 +  a32 y53 +  a42 y54

yn y12 y13 y14
y21 y22 r1 y24
y31 y32 y33 y34
y41 y42 y43 y44
y51 r1 r 2 y53 y54
y61 y62 y63 y64

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Continuing in this way one is able to determine values for m 1, Cov1 (X*, X j), E1 etc. The algorithm 
will stop once convergence has been reached.

This algorithm can also be described as iterated linear regression imputation and Allison (2001) sug­
gests summarising it into the following steps:

1. Firstly, one can make use of listwise or pairwise deletion in order to obtain starting values for 
the means, variances and covariances.

2. Next, for every missing data pattern, regression equations should be built in order to predict the 
missing variables based on the observed variables.

3. In order to calculate predicted values for each variable that contains missing values, the above 
regression equations should be used.

4. The means, variances and covariances need to be re-calculated using both the real and the im­
puted data, where the standard mean formula may be used to determine the mean. However, in 
order to calculate the variance, one should use a correction factor. The purpose of the correction 
factor is to account for any bias that may occur when the imputed values are used.

5. Lastly, return to step two and continue to cycle through these steps until convergence is reached.
According to Enders (2001), it is not appropriate to use the EM algorithm to obtain direct estimates of 
linear model parameters (e.g. regression). Only maximum likelihood estimates of a mean vector and 
covariance matrix can be obtained when using this algorithm.

It is, however, possible to use the covariance matrix in one of two ways: (1) as an input into fur­
ther linear model analyses, or (2) using this matrix in order to replace or estimate missing values at 
the last iteration. Enders (2001) states that although the data set appears to be complete, it is not a 
good idea to use the covariance matrix to impute or estimate the missing values. Even though the 
filled-in values may be the most ideal estimates for the missing values, they fail to capture the residual 
variability that would have existed in the hypothetically complete data set. Since these filled-in values 
fall directly on a regression line, they are not imputed with a random error term and as such, standard 
errors obtained from any further analyses will be biased. Techniques such as bootstrapping should be 
used in order to obtain accurate estimates. According to Enders (2001), in order to remove the bias 
that results in the covariance matrix, a correction factor, may be added to the conditional expecta­
tion of the missing data at each E-step - as can be seen in Equation 3.18 above.
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According to Peng et al. (2006), one of the downsides of using the EM algorithm is that it is iter­
ative and specific to the model being applied. Further, the rate of convergence may be very slow if 
the percentage of missing values in the data set is high, as the convergence rate during iterations is 
proportional to the amount of observed data that exists within the data set. Also, the EM algorithm 
can only be used for linear and log-linear models (Soley-Bori (2013)). Allison (2001) actually prefers 
the direct maximum likelihood method over the EM algorithm as this method is capable of yielding 
accurate standard errors and is more suitable for “overidentified” models.

The EM algorithm is easily available in many software packages. According to Schafer & Graham 
(2002), an EM algorithm of an unstructured covariance matrix is available in BMDP Statistical soft­
ware, as well as SPSS. The algorithm can also be performed by using other software such as EMCOV, 
NORM, SAS, SPLUS, LISREL and MPLUS. For normal models with structured covariance matrices, 
multilevel linear models can be fit using either HLM, MLWin, the PROC MIXED procedure in SAS 
or the lme function in SPLUS. It is important to note that these programs will assume MAR under all 
situations except when missing values occur by design.

According to Collins et al. (2001), because of the wide range of software available nowadays, fit­
ting a model that contains missing values is not very difficult. These programs are often quite simple 
to use and as such, there is a misunderstanding that maximum likelihood techniques do not require the 
user to think about the missing data problem as any adjustments that need to be made for the missing 
values have already been performed automatically. However, it is important to keep in mind that these 
automatic adjustments are only satisfactory under specific assumptions, in particular when the data is 
MAR. If any important causes or correlates of missingness are left out of the model, one runs the risk 
of having biased maximum likelihood estimates. Many researchers are guilty of not considering in­
cluding auxiliary variables that may be relevant to the missing data, although many of the ML methods 
do not make it clear on how to go about this.

3.4 Multiple Imputation (MI)
Even though maximum likelihood has been described as a very good technique for treating missing 
data, it is important to remember that one of the biggest flaws of this method is that it is imperative 
to specify a joint distribution for all the variables and these models are often difficult to identify. An 
alternative technique such as multiple imputation may be used. According to Allison (2001), multiple 
imputation is similar to the maximum likelihood method as the statistical properties are almost iden­
tical. That is, multiple imputation is also capable of producing consistent estimates that are asymp­
totically normal and asymptotically efficient. The major difference between multiple imputation and
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maximum likelihood, however, is that with the multiple imputation technique, the aim is to determine 
estimates of the missing values, whereas with maximum likelihood, the aim is to obtain expected val­
ues of the sufficient statistics (Pigott (2001)). What follows is an analysis of multiple imputation and 
its use in handling missing data.

According to Russell et al. (2001), multiple imputation was first introduced by Rubin (1978) and 
improved upon in the context of large surveys, where data obtained in a particular study was to be 
used by many researchers for various analyses. At first, multiple imputation was not considered to be 
a very popular technique due to a shortage of computational facilities. This has of course changed and 
multiple imputation has now emerged as one of the more popular methods of handling missing data. 
This is due to the ubiquity of computers and the powerful technology that is now available.

According to Allison (2001), the Markov Chain Monte Carlo (MCMC) algorithm based on the multi­
variate normal model is a very prevalent methodology in the context of multiple imputation. That is, 
MI is based on a Markov chain consisting of independent draws from

Ymis -  P  (Ymis|Yobs) (3.32)
In practice, this distribution is not easy to draw from and hence an approximation may be used:

Yms -  PfVmislYobs, e (t))  (3.33)

Multiple imputation has three important stages, namely the ‘imputation stage’, the ‘analysis stage’ and 
the ‘pooling/combining stage’ (Horton & Lipsitz (2001)). Firstly, the imputation phase is responsible 
for creating a certain number of data sets. Each of these data sets should contain different estimates 
of the missing items. According to Raghunathan (2004), more than one set of possible replacement 
values should be created. That is, m complete data sets should be produced. Theoretically, in order 
to ensure that multiple imputation techniques are fully efficient, an infinite number of repetitions are 
required (Berglund & Heeringa (2014)). However, if one were to compare the loss of efficiency using 
a smaller, finite number of repetitions (e.g. when m =  3,5,10,20) compared to an infinite number of 
repetitions, one would see that this loss is actually relatively small.

According to Schafer & Olsen (1998), a measure of relative efficiency is approximately given by:

RE =  (1 +  1 (3.34)m
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where Y represents the fraction of missing data and m represents the number of multiple imputation 
repetitions. Table 3.2 below shows the relative efficiencies with different values for m and Y. It can be 
seen that when there are cases with very few missing values, only a small number of imputations will 
be necessary (Inc. (2008a)).

Table 3.2: Table displaying relative efficiency.
Y

m 10% 20% 30% 50% 70%
3 0.9677 0.9375 0.9091 0.8571 0.8108
5 0.9804 0.9615 0.9434 0.9091 0.8772
10 0.9901 0.9804 0.9709 0.9524 0.9346
20 0.9950 0.9901 0.9852 0.9756 0.9662

Historically, it was common practice to use m =  5. Recent research, however, suggests using cases 
where m is larger than 5 as this results in good nominal coverage for confidence intervals as well as 
better nominal power levels in hypothesis testing (Berglund & Heeringa (2014)).

According to Baraldi & Enders (2010), a common approach used during the imputation stage is the 
Data Augmentation (DA) procedure for normally distributed data. This algorithm obtains multiple 
imputations from the Markov chain with draws from

1) -  P^mislYobs, e « )  (3.35)

where
e (t+1) -  p (  e |Yobs, ^  (3.36)

In this procedure, data sets are imputed using a two-step iterative procedure. The first step, which is 
also referred to as the I-step, uses the same procedure as stochastic regression imputation. That is, 
regression equations are created using estimates of the means and covariances. These equations are 
then used to predict any incomplete values using the variables that contain complete data. Further, 
these equations are also responsible for generating predicted scores for each of the missing variables. 
Then, in order to preserve the variability in the data set, a normally distributed residual term is added 
to each value that has been predicted. The imputed data is then used in the posterior step, which is 
also known as the P-step. In order to create brand new estimates of the means and covariances, this 
step makes use of Bayesian estimation principles.
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In the P-step, the means and the covariances are calculated from the filled-in data set and a random 
error term is added to each of the ensuing estimates (Baraldi & Enders (2010)). A completely new 
set of parameter values are produced. These values are not the same as those values that were used to 
produce the imputed values in the earlier /-step. According to Baraldi & Enders (2010), using these 
new parameter values, one can build a new set of regression equations in the following /-step, which 
will ultimately result in the production of a new set of imputations. The values of these imputations 
are also not the same as the values produced in the preceding /-step. When these two steps are contin­
uously repeated, multiple versions of the data sets are created, where each data set contains different 
estimates of the missing items.

One must keep in mind that the resulting imputed values are not obtained from consecutive /-steps. 
That is, in multiple imputation the imputed values resulting from one data set should be independent 
of the imputed values obtained from other data sets (Baraldi & Enders (2010)). In order to achieve 
this, before the first data set is saved, a significant number of iterations should lapse before the next 
data set is saved. That is, if for example the researcher decided to let 100 data augmentation cycles 
lapse between each of the data sets, the procedure would then run for 100 iterations and the first data 
set will be saved. Then, the algorithm would run for another 100 iterations and the second data set 
would be saved and so on.

The next stage that follows is the analysis phase. Here, an analysis is carried out on each of the 
m imputed complete data sets and the parameter estimates and standard errors are stored (Horton & 
Lipsitz (2001)). This stage uses standard statistical procedures in order to analyse the m complete data 
sets.

The last phase which shall be discussed is the pooling phase, in which estimates and standard er­
rors are combined into one set of values. There are various methods that have been created in order 
to carry out the pooling phase. Baraldi & Enders (2010) suggest, that in order to determine pooled 
parameter estimates, one may use the arithmetic mean of the estimates from each of the data sets. 
Pooling standard errors may become quite tricky as it involves two parts. Firstly, the standard errors 
from the imputed data sets are used, which is also known as the within-imputation variance. Secondly, 
a component is added that accounts for the variation of the estimates across the data sets. This is 
known as the between-imputation variance.

The within-imputation variance, denoted by W, is the average of the squared standard errors and 
is given in Equation 3.37 below:
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W
m

1  E  SE2m t =1
(3.37)

Here, an imputed data set is represented by t and m refers to the total number of imputed data sets.

The between-imputation variance, denoted by B, can be expressed as follows:

B 1
m 1

m
E  (at -  a ) 2t=1

(3.38)

In this case, 0t denotes the parameter estimate from the imputed data set t and 0 represents the mean 
parameter estimate. Lastly, the pooled standard error which incorporates both the within- and between- 
imputation variance is given below:

s e  =  v /w + B + z m
Expanding Equation 3.39 results in the following:

SE m
m
E  SE,2 +t=1

1
m 1 1 + 1m

m ( )
E  (at -  a ) 2t=1

(3.39)

(3.40)

According to Baraldi & Enders (2010), by multiple imputation incorporating the between-imputation 
variance in the standard error, it fully accounts for the fact that the imputed values are simply guessti­
mates about the true data values. Hence, multiple imputation addresses the underestimation of the 
variance - a common issue with single imputation methods.

According to Berglund & Heeringa (2014), using multiple imputation to handle missing values has 
many advantages:

• Firstly, since multiple imputation is model based, statistical transparency and integrity of the 
imputation process is guaranteed. It is imperative that if one wants to ensure that the analysis is 
robust then the variables chosen for the imputation model should be much broader in scope than 
when compared to those variables chosen to be used in the analysis model. In other words, the 
imputation model should not be limited to only including variables that have missing values.

• Another attractive feature of using multiple imputation is the fact that it is stochastic. That is, 
missing values are imputed using draws of the model parameters and error terms that arise from 
the predictive distribution of the missing data Ymis (Berglund & Heeringa (2014)). To illustrate 
this, suppose linear regression imputation was used to replace missing values for a continuous
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variable. The conditional predictive distribution may be expressed as follows:

y k ,mis =  A ) +  Aj=k .yj=k +  ek (3.41)

In order to calculate imputed values for Yk,mis, each of the individual predictions contain draw­
ings from a multivariate distribution of the A s, as well as independent draws of ek each from 
their estimated distributions respectively.

• One may also find multiple imputation to be an attractive technique as it is multivariate. This 
means that the observed distributional properties of every variable are preserved, as well as the 
associations between all variables chosen for the imputation model. One must keep in mind 
that the multivariate relationships that are preserved in a data set assuming MAR, refer to those 
relationships that can be seen in the observed data, that is (Berglund & Heeringa (2014)).

• Recall that multiple imputation produces multiple independent repetitions of the imputation 
process. By doing this, multiple imputation addresses the uncertainty in parameter estimates 
that occurs due to imputing missing values.

• As already mentioned, one of the most common issues with using single imputation methods 
is that they produce results which underestimate standard errors. That is, single imputation 
methods see the filled-in values as the true data values. A way in which this issue can be fixed is 
by using multiple imputation since the between imputation variance is included in the standard 
error. This term is representative of the noise in the data and results from using several different 
estimates in order to replace the missing values (Baraldi & Enders (2010)). As such, the standard 
errors resulting from multiple imputation are able to take into account that the filled-in values are 
only guesstimates of what the actual real data values are. Thus, multiple imputation addresses 
the uncertainty in missing data, as well as the issue of underestimating the variability in a data 
set.

• Multiple imputation is unaffected by small deviations from stringent theoretical assumptions. It 
is impossible to find an imputation model that will satisfy all of the assumptions associated with 
the missing data mechanisms and it is also difficult to find an imputation model that will truly 
match the distributional assumptions for the underlying random variables. Despite all of this, 
this technique is still capable of producing valid results.

• Another strength of multiple imputation is its applicability to real statistical scenarios -  this 
makes its application universal in the modelling world. The implementation of multiple impu­
tation is also not limited to any particular software package.
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• Multiple imputation is also much easier to perform than maximum likelihood estimation (Rus­

sell et al. (2001)). ML techniques are computationally complicated as for each new kind of 
model, special implementation is required. In other words maximum likelihood may need to 
make use of various techniques in order to integrate out missing values for different models 
that are used on the same data set. Multiple imputation employs a different technique, where 
the calculation of the imputations remain independent of the analysis of the complete data set 
(Pigott (2001)). Thus, many different users may use the imputed data sets on several different 
analyses whilst using any software. Hence, users of multiple imputation need not be perturbed 
to attempt to find a solution to the missing data issue.

According to Berglund & Heeringa (2014), there are also some disadvantages of using multiple impu­
tation:

• Firstly, there may be cases where the model used by the imputer is vastly different from the 
model used by the data analyst. For example, the imputer may forget or decide not to incorporate 
significant variables into the imputation model. Also, when imputing the missing values, the 
imputer might assume a linear relationship between two variables when actually this assumption 
is not correct. These issues mentioned above, as well as the amount of missing data occurring 
for each of the variables of interest can result in a biased analysis.

• Allison (2001) states that another disadvantage of using multiple imputation, is that it can be 
performed in many different ways and this may lead to possible doubt and confusion. Also, 
because each of the imputed values are random draws, different results will be obtained every 
time this technique is run.

• One of the biggest issues plaguing the MCMC algorithm is that it assumes that each variable 
containing missing values is normally distributed. Although this assumption does not hold true 
for categorical variables, according to Schafer (1997) (and the references within), the multivari­
ate normal model produces satisfactory results even when the variables are binary or categorical, 
with the imputations achieved under the assumption of a normal model.

There exist various alternative models and computational methods that are available for performing 
multiple imputation which Schafer (1997) has developed in order to analyse missing values. Ac­
cording to Schafer & Olsen (1998) the packages listed below allows the user to generate multiple 
imputations using SPLUS:

• NORM which performs multiple imputation under a multivariate normal model.
• CAT is used for multivariate categorical data where the MCMC algorithm is used under a multi­

nomial restricted log-linear model.
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• MIX can be used for data sets that are mixed (i.e. data sets that contain both continuous and 

categorical variables)
• PAN, for multivariate panel data or clustered data under a multivariate linear mixed-effects 

model.
SPSS version 13 is also another software that may be used, however, this dissertation will use SAS 
version 9.4 to perform multiple imputation. SAS makes use of two procedures, namely PROC MI 
and PROC MIANALYSE. PROC MI can be used to create m complete data sets. These complete 
data sets can then be analysed using any standard SAS procedure such as linear regression. Then, in 
order to pool the results, the MIANALYSE procedure should be used. It is important to note that this 
procedure uses the multivariate normal algorithm as default. There are, however, alternative options 
that may be used.



Chapter 4
Data Analysis and Results
In order to demonstrate the missing data methods described in Chapter 3, the National Longitudinal 
Survey of Youth (NLSY) data set used by Allison (2001) will be examined. This data set consists of 
records for 581 children who were interviewed in 1990, 1992 as well as in 1994. For the purpose of 
this dissertation, only the data where the child was interviewed in 1990 will be used.

The NLSY data set contains the following variables:
• ANTI - which describes the child’s antisocial behaviour in 1990 and is measured with a scale 

ranging from 0-6. 0 represents the lowest level of antisocial behaviour and 6 represents the 
highest level of antisocial behaviour.

• SELF - which describes the child’s self-esteem in 1990 and is measured with a scale ranging 
from 6-24, where 6 represents a low self-esteem and 24 represents a high self-esteem.

• POV - which determines the poverty status of a family in 1990, coded 1 for in poverty and 0 
otherwise.

• BLACK - coded 1 if the child is Black and 0 otherwise.
• HISPANIC - coded 1 if the child is Hispanic and 0 otherwise.
• CHILDAGE - child’s age in 1990.
• DIVORCE - coded 1 if the mother was divorced in 1990 and 0 otherwise.
• GENDER - coded 1 if the child is female and 0 if the child is male.
• MOMAGE - mother’s age at birth of child.
• MOMWORK - coded 1 if the mother was employed in 1990 and 0 otherwise.

34
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It is important to note that BLACK and HISPANIC are two categories of a three-category variable, 
with the reference category being NON-HISPANIC WHITE.

The ultimate aim is to estimate a linear regression model using ANTI as the dependent variable while 
using the rest of the variables as predictors. The raw data set initially consisted of no missing val­
ues. Allison (2001) deliberately created missing values on some of the variables using a method that 
satisfies the MAR assumption. For more information on how to generate such data, one can consult 
Truxillo (2005).

The variables that contain missing values include SELF, POV, BLACK, HISPANIC as well as MOM­
WORK. The percentages of missing values for each of these variables are listed and summary graphs 
are given below:

• 25% missing on SELF,
• 26% missing on POV,
• 16% missing on BLACK and HISPANIC,
• 15% missing on MOMWORK.
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Figure 4.1: A summary of the five variables that contain missing data.

It should be noted that although this data set contains dummy variables for POV, BLACK, HISPANIC 
and MOMWORK, techniques such as maximum likelihood and multiple imputation will now be il­
lustrated. These methods rely on the assumptions of multivariate normality, however, according to 
Allison (2001), a good deal of simulation evidence and practical experience suggests that these tech­
niques can still be used even though these dummy variables do not have a normal distribution. In 
fact, according to Peng et al. (2006) and Enders (2010), empirical studies suggest that when normality 
assumptions are violated, the accuracy of multiple imputation estimates are not seriously affected.

The techniques discussed in Chapter 3 above will now be discussed.
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4.1 Listwise Deletion
The first method that will be illustrated is listwise deletion. As already mentioned in Chapter 3, listwise 
deletion involves discarding all cases that contain missing values. This method is not recommended 
by many, as one of the problems associated with this technique is discarding a lot of potentially usable 
data. Listwise deletion in fact, does not satisfy any of the criteria that was proposed by Allison (2001) 
in Chapter 3 as discarding data leads to larger standard errors, wider confidence intervals, as well as 
significance tests lacking power as results are not representative of the population sampled (Peng et al. 
(2006)). Also, if the data is not MCAR the estimates will be biased.

Although listwise deletion is only valid under MCAR, this technique will still be illustrated on the 
NLSY data set. The bar graph below shows the total number of observations in the data set, the num­
ber of observations that contain missing values, as well as the remaining number of observations that 
will be used going forward in the analysis:

Listwise Deletion

581

Number of Number of Number of
observations read observations used observations with

missing values

Figure 4.2: Bar graph displaying the total number of observations in the data set, the number of observations 
that contain missing values, as well as the remaining number of observations that will be used going 
forward in the analysis.

It can be seen from the graph above that out of a total of 581 observations, more than half of the 
observations have been discarded and hence only 225 observations will be used in the analysis.

Next, a regression equation is fit to the remaining data using ANTI as the dependent variable and 
the rest of the variables as predictors. The code that was used may be found in Appendix A.2. Table
4.1 displays the regression results based on the complete data set (with no missing values) and Table
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4.2 shows the regression results based on listwise deletion:

Table 4.1: Table displaying regression results for the variable ANTI on the complete data set with no missing 
values.

