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Abstract

The high-spin states of the nucleus ?Ge were populated via the ""Zn{a,2n)™?Ge
fusion-evaporation reaction at a beam-energy of 30 MeV. The y-decays were
ohserved with the AFRODITE spectrometer array at iThemba LABS (Faure,
South Africa}. Twenty-seven new transitions, 18 new levels and 2 new bands
were added to the Ge level scheme, and several corrections were made
to the previously-known level scheme. Transitions were characterised using
Directional Correlation from Oriented states (DCO) and polarisation mea-
surements, and spin-parity assignments were made for 7 new levels. Spin and
parity were also reassigned to a previously-known structure. One of the new
bands was identified as part of an octupole-vibrational band. No tetrahedral
states were observed in the scheme despite N=40 and Z=32 having been
identified as tetrahedral magic numbers. The meaning of the new 14* yrast

level for the underlying structure of the pround state band is discussed.
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1 Introduction

The shape of nuclei, and how this is related to proton and neutron number, is
an important, key to the nature of the internucleon interaction, as the states
which nucleons can occupy when in the presence of other nucleons is what
ultimately determines the nuclear shape. As such, nuclear deformation is an

important field of study in both experiment and theory.

While nuclel can in essence assume all manner of spheroidal shapes, most nu-
clear models are truncated at quadrupole {A = 2) deformation, there being
very few cases in which deformation beyond A = 2 is encountered. Recently,
however, research in collective behaviour has been directed towards mod-
elling octupole- and higher collectivity; mainly because neutron-rich nuclei
are likely to show such “exotic” deformation [1]. One of these new models pre-
dicts the existence of static tetrahedral deformation at certain “tetrahedral
magic numbers” of protons and neutrons [2]. According to these predictions,
™Ge should display tetrahedral excited states, since it possesses tetrahedral

magic numbers of both protons and neutrons [2].

The nucleus "2Ge is a particularly interesting one, as many unusual phe-
nomena have been postulated at the proton- and neutron-numbers N = 40,
Z = 32, especially when the systematics for the Z = 32 nuclei are constd-
cred. Experimental phenomena observed here are variously attributed to
change of ground state deformation, static octupole collectivity, coexistence
of a highly-deformed shape, and a particularly strong p-n interaction (3-8].
There is added interest brought about by the postulated shell closure for
N = 40,

As yet, neither the predictions of static octupole deformation associated with
the 37 level [4] nor possible shape coexistence [5] nor the proposed shape un-
derlying the ground state band have been experimentally tested. Given the



current interest in octupole- and higher deformation, verification of possible
static octupole deformation modes in ?Ge [4,9] would be of interest to the
field.

The aim of this project is to extend the level scheme of ?Ge using gamma-
gamma (y—y) coincidence data, with the aim of verifying some of the predic-
tions made for this nucleus. Observation of “tetrahedral bands” (low-lying,
negative-parity bands with no intra-band F(2) transitions [1]) during this
process would help to verify the tetrahedral model of [2]: thus, aiding the

verification of this model is a secondary aim.

The current level scheme of Ge [10,11] essentially comprises five major
bands, all fairly well-understood in terms of the structures they represent.
It is likely that the intra-band transitions of tetrahedral bands will be low-
intensity, since tetrahedral states are likely to be poorly populated. Previous
experiments [10.11] were not suitable for the detection of low-intensity tran-
sitions, making tetrahedral bands unlikely to surface in the previous level
schemes and making it necessary to enlarge them using more extensive y —

data for this prediction to be verified.

At the current time, much work has already been carried out with the aim
of finding tetrahedral bands. e.g. the most recent extension of the level
schemes of tetrahedral candidates *Gd and '®Yb "12]. Investigations have,
however, not yet found any concrete evidence of such bands: the low-lying
negative-parity bands located in nuclei ***Gd and '%0Yb, for example, proved
to contain £2 transitions between higher-spin levels, and as such were inter-

preted as octupole vibrational bands.

As there is an enhanced probability of E2 transitions for “Ge brought about
by high occupancy of the gs orbital [8], and the nucleus is, according to



most accounts, only slightly deformed in the ground state [13], its behaviour
is likely to be almost purely vibrational, or at best “intermediate between a
vibrator and rotor” [14]. Thus, if there is octupole collectivity, it seerns quite
likely that it would take the form of octupole vibrational bands rather than
permanent deformation, (despite predictions of static octupole deformation);

a phenomenon also observed in other tetrahedral candidates [12].

As nuclear deformation is ultimately a result of the internucleon interactions
and how they shape both the mean field and residual interactions, the ul-
timate goal of research into deformed nuclei should be to learn about the
internucleon interaction and its various dependencies. Thus, a major prior-
ity of experimentation should be to interface with the theory describing the
underlying nucleon distributions and interactions, to allow information to
increase knowledge about these phenomena. This project hopes to at least
in a small way to interface between experiment and theory, both by testing
this new model, and, where possible, by interpreting the results using both
macroscopic and microscopic approaches to look at the underlying causes for
the overall behaviour.



2 Background

Nuclear deformation was first encountered in the 193(V's via measurements
of hyperfine structure phenomena in the optical spectra of (among other nu-
clei} 1¥LI53Ey [15]. To date, many models (both macro- and microscopic)
have been devised to describe and analyse deformation. The list includes the
Particle-Rotor model and the Vibrational model (collective models), while
single-particle approaches includc large-basis- and projected- Shell-Model cal-
culations, the Nilsson Model and the Cranked Shell Model.

The Bohr model [16] was the first collective model to include deformation.
It introduced the (now standard) idea of a deformed nucleus as a deformed
core, coupled to any unpaired nucleons; the shape of the deformed core being
expressed by the equation for the nuclear radius [16]:

R(f0.¢) = Ro[l+ Y. (0,9) . (1)

The equation expresses the nuclear radius /£ as a function of the polar and
azimuthal angles f and ¢. The parameters «,, characterise the shape of a
multipole, single-particle potential U(#), in which the nucleons move [17].

It is the shape of this potential well that dictates the nuclear shape. Because
of this, the symmetry of the potential well thus dictates the nuclear symme-
try, so that altering it will change the symmetry of the nuclear shape [18].
Thus, in calculation, it is feasible to alter the symmetry of the potential well
so that the nuclear shape resulting from it has other symmetrics. In this
manner, any models based on the above parameterisation may be extended
to model deformed nuclei of almost any symmetry, depending on the terms

included.

The recent work by Dudek et al. [1,2.19,20] follows this route of altering

symimetry of the potential weil. In this approach, a nuclear Hamiltonian is



created by extending an existing Hamiltonian to alter its symmetry group to
that of an octupole-deformed object (see [2]). This concept applies equally
well to macroscopic or microscopic Hamiltonians: some papers [2,19] extend
the Rotor Hamiltonian H = 370 %If thus, and others {1] start from var-
ious microscopic Hamiltonians., The microscopic approach was used to find
energy minima at diffcrent N and Z values, giving the “tetrahedral magic
numbers” at which tetrahedral deformation is expected. These have as yet

not been experimentally verified.

The tetrahedral model was originally postulated to explain the very low-lying
“octupole vibrational bands”, with apparently vamshingly-weak intra-band
F?2 transitions, observed in the early rare-earth nuclei [21]. Some of these
assumed cases of tetrahedral deformation have been recently explored (no-
tably '*®Gd and '®Yb [12]). In these cases [12], there has been no evidence
observed of the existence of tetrahedral shapes: but more evidence is still

necded to conclusively confirm or refute the tetrahedral model.

Aside from being a tetrahedral candidate, the nuclcus "“Ge has generated
much interest in general, due both to the postulated shape coexistence and
the lowering of the 3] and first 07 levels at N = 40, Z = 32. The nucleus
is doubly-even and medium mass, has a moderate ground state deformation
(8 = 0.074 {22|, or B = 0.242 [23].! The ™Ge ground state is described
as “intermediatc between a vibrator and rotor” in structure {14]. There
have been many studies (both experimental and theoretical) of this nucleus,
each using different approaches, but none have vet recorded a band with
tetrahedral characteristics, and there exists to date no collated work which
attempts an overview of this rich and interesting nuclear system. The studies

done to date are tabulated below, with a summary of their results (Table 1).

lthe larger value of 3 = 0.242 was determined via calculation [23] and is considered
incorrect by [24].



Table 1: Studies of ™Ge to date, listing most important

findings.
Study Findings Reference
~ — v coincidence measurements | Level-scheme of "Ge;
from fusion-evaporation reaction | characterisation of 33 transitions. (10]
~ — ~ coincidence measurements | Extension of *Ge level scheme;
following A-decay of 3Ga [14] observation of 0] state. (11,14)
and B-decay of ™?As [11]
1Ge(p,t) reactions DWBA analysis of several band-heads,
prediction of energy of low-lying 7]
0t excited state (690 keV).
Electron-scattering from “Ge
Prediction of energy of low-lying B
0+ state (690 keV), and of
a possible deformed band built on it.
Coulomb excitation of "*Ge The transition between 0 and 27
failed to be observed. 5]
Discussion of octupole collectivity
based on measurement of 37
energy.
Large-basis shell-model Calculation of B(E2} values for %-76Ce;
calculations noted enhanced B(F2) values for ™Ge. 8]
High gy occupancy used;
gives good prediction of 27 and 37
energies. Large p-n interaction proposed.
Projected shell-model Calculation of yrast level energies
calculations (PSM} up to 107 [14]; calculations
over-predict energies above 47. [14]

Continued on Next Page. ..




Table 1 — Continued

Study Findings Reference
Projected shell-model Prediction of paossible
calculations (PSM) static octupole deformation (3]

through calculating

3] energies.

Prediction of back-bending
at 14 yrast level

as an indication of prolate
shape for the ground state

band.
Interacting Boson Investigation of possible static
Approximation {IBA) octupole deformation; 4]
calculations finding that a configuration of 10 s-d

bosons and 1 f-boson best describes
experimental observations of 37
level and B(E3) values,

A configuration of 10 s-d bosons
and two fermions was found to
better describe behaviour

at higher angular momentum.

10




Figure 1: The previously-known Ge level scheme [10]. Intensities {except
for that of the 834 keV transition) are indicated by arrow-width, and were
fitted using the data from our experiment. Note the low-lying 37 level, and
the structure built on it (band 6).

At the time this study was undertaken, two level schemes for ?CGe had been
produced: the original onc [10] which is supplied, converted to standard for-
mat (Fig. 1); and the recent update of [14].

The studies all reveal, as mentioned, interesting changes occuring at N = 40,
Z = 32 in the systematics for Ge isotopes; mainly lowering of the 3] and first
excited 07 states. Some (notably [4]) also suggest the opening of a shell-gap
here, and note the possibility of a strong p-n interaction with this combina-
tion of N and Z as being responsible for the observed lowering in energy of
the gs orbital 8].
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3 Theory

3.1 Nuclear shape and collective behaviour

The shape of a nucleus is the cumulative result of the distributions of all
the nucleons in the system [17]. These distributions depend on the nuclear
potential V', which itself derives from the interaction of each nucleon with

every other in the system, as in the Hamiltonian [17]:

A
1
H=T+V = Z Tola; + 1 Z Vimoalalaax, (2)

ig=1 ijkl

where o' and a are particle creation and annihilation operators, and the sums

are over all possible (single-particle) states in the nucleus.

Nuclear shape follows naturally from this Hamiltonian {(Eqn 2), as it dictates
the overall wavefunction V. Shape is thus dependent on the state of every
nicleon present. The Hamiltonian also has an implicit dependence on NV and
Z., as these affect the number, and nature of, interactions each nucleon feels
125], and thereby affect, the potential V. Thus, nuclear shape varies with N,

Z and excitation.

As the behaviour of this many-body system is impossible to solve for exactly,
the Hamiltonian is often made solvable by adopting a single-particle view:
approximating the V' each particle feels with a inean field U, in which each
particle is considered to move independently of all the other particles. The
difference between U and the “true” interaction (V') for any particle is then
the residual interaction, (V' — U), which contains any interdependence of the

nucleons’ states unaccounted for by the approximate mean field potential U.

The appropriate U to use is a reflection of underlying interactions, as, due

12



to its dependence on N, Z and excitation, one can consider that V (for each
nucleon) will vary with these properties, making the appropriate U to ap-

proximate it also vary.

In order to make sense of experimental observations and use them to un-
derstand the underlying behaviour of the nucleons, predictions of energies
for excited states are compared to measured excitation energies. The po-
tential and configuration mixing used in the calculations affect how well the
predicted energy-levels and measured excitation cnergies coincide. Good pre-
dictions thus indicate that the interaction and model-space used are a fair
reflection of actual nucleon behaviour, and insight is gained. The only draw-
back to this approach is the necessary truncation of the model-space, which
may limit the accuracy of the predicted energies for states more collective in

nature.

It is known that the shell-model potential is a good approximation to V
when N and Z are shell-model “magic numbers”, and the nucleus is in its
ground state. However, if N and Z deviate from the shell-model magic mum-
bers, or the nucleus is produced in an excited state, V' deviates from this
“ideal” {7, and becomes such that the associated overall nucleon distribution
is anisotropic, giving rise to deformed nuclei. The effect of this change in V
may be included in the single-particle shell-model to some extent by configu-
ration mixing, or may be included implicitly by moving from a single-particle

model to a collective onec.

In addition to permanent deformation (for which the symmetry of the poten-
tial well I/ dictates the symumetry of the arising nuclear shape [17]), there may
be periodic changes in the overall nucleon distribution. At a certain energy,
the valence nucleons may oscillate between two possible distributions, due

to configuration mixing, and when the correlations between these and other

13



lower-energy orbitals are strong enough, the motion may be highly collective.
Periodic changes in radial distribution are vibrations; in angular distribution,
rotations. These motions are the outcome of the residual interaction V — U
and the resulting correlations [23]. Both motions will impart an additional

angular momentum to the nucleus.

While these behaviours have their origin in microscopic phenomena, they
are generally discussed in macroscopic terins, Generally, macroscopic mod-
els consider that the nucleus behaves as a macroscopic core, made up of pairs
of nucleons. coupled to any odd nucleons. The understanding of nucleon be-
haviour gained in such an approach is somewhat more indirect than via a
microscopic approach, but it yields much useful information, such as: An
indication of the strength of the residual interaction; at what energies cer-
tain single-particle states become accessible; the nature of the correlations,
and any sudden raising or lowering of the energies of states. How these are

elucidated macroscopically is discussed briefly below.

It is obviously nccessary to consider collective behaviour collectively; as an
overall rotation or vibration. Macroscopic discussions of vibration or rotation
may tell one about properties like the accessibility of various Nilsson states,
the energies at which single particles move into new orbits, and configuration
mixing with intruder orbitals. Vibration and rotation are discussed in later
sections (Section 3.6 and 3.7).

