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ABSTRACT 

The skill of Problem-solving in Mathematics is very imperative. Poor performance by most South 

African learners in schools and international tests such as the Trends in International Mathematics 

and Science, calls for emphasis to be placed on problem-solving in the teaching and learning of 

Mathematics. Euclidean Geometry is perceived, especially by learners, to be one of the difficult 

components of Mathematics. Thus, the aim of this study was to explore and develop the mathematical 

problem-solving and geometric skills of Grade 11 learners in Euclidean Geometry. Polya’s model of 

problem-solving was employed in geometric skills development as a tool for intervention. The 

concepts Geometry and problem-solving formed the conceptual framework of the study, while the 

social cognitive theory constituted the theoretical framework.  A case study was used as the main 

research method following a mixed method approach within an interpretivist paradigm. Purposive 

and convenience sampling methods were used in the selection of both the Mathematics class and the 

six learners whose work was further observed and analysed. Data about the geometric skills 

displayed by the learners was gathered using a moderated pre-intervention test; observations; 

document analysis; a moderated post-intervention test; and focus group interviews. Data was 

analysed quantitatively using descriptive statistics and qualitatively using thematic analysis. 

In the pre-intervention test, learners did not bring with them expected geometric skills to the 

classroom before they were introduced to grade11 Geometry content and when doing problem-

solving during intervention, the four stages of model used were not necessarily following each other 

in a linear sequence with most of the learners not applying the fourth stage “look back”. In the post 

intervention test, the frequency of use and application of most geometric skills improved in 

comparison to the pre-intervention test; the frequency of correct and inappropriate application of 

the skills increased at the expense of incorrect application. Learners appreciated the four stages 

model and gave their views related to the challenged faced during the use of the four stages model 

and the challenges revealed include: practice related challenges, challenges specific to certain 

learners, concept related challenges, curriculum-related challenges, model application challenge, 

and context related challenges. The study concludes that the effective use of Polyas’ four stages model 

can yield great results in developing learners’ geometric and problem-solving skills. The study 

recommends that teachers give more attention to prior geometric knowledge, teaching of geometric 

theorems, teaching of geometric problem-solving, and the learning environment. 
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CHAPTER 1 
 

BACKGROUND AND CONTEXT OF STUDY 
 

1.1.BACKGROUND OF THE STUDY 

Geometry forms an important component in both elementary and high school Mathematics curricula. 

At high school level, it is often perceived as one of the most complex part of the curriculum (Patkin 

& Levenberg, 2012). The study of Geometry contributes to learners’ development  of visualisation, 

critical thinking, intuition, problem-solving, conjecturing, deductive reasoning, logical argument and 

proofs  (Jones, 2002). Thus, geometric representations can be used to help learners make sense of 

other areas of Mathematics and apply the learnt skills to other curriculum areas like science, 

geography, art, design and technology (Jones, 2002).  

 

In the National Senior Certificate (NSC) examinations, Grade 12 learners write a Mathematics 

examination comprising two papers, and it is in Paper 2 where learners’ Euclidean Geometry 

knowledge and skills are examined. According to the Department of Basic Education’s (DBE) (2019) 

Internal Moderators Report, the annual Grade 12 post- apartheid pass rate in Mathematics is still low 

(ranging between 45.7% and 59%) with Euclidean Geometry reported as one of the most failed areas. 

The DBE (2019) reported several cases of no attempts by learners in many questions in Geometry, 

yet Geometry contributes, on average, one-third of Grade 12 Mathematics Paper 2, and In Paper 2 of 

the Mathematics NSC examination,  Geometry also contributes the majority of higher order 

questions, which are problem-solving in nature (Buthelezi & Sithole, 2019). Research has shown that 

learners’ general mathematical competencies are closely linked to their geometric understanding 

(Alex & Mammen, 2018; Inam, 2016). This shows the importance of Geometry in the school 

Mathematics curriculum, and further explains why Geometry assumes a dominant place in South 

Africa’s, and many other countries’, school Mathematics curricula.  

 

In South Africa, Mudaly (2007) compiled research findings that showed that learners have had poor 

geometric understanding over decades, and cited reasons that include teaching geometric concepts to 

learners who are not at the appropriate Van Hiele level. Poor learning of Geometry has continued to 

be a problem (Alex & Mammen, 2018) and is propagated by several factors. These factors include 

promotional requirements in the Further Education and Training (FET) phase in South Africa, that 
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allow learners to progress to the next grade while having only attained a minimum pass mark in 

Mathematics. According to the promotional requirements, a learner can be progressed to the next 

grade after passing four subjects, and considering other factors such as number of years in a phase 

(Republic of South Africa Department of Basic Education, 2015). This means that learners are likely 

to move to the next grade without having mastered basic and necessary problem solving skills 

resulting in topics like Geometry, considered as difficult at secondary school level (Luneta, 2015). In 

another study by Naidoo and Kapofu (2020).it was found that learners in Mathematics classes in 

South Africa consider Geometry to be problematic. Learner perceptions revealed that Mathematics 

was considered difficult, confusing, stressful, and time-consuming, and that Euclidean Geometry was 

difficult and confusing because it was all about proofs. 

 

It is evident that the numerous interventions implemented by the DBE, such as developing and 

providing learners and teachers with good quality textbooks, the radical 1+4 Intervention Model that 

advocates professional learning communities, and self-study guides are not bringing significant 

change to learners’ mathematical conceptual understanding (DBE, 2018). Many learners struggle 

with the subject (DBE, 2018). This study proposes a rigorous investigation on problem-solving to 

promote geometric skills development in the learning of Geometry. Problem-solving is defined as a 

mental process requiring one to think critically and creatively, to look for alternative ideas and 

specific steps in order to cope with any hindrances or flaws (Makhsin, 2006). Since one of the aims 

of education is to equip learners to solve problems, problem-solving in the Mathematics curriculum 

contributes to the generic skill of problem-solving in the South African Curriculum Framework 

(DBE, 2018). Polya (1945) has one of the widely used frameworks on problem-solving that identifies 

what a problem is and what mathematical problem-solving entails (Carifio, 2015). He identifies four 

basic steps of problem-solving, which are: understanding and exploring the problem; finding a 

strategy; using the strategy to solve the problem; and looking back and reflecting on the solution. The 

purpose of this study was to explore and promote the geometric skills development and problem-

solving skills of learners in Geometry using Polya’s model. 

 

1.2.CONTEXT  

South Africa’s education system is divided into two departments: the Department of Basic Education 

(DBE) and the Department of Higher Education and Training (DHET). The DBE is responsible for 

primary and secondary schools, while the DHET is for tertiary education and vocational training. In 
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the whole system of education, there are three levels involved: General Education and Training 

(GET); Further Education and Training (FET); and Higher Education and Training (HET) (South 

Africa Info, 2011). The GET band consists of learners from Grade 8 to 9 and the FET band consists 

of learners from Grade 10 to Grade 12. The HET band comprises of students registered for a degree, 

diploma, or certificate. The first common national examination to be written is the matriculation 

examination at grade 12, and passing this examination is a passport for admission to tertiary or higher 

education.  

 

South Africa’s education system was divided among ethnic and racial lines before democracy, which 

led to unequal distribution of resources in school systems, especially human and material resources 

(Badat & Sayed, 2014). This situation led to underdevelopment and perpetual poor achievement in 

Mathematics, science and technology education in black secondary schools (Badat & Sayed, 2014). 

As a solution to this imbalance caused by the apartheid government, the education curriculum had to 

undergo several reforms after democracy in 1994 (Badat & Sayed, 2014). Currently the South African 

government is still grappling with the issue of poor learner underachievement, financial barriers, and 

inequitable access to better and quality (Graven, 2014).  

 

South Africa has Mathematics education as one of its national priorities, seen in the call by the office 

of the Presidency, Republic of South Africa (DBE Info, 2015) for an increase in the number of 

learners achieving 50% in literacy and Mathematics respectively. The nation acknowledges that, in 

the over two decades of democracy, the apartheid legacy of inferior Mathematics education provided 

for the majority of learners is still prevalent in most public schools (Awuah, Philosophy & Education, 

2018).  

 

1.3.PROBLEM STATEMENT 

Several benchmark tests like Trends in Mathematics and Science Study report that conceptual 

understanding of Mathematics among learners in South African schools, particularly in Geometry 

(geometric skills), is still poor (Mullis, Martin & Kelly, 2020). This is so despite various initiatives 

to support learning, like the provision of textbooks, revision guides, past examination papers and 

memorandums, extra classes, involvement of lead educators, peer teaching, digital lessons, and 

WhatsApp and Facebook support groups. This is a growing concern for all the stakeholders in the 

education system, especially educators, parents, and government.  
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As a classroom teacher, I have realised that most learners at my school, who are promoted and 

progressed to Grade 11, still lack problem-solving skills in Mathematics. At the beginning of topics 

like Geometry, the teacher is compelled to re-teach Grade 10 content before introducing Grade 11 

concepts. This seems to be the same situation prevailing in several schools in my area, as many 

teachers report the same, especially in circuit and district teacher development workshops. 

It is against this background that there was need for an intervention into mathematical problem-

solving and geometric skills development. Therefore, my study aims to develop mathematical 

problem-solving and geometric skills of Grade 11 learners using Polya’s model during the learning 

of Geometry.  

1.4.PURPOSE AND SIGNIFICANCE OF THE STUDY  

First, it is my intention that this study will inform and enrich my own classroom teaching practices 

since I am a high school teacher. The study will also provide recommendations and guidelines to 

fellow Grade 11 Mathematics teachers on the best ways to develop problem solving and geometric 

skills during teaching and learning of Euclidean Geometry, and how associated challenges faced by 

learners can be addressed. Any other stakeholders intending to intervene in geometric and problem-

solving development can also make use of information from this study.  

1.5.AIM AND OBJECTIVES OF THE STUDY 

This study aims to explore and develop the mathematical problem-solving and geometric skills of 

Grade 11 learners in Euclidean Geometry. The study endeavours to:  

• identify selected learners’ geometric skills prior to learning Grade 11 Euclidean Geometry 

content. 

• observe how Polya’s model can be used in a selected Grade 11 Mathematics class to learn 
Euclidean Geometry for problem solving and geometric skill development; and 

• identify selected Grade 11 learners’ Geometry learning challenges experienced when solving 
Euclidean Geometry problems using Polya’s model for geometric skills development. 

1.6.RESEARCH QUESTIONS 

• What geometric skills are demonstrated by selected learners prior to learning Grade 11 

Geometry content? 

• How can the use of Polya’s model enable or constrain the development of problem solving 
and geometric skills in a selected Grade 11 Mathematics class? 
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• What Geometry learning challenges are experienced by selected Grade 11 learners when 
solving problems in Geometry? 

 
1.7.RESEARCH METHODS 

The research method adopted for this study was an interpretive study of grade 11 learners’ problem-

solving skills in Euclidean Geometry. Aspects relating to research methods such as the research 

design, suitability to a qualitative framework, development and reliability of data collection tools are 

explained in detail in chapter 3. I used five data collection tools which are:  

• Pre-intervention test 

• Observation  

• Document analysis 

• Post-intervention test 

• Interviews.  

The reliability of the instruments and the triangulation of data are key aspects that feature in 

subsequent chapters. The pre-intervention test and post-intervention test were moderated to: 

- check for their relevance and suitability to participants, 

- ensure relevant generation of data,  

- enhance analysis and interpretation of data gathered, and  

- ensure validity of instruments and reliability of findings is possible. 

 

1.8.RATIONALE FOR THE STUDY  

The researcher’s interest in carrying out this research study was prompted by several factors, a few 

of which are presented in this section. One is that most learners at the school where the researcher 

taught were not performing well in Mathematics generally, and in Geometry in particular. The 

researcher realised, from circuit and district subject content developmental workshops, that the same 

was prevailing in most of the schools in the district. Mamali (2015) notes that Euclidean Geometry 

is among the topics in the Mathematics curriculum that teachers find difficult to teach. This prompted 

the researcher to do an investigation into the problem-solving skills of Grade 11 learners by making 

use of Polya’s model. The researcher believed this would be of help to stakeholders in improving 

learner performance in the topic.  
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1.9.LIMITATIONS OF THE STUDY  

This research study was conducted in the classroom which makes it innately constrained. However, 

this was beyond the control of the researcher. The limitations of this study are as follows: 

• The problem under exploration concentrated on the learner and not on the teacher.  

• A single grade 11 class was selected at a particular school in the district, and such a small 

sample could be questioned for external validity of the findings since this study was conducted 

within the paradigm of qualitative research.  

•  The data was analysed based on the researcher’s personal interpretation. This could result in 

bias in the findings. No matter how impartial an observer attempts to be, there is always some 

element of bias present (Wienekus, 2015).  

• A camera was used to record parts of some lessons, and the presence of the camera could have 

affected the sincerity of learners’ responses. However, as the intervention progressed, learners 

became more accustomed to the presence of the camera in the classroom and could have given 

more authentic responses then.  

• This study was carried out during the COVID-19 era, and this had some effect on the teaching 

methodology of the researcher. It was not easy to employ group workings during teaching 

and learning as per researcher’s plan. Some methods like flipped classroom were employed 

instead.  

In this study, it was not easy to overcome the above limitations. However, it is important that I 

acknowledge such limitations and attempt to minimise their influence on the research process in 

one way or another. 

 

1.10. OUTLINE OF CHAPTERS 

The chapters that make up this research thesis are outlined below.  

 

Chapter One: Introduction  

This was an introductory chapter providing the background and context of the study and describing 

the educational system of South African schools. The chapter provides a statement of the problem, 

the research questions, significance of the study, the aim and objectives, and a brief definition of 

terms used as well as the structure of the thesis.  
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Chapter Two: Literature Review and theoretical Framework  

This chapter presents the conceptual structure of the study and reviews some relevant literature. The 

literature sets the groundwork for the main themes of the study: Geometry; origin of Geometry and 

history of Geometry in South African schools; Geometrics skills and geometric skills development; 

problem-solving and problem-solving skills; problem-solving models and Polya’s model of problem-

solving as well as Social Cognitive Learning Theory.  

 

Chapter Three: Research Methodology  

The methods used in the study, the research design, how samples were collected, the data collection 

instruments and the development of the instruments, as well as the procedures of data collection, are 

all presented in this chapter. This chapter also presents the case study and the ethical issues that arose 

from the study.  

Chapter Four: Findings and Discussion of Findings 

Highlighted in this chapter are the data analysis methods and procedures. The results of the data 

analysis applied to evaluate the findings of the study and answer the research questions are also 

presented here. In this chapter, the findings of the study are deliberated together with their inferences. 

 

Chapter Five: Summary, Conclusion and Recommendations  

This chapter is all about the summary of the study as well as drawing conclusions upon which 

recommendations are made.  

 
1.11. CONCLUSION  

This chapter was the introductory chapter where the orientation of the study was established, and the 

contextual view of the project highlighted. Research questions and significance of the study, as well 

as the aim and objectives, problem statement, definition of terms and outlines of other chapters of the 

study, were addressed. 
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CHAPTER 2 
LITERATURE REVIEW 

 
2.1 INTRODUCTION 

The engagement of learners in Geometry problem-solving is supported by social cognitive learning 

theory that sees learner behaviour as learnt through observation, imitation, and modelling. It is critical 

that all theories, concepts, and terms that are used in this study are defined and explained. This chapter 

looks at Geometry as a concept and what the process of problem-solving entails. Review of literature 

focuses on local and international studies done on problem-solving in Geometry and other fields. 

Models of problem-solving are discussed in depth, including Polya’s model of problem-solving since 

it forms the basis for problem-solving in this study.  The analytical framework, based on Polya’s 

stages of problem solving and Nur & Nurvitasari (2017) geometric skills, used to analyse the 

problem-solving process in a social cognitive environment, is also discussed.  

 

2.2. CONCEPTUAL FRAMEWORK  

2.2.1. What is Geometry? 

Geometry is a branch of Mathematics concerned with the configurations of points, lines, angles, 

circles, and the most basic of these figures (Brannan, Esplan & Gray, 1999). Güven and Kosa, (2008) 

define Geometry as the study of space and shape in which more excellent reasoning capability is 

necessary to understand the concept well. According to Kotzé (2007), Euclidean Geometry is a body 

of knowledge consisting of statements justified by proofs, which depend on mathematical axioms 

and an underlying logic. Euclidean Geometry deals with axioms and proofs of theorems through 

deductive thinking (Mamali, 2015). Considering these definitions of Geometry, it shows that when 

dealing with Geometry, focus, is on identifying shapes, measuring different aspects of those shapes, 

and categorising such shapes according to their properties as well as proving theorems and their 

application. The aims for the teaching Geometry can be summarised as follows: to offer a range of 

geometrical familiarities in 2 and 3 dimensions; to develop spatial awareness and geometrical insight; 

to advance familiarity and knowledge of, and the capability to, use geometrical properties and 

theorems; to encourage the development and use of conjecture, deductive reasoning and proof; to 

develop skills of applying Geometry through modelling and problem-solving in real world settings; 

to generate a positive attitude to Mathematics; and to develop an awareness of the historical and 

cultural heritage of Geometry in society, and of the modern applications of Geometry.  
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The teaching and learning of Euclidean Geometry are critical in this study. According to Jones (2002), 

the understanding of Geometry was accumulated and ordered in a writing named Euclid’s Elements. 

Euclid’s Elements represents the axiomatic-deductive method, and maintains that several theorems 

were proven by deductive logic (Pereyra, 2022). Jones (2002) further states that in the nineteenth 

century, there were changes in the concepts of Geometry when Euclid introduced abstract Geometry. 

However, according to Sir Zeeman, Geometry is composed of Mathematics that calls on visual 

intuition to perceive reality, to remember theorems, understand proofs, stimulate conjecture, and give 

universal or inclusive insight (Zeeman, 1976). In this study, Euclidean Geometry is viewed as 

comprising both Euclid and Zeeman’s opinions. We, therefore, believe that Geometry perhaps started 

with perceiving and recognising the immediate world concretely, formulating conjectures about the 

environment; and applying the accumulated perceived and recognised knowledge as well as pre-

conceived conjecture to seek approval through existing axiomatic-deductive knowledge. Hence, 

inductive, and deductive logic are viewed as supplementing each other in the teaching and learning 

of Euclidean Geometry.   

 

2.2.2. The history and foundation of Geometry 

Geometry is one of the most ancient forms of Mathematics, and is associated with the ancient Greeks 

(Scott & Coxeter, 1926). The word ‘Geometry’ comes from the Greek words ‘geo’, meaning the 

‘earth’, and ‘metrein’, meaning ‘to measure’, and appears to have originated from the need for 

measuring land (Jones, 2002). According to Jones (2002)Geometry originated from several ancient 

cultures, including Indian, Babylonian, Egyptian, and Chinese cultures, which used Geometry to 

measure lengths, heights, angles, directions, and distances. The story of axiomatic Geometry 

therefore, begins with Euclid, the most famous mathematician in history (Story, 2011). The British 

mathematician, Sir Christopher Zeeman, saw Geometry as that which comprises those branches of 

Mathematics that exploit visual intuition, the most dominant of our senses, requiring remembering 

of theorems, understanding of proofs, inspiring of conjectures, perceiving of reality, and giving global 

insight (Jones, 2002). According to Tachie (2020), those who are geometrically inclined tend to have 

a high level of memory restoration, and can easily link or relate events and occurrences. This is one 

of the reasons why Euclidean Geometry was introduced as a core topic in the South African school 

curriculum (Tachie, 2020). 
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2.2.3. Teaching and learning of Euclidean Geometry in South Africa 

Euclidean Geometry requires educators to assist learners in linking new knowledge to existing 

knowledge and develop instructional techniques that would facilitate cognitive growth and change 

during teaching and learning (Kotzé, 2007). Research has proven that Geometry plays a very 

significant role in the teaching of Mathematics all over the world. Euclidean Geometry provides a 

rich source of visualisation for understanding arithmetic as well as algebraic and statistical concepts 

(Binti et al., 2003). These are some of the reasons why the importance of Geometry in the lives of 

people cannot be underestimated. However, many teachers find it challenging to teach the concept in 

South Africa due to the lack of subject content knowledge and lack of cognitive skills (Tachie, 2020). 

According to Adolphus (2011), one of the problematic ideas that causes teachers to struggle to teach  

Mathematics is Euclidian Geometry, because of the technicalities related to the language, 

visualisation of objects for better identification of properties, and inadequate conceptual 

understanding. 

 

 The teaching and learning of Mathematics must be connected to reality, meaning that in the teaching 

of Geometry, teachers should try to make use of available materials at their disposal to convey the 

meaning of geometrical concepts (Howson & Freudenthal, 1992). Some researchers have disputed 

the notion that a teaching approach which connects to reality helps learners develop and apply 

Mathematics to problems (Tachie, 2020). Sanni (2007) discovered that the instruction of Geometry 

concepts was more of ordered Mathematics classroom practices such as checking homework, 

followed by teacher lecture and demonstration, followed by learner practice in a sequence of 

classroom instructional activities. The South African Euclidean Geometry curriculum does not 

recommend such an approach since it does not consider Van Hiele’s (1986) five levels of Geometry 

thinking, which serve as a rational basis for the teaching of Geometry in schools (DBE, 2011).  

According to Vojkuvkova (2012), the Van Hiele Level 1 is recognition or visual level, where learners 

recognise figures by their appearance, and level 2 is descriptive or analytic level, where learners 

recognise and analyse figures by their properties. Level 3 is the abstract or relational or ordering level, 

where learners distinguish between necessary and sufficient conditions for a concept, as well as form 

abstract definitions and classify figures by elaborating on their interrelationships. Level 4 is the 

formal deduction level at which learners establish theorems within an axiomatic system and recognise 

the difference between undefined terms, definitions, axioms, and theorems, as well as construct 

original proofs. Level 5 is the last level, which is mathematical rigor. At this level, learners understand 
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the relationship between various systems of Geometry and can describe the effect of adding or 

deleting an axiom on a given geometric system, and can compare, analyse, and create proofs under 

different conditions. Van Hiele (1986) believes that these five sequential geometric levels are needed 

for identification and sorting; developing critical thinking and problem-solving skills; formulating 

conjectures; intuition, postulation, deductive reasoning, and logical arguments; and for proof 

formulation (Tachie, 2020). McIntyre (2007), states that Van Hiele’s theory of geometrical thinking 

is the theory behind the teaching of Euclidean Geometry in schools. However many educators still 

prefer using the traditional teaching approaches in the teaching of Geometry in schools (Tachie, 

2020).  

 

South Africa has experienced numerous curriculum reforms, as every time the Minister of Education 

changes a new curriculum was introduced (Gumede & Biyase, 2016). That has affected the teaching 

of Euclidean Geometry in schools (Tachie, 2020). Curriculum reform has also affected other 

countries such as Zimbabwe and China. Gladys (2018) confirms that Geometry is one of the most 

affected fields in Mathematics, and it was only in the previous five years that its status had improved 

in Zimbabwe. Learners with this qualification had a deficient level of understanding of Euclidean 

Geometry as it was not comprehensively taught, which led to challenges being experienced in its 

teaching in Zimbabwean secondary schools.  

 

 Xei (2005) regards China as one of the countries that underwent curriculum reforms leading to a 

great deal of change in its Mathematics curriculum changing Mathematics content taught to 

elementary and middle school learners in the People’s Republic of China. Xei (2005) explains that 

the reforms brought both favorable experiences and frustrating ones as their cultural identity and 

national conditions were compromised. They needed to examine the superiority and limitation of 

Chinese Mathematics education by looking at the trends in international Mathematics education so 

that China’s curriculum could be recognized internationally. The Chinese Ministry of Education 

made Euclidean Geometry compulsory for all learners. The reason for this was that it had been 

observed that in the traditional Chinese culture, logical thinking was rare, and Mathematics-related 

training, especially on Euclidean Geometry, was a great need. They underscored the importance of 

deductive reasoning, which is extractable from the teaching of Euclidean Geometry for a nation doing 

it as a core topic in Mathematics. However, many teachers faced challenges in teaching Euclidean 

Geometry as it had been newly introduced into the school curriculum. 
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A similar issue has been observed in South African schools, where Euclidean Geometry was seen as 

having no weight at some tertiary institutions resulting in education graduates having not been 

educated in the topic of Euclidean Geometry, and Some teachers have already qualified as teachers 

yet have not undergone training on some of the newly-introduced topics such as Euclidean Geometry 

(Tachie, 2020). In 2012, South Africa experienced the introduction of a new curriculum for Grades 

R–12, which was an amendment of the existing National Curriculum Statement (NCS), which did 

not offer Euclidean Geometry as a core topic for Grades R-12 Curriculum and Assessment Policy 

Statement (CAPS). Teachers who had not studied this topic in their secondary schooling or their 

teacher education programs found themselves teaching the subject with little knowledge and 

understanding. Such teachers’ lesson preparations were negatively affected since teaching 

Mathematics depends on how one understands the Mathematics content itself. Brodie (2010) found 

that there is always a significant decline in the cognitive levels of Mathematics content whenever a 

teacher is not comfortable with the topic, thereby compromising knowledge transfer. The same 

situation occurred with the teaching of Euclidean Geometry (Brodie, 2010). 

  

2.2.4. My choice of Geometry in the Mathematics curriculum 

In the National School Certificate (NSC), the CAPS document recommends seven content areas for 

paper 1, and four content areas for paper 2 Matric final examinations. Geometry is examined in paper 

2 under Analytical and Euclidean Geometry. Of the eleven content areas prescribed, this study 

focused on Euclidean Geometry for the perceived role in learner mental skills development. 

According to Jones (2002), the study of Geometry contributes to development of vital learning skills 

of visualisation, critical thinking, insight, perspective, problem-solving, conjecturing, deductive 

reasoning, logical argument and proof. The Euclidean Geometry content, as defined in the CAPS 

document (DBE, 2011), includes the concept of measurement that can be tested in the context of 

optimisation in calculus, as well as composite shapes that can be formed by combining a maximum 

of two stated shapes. Proofs of theorems are examinable. Examples include the line drawn from the 

Centre of a circle perpendicular to a chord bisects the chord; the angle subtended by an arc at the 

center of a circle is double the size of the angle subtended by the same arc on the circumference; the 

opposite angles of a cyclic quadrilateral are supplementary; the angle between the tangent to a circle 

and the chord drawn from the point of contact is equal to the angle subtended by the chord in the 

alternate segment; a line drawn parallel to one side of a triangle divides the other two sides 

proportionally and equiangular triangles are similar. Corollaries derived from the theorems and 
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axioms are necessary in solving riders and these include: an angle in a semi-circle is a right angle; 

equal chords subtend equal angles at the circumference; the exterior angle of a cyclic quadrilateral is 

equal to the interior opposite angle of the quadrilateral; and tangents drawn from a common point 

outside the circle are equal in length up to the point of contact.  

 

Geometric representations can assist learners to make sense of other areas of Mathematics like 

fractions and multiplication in arithmetic, the relationships between the graphs of functions, and 

graphical representations of data in statistics (Jones, 2002). Geometric spatial reasoning is important 

in other areas of the curriculum such as science, art, design, geography, and technology. This shows 

that Geometry is not only learnt for itself, but for a bigger purpose in learner development. Geometry 

also acts as a framework within which to teach and learn Mathematics and well taught and learnt 

Geometry concepts promote exploration and interest. The interest can develop learners’ attitudes 

towards Mathematics, hence their learning. According to Jones (2002), as learners deliberate on 

problems in Geometry, and communicate their ideas and develop well thought-out points of view to 

support their opinions, they develop better communication skills and appreciation of the importance 

of proof. Even though Geometry is not the only basis for developing ideas of proofs, it is a very rich 

source of opportunities to develop the ideas. 

 

According to Bursill-Hall (2002), Geometry has been studied because it has been held as the most 

exquisite, perfect, paradigmatic truth available to us outside divine revelation; and it is the surest, 

clearest way of thinking available to us.  He continues to argue that studying Geometry reveals – in 

some way – the deepest true essence of the physical world and its teaching trains the mind in clear 

and meticulous thinking. All this implies that, if Geometry is taught well, it could mean empowering 

more learners to become successful in Mathematics and other areas of study. Euclidean Geometry 

acts as a tool for providing logical thinking and in the CAPS document, has more weight than other 

Mathematics topics at FET. Thus, this study examined the Mathematics policy document to check 

how the topic is arranged and treated. About 33% of the marks in Paper 2 come from Euclidean 

Geometry, which means that if a learner is well versed with the topic, he/she will be in a good position 

to pass the paper since the pass mark is 30%. For the purposes of accruing marks in grade twelve 

Mathematics Paper 2, learners need to do well in Euclidean Geometry. Even on time, in the Further 

Education and Training (FET) band, Geometry is allocated 16 weeks of which nine weeks are for 

Euclidean Geometry constituting 56.25% of the total time reserved for Geometry. 
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2.2.5. The importance of Geometry 

Mathematics instruction programs should pay attention to Geometry and spatial sense so that all 

learners, among other things, use visualization and spatial reasoning to solve problems both within 

and outside of Mathematics (Hekimoglu & Sloan, 2005). This is one of the motives behind the 

inclusion of Geometry in South African school curriculum. There are many demands and problems 

of the 21st century which can be solved geometrically. Health industry needs Geometry designs. 

Dentist, plastic surgeries and many operations are performed by employing Geometry strategy 

(Makhubele, 2012). Geometry also plays an important role in terms of transport. All car designs and 

other modes of transport are geometrically designed. Geometry involves the study of shapes. Shapes 

play an important role in our everyday life. From home improvements to architecture, we see and use 

geometric shapes in a variety of ways. According to Srinivasan (2005), this makes Geometry an 

important strand of Mathematics as it is an essential part of our lives. 

 

In food production, Ivester (2008) argues that Geometry technological advancement has led to 

dramatic improvement in the production of food and the processing of food. There is a huge demand 

for clothes because of the growing population. Very few of us living in this century still clothe 

ourselves with garments that are made entirely by hand. Most 21st century citizens are dependent on 

factory-made garments. Most modern garments are designed through the use of advanced 

technologies that employ basic geometric concepts (Makhubele, 2012). In housing, Geometry plays 

an important role when it comes to plans and building quality houses. The possibility of a sudden rise 

in water levels at coastal areas, as well as unstable surfaces because of flooding and earthquakes, has 

heightened the necessity of dealing with housing geometrically (Makhubele, 2012). 

  

The above explanation of the roles of Geometry in our society justifies the inclusion of Geometry in 

the school curriculum. Geometry has an important place in school Mathematics curricula. It develops 

learners’ spatial ability, logical reasoning skills, and the ability to solve real-world problems in which 

geometrical terminology and properties occur (Riastuti, Mardiyana & Pramudya, 2017). According 

to the National Council of Teachers of Mathematics (1989), Geometry is an important school subject 

because it provides perspectives for developing learners’ deductive reasoning abilities and spatial 

awareness (Crosswhite, 1989). This is alluded to by Clements and Battista (1994) who argue that 

understanding Geometry is an important mathematical skill since the  world  in  which  we  live is 
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inherently  geometric. Improving learners’ geometric thinking levels is one of the major aims of 

Mathematics education since geometric thinking is very important in many specific, technical, and 

occupational areas (Olkun, 2005). 

 

Generally, Geometry is used in many fields including physics, engineering, architecture, space 

exploration, and anything that requires measurement. According to Leopold (2006), Geometry is the 

most useful of all the sciences. The understanding of Geometry helps in the learning of all other 

sciences, and no other science can be learned unless you know something about Geometry 

(Vojkuvkova, 2012). Studying Geometry will make people’s eyes quick in seeing things, and hands 

steadier in doing things. People can draw better, write better, cut clothes, make boots and shoes, work 

at any mechanical trade, or learn any art. Geometry provides learners with the means to analyse, 

understand and describe their world, and to deepen their understanding while adding to the ability to 

solve real-world problems (Jones, 2002). As such, Geometry is important for the economy and nation 

building. According to Leopold (2006), the rationale for including formal Geometry in the school 

curriculum is twofold; it is seen as a vehicle for teaching and learning deductive thinking (proof), and 

also as a first encounter with a formal axiomatic system. According to Brown, Jones and Taylor 

(2003), the important objectives in teaching Mathematics at the secondary school level include 

developing knowledge and understanding of, and the ability to use, geometrical properties and 

theorems; encouraging the development and use of conjecture, deductive reasoning and proof. One 

of the rationale of Mathematics teaching as suggested by the Southampton/Hampshire Group of 

mathematicians and Mathematics educators is for designing and developing suitable teaching 

materials that support the teaching and learning of geometrical reasoning (Brown et al., 2003). 

Geometry is a natural avenue for developing learners’ reasoning and justification skills. All this 

explains the importance of Geometry that explains the South African government’s inclusion of 

Geometry in the CAPS as a compulsory subject. 

 

2.2.6. Geometry skills development 

Geometry focuses on the development and application of spatial concepts through which learners 

learn to represent and make sense of the world (Tait-McCutcheon, 2014), and it is an essential part 

of the South African Mathematics curriculum  (Alex & Mammen, 2016). Evidence from a variety of 

sources makes it clear that learners at junior school level are not learning Geometry concepts 

appropriately to prepare them for success in their high school Geometry course (Scholarsarchive & 
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Genz, 2006). However, Geometry is regarded as important in school because it provides perspectives 

for developing learners’ deductive reasoning abilities and the development of spatial awareness 

(Crosswhite, 1989). In addition to that, the level of geometric thinking has relevance to learners’ 

ability to demonstrate geometric skills (Nur & Nurvitasari, 2017). Developing problem-solving skills 

related to Geometry is one of how learners can solve Geometry problems. Geometry skills include 

visual, verbal, drawing, logical and applied skills.   

• Visualisation skills in Geometry involve the ability to identify geometric structures based on 

observations that can be seen directly (Karapınar & Alp İlhan, 2018). Visual skills refer to the 

ability to recognise a variety of figures and space; identify the center of the object and the 

interconnection of a part with the other; recognise the symmetry and classification of an 

object; and envision a model (Thomas, Druck & Huilet, 2015). Thus, visualisation skills 

include recognition, observation of properties, interpretation of maps, imaging, and 

recognition from different angles (Nasir, Ghazali & Razak, 2014).  

• Verbalisation skill is the ability to define a form based on characteristics or attributes attached 

to the form (Nurwijayanti & Fitriana, 2018). This skill denotes the capability to classify 

objects of Geometry by name, visualise them with their verbal descriptions, define them 

appropriately, show relationships between objects, formulate generalisations and abstractions, 

and appreciate the logical structure of oral problems. Further, the skill includes the correct 

use of terminology and accurate communication in describing spatial concepts and 

relationships (Thomas, Druk & Huilet, 2015). 

• Drawing skill refers to the capacity to abstract a form based on the nature and characteristics 

it possesses (Nurwijayanti & Fitriana, 2018). This involves the ability to sketch a plane and 

label certain points, sketch according to verbal descriptions, construct picture based on its 

properties, add useful elements to an image, identify the limitations of the image sketch, and 

construct a geometric model. Actually, this skill is all about communicating through drawing, 

representation of geometric shapes, making scale diagrams, and sketching isometric figures 

(Searcóid, 2002). 