Variable d f Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 2.62768 1.22515 2.14 0.0324

SELF 1 -0.05501 0.01863 -2.95 0.0033
POV 1 0.57477 0.13896 4.14 <.0001

BLACK 1 0.09458 0.14114 0.67 0.5031
HISPANIC 1 -0.34294 0.15335 -2.24 0.0257
c h il d a g e 1 -0.01273 0.10049 -0.13 0.8993
d iv o r c e 1 -0.06734 0.14395 -0.47 0.6401
GENDER 1 -0.54043 0.11728 -4.61 <.0001
MOMAGE 1 0.01172 0.02815 0.42 0.6774

MOMWORK 1 0.1824 0.12925 1.41 0.1587

Table 4.2: Table displaying regression results for the variable ANTI using listwise deletion.
Variable d f Parameter Estimate Standard Error t Value Pr >l tl
Intercept 1 2.86533 1.99117 1.44 0.1516

SELF 1 -0.04531 0.03135 -1.45 0.1498
POV 1 0.71946 0.23739 3.03 0.0027

BLACK 1 0.05069 0.24918 0.20 0.8390
HISPANIC 1 -0.35696 0.25537 -1.40 0.1636

c h il d a g e 1 0.00197 0.17072 0.01 0.9908
d iv o r c e 1 0.08703 0.24499 0.36 0.7228
g e n d e r 1 -0.33470 0.19844 -1.69 0.0931
MOMAGE 1 -0.01198 0.04611 -0.26 0.7953

MOMWORK 1 0.25440 0.21751 1.17 0.2435

From the two tables above it is clear that when listwise deletion is used, the standard errors for all 
of the variables are much larger than the standard errors for the complete data set. For example, the 
variable POV on the complete data set has a standard error of 0.13896 compared to a standard error 
of 0.23739 when using listwise deletion. Similarly, HISPANIC has a standard error of 0.15335 on the 
complete data set and a standard error of 0.25537 on the listwise deletion data set. Based on these 
results, listwise deletion should be avoided under all circumstances.

It can also be seen from Table 4.2 that because more than half the cases were discarded, only POV is 
significant with a p-value below 0.05 (highlighted in bold) and hence one can conclude that high levels
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of antisocial behaviour can be associated with being in poverty. The variables that are significant at 
the 0.05 level on the complete data set include SELF, POV, HISPANIC and GENDER and these are 
highlighted in bold in Table 4.1 above.

4.2 Pairwise Deletion
As described in Chapter 3, pairwise deletion is a method that makes use of cases that contain com­
plete data on only those variables that were chosen for the study (Osborne (2013)). For many linear 
models, the parameters of interest can be expressed as functions of the population means, variances 
and covariances.

This technique may be illustrated using the PROC CORR function in SAS. The code that was used 
may be found in Appendix A.3. Table 4.3 below shows the results of the correlations between each of 
the variables:

Table 4.3: Table displaying the correlations between each of the variables.
AN TI SELF POV b l a c k HISPANIC CHILDAGE DIVORCE GENDER m o m a g e m o m w o r k

ANTI
correlation 1 -0.14359 0.23038 0.11963 -0.08219 0.01579 0.03086 -0.172 -0.03021 0.11253

p-value 0.0027 <.0001 0.0096 0.0757 0.704 0.4578 <.0001 0.4674 0.0122
sample size 581 433 431 468 468 581 581 581 581 495

SELF
correlation -0.14359 1 -0.05723 -0.05811 -0.08915 0.07902 -0.11297 -0.01844 0.08517 0.00084

p-value 0.0027 0.3059 0.2776 0.0954 0.1006 0.0187 0.702 0.0767 0.9871
sample size 433 433 322 351 351 433 433 433 433 372

POV
correlation 0.23038 -0.05723 1 0.26739 0.00319 0.07405 0.26932 0.05469 -0.20747 0.25512

p-value <.0001 0.3059 <.0001 0.9525 0.1248 <.0001 0.2573 <.0001 <.0001
sample size 431 322 431 350 350 431 431 431 431 366

b l a c k
correlation 0.11963 -0.05811 0.26739 1 -0.42466 0.01251 0.01973 0.04843 -0.12254 -0.07014

p-value 0.0096 0.2776 <.0001 <.0001 0.7872 0.6704 0.2957 0.008 0.1631
sample size 468 351 350 468 468 468 468 468 468 397

HISPANIC
correlation -0.08219 -0.08915 0.00319 -0.42466 1 -0.05309 0.04062 -0.06996 -0.0054 0.07804

p-value 0.0757 0.0954 0.9525 <.0001 0.2517 0.3807 0.1307 0.9073 0.1206
sample size 468 351 350 468 468 468 468 468 468 397

CHILDAGE
correlation 0.01579 0.07902 0.07405 0.01251 -0.05309 1 0.01387 -0.07391 -0.23372 0.00582

p-value 0.704 0.1006 0.1248 0.7872 0.2517 0.7386 0.075 <.0001 0.8972
sample size 581 433 431 468 468 581 581 581 581 495

DIVORCE
correlation 0.03086 -0.11297 0.26932 0.01973 0.04062 0.01387 1 -0.00073 -0.06273 -0.04626

p-value 0.4578 0.0187 <.0001 0.6704 0.3807 0.7386 0.9861 0.1309 0.3043
sample size 581 433 431 468 468 581 581 581 581 495

GENDER
correlation -0.172 -0.01844 0.05469 0.04843 -0.06996 -0.07391 -0.00073 1 0.02969 0.01281

p-value <.0001 0.702 0.2573 0.2957 0.1307 0.075 0.9861 0.4751 0.7762
sample size 581 433 431 468 468 581 581 581 581 495

m o m a g e
correlation -0.03021 0.08517 -0.20747 -0.12254 -0.0054 -0.23372 -0.06273 0.02969 1 -0.01776

p-value 0.4674 0.0767 <.0001 0.008 0.9073 <.0001 0.1309 0.4751 0.6935
sample size 581 433 431 468 468 581 581 581 581 495

m o m w o r k
correlation 0.11253 0.00084 0.25512 -0.07014 0.07804 0.00582 -0.04626 0.01281 -0.01776 1

p-value 0.0122 0.9871 <.0001 0.1631 0.1206 0.8972 0.3043 0.7762 0.6935
sample size 495 372 366 397 397 495 495 495 495 495

It is important to remember that when estimating the correlation between any two variables, the indi­
viduals that will be included are only those that have information on that pair of variables.

A linear regression model can be fitted using the pairwise correlation matrix as input where ANTI



CHAPTER 4. DATA ANALYSIS AND RESULTS 40
is the dependent variable. The results are given in Table 4.4 below:

Table 4.4: Table displaying regression results for the variable ANTI using pairwise deletion.
Variable DF Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 2.55641 1.40381 1.82 0.0693

SELF 1 -0.07037 0.02198 -3.2 0.0015
POV 1 0.70045 0.16334 4.29 <.0001

b l a c k 1 0.0803 0.16454 0.49 0.6258
HISPANIC 1 -0.35032 0.17613 -1.99 0.0473
CHILDAGE 1 -0.00212 0.11593 -0.02 0.9854
DIVORCE 1 -0.1326 0.16659 -0.8 0.4265
GENDER 1 -0.58084 0.13510 -4.3 <.0001
m o m a g e 1 0.02467 0.03242 0.76 0.4471

m o m w o r k 1 0.20527 0.14985 1.37 0.1715

Drawing conclusions based on the above table, it can be seen that the variables highlighted in bold, 
namely SELF, POV, HISPANIC and GENDER are significant at the 0.05 level. Hence, higher levels 
of antisocial behaviour can be linked to lower levels of self-esteem, being in poverty as well as being 
male. Also, antisocial behaviour is lower when the child is Hispanic.

In Table 4.5 below, a comparison of standard errors is made when the complete data set is used, 
as well as when listwise and pairwise deletion is used:

Table 4.5: Table comparing the standard errors obtained from (a) the complete data set, (b) listwise deletion 
and (c) pairwise deletion.

Standard Errors
Variable Complete Data Listwise Deletion Pairwise Deletion

SELF 0.01863 0.03135 0.02198
POV 0.13896 0.23739 0.16334

b l a c k 0.14114 0.24918 0.16454
HISPANIC 0.15335 0.25537 0.17613

CHILDAGE 0.10049 0.17072 0.11593
DIVORCE 0.14395 0.24499 0.16659
GENDER 0.11728 0.19844 0.13510

m o m a g e 0.02815 0.04611 0.03242
m o m w o r k 0.12925 0.21751 0.14985

It can be seen from the above that when comparing the standard errors obtained from the complete 
data set to the standard errors obtained from pairwise and listwise deletion, they are much smaller. For



CHAPTER 4. DATA ANALYSIS AND RESULTS 41
example for the variable SELF, the complete data set has a standard error of 0.01863, listwise dele­
tion produces a standard error of 0.03135 and pairwise deletion produces a standard error of 0.02198. 
Hence, making use of these methods is not ideal as they result in very large standard errors.

Although pairwise deletion does not discard any data, this technique does not satisfy all of the missing 
data criteria proposed by Allison (2001) in Chapter 3. It is thus submitted that this method should not 
be recommended, as it results in a loss of degrees of freedom as well as statistical power as standard 
deviations, correlations and covariances are calculated based on the available data for each variable. 
According to Peng et al. (2006), since the sample size constantly changes for each variable, the pop­
ulation to which the results are generalised becomes unclear. Estimates will also be biased if the data 
is not MCAR.

4.3 Mean Imputation
The next method that will be illustrated is mean imputation. In this case, the mean will be used to 
replace all missing values occurring for some of the variables with the mean of all the known values 
for that variable (Peng et al. (2006)). The means for each of the variables using the complete data set 
(no missing values), as well as the means for the data set containing missing values are given in Table 
4.6 below:

Table 4.6: Table displaying the means for each variable for (a) the complete data set and (b) the missing data 
set.

Variable Mean (Complete Data) Mean (Missing Data)
ANTI 1.56799 1.56799
SELF 20.07057 20.05081
POV 0.33563 0.34803

BLACK 0.36317 0.35897
HISPANIC 0.24441 0.24359
CHILDAGE 8.94363 8.94363
DIVORCE 0.2358 0.2358
GENDER 0.5043 0.5043
MOMAGE 20.65577 20.65577

MOMWORK 0.33563 0.33535

Note that the variables highlighted in bold are the variables that have missing values and hence have 
different means to the complete data set.
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Mean imputation will replace the variables that have missing values with the means in Table 4.6. 
That is, for every missing value occurring on the variable SELF, the mean of 20.05081 will be used to 
replace these values. The mean of 0.34803 will be used to replace each missing value that occurs for 
the variable POV. Similarly, the means of 0.35897 and 0.24359 will replace the missing values for the 
variables BLACK and HISPANIC respectively. Lastly, the mean of 0.33535 will be used to replace 
missing values on the variable MOMWORK. Subsequent analyses will then treat these imputed values 
as if they are real data.

As already mentioned, although using mean imputation preserves the data, this method is not a satis­
factory solution to the missing data problem. This is because using the mean to replace missing values 
not only produces biased estimates under any type of missingness, but it also reduces the variance on 
the variable in question as well as negatively affects correlations (Peng et al. (2006)).

Table 4.7 below shows how the variance reduces for the variables SELF, POV, BLACK, HISPANIC 
and MOMWORK when mean imputation is used:

Table 4.7: Table displaying the variance when (a) the complete data set was used and (b) mean imputation was
used.

Variable Variance (Complete Data) Variance (Mean Imputation)
SELF 10.18639 7.2498
POV 0.22337 0.16861

BLACK 0.23168 0.18568
HISPANIC 0.18499 0.14867

MOMWORK 0.22337 0.19023

It is clear from the above table that the variance significantly reduces when mean imputation is used. 
For example, the variance for SELF using the complete data set is 10.18639 compared to a variance 
of 7.2498 when mean imputation is used. The following box plot further illustrates the above example 
for the variable SELF:
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Figure 4.3: Box plot displaying how the variance reduces for the variable SELF when mean imputation is used.

From the above box plot it is clear that when mean imputation is applied to the missing data set the 
variability in the data set reduces. That is, the complete data set shows a wider interquartile range than 
the imputed data set.

Although mean imputation is not recommended, the technique will still be performed for illustra­
tion purposes only. The code that was used may be found in Appendix A.4. Once the mean has 
replaced the missing values, a linear regression model can be fit to the now complete data set. In this 
case, ANTI is used as the dependent variable and the rest of the variables are used as predictors. The 
regression equation is given below:

y =  f t  +  f t  (SELF) +  f t  (POV) +  A  (BLACK) +  &  (HISPANIC) +  &  (CHILDAGE) +  &  (DIVORCE)

+ft(G EN D ER) +  f t  (MOMAGE) +  f t  (MOMW ORK) (4.1)
where y represents the variable ANTI. The results from the regression analysis are given in Table 4.8 
below:
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Table 4.8: Table displaying regression results for the variable ANTI using mean imputation.

Variable DF Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 2.6846 1.23666 2.17 0.0304

SELF 1 -0.07056 0.02198 -3.21 0.0014
POV 1 0.66452 0.15602 4.26 <.0001

BLACK 1 0.1568 0.15512 1.01 0.3125
HISPANIC 1 -0.31045 0.16927 -1.83 0.0672

CHILDAGE 1 -0.00202 0.1005 -0.02 0.984
DIVORCE 1 -0.06319 0.14238 -0.44 0.6573
GENDER 1 -0.56297 0.1172 -4.8 <.0001
MOMAGE 1 0.01533 0.028 0.55 0.5842

MOMWORK 1 0.25741 0.13794 1.87 0.0625

From the above table it is clear that only the variables SELF, POV and GENDER are significant at 
the 0.05 level and are highlighted in bold above. Hence, a conclusion can be drawn that high levels 
of antisocial behaviour can be linked to lower levels of self-esteem, experiencing poverty as well as 
being male.

4.4 Mode Imputation
The next method that will be illustrated using the NLSY data set is mode imputation. Table 4.9 below 
shows the values that occur most frequently in the missing data set for each variable. The modes will 
be used to replace the missing values that occur for the variables SELF, POV, BLACK, HISPANIC as 
well as MOMWORK. That is, the value 24 will be used to replace all missing values that occur on the 
variable SELF and 0 will replace all missing values for the variables POV, BLACK, HISPANIC and 
MOMWORK.

Table 4.9: Table displaying the mode for each variable in the missing data set.
Variable Mode
ANTI 0
SELF 24
POV 0

BLACK 0
HISPANIC 0
CHILDAGE 8.25
DIVORCE 0
GENDER 1

MOMAGE 20
MOMW ORK 0
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Note that the variables highlighted in bold are the variables that have missing values.

Mode imputation is usually used in cases where the data is categorical (Munguia & Armando (2014)). 
This technique not only reduces the variance in a data set but also produces results that contain weak 
covariance and correlation estimates. Table 4.10 below compares the variance on the complete data 
set to the variance when mode imputation was used:

Table 4.10: Table displaying the variance when (a) the complete data set was used and (b) mode imputation 
was used.

Variable Variance (Complete Data) Variance (Mode Imputation)
SELF 10.18639 10.21573
POV 0.22337 0.19185

BLACK 0.23168 0.20590
HISPANIC 0.18499 0.15799

MOMWORK 0.22337 0.20443

It is clear from the table above, that in most cases the variance reduces when mode imputation is used. 
Furthermore, mode imputation changes the distribution of the data. The bar graph below illustrates 
this by comparing the proportion of people in poverty for the complete data set to the proportion of 
people in poverty once mode imputation has been used to replace all missing values for the variable 
POV:

Proportions for the variable POV
80.00%
70.00%
60.00%
50.00%

5$ 40.00%
30.00%
20. 00%

10.00%

0.00%
1 0  1 0  

Complete Data Mode Imputation

Figure 4.4: Bar graph displaying how mode imputation alters the distribution of the data.

Although mode imputation is not advised, for illustration purposes only, using the now complete data
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set (as all missing values have been replaced by the mode), a linear regression will be estimated using 
ANTI as the dependent variable and the rest of the variables as predictors. The code that was used 
may be found in Appendix A.5. The results are given in Table 4.11 below:

Table 4.11: Table displaying regression results for the variable ANTI using mode imputation.
Variable DF Parameter Estimate Standard Error t Value Pr >l tl
Intercept 1 3.22030 1.18263 2.72 0.0067

SELF 1 -0.10828 0.01818 -5.96 <.0001
POV 1 0.68643 0.14060 4.88 <.0001

BLACK 1 0.13099 0.13542 0.97 0.3338
HISPANIC 1 -0.30550 0.15217 -2.01 0.0452
CHILDAGE 1 0.01224 0.09777 0.13 0.9004
DIVORCE 1 -0.10130 0.13784 -0.73 0.4627
GENDER 1 -0.57090 0.11404 -5.01 <.0001
MOMAGE 1 0.02988 0.02732 1.09 0.2745

MOMWORK 1 0.20140 0.12926 1.56 0.1198

From the above table it is clear that the variables SELF, POV, HISPANIC and GENDER have p-values 
below 0.05 and are given in bold above. Once again, a similar conclusion can be made - that high levels 
of antisocial behaviour are associated with lower levels of self-esteem, experiencing poverty as well as 
being male. Antisocial behaviour is also linked to race, where a child who is HISPANIC has a lower 
level of antisocial behaviour.

4.5 Median Imputation
Median imputation is the next technique that will be discussed. In this case, for each variable, the 
missing data is replaced by the median of all known values of that attribute (Acuna & Rodriguez 
(2004)). Table 4.12 below displays the median for each of the variables in the missing data set:
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Table 4.12: Table displaying the median for each variable in the missing data set.

Variable Median
ANTI 1
SELF 21
POV 0

BLACK 0
HISPANIC 0
CHILDAGE 8.91667
DIVORCE 0
GENDER 1

MOMAGE 21
MOMW ORK 0

Note that the variables highlighted in bold are the variables that have missing values. Each missing 
value occurring on the variable SELF will be replaced by 21 and all missing values occurring on the 
variables POV, BLACK, HISPANIC and MOMWORK will be replaced by 0.

Median imputation is also not recommended as the variance estimates are greatly underestimated since 
residual variance is not taken into account. Further, if a single value is used to replace each missing 
item, this can negatively affect any relationships that may occur between other variables in the data set 
(Baneshi & Talei (2012)). Table 4.13 below shows how the variance reduces when median imputation 
is used:

Table 4.13: Table displaying how the variance reduces when (a) the complete data set was used and (b) median 
imputation was used.

Variable Variance (Complete Data) Variance (Median Imputation)
SELF 10.18639 7.42113
POV 0.22337 0.19185

BLACK 0.23168 0.20590
HISPANIC 0.18499 0.15799

MOMWORK 0.22337 0.20443

The following box plot further illustrates the above for the variable SELF. It is clear that median im­
putation affects the variability in the data as the interquartile range for the complete data set is much 
wider than the interquartile range for the imputed data set.
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Figure 4.5: Box plot displaying how the variance reduces for the variable SELF when median imputation is 
used.

Although median imputation is not advised, for illustration purposes only, a linear regression is esti­
mated using ANTI as the dependent variable and the rest of the variables as predictors. The code that 
was used to perform median imputation may be found in Appendix A.6. The results can be seen in 
Table 4.14 below:
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Table 4.14: Table displaying regression results for the variable ANTI using median imputation.

Variable DF Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 2.94934 1.21477 2.43 0.0155

SELF 1 -0.08733 0.02153 -4.06 <.0001
POV 1 0.72695 0.14261 5.1 <.0001

BLACK 1 0.16916 0.13731 1.23 0.2185
HISPANIC 1 -0.29756 0.15482 -1.92 0.0551

CHILDAGE 1 -0.00166 0.09936 -0.02 0.9867
DIVORCE 1 -0.09036 0.14021 -0.64 0.5195
GENDER 1 -0.55475 0.11581 -4.79 <.0001
MOMAGE 1 0.02273 0.02772 0.82 0.4125

MOMWORK 1 0.20632 0.13133 1.57 0.1167

From the above table, the variables that have p-values below 0.05 (highlighted in bold) include SELF, 
POV, and GENDER. That is, high levels of antisocial behaviour are associated with lower levels of 
self-esteem, experiencing poverty as well as being male.

4.6 Regression Imputation
As described in Chapter 3, regression imputation substitutes missing items with predicted scores re­
suiting from a regression equation (Baraldi & Enders (2010)). In cases where missing values occur 
on a single variable, one can use complete case analysis in order to determine the regression equation. 
Variables with missing values are used as the outcome variables and variables with complete data are 
used as the predictor variables. The resulting regression equation can be used to predict scores as the 
data set is now complete. The code that was used to perform regression imputation for each of the 
variables may be found in Appendix A.7.

The ultimate goal is to use regression imputation to replace all missing values occurring on each 
of the variables and then fit a final regression model on the new complete data set.

4.6.1 SELF
Firstly, regression imputation will be performed on the variable SELF. Simple linear regression can be 
used for imputation using SELF as the dependent variable and the rest of the variables that have com­
plete data as the predictor variables. That is, the predictor variables will be CHILDAGE, DIVORCE, 
GENDER, MOMAGE as well as ANTI. The regression equation is given below:

y =  A) +  A  (CHILDAGE) +  A2 (DIVORCE) +  £3 (GENDER) +  £4 (MOMAGE) +  £5 (ANE/) (4.2)
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where y represents the dependent variable, SELF.

Note that the PROC REG function in SAS was used to fit a model to the data. According to Inc. 
(2008b), the MODEL statement specifies the dependent and independent variables in the regression 
model. The statement OUTEST produces a new data set that includes parameter estimates and other 
model fit statistics. Table 4.15 below displays the results from the regression:

Table 4.15: Table displaying regression results for the variable SELF when regression imputation was used.
Number of observations read 581
Number of observations used 433

Number of observations with missing values 148

Variable DF Parameter Estimate Standard Error t Value Pr >l tl
Intercept 1 13.2791 2.93216 4.53 <.0001

CHILDAGE 1 0.5107 0.25232 2.02 0.0436
DIVORCE 1 -0.72123 0.34408 -2.1 0.0367
GENDER 1 -0.22855 0.30009 -0.76 0.4467

MOMAGE 1 0.14765 0.06856 2.15 0.0318
ANTI 1 -0.29842 0.09897 -3.02 0.0027

From the above table, it is clear that the variables CHILDAGE, DIVORCE, MOMAGE and ANTI are 
significant at the 0.05 level and have been highlighted in bold.