Macroscopic descriptions of coupling between extra-core nucleons and the
core also reflect long-range correlations. Either the core dictates the allowed
distributions of the valence nuclecns, but in all other respects rotates inde-
pendently of them (deformation-aligned coupling (DAL)); or the rotation of
the core and the unpaired particle(s} may be coupled (rotation-aligned cou-
pling (RAL)) [31]. In DAL, interaction of the other valence nucleons with

14



the odd nucleon re-shapes its orbit, so there must be strong long-range cor-
relations which mix the valence orbitals. Thus, DAL is indicative of a more
long-range interaction, such as could still be approximated by a mean field,
since an appropriate mean field will account for these correlations. In RAL,
the residual interaction links valence nucleons that lie adjacent to each other
into more-or-less a pair. tracking the motion of each other. Thus, RAL is
indicative of an interaction which may not he able to be averaged into the

mean field, since it is specific to a few adjacent nucleons.

The accessibility and favourability of certain single-particle states is reflected
by the alignments of the extra-core particles. The band-crossings with var-
ious quasi-particle bands indicate that, at the energy associated with the
alignment, the states occupied in these bands become favourable and are

mixed into the overall nuclear state by the potential V.

[t must be remembered that, experimentally, the excited states of a nucleus
are populated “in reverse”: that is, the nucleus is created in its highest ex-
citations via collision-and-fusion with an ion; and from there decays to its
lowest-energy states. The nucleons thus initially experience a potential such
as they would have at high excitation, and from there rearrange themselves
as the potential allows, changing the potential and losing energy as they
do so, until a state of minimum energy is reached. Ouly certain initial ar-
rangements of nucleons are possible. and so, despite the number of possible
collisions, only certain intrinsic arrangements are produced, which then decay
to whatever minimum-energy state they are destined to reach by their initial,
high-energy arrangement. These decay patterns from several highly-excited

states to ground state are the bands recorded in the nuclear level scheme.



3.2 Fusion-Evaporation reactions

When a projectile and some target nucleus collide and fuse, the resulting
system may either fission, or, if there are barriers to fission, evaporate excess
nucleons and energy to form an excited nucleus that then decays to its ground
state |26]. The latter scenario is a fusion-evaporation reaction. Fusion-
evaporation reactions are the most appropriate for y-ray spectroscopy, as the
cnergy introduced to the system is low enough for y-decay to be the main
mode of de-excitation |27]. The following discussion of fusion-evaporation is
mainly from [26] and [28].

Choice of reactants for a fusion-evaporation reaction generally depends on
four things: the balance between fusion-evaporation and fission (determined
roughly by considering the neutron-number of projectile and target nuclei);
the probability of obtaining the desired product; the maximum amgular mo-

mentum of interest, and availability of beams, targets etc.[28].

The reaction cross-section og, from the incident channel (here channel o) to
the exit channel of interest (exit channel 3) is given by '26]:

Iy ‘
T8 ﬁt‘IQT;, (d)

where o, 1s the reaction cross-section for the entrance channel «, and Ilii is
the decay probability for decaying through channel 5. The size of the re-
action cross-section will indicate the yield of some exit “product” from the

initial reactants, allowing reactants to be chosen for maximum yield.

The transfer of energy to the system by a reaction depends on a number
of factors, primarily energy and momentum of the projectile. The transfer
of energy also affects which initial channels are populated, so projectile en-

ergy is chosen for maximum yield, usually via a Monte-Carlo-type simulation.

16



Immediately after the collision, the projectile-target system is simply a “com-
posite system”, consisting of excited protons and neutrons. This system will
emit (“evaporate”) excess neutrons and energy in the forin of y-rays called
statistical y-rays. A system is not truly a nucleus until it has stabilised to
the point that its excess energy is taking the form of excited behaviour: ro-
tations or vibrations, or single-particie excitations [29]: i.e. it corresponds
to a nucleus in an excited state. At this point. the emission of y-rays follows
a definite cascade between nuclear excited states {see Fig. 2). The character
of these “discrete” ~-rays is indicative of the nature of the states between

which they occur, and they are recorded for construction of level schemes.

EACETATY I EMERGY

e PR O A B RO R

T
O, R T e fe A

Figure 2: Schematic diagram of decay following a fusion-evaporation reaction, showing
decays from systems of increasing angular momentum I. After the formation of the com-
posite system, neutrons and statistical v-rays are emitted before the nucleus becomes a
system capable of emitting a discrete v-cascade (diagram from [26]).
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According to the N and Z of the nucleus created, different initial excited
states will be possible. Each of these decay in a definite pathway (often a
band of states) to the stable state most accessible from the initial state. The
decay will usually proceed in such a way as to reach states of lowest energy
for a given spin (an yrast level) before proceeding to the nuclear ground state.
If the ground state is not accessible from the initial state, the nucleus will
decay to sorne metastable state that is not the ground state: an isomeric

state.

Initial states will be populated differently, as the angular momentum trans-
ferred in a collision depends on the perpendicular distance between the cen-
tre of force and the incident velocity vector: the “impact parameter”, b (see
Fig. 3). Asl=Db x p (p is the linear momentum of the projectile), higher
l-values are transferred with greater b. However, the arc-length of the sphere
is greatest at the equator {where b is zero), and reaches a minimum for re-
gions of greatest b. Thus, the probability of collisions with regions of large b
is very small. High-I states are thus weakly populated and the intensity of

transitions from them is low.

3.3 Modelling collective behaviour

Describing nuclear collective behaviour requires a two-pronged approach: a
collective, large-scale overview of the situation, and a single-particle view
in which the underlying framework and causes of those macroscopic char-
acteristics are considered. Both collective (macroscopic) and single-particle

(microscopic) models are used for deformed, rotating nuclei.

The macroscopic models include the residual interaction implicitly, while the
microscopic models include an approximation to it explicitly, via whatever

potential is used to approximate the interactions. Each model will interface

18



v region of constant b
O e =

projectile

target nucleus

Figure 3: Illustration of impact parameter b. Note that b is zero for a
collision at the equator, and reaches a maximum only for a collision with the
end-points of the nucleus.

with different experimental observables [26], depending mainly on what they
are used to predict, and what view of the nucleus they adopt. In all cases,
however, the energy and spin/parity of the allowed nuclear states following a
reaction are of major importance, as it is the states allowed in the presence of

various proportions of nuclear matter that are of primary interest to research.

A table is supplied (Table 2), outlining some current models. Not all the
models are used in this thesis, but comparing different ways of describing
deformation is related to the topic. In the table, Coll. stands for collective,
SP for single-particle. CSM refers to Cranked Shell Model, and IBA; to the
(mnost general) Interacting Boson Approximation. The SHO is for Simple
Harmonic Oscillator, 1L.T.O. is “in terms of”, and R.1L. is for Residual Inter-

action. Single-particle wavefunctions are 1.
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Table 2: The major models for deformed, rotating nuclei

Model name | Type Hamiltonian Use LT.0. other models? | How is R.T. included?
Shell Model | SP SHO mean field | Describes the underly- | Yes; 4;'s may be Included via con-
+ spin-orbit in- | ing microscopic nucleon | mixed to create figuration mixing
teraction distributions for a state. | Nilsson and CS8M
Can extend to excited | states
states of ~7 MeV.
Nilsson SP anisotropic oscil- | Describing the states of | Yes;, 4y may Included in
model lator potential extra-core particles in | be expressed in part by the use
deformed nuclei terms of mixed of anisotropic
shell-model basis potential
states
CSM SP Shell Model H + Yes; 1;’s may Included via con-
Coriolis term be expressed in figuration mixing
terms of mixed
shell-model basis
states
1BA SP Hyga_1 = eng + | Describing underlying | If the s-bosons Included both
ayPTe P+ a,;L e | microscopic behaviour | are ignored, =z as the pairing
L + ayQ @ Q + |in collective nuclei. | Hamiltonian that creates the
usTy8T3+asTye | Can be used to make | similar to the bosons, and in
T, predictions based on | vibrational the coupling
the underlying group | Hamiltonian between these.
theory, results.

Continued on Next Page. ..
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Table 2 — Continued

hModel name | Type Hamiltonian Use 1.T.O. other modeis? { How is R.IL included?
Particle- Coll. | H = Z;Ll QF%IE Describing  votational | No, but orbitals Included implic-
Rotor behaviour in nuclei. of odd nucleons itly in the col-
model described by Nils- lective rotation of
son model. the core and its
coupling to odd
nucleons. Causes
mixing of orbitals
of odd nucleons.
Bohr model | Coll. | H = T(8,7) + | The background of most | Tentatively yes Included implic-
U, ) = | current  experimental itly in deforma-
%Zizl Jrwr -+ | analysis tion of nuclear
%Bz (82432 + core and  its
U8, ) coupling to odd
nucleons.
Vibrational | Coll. | Hupr = | Describing vibrations iu | The IBA reduces Imcluded via
model SN p%—‘» |t [*+ | nuclei. to a  similar the phonons,

C
Z/\# —ZLIQANP

Hamiltonian il
the s-bosons are
not included,

since these arise
from overlap of
orbitals.




3.4 Deformation

Nuclear deformation refers to a deviation from sphericity. As stated, it is
the cumulative effect of all the nucleons’ distributions, so it is essentially the
shape of the many-body potential V' (Eqn 3) that dictates nuclear shape.
Thus, ground state deformation cccurs when N and Z are such that the
ground state potential is deformed, dictating distributions that are mixed
(shell-model) configurations. Such a potential corresponds to having a large

residual interaction.

From a collective (Bohr model) viewpoint, deformation is considered a prop-
erty of the core. This core includes all the paired nucleons {including paired
valence nucleons), and is coupled to any odd nucleons. The shape of the core
in turn affects the orbitals of these odd nucleons, deforming them. There is
also an argument that interaction with the odd nucleons polarises the core

and hence has a hand in its deformation.

For nuclei with larger residuai interactions, the first step towards a descriptive
single-particle model is to use an antsotropic harmonic oscillator potential for
the mean field, as opposed to an isotropic one. This is the approach followed
in the Nilsson model (30]. Nilsson model wavefunctions are most generally
used for describing the state of the odd nucleon coupled to the core. The

Nilsson model is discussed briefly below.

3.4.1 Nilsson Model

The anisotropic harmonic oscillator potential for axial deformation is [26]:
1 2,2 2 (2 .2

where the subscripts ¢ = 1-3 indicate in which direction (in a body-fixed

co-ordinate system) the distance z; is measured.
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The wy is the oscillator frequency for oscillations along the symmetry axis
(the 3-axis), and w, is the oscillator frequency perpendicular to the symmetry

axis (see Appendix 4). The distortion parameter d,,. is given by [26]:

. W, —ug
éosc =
" (5)
where wy gives the average oscillatory frequency along all three axes.
This potential {Eqn 4} gives the single-particle Hamiltonian, h [26]:
_h 2 1 2,2 2 2 2
h-zﬂ‘v t ok {wizi+wl (2] +a3)} =t+w. (6)

Problematically, this potential extends only to quadrupole deformation, as

1
s = bl (@ eaD)
1 3
= Eﬁwopg (1 — EEPz (COS(Bi))> : (7)

and Py(cosf;) is the Legendre polynomial of order 2. The 6, = @ and

p is the nuclear radius in spherical co-ordinates.

The solutions to the single-particle Hamiltonian & (Eqn 6) are the Nilsson
states. They may be expressed as superpositions of the shell-model states,
giving a link between the two models 26). As the Nilsson states are thus
superpositions of eigenstates of the angular momentum operator J, they are
themselves not eigenstates of J, necessitating an extra quantum number to

completely characterise a state.
The complete list of Nilsson Model quantum numbers is then N, ngs, A, and 2.

The ny counts the number of oscillator quanta along the 3-axis, N gives the

energy shell (in units of fiw) at which one finds the orbital in question and §}
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is the projection of the angular momentum onto the 3-axis (see Fig. 4). The

additional quantum number A is given by [26]:
A==2n,,+{(n, —2),.. . £1L (8)

The odd nucleons may not even occupy a single Nilsson state: more of-
ten than not. not even the configuration mixing allowed by the anisotropic
harmonic-oscillator is sufficient to express the distributions for these nucle-
ons. Thus, the state is described by a mix of two or more of these states.
This gives a rotational band characterised by a linear combination of Nilsson

states.

As discussed by [15], a deformed nucleus has rotational degrees of freedom
that a spherical nucleus does not, as one can specify an orientation in space
for a nonspherical nucleus. Deformation itself may thus be measured via
de-excitation from rotational states. Deformation is characterised by several

parameters, from several different models. These are discussed briefly below.

Discussing Deformation: Deformation parameters

A selection of the deformation parameters in general use, and their origins,
is provided below. The book [30] gives an excellent discussion on these pa-

rameters.

Joses O €

The Nilsson Model [30] gives us the parameter dos, {Eqn 5}, which is essen-
tially a measure of how different the oscillator freqencies are for the three
different directions of the anisotropic harmonic oscillator. The greater the
deformation from the spherical, the greater the value of d,s.. The parameter

describes a prolate shape when it is positive, and an oblate shape when it is
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negative, Note that this parameter is also called .

Ex

These also derive from the Nilsson model. As stated, the anisotropic har-
monic oscillator potential v only extends to the quadrupole order (se Egn 7).
To extend the model to higher-order deformations, higher-order spherical-
harmonics are added to the potential of Eqn 7, as in 30}

1

2&;)92 (1 - E;-ePz(cos(f?t)) +2 E EAP).(COS(IS’L))) i (9)

A=3.4...

v =

The values of €y then give the weighting of the higher-order harmonics to
which the nucleus is deformed, via the direct interplay between the shape of

the potential and that of the nucleus itself,

5 and =y

Deformation is most easily expressed via the shape of the nuclear surface,
which is parameterised as in Eqn 1. From this parameterisation, we have
the parameters c,,, which are the amplitudes of the different orders of de-
formation for the nuclear surface. Their magnitude is thus an indicator of
deformation type and extent. With A set to equal two, we derive the (Lund
convention) deformation parameters 4 and -y [26]. These are used in con-
junction with the rotational model, and in the Bohr model, where they are
used to determine the mass and elasticity parameters. As A = 2, they only

apply to quadrupole deformation. They are expressed as [16]:

Qg - Jcosy

¥gg = (¥g_g9 — Bsin'y (10)

20



so that the parameter 3 expresses the eccentricity of the ellipsoidal shape
[27]. Its sign changes depending on the nature of the deformation {positive
for prolate shapes; negative for oblate shapes) [27]. The parameter v gives
the level of triaxiality: that is, whether the shape is axially symmetric about
some axis or not. In this convention, the (positive} value v must generally
be # 0° for there to be components ay, with p # 0 (Eqn 11). Thus, when v
is # 0°, there is asymmetry, as ¢ # 0 for the shape in question.

There are other ways of deriving these parameters, which relate them to the
frequencies wy_3; and there are other conventions for the values of of 4 and
3 for shape and triaxiality [30]. In the Lund convention, the value v - 0°
(and even multiples of 60°) gives prolate shapes, v = 60° (and odd multi-
ples of 60°) gives oblate shapes, while any value of v in between these gives
triaxially-deformed shapes [16]. The value of 3 is quadratically-related to

the intrinsic quadrupole moment Qq [27].