• Logical skill encompasses the ability to understand the principles of conservation of geometric 

shapes and spatial reasoning (Nurwijayanti & Fitriana, 2018). On this note, one must 

recognise differences and similarities between geometric objects, classify them by their 

properties, understand and apply the essential properties of definitions, exhibit logical 

consequences of data, develop logical proofs, and recognise the role and limitations of 
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deductive methods. This skill is more about classification, recognition of essential properties 

as criteria, discerning patterns, formulating and testing hypothesis, making inferences, and 

using counter-examples (Tripathi, 2020). 

• Applied skill includes the ability to connect other mathematical concepts in Geometry and 

develop a given model to solve a problem (Nurwijayanti & Fitriana, 2018). This skill involves 

recognition of the physical model of the object, construction of the Geometry model based on 

its physical object, application of the properties of the Geometry model to the physical object 

and development of geometric models for natural phenomena, and their application in 

problem-solving. The applied skill also includes real-life applications using geometric results 

learnt, and real uses of Geometry, as for designing packages (Nurwijayanti & Fitriana, 2018). 

These five basic skills are interconnected and should not be viewed in isolation from one another. 

For example, a learner will be able to apply a concept of Geometry to daily life problems if he/she is 

able to develop his/her geometrical logical thinking as well as explain it verbally. This is because the 

verbal and visual skills have to develop the basic logical skill and those basic geometrical skills are 

important and need to be balanced with the development of problem-solving, which needs an 

integration of the skills (Nurwijayanti & Fitriana, 2018). These five geometrical basic skills are 

regarded as a whole unit that the learners must use to solve Geometry problems. 

 

2.2.7. Problem-solving 

Mathematical problem solving is defined as an abstract and complicated process and involves human 

thinking and reasoning (Inam, 2016). It is stated that problem solving is an approach to solve a certain 

problem (Maricic, 2010). Thus, problem solving can be defined as a method employed to solve a 

particular problem that involves individual reasoning on the specific steps to be taken in the process.  

 

As one of the aims of education is to equip learners to solve problems (DBE, 2015), problem-solving 

in the Mathematics curriculum contributes to the generic skill of problem-solving. Problem-solving 

is the foundation of various Mathematics activities in all Mathematics subject areas (Reys, Lindquist, 

Lambdin, Smith & Suydam, 2004). Skills in problem-solving contribute to self-actualisation and lead 

to greater opportunities for employment as well as to economic growth (Hanushek, Jamison & 

Wößmann, 2008). Due to its significance, there have been calls for the teaching of problem-solving, 

as well as the teaching of Mathematics through problem-solving to be included in the South African 

Mathematics curriculum (Liljedahl, Trigo, Malaspina & Bruder, 2016). 
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Problem solving is one of the important aspects of Mathematics learning that must be mastered by 

learners in the learning of Mathematics (Capecchi, 2017). These facts must be noted in problem-

solving: problem-solving is not based on the possessed memory; each problem possesses unique 

strategies; various approaches should be learned and understood to result in appropriate problem-

solving (In’am, 2014). 

 

Problem solving in any field is recognised as a prerequisite for any advancement in knowledge 

(Giannakopoulos & Kakoma, 2015). In South Africa it is one of the seven critical outcomes of 

education, together with critical thinking (SAQA, 2000). With the introduction of the Curriculum and 

Assessment Policy Statement in South Africa, it is stated that the learner should be able to identify 

and solve problems and make decisions using critical and creative thinking (DBE, 2011). 

 

2.2.8. Problem-solving skills  

Problem-solving skills have been identified through much research as one of the major requirements 

in the job markets in most economies. There are calls for the inclusion of problem-solving in most 

curricula in today’s classroom (OECD, 2012). Different terms have been used to describe problem-

solving skills in literature. To describe the measure of a learner’s problem-solving, Learners, Case, 

Walter, and Bester (2014) used the terms proficiency. Scherer and Beckmann (2014) used 

competence, Renkl and Atkinson (2003) used capabilities  to mean the same. Awuah and Ogbonnaya 

(2018) used skills for the same purpose. Like Makhubele (2012) in this study, I used the term 

problem-solving skills, defined as a measure of one’s ability to solve problems from intellectual 

domains such as Mathematics. This study measured learners’ problem-solving skills by studying their 

skills in solving geometric problems.  

 

2.2.9. Research into learners’ problem-solving skills 

Awuah, (2018) investigated the problem-solving skills of Grade 12 learners in probability in South 

Africa. A total of 490 Grade 12 learners from seven schools, categorised under four quintiles (socio-

economic factors) were purposefully selected for the study (Awuah, 2018). A mixed method research 

methodology was employed in the study. Bloom’s taxonomy and the aspects of probability enshrined 

in the Mathematics Curriculum and Assessment Policy Statement (CAPS) document of 2011 were 

used as a framework for analysis. Results of the study showed that, except for Bloom’s taxonomy’s 
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synthesis level, learners in Quintile 4 (fee-paying schools) had statistically significant higher 

achievement scores than learners in Quintiles 1 to 3, (i.e., non-fee-paying schools) at the levels of 

knowledge, comprehension, application, analysis and evaluation of Bloom’s taxonomy. Contrary to 

expectations, it was revealed that the achievement of the learners in probability in this study decreased 

from Quintile 1 to Quintile 3 in all but the synthesis level. Based on these findings, the study argued 

that the quintile ranking of schools in South Africa may be a useful but not a perfect means of 

categorisation to help improve learner achievement.  

 

Chirinda and Barmby (2017) used a mixed method approach, based on the constructivist model, to 

research how the improvement of the mathematical problem-solving skills of Grade 8 learners would 

enhance achievement in Mathematics in a secondary school in Gauteng province of South Africa. A 

teaching and learning environment, in which the presentation and solution of problems were the main 

deductive mathematical activities, was created by the author. Data was collected through a 

questionnaire, the compilation of a register of mathematical problem-solving skills, direct 

observation and questioning of participants, semi-structured interviews, learner journals, 

mathematical tasks, and written tests including pre- and post-multiple choice and a word problem 

test. Data was analysed using descriptive analysis and it was found that participants in the 

experimental group had obtained and improved mathematical problem-solving skills on conclusion 

of the intervention. The qualitative results also indicated that the improvement of mathematical 

problem-solving skills enhanced learners’ performance and achievement in Mathematics.  

 

Tigere, (2014) evaluated the learner problem-solving competency in respect of physical sciences in 

the Highveld Ridge East and West circuits in Mpumalanga province of South Africa. The study 

collected data from learners from three different schools using random sampling. Learners were 

required to write a stoichiometric achievement test administered by the physical sciences teachers at 

their respective schools. A memorandum was used to score the test. The study investigated, among 

other things, the relationship between conceptual problem-solving proficiency and algorithmic 

proficiency of Grade 12 physical sciences learners. It also attempted to determine the capacity for 

problem-solving in respect of physical sciences in stoichiometry, according to problem-solving 

strategies and the weakness that existed in stoichiometry problem-solving that could be reflected 

during teaching. The results revealed that learner proficiency in both algorithms and conceptual 

problem solving was low. Algorithm and conceptual problem-solving proficiency were found to be 
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weakly correlated. The percentage of problems correctly solved was the lowest (26.78%) for 

algorithmic solutions and 5.46% for conceptual solutions, in comparison with the percentage of 

incorrect solutions (42.27%) and problems not attempted (18.65%). The findings also revealed that 

there were no Grade 12 learners with high algorithmic and high conceptual abilities. The study 

provides a basis for further research in that it did not include rural, farm and private schools.  

 

Mugisha (2012) studied learner performance in Mathematics in open distance learning settings. The 

author investigated the problem-solving skills of the University of South Africa learners in calculus 

module MAT112. Data was collected from the end-of-year examination scripts of the learners 

between 2006 and 2009. The study reassessed the work done in the end-of-year Calculus 

examinations, by both looking at the distribution of marks awarded and assigning new scores based 

on an assessment rubric adapted for the problem at hand. Further assessment of qualitative 

dimensions that is important for problem solving in Calculus is developed from the data obtained 

from the assessment rubric. Using factor analysis, a hesitation factor, transfer-of-knowledge factor, 

as well as ingenuity factor, was identified in successful Calculus problem solving. The study proposes 

two conceptual models; the first is to guide learners in solving Calculus problems while the second 

one is meant to assist lecturers in the assessment of learners of Calculus. The researcher developed a 

qualitative questionnaire from the quantitative data to give more meaning to the quantitative data. 

Due to the mode of data collection, one may not be able to guarantee the appropriateness of the data 

for the purpose since it was secondary data as Saunders (1997) is of the view that secondary data 

might not be qualitative enough to measure what it intended to measure, and might be outdated or 

might have been used in previous studies for the same purpose. This limitation characterising 

Mugisha’s (2012) study is solved by making use of primary data in the current study.  

 

Dhlamini (2012) studied the effect of implementing a context-based problem-solving instruction on 

learners’ performance. The study employed cognitive load theory as the framework. Participants were 

783 learners and four Grade 10 teachers from Gauteng province in South Africa. Data was collected 

by making use of a standardised functional Mathematics achievement test. The study used a non-

equivalent control group design, consisting of a pre- and post-measure. Classroom and semi-

structured interviews were conducted with teachers and learners. The teachers used normal problem-

solving lessons in the four control schools while the researcher deployed context-based problem-

solving instruction in the five experimental schools. The design of the context-based problem-solving 
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instruction was such that the learners in experimental schools were at ease with the basic context-

based problem-solving tasks that were posed to them through the worked-out examples. A 

standardised functional Mathematics achievement test was used as the data collection instrument. A 

pre-test was given to learners to determine their initial problem-solving status, after which the 

intervention followed. The one-way analysis of covariance and the analysis of variance and other 

statistical techniques were employed for the data analysis. The findings revealed that the learners in 

the experimental schools outperformed those in the control group. This was confirmation that the 

context-based problem-solving instruction was an effective tool to improve the problem-solving 

abilities of Grade 10 learners in Mathematics. The study challenged researchers to further examine 

what learners are thinking during the process of developing problem-solving skills in Mathematics. 

This, according to the researcher, would explain how learners advance from basic skills to advanced 

problem-solving skills in Mathematics. The researcher urged that more studies be done on how 

instruction can be tailored effectively to improve the problem-solving skills of South African learners. 

The current study investigated learners’ problem-solving skills on a topic in Mathematics, in 

Geometry by making use of Polya’s model. The findings would demonstrate the problem-solving 

skills of learners hence bridging the gap of knowledge on what Dhlamini (2012) studied.   

                                                                                                                                                               

Lim and Noraini Idris (2006) conducted a research study on the algebraic problem-solving ability of 

Form 4 learners in Malaysia, revealing that 62% of the learners had less than a 50% chance of success. 

The authors used the Structure of Observing Learning Outcome (SOLO) model as a theoretical 

framework for assessing the learner’s abilities in using linear equations. The content that was 

investigated included linear pattern direct variation concepts of functions and arithmetic sequences. 

It was found that the learners had problems in the use of algebraic symbols to generalise their thought 

processes. From an analysis of the qualitative data, it was revealed that the participants seemed to be 

more proficient in searching for recurring linear patterns to identify the linear relationship between 

variables than in other areas. According to the study, they could coordinate all the information 

supplied in the questions to form algebraic expressions and linear equations. The low-ability learners 

showed that they could master the drawing and counting method though they did not understand the 

algebraic concepts. The study provides evidence that learners have challenges in the algebraic solving 

of problems and thus need assistance in the concepts of algebra. 

 

In a study done by Zanzali & Nam (1992) evaluating learners’ levels of problem-solving abilities in 
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Mathematics in Malaysia, 242 Form 4 science and non-science learners from four urban schools were 

selected from a Malaysian secondary school. The respondents were made to solve mathematical 

problems. The tasks comprised content questions, multiple choice questions, and structured 

questions. Their levels of ability in using basic knowledge, the standard procedure, as well as their 

problem-solving skills, were evaluated. The evaluation was done by applying Polya’s model for 

solving problems. The findings revealed that the learners were unable to use the correct and 

appropriate mathematical symbols and vocabulary to provide the reasoning behind certain problem-

solving procedures. The study further showed that learners had a good command of the basic 

knowledge and skills required for problem-solving, although they did not demonstrate the use of 

problem-solving strategies as expected. The study provided a basis for further research, particularly 

in knowing learners’ specific geometric problem-solving skills, as the study was silent on that aspect. 

The current study investigated the specific geometric problem-solving skills of learners.  

 

In Turkey, Yigiter (2013) conducted an investigation into the problem-solving skills, self-esteem and 

preferences of university learners regarding sport and social activity. The study comprised 500 

learners in an English preparatory programme from different departments of the university. The study 

concluded that problem-solving skills were not associated with gender or age, nor did they differ 

according to gender and preferences in relation to sport and social activity. But problem-solving skills 

are associated with some demographic variables such as age. However, sport was found to have a 

positive effect on self-esteem but not on the problem-solving skills of learners of the university. The 

study provides evidence that the problem-solving skills of learners are independent of gender but 

dependent on certain factors such as recreational physical activities. Syafii and Yasin (2013) used a 

quasi-experimental non-equivalent pre-test and post-test control group design to investigate biology 

learners’ problem-solving skills at high school level in Indonesia. The study employed a problem-

based module in teaching the experimental group of learners. The treatment group applied the 

problem-based module in learning problem-solving skills under the guidance of teachers, and the 

problem-based module was used as a framework in their teaching and learning sessions. The learners 

used task sheets indicating the main steps in implementing the problem-based module to guide their 

learning activities. The teachers acted only as facilitators. The learner learning activities were 

structurally observed, utilising observation sheets to monitor the learning progress in respect of 

problem-solving skills. The control group was taught biology through conventional teaching 

methods, with the teacher guided by the available lesson plan. The teaching methods only involved 
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lectures and drills. Learners were not exposed to the problem-based module. Their progress was 

monitored through observation. The following were used as indicators for problem-solving abilities: 

ability to identify problems; ability to gather data; ability to plan the solution; ability to execute the 

plan and solve the problem; and the ability to evaluate the problem-solving process (Syafii & Yasin, 

2013). The post-test was conducted after the teaching and learning (T and L) session to measure the 

ability of learners from both groups.  

 

The learners’ problem-solving skills were analysed using descriptive analysis and inferential analysis 

through SPSS 18 software. The performance of the experimental and control groups in mastering the 

concepts and learning products was tested to compare the problem-solving skills of the two groups. 

The problem-solving skills of the experimental group were measured and found to be 85.47 % (very 

good); far better than that of the control group which was measured and found to be only 25.12% 

(low). Average achievement in the experimental group was measured and found to be 84.26% (good), 

while that of the control group was 79.08% (moderate). Overall, the average of the product of the 

learning was 89.89% in the case of the experimental group compared to 52.10% in the control group. 

The findings clearly indicated that problem-based modules can improve learners’ problem-solving 

skills in biology. The findings provided evidence that learners performed better when exposed to a 

problem-based module. However, the study was silent on the specific problem-solving stages at 

which learners performed. It may happen that learners performed better at some stages in the process 

of problem-solving. Thus, this study measured learners’ problem-solving skills at different stages in 

the process. 

 

Tang and Pham (2017) studied Vietnamese learners’ problem-solving skills in learning about the 

error of measurements. The study was conducted following two parallel approaches, firstly by 

analysing academic materials according to phraseological organisation in relation to components of 

problem-solving skills to clarify the formation and development of problem-solving skills through 

the evaluation system. Secondly, the other approach was by building an experiment of processing 

errors using statistical tools that learners had learned in the curriculum and evaluating the degree of 

problem-solving skills of a sample of 201 learners randomly chosen in Ho Chi Minh City. The study 

was evaluated based on four phases. Phase 1 presented how the learners identified a solution to the 

problems. The results showed that 57%, representing 115 learners provided an incorrect solution; 69 

of the learners representing 33% provided partially correct solutions; and 10% provided the correct 
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solution. According to the study, few learners were able to reach Phase 2 of the study. The results 

showed that processing errors by using statistics, as presented in Mathematics and physics textbooks 

did not enable most learners to propose a solution in the experiment. The research questions, the 

practical teaching of teachers and teacher training in pedagogical universities, as well as providing 

an evaluation of the reality of the current educational system, contributed to the development of the 

Mathematics curriculum and composition after 2018. Based on the findings of the study, the authors 

recommended that teacher training focus on the formation and development of problem-solving, and 

on providing an understanding that is deep in terms of major knowledge (mathematical statistics) and 

broad in terms of relevant sciences (theory of errors). 

 

2.2.10. Evaluation of problem-solving skills 

From the literature review, different problem-solving models, educational strategies, and methods 

have been engaged to assess learners’ problem-solving skills. For instance, Tang and Pham (2017) 

evaluated learner problem-solving skills by analysing academic materials and also building an 

experiment researching processing errors by using the statistical tools that the learners had learned. 

Dimitriou-Hadjichristou and Ogbonnaya (2015) used Bloom’s taxonomy to evaluate learners’ 

problem-solving skills. These methods have been used to evaluate problem-solving across 

disciplines. For this study, Polya’s model is discussed because of its extensive use in the literature on 

this subject. Several studies have used Polya’s method in evaluating problem-solving skills. 

Examples of such studies include Brijlall (2015) who used the model to evaluate learners’ problem-

solving skills during collaborative learning in studying the mathematical topic, fractions. The study 

was a small-scale action research that used 47 Grade 10 learners in a South African middle school as 

participants. The participants from two classes attempted to solve tasks involving the concept of 

fractions. In one class, the learners were assigned to work together in groups while participants in the 

other class would work individually. Qualitative methods were used for data collection and analysis. 

Most of the stages of Polya’s problem-solving model were discernible in the groups working together. 

The study helped to identify the stages in the model that promoted effective problem-solving. The 

study made recommendations to Mathematics classroom practitioners regarding problem-solving. 

The study recommended that learners be viewed as intelligent and creative individuals whose 

questions are important, and that more time be provided for discussion.  

 

Lupahla (2014) used Polya’s problem-solving model to document the level of attainment of problem-
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solving skills among Grade 12 learners from the Oshana Region in Northern Namibia. A computer-

aided algebraic problem-solving assessment program was used. A mixed method triangulation design 

was employed, while the data collection instruments consisted of a knowledge-based diagnostic test 

and an algebraic problem-solving achievement test, as well as an item analysis matrix, used to 

evaluate the alignment of examination content with the curriculum and its assessment objectives. 

Questionnaire instrument was administered on a purposively selected learner sample after which 

interviews were conducted and analyzed. It was reported that 83% of the learners performed below 

the Trends in Mathematics, Science and Technology Education (TIMSS) Level 2 (low) in 

mathematical problem-solving skills, while there was a correlation of r = 0.5 (Pearson correlation 

coefficient) between the achievement in the knowledge base and the problem-solving test. The 

correlation between the learners’ achievement in the algebraic problem-solving test and their 

achievement in the final Namibian senior secondary school certificate examination of 2010 was r = 

0.7. Polya’s first step was identified as presenting problems for learners in respect of the reading as 

well as the understanding of the problem. The study found that the algebraic approach was the most 

successful solution strategy.  

 

In a similar study, Learners, Case, Walter and Bester (2014) measured learners’ level of problem-

solving by making use of Polya’s four stages of problem-solving as a departure point. The study used 

128 second year marketing learners offering quantitative techniques from Walter Sisulu University 

in South Africa. The instruments utilised to collect data included a written test and questionnaire. A 

profile of participants’ problem-solving was constructed. Learners’ strengths and weaknesses, as 

demonstrated in problem-solving, were investigated. The findings of the study revealed that 72.29% 

achieved the highest marks in understanding a problem. Participants who were able to solve the 

problem comprised 73.77% of the learners. The findings revealed that 29.38% of the participants of 

the study could interpret their results. The study recommended that the curriculum be revised to 

include course material on problem-solving to improve learners’ proficiency in problem-solving. The 

findings of the study, however, did not conform to those of Lim & Noraini Idris (2006) or the findings 

from the report of the TIMSS study. Learners performed better in the use of algebraic strategy in 

solving problems, according to Lupahla (2014). However, the reason for learners’ poor performance 

in the TIMSS study can be attributed to the use of a purposive sampling technique instead of a random 

sampling technique. Polya’s problem-solving model has been used extensively to evaluate learners’ 

problem-solving skills. 
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2.2.11. Problem-solving models 

A problem-solving model is defined as an algorithmic and deductive approach to solving a problem 

(Nfon, 2013). This implies that there are steps that one must follow to arrive at the desired solution. 

Various problem-solving models are well documented in the literature. Literature review has revealed 

that there are several models that are used to evaluate mathematical problem-solving. Among these 

are the models developed by Schoenfeld (1987), Galbraith and Stillman (2006), Zakaria and Yusoff 

(2009), Yimer and Ellerton (2010), Gibson, Marriott and Davies (2007), Wu and Adams (2006), and 

Polya (1945). 

 

Schoenfeld’s problem-solving model  

Schoenfeld (1987) believes that becoming a good mathematical problem solver or a good thinker in 

any domain may be as much a matter of acquiring the habits and dispositions of interpretation and 

sense-making as of acquiring any set of skills, strategies, or knowledge. Thus, he came up with a 

problem-solving model with four categories of skills that are needed to be successful in problem-

solving. The first category is of resources, which is the proposition and procedural knowledge of 

Mathematics. The second is heuristics, which represents strategies and techniques for problem 

solving such as working backwards or drawing figures. Thirdly, is control, that is, decisions about 

when and what resources and strategies are to be used. The fourth category is beliefs. These are 

regarded as mathematical worldviews that determine how someone approaches a problem. 

Schoenfeld (1987) is well known for his work on metacognition, positing that, for one to be able to 

solve a problem successfully, one should have known about the question. After knowing about the 

question, the problem solver should be able to analyse and explain the question. Correct analysis and 

explanation indicate the understanding of the problem, hence, the ability to solve the problem. Here, 

the problem solver would be able to come up with a formula or strategy that would assist in solving 

the problem. Implementation is very critical at this point, involving substitution and evaluation to 

identify the unknown variables in the question. Ultimately, the problem solver should link the 

question to the answer by giving a vivid explanation of the solution.  

 

The major challenge with this model regards the teacher. The teacher must perceive the implications 

of learners’ different approaches, whether they may be fruitful and, if not, what might make them so 

(McIntosh, Jarrett & Peixotto, 2000).  McIntosh et. al (2000) argued that the problem with Schoenfeld 

model is the teacher must always decide when to intervene, and what suggestions will help the 
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learners, while leaving the solution essentially in their hands, and carrying this through for each 

learner.  The teacher will, at times, be in the position of not knowing yet to work well without knowing 

all the answers requires experience, confidence, and self-awareness that some teachers might not 

have in some cases. 

 

Marriott, Davies and Gibson’s problem-solving model  

Gibson, Marriott and Davies (2007) developed a problem-solving model, referred to as the problem-

solving approach, with four phases which are: specify the problem and plan, collect data, process, 

and represent, and interpret and discuss. These authors believe the person solving the problem must 

be able to identify the problem and come up with a plan. After reading the problem, the problem-

solver should be able to extract the information given in the question and identify the unknown. 

Subsequently, the problem solver would have to process the information and represent the 

information in the form of diagrams. The problem solver then should come up with a formula to solve 

it. The last step involves the interpretation of results and discussions. I strongly believe that problem-

solving approach can also be useful when teaching learners how to solve problems in Geometry. 

 

Stillman and Galbreath’s problem-solving model  

Galbraith and Stillman (2006) applied a model based on information processing with four phases, 

which are: information gathering, information representation, search and information processing, and 

information validation. This model contributes to the planning of teaching, in particular the 

identification of prerequisite knowledge and skills, preparation of interventions for introduction at 

key points (if required), and the scaffolding of significant learning episodes. Other potential uses of 

the framework are in the design of modelling tasks, and in assessment in which taking account of the 

activities in the respective transitions should enable tasks to be designed so that all phases of the 

modelling cycle are adequately represented (Galbraith & Stillman, 2006). The framework may be 

useful as an instrument in classroom-based research. Task design has been less of a focus, and this is 

an area that changes the importance of the model depending on the purpose for which the model is to 

be used. 

Yimer and Ellerton’s PS model  

Yimer and Ellerton (2010) proposed a model that helped learners to develop their ability to monitor 

their own problem-solving activities and the model consists of five stages. Empirical data from a 

study of pre-service teachers doing mathematical problem-solving that was not of a routine nature 
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was used. The five phases used were engagement, transformation, formulation, implementation, 

evaluation and internalisation (Yimer & Ellerton, 2010). Yimer and Ellerton (2010) showed aspects 

of mathematical problem-solving by pre-service teachers. Their model had a reflection at each phase 

of the problem-solving process and considers internalisation as a separate phase. This was the main 

difference between their model and other models. This makes the model too time-consuming as one 

must make a reflection at every stage of problem-solving.  

 

Wu and Adams’s PS model  

Wu and Adams (2006) problem-solving model linked problem-solving and cognitive processes. The 

model was used to identify specific weaknesses of learners in solving mathematical problems. The 

model has four stages consisting of extracting information from the question, a real-life and common 

sense approach to solving problems, reasoning and finally applying standard computational skills, 

and carefulness in carrying out computations (Wu & Adams, 2006). Wu & Adams (2006) model 

served to solve the cognitive processes found in a task which can be used as a problem-solving skill 

profile of learners. The only problem with this mode is that it is a framework that does not provide 

for the assessment of reflection, or the interpretation of the results learners may encounter.  

 

Zakaria and Yusoff’s Problem-Solving model.  

Zakaria and Yusoff (2009) model of problem-solving was developed to assess skills in algebra based 

on Mayer's  (1992) model. The model consists of problem translation and integration, solution 

planning and monitoring, and solution execution (Zakaria & Yusoff, 2009). The model’s first three 

stages align well with the first three phases of Polya. It is my view that the lack interpretation stage 

of the results in this model is a limitation. 

 

Many different scholars have proposed different problem-solving models, and it should be noted that 

all these models require the problem solver to have knowledge about the question being solved. It 

proposes that one’s ability to solve a problem depends, in one way or the other, on the individual’s 

existing knowledge on the said concept as the collection of data and thought of the appropriate 

method required to solve the problem is found in the skills required in solving a problem. One model 

of problem-solving I discuss in more detail is by Polya (1945) because it is central to this study. 
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Polya’s Problem Solving model. 

Polya's (1945) model of problem-solving is one of the oldest known models and is considered one of 

the most important ones (Carifio, 2015). The Polya model has been implemented to solve 

Mathematics problems at primary, secondary and tertiary levels of learning Mathematics. The model 

consists of four stages; the first of which is understanding the problem. Understanding the problem 

has to do with understanding the language of the problem statement, knowing what has been asked, 

being able to restate the problem in one’s own words, being able to come up with a picture or diagram 

to represent what is being asked and to acknowledge whether there is enough data to propose a 

solution. In other words, visual, verbal and drawing skills are very important at this stage.  

The second stage of the model is devising a plan. In the second stage, Polya (1945) advocates that 

there be more than one strategy to solve a problem. Therefore, the skill of choosing the appropriate 

strategy is necessary, and this can best be learned by solving many problems. Some of the known 

strategies include looking for the pattern, drawing a picture, using a formula to estimate and check, 

and many more. The third stage is carrying out the plan. This step generally involves care and 

patience, particularly when one has the skill. More important, it is also in this stage where one must 

be alert to when a particular selected plan is not working out, for the change to another plan. Logical 

and applied skills are the most active skills at this stage. The last stage of Polya’s model is looking 

back. This involves a critical examination of the solution obtained to ascertain if the result is correct 

or whether the plan can be used to solve another problem. This stage still demands logical and applied 

skills. 

 

Figure 1: Diagrammatic representation of Polya’s problem-solving cycle 
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2.2.12. Why Polya’s model 

The researcher used Polya’s model of problem-solving in this study for several reasons. Polya’s 

model is a model of problems and problem-solving by young adults such as Grade 11 and 12 learners, 

to adult problem solver (Carifio, 2015). Polya’s model is not about elementary problems and 

problem-solving, but rather, is about more sophisticated problems that are more complex in form. 

According to (Carifio, 2015), Polya’s model is still ranking very high in use and as a referenced 

model. This is because Polya’s problem-solving process provides learners with opportunities to 

develop their abilities to adapt and change methods to fit new situations that they find themselves in 

(Nfon, 2013). Further, the model provides learners participating in the mathematical learning process 

with communication, representation, modelling and reasoning skills (Lesh, Cramer, Doerr & 

Zawojewski, 2003). Another reason why Polya’s model is favoured is its use in helping learners 

develop their own thinking and reflecting abilities (Nfon, 2013) and in aiding learners in their 

interpretations of problems (Lesh et al., 2003). 

 

There are several other effective problem-solving models developed after Polya’s model. However, 

it is important to note that most of these models were developed and modified from Polya’s work to 

suit specific scenarios. For example, the model of Mathematics teaching and learning according to 

the Mathematics instruction framework of South Africa is closely linked to Polya’s model (DBE, 

2018).  This study thus used Polya’s model in the learning of Geometry in Grade 11 to develop 

problem solving and geometric skills of the learners. 

 

Polya’s model is useful in the problem-solving process as learners solve Mathematics problems and 

it is also very useful in the teaching process (Ortiz, 2016). For example, as the teacher assesses the 

learner’s problem-solving process, he or she might notice that the learner is working at devising a 

plan stage of the process. In such a case, the teacher could facilitate the process by providing help at 

that stage though s/he should not get involved with the carrying out the plan stage, which is the next 

stage. 

 

2.2.13. Critics of Polya model 

Polya’s model assumes that problems are solved in stages and steps along solution paths that may be 

fruitful, tolerant, and reviving, or twisted, dead-ended, frustrating and even distressing. Polya’s 



 

40 

critical point here is that solution stages and solution paths have positive or negative outcomes to 

some extent, and thus, they do not follow one another in a straight line necessarily to a solution. 

Solving a true problem and true problem solving tends most often to be circuitous and non-linear and 

riddled with disappointments and failures, as well as elations and success (Carifio, 2015). Many 

researchers still contend that the phases of the model are often presented in linear steps and thus, 

there is a need to use a framework that emphases the dynamic and cyclic nature of genuine problem-

solving (Hasni & Lodhi, 2011). 

 

We need to keep in mind that learning this four problem-solving steps might not be sufficient to 

become a better problem solver or mathematician, as this approach is mainly a working framework 

for problem solving (Ortiz, 2016). From experience, I realised that an effective problem solver could 

work on a problem with flexibility, and following a linear four-step approach might not work all the 

time. In some circumstances, one might start to solve a problem without a complete understanding 

of the problem, and that does not stop one from trying to find a solution.  From my own observations, 

most textbook problems are found already neatly set up for you, yet most real-life problems are 

presented haphazardly. In such cases, one might try to solve the problem, and in the process, one 

starts to understand the problem better.  

 

Sometimes the four-step problem solving process is more useful when you start to organise your 

arguments and intuitively, one might feel he or she knows the solution to a problem, but still need to 

convince others that he or she have the correct method or answer (Ortiz, 2016). Thus, Polya's (1945) 

steps can be used to present an acceptable and convincing argument.  

 

The four-step approach can become too methodical or too linear, and might prevent learners from 

being more creative, and think out of the box (Ortiz, 2016). As indicated by Schoenfeld (1987), it is 

possible to teach learners to use general strategies such as those suggested by Polya, but that is 

insufficient. It might take several revolutions through the four-step process before finding a solution 

to a problem. 

 

2.2.14. Summary of problem-solving models 

A summary of the problem-solving models studied during this research is given in Table 1 below. 

Most of the models in Table 1 have minor variations from Polya’s model as they all show progressive 
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stages of a problem-solving process. Wu & Adams (2006), Zakaria & Yusoff (2009), and others, end 

their problem-solving processes with the execution stage. These models do not include the reflection 

stage. I believe that this is a limitation of the models highlighted by the fact that researchers like 

Schoenfeld, 1987; Yimer & Ellerton, 2006; and others developed models that include the reflection 

stage in the problem-solving process. 
 

Table 1: Summary of problem-solving models 

MODEL Stage1 Stage2 Stage3 Stage4 Stage5 

Polya (1945) Understand  Devise a plan.  Carry out the 

plan. 

Look back.   

Schoenfeld (1987) Knowledge  Analysis and 

Exploration  

Implementation  Interpretation  

Stillman & 

Galbraith (2006) 

Collect 

information  

Information 

representation  

Processing  Validation  

Wu & Adams 

(2006) 

Extract 

information  

Plan Mathematisation 

and carry out the 

plan 

  

Marriott, Davies 

& Gibson (2007) 

Specify 

problem and 

plan  

Collect data.  Process and 

represent  

Interpret and 

discuss 

 

Zakaria & Yusoff 

(2009) 

Problem 

translation 

and Problem 

integration  

Solution 

planning and 

monitoring  

Solution 

execution 

  

Yimer & Ellerton 

(2010) 

Engagement  Transformation 

Formulation 

Implementation Evaluation Internalisation 

 

 

2.3. THEORETICAL FRAMEWORK – Social Cognitive Learning Theory 

2.3.1. Introduction  

This study is informed by the social cognitive theory as envisaged by  Albert Bandura (1985). 

Bandura (1985) social cognitive theory explains individual learning, development, acquisition of 

knowledge, and self-regulated competency within a social context in which parents, peers, and 
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teachers play a significant role as models. Social cognitive learning theory provides a framework for 

learning that takes into account the social environment, the personal factors such as affect and 

cognition of the learner, and behaviour (Bandura, 1985). Bandura’s social cognitive learning theory 

assumes that the environmental, personal, and behavioural factors are influenced by inactive and 

observational learning from one’s environment, personal motivation and the ability to self-regulate. 

This study links to the observational learning assumptions of the social cognitive learning theory. 

 

2.3.2. The theory 

Social cognitive learning theory focuses on the idea that much of human learning takes place in a 

social environment. By observing others, people acquire knowledge of rules, skills, strategies, beliefs, 

and attitudes. According to social cognitivism, people actively participate in their lives rather than 

passively react to changes in their brains brought about by environmental circumstances. People use 

their sensory, motor, and cognitive systems as tools to carry out the tasks and accomplish the goals 

that give their lives direction and significance (Harré & Gillet, 1994). Active social engagement (Xu, 

2022) has a role in how we see the environment and in making learning sustainable. Social cognition 

emphasizes learning as a process rather than as a result (Glasersfeld, 1995). Learners are committed 

lifelong students capable of handling challenges in the real world as professionals (Glasersfeld, 

1995). The development of geometric problem-solving skills of grade 11 learners was investigated 

in this study by integrating the elements of social cognitive theory. 