Next, in order to replace the missing values for the variable SELF the following equation can be 
used:

if SELF = . then (4.3)
SELF = INTERCEPT + CHILDAGE * (CHILDAGE_EST) + DIVORCE * (DIVORCE_EST) + 
GENDER * (GENDER_EST) + MOMAGE * (MOMAGE_EST) + ANTI * (ANTI_EST) (4.4)

Note that CHILDAGE_EST, DIVORCE_EST, GENDER_EST, MOMAGE_EST and ANTI_EST all 
refer to the parameter estimates which are given in Table 4.15 above and in turn, each of these are mul­
tiplied by the original variable values (CHILDAGE, DIVORCE, GENDER, MOMAGE and ANTI) in 
order to replace missing values for the variable SELF.

Now that the variable SELF is complete (no longer contains missing values), a similar approach will 
be carried out for the rest of the variables that contain missing values.
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4.6.2 POV
The next two variables, POV and MOMWORK, are categorical variables and hence a different kind of 
regression equation will be fit. According to Agresti (2002), logistic regression yields the best results 
in analyses that contain categorical response data. That is, consider a binary response variable Y as 
well as an explanatory variable X , and let

n  (x) =  P(Y =  1|X =  x) =  1 -  P(Y =  0|X =  x)
The logistic regression model is given by:

, , exp(a +  Ax)n (x) =  -------1 +  exp(a +  A x)
Then, the log odds, also known as the logit, takes on a linear relationship in the form of:

(4.5)

(4.6)

logit [n (x)] =  log - n (x) =  a  +  A x1 -  n (x)
Hence, the logit link function is equal to the linear predictor function (Agresti (2002)).

(4.7)

A logistic regression model is fitted to the data using the PROC LOGISTIC procedure available in 
SAS. POV is used as the dependent variable and the variables with complete data are used as the 
predictor variables. The regression equation is shown below:

log (  ^ =  A0 +  A1 (CH/LDAGE) +  A2 (D/VORCE) +  A3 (GENDER) +  A4(MOMAGE) +  A5 (ANE/)
(4.8)

where Y represents the dependent variable, POV. The results from the logistic regression can be seen 
in Table 4.16 below:

Table 4.16: Table displaying logistic regression results for the variable POV.
Variable DF Estimate Standard Error Wald Chi-Square Pr > ChiSq
Intercept 1 -0.9233 2.1686 0.1813 0.6703

CHILDAGE 1 -0.1491 0.1854 0.6466 0.4213
DIVORCE 1 -1.3293 0.2517 27.893 <.0001
GENDER 1 -0.4355 0.2261 3.7079 0.0542

MOMAGE 1 0.202 0.0532 14.3878 0.0001
ANTI 1 -0.3805 0.0774 24.1707 <.0001

The following three variables are significant at the 0.05 level and are highlighted in bold: DIVORCE,
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m o m a g e  and ANTI.

Next, a new variable called PI_POV was created using Equation 4.6 above, where PI_POV is cal­
culated only for those cases where the variable POV is missing. Equation 4.6 calculates a probability 
and thus, in order to determine whether POV gets a 1 or a 0, the following rule was applied:
If

PI_POV > 0.5 (4.9)
then

POV =  1 (4.10)
else

POV =  0
A snapshot of the results when the above rule is used is given in Table 4.17 below:

(4.11)

Table 4.17: Table displaying a snapshot of the results from regression imputation for the variable POV.
ID ANTI s e l f POV b l a c k H is p a n ic c h il d a g e d iv o r c e g e n d e r m o m a g e m o m w o r k PI_POV
1 1 21 1 0 0 8 0 1 21 0
2 0 20 1 8.41667 0 1 22 1 0.86171
3 5 21 0 8.08333 1 0 18 0
4 2 23 0 0 0 8.25 0 0 24 0
5 1 22 0 0 0 9.33333 0 1 22 0
6 1 20.90782 0 0 0 8.58333 0 0 24 0
7 3 24 0 0 0 9.25 1 1 23
8 4 19 0 8.5 1 0 18 0
9 1 21 1 8.08333 0 0 24 0 0.91199
10 4 9 0 0 0 9.16667 1 0 20
11 3 20 1 8.83333 1 1 23 1
12 3 15 0 0 1 9.16667 1 1 20 0 0.23924
13 3 19.5727 1 0 0 8.58333 0 0 19 0.62079
14 1 20.69763 0 0 0 8.75 0 0 22 1
15 3 21 0 9.83333 0 1 23
16 2 16 1 1 0 9 0 1 20 0 0.64056
17 1 18 1 1 0 8.66667 0 0 19 0.77581
18 0 21.29396 0 9.33333 0 0 22 1
19 3 19 1 1 0 8.16667 0 1 18 0

From the above table the following can be noted: The variable ID creates a unique ID for each obser­
vation. Then, when PI_POV has a probability that is greater than 0.5, the variable POV will equal 1. 
In cases where PI_POV has a probability of less than 0.5, the variable POV will equal 0. For exam­
ple, consider the second observation. The variable PI_POV has a probability of 0.86171 and hence
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POV w ill equal 1. A ll m issing values fo r the variable POV  w ill be filled-in in this w ay and hence this 
variable w ill no longer contain  m issing data.

4.6.3 MOMWORK
The regression im putation analysis on the variable M O M W O R K  is carried  out in the sam e w ay as it 
w as for the variable POV. The logistic regression is given below:

lo g  1 P(Y  =  =  f t  +  A  (C H I L D A G E ) +  f t  ( D I V O R C E ) +  ft (G E N D E R )  +  f t  (M O M A G E ) +  ft ( A N T I )
(4.12)

w here Y  represents the dependent variable, M O M W O R K . The results from  the logistic regression can 
be seen in Table 4.18 below:

Table 4.18: Table displaying logistic regression results for the variable MOMWORK.
Variable D F Estim ate Standard E rror W ald C hi-Square P r > C hiSq
Intercept 1 0.6989 1.94 0.1298 0.7186

c h i l d a g e 1 -0.0101 0.1648 0.0038 0.9509
d i v o r c e 1 0.2933 0.2346 1.5629 0.2112
g e n d e r 1 -0.1506 0.1964 0.588 0.4432

m o m a g e 1 0.0177 0.0457 0.1498 0.6987
ANTI 1 -0.1732 0.0654 7.0054 0.0081

From  the above table the only significant variable at the 0.05 level is A N TI w hich has been highlighted 
in bold.

Next, a new variable called PI_M O M W O R K  was calculated and only used w hen M O M W O R K  was 
m issing. The sam e rules that w ere applied to the variable POV w ere also applied to the variable 
M O M W O R K . T hat is, if

PI_M O M W O R K  >  0.5 (4.13)

then
M O M W O R K  =  1 (4.14)

else
M O M W O R K  =  0 (4.15)

A  snapshot o f the results w hen the above rule is used is given in Table 4.19 below:
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Table 4.19: Table displaying a snapshot of the results from regression imputation for the variable MOMWORK.

id ANTI SELF POV BLACK HISPANIC c h il d a g e d iv o r c e g e n d e r m o m a g e MOMWORK PI_MOMWORK
1 1 21 1 0 0 8 0 1 21 0
2 0 20 1 8.41667 0 1 22 1
3 5 21 0 8.08333 1 0 18 0
4 2 23 0 0 0 8.25 0 0 24 0
5 1 22 0 0 0 9.33333 0 1 22 0
6 1 20.90782 0 0 0 8.58333 0 0 24 0
7 3 24 0 0 0 9.25 1 1 23 1 0.65369
8 4 19 0 8.5 1 0 18 0
9 1 21 1 8.08333 0 0 24 0
10 4 9 0 0 0 9.16667 1 0 20 1 0.63658
11 3 20 1 8.83333 1 1 23 1
12 3 15 0 0 1 9.16667 1 1 20 0
13 3 19.5727 1 0 0 8.58333 0 0 19 1 0.60554
14 1 20.69763 0 0 0 O© C-

J
C/

l 0 0 22 1
15 3 21 0 9.83333 0 1 23 1 0.58324
16 2 16 1 1 0 9 0 1 20 0
17 1 18 1 1 0 8.66667 0 0 19 1 0.6844
18 0 21.29396 0 9.33333 0 0 22 1
19 3 19 1 1 0 8.16667 0 1 18 0

From the above table we note the following: When PI_MOMWORK has a probability that is greater 
than 0.5, the variable MOMWORK will equal 1. Similarly, when PI_MOMWORK has a probability 
of less than 0.5, MOMWORK will equal 0. Continuing in this way, the variable MOMWORK will no 
longer contain missing values and will hence be complete.

4.6.4 RACE
Recall that BLACK and HISPANIC are two categories of a three-category variable with the reference 
category being NON-HISPANIC WHITE. Thus, for this example, one variable called RACE will be 
modelled on which will take on the values BLACK (B ), HISPANIC (H) or NON-HISPANIC WHITE 
(W).

In order to proceed with the analysis, multinomial logistic regression will be used. According to 
Chan (2005), multinomial logistic regression is an extension of logistic regression which allows for 
the analysis of categorical dependent variables with more than two outcomes.

Consider a random variable Y that may take one of several discrete values, which we index 1 ,2 ,...,K. 
In this case, the response variable is RACE and it takes on the values BLACK, HISPANIC or NON-
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HISPAN IC W H ITE. Let

P (Y i =  K) (4.16)

denote the probability  that the i th  response falls in the K th  category o f the variable RACE.

In order to determ ine the m ultinom ial m odel, one can look at K  possible outcom es, w here K  — 1 inde­
pendent binary logistic regression m odels are fit, in  w hich one outcom e is selected to be the “pivot” . 
Then, the rest o f the K  — 1 outcom es can be separately regressed against the “pivot” outcom e.

To illustrate this, suppose outcom e K  (w hich is also the last outcom e) is selected to be the “pivot” . 
Then

In P(Yi=  1) 
P (Y i =  K )

In P (Y i =  2) 
P (Y i =  K )

Ih X i

&Xi

(4.17)

(4.18)

In P (Y i =  K  -  1) 
P (Y i =  K) | K—1Xi (4.19)

Next, taking the exponent o f both sides and solving fo r the probabilities w e get the following:

P(Yi = 1 ) =  P(Y = K ) exp f r X i (4.20)

P(Yi = 2) =  P(Y = K ) exp P 2X (4.21)

P(Y = K  — 1) =  P(Yi = K) exp l K —1X i (4.22)

The K  probabilities m ust sum  to 1. Thus:

P (Y i =  1) +  P (Y i =  2) + ....... +  P (Y i =  K  — 1) +  P (Y i =  K )  =  1 (4.23)

It follow s that:
P (Y i =  K ) 1

1 +  Lfc-11 exp I kXi
(4.24)
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Once we have Equation 4.24 above, it can be used to obtain the rest of the probabilities:

exp frX iP(Yi = 1) =  

P(Yi = 2) =

1 +  L K= / exp IkXi 
exp l 2Xi

1 +  L K= / exp IkXi

(4.25)

(4.26)

P(Yi =  K — 1) =  exp I k —-Xi
1 +  L L  11exp IkXi (4.27)

That is, for the variable RACE, which has 3 categories, P(Y = 1) refers to the probability of being 
BLACK, P(Y = 2) refers to the probability of being HISPANIC and P(Y = 3) refers to the probability 
of being NON-HISPANIC WHITE.

Forward selection was used as an option in the logistic regression model. According to Hand et al. 
(2001), forward selection allows variables to be added one at a time to the model. Every variable is 
tested at each step in order to determine whether or not it will be included in the model.

For this regression imputation example, only the variables that were significant at the 0.10 level were 
chosen for the model. That is, only the variables ANTI and MOMAGE were included. The results 
from the logistic regression can be seen in Table 4.20 below. Note that Intercept_B refers to the inter­
cept for BLACK and Intercept_H refers to the intercept for HISPANIC.

Table 4.20: Table displaying the significant parameter estimates for logistic regression using forward selection.
Variable d f Estimate Standard Error Wald Chi-Square Pr > ChiSq

Intercept_B 1 1.5936 0.8261 3.7217 0.0537
Intercept _H 1 2.6119 0.8318 9.86 0.0017

ANTI 1 0.1121 0.0577 3.7731 0.0521
m o m a g e 1 -0.1144 0.0397 8.3068 0.0039

Next, Equations 4.24 - 4.27 were used to calculate the values for three new variables, namely PI_WHITE, 
PI_BLACK and PI_HISP. These variables will only be calculated when the variable RACE is missing. 
The variable called FILLED_IN_RACE determines which variable has the highest probability and 
hence determines the individual’s race. For example, consider Table 4.21 below:
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Table 4.21: Table displaying a snapshot of the results from regression imputation for the variable RACE.

ID RACE PI_WHITE PI_BLACK PI_HISP FILLED_IN_RACE
1 W
2 0.40039 0.15911 0.4405 H
3 0.19438 0.21378 0.59185 H
4 W

Note that a “.” indicates a missing value and the values highlighted in bold indicate where the highest 
probabilities occur. The aim here is to replace all missing values for the variable RACE. It can be 
seen that the first and fourth individuals have complete data for RACE and are classified as NON­
HISPANIC WHITE. The variables PI_WHITE, PI_BLACK and PI_HISP all have values for the sec­
ond and third individuals who do not have a value for RACE. The FILLED_IN_RACE determines the 
race of an individual based on which variable has the highest probability. That is, based on Table 4.21 
above, for the individual that has a unique ID of 2, the highest probability is 0.4405 and hence this 
individual’s race is HISPANIC. The final table will look similar to Table 4.22 below:

Table 4.22: Table displaying a snapshot of the final results with filled-in values for the variables BLACK and 
HISPANIC.

ID BLACK HISPANIC RACE PI_WHITE PI_BLACK PI_HISP FILLED_IN_RACE
1 0 0 W
2 0 1 H 0.40039 0.15911 0.4405 H
3 0 1 H 0.19438 0.21378 0.59185 H
4 0 0 W

The values highlighted in bold indicate where the variable RACE has been used in order to determine 
whether an individual is BLACK or HISPANIC. Consider again the individual with a unique ID of 2. 
Here, the variable RACE = H and hence the variable HISPANIC will equal 1 and the variable BLACK 
will equal 0.

Now that all the variables, in particular, SELF, POV, MOMWORK and RACE no longer contain 
missing values, a simple linear regression equation can be fit on the now complete data set using 
ANTI as the dependent variable and the rest of the variables as predictors. The results of the linear 
regression can be seen in Table 4.23 below:
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Table 4.23: Table displaying regression results for the variable ANTI on the now complete data set.

Variable DF Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 2.84561 1.36568 2.08 0.0377

SELF 1 -0.07552 0.02413 -3.13 0.0019
POV 1 0.07876 0.13554 0.58 0.5615

BLACK 1 0.36251 0.1701 2.13 0.0336
HISPANIC 1 0.03124 0.15644 0.2 0.8418

CHILDAGE 1 0.02324 0.11152 0.21 0.835
DIVORCE 1 0.18235 0.15408 1.18 0.2372
GENDER 1 -0.52789 0.12925 -4.08 <.0001
MOMAGE 1 -0.00126 0.03112 -0.04 0.9678

MOMW ORK 1 0.36425 0.13894 2.62 0.009

From the above table it is clear that the variables SELF, GENDER and MOMWORK (highlighted in 
bold) are significant at the 0.05 level. That is, high levels of antisocial behaviour are associated with 
low levels of self-esteem, being male as well as if the child’s mother is employed.

As already mentioned in Chapter 3, in order for regression imputation to be effective, correlation 
must exist among the variables in the data set. In the NLSY data set, however, this is not always the 
case. According to Acuna & Rodriguez (2004), if correlation does not exist and there are no relation­
ships between the variables in the data set and the variables with missing values, then the model will 
not estimate these missing values accurately. Further, this single imputation technique does not reflect 
the uncertainty in the missing data estimates and hence the estimates will be biased if a random error 
term has not been incorporated into the model.

Importantly, not one of the techniques described thus far have satisfied all of the criteria listed by 
Allison (2001) in Chapter 3 for evaluating missing data methods. Although some of the techniques 
do not discard any data, they produce either biased or inaccurate estimates that have large standard 
errors. These methods should hence be avoided in practice.

4.7 KNNI
According to Inc. (2008a), when a data set consists of quantitative variables, as well as a variable that 
classifies groups of observations, the DISCRIM function in SAS can be used to derive a discriminant 
criterion. This discriminant criterion is used to classify each observation into specific groups and can 
then be used on a second data set during the same iteration of the DISCRIM procedure. The discrimi­
nant criterion is calculated on the training or calibration data set.
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In order to estimate the group-specific densities, one has a choice of using either parametric or non­
parametric methods. Parametric methods assume that the distribution within each group is multivariate 
normal, whereas nonparametric methods either assume that no assumptions can be made about the dis­
tribution or that the distribution is not multivariate normal. Nonparametric methods use kernels as well 
as k-nearest neighbour techniques. In order to estimate density, the DISCRIM procedure makes use of 
a number of kernels, in particular the uniform, normal, Epanechnikov, biweight or triweight kernels 
(Inc. (2008a)).

In order to determine proximity, one has the choice of using either Mahalanobis or Euclidean dis­
tance. Mathematically speaking, according to Farber & Kadmon (2002), the Mahalanobis distance 
between a vector x and a set S of vectors can be defined as follows:

D2 = (x -  m )T C-1 (x -  m) (4.28)

where m is the mean vector and C is the covariance matrix of S. In order to denote the transpose the 
superscript “T” is used. When C = I, the Euclidean distance is obtained:

D = — m) (4.29)
If Mahalanobis distance is the chosen metric, either the full covariance matrix or the diagonal matrix 
of variances can be used to calculate the distance. When the k-nearest neighbour technique is used, in 
order to calculate the Mahalanobis distance, the pooled covariance matrix should be used. However, 
when the kernel method is used, one has a choice of using either the pooled covariance matrix or the 
individual within-group covariance matrices (Inc. (2008a)). For this analysis, the KNNI technique 
will only be performed on the variables that contain missing values.

4.7.1 SELF
For the first variable SELF, the data set is split into two parts - a data set for the missing values as well 
as a complete data set where there are no missing values. For example, when the variable SELF is 
missing, the data set “nlsy_miss_DM” is outputted and when the variable SELF is complete, the data 
set “nlsy_miss_DC” is outputted. The code used to perform KNNI may be found in Appendix A.8.

According to Inc. (2008a), the function TESTOUT in the DISCRIM procedure creates a new out­
put data set. This new data set includes data from the input data set as well as information about 
which class each of the observations were grouped into. The METHOD statement specifies either
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param etric or nonparam etric m ethods - in this case nonparam etric m ethods w ere used. Further, k  
specifies the num ber o f k-nearest neighbours. A ccording to A cuna & R odriguez (2004), if  the data set 
is small, choosing a k  that is sm aller than 10 w ill be satisfactory. H ence, for this dissertation, k  =  5 
w as used. The CLA SS statem ent specifies the num ber o f classes in the classification variable and the 
VAR statem ent lists all the quantitative variables that are to be included in the study (Inc. (2008a)). 
Further, the TH R ESH O LD  statem ent determ ines the m inim um  threshold  that w ill be used in order to 
classify  the objects and once again the default threshold w as used, that is TH R ESH O LD  = 0. Table 
4.24 below  shows the first 10 rows o f output from  the D ISC R IM  procedure fo r the variable SELF:

Table 4.24: Table displaying the first 10 rows of output from the DISCRIM procedure for the variable SELF.
ID SELF 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 _INTO_
6 0 0 0 0 0 0 0 0 0 0.32191 0 0 0 0.20864 0 0.46945 24
13 0 0 0 0 0 0 0 0 0.31535 0 0.22075 0.1666 0.13379 0.16352 0 0 17
14 0 0 0 0 0.61348 0 0 0 0.10955 0 0 0.05788 0 0 0.2191 0 13
18 0 0 0 0 0 0 0.44742 0 0 0 0.17897 0 0.10847 0.26514 0 0 15
21 0 0 0 0 0 0 0 0 0.32297 0.25837 0 0 0 0.16746 0 0.2512 17
24 0 0 0 0 0 0 0 0 0.3123 0 0 0 0.13249 0 0.3123 0.2429 .
31 0 0 0 0.6761 0 0 0 0 0 0.1159 0 0.07654 0 0.07512 0 0.05634 12
33 0 0 0 0 0 0 0 0.44108 0 0.18904 0 0.12483 0 0.24505 0 0 16
34 0 0 0 0 0 0 0 0 0 0 0.72973 0 0 0 0 0.27027 19
50 0 0 0 0 0 0 0 0 0 0 0 0.22776 0.5487 0.22354 0 0 21

N ote that the values h ighlighted in bold illustrate two exam ples (ID ’s 6 and 24) o f how  the _IN TO _ 
field is used to calculate the nearest neighbours.

The _IN T O _ field calculates the final neighbour based on the m axim um  probability  in that row. For 
exam ple, fo r the observation that has a unique ID  o f 6, probabilities are given fo r colum ns 18, 22 and 
24. The h ighest probability  is 0.46945, given in colum n 24 and hence _IN T O _ outputs 24. N ext, for 
the observation w ith a unique ID  of 24, the field _IN T O _ is m issing since the h ighest probability  o f 
0.3123 occurs fo r both neighbours 17 and 23. A ccording to K hattree & N aik  (2000), in the case o f a 
tie, one can allocate x to any o f the tied populations. In  this case, 17 was chosen. N ow  that _IN TO _ 
has values fo r each entry, these values w ill be used to replace the m issing values occurring for the 
variable SELF.