These parameters (8 and <) arc very important, as they are used as the in-
ternal degrees of freedom in both the rotational model and the Bohr model
|16]. Unfortunately the parameters are solely for quadratic deformation, as
the dependence of the Bohr and rotational models on these then means the

models are only geared towards nuclei that are quadrupole-deformed.

(o and ()4

These two parameters are the intrinsic and observed quadrupole moments
respectively. The @y is the quadrupole moment operator, and Q) 4 is the ex-
pectation value for that operator when evaluated between the states coupling

to the angular momentum of the overall state.
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3.5 Rotation

Rotation refers to a periodic change in the angular distribution of the nucleon
density. Such rotation can only occur in a deformned nucleus, as its potential
is anisotropic with respect to angle, and so its nucleon-distribution has an
angular-dependence. In a nucleus with a spherically-symrmetric potential, no
variation in the probability density with angle is detectable. Nuclear rota-
tion thus results as much from an anisotropic potential as from the angular

momentum transferred by the collision.

The nuclear core rotates with angular momentum R. Within the core, all the
nucleons are paired, and the angular momentum R of the core is compietely
collective. The core rotation is coupled to that of the odd nucleons, and the
angular momentum of these odd nucleons is referred to as J; the nuclear spin.
An even-even nucleus will therefore have J=0. These angular momenta are
coupled in one of the two ways mentioned previously (Section 2.1}; DAL or

RAL coupling. The total angular momentum of the nucleus is T = J + R.

For a rotating nucleus, the system wavefunction ¥ has two parts: an intrinsic
part, @, encoding the radial distribution of the core and the configuration of
the odd nucleons, and a rotational part, ©, which contains the information
about the angular distribution. This structure of ¥ is why it is possible to
speak of a rotational band: a “ladder” of states of increasing I, all based on
the same deformation. In a band, the rotational part (©) changes, but the
intrinsic wavefunction (®) stays the same. As the configuration of the odd
nucieons does not change, J remains of equal magnitude for a band, and only

R (the angular momentum of the core) alters, bringing about a change in 1.

The intrinsic and rotational wavefunctions are usually derived using the
Particle-Rotor (PR) mode]. This is discussed briefly below.
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Figure 4: Angular momenta and axes in the rotational model. The body-
fixed axes are labelled with numbers 1 — 3; the laboratory frame with z — z.
The angular momenta J and I are in the body-fixed and laboratory frames,
respectively. R is the rotational angular momentum [32].

3.5.1 Particle-Rotor model

In this model the nucleus is considered in two reference frames: a rotating
(body-fixed) frame, in which the nucleus posesses some J but is not rotating
with R, and the (non-rotating) laboratory frame, in which the nucleus and
the body-fixed frame rotate with angular momentum R (Fig. 4). Each ref-
erence frame has its own set of axes. The body-fixed frame is such that the

3-axis is the symmetry axis of the corc.

The projections of the three angular momenta (I, J and R) provide the three
quantum numbers needed to specify the state of the rotating body. They arec:
M. the projection of I on the z-axis: K, its projection on the 3-axis, and Q,
which is the projection of J on the 3-axis (see FFig. 4). The values Q and K
are equal where R is perpendicular to J [32]. Since J remains constant for a

single band (and J and R are usually perpendicular), the value of K is also
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normally constant for a band. Thus, bands are usually referred to by their

K-value.

The Hamiltonian for the PR model is given by [26]:
H=Y - T (11)

where [; indicates the angular momentum along the (body-fixed)axis ¢ and
Z; is the rotational moment of inertia of the nucleus along that axis. This

equation simplifies to [26]:

h2

i 5
21’3 3 (12)

R
— — —_ I
H 5T (1 1)+
for an axially-symmetric nucleus.

When the angular momentum of the nucleus increases, the energy associated
with the rotational part increases. The energy increments between successive
states in a rotational band are given by [26]:

ﬁZ

E =2 I(I 1)+ Ex = AUU 1)) + Ex (13)

It is these “steps” in energy of /{7 + 1) which are characteristic of pure ro-
tational bands. The offset Ex is zero for K = (, and increases for increasing
K. It dictates the band-head energy, and represents contributions from the

intrinsic wavefunction [26].

The lowest value of / for a band will be [ = K if the rotation is taking
place around the z-axis, which is most often the case. Thereafter, as more
rotational kinetic energy is added to the system, / = K+1, K +2... etc. [26].

The K -value of the band must be known for one to be able to transform from
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the laboratory frame to the intrinsic frame, where concepts like rotational
frequency w can be defined [28]. A K™ = (™ band will only feature states of

even I, due to symmetry requirements [28].

The moment of inertia Z of the system (Eqn. 12-13) changes with higher
rotational angular momentum, as that of a liquid drop would [27]. Usually,
the nuclear moment of inertia Z(/,w) increases quadratically as rotational
frequency increases (rearrangement of Eqn. 14), giving a linear plot of [,w)
with w?. However, a sudden decrease of Z in these plots is sometimes ob-
served; referred to as“backbending” as the plot bends back on itself. This is
considered indicative of Coriolis alignment of the odd-nucleon orbitals |33] (a
change in the configuration of the odd nucleons) or, equally, of band-crossing
with another band (with a different Z), close in energy to the first [26]. These
are equivalent, since a change in alignment would cause a change in the over-
all intrinsic state and Z, and thus a change from one band to another. The
two bands will have different K values, since the states of the odd nucleons

are different.

It must be stated that the term “moment of inertia” is often used loosely to
describe any one of the following three quantities: the static moment of in-
ertia Z. the kinematic moment of inertia Z) = é, and the dynamie¢ moment

of inertia 7*) = 4L [28]. It is the static moment of inertia Z which is referred
to above and in Eqns 13-14.

Note that K is not a good quantum number for triaxially-deformed nuclei.
In these nuclei, a single rotational band may not necessarily be an eigenstate
of the rotor Hamiltonian, and so a single state is deseribed by a superposition
of states of different K [16]. Secondly, for triaxially-deformed nuclei there
is also no single well-defined axis of rotation. This allows for non-identical

states with the same K-values, making K a poor quantum number {16]. Any
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additional perturbation of the Hamiltonian {(Eqn. 12) will necessarily mix

rotor eigenstates [34] and thus make K a poor quantum number.

It is interesting to consider the mixing of wavefunctions and how this relates
to rotation: In the ground state, all orientations of the core arc equally
probable. Thus, the nucleus is in a superposition of all possible orientations
of the ground state wavefunction, all equally weighted. Therefore, if one has
just a core (i.e. no unpaired nucleons) a 07 ground state exists, even though
the basis wavefunctions may be for a deformed potential. When energy
is added to the system, the potential V' changes, and there is directional
preference introduced "35]. Thus, spatial orientations are no longer equally

favourable, and some are weighted over others, making deformation evident.

3.6 Vibration

Nuclear vibration refers to periodic alterations of the nuclear shape through
variation of the radial distribuion of the nucleons [16]. Such vibrations come
about due to the mixing of two equally weighted single-particle states, both
of which are accessible to a large nuruber of nucleons. These nucleons oscil-
late from one state to another, which results in an overall oscillation from

one macroscopic state to another. This is discussed in various phase approx-
imations like TDA or RPA 25].

The multipolarity of the residual interaction itself dictates which configu-
rations it will mix (e.g. a dipole interaction would mix states differing in
angular momentum by one unit). Thus, this dictates the nature of the vibra-
tions (4]. The kinds of vibration possible at different energies are therefore

an important window onto the internucleon interactions at those energies.

Rather than a microscopic view on vibrations, a macroscopic one is gener-

ally followed, using the concept of “phonons” from solid-state physics, which
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avoids introducing a time-dependence into the system Hamiltonian (Eqn. 2).
The phonon is itself the energy involved in the oscillation: the difference be-
tween the energies of the overall nuclear states between which the vibrations
take place. The phonon has multipolarity A dependent on the difference in
angular momenturn ¢ between the mixed valence states, that is: A = |i; —ij|
[27]. A difference of 3 units of i would therefore give rise to an octupole
vibrational phonon. The phonon is created via the mixing: the motion of
the particles changes the electric and magnetic fields around the nucleus and

thereby gives rise to electromagnetic radiation.

Vibrations will tend to occur in nuclei in which the residual interaction is
intermediate in strength: it is strong enough to mix certain configurations
and make excitation between them collective, but it is not so strong that

collective rotation may take place.

A nucleus can possess more than one phonon of a certain order, depending
on the different orientations of the oscillations. However, more than one
phonon brings with it the problem of coupling. Being bosons, phonons must
always be coupled such that their wavefunction is totally symmetric [25],
and this limits the overall J of the nucleus arising when two or more nuclear
vibrations are coupled. The most commonly-occuring multi-phonon states
are: two quadrupole phonons (giving allowed I-values of 0%, 2%, and 4%),
and three quadrupole phonouns, (which gives allowed /-values of 0%, 2+, 3+,
4% and 6%). The allowed values are obtained via combining m-values for the

phonons in the allowed ways [25].

The Interacting Boson Approximation (IBA) considers vibrations as arising
from a coupling of valence nucleons into a boson of certain total angular
momentum. The angular momentum of the odd boson will then dictate the

angular momentum associated with the vibration: e.g. an odd A = 2 boson
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(a d-boson) will be associated with a quadrupole vibration [25]. The coupling
of two quasi-particles into a boson is equivalent to the coupling of states that

gives rise to a phonon.

Vibrations are also classified according to along which axes they occur. Ra-
dial oscillations of the matter-distribution can either occur along two axes at
the same rate (maintaining a spherical cross-section); or they may occur at
different rates in all three directions, in which case a spherical cross-section
is not maintained (26]. The first (g-vibration) is indicative of a potential
which changes in a way symmetric about the long-axis; while the second
(y-vibration) indicates that the potential is changing anisotropically: a case
that can only arise if the initial distribution was somehow anisotropic. Thus,
y-vibrations only occur starting from an already-deformed shape: that is,

between states which are permanentely deformed [26].

3.6.1 Vibrational Hamiltonian

The approach most generally followed for describing collective motions is to
use the Rotor Hamiltonian (Eqn 12) for rotation, and the vibrational part of
the Bohr Hamiltonian for vibrations.

Thus, the Hamiltonian used for vibrations is [16}:
BA -2 CA 2
Hyipr = %j — ol + %: — lasd (14)

where B, is the “inertial parameter” for the nucleus with multipole moment
A, and C), is analogous to the “stiffness” that defines a restoring-force for a
spring [16]. This Hamiltonian essentially uses the parameterisation of nuclear

shape that the Bohr model supplies, but gives it a time-dependence. It may
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be re-written in terms of phonon creation and annihilation operators as [16):
1
Hm’br = g ﬁ’wr\ Z(bzub)\p + 5) (15)
m

where the frequencies wy are those of the oscillation, and b}'}u and by, are the

phonon creation and annihilation operators, respectively.

Osciilations in distribution along two axes are equivalent to a rotation {(ex-
cept in the case of isotropic oscillations), so rotational angular momentum is
imparted to the nuclens through vibrations. The amount of rotational angu-
lar momentum imparted is given by the multipolarity of the phonon involved
and in the case of more than one phonon it may be determined by coupling

the phonons [27).

It must also be mentioned that a vibrational state may also rotate: the two
behaviours may happen at once. Such a vibrational band will have the char-
acteristics of a rotational band, but appear as two distinct structures, one
with even spin and one with odd spin (these two bands may also have oppo-

site parity).

3.7 De-excitation, transitions and signatures

Interaction with some outside influence (e.g. during a collision) will alter the
nuclear potential V', and introduce a time-dependence into the Hamiltonian,
e [27):

H — Hy+ H(t) (16)

Oscillation of the system will cause changes in the swrrounding electromag-
netic fleld, causing a radiation field to be set up. This may possess angular

momentum, the value of which derives from the moment of the field. This
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boils down to the field quanta-the photons—having a characteristic angular
momentum A. Thus, photon angular momentum is directly dependent on
the nuclear shape [27]. It is this dependence which makes y-rays of great

importance in elucidating nuclear structure.

The time-dependent part of the Hamiltonian (Eqn 16) may be expressed
in terms of the clectromagnetic transition operators O,,(FEA) and Oy, (A A)
[26]:

On BNy = Ly ()i Yy (6:62)
Oae(MX) = VARX+ D T r
{ (9.0 + 282) (V31 (6:60) x 80y, + R (Via(6:60) X3} (17)

where the operators ¢.(i). ¢:(i) and e(i} act to give the spin, angular mo-
mentum and charge of particle 4, and j; = 1; +s;. The operators O,,(EA)
and O,, (M A) are proportional to photon creation operators, and so create

photons KA or M A in character respectively.

The angular momentum A and polarisation (that is, electric or magnetic
character) of transitions may be determined via measuring their angular dis-

tribution and scattering behaviour (Section 4.5).

The properties of the operators O, reflect characteristics of electric and mag-
netic transitions, notably their probabilities and their ability to change parity
of a state (the parity of a nuclear state being linked to its overall angular
momentum [ and the symmetries of its shape). The parity and probability

rules for various transitions are discussed briefly below.
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Parity and Angular Momentum rules

The angular-momentum A of a transition is related to the angular momenta
of the states it links by the equation [27]:

L =X+ (18)

for any transition {(where one considers the transition as a de-excitation; so
I, > I;). As a result of this relationship, the angular-momentum selection

rule for transitions is [27]:
L — I = A > L+ L. (19)

There may be more than one value of A which solves this vector sum (Eqn
18), so few transitions have a single angular momentum A. The degree of
mixing depends mainly on the probabilities of the possible transitions, as dic-
tated by their A and their electric or magnetic character. Transitions with A
greater than 3 are generally ignored because of their low probability. Mixing

is expressed via the mixing ratio & [26]:

5o WEG+1)
W)

when F{A+1) refers to the electric part and M (A) to the magnetic part, in the

(20)

case of the electric component £ having a higher multipolarity than the mag-
netic component M. This is usually the case due to energy-considerations:
magnetic transitions in general are unable to compete with electric because

of the higher energies involved in causing them.

It is impossible to create a photon with an angular momentum of zero (since
it has spin 1), but x-rays may be observed associated with an |I; — I;| — 0
transition, as a result of internal conversion. As a state decays, the ensu-

ing change in the nuclear electromagnetic field may affect the surrounding
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electrons, causing an electron to be emitted from its orbit. A neighbouring
clectron de-excites into the gap, so a photon is given off, despite therc being
no associated change in the angular momentum of the nueleus [28]. The EO
transitions observed are more properly x-rays resulting from internal conver-

5101.

In the case where the angular momentum of the transition is greater in mag-
nitude than |I;| — |If]. the transition is referred to as “unstretched”, as,
figuratively, its angular momentumn vector is greater than the “gap” in an-

gular momentum, |I;] — |I¢|.