 

2.3.3. Social cognitive theory in problem-solving 

Social cognition’s strength can be harnessed in educational practices to facilitate problem-solving 

and learning in the classroom. Finding creative ways to capitalize on social-cognitive strengths in the 

classroom is valuable for improving the problem-solving and academic achievement of learners 

(Butler, 2013). Butler (2013) developed a socially based curriculum to teach reading comprehension 

strategies. Compared to 3rd graders randomly assigned to a more traditional curriculum, students in 

the socially based curricular group did better on tasks that required application, making inferences 

and visualizing (Lucariello, Butler & Tine, 2012). Palincsar & Magnusson (2001) employed students’ 

social-cognitive skills to benefit learning and the findings suggest that children’s social-cognitive 

strengths may be recruited to improve academic performance (Klahr, 2001). The current study 

investigates whether the integration of such strength necessitates the development of geometric 

problem-solving skills. Reliance on activities that are collective, goal-directed, and entail artifacts is 
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an approach that utilises the social/interpersonal domain in math education (Saxe & Guberman, 

1998). The suggestion here is that Mathematics that is embedded within a socially based problem-

solving context may capitalize learner’s strength in social reasoning. At the same time, learners who 

are motivated to succeed in Mathematics are likely to show higher achievement (Atit et al., 2020). 

Furthermore, from the findings by Atit et al. (2020), the role of motivation in students’ Mathematics 

achievement does not differ for students who demonstrate different levels of spatial skills. 

 

2.3.4. Social cognitive view of learning 

Bandura (1986)’s social cognitive learning theory assumes that learning is an internal mental process 

that may or may not be reflected in immediate behavioral change. The theory has several tenets, 

namely: people learn from one another; people learn from observation; people learn from imitation; 

people learn from modeling; and there's an interaction between cognitive, behavioral, and 

environmental influences. Essentially, this means we learn socially. We observe, we imitate, we 

observe other people, who are our models, and then there is an intersection of what is going on 

cognitively as well as behaviorally and environmentally. Within a social cognitive instructional 

framework, learners are provided opportunities to interact with their peers for the purpose of 

discussing, generating, and sharing knowledge (Amineh & Asl, 2015).  In social cognitive learning 

theory, learners can learn from making observations of others, and through these observations, 

learners learn many things, including how to perform a specific task (Bandura, 2007). Through 

observational learning, a learner acquires new patterns of behaviour that they may not have had a 

chances to learn previously (Bandura, 1985). He proposes four observational processes involved in 

observational learning. These include attentional processes, retention processes, reproduction 

processes, and reinforcement and motivational processes. 

 

Attentional Processes- learners cannot learn through observation alone if they do not attend to, or 

accurately recognise the key features of the modelled behaviour (Bandura, 1971). Therefore, 

attentional processes form an essential component of learning by example. This process enables 

learners to decide what elements of the modelled behaviour to observe and what is gained from these 

experiences. In social groups, certain learners will command greater attention than other members, 

and the effectiveness of the behaviours used by these learners will have a significant impact on 

whether their behaviour will be closely observed and modelled or will be ignored (Thomas, Morgan 

& Kerry, 2014). Interpersonal attraction is very important as models with desired behavioural 
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qualities will be identified and those without discounted. Therefore, learners’ capability to process 

information will influence the degree and level of benefit to be gained from observational learning.  

 

Retention Processes – The second key component of observational learning is the long term retention 

of activities that have been modelled on one occasion or another (Bandura, 1971). This means that 

although learners may observe a model’s behaviour, they need to recall these actions to be influenced 

by them. In other words,  if a learner is to reproduce a model’s behaviour at a later date without the 

presence of the latter, these patterns need to be embodied in symbolic form through the imaginal and 

verbal representational systems (Thomas, Morgan & Kerry, 2014).  They further argue that the 

images of modelled performances can be accessed following repeated exposure to the modelling 

motivations when physical activity has been repeatedly observed.  

 

Observational learning and retention are further supported by verbal coding of a significant amount 

of information in an easily stored structure. Once modelled activities are changed into images with 

accompanying verbal symbols, these act as memory codes to reproduce the desired behaviour 

(Bandura, 1971). He argued that alongside symbolic coding, mentally rehearsing or performing 

modelled patterns of behaviour are also key aspects in the process of retaining knowledge efficiently. 

It has been my observation that, although I must give examples of problems on the board, it is only 

through repeating the process over and over that a student maintains what is learned. According to 

social cognitive theory, learning and performance are distinct processes.  If we can learn a tremendous 

amount by just observing, it is perhaps the perceived need that we may have to apply what we have 

learned to reinforce the observed skill. Organising and rehearsing modelled behaviour mentally, and 

then practicing these actions results in high levels of observational learning.  

 

Reproduction Processes – The third element of modelling consists of transforming symbolic 

representations into motor behaviours (Bandura, 1971). Bandura highlights that these motor 

reproductions can be split into four parts: cognitive organisation of responses, their instalment, 

monitoring, and refinement based on informative feedback given. Starting at the cognitive level even 

if the modelled activities are acquired and retained, learners can only reproduce these behaviours if 

they could execute the required skills. If these elements are missing, the complex skill must be 

developed first through modelling and practice.  Even when the person could produce the skill, 

physical limitations may restrict the ability to reproduce the required behaviour. According to 
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Bandura, in most learning situations people usually produce an uneven likeness to the newly 

developed skills through modelling, and it is only through observation and feedback from 

performance that refinement and adaption of behaviours occur. 

 

Reinforcement and Motivational Processes – The final key element of learning through observation 

is that a person needs to be motivated to apply the modelled behaviour (Bandura, 1971). This is a 

crucial aspect, and in as much as people can have the capability to execute the modelled behaviour, 

they do not always perform or act on everything they learn. Modelled behaviour is more likely to be 

copied if it results in favourable outcomes for learners as opposed to adverse outcomes. People also 

evaluate reactions to their own behaviours in order to decide which learned behaviours to apply in 

specific situations (Thomas, Morgan & Kerry, 2014).  

 

It is important to note that the learner is not a passive learner. They do not just receive information. 

Instead, learning is reciprocal. Cognition, environment, and behaviour all influence one another. This 

leads us to reciprocal determinism and the role it plays in social learning theory and collaborative 

teaching and learning. Reciprocal determinism posits that, not only is the student influenced by the 

learning environment, teacher, and peers, but also influences the learning environment, teacher, and 

peers. Not only does the teacher influence the learner, but also influences the teacher and how he or 

she teaches. Essentially, social cognitive learning says that learning takes place in social contexts, 

and that collaborative teaching and learning is directly connected to the social learning theory, 

especially through collaboration. Within collaborative settings, learning can occur through 

observation, modelling, or reciprocal teaching. 

 

2.3.5. Social cognitive view of an educator 

While it is one thing to study social learning, it is another to really incorporate it into one’s classroom 

in-order to ensure the learning theory achieves positive results. In social cognitivism, the educator is 

no longer the central figure in the learning process, as learners take an active role. According to 

Amineh & Asl (2015), educators who are facilitators in social cognitivism first provide support and 

help for learners, and this support is gradually decreased as learners begin to learn independently. In 

addition to that, the educator’s role as a facilitator of group work and a manager of the shared learning 

space that enables argumentative talk, is to ensure that ground rules encourage learners to interact 

and inter-think (Rahmi, Nadia, Hasibah & Hidayat, 2017). This means that the educator will give the 
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main idea then the learners will get the details. In this thinking, the educator does not teach the detail 

that will make learners find it difficult to find an understanding of the details. The educator should 

promote helping learners create a "geometrical mindset" that celebrates mistakes as steps toward 

improved solutions (Boaler, 2015).  

 

This study believes that the interaction between the learners and the educator is important, and the 

intensity of communication should be increased during the completion of group and pair tasks. This 

confirms that learning flourishes in a social environment where conversations take place between 

learners. This study is also of the view that learners cannot be left alone all the time, and an expert or 

more capable person must be available to help with misconceptions or stumbling blocks that may 

surface during learners’ interaction. As previously stated, one of the prerequisites for observational 

learning to be successful is for the observer’s attention to be focused on the behaviour. In this study, 

before demonstrating or modelling something to the learners, it was considered paramount to have 

their full attention to ensure the learners were engaging as much as possible. Retention of the behavior 

or information modelled was also considered key to successful learning. Because individual learners 

learn in a variety of ways, one of the ways I could help learners to retain information and behaviors 

was to incorporate as many different activities into the lesson as possible. A multisensory approach 

to learning was used to help learners to increase retention while teaching a lesson verbally. I could 

use visual aids as well to help reinforce the information. According to Bandura, for observational 

learning to be successful, the observer must be motivated to reproduce the behavior. I could also 

motivate the learners extrinsically through positive reinforcement and rewards.  

 

2.3.6. Social cognitive view of teaching 

The Social cognitive view of teaching in a Geometry classroom says that the educator should avoid 

leading learners to a mental cul-de-sac (Denhere, Chinyoka, & Mambeu, 2013). For example, the 

tasks given should be challenging to such an extent that mediation by the knowledgeable educator or 

peer is needed. Social cognitive teaching approaches emphasize reciprocal teaching, peer 

collaboration, cognitive apprenticeships, anchored instruction, and other methods that involve 

learning with others. Social influences like educators, parents, and peers have a strong impact, 

especially in the adolescent years (Hsiao & Nova, 2016). After the learner has attained mastery of 

the concept with the assistance from others, he/she can do the task independently. This is the point 

where the learner can start to consolidate what he understands of the concept, and then practice. 
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2.3.7. Social cognitive view of a Geometry learner 

The learners learn Geometry through the active construction of the meaning of geometric concepts 

and they learn through individual re-organization, representation, and re-construction with peers, 

elders, and educators (Belbase, 2016). Instead of learners being receivers of ready-made Geometry, 

they are treated as active participants, thereby compromising knowledge transfer (Van den Heuvel-

Panhuizen & Drijvers, 2014). The social environment is the source of knowledge where people 

construct knowledge when they interact with each other or with their experiences. Discussion can be 

promoted by the presentation of specific concepts, problems or scenarios, and is guided by means of 

directed questions, the introduction and clarification of concepts and information, and references to 

previously learned material (Fujii, 2016). According to social cognitivism, social interaction plays an 

elementary role in the process of cognitive development. Learners need to be given a chance to reflect 

on their correct and incorrect solutions. It is significant that educators do not dismiss wrong or 

incorrect solutions but should rather allow the learners to explain and reflect on how they arrived at 

their solutions. Effective learning of Geometry requires that learners understand what they know and 

need to learn, and this motivation will help them learn more (Bhowmik, 2015).  

 

2.3.8. Conclusion 

The social cognitive theoretical framework and the conceptual framework underpinning this study 

were discussed. I believe that interaction between the learners and the environment is very important 

as learning takes place that way. I am also of the view that an expert must be available to help the 

learners with misconceptions or uncertainties that they come across during their interaction. Peer 

collaboration, flipped classrooms, and gamification are some of the necessary components of modern 

classroom practice used in this study. The next chapter explores the methodology associated with this 

research, along with ethical considerations, and the role of the researcher in the research. 
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CHAPTER 3 

RESEARCH METHODOLOGY 
3.1. INTRODUCTION 
 
The research orientation, research methodology and research design guiding this research study are 

presented in this chapter. This study investigated Grade 11 learners’ problem-solving skills in 

Euclidean Geometry, and focused on the following three research questions: 

1. What geometric skills are demonstrated by selected learners prior to learning Grade 11 

Geometry content? 

2. How can the use of Polya’s model enable or constrain the development of problem solving 

and geometric skills in a selected Grade 11 Mathematics class? 

3. What Geometry learning challenges are experienced by selected Grade 11 learners when 

solving problems in Geometry? 

The methodology adopted was founded on the objectives of the research as postulated in the first 

chapter. The sampling technique employed, the data collection, ethical and validity instruments, the 

procedure for the data collection, and data analysis methods are discussed. Then reliability issues 

considered in carrying out this study are presented as well. 

  

3.2. RESEARCH ORIENTATION- Interpretivism  

This study is oriented in the interpretivist paradigm. The paradigm posits that methods used to 

understand knowledge related to human and social sciences cannot be the same as that in physical 

sciences because humans interpret their world and act based on such interpretation (Lan, 2018). There 

are five research paradigms in which research can be conducted: Interpretivist, Positivist, Critical 

Realist, Critical Theory and Feminist paradigms. The selection of a paradigm is influenced, mostly 

by the type of research conducted. In this study, I opted for an interpretive paradigm that supports the 

view that there are several truths and realities. The interpretive paradigm posits that a single 

phenomenon may have multiple interpretations rather than a single truth that can be determined by a 

process of measurement (Lan, 2018). The interpretivist perspective believes that researchers tend to 

gain a deeper understanding of a phenomenon and its complexity in its unique context instead of 

trying to generalise the base of understanding for the whole population (Creswell, Hanson, Clark 

Plano & Morales, 2007). Different people have diverse insights, needs and experiences. Thus, I 

adopted an interpretivist paradigm since the core purpose of the study was not to generalise the 
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findings but to describe the geometric skills and problem-solving skills of the selected learners in 

their learning of Euclidean Geometry.  

 

The interpretive paradigm is concerned with understanding the world as it is from the subjective 

experiences of individuals (Guba & Lincoln, 1989). The interpretive paradigm is reinforced by 

observation and interpretation, where observation would be used to collect data and interpretation to 

make meaning of the data. In this study, observation was used to collect data on how learners applied 

the four stages in the solving of geometric problems as well as how social cognitive learning 

principles supported learning during the study. The interpretive paradigm assisted the collection of 

data that relates to the participants’ behavior, perceptions, experiences, and challenges on the use of 

the four stages in geometric problem-solving. In this study, I did not only use descriptions but also 

got involved in the social context and the study was conducted in a normal setting. 

 

3.3. RESEARCH METHODOLOGY 

In this section, the research method is described, and justification is provided on why the research 

method was chosen. Research methodology explains the methods by which one may proceed with a 

research and research methods involve conduct of experiments, tests, surveys and the like (Sam, 

2012).  

 

3.3.1.  Approach – Mixed Methods (Qualitative and Quantitative) 

This study follows a mixed methods approach that, according to Slootman (2018),  involves 

collecting, analysing, and integrating quantitative and qualitative  data in the same study. The mixed 

methods approach is one in which I based my knowledge claims on logical grounds. This involved 

collecting quantitative and qualitative data either concurrently or in sequence, to best understand the 

research problems. The integration of the two approaches provided a better understanding of the 

research problems than either qualitative or quantitative approach could provide.  By mixing both 

quantitative and qualitative research methods, I sought to gain the breadth and depth of learners’ 

problem-solving and geometric skills by offsetting the weaknesses inherent in using one approach by 

itself as noted by Slootman (2018). Where quantitative research is weak in interpreting the context 

or setting in which people behave, qualitative research is well suited for such situations. For example, 

there are instances where it was not easy to further describe the behaviour of learners during problem-

solving quantitatively hence a complement by qualitative descriptions had to be employed. 
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3.3.1.1. Qualitative research 
 
In the case of this study, the qualitative component of the research was used to identify the themes 

that would be used for thematic analysis. According to Rabionet (2009), qualitative methodology is 

designed to study people and understand their social and cultural phenomena involving an 

interpretive and naturalistic approach to make sense and interpret the phenomena. Thus, the themes 

that emerged from literature and some that emerged during data collection were used to develop the 

qualitative component of this study. These themes included the geometric skills displayed by learners 

in the pre-, during, and post-intervention test. Other themes came from the problem-solving stages as 

suggested by Polya, as well as from the principle of observational learning of the social cognitive 

learning theory. According to Thomas (2006). qualitative methodology is usually supported by 

interpretative research paradigm, where reality is socially constructed as researchers interact with 

participants to get their perceptions or experiences on a particular aspect. It was suitable for me to 

adopt the qualitative methodology for this study to learn from participants about their perceptions or 

experiences in their own settings. As noted by Daniel (2016), the system through which data is 

retrieved in qualitative research approach is unique and relies on the collection of non-numerical 

primary data like words and pictures. The researcher serves as an instrument himself, which makes 

qualitative research well-suited for providing the existence of objective truths and facts which need 

to be sought in a paradigm. During the intervention, I collected some data by noting learners’ 

behaviour during geometric problem-solving. I used the four stages model in a social cognitive 

learning environment for planning subsequent lessons. 

 

Qualitative research, however, is seen as vulnerable to biased interpretations lacking in terms of 

generalising findings to a large group as compared to quantitative research.  This was the challenge 

with the qualitative component of this study whereby the data collected would be unique to my study 

and not generalisable to other groups. Non-use of numbers by qualitative researchers makes it 

difficult to simplify findings and observations (Daniel, 2016). In comparison to the quantitative 

component, I realised that it was more difficult to deal with only qualitative data without 

incorporating quantitative data. Thus, I integrated the quantitative component as it does not have the 

same weakness that qualitative methodology has therefore the two would complement each other 

(Awuah, 2018).  
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3.3.1.2.Quantitative methodology 
 
In this study, the data collected can be divided into categories or put into ranks, or measured in terms 

of units of measurement hence, the need for the quantitative approach. Quantitative research is a form 

of research that relies on the methods of natural sciences, which produces numerical data and hard 

facts aimed at establishing cause and effect relationship between two variables by using 

mathematical, computational and statistical methods (Ahmad, Wasim, Irfan & Gogoi, 2019). One of 

the reasons for incorporating this method is that graphs and tables of raw data could be constructed 

with the help of quantitative research, making it easier for me to analyse the results. 

 

In this study, researcher detachment from the participants was a weakness of the quantitative research 

approach as it meant that the researcher was an “observer” or an “outsider looking in”.  With this 

type of researcher/ participant relationship, it is extremely difficult to understand in-depth the 

phenomena within its natural settings as advised by Daniel (2016). He also believed that when 

considering the existence of social differences in society and schools in particular, the quantitative 

research approach is not well suited to examining the complex and dynamic contexts of public 

education in its forms, sites, and variations. Thus, the quantitative methodology was used to 

complement the qualitative methodology in this study, thereby utilising a mixed methods approach. 

 

3.3.2. Method – Case Study 

In this study, a case study method was used because of its great advantage of providing an opportunity 

of gathering rich data through an in-depth study of a bounded system such as an activity, event, 

process, or individual. A case study is an empirical inquiry that investigates a contemporary 

phenomenon within its real-life context, especially when the boundaries between phenomenon and 

context are not clearly defined (Ebneyamini, Reza & Moghadam, 2018).  A case study is used to 

describe a phenomenon and the real-life context in which it occurred (Yazan, 2015). The case in this 

study was the Mathematics Grade 11 class at a selected school. The unit of analysis was learners’ 

geometric and problem-solving skills during learning. I used a case study to understand selected grade 

11 Geometry learners’ actions, thoughts, experiences, and other behaviour related to geometric 

problem-solving in a social cognitive learning environment. It was also because of the belief that case 

studies provide rich, detailed, in-depth real-life accounts and examinations of the phenomena of 

interest. 
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3.3.2. Why mixed methods study 

Though employing mixed methods has some shortcomings like the need for much investment of time, 

energy and resources that can pose main obstacles behind not undertaking mixed methodology as 

research design, there are several advantages I considered. According to Awuah (2018), mixed 

methodology provides a more complete and comprehensive understanding of the research problem 

than qualitative or quantitative research alone. The use of the mixed method allows terms, pictures, 

and narratives to be used to add additional information to numbers and utilises numbers to add precise 

quantitative data to words, pictures, and narratives. The nature of my research demanded a mixed 

methodology since it had a qualitative and a quantitative component.  

 

Qualitative and quantitative research methods do not conflict. They actually work better. Ahmad, 

Wasim, Irfan, Gogoi, Srivastava and Farheen (2019) posit that qualitative research is almost always 

the starting point when you seek to discover new problems and opportunities to do deeper research 

later, while quantitative data gives you measurements to confirm each problem or opportunity. I used 

the mixed methods approach because of its properties such as completeness, developmental, 

expansion, compensation and diversity (Alasmari, 2020). The completeness of this approach was 

useful in this study for achieving a holistic view of the phenomenon studied by integrating findings 

from the quantitative and qualitative component. This study amalgamated the outcomes from the 

qualitative and quantitative components into one complete project. The expansion property of this 

approach helped me to expand the findings derived from the first phases of the investigation. This 

approach was also compensatory in nature when I managed to balance the shortcomings of one 

method utilising the supremacy of the other method. I made use of its diversity feature to analyse the 

varied depictions of the same phenomenon using the mixed methodology. In the next section, the 

research design employed in this study is reflected on.  

 
3.4. RESEARCH DESIGN  

Research design is a plan for the study that provides the overall framework for collecting data (Leedy, 

1997). A research design has procedures for research from broad assumptions to detailed methods of 

data collection and analysis. This study was interpretative, and data collection and analysis were 

predominantly determined in relation to the contextual setting and perspectives of the learners. A 

descriptive research design was employed in this study. Considering Leedy (1997) definition, 

research design provides the whole structure of how data is collected and how the results provided can 
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be judged as reliable. The research design of this study included administration of the pre-intervention 

test, the intervention program, observations, post-intervention test, as well as interviews. The research 

process was carried out in five phases as illustrated by Figure 2 below. 

PHASE 1 – PRE-INTERVENTION TEST 
 what geometric skills learners brought to the classroom before introduced to the 

four stages model 
 
 
 

 
PHASE 2 - INTERVENTION 

How learners made use of the four stages model in geometric skills 
development in a Social cognitive learning environment  

Introduction 
of the four 

stages 
model 

Introduction 
of grade 11 
Geometry 

Teaching 
of 

theorems 

Teaching of 
proofs of 

examinable 
theorems 

Teaching of 
riders 

Teaching of 
logical proofs 

 
 
 
 

PHASE 3 - OBSERVATIONS 
DOCUMENT ANALYSIS 

 
 
 
 

PHASE 4 – POST TEST 
What geometrics learners display in geometric problem solving after being 

introduced to the four stages model 
 
 
 
 

PHASE 5 - INTERVIEWS 
What challenges learners faced during the use of the four stages model 

 
Figure 2: Research process flow diagram 

 

Phase 1: Pre-Intervention Test on Euclidean Geometry.  

The Pre-Intervention Test based on Grade 10 Euclidean Geometry work (Appendix I) was 

administered to the selected Grade 11 class. The test was timed and written under an invigilated 

condition for 1 hour. The test was designed to assess the geometric skills of learners before they were 
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exposed to Polya’s model and introduced to Grade 11 Euclidean Geometry content, therein. The 

researcher engaged the peer educators, subject head and the school Head of Mathematics and 

Sciences Department to moderate the Pre-Intervention Test. The Pre-Intervention Test was given to 

all the Grade 11 learners in the Mathematics class as part of the normal learning process. The Pre-

Intervention Test with a total of 50 marks was used to assess the learners’ geometric skills prior to 

teaching and learning of Grade 11 content. Learners’ marks were recorded for analysis. Data obtained 

in this phase was used to answer the first research question. 

 

Phase 2: The Intervention-Learning of Grade 11 Euclidean Geometry.  

The intervention program content for this study consisted of two units; one focusing on the utilisation 

of Polya’s model in geometric problem-solving, and the other on the elements of social cognitive 

learning theory supporting the development of problem-solving skills. The intervention program  was 

aligned to the DBE Mathematics Program of Assessment (POA) and Annual Teaching Plan (ATP) 

covering the same Euclidean Geometry content taught in Grade 11 Mathematics  (for further details 

about the content of see (DBE, 2011). Learners were taught and assessed using individual class 

activities, short informal tests, and homework.  

 

The learning styles used during the program were discussed with the learners, and these were all 

social cognitivism. The learning approaches were closely monitored to ensure the following elements 

of social cognitive learning were not compromised: 

• Attention: To learn from observation, students must pay attention to, and accurately perceive, 

the significant features of the models. Therefore, lessons were monitored to ensure that they 

always engaged learners sufficiently to hold their attention.  

• Retention: Learners should be able to remember what they have seen or heard. This can be 

encouraged through rehearsals and more practice activities. Therefore, an informed pairing 

for learners was done to encourage more practice and modelling.  

• Reproduction: Learners should be given time to practise observed behavior. I had to monitor 

the process and give guidance where applicable to assist productive actions. Participation in 

presentations and whole class discussions were encouraged.  

• Motivation: Learners must be able to see the benefit of new behaviour for long term 

assimilation. This was accomplished through reinforcements and rewarding of behavior. 

The learning practices included the pairing of learners for peer collaboration, teaching, and coaching; 
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verbal reward and punishment as part of almost every lesson to encourage good practice and 

discourage bad practice; modelling; and gamification and rewarding. Pair work was the most 

common learning method as group work was totally prohibited due to COVID 19 protocols. The 

learners were video recorded with the camera not focusing on the learners but on their work on the 

use of the four stages model to capture their interaction in a social cognitive learning environment 

during geometric problem-solving. This helped me to obtain information to answer the second 

research question.  
 
Table 2:  How social cognitivism was used with Polya’s model in geometric problem solving 
 CONCEPTS Teaching and Learning 

Practices most applied 
Most targeted Element(S) of 
Social Cognitivism 

1 POLYA’S FOUR 
STAGES MODEL 

Modelling Attention 
Retention 
   

2 EUCLIDEAN 
GEOMETRY 
(Theorems and their 
Proofs) 

Modelling 
Flipped classrooms. 
 

Attention 
Reproduction 

  
3 EUCLIDEAN 

GEOMETRY 
(Riders) 

Peer collaboration 
Peer coaching 
Gamification 

Retention 
Motivation 

  
4 EUCLIDEAN 

GEOMETRY 
(Logical Geometric 
proofs) 

Peer collaboration 
Peer coaching 
 

Retention 
Motivation 

  
 

The intervention was done in such a way that every concept had teaching and learning practices 

targeting different elements of the Social cognitive observational learning. As illustrated in Table 2, 

during the introductory part of the intervention whereby learners were introduced to both the four 

stages model and Geometry, the most common teaching and learning style was more of modelling. 

There, the teacher and other selected learners used demonstrations, whole class discussions on most 

part of the lessons. At this point attention and retention were the most targeted elements of 

observational learning.  

 

Introduction of the four stages model 

In this study, Polya’s problem solving model was introduced first in isolation and later during 
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Euclidean Geometry learning soon after the pre-test was administered. The model was taught in detail 

to make learners understand the sequence of steps involved when using the model, as well as what 

each stage entails. I made copies of the four stages model for the learners to paste in their exercise 

books so that they could refer to them when need arises. Each lesson was then planned and taught 

following Polya’s model of problem-solving. Learners were expected to show how they had executed 

the four stages of Polya in the process of solving problems. I encouraged learners to make use of the 

Polya’s model during problem-solving, and the whole class had to be observed while doing classwork 

and other related activities. The teacher also made use of learners’ errors and misconceptions to 

inform the course of the class activities during teaching and learning. As clarified in Table 2, during 

the introductory part of the intervention, learners were introduced to the four stages model by Polya, 

the most common teaching and learning style was more of modelling, in which the teacher and other 

chosen learners had to use demonstrations, whole class discussions on most parts of the lessons. At 

this point, attention and retention were the most targeted elements of observational learning. 

 

Introduction of grade 11 Geometry- geometric theorems 

After introducing the four stages model, I began teaching learners the theorems of Euclidian 

Geometry. This was after reminding the learners of the grade 10 geometric theorems and axioms. We 

discussed the theorems and axioms from Grade 10 and used the key geometric words to group the 

theorems. The key words used included the geometric terms center, tangent, cyclic quadrilateral, 

chords, diameter, parallel, equal, isosceles, radius etc. This phase of teaching and learning was meant 

to make learners comprehend the theorems so that they can state the theorems and make sketches of 

diagrams of those theorems. Individual class activities were given to check if learners were now able 

to state theorems in words as well as make sketches of them. This was meant to build a foundation 

for the application of the model since it is a requirement in the planning and implementation stage of 

the four stages model one must know to state and make sketches of theorems. Teaching learners the 

ways to comprehend, recall and sketch theorems was also done in preparation of the next phase of 

teaching and learning which was the proving of examinable theorems. Since in the process of proving 

theorems, drawing skill and application of other theorems and axioms was a requirement, it was wise 

to start by making learners familiar with drawing and understanding theorems. In Geometry, it is a 

policy requirement that theorems be proven before use. This is because proof explains how the 

concepts are related and proof is highly connected to problem solving. At this phase of teaching and 

learning, learners were taught how to do proofs of the four examinable theorems. At this point, 
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learners were expected to have basic drawing and construction skills, and application skills to be able 

to prove the theorems. Just like during the introduction of the four stages model, attention and 

retention were the most targeted elements of observational learning. 

 

Examinable geometric proofs 

The learners were taught to do proofs of the four examinable theorems which are: a line from the 

center perpendicular to a chord bisects the chord; an angle at the center is twice one on the 

circumference; opposite angles of a cyclic quadrilateral are supplementary; as well as the Tan-chord 

theorem. These theorems are the core theorems from which other theorems were deducted, and I 

suppose that is the reason why learners must know how to do proofs of these four theorems. It is at 

this phase of teaching and learning that learners are supposed to start applying all the four stages of 

the model, which are reading for understanding, planning, implementation, and reflection on every 

question. I therefore used these specific stages to monitor how the learners utilised the model. A 

sample of the stages to be followed and the structure of how the four stages were to be applied were 

given to the learners, and I demonstrated to them how the model had to be applied. At this stage of 

the intervention, the most common teaching and learning styles were modelling and flipped 

classroom, which were mainly meant to target learner attention and reproduction elements of 

observational learning since a major part of the proofs involved some set standards to be followed in 

doing these proofs. 

 

Geometric Riders  

After examinable geometric proofs, there followed the teaching of riders. In this case, I taught the 

learners how to use the four stages of the model in solving of geometric riders whereby one is 

expected to use given information to find missing angles with support of geometric theorems. On the 

question paper, learners were supposed to show that reading for understanding has taken place. This 

could be done both on the statement and diagram. On the statement, one was supposed to identify the 

key words like center, tangent, perpendicular, etc. Markings were also expected to be done on the 

diagram to show lines to be perpendicular, radii to be equal, and so forth. Going onto the answer 

sheet, planning had to be done by listing all the theorems that talk about the key words identified. 

Still on planning, one had to go on the diagram and check for the applicability of the listed theorems 

and add more information on the diagram. By the end of the planning stage, most, if not all, the 

needed answers were already there on the diagram. Once the planning was completed, one had to do 
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implementation, which was all about presenting the answers logically and supporting every statement 

with a reason. Now most answers needed to be reflected on. This is when one must check for the 

correctness of the answer. However, it is not every answer that had to be reflected on since some of 

the answers could be found by simply applying a theorem. For example, an angle subtended from the 

diameter is a right angle. Such an answer does not need any reflection. The learners were encouraged 

to use their discretion to see any situation that needed reflection.  Peer collaboration and peer coaching 

were the most used teaching and learning styles, and the solving of riders was at times treated as a 

rewarded game to increase learner retention and motivation.  

 

Logical geometric proofs 

Logical geometric proofs were taught last. Such problems are meant for higher order reasoning. 

Logical geometric proofs consist of questions that demand one to prove lines to be parallel, a line to 

be a tangent, a line to be a diameter, a line to bisect an angle or another line, sides, or angles to be 

equal, a triangle to be isosceles, a quadrilateral to be cyclic, and so forth. From content workshop, 

work experience, and Mathematics paper 2 internal moderators’ report (DBE, 2019) , I was aware 

that most learners do not even attempt such questions that demand logical proofs in examination 

settings. I had to teach how to apply Polya’s four stages model to solve such geometric problems so 

that one could attain, at least some marks in such questions. Just like in the solving of riders, peer 

collaboration and coaching were the most used teaching and learning methods meant to ensure 

retention.   

 

 

 



 

59 

Table 3: Summary of the lessons held during teaching of Geometry 

L
E

SS
O

N
  TOPIC  

 
CURRICULUM STATEMENT 

DURATION 

From To 

1 Polya’s four 
stages model 

- State the four stages of Polya’s model. 
- Explain what each stage of Polya’s model entails. 
- Apply each stage in each context 

 
29/07/21 

 
30/07/21 

2 
3 EUCLIDEAN  

GEOMETRY 
 
(Theorems And 
Their Proofs) 

- Apply results established in earlier grades as axioms and that a tangent to a circle is 
perpendicular to the radius, drawn to the point of contact.  

- Investigate and prove the following theorems of the Geometry of circles, assuming results 
from earlier grades:  

✓ The line drawn from the centre of a circle perpendicular to a chord bisects the chord.  
✓ The perpendicular bisector of a chord passes through the centre of the circle. 
 ✓ The angle at the centre of a circle is double the size of the angle at the circle.  
✓ Angles subtended by a chord of the circle, on the same side of the chord, are equal. 
✓The opposite angles of a cyclic quadrilateral are supplementary.  
✓ Two tangents drawn to a circle from the same point outside the circle are equal in length.  
✓ The angle between the tangent to a circle and the chord drawn from the point of contact 

is equal to the angle in the alternate segment. 
NB: The proofs of the four theorems printed in bold above can be asked in 
examinations.    

   
   

   
   

   
   

 0
2/

08
/2

02
1 

10
/0

8/
21

 

4 

5 

6 

7 

8 EUCLIDEAN 
GEOMETRY 
( Riders) 

- Solve circle Geometry problems, providing reasons for statements 

11
/0

8/
22

 

13
/0

8/
22

 9 
10 
11 EUCLIDEAN  

GEOMETRY 
(Logical 
Geometric 
proofs) 

- Make proofs of the following: 

✓parallel lines and bisection of an angle or line 

✓tangent and diameter 

✓cyclic quadrilateral or isosceles triangle 
Etc.  17

/0
8/

22
 

20
/0

8/
22

 

12 
13 
14 
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Phase 3: Observations. 

Observations were done through document analysis whereby the classwork exercise books for the six 

identified learners were regularly monitored and observed to see whether the learners were applying 

the four stages learnt in the classroom. The observation was also meant to see the common errors that 

the learners were making, both in the application of the four stages as well as in the concept itself. 

This could then be considered in lesson planning for the following lessons. Observation notes were 

frequently developed, analysed and utilised. The six selected learners’ written class work was further 

tracked, and the learners were also given the opportunity to explain their problem-solving processes 

during the follow-up discussions that I would carry with each one of them individually. Follow-up 

discussions and interviews were recorded. 

 

Phase 4: Post-Intervention Test. 

A Post-Intervention Test (Appendix I) was administered at the end of the teaching of Euclidean 

Geometry. The test was written under invigilated conditions. The test had the same structure as the 

pre-intervention test, intending to test the same skills as those that the pre-intervention test was 

testing. I engaged and asked the peer educator, Mathematics subject head and the departmental head 

of Mathematics and sciences to moderate the Post-Intervention Test. The Post-Intervention Test was 

intended to evaluate the learners’ geometric skills learnt during teaching and learning. The Post-

Intervention Test was recorded for the purpose of further analysis. Data from the Post-Intervention 

Test would complement data from phase 2 and 3 in answering the second research question. The 

researcher used the Post-Intervention Test to describe the geometric skills learners can present at the 

end of Geometry teaching and learning. The post-intervention test was given to the whole class and 

both learners’ answer-sheets collected, as well as any scribblers used and question papers. These 

helped to trace and check for evidence of reading for understanding (stage 1) and planning (stage 2) 

during their answering of geometric test questions. The other two stages (implementation and 

reflection) would be checked from the learners’ solutions. The test scripts would be marked, and 

those of the six selected learners evaluated using Polya’s stages of problem solving. Data from this 

phase answered the second research question. 