4.7.2 POV and MOMWORK
For the next two variables, POV and M O M W O R K , a sim ilar procedure to the above w as perform ed. 
Table 4.25 below  shows the first 10 rows o f output from  the D ISC R IM  procedure fo r the variable POV:
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Table 4.25: Table displaying the first 10 rows of output from the DISCRIM procedure for the variable POV.
ID POV 0 1 _INTO_
2 0.68104 0.31896 0
9 1 0 0

12 0.26247 0.73753 1
16 0.26247 0.73753 1
17 0.26247 0.73753 1
23 1 0 0
30 0.72745 0.27255 0
37 0.11774 0.88226 1
43 1 0 0
44 0.68104 0.31896 0

Note that the values highlighted in bold illustrate two examples (ID’s 2 and 12) of how the _INTO. 
field is used to calculate the nearest neighbours.

Again, _INTO_ calculates the final neighbour based on the maximum probability in that row. In 
this case POV can either take on values 0 or 1. For the observation that has a unique ID of 2, it is clear 
that the highest probability of 0.68104 is given when POV =  0 and this is why _INTO_ results in a 
0. As another example, consider the observation that has a unique ID of 12. In this case, the highest 
probability of 0.73753 is given when POV =  1 and hence _INTO_ results in a 1. Continuing in this 
way, the variable POV will no longer contain missing values.

In the next table, the first 10 rows of output from the DISCRIM procedure for the variable MOM- 
WORK are given:
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Table 4.26: Table displaying the first 10 rows of output from the DISCRIM procedure for the variable MOM- 

WORK.
ID MOMWORK 0 1 _INTO_
7 0.25171 0.74829 1
10 0.66868 0.33132 0
22 0.4308 0.5692 1
40 0.66868 0.33132 0
57 1 0 0
70 0.66868 0.33132 0
77 0.66868 0.33132 0
83 0 1 1
88 0.4308 0.5692 1
94 1 0 0

Note that the values highlighted in bold illustrate two examples (ID’s 7 and 10) of how the _INTO_ 
field is used to calculate the nearest neighbours.

Similarly, the variable MOMWORK also only takes on values 0 or 1 and hence for the observation that 
has a unique ID of 7, it is clear that the highest probability of 0.74829 is given when MOMWORK =  1 
and this is why _INTO_ results in a 1. The observation with a unique ID of 10 has its highest proba­
bility when MOMWORK = 0 and hence _INTO_ results in a 0. Continuing in this way, the variable 
MOMWORK will no longer contain missing values.

4.7.3 RACE
The last two variables, BLACK and HISPANIC, are grouped into one category called RACE (similar 
to regression imputation above). The following rules apply:
If

RACE = B then BLACK = 1 (4.30)
else

If
BLACK = 0

RACE = H then HISPANIC = 1

(4.31)

(4.32)
else

HISPANIC = 0 (4.33)
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If

RACE = W (4.34)
then

BLACK = 0 and HISPANIC = 0 (4.35)

The DISCRIM function is performed in a similar way as it was for the other variables but in this case 
it is performed on the variable RACE. The results for the first 10 observations are given in Table 4.27 
below:

Table 4.27: Table displaying the first 10 rows of output from the DISCRIM procedure for the variable RACE.
ID RACE B H W _INTO_
3 0.37878 0.2791 0.34212 B
8 0.37878 0.2791 0.34212 B
11 0.37878 0.2791 0.34212 B
15 0.19292 0.28431 0.52276 W
49 0.55794 0.27408 0.16798 B
62 0.37878 0.2791 0.34212 B
74 0.57576 0.42424 0 B
75 0.42466 0 0.57534 W
91 0.34185 0.50377 0.15438 H
105 0.73077 0.26923 0 B

Note that the values highlighted in bold illustrate two examples (ID’s 3 and 15) of how the _INTO. 
field is used to calculate the nearest neighbours.

If the 1st entry with a unique ID of 3 is considered, the highest probability is 0.37878 and hence 
the individual’s race is BLACK. For the fourth entry (unique ID of 15), the highest probability is 
0.52276 and hence the individual’s race is NON-HISPANIC WHITE. Then, using the results obtained 
in the _INTO_ field, the variables BLACK and HISPANIC will no longer contain missing values. That 
is, if _INTO_ results in a B, then RACE will equal B and thus the variables BLACK and HISPANIC 
will equal 1 and 0 respectively. Table 4.28 below provides a summary of what the final results will 
look like:
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Table 4.28: Table displaying the final filled-in results for the variable RACE.

ID RACE BLACK HISPANIC B H W _INTO_
3 BLACK 1 0 0.37878 0.2791 0.34212 B
8 BLACK 1 0 0.37878 0.2791 0.34212 B
11 BLACK 1 0 0.37878 0.2791 0.34212 B
15 NON-HISPANIC WHITE 0 0 0.19292 0.28431 0.52276 W
49 BLACK 1 0 0.55794 0.27408 0.16798 B
62 BLACK 1 0 0.37878 0.2791 0.34212 B
74 BLACK 1 0 0.57576 0.42424 0 B
75 NON-HISPANIC WHITE 0 0 0.42466 0 0.57534 W
91 HISPANIC 0 1 0.34185 0.50377 0.15438 H
105 BLACK 1 0 0.73077 0.26923 0 B

Now that the variables SELF, POV, BLACK, HISPANIC and MOMWORK no longer contain missing 
values, a linear regression can be fit to the complete data set. The results of the linear regression using 
ANTI as the dependent variable are given in Table 4.29 below:

Table 4.29: Table displaying regression results for the variable ANTI on the now complete data set.
Variable DF Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 1.65458 1.22186 1.35 0.1762

SELF 1 -0.02557 0.01661 -1.54 0.1244
POV 1 0.67776 0.13454 5.04 <.0001

BLACK 1 0.17595 0.13875 1.27 0.2053
HISPANIC 1 -0.2175 0.15278 -1.42 0.1551

CHILDAGE 1 -0.01311 0.10043 -0.13 0.8962
DIVORCE 1 -0.12394 0.14587 -0.85 0.3959
GENDER 1 -0.56024 0.11727 -4.78 <.0001
MOMAGE 1 0.02264 0.02821 0.8 0.4226

MOMWORK 1 0.27689 0.12258 2.26 0.0243

From the above, it is clear that the variables highlighted in bold, POV and GENDER, are significant 
at the 0.05 level. That is, high levels of antisocial behaviour are associated with experiencing poverty 
as well as being male. Next, Table 4.30 below compares the standard errors on the complete data set 
to the standard errors when listwise deletion as well as KNNI was used:
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Table 4.30: Table comparing the standard errors obtained from (a) the complete data set, (b) listwise deletion 

and (c) KNNI.
Standard Errors

Variable Complete Data Listwise Deletion KNNI
SELF 0.01863 0.03135 0.01661
POV 0.13896 0.23739 0.13454

BLACK 0.14114 0.24918 0.13875
HISPANIC 0.15335 0.25537 0.15278

CHILDAGE 0.10049 0.17072 0.10043
DIVORCE 0.14395 0.24499 0.14587
GENDER 0.11728 0.19844 0.11727

MOMAGE 0.02815 0.04611 0.02821
MOMWORK 0.12925 0.21751 0.12258

It can be seen from the above table that the standard errors from the KNNI data set are reasonably close 
to the standard errors obtained from using the complete data set. Again, listwise deletion produces 
the largest standard errors out of all three methods. Using the KNNI method when the data set is 
large is not a good idea, as trying to search through each point to find the k-nearest neighbour can be 
extremely time consuming. This method may also not produce accurate results if enough time has not 
been spent on choosing the correct k.

4.8 EM Algorithm
In this section the EM algorithm is applied to the NLSY data set. According to Allison (2001), al­
though the categorical variables in the NLSY data are treated as dummy variables and hence do not 
follow a normal distribution, the EM algorithm will still produce satisfactory results. Schafer & Gra­
ham (2002) state that “when missingness is not controlled by the researcher, it is unlikely that MAR is 
precisely satisfied. In many realistic applications, however, we believe that departures from MAR are 
not large enough to effectively invalidate the results of a MAR-based analysis.” The analysis below 
assumes the data is MAR and multivariate normal.

The EM algorithm was performed using SAS and the code may be found in Appendix A.9. Using 
the EM statement allows the EM algorithm to determine maximum likelihood estimates (MLE) from 
the data set that contains missing values. That is, the EM algorithm calculates the mean and covari­
ance matrix, (u , E) from a multivariate normal distribution (Inc. (2013)). A choice of using the means 
and covariances from either complete cases or available cases can be made and these will then be used 
as the initial estimates for the EM algorithm. PROC MI uses the means and standard deviations from
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available cases as the initial estimates. The initial parameter estimates are given in Table 4.31 below:

Table 4.31: Table displaying initial parameter estimates for EM.
_t y p e _ _n a m e_ ANTI se l f POV b l a c k HISPANIC CHILDAGE DIVORCE GENDER MOMAGE m o m w o r k
MEAN 1.56799 20.05081 0.34803 0.35897 0.24359 8.94363 0.23580 0.50430 20.66577 0.33535
COV ANTI 2.16304
COV se l f 9.73352
COV POV 0.22743
COV b l a c k 0.23061
COV HISPANIC 0.18465
COV CHILDAGE 0.36163
COV DIVORCE 0.18051
COV GENDER 0.25041
COV MOMAGE 4.79164
COV m o m w o r k 0.22334

The NIMPUTE = 0 statement provides the user with the option of calculating EM estimates without 
using multiple imputation. The ITPRINT statement provides a print out of the iteration history (Inc. 
(2013)). In Table 4.32 below, the iteration history is given:

Table 4.32: Table displaying EM (MLE) iteration history.
_Iteration_ -2 Log L s e l f POV b l a c k HISPANIC m o m w o r k

0 2 286.36351 20.05081 0.34803 0.35897 0.24359 0.33535
1 1 970.74783 20.05081 0.34803 0.35897 0.24359 0.33535
2 1 947.33590 20.10496 0.34257 0.35868 0.24281 0.33504
3 1 944.21167 20.13193 0.34004 0.35867 0.24239 0.33505
4 1 943.67347 20.14328 0.33916 0.35877 0.24221 0.33516
5 1 943.56960 20.14790 0.33889 0.35885 0.24214 0.33525
6 1 943.54855 20.14976 0.33881 0.35889 0.24211 0.33530
7 1 943.54418 20.15051 0.33879 0.35891 0.24209 0.33533
8 1 943.54326 20.15081 0.33879 0.35892 0.24209 0.33534
9 1 943.54306 20.15093 0.33879 0.35893 0.24209 0.33535
10 1 943.54302 20.15098 0.33879 0.35893 0.24209 0.33535
11 1 943.54301 20.15099 0.33880 0.35893 0.24208 0.33535
12 1 943.54301 20.15100 0.33880 0.35893 0.24208 0.33535
13 1 943.54301 20.15100 0.33880 0.35893 0.24208 0.33535

The CONVERGE statement determines the convergence criteria and this value will always be between 
0 and 1. In this dissertation, the default was used which is CONVERGE = 1E-4. Using a SEED option 
will allow the user to duplicate results under identical situations. Again, the default value was used
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w here an initial seed is generated using the tim e o f day from  the com puter’s clock.

A ccording to Inc. (2013), the O U TEM  statem ent creates an output SAS data set containing the pa­
ram eter estim ates from  the EM  algorithm . The data set that is produced is a _T Y P E _ = COV data 
set w hich contains the estim ated covariances. O bservations w ith  a _T Y PE _ = M EA N  data set w ill 
contain  the estim ated m ean. The results can be seen in Table 4.33 below:

Table 4.33: Table displaying EM (MLE) parameter estimates.
obs _ty pe_ _nam e_ ANTI self POV black HISPANIC CHILDAGE DIVORCE GENDER MOMAGE m o m w o r k

1 MEAN 1.56799 20.151 0.3388 0.35893 0.24208 8.94363 0.2358 0.5043 20.6558 0.33535
2 COV ANTI 2.15932 -0.6485 0.15598 0.08251 -0.0478 0.01394 0.01925 -0.12637 -0.0971 0.07442
3 COV self -0.64846 9.7155 -0.11809 -0.09561 -0.12983 0.13871 -0.14585 -0.03042 0.6191 0.00795
4 COV POV 0.15598 -0.1181 0.22408 0.06163 -0.00091 0.02293 0.05243 0.00726 -0.2043 0.05322
5 COV black 0.08251 -0.0956 0.06163 0.2301 -0.08719 0.005 0.00385 0.00837 -0.1348 -0.01675
6 COV HISPANIC -0.0478 -0.1298 -0.00091 -0.08719 0.18401 -0.01201 0.00741 -0.01486 -0.0059 0.01687
7 COV CHILDAGE 0.01394 0.1387 0.02293 0.005 -0.01201 0.36101 0.00354 -0.0222 -0.3071 -0.00087
8 COV DIVORCE 0.01925 -0.1458 0.05243 0.00385 0.00741 0.00354 0.1802 -0.00015 -0.0582 -0.00966
9 COV GENDER -0.12637 -0.0304 0.00726 0.00837 -0.01486 -0.0222 -0.00015 0.24998 0.0325 0.00397
10 COV MOMAGE -0.09708 0.6191 -0.2043 -0.13477 -0.00589 -0.30713 -0.05824 0.03246 4.7834 -0.01082
11 COV m o m w o r k 0.07442 0.0079 0.05322 -0.01675 0.01687 -0.00087 -0.00966 0.00397 -0.0108 0.22324

O ften, it can be difficult to in terpret covariances but one w ay to solve this issue is to convert the covari­
ance m atrix  into a correlation  m atrix. A ccording to A llison (2001), an attractive property  o f m axim um  
likelihood estim ates is that any function o f those estim ates w ill also be a m axim um  likelihood estim ate 
o f the corresponding function in the population. That is, if  s i is the M L E  o f the standard deviation o f 
xi  and s i j  is the M L E  o f the covariance betw een xi  and x j , then

r  = Sij
( s is j )

(4.36)

is the m axim um  likelihood estim ate o f their correlation. Table 4 .34 shows the m axim um  likelihood 
estim ates o f the correlations:
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Table 4.34: Table displaying EM estimates of the correlation matrix.

ANTI SELF POV b l a c k HISPANIC CHILDAGE DIVORCE GENDER MOMAGE m o m w o r k
ANTI 1 -0.14158 0.22423 0.11705 -0.07583 0.01579 0.03086 -0.17200 -0.03021 0.10719
SELF -0.14158 1 -0.08004 -0.06395 -0.09710 0.07407 -0.11023 -0.01952 0.09081 0.00540
POV 0.22423 -0.08004 1 0.27140 -0.00448 0.08062 0.26090 0.03067 -0.19733 0.23795

b l a c k 0.11705 -0.06395 0.27140 1 -0.42373 0.01734 0.01889 0.03489 -0.12846 -0.07392
HISPANIC -0.07583 -0.09710 -0.00448 -0.42373 1 -0.04659 0.04071 -0.06928 -0.00628 0.08322

CHILDAGE 0.01579 0.07407 0.08062 0.01734 -0.04659 1 0.01387 -0.07391 -0.23372 -0.00305
DIVORCE 0.03086 -0.11023 0.26090 0.01889 0.04071 0.01387 1 -0.00073 -0.06274 0.04814
GENDER -0.17200 -0.01952 0.03067 0.03489 -0.06928 -0.07391 -0.00073 1 0.02969 -0.01681
MOMAGE -0.03021 0.09081 -0.19733 -0.12846 -0.00628 -0.23372 -0.06274 0.02969 1 -0.01047

m o m w o r k 0.10719 0.00540 0.23795 -0.07392 0.08322 -0.00305 -0.04814 0.01681 -0.01047 1

Next, in order to estimate the regression of ANTI on other variables, the EM estimates from the above 
table can be used. Usually, regression programs allow the user to either use the covariance or correla­
tion matrix as inputs. Table 4.35 below shows the results when the EM estimates are used as inputs:

Table 4.35: Table displaying regression results for the variable ANTI using the EM estimates as inputs.
Variable DF Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 2.59110 0.28964 8.95 <.0001

SELF 1 -0.06718 0.00454 -14.79 <.0001
POV 1 0.64626 0.03357 19.25 <.0001

b l a c k 1 0.08501 0.03395 2.50 0.0123
HISPANIC 1 -0.32439 0.03636 -8.92 <.0001

CHILDAGE 1 -0.00386 0.02391 -0.16 0.8716
DIVORCE 1 -0.10598 0.03422 -3.10 0.0020
GENDER 1 -0.56116 0.02783 -20.16 <.0001

MOMAGE 1 0.02076 0.00668 3.11 0.0019
m o m w o r k 1 0.21896 0.03074 7.12 <.0001

From the table above, the parameter estimates are the true maximum likelihood estimates of the re­
gression coefficients, however, the p-values are not accurate. One of the issues with this two-step 
approach is that it has difficulty obtaining accurate standard errors. Traditional regression software 
programs fail to produce accurate standard errors and as such the EM algorithm requires one to spec­
ify a sample size. In fact, the EM algorithm experiences similar issues as pairwise deletion. According 
to Allison (2012), the output data set resulting from the PROC MI statement can be modified in such 
a way in order to stipulate a sample size. However, deciding on this sample size may be tricky as one 
cannot choose the original sample size of 581 as then the sample would no longer contain missing
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values. Also, this would yield significantly small standard errors and p-values. Since there is no sam­
ple size that will yield accurate standard errors for all coefficients, Allison (2012) suggests using the 
bootstrapping technique which can be summarised into the following four steps:

1. Draw several samples of size N (with replacement) from the original sample.
2. Determine the EM estimates of the mean vector and covariance matrix for every sample.
3. Use the covariance matrix in order to estimate the regression model.
4. Determine the standard deviation of every regression coefficient across each of the samples. 

The results from the bootstrapping method can be seen in Table 4.36 below:

Table 4.36: Table displaying ML coefficients using bootstrapping to obtain standard errors.
Variable Coefficient Standard Error z Pr >l tl
SELF -0.06718 0.02293 -2.92979 0.00339
POV 0.64626 0.16813 3.84381 0.00012

b l a c k 0.08501 0.16092 0.52827 0.59731
HISPANIC -0.32439 0.16559 -1.959 0.05011

CHILDAGE -0.00386 0.09715 -0.03973 0.96831
DIVORCE -0.10598 0.15294 -0.69295 0.48834
GENDER -0.56116 0.11667 -4.80981 <.0001
MOMAGE 0.02076 0.02724 0.76211 0.44599

m o m w o r k 0.21896 0.14659 1.49369 0.13526

It can be seen from the above table that the coefficients are the same as the ML estimates in Table 
4.35. Further, in order to calculate the z-statistics in Table 4.36 above, the coefficients should be di­
vided by its standard error. The variables that are significant at the 0.05 level and are highlighted 
in bold above include SELF, POV and GENDER. Hence, a conclusion can be made that antisocial 
behaviour is linked to low levels of self-esteem, being in poverty as well as being male.

Next, Table 4.37 shows the standard errors obtained from the complete data set, listwise deletion, 
as well as the EM algorithm.
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Table 4.37: Table displaying the standard errors obtained from (a) the complete data set, (b) listwise deletion 

and (c) the EM algorithm.
Standard Errors

Variable Complete Data Listwise Deletion EM Algorithm
SELF 0.01863 0.03135 0.02293
POV 0.13896 0.23739 0.16813

b l a c k 0.14114 0.24918 0.16092
HISPANIC 0.15335 0.25537 0.16559

CHILDAGE 0.10049 0.17072 0.09715
DIVORCE 0.14395 0.24499 0.15294
GENDER 0.11728 0.19844 0.11667
MOMAGE 0.02815 0.04611 0.02724

m o m w o r k 0.12925 0.21751 0.14659

It can be seen from the above table that the standard errors obtained from the EM algorithm (us­
ing bootstrapping) are reasonably close to the standard errors obtained from using the complete data 
set. Again, listwise deletion produces the largest standard errors out of all three methods. Since the 
EM algorithm has difficulty calculating accurate standard errors, alternative methods such as direct 
maximum likelihood or multiple imputation should be used.

4.9 Multiple Imputation
The next method, multiple imputation, is one of the most popular methods used to handle missing val­
ues. Multiple imputation in SAS requires three steps (imputation, analysis and pooling) and these three 
steps can all be performed in one single software package. This is much preferred over a standalone 
imputation package, as repeatedly moving the data sets between packages can become a monotonous 
and time consuming task (Allison (2001)).

In the imputation step, the statement PROC MI is used in order to trigger the MI procedure. Here, the 
user will decide on the imputation model that will be used as well as the number of imputed data sets 
that will be created. The NIMPUTE statement stipulates the number of imputations that will be carried 
out. Based on the relative efficiency results in Table 3.2,15 imputations will be used. The OUT= state­
ment outputs the imputed data sets and then stacks them together in a data set called “mi_miss_out”. 
A variable called _IMPUTATION_ is created automatically and is used to number each imputed data 
set - in this case the data sets will be numbered from 1-15. The VAR statement provides a list of all 
the specific variables that will be analysed in the imputation procedure (Allison (2001)). An option 
to use a SEED is not compulsory, however, because multiple imputation yields different results each 
time, using this option will allow the user to obtain the same results each time the MI procedure is run.
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Next, the MI procedure organises the data into groups. These groups are created based on whether the 
analysis variables contain complete or incomplete data. The “missing data patterns” table is one of 
the outputs from running the PROC MI statement. This table provides distinct missing data patterns 
together with their corresponding frequencies and percentages (Inc. (2013)). The value “X” represents 
an observed variable and a “.” indicates that the variable is incomplete. This table also displays the 
group specific variable means. Table 4.38 below shows a snapshot of the output when PROC MI is 
run. Here, only the missing data patterns are displayed and not the group means.