The parity rules for electromagnetic transitions are dictated by the depen-
dence of the transition operators O, on the spherical harmonics ¥},(6, ¢)
(Ban 17) [26]. As Oy, (EX) x Yy, then Oy, (EX) = (=1)*Ox(EX) with re-
flection, so an even-A stretched electric transition causes no change in parity
between levels. As O,,(M A} x Y, then Oy, (MA) = (—1)**10,,(M))
on reflection, so odd-A stretched magnetic transitions preserve level parity.
Conversely, then, odd-A electric transitions and even-A magnetic transitions
will connect states of opposite parity [27], in the case of stretched transitions.
The opposite is true for unstretched transitions: even-A unstretched electric

transitions will link states of opposite parity efc..

Transition probabilities

The probability of any transition (W (A)) is, naturally, proportional to the
expectation values of the operators Oy, (Eqn 17). In general, magnetic
transitions are less probable than electric transitions of the same order [26].
Magnetic transitions require a change in the current distribution as well as
in the charge distribution, hence the inclusion of the V in the transition

operator Oy,(MA) which greatly reduces its expectation value compared to
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Ox.(EX) (See Eq. 17). The electric transitions are thus (usually) far more
probable [26].

Also, [26]: WO
W(A)

where & and r are the magnitude of the wavenumber for the transition and

~ (kr?) (21)

r is the distance of the point from the centre of the electromagnetic field, re-
spectively. According to this relation (Eqn 20), when comparing transitions
of the same type, (both electric or both magnetic), the lower-A transitions
are considerably more probable. This is why (electric) octupole transitions

are only occasionally considered, and higher-order transitions not at all.

The transition rates, or probabilities, are most often given in Weisskopf units
(W.u.); where one Weisskopf unit is equivalent to the probability of a single

proton making the transition from one shell-model state to another [27].

Band signatures

While “signature” refers to a particular quantity [16], one often refers to
those qualities observed in a band which indicate the underlying structure
as “signatures”. Some of these are discussed below.

The nature of intra-band transitions is especially characteristic of nuclear
shape, due to the link between the multipolarity and photon angular mo-
mentum. A band based on a structure with no quadrupole component in
its shape (e.g. a tetrahedral shape) would, for example, not undergo electric
guadrupole transitions, as the oscillation of its charge would not set up an
electric guadrupole field [20].
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The energy of transitions between levels (E,) is another good indicator of
nuclear behaviour: E, o I({ + 1) is characteristic of pure rotor behaviour,
and thus of static deformation (Eqn 13). 1f it possesses them, a ratio of the
energies of the 27 and 47 levels of a band (E, 44 /FEyy ), evaluating to & 2
would indicate a quadrupole vibrational band, while one of == 3.33 indicates

a pure rotational band {25].

The band-head energy is reflective of internal structure: the more low-lying
the band, the more accessible the orbitals which contribute to the structure.
Thus, bands with low band-head energies are indicative of shell closure of
some kind, as the occupied levels must be lowered in energy, creating an
energy gap above them [5]. Also, the lower the band-head energy, the more
collective the structure is, since low energy indicates that the contributing

orbitals are accessible to a large number of nucleons.

The lifetime of a state is naturally reflected in the probability of the transi-
tion from that state [36]. The lifetime is also indicative of intrinsic structure,
since metastable states have a very different intrinsic structure to that of the

available lower states.

3.8 lTetrahedral states and the model for octupole de-

formation

While some signatures of static octupole deformation have been observed
(notably in #12Ba and *Hg [9,36]), experimental documentation of such
states is still fairly minimal. However, structures similar to octupole vi-
brational bands, but with no intra-band E2 transitions, were documented
in (among others) ¥0Yb, 134186Gd, 1528m and 239-2347 [21], and led to the
postulation of static tetrahedral deformation {a subtype of octupole deforma-

tion) [2]. The tetrahedral model was thus originally formulated to describe
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these bands, which proved otherwise rather difficult to explain 2|.

In parameterisation (Eqn 1) of a tetrahedrally-shaped nucleus, only odd-A
ay, values will be nonzero. Of these odd s, all will have negligible values,

except for aszp, which itself will have limited values [38].

The tetrahedral nuclear shape is described as “pyramidlike, with rounded
edges and corners” [2], as in Fig. 5, below. Signatures for tetrahedral defor-
mation are known from theory |1,21], but tetrahedrally-deformed nuclei have
not been identified conclusively in experiment to date: closer studies of some
of the nuclei listed above have indicated that there may be very low-intensity
E2 intra-band transitions in the proposed tetrahedral bands, ruling out the
tetrahedral nature [12].

Figure 5: The shape of a tetrahedrally-deformed nucleus [1].

The model

The idea behind the tetrahedral model is the well-known principle that the
symmetry of the nuclear potential directly dictates the symmetry of the nu-

clear shape 18]. With this in mind, this model is based on extending existing
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Hamiltonians (both macro- and microscopic) to have symmetry groups per-
tinent to octupole deformation: the groups Of and T, respectively (where
the 1 denotes an addition to the groups O and T to make them applicable

to fermionic systems [1]).

The procedure followed is, essentially, to determine additions to the Hamil-

tonian in question such that it satisfies the equation [1]:
g =H (22)

where §; are the symmetry operations for the group under which H is to be

symmetric (OF or T'P for the octupole and tetrahedral cases, respectively).

How this constraint (Eqn 22) is implemented in various models depends on
how information about the nuclear shape feeds into the model. In the Woods-
Saxon potential Vg, where the shape enters via dependence on the distance

from the nuclear surface distX or, [38]:

Vo
Vws = T dists (23)
the condition (Fqn 22) becomes |38]:
A"l"l-':‘.'l‘ mﬂ.z )‘
Z Z Yxp g]Y 9 ¢ = Z &5 Y.\,u 9 ¢) (24)
A=2 pu=-—A A=2 p==2

where g; are the symmetry operations of the group which one requires as the

symmetry group of H.
The values of a,, that satisfy Eqn 24 will parameterise the nuclear shape

such that it has closure under the symmetry group in question [1]. Some

values determined in this manner for tetrahedral deformation are supplied in
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the table below {Table 3), where the ¢; values are constants to be determined

via applications to particular nuclei {1].

Table 3: The first six parameters ey, for tetrahedral deformation (from 1]}).

parameter value
Q3,42 i3
a5, no solution
7 42 ty
Q7,46 - \gﬁ
(g +2 tg
g +6 \/%tg

The same equation (Eqn 24) holds for other single-particle methods, such
as the Hartree-Fock-Bogoliubov method, where ay, is replaced with the
multipole-moment constraint (5, [1]. In the case of the macroscopic Particle-
Rotor Hamiltonian, a tensor operator A ({p} 1., I, I} is found such that the
Hamiltonian (Eqn 13) satisfies the required condition (Eqn 22) '1]. The pro-

cess is detailed in [20].

If the tetrahedral model were to be verified, then not only would a very use-
ful method for predicting deformations be shown as correct, but an accurate
description of the seemingly-vanishing E2 transitions in, for example, the

lowest-lying negative-parity bands of #¢247j, would have been reached [21].

Discovery of tetrahedral bands would also ask the question: why would nuclei
take on such a deformation? Would it be evidence of a particularly power-
ful octupole component to the residual interaction when certain orbitals are

occupied?
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One may also question what the predictions mean physically. Would the
tetrahedral shape necessarily be static; or would the nucleus express such a
symmetry, but not necessarily sustain it statically? That is, would “tetrahedrally-
magic” nuclei vibrate to a tetrahedral shape in some octupole vibration,

rather than being statically tetrahedral?

How a static tetrahedral structure would come about physically is another
consideration: A structure consisting of a-particles packed into a tetrahedron
has been considered. If this is so, then would there need to be some sort of
combination of magic numbers involved: one that would give a tetrahedral
number? of a-particles? These are all questions worth considering in the light

of any possible affirmative results.

Tetrahedral “magic numbers”

The tetrahedral magic numbers have been determined via the appplication
of the parameterised Woods-Saxon potential (Eqn 24) to various values of
N and Z [2]. The values of the ¢, parameters (see Table 3} were varied,
and energy-minima observed with different /N and Z. The value 3 is as in
Table 3, so that agy = t3. The magic numbers thus determined are [2]:

N = 16, 20, 32, 40, 56, 70, 90, 112, 136

Z _ 16, 20, 32, 40, 56, 70, 90, 112, 126.

Studies have already been undertaken exploring the possibility of static tetra-
hedral shapes at the magic numbers Z = 70, N = 90 (**Yb) [12], but no

bands with the required decay signature were conclusively observed.

2Here, a “tetrahedral number” is a number of objects that will pack into a tetrahedral
shape: e.g. 4, 10...ﬂ%"—+2)- for integer n > 1.
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Signatures of Tetrahedral states

Strictly speaking, nuclei of static tetrahedral shape would have no dipole or
guadrupole moment (only the parameter asp is appreciably different from
0, so no dipole or quadrupole fields result from the charge-distribution) [20].
Despite this, intra-band E1-transitions are expected to arise from dipole zero-
point motions around the tetrahedral shape {20]. Thus, the most important
characteristic of tetrahedral bands is a complete absence of intra-band £2
transitions (although it has been suggested that quadrupole zero-point mo-
tions give rise to very low-intensity E2s for tetrahedral nuclei of certain A
[20]).

Secondly, tetrahedral bands will be low-lying; the tetrahedral shape being
particularly accessible and energy-minimising for the nuclei in question [20].
Due to this energetically-favourable nature, tetrahedral isomers may also be
particularly long-lived. All the levels in the tetrahedral band will be of neg-

ative parity, because of the A = 3 nature of the structure [20].

Since Ge is a strongly vibrational nucleus, and the E2 transitions are en-
hanced by the lowering in energy of the gs orbital 8], the likelihood of observ-
ing a structure with no E2 transitions seems small. However, the low-lying
gz orbitals will also tend to make octupole phenomena strongly collective,
pél‘haps even static [3], so the possibility of a static tetrahedral state cannot

be ruled out for Ge by these considerations alone.

44



4 Experimental Procedures

4.1 Qutline of Procedure

Data-generation was fairly standard: the nucleus of interest was produced in
a fusion-evaporation reaction with a large-enough cross-section to produce
good statistics. Only coincident y-rays were recorded.

Sorting, calibrating and classification procedures used in this experiment are
discussed below, along with relevant background on detectors and equipiment
{Section 4.2-4.4).

4.2 Particulars of the reaction

The experiment (PR152%, November 2008) took place at iThemba LARS,
Somerset West, using their resident detector array (AFRODITE) and K'=200
separated-sector cyclotron. The fusion-evaporation reaction used in this ex-
periment was

OZn 4+ a =™ Ge + 2n. (25)

This was chosen because it was determined in the original study [10] that the
evaporation of two neutrons means the reaction (Eqn 24) represents 90% of
the cross section, as opposed to the possible p-n or 2p reactions, which gave
a much lower vield of "2Ge. The a-particles had an energy of 30 MeV, which
was also recommended by [10] for maximum yield.

2

The target was a zinc sheet of thickness 0.5 g.cm™*, which is sufficient to

stop recoiling nuclei.

3Collaborators were: D. G. Roux, R. A. Bark, S.P. Bvumbi, E. A. Gueorguieva-Lawrie,
J. J. Lawrie, T.E. Madiba, S. M. Mullins, S.H.T. Murray S.5. Ntshangase, L.P. Masiteng
and O. Shirinda






tectors consist of four discrete Ge crystals (Fig. 6), for indicating scattering
direction (see Section 4.5.2). For this experiment, the array at iThemba con-
sisted of 9 Clovers, arranged as in the diagram below (Fig. 7). The polar
angle 0 is either 135° or 90°, as shown. The azimuthal angle for each detector

placement is indicated.

¢ - 90
beam-line
4
h=180°
)
¢=270 ¢
1352 to beam Hne 90* 1o beam line

Figure 7: A schematic diagram of the detector array, showing positioning
of the 9 Clover detectors (C1-C9). In actuality, both rings shown would be
superimposed (with one 45° to the other) and the target would lie in their
centre.

In this configuration, the average azimuthal angle of separation {A¢) for de-
tectors at § = 135° is A¢ = 45°, and for detectors at @ = 90° it is A¢ = 27°.
For pairs with one detector at 8 — 135° and the other at # = 90°, A¢ = 45°.
These average angles were calculated by summing over all possible pairs,
taking into account that the angular distributions are symmetric around 90°
(back- and forward-angles are equivalent), and symmetric with respect to ¢.

These average A¢ values were used in all calculations of angular distribution.
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The orientation of each detector with respect to the beam direction is shown
in Fig. 8: each detector was oriented so that elements of bit-value “1” and
“2” lay closest to the beam direction. Having a known detector orientation
allows determination of scattering-direction from the bit pattern (Section
4.5.2)).

beam-ine

Figure 8: Orientation of the individual Clover detectors with respect to beam
line. Numbers on the four elements indicate the bit-values,

4.4 Data Collection and Analysis

The data were recorded via a system of electronics similar to that illustrated
schematically in Fig. 9 [42]. A coincidence-window of 150 ns was used. The
master gate demanded a coincidence between at least 2 of the 9 Clovers and
the radio-frequency signal generated by the cyclotron when the beam pulse

arrives at then target. Thus the minimum fold of events in the data set was 2.

After collection, data were sorted into various data-structures for use in cre-
ating the level scheme. The data-sorting and data-structures are discussed

in Section 4.4.1. Additional corrections are discussed in Section 4.4.2.
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4.4.1 Sorting and data structures

The coincidence events were sorted into two kinds of structure: one recording
the intensity of each -y coincidence (y-y matrix}, and others recording in-
tensity of coincidences between detectors placed at different angles 8 relative

to the beam. The latter are discussed more in Section 4.5.

The data-structures are in essence two- or higher-dimensional arrays, in
which each position or “bin” in the array is incremented for a particular
coincidence (see Appendix 1 for a brief elucidation). Thus they function as

histograms with two (or more) criteria for each bin.

In this analysis, two-dimensional histograms were used for both structure-
types. A three-dimensional histogram was also made for recording regularity
of coincidence, as there were several very complicated coincidence relation-

ships encountered.

The data-structures produced for this experiment are listed in Table 4.

Table 4: Data-structures used in sorting,.

Structure type
Symmetric Asymmetric
time-gated v-y matrix | time-gated DCO-matrix (90-135)
~y-v-7 cube Polarisation matrix

The sorting was all performed after recording, via the sorting-program MTSort

[43] (see Appendix 1 for a brief overview of the sorting process).

The use of the structures in level scheme production was facilitated by escl&r
44], a program which allows gating on the matrix. Naturally, the success of

spectra in level scheme building depends on the resolution of the data, and



this varies for different experiments. For this experiment, the FWHM at 1
MeV was ~ 2.8 keV, giving an energy resolution £ = 0.28% at this energy.

During sorting, additional corrections were performed to override various er-
rors and processes which occur during recording. These are detailed briefly

below.