 

Phase 5: Focus Group Interviews.  

At the end of the teaching process, the six selected learners were interviewed using semi-structured 

interview questions to find out their experiences and perceptions during the teaching and learning of 
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Euclidean Geometry. The focus was on the challenges learners faced when solving Euclidean 

Geometry problems. Learners were given a chance to write at the end of activities reflecting on their 

experiences and their errors would be used as stimulants in the interviews. I used interviews as they 

could provide opportunities for me to probe and follow-up on aspects of interest that the learners 

would have raised. As such, focus group interviews were expected to provide a better response rate 

(Fox & Midlands, 2009). The interview schedule (see Appendix F) was used as a guide during focus 

group interviews. This phase provided data for the third research question of my study. 

 

3.5. PARTICIPANTS 

 The inclusion or exclusion criteria should be clearly stated in a research study. According to (Polit 

and Beck (2020), a population or target population is the total number of people or elements that fit 

the specific set specifications of the study. According to Ingham-broomfield (2017), it would be ideal 

to include every relevant subject in a study but this is usually impossible, for example because of the 

economics related to size, time and cost. In this study, the target population was all Grade 11 learners 

of 2021 Mathematics class at one of the secondary schools in Nondweni cluster, Nquthu circuit, 

Umzinyathi district, Kwa-Zulu Natal province, South Africa. The inclusion criterion for selecting the 

learners was based on their willingness to participate as well as availability to attend afternoon classes 

when this study was carried out. The exclusion criterion involved anyone not from the grade 11 

Geometry class, or anyone from the class but not willing to participate and unavailable during 

research times. The study involved Euclidean Geometry, a topic in the Grade 11 curriculum. Thus, 

all Grade 11 Mathematics learners in the selected class were requested and encouraged to take part 

in the study. All 20 grade 11 Mathematics learners agreed to take part in the study.  

 

Sample Selection and Criteria 

In this study, six learners from the study population were selected purposively and conveniently. 

Purposive sampling, also called judgment sampling, is the deliberate choice of a participant due to 

the qualities the participant possesses (Etikan, 2016). In other words, it is a non-random technique 

that does not need underlying theories or a set number of participants. Convenient sampling was also 

used in this study. Convenient sampling (also known as Haphazard Sampling or Accidental 

Sampling) is a type of nonprobability or non-random sampling, where members of the target 

population that meet certain practical criteria, such as easy accessibility, geographical proximity, 

availability at a given time, or the willingness to participate, are included for the purpose of the study 
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(Etikan, 2016). In fact, this sampling method refers to the researching subjects of the population that 

are easily accessible to the researcher.  

The criteria and process used to select the six learners were: 

• The six learners were divided into three groups: 2 top performers, 2 middle performers and 2 

underperformers. In this study, the top performers were those learners who had scored an 

overall mark of 70% and above in their Grade 10 end of year results. Middle performers were 

learners who had scored between 40% and 69% and under performers below 40%.  

• The six learners were also selected on the basis that they consistently attended school and 

Mathematics lessons, regularly wrote tests, and did classwork, and were willing to be 

participants in the study. 

Purposive sampling was useful in this case as the purposively selected participants managed to 

provide the required data without spending much time and resources. I could manage to get how 

learners’ geometric skills were developing during the use of the four stages model from different 

learners from different extremes of mathematical abilities in the group. Results from the study were 

available in real-time. Convenience sampling brought some benefits as well to the study. It proved to 

be an affordable way of collecting data and provided for the qualitative component of this research 

study. I also noted that data was immediately available when using this type of sampling method 

since there was no need to travel distances to obtain the data.  It was easy to note potential biases, 

and this improved the validity of the study outcomes. Thus, the sample selection methods employed 

in this study helped me in the development of data collection instruments. The section that follows 

deliberates on the data collection instruments. 

 

3.5. RESEARCH INSTRUMENTS 

It is imperative for the researcher to justify the use of the selected instrument. The rationale may 

clearly state the advantages and disadvantages of using one tool rather than another and the literature 

search should also have commented on the use of particular instruments in previous studies (Polit & 

Beck, 2020). Since case studies normally have numerous data sources, they include multiple data 

collection techniques. The inclusion of many data collection techniques and sources reinforced the 

integrity of the outcomes of the data analysis. It also validated the results of the study such that 

stakeholders who make use of the research findings can take informed decisions (Bans-Akutey & 

Tiimub, 2021). In this study, five research instruments were used: Observation Schedule, Pre- 
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intervention test; Post-Intervention Test; and Interview Schedule.  

 

3.5.1. Observations schedule 

Observation schedules were utilized in this study during observations to develop some observation 

Notes. An observation is a qualitative method with roots in traditional ethnographic research, whose 

objective is to help researchers learn the perspectives held by study populations (Bans-Akutey & 

Tiimub, 2021). Through observations, researchers may also detect patterns in people’s  behaviours 

that they are not consciously aware of and cannot share with researchers in an interview, focus group, 

or survey (Brancati, 2018).  Thus, observations were crucial for this study. Observation schedules 

were used in three different types of observations done in this study as follows: 

 

Whole class use of the four stages model - I could observe learners during the use of the four stages 

model to see how they were applying the four stages model in geometric problem-solving. The 

observations were done during teaching and learning, and an observation schedule (see Appendix J) 

was used to record learner observable behaviour. The focus was on checking whether the learners 

could read for understanding, could do planning, could do implementation, and do reflection. I then 

note down any observed errors and misconceptions for use in the planning of succeeding lessons. The 

whole group was observed, though much focus was on the six selected learners. 

 

Elements of Social cognitive learning – the learning styles supporting social cognitivism were also a 

point of focus. In this study, the participants were encouraged and observed closely if they were 

observing the learning styles required of the research study based on the elements of social 

cognitivism. All learning activities were backed with a learning style promoting observational 

learning in one way or another.  

 

Document analysis and follow-up discussions – in this case observations were done, and observation 

notes developed as well as observation of the classwork exercise books of the six selected learners. 

The exercise book observations were also supported by follow-up discussions that were regularly 

carried out with the six learners.  The observations were done to collect data to answer the second 

and third research question of this study. Inferences drawn from the observations helped me to 

interpret whether participants’ behaviour answered my research question. Lessons were video recorded, 

and I watched the recordings afterwards to observe how learning unfolded. It also provided permanent 
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records of what happened in the classroom. I could go through the observed lessons repeatedly, 

picking up non-verbal information that I could have missed during lesson observation. 

 

3.5.2. Pre-Intervention Test  

A pre-test can be used at beginning of a course or an intervention. In this study a pre-intervention test 

(Appendix I) was the preliminary test given to learners at the beginning and before teaching of the 

topic Euclidean Geometry. The test was given before the four stages model was introduced to the 

learners to see the problem-solving skills that the learners were bringing with them to the classroom. 

This was a test with questions meant to test their prior knowledge on the application of visual, verbal, 

drawing, application, and logical skills. The test comprised 50 marks (see Appendix I).   

 

Administering pre-tests before the lecture would increase the attentiveness, curiosity, eagerness to 

listen to the lecture, among the learners ( Shivaraju, Manu, Savkar & Madhav., 2017). I realised that 

this had an advantage over simply using class responses to judge background since some learners 

may already have understood certain topics, giving the false impression that the class had a greater 

understanding of the material than was the case. The pre-intervention test also helped me in designing 

the intervention program accordingly.  

 

However, I realised there were some drawbacks that I came across when using the pre-intervention 

test. Some learners seemed to be demoralised after getting very low marks in the pre-intervention test 

which would have affected their attitude to the topic. I had a task to get some time to encourage the 

learners and make them aware that the marks they got were only to be used for research purposes and 

were not supposed to make them feel demoralised in any way. I also encouraged them not to lose 

hope and promised that the strategy we were going to use would make them succeed in Geometry. 

The other serious concern for this methodology was the time factor; both the amount of class time 

used for the pre-tests and the time to grade them. I sacrificed some extra time together with learners 

to recover time that would have been used for preparing and administering the pre-intervention test. 

 

3.5.3. Post-Intervention Test  

After the completion of a course or an intervention, participants are normally given a post-test. The 

post-test is normally meant to answer the same set of questions, or a set of questions of comparable 

difficulty (Board, 2018). Board (2018)posits that comparing participants’ post-test scores to their pre-
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test scores enables you to see whether the training was successful in increasing participant knowledge 

of the training content. In this study, a post-Intervention Test (Appendix I) was a test given to all the 

learners to write after the topic of Euclidean Geometry and the four stages model has been completely 

taught.  The post-intervention test was of the same structure as the pre-intervention test testing for 

the same skills. The general performance of all the learners in the class were recorded as marks for 

general analysis, and the six observed learners’ work were further analysed thematically.  

 

In this study the post-intervention test was desirable because it was relatively simple to implement. 

A post-intervention test provides better evidence of the effectiveness of a program compared to prior 

designs. I also understood that the post-intervention test could provide valuable information about 

the long-term impact of an intervention. The challenge I noticed in using a post-intervention test was 

that meaningful pre-test post-test comparisons required that participants be present at the start and 

end of the program, but consistent attendance can be difficult to obtain. 

 

3.5.4. Interview Schedule  

Interviews were part of this research study and were done at the end of the intervention. An interview 

is a qualitative research technique that involves conducting intensive individual dialogues with a 

small number of respondents to explore their perspectives on a particular idea, program, or situation 

(Jacobvitz, Deborah, Curran, Melissa, Moller & Naomi., 2002). Jacobvitz et al (2002) say that 

interviews are often used to provide context to other data (such as outcome data), offering a more 

complete picture of what happened in the program and why. This made this strategy an ideal 

technique to get some information on the feelings and challenges that the learners faced during the 

use of the four stages model in geometric problem-solving.  I used the interviews as a way of 

collecting data at the end of the intervention program, i.e., after Geometry had been taught and the 

four stages model used during problem solving. The interviews were audio recorded and an interview 

schedule with a set of questions to guide the researcher in the process of interviewing the learners 

was used.  An interview schedule (Appendix F) is a list containing a set of structured questions that 

have been prepared, to serve as a guide for interviewers, researchers, and investigators in collecting 

information or data about a specific topic or issue.  

 

Six selected learners who had been observed were interviewed at the end of the intervention program. 

By making use of the interviews, I managed to explore the lived experiences of the participating 
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learners. The interviews were meant to understand my research participants’ learning and cognitive 

processes. At this point, I succeeded in collecting data and producing information that could not be 

directly observed during the intervention. The interviews helped me to get information to answer the 

third research question which sought to understand the participants’ experiences, perceptions, and 

challenges during the use of the four stages model.  

 

This data collection tool allowed me to prompt interviewees during the interviews and get an in-depth 

understanding of the opinions and perceptions by the interviewees. The structured environment 

helped to reduce nervousness on the side of interviewees hence, they were able to disclose most of 

the necessary information.  

 

I also faced challenges when making use of the interview schedule. At times the interviewees could 

go off-topic when responding and I could notice that the method had potential to go longer than the 

allocated time. In some instances, it was difficult to report the findings and compare data due to 

various responses from the interviewees. I could therefore only focus on that information that had 

relevance to the study. 

 

3.6. ANALYSIS  

Data analysis involves the breaking up of data into manageable themes, patterns, trends, and 

relationships, allowing the researcher to organise the data into smaller sections, so that any obvious 

repetitions or errors may be easily noticed. According to Richmond (2006), data analysis includes 

ways of working with information (data) to support the work, goals and plans of a program. In this 

study, data analysis was carried out at five levels where descriptive statistics was used for quantitative 

data and thematic analysis for qualitative data, with the analytical frameworks informed by Polya’s 

stages of problem solving, Nur & Nurvitasari (2017) geometric skills as well as the elements of the 

observational learning of social cognitivism. In the first and fourth level, data analysis included a 

qualitative and qualitative component. Quantitatively, the data was analysed using descriptive 

statistics and qualitatively in the form of thematic analysis, where geometric skills displayed by 

learners formed the themes. Level two, three and five involved qualitative analysis in form of 

thematic analysis in which learners’ behaviour as well as perceptions determined the themes to be 

analysed. Details of what happened at every level are as follows: 
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Level 1- Pre-Intervention test analysis 

The geometric skills of Grade 11 learners demonstrated in the Pre-Intervention Test were analysed 

before the learners were introduced to the topic of Euclidean Geometry and to Polya’s model of 

problem-solving. Data from Pre-Intervention Test was first analysed quantitatively using descriptive 

statistics. The record sheet developed from the analytical tool (see Appendix G) was used to identify 

the geometric skills learners bring with them to class prior to Grade 11 content learning. The Pre-

Intervention Test was then qualitatively analysed using the analytical tool shown in Appendix G. The 

five geometric skills formed the five themes that were used to qualitatively analyse data. Emerging 

themes were noted and discussed as well. The emerging themes involved re-planning skills, required 

to prove (RTP) finding skills and computational skills. 

 

Level 2- Use of the four stages model for geometric problem-solving in social cognitive learning 

environment 

The data from lesson observations were analysed using the analytical tool designed from Polya’s 

work (see Appendix G). The four stages of Polya’s model formed the themes for analysis. The themes 

include stage 1 (Reading for understanding), stage 2 (Planning), stage 3 (Implementation) and stage 

4 (Looking back). These themes were analysed based on the elements of observational learning of 

the social cognitive learning theory. The principles of observational learning of social cognitivism 

that were applied in this study are attention, retention, reproduction, and motivation. In this case, the 

analysis focused on how the teaching and learning activities involved during intervention supported 

these elements of observational learning. This analysis was meant to explore whether learners utilised 

Polya’s model, and if used, how it was used during the learning process. Video records and photo 

shots were used to support the analysis of the observed findings at this point. 

 

Level 3 – Observations (Document analysis and follow up discussions) 

Analysis of observations was first done on classwork exercise books in form of document analysis. 

The daily Mathematics school work of the six selected learners was further analysed for the 

application of the four stages model. Thematic analysis was employed where themes were classified 

as those in level 2.  

 

Level 4 – Post intervention test 

The Post-Intervention Test was analysed and used to check if any learning and development of 
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geometric skills had taken place during teaching and learning of the topic of Geometry. The bigger 

part of the analysis was done in comparison to the Pre-Intervention Test. The results were analysed 

using analytical tools in Appendices. The skills that emerged and were applied in the post-

intervention test were part of the analysis. The post-intervention test results analysis was done both 

quantitatively using descriptive statistics, and qualitatively using thematic analysis. Analysis was also 

done on general geometric skills and further on specific geometric skills under every general skill. 

For example, the drawing skill was evaluated as a general skill and specific skills falling under 

drawing like “adding useful information on the diagram” were further analysed. The specific skills 

falling under the general skills formed the themes that were used for thematic analysis contributing 

towards the qualitative component of data analysis for this study. 

 

Level 5- Interviews 

Data from interviews were analysed to identify the learner’s perceptions, experiences and challenges 

faced during the process of problem solving. Analysis was based on both the themes developed from 

literature and those that emerged. Analytical tools in the appendices were used to analyse data from 

the interviews. Learners’ challenges and perceptions associated with understanding and use of the 

four stages model in geometric problem-solving were looked at. At this level, I was more interested 

in the geometric skills of learners during and after the learning process. These included visual, verbal, 

logical, and others as shown in Appendices.  

 

3.7. VALIDITY AND RELIABILITY 

Validity and reliability were considered throughout this research study. Validity of an assessment is 

the degree to which it measures what it is supposed to measure, whereas reliability is the extent to 

which an assessment tool gives results that are highly consistent (Mohajan, 2017). Efforts were made 

to ensure that the instruments used were reliable and valid. Reliability is a requirement for validity 

(Awuah, 2018). For an instrument to be content valid, it is expected to adequately cover all the content 

that it should with respect to the variable being measured, that is, the instrument should cover the 

entire domain related to the variable it is supposed to measure (Heale & Twycross, 2018). Content 

validity answers the question of how well an assessment measures what it is intended to measure 

(Awuah, 2018). Content validity can be determined by a panel of judges who are experts in the field 

to rate the item regarding content congruence according to laid down criteria (Zamanzadeh, 

Ghahramanian, Rassouli, Abbaszadeh, Alavi-Majd & Nikanfar, 2015). In this study, the tests used as 
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pre-test and post-test were set by extracting different questions from grade 10 previous examination 

question papers and common tests. Questions from textbooks were also used in the setting of the 

question papers. The test was first administered to three Grade 11 learners from different schools. 

These learners were part of my tutoring group, and this was done before the main participants wrote 

it to increase reliability. The ultimate questions were then produced after some adjustments were 

made, based on the pilot study. The purpose of doing the trial was to distinguish whether the test 

instrument can be used to determine understanding. The use of the pilot study was based on the 

argument that pre-testing what they intend investigating can help to refine and improve the test 

instrument (Babbie, Mouton, Vorster, & Prozesky, 2009).  

 

Curriculum experts, Mathematics educators and subject advisors can be used to determine the content 

validity of such instruments. In this study, the content validity of the tests used was determined by 

three professionals in the field of Mathematics education including a peer Mathematics educator with 

more than ten years’ experience in Mathematics teaching and marking, school Mathematics subject 

head and the departmental head of Mathematics and sciences. They were requested to moderate if the 

content does align with what is stipulated in the curriculum assessment guidelines, checking as well 

on the mark allocated to each question, the language used, and the content covered. Upon completion 

of moderation, the departmental head indicated his approval by putting a signed school departmental 

stamp where no changes were made on the original question papers and marking guidelines. In 

addition to that, I kept on consulting my supervisor and peers concerning emerging findings. 

  

During the study, the examination of participants’ documents, and recorded notes and audios from 

interviews contributed to validity. Throughout the research, I used self-examination to add credibility 

to the research. According to McMillan and Schumacher (2010) by posing difficult questions to 

himself or herself, a researcher assumes that he or she cannot be neutral, objective or detached. 

Therefore, there was an unavoidable element of subjectivity in the research. This study was validated 

using methodological and data triangulation. Methodological triangulation is beneficial in providing 

confirmation of findings, more comprehensive data, increased validity, and enhanced understanding 

of the studied phenomenon (Casey & Murphy, 2009).  According to Casey  and Murphy, (2009), 

methodological triangulation uses more than one kind of method to study a phenomenon. Thus, in 

the context of this study, the researcher used learners’ workbook observations together with semi-

structured interviews for methodological triangulation. Data triangulation was also used to validate 
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the outcome of this study by involving the use of a variety of data sources, including time, space and 

persons, in the study (Patton, 1999). The findings of a study can be corroborated, and any weaknesses 

compensated for by the strengths of other data sources. This in turn increases the validity and 

reliability of the results. The data triangulation approach can be used in many sectors to strengthen 

conclusions about findings as well as reduce the risk of false interpretations (Patton, 1999). 

 

In my research, triangulation contributed to the validity of the study as themes and ultimate 

conclusions were based on multiple sources of data. The techniques (interviews, observations, pre-

test & post-test) used in my research assisted in ensuring triangulation. Member checking is one of 

the most crucial technique for establishing credibility (Guba & Lincoln, 1989). This was done to all 

the participants who were given their scripts after marking to check how they performed and if there 

were any errors in marking. The six learners interviewed were also given a chance to investigate the 

observation schedules and interview scripts. The learners confirmed the correctness of what they 

checked.   I also used direct words from the participant without correcting grammar or tense to support 

validity of data. 

  

3.8. ETHICAL ISSUES 

It is unethical to place participants in a situation where they might be at risk or harmed either 

physically or psychologically because of their participation in a particular study. According to Resnik 

(2014) ethics is a method, procedure or perspective for deciding how to act, and for analysing 

complex problems and issues. Some ethical issues were observed to ensure the study was void of any 

unethical issues.  

 

In the first place, permission was sought from the Department of Basic Education. The DBE issued 

a certificate (Appendix B) to allow the research to be carried out in their schools. The certificate 

instructed the researcher to submit a copy to the district director and the principal. The school 

principal, upon receiving a copy of the certificate from the department of education, granted me an 

approval letter (Appendix C) to proceed with my research study. The university Ethics Committee 

responsible for ethical clearances cleared the work and an ethical clearance certificate (Appendix A) 

was issued to allow the work to be done in an ethical manner.  All concerned learners were given 

consent forms (Appendix E) for their parents to sign, allowing them to participate in the study. This 

process ensures that the rights, values, needs, and desires of each informant are respected, as argued 
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by Resnik (2014). The parents of learners who consented to them taking part in the study also signed 

and returned consent letters indicating that they did accept and allow their children to take part in the 

research project.  The purpose of the research was clearly explained to participants and their right to 

withdraw was communicated. They were made to realise that it was not obligatory for them to take 

part in the study. There was no form of falsification of the evidence, findings, and conclusions. For 

the anonymity of participants, pseudonyms were assigned to them. Raw data was kept and saved with 

the researcher for a minimum of five years in accordance with the American Psychology Association 

(APA) requirements (2011). The researcher would undertake all responsibilities regarding the 

conduct of the research, and this gave participants the confidence to respond freely.  
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3.10. CONCLUSION  

This chapter outlined the research design and methodology, namely, the case study approach; the 

methods of data collection employed; and detailed the research process used in this study. As the 

procedure was both qualitative and quantitative in nature, the methods of data collection used were 

consistent with the tenets of qualitative and quantitative research. Issues pertaining to reliability 

and validity of this research, as well as ethical considerations that guided me in the process were 

discussed in relation to the research site, the nature of participation and data collection methods. In 

the next chapter a detailed description of the findings and data analysis is presented. 
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CHAPTER 4 

DATA ANALYSIS AND PRESENTATION 
4.1. INTRODUCTION  

The current chapter presents, interprets, and analyses data collected. The aim of this study was to 

investigate Grade 11 learners’ problem-solving skills in Geometry under social cognitive conditions. 

In this study, learners’ problem-solving skills were explored in different aspects of Geometry and 

geometric skills executed in the process of problem-solving. Descriptive statistics was used for 

quantitative analysis and thematic analysis was used for qualitative analysis. Data analysis was 

carried under three major headings: “learners’ geometric skills demonstrated prior to intervention”, 

“problem-solving and geometric skills development” and “learners’ perceptions, experiences and 

challenges faced during the process of problem solving”. The chapter provides necessary information 

and evidence to answer the three main research questions of this study.  

4.2. LEARNERS’ GEOMETRIC SKILLS PRIOR TO INTERVENTION  

The pre-intervention test was designed to uncover learners’ geometric skills prior to the 

intervention program. As such, it sought to find answers to the first research question; 

what geometric skills are demonstrated by selected learners prior to learning Grade 11 

Geometry content?  The data were analysed quantitatively using descriptive statistics and 

qualitatively using thematic analysis. The themes used in this study were predetermined 

and some emanated from the data. 

4.2.1. General Performance of learners 
 

 

Figure 4: Pie chart showing percentages of learners per performance interval 
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This data provided me with an understanding of the kind of geometric skills learners possessed before 

being introduced to the four stages model of problem-solving. The criteria that were used in the selection 

of the six learners were also used to group learner performance into top-performance (>=70%), 

middle performance (40% to 69%) and under performance (< 40%). As indicated in Figure 4, very 

few (15%) of the learners who wrote the test managed to fall into at least the middle performers’ 

category, while the majority (85%) of the learners fell in the category of underperformance. I regarded 

the under-performance by most of the learners as an indication that something was not right with the 

learners’ geometric problem-solving skills hence it was necessary to look deeper into the learners’ 

current geometric problem-solving skills.  Thus, I further analysed the pre-intervention test results 

looking at different specific geometric skills as discussed next. 

 

4.2.2. Pre-test results analysis on specific geometric skills 

Here, the focus was on specific geometric skills that participating learners possessed prior to the 

intervention. The analysis was still centered on the performance of learners in the pre-intervention 

test by looking at different geometric problem-solving skills separately. 

 
Figure 5: Composite bar chart showing percentage pre-test results on specific geometric skills 

 

From Figure 5, the application skill was the worst skill to be displayed in the pre-intervention test as 

all the learners under-performed in applying this skill. Visualisation skills, however, showed 

outstanding application and moderate performance as most of the learners (65%) performed 

moderately. On high performance was the drawing skill that outweighed all other skills in terms of 

its application, as 45% of the learners highly performed under the drawing skill as compared to the 
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other skills where high performance constituted at most 10%. However, under examination settings, 

drawing and visualisation skills are used to an end, whereby they can be applied but no marks awarded 

for their application. Marks are awarded for verbalisation, application, and logical skills applications. 

This shows that the results were a concern as the learners performed better in the skills where no 

marks are awarded, and performed poorly in the application of those skills where marks are awarded. 

This further confirmed the need for an intervention in the development of the geometric skills of the 

learners. 

 

4.2.3. Learners’ Geometric Skills as Displayed in the Pre-intervention test.  

In this section, I looked at the work of the six learners that were selected from the class. I qualitatively 

analysed their scripts to identify how specific geometric skills were displayed in the pre-intervention 

test. In every instance, I could use extracts of learners’ work from different categories (under-

performers, moderate performers & high performers) unless both learners from a particular category 

did not display that skill.  

 

Visual Skills 

Visualisation skills include leaners’ ability to recognise theorems or axioms, recognise properties of 

shapes, recognise different parts and lines in a diagram, as well as recognise different angles.  

Learners’ ability to recognise a theorem or axiom:  Learners managed to apply the skill of 

recognition of theorems and axioms in different ways, even though none of the underperformers and 

one of the moderate performers managed to show the ability to recognise theorems and axioms in 

the test. Only three learners were able to recognise theorems and axioms. From Figure 6 below, 

Learner 2 (one of the moderate performers) and learner 7 (one of the high performers) recognised 

theorems and axioms when answering question 5. Learner 2 recognised theorems and axioms 

inappropriately four times. She could recognise theorems and axioms on the diagram, but these 

theorems were not used appropriately to answer the question at hand as indicated in Figure 6. Same 

applies to learner 7 who, on question 5, could recognise theorems or axioms correctly once and 

twice inappropriately. Inappropriate applications occurred when she could recognise some theorems 

and axioms but then apply them in a wrong context i.e., she could actually recognise a theorem or 

axiom right but without answering the question at hand. Just like learner 7, other learners did the 

same in recognition of theorems and axioms on question 5, as they could recognise theorems and 

axioms inappropriately more times than correctly. Like Makhubele (2012), I realised that there were 
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many cases of inappropriate application of recognition of theorems and axioms, which was an 

indication that learners were finding it difficult to apply the knowledge of angles and theorems in 

solving riders ( Makhubele, 2012). This also implied that the learners had an idea of the theorems 

and axioms but only had challenges with how to apply the skill of recognising theorems and axioms. 

Learners also had a tendency of forgetting the content learnt in previous grades as was observed by 

Gafoor and Kurukkan (2015) who note that the factors that make Mathematics difficult 

for learners to learn included difficulty in remembering the content learnt in the previous classes. 

Extracts from some learners’ work were used to show how the learners were applying the skill of 

ability to recognise theorems and axioms as shown in figure 6. All in all, the skill was poorly applied, 

and this information equipped me with knowledge of how much intervention is needed to address 

the problem related to the application of the skill of recognising theorems and axioms.  

Learner 02 Learner 07 

  
Figure 6: Extracts of learners’ work on recognition of a theorem or axiom 

 

Learners’ ability to recognise properties of shapes: All the six learners could make attempts in 

recognising properties of shapes. Recognition of properties of shapes was realised in answering 

question 2 of the pre-test, whereby one was supposed to consider properties of a shape to be able to 

name the shape. As illustrated in Figure 7 below, Learner 2 recognised properties of shapes twice 

correct and once incorrect. In this case, the learner managed to recognise properties of two shapes 

correctly and managed to name them correctly, whereas in one case, she made a wrong judgment and 

ended up giving the shape a wrong name. Learner 12 could also recognise properties of shapes three 

times, one of which was a correct application and in two cases, the learner failed to give correct names 

to the shapes. To address the same issue, other learners could make accurate judgment in several 

cases and managed to name the three shapes correctly. Some managed to recognise properties of 

shapes very well in comparison to inappropriate and incorrect applications. All the learners could not 
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identify a reflex angle and it shows they confused a reflex angle with an obtuse angle as most of the 

learners named the angle as obtuse. 

This shows that there were more cases of correct recognition of properties of shapes than incorrect 

recognition, which implies that learners possessed some better knowledge on properties of shapes. 

Just like Makhubele (2015) who discovered in his study that learners were able to 

identify particular properties of shapes but not in logical order, I also realised that, in as much as 

learners could correctly recognise properties of shapes, they could, at times, confuse properties of 

shapes, ending up giving a shape an incorrect name. 

Learner 02 Learner 12 

  

Figure 7: Extracts of learners’ work on recognition of properties of shapes. 

 

From Figure 7, Learner 2 and 12’s work was extracted to elucidate the ability of learners to recognise 

properties of shapes. Overall, the skill of recognition of properties of shapes was averaged and this 

gave me an idea that several things still needed to be done to make learners able to apply the skill of 

recognition of properties of shapes effectively.  The information helped me to address issues of 

misconceptions when planning for the intervention such as the one mentioned above of the difference 

between obtuse and reflex angle. 

 

Learners’ ability to recognise different parts and lines in a circle or diagram: Learners from the 

underperforming category never showed any ability to recognise parts and lines in a circle or diagram. 

From Figure 8, Learner 7 recognised parts and lines twice correctly and thrice inappropriately. She 

could recognise two sets of equal lines on question 4 as she was attempting the question. She could 

also identify some lines from the diagram even though the effort could not help in answering the 

question. On the same question, Learner 17 managed to recognise eight lines on the diagram, four of 
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which he used correctly in answering the question and the other four he misplaced in the process. 

Most learners could identify lines in the diagram but were having challenges to use them correctly to 

answer the question. Extracts from learner 7 and 17 (see Figure 8) were used to show how the learners 

displayed their ability to recognise lines and parts in a circle and diagram.  

Learner 07 Learner 17 

 

 

 

 
Figure 8: Extracts of learners’ work on Recognition of different parts and lines in a diagram 

 

Although in some cases learners could identify parts and lines on diagrams, they were having 

challenges to utilize the information, for example, Learner 7 on question 4 who managed to 

recognise line AB to be equal to line AD, which was a correct observation, but the reasoning given 

in answering the question to justify why AB is equals to AD was not valid. Such a problem was 

common in most of the learners. The skill of recognition of parts and lines in a circle and diagrams 

was not well displayed. This gave me a clue that the learners still needed some interference to 

address the areas that still needed attention in the application of the skill of recognition of lines and 

parts in circles and diagrams. The information also helped me to identify how learners fail to utilise 

the information and ideas they must do problem-solving in general and particularly in Geometry. 

  

Learners’ ability to recognise different angles: The skill of recognition of different angles was 

applied by all the learners to answer some questions in the pre-test. Figure 9 shows that Learner 2 

was able to recognise four angles in her answering even though she used them incorrectly in 
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answering question 2 and question 5.  Learner3 as well, identified four different angles but used one 

inappropriately and three incorrectly, to answer the questions. Learner 11 applied the skill eight 

times, four of which were correctly applied, once inappropriately and in three cases it was applied 

incorrectly.  Other learners also made use of the skill of recognition of different angles in the pre-

test, and they utilised the skill in more incorrect cases than correct and inappropriate ones. Learner 

17 applied the skill once correctly, once inappropriately and three times incorrectly. Learner 2’s and 

3’s work was used to illustrate how the skill of recognition of different angles has generally been 

applied by learners in the pre-test (see Figure 9). 

Learner 02 Learner 03 

 
 

 
Figure 9: Extracts of learners’ work on Recognition of different angles 

 

As illustrated in Figure 9, the learners exhibited some ability to recognise angles from diagrams and 

relate the angles using theorems and axioms even though some learners could use them incorrectly 

to answer the questions. This was indicated by a few cases when learners were displaying correct 

applications compared to incorrect and inappropriate applications. Since there were more cases of 

incorrect and inappropriate applications than correct application, it was an indication that there was 

still a gap that needed to be filled in as far as recognising angles is concerned. Just like Makhubele 

(2012), I realised the learners were having a challenge in applying knowledge of angles in answering 

questions and this provided me with background information as well on how I was going to plan my 

intervention on this section. 

 

Verbal Skills 

In Geometry, one kind of helpful verbalisation skill when doing problem-solving is stating a rule or giving a 

reason for an action. Verbal skills involve giving verbal descriptions, naming objects and giving definitions. 
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Learners’ verbal description skills: Ability to verbally describe geometric concepts is a skill that 

was applied by all learners and was required to answer question 5 of the pre-test. As shown in Figure 

10, Learner 12 incorrectly applied the verbal description skill eight times. In every case the learner 

tried to apply the skill he could do it incorrectly. Learner 17 likewise did apply the same skill 

incorrectly in nine situations (see Figure 10). The other learners made use of the skill and there were 

more incorrect and inappropriate cases of application than correct application just like is illustrated 

in Figure 10 below. 

Learner12 Learner 17 

  
Figure 10: Extracts of learners’ work on Learners’ verbal descriptions skills 

 

As displayed in Figure 10, the skill of verbal descriptions was poorly displayed as there were too 

many cases of incorrect and inappropriate applications in comparison to correct applications. This 

was a sign that learners were having challenges in making verbal descriptions in problem-solving. 

The learners knew that it was a requirement to support every statement with a reason in geometric 

problem-solving, but it was unfortunate that the reasoning was not valid in most cases. This called 

for my involvement in the ways learners were supposed to reason in Geometry when supporting 

geometric statements. This information also helped me to realise that more attention was needed on 

the geometric foundation of the learners as geometric foundation is based on theorems and axioms, 

which are basically used for verbal descriptions in geometric problem-solving. 

 

Learners’ skills of naming shapes, objects, and parts: This skill was applied in several cases by all 

the learners in answering question 2. Learner 11(see Figure 11) applied the skill four times, of which 
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three applications were correctly done and one was inappropriate. Learner 2 also applied the skill of 

naming shapes and parts in eight cases. She named two shapes correctly and six shapes were named 

inappropriately.  This skill was also made use of by other learners moderately in relation to other 

applications.  

Learner 11 Learner 2 

  
Figure 11: Extracts of learners’ work on Naming of shapes, objects, and parts 

 

The skill of naming shapes, objects, and parts (see Figure 11) was moderately applied as there were 

a reasonable number of correct applications as compared to incorrect and inappropriate applications. 

This skill was better displayed when the questions needed a direct name of a shape like rectangle, 

than when a question required one to name a shape using mathematical symbols like ∆ABC meaning 

triangle ABC. Such information equipped me with an idea of the knowledge gaps that learners have 

in the skill of naming shapes and objects, which I used for planning the intervention. This information 

also shows that the learners needed more attention in using geometric ways of naming shapes than 

using general and direct names that were used in lower grades like in primary and lower secondary 

grades.  