Table 4.38: Table displaying distinct missing data patterns from the PROC MI statement.
Group ANTI SELF POV b l a c k HISPANIC CHILDAGE DIVORCE GENDER MOM AGE m o m w o r k Freq Percent

1 X X X X X X X X X X 225 38.73
2 X X X X X X X X X 41 7.06
3 X X X X X X X X 48 8.26
4 X X X X X X X 8 1.38
5 X X X X X X X X X 77 13.25
6 X X X X X X X X 8 1.38
7 X X X X X X X 22 3.79
8 X X X X X X 4 0.69
9 X X X X X X X X X 71 12.22
10 X X X X X X X X 13 2.24
11 X X X X X X X 22 3.79
12 X X X X X X 3 0.52
13 X X X X X X X X 24 4.13
14 X X X X X X X 9 1.55
15 X X X X X X 6 1.03

Another output from PROC MI is a list of all 15 imputations. In Table 4.39 below, only the first 2 
rows of each imputation can be seen. The variables highlighted in bold are the variables that contain 
missing values.
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Table 4.39: Table displaying the first two rows of output for each of the 15 imputations.

_IM PUTATION_ ANTI SELF POV BLACK HISPANIC CHILDAGE DIVORCE GENDER M OM AGE MOMWORK
1 1 21 1 0 0 8 0 1 21 0
1 0 20 0.24084 0.29614 0.84022 8.41667 0 1 22 1
2 1 21 1 0 0 8 0 1 21 0
2 0 20 0.91592 0.60237 0.95511 8.41667 0 1 22 1
3 1 21 1 0 0 8 0 1 21 0
3 0 20 0.54945 0.36996 0.13863 8.41667 0 1 22 1
4 0 20 0.19947 0.41803 0.34498 8 0 1 22 1
4 5 21 0 0.30704 0.5591 8.41667 1 0 18 0
5 1 21 1 0 0 8 0 1 21 0
5 0 20 0.40577 0.11495 0.47427 8.41667 0 1 22 1
6 1 21 1 0 0 8 0 1 21 0
6 0 20 0.5842 0.50363 0.19556 8.41667 0 1 22 1
7 1 21 1 0 0 8 0 1 21 0
7 0 20 0.48376 0.10324 0.33994 8.41667 0 1 22 1
8 1 21 1 0 0 8 0 1 21 0
8 0 20 0.96724 0.47045 0.29026 8.41667 0 1 22 1
9 1 21 1 0 0 8 0 1 21 0
9 0 20 0.68294 0.61397 0.54849 8.41667 0 1 22 1
10 1 21 1 0 0 8 0 1 21 0
10 0 20 0.75271 0.29465 0.90009 8.41667 0 1 22 1
11 1 21 1 0 0 8 0 1 21 0
11 0 20 0.95188 0.11386 0.72906 8.41667 0 1 22 1
12 1 21 1 0 0 8 0 1 21 0
12 0 20 0.05019 0.26484 0.24604 8.41667 0 1 22 1
13 1 21 1 0 0 8 0 1 21 0
13 0 20 0.62255 0.37334 1.21218 8.41667 0 1 22 1
14 1 21 1 0 0 8 0 1 21 0
14 0 20 1.13663 0.36784 1.01145 8.41667 0 1 22 1
15 1 21 1 0 0 8 0 1 21 0
15 0 20 1.20675 0.10881 0.62583 8.41667 0 1 22 1

Next, in order to determine the desired regression model, the PROC REG statement uses the “mi_miss_out” 
data set (Allison (2001)). According to Inc. (2013), the BY statement provides the user with the option 
of having separate analyses on observations in groups. These groups are determined by the BY vari­
ables and when this statement is used, the sorting of the input data set in order of the BY variables is 
very important. The OUTEST statement stores the parameter estimates resulting from the regression 
model into a new data set called “mi”. The COVOUT statement provides the user with the option of 
incorporating the estimated covariance matrix in the “mi” data set.

Table 4.40 as well as Table 4.41 below show the regression results for the first two imputations only 
and the variables highlighted in bold are significant at the 0.05 level:
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Table 4.40: Table displaying regression results for the variable ANTI for the first imputation.

Number of observations read 581
Number of observations used 581

Variable DF Parameter Estimate Standard Error t Value Pr >1 tl
Intercept 1 2.90681 1.19237 2.44 0.0151

SELF 1 -0.08014 0.01855 -4.32 <.0001
POV 1 0.69942 0.14225 4.92 <.0001

b l a c k 1 0.05626 0.1466 0.38 0.7013
HISPANIC 1 -0.47371 0.14938 -3.17 0.0016
CHILDAGE 1 -0.01802 0.09973 -0.18 0.8566
DIVORCE 1 -0.12064 0.14193 -0.85 0.3957
GENDER 1 -0.56717 0.11563 -4.9 <.0001
MOMAGE 1 0.02705 0.02775 0.97 0.33

m o m w o r k 1 0.17706 0.1302 1.36 0.1744

Table 4.41: Table displaying regression results for the variable ANTI for the second imputation.
Number of observations read 581
Number of observations used 581

Variable DF Parameter Estimate Standard Error t Value Pr >l tl
Intercept 1 2.60452 1.20665 2.16 0.0313

SELF 1 -0.05676 0.01853 -3.06 0.0023
POV 1 0.69424 0.13432 5.17 <.0001

b l a c k 1 0.14875 0.13954 1.07 0.2869
HISPANIC 1 -0.37125 0.154 -2.41 0.0162
CHILDAGE 1 -0.02272 0.0999 -0.23 0.8201
DIVORCE 1 -0.11944 0.14214 -0.84 0.4011
GENDER 1 -0.58718 0.11644 -5.04 <.0001
MOMAGE 1 0.01871 0.02768 0.68 0.4993

m o m w o r k 1 0.18601 0.12359 1.51 0.1329

Note, that there will be parameter estimates for each of the 15 imputations, however, only the results 
from the first two imputations will be shown in this dissertation.

The last step is known as the pooling phase which requires the user to make use of the PROC MI- 
ANALYZE statement. This statement uses the “mi” data set that contains the parameter estimates, as 
well as the covariance matrices for each of the 15 imputed data sets in order to make valid inferences 
(Inc. (2008c)). The variance/covariance matrix is required in order to estimate the standard errors.
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Next, combining the parameter estimates into a single set of statistics will appropriately reflect the 
uncertainty associated with the imputed values (Graham et al. (2007)). The coefficients are calculated 
to be the mean of the individual coefficients that were estimated for each of the 15 regression models. 
Parameter estimates are then averaged, as this results in reducing the variance, which in turn increases 
efficiency and decreases sampling variation. Table 4.42 below displays the final regression estimates 
for ANTI:

Table 4.42: Table displaying regression results for the variable ANTI using multiple imputation.
Variable Parameter Estimate Standard Error t for H0: Parameter=Theta0 Pr >l tl
Intercept 2.6579 1.22754 2.17 0.0304

SELF -0.06695 0.0215 -3.11 0.002
POV 0.63098 0.1625 3.88 0.0001

b l a c k 0.08813 0.15065 0.59 0.5586
HISPANIC -0.35921 0.1673 -2.15 0.0323
CHILDAGE -0.00727 0.1013 -0.07 0.9428
DIVORCE -0.10476 0.14592 -0.72 0.4728
GENDER -0.56757 0.11848 -4.79 <.0001
MOMAGE 0.01974 0.0282 0.7 0.484

m o m w o r k 0.20564 0.13475 1.53 0.1272

It can be seen from the above, that SELF POV, HISPANIC and GENDER are significant at the 0.05 
level and hence a conclusion can be made that antisocial behaviour is linked to low levels of self­
esteem, being in poverty as well as being male. High levels of antisocial behaviour are also linked to 
whether the child is HISPANIC, where HISPANIC lowers the level of antisocial behaviour. Next, in 
order to illustrate the effectiveness of multiple imputation, consider Table 4.43 below which shows a 
comparison of the standard errors produced by the complete data set with no missing values, listwise 
and pairwise deletion, the EM algorithm as well as multiple imputation:
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Table 4.43: Table displaying the standard errors for (a) the complete data set, (b) listwise deletion, (c) pairwise 

deletion, (d) EM algorithm and (e) multiple imputation.
Variable Com plete Data L istw ise D eletion Pairwise D eletion EM  Algorithm M ultiple Imputation

SELF 0.01863 0.03135 0.02198 0.0224 0.02150
POV 0.13896 0.23739 0 .16334 0.16621 0.16250

b l a c k 0.14114 0.24918 0 .16454 0.16812 0.15065
HISPANIC 0.15335 0.25537 0.17613 0.16313 0.16730

CHILDAGE 0.10049 0.17072 0.11593 0.10336 0.10130
DIVORCE 0.14395 0.24499 0.16659 0.15028 0.14592
G ENDER 0.11728 0.19844 0 .13510 0.11491 0.11848

M OM AGE 0.02815 0.04611 0 .03242 0.02801 0.02820
m o m w o r k 0.12925 0.21751 0.14985 0.14578 0.13475

It is clear that the standard errors produced by multiple imputation are very similar to those produced 
by the complete data set and much smaller than those produced by the listwise and pairwise deletion 
data sets. It can also be seen that there is a small inflation in the standard errors but this is to be 
expected since multiple imputation is designed to capture any additional uncertainty in the estimates 
(Allison (2001)).

In order to further illustrate how effective multiple imputation is, consider the graphs below where 
each graph shows how some of the missing data methods can affect confidence intervals. It is evident 
that the complete data set (no missing data) produces the shortest confidence intervals. Using the 
listwise deletion technique, however, results in the largest confidence intervals. Multiple imputation 
produces the smallest confidence intervals out of all three methods.
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Figure 4.6: Parameter estimates and confidence intervals using the complete data set, pairwise deletion, listwise 
deletion and multiple imputation for the variable SELF.

Figure 4.7: Parameter estimates and confidence intervals using the complete data set, pairwise deletion, listwise 
deletion and multiple imputation for the variable POV.
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Parameter Estimates and Confidence Intervals for BLACK

Figure 4.8: Parameter estimates and confidence intervals using the complete data set, pairwise deletion, listwise 
deletion and multiple imputation for the variable BLACK.

Parameter Estimates and Confidence Intervals for HISPANIC

Figure 4.9: Parameter estimates and confidence intervals using the complete data set, pairwise deletion, listwise 
deletion and multiple imputation for the variable HISPANIC.
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Parameter Estimates and Confidence Intervals for MOMWORK

Figure 4.10: Parameter estimates and confidence intervals using the complete data set, pairwise deletion, list- 
wise deletion and multiple imputation for the variable MOMWORK.

It is submitted that multiple imputation is much preferred over the conventional methods when treat­
ing missing values for many of the reasons mentioned in Chapter 3. This technique by far stands out 
as single imputation methods have many limitations. According to Graham et al. (2007), multiple 
imputation has the option of allowing plausible values to be used instead of missing values in such a 
way that will allow parameter estimates to be unbiased. Also, allowing the uncertainty of parameter 
estimation to be estimated in a reasonable manner is another big advantage of multiple imputation. 
Further, unlike the EM algorithm, multiple imputation produces standard errors that can be relied 
upon. There are, however, other maximum likelihood techniques such as direct maximum likelihood 
that can be investigated. Thus, it is primarily up to the individual when deciding on using either max­
imum likelihood or multiple imputation in order to handle missing values.



Chapter 5 
Conclusion
Missing data is not a new concept and the ways in which researchers have dealt with this issue have 
continuously evolved over the years. This dissertation sought to examine the reasons that missing data 
seem to appear so frequently in most works and how to combat the potential problems it raises as a 
result.

The most common methods of dealing with missing data were discussed in this dissertation and these 
included deletion methods, such as pairwise and listwise deletion, which attempted to replace missing 
values with substituted data. Listwise deletion will produce biased estimates unless the data is MCAR. 
This method also discards a lot of the data which results in large standard errors, a loss of power in 
hypothesis testing as well as wider confidence intervals. Although pairwise deletion preserves all of 
the data, this technique yields biased parameter estimates. This is because different analyses are based 
on different subsets of the data and hence there is a lack of consistency. Pairwise deletion also has 
difficulty in computing accurate standard errors and correlations as a sample size needs to be specified 
which is not always easy. Further, pairwise deletion is only valid when the data is MCAR and will 
produce biased estimates otherwise.

Single imputation techniques such as mean/mode/median, regression imputation as well as k-nearest 
neighbour were also studied. However, the results from these types of methods were not conclusive 
as they tended to yield biased parameter estimates, biased standard error estimates or both. They also 
showed that they could result in problematic underestimates of standard errors and p-values. This is 
because using a single value to replace missing values does not account for the variation that would 
most probably have been present in the data set had the variables been observed.

However, all was not lost, as this dissertation showed that maximum likelihood and multiple imputa­
tion methods displayed far better results when dealing with missing values. These methods demon­
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strate almost perfect statistical properties and at the same time possess these properties under assump­
tions that were usually weaker than those used in more conventional methods. For example, although 
the standard software used for maximum likelihood and multiple imputation assumes that the data is 
MAR, these techniques still performed well and produced reasonable standard errors even though the 
data was not MAR. Unlike the single imputation techniques, multiple imputation allowed plausible 
values to be used to replace missing values in such a way that resulted in unbiased parameter esti­
mates. Also, the uncertainty of parameter estimation was estimated in a reasonable manner.

Since missing data software is now widely available and because maximum likelihood and multi­
ple imputation can be easily implemented, this dissertation strongly suggests using these modern ap­
proaches to handle missing data and not the traditional/conventional techniques. Maximum likelihood 
and multiple imputation both have their advantages and disadvantages and hence deciding on which 
of these two methods to use depends on the individual’s preference.

Possible future scope may be to test the performance of each model that was fitted to the imputed 
data by making use of training and holdout samples, where the root mean square error may be used 
as a measure to evaluate this performance. Also, instead of only looking at the EM algorithm and 
applying the bootstrapping technique to yield accurate standard errors, an investigation into the direct 
maximum likelihood method can be done.
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Appendix A - SAS code

A.1 Importing the data
/ * I m p o r t i n g  t h e  NLSY m i s s i n g  d a t a  s e t * /  
d a t a  n l s y _ m i s s ;

i n p u t  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
d a t a l i n e s ;

1 21 1 0 0 8 0 1  21 0
0 20 . . . 8.4166666667 0 1 22 1
5 21 0 . . 8.0833333333 1 0 18 0
2 23 0 0 0 8 .25 0 0 24 0
1 22 0 0 0 9.3333333333 0 1 22 0
1 . 0 0 0  8.5833333333 0 0 24 0
3 24 0 0 0 9 .25 1 1 23 .
4 1 9 0 .  . 8 . 5 1 0  18 0
1 21 . . . 8.0833333333 0 0 24 0 
4 9 0 0 0  9.1666666667 1 0 20 .
3 20 1 . . 8.8333333333 1 1 23 1
3 15 . 0 1 9.1666666667 1 1 20 0
3 . . 0 0 8.5833333333 0 0 19 .
1 . 0 0 0 8 . 7 5  0 0  22 1
3 21 0 . . 9.8333333333 0 1 23 .
2 1 6 .  1 0 9 0 1  20 0
1 18 . 1 0 8.6666666667 0 0 19 .
0 . 0 . .  9.3333333333 0 0 22 1
3 19 1 1 0 8.1666666667 0 1 18 0
5 13 0 0 0 8.4166666667 0 0 20 1
4 . 0 0 0  9.3333333333 0 0 23 0 
1 21 1 0 0 8.5833333333 1 0 24 .
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0 20 . . . 8 0 1 24 1 
2 . 0 0 0 9 . 5 0 0  23 0
0 23 0 0 0 9 . 5 0 1  22 1
5 18 0 0 0 8 .75 0 1 22 0
2 22 0 0 0 9.1666666667 0 0 17 1
2 22  0 0 0 10 0 1 21 0
1 18 0 0 1 8 .25 0 0 24 1
0 20 . 0 0 9 .75 0 1 20 1
1 .  . 0 0 8 0 1  25 1
4 24 1 0 0 8.9166666667 1 1 19 0
2 . 0 0 0 9 . 7 5  1 0  18 0
3 . 0 0 0  9.8333333333 0 0 19 0
3 19 0 0 0 8 .4166666667 0 1 21 0
0 20 0 0 1 9 .25 0 1 19 (3
0 19 1 0 8 .1666666667 1 1 22 0
4 21 1 0 0 9 .75 1 0 19 :1
2 21 0 0 0 8 .6666666667 0 1 22 0
0 20 1 0 0 9 1 1 21 .
1 24 0 0 0 9 .4166666667 0 1 18 1
1 22 1 0 0 8 .5833333333 1 1 19 0
2 24 9 .3333333333 0 0 22 0
0 24 0 0 8 .6666666667 0 1 25 1
0 19 0 0 0 9 .25 0 0 22 (0
1 24 0 0 0 8 .5 0 0 24 1
1 24 1 0 8 .5 0 1 23 1
3 19 0 0 9 .9166666667 0 1 22
3 24 1 8 .1666666667 1 0 24 0
1 . 0 , <3.0833333333 :1 0 22 0
0 21 1 0 8 .0833333333 1 1 23 0
1 . o :L 0 :10 0 0 19 .
2 24 1 0 0 9 .6666666667 1 1 16 1
0 21 1 0 8 .8333333333 0 0 23 1
5 20 1 1 0 8 .9166666667 0 0 20 0
0 19 1 0 8 .5833333333 0 1 17 0
2 16 1 1 0 8 .9166666667 0 1 21
5 15 1 0 9 .1666666667 0 0 21 0
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3 20 . . . 8 .25 0 0 24 0 
0 . . 0 0 8.0833333333 0
2 13 . 0 0 8.8333333333 0
3 20 1 . . 8.0833333333 1
0 . . 0 0 8.9166666667 0
1 22 1 1 0 9.6666666667 0
2 24 1 1 0 8.6666666667 0
1 . 0 0 0 9 . 7 5  0 1  22 1
1 . . 0 0 8.5833333333 0 
0 . . . . 8 .75 0 1 21 0
4 19 0 0 0 8.4166666667 0
2 20 1 0 1 9.4166666667 1
0 . 1 0 0  9.4166666667 1 
0 17 0 0 1 9.9166666667 0 
2 . 0 . . 8.8333333333 0 
0 24 0 . . 8 .75 0 1 18 0
0 21 0 . . 9.9166666667 0
0 21 0 0 0 9.0833333333 0
1 23 0 0 0 9.9166666667 0
0 22 0 0 0 8.8333333333 0
2 18 . 1 0 8.9166666667 1
3 15 0 0 0 8 . 5 0 1  17 1
0 . . 0 1 8.8333333333 0 
0 22 . 0 0 8.6666666667 0
4 19 0 0 0 9 .25 0 0 20 .
3 20 1 0 0 9 .25 0 1 21 1
3 . 0 . . 8.9166666667 0
0 24 . 0 0 9.5833333333 1 
0 . 0 . .  9.9166666667 0
4 24 0 0 0 8.1666666667 0 
2 . 1 0 0  8.4166666667 1
1 17 . 0 1 8 .25 0 1 17 0 
4 14 0 . . 8.9166666667 1 
0 21 . 1 0 9 .5  0 1 20 0
2 . 0 .  . 8 .5  0 0 21 0
2 24 0 0 0 8.0833333333 0

1 24 1 
1 23 1 
1 18 0 

0 18 0 
1 23 1 
1 20 0

1 23 .

0 19 0
1 20 .

0 19 1
1 19 0

1 23 0

0 16 .
0 17 1
1 20 . 
1 23 0 
0 20 0

0 22 0 
1 23 0

1 24 0 
1 23 1

0 23 .
0 24 .

1 22 1

0 19 .

0 23 .
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2 .  0 0 0  10 0 1  18 0
2 19 0 0 0 9.9166666667 1 
0 . 0 0 0  8.5833333333 1 
0 21 . 0 0 9 .25 0 1 20 0 
0 . 1 1 0  9.6666666667 1
3 20 0 0 1 8 .25 0 1 20 0
2 20 . . . 9 0 1 24 .
0 . . 0 0 8.9166666667 0
2 21 0 0 0 9.8333333333 0
1 . 0 0 0  8.1666666667 0
1 23 0 . . 9.0833333333 0
0 23 0 0 0 9.1666666667 0
0 . 0 0 0 9 . 7 5  0 0  19 0
0 2 1 . 0 0 8 0 1  21 0 
0 24 1 0 0 8.6666666667 1
0 24 0 0 0 8 .25 0 0 21 .
3 10 1 0 0 8.0833333333 1
0 24 0 0 0 9.0833333333 0
2 21 0 0 0 8.4166666667 0
0 21 0 0 0 9 0 0  24 1
0 . 0 0 0 8 . 2 5  0 1  25 0
3 22 . 0 0 8.9166666667 0
1 . 0 0 0  8.1666666667 0
1 24 0 0 0 9.9166666667 0
0 23 0 . . 8.1666666667 0
1 16 0 0 0 9 . 5 0 1  23 0
1 20 1 . . 9.8333333333 1
1 21 0 . . 9 0 1 20 0 
0 2 2  . 1 0 8 0 0  20 0
4 17 1 1 0 9.0833333333 0
2 22 0 0 1 9.1666666667 1
1 22 0 1 0 10 0 1 19 0
3 19 1 1 0 9.1666666667 0
4 22 1 0 0 9.3333333333 0
1 21 0 0 0 8.4166666667 0
6 20 1 1 0 9.8333333333 0

1 17 1 
1 18 1

0 19 1

0 22 0 
1 23 0 

1 24 0 
1 20 0 
0 24 0

1 20 .

1 24 0
0 19 0
1 20 .