The “addback” of recorded energies, (required to account for scattering of
the y-ray between elements) was performed via MTSort. The two recorded
energies from a single scattered y-ray (recognised by the detector bit pattern)
are added together, so it is correctly recorded as a single transition. Gain-
drift correction (Appendix 2} was also implemented in the sorting program.
In this study, a y-v matrix was created without gain-drift correction as well,
for comparison. It was found that gain-drift correction improved resolution
by =5%.

As the target was sufficiently thick to stop recoiling nuclei, no Doppler cor-

rection was necessary.

4.4.2 Calibrations: energy and efliciency

Energy calibration was performed by recording ~y-rays from the standard
132Fu and ¥Ba calibration sources. The known energies [45] were com-
pared to the measured channel number using the program encal [44]. A set
of quadratic calibration coefficients are generated for each detector element.
The coefficients were then used by MTSort to generate gain-matched spectra
with a dispersion of 0.5 keV /channel.

Calibration of efficiency is also necessary, as the detectors record transitions

with different efficiency, depending on the ability of the material to fully
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absorb v-rays at different energies. All records of intensity must be divided
through by this efficiency or it will falsely bias the intensity measurements.

The efficiency calibration was performed using the same sources as for energy
calibration (since their intensities are also well known}, and comparing the
known intensities [45] with those measured. An “efficiency curve” was plotted
via the program effit [44]. This fitted curve uses two quadratic functions,
joined with a joining parameter, as described in [44]. The average Clover
efficiency curve for this experiment is shown below (Fig. 10). Efficiency
reaches a maximum at 2120 keV and thereafter remains fairly constant with

energy.
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Figure 10: Average Clover efficiency ws. ~y-ray energy for this experiment.
Efficiency is normalized to a value of 1.0. Note maximum efficiency at = 120

keV.

4.4.3 Random subtraction

Subtraction of random coincidences from the histograms is necessary: y-rays

emitted during successive beam-bursts may coincide by chance {not because
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they occur in cascade) if a state is very heavily populated or is more long-lived
than the assumed longest lifetime. The procedure for random-subtraction

used was that recommended by [46], and is outlined below.

Two histograms were made: one (matrix A) binning all coincidence events,
and one (matrix B), binning only coincidence events in which the transitions
occured in sucessive beam bursts. Only coincidences between transitions
from the same beam burst (“prompt” transitions) may be true coincidence
events. The first matrix (matrix A) will record such “prompt-prompt” coin-
cidences; matrix 5 has both prompt and late transitions along one axis, and

late transitions alone along the other, giving [46]:

matrix A : (p+1) x (p+1) = p* + 2pl + I*
matrix B: {(p + 1) = pl + I

The subtraction of twice matrix B from matrix A would then subtract out,
in their entirety, all prompt-late (p —{) coincidences. The additional {? term
which arises is negligible: coincidences between two events from the beam
burst subsequent to that of interest form a very small percentage of the data
46].

Before the time-gated matrices A and B could be sorted, it was necegsary to
gain-match the time-spectra from every detector. It was found that prompt
events fell within the channel-limits 1000-1120 in the time spectrum (sec
Fig 11). In Fig 11, prompt events occur in those channel-numbers corre-

sponding to the central peak of the spectrum.
The above procedure was followed for the -y symmetric matrix and asym-

metric DCO matrix, and also attempted for the Polarisation matrix. How-

ever, as there were fewer counts in the Polarisation matrix. over-subtraction
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Figure 11: The total energy-time spectrum for this experiment. The vertical
lines outline the peak of prompt events (channels 1000-1120). The late events
are those transitions which arrived in the time-interval of channels 1164-1214
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resulted, and so the time-gated Polarisation matrix was not used. After

subtraction, = 2% random coincidences remained in the -y matrix.

4.5 Classifying transitions

Determining transition multipolarity A and polarisation (electric or magnetic
character) is essential for evaluating the spin and parity of the decaying
states. The detector-array used (Fig. 7) is ideally suited to the integrated
Polarisation and Directional Correlation from Oriented states (integrated-
PDCO) method [47]. The procedure is discussed below (Section 4.5.1-4.5.2).

4.5.1 Angular distribution and multipolarity

In heavy-ion reactions, the intensity of a transition is by no means isotropically-
distributed around the ensemble of nuclei. Depending on its multipolarity,
stretched or unstretched character and mixing ratio and on the orientation
of the emitting nuclei, certain directions will be favoured for emission of a
particular transition, building up a definite angular distribution of intensity.
Measuring this angular distribution is thus one way to determine the multi-

polarity A of the y-ray.

The orientation of the decaying states, as described by the statistical tensor
piq. will greatly influence angular distribution as well [48]. Dependence of
angular distribution on py,, A and other properties is given by the theorctical
angular distribution W{#, ¢} (Equ 32, Appendix 3).

It is not always possible to measure angular distribution W{8, ¢) directly, as
this requires the detectors to be arranged in several different rings around
the target, as in many of the larger arrays like Gammasphere. In these cases,

it is possible to directly determine the ag, a4 coefficients of the angular dis-



tribution, and from these the A of the y-ray can be determined.

Angular distribution may also be deduced indirectly, via correlation between
two y-rays, as follows: Assume (7, 72) is & pair of coincident y-rays mea-
sured in two detectors placed at different angles #. In principle, if ~; is of
minimum intensity at a certain angle, and the transition on which one gates
(71) has maximum intensity there, then the intensity of their coincidence is
small. A large coincidence-intensity is only observed where both transitions
reach a maximum. Thus, angular distribution information for 4 is encoded

in its correlation with that of .

When the angular distribution W ({8, ¢} is deduced in this way and the original
state was oriented, (the orientation is dictated by the reaction-mechanism),

one is determining the Directional Correlation from Oriented states (DCO),

or W{(#y, 0z, o1, P2) [48]3

ky
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Here, the variables are as defined in Appendix 3, and the angles 8, 6,, ¢,
and ¢, are as defined in Fig. 12.

This is used practically via the DCO-ratio [47]. A ratio of two DCOs (one
with the gate at #; and the transition of interest at #;, say, and the other
with the angles exchanged) may “pinpoint” the multipolarity of an unclassi-
fied transition: the ratio will be 1:1 if the distributions are identical. Values of
the ratio will vary with the alignment (as expressed by the alignment param-

eter o /1) of these oriented states, with the character of the transition, initial
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Figure 12: Geometry of the beam-line-detector setup, defining angles 8,, 5,
$1. ¢y and Ag [27].

and final angular momenta, and even with angles ¢,, 6; and A¢ = [¢ — |
(the greatest variations of DCO with A occur when there is a difference of
90° between #; and ; [49]). Thus, no clean-cut characteristic values for the
DCO-ratio (Rpco) may be supplied. In order to assign multipolarity to the
y-rays in a cascade, calculations of theoretical DCO-ratio for several possible

cascades must be performed and compared to the measured DCO-ratios.

Theoretically, the DCO ratio is given by the ratio of the two DCOs (as in
Eqn 25), or {49]:

W(gl t 92: A(;b)
W(92a 911 Aé)

The experimental DCO-ratio is determined by measuring the coincidence

RDCO = (27)

intensity when the gating transition is measured at one angle and the tran-
sition of interest is at the second angle; then the measurement is repeated
with the angle swapped, and the ratio of the two intensities is determined.
The equation is [49]:

ef1e (17 gated?)

72N
Rpco = —; g2

i (Pagatedy)

(28)

o7



where I,?; refers to the intensity of 4, (the transition of interest) at 8, and
gatedf,f indicates that the gating transition was at the second detector-angle
(f2), etc. The value €7} is the efficiency with which a transition of energy
v, will be observed at the angle 6, and % is the efficiency for the gating

transition {ry;) at angle 6y, ete.

Under normal circumstances, all four efficiency {€) values are equal, allowing
them to cancel out of the calculation [46]. The intensities I above (Eqn 27)
are measured as counts recorded in the DCO histograms for the experiment?.
In this experiment, the DCQO ratios were both calculated and measured with
By = 135° and 6, = 90°. The value of A¢ for this array is A¢ = 45°.

The calculations of DCO ratio were performed using the program DCOPlot
48], with an alignment-parameter of o/ = 0.35, {as recommended in [48] for
fusion-evaporation reactions). An example of the plots produced is provided
in Section 5.5 (Fig 18), along with the measured values used to deduce the
spins of the levels in a cascade. The Rpro measurements were taken from

the asymmetric DCO-matrix constructed.

4.5.2 Polarisation and electric/magnetic character

The DCO-ratio may aid in the determination of y-ray multipolarity, and po-
larisation measurements are indicative of electric/magnetic character (polar-
isation), but neither is conclusive if used alone. Used together, they consitute
a powerful technique-P-DCO-for classification of transitions [36]. It is itself
not always conclusive, however [36].

1The only cases where intensities are different are: if detectors with different properties
of yray absorption are used at different angles (e.g. Clovers at one angle, LEPS at the
other), or if shielding around the target will seriously attenuate y-rays emerging at certain
angles. '
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Transition polarisation is referred to as magnetic if the electric field vector E
lies vertically: that is, perpendicular to their direction of propagation (point-
ing up from the beam-line). Electric transitions are polarised such that E

lies perpendicularly across the beam-line [27].

Measurements of polarisation rely on the fact that photons Compton scatter
most strongly in the direction perpendicular to the alignment of E [27]. Thus,
if a photon scatters inelastically into the detector-element to the right or left
of the one with which it first collided, (horizontal scattering), then E must lie
vertically across the direction of its propagation, as scattering occured most
strongly in the direction perpendicular to this. Horizontal scattering thus
indicates magnetic character. Similarly, if the photon scatters inelastically
into the element above or below the one it first struck (vertical scattering),
then E must lie laterally across the propagation-direction (beam-direction).

Vertical scattering thus indicates that the photon has electric character.

The polarisation asymmetry (pclarisation anistropy) Ap for a transition may

be measured as

Ny — Ny
- Ny + Ny’

where Ny and Ny are the measured intensities for scattering in the vertical

Ap (29)

and horizontal directions, respectively. This ratio will reflect the degree to
which a transition vertically or horizontally scatters. Its value will necessar-
ily be less than the predicted polarisation P [36]:°

W, — W,
SR (30)
W+ W,
due to losses in the detector. Here W and W) indicate probabilities of pho-

ton emission with the electric field oscillating perpendicular and parallel to

5The reference [36] measures “parallel” and “perpendicular” relative to the emission
plane, not heam-direction, and hence the designations here {Eqn 30} are apposite to theirs.
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the beam direction.

The measured value Ap is related to polarisation P (Eqn 30) via a polar-
isation sensitivity factor ¢J, which takes into account the loss of recorded
intensity due to detector efficiency considerations. Thus, to determine a
measured polarisation Pp,.qs. for comparison to the predicted polarisation P,

one may use the equation [36]:

Ap

P, ens. —
" @

(31)
The polarisation sensitivity ) = Q{FE) varies with transition energy, and a
“polarisation sensitivity curve” (Q{E) vs. E) may be determined for the
detector in question. In this study, the polarisation sensitivity curve given
by [36] for a Clover detector was used (see Appendix 3 for details and caleu-

lations of uncertainty).

A positive value of P indicates an electric transition; a negative, a magnetic
transition, in the case of stretched transitions. In the case of unstretched
transitions, the opposite is true [36]. The expected polarisation anisotropy
may be calculated for a given I)-Iy and o/] value, using the code polar
50]. These values may then be compared with experiment and used to
confirm both transition character and spin assignments, since stretched or

unstretched nature is also suggested by the sign of Ap.

The intensities {Ny and Ny) for the ratio {(Eqn 29) are determined from
coincidence spectra: one in which the coincident transitions scattered verti-
cally {Ny ), and one in which they scattered horizontally (Ny). These require
two asymmetric matrices (one recording coincidences between y-rays in any
detector and y-rays which scattered vertically in 8 = 90° detectors, and an-

other for the horizontally-scattered transitions). The scattering-direction is
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itself recorded via the Clover bit pattern, as discussed in Appendix 3.

In this experiment, two polarisation matrices were produced (all-vertical and
all-horizontal), and polarisation anisotropies measured for all unclassified
placements. All detectors in the array for this experiment were oriented as
shown in Fig. 8. This orientation would assign the bit patterns supplied
in Appendix 3 to horizontal and vertical scatters. The values of 4p for all
transitions classified are supplied in the relevant tables of Results (Section
5.6. Tables 5 and 6).

The properties of the gate do not affect polarisation measurements, so surnmed
gates were used for measuring Ap whenever intensity for a particular coin-
cidence was small. A vertical and a horizontal matrix were made, and time-
gating was attempted, but the counts in each matrix were low enough that

subtraction of randoms led to over-subtraction, and so was not used.
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5 Results

The previously-known [10] level scheme (Fig. 1) was extended and modified:
the placement of eleven of the transitions was changed, and twenty-seven
transitions were placed that were previously unrecorded. The resulting new

level scheme is provided below (Fig. 13).

As there were so many changes made to the level scheme, classifying levels
and transitions became of major importance, and so a PDCO analysis was
undertaken for the newly-placed transitions. As a first step for this analy-
sis, DCO-ratios, polarisation anisotropies and intensities were measured for
selected established F1 and E2 transitions {according to [10,23]), and are
supplied in Tables 5 and 6 (pages 78 and 79). The gates for these measure-
ments were known to be stretched £2s throughout. Knowing the DCO-ratios
for transitions of known character (when gating on E2s) for a particular ex-
periment, is a good first indicator of character. The average DCO-ratio for
known stretched E'ls was found to be 0.57(7), and the average polarisation
anisotropy was found to be 0.15(11). For stretched E2s the average DCO-
ratio was 1.03(6), and the average polarisation anisotropy was 0.33(9).

Due to the revisions made, 16 new levels were added. The new placements

and spin and parity (/™) assignments for the new levels will be discussed for
each band (Sections 5.1-5.6).
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5.1 Band 1

This band decays into the weli-known 3.668 MeV 7~ level [10], depopulated
by an 1127 keV transition. The spectrum in coincidence with the 1127 keV
transition (Fig. 14a) shows transitions of 1098 keV, 1197 keV and 1266 keV,
The intensites of these coincidences suggest the arrangement of the transi-

tions as in Fig. 13.

The 1098 keV, 1197 keV and 1266 keV transitions are all in coincidence with
a 232 keV transition, which is in anti-coincidence with the 1127 keV transi-
tion (see Fig. 14b). It was thus placed parallel to the 1127 keV transition.

The spectrum gated on 1127 keV also shows strong coincidence with a 974
keV transition. A gate on the 974 keV transition (Fig. 14¢) shows that the
1127 keV peak dominates the spectrum, while coincidences with transitions
in the ground state band (notably the 834 keV transition to the ground state),
are minimal. This comparative absence of concidences with transitions to the
"2(e ground state suggests that the 974 keV transition is separate from the
decay-system of ?Ge. It may be, then, that the coincidence between the
1127 keV and 974 keV transitions occurs in a contaminant nucleus. The 974

keV transition was therefore left out of the level scheme.