 

Learners’ Defining and Stating in own words skills: Definitions and stating in own words was a skill 

that was needed to address question 5 in the pre-test. Every learner employed this skill of defining 

and stating in their own words except one learner. As shown in figure 12, Learner 12 made some 

theoretical definitions six times but only one was done correctly, and the rest were incorrect. It was 

the same case for Learner 7. Other learners also applied the skill of defining and stating in their own 

words many times, but they could apply the skill for a very limited number of times correctly and for 

several cases incorrectly. 
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Learner12 Learner 7 

  
Figure 12: Extracts of learners’ work on Definitions and Stating in own words 

 

As displayed in Figure 12, definitions and stating in own words as a skill was poorly applied. The 

poor application might be because the learners had already forgotten the geometric content they had 

learnt from previous grades, or it was a recurring problem from previous grades. Learners could of 

course put in their own words but incorrectly in most cases. There were very few cases of correct 

application of the skill of defining and stating in own words as compared to incorrect applications. 

Some of the incorrect definitions showed that some learners had no clue on geometric theorems and 

axioms. This information pointed back to the geometric foundation of the learners that it needed more 

devotion, thus, helping me in my planning of the intervention, especially of foundation Geometry. 

This helped me much in that more attention was demanded to address the gap on pre-knowledge on 

the aspect of definitions and stating in own words during geometric problem-solving. 

Drawing Skills 

Through drawing, one can group together information that is needed and avoid searching for the 

elements needed to make problem-solving interpretations and decisions. Drawing skill displayed by 

learners in the pre-test was only the construction of diagrams based on properties. 

Learners’ skills on constructing diagrams based on its properties: The skill was applied by all the 

learners in question 3, with Learner 3 (see Figure 13) applying the skill only once correctly, and 
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four times incorrectly. As well, Learner 11 applied the skill four times correctly and once incorrectly 

on the same question. The skill was applied in the same manner by other learners, where some could 

apply the skill correctly in more cases than the incorrect cases, and others had it the other way round. 

Learner 3’s and 11’s work was used to represent how learners were normally applying the skill on 

constructing diagrams based on its properties. 

Learner 3 Learner 11 

  
Figure 13: Extracts of learners’ work on constructing diagrams based on its properties. 

 

The skill of constructing diagrams based on its properties as shown in Figure 13 was averagely 

applied as there were a reasonable number of correct application cases of the skill. Some learners 

were showing ideas of properties of shapes while others were showing to be struggling. This might 

be because some learners had forgotten the properties of different geometric shapes. This helped me 

much in the groundwork I did for the intervention as I had obtained some information concerning the 

degree to which the learners could apply the skill of constructing diagrams based on their properties. 

The skill of constructing diagrams based on its properties was better displayed by learners compared 

to other skills. Even though the learners could fail to apply the skill correctly in every part of the 

question, all the parts of the question managed to be correctly answered by at least one learner. This 

shows the learners still had the ability to apply the skill of constructing diagrams based on its 

properties even though there were some factors that could have affected their application skills in one 

way or another. The information equipped me with ideas that not much was needed in the intervention 
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to address the skill of constructing diagrams based on its properties especially on pre-knowledge.  

  

Logical Skills 

Logical skills normally involve one’s ability to relate situations and make logical conclusions, 

especially from unfamiliar situations. The skills applied by learners from this dimension include 

recognition of differences between geometric objects, classification of shapes based on their 

properties, and developing logical proofs. 

 

 Learners’ Recognition of differences and similarities between geometric objects skills: Question 4 

was demanding for the application of this skill whereby one needed to be able to recognize the 

differences and similarities between triangles in-order to identify congruent triangles in the process.  

Learner 12 (see Figure 14) tried to apply the skill but only to find that he applied it once 

inappropriately and once incorrectly. Learner 17 as well applied the skill inappropriately twice and 

once. Application of the skill of recognition of differences and similarities between geometric 

objects was also witnessed with other learners and most cases of application were incorrect and 

inappropriate. Extracts of Learner 12’s and 17’s work on Recognition of differences and similarities 

between geometric objects was used to demonstrate instances when the skill could be applied (see 

Figure 14) 

Learner 12 Learner 17 

  
Figure 14: Extracts of learners’ work on Recognition of differences and similarities between 
geometric objects 

 

Figure 14 above shows that learners were generally not able to correctly apply the skill of recognition 

of differences and similarities between geometric objects. In other words, the skill of recognition of 
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differences and similarities between geometric objects was poorly displayed. This was indicated 

through incorrect application of the skill with only inappropriate and incorrect applications. This 

information helped much in preparing my intervention as the skill of recognition of differences and 

similarities between geometric objects proved to be one of the problematic areas and demanding more 

attention in the intervention. I understood that some learners could identify the geometric objects 

from a given diagram and at times could relate them correctly but do that in vain as they failed to 

answer the question at hand. This, therefore, needed attention in the intervention to avoid learners 

using their effort unfruitfully.   

 

Learners’ Classification of shapes by their properties skills: Only one learner succeeded in 

displaying this skill in question four of the pre-test. As indicated in Figure 15, Learner 7 applied the 

skill twice inappropriately. That is to say, the learner had the ability to classify geometric objects 

but without answering the question and this happened in two cases. For example, the learner could 

correctly identify two congruent triangles, but this argument was put in the wrong context to answer 

an inappropriate question. Such information helped me in preparing the intervention by noting areas 

that needed more attention such as the skill of classification of shapes by their properties.  

Learner 07 

 
Figure 15: Extracts of learner’s work on Classification of shapes by their properties 

 

Learners’ Development of logical proofs skills: Logical proofs were required of learners in question 

4. Just like is shown in Figure 16, all the learners made one attempt to make a logical proof to answer 

question 4 but none of them managed to make a correct logical proof. All the proofs made were 

incorrect. As was also discovered by Chigonga (2016) that learners are possibly operating at Van 

Hiele’s level 3 or less of Geometry thinking, and as a result, proof development continues to be a 

problematic area for learners. I also comprehended that geometric proof development was a serious 
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problem to the learners hence more responsiveness was needed on this area of geometric problem-

solving from my side as well as learners’ side.  

Learner 02 Learner 11 

  
Figure 16: Extracts of learners’ work on Development of logical proofs 

 

Application Skills 

The skill of application is all about being able to use known ideas correctly from one situation into 

another different situation as a problem-solving means. The skill of ability to apply theorems was 

commonly used by learners in the pre-test. The skill included by the learners under application skills 

was the ability to apply theorems and axioms in problem-solving. 

 

Learners’ ability to apply theorems and axioms in problem-solving: Learners observed prospered 

in displaying this skill of applying theorems and axioms in problem-solving in answering question 

5. Learner 12 (see Figure 17) applied theorems & axioms in eight incorrect cases. Learner 17 also 

correctly applied the theorems and axioms twice, once inappropriately and seven times incorrectly. 

This skill to apply theorems and axioms in problem-solving was also displayed by other learners, 

and they were all applying the skill more incorrectly and inappropriately than correctly. 

 

From Figure 17 below, extracts from Learner 7 and 17 are displayed and it is clear that the learners 

were failing to apply theorems in problem-solving. The learners were showing that they have little, 

if any clue about theorems, let alone their application. This is shown by the number of incorrect as 

well as inappropriate applications of the skill of theorem and axiom application. Most of the learners 

had an idea of how to present their work in statement and reason format but most of the statements 
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and reasons were incorrect and invalid. This therefore shows that the skill was poorly applied, hence 

the need for mediation to address the issue. The information from the analysis helped me to identify 

areas of need in the application of theorems and axioms by learners. I appreciated, from the analysis 

that the axioms and theorems learnt from the previous grades still needed to be addressed before the 

current content is taught, as learners showed to be almost clueless of the theorems and axioms 

together with their application. The information also helped me in planning my intervention on this 

skill with its application. Such a situation was encountered by (Ndlovu & Mji, 2012) in their research, 

where some learners ironically did not have the presence of mind to apply  theorems to show equal 

angles. This information helped me to plan a strong intervention as much needed to be done to address 

such issues. 

Learner 7 Learner 17 

  

Figure 17: Extracts of learners’ work on application of theorems and axioms in problem-solving. 

 

Summary of pre-test findings 

The pre-test was used to check which skills learners had before the intervention and this was meant 

to answer the research question “What geometric skills are demonstrated by selected learners prior 

to learning Grade 11 Geometry content?” The research question was answered through the analysis 

of the pre-test results, where I looked at whether the skill has been applied or not and if applied, I 

had to look at the degree and nature of its application.   

 

There are three major concerns noted from this test that informed me to design an intervention to 

address the geometric problem-solving skills of the learners. First, I understood that some skills 
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were not applied at all, and in all the attempts made by the learners in applying different geometric 

skills, most of the learners applied the skills incorrectly and inappropriately. In other words, most 

of the skills were poorly applied as has been alluded to by the analysis above. Just like the findings 

of Adolphus (2011), I discovered that there was an element of learners having poor foundation in 

geometric problem-solving. This indicated that something needed to be done to ensure the correct 

application of skills in problem-solving. The second concern was that some learners failed to even 

attempt to apply the skills that other learners could apply in problem-solving. The third concern was 

that most of the correct attempts made were more on drawing and visualisation skills than on 

verbalisation, application, and logical proofs. This was of much concern since, in summative 

assessment activities in Geometry, visualisation and drawing are used to an end whereby marks are 

only awarded for verbalisation, application and logic. Hence, I had confirmation that truly, an 

intervention was needed, especially in developing the geometric skills of the learners, with the aim 

to increase the number of cases in which the learners could correctly apply the skills as well as 

improving the number of attempts by everyone in solving geometric problems. The other reason to 

balance the correct application of skills across the board, i.e. making sure learners do correct 

applications of skill in drawing, visualisation, verbalisation, application, as well as in logical proofs. 

 

4.3. USING POLYA’S MODEL IN PROBLEM-SOLVING AND GEOMETRIC SKILLS 

DEVELOPMENT 

This section presents the data that was collected and analysed through observations of the selected 

grade 11 class when using Polya’s model in problem-solving and geometric skills development. 

Document analysis was made of the exercise books of 6 purposively selected learners from this grade 

11 class. The data was used together with the data from the post-intervention test to answer the second 

research question: How can the use of Polya’s model enable or constrain the development of 

problem solving and geometric skills in a selected Grade 11 Mathematics class? The four stages 

model was used to teach different concepts of Geometry in a social cognitive classroom as indicated 

below. The use of the model in addressing different geometric concepts was done following this 

sequence:  

Part 1- Introduction to the Geometry theorems,  

Part 2 - Proving of examinable theorems,  

Part 3 - Solving of riders, and  

Part 4 - Dealing with logical geometric proofs.  
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After the model was utilised, a post- intervention test was given to see if the model had enabled or 

restricted the problem-solving and geometric skills of the learners. The post-intervention test was 

structured in the same way as the pre-intervention test, testing geometric skills constituting the 5 

groups of skills which are visualisation, verbalisation, drawing, application, and logical skill. Due to 

COVID 19 restrictions, 2 learners were the maximum that could make a group. Therefore, the learners 

were logically paired from the beginning to enhance peer collaboration. In most cases, a learner was 

recommended to sit alone so we could only make pairs when need arises during peer collaborations. 

 

 Part 1: the social cognitive teaching and learning practices that were common at this stage of the 

intervention were flipped classroom and modelling. These practices were meant to promote attention 

and retention by the learners. The learners were tasked to research on the theorems of Geometry 

before the theorems were discussed in the classroom. From the 10 pairs, we managed to get all the 

theorems that are learnt at Grade 11 plus those learnt at Grade 10 and lower classes. Socratic 

questioning strategy could then be applied to check for understanding i.e. to identify misconceptions 

and provide corrective feedback and to invite dialogue, to help students develop a better 

understanding of themselves and their progress, share their deeper thinking and to make deeper 

connections within the content. The teacher was compelled to use lectures and demonstrations at 

some point during this introductory phase for clarifications and illustrations. Through a thorough 

discussion of the theorems, most learners were able to write the theorems using their own words in 

an individual short test given as illustrated in Figure 18. The geometric skills that were most 

developed at this phase of the intervention are verbalisation, visualisation and drawing skills. This 

formed the foundation for geometric problem-solving, since in geometric problem-solving every 

statement must be supported by a reason which, in other words, is a theorem. At the same time, 

learners were supposed to be able to identify theorems in the form of diagrams so that in any given 

geometric diagram, they can disintegrate the diagram into different separate theories for problem-

solving. 
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Part 2: According to the Mathematics CAPS document, there are some theorems that the learners 

must be able to prove (DBE, 2011). The teacher used a similar approach to the teaching and learning 

of this concept respecting the elements of Social cognitive theory. Different pairs of learners were 

given separate theorems to go and research on how to prove them. Presenters from different groups 

were welcome to make presentations on how to make proof of different theorems. The floor had to 

ask for clarifications and the other group members were supposed to support their peer – the presenter. 

The teacher could only come in when the class got stuck at a certain point or where a need for deeper 

clarifications and demonstrations arises. In this case, the teacher was focusing much on learner 

attention and reproduction, since they were supposed to reproduce the same steps involved in proving 

the theorems. After a thorough discussion of the concept, an individual activity was given, where the 

teacher could move around looking and noting down some misconceptions. Drawing, visualisation, 

verbalisation, application, and logical skills were all learnt during this phase. In proving of theorems, 

learners were expected to: make some constructions and put additional information on diagrams 

(drawing skills); identify different theories in each diagram (visualisation skills); support every 

statement with a reason (verbalisation skills); apply different theories to support different statements 

as well as any other mathematical operations (application skills); and make logical deductions 

(logical skills). During problem-solving, the learners were following the four stages model. However, 

many learners were not applying the fourth stage (reflection) of the model in most cases. 

 

All the theorems for proving listed in the CAPS Document were learnt and tested for in the activity. 

Minor misconceptions were addressed as the teacher was moving around. Two major misconceptions 

Learner 2 Learner 3 

  
Figure 18: Learners work on writing and completing theorems in own words 
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noted were: 

• Most learners failed to state the Required to prove (RTP) once the letters are changed in the 

diagram which is evidence of lack of mutual understanding of the concept of RTP. 

• Most learners were unable to give the last supporting reason after proving a theorem which 

was supposed to be the converse of the Required to prove (RTP).  

The teacher had to go an extra mile elucidating on the two aspects of proofs. A further individual 

activity was given as remedial work to those who did not do well in that area and others were given 

an extra activity of the same theorems by just changing the letters and how the diagram is presented. 

 

Part 3: at this point most of the learners were shown to have gained some interest in the topic as was 

indicated by the learners during the follow-up interviews with the six learners. The solving of riders 

proved to be the most interesting section of the topic. The most common social cognitive teaching 

and learning practices during this phase involved peer coaching and collaboration as well as 

gamification. These practices were meant to instill retention and motivation in the learners. Just like 

in part 2, all the geometric skills were required in solving of riders. Advanced verbalisation, 

application and logical skills were demanded at this point. By the end of this phase, most of the 

learners had developed much of the geometric and problem-solving skills. During problem-solving, 

just like in part 2, the learners were making use of the four stages model in problem solving. The only 

concern picked as the teacher was making observations and during document analysis is that most 

learners were ignoring the fourth stage of the four stages, which is the “look back” stage.  

Learner 12 Learner 2 

  

Figure 19: Learner’s work using four stages model 
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As shown in Figure 19, most learners could apply all the other three stages of the model but ignored 

the “look back” stage. 

Part 4: this was the last concept to be addressed and it proved to be the most complicated aspect of 

the topic. This was a part dealing with geometrical logical proofs. It is at this point when a very 

critical skill emerges, which is required to prove (RTP) Finding. It was very rare for a learner to make 

a logical deduction without defining the RTP. Peer coaching and collaboration were the most utilised 

social cognitive learning practices aiming much at retention and motivation. Just like in other phases, 

the learners were making use of the four stages model with stage 4 still scarcely applied. All the 

geometric skills were demanded during this phase. Some learners were still having challenges to 

come up with a correct RTP and to support the last statement with the converse reason for the RTP.  

Learner 2 Learner 12 

 
 

Figure 20: Learner’s work making logical deductions 

 

As illustrated in Figure 20, learner 2 could define her RTP well and support her final answer with a 

converse of the theorem as a reason. The case was different for learner 12 who could not define his 

RTP as well as the reason to support the final statement. After this concept was done, an intensive 

revision was done before the post-intervention test was given.  

 



 

93 

4.3.1. Geometric Skills Displayed by Learners in the Post- Intervention Test 

The post-intervention test was designed to be a part of the answer to the second research question 

targeting development of geometric skills. The data were analysed quantitatively using descriptive 

statistics and qualitatively using thematic analysis. The themes used in this study emanated from literature 

and some themes emerged.  

4.3.1.1. Learner Performance in the Post-intervention test  

The post-intervention test was written by all the 20 learners (n = 20) from the class. According to 

the findings of the pre-intervention test, the average percentage mark was 55.8%. In other words, out 

of the 50 marks of the paper, an average learner got around 28 marks. The criteria that were used in 

the selection of the 6 learners were used as well here to determine top-performance, middle 

performance and under performance. From the post-intervention test analysis, 90% managed to get 

at least a moderate pass and 10% underperformed. The figure below displays the pre-intervention test 

and post-intervention test results to see if there are any noticeable differences.  

 
PRE-INTERVENTION TEST POST-INTERVENTION TEST 

  
Figure 21: Pre-intervention test vs post-intervention test overall results 

 

As indicated in Figure 21 above, very few (10%) learners who wrote the test underperformed as most 

(60%) of the learners fell in the category of moderate performance which at least showed some 

development in their geometric skills has taken place. This I say because in the pre-intervention test 

most learners (85%) fell in the underperformers’ category. On the same footing, 30% of the learners 

<= 40% 40% to 69% >=70% <= 40% 40% to 70% > = 70%
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who managed to perform highly in the post-intervention test unlike in the pre-intervention test where 

none of the learners managed to perform that far.  However, even though there showed an element of 

improvement in several ways in the post-intervention test, there were still some (10%) who were 

showing to have challenges with their problem-solving and geometric skills. This kind of data 

provided me with understanding of what kind of geometric skills learners possessed after utilizing the four 

stages model. The results helped me to plan also for some interviews to find out on the challenges 

learners had during the use of the Polya’s four stages of problem solving during the development of 

the learners’ geometric skills. 

4.3.1.2. Post-intervention test results analysis on specific geometric skills 

The questions on the post-intervention test were grouped in such a way that every question will test geometric skill 

falling under the 5 major skills. Results from the tested learners in this study indicated what geometric skills the 

learners were now possessing, and the analysis is shown in Figure 22 below. Learner’s specific geometric 

skills results were categorized using the same criteria that were used in this study to determine 

underperformance, moderate performance, and high performance.  

 

Figure 22 shows that there was a performance shift in all the skills in every aspect of performance. 

On visualisation question, a noticeable change is seen on underperformance and high performance in 

the pre-intervention test and post-intervention test. From the pre-intervention test, the number of 

PRE-INTERVENTION TEST POST-INTERVENTION TEST 

  
Figure 22: Analysis of pre-intervention test vs post-intervention test results on specific geometric skills 
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underperformers dropped whilst the number of high performers increased in the post-intervention 

test. Verbalization was a skill that all the learners did well, and this is shown by the shift of under-

performance to 0% in the post-intervention test.  However, drawing and logical skills were found to 

have no big shifts especially with the underperformers. In drawing skills, the number of under-

performers even increased though by a small margin. Generally, the results show a positive shift in 

the skills by learners from underperformance towards higher performance. Most learners did not do 

well in logical skills as compared to other skills. Ultimately, the 5 main groups of skills were further 

subdivided into specific skills and analysed to see which exact skills were displayed by the learners 

in the post-intervention test after being exposed to Polyas’s four stages model. 

 

4.3.2. Geometric Skills Displayed by Selected Learners in the Post- Intervention Test  

The work of the same 6 learners selected from the class was observed closely to see which specific 

geometric skills learners displayed in the post-intervention test after Polya’s model has been used in 

the classroom. I looked at the pre-intervention test, classroom work and post-intervention test to see 

if there was any evident improvement in geometric as well as problem-solving skills. I looked at the 

nature of application, whether the learner applied the geometric skills correctly, incorrectly, or 

inappropriately. All cases where learners applied particular skills were discussed, except when no 

skill was displayed. Thus, the themes that were discovered from literature and those that emerged 

were used in the analysis. These themes include visualisation, drawing, verbalisation, application, 

and logical skills.  

According to Williams (2014) emergent themes are a basic building block of inductive approaches 

to qualitative social science research, and are derived from the life worlds of research participants. 

In this study, I discovered three emerging themes that developed using Polya’s model, and these 

themes included re-planning skill, finding of required to prove (RTP) skill and computational skill. 

All these themes are discussed looking at how they were developed in the classroom as well as how 

the learners applied them in the post-intervention test. Pre-intervention test work was also referred 

to see if there was any noticeable change in learners’ ability to apply these skills.  

Most of the learners’ work presented here focused on different comparisons of work from pre-

intervention, during intervention and after intervention. Such presentation and analysis were done to 

see if there was any relationship of events, leading to an improvement, decline or no shift in learner 

performance. Therefore, the frequency of application of a particular skill correctly, inappropriately, 

and incorrectly was used in presentation and analysis to make conclusion.
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Visualisation Skills 

 

 

 
Figure 23: Visual skills analysis 

 

Learners’ recognition of a theorem or axiom skill  

Visualisation is a strong tool for searching mathematical problems, giving meaning to mathematical 

concepts and the relationships between them (Yilmaz & Argun, 2018). The skill of recognition of 

theorems and axioms is one of the skills contributing to the theme of visualisation which focuses on 

visual construction by learners in geometric problem-solving. The 6 observed learners could apply 

the skill of recognition of a theorem or axiom though they were applying it in diverse ways in the 

post-intervention test (see Figure 24). This skill was applicable to question 3, 4 and 5 whereby one 

was supposed to recognise a theorem to support his/her arguments in problem-solving. As shown in 
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Figure 23, the frequency of occurrence of the application of the skill of recognition of a theorem or 

axiom in the post-intervention test in comparison with that of pre-intervention test is as follows: 

Learner 2 applied the skill 8 times correctly, 8 times incorrectly and 6 times inappropriately in the 

post-intervention test yet in the pre-intervention test applied inappropriately in 4 cases. Learner 11 

applied the skill 14 times correctly in the post-test while in the pre-intervention test, once correctly 

and 4 times inappropriately. Learner 12 could apply the skill 3 times correctly and 13 times 

incorrectly in the post-intervention test, whereas in the pre-intervention test, they never applied the 

skill. In the post-intervention test, Learner 3 used the skill of recognition of a theorem or axiom 12 

times correctly, yet in the pre-intervention test applied once inappropriate and once incorrect as 

shown in Figure 23.  For Learner 3, the skill of Recognition of a theorem or axiom was poorly 

employed in the post–intervention test, and a change for the better started to be witnessed in the 

classroom during class activities. Learner 7 in the pre-intervention test applied the skill correctly in 

one case, and inappropriately in two cases, whereas in the post-intervention test, correctly used the 

skill in 7 cases, once incorrectly and once inappropriately.  In the post-intervention test, Learner 17 

utilised the skill 5 times correctly and 3 times incorrect yet in the pre-intervention test had applied 

twice inappropriately and twice incorrectly.  

 

Work from Learner 3 and 11 were used to illustrate how the skill was applied by learners from 

different categories of performance. The work from pre-intervention test and post-intervention test 

displayed in Figure 24 were used for this purpose. As shown in Figure 24, and the presented 

information in Figure 23, I understood that there was a noticeable positive change in the application 

of the skill in all the three categories. The shift noticed was on the number of correct applications of 

the skill, as well as the general regularity of application of the skill. The frequency of correct 

applications generally improved at the expense of the inappropriate and incorrect application of the 

skill. Most learners were making very few mistakes from the classwork as far as recognition of 

theorems is concerned, as was also noticed during document analysis.  The reason might be that the 

learners were given time to discuss in pairs and sometimes as a whole class before an individual class 

activity could be administered.  
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CLASSWORK (learner 17) POST-INTERVENTION TEST (learner 17) 

  
Figure 24: Recognition of theorems in classwork vs post-intervention test 

 

The other reason why there was some con-cordial agreement in the positive application of the theorem 

in classwork and post-intervention test as shown in Figure 24 might be that most of the class activities 

were given to individual learners soon after a concept has been taught and discussed, which might 

have given the learners an advantage to get the problems solved well.  

 

The advantage with the class activities was that the teacher was moving around looking at learner 

situations and helped learners to come back to track if lost. The teacher could also have dialogue with 

learners and help them with their misunderstandings and misconceptions. Inability by learners to 

recognise theorems was common when it came to logical proofs such as: prove a line to be a tangent; 

prove a quadrilateral to be cyclic; prove two lines to be parallel; and so forth.  

 

I understood that the frequency of application of this theorem on the post-intervention test was less 

compared to what the learners were doing in the class activities. The major reason discovered is that 

some of the learners were not following the procedures used in the classroom for problem-solving. 

For example, some learners were not indicating the key words to show reading for understanding in 

the post-intervention test even though their answers were showing they had read for understanding. 

Thus, the frequency of evidence of recognition of theorems and axioms was compromised. As shown 

in Figure 25, Learner 11 showed evidence of reading for understanding by noting down theorems 

involved but Learner 3 did not do the same, yet the solution was correct. 
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Figure 25: Skill of recognition of theorems and axioms displayed by learners 
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Learners’ recognition of properties of shapes skill.  

The skill of recognition of properties of shapes is one of the skills targeting the visual construction 

by the learners. This could be applied anywhere in the question paper if there was a demand for 

recognition of properties of shapes in a diagram to be able to name it or to identify applicability of a 

particular theorem. Shapes like triangles and cyclic quadrilateral were the commonly identified 

shapes. Figure 23 shows the frequency of application of the skill and Figure 26 displays the way 

learners were applying the skill in the pre-test and in the post-intervention test. The frequency of 

application of the skill of recognition of properties of shapes is as follows: Learner 2 applied the skill 

of recognition of properties of shapes once correct, once inappropriate and twice incorrect in the post-

intervention test, while in the pre-intervention test, it was applied correctly twice and once incorrectly, 

Learner 11 applying it twice correctly in the post-intervention test but in the pre-intervention test had 

used it thrice correctly.  Learner 12 applied it thrice correctly, and five times incorrectly in the post-

intervention test; yet in the pre-intervention test, had applied the skill of recognition of properties of 

shapes once correctly and twice incorrectly.   Learner 3 utilised the skill twice correctly in the post-

intervention test yet in the pre-intervention test applied once correctly and twice incorrectly. Learner 

7 applied the skill of recognition of properties of shapes once correctly in the post-intervention test, 

yet in the pre-intervention test had applied it twice correctly and once incorrectly. Learner 17 used it 

once correctly and twice inappropriately in the post-intervention test, while in the pre-intervention 

test, had applied the skill twice incorrectly (see Figure 23). 

 

The way the learners displayed the skill of recognition of properties of shapes both in the pre-

intervention test and post-intervention test was almost the same. An illustration is given below of an 

extract from the work by Learner 7 and Learner 12. Recognition of properties of shapes skill was not 

widely used even in the class activities. Just like the findings by Ismail (2020), maybe the difficulties 

faced by the learners are because of the inability to imagine the shapes (imagination). The other 

reason could be that the skill is not directly tested in FET phase as in the GET phase. The application 

skill is only applied when one must know properties of a particular shape to be able to apply theorems 

applicable in that scenario. This might have limited the learners to apply the skill in the classroom 

and in the post-intervention test. The skill is expected to have been developed during stage 1, 2 & 3 

of Polya’s model of problem-solving. The name of the shape in a statement acts as a key word and 

one is expected to highlight the word in stage 1 of the model.  Properties of the shape are to be listed 

in stage 2 and used as reasons to support statements in stage 3 of the model. 
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Figure 26: Recognition of properties of shapes analysis 

 

Learners’ skill of recognition of different parts and lines in a circle or diagram   

I believe that the ability to recognise different parts and lines in a circle or diagram could aid the 

understanding of the concept of problem-solving in Geometry. This skill of recognition of different 

parts and lines in a circle or diagram was most applicable to questions 1, 3, 4 and 5. This skill was 

the cornerstone for stage 2 of Polya’s model. When doing planning on the diagram, one is expected 

to know different parts of the diagram or circle such as tangents, chords, diameter, center and so 

forth. This skill was taught and learnt much during the first days of the introduction of Geometry 

and the four stages model. As displayed in Figure 23, the rate of application of the skill in the post-

intervention test vs pre-intervention test is as follows: Learner 2 applied this skill of recognition of 

different parts and lines in a circle or diagram 12 times correctly, twice incorrectly and 3 times 
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inappropriately in the post-test, yet in the pre-intervention test applied inappropriately in two cases. 

Learner 11 applied the skill of recognition of different parts and lines in a circle or diagram 14 times 

correctly, twice incorrectly, and once inappropriately in the post-intervention test; yet in the pre-

intervention test used twice correctly. Learner 12 applied the skill 6 times correctly and 6 times 

incorrectly in the post-intervention test but in the pre-intervention test applied once inappropriately. 

Learner 3 used the skill 15 times correctly, twice incorrectly and twice inappropriately in the post-

intervention test whilst in the pre-intervention test never applied the skill of recognition of different 

parts and lines in a circle or diagram. Learner 7 applied the skill 10 times correctly, thrice incorrectly 

and once inappropriately in the post-intervention test, while in the pre-intervention test, employed 

the skill 4 times correctly and inappropriately. Learner 17 used the skill of recognition of different 

parts and lines in a circle or diagram 8 times correctly and once inappropriately in the post-

intervention test, whereas in the pre-intervention test applied 4 times correctly and 4 times 

inappropriately.  

From the information obtained (see Figure 27), cases where learners applied the recognition skill 

correctly were very limited in the pre-intervention test. Thus, there is a positive shift in the quantity 

of the number of cases as well as correct application of the skill. It may be concluded that the 

visualisation skills used in the abstraction processes significantly aided the understanding of the 

concept of congruent figures and strengthened the visual images of the participants. Yilmaz & 

Argun's (2018) study made this same observation. Figure 27 illustrates that this was also evidenced 

during document analysis where most learners were seen recognising different parts and lines in a 

circle or diagram. 
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Figure 27: Analysis of recognition of different parts and lines in a circle or diagram 
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From document analysis and during classroom activities, most of the learners displayed their ability 

to recognise parts of shapes in proving examinable theorems, as well as other problems in Geometry 

as indicated in Figure 28. Recognition of parts of a circle could be learnt unknowingly during 

teaching and learning, as well as application of the four stages model. For example, when learning 

how to apply Tan-chord theorem, one can learn to identify a tangent and a chord during the process 

unknowingly. Thus, learners were following what they had learnt from the classroom in the post-

intervention test. Work from Learner 3, both classwork and post-intervention test, were used to 

elucidate that. 

CLASSWORK (learner 3) POST-INTERVENTION TEST (learner 

3) 

 

 

 

 

Figure 28: Recognition of different parts and lines in a circle or diagram 

There was still a challenge with some learners who still had misconceptions with parts of a circle 

like a distinction between a tangent and a chord that protrudes to the outside of a circle or a cyclic 

quadrilateral and just a quadrilateral in a circle. Even though such misconceptions were not common 

towards the end of the topic, some learners could display them in their workings at some points.   
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Learners’ recognition of different angles skills 

Some scholars Muhembo (2017) refer this skill as homomorphic visualisation. In this type of 

visualisation, some of the elements have certain mutual relation that imitates well the relationship 

between the abstract objects and provides with support to guide imaginations, while proving 

mathematical processes. The skill could be displayed through comparing angles in problem-solving, 

marking angles in diagrams, naming angles during problem-solving and giving angles values. The 

first stage of the model required one to highlight angles given in the statement. In stage 2 of the 

model, one is expected to assign angles with values whenever is necessary and in stage 3 one is 

expected to name and determine values of angles using application of theorems and through 

calculations. From Figure 23, the regularity of use of the skill by learners was as follows: Learner 2 

employed the skill 23 times correctly and 8 times incorrectly in the post-intervention test, while in 

the pre-intervention test had applied the skill recognition of different angles once correct and 4 times 

incorrect. Learner 11 applied the skill of recognition of different parts and lines in a circle or diagram 

14 times correctly, twice incorrectly and once inappropriately in the post-intervention test; yet in the 

pre-intervention test used twice correctly. Learner 12 applied the skill 6 times correctly and 6 times 

incorrectly in the post-intervention test but in the pre-intervention test, applied once inappropriately.   

Learner 3 used the skill of recognition of different angles correctly 18 times in the post-intervention 

test, yet in the pre-intervention test had applied the skill once inappropriately and incorrectly 3 times. 

Learner 7 applied the skill of recognition of different angles 22 times correctly in the post-intervention 

test yet in the pre-intervention test applied the skill thrice correctly, 4 times incorrectly and once 

inappropriately.  Learner 17 applied the skill 12 times correctly in the post-intervention test while in 

the pre-intervention test used the skill of recognition of different angles once correct, once 

inappropriately and thrice incorrectly. Work below from Learner 2 and 7 shows how the skill has 

generally been applied (see Figure 29).  

The information from Figure 29 revealed that there was a huge positive change in the application of 

the skill from the pre-intervention test to the post-intervention test across all the categories. From 

document analysis, the number of inappropriate and incorrect applications became less as the number 

of correct applications progressively upsurges. However, some underperformers were still having 

challenges with application of theorems to make judgements between two angles, even though they 

were doing right in the class activities. I realised that sometimes some correct statements were found 

to be supported with wrong reasons as well.  
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 Figure 29: Recognition of different angles analysis 
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Verbalisation Skills 

 

 

 
Figure 30: Verbal skills analysis 

 

Verbalisation is one of the themes of this study focusing on the verbal component of problem-

solving. Ahlum-Heath and Di Vesta (1986) concluded that verbalisation was most helpful during 

the initial flexible stages of learning to solve problems. Thus, in this research study, verbalisation 

was taught first as the foundation of the four stages model.  