1 23 . 
0 20 0

0 17 0
1 22 1

0 18 0

0 18 1 
0 17 0

0 21 1
0 23 1
1 23 1 
0 16 1
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1 . 0 '0 '0 ;8 .'75 0 0 22 0
1 24 0 0 0 8 .0833333333 0 0 19 1
1 24 0 9 .6666666667 0 1 22 0
2 16 0 0 9 .3333333333 1 0 20 0
0 . 0 '0 j9 1 0 23 .
0 18 0 0 0 8 .6666666667 1 1 17 0
2 . 0 '0 '0 j9 i0 0 24 0
5 18 1 0 0 8 .8333333333 1 0 17 1
1 20 0 0 0 9 .1666666667 0 0 18
0 20 8 .8333333333 0 1 18 0
2 22 0 9 .75 0 1 20 0
1 22 0 0 1 9 .25 1 0 18 0
0 19 0 1 8 .75 1 0 19 0
4 19 1 0 1 9 .8333333333 0 1 17 1
0 . 0 1 ;8.13333333333 01 L̂ 22 0
5 22 1 0 1 9 0 0 20 1
3 19 0 0 1 9 .75 0 0 18 0
1 21 9 .5833333333 0 0 20 0
2 . 0 . . 9.4166666667 0 0 19 .
0 . 0 0 0 10 1 1 16 .
1 14 0 0 0 9.8333333333 0 0 19 0
0 23 0 0 0 8.3333333333 0 0 22 0
1 . 0 . .  8.5833333333 0 1 24 0 
4 20 0 . . 9.5833333333 0 0 20 .
1 21 0 0 0 8 0 1  23 1
1 18 . 1 0 8.1666666667 1 0 24 0 
0 18 . . . 9 .5  1 1 19 0 
0 . 0 . .  8.3333333333 0 0 23 0 
4 24 1 0 0 9 .25 0 1 20 0
0 20 0 0 0 9.8333333333 0 0 22 0 
2 . 1 0 1  9.3333333333 0 1 22 . 
0 . 0 . .  8.8333333333 0 0 24 0 
0 . 1 0 1  9.6666666667 1 1 23 1
1 17 1 0 1 8.4166666667 1 0 24 1 
1 22 0 0 0 9.8333333333 0 0 18 0 
1 . 0 0 0 8 . 7 5  0 0  23 0
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3 23 1 1 0 9 .75 0 0 23 0
0 23 1 1 0 8.0833333333 0
2 21 . . . 8.1666666667 0
1 21 0 0 0 8.1666666667 1
4 22 0 0 0 8.4166666667 0
0 20 . 1 0 9.6666666667 1
0 . 0 1 0  8.1666666667 1
2 24 . . . 8 0 1 24 0 
0 . 0 0 0  8.6666666667 0
1 19 0 0 0 9.9166666667 0
3 21 0 0 0 9 .25 0 1 19 0
1 20 0 . . 8.8333333333 0
1 19 . 0 0 9.5833333333 0
0 . 0 0 0  9.0833333333 0
2 . 0 0 0  8.0833333333 0
4 22 1 0 0 9.9166666667 0
4 22 0 0 0 9.6666666667 0
1 . 0 0 0 9 . 7 5  0 1  22 0
0 21 0 . . 9.1666666667 0
3 19 1 0 0 9.5833333333 0
0 . 0 0 0  9.4166666667 0 
3 . 1 1 0  8.4166666667 0 
0 . 1 0 1  9.5833333333 1 
0 16 1 0 1 8.6666666667 1
2 1 9 . 0 0 9 0 0  21 0 
0 . 0 0 0  8.9166666667 0
4 18 . 0 0 9.3333333333 0 
0 . 0 0 0  8.4166666667 0
0 . . 0 0 9.9166666667 0
3 18 1 1 0 8.5833333333 0
1 18 1 1 0 9 1 0  20 0 
0 .  . 0 0 9 . 5 0 0  19 0
3 17 0 0 0 8 . 5 0 1  22 .
4 17 1 0 0 10 1 1 20 1 
2 . 0 1 0 9 0 0  23 1
4 15 0 1 0 8.4166666667 0

1 17 .
0 19 .
1 19 0 
1 23 1
0 17 0 

0 18 0

1 25 0 
0 22 0

0 22 0
1 17 0 

1 23 .
0 22 0 

0 21 . 
0 20 1

1 21 0 
0 20 1

0 19 0 
0 21 0 
0 21 0

1 22 0

0 22 0
0 23 0

1 20 0 
0 23 1

1 23 0

0 22 1
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6 20 . 0 0 8 . 5 1 0  23 0 
2 21 0 1 0 8.8333333333 1
1 24 0 0 0 9.0833333333 1
0 . . 0 0 9.6666666667 0 
5 22 . . . 8.8333333333 0 
0 . 0 0 0  8.9166666667 0
0 19 0 . . 8.1666666667 0 
0 . 0 1 0  9.3333333333 0
2 17 1 1 0 9 .75 0 0 23 1
3 20 1 1 0 9.9166666667 0
2 24 . 0 0 9.4166666667 0
1 17 . 0 0 9 .75 0 1 23 0
0 . 0 0 0 8 .5  0 1 21 . 
0 . 0 0 0  8.1666666667 1
1 . . . . 9 0 1 21 0 
0 . 1 0 1  9.0833333333 1
3 24 0 . . 9.0833333333 0
3 24 . 1 0 9.9166666667 0
1 17 0 1 0 8.1666666667 0
0 22 0 0 0 8 . 5 0 1  24 0
2 18 0 0 0 9.1666666667 0
3 . 0 0 0  8.0833333333 0
0 23 0 0 0 9.8333333333 0
0 .  0 0 0  8.4166666667 0
1 20 1 . . 9.0833333333 1
1 22 . 0 1 9.3333333333 1
1 24 0 0 0 9.6666666667 0
2 21 . 0 0 8.4166666667 0
0 2 0  . 0 0 8 . 5 0 1  22 1
1 .  . 0 0 8 . 5 0 1  22 1
5 19 1 1 0 9.8333333333 1
4 19 1 0 1 9.1666666667 1
2 20 0 0 1 10 0 0 17 0
2 . 0 0 0  9.5833333333 0 
4 20 . 0 0 8 .25 1 1 21 0 
2 24 0 0 0 9.8333333333 0

0 22 0 
0 19 0 

0 23 1 
0 18 0

0 23 1
0 23 0

1 19 0

1 17 . 
1 19 0

0 23 .

0 18 0 
0 23 1
0 19 1 
0 21 1

0 20 1 
0 21 .

1 22 0 
0 24 .

0 22 . 
0 23 1 
0 19 . 
0 20 .

0 20 0 
0 20 0

0 21 0

0 21 0
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2 21 0 0 0 9.0833333333 0 1 21 0
1 . 0 1 0  8.8333333333 0 0 21 0
3 . 0 0 0  10 0 0  20 0
2 22 0 0 0 8.4166666667 0 1 22 0 
6 14 1 0 0 8 1 1  20 1
0 21 0 0 0 9.1666666667 0 0 23 0 
0 .  . 0 0 8 . 7 5  1 1  20 0
1 21 1 . . 8.3333333333 0 1 19 0
0 21 1 . . 9.6666666667 1 1 17 0
1 18 0 0 0 8 0 1  21 .
0 24 0 0 0 8.1666666667 0 0 19 0 
0 . 0 . .  8.4166666667 0 1 20 1
3 18 0 0 0 9.3333333333 0 1 20 1
2 22 0 0 0 8.5833333333 1 1 23 0
3 20 0 1 0 9 .75 0 1 21 0
0 . . 0 0 8.4166666667 0 1 21 0
0 23 0 0 0 8.8333333333 0 0 24 0
1 18 0 . . 8.0833333333 0 1 22 0
2 22 0 0 0 8.1666666667 0 1 25 1
0 . . 0 0 9.1666666667 0 0 17 . 
0 . 1 0 0 8 0 1  18 0
0 24 0 0 0 9.3333333333 0 1 22 .
3 15 . 0 0 8.4166666667 1 1 20 .
1 24 0 0 0 9 .75 0 0 23 0
3 21 . 0 0 8.9166666667 1 0 23 0
2 . 0 0 0  8.0833333333 0 0 19 0 
0 . . 0 0 8.0833333333 0 1 25 .
0 20 . 0 0 9.6666666667 0 1 22 1
1 15 0 0 1 9 .25 0 0 19 0
4 . 0 0 1  8.0833333333 0 0 20 0
0 21 1 0 0 9 .75 0 1 18 1
1 24 1 0 0 9.8333333333 0 0 20 0
1 22 0 0 0 9 .75 0 1 18 .
0 . 0 0 0 9 . 7 5  0 1  22 1
2 20 0 0 0 9 . 5 0 1  23 1
6 24 1 0 0 8.6666666667 0 0 23 .
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2 23 0 0 0 9 0 0  22 0
4 22 0 0 0 8.1666666667 0 0 20 0 
1 . 0 0 0 9 . 2 5  0 0  20 1
1 20 0 0 0 9.9166666667 0 0 23 0
3 24 . 0 0 10 0 0 20 0
2 16 0 0 0 8 . 5 0 0  17 0 
3 2 4 1 0 0 9 . 5 0 0 1 9 1  
0 . 0 0 0  9.3333333333 0 1 19 .
2 24 0 . . 8 .25 0 1 22 0
3 19 0 1 0 8 0 0  20 0
1 . 0 . .  9.6666666667 0 0 23 0
1 . . .  . 9.0833333333 0 1 24 0 
0 2 1 . 0 0 9 0 1  23 0
0 21 0 0 0 8 0 0  24 .
3 20 0 0 0 8.5833333333 0 1 22 1
2 17 0 1 0 8.1666666667 0 1 17 0
0 14 0 0 0 8.5833333333 0 0 19 0
0 23 . 0 0 8.5833333333 1 1 19 0
1 14 . . . 9.5833333333 1 1 21 0
2 . . 0 0 9 .25 0 1 21 0
2 2 4 . 0 0 9 0 0  18 1
1 13 0 0 1 8.8333333333 0 0 21 0 
1 . . .  . 9.5833333333 0 1 19 0 
1 . . 0 1 8.1666666667 0 1 19 0 
1 16 1 . . 9.9166666667 0 0 19 0
4 12 1 0 1 8 0 0  21 0
0 21 0 . . 8 .75 0 0 23 0
3 12 0 0 1 9 1 1  22 0 
0 . 0 0 1  8.4166666667 0 1 22 1
1 24 0 0  1 8 . 5 0 0  24 0
4 22 . 0 1 8 .25 0 0 19 1
2 14 0 0 1 8.1666666667 0 0 19 1 
0 24 . 0 1 8.8333333333 0 1 19 0 
2 24 . 1 0 8 0 0  20 0
2 22 . 1 0 9.3333333333 0 1 22 1
5 24 1 1 0 10 0 0 18 0
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0 21 0 1 0 8.6666666667 0
2 17 1 1 0 9 .25 0 0 19 0
1 24 1 1 0 9 .25 0 1 23 1
1 20 1 1 0 8 .25 0 1 20 1
1 . 1 . .  9.9166666667 1
3 21 1 1 0 9 0 0  20 1
1 21 0 0 1 9.8333333333 0 
1 22 0 0 1 8 0 1  23 0
1 21 1 . . 9.5833333333 0
2 21 1 1 0 8.0833333333 0
1 18 1 1 0 8.3333333333 0
1 15 1 1 0 9.0833333333 1
1 . 0 .  . 8.5833333333 0 
0 22 . . . 9.3333333333 0 
0 18 0 1 0 8 0 1  18 1
3 19 1 1 0 8.8333333333 1
2 14 . . . 8.6666666667 1
5 15 1 1 0 9.1666666667 0
2 22 1 1 0 9.8333333333 1
0 12 1 1 0 8.8333333333 1
1 . 0 1 0  9.8333333333 1
0 1 9 .  1 0 8 0 0  21 0
3 18 1 1 0 8.1666666667 1
4 18 0 1 0 9 0 1  23 .
1 . . 1 0 9.1666666667 0
0 21 1 1 0 9.3333333333 1
1 16 1 1 0 9.8333333333 0
5 17 0 1 0 9 .25 0 1 23 0
2 22 0 1 0 8.3333333333 0
2 . . 1 0 10 1 0 18 .
2 21 1 1 0 9 .75 0 1 19 0
1 21 . 1 0 8 .25 0 1 22 0
1 18 1 1 0 9.1666666667 1
0 . 0 . .  9.6666666667 0
3 18 1 1 0 8 .75 1 0 19 0 
3 17 1 1 0 9 0 1  17 1

1 19 0

0 17 1

0 21 0

0 19 . 
0 21 0
0 19 0
1 20 1

1 21 1 
0 23 0

0 23 0
1 21 0
0 19 0
1 23 0
0 24 0 

0 22 0

1 21 0

1 20 0 
1 17 . 
1 19 0

0 24 0

0 20 0 
1 18 0
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3 24 1 1 0 8.1666666667 0 1 22 1
3 21 . 1 0 9.6666666667 0 0 22 1
3 20 1 . . 8.5833333333 0 0 22 1
1 . 1 . .  8.0833333333 1 0 19 0
0 20 1 1 0 8.3333333333 0 1 21 1
1 24 . 1 0 9.8333333333 0 0 16 0
2 17 . 1 0 8 .75 0 0 18 0
2 . 0 1 0  8.0833333333 0 0 23 0
2 . . 1 0 9.0833333333 0 0 20 1
1 . 0 1 0  8.5833333333 0 1 18 .
5 20 . 1 0 9.6666666667 0 0 18 .
4 15 1 1 0 8 .75 1 1 22 1
0 23 1 1 0 8 . 5 1 1  23 0
3 14 0 1 0 9.1666666667 0 0 17 .
1 18 1 0 1 8.8333333333 1 1 23 .
2 18 1 1 0 8.9166666667 1 1 22 1
2 . 0 0 1 8 1 0  19 1
0 1 9  . 1 0 9 . 5 0 0  20 0
1 . 1 0 1  9.1666666667 1 1 21 0 
0 12 0 0 1 8 .25 0 1 24 0
0 . . 1 0 9.0833333333 1 1 22 0
2 23 1 1 0 8.3333333333 0 0 18 1
1 21 1 1 0 9.4166666667 0 1 20 1
1 . 1 0 1  8.75 0 1 21 1
1 . 0 1 0  8.6666666667 0 1 23 .
2 17 . . . 9 .75 0 1 20 0
5 . 0 1 0  8.3333333333 0 0 21 0 
2 . . . . 8 .25 0 1 24 0
1 21 0 1 0 8.9166666667 1 0 21 0
0 17 . . . 8.9166666667 1 0 23 .
0 23 . 1 0 8.9166666667 0 1 22 0
2 21 1 . . 9.0833333333 0 0 21 0
0 22 . 1 0 9.1666666667 0 1 19 0
1 . 1 . .  9.9166666667 1 1 17 1
4 18 0 1 0 8 .25 1 0 20 0
1 18 1 1 0 8.6666666667 0 1 19 1
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5 20 1 1 0 9.3333333333 1 
5 23 1 . . 8 1 1 22 1 
4 . 1 1 0 9 . 5 1 0  23 0
4 20 1 . . 8.1666666667 0
0 . 1 1 0 9 . 2 5  0 0  18 0
1 16 1 1 0 8.3333333333 0
5 20 0 1 0 9.0833333333 0
2 22 1 . . 9.3333333333 1
1 . . 1 0 9.1666666667 0 
0 24 0 1 0 9.8333333333 0
3 22 0 1 0 8 .75 0 0 21 .
0 12 0 1 0 8.5833333333 0 
0 . 0 1 0 8 . 2 5  0 0  19 1
2 1 6 .  1 0 9 0 1  18 0
4 24 1 1 0 9 .25 0 0 21 1
0 22 1 1 0 9.4166666667 0 
2 16 0 1 0 8 .25 0 0 18 .
2 23 . 1 0 9.4166666667 1
1 24 0 1 0 8 0 1  20 0
2 22 1 1 0 8.9166666667 0
0 24 1 1 0 8.1666666667 0
0 23 0 . . 8 0 1 21 0
0 . 0 .  . 9 .25 1 1 24 .
3 17 . 1 0 8.5833333333 1
4 22 0 1 0 8.6666666667 0
0 . . 1 0 8.8333333333 0 
4 22 1 . . 9.5833333333 1
0 23 0 1 0 9.5833333333 0
4 20 1 0 1 8.3333333333 1
2 19 0 1 0 10 1 1 22 .
1 19 0 . . 8.0833333333 0
3 20 1 0 1 8.9166666667 0
0 . 0 0 1  8.5833333333 0
0 15 0 0 1 9.4166666667 0
1 22 0 1 0 8 0 1  19 0 
3 . 1 1 0  9.9166666667 0

1 21 1

0 19 1

1 17 . 
0 22 0 
1 22 1

0 20 0 
1 20 1

1 18 0

1 18 0

1 22 0

1 17 0 
1 22 0

0 24 0
1 24 . 

1 19 1
0 19 0 
0 16 0
0 19 1

1 19 0 
0 19 1

1 20 0 
0 22 0

0 17 1
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1 21 1 1 0 8.8333333333 0 
0 21 1 0 1 8.3333333333 0 
0 15 0 0 1 9 . 5 0 0  20 1
2 24 0 1 0 9.3333333333 0
2 20 0 0 1 8 .25 0 0 22 0 
1 . 0 0 1  8.3333333333 0 
5 24 . 1 0 9.5833333333 0
2 21 1 0 1 9.3333333333 1
0 18 1 0 1 8 .75 0 1 19 1
0 19 0 1 0 9.8333333333 0
3 . 1 . .  8.0833333333 0
2 21 . . . 8 .25 1 1 22 1
0 24 1 0 1 9.3333333333 0
0 21 . 0 1 9.1666666667 0
4 15 1 . . 9.9166666667 0
0 .  . 0 1 8 . 7 5  0 0  22 0
3 19 0 0 1 9.9166666667 0
2 23 0 0 1 8.8333333333 0
1 17 1 0 1 8.0833333333 1
0 . 0 0 1  9.0833333333 0 
1 . 0 0 1 8 . 2 5  0 0  24 1
1 18 0 . . 8 .25 0 1 24 1
1 21 . . . 8.0833333333 0
3 12 0 0 1 8.6666666667 0
1 22 . 0 1 8 .25 0 1 19 1
2 19 . . . 8.9166666667 0
0 . . 0 1 9.1666666667 0
0 . . . . 9.9166666667 0
0 . . 0 1 8.5833333333 0
0 . 1 . .  8.5833333333 0
1 19 . 0 1 8.3333333333 0
3 21 0 0 1 9.6666666667 0
3 19 0 0 1 8.3333333333 0
3 17 1 0 1 9.1666666667 0
4 18 1 . . 9.5833333333 0
1 22 0 0 1 10 1 0 22 0

0 18 1 
1 18 1

1 23 1

0 19 0
0 23 1
1 23 1

0 19 0
1 21 1

1 18 1 
1 18 0 
0 20 1

0 20 1 
0 21 1 
1 19 0 

1 22 .

1 20 1 
1 24 0

0 21 1 
1 20 0 
1 19 0 
1 23 0 
1 24 0
0 17 1
1 17 0 
1 18 0 
0 24 1 
0 20 1
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1 19 . . . 8.6666666667 0
3 18 0 1 0 8.5833333333 0
1 17 0 . . 9.5833333333 0
0 21 . . . 8 .25 0 1 21 0
2 20 0 1 0 8.1666666667 1
0 . 0 . .  8.5833333333 0
4 19 0 1 0 8.4166666667 0
2 23 0 1 0 8.6666666667 0
4 . 0 1 0 9 . 7 5  0 0  22 0
2 22 1 . . 8 .75 0 0 18 0
3 24 0 1 0 9.6666666667 0 
1 . 0 1 0  8.5833333333 0
1 15 . 1 0 10 1 1 16 0 
3 13 1 1 0 9 . 5 0 1  17 1
0 22 0 0 1 8.8333333333 1
1 22 0 0 1 8.4166666667 0
2 13 1 1 0 8 0 1  17 0
1 19 1 1 0 9 .25 0 1 19 0 
0 24 . . . 9.0833333333 0 
0 . 1 0 1 9 . 2 5  1 1  20 1 
0 . 0 0 1  8.9166666667 0 
0 . 0 .  . 8 0 0 20 0
2 21 0 0 1 8.5833333333 0 
2 24 . . . 9 1 0 19 0
2 15 0 . . 8.8333333333 0 
2 20 0 0 1 9 . 5 0 0  19 .
0 . . 0 1 10 1 0 19 0 
0 23 0 0 1 8.9166666667 0
0 18 0 0 1 9.4166666667 0
2 17 . 1 0 9 .75 0 1 21 0
2 24 1 . . 9.4166666667 0
0 22 . 1 0 8.9166666667 0
3 24 1 . . 9.4166666667 0
2 20 . 1 0 9.0833333333 0
6 21 1 1 0 9.5833333333 0
0 17 . 1 0 9.3333333333 0

1 19 0 
1 21 0
0 19 0

0 22 0 
1 21 0

1 23 0 
1 19 0

0 21 0 
0 22 0

0 17 1 
0 25 0

1 24 0 

0 23 1 

1 23 0 

1 22 0

1 22 0 
1 16 1

1 18 0 
1 18 0 
0 21 0 
1 19 0 
1 21 0 
1 20 1
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1 11 1 . . 9 .75 0 0 18 0 
4 24 1 . . 8.9166666667 0
1 20 1 0 1 8 .25 0 1 22 .
2 21 1 0 1 8.8333333333 1
0 22 0 0 1 9.6666666667 1 
0 . 0 0 1  8.1666666667 1
1 . 0 0 1  8.0833333333 0
1 22 1 0 1 9 0 0  18 1
1 24 0 1 0 9.1666666667 0
3 24 0 1 0 8.9166666667 0
1 21 0 1 0 8.5833333333 1
0 . . 1 0 9 .75 1 1 21 .
0 14 0 1 0 8 .25 1 0 23 0 
0 22 0 0 1 8.5833333333 0
2 . 0 1 0 9 . 7 5  0 0  20 0
4 22 . 1 0 8.5833333333 0
0 24 . 0 1 8.0833333333 0
1 24 0 0 1 9.9166666667 0
1 23 0 0 1 8.4166666667 0
1 19 1 1 0 8.0833333333 0
1 21 0 . . 8 .5  0 1 22 0
0 . 0 0 1 8 . 5 0 1  22 1
0 21 . . . 8 .75 0 1 17 . 
0 . 0 1 0  10 1 1  18 0
3 19 1 1 0 8.3333333333 1 
6 1 7 . 0 1 9 0 0  21 1
2 22 0 . . 9.4166666667 0
3 18 0 . . 8.6666666667 0
0 . 0 . . 9 .75 0 1 20 0
1 21 0 0 1 9.9166666667 0
2 . 1 0 1 9 . 5 0 0  18 1
1 . 0 0 1 8 . 7 5  0 1  23 .
2 20 . 0 1 8.4166666667 0 
1 . . 0 1 8.6666666667 0
4 20 0 0 1 8.6666666667 0
3 . 0 0 1  9.5833333333 0

0 19 1

0 21 1 
0 20 0 

0 21 0 
0 19 0

1 23 0 
0 21 0 
1 24 0

0 23 0

1 25 0
0 25 0
1 16 1 
0 18 1 
1 21 1

1 18 0

0 21 0 
1 19 1

1 23 0

0 23 0 
1 19 .