The 1127 keV and 974 keV transitions arc in coincidence in "'Ge, which is
also produced in this experiment. However, the high intensity of the 974 keV
peak in the 1127 keV spectrum suggests that this coincidence cannot arise
purely from there, since transitions from "*Ge only comprise about 0.1% of
the data.
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Figure 14: Spectra gated on (a) the 1127 keV, (b) the 232 keV and (c) the
974 keV transitions. Note the coincidences with the 1098 keV, 1197 keV and
1266 keV transitions in (a) and in (b) note the coincidences with 1098 keV,
1197 keV and 1266 keV transitions and absence of coincidence with the 974
keV transition.
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52 Band 2

This band was known up to the 3.403 MeV 6% level [10]. Two transitions
linking this band to the ground-state band were placed due to observed co-
incidences (Fig. 15a and b): a 736 keV transition between the 4% level of
this band and the 4" level of the ground state band and a 629 keV transition
between the 6% level of this band and the 6% level of the ground state band.

In the original level scheme there was an additional 87 level at 4.523 MeV,
arising because the 1120 keV transition was placed above the 338 keV tran-
sition. This was removed due to no coincidences between the 1120 keV and
938 keV transition being observed (see Fig. 16b).

A new level at 4.468 MeV is depopulated by the 1065 keV ~-ray. It was
placed above the 938 keV transition due to coincidences observed between
the 1065 keV transition and the known band members (see Fig. 15¢}. This
new level also decays to the ground state band, via a newly-placed 706 keV
transition. Due to there being no appropriate gate in which to measure the
DCO-ratio for the 1065 keV transition, a tentative spin and parity assign-
ment of (87} was made to the 4.468 MeV level. This assignment is consistent
with unstretched E2/M1 character for the 706 keV transition, which agrees
with its measured DCO-ratio of 1.03(10) (when ¢ =~ 0.81). In addition, a
spin any greater than 8 for the 4.468 MeV level would be unlikely, since it
would require the 1065 keV transition to have multipolarity A = 3 or higher.

5.3 Band 3

This band was know up to the 3.081 MeV level [10]. There is an intense
coincidence between a 932 keV transition and the 1015 keV transition that
depopulates the 3.081 MeV level (see Fig. 16a). The 932 keV transition was
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Figure 15: Spectra gated on (a) the 1065 keV, (b) the 736 keV and (c) the
629 keV transitions. Note in (a) the coincidence of the 1065 keV transition
with the 938 keV transition. In (b), there is a coincidence with the 938 keV
transition but an anticoincidence with the 1000 keV transition, in agreement
with the placement of the 736 keV transition. In (c), note the coincidences
with the 1065 keV transition, but also with the transitions of band 3, which
ocenr due to contamination of the gate with the 630 keV transition.
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thus added above the 3.081 MeV level, giving rise to a new level at 4.014
MeV. The original study of '10] placed a 3.841 MeV level here, linked to the
rest of the band by a 760 keV transition. Were this the case, this 760 keV
transition would be in coincidence with the 1015 keV and 1464 keV transi-
tions. No such coincidences were observed (see Fig. 17¢), and so this level

was removed.

In the original study, a 932 keV transition was placed entering the 1.465 MeV
2% level from a 27 level at 2.397 MeV [10]. This placement would require
coincidences between the 332 keV transition and the 630 keV, 834 keV and
1464 keV transitions only. This is not the case, (see Fig. 16a), so the 2.397

AleV level was removed from the scheme.

The 932 keV transition is also in coincidence with a 616 keV transition
(see Fig. 16a}. which is in anti-coincidence with the 1015 keV transition.
It was thus placed below the 932 keV transition, depopulating the 3.081
MeV level and entering the 2.465 MeV level of band 2. Coincidences be-
tween the 932 kev transition and transitions at 850 keV and 1183 keV were
also observed (see Fig. 16a). The 850 keV and 1183 keV transitions are in
anti-coincidence with each other, but are both are seen by the other mem-
bers of band 3. These transitions were thus placed above the new 4.014 MeV
level, giving rise to a 4.863 MeV level and a 5.197 MeV level respectively.

A 1231 keV transition is coincident with the 1015 keV transition and the 834
keV transition of the ground state band, and so this was placed linking the
2.066 MeV level of band 3 and the 0.834 MeV 2+ level of the ground state
band.

The 1015 keV transition is in coincidence with a 748 keV transition, which is

absent when gating on the 932 keV ftransition, and present when gating on
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the 760 keV and 997 keV transitions of band 5 (see Fig. 17c and d). It is also
evident in the 1015 keV gate (band 3, spectrum not shown). This transition
was thus placed linking the 3.829 MeV level of band 5 to the 3.081 MeV level
of band 3.

The placement of this 748 keV transition questions the previous assignment
of I™ = 4% to the 3.081 MeV level of band 3. The 3.829 MeV level in
band 5 has /™ = 6, (see Section 5.5): in that case, the 748 keV transition
would occur between a 6~ level and a 4% level, assigning it stretched M2
character. This transition has a (normalised) intensity of 7, but the other
transitions leaving the 3.829 MeV level (699 keV and 1056 keV) have inten-
sities of 15 and 32 respectively (see Table 6). Since both these transitions
have M1/ E?2 character, the suggested M2 character of the 748 keV transition
seems unlikely because these M'1/E2s should have intensities many orders of
magnitude greater than an M2, not merely double it, since M 2s are strongly

supressed [261.

The character of the 1015 keV transition which leaves the 3.081 MeV level is
not well-established. Thus, the /™ of the 3.081 MeV level is open to change.
An assignment of spin and parity of I™ = 5% to the 3.081 MeV level is
proposed. This assignment conveys stretched E1 character to the 748 keV
transition, which is compatible with its measured DCO-ratio (0.80(22)) and
positive polarisation anisotropy (0.20(32)). The DCO-ratio of the 1015 keV
transition could not be established, as every possible gate picks up intensity
from the neighbouring 1012 keV transition. However, its strongly-positive
polarisation anisotropy (0.30(12)) is compatible with stretched E2 character.
Thus, the spin and parity assignments of the 3.081 keV level were re-assigned
as I™ = 5%,

This assignment gives the 616 keV transition stretched M1 character, which
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is consistent with both its measured DCO-ratio (0.90(16)) and its negative
polarisation anisotropy {-0.81(75)).

To establish the spin and parity of the 4.014 MeV level, DCO-ratio and polar-
isation anisotropy were measurcd for the 932 keV transition, which connects
this level to the 3.081 MeV level. These measurements (Rpeo = 0.85(7) and
Ap = 0.39(10)) are compatible with stretched £2 character. As this transi-
tion links the 4.014 MeV level to one assigned an ™ of 51, the 4.014 MeV

level was assigned an [™ of 7*.

Having established the spin and parity of the 4.014 MeV level, it is possible
to proceed to the new 4.863 MeV level, which decays to this level via the 850
keV transition, and to the 5.197 MeV level, which decays to the 4.014 MeV
level via the 1183 keV transition. The measurements for the 850 keV transi-
tion (Rpco = 0.90(16) and Ap = 0.36(47)) are consistent with stretched £2
character. Thus the 4.863 MeV level was assigned an I™ of 7. The PDCO
measurements for the 1183 keV transition could not be established with any
degree of accuracy, due to weak intensity. The 5.197 MeV level was thus left

unclassified.

The assignment of /™ = 5% to the 3.081 MeV level, and the subsequent as-
signment of odd-spin and even parity to all the levels above it in band 3,
suggests that the 1.465 MeV level (which has a well-known spin and parity
of 27} is not a member of band 3. It was thus moved, and not considered

strictly a member of band 3.

5.4 Band 4

This band is the ground state band of ™Ge. It was known up to the 12+
level at 6.116 MeV [10]. Coincidences observed between the 1294 keV transi-
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Figure 16: Spectra gated on the 932 keV transition (a) and the 1120 keV
transition {b), showing coincidences inconsistent with their placement in Fig.
1. Note the strong coincidences of the 932 keV transition with the transitions
in band 3 (Fig. 13}, and those of the 1120 keV transition with the transitions
in band 5.
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tion depopulating this level and a 1544 keV transition suggest placement of
the 1544 keV transition entering this level. This placement above the 6.116
MeV level is confirmed by coincidences with all the other transitions in the
ground state band, and gives rise to a new level at 7.661 MeV. A DCO ra-
tio of 0.99(14) and polarisation anisotropy of 0.52(17} suggest stretched E2
character for the 1544 keV transition. The new 7.661 MeV level was thus

assigned a spin and parity of I™ = 14%.

55 Band b5

'This structure was not known in the original studies. It consists of & levels,

and decays to the ground state band, to band 3 and to band 6.

The 1520 keV transition that links the 3.249 MeV level of this band to the
ground state band was originally placed above the 2.773 MeV level of the
ground state band [10]. It was moved from this placement due to negligible
coincidences with the 1044 keV transition that depopulates the 2.773 MeV
level (see Fig. 17a). The strong coincidences observed in this gate with the
580 keV, 760 keV and 997 keV transitions all suggest placement at the bot-

tom of band 5.

The spectrum gated on the 1056 keV transition (Iig. 17b) shows strong co-
incidence with the 760 keV transition, but no coincidences with the 580 keV
or 1520 keV transitions. These anti-coincidences, combined with the coinci-
dence of the 1056 keV and 1044 keV transitions, all suggest the placement
shown n Fig. 13.

The 1120 keV transition is another example of a misplaced transition: The
original placement [10] would require coincidences with the 938 keV, 1000
keV and 834 keV transitions. However, coincidences with the 997 keV, 760

73



keV and 3580 keV transitions are observed in the spectra from our experiment
{Fig. 16b). As band 5 was being added to the level scheme, it became clear
that the 1120 keV transition must be part of that structure due to these
coincidences, and inspection of intensities suggested placement at the top of
this band.

The 3.829 MeV, 4.589 MeV, 5.586 MeV and 6.706 MeV levels of band 5 decay
to levels of band 6. The linking transitions all showed the required coinci-
dence relationships: note especially the strong coincidence between the 997
keV transition and the 699 keV and 803 keV linking transitions (Fig. 17d)}.

The DCO-ratios and positive polarisation anisotropies measured for the 760
keV and 997 keV transitions { Rpco = 0.99(9) and 0.89(7) and Ap = +0.17(20)
and +0.17(25) respectively), are consistent with those for stretched E2s (see
Table 5). These were thus both assigned stretched E2 character.

To proceed with the I™ assignments for band 5, it was noted that three of
its levels (at 3.829 keV, 4.589 keV and 5.586 keV)} decay via fairly intense
transitions to levels in band 6, for which the spins and parities are known
[10]. Thus, assignment of spins and parities to these three levels could begin

from this premise.

The 3.829 MeV level of band 5 decays to the 3.130 MeV level of band G via a
699 keV transition. The spin and parity for the 3.130 MeV level are known
to be I™ = 57. A measured DCO-ratio of 0.37(5) for the 699 keV transi-
tion is consistent with mixed character with 6 = —0.84, as comparison with
the calculated DCO-ratio shows {Fig. 18c). As the quadrupole admixture is
substantial, an Af1/F2 character is more likely than E1/M2. With M1/E2
character, the spin and parity changes associated with the 699 keV transition
would mean it links the /™ = 5~ level to one of I™ = 6. Thus, the 3.829
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MeV level of band 5 was assigned an I™ of 67.

A DCO-ratic and polarisation anisotropy were also measured for the 803
keV transition linking the 4.589 McV level of band 5 to the 3.785 MeV level
of band 6 (which has I™ = 77). The DCO-ratio of 0.46(9} is consistent
with mixed M1/E2 character with § = —0.84 (see Fig 18b). Once again,
the substantial quadrupole admixture suggests M 1/F2 character rather than
E1/M2. The associated spin and parity changes for an M1/ FE2 assign a spin
and parity of I™ = 87 to the 4.589 MeV level.

This assignment of I™ = 8™ to the 4.589 MeV level allows for characterisation
of the 5.586 MeV level above it. This level decays to the 4.589 level via the
997 keV transition. The assignment of stretched F2 character to the 997
keV transition suggests spin and parity of I” = 10~ for the 5.586 MeV level,
as the transition would connect levels of Al = 2 and the same parity. The
5.586 MeV level was thus assigned an I™ of 107. The 5.586 MeV level also
decays to the 4.743 MeV level of band 6 (™ = 97) via an 843 keV transition.
A measured DCO-ratio of 0.83(17) for the 843 keV transition is consisent
with calculations assigning it stretched M1/FE2 character with § = 0.36 (sec
Fig. 18a), which agrees with an assignment of I™ = 10~ to the 5.586 MeV
level. A measured polarisation anisotropy of -0.42(28) does not contradict
stretched M1/ E2 character for the 843 keV transition. Thus, the assignment,

of I™ = 10~ was retained.

Assignment of I™ to the 6.706 MeV level could then proceed. The known I™
values of band 6 were of no use here, as the 868 keV transition between this
6.706 keV level and the 117 level of band 6 {at 5.839 MeV) was too weak
for measurements of DCO-ratio or polarisation anisotropy to be made. The
1120 keV transition from this level to the 5.586 MeV level of band & may
be assigned (within uncertainty) a stretched £2 character (Rpco = 0.93(9)
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and Ap =-11(42)). As the 5.586 MeV level has an I™ of 107, the 6.706 MeV

level was assigned an ™ = 127,

Finally, the assignment of /™ to the 3.249 MeV level of band 5 was rather
problematic. Two transitions link this level to levels of known I™: the 1520
keV transition, which links it to the 4™ level of the ground state band, and the
580 keV transition, which links it to the 3.829 MeV level of band 5 (to which
I™ = 6~ was assigned). The problem arises because the measured DCO-ratio
of 0.83(14) for the 580 keV transition is consistent with threc possible in-
terpretations: {1) The 580 keV transition could be a streched £2, making
the 3.249 MeV level a 47 level; or, (2) this transition could be a stretched
F1 (as in the solid curve of Fig 18f), which would make this level /™ = 57;
or, (3} the 5380 keV transition could be an unstretched M1/E2, making the
3.249 MeV level a 6~ level. Unfortunately, Ap = 0.45(18) is consistent with
all three scenarios. To decide between these three possibilities we need to
cousider the character of the 1520 keV transition, which depopulates this
level.

The 1520 keV transition feeds the 1.729 MeV 4t level. This effectively rules
out (3). since 67 — 47 requires the 1520 keV transition to be an M2. Also,
the DCO-ratio of 0.67(9) for the 1520 keV transition does not indicate a
stretched quadrupole. This leaves scenarios (1) and (2}). The measured DCO-
ratio agrees better with (2), as in the solid curve in Fig: 18d, but one cannot
completely rule out (1). The Ap of -0.35(25} for the 1520 keV transition
is consistent with both (1) (where the 1520 keV transition would then be
an E1/M2 with AT = 0), and (2), if the 1520 keV transition is a stretched
F1/M?2 (with AT = 1). We therefore choose the second possibility, which
would correspond to assigning the 3.249 MeV level an I7 of 5+.