 

Learners’ verbal descriptions skills 

Verbal descriptions formed the basis for teaching the four stages model thus were taught initially 
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and utilised throughout the journey of geometric teaching and learning. This skill of verbal 

descriptions is one of the skills that make up the theme of verbalisation skill. The verbal description 

skill was applied in question 3, 4 and 5 of the post-intervention test. The comparison between the 

rates of use of the skill in the post-intervention test compared with pre-intervention test (see Figure 

30) was as follows: Learner 3 employed the skill 5 times correctly in the post-intervention test yet 

in the pre-intervention test applied the skill of verbal descriptions thrice inappropriately and once 

incorrectly. Learner 7, learner 11 and learner 12 utilised the skill 5 times correctly in the post-

intervention test, yet in the pre-intervention test Learner 7 applied the skill once correctly, thrice 

incorrectly and 4 times inappropriately. Learner 17 applied the skill of verbal descriptions 4 times 

correctly and once incorrectly in the post-intervention test, yet in the pre-intervention test had 

applied the skill of verbal descriptions thrice inappropriately and 6 times incorrectly. Learner 2 

applied the skill of verbal descriptions 10 times correctly, 8 times incorrectly and 4 times 

inappropriately in the post-intervention test, while in the pre-intervention test used the skill 4 times 

inappropriately and once incorrectly. Learner 11 in the pre-intervention test applied the skill of 

verbal descriptions once correctly and 4 times inappropriately. In the pre-intervention test Learner 

12 applied the skill 8 times incorrectly. This is further explained by the work from Learner 3 and 11 

(see Figure 31).  

 

As shown in Figure 31, it was problematic to make geometric arguments in the pre-intervention test 

even though the learners were showing to have an idea of how it was supposed to be done. From 

observation of class activities, learners started to show to have an organised and clear way of making 

informed geometric arguments after being introduced to the four stages model and Grade 11 

Geometry content. This skill was taught during the learning of stage 1, stage 2 and stage 3 of Polya’s 

model, and was very useful in addressing questions that needs one to state a theorem, proving 

examinable theorems, solving riders and making logical proofs. In other words, the skill was a need 

in all the sections of geometric learning. Across the board, the skill was applied better in the post-

intervention test unlike in the pre-intervention test. 
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Figure 31: Verbal descriptions analysis 

 

Learners’ skill of naming of shapes, objects, and parts 

The skill of naming shapes, objects and parts in Geometry is one of the verbalisation skills needed in 

geometric problem-solving. In order to do this, learners must be able to identify the characteristics 

and relationships of objects (comparing geometric figures to see how they are alike and how they are 

different and being able to distinguish between sets and subsets of quadrilaterals).Thus, the skill of 

naming of shapes, objects, and parts could be applied in question 1, 3, 4 or 5. From Figure 30, the 

occurrences of the use of the skill in the post-intervention test in comparison to its application in the 

pre-intervention test is as follows: Learner 3 used the skill of naming of shapes, objects, and parts 15 

times correctly in the post-intervention test; yet in the pre-intervention test used it once correctly and 

twice inappropriately. Learner 7 applied the skill 12 times correctly, twice incorrectly and once 

inappropriately in the post-intervention test, whereas in the pre-intervention test applied thrice 
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correctly and once inappropriately. Learner 17 applied the skill of naming of shapes, objects, and 

parts 8 times correctly and twice inappropriately in the post-intervention test; while in the pre-

intervention test used 5 times correctly, twice incorrectly and 6 times inappropriately. Learner 2 

applied the skill of naming of shapes, objects, and parts 8 times correctly, 3 times incorrectly and 3 

times inappropriately in the post-intervention test; while in the pre-intervention test twice correctly 

and 6 times inappropriately. Learner 11 applied the skill of naming of shapes, objects, and parts 16 

times correctly, twice incorrectly, and once inappropriately in the post-intervention test; while in the 

pre-intervention test had employed the skill 5 times correctly and twice inappropriately. Learner 12 

applied the skill of naming of shapes, objects, and parts 8 times correctly and 7 times incorrectly in 

the post-intervention test, whereas in the pre-intervention test applied once correctly, twice 

incorrectly and 4 times inappropriately.  As shown in Figure 32, I used Learner 7 and 12 work below 

to demonstrate the above statement. 

 

Kotzé (2007) argued that learners must first attach some form of meaning to objects (identification 

of geometric figures), which are consequently ordered together in groups that make sense to the 

learner (analysing the attributes of geometric figures, such as mastering properties of angles, sides, 

and diagonals). As displayed in Figure 32, learners in the pre-intervention test were able to name 

shapes, parts, and objects, but without answering questions at hand. The only difference with the 

post-intervention test is that in the post-intervention test, the learners were now able to give correct 

names in answering questions during problem-solving except with some learners, especially in the 

underperformance category, who, at times, still could make same mistakes as in the pre-intervention 

test.  
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Figure 32: Naming of shapes, objects, and parts analysis 
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Learners’ skill of Definitions and Stating in own words 

The skill of defining and stating in own words is used in Geometry to state geometric theorems in 

most cases. This is part of verbalization, where one is expected to define and write down a geometric 

theorem of axiom. This skill was most developed during the introduction of Geometry and during 

learning of the first stage two stages of the four stages model. For one to be able to utilise the model 

effectively, defining and stating theorems is a requirement. Question 1, 3, 4 and 5 were demanding 

for the application of this skill. The incidence of the use of this skill by learners in the post-

intervention test vs pre-intervention test (see Figure 30) is as follows: Learner 3 used the skill of 

definitions and stating in own words 12 times correctly and twice inappropriately in the post-

intervention test while in the pre-intervention test never applied the skill. Learner 7 applied the skill 

correctly 10 times and inappropriately 3 times in the post-intervention test, whereas in the pre-

intervention test applied it correctly once and 5 times incorrectly. Learner 17 utilised the skill of 

definitions and stating in own words 6 times correctly and 3 times inappropriately in the post-

intervention test, while in the pre-intervention test, applied the skill once correctly and 4 times 

incorrectly. Learner 2 employed the skill 17 times correctly in the post-intervention test, yet in the 

pre-intervention test applied once correctly and thrice incorrectly. Learner 11 applied the skill of 

definitions and stating in own words twenty 3 times correctly and twice inappropriately in the post-

intervention test, while in the pre-intervention test, applied the skill thrice correctly and thrice 

incorrectly. Learner 12 applied the skill of definitions and stating in own words 3 times correctly 

and 14 times incorrectly during the post-intervention test, yet in the pre-intervention test, employed 

the skill once correctly and 5 times incorrectly. 

 

 Learner 3’s and 17’s work was used below to illustrate how the skill has been applied (see Figure 

33). The information below revealed there was then a big difference in the quantity of occurrences 

on the use of this skill in the post-intervention test compared to pre-intervention test. From the 

observations done in the classroom and on exercise books, most learners developed the skill during 

the planning stage of the model. Even the number of correct applications in the post-intervention 

test is far more than that of the pre-intervention test.  However, some learners were failing to express 

themselves well when writing these theorems, with others confusing some of the theorems ending 

up writing the theorems with incomplete meanings. Generally, the application of this skill was better 

applied in the post-intervention test than it was in the pre-intervention test. 
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Figure 33: Analysis of definitions and Stating in own words 
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Drawing Skills 

 

 

 
Figure 34: Drawing skills analysis 

 

Learners’ skill of constructing of diagrams based on its properties.  

The skill of construction of diagrams based on their properties was employed by the six learners in 

question 3 of the pre-intervention test and all the learners failed to apply the skill in the post-

intervention test except Learner 12. The reason might be that at FET there is no part where learners 

are tested on constructing diagrams based on their properties. During classroom teaching and 

learning as well as utilization of the four stages model, the teacher did not include much use of this 

skill as there was nowhere it could be tested for. The frequency of use of the skill in the pre-
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intervention test compared to post–intervention test (see Figure 34) was as follows: Learner 3 

applied the skill of constructing diagrams based on its properties only once correctly and four times 

incorrectly. Learner 11 applied the skill four times correctly and once incorrectly on the same 

question. Learner 12 applied the skill of constructing diagrams based on its properties correctly in 

4 situations and incorrect in 1 situation in the pre-intervention test whereas in the post-intervention 

test applied the skill once correctly. Learner 2 applied the skill of constructing diagrams based on 

its properties 5 times and was correct in 3 cases. The learner was incorrect when applying the skill 

in 2 scenarios. The skill of constructing diagrams based on its properties was applied in the same 

manner by Learners 7, 12 and 17. Learner 7 applied the skill correctly in 4 scenarios and incorrectly 

in 1 scenario. Learner 17 also made use of the skill of constructing diagrams based on its properties 

in 5 cases, where in one case it was correct application but in 4 cases it was incorrect. Figure 35 

shows extracts of the work by Learner 11 and Learner 12 to show how the skill has been applied by 

the learners. 

As shown in the Figure 35, there was a small section where learners were supposed to make 

constructions of diagrams based on their properties and the diagrams were most targeting shapes 

that relate to theorems such as circle, triangles, cyclic quadrilaterals, and others. One learner who 

tried to make use of the skill did that during application of the re-planning emerging skill. This was 

after proving a shape to be a cyclic quadrilateral then had to come back on the diagram and make a 

sketch of the circle that could make up the cyclic quadrilateral so that could further use it to find the 

other solutions. Even from classwork observations, the skill of construction of diagrams based on 

their properties was indirectly applied, and some learners at some points could show that they had 

forgotten some of the properties of some shapes.  All in all, the skill was poorly demonstrated in the 

post-intervention test compared to the pre-intervention test.  
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Figure 35: Analysis of Learners’ skill of constructing of diagrams based on its properties 
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Learners’ skill of Sketching diagrams related to theorems and/or axioms. 

Sketching diagrams is believed to be a very useful part of problem-solving in Geometry. According 

to Nunokawa (2006), the contribution of drawings in generating new information is to make an 

unintended combination or configuration of known elements which leads to an emergent pattern. 

Nunokawa (2006), further argued that even when the solver can find an appropriate emergent 

pattern, the information the solver will obtain is not necessarily an idea that will directly imply 

solutions, but additional information that can deepen the solver’s understanding only a little further. 

The skill of sketching diagrams related to theorems and/or axioms was learnt during stage 2 

(planning stage) of the four stages model. In this case, one was expected to make constructions to 

be able to make deductive proofs or sketches that will be used to dissemble a diagram into different 

theorems for problem-solving purposes. The skill of Sketching diagrams related to theorems and/or 

axioms was more applicable to Question 2, 3 and 5 of the post-intervention test. All the learners 

failed to apply this skill in the pre-intervention test. Learners were found applying the skill of 

sketching diagrams related to theorems and/or axioms in the post-intervention test as follows as 

shown in Figure 34. Learner 2 employed the skill of Sketching diagrams related to theorems and/or 

axioms 6 times correctly. Learner 3 also applied 6 times correctly as well as Learner 7. Learner 11 

used the same skill 6 times correctly and once inappropriately.  Learner 12 applied the skill of 

sketching diagrams related to theorems and/or axioms 6 times incorrectly and Learner 17 applied 

the skill of sketching diagrams related to theorems and/or axioms 5 times correctly. This is 

demonstrated using work from learner 2 and 7 (see Figure 36).  

As displayed in Figure 36, the learners started to utilise the skill in the classroom during the use of 

the four stages model. The learners in class activities were using this skill to be able to deal with a 

problem at hand. As was noted by Todd (2021) that most given geometric diagrams can be in fact a 

parametrized family of diagrams, it means one’s ability to break down the diagram into the family 

member diagrams can be a break through. Besides, in answering questions, I was also expecting 

learners to display this skill in planning for problem-solving, but I could not find any in the post-

intervention test who did that. During class activities learners were encouraged to incorporate some 

drawings as some of the planning technique. Some could apply it at some point even though there 

were very few. I suspected that most learners found it unnecessary to make drawings if one believes 

he understands the theorem itself.  
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Figure 36: Sketching diagrams related to theorems and/or axioms analysis 
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Learners’ skill of adding useful elements to a diagram 

The skill of adding useful elements to a diagram was never applied by any of the learners in the pre-

intervention test. The skill was only found applied in the post-intervention test. Schoenfeld (1985) 

cited by Jones (2013) argued that more explicit teaching that focuses on the uses of diagrams (for 

example, what to read from diagrams) might be helpful for learners of Mathematics. This might 

apply in Geometry if the learners can make use of the diagrams enough to solve geometric problems. 

In this case, the skill was well applicable during the teaching and learning of the utilisation of stage 

2 of the four stages model which is the planning stage. After listing the theorems related to the key 

words, one is expected to go on the diagram and add all applicable information deduced from the 

theorems stated and any other relevant information.  In question 2, 3, 4 and 5, this skill of adding 

useful elements to a diagram could be applied in one way or another. As is displayed in Figure 34, 

the frequency of the application of the skill of adding useful elements to a diagram as was applied 

in the post-test is as follows: Learner 2 employed the skill 35 times correctly and 4 times incorrectly 

in the post-intervention test, with Learner 3 applying the skill of adding useful elements to a diagram 

41 times correctly. Learner 7 applied the skill of adding useful elements to a diagram 24 times 

correctly in the post-intervention test, with Learner 11 applying it 52 times correctly, 3 times 

incorrectly and twice inappropriately in the post-intervention test. Learner 12 employed the skill of 

adding useful elements to a diagram 13 times correctly, 4 times incorrectly and once inappropriately 

in the post-intervention test; while Learner 17 applied the skill of adding useful elements to a 

diagram 21 times correctly. To shed more light on the application of the skill, work from Learner 

11 and 17 was used as displayed in Figure 4.34.  

Figure 37 shows that learners started to apply the skill in the classroom activities. The same skill 

was seen being applied by every learner in the post-intervention test in one way or another. The skill 

was taught in proving examinable theorems, solving riders, as well as making deductive proofs. 

When doing document analysis during class activities, I realised that this skill was one of the widely 

applied skills since it was a requirement when using the four stages model to do part of the planning 

by adding some information on the diagram. Of course, no marks were awarded for this skill as it 

acted to an end. This is a powerful skill when combined with other skills, because if one could apply 

the skill right but fail to present the arguments for solutions, one would not get any marks.   
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Figure 37: Adding useful elements to a diagram analysis 
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Logical Skills  

 

 

 
Figure 38: Logical skills analysis 

 

Learners’ development of logical proofs skills 

The skills of recognition of differences and similarities between geometric objects and that of 

classification of geometric objects by their properties were only applied by few learners in the pre-

intervention test. There was no evidence of the application of these two skills in the post-intervention 

test. The only skill that had evidence of its application in the post-intervention test was the skill of 

development of logical proofs. Cheng & Lin (2009) states that geometric proof development is a 
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process of constructing a sequence of arguments from X to Y with supportive reasons, and hence, 

is also called deductive reasoning and proving. The skill to make logical proofs was applicable to 

question 3 and 5. The regularity of its use in the post-intervention test vs in the pre-intervention test 

(see Figure 38) goes like this: Learner 2 applied the skill twice correctly, once times incorrectly, and 

once incompletely in the post-intervention test; while in the pre-intervention test, they managed to 

employ the skill once incorrectly. Learner 3 applied the skill twice correctly and once incorrectly in 

the post-intervention test, yet in the pre-intervention test, had used the skill once incorrectly. Learner 

7 utilised the skill in the post-intervention test 3 times correctly and once incompletely, while in the 

pre-intervention test, they applied the same skill once incorrectly. Learner 11 applied the skill 3 

times correctly and once incorrectly in the post-intervention test, while in the pre-intervention test, 

they applied the skill once incorrectly as well. Learner 12 applied the skill in the post-intervention 

test 4 times incorrectly, yet in the pre-intervention test applied the skill once incorrectly and once 

inappropriately. Learner 17 also applied the skill in the post-intervention test once correctly and 

once incorrectly, while in the pre-intervention test applied the skill once incorrectly. For example, 

Learner 2’s and 7’s work below can elucidate how the skill was applied in general (see Figure 39).  

 

As shown in Figure 39, this skill was scarcely applied in the pre-intervention test and was one of 

the most targeted areas during classroom lessons and utilisation of the four stages model. I started 

teaching logical proofs when approaching the concept of solving examinable theorem proofs. Most 

learners, including those in the under-performance category, could do these proofs correctly. I 

suppose some learners were just cramming the steps involved in proving these theorems since they 

had failed to prove the very same theorems in the post-test, yet got the proofs correctly in the class 

activities. The concept developed when approaching proofs of tangents, diameter, parallel lines, 

isosceles triangle, angle bisection, cyclic quadrilateral and so forth. Such proofs required much 

reasoning and problem-solving skills including the skill of finding an RTP.  
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Figure 39: Development of logical proofs skills analysis 
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Application Skills 

 

 

 
Figure 40: Application skills analysis 

 

Application of theorems and axioms in problem-solving skills by learners 

Learners employed the skill of application of theorems and axioms in problem-solving in question 

3, 4 and 5. This skill is one of the extensively used one by learners in the post-intervention test. 

From Figure 40, the frequency of use of the skill by learners in the post-intervention test compared 

to pre-intervention test is like this: Learner 2 applied the skill 11 times correctly, 7 times incorrectly 

and 6 inappropriately in the post-intervention test, yet in the pre-intervention test had applied once 

inappropriately and 4 times incorrectly. Learner 3 utilised the skill 12 times correctly and twice 
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inappropriately in the post-intervention test, while in the pre-intervention test had applied it 

incorrectly 5 times. Learner 7 also applied the skill 7 times correctly, twice incorrectly and twice 

inappropriately in the post-intervention test, whereas in the pre-intervention test had applied the skill 

thrice correctly and 9 times incorrectly. Learner 11 employed the skill in the post-intervention test 

15 times correctly and once inappropriately, whilst in the pre-intervention test applied the same skill 

once correctly and 4 times incorrectly. Learner 12 used the skill 3 times correctly and 14 times 

incorrectly in the post-intervention test, while in the pre-intervention test applied the skill 8 times 

incorrectly. Learner 17 employed the skill in the post-intervention test 6 times correctly, twice 

incorrectly and thrice inappropriately, yet in the pre-intervention test applied twice inappropriately 

and 7 times incorrectly. I gave an example using learner 3 and 17 (see Figure 41).  

 

The skill of application of theorems and axioms in problem-solving was expected to be done mostly 

in supporting geometric statements. As displayed in Figure 41, there was a wide movement in the 

use of the skill from the pre-intervention test to the post-intervention test. All learners from all the 

categories showed a noticeable shift in the quantity of the use of the skill. There was a rise in the 

correct use of the skill compared to the number of incorrect and inaccurate applications of the skill. 

This is a sign of strength because this is one of the areas where marks are awarded for in Geometry. 

In other words, correct values or statements with wrong reasons are not awarded marks in the 

examination marking centers. Therefore, I gave emphasis on how to make meaningful geometric 

arguments. This was mostly learnt during the implementation stage of the four stages model. In this 

case, it is the stage when the learner starts to get marks in his/her problem-solving process. However, 

most learners in the underperforming category had challenges with the skill of application of 

theorems and axioms in problem-solving in making logical geometric proofs.   
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Figure 41: Application of theorems and axioms in problem-solving analysis 
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Emerging Themes 

 

 

 
Figure 42: Emerging skills analysis per learner 

 

Emerging themes comprised all the skills that were realised during teaching and learning not 

originating from literature. These skills include re-planning skill, computational skill and skill of 

finding RTP.  

Learners’ re-planning skill. 

Re-planning skill is the ability to take answers got and put back in the situation to help find other 

answers. This skill was discovered as a solution to one of the weaknesses of Polya’s model. The 

four stages model is linear in nature, making one stage followed by another but in reality, I 
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understood that the stages interlink. For example, re-planning needs one to reflect (stage 4) on the 

answer, and if it is correct take it back to the diagram to do a further analysis (stage 2) and find more 

solutions. The skill was expected to be applied to question 3, 4 and 5 of the post-intervention test 

paper whereby any answer got could be taken back in the diagram to assist finding of other solutions. 

During the application of the Polya model, the skill of re-planning was found very useful and 

commonly used by learners in problem-solving. The re-planning skill was also applied by several 

learners in the post-intervention test.  The rate of use of this skill in the post-intervention test is as 

follows: Learner 2 applied the re-planning skill 10 times correctly and twice inappropriately. 

Learner 3 applied the same skill 8 times correctly in the post-intervention test. Learner 7 applied the 

re-planning skill 8 times correctly, whereas Learner 11 applied that same skill 11 times correctly 

and once inappropriately. Learner 12 applied the re-planning skill 5 times correctly with Learner 17 

applying the same skill 7 times correctly. I used learner 3’s, 11’s and 17’s their work to shed more 

light on how they were generally applying the skill.  

 

As illustrated in Figure 4.43 below, the learners were taught to find answers and take them back to 

the diagram to use them to find the other angles. Learners did this in the classroom as well as in the 

post-test, although some few learners failed to follow this when writing the post-intervention test. 

This skill helps learners to get the actual sense of problem-solving which, according to Atsara, 

Sukoriyanto and Muksar (2021) refers to one’s ability to thoroughly understand the question, 

analyse the provided information, and check the correct strategy for synthesizing the solution to the 

problem. Thus, by taking other solutions to find other solutions, learners developed an 

understanding that problem solving is a process and requires one to take different parts and 

synthesize them to come up with a solution. 
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Figure 43: Re-planning skills analysis 
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Learners’ computational skills. 

Math computational skills comprise the basic arithmetic of addition, subtraction, multiplication, and 

division. These skills were found very critical in Geometry. During classroom teaching and learning 

applying the four stages model, I comprehended that, besides statement and reason format of arguing 

in geometric problem-solving, there are cases where one must apply the logic of computation to be 

able to break through. One can be very good at using theorems but if he/she is weak on applying 

computational skills, s/he will get stuck along the way. This skill involved calculations in the process 

of problem solving in Geometry besides supporting statements with reasons. The skill of 

computation was realised as a very critical skill that demanded one’s calculative abilities manually 

and using a calculator, following a logical procedure. In the classroom as well as in the post-

intervention test, the skill of computation was seen to be regularly used in problem-solving.  

 

The incidence of application of this skill in the post-intervention test is like this: Learner 2 applied 

the computational skill twice inappropriately in the post test and Learner 3 used the same skill once 

correctly. Learner 7 employed it once correctly. Learner 11 applied twice correctly, and Learner 12 

utilised the computational skill twice incorrectly, while Learner 17 never applied the skill in the 

post-intervention test. Work by Learner 2, 7 and 12 was used for illustration in this case, showing 

how learners were applying computational skills (see Figure 44). For example, Learner 3 sometimes 

had challenges in the classroom, getting answers wrong and writing corrections, but through more 

practice and pair work, the learner made it in the post-intervention test on questions that demanded 

application of computational skills. Learner 17 failed to apply the skill in the whole paper even 

though in the class activities he was doing it right in most cases. From this, I learnt that getting 

correct answers in the class activities gives one a higher chance to get it correct in the test, even 

though it is not guaranteed.    
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Figure 44: Computational skills analysis 



 

132 

Learners’ required To Prove (RTP) finding skill. 

Required to prove (RTP) is that which needs to be shown to imply a proof. For example, if a question 

says prove a chord to be a diameter; the RTP will be to show that an angle subtended from that 

chord is right angle or to show that the chord concerned is perpendicular to a tangent at point of 

contact.  Thus, when a question demands that someone makes a logical proof, one must know the 

required to prove (RTP) for him/her to know what is that which needs to be achieved. This proved 

to be a very critical skill in logical geometric proofs and the skill was developed during classroom 

learning when applying the four stages model and was also found displayed by several learners in 

problem-solving in the post-intervention test. The frequency of application of this skill by learners 

in the test was as follows:  Learner 2 employed the skill of required To Prove (RTP) finding thrice 

correctly and once incorrectly. Learner 3 used the same skill correctly 3 times and twice 

inappropriately. Learner 7 applied the skill of Required to prove (RTP) finding correctly 4 times. 

Learner 11 utilised it correctly two times and once inappropriately. Learner 12 never applied the 

RTP finding skill. Learner 17 applied the same skill twice correctly. I demonstrated using an extract 

from work by Learner 3, 11 and 17 on how the skill had been applied from different performance 

categories.  

 

Just like Makhubele (2015), I discovered that learners had challenges with proof questions. From 

classroom observations, I understood that most learners still lacked the ability to come up with the 

RTP so that they can develop a logical, coherent argument. Some moderate performers and some 

under-performers showed their incapacity in the classroom activities and on the post-intervention 

test. Just like drawing and visualisation skills, the RTP finding skill is used to an answer and no 

marks are awarded for it, yet it helps one to get the direction leading to the answer. Even though I 

emphasised that they should take time looking for the RTP before implementation, some learners 

were still caught offside in class activities and in the post test. They were found already solving the 

problem before finding the RTP. Such an act is normally a good recipe for failure in geometric 

proofs. 

On the same note, it was painful that some learners came up with a correct RTP but failed to make 

logical deductions to come up with a correct proof.  
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Figure 45: Finding of Required to Prove (RTP) skills analysis 
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Summary of the use of the four stages model and post test results 

On  account of the results of the research, conclusions can be made in terms of the implementation 

of the four stages model in  geometric problem-solving as follows: 1) reading for understanding of 

geometric problems can generally be done by all learners both in the class activities and in the test 

except some under-performers; 2) planning stage in problem-solving is done by learners, but some 

of them do not do this step when writing tests; 3)  implementation stage of  problem-solving was 

done by the learners in the test, but since some of them could not understand the problems well, they 

could not solve the geometric problems correctly; and 4) on look back stage, although learners 

understand that this aspect is important, in practice, most of the learners did not do it even in class 

activities, worse in tests. This could be because they thought they were doing it right or that it was 

time wasting.  

 

On the application of the themes generally, I realised a positive shift in some themes, but no major 

change in the other themes, after comparing the frequency of application of these themes. I also noted 

that, from the skills that constitute different themes, most of the learners showed a significant positive 

change in the general frequency of application, and in the number of correct applications. I also 

realised that there was a noticeable negative change from the pre-intervention test to the post-

intervention test in the number of incorrect and inappropriate applications of the skills. I also 

discovered that there was evident positive overall difference on the general performance of learners 

between the pre-intervention test and the post intervention test in terms of marks for the whole test 

and per theme according to the structure of the two tests.  
 
Besides application of existing themes and use of the four stages model, I also discovered some 

emerging themes. These themes emerged during the utilisation of the four stages model. Even though 

these themes were discovered in the process of model utilisation, I noted that some learners still could 

not apply them effectively. Out of the three discovered themes, some learners were failing to apply 

some or all of them in the process of problem-solving. One of the themes (re-planning skill) was 

discovered after seeing that the four stages by Polya were not practically linear. Figure 46 shows the 

original and proposed model. The proposed model was developed from the themes that emerged 

during the study. I realised that, during problem-solving, some answers could be derived direct from 

the statement and be put straight in the diagram and reflected upon before any proper planning. 

During implementation, one could go back and re-read the statement to gain more understanding if 
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things are not working out. If one has been implementing from planning and found out things were 

not working out, one could go back to planning stage as well and find a way out.  

 

POLYA’S ORIGINAL MODEL PROPOSED MODEL 

 
 

Figure 46: Proposed practical model developed from Polya’s model 

 

 

If an answer could be derived direct from the statement, it was very common for one to take the 

answer from the implementation and use it in planning stage to find ways to proceed. If the planning 

stage seemed not to be working out, one could always go back, read again the statement, and proceed 

with planning. All these dynamics showed that, in practical problem-solving, the process does not 

follow a linear sequence of steps. 

 

4.4. GEOMETRY LEARNING CHALLENGE EXPERIENCED BY SELECTED GRADE 

11 LEARNERS WHEN SOLVING PROBLEMS IN GEOMETRY 

Data collected from the interviews, observations and document analysis are presented in this section 

to answer the third research question: What Geometry learning challenges are experienced by 

selected Grade 11 learners when solving problems in Geometry? There were some challenges 

encountered by both learners and I during the use of the four stages model. Data concerning the 

challenges was collected from the interviews and through observation during class lessons as learners 

were using the four stages in geometric problem-solving and from learner’s exercise books. 
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4.4.1. Practice related challenges 

Facchinetti, (2019) believes the adage ‘practice makes perfect’ is proving particularly relevant in the 

field of neuroscience, where studies show that exposure to repeated experiences of a topic are more 

likely to build lasting neurological pathways. The same applies to Geometry in this case. From the 

interviews held, it shows that lack of practice was one of the challenges faced by some learners in 

conceptualising Geometry and the four stages model as a problem-solving tool. Some learners 

indicated that problem-solving in Geometry was a big problem during the first days of the use of the 

four stages model. They further indicated that it was only after some time of persistent practice that 

they started to understand the problematic concept. For example, Learner 7 said that when it comes 

to drawings and constructions it was hard for her at first, but after practice with the help of others, 

she now mastered the constructions for all examinable theorems and can now even help others get a 

better understanding on the concept. She mentioned that: 

When making constructions I won’t lie I found it challenging until I asked my classmates 

to help me up to the point when I feel I now understand it. I now don’t have any problems 

with constructions…. 

Learner 11’s argument showed that he did not have any noticeable challenges in the application of 

logical skills. His explanation pointed again to the use of the four stages model, and how he could 

now simply apply it to deal with such questions. He mentioned that it became easier as he continued 

practicing. Learner 7 said: 

With the four stages now, I am clear with the diagrams and everything, I find it becoming 

easier and easier especially if you know your Required to Prove (RTP), at first it was 

hard for me to find the RTP but now it’s easy and once you identify the RTP, it’s very 

easy to continue with the process. 

EARLY DAYS LATER DAYS 

  
Figure 47: Comparison of work presentation with time 
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Learner 3 also included the issue of practice in his statement and noted that he had issues with proofs 

until after some practice. He said that: 

Cyclic quad is hard but parallel lines its easy because it’s grade 10. Theorems such as 

alternating, corresponding, which are grade 10, 9,8 theorems so they are easy but when 

it comes to cyclic quad since we were not learning about it before it’s a bit challenging. 

Now because we have learnt about it in grade 11, I enjoy proving it and I understand it 

better now. If it comes in a question paper, that’s the area I get more marks…  

The challenge of practice can also be revealed from class activities. For example, some learners’ 

presentations of their solutions got better through practice from the first day onwards.  

 

All in all, lack of practice could have been one of the reasons for poor performance in different aspects 

of geometric problem-solving and four stages model utilisation. This is because learners required 

more time to practice Geometry as a concept and the model itself, together with its application. The 

challenge of practice might also be a result of the negative attitude towards the subject Mathematics 

in general. According to Gafoor and Kurukkan (2015), the most relevant reason observed by teachers 

for learners’ difficulties in learning Mathematics is lack of sufficient effort by learners, and lack of  

awareness of the role of learners’ self-efficacy for learning Mathematics. This was one of the 

challenges faced by the learners to lack practice and not get the intended results. 

 

4.4.2. Challenges specific to certain learners 

From the interviews it showed that learners can have different challenges even though they are from 

the same class. From analysis of learner responses, something that might be easy to some learners 

might be difficult to others. Learner 17 cited that the drawings and constructions done in Geometry 

were not equally easy, even though he did not have problems with the drawings and constructions. 

He affirmed that:  

On constructions there are challenges here and there because on diagrams they give you 

different diagrams some of which I can do construction some I fail. I now don’t have a 

problem with constructions, and it depends on the diagram…. 

Learner 3 pointed out some specific theorems that gave him hard times. He said: 

If they want drawings, sometimes it’s hard especially the theorem which says an angle at 

the center is twice on the circumference is the one hard for me but the other ones like 

Tan-Chord theorem are easy to do the construction. I can quickly do such constructions 
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and even on implementation its easy because you would have already done planning in 

the diagram and answers would already been there the just take it from the diagram to 

implementation… 

The same applied to Learner 17 who said: 

I enjoy proving things like cyclic quadrilaterals because now I understand it, but the 

problem is when I am proving parallel lines, I get confused. I don’t know why but I fail 

to prove parallel lines. I know the theorems that have to do with parallel lines, but I fail 

to prove lives being parallel. Not all of them of course but some of them depending on 

the diagram…. 

All this shows that by virtue of being naturally different, learners will encounter different challenges. 

This was a challenge even to me as a teacher, in the classroom, every learner was unique, and their 

needs needed to be met uniquely as well. This forced me to be dynamic and flexible in my teaching 

methodology. This was also noticed in the post-intervention test whereby a question easy to one 

learner could prove hard to another. Figure 4.45 shows a question that proved easy to one of the 

underperformers (learner 12) but was a bit of a challenge to one of the moderate performers (learner 

17). 

 

LEARNER12 LEARNER17 

  
Figure 48: Comparison of learner challenges 

 

The learners were from different categories and were all in one class. I feel this makes life difficult 

for some learners since, in most cases, I would use a blanket approach in teaching the learners. I 

realised that some learners failed to understand some of the concepts when marking class works, 

homework and short tests. The major reason for this challenge was that most learners were passive 

in the Mathematics classroom, even though they pretended to be attentive. Research has proven that 

the majority of teachers think that fear and shame are the main factors for causing learners’  low 

participation and reluctance to ask (Nuri & Marsigit, 2019).  
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4.4.3. Concept related challenges 

Some of the challenges mentioned in the interviews had to do with the concept of Geometry itself. 

For example, Learner12 mentioned that some theorems sounded similar, and this led to confusion in 

some learners, which led to learners giving inappropriate answers whereby one could give a correct 

statement but supported with an incorrect reason. Learner 12 mentioned something about theorems 

that sounded the same. He said: 

“…. Some theorems sound similar, and that thing confuses me. The other challenge is 

that sometimes I write a correct statement only to find the reason is the one which is not 

correct…” 
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Figure 49: Learners’ work on geometric logical proofs 

 

There were some challenges I faced in teaching the concept of logical proofs. Learners had challenges 

in understanding how to apply the converses of theorems in proving things like parallel lines, 

tangents, bisections, diameters, cyclic quadrilaterals and so forth. This was taught at the same time 

as the technique of finding the required to prove (RTP) was taught. It took a while for learners to 
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internalise the concept, and others were still having confusion even up to the time the post-test was 

written. I realised when I was marking the post-test that most of the learners still lacked understanding 

of the concept as they underperformed on the question on the logical deduction of proofs. This is 

evident in the class activities as well as post-intervention test, where some sections like logical proofs 

were poorly attempted by learners. One reason that made the concept of Geometry a challenge could 

have been the negative attitude by learners towards the concept itself. Research continues to reveal 

that Geometry is still quite absent from the classrooms, especially in the early years; that it is disliked 

by most learners and misunderstood; and its notation is totally ignored (Sousa Melo & do Carmo 

Martins, 2015). This might have been the same scenario learners were facing in the classroom. Figure 

49 shows some work from a moderate performance and high-performance category for both class 

activity and post-intervention test on logical proofs. The information shows that learners had 

challenges in the concept of logical proofs more than in other concepts. In this case, it is evident that 

some learners were getting it right when revising the class activities and homework, yet even during 

classroom activities others were finding it hard to answer this section as it required much reasoning. 

 

4.4.4. Curriculum- related challenges 

As a classroom practitioner, I observed some challenges during the application of the four stages 

model. I understood that learning the model itself needed time as it is a concept on its own. In the 

Mathematics curriculum, every topic is given a period to be covered and the expected time to be spent 

per lesson per week. This made the intervention require more time as there were two concepts to be 

covered simultaneously. Thus, I ended up acquiring extra time to be able to carry out the research. 

The stages involved in the utilisation of the four stages model, such as the planning stage are time 

consuming and demand more practice time so that the learners can be quick on their problem-solving. 