1 19 0 
1 23 0
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1 . 0 0 1  8.9166666667 0 0 24 0 
3 20 0 0 1 8.3333333333 1 0 23 0 
1 20 1 1 0 9 .5  0 1 21 .
1 19 1 0 1 10 0 1 16 0 
0 . 0 0 1  9.1666666667 0 0 20 0
1 23 0 8,.9166666667 1 1 23 1
1 21 0 0 1 9,.0833333333 1 0 21 0
2 18 1 9,.25 1 0 17 1
2 16 1 0 1 9 0 0 24 .
3 17 0 1 8 0 1 25 1
1 22 1 0 1 9,.5833333333 0 0 20 1
0 24 0 1 8,.75 0 0 24 i0
1 19 0 1 0 8 0 1 20 0
2 17 0 1 0 8,.8333333333 0 1 23 0
0 23 1 0 9,.5833333333 0 0 20 1
1 16 0 9,.8333333333 0 1 19
1 . 0 :L 0 8 .25 1 1 20 0
1 20 0 1 0 9,.25 1 1 18 i0
3 24 0 1 0 9,.5833333333 0 0 18
0 16 0 1 0 9,. 1666666667 0 1 20 0
0 24 0 8,.25 1 1 18 i0
0 24 0 9,.6666666667 1 1 23 0
1 24 0 1 8,.25 1 0 22
0 23 1 0 8,.3333333333 0 1 22 1
0 22 0 0 0 9,.0833333333 0 0 22 0
1 . 0 .  . 8.0833333333 1 0 24 1 
0 9 0 0 0  8.3333333333 0 0 22 0 
4 24 1 1 0 10 0 0 18 0
1 . 0 .  . 9.4166666667 0 0 17 1
4 18 1 0 0 8.0833333333 0 1 18 .
1 20 . . . 8.4166666667 0 1 20 1
2 24 0 0 0 9.4166666667 1 1 18 0
4 1 4 .  0 0 8 1 0  19 0
2 15 . 0 0 8 .75 1 1 17 1 
0 23 . 0 0 8 .5  0 0 21 0 
4 20 0 0 0 8 0 0  20 1
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2 24 0 0 0 9 0 1  22 0
2 15 1 . . 9 0 1 19 .
3 24 0 0 1 9.0833333333 0 0 24 1 
1 . . 0 1 8.1666666667 1 0 20 .
1 19 1 0 0 9.0833333333 1 1 20 0 
0 . . 0 0 8.3333333333 0 1 21 0 
3 14 0 0 1 9.4166666667 0 0 20 1
3 17 . 0 1 8 .5  0 0 21 1
0 24 1 0 0 9.8333333333 1 0 18 .
1 17 0 0 0 9.1666666667 0 0 21 0
2 17 . 1 0 8 .25 0 0 20 1
2 24 1 1 0 8 .25 0 0 20 .
4 16 0 . . 9.0833333333 0 1 24 1
1 . 0 1 0 8 0 1  25 1
3 . 1 0 1 8 . 7 5  0 0  20 1
0 18 0 0 1 9,.4166666667 0 1 18 1
2 18 1 0 8,.0833333333 1 1 19 0
2 21 0 0 1 8,.5 0 0 21 0
1 21 1 0 9,.6666666667 0 0 20

r u n ;

A.2 Listwise Deletion
/ * -------------------------------------- L i s t w i s e  D e l e t i o n --------------------------------------- * /
d a t a  n l s y _ m i s s ;

s e t  n l s y _ m i s s ;  
r u n ;

/ ♦ F i t t i n g  a  r e g r e s s i o n  m o d e l  w i t h  A N T I a s  t h e  d e p e n d e n t  v a r i a b l e  o n  
t h e  r e s u l t i n g  d a t a  s e t  t h a t  h a s  r e m o v e d  a l l  c a s e s  t h a t  h a v e  

m i s s i n g  v a l u e s  -  t h e  d a t a  s e t  w i l l  n o w  b e  m u c h  s m a l l e r  t h a n  i t  w a s  o r i g i n a l l y * /  
p r o c  r e g  d a t a  = n l s y _ m i s s ;

m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;
r u n ;
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q u i t ;

A.3 Pairwise Deletion
/ * -------------------------------------- P a i r w i s e  D e l e t i o n --------------------------------------- * /
d a t a  n l s y _ m i s s ;

s e t  n l s y _ m i s s ;  
r u n ;

p r o c  c o r r  d a t a  = n l s y _ m i s s  o u t  =  p a i r _ c o r r ;
v a r  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  

r u n ;

/ ♦ F i t t i n g  a  r e g r e s s i o n  m o d e l  w i t h  A N T I a s  t h e  d e p e n d e n t  v a r i a b l e  
u s i n g  t h e  p a i r w i s e  c o r r e l a t i o n  m a t r i x  a s  i n p u t * /  
p r o c  r e g  d a t a  = p a i r _ c o r r ;

m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
r u n ;  
q u i t ;

A.4 Mean Imputation
/ * -------------------------------------- M e a n  I m p u t a t i o n --------------------------------------- * /
d a t a  n l s y _ m i s s ;

s e t  n l s y _ m i s s ;  
r u n ;

/ ^ P e r f o r m i n g  a  p r o c  m e a n s  o n  n l s y _ m i s s  t o  i d e n t i f y  t h e  m e a n  f o r  e a c h  v a r i a b l e * /  
p r o c  m e a n s  d a t a  = n l s y _ m i s s  m e a n ;

v a r  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
o u t p u t  o u t  =  m e a n _ i m p ;  

r u n ;

/ * C r e a t i n g  a  du m m y i n d i c a t o r  c a l l e d  " m e r g i n g "  i n  o r d e r  t o  m e r g e  t h e  m e a n
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o n t o  t h e  d a t a  set* / 

d a t a  n l s y _ m i s s _ 2 ;  
s e t  n l s y _ m i s s ;  
m e r g i n g  = 1 ;

r u n ;

/ ^ R e n a m i n g  t h e  v a r i a b l e s  f r o m  t h e  p r o c  m e a n s  o u t p u t  i n  o r d e r  t o  m e r g e  l a t e r  o n  * /  
d a t a  m e a n _ i m p ;

s e t  m e a n _ i m p ;
m e r g i n g  = 1 ;
w h e r e  ._ST A T _ = "M E A N ";
r e n a m e a n t i = a n t i _ i m p ;
r e n a m e s e l f = s e l f _ i m p ;
r e n a m e p o v = p o v _ i m p ;
r e n a m e b l a c k = b l a c k _ i m p ;
r e n a m e h i s p a n i c = h i s p _ i m p ;
r e n a m e c h i l d a g e = c h i l d a g e _ i m p ;
r e n a m e d i v o r c e = d i v _ i m p ;
r e n a m e g e n d e r = g e n d e r _ i m p ;
r e n a m e m o m a g e = m o m a g e _ i m p ;
r e n a m e m o m w o rk = m o m w o r k _ im p ;

r u n ;

/ ^ M e r g i n g  t h e  t w o  d a t a  s e t s  t o g e t h e r  i n  o r d e r  t o  c r e a t e  o n e  c o m p l e t e  d a t a  s e t  t h a t  h a s  
n o  m i s s i n g  v a l u e s * /  

d a t a  m a t c h _ m e a n ;  
m e r g e  n l s y _ m i s s _ 2  ( i n  =  a )  

m e a n _ i m p  ( i n  = b ) ;
b y  m e r g i n g ;  
i f  a ;  

r u n ;

/ ^ R e p l a c i n g  m i s s i n g  v a l u e s  w i t h  t h e  m e a n * /  
d a t a  m i s s _ m e a n ;  

s e t  m a t c h _ m e a n ;
i f  a n t i  = . t h e n  a n t i  = a n t i _ i m p ;
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i f s e l f . t h e n  s e l f = s e l f _ i m p ;
i f p o v . t h e n  p o v = p o v _ i m p ;
i f b l a c k . t h e n  b l a c k = b l a c k _ i m p ;
i f h i s p a n i c  = . t h e n  h i s p a n i c = h i s p _ i m p ;
i f c h i l d a g e  = . t h e n  c h i l d a g e = c h i l d a g e _ i m p ;
i f d i v o r c e  = . t h e n  d i v o r c e = d i v _ i m p ;
i f g e n d e r . t h e n  g e n d e r = g e n d e r _ i m p ;
i f m o m a g e . t h e n  m o m a g e = m o m a g e _ i m p ;
i f m o m w o rk  = . t h e n  m o m w o rk = m o m w o r k _ im p ;

r u n ;

/ ♦ F i t t i n g  a  r e g r e s s i o n  m o d e l  w i t h  A N T I a s  t h e  d e p e n d e n t  v a r i a b l e  o n  t h e  
r e s u l t i n g  c o m p l e t e  d a t a  s e t * /  

p r o c  r e g  d a t a  = m i s s _ m e a n ;
m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  

r u n ;  
q u i t ;

A.5 Mode imputation

/ * -------------------------------------- M o d e  I m p u t a t i o n --------------------------------------- * /
d a t a  n l s y _ m i s s ;

s e t  n l s y _ m i s s ;  
r u n ;

/ ^ D e t e r m i n i n g  t h e  m o d e  f o r  e a c h  v a r i a b l e * /  
p r o c  u n i v a r i a t e  d a t a  =  n l s y _ m i s s  m o d e s ;

v a r  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
r u n ;

/ * C r e a t i n g  a  du m m y i n d i c a t o r  c a l l e d  " m e r g i n g "  i n  o r d e r  t o  m e r g e  t h e  m o d e  o n t o  
t h e  d a t a  s e t * /  

d a t a  n l s y _ m i s s _ 2 ;
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s e t  n l s y _ m i s s ;  
m e r g i n g  = 1 ;  

r u n ;

/ * T h e  m o d e  i s  l i s t e d  b e l o w  f o r  e a c h  o f  t h e  v a r i a b l e s * /
d a t a  m o d e _ i m p ;

m e r g i n g  = 1 ;
a n t i _ m o d e  = 0 ;
s e l f _ m o d e  = 2 4 ;
p o v _ m o d e  = 0 ;
b l a c k _ m o d e  = 0 ;
h i s p _ m o d e  = 0 ;
c h i l d a g e _ m o d e  = 8 . 2 5 ;  
d i v o r c e _ m o d e  = 0 ;
g e n d e r _ m o d e  = 1 ;
m o m a g e _ m o d e  = 2 0 ;
m o m w o rk _ m o d e  = 0 ;

r u n ;

/ ^ M e r g i n g  t h e  t w o  d a t a  s e t s  t o g e t h e r  i n  o r d e r  t o  c r e a t e  o n e  c o m p l e t e  d a t a  s e t  t h a t  
h a s  n o  m i s s i n g  v a l u e s * /  

d a t a  m a t c h _ m o d e _ l ;
m e r g e  m o d e _ im p  ( i n  = a )

n l s y _ m i s s _ 2  ( i n  = b ) ; 
b y  m e r g i n g ;  
i f  b ;  

r u n ;

/ * R e p l a c i n g  m i s s i n g  v a l u e s  w i t h  t h e  m o d e * /  
d a t a  m i s s _ m o d e _ l ;  

s e t  m a t c h _ m o d e _ l ;
i f  a n t i  
i f  s e l f  
i f  p o v  
i f  b l a c k  
i f  h i s p a n i c

t h e n  a n t i  
t h e n  s e l f  
t h e n  p o v  
t h e n  b l a c k  
t h e n  h i s p a n i c

= a n t i _ m o d e ;
= s e l f _ m o d e ;
= p o v _ m o d e ;
= b l a c k _ m o d e ;  
= h i s p _ m o d e ;
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t h e n  c h i l d a g e  
t h e n  d i v o r c e  
t h e n  g e n d e r  
t h e n  m o m a g e  
t h e n  m o m w o rk

= c h i l d a g e _ m o d e ; 
= d i v o r c e _ m o d e ;
= g e n d e r _ m o d e ;
= m o m a g e _ m o d e ;
= m o m w o r k _ m o d e ;

i f  c h i l d a g e  = 
i f  d i v o r c e  = 
i f  g e n d e r  
i f  m o m a g e  
i f  m o m w o rk  = 

r u n ;

/ ♦ F i t t i n g  a  r e g r e s s i o n  m o d e l  w i t h  A N T I 
o n  t h e  r e s u l t i n g  c o m p l e t e  d a t a  s e t * /  

p r o c  r e g  d a t a  = m i s s _ m o d e _ l ;
m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  

r u n ;  
q u i t ;

a s  t h e  d e p e n d e n t  v a r i a b l e

c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;

A.6 Median imputation
/ * -------------------------------------- M e d i a n  I m p u t a t i o n --------------------------------------- * /
d a t a  n l s y _ m i s s ;

s e t  n l s y _ m i s s ;  
r u n ;

/ ♦ C r e a t i n g  a  m a c r o  t o  i d e n t i f y  t h e  m e d i a n  f o r  e a c h  v a r i a b l e * /  
°/0m a c r o  m e d _ i m p ( v a r i a b l e ) ;

p r o c  u n i v a r i a t e  d a t a  = n l s y _ m i s s  n o p r i n t ;  
v a r  ^ v a r i a b l e . ;
o u t p u t  o u t  = m e d _ i m p _ & v a r i a b l e . 
p c t l p t s  =  5 0  p c t l p r e = m e d _ & v a r i a b l e . _ ;  

r u n ;
°/0m e n d ;

/ * C a l l i n g  t h e  m a c r o  t o  g e t  t h e  m e d i a n  f o r  e a c h  v a r i a b l e * /
°/0m e d _  im p  ( a n t i ) ;
°/0m e d _  im p  ( s e l f ) ;
°/0m e d _ i m p ( p o v ) ;
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°/0m e d _ i m p ( b l a c k ) ;
°/0m e d _ im p  ( h i s p a n i c ) ;
°/0m e d _ i m p ( c h i l d a g e ) ;
°/0m e d _ i m p ( d i v o r c e ) ;
°/0m e d _ i m p ( g e n d e r ) ;
°/0m e d _ im p  ( m o m a g e ) ;
°/0m e d _ i m p ( m o m w o r k ) ;

/ ^ C r e a t i n g  o n e  f i n a l  d a t a  s e t  w i t h  t h e  m e d i a n s  f o r  e a c h  v a r i a b l e * /  
d a t a  m a t c h _ m e d ;  

m e r g e
m e d _ i m p _ a n t i  
m e d _ i m p _ s e l f  
m e d _ i m p _ p o v  
m e d _ i m p _ b l a c k  
m e d _ i m p _ h i s p a n i c  
m e d _ i m p _ c h i l d a g e  
m e d _ i m p _ d i v o r c e  
m e d _ i m p _ g e n d e r  
m e d _ im p _ m o m a g e  
m e d _ im p _ m o m w o r k ; 
m e r g i n g  = 1 ;  

r u n ;

/ ^ M e r g i n g  t h e  t w o  d a t a  s e t s  t o g e t h e r  i n  o r d e r  t o  c r e a t e  o n e  c o m p l e t e  d a t a  s e t  
t h a t  h a s  n o  m i s s i n g  v a l u e s * /  

d a t a  m a t c h _ m e d _ 2 ;
m e r g e  n l s y _ m i s s  ( i n  = a )  

m a t c h _ m e d  ( i n  = b ) ; 
b y  m e r g i n g ;  

i f  a ;  
r u n ;

/ * R e p l a c i n g  t h e  v a r i a b l e s  t h a t  c o n t a i n  m i s s i n g  v a l u e s  w i t h  t h e  m e d i a n  
f o r  t h a t  s p e c i f i c  v a r i a b l e * /  

d a t a  m i s s _ m e d _ l ;
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s e t  m a t c h _ m e d _ 2 ;
i f a n t i = . t h e n a n t i = m e d _ a n t i _ 5 0 ;
i f s e l f = . t h e n s e l f = m e d _ s e l f _ 5 0 ;
i f p o v = . t h e n p o v = m e d _ p o v _ 5 0 ;
i f b l a c k = . t h e n b l a c k = m e d _ b l a c k _ 5 0 ;
i f h i s p a n i c = . t h e n h i s p a n i c = m e d _ h i s p a n i c _ 5 0 ;
i f c h i l d a g e = . t h e n c h i l d a g e = m e d _ c h i l d a g e _ 5 0 ;
i f d i v o r c e = . t h e n d i v o r c e = m e d _ d i v o r c e _ 5 0 ;
i f g e n d e r = . t h e n g e n d e r = m e d _ g e n d e r _ 5 0 ;
i f m o m a g e = . t h e n m o m a g e = m e d _ m o m a g e _ 5 0 ;
i f m o m w o rk = . t h e n m o m w o rk = m e d _ m o m w o r k _ 5 0 ;

r u n ;

/ ♦ F i t t i n g  a  r e g r e s s i o n  m o d e l  w i t h  A N T I a s  t h e  d e p e n d e n t  v a r i a b l e  
o n  t h e  r e s u l t i n g  c o m p l e t e  d a t a  s e t * /  
p r o c  r e g  d a t a  = m i s s _ m e d _ l ;

m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
r u n ;  
q u i t ;

A.7 Regression Imputation

/ * -------------------------------------- R e g r e s s i o n  I m p u t a t i o n --------------------------------------- * /
/ * -------------------------------------- S E L F --------------------------------------- * /
d a t a  n l s y _ m i s s ;  

s e t  n l s y _ m i s s ;  
m e r g i n g  = 1 ;  

r u n ;

d a t a  n l s y _ f u l l ;
s e t  n l s y _ m i s s ;

r u n ;
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/ ♦ F i t t i n g  a  l i n e a r  r e g r e s s i o n  w i t h  d e p e n d e n t  v a r i a b l e  S E L F * /  
p r o c  r e g  d a t a  = n l s y _ m i s s  o u t e s t  = s e l f _ p a r a m e t e r ;

m o d e l  s e l f  =  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  a n t i ;  
r u n ;  
q u i t ;

/ *  R e n a m i n g  t h e  v a r i a b l e s  i n  o r d e r  t o  m e r g e  o n  l a t e r * /  
d a t a  s e l f  ( d r o p  = s e l f ) ; 

s e t  s e l f _ p a r a m e t e r ;  
m e r g i n g  = 1 ;
r e n a m e  c h i l d a g e  = c h i l d a g e _ e s t ; 
r e n a m e  d i v o r c e  =  d i v o r c e _ e s t ;
r e n a m e  g e n d e r  =  g e n d e r _ e s t ;
r e n a m e  m o m a g e  = m o m a g e _ e s t ;
r e n a m e  a n t i  =  a n t i _ e s t ;

r u n ;

/ * M e r g i n g  t h e  t w o  d a t a  s e t s  t o g e t h e r * /  
d a t a  n l s y _ f u l l ;

m e r g e  s e l f  ( i n  = a )
n l s y _ f u l l  ( i n  = b ) ;

b y  m e r g i n g ;  
i f  b ;  

r u n ;

/ ♦ F i l l i n g  i n  t h e  m i s s i n g  v a l u e s  f o r  S E L F * /
d a t a  n l s y _ f u l l  ( d r o p  = c h i l d a g e _ e s t  d i v o r c e _ e s t  g e n d e r _ e s t  m o m a g e _ e s t  a n t i _ e s t

i n t e r c e p t  _ :  ) ;
s e t  n l s y _ f u l l ;

i f  s e l f  =  . t h e n  s e l f  = i n t e r c e p t  +  c h i l d a g e  *  ( c h i l d a g e _ e s t )  +  d i v o r c e  *
( d i v o r c e _ e s t )  +  g e n d e r  *  ( g e n d e r _ e s t )  + m o m a g e  * 
( m o m a g e _ e s t )  + a n t i  *  ( a n t i _ e s t ) ;

r u n ;

/ * -------------------------------------- PO V --------------------------------------- * /
/ ♦ U s in g  p r o c  l o g i s t i c  r e g r e s s i o n  o n  c a t e g o r i c a l  v a r i a b l e s  w h e r e  POV i s  t h e
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d e p e n d e n t  v a r * /

p r o c  l o g i s t i c  d a t a  =  n l s y _ m i s s  o u t e s t  =  p o v _ p a r a m e t e r ;
m o d e l  p o v  = c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  a n t i ;  

r u n ;

/ *  R e n a m i n g  t h e  v a r i a b l e s  i n  o r d e r  t o  m e r g e  o n  l a t e r * /  
d a t a  p o v  ( d r o p  = p o v ) ; 

s e t  p o v _ p a r a m e t e r ;  
m e r g i n g  = 1 ;
r e n a m e  c h i l d a g e  = c h i l d a g e _ e s t ; 
r e n a m e  d i v o r c e  =  d i v o r c e _ e s t ;
r e n a m e  g e n d e r  =  g e n d e r _ e s t ;
r e n a m e  m o m a g e  = m o m a g e _ e s t ;
r e n a m e  a n t i  =  a n t i _ e s t ;

r u n ;