76



1.

d) 1520 (g 894) -

—
ol
LA
©
i
w
)
w0
¢h
o
\
i
H
4

4y

"\‘m
I
(o]
P did

B e T N N B

H580(Q760) /\

W(135,90,45)/W(90, 135,45)

.
LY
.
‘v
'y
&
[21]
!.'
)
r
B ; s
LAl b

| I | 1
-60 -20 20 60
atan{8) [°] atan(8) [7]

Figure 18: Plots of DCO-ratio calculated as a function of mixing ratio, for
various possible cascade (I, — I3) values for the transitions of band 5. The
solid lines crossing the plots indicate the measured DCO-ratio; the dotted
lines the uncertainty in the measured value. Crossing of the measured value
with the calculated curve indicates the I; — I3 values and mixing ratios. The
gate used is supplied in parentheses.

77



5.6 Band 6

Band 6 was extended by one level from the original study [10]. Coincidence
relationships observed for a 1077 keV ~-ray suggest its placement at the
top of the band. This creates a new level at 6.916 MeV. The DCO-ratio
of 1.05(12) and polarisation anisotropy of 0.26(20) for the 1077 keV transi-
tion are compatible with stretched 2 character. This assigns an /™ of 13~
to this new level. A 1012 keV transition was also placed, linking the 3.785
MeV 7~ level of this band to the 2.773 MeV 6 level of the ground state band.

Table 5: The intensities®, DCO-ratios {Rpco) and polarisation anisotropies

(Ap) measured for known F2 and E1 transitions, with their errors®,

Transition | Tntensity | Character Rpco Ap

[keV] I
538 E1 | 0.53(7) | 0.26(11)
1401 E1 | 0.61(6) | 0.04(10)

Average 0.57(7) | 0.15(11)
614 62 E2 | 1.04(6) | 0.35(7)
834 1000 E2 | 0.93(1) | 0.13(3)
894 770 E2 | 1.01(1) | 0.30(3)
957 117 E2 | 1.02(7) | 0.40(8)
989 193 E2 | 1.02(2) | 0.37(5)
1000 | E2 | 1.21(14) | 0.21(8)
1044 589 E2 | 1.01(1) | 041(6)
1060 90 E2 | 098(5) | 0.40(8)
1096 E2 | 0.98(10) | 0.31(10)
1204 32 E2 1.03(8) | 0.52(17)
1306 E2 | 1.03(4) |0.43(11)
1464 19 E2 1.06(12} | 0.10{16}

Average 1.03(6) | 0.33(9)
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Table G:

DCOQ-ratios

anisotropies (Ap)} measured for transitions in bands 4-6.

(Rpco)

and polarisation

band Level energy Transitions Intensity Rpco Ap
[MeV] leaving level [keV] I,
band 4 0.834 834 1000 0.93(1) 0.13(3)
1.729 894 770 1.01(1) 0.30(3)
2.773 1044 589 1.01(1) 0.41(6)
3.762 989 193 1.02(2) 0.37(5)
4.822 1060 90 0.98(5) | 0.52(17)
6.116 1294 32 1.00(8)
7.661 1544 6 0.99(14) | 0.52(17)
band 5 3.249 1520 20 0.67(9) | -0.35(25)
3.829 ago 8 0.83(14) | 0.45(18)
699 15 0.37(5) | 0.09(13)
- 748 7 0.80(22) | 0.20(32)
1056 32 1.02(9) | -0.47(19)
4.589 760 32 0.99(9) | 0.17(20)
803 12 0.46(9) | -0.28(22)
2.986 843 0.83(17) | -0.42(28)
997 0.89(7) | 0.17(25)
6.706 868
1120 0.93(9) | -0.11(42)
band 6 2,515 787 37 0.63(6) | -0.22(8)
1050 83 0.60(2) 0.04(5)
1680 11 0.65(9) | -0.26(29)

Continued on next page. ..

%In all cases the intensity is normalised to the 834 keV transition (which is assumed to
have an intensity of 1000 counts).

*Uncertainties in the measurements were recorded directly from the RadWare cutput
(see [44]}.
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Table 6 — Continued

band | Level energy Transitions Intensity | Rpco Ap

MeV! leaving level [keV] 1

3.130 356 19 0.64(5) | 0.12(7)

614 62 1.04(6) | 0.35(7)

665 30 0.46(10) | 0.00(11)

1401 o8 0.68(4) | 0.04(10)

3.785 381 5) 0.85(24) | 0.31(26)

696 85 0.96(4) | 0.39(7)

1012 93 0.60(2) | 0.13(7)

4.743 947 117 1.02(7) | 0.40(8)

981 7 0.65(14) | 0.11(62)

5.839 1096 0.98(10) | 0.31(10)

6.916 1077 25 1.05(12) | 0.26(20)
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6 Discussion

In this section, the underlying physics associated with the band structures
is discussed. The observed levels in "2Ge could be organised into 6 band-
like structures, but there were also several which could not be grouped in
this way. The levels in a band usually correspond to a particular intrinsic
structure, and should thus share some common features, such as moment of
inertia. Various basic analyses were carried out to elucidate the underlying
structures of the bands (primarily bands 4 and 5}. These are discussed in
Section 6.2. However, one aim of this study was to search for states that
might correspond to a tetrahedral nuclear shape. This will be discussed first
{Section 6.1).

6.1 Tetrahedral states

As has been mentioned, the existence of static tetrahedral states in this nu-
cleus was not explicitly verified by this study, as no structures resembling
the description of tetrahedral bands were discovered during the extension of
the level scheme. A static tetrahedral structure would evidence itself as a
iow-lying, negative parity band. Since the tetrahedral shape would have a
vanishingly-small quadrupole moment, the gg—ﬁ—zﬁ—:—% value should also be
vanishingly-small for a tetrahedral band [21]. As pointed out by {21], such
a branching ratio could be small for one of two reasons: very low B(E2)

values, or very high B(E1} values.

While no structures of such description were observed here, their absence
from the data could be because the tetrahedral states may also be particu-
larly long-lived [2]. This is a problem when working in the 2Ge nucleus, for
which the states are mostly short-lived: most decay via highly-collective E2s,
which give a large transition probability and a short lifetime. The (prompt-
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prompt) coincidences considered when building this level scheme were all
within 300 ns of each other, and so coincidences with particularly long-lived

states are likely to have been missed.

A question also arises as to whether the tetrahedral states would be popu-
lated by the reaction used: the states are themselves considered to be low-
lying, but that does not necessarily mean that the nucleus would be likely to
enter these states as a result of energy introduced during collision with an

a-particle.

It is also worth arguing at this point as to whether there is some other in-
terpretation of the predictions of tetrahedral deformation at various N and
Z. All the other possible candidate-nuclei for static tetrahedral deformation
have turned out to exhibit strong octupole vibrations; the most recent ex-
ample being '°°Yb [12]. Thus, on examining the results obtained here, and
considering the results accrued in other studies, it may be worth considering
the possibility that the nucleus vibrates between some extremes of tetrahe-

dral deformation, rather than exhibiting static tetrahedral deformation.

In order for a reflection-asymmetric nuclear shape to be possible, there must
be reflection-asymmetric components of the mean field. Such components
have been considered to be the result of clustering [51]. Since there has not
been any clustering behaviour reported in "Ge, the likelihood of a static
reflection-asymmetric shape, (such as a tetrahedral shape, in the absence of

a preferred symmetry axis) seems small for this nucleus.

Given this requirement of clustering, it is also worth noting that only certain
pairings of the predicted “tetrahedral magic numbers” are conducive to clus-
tering behaviour: 16 protons and 16 neutrons, for example, would give rise

to (eight) a clusters and thus to a reflection-asymmetric mean field. Perhaps
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a further requirement for static tetrahedral shapes is, then, that the com-
bination of tetrahedral magic numbers must be such that a-clusters could
be formed: that is, one requires the same number of protons and neutrons,
and that they both be tetrahedral magic numbers. This would also make
static tetrahedral deformation only likely in the lighter nuclei, which can be

well-described in terms of c-clusters [51].

On the topic of a-clusters, it also seems reasonable to suggest that only those
nuclei with tetrahedral numbers (here meaning numbers of objects which
could be arranged into a tetrahedron) of a-clusters would exhibit tetrahedral
deformation: the q-particles could then be clustered into a tetrahedron much
in the way a greengrocer arranges oranges. This would mean that, of the
tetrahedral magic numbers, only N = Z = 20 would be likely to give a static
tetrahedral state, as 10 a-clusters would arise. Recently, °Ca has been noted
to be octupole-soft with respect to reflection-asymmetric octupole deforma-
tion [52] (that is, it has a potential with a minimum for reflection-asymmetric
octupole deformation}. This nucleus might thus be worth investigating for

tetrahedral bands, as a test of the above idea.

6.2 Discussion of individual bands

There is rather little in the literature concerning interpretations of the known
structures in the original ™Ge level scheme: most efforts regarding "2Ge have
been concentrated on the excited 07 state® (at 0.69 MeV), and on the struc-
ture underlying the ground state band (band 4); both of which are fairly
involved in their own right. All the six bands identified in this study are
discussed below (Sections 6.2.1-4), along with their possible interpretations.

5The 0.690 MeV 0Dt state was not observed in this study, as neither the 690 keV
transition nor those in coincidence with it were ohserved. For some reason, then, this
isomeric state was not populated by the reaction in sufficient intensity to be measured.

83



6.2.1 Band 1

This band consists of 3 levels, none of which have been assigned spin and
parity. Thus, there is little meaningful to be said regarding this structure.
Since it has a band-head energy much higher than the 1.2 MeV threshold for
pair-breaking, it may be suggested that it is based on a multi-quasiparticle

structure.

6.2.2 Bands 2 and 3

These two bands appear to have a common underlying structure: they are
similar in excitation energy (see Fig. 19}, and their alignments are within a

similar range (see Fig. 20).

It may therefore be suggested that bands 2 and 3 may constitute a -
vibrational band: Both are positive-parity bands, one with even spin (band
2) and the other with odd spin (band 3). The levels are separated by a AT of
1 and are linked across the bands by inter-band M1 transitions (the 736 keV,
629 keV and 706 keV transitions (see Fig. 13)). These are all characterisics
of ~-bands,

There is a very similar structure, also identified as a y-vibrational band, in
™Se [53], so the occurence of one in ?Ge seems likely, since it is essentially
the same nucleus with an additional pair of protons and so likely to have

similar phystcs.
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Figure 19: Excitation energies (E, — E,.) ws. spin (/) for bands 2-6. The
parameter for calculating rigid rotor energies £, was A = 2 (see Eqn. 13).
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6.2.3 Band 4

The structure underlying the ground state band {band 4) is considered to be
“intermediate between a vibrator and a rotor” [14], with the deformation of
the first excited 2% state being given by 2 = 0.074 {22], or £, = 0.242 [23].
The major controversy in "2Ge is that both prolate and oblate deformation
have been suggested for the ground state band (refs. [3, 53] and [54-57] re-
spectively.)?

The Projected Shell Model (PSM) calculations for the ground state band (3]
predict a single backbend at 7=6A for an oblate intrinsic shape of the ground

state, and for the case of a prolate ground state they predict a second back-
bend at /-=14h (see Fig. 22).

In the PSM calculations of [3], when the intrinsic shape is prolate, the first
backbend is described by a crossing with the 2 quasi-particle (gp} band
2vgs [—%;5] (K = 1) (where the values in square brackets indicate the m;
of the quasiparticle states); equivalently, by alignment of 2 quasi-neutrons
snch that they enter this configuration. For prolate deformation, there is
then a second alignment involﬁng four quasi—particles and the configurations
2Vg9[ 831+ 27rgg ,—2](K = 0) and 21/9%[ 2,3 +27rgg[—~ =K =1)

3]-

In the oblate case, there is only a single backbend at J == 6k, which involves
ahgnments of four quasi-particles into the configurations 21/99 8,8, (K =
0); ZUQ%[ -3 (K = -2); 2ugg[ (K = —1), and 21/9'%[2 —I(K =
8) [3].

2’2

As the 14% level had not been previously observed, deciding between the

"The paper [59] offers a good review of the propositions for the structure of the Ge
ground state band.
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prolate or oblate shape based on these predictions was somewhat difficult.
A plot of ﬁ—Iz with hw was made for the ground state band up to I = 144,

using the equations for even-even nuclei [26]:

z 21 — 1
R B —Ei

o~ — 28 Ly
AVIT+1) 7272

The energies measured up to / = 14# as in Fig. 13, were used. The resulting

I — Efﬁg). (32)

plot is provided below (Fig. 21); and shows a single, large backbend occur-
ring at (hw)? = 0.3 MeV?, which is equivalent to 7 =~ 6A. Thereafter, the
plot follows an almost-linear shape.
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Figure 21: Plot of ﬁ_j',; vs (fw)? for the ground state band. Note single back-
bend at (hw)? 22 0.3 MeV?Z,

As there is only a single backbend observed in the plot {Fig. 21), it is as-
sumed from the PSM results [3] that the shape of the underlying structure
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Figure 22: Backbending plot for the ground state band, predicted using PSM
calculations [3]. The open circles show the predicted curve if the intrinsic
shape is oblate; the open squares if it is prolate. The filled circles are the
data-points up to [ =2 8k (data from [61]).

is predominantly oblate.

There is also, however, an argument [60] that prolate and oblate shapes coex-
ist in the "*Ge ground state band. This argument agrees with the potential
energy surface for the ground state (Fig. 23), which has minima for both
prolate and oblate deformation, and can explain an apparent triaxiality (the
measured value for «y for the "Ge ground state band is v = 28° [63]). The
coexistence of prolate and oblate shapes gives the nucleus such an apparent
triaxiality, because the prolate shape (v = 0°) and oblate shape {y = 60°)

coexisting equally will give rise to a value of y = 30° [60].
Our study suggests that the ground state deformation is predominantly

oblate. How the measured v == 28° may be reconciled with the potential

energy surface and the triaxiality is perhaps a matter for further experi-
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mentation, since a predominantly oblate ground state would rule out the

suggestion that v = 28° comes about because of shape coexistence.

There are two possible explanations for the observations regarding the struc-
ture of the ground state band. Firstly, perhaps two band-crossings occur at
I =~ 6h: one which corresponds to the alignment in the prolate case, and an-
other, which predominates, that corresponds to the oblate alignments. Thus,
the nuclear ground state would have to be mainly oblate, but with a small
prolate admixture. The -y = 28° would require an = 50% admixture of pro-
late behaviour in order for shape coexistence to explain it, however, (since
an equal weighting of y = 60° and v = 0° shapes would give v = 30°), so the

problem of explaining this triaxiality still exists if this is the case.