In other words, the model needs some time to be taught in isolation and then applied. Its application 

demands its own time as well to teach it. However, through practice, the time consumed in the 

application of the model would be compensated by the high probability of getting correct answers at 

the end. Learner 3 said: 

……... I can quickly do such constructions and even on implementation it is easy because 

you would have already done planning in the diagram and answers would already been 

there the just take it from the diagram to implementation…. 

Just like  Gafoor and Kurukkan (2015) note,  in the current structure of the curriculum, teachers have 

been reporting that it is hard to allow more time for renewing previous knowledge especially in topics 
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like Geometry. Such a loophole needed me to revisit prior knowledge to avoid more challenges when 

applying the four stages model. This needed more time to be added again to the stipulated time for 

the Geometry chapter in Mathematics. Some thinking moves related to mathematical problem-

solving are usually neglected and not nurtured in the performance-based South African Mathematics 

education curriculum (Mahlaba, 2020). He further argued that the exercise of finding multiple 

solutions to mathematical problems is one of these thinking moves. This is a challenge to the learners 

as the curriculum would not give enough time for such activities, ending up making the teacher teach 

what is within the confinement of the curriculum only.  

 

4.4.5. Model application challenge 

I realised that most of the learners could apply the model very well during class activities and 

homework but could not apply some of the stages of the model in their problem solving in tests. Even 

though some of their solutions were correct, the application of the model was not physically seen in 

their workings. This might be because learners were still having their old mentality of not writing on 

and utilizing spaces on question papers and diagrams. Since some learners were not including some 

of the problem-solving steps learnt in the classroom, it was hard to detect whether some of their 

failures in problem-solving were a result of that or of other factors. Figure 50 illustrates how some 

learners, one from the underperformers category and another from high performers category, were 

eliminating some of the stages learnt for problem-solving in the post-intervention test. 

LEARNER 12 LEARNER 07 

  
Figure 50: Learners eliminating some steps in problem-solving in the post-intervention test 

 

From Figure 50, Learner 12 did not apply the first stage of the model in answering a question in the 
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test, even though he showed understanding of how to apply the stage during classwork and 

homework. This challenge was very common in the post-intervention test. Learner 7 did not do any 

planning on this question and was found not doing it correctly. In this case one cannot tell whether 

these acts were the cause of these learners not performing in these parts of the test. The other 

challenge observed was the application of the fourth stage of the model (reflection). From classwork, 

homework, and tests, learners were not applying the reflection stage properly. Some of the questions 

did not demand the application of the reflection stage, but even those questions which needed its 

application, most of the learners were not applying it. In the post-intervention test, the learners did 

not apply the reflection stage in their workings. From my own analysis, I realised that the reflection 

stage was not consistent in its application which ended up confusing some of the learners.  

 

4.4.6. Context related factors 

The study was done during Covid-19 era where social distancing was a protocol to be observed. It 

prohibited the use of group work. I normally used pair-work, where learners could discuss in pairs 

from a distance even though I felt it did not yield the actual intended results. Peer coaching and 

collaboration, class discussions and flipped classrooms were the most common methods used. I 

believe the learners learn more if they work collaboratively but did not manage to apply the strategy 

well during teaching and learning. Thus, I feel this was a challenge to my methodology during 

teaching and learning.  

 

 I had some challenges during the first days before learners got used to having a camera in the 

classroom. Even though the learners were aware that cameras would be part of the class during 

teaching and learning, I realised that some learners were being disrupted, especially during the first 

days. I could always remind learners to keep concentrating since the camera was only focusing on 

their work and not on them as individuals. 

 

Another contextual challenge was the background of the learners. Learners in South African schools 

come from extremely diverse social, political, economic and cultural backgrounds, and this can be 

linked to the concern about the Mathematics education of South African learners (Kotze & Strauss, 

2006). This might have affected the learners in one way or another. The school where the research 

was conducted is a school in deep rural areas of Kwa-Zulu Natal in South Africa. The school is still 

developing in terms of infrastructure and education of learners with no good pass history in the 



143  

subject of Mathematics. This background was a challenge to me as a teacher and the learners directly 

and indirectly.  

 

4.4.7. Conclusion  

Carrying out this research was a challenge as I and the learners encountered several challenges. 

However, the research study was successfully done with an understanding that any research carried 

out will, in one way or another, have its own challenges. I therefore conclude by indicating that it 

was not easy to weigh and see which factor had most influence on the challenges faced by learners 

during teaching and learning for geometric problem-solving skills development. 
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CHAPTER FIVE 5 

CONCLUSION AND RECOMMENDATIONS 
5.1.INTRODUCTION  

The purpose of this study was to explore and develop the mathematical problem-solving and 

geometric skills of Grade 11 learners in Euclidean Geometry. The research questions concentrated 

on the geometric skills learners could bring to class before being introduced to the four stages 

problem-solving strategy; how the learners could utilise the four stages in a social cognitive 

classroom; as well as the challenges learners encountered and their perceptions on the use of the 

strategy. In this study, I was concerned about developing learners’ geometric understanding by 

making use of Polya’s model.  In this chapter therefore, I present a summary of the major findings of 

the study followed by a discussion on the significance of the study, as well as the limitations. I then 

present some recommendations originating from the study findings, including my own reflections of 

the research and suggestions for further research. 

 

5.2.SUMMARY OF THE MAIN FINDINGS 

Major findings of the study were presented according to the three research questions of this study. 

Learners were initially given a pre-intervention test designed to answer the first research question 

and to give an overview of which geometric skills learners brought to class before being introduced 

to Polya’s model of problem-solving. During the intervention period, lesson observations and 

document analysis were carried out to answer the second research question. Document analysis was 

in the form of exercise books for six selected learners, which were further observed to see whether 

the four stages were being employed in geometric problem-solving. Several themes that were pre-

determined and those that emerged in relation to the geometric problem-solving skills were discussed 

in chapter four. Semi-structured interviews on learners’ challenges and perceptions were conducted 

after the lesson observations, to provide answers to the third research question of this study. 

 

Research question 1  

• What geometric skills are demonstrated by selected learners prior to learning Grade 11 

Geometry content? 

Pre-intervention test  

The pre-intervention test was given, and the results revealed that most learners could move from 
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previous grades to the next grades without prerequisite geometric skills attained. Very few learners 

managed to get at least a pass mark in the pre-intervention test. Better performance was realised in 

the application of drawing and visualisation skills. Verbalisation, application, and logical skills were 

poorly displayed despite these being the skills that are highly demanded for one to be awarded marks 

in an examination setting. All in all, the pre-intervention test results showed that there was need for 

intervention in the development of the learners’ geometric skills. This necessitated the introduction 

of the Polya four stages model of geometric problem-solving as an intervention strategy.  

 

The learners managed to display the following skills in the pre-intervention test that formed the 

themes for thematic analysis: recognition of a theorem or axiom; recognition of properties of shapes; 

recognition of different parts and lines in a circle or diagram;  recognition of different angles, verbal 

descriptions and naming of shapes, objects and parts; definitions and stating in own words; sketching 

of diagrams related to theorems and/or axioms; constructing diagrams based on its properties; adding 

useful elements to a diagram; classification by their properties; development of logical proofs; as well 

as application of theorems and axioms in problem-solving. In trying to apply these skills, I noted that 

there were many cases of incorrect applications compared to inappropriate and correct applications. 

This was then a sign that there was a need for intensive development of geometric problem-solving 

skills of the learners. 

 

Research Question 2  

How can the use of Polya’s model enable or constrain the development of problem solving and 

geometric skills in a selected Grade 11 Mathematics class? 

 

Lesson observations and document analysis 

During the classroom observations after the four-stage strategy had been introduced, learners were 

found applying the four stages effectively. All the learners could show reading for understanding by 

highlighting and/or underlining the key words. That was effectively applied from the beginning even 

though some learners could, at times, highlight the wrong words and fail to underline some key words. 

From document analysis, I realised that all the six learners whose exercise books were monitored 

could effectively apply the first stage (Reading for Understanding). Most learners preferred jotting 

down theorems (in short) that had to do with the key words highlighted in the second stage (planning). 

A few learners were able to include drawings in their planning. However, I came across some learners 
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who wrongly stated the theorems or stated insufficient number of theorems for certain key words. 

From the observations and exercise book monitoring, I discovered that none of the learners left the 

part of planning blank. In the planning stage, learners could further interpret the diagram in relation 

to the theorems stated to see the applicability of the theorems, hence able to put some information on 

the diagram. The putting of information and filling up of diagrams was regarded as part of planning 

stage. Nevertheless, not all learners could take the already got answers back onto the diagram, but 

most could use them from their minds or workings, and others could not even use them at all.  

 

Implementation stage (stage 3) was applied in the form of statement and reason. From lesson 

observations and exercise book monitoring, it was easy to start and get correct answers if the first and 

second stages were well done. Some learners were getting incorrect answers due to different reasons 

such as incorrect computations and application of wrong theorems, but what all of them could do 

right was to present the solutions in the right format of statement and reason. On the same note, 

having done stage 1 and 2 could make learners find where to start unlike before, where they could 

leave questions not attempted.  As a part of problem-solving, some learners could cancel and try 

another way after discovering that one method was not working, which I regarded as part of the 

implementation stage. Even though learners were presenting their solutions in the right format, some 

learners gave wrong reasons for correct statements or the other way round.  

 

The last stage of the four stages (look back) was a bit tricky for most learners to use and was the least 

applied of all the 4 stages. From lesson observations and exercise book monitoring, I realised that 

most learners could rarely check the correctness of their answers. Some problems demanded direct 

answers that did not need reflection, but for those that needed reflection, only a few learners could 

reflect. Several learners could do part of reflection by taking back the answers onto the diagrams for 

further use.  

 

During lesson observations and exercise book monitoring, I discovered that there were other skills 

that emerged as learners were trying to develop their problem-solving skills using the four stages 

model. The skill of re-planning, computational skill, and that of coming up with the RTP were 

witnessed during this period. The skill of re-planning was whereby a learner could take an answer 

got back into the diagram and further use it in determining other missing values in solving of riders 

especially. On the same note, computational skills involved use of mathematical calculations and a 
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device (calculator) in the process of geometric problem-solving. The skill of finding RTP was 

required most in dealing with proofs, as one was supposed to be able to determine the appropriate 

theory together with the correct set of angles that will make it possible to work out a deductive proof.   

 

 Post-intervention test 

A post-intervention test was given to see if the four stages model had brought some changes to the 

learners’ geometric understanding. The test was analysed individually and later as a comparison to 

the pre-intervention test. In the same line as Gopinath & Lertlit (2017) who witnessed improvement 

in performance of learners after being taught the use of Polya’s model, I observed a good class 

performance in the post-intervention test. The majority of learners managed to get a pass mark in the 

post-intervention test. Most learners did better in the application of verbalisation and visualisation 

skills even though several learners had some challenges with the application of logical and application 

skills. 

 

The pre-intervention test and the post-intervention test were compared to see if there was any 

noticeable change in the performance of learners overall, and geometric skills. This analysis shaped 

the quantitative part of the data analysis. The outcomes of the comparison showed that there was 

some improvement in the overall performance of the learners, and in all the different geometric skills 

except drawing skills, where the performance of the learners dropped. Thus, the post-intervention test 

revealed a development of the learners’ geometric skills proving the usefulness of the four stages 

Polya’s model of geometric problem solving.  

 

From the post-intervention test, the learners displayed several geometric skills including those that 

emerged during the use of the four stages model. Since the frequency of application of the skills was 

always checked against its correctness, inappropriateness and incorrectness, the post-intervention test 

results showed that there was generally a higher frequency of correct and incomplete/inappropriate 

applications of the skills than incorrect applications. When doing a comparative analysis, I realised 

that the opposite was true with the pre-intervention test, where the highest frequency of occurrences 

with the application of the skills was witnessed on incorrect applications more than on correct and 

inappropriate applications. 
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Research Question 3  

What Geometry learning challenges are experienced by selected Grade 11 learners when solving 

problems in Geometry? 

This research question was answered through post-intervention interviews with some selected 

learners from the class, follow-up interviews, as well as during observations in the classroom. 

Participating learners in this study mentioned the various experiences they went through and how 

their perceptions on the use of the four stages were influenced after the introduction of Polya’s model. 

Initially, all the learners claimed that they now liked solving geometric problems as compared to 

before and acknowledged that the model was indeed a useful tool that aided so much in developing 

their geometric skills.  

 

The other research questions were meant to check learners’ perceptions and challenges faced with 

geometric skills. On visualisation, most learners acknowledged that once someone does the first stage 

of the model correctly, it is very easy to interpret diagrams. One learner mentioned that he took it 

more like a game. None of the learners claimed to be having challenges in verbalisation as a skill. All 

the learners interviewed claimed that they did not have any difficulties in verbalisation as they already 

internalised all the theorems and could state all the theorems correctly except one learner who claimed 

to be confused sometimes with those theorems that share some similarities. The same applies for 

drawing and constructions. All the interviewees claimed that drawing skills were not an issue to them, 

especially those constructions required for all the examinable proofs in the exam. They mentioned 

that they could now prove all the theorems except one learner who said he was still troubled by one 

theorem. 

  

From the responses from the interviews, learners noted that they now enjoyed even those questions 

that demanded logical and application skills. These are the questions that most of the learners initially 

left blank spaces not knowing where to start. Another learner mentioned that, if one could do stage 1 

and stage 2 properly, life could easy when attempting such questions, especially when one could 

identify the RTP.  

 

Learner responses were used to come up with the themes that were used for analysis of interview 

results. These themes were related to the challenges faced by learners during the use of the four stages 

model. The themes included: practice related challenges, challenges specific to certain learners, 
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concept related challenges, curriculum- related challenges, model application challenge and context 

related factors. These challenges had effects here and there during the success of the four stages 

model in geometric skills development, but the major goals of the research study were achieved. In 

summary, even though learners were still having challenges in some sections, most of them exhibited 

a very big difference in interest in the concept and development in geometric skills.  

 

5.3.SIGNIFICANCE OF THE STUDY 

The poor performance of learners in Mathematics is a major concern, especially in Geometry. Many 

factors could be contributing to this including the challenges the educators encounter in the subject 

too.  This study, therefore, informs and enriches my own classroom teaching practices as a high 

school Mathematics teacher. The study also endeavoured to provide recommendations and guidelines 

to fellow Grade 11 Mathematics teachers on the best ways to develop problem solving and geometric 

skills during teaching and learning of Euclidean Geometry, and how associated challenges faced by 

learners can be addressed. 

 

5.4.CHALLENGES AND LIMITATIONS  

The pandemic (Covid-19) affected the data collection process. The learners and the teacher were 

expected to observe social distancing, which resulted in group working not being possible. The 

learners could only sit in twos and not more than that.  

 

The study had limitations resulting from the quantity of data collected. This study was a case study 

and only considered lessons and activities in Euclidean Geometry. The results could not be 

generalised. There is room for further research in this area involving larger scale action research to 

determine the effectiveness of using the four stages strategy in Mathematics problem-solving at large. 

Research involving other Mathematics topics should be explored as well.  In this study, 20 learners 

were meant to take part but only seventeen did initially, and the other three joined later. This study 

was limited to a particular geographical area and data was collected from a small sample, implying 

the result of its findings cannot be generalised. Further researchers may also include the lower grades 

and explore the use of the four stages in problem solving.  

 

5.5.RECOMMENDATIONS  

As has been alluded in this research that Euclidean Geometry poses several challenges to learners’ 
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problem-solving ability, adopting an alternative teaching strategy for problem-solving in Euclidean 

Geometry will imply that many educators would shift from their present pedagogical methods of 

presenting geometric theorems as a finished product. From this study, the following 

recommendations are put forward to enhance learners’ problem-solving ability in Euclidean 

Geometry.  

 

Prior Geometric knowledge 

This study suggests that Mathematics teachers attend more to prior knowledge before introducing the 

content of that concept for that grade. It was not easy to point out the actual reasons behind learners’ 

inabilities to display skills related to prior knowledge, but the results of the research study revealed 

that learners lack prior knowledge of concepts learnt in the previous grades, especially in Geometry. 

Pre-tests and any form of diagnostic informal assessments are recommendable for analysis of 

learners’ prior knowledge before teaching the current content.  

 

Teaching of geometric theorems 

This research study proposes that Mathematics teachers can make use of the four stages when 

teaching Euclidian Geometry. When using this method, it is advisable for teachers to create a 

mathematical learning environment conducive for learners to participate and for the teacher to guide 

the learners towards the understanding of geometric concepts through problem-solving. Social 

cognitive classroom environment can be created during problem-solving, as learners learn well 

through peer collaboration and observations. In this case, geometric skills will be the point of focus 

during problem-solving, and these skills include visualisation, verbalisation, drawing, application, 

and logic.  

 

To begin with, verbalisation acts as a corner stone in geometric problem-solving since Geometry is 

all about theorems and one’s ability to correctly make supported arguments. Thus, we need to re-look 

at the way definitions of geometric concepts are taught to learners. I support mathematicians like De 

Villiers (2008) for a “reconstructive” approach instead of the more regular direct axiomatic-deductive 

approach to teaching of definitions in Geometry. With reconstructive approach, we indicate that 

content is not directly introduced to learners as finished products of mathematical activity but is rather 

reconstructed during teaching in a typical mathematical manner. I noted that the pedagogical 

advantage of employing the reconstructive approach is that it allows the learners to become actively 
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engaged in the construction of geometric definitions and theorems, hence internalising the meaning 

of the theorems instead of the wording. The learners will not memorise the theorems but rather know 

the theorems in such a way that they will be able to write them in their own words, as well as complete 

theorems regardless of how the examiner puts them forward.  

 

Similarly, if verbalisation is done well, it makes visualisation and drawing easy. From this study, I 

recommend teachers to take some time relating verbalisation, drawing and visualisation before doing 

the actual problem-solving. Drawing will enable learners to make drawings from given theorems as 

well as separate diagrams from the bigger picture. Learners may not be on the same cognitive level 

therefore, it is advisable for learners to provide definitions of concepts, which align with their 

cognitive level. Learners’ poor performance in Geometry can be attributed to, amongst other factors, 

the pedagogical strategy of the teacher, outdated curriculum, outdated textbooks that present ready-

to use content, which learners are expected to memorise and accept without questioning. If  learners 

performance in Geometry is to improve, then the educator needs to be the catalyst for change in this 

process (Mamona-Downs & Downs, 2005). Thus, to achieve this goal, we need to encourage learners 

to become actively engaged in the construction of knowledge in teaching and learning of Euclidean 

Geometry. 

 

Teaching Geometric problem-solving  

In a traditional classroom, learners are given predetermined statements to make proofs, and as a result 

learners assume that the statement must be true. Learners need to know how mathematicians use 

proof for the learners to appreciate the value of proof writing and to engage as mathematicians do. 

Learners need to be mindful that proof is an aspect found in the process of learning and discovering 

new Mathematics. Mathematicians first make conjectures based on observations, test these 

observations before formally publish his/her findings and allows their conjectures to be critiqued by 

fellow mathematicians before their conjecture is accepted as true. From this study, I recommend that 

as educators, we need to afford learners the opportunities to assess the thinking processes of their 

colleagues and their own. As was suggested by Groth (2018), I realised that it is advisable that the 

teacher’s instruction aid learners to gradually progress from the lower levels of thinking before 

engaging the learners in the rigors of proof-oriented study of Geometry. When teaching riders and 

geometric proofs, I noted that most textbooks present solutions to geometric riders in a linear manner, 

implying that learners would be able to make sense of such a solution. However, such an approach 
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may be less effective when dealing with more complex problems. I found a backward reasoning 

approach to be an approach that allows the learner to search for possible solutions to a given rider, 

using the given information, and making valid inferences from such information. This approach was 

enhanced during the use of the four stages model of geometric problem-solving where one must read 

for understanding (key geometric terms), do some planning (theorems related to key words, filling in 

the diagrams and add any relevant information), implementation (geometric statements and 

supporting arguments) as well as reflection. This encouraged the learner to be practically engaged 

during problem-solving, whereby one was supposed to make markings of key geometric terms in the 

statement, note down the geometric theorems related to the marked key words, check the applicability 

of the theorems by filling in the diagram, as well as adding any other relevant information. After that, 

the learner was then expected to present the solutions and reflect on them. 

 

Learning environment 

Since the method involves much writing as part of the problem-solving strategy, the use of the four 

stages in geometric problem-solving will make life interesting and easy for learners to tackle 

geometric problems especially when initiating problem-solving because most learners fail Geometry 

problem-solving from the very start as was noted by South African Mathematics internal moderators 

(2019) that most learners leave geometric questions unattended (Buthelezi & Sithole, 2019). I also 

understood that when doing problem-solving, especially with Riders, learners end up enjoying 

finding different angles using theorems and treat it as a game.  

 

I would recommend that teachers create classroom environments that make learning of Geometry 

interesting. In this case, learners should also be viewed as intelligent and creative individuals whose 

questions are valued and teachers should afford the learners more time for discussions as this would 

give the learners effective decision-making powers in problem-solving. Thus, working in pairs or 

groups will allow for collaborative learning.  

 

Teachers need to be encouraged to have positive attitudes towards the use of other strategies than the 

old routine ineffective ways. This is important because new ways of doing things allow for other 

associated advantages to be enjoyed by the learners. The four stages strategy should be used to 

encourage more the process of verbalisation and visualisation in the teaching and learning of 

Mathematics, especially core concepts of Geometry. This four stages strategy will help the learners 
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to see and realise that Mathematics can be taught and learned in different ways that are easier to 

follow than the traditional methods. 

  

5.6.SUGGESTIONS FOR FURTHER RESEARCH  

Since this study was carried out in Euclidean Geometry, it will be interesting if this research is 

extended to other mathematical disciplines. I suggest a detailed study about the use of the four stages 

in problem solving with other GET and FET phase grades. This study was an interpretive study 

located in Nquthu at a farm school. It would be more interesting to see how the results would differ 

if the study was done at a school in town or in the location.  

 

Further research on the use of the four stages in problem solving could be conducted to train 

Mathematics geometric teachers on how to incorporate it in their teaching of Euclidean Geometry. 

Further studies should also be conducted to find ways in which learners’ geometric skills can be 

developed fully to prevent and improve the poor performance of Mathematics in South African 

schools. Research on the use of the four stages strategy as a tool in Mathematics in all grades could 

be undertaken in the future. 

  

5.7.PERSONAL REFLECTIONS 

This research study mission was quite a worthwhile experience for me in the research arena. The lens 

of this interpretive study was Social Cognitive Learning Theory.  The concept of problem-solving 

challenged me to do an exploration and development of the mathematical problem-solving and 

geometric skills of my learners. The importance of problem-solving and geometric skills 

development in this study made me realise the importance of making use of the four stages strategy 

as the lack of problem-solving skills is claimed to be the most cause of poor performance in 

Mathematics. The research experience I gained in this study inspired me to want to undertake more 

research studies in the future. Finally, my grammatical, academic reading and writing were all 

improved through the writing of this research study. 

 

5.8.CONCLUSION 

This research study was centralised within the interpretive paradigm and reinforced by Social 

Cognitivism as the theoretical lens to investigate and explore Grade 11 learners’ problem-solving 

skills in Euclidean Geometry. Data collection for this study was done using pre-intervention test, 
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lesson observations, exercise books monitoring, after lesson follow-up interviews, post-intervention 

test and semi-structured interviews. The findings of this research study revealed that the four stages 

problem solving strategy has a high potential to improve problem solving and geometric skills of 

learners in Mathematics. The study further exposed that the use of the four stages in Mathematics 

problem solving excites independent thoughts in learners and makes Mathematics lessons very 

exciting.  

 

5.9.REFLECTIONS ON MY RESEARCH JOURNEY 

The road to get to this destination was not always smooth. I had to contend with challenges at home 

and at work. Despite the hard conditions, I was able to come out on the other end academically 

enriched and satisfied. The greater goal was to enrich myself and assist my colleagues who have 

trouble when teaching Euclidean Geometry, to teach it in a manner which allows for greater learner 

participation in the discipline. The dilemmas regarding Euclidean Geometry are not restricted to us 

only, it is a universal phenomenon experienced at various levels by different countries all over the 

world. Furthermore, this research study has advanced my research capabilities and taught me about 

learning and teaching Euclidean Geometry. My own teaching experience as a high school 

Mathematics teacher and when I joined the department of Education South Africa, I found myself 

working with learners in the FET phase which led me to combine my interest in Mathematics teaching 

and learning. It is this experience that has given me not only enormous insight, but also huge respect 

for learners. I look forward to sharing my experiences and knowledge gained from this research 

process with any interested entities. 

 

 

 

 

 

 

 

 

 

 

 



155  

REFERENCES 

Adolphus, T. (2011). Problems of Teaching and Learning of Geometry in Secondary Schools in 

Rivers State , Nigeria. International Journal of Emerging Sciences, 1(2), 143–152. 

Ahlum-Heath, M. E., & Di Vesta, F. J. (1986). The effect of conscious controlled verbalization 

cognitive strategy on transfer in problem solving. Memory & Cognition, 14(3), 281–285. 

https://doi.org/10.3758/BF03197704 

Ahmad, S., Wasim, S., Irfan, S., Gogoi, S., Srivastava, A., & Farheen, Z. (2019). Qualitative v/s. 

Quantitative Research- A Summarized Review. Journal of Evidence Based Medicine and 

Healthcare, 6(43), 2828–2832. https://doi.org/10.18410/jebmh/2019/587 

Alasmari, N. (2020). Mixed Methods Research: An Overview. International Journal of Social 

Science and Human Research, 03(09). https://doi.org/10.47191/ijsshr/v3-i9-04 

Alex, J. K., & Mammen, K. J. (2016). Lessons Learnt From Employing van Hiele Theory Based 

Instruction In Senior Secondary School Geometry Classrooms. EURASIA Journal of 

Mathematics, Science and Technology Education, 12(8), 2223–2236. 

https://doi.org/10.12973/eurasia.2016.1228a 

Alex, J., & Mammen, K. J. (2018). Students’ understanding of geometry terminology through the 

lens of Van Hiele theory. Pythagoras, 39(1). https://doi.org/10.4102/pythagoras.v39i1.376 

Amineh, R. J., & Asl, H. D. (2015). Review of Constructivism and Social Constructivism. Journal 

of Social Sciences, Literature, and Languages, 1, 9–16. 

Atit, K., Power, J. R., Veurink, N., Uttal, D. H., Sorby, S., Panther, G., Msall, C., Fiorella, L., & 

Carr, M. (2020). Examining the role of spatial skills and mathematics motivation on middle 

school mathematics achievement. International Journal of STEM Education, 7(1). 

https://doi.org/10.1186/s40594-020-00234-3 

Atsara, N. I., Sukoriyanto, & Muksar, M. (2021). Analysis of students’ problem solving skills of 

geometry 3D shapes mathematical problems through Krulik and Rudnick steps. AIP 

Conference Proceedings, 2330(March). https://doi.org/10.1063/5.0043376 

Awuah, F. K. (2018). Grade 12 Learners ’ Problem-Solving Skills in Probability (Issue June). 

University of South Africa. 

Babbie, E., Mouton, J., Vorster, P., & Prozesky, B. (2009). The practice of social research. Cape 

Town. 



156  

Badat, S., & Sayed, Y. (2014). Post-1994 South African Education: The Challenge of Social 

Justice. Annals of the American Academy of Political and Social Science, 652(1), 127–148. 

https://doi.org/10.1177/0002716213511188 

Bandura, A. (1985). Social Foundations of Thought and Action: A Social Cognitive Theory. In 

Englewood. Prentice-Hall. 

Bandura, A, & Cliffs, N. J. (1986). Social foundations of thought and action: A social cognitive 

theory (pp. 376). Englewood . In : Prentice-Hall, 1986. xiii, 617 pp. Prentice-Hall. 

Bandura, Albert. (1971). Social learning: Theory. In social learning theory. General Learning 

Press. https://doi.org/10.1016/B978-0-12-813251-7.00057-2 

Bandura, Albert. (2008). Toward an agentic theory of the self. Advances in Self Research, 3, 15–49. 

Bans-Akutey, A., & Tiimub, B. M. (2021). Triangulation in Research. Academia Letters, 

September. https://doi.org/10.20935/al3392 

Belbase, S. (2016). Construction of mathematical ‘self’ as an eigen behavior. In R. K. Dhakal, B. P. 

Pant, K. D. Khadka, & A. Manandhar. Program and Abstracts: First International Conference 

on Transformative Education Research and Sustainable Deve. 

Bester, L. (2014). Investigating the Problem-Solving Proficiency of Second-Year Quantitative 

Techniques Students: The Case of Walter Sisulu University. University of South Africa, 

Pretoria. 

Bhowmik, M. (2015). Constructivism approach in mathematics teaching and assessment of 

mathematical understanding. . Basic Research Journal of Education Research and Review, 

4(1), 08–12. 

Binti, N., Tay, I., & Lian, B. (2003). Teaching and Learning of Geometry: Problems and Prospect. 

Masalah Pendidikan Jilid, 27, 165–178. 

Boaler, J. (2003). When learning no longer matters: Standardized testing and the creation of 

inequality. (Phi Delta). Kappan. 

Board, P. (2018). Guidelines for Pre- and Post-Testing. I Tech Technical Implementation, 2, 1–11. 

Brancati, D. (2018). 12 Participant Observation. In Social Scientific Research. Sage, Thousand 

Oaks, CA. 

Brannan, D. A., Esplen, M. F., & Gray, J. J. (1999). Geometry. Cambridge University Press. 



157  

https://doi.org/10.1017/CBO9780511807503 

Brijlall, D. (2015). Exploring The Stages of Polya’s Problem-solving Model during Collaborative 

Learning: A Case of Fractions. International Journal of Educational Sciences, 11(3), 291–299. 

https://doi.org/10.1080/09751122.2015.11890401 

Brodie, K. (2010). Pressing dilemmas: Meaning-making and justification in mathematics teaching. 

Journal of Curriculum Studies, 42(1), 27–50. https://doi.org/10.1080/00220270903149873 

Brown, M., Jones, K., & Taylor, R. (2003). Developing geometrical reasoning in the secondary 

school : outcomes of trialling teaching Qualifications and Curriculum Authority. In Report. 

Qualifications and Curriculum Authority. ISBN: 0854328092. 

Burger, D. (2011). South Africa Education Year Book. In D. Burger (Ed.), Education (p. 22). South 

Africa Government Printing Works. 

Bursill-Hall, P. (2002). Why do we study geometry? Answers through the ages. DPMMS Centre for 

Mathematical Sciences Wilberforce Road. Cambridge University Press. 

Buthelezi, L. O. ., & Sithole, E. N. (2019). Internal Moderator Report MATHEMATICS PAPER 2. 

https://wcedeportal.co.za/eresource/110921 

Butler, A. (2013). Exploring the Role of Social Reasoning and Self-Efficacy in the Mathematics 

Problem-Solving Performance of Lower- and Higher-Income Children. Journal of Educational 

Research and Practice, 3(1), 93–119. https://doi.org/10.5590/JERAP.2013.03.1.07 

Capecchi, D. (2017). Experiments, Mathematics and Principles of Natural Philosophy in the 

Epistemology of Giovanni Battista Baliani. Advances in Historical Studies, 06(02), 78–94. 

https://doi.org/10.4236/ahs.2017.62006 

Carifio, J. (2015). Updating, modernizing, and testing Polya’s theory of [Mathematical] problem 

solving in terms of current cognitive, affective, and information processing theories of 

learning, emotions, and complex performances. Journal of Education and Human 

Development, 4(3), 105–117. https://doi.org/10.15640/jehd.v4n3a12 

Casey, D., & Murphy, K. (2009). Issues in using methodological triangulation in research. In Nurse 

researcher (Vol. 16, Issue 4, pp. 40–55). https://doi.org/10.7748/nr2009.07.16.4.40.c7160 

Cheng, F., & Lin, F. (2009). Proof and Proving in Mathematics Education. In Proceedings of the 

ICMI Study 19 Conference (1st ed., Vol. 1). Taipei: National Taiwan Normal University. 

http://140.122.140.1/~icmi19/files/%0AVolume_1.pdf 



158  

Chigonga, B. (2016). Learners ’ misconceptions in deductive geometry proofs and remedial 

strategies. Amesa Conference Paper, March, 0–15. 

Chirinda, B., & Barmby, P. (2017). The development of a professional development intervention 

for mathematical problem-solving pedagogy in a localised context. Pythagoras, 38(1), 1–11. 

https://doi.org/10.4102/pythagoras.v38i1.364 

Clements, D. H., & Battista, M. T. (1994). Computer Environments for Learning Geometry. 

Journal of Educational Computing Research, 10(2), 173–197. https://doi.org/10.2190/8074-

298a-ktl2-uqvw 

Creswell, J. W., Hanson, W. E., Clark Plano, V. L., & Morales, A. (2007). Qualitative Research 

Designs. The Counseling Psychologist, 35(2), 236–264. 

https://doi.org/10.1177/0011000006287390 

Crosswhite, F. J. O. (1989). National Council of Teachers of Mathematics. NCTM Standards for 

School Mathematics: Visions for Implementation. Mathematics Teacher, 82(8), 664–671. 

Daniel, E. (2016). The Usefulness of Qualitative and Quantitative Approaches and Methods in 

Researching Problem-Solving Ability in Science Education Curriculum. Journal of Education 

and Practice, 7(15), 91–100. https://doi.org/2222-288X 

DBE. (2011). Curriculum Assessment Policy Statements(FET). Government Printing Works, 

Pretoria: ISBN 978-1-4315-0573-9. 

https://www.education.gov.za/Curriculum/CurriculumAssessmentPolicyStatements(CAPS).as

px 

DBE. (2015). Education South Africa Yearbook 2015/16 Basic education. Department of Basic 

Education, Pretoria. 

DBE. (2018). Mathematics Teaching and Learning Framework for South Africa. Department of 

Basic Education, Pretoria. https://wcedeportal.co.za/eresource/110921 

De Villiers, M. (2008). Generalizing the Nagel line to circumscribed polygons by analogy and 

constructive defining. Pythagoras, 0(68). https://doi.org/10.4102/pythagoras.v0i68.65 

Denhere, Christmas, Chinyoka, Kudzai, & Mambeu, J. (2013). Vygotsky’s Zone of Proximal 

Development Theory: What are its Implications for Mathematical Teaching? Greener Journal 

of Social Sciences, 3(7), 371–377. 

https://doi.org/https://doi.org/10.15580/gjss.2013.7.052213632 



159  

Dhlamini, J. J. (2012). Using a Worked-Out Examples Instruction to Induce Problem Solving 

Performance in South African Schools. University of South Africa, Pretoria. 