/ * M e r g i n g  t h e  t w o  d a t a  s e t s  t o g e t h e r * /  
d a t a  n l s y _ f u l l ;

m e r g e  p o v  ( i n  = a )
n l s y _ f u l l ( i n  = b ) ; 

b y  m e r g i n g ;  
i f  b ;  

r u n ;

/ ♦ F i l l i n g  i n  t h e  m i s s i n g  v a l u e s  f o r  P 0 ¥ * /
d a t a  n l s y _ f u l l  ( d r o p  = c h i l d a g e _ e s t  d i v o r c e _ e s t  g e n d e r _ e s t  m o m a g e _ e s t  a n t i _ e s t

i n t e r c e p t  _ : ) ;
s e t  n l s y _ f u l l ;  

i f  p o v  = .
t h e n  p i _ p o v  = e x p ( i n t e r c e p t  +  c h i l d a g e  *  ( c h i l d a g e _ e s t )  +  d i v o r c e  * ( d i v o r c e _ e s t ) +  

g e n d e r  * ( g e n d e r _ e s t )  + m o m a g e  * ( m o m a g e _ e s t )  +  a n t i  * ( a n t i _ e s t ) ) /  
( l + e x p ( i n t e r c e p t  +  c h i l d a g e  * ( c h i l d a g e _ e s t )  +  d i v o r c e  * ( d i v o r c e _ e s t ) +  
g e n d e r  * ( g e n d e r _ e s t )  + m o m a g e  * ( m o m a g e _ e s t )  +  a n t i  * ( a n t i _ e s t ) ) ) ;

r u n ;

/ ♦ C r e a t i n g  a  r u l e  t o  f i l l  i n  t h e  m i s s i n g  v a l u e s :
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i f  p r o b a b i l i t y  > 0 .5  t h e n  POV = 1 a n d  i f  p r o b a b i l t y  <= 0 .5  t h e n  POV = 0*/ 

d a t a  n l s y _ f u l l  ( d r o p  = p i _ p o v ) ; 
s e t  n l s y _ f u l l ;  

i f  p i _ p o v  n e  . 
t h e n  d o ;

i f  p i _ p o v  > 0 . 5  t h e n  p o v  = 1 ;  
e l s e  p o v  = 0 ;  

e n d ;
r u n ;

/ * -------------------------------------- MOMWORK--------------------------------------- * /
p r o c  l o g i s t i c  d a t a  =  n l s y _ m i s s  o u t e s t  =  m o m w o r k _ p a r a m e t e r ;

m o d e l  m o m w o rk  = c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  a n t i ;  
r u n ;

/ *  R e n a m i n g  t h e  v a r i a b l e s  i n  o r d e r  t o  m e r g e  o n  l a t e r * /  
d a t a  m o m w o rk ;

s e t  m o m w o r k _ p a r a m e t e r ; 
m e r g i n g  = 1 ;
r e n a m e  c h i l d a g e  = c h i l d a g e _ e s t ; 
r e n a m e  d i v o r c e  =  d i v o r c e _ e s t ;
r e n a m e  g e n d e r  =  g e n d e r _ e s t ;
r e n a m e  m o m a g e  = m o m a g e _ e s t ;
r e n a m e  a n t i  =  a n t i _ e s t ;

r u n ;

/ ^ M e r g i n g  t h e  t w o  d a t a  s e t s  t o g e t h e r * /  
d a t a  n l s y _ f u l l ;

m e r g e  m o m w o rk  ( i n  = a )  
n l s y _ f u l l  ( i n  = b ) ; 

b y  m e r g i n g ;  
i f  b ;  

r u n ;

/ * F i l l i n g  i n  t h e  m i s s i n g  v a l u e s  f o r  MOMWORK*/
d a t a  n l s y _ f u l l ( d r o p  = c h i l d a g e _ e s t  d i v o r c e _ e s t  g e n d e r _ e s t  m o m a g e _ e s t  a n t i _ e s t
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i n t e r c e p t  _ :  ) ;

s e t  n l s y _ f u l l ;
i f  m o m w o rk  = .
t h e n  p i_ m o m w o r k  = e x p ( i n t e r c e p t  + c h i l d a g e  * ( c h i l d a g e _ e s t )  + d i v o r c e  * ( d i v o r c e _ e s t ) +  

g e n d e r  * ( g e n d e r _ e s t )  + m o m a g e  * ( m o m a g e _ e s t )  +  a n t i  * ( a n t i _ e s t )  ) /  
( l + e x p ( i n t e r c e p t  +  c h i l d a g e  * ( c h i l d a g e _ e s t )  + d i v o r c e  * ( d i v o r c e _ e s t ) +  
g e n d e r  * ( g e n d e r _ e s t )  +  m o m a g e  * ( m o m a g e _ e s t )  +  a n t i  * ( a n t i _ e s t ) ) ) ;

r u n ;

/ ^ C r e a t i n g  a  r u l e  t o  f i l l  i n  t h e  m i s s i n g  v a l u e s :
i f  p r o b a b i l i t y  >  0 . 5  t h e n  MOMWORK = 1 a n d  i f  p r o b a b i l t y  < =  0 . 5  t h e n  MOMWORK = 0 * /  

d a t a  n l s y _ f u l l ( d r o p  = p i _ m o m w o r k ) ; 
s e t  n l s y _ f u l l ;  

i f  p i_ m o m w o r k  n e  . 
t h e n  d o ;

i f  p i_ m o m w o r k  > 0 . 5  t h e n  m o m w o rk  = 1 ;  
e l s e  m o m w o rk  = 0 ;  

e n d ;
r u n ;

/ * -------------------------------------- R A C E--------------------------------------- * /
/ ^ C r e a t i n g  a  r u l e  o n  t h e  m i s s i n g  d a t a  s e t  t o  d e t e r m i n e  R A C E * / 
d a t a  r a c e ;

s e t  n l s y _ m i s s ;
i f  b l a c k  = 1 t h e n  r a c e  = " B " ;

e l s e  i f  h i s p a n i c  =  1 t h e n  r a c e  = " H " ;  
e l s e  r a c e  = " W " ;

i f  b l a c k  = . t h e n  r a c e  = 
e l s e  i f  h i s p a n i c  =  . t h e n  r a c e  = 

m e r g i n g  = 1 ;  
r u n ;

d a t a  n l s y _ f u l l ;  
s e t  n l s y _ f u l l ;

i f  b l a c k  = 1 t h e n  r a c e  = " B " ;
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e l s e  i f  h i s p a n i c  =  1 t h e n  r a c e  = " H " ;  
e l s e  r a c e  =  " W " ;

i f  b l a c k  = . t h e n  r a c e  = 
e l s e  i f  h i s p a n i c  =  . t h e n  r a c e  = 

r u n ;

/ * u s i n g  10°/, p e r c e n t  l e v e l  o f  s i g n i f i c a n c e * /  
p r o c  l o g i s t i c  d a t a  =  r a c e  o u t e s t  = r a c e _ r e g ;
m o d e l  r a c e  =  a n t i  I g e n d e r  I d i v o r c e  I m o m a g e  I c h i l d a g e / s e l e c t i o n  = f o r w a r d  s l e n t r y  = 0 . 1 ;  
r u n ;

/ ^ K e e p i n g  o n l y  t h e  s i g n i f i c a n t  v a r i a b l e s  (A N T I a n d  MOMAGE) a n d  r e n a m i n g  t h e m  
f o r  m e r g i n g  l a t e r * /

d a t a  r a c e l ( k e e p  = m o m a g e _ e s t  a n t i _ e s t  m e r g i n g  I n t e r c e p t _ B  i n t e r c e p t s ) ; 
s e t  r a c e _ r e g ;  
m e r g i n g  = 1 ;
r e n a m e  m o m a g e  = m o m a g e _ e s t ;  
r e n a m e  a n t i  = a n t i _ e s t ;  

r u n ;

d a t a  n l s y _ f u l l ;
m e r g e  r a c e l  ( i n  = a )

n l s y _ f u l l  ( i n  = b ) ; 
b y  m e r g i n g ;  
i f  b ;  

r u n ;

d a t a  n l s y _ f u l l ;  
s e t  n l s y _ f u l l ;  

i f  r a c e  e q  " "  t h e n  d o ;

/ * N 0 N -H IS P A N IC  W H IT E * /
p i _ w h i t e  =  1 / ( e x p  ( i n t e r c e p t s  + m o m a g e  * ( m o m a g e _ e s t )  +  a n t i  * ( a n t i _ e s t ) )

+ e x p ( i n t e r c e p t _ H  + m o m a g e  * ( m o m a g e _ e s t )  +  a n t i  * ( a n t i _ e s t ) ) +  1 ) ;



APPENDIX A - SAS CODE 114
/ * B L A C K * /

p i _ b l a c k  = p i _ w h i t e  * e x p ( i n t e r c e p t _ B  + m o m a g e  * ( m o m a g e _ e s t )  + a n t i  * ( a n t i _ e s t ) ) ;  

/ ♦ H IS P A N IC * /
p i _ h i s p  =  p i _ w h i t e  *  e x p ( i n t e r c e p t _ H  + m o m a g e  *  ( m o m a g e _ e s t )  +  a n t i  *  ( a n t i _ e s t ) ) ;

/ ♦ D e t e r m i n i n g  RACE b a s e d  o n  t h e  h i g h e s t  p r o b a b i l i t y * /  
i f  p i _ w h i t e  = m a x ( p i _ w h i t e , p i _ b l a c k ,  p i _ h i s p )  

t h e n  f i l l e d _ i n _ r a c e  =  " W " ; 
e l s e  i f  p i _ b l a c k  = m a x ( p i _ w h i t e , p i _ b l a c k ,  p i _ h i s p )  

t h e n  f i l l e d _ i n _ r a c e  =  " B " ; 
e l s e  f i l l e d _ i n _ r a c e  = " H " ; 

e n d ;  
r u n ;

/ ♦ C r e a t i n g  a  n e w  d a t a  s e t  w i t h  t h e  f i l l e d  i n  v a l u e s * /  
d a t a  f i l l _ i n ( d r o p  = r a c e  p i _ b l a c k  p i _ w h i t e  p i _ h i s p  f i l l e d _ i n _ r a c e )  ; 

s e t  n l s y _ f u l l ;  
i f  r a c e  =  " "  t h e n  d o ;

i f  f i l l e d _ i n _ r a c e  =  "W" t h e n  d o ;  
b l a c k  = 0 ;  
h i s p a n i c  =  0 ;

e n d ;
i f  f i l l e d _ i n _ r a c e  =  " B "  t h e n  d o ;  

b l a c k  = 1 ;  
h i s p a n i c  =  0 ;

e n d ;
i f  f i l l e d _ i n _ r a c e  =  "H "  t h e n  d o ;  

h i s p a n i c  =  1 ;  
b l a c k  = 0 ;

e n d ;
e n d ;
r u n ;

/ ♦ F i t t i n g  a  r e g r e s s i o n  m o d e l  w i t h  A N T I a s  t h e  d e p e n d e n t  v a r i a b l e  o n  
t h e  r e s u l t i n g  c o m p l e t e  d a t a  s e t  a s  a l l  o f  t h e  v a r i a b l e s  n o  l o n g e r
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c o n t a i n  m i s s i n g  v a l u e s * /  

p r o c  r e g  d a t a  = f i l l _ i n ;
m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  

r u n ;  
q u i t ;

A.8 KNNI
/ * -------------------------------------- K N N I--------------------------------------- * /
/ * S E L F * /
d a t a  n l s y _ m i s s _ D ;

s e t  n l s y _ m i s s ;  
r u n ;

d a t a  n l s y _ m i s s _ D M  n l s y _ m i s s _ D C ;  
s e t  n l s y _ m i s s _ D ;
i f  s e l f  =  . t h e n  o u t p u t  n l s y _ m i s s _ D M ;  
e l s e  o u t p u t  n l s y _ m i s s _ D C ;  

r u n ;

/ ^ P e r f o r m i n g  PROC D IS C R IM  a n a l y s i s * /
p r o c  d i s c r i m  d a t a  =  n l s y _ m i s s _ D C  t e s t  =  n l s y _ m i s s _ D M  t e s t o u t  = _ s c o r e _ s e l f

m e t h o d  = n p a r  k  =  4  t e s t l i s t  t h r e s h o l d  = 0 ;
c l a s s  s e l f ;
v a r  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  a n t i ;  

r u n ;

/ * R e p l a c i n g  t h e  m i s s i n g  v a l u e s * /
d a t a  f u l l _ d a t a ( k e e p = a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o r k ) ;  

s e t  n l s y _ m i s s _ D C  
_ s c o r e _ s e l f ;

/ * I f  v a l u e s  a r e  t h e  s a m e  -  c a n  c h o o s e  e i t h e r  n e i g h b o u r  -  i n  t h i s  c a s e  1 7  w a s  c h o s e n * /  
i f  _ i n t o _  = . t h e n  _ i n t o _  = 1 7 ;
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i f  s e l f  =  . t h e n  s e l f  =  _ i n t o _ ;  

r u n ;

/ * P O V * /
d a t a  n l s y _ m i s s _ D ( k e e p  = m e r g i n g  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r

m o m a g e  m o m w o r k ) ;
s e t  f u l l _ d a t a ;

r u n ;

d a t a  n l s y _ m i s s _ D M  n l s y _ m i s s _ D C ;  
s e t  n l s y _ m i s s _ D ;
i f  p o v  = . t h e n  o u t p u t  n l s y _ m i s s _ D M ;  

e l s e  o u t p u t  n l s y _ m i s s _ D C ;
r u n ;

/ ^ P e r f o r m i n g  PROC D IS C R IM  a n a l y s i s * /
p r o c  d i s c r i m  d a t a  =  n l s y _ m i s s _ D C  t e s t  =  n l s y _ m i s s _ D M  t e s t o u t  = _ s c o r e l _ p o v

m e t h o d  = n p a r  k  = 5  t e s t l i s t  t h r e s h o l d  =  0 ;
c l a s s  p o v ;
v a r  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  a n t i ;  
r u n ;

/ ^ R e p l a c i n g  t h e  m i s s i n g  v a l u e s * /
d a t a  f u l l _ d a t a ( k e e p  = a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r

m o m a g e  m o m w o r k ) ;
s e t  n l s y _ m i s s _ D C  

_ s c o r e l _ p o v ;
i f  p o v  = . t h e n  p o v  = _ i n t o _ ;  
r u n ;

/ *M 0M W 0RK*/ 
d a t a  n l s y _ m i s s _ D ;

s e t  f u l l _ d a t a ;  
r u n ;

d a t a  n l s y _ m i s s _ D M  n l s y _ m i s s _ D C ;
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s e t  n l s y _ m i s s _ D ;
i f  m o m w o rk  = . t h e n  o u t p u t  n l s y _ m i s s _ D M ;  
e l s e  o u t p u t  n l s y _ m i s s _ D C ;  

r u n ;

/ ^ P e r f o r m i n g  PROC D IS C R IM  a n a l y s i s * /
p r o c  d i s c r i m  d a t a  =  n l s y _ m i s s _ D C  t e s t  =  n l s y _ m i s s _ D M  t e s t o u t  = _ s c o r e _ m o m w r k

m e t h o d  = n p a r  k  =  5  t e s t l i s t  t h r e s h o l d  =  0 ;
c l a s s  m o m w o rk ;
v a r  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  a n t i ;  
r u n ;

/ ^ R e p l a c i n g  t h e  m i s s i n g  v a l u e s * /
d a t a  f u l l _ d a t a ( k e e p  = m e r g i n g  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r

m o m a g e  m o m w o r k ) ;
s e t  n l s y _ m i s s _ D C  

_ s c o r e _ m o m w r k ;
i f  m o m w o rk  = . t h e n  m o m w o rk  = _ i n t o _ ;  
r u n ;

/ * R A C E * / 
d a t a  f u l l _ d a t a ;  

s e t  f u l l _ d a t a ;
i f  b l a c k  = 1 t h e n  r a c e  = " B " ;
e l s e  i f  h i s p a n i c  =  1 t h e n  r a c e  = " H " ;
e l s e  r a c e  =  " W " ;

i f  b l a c k  = . t h e n  r a c e  = " " ;  
e l s e  i f  h i s p a n i c  =  . t h e n  r a c e  = 
m e r g i n g  = 1 ;  

r u n ;

d a t a  n l s y _ m i s s _ D M  n l s y _ m i s s _ D C ;  
s e t  f u l l _ d a t a ;

i f  r a c e  =  " "  t h e n  o u t p u t  n l s y _ m i s s _ D M ;  
e l s e  o u t p u t  n l s y _ m i s s _ D C ;
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r u n ;

/ ♦ P e r f o r m i n g  PROC D IS C R IM  a n a l y s i s * /
p r o c  d i s c r i m  d a t a  =  n l s y _ m i s s _ D C  t e s t  =  n l s y _ m i s s _ D M  t e s t o u t  = _ s c o r e l _ r a c e

m e t h o d  = n p a r  k  = 5  t e s t l i s t  t h r e s h o l d  =  0 ;
c l a s s  r a c e ;
v a r  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  a n t i ;  
r u n ;

/ ♦ R e p l a c i n g  t h e  m i s s i n g  v a l u e s * /  
d a t a  full_data; 

s e t  n l s y _ m i s s _ D C  
_ s c o r e l _ r a c e ;

i f  r a c e  =  " "  t h e n  r a c e  = _ i n t o _ ;  
r u n ;
/♦Filling i n  t h e  v a l u e s  f o r  R A C E * /
d a t a  full_data ( k e e p  = m e r g i n g  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r

m o m a g e  m o m w o r k ) ;
s e t  f u l l _ d a t a ;
i f  r a c e  =  " B "  t h e n  b l a c k  = 1 ;  
e l s e  b l a c k  = 0 ;

i f  r a c e  =  "H "  t h e n  h i s p a n i c  =  1 ;  
e l s e  h i s p a n i c  = 0 ;  

r u n ;

/ ♦ F i t t i n g  a  r e g r e s s i o n  m o d e l  w i t h  A N T I a s  t h e  d e p e n d e n t  v a r i a b l e  o n  t h e  r e s u l t i n g  
c o m p l e t e  d a t a  s e t * /  

p r o c  r e g  d a t a  = full_data;
m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  

r u n ;  
q u i t ;

A.9 EM Algorithm
/ ♦ C o m p u t in g  EM a l g o r i t h m * /
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p r o c  m i  d a t a  =  n l s y _ m i s s  n i m p u t e  = 0 ;  
em  i t p r i n t  o u t e m  = n l s y e m ;
v a r  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
r u n ;

p r o c  p r i n t  d a t a  = n l s y e m ;  
r u n ;

/ ^ P e r f o r m i n g  p r o c  r e g  u s i n g  i n p u t s  f r o m  c o v a r i a n c e  m a t r i x * /  
p r o c  r e g  d a t a  = n l s y e m  o u t e s t  =  a ;
m o d e l  a n t i =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
r u n ;

/ ^ B o o t s t r a p p i n g  T e c h n i q u e * /
p r o c  s u r v e y s e l e c t  d a t a  = n l s y _ m i s s  m e t h o d  = u r s  n  =  5 8 1  r e p s  = 1 0 0 0  
o u t  =  b o o t s a m p  o u t h i t s ;

p r o c  m i  d a t a  =  b o o t s a m p  n i m p u t e ^ O  n o p r i n t ;
v a r  a n t i  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
em  o u t e m ^ n l s y e m ;  
b y  r e p l i c a t e ;
p r o c  r e g  d a t a  = n l s y e m  o u t e s t  =  a  n o p r i n t ;
m o d e l  a n t i  =  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;
b y  r e p l i c a t e ;
r u n ;

p r o c  m e a n s  d a t a  = a  s t d ;
v a r  s e l f  p o v  b l a c k  h i s p a n i c  c h i l d a g e  d i v o r c e  g e n d e r  m o m a g e  m o m w o rk ;  
r u n ;

/ * C a l c u l a t e  o b t a i n  P - v a l u e s * /  
d a t a  t e s t ;
p _ s e l f  = 2  *  p r o b n o r m  ( - 2 . 9 2 9 7 9 ) ;
p _ p o v  = 2  *  ( l - p r o b n o r m ( 3 . 8 4 3 8 1 ) ) ;
p _ b l a c k  = 2  *  ( 1 - p r o b n o r m ( 0 . 5 2 8 2 7 ) ) ;
p _ h i s p  = 2  *  p r o b n o r m  ( - 1 . 9 5 9 ) ;
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p_ch ildage : 
p .d iv o rc e  = 
p_gender = 
p_momage = 
p.momwork = 
run ;

2 * probnorm (-0 .0397 3);
2 * probnorm (-0 .6929 5);
2 * probnorm (-4 .8098 1);
2 * (1-probnorm (0 .76 211)); 
2 * ( l-p ro b n o rm (l.49369));

A.10 Multiple Imputation

/ * ----------------------------------M u ltip le  Im pu ta tion ---------------------------------- * /
proc mi d a ta  = n lsy_m iss out = m i_miss_out nimpute = 15;

v a r a n t i  s e l f  pov b lack  h isp a n ic  ch ild ag e  d ivo rce  gender momage momwork; 
run ;

/♦Fitting a re g re s s io n  model w ith  ANTI as th e  dependent v a r ia b le  on th e  r e s u l t in g  
d a ta  s e t* /
proc reg  d a ta  = mi_miss_out o u te s t = mi covout;

model a n t i  = s e l f  pov b lack  h isp a n ic  ch ildag e  d iv o rce  gender momage momwork; 
by . im p u ta t io n .;  

run ;

proc m ianalyse d a ta  = mi;
v a r in te rc e p t  s e l f  pov b lack  h isp a n ic  ch ild ag e  d ivo rce  gender momage momwork;

run ;
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