The second possible explanation, considering the potential energy surface for
the ground state (Fig. 23), is that the yrast band is based on a vibration
in which the nucleus vibrates between a prolate and an oblate shape. This
could occur with two equally-deep minima in the potential-energy surface, as
observed here: both the prolate and oblate shapes could be equally-favoured,
and the nucleus could vibrate between them. If the nucleus was undergoing
such a vibration it would necessarily be triaxial at some point, which would
account for the measured vy = 28°. The vibrational nature of the initial yrast
states is well-known, with the Fy./F2, ratio of 2.07 being characteristic of
a vibrator (since a rotor would require a ratio of 3.33). This suggestion is
backed up by theoretical calculations by [64], which assume a ground state
vibration arising from a superposition of an oblate and a prolate deforma-
tion. These calculations are known for their accurate reproduction of the 0

energy {10] and so seem reflective of actual structure.

Such a quadrupole vibration would be based on the p- and f- orbits, as they
have Al = 2, and are of the same parity. It is known that in the 2Ge ground
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state, the pa and fs orbits have almost equal probabiilty of occupancy (see
Table 7). This equ;"ul probablility of occupancy, or mixing of these orbitals
with equal weighting, would lead to the vibration of the valence nucleon den-
sity from one state to the other, and give rise to a quadrupole vibration. The
calculations by [64] couple the vibration to a quasi-proton in the p 2 f3 orbits,

and a quasi-neutron in the py orbit, in agreement with these assumptions.

At an oblate deformation of €; &~ —0.2, the proton Fermi level is very close
to the Nilsson orbits [303]2 & (321]3. Thus the occupation probability for
these orbitals is expected to be about equal. At this deformation, the neu-
tron Fermi level is close to [301]2 & [413]. Similarly, an equal occupational
probability for the orbits [310]2 & [312]3 is expected at a prolate deforma-
tion of €; = +0.2, while the neutron Fermi level lies close to [422]2 & {301]1
& [303)3 (the [301]; & [303]2 being nearly degenerate at this deformation).
These must be the orbitals associated with the oblate and prolate shapes,

respectively, since the potential well has a minimum at both these ¢, values.

Table 7: The occupancies for the valence orbitals in the ground state of ?Ge
[65].

Protons Neutrons
Orbital | Occupancy | Orbital | Occupancy
f s 1.98 f s 3.87
1 0.38 ps 0.98
Py 1.63 pa 3.27
gs 0 gs 3.88
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6.2.4 Bands 5 and 6

It may be observed from plots of alignment »s. rotational frequency (Fig. 20)
that, except at high spins, bands 5 and 6 have almost parallel alignment
patterns. This suggests that they have similar underlying structure. This
suggestion is supported by the plot of excitation energy ws. spin for these

bands (Fig. 19), which show that they have very similar excitation energies.

The plot of excitation cnergy vs. spin [ (Fig. 19} also shows that the lowest
level of band 5-at 3.249 MeV—does not lie on a smooth curve. This suggests
that the 3.249 MeV level may not belong to this band; or if it does, it is
strongly mixed with a different configuration.

The high-frequency part of band 6 shows a sharp alignment gain (Fig. 20).
This must correspond to the alignment of a pair of quasiparticles (pair-

breaking).

Bands 5 and 6, when considered as being based on the same underlying
structure, have characteristics of an octupole vibrational band: they are
both odd-parity, and, since band 5 is even-spin and band 6 is odd-spin, they
form a “ladder” of states with Al = 1 between the two bands. The alter-
nating levels of Al = 1 are linked by inter-band M1/FE2 transitions with a
strong quadrupole admixture (see Table 8). Thus, it is proposed here that
bands 5 and 6 are part of an octupole vibrational band, based on the known

1-phonon octupole vibration underlying the 37 level at 2.515 MeV,

This interpretation fits well with known facts about ™“Ge: The existence of
a vibrational band on the 2.515 MeV 37 level would agree with the sugges-
tion that this level is very strongly collective, as has been noted (e.g. by
[4]). As mentioned above, the 37 level is interpreted as an octupole vibra-

tion. If the nucleus then rotates, in addition, a band arises with an almost
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Table 8: Values of mixing ratio () for the inter-and intra-band transitions

of band 5.
intra-band transitions
Transition between Character 8
levels
580 6~ — ot M1/E?2 0.32
760 8 — 6~ E2
997 10— — 8- E2
1120 127 - 10~ E2
inter-band transitions
Transition between Character )
levels
699 8~ (band 5)—7" (band 6) M1/E2 -0.84
748 6~ (band 5)—5*(band 3) E1l 0.27
803 8~ (band 5)—7 (band 6} | M1/E2 |-0.84 or -1.73
843 10~ (band 5)—9~ (band 6) | M1/E2 0.27
1056 6~ (band 5)—6" (band 4) El1/M2 0.36
1520 5%{band 5)—4%(band 4) | M1/E2 0
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linear pattern in F/{7{] +1}), exhibiting both even- and odd-spin sequences.

Such a structure {one odd-spin and one even-spin band, linked with AT =1

transitions), is also indicative of deformation-aligned coupling [28].

It is worth noting that a similar structure {(an octupole vibrational band with
both odd- and even-spin bands of negative-parity) was identified in another
“tetrahedral candidate” '°Yb, in the recent study by Bark et al. [12]. That
there was also vibrational octupole deformation in this nucleus seems less of
a coincidence and more of a suggestion that tetrahedral deformation, if such

exists, is liable to be vibrational rather than static.

The identification of band 6 as part of a vibrational band indicates that the
octupole behaviour associated with the 2.515 MeV level is highly collective,
although not static as has been suggested [4]. Since this octupole vibration
is based on the gs orbitals, it may be concluded that these are especially
lowered in energy in this nucleus in order to make the octupole behaviour so

strongly collective.

The octupole vibration underiying the 3] state would occur as a result of
the go orbital being very low-lying in this nucleus 8|: the gs orbit would be
the unique-parity orbit in the fp-shell, separated from the surrounding orbits
by AI = 3: the structure described by [4] to underlie octupole vibrations.
Octupole collectivity occurs when the octupole component of the mean field
couples these unique-parity and common-parity orbits separated by Al = 3.
This phenomenon is predicted to occur at the proton or neutron numbers N
or Z == 34, 56, 88 and 134, since these nucleon numbers make the octupole

component of the mean field particularly strong [51].

The IBA calculations of [4] suggest that the 37 level at 2.152 MeV is based on
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an interacting-boson system of 10 s-d bosons and one f-boson. This f-boson
would give rise to the underlying octupole vibration. It is interesting to ob-
serve that when nucleons occupy these orbitals (the 19% and Qd% orbitals), a
strong pairing occurs, giving an f-boson rather than two disparate fermions.
Why this increased likelihood of pairing should oceur in this circumstance is

a question worth considering.

As regards the effect of proton-neutron ratio on (ground state) nuclear prop-
erties, it is especially interesting to note that the complicated variation in
ground state deformation with N shown by the Z = 32 nuclei does not oceur
to nearly the same degree in the Z = 34 isotopes [54]: that is, all selenium
isotopes studied by [54] appeared to exhibit similar behaviours, but there is a
drastic changeover in behaviour around N = 40 exhibited by the germanium
nuclei. This must suggest the variation in shape is due to p-n interaction (as
suggested by [8]) and not purely due to the opening of a shell-gap at N=40,

since there is no major change in the behaviour of selenium when N=40.
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7 Conclusion

The level scheme of ™Ge has been extended by 27 transitions, and the place-
ment of 11 transitions has been altered from that in the previous level scheme.
Two new structures have been added to the level scheme, and the spins and
parities of 7 levels have been determined via the PDCO method. The spin

and parity of two previously-known levels have been changed.

Through the extension of the yrast band to the 14% level and comparison
of its backbending behaviour with projected shell model predictions, it has
been concluded that the ground state of 7?Ge may be predominantly oblate.
How this observation ties in with the measured eccentricity v = 28° and
suggested shape coexistence [60] is a question which it may take further ex-

perimentation to answer.

A new structure added to the level scheme was identified as being part of an
octupole vibrational band, based on the known one-phonon octupole vibra-
tion at 2.5153 MeV. The existence of this band is consistent with predictions
that the octupole behaviour associated with this level is highly collective, al-
though not static, as has been suggested in the past [4]. Since this octupole
vibration is based on the gs orbitals, it may be concluded that these are
especially lowered in energy ‘in this nucleus, in order to make this octupole
behaviour so strongly collective.

The octupole vibration and backbending behaviour observed in this nu-
cleus confirm the importance of both the neutron and proton gg orbitals
at (N,Z) = (40,32), and demonstrate how lowered in energy these orbits are
with this N and Z. In neighbouring isotopes, this lowering is not observed
for both the neutron and proton gs orbitals (e.g. "°Ge, <ng%> ~ 0 [65]).
Thus, since large proton gs occupaﬁcy (~ 0.5) is believed to have its origin

in strong p-n interactions [8], this suggests that there is a particularly strong
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p-n interaction at (N,Z) = (40,32).

The failure to ohserve tetrahedral states in this data-set may be ascribed
to their being particularly long-lived, or not being populated in this reac-
tion. However, it may also be suggested, since an octupole vibrational band
was observed, as in studies on other tetrahedral candidates, that tetrahedral
shapes may be vibrational rather than static, due to their being reflection-
asymmetric. The need for a-clusters to create a reflection-asymmetric mean
field has been questioned in this regard. It has therefore been suggested that
Ca may be a possible tetrahedral candidate.

In overview, then, it has been determined that the "*CGe nucleus shows highly-
coltective (although not static) octupole behaviour, and that, like its ground
state deformation, this is heavily influenced by the lowering of both the pro-
ton and neutron gs orbitals. Many of the other macroscopic properties of
2(Ge e.g. alignments and backbending, have also been observed to be based
on these orbitals, which may thus be concluded to perform a very important

role in this nucleus.
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8 Appendix

8.1 Appendix 1: Data-structures

The data “matrices” are two- or higher-dimensional arrays in which each
array coordinate is incremented for a coincidence. The array thus functions
like a histogram with two or more criteria for incrementing each bin: that is,
“bin AB” would be incremented whenever transition “A” is detected within
the same coincidence window as transition “B”, making the two criteria that

both transition A and transition B were detected within the same interval.

The number of counts in the bin would correspond to the intensity of this
coincidence. Each transition is specified by its energy, so a matrix such as
that described above would have energy-values on both “axes”, and is thus
referred to as a “symmetric matrix” (since both bin AB and bin BA would be
incremented equally). Imposing additional criteria, such as requiring that the
coincidences be between transitions recorded at different polar angles, may
result in “asymmetric” matrices. Histograms for classifying transitions {z.e.
DCO and polarisation anisotropy matrices} are of the latter type: e.g. coin-
cidences between “A” measured at 0 = 90° and “B” measured at & = 135°

would be binned in bin AB for an asymmetric DCO matrix,

A vertical or horizontal slice through a two-dimensional histogram will pro-
duce a 1-dimensional spectrum showing the number of counts with which the
particular transition is seen in coincidence with any other in the histogram.
To take such a slice is referred to as “gating”, and setting such a gate gives

the coincidence spectrum for a transition.
A three- or higher-dimensional symmetric histogram may be used for large

data-sets: these essentially have three or more criteria for every bin: e.g.

“bin ABC” wonld be incremented for each coincidence event of transition A
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with transition B, and also for transition C with B. Three transitions may
thus be placed within the same band structure if a high “triple coincidence”

is recorded.

The process of sorting essentially requires “scanning” the raw data on an
cvent-by-event basis. Every event contains a record of which detectors fired
and the corresponding ADC channel number, time and bit-pattern. The

scanning occurs via an input-code.

Upon encountering a coincidence signal with the energy and time signals
specified by the input code, the software will increment the relevant data-
structure, which is displayed either as a spectrum or as a “map” depending
on whether the data-structure is one- or two-dimensional. Histograms of one
or two dimensions may be produced, with further steps required for the siev-

ing off of triple- or higher-order- coincidence events [43].

8.2 Appendix 2: Gain-drift correction

The spectrometer array will not behave consistently or identically over the
course of an experiment. This is because there are unavoidable fluctuations
in temperature in the experimental vault that will affect the performance of
the individual amplifiers and cause the voltage associated with a particular
energy to “drift” over time. Correction for these random ervors ( “gain-drift”

correction} is thus required during data-sorting.

The energy-values assigned in one run to one recorded high-energy and one
recorded low-energy transition arve selected as standards, and the difference
between these chosen values and the energy-values assigned is plotted for
each detector and each run. It is assumed that the recorded “drifts” in the

energies of the chosen standard transitions apply to all neighbouring cnergies.
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These drift values are incorporated into the sorting program to compensate

for drift in each run.

8.3 Appendix 3: Classifying transitions
Angular distribution and multipolarity

Angular distribution of intensity of a transition of multipolarity A + A’ with
a mixing ratio of 41y}, from a state of angular momentum 7; to one of I = I;

is given by [48]:

W (0, 0) = > prog(T)V/ (2ki + 1) Awy (83 s AN I LYQx (Eri) DI (6:, 64, 0),
ki.g;

(33)
where 6; and ¢; are the polar and azimuthal angles at which the intensity is
being observed (defined with respect to the beam line, as in Fig. 12 [27]} and
d.:¢ is the mixing ratio of the transition in question. The I; and I are the
angular momenta of the initial and final states. The remaining functions are
defined in [48], and Ay, is essentially a ratio of the F-coefficient for the transi-
tion (which expresses the coupling of the angular momenta involved) and the
mixing ratio d,;;. The Qy, (E..;) expresses the solid-angle opening of the de-
tector, D% (8, ¢;, 0} is the rotation matrix (about the beam line}, and &; and
g; are integer labels for the transition, with the values: & =0,1,2...27; (for
I; integer; upper limit 27; — 1 if /; is half-integer}, and q; = —k;, —k; + 1...k;.
The statistical tensor py,,, gives the orientation of the initial state [48].

Polarisation

When two elements of the same detector fire in immediate succession, (as
occurs in a scattering event), the event is assigned a value which is the sum

of the relevant bit-values (see Fig. 6 for the values). When the detectors are
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oriented in a known way, this allows the scattering-direction to be identified.

Conventionally, the Clover detectors are oriented in an array such that, no
matter where they are placed, the “bit-value = 1” and “bit-value = 2" el-
ements make the smallest angle with the beam-line (see Fig. 8). Thus, a
bit-pattern of 10 and 8 are indicative of horizontal scattering events and bit

patterns of 3 and 12 indicate vertical scattering.

The polarisation-sensitivity curve Q(F) for a Clover detector was determined
by [36] as:
Q = Qo x {0.31(2) + 7(2) x 107° x E,[keV]} (34)

where the value )y is the polarisation sensitivity of an ideal Compton po-

larimeter and is given by [36]:

1+ o

(35)
with o = E, [keV]/511.

As there is an uncertainty in the value of ) (Eqn 34), the uncertainties in

measured values of polarisation I'p were determined via

pe=r (B (B2)' 4 (B), e

where Fy and Eg indicate the experimental uncertainty in the measured in-

tensities (from RadWare output), and Ey is the uncertainty in @, as supplied
by Eqn 34 [36].
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