Dimitriou-Hadjichristou, C., & Ogbonnaya, U. I. (2015). The effect of using the Lakatosian 

heuristic method to teach the surface area of a cone on students’ achievement according to 

bloom’s taxonomy levels. African Journal of Research in Mathematics, Science and 

Technology Education, 19(2), 185–198. https://doi.org/10.1080/10288457.2015.1049013 

Ebneyamini, S., Reza, M., & Moghadam, S. (2018). Toward Developing a Framework for 

Conducting Case Study Research. International Journal of Qualitative Methods, 17, 1–11. 

https://doi.org/10.1177/1609406918817954 

Etikan, I. (2016). Comparison of Convenience Sampling and Purposive Sampling. American 

Journal of Theoretical and Applied Statistics, 5(1), 1–5. 

https://doi.org/10.11648/j.ajtas.20160501.11 

Facchinetti, B. A. (2019). Don ’ t underestimate the value of practice in maths education. Oxford 

Primary Catalogue, 152–153. oup.com.au/improveyourschool 

Fox, N., & Midlands, E. (2009). Using Interviews in a Research Project. www.rds-yh.nihr.ac.uk 

Fujii, T. (2016). Designing and adapting tasks in lesson planning: A critical process of lesson study. 

ZDM, 48(4), 411–423. https://doi.org/10.1007/s11858-016-0770-3.. 

Gafoor, K. A., & Kurukkan, A. (2015). Learner and teacher perception on difficulties in learning 

and teaching mathematics: Some implications. National Conference on Mathematics 

Teaching- Approaches and Challenges, 232–243. 

https://files.eric.ed.gov/fulltext/ED568368.pdf 

Galbraith, P., & Stillman, G. (2006). A framework for identifying student blockages during 

transitions in the modelling process. ZDM - International Journal on Mathematics Education, 

38(2), 143–162. https://doi.org/10.1007/BF02655886 

Gethin, Llewellyn, Thomas; Kevin, Morgan & Kerry, H. (2014). Albert Bandura: Observational 

learning in coaching. Learning in Sports Coaching: Theory and Application, 1–19. 

Giannakopoulos, A., & Kakoma, L. (2015). Problem Solving: A Process or A Product ? A 

Mathematics Perspective (Issue 1973) [University of South Africa, Pretoria]. 

http://hdl.handle.net/10500/22405 

Gibson, Liz, Marriott, John & Davies, N. (2007). Assessing Statistical Problem Solving. 



160  

Ятыатат, вы12у(235), 245. 

Gladys, S. (2018). Exploring In-Service Zimbabwean Mathematics Teachers ’ Preparedness to 

Incorporate Ethnomathematics Approaches to Geometry Teaching. University Of KwaZulu-

Natal, Durban. 

Glasersfeld, E. von. (1995). Introduction: Aspects of Constructivism. In Constructivism: Theory 

Perspectives, and Practice; Fosnot, C. Teacher College Press, New York. 

Gopinath, S., & Lertlit, S. (2017). The Implementation of Polya’s Model in Solving Problem-

Questions in Mathematics by Grade 7 Students The Implementation of Polya’s Model in 

Solving Problem-Questions in Mathematics by Grade 7 Students บทค ัดย่ อ งานว ิจ ัยฉบ ับนี  ้ 

แสดงถ ึงการศ ึกษาปั ญหาข. Suranaree J. Soc. Sci, 11(1), 47–59. 

Graven, M. H. (2014). Poverty, inequality and mathematics performance: the case of South Africa’s 

post-apartheid context. ZDM - Mathematics Education, 46(7), 1039–1049. 

https://doi.org/10.1007/s11858-013-0566-7 

Groth, R. E. (2018). Developing Students’ Geometric Thinking. Teaching Mathematics in Grades 

6–12: Developing Research-Based Instructional Practices, 307–351. 

https://doi.org/10.4135/9781452244105.N10 

Guba, E.G. & Lincoln, Y. S. (1989). What is this constructivist paradigm anyway? in fourth 

generation evaluation. London: Sage Publications. 

Gumede, V., & Biyase, M. (2016). Educational reforms and curriculum transformation in post-

apartheid South Africa. Environmental Economics, 7(2), 69–76. 

https://doi.org/10.21511/ee.07(2).2016.7 

Güven, B., & Kosa, T. (2008). The effect of dynamic geometry software on student mathematics 

teachers’ spatial visualization skills. Turkish Online Journal of Educational Technology, 7(4), 

100–107. 

Hanushek, E. A., Jamison, D. T., Jamison, E. A., Wößmann, L., Hanushek, E., Jamison, D. T., 

Jamison, E. A., & Wößmann, L. (2008). Education and economic growth: It’s not just going to 

school, but learning something while there that matters. 

https://econpapers.repec.org/RePEc:lmu:muenar:20467 

Harré, R.; Gillet, G. (1994). The Discursive Mind; Sage: Thousand Oaks. 



161  

Hasni, T. F., & Lodhi, F. (2011). Teaching problem solving effectively. ACM Inroads, 2(3), 58–62. 

https://doi.org/10.1145/2003616.2003636 

Heale, R., & Twycross, A. (2018). What is a case study? Evidence-Based Nursing, 21(1), 7–8. 

https://doi.org/10.1136/eb-2017-102845 

Hekimoglu, S., & Sloan, M. (2005). A Compendium of Views on the NCTM Standards. 

Mathematics Educator, 15(1), 35–43. 

Howson, G., & Freudenthal, H. (1992). Revisiting Mathematics Education. The Mathematical 

Gazette, 76(477), 411. https://doi.org/10.2307/3618403 

Hsiao, J., & Nova, S. P. D. C. C. (2016). (2016). Generational Approach to Factors Influencing 

Career Choice in Accounting. Revista Contabilidade & Finanças, 27(72), 393–407. 

In’am, A. (2014). The implementation of the Polya method in solving Euclidean geometry 

problems. International Education Studies, 7(7), 149–158. 

https://doi.org/10.5539/ies.v7n7p149 

Inam, A. (2016). Euclidean geometry’s problem solving based on metacognitive in aspect of 

awareness. IEJME —Mathematics Education, 11(7), 2319–2331. 

Ingham-broomfield, B. (2017). A nurses’guide to the critical reading of research. Australian 

Journal of Advanced Nursing, 26, 3–11. 

Ismail, H. (2020). Investigating Student’s Learning Difficulties in Shape and Space Topic: A Case 

Study. International Journal of Psychosocial Rehabilitation, 24(5), 5315–5321. 

https://doi.org/10.37200/ijpr/v24i5/pr2020238 

Ivester, R. W. (2008). Productivity improvement through modeling: An overview of manufacturing 

experience for the food industry. Comprehensive Reviews in Food Science and Food Safety, 

7(1), 182–191. https://doi.org/10.1111/j.1541-4337.2007.00035.x 

Jacobvitz, D., Curran, M., & Moller, N. (2002). Measurement of adult attachment: The place of 

self-report and interview methodologies. Attachment and Human Development, 4(2), 207–215. 

https://doi.org/10.1080/14616730210154225 

Jones, K. (2002). Learning of Geometry. Issue in the Teaching and Learning of Geometry, 2003, 

121–139. 

Jones, K. (2013). Diagrams in the teaching and learning of geometry: some results and ideas for 

future research. Proceedings of the British Society for Research into Learning Mathematics, 



162  

33, 37–42. 

Karapınar, F., & Alp İlhan, O. (2018). An Investigation of 8th Grade Students’ Knowledge on 

Geometrical Objects in Terms of Van Heile Levels of Understanding Geometry. American 

Journal of Educational Research, 6(2), 96–103. https://doi.org/10.12691/education-6-2-1 

Klahr, S. M. C. & D. (2001). Cognition and instruction: Twenty-five years of progress. Lawrence 

Elbaum Associates. 

Kotzé, G. (2007). Investigating shape and space in mathematics: A case study. South African 

Journal of Education, 27(1), 19–35. https://doi.org/10.4314/saje.v27i1.25096 

Kotze, G. S., & Strauss, J. P. (2006). Contextual factors of the mathematics learning environment of 

grade 6 learners in South Africa. Pythagoras, 0(63), 38–45. 

https://doi.org/10.4102/pythagoras.v0i63.107 

Lan, P. (2018). A review of advantages and disadvantages of three paradigms : positivism , 

interpretivism and critical inquiry. The University of ADELAIDE, April, 0–7. 

https://doi.org/10.13140/RG.2.2.13995.54569 

Leedy, P. D. (1997). Practical Research: Planning and Designing. Prentice-Hall. 

http://books.google.com/books?id=MCtlQgAACAAJ&pgis=1 

Leopold, C. (2006). Geometry Concepts in Architectural Design. International Conference on 

Geometry and Graphics, 12, 1–10. 

Lesh, R., Cramer, K. A., Doerr, H., Post, T., & Zawojewski, J. (2003). Model development 

sequences: Models and modeling perspectives on mathematics pr (pp. 35–58). Lawrence 

Erlbaum Associates. https://experts.umn.edu/en/publications/model-development-sequences-

models-and-modeling-perspectives-on-m 

Liljedahl, P., Santos-Trigo, M., Malaspina, U., & Bruder, R. (2016). Problem Solving in 

Mathematics Education. ICME Topical Surveys, 13, 1–39. https://doi.org/10.1007/978-3-319-

40730-2_1 

Lim, H. L., & Noraini Idris. (2006). Assessing algebraic solving ability of form four students. 

International Electronic Journal of Mathematics Education, 1(1), 55–76. 

Lucariello, J., Butler, A., & Tine, M. (2012). Meet the ‘Reading Rangers’: Curriculum for teaching 

comprehension strategies to urban third graders. Penn GSE Perspectives on Urban Education. 

Luneta, K. (2015). Understanding students’ misconceptions: An analysis of final grade 12 



163  

examination questions in geometry. Pythagoras, 36, 1–11. 

https://doi.org/10.4102/pythagoras.v36i1.261 

Lupahla, N. (2014). Assessing the algebraic problem solving skills of Grade 12 learners in Oshana 

Region, Namibia. University of South Africa, Pretoria. 

Mahlaba, S. C. (2020). The State of South African Mathematics Education: Situating the Hidden 

Promise of Multiple-solution Tasks. Eurasia Journal of Mathematics, Science and Technology 

Education, 16(12), 1–12. https://doi.org/10.29333/ejmste/9279 

Makhsin, M. (2006). Sains Pemikiran dan Etika. International Journal of Hydrogen Energy, 2929–

2935. https://doi.org/10.1016/j.ijhydene.2013.07.028 

Makhubele, Y. (2015). ISTE INTERNATIONAL CONFERENCE ON MATHEMATICS, 

SCIENCE AND TECHNOLOGY EDUCATION. In LD Mogari (Ed.), Errors displayed by 

learners in the learning of grade 11 geometry (pp. 26–44). Unisa press. 

Makhubele, Y. E. (2012). Misconceptions and resulting errors displayed by Grade 11 learners in 

the learning of geometry. University of Johannesburg. Johannessburg. 

Makhubele, Y., Nkhoma, P., & Luneta, K. (2015). Errors Displayed by Learners in The Learning of 

Grade 11 Geometry. ISTE International Conference on Mathematics, Science and Technology 

Education, 12, 26–44. https://www.researchgate.net/profile/Jerry-

Maseko/publication/284869413 

Mamali, N. R. (2015). Enhancement of Learners’ Performance in Geometry at Secondary Schools 

in The Vhembe District of The Limpopo Province. University of Venda, Thohoyandou. 

Mamona-Downs, J., & Downs, M. (2005). The identity of problem solving. Journal of 

Mathematical Behavior, 24(3–4), 385–401. https://doi.org/10.1016/j.jmathb.2005.09.011 

Maricic, K. (2010). Problem solving using GeoGebra - - the case of geometry. Lecture Proposal for 

the ACDCA Strand, 10. 

Mayer, R. E. (1992). Thinking, problem solving, cognition . (W. H. Freeman (ed.); 2nd ed.). Henry 

Holt & Co. 

McIntosh, R., Jarrett, D., & Peixotto, K. (2000). Teaching mathematical problem solving: 

Implementing the vision. Journal of Mathematics and …, June. 

http://cimm.ucr.ac.cr/ciaemFrances/articulos/universitario/conocimiento/Teaching 

Mathematical Problem Solving: Implementing the Vision*McIntosh, Robert .*McIntosh.pdf 



164  

McIntyre, R. N. I. (2007). Analysing geometry in the Classroom Mathematics and Mind Action 

Series mathematics textbooks using the van Hiele levels. Unpublished Masters Thesis. 

McMillan, J. H., & Schumacher, S. (2010). Research in education: Evidence-based inquiry (7th 

ed.). Pearson. 

Mohajan, H. K. (2017). Two Criteria for Good Measurements in Research: Validity and Reliability. 

Annals of Spiru Haret University. Economic Series, 17(4), 59–82. 

https://doi.org/10.26458/1746 

Mudaly, V. (2007). Proof and proving in secondary school. Pythagoras, 0(66), 64–75. 

https://doi.org/10.4102/pythagoras.v0i66.81 

Mugisha, S. (2012). An investigation into problem solving skills in calculus: the case of Unisa first 

year students. University of South Africa : Pretoria. 

Muhembo, G. M. (2017). an Analysis of How Visualisation Processes Can Be Used By Teachers 

Participating in an Intervention Programme To Teach for Conceptual Understanding of 

Geometry. Rhodes University, Grahamstown. 

Mullis, I. V. S., Martin, M. O., Foy, P., Kelly, D. L., Fishbein, B., & Pirls, T. &. (2020). 

International Results in Mathematics and Science. Trends in International Mathematics and 

Science Study, 1–5. 

Naidoo, J., & Kapofu, W. (2020). Exploring female learners’ perceptions of learning geometry in 

mathematics. South African Journal of Education, 40, 1–11. 

https://doi.org/10.15700/saje.v40n1a1727 

Nasir, N., Ghazali, M., & Razak, N. A. (2014). Visualisation Skills of Geometric Figures: Its Effect 

in Visualisation-Based Teaching. In Proceedings of the International Conference on Science, 

Technology and Social Sciences (ICSTSS) 2012 (pp. 243–248). Springer Singapore. 

https://doi.org/10.1007/978-981-287-077-3_29 

Ndlovu, M., & Mji, A. (2012). Pedagogical implications of students’ misconceptions about 

deductive geometric proof. Acta Academica, 44(3), 175–205. 

Nfon, N. (2013). Effect of Rusbult’s problem solving strategy on secondary school students’ 

achievement in trigonometry classroom. Journal of Mathematics Education, 6(1), 38–55. 

http://educationforatoz.org/images/Fabian_Nfon_-_3.pdf 

Nunokawa, K. (2006). Using drawings and generating information in mathematical problem 



165  

solving processes. Eurasia Journal of Mathematics, Science and Technology Education, 2(3), 

33–54. https://doi.org/10.12973/ejmste/75463 

Nur, A. S., & Nurvitasari, E. (2017). Geometry Skill Analysis In Problem Solving Reviewed From 

The Difference Of Cognitive Style Students Junior High School. Journal of Educational 

Science and Technology (EST), 3(3), 204. https://doi.org/10.26858/est.v3i3.4130 

Nuri, B., & Marsigit. (2019). The Reluctance of Students to Ask in Mathematics Learning: How 

Does the Teacher Solve It? Journal of Physics: Conference Series, 1320(1). 

https://doi.org/10.1088/1742-6596/1320/1/012069 

Nurwijayanti, A., & Fitriana, L. (2018). The geometry ability of junior high school students in 

Karanganyar based on the Hoffer’s theory. ICMSE2017) IOP Publishing IOP Conf. Series: 

Journal of Physics: Conf. Series, 983(012085), 12085. https://doi.org/10.1088/1742-

6596/983/1/012085 

OECD. (2012). Education at a Glance, Highlights. Education at a Glance, 60195, 1–524. 

http://dx.doi.org/10.1787/eag_highlights-2012-en 

Olkun, S. (2005). Geometric explorations with dynamic geometry applications based on van Hiele 

levels. International Journal for Mathematics Teaching and Learning, 1–13. 

https://doi.org/10.1501/0003625 

Ortiz, E. (2016). The Problem-Solving Process in a Mathematics Classroom. Transformations, 1, 

4–11. 

Palincsar, A. S., & Magnusson, S. J. (2001). The interplay of first-hand and second-hand 

investigations to model and support the development of scientific knowledge and reasoning. In 

S. M. Carver & D. Klahr (Eds.), Cognition and instruction. Lawrence Erlbaum Associates 

Publishers. 

Patkin, D., & Levenberg, I. (2012). Geometry from the World around Us. Learning and Teachning 

Mathematics, 13(September 2016), 14–18. 

Patton, M. Q. (1999). Enhancing the Quality and Credibility of Qualitative Analysis. Health 

Services Research, 34(5), 1–12. 

Pereyra, N. A. (2022). Elements of Geometry. In Real Exponential, Logarithmic, and 

Trigonometric Functions for Physicists. https://doi.org/10.1063/9780735424876_010 

Polit, D. F., & Beck, C. T. (2020). Nursing research : principles and methods Find a copy in the 



166  

library Enter your location : National Library Board , Singapore KK Womens & Childrens 

Hospital Ngee Ann Polytechnic Library Singapore Inst of Management Description : 

Contents : Responsibility . 23–25. 

Polya, G. (1945). Polya ’ s Problem Solving Techniques. In How To Solve It (2nd ed.). Princeton 

University Press. 

Rabionet, S. E. (2009). The Qualitative Report. TQR, 14(3), 1–10. https://doi.org/10.46743/2160-

3715/2009.2847 

Rahmi, S., Nadia, R., Hasibah, B., & Hidayat, W. (2017). The Relation between Self-Efficacy 

toward Math with the Math Communication Competence. Infinity Journal, 6(2), 177–182. 

Renkl, A., & Atkinson, R. K. (2003). Structuring the transition from example study to problem 

solving in cognitive skill acquisition: A cognitive load perspective. Educational Psychologist, 

38(1), 15–22. https://doi.org/10.1207/S15326985EP3801_3 

Republic of South Africa Department of Basic Education. (2015). National Policy Pertaining To the 

Programme and Promotion Requirements of the National Curriculum Statement grades R - 12. 

Government Gazette No 39435 Dated 20 Novmber 2015, 74. 

Resnik, D. B., & Ph, D. (2014). What is Ethics in Research & Why is it Important ? What is Ethics 

in Research & Why is it Important ? What is Ethics in Research & Why is it Important ? The 

National, May, 8–11. https://www.niehs.nih.gov/research/resources/bioethics/whatis/ 

Reys, R. E., Lindquist, M. M., Lambdin, D. V., Smith, N. L., & Suydam, M. N. (2004). Helping 

Children Learn Mathematics (7th ed.). New York: Wiley. 

Riastuti, N., Mardiyana, & Pramudya, I. (2017). Analysis of students geometry skills viewed from 

spatial intelligence. AIP Conference Proceedings, 1913(December). 

https://doi.org/10.1063/1.5016658 

Richmond, B. (2006). Introduction to Data Analysis Handbook. In Academy for Educational 

Development. http://eric.ed.gov/?id=ED536788 

Sam, G. (2012). Chapter 3 - Research Methodology and Method. Research Methodology and 

Method, March 2012, 1–43. https://www.researchgate.net/publication/333015026%0AChapter 

Sanni, R. (2007). Teaching geometry in schools: An investigative rather than instructive process. 

Pythagoras, 0(65), 39–44. https://doi.org/10.4102/pythagoras.v0i65.90 

Saqa. (2000, May). SAQA Bulletin Volume 4, No 1 - May 2000. 1–30. 



167  

Saunders, M. N. (1997). “Research Methods for Business Students” Chapter 4: Understanding 

research philosophy and approaches to theory development. In Researchgate.Net (Issue 

January). www.pearson.com/uk 

Saxe, G. B., & Guberman, S. R. (1998). Studying mathematics learning in collective activity. 

Learning and Instruction, 489–501. https://doi.org/doi:10.1016/S0959-4752(98)00037-1 

Scherer, R., & Beckmann, J. F. (2014). The acquisition of problem solving competence: evidence 

from 41 countries that math and science education matters. Large-Scale Assessments in 

Education, 2(1), 1–22. https://doi.org/10.1186/s40536-014-0010-7 

Schoenfeld, A. H. (1987). Confessions of an accidental theorist. For the Learning of Mathematics, 

7(1), 30–38. 

Scholarsarchive, B., & Genz, R. L. (2006). Determining High School Geometry Students’ 

Geometric Understanding Using van Hiele Levels: Is There a Difference Between Standards-

based Curriculum Students and NonStandards-based Curriculum Students? 

https://scholarsarchive.byu.edu/etd 

Scott, H., & Coxeter, M. (1926). The Origins of Geometry. In System (No. 341; MA). 

Searcóid, M. Ó. (2002). Geometric Structure. 133–158. https://doi.org/10.1007/978-1-4471-0179-

6_6 

Slootman, M. (2018). A Mixed-Methods Approach (pp. 41–57). Springer, Cham. 

https://doi.org/10.1007/978-3-319-99596-0_3 

Sousa Melo, H., & do Carmo Martins, M. (2015). Behaviors and Attitudes in the Teaching and 

Learning of Geometry. 7881(August), 1857–7881. 

Srinivasan, V. (2005). Mathematical theory of dimensioning and parameterising product geometry. 

International Journal of Product Lifecycle Management, 1(1), 70–85. 

https://doi.org/10.1504/IJPLM.2005.007346 

Story, W. (2011). EUCLID. An Automated Irrigation System Using Arduino Microcontroller, 

1908(January), 2–6. 

Syafii, W., & Yasin, R. M. (2013a). Problem solving skills and learning achievements through 

problem-based module in teaching and learning biology in high school. Asian Social Science, 

9(12 SPL ISSUE), 220–228. https://doi.org/10.5539/ass.v9n12p220 

Syafii, W., & Yasin, R. M. (2013b). Problem solving skills and learning achievements through 



168  

problem-based module in teaching and learning biology in high school. Asian Social Science, 

9(12 SPL ISSUE), 220–228. https://doi.org/10.5539/ass.v9n12p220 

Tachie, S. A. (2020). The challenges of south african teachers in teaching euclidean geometry. 

International Journal of Learning, Teaching and Educational Research, 19(8), 297–312. 

https://doi.org/10.26803/ijlter.19.8.16 

Tait-McCutcheon, S. L. (2014). Teacher practice in primary mathematics classrooms: A story of 

positioning (Unpublished thesis). 

Tang, M. D., & Pham, M. B. (2017). Vietnamese students’ problem-solving skills in learning about 

error of measurements. International Electronic Journal of Mathematics Education, 12(3), 

463–374. 

Thiruganahalli Shivaraju, P., Manu, G., & Savkar, M. K. (2017). Evaluating the effectiveness of 

pre-and post-test model of learning in a medical school. National Journal of Physiology, 

Pharmacy and Pharmacology, 1–8. https://doi.org/10.5455/njppp.2017.7.0412802052017 

Thomas, D. R. (2006). A General Inductive Approach for Analyzing Qualitative Evaluation Data. 

American Journal of Evaluation, 27(2), 237–246. https://doi.org/10.1177/1098214005283748 

Thomas, M. O. J., de Freitas Druck, I., Huillet, D., Ju, M.-K., Nardi, E., Rasmussen, C., & Xie, J. 

(2015). Key Mathematical Concepts in the Transition from Secondary School to University. In 

The Proceedings of the 12th International Congress on Mathematical Education (pp. 265–

284). Springer International Publishing. https://doi.org/10.1007/978-3-319-12688-3_18 

Tigere, E. (2014). Evaluating Problem Solving Proficiency of Grade 12 Physical Science Learners 

in Highveld Ridge East and West Circuits when Solving Stoichiometry Problems. Tetrahedron 

Letters, 55, 3909. 

Todd, P. (2021). A Method for the Automated Discovery of Angle Theorems. Electronic 

Proceedings in Theoretical Computer Science, EPTCS, 352(Adg 2021), 148–155. 

https://doi.org/10.4204/EPTCS.352.17 

Tripathi, P. N. (2020). Exploring the Use of Deductive Logic in Geometry as a Tool for Cognitive 

Growth. State University of New York Press. 

Van den Heuvel-Panhuizen, M., & Drijvers, P. (2014). Realistic Mathematics Education. In S. 

Lerman, Dordrecht /Heidelberg/. In Encyclopedia of Mathematics Education (pp. 521–525). 

New York: Springer. 



169  

Vojkuvkova, I. (2012). The van Hiele Model of Geometric Thinking. WDS’12 Proceedings of 

Contributed Papers, 1, 72–75. 

Wienekus, G. (2015). How selected Grade 7 participants develop conceptual understanding in 

solving algebraic problems as a result of participating in a screencasting intervention. Rhodes 

University, Grahamstown. 

Williams, J. P. (2014). Emergent themes [Nanyang Technological University]. 

https://doi.org/10.13140/RG.2.1.1479.4723 

Wu, M., & Adams, R. J. (2006). Modelling mathematics problem solving item responses using a 

multidimensional IRT model. Mathematics Education Research Journal, 18(2), 93–113. 

https://doi.org/10.1007/BF03217438 

Xei, M. (2005). Postmodernist, mathematical view and mathematics education. Normal University 

Press. 

Xu, D. (2022). Construction of an English Research Learning Model Based on Constructivism and 

Data Mining under a Cloud Computing Platform. Wirel. Commun. Mob. Comput. 

https://doi.org/https://doi.org/10.1155/2022/4579547 

Yazan, B. (2015). The Qualitative Report The Qualitative Report Volume 20 Number 2 Teaching 

and Learning 12 Three Approaches to Case Study Methods in Education: Yin, Three 

Approaches to Case Study Methods in Education: Yin, Merriam, and Stake Merriam, and 

Stake. http://www.nova.edu/ssss/QR/QR20/2/yazan1.pdf 

Yigiter, K. (2013). Investigation of the problem solving-skill, self-esteem and preferences of the 

unıversity students regarding sport and socıal activity in Turkey. International Journal of 

Academic Research, 5, 220–226. https://doi.org/10.7813/2075-4124.2013/5-4/b.33 

Yilmaz, R., & Argun, Z. (2018). Role of visualization in mathematical abstraction: The case of 

congruence concept. International Journal of Education in Mathematics, Science and 

Technology, 6(1), 41–57. https://doi.org/10.18404/ijemst.328337 

Yimer, A., & Ellerton, N. F. (2010). A five-phase model for mathematical problem solving: 

Identifying synergies in pre-service-teachers’ metacognitive and cognitive actions. ZDM - 

International Journal on Mathematics Education, 42(2), 245–261. 

https://doi.org/10.1007/s11858-009-0223-3 

Zakaria, E., & Yusoff, N. (2009). Attitudes and problem-solving skills in algebra among Malaysian 



170  

matriculation college students. European Journal of Social Sciences, 8(2), 232–245. 

Zamanzadeh, V., Ghahramanian, A., Rassouli, M., Abbaszadeh, A., Alavi-Majd, H., & Nikanfar, 

A.-R. (2015). Design and Implementation Content Validity Study: Development of an 

instrument for measuring Patient-Centered Communication. Journal of Caring Sciences, 4(2), 

165–178. https://doi.org/10.15171/jcs.2015.017 

Zanzali, N., & Nam, L. (1992). Evaluating the levels of problem solving abilities in mathematics. 

Dipmat.Math.Unipa.It, 1945. http://dipmat.math.unipa.it/~grim/Jzanzalinam.PDF 

Zeeman, C. (1976). Catastrophe Theory. Scientific American, 234(4), 65–83. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



171  

APPENDICES 

 
Appendix A: Ethical Clearance 
 
 

 



172  

 
 

 



173  

Appendix B: Approval letter from the Department of education 
 
 
 

 
 
 
 
 
 



174  

Appendix C: Approval letter from school principal 
 

 
 
 



175  
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Appendix F: Interview Schedule 
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Appendix G: Analytical Tool 

 
 

Tool for analyzing geometric skills of learners 

 
 
SKILL DEFINITION CODE DESCRIPTION OF THE SKILL 
1.Visual  Ability to 

envision a 
diagram 

VS VS1: Recognition of a theorem or axiom,  
VS2: Recognition of properties of shapes.  
VS3: Recognition of different parts and lines in a circle 
or diagram   
VS4: Recognition of different angles 

2.Verbal  Ability to name, 
describe, state, 
explain or define  

VR VR1: Verbal descriptions  
VR2: Naming of shapes, objects and parts 
VR3: Definitions and Stating in own words 

3.Drawing  Ability to draw, 
sketch, construct 
and put labels 

DR DR1: Sketching of diagrams related to theorems and/or 
axioms  
DR2: Constructing diagrams based on its properties 
DR3: Adding useful elements to a diagram 

4.Logical  Ability to 
differentiate, 
classify and prove 

LG LG1: Recognition of differences and similarities 
between geometric objects 
LG2 Classification by their properties 
LG3: Development of logical proofs 

5.Applied  Ability to apply 
what is known in 
another situation 

AP AP1: Recognition of the physical model of the Geometry 
object,  
AP2: Application of the properties of the Geometry 
model to the physical object.  
AP3: Application of theorems and axioms in problem-
solving. 

6.Emerging  Any skill that 
emerges during 
the use of the 
model 

EG EG1: Re-planning skill 
EG2: Computational skill 
EG3: Finding of RTP 
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Appendix H: Analytical Tools 
 
 

Tool for analysing presence of Polya’s stages in learners’ work 

 
 

Polya's Stage Code Definition Observable Indicators 

1. Reading for 
understanding RU 

Understanding the problem 
has to do with understanding 
the language of the problem 
statement, knowing what has 
been asked to be found or 
shown 

RU1: Underlining, 
highlighting, circling or any 
markings on important terms 
in the statement.  
RU2:Marking of important 
information on the diagrams 
RU3: Noting down of 
important terms 
RU4:restating the problem in 
own words 

2. Planning PL 

 Involves a skill in choosing 
the appropriate strategy to 
solve a problem. 

PL1: Use a variable and 
choose helpful names for 
variables or unknowns 
PL2: Drawing 
diagrams/pictures 
PL3: Solve a simpler 
version of the problem 
PL4: list related theorems 
and/or axioms 
PL5: Look for a pattern or 
patterns 
PL6: Make a list 

3. Implementation IP 

Carrying out the plan by 
selecting a strategy and if it is 
not working out one has to 
realise this and change it for 
another  

IP1:Trials of 
implementation of any or 
some of the plans 
IP2: retrying another 
method if the first fails. 

4. Looking Back LB 

Critical examination of the 
solution obtained to ascertain 
if the result is correct or 
whether the plan can be used 
to solve another problem 

LB1: Workings to check the 
correctness of an answer got 
in stage3 
LB2: Taking back the 
answer from stage3 back in 
the diagram 
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Appendix I: Pre & Post Intervention Tests 
 
QUESTION ONE.   

Complete the following geometric theorems or Axioms: 

1.1. The line joining the mid-points of two sides of a triangle is 

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

…………………………………………………………………(2) 

1.2. Co-interior angles are………………………………………………………………………and 

corresponding angles are 

…………………………………………………………………………………………………………

……………(2) 

1.3. An exterior angle of a triangle is equal to 

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

………………………………………………………………….…(2) 

1.4. Angle on a straight line  

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

…………………………………………………………………(2) 

1.5. Sum of the interior angles of a triangle  

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

……………………………………………………………………(2) 

QUESTION TWO 
Name the Following angles and shapes (2X5=10) 
 

SHAPE/ ANGLE NAME 

2.1 

 

 

2.2 

 

 

PRE-INTERVENTION TEST [ 1Hr] 
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2.3 

 

 

2.4 

 

 

2.5 

 

 

 
QUESTION THREE  
Using ruler, pencil and space provided, answer the following: 
 
 
 
                                  
 
 
 
 
 
 
 

 
 

 
             
 
 
 
       
 
 
        
 
 
 
 
 
 
 
 
 
 
 
 
 

3.1. Draw a rhombus (2) 

3.2. Draw a parallelogram (2) 

3.3. Complete the diagram for midpoint 
theorem (2) 
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Question Four 
 Use the sketch of quadrilateral ABCD to prove that the diagonals of a kite are perpendicular to each other 
(10) 

 
STATEMENT REASON 

  

  

  

  

  

  

  

  

 
 
                                                     

3.4. Complete this diagram to show 
alternate, co-interior and corresponding 
angles (2) 

3.5. Draw a right angled isosceles triangle (2) 
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QUESTION FIVE 
5. Find each of the unknown angles marked in the figure below. Give a reason for your answers 
(2X5=10) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     [50 marks]  
 

 

 

 

 

 

 

 

 

 
STATEMENT REASON 
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 Post-Intervention Test 

 
Question one.   

Complete the following geometric theorems: 
1.1. Two tangents from a common external point 

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

…………………………………………………………………(2) 

1.2. A line drawn parallel to one side of a triangle 

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

………………………………………………………………….…(2) 

1.3. The opposite angles of a cyclic quadrilateral 

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

………………………………………………………………….…(2) 

1.4. The line drawn from the centre of a circle bisecting a chord 

is………………………………………………………………………………………………………

…………………………………………………………………………………………………………

……………………………………………………………………(2) 

1.5. An angle subtended from the diameter of a circle 

…………………………………………………………………………………………………………

…………………………………………………………………………………………………………

……………………………………………………………………(2) 

 
QUESTION TWO 

2.  Name the following parts of a circle from the circle below.        

POST-INTERVENTION TEST [1 Hr] 
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2.1. Regions opposite line NQ…………………………………………………………………… (2) 
2.2. Line MN ………………………………………………………………………………………(2) 
2.3. Line QN …    …………………………………………………………………………………(2) 
2.4. Line MPN ……………………    …………………………………………………………….(2) 
2.5. Shape NPM………………………………………………………………………………….. (2) 
 
 
QUESTION THREE  
Using ruler and pencil, draw a construction on the diagrams below to prove the respective geometric 
theorems. 
 
 
 

                                         .   
 
 
 
 
 

3.1. The angle subtended by an arc at the center of a circle is double the size of the angle 
subtended by the same arc on the circumference (2) 

3.2. Equal chords subtend equal angles 
at the circumference (2) 

3.3. The angle between the tangent to a circle 
and the chord drawn from the point of contact 
is equal to the angle subtended by the chord 
in the alternate segment (2) 
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QUESTION FOUR 
 Use the construction on 3.3 to prove the theorem that states that: the angle between the tangent to a 
circle and the chord drawn from the point of contact is equal to the angle in the alternate segment 
(Tan-chord theorem) (5) 
 

STATEMENT REASON 

  

  

  

  

  

  

  

 
 
QUESTION FIVE 

3.4. The exterior angle of a cyclic 
quadrilateral is equal to the interior 
opposite angle (2) 

3.5. The line drawn from the center of a 
circle perpendicular to a chord bisects 
the chord (2) 
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In the diagram, O is the center of the circle. Chords AB = AC. Angle CED = 28º and 
ADB = 30º 

 
 
      
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 

Calculate, with reasons, the sizes of the following angles: 
5.1 FEC  (2) 
5.2. AFC (2) 
5.3. CAD (2) 
5.4. FAC  (2) 
5.5. FAD  (2) 

 
STATEMENT REASON 

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

  
  

 
[50 marks 
 

STATEMENT REASON 
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Appendix J: Observation schedule 
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Appendix K: Certificate of editing 
 

 
 


